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Abstract

The Partial Element Equivalent Circuit (PEEC) method is an integral equation based
full-wave approach to solve combined circuit and electromagnetic problems in the time
and frequency domain. Using PEEC, an electromagnetic problem is transferred to the
circuit domain and then solved using circuit theory which gives PEEC a high flexibility to
be used in combined electromagnetic and circuit modeling problems. Thus, the method
can be applied to different classes of problems, for example power electronics systems
and antenna simulation to ensure the functionality of the system and also comply with
electromagnetic compatibility (EMC) regulations. Other methods, like Finite Element
Method or Finite Difference Time Domain Methods, are also used for electromagnetic
analysis and an optimal computer implementation is needed to be able to handle such
problems within a reasonable time and at certain accuracy.

This work presents the development and optimization of a PEEC-based software
on different computing platforms. The aim of the acceleration is to be able to solve
problems using the PEEC method as fast as possible with optimum memory usage on
a regular computer system. The PEEC-based solver has been developed for desktop
machines using the GMM++ linear algebra package. This implementation was optimized
by improving the code, to use more efficient libraries and adapt the program to run
on powerful machines. Another part of this optimization process was to implement
smart algorithms like non-uniform meshing and on-the-fly calculations for the partial
elements. Though, the code has been recently enhanced to take advantage of the multi-
core hardware by replacing old library with Intel Math Kernel Library (MKL) in order
to take advantage of several processors which exist on typical computer system.

To be able to solve very large problems which for example needs several hundred
gigabytes of memory, the code was also ported into parallel computer systems. The
parallel PEEC solver is compatible with the distributed memory architecture and thus,
is scalable by using a set of computing units which collaborate to solve a problem. Hence,
by allocating enough number of processors and amount of memory, the load of the solution
will be distributed over different elements. Consequently, one of the challenging parts of
these kinds of distributed computations is to distribute data, using a balanced manner to
minimize data movement between nodes which will slow down the running process. The
balanced distribution of data was ensured, by using Basic Linear Algebra Subprograms
(BLAS) and Scalable Linear Algebra Package (ScaLAPACK) libraries to handle linear
algebraic calculations in the parallel solver. Using these tools, the matrix elements are
dispensed according to the block-cyclic decomposition scheme which guarantees that data
is uniformly assigned to each computing node.
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Several test cases have been run, in order to benchmark the computer implementa-
tion. On account of the applied optimization techniques, the sequential solver needs less
memory and performs the solution remarkably faster than before. As an example, high
frequency simulations can now be run now with the optimized code, within shorter time
and with less memory usage, by having very light mesh, using non-uniform meshing.

According to the benchmarking results of the parallel solver, the results of these
tests did agree very well with the physical measurements and also showed an acceptable
speed-up factor as number of processors as well as size of the problems grew in the parallel
version of the solver. The robustness of the parallel solver was verified by stressing the
code with the largest test case which was a problem with more than 250 000 unknowns.

Further steps of the acceleration would be focusing on the smarter algorithms as
well as numerical methods like Fast Multipole Method (FMM), using iterative solvers
instead of direct solvers and QR Decomposition. An important issue which needs to be
considered is the approximations which will appear in the results as a consequence of
usage of such techniques like numerical instabilities and loss of accuracy.
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Chapter 1

Thesis Introduction

1.1 Background

The use of numerical modeling techniques became possible by the introduction of high
speed computers in the early 60s. Around that time, numerical modeling of electronic
designs started with simple capacitance and inductance calculations and results could
be used in product development to predict the behavior of complex systems. There are
currently a number of different methods to model electric and electromagnetic (EM)
effects in electric systems. For example, Finite Element Method (FEM) [1] and Finite
Difference Time Domain (FDTD) [2] employed for complex structures and materials.
These methods are based on Maxwell’s equations in differential form and thus require the
whole computational domain, including the space between the origins, to be divided into
cells. For sparse problems, antenna analysis and power distribution systems particularly,
this formulation is practically impossible to use. Instead, methods based on an integral
formulation of Maxwell’s equations are favorable. Within this class, by excluding the
space between surfaces, problem size becomes smaller and the solution can be done faster
with less unknowns. A well known method within this class is the Method of Moments
(MoM) [3] often used for antenna modeling. However, for the case with combined electric
and electromagnetic modeling, the PEEC method [4]- [6], is the most suitable since the
MoM solutions can cause difficulties in low- frequency (DC) problems.

The PEEC method was originally developed at IBM for 3D inductance extraction
but is now used for complete electric and EM modeling. The advantage with the method
is the equivalent circuit formulation which offers a good insight in the physics of the
original problem and a full understanding of the interaction mechanisms (conduction and
radiation). Further, the PEEC method is very suitable for analysis of power electronic
systems since the external circuitry consisting of active and passive components are
directly included in the EM analysis without reformulations.

Since electromagnetic modeling is a fairly new research area and all methods are con-
tinuously under development, the available computer programs are not able to handle
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2 Thesis Introduction

all types of problems that arise from different engineering disciplines. In general, large
power electronic systems have to be modeled using an integral equation based method
since it is suitable due to the large portions of the open space that surrounds the con-
ductor/dielectric geometries. The most well known, full- wave, integral equation based
methods for electromagnetic analysis are

• Finite Integration Method (FIT) [7];

• Method of Moments (MoM);

• Partial Element Equivalent Circuit (PEEC).

The main problems with FIT, with respect to power electronic system modeling, are
that the method is developed for the time domain and that the cell size in the mesh
has to have low aspect ratios (length to width to thickness). While for MoM, the main
problem is the low-frequency breakdown [8] which prevents an accurate DC analysis and
thus introduces a problem when electrical functionality is of importance in the analysis.
The PEEC method seems to be suitable for power electronic system modeling since it can
handle both time- and frequency- domain analysis, conductor/dielectric materials, DC
to very high frequencies (by having proper mesh), high aspect ratio cells (long conductor
modeling), and the inherent support for additional (passive and active) circuit elements
since the electromagnetic problem is transformed to and solved in the circuit domain.

1.2 Goal of Research

The PEEC method and the solvers that are based on the developed theory have been used
for analysis of electrical interconnects and packaging, antennas, signal/power integrity,
etc through the years. But the application to power electronic systems is a fairly new
area. The aim of this research was to develop a PEEC-based solver for electromagnetic
analysis of power electronic system and devices where the main applications are single
and stacked IGBT modules. The goal is to contribute in the electromagnetic optimization
of upcoming generations of IGBT semiconductor and module technologies. The solver
is supposed to be developed and accelerated in terms of stability, robustness, and most
important, applicability to the different simulation needs of power electronic devices and
systems.

The research questions are formulated as

How can a PEEC-based solver be developed and accelerated to perform electromagnetic
simulations of power electronic systems, that becomes usable for development engineers?
Will parallelization, multi-core computing, improved models, and improved algorithms
bring the requested performance? What techniques should be applied to have a scalable
solver which can be used for problems in any size as far as enough resources i.e. memory
and processing units are supplied?
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The goal of this research is to develop and optimize a PEEC-based solver which can
solve problems, efficiently. Different approaches are available to reach this goal:

• using smart algorithms in order to make the solver efficient;

• take advantage of programming techniques.

Smart algorithms like non-uniform meshing, can make it possible to model phenomena
such as skin and proximity effects in an efficient way. Using powerful computational
libraries can speed up the process and make the solution faster. It is also expected to
have a scalable code which can handle problems in any size by allocating proper resources
in sense of memory and processing units. To achieve this goal, the could should be run
on parallel computer systems which offer several processors. The parallel version of the
solver should be able to run on any number of allocated processors and memory which
make the program scalable.

1.3 Thesis Outline

This thesis consists of two main parts. The first part start with an brief discussion
about electromagnetic simulations. Different methods which are used for electromagnetic
modeling are also introduced in chapter 2. Chapter 3 details the PEEC method and the
theory behind it. Several phases that are needed to be done in order to use PEEC method
for electromagnetic analysis are discussed in the same chapter. Chapter 4 presents the
implementation of the PEEC method as a PEEC-based solver and optimization issues
of the program. The process of developing a PEEC-based solver on parallel computer
systems which is able to solver larger problems, is discussed in chapter 5. Chapter 6
contains summaries of all publication related to this work. Conclusion and further work
are found in chapter 7 as the last chapter. Second part of this thesis consists of three
appended papers.
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Chapter 2

Electromagnetic Simulation

2.1 Electromagnetic Simulation Approaches

Using electromagnetic simulation for product verification and optimization has become
very essential. As operational frequency of electronic systems as well as their complexity
increases, the need to predict the behavior of the design and ensure whether the design
complies with electromagnetic compatibility (EMC) or not, becomes vital. In high fre-
quency and high current electrical systems, capacitive and inductive couplings between
parts of the circuit will exist and can not be disregarded. Furthermore, other phenomena
such as skin and proximity effects need to taken into account. Therefore, classic circuit
analysis is not enough to model systems correctly.

Electromagnetic simulation is generally performed by solving Maxwell’s equations.
Maxwell’s equations consists of four equations which can be expressed either in differential
or integral form. The equations relate the electric and magnetic fields, to charge and
current density.

Maxwell’s equations

Differential form Integral form

∇ · �D = qv
�

�D · d�s =
∫ ∫ ∫

qvdτ (2.1)

∇ · �B = 0
�

�B · d�s = 0 (2.2)

∇× �E = −∂ �B

∂t

∮
�E · d�l = − d

dt

∫ ∫
�B · d�s (2.3)

∇× �H =
∂ �D

∂t
+ �J

∮
�H · d�l = d

dt

∫ ∫
�D · d�s+

∫ ∫
�J · d�s (2.4)
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6 Electromagnetic Simulation

�E - Electric field intensity
[
V
m

]
�H - Magnetic field intensity

[
A
m

]
�D - Electric flux density

[
C
m2

]
�B - Magnetic flux density

[
W
m2

]
qv - Volume charge density

[
C
m3

]
�J - Electric current density

[
A
m2

]
Linking four Maxwell equations together makes it possible to analyze electromag-

netic effects in a system. However, there are several approaches available to solve these
equations which are categorized as differential based and integral based methods. For a
given electromagnetic problem, Maxwell’s equations in differential form, study the field
and current at points in space, while integral form of these equations results field and
current over closed loops. Differential form of Maxwell’s equations can be derived from
the integral form by taking the limit of each equation, as radius of a closed loop reaches
zero. Similarly, integral form can be derived from differential formulation [9]. These
methods are discussed in detail in [10] and [11].

2.2 Differential equation based methods

Differential Equation based methods solve Maxwell’s equations in differential form. The
solution of the equations in this case, will be the behavior of fields and currents at a
point in space. These solutions employ Partial Differential Equation (PDE) techniques
which define the problem as surfaces and space around it which should be divided into
smaller parts before applying the solution, thus large matrices will be used because of
large number of unknowns. On the other hand, using PDE methods, each divided part
interacts only with its neighbors. Therefore, the created matrices are remarkably sparse.
In order to specify the borders of the problem’s space, boundary conditions are needed
to be defined to shrink the problem to the volume of interest. The specified boundary
conditions are directly related to the effectiveness of the PDE technique applied to the
open space geometries.

2.2.1 Finite Element Method (FEM)

The Finite Element Method (FEM) [1] is a numerical technique to find approximate
solution to partial differential equations. Using this method, Maxwell’s equations in
differential formulation can be studied. The method involves meshing the whole problem
domain into the discrete cells called finite elements which are triangles in 2D models and
tetrahedral for 3D models. Using FEM, the model includes the open space between the
surfaces, thus the domain need to be finite and bounded by defining boundary conditions.
Suppose the system equation is defined as

L(φ) = 0, (2.5)

where L is the differential operator and φ is unknown in the system equations. Using
FEM, (2.5) will converted to the weak form
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∫
Ω

ΨL(φ)dΩ = 0 ⇒
∫
Ω

L′(Ψ)L′′(φ)dΩ = 0. (2.6)

In the next step, the problem domain is discretized. By expanding φ as a linear com-
bination of the basis functions with unknown coefficients in each cell, an approximation of
φ will be achieved. By multiplying weak form of the original equation by basis functions
and integrating over each cell, the global matrix equation will be assembled. By solv-
ing Maxwell’s equations using the FEM method, field components for each discretized
element will be calculated.

FEM is a flexible method in sense of describing the geometry of the problem. Though,
implemented FEM solvers need lot of resources of memory and time on computers since
the space between surfaces is also included in the problem domain.

2.2.2 Finite Difference Time Domain (FDTD)

The Finite Difference Time Domain (FDTD) method [2] is known to be easy to under-
stand and easy to be implemented as a computer software. Using FDTD, the problem is
solved in time domain, therefore, the solution can cover a wide frequency range. Starting
with the time-dependent Maxwell’s equations in partial differential form, the equations
are discretized using central-difference approximations to the space and time derivatives.
Using FDTD method, a problem can be solved by resulting

• The electric field vector components in a volume cell at a time step;

• The magnetic field vector components in the same volume cell at the next time
step.

Fig. 2.1 shows a volume cells and solution to the fields, using FDTD method where
E-field and H-field are dependent to each other. This means that the value for E-field in
time is dependent on the changes in the H-field across the space.

Like all DE methods, the space between origins are involved in the problem domain,
thus boundary conditions are needed to be be specified to limit the computational space.
Since in electromagnetic analysis, calculating E and H fields are the most important
tasks, it is a major advantage of FDTD method that these values are calculated directly
and without any further post-processing.

2.3 Integral equation based methods

Integral Equation based methods, mainly perform segmentation only on the surfaces of
the problem. The means that only the boundary of the regions are taken into account
and the space between, is simply ignored which will significantly reduce number of of
unknowns as well as problem size, in compare with Differential Equation based methods.
Moreover, since the all segments in the model will interact with the others, no matter
where they are located, the system matrices are usually dense.
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Figure 2.1: Standard Cartesian Yee cell used for FDTD, about which electric and mag-
netic field vector components are distributed.

2.3.1 Method of Moments (MoM)

Method of Moments (MoM) is an Integral Equation based technique. The usage of this
method in electromagnetic scattering problems was first introduced in [12]. The method
aims at solving an integral equation by reducing an integral operation to a set of linear
equations. By having a linear equation operator given by

L(X) = Y (2.7)

where L represents the integral operator, Y is the known excitation function and X is
the unknown response function. The unknown excitation function, X can expressed as a
linear combination of expansion functions, known as basis functions. By choosing a set
of test functions and performing inner product with previously defined basis functions,
(2.7) will be converted into matrix equation. By solving this matrix equation, the un-
known coefficients which represent current distribution over the analyzed structure will
be obtained. Method of Moments technique divides the solution region into triangular
subdomains. The simplicity of the method is dependent to choosing proper set of basis
and test functions.

2.3.2 Partial Element Equivalent Circuit (PEEC)

The Partial Element Equivalent Circuit (PEEC) is an integral equation based full-wave
approach for the solution of combined circuit and electromagnetic problems in the time
and the frequency domain. The PEEC formulation [4]- [6] uses an integral equation
solution of Maxwell’s equations, which is interpreted as an equivalent circuit. The model
consists of partial inductances, capacitances and volume cell resistances. The classical
PEEC method is derived from the equation for the total electric field at a point [13]
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written as

�Ei(�r, t) =
�J(�r, t)

σ
+

∂ �A(�r, t)

∂t
+∇φ(�r, t) (2.8)

where �Ei is an incident electric field, �J is a current density, �A is the magnetic vector
potential, φ is the scalar electric potential, and σ the electrical conductivity all at obser-
vation point �r. Using PEEC, the electromagnetic problem translated into the equivalent
circuit and thus the solution will be done in the circuit domain. Therefore, additional
lumped elements can easily added to the system.
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Chapter 3

The Partial Element Equivalent
Circuit (PEEC) Method

3.1 Introduction

The partial element equivalent circuit (PEEC) method is a 3D full-wave modeling method
appropriate for combined electromagnetic and circuit analysis which is valid from dc to
the maximum frequency determined by the meshing. In the PEEC method, the integral
equation is interpreted as Kirchhoff’s voltage law applied to a basic PEEC cell which
results in a complete circuit solution for 3D geometries. The equivalent circuit formu-
lation allows for additional SPICE type circuit elements to be easily included. Further,
the models and the analysis apply to both the time and the frequency domain. The
circuit equations resulting from the PEEC model are easily constructed using a modified
loop analysis (MLA) or modified nodal analysis (MNA) formulation. The method can
be applied on both orthogonal and non-orthogonal geometries [14]. The PEEC theory is
discussed in more detail in [4]- [6].

The PEEC approach consists of the following phases:

• Geometry design;

• Calculating partial elements;

• Creating circuit equations according to the meshed structure;

• Solving the circuit equations to obtain volume cell currents and node potentials in
the meshed structure;

• Post-processing of calculated current and node potentials to get field variables.

11



12 The Partial Element Equivalent Circuit (PEEC) Method

3.2 Theory

The PEEC method’s formulation is derived from the equation for the total electric field
at a point [13] written as

�Ei(�r, t) =
�J(�r, t)

σ
+

∂ �A(�r, t)

∂t
+∇φ(�r, t) (3.1)

where �Ei is an incident electric field, �J is a current density, �A is the magnetic vector
potential, φ is the scalar electric potential, and σ the electrical conductivity all at ob-
servation point �r. The vector potential �A for a conductor at a point �r in space is given
by

�A(�r, t) = μ

∫
v′
G(�r, �r′) �J(�r′, td)dv′ (3.2)

where the retardation time is defined as

td = t−
∣∣�r − �r′∣∣

c
(3.3)

which is the travel time from point r to r′ with speed of light. Similarly, the scalar
potential is defined as

φ(�r, t) =
1

ε0

∫
v′
G(�r, �r′)q(�r′, t)dv′ (3.4)

where the Green’s function in (3.2) and (3.4) is

G(�r, �r′) = 1∣∣�r − �r′∣∣ (3.5)

By substituting (3.2) and (3.4) in (3.1) the integral equation for the electrical field at
given point �r is formulated as [15]

�Ei(�r, t) =
�J(�r, t)

σ
(3.6)

+ μ

∫
v′
G(�r, �r′)∂

�J(�r′, td)
∂t

dv′

+
∇
ε0

∫
v′
G(�r, �r′)q(�r′, t)dv′
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Finally by applying the polarization current density JP = ε0(εr − 1)∂E
∂t

in (3.6), the
electric field integral equation is re-written as

�Ei(�r, t) =
�J(�r, t)

σ
(3.7)

+ μ

∫
v′
G(�r, �r′)∂

�J(�r′, td)
∂t

dv′

+ ε0(εr − 1)μ

∫
v′
G(�r, �r′)∂

2 �E(�r′, td)
∂2t

dv′

+
∇
ε0

∫
v′
G(�r, �r′)q(�r′, t)dv′

By using the definitions of the scalar and vector potentials, the current- and charge-
densities are discretized by defining pulse basis functions for the conductors and dielectric
materials. Pulse functions are also used for the weighting functions resulting in a Galerkin
type solution. By defining a suitable inner product, a weighted volume integral over
the cells, the field equation (3.1) can be interpreted as Kirchhoff’s voltage law over a
PEEC cell consisting of partial self inductances between the nodes and partial mutual
inductances representing the magnetic field coupling in the equivalent circuit. The self
partial inductances shown as Lp11 and Lp22 in Fig. 3.1 are defined as

Lpαβ =
μ

4π

1

aαaβ

∫
vα

∫
vβ

1

| �rα − �rβ|dvαdvβ, (3.8)

for volume cell α and β. Figure 3.1 also shows the node capacitances which are related to
the coefficients of potential pii while ratios consisting of pij/pii are leading to the current
sources in the PEEC circuit. The coefficients of potentials are computed as

pij =
1

SiSj

1

4πε0

∫
Si

∫
Sj

1

|�ri − �rj| dSj dSi (3.9)

and the resistive term between the nodes, defined as

Rγ =
lγ

aγσγ

. (3.10)

In (3.8) and (3.10), a represents the cross section of the rectangular volume cell normal to
the current direction γ, and l is the length in the current direction. Further, v represents
the current volume cells and S the charge surface cells. For a detailed derivation of the
method, including the nonorthogonal formulation, see [14].

3.3 Meshing

Meshing in PEEC consists of dividing the structure into surface and volume cells. First a
surface cell mesh is applied to model the charge distribution and then a volume cell mesh
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(a) (b)

Figure 3.1. Metal strip with 3 nodes and 2 inductive cells and 3 capacitive cells (a) and
corresponding PEEC circuit with only self partial elements (b).

is used to model the current distribution. From the volume cell mesh, partial inductances
given in (3.8) and volume cell resistances given in (3.10) are extracted. From the surface
cell mesh, coefficients of potential given in (3.9) are calculated.

Experiments show that, in order to get accurate results in frequency domain analysis,
the maximum cell size in the mesh is required to be less than λmin/20, where λmin

is the minimum wavelength of interest, corresponding to the highest frequency in the
excitation [16].

3.4 Matrix Formulation

The discretization process of the EFIE in (3.1) and the successive Galerkin’s weighting
leads to an equivalent circuit formulation. When Kirchhoff’s voltage and current laws are
enforced to the Ni independent loops and Nφ independent nodes of the PEEC equivalent
circuit we obtain

−AΦ (t)−RiL (t)− L ˙iL (t) = vs (t) (3.11)

P−1Φ̇ (t)−AT iL (t) = is(t)

where

• Φ (t) ∈ R
Nφ is the vector of node potentials to infinity; RNφ is the node space of

the equivalent network;

• iL (t) ∈ R
Ni is the vector of currents including both conduction and displacement

currents; RNi is the current space of the equivalent network;

• L is the matrix of partial inductances describing the magnetic field coupling;

• P is the matrix of coefficients of potential describing the electric field coupling;

• R is the matrix of resistances;
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• A is a connectivity matrix which describes the connection of the partial inductances
to the PEEC nodes by indicating current flow direction between volume cells and
nodes;

• vs(t) is the vector of distributed voltage sources due to external electromagnetic
fields or lumped voltage sources;

• is(t) is the vector of lumped current sources.

The equation system in (3.11) is equivalent to the circuit equations formulated in
SPICE-type of solvers for obtaining the solution in node voltages and branch currents.
These equations in (3.11) is often entitled a Modified Nodal Analysis (MNA) formulation
[17] and can be modified to suit the solution of PEECs [18]. From the MNA formulation,
the Nodal Analysis (NA) formulation can be derived which only solves for the node
potentials by a reduced equation system while the branch currents are calculated in a
second step. In the frequency domain the NA system can be written as

Φ(ω) =
[−AT (R+ jωL(ω))−1A+ jωP(ω)−1

]−1
IS (3.12)

to solve for the node potentials Φ at a specific frequency for the excitation specified by
IS.

3.5 Matrix Solution

By collecting the partial elements in matrices, the system equation can be formed i time-
and frequency- domain. The solution of this system equation will give the currents in
the volume cells, the charge densities at the surface cells, and the node potentials.

In frequency domain, the matrix equations can be reformulated to solve for the node
potentials V and charges q, or inductor currents IL according to⎡

⎣ −A −(R+ jωL)

jωP−1 +YL −AT

⎤
⎦
⎡
⎣ V

IL

⎤
⎦ =

⎡
⎣ VS

IS

⎤
⎦ (3.13)

V = Pq (3.14)

Using the previously defined matrices the admittance matrix for the PEEC model can
be calculated as

Y = (AT (R+ jωL− jω−1Ce)
−1)A+ jω(Rv

T P−1 Rv) +YL (3.15)

from which the node potentials V are found by solving

V = Y−1IS (3.16)

then the volume cell currents can be calculated as

IL = (R+ jωL)−1(−AV−VS) (3.17)
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The system equation for time domain is expressed as⎡
⎣ −A −(R+ L d

dt
)

P−1 d
dt
+YL −AT

⎤
⎦
⎡
⎣ V

IL

⎤
⎦ =

⎡
⎣ VS

IS

⎤
⎦ (3.18)

Discretizing matrix (3.18) in time by using the Backward Euler [19] scheme yields⎡
⎣ −A −(R+ L 1

dt
)

P−1 1
dt
+YL −AT

⎤
⎦
⎡
⎣ Vn

InL

⎤
⎦ =

⎡
⎣ VS − L 1

dt
In−1L

IS +P−1 1
dt
Vn−1

⎤
⎦ (3.19)

Which can be formulated to a single equation to calculate the current PEEC node volt-
ages, Vn, as

Vn =

[
P−1 1

dt
+Y+AT

(
R+ L

1

dt

)−1

A

]−1

(3.20)[
IS +P−1 1

dt
Vn−1 −AT (R+ L

1

dt
)−1(VS − L

1

dt
In−1)

]
And the volume cell currents can be calculated using post-processing as

In = −
[
R+ L

1

dt

]−1 [
VS − L

1

dt
In−1 −AVn

]
(3.21)

As seen in (3.13) and (3.18), the system of coefficient matrix consist if two dense (upper
right and lower left) and two sparse sub-matrices.

In a quasi-static solution of (3.11), only the potential and currents at the n:th and
the n− 1:th time steps are used in the evaluation of the derivatives. While for full-wave
analysis, a history of potentials and currents is needed, since the time retardation is
involved in the calculations.

3.6 Post-processing

The node potentials and volume cell currents which are the results of the PEEC solution
can be post-processed to calculate magnetic and electric field variables. This process is
important for problems like antenna analysis where radiated fields need to be calculated
in order to correctly simulate the behavior of the antenna [20].

3.7 Time Complexity Analysis

In this section, the time complexity of different phases of the solver is studied. The
problem size is defined as

N = n+m. (3.22)
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where N is the total number of unknowns and it is summation of n which is number of
surface cells and m which is number of volume cells. Solving an EM problem using the
PEEC method, consist of different solving steps with different time complexities which
will be analyzed separately here.

3.7.1 Meshing generation

The process of applying a mesh on a design is dependent to the total number of unknowns
in the solution. In other words, finer mesh will result more unknowns and vice versa.
Therefore, this process has a linear time complexity which is noted as O(N).

3.7.2 Partial element calculation

Partial element calculation consists of calculating coefficient of potential values which
will be saved in a n × n matrix and partial inductance values which will be stored in a
m×m matrix. Since these two matrices are symmetric, hence only one half of the matrix
including diagonal values is needed to be calculated. Thus, the time complexity for the
partial element calculation will be defined as O(n

2+m2

2
).

3.7.3 Compute node potentials and branch currents

This task is the most time consuming task in the PEEC solution because of matrix in-
version and matrix factorization which will be done in order to solve the created matrix
equation. Since the matrix equations are solved using LU factorization, the time com-
plexity for solving the main equation in the form of Ax = b will be of O(N3) where N is
defined in 3.22. Using iterative solvers, it is possible to gain solutions with the lower time
complexity, but the time taken in these cases is highly dependent to the preconditioners
used to improve the condition number of the matrix and thus converge faster.

3.7.4 Compute field quantities

This process is optional and is defined as a post-process which manipulates the results
of the previous phase to calculate values for the electric and magnetic fields. Calculating
field values has a linear time complexity and is defined as O(N).
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Chapter 4

PEEC Solver on Desktop Machines

4.1 Development

A PEEC-based solver for EM analysis, based on the theory outlined earlier, has been
developed [21]. The solver can handle both orthogonal and nonorthogonal PEEC models
[14].

By having a geometrical layout, the solver creates an equivalent circuit and calculates
the corresponding resistances, partial inductances, capacitances, and coupled voltage
and current sources (to account for electromagnetic couplings). It is also possible to
add sources and extra circuit elements like resistors, inductors and capacitors to the
system. The actual solution of the resulting circuit equations in either the time- or
frequency domain, is performed in the solver and results are given as current- and voltage
distributions in the input geometry. The workflow in the program is shown in Fig. 4.1.

The program has originally been written in C++ and under Linux but it is now avail-
able for major operating systems. The sequential implementation utilizes the GMM++
[22] linear algebra package for matrix calculations. GMM++ is a free and open source
computational library designed for matrix operations. The library provides efficient and
optimized routines for matrix and vector calculations such as matrix factorization and di-
rect and iterative solvers. The Intel C++ Compiler has also been used to compile the code
with pragmas for compiler optimization to be performed. The compiler supports Open
Multi-Processing (OpenMP) interface for multiprocessing as well as auto-parallelization
and auto-vectorization features for concurrent programming. This allows, for exam-
ple, for the use of multiple processors in calculating partial elements and other trivial
pipelining, loop unrolling/distribution, data pre-fetching, and loop-carried dependencies
occurring in the original, sequential implementation.

19
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Graphical User Interface

Read geometrical data 
and simulation settings

Mesh generation

Partial element calculation

Create equivalent circuit equations

Set excitation sources

Compute node potentials 
    and branch currents

Compute field quantities

Result viewer

       Iteration
quasi-static model

      Iteration
full-wave model

Figure 4.1: Flow diagram for the PEEC solver.
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4.2 Optimization

The processes of solving a problem using the PEEC method is usually computationally
heavy and time consuming. Therefore, optimizing the code, in sense of the memory usage
and solution time is very important, to make the program able to be used for real world
problems. The process of the code acceleration can be done by:

• applying smart algorithms to improve memory usage and make the code faster;

• using programming techniques to make the program more efficient.

Non-uniform meshing as a smart algorithm, which has been applied to the solver,
will be discussed here. Moreover, On-the-fly Calculation, Intel Math Kernel Library and
Data Caching which are expected to improve the performance of the code are explained.

4.2.1 Non-uniform Meshing

One of the first steps of a solution using the PEEC method is to divide the input geometry
into smaller parts. This process is called discretization or meshing and can be performed
by distributing nodes, either uniformly or non-uniformly over the body of the model to
divide the geometry into smaller parts. Since the meshing density has direct relation with
the number of unknowns in a problem, it is always wanted to hold the mesh density as low
as possible, without loosing the required accuracy. On the other hand, in high frequency
models, the current path in a conductor, is limited to the skin depth (approximated as
δ = (σπfμ)−0.5, where σ is the conductivity of the conductor, f the frequency, and μ the
absolute magnetic permeability of the conductor) which is usually very small and close
to the surface. Therefore, in order to simulate such models accurately, a dense mesh
is needed to be applied on the geometry, to cover the small area of the current path
through a conductor [23]. Fig. 4.2 compares uniform and non-uniform meshing, applied
on a metal plate with same number of meshing lines.

One of the main usages of non-uniform meshing is to accurately include skin and
proximity effects in high current and high frequency simulations without increasing the
size of the problem. In paper B, the simulation of bus bar models using non-uniform
meshing has been studied. Results from the simulations in this paper show that skin
effect has been captured properly and compares well with measurements. Non-uniform
meshing can also be used to get more accurate results of capacitance calculation, than
uniform meshing. Fig. 4.3 demonstrates capacitance calculation, repeated as in [5] of
a thin 1 m x 1 m square plate with different number of cells per side of the plate. It
is evident that non-uniform meshing results more accurate values which converge faster
since higher charge density on the borders of the square plate is successfully taken into
account.
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(a) (b)

Figure 4.2. A metal plate with uniform (a) and non-uniform meshing (b).
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Figure 4.3. Capacitance calculation of a 1 m x 1 m metal plate with different number of
cells per side using uniform and non-uniform mesh.

4.2.2 On-the-fly Calculation

When a model is being analyzed using the PEEC method, there are usually large and
dense matrices created. Some of these matrices need to be stored in the memory for



4.2. Optimization 23

later calculations. Using On-the-fly calculation, matrices are not stored in the memory,
but re-calculated on demand. This feature, definitely slows down the whole process, but
many problems which could not fit into the memory can be solved, however, in longer
time. Fig. 4.4 (a) demonstrates the typical strategy of partial element calculation where
all elements are stored before starting the solution. In Fig. 4.4 (b), it is shown that
when On-the-fly technique is applied, however, memory usage will be decreased, but
re-calculation of each element, increases the solution time.

Solver Kernel

Resistance
   Matrix

Connectivity
     MatrixPartial Inductance

         Matrix
Coefficients of Potential
            Matrix

(a)

Solver Kernel

Resistance
   Matrix

Connectivity
     MatrixCoefficients of Potential

            Matrix

Partial Inductance 
 Matrix Elements

(b)

Figure 4.4. Typical partial element calculation (a) and On-the-fly partial element calcu-
lation (b).

4.2.3 Intel Math Kernel Library

Intel Math Kernel Library (MKL) [24] is a commercial and pre-compiled library which
offers a set of optimized math routines for science, engineering, and financial applications,
available for major operating systems. The library has been written in FORTRAN, but
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provides an interface for C/C++ programs. The kernel of the library consists of math
functions including BLAS, LAPACK, ScaLAPACK, Sparse Solvers, Fast Fourier Trans-
forms and Vector Math. These routines are highly optimized and are fully compatible
with multi-core systems to offer maximum performance using concurrency techniques.
The library offers special routines for each kind of data like symmetric, sparse and di-
agonal matrices to increase the efficiency. The PEEC- bases solver has partly ported
to MKL and the porting process is ongoing. Using MKL along with Intel C++ Com-
piler, the whole code can be compiled to executable program that is fully compatible
with multi-core machines, by activating auto-parallelization features of the compiler in
combination with Open-MP pragmas in the source code.

4.2.4 Data Caching

Partial element calculation is always done before solving the circuit equations. These
calculations are time consuming, specially when non-orthogonal PEEC models [20] are
being analyzed. Since these values are only dependent to the physical attributes of
the geometry, so as far as the design is not changed, they are valid to be used in the
solution. However, partial element values, need to be updated in each solving iteration
when full-wave analysis is used. Thus, caching feature can only be used with quasi-static
solutions. Therefore, in quasi-static analysis, caching and reloading partial element data
and calculating them at once, can be a good way to speed up the solution. In other words,
by assuming that the geometry remains unchanged, intermediate data are calculated and
cached. Later, new simulations can be run by just reading cached data and avoiding to re-
calculated partial element values. There are also some hash coding mechanisms provided
in the code which makes the solver smart to detect whether intermediate data need to
be calculated or can be read from the cache.

4.3 Data Visualization

The results of the solving process can later processed to be plotted in a proper way
which can be viewed in a graphical format. Data visualization is an optional process and
generates plots for:

• Voltage/Potential distribution;

• Volume cell current distribution;

• Magnetic and electric field.

The results of this part can be viewed in ParaView which is an open-source, multi-
platform data analysis and visualization application [25]. Using ParaView, it is possible
to view meshing lines, node points and current direction in each volume cell by choosing
different filters that are included in the program.



Chapter 5

PEEC Solver on Parallel Computer
Systems

5.1 Development

The Parallel PEEC-based solver is designed to be used for large problems which can not
usually be solved on desktop machines. Using a parallel computer system, the solution
load is divided between several processing units which collaborate together to solve the
problem.

The parallel solver was developed on a Linux cluster consists of nodes equipped with
two Intel Xeon quad-core 2.5 GHz CPUs and 16 GB of RAM memory. The code has
been written in C++ and is compatible with parallel computer systems with distributed
memory architecture using ScaLAPACK (Scalable LAPACK) as computational library.
ScaLAPACK [26] is a library of LAPACK routines, revised for parallel computer sys-
tems. The package has been written in FORTRAN and can be called in C/C++ pro-
grams through a wrapper. Like LAPACK, ScaLAPACK offers a large set of optimized
routines to handle matrix calculations such as solving systems of linear equations and
matrix factorization over matrices which have been distributed among processors. Other
basic linear algebra operations like product between matrices and vectors, are handled
using different levels of PBLAS. PBLAS is parallel version of a library of computational
routines called BLAS which is originally included in LAPACK. In order to perform syn-
chronization between computational nodes, a set of routines called BLACS are used to
manage communication between nodes running ScaLAPACK [27]. These routines use
algorithms called block-partitioned algorithms to minimize data movement of between
nodes by optimum load balancing between computational elements.

The parallel solver performs these four steps to solve a problem:

1. The discretization process is serial and is done by all processing units.

25
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2. The partial element calculations are parallelized as no communication is required
between nodes while each node calculates assigned parts of basic matrices in parallel
with other nodes. The main difficulty lies in the mapping between global and local
matrix coordinates [28].

3. The matrix formulation and solution parts are implemented using ScaLAPACK
routines.

4. At the end when all processes has reached final synchronization point, the results
will be gathered on the root processor and will be saved in appropriate format on
the disk.

As a first step, partial element calculations are parallelized using parallel processors
which fill a large matrix, distributed by ScaLAPACK data management algorithms, in-
dependent of each other. By exploiting symmetric property of the matrices which are
involved in the calculations, Cholesky factorization routines in ScaLAPACK package is
used which operates faster than general LU factorization. The process of placing element
from one part of a distributed matrix to the other part is computationally expensive and
complicated in parallel programs and especially for the MNA-approach seen in (3.11).
The problem was overcome by a special Transpose-and-Add method as detailed in [29].

When the matrices are filled, the solution of the time- or frequency- domain of the
circuit equations in (3.11) and (3.12) is applied in order to solve the created matrix
equation.

5.2 Benchmarks

Parallel PEEC-based solver has been tested with two different test cases to meassure
speed-up factor. The speed-up factor for the parallel implementation, is calculated as

S(n) =
tp1
tpn

(5.1)

where tp1 and tpn represent time taken to solve a problem by using one processor and n
processors, respectively.

5.2.1 Air-core Reactor

The first test case is an air-core reactor structure [30] subjected to an impulse in the time
domain test and extraction of input impedance in the frequency domain. The reactor
have been studied in the time- and frequency domain but only results for the frequency
domain solver have been presented. The complete benchmark results in both domains
have been discussed in paper A.

The test structure, seen in Fig. 5.1, is of rectangular type with four sides equal in
length = 0.5 m. The windings (turns) are totally 65 and consist of copper tape with
dimension 0.076 mm x 6.35 mm. The center to center spacing between the turns is 10
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Figure 5.1: Reactor voltage simulation result at 4μs after impulse test.

mm. The reactor tests have been carried out by running quasi-static frequency domain
solver in up to 5 MHz. As for a 90 turn reactor, input impedance was measured from 10
kHz to 5 MHz and results from the measurements agreed very well with the simulation
results. [30]

Table 5.1 lists the air-core reactor model with different meshing and hence different
problem size and number of unknowns. The naming conventions used for these test cases
is in the format of T[n]-[abc], where n is the test case number and a, b and c represent
the discretization level in the directions x, y and z respectively.

According to Fig. 5.2 the best speed-up factor has been obtained when the largest
test case has been evaluated, while smaller test cases, show smaller speed-up factor. This
can be explained as the problem size as well as allocated grid of the processors grows,
the solution time is spent more on each processing unit rather than communication over
the network. However, for smaller problems, communication time between nodes usually
gets higher due to communication overheads.

5.2.2 Surge Test

The Surge test is the largest model that has ever been simulated using the PEEC method,
as far as we can tell. The setup is a surge pulse that is applied to an 100×100×150 cm
enclosure. In this test, the enclosure is excited on the top surface with a surge pulse
given by

i(t) = I0(e
−αt − e−βt) (5.2)

where I0 = 218810, α = 11354 and β = 647265. The enclosure is grounded using 1Ω
resistor at the bottom surface. Fig. 5.3 shows voltage distribution in the enclosure due
to the surge test.
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To test the parallel implementation, three cases with different discretization levels
were tested using the NA, time domain solver. Table 5.2 describes each test case and
the corresponding number of unknowns. As can be seen, Surge3 contains more than a
quarter of a million of unknowns and is the largest PEEC problem that has been solved
using a general PEEC implementation capable of handling time and frequency domain
analysis. These problems have been designed to be large enough to stress the solver in
both memory and computational complexity sense.
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Figure 5.2: Total PEEC-model solution time for frequency domain simulations using
Nodal Analysis (a) and Modified Nodal Analysis (b).
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(a)

Figure 5.3: Surge voltage simulation result at 1.8μs after impulse test.

Table 5.2: Surge test characteristics.

Number of
Test surface cells volume cells unknowns nodes

(charge basis functions) (current basis functions) (total)

Surge1 10 404 20 400 30 804 10 200
Surge2 48 884 96 880 145 764 48 400
Surge3 89 244 177 240 266 484 88 800
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Chapter 6

Summary of Papers

6.1 Summary of contributions

There are three paper appended to this thesis. In this chapter, a brief summary of each
paper will be discussed.

6.1.1 Paper A

This paper presents the first parallel implementation of a Partial Element Equivalent Cir-
cuit (PEEC) based electromagnetic modeling program on high performance computing
clusters. The parallel code employs ScaLAPACK (Scalable LAPACK) as computational
core library and is written in C++. The development were done on a parallel computer
system with distributed memory architecture which consists of processing elements which
act independently and communicate with each other over a high speed network. In pro-
cess of solving a problem on such system, these isolated processing units will collaborate
together to solve a problem. By using ScaLAPACK it was ensured that the computa-
tional load was divided in a balanced way over all processing units. Large structures
containing over 250 000 unknown current and voltage basis functions were successfully
analyzed for the first time with a general PEEC-solver. The numerical examples are of
orthogonal type, studied both in the time- and frequency- domain, for which memory,
performance, and speedup results are presented.

6.1.2 Paper B

This paper demonstrates PEEC usage in simulating a system of parallel bus bars used in
distributing the DC-link power in a medium voltage frequency converter. Using PEEC
simulations with non-uniform meshing, the skin effect of the bars could be successfully
simulated. It is also shown that how non-uniform mesh can be used in similar problems
to perform reliable results without increasing the size of the problem which usually occurs
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when a uniform-mesh is applied on a structure. The simulations results were also verified
by comparing the results with the measurements, which agreed very well.

6.1.3 Paper C

This paper presents an efficient modeling approach for electromagnetic analysis of large
bus bars. The complete model of bus bars are very large which need a dense mesh in
order to simulate skin and proximity effects properly. It was showed in PaperB that
using non-uniform meshing, the simulation could successfully be done for a single bus
bar by holding number of unknowns in minimum. However, for a complete system of
bus bars, even with non-uniform meshing, the problem size could increase drastically.
Therefore, a divide and conquer approach is applied where a complete bus bar is divided
into segments that are simulated as individual and non-coupled elements. Using this
method, the solving process could be done much faster with less memory needed. Results
were also verified by comparing with the complete bus bar simulation results.



Chapter 7

Conclusion and Further Work

7.1 Conclusion

A PEEC-based solver has been developed to perform electromagnetic analysis using the
PEEC method. The solver is designed for desktop machines and utilizes GMM++ as
computational library.

Some optimization tasks have been done to improve the performance of the code which
are non-uniform meshing, on-the-fly calculation and using Intel Math Kernel Library
(MKL). Non-uniform meshing is applied to capture skin and proximity effects in high-
frequency simulations by minimizing number of unknowns of the problem. On-the-fly
calculation is also used to calculate partial elements on demand instead of storing the
values in the memory. Finally, MKL is utilized to perform matrix operations in an
efficient way using MKL’s optimized routines.

To be able to solve large problems which usually can be run using regular desktop
machines, the code was ported to the parallel computer systems. The new ported code can
be run on a parallel system with distributed memory architecture by calling ScaLAPACK
(Scalable LAPACK) routines for computational tasks over a grid of processors. A set of
test cases have been run on a parallel system to benchmark the new code and measure
the speed-up factor and memory usage of the new solver.

7.2 Further Work

Further steps of this work would be applying smarter algorithms as well as numerical
methods like Fast Multipole Method (FMM), using iterative solvers instead of direct
solvers and QR Decomposition. Convergence problem is one the challenges when iter-
ative solvers are used as well as matrix preconditioning and matrix permutation so the
solution can converge faster. Another important issue which needs to be considered is
the approximations which will appear in the results as a consequence of usage of such
techniques like numerical instabilities and loss of accuracy.

35



36 Conclusion and Further Work

The are also programming techniques which can improve the PEEC-based solver’s
performance. One of these techniques is to use Computer Unified Device Architecture
(CUDA) [31] to take advantage of the cores which are available on advanced graphic
cards to assist the main processing unit in the calculations. The technology uses parallel
programming schemes and aims to run small parts of the program in parallel by assigning
each part to a core of the Graphical Processing Unit (GPU).
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Parallel Implementations of the PEEC Method

Danesh Daroui and Jonas Ekman

Abstract

This paper presents the first parallel implementation of a partial element equivalent
circuit (PEEC) based electromagnetic modeling code suitable for solving general elec-
tromagnetic problems. The parallelization is based on the GMM++ and ScaLAPACK
packages which are cross-platform libraries available for major operating systems. The
parallel PEEC solver has been tested on several high performance computer systems.
Large structures containing over 250 000 unknown current and voltage basis functions
were successfully analyzed for the first time with a general PEEC-solver. The numerical
examples are of orthogonal type, studied both in the time- and frequency- domain, for
which memory, performance, and speedup results are presented.

1 Introduction

As for all the methods within computational electromagnetics, the problem system size
that can be solved is increasing with more efficient computer implementations and more
powerful computer systems. However, the desired problem sizes to be solved are also in-
creasing and there is a clear gap between desired and possible problem size to be solved.
Fast solutions for EM problems have been treated for a long time, i.e. [1] where both
differential and integral equation solvers were discussed. For the integral equation based
solvers, fast Krylov subspace approaches are available. For example, the fast-multipole
method (FMM) [2] and QR-based algorithms [3]. The next step, after faster imple-
mentations, is to improve the computing power running the algorithms. One solution
is to use grid computing on different levels. For example using a local area network
of interconnected computers to speed up calculations or by porting the code to paral-
lel architectures. Recent publications on the extension to parallel implementations are
for example [4] where a nesting combination of the finite element domain decomposi-
tion method and the algebraic multigrid method is presented, [5] on the implicit FDTD
method, and [6] for a parallel version of the numerical electromagnetics code (NEC).

The partial element equivalent circuit (PEEC) method [7] is widely used for solv-
ing mixed circuit and electromagnetic (EM) problems. The method gives a framework
for creating electric equivalent circuit representations for three-dimensional electromag-
netic problems and calculating self and mutual partial inductances [8] and capacitances
(coefficients of potential) [9]. The resulting equivalent circuits can be solved in SPICE-
like solvers or, for the full-wave case, by creating and solving the fully coupled circuit
equations [10]. Until now, no parallel implementation on the PEEC method have been
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reported except for in [11] where a sequential code was parallelized for LANs using a free-
ware. In this paper, the first parallel implementation of a non-accelerated, e.g. FMM,
PEEC method [12] is presented for high performance computing using the ScaLAPACK
package [13].

Other approaches for accelerating PEEC-based computations are for example FMM-
based approaches as detailed in [14,15], wavelet-based PEEC analysis as in [16]- [18], and
QR-decomposition as shown in [19]. The goal with this work has been to accelerate the
general PEEC method which allows for both time and frequency domain solution from
DC to the highest frequency of interest (given by the mesh) and not to be restricted by the
above mentioned acceleration techniques impacting, for example, on the low frequency
behavior.

The paper is organized in the following way. Section 2 presents a summary of the
PEEC method and the developed computer program while Section 3 presents the paral-
lelization of the same using the ScaLAPACK package. Then, Section 4 and 5 shows the
applicability of the solver for two numerical examples, a free-space reactor and a shielding
study. Finally conclusions and further work are detailed in Section 6. It is shown that
with this type of parallel PEEC solvers the problem size can be increased considerably
and new application areas arise.

2 Summary of PEEC Theory

This section gives an brief summary of the classical, orthogonal PEEC formulation. For
further information, see [7]- [9].

2.1 Extraction of equivalent circuit

The classical PEEC method is derived from the equation for the total electric field at a
point [20] written as

Ei(r, t) =
J(r, t)

σ
+

∂A(r, t)

∂t
+∇φ(r, t) (1)

where Ei is an incident electric field, J is a current density, A is the magnetic vector
potential, φ is the scalar electric potential, and σ the electrical conductivity all at obser-
vation point r. By using the definitions of the scalar and vector potentials, the current-
and charge-densities are discretized by defining pulse basis functions for the conductors
and dielectric materials. Pulse functions are also used for the weighting functions result-
ing in a Galerkin type solution. By defining a suitable inner product, a weighted volume
integral over the cells, the field equation (1) can be interpreted as Kirchhoff’s voltage
law over a PEEC cell consisting of partial self inductances between the nodes and partial
mutual inductances representing the magnetic field coupling in the equivalent circuit.
The partial inductances shown as Lp11 and Lp22 in Fig. 1 are defined as

Lpαβ =
μ

4π

1

aαaβ

∫
vα

∫
vβ

1

|rα − rβ|dvαdvβ, (2)
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Figure 1: Metal strip with 3 nodes and 2 cells (a) and corresponding PEEC circuit (b).

for volume cell α and β. Figure 1 also shows the node capacitances which are related to
the coefficients of potential pii while ratios consisting of pij/pii are leading to the current
sources in the PEEC circuit. The coefficients of potentials are computed as

pij =
1

SiSj

1

4πε0

∫
Si

∫
Sj

1

|ri − rj| dSj dSi (3)

and a resistive term between the nodes, defined as

Rγ =
lγ

aγσγ

. (4)

In (2) and (4), a represents the cross section of the rectangular volume cell normal to
the current direction γ, and l is the length in the current direction. Further, v represents
the current volume cells and S the charge surface cells. For a detailed derivation of the
method, including the nonorthogonal formulation, see [21].

2.2 Solution of equivalent circuit

The discretization process of the EFIE in (1) and the successive Galerkin’s weighting
leads to an equivalent circuit formulation. When Kirchhoff’s voltage and current laws are
enforced to the Ni independent loops and Nφ independent nodes of the PEEC equivalent
circuit we obtain

− AΦ (t)−RiL (t)− Lp
˙iL (t) = vs (t) (5)

P−1Φ̇ (t)− AT iL (t) = is(t)
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where

• Φ (t) ∈ R
Nφ is the vector of node potentials to infinity; RNφ is the node space of

the equivalent network;

• iL (t) ∈ R
Ni is the vector of currents including both conduction and displacement

currents; RNi is the current space of the equivalent network;

• Lp is the matrix of partial inductances describing the magnetic field coupling;

• P is the matrix of coefficients of potential describing the electric field coupling;

• R is the matrix of resistances;

• A is the connectivity matrix;

• vs(t) is the vector of distributed voltage sources due to external electromagnetic
fields or lumped voltage sources;

• is(t) is the vector of lumped current sources.

The equation system in (5) is equivalent to the circuit equations formulated in SPICE-
type of solvers for obtaining the solution in node voltages and branch currents. However,
for PEECs the equation system in (5) contain more dense matrices (Lp and P ) compared
to a pure electric network system solution due to the large number of mutually coupled
inductors and mutual capacitances. Therefore, the solution of PEECs requires linear
algebra packages suitable for dense matrices. The exception is the full-wave, time domain
case where retarded magnetic and electric field couplings are treated as known sources
and the Lp and P matrices are more sparse [10].

The equation system in (5) is often entitled a Modified Nodal Analysis (MNA) for-
mulation [22] and can be modified to suit the solution of PEECs [10]. From the MNA
formulation, the Nodal Analysis (NA) formulation can be derived which only solves for
the node potentials by a reduced equation system while the branch currents are calculated
in a second step. In the frequency domain the NA system can be written as

Φ(ω) =
[−AT (R + jωLp(ω))

−1A+ jωP (ω)−1
]−1

IS (6)

to solve for the node potentials Φ at a specific frequency for the excitation specified by
IS. Both formulations are tested in this paper and results are presented in Sec. 4 and 5.

2.3 Sequential code for EM analysis using PEEC theory

A program for EM analysis, based on the theory and references outlined above, has
been developed. The solver can handle both the traditional orthogonal PEEC model
and the newly introduced nonorthogonal formulation [21]. In this paper, only orthogonal
models are considered while nonorthogonal results will be presented in a future paper
since different issues arise when working with nonorthogonal PEEC models [23,24]. The
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program creates an equivalent circuit and calculates the corresponding resistances, par-
tial inductances, capacitances, and coupled voltage and current sources (to account for
electromagnetic couplings) for the given geometrical layout (CAD-data as specified in an
input file). The user adds external electronic (sub-)systems and analysis mode as de-
scribed by the SPICE syntax. The actual solution of the resulting circuit equations (5)
in either the time- or frequency- domain, is performed in the solver and results are given
as current- and voltage- distributions in the geometrical layout. Post-processing routines
are implemented for calculating field quantities at specified locations. The workflow in
the program is shown in Fig. 2.

The sequential implementation utilizes the GMM++ linear algebra package and the
Intel C++ Compiler with pragmas for compiler optimization to be performed. This
allows, for example, for the use of multiple processors in calculating partial elements and
other trivial pipelining, loop unrolling/distribution, data prefetching, and loop-carried
dependencies occurring in the original, sequential implementation.

It is the presented sequential code that has been parallelized and for which results
are presented in this paper.

Graphical User

Interface

Mesh generation

Partial element calculation

(matrices from Sec. II.B)

Create equivalent circuit

equations, eqs. (5) and (6)

Result viewer

Compute field quantities

( , )E H

Compute node potentials

and branch currents� i
L

Read geometrical data

and simulation settings

Set excitation, andv i
S S

Iteration

quasi-static model

Iteration

full-wave model

Figure 2: Flow diagram for the PEEC solver.
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3 Parallelization of the PEEC Solver

3.1 Introduction

The development platform was a Linux cluster consists of nodes equipped with two Intel
Xeon quad-core 2.5 GHz CPUs and 16 GB of RAM memory. The code has been written
in C++ under Linux and is compatible with parallel computer systems with distributed
memory architecture using ScaLAPACK as computational library. ScaLAPACK (Scal-
able LAPACK) is a library of LAPACK routines, revised for parallel computer systems
with distributed memory architecture. The package enables the use of high performance
computing clusters in a simple fashion and allows for a considerable acceleration of the
developed PEEC-based program. Like LAPACK, ScaLAPACK offers a set of highly opti-
mized routines to solve systems of linear equations, which consists of matrices distributed
among a bunch of processors. The library performs basic linear algebra operations such
as product between matrices and vectors using PBLAS. PBLAS is parallel version of a
rich library of computational routines called BLAS which is included in LAPACK. Fi-
nally a set of routines called BLACS is used to manage communication between nodes
running ScaLAPACK. These routines use algorithms called block-partitioned algorithms
to minimize movement of data between nodes by load balancing between computational
elements. ScaLAPACK has been written in FORTRAN and developed for parallel com-
puter systems. The choice to use this library was based on optimized and efficient message
passing methods have been used in it, speed and scalability and good interface for C++
programmers. In addition it is a stable, well tested, and efficient library and provides
access to a very large collection of useful, powerful and flexible functions in BLAS and
LAPACK which have been parallelized efficiently. Using ScaLAPACK we were assured
that a good load balancing is achieved by distributing input data on a bunch of process-
ing nodes using block cyclic data distribution algorithms which speeds up the operations
by minimizing data transfer between processing units.

The parallel solver performs these four steps to solve a problem:

1. The discretization process is entirely serial and duplicated on all processors.

2. The partial element calculations are easily parallelized as no communication is
required between nodes while each node calculates assigned part of basic matrices
in parallel with other nodes. The main difficulty lies in the mapping between global
and local matrix coordinates [6].

3. The matrix formulation, (5) or (6), and solution parts are implemented using
ScaLAPACK routines.

4. At the end when all processes has reached final synchronization point, the results
will be gathered on the root processing unit and will be saved in appropriate format.
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3.2 Parallelization of partial element computations

The partial element calculations are easily parallelized using parallel processors which fill
a large matrix, distributed by ScaLAPACK data management algorithms, completely in
parallel and independent of each other. For the time domain problems these are Lp and
P matrices which are symmetric and have entries of type double precision floating-point.
Hence the fill-in times for the time domain solver is decreased linearly as number of allo-
cated processors grows. Since these two matrices are symmetric, Cholesky factorization
routines in ScaLAPACK package can be used to factorize them. Due to the properties
of the entries of Lp and P matrices which has the type complex with double precision
floating-point for problems in frequency domain and because these matrices do not fulfil
Hermitian properties, only LU factorization is possible and therefore the need to fill in
the whole matrix. The process of placing element from one part of a distributed ma-
trix to the other part is computationally expensive and complicated in parallel programs
and especially for the MNA-approach seen in (5). But this was overcome by a special
Transpose-and-Add method as detailed in [25].

3.3 Parallelization of matrix solutions

After filling-in the matrices, the solution of the time- or frequency- domain versions
of the circuit equations in (5) and (6) has to be performed. This is done using the
ScaLAPACK library of high-performance linear algebra routines for distributed-memory
message-passing MIMD (multiple instruction stream, multiple data stream) computers
and networks of workstations supporting parallel virtual machine (PVM) and/or message
passing interface (MPI). ScaLAPACK uses block cyclic data distribution [26] to achieving
good load balancing. This means that matrices are divided into blocks in two dimensions
and these blocks are assigned to a set of processors. This is further detailed in [6] when
using the numerical electromagnetics code (NEC) to solve electromagnetic problems using
ScaLAPACK.

4 Numerical test (i) - Air-core Reactor

To present the speedup of the parallel PEEC implementation, an air-core reactor struc-
ture is utilized since measurement results have been collected and the cell count is easily
increased. In previous papers, i.e. [27], the reactor have been studied in the time- and
frequency- domain with regular (Lp,P ,R,τ)PEEC models. However, the inclusion of Skin
and proximity effects have not been possible in earlier works through the volume filament
approach, (VFI)PEEC, due to the excessive number of unknowns. Here, the air-core re-
actor is analyzed with both the original serial PEEC solver, when possible, and the new
parallel PEEC solver in the time- and frequency- domain.

The test structure, seen in Fig. 3, is of rectangular type with four sides equal in
length = 0.5 m. The windings (turns) are totally 65 and consist of copper tape with
dimension 0.076 mm x 6.35 mm. The center to center spacing between the turns is 10
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Figure 3: Reactor voltage simulation result at 4μs after impulse test.

mm. The parallel implementation of the solver can now treat this type of problem and
give a more correct model for the current distribution in the conductors. Fig. 3 shows
the an example of the voltage distribution in the reactor windings for a, time domain,
impulse test.

4.1 Partial element calculation speedup

To test the speedup, five different meshes for the reactor is utilized as seen in Table 1.
For example, the first test, T1-400, has 1 300 surface cells, 1 040 volume cells, resulting
in 2 340 unknowns, and 1 105 nodes. The last test, T5-609, has 50 180 unknowns since
it uses the volume filament approach to model Skin effect in the windings. The naming
conventions used for these test cases is in the format of T[n]-[abc], where n is the test
case number and a, b and c represent the discretization level in the directions x, y and z
respectively.

The partial element calculations are efficiently parallelized as seen in Table 2. The
table is collected from time domain simulations. To be noted is that the test case is an
orthogonal PEEC model utilizing analytical routines to evaluate partial inductances (<
5μs/element in sequential solver). The performance gain for the parallel implementation,
as shown in Table 2, can be displayed by using a speedup factor

S(n) =
tp1
tpn

(7)

where tp1 is the time taken by the parallel code using one processor and tpn is the time
taken by the parallel code using n processors. This is shown in Fig. 4 where results from
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Table 1: Reactor characteristics.

Number of
Test surface cells (Nφ) volume cells (Ni) unknowns (Nφ+Ni) nodes

(charge basis functions) (current basis functions) (total)

T1-400 1 300 1 040 2 340 1 105
T2-900 2 600 2 340 4 940 2 405
T3-601 3 640 4 940 8 580 3 250
T4-605 10 920 18 460 29 380 9 750
T5-609 18 200 31 980 50 180 16 250

Table 2 is used together with results from the frequency domain solver by running the
same test cases in the frequency domain.

Table 2: Partial element calculation times for NA-implementation.

Numbers of Time for TD-tests [s]
processors

T1 T2 T3 T4 T5

Serial 9.0 35.0 81.0 -∗ -
1 6.0 23.4 53.5 590.2 -
2 3.1 12.0 27.0 291.6 -
4 1.6 6.1 13.6 144.2 476.5
8 0.8 3.1 7.1 78.2 229.6
20 0.4 1.3 3.0 33.2 91.3
30 0.3 0.8 2.1 22.3 71.2

∗ Not available due to memory limitations

From the figure it is clear that the time domain fill-in time is better than the fre-
quency domain fill-in. This is because the time domain solvers use symmetric matrices
with the data type of double precision floating-point, so they can use symmetric compati-
ble functions in ScaLAPACK which employ Cholesky factorization. But in the frequency
domain, since non-Hermitian matrices with the data type of complex with double pre-
cision floating-point are used, ScaLAPACK does not offer any symmetric compatible
function. Therefore for frequency domain solvers the calculated part of matrix needs to
be copied to the other part to form the complete matrix and this process will affect the
speedup factor as is shown in Fig. 4.
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Figure 4: Speedup factor for partial element calculation and fill-in for air-core reactor
example.

4.2 Solution method - MNA or NA

From the calculated matrices, as briefly detailed in Sec. 2.2, two popular methods are
used to formulate the circuit equations for the PEEC model. First, the MNA formulation
as shown in (5) and second the NA formulation as shown in (6). The MNA formulation
is the more general of the two and preferred mainly due to its ability to handle general
circuit element inclusion with the PEEC model [22] and a stable low frequency behavior.
Table 3 gives details on the formulations of the different systems of circuit equations
from a performance point of view. The table gives details for three of the problems, T1,
T3, and T5, when formulating the circuit equations using the Nodal Analysis (NA) or
Modified Nodal Analysis (MNA) formulation in the time or the frequency domain. The
table also shows several interesting results. For example, the formulation of the circuit
equations are more time consuming in the frequency domain. This is expected since the
equations involve complex numbers. Further, we see that the MNA formulation is always
faster than the NA formulation even if the equation systems are larger in size. This is
mainly due to an efficient formulation of (5) for which the inversion of the coefficient of
potential matrix P is avoided [10].
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4.3 Total PEEC-model solution time

To conclude the two previous subsections, speedup factors for total PEEC-model solutions
are given. This is shown in Fig. 5 for the time domain implementation of the NA and
MNA methods and in Fig. 6 for the frequency domain implementation of the NA and
MNA methods.

Since the speedup factors, as presented in Figures 5 and 6, are based on results
for one processor, as seen in (7), it is not possible to show results for all test cases.
However, using 30 processors, the only tests that could not be carried out with the
current implementation are T4 and T5 in the frequency domain using the MNA method.

From the figures, several conclusions can be drawn:

• For small problems in the time domain, i.e. T1, and T2, increasing the number of
processors does not improve the overall solution time since the communication time
between the processors increases and exceed the total solution time. For example
in Fig. 5 (a) and (b), problem T1 saturates at 8 processors. Hence, using a bunch
of processors for a small problem will not necessarily improve the performance.

• Frequency domain problems experience a larger speedup factor compared to time
domain problem. However, in general frequency domain problems are more time
consuming in absolute numbers.

• In both domains, the MNA-based solver shows better speedup factor compared
to the NA counterpart. This means that in both NA figures, the problem is al-
ready saturated or the speedup factor grows very slowly when more processors
are allocated. Thus, the MNA-formulation is more suited for parallelization using
ScaLAPACK.

What the figures presented in this section does not reveal is the absolute solution
time of the problems. It might seem, when looking quick at the presented results, like
the MNA formulation is the fastest. In fact, the NA formulation is the fastest solution
method for all tests. However, the MNA formulation is preferred for reasons given in
Sec. 4.2.

4.4 Memory usage

In this section, the memory usage of the parallel solver is presented based on the following
aspects:

• memory usage as a function of number of processors;

• memory usage as a function of problem size.
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Figure 5: Total PEEC-model solution time for time domain simulations using Nodal
Analysis (a) and Modified Nodal Analysis (b).

Memory usage as a function of the number of processors

The total memory usage M should be a function of the number of processors, n, and the
problem size. This can be expressed as

M = an+ b. (8)
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Figure 6: Total PEEC-model solution time for frequency domain simulations using Nodal
Analysis (a) and Modified Nodal Analysis (b).

Where a and b are constants. Fig. 7 shows the total memory usage M as a function of
processors. The increase is clearly linear and eq. (8) is verified.

Another way of expressing this is as average memory usage per processor m as

m = b/n+ c. (9)



4. Numerical test (i) - Air-core Reactor 59

0 5 10 15 20 25 30
800

1000

1200

1400

1600

1800

2000

2200

2400

Number of processors, n

To
ta

l m
em

or
y 

us
ag

e,
 M

 [M
B

]

T3, TD−NA
T3, FD−NA

Figure 7: Total memory usage as a function of processors.

Table 4: Average memory usage for varying number of processors. Simulation of reactor.

Numbers of Average memory usage/proc. [MB]
processors T2-900 T5-609

TD FD TD FD

1 281 643 - -
2 160 303 - -
4 86 159 7472 -
8 51 88 3815 -
20 28 44 1543 3545
30 24 34 1049 2395

This behavior for the parallel PEEC solver is verified by Table 4.

Memory usage as a function of problem size

The expected memory usage is

M = bn2
u + cnu + d (10)

This is a simplification as in reality the actual increase is not as straightforward. This is
due to the number of surface cells, volume cells, and nodes vary and the memory usage
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will be a more complicated function of these variables. The validity of (10) is exemplified
in Fig. 8 for the parallel implementation using the NA approach in both the time- and
frequency- domain on all the test cases from Table 1. Studying Fig. 8 when letting M
be total memory usage and (nu = Nφ +Ni) be the number of unknowns in eq. (10), the
assumption is valid.
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Figure 8: Total memory usage for the Nodal Analysis implementation when increasing
the problem size for a fixed number of processors (30).

5 Numerical test (ii) - Surge Test

In order to test the parallel solver and to find out how large problems can be solved,
a second numerical example is presented. The setup is a surge pulse that is applied to
an 100×100×150 cm enclosure. This is a problem that requires a fine mesh for a large
structure and a long simulation time for the pulse to decay. In this test, the enclosure is
excited on the top surface with a surge pulse given by

i(t) = I0(e
−αt − e−βt), (11)

where I0 = 218810, α = 11354 and β = 647265. The enclosure is grounded using 1Ω
resistor at the bottom surface. For comparison, CST software has been used to study the
same problem. Fig. 9 (a) shows voltage distribution in the enclosure due to the surge test
and Fig. 9 (b) a comparison of CST and PEEC results for the resistor current/voltage
(due to 1 Ω resistor). As can be seen, the results are close to overlapping.

The simulation time was the main advantage of the PEEC simulations for this case.
It was about 31 hours with the CST (note that the CST has more number of points than
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PEEC simulation). The corresponding time with PEEC was about ten minutes using a
sequential code (not the parallel implementation) for a mesh corresponding to ten cells
per wavelength. The comparison can seem unfair, as often when comparing different basic
formulations in computational electromagnetics. This example is an optimal PEEC-type
of problem due to the thin, metallic walls of the enclosure located in free-space. However,
CST was used to validate the results and not to benchmark the implementation.

To test the parallel implementation, three cases with different discretization level
were tested using the NA, time domain solver. Table 5 describes each test case and
the corresponding number of unknowns. As can be seen, Surge3 contains more than a
quarter of a million of unknowns and is the largest PEEC problem that has been solved
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Figure 9: Surge voltage simulation result at 1.8μs after impulse test (a) and comparison
of PEEC and CST resistor current (b).
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Table 5: Surge test characteristics.

Number of
Test surface cells volume cells unknowns nodes

(charge basis functions) (current basis functions) (total)

Surge1 10 404 20 400 30 804 10 200
Surge2 48 884 96 880 145 764 48 400
Surge3 89 244 177 240 266 484 88 800

using a general PEEC implementation capable of handling time and frequency domain
analysis from DC to a maximum frequency given by the mesh. These problems have
been designed to be large enough to stress the solver in both memory and computational
complexity sense.

During these tests, it was always considered to choose an optimum number of pro-
cessors, while using many processors for a small problem is not efficient and can even
degrade the performance if the solver reaches or even pass saturation point. By opti-
mum, it is meant smallest number of processors which can provide enough memory for
a problem and solve the problem as fast as possible. Table 6 shows the simulation time,
number of unknowns (repeated for convenience), memory consumption, and number of
allocated processors for each test case.

Table 6: Total solution times and memory for NA-implementation.

Test Time [s] Memory [GB] Unknowns Processors

Surge1 45 16 30 804 80
Surge2 677 278 145 764 120
Surge3 8700 931 266 484 440

With the number of unknowns handled in the largest test case, > 250 000, many
complex problems can be studied using the PEEC method. For example, pure inductance
and capacitance calculations for geometrically complex geometries, R-L-C equivalent
circuit extraction, shielding and radiation problems of new computational complexity.
However, with more complex models, new challenges arise in order to ensure correct
simulation results [28], optimal mesh generation, and optimal usage of computational
resources.

6 Conclusions and Further work

In this paper the first parallel PEEC-based solver was presented which is applicable to
problems formulated in both the time- and frequency domain solving problems from DC
to the highest frequency given by the appropriate mesh. The parallel PEEC-based solver
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is a ported version of the original sequential PEEC-based solver which uses GMM++
linear algebra package and is suitable for systems with shared memory structure such as
multi-core machines. The parallel solver is designed to run on clusters with distributed
memory architecture by using ScaLAPACK package to take advantage of any number of
processors allocated in a parallel computer system.

The presented implementation opens up new doors for the solution of large problems
formulates using the PEEC approach. In order to understand how parallel PEEC-based
solver can improve solving problems, several tests were done. The results of these tests
conclude that:

• Using a number of processors for small problems will not improve the solution time
and even can degrade the performance, due to saturation.

• In general, frequency domain problems need more memory and are more time
consuming, compared to time domain problems, but experienced larger speedup
factors when the number of processors were increased.

• MNA-based solver in both time and frequency domain resulted better in speedup
factor than NA-based.

By using 440 processors, problems with over quarter of a million unknowns could
be studied using the nodal analysis formulation in the time domain. The next step for
the presented parallel implementation is to apply acceleration algorithms, e.g. FMM,
MLFMM, QR and using other LAPACK-based computational libraries, making the pro-
gram suitable for solving different classes of EM problems on desktop machines.
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Bus Bar Simulations Using the PEEC Method

Danesh Daroui, Ivica Stevanović, Didier Cottet, and Jonas Ekman

Abstract

The Partial Element Equivalent Circuit (PEEC) is an integral equation based full-wave
approach for the solution of combined circuit and electromagnetic problems in the time
and the frequency domain. The method is fast and efficient and can be applied to different
classes of problems in power electronics system design, antennas modeling, and printed
circuit board simulation. This paper presents PEEC usage in simulating a system of
parallel bus bars used in distributing the DC-link power in a medium voltage frequency
converter. Using PEEC simulations with non-uniform meshing, the impedance of a
complete bus bar structure has been simulated. The results of PEEC simulations compare
very well with measured values.

1 Introduction

Using computer simulations to verify the functionality, safety, or performance of a prod-
uct design reduces the manufacturing cost and helps engineers to design more efficient
and reliable products in shorter time. All these benefits are achieved by predicting the
behaviour of a design using computer simulations without need of time consuming mea-
surements and prototyping. Nowadays, the task of modelling electrical interconnects has
become very important since the complexity of electric circuits has increased, as well as
their operating frequency. With increasing frequency, capacitive and inductive couplings
between parts in the circuit are no longer negligible. Moreover, other phenomena such as
skin and proximity effects will appear in designs with high currents, high potential dif-
ferences, and high frequencies. Therefore, traditional simulation methods such as SPICE
circuit analysis do not cover all aspects of such problems. Hence, other approaches such as
PEEC [1,2], Method of Moments, Finite Element Methods, Boundary Element Methods
(BEM), and other have been developed to fulfill this need [3].

The PEEC method has been successfully applied to modeling and simulation of power
module interconnects and other bus bar topologies [4–7]. The focus of the present paper is
the application of the PEEC method to large bus bar structures with thick conductors,
where the cross-sectional meshing is important for modeling the skin and proximity
effects. Using the PEEC method, bus bar equivalent circuits are extracted and in a
consecutive step, completed with additional components, such as capacitors, cables etc.,
which have been characterized either through modeling or measurements. The goal is
to have a complete electromagnetic model of the fairly complex converter system. It is
shown that due to the specific geometrical structure, with close interactions and high

69



70 Paper B

currents, a volume filament PEEC model (VFI(PEEC)) with non-uniform meshing is
needed to capture the relevant electromagnetic effects. The results are validated with
measurements and show good agreement.

2 The PEEC Method

The PEEC formulation [1, 2] uses an integral equation solution of Maxwell’s equations,
which is interpreted as an equivalent circuit. To translate an electromagnetic problem
into the circuit domain has several advantages. For example, the same model can be
used for both time and frequency domain analysis (compare the .tran and .AC simulation
option in classical SPICE solvers) and additional lumped components are easily included.
Further, the concept of electric equivalent circuits can be easier to understand than the
electromagnetic theory. The concept of PEEC is shown in Fig. 1 where a simple PEEC
model (b) has been constructed for a metal strip (a). The model consists of self partial
inductances and capacitances (mutual not shown) and volume cell resistances.

(a) (b)

Figure 1. Metal strip with 3 nodes and 2 cells (a) and corresponding PEEC circuit (b).

A simulation carried out by the PEEC method consists of the following basic steps:
(1) geometry description, (2) meshing, (3) placing additional components (e.g. passive
components, sources, terminations, and ground), (4) calculation of partial elements (Lp,
R, C) and connectivity information, (5) solution of the time or frequency domain circuit
equations, and (6) post-processing if field variables have to be calculated from the (now)
known current and potential distribution.

One of the most important steps in PEEC simulation is to apply an optimized mesh
to a model. An optimal mesh takes into account the specific geometry, the frequency
content of the excitation, the basic physical properties, and the properties of the nu-
merical method (e.g. PEEC, MoM, BEM etc). Specific for PEEC are the three volume
meshes for an accurate description of the current distribution in a general 3D model and
the surface mesh for accurate description of the potential distribution. Since for general
PEEC model four meshes are created, care has to be taken to prevent the number of
unknowns to grow too rapidly.

In this paper, the mesh is constructed from an edge-based-node PEEC method where



3. Frequency Converter Case Study 71

(a) (b)

(c) (d)

Figure 2. Different mesh densities in the cross section of the bus bars: (nw, rw) = (2, 1),
(nt, rt) = (2, 1) (a); (nw, rw) = (3, 7), (nt, rt) = (1, 1) (b); (nw, rw) = (3, 7), (nt, rt) =
(3, 7) (c); (nw, rw) = (4, 7), (nt, rt) = (3, 7) (d).

the nodes are placed at the edges (circles in Fig. 1(a)). This results in inductive parti-
tions of equal size (two inductive partitions indicated with solid lines in Fig. 1(a)) and
capacitive partitions of two sizes with smaller cells towards the edges (capacitive parti-
tions indicated with dashed lines in Fig. 1(a)). Since the current and charge is assumed
to be constant in each volume and surface cell in the mesh respectively, cells decreasing
in size towards the corners have been used for capacitance calculations [8] to account for
the high charge density near corners and edges of objects.

Here, the same reasoning is applied to accurately model the skin and proximity effects
in the application consisting of geometrically close conductors carrying high currents.
By matching the outermost volume cell sizes to the skin depth (approximated as δ =
(σπfμ)−0.5, where σ is the conductivity of the conductor, f the frequency, and μ the
absolute magnetic permeability of the conductor) it is possible to use a minimal number
of cells to capture relevant effects. For this type of non-uniform meshing, it is convenient
to define a ratio factor which specifies how dense the mesh is for nearby cells. In this
paper, the non-uniform mesh is expressed in (n, r), where n+1 represents the number of
segments and r is the length-ratio between two adjacent segments. A few examples of a
conductor (bus bar) with different mesh densities in the cross-section are shown in Fig. 2.

The PEEC formulation has been implemented as a software performing all the steps
from above. The solver is a cross-platform software developed using C++ and utilizes the
GMM++ [9] as computational library. The software is also suitable for parallel hardware
architectures as reported in [10] for accelerated solution of large problems.

3 Frequency Converter Case Study

To study the numerical accuracy and time efficiency of the developed solver, a DC-link
bus bar of a medium voltage frequency converter was used as case study [11].

The purpose of the DC-link in a frequency converter is to store the energy between
the front-end and back-end inverter units. The selected frequency converter is rated for
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medium voltage applications with a nominal output voltage of 3.3 kV and a nominal
power of up to 32 MVA. For this power range several inverter units and low resistive
film-capacitors are connected in parallel to the same DC-link. As a result of the inverter
topology used, the DC-link must provide three voltage levels: the positive DC voltage
(UDC+), the negative DC voltage (UDC-), and the neutral point (UDCn). Accordingly,
the bus bar design consists of three parallel aluminium bars of 5.5 m length, connecting
the capacitors and inverters throughout the entire converter cabinet. The design require-
ments to the bus bar are low resistivity for minimal losses and low inductivity to avoid
unwanted resonances with the paralleled capacitors.

3.1 Modeling and Simulation

A system of three parallel, 5.5 meter long aluminium bus bars from the above application
has been extracted and modelled using the PEEC method. The bus bar system, which
consists of a positive, a neutral, and a negative bar is shown in Fig. 3(a). The bars have
been excited at the near-end and short-circuited at the far-end in different configurations
to model different cases. The model also has connectors for DC-link capacitors and other
power electronics building blocks as shown in Fig. 3(b). The bus bar has been simulated
with different meshes in order to investigate how to best capture skin and proximity
effects.

(a) (b)

Figure 3. 3D PEEC model of the bus bars (a) and measurement setup (b). Only the
upper metallic bar is visible in the photo as the lower two bars are hidden by the two
white insulating dielectric layers.

A non-uniform mesh in the cross section of the bars is very important in predicting ac-
curately the skin and proximity effects. Several different mesh densities have been studied
in width (nw, rw) and thickness (nt, rt) of the bus-bar cross sections. Table 1 outlines the
information about various simulations that have been performed and summarizes num-
ber of unknowns in the problem, memory usage, and simulation time needed for different
mesh densities. Number of volume cells is represented as unknowns in Table 1 and may
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Table 1: Size of the problem, memory usage and simulation time for different mesh
densities.

(nw, rw) (nt, rt) Unknowns Memory [MB] Time [min]
(1,1) (1,1) 1344 116 0.6
(2,1) (2,1) 2224 275 3.1
(3,7) (1,1) 2190 269 2.6
(3,7) (2,7) 2801 425 7.6
(3,7) (3,7) 3412 595 12.6
(4,7) (1,1) 2613 372 4.7
(4,7) (2,7) 3378 599 12.2
(4,7) (3,7) 4143 852 22.8

vary according to the meshing density applied to the model. All the simulations have
been performed on a computer system with a 2.66GHz processor and 4GB of memory.
Example cross-sections of the bus bars for several different mesh densities from Table 1
are shown in Fig. 2.

3.2 Discussions

Fig. 4 shows the simulated resistance and inductance between positive and neutral bars
for different mesh densities, when the bars are short-circuited at the far-end. It can be
observed that the non-uniform mesh in thickness of the bars has a very strong impact
on the results because there is a strong proximity effect between them. As the bars are
connected in differential mode, the currents concentrate on the surfaces of the bus bars
that are facing one another. The high ratio rw = rt = 7 allows to model this effect
accurately in the frequency range of interest (up to 10 kHz for this case study). Note
that the increase of the mesh density in width, from nw = 3 to nw = 4 does not bring
a visible change in the computed input impedance. However, with the increase of the
mesh density in thickness, more accurate results are obtained.

In Fig. 5, the simulation results for the input impedance with the measured values,
obtained using the Agilent 4294A Impedance Analyzer, have been compared. It can be
observed that the mesh density (nw, rw) = (3, 7), (nt, rt) = (3, 7), models the proximity
effect accurately and predicts the input impedance very well. The measured values of
the impedance at lower frequencies are limited by the precision of the measurements.
Since no additional dielectric layer was included in the model, the simulated distributed
capacitance is underestimated. Therefore, the resonant peak measured at around 7MHz
is at a slightly higher frequency in the simulation.
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Figure 4. Computed input resistance (left) and inductance (right) between UDC+ and
UDCn bus bars short-circuited at the far-end for different mesh densities: (nw, rw) =
(1, 1), (nt, rt) = (1, 1) (circles, ◦); (nw, rw) = (2, 1), (nt, rt) = (2, 1) (asterisks, ∗);
(nw, rw) = (3, 7), (nt, rt) = (1, 1) (squares, �); (nw, rw) = (3, 7), (nt, rt) = (3, 7) (penta-
grams, �); (nw, rw) = (4, 7), (nt, rt) = (3, 7) (diamonds, �).
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Figure 5. Input impedance between (a) UDC+ and UDCn and (b) UDC+ and UDC-
bars short-circuited at the far-end. Solid lines are the impedance analyzer measurements;
dashed lines with symbols are simulations (nw, rw) = (1, 1), (nt, rt) = (1, 1) (circles, ◦);
(nw, rw) = (3, 7), (nt, rt) = (3, 7) (pentagrams, �).
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4 Conclusions

This paper details the usage of PEEC to simulate the DC link bus bars of a MV frequency
converter system in order to extract an electric equivalent circuit for system studies. The
comparison of the simulated and measured results have shown that the proximity effect
dominates over the skin effect, therefore the mesh density in thickness of the paralleled
bus bars is more important than the mesh density in width of the bus bars. The non-
uniform meshing has proven being suitable for optimizing the model without increasing
the size of the problem, thus speeding up the solving process. The simulation times for
the specific problem are acceptable even for higher mesh densities making the approach
feasible to use in a design process. Further, the simulation results and measurements
agree very well, thus allowing engineers to predict the behavior of the basic problem
before building expensive and time consuming prototypes.
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and Circuit Level Simulators

Ivica Stevanović, Didier Cottet, Björn Wider, Danesh Daroui, and Jonas Ekman

Abstract

This paper presents an efficient modeling approach for large bus bars in power electronics
systems, using a combination of electromagnetic simulations and circuit level simulations.
The large electromagnetic problem is divided into segments that are simulated as individ-
ual non-coupled elements. They are then connected together in a circuit level simulator
allowing the large problem to be simulated with reduced memory, shorter simulation
times, and without significant loss of accuracy. The approach is verified against mea-
surements and used to analyze the impact of the stray impedance of bus bars on the
electromagnetic and circuit behavior of a static frequency converter system.

1 Introduction

In medium voltage power electronic systems, bus bars play an important role in intercon-
necting and distributing power signals between dc link capacitors and power semiconduc-
tor devices. Stray inductances in these commutation loops are responsible for overvoltage
spikes across the power semiconductors during switching. In addition, significant par-
asitic high-frequency oscillations and ringing may occur whenever the loop inductance
between dc link capacitors, bus bars, and power devices becomes larger [1]. The design
requirements to the bus bar are therefore low resistance for minimal losses and low in-
ductance to avoid unwanted resonances with the capacitors. These requirements can be
met with the help of computer simulations and appropriate electromagnetic models in
characterizing electromagnetic behavior of the bus bars.

In this paper, we present an efficient modeling approach for large bus bars using
an electromagnetic solver based on the Partial Element Equivalent Circuit (PEEC)
method [2, 3]. The PEEC method has been successfully applied to modeling and simu-
lation of power module interconnects and other bus bar topologies [4–6]. For structures
with thick conductors, a nonuniform mesh distribution in the conductor’s cross-section
is needed in order to accurately model the skin and proximity effects. By matching the
outermost volume cell sizes to the skin depth, a minimal number of cells is used to cap-
ture relevant effects [7]. However, even with this mesh density the required memory and
time needed for simulation of electromagnetically large structures become very demand-
ing. In order to overcome this difficulty, we apply a divide and conquer approach, in
which the complete bus bar is divided into segments that are simulated as individual,
non-coupled elements. Those elements are then in a consecutive step connected within a

79



80 Paper C

circuit simulator and the complete bus bar is simulated on a circuit level. We show that
this technique reduces memory and time without significant loss of accuracy and results
obtained this way agree well with measurements.

Finally, the impact of the stray impedance of bus bars on the electromagnetic behavior
of the system is investigated using the presented simulation method and compared to the
impact of other stray inductances present in the commutation loop: inductance of the
cables that connect the dc link capacitors to the bus bars, and the stray inductance of
the dc link capacitors themselves.

2 Divide and Conquer Approach

In a previous paper [7], the importance of a nonuniform mesh in the cross-section of
the bus bars is investigated to properly model the skin and proximity effects. The test
case used was a bus bar design from a static frequency converter consisting of three
parallel aluminum bars of 5.5m length (providing three voltage levels: the positive dc
voltage (UDC+), the negative dc voltage (UDC-), and the neutral point (UDCn)). In
this paper, the same bus bar is simulated including all the physical connectors to which
dc link capacitors and power electronics building blocks (PEBBs) are connected in the
static frequency converter system. A fine nonuniform mesh density is needed in order
to accurately model the skin and proximity effects. With such a mesh density, the
complete bus bar system [Fig. 1(a)] results in an electromagnetic problem that requires
a lot of memory; and even if the number of unknowns fits the available memory, the
simulation times can be excessively long. Therefore, we apply a divide and conquer
approach, in which the complete bus bar is divided into segments. There are three types
of segments: left- and right-end elements and intermediate segments, that are repeated
elements [Fig. 1(b)]. The three segments are separately simulated in the PEEC solver in
order to extract impedance matrix models for circuit simulation. The Z-matrices contain
resistive and inductive values extracted at one given frequency. The obtained netlists of
the equivalent circuits are then imported into Ansoft Simplorer [8] and the connections
between the segments ensured within the circuit simulator. In addition to the terminals
for dc link capacitors and PEBBs, the terminals for the connections between the segments
are also introduced. They are introduced on all the four corners of the neutral (middle)
bar and on the two corners of the positive and negative bars that are closer to the neutral
bar. This way the connections should affect very little the skin and proximity effects at
higher frequencies when the current is concentrated on the rectangular conductor corners.

3 Results

3.1 Method Validation

The whole procedure has been applied first to a bus bar geometry with a coarse mesh
density, which permitted the PEEC simulation of the complete bus bar. The simulation
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(a) (b)

(1) (2) (3)

Figure 1: Simulated bus bar with PEBB and capacitor connectors: (a) complete bus bar
and (b) bus bar divided into segments.

Table 1: Memory usage and simulation time for complete and segmented bus bar with a
coarse mesh density (on a PC with a 2.4 GHz CPU and 3 GB of RAM).

- Complete BB Segmented BB
Left Intermediate Right

Memory [MB] 1800 50 20 46
CPU time per port extraction 45 min 18 s 6 s 17 s

# of ports 54 13 19 12
Total CPU time 40 h 30 min 3 min 54 s 1 min 54 s 3 min 24 s

setup in Simplorer consists of the equivalent circuit of the bus bar and the equivalent
circuits for the dc link capacitors in different configurations (dc link capacitors have been
characterized using impedance analyzer measurements). The simulated impedance over
frequency is shown in Fig. 2. The results obtained using the divide and conquer approach
agree very well with the reference results obtained simulating the complete bus bar, for
all three cases: when the bus bar is short-circuited at the far-end [Fig. 2(a)]; when the
bus bar is loaded with a dc link capacitor at the far-end [Fig. 2(b)]; and when the bus
bar is loaded with a bank of 9 dc link capacitors distributed along the bar [Fig. 2(c)].
The reason for this good agreement lies in the fact that the dominant part of the stray
inductance is in the three longitudinal bars and there is almost no mutual coupling
between the adjacent inline segments in which the bars have been divided. Note that for
the capacitor-loaded bus bar, the figures are zoomed around the resonance frequency, in
order to better show the agreement in that frequency region.

Table 1 compiles the memory usage and simulation time needed for solving the com-
plete and segmented bus bars in the PEEC solver. One can conclude that the segmen-
tation can be applied here without a significant loss of accuracy, but with a significant
increase in speed. In other words, the segmentation will allow us to simulate the complete
bus bar with an appropriately fine mesh density (which would otherwise be impossible
due to high memory demands).

Another aspect to check is how well the equivalent circuit of the bus bar models
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Figure 2: Simulated input impedance between UDC- and UDCn bars, short circuited
at the far-end (a), loaded with a dc link capacitor at the far-end (b), and loaded with
a distributed bank of 9 dc link capacitors (c). Solid lines represent the complete bus
bar simulation, dashed lines represent the segmented bus bar simulation. Symbols in (d)
represent the broadband solution obtained in PEEC simulator.

the broadband bus bar behavior. Namely, the equivalent circuit of the bus bar used in
Simplorer simulations has been extracted for a single frequency fe and, in strict terms, it
is valid only for that frequency of extraction. The resistance and inductance of the bus
bars are not frequency independent parameters, and change with frequency due to the
skin and proximity effects. However, if the frequency of extraction is properly chosen, the
equivalent circuit can be a good enough representation of the bus bar over a frequency
band of interest. In our case, the resonances on the bus bar are expected to happen
in the kHz region (based on measurements), so we used fe = 4kHz as the extraction
frequency. A broadband frequency sweep using the PEEC solver has been performed
with all 9 equivalent circuits of the dc link capacitors attached to the bar. Fig. 2(d)
shows the simulated impedance of the bus bar using Simplorer (solid line) and using



3. Results 83

102 104 106 108
10−4

10−2

100

102

f [Hz]

|Z
|[
Ω
]

102 103 104 105
10−3

10−2

10−1

100

f [Hz]

|Z
|[
Ω
]

Figure 3: Simulated input impedance between negative and neutral bars short-circuited
at the far-end (a) and loaded with a dc link capacitor at the far-end (b). Solid lines
represent the solution obtained in Simplorer using the equivalent circuit of the bus bar
extracted at fe = 4kHz and with a fine mesh density; Dashed lines are measurements.

PEEC (symbols). The good agreement in the input impedance shows that the Simplorer
model of the bus bar is valid in the whole frequency range of interest.

3.2 Discussion

We apply the divide and conquer approach, validated in the previous section, to the
analysis of electromagnetic properties of the bus bar system from Fig. 1. First, we
increase the mesh density in the cross sections of the bus bars and use a nonuniform
mesh distribution in order to accurately model the skin and proximity effects. Using
the divide and conquer approach, we simulated the bus bar problem within the 3 GB of
the available memory, which would otherwise be impossible with this mesh density. The
simulated results are shown in Fig. 3 and agree well with measurements up to 10MHz.
Above this frequency the influence of stray capacitance can be visible in the measured
resonances and that is not taken into account by our model.

In Fig. 4, we investigate the influence of the stray inductances of the dc link capacitor
and the connecting cables on the overall impedance. One can conclude that neglecting
the stray inductance of the bus bar and connecting cables (dash-dotted line) or of the
bus bar only (dashed line) leads to results that do not predict accurately the measured
values.
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Figure 4: Input impedance of the finely meshed bus bar. (a) The bus bars are loaded
with a dc link capacitor at the far end: the bus bar and dc link connecting cables are
considered as ideal short circuits (dash-dotted line), only the bus bar is considered as
ideal short circuit (dashed line), and all stray inductances taken into account (solid line,
as in Fig. 3(b)). (b) Bus bars are loaded with a bank of 9 dc link capacitors: the bus bar
is considered to be an ideal short circuit (dashed-dotted line), the bus bar is simplified (no
connectors) and represented as a series of mutually coupled inductances (dashed line),
and all the stray inductances taken into account (solid line).
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