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ABSTRACT 

 There are many industrial examples of rotating machineries, e.g. turbines, pumps, 
compressors, hydro power plants, etc. This thesis deals with fibre refiners whose purpose 
is to break cellulose raw material into slender fibres. Such fibres are then used to 
manufacture paper, panel boards, etc. Insufficient tools currently exist regarding 
dynamics to supply the development of refiners. This means that the research problem is 
to provide knowledge about the dynamics of refiner concepts so that tools can be 
developed. The thesis is limited to rotordynamics at the early stage of refiner 
development (concept phase). Hence, the aim is to support this phase with relevant 
information regarding rotordynamics.  
 The research was carried out by analysing concepts with and without clearance in the 
bearing assembly when the machines were running both at idle and in production. For 
the studies of bearing assembly clearance, a two degrees of freedom model is developed. 
The other concept studies are conducted using a four degrees of freedom model, 
including the gyroscopic effect. 
 Most analysis is done numerically, since most equations of motion cannot be solved 
analytically. One essential tool for evaluating different refiner concepts is the visualisation 
of a design space that is spanned by design parameters (usually nondimensional) and one 
or many requirement variables. The idea of the requirement variables is to be able to 
distinguish dynamically good concepts from bad ones. By dealing with simple, rigid body 
models and scaled equations of motion it is possible to visualise a significant part of the 
design space. Poincaré maps, bifurcation diagrams, etc., were used to study nonlinear 
dynamics due to clearance in the bearing assembly. At the initiation of this project no 
validated load model existed for the refining process. By coupling axial force 
measurements to the gap between the rotor and stator, such a load model was developed 
in this thesis, providing an opportunity to evaluate refiner concepts when the process is 
applied. 
 It was found that certain combinations of design parameters lead to low vibration 
amplitudes both at idle and in production. Further, concepts with clearance in the 
bearing assembly can give rise to complicated motions and high bearing forces. 
However, by reducing the clearance, introducing more damping or increasing the 
friction, impacts can be avoided. Another solution to get rid of this problem is to 
introduce stabilising rods. In this thesis, analytical expressions for the required preload on 
these rods are derived to avoid impacts.  
 Little is known about the pressure distribution in the refining zone when the 
machine is in production. However, it is concluded that non-axisymmetric pressure 
distribution can excite both forward and backward whirl, which must therefore be 
considered in the design. Axisymmetric pressure distribution (about the rotation axis) on 
the other hand leads to no external load; hence, concepts with such distribution are 
preferable. Regardless of the pressure distribution, the process can give raise to 
fluctuations of the stiffness, i.e. the dynamics depend on the process frequencies. In this 
thesis, certain process frequencies are found to lead to large vibration levels and should 
hence be avoided. 

Keywords: Rotordynamics, Fibre, Refiner, Concept, Evaluation, Process. 
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1. INTRODUCTION 

 Rotating machines serve an important part in many different applications. The theory 
within this field has basically been developed during the last century and has in many 
respects been successful. One example from the end of 19th century is De Laval who 
practically proved that it is possible to pass the first critical speed. This was something 
that Rankine [1] predicted to be impossible in 1869 by an incorrect model. Jeffcott [2] 
introduced a model in 1919 analytically showing that it is indeed possible to pass the first 
critical speed. Since it was introduced, this model has been widely used for different 
scientific purposes, see for example [3]-[11]. The Jeffcott rotor model serves as the base 
for the models introduced in Papers B and C. Rotordynamics is usually treated as a 
separate branch within the paradigm of dynamics, since rotordynamical systems show 
certain distinguishing phenomena. Eigenfrequencies, to start with, depend on the spin 
speed due to the gyroscopic effect. In addition, the direction of the vibration is 
important, and forward whirl has to, therefore, be distinguished from backward whirl. 
Stodola [12] studied the gyroscopic effect in 1918 and Green [13] continued this work in 
1948. One of the most simple models to include the gyroscopic effect is a spinning rigid 
body with four degrees of freedom (two translational and two rotational). This type of 
model has also been used in several studies, see for example [14]-[20], as well as Papers 
A, D and E. 
 Much of the research has focused on steam and gas turbines, where the high spin 
speed is a great challenge. There exists, however, problems with other applications 
running at lower speeds. Hydro power plants are one example where spin speeds can be 
just a few hertz. However, the rotor diameter can be several meters, meaning that 
although running at low speed, the gyroscopic effect is still significant. Another example 
is the fibre refiners analysed in this thesis.   

1.1. THE FIBRE REFINER 

 This thesis focuses on fibre refiners, a key component in paper and panel board 
production. There exist different concepts of fibre refiners, such as single disc, twin stator 
disc, and radial and partly axial. Common to these is that they rotate to create a relative 
motion between two segments. The gap between these segments can be less than 0.5 
mm. To be able to adjust the gap, an axial movement of the rotor or stator is built into 
the system. This is an essential feature when it comes to modelling such a system (See 
Papers B and C). The rotor in these machines is typically from 0.5 to about 2 meters in 
diameter. The spin speed is usually 1,500 or 1,800 rpm, depending on the frequency of 
the electrical grid.
 Screws feed the refiner with, for example, cellulose wood chips that are broken into 
slender fibres in the refining zone. The great amount of energy consumed in this process 
is not only used for mechanical breaking, but also to create steam. This means that the 
flow inside a refiner consists partly of solid cellulose material, water and gas [21], making 
it complicated to model mathematically. However, some theoretical work about the 
mechanical properties of the fibre does exist [22]-[24]. Other strategies also exist to 
simulate dynamics where the refining process is included. Frazier [25] used the 
hydrodynamic lubrication theory, Quellet and Weiss [26] assumed a viscoelastic 
behaviour, and Whalley and Mitchell [27] applied a friction force with a certain pulsating 
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frequency. Analyses of other applications with materials between stator and rotor have 
also been done, e.g. [28]-[33].  
 Measurements have been used to determine the properties of the fibres, e.g. [34]-
[35]. Measurements of shear and normal forces and temperature variations due to the 
process have also been performed [36]-[38]. However, these developments have not yet 
been able to describe how to model the refining process so it can be implemented in a 
code for rotordynamical purposes. 

1.2. RESEARCH PROBLEM IDENTIFICATION 

 There are several requirements that the ideal fibre refiner should fulfil. It should have 
a large capacity without compromising the fibre quality. The bearings should have a long 
life and be able to carry a high thrust load. The machine should run smoothly, e.g. with 
low vibration amplitudes. In addition, the machine should be inexpensive to be attractive 
to the paper or panel board industry. To improve the design of these machines, research 
within different areas has to be performed. This thesis is limited to the field of 
rotordynamic design; hence, the global requirements have to be broken down into 
unsolved dynamical problems that the research aims to solve. One way of increasing the 
capacity is to simply make the refining zone larger by, for example, increasing the 
diameter of the rotor, thereby possibly changing the dynamical properties of the machine 
and causing failures. Another way is to increase the spin speed, which also affects the 
dynamics (e.g. changed eigenfrequencies due to the gyroscopic effect) as well as fibre 
quality. It is well known that bearing properties, such as stiffness and damping, change 
with the supplied load, see Harris [39]. To improve the design of refiners it would be 
advantageous if critical characteristics (due to such changes in properties) could be 
predicted at an early stage of the product development. This would provide an 
opportunity to not only tell whether a certain idea is good or not, but also to provide 
information about preferable designs and how they can be realised. The design space of a 
fibre refiner is of course large and spans over a wide range of different research areas. Of 
note that this thesis only considers the part of the design space dealing with 
rotordynamics. Therefore, many of the conclusions are stated more or less independent 
of other scientific paradigms.
 However, not all the needed tools (methods, models, theories, etc.) today regarding 
the dynamics to supply the development of refiners exists. Hence, the research problem 
is how to provide knowledge about the dynamics of fibre refiner concepts in such a way 
that needed tools can be developed. 

1.3. AIM AND SCOPE

 Note that the scope of the identified research problem is much wider than the scope 
of this thesis. Nothing states that the only way of producing fibres is by a rotating 
machine. However, the collaborative industrial partner in this research initially limited 
the design space to such machines. Hence, the research presented here will be limited to 
the rotordynamical paradigm and mainly to the theoretical work. The research is further 
restricted to the conceptual design phase of the fibre refiner development process. Much 
engineering design literature can be used to clarify the meaning of conceptual design 
phase [40]-[43]. However, the definition according to Pahl and Beitz [44] is suitable for 
this thesis. They divide the planning and design process into four main phases, Planning 
and clarifying the task, Conceptual design, Embodiment design and finally, Detail design. The 
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conceptual design phase determines the principal solutions and results in a “specification 
of principle”. There are of course many aspects to handle in this phase and it must be 
noted that the part involving rotordynamics is of concern here.   
 The aim of this thesis is, hence, to support the development with relevant 
information regarding rotordynamics to the concept design phase, i.e. relevant models 
that can be used to evaluate the concepts have to be derived.      

1.4. RESEARCH QUESTION 

 To remain focused on the objective and ensure that each paper included in this thesis 
contributes to the overall goal, a research question has been formulated:  

 “How can rotordynamics be used to support the development of fibre refiners in the concept 
design phase?” 

1.5. SCIENTIFIC METHODOLOGY 

 The work done in this thesis has followed a certain strategy. Since even non-existing 
concepts should be evaluated, this implies that the models must be general. Of course, 
the validity of these mathematical models can always be questioned. However, dealing 
with the concept phase also implies that it is sufficient if the validity has the accuracy to 
capture the principal characteristics. The models are derived by applying the well known 
scientific method called Newton’s second law. It should be stated that all models are 
verified to some extent to ensure that the equations are solved correctly.    
 The models need to be analysed, with many scientific theories being applied here, 
such as Floquet theory, Poincaré maps, Lyapunov exponents, etc. The results are 
presented so that they can be repeated and compared by others. Most of the results are 
derived numerically, i.e. there will always be the presence of some uncertainty. 
Nevertheless, the conclusions are drawn from the point of view that the results are true, 
and subjectivity is avoided as much as possible.    
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2. MODELLING 

 The model itself must be valid to draw any valid conclusions regarding the dynamics 
of a machine. In this thesis a model is considered valid if it “accurately” reproduces the 
characteristics of a real machine, for example the dynamical properties. One issue about 
validity when dealing with concepts is often the lack of results to compare against (since 
it is not sure that a certain concept already exists). Another problem is to know when the 
simulated results are accurate enough to consider the model as valid. Accurate in one 
sense may be inexact in another and hence this is unfortunately not an objective 
definition that scientists have to live with. For this reason, an explanation of how this 
problem is treated in this thesis will be given.  
 Concerning the making of mathematical models (which will be used here) to derive 
dynamical properties, like vibration amplitudes, the level of accuracy is related to what 
questions need to be answered. For example, if the purpose is to find the first ten 
eigenmodes of a system, a more detailed model would be required than if the purpose is 
to find the first one. Fulfilling the second purpose would of course be possible with the 
detailed model as well, though more parameters would be involved and the accuracy 
would probably not be significantly improved. Since this thesis focuses on the concept 
phase of product development the questions to be answered are often of the general 
kind, like “What difference in dynamics can be expected if the machine is constructed 
with the rotor mid between two bearings compared to an overhung rotor?” This means 
that the accuracy in this thesis is considered high enough if tendencies can be traced.    

2.1. SPATIAL MODELLING OF THE FIBRE REFINER CONCEPTS 

 No detailed model that sets design barriers should be used when modelling concepts. 
On the contrary, a model consisting of a few parameters is preferable and still represents 
not just one, but many different concepts.
As previously stated, the design space is restricted to rotating machineries. Besides this, 
the process is assumed to take place between two bodies with a relative rotational 
movement.
 There are basically two types of mathematical models in rotordynamics, continuous 
and discrete. Continuous systems require well defined geometry, meaning that the design 
must be specific. This is contrary to what is needed when concepts are to be evaluated, 
and for this same reason, Finite Element models are not suitable either. However, simple 
rigid body models with just a few degrees of freedom (d.o.f.) capture fundamental 
dynamics involving few design parameters. Scaling the corresponding e.o.m. (equation of 
motion) is also easy, which among other things reduces the number of parameters.    
 The most simple rigid body rotordynamical models are the Jeffcott rotor model [2], 
inclination rotor model [45] and translation inclination model. In this thesis the translation 
inclination model (Papers A, D and E) and a variant of the Jeffcott rotor model (Papers B 
and C) are used.  
 For the models described here, the mass will be denoted m, transversal mass moment 
of inertia tJ , polar mass moment of inertia pJ , stiffness k, damping constant c and spin 

speed Ω . Loading due to surrounding exposures (external load) are denoted F  for 
forces and M  for moments. 
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2.1.1. The clearance model 

 The refining process is assumed to take place between two bodies, where the present 
gap (approximately 0.5 mm) is used to control the process. The segments are also 
gradually worn, so some axial movement is therefore needed even in future rotating 
concepts. Making such an axial movement possible means that a clearance will likely be 
present somewhere in the system. It is well known that clearances lead to strong 
nonlinear behaviour (e.g. [46] and [47]). This means that such a machine element cannot 
be included in a regular linear model like the translation inclination model. Therefore, 
the bearing clearance is treated as a separate machine element that can be combined with 
other models.  

            
Fig. 1. The bearing clearance models, a) without and b) with stabilizing rods. 

 Fig. 1(a) shows a spatial view of the clearance model derived in Paper B and Fig. 1(b) 
the one used in Paper C. A rigid shaft is connected to a nonrotating weightless ring by 
springs and linear viscous dashpots. The outer ring is the rigid stator attached to the 
ground. The clearance is defined as the difference between the radius of the stator and 
the ring. This system can be identified as a rotating shaft connected to the housing by a 
linear symmetric bearing, with the outer ring representing the stationary parts of the 
support. To maintain the possibility for the housing to perform an axial motion 
regarding the support during operation, a clearance between these parts must exist. The 
stabilizing rods are modelled as two springs, sk , between the ground and the inner ring 
symmetrically about a vertical plane crossing the origin of this inner ring (see Fig. 1(b)). 
Notice that only translation in the ij -plane is considered. When the clearance vanishes, 
these models agree with the Jeffcott rotor.  
 Several studies on similar clearance systems within rotordynamics exist (see for 
example [48]-[54]). Unique for the models shown in Fig. 1 is that they contain a 
possibility of free flight, meaning no restoring forces act on the ring. Even though this 
model only consists of two d.o.f., the state space is too large to visualize graphically. This 
is a drawback when it comes to analyzing results, since the use of graphics is often done 
(Poincaré maps, bifurcation diagrams, etc.). Unfortunately when dealing with nonlinear 
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rotordynamics the simplest model occupies a state space 5ℜ∈ , which is impossible to 
visualize graphically.

2.1.2. The translation inclination model 

 One of the simplest rotordynamical models, besides the Jeffcott rotor, that still 
captures the fundamental characteristics is the translation inclination model. This model 
has also been widely used for a variety of scientific purposes [14]-[20]. 

Fig. 2. The concept design model. 

 Fig. 2 shows the translation inclination model from a conceptual point of view. 
Instead of showing a detailed view of for instance how the bearing assembly is designed, 
it only shows a spinning body suspended by some linear structure.  
 Being aware of the model’s limitations and ensuring that it represents the concepts 
well is important. In this model a rotational symmetric rotor with constant spin speed 
and small vibration angles are assumed. It only consists of four d.o.f., which are 
translations of the geometrical centre in the X- and Y-directions and rotation (ϕ, θ)
about these axes.
 This model is used in Papers A, D and E, though in paper E proportional damping is 
added to the system.     

2.2. MODEL SUPPORTING MEASUREMENTS 

 To support the modelling and be able to discuss reasonable data of the parameters, 
different measurements were performed in this project. Besides characterising the 
machine itself the aim of these measurements was to supply information about how to 
model the refining process. One hypothesis about the process was that it should not only 
lead to external load, but also stiffness. The load model should be implemented in the 
inclination translation model (four d.o.f.), since it was chosen for the concept evaluation. 
In such a model the load must be treated both as forces and moments due to the process. 
One limitation regarding the measurements presented here is that they had to be 
performed on site, meaning that besides the limited timeframe, the industrial 
environment regarding noise, possibilities to place sensors etc., is far from ideal.   
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2.2.1. Frequency domain measurements 

 Since it was assumed that the process would change stiffness, measurements were 
performed for presentation in the frequency domain.  

Fig. 3. a) Campbell diagram based on run out measurement and b) frequency response 
when going in and out of process. 

 Because today’s fibre refiners are running at 25 or 30 Hz (depending on the 
frequency of the electrical grid), knowing the eigenfrequencies at that spin speed is 
important. When the eigenfrequencies were known the approach was to apply the 
process and measure any possible shifts in frequencies. Tests were performed to find out 
eigenfrequencies at idle run out. Fig. 3(a) shows a Campbell diagram created from a run 
out measurement on a typical refiner. The coloured lines in Fig. 3(a) shows different 
multiples of the spin speed and each black dot represents a frequency with a high level in 
the FFT spectra. Some frequencies that deviate from the unbalance frequency can be 
found, indicating a gyroscopic effect. 
 Fig. 3(b) shows the frequency spectra as a function of time. The machine runs at idle 
below 1575≈t , and the process is then applied until 1725≈t , when the process is 
turned off. Even if the eigenfrequencies at idle could be identified in Fig. 3(a) it is still 
difficult from Fig. 3(b) to conclude where the eigenfrequencies go and to ensure that a 
certain frequency is an eigenfrequency. Achieving reliable results was difficult, since the 
only excitation at idle and run out is due to the unbalance and certain noise by this 
technique. Because the input to the system is unknown, the coherence cannot be 
calculated and the transfer function cannot therefore be derived. Impact hammer 
measurements were also conducted throughout this project. By this technique the 
eigenfrequencies at stand still could be determined, since good coherence was achieved. 
However, when the machine was running even at idle, performing measurements with 
satisfying coherence was difficult and this technique was thus abandoned.  

2.2.2. Axial force measurements 

Another way to create a load model was to measure the axial force as a function of the 
gap and time.    

Fq. Fq.

Ω

(b)(a)
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Fig. 4. Axial force as function of time. 

 Fig. 4 shows the time history of the axial bearing force ( pZF̂ ) in the shaft, when the 

nominal gap ( noms ) between the centre of the stator and the rotor is constant. From Fig. 
4, the axial force consists of both a stationary and an oscillating part.  

Fig. 5. Axial force as a function of the gap for a) the stationary part and b) one oscillating 
component. 

 Fig. 5(a) shows how the stationary part pZsF̂ ; Fig. 5(b) shows how one oscillating 

component pZoF̂  of the axial force changes with the gap. For the stationary part a linear 

dependency is fitted (the solid black line), whereas for the oscillating part no clear 
relation could be found. However, a linear dependency was also assumed for the 
oscillating parts, which of course also captures the case of no dependency. From these 
assumptions and that of the process being treated as a pressure, the corresponding load 
can be expressed as a stiffness matrix and an external load vector (For details see Paper 
D).

t

pZF̂

pZoF̂

noms

pZsF̂

noms
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2.3. LOAD IDENTIFICATION 

 To reach a valid mathematical model relevant loads have to be identified and divided 
into external and system load. The external load is independent of the state of the system 
and is thus only a function of time. Therefore, external loads are not included in the 
homogenous part of the e.o.m. and can be viewed as an excitation on the system. System 
loads depend on the state, though they may also depend on time (for example, springs 
and dampers). Therefore, system loads must be included in the homogenous part of the 
e.o.m. and thus affect the system characteristics. 
 The problem is not only to identify these loads, but to also include them in the 
models. In following sections the external and system load for the refiner used in this 
thesis are identified. 

2.3.1. External load 

 Unbalance is one external load that is impossible to avoid. Therefore, machines are 
usually balanced to a certain degree to satisfy, for example, vibration criteria. For the 
models used here, the unbalance load can be expressed as, 

( )tmFX ΩΩ= cos2γ    (1) 

( )tmFY ΩΩ= sin2γ . (2) 

 This unbalance is because the centre of gravity never exactly coincides with the 
rotation axis, and this distance is hereby denoted γ (eccentricity). Another type of 
unbalance load is called coupled unbalance [20], due to a misalignment between the axes 
of rotation and the vector perpendicular to the axial face of the rotor (normal vector). 
This coupled unbalance is not considered in any papers in this thesis. 
Impulses are used in Paper A and are given by the discontinuous function [55] 

+<<−
=

otherwise

tF
F impulse

0

ετετ
. (3) 

The impulse starts at time ετ −  and ends at ετ + , where ε  is a small positive number 
and impulseF  the magnitude of the impulse force. An impulse results in a sudden 

increase/decrease of the velocity at time τ .
 Gravity is another external (volumetric) force that is given by 

mgFY −= , (4) 

with a negative sign, since it is considered to act in a negative j  direction. Gravity is not 
always significant to include in the models (it may be small compared to other forces). 
Gravity is neglected in papers A and E but included in papers B and C since the 
symmetry breaking due to this load becomes significant. 
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 When the process is applied, both external forces and moments can arise (depending 
on the type of pressure distribution). In Paper D, it was suggested that these can be 
written as 

( ) ( ) ( ) ( )( ) ( ) ( ) ∂∂⋅−+−=
=

π

ηηωηδηδηδηδμ
2

0 1
4321

2

1

sincos,,,, rrtsrrsrrF
r

r

n

i
inomiinomX

 (5) 

( ) ( ) ( ) ( )( ) ( ) ( ) ∂∂⋅−+−−=
=

π

ηηωηδηδηδηδμ
2

0 1
4321

2

1

coscos,,,, rrtsrrsrrF
r

r

n

i
inomiinomY

 (6) 

( ) ( ) ( ) ( )( ) ( ) ( ) ∂∂⋅−+−−=
=

π

ϕ ηηωηδηδηδηδ
2

0

2

1
4321

2

1

sincos,,,, rrtsrrsrrM
r

r

n

i
inomiinom

 (7) 

( ) ( ) ( ) ( )( ) ( ) ( ) ∂∂⋅−+−=
=

π

θ ηηωηδηδηδηδ
2

0

2

1
4321

2

1

coscos,,,, rrtsrrsrrM
r

r

n

i
inomiinom

,  (8) 

where δ  are pressure functions, r  radial variable, η angular variable , 1r  inlet-, 2r outlet 

radius of the refining zone and iω  the i:th process frequency of n  considered (see the 
detailed derivation in paper D).   

2.3.2. System load 

 The restoring forces and moments from elements modelled as springs and dampers 
(e.g. pedestals, bearings, etc.) are probably two of the most common system loads. In the 
clearance models (see Fig. 1) the spring and damper is set in a parallel configuration and 
the forces can then be expressed as

( ) ( )rrX XXcXXkF −−−−=  (9) 

( ) ( )rrY YYcYYkF −−−−=  (10) 

where index r denotes state variables of the ring.  
 For the translation inclination model the rotor is suspended by some linear structure 
whose stiffness matrix can be expressed as [20], 

−

−

=

2221

2221

1211

1211

00

00

00

00

kk

kk

kk

kk

sK  (11) 

and the corresponding load vector (containing both forces and moments) is hence 

qKs− , where [ ]TYX θϕ=q .
 A proportional damping matrix for the translation inclination model was used in 
paper E. This is a nonrotating damping matrix given by [20] 
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sKMC βα +=n ,  (12) 

where the mass matrix

=

t

t

J

J

m

m

M

000

000

000

000

 (13) 

has been used. From the equations  

22
_

_

ie

ie
i

βω
ω
αζ += , (i=1,2) (14) 

the parameters α  and β can be solved. The damping ratio at the undamped 

eigenfrequency ie _ω  is denoted iζ . Setting the damping ratios at standstill ( 0=Ω ) the 

forward and backward whirl frequencies coincide when the stiffness is isotropic, i.e. in 
the case of the 4 d.o.f. translation inclination model, only two separated eigenfrequencies 
exist. Hence, a unique solution of α  and β exist, determined by choosing suitable 
damping ratios. The corresponding load vector due to the proportional damping is then 

qCn− .
 The gyroscopic effect is captured mathematically in the translation inclination model 
by the matrix [20], 

−

=

000

000

0000

0000

p

p

J

J
G  (15) 

and the corresponding load vector is qGΩ− .
 In papers B and C, state depending forces can also be found where the ring is in 
dynamic contact with the stator. As with other authors (e.g. [56] and [57]), a regular 
coulomb friction model is applied in the contact. The forces 

( )[ ] [ ]{ }( )
( ) ( )rrrsrrrrsr

rrsrrrr
Y YXXXYY

XYXcXXkXYcYYkY
F

μβμβ
μβ

−++
++−++−

=
)(

 (16)          

Y
rrrs

rrrs
X F

XY

YX
F

μβ
μβ

+
−

=  (17) 
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can then be derived for the dynamical contact. The friction coefficient between the ring 
and stator is denoted rμ , while sβ  is a switch ( )1±  for the sliding direction. The 
stabilizing rods further give rise to the forces 

( )[ ])sin()cos(1 srscrsp XYkFF ααδ −++=  (18) 

( )[ ])sin()cos(2 srscrsp XYkFF ααδ +++= . (19) 

where pF  is the preload, cδ  the clearance and sα  an angle that gives the direction of 

these forces. As shown by Eq. (16)–(19) the forces depend on the state and are therefore 
included in the homogenous part of the e.o.m.  
 When the process is applied a system load will be present, which in Paper D is 
expressed as a process stiffness matrix  

( ) =

87

65

43

21

00

00

00

00

pp

pp

pp

pp

kk

kk

kk

kk

tpK  (20) 

with the corresponding load vector qK p− . The stiffness coefficients are given by,  

( ) ( ) ( ) ( ) ηηωηδηδμ
π

∂∂+−=
=

2

0

22

1
421

2

1

sincos,, rrtrrk
r

r

n

i
iip   (21) 

( ) ( ) ( ) ( )( )(

( ) ( ) ( ) ( )( )( ) ( ) ηωηημηδηδ

ηημηδηδ
π

∂∂−−

+−−=

=
rrtrsrr

rsrrk

n

i
inomii

r

r
nomp

1
43

2

0

212

cossincos,,

sincos,,
2

1   (22) 

( ) ( ) ( ) ( )( )(

( ) ( ) ( ) ( )( )( ) ( ) ηωηημηδηδ

ηημηδηδ
π

∂∂+−

++−−=

=
rrtrsrr

rsrrk

n

i
inomii

r

r
nomp

1
43

2

0

213

cossincos,,

sincos,,
2

1                   (23) 

( ) ( ) ( ) ( ) ηηωηδηδμ
π

∂∂+−=
=

2

0

22

1
424

2

1

coscos,, rrtrrk
r

r

n

i
iip     (24) 

( ) ( ) ( ) ( ) ηηωηδηδ
π

∂∂+=
=

2

0

23

1
425

2

1

sincos,, rrtrrk
r

r

n

i
iip  (25) 
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( ) ( ) ( ) ( )( )(

( ) ( ) ( ) ( )( ) ( ) ηωηημηδημδ

ηημηδημδ
π

∂∂+−

++−=

=
rrtrsrr

rsrrk

n

i
inomii

r

r
nomp

2

1
43

2

0

216

cossincos,,

sincos,,
2

1  (26) 

( ) ( ) ( ) ( )( )(

( ) ( ) ( ) ( )( ) ( ) ηωηημηδημδ

ηημηδημδ
π

∂∂−−

+−−−=

=
rrtrsrr

rsrrk

n

i
pinomii

r

r
nomp

o

i

2

1
43

2

0

217

cossincos,,

sincos,,

 (27) 

( ) ( ) ( ) ( ) ηηωηδηδ
π

∂∂+=
=

2

0

23

1
428

2

1

coscos,, rrtrrk
r

r

n

i
iip . (28) 

For the production load the friction coefficient μ  is the friction between the material in 
the refining zone and the rotor. This load is not only state dependent, but also time 
dependent. 

2.4. EQUATION OF MOTION  

 In principle, there are two different ways of deriving the equation of motion from a 
discrete model. Energy methods, where Lagrange’s equation is probably the most 
common or a vector based method like Newton’s laws. Lagrange’s equation can be 
expressed as 

i
iiii

Q
q
W

q
U

q
T

q
T

dt
d =

∂
∂=

∂
∂+

∂
∂−

∂
∂

 (29) 

where T is the kinetic, U the potential energy, iq  the generalised coordinate no: i and 

iQ are the generalised nonconservative force [58]. Wδ represents the virtual work 
performed under a virtual displacement. Lagrange’s equation is a strong tool to derive the 
equation of motion in complicated systems. Another method applied in this thesis is to 
use Newton’s second law, expressed as 

= i
i F

dt

dP
 and = i

i M
dt

dH
 (30, 31) 

                                  

iP  is the momentum of the rigid body for the generalised coordinate no: i and iF  the 

corresponding applied forces. iH  represents the moment of momentum and iM  the 
applied moments.  
 A derived equation of motion may be linear or nonlinear. In rotordynamics a linear 
differential equation can be expressed in the general form 
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( ) ( ) ( )tFqCKqGCCqM rrn =Ω−+Ω−++  (32) 
       

where M  is the mass matrix, K  the stiffness matrix, nC the nonrotating and rC the 
rotating damping matrix [20]. The vector containing generalised coordinates is denoted 
q  and the external load ( )tF . Since Eq. (32) is an ordinary differential equation, it can 
be solved analytically (see section 3.1).  
 The restoring forces and moments (due to the stiffness) may not always be 

proportional to q , but for example to 3q . This would make the equation of motion 
nonlinear, though it is still possible to linearise the system around a working point. 
 In this thesis, three fundamentally different e.o.m. are derived from the spatial models 
and the identified forces. The e.o.m. derived from the translation inclination model used 
in Paper A is linear with constant coefficients. The same spatial model is used in papers D 
and E, but due to the state depending process forces the coefficients is periodic. Finally, 
the clearance model used in papers B and C is nonlinear.   

2.4.1. Linear e.o.m. with constant coefficients 

 By introducing the structural stiffness matrix, mass matrix and gyroscopic matrix 
given by Eq. (11), (13) and (15) into the general linear e.o.m. given by Eq. (32), while 
all other matrices vanish, the e.o.m. becomes 

( )tFqKqGqM s =+Ω+  (33) 

for the translation inclination model used in Paper A. The external load due to unbalance 
(see Eq. (1) and (2)) and impulse (See Eq. (3)) are included in the external load vector 

( ) ( ) ( ) ( ) ( )[ ]T
YX tMtMtFtFt θϕ=F . This is an ordinary undamped linear differential 

equation with constant coefficients. The analysis becomes easier, since the system is 
undamped and because a closed form solution to such systems exists, no simulation in 
time is needed. Such undamped systems may furthermore be difficult to simulate due to 
the never-ending transient. 

2.4.2. Linear e.o.m. with periodic coefficients 

 In Paper E the process model is applied to the system as well as proportional 
damping. This means that both the proportional damping matrix given by Eq. (12) and 
the process stiffness matrix given by Eq. (20) need to be added to Eq. (33), giving the 
equation

( ) ( )( ) ( )tt FqKKqGCqM psn =++Ω++ . (34) 

In addition to unbalance, the external load vector ( )tF  includes the process force given 
by Eq. (5)-(8). One restriction to this e.o.m. is that only one process frequency 
component is considered. This means that the coefficients in the process stiffness matrix 

pK  will be periodic in time, i.e. ( ) ( )Ttt += pp KK , where T is the period. Although 
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this is an ordinary linear differential equation, no general closed form solutions for the 
time evolution exist.

2.4.3. Nonlinear e.o.m. 

 The clearance models shown in Fig. 1 are strongly nonlinear systems due to the 
discontinuity caused by the clearance. The e.o.m. for these systems subjected to 
unbalance and gravity can be simply written as, 

( ) XFtmXm −ΩΩ= cos2γ  (35) 

( ) mgFtmYm Y −−ΩΩ= sin2γ . (36) 

The problem is the existence of constraints for the forces XF  and YF  due to the 
clearance that causes the discontinuity. Three different situations for the system are 
possible; it can either be in free flight, in static contact or in dynamic contact. In free 
flight the ring is not in contact with the support and no external forces exist on the ring 
(except for the stabilising rods). In static contact the friction is not fully developed and 
the ring is fixed. In dynamic contact the friction is fully developed and the ring slides 
against the stator. 
 When no stabilizing rods are applied, the forces 0== YX FF  when the system is in 

free flight. In the case of static contact, 0== rr YX . Together with the restoring forces 
given by Eq. (9) and (10), this makes the system solvable. Finally, if the system is in 
dynamic contact the normal velocity of the ring is zero, therefore ( ) 0=+ rrrr YYXX .
Together with the state depending forces given by Eq. (16)-(17) (derived from the 
restoring forces in Eq. (9) and (10)), this makes the system solvable. For more details 
about this e.o.m., see paper B. 
 When stabilizing rods are applied the same conditions hold as for without the rods. 
However, the forces due to these rods (see Eq. (18) and (19)) have to be included in 
both free flight and dynamic contact. The e.o.m. at static contact remains unaffected, 
since the rod forces are carried by the supports. For more details about this e.o.m. see 
paper C. 

2.5. SCALING THE E.O.M. 

 The e.o.m. contains dimensional parameters that contribute to span the design space. 
One way of reducing the order of the design space is to scale the e.o.m. (see for example 
[59]-[61]). The resulting parameters may after this operation become nondimensional. 
Nondimensional numbers themselves can reveal much about a system. If the dimensional 
parameters are changed in such a manner that the nondimensional ones remain, the 
dynamics of the system will also remain. This can be used to scale a good design to give 
the new design the same dynamical behaviour. For numerical simulation reasons scaling 
can be used to condition the equations better. By proper scaling, the difference in order 
of magnitude between numbers can be significantly reduced. Proper scaling will also 
reduce the computational time. One disadvantage may be that results can be more 
difficult to interpret. Some kind of translation between the nondimensional and 
dimensional quantities coupled to a certain design has to be made.  
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 For the translation inclination model the nondimensional quantities γ/ˆ XX = ,

γ/ˆ YY = , ( )ϕγϕ 2
12 /ˆ Ω= mk , ( )θγθ 2

12 /ˆ Ω= mk  and Ω= tτ  are introduced to the 
e.o.m. By this operation, Eq. (34) can be written as 

( ) ( )( ) ( )ττ FqKKqGCq ps
ˆˆˆˆˆˆˆˆ =++′++′′ n   (37) 

where

−

−

=

2221

2221

11

11

ˆ00ˆ
0ˆˆ0

01ˆ0

100ˆ

ˆ

kk

kk

k

k

sK ,

−

=

0ˆ00

ˆ000

0000

0000

ˆ

J

J
G ,  (38, 39) 

( ) =

87

65

43

21

ˆˆ00

ˆˆ00

ˆˆ00

ˆˆ00

ˆ

pp

pp

pp

pp

kk

kk

kk

kk

τpK  , ( ) ( ) ( ) ( ) ( )[ ]T
YX MMFF τττττ θϕ

ˆˆˆˆˆ =F , (40, 41) 

[ ]θϕ MMYX ˆˆˆˆˆ =q  and sKIC ˆˆˆˆ βα +=n . (42, 43) 

The sign “^” denotes a nondimensional quantity, and the prime means a derivative with 
respect to the nondimensional time τ . The nondimensional parameters are now  

( ) ( )
( ) ( ) ( )
( ) ( ) ( ) Ω=Ω=Ω=Ω=

Ω=Ω==Ω=

Ω==Ω==Ω=Ω=

−−−−

/ˆ,/ˆ,/ˆ,/

,/ˆ,/ˆ,/ˆ,/ˆ

,/ˆ,1ˆ,/ˆ,/ˆ,ˆ,/ˆ

4
12

4
12

2

22
8585124141

2
2222

4
21122112

2
1111

iitstYY

XXtppppt

ttp

andmJkMMmJkMMmFF

mFFJkkkkkJkk

mJkkkkmkkJJJ

ωωγ

γ

ββαα

θθϕϕ

 (44-57) 

By this operation the mass matrix is replaced by a unit matrix in the nondimensional 
e.o.m., while significantly reducing the number of parameters. By excluding the 
damping matrix and process stiffness matrix, Eq. (37) corresponds to the scaled e.o.m. of 
the system used in Paper A (Eq. (33) in dimensional form).  
 Another common modification of the e.o.m. is to rewrite it in state formulation. By 
introducing the vector 

[ ] TqqY ˆˆˆ ′=  (58) 

Eq. (37) can be written as 

( ) BYAY ˆˆˆ +=′ τ   (59) 
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where

( ) ( ) −−−−
=

GCKK

I0
A

nps
ˆˆˆˆ

ˆ
ττ  and ( )=

τF

0
B ˆ
ˆ  (60, 61) 

In the clearance models the nondimensional quantities γXX =ˆ , γYY =ˆ ,

γrr XX =ˆ , γrr YY =ˆ  and =t̂ mkt /  are introduced to the e.o.m. By this 
operation, Eq. (35) and (36) can be written as, 

( ) XFtX ˆˆˆcosˆˆ 2 +ΩΩ=′′           (62) 

( ) gFtY Y ˆˆˆˆsinˆˆ 2 −+ΩΩ=′′  (63) 

where the restoring forces can be expressed as 

( ) ( )rrX XXXXF ′−′−−−= ˆˆ2ˆˆˆ ζ                         (64) 

( ) ( )rrY YYYYF ′−′−−−= ˆˆ2ˆˆˆ ζ . (65) 

The nondimensional parameters are now γkgmg =ˆ , γδδ cc =ˆ , kmc 2=ζ , rμ

and mk /ˆ Ω=Ω .  In the case of applied stabilising rods the forces 

( )[ ])sin(ˆ)cos(ˆˆˆˆˆ 2
1 srscrsp XYFF ααδ −+Ω+=  (66) 

( )[ ])sin(ˆ)cos(ˆˆˆˆˆ 2
2 srscrsp XYFF ααδ ++Ω+=  (67) 

where the nondimensional parameters γkFFkk ppss ==Ω ˆ,ˆ  are added. 
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3. ANALYSIS 

 Three groups of differential equations are used for the analysis in this thesis (see 
previous chapter). There are many studies on linear e.o.m. with constant coefficients, as 
used in Paper A, and therefore much is known about such systems. A general closed 
form solution for the time evolution exists as one example. For the linear e.o.m. with 
periodic coefficients, as used in Paper E, no known method exists to derive general 
closed form solutions to the time evolution. No general closed form solutions exist for 
the nonlinear clearance models used in Papers B and C. Hence, numerical simulation is 
the main tool in the analysis, though some analytical derivations are also performed. 
Time evolution is an essential feature in the analysis procedure. Almost every simulation 
uses the time evolution as a basis. Several analysis tools can then be used, such as 
Poincare´ maps, bifurcation diagrams, design space simulations, etc.  

3.1. TIME EVOLUTION  

 The governing e.o.m. to the translation inclination model used in Paper A is a linear 
ordinary differential equation with constant coefficients (see Eq. (33)). There are several 
methods of solving the resulting eigenvalue problem to this kind of system, e.g. modal 
uncoupling [62]-[63] and superposition [64]. Eq. (33) can also be solved by complex 
notation [65]-[66] or the state method [58]. The strategy in both complex and the state 

method is to introduce a solution of the form t
h et λZYh =)(  to the homogenous part of 

the e.o.m. This gives an eigenvalue problem from where the eigenvectors hZ  and 
eigenvalues λ  can be solved. In the case of harmonic excitation with frequency ω  (for 
example unbalance), the particular part of the e.o.m. can be solved by applying a solution 

( ) ( )ttt ωω sinˆcosˆ)(ˆ
pspcp ZZY +=  to the e.o.m. and then solving for the unknown 

vectors pcẐ  and psẐ . The general solution can then be written as 

( ) ( )ttec
n

i

t
n

i ωωτ λ sinˆcosˆˆ)(ˆ
2

1
pspch ZZZY

i
++=

=
  (68) 

where n is the number of degrees-of-freedom and nc  are the constants determined by 
the initial conditions.  
 When the coefficients are periodic, as in Paper E, the general solution to harmonic 
excitation (frequency ω ) can be written as [67] 

( ) ( ) ( ) ( ) ( ) ( ) ( )dsesee sjs 0

0

0 ˆˆˆˆˆˆ 1ˆˆ τω
τ

τ

τττ τττ −−−− += BffYfY D
0

D  (69) 

with f̂  a T-periodic, D̂  a constant matrix and the initial conditions ( )0
ˆˆ tYY0 = . Note 

that it is uncertain if these systems have periodic solutions. In fact, there exists no known 
way of writing Eq. (69) in a closed form. 
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 It is unusual to find analytical solutions if the governing equation of motion is 
nonlinear. Some approximate approaches have however been used by, for example 
Karpenko [68] and Kim [69]. One reason for this difficulty is that a harmonic input may 
result in any type of response (sub-, super-harmonic, quasiperiodic, chaotic, etc.). 
Another “strange” property of nonlinear systems is the coexistence of solutions, i.e. the 
steady state solution depends on the initial conditions. 
 Most of the work presented in this thesis deals with differential equations without 
known closed form solutions. Therefore, most of the time evolution (trajectories) has 
been derived numerically. There are many different numerical integration algorithms for 
solving the time evolution of the system. Euler forward and Euler backward are 
examples of such an algorithm, though for the simulations presented in this thesis a fixed 
step fourth order Runge-Kutta algorithm has been used [70].  

 Starting from the known initial condition ( ) 00
ˆˆ YY =t  ( 0=i ) with the e.o.m. 

written as a first order differential equation ( )YgY ˆ,ˆ τ=′ , the state at the following 
discrete times is then obtained by 

)kY,g(k

)/kY,g(k

)/kY,g(k

)Y,g(k

34

23

12

1

ˆ

2ˆ2/

2ˆ2/

ˆ

+Δ+⋅Δ=

+Δ+⋅Δ=

+Δ+⋅Δ=

⋅Δ=

ii

ii

ii

ii

τττ

τττ

τττ

ττ

 (70-73) 

where 1
ˆ

+iY  is evaluated as a weighted average over the k values as, 

6/3/3/6/ˆˆ
43211 kkkkYY ++++=+ ii . (74) 

and itni ..0=  where itn is the number of iterations. Note that the function g  can be a 

linear or nonlinear function of Ŷ , without affecting the numerical solver.

3.1.1. Continuous and discontinuous e.o.m. 

 Eq. (70)-(74) shows that to proceed to the next state the function g  has to not only 

be evaluated at the previous time and state )Y,g( ii
ˆτ , but also at 

)Y,g( 2/ˆ2/ 1kii +Δ+ ττ , )Y,g( 2/ˆ2/ 2kii +Δ+ ττ  and )Y,g( 2/ˆ
3kii +Δ+ ττ . If 

the function g  is continuous and smooth these evaluations are easy to achieve. 
However, if the function g  is piecewise as in Papers B and C the evaluation is not that 
simple. In these papers, there are in fact three different possible functions with different 
conditions to be satisfied to determine which one will be used. In the case of impact 
motions that can arise in these systems, ensuring that each evaluation is valid is critical, 
since an impact creates a sudden discontinuity in the state space due to a change in the 
sign of the velocity. The condition that decides what function to use is a combination of 
kinetic and kinematic. For details of how this evaluation is performed, see Paper B.  



M. Karlberg - Rotordynamical Concept Evaluation of Fibre Refiners 

20

3.1.2.  Practical notes 

 Simulations cannot run forever and certain “run parameters” have to be set to be 
successful. No rules exist for how to choose these parameters; in fact they can be set 
intuitively. For the simulations presented in this thesis certain rules of thumbs have been 
used. Since the used numerical algorithm is a fixed time step type, the question is how to 
choose this step.  
 A larger time step gives fast simulations with larger error, whereas the contrary holds 
for a smaller time step. In this thesis the time step has been coupled to some high 
fundamental frequency in the system, for example, eigenfrequencies and different load 
frequencies. The time steps in these cases are coupled to the highest of these fundamental 
frequencies which for example means that for simulations in the subcritical range the 
time step is coupled for instance to an eigenfrequency while in the supercritical range to 
the load frequency. When a certain time step has been chosen, both larger and smaller 
time steps are tested and compared to ensure that a suitable time step is used.  
 Another property used in all papers is the steady state solution, e.g. after the transient 
has died out. Question: when is the system is in steady state? In this thesis steady state is 
considered to be present after a chosen number of periods of the forcing frequency 
(usually >100). This is also checked by starting a simulation from a perturbated state and 
then ensuring that the transient has died out after the chosen number of periods. Of 
course, this is not a fail safe method, since, for example, a chaotic motion in the time 
domain may be very difficult to distinguish from a transient one. But in these cases, the 
Poincaré map has been convincingly used to demonstrate that steady state holds. In most 
papers where time integration has been used the damping ratio has been high (10%), i.e. 
100 periods is usually enough for the transients to fade out.  

3.2. TRANSITIONS  

 One purpose of the stabilising rods in the clearance model is to bring the inner ring 

to a stationary position at (0,- cδ̂ ), i.e. the static contact category holds and the motion of 
the shaft is thus given by linear equations of motion. This allows for the possibility to 
analyse the limits when the system transits from this static contact into dynamical contact 
and free flight.
 In paper C it was found that the limit of going into dynamical contact could be 
expressed as a preload radius, 

( )
( ) ( )[ ]

( ) ( )222

224

2
max1

2
max1

ˆ2ˆ1

1ˆ21ˆ

ˆ)cos(ˆ2
Ω+Ω−

+Ω+Ω
=+=

ζ

μβζ
α

r

slp gFR . (75) 

By choosing a preload higher than max1
ˆ

lpF  solved from this equation the system will not 

go into dynamical contact from steady state. It was also found that the limit preload 
radius of going from static contact into free flight could be expressed as,  
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( )
( )

( ) ( )222

24

2
max2

2
max2

ˆ2ˆ1

ˆ21ˆ

ˆ)cos(ˆ2
Ω+Ω−

Ω+Ω
=+=

ζ

ζ
α gFR slp . (76) 

Consequently by choosing a preload higher than max2
ˆ

lpF  the system will not go into free 

flight from steady state. Therefore, does Eq. (75) or Eq. (76) set the design criterion? By 
comparing these equations it was found that  

max1max22

22

max1

max2 1
1

RR
R

R

r

r <<
+

=
μ

μ
 (77) 

This means that the preload needed to keep the system from going into free flight is less 
than the one keeping it from going into dynamic contact. Hence, a preload higher than 

max1
ˆ

lpF  must be applied to avoid transitions. 

3.3. DESIGN SPACE 

 The e.o.m. contains a number of parameters coupled to the design of the machine. 
Changing these parameters will thus change the design, and from a development 
perspective, a design fulfilling certain requirements is desired. Variables that evaluate such 
requirements are here called requirement variables and can, for example, be acceleration 
[71], logarithmical decrement [72] and [73], or displacement [74]. The parameters 
affecting the design are called design parameters. The space spanned by the requirement 
variables and the design parameters is denoted design space in this thesis. The order of 
the design space is usually too high to visualize; therefore, subdesign spaces that are parts 
of the design space are visualized. If detailed requirements of a design exist, it is possible 
to use, for example, evolutionary algorithms to search the design space; otherwise one 
has to visualize some subdesign space. However, scaling of the e.o.m. can be used to 
reduce the order of the design space. By suitable scaling, the design parameters will be 
nondimensional and can, for example, be used to develop a new machine with the same 
dynamics as an existing one that is known to run smoothly. The new machine shall then 
be designed so that the e.o.m. still holds and the nondimensional design parameters 
remain unaffected. 
 The design space can be visualised if reduced to order four. A cube of colours is 
constructed by letting each axes in a Cartesian coordinate system be given by a design 
parameter and a colour describe the value of a requirement variable. Cutting slices at 
discrete values of one design parameter permits a possible view of the design space. 
Notice that since tendencies are to be traced rather than details, visualising the 
requirement variable as colours give high enough accuracy.  
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Fig. 6. Example of a design space. 

 Fig. 6 shows an example of a subdesign space. From such figures suitable design 
parameters can be chosen that satisfy the requirement. It should be noted that a certain 
set of design parameters does not have a unique physical representation, but may, 
however, be governed by many different concepts.  

3.4. PHASE PORTRAIT 

 The phase portrait is a figure where trajectories in the state space are plotted. If a 
trajectory in the phase portrait closes itself the motion is periodic. If a system larger than 
one degrees-of-freedom is considered the state space becomes too large to completely 
visualise. In any case, some projection of the trajectory in the state space is often plotted. 
It is important to note that a trajectory can cross itself in a projected view without 
generating a periodic motion. Besides periodic motion, two other important types of 
motion exist, i.e. quasiperiodic and chaotic. In quasiperiodic motion the trajectory 
consists of at least two incommensurate frequencies, whereas a chaotic motion is broad 
banded in frequency domain. Distinguishing between a quasiperiodic and chaotic 
motion in the time domain is difficult. A projected view of a quasiperiodic and possible 
chaotic motion is shown in Fig. 7(a) and (b).  

Fig. 7. Projection of phase portrait of a) a quasiperiodic motion and b) a possible chaotic 
motion.
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 When it comes to determining the type of motion, the Poincare´ map is a stronger 
tool than phase portraits.  

3.5. POINCARÉ MAP 

 It is often impossible to characterize the type of motion by only considering a phase 
portrait (see for example Fig. 7). Instead, this is done by a Poincaré map of the system, 
where Poincaré sections can be difficult to define, especially in an autonomous system. 
In periodically forced systems it is common to define the sections as,  

Ω
== π2

, itt is   (78) 

where s  is the state vector, t is time at section no: i and Ω  is the forcing frequency. 
With this operation, the system is transformed from the time domain to a discrete 
Poincaré map, and the state space is thus reduced by one dimension. One point in the 
Poincaré map represents a periodic response with the same frequency as the driving 
frequency. Two points represents a response of half the driving frequency, etc. The 
Poincaré map of a quasiperiodic motion is a closed ring, see Fig. 8(a), while a chaotic 
motion results in a fractal shape called strange attractor, see Fig. 8(b). With the Poincaré 
maps it is therefore possible to distinguish between different types of motion. 

Fig. 8. Projection of the Poincaré maps of a) the quasiperiodic motion in Fig. 2(a) and b) 
the possible chaotic motion in Fig. 2(b). 

3.5.1. Practical notes 

 One benefit with fixed time step compared to adaptive algorithms is that it is easy to 
find the Poincaré section by coupling the time step size to the forcing frequency. By 
choosing whole number of evaluation points per forcing period, the trajectory after that 
number of iterations is at the Poincaré section. With adaptive methods it is unlikely to 
hit exactly the Poincaré section, since the time step size changes. This means that 
additional algorithms have to be written ensuring that the Poincaré section is being hit 
(which of course costs simulation time). 

X̂

X ′ˆ

(a)
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X ′ˆ
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3.6. BIFURCATION DIAGRAM 

 If some parameter in the system changes, the system may bifurcate into different types 
of motion (see e.g. [56] and [57]). This can be illustrated in a bifurcation diagram, i.e. 
one of the tools used in the design of nonlinear systems. 

Fig. 9. Bifurcation diagram. 

 Fig. 9 shows an example of a bifurcation diagram to the nonlinear difference equation 

( )2
1

ˆˆˆ
iici XXX +=+ λ . As cλ  increases the system goes into chaos by a sequence of 

periodic doublings. When designing a machine with significant nonlinearities it is usually 
desirable to avoid chaotic motion. To avoid chaos in the system of Fig. 9, the design 
parameter cλ  should be less than about 3.5. 
 It is often desirable to know where in the parameter space nonperiodic motion exists. 
Bifurcation diagrams can be used to indicate such domains. However, the order of the 
Poincaré section is usually too high to visualise. Hence, by adding control parameters to 
the design space, the visualisation becomes even more complicated. 

3.7. BASINS OF ATTRACTION 

 Besides bifurcations, another peculiar property of nonlinear systems is that a solution 
does not have to be unique, i.e. different solutions may coexist for the same set of 
parameters. These solutions can be stable, unstable, periodic or nonperiodic. If there is 
more than one stable solution the initial condition will determine to which one the 
trajectory will attract. The basins of attraction of the system can thus be found by 
simulating to which attractor a specific set of initial conditions ends up. The basins of 
attraction (all set of initial conditions which ends up at the same attractor) to different 
attractors are typically illustrated by different colours. In Fig. 10, from Karpenko V. et. 
al. [57], the basin of the white attractor is denoted by violet, and by blue for the yellow 
attractor.  

X̂

cλ
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Fig. 10. Example of basins of attraction (by Karpenko V. et. al. [57]).  

 This means that systems with nonlinear behaviour can, due to some infinitesimal 
perturbation, bifurcate to another type of motion or perform a jump to another attractor. 

3.8. STABILITY 

 To design a robust machine, it is essential that the system not only is stable, but also 
robust to realistic perturbations. If a refiner is designed too close to an unstable region a 
perturbation of parameters (e.g. due to the process) could lead to failure.  
 The definition by Mattheij and Molenaar [67] has been applied for the stability. 
Without detailing the mathematics, they state that four different kinds of situations can 
occur. It can happen that 

(i) Ŷ   approaches a stationary point (or is such a point itself). 

(ii) Ŷ  approaches a periodic or quasiperiodic solution (or is such a solution itself). 

(iii) Ŷ  becomes unbounded. 

(iv) Ŷ  behaves otherwise. 

Cases (i) and (ii) will be here considered as stable and case (iii) as unstable. Case (iv) is 
treated separately, since it includes chaotic motion. Such solutions are inherently 
unstable, though still bounded. Three different kinds of methods to analyse the stability 
have been used. Eigenvalue analysis is used in Paper A, Floquet theory in Paper E and 
Lyapunov exponents in Papers B and C.     

3.8.1. Eigenvalues

 For the linear ordinary differential equation with constant coefficients used in Paper 
A, eigenvalue analyses is applied to discuss the stability. Closed form solutions in general 
cases of damped systems may be long, though it is possible in this simplified undamped 

case by neglecting the gyroscopic effect ( 0ˆ =J ). Introducing a solution on the form 
λτi

h et ZYh
ˆ)(ˆ =  into the homogenous part of this e.o.m. gives a regular eigenvalue 

problem from which the equation 
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( ) ( )( ) 212211

2

22112211
2 ˆˆˆ2ˆˆ2ˆˆ kkkkkkk +−+±+=λ  (79) 

is derived for the eigenvalues. If the right hand side of Eq. (79) is less than zero, then λ
is a complex number and the trajectory will grow exponentially. This occurs when, 

212211
ˆˆˆ kkk <  (80) 

or in dimensional parameters  

21122211 kkkk < . (81) 

Unstable motion when using eigenvalue analysis (as in Paper A) therefore means that the 
motion is unbounded (exponential growth).   

3.8.2. Floquet theory 

 The Floquet theory can be used to handle stability of linear ordinary differential 
equations with periodic coefficients, as in Paper E. Since the process stiffness matrix pK

is periodic, the matrix 

( ) ( )ττ AA =+ T  (82) 

in Eq. (59) becomes periodic and regular eigenvalue analyses cannot therefore be used. 
Let C  be a matrix with the solution to the homogenous part of Eq. (59) with the initial 

conditions ( ) IY =0
ˆ t  at time T. That is, each column in C is given by the vector ( )TŶ

for each initial condition column in I . The eigenvalues iλ  of matrix D̂ , called the 

characteristic exponents, are related to the eigenvalues iσ  of C  by 

T
i

ie λσ = . (83) 

iσ  are usually called the characteristic multipliers. The solution will be unbounded 
when

1
max

>iσ  (84) 

and otherwise bounded.  
 Unstable motion when using Floquet theory (as in Paper E) means unbounded 
motion as for the case of the eigenvalue method. 

3.8.3. Lyapunov exponents 

 In nonlinear systems it is not always possible to use eigenvalues or Floquet theory to 
analyse the stability. Sometimes it is possible to linearise about a stationary point and then 
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calculate the eigenvalues. These eigenvalues are, however, only valid locally around that 
point, i.e. even if the eigenvalue shows exponential growth locally the system may go to 
another stable attractor with low amplitudes. 
 The Lyapunov exponents (LE) method is a generalisation of the eigenvalue- and 
characteristic exponent method used to study the stability of nonlinear systems. 
Nonlinear systems can be sensitive to initial conditions. This means that two solutions 
starting very close will rapidly diverge from each other. The LE are constructed to 
indicate such stretching, contraction or both, and is given by [67], 

( ) iooY ln
1

lim,ˆ
ii ∞→

=  (85) 

where

( ) ( ) 011ii YJYJ ˆ...ˆ
−= . (86) 

0  is an initial perturbation vector in all state directions and J  is the Jacobian matrix. 

This is the equation for discrete time systems, which is the case in this thesis since  is 

numerically derived. This means that  is a vector giving the stretching/contraction 
(positive/negative LE) of the initial perturbation in each direction of the state.  

Fig. 11. Example of a Lyapunov exponent as function of the Poincare sections. 

 Fig. 11 shows an example of how a Lyapunov exponent can converge as the number 
of iterations between the Poincaré sections increases. The LE does not usually depend on 

the initial condition oŶ  (see [67]). However, multiple solutions can cause such a 
dependency, since different solutions can lead to different LE. Calculating the LE is easy 
if the Jacobian matrix is constant. In this thesis such calculations are performed for the 
clearance models. The corresponding e.o.m. is discontinuous; hence, no easy way to 
calculate the Jacobian matrix exists. Therefore, another strategy has been used to 

1λ

Poincaré section
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calculate the Lyapunov exponents that consider two different trajectories, one perturbed 
and one unperturbed. The vector i  is then calculated as the difference between the two 
states at iteration no: i and Eq. (85) then gives the Lyapunov exponents.  
 Here, unstable motion when using Lyapunov exponents means that at least one of 
the LE is positive (chaos according to Hilborn [75] if the system is bounded). This is the 
reason for only calculating the maximum LE in this thesis. In contrast to eigenvalues and 
the Floquet theory, unstable motion by means of Lyapunov exponent can thus be 
bounded as in the case of chaos.      

3.8.4. Practical notes 

 When dealing with stability, eigenvalue analysis and the Floquet theory are 
straightforward procedures. In calculating the LE, however, some aspects needed to be 
considered. There are at least two possibilities to choose a discrete system to calculate the 
LE from. The e.o.m. could be simulated and the needed calculations performed at every 
time step. Another approach, applied in this work, is to use the Poincaré map in the 
same sense (see Fig. 11). One problem with this approach is that computational 
under/overflow often occurs. To avoid this problem the perturbation vector is 
normalized after a certain number of iterations. In this thesis the normalisation is 
performed at every Poincaré section so that the direction of i remains with the original 

length ( 0 ).

 Another simulation property is how long the simulations should be performed. For 
this purpose, a tolerance criterion is used. The system is considered to have converged 
when the largest difference in LE at a certain interval is less than a given tolerance. A 
total of 100 Poincaré sections are usually set for this interval and the tolerance to 0.005. 
Finally, the choice of 0  has to be made. The direction of this vector is often not so 
important, since it will find the principal direction after a few iterations and remain. 
However, the length of this vector ( 0 ) should not be set too large to avoid other 

attractors for the perturbed trajectory.  
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4. SUMMARY OF RESULTS 

 At the initiation of this research project little was known about the rotordynamics of 
fibre refiners. Therefore, the research initially focused on the system at idle (no fibre 
production). Complementary measurements were carried out during the whole project 
that contributed not only to increasing the knowledge of the system but also to gain 
understanding of how the process should be modelled, as seen in Paper D. Hence the 
latter part of the project dealt with the dynamics of a refiner in production. Since the 
dynamics changes radically when the clearance is introduced in the bearing assembly, 
such concepts are studied separately. For concepts where this clearance can be neglected, 
results were derived from the system at idle, subjected only to unbalance and impulse. 
Besides, a suggestion on a load model is proposed and implemented in the same model as 
for the case without any process.

4.1. CONCEPTS WITH CLEARANCE IN THE BEARING ASSEMBLY 

 To evaluate refiner concepts with clearance in the bearing assembly, a new model 
was developed in Paper B (see Fig. 1(a)). One suggestion to solve problems due to such 
clearance was to introduce stabilising rods that were then studied in Paper C (see Fig. 

1(b)). In Fig. 12, Fig. 13 and Fig. 14, the set of parameters 5.0ˆ =cδ , 2943.0ˆ =g ,

1.0=rμ  and 44.0ˆ =Ω  and 1.0=ζ  are used (when nothing else is given or not used 
as a control or design parameter).    

Fig. 12. Bifurcation diagrams and Lyapunov exponents 
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 Fig. 12 shows bifurcation diagrams together with a corresponding maximum 

Lyapunov exponent of four different control parameters with X̂  as state variable. All 

remaining parameters are kept constant. The control variable in Fig. 12(a) is Ω̂ , in Fig. 

12(b) rμ , in Fig. 12(c) cδ̂  and finally, in Fig. 12(d) ζ . All figures show that ranges of 
complicated motion can occur. Besides periodic motion of different periodicity, the 
maximum Lyapunov exponent indicates the existence of quasiperiodic and even possibly 
chaotic motion. For each bifurcation diagram the corresponding Lyapunov exponent 
shows the changing sign in bifurcation points between periodic and chaotic or quasi-
periodic motion. This means that the perturbated trajectory switches between attracting 
to and repelling from the unperturbated trajectory. The Lyapunov exponent verifies the 
location of these bifurcation points.

Fig. 13. Bifurcation diagram and maximum normal bearing force as function of spin 

speed when 5.1ˆ =cδ .

 Fig. 13(a). shows a bifurcation diagram with X̂  as a state variable and the resulting 

maximum normal bearing force with Ω̂ as a control parameter, while the other 

parameters are kept constant even though cδ̂  has been increased to 1.5.  
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Fig. 14. Subdesign spaces 

 In Fig. 14 the maximum normal bearing force in steady state is used as a requirement 
variable. To visualise subdesign spaces, two parameters are kept constant and the 
requirement variable is then simulated for different combinations of the three remaining 
design parameters. This subdesign space can be visualised in a volume with different 
colours representing the level of the requirement variable.  Slices are cut for specific 
values of the design parameters to see something inside this volume. 
 Fig. 14(a) shows the subdesign space when damping ratio and nondimensional gravity 

are kept constant. The three remaining design parameters are then Ω̂ , cδ̂  and rμ . In 

this figure the slices are cut at 2ˆ =Ω , 1ˆ =cδ and 0=rμ . In Fig. 14 (b) the frequency 
ratio and nondimensional gravity are kept constant. The remaining design parameters are 

then ζ , cδ̂ and rμ . The slices are cut at 5.0=ζ , 1ˆ =cδ and 0=μ . Blue represents 
low values of the maximum normal bearing force, while red represents forces larger than 
60% of the highest force in the volume.
 When stabilising rods are applied, the same set of parameters is used as for the case 

without the rods. The additional set of parameters 0.0ˆ =sα , 5.0ˆ =Ω s  and 0.1ˆ =pF

are used to discuss specific kinds of stabilising rods if nothing else is given. 

Fig. 15. Transition chart. 
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 Fig. 15 shows a transition chart between Ω̂  and pF̂  for 0.0ˆ =Ω s , 0.0=sα  and 

2/πα =s . When 0.0=sα , the white area (area 1) symbolizes motion in a strictly 
static contact, while the light grey area (area 2) symbolizes motion including both static 
and dynamic contact. These two regions are separated by the solid transition line 1, 
given by Eq. (75). The grey area (area 3) symbolizes motions that can include free flight 
(impact motions) and is separated from the light grey area by transition line 2. Eq. (75) 

states that transition line 1 varies with sα  according to )cos(1~ˆ
max splF α . By increasing 

sα  to 4/π  transition lines 1 and 2 are displaced to the dashed lines directly above in 
Fig. 15. 

Fig. 16. Two dimensional Lyapunov spectrum. 

 Fig. 16(a) shows how the largest Lyapunov exponent depends on the parameters Ω̂
and cδ̂  for the system without stabilising rods. Fig. 16(b) shows the corresponding 
spectrum for the system with stabilising rods. White indicates that the maximum 
Lyapunov exponent is less than zero. Blue indicates that the maximum Lyapunov 
exponent is close to zero, while increasing red represents increasing magnitude. In the 
area below the black solid line in the low frequency ratio range, only static contact is 
possible. Above this line and below the second line (at higher frequency ratio) both static 
and dynamic contacts are possible. Above the second line also free flight, and hence, 
impact motion is possible. 
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Fig. 17. Difference in the dynamical part of the normal bearing force. 

 Fig. 17 shows the difference in the dynamical part of the maximum normal bearing 

force between the two systems as a function of Ω̂  and cδ̂ . This means that for the 
system without stabilising rods the static load due to gravity and preloading have been 
excluded from the problem. White indicates that the dynamical part of the maximum 
normal bearing force is greater without stabilising rods. Blue indicates that the difference 
is close to zero, while increasing red represents increasing magnitude for the case with 
stabilising rods. If the static part is included the system with stabilising rods shows larger 
normal bearing force in the whole area.    

4.2. CONCEPTS WITHOUT CLEARANCE IN THE BEARING ASSEMBLY  

 As shown in the previous section, it is possible to (at least theoretically) get rid of 
problems due to clearance in the bearing assembly. This gives an opportunity to study 
fibre refiner concepts without including clearance in the models. For these studies the 
four d.o.f. translation inclination model is used (see Fig. 2). 

4.2.1. At idle 

 The requirement variables used in this section are maximum nondimensional radial 
displacement  

max

22
max

ˆˆˆ += YXr  (87) 

and maximum nondimensional angular displacement  

max

22
max ˆˆˆ += ϕθψ .   (88) 
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The design parameters are the nondimensional stiffness 11k̂ , 21k̂  and 22k̂ , meaning that 

the only remaining design variable is Ĵ , which must be set. For all figures presented in 

this section, slices of the subdesign space are shown at 100ˆ
11 =k , 2000ˆ

21 =k  and 

25ˆ
22 =k .

Fig. 18.  Subdesign spaces for the unbalance force when Ĵ =0.5 (a long rotor). 

 Fig. 18 shows the subdesign spaces of the unbalance response when Ĵ =0.5 (a long 

rotor). In Fig. 18(a) maxr̂  is the requirement variable, and maxψ̂  in Fig. 18(b). Red 
indicates high values of the requirement variables, whereas blue indicates low values. The 
design point marked with a yellow dot represents an existing concept at a certain spin 
speed. In these large scale plots, it is almost impossible to see any differences of the 

subdesign spaces when Ĵ =2 (a disc). Therefore, Fig. 18 is considered to hold for both 

cases of Ĵ .

Fig. 19. Subdesign spaces for an impulse in X-direction when Ĵ =0.5.
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 Fig. 19 shows the subdesign space for Ĵ =0.5 when the rotor has been subjected to 

an impulse in the X-direction. In Fig. 19(a) maxr̂  is the requirement variable, while in 

Fig. 19(b) it is maxψ̂ . Areas with no colour represent the requirement variable that grows 
exponentially towards infinity. Fig. 19 also shows how the design point changes for the 
concept represented by the yellow dot when increasing the spin speed (Higher speed 
leads to design points closer to the origin). 

4.2.2. In production 

 At the initiation of this project no validated load model existed due to the refining 
process. The aim of Paper D was thus to derive such a load model that could be 
implemented in a rotordynamical program. The derived load model in Paper F was used 
to discuss the dynamical effects of such a load model. If nothing else is given in a specific 
section, the set of parameters 2778=m , 976=pJ , 488=tJ , 1.021 == ζζ ,

8
11 1025.5 ⋅=k , 8

2112 1058.1 ⋅== kk , 8
22 1011.1 ⋅=k , 51000.1 −⋅=γ ,

6
1 1060.1 ⋅=γ , 8

2 1000.1 ⋅=γ , 3
3 1010.2 ⋅=γ , 8

4 1000.2 ⋅=γ , 1.01 =r , 8.02 =r ,

and 31000.5 −⋅=noms are used (SI units), and all initial conditions are set to zero. Notice 
the unit Hertz for all figures using frequencies on the axis. 
 Certain assumptions were made since little is known about the pressure distribution 
in the refining zone. Backlund [36], however, showed that the radial shear force 
increases from the inlet of the refining zone, passes a maximum and finally decreases. No 
reports about the circumferential distribution exist; therefore, both cases of an 
axisymmetric and non-axisymmetric pressure distribution will be studied. For simplicity 
both inlet and outlet pressures are set to zero. The pressure is then assumed to have a 
linear dependency on the gap for both the stationary and oscillating parts. 

Fig. 20. Pressure with a) axisymmetric distribution and b) non-axisymmetric distribution. 

 Fig. 20 shows the stationary part (at 0== ϕθ ) of the two pressure distributions 
studied in this thesis. Fig. 20(a) shows the case of axisymmetric distribution, while Fig. 
20(b) shows the non-axisymmetric case. For both these cases 

(a) (b)
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23 pp kk −=  (89)

14 pp kk =  (90) 

67 pp kk −=  (91) 

58 pp kk =  (92) 

while the external load vector differs. In the axisymmetric case 0f p = , while the 

components in the X  and ϕ -direction are nonzero for the non-axisymmetric pressure. 
 The homogenous part of the e.o.m. is time dependent when the refining process load 
model is applied, meaning that a Campbell diagram in the traditional sense cannot be 
plotted. However, the eigenvalues at every instant can be calculated and presented as a 
function of spin speed.

Fig. 21. a) Campbell diagram and b) damping ratios as function of spin speed when 
6.0=μ .

 The Campbell diagrams and damping ratio show little difference between the two 
different pressure distributions. Hence, the presented results in Fig. 21 can be said to 
represent both cases. The black solid lines in Fig. 21(a) show the Campbell diagram ( dω
is the imaginary part of the eigenvalues) when no process is applied, i.e. 0K p = , and 

the dashed line is the unbalance excitation. The green areas represent the 
eigenfrequencies at every instant when the process with 6.0=μ  is applied. Fig. 21(b) 
shows how the damping ratio varies with spin speed. The black solid lines correspond to 
no process application, while the green area corresponds to the damping ratio at every 
instant when the process with 6.0=μ  is applied.  

For all responses the maximum radial displacement in steady state maxr̂ is chosen as 
the requirement variable to be used for the evaluation. For the three dimensional figures 
(two spatial and one colour), the maximum radial displacement are given by colours. 
Dark blue represents zero vibrations and increasing red represents larger amplitudes. 
White areas represent amplitudes larger than 1000m̂ax =r .
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Fig. 22. External load response when 6.0=μ a) no process is applied, b) process with 
axisymmetric pressure is applied and c) process with non-axisymmetric pressure is 
applied. 

 Fig. 22(a) shows the external load response maxr̂  as a function of spin speed when no 
process is applied. This can be viewed as a refiner at idle at different spin speeds when 
only subjected to an unbalance load. Fig. 22(b) shows maxr̂  as a function of spin speed 
and process frequency when an axisymmetric pressure with 6.0=μ  is applied. Fig. 
22(c) shows the same as Fig. 22(b), but with a non-axisymmetric pressure being applied.  
 When the process load model is applied, the system gets periodic coefficients with 
period ωπ ˆ2 , i.e. the Floquet theory can be applied to find unstable domains. The 
difference in stability between the two pressure cases is small; hence, the charts presented 
here represent both cases.  

Fig. 23. Stability charts when a) 6.0=μ , b) 0.2=μ .
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 Fig. 23 shows stability charts in the spin speed and process frequency domain. Fig. 
23(a) 6.0=μ ; Fig. 23(b) 0.2=μ . Maximum characteristic multipliers greater that one 
(represented by the white areas) are unstable vibrations. Dark blue represents maximum 
characteristic multipliers equal to zero and dark red represents values close to one. 
Hence, the coloured area means a different order of stable vibrations.  

Subdesign spaces with 11k̂ , 21k̂  and 22k̂  as the design variables and maxr̂ as the 

requirement variable are presented. For all figures the slices are cut at 10ˆ
11 =k ,

50ˆ
21 =k  and 25ˆ

22 =k . All parameters are kept constant except for the design 
parameters. The spin speed is set to 25 Hz and the process frequency is set to 0.35 Hz, 
which is used to set reasonable nondimensional process parameters. 

Fig. 24. Subdesign spaces in production when 6.0=μ  for a) the axisymmetric pressure 
and b) the non-axisymmetric pressure. 

 Fig. 24 shows the subdesign spaces at steady state. Dark blue represents zero vibration 
and an increasing red represents larger amplitudes. Areas with no colour correspond to 
amplitudes larger than 1000m̂ax =r . Fig. 24(a) shows cases of axisymmetric pressure with 

6.0=μ . In these figures, radial displacements larger than 7m̂ax =r  are all given by the 
same dark red. Fig. 24(b) show the case of non-axisymmetric pressure with 6.0=μ . In 

these figures radial displacements larger than 150m̂ax =r  are all given by the same dark 
red.
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5. CONCLUSIONS 

 Basically two simple rigid body models were used to evaluate the different fibre 
refiner concepts (se Fig. 2 and Fig. 1(a)). The same model was not used for all studies 
because the clearance in the bearing assembly gave a radically different behavior due to 
the nonlinearity. Hence, it should be noted in the discussion that refiners with clearance 
in the bearing assembly are treated separately.  

5.1. CONCEPTS WITH CLEARANCE IN THE BEARING ASSEMBLY 

 From Fig. 12, it can be stated that when a clearance is present in the bearing 
assembly, a complicated motion can be expected for a wider range of parameter settings. 
Besides periodic motion, this figure shows the presence of quasiperiodic and possibly 
chaotic motion in these systems. One question is: How does such complicated motion 
affect the system? From Fig. 13, high forces expected around the resonance (close to 

1ˆ =Ω ) do not occur. Instead, the bearing force abruptly decreases as the motion transits 
from period one to a possible chaotic motion. This means that chaotic motions can 
significantly reduce the bearing force even though the bouncing motion exists (both 
contact and free flight included). However, besides this resonance, regions of 
subharmonic, quasiperiodic or chaotic motion shows high normal bearing force. 
 From Fig. 14(a), low bearing forces can be expected in concepts with low frequency 
ratios, independent of the clearance and friction. For supercritical rotors Fig. 14(a) shows 
the appearance of low forces when the clearance is small. Additional to the resonance, 
high normal forces are found mainly in the supercritical range for large clearance. Fig. 
14(b) shows that a low clearance will result in low normal forces, regardless of the 
damping ratio and friction. Low normal force is also found for very high friction 
( 7.0>rμ ), regardless of damping and clearance. This figure shows mainly high normal 
forces when the high clearance is combined with low damping and reasonable friction 
values. Without changing the complete design of the refiner, high bearing forces can be 
avoided by reducing the clearance, introducing more damping or increasing the friction.   
 Another idea of how to avoid problems due to clearance in the bearing assembly is to 
use stabilising rods (see Fig. 1(b)). From Eq. (77), if a higher preloading than the limit for 
going into dynamical contact is applied, the system must remain in static contact. From 
Eq. (75) and (77), it can be concluded that 0.0=sα  gives the lowest required 
preloading to keep the system in static contact in steady state.  
 The transit chart shown in Fig. 15 can be used as a design tool to choose sufficient 
preload to, for example, keep the system in static contact (area 1). 

 For the same choice of sα , sΩ̂  and pF , a comparison between Fig. 16(a) and (b) 

shows significant reduction in unstable areas by applying these particular stabilising rods. 
Also note that the areas bounded by transition lines 1 and 2 become larger by this 
operation. 
 Fig. 17 shows areas mostly above and also around the resonance where the dynamical 
part of the maximum normal bearing force becomes higher with the stabilising rods. If 
the static part is included, the whole area shows higher force when these particular 
stability rods are applied. This is important to know for refiner concepts with stabilising 
rods, since the larger bearing force may cause problems such as wear.   
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 To avoid large bearing forces the machine should run in area 1 or 2. These areas are 
larger when the stabilising rods are applied, allowing for more possibilities to design a 
robust machine. Nonlinear vibrations can be avoided by applying stabilising rods. 
Choosing the right parameters is critical, since there are ranges where the motion will 
worsen.

5.2. CONCEPTS WITHOUT CLEARANCE IN THE BEARING ASSEMBLY 

 The number of design parameters can be reduced by scaling the governing e.o.m. 
(e.g. compare Eq. (33) with Eq. (37)). The nondimensional design parameters of Eq. 
(44)-(57) indicate how to scale the machine to maintain equal dynamical properties. If 
the aim is to improve the dynamical properties, the subdesign spaces can be used to find 
out how to change the design parameters. From Eq. (47)-(50) high-speed rotors 

represent design points close to the origin when the design parameters are 11k̂ , 22k̂  and 

21k̂ . These points also correspond to concepts with low stiffness or high mass. However, 
concepts with high stiffness, low spin speed or low mass correspond to design points far 
from the origin. 

5.2.1. At idle 

 From Fig. 18 and Fig. 19, low vibration levels are obtained for concepts with high 

values of 11k̂ , 22k̂  and low 21k̂ . One interesting concept is when a rotor is 

symmetrically supported along the Z-axis, identified by 02112 == kk  or in 

nondimensional design parameters 0ˆ
21 =k . Inspection of this plane in Fig. 18(b) and 

Fig. 19(b) shows maxψ̂  equal to zero for both unbalance and impulse force. This can be 
used to design machines that are sensitive to angular displacements. 
 Of note, the unstable volume does not appear in the particular solution to the 
unbalance force Fig. 18. On the contrary, these simulations mainly show rather small 
amplitudes in this volume, meaning that there are situations when it is important to 
consider both the particular and the homogenous solution before a design point is 
chosen.

5.2.2. In production 

 Two pressure distributions are studied when the machine is running in production, 
i.e. one axisymmetric distribution shown in Fig. 20(a) and one non-axisymmetric shown 
in Fig. 20(b). Notice that both the Campbell diagram and stability charts showed small 
differences between the two pressures, indicating the insignificant difference in the 
homogeneous part of the e.o.m. for the studied cases. 
 From the Campbell diagrams shown in Fig. 21(a), the process load model leads to 
fluctuations of the eigenfrequencies (viewed at every instant). The mean value of these 
fluctuations are a few Hz higher than without the process (See black line and green area 
in Fig. 21(a) and (b)). This indicates that when the process is applied the resonances can 
be expected to occur at a slightly higher spin speed than predicted by a model without a 
process. This is also verified by comparing the forced response due to unbalance 
(compare Fig. 22(a) and (b)), where the critical speed occurs at a slightly higher 
frequency after the process is applied. Fig. 21(b) shows the damping ratios of all modes to 
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also change in time, though for 6.0=μ  they are less than zero in almost the whole 
range of spin speed. Notice that this statement holds only for the specific set of 
parameters given in section 4.2.2.   
 Fig. 22(a) shows the external load response when no process is applied. The 
resonance occurs at 60 Hz and only the first forward whirl is excited (in the shown 
range). In Fig. 22(b) the axisymmetric pressure is applied (i.e. the external load is only 
due to unbalance, since the external load due to the process vanish) with 6.0=μ . In 
conclusion, the response not only depends on the spin speed, but also the process 
frequency. Besides the resonance, no explanations for the increased vibrations (almost 
linear fields) have been found. 
 By comparing the Campbell diagram in Fig. 20 with the non-axisymmetric external 
load response shown in Fig. 22(c) it can be stated that all forward and backward modes 
are excited. Hence, a refiner with non-axisymmetric pressure distribution should be 
designed to avoid all forward and backward modes, otherwise large amplitudes can be 
expected. Besides the frequencies given by the Campbell diagram, Fig. 22(c) shows the 
presence of other domains of increased vibration levels in the low process frequency 
range when 6.0=μ . Note that the response due to unbalance with the chosen 
eccentricity is small compared to the response due to the process. By comparing Fig. 
22(b) with Fig. 22(c), the general vibration level is significantly higher with the non-
axisymmetric pressure than with the axisymmetric.  
 Concerning stability, the chosen ranges of spin speed and process frequencies, Fig. 
23(a) shows a stable system when 6.0=μ  (by means of Floquet theory). However, by 
increasing the system friction to 0.2=μ , unstable domains exist even at low process 
frequencies, see Fig. 23(b). Note that in the completely stable situation (Fig. 23(a)) the 
damping ratio is negative almost at every instant in the whole range of spin speeds (see 
Fig. 21(b)). However, unstable areas become present when the friction increases to 

0.2=μ  (i.e. the power), corresponding to the situation of positive damping ratio for 
some duration in the whole range of spin speeds. This implies that refiners should be 
designed with enough damping to keep the real parts of the eigenvalues negative at every 
instant.
 In general Fig. 24 shows that low vibration levels can be obtained for concepts with 

high values of 11k̂ , 22k̂  and low 21k̂ , which is exactly what could be stated for the 
refiner at idle (see Fig. 18 and Fig. 19). Comparing Fig. 24(a) with (b), the non-
axisymmetric pressure leads to higher vibrations than the axisymmetric. Fig. 24 (a) shows 

that for axisymmetric pressure when 6.0=μ , the resonance occurs if 11k̂  and/or 22k̂
decreases because the eigenfrequency of the first forward whirl decreases, and resonance 
occurs when it is around 25 Hz. In the non-axisymmetric pressure cases no resonance 
can be observed, see Fig. 24(b), because the static displacement becomes dominant when 
the stiffness decreases. In other words, design a supercritical refiner by decreasing the 
stiffness is unlikely. Instead, this can be achieved by, for example, increasing the spin 
speed. For the cases studied here the spin speed should be greater than about 70 Hz (and 
probably greater than that) to be running in the supercritical range. Note that in this 
paper nothing regarding the fibre quality that probably would be affected by such change 
of spin speed is discussed.    
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 The discussion above suggests designing the refiner so that the pressure distribution 
becomes axisymmetric to avoid added external load. It is also suggested that the process 
frequencies be chosen far from the eigenfrequencies at idle, both backward and forward 
(note that the resonances will occur at slightly higher frequencies due to the process 
stiffness matrix). 
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6. INDUSTRIAL AND SCIENTIFIC CONTRIBUTION OF APPENDED 
PAPERS 

 Paper A deals with the problem of how to evaluate fibre refiner concepts by means of 
rotordynamics. The derived nondimensional numbers can be used in an industrial 
application to, for example, scale working machines without changing the dynamics. 
The subdesign spaces show tendencies for what dynamics to expect for a certain design. 
The technique of how to visualise the subdesign space and the method of how to do this 
is the scientific contribution of Paper A. 
 Paper B introduces a new model to study clearance in the bearing assembly. This 
model shows that complicated nonlinear dynamics can be found in such systems. The 
scientific relevance of this paper is hence the added information about bifurcations, 
periodicity, etc., that can be expected in machines containing such clearance. In this 
paper, subdesign spaces are visualised that can be used directly by industry to chose 
suitable parameters for a certain concept. Concrete suggestions of how to avoid problems 
due to bearing assembly clearance is also given in this paper. 
 In Paper C the clearance model used in Paper B is extended to include stabilising 
rods. The scientific contribution of this paper is the information about the dynamical 
effects of adding such stabilising rods. Besides bifurcations and periodicity, the stability is 
studied. It is also possible to increase the stable domains by adding stability rods. Tools 
for choosing preload to avoid transit into bouncing motion and to be used in industry 
are developed in Paper C. This paper suggests how to apply stability rods to fulfil certain 
criteria.
 In Paper D a load model due to the refining process based on axial force 
measurements is proposed. Such a load model at a macro level has not previously been 
validated, meaning that Paper D adds knowledge of how the refining process shall be 
modelled. Improving this knowledge is also important for industry, which can use it to, 
for example, predict dynamics at an early stage of the refiner development. In this paper, 
preferable pressure distributions is discussed, considered important information for the 
concept phase of the refiner development, since the design can be adapted to create such 
pressure.  
 In Paper E the proposed load model derived in Paper D is implemented in a 
rotordynamical model. This gave an opportunity to show dynamical consequences of the 
refining process. Since little was known about the coupling between the process and 
dynamics in the fibre refiners, this paper contributes to increase this knowledge. This is 
also important for industry, since the possibility of predicting dynamics gives information 
of how to design future concepts.  



M. Karlberg - Rotordynamical Concept Evaluation of Fibre Refiners 

44

ACKNOWLEDGEMENTS 

 The work presented in this thesis has been partly carried out as a project within The 
Polhem Laboratory at Luleå University of Technology, one of VINNOVA’s (the Swedish 
Agency for Innovation Systems) competence centra. The project was completed within 
The Faste Laboratory, which is financed by Luleå University of Technology together with 
its industrial partners. 

REFERENCES 

[1] Rankine WA. On the centrifugal force of rotating shafts. Engineer, 1869;27:249 
[2] Jeffcott HH. The lateral vibration of loaded shafts in the neighbourhood of a 

whirling speed. The effect of want of balance. Philosophical Magazine. 1919;37:304-
314.

[3] Childs D.W. Fractional-frequency rotor motion due to nonsymmetric clearance 
effects. Journal of Engineering for Power. 1982;104:533-541. 

[4] Ehrich F.F. High order subharmonic response of high speed rotors in bearing 
clearance. Journal of Vibration, Acoustics, Stress and reliability in design. 1988;110:9-16. 

[5] Groll G. and Ewins D.J. The harmonic balance method with arc-length 
continuation in rotor/stator contact problems. Journal of Sound and Vibration.
2001;241:223-233. 

[6] Choy F.K, Padovan J. and Li W.H. Rub in high performance turbomachinery, 
modelling, solution methology and signature analysis. Mechanical Systems and Signal 
Processing. 1987;2:113-133. 

[7] Ganesan R. Dynamic response and stability of a rotor-support system with non-
symmetric bearing clearance. Mech. Mach. Theory. 1996;31:781-798. 

[8] Edwards S, Lees A.W. and Friswell M.I. The influence of torsion on rotor/stator 
contact in rotating machinery. Journal of Sound and Vibration. 1999;225:767-778. 

[9] Chu F. and Zhang Z. Periodic, Quasiperiodic and chaotic vibrations of a rub-
impact rotor system supported on oil film bearings. International Journal of 
Engineering Sciences. 1997;35:963-973. 

[10] Goldman P. and Muszynska A. Rotor-to-stator, rub-related, thermal/mechanical 
effects in rotating machinery. Chaos, Solitons and Fractals. 1995;5:1579-1601.  

[11] Muszynska A. and Goldman P. Chaotic responses of unbalanced 
rotor/bearing/stator systems with looseness or rubbs. Chaos, Solitons and Fractals.
1995;5:1683-1704.  

[12] Stodola A. Neue kritische drehzahlen als folge der kreiselwirkung der läufräder. 
Gesamte Turbinenwes. 1918;15:269-275. 

[13] Green R. Gyroscopic effects of the critical speeds of flexible rotors. Journal of 
Applied Mechanics. 1948;15:369-376. 

[14] Friswell M. I. Damping ratio and natural frequency bifurcations in rotating 
systems. Journal of Sound and Vibration. 2001;245(5):960-967. 

[15] Salamone D. J. Synchronous unbalance response of an overhung rotor with disk 
scew. Journal of Engineering for Power. 1980;102:749-755. 

[16] Muszynska A. Forward and backward precession of a vertical anisotropically 
supported rotor. Journal of Sound and Vibration, 1996;192(1):207-222. 



M. Karlberg - Rotordynamical Concept Evaluation of Fibre Refiners 

45

[17] Lee S. U., Leontopoulos C. and Besant C. Backward whirl investigations in 
isotropic and anisotropic systems with gyroscopic effects. Proceedings of the 
International Modal Analysis Conference. 1999;2:1692-1698. 

[18] Childs D. Turbomachinery rotordynamics. New York: Wiley & sons. 1992. 
[19] Ehrich F. F. Handbook of rotordynamics. New York: McGraw Hill. 1993. 
[20] Genta G. Vibration of structures and machines, 3rd ed. New York: Springer. 1999. 
[21] Miles K. B. and May W. D. The flow of pulp in chip refiners. Journal of Pulp and 

Paper Science. 1990;16:63-72. 
[22] Roux J. C. and Mayade T. L.. Modelling of the particle breakage kinetics in the 

wet mills for the paper industry. Powder Technology. 1999;105:237-242. 
[23] S. Holmberg, K. Persson and H. Petersson. Nonlinear mechanical behaviour and 

analysis of wood and fibre materials. Computer and structures. 1999;72:459-480. 
[24] Ruscio D. D. and Balchen J. G. A state space model for the wood chip refining 

process. Journal of Pulp and Paper Science. 1996;22:104-112. 
[25] Frazier. W. C. Applying hydrodynamic lubrication theory to predict refiner 

behaviour. Journal of Pulp and Paper Science. 1988;14:1-5. 
[26] Ouellet D. and Weiss. R. Modelling of the nonlinear, axial vibrations of the rotor 

assembly in a disc refiner. Journal of Pulp and Paper Science. 1994;20:259-265. 
[27] Whalley R. and Mitchell D. Pulp refining at resonance. Mechanical Systems and 

Signal Processing. 1999;13:643-665. 
[28] Sinou J-J., Thouverez F. and Jezequel L. Non-linear stability analysis of a complex 

rotor/stator contact system. Journal of Sound and Vibration. 2004;278:1095-1129. 
[29] Storace A. F., Wisler D. C., Shin H-W., Beacher B. F., Ehrich F. F., Spakovszky 

Z. S., Martinez-Sanchez M. and Song. S. J. Unsteady flow and whirl-inducing 
forces in axial-flow compressors: part I-experiment. Journal of Turbomachinery.
2001;123:433-445. 

[30] Ehrich F. F., Spakovszky Z. S., Martinez-Sanchez M., Song S. J., Wisler D. C., 
Storace A. F., Shin H-W. and Beacher B. F.. Unsteady flow and whirl-inducing 
forces in axial-flow compressors: part II-analysis. Journal of Turbomachinery.
2001;123:433-445. 

[31] Myllerup C. M. and Keith. G. Whirl frequency dependent alford forces in axial 
compressors. Proceedings of ASME Turbo Expo. Vienna, Austria, June. 2004;14-
17:581-592. 

[32] Kim H. S., Cho M. and Song S. J. Stability analysis of a turbine rotor system with 
alford forces. Journal of Sound and Vibration. 2002;258:777-790. 

[33] Jiang P-L.and Yu. L. Effect of a hydrodynamic thrust bearing on the statics and 
dynamics of a rotor-bearing system. Mechanics Research Communications 1998;2:219-
224.

[34] Amiri R. and Hofmann R. Dynamic compressibility of papermaking pulps. Paper
and Timber. 2003;85:100-106. 

[35] Höglund H., Sohlin U. and Tistad G. The effect of physical properties of the 
wood on chip refining. Proceedings in Int. Mech. Pulping. Conf. San Francisco, 
USA, June. 1975:77-85 

[36] Backlund H-O., Höglund H. and Gradin P. Study of tangential forces and 
temperature profiles in commercial refiners. Proceedings in IMPC Quebec City June.
2003;2-5;379-386. 



M. Karlberg - Rotordynamical Concept Evaluation of Fibre Refiners 

46

[37] Senger J., Siadat A., Ouellet D. and Wild P. Measurement of normal and shear 
forces during refining using a piezoelectric force sensor. International Mechanical 
Pulping Conference. 2003:403-407. 

[38] Senger, J. Olmstead M., Ouellet D. and Wild P. Measurement of normal and 
shear forces in the refining zone of a tmp refiner. PAPTAC 90th Annual Meeting.
2004:17-21. 

[39] Harris T. A. Roller Bearing Analysis, 3rd ed. New York: Wiley. 1991.
[40] Ulrich K. T and Eppinger S. D. Product design and development, 2nd ed. USA: 

McGraw-Hill. 2000. 
[41] Cross N. Engineering design methods-strategies for product design, 3rd ed. 

Chichester: John Wiley & Sons. 2000. 
[42] Wheelwright S. C. and Clark K. B. Revolutionizing product development. New 

York: Macmillan Inc. 1992. 
[43] Otto K. and Wood K. Product design-Techniques in reverse engineering and new 

product development. New Jersey: Prentice Hall. 2001. 
[44] Pahl G. and Beitz W. Engineering design-A systematic approach. London. Springer.

1996.
[45] Yamamoto T. and Ishida Y., Linear and Nonlinear Rotordynamics a Modern 

Treatment with Applications. John Wiley & Sons: Inc. New York. 2001. 
[46] Aidanpää J-O. Dynamics of some vibro-impacting systems with amplitude 

constraints. Luleå. Doctoral thesis. 1995. ISSN 0348-8373. 
[47] Qin W. Chen G. and Meng G. Nonlinear responses of a rub-impact overhung 

rotor. Chaos, Solitons and Fractals. 2004;19:1161-1172. 
[48] Choy F.K, Padovan J. and Yu C. Full rubs, bouncing quasichaotic orbits in 

rotating equipment. Journal of the Franklin Institute. 1990;327:25-47. 
[49] Karpenko E.V, Pavlovskaia E.E. and Wiercigroch M. Bifurcation analysis of a 

preloaded Jeffcott rotor. Chaos, Solitons & Fractals. 2003;15:407-416. 
[50] Chu F. and Zhang Z. Bifurcation and chaos in a rub-impact Jeffcott rotor system. 

Journal of Sound and Vibration. 1998;210:1-18. 
[51] Beatty R.F. Differentiating rotor response due to radial rubbing. Journal of 

Vibration, Acoustics, Stress and reliability in design. 1985;107:151-160. 
[52] Kim Y-B. and Noah S.T. Quasiperiodic response and stability analysis for a 

nonlinear Jeffcott rotor. Journal of Sound and Vibration. 1996;190:239-253. 
[53] Isaksson J. L. Dynamics of rotors influenced by rubbing contacts. Linköping. 

Doctoral thesis. 1997. ISBN 91-7871-936-4. 
[54] Jiang J. and Ulbrich H. Stability analysis of sliding whirl in a nonlinear Jeffcott 

rotor with cross-coupling stiffness coefficients. Nonlinear Dynamics. 2001;24:269-
283.

[55] Inman D. J. Engineering Vibration, 2nd ed. New Jersey: Prentice-Hall.2001 
[56] Lin F, Schoen M.P. and Korde U.A. Numerical Investigation with rub-related 

vibration in rotating machinery. Journal of Vibration and Control. 2001;7:833-848. 
[57] Karpenko E.V, Wiercigroch M. and Cartmell M.P. Regular and chaotic dynamics 

of a discontinuously nonlinear rotor system. Chaos Solitons and Fractals.
2002;13:1231-1242. 

[58] Meirovitch L. Fundamentals of Vibrations. New York: McGraw-Hill, 2001. 



M. Karlberg - Rotordynamical Concept Evaluation of Fibre Refiners 

47

[59] Barret LE, Gunter EJ & Allaire PE. Optimum bearing and support damping for 
unbalance response and stability of rotating machinery. Journal of Engineering for 
Power. 1978;100:89-94. 

[60] Vance JM. Rotordynamics of turbomachinery. New York: Wiley & sons. 1988. 
[61] Genta G & Bona F. Unbalance response of rotors: A modal approach with some 

extensions to damped natural systems. Journal of Sound and Vibration.
1990;140(1):129-153. 

[62] Meirovitch L. A new method of solution of the eigenvalue problem for 
gyroscopic systems. American Institute of Aeronautics and Astronautics Journal.
1974;12:1337-1342. 

[63] Sawicki JT & Genta G. Modal uncoupling of damped gyroscopic systems. Journal 
of Sound and Vibration. 2001;244:431-451. 

[64] Kreyszig E. Advanced engineering mathematics, 8th ed. New York: Wiley & sons.
1999.

[65] Nelson HD. Rotor dynamics equations in complex form. Journal of Vibration, 
Acoustics, Stress and reliability in design. 1985;107:460-461. 

[66] Genta G. Whirling of unsymmetrical rotors: a finite element approach based on 
complex co-ordinates. Journal of Sound and Vibration. 1988;124(1):27-53. 

[67] Mattheij R. M. M. and Molenaar J. Ordinary differential equations in theory and 
practice. Chichester: John Wiley & Sons. 1996. 

[68] Karpenko E.V, Wiercigroch M, Pavlovskaia E.E. and Cartmell M.P. Piecewise 
approximate analytical solutions for a Jeffcott rotor with a snubber ring. 
International Journal of Mechanical Sciences. 2002;44:475-488. 

[69] Kim, T.C., Rook, T.E and Singh R. Effect of smoothening functions on the 
frequency response of an oscillator with clearance non-linearity. Journal of Sound 
and Vibration. 2003:263:665-678.  

[70] Kincaid D. and Chency W. Numerical analysis-Mathematics of scientific 
computing, 3rd ed. USA: Thomson Learning Inc. 2002. 

[71] Murphy B. T, Kitzmiller J. R, Zowarka R., Hahne J. and Walls A. 
Rotordynamics design and test results for a model scale compulsator rotor. 
Transactions on Magnetics. 2001;37:310-313. 

[72] Howard S. A. Rotordynamics and design methods of an oil-free turbocharger.
Tribology Transactions, 1999;42:174-190. 

[73] Yim K. B., Noah S. T. & Vance J. M. Effect of tangential torque on the dynamics 
of flexible rotors. Journal of Applied Mechanics. 1986;53:711-718. 

[74] Pennink H. The state of the art of high speed overhung centrifugal compressors 
for the process industry. Proceedings of the Seventh Turbomachinery symposium, Texas 
A&M University. 1978:35-46. 

[75] Hilborn R. C. Chaos and nonlinear dynamics-An introduction for scientists and 
engineers, 2nd ed. Oxford: Oxford university press. 2000. 



M. Karlberg - Rotordynamical Concept Evaluation of Fibre Refiners 

48



Paper A 





Evaluation of rotordynamical concepts subjected to rotating unbalance and impulse 
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The Polhem Laboratory, Division of Computer Aided Design, Department of Mechanical Engineering, Luleå University 
of Technology, SE-971 87 Luleå, Sweden. 

One problem in conceptual design is to decide what combinations of design parameters to use in order to 
fulfil some dynamical requirements. The aim of this paper is to present a general method to dynamically 
evaluate rotor concepts at an early stage of the product development. Taking gyroscopic effects into 
account, a four d.o.f model (2 translational and 2 angular) of an isotropic and unbalanced rigid body rotor 
has been used for the analysis. By introducing nondimensional design parameters the number of 
parameters needed to describe the complete design space is minimized. The responses are solved 
analytically for both unbalance and impulse loading. These responses have then been used to define 
requirement variables, which are used to evaluate different concepts. By selecting a certain ratio of the 
moments of inertia it has been possible to visualise the reduced nondimensional design space within three 
dimensional plots. By analysing this space different concepts are discussed and some dynamically 
favourable design solutions are suggested.  

1. Introduction 

In conceptual design there are usually a lot of requirements due to cost, size, tolerances, weight etc. that needs to be 
fulfilled. In order to determine whether a certain concept satisfies these or not, knowledge about the system need to be 
developed. From a dynamical point of view this imply that a model, accurate enough for the purposes, has to be derived 
and analysed. By neglecting torsional and axial displacements of a rigid body, a system of four second order linear 
differential equations can be derived. This type of mathematical model have previously been used to analyse for 
example bifurcations of natural frequencies [1], disc screw [2], forward and backward precession [3-6] and unbalance 
response [7]. In this paper a general version of this model has been used to analyse the responses of unbalance and 
impulse loading.  

There are several different methods to solve the resulting eigenvalue problem of this kind of gyroscopic systems. 
Modal uncoupling is one way [8, 9], and superposition (used in this paper) is another [10]. It has also been shown that 
these equations can be formulated in complex notation [11, 12].  
  Another important problem for concept evaluation is how to scale a good concept. Nondimensional numbers is then 
a strong tool to maintain dynamical properties when the system is scaled. Nondimensional stiffness and damping ratio 
have been used for stability analyses of rotordynamical systems by Barret [13]. Vance [14] discussed different -groups 
for size and speed and Genta [15, 7] have for example defined nondimensional displacement and frequencies. Another 
way to get nondimensional numbers is, as in this paper, to scale the variables in the equation of motion properly so that 
the number of parameters reduces and becomes nondimensional. This gives a simplified equation with less parameters 
to vary, and hence it is possible to visualise the design space i.e. a space that contains all the interesting concepts and 
their responses.  
 Due to dynamical requirements, new variables can be defined which in here are called requirement variables. A 
requirement variable is used for evaluation and can for example be acceleration [16], logarithmical decrement [17, 18] 
or displacement [19]. It is essential that these variables are defined properly so that the design space is representative for 
the required dynamical properties. 
 The aim of this paper was to present a method which can be used to dynamically evaluate different rotor concept at 
an early stage of the development. When dealing with multidimensional properties in conceptual evaluation it is 
difficult to investigate the results. Therefore, as a consequence of the aim, a method for visualisation had to be found in 
such way that conclusions could be drawn.  



2. Model 

One problem in conceptual design is to create a general simple model, which captures the main characteristics of the 
system, rather than details. If it is possible to create such a model one can at an early stage analyse fundamental 
dynamical properties of different concepts. These results are useful for the concept evaluation and also for product 
development.   

2.1 Equation of motion 
The rotor is described as a rotational symmetric rigid body subjected to a loadcase due to unbalance, stiffness and 

other external exposure. By neglecting torsion and axial displacement, a four d.o.f model have been derived. The 
equations of motion for this model can generally be written as [7], 
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The d.o.f are translation of the geometrical centre in X- and Y-direction and rotation ( , ) about these axes (see 
figure 1).  

Figure 1. Physical model of the rotor 

Equation (1) contains nine positive numbered design parameters (m, Jt, Jp, ,  and k1-k4) where m is the mass of the 
rigid body, Jt, the transversal- and Jp the polar principal moments of inertia. The rotor is spinning with constant angular 
velocity  and has an eccentricity  (distance from the geometrical centre to the centre of gravity). A general way of 
describing the isotropic stiffness the rotor experiences are by four parameters k1-k4 as shown in equation (1). Loading 
due to surrounding exposures are denoted F for forces and M for moments as function of time (see figure 1).  

It is important to be aware of the limitations of the model and to make sure that it represents the concepts well 
enough. The model used for this paper assumes a rigid and rotational symmetric rotor with constant spin speed and 
small angles. It only consists of four d.o.f and does not include damping and nonlinear effects.  

2.2 Scaling 
One way of reducing the number of design parameters affecting the dynamical characteristics is by scaling the 

equations of motion. Introducing the nondimensional (marked with a ‘*’) d.o.f and time,  

XX 1* , YY 1* , 2
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m
k , 2
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m
k  and t*                                                              (2-6) 

into equation (1) gives, 
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The nondimensional design parameters then becomes, 
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and the external loading, 
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The number of parameters in the problem has now been reduced from nine to four.    

          
3. Requirement variables and design space 

When the model has been decided and the number of parameters reduced, it is desirable to show what parameter 
combinations that fulfil some design requirements. From a dynamical point of view design requirements can be for 
example thresholds for accelerations or logarithmical decrement, minimum of energy or as in the case of this study 
limitation of amplitudes. This variable, which besides verifying that the requirements are fulfilled also evaluates 
different concepts, will be referred to as R.V (Requirement Variables). The space spanned by the design parameters and 
the R.V is called design space, D, and is usually of too high order to visualise graphically. If however the design 
requirements does not demand coupling between the R.V it is possible to separate the designspace into subspaces Ds just 
containing one R.V.

The R.V in this paper are r* and *, where r* is defined as the maximum nondimensional distance between the 
geometrical centre and the Z-axis, 

max

2*2** )()( YXr ,                                                   (16) 

 and * as the maximum nondimensional angle between the rotor and the XY-plane, 

max

2*2** )()( .                                                (17) 

Four nondimensional design parameters and two R.V gives D 6, which is impossible to visualise graphically. 
There is however no coupling between the R.V, which makes it possible to create two subspaces Ds’

5 instead. These 
subspaces are still not possible to visualise and hence one design parameter must be held constant. This gives two 
subdesign spaces Ds

4, which can be represented in three dimensional plots where the axes are given by three 
nondimensional design parameters and the colour shows the value of the R.V in every design point. This is of course a 
volume containing different colours, and in order to see the colours in this ‘solid’, slices for discrete values of the 
nondimentional design parameters are visualised (see for ex. figure 2). The complete Ds can only be visualised by 
animations where one (or more) slices are stepping through every value of one of the nondimensional design parameter. 
It follows that certain values of the nondimensional design parameters, which represent infinite many concepts, 
corresponds to one point (design point) in the Ds.

The responses, which give the R.V, are depending of what type of loading the rotor is exposed to and in this study 
both unbalance and an impulse will be considered. This gives the characteristics for concepts exposed to harmonic 
loading and transients separate.  

4. Results 

From simulations it has been found that the R.V depends weakly of J* compared to the nondimensional stiffness for 
subcritical rotors. Therefore J* will be held constant in the simulations, and Ds will hence be plotted for J*=0.5 (a long 
rotor) and J*=2 (a disc). 



4.1 Response due to unbalance 
Unbalances give raise to harmonic loading in the translational d.o.f (F and M are zero) and hence the particular 

solution is of interest. By solving equation (7) an expression for the nondimensional d.o.f as function of * is derived as, 
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where Qp
* is the nondimensional state vector of the particular solution and Vp

* are analytically solved vectors built 
by expressions containing the design parameters. By combining equation (18) with equation (16) and (17), expressions 
for the R.V as function of the nondimensional design parameters are found and hence the Ds can be plotted. 

       
Figure 2. Subdesign spaces for the unbalance force when J*=0.5 (a long rotor). 

Figure 2 shows the Ds of the unbalance response when J*=0.5 (a long rotor). Red colour indicates high values of the 
R.V whereas blue indicates low values. The designpoint marked with a yellow dot represents an existing concept at a 
certain spin speed. The whole volume of the Ds contains colours representing the value of the R.V. For visualisation 
planes (slices) has to be drawn in this ‘solid’ as in figure 2 where the planes k1

*=100, k3
*=2000 and k4

*=25 are shown. 
In these large scale plots it is almost impossible to see any differences for the Ds when J*=2 (a disc) and therefore those 
figures not are included. Differences for various values of J* clearly occurs when looking into a smaller volume of Ds
nearby origin (supercritical rotors). 

Figure 3. Part of the subdesign spaces for r* when J*=0.5 (left picture) and J*=2 (right picture) and the rotor are 
subjected to an unbalance force. 

Figure 3 shows the volume 0<k1
*=k3

*=k4
*<1 of Ds for r* when J*=2 and J*=0.5. Figure 4 shows the same volumes 

for * and in these figures the slices k1
*=1, k3

*=1 and k4
*=0.5 are visualised. Figure 3 and 4 represents concepts 

operating at high speeds, and obviously there are significant differences between long rotors and discs. 

Figure 4. Part of the subdesign spaces for * when J*=0.5 (left picture) and J*=2 (right picture) and the rotor are 
subjected to an unbalance force. 



In appendix (A.1) the expression 
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has been derived for the resonance surface.  
    

4.2 Response due to impulse 
Often a rotating system is subjected to transient loads and hence an impulse response have been analysed. An 

Impulse is a transient load and hence the homogenous solution of equation (7) is used for the analysis. An impulse 
changes the momentum of a system, which leads to a sudden change in initial velocities (the mass is assumed to be 
constant). The solution to the homogenous part of equation (7) have been derived as, 
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where Qh is the statevector of the homogenous solution,  the eigenvalues and Vh the corresponding eigenvectors. 
The impulse is applied at time ( *=0) when the balanced rotor is running at spin speed. Calculating the change in initial 
velocity due to the impulse and keeping all other initial conditions zero, the constants Cj can be solved from equation 
(20). By combining equation (20) with equations (16) and (17), expressions for the R.V as function of the 
nondimensional design parameters are found and hence the Ds can be plotted. 

Figure 5. Subdesign spaces for an impulse in X-direction when J*=0.5.

Figure 5 shows the Ds for J*=0.5 when the rotor has been subjected to an impulse in X-direction. Areas with no 
colour represent R.V that grows exponentially towards infinity (unstable volume).   
These plots indicate that there exists a certain surface, which separates the stable and unstable volumes. In appendix 
(A.2) stability has been analysed and it has been found that the unstable solutions requires that k1

*k4
*< k3

*. Figure 5 also 
shows how the design point changes for a certain concept when increasing the spin speed (Higher speed leads to design 
points closer to the origin). 

For supercritical rotors small variations was found between different values of J* when analysing an impulse, which 
is why those plots are excluded in this paper.   

5. Discussion 

The design space defined in this paper can be used in conceptual design as a general tool to analyse dynamical 
properties of different concepts. Since each concepts correspond to a limited volume in design space one can analyse 
possibilities and limitations of different concepts. Another way to use the method is to choose an acceptable design 
point and try to find solutions for different concepts.  

In product development the method can be used to evaluate consequences of scaling. The nondimensional design 
parameters of equation (8)-(11) indicate how to scale the machine in order to maintain equal dynamical properties. If 
the aim is to improve the dynamical properties, the subdesign space can be used to find how to change the design 
parameters. In this paper only two load cases have been studied. For another load case or process the same method can 
be used but it is likely that new requirement variables have to be defined in order to satisfy critical conditions for the 
specific process. 

From the equations (8)-(11) it can be found that high-speed rotors represent design points close to the origin. These 
points correspond also to concepts with low stiffness or high mass. On the contrary, concepts with high stiffness, low 
spin speed or low mass corresponds to design points far from the origin. From the figures above the dependency of J*

seems to become significant only for design points near the origin of the particular solution. This indicates that the 



choice of keeping J* constant in the simulations gives an acceptable approximation of the design space below the 
critical speed. In appendix (A.1) an expression for the amplitudes of the particular solution has been derived (see 
equation (A3) and (A4)). The nominator of equation (A3) shows that if k4

*=1-J* then X* and Y* becomes zero and hence 
by equation (16) r* also becomes zero. But k4

* >0 which means that this is only possible for long rotors (J* <1). 
Important to notice is that this zero amplitude plane is found by only considering the particular solution, which 
represents the long run behavior of machines only subjected to unbalance force. In practice there are often some 
disturbances due to the surrounding which means that the homogenous equation becomes significant and hence r* will 
not be zero.    

From the results in figures 2 to 5 one can conclude that low vibration levels are obtained for concepts with high 
values of k1

*, k4
* and low k3

*. This is only true for low speed rotors, which are of main interest in this Paper. For high 
speed rotors, the design volume of interest is for parameter values close to the origin (approximately k1

*<1 and k4
*<1). 

One interesting concept is when a rotor is symmetrically supported along the Z-axis. This case can be identified by 
k2=k3=0 or in nondimensional design parameters k3*=0. Inspection of this plane in the figures 2 to 5 shows that * is 
zero for both unbalance and impulse force. This can be used in design of machines, which are sensitive to angular 
displacements. 

In this design space there exist regions that are unstable. Analysis of this stability showed that the critical condition 
for instability was k1

*k4
*= k3

*. One important thing to notice is that the unstable volume does not appear in the 
simulations of the unbalance force (see figure 2 and 3). On the contrary these simulations mainly shows quite small 
amplitude in this volume. This means that there are situations when it is important to consider both the particular and 
the homogenous solution before a design point is chosen.    
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Appendix A 

By introducing the substitutions Z*=X*+iY* and *= *-i *, equation (3) only subjected to a unbalance force can be 
written in complex notation as, 

0
1

0
00

10
01 *

*

*

*
4

*
3

*
1

*

*

**

* ieZ
kk

kZ
iJ

Z .                                                              (A1) 

A.1 Resonanse 
Introducing a particular solution to equation (A1) on the form 

**** i
ppp eZQ                                           (A2) 

gives two equations. Solving for the two unknown amplitudes Zp
* and p

* gives, 
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Substituting equation (A3) and (A4) into equation (A2) then gives the final particular solution. Resonance will occur 
when the denominator of the complex amplitudes are zero. This gives the resonance condition 
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A.2 Stability 
Introducing a solution to homogenous part of equation (A1) on the form, 

**** i
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where  is an eigenfrequency, Zh
* and h

* constants in the corresponding eigenvector, gives a regular eigenvalue 
problem. Nontrivial solutions are maintained by letting the determinant of the matrix in this eigenvalue problem be 
zero. In the simplified case when J* =0 this gives an expression for the eigenvalues as 
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If the right hand side of equation (A7) is less than zero, then is a complex number and hence there exist an 
unstable solution. This means that instability occurs when, 
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Abstract

The nonlinear vibrations of a rotor system with bearing clearance are considered. The model consists of an un-

balanced shaft with two d.o.f connected to a nonrotating massless housing by linear springs and dashpots. The

clearance occurs when the housing (modelled as a ring) has a radius less than the stator. The behaviour of this system

has been investigated with the use of time histories, Poincar�ee maps, bifurcation diagrams, Lyapunov exponents, phase

portraits, cell mapping and design space. Numerical simulations have achieved these results. The main objective was to

find possible causes of failure in machines containing this type of clearance. The existence of subharmonic, quasi-

periodic or even possible chaotic motion has been found. It is shown that these motions may give raise to bouncing

modes, which results in high bearing forces and hence can be a possible cause of failure.

� 2003 Elsevier Science Ltd. All rights reserved.

1. Introduction

In some rotor concepts it is important to control the axial position of the rotor. This means that some part of the

machine must have the possibility to perform an axial displacement with respect to the stator. For certain machines this

motion is performed by the complete rotor and bearing assembly which then must be separated from the stationary

parts. This separation creates a clearance, which is a strongly nonlinear dynamical component, and hence may give raise

to unwanted vibrations. It is desirable to know how this type of clearance affects the dynamics of the system. Several

studies have earlier been made on clearance effects in systems based on the Jeffcott rotor [1–6]. Even for this simple

model with two d.o.f. it is difficult to draw conclusions which require regular geometric representation of the responses.

The presence of a clearance implies that the rotor motion will be derived from piecewise (linear or nonlinear) equations.

This type of discontinuity is often modelled as two states, in and out of contact where the later refers to the regular Jeffcott

model. If the amplitudes in this model exceeds the clearance contact forces are introduced. The normal component of the

contact force is often considered proportional to the contact displacement and sometimes also to the contact velocity. If

rubbing is considered the tangential contact force is often modelled by Coulomb friction (see for ex. [7–9]).

This kind of models have previous been used to discuss different periodicity and bifurcations at different sets of

parameters [8,9]. In [10] approximate analytical solutions for a Jeffcott rotor with a snubber ring was found, while Chu

and Zhang [11] used Fourier series and the Floquet theory to investigate bifurcations and stability. Quasi-periodic

response was investigated by Kim in [12] and stability for full annular rub in a model with cross-coupling stiffness

coefficients by Jiang [13].
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By adding new aspects to the Jeffcott model new effects could be studied. The influence of torsion has for example

been investigated [14] by adding a third d.o.f for the rotational angle. In [15] the dynamics of a preloaded snubber ring

was studied. A rotor supported on oil film bearings was discussed in [16] and thermal effects due to rubbing as well as

looseness in a stationary joint by Muszynska [17,18].

The model used in this paper has a rotor (still with two d.o.f) which is connected to a nonrotating massless ring by

linear springs and viscous dashpots. As a consequence of different radius of this ring and the stiff stator (support) a

clearance will be present. This means that the contact occurs between this nonrotating ring and the stator and not

between the rotor and stator.

In a regular Jeffcott model there are always restoring forces present when the centre of the rotor is displaced from the

centreline of the supports. In the model used in this paper the corresponding restoring forces will only be present when

the clearance has been exceeded (in contact).

One common simplification is that the direction of the friction force is known (if it even is included). This is because

the spin speed usually is high and hence the direction of the tangential velocity in contact approximately will be known.

Since the ring does not rotate in the model used in this paper that simplification would probably lead to errors.

In order to show different types of motion and transitions between them time histories, Poincar�ee maps, bifurcation

diagrams and phase portraits have been used. The maximum Lyapunov exponent has been used to study sensitivity to

perturbations and cell mapping have been used to indicate the presence of multiple solutions. A subdesign space

spanned by three design parameters and a requirement variable has been constructed. In this paper the chosen

requirement variable is maximum normal bearing force since it can be a possible cause of failure.

2. The model

The model proposed in this paper is shown in Fig. 1(a). A rigid shaft with mass (m) spin speed (X) and eccentricity (c)
is connected to a nonrotating massless ring by springs of stiffness (k) and linear viscous dashpots with damping constant

(c). The outer ring is the rigid stator, which is attached to the ground. The clearance (d) is defined as the difference

between radius of the stator and the ring. This system can be identified as a rotating shaft connected to the housing by a

linear symmetric bearing, and the outer ring represents the stationary parts of the support. In order to maintain the

possibility for the housing to perform axial motion with respect to the support during operation, a clearance between

these parts has to exist.

2.1. Equation of motion

The rigid shaft has 6 d.o.f, but in this paper only translation in i
*

and j
*

direction will be considered. In Fig. 1(b) the

position vectors to the centre of the shaft ( r
*
) and the ring ( r

*
r) are shown. They can be expressed by their components

as,

r
* ¼ x i

* þ y j
* ð1Þ

r
*

r ¼ xr i
* þ yr j

*

: ð2Þ

Fig. 1. (a) The clearance model (b) metric (c) external forces.
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The unit normal- and tangential vectors (n
*
and t

*
) are defined from the position vector of the ring as

n
* ¼ 1

j r*rj
ðxr i

* þ yr j
*Þ ð3Þ

t
* ¼ 1

j r*rj
ðyr i

* � xr j
*Þ ð4Þ

The external forces are defined in Fig. 1(c). Fn is the normal contact force (with the opposite normal direction so that

Fn P 0), Ft the friction force and Fx, Fy the bearing forces.

The equations of motion for the shaft is

m€xx ¼ mcX2 cosðXtÞ � Fx ð5Þ
m€yy ¼ mcX2 sinðXtÞ � Fy � mg ð6Þ

where g is the gravity and a over dot represents derivative with respect to time (i.e. _xx ¼ dx=dt). Equilibrium for the ring

gives that

Fn ¼ n
* � ðFx i

* þ Fy j
*Þ ¼ 1

j r*rj
ðxrFx þ yrFyÞ ð7Þ

Ft ¼ � t
* � ðFx i

* þ Fy j
*Þ ¼ 1

j r*rj
ð�yrFx þ xrFyÞ ð8Þ

where

Fx ¼ kðx� xrÞ þ cð _xx� _xxrÞ ð9Þ
Fy ¼ kðy � yrÞ þ cð _yy � _yyrÞ ð10Þ

Coulomb friction implies that

jFtj ¼ lFn ð11Þ
The states of the system must belong to one of the categories free flight, static contact or dynamic contact. In free

flight the ring is not in contact with the support and hence no external forces exist. In static contact the friction are not

fully developed and hence the ring does not move. In dynamic contact the friction is fully developed and hence the ring

slides against the stator.

The conditions to evaluate which category the state of the system belong to is both kinematic and kinetic.

2.1.1. Free flight

The condition for free flight state is that j r*rj < d which means no contact between the ring and the support and

hence

Fn ¼ Ft ¼ Fx ¼ Fy ¼ 0 ð12Þ
Eq. (12) together with (5), (6), (9), (10) and initial conditions give solvable equations of motion.

2.1.2. Static contact

The conditions for static contact are Fn > 0 and jFtj < lFn, which means that the friction is not fully developed and

hence

_xxr ¼ _yyr ¼ 0 ð13Þ
This gives that the entering position of the ring will be remained as long as the state belongs to static contact. Com-

bining Eqs. (5), (6), (9), (10), (13) together with the initial conditions gives solvable equations of motion.

2.1.3. Dynamic contact

The conditions for dynamic contact are Fn > 0, jFtj ¼ lFn, and that the velocity of the ring only has a component in

tangential direction so

vrn ¼ v
*

r � n* ¼ ð _xxr i
* þ _yyr j

*Þ � 1

j r*rj
ðxr i

* þ yr j
*Þ ¼ 1

j r*rj
ð _xxrxr þ _yyryrÞ ¼ 0 ð14Þ
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The condition jFtj ¼ lFn together with Eqs. (7) and (8) gives

b

j r*rj
ð�yrFx þ xrFyÞ ¼ l

j r*rj
ðxrFx þ yrFyÞ ð15Þ

where b is a parameter which makes sure that Ft is greater than zero. If the vector r
*

r � v
*

r has the same direction as the

spin vector (k
*

) then the friction force will have the predefined direction and hence be positive so b ¼ 1. If on the other

hand these vectors have the opposite direction the friction force will be negative and hence b ¼ �1. This can be written as

b ¼ sgnbð r*r � v
*

rÞ � k
*

c ð16Þ

where

ð r*r � v
*
rÞ � k

*

¼ xr _yyr � yr _xxr ð17Þ
Solving Eqs. (9) and (10) for the ring velocities, and then substituting those expressions into Eq. (14) gives an equation

which contains Fx and Fy . Solving this equation together with Eq. (15) for Fx and Fy gives

Fy ¼ fyr½kðy � yrÞ þ c _yy� þ xr½kðx� xrÞ þ c _xx�gðbyr þ lxrÞ
yrðbyr þ lxrÞ þ xrðbxr � lyrÞ ð18Þ

Fx ¼ bxr � lyr
byr þ lxr

Fy ð19Þ

These equations for the bearing forces together with Eqs. (5), (6), (9), and (10) gives solvable equations of motion.

2.2. Nondimensional form

Introducing the nondimensional quantities

x̂x ¼ x
c
; ŷy ¼ y

c
; x̂xr ¼ xr

c
; ŷyr ¼

yr
c
; t̂t ¼ t

ffiffiffiffiffiffiffiffiffi
k=m

p
; bXX ¼ Xffiffiffiffiffiffiffiffiffi

k=m
p ; f ¼ c

2
ffiffiffiffiffiffi
km

p ð20Þ

into Eqs. (5)–(8) give

x̂x00 ¼ bXX2 cosðbXX t̂tÞ � F̂Fx ð21Þ
ŷy00 ¼ bXX2 sinðbXX t̂tÞ � F̂Fy � ĝg ð22Þ

F̂Fn ¼ 1

jbr*r*rj
ðx̂xrF̂Fx þ ŷyrF̂FyÞ ð23Þ

F̂Ft ¼ 1

jbr*r*rj
ð�ŷyrF̂Fx þ x̂xrF̂FyÞ ð24Þ

where

F̂Fx ¼ ðx̂x� x̂xrÞ þ 2fðx̂x0 � x̂x0rÞ ð25Þ
F̂Fy ¼ ðŷy � ŷyrÞ þ 2fðŷy0 � ŷy0rÞ ð26Þ

jbr*r*rj ¼ j r*rj
c

; jbr*r*j ¼ j r*j
c

ð27Þ

ĝg ¼ gm
kc

ð28Þ

and a prime represents derivative with respect to t̂t (i.e. x̂x0 ¼ dx̂x=dt̂t). In nondimensional form the conditions for free flight

becomes jbr*r*rj < bdd where bdd ¼ d=c. The conditions for static contact are F̂Fn > 0 and jF̂Ftj < lF̂Fn, and for dynamic contact

F̂Fn > 0, jF̂Ftj ¼ lF̂Fn and x̂x0r x̂xr þ ŷy0rŷyr ¼ 0. By writing the equations in nondimensional form the number of parameters have

been reduced to five (f, ĝg, l, bXX and bdd).
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3. Simulation

The simulation codes have been written in Fortran, and the results were presented in Matlab. The simulations

includes time history, Poincar�ee maps, bifurcation diagrams, Lyapunov exponent, phase portrait, cellmapping and

design space. The state space of this system is of order 7, which makes it difficult to visualise all dimensions in the same

plot (for example Poincar�ee maps to determine the periodicity). There are plots in this paper where subsets of the

state space have been plotted even though all dimensions should be visualised in order to be able to draw general

conclusions.

3.1. Solution procedure

The discrete time evolution can be simulated by the equations of motion together with the contact conditions. It is

however a problem to determine which set of equations that are valid at each instant of time. Therefore, the main

strategies for the simulations are discussed below.

As mentioned earlier the state can belong to three possible categories (free flight, static- and dynamic contact). The

valid category is determined by the kinematic condition for the radial displacement of the ring, and the kinetic con-

ditions for the normal and tangential forces. When the category for the previous increment has been determined Eqs.

(5)–(10) is used to predict the next state. If this new state belongs to contact it is forced to be static (i.e. the velocities of

the ring are set to zero). The friction- and normal forces in this ‘‘test state’’ are calculated and checked by the kinetic

conditions. If these conditions verify that static contact is correct, then the state is preserved as it is. If however they

show that dynamic contact should be present the tangential velocity for the ring are changed to fit the bearing forces

which are calculated from Eqs. (18) and (19). Finally if the conditions show that the state belongs to free flight the ring

velocities are changed to match the bearing forces, which are set to zero. When the steady state solutions are of interest

the information is stored after at least 300 periods of the unbalance force have passed.

The Poincar�ee section is defined as

X
¼ b

s
*
s
*
; t̂t t̂t

����
�

¼ n
2pbXX

�

where n ¼ 1; 2; 3; . . . and bs*s* is the nondimensional state vector. The Poincar�ee map is found by storing the state vector at

each section. By taking the Poincar�ee map at different values of one or many control parameters the bifurcation dia-

grams are built.

The largest Lyapunov exponent is obtained by following a perturbated and unperturbated trajectory between the

Poincar�ee sections and analysing whether the length of the perturbation grows or shrink. By simulating the largest

Lyapunov exponent for different values of a control parameter the Lyapunov spectrum is constructed.

Phase portraits are constructed by using nondimensional time t̂t as a parameter and then plotting the projection x̂xðt̂tÞ,
x̂x0ðt̂tÞ of the trajectory

bs*s*.
In order to show whether multiple solutions are present cellmapping has been used. Starting form different initial

conditions the last Poincar�ee section are plotted and compared to each other. If different states arise from different initial

conditions then multiple solutions are present.

As high bearing force can be a cause of failure it is desirable to see how it depends of the parameters. In this paper

the maximum normal bearing force have been chosen as the requirement variable. This variable evaluates different

combinations of the parameters. If three of the parameters are varied (design parameters) while the rest are kept

constant, it is possible to visualise this subdesign space. It will be a cube with different colours representing the max-

imum normal bearing force, where the axes gives the values of the design parameters. In order to see something in this

plot slices are cut for different values of the design parameters.

4. Results

It is easy to understand that this model has multiple solutions. Take the case when the spin speed is zero. Due

to friction the ring can stay at rest in an interval close to the lowest position of the support. In Fig. 2 the contact

points in real coordinates between the ring and the ground are plotted in order to illustrates this presence of different

solutions. The initial positions are shown in the left picture and the right picture shows that the end positions are not the

same.
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4.1. Bifurcation diagrams and Lyapunov spectrum

There are five parameters in the nondimensional description of this system. By choosing one of them as a control

parameter (while the others are kept constant) bifurcation diagrams can be constructed. In all bifurcation diagrams the

control parameter increases. In order to get rid of the transient the first Poincar�ee section are performed after 300 periods

of the unbalance force and then the following 100 sections are stored. Note that when the type of motion is discussed

below more detailed bifurcation diagrams and Lyapunov spectra�s have been used beside the ones presented in this

paper. Also Poincar�ee maps at specific sets of parameters have been constructed in order to further support the con-

clusions.

Fig. 3(a) shows a bifurcation diagram of x̂x with bXX as control parameter in the range bXX 2 ½0:01 2�, while the other

parameters are set to f ¼ 0:1, ĝg ¼ 0:2943, l ¼ 0:1 and bdd ¼ 0:5. In this paper subcritical rotors are of main interest and

Fig. 3(a) shows that there exists an interesting subcritical range bXX 2 ½0:420 0:571�. In this range solution with different

periodicity than the driving period can be found. Fig. 3(b) shows both the bifurcation diagram and the Lyapunov

spectrum in the range bXX 2 ½0:4 0:6� with the same set of parameters as in Fig. 3(a). The bifurcation diagram shows that

period doubling bifurcations initially occurs. It also indicates that the period doubling leads to a rangebXX 2 ½0:434 0:461� where the motion transits between possible chaotic and periodic solutions. Then the bifurcation

diagram follows a period two solution (with a jump at bXX � 0:470) which period doubles one time into period four and

then back to period two. This period two transits into a range bXX 2 ½0:508 0:519� where the motion shifts between quasi-

periodic and periodic motion until it finally transit into period two and back to period one.

When designing a rotor containing this type of clearance it can be valuable to understand the effect of variation of

parameters other than bXX. Fig. 4(a) shows the bifurcation diagram of x̂x and the Lyapunov spectrum with bdd as the control

parameter in the range bdd 2 ½0:01 2:5�. The other parameters are set to f ¼ 0:1, ĝg ¼ 0:2943, l ¼ 0:1 and bXX ¼ 0:44. The
bifurcation diagram in this figure indicates that initially a period one transits to a period two and then into a rangebdd 2 ½0:478 1:079� where the solution shifts between multi-periodic and possible chaotic. Then there is a range of period

Fig. 2. Cellmapping when X ¼ 0, l ¼ 0:1, g ¼ 9:81, k ¼ 1E9, c ¼ 346410, m ¼ 3000, c ¼ 1E)4 and d ¼ 5E)5.

Fig. 3. Bifurcation diagram for f ¼ 0:1, ĝg ¼ 0:2943, l ¼ 0:1, bdd ¼ 0:5 when (a) bXX 2 ½0:01 2� and (b) bXX 2 ½0:4 0:6�.
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three followed by a range bdd 2 ½1:491 2:006� where again the solution shifts between multi-periodic and possible chaotic.

Finally there is a transition into a period two and then back to period one.

Fig. 4(b) shows the bifurcation diagram of x̂x and the Lyapunov exponent with f as the control parameter in the range

f 2 ½0:01 0:2�. The other parameters are set to bdd ¼ 0:5, ĝg ¼ 0:2943, l ¼ 0:1 and bXX ¼ 0:44. This figure indicates that for
low damping there is a range f 2 ½0:010 0:035� where the rotor demonstrates possible chaotic behaviour. Then the

system transits into a period three which period doubles into a range f 2 ½0:042 0:071� where the solution mainly seems

to be chaotic. Then there is a period four which period doubles into a new possible chaotic range f 2 ½0:083 0:122�.
Then there is a transition into period seven until it again period doubles into a possible chaotic range f 2 ½0:128 0:134�.
Increasing the damping ratio further results in period five which transit into period ten followed by a quasi-periodic

range f 2 ½0:138 0:152� which finally transit into period one.

Fig. 5 shows the bifurcation diagram of x̂x and the Lyapunov exponent with as the control parameter in the range

l 2 ½0 0:4�. The other parameters are set to bdd ¼ 0:5, ĝg ¼ 0:2943, f ¼ 0:1 and bXX ¼ 0:44. This figure indicates that by

increasing the friction coefficient a period three transit into a quasi-periodic range l 2 ½0:010 0:037� except for the range
l 2 ½0:021 0:025�, which consists of multi-periodic solutions. Then there is a range l 2 ½0:037 0:063�, which is domi-

nated by a period six, but shows indications of chaotic motions at some intervals. Then there is a range

l 2 ½0:063 0:134�, which mainly consists of possible chaos, but there are a few ranges which consist of multi-periodic

solutions as well. Finally there is a period two motion which transit into a period one.

For each bifurcation diagram the corresponding Lyapunov exponent shows that the sign changes in bifurcation

points between periodic and chaotic or quasi-periodic motion. This means that the perturbated trajectory switches

between attracting to and repelling from the unperturbated trajectory. The Lyapunov exponent verifies the location of

these bifurcation points.

Fig. 4. Bifurcation diagram for g ¼ 0:2943, l ¼ 0:1 and X ¼ 0:44 when (a) f ¼ 0:1, d 2 ½0:01 2:5� and (b) d ¼ 0:5, f 2 ½0:01 0:2�.

Fig. 5. Bifurcation diagram for bdd ¼ 0:5, ĝg ¼ 0:2943, f ¼ 0:1 and bXX ¼ 0:44 when l 2 ½0 0:4�.
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4.2. Poincar�ee maps and phase portraits for increasing clearance

In order to discuss different trajectories and their periodicity, Poincar�ee maps have been studied. The bifurcation

diagrams show that there exist several qualitatively different Poincar�ee maps depending on the used parameters. In this

paper four qualitatively different Poincar�ee maps in the x̂xx̂x0-plane will be illustrated. The Poincar�ee maps consists of 20 000

Poincar�ee sections where the first are performed after 1000 periods of the unbalance force in order to get the steady state

solution. In these figures four of the parameters are set to ĝg ¼ 0:2943, f ¼ 0:1, bXX ¼ 0:44 and l ¼ 0:1 while bdd is changed

between the figures. This means that the Poincar�ee sections are performed for some discrete bdd values in Fig. 5(a). The

phase portraits are plotted beside the Poincar�ee maps in the same plane ðx̂xx̂x0Þ for 50 periods of the unbalance force in

steady state.

Fig. 6(b) shows the Poincar�ee map when the clearance is set to bdd ¼ 0:4 (see Fig. 4(a)). This figure indicates a period

two motion because of the two distinctive points. Fig. 6(a) shows the corresponding phase portrait which also indicates

a periodic motion. Fig. 7(b) shows the Poincar�ee map when the clearance has increased to bdd ¼ 0:725 (see Fig. 4(a)). This

figure shows the typical quasi-periodic ring structure, but the edges seems to perform some stretching and folding which

is characteristic for chaotic attractors. Fig. 7(a) shows the corresponding phase portrait which is a rather complicated

trajectory.

Fig. 8(b) shows the Poincar�ee map when further increasing the clearance to bdd ¼ 0:97 (see Fig. 4(a)). This figure

indicates that the motion is chaotic due to the fractal like structure of the attractor. Fig. 8(a) shows the corresponding

phase portrait and the trajectories seems to follow a few main orbits which may explain the four islands off attractors.

Fig. 9(b) finally shows the Poincar�ee map when the clearance is set to bdd ¼ 1:8 (see Fig. 4(a)). This figure also indicates

that the motion is chaotic due to the fractal structure. The corresponding phase portrait in Fig. 9(a) shows one main

orbit, which may explain why there is only one attractor.

Fig. 6. Phase portrait and Poincar�ee maps with the set of parameters bdd ¼ 0:4, f ¼ 0:1, ĝg ¼ 0:2943, l ¼ 0:1 and bXX ¼ 0:44.

Fig. 7. Phase portrait and Poincar�ee maps with the set of parameters bdd ¼ 0:725, f ¼ 0:1, ĝg ¼ 0:2943, l ¼ 0:1 and bXX ¼ 0:44.
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4.3. Ring and shaft motion at low frequency ratio

Fig. 3 shows that the first bifurcation (by the meaning of differences in periodicity with respect to the driving period)

for a specific set of parameters occurs about bXX ¼ 0:42. Although the motion has the same frequency as the unbalance

force before this bifurcation point the motion will still experience some changes. These changes can be represented by

different sequences of the three state categories (free flight, static and dynamic contact), which repeat.

At low frequency ratio the sequence consists only of static contact. This is illustrated in Fig. 10(a) by the ring motion

in the x̂xx̂x0-plane (the same set of parameters as for Fig. 4 have been used in Fig. 10). The unbalance force is not enough

to overcome the friction force and hence the ring will be stationary. Fig. 10(b) shows a closed trajectory in the cor-

responding phase portrait at the same frequency ratio.

As the frequency increases the sequence becomes static and dynamic contact, which is illustrated in Fig. 10(c). In the

endpoints there are static contact and between them the ring slides along the stator, which results in dynamic contact.

The corresponding phase portrait shown in Fig. 10(d) is still a closed orbit (at least in this projection) but has changed

in shape compared to Fig. 10.

Increasing the frequency further results in a third sequence which consists of dynamic contact followed by free flight,

dynamic contact and finally static contact which is illustrated in Fig. 10(e). The corresponding phase portrait shown in

Fig. 10(f) has transit into a crossed orbit (at least in this projection) but the motion is still period one.

4.4. Bearing force

Some sets of parameters will in this model give rise to forces which can cause failure. Therefore it is desirable to find

out how these forces vary with some chosen design parameters. If maximum normal bearing force in steady state is used

to evaluate different sets of parameters (requirement variable) the total design space D 2 R6. In order to visualise some

part of this design space, two parameters are kept constant and then the requirement variable are simulated for dif-

ferent combinations of the three remaining design parameters. This subdesign space can be visualised in a volume with

Fig. 8. Phase portrait and Poincar�ee maps with the set of parameters bdd ¼ 0:97, f ¼ 0:1, ĝg ¼ 0:2943, l ¼ 0:1 and bXX ¼ 0:44.

Fig. 9. Phase portrait and Poincar�ee maps with the set of parameters bdd ¼ 1:8, f ¼ 0:1, ĝg ¼ 0:2943, l ¼ 0:1 and bXX ¼ 0:44.
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different colours representing the value the requirement variable. In order to see something inside this volume slices are

cut for specific values of the design parameters.

Fig. 11(a) shows a part of the subdesign space when damping ratio and nondimensional gravity are kept constant

and set to f ¼ 0:1 and ĝg ¼ 0:2943. The ranges of the three remaining design parameters are set to, bXX 2 ½0:01 2�,bdd 2 ½0:01 2� and l 2 ½0 1�. In this figure the slices are cut at bXX ¼ 2, bdd ¼ 1 and l ¼ 0.

Fig. 10. Ring motion and phase portrait with the set of parameters bdd ¼ 0:5, f ¼ 0:1, ĝg ¼ 0:2943, l ¼ 0:1. In (a)–(b) bXX ¼ 0:010,

in (c)–(d) bXX ¼ 0:3000 and in (e)–(f) bXX ¼ 0:4195.

Fig. 11. Part of two subdesign spaces when (a) f ¼ 0:1 and ĝg ¼ 0:2943 and (b) bXX ¼ 0:44 and ĝg ¼ 0:2943.
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In Fig. 11(b) the frequency ratio and nondimensional gravity are kept constant and set to bXX ¼ 0:44 and ĝg ¼ 0:2943.
The ranges of the remaining design parameters are set to f 2 ½0:01 0:2�, bdd 2 ½0:01 2� and l 2 ½0 1�. The slices are cut at
f ¼ 0:5, bdd ¼ 1 and l ¼ 0.

Blue colour represent low values of the maximum normal bearing force while red colour represent forces larger than

sixty percent of the highest force in the volume. Fig. 12(a). shows a bifurcation diagram of x and the resulting maximum

normal bearing force with bXX as control parameter in the range bXX 2 ½0:01 2�. The other parameters are set to f ¼ 0:1,
ĝg ¼ 0:2943, l ¼ 0:1 and bdd ¼ 1:5 (see Fig. 11(a)). Besides the resonance peak regions of subharmonic, quasi-periodic or

chaotic motion shows high normal bearing force. In Fig. 12(b), the ring motion at bXX ¼ 0:95 is shown as an example of

what kind of trajectories that can cause these high forces. The outer bold ring represents exceeded clearance, and

obviously the motion bounces between in and out of contact, which creates high normal bearing forces.

5. Discussion and conclusions

A machine containing the type of clearance discussed in this paper will give raise to strong nonlinear dynamic

behaviour.

The existence of multiple solutions was shown by letting the bearing assembly fall to the stator from different initial

positions with gravity as the only force (see Fig. 2). The difference in final states was a result of the existence of friction.

Bifurcation diagrams and Lyapunov exponents have been used as tools to discuss the changes in periodicity when a

control parameter is varied (see Figs. 3 and 4). Besides periodic motion these simulations indicates bifurcations into

quasi-periodic or even chaotic motion. The bifurcation diagrams show that period one, period two, together with quasi-

periodic motion are dominant within the used parameter ranges.

Figs. 6–9 shows phase portraits and Poincar�ee maps as examples of three different types of motion found in the

bifurcation diagrams. Fig. 6(b) indicates a period two motion due to the two discrete points while Fig. 7(b) indicates

some kind of quasi-periodic motion due to the closed ring form. Figs. 8(b) and 9(b) shows two fractallike structures,

which indicates chaotic motion.

The behaviour at low frequency ratio (below the first bifurcation point in Fig. 3(b)) is illustrated in Fig. 10. Although

a period one motion is present for the three selected frequency ratios, the phase portrait differs between them. Inter-

esting to note is that impacts can occur even for these low frequencies (see Fig. 10(e)).

Fig. 11 shows how the maximum normal force varies with three design parameters while the two remaining pa-

rameters are held constant. In Fig. 11(a) the nondimensional gravity and damping ratio are kept constant (ĝg ¼ 0:2943
and f ¼ 0:1). From this figure it can be concluded that for low frequency ratios the force will be low independent of the

clearance and friction. For supercritical rotors Fig. 11(a) shows that low forces appears when the clearance is small.

Besides the resonance high normal forces are found mainly in the supercritical range for large clearance.

In Fig. 11(b) the nondimensional gravity and frequency ratio are kept constant (ĝg ¼ 0:2943 and bXX ¼ 0:44). This
figure shows that a low clearance will result in low normal forces independent of the damping ratio and the friction.

Low normal force is also found for really high friction (l > 0:7) independent of damping and clearance. This figure

shows high normal forces mainly when high clearance is combined with low damping together with reasonable values of

the friction. Fig. 12 shows that bouncing can be present in regions with high normal force. Bouncing have been found in

some subharmonic, quasi-periodic and chaotic motions and hence may result in failure of the machine. Without

Fig. 12. (a) Bifurcation diagram and maximum normal bearing force for ĝg ¼ 0:2943, l ¼ 0:11, f ¼ 0:1, bdd ¼ 1:5 when bXX 2 ½0:01 2�,
and (b) ring motion when bXX ¼ 0:95.
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changing the complete design this can be avoided by reducing the clearance, introduce more damping or increase the

friction.
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Abstract

The nonlinear vibrations of a rotor system with bearing clearance and stabilising rods are considered. In this paper

the main objective is to evaluate effects of applying stabilising rods and from a dynamical point of view find preferable

parameter ranges.

A piecewise linear two degrees-of-freedom model is proposed. The system is studied and evaluated by analysis of

steady state, bifurcation diagrams, Lyapunov exponents and contact force.

It is shown how transition lines (which separate different categories of motion), periodicity and sensitivity to small

perturbation are affected by the parameters defining the stability rods. By applying specific stabilising rods the peri-

odicity is changed for some parameter ranges, unstable areas are reduced, the total maximum normal contact force is

increased while the dynamical part is mainly reduced.

The analytical expressions for the transition limits can be used as a design tool to choose suitable parameters. It is

concluded that the stability rods should be applied vertically and that high preloading and stiffness prevents the system

from impact motion. The stabilising rods are effective tools to avoid nonlinear behaviors but it is necessary to carefully

analyse the specific application.

� 2003 Elsevier Ltd. All rights reserved.

1. Introduction

In some rotor concepts it is important to control the axial position of the rotor. This means that some part of the

machine must have the possibility to perform an axial displacement with respect to the stator. For certain machines this

motion is performed by the complete rotor and bearing assembly which then must be separated from the stationary

parts. This separation creates a clearance, which is a strongly nonlinear dynamical component, and hence may give raise

to unwanted vibrations.

Several studies have earlier been made on clearance effects in systems based on the Jeffcott rotor [1–6]. Even for this

simple two degrees-of-freedom (DOF) model it is difficult to draw conclusions based on geometric representation of the

state.

The presence of a clearance implies that the rotor motion will be derived from piecewise (linear or nonlinear)

equations. This type of discontinuity is often modelled as two states, in and out of contact where the later refers to the

regular Jeffcott model. If the amplitudes in this model exceeds the clearance then contact forces are introduced. The

normal component of the contact force is often considered proportional to the contact displacement and sometimes also
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to the contact velocity. If rubbing is considered the tangential contact force is often modelled by Coulomb friction (see

for e.g. [7–9]).

This kind of models have previous been used to discuss different periodicity and bifurcations at different sets of

parameters [8,9]. In [10] approximate analytical solutions for a Jeffcott rotor with a snubber ring was found, while Chu

and Zhang [11] used Fourier series and the Floquet theory to investigate bifurcations and stability. Quasi-periodic

response was investigated by Kim and Noah in [12] and stability for full annular rub in a model with cross-coupling

stiffness coefficients by Jiang and Ulbrich [13].

By adding new aspects to the Jeffcott model new effects could be studied. The influence of torsion has for example

been investigated [14] by adding a third DOF for the rotational angle. In [15] the dynamics of a preloaded snubber ring

was studied. A rotor supported on oil film bearings was discussed in [16] and thermal effects due to rubbing as well as

looseness in a stationary joint by Muszynska and Goldman [17,18].

The model used in this paper is based on the model proposed by Karlberg and Aidanp€aa€aa [19]. The model consists of

a rotor (still with two DOF) which is connected to a nonrotating massless ring by linear springs and viscous dashpots.

As a consequence of different radius of this ring and the stiff stator (support) a clearance will be present.

The results from [19] show that dynamical problems with high normal contact forces can occur in this system for

several parameter combinations. In this paper, two stabilising rods are suggested as a possible solution to these dy-

namical problems. Steady state analyses are performed to find limits when the system transits into different categories of

motion. Transition charts are used to show areas of different types of motion and to verify the analysis. Bifurcation

diagrams are used to study different types of motion and the transitions between them. The maximum Lyapunov ex-

ponent as a function of one and two variables has been used to study the sensitivity to perturbations. Variations of the

maximum normal contact force are used to discuss differences between a system with and without stabilising rods.

2. The model

The model proposed in this paper is shown in Fig. 1(a). A rigid shaft with mass ðmÞ spin speed ðXÞ and eccentricity

ðcÞ is connected to a nonrotating massless ring by springs with stiffness ðkÞ and linear viscous dashpots with damping

constant ðcÞ. The outer ring is the rigid stator, which is attached to the ground. The clearance ðdÞ is defined as the

difference between radius of the stator and the ring. The model also consists of two stabilising rods with stiffness ðksÞ.

2.1. Equation of motion

In Fig. 1(b) the position vectors to the centre of the shaft ð r*Þ and the ring ð r*rÞ are shown. They can be expressed by

their components as

r
* ¼ x i

* þ y j
*
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Fig. 1. (a) The clearance model, (b) metric, and (c) external forces.
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where the origin is in the centre of the stator (outer ring). The unit normal- and tangential vectors (n
*
and t

*
) are defined

from the position vector of the ring as

n
* ¼ 1

j r*rj
ðxr i

* þ yr j
*Þ; ð3Þ

t
* ¼ 1

j r*rj
ðyr i

* � xr j
*Þ: ð4Þ

The unit position vectors to the forces from the stabilising rods can be expressed as,

e
*

1 ¼ sinðaÞ i* � cosðaÞ j*; ð5Þ

e
*

2 ¼ � sinðaÞ i* � cosðaÞ j*: ð6Þ
Since the clearance usually is quite small the angle a is considered constant in this paper.

The forces used in the model are defined in Fig. 1(c). Fn is the normal contact force (with the direction opposite to the

normal direction n
*
, so that Fn P 0), Ft the friction force, Fx and Fy , the bearing forces and F1, F2 the stabilising forces

from the rods.

The equations of motion for the shaft is

m€xx ¼ mcX2 cosðXtÞ � Fx; ð7Þ
m€yy ¼ mcX2 sinðXtÞ � Fy � mg; ð8Þ

where g is the gravity and a over dot represents derivative with respect to time (i.e. _xx ¼ dx
dt). Equilibrium for the ring gives

that

Fn ¼ n
* � ½ðFx i

* þ Fy j
*Þ þ F1 e

*
1 þ F2 e

*
2� ¼ 1

j r*rj
½xrðFx þ F1 sinðaÞ � F2 sinðaÞÞ þ yrðFy � F1 cosðaÞ � F2 cosðaÞÞ�; ð9Þ

Ft ¼ � t
* � ½ðFx i

* þ Fy j
*Þ þ F1 e

*
1 þ F2 e

*
2�

¼ 1

j r*rj
½�yrðFx þ F1 sinðaÞ � F2 sinðaÞÞ þ xrðFy � F1 cosðaÞ � F2 cosðaÞÞ�; ð10Þ

where

Fx ¼ kðx� xrÞ þ cð _xx� _xxrÞ; ð11Þ
Fy ¼ kðy � yrÞ þ cð _yy � _yyrÞ; ð12Þ
F1 ¼ Fp þ ks½ðyr þ dÞ cosðaÞ � xr sinðaÞ�; ð13Þ
F2 ¼ Fp þ ks½ðyr þ dÞ cosðaÞ þ xr sinðaÞ�: ð14Þ

This means that the preloading Fp is defined as the loading from one stabilising rod when the ring is in the position

ð0;�dÞ.
Coulomb friction implies that

jFtj ¼ lFn ð15Þ
for fully developed friction.

2.2. Nondimensional form

Introducing the nondimensional quantities

x̂x ¼ x
c
; ŷy ¼ y

c
; x̂xr ¼ xr

c
; ŷyr ¼

yr
c
; t̂t ¼ t

ffiffiffiffiffiffiffiffiffi
k=m

p
; bXX ¼ Xffiffiffiffiffiffiffiffiffi

k=m
p ; f ¼ c

2
ffiffiffiffiffiffi
km

p ;

b
r
*
r
* ¼ r

*

c
;

b
r
*
r
*

r ¼ r
*

r

c
; ĝg ¼ gm

kc
; bXXs ¼

ffiffiffiffiffiffiffiffiffi
ks=k

p
; bFFp ¼ Fp

kc
and d̂d ¼ d

c

ð16Þ

into Eqs. (7)–(10) give
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x̂x00 ¼ bXX2 cosðbXX t̂tÞ � bFFx; ð17Þ
ŷy00 ¼ bXX2 sinðbXX t̂tÞ � bFFy � ĝg; ð18Þ

bFFn ¼ 1

jcr*r* rj
½x̂xrðbFFx þ bFF1 sinðaÞ � bFF2 sinðaÞÞ þ ŷyrðbFFy � bFF1 cosðaÞ � bFF2 cosðaÞÞ�; ð19Þ

bFFt ¼ 1

jcr*r* rj
½�ŷyrðbFFx þ bFF1 sinðaÞ � bFF2 sinðaÞÞ þ x̂xrðbFFy � bFF1 cosðaÞ � bFF2 cosðaÞÞ�; ð20Þ

where

bFFx ¼ ðx̂x� x̂xrÞ þ 2fðx̂x0 � x̂x0rÞ; ð21Þ
bFFy ¼ ðŷy � ŷyrÞ þ 2fðŷy0 � ŷy0rÞ; ð22Þ
bFF1 ¼ bFFp þ bXX2

s ½ðŷyr þ d̂dÞ cosðaÞ � x̂xr sinðaÞ�; ð23Þ
bFF2 ¼ bFFp þ bXX2

s ½ðŷyr þ d̂dÞ cosðaÞ þ x̂xr sinðaÞ�; ð24Þ
and a prime represents derivative with respect to t̂t (i.e. x̂x0 ¼ dx̂x

dt̂t).

The state of the system must belong to one of the categories free flight, static contact or dynamic contact. In free

flight the ring is not in contact with the support and hence no external forces exist. In static contact the friction is not

fully developed and hence the ring does not move. In dynamic contact the friction is fully developed and hence the ring

slides against the stator.

The conditions to evaluate which category the state of the system belongs to is both kinematic and kinetic.

In nondimensional form the conditions for free flight becomes jb*rr*rr j < d̂d. The conditions for static contact are bFFn > 0

and jbFFtj < lbFFn, and for dynamic contact bFFn > 0, jbFFtj ¼ lbFFn and x̂x0r x̂xr þ ŷy0r ŷyr ¼ 0. By writing the equations in nondi-

mensional form the number of parameters have been reduced to eight (f, ĝg, l, bXX, d̂d, bFFp, bXXs, and a).

3. Steady state analysis

One aim with the stabilising rods is to bring the ring to a stationary position at ð0;�d̂dÞ. This means that the static

contact category holds and hence the motion of the shaft is given by linear equations of motion. This gives a possibility

to analyse the limits of going into dynamical contact and free flight respectively.

In static contact when the ring is positioned at the point ð0;�d̂dÞ the motion of the system at steady state is given by,

x̂xðt̂tÞ ¼ A sinðbXX t̂tÞ þ B cosðbXX t̂tÞ; ð25Þ
ŷyðt̂tÞ ¼ B sinðbXX t̂tÞ � A cosðbXX t̂tÞ � d̂d� ĝg; ð26Þ
x̂xrðt̂tÞ ¼ 0; ð27Þ
ŷyrðt̂tÞ ¼ �d̂d; ð28Þ

where

A ¼ 2fbXX3

ð1� bXX2Þ2 þ ð2fbXXÞ2
and B ¼ ð1� bXX2ÞbXX2

ð1� bXX2Þ2 þ ð2fbXXÞ2
: ð29; 30Þ

Eqs. (25) and (26) into (21)–(24) gives,

bFFx ¼ C1 sinðbXX t̂tÞ þ C2 cosðbXX t̂tÞ; ð31Þ
bFFy ¼ C2 sinðbXX t̂tÞ � C1 cosðbXX t̂tÞ; ð32Þ
bFF1 ¼ bFF2 ¼ bFFp; ð33; 34Þ

where

C1 ¼ A� 2fbXXB and C2 ¼ Bþ 2fbXXA: ð35; 36Þ
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Eqs. (29)–(32) into Eqs. (19) and (20) gives,

bFFn ¼ �bFFy þ 2bFFp cosðaÞ; ð37Þ
jbFFtj ¼ bbFFx; ð38Þ

where

b ¼ 1bFFx > 0;
�1bFFx < 0:

�
ð39Þ

3.1. Into dynamical contact

At certain combinations of the parameters the state will transit into dynamical contact. The limit for this transition

is,

jbFFtj ¼ lbFFn: ð40Þ
Eqs. (31), (32) and (35)–(38) into (40) gives the equation,

bFFp1lðt̂tÞ ¼ C3 sinðbXX t̂tÞ þ C4 cosðbXX t̂tÞ � ĝg
2 cosðaÞ ; ð41Þ

where

C3 ¼ 2fbXXðA� ðb=lÞBÞ þ Bþ ðb=lÞA; ð42Þ
C4 ¼ 2fbXXðBþ ðb=lÞAÞ � Aþ ðb=lÞB: ð43Þ

Eq. (41) can be interpreted as the limit preloading (for going into dynamical contact) as a function of time with period

T ¼ 2p=bXX. In order to maintain static contact a preloading larger than the maximum limit preloading must hence be

applied. By introducing

R1ðt̂tÞ ¼ 2bFFp1lðt̂tÞ cosðaÞ þ ĝg ð44Þ

into Eq. (41) the maximum R1 in square becomes

R2
1max ¼ C2

3 þ C2
4: ð45Þ

This equation represents circles with constant maximum limit preload radius R1max in the C3C4-plane. Eqs. (29), (30),

(42) and (43) into (45) gives,

R2
1max ¼ ð2bFFp1lmax cosðaÞ þ ĝgÞ2 ¼

bXX4f½1þ ð2fbXXÞ2�½1þ ðb=lÞ2�g
ð1� bXX2Þ2 þ ð2fbXXÞ2

ð46Þ

which couples the maximum limit preload-radius to nondimensional parameters. b in Eq. (46) can be replaced by 1 since

it is squared. It then follows that the square limit preload-radius will decrease with increasing friction according to,

R2
1max �

1þ l2

l2

� �
: ð47Þ

3.2. Into free flight

Another possibility is that the state transit from static contact into free flight. The limit for this transition is,

bFFn ¼ 0: ð48Þ
Eqs. (31), (32) and (35)–(38) into (48) gives the equation,

bFFp2lðt̂tÞ ¼ C5 sinðbXX t̂tÞ þ C6 cosðbXX t̂tÞ � ĝg
2 cosðaÞ ; ð49Þ
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where

C5 ¼ 2fbXXAþ B; ð50Þ
C6 ¼ 2fbXXB� A: ð51Þ

Eq. (49) can be analysed in the same way as Eq. (41) by replacing C3 with C5 and C4 with C6. This gives the relationship

C2
5 þ C2

6 ¼ R2
2max ð52Þ

which represents circles with constant limit preload-radius R2max in the C5C6-plane. Eqs. (29), (30), (50) and (51) into

(52) gives,

R2
2max ¼ 2bFFp2lmax cosðaÞ þ ĝg ¼

bXX4½1þ ð2fbXXÞ2�
ð1� bXX2Þ2 þ ð2fbXXÞ2

ð53Þ

which couples the maximum limit preload-radius to nondimensional parameters.

Comparing the ratio between the two limit preload-radius R1 and R2 gives,

R2max

R1max

� �2

¼ l2

1þ l2
< 1 ) R2max < R1max: ð54Þ

4. Simulations

In this paper different simulation are carried out to find transition lines, bifurcation diagrams, Lyapunov spectrum

and contact forces. To simulate the motion of this system a fixed-step fourth order Runge–Kutta integration is im-

plemented in an in-house code in Fortran.

When changing parameters the system may undergo transitions from strictly static contact to sequences of states

containing both static and dynamic contact. Also transitions into sequences containing free flight are possible and will

be considered since that is a necessary condition for impacts. A transition point is found by applying an initial pre-

loading high enough to keep the system in the state it transit from. Then the amount is decreased until the transition

occurs. This is carried out for different frequency ratios and hence a transition line is found.

Bifurcation diagrams are used to understand how the periodicity of the system changes when stabilising rods are

introduced. In order to get the steady state solution the data of 100 Poincar�ee sections was collected after 300 periods of

the unbalance force.

Lyapunov spectras in one and two dimensions are used to discuss sensitivity to small perturbations. The length of

the perturbation is set to 0.005 and at every 100 Poincar�ee section the difference between the largest and lowest value was

checked. When this difference was less than 0.005 the solution was considered to have converged. The Lyapunov

spectrum is positioned below the bifurcation diagram whenever they occur in the same plot.

The maximum normal contact force is an important factor for the wear of the bearings. It simulated for ranges of

frequency ratio and nondimensional clearance. After 100 periods of unbalance force the maximum normal contact force

of the following 100 periods are stored at every set of the control parameters.

5. Results

The stabilising rods are defined by the parameters a, bXXs and Fp. Effects of varying these parameters are initially

considered. Then two systems, with and without stabilising rods, are compared for different frequency ratios and

nondimensional clearance.

5.1. Effects of variations of a, bXXs and Fp

Fig. 2(a) shows a transition chart between bXX and bFFp in the ranges bXX 2 ½0:1 2:0� and bFFp 2 ½0:0 36:4� for bXXs ¼ 0:0,
a ¼ 0:0 and a ¼ p=2. When a ¼ 0:0 white area (area 1) symbolizes motion in strictly static contact while light grey area

(area 2) symbolizes motion which includes both static and dynamic contact. These two regions are separated by the

solid transition line 1 which is given by Eq. (46). The grey area (area 3) symbolizes motions which can include free flight

(impact motions) and is separated from the light grey area by transition line 2.
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Eq. (46) gives that transition line 1 varies with a according to Fplmax � 1= cosðaÞ. This means that a ¼ 0:0 (within the

range a 2 ½0:0 p=2�) will give the lowest required preloading at each given set of parameters to maintain the system in

static contact. This effect is visualised in Fig. 2(a) by increasing a to p=4 which displaces transition line 1 to the dashed

line above. By increasing a to p=4 transition line 2 is displaced to the dashed line directly above in Fig. 2(a).

Fig. 2(b) shows the transition chart for the same set of parameters as used in Fig. 2(a) in the ranges bXX 2 ½0:1 1:0� andbFFp 2 ½0:0 0:8� with a ¼ 0:0. By increasing bXXs from 0.0 to 1.0 the solid transition line 2 is displaced to the dashed line

below.

The dotted line inside the possible impact motion area is given by Eq. (53) for the same set of parameters as used in

Fig. 2(a) with a ¼ 0:0. This line symbolizes transition directly from static contact (ring position ð0;�d̂dÞ) into free flight.

Fig. 3(a) shows the bifurcation diagram of x̂xr with bXX as control parameter in the range bXX 2 ½0:01 2:0� when bFFp ¼ 0:1.
In Fig. 3(b) the nondimensional preloading have been increased to bFFp ¼ 0:5. As bXX increases the system will pass

through area 1 and 2 and into area 3 and can be recognised in Fig. 2 as a horizontal line. Fig. 3(a) and (b) shows that no

ring motion exists within area 1 (of course it could be period one but it has been excluded by inspection of the phase

portraits). The two preloading cases shows period one motion in area 2 although the higher preloading gives a smother

curve. In area 3 the lower preloading has period one motion except for a range bXX 2 ½0:55 0:65� where other types of

motions may occur. For the higher preloading, the motion in area 3 consists of period one except for the rangebXX 2 ½1:60 1:80� where a transition into and out from period two take place.

Fig. 4(a) and (b) are performed in the same way as Fig. 3(a) and (b) with the difference that bXXs have been increased

to 1.0. Now both preloading cases show period one motion in area 2 and 3 while the ring is fixed in area 1.

Fig. 2. Transition charts for f ¼ 0:10, ĝg ¼ 0:2943, l ¼ 0:1 and d̂d ¼ 0:5: (a) in the ranges bXX 2 ½0:1 2:0� and bFFp 2 ½0:0 36:4� whenbXXs ¼ 0:0 and a ¼ 0:0 (solid lines), a ¼ p=2 (dashed lines); (b) in the ranges bXX 2 ½0:1 1:0� and bFFp 2 ½0:0 0:8� when a ¼ 0:0 and bXXs ¼ 0:0

(solid lines), bXXs ¼ 1:0 (dashed line). The dotted line is given by Eq. (53).

Fig. 3. Bifurcation diagram for f ¼ 0:1, ĝg ¼ 0:2943, l ¼ 0:1, d̂d ¼ 0:5, a ¼ 0:0 and bXXs ¼ 0:0 in the range bXX 2 ½0:01 2� when (a) bFFp ¼ 0:1

and (b) bFFp ¼ 0:5.
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Fig. 5(a) shows the bifurcation diagram and the Lyapunov exponent of x̂xr with bXXs as control parameter in the rangebXXs 2 ½0:0 0:5� when bFFp ¼ 0:0. Starting with no stabilising rod stiffness (no stabilising rods present since the preloading is

zero as well) the motion transit from mainly possible chaotic to period two and finally into period one. These transitions

can be identified in the Lyapunov spectrum where the maximum Lyapunov exponent is positive in the possible chaotic

range, negative in the periodic ranges and increases towards zero in the bifurcation points.

Fig. 5(b) shows the largest Lyapunov exponent in the ranges bXXs 2 ½0:0 0:5� and bFFp 2 ½0:0 0:05�. Black colour indi-

cates positive Lyapunov exponent which decreases when colour becomes lighter. The Lyapunov spectrum of Fig. 5(a) is

the horizontal line at Fp ¼ 0:0 in Fig. 5(b). Fig. 5(a) shows that the Lyapunov exponent reaches zero at the last bi-

furcation point into period one. This bifurcation point can be identified in Fig. 5(b) as the outer light grey bow.

5.2. Effects of stability rods for a specific set of a, bXXs and Fp

For the comparison between a system with and without stabilising rods the angle a is set to 0.0, the stiffness bXXs to 0.5

and the preloading Fp to 1.0. Only variations of frequency ratio and nondimensional clearance will be considered which

means that the remaining parameters are kept constant and set to f ¼ 0:1, ĝg ¼ 0:2943 and l ¼ 0:1.

5.2.1. Bifurcation diagram and Lyapunov spectras

Fig. 6(a) shows the bifurcation diagram and the Lyapunov exponent of x̂xr with bXX as control parameter in the rangebXX 2 ½0:4 0:6� for the system without stabilising rods. The nondimensional clearance is set to d̂d ¼ 0:5. Fig. 6(b) shows the
corresponding bifurcation diagram and Lyapunov spectrum for the system with stabilising rods. Fig. 6(a) shows that

Fig. 4. Bifurcation diagram for f ¼ 0:1, ĝg ¼ 0:2943, l ¼ 0:1, d̂d ¼ 0:5, a ¼ 0:0 and bXXs ¼ 1:0 in the range bXX 2 ½0:01 2� when (a) Fp ¼ 0:1

and (b) Fp ¼ 0:5.

Fig. 5. (a) Bifurcation diagram for f ¼ 0:1, ĝg ¼ 0:2943, l ¼ 0:1, d̂d ¼ 0:5, a ¼ 0:0, bXX ¼ 0:44, bFFp ¼ 0:0 and a ¼ 0:0 in the rangebXXs 2 ½0:0 0:5�. (b) Two dimensional Lyapunov spectrum in the ranges bXXs 2 ½0:0 0:5� and bFFp 2 ½0:0 0:05�.
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there exists a range bXX 2 ½0:42 0:57� where the motion is multiperiodic, quasi-periodic or even possible chaotic (see [19]).

Fig. 6(b) shows that by applying stabilising rods this range disappears and only period one is present. The maximum

Lyapunov exponent is negative definite.

Note that outside the range shown in Fig. 6 both systems perform period one motion.

Fig. 7(a) shows the bifurcation diagram and the largest Lyapunov exponent of x̂xr with d̂d as control parameter in the

range d̂d 2 ½0:01 2:5� for the system without stabilising rods. The frequency ratio is set to bXX ¼ 0:44. Fig. 6(b) shows the
corresponding bifurcation diagram and Lyapunov spectrum for the system with stabilising rods.

Fig. 7(a) shows that there exists a range d̂d 2 ½0:36 2:3� where the motion is multiperiodic, quasi-periodic or even

possible chaotic (see [19]). Fig. 7(b) shows that this range becomes strictly period one when applying the stability rods.

The maximum Lyapunov exponent is negative definite.

5.2.2. Lyapunov spectras in two dimensions and contact force

As in Fig. 5(b) the largest Lyapunov exponent can be expressed as a function of two parameters.

Fig. 8(a) shows how the largest Lyapunov exponent varies in the ranges bXX 2 ½0:1 2:0� and d̂d 2 ½0:04 2:5� for the

system without stabilising rods. Fig. 8(b) shows the corresponding spectrum for the system with stabilising rods. White

colour indicates that the maximum Lyapunov exponent is less than zero. Blue colour indicates that the maximum

Lyapunov exponent is close to zero while increasing red colour represents increasing magnitude. The black solid line in

Fig. 6. Bifurcation diagram for f ¼ 0:1, ĝg ¼ 0:2943, l ¼ 0:1 and d̂d ¼ 0:5 in the range bXX 2 ½0:4 0:6�: (a) without and (b) with stabilising

rods.

Fig. 7. Bifurcation diagram for f ¼ 0:1, ĝg ¼ 0:2943, l ¼ 0:1 and bXX ¼ 0:44 in the range d̂d 2 ½0:01 2:5�: (a) without and (b) with sta-

bilising rods.
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the low frequency ratio range is stability line 1 while the other line (at higher frequency ratio) shows stability line 2. Fig.

6(a) and (b) can be identified as horizontal lines for d̂d ¼ 0:5 in Fig. 8(a) and (b) respectively. Fig. 7(a) and (b) can be

identified as vertical lines for bXX ¼ 0:44 in Fig. 8(a) and (b) respectively.

Fig. 8(c) shows how the maximum normal contact force varies in the same ranges and set of parameters as used in

Fig. 8(a). Fig. 8(d) shows the corresponding forces for the system with stabilising rods i.e. the same set of parameters as

used in Fig. 8(b). Blue colour represents small amplitudes while increasing red colour represents increasing amplitude.

Fig. 9 shows the difference in the dynamical part of the maximum normal contact force between the two systems in

the ranges bXX 2 ½0:1 2:0� and d̂d 2 ½0:04 2:5�. This means that for the system without stabilising rods the static load

ĝg ¼ 0:2943 have been subtracted while also the preloading 2Fp ¼ 2:0 (since a ¼ 0:0) have been subtracted from the other

system. White colour indicates that the dynamical part of the maximum normal contact force is greater without sta-

bilising rods. Blue colour indicates that the difference is close to zero while increasing red colour represents increasing

magnitude. If the static part is included the system with stabilising rods shows larger normal contact force in the whole

area.

6. Discussion and conclusions

Eq. (54) proves that the limit preloading to transit from static contact in ring position ð0;�d̂dÞ into dynamical contact

is higher than to transit into free flight in steady state. This means that if a higher preloading than the limit for going

Fig. 8. (a, b) Two dimensional Lyapunov spectrum for f ¼ 0:1, ĝg ¼ 0:2943, l ¼ 0:1 in the ranges bXX 2 ½0:1 2:0� and d̂d 2 ½0:04 2:5�; (c, d)
the maximum normal contact force for the same set of parameters and ranges. (a, c) Without stabilising rods, (b, d) with stabilising

rods.

372 M. Karlberg, J.-O. Aidanp€aa€aa / Chaos, Solitons and Fractals 20 (2004) 363–374



into dynamical contact is applied the system must remain in static contact (since there is no other possible category of

state to go into).

From Eq. (46) together with (54) it can be concluded that a ¼ 0:0 gives the lowest required preloading to keep the

system in static contact in steady state. This required preload decreases with increasing friction coefficient while on the

other hand the stiffness bXXs does not affect it at all. Eqs. (46) and (53) can be used as a design tool to choose satisfying

parameters.

Fig. 2(a) indicates that the limit preloading for both transition line 1 and 2 increases with increasing angle a which

confirm that a ¼ 0:0 is a good choice. It has earlier been shown numerically [19] that due to friction there exist a range

for the ring position near ð0;�d̂dÞ which can keep the system in static contact. This means that by choosing another ring

position in static contact the transition line 1 would be slightly displaced. Fig. 2(a) also shows that depending on the

amount of preloading and frequency ratio, the motion can consist of purely static contact (area 1), static and dynamic

contact (area 2) or trajectories which may include free flight (area 3). Fig. 2(b) indicates that the limit preloading for

transition line 2 decreases with increasing stiffness bXXs. This means that area 3 where impact motion may occur is re-

duced. Fig. 2(b) also indicates that Eq. (53) can be an approximation to transition line 2 which overestimates the system

since it gives lower required preloading than the simulated values for every frequency ratio within chosen range. It is

however important to notice that by Eq. (53) this transition is independent of d̂d while on the other hand Fig. 8(a) and (b)

shows significant dependency of d̂d.
Fig. 3 and 4 shows that the preloading and stiffness bXXs affects the dynamical behavior within the possible impact

motion area (area 3). Fig. 3 also indicates that the range with different motion than period one moves up in frequency

with increasing preloading. It is important to notice that a system which is running in area 3 does not necessary has to

perform impact motion. On the contrary there can be really smooth motion present. It is only stated that impact motion

is possible in this area.

When bXXs is increased the motion is stabilised in Fig. 5(a), and Fig. 5(b) shows that less preload is needed to keep the

system in period one.

The aim of the stabilising rods has to be decided in order to choose a magnitude of bXXs. If the aim is to keep the

system in static contact the magnitude of bXXs is not important (of course there are practical aspects to consider as well

such as the fact that the stabilising rods must be able to produce the required preloading). If on the other hand the aim

is to keep the system from possible impact motions (allow dynamical contact) then as high bXXs as possible seems to be

preferable. Another aspect of choosing bXXs is that in order to get the magnitude 1.0, the stiffness of the stabilising rods

has to equal the bearing stiffness. Such high stabilising rod stiffness can be hard to achieve and in practice magnitudes

less than 0.5 may be a reasonable choice.

If the preloading is high enough to keep the system in static contact the differential equations become linear and

hence the motion is well known. On the other hand a high preload increase the nominal stresses of the structure, and

hence as low preload as possible should be used to fulfil the dynamical requirements.

Figs. 6 and 7 indicates that by the specific choice a ¼ 0:0, bXXs ¼ 0:5 and Fp ¼ 1:0 it is possible to change periodicity to

strictly stable period one.

For the same choice of a, bXXs and Fp a comparison between Fig. 8(a) and (b) shows that the unstable area in the low

frequency ratio range disappears when these particular stability rods are applied. One possible explanation to this is

Fig. 9. Difference in the dynamical part of the maximum normal contact force for f ¼ 0:1, ĝg ¼ 0:2943, l ¼ 0:1 in the rangesbXX 2 ½0:1 2:0� and d̂d 2 ½0:04 2:5�.
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that transition line 2 is shifted to higher frequencies when the stability rods are applied. Hence the unstable area shifts

from being in area 3 to area 2. The unstable areas around and above resonance are still in area 3 when applying the

stability rods, and does not completely disappear but are significantly reduced.

A comparison between Fig. 8(a) and (c), and between Fig. 8(b) and (d) indicates that areas with high maximum

Lyapunov exponent seems to have strong effect of the maximum normal contact force. Increased maximum normal

contact force is found in area 3 where impact motion is possible. Area 3 is reduced when the stabilising rods are applied.

Fig. 9 shows that there exist areas mostly above but also around resonance where the dynamical part of the

maximum normal contact force becomes higher with the stabilising rods. If the static part is included the whole area

shows higher force when these particular stability rods are applied (compare Fig. 8(c) and (d)).

It can be stated that in order to avoid large contact forces the machine should run in area 1 or 2. These areas are

larger when the stabilising rods are applied which hence give more possibilities to design a robust machine. Nonlinear

vibrations can be successfully avoided by applying stabilising rods. It is although important to choose the right pa-

rameters since there exist ranges where the motion will get worse.
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Abstract

A key component in panel board production is the refiner (an overhung rotor), whose task is to 
break cellulose wood chips into slender fibres. When a new refiner is developed, one issue is to 
make sure that the dynamics fulfil certain requirements. For this purpose a model is derived and 
factors such as critical speeds, unbalance response, etc., are then evaluated. A significant 
improvement would be to include a model of the refining process into the analysis. However, no 
material model for the three phases flow that occurs in the refining zone exists (the gap between 
rotor and stator where fibre breakage occurs). Therefore, predicting dynamics during production 
is uncertain. Even though material models for fibre breakage have been suggested, none have 
yet to show a valid material model for the complete refining process at a macro level.  
 In this paper, a time and displacement dependent load model based on axial force 
measurements and applied to a 4 d.o.f. (degrees of freedom) model is suggested for the refining 
process. Since no unique pressure distribution fitting the measured axial force exists, four 
different cases are analysed.   
 It was found that the process leads to stiffness and forces that may both be time dependent. 
If the pressure distribution only shows a radial variation along the refining zone, all forces 
except the axial force vanish. The number of different functions describing the stiffness 
parameters also reduces from eight to four. One case when four of the remaining stiffness 
coefficients vanish, while the remaining become stationary has also been found. This occurs if 
the process forces do not follow the angular vibrations and no gap dependency of the oscillating 
parts of the process forces exist.  
 The target for this paper is to derive and analyze as general models as possible for a wide 
range of applications. For a specific application, measurements are necessary to select a realistic 
process model. The derived model can then be probably used in product development to choose 
suitable system parameters and therefore to avoid dynamical problems. 

Keywords: Refining, Process, Rotor dynamics, Load model,  

1. Introduction

 A key component in panel board production is the refiner, whose task is to break cellulose 
wood chips into slender fibres. One issue in the product development of such machines is to 
ensure that the rotordynamics fulfill certain requirements. Critical speeds, for example, are 
usually calculated to avoid large amplitudes, considered a straightforward procedure [1] if the 
excitation frequencies are known and the system is linear and homogenous. Assuming the 
system can be considered linear, what dynamical consequences will the process lead to? This is 
a key issue in refiner product development, since the process may change the system 
characteristics and hence deviate from the predictions at idle.  
 Other applications exist where models of the material between stator and rotor have been 
suggested. Sinou et al. [2] studied breaking material that changes the stiffness of the system, 
illustrating how complicated motion can be expected for certain ranges of parameters. In 
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compressors destabilizing Alford forces may arise [3]-[5], as have also been studied in turbines 
[6].    
 Whalley and Mitchell [7] studied torsion vibration of a twin stator disc refiner setup, where 
the process was assumed to lead to a friction force that varied with a certain pulsating 
frequency. This model does not include the flexural d.o.f. and hence, cannot be used to discuss 
effects of process gap dependency between rotor and stator. 
 In the refining process all three phases (gas, liquid and solid material) are present [8], 
rendering material modeling difficult. Characterizing some properties of the material in the 
refining zone has been done [9]-[12]. There exists, however, no validated material model for the 
refining process, including all three phases to be implemented in a simulation program at a 
macro level.  
 Frazier [13] used a hydrodynamic lubrication model for the refining zone to show how the 
thrust load depends on the gap between the stator and rotor. Jiang and Yu [14] studied lateral 
vibrations of a rotor-bearing system with hydrodynamic thrust bearing, demonstrating how such 
trust bearing can be used to increase the critical speeds. Ouellet and Weiss [15] studied 
nonlinear axial vibrations, and assumed viscoelastic behavior of the pulp in the refining zone. 
 Besides assuming a mathematical model, another approach to obtain information about the 
refining properties is to measure directly in the refining zone. The environment in such a zone is 
harsh on measuring equipment, but some results have still been found. For example, 
measurements of shear force, normal force and temperature variations inside the refining zone 
have been carried out [16]-[18]. 
 The approach throughout this paper is to use measured data to justify a mathematical model 
for the process inside the refining zone. The parameters included in this model will depend on 
many different process parameters, e.g. dilution of water, raw material and type of segments. 
The objective of this paper is to derive and implement a time and displacement load model that 
captures rotor interaction with the medium between the stator and rotor. The objective is also to 
discuss the effects of such a process load model.   

2. Derivation of a model for the axial process load 

 Measurements on industrial machines were conducted to justify a mathematical model of 
the refining process. The measurements were carried out on a single-disc refiner working with a 
power of around 5MW in production.  

Fig. 1. Time history of bearing force.  

 Fig. 1 shows the time history of the axial bearing force in the shaft, when the nominal gap 
(snom) between the centre of the stator and the rotor is constant. The sign “ ^ “ indicates that the 
variable have been scaled, and this holds through the entire paper. Notice also that numerical 
data in the x-domain is not printed in Fig. 1-3 but the scale is linear in all of them. These figures 
are constructed in this way since that is enough to motivate how the model is derived. The 

t

pZF̂
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signal in Fig. 1 can be represented by a stationary part ( pZsF ) together with an oscillating part 
( pZoF ). The axial process force is hence assumed to be  

pZopZspZ FFF +=   (1) 

The markers in Fig. 2 show how the stationary part of the measured axial process force varies 
with the nominal gap.  

Fig. 2. Stationary axial process force as function of the nominal gap. 

 Assuming a linear dependency of the nominal gap gives,  

nompZs sF 21 γγ +−=   (2)  

for the stationary axial process force, where γ  are constants. The solid black line in Fig. 2 is 
given by Eq. (2), where the parameters have been fitted to match the measured data. 

Fig. 3. Discrete Fourier Transform amplitude of the oscillating axial process force. 
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 Fig. 3 shows the resulting DFT-amplitude (square root of sine and cosine components) as a 
function of the nominal gap for three frequencies. The amplitudes are shown in Fig. 3(a) for the 
lowest freq. component of the three, Fig. 3(b) for the middle freq. component and Fig. 3(c) for 
the highest freq. component.  
 Fig. 3 does not reveal if the oscillating part depends on the nominal gap. If a nominal gap 
dependency of the oscillating parts exists it is assumed to be linear. This assuming 

( ) ( )
=

+−=
n

i
inomiipZo tsF

1
43 cos ωγγ   (3) 

for the oscillating part, where γ  are constants, iω  the i:th frequency component and n is the 
number of frequency components to be used. Eq. (2) and (3) into (1) gives  

( )
=

+−++−=
n

i
inomiinompZ tssF

1
4321 )cos(ωγγγγ   (4) 

for the axial process force. 

3. Process models in the refining zone and their coupling to the axial process force 

 In this paper, one hypothesis is that the process can be treated as a displacement dependent 
pressure, which together with a frictional coefficient affects the dynamics of the system. 
However, after integration over the active area no unique pressure distribution fits the axial 
process force given by Eq. (4), though infinite possibilities exist.   

3.1 The rotordynamical model 

 To derive a load model due to the refining process, the rotordynamical model used must be 
defined. The refiner is considered to be a rigid 4 d.o.f. body supported by some structure with 
linear stiffness. X and Y are the translational d.o.f., while ϕ  and θ  are rotational d.o.f. of X and 
Y. The restoring forces due to the supports can be expressed as XKF sr =  where, 

−

−

=

2221

2221

1211

1211

00
00
00

00

kk
kk
kk

kk

sK  and =

θ
ϕ
Y
X

X   (5-6) 

and all coefficients are positive. When the process is treated as a pressure it will act normal to 
the rotor front surface, i.e. it follows the angular vibrations. To get the forces and moments in 
the fixed frame, a transformation matrix from a frame coupled to the vibrations has to be 
defined.
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Fig. 4. Model of the refiner. 

 Fig. 4 shows a model of the rotor where the Cartesian coordinate system OXYZ is fixed in 
space. The point C is attached to the geometrical centre of the rotor. The Cartesian coordinate 
system Cxyz follows the rotational d.o.f., but not the spin. (r, η ) are polar coordinates in the xy-
plane, μ  the friction coefficient and Ω  the spin speed. The relation between the two Cartesian 
systems is given by [19], 
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The Coulomb friction model is used in this paper. For simplicity the direction of the friction 
force will assume to be opposite to the spin in every point p (see Fig. 4), i.e. the model considers 
neither the whirling nor the process stream for the direction of the shear force. 
 The resulting forces and moments due to a pressure p and friction μ  can be expressed in 
the OXYZ coordinate as, 
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where 1r  is the inlet radius and 2r  the outlet radius of the refining zone. 

3.2 Load models 

 Four different load model cases will be discussed here, using three different ways of 
dealing with the pressure distribution.   

Fig. 5. Load models with a) general pressure distribution, b) distributed spring, and c) radial 
pressure distribution   

 In Fig. 5(a) the pressure is allowed to vary on any point on the rotor, here termed “general 
pressure distribution”. In Fig. 5(b) the general pressure distribution is supposed to work as 
“distributed springs”, i.e. the pressure acts only in the Z-direction. In Fig. 5(c) the angular 
pressure variations are excluded; this case is referred to as “radial pressure distribution”.      

3.2.1 Derivation of the load model with general pressure distribution 

 As shown in measurements [16], the shear force depends on the radius. Assuming a 
constant friction coefficient, the pressure must then also depend on the radius. This model 
should also be able to handle variations in circumference (see Fig. 5(a)). Together with the fact 
that the pressure should give rise to a resulting axial force equivalent to the axial process load 
derived by the measurements (see Eq. (4)), these assumptions result in a proposal for the 
pressure distribution as, 
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and δ  is any suitable function of r. Eq. (12) and (13) into Eq. (10), assuming small angles of the 
vibrations, gives, 
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Eq. (14) must be able to fit the axial process force given by Eq. (4). Collecting equal terms by 
comparing these equations gives, 
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This means that constants within the functions δ  must be chosen so that Eq. (15)-(18) are 
fulfilled. Eq. (12) and (13) into Eq. (10) and (11), together with the further assumption of small 
angles gives, 
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ηηωηδηδηδηδμ
2

0 1
4321

2

1

coscos,,,, rrtsrrsrrf
r

r

n

i
inomiinompY   (32) 

( ) ( ) ( ) ( )( ) ( ) ( ) ∂∂⋅−+−−=
=

π

ϕ ηηωηδηδηδηδ
2

0

2

1
4321

2

1

sincos,,,, rrtsrrsrrf
r

r

n

i
inomiinomp   (33) 

( ) ( ) ( ) ( )( ) ( ) ( ) ∂∂⋅−+−=
=

π

θ ηηωηδηδηδηδ
2

0

2

1
4321

2

1

coscos,,,, rrtsrrsrrf
r

r

n

i
inomiinomp .      (34) 

Eq. (18)-(33) hence shows that the general pressure distribution gives rise to a time dependent 
stiffness matrix, 

=

87

65

43

21

00
00
00
00

)(

pp

pp

pp

pp

kk
kk
kk
kk

tpK    (35) 

together with a generalized force vector, 

[ ]TpppYpX ffff θϕ=pf .  (36) 

The torsion moment becomes 
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( ) ( ) ( ) ( )( ) ( ) ηωηδηδηδηδμ
π

∂∂⋅−−⋅+−=
=

2

0

2

1
4321

2

1

cos,,,, rrtsrrsrrM
r

r

n

i
inomiinompZ ,  (37) 

which can be used to fit the power of the machine. 

3.2.2 Derivation of a distributed spring load model 

 For the above analysis, the process was treated as a pressure so that the direction of the 
resulting forces and moments then follow the angular vibration. If, however, the process would 
be treated as distributed springs (see Fig. 5(b)) only acting in the Z direction, the transformation 
matrices become unit matrices. By these assumptions, the stiffness coefficients are, 

( ) ( ) ( ) ( ) ( ) ηηηωηδηδμ
π

∂∂+=
=

2

0

2

1
422

2

1

cossincos,, rrtrrk
r

r

n

i
iip   (38) 

23 pp kk =  (39) 

( ) ( ) ( ) ( ) ( ) ηηηωηδηδ
π

∂∂+−=
=

2

0

3

1
426

2

1

sincoscos,, rrtrrk
r

r

n

i
iip   (40) 

67 pp kk = ,  (41) 

while all other coefficients remain unaffected. Notice that neither ( )ηδ ,1 r  nor ( )ηδ ,3 r  appear in 
the stiffness matrix, which has also been reduced to six coefficients. The generalized force 
vector remains unaffected by these assumptions i.e. given by Eq. (31)-(34). 

3.2.3 Derivation of the load model with only radial pressure distribution 

 If the variation along the circumference (η ) is negligible compared to the variations along 
the radius of the rotor, the pressure distribution is given by 

( ) ( )( ) ( ) ( )( )⋅−+⋅−=
=

)cos(
1

4321 tsrrsrrp i

n

i
ii ωδδδδ .  (42) 

The stiffness coefficients given by Eq. (23)-(30) is then reduced to 

( ) ( ) ( ) rrtrrk
r

r

n

i
iip ∂+−=

=

2

1

2

1
421 cos ωδδμπ   (43) 

( ) ( ) ( ) ( )( ) ( ) rrtsrrsrrk
r

r

n

i
inomiinomp ∂−+−=

=

2

1 1
43212 cos2 ωδδδδπ   (44) 

23 pp kk −=  (45) 

14 pp kk =  (46) 
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( ) ( ) ( ) rrtrrk
r

r

n

i
iip ∂+=

=

2

1

3

1
425 cos ωδδπ   (47) 

( ) ( ) ( ) ( )( ) ( ) rrtsrrsrrk
r

r

n

i
inomiinomp ∂−+−=

=

2

1

2

1
43216 cos2 ωδδδδπμ   (48) 

67 pp kk −=  (49) 

58 pp kk =  (50) 

while the generalized forces given by Eq. (31)-(34) become zero, i.e. 

[ ]T0000=pf .  (51) 

3.2.4 Derivation of the load model when gap dependency of the oscillating parts 
excluded

 By the measurements presented in this paper, it could not be stated whether or not the 
oscillating parts of the pressure also vary with the gap. If these variations are negligible the 
pressure distribution reduces to 

( ) ( )( ) ( )+⋅−=
=

)cos(,,,
1

321 trsrrp i

n

i
i ωηδηδηδ .  (52) 

The stiffness coefficients given by Eq. (23)-(30) reduce to, 

( ) ( ) ηηηδμ
π

∂∂−=
2

0

22
21

2

1

sin, rrrk
r

r
p   (53) 

( ) ( ) ( ) ( )( ) ( ) ( ) ηωηδηημηδηδ
π

∂∂+−−=
=

2

0 1
3212

2

1

cos,sincos,, rrtrrsrrk
r

r

n

i
iinomp   (54) 

( ) ( ) ( ) ( )( ) ( ) ( ) ηωηδηημηδηδ
π

∂∂++−−=
=

2

0 1
3213

2

1

cos,sincos,, rrtrrsrrk
r

r

n

i
iinomp

  (55) 

( ) ( ) ηηηδμ
π

∂∂−=
2

0

22
24

2

1

cos, rrrk
r

r
p   (56) 

( ) ( ) ηηηδ
π

∂∂=
2

0

23
25

2

1

sin, rrrk
r

r
p   (57) 

( ) ( ) ( ) ( )( ) ( ) ( ) ηωημδηημηδημδ
π

∂∂++−=
=

2

0

2

1
3216

2

1

cos,sincos,, rrtrrsrrk
r

r

n

i
iinomp   (58) 

( ) ( ) ( ) ( )( ) ( ) ( ) ηωημδηημηδημδ
π

∂∂+−−−=
=

2

0

2

1
3217

2

1

cos,sincos,, rrtrrsrrk
r

r

n

i
iinomp   (59) 

( ) ( ) ηηηδ
π

∂∂=
2

0

23
28

2

1

cos, rrrk
r

r
p .  (60) 
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The generalized forces given by Eq. (31)-(34) reduces to, 

( ) ( ) ( ) ( ) ( ) ∂∂⋅+−=
=

π

ηηωηδηδηδμ
2

0 1
321

2

1

sincos,,, rrtrsrrf
r

r

n

i
iinompX   (61) 

( ) ( ) ( ) ( ) ( ) ∂∂⋅+−−=
=

π

ηηωηδηδηδμ
2

0 1
321

2

1

coscos,,, rrtrsrrf
r

r

n

i
iinompY   (62) 

( ) ( ) ( ) ( ) ( ) ∂∂⋅+−−=
=

π

ϕ ηηωηδηδηδ
2

0

2

1
321

2

1

sincos,,, rrtrsrrf
r

r

n

i
iinomp   (63) 

( ) ( ) ( ) ( ) ( ) ∂∂⋅+−=
=

π

θ ηηωηδηδηδ
2

0

2

1
321

2

1

coscos,,, rrtrsrrf
r

r

n

i
iinomp .  (64) 

4. Discussion and conclusions

 From Fig. 1, it can be concluded that a significant time dependency in the axial force on the 
rotor exists due to the process for a specific refiner. Fig. 1 shows the existence of an almost 
stationary level of this force, which can be considered as constant compared to the magnitude 
within the measured time (stationary part). In addition to the stationary part, there is also a 
superimposed oscillating part with different frequencies.
 Fig. 2 shows how the stationary force changes with the nominal gap. A simple linear 
dependency is fitted to the data and is hence used as a model for the stationary part of the axial 
process load (see Eq. (2)). 
 By the DFT shown in Fig. 3, an uncertain coupling between the nominal gap and the 
oscillating part of the load can be found. Hence, in this paper both a linear and non-existent 
dependency on the gap is discussed. Besides this, effects of phase differences of the process 
force are neglected. Together with the stationary part, these assumptions give a model for the 
axial process load given by Eq. (4). 
 To discuss how the process is introduced in the rotordynamical calculations, a regular four 
d.o.f. model is used, see section 3.1. Since no unique pressure distribution fits the axial process 
load, some different possibilities are presented. In the general case presented here, the pressure 
distribution depends on the radial position and angle on the rotor (see Eq. (12)). Such pressure 
leads to an oscillating stiffness matrix as well as oscillating generalized forces in all four d.o.f., 
meaning that even if the rotor is completely balanced the process will still excite all d.o.f.  
Since the process model concerns the gap inside the refining zone, translations in the X and Y 
directions will not lead to any forces (they do not change this gap). However, the angular d.o.f. 
changes this gap so that the stiffness matrix due to process will only concern the two columns 
corresponding to angular d.o.f. (see Eq. (35)).  
 All the stiffness coefficients, 81 pp kk − , differ from each other and all are time dependent, 
therefore the corresponding stiffness matrix becomes nonsymmetrical and time dependent. 
Because the time dependency may consist of many frequency components, the process stiffness 
matrix does not necessarily have to be periodic. On the contrary, depending on the ratio between 
the components, it can also be quasi periodic. 
 When it comes to stability the sign of the stiffness components becomes important. The 
pressure distribution and how the pressure distribution is defined 1δ  and 2δ  are positive 
definite, together giving s21 δδ > . Eq. (5) shows that the stiffness matrix due to the support 
have non-zero coefficients on the same positions as 2pk , 3pk , 5pk  and 8pk .  If 2pk  is greater 
than zero or 3pk , 5pk  or 8pk  is less than zero, the process, at least for some duration, will then 
give rise to destabilising forces. From Eq. (24), (25), (27) and (30) it can be concluded that the 
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stationary parts of 5pk  and 8pk  are greater than zero, while the sign of 2pk  and 3pk  will 
depend on the amount of friction and the specific pressure distribution. This means that if, and 
only if, 02 >pk  or 03 <pk  the stationary part generates destabilising forces. If, however, the 
level of the oscillating parts at some instant become greater than a stable stationary part (but of 
different sign) the stiffness coefficient will, at least temporarily, lead to a destabilising force.  
 When the process is treated as distributed springs the number of different stiffness 
coefficients are reduced to six, since 32 pp kk =  and 76 pp kk =  (see Eq. (38)-(41)). Even for this 
case all stiffness coefficients consist of an oscillating part. The generalized force vector remains 
the same as for that of the general pressure distribution. Concerning stability, Eq. (38) shows 
that the stationary part of 02 >pk , meaning that it gives rise to destabilising forces. 
 When the angular pressure variation is constant, the number of different stiffness 
coefficients is reduced to four (since 32 pp kk −= , 14 pp kk = , 76 pp kk −=  and 58 pp kk = ), though 
they all depend on time (see Eq. (43)-(50)).  The generalized force vector becomes zero in this 
case. For the stability it can be stated that cases when the stationary part of 02 >pk  and 03 <pk
will result in destabilising forces. 
 The last special case of the pressure distribution is if the oscillating part does not depend on 
the gap. By Eq. (53)-(60) it can be stated that the number of different stiffness coefficients is not 
here reduced. However, the coefficients 1pk , 4pk , 5pk  and 8pk  do not depend on time. The 
generalized forces still act in all directions and are still oscillating (see Eq. (61)-(64)). As for the 
generalized case treated in this paper it can only be concluded that the stationary part of 5pk  and 

8pk  are greater than zero, while it is hard to tell for 2pk  and 3pk .
 Notice that combining the special cases of distributed springs together with excluded 
angular pressure variations gives the conditions that 032 == pp kk and 076 == pp kk . If besides 
this combination, the oscillating part also does not depend on the gap the remaining four 
stiffness coefficients become stationary. 
 It should be stated that the results presented in this paper are derived from measurements 
on a specific refiner with a specific process. To generalize this model additional validation 
measurements have to be made. The idea in this paper was to introduce basic dynamical features 
that may arise inside the refining zone when the machine produces fibre. Even though the 
models are derived for refiners, the generality of the model makes them suitable for a wide 
range of different applications. Finally, after additional measurements it is likely that the 
derived process load model can be used in product development to evaluate the dynamics of 
refiner concepts.
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Appendix A. Nomenclature 

s   Gap between stator and rotor at a certain position on the rotor 
noms   Nominal gap i.e. gap between centre of rotor and stator 

pZpYpX FFF ,,  Process forces 

pZpYpX MMM ,,  Process moments 

pZsF  Stationary part of the axial process force 

pZoF  Oscillating part of the axial process force 
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γ   Constants in axial process force measurement 
i   Counter 
n   Number of frequency components included 

iω   i:th process frequency  
Ω   Spin speed 
t   Time 

rF   Restoring force vector 

pf   Generalised forcevector due to process 

θϕ pppYpX ffff ,,,  Generalised process force coefficients 

sK   Stiffness matrix due to the structure 

pK   Stiffness matrix due to the process 

22211211 ,,, kkkk  Structure stiffness coefficients 

81 pp kk −  Process stiffness coefficients 
X   Vector of generalised coordinates 

YX ,  Translational d.o.f. in fixed frame 
θϕ,  Rotational d.o.f. in fixed frame 
yx,   Translational d.o.f in a frame following the angular vibrations 
η,r   Radial and angular coordinate (polar) on the rotor 

21 , rr  inlet and outlet radius 
μ   Friction coefficient 
p   Pressure in refining zone 
O   Origin of fixed frame 
C   Center of the rotor 

21 RR ,  Transformation matrices 
δ   Pressure distribution functions 
^  Indication of scaled variable 
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Abstract

 A key component in panel board production is the refiner, whose task is to break raw cellulose wood 
chips into slender fibres, done by a relative angular motion between stator and rotor. There are many aspects 
to consider when designing such machines, and one of them being the dynamics of the machine that must 
fulfil certain requirements. The main problem in predicting the dynamics of these machines is to model the 
complicated breaking process, since the refining process leads to a flow between the stator and rotor 
consisting of all three phases (solid wood, water and steam). Measurements and analytical attempts to 
characterise the refining processes have previously been carried out but no validated mathematical model 
exists to implement in a computer code. However, by modelling the rotor as a rigid body, the process can 
only contribute by a resulting force and a resulting moment. Through this approach and axial force 
measurements, one suggestion is to possibly treat the refining process as a time dependent stiffness matrix 
and external load. The aim of this paper is to supply useful information regarding dynamics for the concept 
phase of the product development. For this purpose the refining process model is implemented in a simple 
four degrees of freedom, rigid body rotordynamical model. 
 Since there exists no information about how the pressure on the rotor due to the refining process is 
distributed around the circumference, two different cases are studied, i.e. one axisymmetric distribution with 
only radial variations and one non-axisymmetric. It is found that the axisymmetric case only excited forward 
modes, while the non-axisymmetric case excited both forward and backward modes.  When the power 
becomes too high the damping ratio may become positive for at least one mode, leading to unstable domains 
that must be avoided in the design. Even though the vibrations are stable (by means of Floquet theory) it is 
concluded that large vibration levels can still be found. This means that when designing a refiner, studying 
the stability to avoid large amplitudes is not enough; the forced response must also be studied. 

1. Introduction

 A key component in panel board production is the refiner, whose task is to break cellulose wood chips 
into slender fibres. No tools to evaluate refiners by means of rotordynamics at an early stage of the product 
development currently exist. However, some work regarding rotordynamics of refiners has been carried out, 
e.g. Whalley and Mitchell [1]. They studied the torsion vibration of a twin stator disc refiner setup, where the 
process was assumed to lead to a friction force that varied with a certain oscillating frequency. This model 
does not include the flexural d.o.f. (degrees of freedom) and hence, cannot be used to discuss the effects of 
the process dependency on the gap between rotor and stator. Frazier [2] used a hydrodynamic lubrication 
model for the refining zone to show how the thrust load depends on the gap between the stator and rotor. 
Jiang and Yu [3] studied lateral vibrations of a rotor-bearing system with hydrodynamic thrust bearing, 
demonstrating how such trust bearing can be used to increase the critical speeds. Ouellet and Weiss [4] 
studied nonlinear axial vibrations, and assumed viscoelastic behavior of the pulp in the refining zone. 
 Karlberg and Aidanpää proposed a model for the refining process [5], which is used in this paper. The 
refining process here is described as forces, moments and stiffnesses. Several rotordynamical models exist to 
which this process model can be implemented. A conceptual model should be used, since designs at an early 
stage of the product development are to be studied. One simple model that captures many different concepts 
is a spinning four d.o.f. model, two translational and two rotational ones, supported by some linear structure. 
This model has been widely used in research, see for example [6]-[12], since it captures significant 
rotordynamical characteristics despite the simplicity, (e.g. gyroscopic effect).  
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 The aim of this paper is to show the dynamical effects of refiner concepts (early stage of the product 
development) when the applied process modelled is as in [5]. The aim is also to supply relevant information 
for the design regarding rotordynamics at the concept phase. 

2. The model 

 The rotordynamical model used in this paper consists of two translational d.o.f., X and Y in i  and 
j direction, and two rotational d.o.f.,ϕ  and θ  about these axes. When the machine is running on idle and 
only subjected to unbalance, the corresponding equation of motion can be written as [13] 

( ) ( )tus fXKXGCXM =+Ω++   (1) 

where

( ) ( )[ ] [ ] .00sincos,
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   (2-6) 

The mass of the rotor is denoted m, the transversal/polar mass moment of inertia pt JJ / , while the structural 
stiffness coefficients are denoted kij. The spin speed is denoted Ω , eccentricity γ  and uf  is the 
corresponding unbalance force. Proportional damping is applied where the constants α  and β  are coupled 
to the two undamped eigenfrequencies at standstill, according to  

22
i

i
i

βω+
ω
α=ζ , (i=1,2)  (7) 

Where 21 ωω <  and iζ  is the damping ratio of the i:th mode.  When the process is applied, the process 
stiffness matrix, 

( ) =

87

65

43

21

00
00
00
00

pp

pp

pp

pp

kk
kk
kk
kk

tpK  ,  (8) 

where ( )tkkk ppiopispi ωcos+=  (i=1..8), is added to the equation of motion. The external load due to the 
process can be written as  

( ) )cos( tt pωpopsp fff += .  (9) 
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where [ ]TsssYsX ffff θϕ=psf  and [ ]ToooYoX ffff θϕ=pof . Notice that in this paper only one of 
the process frequencies is studied, whereas a refiner in process is exposed to many frequencies. Because the 
system is linear, the superposition holds and solutions for the different frequencies treated individually can 
thus be added to each other to get the complete solution. Closed form expressions for the process stiffness 
coefficients as well as the external load are given in appendix A. The equation of motion during production 
can hence be written as, 

( ) ( )( ) ( ) ( )ttt pups ffXKKXGCXM +=++Ω++   (10) 

Introducing the nondimensional quantities γ/ˆ XX = , γ/ˆ YY = , ( )ϕγϕ 2
12 /ˆ Ω= mk , ( )θγθ 2

12 /ˆ Ω= mk  and 
Ω= tτ  into Eq. (10) gives, 

( ) ( ) pups ffXKKXGCX ˆˆˆˆˆˆˆˆˆ +=++′++′′   (11) 

where

( ) ( )[ ] [ ] [ ] ( )
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And a prime sign denotes derivatives with respect to τ . The nondimensional coefficients are given by, 
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2.1 Pressure distribution 

 In the derived model, a basic assumption is that the process can be treated as a pressure with a certain 
distribution on the rotor. The process matrices depend on the pressure distribution given by [5] as 

( ) ( )( ) ( ) ( )( )⋅−+⋅−=
=

)cos(,,,,
1

4321 tsrrsrrp p

n

i
ωηδηδηδηδ   (36) 

(See Appendix A) where 41−δ  are functions giving the distribution in polar coordinates of the rotor ( r , η )

( ) ( ) ( ) ( ) ( )( )ηϕηθϕ sinsincossincos −+= rss nom .  (37) 
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Measurements were conducted [14] showing the radial shear force to increase from the inlet of the refining 
zone before passing a maximum and finally decreasing. No reports about the circumferential distribution 
exist; hence, both axisymmetric and non-axisymmetric pressure distribution cases will be studied. For 
simplicity, both inlet and outlet pressures are set to zero. The functions 41−δ  is then assumed to be  

δδ 4141 −− = a  (38) 

where 41−a  are given by 

( ) ( )

( ) ( ) ∂∂=∂∂=

∂∂=∂∂=

ππ

ππ

ηηδγηηδλ

ηηδγηηδγ

2
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44

2

0
33

2

0
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2

0
11

2

1

2

1

2

1

2

1

,,

,,,,

rrraandrrra

rrrarrra

r

r

r

r

r

r

r

r

i

.   (39-42)  

The parameters 41−γ  are derived by fitting the function 

( ) ( )tssF pnomnompZ ωγγγγ cos4321 −−+−=  (43) 

to data from axial force measurements. The inlet radius of the refining zone is denoted 1r , while the outlet 
radius is denoted 2r . The shape of the distribution is then given by the function δ .

2.1.1 Axisymmetric distribution 

 For the axisymmetric pressure distribution, the function δ  is assumed to be  

( ) ( )( )121 r-r/r-r2cos-1 πδδ == a   (44) 

Notice that the outer radius of the rotor (used to calculate pJ , tJ , etc.) is greater than ro, since space is 
needed for the segment holders. Fig. 1 shows the stationary part of the axisymmetric pressure distribution in 
the refining zone when 0== ϕθ . Blue represents the low pressure, while the increasing red indicates the 
higher pressure. 

Fig. 1. Axisymmetric pressure distribution 
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 For the axisymmetric pressure distribution, the external load becomes zero, i.e. 0fp = . The process 
stiffness coefficients are 

23 pp kk −= (45)

14 pp kk =  (46) 

67 pp kk −=  (47) 

58 pp kk = . (48)

Hence, only four different functions here describe the process stiffness. 

2.1.2 Non-axisymmetric distribution 

 For non-axisymmetric pressure distribution, the function δ  is assumed to be  

( )( )ηδδ sin1 +⋅= a .  (49) 

Fig. 2 shows the stationary part of the non-axisymmetric pressure distribution when 0== ϕθ . Blue 
represents the low pressure, while increasing red indicates the higher pressure. 

Fig. 2. Non-axisymmetric pressure distribution 

 In this specific case of non-axisymmetric pressure distribution the external forces 
0==== θθ osoYsY ffff , while the other four are non-zero functions. For this case  

23 pp kk −=  (50) 

14 pp kk = (51)

67 pp kk −=  (52) 

58 pp kk =  (53) 

therefore, only four different functions describe the process stiffness. Note that this does not generally agree 
for non-axisymmetric pressure distribution.  
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3. Results

 The equation of motion given by Eq. (11) is a linear ordinary differential equation with periodic 
coefficients, thus general analytical closed form solutions cannot be found by known methods. Simulations 
of this equation are here performed to show the possible dynamical effects of a refiner in production. 
Although the e.o.m. is written in nondimensional form, dimensional parameters will be used in several 
simulations because the nondimensional parameters are not independent, making it difficult to interpret the 
results.  If nothing else is given in a specific section, the set of parameters 2778=m , 976=pJ , 488=tJ ,

1.021 == ζζ , 8
11 1025.5 ⋅=k , 8

2112 1058.1 ⋅== kk , 8
22 1011.1 ⋅=k , 51000.1 −⋅=γ , 6

1 1060.1 ⋅=γ ,
8

2 1000.1 ⋅=γ , 3
3 1010.2 ⋅=γ , 8

4 1000.2 ⋅=γ , 1.01 =r ,  8.02 =r  and 31000.5 −⋅=noms is used (SI units), 
and initial conditions are all set to zero. Notice that for all figures showing frequency properties on the axis, 
the unit is Hertz. 

3.1 Campbell diagram 

 When the load model of the refining process is applied, the homogenous part of the e.o.m. depends on 
time, meaning that a traditional Campbell diagram cannot be created. However, the eigenvalues at every 
instant can be calculated and presented as a function of spin speed.  

Fig. 3. a) Campbell diagram when 6.0=μ  and b) when 0.2=μ . c) Damping ratio when 6.0=μ  and  d) 
when 0.2=μ .

 The Campbell diagrams and damping ratio show little difference between the two different pressure 
distributions. Hence, the presented results in Fig. 3 can be said to represent both cases. In Figs. 3(a) and (c) 

6.0=μ , while in Figs. 3(b) and (d) 0.2=μ . The black solid lines in Figs. 3(a) and (b) show the Campbell 
diagram when no process is applied, i.e. 0K p = , with the dashed line being the unbalance excitation. The 
green areas represent the eigenfrequencies at every instant when the process is applied. Figs. 3(c) and (d) 
show how the damping ratio varies with spin speed. The black solid lines correspond to no application of the 
process, while the green areas correspond to the damping ratio at every instant when the process is applied.  

nω

Ω

ζ

Ω

ζ

Ω

nω

Ω

(a) (b) 

(c) (d) 
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3.2 External load response due to an axisymmetric pressure distribution 

 Since the process force vector pf̂  vanishes when the pressure distribution is axisymmetric, the only 
remaining external load (considered in this model) is unbalance. For all responses the maximum radial 

displacement in steady state 
max

22
max

ˆˆˆ += YXr is used as the dependent variable to be used for the 

evaluation. This variable can be used to fulfil certain design requirements and will here forth be called the 
requirement variable. For the three-dimensional figures, colours provide the maximum radial displacement.  
Dark blue represents zero vibrations and increasing red represents larger amplitudes. The same dark red 
gives all radial displacements larger than 7m̂ax =r . Finally, white areas represent amplitudes larger than 

1000m̂ax =r .

Fig. 4.  External load response when a) no process is applied, b) 6.0=μ  and axisymmetric pressure and c) 
0.2=μ  and axisymmetric pressure. 

 Fig. 4(a) shows the external load response maxr̂  as a function of spin speed when no process is applied. 
This can be viewed as an idle refiner at different spin speeds only subjected to unbalance force. Figs. 4(b) 
and (c) show maxr̂ as a function of spin speed and the process frequency when the axisymmetric pressure is 
applied. In Fig. 4(b) 6.0=μ , while in Fig. 4(c) the friction coefficient has been increased to 0.2=μ .

3.3 Modulated external force response with axisymmetric pressure distribution 

 To discuss the effect of the “range” of eigenfrequencies shown in Fig. 5, a simulation of modulated 
unbalance response is performed. Here, modulation is the system being simulated at a constant spin speed 
that gives the system characteristics, though the excitation frequency at the right hand side of the e.o.m. is 
modulated by a varied factor ε . This means that the excitation frequency is given by Ωε  and resonances at 
any spin speed can therefore be studied. 

pω

Ω

pω

Ω

maxr̂

Ω

(b)(a)

(c)
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Fig. 5. Modulated external load response with axisymmetric pressure when 6.0=μ .

 Fig. 5 shows the external load response maxr̂  as a function of the excitation frequency Ωε  when 
25=Ω Hz. The dotted line represents when 1=pω Hz, the dashed line 01.0=pω Hz and the solid 

line 001.0=pω . Notice that the eigenfrequencies (calculated at every instant) are in the range 
[ ]3.569.49∈nω  . 

3.4 External load response due to an non-axisymmetric pressure distribution 

 A non-axisymmetric pressure distribution can lead to both stationary and oscillating external forces for 
every coordinate [5]. For this study, the maximum radial displacement at steady state maxr̂  is also used as a 
requirement variable for the process force response. Dark blue represents zero vibration, increasing red 
represents the larger amplitudes and white areas represent amplitudes larger than 1000m̂ax =r .

Fig. 6. External load response with the non-axisymmetric pressure when a) 6.0=μ  and b) 0.2=μ .

 Fig. 6(a) shows the external load response maxr̂ as a function of spin speed and process frequency when 
6.0=μ  and the non-axisymmetric process is applied. The same dark red gives all radial displacements 

larger than 80m̂ax =r . In Fig. 6(b) the friction coefficient was increased to 0.2=μ , but notice that the same 
dark red here gives all radial displacements larger than 150m̂ax =r .

pω

Ω

pω

Ω

maxr̂

Ωε

(a) (b) 
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3.5 Stability

 When the process load model is applied, the system has periodic coefficients with period ωπ ˆ2 , meaning 
that the Floquet theory [15] can be applied to find unstable domains. The difference in stability between the 
two pressure cases was small and, hence, the charts presented here represent both cases.  

Fig. 7. Stability charts when a) 6.0=μ , b) 0.2=μ  and c) 0.2=μ

 Fig. 7 show stability charts for spin speed and process frequency when the process is applied. In Fig. 7(a) 
6.0=μ , Fig. 7(b) 0.2=μ and in Fig. 7(c) 0.2=μ , though at low process frequencies. White represents the 

maximum characteristic multipliers greater than 1, i.e. unstable vibrations. Dark blue represents maximum 
characteristic multipliers equal to zero and dark red represents values close to 1. The coloured area hence 
means different order of stable vibrations.  

pω

Ω

pω

Ω

pω

Ω

(a) (b) 

(c)



To be submitted for journal publication 

10

3.6 Trajectories

 In time domain, trajectories in the ij -plane and radial displacement were studied. The spin speed is set to 
25 Hz and the process frequency is set to 0.35 Hz. 

Fig. 8. Whirling orbits for a) axisymmetric pressure distribution when 6.0=μ , b) axisymmetric pressure 
distribution when 0.2=μ , c) non-axisymmetric pressure distribution when 6.0=μ  and d) non-
axisymmetric pressure distribution when 0.2=μ .

 Fig. 8 shows whirling orbits in the ij-plane at steady state for one period of the process frequency. Figs. 
8(a) and (b) show axisymmetric pressure with 6.0=μ  and 0.2=μ . Figs. 8(c) and (d) show non-
axisymmetric pressure with 6.0=μ  and 0.2=μ

Fig. 9. Radial force response as a function of time with 0.2=μ  for a) axisymmetric pressure and b) non-
axisymmetric pressure.  

Ŷ
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Ŷ

X̂

Ŷ

X̂

Ŷ
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τ
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(c) (d)
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 Fig. 9 shows the radial displacement as a function of time for ten periods of the process frequency at 
steady state when 0.2=μ . In Fig. 9(a) the axisymmetric pressure is applied, while in Fig. 9(b) the non-
axisymmetric pressure is applied. 

3.7 Design space 

 The visualisation of design spaces is a useful tool to find suitable concepts. Equations (19)-(35) show the 
numerous design parameters; hence, the order of complete design space is too high to visualise. In this paper, 
subdesign spaces of 11k̂ , 21k̂  and 22k̂  as design parameters and maxr̂ as a requirement variable are presented. 
Since the requirement variable is a function of three design variables the subdesign space cannot be 
presented as a surface. One way to visualize this space is to let the colour represent the level of the 
requirement variable, i.e. simulating for ranges of the design parameters gives a cube of different colors. By 
illustrating slices in this cube, it is possible to imagine what these subdesign spaces look like. For all figures, 
the slices are cut at 101̂1 =k , 50ˆ

21 =k  and 25ˆ
22 =k . Besides design parameters, all other parameters are 

kept constant. The spin speed is set to 25 Hz with the process frequency set to 0.35 Hz, used to set 
reasonable nondimensional process parameters. 

Fig. 10. Subdesign spaces for a) axisymmetric pressure distribution when 6.0=μ , b) axisymmetric pressure 
distribution when 0.2=μ , c) non-axisymmetric pressure distribution when 6.0=μ  and d) non-
axisymmetric pressure distribution when 0.2=μ .

 Fig. 10 shows the subdesign spaces at steady state. Dark blue represents zero vibration while increasing 
red represents larger amplitudes. Colourless areas correspond to amplitudes larger than 1000m̂ax =r . Figs. 
10(a) and (b) show the cases of axisymmetric pressure with 6.0=μ  and 0.2=μ . In these figures, the same 
dark red gives all radial displacements larger than 7m̂ax =r . Figs. 10(c) and (d) show the cases of non-
axisymmetric pressure with 6.0=μ  and 0.2=μ . In these figures, the same dark red gives all radial 
displacements larger than 150m̂ax =r .

11k̂21k̂

22k̂

(a) (b) 

(c) (d) 

11k̂21k̂

22k̂

11k̂21k̂

22k̂

11k̂21k̂

22k̂
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4. Discussion and conclusions 

 Since this paper deals with rotordynamics of fibre refiners at an early stage of the product development 
(i.e. the final design is not decided), simple models that capture many different designs should be used. This 
is the reason for implementing the refining process model [5] in the simple four d.o.f. model given by Eq. 
(1). When the process is involved, the number of parameters increases, and the complete design space thus 
becomes too large. Hence, only variations of a few parameters will be considered here. 
 Two different cases are studied, since little is known about the pressure distribution in the refining zone. 
Fig. 1 shows the axisymmetric pressure distribution and Fig. 2 the non-axisymmetric case. These two 
distributions are studied due to the difference in external load from the process. In the axisymmetrical case, 
the external load is only due to unbalance, while additional process forces appear in the non-axisymmetric 
case. Of note is that both the Campbell diagram and stability showed small difference between the two 
pressures, indicating an insignificant difference in homogeneous part of the e.o.m. for the studied cases. 
 Two cases of friction coefficients are studied, i.e. 6.0=μ for normal conditions and 0.2=μ  representing 
an extreme scenario. In all simulations, 2ˆ =J  indicates that refiner concepts with disc properties are studied.
 From the Campbell diagrams shown in Fig. 3, the process load model led to fluctuations of the 
eigenfrequencies (viewed at every instant). The mean value of these fluctuations is a few Hz higher 
compared to the case without the process (see black line and green area in Figs. 3(a) and (b)), indicating that 
when the process is applied the resonances can be expected to occur at a slightly higher spin speed than 
predicted by a model without process. This is also verified by comparing the forced response due to 
unbalance (compare Figs. 4(a) and (b)) where the critical speed occurred at a slightly higher frequency after 
the process had been applied. When comparing Figs. 3(a) with (b) and (c) with (d), by increasing the friction 
from 6.0=μ to 0.2=μ  (i.e. increasing the power) the Campbell diagram does not change very much. 
However, the damping ratios go from negative in almost the whole spin speed range to a situation where at 
least one of the modes for some duration becomes positive in the whole range.  
 Fig. 4(a) shows the external load response when no process is applied. Notice that the resonance occurs at 
60 Hz and that only the first forward whirl is excited (in the shown range). In Fig. 4(b) the axisymmetric 
pressure is applied (i.e. the load is only due to unbalance since the external load due to the process vanish) 
with 6.0=μ . It can be concluded that the response not only depends on the spin speed but also on the 
process frequency. No explanations for the areas (almost linear fields) that show increased vibrations exist 
besides the resonance. By increasing the friction to 0.2=μ  the resonance peak becomes wider in spin speed 
range, see Fig. 4(c). A white area showing large vibrations is found at the upper left corner in Fig. 4(c) (low 
spin speed and high process frequency) due to this domain coinciding with an unstable domain shown in Fig. 
7(b).
 In fibre refiners, the process frequency is often low, since some of the feeder screws are running at low 
speeds (below 1 Hz). This implies that the concept of eigenvalues at every instant becomes more significant 
than for high frequencies. In Fig. 5, the system is running with a spin speed of 25=Ω  with axisymmetric 
pressure when 6.0=μ . The excitation frequency is varied between 52 and 60 Hz. Even though the excitation 
frequency coincides with the range of eigenfrequencies, no “broad” resonance could be found even at low 
process frequencies. As the process frequency decreases, Fig. 5 shows that both the resonance level and 
resonance frequency increase. The peak becomes “narrower” instead of “broader” as the process frequency 
decreases. 
 By comparing the Campbell diagrams in Fig. 3 with the non-axisymmetric external load response shown 
in Fig. 6, all forward and backward modes are excited, i.e. a refiner with non-axisymmetric pressure 
distribution should be designed to avoid all forward and backward modes otherwise large amplitudes can be 
expected. Besides the frequencies given by the Campbell diagram, Fig. 6(a) shows that when 6.0=μ , other 
domains of increased vibration levels in the low process frequency range exist. Note that the response due to 
unbalance with the chosen eccentricity is small compared to the response due to the process. When the 
friction is increased to 0.2=μ , Fig. 6(b) shows the amplitudes to generally increase; in certain domains 
unstable vibrations can be expected. By comparing Fig. 4(b) with Fig. 6(a), the vibration level is generally 
significantly higher with the non-axisymmetric pressure than with the axisymmetric.  
 When it comes to stability, it can be concluded that in the chosen ranges of spin speed and process 
frequencies Fig. 7(a) shows a stable system when 6.0=μ  (by means of Floquet theory). However, by 
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increasing the system friction to 0.2=μ , Figs. 7(b) and (c) show the existence of unstable domains, 
especially at low process frequencies. Of note in the completely stable situation (Fig. 7(a)), the damping ratio 
is negative at every instant almost in the whole range of spin speeds (see Fig. 3(c)). However, unstable areas 
become present when the power increases to 0.2=μ , corresponding to a positive damping ratio for some 
duration in the whole range of spin speeds (see Fig. 3(d)). This implies that refiners should be designed with 
enough damping to keep the real parts of the eigenvalues negative at every instant.  
 Whirling orbits in steady state are shown in Fig. 8 when the spin speed is set to 25 Hz and the process 
frequency to 0.35 Hz. When the axisymmetric pressure is applied and 6.0=μ , Fig. 8(a) shows a circular 
kind of orbit with a certain variation in the radius due to the change of stiffness over time. By increasing the 
friction to 0.2=μ , Fig. 8(b) also shows some kind of circular motion, but with much larger amplitude. Fig. 
9(a) shows radial displacement as a function of time for the same set of parameters (axisymmetric pressure 
and 0.2=μ ). Of note, this set of parameters can be found in the stable domain of Fig. 7(b) and (c). When 
the non-axisymmetric pressure is applied and 6.0=μ the orbit is given by Fig. 8(c). Here, the amplitude is 
greater compared to the axisymmetric case (with the chosen eccentricity). The orbit follows almost a straight 
line where the mean value in both directions is displaced from the origin due to the static part of the process 
load. The vibration level increases significantly when the friction is increased to 0.2=μ (see Fig. 8(d)). The 
same vibration is shown in Fig. 9(b) as radial displacement versus time. Here too, the Floquet theory gives 
stable vibrations, i.e. checking the stability by means of the Floquet theory does not ensure small amplitudes.  
 In Fig. 9 the large amplitude peaks arise with a certain periodicity, because the damping ratio becomes 
positive for certain duration; hence, the system will grow rapidly. When the damping ratio becomes negative, 
the amplitude will decrease. 
 In general Fig. 10 shows that low vibration levels can be obtained for concepts with high values of 11k̂

and 22k̂ , and low 21k̂ . It can also be stated that the domains of large amplitudes (colourless) increase when 
the friction increases from 6.0=μ  to 0.2=μ . When comparing Figs. 10(a) and (b) with (c) and (d), the 
non-axisymmetric pressure leads to higher vibrations than the axisymmetric case. Fig. 10(a) shows that for 
axisymmetric pressure when 6.0=μ the resonance occurs if 11k̂ , 22k̂ , or both decrease. This is because the 
eigenfrequency of the first forward whirl decreases, as well as the occurrence of resonance when it is around 
25 Hz. When 0.2=μ  resonance also occurs, but only for low values of 12k̂  since the resonance peak 

coincides with the unstable area for high values of 12k̂  (see Fig. 10(b)). In the non-axisymmetric pressure 
cases, Figs. 10(c) and (d) show that no resonance can be visualised, possibly due to the static displacement 
becoming dominant when the stiffness decreases.  
 This means it is unlikely to design a supercritical refiner by decreasing the stiffness; instead the spin 
speed should be increased. For the cases studied here, the spin speed should be equal to about 70 Hz (and 
probably greater than that) to be running in the supercritical range. Of note in this paper, nothing regarding 
the fibre quality is discussed that probably would be affected by such a change of spin speed.    
 Besides differences in what modes the two studied pressures excite, it can also be concluded that 
excitation due to unbalance is (of course) independent of the process frequency. However, excitations due to 
the process, as in the non-axisymmetric pressure case, strongly depend on the process frequency. This means 
that with a non-axisymmetric pressure distribution more excitation frequencies must be considered than for 
an axisymmetric distribution. Therefore, it is suggested that the refiner should be designed so that the 
pressure distribution becomes axisymmetric to avoid added external load. It is also suggested that the process 
frequencies be chosen far from the eigenfrequencies at idle, both backward and forward (note that the 
resonances will occur at slightly higher frequencies due to the process stiffness matrix). Besides, Fig. 6 
shows that in the subcritical range, an unexplained increase in vibration levels may be found. Hence, the 
process frequencies should also be chosen so that they do not coincide with these.  
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Appendix A. Process stiffness coefficients and external load  
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