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SUMMARY AND CONCLUSIONS 

Constitutive models for simulating the mechanical material 

behaviour of hard metal powder are studied. Four classes of 

constitutive relations are examined. The classes are nonlinear 

elasticity, cap plasticity, multisurface plasticity, and 

endochronic plasticity. A representative model of each class is 

studied in detail. An optimization technique is used .to fit the 

constitutive parameters to physical test data on multiaxially 

loaded hard metal powder specimen. 

The selected nonlinear elasticity model by Cedolin et al is 

simple and easy to use. It shows a good agreement with physical 

tests in hydrostatic loading paths. The model is not capable of 

describing experimentally observed phenomena like shear 

compaction and dilatation. 

The selected cap plasticity model by DiMaggio and Sandler has 

relatively few parameters. The parameters are easy to obtain from 

conventional tests. The model has good capabilities of simulating 

simple loading paths. 

The multisurface model by Prevost is an advanced model Which can 

simulate the behaviour of a wide range of materials. It is 

flexible to use and its parameters are easy to understand from a 

physical point of view. The model describes experimentally 

observed phenomena well. 

Of all models tested, an endochronic model by Bazant shows the 

best agreement with physical experiments. Different phenomena can 

be simulated with the model by adding certain constitutive 

functions. It is, however, difficult to fit the model to test 

data because of the large number of model parameters, most of 

these have no physical meaning. 

A corrected Gauss-Newton method is used to find optimal model 

parameters. Since the optimization methods only can converge to a 

local optimum, an a priori knowledge of the constitutive model 

behaviour is of a great importance to solve the global 

optimization task succesfully. 
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1 INTRODUCTION 

1.1 Background 

The cold compaction process is an important part of the pro-

duction of hard metal products from powders. In the process, the 

powder is placed in a die and pressed from one or several sides 

to its desired shape. The process normally lasts just a few 

seconds for productivity reasons. The quality of the product 

depends on the shape, the pressing procedure and the mechanical 

properties of the powder. Figure 1 schematically shows the way a 

hard metal product is manufactured. 

After the compaction process, a sintering is performed. During 

the sintering cracks, depending on differential shrinkage, can 

occur. Shrinkage during sintering depends on the density distri-

bution. If the density distribution is non-uniform, the differen-

tial shrinkage can cause fracture in the material. Thus, it is 

interesting to be able to predict the density distribution of the 

compaction process. 

The numerical simulation of the cold die compaction gives a 

powerful tool in the development of new products. Expensive 

production tests could be reduced and an optimum shape of the 

product and the tools could be achieved. 
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Figure 1.1.1 Manufacturing of a hard metal powder product. 
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1.2 Aim and scope of the present work 

The main purpose of this work is to examine constitutive models 

for the compaction of hard metal powder. 

Characteristic features of the hard metal powder are described by 

results from experimental studies performed at the division of 

Rock Mechanics at  Luleå  University of Technology, see Alm et al 

(1982) and Alm (1983). Only a minor number of the experiments 

have been carried out by the author. Most attention is, however, 

paid to constitutive theories and their application to hard metal 

powder. Three main types of constitutive models are studied: 

robust and simple nonlinear elastic and plastic models, advanced 

yield surface type of models and endochronic plasticity models. 

Attention is also paid to optimization theories. The optimization 

technique is used to fit the parameters of the constitutive 

models. 

1.3 Notations 

Tensors are given with symbolic notation and denoted by a wavy 

underline. For the sake of clarity, some tensor equations are 

given in component form with indicial notation, or in matrix 

form. The summation convention is used when indicial notation 

appears. 

The notation and symbols used in the text are explained when they 

first occur. In addition, notations and symbols are listed in 

Appendix 2. 



4 

2 HARD METAL POWDER 

2.1 General 

Historically, metal powder was first used for producing wrought 

products from metals which could not be melted. It began with 

iron in the form of sponge iron produced by reduction with 

charcoal in charcoal fired furnaces from iron-oxide. • 

Many methods in powder metallurgy were developed at the beginning 

of this century for producing tungsten wire for lamps. 

Structural parts have been produced from hard metal powder since 

the late 1930s, starting with self-lubricating bearings. By about 

1940 new methods of melting metals were developed, and from then 

on it was possible to melt every metal regardless of its 

meltingpoint. Even if it was now possible to cast all metals, 

powder metallurgy was competitive for economic reasons. 

Cemented carbides were first developed in Germany in about 1925. 

In the beginning they consisted of a metal carbide and (from 3 to 

20 % ) of a metallic binder; normally tungsten carbide as the 

metal carbide and cobalt as the binder. Since then, many new 

compositions for cemented carbides have been developed, 

containing carbides of titanium, tantalum and/or niobium. 

Cemented carbides are now used particularly for cutting tools. 

Today the use of hard metal powder products has a broad range of 

applications, e.g. structural parts with complicated shapes and 

high demands of strength, as well as cutting tools where high 

durability is important. 

2.2 Microstructure 

A hard metal powder contains a great number of particles, or 

groups of particles, which interact with each other in a complex 

way. When the powder is subjected to a load, the particles deform 

and their arrangement changes. Figure 2.2.1 show Scanning 

Electron Microscope  (SEM)  pictures of a hard metal powder 
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compacted to two different hydrostatic pressures. 

Powder compacted at 9810N. 	 Powder compacted at 39240N. 

Figure 2.2.1  SEM  micrographs of powder compacts by Samuelson and 

Bolin (1983). 

The grain size of the dominating material, tungsten carbide (WC), 

in powder for cemented carbide, as in the micrographs above, is 

typically 1 to 5 micrometer. 

The composition of hard metal powder varies depending on its 

application. For a cemented carbide a normal composition could be 

about 90 % of WC and about 10 % of Cobalt (Co), but other 

materials such as titanium carbide (TiC), tantalum carbide (TaC), 

niobium carbide  (Nbc),  nickel  (Ni)  and chromium (Cr) could also 

be integral parts in cemented carbides. 

The global deformation of powder (macroscale deformation) is 

connected to the particles deformation and movement on the 

microscale. Magnitude and direction of the load, and type of 

particle are important factors for the microscale behaviour. Some 

particles fracture into a number of pieces and fill empty spaces, 

some deform plastically, together with the surrounding particles, 

into polyhedra, other particles climb onto each other or pack 

together. This makes the macroscale deformation difficult to 

predict. 
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2.3 Mechanical properties 

2.3.1 Experiments 

The experimental data in the report are from experiments on a 

hard metal powder of standard type from  SANDVIK  HARD MATERIALS. 

The equipment and experimental techniques are described in detail 

by Alm et al (1982) and Alm (1983). 

A 4.5 MN servohydraulic testing machine is used to control the 

axial load. The specimen to be tested is placed in a high-

pressure loading cell surrounded by a fluid. The fluid is • 

pressurized by a high-pressure pump which controls the radial 

load. The equipment is capable of tests of up to 250 MPa 

hydrostatic pressure. 

The specimens tested are of one standard powder type precompacted 

to a minimum of 10 MPa. They are cylindrical in shape, with a 

diameter of 30 mm and a length of 60 mm. They are covered with 

latex rubber to prevent high-pressure fluid from penetrating into 

them. 

In the following sections some results from the experiments are 

presented. 

2.3.2 Virgin loading 

A common way of describing the behaviour of materials when 

subjected to loads is to plot curves for stress Invariant versus 

strain invariant, see Appendix 1 for a definition of the 

invariants used. 

Data from cylindrical standard grade tungsten powder specimens 

precompacted to 10 MPa, Hehenberger et al (1980,1982) and Alm et 

al (1982), are given in Figures 2.3.1 to 2.3.5 and 2.3.7. 
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2.3.2.1  Uniaxial  loading  

Stress-strain diagrams of powder subjected to  uniaxial  tests vary 

with the degree of precompaction, but qualitatively representa-

tive diagrams are shown in Figure 2.3.1. 

al  

E 

Er.E3  

(a) 	 (b)  

Figure 2.3.1 Representative stress versus strain diagrams from  

uniaxial  compression test of hard metal powder. 

a) Axial stress - volumetric strain  

b) Axial stress - principal strains 

It could be observed in the stress vs. volumetric strain diagram 

that dilatancy effects appear near failure. The dependence of the 

failure stress on the degree of precompaction is not shown here, 

but the failure stress increases with increasing precompaction, 

as expected. 

2.3.2.2 Hydrostatic loading 

In hydrostatic compressive loading, shown in Figure 2.3.2, it 

could be noticed that a large amount of the compaction takes 

place at low pressures. 
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- I 00 -80 -60 	-40 	-20 

Figure 2.3.2 Hydrostatic loading-unloading-reloading of 

hard metal powder. 

2.3.2.3 Triaxial loading 

Results from triaxial tests of hard metal powder are shown in 

Figure 2.3.3. The axial stress of the cylindrical specimens on 

one axis are plotted against theaxial and radial strains on the 

other axis. Three different load paths are shown. All three are 

of the conventional type of triaxial loading paths, a hydrostatic 

loading to a certain value followed by an increase of the axial 

load with constant radial load. 
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Figure 2.3.3 Triaxial compression test of hard metal powder. 

Axial stress versus principal strains. 
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Figure 2.3.4 Triaxial compression test of hard metal powder. 

Octahedral normal stress versus octahedral 

normal strain. 
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A diagram of octahedral normal stress versus octahedral normal 

strain, Figure 2.3.4, shows that there is a shear compaction at 

high pressures, i.e. the volume is smaller for an axial loading 

test than for a hydrostatic loading test, with the same mean 

normal stress. At small pressures no shear compaction is seen, 

and the volume starts to increase for a high stress difference. 

Thus, shear stresses seem to be important for the density 

distribution in compacted powder. 

02-=a3 —i25MPa 
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Figure 2.3.5 Triaxial compression test of hard metal powder. 

Octahedral normal strain versus octahedral shear 

stress. 

The octahedral normal strain after hydrostatic compaction versus 

shear stress is plotted in Figure 2.3.5. Note the decrease of the 

slope (dT0/dIE0 )until an octahedral normal strain of approximate-

ly -0.01 is reached. After that, the slope increase. For 02 = 03 

= -15 MPa the curve finally points to the right. This behaviour 

of the hard metal powder could be explained on the microscopic 

scale. After a hydrostatic loading the powder particles 

have a certain distribution (Figure 2.3.6a). When the shearing 

starts, an increase in the order of the particles takes place 

(Figure 2.3.6b). However, when the shearing force is further 

increased, the effect is different for low and high pressures. At 

low pressures the particles start to climb onto each other, and 

the volume increases (dilatation), see Figure 2.3.6c. At high 
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pressures the particles deform when the shear stress increases, 

and the volume decrease continues (shear compaction). 

0.9L  

lp  

(a) 

Figure 2.3.6 Microscopic description of powder compactions at 

low pressures. 

a) after hydrostatic compression  
b) small shear stresses packs the particles  
c) large shear stresses makes the particles 

climbing onto each other. 

The octahedral shear stress as a function of octahedral shear 

strain is shown in Figure 2.3.7. The shear strain is seen to 

increase with shear stress in the same manner for all the three 

pressures. Note that the slope (dT0/dy0
) decrease in the whole 

region for all the curves. 
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Figure 2.3.7 Triaxial compression test of hard metal powder. 

Octahedral shear strain versus octahedral shear 

stress. 
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2.3.3 Cyclic loading 

No complete investigation of the cyclic behaviour of the powder 

material was done in the work of Hehenberger et al (1980,1982) 

and Alm et al (1982). However, a few experiments with hydrostatic 

cycling and triaxial compaction with superimposed axial cycling 

show the representative behaviour. 

In hydrostatic cycling a hysteresis effects could be seen. It is 

also seen that the material "remembers" the stress state at which 

hydrostatic unloading and reloading took place. The bulk modulus 

increases with the pressure, but at higher pressures the increase 

is very small. Figure 2.3.8 shows representative hydrostatic • 

cyclic loading. 

Figure 2.3.8 Behaviour of hard metal powder in hydrostatic 

cyclic compression. Hydrostatic pressure versus 

volume strain. A representative curve. 

Hydrostatic compaction with superimposed axial cyclic loading 

also shows hysteresis loops. The reloading slopes are approxima-

tely constant as functions of axial stress. Figure 2.3.9 shows a 

representative curve of this. 



Figure 2.3.9 Cyclic behaviour of hard metal powder. Hydrostatic 

loading superimposed by an axial cyclic loading. 

Axial stress versus strain. A representative curve. 

13 
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3 CONSTITUTIVE MODELS FOR HARD METAL POWDER 

3.1 General 

Because of the strongly nonlinear relation between stress and 

strain it is generally necessary to use an advanced constitutive 

model to describe the behaviour of a hard metal powder subjected 

to a general loading. 

There are two obvious ways of treating the problem of formulating 

a material model for a hard metal powder. The first is to treat 

the powder from a microscopical point of view with properties 

related to its discrete particles or granules. The second is to 

treat it as a homogeneous continuum, using a phenomelogical 

model. 

3.1.1 Micromechanical description  

Much research has been done to describe the behaviour of a granular 

media from the properties of its discrete particles. 

Several experiments have successfully been carried out by using 

photoelastically sensitive material and viewing it in polarized 

light. Drescher and de Josselin de Jong (1972) were able, by 

loading an assembly of discs, to evaluate discrete quantities 

such as the displacements of the individual particles and the 

forces acting between the discs. They determined the stress by an 

averaging procedure. 	Figure 3.1.1 shows a photoelastic picture 

of assemblies of rods of polyurethane rubber with oval cross 

sections subjected to a load. Drescher (1976) showed that the 

principal stress trajectories can be evaluated directly by using 

crushed glass. 
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Figure 3.1.1 Photoelastic picture showing the interacting forces 

in an assembly of rods subjected to a load, from 

Konishi et al (1982). 

Another technique, by which it is possible to measure discrete 

quantities, is to do numerical experiments. Using computer 

programs based on the distinct element method  (DEM),  Cundall and  

Strack  (1979) and Cundall. Drescher and  Strack  (1982) have 

performed calculations on two-dimensional assemblies of discs 

with various boundary conditions. Discrete quantities such as 

contact forces, slip at contacts, particle velocities and 

rotations could then be calculated. Average quantities such as 

stress and strain could also be obtained. In Figure 3.1.2 force 

paths and velocities from a calculation are shown. 
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Figure 3.1.2 The behaviour of an assembly of discs shown by 

using the distinct element method, from Cundall 

et al (1982). 

The above approaches are useful in studying the material beha-

viour on a microscale, but cannot so far be transferred directly 

to a macroscale model. A promising theory that connects the 

overall macroscopic stress in granular masses with parameters 

that characterize the microstructure is the theory of fabric. By 

considering the stress as 

a = A:F 	 (1) 

where A is a fourth order tensor which can be given a macroscopic 

quantity, and F is the fabric tensor. 

In the definition of fabric for granular material such quantities 

as density, the distribution of contact  normals,  and the dimen-

sion and orientation of the branches are included. A branch is a 

vector which connects the centers of two granules in contact. For 

more information about fabric, see e.g. Nemat-Nasser (1982) and 

Oda et al (1982). 

It was Mogami (1965) who first introduced the concept of entropy 

into the mechanics of granular materials. He used the total 
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number of particles  N,  the void ratio  e  and its variance s to 

obtain an expression for the entropy  

H = logw = N(1+e)2,n(1+e)-Ne£n(e)-Ns/2e(1+e) 	(2) 

By assuming that the shear strain depends on entropy, he found 

the connection of fabric properties to the continuum as  

H  = H(g) ,  g  = e-ky
o 
	 (3) 

where  k  is a constant and y'
0 
 isthe octahedral shear strain. 

Other entropy theories have been presented since then. In 

general, however, it is the amount of disorder, analogical to 

statistical mechanics, which is described by the entropy para-

meter, see Kanatani (1981) and Satake (1984) for a more detailed 

description of entropy theories developed for granular materials. 

3.1.2 Continuum mechanical description  

In a continuum mechanical approach the microscopic relations in a 

powder are neglected. Only macroscopical effects are then 

interesting to measure in experiments and to have as parameters 

in models. 

There are several types of models which use a continuum mechanical 

description. The simpliest are the elastic models, where material 

properties like shear and bulk moduli, or Poission's ratio and 

Young's modulus are given as functions of stress or strain 

invariants. The most commonly used models are, however, based on 

the theory of plasticity, where yield surfaces and hardening 

rules describe the nonlinear behaviour of the powder material. 

Early work in this field was done by Suh (1969). He proposed a 

model based on the theory of plasticity with a yield surface 

describing a revoluting lemniscate in the stress space. 

Another continuum mechanical model for powder compaction was 

suggested by  Sundström  and  Fischmeister  (1973). Their 
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"geometrical hardening" model is based on finite element calcula-

tions of the shape change of typical pores in a powder compact. 

Simulations of the copper powder behaviour during compaction in a 

T-shaped mold are performed by Morimoto et al (1982). They use 

constitutive relations for powders based on a model for porous 

metals proposed by Oyane (1973). The model is based on the theory 

of plasticity. The yield criterion is an ellipsoid with the size 

depending on the material density. Also the elastic components, 

Poisson's ratio and Young's modulus are expressed as functions of 

the density. 

A model developed for sand by Vermeer (1978) is used in a simula-

tion of powder compaction by Broese van Groenou and Lissenburg 

(1983). They simulate compaction of MnZn ferrite powder in a 

cylindrical die compacted from one side by means of a profiled 

plunger. The model by Vermeer have different formulations for the 

deviatoric and volumetric behaviour. That is, it contain two 

yield surfaces and two hardening relations (a double-hardening 

model). 

In the following sections, 3.2-3.5, four continuum mechanic 

models are described in more detail. 
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3.2 Nonlinear elasticity 

3.2.1 Introduction 

Nonlinear elastic constitutive models often have the favourable 

feature of being easy to use in the prediction of the nonlinear 

material behaviour. The elasticity models have a formulation 

based on either the total or the incremental stress-strain rela-

tionship. That is, the stress-strain relation can be expressed 

either with the secant or the tangential constitutive matrix. 

Total stress-strain relations are generally derived either by 

modification of the linear elastic relations or by using the 

hyperelastic approach. 

In a general elastic body the stress depends upon the strain from 

a certain natural state 

= f(c) 	 (1) 

The most commonly used nonlinear elastic models in engineering 

practice are modifications of the isotropic linear elastic 

relations based on variable secant moduli. 

A material is said to be hyperelastic if there exists a strain 

energy function whose derivative with respect to a strain 

component determines the corresponding stress component. The 

general form is 

a = 1,4/2e 	 (2) 
ete  

where W is the strain energy density. As in the engineering type 

of elasticity, Equation (1), the stresses and strains are rever-

sible and path-independent. Also the strain energy is reversible 

and path-independent. This is not guaranteed in the engineering 

type of elasticity. Thus, the laws of thermodynamics are 

satisfied in the hyperelastic type of elasticity, but in the 

engineering type of elasticity energy may be generated for some 
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cyclic stress paths. 

Incremental elastic stress-strain relations are of the 

hypoelastic type of elasticity 

(3) 

where the elements of  D,  in general are functions of the stress. 
1.4 

The material behaviour is path-dependent, incrementally rever-

sible and may violate the laws of thermodynamics in some load 

cycles. 

An irreversible variant of hypoelasticity is the variable moduli 

type of elasticity 

(J
o 

= 3Ke0 
 , 

	 = 2GE' 
	

(4) 

where index o denotes the octahedral part, and ' denotes the 

deviatoric part. The functions,  K  and  G,  could have different 

expressions in initial loading, unloading and reloading. The 

behaviour is path dependent and may violate the laws of thermo-

dynamics. The variable moduli type of elasticity is irreversible, 

and like the engineering type of elasticity it is computationally 

Simple and easy to fit to data. 

Nonlinear elastic models cannot in general simulate reversed 

loading of materials with a significant large amount of plastic 

strain. However, in simulating the compaction of hard metal 

powder, such models are interesting because the unloading of a 

sample of powder gives very small additional deformations. 

A nonlinear elastic model suitable for simulating the compaction 

of hard metal powder is proposed by Cedolin, Crutzen and Dei Poli 

(1977). It is an incrementally formulated theory based on 

secant bulk and secant shear moduli. The model is easy to implement 

in a computer program and to fit to experimental data. It has a 

sort of stress or strain induced anisotropy. Further, in the 

model the deviatoric and the volumetric response are separated. 

However, interaction or cross effects, such as the volumetric 

strain increments caused by deviatoric stress increments, are 
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generally present in the incremental formulation. This possi-

bility has been used by modifying the model to include pressure 

dependence on the deviatoric stress. 

Here the model by Cedolin et al with a modification for hard 

metal powder is described. For a description of other nonlinear 

elastic models, see e.g. Chen and Saleeb (1983). 

3.2.2 Theory 

A secant bulk and shear moduli formulation of the stress-strain 

behaviour can be written as 

k0l13K 0 ][E0] 
T
0 	0  Gs  'y 	

(5) 

where the secant bulk modulus Ks and the secant shear modulus Gs 
variate in some manner with stress invariants and/or the strain 

tensor invariants. 

Cedolin et al have proposed the following approximation of the 

secant bulk and shear moduli 

K
s 
= K

0
[a(b)Eoic+d] 
	

(6a) 

Gs = G0[m(q)-Yo/r-nyo
+t] 
	

(6b) 

where K0  and G0  are the initial bulk and shear moduli, and 

a,b,c,d,m,q,r,n, and t are material constants. 

3.2.2.1 Numerical implementation 

In the following equations, an incremental tangent stiffness form 

of the model is described which is suitable for implementation in 

a standard finite element code. 

Generally, we have 



22 

G
s = G(yo,E)' Ks = K(E  ,y  ) o o (7a,b)  

The problem is to relate these moduli to the tangent stiffness 

matrix  D  , of the form 

0. = D. 	E 
lj 	ijkt (8) 

Differentiation of Equation (5) yields the incremental equation 

3K +3o0 dKs S 	o 	 3c
0  dy  dE 	 o 

dGs ° 	 dGs yo 	 G +y  
S o de

o 	 dy
o_ 

Squaring and differentiating y
0 
 = pc,  kt  c, 

 
la gives 

3   

	

c' 	. 4  k£  , _ 
Yo 	3 yo  E  kt  

The octahedral strain increment could be written as 

• 1 	• = — 
co 	3 810,Ekt 

Substituting Equations (10) and (11) into Equation (9a) gives the 

octahedral stress increment in terms of total strain increment 

tensor 

• dK 	4e dK 

ao 
	=  [(K  + 	E 

 0 
 )6 	 El  ]E  

S dE0 	Ki yo 
dyo 

The deviatoric part of the stress increment tensor is 

	

al. 	= 2G S  el. 

	

1J 	1J 

Differentiating this relation gives the incremental relation as 

dGs  . 	 dG • s  . 
= 2[ci, 	

yo+Gscii+ej dE
o

!. — 	1  
i  

To 

Substituting Equations (10) and (11) with indices  rm  and 

. 	- 

0 
(9)  

Y o  

  

   

(10)  

(12)  

(13)  

(14)  



• 
• 
E! = 8

i 	
E l  

ij 	r8 jm rm  

into Equation (14) gives 

dG
s 	

dG
s  6 
	. rmlc a! = 2[E1 	Ei 	4 +G 8. 8 1E' +2[ c ! 

ij 	ij dy
o 

rm 3y
o 	

s ir jm rm 	lj deo 3 	rm 

In order to write Equation (16) in terms of total strain 

increment tensor, the deviatoric strain increment tensor is 

written as 

1 	
x  • E l 	=  

rm 	rk  m£ 3 rm 2.  

Substituting Equation (17) and 

Erm 
= 6 rk6miEk2,  

into Equation (16) and noting that  c'  = 0 , the deviatoric stress nn 
increment tensor as a function of the total strain increment 

tensor becomes 

	

dG 	 dG 
1 

a! = 2[2-- —s  E!.es +G 8. 8. - — G 8..8 + —1 —s E!.8 ]E (19) 
ij 	3y dy 	ij 	s ik j2., 3 s ij k9. 3 deo 

lj kR, 
O 0 

The total stress increment as a function of the deviatoric and 

the octahedral components is written as 

a.. =  
1J 	1J 1J 0 

Now, substituting Equations (12) and (19) into Equation (20) 

gives the required incremental stress strain relations as  

8 dGs 	
dKs 2 

e!. 	o deo  e 1  +(K +e  — - • [
3y 	

Gs)6ii6k2,+ 	 (21)  
dy 	ij kJ 	s  

O o 

o s A 	, 	2 dGs 	A 1, 4e dK 
+2G . + s8 ik6  j9..  y 	dy  ljEkii-  "3- UF  

o o 
ki 

which can be written in a matrix form similar to'Equation (8). 

Thus, the material tangent stiffness matrix can be expressed as  

D = A+B+C  (22) 

23 

(15)  

(16)  

(17)  

(18)  

(20) 

J 
G1  .. 



in which 

 

24 

3K -2G 
A 	2G 6. 6. + 

S
3 

s 
 

corresponds to the secantial stiffness Ks  and Gs, 

dK 	 dG 
8 	s  

B  = co dE Irki.  3y  dy  'ij-ki o 0 

contains the dependence of Ks  on Co  and Gs  on Yo and 

4e dK 	 dGs  o s 	, 	2 	, 
C  = y dy 'ijEk£' 	dEo c

irk£ 
o 0  

contains the dependence of Ks  on Yo and Gs  on 

(23a)  

(23b)  

(23c)  

 

Equation (23c) shows that in order to have a symmetric stiffness 

matrix the following condition must be fulfilled 

4 
dK
s 

= 

2 
dG
s 

Yo dY0  Bco co 
(24) 

The above condition could also be derived from the restriction 

imposed on Ks  and Gs  to ensure path-independency of the strain 

energy W. The path-independent character of the strain energy 

will in turn assure that the thermodynamic laws are always 

satisfied. 

Let Ks  and Gs  be general functions of the strain invariants 

J'2  and J'3. The expression of W will in this case be 

J
2 	

J
11 13 

	

W  = I 	a..ds..=f  2G s 
 dr+ I — K d(J1  )

2  
lj  1,3 	2 	2 s  

	

0 	 0 	0 

in which 

d(J1 )2  = 2J1 dJ1  

As can be seen, W is path-independent if the integrals in 

Equation (25) depend only on J1  and J'2. A dependence on J'3  is 

not allowed. Furthermore, the following condition must be 

fulfilled 

(25)  

(26)  



2 dG 	dK 
s 

= COT  1 	1 	2 

J1 and J'2 are related to the octahedral normal and octahedral 

shear strains, respectively. Equation (27) is then identical to 

Equation (24). 

The model suggested by Cedolin et al, Equation (6), has the form 

Gs = G(yo) , Ks = K(E0 ) 
	

(28) 

In this case, the incremental stress-strain relation analogous to 

Equation (21) becomes, see Murray (1979) 

dG 	 dK 
= 	

8 
 [— 	S  El -E l  +((  +e 	- ±-  G )6 8 +2G 6 8 1; 	(29) 

3y0  370  ij kt  s o de()  3 s  ij ki  s  ik jt — kt   

Equation (29) may be expressed in the matrix form as Equation 

(22)  

D = A+6 	 (30) 

in which A and  B  are the same as in Equations (23a) and (23b). 

Matrix A is the secant stiffness matrix, and matrix  B  represents 

the deviation from the secant matrix. Note that the laws of 

thermodynamics are always satisfied here, i.e. models having the 

form of Equation (28) are hyperelastic types of elasticity. 

3.2.2.2 Application to hard metal powder 

To make the model by Cedolin et al more suitable to hard metal 

powder, a modification of Equation (6h) is introduced as 

G o  = 	 (31) 

where  Gi  and u are material parameters. This gives a model with 

the following form:  

G  = G(o'  E  yo ' ) 	K  = K(Eo ) s 

25 

(27) 

(32) 



26 

The material stiffness matrix is then identical to Equation (22), 

except for the first term of matrix  C,  which is zero. 

By assuming the second term of matrix  C  to be negligible com-

pared to matrix  B,  an incremental tangent stiffness matrix as 

in Equation (30) is achieved. Although, the condition in Equa-

tion (27) is then not fulfilled a symmetric tangent stiffness 

matrix is achieved. 
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3.3 Cap plasticity 

3.3.1 Introduction 

The classical theory of plasticity is based on a flow rule, a 

yield function, and a hardening rule, see e.g. Malvern (1969). 

A flow rule is a generalization of the  uniaxial  relation 

expressing the plastic deformation increments as functions of the 

rate of the stress components. A yield function describes a 

surface in the stress space at which plastic yielding occurs. The 

hardening rule expresses the change of shape and the translation 

of the yield surface. 

Many proposals of the geometric form of the yield surface can be 

found in the literature. Some of the more conventional forms are 

shown in Figure 3.3.1. 

Cap plasticity models are constitutive models based on classical 

plasticity theory, with a capped yield surface intersecting the 

hydrostatic axis 

In order to reproduce hysteresis for soils subjected to cyclic 

hydrostatic loading, Drucker, Gibson and Henkel (1957) proposed 

the Drucker-Prager yield surface (see Figure 3.3.1), modified by 

adding a work-hardening cap. This cap is, in the rendulic plane, 

a straight line perpendicularly crossing the hydrostatic axis. 
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0=0°  0=60°  

(b) 
a3 

a1 

ci
2  

cT
3  

erST0  

(c)  

a1 
 

(d) 4  3 

Figure 3.3.1 Rendulic and deviatoric sections for some 

conventional yield surfaces, a) Tresca (1864)  

b)  von  bises  (1913)  c)  Mohr-Coulomb 	d)  Drucker 

Prager (1952), after Nilsson (1979). 
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A series of models with capped yield surface have been developed 

for granular soils in ground shock analysis, as described by 

DiMaggio and Sandler (1971), Sandler, DiMaggio and Baladi (1976), 

Sandler and Baron (1979), and Sandler and Rubin (1979). This cap 

model concept is termed the DiMaggio-Sandler cap model or the 

Weidlinger cap model. 

The following is a description of the basic theory of the 

DiMaggio-Sandler cap model and a modification of the model to the 

compaction behaviour of hard metal powder proposed by  Lindskog  

(1983). 

3.3.2 Theory 

3.3.2.1 Basic theory 

The model is based on an incremental theory of plasticity. 

It contains an elastic stress-strain relation, a flow rule, a 

hardening rule, a stationary failure surface, and a strain 

hardening moving cap. The cap is situated between the failure 

surface and the hydrostatic stress axis. 

The failure surface is denoted by 

1 
(I1' I') = 0 

2 

and the cap by 

= 0 
	

(2) 

in which  K  is an internal state variable which measures the 

hardening. 

In Figure 3.3.2 the yield function is displayed. The failure 

surface is a combination of the Drucker-Prager and the Mises 

yield surfaces. It approaches the Drucker-Prager surface at very 

low mean normal stress and the von Mises surface at high mean 

normal stress. 



Drucker-Prager 
\
\
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N\  
N
\\ 

 von Mises line 
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Figure 3.3.2 Rendulic section of DiMaggio-Sandler cap model. 

In the early development of the model for soils, the hardening 

parameter was taken to be  

P K = 3c  
0 

(3) 

However, in later versions (i.e. Sandler and Rubin, 1979) the 

hardening parameter is chosen so that 

K  if  K < 0 
L(K) c 	 (4) 

( <K  if  K > 0 

and  

(5) 

where L and  X  define the first stress invariant range of the cap, 

see Figure 3.3.2. 

3.3.2.2 Application to hard metal powder 

In order to simulate the compaction behaviour of hard metal 

powder,  Lindskog  (1983) uses a model for the behaviour of sand 
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described by Sandler and Rubin (1979). However, some minor 

modifications of the model are included by  Lindskog.  

The failure surface and the cap surface are given by 

= /7-(A-Cexp(BI1))= 0 	 (6) 

= /72- 	/(X-1-)2-(I1 -1-)2  = ° 	
(7) 

in which  

IK  if  K < 0 
L= 

	

	 (8) 
0  if  K > 0 

X = L-R(A-Cexp(BL)) 	 (9) 

The quantities A,  B, C,  and  R  are material parameters. With a 

function such as Equation (7), the cap is elliptically shaped and 

the parameter  R  is the ratio between the major and minor ellipse 

axes. 

The plastic volumetric strain is a two-segmented function written 

as 

  

 

eg(X) = 

W1(exp(01 X)-1) 	if  X  > 

W2(exp(D2/7-1) 	otherwise 

   

in which w1' W2' D1' and D2 are material parameters, and (3 is the 

value of  X  where the curves in Equation (10) cross each other. 

The hardening parameter  K  is then implicitly defined as a 

function of the plastic volumetric strain by Equation (9) and 

Equation (10). The plastic volumetric strain is given by the 

differential relation  

P  E
o 	

if eP  < 0 , or  K  < I 	and  K  < 0 
0 - 	 1 

otherwise 
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Equation (11) limits the shrinking of the cap to L = 0. 

Within the yield surface the behaviour is isotropic nonlinear 

elastic and defined by the bulk modulus 

exp(C3e/i lgo(I1 )1) 	if I1 < 0 
(12) 

otherwise 

and the shear modulus 

3-6v G- ---- K 2+2v 

The quantities  Cl,  C2  and C3  are material parameters. 

As flow rule, the normality rule is used 

• P 	3f .  
1J 	Do.. 

in which  X  is an unknown scalar. 

(13)  

(14)  
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3.4 Multisurface plasticity 

3.4.1 Introduction 

Mroz (1967) and  Iwan  (1967) introduced nested yield surfaces in 

order to increase the applicability of the conventional elasto-

plastic models. 

All the yield surfaces may be translated by the stress state, and 

they consecutively touch and push without intersecting each 

other, see Figure 3.4.1. This gives a rate-independent, an-

isotropic hardening constitutive model that incorporates non-

associated flow features. The anisotropic hardening behaviour is 

described by a set of plastic shear moduli associated with a 

corresponding set of nested yield surfaces in stress space. The 

individual plastic moduli are assumed to be constant on each 

particular surface. However, the complete description of the 

constitutive behaviour depends on the stress path between the 

surfaces, and also on their relative configuration. This 

description is achieved through a non-associated flow rule and a 

hardening rule. 

(a)  (b) (c)  

Figure 3.4.1 Schematic behaviour of yield surfaces using 

multisurface theory, the positions of the yield 

surfaces a) initially,  b)  after loading to A,  

c)  after unloading. According to  Iwan  (1967). 
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For simulating the compaction of hard metal powder, the 

multisurface theory is very interesting because of its 

flexibility. That is, using just a few surfaces a simple model 

can be made, and by using many surfaces an advanced model is 

achieved. 

The multisurface theory of plasticity is briefly described. The 

description includes the flow rule, hardening rule and yield 

condition for a single surface, the expansion to a multisurface 

theory and, finally, a description of the yield condition by 

Prevost (1978, 1979, 1981). 

3.4.2 Theory 

The total strain-rate in the plastic range may be decomposed into 

a sum of elastic and plastic components. 

3.4.2.1 Flow rule 

The normality flow rule is assumed to hold. It states that the 

plastic strain-rate is directed along the normal to the potential 

surface. Thus,  

.
P 	

<L> 
P 

141 

<L> = L 	if L > 0 

<L> = 0 	otherwise 
(1) 

in which  Q  and  P  denote the vectors normal to the yield surface 

f = 0 and to the potential surface  g  = 0, respectively  

af  
2 	ac (2) 

and similarly for  P.  For an associated flow rule,  g  = f and  P  =  

Q.  The plastic loading function L is taken to be proportional to 

the projection of the stress-rate onto the normal of the yield 

surface at the stress point. 



1 	• 
L = 	Q:a 

H' - 

in which  H'  is the plastic modulus associated with f. 

3.4.2.2 Hardening rule 

In order to account for the effects of unloading-reloading events 

in the material behaviour, a combination of the isotropic and 

kinematic plastic hardening rules is used. The yield surface is 

allowed to be translated in stress space and to change its size 

simultaneously. The different hardening rules are demonstrated in 

Figure 3.4.2. 

a) Isotropic hardening 	b)  Kinematic 
	

c)  Combined 

	

hardening 
	

hardening 

Figure 3.4.2 Different rules of hardening, after  Axelsson  (1979). 

3.4.2.3 Yield condition 

The yield condition is represented by a surface in the stress 

space which is of the form 

f( - )-k1  = 0 	 (4) 

where  g  denotes the translation of the surface in the stress 
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(3) 
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space, and  k  is a measure of its current size. The integer 

exponent  i  is taken equal to the degree of f in (o-). 

It is convenient to consider the stress space as consisting of a 

hydrostatic stress axis and a deviatoric stress subspace, and to 

write 

a = la l +CY I 
	

(5) 

in which a' denotes the deviatoric stress tensor, Go  is the 

octahedral normal stress, and I is the unity tensor. In analogy 

with Equation (5) above 

(6)  

and  

Q = Q 1 +QuI , P = P4P"I  (7)  

The hydrostatic projection of the normal onto the yield surface 

can be written as  

af 	af 3Q. = I:Q = 1:  30 = 9a0  

and similarly for  P.  The plastic strain-rate is then decomposed 

into its volumetric and deviatoric components as 

= 	- 	<L>3P" 
o 	— 	IR  I  

.,p  = 	1 :PT  _ 	1 	<L>  p.  
U t'of 	i c) 2 

in which 

1 
L = — (QI :a43Qu 0  a ) H I   

When f,  g  and  H'  have been chosen, Equation (1) determines the 

plastic strain-rate corresponding to a given stress-rate. A new 

plastic state is then produced and the yield function is updated. 

(8)  

(9a) 

(910) 

(10) 
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The new loading function is determined from the change in the 

plastic parameters, which vary along the strain path in a known 

manner. Since the new yield surface must pass through the new 

stress point, it follows that f,  g, H'  and 	cannot be chosen 

arbitrarily. 

Prager's consistency condition states that loading from a plastic 

state must lead to another plastic state. Differentiating 

Equation (4), assuming f to be homogeneous of degree  i,  gives the 
condition 

= 	Q:(a-g) 	
(11) 

3.4.2.4 Expansion to the multisurface theory 

In order to expand the capabilities of the theory and to allow 

for the adjustment of the hardening rule to any kind of 

experimental hardening, a collection of nested yield surfaces is 

used. 

For simplicity the yield surfaces are all similar. The yield 

functions are represented by 

(m) 	(in) -1 fm(.cy.  -g 	)-(k -) 	o 
(12) 

for all m. g(m)  represents the co-ordinates of the center of the 

surface m. 

The initial positions and sizes of the yield surfaces reflect the 

past stress-strain history of the material. Their initial 

translations are a direct expression of the material memory of 

its past loading history. 

Each surface is described by the plastic shear and bulk moduli, 

and a dilatancy parameter, which gives the degree of non-

associativity in the flow. 



Figure 3.4.3 Field of yield surfaces in the stress space, 

according to Prevost (1978). 

The outermost yield suface f = 0 is a failure surface which the  
P  

stress point cannot penetrate. The surface fl  = 0 is a de-

generated yield surface whose size is k(1)  = 0 and plastic 

modulus is  H'  = co. The yield surfaces are said to be nesting, 

because they do not intersect. When the stress point reaches the 

yield surface fm  = 0 all the yield surfaces represented by fl, 

are tangent to each other at the contact point M, as 

shown in Figure 3.4.3. 

The expression describing the geometric features is 

0-  	a-E
(2) 

... _ 	_ 	- ... - - - 	 

k(1) 	k(2) 	k(m)  
(13) 

The plastic potential gm  associated with fm  is such that 

(m) = Q' (m) P I   

and 

(m) 	(m) 	(m)  
P" 	=  Q" 	+NA' 	I 

in which 

38 

(14)  

(15)  



= ((3
(m)

-6
(0

)am 

where am is called the dilatancy parameter, which is to be 

determined from experiments. 

There is no restriction on the kind of hardening rule assumed for 

the yield surface fm  = 0. Because the hardening of the outer 

surface fm+1 = 0 is compatible to any hardening assumed for 

fm = 0. 

A great variation of kinematic hardening rules are obtained by 

simply specifying the direction ofg (m). Some kinematic hardening 

rules are (notation as in Figure 3.4.3) : 

Prager (1949) - The instantaneous translation of yield surface 

fm = 0 occurs in the direction of its local normal 

Ziegler (1959) - The translation occurs in the direction  Ö.  

Mroz (1967) - The translation occurs in the direction MR. 

Phillips (1975) - The translation occurs in the same direction as  

å.  

3.4.2.5 Yield function of Prevost 

For pressure-insensitive materials, Prevost suggests the von 

Mises criterion with some modification. The yield condition 

belonging to one particular surface (m) has the form 

3 	(m) 	(M) 	(m) 2  f = 	(au-a 	):(01 -ct 	)-(k 	) = 0 	 (17) 
m 

The parameters a(m)  represent the center co-ordinates in the 

deviatoric subspace. The parameter k(m)  is the current radius of 

the yield surface, Which appears as a circular cylinder in the 

stress space with its main axis parallel to the hydrostatic axis. 

An assumed material with its corresponding set of yield surfaces 

is shown in Figure 3.4.4. 

39 

(16) 
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Figure 3.4.4 Prevost pressure-insensitive model in a u- plane 

(o1+cy2A-c3  = const), according to  Ko  et al (1981). 

For pressure-dependent material, Prevost suggests a yield 

criterion where the surface (m) has the form of an ellipsoid 

3 f= 
m (a'-a(m))(m))+c2(cY 	

(m))2 
2-(k(m) ) 2  •-= 0 (18) 

where (m)  is the center co-ordinate of the m-th surface along 

the G
o
-axis, and  c  is termed the yield surface axes ratio. The 

surfaces are ellipsoids with the major principal axis initially 

coaxial with the isotropic stress axis for an initially isotropic 

material. 

A description of these surfaces is shown in Figure 3.4.5. By 

using the parameter c.p,  p  = -a
o
, the yield surfaces are given a 

circular shape instead of the more complex elliptical shape. 



Craiax  

Path of movement 
of nested surfaces 

Compression 

Extension  

C - p  

(a) In  p-q  (rendulic) plane 	(b)  In transformed plane 

Figure 3.4.5 Prevost pressure-sensitive model, according to  

Ko  et al (1981). 

The relationship between the elastic shear modulus  G,  plastic 

shear modulus  h'  and elasto-plastic shear modulus  h  is given by  

(19) 

The plastic modulus is chosen as 

K'Q"  
H'  =  h'  +  m  
m 	m /3QQ 

(20) 

in which  K'  is the plastic bulk modulus. 

The elastic shear and bulk moduli,  G  and  K,  and the shear and 

bulk moduli associated with each surface,  h'  and  K'  vary with 
m' 

the effective mean normal stress in the following manner  

x 	x1(P/P1)n 	 (21)  

where index 1 denotes the initial value and  n  is an experimental 

parameter. 

41 
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The isotropic hardening is described by the function  

y = y1 exp(XE0 ) 	 (22) 

(m) 	(m) where  y  is either a(m) 	or  k 	and  X  is an experimental 

parameter. 

The kinematic hardening is described here by the Mroz kinematic 

rule. Mroz's rule states that consecutive surfaces approach each 

other along a line segment connecting points on the surfaces 

with the same outward normal. 
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3.5 Endochronic plasticity 

3.5.1 Introduction 

In metals, yielding is normally a marked transition from a linear 

to a nonlinear stress-strain relation. When examining hard metal 

powder no such marked transition can be seen. The nonlinear 

behaviour appears during the whole loading history. 

In 1971  Valanis  proposed a theory of plasticity without a yield 

surface which he termed the endochronic theory. This theory is 

based upon the concepts of irreversible thermodynamics, and the 

underlying principle is that the history of deformation is 

defined in terms of a time scale which is independent of clock 

time, but is in itself a property of the actual material. 

There are some principal differences between classical plasticity 

and endochronic inelasticity. One already mentioned is the no-

yield surface concept of the endochronic theory. For materials 

like hard metal powder it could be very difficult to define the 

location of the yield surfaces owing to the fact that there is no 

distinct transition from elastic to plastic behaviour. Moreover, 

using the method of relative deviation from the linear relation, 

or the method of backward extrapolation, is not entirely 

sufficient. 

One advantage of the endochronic formulation is that no 

distinction needs to be made between loading and unloading, since 

irreversibility is automatically introduced by the concept of a 

deformation time scale or intrinsic time. 

One way to compare the endochronic and plastic formulations is to 

determine, in the strain space, the locus of all possible strain 

increments which give the same value of the inelastic strain 

increment, that is, the inelastic stiffness locus. For 

conventional plasticity the inelastic stiffness locus is a plane 

parallel to the tangent of the current yield surface at the 

actual strain point, see Figure 3.5.1. For endochronic plasticity 
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it could be shown that the inelastic stiffness locus represents a  

hypercylinder  in the six-dimensional strain space, see Figure 

3.5.2. 

co  

(a)  (b)  

Figure 3.5.1 Inelastic stiffness locus for plasticity theory, 

a) deviatoric section  b)  octahedral section.  

(a) (b)  

Figure 3.5.2 Inelastic stiffness locus for endochronic theory, 

a) deviatoric section  b)  octahedral section. 

Thus, the inelastic stiffness locus for the endochronic theory 

differs from that for the conventional plastic formulation by the 

fact that it is curved, rather then straight. The result of this 

is that in endochronic theory an inelastic strain is created by 

loading in any direction, whereas in plasticity no inelastic 

strain is created when loading tangentially to the current yield 

surface (loading to the side). 
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A phenomenon that can be modelled by the endochronic theory, that 

is inelastic when loading to the side, is the cross hardening, 

i.e. the hardening of plastic twist superimposed by axial 

loading. This was shown and modelled with endochronic theory 

already in the pioneering work of  Valanis  (1971). 

For conventional plasticity the incremental stress-strain 

relation is linear, and is written in the form 

a D:e 	 (1) 

The endochronic formulation is not incrementally linear, because 

the tangent stiffness matrix depends on the loading direction. 

However, an approximation of the incrementally linear form may be 

formulated for the endochronic theory. Bazant, Bhat and Shieh 

(1976b) proposed a tangential linearization, but they did not use 

it in their computer code. Instead they used an iterative method 

which did not require the use of a tangent stiffness. De Villiers 

(1977) did succesfully use a tangent stiffness matrix of 

linearized form in finite element calculations of concrete 

structures. 

Presented below are the basic theory developed by  Valanis  (1971), 

the extension for concrete by Bazant et al (1976a,b) and the 

modification for hard metal powder made in the present work. 

It should also be noted that several other developments of 

endochronic theories have been made recently. Of special interest 

for hard metal powder are models for dry sand by Bazant, Krizek 

and Shieh (1983), and Wu and Wang (1983). 

3.5.2 Theory 

3.5.2.1 Basic theory 

A time scale  g  is introduced which is independent of clock 

time, but intrinsically dependent of the deformation of the 

material. It should be a monotonically increasing function. A 
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logical way of introducing such a time scale is by the relation 

dC
2 
= de:P:dE  (2) 

where de is the incremental strain tensor and  P  is a fourth 

order tensor which could depend on  c.  

To describe a material that is rate-dependent, a time scale 

which is related to the clock time is introduced. That is, 

	

2 = a2dg
2
113
2
dt
2 
	

(3) 

where a and (3 are scalar material parameters,  d  is called an 

intrinsic time measure, an-d  

z 	, 	> ° 
	

(4) 

is called an intrinsic time scale and is a property of the actual 

material. This is now an endochronic theory of viscoplasticity. 

A theory of plasticity is obtained by replacing  d  by  dg.  The 

time scale now becomes z(C). By assuming the deformation to be 

isothermal and adiabatic, the thermomechanical constitutive 

equations take the following form for an isotropic material 

a' = 2 1 G(z-i)de(i) 
z0  

o 
= 	K(z-i)de0(2) 

3.5.2.2 Bazant's application of the theory to concrete 

Bazant and Bhat (1976a) suggested an application of the 

endochronic theory tothe mechanical behaviour of concrete, by 

which they incorporated hydrostatic pressure sensitivity of 

inelastic strain, inelastic dilatancy due to large deviatoric 

strains, and strain softening. 



47 

By letting  

G = G(X) 

K 	K(Ä) 

(7)  

(8)  

where  Ä  is the inelastic dilatancy. The separately written' 

deviatoric and volumetric relations, Equations (5) and (6), are 

expressed in a differential form as  

da' 	a'  

dc' 	2G 4»  2G  dz  

oo 
de

o 
=  3K  da0+dki-dX 1 + 	dz'  

3K 

where  Ais  the shear compaction, and z and z' are the intrinsic 

times for distortion and compaction, respectively. 

For time-independent behaviour we have  

dn  
dz  = 

dn = Fdg  

d 	= dn'  z' 	«rri_  
2  

dn'  =  

(1),  = Aidg 

dx' = t'udg 

dz  = (,«yd.))1/2  

dg'  = (IJ1 (dc)I)1 / 2  

Here, Z1  and Z2  are constants, J'2  and Ji  are invariants, 

f(n,E,G) is the distortion hardening function, F(E,G) is the 

distortion softening function, f'(1,1') is the compaction hardening 

function, ncy) is the compaction softening function, 1(A) is the 

(9)  

(10)  

(12)  

(13)  

(14)  

(15)  

(16)  

(17)  

(18)  
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dilatancy hardening function, L(X,c,a) is the dilatancy softening 

function, 	is the shear compaction hardening function, and 

L'(X',E,a) is the shear compaction softening function. 

The scalar variables, 	and 	are called distortion or devia- 

toric measure and compaction or volumetric measure, respectively, 

because they depend only on deviatoric and volumetric strain 

increments. 

By analysing the experimental data, the hardening and softening 

functions could be determined. Bazant et al (1976b) suggest a set 

of hardening and softening functions for concrete with over 40 

material parameters. However, the relation of these parameters to 

the  uniaxial  compressive strength of concrete have been identi-

fied. Although this is a simplification, it has shown to be very 

useful. 

3.5.2.3 Application to hard metal powder 

To apply the endochronic model to hard metal powder the different 

functions in Equations (11) to (16) must be determined by the 

analysis of experimental data. 

The function describing the hardening due to deviatoric loading, 

the function f(n,c,a), should be a monotonic increasing positive 

function. The simplist choice is a linear function like the one  

Valanis  (1971) applied to aluminium and copper with good 

accuracy. That is, 

f = 1+81n 	 (19) 

To be able to predict the softening behaviour of concrete in  

uniaxial  loading, Bazant and Bath (1976a) proposed the following 

modification 

2 
f31 n+13271  f - 1+ 

where 8 and 8
2 are positive constants, and F is the softening 1 

function discussed later. To include the effects of hydrostatic 

1+F 
(20) 



F 

-4 
(b)  

Figure 3.5.3 Distortion softening function as a function of 

a) pressure (-II) and  b)  shear strain ( J'2). 

(a) 
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pressure and to counterbalance the decline of F as a function of 

mean normal stress, 'the following expression is proposed for hard 

metal powder 

1 4-Ø
2
n
2 

7-1 
 

f = 1+ 

	

	 (21) 
1+a5(1+1I1 1a6)F 

in which a5 and a6 are material constants. The distortion 

softening function F(s,o) should have an increasing effect on the 

inelastic strain with an increasing shear strain, but at high 

pressures this effect should disappear, c.f. Figure 3.5.3. A 

constant value like that of  Valanis  for metals could not be used, 

but rather  

F -  	 (22) 
(1-a

11
-(a

3
1
3)1/3)(1+a4  I2 

 77) 
2 

in which a1 to a4 are material constants. In Equation (22) the 

softening is due to a2V7-2, which disappears at high pressures 

depending on a111. For the medium range of pressure a313  is used. 

Since 12  is zero in  uniaxial  loading, and the difference between  

uniaxial  and triaxial tests is greater at larger strain, a412  

could be multiplied with 

The compaction hardening function should have a strongly 

nonlinear behaviour. A suitable form is 

(23) 

aj  2 



elastic  

inel. 
dilatancy 

—  

—0; 

where 63, 64  and 135  are constants. 

No softening occurs during hydrostatic loading, i.e. the 

compaction softening function is assumed to be constant. 

F = b1 
	 (24) 

where  bl  is a positive non-zero material constant. 

The inelastic dilatancy  X,  caused by shearing strains is 

qualitatively shown in Figure 3.5.4. 

Figure 3.5.4 Inelastic dilatancy. 

In Equation (15) the inelastic dilatancy is divided into two 

parts as proposed by Bazant et al (1976b). The first part 

= 	
77 
	 (25) 

limits the inelastic dilatancy to a maximum value of X0, see 

Figure 3.5.5. 
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0 

Figure 3.5.5 Dilatancy hardening function. 

The second part of inelastic dilatancy, the dilatancy softening 

function, is used to increase  Ä  at high shear strain and to hold 

down the inelastic dilatancy when the pressure is high, see 

Figure 3.5.6. 

(a)  (b)  

Figure 3.5.6 Dilatancy softening function, a) dependence of 

hydrostatic pressure  b)  dependence of shear strain. 

A suitable form of the dilatancy softening function is  

c 	2 	c J' 2 
L -  	4 2 

3 	((--X  ) +(--2---) ) 
1-c  I 	c +J' 1 1 	0 	2 	2 

where  cl  to c4  are material constants. The presence of J'2  gives 

rise to an increase of L at high shear strains and the term with  

Il  reflects the fact that inelastic dilatancy vanishes at a high 

(26) 



52 

hydrostatic pressure. 

The shear compaction appears at the beginning of a  uniaxial  

loading that follows a hydrostatic compaction. This is 

illustrated in Figure 3.5.7. 

ydrostatic 

shear 
compaction 

Figure 3.5:7 Shear compaction. 

The shear compaction is described by two terms, as proposed by 

Bazant et al (1976b). The first, as in the expression for 

inelastic dilatancy, limits  X'  to a maximum X's. The first term 

becomes 

£1  - 1  	 (27)  
X'  0 

The second term causes 1:1X' to vanish for large shear strains and 

to give an increase when the minimum stress becomes larger. 

r, 1/3 

L' = 
ces5in3 	 1 0.93 /713, 

2 
1+(g3/c8)3 ' 	

g3 = Ic7aminl 
(28) 

where  c6  to c8  are material parameters,  and  amin  is the minimum 

principal stress.  

Since the inelastic dilatancy  X  creates defects in the 

material, a decrease in the elastic moduli must appear. It is 

proposed by Bazant et al (1976b) that 
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1 	E 	K  - 	1 	
E  

(29)  G  - 	2(1+v)  , 	17E-5X 	3(1-2v) 

where c5  is a material parameter. The Poisson ratio is assumed to 

be constant. For Young's modulus a dependence of mean normal 

stress is assumed to be relevant. A suitable expression is  

E = E
0
-c
9
I
1
+c

10
I
1
2 (30)  

where c9, clo  and E0  are material parameters. The Young's modulus 

is constant during unloading, and is assumed not to increase over 

a certain value. This is illustrated in Figure 3.5.8. 

Figure 3.5.8 Young's modulus as a function of the mean stress. 
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4 FIT OF CONSTITUTIVE PARAMETERS THROUGH OPTIMIZATION 

4.1 General 

Many of the modern constitutive theories, like those in Chapter 

3, have a large number of material parameters Which have to be 

determined from experiments. The number of parameters tends to 

increase with the complexity of the constitutive model. Normally 

the parameters depend on each other. This makes it very difficult 

to determine them from a limited number of experiments. One 

method of fitting the parameters is to use optimization 

techniques. 

The analysed problems have no constraints on the values of the 

variables, so the interesting methods are the methods of 

unconstrained optimization. A great number of optimization 

techniques have been developed during the last decades (see 

Fletcher, 1980, and Murray, 1972): 

direct search methods (such as Fibonacci's, Rosenbrock's, 

alternating variable, and simplex methods), 

conjugate direction methods (like conjugate gradient and 

direction set methods). 

These methods are general methods for finding local minima. Any 

method for finding global minimum does not exist. 

In the next section a description of some methods of optimization 

for the least squares problems is given. This problem could be 

defined as, minimize  

j 
H(x) = E (h.(x))

2 
= h

T
h 	j > n 	 (1) 

1=1 	1  

where  j  is the number of nonlinear functions  h  and  n  is the 

dimension of the vector  x.  
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General algorithms for unconstrained minimization can be applied 

to Equation (1), but generally it is more effective to use "least 

squares algorithms" which take account of the fact that H(x) is a 

sum of squares. This is because the second derivatives of the 

functions  h  can then be estimated from the first derivatives in a 

straightforward way. 

4.2 Some methods for the nonlinear least squares problem 

4.2.1 Gauss-Newton method 

The first derivative of H(x) is given by 

g(x) = 2JTh 	 (1) 

and the second derivative by 

,G(x) = 2(JTJ+B) 	 (2) 

where  J  is the Jacobian matrix of  h,  whose i-th row is 

Vh. 	(ah.ax
1'  31-1./x2".' dh./Dx ) 	and 1 	 i 	 i 	n 

B  = hV
2h 	 (3) 

where V2h is the Hessian matrix of  h  . 

A truncated Taylor series expansion of H(x) about x(k)  can be 

written as 

= H(k)+g(k)Tp+ 1;. pT (k)p  (4) 

where q(k)  is the quadratic approximation, and  p  = x-x(k)  is the 

correction vector. This requires continuous first and second 

derivatives. 

To minimize q(k)  we take  

(5) 



the matrix  G  must be positive definite. 

The first derivative of the quadratic approximation is 

1 
Vci = 7  (G+G

T  )p+g = Gp+g 

The basic Newton method is therefore 

(a) solve G(k)
p 	-g

(k) 
for  p  = p(k)  
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(6) 

(b) set x(k+1) 	x(k)+p(k)  
(7) 

The substitution of Equations (1) and (2) into (a) above gives the 

Newton equation 

( j(k)Tj(k)+B(k) )p(k) 	_j(k)Th(k)  (8)  

Since the components hi often are small, a good approximation 

to G(x) can be obtained by neglecting the last term in Equation 

(2), which gives a linear approximation to  h 

G 	2J
T
J  (9)  

The important feature is that, by using the first derivative 

vector  J,  it is possible to approximate the second derivative 

matrix  G.  Thus the Gauss-Newton method becomes 

(a) solve J(k)T
J(k)

p(k) 
-J(k)T

h(k)  

(b) set x(k+1) 	x(k)+p(k)  

A useful modification of the Gauss-Newton iteration is to 

incorporate a line search. Then the correction vector p(k)  

denotes a search direction, and a scalar Y(k) is introduced to 

denote a step-length. That is 

x(k+1) 	x(k)
+y

(k)p(k) 	 (11) 

The value of y(k) is calculated to minimize the one variable 



function  

(k) = H(x(k)+y(k)p(k))  

In practice it is wise to calculate a rough estimate of the value 

which minimizes the function in Equation (12). Algorithms for 

approximate line search are described by Fletcher (1980. 

Thus, the. Gauss-Newton iteration with line search has the 

structure 

(a) solve J
(k)

T
J
(k)

p
(k) 

-J
(k)

T
h
(k) 

(3)  

(b)line search along 
 (k) 

 giving 	(k+1)  =  x 	+y 	p (k) (k) (k)  

4.2.2 Quasi-Newton methods 

In the Newton method, Equation (7), the second derivative matrix  

G  must be evaluated. This makes the method difficult to use in 

practice, but this disadvantage is avoided in the quasi-Newton 

method. This type of method is similar to Newton's method with 

line search except that the matrix G-1  is approximated by a 

symmetric positive definite matrix  K  which is updated every 

iteration. Thus, the quasi-Newton methods have the structure 

(a) set 
p(k) =  

(b) line search along  p( k) 
 giving x(k-I-1) = x(k)+y(k)p(k) 	(14)  

(c) update K(k)  giving K
(k+1) 

The initial matrix K(1)  could be any positive definite matrix, 

usually the unity-matrix is chosen, i.e K(1)  = I. 

The distinction between different quasi-Newton methods is the way 
K(k+1) of treating Equation (14c), the updating formula giving 

from  K.  The formula should after repeated updating change the 

matrix  K  to  G-I. 

57 

(12)  



If we define 6(k)  as  

(k) (k+1) (k) 6 	= g 	-g 

and p(k) as in Equation (7), the Taylor series expansion of the 

gradient of  H  gives 

6(k) 	(k) (k) = G 	p 	+• • • 

It is convenient to neglect the higher order terms fora quad- 

ratic function. Since we cannot calculate 	before the line 

search, the approximation K(k)  could not satisfy Equation (16). 

But the next approximation of G-1, namely K(k+1), satisfies 

K
(k+1)

6 (k) = p(k)  (17) 

This is called the quasi-Newton equation. All the various quasi-

Newton methods satisfy this equation. Clearly a good approxima-

tion of  Kis  to add a correction term C(k), of rank one or 

two, to matrix Kso that 

K
(k+1) = K(k)+C (k) 	 (18) 

One possibility is 

K
(k+1) -  K+  (p-K6)(p-1(6)

T 
(19)  

(p-K6)16 

called the rank one formula. The formula was first suggested by 

Broyden (1967). Note that, for simplicity, superscript  (k)  has 

been suppressed on the right-hand side. 

Two of the most important formulas are the DFP (Davidon, 1959, 

and Fletcher and Powell, 1963) 

K
(k+1) 

=  K+  p_I
T 	

K66
T

K 	
(20) 

p6 	6 KS 

and the BFGS (Broyden, 1970, Fletcher, 1970, Goldfarb, 1970, and 

Shanno, 1970) 
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(15)  

(16)  



K
(k+1) 

= K+(1+ S
T

K6 N  pp
T 	

f p
T

Ki-Kdp 
T 	T 

P 6 	P 6 	P 6  

(21) 
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The BFGS formula is also known as the complementary DFP formula 

due to the fact that these formulas are dual or complementary, 

since an interchange  G-K  and p-6 in one formula gives the other. 

4.2.3 Le venbe rg-Marquardt methods 

Methods that have become popular for nonlinear least squares 

problems are methods originating from an algorithm suggested by 

Marquardt (1963). The idea behind this algorithm was first 

proposed by Levenberg (1944). 

By adding a matrix XI to JTJ in the Gauss-Newton method, Equation 

(13), one gets rid of the problem with the  G-N  algorithm occur-

ring when the search direction  p  is nearly  ortogonal  to the 

gradient  g.  Thus 

(J
(k)T

J
(k)

+X
( k)

I)p
(k) 	

-J
(k)T

h (k)  (22) 

We note that if  X  = 0 we get the  G-N  method. If  X  is large, then  

p  tends to -JTh/X, which is a multiple of the steepest-descent 

direction (the gradient is  g  = 2JTh). 

4.2.4 No-derivative methods 

In practice the first derivatives of the constitutive equations 

are difficult to calculate. Hence, algorithms which do not 

involve the calculation of the derivatives are important. 

No-derivative algorithms are based on methods discussed earlier 

in this chapter. The new feature is the estimation of the first 

derivative. One method is to use a finite difference method like 

the forward difference approximation 

Vh.—
J 

h(x (k)+be.)-h (k)  
J (23) 

b  
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where  b  is a positive scalar, and  ej  is the j-th column of the 

unit matrix. 

Another idea is analogous to the updating of the second deriva-

tive in quasi-Newton methods. Introduce the differences  

(k) (k+1) (k) 
y 	

(k) (k+1) (k) 
h 	-h , p =x 	-x 

The generalized secant method approximates  J  with a matrix L 

which satisfies 

(k+1)p  (k) 	(k) . y  

This equation corresponds to the quasi-Newton equation, Equation 

(17). 

Different proposals on how to update L(k+1)  from L(k)  have been 

presented. For more details see Powell (1972). 

4.3 Selection of algorithm 

4.3.1 Type of problem 

The problem is to optimize parameters of a constitutive model to 

experimental data. It is natural to chose the functions  h  to be 

residuals of the stresses, i.e. the calculated stress minus the 

experimentally determined stress for a given strain 

la(2)_0
(2)[ 	[ (s) (s)[1 h(x) = (Hocaioexpt 19 *.., 1  cal exp 	i'cal-aexpl i  (1) 

where s is the number of strain points. 

The number of unknown parameters to optimize varies between the 

constitutive relations, e.g. the multisurface theory has approxi-

mately 20 parameters to be determined if only 5 surfaces are 

used. Thus, in general, a  relativly  large number of parameters 

have to be optimized. 

(24)  

(25)  
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Normally the derivatives of the constitutive equations are 

difficult to find. 

4.3.2 Available algorithms  

The available routines at the computer center of  Luleå  University 

of Technology are those in the subroutine libraries from NAG 

(Numerical Algorithms Group) and IMSL (International Mathematical 

& Statistical Libraries). 

In the NAG-library there are two algorithms for the nonlinear 

least squares problem where no derivatives are needed, E04FCF and 

E04FDF. Both algorithms are corrected Gauss-Newton methods using 

finite difference approximations for the derivatives. 

There are also two algorithms in the IMSL library that are 

interesting. ZXMIN uses a quasi-Newton method and ZXSSQ is based 

on a modification of the Levenberg-Marquardt algorithm, which 

needs no derivatives. 

For further details of these routines, see the corresponding 

manuals. 

4.3.3 Final choice of an algorithm 

To determine which algorithm is to be chosen, one could either do 

some numerical tests on the methods, or one could read about 

other researchers findings. I have chosen the latter strategy. 

Popular in many references, where methods are tested, is "The  

Rosenbrock  test function"  (Rosenbrock,  1960). This function is 

f(x) = 100(x2-x1 2 ) 2
) 2 
	

(2) 

The contours of the function are shown in Figure 4.3.1. The 

Rosenbrock's function has only two variables, but is difficult to 

minimize due to the form of a steep-sided curving valley. 
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Figure 4.3.1 Contours for Rosenbrock's function. 

Generally the number of iterations and the number of function 

evaluations are the most interesting values in the tests. 

Fletcher (1980) shows the results of numerical experiments for 

many methods based on the  Rosenbrock  problem, e.g. Gauss-Newton, 

quasi-Newton and Levenberg-Marquardt algorithms that are similar 

to the library routines described in Section 4.3.2. The results 

do not differ much between these three methods. He writes: "Thus, 

although a Levenberg-Marquardt method is often considered to be 

the best type of method for nonlinear least squares problems, it . 

is by no means entirely satisfactory 

A comparison of methods, in the case where first derivatives are 

calculated, is made by Bard (1970). His numerical results 

indicate that a modified Gauss-Newton algorithm is marginally 

better than a Levenberg-Marquardt algorithm. Unfortunately none 

of his methods is exactly like those in Section 4.3.2 . 

Another interesting comparison of algorithms for the nonlinear 

least squares problem is made by Ramsin and Wedin (1975). They 

tested three algorithms, a Gauss-Newton algorithm written by 

Wedin, the quasi-Newton routine, VA09A, from the Harwell library 

and the Levenberg-Marquardt routine, VA07A, also from the Harwell 

library. These routines require the values of the first deriva- 
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tives.  Any clear evidence that one of them is better is not 

given. 

Brodlie (1977) has a clear opinion about the general un-

constrained minimization problem. He writes: "Certainly taken as 

a whole, the Gill-Murray-Pitfield algorithm is currently the best 

method for unconstrained minimization without derivatives." This 

algorithm described by Gill et al (1972) is a quasi-Newton 

routine with the gradient approximated by finite differences and 

the updating done by the BFGS formula. 

Considering the above mentioned references and others, I have 

chosen to work with the easy to use NAG algorithm, E04FDF, 

written by Gill and Murray (1978). 
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5 NUMERICAL STUDIES. 

5.1 Introduction 

Mainly, two types of numerical calculation are performed using 

two computer programs. One program, named STRESS-STRAIN evaluates 

strain-controlled stress-strain diagrams. It is briefly described 

in Section 5.2.1. The other program, called OPTIM-NAG, optimizes 

parameters in the-material models by using NAG library routines, 

see Section 5.2.3 for a description of the program. The purpose 

of the calculations is to fit material parameters to experimental 

test data for the hard metal powder described in Chapter 2. 

The calculations are mainly performed in the following way: 

1. The model is tested With STRESS-STRAIN in order to learn 

the effect of different material parameters on the stress-

strain diagrams. 

2. Using STRESS-STRAIN, repeated calculations are done to get a 

rough estimate of the material parameters in the actual area 

of loading. 

3. With the estimated values of the material parameters as 

starting values for OPTIM-NAG, an optimization of a group of 

parameters at a time is performed for three different 

loading paths. 

When these steps have been performed and an acceptable agreement 

with the chosen experimental data is achieved, the agreement with 

other loading paths is controlled. 

The following sections contain descriptions of the computer 

routines used and also a presentation of the results obtained 

with the four actual material models. 



65 

5.2 Description of computer routines used 

5.2.1 Simulation of laboratory tests 

A computer program developed by Häggblad,  Larsson  and Oldenburg 

(1983) is used for testing the material models. The program 

controls the load paths in numerical experiments with constitu-

tive relations. By comparing the results from the numerical 

experiments with laboratory experimental data, the validity of 

the constitutive relations can be examined. 

Standard load paths in laboratory experiments can be simulated 

with the program, e.g.  uniaxial,  biaxial and triaxial tests. 

Cyclic or reversed loading, as well as changes in the direction 

of loading, can also be simulated. The program can treat general 

nonlinear constitutive models. 

A simple interface routine and an output routine have to be 

programmed for each constitutive model. 

The constitutive equations of the model are solved incrementally, 

assuming a homogeneous state of stress and strain in the 

material. The stress-strain relation of the model can be written 

in incremental form as (for programming convenience, vector 

notations are used) 

= D'e  (1) 

where  

• • 	• 	• 	r 
a = [a1'a2'03 ]  

and 

e = [E1'E
2'

E
3

7  

The stress vector is partitioned into an unknown component and a 

constrained component 

(2)  

(3)  



• TTTT 'T T' TT 
a = 	= [au'

[a a
u
] ] 

u  c  

where Cru  is the unknown component, Cyc  is the constrained 

component, and the vector a contains the ratios of the 

constrained part to the unknown part. The strain vector is 

partitioned into a prescribed component and an unknown component 

• TTTT 
= [cc'Eul  

(5) 

where 	is the prescribed component and 	is the unknown 

component. 

Thus, Equation (1) can be written in .a partitioned form as 

D11 	D121 rl 

D12 
	

D 
22 	u  

Solving Equation (6) one obtains 

-1 T -1  
a
u 
= [1-D12D22a  ] 	[D11-D12D22

D
12
lc
c 

and 

-1 	° 	T • 
Cu 

= D22[aT au-D12cc] 

If only one strain increment is prescribed, then 

= (02
Al';3/C;1 fr  

If two strain increments are prescribed, then 

' 	• 
a  = [03/01'03T 

 

If three strain increments are prescribed, the unpartitioned 

relation is used. 

When the endochronic model is used, an inelastic stress term is 

introduced in Equation (1) as 
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(4) 

au 

T' 
a CY 

(6)  

(7)  

(9) 

(9)  

(10)  
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= (11) DE-a 

The solution of the partitioned form of this equation gives 

HD  -D  D-1DT 1 	 (12) 
12 22 	11 	12 22 12' c411112D-22"3213-(;1 13)  

and 

• ,-1r T'  • rsT • , 
E

u 
= U

22
La.

u
+a
2—u12Ec  

(13) 

5.2.2 Material models 

5.2.2.1 Nonlinear elasticity 

Nonlinear elasticity models are in general computationally easy 

to handle. There is no exception for the model by Cedolin et al 

(1977) described in Section 3.2. The routines first calculate 

the octahedral normal and shear strains, and the deviatoric 

strain vector. It continues to calculate the secantial shear 

modulus and the tangential bulk and shear moduli. The tangential 

material stiffness matrix is then established. Finally, the 

unknown stress and strain components are calculated by the 

routine described in Section 5.2.1. 

5.2.2.2 Cap models 

The DiMaggio-Sandler cap model described in Section 3.3 is 

programmed as the algorithm described by Sandler and Rubin 

(1979). The program computes the strain controlled behaviour of 

the model. The input quantities are the initial stress compo-

nents, the hardening parameter and the strain increment compo-

nents. The output are the final values of the stress components 

and the hardening parameter at the end of the step. 
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A brief description of the algorithm is presented below. 

1. Calculate elastic trial values of stress and strain, see 

Section 5.2.1. 

2. Check the trial stress with respect to the failure envelope. 

If the failure envelope is not exceeded go to 7. 

3. Calculate plastic strain increment. 

4. Update volumetric strain and stress. 

5. Check if the volumetric stress exceeds the intersection of 

the cap and the failure envelope. If so, adjust the stress 

point back to the intersection. 

6. Calculate the hardening parameter and the deviatoric stress 

and strain. Then go to 13. 

7. Check the trial stress with respect to the cap. If the cap 

is not exceeded go to 13. 

8. Assume a value of the hardening parameter. 

9. Calculate the plastic volumetric strain increment and the 

range of the cap (X,L). 

10. Calculate the volumetric stress and strain. 

11. Calculate the deviatoric stress and strain. 

12. Check if the error tolerance is exceeded. If so, calculate a 

new value of the hardening parameter by means of the regula 

falsi method, and go to 9. 

13. Update the hardening parameter, the stress and the strain. 
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5.2.2.3 Multisurface plasticity 

The multisurface plasticity model is described in Section 3.4. An 

algorithm computing the response of the model is used. The 

algorithm consists of subroutines calculating stress increments 

from strain increments, updates size and position of the yield 

surfaces, checks if overshooting of any surface has occurred, and 

updates properties associated with the surfaces. 

The solution algorithm is presented below. 

1. Calculate trial values of unknown strain increments, see 

Section 5.2.1. 

2. Initialize the model variables and calculate the stress 

increments. 

3. Check if reversed loading occurs. If loading is reversed go 

to 9. 

4. Update position and size of current yield surface. 

5. Update the stresses. 

6. Check if overshooting of next yield surface takes place. If 

this happens, adjust current yield surface to next yield 

surface and calculate the overshot part. 

7. Update properties of current yield surface. 

8. Update the properties and the sizes of all the smaller 

surfaces to remain tangent to current surface. 

9. Calculate the constitutive matrix. 

10. Calculate the remaining strain increment. 

11. Steps 2 to 10 are repeated until the overshot part is 

less then a given tolerance, normally 0.5%. 
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5.2.2.4 Endochronic plasticity 

Endochronic constitutive models are not incrementally linear. A 

nonlinear approach, which is proposed by Bazant et al. (1976b), 

will be used. It is a method which are a step-by-step numerical 

integration for solving the stress-strain law. An algorithm 

computing the response of the model described in Section 3.5 is 

used. In the algorithm, presented below, the subscripts r-1 and r 

refer to the beginning and end of the r:th ioadstep, respec-

tively. 

" 1. Calculate trial values of unknown incremental stresses and 

strains using the elastic. constitutive matrix. 

2. Estimate mean values in the r:th step, as  

a
r-1/2 = 

0
r-1+ 	

da 
 , 

E
r-1/2 = 

E
r-1+ 12 dE  

3. Calculate dE and  dg'  

4. Evaluate F and F' for r-1/2 

5. Estimate mean values of  n  and  n'  

6. Evaluate f, f', 1, 	L and L', for r-1/2 

7. Calculate the intrinsic time increments  dz  and  dz'  

8. Estimate mean values of  X  and  X'  

9. Calculate new elastic constitutive matrix for r-1/2 

10. Calculate the deviatoric components of  ar-1/2  and evaluate 

inelastic stress increments as 

daP  = a'dz+I(3K(dX+d),1)-i-cy0dz') 
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11. The incremental quasi-elastic stress-strain relation, 

written as da+daP = Dde is solved using the algorithm in 

Section 5.2.1. The unknown components of  da  and dc are then 

evaluated. 

12. Steps 2 to 11 are iterated using the incremental values of  

n, n', x,  and 	from previous iteration until the conver-

gence criterion, which is 

1  n n-1 

	

101 -al 	1  

	

n 	0.0001 
al 

is fulfilled. Here,  n  denotes the n:th.iteration. 

Bazant et al. (1976b) suggest a convergence criterion Using the 

variables z, 	, and  X'.  But the author uses al, because of 

the strain-controlled loading proceedure in the calculation, see 

Section 5.2.1. 

5.2.3 Optimization  

The routines for the optimization calculations are: 

a) library routines for the solution of minimization problems  

b) a main program for reading input data, writing output data and 

adapting data for the library routines  

c) routines, to be called by the library routines, which 

control the optimization points and calculations of function 

values  

d) an interface between the material model and the library-

called routines. 

An algorithm called E04FDF is used for finding an unconstrained 

minimum of a sum of squares of nonlinear functions. This algo-

rithm is taken from the library of NAG. For further details, see 

Chapter 4. 
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The main program input are the number of loading paths, the 

number of loading steps in each path, the number of functions, 

the number of variables, the number of material parameters, an 

array containing the material parameters, an array defining the 

parameters that are to be optimized, and an array of experimental 

values of stresses and strains. 

The user-supplied routine to E04FDF is scaling the variables so 

that the minimum value of the sum of squares and the correspon-

ding variables are each in the range 0 to 1. It initializes and 

calls the interface to the model. It calculates the stress resi-

duals, i.e. the differences between calculated and experimental 

values of the stresses. 
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5.3 Results 

Numerical results are presented for the models described in 

Sections 3.2 - 3.5 and compared to experimental data. The same 

set of parameters in each model is used for three different 

loading paths. 

5.3.1 Nonlinear elasticity 

Results from numerical studies with the nonlinear elastic model 

by Cedolin et al. (1977) described in Section 3.2, are presented 

here. 

The secantial expressions for bulk and shear moduli used are 

Equations (3.2.6a), (3.2.6h) and (3.2.31). This leads to an 

incremental material tangent stiffness matrix as in Equation 

(3.2.30). Parameters in Equations (3.2.6) and (3.2.31) are then 

optimized to get as good a fit as possible. The numerical values 

of the parameters are: 

a = 0.080 
	

b = 0.529 
	

c = 0.0246 

d = 0.511 
	

m = 0.642 
	 n = 0.530 

q = 2.02 
	

r = 0.020 
	

t = 0.492 

U = 1.49 
	

Ko  = 1.86-108 Pa 
	

G. = 3.48•1010 Pa 

Figure 5.3.1 shows the fit of different triaxial compression 

loading paths. The hydrostatic pressure was increased until the 

prescribed level of lateral pressure, G2  = G3, was reached. The 

lateral pressure was then fixed and only the axial stress was 

increased. It is noted that good fits are obtained for the 

hydrostatic compression part of the loading paths. As a matter of 

fact, this deviation can be made negligible, but it can make the 

mean deviation of the whole load path larger. Also relatively 

good fits are obtained for the superimposed axial loads, 
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especially for high pressures. Owing to the powder's strongly 
inelastic dilatancy behaviour at low pressures, the largest 
differences between experimental and numerical values are for the 

lateral strains, e2  = e2  at G 2  = G3  = - 15 MPa. 

(b)  

Figure 5.3.1 Fit of triaxial compression 	with the non-

linear elastic model. 
a) Axial stress versus axial and radial strain.  

b) Stress difference versus strain after 
hydrostatic loading. 

tests 
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Figure 5.3.2 shows the plots of the volumetric stress and strain. 

Here the bulk modulus independence of shear strain in the model 

is obvious. The volumetric stress-strain curves follows the curve 

of hydrostatic loading independently of the loading path. 

Experiment 

Constitutive mod& 

-140 -120 -100 -80 -60 -40 -20 

C12=1:73...-1 25A4 Pa , 
e 

t 	e 
/ 

"'Cr2'23 

Cro  

1.412o 
E0  

0/00 

-50 

-100 

-150 

-200 

Figure 5.3.2 Fit of triaxial compression tests with the non-

linear elastic model. Volumetric stress-strain 

curves. 

The model by Cedolin et al is not suitable for cyclic loading. 

During unloading and reloading, nonlinear elastic models follow 

the same stress-strain path as in the virgin loading. They must 

be accompanied by special arrangements to account for cyclic 

behaviour. 

5.3.2 Cap model 

The DiMaggio-Sandler cap model is described in Section 3.3.  

Lindskog  (1983) has applied the DiMaggio-Sandler cap model to the 

compaction behaviour of hard metal powder. As starting values for 

the optimization, data from the work by  Lindskog  are used. 

The following parameter values have been achived through the 

optimization. 
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A = 929.2 MPa B 

Wi  = 0.3015 D1 

C1  = 210.3 MPa C2  

= 0.000051 1 C = 928.8 MPa 	R = 17.1 MPa 

= 0'0074 1 MPa W 	
1 2  = 0.5253 	D

2 = -0.0409 ---- /gFä 

= 490.8 MPa 	C3  = 5.93 	v = 0.17 

Experiment 
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(b)  

Figure 5.3.3 Fit of the triaxial compression test with the cap 

plasticity model. 

a) Axial stress versus axial and radial strain.  

b) Stress difference versus strain after 

hydrostatic loading. 
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Figure 5.3.3 shows the fit of the cap model compared to the 

experimetal data for triaxial compression. The hydrostatic fit is 

almost exact. When the shearing is increased a relatively 

large deviation of the numerical data from the experimental data 

could be seen. Especially for u2  = a3  = -15 MPa the model gave 

bad results. 

Figure 5.3.4 shows the volumetric stress-strain curves. The 

characteristic volume increase of the powder at low pressures is 

not described by the model. 

Figure 5.3.4 Fit of triaxial compression tests with the cap 

model. Volumetric stress-strain curves. 

Hydrostatic loading and unloading is well described by the model. 

The hysteresis behaviour of powder are not modelled with the cap 

model. Figure 5.3.5 shows the behaviour of the cap model during 

hydrostatic cyclic loading. 
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-100 -80 -60 -40 -20 

Figure 5.3.5 Hydrostatic cyclic behaviour of the cap model. 

5.3.3 Multisurface plasticity 

The multisurface theory of plasticity of Prevost (1978, 1979, 

1981) is described in Section 3.4. 

The number of parameters in the optimization depends on the 

number of yield surfaces in the model. Figure 5.3.6 shows the 

initial positions of the yield surfaces in the rendulic plane. 

Also the three loading paths used in this work are shown. 
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Figure 5.3.6 Initial positions of the optimized yield 

surfaces in the rendulic plane shown together with 

the three loading paths (A,  B  and  C)  used in the 

optimization. 

With the same notation as in Section 3.4 the material parameters 

associated with the surfaces above are: 

m k(m)  MPa h'm  MPa 	K'm  MPa 	am 	a(m)  MPa i3(m)  MPa 

2 7 319 675.2 -5.586 0. -15 

3 21 152.8 -2609 -0.872 0. -20 

4 33 75.9 -1859 0.0719 0. -25 

5 62 -5.4 -1340 0.3279 0. -40 

6 84.5 -57.9 -1445 0.1663 0. -62 

7 103 42.95 -196 -0.1906 0. -80 

8 150 31.33 -88.9 -0.100 0. -96 

9 388 0. 0. 0. O. -160 
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n = 1.161 	A= 0. 	 C = 0.609 h1 = 296.3 MPa 

G = 159.7 MPa 	K = 140.2 MPa 	a'= 0. - -15 MPa 

Figure 5.3.7 shows the fit of triaxial compression tests with the 

three loading paths of Figure 5.3.6. The curves have discon-

tinuous derivatives depending on the abrupt change in parameters 

that occurs when the stress point reaches a new yield surface. 

The smoothness could be increased with the use of more yield 

surfaces. The deviations are shown to be small throughout the 

tested range of stresses. In the middle curve, for a 2  = 03  = -80 

MPa, the largest deviation occurs. The axial strain curve is too 

stiff at the beginning. 

Figure 5.3.8 shows the volumetric behaviour of the multisurface 

model with the parameters specified above. The shear compaction 

behaviour -of the powder at high pressures is not satisfactorly 

described by the model. There is a conflict between shear 

expansion at low pressures and the shear compaction at high 

pressures. It is difficult to predict both these phenomena with 

the same set of parameters. 

Multisurface plasticity is well suited for cyclic loading. The 

hysteresis behaviour of powder during an unloading and reloading 

cycle could be simulated by the model. Owing to the lack of 

experimental data, no fit of cyclic loading experiments has been 

done. However, to demonstrate the possibility of simulating 

hysterisis loops, a calculation with the same set of parameters 

as specified above is performed. The result is shown in Figure 

5.3.9. 
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(b)  

Figure 5.3.7 Fit of triaxial compression tests with the multi-

surface model. 

a) Axial stress versus axial and radial strain.  

b) Stress difference versus strain after 

hydrostatic loading. 
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Figure 5.3.8 Fit of triaxial compression tests with the multi-

surface model. Volumetric stress-strain curves. 

1.1Pa  
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Figure 5.3.9 Hydrostatic loading with subsequent axial loading, 

unloading and reloading, showing the cyclic 

capabilities of the multisurface model. 
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5.3.4 Endochronic plasticity 

The endochronic theory of plasticity is described in Section 3.5. 

The actual endochronic theory contains a large number of material 

parameters to be determined. The following numerical values have 

been achieved through the optimization. For explanations of the 

parameters, 	see 	Section 	3.5. 

Z1  = 1.17 	Z2  = 0.066 	E0  = 842 MPa v = 0.007 

al  = 0.0645/Fc 	a2  = 1.40.106  a3  = 1.45.10-5/Fc3  

a4  = 2.52-10-4/Fc2  a5  = 1.87.10-3  'a6  = -7 	1 2.64-10 	gi 

b1 = 11 	 = 236 132 	= 0.862 

ß3  = 1.5 	 r34  = 0.05 ß5  = 1.28 

cl  = 0.0098/Fc  c2  = 0.886 	c3  = 24.5 c4  = 7.63 

1 	 1 C5  = 17.23 	c6  = 10.0 /-7q 	c7  =0.01 	c8  = 0.001 

c9  = 1.2 	c10 = 1.77.10-8 	X  = 0.020 Pa 	0 

X'0  = 0.003 	Fc = 8.0-10
5 Pa 

Figure 5.3.10 shows a comparison between experimental and 

numerical results for triaxial compression. As can be seen, a 

very good fit is achieved in the whole of the considered stress 

region. 

Figure 5.3.11 shows volumetric stress-strain curves. The dila-

tancy behaviour of the powder is well described by the model. 
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(b)  

Figure 5.3.10 Fit of triaxial compression tests with the 

endochronic model. 

a) Axial stress versus axial and radial strain.  

b) Stress difference versus strain after 

hydrostatic loading. 
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Figure 5.3.11 Fit of triaxial compression tests with the 

endochronic model. Volumetric stress-strain 

curves. 

The endochronic model above has the advantage of describing 

unloading and reloading without any special criteria. However, 

the characteristic hysterisis curves in cyclic loading, see 

Figures 2.3.8 and 2.3.9, cannot be predicted. To get a closed 
curve during unloading and reloading the sign of the load has to 

change during the cycle, see Figure 5.3.12. 
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co 
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-150 

Figure 5.3.12 Cyclic behaviour of the endochronic model. 
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One way of solving the problem with hysteresis in cyclic loading 

is to introduce the concept of a loading surface. This has been 

done by Bazant, Krizek and Shieh (1983), who used a so called 

jump kinematic hardening. At the time when unloading starts, the 

center of the surface jumps to the upper extreme stress point, 

and, when reloading starts, it jumps to the lower extreme stress 

point. 

5.3.5 Error estimation 

An error estimation is achieved by calculating the modified 

Euclidean norm, see  Bergan  and Clough (1972) 

I lAl I - /1 	(hi  )2  (1) 
s  i=1 ref 

The Euclidean norm is modified by division by s to obtain a quan- 

tity that is independent of the total number of components. 

In the calculations with the optimization routines the components  

h.  are residuals of the stresses as defined in Equation (4.3.1). 

The Table 5.3.1 presents the values of the modified Euclidean norm 

from the optimization calculations using the reference value 

href = 1 MPa. 

Table 5.3.1 An estimation of the error using the modified 

Euclidean norm 

Material model I 	IA 11 

Nonlinear elasticity 8.7 

Cap plasticity 9.9 

Multisurface plasticity 6.4 

Endochronic plasticity 2.7 
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6 DISCUSSION 

6.1 Experiments 

The load paths used in the experiments are hydrostatic 

compression (HC), hydrostatic extension (HE), and triaxial 

loading were two stresses are held constant. The latter loading 

path is here called conventional triaxial compression (CTC). See 

Figure 6.1:1 for a sketch of these loading paths. 

CTC 
TC 	HC 

t z/v  
RTC \ 

CTE 

HE 	I 
t  \TE  

RTE 

Figure 6.1.1 Stress paths in a principal stress plane - 

conventional triaxial compression (CTC), hydro-

static compression (HC), conventional triaxial 

extension (CTE), triaxial extension  (TE),  reduced 

triaxial extension (RTE), hydrostatic extension 

(HE), reduced triaxial compression (RTC) and 

triaxial compression (TC). 

To find out a material's constitutive behaviour in detail, it is 

necessary to carry out other experiments. The triaxial extension 

test  (TE)  and the simple shear test (SS) could for example 

indicate whether the third stress invariant is important or not 

and how the yielding behaviour, for different load directions 

takes place. 
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02 
	 103 

Figure 6.1.2 Stress paths in the  n-plane: triaxial ex-

tension  (TE),  simple shear (SS) and triaxial 

compression (TC). 

Other tests are the reduced triaxial compression test (RTC) and 

the conventional triaxial extension test (CTE) where a1 is 

constant. Furthermore, there is the triaxial compression test 

(TC), which, similar to  TE  and SS, is performed under constant 

mean stress. By holding 02  and 03  constant and reducing 01, the 

reduced triaxial extension test (RTE) is carried out. The stress 

paths are shown in Figures 6.1.1 and 6.1.2. 

Another interesting type of experiment is to load, to a certain 

stress point in the stress space, along different paths. In 

Figure 6.1.3 some possible loading paths to a final point (F) are 

shown. Paths no. 1, 2 and 3 are ordinary ones, and path no. 4 

represents an experiment with a constant ratio between 01  and 

02  = 

2=03 

Figure 6.1.3 Different loading paths to the same stress point. 
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6.2 Stress and strain measures 

Often in the compaction of hard metal powder the strain 

components are not small compared to unity, which means that, 

finite strain definitions have to be used. Then it is important 

to use stress and strain definition which correspond to each 

other. 

If the strain is defined in terms of the undeformed configura-

tion, the stress should also be formulated in terms of the 

undeformed configuration. This formulation is usually called 

the Lagrangian formulation or the material formulation. The 

Lagrangian method uses the coordinates of each particle in the 

initial position  X  as the independent variable. 

If the strain is defined in terms of the deformed configuration, 

the stress should be defined within the same configuration. This 

formulation is usually called the Eulerian formulation or the 

spatial formulation. In the Eulerian method the independent 

variables are the coordinates of each particle at the present 

position  x.  

6.2.1 Lagrangian description  

In the theory of elasticity the Lagrangian description seems to 

be the more suitable one since a natural undeformed state exists. 

By using u as the displacement of a particle from the initial 

position  X  to the current position  x  we get  

x = X+u(X,t) 	 (1) 

The following expression for the strain tensor can be obtained 

1 , 
E = 	oVx+Vxu+Vxu.uVx) (2) 

usually called the Green-Lagrange strain tensor. The last term can 

be neglected if the partial derivative of the displacement with 
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respect to the material coordinate  X  is small compared to unity. 

Two alternative definitions of stress in Lagrangian formulation 

are the two Piola-Kirchhoff stress tensors. The first Piola-

Kirchhoff stress tensor T', also called the Lagrangian stress 

tensor, gives the actual force dP on the deformed surface 

element dS. It is calculated per unit area of the undeformed 

surface element dSo and expresses the force in terms of the 

normal  N  to dSo at  X.  Thus, 

(1.1")dS = dP = (n.T)dS  (3) 

The first Piola-Kirchhoff stress tensor is related to the actual 

stress tensor T by 

T' = dV  — F-1  -T dV
o 
	 (4) 

where  

(5) 

The second Piola-Kirchhoff stress tensor 	gives a force dP" 

related to the actual force dP 

• 
dP" = F 1 -dP 

Hence, 

dV 	-1 	-1 T T" - 	 F .T-(F ) dVo 

In Figure 6.2.1 these relations have been illustrated 

schematically. 

(6)  

(7)  
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dP" 

11/dP 
dP 

N 
/  

V 

Figure 6.2.1 Force vectors used in defining Piola-Kirchhoff 

stress definitions. 

The first Piola-Kirchhoff stress tensor is the simpler one, but 

it has the disadvantage of not being symmetric. The second Piola-

Kirchhoff stress tensor is symmetric and, therefore, the one 

preferred in finite-strain formulations, even though it leads to 

a more complex form of the equations. 

6.2.2 Eulerian description  

The Eulerian strain components can be expressed in terms of the 

displacement derivatives. Thus, Equation (1) is rewritten with 

the displacement expressed as a function of spatial coordinates  

X = x-u(x,t) 	 (8)  

we get  

1 E* = —2  (_u7 +V u-7 u•uV ) (9) 

where  E
* 
 usually is called the Eulerian strain tensor. If the 

products of the derivatives can be neglected, the equation 

reduces to the Cauchy strain tensor. 

The stress tensor in an Eulerian description, i.e. a stress 

defined as a function of the spatial coordinate  x,  is the Cauchy 

stress tensor T. 



92 

Most of the constitutive models used for the simulation of hard 

metal powder are in an incremental form. It may be reasonable to 

neglect the elastic strain increments in comparison to the 

plastic strain increments. The rate-of-deformation tensor  D  is 

chosen. The rate-of-deformation tensor is 

1  
D  - 	(L+L

T 
 ) 	 (10) 

where 

L = vx = D+W 	 (11) 

is the spatial gradient of the velocity. The velocity is 

expressed in terms of the spatial coordinates and the time 

V = v(X,t) 	 (12) 

By multiplying the rate-of-deformation tensor with  dt,  the 

natural strain increment, also known as the logarithmic strain 

increment, is obtained. Thus, the natural strain increments are 

useful as strain variables. The natural strain increments are 

components of a Cartesian tensor, which means that,  tranformation  

rules etc. may be applied. On the other hand, the natural 

strains, defined by integration of the natural strain increments, 

are not components of a Cartesian tensor. 

The rate-of-deformation tensor is an objective quantity. It 

vanishes when a deformed body do a rigid rotation. The material 

derivative of the Cauchy stress tensor T is not objective. A 

rigid rotation of a stressed body changes the stress tensor even 

though the state of stress remaines unchanged. Thus 	can not 

serve as an appropriate stress rate measure. An objective stress 

rate measure is for example the Jaumann stress rate. It is equal 

to the material derivative of the stress as it would appear to an 

observer "sitting" on the body and rotating with the same angular 

velocity as the body. It is defined as 

V 	• 
T = T+(T.14+W

T.T) (13) 



where  

1 
W - 	(L-LT ) - 

is the spin tensor. 

6.2.3 Stress and strain measured in the experiments  

The radial stresses, 02  and 03, are the measures of the oil 

pressure surrounding the specimen, they are consequently the true 

radial stresses. The axial stresses measured in the experiments 

are calculated as the axial force divided by the initial axial 

area. Thus, the axial stresses should be corrected by the actual 

axial area to the true axial stresses. During hydrostatic loading 

the stresses in all the three directions are the true ones. 

True radial and axial stresses are components in the Cauchy 

stress tensor T. Thus, the stress rate as defined in Equation 

(13) is then achived. - 

All the strains are natural strains. The rate-of-deformation 

tensor could be derived from the natural strain. 

Accordingly we have a stress-strain relation of the form 

V 
T = f(D) 
	

(15) 

6.3 Constitutive models and optimization theories 

In Section 5.3 the fit of four constitutive models to a hard 

metal powder are presented. They been selected as examples of 

various types of models suitable for simulation of the 

constitutive behaviour of powder materials. 

The simplest type of models for predicting a nonlinear material 

behaviour are nonlinear elastic models. In this thesis a model by 

Cedolin et al (1977), which is simple to program and to use, is 
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(14) 
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used. The fit of the model to experiments shows good accuracy in 

hydrostatic loading. The calculated results deviates from the 

laboratory test results when it is loaded axially with the radial 

load constant. Any dilatancy could not be represented by the 

model. The elastic models can not simulate the unloading of 

powder materials. 

The cap models are used widely for analysis of the behaviour of 

different materials. They are based on classical plasticity 

models. The constitutive parameters are  relativly  few and easy to 

obtain from conventional material tests. The DiMaggio-Sandler cap 

model presented in Section 3.3 is easy to fit to hydrostatic loading 

and unloading. When changing the loading direction from the 

hydrostatic direction to a  uniaxial  direction, the results 

obtained with the model deviates from the laboratory test 

results. As can be seen from the results of the fit in Section 

5.3 the deviation of the model from the experiments is increasing 

when the shear stresses are increasing. Especially for small 

pressures the calculation for large stress differences was diffi-

cult to carry out. The load range seem to be too wide for the 

model. When fitting the model in a narrower stress range it is 

easier to get a good agreement with the experiments. 

An advanced type of theory of plasticity is the multisurface 

plasticity model. This model is attractive for users. It is 

complex but simple. It has constants that are easy to measure and 

have a physical significance. It has a nonassociated flow rule 

and "history" effects are included. The number of constants 

depends on how many yield surfaces are needed. The storage 

requirements in a computer increases with increasing number of 

yield surfaces but does not increase the degree of difficulty of the 

model. The results of the fit in Section 5.3 shows relatively good 

agreements with the experiments. Any stress path with more 

problem then others could not be seen. Due to its kinematic 

hardening the model is suitable for cyclic loading. The hystere-

sis effects of powder during a cyclic loading are possible to 

predict. 

The most advanced model in this thesis is the endochronic model. 

The fact that a yield surface is not required in the formulation 
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of the endochronic theory is attractive. The inelastic behaviour 

of powder to triaxial loading is modeled by semi-empirical func-

tions. The wanted degree of accuracy can be obtained by in-

creasing the complexity of these functions. A limitation of the 

model is the loss of a physical significance of the material 

constants. This increases the difficulties when fitting the 
constants to the experiments. The numerical problems with the 

model was significant, especially with the convergence iteration. 

The advantages of the endochronic model can be seen in the 

results presented in Section 5.3. A very good agreement between 

the numerical and experimental curves are achived. Especially 

note the almost exact prediction of the volumetric curve for the 

loading path with the lowest pressure. The cyclic behaviour of 

the model does not include hysteresis loops. 

Optimization methods have shown to be efficient and powerful 

tools for the determination of constitutive parameters from 

experimental data, especially as the behaviour of the powder is 

of a complex nature. When using methods of optimization to fit 

constants in constitutive models, a good understanding of the 

model is important. It is important, since effective use of 

optimization requires good initial guesses of the constants to be 

found. In the more simple nonlinear elastic model, the optimiza-

tion routines were found to be very efficient. Also in the more 

complex multisurface model, rather good agreement was obtained in 

a small period of time. The endochronic model, however, required 

much more time to be fitted to experimental data. This problem 

arises from a poor initial guess of the unknown constants, 

sufficiently close to the optimum. To find an accurate fit, 

an a priori knowledge of the constitutive model is fundamental. 
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APPENDIX 1 INVARIANT FORMS OF STRESS AND STRAIN 

Scalar forms of stress and strain, whose values do not depend on 

the coordinate system, are invariants of the stress or strain 

state, i.e. invariant with respect to the rotation of the 

coordinate axes to which the stresses or the strains are 

referred. Principal stresses and strains are such invariant 

forms. In this appendix other invariant forms are described. 

A1.1 Stress invariants 

Let  n  define a principal axis, and let  X  be the corresponding 

principal stress. Then by definition 

a.n = Xn (Al. la) 

or 

(o-XI)n = 0 (Al.  ib)  

The system of linear equations above has solutions which are not 

all zero, if and only if 

det(a-XI) = 0 	 (A1.2) 
- - 

Expanding the determinant gives a cubic equation, 

X
3
-I1 X

2-I2
X-I

3 
= 0 
	

(A1.3) 

Since the roots of the cubic equation do not depend on the choice 

of coordinate axes, the coefficients cannot depend on the choice 

of axes either. Hence, Ii, 12  and 13  are the three invariants of 

the stress tensor. They are 

I 1 
= tru = 

	

	 (A1.4a) 
all 

1 	2 	1 	1 	2 	 (A1.4b) 12  = 	 ) =  
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1 
13  = det a = 7  aijajkaki  (Al. 4c) 

If the axes are chosen to coincide with the principal axes of 

stress, the simpler forms below are found 

= a1+a2+a3 	 (A1.5a) 

12  = -(al a2+02a3+a3a1 ) 
	

(A1.5b) 

13  = 01 020.3 	 (A1.5c) 

Decomposition of the  stres  tensor into one component of the mean 

normal stress and one component of the deviation from the mean 

stress gives 

a = a40-  I 

where a' cr' is the deviatoric stress tensor and 

1 a = I m 3.  1 

(A1.6) 

(A1.7) 

is the mean normal stress. The first invariant of the deviatoric 

stress tensor always vanishes 

Ii = 0 
	 (A1.8) 

The equation corresponding to Equation (A1.3) becomes then 

A3 	= 0 2 	3 
(A1.9) 

The second and third invariants of the stress deviator are 

obtained from 

1 
12 = 	EI:2' = 7 cifij 

1 I = detcy' = — al.at a' 3 	 3 ij jk ki 

(A1. 10a)  

(Al. lob) 
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The octahedral stress vector is defined as 

1 
a = 	9 1 
+,0 

(A1.11) 

A convenient alternative to the ordinary stress invariants,  Il'  

12 and I3  or I, I'2  and I'3 is then obtained as ' 	1  

co  = 	= 	I l  (Al. 12a) 

(Al. 12b) 

(A1. 12c) 3 
cos30 = 

T
o 

where the octahedral shear stress To 
is the resultant shearing 

stress of the octahedral stress vector on a plane that makes 

equal angle with the three principal directions, and the octa-

hedral normal stress co is the resultant normal to the plane. The 

angle of similarity 0 defines the direction of the octahedral 

shear stress. Figure A1.1 shows the octahedral stresses and the 

angle of similarity. 

0
2 

Figure A1.1 Physical interpretation of ao,To  and0. 

Commonly used notations in literature on granular material, e.g. 

sand, powder and soil, are  

(Al. 13a) 
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= (31)1/2 
	

(Al. 13b) 

where  p  and  q  are hydrostatic pressure and shear stress, 

respectively. 

A1.2 Strain invariants 

The strain invariants are derived in an analogous way to the 

stress invariants. Thus, the strain invariants are obtained from 

Ji  = tr = Eii 	 (A1.14a) 

1 	2 
= 	 = 	 j 1 

1 	1 	2 	 (A1. 14b) 
j2 	( 5: 5-J 1 ) 	7 Eijcij-   

1 (A1. 14c) J3  = det5,  = ciAkeki 

For small strains, the volume strain (change in volume per unit 

initial volume), also called the dilatation, is equal to the 

first strain invariant, Jl. The invariants of the deviatoric 

strain tensor are 

. =0  

I. 	1 	. 	1 
u2 = 7 5.  'E  = 	5ij 5ij 

1 
J'  = (lets' 	--

El  .  
3 	- 	3  ij jk  kl  

(A1. 15a) 

(A1. 15b) 

(Al. 15c) 

Octahedral strains are derived in a similar way to octahedral 

stresses. Thus, one obtains 

1 
so = cm =  

_ 8 J,‘1/2 
Yo '3 2' 

where go  and yo  are the octahedral normal and shear strain, 

respectively. 
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APPENDIX 2 	NOTATIONS 

Notations and symbols are explained when they first occur in the 

text. The major part of the notations are given also in the list 

below. 

Latin letters 

A. 	material parameter; dilatancy parameter 

a 	 material parameter 

a1-a6 	material parameters  

B second-derivative term of function  h;  material 

parameter 

b,b1 	material parameters 

C
1
-C
3 	

material parameters  

C 	 correction term; material parameter; yield surface 

axes ratio  

c 	 subindex denoting the constrained part; material 

parameter 

c1-c10 	material parameters 

D
1
,D
2 	

material parameters  

D tangential stiffness tensor; rate of deformation 

tensor  

d material parameter  

E Green-Lagrange strain tensor  

E* 	Eulerian strain tensor  

E Young's modulus of elasticity  

e void ratio 

F 	 fabric tensor; deformation gradient tensor 

F 	 distortion softening function 

F' 	compaction softening function 

F
c 	

material parameter 

yield function; loading function; distortion hardening 

function 

f' 	compaction hardening function  

G elastic shear modulus; second derivative of the sum of 

squares 

potential function; first derivative of the sum of 

squares 
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H entropy; sum of squares of functions to be minimized 

H plastic modulus  

h elasto-plastic shear modulus; stress residual 

function  

h' 	plastic shear modulus 

unit tensor 

1
,1
2
,1
3 

stress invariants 

stress deviator invariants 
2 • 3  
J Jacobian matrix 

j1'j2'j3 strain invariants 

strain deviator invariants 
2 • 3  
K elastic bulk modulus; approximation function of G

-1  

K' plastic bulk modulus  

k 	 yield surface size  

(k) 	iteration  superindex  

spatial gradient of velocity 

cap function (see Figure 3.3.2); loading function; 

dilatancy softening function 

L' shear compaction softening function 

1 	 dilatancy hardening function 

shear compaction hardening function 

subindex denoting the yield surface m; material 

parameter 

(m) 	superindex  denoting the yield surface m  

N normal vector in the initial configuration  

N number of particles  

n normal vector in the deformed configuration  

n material parameter  

P potential function normal; load vector related to 

deformed body  

P' 	deviatoric part of potential function normal  

P" 	load vector related to undeformed body  

P" 	hydrostatic part of potential function normal  

P pressure; correction vector; search direction;  

superindex  denoting the plastic part  

Q yield function normal  

Q' 	deviatoric part of yield function normal 

hydrostatic part of yield function normal 

quadratic approximation of the sum of squares; 

material parameter 



R 	cap ratio 
material parameter 

variance of void ratio; number of points  

superindex  denoting the transpose 

Cauchy stress tensor 

T' 	first Piola-Kirchhoff stress tensor 

T" 	second Piola-Kirchhoff stress tensor 

Jaumann stress rate 

material parameter 

displacement 

subindex denoting the unknown part; material parameter 

V 	volume 

velocity tensor 

spin tensor 

strain energy density 

W1,W2 	material parameters  

X 	material coordinate vector  

X 	cap function (see Figure 3.3.2)  

x 	spatial coordinate vector  
x 	general vector 

ZZ2 	material parameters 

intrinsic time scale; intrinsic time for distortion 

z' 	intrinsic time for compaction 

Greek letters 

a 	deviatoric part of 

a 	load increment ratio 

hydrostatic part of 

ß1-435 	
material parameters  

Y 	octahedral shear strain 
0  

Y 	step length 

A 	value of the error 

8.. 	Kronecker delta 1) 
approximation function of the gradient of  H 

e 	strain tensor  

E 	octahedral normal strain 
0  
e' 	deviatoric strain tensor 

intrinsic time measure 
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distortion softening measure 

compaction softening measure 

angle of similarity 

hardening parameter  

X 	inelastic dilatancy; Levenberg-Marquardt (Lagrange) 

multiplier; hardening parameter  

X' 	shear compaction  

X 	material parameter 
0  
X' 	material parameter 
0 

translation of yield surface in the stress space 

deformation path length; distortion measure  

e' 	compaction measure 

a 	 stress tensor 

octahedral normal stress 
0 
a' 	 deviatoric stress tensor 

shear stress 

octahedral shear stress 0 
Poisson's ratio 

(1) 	line search function 

Other notations  

tensor (wavy underscore) 

dot product 

double dot product 

operator 

norm 

magnitude 


	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118



