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ABSTRACT 

The finite element method (FEM) has been widely used to analyse earth and 
rockfill dams. In a finite element analysis a proper constitutive model has to be 
chosen for each part of the dam in order to simulate the relation between 
stresses and strains. The zones of an earth and rockfill dam have different 
functions. Because of that the zones normally consist of various soil types for 
which the stress/strain response could vary considerably. For each dam zone, 
suitable values have to be assigned to the parameters included in the 
constitutive model chosen. In general, laboratory tests and/or field tests of the 
soil are needed as a basis for this parameter evaluation. However, many dams 
are old and limited information might be available regarding the soil materials 
being used in the dam structures. In dams, it is normally very difficult to take 
up soil samples for testing, especially from the central impervious part, since 
this might affect the dam performance and the safety of the dam. For dams it 
would be advantageous if constitutive parameter values could be determined 
with some non-destructive method.  

Inverse analysis provides a possibility to determine the constitutive behaviour 
of different materials within the dam structure under the condition that the 
dams have been equipped with various instrumentations, for monitoring dam 
performance, which record data such as pore pressures, deformations, total 
stresses and seepage etc. In the method of inverse analysis, two separate parts 
are included: (1) an optimization method consisting of an error function and a 
search algorithm and (2) a numerical method to solve the partial differential 
equations arising in stress-strain analysis of structures. In this study, inverse 
analysis of a dam case was performed with a commercial finite element 
program Plaxis and the genetic algorithm was utilized as the search algorithm 
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in the optimization method. The genetic algorithm was chosen due to its 
robustness and efficiency, particularly since it provides a set of solutions close 
to the optimum solution instead of one unique answer; a set of solutions is 
more practical from a geotechnical perspective. In the proposed inverse 
analysis a finite element model is calibrated automatically by changing the 
values of the input parameters of the selected constitutive model in different 
dam zones until the discrepancy between the measured results by dam 
instrumentations and the corresponding computed results is minimized. 

In order to examine the efficiency and robustness of the genetic algorithm, the 
research was initially focused on a synthetic case study. The synthetic case, a 
set of model parameters known in advance, is a good test of the mathematical 
basis used in the optimization, i.e. the objective function and the search 
algorithm. The Mohr-Coulomb model was chosen for all dam zones, as an 
initial choice for this research, chiefly because of its simplicity. A very good 
agreement for the optimization against the synthetic case was obtained. The 
practical outcome of an inverse analysis clearly depends on the ability of the 
constitutive models chosen to capture the real soil behaviour in the different 
dam zones. A proper choice of a constitutive model provides an opportunity to 
calibrate the finite element model properly. Therefore, in the next step the 
Hardening soil model, an advanced constitutive model, was chosen for 
optimization on the dam.  

In this part of the research, two cases (A and B) based on different reservoir 
water levels and number of berms constructed, were analysed. All the data of 
horizontal displacement were received from exactly the same positions in the 
geometry as the measurements carried out with the single inclinometer. The 
results of inverse analyses showed that the Hardening soil model is able to 
capture better the soil displacements within the dam structure, especially at the 
crest part, compared to the Mohr-Coulomb model. 

Finally, it was concluded that inverse analysis is a practical tool for identifying 
soil material properties of earth and rockfill dams and provides a non-
destructive method for dam engineers to obtain more information about the 
dams. Moreover, if inverse analysis applications become available in 
commercial finite element software, it would certainly be a valuable tool for 
dam engineers assessing dam performance and dam safety. 
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ABBREVIATIONS 

Symbol Description Units 

c Cohesion in Mohr- Coulomb failure Pa 
𝑐𝑢 Undrained shear strength Pa 

D Stiffness matrix N/m 
E Young’s modulus Pa 

𝐸𝑟𝑒𝑓 ,𝐸𝑟𝑒𝑓 Reference Elastic modulus Pa 

𝐸50
𝑟𝑒𝑓 Reference modulus of primary loading in 

drained triaxial test Pa 

𝐸𝑜𝑒𝑑
𝑟𝑒𝑓 Reference modulus of primary loading in 

drained oedometer test Pa 

𝐸𝑢𝑟
𝑟𝑒𝑓 

Reference modulus of loading/reloading 
loading in drained triaxial test Pa 

g Plastic potential - 
G Shear modulus Pa 

𝐼1 First stress invariant Pa 

𝐽2 Second deviatoric stress invariant Pa 

K Bulk modulus Pa 

𝐾0 Earth pressure coefficient at rest - 

𝐾0𝑛𝑐 K0 for normally compressed soil - 

kx Horizontal hydraulic conductivity m/s 

ky Vertical hydraulic conductivity m/s 



 

VI 

𝐾𝑠 Elastic swelling modulus Pa 

𝐾𝑐 Elasto-plastic compression modulus Pa 

m Modulus exponent for stress dependency - 

M Shape factor for Cam clay ellipse/ slope of 
critical state line - 

p Mean stress Pa 

𝑝′ Mean effective stress Pa 

𝑝0′  Isotropic pre-consolidation pressure Pa 

Pref Reference pressure Pa 

q Deviatoric stress Pa 

𝑅𝑓 Failure ratio - 

u Pore pressure Pa 

α Auxillary model parameter - 

𝛾𝑢 The unit weight above the phreatic level N/m3 

𝛾𝑠 The unit weight below the phreatic level N/m3 

δ Small increment - 

ε Normal strain m 

𝜀𝑒 Elastic strain m 

𝜀𝑝 Plastic strain m 

𝜀𝑎 Axial strain m 

𝜀𝑝 Volumetric strain 𝑚3 

𝜀𝑞 Deviatoric strain m 

ζ Dummy parameter to describe size of 
plastic potential - 

𝜆 Scalar multiplier - 

ν Poisson’s ratio - 

𝜈𝑢𝑟 Unload/reload Poisson’s ratio - 

σ Normal stress Pa 



VII 

𝜎′ Normal effective stress Pa 

𝜎1′,𝜎2′ ,𝜎3′  Principal effective stresses Pa 

τ Shear stress Pa 

ϕ Friction angle (°) 

x Scalar multiplier - 
ψ Dilatancy angle (°) 
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1 INTRODUCTION 

1.1 Objective of the research 

In order to model a dam all the material properties of the constitutive models in 
all the zones within the dam structure needed to be available. But according to 
the fact that many dams are old and limited information might be available 
regarding the soil materials being used in the dam structures, as well as 
restricted recorded instrumentation data from in situ, this purpose is not easy to 
approach. Moreover, it is normally very difficult to take up soil samples for 
testing, especially from the central impervious part, since this might affect the 
dam performance and the safety of the dam. On the other hand, nowadays well-
instrumented earth and earth-rockfill embankments provide dam owners and 
their consultants with a broad database containing pore pressures, 
deformations, total stresses and seepage etc. A question that arises here is 
whether any method can be defined for the purpose of identifying the material 
properties of the dam from recorded data from instrumentations.  

Inverse analysis which has been used widely in the engineering and especially 
in geotechnical field, thanks to the availability of sufficiently fast computer 
hardware and useful software, has been introduced in this research to provide 
an opportunity to determine the constitutive behaviour of different materials 
within the dam structure under the condition that the dam has been equipped 
with various instrumentations for monitoring dam performance. The advantage 
of using inverse analysis with e.g. the genetic algorithm as an optimization 
method is to providing a proper range of material properties of the soil in 
various zones of the dam out from measured data, without any need for 
implementing any destructive method. However, engineering judgement is 
essential to consider for the final evaluation of model parameters.  
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The objective of this research is to examine if the technique of inverse analysis 
can be effectively used for identification of constitutive parameter values in an 
earth and rockfill dam application. If the values of the constitutive parameters 
can be identified by inverse analysis, reliable finite element simulations of the 
dam structure can be performed. The results from such simulations can be 
interpreted and put in relation to dam monitoring data observed to obtain a 
better overall understanding of the mechanical behaviour of the dam. The dam 
performance as well as the dam safety can then be better assessed.  

  



 Earth and rockfill dams 

3 

 

2 EARTH AND ROCKFILL DAMS 

2.1 Introduction 

A rockfill dam is composed of rockfill, either dumped in lifts or compacted in 
layers with an impervious face next to water. Rockfill dams are basically 
embankment dams. High stability and perviousness are their special 
characteristics. The impervious element in a rockfill dam is provided either by 
an impervious membrane of manufactured materials or by an earth core. The 
upstream and downstream slopes of the majority of the rockfill dams with an 
impervious core of non-earth materials are close to the natural angle of repose, 
ranging from 1V:1.3H to 1V:1.5H, While  slopes of earth-core rockfill dams on 
the other hand range from 1.5H:1V to 3.25H: 1V (Anon.1993). Due to free 
drainability and high frictional strength, rockfill dams have a high inherent 
stability. The earthfill and rockfill dams are often the only real option where 
the climate is harsh and the geological conditions are unfavourable. 

The rockfill dam construction has major advantages in comparison to the other 
kinds, such as: a wide variety of sites and foundations are suitable, cheap 
natural construction materials can be found in the local area since even weak 
rock is also usable and machinery can be used to reduce labour costs so the 
construction process can be fully mechanized. The rockfill dams with earth 
cores using the principle of fill-material zoning are mostly economical because 
all types of locally available rock low-strength (3.5MPa to 17MPa), medium-
strength (17MPa to 70MPa) and high-strength rock (70MPa to 200MPa) can be 
used if the structure is properly zoned; the weaker rock is placed in less critical 
zones under less stress and hard rock is used where greater strength is required 
(Anon.1993) . 
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The accuracy of prediction of rockfill deformation during construction (for 
both numerical and empirical methods) is dependent on the quality of 
representation of the stress-strain relationship of the earth and rockfill 
materials. The stress and strain behaviour in embankment dams, which is 
governed by loads, particularly: dead weight of soil layers, water reservoir 
pressure and seismic activity, is predicted from the strength variation and the 
deformation behaviour of soil under combined stresses. This variation of stress 
and strain is mainly influenced by: the embankment geometry, the 
embankment zoning geometry, the strength and compressibility properties of 
the embankment and foundation soils, the construction technique and speed of 
construction and the fluctuation in the water reservoir level. The finite element 
method (FEM) has been widely used to analyse the deformation of earth and 
rockfill dams regarding changes in stress conditions, mostly during 
construction and first impoundment (Duncan 1996, Kovacevic 1994, Potts and 
Zdravković 2001, Muir Wood 2004). In a finite element analysis a proper 
constitutive model has to be chosen for each part of the dam in order to 
simulate the relation between stresses and strains. The various zones of an 
earth and rockfill dam are normally constructed of different soil materials for 
which the stress/strain response could vary considerably. 

2.2 Deformation in embankment dams 

Deformations in embankment dams are due to changes in effective stress 
during construction, impoundment and reservoir fluctuations. A survey of the 
published case histories indicates that reservoir filling has induced significant 
movements in many dams, involving formation of potentially dangerous cracks 
in some well-engineered large dams, and even complete failure of smaller 
dams (Marsal et al. 1900, Marsal 1959, Marsal et al. 1976, Sherard 1953).  

During the first impoundment the vertical and horizontal effective stresses 
decrease because of buoyancy effects. Decrease in effective stresses leads to 
reduction in compressive strength of the saturated rockfill material, mainly in 
the outer surface of the upstream toe. Due to loss of the shear strength of 
saturated rockfill considerable deformation can occur if the rockfill materials 
are not well compacted, which is called as wetting deformation, (Nobari and 
Duncan 1972, Sharma et al. 1979, Terzaghi 1958), see figure (1.a,1.b). This 
phenomenon on the upstream foundation causes settlement; because the 
upstream portion of the foundation is wetted first, this settlement is not 
uniform, see figure (1.c). In the reservoir impoundment, hydrostatic pressure 
on the upstream face of the core increases with the reservoir level rising, 
proportionally to the depth of water, see figure (1.d). 
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By studying several dam cases Hunter (2003) shows that the dams with poorly 
compacted rockfill in the downstream shoulder or embankment with core of 
silty sands to silty gravels had large lateral crest displacements due to reservoir 
impoundment.  He also monitored the displacements of these dams from 5 to 
30 years after the first filling. The data shows that for most cases the 
displacements after the first filling is generally in the range of 35 mm for the 
upstream shell and from 100 mm to150 mm for the downstream shell. For thin 
to medium central cores, the water load has a significant effect on the 
horizontal displacement, close to the centre of the embankment, which leads to 
increasing lateral stress in the downstream shoulder. 

Settlements (vertical displacements) in rockfill dams result from compaction of 
the fill and foundation under loads from the weight of rock and reservoir 
pressure. A large part of the total settlement of rockfill happens during 
construction. The post-construction settlements result from a gradual 
readjustment of the rock grains structure. The areas at the point of contact 
between individual rocks grains are small and the stresses are high. Directly 
after construction, a large deformation may occur when the rock grains crush at 
the point of contact or slip with respect to each other.  

In order to approach a minimum deformation, the dam shell should be filled 
with strong, unweathered, well graded rock and compacted in layers (Nobari 
and Duncan 1972). Grading and compressibility are two main geological and 
physic-mechanical characteristics of the rockfill materials that needed to be 
considered by dam engineers. The better graded the material, the higher the 
density of the placed material will be. Dams with well-graded material have 
higher moduli of compressibility which cause less rock crashing and settlement 
within the structure. A modulus of compressibility expresses the ability of 
rockfill to decrease in volume under external load as a result of grain breakage, 
rearrangement and compaction. Other important factors of rockfill material, 
which also need to be considered for the design are: strength, permeability, 
frost and water resistance. For well compacted rockfill materials, the 
displacements in the long term (more than 10 to 20 years) are typically less 
than 0.2% of the embankment height, or between 100 to 300mm, while for 
poorly compacted rockfills, the long term displacements are approximately 
between 1% to 1.6% of the height of the dam (Hunter 2003). 
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Figure 1: Effect of reservoir filling on an embankment dam 

 

2.2.1 Abnormal deformation 

Identification of abnormal deformation behaviour is made by the comparison to 
the normal deformation trends in similar embankment types by considering the 
geometry, material types, placement methods and foundation condition.  

These differences are identified by the magnitude of deformations as well as 
patterns in the direction and rate of deformation measured by surface 
monitoring of the crest and shoulders. The abnormal behaviour could be 
specified only for one part of the whole embankment while the overall stability 
of the embankment is not a major concern. Potentially abnormal deformation 
patterns include: 

• a sudden acceleration in settlement rate at the crest or the upstream 
slope  

• plastic displacements in a short period after the first filling 
• change of direction of displacements. 
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In the case study by Hunter (2003), the most abnormal embankment 
deformations during construction of an earth and rockfill dam are related to the 
large plastic deformation of the wet part of the core, due to low undrained 
shear strength, which is caused by high vertical strains and settlements, at the 
end of the construction. In some cases, a lightly compacted and highly 
weathered material at the inner rockfill zone could significantly influence large 
lateral displacement of the core. 

2.3 Finite element analysis of earth and rockfill dams 

The finite element method was introduced to geotechnical engineering in 1967, 
when Clough and Woodward (1967) demonstrated its usefulness for analysis of 
stresses and deformations in earth dams. The finite element method can 
provide solutions to any level of accuracy and can consider irregular geometry, 
complex boundary conditions and material non-linearity, which are normally 
not possible with other analytical methods. 

For earth and rockfill dams, the finite element method has been used for 
computing internal deformation of core and shells, obtaining stress distribution 
and load transfer within the dam zones and studying the effect of reservoir 
filling on the stresses and deformations within the core and the other dam 
zones. Moreover, this technique has been utilized for specifying the location of 
a foundation cut-off, determination of its stresses and deformation, determining 
the extent of tensile stresses in a conduit embedded in an earth dam as well as 
determining stresses and deformations in membrane type rockfill dams. The 
most important consideration in the application of the finite element method is 
the method of presenting the complex stress-strain characteristics of soil 
(generally nonlinear) into a constitutive relationship suitable for incorporation 
in the finite element model. The stress-strain relationships in soils are path 
dependent, that is, stresses and strains vary in the manner the loads are applied. 
Realistic simulation of the stress-strain behaviour of the soil is therefore the 
factor which mainly influences the accuracy of a finite element analysis of an 
embankment dam. However, at the end finite element outputs need to have a 
good and reasonable agreement with the in situ instrumentation data. 
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2.4 Instrumentations 

Dam behaviour during construction and operation, such as: settlement and 
displacement, stresses obtained, seismic activity, pore pressure generation, 
seepage and temperature flows are monitored with field instruments in order to 
be able to analyse the design and construction assumptions. 

Field instruments comprise removable devices (installed on the surface of the 
structure, in section galleries and so forth) and built in instruments (installed 
within the dam body). Nowadays, most of the built in instruments are remote- 
reading. Readings are transmitted to receivers in a control room inside the dam 
or an instrument inspection house.    

Recently, a broad database of well-instrumented earth and earth-rockfill 
embankments, provide dam owners and their consultants with methods that: 

• Allow comparison of their structures to similar embankment types in 
terms of the deformation behaviour during construction, on the first 
filling and after the first filling. 

• Broadly define “normal” deformation behaviour and identify 
potentially “abnormal” deformation behaviour, in terms of magnitude, 
rate or trend. 

• Provide some guidance on the trends in deformation behaviour that are 
potentially indicative of a slightly stable to unstable slope condition, 
and signs of slope instability. 

2.5 Some issues and problems of modelling earth and rockfill dams 

Numerical modelling of engineering systems always has a certain amount of 
uncertainties. These uncertainties are related to the approximations which are 
made in the conversion of a physical model into a numerical model. In dam 
engineering, the lack of adequate communication between the design engineers 
and the engineers supervising the construction of dams makes it difficult to 
have an accurate judgment of the numerical analysis. For instance, according to 
the specific geology and topology of the site the construction of an 
embankment dam might be different from what is described on the design 
drawings. In addition, the soil properties may be affected by the weather or by 
the contractor’s method of construction. Therefore modelling of a dam might 
not be completely matched with the reality and instrumentation data. It is 
assumed that uncertainties are an unavoidable feature of embankment dam 
engineering. 



 Inverse analysis 

9 

 

3 INVERSE ANALYSIS 

3.1 Introduction 

In some geotechnical engineering structures, such as dams, direct identification 
of the constitutive parameters of soil layers is not always possible. Therefore, 
computational analysis of such geotechnical structures faces the problem of 
limited knowledge of mechanical properties of the soil. Inverse analysis 
provides a possibility to determine the constitutive behavior of different 
materials within the geotechnical structure. Recently, because of the 
sufficiently fast and powerful performance of computer hardware and 
availability of technical software, interest in the application of inverse 
parameter identification strategies and optimization algorithms for geotechnical 
modeling in order to make inverse analysis procedures automated, has 
increased steadily (Swoboda et al. 1999, Gioda and Maier 1980, Tarantola 
2005, Calvello and Finno 2004, Finno and Calvello 2005, Ledesma et al. 1996, 
Lecampion and Constantinescu 2005, Lecampion et al. 2002, Zentar et al. 
2001, Levasseur et al. 2010, Yu et al. 2007, Moreira et al. 2013). The inverse 
analysis technique was introduced to the geotechnical field by Gioda and 
Sakurai (1987) for the purpose of identification of elastic material properties of 
in situ rock masses. 

In fact, the experience and the judgment of the engineers are a fundamental 
issue for every inverse analysis. Poor, or even incorrect, results of back 
analyses are often due to errors in initial engineering decisions, such as 
material behavior (elastic, elasto-plastic, viscous, etc.), simplification of the 
numerical model from a physical model and ignorance of the loading history of 
the soil.  In dam applications, inverse analysis provides a possibility to 
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determine the constitutive behavior of different materials within the dam 
structure under the condition that the dam has been equipped with various 
instrumentations for monitoring its performance, which record data such as 
pore pressures, deformations, total stresses and seepage etc. 

3.2 Model calibration by inverse analysis 

The model calibration is the process of changing and updating various parts of 
the model in order to approach a good agreement between measured values 
(observation data) and computed values. In this research, finite element models 
are calibrated based on an iterative automatic procedure, correcting the trial 
values of the selected constitutive model parameters until the discrepancy 
between computed output and observed data is minimized, see figure (2). The 
minimization procedure is guided by an error function that evaluates the 
discrepancy between the results from simulation and the experimental data.  

Initially, it is essential to select the optimization parameters and to decide on 
reasonable upper and lower limits of their values. The relative importance of 
the constitutive parameters is estimated by parameter sensitivity analysis, 
performed during a first approach to numerically simulating the observation 
data. After defining the optimization parameters for calibration, the values of 
other constitutive parameters will be fixed with the aid of previous studies. 
This choice of optimization parameters must be made with care since it 
influences the outcome of the analysis and it requires a lot of engineering 
experience. The values of constitutive parameters could be estimated by 
conventional means, e.g. using laboratory tests and field tests. However, in this 
study, due to the application of a genetic algorithm as search strategy in 
optimization initial guesses for the set of model parameters are generated 
randomly within the search space, i.e. the upper and the lower limits of the 
parameter values. After defining the optimization parameters, a numerical 
simulation of the problem is performed and the results are compared with the 
field observations by the error function. The error function quantifies the 
deviation between computed results and observations. The updating 
(optimizing) of the optimization parameter values is continued till the 
discrepancy between computed results and observation is minimized, or the 
convergence criteria are satisfied.  

In the following sections of this chapter, the case study and suggested 
constitutive models of this research will be introduced. The model will be 
completed by introducing the optimization method chosen for this research at 
the end of this chapter.  
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Figure 2: Schematic flowchart of inverse analysis procedure 

 

3.3 Sensitivity analysis 

A sensitivity analysis in this context, is the prediction of the relative sensitivity 
of the values of the constitutive model parameters in numerical modelling of 
the values of the same quantities as are measured in the real system; here 
inclinometer data was measured in the dam in the case study. Initially, the 
constitutive model needs to be defined in order to specify the total number of 
model parameters. Then, for each parameter of the constitutive model a 
sensitivity study is performed. The studied parameters are given different 
values within a given range, while all the other parameters of the model have 
fixed values, and for each value of the studied parameter a finite element 
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computation is performed. The results of these studies are compared to each 
other in order to define the most sensitive parameters for optimization against 
observation data in the error function.   

3.4 Case study of an earth and rockfill dam 

The earth and rockfill dam used for this case study is 45m high, with a dam 
crest of 6.5m, see figure (3). The upstream slope is inclining 1V:1.71H and the 
downstream slope is inclining 1V:1.85H. The impervious core with moraine 
material is surrounded by fine and coarse filters and supporting fill of blasted 
rock. The dam was strengthened in two stages with rockfill berms on the 
downstream part. The first stabilizing berm of rockfill was constructed in 1990 
and the second berm was constructed three years later in 1993. The dam is well 
equipped with instrumentations and monitoring programs including 
deformation measurements within the dam structure. Horizontal displacements 
are measured automatically by an inclinometer installed along the downstream 
fine filter, from the crest into the rock foundation. Since the inclinometer data 
from the ten first meters from the bottom of the core seem not to be 
trustworthy, only data above this level are considered. The level of water in the 
reservoir varied from +430m to +440m annually. 

 
Figure 3: Cross section of the dam 

3.5 Finite element model 

In soil mechanics, complex problems are usually solved by using the powerful 
and reliable computational capabilities of the finite element method coupled 
with proper constitutive models. Geotechnical engineers need to have a 
sufficient understanding of both geotechnical and finite element theory in order 
to perform accurate numerical analyses. 



 Inverse analysis 

13 

The Plaxis finite element program (2011) was applied to the numerical 
analyses in this study.  Plaxis is developed for analysis of deformation and 
stability in geotechnical engineering structures. The finite element model of the 
cross section of the dam is shown in figure (4). Since the dam is a long 
structure, plane strain condition was assumed. Some smaller simplifications 
compared to the real dam cross section in figure (3) were made in the finite 
element model in figure (4), e.g. the upstream toe berm was neglected due to 
similarity in its material properties with rockfill. Horizontal filters were 
omitted as well, since consolidation time is not analyzed. These simplifications 
are considered to be of no practical importance in this study. For the analysis to 
be accurate enough, a sufficiently large part of the cross sectional geometry 
was considered in the finite element model. The option standard fixities in 
Plaxis were selected for generation of boundary conditions to the geometry 
model, for the outermost vertical left and right foundation boundary horizontal 
displacements were prescribed to zero and for the lowest horizontal boundary 
in the foundation both horizontal and vertical displacements were prescribed to 
zero. The element type was chosen as 15-node triangular elements. The 
coarseness of the mesh was selected so that a sufficient accuracy of the 
computations was obtained for a minimum of computation time spent. Several 
different meshes were tested and the one illustrated in figure (4) was chosen. 
The dam embankment in the model in figure (4) was constructed stepwise in 
five stages in order to generate a proper initial effective stress field (Duncan 
1996, Reséndiz and Romo. 1972, Clough and Woodward 1967). In the 
analyses both the Mohr-Coulomb model and the Hardening soil model were 
utilized. The excess pore pressures in the core were dissipated by consolidation 
after construction of the dam. The parameter values of uγ , sγ , φ', kx and ky for 
all soil layers in the dam were provided by the dam owner. Appropriate values 
of ν' and c' were chosen based on advices in the reference (Bowles 1988). All 
the dilatancy angles were calculated from the same empirical relation, 
commonly accepted for dense sand:  ψ' = φ'-30° as proposed by Plaxis (2011). 
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Figure 4: Finite element model of the cross section of the dam 

In the finite element analyses executed in this thesis, simulated horizontal 
deformations received in exactly the same positions in the geometry as the 
measurements carried out with the single inclinometer in figure (3), were 
compared to the corresponding inclinometer measurements in the expression 
for the error function. In the finite element analyses, all displacements were 
reset to zero before impoundment. In this study the deformation comparison 
was performed for two cases (A and B) based on different reservoir water 
levels and berm constructions. 

Case A is related to the time that the first stabilizing berm was constructed in 
1990 and the reservoir water was at the minimum level of +430 m, figure (5). 

Case B is when the reservoir water level reached its maximum level +440m 
and the second berm was just finished. The second berm was rapidly 
constructed right after the water level reached +440m, figure (5). 

 

 

Case A 

 

Case B 
Figure 5: Cross sections of cases A and B 
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3.6 Constitutive models 

3.6.1 Introduction 

Soil behavior is very complicated and can vary considerably under different 
loading conditions. Real soil is normally a highly nonlinear material, with both 
strength and stiffness properties depending on stress and strain levels. 
Fundamentally, soil behaves as an elastic-plastic material which means that the 
deformations are inelastic since upon load removal, unloading follows a 
completely different path from the loading path. No constitutive model can 
completely describe the complex behavior of soils under all loading situations. 
Therefore, constitutive models have limitations for their applicability. All 
models have certain advantages and limitations which highly depend on their 
particular application. For instance, Hook’s law (based on linear elastic theory) 
has been successful in describing the general behavior of soil under short 
working load situations, while this model is not able to capture the plastic 
behavior of soil and it fails to predict properly the compressibility and strength 
of soil near ultimate strength conditions. Often hyperbolic soil models, such as 
the Duncan-Chang model (Duncan and Chang 1970, Duncan 1981) have been 
used in geotechnical problems to describe the nonlinear stress-strain behavior 
of soils. But since this model is a purely hypo-elastic model, it cannot 
distinguish between loading and reloading, see figure (6). Even advanced 
constitutive models such as the Hardening soil model have limitations, it is e.g. 
not able to capture the strain softening behavior of some soils types under 
special drainage type (drained triaxial test on dense sand and over-consolidated 
clay, undrained triaxial test on normally consolidated clay and loose sand 
(Chen and Mizuno 1990). However this model can perfectly follow the elasto-
plastic behavior of soil up to the peak stress point. 

 
Figure 6: Duncan-Chang model, presenting loading and unloading path 
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The selection of a proper constitutive model depends on the required accuracy 
for the analysis, the type of loading conditions and undrained or drained 
behavior etc. For soils, many times a perfect- plastic model is an appropriate 
simplification, although more complex stress-strain relations of soil may be 
approached by the more practiced strain hardening theory of plasticity.   

3.6.2 Plasticity 
The application of plasticity theory to geomaterials has been developing fast in 
recent years. Although more progress is expected, the plasticity theory for 
geomaterial may have approached a good level of development. Nowadays, no 
one would doubt the importance of plasticity theory in geotechnical 
engineering. A review of the early development can be found in Von Mises 
(1928), Melan (1938), Drucker (1950), Prager (1955), Hill (1998), Naghdi 
(1960), Yu (2006). The recent developments of plasticity theory for 
geomaterials are based on achievements in metal plasticity. However, unlike 
metal materials, volume changes during loading are one of the key factors in 
modelling plastic behaviour of soil materials.  

The plasticity theory can be explained by introducing flow theory or 
incremental theory of plasticity. The flow theory is an appropriate extension of 
elastic stress-strain relations to the plastic criteria in which the total strain is the 
combination of reversible elastic strain and irreversible plastic strain. Elastic 
strain increments can be described within the framework of Hooke’s law on 
incremental form, see section 3.7.1. On the other hand, in order to estimate the 
plastic strain increments or formulate the incremental theory of plasticity three 
main assumptions need to be defined: (1) yield criterion (2) hardening rules (3) 
flow rule. The plastic strains are the combination of two independent parts, the 
shear plastic strain, 𝜀𝑞

𝑝, and the volumetric plastic strain, 𝜀𝑝
𝑝, a concept which 

was introduced by Roscoe and Burland (1968) 

𝛿𝜀𝑝 = 𝛿𝜀𝑞
𝑝 + 𝛿𝜀𝑝𝑃 (1) 

or to simplify the notations  

𝜀�̇� = 𝜀�̇�
𝑝 + 𝜀�̇�

𝑝 (2) 
 

Yield criterion 

The concept of a yield locus or a yield surface is one of the most important 
parts of the theory of plasticity. A condition that defines the limit of elasticity 
and the beginning of plastic deformation under any stress condition is known 
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as the yield criterion, see figure (7) the yield criterion is represented by a 
surface in stress space (a curve in the p-q plane), which is called yield surface. 
When the stress state is located within the yield surface, material behaves as 
elastic. Once the stress state is on the yield surface, plastic deformation will 
occur. Generally, the yield surface expands or contracts depending on previous 
plastic deformations and loading history. However, for perfectly plastic 
material, the yield surface is fixed in stress space; therefore plastic deformation 
happens only when the stress path reaches the yield surface. Plastic strain 
occurs as long as the stress state either lies or travels along the yield surface. 
When the yield surface is expanding in size, the material is said to be 
hardening. On the other hand, when the yield surface is contracting in size, 
then the material is said to be softening. The change in yield surface size is a 
function of plastic strain rates, normally a function of the volumetric plastic 
strain rate 𝜀�̇�

𝑝 alone (Schofield and Worth 1968, Yu 1998, Wood 1990) or a 
function of both volumetric 𝜀�̇�

𝑝 and shear plastic strain 𝜀�̇�
𝑝 rates (Wilde 1977, 

Yu et al. 2005). 

 

Figure 7: yield surfaces in p-q plane 

Combinations of mean effective stress, 𝑝′, and deviator stress, q can be applied 
to samples of soil in the triaxial test to obtain information about the yield 
surface for the soil. The invariants, 𝑝′ and q, used by Roscoe and Burland 
(1968), defined in terms of all principal stresses 

𝑝 ′ = 
1
3

 (𝜎1′+𝜎2′+𝜎3′) (3) 

𝑞 =  
1
√2

[(𝜎1′ − 𝜎2′)2 + (𝜎2′ − 𝜎3′)2 + (𝜎3′ − 𝜎1′)2]
1
2 (4) 
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The isotropic pre-consolidation pressure, 𝑝0′ , is a parameter which controls the 
expansion or contraction of the yield surface i.e. the hardening parameters. 
Thus, the yield surface can be expressed by the following relation 

𝑓 = (𝑝′, 𝑞′,𝑝0′ ) = 0 (5) 

Hardening rule 

The hardening rule is a law which describes the change in size of the yield 
surface due to the process of incremental plastic deformation. There are a 
number of hardening rules that have been proposed in the literature, but the 
choice of a specific hardening rule depends on its simplicity and its ability to 
represent the hardening behaviour of the soil. Isotropic hardening, kinematic 
hardening and mixed hardening are three types of hardening rules which have 
been introduced foremost in metal plasticity (Chen 2007). The isotropic 
hardening model is the simplest work hardening model among these three 
models. It assumes that the yield surface expands uniformly about a centre 
without changes in shape as plastic flow occurs, see figure (8). In the figure 
(7), the hardening rule relates the change in size of the yield locus; change 
in 𝑝0′ , to the increments of the plastic volumetric strain and the plastic shear 
strain, according to the incremental relation 

 

𝛿𝑝0′ =
𝜕𝑝0′

𝜕𝜀𝑝
𝑝 𝛿𝜀𝑝

𝑝 +
𝜕𝑝0′

𝜕𝜀𝑞
𝑝 𝛿𝜀𝑞

𝑝 (6) 

 

An example of an isotropic strain hardening model is the Hardening soil model 
described in 3.8.1  (Chen and Mizuno 1990). 
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Figure 8: Isotropic hardening 

Flow rule 

As mentioned before, yielding is related to the occurrence of plastic volumetric 
strain and plastic shear strain. Yielding can happen under many combinations 
of stresses in the loading history of a soil. Yielding can be presented by the 
plastic strain vectors, see figure (9). 

 

Figure 9: Plastic strain increment vectors normal to the plastic potential 
curves (Muir Wood, D) 
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A line, like AB, can be drawn orthogonally to each plastic strain increment 
vector, like YS, passing through each yield point, like Y. As more yielding data 
become available in soil tests the lines that are orthogonal to the plastic strain 
vectors in each yield point, can be joined and make curves. These curves are 
called plastic potentials. The direction of the outward normal to the plastic 
potential surface defines the relative magnitude of the plastic shear strain 
increment (change in shape) and the plastic volumetric strain increment 
(change in size). The plastic potential expression in soil mechanics can be 
formulated as 

𝑔(𝑝′, 𝑞′,ζ)=0 (7) 
 

where ζ is a parameter controlling the size of the plastic potential, the same as 
purpose 𝑝0′  for a yield locus. The plastic strain increment vector relates to the 
gradient vector of the plastic potential curve at a current effective stress state, 
in the form of the flow rule 

𝛿𝜀𝑝
𝑝 = 𝜆

𝜕𝑔
𝜕𝑝′

 (8) 

𝛿𝜀𝑞
𝑝 = 𝜆

𝜕𝑔
𝜕𝑞

 (9) 

 

which 𝜆 ≥ 0 is a scalar multiplier, which controls the magnitude of plastic 
deformations. The components of the gradient vector  𝜕𝑔

𝜕𝑝′
 and  𝜕𝑔

𝜕𝑞
  are the 

parameters which control the direction of the plastic deformations. Notice that 
the plastic strain increment vector becomes normal to the plastic potential 
curve since the gradient vector is normal to the plastic potential curve. Only 
partial derivatives of the plastic potential curve are utilized in plasticity, which 
is the reason for naming 𝑔(𝑝′, 𝑞′,ζ) the potential function. With knowledge of 
the plastic potentials, the mechanism of plastic deformation is defined. When it 
comes to formulating constitutive models for soil, it is really convenient if, the 
shape of the yield loci and the plastic potential can be assumed to be the same. 
Then only one function has to be defined. In this case 𝑓 = 𝑔 the material is 
said to follow a law of associated flow. Otherwise, if 𝑓 ≠ 𝑔 it is called non-
associated flow. In figure (10), sketches of associated and non-associated flow 
are presented. 
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Figure 10: Associated and non-associated flow rules  

3.7 Perfect plasticity  

The concept of perfect plasticity has been used for quite some time for 
geotechnical problems, for example stability involving earth pressure and 
retaining walls by Coulomb (1776) and Rankine (1857). In these analyses, the 
maximum load that a structure can take before collapsing was calculated based 
on rigid-perfectly plastic soil behaviour. In many engineering applications, soil 
and rock can be modelled as an elastic-perfectly plastic solid as a simple first 
approximation. 

3.7.1 Mohr-Coulomb model 
The Mohr-Coulomb criterion is the best known failure criterion in soil 
mechanics. This criterion states that failure happens when the shear stress τ and 
the effective normal stress 𝜎′ acting on any element in the material satisfy the 
linear equation 

|𝜏| = 𝑐 + 𝜎′  tan𝜙 (10) 
 

where c and 𝜙 are the cohesion and the internal angle of friction, respectively. 
In terms of the principal effective stresses, Coulomb’s yield criterion, see 
figure (11), can be expressed by the following equations 

𝑓13 =  
1
2

( 𝜎1′ −  𝜎3′) −
1
2

(𝜎1′ + 𝜎3′) sin𝜙 − 𝑐 cos 𝜙 = 0 (11) 
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𝑓12 =  
1
2

( 𝜎1′ −  𝜎2′) −
1
2

(𝜎1′ + 𝜎2′) sin𝜙 − 𝑐 cos𝜙 = 0 (12) 

𝜎1′ ≥ 𝜎2′ = 𝜎3′  (triaxial compression) 

This failure criterion can be re-written in terms of deviatoric stress and mean 
effective stress which is a more common expression for defining failure 
behavior in advanced soil models 

𝑓1 = 𝑞 −
6 sin𝜙

3 −  sin𝜙
 (𝑝′ + 𝑐 cot𝜙) (13) 

In the Mohr-Coulomb model the yield surface is fixed, therefore the yield 
surface and the failure surface become the same, see figure (11). Shield (1955) 
shows that Coulomb’s failure criterion is an irregular hexagonal pyramid in a 
three dimensional principal stress space; see figure (11). The Mohr-Coulomb 
surface shows singularities along the corner edges, which cause some 
difficulties in numerical analysis since the yield functions are non-
differentiable at the corners. This problem can be solved by Kioters rule 
(Koiter 1960) . In addition to that, this model neglects the influence of 
intermediate effective principal stress on the shear strength. This model also in 
its basic form, includes neither stress-dependency nor stress-path dependency 
of stiffness. In the Mohr-Coulomb models it is assumed that the material 
behaves elastically until the failure surface is approached. However, in reality, 
plastic deformations begin well before the failure occurs. But still this model 
has been used because of its simplicity and capacity to obtain reasonable 
solutions to important practical problems in geotechnical engineering.   

 
 

Figure 11: Mohr Coulomb’s failure surface 
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The stress-strain relation is expressed based on Hooke’s law in terms of 
Young’s modulus and Poisson’s ratio. Alternatively, it can be expressed in 
terms of bulk modulus K and shear modulus G with the transformations 

K =
E

2(1-2ν)
 (14) 

G = 
E

2(1+ν)
 (15) 

 

In Plaxis, besides utilizing this model based on a linear elastic relation, an 
option exists that specifies a stiffness that varies linearly with depth. By 
specifying an increment of stiffness 𝐸𝑖𝑛𝑐 , the value of the elastic modulus 
increases linearly regarding the depth of the soil. The relation of incremental 
stiffness is 

𝐸 = 𝐸𝑟𝑒𝑓 + (𝑦𝑟𝑒𝑓 − 𝑦)𝐸𝑖𝑛𝑐 (16) 
 

where y is the position of a selected point with respect to the position of the 
reference point 𝑦𝑟𝑒𝑓 and 𝐸𝑟𝑒𝑓 is the elastic modulus related to the reference 
point. So, the alternative elastic incremental parameters can be changed to 

𝐾𝑖𝑛𝑐 =
𝐸𝑖𝑛𝑐

2(1-2ν)
 (17) 

  

𝐺𝑖𝑛𝑐 =
𝐸𝑖𝑛𝑐

2(1+ν)
 (18) 

3.8 Cone-Cap models 

The cap types of strain-hardening models are models which are capable of 
treating the conditions of unloading, stress path-dependency, dilatancy and the 
effect of intermediate effective principal stress. Drucker et al. (1957) proposed 
that soil might be modelled as an elastic-plastic strain hardening material, see 
figure (12). They introduced a spherical end cap to close the former Drucker-
Prager cone (Drucker and Prager 1952), in order to control the plastic 
volumetric strain of the soil. As the soil strain hardens (effective stresses 
increase) plastic deformations are generated and both the cap and the cone 
expand. 
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Figure 12: Drucker-Prager type of strain-hardening cone-cap model 

The mathematical formulation of the cap part satisfies the Drucker-Prager 
uniqueness of stress-strain relations. This model consists of both a failure 
surface for perfectly plastic response 

𝑓𝑓 = (𝐼1, 𝐽2) = 0 (19) 

𝐼1 = 𝜎1′ + 𝜎2′ + 𝜎3′ = 3𝑝′ (20) 

�3𝐽2 = 𝑞 (21) 

where 𝐼1 is the first stress invariant, 𝐽2 the second deviatoric stress invariant. 
And an elliptic strain-hardening cap 

𝑓𝑐 = (𝐼1, 𝐽2, 𝑥) = 0  (22) 
 

where x is the hardening parameter for the cap. Therefore, three types of 
material response might be represented: elastic, perfectly plastic and strain 
hardening, under the assumption of an associated flow rule. Changes in the size 
of the cap is due to changes in volumetric strain through the hardening 
parameter x, see figure (13). 
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Figure 13: Elliptic cap model in 𝐼1 − �𝐽2-space 

In general, cone-cap models are applicable for complicated situations such as 
nonlinear loading and unloading, stress path dependency and dilantancy. 
Hardening plasticity theories to describe the stress-strain behaviour of soil have 
been highly developed recently in soil mechanics, especially for cyclic loading 
problems. 

3.8.1 Hardening soil model 
The Hardening soil model is a cone-cap model (Schanz et al. 1999). The plastic 
strain behaviour on the cone is described by means of a shear yield surface 
following a non-associated flow rule based on Rowe’s stress-dilatancy theory 
(1962). The plastic potential is defined to assure a hyperbolic stress/strain 
response for a triaxial compression loading. The cap yield surface is controlled 
by the volumetric plastic strain. On this cap, an associated flow rule is 
assumed. This yield surface is defined in order to close the elastic region in the 
𝑝′-axis direction, see figure (14). The failure on the cone part is defined based 
on Mohr-Coulomb’s failure criterion which is characterized by the strength 
parameters c, φ and the dilatancy angle ψ.  The shape of the cone yield surface 
is “flattened out” when it approaches the critical failure line. The Hardening 
soil model uses a hyperbolic stress-strain curve instead of a bi-linear relation as 
in the Mohr-Coulomb model. Since in reality the stiffness of soils depends on 
the stress level, the Hardening soil model is formulated to capture this stress 
level dependency. 



Identification of soil parameters in an embankment dam by mathematical optimization 
 

26 

 

Figure 14: Yield surface of hardening soil model in p-q plane 

The experimental basis for the cone yield surface is taken from two different 
triaxial compression test series which were reported by Tatsuoka and Ishihara 
(1974). In the testing procedure for the first test series the deviatoric stress q 
was initially increased, thereafter reduced and then increased again. This was 
performed for different effective mean stresses 𝑝′ . From this procedure of 
deviatoric loading and unloading, complete successive yield loci were found, 
see figure (15). The second tests series involved loading various virgin samples 
for different loading paths, including undrained tests. From the results of these 
tests, it was concluded that the shear strain is dependent on the final stress state 
only and not on the shape of the stress path. In other words, the yield locus can 
be approximated to curves of constant shear strain, at least for primary loading, 
see figure (15).  It was found by Vermeer (1978) that for sand and sandy 
materials the difference between plastic shear strain and total shear strain is 
small. Therefore, in this model we consider the total shear strain as the plastic 
shear strain.  
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Figure 15: Data from loose samples after Tatsuoka and Ishiara: Shear yield 
loci and shear strain contours 

Two yield surfaces were introduced from the triaxial test results, based on 
plastic shear strain 

𝑓12 =
𝑞𝑎
𝐸50

  
( 𝜎1′ −  𝜎2′)

𝑞𝑎 − ( 𝜎1′ −  𝜎2′)
−

2( 𝜎1′ −  𝜎2′)
𝐸𝑢𝑟

− (𝜀1
𝑝 − 𝜀2

𝑝) (23) 

𝑓13 =
𝑞𝑎
𝐸50

  
( 𝜎1′ −  𝜎3′)

𝑞𝑎 − ( 𝜎1′ −  𝜎3′)
−

2( 𝜎1′ −  𝜎3′)
𝐸𝑢𝑟

− (𝜀1
𝑝 − 𝜀3

𝑝) (24) 

 

where 𝐸50 is the confining stress dependent stiffness modulus for primary 
loading and 𝐸𝑢𝑟 is elastic unloading/reloading parameter, see table (1). The 
ultimate deviatoric stress, 𝑞𝑓, is defined from the Mohr-Coulomb failure 
criterion, which includes the strength parameters c and 𝜙   

𝑞𝑓 =
6 sin∅

3 −  sin∅
 (𝑝′ + 𝑐 cot∅) (25) 

as soon as q =𝑞𝑓, the failure criterion is reached and perfectly plastic yielding 
occurs. 
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The plastic volumetric strain which is measured in isotropic compression also 
needs to be defined. Therefore, the second yield surface, the cap surface, see 
figure (14), must be introduced in order to close the elastic region in the 
direction of the 𝑝′-axis 

𝑓𝑐 =
𝑞�2

𝑀2 + (𝑝′ + 𝑎)2 − (𝑝𝑐′ + 𝑎)2 (26) 

where M is an auxiliary model parameter that relates to 𝐾0𝑁𝐶 and a is defined as 
𝑐 cot∅. Furthermore   

𝑞� = 𝜎1′ + (𝛼 − 1)𝜎2′ −  𝛼 𝜎3′ (27) 

where  

𝛼 = 3+sin∅
3−sin∅

 (regular yield surface) (28) 

in the special case of triaxial compression 𝑞� = 𝑞 = (𝜎1′ −  𝜎3′) and for triaxial 
extension 𝑞� = 𝛼(𝜎1′ −  𝜎3′). As mentioned before, for the cap an associated 
flow rule is assumed with the plastic potential 𝑔𝑐 = 𝑓𝑐 

𝑝𝑐′ = 𝑝𝑐0′ + 𝜆 𝐻
𝜕𝑔𝑐
𝜕𝜎′

= 𝑝𝑐0′ + 2 𝐻 𝜆 𝑝 (29) 

here H is the hardening modulus which describes the ratio between 
compression and swelling stiffness in isotropic loading 

𝐻 =
𝐾𝑐

𝐾𝑠 − 𝐾𝑐
 𝐾𝑠 (30) 

where 𝐾𝑠 is the elastic swelling modulus and 𝐾𝑐 is the elasto-plastic 
compression modulus. The plastic multiplier 𝜆 refering to the cap is determined 
based on the following equation 

𝜆 =
𝐻

2(𝑝′ + 𝑎)
  �

𝑝𝑐′ + 𝑎
𝜎𝑟𝑒𝑓 + 𝑎

�
𝑚 �̇�𝑐′

𝜎𝑟𝑒𝑓 + 𝑎
 (31) 

When the stress point is situated on the intersection between the cone and the 
cap, there are various possibilities for loading and unloading. Figure (16) 
shows all these possibilities in the 𝑝′-q plane.  
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From the linear elastic law 

�̇� = 𝐃𝜀̇𝑒 = 𝐃(𝜀̇ − 𝜀̇𝑝) =  �̇�𝑒 − 𝐃𝜀̇𝑝 (32) 
 

and with association of the flow rule it becomes 

�̇� = �̇�𝑒 − 𝐃 𝜆
𝜕𝑔
𝜕𝜎

=  �̇�𝑒 − 𝜆𝐃 
𝜕𝑔
𝜕𝜎

 (33) 

 

If loading occurs in such a way that several yield surfaces become active, then 
the total plastic strain increment 𝜀̇𝑝 is assumed to be the sum of plastic strain 
increments from all the surfaces  

𝜀̇𝑝 = 𝜀�̇�
𝑝 + 𝜀�̇�

𝑝 + 𝜀�̇�
𝑝  (34) 

 

the subscript f is for defining the friction hardening, c is for the cap hardening 
and m is for the Mohr-Coulomb criterion. Moreover, by considering the flow 
rule, it becomes 

�̇� = �̇�𝑒 − 𝜆𝑓𝐃
𝜕𝑔𝑓
𝜕𝜎

− 𝜆𝑐𝐃
𝜕𝑔𝑐
𝜕𝜎

− 𝜆𝑚𝐃
𝜕𝑔𝑚
𝜕𝜎

 (35) 

 

since the stiffness matrix D is constant, then 

𝜎 = 𝜎𝑒 − 𝜆𝑓𝐃
𝜕𝑔𝑓
𝜕𝜎

− 𝜆𝑐𝐃
𝜕𝑔𝑐
𝜕𝜎

− 𝜆𝑚𝐃
𝜕𝑔𝑚
𝜕𝜎

 (36) 

The non-negative multipliers λ have to be determined from 

𝜆𝑓 , 𝜆𝑐, 𝜆𝑚 ≥ 0 ;  𝑓𝑓 ,𝑓𝑐,𝑓𝑚 ≤ 0 (37) 
If we consider the initial stress point from point “O” then the “OB” path 
represents friction hardening only, since the cap size remains the same. The 
“OF” path is on the other hand shows cap expansion without change in 
frictional hardening, therefore, this path shows pure cap hardening. The 
combination of both cap and frictional hardening can be seen in the path “OE”. 
The points C and D are located on the Mohr-Coulomb failure line; therefore 
the path “OC” represents frictional hardening until the Mohr-Coulomb 
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criterion is reached. And the path “OD” represents frictional hardening until 
the Mohr-Coulomb criterion is reached as well as cap hardening. Since the 
Mohr-Coulomb criterion limits the frictional hardening (the side of the cone) 
we never have both 𝜆𝑓 ≥ 0 and 𝜆𝑚 ≥ 0. Therefore, at most two yield functions 
are active. 

 

Figure 16: Yield hardening under different stress paths 

Figure (17) shows all the plastic points of the Hardening soil model for this 
research. These points represent the final stress state in the earth and rockfill 
dam structure. Figure (18a) shows the location of plastic points on the yield 
loci of this model. The deviatoric stress and mean effective stress change 
according to the water load (lateral stress) and weight of the soil (vertical 
stress). The final stress state can be located on any friction or cap hardening 
loci close to the mean effective stress axe or close to the failure line depending 
on the stress condition of that point, see figure (18b). For instance, the friction 
hardening points in figure (17) are along the core from the top to the bottom 
located on different friction hardening yield loci, see figure (18b). 

The plastic points are situated both on the cone and the cap of the Hardening 
soil model. It’s interesting to notice that all mathematical parts of the model are 
active during the numerical simulation of the dam. 



 Inverse analysis 

31 

 

Figure 17: Plastic points on different yield loci  

 
 

(a) (b) 
Figure 18: Plastic points on Hardening soil model a) yield loci b) Multi 

hardened yield loci 

 

MC-failure points 

Cap hardening points 

Cap and friction hardening points 

Friction hardening points 

Tension cut-off points 
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Table 1: Parameters of the Hardening soil model 

Parameter Definition Relation 

ϕ′ Friction angle Slope of the failure line in 
τ − 𝜎′ stress space plane 

𝑅𝑓 Failure ratio 𝑅𝑓= 
𝑞𝑓
𝑞𝑎

 

ψ′ Dilatancy angle ψ′ = ϕ′-30° 

E50
ref 

Reference secant stiffness for 
primary loading in a drained 

triaxial test 
E50=E50

ref �
c' cot ϕ′-𝜎3′

c' cot ϕ′-Pref�
m

 

Eoed
ref  

Reference tangent stiffness for 
primary oedometer loading Eoed=Eoed

ref �
c' cot ϕ′-𝜎1′

c' cot ϕ′-Pref�
m

 

Eur
ref 

Reference stiffness for 
unloading\reloading in a 

drained triaxial test 
Eur=Eur

ref �
c' cot ϕ′-𝜎3′

c' cot ϕ′-Pref�
m

 

m Power for stress-level 
dependency of stiffness 

Slope of trend line in 
log � 𝜎3

′

Pref� - log E50 space 
plane 

νur 
Poisson's ratio for 
loading\unloading 0.15-0.30 

K0 Earth pressure coefficient at 
rest K0= 𝜎3

′

𝜎1′
 

K0
nc Earth pressure coefficient value 

for normally consolidated soil K0
nc= 1- sin ϕ′ 

Note: 𝑞𝑓 is the ultimate deviatoric stress, 𝑞𝑎 is the asymptotic deviatoric 
stress 
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3.9 Optimization 

The aim of optimization is to approach the optimum solution among other 
solutions for a given problem as a matter of efficiency. The problems are often 
models of the physical reality. The applicability of optimization can be found 
in almost every real world system in which numerical information is processed 
(engineering, mathematics, economics, etc.). For any kind of optimization an 
error function needs to be defined in order to qualify the deviation.  

Many different optimization methods have been proposed in the literature. The 
best choice of optimization method depends strongly on the type of 
optimization problem that should be solved. A very important factor in the 
choice is the smoothness properties of the error function surface. For instance, 
gradient methods (e.g. Calvello and Finno 2002, 2004, Lecampion et al. 2002, 
Ledesma et al. 1996) are commonly regarded as efficient, but they use 
derivatives of the error function and are therefore only practical when the error 
function is continuous and differentiable. Direct search methods, like e.g. the 
simplex method by Nelder and Mead (1965), in which the search strategy is 
based only on values of the error function itself, can be easily trapped in local 
optima in the search domain. 

As the search method for finding the minimum value of the error function for 
the dam applications in this work, the genetic algorithm was chosen. The 
variables to optimize consist of selected parameters included in constitutive 
models utilized for the finite element simulations. Notice that the magnitude of 
the error function is thereby influenced by the values of the optimization 
variables. The optimal values of the chosen parameters are progressively 
approached through iteration by minimizing the error function; that is the 
optimum solution. 

3.9.1 Error function 

In order to define the difference between the measured values and finite 
element computed values, it is essential to define a proper error function. In 
this research, following Levasseur et al. (2008) a scalar error 
function  Ferr  based on the least-square method was introduced 

Ferr = �
1
N

 �  
�Ue i- Uni�

2

ΔUi
2

N

i=1

�

1
2�

 (38) 
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that determines the difference between experimentally measured values 
Ue i  and numerically computed values Uni, from the N measuring points. The 
term1/ΔUi gives the weight of the discrepancy between Ue i  and Uni.The 
parameter ΔUi relates to the numerical and experimental uncertainties at the 
measurement point i; as 

𝛥Ui = ε + αUe i (39) 

where the parameter ε is an absolute error of measurements and the parameter 
α is a dimensionless relative error of measurements. 

3.9.2 Search algorithm; Genetic algorithm 

It is generally accepted that evolution occurs by natural selection, within a 
given environment, more successful creatures survive and reproduce, whereas 
the less well adapted or weaker decline. We could consider evolution as an 
effectively self-optimizing process. The genetic algorithms are search 
procedures based on the mechanics of natural selection and natural genetics. 
Genetic algorithms are based on the concepts of biological evolution, applying 
the theory of survival of the fittest to produce successively better 
approximation to the solution. In the real world, an organism’s characteristics 
are encoded in its DNA. Genetic algorithms, by following the same pattern, 
store the characteristics of an artificial organism in a long string of bits 
(genotype). 

Genetic algorithms were developed originally in the field of artificial 
intelligence by john Holland in the 1970s at the University of Michigan and 
popularized as a universal optimization algorithm. The Genetic algorithms are 
computationally and numerically simple and powerful in their search for 
improvement. Furthermore, they are not restricted by smoothness properties of 
the error function surface, like continuity and existence of derivatives. 

The genetic algorithms are global optimization techniques that are based on 
randomized operators such as: selection, crossover and mutation. The search 
methods can approach a set of solutions close to the optimum solution without 
being trapped into local optima in the given search domain. Genetic algorithms 
have been applied in many fields and practical applications in engineering 
systems. Stoffa and Sen (1991) have used the approach for fitting synthetic 
body waveforms for 1-D depth seismic profiles; Kennett and Sambridge (1994) 
and Gallagher et al. (1994) have identified earthquake hypocenter locations; 
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Sundaram and Venkatasubramanian (1998) used a genetic algorithm for 
studying large scale polymer design problems. This method has been utilized in 
some geotechnical applications like excavation and pressuremeter test studies; 
see e.g. (Levasseur et al. 2010, Levasseur et al. 2008, Levasseur et al. 2009, 
Rechea et al. 2008), Papon et al. (2012). The genetic algorithm consists of 
several operators which will be discussed more closely in the following 
chapters. 

Individuals and populations 

Individuals are the single solutions. An individual is a genetic algorithm 
chromosome which has raw genetic information. Each gene is encoded into a 
part of the bit string in order to be passed to the numerical model. Thus, each 
optimization parameter is encoded to a form of gene. The number of 
optimization parameters Np define the dimension of the search space limited by 
the upper and the lower bound constraints of each parameter. The Population, 
Ni , is the set of individuals (solutions) involved in the search domain. 

Initial population, fitness, selection 

The initial population is the number of chromosomes, each randomly chosen to 
fill the defined population in the Np domain. Initially, these random solutions 
of the initial population need to be evaluated. Based on the fitness value of the 
individuals, the population is sorted in ascending or descending order. In the 
genetic algorithm the fitness is the value of the error function for its associated 
individual. The error function provides a measure of how individuals have 
performed in the search area. With the aim of collecting the best individuals, 
only Ni/3 of them are retained, selected, for the next population, which are 
called parents. 

Crossover, mutation and mating 

The crossover’s purpose is to create new solutions (children) by combining the 
selected good temporary solutions (parents). The children get some parts of 
both parents’ genetic material. The most common form of mating includes two 
parents that produce two children (offspring). The position of crossover points 
is randomly chosen and the value of each binary string is exchanged for with 
another one after this position point, see figure (3). Each parent copies part of 
the gene to each child, with the selection of the genes being chosen 
independently. This process is repeated until 2Ni/3 children are created. Now 
the new population, consisting of parents and children is completed.  
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Mutation is the variation of a randomly selected bit in the parameter code 
based on a specific probability. Goldberg (1989) recommends low nonzero 
mutation probability, e.g. 0.001, in order to allow diversity to occur within the 
population. The role of mutation in genetic algorithms is to search unexplored 
areas of the search domain to prevent premature convergence of the genetic 
algorithms to a local optimum. Selecting a proper value for mutation 
probability is not an easy task. Large values change the genetic algorithm into a 
decently random search algorithm and low values omit the effect of mutation in 
the process. The typical value for mutation probability is in the range of 0.005-
0.05. The procedure of selection, crossing, mating and reproduction is called 
breeding or mating. 

 
Figure 20: Mutation of an individual 

Population size 

The size of the population must initially be large enough to achieve a good 
convergence of the algorithm. To avoid a prohibitive CPU time, it is then 
necessary to reduce dynamically the size of this population (Chelouah and 
Siarry 2000). Also, large population sizes would be required to reduce the risk 
for solutions to get trapped in the local optima on the noisy and fluctuated error 
function surface. However, the drawback of large population sizes is the 

Selected gene before mutation 001011010110 
Selected gene after mutation    001010010110 

Figure 19: Reproduction of offspring (children) from the pair of parents 

 

Parent #1 111001 100100         111001 011011  Offspring #1 

Parent #2 001110 011011         001110 100100  Offspring #2 
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computation time cost. A small population would be more likely to converge 
quickly, which might be to a local optimum, and the quality of convergence is 
left to chance and in some cases could be equivalent to a random search. In the 
case of large population sizes, the population initialization is expensive in 
terms of computation time which in some cases could be equivalent to a 
random search. 

A proper population size must be defined before running any genetic algorithm 
computations. An equation for choosing population size, from statistical theory 
proposed by Goldberg et.al (1991) and analyzed by him and Carroll (1996) has 
been studied in this research 

𝑛𝑝𝑜𝑝 = 𝑚 𝑋𝑘 = 𝑙
𝑘� 𝑋𝑘 (40) 

Where X is the number of possibilities for each chromosome, e.g. for binary 
X=2, 𝑙 is the length of chromosome and k is the size of the schema, details 
about the schema can be found in Goldberg (1989). 

To estimate a proper population size, it was considered that each parameter 
string would represent one schema. So, the length of the schema was assumed 
to be equal to the average parameter length for this purpose.  

Strategy of running genetic algorithm 

The search strategy is the combination of population size, offspring 
arrangement and termination criteria. The process of producing the initial 
population, following by breeding a new population continues until the 
termination conditions are met. In the process of optimization there is always a 
possibility that the next generation will produce a better solution which is the 
most important goal of optimization. On the other hand, the search could run 
forever and not be able to produce better solutions. Another situation could be 
that the solution’s set contains several similar fitness values. In this case 
engineering judgment is needed in order to select among them, since some 
combinations are more feasible and robust than others.  
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4 RESULTS 

The purpose of this research is to introduce a new method in dam engineering 
for identifying the soil material properties within the dam structure (various 
zones) with the help of available measurement data of the instrumentations. For 
approaching this purpose, an inverse analysis method was introduced. In this 
study, the commercial finite element program Plaxis (2011) was used to 
simulate the earth and rockfill dam displacements. The optimizations were 
carried out by coupling Plaxis with a search algorithm program, based on the 
genetic algorithm, and minimizing an objective function of the least-square 
type.  

In order to validate the inverse analysis technique and to examine the 
efficiency and robustness of the genetic algorithm, the research was initially 
focused on a synthetic case study. The synthetic case of model parameters, a 
set known in advance, is a good test for the mathematical basis used in the 
optimization, i.e. the objective function and the search algorithm. The Mohr-
Coulomb elastic perfectly plastic model was chosen for all dam zones, as an 
initial choice for this research, chiefly because of its simplicity. A sensitivity 
analysis was utilized to characterize the influence of each parameter on 
displacements against the inclinometer data. From this analysis, the shear 
modulus of the core and the rockfill were found to be the most sensitive 
parameters for the horizontal deformation behaviour in the downstream zones 
of the dam in this study. A very good agreement was obtained in the 
optimization with the synthetic case. It was concluded from the synthetic case 
study, that the technique of inverse analysis could be effectively used in this 
kind of earth and rockfill dam application, presented in paper A. Table (2) 
summarizes the Mohr-Coulomb model parameters which are applied to this 
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model. For the real dam case study, the simulated magnitudes of the horizontal 
displacements did not agree very well with the inclinometer measurements, see 
figure (24).  

The results indicate that approaching a good agreement cannot be expected in 
an inverse analysis if the constitutive models chosen are not able to simulate 
the real soil behaviour sufficiently accurately. Moreover, a proper study of the 
genetic algorithm population size was needed since it has a large impact on the 
inverse analysis results. 

According to the conclusions of the initial study, presented in paper A, it was 
clear that both models, the mathematical and the constitutive model, needed to 
be improved. For improving the mathematical model, population sizes of the 
genetic algorithm, for the synthetic case, were studied, see 3.9.2. The 
population size was chosen in such a way that each inverse computation almost 
converges to the same set of solutions. So, users feel confident about getting 
approximately the same results each time, running several inverse 
computations. Meanwhile, the importance of obtaining trustworthy solutions 
from an inverse analysis was judged against the need to save computation time. 
Therefore, a study of the population size as one of the key factors of the genetic 
algorithm efficiency was considered. For this purpose, fifteen inverse analyses 
were performed for the population sizes of 150, 120, 90, 75, 45 and 15. The 
results showed that by considering the importance of saving computation time 
and obtaining trustworthy solutions, the population size of 120 was the best 
population size for the synthetic case, presented in paper B.  

Meanwhile, the Mohr-Coulomb model as a constitutive model had been 
improved by considering incremental shear modulus instead of constant shear 
modulus which was presented in paper A. By considering the incremental shear 
modulus as an optimization parameter the real behaviour of the soil can be 
captured better compared to a constant value of the shear modulus, since the 
stiffness of soil is assumed to increase linearly with depth with regard to the 
weight of soil.  

Moreover, the topology of the error function was also studied for the synthetic 
case in order to establish a graphical shape of the error function, since only two 
parameters were considered to be optimized. Thereby, the smoothness 
properties of the surface can be examined as well as the location of the global 
optimum and the distribution of local optima in the search domain for the 
synthetic case. In this approach, presented in paper B, the surface was found to 
be non-smooth, with a lot of noises and fluctuations, and a large number of 
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local optima were spread over the entire search domain, see figure (21). It was 
concluded that the genetic algorithm is a proper choice as a search method for 
this rockfill dam application, since the genetic algorithm is not restricted by 
smoothness properties of the error function surface and solutions are not easily 
trapped into local optima, (presented in paper B). 

The results of this approach with incremental shear moduli showed a decent 
agreement in optimization against the real inclinometer measurements, 
presented in paper B. Table (3) summarizes the Mohr-Coulomb model 
parameters, considering the incremental stiffness assumption, which is applied 
to this test. The simulated magnitudes of horizontal displacements agreed to 
some extent with the inclinometer measurements, see figure (24). 

From the results of papers A and B, it was concluded that an advanced 
constitutive model would probably capture the real soil behaviour even better. 
Therefore, the Hardening soil constitutive model was chosen for the purpose of 
improving the inverse analysis. The Hardening soil model is an elasto-plastic 
cone-cap model, see chapter 3.8.1. Since, the mathematical model was 
significantly improved compared to previous studies, the inverse analysis only 
focused on the real dam case.  Two different case studies (A and B), see 
chapter 3.5, based on different reservoir water levels and number of berms 
constructed, were considered. Case B is the same case which was monitored in 
previous studies. From another sensitivity analysis, the reference secant 
stiffness of the core material E50C

 ref   and the reference secant stiffness of the 
rockfill material E50R

 ref  were found to be the most sensitive parameters of the 
horizontal deformation behaviour in the downstream zones of the dam, for this 
constitutive model. Initially, in order to have a broad perspective on the 
location of the probable set within the domain, large limits were chosen for the 
optimization variables, E50C

 ref  and E50R
 ref . Ten inverse analyses were utilized 

according to the range of optimization values. From the initial results it was 
concluded that the best set of solutions were located in a small range of 
E50R

 ref  values, along the whole search range for E50C
 ref , values for both case A and 

case B. This appeared in a distinct valley in the surface of the error function as 
well. From these initial optimizations, a reduced search area was defined for 
case A and case B. After defining potential solution criteria from the first 
analyses, the second inverse analyses were applied to each case in the reduced 
domain. The set of solutions of the second ten inverse analyses were monitored 
in the domain of optimization parameters versus their relevant error function 
values. The results showed that the E50R

 ref  value had changed during the time 
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(from case A to case B) while most probably the E50C
 ref  value had not changed 

that much, presented in paper C. 

The topology of the objective function for case A was found not to be as 
fluctuating and noisy as the topology obtained with the Mohr-Coulomb model. 
Again from this case study it was concluded that the genetic algorithm is a 
proper search algorithm for this kind of application since it is not restricted to 
smoothness properties of the error function. On the other hand, the topology of 
case B was found to be smooth without noticeable fluctuations. The error 
function shape in this study based on the Hardening soil model, had 
significantly changed compared to the shape obtained in the previous study 
which was very fluctuating and noisy, based on the Mohr-Coulomb model. 

A very good agreement from the best set of solutions was obtained with the 
inclinometer measurements for both case A and case B. Table (4) summarizes 
the Hardening soil model parameters which are utilized for this case. The 
Hardening soil model captured the pattern of horizontal displacements quite 
well.  On the other hand, finding a proper range of values in the domain of 
[E50C

 ref , E50R
 ref ] had a significant influence on the improvement of the results, see 

figures (24) and (25). 

According to figure (24), since the Hardening soil model is a stress-dependent 
model, it is able to capture the horizontal displacements dam crest perfectly, 
while the Mohr-Coulomb model is not stress dependent and was not able to 
capture the horizontal displacements on the crest. On the other hand, in the 
incremental stiffness version of the Mohr-Coulomb model the stiffness values 
increased with depth, and this model showed quite similar displacement 
behaviour in the bottom of the dam compared to the Hardening soil model. 
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Figure 21:  Error function and level contours of error function for Mohr-
Coulomb model, presented in paper B 
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Figure 22: Error function topology and level contours for case A of the 

Hardening soil model 
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Figure 23: Error function topology and level contours for case B of the 
Hardening soil model 
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Figure 24: Horizontal displacement versus the height of the dam for different 
constitutive models 

 

Figure 25: Measured and computed horizontal displacements at different 
heights of the dam for cases A and B 
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Table 2: Material properties of the rockfill dam (Mohr-Coulomb model-presented in paper A) 

Dam 
zones 

γu γs G'ref 𝜈´ 𝑐´ ϕ´ kx/ky 

kN/m3 MPa - kPa (°) m/s 

Core 21 23 31 0.35 20 38 3.0·10-7 

Fine filter 21 23 64 0.33 0 32 9.0·10-5 

Coarse filter 21 23 64 0.33 0 34 5.0·10-4 

Rockfill 19 21 15 0.33 7 30 1.0·10-2 

Berms 21 23 37 0.33 7 36 5.0·10-2 

Foundation 21 23 3700 0.30 0 45 1.0·10-8 

 

Table 3: Material properties of the rockfill dam (Mohr-Coulomb model, presented in paper B)  

Dam zones 
γu γs G'ref G'inc ν' c' ϕ' kx/ky 

  kN/m3 MPa kPa - kPa (°) m/s 

Core 21 23 18 524 0.35 20 38 3.0·10-7 

Fine filter 21 23 40 100 0.33 0 32 9.0·10-5 
Coarse 
filter 21 23 40 100 0.33 0 34 5.0·10-4 

Rockfill 19 21 10 60 0.33 7 30 1.0·10-2 

Berms 21 23 13 0 0.33 7 30 5.0·10-2 

Foundation 21 23 3700 0 0.30 0 45 1.0·10-8 

Note: uγ  is the unit weight above the phreatic level, sγ  is the unit weight 
below the phreatic level, G'ref  is the shear modulus, G'inc is the shear 
modulus increment, ν' is the effective Poisson’s ratio, c' is the effective 
cohesion, φ' is the effective friction angle and  kx and ky are the hydraulic 
conductivity in horizontal and vertical direction, respectively. 
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Table 4: Material properties of the rockfill dam (Hardening soil model, presented in paper C)  

Dam zones 
γu γs E50

 ref=Eoed
ref  Eur

ref m c' ϕ' kx/ky 

kN/m3 MPa MPa - kPa (°) m/s 

Core 21 23 70-100 210-300 1 20 38 3.0·10-7 

Fine filter 21 23 50 150 0.5 0 32 9.0·10-5 

Coarse filter 21 23 50 150 0.5 0 34 5.0·10-4 

Rockfill 19 21 10-17 30-51 0.5 7 30 1.0·10-2 

Berms 21 23 10 30 0.5 7 30 5.0·10-2 

Foundation 21 23 3000 9000 0.5 0 45 1.0·10-8 

Note: uγ  is the unit weight above the phreatic level, sγ  is the unit weight 
below the phreatic level, E50

ref is the Reference secant stiffness for primary 
loading in a drained triaxial test, Eoed

ref  is the Reference tangent stiffness 
for primary oedometer loading, Eur

ref is the Reference stiffness for 
unloading\reloading in a drained triaxial test, m is the Power for stress-
level dependency of stiffness, c' is the effective cohesion, ϕ' is the 
effective friction angle and  kx and ky are the hydraulic conductivity in 
horizontal and vertical direction, respectively. 

Finally the overall outcome of the identification of soil material properties of 
the earth and rockfill dam by inverse analysis computations can be listed as 
follows: 

• The inverse analysis technique is a proper non-destructive method for 
soil parameter identification of earth and rockfill dams. 

• The inverse model consists of two models; an optimization model 
(search algorithm and error function) and a numerical model. 
Therefore, a good inverse analysis highly depends on the choice of a 
proper mathematical and numerical model.  

• The proper choice of a constitutive relation, in order to capture the real 
soil behaviour is one of the key factors of performing an inverse 
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analysis. Results with the Hardening soil model show that this model 
could be a proper choice for doing inverse soil parameter identification 
in earth and rockfill dam applications.  

• The genetic algorithm is a robust and efficient search algorithm for 
finding a set of solutions close to the global optimum, without being 
trapped into local optima. The choice of a proper population size is one 
of the key factors in the genetic algorithm. So, an initial study needs to 
be made in order to find the best population size regarding the problem. 

• Considering a proper range of variation of optimization parameter 
values has an impact influence on finding the best set of solutions as 
close as possible to the global optimum solution.   
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5 FUTURE WORK 

Future work can be focused on testing the mathematical basis against field 
measurements of different kinds, like: pore pressures, total stresses, seepage 
etc. In this research, only horizontal displacements from inclinometer 
measurements were used. Identification of constitutive parameter values might 
be improved if more measurements as well as measurements of different kinds 
are included in the error function.  

Moreover, evaluating the mathematical basis with a larger number of 
optimization variables and their correlations can be studied in the future.  

In order to evaluate the introduced inverse analysis method; more case studies 
with more measurements data can be tested.  

A more in detail study of the influence on optimization of the genetic algorithm 
operations such as mutation and cross over can be considered for future work.  
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Summary 
 

The paper presents a study of constitutive parameter value 
identification by inverse analysis on an earth and rockfill dam 
application. The objective is to examine if the technique of 
inverse analysis can be effectively used for this type of case. In 
the inverse analysis procedure discussed here, values of 
constitutive parameters are determined based on data recorded 
from installed instrumentations in the dam. The quantities that 
are monitored in the dam can be numerically predicted by a 
finite element simulation. To perform a finite element 
simulation, constitutive models have to be chosen and values 
have to be assigned to the parameters included. In inverse 
analysis, constitutive parameter values are chosen in such a 
way that the error between data obtained by measurements in 
the dam and numerical simulation is minimized. This is 
accomplished by optimization. The genetic algorithm was 
utilized as the optimization strategy, to search for the minimum 
error, in this study. Optimizations have been performed both 
against a synthetic dam case and a real dam case. It was 
concluded, that the inverse analysis technique studied, could be 
effectively used for this kind of earth and rockfill dam 
application. However, the technique was time consuming. 
Inverse analysis has the potential to become a valuable tool for 
dam engineers assessing dam performance and dam safety if it 
becomes readily available in commercial finite element 
software. 

 
 Introduction 

 
The finite element method (FEM) has been widely used to 
analyze earth and rockfill dams. References [1] and [2] are both 
examples of good state of the art papers on finite element 
analysis of deformation behavior in earth and rockfill dams. 
The books by Potts and Zdravkovic' [3] and Muir Wood [4] 
contain many valuable general advices about how numerical 
modeling of e.g. dams should be performed. In a finite element 
analysis a proper constitutive model has to be chosen for each 
part of the dam in order to simulate the relation between 
stresses and strains. The zones of an earth and rockfill dam 
have different functions. Because of that the zones normally 

consist of various soil types for which the stress/strain response 
could vary considerably. For each dam zone, suitable values 
have to be assigned to the parameters included in the 
constitutive model chosen. In general, laboratory tests and/or 
field tests of the soil are needed as a basis for this parameter 
evaluation. However, many dams are old and limited 
information might be available regarding the soil materials 
being used in the dam structures. In dams, it is normally very 
difficult to take up soil samples for testing, especially from the 
central impervious part, since this might affect the dam 
performance and the safety of the dam. For dams it would be 
advantageous if constitutive parameter values could be 
determined with some non-destructive method.  

Inverse analysis provides a possibility to determine the 
constitutive behavior of different materials within the dam 
structure under the condition that the dams have been equipped 
with various instrumentations, for monitoring dam 
performance, which record data such as pore pressures, 
deformations, total stresses and seepage etc. In the proposed 
inverse analysis, also named back analysis, a finite element 
(FE) model is calibrated automatically by changing the values 
of the input parameters of the selected constitutive model in 
different dam zones until the discrepancy between measured 
results by dam instrumentations and the corresponding 
computed results is minimized. The finite element model 
calibration is conducted by applying an optimization method to 
search for the best possible solution. The inverse analysis 
technique was introduced to the geotechnical field by Gioda [5] 
with the purpose of identification of elastic material properties 
of in situ rock masses. The inverse analysis method has since 
then been applied in many different types of geotechnical 
applications [6]-[15]. 

The objective of this paper is to examine if the technique of 
inverse analysis can be effectively used for identification of 
constitutive parameter values in an earth and rockfill dam 
application. An inverse analysis method for dam applications 
was proposed in reference [16], neural networks were utilized 
which is a different technique compared to the finite element 
approach used in this paper. If the values of the constitutive 
parameters can be identified by inverse analysis, reliable finite 
element simulations of the dam structure can be performed. The 
results from such simulations can be interpreted and put in 
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relation to dam monitoring data observed to obtain a better 
overall understanding of the mechanical behavior of the dam.  
Dam performance as well as dam safety can then be better 
assessed. In this study, geometry and zoning as well as 
inclinometer data from an existing earth and rockfill dam has 
been used, see figure (1). 

In the technique of inverse analysis an optimization method 
is needed. The mathematical procedure of optimization 
basically consists of two parts, the formulation of an objective 
function measuring the difference between monitored data and 
the associated data simulated by finite element analysis, and the 
selection of an optimization strategy enabling the search for the 
minimum of this objective function. Horizontal deformations 
are the main concern for the earth and rockfill dam in this 
study. Therefore, the objective function has been formulated to 
give the difference between horizontal deformations obtained 
by inclinometer measurements and finite element simulations, 
respectively. As the search strategy, the genetic algorithm (GA) 
has been chosen in this study. The genetic algorithm is a 
stochastic search method which is well suited in finding near 
optimal solutions to complex problems, but without any 
guarantee of finding the exact global optimum [17]-[19]. This 
search strategy has been chosen due to its robustness, efficiency 
and particularly for providing a set of solutions close to the 
optimum solution instead of a unique answer; which is more 
practical from a geotechnical perspective. This method has 
been utilized in several geotechnical applications, see e.g. 
reference [13], [20] - [22]. However, to the authors’ knowledge, 
the genetic algorithm has still not been used in earth and 
rockfill dam applications. 

The practical outcome of an inverse analysis clearly depends 
on the ability of the constitutive models chosen, to mimic the 
real soil behavior in the different dam zones. To evaluate the 
robustness and efficiency of the genetic search algorithm for 
the dam application, the uncertainty of the prediction ability of 
the constitutive model chosen has been removed from the 
analysis by optimizing against deformations obtained by finite 
element simulations with an in advance known set of model 
parameters. A synthetic case has been created. The actual 
optimization problem is then invented by choosing other sets of 
model parameters as starting-points for the optimization. 
Thereby, the optimum is known in advance and it is no doubt 
that it can be reproduced again. 

In this study, the genetic algorithm has been validated first 
against a synthetic case. After that, model parameter calibration 
has been performed against real inclinometer measurements on 
the dam. The authors’ are in the initial stages of the project in 
which this research results have been produced. The 
optimizations presented in this paper are restricted to two 
optimization variables. In the future, the genetic algorithm will 

be tested against the challenge of a gradually increased number 
of optimization variables. 

 
The earth and rockfill dam 

 
The earth and rockfill dam used for the case study is 45m high, 
with a dam crest of 6.5m, see figure (1).  The upstream slope is 
inclining 1V:1.71H and the downstream slope is inclining 
1V:1.85H. The impervious core is surrounded by fine and 
coarse filters and supporting fill of blasted rock. After some 
time, the dam was strengthened in two stages with rockfill 
berms on the downstream part. Horizontal displacements are 
measured automatically by inclinometers installed along the 
downstream filter, from the crest into the rock foundation. 
Since the inclinometer data from the ten first meters from the 
bottom of the core seems to be not trustworthy, only data above 
this level are considered. The level of water in the reservoir 
varied from +430m to +440m during the one year of interest in 
this study. 

 
Figure 1 : Cross section of the dam 

 
Finite element model 

 
The Plaxis finite element program [23] was utilized for the 
numerical analysis in this study.  The finite element model of 
the cross section of the dam is shown in figure (2). Since the 
dam is a long structure, plain strain condition was assumed. 
Some smaller simplifications compared to the real dam cross 
section in figure (1) were done in the finite element model in 
figure (2). These simplifications are considered to be of no 
practical importance in this study. For an accurate analysis, a 
sufficient large part of the cross sectional geometry was 
considered in the finite element model. The option standard 
fixities in Plaxis was selected for generation of boundary 
conditions to the geometry model, for the outermost vertical 
left and right foundation boundary horizontal displacements 
were prescribed to zero and for the lowest horizontal boundary 
in the foundation both horizontal and vertical displacements 
were prescribed to zero. The element type was chosen as 15-
node triangular elements. The coarseness of the mesh was 
selected so that a sufficient accuracy of the computations was 
obtained for a minimum of computation time spent. Several 
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different meshes were tested and the one illustrated in figure (2) 
was chosen. The dam embankment in the model in figure (2) 
was constructed stepwise in five stages in order to generate a 
proper initial effective stress field [24], [25]. The excess pore 
pressures in the core were dissipated by consolidation after 
each stage. The Mohr-Coulomb elastic perfectly plastic model 
was chosen for all dam zones, as an initial choice for this 
research, foremost because of its simplicity. Table (1) 
summarizes the Mohr-Coulomb model parameters which are 
applied for this case study. The parameter values of u s ', kx 
and ky were provided by the dam owner. Appropriate values of 

and c' were chosen based on advices in reference [26]. The 
dilatancy angle were calculated from the expression ' '-30° 
in reference [23]. A high value of the shear modulus  was 
selected for the foundation to make it rigid. The values of the 
shear modulus,   for all the other materials in the dam were 
identified by calibration against inclinometer results. The dam 
core was modeled as undrained case (B) in the Plaxis software. 
The undrained shear strength needed in case (B) was assumed 
to increase linearly with depth and was calculated with the 
effective parameters  and  for representative effective stress 
states at the top and the bottom of the core, before 
impoundment.  All the other dam zones were modeled with the 
option drained behavior, i.e. no excess pore pressures are 
generated.  

In the finite element analyses executed in this paper, 
simulated horizontal deformations received in exactly the same 
positions in the geometry as the measurements carried out with 
the single inclinometer in figure (1), have been compared to the 
corresponding inclinometer measurements in the expression for 
the objective function. The inclinometer measurements in the 
real dam began when the reservoir was filled for the first time. 
Thus, in the finite element analyses, all displacements were 
reset to zero before impoundment. The deformation comparison 
in this study has been performed for the specific moment in 
time when the water level in the reservoir was at the level 
+440m and the construction of the berms in figure (1) were just 
completed. To reach this particular state in the numerical 
analysis, the reservoir was filled in four stages from +400m to 
+440m and the water pressure was generated based on the 
phreatic level representative for a steady state water flow 
condition. After that the berms were constructed. The excess 
pore pressures in the core were dissipated before construction 
of the berms, but not afterwards. 

 

 
 

Figure 2: Finite element model of cross section of the dam: 
2D model in plain strain 

 
TABLE 1 : MATERIAL PROPERTIES OF THE ROCKFILL DAM 

Dam 
zones 

u s Gref ´ ´ ´ kx/ky  

kN/m3 MPa - kPa (°) m/s 

Core 21 23 31 0.35 20 38 3.0·10-7 

F.filter 21 23 64 0.33 0 32 9.0·10-5 

C.filter 21 23 64 0.33 0 34 5.0·10-4 

Rockfill 19 21 15 0.33 7 30 1.0·10-2 

Berms 21 23 37 0.33 7 36 5.0·10-2 
Foundation 21 23 3700 0.30 0 45 1.0·10-8 

Note:   is the unit weight above phreatic level,  is the unit 
weight below phreatic level,  is the shear modulus,  is the 
effective Poisson’s ratio,  is the effective cohesion,  is the 
effective friction angle,  is the dilatancy angle and kx and ky 
are the hydraulic conductivity in horizontal and vertical 
direction, respectively. 

 
 

Optimization method 
 
The aim of optimization is to approach the optimum solution 
among other solutions for a given problem in a matter of 
efficiency. For optimization an objective function and a search 
method are needed. In this paper, the objective function should 
provide a scalar measure of the deviations between horizontal 
deformations obtained by inclinometer measurements and 
numerical simulation, respectively. As the search method, for 
finding the minimum value of this objective function, the 
genetic algorithm (GA) is chosen. The variables to optimize 
consist of selected parameters included in constitutive models 
utilized for the finite element simulations. Notice that, the 
magnitude of the objective function is thereby influenced by the 
values of the optimization variables and the actual problem is to 
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find the set of values of the optimization variables that 
minimizes the objective function; that is the optimum solution. 

 
Objective function 
In order to define the difference between the measured values 
and FE computed values, it is essential to define a proper 
objective function. In this research, following Levasseur et al. 
[20], a scalar error function Ferr based on the least-square 
method was introduced 

 = 1  (1) 

 
that determines the difference between experimental measured 
values  Uei and numerically computed values Uni, from the N 
measuring points. The term i gives the weight on the 
discrepancy between Uei and Uni. The parameter i relates to 
the numerical and experimental uncertainties at the 
measurement point “i” defined as 

 
 = +  (2) 
 

where the parameter  is an absolute error of measurements and 
parameter  is a dimensionless relative error of measurements.  

 
Search algorithm 
The genetic algorithm that belongs to the subcategory of 
stochastic search methods was developed by John Holland [27] 
in 1970s at the University of Michigan; that method was 
inspired by Darwin’s theory of evolution. GA is a global 
optimization technique which is based on randomized operators 
such as: selection, crossover and mutation. The search method 
can approach to a set of solutions close to the optimum solution 
without being trapped into local optimums in the given search 
domain. The genetic algorithm is briefly described below. A 
more thorough description can e.g. be found in the book by 
Haupt [19]. The optimization program that is used in this 
research was developed in the Fortran language by Levasseur 
et.al [13], [20] for geotechnical studies. 

In this genetic algorithm, the area of search is defined based 
on the number of parameters Np to optimize. The minimization 
problem is approached in the Np dimensional space limited by 
the upper and the lower bound constrains of each parameter. 
The values of the optimization parameters are binary encoded 
in a form of genes. The combination of the genes forms 
individuals Ni. The population (chromosomes) is made by 
several individuals in the domain. The initial population is 
formed based on a random selection in the search space. Based 

on the individual’s fitness value the population is sorted in 
ascending or descending order. With the aim of collecting the 
best individual, only Ni/3 of them are retained for the next 
population, which are called parents. Randomly selected pair 
parents produce a new generation (offspring) based on 
crossover or mating. The most common form of mating 
includes two parents that produce two off springs. The position 
of crossover points is randomly chosen and the value of each 
binary string exchange with another one after this position 
point, see figure (3). In order to improve the efficiency of the 
algorithm a crossover point number is chosen equal to the 
number of selected parameters, which was proposed by Pal et 
al. [17]. This process is repeated until 2Ni/3 off springs 
(children) are created. Now the new population, consisting of 
parents and children is completed. Mutations apply for 
preventing the GA from converging too fast before sweeping 
the entire search domain. Therefore some of the individuals are 
randomly selected to flip their character, see figure (4). 

 
 

 
 

 
Figure 4: Mutation of an individual 

 
Optimization results of the synthetic case

 
Before applying the inverse analysis on the real inclinometer 
measurements performed on the earth and rockfill dam in figure 
(1), the robustness and efficiency of the optimization method 
are validated against a synthetic case. The inclinometer has the 
position as illustrated in figure (1). The results of the 
inclinometer measurements are in the synthetic case obtained 
from a finite element simulation of the dam with the Mohr-
Coulomb model and the parameters in table (1). By this 
strategy, it is an evident fact that the Mohr-Coulomb model is 
able to simulate the synthetic case and the actual optimization 

Figure 3: Reproduction of offspring (children) 
from the pair of parents 

Parent #1 111001 100100         111001011011  offspring#1     
Parent #2 001110 011011         001110100100  offspring#2 

Selected gene before mutation 001011010110 
    Selected gene after mutation    001010010110 
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is started from a specified search domain for model parameters 
including the initial set (optimal solution) defined in table (1). 

Before optimization, a sensitivity analysis of the model 
parameters in table (1) has been performed to characterize the 
influence of each parameter (not presented in this paper). From 
this it was found that the shear modulus Gref of the core and the 
shear modulus Gref of the rockfill material were two of the most 
sensitive parameters for the horizontal deformation behavior in 
the downstream zones of the dam. These two parameters were 
selected as optimization variables in this study. The search 
domain was limited by lower and upper bounds for each 
optimization variable as: 29MPa  G refcore  93MPa and    
12MPa  G refrockfill  56MPa. The optimum solution in this 
synthetic case is known as the values G refcore =31MPa, G refrockfill =15MPa.  

The optimization results of the synthetic case are shown in 
figure (5), (6) and (7). In figure (5), the initial population 
generated by the genetic algorithm, is presented. The initial 
population represents the start of the search for the optimum, 
and consists of 90 points in the two dimensional search space 
spanned by the optimization variables and their boundaries.  

For each of the following populations, half of the number of 
points in the initial population is applied (45 points). The error 
function defined in equation (1) is considered with the 

solutions around the optimum solution is identified; see figure 
(6) and table (2). From this set of solution, the user can choose 
a solution with a low value of the error function and a set of 
parameter values that “feels correct” from engineering 
perspective.  

To go further in the analysis and to have an idea of genetic 
algorithm capabilities, we can compare different numerical 
results. In figure (7), horizontal displacements versus the height 
of the dam are shown for the inclinometer position in the dam. 
The inclinometer values from the synthetic case represent the 
optimum solution. On this figure, numerical curves obtained 
from several parameter sets are compared. First, we consider a 
curve obtained from  = 84MPa, and G refrockfill =53MPa, in 
the initial population for which the error function is equal to 
5E-2. Thereafter, we consider curves obtained from the 
identified solution set; e.g. points 1 and 2 which give the 
smallest error function values and correspond to shear moduli 

= 31MPa and G refrockfill =14.5MPa for point 1 and = 
39MPa and G refrockfill =11.7MPa for point 2. 

One can see that the curves associated to the solution set 
almost coincide with the optimum solution whereas the curve 
obtained from parameter set outside the identified solutions is 
irrelevant. It can be concluded, that even though the genetic 
algorithm does not have identified the exact optimum 
parameter set of this problem, this optimization technique is 

able to find relevant set of solutions close to the optimum 
values. 

 

 
 

Figure 5 : Initial population 
 

 
Figure 6: Solution of 9th population 
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TABLE 2: SET OF SOLUTIONS IN 9TH POPULATION 

Point number 
G ref

core G ref
rockfill  Value of  

error function (MPa) (MPa) 

1 31 14.5 1.06·10-03 

2 39 11.7 1.06·10-03 

3 29 14.5 1.17·10-03 
   
  
 

 
 

Figure 7: Synthetic case — horizontal displacement vs dam 
height  

 
 

Optimization results of the real dam case  
 
An inverse analysis is here carried out against the real 
inclinometer measurements performed on the dam in figure (1). 
As in the optimization against the synthetic case above, the 
shear modulus Gref of the core and the shear modulus Gref of the 
rockfill were chosen as optimization variables. The search 
domains were also kept as: 29MPa   93MPa and 
12MPa  G refrockfill   56MPa.  

The result of this optimization gives the following parameter 
values: = 31MPa, G refrockfill =15MPa with the value of the 

objective function in equation (1) equals to Ferr =0.0276 (with 
The outcome of the optimization 

against the real dam case is shown in figure (8). The agreement 
between measured inclinometer values and optimized values of 
horizontal displacements might be interpreted as decent in this 
real case. The Mohr-Coulomb model is for this case able to 
simulate the trend of horizontal displacements. Nevertheless, 
the exact evolution of horizontal displacement is not perfectly 
capture, optimization can still be improved. In fact, the Mohr-
Coulomb model is a well-known model based on well-known 
geotechnical parameters, but it is quite simple and then can 
only be used as a first approximation. A better agreement 
should be obtained with a more sophisticated constitutive 
model. That’s what we expect by using in future, some of the 
other models of the Plaxis model library.  

 
 

 
Figure 8: Measured and computed horizontal displacements 

at different dam heights 
 
 

  

5

10

15

20

25

30

35

40

45

0.01 0.03 0.05 0.07 0.09 0.11 0.13 0.15

T
he

 h
ei

gh
t o

f t
he

 d
am

 H
 [m

] 

Horizontal displacement Ux [m] 

Modeled inclinometer
values, synthetic case

Point 1, fig (6)

Point 2, fig (6)

Point in intial
population

5

10

15

20

25

30

35

40

45

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16 0.18

T
he

 h
ei

gh
t o

f  
th

e 
da

m
 H

 [m
]  

Horizontal displacement Ux [m] 

Inclinometer values

Optimized values



  

7 

Concluding remarks 
 
This research focused on validating the technique of inverse 
analysis, adopted to identify parameter values of constitutive 
models in an earth and rockfill dam application. As the search 
method in the optimization, the genetic algorithm was utilized. 

Very good agreement was obtained in the optimization 
against the synthetic case in this study. The synthetic case is a 
good test for the mathematical basis used in the optimization, 
i.e. the objective function and the search algorithm. It can be 
concluded, from this synthetic case study, that the technique of 
inverse analysis could be effectively used in this kind of earth 
and rockfill dam application. However, in the synthetic case 
presented here, the values of the inclinometer measurements 
were simulated. Thus, the field measurements were not 
subjected to errors in the experimental result; something which 
are likely in practice. Perturbations on the field measurements 
might influence the effectiveness of the search method. The 
authors’ have planned, in future research, to examine how the 
genetic algorithm performs when the simulated experimental 
result, in a synthetic case, is subjected to randomly generated 
perturbations of different magnitude. 

A decent agreement was obtained in the optimization against 
the real inclinometer measurements. The Mohr-Coulomb model 
captured the trend of increased horizontal displacements the 
higher on the dam they were measured. The simulated 
magnitudes of horizontal displacements did not agree very well 
with inclinometer measurements. Probably it is possible to get a 
better agreement by choosing some other constitutive model (or 
models) in Plaxis. It is important to realize that a good 
agreement cannot be expected in an inverse analysis if the 
constitutive models chosen are not able to simulate the real soil 
behavior sufficiently accurate. So, this example should not be 
viewed as an appropriate test of the mathematical basis utilized 
for optimization. Inverse analysis will presumably not work 
well if there are too many errors in the field measurements 
either. 

In this study, only two optimization variables were utilized. 
The authors’ intention is to evaluate the mathematical basis for 
a gradually increased number of optimization variables in the 
future. Anyway, inverse analysis with two optimization 
variables is already time consuming, because of the complexity 
of the problem. As an example, the 9th population in the 
optimization against the synthetic case was reached after 28 
hours on a PC with 2.66GHz (2 processors- 4 cores) and 24GB 
RAM. It might be possible to modify the search algorithm to 
make it faster. 

It would be interesting to test the mathematical basis against 
field measurements of different kind also, like: deformations, 
pore pressures, total stresses, seepage etc. In this research, only 

horizontal displacements from inclinometer measurements were 
used. Identification might be improved if more measurements 
as well as measurements of different kind are included in the 
objective function. 

If inverse analysis applications become available in 
commercial finite element software, it would certainly be a 
valuable tool for dam engineers assessing dam performance and 
dam safety. 
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Table 5:

Population size 150/120 

Solution number  (kPa)  (kPa) Error function value 

1 
204 111 2.94·10-3 
153 111 2.94·10-3 

2 
162 128 2.64·10-3 
153 120 2.65·10-3 

3 
69 153 2.81·10-3 
61 153 2.89·10-3 

4 
474 61 1.33·10-3 
525 61 1.16·10-3 

5 
221 128 2.31·10-3 
162 128 2.64·10-3 

6 
457 69 2.25·10-4 
449 86 2.65·10-4 

7 
407 94 8.64·10-4 
331 86 9.19·10-4 
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Abstract 

This paper presents a study of identification of constitutive parameter values in the Hardening 
soil model by inverse analysis of an earth and rockfill dam application. The authors have 
experience from a previous study on the same case with the Mohr-Coulomb model. The objective 
of this research is to study if the inverse analysis technique can be successfully used for this type 
of application and choice of constitutive model. The values of soil parameters are determined 
based on horizontal deformations obtained from installed instrumentations in the dam. The 
quantities that are monitored in the dam can be numerically predicted by a finite element 
simulation. In inverse analysis, constitutive parameter values are chosen in such a way that the 
error between data recorded by measurements in the dam and numerical simulation is minimized. 
An optimization method based on the genetic algorithm was applied to search for the minimum 
error in the search domain in this study. Optimizations have initially been performed in a large 
search domain in order to find a criterion identifying the best solutions. Thereafter, the 
optimizations were limited to this criterion in order to find the best set of solutions close to the 
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optimum point. Moreover, the error function topology and smoothness was examined as well. It 
was overall concluded, that the inverse analysis technique could be effectively used for earth and 
rockfill dam applications, despite the fact that the technique is expensive in terms of 
computational time. 

KEYWORDS: Earth and rockfill dam, finite element modelling, inverse analysis, genetic 
algorithm, Hardening soil model. 

Introduction 

Computational modelling of earth and rockfill dams might not be an easy task if limited 
information is available about the material properties in the dam zones, due to lack of reliable 
relevant data which is the case for many old dams. In addition, taking samples for testing from 
dam zones, especially from the core, the central impervious part, is normally very difficult since 
it might affect the dam performance and the safety.  

Inverse analysis can provide a method to determine the constitutive behaviour of various 
materials within the dam structure if the dam is well equipped with different instrumentations. In 
the method of inverse analysis, two separate parts are included: (1) an optimization method 
consisting of an error function and a search algorithm and (2) a numerical method to solve the 
partial differential equations arising in stress-strain analysis of structures. In this study, the 
numerical modelling was performed with a commercial finite element program Plaxis (2011) and 
the genetic algorithm was utilized as the search algorithm in the optimization method. The 
genetic algorithm was chosen due to its robustness, efficiency and particularly since it provides a 
set of solutions close to the optimum solution instead of one unique answer; a set of solutions is 
more practical from a geotechnical perspective. With an inverse modelling approach, a finite 
element model is calibrated step by step by changing the input values of the constitutive model or 
models until the difference between the measured data by the dam instrumentations and the 
associated computed values is minimized. The inverse analysis technique was introduced to the 
geotechnical field by Gioda and Sakurai (1987) for the purpose of identification of elastic 
material properties of in situ rock masses. Inverse analysis has been widely used recently thanks 
to the availability of sufficiently fast computer hardware and useful software. In the geotechnical 
engineering field the interest of applying inverse parameter identification strategies and 
optimization algorithms modelling in order to make inverse analysis procedures automated is 
growing fast (Swoboda et al. 1999, Gioda et al. 1980, Tarantola 2005, Calvello et al. 2002 and 
2004, Finno et al. 2005, Ledesma et al. 1996, Lecampion et al. 2005, Lecampion et al. 2002, 
Zentar et al. 2001, Yu et al. 2007, Moreira et al. 2013, Levasseur et al. 2008, 2009 and 2010, 
Rechea et al. 2008, Papon et al. 2012).  

Soil behavior is very complicated and can vary considerably under different loading conditions. 
Fundamentally, soil behaves as an elasto-plastic material. No constitutive model can completely 
describe the complex behavior of different soils in all loading situations. Therefore, constitutive 
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models have limitations to their applicability. All models have certain advantages and limitations 
which highly depend on their particular application. Accurate modelling of deformation and 
strength in earth and rockfill dams requires a complex stress-strain model. Duncan (1996) 
recommends the use of models that incorporate plasticity theory for modelling undrained 
behavior, e.g. for wet placed earthfill cores of thin to medium width in zoned embankments. 
From the deformation modelling of a concrete face rockfill dam (CFRD), Kovacevic (1994) 
draws the conclusion that elasto-plastic constitutive models are more suited to accounting 
realistically for the rockfill deformation behavior under the stress path conditions imposed. In this 
research, the constitutive relations of the zones of soil were represented by the Hardening soil 
model. This model was originally developed from the Duncan-Chang hyperbolic model (Duncan 
et al. 1970, Duncan 1981). However, this model, by using plasticity theory instead of elasticity 
theory could overcome the restrictions of hyperbolic models. The Hardening soil model includes 
dilatant soil behavior and introduces a yield cap. Since in reality the stiffness of soils depends on 
the stress level, the Hardening soil model is formulated to capture this stress level dependency. 

The stress and strain behavior in embankment dams, which is governed by loads, particularly: 
dead weight of soil layers, water reservoir pressure and seismic activity, is predicted from the 
strength variation and the deformation behavior of soil under combined stresses. Deformations in 
embankment dams are due to changes in effective stress during construction, impoundment and 
reservoir fluctuations. The high horizontal stress from the water load acting on the upstream face 
of the core results in greater changes in lateral than vertical stress in the core and downstream 
shoulder. Therefore, the deformations will be significantly in the horizontal direction. The 
magnitude of the deformations depends on the changes in stress conditions as well as the 
compressibility and stiffness properties of the core and downstream rockfill. Based on studies of 
several monitored dams, Hunter (2003) shows that dams with poorly compacted rockfill in the 
downstream shoulder or embankments with cores of silty sands to silty gravels had great lateral 
crest displacements due to the reservoir impoundment.  

The objective of this paper is to study if the inverse analysis technique can be effectively used for 
identification of constitutive parameter values in the advanced Hardening soil model, in an earth 
and rockfill dam application. The robustness and efficiency of the inverse analysis procedure and 
the genetic algorithm as a search algorithm were examined in a previous study, performed by the 
authors, based on the Mohr-Coulomb model for a synthetic case, Vahdati et.al (2013). Therefore, 
in this research it was focused only on the real dam case with the Hardening soil model as the 
constitutive model. In this study, geometry and zoning as well as inclinometer data from an 
existing earth and rockfill dam were used, see figure (1).  

In this research, the inverse analysis was performed against two situations named case A and B, 
regarding the reservoir water level and the time for the construction of the berms. Moreover, the 
topology of the error function surface was studied to obtain knowledge about its shape and how 
the individual solutions in the optimized set of solutions become distributed on the function 
surface for the two cases. At the end, a proper range of values for the optimized parameters was 
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defined based on inclinometer data and the associated numerically simulated values. Notice that 
the optimizations presented in this paper are voluntarily restricted to two optimization variables. 

A very good agreement from the best set of solutions was obtained against the inclinometer 
measurements for both cases A and case B. The Hardening soil model captured the pattern of 
horizontal displacements quite well. 

The earth and rockfill dam 

The earth and rockfill dam used for the case study is 45m high, with a dam crest of 6.5m, see 
figure (1). The downstream slope is inclining 1V:1.85H and the upstream slope is inclining 
1V:1.71H. The impervious core, consisting of moraine materials, is surrounded by fine and 
coarse filters and a supporting fill of blasted rock. The dam was strengthened in two stages with 
rockfill berms on the downstream part. The first stabilizing berm of rockfill was constructed in 
1990 and the second berm was constructed three years later in 1993. The dam is well equipped 
with instrumentations and monitoring programs including deformation measurements within the 
dam structure. Horizontal displacements are measured by an inclinometer installed along the 
downstream fine filter, from the crest into the rock foundation. Since the inclinometer data from 
the ten first meters from the bottom of the core seem not to be trustworthy, only data above this 
level are considered. The level of water in the reservoir annually changed from +430m to +440m. 

 

Figure 1: Cross section of the dam 

Finite element model 

The Plaxis finite element program (2011) was applied to the numerical analyses in this study.  
The finite element model of the cross section of the dam is shown in figure (2). Because the dam 
is a long structure, a plane strain model was presumed. Some smaller simplifications compared to 
the real dam cross section in figure (1) were made in the finite element model in figure (2), e.g. 
the upstream toe berm was neglected due to similarity in its material properties with rockfill. 
Horizontal filters were ignored as well, since consolidation time is not taken into account. These 
simplifications had no practical influence on the modelling of this dam. For the geometry 
boundary conditions which are provided by fixities in Plaxis, the horizontal displacement of the 
outermost vertical left and right foundation boundary as well as the horizontal and vertical 
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displacement of the lowest horizontal boundary was prescribed to zero. The finite element mesh 
type was chosen as 15-noded triangular elements with twelve-Gauss points for the integration. 
Computation time is an important issue in inverse analysis, so the coarseness of the mesh was 
selected so that a sufficient accuracy of the computations was obtained for a minimum of 
computation time spent. Several different meshes were tested and the one showed in figure (2) 
was chosen. The dam embankment in the model in figure (2) was built up stepwise in five stages 
in order to generate a proper initial effective stress field (Duncan 1996, Reséndiz et al. 1972, 
Clough et al. 1967). The excess pore pressures in the core were dissipated by consolidation after 
construction of the dam. For this study two cases (A and B) based on different reservoir water 
levels and the number of berms constructed, were analyzed. Case A, refers to the time when the 
first stabilizing berm was constructed in 1990 and the reservoir water was at the minimum level 
of +430m. Case B, refers to when the reservoir water level reached its maximum level +440m 
and the second berm was just finished. The second berm was rapidly constructed right after the 
water level reached +440m.  All the data of horizontal displacements from finite element 
computations received from exactly the same positions in the geometry as the measurements 
carried out with the single inclinometer in figure (1) were compared to the related inclinometer 
measurements in the expression for the error function. In the finite element analysis, all 
displacements were reset to zero before impoundment.  

 
Case A 

 
Case B 

 

Figure 2: Finite element model of the dam for case A and case B  

 

Constitutive law; Hardening soil model 

The Hardening soil model is a cone-cap model (Schanz et al. 1999). The plastic strain behavior 
on the cone is described by means of a shear yield surface following a non-associated flow rule 
based on Rowe’s stress-dilatancy theory (1962). The plastic potential is defined to assure a 
hyperbolic stress/strain response for triaxial compression loading. The cap yield surface is 
controlled by the volumetric plastic strain. On this cap, an associated flow rule is assumed. This 
yield surface is defined in order to close the elastic region in the 𝑝′-axis direction. The failure on 
the cone part is defined based on Mohr-Coulomb’s failure criterion which is characterized by the 
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cohesion c', the friction angle ϕ' and the dilatancy angle ψ'. The Hardening soil model use a 
hyperbolic stress-strain curve on the cone instead of a bi-linear relation as in the Mohr-Coulomb 
model.  

The Hardening soil model has stress-dependent moduli parameters, E50 , Eoed and Eur, which are 
defined by a power law parameter m. E50 , Eoed and Eur are the secant stiffness in primary triaxial 
loading, tangent (oedometer) stiffness and unloading/reloading stiffness, respectively. These 
stress dependent moduli E50

 ref, Eoed
 ref  and Eur

 ref are introduced in Plaxis as parameters associated to a 
reference pressure ( 𝑃𝑟𝑒𝑓=100 kPa). The power law parameter m controls the shape of the cone -
cap yield loci and m is varied from 0.5 for a typical hard soil to 1 for a clay soil. The parameter 
values of uγ sγ , ϕ', kx and ky (quantities are explained in table 2) for all soil layers in the dam were 
provided by the dam owner. Proper values of c' were chosen based on advice in Bowles (1988). 
All the dilatancy angles were calculated from the same empirical relation, commonly accepted 
for dense sand:  ψ' = ϕ'-30° as proposed by Plaxis (2011).  The unloading/reloading Poisson’s 
ratio  𝜈𝑢𝑟, is usually set between 0.15-0.30. Table (1) presents the conventional way of estimating 
parameters of the Hardening soil model as well as some appropriate default values based on 
recommendations from Plaxis (2011).  

Schanz and Vermeer (1998) showed that based on standard drained triaxial tests the reference 
secant stiffness E50

 ref of sand varied from 15 MPa for loose sand to 50 MPa for dense sand. In this 
study, the filter materials are close to dense sand, therefore the value of E50

 ref was chosen to 50 
MPa for these zones. The range of values for the reference secant stiffness of the core E50C

 ref   and 
the reference secant stiffness of the rockfill material E50R

 ref  for both case A and case B, were 
obtained from optimizations against the dam application in this study. A high value of the 
reference secant stiffness was considered for the foundation to make it rigid. Table (2) 
summarizes the values of the material properties of the rockfill dam which are utilized in this 
case study. 

The dam core was modeled with the option of undrained case A in the Plaxis software, an option 
in which effective strength parameters are utilized. This mode was chosen in order to capture the 
hardening behavior of the soil. Undrained case B (undrained strength, ϕ' = 0 and c' = 𝑐𝑢) as 
utilized by the authors Vahdati et.al (2013) in a previous study, is not able to capture the stress 
dependency behavior in the Hardening soil model and the response would become as in the 
Mohr-Coulomb model (constant stiffness). All the other dam zones were modeled with the option 
of drained behavior, i.e. no excess pore pressures are generated.  
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Table 1: Parameters of the Hardening soil model 

Parameter Definition Relation 

ϕ' Friction angle Slope of the failure line in τ - 𝜎′ stress plane  

*𝑅𝑓 Failure ratio 𝑅𝑓= 𝑞𝑓
𝑞𝑎

 

ψ′ Dilatancy angle  ψ′ = ϕ' -30° 

*E50
ref 

Reference secant stiffness for primary 
loading in a drained triaxial test E50 = E50

ref �
c'cot ϕ'-σ3

'

c' cot ϕ'-Pref�
m

 

*Eoed
ref  

Reference tangent stiffness for primary 
oedometer loading Eoed = Eoed

ref �
c' cot ϕ'-σ1

'

c' cot ϕ'-Pref�
m

 

*Eur
ref 

Reference stiffness for 
unloading\reloading in a drained triaxial 

test 
Eur =  Eur

ref �
c' cot ϕ'-σ3

'

c' cot ϕ'-Pref�
m

 

m Power for stress-level dependency of 
stiffness Slope of trend line in log � σ3

'

Pref� - log E50 plane  

*νur Poisson's ratio for loading\unloading 0.15-0.30 

K0 Earth pressure coefficient at rest K0= σ3
'

σ1
'  

K0
nc 

Earth pressure coefficient value for 
normally consolidated soil 

K0
nc= 1-sin𝜙′ 

Note: 𝑞𝑓 is the ultimate deviatoric stress, 𝑞𝑎 is the asymptotic deviatoric stress 

* E50
 ref=Eoed

ref , Eur
ref = 3E50

 ref, 𝑅𝑓= 0.9 and νur= 0.2 in this study 
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Table 2: Material properties of the rockfill dam 

Dam zones 
γu γs E50

 ref=Eoed
ref  Eur

ref m c' ϕ' kx/ky 

kN/m3 MPa MPa - kPa (°) m/s 

Core 21 23 70-100 210-300 1 20 38 3.0·10-7 

Fine filter 21 23 50 150 0.5 0 32 9.0·10-5 

Coarse 
filter 

21 23 50 150 0.5 0 34 5.0·10-4 

Rockfill 19 21 10-17 30-51 0.5 7 30 1.0·10-2 

Berms 21 23 10 30 0.5 7 30 5.0·10-2 

Foundation 21 23 3000 9000 0.5 0 45 1.0·10-8 

Note: uγ  is the unit weight above the phreatic level, sγ  is the unit weight below the phreatic 

level, E50
ref is the Reference secant stiffness for primary loading in a drained triaxial test, Eoed

ref  is 
the Reference tangent stiffness for primary oedometer loading, Eur

ref is the Reference stiffness 
for unloading\reloading in a drained triaxial test, m is the Power for stress-level dependency 
of stiffness, c' is the effective cohesion, ϕ' is the effective friction angle and  kx and ky are the 
hydraulic conductivity in horizontal and vertical direction, respectively. 

Optimization method 

The aim of optimization is to reach the optimum solution among other solutions for a given 
problem in a matter of efficiency. For any kind of optimization an error function and a search 
method are needed. In this paper, the error function provides a scalar measure of the discrepancy 
between horizontal deformations obtained by inclinometer measurements and numerical 
simulations, respectively. The genetic algorithm was chosen as the search method for the purpose 
of finding the minimum value of the error function. The variables for optimizing the selected 
parameters are included in constitutive models utilized for the finite element computations. 
Notice that, the magnitude of the error function is thereby influenced by the values of the 
optimization variables. The optimal values of the chosen parameters are progressively 
approached through iteration by minimizing the error function; that is the optimum solution. 
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Error function 

In order to define the difference between the measured values and finite element computed 
values, it is necessary to define a proper error function. In this research, following Levasseur et 
al. (2008) a scalar error function Ferr based on the least-square method was introduced 

Ferr = �
1
𝑁
�

�Ue i- Uni�
2

ΔUi
2

N

i=1

�

1
2�

 (1) 

  
that determines the difference between experimentally measured values Ue i  and numerically 
computed values Uni , from the N measuring points. The term 1/ΔUi gives the weight of the 
difference betweenUe i  and Uni. The parameter ΔUi relates to the numerical and experimental 
uncertainties at the measurement point i; defined as 

𝛥Ui = ε + αUe i (2) 
  
where the parameter ε is an absolute error of measurements and the parameter α is a 
dimensionless relative error of measurements. 

In this study the error function defined in equation (1) is considered with the parameters ε = 1 and 
α = 0. That is to say, the function, given by equation (1) is reduced to 

Ferr = �
1
N

 �  �Ue i - Uni �
2
 

N

i=1

�

1
2�

 (3) 

and has the unit of length. 

 

Search algorithm 

The genetic algorithms were developed originally in the field of artificial intelligence by John 
Holland in 1970s at the University of Michigan and popularized as a universal optimization 
algorithm; the method was inspired by Darwin’s theory of evolution. The genetic algorithms are 
computationally and numerically simple and powerful in their search for improvement. The 
genetic algorithm is a global optimization technique which is based on the genetic mechanisms, 
such as reproductions, crossings and mutations, with the aim of localizing an optimum set of 
solutions close to the optimum without being trapped into local optima in the given search 
domain; but without any guarantee of finding the exact global optimum (Pal et al. 1996, 
Gallagher et al. 1991, Haupt 1998). Furthermore, this search algorithm is not fundamentally 
restricted by smoothness properties of the error function surface, like continuity and existence of 
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derivatives. The optimization program that is used in this research was developed in the 
FORTRAN language by Levasseur et al. (2008, 2009 and 2010) for geotechnical studies. 

In the genetic algorithm, the space of search is defined based on the number of parameters Np to 
optimize. The minimization problem is approached in the Np dimensional space limited by the 
upper and the lower bound constraints of each parameter. The value of each optimization 
parameter is binary encoded to a form of gene. Each gene is encoded into a part of the bit string 
in order to be passed to the numerical model. The combination of the genes forms individuals (or 
chromosomes). An individual is a genetic algorithm chromosome which has raw genetic 
information Individuals are the single solutions. The population’s size Ni  consists of the set of 
individuals, solutions, involved in the search domain. First, an initial population, twice the 
population size in this study, is defined by random choice of values of chromosomes in Np 
domain. The initial population represents the start of the search for the optimum, and explores in 
the search space spanned by the optimization variables and their boundaries. Initially, these 
random solutions need to be evaluated. Based on the individual’s fitness value, the population is 
sorted in ascending or descending order. In the genetic algorithm the fitness is the value of the 
error function for its individual. Only Ni /3 of the best individuals are selected for the next 
population, which are called parents. Randomly selected pair parents, good temporary solutions, 
produce a new generation (offspring), which get some parts of the parents’ genetic material, 
based on crossover or mating. The most common form of mating includes two parents that 
produce two children (offspring). The position of crossover points is randomly chosen and the 
value of each binary string exchanges with another one after this position point. Each parent 
copies e.g. half the gene to each child, with the selection of the gene part being chosen randomly. 
In order to improve the efficiency of the algorithm a crossover point number is chosen equal to 
the number of selected parameters, which was proposed by Pal et al. (1996). This process is 
repeated until 2Ni/3 children are created. Now the new population, consisting of parents and 
children is completed. The procedure of selection, crossing and reproduction is called breeding. 
Mutations apply for preventing the genetic algorithm from converging too fast before sweeping 
the entire search domain. Mutation is the variation of a randomly selected bit in the parameter 
code based on a specific probability. 

Population size 

A proper population size must be chosen before running any genetic algorithm computation. The 
size of the population must initially be large enough to be effectively spread out over the search 
space. To avoid a prohibitive CPU time, it is then necessary to dynamically reduce the size of this 
population (Chelouah et al. 2000). Also, large population sizes would be required to reduce the 
risk of solutions getting trapped in local optima on the noisy and fluctuated error function 
surface. However, the drawback of large population sizes is the computation time cost which in 
some cases could be equivalent to a random search. A small population would be more likely to 
quickly converge, which might be to a local optima, and the quality of convergence is left to 
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chance. A population sizing equation from statistical theory proposed by Goldberg (1991) and 
analyzed by Goldberg (1991) as well as Carroll (1996) was studied in this research 

npop = 𝑚 𝑋𝑘 = 𝑙
𝑘�  𝑋𝑘 (4) 

where X is the number of possibilities for each chromosome, e.g. for binary X=2, 𝑙 is the length of 
chromosome and k is the size of schema, details about the schema can be found in Goldberg 
(1989). 

To estimate a proper population size, it was considered that each parameter string would 
represent one schema. So, the length of the schema was assumed to be equal to parameter length 
for this purpose. For this study, 𝑙 =12, X=2 and k=6. Therefore the proper population size based 
on this theory would be  

npop=�12
6� ��26�=128 (5) 

The population size which was chosen based on numerical tests in Vahdati et.al (2013), agrees 
well with results obtained with equation (5). 

Inverse analysis of case A and case B 

This study is a continuation of a previous study, Vahdati et.al (2013), for the purpose of 
improving the choice of constitutive model from the simple Mohr-Coulomb model to the 
advanced Hardening soil model to monitor whether it is possible to approach a better agreement 
with inclinometer data of horizontal displacements. The finite element models of cases A and B 
are presented in figure (2). In the previous study, only case B was considered with the 
incremental stiffness theory of the Mohr-Coulomb model. According to available data and results 
from that study, the smallest average error function value is considered as an upper limit of the 
error function value for this study, in order to monitor if the advanced Hardening soil model is 
able to approach better results compared to the Mohr-Coulomb model. For case A, no former 
studies were made and an upper limit for the error function value needs to be defined. Therefore, 
before starting to utilize the Hardening soil model, as the main constitutive model in this 
research, the upper limit of the error function value for case A should be defined. 

Mohr-Coulomb model and case A 

In the previous study, Ginc
core and Ginc

rockfill were the two optimization variables for the inverse 
analysis based on the Mohr-Coulomb model. Moreover, the population size of 120 was selected 
as the best population size for the inverse analyses which is also suggested theoretically above. 
Therefore, based on these assumptions, for the purpose of defining the lowest error function 
value for case A, initially, ten inverse analyses were performed in a search space of 
[Ginc

core,Ginc
rockfill] restricted to [10 kPa - 5000 kPa] , in order to get an idea about the location of 

probable solutions. Then, after the proper range of potential solutions was defined, the boundary 
was further limited to the range [2500 kPa - 4660 kPa] for the core and [10 kPa – 280 kPa] for the 
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rockfill. Figure (3) presents the best solution set obtained. It can be concluded that the lowest 
error function value is Ferr = 1.50·10-3 which can be considered as the upper error function limit 
for case A. 

 

Figure 3: Best solution set for case A with the Mohr-Coulomb model 

 

Hardening soil model 

Before optimization, a sensitivity analysis of the model parameters in table (1) was utilized to 
characterize the influence of each parameter. From this, it was found that the reference secant 
stiffness of the core E50C

 ref  and the reference secant stiffness of the rockfill E50R
 ref  were two of the 

most sensitive parameters for the horizontal deformation in the downstream zone of the dam. 
Therefore, these two parameters were chosen as the optimization variables in this study. 

Ten inverse analyses were performed with the population size of 120 for the two cases A and B. 
In order to have a broad perspective about the location of the probable solution sets within the 
domain of [E50C

 ref , E50R
 ref  ], large limits [5 MPa-100 MPa] were chosen for E50C

 ref  and E50R
 ref . The best 

error function value Ferr = 1.7·10-3 obtained from the previous study by Vahdati et.al (2013), and 
is considered as an upper limit for the acceptable solutions for case B. For case A, as previously 
defined, an error function value of Ferr = 1.5·10-3 is considered as an upper limit for acceptable 
solutions. All the solutions which have an error function value less than the defined upper limit 
for each case, have the potential of being answers. In this research, each optimization parameter 
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is encoded by 6 bytes in the genetic algorithm. Then the search domain consists of 26 times 26 
nodes, 4906 discrete points with a mesh resolution of Δ1.48 MPa. 

Figures (4) and (5), present the set of solutions below the upper limit of Ferr, of ten inverse 
analyses for the cases A and B, respectively. One can conclude that for case A, the acceptable 
solutions for the value of E50R

 ref  is limited to [13 MPa-18 MPa], while this range is from [55 MPa-
95 MPa] for E50C

 ref  . On the other hand, for case B this range for E50R
 ref  is limited to [10 MPa-20 

MPa] and for E50C
 ref  to [20 MPa-100 MPa]. Moreover, from these analyses it can be concluded that 

the horizontal deformation is more sensitive to the value of E50R
 ref  than E50C

 ref  , since the range of 
acceptable solutions became more limited for E50R

 ref  than E50C
 ref  . As can be seen in figures (4) and 

(5), the solutions differ with an integer multiple of 1.48 MPa, which is related to the mesh size 
chosen for the search domain.  

 

Figure 4: Set of solutions of ten inverse analyses for case A 
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Figure 5: Set of solutions of ten inverse analyses for case B 

Figure (6) presents the evaluation of the average error function value  F� err versus the 
number of finite element computations for one chosen inverse analysis of cases A and B, 
respectively. This results show how the average error function value decrease when the 
set of solutions is gradually improved in the process of optimization. The process of 
optimization begins from a random initial population (240 computations) and continues 
until it converges to the best set of solutions. It can be seen, that for case A, the process 
converges after seven generations and 424 finite element computations to the value of 
  F� err = 1.40·10-3 and for case B the process converges after six generations and 392 finite 
element computations to  F� err = 1.29·10-2. Convergence is reached when the optimization 
process is no longer able to approach better results, then the average error function value 
gets more or less constant for each new generation of a new population, marked with 
square symbols in figure (6). The number of finite element computations is closely related 
to computation time. 
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case A 

 
case B 

 

Figure 6: Average error function values versus number of finite element computations for the 
large search domain  

 

Study of error function topology 

The purpose of this study is to find a graphical shape of the error function in order to monitor the 
smoothness properties of the surface and examine the location of the global optimum as well as 
the distribution of local optima in the search domain. Since only two optimization variables are 
involved, it is convenient to study the topology of the error function graphically in this case. 

Figures (7) and (8) represent the topology and the level contours of the error function for case A 
and case B, respectively. The error function values Ferr were plotted in the search domain limited 
to [5 MPa-100 MPa] for the optimization variables E50C

 ref   and E50R
 ref . For both cases A and B, a 

distinct valley is visible on the error function surface in the low range of E50R
 ref   values [10 MPa-20 

MPa]. This valley that contained the location of the global optimum is extended with a slight 
inclination along the whole search range for E50C

 ref  values [5 MPa-100 MPa]. The error function 
surface of case A has smaller fluctuations and noises with a number of local optima spread over 
the entire search domain, while the error function surface of case B is smooth. Therefore, the 
genetic algorithm is an appropriate choice for this application since the algorithm is not limited 
by smoothness properties of the error function and is not easily trapped into local optima. 
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(a) (b) 
Figure 7: case A (a) error function topology (b) level contours of error function 

 

 

 
(a) (b) 

Figure 8: case B (a) error function topology (b) level contours of error function 

 

Inverse analysis with reduced search domain of case A and B 

In order to improve the optimization search within the [E50R
 ref  , E50C 

 ref ] space, the search domain is 
further limited to the range of the solution sets in figures (4) and (5). For case A, the search 
domain is limited to [13 MPa-18 MPa] for E50R

 ref  and [55 MPa-95 MPa] for E50C
 ref   with the mesh 

size of ΔE50R
 ref  = 78.125 kPa and ΔE50C

 ref  = 625 kPa, respectively. For case B, the search domain is 
limited to [10 MPa-20 MPa] for E50R

 ref  and [20 MPa-100 MPa] for E50C
 ref   with the mesh size of 

ΔE50R
 ref  = 156.250 kPa and ΔE50C

 ref  =1250 kPa, respectively. Since the mesh size of case B is twice 
the mesh size of case A, it is easier to compare the set of solutions from case A and case B, with 
each other.  
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Another ten inverse analyses, limited to the reduced domain, were performed in order to find the 
best set of solutions for case A and B. Solutions are as defined before as points with Ferr <
 1.5·10-3 for case A and Ferr < 1.7·10-3 for case B and convergence is reached when  F� err gets 
more or less constant in the optimization process.  

Figure (9) presents the topologies of the error function values of all solution points of the ten 
inverse analyses for both case A and case B within the reduced domain of [ E50C

 ref , E50R
 ref  ]. For case 

A, there are two valleys in the defined domain area. The first one is located in the area of [75 
MPa-100 MPa] for the E50C

 ref  and [13.5 MPa-14.5 MPa] for the E50R
 ref  and the second valley is 

located in the area of [70 MPa-100 MPa] for the E50C
 ref   and [15.5 MPa-17 MPa] for the E50R 

 ref . For 
case B, the best potential solutions are roughly located within the range of [20 MPa-100 MPa] for 
the E50C

 ref  and [10.5 MPa-13 MPa] for the E50R
 ref .  

The blue rectangle as well as the blue parallelogram is defined as the areas of the best solutions 
of case A and the red rectangle is defined as the best solutions of case B. It can be seen that in 
case B the value of the rockfill stiffness is lower compared to case A. It is difficult to evaluate the 
best solution, representative of both case A and case B at the same time based on figure (10), but 
it feels like such a solution should be taken somewhere in the range [70 MPa- 100 MPa] for E50C

 ref  
and [10.5 MPa-17 MPa] for E50R

 ref . It can be concluded that for being in both best solution’s 
domain, it is more probable that the E50C

 ref  has a constant value during the time of happening these 
two cases than constant value for the E50R

 ref , see figure (10). Therefore, the most probable solutions 
are located in the constant value E50C

 ref  within the range of [70 MPa- 100 MPa] for both cases with 
various values of the E50R

 ref  within the range of [10 MPa- 17 MPa]. This figure also shows that in 
the case B the rockfill stiffness is lower compared to that in case A. However, in case A, the best 
solution gives the parameter values of E50C

 ref  = 90 MPa and E50R
 ref  = 14 MPa, with the error function 

value Ferr  = 0.0011. For case B, the best solution becomes E50C
 ref  = 90 MPa and E50R

 ref  = 11 MPa 
with the error function value Ferr  = 0.0125.  

Figure (10) shows, for the best solutions for case A and B respectively, the measured 
inclinometer values and the associated numerically simulated values of the horizontal 
displacement at different heights of the dam. The good agreement for both cases demonstrates 
that the Hardening soil model is able to simulate the trends of horizontal displacements. 
Moreover, the progress of the average error function value versus the number of finite element 
computations for cases A and B were studied as well, see figure (12). For Case A, the average 
error function value decreased step by step in the optimization and after 457 finite element 
computations and seven generations it converged to the value  Ferr = 1.16·10-3. For case B, after 
284 finite element computations and five generations the average error function approached the 
value  Ferr = 1.25·10-2. 
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Figure 10: Set of solutions in the united domain [E50C
 ref , E50R

 ref  ] of cases A and B 

 

Figure 11: Measured and computed horizontal displacements at different heights of the dam for 
cases A and B 
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Case A Case B 

Figure 12: Average error function values versus number of finite element computations for the 
reduced search domain 

Concluding remarks 

This research was focused on validating the technique of inverse analysis with the aim of 
identifying parameter values of constitutive models in an earth and rockfill dam application. The 
constitutive model chosen in this study was the Hardening soil model. The genetic algorithm was 
applied as the search method in the optimization. 

Two case studies named A and B, regarding different reservoir water levels and numbers of 
berms constructed were considered for inverse analyses. Ten inverse analyses were performed for 
each case with the population size of 120 which was chosen based on a previous study by 
Vahdati et.al (2013). Initially, in order to have a broad perspective about the location of the 
probable solution set within the domain, large limits were chosen for the optimization variables. 
From these initial optimizations, a reduced search area was defined for cases A and case B. 

Thereafter, another ten inverse analyses were applied to each case in the reduced domain. Smaller 
mesh size in the search domain of each case of the set of inverse analyses led to the approach of 
more solution points. Therefore, the probability of finding better solutions is increased. The 
progress of the average error function value versus the number of finite element computations 
was studied for the ten inverse analyses in each case. It was seen that by reducing the search 
domain, better sets of solutions with lower error function values could be approached. A very 
good agreement for the simulation with the best solution was obtained against the inclinometer 
measurements for both case A and case B. The Hardening soil model captured the trend of 
horizontal displacements quite well.   
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The topology of the objective function for case A was found to be fluctuated while the surface for 
case B was found to be smooth without noticeable fluctuations. From this study and the previous 
study it can be concluded that the smoothness of the error function shape not only depends on the 
constitutive model chosen, smoothness depends also on the optimization case and the resolution 
in the search domain. Moreover, it can be concluded that the genetic algorithm is an appropriate 
option as search method for this rockfill dam application, since the genetic algorithm is not 
limited by smoothness properties of the error function surface and is not easily trapped into local 
optima. Many other types of search methods, like e.g. gradient and direct search methods, can be 
expected to face problems with the error function topology in this application. 

In this research, two optimization variables were considered. An increased number of 
optimization variables will be considered for future work. 
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