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Abstract 
 
 
Predicting micro-damage initiation and evolution is one of the key challenges for safe 
design of fiber reinforced polymer composites. Micro-scale damage such as, for 
example, single fiber break may be unnoticeable and negligible during the initial 
service life of composite, however, with many loading and unloading cycles this 
initially micro-scale damage may propagate forming macroscopic scale cracks that 
can significantly reduce the service lifetime or even lead to unforeseen catastrophic 
failure of the composite structure.  
The objective of this Doctoral thesis is to develop methodology for prediction of 
micro-crack propagation in fiber reinforced polymer composites. Fracture mechanics 
concepts of strain energy release rate are applied for crack growth analysis. Analytical 
modeling combined with numerical FEM calculations are used to obtain the values of 
the energy release rate. Parametric analysis is performed to evaluate the significance 
of the applied load and various material properties on the micro-crack growth rate. 
Calculation results are implemented into power law relation, to predict the crack 
growth in fatigue loading. 
In Paper I fiber/matrix interface debond growth starting from single fiber breaks in 
unidirectional (UD) polymer composites is studied. Analytical solution for Mode II 
energy release rate GII is found and parametric analysis is performed in the self-
similar debond crack propagation region. 
When the fiber/matrix interface debond crack is short, the self-similarity condition is 
not valid. Due to interaction with fiber break, GII is magnified. In Paper II, numerical 
FEM modeling is performed to calculate GII for short debond cracks. The findings 
from GII analysis for self-similar and short debond cracks are summarized in simple 
expressions. Simulations of fiber/matrix interface debond crack growth in tension-
tension fatigue using Paris law are performed. 
In Paper III, debond growth in single fiber (SF) composites subjected to tension-
tension fatigue is analyzed. Using the same procedure as for UD composites, first, an 
analytical solution for Mode II energy release rate GII is found for self-similar crack 
growth region and then FEM modeling is performed to obtain magnification profiles 
for short debond cracks. 
In Paper IV modeling methodology described in Paper III is advanced further and the 
modeling results are compared with experimental data for interface debond crack 
growth in SF composites subjected to tension-tension fatigue loading. The power law 
constants are extracted from the best fit between the experimental and modeling 
results. Validation of results proves that the power law can be implemented to 
characterize micro-crack growth in fatigue of polymer composites. 
In Paper V fiber/matrix interface debond growth on the surface of a UD composite 
specimen subjected to tension-tension fatigue is analyzed. 3-D FEM modeling is 
performed to account for the non-axisymmetric stress state due to the edge effect. 
Simulations of debond growth in tension-tension fatigue are performed. Modeling 
results are compared with SF composites and with experimental data available in the 
literature. 
Finally, in Paper VI fracture mechanics concepts of energy release rate are used to 
model micro-crack initiation and propagation in a carbon fiber, which, apart from the 
load bearing function, also serves the purpose of an electrode in a novel lithium-ion 
rechargeable battery. When subjected to lithium ion intercalation, carbon fiber 
experiences a non-uniform swelling that leads to development of high mechanical 
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stresses. In many cycles of charging-discharging these stresses can introduce damage 
and reduce the mechanical and electrochemical properties of the battery. FEM 
modeling using thermal analogy is performed to solve the transient ion diffusion and 
mechanical stress problem. Different crack initiation and propagation scenarios are 
analyzed and compared. 
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1. Introduction 
 
For several decades polymer composite materials have been considered as materials 
of the future with potential for application in high performance structures. Wide range 
of applications in automotive, wind power and aerospace industries has clearly 
demonstrated the potential and advantages of composites in the most demanding 
environments and loading conditions. One of the reasons of suitability of composites 
for high performance structures is the apparent insensitivity to fatigue when the load 
is applied in fiber direction even at stresses close to static fracture strength. However, 
several different fatigue damage mechanisms are known to exist in composites [1]. 
Fatigue damage mechanisms in unidirectional (UD) composites depend on the 
loading mode (tensile, compressive, etc.), and on whether the loading is parallel or 
inclined to the fiber direction. For UD composites subjected to axial loading in fiber 
direction microdamage in form of fiber breaks or matrix cracks may develop from 
occasional overload or due to manufacturing defects. In the service life these initially 
microscopic flaws may propagate as, for example, fiber/matrix interface cracks 
leading to formation of larger scale cracks and eventually resulting in failure of the 
structure. In fact, it has been estimated that more than 80% of all service failures of 
structures are due to fatigue [2]. When loads off the fiber axis are applied, fatigue of 
composites may be even more complex than metallic materials fatigue [1]. Therefore, 
in order to increase the competitiveness of composites it is very important to 
incorporate existing knowledge of composite damage mechanisms in designing 
fatigue-resistant composite structures and to develop models that could safely predict 
the development of damage propagation and accumulation in cyclic loading. 
In practice unidirectional composites are seldom used – to meet the requirements to 
withstand various combinations of multi-axial mechanical and thermal loads different 
composite lay-ups are designed for different applications. However, the fatigue life of 
the off-axis plies is much shorter than for the 0° plies, in fact, the fatigue life of the 
composite is often indistinguishable from the fatigue life of the 0° plies since they are 
the last ones to fail in composite. It has been shown in many studies [3-5] that the 
fatigue life of multidirectional laminates containing also plies with fibers oriented in 
the load direction (0°) is controlled by the fatigue behavior of the unconstrained 0° 
plies. This implies that analyzing the fatigue life of 0° plies is important for 
improving the fatigue performance of composites. 

 
1.1 Longitudinal tension: failure mechanisms and damage initiation in UD 
composites 
 
When long fiber composites (with fiber strain to failure smaller than matrix strain to 
failure) are loaded to failure in quasi-static tension along the fiber direction, the first 
fiber breaks occur in somewhat random positions as shown in Fig.1. This is because 
of the flaws and defects in fibers, which cause fibers to break in a brittle manner at 
random stress. However, random fiber failure stress can be described by statistics. 
The random failure stress of brittle fibers usually resembles Weibull distribution 
which has been commonly used in failure characterization of long fiber composites, 
see, for example, [6-8]. 
In Fig.1 random fiber strength distribution is shown graphically along the fiber length. 
It shows the diagram of failure stress of the fiber marked as “F” in the picture. Also in 
Fig.1 axial stress distribution in fiber “F” is shown. Certainly, the axial stress is equal 
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to zero at fiber breaks, but builds up to far field stress value (equal to stress in 
undamaged composite) after a certain distance away from the break by means of 
stress transfer mechanism through fiber/matrix interface. 
Breaks in the fiber have an influence on the stress level and thus the probability of 
failure of the neighboring fibers is increased. Stress distribution plot in Fig.1 shows 
the stress magnification (in fiber “F”) due to breaks in the neighboring fibers. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.1. Axial stress distribution and local fiber strength along fiber length in a UD 
composite with random fiber breaks. Figure source taken from [9]. 

 
Further increase of the applied tensile load will cause new fiber breaks in the 
composite in places where local stress versus local strength ratio is the highest.  
Depending on the properties of fibers, matrix and the fiber/matrix interface, there may 
be several scenarios of events before new fiber break occurs. Fig.2 shows the most 
common scenarios occurring in UD polymer composites. Due to increase of the 
applied load or due to excess of the energy released during the break of the brittle 
fiber, the crack may propagate from fiber into matrix until it is arrested by the 
neighboring fiber (Fig.2a) as observed, e.g., in [10] and [11]. The local stress 
concentration at the tip of the matrix crack may then cause the neighboring fiber to 
break or, depending on material properties, the crack may as well deflect as a debond 
crack growing along the fiber/matrix interface. 
Shear yielding of matrix (Fig.2b) may occur if the matrix tensile strength is high 
enough to resist stress concentration at the tip of penny-shaped fiber crack. The 
influence of shear yielding on the final failure of UD composites has been recently 
studied in [12]. 
Another possible scenario is deflection of the fiber crack into a growing debond crack 
along fiber/matrix interface (Fig.2c). Interface crack may grow until it meets the other 
debond crack growing oppositely from the next break of the same fiber. The 
formation of local cracks proceeds until all cracks coalesce into one large crack 
leading to complete failure of the UD composite. 
The present thesis is focused primarily on the interface debond growth, therefore this 
mechanism is described more in detail.  
In Fig.3 damage evolution and final failure of composite according to interface 
debonding scenario are shown. 

F 
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As it is shown in the figure, further increase of load causes fiber crack deflection in 
form of interface debonds. Transverse matrix cracks may also form as a result of 
stress concentration at debond crack tips when close to fiber cracks. As a consequence 
of growing damage, larger cracks are formed from small cracks leading to formation 
of a major crack and the final failure of composite. In Fig.3 final failure in form of 
pull-out of partially broken fibers is shown. 
 
 
 
 
 
 
 
 

 
 
 
 

Fig.2. Damage development scenarios after fiber break formation: a) crack 
propogation in matrix; b) matrix yielding; c) debonding of fiber/matrix interface. 

 

Fig.3. Schematic showing of damage events leading to final failure of a UD 
composite due to increase of the applied tensile load. 

 
 
1.2 Failure mechanisms in tension-tension fatigue 
 
When UD composite is subjected to uniaxial tension-tension fatigue loading along the 
fiber direction, the damage initiation and its further evolution strongly depend on the 
level of the applied stress. Possible damage initiation and evolution mechanisms 
related to composites have been widely described in [13], [14]. On contrary to quasi-
static loading, in fatigue loading a stable damage growth and gradual decrease of 
mechanical properties is expected. The four conceptual damage development 
scenarios in tension-tension fatigue of UD composites are demonstrated in Fig.4. 
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The most extreme development shown in Fig.4a is composite failure at very high 
applied stress levels which cause the UD composite to fail within few load cycles. 
The stress level for such case exceeds the average composite tensile strength ( c ) 
and the failure takes place in a manner almost identical to static failure.  
However, it is known that carbon and glass fibers are brittle materials with 
probabilistic distribution of strength. The weakest fibers may fail much earlier than 
the UD composite. If a stress level larger than strength of the weakest fiber but 
smaller than the composite strength ( cf ) is applied in tension-tension 
fatigue, fibers may break in random positions already during the first applied load 
cycle as shown in Fig.4b. As it was emphasized earlier, fibers such as carbon and 
glass fibers are usually not prone to degradation in fatigue. An isolated fiber break 
causes shear stress concentration at the interface close to the tip of the broken fiber. 
Therefore, when the maximal load is constantly repeated, the further damage 
evolution might be in form of growing interface debond cracks (Fig.4b). Debond 
cracks start to grow at the tips of fiber crack due to stress concentration. The rate of 
debond crack growth with the applied number of cycles depends on the shear failure 
properties of the fiber/matrix interface and on the level of the applied stress. 
However, the above described is not the only possible damage evolution scenario in 
high stress tension-tension fatigue. Since stress concentration occurs near the debond 
crack tip, a possibility of transverse crack formation in matrix also exists. 
 

 
Fig.4. Possible damage evolution scenarios in tension-tension fatigue: a) overload 

stress ( c ); b) high stress ( cf ); c) medium stress ( fFL ); d) 
low stress ( FL ). 

 
The magnified tensile stress due to fiber breakage may exceed the fracture stress of 
the matrix. Fibers in polymer composites (glass, carbon fibers) are materials with high 
stiffness and the amount of energy released during breaking of fibers is often larger 
than necessary to cause fiber break only. The excess of the released energy might 
result in formation of short debond cracks or cracks propagating in matrix 
immediately after the fiber break occurs during the first cycle. If the matrix crack 
occurs, then during consecutive tension-tension fatigue load cycles it may propagate 
until it reaches the neighboring fiber. At low and medium stress fatigue loading 
conditions the growth of the matrix crack will stop at the fiber/matrix interface or 
deflect as a debond crack growing along fiber/matrix interface. In high stress fatigue, 
however, after the matrix crack reaches the interface, fiber breaks may form as a 
result of high stresses at the tip of the preceding matrix crack. 

a) 
b) c) 

d) 
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In medium stress tension-tension fatigue loading where the maximal stress is smaller 
than stress necessary to cause breakage of the weakest fibers during the first cycle 
( fFL ), the mechanism demonstrated in Fig.4c is typical. While the fibers 
are, as previously stated, degradation-proof in fatigue, the polymer matrix is known to 
have a certain fatigue limit (FL) above which matrix cracking will occur. Matrix 
cracks may develop after a certain amount of applied load cycles, which thereafter 
may also deflect and continue propagation as debond cracks (Fig.4c). For polymer 
composites, the elastic modulus of matrix is usually much smaller than for fibers, 
therefore it is expected that the energy released due to matrix cracks will also be much 
smaller. A matrix crack would stop at the fiber/matrix interface at lower strains while 
at higher applied strains the stress at the crack tip might exceed the fracture stress of 
the fibers leading to failure of some fibers in the composite. 
In [15] it was shown that the energy release rate for debond cracks initiated from 
matrix breaks (Fig.4c) decays with the distance from the primary crack whereas it 
approaches to an asymptotic value in the case of fiber break being the primary crack 
(scenario in Fig.4b). 
In medium stress tension-tension fatigue, the matrix cracks may form in several 
places simultaneously which as a result of increasing number of applied cycles may 
assemble into a large matrix crack bridged by the fibers. The further scenario may 
then be either formation of fiber breaks leading to final failure of composite or 
growing debond cracks. Debond growth initiated from a single matrix or single fiber 
break can with certain approximation be considered as an axisymmetric problem. 
The final possible scenario, shown in Fig.4d, is actually related to infinite fatigue life 
and it is the opposite of the extreme scenario of nearly instant failure shown in Fig.4a. 
The applied strain level for the case shown in Fig.4d is below the fatigue limit of the 
polymer matrix ( FL ). Initial damage or defects may be present as well in this 
case, however, either the defect size is too small or the arresting mechanisms are very 
efficient to prevent any propagation. The cyclic maximum strain below which no 
cracks or only non-propagating cracks may be initiated in the matrix material, defined 
as the fatigue limit of the matrix, may be obtained by fatigue testing of the 
unconstrained (unreinforced) matrix material [1]. 
The damage evolution scenarios described above are somewhat idealized. In practice, 
depending on the material properties and the level of applied stress, these mechanisms 
may as well occur simultaneously. 
Because different damage mechanisms occur depending on the level of applied stress, 
analyzing the fatigue life of UD composites can be complex. A comprehensive way to 
demonstrate the fatigue life is to construct a fatigue-life diagram. In Fig.5 typical 
fatigue-life diagram for UD composites loaded in fiber direction is shown. 
The fatigue-life diagrams were first introduced by Talreja [1]. Before that, the so-
called Wöhler or S-N diagrams were extensively used to show the applied global 
stress level with respect to the number of cycles to failure. However, since for 
composite materials different fatigue damage mechanisms take place depending on 
the applied load level, the S-N diagrams are somewhat incomplete and probably 
misleading representation of fatigue performance of composites. Therefore, the 
fatigue-life diagrams have shown themselves useful as a framework to interpret 
fatigue properties of unidirectional composite materials.  
On the vertical axis of a fatigue-life diagram shown in Fig.5 the maximum fatigue 
strain is plotted, while on horizontal axis logarithm of the number of cycles to failure 
is plotted. Strain instead of stress is typically chosen in fatigue-life diagrams as both 
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fibers and matrix are subjected to the same strain while stresses in the two phases 
differ depending on the volume fraction and elastic properties of the two phases [1]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.5. Fatigue-life diagram for unidirectional composites under loading parallel to 
fibers, redrawn from [1]. 

The regions defined in Fig.5 each correspond to damage mechanisms previously 
described and depicted in Fig.4: the region below the fatigue limit of matrix in Fig.5 
corresponds to no-damage state depicted in Fig.4d. The matrix cracking region 
corresponds to damage mechanism shown in Fig.4c. The fiber breakage and 
interfacial debonding region corresponds to Fig.4b. As shown in Fig.5 this region 
covers the scatter in the fiber fracture strength. Above the fiber breakage and 
interfacial debonding region, failure of UD composite will occur within few load 
cycles as shown in Fig.4a. 
The presented mechanisms differ substantially from each other and require different 
approaches for analysis. In the present thesis, the focus is only on fiber breakage and 
interface debonding mechanism (Fig.4b). In Papers I-V included in the present thesis 
the applied load is parallel to the fiber orientation. Fatigue damage mechanisms under 
loading inclined to fiber direction (off-axis fatigue) including different lay-ups of 
composites are described in detail in [1,16]. 
 
1.3 Fracture mechanics analysis of fiber/matrix debond growth 
 
Within the current work, damage evolution scenario according to high stress tension-
tension fatigue (see Fig.4b) is considered as predominant over other possible damage 
mechanisms. The sequence of events for such scenario is formation of fiber breaks 
during the first load cycle after which further damage evolution is assumed to occur in 
form of growing interface debond cracks. 
 
1.3.1 Analytical models 
 
In order to analyze debond crack growth along fiber/matrix interface, fracture 
mechanics concepts can be applied. Energy release rate IIG  related to Mode II crack 
growth is used as a parameter for debond growth analysis. For UD polymer 
composites subjected to tensile loads only Mode II crack propagation is relevant 
because the Poisson’s ratio of the matrix is larger than for the fibers. In addition, 

m 

c 

max 

log N 

fatigue limit 
of matrix 

matrix cracking, 
interfacial shear 

failure 

fiber breakage, interfacial debonding 
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thermal expansion coefficient of matrix is also larger than for the fibers meaning that 
due to cooling down from manufacturing to room temperature the radial stresses on 
the fiber/matrix interface will be compressive. Both of the abovementioned obstacles 
eliminate the Mode I (opening). 
In UD long fiber composites with fibers of circular cross-section, debond growth 
initiated from a single fiber break can be approximately considered as a problem with 
axial symmetry. Concentric cylinder assembly (CCA) model introduced by Hashin 
[17,18] can be applied in analytical calculations. 
The UD composite may be represented by a CCA model consisting of three phases – 
broken and partially debonded fiber cylinder in the middle, a matrix cylinder and an 
“effective composite” cylinder, which represents the surrounding undamaged 
composite as shown in Fig.6. 
When considering debond crack growth in a UD composite, two different crack 
growth conditions have to be separated:  
1) if debond cracks are long and the tip of the debond crack is far away from the fiber 
break where it initiated from, and the oppositely propagating debond crack is also 
sufficiently far away, the crack will propagate in a self-similar manner since there is 
no interaction. The energy release rate IIG  for self-similar (long and non-interactive) 
debond cracks is therefore a constant value independent on the crack length; 
2) if debond cracks are short, the stresses at the tip of debond cracks interact with 
stresses at the tip of fiber crack. Thus debond crack growth related energy release rate 
is magnified and is larger than in the self-similar region. 
 

 
 
 

Fig.6. a) UD composite with a random fiber break and partial fiber/matrix interface 
debonding b) representation of the problem by CCA model (F-fiber, M-matrix, C-

effective composite). 
 
In the self-similar region, due to no interaction condition, analytical calculation 
method based on the CCA model can be conveniently applied.  
The idea of IIG  calculation method is based on strain energy change.  In self-similar 
conditions the difference between strain energy tot

bU  of the bonded and tot
dU  of the 
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debonded regions of unit length ddl  (equal for both regions, see Fig.7) far away from 
the debond crack tip and the fiber break is equal to 
 

tot
b

tot
d UUdU       (1) 

 
Energy dissipation due to friction between fiber and matrix surfaces in this case will 
be considered as negligible. 
The bonded and debonded regions are shown in Fig.7. Note that, when the load is 
applied, sliding of fiber with respect to matrix and composite will occur in the 
debonded region (Fig.7a), and deformations and strains will therefore be different 
than in the bonded region (Fig.7b.). The strain energy of bonded and debonded 
regions shown in Fig.7 can be calculated if the average stress state in constituents is 
known. 
The energy release rate is obtained by dividing Eq.(1) by the newly created surface 
area dA. Thus  
 

constuII dA
dUG      (2) 

 
The assumption of constant displacement ( constu ) is used in Eq(2). In circular 
fiber UD composites with fiber radius rf , the newly created surface area related to 
debond growth by ddl is equal to df dlrdA 2 . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.7. Three phase CCA model of UD composite: a) debonded region of unit length; 

b) bonded region of unit length. 
 
The detailed procedure to calculate tot

bU and tot
dU is given in [19], this paper is also 

included in the present thesis (Paper I). To facilitate the energy release rate 
calculations the following simple expression is suggested for an arbitrary thermo-
mechanical load case in [19]: 
 

22 TkrTkrkrEG thfmechthmfmechmf
f

zII    (3) 

debond 

a) b) 
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where fE is fiber longitudinal modulus, fr is the fiber radius, mech is the applied 

mechanical strain, T is the applied temperature difference, mk , thk and thmk  are 
coefficients related to mechanical, thermal and thermo-mechanical response 
respectively of the composite and can be obtained by performing 3 separate 
calculations (see [19]). 
Nairn [20] derived an exact solution for debond growth related energy release rate in 
single fiber composites, using a constant force assumption. Using the previous 
notation, it is as follows: 
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where m  is the thermal expansion coefficient of the matrix, f

z and f
r are the axial 

and radial thermal expansion coefficients respectively of the fiber, f
zr  and f

r  are the 
in-plane and out-of-plane Poisson’s ratios respectively of the fiber, mE and m are the 
elastic modulus and Poisson’s ratio respectively of the matrix. 
 
1.3.2 Numerical modeling 
 
Linear elastic fracture mechanics parameters such as stress intensity factor K  and 
energy release rate G are widely used to analyze damage initiation and propagation in 
structural materials. Stress intensity factor K  characterizes the stresses, strains and 
displacements near the crack tip. Energy release rate G quantifies the net change in 
potential energy that accompanies an increment of crack extension. While K  is a local 
parameter, G describes the global behavior. 
Since the original work performed by Griffith, Inglis and Irwin analytical solutions 
for K  and G have been developed for a wide range of different crack geometries and 
loading conditions. In previous section analytical models for UD composites [19] and 
single fiber composites [20] were mentioned. For cases when analytical solution is not 
available or too complicated for practical use, numerical tools such as finite element 
method (FEM), boundary element method (BEM) and other methods are convenient 
tools for calculation of K  and G. 
Considering relatively short debond cracks, the self-similarity condition described in 
previous section is not valid due to interaction between debond crack tip and the fiber 
crack, where the debond initated from. Due to perturbation of stress, exact analytical 
solution for energy release rate is not feasible. Therefore, for short debonds, the 
interest of using numerical modelling arises. For axisymmetric problems with singular 
stresses (at the tip of debond crack) the application of boundary element method 
(BEM) is advantageous [21]. However, BEM modeling is limited to isotropic 
constituents only and thus it is not applicable for carbon fibers (transversally 
isotropic). Finite element method (FEM) can be therefore implemented. Although, 



10 

when using FEM, the obtained results may be sensitive to mesh refinement at the tip 
of debond crack, the method is not restricted in terms of material properties. 
A three phase axisymmetric FEM model (see Fig.8.) in combination with virtual 
crack closure technique (VCCT) [22] can be conveniently applied for calculation of 

IIG . 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.8. Schematic picture of FEM model to be used in combination with virtual crack 

closure technique. 
 
The crack closure technique states that the energy released due to debond crack 
growth by dA is equal to the work, which is required to close the newly created 
surface from size A dA  back to size A . As stated previously, for circular cross 
section fiber composites dA 2 rf dld . 
Closing the Mode II debond crack by ddl (from ld dld  to dl ) by applying tangential 
tractions, points at the debonded surface in the region ddd dlllz ; , which have 
relative tangential displacement 
 

)()()( zuzuzu dddddd dll
mz

dll
fz

dll      (7) 
 

are moved back to coinciding positions. At the end of this procedure the shear stress 
in point z  is equal to )(zdl

rz , which is the shear stress in front of the crack with size 
ld . Then the work required to close the crack by dld can be expressed as 
 

dd

d

ddd
dll

l

l
rz

dll
f dzzzurW )()(

2
12     (8) 

 
This is known as the crack closure technique. Within the VCCT it is assumed that due 
to small value of ddl  the relative sliding displacement at the tip of the crack with size 
ld dld  is the same as at the tip of the debond crack with size ld : 
 

)()( d
ldll dlzuzu ddd     (9) 

 
The benefit of this assumption is that only one stress state calculation for a given 
debond length is required.  
Since the energy release rate is defined by Eq.(2), the following result is obtained 
using Eqs.(8) and (9) 
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The distribution of the relative tangential displacement zu  behind the debond crack 
tip and the shear stress rz values ahead of the crack tip can be obtained directly from 
the FEM model as shown in the Fig.8. 
When using VCCT for IIG  calculations from FEM results, the size of the area of 
integration dld  has to be carefully analyzed. Since integration of Eq.(10) is performed 
over a finite distance, the obtained IIG  value will strictly speaking depend on the 
chosen length of integration. On contrary to condition that dld 0 in Eq.(10), when 
using FEM calculations, the accuracy of the result may be reduced if smaller length 
and thus smaller number of elements close to the crack tip is used for the integration. 
This is because small amount of elements at the crack tip cannot accurately represent 
the actual stress and displacement profiles close to the crack tip. Some final value of 
the integration length dld  must be set, by performing parametric analysis until 
acceptable value is found. 
The VCCT technique described above, despite its simplicity requires performing 
accurate operations with FEM calculation results. To facilitate this, an increasing 
number of different automated techniques and specialized elements for fracture 
mechanics parameter calculations are incorporated in the latest versions of 
commercial FEM software codes for even more user-oriented convenience. However, 
the availability of different automated options requires additional attention towards 
the calculation results – the user has to be aware of what calculations are performed 
"within the black box", realize the limitations of each technique and verify the 
obtained results by an alternative calculation method. Further in this section 
automated G calculation routines provided by software code ANSYS version 13.0 
[23] are analyzed and the results are compared with analytical results and “manually” 
obtained numerical results. 
 
1.3.3 Comparison of numerical routines for strain energy release rate calculation 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Fig.9. a) Example 1: Center cracked tension (CCT) specimen. 2W  - specimen width, 

2a  - crack length,  - tensile stress. Figure taken from [24]; b) Example 2: 
Axisymmetric CCT specimen with penny-shaped crack. Figure taken from [26]. 

a) b) 

Example 1 Example 2 
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Example 1: 
A simple 2-D problem of center cracked tension (CCT) isotropic material specimen is 
demonstrated as Example 1. 
Geometrical parameters of a finite size center cracked tension (CCT) specimen are 
given in Fig.9a. 
Only Mode I (opening) is relevant for the CCT specimen. Exact analytical solutions 
for KI  and GI  are available, when the width of the specimen is infinite (2W ). 
When the width of the CCT specimen is finite, closed form analytical solution is 
usually not possible due to edge effects. Several approaches to find an approximate 
solution have been proposed, from which the most accurate ones come from finite 
element analysis [24]. 
For plane strain and plane stress states, the closed form analytical solution for stress 
intensity factor KI  for an infinite plate (2W ) is: 
 

aKI       (11) 
 
For the finite size plate the following approximation is accurate: 
 

425.0

06.0025.01
2

sec
W
a

W
a

W
aaKI    (12) 

 
This approximation has less than 2% error compared to finite element solution when 
a /W 0.9 [24]. 
Example 2: 
The penny-shaped crack in an infinite medium is another configuration for which a 
closed-form analytical solution for KI  exists [25] and the stress state in such a case is 
axisymmetric. For axisymmetric problem, 2a  in Fig.9b is the diameter of the penny-
shaped crack and the solution for KI  is: 
 

KI
2 a        (13) 

 
To account for the finite size of an axisymmetric CCT specimen shown in Fig.9b ( b2  
is the finite width (diameter) of the sample), the following approximation can be used 
[26]: 
 

b
a

b
a

b
a

aKI

1

148.05.01
2

3

     (14) 

 
 
The energy release rate GI  can be calculated from relationship between KI  and GI . 
For linear elastic materials, K  and G  are uniquely related. For plane stress state the 
relation is: 
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      (15) 

 
where E  is elastic modulus. In plane strain the relation is: 

2

2

1
E

KG I
I      (16) 

 
where  is Poisson's ratio. For axisymmetric stress state Eq.(16) is applicable for 
calculation of GI . 
Finite element calculations of K  and G  were performed using ANSYS version 13.0 
[23]. Taking advantage of the symmetry conditions in Fig.9 a and b, only 1/4 of the 
specimen was modeled. Fig.10 shows the FEM model and the boundary conditions 
used. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.10. FEM model of a center cracked tension specimen. a) ¼ model and boundary 

conditions b) model detail at the crack tip. 
 
In all calculations half-width of the sample was W  = 1 m (or b =1 m for Example 2), 
half-length of the sample was L  = 2 m, the applied load was P  = 1 N (regardless of 
all other parameters, the applied load P  was in all cases equal to 1 N thus 
representing a load controlled test). Linear elastic material properties were: elastic 
modulus E  = 3 GPa, Poisson's ratio  = 0.3. iR is the integration length that was used 
for crack closure and virtual crack closure techniques. 
2-D 8-node structural solid elements PLANE183 were used in all FEM calculations. 
This element type is recommended for use in fracture mechanics problems in ANSYS 
[23]. 
3 different meshing approaches for crack tip region were used to reveal the 
significance of meshing on calculation results. The first approach denoted as Case A 
in further reference, is meshing the crack tip region with triangular solid elements 
with decreasing element size towards the crack tip. Fig.11 shows a fragment of FEM 
model and the detail of the element mesh at the crack tip. 
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Fig.11. a) Element mesh fragment for Case A, b) detail of element mesh at the crack 

tip. 
 
As shown in Fig.11 the elements outside the refined crack tip zone mostly have 
quadrilateral shape and triangular shape elements in the crack tip zone are used 
because it may be geometrically difficult to use quadrilateral shape elements in 
locations with high refinement or irregular shape. Also, the calculation accuracy 
(stress distribution) is higher when triangular shape elements at the crack tip are used. 
This kind of crack tip meshing approach was used for example in [27,28], which are 
Papers II and III respectively included in this thesis. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.12. Detail of the element mesh at the crack tip for Case B. 
 
The second meshing approach denoted as Case B and demonstrated as a detail in 
Fig.12 is similar to Case B with the difference that no increased element size 
refinement is applied towards the crack tip (spacing is uniform). 
The third meshing approach denoted as Case C corresponds to crack tip region 
meshing recommendations given in ANSYS user manuals [23]. In this case the crack 
tip region is meshed with triangular shape singular elements known as the crack tip 
elements in ANSYS terminology. ANSYS command KSCON is used to define the 
mesh at the crack tip. Fig.13 shows the element mesh and element nodes for Case C.  

crack surface 
crack tip

a) 
b) 

crack surface crack tip crack tip 
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Fig.13. a) Element mesh at the crack tip for Case C. 

 
There are two automated methods for calculating the energy release rate in ANSYS 
13.0. The first method is J-integral based method. J-integral was presented by Rice 
[29], he showed the path-independence of this integral and its direct relation to energy 
release rate. J-integral evaluation in ANSYS 13.0 is based on the domain integral 
method by Shih [30]. The domain integration formulation applies area integration for 
2-D problems and volume integration for 3-D problems. Area and volume integrals 
offer much better accuracy than contour integral and surface integrals, and are much 
easier to implement numerically, as stated in [23]. 
For a 2-D problem and in the absence of thermal strain, path dependent plastic strains, 
body forces within the integration of area, and pressure on the crack surface, the 
domain integral representation of the J-integral is given by: 
 

dA
x
qW

x
u

J
i

A i
j

ij 1
1

     (17) 

 
where q is referred to as the crack-extension vector, W is the strain energy density, 

ij and ju  are stress and displacement Cartesian components. More details on this 
method are available in [30]. 
J-integral in ANSYS is calculated using CINT command with option 
CINT,TYPE,JINT. 
In the further text the energy release rate calculated using J-integral method is denoted 
as GI

JINT . 
The second automated method for calculation of G in ANSYS [23] is based on virtual 
crack closure technique. VCCT principles for Mode II were described earlier (see 
Eqs.(7-10)). 
For automated calculation of G ANSYS uses modified crack closure method based on 
VCCT and assumes that stress states around the crack tip do not change significantly 
when the crack grows by a small amount a , see Fig.14. 
For a 2-D crack geometry shown in Fig.14 with a low-order element mesh, the energy 
release rate is defined as: 
 

GI
1

2 a
RY v , GII

1
2 a

RX u     (18) 

crack surface 
crack tip 
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where GI  and GII  are mode I and II energy release rates respectively, u  and v  are 
relative displacements between the top and bottom nodes of the crack face in local 
coordinates x and y, respectively, RX  and RY  are reaction forces at the crack tip node, 

a  is the crack extension as shown in Fig.14. 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.14. Parameters for VCCT for 2-D crack geometry. Figure taken from [23]. 
 
The process of energy release rate calculation in ANSYS involves using CINT 
command with option CINT,TYPE,VCCT. This option in ANSYS was first 
introduced only in version 13.0 [23]. By using this automated routine, the integration 
length is determined by the program based on the created mesh.   
In the further text the energy release rate calculated using VCCT method is denoted as 
GI

A .VCCT . 
To validate the numerical results obtained by automated ANSYS methods described 
previously, manual calculations were performed. Notation "manual calculations" 
means that FEM data of stress and displacement distributions are still used, but the 
integration is performed manually. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.15. Application of closure stresses which shorten the crack by a . Figure taken 
from [24]. 

 
In this example study of the CCT specimen two different manual calculation methods 
were used: crack closure technique and virtual crack closure technique. The principles 
of both techniques were already given for Mode II crack propagation (see Eq.(7-10)). 
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For Mode I the normal stress and displacement components are used as shown in 
Fig.15. 
In the further text, energy release rate calculation results using manual crack closure 
technique method are denoted as GI

CCT .  
The energy release rate calculation results obtained by manual VCCT are denoted as 
GI

VCCT . 
Table 1 summarizes calculation results for Mode I energy release rate GI . Parameter 
Ri is the length of integration (see Fig.10), which was used for GI

CCT  and GI
VCCT  

calculations. 
 

Table 1. Calculation results for energy release rate GI . 

Notation Unit 
Type of the stress state 

Example 1 
Plane strain 

Example 1 
Plane stress 

Example 2 
Axisymmetric 

L  [ m ] 2 2 2 
W  [ m ] 1 1 1* 
a  [ m ] 0.25 0.25 0.25** 
Ri [ m ] 0.05 0.05 0.05 
B [ m ] 1 1 1* 
P  [ N ] 1 1 
f  [ - ] 1 2 3 3 

A
na

ly
tic

al
 GI  [ J /m2] 2.3824·10-10 2.6180·10-10 9.7830·10-12 

GI
f  [ J /m2] 2.5718·10-10 2.8262·10-10 1.0040·10-11 

A 

GI
JINT  [ J /m2] 2.5712·10-10 2.5723·10-10 2.5727·10-10 2.8271·10-10 9.9453·10-12 

GI
A .VCCT  [ J /m2] 2.5712·10-10 2.5723·10-10 2.5728·10-10 2.8272·10-10 9.9454·10-12 

GI
VCCT  [ J /m2] 2.3383·10-10 2.4025·10-10 2.4363·10-10 2.6767·10-10 9.4930·10-12 

GI
CCT  [ J /m2] - - 2.1681·10-10 - - 

B 

GI
JINT

 [ J /m2] 2.5692·10-10 2.5714·10-10 2.5721·10-10 2.8264·10-10 9.9408·10-12 

GI
A .VCCT

 [ J /m2] 2.5692·10-10 2.5714·10-10 2.5721·10-10 2.8264·10-10 9.9408·10-12 

GI
VCCT

 [ J /m2] 2.2994·10-10 2.3782·10-10 2.4129·10-10 2.6502·10-10 9.4089·10-12 

GI
CCT

 [ J /m2] - - 2.1474·10-10 - - 

C 

GI
JINT

 [ J /m2] 2.5718·10-10 2.5727·10-10 2.5729·10-10 2.8273·10-10 9.9468·10-12 

GI
A .VCCT

 [ J /m2] 2.5720·10-10 2.5728·10-10 2.5731·10-10 2.8275·10-10 9.9474·10-12 

GI
VCCT

 [ J /m2] 2.3796·10-10 2.4347·10-10 2.4626·10-10 2.7062·10-10 9.5860·10-12 

GI
CCT

 [ J /m2] - - 2.1911·10-10 - - 
* in axisymmetric case W B  is the outer radius of the CCT specimen 
** in axisymmetric case a  is the radius of the penny-shaped crack. 
 
Analytical results for the infinite size CCT specimens are denoted as GI  and are 
given in Table 1 as a reference. The analytical results for finite size CCT specimens 
(denoted as GI

f  in Table 1) should be considered as target values to which all 
numerical results should be compared. These target values are underlined in Table 1. 
In general the agreement between the target values and the numerical values 
calculated using ANSYS automated routines - J-integral method (GI

JINT
 ) and VCCT 
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(GI
A .VCCT

) - is excellent (except results for axisymmetric case). The results calculated 
by manual VCCT ( GI

VCCT ) do not provide as good accuracy although the agreement 
with target values is still rather good. Results obtained by crack closure technique 
( GI

CCT ) underestimates the target values the most from all cases. The crack increment 
has been too large. 
In the following the influence of the mesh refinement is discussed.  
As Table 1 shows, the calculation results depend on mesh refinement level. 
Coefficient f  was introduced to characterize the element mesh refinement and to 
perform mesh refinement convergence analysis. Well refined mesh, especially near 
the crack tip, is important for accurate calculation of fracture mechanics parameters, 
which are based on local stress distributions. On the other hand extremely refined 
mesh is numerically expensive and may not provide additional accuracy.  
The coefficient f  was introduced in the ANSYS input file as a multiplication factor 
that linearly increases the number of element divisions on lines. Thus, when the mesh 
refinement coefficient f  is, for example, equal to 3, the number of elements per each 
line of the FEM model will be 3 times bigger than when f  is equal to 1.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.16. Energy release rate GI  as a function of mesh refinement coefficient f . 
 
The total number of elements in the model is however not exactly 3 times bigger 
because the area meshing was performed as "free meshing" based on the specified 
line divisions. Fig.16 shows the dependency on mesh refinement factor f  of energy 
release rate GI . 
In Fig.16 results obtained by automated J -integral routine are denoted as “G ANSYS 
JINT”, results obtained by automated VCCT routine are denoted as “G ANSYS 
VCCT” and results obtained by manual VCCT are denoted as “VCCT manual”. 
Numerical results are compared with analytical calculations. In Fig.16 the results are 
shown for Case C, where crack tip elements were used (see Fig.13). 
As Fig.16 shows, the results obtained by two automated calculation routines (G 
ANSYS JINT and G ANSYS VCCT) are not sensitive to mesh refinement coefficient 
f  within the studied range. Furthermore, the agreement between numerical results 

obtained by these two methods and the analytical results is excellent. On the other 
hand, results obtained by manual VCCT show significant dependence on mesh 
refinement. Judging from the trend of curve "VCCT manual" in Fig.16, further mesh 
refinement would provide better agreement with analytical results, however, it has to 
be noted that even at mesh refinement level of f 5 the necessary calculation time 
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increased significantly. Therefore, in further parametric analysis mesh refinement 
level of f 3 was used. 
As Fig.16 shows, the results obtained by manual VCCT are always below the 
analytical results. 
Further, the influence of integration length is discussed. 
In the FEM model geometry, special area around the crack tip was created to 
manipulate with the integration length for manual VCCT. It has been shown before 
[27] that the calculated energy release rate values depend on the length of integration. 
A compromise has to be found between having as short as possible integration length 
according to definition in Eq.10 and having a sufficient integration length in which 
stress and displacement distributions are accurately captured. 
Fig.17 shows the dependency on integration length Ri of energy release rate GI  
calculated by manual VCCT. The results are compared with analytical results and the 
results obtained by automated calculation routines available in ANSYS 13.0, notation 
is the same as in Fig.16. The results are shown for Case C (see Fig.13). 
Curve "VCCT manual" in Fig.17 shows that optimal integration length Ri exists at 
which agreement with analytical results is the best. Agreement between numerical 
and analytical results reduces at very small integration lengths as well as when the 
integration length is too large. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.17. Energy release rate GI  as a function of integration length Ri. 
 
Finally, the influence of crack length is discussed. 
Fig.18 shows plotted results of energy release rate GI  as a function of crack length a .  
Like in Figs.16 and 17, the numerical results in Fig.18 are compared with analytical 
calculations. The results are shown for Case C (see Fig.13). As it can be seen in 
Fig.18, the agreement between numerical results obtained by automated calculation 
routines (G ANSYS JINT and G ANSYS VCCT) and analytical results is excellent. 
However, the results obtained by manual VCCT are also in very good agreement with 
analytical results. This leads to conclude that even though looking on a narrow 
vertical scale as in Fig.16 and 17, the difference between manual VCCT results and 
analytical results and numerical results obtained by automated ANSYS calculation 
routines is notable, the manual VCCT method is still sufficient for crack propagation 
analysis. It was also proved in [27] that although the absolute values of G calculated 
by manual VCCT are not accurate, the normalized curves of G vs. the crack length 
correspond very well with accurate calculations performed using BEM [21]. 
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Fig.18. Energy release rate GI  as a function of crack length a . 
 
In conclusion, it can be noted that the automated routines for G calculations provide 
excellent agreement with analytical results if the crack tip region is properly meshed. 
Numerical calculations performed manually, such as crack closure technique and the 
virtual crack closure technique, are less accurate than the automated routines although 
the agreement with analytical results is still satisfying.  
The previous conclusions were drawn only from analysis of isotropic material and the 
use of automated routines has to be validated also for more complex cases such as 
anisotropic materials and interface cracks.  
In Papers II to V, which are included in this thesis, VCCT was used in a manner 
described in Eq.(7-10). In Paper VI energy release rate was calculated using 
automated VCCT routine available in ANSYS 13.0 (CINT command with VCCT 
option).  
Probably the most detailed numerical analysis of the local stress state at the debond 
crack tip in terms of stress intensity factor and degree of singularity has been 
performed in [21] using BEM. It is important to note that in [21] GII was calculated 
taking into account the presence of frictional stresses along the crack faces. Numerical 
results showed that friction opposes the debond growth. For more details on this [31] 
can also be suggested for reading. 
Unfortunately, BEM method at present is limited to isotropic constituents and, hence, 
not applicable for carbon fibers. 
 
1.4 Paris law for fatigue 
 
A broad review on mechanics and micro-mechanisms in fatigue of metals, non-metals 
and composite materials is given by Suresh [32]. Under cyclic loading conditions, the 
onset of crack growth from pre-existing flaw or defect can occur at stress intensity 
values that are well below the quasi-static fracture toughness. For conditions of small-
scale yielding, where the nonlinear zone at the crack tip is a mere perturbation in an 
otherwise elastic material, Paris, Gomez and Anderson [33] suggested that the 
increment of fatigue crack advance per stress cycle, dA /dN , could be related to the 
range of the stress intensity factors, K , during constant amplitude cyclic loading, by 
the power law expression. 
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mKB
dN
dA      (19) 

 
where N is the number of applied cycles, B and m are empirical scaling constants. The 
constants are influenced by material microstructure, cyclic load frequency, waveform, 
environment, test temperature and load ratio. 
This approach has since been widely adapted for characterizing the growth of fatigue 
cracks in metals and metal matrix composites [34], [35] under conditions of small-
scale plastic deformation at the crack tip. 
For composites, since they are non-homogeneous materials, it is more relevant to use 
range of energy release rates G  instead of stress intensity factor range K . Then the 
expression Eq.(19) can be rewritten as 
 

mGB
dN
dA      (20) 

 
where G Gmax Gmin  is the difference between energy release rates at maximal and 
minimal applied strains during the constant amplitude fatigue loading. More complex 
definition and physical reasoning of energy release rate range G  for anisotropic 
materials has been recently discussed in [36]. 
The major appeal of the linear elastic fracture mechanics approach is that the stress 
intensity factor range (or energy release rate range), determined from remote loading 
conditions and from the geometrical dimensions of the cracked component, uniquelly 
characterizes the propagation of fatigue cracks; this method does not require a 
detailed knowledge of the mechanisms of fatigue fracture [32]. 
Along with Paris law relation using energy release rate range G  (Eq.20), the 
fracture toughness GIIc  can also be used as a parameter or criteria for crack initiation 
and propagation analysis [21],[37]. 
Conceptually, the Paris law (Eq.(20)) could also be implemented for fiber/matrix 
debond crack growth characterization in fatigue. Paper IV included in this thesis and 
which has recently been accepted for publication [38], demonstrated agreement 
between the modeling and experimental results thus proving applicability of the 
power law for debond growth characterization in fatigue. 
 
1.5 Experimental measurements of debond growth in fatigue 
 
Experimental evidence of fiber matrix interface debond growth in fatigue has been 
reported for both unidirectional [39] and model composites such as single fiber 
composites [38]. 
In [39] growth of the debond length on the surface of carbon fiber/epoxy UD 
composite was experimentally observed. During the manufacturing of the composite, 
a well-polished stainless steel plate was placed on top of the release film in order to 
enhance the surface smoothness. The specimens were subjected to load-controlled 
tension-tension fatigue test with the maximum applied strain equal to 0.89%, 
frequency of 10 Hz and the tension-tension load ratio of R=0.1. The debond length 
was measured using surface replicas made from a cellulose acetate film that was 
pressed on the specimen surface. 
Fig.19 shows the debond lengths plotted with respect to the number of the load 
cycles. 
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Fig.19. Debond length increase in fatigue loading of carbon fiber/epoxy composite. 
Data taken from [39]. 

 
The results in Fig.19 show measurements for four different debonds, the accuracy of 
the measurements is 2 m. The results in Fig.19 demonstrate a large scatter in debond 
length values. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.20. Optical microscopy images showing the debond length increase with number 
of cycles in tension-tension cyclic loading: a) N = 1; b) N = 1000; c) N = 5000; d) N = 

10000. F - fiber; M - matrix. Figure from [38]. 
 
More straightforward and easier-to-interpret experimental results have been obtained 
for single glass fiber composites as reported in [38], which is also one of the papers 
included in this thesis (Paper IV). In [38], experimental measurements of debond 
growth in tension-tension fatigue were performed for single fiber fragmentation 
samples with transparent epoxy matrix. A single fiber break was induced prior to the 
fatigue test and the measurements of debond length were performed using optical 
microscopy. The samples were subjected to values of maximal strain up to 1.76% 
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with frequency of 2 Hz and ratio between the minimal and maximal load in one cycle 
R=0.1. 
Fig.20 shows optical microscopy images taken for one sample after a certain number 
of applied load cycles. 
 
 
2.  Objectives of the current work 
 
The main objective of the present thesis is to develop methodology for prediction of 
fiber/matrix debond growth in cyclic tension-tension loading of polymer composites. 
Fracture mechanics concept of energy release rate G is used for debond growth 
analysis. In order to predict the increase of the debond crack length with the 
increasing number of load cycles the following tasks have to be advanced: 
1) a computational tool for calculating the Mode II strain energy release rates IIG  
must be developed. As described before in section 1.3, analytical methods can be 
applied for IIG  calculation in self-similar crack growth regions, where the debond 
crack tip is sufficiently far away from the fiber break. For short debonds, where high 
interaction with the fiber crack is expected, numerical methods (e.g., FEM) in 
combination with virtual crack closure technique can be applied; 
2) When a computational tool for strain energy release rate calculation is developed, a 
relation that characterizes the increase of the debond length as a function of applied 
load cycles in fatigue must be adapted. Paris law (Eq.20), frequently used in fatigue 
damage characterization in metals, is a reasonable candidate. 
3) To validate the applicability of Paris law for characterization of fiber/matrix 
debond growth in fatigue, independent experimental measurements are required. Once 
the power law is shown to be applicable, the values of power law parameters can be 
determined from the best fit between modeling and experimental data. The power law 
parameters are material properties that can be implemented in debond growth 
simulations for unidirectional and single fiber composites. 
 
The numerical methods for calculation of strain energy release rate are not limited to 
debond crack growth analysis only. In the last paper included in this thesis (Paper VI), 
damage initiation and propagation in a carbon fiber subjected to cyclic 
charge/discharge with lithium ions (intercalation) is analyzed. The objective of Paper 
VI is to analyze the possible damage initiation locations and the competing 
propagation mechanisms in a carbon fiber.  
 
 
3. Summary of appended papers 
 
In Paper I analytical solution for Mode II strain energy release rate IIG  was found for 
unidirectional (UD) composites and parametric analysis performed in the self-similar 
debond crack propagation region only. Three materials have been studied – two 
modifications of carbon fiber/epoxy resin composites and a glass fiber/epoxy 
composite. Various fiber volume fractions were considered. Concentric cylinder 
assembly model was applied for analytical calculation of IIG . Analytically calculated 

IIG  values were compared with FEM calculations giving excellent agreement. A one-
dimensional model was also proposed for consideration, assuming that during the 
debond crack propagation, the energy released from fiber is overwhelming and the 
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energy released from matrix and the effective composite is almost negligible. 
Parametric analysis of material properties was performed and non-important 
parameters were identified. IIG  calculations were comprised in simple expressions 
that can be used for any arbitrary mechanical, thermal as well as combined loading 
cases. These expressions are based on coefficients representing mechanical, thermal 
and mixed mechanical-thermal response of UD composite. By performing three 
calculations of simple loading cases, the coefficients were found and validated. 
 
In Paper II IIG  was obtained for short debonds (for UD composites) by applying 
FEM calculations in combination with virtual crack closure technique (VCCT). Total 
strain energy change method was also used for comparison with VCCT results, 
however, it was observed that the accuracy of VCCT is higher. In order to determine 
the appropriate length of the FEM model, parametric study was performed prior to 
doing calculations. 
The integration length used in VCCT was also studied parametrically and the optimal 
size was chosen. 
The same three materials as in Paper I with various fiber volume fractions were 
studied. 
Further in Paper II, the calculation results for both short and long debonds were 
implemented in power law expression for simulations of debond crack growth with 
the increased number of applied cycles. Since no experimental data on UD 
composites were available, trend curves showing significance of parameters such as 
fiber radius, initial temperature change, material constants and power law constants 
were presented and analyzed. 
 
In Paper III, debond growth in single fiber (SF) composites subjected to tension-
tension fatigue is analyzed. Using the same procedure as for UD composites in Papers 
I and II, first, an analytical solution for Mode II energy release rate GII is found for 
self-similar crack growth region and then FEM modeling is performed to obtain 
magnification profiles for short debond cracks. It is shown in Paper III that 
magnification of the strain energy release rate at short debonds follows the same rule 
for mechanical and thermal loads. Furthermore, it is shown that magnification curves 
are in excellent agreement with accurate BEM calculations [21]. 
A simpler form of equation is thus derived for calculation of the strain energy release 
rate. Polynomial type of expression is used for approximation of magnification 
coefficients. Debond growth simulations are performed to analyze the influence on 
debond growth of fiber radius, Paris (“power”) law parameters and the applied initial 
temperature change. 
 
In Paper IV modeling methodology described in Paper III is advanced further and the 
modeling results are compared with experimental data for interface debond crack 
growth in SF composites subjected to tension-tension fatigue loading. Experimental 
measurements of debond length increase in tension-tension fatigue were performed 
for single glass fiber/epoxy composites. Debond length is measured using optical 
microscopy. Residual stress and fiber pre-stress was included in analysis. 
The power law constants were extracted from the best fit between the experimental 
and modeling results. Validation of results proves that power function of power law is 
applicable to characterize the debond crack growth in fatigue of polymer composites. 
The values of the determined power law parameters were validated for different 
applied strain levels. 
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Also debond growth simulations are performed to reveal the sensitivity of power law 
parameters and the effect of the residual stresses on debond growth. 
 
In Paper V fiber/matrix interface debond growth in close-to-surface region of a UD 
composite is analyzed. The UD composite is subjected to tension-tension fatigue. 3-D 
FEM modeling is performed to account for the non-axisymmetric stress state due to 
the edge effect. Two different 3-D FEM models are advanced for energy release rate 
calculations depending on the distance between the fiber and the composite specimen 
surface – Model 1, where the fiber and matrix volumes are surrounded by an effective 
composite phase and Model 2, where a resin-rich region is assumed between the fiber 
and the composite surface. 
The calculation results show that closer to the composite surface the average strain 
energy release rate IIG  is higher than in the bulk of composite. Shear stress and axial 
displacement distributions in front and behind the debond crack tip were compared to 
analyze the non-axisymmetric stress state. 
Using the values of power law parameters determined in Paper IV, simulations of 
debond growth in tension-tension fatigue were performed for glass fiber/epoxy 
composite. Simulation results reveal that debond growth rate in vicinity of composite 
surface is much higher than in the bulk of the composite. Therefore, studying debond 
growth on UD composite surface is proposed as a method for accelerated testing of 
composites in fatigue. 
 
Finally, in Paper VI fracture mechanics concepts of strain energy release rate are 
used to model micro crack initiation and propagation in a carbon fiber, which, apart 
from the load bearing function, also serves the purpose of an electrode in a novel 
lithium-ion rechargeable battery. When subjected to lithium ion intercalation, carbon 
fiber experiences a non-uniform swelling that leads to development of high 
mechanical stresses. In many cycles of charging-discharging these stresses can 
introduce damage and reduce the mechanical and electrochemical properties of the 
battery. FEM modeling using thermal analogy is performed to solve the transient ion 
diffusion and mechanical stress problem.  
The first task of the paper is to analyze the most probable damage initiation locations. 
Stress analysis of an undamaged carbon fiber subjected to ion intercalation is 
performed. According to numerical modeling results, the first mode of damage will be 
in a form of radial cracks developing on the outer layers of the carbon fiber due to 
high tensile hoop stresses.  
Then the propagation of radial crack is analyzed using fracture mechanics and 
calculating the energy release rate G to determine the crack growth tendency. The 
results show that radial cracks may grow in further cyclic charge/discharge until 
reaching a certain length at which G becomes zero due to compressive hoop stresses 
in the core region of the fiber. A further scenario of crack deflection is studied. After 
decay of the radial crack growth, the crack may further propagate as an arc shaped 
crack due to tensile radial stresses. 
The competing mechanisms are analyzed by plotting energy release rate at different 
time instances and at different crack lengths. The crack propagation analysis results 
demonstrate that exfoliation of carbon fiber layers may occur in cyclic 
charge/discharge thus reducing the mechanical and electrochemical performance of 
the battery.  
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Abstract 
 
The strain energy release rate related to debond crack growth along the fiber/matrix 
interface in a unidirectional composite with a broken fiber is analyzed. The UD 
composite is represented by a model with axial symmetry consisting of three 
concentric cylinders: broken and partially debonded fiber in the middle surrounded by 
matrix which is embedded in a large block of effective composite. Analytical solution 
for Mode II energy release rate IIG  is found and parametric analysis performed in the 
self-similar debond crack propagation region. It is shown that many anisotropic 
elastic constants of the fiber, which are usually not known, have small effect on IIG . 
 
Keywords: fiber breaks, debonding, energy release rate 
 
1. Introduction 
 
Loading a unidirectional (UD) fiber reinforced polymer composite in fiber direction 
in quasi-static or in a high stress cyclic tension-tension regime, many fiber breaks 
may occur in random positions already during the load increase in the first cycle. This 
is because fiber strain to failure in UD composites is lower than the polymer matrix 
strain to failure. The described is a mechanism for very high strains. The sequence of 
events at strain levels below the fiber breaking limit is not considered in this paper. 
There the fatigue scenario may be different and, for example, initiation of small 
matrix cracks between fibers could be the first mode of damage.  
Different positions along the fiber have different strength values, which are assumed 
to follow Weibull distribution and the first fiber crack occurs in the weakest position. 
In result of stress transfer over the fiber/matrix interface the axial stress level in the 
fiber after a certain distance from the fiber crack recovers its far-field value and with 
increasing load multiple fiber breaks in the same fiber are possible. In cyclic loading 
with constant amplitude we usually assume that fibers do not experience fatigue. 
Therefore the next step in damage evolution with increasing number of cycles may be 
development of interface cracks (debonds) growing along the fiber/matrix interface. 
Probably the most complex analysis of the stress perturbation in composite due to 
fiber breaks and interface damage was performed in [1] assuming hexagonal fiber 
packing of many fibers and using 3-D FEM. In [1] the focus was on overload in 
neighboring fibers and a 30º wedge with 9 fibers including the broken one in the 
middle was analyzed. Keeping in mind the main goal of the analysis (stress 
concentration and failure of neighboring fibers) authors concluded that most of the 
geometrical details are unnecessary. It was shown that 3-D model introduced in [2] 
which is based on shear lag approach and numerically applied for a hexagon of fibers 



32 

with the broken one in the middle has sufficient accuracy for composites with high 
fiber contents. 
These conclusions motivated our choice of concentric cylinder assembly to represent 
composite with a broken fiber. 
Often the fiber failure is an unstable phenomenon and the energy released during this 
event is larger than required to create a fiber break, which is assumed to be a penny-
shaped crack transverse to the fiber axis. The excess of released energy may go to 
initiation of the fiber/matrix debond at the tip of the fiber break. The fiber debonding 
can be considered as an interface crack growth along the fiber and fracture mechanics 
concepts (strain energy release rate) may be used for the evolution analysis. The 
debond initiation (transition from “no debond” state to “debond” state) is a very 
complex nonlinear process and due to lack of relevant information it is not suitable 
for modeling. Four stress state regions can be distinguished considering a broken fiber 
with a long debond in composite: a) a very complex stress state at the fiber crack; b) 
plateau region away from the fiber crack and away from the debond crack tip; c) the 
debond tip region with stress singularity; d) a region in front of the debond tip (far 
away from it) where the fiber is perfectly bonded to the resin. Due to further debond 
crack growth the plateau region b) becomes longer and the region d) correspondingly 
shorter. Therefore, long debond cracks propagate in a self-similar manner meaning 
that when the crack grows the local stress profile at the crack front shifts along the 
fiber axis without changes in the shape and in the value. Certainly, if fiber has 
multiple breaks, long debonds from both fiber ends start to interact and the self-
similarity is lost. 
In order to analyze the interface crack growth in terms of fracture mechanics the 
strain energy release rate related to the increase of the debond length has to be 
calculated. It has been done previously for debond growth analysis along a single 
fiber fragment in so-called single fiber fragmentation (SFF) test.  

  
 
Fig.1. a) Unidirectional composite with fiber break subjected to mechanical ( z) and 
thermal ( T ) loading. b) Concentric cylinder assembly model (F-fiber, M-matrix, C-

effective composite), ld  shows the fiber/matrix debond length. 
 

The used methods cover a wide spectrum from approximate analytical to numerical 
based on finite elements (FE) or boundary elements (BE) [3-5]. The variational model 
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based on minimization of the complementary energy [4] is probably one of the best 
analytical solutions available but the accuracy is achieved in rather complex 
calculation routine. The most detailed numerical analysis of the local stress state at 
the debond cracks tip in terms of stress intensity factors and degree of singularity has 
been performed in [5] using BE method. Unfortunately this method at present is 
limited to isotropic constituents and, hence, not applicable for carbon fibers. 
Generally speaking, some of the described approaches may be adapted for dealing 
with partially debonded broken fiber surrounded by matrix and embedded in 
composite. However results of a systematic parametric analysis of the energy release 
rate due to debond growth in composite as affected by constituent properties, 
geometrical parameters are not available.The objective of this paper consisting of Part 
I and Part II is to perform the abovementioned parametric analysis and use the results 
to simulate the debond growth according to Paris law in UD composite. The 
composite with a broken and partially debonded fiber is represented by three 
concentric cylinder assembly (CCA) model as shown in Fig.1. 
A broken fiber in the middle is surrounded by a matrix cylinder and the interface is 
debonded over distance dl , see Fig.1b. This fiber/resin block is embedded in outer 
“effective composite” cylinder.  
In Part I an analytical solution for the strain energy release rate IIG  is given in the 
self-similar debond propagation region, the significance of different parameters is 
disclosed and validity of one-dimensional models is discussed. 
This approach is used also in Part II [6] where FEM and the virtual crack closure 
technique [7] (using nonsingular FEM solution) are used in a parametric study to 
calculate IIG  for short debonds where the stress state at the fiber break interacts with 
the stress state at the crack tip. Methodology for convenient calculation of IIG  for an 
arbitrary combined thermal and mechanical loading is presented. 
The findings from these studies are summarized in simple expressions and used in 
simulation and analysis of the debond growth in tension-tension fatigue using Paris 
law. 
 
2. Analytical model for energy release rate in self-similar debond propagation 
region 
 
2.1 Calculation method 
 
Because the loading type relevant to this study is axial tension and the applied 
temperature is negative, T 0 (material cooling after processing to room 
temperature) the radial stress on the fiber surface is compressive and the debond crack 
propagation is in Mode II. It is due to larger Poisson’s ratio for the matrix and also 
due to larger thermal expansion coefficient of the matrix. 
An analytical method can be applied to energy release rate calculation for a particular 
case when the tip of the fiber/matrix debond crack is far away from the fiber break 
where it was initiated and also far from another debond which may be approaching 
from the other end of the fiber (typical for short fibers or for fiber fragment). In this 
case the debond crack propagation can be considered as self-similar. Mathematically 
this condition in terms of Fig.2 can be written as 
 

fd rl   df lL     (1) 
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In Eq.(1) fr  is the fiber radius, fL  is the model length and it represents ½ of the fiber 
fragment length. For a model with single fiber break it may be interpreted as the 
distance from the break to the load application cross-section. Under conditions of 
Eq.(1) the debond crack growth by ddl  which corresponds to new created surface 
area  
 

df dlrdA 2      (2) 
 

a) shifts the debond crack tip (and the corresponding singular stress state in its 
vicinity) in the z-direction by ddl . 
b) reduces the bonded region volume in the model by ddlR 2  ( R is the outer radius 
of the three cylinder assembly in Fig.2) and increases the debonded region volume by 
the same amount. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.2. Regions with length ddl  in three phase composite model corresponding to 
bonded and debonded case. Bold line represents the debonded surface in contact 

where sliding is possible. 
 
Obviously the energy change in the system due to this event can be calculated 
(neglecting friction and energy dissipation related to it which are further discussed in 
Section 3) as the difference between strain energy tot

bU of the bonded and tot
dU  of the 

debonded regions of unit length far away from the debond crack tip and the fiber 
break (shadowed regions in Fig.2)  
 

tot
b

tot
d UUdU      (3) 

 
Models representing these two regions are given in Fig.3. Note that in the debonded 
region, Fig.3b sliding of the fiber with respect to the matrix is possible and hence its 
deformation is different than the deformation of the rest of the model. The energy 
release rate is obtained dividing Eq.(3) by the new created surface area Eq.(2) 

debond 
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constuII dA
dUG      (4) 

 
Strain energy for more complex case with N cylindrical phases where phase 1 may be 
bonded or debonded is given below. In the model in Fig.3 analyzed in this paper N=3 
(fiber, matrix, effective composite). From the derivation given in Appendix 1 follows 
that the strain energy of the model a) or b) in Fig.3 can be calculated if the average 
stress state in constituents is known 
 

U tot V
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Vk zz
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z0
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z
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r
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k 1

N

k 1

N

  (5) 

 
In Eq.(5) N=3 and k=1,2,3 are fiber, matrix and effective composite respectively. 
 

 
Fig.3. Geometrical showing of the bonded region (a), which due to crack growth by 

ddl  turns to debonded region (b) with length ddl . 
 
Due to differences in boundary and interface conditions the averages stresses in 
Eq.(5) are obviously different in the bonded and in the debonded case leading to two 
different values tot

d
tot
b UU , . Model assumptions and calculation expressions are given in 

Subsections 2.2 and 2.3. 
 
2.2 Stress state and strain energy in the bonded region 
 
The constant strain in axial direction is denoted by 0z  and the temperature difference 
is T . In Eqs.(5)-(18) assumption is made that in the perfectly bonded region, which 
is far away from the debond tip and from the fiber break, the axial deformation in all 
phases is the same  
 
    00 z

k
z  k=1,2,3    (6) 

 
 The solution for the k-th phase is given in Appendix 2  
 

1
21 rArAu kkk

r      (7) 
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kA1  and kA2  are 2 3 unknown constants yet to be solved and k , k , k , kg , kf  , 
k
rH and kH 3 are functions of the k-th phase elastic constants given in Appendix 2.  

The displacement and stress in Eqs.(7)-(9) have to satisfy continuity conditions on all 
interfaces, i.e. the solutions obtained for each phase separately must satisfy the 
following 2 3 conditions: 
(i) Radial displacement must be zero on the symmetry axis 
 

    001 rur      (11) 
 

(ii) Displacement and radial stress continuity at all interfaces 
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(iii) Zero radial stress at the outer boundary Rr  of the cylinder assembly 
 

    0RN
r      (14) 

 
For a given 0z  the system of 2 3 equations following from these conditions allows 
for determination of 2 3 constants kA1  and kA2  (their values will depend on the 
applied strain and temperature). 
According to the above explanation, in simulations the temperature difference and the 
axial strain are applied simultaneously. Unfortunately, the experimental procedure 
(and as a consequence also the procedure used in simulations) is different: first the 
specimen is produced at high temperature and cooled down for processing to room 
temperature. Thermal stresses occur during this step and the specimen has 
compressive strain th

z0  before any mechanical loading. This state is assumed as the 
starting (zero mechanical strain) state in tests. Then certain amount of mechanical 
tensile strains mech

z0  is applied. The relationship with 0z  in above expressions is as 
follows 
 

th
z

mech
zz 000      (15) 

 
Therefore, in order to use in simulations the proper value of 0z  corresponding to 
experimental mech

z0  we first have to calculate the thermal strain th
z0 .  It can be easily 
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done using expressions in this subsection: the correct value must result in zero 
average stress in direction z   
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Insertion of Eq.(8) in Eq.(16) after integration yields 
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The problem is conveniently solved by using th

z0  as a numerical parameter. For every 
value of th

z0  the system of linear equations is solved and Eq.(17) used to check 
whether zero average stress (with required accuracy) is obtained.  
Certainly, the calculated negative th

z0  value corresponds to the free thermal expansion 
strain of the composite in the given thermal conditions, which can be obtained as 

Tcomp
z  provided the composite longitudinal thermal expansion coefficient is 

known. 
From Eqs.(8)-(10) the average stress expressions to be used in Eq.(5) can be written 
as 
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Substituting Eq.(18) and Eq.(19) and accounting for Eq.(6) in Eq.(5) we obtain 
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          (20) 
 

2.3 Stress state and strain energy in the debonded region 
 
In each phase of the debonded region represented by model in Fig.3b the solutions for 
displacements and stresses in Eqs.(7)-(10) are still valid with the only difference that 
 

zoz
f

zo
1

0     (21) 
 

The rest of phases (matrix and the effective composite which both are perfectly 
bonded together) have the same deformation with respect to the stress free state as 
before given by Eq.(15) and denoted as previously by 0z .  
The axial deformation of the debonded fiber consists of free thermal expansion and 
strain due to radial interaction with the surrounding matrix (caused by thermal 
mismatch and differences in Poisson’s ratios). The axial strain value can be obtained 
from condition that axial stress in fiber is zero 
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which according to Eq.(A.2.8) leads to 
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Substituting Eq.(23) in stress expressions for fiber (Eqs.(9)-(10)) and realizing that 

01
2A  due to Eq.(11) we obtain  
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The stress expressions for the rest of cylindrical phases remain as given by Eqs.(8)-
(10). Radial displacements in all phases are given by Eq.(7). 
The interface conditions at phase interfaces remain as in the bonded case: radial 
displacements and stresses are continuous. The outer radial boundary of the assembly 
is free of stresses and Eq.(14) is still valid. Solving for constants k

iA  as described in 
Section 2.2 (the pure thermal case is of no interest now) we can write the expression 
for the strain energy of the debonded model, Fig.3b. Since the fiber stresses are not 
coordinate dependent the average stresses in the phase 1 (fiber) are given by Eqs.(22), 
(24) and (25). Finally 
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It has to be emphasized that constants k
iA  k=1,2,3 are result of the solution in the 

bonded and debonded case correspondingly and, hence, they are different in Eqs.(20) 
and (26). 
 
2.4 One-dimensional energy release rate model 
 
Exact expressions for energy release rate calculation during self-similar debond crack 
growth are given by Eqs.(3)-(4), (20) and (26). It has to be recognized that they are 
rather complex and numerical MATLAB based codes were developed to obtain 
numerical values. Calculations discussed in Section 3 showed that the largest energy 
change due to debonding is in the fiber phase. 
Therefore it appears interesting to find out if a one-dimensional model considering the 
strain energy change in fiber only can be used and what is the error introduced by this 
simplification. 
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First we consider the bonded model shown in Fig.3a. In 1-D case for a given applied 
strain (Eq.(15)) which can be written also as  
 

Tcomp
z

mech
zz 00      (27) 

 
The fiber has only the axial stress (the rest of stress components is zero) 
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The strain energy of the fiber is 
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In the debonded 1-D model the axial fiber stress is zero and the radial interaction is 
neglect leading to  
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Hence, the energy release rate due to debond growth by ddl  according to the 1-D 
model is 
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In 1-D model the composite axial thermal expansion coefficient is 
 

mmf
f

z

mmmf
f

z
f

zcomp
z VEVE

VEVE
    (32) 

 
More accurate value may be obtained using CCA model [8,9]. 
 
2.5 Applicability of engineering methods for effective composite properties 
 
The thermo-elastic properties of the effective composite (phase 3) were calculated 
using the Concentric Cylinder Assembly (CCA) model introduced by Hashin [8,9] for 
the bonded case. The transverse shear modulus was obtained using the Christensen’s 
self-consistent model [10]. The whole set of used expressions is given in [11] where 
multiphase orthotropic cylinder system was analyzed. It has to be noted that for 
determination of composite thermal expansion coefficients, axial modulus, Poisson’s 
ratio and bulk modulus the Hashin’s CCA model is a particular 2-phase case (N=2) of 
the “bonded model” described in Section 2.2. 
As an alternative the effective composite properties can be calculated using 
engineering expressions [12]: rule of mixtures (RoM) for composite longitudinal 
modulus LE and for Poisson’s ratio LT , Eq.(32) for axial thermal expansion 
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coefficient L . Transverse modulus TE  and in-plane shear modulus LTG may be 
calculated using Halpin-Tsai expressions. The transverse thermal expansion 
coefficient of the composite T  was calculated using Schapery’s expression [13], 
which actually is valid only for isotropic fibers 
 

LTLmmmfffT VV 11    (33) 
 

For carbon fibers f
TT  and f

T  were used. 
Using the above approximate engineering expressions to calculate effective composite 
properties we observe artificial interactions at the matrix/composite interface even in 
the bonded case. This is because the fiber/matrix cylinder does not represent the 
composite with properties following from engineering expressions. This problem does 
not exist when CCA model values for the effective composite are used.  
 
3. Results and discussion 
 
3.1 Material properties 
 
This study was performed on three different UD composites - two carbon fiber 
composites (CF1/EP and CF2/EP) and one glass fiber composite (GF/EP) all of them 
with epoxy resin matrix (EP). The properties of the constituents (fibers and matrix) 
and of the effective composite are given in Tables 1 and 2 respectively. Elastic 
modulus in longitudinal and transverse directions ( EL  and ET ), shear modulus GLT , 
Poisson’s ratios 12, 23 and thermal expansion coefficients L  and T  are presented 
in the tables. In numerical results presented in this Section fiber radius mrf 4 . 
Since the energy release rate GII  is proportional to the fiber radius, recalculation to 
different values of fr  is very simple. 
 

Table 1. Elastic properties of materials. CF – carbon fibers, GF – glass fibers, EP – 
epoxy resin. 

 

Material 
EL  ET  GLT 12 23 L T  

[GPa] [GPa] [GPa] - - [1 C ] [1 C ] 
CF1(CF2) 500 (300) 30 20 0.2 0.45 -1.0·10-6 7.8·10-6 

GF 70 70 29.2 0.2 0.2 4.7·10-6 4.7·10-6 
EP 3 3 1.07 0.4 0.4 60·10-6 60·10-6 

 
The elastic properties of the effective composite were calculated combining Hashin’s 
and Christensen’s models [8-10]. 
It has to be emphasized here that during cyclic fatigue loading the average specimen 
temperature can increase if the loading frequency is too high and cooling is not 
properly arranged. Locally at the sliding interfaces the temperature increase can be 
even much higher. The temperature increase will change the temperature related GII  
and also the resin properties (for example reduced E-modulus). Therefore, the 
parametric analysis presented here includes also changed resin properties. The 
temperature dependence of GII  in this paper is expressed in a very general form and if 
the real specimen temperature is available the values may be easy recalculated. It is 
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obvious that at increased temperature the thermal stress level is lower and GII  would 
be slightly lower. Certainly, the case with non-uniform temperature has to be 
analyzed separately using numerical methods. 
 

Table 2. Elastic properties of the effective composite (transversally isotropic). 
 

Ref. Vf  EcL  EcT GcLT 12 23 cL  cT

[GPa] [GPa] [GPa] - - [1/ C 10-6] [1/ C 10-6]
CF1/EP 0.4 201.84 6.66 2.27 0.31 0.59 -0.38 50.88 
CF1/EP 0.5 251.53 8.08 2.82 0.29 0.56 -0.58 43.22 
CF1/EP 0.6 301.24 9.94 3.58 0.27 0.54 -0.71 35.75 
CF2/EP 0.4 121.84 6.65 2.27 0.31 0.58 0.02 50.75 
CF2/EP 0.5 151.54 8.07 2.82 0.29 0.56 -0.30 43.13 
CF2/EP 0.6 181.24 9.93 3.58 0.27 0.54 -0.52 35.70 
GF/EP 0.4 29.84 7.25 2.34 0.31 0.54 8.52 46.93 
GF/EP 0.5 36.54 9.26 2.93 0.29 0.51 7.38 39.53 
GF/EP 0.6 43.24 12.11 3.77 0.27 0.47 6.56 32.23 

 
 
3.2  Verification of the analytical model 
 
The energy change dU  values calculated according to Eq.(3) and the expressions in 
Section 2 were first validated comparing to values obtained from FE model 
(commercial code ANSYS [14]). The FE model consisted of 3 constituents 
represented as 3 domains, which are meshed in axisymmetric elements. FEM allows 
to obtain the strain energy values for each constituent (U f , U m , UC ) and for the 
whole model ( totU ) in a very simple way. Similarly to analytical model, the energy 
release rate can be obtained from two simulations – first the energy for bonded model 
is calculated, then the energy for fully debonded fiber/matrix interface model is 
calculated (decoupling nodes in axial direction at frr ), and the energy release rate 
GII  is obtained from the energy difference divided by the contact surface (interface 
area).  
The comparison between analytically and numerically calculated values was 
performed for an arbitrary chosen thermo-mechanical loading case %05,00

mech
z , 

CT 100 . As expected the results coincide for all three composites with very 
high accuracy.  
 
3.3 Calculation of IIG  by the analytical CCA model 
 
Simulating debond crack growth in Part II we will need the energy release rate for an 
arbitrary combination of mechanical and thermal loading. To avoid unnecessary and 
time consuming calculations every time the loading changes it is useful to remember 
that the strain energy is a quadratic function of stress state. Stress components are 
linearly dependent on applied mechanical strain mech

z0  and on the temperature 
difference T . Hence we suggest the following form 
 

GII E f rf km z0
mech 2

rf km th z0
mech T rf kth T 2    (34) 
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Upper index  in Eq.(34) is used to note that the coefficients are for self-similar 
crack growth – semi-infinite debond.  In Eq.(34) IIG is in 2/ mJ , strains are in % and 
temperature in C . With known coefficients mk , thmk  and thk  Eq.(34) is a very 
useful tool in simulations where IIG  is used. For any composite these constants can 
be found performing calculation for three loading cases: a) pure mechanical; b) pure 
thermal; c) any combination of thermal and mechanical. 
Tables 3a and 3b show all analytically calculated IIG  values for these cases out of 
which we obtain coefficients mk , thmk  and thk . From the mechanical loading 

mech 1% (left section of Table 3a) we obtain values of coefficient mk , from the 
thermal loading case T 100 C  (right section of Table 3a) we obtain values of 
coefficient thk  and from thermo-mechanical loading CTmech

z 100%,05.00  
(Table 3b) we obtain values of coefficient thmk . In mechanical loading IIG  varies a 
lot dependent on the fiber material. Comparing Table 3a with Table 1 it is obvious 
that IIG  is almost proportional to the axial modulus of the fiber, which explains the 
suggested form of Eq.(34). 
 

Table 3a. Calculated IIG  values for mechanical and thermal loading separately 
( J m2 ). 

 
Mat. %10

mech
z  CT 100  

Vf  0.4 0.5 0.6 0.4 0.5 0.6 
CF1/EP 49.985 49.984 49.982 0.002354 0.001155 0.000562 
CF2/EP 29.975 29.974 29.971 0.003879 0.001911 0.000932 
GF/EP 6.962 6.959 6.953 0.013145 0.006714 0.003357 

 
 

Table 3b. Calculated IIG values for thermo-mechanical loading ( J m2 ). 
 

Mat. CTmech
z 100%,05.00  

Vf  0.4 0.5 0.6 
CF1/EP 0.093018 0.102088 0.108756 
CF2/EP 0.044720 0.052916 0.059149 
GF/EP 0.000298 0.002497 0.005462 

 
Table 4 shows the calculated values of coefficients mk , thmk  and thk . The values are 
presented for all 3 studied materials and for 3 volume fractions Vf 0.4 , Vf 0.5, 
Vf 0.6.  
It can be seen that coefficient mk  which is related to mechanical term of the energy 
release rate is almost volume fraction independent (within the observed range). The 
other two coefficients however depend on fiber volume fraction quite significantly. 
Coefficient thmk  is just weakly dependent on the fiber properties (about 10% 
variation in the considered range). Coefficient thk  is related to pure thermal term in 
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the energy release rate and is three orders of magnitude larger than mk . Since in most 

practical applications z0
mech 2

 (expressed in %) is of order of magnitude 010  whereas 
42 10T  and the mechanical term contains fiber modulus (order of 

magnitude 1110 ) the mechanical term is about 410  times larger than the thermal and 
the influence of the temperature related term for the considered materials is 
insignificant. 
 

Table 4. Calculated coefficients in Eq.(34) . 
Mat. mk  thmk  

Vf  0.4 0.5 0.6 0.4 0.5 0.6 
CF1/EP 2.499·10-5 2.499·10-5 2.499·10-5 1.71·103 1.20·103 0.84·103 
CF2/EP 2.498·10-5 2.498·10-5 2.497·10-5 1.70·103 1.19·103 0.84·103 
GF/EP 2.486·10-5 2.486·10-5 2.483·10-5 1.51·103 1.08·103 0.76·103 

 
Table 4 continued. 

Mat. thk  
Vf 0.4 0.5 0.6 

CF1/EP 0.58·10-1 0.29·10-1 0.14·10-1 
CF2/EP 0.97·10-1 0.48·10-1 0.23·10-1 
GF/EP 3.28·10-1 1.68·10-1 0.84·10-1 

 
 
The effect of the mixed term varies from 1-10% dependent on fiber properties and 
volume fraction and the value of the mechanical strain. Using data in Table 4 to plot 
the dependence of thmk  and thk  on fiber content one can see that the relationship for 
all composites is rather linear (linear fit is better for thmk  which as analyzed above 
has more practical significance). In other words linear interpolation of these constants 
in the analyzed volume fraction region is possible, thus allowing for mk , thmk  and 

thk  estimation for any given fiber content. 
 
3.4 Validation of calculated coefficients 
 
Knowing coefficients in Eq.(34) one can predict IIG  values for material subjected to 
any arbitrary thermo-mechanical loading conditions of the described type.  
Certainly it is realized that the performed calculation for the thermal case being 
absolutely correct is still artificial and does not correspond to what would happen in a 
real test with a broken fiber in composite (fiber break faces would close at negative 
temperature change). Nevertheless in the self-similar model in Fig.3 the calculation is 
possible and in the finite debond length model in this case we would allow 
interpenetration of fiber crack surfaces (negative fiber crack opening). 
Two arbitrary thermo-mechanical loading cases ( CTmech

z 50%,01.00  and 
CTmech

z 50%,05.00 ) were considered in order to validate the IIG  
determination using Eq.(34) and the calculated coefficients mk , thmk  and thk .  
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Table 5. Validation of Eq.(34) comparing with direct calculations (values in ( J m2 )). 

 
The validation was performed comparing Eq.(34) with direct analytical calculations 
for the mixed thermo-mechanical loading for all three materials and throughout 3 
volume fractions as presented in Table 5. The predicted values are almost identical 
with directly calculated values (shown in parentheses). 
 
3.5 Identification of non-significant parameters 
 
Some of thermo-elastic constants of transverse isotropic fibers are usually not known 
and are estimated very roughly or even arbitrary assumed. With a hope to conclude 
that the rough approximation of values is justified or at least to establish limits for 
these approximations, in this Section we perform parametric analysis varying these 
possibly “non-significant” constants. They are identified for mechanical and thermal 
loading cases separately. Only one property of material is changed at a time (with the 
respect to reference material in Table 1) and its affect on IIG  value is evaluated. Both 
carbon and glass fiber composites are inspected. The results are summarized in Tables 
6a to 6e, showing the “changed” property and its value. Results for reference material 
(properties given in Table 1) are also presented.  
As it stands in Tables 6a and 6b, changing fiber transverse elastic modulus E fT , 
Poisson’s ratios 12f  and 23f  as well as the shear modulus 12fG  does not 
significantly affect energy release rate during mechanical loading.  
 
Table 6a. IIG  values ( 2mJ ) for CF1/EP with different fiber properties, the modified 
property is indicated, Vf 0.5, %10

mech
z  (first row) and Vf 0.5,  CT 100  

(second row). 
 

Ref. 
(CF1/EP) 

Modified property 
E fT 20 12 0.25 23 0.35 G12 30 fL 0

fT 5 106

49.956 49.958 49.943 49.956 49.956 49.956 49.956 
1.154·10-3 1.150·10-3 1.155·10-3 1.153·10-3 1.154·10-3 1.123·10-3 1.175·10-3 

 
 
 
 
 

 CTmech
z 50%,01.00  CTmech

z 50%,05.00  
Vf  0.4 0.5 0.6 0.4 0.5 0.6 

CF1/EP 
0.002157 0.002884 0.003463 0.108403 0.113236 0.116715 

(0.002157) (0.002884) (0.003464) (0.108403) (0.113236) (0.116715) 

CF2/EP 
0.000558 0.001082 0.001559 0.058860 0.063449 0.066806 

(0.000558) (0.001082) (0.001559) (0.058860) (0.063449) (0.066806) 

GF/EP 
0.000957 0.000213 0.000007 0.005565 0.008269 0.010583 

(0.000957) (0.000213) (0.000007) (0.005565) (0.008269) (0.010583) 
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Table 6b. IIG  values ( 2mJ ) for GF/EP with different fiber properties, the modified 
property is indicated,Vf 0.5. %10

mech
z  (first row) andVf 0.5, T 100 C  
(second row). 

 

Ref. (GF/EP) Modified property 
12 23 0.22

L T 8 106 
6.956 6.950 6.956 

6.710·10-3 6.717·10-3 5.933·10-3 
 
Tables 6a and 6b prove that in thermal loading energy release rate is sensitive only to 
the value of the thermal expansion coefficients (both in longitudinal and transverse 
directions) of the constituents. The effect is much smaller in CF1 case than in GF 
case. 
The dependence of the previously presented IIG  for reference material with 

GPa 3mE  on the resin modulus are illustrated in Tables 6c and 6d, where 
GPa 5.3mE . Comparing with Table 3a and 3b we see negligible change in the 

mechanical loading. The thermal term is increasing with resin modulus whereas the 
mixed term is marginally decreasing.  The results for higher resin modulus expressed 
in terms of mk , thmk  and thk  presented in Table 6e show the same trends.  
 

Table 6c. Calculated IIG  values for CF1/EP and GF/EP both with matrix modulus 
Em 3.5GPa  in mechanical and thermal loading ( J m2 ). 

 
Mat. %10

mech
z  CT 100  

Vf  0.4 0.5 0.6 0.4 0.5 0.6 
CF1/EP 49.9794 49.9788 49.9760 0.003190 0.001567 0.000763 
GF/EP 6.9554 6.9528 6.9462 0.017542 0.009013 0.004525 

 
 

Table 6d. Calculated IIG  values ( J m2 ) for CF1/EP and GF/EP both with matrix 
modulus Em 3.5GPa  in thermo-mechanical loading. 

 
Mat. CTmech

z 100%,05.00  
Vf  0.4 0.5 0.6 

CF1/EP 0.088211 0.098529 0.106176 
GF/EP 0.336·10-6 0.001362 0.004162 

 
 
Table 6e. Calculated coefficients in Eq. (34) for CF1/EP and GF/EP both with matrix 

modulus Em 3.5GPa .  
 

Mat. mk  thmk  
Vf  0.4 0.5 0.6 0.4 0.5 0.6 

CF1/EP 2.499·10-5 2.499·10-5 2.499·10-5 1.99·103 1.40·103 0.97·103 
GF/EP 2.484·10-5 2.483·10-5 2.481·10-5 1.75·103 1.25·103 0.88·103 
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Table 6e continued. 

 
Mat. thk  
Vf  0.4 0.5 0.6 

CF1/EP 0.079 0.039 0.019 
GF/EP 0.438 0.225 0.113 

 
 
 
3.6 Applicability of Rule of Mixtures 
  
This section summarizes results calculated by 1-D energy release model given in 
Section 2. The model states that during debond crack growth, most of released energy 
is from fiber and the energy released from matrix and composite can be neglected. 
According to the 1-D model, see Eqs.(31)-(32), the released energy depends on the 
fiber content Vf  only through the composite thermal expansion coefficient. Table 7 
shows comparison of IIG  values calculated by the CCA model with values obtained 
by the 1-D model. For GCCA  calculations cL  is obtained from CCA model while G1D  
for 1-D model is calculated using cL  from Eq.(32). G1D

*  is also calculated for 1-D 
model only this time using cL  from more accurate CCA model. 
Presented numbers relate to CF1/EP composite with fiber content Vf 0.5 for 
different thermo-mechanical loading cases. 
 
Table 7. Comparison of IIG  calculated by CCA and 1-D models for CF1/EP Vf 0.5.  

IIG  values in J m2 . 
 

 % T C  GCCA  G1D  G1D
*  

0.00 -50 0.000289 0.000165 0.000223 
0.01 -50 0.002884 0.003346 0.003112 
0.05 -50 0.113236 0.116070 0.114671 
0.10 -50 0.476107 0.481975 0.479120 
1.00 -50 49.744675 49.818257 49.789196 
1.00 0 49.984669 50.00 50.00 

 
Engineering models like the rule of mixtures (RoM) described in Section 2.5 can also 
be applied as a simple method to calculate the effective properties of the composite. 
In following we evaluate, what error we induce by applying these simple models 
instead of CCA. The error induced can be shown in a simple comparison of radial 
thermal stress distribution e.g. for CF1/EP Vf 0.5, subjected to thermal loading only 
( T 100 C ).  
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Fig.4. Radial stress distribution in perfectly bonded three phase model (by FEM) 
subjected to T 100 C  only, using effective properties from RoM and from 

Hashin’s CCA model. 
 

If effective properties of the composite are determined accurately, then there should 
be no radial stress in the effective composite. There should also be no radial 
interaction (stress) at the interface between matrix and the effective composite. 
Fig.4 shows that effective properties from Hashin’s model [8-10] are representative 
for the composite, however properties obtained by RoM are incorrect in a way that 
there is some considerable radial interaction between the concentric matrix and 
composite cylinders that can therefore introduce errors in G calculations. 
Nevertheless, G for the case presented is GII 0.001155  ( J /m2) which is the same 
as the value in Table 3a where the CCA model was used to calculate effective 
constants of the composite. 
 
4. Conclusions 
 
Energy release rate IIG  due to self-similar growth of fiber/matrix interface debond in 
unidirectional composite with broken fibers is analyzed using analytical model with 
axial symmetry. In the model, subjected to axial mechanical strain and temperature 
difference, the broken fiber with a partially debonded interface is surrounded by resin 
cylinder, which is embedded in the effective composite. In the self-similar 
propagation region of debond the energy release rate is calculated as a difference of 
strain energy in a bonded and debonded system. 
Applying rule of mixtures as a tool to determine composite elastic properties 
introduces artificial interaction between the concentric cylinders in CCA model as 
shown by FEM simulations. Combined Hashin’s and Christensens model is shown to 
give consistent results and therefore is applied in all calculations. 
Based on calculations for three elementary loading cases (mechanical, thermal, 
combined) simple quadratic expression to calculate IIG  for an arbitrary loading case 
is proposed. Coefficients in this expression which are simple functions of fiber 
content and constituent properties were obtained in parametric analysis which also 

F M C 
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proved that effect of the most of the usually unknown anisotropic thermo-elastic 
constants of the fiber have small or zero effect on the calculated IIG  and therefore 
rough assumptions can be used.  
Proved by IIG calculations for mechanical, thermal and thermo-mechanical loading 
cases it was shown that within the range of most practical applications for a UD 
composite with partially debonded regions the influence of thermal load is minimal in 
comparison to mechanical loading. This result is different than in case of a single 
fiber in an infinite matrix. 
1-D model for IIG  was proposed assuming the energy is released in the fiber only. It 
appears to be a good assumption for the mechanical loading but is rather inaccurate 
for thermal loading. 
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Appendix 1. Strain energy of the system 
 
In thermo-mechanical loading case with mechanical load at boundaries and uniform 
temperature change T  the strain energy density of a material (one phase in the 
model) may be written in Cartesian coordinates  as 
 

 U* 1
2 ij ij ij T     (A1.1) 

 
In Eq.(A1.1) repeating indexes mean summation over them.  
The strain energy U is a volume integral over the phase volume.  
 

 U 1
2 ij ijdv

V

T
2 ij ijdv

V

   (A1.2) 

 
Using divergence theorem  the first integral can be reduced to surface integral (see for 
example [13]) leading to the following expression for strain energy  
 

 U 1
2 ijuin jds

S

T
2 ij ijdv

V

   (A1.3) 

 
In Eq.(A1.3) S is the whole surface area of the material. In the case of the used model 
consisting of N concentric cylinders the expression for the total strain energy is 
 

 Utot
1
2 ij

k ui
kn j

kds
Skk 1

N T
2 ij

k
ij
k dv

vkk 1

N

  (A1.4) 

 
In Eq.(A1.4) kv  is the volume of the k-th cylinder and kS is the whole surface 
consisting of side boundaries krr  (denoted krS ) and end boundaries fdlzz ;00  
(denoted kzS ) 
The loading cases considered in the Part I of the paper lead to axisymmetric solutions 
and the radial displacements and stresses do not depend on the axial coordinate.  
We will analyze the sum with surface integrals (first term in Eq.(A1.4)) in more 
details separating these two types of boundaries 
 

I1 I1z I1r
1
2 ij

k ui
kn j

kds
Skzk 1

N 1
2 ij

k ui
kn j

kds
Skrk 1
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  (A1.5) 

 
After that we will consider the volume integral in Eq.(A1.4). 
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A. Integration over end surfaces kzS  
 
At boundaries 0zz  we have 0yx nn , 1zn . In the model for both bonded and 
debonded cases the stress components 0yzxz . 

The axial displacements 00
k
zu  and d

k
z dlu 0  constant in each phase. In the bonded 

case the elongation is the same in all phases 
 

  0000 0 z
k
zd

k
z

k uudluu   k=1,2…N  (A1.6) 
 

In the debonded case it is different in the fiber (the separated fiber is in contact with 
the rest of the material but is free to move in axial direction). 
Hence, from Eq.(A1.5) 
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          (A1.7)  
 

In Eq.(A1.7) k
zz  is the average value of the stress component k

zz  in the k-th phase. 
Multiplying and dividing Eq.(A1.7) by the model length fdl we finally obtain 
 

I1z
V
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Vk zz
k

z0
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k 1

N

    (A1.8) 

 
In Eq.(A1.8) kV  is volume fraction of the k-th phase in the model, k

z0  is the average 
axial strain in the phase defined as 
 

  Vk Skzdld V   z0
k u0

k

dld

   (A1.9) 

 
 
 
B. Integration over side surfaces krS  
 
Before we analyze the surface integrals in Eq.(A1.5) related to krS  we first will 
express stresses and displacements in the Cartesian system through stresses and 
displacements in the cylindrical system where the solution is obtained. The relevant 
expressions are 
 

xx r cos2 sin2

yy r sin2 cos2

xy r sin cos

   (A1.10) 

 
Since in problems with axial symmetry 0u  
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sin
cos

ry

rx

uu
uu

     (A1.11) 

 
Orientation of the normal vector to the surface krr  can be expressed as 
 

  cosxn   sinyn    (A1.12) 
 

Considering the expression under the sign of integral in rI1  for one phase and 
substituting there Eqs.(A1.10)-(A1.12) we obtain 
 

rrjiij unu     (A1.13) 
 

Since integration in rI1  is over surfaces krr , the values of the radial stress and 
radial displacement on this surface are constant which makes the integration trivial. In 
result 
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  (A1.14) 

 
At interfaces between phases krr  a) radial displacements in both phases and b) 
radial stresses are equal. This is valid for both bonded interface and debonded 
interface in contact. Therefore many terms in Eq.(A1.14) are cancelled. This is valid 
also for debonded open interfaces because the radial stress is zero there. In addition 
the term at 00r  is zero. Finally 
 

  I1r
1
2

2 Rur
N R r

N R 0    (A1.15) 

 
because the radial stress at the outer boundary of the model is zero (free surface). 
 
C. Volume integrals related to thermal effects 
 
Next we analyze volume integrals in Eq.(A1.4) related to thermal effects.  
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    (A1.16) 

 
It can be expressed as 
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V T

2
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k
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k 1
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    (A1.17) 

 
Consider the expression ijij  for one phase. Since all phases are transversally 
isotropic  
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 ryx    0xy   (A1.18) 

 
Substituting Eqs.(A1.10) and (A1.17) in the abovementioned expression we obtain 
 

ij ij zz z r r    (A1.19) 
 

ij ij zz z r r    (A1.20) 
 

The analysis is by this finished. In the last step the expressions for 1I  (Eqs.(A1.8) and 
(A1.15)) and for 2I  ( Eq.(A1.20) substituted in Eq.(A1.17)) are used in Eq.(A1.4) 
which leads to 
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 (A1.21) 

 
Appendix 2. Stress solution in cylindrical phase 
 
The constant strain in axial direction is denoted by 0z  and the temperature difference 
is T .  The explanation in this Appendix follows [8]. All phases are transversally 
isotropic and follow Hooke’s law which for normal stresses is written here in 
vectorial form 
 

 i Cij j i T     (A2.1) 
 

ijC  is the stiffness matrix with usual notation. All shear stresses are zero. 
Hence the only non-trivial equilibrium equation for a phase is 
 

 r

r
r

r
0    (A2.2) 

 
The strain relationship to radial displacement ru  is given by   
 

r
ur

r
ur

r z z0   (A2.3) 

 
and then by use of Eqs.(A2.1) and (A2.2) we obtain the following field equation 
 

2ur

r2
ur

r r
ur

r2 0    (A2.4)  

 
The general solution of Eq.(A2.4) can be written as 
 

1
21 rArAur     (A2.5) 

  
Expressions for strains calculated according to Eq.(A2.3) are 
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 2

21 rAAr  2
21 rAA   (A2.6)  

 
Introduce new constants 
 

22121222323233                        2       CCCCCCfCg  (A2.7)  
 

Here 3-is the axial direction, 1 and 2-two directions in the plane of isotropy. 
The stresses according to Eq.(A2.1) are 
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where 
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Abstract 
 
The strain energy release rate related to debond crack growth along the fiber/matrix 
interface in a unidirectional composite with a broken and partially debonded fiber is 
analyzed. The focus in this paper (Part II) in contrast to the self-similar crack growth 
analysis in Part I [1] is on growth of short debonds near the fiber break. Since self-
similarity condition is not valid for interactive cracks, numerical FEM simulations 
were used to calculate magnification of previously described coefficients in the strain 
energy release rate expression. The findings from these studies are used in simulation 
of the debond growth in tension-tension fatigue using Paris law. 
 
Keywords: fiber breaks, debonding, energy release rate, fatigue 
 
1. Introduction 
 
When unidirectional fiber reinforced polymer composites (UD) are loaded in 
longitudinal high stress tension-tension cyclic loading, multiple fiber breaks occur in 
random positions already during the first cycle. Assuming that fibers do not 
experience fatigue and ignoring in this paper the possibility that stress concentration 
at the fiber break can cause fracture of the neighboring fiber, the initial damage state 
with fiber breaks is fixed. The further damage evolution with increasing number of 
cycles is in form of debonds growing along the fiber/matrix interface or penny shaped 
fiber crack propagating in the matrix. The latter scenario for quasi static loading was 
analyzed in [2], calculating strain energy release rate for homogenized solid, and it is 
not considered in this paper. 
After the UD composite longitudinal modulus reduction in the first cycle due to fiber 
breaks, the growing debonds in fatigue loading further reduce the average stress in the 
fiber and as a consequence the elastic properties of the UD composite are reduced. 
This effect which can be expressed in terms of increasing opening of fiber cracks has 
been analyzed in [3]. 
A 2-D shear lag model analysis was used in [4] to analyze the competitive 
mechanisms of debond initiation from matrix crack and from fiber break. A stress 
based criterion was used for debonding. An advantage is that the used Monte-Carlo 
simulations allow treating many damage entities. Shear lag model in 2-D formulation 
was used also in [5] where the fiber break propagated in matrix reaching the 
neighboring fiber and both debonded as well as plastic yielding zones along the 
interface have been analyzed. These models are 2-D, they are rough and they do not 
include radial interaction and in our opinion they can not give a good representation 
of the debonding in UD composite. 
In this paper we consider the fiber/matrix debonding in UD composite as an interface 
crack growth starting from fiber break and perform strain energy release rate based 
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analysis. Many studies of this type have been performed for a single fiber in an 
infinite matrix, see for example [6-8]. Due to different Poisson’s ratios of fiber and 
resin and different thermal expansion coefficients the debond crack faces are always 
in contact and the debond crack propagation is in Mode II. Possible frictional effects 
which are difficult to evaluate in fatigue are ignored in this paper. For monotonic 
quasistatic loading the approach to account for friction suggested in [9] seems to be 
promising. In Part I of this paper [1] the strain energy release rate dependence on 
material and geometrical parameters was analyzed using analytical model which is 
valid for self-similar crack propagation region. The UD composite with a broken and 
partially debonded fiber is modeled as three concentric cylinder assembly. Here in 
Part II the strain energy release rate for relatively short debonds (as compared with 
the fiber radius) is analyzed numerically for a general thermo-mechanical loading 
case. The effective composite properties are calculated using Hashin’s Concentric 
Cylinder Assembly (CCA) model [10]. 
A slightly simplified FEM based calculations of the energy release rate due to debond 
growth were presented in [11] calculating the properties of the effective composite 
with engineering expressions (rule of mixtures, Halpin-Tsai etc). Since the thermo-
elastic constants calculated in this way are not represented by the resin/fiber cylinder 
assembly, some artificial stresses at the interface were observed. Thermal stresses 
were ignored in that study. The effect of the final length of the fiber fragment 
(interaction of debonds coming from both fiber ends) were also addressed in [11]. 
It will be shown that the strain energy release rate IIG  is a decreasing function of the 
distance from the fiber break (called debond length) and is expected to be singular 
when the debond length approaches to zero. This means that the debond crack will be 
immediately initiated by the fiber break but it will be “arrested” at certain distance 
due to the decreasing value of the IIG . A further debond growth requires either a 
higher applied load (quasistatic tensile loading) or an increasing number of cycles in 
fatigue loading. 
In cyclic loading the analysis of the propagation of cracks in matrix is usually based 
on assumed law expressing the crack area growth rate with the number of cycles as a 
function of stress intensity factor [12] or strain energy release rate [8,9,13].  The most 
common is the relationship in form of power function and strain energy release rate   
is preferred for polymer matrices [13, 14]. The argument in the power law is the 
difference between the maximum and minimum value of strain energy release rate   
during one cycle. In [13] this type of power law was used to predict interlayer 
delamination growth initiated by intralaminar cracks. The evolution of number of 
intralaminar cracks in fatigue has also been analyzed by   based power law [15, 16]. 
Since delamination and intralaminar cracking are failure modes dominated by matrix 
and fiber/matrix interface properties, we suggest that the power law could be 
applicable also for a single debond along the fiber.  
We assume that the debond growth rate along the fiber can be expressed in form of 
Paris law with coefficients to be identified in tests. In order to use the Paris law, 
energy release rates have to be known for each value of the debond length (G as a 
function of debond length). For this reason the results of the FEM based parametric 
analysis are summarized and the dependences on parameters presented with simple 
but rather accurate fitting functions. Possible trends in fatigue as dependent on 
material and geometrical parameters are analyzed. 
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2. Theoretical aspects 
 
2.1 Virtual crack closure technique (VCC) 
 
We model the debond growth in the UD composite using concentric cylinder 
assembly presented in Fig.1, where the broken and partially debonded fiber is 
surrounded by resin cylinder which is effected in a thick cylinder of effective 
composite. The fiber radius is fr , the debond length is dl  and the matrix radius mr  
follows from the fiber volume fraction in the composite. The assembly is first 
(directly after manufacturing) subjected to temperature change T  and then the 
debond growth is considered at fixed applied displacement zu  (corresponding to 
certain zmech ). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.1. Model for virtual crack closure technique. Concentric cylinder geometry 
showing debond crack at the fiber/matrix interface. 

 
The virtual crack closure technique [17] is a convenient method to calculate the IIG  
when doing FE calculations. The calculated relative tangential displacement 

zu distribution behind the debond crack tip and the shear stress rz values ahead of 
the crack tip can be obtained directly from the FEM model as shown in the Fig.1. The 
crack closure technique states that the energy released due to debond crack growth by 
dA is equal to the work which is required to close the newly created surface from size 
A dA  back to size A , where dA 2 rf dld . Upper index in Eqs.(1)-(6) is used to 
indicate the length of the debond crack. Closing the debond crack by ddl (from 
ld dld  to dl ) by applying tangential tractions, points at the debonded surface in the 
region ddd dlllz ;  which have relative tangential displacement  
 

uld dld (z) ufz
ld dld (z) umz

ld dld (z)     (1) 
 

are moved back to coinciding positions. At the end of this procedure the shear stress 
in point z  is equal to )(zdl

rz , which is the shear stress in front of the crack with size 
ld . Then the work required to close the crack by dld can be expressed as: 
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    (2) 

 
Within the virtual crack closure technique it is assumed that due to small value of ddl  
the relative sliding displacement at the tip of the crack with size ld dld  is the same 
as at the tip of the debond crack with size ld : 
 

uld dld (z) uld (z dld )    (3) 
 

The benefit of this assumption is that only one stress state calculation for a given 
debond length is required.  
Since the energy release rate is defined by relations: 
 

 df dlrdA 2       (4) 
 

and  
 

constuII dA
dUG      (5) 

 
the following result is obtained using Eqs.(2) and (3) 
 

GII (ld ) lim
dld 0

1
2dld

uld

ld

ld dld

z dld rz
ld z dz    (6) 

 
Using FEM based solution the integration is over finite region, which most probably 
is larger than the region where the solution is local (singular). Therefore, strictly 
speaking, the obtained value is not IIG . It depends on the integration region ddl and 
rather should be called “energy release rate over distance ddl . 
In Part I [1] it was shown that the strain energy release rate is a quadratic function of 
the applied mechanical strain zmech and T  
 

GII E f rf km z0
mech 2

rf km th z0
mech T rf kth T 2    (7) 

 
Coefficients mk , thmk  and thk  in Eq.(7) are larger for short debonds and approach the 
values for self-similar cracks for longer debonds. Therefore they can be written in 
form with magnification factors dnm lk *  and dnthm lk *  as follows: 
 

mmdnm kklk *  thmthmdnthm kklk *   mthdnth kklk *  (8) 
 

Coefficients km , kth  and km th  for self-similar cracks were analyzed in Part I [1]. For 
example, km  is practically independent on fiber proeprties and fiber content. 
Magnification coefficients km

* , kth
*  and km th

*  will be obtained performing numerical 
simulations for small debond lengths. 
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2.2 Application of Paris law 
 
For a UD fiber composite subjected to cyclic tension-tension loading with interface 
cracks growing along fiber/matrix interface, we will apply Paris law in order to 
describe the increase of the debonded interface area dA with the increasing number of 
applied cycles. The form of Paris law which we intend to use is as follows 
  

m

IIC

II

G
GB

dN
dA      (9) 

 
IIG  is the strain energy release rate difference between the value corresponding to 

maximum and minimum load minmax , . In mechanical fatigue according to Eq.(7): 
 

 minmax
2
min

2
max, TkkTG thmmII    (10)  

 
Parameters B ,  and m  are not known a priori and have to be determined in tests, GIIc  
is the critical strain energy release rate. Generally speaking these parameters as well 
as resin elastic properties may depend on the temperature during the test which in 
tension-tension cyclic fatigue can be changing and have local distribution. Since at the 
stage we do not have appropriate data we will investigate in parametric analysis the 
importance and effect of these constants on debond growth. Using Eq.(4) and 
introducing normalized debond length 
 

 fddn rll /       (11) 
 

Eq.(9) can be written in form 
 

  
m
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Obviously *B is dimensionless.   
For simulation purposes Eq.(12) has been written in an incremental form: 
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In Eq.(13) ldn

(1) is the initial debond length at the start of simulation.  
 
3. Results and discussion 
 
3.1 FEM model 
 
The goal with numerical calculations in this paper is two-fold: a) to define the best 
methodology for numerical IIG  determination in the non-self-similar debond crack 
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growth region; b) to analyze the effect of the interaction between the fiber crack and 
the debond crack on the energy release rate due to short debond growth 
The finite element model is rather simple. It consists of 3 constituents represented as 3 
areas, which are meshed in axisymmetric elements. Application of FEM [18] allows 
us to obtain the strain energy values for each constituent (U f , U m, UC ) and for the 
whole model (Utot ) in a very simple way by using several post-solution commands.  
Fiber radius rf  was assumed equal to 4 m , outer radius of the matrix rm  is easily 
calculated through fiber volume fraction Vf . The outer radius of the effective 
composite, which is supposed to be infinite, was determined through parametric study 
as a value at which the outer boundaries do not affect the results. The thickness of the 
outer cylinder was set equal to fc rd 5 . To further validate the chosen geometrical 
configuration, solution with stress free outer radial boundary was compared with 
solution based on constant radial displacement conditions (coupling the nodes on 
boundary in the radial direction) without finding any noticeable difference. 
Because the loading type relevant to this study is axial tension and the applied 
temperature is negative, T 0 (material cooling after processing to room 
temperature) the radial stress on the fiber surface is compressive and the debond crack 
propagation is in Mode II. It is due to larger Poisson’s ratio for the matrix and also 
due to larger thermal expansion coefficient of the matrix. Since the influence of 
friction is assumed negligible, these conclusions benefit the build-up of the finite 
element model, as the debonded interface can thus be simply modeled by coupling the 
adjacent fiber and matrix elements in the radial direction r  and allowing them to 
move freely in the longitudinal direction z . The main benefit is the ability to avoid the 
use of contact elements, which would significantly increase the calculation time. 
 
3.2 Numerical techniques for IIG  calculation 
 
Using FEM based solution the integration in Eq.(6) is over a finite region and the 
obtained value of IIG  depends on the size of the integration region ddl . Since 
singular elements were not used in the FEM analysis the accuracy of techniques to be 
used have to be evaluated and decisions made comparing with exact solutions in the 
self-similar debond crack propagation region. 
Using VCC the work to close the crack is underestimated if the singular nature of the 
stress distributions at the debond crack tip is not accounted for or if the integration 
region is larger than the region in which the local solution is dominant. The calculated 

IIG  value depends on the size of the integration region ddl . The two questions are: a) 
what is the most appropriate integration length?; b) what fiber length can be 
considered as “infinite” in the sense that the calculated IIG  becomes independent on 
the fiber length fL  and results can be compared with the “self-similar” solution?  
FEM based calculations were performed for long debond ldeb 20 rf  and two long 
fibers ff rL 200;90 . The IIG  values for mechanical loading 0.1% case are 
shown in Table 1 for material CF1/EP with fiber content Vf 0.5. As shown in the 
table, the values of IIG  (denoted VCCG  to identify the method used) strictly depend on 
the chosen length of area of integration, dld . Debond length ldeb 20 rf  was assumed 
to have a debond belonging to the self-similar crack growth region. The 
analytical IIG values at 1% strain for self-similar crack growth region are given in 
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Table 3a of Part I [1] and for CF1/EP composite with fiber content Vf 0.5 the value 
recalculated to 0.1% strain is 2/499.0 mJGII . 
 

Table 1. Energy release rate IIG  values ( J /m2) obtained by various numerical 
techniques. 

 
As seen in Table 1, the longer we take dld , the closer we get to the “correct” value. 
However, according to Eq.(6) IIG  is defined as the limit when dld 0, therefore dld  
should be as small as possible. The bad agreement with GII 0.499J /m2  for smaller 
dld  values can be explained with the smaller amount of used nodes in integration in 
Eq.(6), when the length dld  is small, which results in rather approximate final value. 
For larger dld  values, more nodes are used and the solution in this sense is more 
accurate because both shear stress and shear displacement profiles are more accurate. 
However, it is not the local solution as required in IIG  definition. As a compromise 
between desired agreement with self-similar debond solution and requirement to have 
the integration interval as short as possible we decided to use dld 1 rf , when 
calculating IIG  by VCC technique in the following parametric analysis. In the 
analyzed case it gives only 5% difference from IIccaG .  
Also presented in Table 1 is the effect of the length fL , see Fig.1. Calculated GVCL  
values for two lengths ff rL 200  and ff rL 90  are presented and only a slight 
reduction indicating interaction of debonds from both fiber fragment ends is evident. 
This allows us to consider the shorter length ff rL 90  as long enough to satisfy 
self-similar crack growth conditions and use it in the following numerical parametric 
analysis. Using shorter fL  is preferable because it also reduces the size of the finite 
element model, thus making calculations more time-efficient. 
Shorter fL  is preferable also when IIG  due to debond crack propagated by dld  is 
calculated from the energy change in all constituents (fiber, matrix, composite), see 
row with ENG  in Table 1. Using this method calculations were performed at 

fd rl 20  and fd rl 19 . The accuracy of this technique depends on the used mesh 
and decreases with increasing size of the model: for large model the small energy 
change related to IIG  is calculated as a difference between two very large numbers. 
The accuracy of both discussed numerical techniques appears to be rather similar. 
All results presented below are obtained using the VCC techniques. 
 
3.3 Parametric analysis of matrix properties 
 
Two materials have been studied – carbon fiber/epoxy resin UD composite denoted as 
CF1/EP and glass fiber/epoxy resin UD composite denoted as GF/EP. The notations 

Method Half fiber length 
(fragment length) 

dld  
2 rf 1.5 rf 1 rf 0.5 rf  0.25 rf

VCCG  ff rL 200  0.496 0.490 0.480 0.456 0.423 

VCCG  ff rL 90  0.487 0.482 0.472 0.450 0.419 
GEN  ff rL 200  - - 0.522 - - 
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of the two composites are the same as previously and mechanical properties of 
constituents and composites can be found in Table 1 and Table 2 in Part I [1]. 
In Part I parametric analysis of fiber properties was performed and it was found that 
some anisotropic fiber elastic and thermal properties that are usually unknown are 
non-important as they do not affect the strain energy release rate values [1]. We 
assume that these conclusions are valid also for short debonds. 
First we observe how matrix properties influence the energy released due to interface 
crack growth. Parametric analysis was performed only concerning the elastic modulus 
of the isotropic epoxy resin matrix. Coefficients mk , thk  and thmk  in Eq.(7) were 
calculated for two values of elastic modulus of the matrix - Em 3(GPa) and  
Em 3.5 (GPa). 
The values of coefficients mk , thk  and thmk  were calculated by using the following 
units in Eq.(7): percent (%) for mechanical strain mech  and  Celsium degrees ( C) for 
the applied temperature. These units in Eq.(7) must be followed in order to calculate 
the energy release rate G  in J m2 for an arbitrary thermo-mechanical loading case. 
Comparison of magnification coefficients km

* , kth
*  and km th

*  defined according to 
Eq.(8) for these two cases of matrix modulus can be made using data in Tables 2 and 
3. Numerical values for the longest debond length fd rl 20  were used as values for 
the self-similar case. Data for CF1/EP are presented in Table 2 and data for GF/EP are 
presented in Table 3. 
 

Table 2. Calculated values of coefficients km
* , kth

*  and km th
*  for UD CF1/EP 

composites with two different matrix moduli (in all casesVf 0.5). 
 

 ld  2 rf 4 rf 5 rf 10 rf 20 rf  

km
*  

Em 3 [GPa] 1.1356 1.0831 1.0676 1.0278 1.0000 
Em 3.5 [GPa] 1.1320 1.0797 1.0645 1.0262 1.0000 

kth
*  

Em 3 [GPa] 1.1091 1.0623 1.0493 1.0158 1.0000 
Em 3.5 [GPa] 1.1039 1.0584 1.0454 1.0129 1.0000 

km th
*  

Em 3 [GPa] 1.1166 1.0661 1.0512 1.0125 1.0000 
Em 3.5 [GPa] 1.1288 1.0775 1.0628 1.0252 1.0000 

 
Table 3. Calculated values of coefficients km

* , kth
*  and km th

* for UD GF/EP composites 
with two different matrix moduli (in all casesVf 0.5). 

 
 ld  2 rf 4 rf 5 rf 10 rf 20 rf  

km
*  

Em 3 [GPa] 1.0751 1.0365 1.0280 1.0121 1.0000 
Em 3.5 [GPa] 1.0690 1.0328 1.0254 1.0113 1.0000 

kth
*  

Em 3 [GPa] 1.0535 1.0180 1.0111 1.0012 1.0000 
Em 3.5 [GPa] 1.0502 1.0159 1.0103 1.0011 1.0000 

km th
*  

Em 3 [GPa] 1.0669 1.0292 1.0215 1.0079 1.0000 
Em 3.5 [GPa] 1.0603 1.0250 1.0181 1.0065 1.0000 

 
As one can see the magnification coefficients for debonds longer than fd rl 2  is not 
large. Shorter debonds certainly would have larger magnification but they were not 
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analyzed because the interaction with fiber break is very strong in this region and we 
do not trust the accuracy of our calculations. 
The effect of matrix modulus on magnification coefficients in the considered matrix 
modulus region is very marginal and in many cases may be neglected. 
 
3.4 GII  as a function of debond length in thermo-mechanical loading 
 
Fig.2. shows strain energy release rate for CF1/EP as a function of normalized 
interface debond length in purely mechanical loading with applied strain mech 1%. 
Results for three fiber volume fractions are shown in Fig.2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.2. Energy release rate GII  as a function of normalized debond length ldn  
( ldn ld /rf ). Mechanical loading mech 1%. 

 
Presented values were calculated by virtual crack closure technique using FEM 
simulations. It can be seen from the figure that at short debonds, high amounts of 
energy are released during debond crack growth. When the debond length is 
sufficiently long, the amount of released energy sets into its self-similar value. 
The obtained IIG values at each debond length shorter than self-similar conditions 
length were compared with values for the self similar region and magnification 
coefficients *k , (see Eq.(8)), were found. In calculations the numerical value 
corresponding to the largest debond length was assumed as the self-similar carck 
value. The coefficients for mechanical loading are presented in Fig.3, for thermal 
loading in Fig.4 and the mixed thermo-mechanical terms in Fig.5. 
  
 

dnlbak )ln()1ln( *      (15) 
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Fig.3. Values of coefficient k*
m  as a function of normalized debond length ldn : 

a) for CF1/EP; b) for GF/EP. 

Fig.4. Values of coefficient k*
th  as a function of normalized debond length ldn : 

a) for CF1/EP; b) for GF/EP. 
 

Fig.5. Values of coefficient k*
m th  as a function of normalized debond length ldn : 

a) for CF1/EP; b) for GF/EP. 
 
It would be convenient for Paris law expression (see Eqs.(8),(10) and (13)) if all 
magnification coefficients could be comprised in a single relation in terms of the 
debond length. It was found that with high accuracy the magnification coefficients 
may be fitted with exponential function of type 
 

k* 1 a e b ldn       (14) 
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where a and b are constants, k* denotes the magnification coefficient, so that for an 
infinitely long debond length ld  the value of k* is equal to 1. Taking the logarithm of  
Eq.(14). We see that, to have a good fit, the numerical magnification coefficient data 
have to follow a straight line in log-log axes. The fitting parameters a and b can be 
easily obtained from the best linear fit in these axes.In Fig.3, Fig.4. and Fig.5 values 
of coefficients km

* , kth
*  and km th

*  from the fitting expression (Eq.(14)) are compared 
with the calculated FEM data showing that the fitting is good. For a general case 
when composite is subjected to both mechanical and thermal fatigue loading, all three 
coefficients are necessary. 
Values of fitting parameters are summarized and presented in Tables 4, 5 and 6. 
Parameters have been calculated for both studied materials (CF1/EP and GF/EP) and 
for three different fiber volume fraction values. 
 

Table 4. Values of fitting parameters a  and b for km
* . 

 
 
 
 
 
 
 
 
 
 

 
Table 5. Values of fitting parameters a  and b for kth

* . 
 

 
 
 
 
 
 
 
 

Table 6. Values of fitting parameters a  and b for km th
* . 

 
 
 
 
 
 
 
 
 
 
 
 

Material Vf  a  b 

CF1/EP 
0.4 0.196971 0.1889 
0.5 0.193051 0.1998 
0.6 0.180414 0.2015 

GF/EP 
0.4 0.116998 0.2269 
0.5 0.101866 0.2275 
0.6 0.088222 0.2281 

Material Vf a  b 

CF1/EP 
0.4 0.169585 0.2353 
0.5 0.165035 0.2354 
0.6 0.160414 0.2440 

GF/EP 
0.4 0.14024 0.4644 
0.5 0.126884 0.4722 
0.6 0.117338 0.4957 

Material Vf a  b 

CF1/EP 
0.4 0.191455 0.1897 
0.5 0.193806 0.2635 
0.6 0.178316 0.2007 

GF/EP 
0.4 0.107787 0.2869 
0.5 0.096145 0.2669 
0.6 0.084306 0.2542 
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3.5 Debond crack growth in mechanical fatigue 
 
In fact, only values of fitting parameters a  and b for each magnification coefficient 
are necessary in order to describe energy release rate change during debond crack 
growth and, consequently, to perform Paris law simulations. Moreover, since in the 
present study we analyze mechanical fatigue loading only and T  during the test is 
not changing, only mk  and thmk  have to be found.  
Paris law expression (Eqs.(9) or (12)) requires some empirical constants like B, m. 
Since in Eq.(12) we are using the normalized value *B of the empirical constant B 
then for reasons of convenience and realizing that *B  change the slope of the debond 
length curve we can take B* 1. The proper m  value without having any 
experimental data is difficult to choose. In [14] where transverse cracking in fatigue 
was analyzed the value 10m  was used. Since transverse cracking is matrix and 
interface properties governed we decided to use similar values in the following 
debonding simulations. Material constant G c  is used for normalizing the energy 
difference G  in order to obtain a dimensionless entity. Value of G c 200J m2  is 
taken from [7] where fiber/matrix debond growth in single fiber fragmentation test 
was simulated. The above values of constants *B , m and G c  were considered as 
nominal and used for both CF1/EP and GF/EP composites.  
In simulations the applied maximal mechanical strain was 1%, the ratio between the 
minimal and maximal strain in one cycle was 0.1. 
Calculations using the Paris law expression (Eq.(12)) were first used to estimate the 
effect of thermal stresses on debond growth. In Fig.6 the debond growth with the 
applied number of cycles is shown for CF1/EP and for GF/EP. 
 

 
Fig.6. Debond crack growth with the increasing number of load cycles in mechanical 

fatigue. Significance of T  for: a) CF1/EP; b) GF/EP. N* N B*. 
 
The effect of the temperature difference T 100 C  (from manufacturing 
temperature to test temperature) on debond crack growth can not be neglected. The 
effect seems to be larger for GF/EP composite but the much larger number of required 
cycles for this composite should be noticed (due to lower elastic modulus of GF the 
energy release rate is proportionally lower). If localized heating during specimen 
frictional sliding in cyclic loading would take place the predicted curves would 
change. Since the process becomes history dependent and the local temperature 
distribution and its effect on resin and interface properties in fatigue is not known a 
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detailed analysis is not possible. The most evident trends are that a) thermal stresses 
are reduced, reducing the second term in IIG  in Eq.(10). This is a consequence of 
smaller temperature difference T  and the low sensitivity of thmk  to resin properties 
change; b) the first term in IIG  expression is not changed (the effect of matrix 
modulus on mk  is negligible, see Part 1 [1]). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.7. Debond crack growth with the increasing number of applied cycles in 
mechanical fatigue. Significance of parameter m for CF1/EP. N* N B*. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.8. Debond crack growth with the increasing number of applied cycles in 
mechanical fatigue. Significance of GIIc  for CF1/EP. N* N B*. GIIC  is in J / m2. 
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Fig.9. Debond crack growth with the increasing number of applied cycles in 
mechanical fatigue. Significance of rf  for CF1/EP. N* N B*. 

 
Since the applied Paris law expression (Eq.(12)) is based on some empirical constants 
( *B , m and IIcG ) a parametric analysis of significance of these constants was 
performed simulating pure mechanical loading ( 0T ). Fig.7. shows the large 
sensitivity of the debond growth rate with respect to constant m.  
In Fig.8. the fatigue crack growth is simulated using three different values of material 
constant GIIc . It has to be noted that variation of GIIc  has similar effect as variation of 
the applied strain in the test. Finally, in Fig.9 results are presented for three different 
fiber radius rf values showing much faster debond crack propagation in fibers with 
larger radius.  
The observations may be useful designing test and/or composite for validation of the 
Paris low for debond growth and for parameter identification in Eq.(12). It is 
preferable to have composite with larger fiber radius and with higher modulus. 
 
4. Conclusions 
 
In this paper the strain energy release rate in Mode II related to fiber/matrix debond 
growth along the broken and partially debonded fiber in unidirectional composite was 
analyzed using FEM and virtual crack closure technique. The effect of the debond 
crack and fiber break interaction was analyzed and IIG  magnification coefficients 
were introduced. 
To facilitate the debond growth simulations using Paris type of power law the 
magnification coefficients were described by simple but accurate fitting functions. 
Large effect of fiber elastic modulus and radius on the debond growth was found. 
Significance of thermal stresses in mechanical fatigue as well as the role of material 
parameters in the fatigue law was evaluated. These coefficients could be easy 
determined if reliable experimental data about debond growth in fatigue in composite 
would be available. 
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Abstract 
 
A model is developed to analyze fiber/matrix debond growth along the broken fiber 
interface in a single fiber composite subjected to tension-tension fatigue. Paris law 
expressed in terms of debond length growth rate and strain energy release rate is used. 
Analytical solution for Mode II energy release rate IIG  is obtained for long debonds 
where the interface crack growth is self-similar. For short debonds the interface crack 
interacts with the fiber break and therefore FEM modeling in combination with the 
virtual crack closure technique was performed to calculate the magnification of IIG . 
Finally, the calculated IIG  dependences are summarized in simple expressions that 
are used to simulate debond growth in fatigue. A parametric study of the effect of 
Paris law parameters on debond growth is performed. 
 
Keywords: fiber break, debonding, Mode II, fatigue, energy release rate, Paris law. 
 
1. Introduction 
 
The first mode of damage in unidirectional (UD) fiber reinforced polymer composites 
subjected to axial high stress tension-tension cyclic loading is multiple fiber 
fragmentation. Due to statistical fiber strength distribution, damage (fiber breaks) may 
appear during the first cycle and may persist or have further development due to stress 
concentrations caused by growing secondary damage modes like fiber/matrix 
interface debonding. 
The fiber/matrix debonding in UD composite can be analyzed as an interface crack 
growth starting from fiber break and the analysis can be performed based on strain 
energy release rate. Parametric analysis of the effect of different geometrical and 
elastic parameters on the energy release rate in UD composite due to debond growth 
was performed in [1,2]. Paris law was employed to simulate the debond growth in 
tension-tension fatigue [2] using combined analytical and numerical approach and the 
significance of different parameters in Paris law was revealed. This study 
demonstrated that independent experimental information regarding the values of these 
parameters is necessary to simulate debonding in composite. 
One possibility is to use single fiber (SF) specimen to obtain the necessary 
information. SF specimen consists of a long fiber embedded in a large block of resin, 
and is subjected to tensile load in the fiber direction. The strain to fiber failure is 
usually lower than the matrix failure strain and therefore fragmentation of the fiber is 
observed before the specimen fails. So, the fragmentation process is related to the 
statistical fiber strength distribution. At the fiber break the fiber axial stress is zero. 
However, the axial stress is transferred to the fiber through shear stresses at the 
fiber/matrix interface, thus allowing for the appearance of new fragments. The single 
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fiber fragmentation test (SFFT), introduced by Kelly and Tyson [3], has been 
extensively used for fiber-matrix interface characterization in terms of strength and 
for statistical fiber strength characterization. 
The SF specimen with fragmented fiber can be subjected to axial fatigue loading, 
observing the debond growth with increasing number of cycles. Similar fatigue test on 
model composites with only 2-5 fibers have been reported, for example, in [4]. If a 
proper simulation tool is available to simulate the debonding process, the combined 
experimental/simulation approach would allow to identify the fatigue law and its 
parameters for the interface in question, which can be further used to analyze fatigue 
of UD composites with more realistic fiber contents. 
Fracture mechanics approach has been used for the characterization of the interface 
failure in quasi-static loading for example, by Nairn [5], Varna et al. [6], Nairn and 
Liu [7] and Wu et al. [8,9]. 
The approach used in the present paper assumes that the propagation of an individual 
debond along the fiber/matrix interface obeys the Paris law, which states that the 
debond length growth rate has a power law dependence on the strain energy release 
rate difference between the highest and lowest levels in the cyclic loading. 
The SF composite with partial fiber/matrix debond of length dl  may be represented 
by a two concentric cylinder model, shown in Fig.1.  

 
 
Fig.1. A single fiber composite with broken and partially debonded fiber subjected to 

mechanical ( z ) and thermal ( T ) loading. F – fiber, M – matrix, S – symmetry 
plane. ld  shows the debonded length, Lf  is half of the fiber fragment length. 

 
First, the strain energy release rate IIG  in Mode II due to debond growth will be 
analyzed using analytical model for long debonds, then finite element method (FEM) 
in combination with the virtual crack closure technique will be used for short 
debonds. When the IIG  dependence on debond length and constituent parameters will 
be found and described by simple expressions, it will be used for debond crack 
growth simulations using Paris law to reveal the trends to expect (the role of involved 
parameters, the significance of thermal stresses, etc.). 
 
 
 
 

z 

fiber 
break 
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2. Energy release rate for self-similar crack growth 
 
2.1 Calculation method 
 
Axial tension is applied to the SF specimen. In addition, since the specimen after 
processing is cooled to room temperature, temperature difference is negative, T 0. 
Since the Poisson’s ratio and the thermal expansion coefficient of the matrix are 
larger than for the fiber (see Table 1), the radial stress on the fiber surface is 
compressive and the debond crack propagation is in Mode II.  
An analytical solution for strain energy release rate can be found in a particular case 
when the tip of the fiber/matrix debond crack is far away from the fiber break where it 
was initiated and when it is also far from another debond, which may be approaching 
from the other end of the fiber fragment. In this case the debond crack propagation 
can be considered as self-similar. Mathematically this condition in terms of Fig.1 can 
be written as 

fd rl   df lL     (1) 
 

In (1) fr  is the fiber radius, fL  is ½ of the fiber fragment length. The debond crack 
growth by ddl : a) shifts the debond crack tip (and the corresponding singular stress 
state in its vicinity) in the z-direction by ddl ; b) reduces the bonded region volume in 
the model by ddlR 2  ( R  is the outer radius of the cylinder assembly in Fig.1) and 
increases the debonded region volume by the same amount. 
Neglecting friction and energy dissipation related to it, the energy change in the 
system due to this event can be calculated using the difference between strain energy 

tot
bU  of the bonded and tot

dU  of the debonded regions of unit length located far from 
the debond crack tip and the fiber break  
  

d
tot
b

tot
d dlUUdU       (2) 

 
Models representing these two regions are given in Fig.2. 

 
Fig.2. Geometrical representation of the bonded region (a), which due to crack growth 

by ddl  turns to debonded region (b) with length ddl . 
 

In the debonded region, Fig.2b, sliding of the fiber with respect to the matrix takes 
place and deformations and strains are different. The strain energy release rate is 
obtained dividing (2) by the newly created surface area df dlrdA 2  
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constuII dA
dUG      (3) 

 
Strain energy expressions for more complex case with N  cylindrical phases, where 
phase 1 may be bonded or debonded, were derived in [1]. In the model shown in Fig.2  
N 2 (fiber and matrix). From [1] follows that the strain energy of the model a) or b) 
in Fig.2 can be calculated if the average stress state in constituents is known 
 

U tot V
2

Vk zz
k

z0
k

z
k T T Vk r

k
r
k k

k 1

2

k 1

2

  (4) 

 
In (4) k=1 is fiber, k=2 is matrix, 2RV is volume of the unit length of the 
assembly, Vk  is volume fraction of the phase k defined as Vf rf

2 /R2 for fibers and 
Vm (R2 rf

2) /R2  for matrix. 
The average stresses are obviously different in the bonded and in the debonded case 
resulting in two different values tot

d
tot
b UU , . Relevant expressions are given below.  

 
2.2 Strain energy in the bonded region 
 
The applied temperature difference is T  and the applied strain is the same in fiber 
and matrix 

  0
2
0

1
0 zzz     (5) 

 
The elastic solution for two cylinder assembly is given in Appendix. 
In the model, the temperature difference and the axial strain are applied 
simultaneously. The experimental procedure (and as a consequence also the procedure 
to be used in simulations) is different: first the specimen which is produced at high 
temperature is cooled down to room temperature. Thermal stresses develop during 
this step and the specimen has negative strain th

z0  before any mechanical loading. It is 
the free thermal expansion strain of the composite, z

comp T , where comp
z  is axial 

thermal expansion coefficient of the SF composite  (due to very large matrix outer 
radius it is practically equal to matrix thermal expansion coefficient m). 
 
In tests and simulations this state is taken as the starting state (zero mechanical strain). 
Then certain amount of mechanical tensile strain mech

z0 , measured by extensometer or 
strain gauge, is applied. The relationship with 0z  in expressions in Appendix is as 
follows 

th
z

mech
zz 000     (6) 

 
Substituting (A3) in (4) we have the strain energy of bonded fiber and matrix cylinder 
assembly  
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Expressions for k , k , kg , kf , k

rH  and kH 3  as well as equations for kA1  
determination are given in Appendix. 
 
2.3 Strain energy in the debonded region 
 
In the debonded region shown in Fig.2b we have in the matrix  
 

00 z
m
z ,      (8) 

 
Due to sliding the axial strain of the debonded fiber is different 
 

00 z
f

z       (9) 
 

It consists of free thermal expansion strain of the fiber and Poisson’s interaction strain 
due to radial interaction with the surrounding matrix. To emphasize that this is 
solution for the debonded case we use for unknown constants in the solution in 
Appendix additional letter d  in the upper index, kd

iA . The axial strain value in the 
debonded fiber can be obtained using condition that axial stress in the fiber is zero 
 

0f
z      (10) 

 
Expressing 0z  from the first equation of (A3), using condition (A6) and substituting 
in the second equation of (A3) we obtain the following expression for 1

r  
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r      (12) 

 
The stress expressions for the matrix remain as in the bonded case. The interface 
conditions at phase interfaces also remain as in the bonded case (see Appendix): 
radial displacements and stresses are continuous. The outer radial boundary of the 
assembly is free of stresses, see (A9). After solving for constants kd

iA  we can use 
them in the expression for the strain energy of the debonded region which is as 
follows 
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3.  Virtual crack closure technique for short debonds   
 
In case of short debond length, the debond crack tip is close to the fiber break and the 
stress perturbation regions overlap. It was shown previously using FEM for UD 
composites [2] and using boundary elements for SF specimens [10] that due to stress 
field interaction, the strain energy release rate IIG  is magnified. The shorter is the 
debond length, the higher is the degree of interaction and thus debond crack growth 
related energy release rate values are higher.  
In this study, magnification of IIG  was determined from FEM calculations. An 
axisymmetric model consisting of broken and partially debonded fiber surrounded by 
an infinite matrix block was generated using finite element code ANSYS [11]. Virtual 
crack closure (VCC) technique [12] was used to obtain IIG  from FEM calculations in 
a convenient way. The distribution of relative tangential displacement zu  behind the 
debond crack tip and the shear stress rz  values ahead of the crack tip can be 
obtained directly from the FEM model as shown in Fig.3. 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
Fig.3. Concentric cylinder model for IIG  calculations by FEM and virtual crack 

closure technique. 
 
Formally, to calculate the work that is necessary to close the crack by ddl , the 
tangential displacements have to be calculated for a debond with length ld dld  and 
the shear stresses for a debond with length ld . However, when using VCC technique, 
it is assumed that due to small value of ddl , the relative sliding displacement at the tip 
of the crack with size ld dld  is the same as at the tip of the debond crack with size 
ld , i.e., 

)()( d
ldll dlzuzu ddd     (14) 

 
In (14) the upper index shows the length of the debond crack. This assumption means 
that only one stress state calculation for a given debond length is required.  Then, the 
strain energy release rate GII  can be calculated using expression 
 

GII (ld ) lim
dld 0

1
2dld

uld

ld

ld dld

z dld rz
ld (z)dz    (15) 
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4. Paris law for debond growth along the single fiber 
 
The cyclic loading type considered in this study is mechanical tension-tension fatigue 
( max 0 and min 0) in presence of thermal stresses at fixed temperature. We will 
apply Paris law expression in order to simulate debond growth along fiber/matrix 
interface as a function of applied number of load cycles N .  
Paris law expression describes the increase of the debond surface area dA as: 

 
dA
dN

B GII

GIIC

m

    (16) 

 
where: B and m  are unknown parameters, which have to be determined 
experimentally; G  is the energy release rate difference between values 
corresponding to max  and min ; the constant GIIC  is used in order to normalize energy 
release rate units. This particular form with explicit inclusion of GIIC  was used 
previously in [13] and, certainly, other, slightly different forms may be found in 
literature. Debond length, which for circular fiber is related to debond surface as 
ld A 2 rf  will also be normalized with the respect to the fiber radius rf  
 

fddn rll /       (17) 
 

Thus (16) can be written in form 
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BB    (18) 

 
Obviously *B  is also dimensionless.  
For simulation purposes (18) will be used in an incremental form 
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In (19) )1(

dnl  is the initial debond length at the start of simulation. 
 
5. Results and discussion 
 
5.1 Analytical results for self-similar crack growth 
 
Using expressions in Section 2 the energy release rate for self-similar crack growth 
(denoted as IIG ) was calculated for SF composites with properties of constituents 
given in Table 1. Transversally isotropic carbon fiber (CF) and isotropic glass fiber 
(GF) composites with epoxy resin matrix (EP) were studied. 
In a SF composite the matrix radius is infinite and it is very convenient to use it in the 
analytical solution for self-similar crack growth (Section 2). However, short debonds 
GII  are analyzed using FEM and there the radial size of the model is limited. 
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Therefore, prior to doing FEM analysis for short debonds, the analytical solution for 
finite R  was used to estimate the proper radial size of the model to be used in FEM. 
The radius of matrix cylinder was used as a parameter: it was increased until a limit 
was reached when further increase of matrix cylinder did not affect the calculated GII  
value. Logically, a larger size of matrix cylinder corresponds to the infinity condition 
better, however, since model with the same size has to be used for FEM calculations it 
is preferable to have model of smaller size but accurate enough in order to save 
calculation time and effort. 
 

Table 1. Elastic properties of SF composite constituents. 
 

 
 
 
 
 
 
 
Parametric analysis results for CF/EP and GF/EP SF composites are summarized in 
Tables 2 and 3 respectively. Fiber radius in all calculations was rf 1 m. 
 
Table 2. Dependence of energy release rate IIG  (J/m2) for CF/EP on matrix cylinder 

radius. 
 

Load case Matrix cylinder outer radius R  in [ m] 
z0
mech  T  5 10 20 50 100 200 500 

0.01 - 7.48819 7.48777 7.48767 7.48764 7.48763 7.48763 7.48763 
- 100ºC 0.11081 0.70348 1.79944 2.59502 2.75050 2.79155 2.80321 

0.01 100ºC 5.77718 3.60103 1.94582 1.26664 1.16185 1.13539 1.12782 
 

 
Table 3. Dependence of energy release rate IIG  (J/m2) for GF/EP on matrix cylinder 

radius. 
 

Load case Matrix cylinder outer radius R  in [ m] 
z0
mech  T  5 10 20 50 100 200 500 

0.01 - 1.73804 1.73761 1.73750 1.73747 1.73746 1.73746 1.73746 
- 100ºC 0.14951 0.36490 0.49205 0.53953 0.54687 0.54873 0.54925 

0.01 100ºC 0.86803 0.50996 0.38029 0.34059 0.33481 0.33334 0.33294 
 
Based on results shown in Tables 2 and 3 it was decided that matrix cylinder with 
radius frR 100  is a good representation of an infinite matrix. Following that, the 
corresponding FEM calculations for short debonds were also performed using a 
model with the same outer radius R. 
For analytical energy release rate IIG  calculations for self-similar cracks, the length 
of the debond and the debond length increase dld  is not significant and any chosen 
model length would give the same accurate result. 

Material 
EL  ET  GLT 12 23 L T  

[GPa] [GPa] [GPa] [-] [-] [1 C ] [1 C ] 
CF 300 30 20 0.2 0.45 -1.0·10-6 7.8·10-6 
GF 70 70 29.2 0.2 0.2 4.7·10-6 4.7·10-6 
EP 3 3 1.07 0.4 0.4 60·10-6 60·10-6 
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Analytically calculated IIG  values for self-similar crack growth are presented in 
Table 4. 
 

Table 4. Energy release rate IIG  (J/m2) for self-similar debond crack growth for 
CF/EP and GF/EP. 

Material 
Load case 

z0
mech 0.01 T 100 C  z0

mech 0.01 ; T 100 C  
CF/EP 7.488 2.750 1.162 
GF/EP 1.737 0.547 0.335 

 
In order to simplify recalculating IIG  whenever the applied load is different from that 
shown in examples in Table 4, we used the same approach as suggested in [1]. The 
main idea of the approach is that the energy release rate is a quadratic function of 
stress state and stress components are linearly related to applied mechanical strain 
( z0

mech ) and applied temperature difference ( T ), i.e.: 
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where coefficients mk , thmk  and thk  are related to purely mechanical, combined 
mechanical-thermal and purely thermal load respectively. Like for IIG , the upper 
index  in coefficients is used to denote correspondence to self-similar crack growth 
region. According to (20) the coefficients mk , thmk  and thk  can be found for any SF 
composite by performing the following 3 calculations: 1) purely mechanical loading 
case ( T 0); 2) purely thermal loading case ( z0

mech 0 ); 3) any combination of 
mechanical and thermal loading cases ( z0

mech 0 ; T 0). 
Coefficients mk , thmk  and thk  can thus be calculated from IIG  values given in Table 
4. Values of coefficients for both studied SF composites are summarized in Table 5. 
Note that strain z0

mech  values in mm/mm and applied temperature change T  in C  
were used to determine these coefficients. 
 

Table 5. Values of coefficients mk , thmk  and thk . 

Material mk  thmk  thk  
CF/EP 0.998351 0.991944 0.985578 
GF/EP 0.992829 1.007241 1.021870 

 
Once coefficients mk , thmk  and thk  are determined, IIG  can be calculated for any 
arbitrary combination of mechanical and thermal loads. 
 
5.2 FEM results for IIG  magnification 
 
The quadratic form of IIG  with respect to strain and temperature is valid also for 
short debonds and can be written as  
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Since IIG  is magnified for short debonds [10], we expect according to (21) that 
coefficients mk , thmk  and thk  will also depend on the debond length and they will be 
higher for shorter debonds. With increasing debond length they have to approach the 
values mk , thmk  and thk . The latter is valid assuming that the fiber fragment is long 
enough and interaction with another debond approaching from the other fragment end 
is negligible. The increase of coefficients mk , thmk  and thk  for short debonds is called 
“magnification” in the following text. 
FEM calculations in combination with VCC technique were used to calculate 
magnification of these coefficients. 
It was mentioned previously that using a model with outer matrix radius frR 100  
gives a reasonable accuracy of calculations. For FEM calculations when using the 
model shown in Fig.3 the length of fiber half fragment Lf  is also important. There are 
two aspects to consider: a) Lf  has to be sufficiently large in order to prevent 
interaction between growing debond crack and the displacement application surface 
which is the middle of the fiber fragment (condition of noninteractive debonds); b) a 
shorter Lf  in the model would facilitate FEM calculations by saving calculation time.  
A compromise between the abovementioned rules has to be found. A parametric study 
in [2] for UD composites showed that using a model with fiber half fragment length 
Lf 90 rf  is a reasonable representation of noninteractive case if fd rl 30 . A 
similar parametric study for SF composites resulted in considering Lf 200 rf  as 
sufficient.  
Within the VCC technique, IIG  is calculated by integrating the product of 
numerically obtained displacement u  and stress rz  values according to (15). 
Using the VCC technique in order to calculate IIG  from FEM results, attention has to 
be paid to the size of area of integration, i.e., dld . Since integration in (15) is 
performed over a finite distance, the obtained IIG  value will depend on the chosen 
size of integration. Contrary to (15) which states that IIG  is defined as a limit when 
dld 0, in FEM calculations the integration region is finite. If for a given mesh the 
integration region is too short, the accuracy will be reduced because the stress and 
displacement profiles very close to the crack tip are not accurately represented. 
Therefore, some final value of the length of integration dld  must be set. In [2] region 
of integration for a UD was found by a parametric analysis. 
In the present study, two different lengths of integration dld 1 rf  and dld 0.5 rf  
were first compared. Values of IIG  for debond lengths in the range from ld 2 rf  to 
ld 30 rf  were calculated for both integration lengths. Results for CF/EP in 
mechanical loading are shown as an example in Fig.4. In Fig.4, IIG  values are 
presented versus normalized debond length ldn ld / rf . 
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Fig.4. Magnification of GII for short debonds. CF/EP single fiber composite with 
rf 1 m subjected to mechanical loading. Applied strain z0

mech 0.01. 
 
Similar magnification profiles were obtained for thermal and thermo-mechanical 
loading cases. According to Fig.4, using shorter integration length dld 0.5 rf , 
slightly lower IIG  values are obtained. 
However, the curves presented in Fig.4 look have very similar shape and when 
normalized with respect to their corresponding values at 30dnl  (corresponding to 
long debonds, like in the self-similar case), the obtained magnification profiles in both 
cases are very much the same (see Fig.5). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Fig.5. Normalized magnification profiles in mechanical loading case for CF/EP single 
fiber composite: results for two different integration lengths dld . 

 
The same independence on integration length was also obtained in purely thermal and 
thermo-mechanical loading cases. Furthermore, the same was found for GF/EP as 
well. We conclude that for the studied SF composites further parametric analysis of 
the effect of integration length dld  is not required. The normalized magnification 
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profiles can be accurately obtained using any chosen length of dld  within the region 
0.5 rf dld 1 rf .  
Using the form of (21) with mk , thmk  and thk  in order to represent the magnification 
of IIG  for short debonds, we can write these coefficients as: 
 

km km
* (ldn )km   km th km th

* (ldn )km th   kth kth
* (ldn )km   (22) 

 
In other words we introduce magnification factors km

* (ldn ), kth
* (ldn )  and km th

* (ldn )  as 
functions of normalized debond length. These factors are equal to 1 for long debonds 
growing in a self-similar manner and are larger than 1 (to be determined from FEM + 
VCC technique) for shorter debonds. 
The coefficients mk , thmk  and thk  in (22) do not depend on the debond length and 
are calculated using the self-similar crack growth model in Section 2 (as, for example, 
in Table 5). In fact they could be obtained also from the FEM solution if the results 
would have sufficient accuracy. Unfortunately, the analytically calculated IIG  value 
for self-similar debond growth in CF/EP single fiber composite subjected to 
mechanical loading only ( z0

mech 0.01) 7.488 J/m2 (see Table 4) is higher than the 
calculated by FEM at ldn 30  (see Fig.4). Obviously, FEM results for long debonds 
are too low. The same was observed for thermal and thermo-mechanical loading 
cases. It could be due to finite dimensions of the model but also due to numerical 
accuracy. Therefore, we decided to use FEM results just to estimate the degree of 
magnification in normalized form as a function of normalized debond length. 
However, in order to calculate the magnification profiles properly when using FEM, 

IIG  values for long debonds are needed. From Fig.4 we see, that at ldn 30  the value 
of IIG  has almost reached the plateau region. Although it can be intuitively expected 
from Fig.4 that IIG  values will still decrease a little for debond lengths ldn 30 , in 
this study we assume that ldn 30  corresponds to plateau value (onset of self-similar 
crack growth region) and in the following the magnification coefficients are 
calculated as: 
 

k j
* k j (ldn )

k j (ldn 30)
; j m;th;m th     (23) 

 
Since we will use Paris law expression given by (18) for debond growth analysis in 
fatigue, it would be convenient if profiles of magnification factors km

* (ldn ), kth
* (ldn )  

and km th
* (ldn ) , could be each represented by simple mathematical expressions. In [2] a 

simple exponential function was suggested as a form to comprise IIG  magnification 
profiles for UD composites.  
However, for SF composites the magnification of IIG  at short debond lengths is 
considerably higher and a trial fitting of k j

* (ldn )  with an exponential function led to 
insufficient agreement, especially at shorter debond lengths. Therefore, instead of an 
exponential function a hyperbolic function was introduced in the following form: 
 

k j
* 1 C

ldn

; j m;th;m th     (24) 
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where  C is fitting function (possibly also a weak function of ldn ). Fitting function C 
can be determined by a simple procedure. Using FEM calculated coefficients k j

* , the 
values of hyperbolic fitting function C can be found from (24) as: 

C (k j
* 1) ldn     (25) 

The calculated values of C for CF/EP in mechanical loading case ( z0
mech 0.01) at 

specified debond lengths are shown in Fig.6.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.6. Fitting of function C by 2nd order polynomial for CF/EP in mechanical loading 

case, z0
mech 0.01. 

 
Obviously, C  defined by (24) strongly depends on debond length. Fitting of C in 
Fig.6 by a 2nd order polynomial is very good within the observed range of ldn . 
However, according to physical meaning of magnification coefficient k j

*  (see (22)), 
C has to give monotonic decrease of IIG . Obviously, the chosen polynomial function 
if Fig.6 does not fulfil this condition after ldn 30 . Therefore the fitting function C is 
defined differently in 2 regions: 
 

C a1 a2(ldn ) a3(ldn )2

C 0
; 

1 ldn 30
ldn 30

   (26) 

 
where a1, a2 and a3 are fitting parameters. 
The accuracy of the fitting function C in description of the IIG  magnification (24) is 
demonstrated for the case of mechanical loading in Fig.7 (for CF/EP) and Fig.8 (for 
GF/EP). The agreement with FEM data is excellent. The same degree of agreement 
was observed for other loading cases (thermal, thermo-mechanical). 
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Fig.7. Magnification profile km

*  for CF/EP single fiber composite. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.8. Magnification profile km
*  for GF/EP single fiber composite. 

 
The values of fitting parameters a1, a2 and a3 in (26) were calculated for both 
materials (CF/EP, GF/EP) for each loading case. Analyzing the obtained data for the 
two studied materials it was noticed that the values of fitting parameters are rather 
different. However, in terms of one material the values of coefficients for different 
thermo-mechanical loading cases are very close. In fact, when plotting magnification 
profiles km

* , kth
*  and km th

*  on a single graph as shown in Fig.9, we obtain almost 
coinciding curves for the different loading cases. For CF/EP we observe higher degree 
of magnification than for GF/EP. 
Since magnification factors km

* (ldn ) , km th
* (ldn )  and kth

* (ldn )  proved to be almost 
identical, we can describe magnification of IIG  by using just one magnification 
function )(*

dnlk  instead of three. Preferably FEM is performed for mechanical rather 
than thermal loading, as it usually requires less computer power and calculation time. 
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Fig.9. Comparison of magnification profiles for GF/EP and CF/EP. 
 
The coefficients for both studied materials are given in Table 6. 

Table 6. Values of fitting parameters for (26). 
 

 for k j
* ; j m;th;m th  

Material 1a  2a  3a  
CF/EP 1.259 -5.801·10-2 5.360·10-4 
GF/EP 6.984·10-1 -4.454·10-2 7.190·10-4 

 
We can rewrite the IIG  expression (21) for any debond length in the following form: 
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This is very significant for the following, meaning that for SF composites subjected to 
mechanical, thermal or thermo-mechanical loading, interface debond energy release 
rate IIG  can be calculated in the following simple way: 
1) mk , thmk  and thk  are calculated analytically; 
2) magnification profile k*(ldn )  and parameters a1, a2 and a3 of the fitting function C 
are obtained from the FEM data according to procedure described in this section. 
Numerical values of these parameters for the studied composites are given in Table 6;  
3) IIG  values are calculated by (27) for any debond length and for any mechanical, 
thermal or combined thermo-mechanical loading case. 
 
 
The described procedure for magnification coefficients is based on numerical 
integration over finite length in order to obtain the crack closure work. To estimate 
the introduced error we compare our magnification factor with results from [10] 
which are based on very accurate BEM calculations in the local stress region at the 
debond tip. The magnification functions using our approach and BEM are compared 
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in Fig.10. The agreement is remarkably good which gives confidence to our results 
and conclusions. For example, BEM results confirm that the magnification factors for 
mechanical and mixed thermo-mechanical loading coincide.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.10. Magnification profile km
*  for GF/EP obtained from FEM and BEM [10] 

calculations. 
 
The method described in this study gives an accurate and simple computational tool 
for IIG  calculations for any debond length. It combines analytical solution for long 
debonds with magnification factors obtained fitting numerical solution for short 
debonds.  
 
5.3 Debond growth analysis using Paris law 
 
The above presented values of fitting parameters a1,a , a2,a  and a3,a  were used in 
debond growth analysis as described in the following section. 
Paris law expression (18) is based on some empirical constants like B, m and IIcG . 
The proper values of these constants are not known unless experimental data are 
available. 
In Paris law expression (18) GII (ld )  is the strain energy release rate difference 
between the value corresponding to maximum and minimum load. In mechanical 
fatigue with a fixed initial temperature change T  according to (27) this difference is 
equal to: 
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In case when the temperature change is zero ( T 0) prior to mechanical fatigue 
loading, the second term in (28) is zero. 
 
For the studied composites a parametric study of the effect of Paris law constants m, 

IIcG  and fiber radius rf  was performed. The parameters were modified one at a time 
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and simulation results were compared to a reference case. Simulation parameters for 
the reference case were the same for both materials. They are presented in Table 7. 
 
Table7. Reference case debond growth simulation parameters for CF/EP and GF/EP. 

 
rf  m B*  B IIcG  z0,max

mech  z0,min
mech  T  

[ m] [ - ] [ - ] [ m2] [J/m2] [mm/mm] [ mm/mm] [ ºC ] 
5 8 6.37 1000 200 0.01 0.001 0 

 
The trends revealing the significance of geometrical and simulation parameters are 
shown in Figs.11-12. 
 

 
Fig.11. Debond growth with increasing number of cycles N  for CF/EP. Parametric 

analysis of : a) fiber radius rf ; b) parameter m ; c) constant GIIc  d) temperature 
change T . Reference case shown with solid continuous line. 

 
 
 
 
 
 
 
 
 



92 

 
Fig.12. Debond growth with increasing number of cycles N for GF/EP. Parametric 

analysis of : a) fiber radius rf ; b) parameter m ; c) constant GIIc  d) temperature 
change T . Reference case shown with solid continuous line. 

 
 
The main observations from the trend plots in Figs.11-12 are: a) the debond growth is 
much faster in CF/EP (because the mechanical part of the energy release rate is 
proportional to the fiber modulus); b) the debond growth rate is higher in composites 
with larger diameter fibers; c) the simulation result is very sensitive to the exponent 
m ; d) increase of the interfacial fracture toughness IIcG  dramatically slows down the 
debond growth. Certainly, the two parameters B  and IIcG  can be combined in one 
parameter. Finally, we see that compressive thermal stresses, induced by initial 
temperature change T  in the fiber, change the debond growth significantly. 
 
6. Conclusions 
 
The debond growth along a broken fiber in a single fiber composite subjected to 
cyclic mechanical tension-tension loading is analyzed using fracture mechanics 
approach. Paris law for debond growth rate in terms of energy release rate change is 
used to simulate the debond length increase with the applied number of cycles. 
The strain energy release rate GII  due to debond growth is calculated analytically in 
the self-similar debond growth region and numerically for short debonds using FEM 
and virtual crack closure technique. For short debonds, where debond crack is 
interacting with fiber break, GII  is magnified. Magnification is larger in CF/EP case. 
Debond length dependent magnification factors were introduced for mechanical, 
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thermal and mixed thermal-mechanical terms in GII  expression. It was observed that 
for studied single fiber composites (CF/EP and GF/EP) these three magnification 
profiles are almost identical. Magnification profiles were fitted by one simple 
expression to facilitate simulations of cyclic loading case. 
A parametric study for CF/EP and GF/EP single fiber composites was performed 
simulating the debond growth and showing the significance of Paris law parameters, 
thermal stresses and the fiber radius rf . 
The debond growth simulation tool was developed and trends analyzed for future 
comparison with experimental data for SF specimen with fragmented fiber and 
subjected to cyclic loading. The applicability of Paris law will be evaluated by 
comparing the measured and simulated debond length growth with the number of 
cycles. The material constants in the Paris law will be estimated fitting experimental 
data. After that the model could be used to analyze debond growth trends in 
unidirectional composites with realistic fiber contents. 
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Appendix.  Stress distribution 
 
The two cylinder model shown in Fig 2 is subjected to constant strain in axial 
direction 0z , resulting from displacement 20zu  applied at both ends, and 
temperature difference T . In bonded case axial strain in fiber and matrix is the 
same, in debonded case only matrix is subjected to 0z . The expressions below follow 
from Appendix 2 in [8] and are valid for the bonded as well as the debonded case. 
The derivation is the same as in [14,15]. 
Both constituents are transversally isotropic and follow Hooke’s law, which for 
normal stresses is written here in vectorial form 
 

TC jjiji (A1) 
 

 where ijC  is the stiffness matrix with usual notation and j  are thermal expansion 
coefficients. Here 3 - is the axial direction, 1 and 2 are two directions in the plane of 
isotropy. All shear stresses are zero. 
The elastic solution valid for any transversally isotropic cylindrical phase under this 
type of loading can be written as 
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Here new constants are introduced 
 

33Cg  322Cf  32C      1222 CC  2212 CC   (A4) 
 

H3 C33 z 2C32 r   rzr CH 32    (A5) 
 
Additional index k  is assigned, where 2,1k  for fiber and matrix respectively, to 
mark the introduced constants for fiber and matrix. 
The unknown constants kk AA 21 ,  , k=1,2 have to be determined from continuity and 
boundary conditions: 
1. Radial displacement must be zero on the symmetry axis 
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ur
1(r 0) 0      (A6) 

 
2. Displacement and radial stress continuity at the interface 
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3. Zero radial stress at the outer boundary Rr  of the cylinder assembly 
  

r
2(R) 0       (A9) 

 
From (A6) we obtain 01

2A . For a given 0z  and T  the system of 3 equations 
following from conditions (A7)-A(9) allows for determination of 3 constants 

2
2

2
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1
1 ,, AAA  . Obviously their values will depend on the applied strain 0z  and 

temperature T .  
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



96 

 
 
 
 



Paper IV 
 

A. Pupurs, S. Goutianos, P. Brøndsted, J. Varna 
 

Interface debond crack growth in tension-tension cyclic loading 
of single fiber polymer composites, 
Composites Part A, Accepted, 2012. 





99 

Interface debond crack growth in tension-tension cyclic loading of 
single fiber polymer composites  

 
Andrejs Pupurs1, Stergios Goutianos2, Povl Brøndsted2, Janis Varna1 

 
1 Department of Engineering Sciences and Mathematics, Luleå University of 

Technology, SE-971 87, Luleå, Sweden  
2 Department of Wind Energy, Technical University of Denmark, Risø Campus, DK-

4000, Roskilde, Denmark 
 

Abstract 
 

Fiber/matrix interface debond crack growth from a fiber break is defined as one of the 
key mechanisms of fatigue damage in unidirectional composites. Considering debond 
as an interface crack its growth in cyclic loading is analyzed utilizing a power law, 
where the debond growth rate is a power function of the change of the strain energy 
release rate in the cycle. To obtain values of  two parameters in the power law cyclic 
loading of fragmented single fiber specimen is suggested. Measurements of the 
debond length increase with the number of load cycles in tension-tension fatigue are 
performed for glass fiber/epoxy single fiber composites. Analytical method in the 
steady-state growth region and FEM for short debonds are combined for calculating 
the strain energy release rate of the growing debond crack. Interface failure 
parameters in fatigue are determined by fitting the modeling and experimental results. 
The determined parameters for interface fatigue are validated at different stress levels. 

Keywords: Polymer-matrix composites, debonding, fatigue, finite element analysis 

1. Introduction 
 
When unidirectional (UD) fiber reinforced polymer composites are loaded in fiber 
direction in increasing quasi-static tensile loading or in high stress cyclic tension-
tension loading, multiple fiber breaks occur in random positions. In cyclic loading 
with constant amplitude we usually assume that fibers do not experience fatigue and 
all fiber breaks occur during the first cycle. With an increasing number of cycles 
growth of debonds along the fiber/matrix interface is expected and thus fracture 
mechanics concepts (strain energy release rate based criteria) may be used for the 
evolution analysis. 
The described is a mechanism for very high strains. At lower applied strains the 
probability of fiber failure is low and the mechanism of debond growing from a fiber 
break is not the most typical. The sequence of events at strain levels below the fiber 
fracture limit may be different. For example, in cyclic loading the initiation of small 
matrix cracks between fibers could be the first mode of damage, which would be 
followed by fiber/matrix debond crack propagation along the fiber. More detailed 
description of the possible failure scenarios in fatigue and their dependence on the 
load level is given in [1,2]. Experimental debond growth observation in UD 
composites is difficult and with optical microscopy it is possible only on specimen 
surface. To authors knowledge there is only one paper [3] available, where the growth 
of debond initiated from a fiber break in a UD composite was measured 
experimentally as a function of the number of cycles. 
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The two possible mechanisms (debond initiated from a fiber break and debond 
starting from a matrix crack) were analyzed in [4] showing that the Mode II strain 
energy release rate GII  for the debond crack growth initiated from a fiber break is 
several orders of magnitude larger. The GII  decays with the distance if the debond is 
initiated from a matrix crack but, if it initiates from a fiber break, the GII  approaches 
to a non-zero value and the debond growth becomes self-similar. A working 
hypothesis used in this paper is that the growth of each individual debond can be 
characterized by Paris’ type of law, where the debond growth rate is a power function 
of the strain energy release rate change in one cycle. To validate this hypothesis we 
have to show that: a) experimental data on debond growth in cyclic loading can be 
described by model based on power law; b) material parameters in this law may be 
determined from a fitting procedure. 
Experimentally it is much easier to measure the debond length and its increase in a 
system consisting of one (single) fiber (SF) embedded in a large block of resin rather 
than in UD composite with many thousands of fibers in one specimen. The single 
fiber fragmentation test (SFF test) since it was first introduced by Kelly and Tyson [5] 
has been extensively used for strength distribution determination and for fiber-matrix 
interface characterization. The SFF specimen consists of a long fiber embedded in a 
large (infinite in analytical models used in this study) block of polymer matrix 
subjected to tensile load in the fiber direction applied as a uniform strain at the ends 
of the specimen. If the fiber failure strain is lower than the matrix failure strain, then, 
after reaching a certain load, successive fragmentation of the fiber is observed 
reflecting the statistical fiber strength distribution.  The fiber stress, which is zero at 
the fiber break, is transferred to the fiber fragment through shear stresses at the fiber-
matrix interface, thus allowing for the appearance of new fragments. Apart from fiber 
strength Weibull parameter determination in this test, many of studies have also been 
dealing with the interfacial shear strength evaluation: since the final (critical) fiber 
fragment length when the fragmentation stops depends on the quality of the stress 
transfer at the interface, the critical length is used to estimate the “interface shear 
strength”. The data reduction usually follows simplified analytical models (for 
example, the shear lag model proposed by Cox [6]) with different assumptions [7,8]. 
Therefore, the “interface strength” value obtained using the SFF test is strongly 
dependent on the assumptions made. Since the shear stress distribution at the interface 
is highly non-uniform (singular at the crack tip in elastic case) the use of a strength 
criterion is questionable. 
For this reason, a fracture mechanics approach for interface crack growth is more 
appropriate and it also fits our goal to identify fatigue related interface properties. 
Even if fatigue is our main concern the description starts with strain energy release 
rate calculations in the SFF test as dependent on the debond length. This part is the 
same as for the debond growth analysis in quasi-static loading. The interfacial radial 
thermal stress which forms during the cool-down to room temperature, RT, is 
compressive due to larger thermal expansion coefficient of the matrix.  Additional 
compressive radial stresses are formed during the axial mechanical loading due to 
different Poisson’s ratios.  Consequently, there is always a contact between the 
debonded fiber and the resin and the debond crack growth is in pure Mode II. Local 
stress analysis in the singularity region for this case was performed in [9] showing 
that in the front of the debond tip only the shear stress is singular.  
 The  application of the calculated GII  is different in quasi-static and in fatigue 
loading. In quasi-static case it is used in failure criterion, which contains critical value 
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of this parameter IICG  (material constant). Experimental results on the debond length 
as a function of the applied strain have been reported in [10,11] and used to determine 

IICG . Theoretical investigations of GII  using analytical models as well as numerical 
methods have been presented by several researchers [9,12-18].  Semi-analytical 
solutions were obtained for the characterization of the interface failure in the works of 
Nairn et al. [12,14], Wu et al. [15,16]. In [13] exact analytical solution for debond 
propagation GII  in the region of self-similar growth is presented. This solution is used 
also in the present paper. It has to be mentioned that the solution presented in [13] is 
not applicable for short debonds (debond crack tip is close to the fiber break). . It does 
not show any magnification of GII  approaching to fiber break, thus contradicting to 
all reported numerical results [9,17,18]. It could be because of the used incorrect 
boundary conditions on the fiber crack surface in [13]: traction free condition is 
satisfied in average and not in each point. 
Numerical methods based on finite elements (FEM) or boundary elements (BEM) 
were used in [9,17,18]. Probably the most detailed numerical analysis of the local 
stress state at the debond crack tip in terms of stress intensity factor and degree of 
singularity has been performed in [9,17] using BEM. Unfortunately, this method at 
present is limited to isotropic constituents and, hence, not applicable for carbon fibers. 
Subjecting a single fiber composite with fragmented fiber to axial cyclic loading we 
may observe the debond length increase with number of cycles. Similar fatigue test on 
model composites with only 2-5 fibers has been reported in [19]. A hypothesis to 
verify is  that the debond growth rate with the number of cycles follows the power 
law with respect to the strain energy release rate change during one cycle. If it appears 
to be true the data and simulations could be used to find parameters (material 
constants) in the power law. The identified power law could be used to analyze the 
debond growth in fatigue in real composite with the same fiber/matrix system. 
The objectives of this paper are 

a) to apply cyclic loading on SF specimen with fragmented fiber to observe and 
quantify the debond length increase with the number of cycles; 

b) to determine GII  dependence on debond length and to describe it by simple 
fitting function; 

c) to evaluate using experimental data and GII  whether the  power law can 
describe the debond length growth rate dependence on the strain energy 
release rate change during one cycle in fatigue  

d) to determine  material constants in this law, if it is applicable. 
Friction at the interface is neglected in this paper. There are several attempts 
published to account for it in quasi-static loading [9,11] showing that friction will 
reduce GII  and hence the debond growth rate. At current it is not clear for authors 
how to include it in cyclic loading where the sliding cyclically changes direction and 
the friction effect is very dependent on the loading history.  
 
2. Theoretical analysis 
 
2.1 Model definition 
 
SF specimen shown in Fig. 1 has first been subjected to temperature difference T  < 
0 resulting from cooling down from the stress-free temperature to room temperature 
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RT . Due to infinite radius of the matrix region the thermal shrinkage strain of the SF 
composite is equal to free thermal expansion strain of the matrix, Tm

th
z . 

At temperature RT  the specimen is subjected to constant strain in axial direction mech . 
Performing a one step thermo-mechanical stress analysis we can interpret the loading 
sequence as the applied temperature change T  and the axial strain 

z mech m T . 
The fiber is considered as transversally isotropic with thermo-elastic constants f

zE , 
ff

r EE , f
z

f
zr , f

r , f
z

f
zr GG , f

z , ff
r . The matrix is isotropic with 

constants mE , m  and m . Since in the axial direction the Poisson’s ratio and the 
thermal expansion coefficient of the matrix are larger than for the fiber, the radial 
stress on the fiber surface is compressive and the debond crack propagation is in 
Mode II.  
 
2.2 Energy release rate for debond propagation in the steady-state region 
 
In a particular case, when the tip of the fiber/matrix debond crack is far away from the 
fiber break, where it was initiated and when it is also far from another debond, which 
may be approaching from the other end of the fiber fragment, the debond crack 
propagates in a self-similar manner.  
Mathematically this condition in terms of Fig. 1 and Fig. 2 can be written as: 
 

fd rl , df lL     (1) 
 

 
 
 
 
 
 
 
 
 
 
 
 
Fig.1. Representation of a SF composite: F - fiber, M - matrix, S - symmetry surface, 

B - location of fiber break. 
 
 
In Eq. (1) fr  is the fiber radius, fL  is half of the fiber fragment length. The debond 
crack grows by ddl  and: a) shifts the debond crack tip (and the corresponding 
singular stress state in its vicinity) in the z-direction by ddl ; b) reduces the bonded 
region volume in the model by dm dlr 2  ( mr  is the outer radius of the cylinder assembly 
in Fig. 2, mr ) and increases the debonded region volume by the same amount.  
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Neglecting friction and the energy dissipation related to it, Nairn et al. [13] derived 
exact analytical solution for strain energy release rate in this region. In notation used 
in the present paper it is as follows: 
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As follows from Eq. (3) and (4) mk  does not depend on thermal constants whereas 

thk  does. However, for isotropic fibers thk  is independent on thermal expansion 
coefficients. 
 
2.3 Energy release rate for short debond lengths 
 
If the debond is short, the debond crack tip is close to the fiber break. In such case the 
stress perturbation regions related to the debond crack tip and the fiber break overlap. 
Previous numerical studies on UD composites [20] and single fiber composites 
[4,9,17,18] have shown that due to this interaction the strain energy release rate GII  is 
magnified. The shorter is the debond length the higher is the magnification of GII . As 
the debond length increases, the magnification of GII  decreases and at certain debond 
length the crack growth becomes self-similar meaning that GII  will be constant with 
respect to the debond length. Because of that the analytical solution for calculation of 
GII  given in section 2.2 is not valid for short debonds. In this study FEM in 
combination with fracture mechanics concept of virtual crack closure technique [21] 
was used to calculate the magnification of GII  at short debond lengths. The crack 
closure technique states that the energy released due to the debond crack growth by 
dA is equal to the work, which is required to close the newly created surface from 
size A dA back to size A , where dA 2 rf dld . Fig. 2 schematically shows the FEM 
model. 
 
 
 
 
 
 
 
 
 
 
 

Fig.2. Schematic representation of the axisymmetric FEM model: F - fiber, M - 
matrix. 
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To close the debond crack by ddl  (from ld dld  to dl ) tangential tractions along the 
interface have to be applied. The points at the debonded surface in the region 

ddd dlllz ; , which have relative tangential displacement  
 

)()()( zuzuzu dddd
ddldl dll

mz
dll

fzz    (5) 
 

are moved back to coinciding positions. At the end of this procedure the shear stress 
in point z  is equal to )(zdl

rz , which is the shear stress in front of the crack with size 
ld . Then the work required to close the crack by dld  can be expressed as: 
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Within the virtual crack closure technique it is assumed that due to small value of ddl  
the relative sliding displacement at the tip of the crack with size ld dld  is the same 
as at the tip of the debond crack with size ld : 
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The benefit of this assumption is that only one stress state calculation for a given 
debond length is required. Distributions of the shear stress rz  and sliding 
displacement uz u fz umz  can be conveniently obtained from the FEM solution 
(see Fig. 2). Then, the strain energy release rate GII  can be calculated using 
expression 
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Using FEM based solution the integration is over a finite region, which is probably 
larger than the region where the solution is local (singular). Therefore, strictly 
speaking, the obtained value is not IIG . It depends on the integration region ddl  and 
should rather be called “energy release rate over distance ddl ”.  
 
2.4 Paris law in tension-tension fatigue of SF composites 
 
Tension-tension cyclic loading with load ratio maxmin / mechmechR  is considered in this 
study in presence of constant thermal stresses at fixed temperature change T . Power 
law expression will be applied to describe the debond growth along fiber/matrix 
interface as a function of applied number of load cycles N . We assume that the crack 
surface area A  increases with N  is described by: 
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where: B and m  are unknown parameters, which have to be determined 
experimentally; IIG  is the energy release rate difference between the values 
corresponding to max

mech  and min
mech ; G* = 1 J/m2 is a constant used to obtain 

dimensionless expressions. Debond length, which for circular fiber is related to 
debond surface as ld A /(2 rf ) will be normalized with  respect to the fiber radius 
rf : 
 

fddn rll /      (10) 
 

Thus Eq. (9) can be written in form 
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Obviously *B  is also dimensionless.  
For simulation purposes Eq. (11) was used in an incremental form 
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In Eq. (13) )1(

dnl  is the initial debond length at the start of simulation. 
 
3. Experimental  
 
Tension-tension fatigue experiments were performed in this study on fragmented 
single fiber composites and the debond length ldn  was measured as a function of the 
number of cycles N . 
The manufacturing of test specimens and the fatigue tests were performed at Risø 
National laboratory/DTU (Denmark). The test specimen consisted of a glass fiber 
(diameter d f  = 17 m, P192 sizing) embedded in an epoxy matrix (E6 resin, H6 
hardener, ratio 100:25). Silicone moulds were used for manufacturing of the samples 
and the main dimensions of samples are shown in Fig. 3. Thickness of all specimens 
was equal to 2 mm. 
 
 
 
 
 

Fig.3. Dimensions (in mm) of the fatigue test specimen. 
 
The samples were cured at room temperature for 24 hours with post-curing step at 80 
°C for 4 hours. Due to the difference in thermal expansion coefficients between the 
fiber and the matrix, cooling down from the post-curing temperature to room 
temperature causes compressive stresses in the fiber. To compensate for it, the fiber 
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was pre-stressed prior to mould filling using 7g of weight suspended at each end of 
the fiber. In this way fiber break in the SFF specimen was obtained at much lower 
strain levels than without pre-load. Lower strain levels are preferable to avoid 
specimen fracture or non-linear behavior of the epoxy resin matrix. In the strain 
energy release rate calculations the pre-stress was accounted for by introducing 
additional thermal load which leads to an equal value of the fiber axial stress, see 
Section 5.1. 
Each specimen was subjected to increasing tensile load and the first break of the fiber 
was detected using acoustic emission. The applied strain was determined using image 
analysis - reference points were drawn on the sample surface and the increase of the 
distance between these points during loading was measured. Images were taken with a 
digital camera attached to an optical microscope. 
The average strain at the event of fiber break 1st  was determined and it was equal to 
2.2 % . 
Then tension-tension cyclic loading with frequency f  = 2 Hz and R = 0.1 was 
performed using Instron testing machine under load control. Two different values of 
maximal strain level were studied: 1) 1.76 %; 2) 1.32 %. The mentioned strain levels 
correspond to approximately 80% and 60 % respectively of 1st , where 1st  is the 
average stress at the occurrence of the first fiber break. After certain number of 
cycles, the specimen was removed from the testing machine and moved to a 
microscope to measure the debond length (polarized-light microscopy). Debond 
length (denoted as ld1...ld 4  in Fig. 4) was measured at both sides of the fiber break as 
shown in Fig. 4. The severely damaged fiber region around the fiber break was 
excluded from the debond length measurements. 
 
 
 
 
 
 
 
 
 
Fig.4. Schematic representation of debond cracks growing from fiber break: F - fiber; 

M - matrix; DF - damaged fiber zone around the fiber break; ld1...ld 4  length of the 
measured debond cracks. 

 
Table 1. Basic elastic properties of the constituents. 

 

 
The basic material properties are listed in Table 1. The properties of the E-glass fibers 
( E f , f  and f ) are from fiber manufacturer’s data while the properties of the epoxy 
resin matrix were determined from standard tensile ( Em , m ) and temperature-strain 
tests ( m) in temperature range 27 - 74 °C. 
 
 

Ez
f  [GPa] zr

f  [-] z
f  [1/°C] Em  [GPa] m  [-] m  [1/°C] 

70.00 0.200 4.7·10-6 3.17 0.334 91.0·10-6 
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4. Simulation results and discussion 
 
4.1 GII  for self-similar debond growth – parametric analysis 
 
Shear moduli do not enter the solution in section 2.2. The isotropic fiber properties 
and the thermal expansion coefficient of the matrix m  were as specified in Table 1, 
whereas the matrix modulus mE  and the Poisson’s ratio m  are variables of the 
parametric analysis. The calculated parameters mk  and thk  in Eq. (2) are presented in 
Table 2. 
 

Table 2. Dependence of mk , thk  on Poisson’s ratio, m , and matrix modulus, mE . 

 
  Em  = 3 [GPa] Em  = 3.5 [GPa] Em  = 4 [GPa] 

m  = 0.3 mk  

thk  
0.997427 
1.014151 

0.997011 
1.016443 

0.996598 
1.018716 

m  = 0.35 mk  

thk  
0.996900 
1.013639 

0.996398 
1.015851 

0.995900 
1.018045 

m  = 0.4 mk  

thk  
0.996410 
1.013163 

0.995828 
1.015300 

0.995250 
1.017420 

m  = 0.45 mk  

thk  
0.995953 
1.012719 

0.995296 
1.014785 

0.994644 
1.016836 

 
Table 2 shows that for all relevant combinations of matrix constants the dependence 
of parameters mk , thk  on matrix elastic properties is very weak and without losing 
accuracy these parameters can be taken equal to one. This means that the mechanical 
strain and the thermal expansion strain have equal significance in the strain energy 
release rate expression (2). For isotropic fibers they do not depend on m . These 
conclusions hold also for the carbon fiber case. 

 
4.2 GII  for short debond growth 
  
Using FEM in order to calculate GII  the model is finite but its dimensions should be 
such to obtain distributions of stresses rz  and displacements uz , which are 
representative also for the infinite rm  case analyzed with the analytical model. 
Similarly, in terms of Fig. 2, a suitable size of the model length L f  has to be found to 
prevent interaction between the debond crack tip and the other debond tip 
approaching from the right-hand side (the load application surface in Fig. 2 is in the 
middle of the fiber fragment).  
FEM analysis was performed in [18] for a large debond, increasing in steps the matrix 
radius to fm rr / = 500 and showing that starting from ratio 100 the strain energy 
release rate practically does not change and differs from the analytical solution for the 
infinite case [13] by less than 1%. Details regarding the non-uniform mesh are given 
in [18].Since our glass fiber/epoxy (GF/EP) single fiber composite is similar to the 
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one used in [18], the finding that the outer matrix radius equal to rm 100 rf  and the 
model length equal to L f 200 rf  are optimal to represent the non-interactive 
debond case were also used in this study. 
Constituent elastic properties of the GF/EP composite are given in Table 1. In [18] the 
elastic properties of the epoxy resin were Em  = 3 GPa and  = 0.4. However, 
comparing the calculated GII  values from the present study and from [18], see Fig. 5, 
we can conclude that there is almost no difference. Therefore, the magnification 
coefficients from [18] are applicable also for the case studied in this paper.  
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.5. GII  for GF/EP single fiber composite with constituent properties given in Table 

1 and from [18]. mech  = 1 %, T  = 0 °C. 
 
The accuracy of the obtained magnification coefficient values was investigated in [18] 
comparing the results with values calculated using BEM [9] for the case of a purely 
mechanical loading. The results of both methods were almost identical. 
The quadratic form of the energy release rate GII  with respect to the applied strain 

mech  and the temperature change T  (see Eq. (2)) is also valid for short debonds. It 
can be written as:  
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where 
km km

* (ldn )km , kth kth
* (ldn )kth    (15) 

 
As demonstrated by Fig. 5 the energy release rate GII  is higher for shorter debond 
lengths and approaches a constant plateau value when the debond length is long and 
debond growth becomes self-similar. The coefficients km

* (ldn ) and kth
* (ldn )  in Eq. (15) 

are defined as the magnification coefficients and they are equal to 1 when the debond 
growth is self-similar. 
Coefficients km  and kth  are calculated analytically using Eq. (3) and (4), whereas 
magnification coefficients km

* (ldn ) and kth
* (ldn )  are determined from FEM 

calculations. For the convenience of further simulations it would be desirable to use 
simple mathematical expressions to describe the magnification coefficients km

* (ldn ) 
and kth

* (ldn )  as functions of the debond length. In [18] it was shown that a simple 
hyperbolic function is rather accurate. It was also shown that the magnification 
coefficients are almost identical for the cases of mechanical and thermal loading. 



109 

Therefore )()()( 0
**

dndnthdnm lklklk . The form for k0(ldn ) used here is the same as in 
[18]  
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Table 3 shows the values of the fitting parameters a1, a2 and a3 found in [18]. 
 

Table 3. Values of the fitting parameters in Eq. (16). 
 

1a  2a  3a  
6.984·10-1 -4.454·10-2 7.190·10-4 

 
It was shown in [18] that the calculated magnification of GII  is in excellent agreement 
with BEM calculations [9]. 
 
4.3 Modeling debond growth using power law 
 
We showed in Section 4.1 that coefficients mk  and thk  can be assumed equal to 1 
without losing the accuracy of calculation of GII . Furthermore, in [18] and in Section 
4.2 we showed that the magnification coefficients for mechanical and thermal cases 
are identical, i.e., )()()( 0

**
dndnthdnm lklklk . Hence, using Eq. (14) for the case of 

mechanical tension-tension cyclic loading at fixed temperature, the energy release rate 
range GII  can be calculated as: 
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Now, the IIG  Eq. (17) can be implemented in Eq. (13) and debond growth 
simulations can be performed. The dependence of the growth rate on the fiber radius 
follows (rf )m . Parametric analysis was performed evaluating the significance on the 
debond growth rate of the power law parameters m , B*  and the temperature change 

T . Table 4 shows the values of parameters for the reference case and in Figs. 6 to 9 
these parameters are varied to reveal their significance. 
 

Table 4. Parameter values for the reference case of debond growth simulations. 
 

rf  E f  m  B B*  max
mech  R T  

[ m] [GPa] [-] [m2] [-] [%] [-] [°C] 
8.5 70.00 3 1·10-15 2.2028·10-6 1.0 0.1 0 

 
Results in Fig. 8 demonstrate that the initial temperature change significantly affects 
the growth of the debond crack. As described before, compressive stresses appear in 
the fiber when the composite is cooled down from the manufacturing (stress-free) 
temperature to room temperature ( T  < 0). Because of these compressive stresses, 
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GII  is smaller and the debond growth rate is much slower for the case of T  = -50 °C 
than for T  = -20 °C and T  = 0 °C. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.6. Debond growth simulations with different values of parameter m . 
 
 

 
 
 
 
 
 
 
 
 
 
 

 
 

Fig.7. Debond growth simulations with different values of parameter B* . 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.8. Debond growth simulations with different values of initial temperature change 
T  (°C). 
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5. Experimental results and identification of power law parameters 
 
5.1 Accounting for the thermal and curing stresses and the pre-load 
 
It is well known that the elastic modulus and thermal expansion coefficients of the 
epoxy resin depend on temperature (the former reduces and the latter increases with 
the temperature increase) [22]. However, it is not clear whether in the very beginning 
of the cool-down the stresses develop in an elastic manner or there is a viscoelastic 
stress relaxation. Similar uncertainty is with respect to the chemical shrinkage of the 
matrix during the cross-linking: is it linked with introduction of elastic stresses or is it 
a relatively stress-free process?   
Nevertheless, all calculations in this paper were performed using a linear thermo-
elastic model. As an input the elastic modulus of the matrix measured at room 
temperature (RT) and the average thermal expansion coefficient obtained using 
NETZSCH DIL 402 C dilatometer in the temperature range between RT and 74° C 
were used. In addition, it is suggested that the stresses introduced by chemical 
shrinkage can be accounted for by increased stress-free temperature. 
The use of linear thermo-elasticity has to be validated in tests where the effect of the 
thermal and chemical shrinkage of the polymer is measured in-situ, measuring 
directly the strain in the material of interest or measuring the overall response of the 
system and back-calculating. An excellent technique using the former option, which 
unfortunately is not available in our lab, is based on Raman spectrometry: a sensor 
fiber is introduced in the resin and strain development in this fiber is measured [23].  
In our study we used the latter approach measuring the curvature of a bi-material 
beam at several temperatures. The first material in the beam was a CF/EP 0-layer with 
known thermoelastic properties, manufactured separately. The resin layer was cured 
on the surface of the CF/EP layer. During the curing chemical shrinkage in the resin 
was expected and after the post-curing and the cooling-down the curvature of the 
beam was the summary result of the chemical and thermal shrinkage. 
After that the temperature was increased in steps and the curvature at each 
temperature was determined. Increasing the temperature the obtained curvature versus 
temperature curve was very linear showing that the stress is a linear function of the 
temperature change. The slope of the curve was rather similar to the slope calculated 
using the RT elastic modulus and the average thermal expansion coefficient, 
validating the application of the linear thermo-elasticity as the first approximation.   
The curvature reached zero at temperature about 10°C higher than the post-curing 
temperature. The non-zero curvature at the post-curing temperature was attributed to 
the chemical shrinkage strains developed during the cross-linking. In the linear 
calculation routine these strains can be considered as a part of thermal strains 
introducing a new higher stress free temperature and a higher temperature change 
after cool-down, cureT = -10°C. The obtained value of the stress free temperature 
increase is close to the value 15°C given in [24].  
It has to be noted that due to unavailability of the original material (the thermal 
properties test was designed and performed after the fatigue testing program was 
finished) the Araldite®  LY 5052 / Aradur®  5052 epoxy with similar elastic 
properties was used in the described test. Therefore the values given above should not 
be used for quantification purpose. Based on these experiments, three numerical 
values were chosen for the parametric analysis: Tcure = 0°C (no curing shrinkage), -
10°C and -20°C.To partially compensate for the compressive stresses caused by the 
above thermal and curing shrinkage of the resin, a mechanical pre-load was applied to 
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the fiber, by suspending 7g weight at each end of the fiber prior to mould filling. Thus 
for the given fiber diameter ( d f  = 17 m) the fiber pre-stress was equal to f  = 302.5 
MPa. This stress was accounted for using thermal analogy, introducing additional 
temperature change mechT  which leads to equal axial fiber stress 
 

)( fmf

f
mech E

T     (18) 

 
Using the material properties given in Table 1,  Tmech  = 50.1 °C.  
During the cyclic loading the temperature difference between the post-curing and the 
room (operating) temperature was not changing. Since the post-curing temperature 
was TC  = 80 °C and the operating temperature RT  = 22 °C, we obtain thT  = -58 °C. 
The resultant temperature change, T used in calculations is 
 

mechcureth TTTT     (19) 
 
The  T  cases considered in simulations in Fig. 9 were: T  = -7.9 °C, -17.9 °C and -
27.9 °C.  
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.9. Debond growth simulations with different values of initial temperature change 

T  (°C). 
 
 
5.2 Measurements of the debond length 
 
The experimental measurements of the debond length increase in cyclic mechanical 
loading were performed for three samples denoted further in the text as sample A, B 
and C respectively. Fig. 9 shows that the used variation in T , which reflects the 
unknown variation of chemical shrinkage, may be important in debond development. 
Since the information about chemical shrinkage is not available, in the following data 
reduction it is ignored ( Tcure = 0 °C). For samples A and B max

mech was 1.76 % while 
for sample C max

mech  was 1.32 %. Other loading parameters for all samples were: 
R =0.1, T =-7.9°C, f =2Hz.  
The parameter T  shows the summary effect of the temperature change (see Eq. (19) 
in Section 5.1), f  is the loading frequency. 
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Table 5. Values of parameters m  and lnB* for samples A and B. 
 

Sample m lnB*

A 22.94 -99.72 
B 28.80 -118.60 

 
Typical optical microscopy images of the fiber/matrix debonds taken after a certain 
number of cycles in the case of the applied stress level max  = 80% of 1st  are shown 
in Fig. 10. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.10. Optical microscopy images showing the debond length increase with number 
of cycles in tension-tension cyclic loading: a) N  = 1; b) N  = 1000; c) N  = 5000; d) 

N  = 10000. F - fiber; M - matrix. 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Fig.11. Experimental measurements of debond length in cyclic loading for samples A 
and B. 
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Fig. 11 shows experimental measurements for samples A and B. The horizontal axis 
shows the number of load cycles N  in logarithmic scale. The four measurements for 
each sample in Fig. 11 correspond to the scheme shown in Fig. 4. Compared to 
samples A and B, the debond growth in sample C, for which the applied stress level 
was lower, was much smaller. 
 
5.3 Determination of power law parameters 
 
We will use the power law (11) to analyze the experimental data with two tasks in 
mind: a) to verify whether the power function is suitable for the description of the 
debond growth; b) to find the parameters in the power law if it is applicable. 
Expressing IIG in J/m2 (11) can be written as 
 

dldn

dN
B* GII

m     (20) 

 
The energy release rate range GII  in the power law expression (20) was calculated 
using Eq. (17). In fact, Eq. (17) can be written as a product of two parts: the debond 
length dependent part (applied load-independent) denoted as GII

0 : 
 

4
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and the applied load ( , T ) dependent part denoted as g : 
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f
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Consequently,  
 

GII GII
0 g    (23) 

 
First the validity of the power law with respect to the strain energy release rate change 
in the cycle was verified. Similarly as with the Weibull strength distribution analysis 
the most convenient way is to plot (20) in the log-log axes 
 

gmGmB
dN
dl

II
dn lnlnlnln 0*     (24) 

 
In order to use (24) the derivative of experimental debond length data with respect to 

 is necessary. In this study the derivation was replaced by finite differences as: 
 

2
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     (26) 
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Using the finite differences instead of derivatives in the representation of the crack 
growth rate, the scatter was rather large, see Fig.12 and some deviation from linearity 
at low 0

IIG  (long debonds) was found. As an alternative the experimental debond 
length versus N data were fitted by a smooth (exponential) function and then the 
derivative with respect to N was calculated. Using this method the results in log-log 
axes were similar to the presented here and therefore this approach is not described in 
more details. 
Based on the results in Fig 12 we conclude that the power function is a proper 
function to use. 
The parameters m  and *B  in the power law Eq. (20) are fiber/matrix interface 
properties and their values were determined from the best fit with experimental 
measurements.  
From Eq. (24) the parameter m  can be easily determined from the slope of the linear 
function in Fig 12. The ordinate axis intercept of the plotted linear function is then 
according to Eq. (24) equal to D ln B* m ln g  and thus parameter B*  can be 
calculated from: 

ln B* D m ln g    (27) 
 

The power law parameters according to the abovementioned procedure were found 
for samples A and B. Since power law parameters are fiber/matrix interface related 
properties the parameters determined for samples A and B are expected to be valid 
also for sample C, for which the level of applied mechanical strain was lower. Fig. 12 

shows the plot of ln ldn

N
 vs. lnGII

0  for the samples A and B. Linear fit for each 

sample and the approximation equations are also presented. Each experimental data 
point in Fig. 12 and in the further figures corresponds to the average of four debond 
length measurements ld1, ld 2 , ld 3  and ld 4  shown in Fig. 4. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.12. Linear approximation of ln ldn

N
 vs. lnGII

0  for samples A and B. 
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Table 5 shows the values of m  and lnB* for both samples.  
 

Table 5. Values of parameters m  and lnB* for samples A and B. 
 

Sample m lnB*

A 22.94 -99.72 
B 28.80 -118.60 

 
It is useful to estimate the accuracy of the fitting performed in the log-log axes. Fig. 
13 shows that the overall agreement between experimental data and simulations for 
samples A, B and C is acceptable. It has to be stressed that modeling data for samples 
A and B are self-predictive, while modeling data for sample C were obtained using 
constants from sample A (Table 5). Simulations show that the debond for sample C 
does not grow at this load, which confirms the experimental observation. Using 
constants from sample B in this simulation leads to the same result. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.13. Average normalized debond length ldn  as a function of applied load cycles N  

for samples A, B and C. Experimental and modeling results. 
 
 
 
6. Conclusions 
 
Performing a cyclic tension-tension loading on specimen with single fragmented fiber 
embedded in the resin we measured fiber/matrix debond growth with the number of 
cycles when the maximum load in the loading was 80% of the load at which the first 
fiber break was observed. Debonds initiated by fiber break did not grow when the 
maximum load in the cyclic loading was 60% of the load for fiber break. 
The strain energy release rate in Mode II for debond growth was analyzed combining 
analytical solution in the steady-state region and FEM solution for short debonds. It 
was shown that the steady-state parameters are very insensitive with respect to matrix 
properties.  
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For short debonds the magnification of mechanical and thermal strain energy release 
rates follows the same rule. 
Using the quantified debond length versus number of cycles data it was shown that 
the power law with respect to the strain energy release rate change is applicable for 
debond growth characterization in tension-tension fatigue. Data reduction scheme was 
suggested and parameters were obtained for use in simulations. Simulations showed 
that the obtained parameters give acceptable predictions for cases, when the debond 
grows as well as when it does not grow. 
Since these parameters are material properties they do not depend on the applied 
loading case. Thus, it is expected that the parameters determined in this study using 
single fiber composites can also be applied for the case of UD composites made of the 
same material system.In such case the energy release rate used in the power law will 
be calculated using the local microstructure, for example the local fiber volume 
fraction and the non-uniformity of the fiber distribution. 
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Abstract 
 
The fiber/matrix interface crack (debond) growth from fiber break in unidirectional 
composite subjected to high stress tension-tension cyclic loading is analyzed. The 
debond growth is simulated calculating the strain energy release rate IIG  by FEM in 
3D formulation and using power law with respect to the IIG  change to describe the 
debond growth rate. Two models were applied. In Model 1 the partially debonded 
fiber/matrix cylindrical unit with a fiber break is surrounded from all sides by 
effective composite. In Model 2 the effective composite was used around the 
fiber/matrix unit except the region between the unit and the specimen surface where 
neat matrix was placed. Calculations show that IIG  is slightly larger when the 
analyzed fiber is close to the specimen surface. The debond growth was simulated 
using interface fatigue parameters obtained measuring debond length in a specimen 
with single fragmented fiber. Simulations show that debonds from fiber breaks close 
to the specimen surface grow much faster than from fiber breaks inside the composite.  
 

1. Introduction 
 
The fatigue performance of unidirectional (UD) composites is usually characterized 
by fatigue - life diagrams analyzed very systematically in [1,2,3]. Three regions in the 
fatigue life diagram have been distinguished analyzing tension-tension cyclic loading 
in the fiber direction. 
 At high loads multiple fiber fracture takes place. In [2] the high strain/stress region 
where the damage is initiated by fiber breaks was described as non-progressive.  
Indeed the scatter band in this region is almost horizontal and a clear dependence of 
the fatigue life on the load level cannot be observed. The fatigue life can vary 
between several cycles and several thousand of cycles. Nevertheless, conceptually the 
dependence on load in this region is obvious. Since the fiber strength is a statistical 
property which, for example, may be described by Weibull distribution [4], the 
number (frequency) of fiber breaks which occur during the first loading cycle strongly 
depends on the load level. Multiple fiber fracture (fragmentation) is possible because 
the load is transferred into the broken fiber through the intact interface. In cyclic 
loading with constant amplitude we usually assume that fibers do not experience 
fatigue and all fiber breaks occur during the first cycle. During cycling debonds start 
to grow along the fiber/matrix interface and this is the main mode of damage 
progression. Finally, the extensive debonding connects the multiple fiber breaks and 
leads to catastrophic rupture of the UD composite. Hence, understanding of the 
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debond growth process in fatigue is crucial for fatigue life analysis in this region. 
Considering the debond as an interface crack its propagation in UD composite has 
been analyzed using fracture mechanics concepts (strain energy release rate based 
criteria) [5,6]. 
The described is a mechanism for very high strains.  In the intermediate load region 
the probability of fiber failure is low and the mechanism of debond growing from a 
fiber break may not be the most typical. For example, in cyclic loading the initiation 
of small matrix cracks between fibers oriented transverse to the fiber direction could 
be the first mode of damage.  When these cracks hit the interface they may further 
grow along the fiber as interface cracks (debonds). Thus, according to this sequence 
of mechanisms the fatigue life is governed by matrix cracking and interface resistance 
to shear loading. 
The two possible mechanisms (debond initiated from a fiber break and debond 
starting from a matrix crack) were analyzed in [7]. The interfacial radial thermal 
stress which forms during the cool-down to room temperature is compressive due to 
larger thermal expansion coefficient of the matrix.  Additional compressive radial 
stresses are formed during the axial mechanical loading due to different Poisson’s 
ratios.  Consequently, there is always a contact between the debonded fiber and the 
resin and the debond growth is in pure Mode II. It was found that the Mode II strain 
energy release rate IIG  for the debond crack growth initiated from a fiber break is 
several orders of magnitude larger than if it is initiated from a matrix crack. The IIG  
decays with the distance if the debond is initiated from a matrix crack but, if it 
initiates from a fiber break, the IIG  approaches to a non-zero asymptotic value and 
the debond growth becomes self-similar. 
Finally, it is often assumed [2] that below a certain cyclic load, called the fatigue 
limit, the existing defects will not grow and the fatigue life is infinite. Certainly, this 
is an approximation. More detailed description of the possible failure scenarios in 
fatigue of UD composites and their dependence on the load level is given in [1,3].  
The present investigation is focusing on the high load region and the debond growth 
from fiber breaks during cyclic loading in UD composite is analyzed. The hypothesis 
used in this paper is that the growth rate of an individual debond can be characterized 
by a power law: the rate is a power function of the strain energy release rate change in 
one cycle. This hypothesis was validated in [8] analyzing the debond growth in 
fatigue in the Single Fiber Fragmentation test (SFF test). It was shown that the 
experimental debond length data in cyclic loading can be described by model based 
on power law. The material parameters in this law were determined by fitting.  
Experimental observation of debond growth as a function of cycles in UD composites 
is a very complex task: using optical microscope a fiber break on the specimen 
surface has to be found, the debond growth monitored and the debond length 
recorded. To authors knowledge there is only one paper [9] available, where the 
length of a debond initiated from a fiber break in a UD composite was measured as a 
function of the number of cycles. These measurements are easier to perform during 
cyclic loading of a SFF test specimen with fragmented fiber. Similar fatigue test on 
model composites with only 2-5 fibers has been reported in [10]. We suggest that the 
cyclic SFF test (or similar test with a small number of fibers) is used to find the 
interface characterizing fatigue parameters in the energy release rate dependent power 
law. Then these parameters can be used to simulate debonding in a UD composite 
made of the same material system. The objectives of this paper are:  
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1) to calculate the energy release rate for debond growth in UD composite 
investigating the dependence on the geometrical position of the broken fiber with 
respect to the specimen surface, the effect of the fiber properties etc. The problem 
does not has axial symmetry and the analysis is 3-dimensional; 
2) to use interface fatigue parameters identified in [8] to simulate the debond growth 
in a composite identifying the most important features. 
The used simple model consists of three phases: a fiber surrounded by matrix and 
embedded in the effective composite with elastic constants calculated using the 
Hashin’s CCA model and Christensen’s generalized self-consistent scheme [11-13]. 
Since a UD composite consists of many fibers the thermal compressive stresses are 
much smaller in a UD composite than in a SFF test. They are not included in the 
presented numerical results. The friction at the interface is also neglected in this 
paper. It has been shown that in quasi-static loading [14,15] the friction reduces IIG  
and hence the debond growth rate is lower. Unfortunately, it is not clear how to deal 
with it in a cyclic loading: the sliding changes direction during one cycle and the 
effect of the friction depends on the loading history.  
 
2. Models for UD composite with broken and partially debonded fiber 
 
The composite with a broken and partially debonded fiber is subjected to mechanical 
axial strain z, see Fig.1. Due to different thermal expansion coefficients of the matrix 
and the fiber and the change in temperature 0T , after manufacturing the fiber in 
the composite is under axial and radial compression. The compressive stresses in the 
undamaged fiber are much smaller than in the SFF test, where the fiber is surrounded 
by a large block of matrix. This difference is easy to understand, if we consider a 
cylindrical unit cell consisting of fiber and the matrix which is used to calculate the 
composite thermal expansion coefficient. In UD composites the volume of the matrix 
approximately equals the volume of the fiber and due to much higher stiffness the 
fiber is governing the thermal expansion. Based on this consideration and due to the 
planed use of experimental data for material system cured at room temperature (RT) 
we ignore the thermal stresses in the following analysis. 
The UD composite specimen is represented by three phases: a) fiber; b) matrix; c) 
effective composite with elastic properties calculated using the Hashin’s concentric 
cylinder assembly model (CCA) [11] and the generalized self-consistent scheme by 
Christensen [12] (for the out-of-plane shear modulus). In the model, see Fig.1, the 
broken fiber of radius fr  is surrounded by a matrix cylinder with an outer radius mr  
corresponding to the fiber volume fraction fV . This unit is embedded in an effective 
composite. If the distance cl  from the fiber axis to the specimen surface is relatively 
large, fc rl 5.2 , the fiber/matrix unit is surrounded with the effective composite 
from all sides including the region between fiber and the specimen surface, see Model 
1 in Fig.1. If the fiber is very close to the specimen surface, fc rl 5.2  we use a 
more realistic assumption that a neat matrix is covering the unit from the top instead 
of the effective composite, see Model 2 in Fig 1. 
In the plane, where the fiber is broken, the fiber surface is traction free. For the matrix 
and for the effective composite we use there symmetry condition. The fiber half-
length is denoted SL and fixed axial displacement is applied to all points in the cross-
section corresponding to the middle of the fiber fragment. 
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Fig.1. Models representing the broken and partially debonded fiber in the UD 

composite: Model 1 - the distance of the fiber center to the surface fc rl 5.2 ; Model 
2 - the distance fc rl 5.2 . 
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The fiber/matrix interface is debonded over distance dl , see Fig.1. For simplicity we 
assume that the geometry of the debond has axial symmetry ( )(fld ) even when it 
is close to the surface. When the analysed fiber is far from the specimen surface, the 
stress state at the interface is close to axisymmetric. Approaching the specimen 
surface the axial symmetry is lost and all components of the stress/strain state become 
dependent on the local angular coordinate .  
Thus, according to Fig.1 a 3D FEM model is required for stress calculations and the 
strain energy release rate is a function of . To simplify the discussion the average of 
the IIG  over  will be calculated and used in discussions. The use of the average IIG  
is consistent with the above assumption that the debond length does not depend on the 
angle. 

 
3. Mechanics of debond propagation 
 
3.1 Power law for debond growth in fatigue 
 
A SFF test specimen with fragmented fiber was subjected to tension-tension cyclic 
loading and the debond length growth along the fiber with the number of cycles  
was recorded in [8]. Comparing the debond growth rate data with the calculated strain 
energy release rate a power law dependence was found. Hence, the following 
expression describes the rate of the increase of the debond surface area dA : 
 

dA
dN

B GII
m

    (1) 
 

where: B and m are the interface fatigue resistance characterizing parameters 
determined in this test by data fitting. IIG  is the strain energy release rate difference 
between values corresponding to the highest, max  and the lowest strain min  in a 
cycle.  
The debond length increment for a circular fiber is related to debond surface 
increment as: 
 

12 fd rdAdl     (2) 
 
3.2 Determination of the strain energy release rate  
 
Interface debond growth related energy release rate IIG  can be calculated by various 
analytical and numerical methods one of them being the crack closure technique 
introduced by Irwin [16]. The crack closure technique states that the energy released 
due to debond crack growth by dA is equal to the work, which is required to close the 
newly created surface from size dAA  back to size A .  
Fig.2 can be used for geometric representation of the further statements. 0z  is the 
axial coordinate of the debond crack tip. 
Closing the debond crack by length ddl  (from ld dld  to dl ) by applying to the part 
of the crack faces tangential tractions in the fiber direction, the points at the debonded 
surface in the region ddlz ,0 , which have relative tangential displacement 



126 

 

 
 )()()( zuzuzu dddddd

z
dll

mz
dll

fz
dll

   (3) 
 

are moved back to coinciding positions. Here and in the following the upper index for 
stress and displacement shows the length of the considered debond. At the end of this 
procedure the shear stress in point z  is equal to xz

ld (z) , which is the shear stress in 
front of the crack with length ld . For the case, when the fiber is far away from the 
specimen surface, the stress state around the interface is axisymmetric, the work 
required to close the crack by dld  can be expressed as: 
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In (4) rz  is the shear stress component relevant to Mode II crack propagation. 
For an angle ( ) dependent 3-D stress state the expression (4) can be rewritten as: 
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Due to the extremely small value of ddl  the distribution of the relative sliding 
displacement in the vicinity of the debond crack tip of the size ld dld  is practically 
the same as at the tip of the debond crack with size ld . Usually the VCCT (Virtual 
Crack Closure Technique) is used assuming that 
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The usefulness of this assumption is that only one stress state calculation for a given 
debond length is required. The strain energy release rate is defined as: 
 

 
dA
dWGII      (7) 

 
where df dlrdA 2 . Thus IIG  can be easily calculated from a single stress state by 
combining equations (5), (6) and (7): 
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The IIG  defined according to (8) represents the average value over all angles and over 
the distance ddl  (if the latter is finite). 
 
 
3.3 FEM model 
 
Axisymmetric FEM models for analysis of the debond growth in the bulk of the 
composite, have been reported in [6,7]. However, for the case, when the fiber is in 
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vicinity of the specimen surface, axisymmetric model is not applicable due to edge 
(surface) effects. In this study 3-D FEM models corresponding to geometrical 
configurations shown in Fig.1 were generated using finite element code ANSYS [17]. 
As shown in Fig.1 only one half of the model had to be generated, taking advantage 
of the symmetry conditions. 
The values of the geometrical parameters Ls and dc  (see Fig.1) were selected based 
on the convergence analysis performed in [6] where it was found that the model 
length Ls 90 rf  and the effective composite size dc 5 rf  are sufficient to 
represent a long partially debonded fiber in an infinite composite. In the present study 
relatively short debond lengths were studied ( ffd rrl 45.1 ), therefore the total 
length of the model equal to fS rL 30 was used in calculations. 
Contact elements were used on the fiber and matrix surfaces in the debonded region. 
The model was meshed with mesh refinements near the tip of the debond crack in 
order to ensure accuracy of stress and displacement distributions which are needed for 
GII  calculations.  
Since the VCCT was used for GII  calculations, the finite element mesh refinement 
was optimized for the chosen integration length. Fig.2 shows the detail of the FEM 
model, including the length of integration dld . In all calculations performed in this 
study the length of integration region was equal to dld 1 rf , which was selected 
based on analysis in [6,] and the accuracy was verified comparing with boundary 
elements in [14,18]. This value is assumed to be sufficiently small (actually it should 
satisfy condition dld 0) and at the same time sufficiently large to obtain accurate 
stress and displacement distributions. 
Distribution of displacement zu  and shear stress rz  were obtained by performing 
post-processing (path operations) in ANSYS. Since non-axisymmetric stress state was 
studied, pre-defined paths were generated along the whole circumference of the 
fiber/matrix interface. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.2. Detail of the FEM model used for IIG  calculations. F – fiber, M – matrix, C – 

effective composite. 
 
To facilitate the path operations, the finite element mesh was uniform along the 
circumference. Code comprising Eq.(8) in a discretized form was generated for 
convenience of calculations. Although the stress state close to the composite 
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specimen surface is not axisymmetric, for simplicity we assume that the geometry of 
the debond has axial symmetry ( )(fld ).  
 
4. Material properties 
 
Two different UD composites were studied – carbon fiber/epoxy matrix composite 
(CF/EP) and glass fiber/epoxy matrix composite (GF/EP). The properties of the 
composite constituents are given in Table 1. 
 

Table 1. Elastic properties of constituents. 

Material LE  TE  LTG  LT  23  
[GPa] [GPa] [GPa] [-] [-] 

CF 500 30 20.00 0.2 0.45 
GF 70 70 29.20 0.2 0.20 
EP 3 3 1.07 0.4 0.40 

 
The thermo-elastic constants of the undamaged CF/EP and GF/EP composites 
(effective composite phase properties) except the transverse shear modulus 23G  were 
calculated using the Concentric Cylinder Assembly (CCA) model introduced by 
Hashin [11]. The transverse shear modulus was obtained from the out-of-plane shear 
modulus calculated using Christensen’s self-consistent model [12]. Only one fiber 
volume fraction equal to 5.0fV  was studied in this paper. Fiber radius was for all 
cases, unless stated differently, equal to 4fr m. Debond growth simulations in this 
paper were performed for GF/EP composite with interface fatigue parameters 

94.22m and 53* 1023.2B  taken from [8]. The elastic properties of glass fibers 
and epoxy matrix in [8] were very similar to those in Table 1. 
 
5. Results and discussion 
 
Determination of the stress state and the strain energy release rate using the VCCT 
was performed as described in Section 3. The presented IIG  is calculated using 
Eq.(8), which includes integration over the angular coordinate . Therefore the 
presented IIG  is an average over all angles and not a value corresponding to specific 
angle. The usage of the average value is consistent with the used assumption that the 
crack front is the circular independent on the debond length. Since the stress state in 
the used models does not have axial symmetry but we are using the average IIG  it is 
of interest to present and to analyse data showing the angular dependence of stresses 
and displacements in the crack front region. 
 In all cases uniform axial displacement uz 0.01 Ls  was applied at the end surface of 
the FEM model (see Fig.2). Results in this Section are presented as functions of 
normalized debond length  dnl  defined as ldn ld rf

1. 
 
5.1 Model 1 
 
As described in Section 2, in Model 1, shown in Fig 1, we assume that the fiber/resin 
unit is from all sides (including the specimen’s surface direction) surrounded by the 
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homogenized effective composite. Figs. 3 and 4 show the strain energy release rate, 
GII  dependence on debond length for CF/EP and GF/EP composites. Similarly as in 
the axisymmetric case analysed earlier in [6, 7] the strain energy release rate GII  for 
debond growth is the highest close to the fiber break (short debonds). With increasing 
debond length dl  the GII  values approach to the value in the self-similar propagation 
region (semi-infinite debond and an infinite fiber). In numerical calculations the self-
similar growth region was not reached due to limited computational resources 
balanced by needs of the 3-D problem with contact elements and stress singularities. 
The range of debond lengths from fd rl 5.1  to fr4 was studied. As it can be seen 
from the trends in Figs. 3 and 4, this range of debond lengths corresponds to 
interaction region and a further increase of debond length will result in smaller values 
of GII . 
Analyzing the dependency of GII  on fiber distance from the specimen’s surface, 
calculations were performed for several values of the fiber depth parameter cl . 
Calculations for CF/EP composite were done for three values: lc  = 10, 15 and 20 m 
and the results are shown in Fig.3.  It can be noted that GII  is consistently higher, 
when the fiber is closer to the surface of the specimen but the difference is not large 
(less than 2%, see Fig.3). The asymptotic value seems to be larger for debonded fibers 
closer to the specimen surface. Since the energy release rate is higher, the growth of 
the interface debond crack will be faster for the fibers, which are closer to the 
specimen surface compared to the fibers in the bulk of the composite. From 
calculation results for CF/EP shown in Fig.3 it can be noted that there is no significant 
difference between results for cases, when fiber distance from surface is lc  = 15 m or 
lc  = 20 m. This distance lc  = 15 m, at which the energy release rate GII  becomes 
almost independent of distance from the UD specimen surface indicates the transition 
from the “close-to-surface” region to the “bulk of composite” region. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.3. Energy release rate GII  as a function of the normalized debond length ldn  for 
CF/EP according to Model 1. lc  values are in m. 

 
The results in Fig. 4 for  GF/EP composite shown for cl  = 10 m and 15 m confirm 
these trends. 
 



130 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.4. Energy release rate GII  as a function of the normalized debond length ldn  for 
GF/EP according to Model 1. lc  values are in m. 

 
Observing Fig.4 the approaching to the respective asymptotic value seems to be 
slightly faster, if the distance cl  from the specimen surface is smaller. This trend is 
less pronounced in CF/EP case, see Fig.3. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.5. Shear stress  rz  distribution according to Model 1  in front of the tip of the 
debond crack for CF/EP. Angular coordinate 180 , lc  values are in m. Debond 

length fdn rl 5.1 . 
 
In the transition region and closer to the specimen surface the stress distribution in the 
top and in the bottom points of the interface may be different. To analyze the 
interfacial shear stress rz  and axial displacement zu  dependence on the distance 
from the composite surface cl  and on the angular coordinate , the results are 
presented in two different forms: a) dependence on the distance cl   at =180° (this is 
the closest point to the specimen surface); b) dependence on  for fixed value of cl . 
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The dependence on cl   at =180° is shown in Figs. 5 and 6 for CF/EP and GF/EP 
respectively. In this location there is a very small (almost negligible in the presented 
scale) dependence on the distance lc  within the observed range from lc  = 10 to 20 m. 
The difference in stresses in this location does not exceed 1%. The difference for 

<180° is even smaller. 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

 
Fig.6. Shear stress rz  distribution according to Model 1  in front of the tip of the 
debond crack for GF/EP. Angular coordinate 0 , lc  values are in m. Debond 

length fdn rl 5.1 . 
 

To inspect the deviation from axial symmetry as the distance from the specimen 
surface decreases, the dependency of shear stress rz  distribution on the angular 
coordinate  was investigated.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.7. Shear stress rz  distribution according to Model 1 in front of the tip of the 
debond crack for CF/EP. The distance from the surface lc 10 m. Debond length 

fdn rl 5.1 . 
 

In Figs. 7 and 8 stress distributions at 3 different angular directions  = 0°, 90° and 
180° are presented for CF/EP and GF/EP respectively. The results confirm that the 
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dependence of the shear stress rz  distribution on the angular coordinate  is very 
weak, which means that the axisymmetric approximation in this region still would be 
acceptable. The same can be concluded from analysis of displacement distributions 
shown for CF/EP in Fig. 9. These conclusions are consistent with the calculated small 
(2-3%) change of the IIG  when cl  changes from 20 to 10 m (see Figs.3 and 4). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.8. Shear stress rz  distribution according to Model 1 in front of the tip of the 
debond crack for GF/EP. Distance from the surface lc 10 m. Debond length 

fdn rl 5.1 . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.9. Axial displacement uz  distribution According to Model 1 behind the tip of the 

debond crack for CF/EP. lc  values are in m. Debond length fdn rl 4 . 
 
5.2 Model 2 
 
When the distance from the composite surface lc  is too small to have an additional 
fiber on the top of the analysed debonded fiber, the use of the effective composite on 
the top of the fiber/matrix unit assumed in Model 1 is not justified. It is more probable 
that the unit is covered with a neat matrix region and not with the effective composite. 
Thus the transition point from Model 1 to Model 2 may be estimated as ffc rrl 2   
(neglecting the size of the matrix zone in the unit). According to this estimate the case 
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with cl =10 m analysed above using Model 1 should as well be analysed using 
Model 2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.10. Energy release rate GII  as a function of the normalized debond length ldn  for 

CF/EP calculated using Model 2. lc  values are in m. 
 
The strain energy release rate IIG  according to Model 2 was calculated in the range of 
lc  from 6 to 10 m. The results for CF/EP and GF/EP composites are presented in 
Figs. 10 and 11 respectively. The trends are similar as using Model 1 but it seems that 
the approaching to the asymptotic value with increasing debond length dnl  is slower 
than according to Model1 (compare with Figs.3 and 4). It could be related to more 
efficient stress transfer when the debonded fiber is surrounded by a stiffer effective 
composite. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.11. Energy release rate GII  as a function of the normalized debond length ldn  for 

GF/EP calculated using Model 2. lc  values are in m. 
 
For both composites the IIG  values slightly increase, when the debonded fiber is 
closer to the specimen surface. However, similarly as using Model 1 the difference is 
very small (1-2%). Comparing Figs. 3 and 4 with Figs. 10 and 11 one may notice that 
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for the cl =10 m case the range of IIG  change according to both models is different. 
It is larger using Model 1. This difference is much larger in CF/EP composite case, 
where the effective composite has much larger longitudinal modulus than in the 
GF/EP composite. The asymptotic IIG  value for CF/EP composite is much lower, 
when Model 2 is used. For GF/EP composite this difference is much smaller. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.12. Shear stress rz  distribution in front of the debond crack tip for GF/EP 
calculated using Model 2. Debond length fdn rl 5.1 , 6cl  m. 

 
The described changes are related to the change of the model. Now we consider how 
according to Model 2 the distance from the specimen surface (thickness of the resin 
layer on the top of the fiber/resin unit) affects the strain energy release rate due to the 
debond growth.  
 
  
 
 
 
 
 
 
 
 
 
 
 
 

Fig.13. Displacement distribution in front of the debond crack tip for GF/EP 
calculated using Model 2. Debond length fdn rl 5.1 , 6cl  m. 

 
According to Fig. 11 the IIG values are higher when the debonded fiber is closer to 
the specimen surface. In a much smaller extent this trend is observed also in Fig.10 
for short debonds in CF/EP composite. This trend is similar to the observed using 
Model 1. 
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To analyze the deviations from the axial symmetry the shear stress distributions at the 
interface along the axial coordinate are presented in Fig.12 for the GF/EP composite. 
The stress rz  is significantly lower on the upper part of the interface which is closer 
to the specimen surface. It is interesting to note that for angles up to 90° the angular 
dependence is negligible. The trend for the displacement gap zu , shown in Fig.13, is 
similar: the sliding is smaller on the upper part of the interface and  it is almost angle 
independent on the lower part of the interface. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.14. Shear stress rz  distributions for GF/EP calculated using Model 2. 1) 
corresponds to cl =10 m, 2) corresponds to cl =6 m. Debond length fdn rl 5.1 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig.15. Displacement distributions for GF/EP calculated using Model 2. 1) 
corresponds to cl =10 m, 2) corresponds to cl =6 m. Debond length fdn rl 5.1 . 

 
The angular dependence is increasing with approaching to the specimen surface. It is 
demonstrated in Fig.14 for the shear stress and in Fig.15 for the sliding displacement 
presenting distributions for GF/EP at cl =10 m and for cl =6 m. It is important to 
notice that whereas the values on the upper part of the interface for cl =6 m have 
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decreased, the values in the bottom part are slightly higher. This explains why the 
average IIG  in Fig.11 is slightly higher. 
Finally we use the calculated strain energy release rate presented in this Section to 
simulate the debond growth from the fiber break in tension-tension fatigue of UD 
composite using expressions in Section 3.1 and the interface properties given in 
Section 4 for GF/EP composite. In simulations the polynomial fitting was applied to 
the calculated IIG  data (the fitting curves and the polynomials are shown in Fig. 4 for 
Model 1 and in Fig.11 for Model 2).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig.16. Debond growth simulations for GF/EP composite. fr =8.5 m, max

z =1.76%, 
R=0.1. 

 
Initial debond of length equal to fdn rl 5.1  was introduced. In order to compare 
with SF simulations and experimental data from [8], debond growth simulations in 
this paper were performed for UD composite with radius equal to fr =8.5 m, applied 

maximal strain level max
z =1.76 % and with a load ratio between minimal and 

maximal applied strain in one cycle equal to R=0.1. It is known that energy release 
rate G  is proportional to the square of axial strain z . Also, G  is proportional to the 
fiber radius fr . Therefore, the polynomial functions shown in Figs.4 and 11 can be 
recalculated for any applied strain level and any fiber radius. 
The simulated debond length dependence on the number of cycles is shown in Fig. 
16.  
The data points from SFF test and their fit with identified constants is also shown. 
The growth of the debond for the fiber most distant from the surface ( cl =15 m) is 
the slowest. It was calculated using Model 1. For the debonded fiber at the distance 
from surface cl =10 m the simulation was performed using Model 1, where the 
effective composite is between surface, and the fiber/matrix unit and also using Model 
2, where the effective composite is replaced by the matrix layer. Using Model 1 the 
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growth in this case is faster than using Model 2 (actually it gives the highest growth 
rate from all considered). In the case of cl =10 m the debond growth for short 
debonds is with the same rate according to Model 1 and Model 2. With increasing 
debond length the growth slows down faster according to Model 2. The rate there for 
long debonds is governed by the asymptotic IIG value, which is lower, when the 
matrix covers the debonded fiber (Model 2). According to Model 2 the debond around 
the fiber closest to the specimen surface ( cl =6 m) grows faster than the debond at 

cl =10 m. 
It is important to note that a) the debond growth rate is much faster in the single fiber 
fragmentation test specimen subjected to similar loading than in the UD composite; b) 
the slightly higher strain energy release rate for debonded fibers close to the surface 
leads to significantly higher debond growth rate.  
The presented data show that the SFF specimen or similar configurations (for 
example broken fibers close to the UD composite specimen surface) subjected to 
cyclic loading can be suggested for accelerated testing and characterization of 
interfaces in fatigue. 
 
 
6. Conclusions 
 
The fiber/matrix interface crack (debond) growth from distributed fiber breaks in high 
stress tension-tension cyclic loading of unidirectional composites is the analyzed 
progressive micromechanism in this paper. This process is simulated by calculating 
the strain energy release rate numerically in 3-D formulation and using a power law 
with respect to the strain energy release rate IIG  change to describe the debond 
growth rate. 
Two models were applied. In Model 1 the partially debonded fiber/matrix cylindrical 
unit with a fiber break is surrounded from all sides by an effective composite with 
properties calculated with the concentric cylinder assembly model and the 
Christensen’s self-consistent scheme. This model seems to be adequate, when the 
considered fiber is not very close to the specimen surface. In Model 2 the effective 
composite was used around the fiber/matrix unit except the region between the unit 
and the specimen surface, where neat matrix was placed. This model seems to be 
more applicable for fibers very close to the surface.  
Calculations show that IIG  is slightly higher, when the analyzed fiber is closer to the 
specimen surface. However, starting with a distance from the surface equal to two 
fiber diameters the effect becomes negligible. It was found comparing Model 1 and 
Model 2 that for short debonds IIG  from  both models is rather similar. For longer 
debonds Model 1, in which the fiber/matrix unit is separated from the surface by 
matrix layer, gives lower values of the strain energy release rate. 
The debond growth with the number of cycles was simulated using the data for 
interface crack fatigue resistance obtained in [8] using single fiber fragmentation tests 
specimen in cyclic loading. Simulations show that debonds from fiber breaks close to 
the specimen surface grow much faster than from fiber breaks inside the composite: 
the slightly higher IIG  close to the surface leads to significantly higher debond 
growth rate. 
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Under similar loading the debond growth rate in the single fiber fragmentation test 
specimen is much faster than in the UD composite. This implies that the SFF 
specimen or similar model composite or, for example, broken fiber on the UD 
composite specimen surface subjected to cyclic loading can be suggested for 
accelerated testing and characterization of interfaces in fatigue. 
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Abstract 
 
Gradients in lithium ion concentration distribution in a carbon fiber are accompanied 
by non-uniform fiber swelling leading to development of mechanical stresses. During 
lithium deintercalation these stresses may lead to initiation and growth of radial 
cracks in the fiber. The following cycle of intercalation may result in arc-shaped 
cracks deviating from the tip of the radial cracks. These phenomena decrease the 
mechanical properties of fibers if used in structural batteries and reduce the charging 
properties of the battery by decreased diffusivity of lithium ions and by exfoliating 
layers on the fiber surface. The crack propagation and possible damage evolution 
scenarios are analyzed using linear elastic fracture mechanics. The crack geometry 
dependent ion concentration distributions and the elastic stress distributions were 
found using finite element software ANSYS. 
 
1. Introduction 
 
One of the materials with a potential for use as electrodes in lithium-ion batteries is 
carbon fiber. In future structural batteries these carbon fibers will also have a load 
bearing function.  Fiber degradation may also affect the ion diffusivity and the 
number of charge-discharge cycles with high energy efficiency. To ensure the 
mechanical durability of this type of batteries the mechanical degradation 
mechanisms in fibers during service life have to be analyzed to develop guidelines for 
material selection. 
During the intercalation process lithium ions enter the fiber via the interface by 
diffusion process, see Fig. 1a. In the beginning the ion concentration has a gradient 
with high concentration at the fiber surface. The increase of ion concentration in the 
material leads to anisotropic volumetric changes (swelling) in the transversally 
isotropic carbon fiber characterized by two swelling coefficients 3 and 1  in axial 
and radial directions respectively. Due to the concentration gradient the outer region 
of the fiber would have larger free swelling strains than the inner region. Since 
displacement continuity has to be satisfied, internal stresses appear in the fiber, see 
the 1st row in Fig.1b: radial stresses, r , are positive (the outer region by tempting to 
expand more applies radial tractions to the inner part) whereas hoop stresses,  , are 
negative in the outer region and positive in the inner region (attempt of the outer 
region to expand in  – direction is constrained by the inner region which due to 
lower concentration of ions does not expand as much). The only possible (but not 
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very realistic as follows from analysis presented further) damage mode in this step is 
arc crack formation governed by the radial strength of the fiber. At the end of the 
diffusion process the concentration gradient decays and so do all mechanical stresses. 
The radial diffusion process in the fiber as well as in spherical particles has been 
analyzed previously, for example in [1-3] using series expansion obtaining 
concentration distribution as a function of the radial coordinate. The stress 
distribution problem due to described mechanism was solved analytically in a closed 
form. 

Fig.1. Lithium ion diffusion in carbon fiber: a) schematic geometry; b) possible 
modes of mechanical damage. 

 
During the deintercalation, see the 2nd row in Fig. 1b), the outer region loses the ions 
first and would shrink which is constrained by the inner region which is still in the 
swelled state. Equilibrium is reached with outer regions being under tensile hoop 
stresses (compressive  in the inner regions) and compressive radial stresses. 
Assuming a fully reversible charge, at the end of the deintercalation the lithium ion 
concentration goes to zero and the fiber is stress free. 
The presented schematic description is correct under assumption that the surrounding 
mediums have zero elastic properties and do not apply any constraint to the swelling 
and shrinking of the fiber. This may be true in case of a fiber surrounded by liquid 
electrolyte but may become rather different, if the electrolyte is solid and this unit is 
embedded in other solid materials. 
Using the calculated stress distributions, strength based failure criteria have been 
applied in [1,2] to analyze possible sites, time instants and mechanisms of failure. 
These criteria are applicable to identify the possible damage initiation but the damage 
development has to be approached by fracture mechanics methods: small crack has to 
be introduced and its growth analyzed by evaluating the available and the required 
energies for creation of new crack surface. 
In repeated charging and discharging cycles we may expect radial crack initiation and 
growth during discharging (deintercalation) as shown on the 2nd row of Fig. 1b). It 
can start in quasi-static manner from the surface, being arrested when approaching the 
central part of the fiber. The radial growth can continue also in a fatigue manner 
during deintercalation in repeating cycles. 

1) 

2) 

3) 

a) b) 
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In the first approximation we may assume that radial cracks do not influence the ion 
diffusion because it is in radial direction only. Higher order approximation may 
consider the radial crack as a pathway for the electrolyte infiltration meaning that the 
ions could also intercalate the fiber from the crack surface. Such possibility is 
negligible, if the electrolyte is solid or if the viscosity of the electrolyte is high 
because the radial crack opening is extremely small. 
In the initial stage of each intercalation, when the radial tensile stress is high, arc 
cracks can initiate from the tip of the radial crack and propagate in the circumferential 
direction as shown in the 3rd row in Fig 1b. Arc cracks affect the diffusion, shielding 
the ion movement by their open surfaces. In such case the diffusion process does not 
have the axial symmetry and cannot be found analytically by series expansion. 
Obviously, the stress distributions also become dependent on the hoop coordinate and 
can only be found numerically. 
The diffusion process can be very complex, generally speaking, the system to analyze 
contains an electrolyte, where the ion concentration can change and have a gradient 
and the fiber/electrolyte system may be surrounded by other solid materials with 
certain mechanical properties and their own ion diffusion parameters. 
The objective of the presented paper is to analyze the lithium ion diffusion in the 
carbon fiber by numerically solving the time and coordinate dependent diffusion 
problem. The static elasticity problem was solved at selected time instants 
corresponding to certain concentration distribution, the stresses are analyzed. Radial 
and arc cracks were introduced and trends in their growth were analyzed using Virtual 
Crack Closure Technique (VCTT) well known in Fracture Mechanics [4]. 
In this paper we simplify the problem by considering a single fiber in an infinite 
source of ions. The focus is on internal stresses in the fiber due to concentration 
gradients and not to the mechanical constraint of surrounding materials which are 
parts of the structure of the battery. We assume a very low transfer resistance of the 
electrolyte. Hence, the ion concentration in the electrolyte does not change during 
intercalation or de-intercalation. In such case thermal analogy can be used replacing 
the diffusion problem by heat expansion problem. Both thermal and corresponding 
mechanical problems were solved using FEM code ANSYS [5]. 
 
 
2. Theoretical background 
 
2.1 Ion concentration in the carbon fiber 
 
We consider an infinite electrolyte with uniformly distributed carbon fibers 
characterized by fiber content fV . This system can be represented by a cylindrical 
unit cell with a long fiber surrounded by an electrolyte which may have also nonzero 
elastic and swelling constants. During the intercalation lithium ions diffuse into the 
fiber and their distribution along the radial coordinate can be described by 
concentration distribution, which follows diffusion equation 
 

 CD
t
c      (1) 

 
In (1) C  is the relative ion concentration in the fiber with respect to available sites, 

is Laplace operator and D  is diffusion coefficient. In the particular case of a long 
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fiber the diffusion is in-plane and the concentration is a function of r  and   
Therefore  

 2

2

2
11
rr

r
rr

    (2) 

 
If the fiber is undamaged or if cracks are in radial direction, the diffusion is in radial 
direction only and the concentration does not depend on  and the second term in (2) 
is zero. 
In such case the ion concentration dependence on the radial coordinate has a closed 
form analytical solution. Eq.(1) is a particular case of a more general equation [6,7]. 
The form (1) is obtained under assumption that lithium-lithium interactions (effect of 
intercalate activity coefficients 1 ) inside the fiber may be neglected leading to 
approximation 
 

 0
)(ln
)(ln 1

Cd
d      (3) 

 
At the fiber surface frr  we require that the ion flux N  is related to the local 
current density in the electrolyte 
 

 
F
iN      (4) 

 
The flux at the fiber surface according to [3,7] under assumption (3) is 
 

  CDcN 0      (5) 
 
In (5)  is the gradient operator, which at the fiber surface has only the radial 
component 
 

 
rr      (6) 

 
In (6) 0c  is the total site concentration in the host material (the maximum 
concentration of lithium ions inside the fiber, if all sites would be occupied). For the 
current flow we use expression from [1] 
 

 )()()1( )1( IIII VUVfVUVf eCCeFki    (7) 
 
where 
 

  ac kkk 1      (8) 
 
In (8) ck  and ak  are cathodic and anodic rate constants,  is the symmetry factor, 
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TRFf g/  with F  being Faraday’s constant, gR - universal gas constant and T - 
temperature. 
These expressions are valid under assumption that the electrolyte is well mixed and 
the transport resistance in the electrolyte is zero (no lithium ion concentration 
gradients in the electrolyte). Substituting (5) and (7) in (4) we obtain [1] boundary 
condition at the fiber surface 
 

0))(( ''
Rca CCkkCDc  at frr    (9) 

 
Here new constants are introduced as follows 
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Parameter RC  has a meaning of saturation concentration of ions in the fiber.  
Introducing normalized coordinate and time 
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the diffusion Eq.(1) and the boundary condition (9) can be written in dimensionless 
form  
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   (13) 

 
Operators with index x  are defined according to (2), (6) replacing r  by the 
normalized radial coordinate x . 
By this procedure all unknown parameters listed above are reduced to one unknown 
parameter B (Biot constant). Varying this parameter from zero to infinity we can 
cover all possible combinations of parameters, '

ck , '
ak , D , 0c  and fr .  

As an initial condition for intercalation we assume that at 0t  the concentration is 
zero 
 

 0)0,( trC      (14) 
 
Since the diffusion problem is linear, we can assume 1RC  when calculating the 
concentration distribution during intercalation. Concentration distribution for other 

RC  values is obtained by simple multiplication. During deintercalation the 
electrochemical parameters change thus affecting the RC  and B  values. As an 
extreme case we assume in calculations 0RC   and vary the Biot constant B  in a 
large region. The initial condition in this case is 
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 1)0,( trC      (15) 

 
      
2.2 Stress distribution in the carbon fiber 
 
The equilibrium equations for this loading case with all shear stress components equal to zero 
is 
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 constzz 0     (19) 
  
Plane strain solution is obtained, if 00z , generalized plane strain solution corresponds to 
the case, when constz  obtained from requirement that the axial force is equal to zero. 
 
Stress–strain relationships for transversally isotropic fiber (index 1,2 and 3 correspond 
to r ,  and z directions) are 
 

 
1

12

13

31
01

1
EEE

Cc rzr    (20) 

 

 rz EEE
Cc

1

12

13

31
01

1
   (21) 

 

  
1

31

1

31

3
03

1
EEE

Cc rzz   (22) 

 
In (20)-(22) i , zri ,,  are swelling coefficients of the fiber in the main directions. 
Obviously the diffusion problem and the elastic problem are decoupled. We can first find the 
concentration distribution using (12), (13). The concentration distribution does not depend on 
the elastic stress state. The concentration distribution ),,(rC  is used as an input in the 
elastic problem, which can be solved at any arbitrary instant of . The equations (16)-(22) 
together with proper boundary conditions on the fiber surface have to be used to find the 
stress-strain state. If the electrolyte does not constrain the deformation of the fiber (the 
electrolyte elastic modulus is very low) the traction free boundary conditions may be applied 
at frr  (or 1x  using the normalized coordinates). If the elastic modulus of the 
electrolyte is high enough to constrain the fiber deformation, we have to solve a two body 
problem with stress and displacement continuity conditions between both domains. 
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2.3 Thermo-mechanical analogy 
 
As described above, when solving the diffusion problem we can select  1RC . In 
result the ion concentration in the fiber will vary between 0 and 1. The concentration 
profiles for other values of  RC  are proportional to calculated and can be obtained by 
simple multiplication. 
Similar conclusions apply to the elastic stress problem: elastic stresses for cases when 

1RC  can be obtained by multiplying the obtained stress state by RC . Performing 
parametric analysis we do not need to consider separately parameter RC  and 
parameters  i , zri ,, . In the stress expressions the ion concentration C  is always 
multiplied by swelling coefficients i , zri ,,  and by 0c .  
The mathematical description of the concentration distribution (12), (13) is the same 
as for heat conduction problem with convection boundary conditions: parameter B  
has the meaning of the heat –transfer coefficient, C  is analogous to the temperature 
distribution and RC  is the value of temperature in the surrounding medium, see [8]. 
This analogy can be used to employ commercial finite element (FE) codes (ANSYS 
[5] in the presented paper) to find concentration and stress distribution. 
In ANSYS the thermal-diffusion problem analogy can be used only in problems with 
single domain or if the condition in form (13) is applied to the outer boundary. In 
multiple domain problems the interface conditions between domains for temperature 
cannot be formulated in terms of (13): temperature in the contact points of two bodies 
is with zero temperature difference. This limitation does not affect the current 
investigation where the diffusion problem is solved in a single domain consisting of a 
fiber with conditions (13) applied on the fiber surface. 
 
2.4 Fracture mechanics approach 
 
By stress analysis we can identify the most critical time instants and positions, where 
the fiber damage may initiate as affected by parameters and loading cases. To follow 
the growth of a certain damage entity (crack) we have to introduce it in the model as a 
geometrical surface with certain length and orientation. After that the energy based 
criteria can be used to analyze the growth conditions quantitatively, see Fig. 2 at the 
end of this Section for more details.  
In Fig.3a a part of the fiber with a radial crack of length rl  is shown ( 1,0rl ). As 
described above during deintercalation the crack is open due to positive hoop stresses 
and its further growth in the radial direction by rdl  is possible. The propagation is in 
pure Mode I (opening mode) and it is governed by Mode I energy release rate )(xGI . 
In Fig.3b an arc crack of length l  has initiated from the tip of the radial crack of 
length rl  and conditions for its further growth in the hoop direction by dl  have to be 
analyzed. In this case the axial symmetry is lost and the crack propagation is under 
mixed mode conditions (both shear stresses and radial stresses are singular at the 
crack tip and relative crack face displacement has opening as well as sliding 
components). 
In quasi-static conditions the used fracture mechanics criterion for crack propagation 
is  
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 cGG      (23) 
 
In (23) G  is the total energy release rate and cG  is its critical value, which is material 
constant. It has to be noted that: a) G  may be mode mixity dependent; b) due to 
anisotropic fiber structure G  may be different for crack growth in the radial and in 
the hoop directions (without regarding the stress state differences).  
In fatigue loading one can assume that the crack growth may be governed by a power 
law similar to Paris law in fatigue of metals 
 

 mGA
dN
dl )(     (24) 

 
In (24) A , m  are material constants, minmax GGG  is the change of the strain 
energy release rate between state where it is the highest and the state where it has 
minimum. 
The strain energy release rate contains two components IG  and IIG  corresponding to 
the opening and sliding modes respectively 
 

 III GGG      (25) 
 
Each of these components can be calculated using the VCCT, which is based on the 
assumption that the energy required to create a unit of a new crack surface,  is equal 
to the work to close this unit surface. Using the Crack Closure technique (CCT) the 
work is calculated using stresses in the front of a crack of size l  and the relative crack 
face displacements are taken from crack of length dll . Fig.2 schematically shows 
the distribution of stresses and displacements in the case of opening mode. To avoid 
necessity to perform calculations for two slightly different crack lengths (one for 
stresses and one with slightly longer crack for displacements) in the VCCT it is 
assumed that the displacement distribution at the tip of the crack which is 
infinitesimally longer is the same as for the initial crack size. The calculation 
expression for Mode I is 
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In (26) index T  is used for the direction transverse to the crack surface, coordinate y  
is along the crack propagation direction (see Fig.2). 
 
 
 
 
 
 
 
 

Fig.2. Schematic representation of stress and displacement distributions for Mode I 
propagation. 
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3. FEM model 
 
3.1 Model and the calculation procedure 
 
Based on the thermal analogy described in Section 2.3, FEM models were created to 
calculate transient ion concentration and mechanical stress distributions in an 
undamaged and in a damaged carbon fiber electrode. FEM software code ANSYS 
version 13.0 [5] was used to perform all calculations.  As demonstrated in Fig.3 to 
Fig.5 a two phase (fiber and matrix electrolyte) model was generated to account for 
the possible mechanical interaction between the fiber and the surrounding electrolyte. 
The models shown in Fig.3 to Fig.5 are 2-D transversal representation of the problem. 
For undamaged fiber case an equal alternative to the transversal model described here 
would be a 2-D axisymmetric model (with fiber axis being the center axis). However, 
in this study we also account for the damage (cracks) in the fiber due to which the 
axial symmetry of the problem is lost. The 2-D elements were assigned to plane strain 
behavior. 
The ion concentration-mechanical stress problem was solved in two steps. First the 
transient ion concentration problem was solved by generating the carbon fiber phase 
and applying the convection boundary condition (Eq (13)) directly on the outer fiber 
surface. In other words, solving the diffusion problem the effect of the electrolyte is 
presented by boundary condition (13). Application of this convection boundary 
condition implies that the constant B , and the saturation concentration in the fiber 

RC  are specified (Eq.(13)). As explained before, the parametric analysis in this study 
is reduced to one parameter, B , therefore the values of other parameters necessary to 
perform the thermal analysis such as specific heat and density were set equal to 1. 
According to the theoretical expressions in Section 2, the results depend only on one 
parameter, that is the Biot number B . If we also assume that the cathodic and anodic 
rate constants '

ck  and '
ak  remain unchanged, the change in B  according to (13) is 

caused by different values of diffusivity D  and the time scales, see (11) is different 
(the diffusion problem is solved using the normalized time ). This becomes 
important if we want to compare results between several cases at distinct time 
instants. According to Eq.(11) the relation between normalized times for cases with 

1D  and 2D  is 2121 )( DD . This relationship will be used to recalculate all results 
to the same normalized time. The real time t  can be calculated only if the real value 
of diffusion coefficient D  is known. 
The initial conditions on all nodes of the fiber were specified by (14) or (15) for 
intercalation or deintercalation respectively. For each case, the ion concentration 
distribution at selected time instants was saved in the results database in ANSYS. In 
the second step the mechanical problem was solved. The matrix phase was added to 
the fiber phase and the elastic properties of both phases were defined.  Stress 
distributions were found corresponding to selected instants of time with given 
concentration distribution. 
 
3.2 Model without damage 
 
Taking the advantage of the symmetry of the problem, only ¼ of the total transverse 
FEM model is needed to perform calculations.  
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Fig.3. FEM model. 
 
Two cases were analyzed: Case 1 with the Biot constant B =500 and Case 2 with 
B =5. The relation between diffusion coefficients for Cases 1 and 2 is then the 
following: 21 01.0 DD . 
 
3.3 FEM model with radial cracks 
 
According to the discussion in Introduction, the first damage in the fiber may be in a 
form of radial cracks forming at the surface of the fiber. Fig.4 shows the geometry of 
the FEM model with radial crack of length rl . Dependent on the stiffness of the 
surrounding electrolyte the crack at the fiber surface can be open (surface crack) or 
closed (the case of a crack closed at the fiber/electrolyte interface is shown in Fig. 
4b). The opening of the radial crack close to the interface between the fiber and 
matrix ( frr ) depends on the stiffness of the matrix, mE . It approaches to the 
opening of a surface crack when matrix modulus approaches to zero. The FEM model 
was used to calculate the energy release rate related to the growth of this crack 
towards the center of fiber. The crack face position corresponds to the angular 
coordinate of 4/ . Due to the symmetry conditions on the horizontal and on the 
vertical axis the fiber in this model has four cracks. Interaction between them is not 
investigated in this paper. Appropriate mesh refinement was used in vicinity of the 
crack tip as shown in the detail in Fig.4. The representation of the crack geometry in 
Fig.4b is schematic and it illustrates the deformed state.   
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Fig.4. a) FEM model for calculating the radial crack growth related energy release 
rate b) schematical representation of a radial crack. 

 
Since the ion diffusion is in radial direction, it is not affected by the presence of the 
radial crack. When solving the elastic problem contact elements were generated on 
the crack surfaces to prevent mechanical interpenetration. The energy release rate was 
calculated using the VCCT based routine implemented in ANSYS version 13.0 [5]. 
For 2-D geometries, this routine allows calculation of Mode I and Mode II energy 
release rate. The routine requires definition of a local coordinate system at the tip of 
the crack specifying the crack extension direction and the crack plane normal. Since 
the radial crack shape in the FEM model is straight, a Cartesian system was defined as 
the local crack tip coordinate system. 
 
3.4 FEM model with arc cracks 
 
Following the scenario previously described in the Introduction, arc cracks may 
deflect from the radial cracks. FEM model that was used for calculating the energy 
release rate related to growth of the arc cracks is shown in Fig.5. As shown in the 
detail in Fig.5b the length of the previously formed radial crack is rl , its angular 
coordinate is 4/ , while l  is the arc length of the arc crack, which is assumed 
to grow in circumferential manner along the arc with radius ( rf lr ), symmetrically 
with respect to the radial crack. Due to applied symmetry conditions the model 
corresponds to four radial cracks with arc branches. As in Fig.4b, also in Fig 5b the 
representation of the crack geometry is schematic and illustrates the deformed state. 
Contact elements were generated on all crack surfaces including the initial radial 
crack surface to prevent interpenetration. 
As in the case of radial cracks (see Section 3.3.), the calculation of the energy release 
rate for arc cracks was also performed using the VCCT based routine implemented in 
ANSYS. In this case, since the crack is in the shape of an arc, a cylindrical coordinate 
system was defined as the local crack tip coordinate system. 
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Fig.5. a) FEM model for calculating arc crack growth related energy release rate, b) 
schematic representation of an arc crack.  

 
 
4.Results and discussion 
 
4.1 Input parameters 
 
The input values of elastic and swelling parameters for the reference case are shown 
in Table 1.  
 

Table 1. Elastic properties of constituents for the reference case calculation. 
fE3  fE1  fG31  f

31  f
12  R

f Cc03  R
f Cc01  mE  m  

[GPa] [GPa] [GPa] [-] [-] [-] [-] [MPa] [-] 
300 30 20 0.2 0.45 0.009 0.1 1 0.3 

 
Subscript f  in Table 1 denotes fiber properties. Apart from the reference case, the 
stress distributions were also calculated for a case with matrix elastic modulus equal 
to mE = 100 MPa. 
The axial free swelling strain in Table 1 was obtained by extrapolating the data from 
[9]. In [9] the swelling strain R

f Cc03  of approximately 0.003 was experimentally 
determined and it corresponded to measured capacity of 135mAh/g at 1 hour charge. 
In [10] it was shown that for PAN based IMS65 carbon fiber electrodes the capacity 
can be increased by up to 3 times when charging slower, meaning that more lithium 
ions can be intercalated leading to higher swelling. Thus, based on these values, the 
longitudinal swelling coefficient was assumed R

f Cc03  = 0.009 to account for 3 times 
higher axial swelling than measured in [9]. Swelling in transversal direction was 
assumed R

f Cc01 =0.01. Although atomic scale experimental data for expansion of 
interlayer distance in carbon fibers due to lithium ion intercalation are available (see 
for example [11] using X-Ray diffraction), the macroscopic transverse swelling 
coefficient for carbon fibers has not yet been presented in the literature. 
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4.2 Stress distributions 
 
In Figs.6 and 7 distributions of ion concentration, radial stress r , tangential stress 

 and axial stress z  are presented for Cases 1 and 2. The results in Figs.6 and 7 are 
presented in the same time scale and are directly comparable: the various instants of 
the normalized time are calculated as iit 21

* 01.0 . 
 
 

 
Fig.6. Concentration and stress distributions during intercalation for Case 1 ( B =500). 

 
Fig.7. Concentration and stress distributions during intercalation for Case 2 ( B =5). 
 
At fixed time instants the concentration distribution for the Case 1 (Fig.6) has higher 
gradients than for the Case 2 (Fig.7) because the diffusion coefficient for the Case 2 is 
100 times higher than for the Case 1 ( ii DD 21 01.0 ) and the diffusion is much faster. 
The higher gradients in concentration result in higher values of the stress components 
in Fig.6 compared to Fig.7. For an undamaged fiber the concentration profiles and 
stress distributions coincide with the analytical series expansion solution presented in 
[1]. During intercalation the radial stress is positive with the maximum on the fiber 
axis. It seems from Fig. 6 and 7 that the maximum values of r  are slightly higher for 
the reference case with B =500. This result should be treated with a caution because 
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the shown time instants were not selected to present the stress maximum. In the 
central region the hoop stress   values are similar to the radial stress values. In the 
interface region they are almost two times higher but they are compressive. Hence, 
the only damage mode that could be expected to initiate in the intercalation phase is 
cracks in the central region because of combined action of radial and hoop stresses. 
The values of these stresses are relatively not high and the probability of this damage 
mode as compared with other possibilities described below is low. 
The extremely high compressive axial stresses in Figs.6 and 7 are due to the applied 
constraint of the plane strain condition that was used in calculations. Fig.8 shows that 
using a generalized plane strain condition we obtain much lower axial stresses. In this 
case the average axial stress in the fiber is almost zero (matrix with assumed zero 
swelling coefficient is responsible for the very low negative value). The axial stresses 
are still high but they are below the typical values for tensile and compressive 
strength of these materials. Fig.8 a and b also prove that the conditions at the fiber 
ends (plane strain or generalized plane strain condition) does not influence the radial 
and tangential stress distributions.    
 
Table 2. Parametric analysis of dependency of stresses on matrix elastic modulus mE

Vf Em *t  r (x=0) r (x=1) (x=1) z (x=1)
[-] [GPa] [-] [MPa] [MPa] [MPa] [MPa] 
0.3 1 25 38.47 0.00286 -54.11 -2656.20 
0.3 100 25 38.00 0.1262 -54.58 -2656.40 

Fig.8. a) radial stress r  distribution, b) tangential stress  distribution, c) axial 
stress z  distribution for plane strain and generalized plane strain conditions. 

 
Results presented in Fig. 6 and 7 correspond to intercalation. During deintercalation 
(assuming 0RC ) the initial concentration distribution is uniform with 1C , 
lithium ions start to leave the interface region and the final value of the concentration 
is zero. The concentration distribution dependence on time for this process can be 
obtained from data in Fig.6 and Fig.7 by creating a mirror picture with respect to the 
axis 1C  and shifting the result by one unit down in the vertical direction. The 
stresses distributions in Fig.6 and Fig.7 are just changing sign. 

a) b) c) 
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Hence, the high hoop stresses  become positive and since they are roughly two 
times higher than the tensile radial stress during intercalation, we can expect that the 
first damage event will take place during the deintercalation. The damage mode will 
be radial crack under Mode I conditions (due to assumed symmetry). 
The possible effect of the electrolyte elastic properties on the stress distributions and 
on the presented conclusions was investigated by changing the elastic modulus of the 
electrolyte from 1 MPa to 100 MPa. Results of this study are summarized in Table 2. 
The only noticeable relative stress change is for the radial component at the interface: 
from being negligible it becomes small. Since it does not influence the stress 
distribution and the sequence of events in any noticeable way, in following 
calculations the value mE =1MPa was used. 

4.3 Radial crack growth 
 
The concentration distributions obtained from the FEM model with radial cracks 
(Fig.4) are identical to distributions from a FEM model with the undamaged fiber 
(Fig.3). It is due to the geometry of the model and the used boundary conditions 
which govern that the flux has only the radial component; therefore radial cracks do 
not interrupt the flow. 
The conditions for the radial crack growth were analyzed using the model described 
in Section 3.3. Results are presented for Case 1 only ( B =500). Fig.9 shows Mode I 
energy release rate G in J/m2 for radial crack growth during deintercalation. The 
presented results were obtained taking the fiber radius fr =1 m. The curves in Fig.9 

each correspond to normalized time dt 1
* . According to results plotted in Fig.9a in 

the beginning of deintercalation the IG curves are monotonously decreasing with the 
radial crack length rl . One can visualize the presented curves as evolution of one 
curve which is changing its values and shape with the time. 

Fig.9. IG  in J/m2 for radial crack growth during deintercalation for the Case 1 
( B =500). 

lr
0 

GC 
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In the beginning ( 5.2*t ) this curve has growing values in increasing time instants, 
after that the values at the same rl  are decreasing. If the radial crack would grow in a 
quasi-static manner based on criterion (23) with a constant cG , the description of 
events is as follows. Assuming a certain initial crack length 0

rl  , see Fig.9a, this crack 
will start to grow at the time instant when the IG  curve corresponding to the reached 
concentration distribution crosses the horizontal cG  curve in the point 0

rr ll . Since 
in this part of the deintercalation the IG  curve is growing with the time the cross-
point with cG  curve is moving with the time to the right, which means that the radial 
crack is growing. As described above, after reaching 5.2*t  the IG  curve starts to 
decrease, which means that the cross-point is moving to the left. This means that the 

IG  value for the reached cracks length is lower than cG  and the crack growth stops. It 
will not grow further in the following intercalation-deintercalation cycles. 
If the cG  value is very high,  the IG  curve will never cross the cG  curve and the 
radial defect will never grow in a quasi-static manner.  However, in this case the 
radial crack can grow during the many applied cycles of charging and discharging as 
the result of fatigue, which may be governed by (24).  Since this process is related to 
the change of the strain energy release rate G , it can be better described using 
Fig.9b.The G  during one cycle is different for each crack length. It is calculated as 
the difference between the maximum and the minimum (which is zero) in the IG  
curve in Fig.9b). According to (24) the G  value determines the rate of the crack 
growth. For short radial crack G  is large and the crack growth rate with the number 
of deintercalation cycles will be high. With increasing radial crack length G  reduces 
and the growth rate will slow down and eventually stop (the values at 7.0rl  in 
Fig.9 are close to zero). 
Results in Fig.9 correspond to deintercalation. During intercalation if the radial crack 
is short the tangential stresses at the crack tip are compressive (see Fig.6b). For longer 
crack lengths it is expected that the tangential stresses at the crack tip will be tensile 
and the crack may propagate further in radial direction in Mode I. However, 
considering that in the outer region a large part of the radial crack would be closed 
(based on the tangential stress distribution in Fig.6) and only the region close to the 
crack tip would be open, we can presume that the energy release rate values will be 
much smaller than those shown in Fig.9. Numerical calculations confirm this result. 
Therefore, in the first approximation the contribution of the intercalation cycle on the 
radial crack growth in quasi-static and also in fatigue case can be neglected. 
 
4.4 Arc crack growth 
 
Numerical results presented in this section are for Case 1 only ( B =500). The results 
described in the previous section showed that the driving force for radial crack growth 
decays with the crack length rl . While IG for radial crack growth may be small, crack 
deflection in the tangential direction can take place due to tensile radial stresses 
during the intercalation. Certainly, the strain energy release rate for the radial crack 
growth and for growth of the arc crack developing from the tip of the radial crack can 
be very different. In addition, the radial crack growth is expected during 
deintercalation whereas the arc crack may grow during the intercalation. Furthermore, 
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for crack propagation in the tangential direction the critical strain energy release rate 
can be higher or lower than in the radial direction. In an anisotropic fiber with certain 
morphology of graphitic sheets the cG  may be very different in different directions. 
This material property for transverse directions in the fiber has not been measured. 
The same is the situation regarding the fatigue parameters. Therefore the presented 
results can be useful in discussions regarding the possible damage modes but at 
present they cannot be used to predict the real damage behavior of particular type of 
fibers. 
While in the presence of radial cracks the concentration distribution is identical to that 
of undamaged fiber, this no longer applies for the case of arc cracks deflecting from 
radial cracks. According to the model geometry (see Fig.5) the arc cracks are 
perpendicular to the direction of flow.  
 

Fig.10. Concentration distribution at intercalation time *t =25 in carbon fiber with 
radial and arc cracks, rl =0.3, rll 17.0 2 . 

 
They “shield” the inner regions (the flux over the crack surfaces is zero) and the 
concentration distribution is no longer axisymmetric. Thus the concentration 
distribution depends strictly on the length ( l ) and the radial coordinate ( rl1 ) of the 
arc crack. Fig.10 shows a comparison between the axisymmetric concentration 
distribution along the radial coordinate obtained for undamaged fiber (or fiber with 
radial cracks only) and the concentration distribution in the case when the arc crack is 
present. Comparison in Fig.10 is performed at the normalized time *t =25, the length 
of the arc crack is rll 17.0 2  where the length of the radial crack is rl =0.3 
(see Fig.5b for reference). 
Two curves in Fig.10 show the concentration distribution along  x  at two values of 
the angular coordinate =0° and =45° (see Fig.5 for reference). It can be concluded 
that due to the shielding effect of the arc crack, at =45° the ion concentration on the 
outer side of the arc crack is approaching the saturation level whereas on the inner 
side the concentration is much lower (the concentration increases due to diffusion in 
the hoop direction only).  On the line =0° the radial distribution is lower than in the 
axi-symmetric case because part of the ions have to leave the radial path to move into 
the shielded region.  
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Due to dependency of the concentration distribution on the geometry of the radial and 
arc cracks, the energy release rate calculations were performed for a range of different 
combinations of rl  and l . IG  calculation results given in Fig.11 to Fig. 13 
correspond to three cases of the length of the radial crack: rl  =0.1, rl  =0.3 and rl  =0.7 
respectively. The results are plotted with respect to the normalized length of the arc 
crack rn lll 12  where rl12  is the maximal possible arc length at this 
distance from the fiber center. 
It can be seen that for a case, when the initial radial crack length is rl =0.1, distinct 
maximum can be observed, when plotting IG  as a function of the arc crack length nl . 
This means that the arc crack propagation in quasi-static mode would be rather stable. 
For cases when rl  =0.3 (Fig.12) and rl  =0.7 (Fig.12) IG  monotonously increases 
with the arc crack length indicating an unstable propagation. 
 

Fig.11. Energy release rate for arc crack growth during intercalation. rl =0.1. 
 

 
Fig.12. Energy release rate for arc crack growth during intercalation. rl =0.3. 
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Fig.13. Energy release rate for arc crack growth during intercalation. rl  =0.7. 

 
More detailed description of the crack propagation process can be performed similarly 
as it was done in Section 4.3: selecting certain value of cG  and the initial arc crack 
length 0

nl . These values are shown in Fig. 11, since this will be the case discussed. 
When the intercalation starts the IG  curve in Fig. 11 “grows” in the vertical direction 
until it eventually crosses the cG  line at 0

nn ll . If it happens the arc crack starts to 
grow, the IG  to the right of the cross-point is higher than in the cross-point and the 
crack growth is unstable. Since the time scale of the crack growth is much smaller 
than the time scale for diffusion, we can consider that the arc crack grows 
instantaneously at fixed concentration ( *t ). The crack stops, when its size corresponds 
to the second cross-point of the cG  line and the IG  curve. After that the arc crack can 
still grow if the IG  curve is still rising above cG  as the result of the concentration 
redistribution with time. For arc cracks corresponding to longer radial cracks, Fig. 12 
and Fig.13 there is no maximum in the IG  curve and therefore there is no second 
cross-point. If the arc crack starts to grow it would grow until it connects with the 
other arc cracks symmetrically approaching from the neighboring parts of the fiber 
not shown in Fig.5. However, if the arc crack is not long, the values of the IG  for 
these cases are slightly lower than in Fig. 11 and it may be more difficult to start the 
arc crack propagation. 
Behavior in fatigue during many intercalation cycles may be analyzed using Fig.11b, 
Fig.12b and Fig.13 b. For an arc crack generated by short radial crack, see Fig.11b, in 
the beginning the IG  is small and the arc crack growth rate is low. It increases with 
the increase of the arc crack length, reaches maximum and slows down approaching 
to zero. For cases when the arc crack originates from longer radial cracks, see Fig.12b 
and Fig.13b, the IG  and also the crack growth rate increases with time (accelerated 
unstable growth). 
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Fig.14. Energy release rate for arc crack growth during deintercalation. 
 

Fig.14 shows IG  calculation results for the arc crack growth in deintercalation for 
Case 1 ( B =500). Comparing the values in Fig.14 with the values in Figs.11-13 we 
can conclude that IG  in deintercalation is negligible and cannot significantly 
contribute to the arc crack growth. 
Since the axial symmetry in ion concentration and stress distributions is lost, if the arc 
cracks are present, Mode II propagation should also be considered. However, trial 
calculations showed that even though Mode II is present, the magnitude of IIG  
compared to magnitude of IG  is negligible. 
 
5. Conclusions 
 
Lithium ion diffusion in a carbon fiber was analyzed numerically with the aim to 
understand and to evaluate possible damage mechanisms (crack formation and 
growth) in the fiber as the result of nonuniform swelling. Thermal analogy with ion 
diffusion in combination with FEM based elastic stress analysis was used.  
Simple analysis of transient ion concentration distributions and corresponding stress 
distributions showed that radial cracks may appear in the fiber during the 
deintercalation. During the following intercalation arc cracks may deflect from the 
previously formed radial cracks. Growth of these two types of cracks was analyzed 
using fracture mechanics approach. 
During deintercalation high hoop stresses can initiate radial crack growth in the fiber. 
In a quasi-static case these cracks are growing stably with time. The growth stops 
when due to ion concentration gradient change with time the strain energy release rate 
starts to decrease. 
The radial crack can grow also in fatigue with increasing number of intercalation- 
deintercalation cycles. The fatigue crack growth rate is highest when the crack is short 
and becomes equal to zero when the radial crack length is 70% of the fiber radius. 
During intercalation arc crack may deflect from the tip of the radial crack. Its growth 
in a quasi-static manner becomes unstable as soon as the critical value of the strain 
energy release rate is reached. However, the arc crack growth stops if the arc crack 
has originated from a relatively short radial crack. In fatigue the behavior depends on 
the length of the radial crack from which the arc crack deflected. If the radial crack 
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was short, the arc crack will first grow with an increasing rate. The rate will reach 
maximum, than it will be reduced and the growth will eventually stop before the arc 
crack goes around the whole fiber. If the radial crack from which the arc crack starts 
is large, the arc crack propagating in fatigue is with increasing growth rate until it 
eventually links with other arc cracks coming from other radial cracks. 
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