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Abstract
In development of bumper systems for the automotive industry, iterative Finite Element 
(FE) simulations are normally used to find a bumper design that meets the requirements 
of crash performance. The crash performance of a bumper system is normally verified by 
results from standardized low speed crash tests based on common crash situations. 
Consequently, these crash load cases are also used in the FE simulations during the 
development process. However, lack of data for the car under development implies that 
simplified models must be used as a representation of the car in the FE simulations. 
Present simplified models of the car lead to uncertainties of the design even though the 
bumper system is modelled in a proper manner.  
  The present work focuses on methods of how to represent the car in the FE crash 
simulations. The work is limited to the standardized crash tests in which the force acts 
longitudinally along the vehicle. Two different types of modelling perspectives are 
investigated. With the traditional approach, the aim is to obtain agreement of the results 
from the FE simulation and the physical test in terms of force from the barrier as a 
function of the compression of the bumper system. Here, the vehicle is represented by a 
point mass connected via rigid beam elements to the bumper system. The point mass, 
which only is allowed to translate longitudinally, is assigned with a reduced mass 
compared to the physical mass of the car to compensate for energy transformations in the 
car during the collision. In paper A, it is shown that the required mass reduction is 
dependent on vehicle and bumper characteristics as well as on the loading conditions. 
Also, the simple method of mass reduction leads to difficulties in attaining high 
agreement for time history of force and compression. In contrast to this, the idea with the 
second modelling technique is to reach a high agreement of the time history of force and 
compression of the bumper system. This methodology is based on a model structure that 
consists of mass elements, linear spring and viscous damper elements. It is shown that 
this model structure can provide high agreement between the FE simulation and the 
physical crash test in terms of force and compression as functions of time even for 
different loading conditions without adjusting the model parameters.  
  Within the current thesis, a methodology of identifying parameters in the Mass Spring 
Damper (MSD) model from physical crash tests is presented. The methodology identifies 
a set of parameters that minimizes the deviation of the resulting displacements from the 
crash test and the simulation. This identification methodology is then used in a Design of 
Experiments (DOE) approach for relating model parameters in the MSD model to general 
properties of an arbitrary vehicle such as axial stiffness, bending stiffness and mass. For 
this, a public domain FE simulation model of a Ford Taurus is used. The knowledge 
gained from this study makes it possible to use the MSD model for representation of a 
coming car in the FE simulations associated with bumper development. 
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Thesis
This thesis consists of the following papers;  

Paper A
E. Isaksson and M. Oldenburg, A parametric study of bumper system and vehicle 
characteristics associated to bumper system development, submitted for journal 
publication.

Paper B
E. Isaksson and M. Oldenburg, Identification of lumped parameter automotive 
crash model for bumper system development, submitted for journal publication.

Paper C
E. Isaksson and M. Oldenburg, Coupling of vehicle crash model parameters to car 
properties in low speed collisions, a Design of Experiments approach, submitted
for journal publication.
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1 Introduction 
The work conducted in the present thesis has been carried out at the Division of 
Solid Mechanics, Department of Applied Physics and Mechanical Engineering at 
Luleå University of Technology (LTU). The studies in the present thesis are part 
of a collaboration project including representatives from the Division of Solid 
Mechanics at LTU, Gestamp HardTech, Luleå and Volvo Car Corporation, 
Gothenburg.

1.1 Background
A bumper system is a shield most commonly made of steel or aluminium mounted 
to the front and rear of an automobile. In a case of a collision to the front or rear 
occurring at low speed, the bumper shall absorb the energy to prevent or reduce 
damage to the car. Consequently, the purpose of the bumper is not to be a 
structural component that actively contributes to occupant protection during front 
or rear collisions but more to protect components like the hood, lights and cooling 
system of the car. In bumper system development, iterative finite element (FE) 
crash simulations are most commonly used to find a candidate design that may 
meet the requirements stated by the manufacturers, by insurance companies and in 
legislations. Besides those requirements, considerations of weight and cost for 
manufacturing are also factors that are regarded. In the FE simulations, the FE 
mesh of the bumper system is coupled to a simplified model of the car. [1] 
presents different models for simulation of frontal and side vehicle impacts with 
more complexity and less simplifications as the design process progresses. The 
way that the car is modelled is normally based on experience from former similar 
car models to the one that is under development and the specific crash load case 
that is to be simulated. Before delivery, the bumper candidate performance is 
normally verified by physical crash tests with a Universal Test Vehicle (UTV) 
that serves as a test rig for the bumper. In [2] results from crash tests on bumper 
systems mounted to three different UTV’s with different complexity are 
presented. The model of the car in the FE simulations and the UTV used in the 
impact tests are to some extent approximations of the car that the bumper is made 
for. These approximations may, even though the bumper system is modelled in 
the proper manner, lead to uncertainties of the final design of the bumper system.  
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1.2 Objective and scope 
The overall aim of the project presented in this thesis is to develop a methodology 
with the purpose of predicting the response from a low speed collision with a car 
that is under development. 
  Problems related to traditionally used simplified crash models of the car based 
on one mass with an associated mass reduction are presented in the thesis. Models 
of the car subjected to crash load cases used to verify the performance of a 
bumper system is created that improves the prediction of the response. The 
methodology also gives knowledge of how model parameters shall be adjusted 
based on the properties of the car under development. 
  The work is limited to crash load cases where the load acts symmetrically with 
respect to the side members of the car i.e. load cases with no off-set between the 
bumper and barrier and no inclination of the barrier.  

2 Bumper system development 
As the performance of computer hardware and software is improved, numerical 
methods such as the Finite Element (FE) method [3,4,5] are today employed as a 
part of many industrial development processes. Normally, the bumper system 
development process consists of iterative trials with FE simulations illustrated in 
Figure 1. First, a CAD program is used to define the geometry of the candidate 
bumper system. It is common that the first geometry candidate comes out from 
former designs for car models similar to the current car that is under development. 
The second step in the design process is to apply a FE mesh on the geometry. 
With the mesh, a description of the material characteristics of the components that 
builds up the bumper system follows. In this step, the mesh of the bumper system 
is coupled to a simplified model of the car and initial conditions, boundary 
conditions and constraints are applied. Third, a numerical solver is applied to 
solve the defined problem. Various state variables such as stresses, strains and 
displacements are stored during the progress of the simulation. An explicit solver 
[4,6] is suitable and normally used in the crash simulations when the duration 
time is short and a high degree of material- and geometrical nonlinearities are 
present. The last step in the design and development procedure is the post 
processing stage where the results of the simulation are investigated. If the 
solution of the current design is unsatisfactory, changes in the geometry are done 
and the steps are repeated until the design of the bumper is acceptable. 
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Development of geometry

Meshing of geometry, pre processing

Simulation

Analysis of simulation results, post processing

Figure 1. Design and development process. 

2.1 Low speed collisions and regulations 
The ways in which the bumper system performance is verified are defined by 
insurance industry, in legislations and by the manufacturers. With the legislation 
standards, requirements for the crash performance of the bumper system mounted 
to the car are defined. The impact standards defined by insurance industry rates 
the crash performance for different car models to determine a part of the insurance 
premium for the specific car model. The manufacturers also define their own 
standards and requirements that often are more severe and difficult to fulfil 
compared to the requirements stated in the legislation. In common for the crash 
load cases used in the verification procedure is that they all are performed at 
speeds below 16 km/h. 
  The verification tests and requirements differ between the Canadian, European 
and North American standards. Therefore, the design of bumper systems may 
differ between cars that are manufactured for different markets. The North 
American legislation standard defined in FMVSS1 part 581 uses an impact 
pendulum shown in Figure 2 with corner and longitudinal impacts at two different 
hights and impacts into a fixed and flat collision barrier. In the Canadian 
legislation standard, CMVSS 2152, the same test apparatus are used but with 
higher velocities. On the other hand, the requirements associated with the 
Canadian legislation standard are less stringent compared to the North American 
standard. The European legislation standard3 also uses the impact pendulum with 
front, rear and corner impacts. The North American insurance impact standard 

1 Federal Motor Vehicle Safety Standard 
2 Canadian Motor Vehicle Safety Standard 
3 United Nations Economic Commission for Europe (ECE) regulation No. 42
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defined by IIHS4 conduct four tests at 8 km/h and measures the repair costs. The 
tests are front and rear into a fixed and flat barrier, front into angled barrier and 
rear into pole barrier. The European insurance agencies5 have a crash test that 
measures total repair costs caused by a 16 km/h impact with a 40 percent offset 
fixed barrier. That means that the fixed barrier covers 40 percent of the front of 
the vehicle.

Figure 2. Impact pendulum used for verification of crash performance. 

More recently, as the number of light trucks and SUV’s has become more 
popular, low-speed collisions with high repair costs have escalated. That is due to 
the mismatch of bumper heights between a standard car compared to a light truck 
or a SUV. This have recently lead to complementary test standards with 
deformable barriers with the shape of a bumper system.  

4 Insurance Institute for Highway Safety 
5 Allianz Crash Reparatur Test
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3 Present study 
This chapter gives a brief overview of the work performed in the present study. It 
also presents some illustrative results from the work.  

3.1 Test procedure 
The crash tests within this work have been performed both on a real car and a 
UTV. Two different types of tests have been performed. The first type of test 
reported in paper A uses a UTV, propelled via wires connected to an electric 
engine, which impacts into a fixed flat barrier that overlaps the front of the 
vehicle. The second type of test uses the impact pendulum device shown in Figure 
2. In paper B the pendulum is fitted with three different rigid impactor heads; a 
completely flat barrier overlapping the front of the car, a 610 mm wide impactor 
head and a pole with diameter 305 mm. The geometries of the three impactor 
heads can be seen in Figure 3. 

R102

61
0

R152.4

Figure 3. Geometry of impactor heads. 

The different geometries of the impactor heads used in the crash tests cause 
different resulting force and displacement histories. This is clearly illustrated in 
Figure 4 that shows the results from a crash test series with a Volvo S40 with the 
three different impactor heads. 
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Figure 4. Force (left) and displacement (right) vs. time for the three different impactor heads. The 
displacements are measured where the bumper is mounted to the side members. 

With the crash tests performed on the rigid UTV in paper A, the force between the 
barrier and the bumper is calculated from the acceleration measured in the centre 
of the UTV and its mass. The velocity and displacement of the UTV is calculated 
by integration of the measured acceleration signal. All signals were integrated 
with trapezoidal method [7]. With the impact tests in paper B the force between 
the bumper and the impactor head is measured with load cells mounted to the 
impactor head. In all crash tests, the velocity just prior to impact is measured with 
a speed trap detecting the time between cut-off of two laser beams.  

3.2 Finite element analysis 
The explicit LS-DYNA FE analysis software [6] is used to carry out the FE 
simulations within the study. Four node Belytschko-Tsai shell elements [6] are 
used to model the sheet metal plates that build up the bumper systems. The welds 
are modelled by rigid beam elements connecting nodes on one part to nodes in the 
other. To model the springs and dampers linear spring and viscous damper 
elements described in [6] are used. To describe the material property of the sheet 
metal plates that builds up the bumper system each part is assigned with a von 
Mises material model [8]. In the input file to the LS-DYNA solver, tables that 
define the dependence between the yield strength and the effective plastic strain 
for different strain rates are defined. The solver then interpolates the values of the 
yield strength for the current value of the effective plastic strain and strain rate as 
the simulation progresses. An assumption of isotropic hardening, described in e.g. 
[8], is used for the materials within this work. 
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3.3 Model classification 
In the FE simulations within paper A, the vehicle is represented by a point mass 
rigidly connected to the bumper system. The point mass is assigned with 
constraints that only permits longitudinal translation. To be able to predict the 
response in terms of force from the barrier as a function of compression of the 
bumper system, a mass reduction of the point mass compared to the vehicle is 
necessary. Normally, the applied mass reduction is based on rules on thumb for 
specific loading conditions, bumper systems and vehicle characteristics. In the 
parametric study within paper A it is shown how the required mass reduction 
depends on the vehicle and bumper characteristics. In that study, an assumption is 
made that the vehicle can be modelled as a linear 2-degree of freedom (DOF) 
mass spring model. The car is thereby characterized by parameters in the 2-DOF 
model and the bumper is characterized by its force vs. compression relation. Since 
the response of the bumper system in terms of force vs. displacement also depends 
on the loading conditions, the required mass reduction also depends on the load 
case. On the left hand side of Figure 5 below, a typical force displacement relation 
for a specific bumper system is shown. Roughly, the relation can be divided into 
three sections as illustrated by the dotted curve. First, a ramp up of the force 
occurs with a characteristic slope for the specific bumper system and load case. 
Second, if the kinetic energy is sufficiently high, the force comes up to a level 
where it stays relative constant until the unloading of the force takes place. On the 
right hand side, the required mass scaling factor as a function of the bumper 
characteristics in terms of maximum level of force and the ramp-up slope is 
shown.
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Figure 5. Left: Bumper characteristics in terms of force (N) vs. displacement (mm). Right: Mass 
reduction vs. bumper characteristics. 
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  However, the technique with mass reduction is associated with difficulties in 
predicting the time history of the force and the compression of the bumper system. 
Usually, due to the mass reduction, the contact time between the barrier and the 
bumper system is shorter in the simulations compared to the crash tests.  
  In paper B, 1-dimensional (1-D) Mass Spring Damper MSD models as shown in 
Figure 6 are identified from crash measurements on a Volvo S40 from 2004. The 
models can be defined as dynamic, linear and time-invariant systems. The 
meaning of dynamic is that the outputs depend not only of the current, but also of 
the past values of the inputs. A system is said to be linear if it is additive and 
homogeneous [9]. With time-invariant it means that the parameters that describes 
the system does not change with time. Similar models are commonly used to 
describe industrial processes such as mechanical, electrical, fluid or thermal 
systems. In this case the parameters are the masses, damping and stiffness 
coefficients.

m1m2

c 1

k 1

.......mn-1mn

k 2k n-2k n-1

c 2c n-2c n-1

Figure 6. 1-D mass spring damper model. 

By using the model as a simplified representation of the car coupled to a FE mesh 
of a bumper system candidate, it is possible to find a bumper system that meets 
the requirements by iterative trials. In this case, the MSD model is coupled to a 
FE mesh of a bumper system via rigid beam elements from the lumped mass 
element denoted m1 in Figure 6. Each lumped mass element is assigned with 
constraints so they only can translate longitudinally. In Figure 7 the resulting 
forces and compressions from FE simulations with the MSD model coupled to a 
FE mesh of a bumper system for a Volvo S40 are shown. Here, a model with three 
DOF’s is used in the MSD model. In the same figure, the corresponding results 
from physical crash tests are also shown. It is clear that a high agreement between 
simulations and tests can be achieved provided that the correct model parameters 
are used. Moreover, it is also clear that the same model with the same model 
parameters may be used to predict the results for three different load cases. This 
would be difficult to achieve with the traditional modelling technique since the 
associated mass reduction depends on the load case and bumper characteristics.  
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Figure 7. Force (left) and displacement (right) vs. time from FE simulations (dashed) and physical 
crash test (solid). 

3.3.1 System formulation and discretization procedure 
The 1-D model with n degrees of freedom shown in Figure 6 can be described in 
continuous time space by 

bfkxxcxm     (1) 

where m, c and k denotes the n n mass, damping and stiffness matrix respectively. 
The n 1 vectors x, x  and x  are the displacements, velocities and accelerations 
for each DOF, respectively. As described in e.g. [10], by introducing the state 
vector X  as Txx, , the system can be written in state-space form as 

CXy
BfAXX

.    (2) 

The matrix C in equation (2) is designed in the way that the output from the 
system is stored in the vector y. To be able to solve the problem numerically, 
equation (2) must therefore be written in discrete form. Multiplying (2a) with Ate
and apply AeAe AtAt  yields 

BfeXAeXe AtAtAt     (3) 

or

)()( tBfetXe
dt
d AtAt     (4) 

and by integrating equation (4) 
t

AAt dBfeXetXe
0

0 )()0()(     (5) 
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or
t

tAAt dBfeXetX
0

)( )()0()(    (6) 

which is the analytical solution to equation (2). If an assumption of constant force 
between time step k and k+1 is used, the solution of equation (6) at time (k+1)T
can be written as 

kBfdekXekX
T

AAT

0

1    (7) 

where T denotes the time step in the analysis. The definition of the matrix 
exponential in equation (7) is 

s

s

AT AT
s

e
0 !

1     (8) 

that can be approximated by a first order Taylor series around 0T as

ATIeAT .    (9) 

Equation (9) in (7) and integrating then yields 

kBfATITkXATIkX )
2
1()(1 2 .  (10) 

The matrix C does not change when converting the equation (2b) to discrete form. 
A more detailed derivation of the steps encountered with the discretization 
procedure can be found in [11]. 

3.4 Identification procedure 
Methods that attempt to seek values of parameters in an assumed model structure 
of a system are classified as parametric system identification procedures. In 
impact analyses, parametric system identification is commonly used to find values 
of model parameters. In [12], the mentioned technique is used to identify models 
for predicting the vehicle occupant dynamics during crash. In [13], parametric 
system identification is used to minimize mass of a FE car model with 
simultaneous considerations to crashworthiness and Noise, Vibration and 
Harshness (NVH). Further references to parametric system identification used in 
crash related problems can be found in [14]. In the model identification presented 
in paper B, the impact pendulum with the three different impactor heads shown in 
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Figure 3 is used. The measured force acting between the bumper system and the 
impactor head is applied to the mass denoted m1 of the model in Figure 6. 
Parameters in the model, i.e. masses and damper and spring constants, are then 
adjusted via an optimization routine in order to minimize the difference between 
the displacements of the mass denoted m1 and the measured displacements at the 
mountings of the bumper system to the side members of the car. In Figure 8 the 
main steps used in the identification process are shown. First, an initial guess of 
the design variables are set by the user. The measured force signal is then applied 
to the first DOF and the resulting displacement is calculated as described in 
chapter 3.3.1. As the same model are adjusted to three different load cases, the 
forces from the experiments results in three different displacements. In the third 
step, the objective function is evaluated that is based on a comparison between the 
measured and calculated displacement curves in all three load cases. The 
objective function is evaluated during the time of contact between the bumper 
system and impactor head. Specified convergence criteria are then used to decide 
whether the current values of the design variables can be accepted as the solution. 
In this work, the convergence criteria are based on the rate of change in objective 
function from the previous iteration. If the convergence criteria not are fulfilled, 
new values of the design variables from the optimization routine are used in the 
next iteration.

Initial guess of design variables

Calculate resulting displacement 
signals by equations (2b) and (10)

Evaluate objective function

Convergence?

Accept solution and 
save variables

Measured forces

Measured displacements

New values of design 
variables from 
optimization routine

no
yes

Figure 8. Identification chart. 

3.4.1 Optimization 
The meaning of optimization is minimization or maximization of a function that 
may be subjected to constraints on its variables. In other words, the goal is to find 
values of the unknown variables in the way that the given objective is optimized. 
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In the study within this thesis, the objective is to minimize the difference between 
detected displacements from physical vehicle crash tests6 or FE simulations with a 
complete car7 and the displacements of the mass denoted m1 in Figure 6. This can 
mathematically be written as 

num

xxf
1

3

1

2)ˆ)(()(    (11) 

In equation (11) which is referred to as the objective function, )(x and x̂
denotes the calculated displacement according to (10) and the detected 
displacement respectively at sample  for crash load case . num denotes the 
number of samples in the displacement vector. 
  A typical constrained optimization problem can mathematically be formulated as 

fmin      (12) 

subjected to 

mig
pih

i

i

..10
..10

    (13) 

where  denotes the unknown design variables which in this case are the masses, 
damping and stiffness constants in the model shown in Figure 6. The customary 
way for treating constrained optimization problems is first to formulate the 
Lagrangian function as 

p

i

m

i
iiiii sguhvfsuvL

1 1

2,,,   (14) 

In (14), the inequality constraints have been formulated as equality constraints by 
introducing the slack variables si. Then, by requiring stationarity of the 
Lagrangian function of equation (14) with respect to the design variables j, the 
Lagrange multipliers for equality and inequality constraints, vi, ui respectively and 
the slack variables si we get a set of equations that are to be solved. Each solution 
to that equation system fulfils the so called Karoush-Kuhn-Tucker (KKT) 
necessary conditions for optimality [15].  
  The optimization algorithm used in the current study is the Matlab function 
‘fmincon’ and it is based on the above theory. Specific for the ‘fmincon’ 
algorithm is that the Lagrangian function (14) is approximated as a quadratic 

6 Paper B
7 Paper C
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Taylor series and the constraints are linearized at the current design point. The 
subproblem is then solved to find a new iterate. This is referred to as Sequential 
Quadratic Programming (SQP) and can be further studied in [16]. 

3.5 Coupling of model parameters to car properties 
To be able to use the MSD model in bumper system development the relation 
between the model parameters and vehicle properties must be known. That would 
make it possible to adjust model parameters to represent an arbitrary car model 
with specific stiffness and mass properties.  

3.5.1 Design of experiments 
In order to relate the model parameters to car properties, a Design of Experiments 
(DOE) procedure is used [17]. It represents a systematic approach for relating 
predefined outputs for a system or a process to variables that may control the 
system or the process. A series of structured tests are performed with planned 
changes of the variables and the effects of those changes are detected by the 
corresponding changes of the outputs. Based on the experiments, a mathematical 
function, normally a polynomial function can be fitted to the data, see for instance 
[18]. The model can then be used for example in visualization of behaviours of 
the system or optimization of variables for a given objective.  
  Perhaps the simplest and most commonly used technique used to define the set 
of experiments is the two-level full factorial design which forms the basis for 
many other techniques. The investigated design space is defined by assigning 
each variable that is to be investigated with a high and low level. The meaning of 
full factorial design is that experiments are performed for every possible 
combination of factors and factor levels. For a design with k variables the number 
of experiments performed for a two-level full factorial design are 2k. Therefore, 
another name of the two-level full factorial design with k variables is 2k design. 
Geometrically, the created experimental design may be interpreted as a cube if 
three variables X1, X2 and X3 are investigated as illustrated in Figure 9. With three 
variables and each variable assigned with two different levels the number of 
performed experiments becomes 823 . Normally, replicated runs are carried out 
in the centre of the investigated design space. The repetition of the experiments is 
for determination of the size of experimental variation known as the replicate 
error.
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Figure 9. Illustration of 23 full factorial design. 

In practice, commercial software packages are often used for analysis of detected 
data, perform the model fitting and to analyse the quality of the regression model, 
etc. Within this work, the commercial software MODDE [19] has been used as a 
tool for performing the DOE analysis.  
  In paper C in the present work, the model parameters of the MSD model are 
coupled to axial stiffness, bending stiffness and mass of a car. The identified 
parameters in the MSD model as described in paper B are the outputs and the 
axial stiffness, bending stiffness and the mass of the vehicle serves as the 
variables of interest in the DOE analysis. A public domain FE model of a Ford 
Taurus [20] is used and the stiffness properties and mass can be altered by 
changing plate thickness, densities and lumped masses in the model. It is of 
common practice in DOE to express the regression results in terms of 
dimensionless coded variables reaching from -1 for the low to 1 for the high 
value. The transformation can be explained in the following way. Assume that a 
linear regression model describes the relation between a response Y and n
variables Xi, i=1…n as:

ii XY     (15) 

In equation (15) above the variables are expressed in their physical dimensions, 
which might differ between the variables, and they ranges between their high and 
low values defined in the DOE analysis. A change of the response caused by 
changes of the variables can be written as 

ii XY      (16) 

or

0
0

i

i
ii X

XXY     (17) 
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where 0
iX denotes the difference between the high value and the reference value 

for variable iX . Now the dimensionless quotient 0
i

i

X
X

 ranges between -1 to 1 

and is referred to as the variable expressed in coded units. The corresponding 
coefficients 0

ii X  have the same dimension as the response in the regression 
model and can be compared to reveal the importance of each variable. In Figure 
10 below, the coefficients of coded variables for axial stiffness, bending stiffness 
and mass of a vehicle can be seen for parameters in the MSD model shown in 
Figure 6 above. 
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Figure 10. Coefficients in coded units ( 1) for mass m2 (upper left), stiffness coefficient k1 (upper 
right) and damping coefficient c1.

It is clear that the vehicle mass has the largest effect on mass element m2 and that 
the axial stiffness affect the spring constant k1 the most. Furthermore, for the 
choice of damping constant c1 as the response, the coefficient for axial stiffness is 
27.39, which means that when the axial stiffness is increased from its reference 
value to its high value, and keeping the bending stiffness and mass at their 
reference levels, the damping constant is increased by 27.39 Ns/mm. As described 
in Paper C, the regression model presented above is valid in the design area 
defined in Table 1 below. 
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RangeVariable
Min Max 

Axial stiffness (Kax) 21210 N/mm 25684 N/mm 
Bending stiffness (Kbnd) 20217 N/mm 23643 N/mm 

Mass 1375 kg 1681 kg 
Table 1. Investigated design region. 

  To verify the regression model, two different design points according to Table 2, 
not used in the DOE analysis, are investigated. In Figure 11 below, the 
compression of the bumper system as a function of time during contact for the 
pole and the flat impactor head are shown for the two different design points. 
Here, both the resulting compression from FE simulations with the Ford Taurus 
and the compression of the bumper system using the MSD model coupled to the 
bumper system are shown.  

Variable Deviation from 
reference level, 

validation point 1 

Deviation from 
reference level, 

validation point 2 

Absolute
value, point 1 

Absolute
value, point 2 

Axial stiffness 
(Kax)

+1700 N/mm -1700 N/mm 25147 N/mm 21747 N/mm 

Bending
stiffness (Kbnd) 

+1300 N/mm -1300 N/mm 23230 N/mm 20630 N/mm 

Mass (M) -153 kg +153 kg 1375 kg 1681 kg 

Table 2. Design points used for regression model verification. 
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Figure 11. Comparison of bumper compression vs. time for FE simulations with the car and the 
mass spring damper (msd) model coupled to the bumper system. 
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4 Summary of appended papers 

4.1 Paper A 
The work includes a parametric study concerning mass reduction for a simplified 
FE model of a car and a UTV used as tools in bumper system development. The 
simplified FE model of a car consists of a point mass rigidly connected to the 
bumper system and the UTV is considered as completely rigid. To achieve a high 
agreement between measured and calculated results in terms of force from the 
collision barrier as a function of bumper compression, an associated mass 
reduction is used. It is shown how this required mass reduction depends on the 
vehicle and bumper characteristics. Since the response of the bumper system in 
terms of force vs. compression also depends on the loading conditions, the 
required mass reduction also depends on the load case. 

4.2 Paper B 
The work includes a presentation of a methodology for identifying MSD models 
from physical crash tests on a Volvo S40. The car is actuated with an impact 
pendulum with three different impactor heads resulting in three different force and 
displacement histories. The displacement histories are measured where the 
bumper system is mounted to the side members of the car. The force measured at 
the crash tests are applied to the MSD model. Parameters of the MSD model are 
adjusted in the way that the sums of squares of the differences between the 
measured and calculated displacement signals are minimized via an optimization 
routine. Models with different number of degrees of freedom are investigated. It is 
shown that for the current car and bumper system a MSD model with three 
degrees of freedom gives a good agreement between measured and calculated 
results for all three load cases. Further increase of the number of masses in the 
model only causes small or no improvements of the results. It is also shown that 
the MSD model coupled to a FE mesh of the bumper system of the car can predict 
the resulting force and compression histories for the bumper system.  

4.3 Paper C 
The work includes a two-level full factorial DOE approach for determining the 
relation between model parameters in the MSD model and axial stiffness, bending 
stiffness and mass of a car. In this study, a public domain FE model of a Ford 
Taurus is used. The stiffness properties are varied by changing the plate thickness 
in different sections and the mass is varied by changing densities and lumped 
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mass elements in the FE car model. At each set of axial stiffness, bending stiffness 
and mass of the vehicle, a MSD model is identified with the methodology 
presented in paper B. It is shown that linear regression models are convenient to 
describe the relation between the model parameters and the stiffness and mass 
properties of the vehicle within the investigated design region. 

5 Conclusions and future work 
In this work two different modelling techniques for representation of the car in FE 
simulations of low speed collisions have been investigated. A new bumper system 
for a coming car model is developed by running iterative FE simulations with the 
model coupled via rigid beam elements to a mesh of the bumper. The traditional 
technique uses a point mass constrained so it only can translate longitudinally. An 
associated mass reduction compared to the vehicle mass is used to compensate for 
the energy transformations that occur in a car during collisions for instance by 
elastic and plastic deformations and friction. The model can be used to predict 
results in terms of force as a function of compression of the bumper system. It is 
shown that the required mass reduction depends on the vehicle and bumper 
characteristics. Since the response of the bumper in terms of force vs. 
compression also depends on the loading conditions, the required mass reduction 
also depends on the load case. The proposed technique uses a one dimensional 
MSD model. It is shown that it is more favourable to use the MSD model to 
predict the time history of the force and compression signals of the bumper 
system in the FE simulations. Moreover, it is also shown that the same MSD 
model can predict different force and compression responses from different load 
cases with the same parameter values. This is in contrast to the first technique that 
requires adjustments of the mass reduction dependent on the load case. 
  For the MSD modelling technique, a methodology for relating the model 
parameters to axial stiffness, bending stiffness and mass of an arbitrary car is 
presented. For this a DOE approach is used on a public FE model of a Ford 
Taurus. Stiffness properties and mass of the FE model are altered by changing 
plate thicknesses, densities and lumped mass elements in different sections of the 
load carrying structure of the vehicle. It is shown that linear polynomial 
regression models are suitable for relating the model parameters to the vehicle 
properties.
  Future areas that need to be addressed include modelling of asymmetric load 
cases such as inclined or off-set barriers that provoke rotations of the vehicle in 
the collision. Parameters in the model may then be related to properties of the 
vehicle by using a similar approach as presented in paper C. 
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A parametric study of bumper system and vehicle characteristics 
associated to bumper system development

E. Isaksson and M. Oldenburg 

Division of Solid Mechanics, Luleå University of Technology, 97187 Luleå, 
Sweden

ABSTRACT 
This work includes a parametric study concerning required mass reduction of a 
simplified FE model of a car and of a Universal Test Vehicle (UTV) used as tools 
in bumper system development. The UTV serves as a crash test rig and is 
normally used for verification of the FE simulations. Within this work, the 
simplified FE model of a car consists of a point mass rigidly connected to the 
bumper system. Also the UTV is considered as completely rigid. The associated 
mass reduction of the rigid FE model and UTV may be used to predict the results 
from a crash test with a car in terms of force from the collision barrier as function 
of bumper compression. It is shown how this required mass reduction depends on 
the vehicle and bumper characteristics. Furthermore, since the response of the 
bumper system in terms of force vs. compression also depends on the loading 
conditions, the required mass reduction also depends on the load case. 

KEY WORDS 
Low-speed collision, bumper system, mass reduction, mass-spring model, energy 
absorption
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INTRODUCTION
Requirements for the performance of bumper systems are not only stated by the 
customer demands, but also by insurance industry and in legislations which differs 
dependent on which market the product is made for. The standard defining the 
manner in which the bumper system should be tested may also differ between 
countries. Test methods are often divided into low speed and high speed tests 
which influence the function of the bumper system. The definition of low speed 
collisions is not the same between authors. Reference [1] defined a low-speed 
collision as one up to 15 mph (24 km/h). Reference [2], defined it as one in which 
the struck vehicle speed change is less than 5 mph (8.0 km/h), [3] and [4] define 
low speed collisions as one in which the struck vehicle speed change is less than 
or equal to 8 mph (13 km/h). Here, we define low-speed collisions as one 
occurring at speeds below 16 km/h. That definition is based on the verification 
standard procedures stated in legislations and by the insurance industry. 
  During the process of bumper system development, a finite element model (FE 
model) of the bumper system coupled to a simplified model of a car serves as an 
effective tool to compare different designs in an inexpensive and time saving 
manner. This simulation process results in a final design of the bumper system 
that is manufactured in a few prototypes. The lack of information about the car 
under development is the most important reason why Universal Test Vehicles 
(UTV’s) are used to verify the performance of the physical prototypes. Another 
objective for the UTV tests is the need for verification of simulation models. 
Reference [5] presents three different test carts and impact set-ups for bumper 
system tests. Common for all UTV’s are that they are not exact replicas of the car 
under development. This may lead to poor agreement of the resulting deformation 
of the bumper system from a test with the car compared to a test with the UTV. 
Therefore, adjustments of the UTV are normally performed before each test series 
to compensate for the simplifications compared to the real car model. The 
adjustments can for instance be to change its mass, its centre of gravity or some 
other property that increases the agreement. The adjustments may vary between 
test set-ups, the type of car under development, and the characteristics of the 
bumper system and are often based on experience of the user of the specific UTV.
  For a car during collision, a part of the total mass will move relative to a thought 
reference point on the frame of the vehicle. That can be for instance, masses that 
are suspended with relative soft rubber mountings, occupants, liquid fuel in the 
tank etc., and also mass that get into motion by elastic and plastic deformation in 
the structure of the car. Therefore, a part of the kinetic energy of the car will be 
transformed by deformation of mountings, friction between parts in the vehicle 
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and elastic or plastic deformation of the structure. Thereby, all kinetic energy of 
the vehicle will not transform to elastic and plastic deformation of the bumper 
system itself. Simple models have been used to describe vehicles under collision. 
In [1] and in [6], a linear two degree of freedom (2-DOF) analytical model is used 
to describe two vehicles under collision. Each vehicle is idealized as a lumped 
mass with a linear spring/dash-pot energy absorbing bumper. Reference [7] uses a 
four-mass model to simulate dynamic behaviour of body-on-frame vehicles. The 
model is used to find a rough estimation of the properties of body mounts between 
frame and cab of the vehicle.  
  In the present study, simulations and physical tests have been performed with a 
rigid flat barrier perpendicular to the moving direction of the vehicle. In Figure 1 
the UTV and barrier used in the experiments can be seen. In the FE simulations, 
the UTV is represented by a point mass connected via rigid elements to short 
pieces of the side members that then are connected to the FE mesh of the bumper 
system. The point mass in the simulation model is assigned with the same mass as 
the UTV and thereby it is assumed that the UTV is completely rigid. To 
compensate for the energy transformations in a car, a mass reduction of the point 
mass in the rigid simulation model and the mass of the UTV is generally used. 
The mass reduction serve as the adjustment needed to get a reasonable level of 
accuracy in terms of force between the bumper and the barrier versus 
displacement of the UTV and the simulation model. The objective of this paper is 
to show a pattern of how the characteristics of the car together with the bumper 
system control the mass reduction. In other words, what mass should the UTV and 
rigid simulation model be assigned with in order to achieve the best possible level 
of correlation? A simple two degree of freedom simulation model is used to 
describe a car under collision. The characteristic of the car are represented by the 
spring stiffness and mass distribution between the two masses in the model. The 
bumper characteristic is represented by the external load as a function of 
displacement of the mass that the force is acting to. The mass of a one degree of 
freedom model is then adjusted by iterative simulations until the same energy 
absorption is achieved for specific characteristics of the car and bumper.  
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Figure 1. UTV and rigid flat barrier.

METHOD

Test procedure 
Crash tests were performed in order to show the characteristics of a typical 
bumper system and to be able to compare the results with those from FE 
simulations. In the test set-up with the fixed flat barrier, the speed of the UTV was 
8 km/h. The UTV is propelled toward the barrier by a steel wire connected to an 
electric engine. Just prior to impact, the speed is measured with a speed trap to 
record the exact velocity of the UTV. The mass of the UTV used in this study can 
be varied with extra weights in the weight magazine. One accelerometer is 
attached in the centre of the UTV in order to describe the longitudinal motion. 
The signal from the accelerometer is also used to record the force from the barrier 
by multiply the acceleration with the mass of the UTV. The sampling rate of the 
signal was 10 kHz and the signal was filtered by taking a ten point average for 
each value. 

FE procedure 
The FE model for the bumper system consist of approximately 36000 four-node 
shell elements with five through thickness integration points, see [8] and [9]. The 
size of the elements was averaged to 5 mm. The size refers to the area of the 
element divided by the minimum of the longest side or the longest diagonal if that 
would be the case. Rigid elements are used to connect the point mass to the pieces 
of the side members as well as to resemble spot and arc welds on the system. The 
node that is assigned with the point mass is constrained to move only in 
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longitudinal direction. In addition, all rotations are restrained. The simulation 
model has been built up in I-DEAS 10 NX and LS-DYNA has served as solver 
and post processor. In the FE simulations within this work, explicit time 
integration has been used. The FE models describing the bumper systems consist 
of five parts with four different steel characteristics. The material model 
describing all parts is a von Mises model with isotropic hardening described in 
[10]. The cross member is manufactured from a steel that shows a weak strain rate 
dependence and strain rate effects is therefore neglected in the material model. 
For parts in the model associated with other materials, the strain rate dependence 
has been taken into account. 

Two degree of freedom model 
In this study, the car is idealized as two masses connected with a linear spring (see 
Figure 2 below). M2 is associated to all masses of the car that moves relative to a 
reference point located at the attachment of the front bumper system to the side 
members of the vehicle. M2 can therefore be considered as for instance, the 
engine, gear box, occupants and all mass that moves relative to the reference point 
due to elastic and plastic deformation of the structure. At the rest of the car mass, 
M1, an external force Rext from the barrier is acting. Both masses are constrained 
to move only in longitudinal direction. The longitudinal displacement of mass M1
and M2 are denoted u1 and u2 respectively.

R ext2M M1k

u2 u1

Figure 2. 2-DOF model. 

Bumper system response 
From physical tests with the test sled, the response in terms of force vs. 
displacement for a bumper system is analyzed. Roughly, the curve describing the 
force vs. displacement of the UTV can be divided into three sections for the 
responses dealt with in this work. First, a ramp up of the force occurs with a 
characteristic slope for the specific bumper system, second, if the kinetic energy is 
sufficiently high, the force comes up to a level where it stays relative constant 
until the unloading of the force takes place. In the 2-DOF model those three 
sections were assumed to be partly linear. Reference [11] used the same technique 
to describe force vs. displacement for suspensions between masses in a model of a 
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vehicle. Two systems with idealized characteristics as described above have been 
studied in the current work. In Figure 3, the approximated force vs. displacement 
curves for the two systems is shown in the case of absorbed energy of 3500 J.
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Figure 3. Approximated bumper system characteristics.  

A pattern that also was observed for the two studied systems were that an 
increased mass and/or an increased velocity, i.e. an increased kinetic energy of the 
UTV, nearly not affect the appearance of the curve up to the point where the 
unloading phase begins. With this observation it followed that the slope of the 
ramp-up and the maximum level of the force in Rext were assumed to be 
independent of the mass and velocity of the model. In Figure 4 below, the force 
vs. displacement curves for the 2-DOF model and the FE model for bumper A are 
shown for three different kinetic energies. Here all mass were concentrated to 
mass M1 in the 2-DOF model. With a kinetic energy of 1.0 kJ , it is obvious that 
the kinetic energy has been to low to cause the force to rise up to the level where 
it remains constant independent of increased displacement.  
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Figure 4. Force vs. displacement for 2-DOF and FE model of bumper system A. 

The governing dynamic equations and initial conditions for the model in Figure 2 
are given by: 
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   (1)

Explicit integration based on a central difference scheme is used for the numerical 
solution of the equation system (1). 

RESULTS

Parametric study 
The 2-DOF model was used to investigate the influence of the bumper 
characteristics and the car characteristics on the results from the simulations. The 
characteristics of the simplified model of the car in terms of the stiffness of the 
spring between the two masses and the distribution of the two masses were varied. 
For the two bumper systems studied in this work, the quotient between M1 and 
M1+M2 was varied between 0.52 and 0.95 and the spring stiffness was varied 
between 100 and 10000 kN/m. The sum of the two masses was constant but their 
relative relation was varied. The remaining deformation for the crash simulation 
was stored for each value of the stiffness of the spring and the mass distribution. 
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Then, all mass of the model was concentrated to one DOF by removing the mass 
M2. That mass was then adjusted by iterative simulations to give the same 
remaining deformation as for the model with both masses involved. The quotients 
between the mass on the one mass model and the total mass of the two mass 
model were then stored for every value of the stiffness and mass distribution. That 
quotient is referred to as the scale-factor of mass. It describes the part of the total 
mass of the car that a rigid UTV or FE model should be loaded with in order to 
get the same remaining deformation provided that the car can be modelled with 
the 2-DOF model. The results for the two systems follow in Figure 5 and 6 below.  
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Figure 5. Scale-factor for mass vs. vehicle characteristics for bumper system A. 
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Figure 6. Scale-factor for mass vs. vehicle characteristics for bumper system B. 



Paper A 

Erik Isaksson – Licentiate Thesis 
9

Then, the characteristics of the car, i.e. the spring stiffness and the mass 
distribution between M1 and M2 on the model were held constant. The bumper 
characteristics in terms of the ramp-up slope and the maximum level of the force 
were varied. The assumptions of the vehicle characteristics were that the spring 
stiffness was 4000 kN/m and that quotient between M1 and M1+M2 was 0.62. The 
ramp-up slope was varied between 1000 and 8000 kN/m and the maximum level 
of the force was varied between 40 and 200 kN. Also in this case the maximum 
deformation was stored for each value of ramp-up stiffness and maximum level of 
force. Then the spring and the mass M2 were removed and the mass of the one 
mass model was adjusted so the maximum deformation was the same as for the 
two-mass model. The result can be seen in Figure 7 below. 
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Figure 7. Scale-factor for mass vs. bumper system characteristics. 

Vehicle description 
To illustrate the effects of the results presented above, assume now that a car 
under collision towards the flat, rigid barrier can be described by a FE model 
shown in Figure 8 below. Furthermore, it is assumed that the correct spring 
stiffness and mass distribution, i.e. the quotient between M1 and M1+M2, for the 
car of current interest is 4000kN/m and 0.62 respectively. By using the results 
presented in Figure 5 and 6 for the two systems, the scale factor for mass for 
system A is  0.69 and for system B  0.83. Figure 9 below presents the results 
from FE simulations with bumper system A for the model showed in Figure 8. In 
the same figure, the results from physical experiments with the UTV loaded with 
the mass 725 kg (  0.69*1050) recommended for bumper A and 880 kg (
0.83*1050) recommended for bumper B. The two dashed lines clearly indicate 
that a high agreement of force vs. displacement can be achieved by using the 
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technique of mass scaling for the model. Furthermore, by comparing the results 
from the simulations and crash tests it is clear that the scale factor for mass indeed 
depends on the characteristics of the bumper system. By applying the scale factor 
for mass recommended for bumper system B to a crash test with bumper system A 
results in a poor agreement between the results from the tests and the simulations. 
In this case, the compression of the bumper system becomes too large when the 
scale factor for mass recommended for bumper system B has been used. 

Figure 8. FE model describing the vehicle. Spring stiffness (k) = 4E6 N/m and 
point masses M1 and M2 650 and 400 kg respectively. 
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DISCUSSION, CONCLUSIONS AND FUTURE WORK 
Mass reduction of the FE model and UTV is often used to compensate for 
simplifications of using a rigid FE model and UTV instead of a real car where all 
the dynamic effect comes into account. The current paper presents a parameter 
study that shows how the required mass reduction depends on the characteristic of 
the bumper system together with the characteristic of the vehicle. Since the 
response of the bumper system in terms of force and displacement also depends of 
the loading conditions, the required mass reduction also depends on the load case. 
In the parametric study, the characteristics of the bumper system are treated as the 
ramp-up slope of the force and the maximum level of force that the bumper 
system can absorb. The characteristic of the car is referred to the stiffness of the 
linear spring connecting the two masses of the model and their mutual relation. To 
be able to describe a car subjected to an arbitrary load case such as offset of 
inclined barriers a more complex simulation model would be required. Also, the 
accuracy of using a 2-DOF model as a representation of the car under collision 
towards the rigid, flat barrier has not yet been verified against a physical 
experiment with a real car. However, the aim of this work is to present a pattern of 
how the vehicle characteristics together with the bumper characteristics control 
the required mass reduction of the rigid FE model and UTV.  
  Two bumper systems with different characteristics are presented and 
comparisons of the mass reduction for each system are presented as functions of 
the vehicle characteristic. Also, for a specific vehicle characteristic, the mass 
reduction is presented as a function of different bumper characteristics. For the 
two bumper characteristics studied in particular in this paper, the scale-factor for 
mass shows different values for the specific vehicle characteristic. Figure 9 
illustrates the difference of the scale-factor of mass for the two systems and the 
difficulty with setting up thumb rules valid for all bumper systems. It is obvious 
that a system with a higher ramp-up slope and higher level of maximum load that 
the bumper can withstand implies a lower scale-factor of mass i.e. less mass is 
active under the collision. 
  A continuation of the current work will include development of a simplified 
model of the vehicle that describe cars subjected to asymmetric load cases such as 
inclined or off-set barriers. In such load cases, rotations of the vehicle must be 
taken into consideration. Asymmetric load cases will also require a model for the 
frictional forces between the tires and the ground. 
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Identification of lumped parameter automotive crash models for 
bumper system development 
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Sweden

ABSTRACT 
During the design and development process of bumper systems for the automotive 
industry, information about the car under development is limited. Normally, 
iterative finite element analyses for different crash loading tests are used to find 
an appropriate bumper system to the coming car model. Due to the lack of 
information, only a rough model of the car is normally used in the FE simulations. 
This leads to uncertainties in the bumper design even though the bumper is 
modelled in a proper manner. This paper presents a method for identification of 
lumped parameter models based on results from crash tests. Results form crash 
tests on a Volvo S40 is presented. The ability to predict the measured results for 
models with different number of degrees of freedom is investigated. Also, a 
validation of the model together with a FE-mesh of the bumper system is 
presented. The results clearly show that a linear mass spring damper model with 
three degrees of freedom can be used to predict the response from the 
measurements in case of symmetric loading. Further increase of the number of 
degrees of freedom only causes small or no improvements of the agreement 
between the predicted and measured crash response.

KEY WORDS 
Bumper system, car crash model, parametric system identification, low-speed 
collision
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INTRODUCTION
In product development of bumper systems for the automotive industry, iterative 
finite element (FE) simulations with candidate bumper designs are used to find an 
appropriate system for the car under development. Here, the meaning of 
appropriate is that the bumper system mounted on the car structure performs in a 
way that meets the requirements regarding crash performance stated by the 
customer, in legislations and by insurance companies. The performance of the 
bumper is verified by standardized crash load cases which differ depending on the 
market that the bumper is made for. Therefore, bumpers that are designed for 
different markets may have different designs. Common for the crash load cases 
used in the design and development process of the bumpers are that they all can 
be defined as low speed collisions. The definition of low speed collision varies, 
see for instance [1], [2] and [3], but here we define it as a collision with little or no 
car damage at speeds below 16 km/h. That definition is based on the standards for 
verification of bumper system performance stated by insurance companies and 
legislations.
  During the process of design and development, information about the new car 
model is limited and therefore simplified models must be used to describe the car 
in the crash simulations. The models are often based on experience regarding a 
specific load case and the kind of car that is under development. Even though the 
properties of the bumper candidate are described in a proper manner in the FE-
model the uncertainty of the model of the car may result in a poor bumper design. 
In the FE-simulations, the simplified model of the car coupled to a detailed mesh 
of the bumper system should give a deformation that is in close agreement with 
the deformation in the physical crash test. The study presented in this paper, 
concerns with identification of a one dimensional mass spring damper model 
shown in Figure 1 based on crash tests on a Volvo S40. The study is limited to 
crash load cases with no off-set or inclination of the barriers. Parameters in the 
model are adjusted so it can handle different standard crash situations used in 
bumper development.  
  For the low speed crash load cases studied in this work, a linear mass spring 
damper model represents the vehicle with its bumper system excluded. Lumped 
parameter models have been used in many reports for crash analysis of vehicles. 
In [4], an investigation of the capability to predict the crash performance for 
frontal impact by various lumped mass and nonlinear springs are presented. 
Reference [5] uses the same technique to represent a vehicle in frontal and off-set 
load cases. In [6], development of crash models through different stages in the 
design process for frontal and side impacts are presented. In [7], a review article 
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concerning system identification in crash analyses is presented. Examples of 
studies that have used lumped parameter models in combination with FE models 
in crash analyses are found in [6] and [8].In this study, a parametric system 
identification procedure is used to find appropriate model parameters in the way 
that the calculated displacements by the model are in agreement with the 
measured displacements. When the parameters are found by the identification 
procedure, the mass spring damper model can be coupled to a FE mesh of a 
bumper system. The deformation of the bumper system in the FE simulation is 
then assumed to agree with the deformation from the physical tests provided that 
the bumper is modelled in a proper manner.  

m1m2

c 1

k 1

.......mn-1mn

k 2k n-2k n-1

c 2c n-2c n-1

Figure 1. One dimensional mass spring damper model. 

METHOD
Test procedure  
The car that is initially at rest is actuated by a load from a pendulum impactor 
with a mass 1450 kg. Three different impactor heads are used in the tests as 
shown in Figure 2 below; a complete flat impactor head that overlaps the front of 
the car, a 600 mm broad impactor head and a pole with a diameter of 300 mm. In 
all three cases, the impactor heads strikes longitudinally in the centre of the 
bumper system. In the tests, the longitudinal velocity is 6 km/h for the flat and 
600 mm impactor head and 5 km/h for the pole impactor head. 

Figure 2. Geometry of pendulum impactors. 

Accelerations are measured in the longitudinal direction where the bumper system 
is mounted to the side members and the accelerometer signals are integrated twice 
in order to get the displacements. The trapezoidal method [9] is used as 
integration technique to detect the displacements of the two measured points. The 
force from the pendulum acting on the bumper system is measured with load 
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sensors mounted to the pendulum impactor. The analogue signals from each 
channel of the accelerometers and load sensors at the pendulum impactor are first 
treated by an AD-converter, signal amplifier and an analogue low pass filter 
(Kayser-Threde, Stationary Minidau). A Butterworth, 6-pole analogue filter is 
applied to all signals before they are sampled with a sampling rate of 10 kHz. The 
3-dB cut-off frequency of the filter is 4000 Hz. The accelerometers (MWS) have 
the ability of measuring acceleration signals up to 200 g and the load sensors 
(Thames-Side Maywood) have a measuring interval up to 100 kN.

Assumptions
Parameters in the model shown in Figure 1 (masses, spring and damper constants) 
are adjusted so that the calculated displacement signals of mass labelled m1 are in 
close agreement with the mean of the two measured displacement histories. An 
external force signal acting on the mass denoted m1 is taken as the force measured 
at the crash test. Thereby an assumption is made implying that the longitudinal 
force acting on the bumper system is the same as the force acting at a cross-
section where the accelerometers are attached. In other words, the influence of the 
dynamics of the bumper system is considered insignificant for the resulting 
displacements of the two measured points. Furthermore, when a FE model of the 
bumper system that is modelled in the proper manner is coupled to the model via 
rigid elements the deformation of the bumper is assumed to correspond to the 
deformation in physical crash tests with a car. 

System formulation and discretization  
The time-invariant mass spring damper model with n-degrees of freedom (DOF) 
shown in Figure 1 above can be described in continuous time by a second order 
differential uation 

bfkxxcxm                      (1) 

where m, c and k represents n n mass-, damping and stiffness matrices 
respectively. x  is a n 1 vector of displacements, and x  and x  are both vectors 
of the same size with velocities and accelerations. The matrix b is the n r input 
matrix and f  is a r 1 vector of input excitations. By introducing the state vector 
X as [ x x ]T the system can be written in the first order matrix form as 

CXy
BfAXX

                     (2) 
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where NMrNNN CBA ,,  are the time-invariant continuous time system matrices 
where N = 2n and M denotes the number of outputs y. Multiplying (2a) with Ate
and integrating yields 

t
tAAt dBfeXetX

0

)( )()0()(                     (3) 

Equation (3) is the analytical solution to the continuous model (2). In the 
discretization of (3) the assumption of zero-order hold i.e. that f is assumed to be 
constant during each time step is used. Let T be the time step. 

Tk

kT

TkTA
kT

kTAAkTAT

Tk
TkATkA

kT
kTAAkT

dBfedBfeXee

dBfeXekX

dBfeXekX

kTXkX

)1(
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0
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)1(

0

))1(()1(

0
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)(01
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                   (4) 

The expression enclosed by the brackets in (4) can be recognized as kX . The 
second term can be simplified by introducing  as 

TkT                       (5) 

and assuming that the excitation vector f is constant over the integration interval 
one gets 

kBfdekXekX
T

AAT

0

1                     (6) 

(6) represents the exact solution to the discretization problem. The matrix 
exponential in (6) is defined as 

s

s

AT AT
s

e
0 !

1                       (7) 

and it can be approximated by a first order Taylor series around 0T  as 

ATIeAT .                     (8) 

(8) in (6) yields 
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kBfATITkXATIkX )
2
1()(1 2                    (9) 

The formulation in (9) represents the discrete form of (2a). (2b) is the same in the 
discrete form as for the continuous time form. A more detailed derivation for the 
above discretization can be found in [10]. Here, the output y is the displacement of 
the mass denoted m1, i.e. the displacement of the first DOF in the model which is 
stored as the first element in the state vector X. This displacement, caused by the 
force taken from the crash tests acting on mass m1, is compared to the measured 
displacements and the model parameters are adjusted via an optimization routine 
so that the agreement between them is maximized.  

Optimization routine and objective function  
The optimization routine used in this study is the Matlab function ‘fmincon’ [11] 
and [12]. The function attempts to find a constrained minimum of a scalar 
function of several variables. The algorithm is focused on the solutions of Karush-
Kuhn-Tucker equations formed from the Lagrange theory of optimization 
subjected to constraints. A typical problem that is to be solved can be formulated 
as:

fmin

subjected to constraints 

mig
pih

i

i

..10
..10

                    (10) 

where  denotes the unknown design variables which in this case are the masses, 
damping and stiffness constants in the model in Figure 1. The function f  is 
referred to as the objective function which is a function that is to be optimized. In 
this case it is formulated as the quadratic differences between the measured and 
calculated displacements for the three load cases and the objective is to minimize 
the function. It can be written as 

num

xxf
1

3

1

2)ˆ)(()(                   (11) 

where )(x  denotes the calculated displacement according to (1) to (9) at 
sample  for crash load case . num denotes the number of samples in the 
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displacement vector. x̂ denotes the measured displacement for sample  and 
crash load case .
 The inequality constraint in (10) can be written as an equality constraint by 
introducing a slack variable si

2 where si is a real valued number. Thus, the 
inequality constraint in (10) can be written as 

02
ii sg                     (12) 

In this case, the inequality constraint is used such as that all parameters in the 
model are equal to or greater than one. The slack variable is then treated as an 
unknown variable in the optimization problem. When it takes the value zero it 
means that the constraint is active, i.e. the constraint condition is fulfilled by 
equality. When si

2 > 0 the corresponding inequality constraint is fulfilled by strict 
inequality. Now we introduce Lagrangian function

p

i

m

i
iiiii sguhvfsuvL

1 1

2,,,                  (13) 

where vi and ui are the Lagrangian multipliers. The Lagrangian multipliers express 
the rate of change of the objective function to a change in the constraint value. By 
requiring stationarity of (13) with respect to design variable j, Lagrangian 
multipliers vi and ui and the slack variable si we get a set of nonlinear equations 
that therefore may have more than one solution. Each solution is a candidate point 
for a local minimum which means that it fulfils the necessary conditions for a 
local minimum. Each solution has to be investigated to know weather it is a local 
minimum, local maximum or an inflection point. If a point is indeed a local 
minimum it satisfies the so called sufficient conditions and that is the accepted 
solution to the optimization problem. Specific for the ‘fmincon’ algorithm used 
here is that the Lagrangian function (13) is approximated as a quadratic Taylor 
series and the constraints are linearized at the current design point. The 
subproblem is then solved to find a new iterate. This is referred to as Sequential 
Quadratic Programming (SQP) and can be further studied in [13] and [14]. A 
more detailed description of the Lagrangian multipliers and the Kuhn-Tucker 
equations can also be found in [14]. The way in which the nonlinear equations are 
solved is described in [11] and [12]. 

Identification procedure
Figure 3 below, a flowchart of the identification process is shown. First, an initial 
guess of the design variables i.e. masses, damper and spring constants are made. 
By applying the measured loads from the tests to the model three different 
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displacement curves are calculated as described in (2b) and (9). The objective 
function can then be calculated by comparing the calculated and measured 
displacements in the objective function shown in (11). If the criteria of 
convergence are met the solution is accepted. In this study, the solution is 
accepted when the magnitude of directional derivative i.e. the rate of change of 
the objective function in the given search direction is less than 10-12. It is 
calculated as the absolute value of the scalar product between the gradient vector 
and the vector defining the search direction [15]. If not, new values of the design 
variables are obtained from the optimization routine. 

Initial guess of design variables

Calculate resulting displacements 
of mass m  from (2b) and (9)

Evaluate objective function (11)

Convergence?

Accept solution and 
save variables

Measured forces

Measured displacements

New values of design 
variables from 
optimization routine

no
yes

1

Figure 3. Flowchart of identification process. 

RESULTS  
In Figure 4 below, the measured forces and displacements are shown for the three 
different load cases for the current car model. The force curves shows that the 
contact time is approximately 0.04, 0.06 and 0.07 sec for the different crash load 
cases where the shortest contact time is observed for the flat impactor head and 
the longest for the pole. At the time of contact release, the displacements are 
approximately 23, 30 and 45 mm respectively. By the method presented above, 
the model parameters are adjusted so that the calculated model displacements are 
in close agreement with the displacement curves from the measurements. 
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Figure 4. Experimental results: Measured force (left) and displacement (right) vs. 
time.  

In Table 1 below, the number of DOF, i.e. the number of masses in the model in 
Figure 1 and the corresponding accepted values of the objective function in (11) 
are presented. A significant reduction of the magnitude of the objective function 
can be seen when the number of masses are increased with one from one up to 
three. When the number of masses in the model exceeds three only small or no 
improvements of the objective function is shown. For each case, different initial 
guesses of the design variables are tested by trial and error to control other 
possible solutions of the optimization problem. In Table 2 the initial guesses and 
the final values of the design variables are shown for models with one to five 
DOF’s. It is clear for the models with more than two DOF’s, that the mass m1
takes the lowest possible value permitted by the constraint. In this case, the 
constraint ensures that each model parameter, i.e. each mass, damper and spring 
constant must be greater than one. Another observation is that the changes of the 
parameters associated with the elements further away from mass m1 is smaller 
compared to parameters associated to elements that is closer. In Figure 5, the 
calculated displacements for the different models and the measured displacements 
are shown for models with one up to five degrees of freedom.  

Number of DOF 1 2 3 4 5 
Accepted f( ) 1.3449 0.7200 0.3426 0.3394 0.3395 

Table 1. Values of objective function for models with one to five degrees of 
freedom. 
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m1 m2 m3 m4 m5 c1 c2 c3 c4 k1 k2 k3 k4

Init_1DOF 1.00E3             

Final_1DOF 1.39E3             

Init_2DOF 500 800    5.00E3    5.00E3    

Final_2DOF 886 1.69E4    2.56E4    6.44E3    

Init_3DOF 150 500 800   1.00E2 2.00E5   5.00E5 5.00E5   

Final_3DOF 1.80 74.8 1.67E3   6.46E6 1.97E5   4.75E5 5.00E5   

Init_4DOF 150 500 400 400  4.00E3 4.00E3 4.00E3  5.00E4 5.00E4 5.00E4  

Final_4DOF 1.00 1.75E3 1.00 1.00  2.18E5 4.00E3 2.93E3  831 4.95E4 5.00E4  

Init_5DOF 300 300 300 300 300 400 400 400 400 5.00E3 5.00E3 5.00E3 5.00E3 

Final_5DOF 1.00 1.75E3 287 300 300 2.18E5 5.13 400 400 9.51E3 5.00E3 5.00E3 5.00E3 

Table 2. Initial guesses and accepted values of design variables.
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Figure 5. Measured and calculated displacements vs. time for 1, 2, 3, 4 and 5-
DOF model. The calculated displacements are marked with ( ).
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The results above show that the improvement of the match between the calculated 
and measured displacement are obvious when the DOF’s are increased up to 
three. Further expansion of the model only causes small or no improvements of 
the agreement between the curves. 

Sensitivity 
One interesting factor to investigate is the dependence of the objective function 
and the model parameters for the 3-DOF model around the accepted optimal 
solution. In Figure 6 below, the dependence of the objective function to each 
model parameter is shown around the accepter optimum. Each model parameter is 
perturbed with  three percent while the other parameters are held constant at their 
accepted values. It is clear that around the accepted solution the objective function 
is most sensitive to perturbations of the mass denoted m3 and the spring constant 
denoted k2 in Figure 1. Perturbations of the other parameters only cause small 
changes of the objective function. 
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Figure 6. Objective function dependence on design variables around accepted 
solution. 

Model validation 
As previously discussed, the 1-D model will be used together with a FE-model of 
a bumper system to find an appropriate design of the bumper by iterative trials for 
the car under development. In order to verify the performance of the model 
identified by the optimization routine described above for the Volvo S40 tested in 
this study, a FE-model of the bumper system is coupled to the 1-D mass spring 
damper model with three degrees of freedom. Rigid beam elements are coupled 
from the mass denoted m1 in Figure 1 to the nodes on the bumper system located 
where it is attached to the side members of the car. All lumped masses of the 
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model are constrained so they only can translate longitudinally during the crash 
simulation. The FE-model of the bumper system consists of 8750 Belytschko-
Tsay shell elements [16] with five through thickness integration points. The same 
crash load cases used in the experiments are then simulated in LS-DYNA [16] and 
compared with the experimental results. In Figure 7 below, the contact force 
between the bumper system and the barrier is shown for the experiments and the 
FE-simulations, together with the resulting displacements of the mass m1 and the 
mean of the two measured displacements. In Figure 8, the compressions of the 
bumper system taken as the difference between the displacement of the impactor 
head and the measured points in the physical experiment and the displacement of 
the mass m1 in the simulation are shown. For this, the impactor head is fitted with 
the same type of accelerometer used in the car to detect its displacement. The 
figures clearly show that the simulated results are in close accordance with the 
measured displacements and forces. 
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Figure 7. Left: measured and calculated forces, right: measured and calculated 
displacements. The calculated forces and displacements are represented by the 
dashed curves.  
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DISCUSSION AND CONCLUSIONS 
In the present paper, a parametric system identification method is presented as 
well as a methodology for estimation of model parameters for symmetric low-
speed collisions using data from crash tests on a Volvo S40. The car is 
represented by a 1-D mass spring damper model with different numbers of 
degrees of freedom. Model parameters are adjusted in order to get the best 
possible match between measured and calculated displacements for three different 
crash load cases used in the industrial verification procedure of bumper system 
performance. For the crash tests presented in this paper, displacements are 
measured on each side where the bumper is mounted to the side members of the 
car. The objective function represents a comparison between the mean of the two 
measured displacement signals and the calculated displacement of the DOF where 
the external force is applied. In the objective function, the measured and 
calculated displacements for all three crash load cases are compared in a least 
square sense. In the model identification procedure presented in this study, the 
models of the car are identified without the presence of a FE model of the bumper 
system. Thereby, any dynamic influence from the bumper system on the resulting 
displacements is neglected.  
  The results show that for the crash load cases considered in this study, a 1-D 
mass spring damper model with three DOF’s or more can be adjusted so that the 
measured and calculated displacements are in good agreement. Neither the mass 
nor the stiffness or damping coefficients in the model are directly coupled to the 
mass, stiffness and damping properties of the car. For instance, the total mass of 
the model tends to exceed the mass of the car for models with more than one 
DOF’s. However, verification of the model clearly shows that the model works 
well even together with the FE model of the bumper system provided that the 
estimated values of the parameters are used in the model.  
  A continuation of the current work will include coupling of model parameters in 
the mass spring damper model to global car properties. This will give information 
of how the model parameters shall be adjusted based on information from the 
manufacturer of a coming car model. This would result in an effective tool to use 
in the bumper development process.  
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Coupling of vehicle crash model parameters to car properties in 
low speed collisions, a Design of Experiments approach  
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ABSTRACT 
In the current study, a methodology for relating model parameters in a one 
dimensional Mass Spring Damper (MSD) model to global properties of a car such 
as axial stiffness, bending stiffness and mass is presented. It is shown that these 
three vehicle properties affect the vehicle’s crash performance in low-speed 
collision tests used for industrial verification of bumper system performance. 
Based on information of the properties for a vehicle under development, 
parameters in the MSD model can be adjusted to give the correct boundary 
conditions for a finite element (FE) crash simulation with a candidate bumper 
design. In the FE simulations, the MSD model is then coupled to the FE mesh of 
candidate bumper design to find a bumper that meets the crash performance 
requirements of a car under development. The methodology is based on Design of 
Experiments (DOE) and FE simulations on a public domain model of a Ford 
Taurus. The knowledge gained from this study gives a valuable tool to use in 
design and development of bumper systems for the automotive industry.  

KEY WORDS 
Bumper system, car crash model, Design of Experiments, model parameters, 
vehicle properties 
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INTRODUCTION
During the design and development process of bumper systems in the automotive 
industry, information of the coming car model is often limited. Therefore, a 
simplified model of the car has to be used in the iterative finite element (FE) 
simulations that are carried out in order to find a proper bumper design. In [1], a 
method for identifying lumped Mass Spring Damper (MSD) models based on 
crash tests on a Volvo S40 is presented. The study reveal that the MSD model 
coupled to a FE mesh of a bumper system is able to predict the bumper system 
response provided that the correct model parameters (masses, damper and spring 
constants) have been used in the FE simulation. To be able to use the model in 
bumper system development, knowledge of how the model parameters shall be 
adjusted based on global data of the car under development such as axial and 
bending stiffness and the mass is necessary. With that knowledge, the MSD model 
can serve as an efficient tool to find a final bumper design that meets the 
requirements on the bumper performance. 
  The current work presents a Design of Experiment (DOE) approach to 
investigate the dependence between each model parameter in the MSD model and 
axial stiffness, bending stiffness and mass of a vehicle. A public FE model of a 
Ford Taurus is used as a basis for the current work [2]. By changing variables in 
the FE car model it is possible to simulate collisions with vehicles with different 
stiffness and masses. The current work is limited to load cases with no off-set or 
inclination of the collision barriers.  

DESIGN OF EXPERIMENTS 
Design of Experiments (DOE) is a systematic approach for determining 
relationship between variables affecting one or more outputs from a system, see 
for instance [3] and [4]. By measuring responses for a set of combinations of the 
variables controlling the system, i.e. a set of experiments, mathematical models of 
how the responses are related to the variables can be created. The models created 
from the measurements can then for example be used in visualisation of 
behaviours of the system or optimization of variables for a given objective.
  Perhaps the simplest and most commonly used technique used to define the set 
of experiments is the two-level full factorial design which forms the basis for 
many other techniques. The area of interest in the design space is defined by 
assigning a low and a high level for each variable that is to be investigated. The 
low and high levels of the variables construct an orthogonal set of experiments 
that is to be run. Normally, replicated runs are carried out in the centre of the 
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investigated design space. The repetition of the experiments is for determination 
of experimental variation known as the replicate error. Geometrically, the created 
experimental design may be interpreted as a cube if three variables are 
investigated as illustrated in Figure 1. Each corner of the cube represents an 
experiment. Because each of the three variables is investigated at two different 
levels in the design, the total number of experiments becomes 23 plus the number 
of centre points. In general, with k investigated variables the total number of 
experiments becomes 2k plus the experiments in the centre. 

X

X

X

1

2

3

Figure 1. Geometrical representation of two-level full factorial design with two 
variables x1, x2 and x3.

When all the experiments are performed a mathematical model, normally a 
polynomial function is fitted to the observations. Model parameters are estimated 
in the way that the model becomes the best approximation to the observations in 
terms of minimizing the sum of square of residuals between the model responses 
and the observations. When least squares analysis is applied to problems with 
several variables it is commonly known as multiple regression [4]. Within this 
work, the commercial software MODDE [5] has been used as a tool to perform 
the DOE analysis.

Quality indicators R2 and Q2

The most important indicators used to verify the quality of the model are R2 and 
Q2. The parameter R2 is called goodness of fit and it is a measure of how well the 
model fits the data. It ranges from 0 to 1 where the latter indicates a perfect 
model. Models with a R2 value of 0 have no relevance. R2 is computed from the 
sum of the squares of the distances from the responses to the points predicted by 
the model. This sum-of-squares value is normalized to the sum of squares of the 
distances from the responses to the mean of all response values.  
  The parameter Q2 is called goodness of prediction and it estimates the predictive 
power of the model i.e. the ability for the model to predict new experiments. It 
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ranges between minus infinity as lower limit and 1 as upper limit. Q2 is 
determined from the sum of squares of the distances between observed and 
predicted responses for each experiment when it is omitted in the model 
estimation. Similar to the calculation of R2, this sum-of-squares value is 
normalized to the sum of the square of the distances between the responses and 
the mean of all response values. 
  In practice, Q2 values larger than 0.5 and a separation between the R2 and Q2

values of less than 0.2-0.3 is considered as a good model [5]. Q2 values of 0.9 or 
larger is considered as excellent.  

SELECTION OF EXPERIMENTS 
The aim of the study is to couple the parameters in the one dimensional MSD 
model to the bending stiffness, axial stiffness and the mass of a vehicle. One way 
to achieve this by using a DOE approach would be to define the axial stiffness, 
bending stiffness and the mass of a FE car model as the variables, and the 
identified parameters in the MSD model as described later in this paper as the 
responses. However, one problem that arises is that it is difficult to modify the 
axial stiffness without changing the bending stiffness and vice versa. Therefore, 
the orthogonal array of experiments illustrated in Figure 1 that is favourable in the 
full factorial design cannot be achieved. The mass on the other hand can easily be 
varied without affecting stiffness of the vehicle, simply by changing the densities 
and lumped mass elements in the FE-model.  
  The first step in the study is therefore to provoke variations of the bending and 
axial stiffness by changing material thickness in different sections of the FE 
model. In order to achieve this, the load carrying structure of the car model is 
divided into four sections as shown in Figure 2. Each section consists of several 
different parts modelled with different material characteristics and plate thickness. 
By using the plate thickness in each section as the variables and letting the axial 
and bending stiffness of the FE car model be the responses a DOE procedure as 
described above can be executed. The thickness in each section is varied by 20%
from the reference level. 
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Figure 2. Division of the load carrying structure of the FE model. 

A two-level full factorial design is performed with the section thickness in section 
1 to section 4 as the variables. That implies that 24=16 FE simulations have to be 
performed for determining the axial stiffness and likewise for the bending 
stiffness. Because no variations and thereby no replicate errors occur in the FE 
simulations only one centre point is investigated for each of the two responses. 

Calculation of axial and bending stiffness 
The public FE model of the Ford Taurus used in the current work has a mass 
1.528 tonnes and consists of 27875 shell elements, 142 beam elements, 348 solid 
elements and 136 different material descriptions. Quasi-static FE-analysis were 
performed in order to calculate axial and bending stiffness for a given set of 
section thickness of the FE vehicle model. The meaning of quasi-static analysis is 
that the effects of inertia are neglected and it is normally done when the kinetic 
energy is much smaller compared to the internal energy. For the case of axial 
stiffness as the response, the aft nodes in the FE model are clamped and a 
prescribed longitudinal force is applied to the side members at the location where 
the forward bumper system is attached. Figure 3 below show the front structure of 
the FE model and the location where the longitudinal force is applied. The 
compression of the model is taken as the mean displacement of one node on each 
side member where the force is applied. In the same figure, the force as a function 
of the compression and a linearization of that curve is shown. The axial stiffness 
is taken as the slope of the linearized curve. For the reference level of all section 
thickness the resulting axial stiffness is 23447 N/mm.
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Figure 3. Front structure of FE-model (left) and force vs. displacement (right).  

For the case of bending stiffness a similar procedure is used but in this case the 
force is applied at the lower part of the B-pillars on both sides and directed 
downward. Here, the upper parts of the shock-absorber housings are restrained. 
Figure 4 illustrates the force and the constraints used to determine the bending 
stiffness together with the resulting force as a function of the displacement of the 
points where the force is applied. Also in this case, the stiffness is taken as the 
slope of the linearized curve. For the reference level of all section thickness the 
resulting bending stiffness is 21930 N/mm. 

0 0.2 0.4 0.6 0.8 1
−5000

0

5000

10000

15000

20000

displacement [mm]

fo
rc

e 
[N

]

force vs. disp.
linearization

Figure 4. FE-model with constraints and applied force (left) and force vs. 
displacement (right).  

Resulting regression model from DOE 
The resulting model from the DOE with the axial and the bending stiffness as the 
responses and the section thicknesses as the variables can be seen in Figure 5 
below. It is of common practice in DOE to express the regression results in terms 
of dimensionless coded variables reaching from -1 for the low to 1 for the high 
value of the variables. Thereby, the size of each bar directly reveals the 
importance of each variable. It is clear that the plate thickness of section 1 has the 
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largest effect on axial stiffness and that the plate thicknesses of section 2 and 3 
affect the bending stiffness the most. Furthermore, for the plate thickness of 
section 1 the coefficient is 3291, which means that when the plate thickness is 
increased with 20 % from its reference level, and keeping the other section 
thickness at their reference levels, the axial stiffness is increased by 3291 N/mm. 
In the same figure, errorbars for a 95 % confidence interval are shown. In [5], a 
detailed description of how the confidence intervals are calculated is presented. 
The high values of the R2 and Q2 parameters indicate that the linear model is 
sufficient to describe the relationship.  
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Figure 5. Coefficients in coded units ( 1) for axial stiffness (left) and bending 
stiffness (right).  

The models presented in Figure 5 above can now be used to choose orthogonal 
experiments with respect to axial stiffness and bending stiffness for a new DOE 
analysis. Beside axial and bending stiffness also the mass of the FE-model is 
defined as variable of interest. The responses are the model parameters of the 
MSD model identified in each design point by the routine described later in this 
paper and more detailed in [1]. In Figure 6 below, fifty thousand different 
solutions of axial stiffness and bending stiffness according to the linear regression 
model in Figure 5 are shown as the grey area. The solutions are presented as 
deviations in axial stiffness and bending stiffness from the reference level where 
the plate thicknesses are unchanged. The solutions are generated by randomize 
fifty thousand different sets of changes in plate thickness between 20% (or in 
coded units 1) and calculate the corresponding changes of the axial stiffness and 
bending stiffness with the regression model. From those solutions, an orthogonal 
cell of experiments can be chosen marked with the black dots in the figure all 
corresponding to a unique set of section plate thickness.
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Figure 6. Change in bending stiffness (Kbnd) vs. change in axial stiffness (Kax).

RELATE MODEL PARAMETERS TO VEHICLE PROPERTIES 
In each corner experiment marked in Figure 6, the mass of the FE car model is 
varied with 10% from its reference value in the middle of the design space that is 
to be investigated. Table 1 below summarizes the variables with their 
corresponding high and low values used in the DOE analysis for coupling of 
model parameters in MSD model to car properties.  

RangeVariable
Min Max 

Axial stiffness (Kax) 21210 N/mm 25684 N/mm 
Bending stiffness (Kbnd) 20217 N/mm 23643 N/mm 

Mass 1375 kg 1681 kg 

Table 1. DOE variables. 

At each experimental point, i.e. for each possible combination of high and low 
values of the design variables presented in Table 1, dynamic FE simulations are 
performed. The FE model of the car that is initially at rest is actuated by a load 
from an impactor head with a mass 1475 kg and velocity 1.67 m/s. As described 
in [1], three different impactor heads are used resulting in three different 
displacement and force signals. The three different impactor heads are shown in 
Figure 7 below, a complete flat impactor head that overlaps the front of the car, a 
600 mm broad impactor head and a pole with a diameter of 300 mm. In all three 
cases, the impactor heads strikes longitudinally in the centre of the bumper 
system.  
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Figure 7. The three different impactor heads. 

Identification of MSD model 
In Figure 8, a one dimensional MSD model is shown with its parameters, mi, kj
and cj as masses, linear springs and dampers respectively where i=1..n and j=1..n-
1 for a n-DOF model. The model can be described with a first order linear 
difference equation in continuous time by using a state space form as 

CXy
BfAXX

                      (1) 

where NMrNNN CBA ,,  are the time-invariant continuous time system matrices 
where N = 2n and M denotes the number of outputs y. X is the state vector defined 
as [ x x ]T and f is a vector of excitations. In [1], the discretization of (1) is derived 
and it can be written in an approximate discrete form as 

11

)
2
1()(1 2

kCXky

kBfATITkXATIkX
                    (2) 

where I is the identity matrix, T denotes the time step and k is the sample number 
at time kT. As in [1], three different force signals from the FE simulations with the 
impactor heads shown in Figure 7 are applied to the mass denoted m1 in Figure 8. 
For a set of parameters in the MSD model, the excitation of the model results in 
three different displacement curves of mass m1.

m1m2

c 1

k 1

.......mn-1mn

k 2k n-2k n-1

c 2c n-2c n-1

Figure 8. One dimensional MSD model. 
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The sum of squares of the difference between these three displacement curves and 
the displacement curves from the FE-simulations is then minimized by adjusting 
the model parameters in an optimization routine at each experimental point. The 
function is referred to as the objective function and can be written as 

num

k
kk xxf

1

3

1

2)ˆ)(()(                      (3) 

where  is a vector of the parameters in the MSD model, )(kx  denotes the 
calculated displacement of the mass denoted m1 according to (2) at sample k
caused by force curve . The integer variable num denotes the number of samples 
in the displacement vector. kx̂ is the displacement from the FE simulation for 
sample k caused by force curve .
  As the external force signal from the FE-simulation is directly applied to the 
mass denoted m1 an assumption is made implying that the longitudinal force 
acting on the bumper system is the same as the cross sectional force immediately 
behind the bumper system where the displacements are detected. In other words, 
the influence of the dynamics of the bumper system is considered insignificant for 
the resulting displacements of the two measured points. The flowchart in Figure 9 
illustrates the identification procedure used to find the accurate model parameters 
for the MSD model at each experimental point. As described in [1], the solution is 
accepted when the rate of change of the objective function in the given search 
direction is less than 10-12. It is calculated as the absolute value of the scalar 
product between the gradient vector and the vector defining the search direction. 

Initial guess of design variables

Calculate resulting displacements of mass 
m  from (2) for all three force signals

Evaluate objective function (3)

Convergence?

Accept solution and 
save variables

Forces from the FE-
simulations

Displacements from the 
FE-simulations

New parameters from 
optimization routine

no
yes

1

Figure 9. Flowchart of identification routine. 
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In Table 2 below, the accepted values of the objective function for models with 
different number of DOF in the MSD model are shown. It is clear that a model 
with two DOF’s is sufficient for the analysis within this study. Further increase of 
the number of masses in the model only results in small or no improvements of 
the agreement between the displacements from the FE simulations and the 
displacements calculated with the MSD model. Based on the results in Table 2, 
the responses in the DOE analysis are therefore the masses m1 and m2, the 
stiffness and damping coefficients k1 and c1 respectively in Figure 8. These four 
model parameters are to be related to the axial stiffness, bending stiffness and 
mass of the FE model of the car.  

Number of DOF 1 2 3 4 5 
Accepted f( ) 0.9010 0.3524 0.3524 0.3524 0.3525 

Table 2. Values of objective function for one to five DOF models. 

Resulting regression model from DOE 
The two DOF MSD model is adjusted to each experimental point. A two-level full 
factorial design is performed to find the regression model that describes the 
relationship between the model parameters and the axial stiffness, bending 
stiffness and the mass of the FE car model within the intervals presented in Table 
1. As in the previous DOE analysis, a linear regression model fits the data well 
and has a good predictive ability for the observations indicated by the high values 
of R2 and Q2 values for all three responses. The scaled coefficients for mass m2,
the stiffness and damping coefficients k1 and c1 respectively (see Figure 8) are 
presented in Figure 10 below. The response m1 takes the value 1 kg for all 
investigated design points which is the lowest permitted value by the optimization 
routine. Therefore, no regression model for that response is presented and it is 
assumed that the mass m1 is equal to one within the investigated design space.  
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Figure 10. Coefficients in coded units ( 1) for mass m2 (upper left), stiffness 
coefficient k1 (upper right) and damping coefficient c1.

REGRESSION MODEL VALIDATION 
In [1], it is shown that the model can be used together with a mesh of a bumper 
system with good agreement between measured and calculated forces and 
displacements. Rigid beam elements are coupled from the mass denoted m1 in 
Figure 8 to the nodes on the bumper system located where it is attached to the side 
members of the car i.e. where the measured displacement signals are detected. All 
lumped masses of the model are constrained so they only can translate 
longitudinally during the crash simulation. As regression model verification, two 
experimental points not used in the creation of the regression model shown in 
Table 3 are investigated. 

Variable Deviation from 
reference level, 

validation point 1 

Deviation from 
reference level, 

validation point 2 

Absolute 
value, point 1 

Absolute 
value, point 2 

Axial stiffness 
(Kax) 

+1700 N/mm -1700 N/mm 25147 N/mm 21747 N/mm 

Bending
stiffness (Kbnd) 

+1300 N/mm -1300 N/mm 23230 N/mm 20630 N/mm 

Mass (M) -153 kg +153 1375 kg 1681 kg 

Table 3. Design points used for regression model verification. 
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In Table 4 below, the corresponding model parameters in the MSD model for the 
reference point and for the two validation points are shown. Here, the regression 
model presented in Figure 10 is used to find the parameters in the MSD model 
that corresponds to the two validation points.

m1 [kg] m2 [kg] c1 [Ns/mm] k1 [N/mm] 
Reference point 1 1987 206.4 3.971 

Point 1 1 1744 212.6 4.022 
Point 2 1 2230 200.2 3.920 

Table 4. Calculated parameters from the regression model in the mass spring 
damper for the reference point and the two validation points. 

In Figure 11 and Figure 12 below, a comparison between the results from the FE 
simulations with the car and the MSD model coupled to the bumper system are 
shown for the two validation points presented above. In Figure 11, the forces from 
the pole and the completely flat impactor head are shown. In Figure 12, the 
resulting compression of the bumper system for the two impactor heads is shown. 
For this particular bumper system and vehicle, the resulting force and 
compression caused by the 600 mm broad impactor head and the completely flat 
impactor head coincide and they have therefore been excluded in the figures 
below. For the FE simulations with the car model, the compression of the bumper 
system is taken as the difference in displacement between the impactor head and 
the nodes where the bumper is attached to the side members of the vehicle. For 
the case with the MSD model as a representation of the car, the compression is 
taken as the difference in displacement between the impactor head and the 
displacement of the mass labelled m1 in Figure 8. 
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Figure 11. Comparison of force vs. time for FE simulations with the car and the 
mass spring damper (msd) model coupled to the bumper system.  
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Figure 12. Comparison of bumper compression vs. time for FE simulations with 
the car and the mass spring damper (msd) model coupled to the bumper system. 
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DISCUSSION AND CONCLUSIONS 
In this study, a DOE technique for coupling of parameters in a MSD model to 
vehicle properties that affect the low speed crash performance is presented. The 
methodology may be used as an effective tool in bumper system development. 
Provided that axial stiffness, bending stiffness and mass of a vehicle under 
development are known, the method developed in this study will provide values 
of the parameters in the MSD model. Furthermore, the MSD model coupled to a 
FE mesh of the bumper system can then be used to predict the deformation of the 
bumper when it is mounted to the car.  
  Within the investigated design space, a linear polynomial function can be used to 
describe the relationship between the parameters in the MSD model as functions 
of axial stiffness, bending stiffness and mass of the FE model of the vehicle. It is 
shown that the mass of the vehicle has the largest influence of the mass m2 and 
that the axial stiffness has the largest influence on both c1 and k1 of the MSD 
model.
  The numerical validation of the regression model shows that it can be used to 
predict the results from crash tests of cars with similar properties as the FE model 
of the Ford Taurus. However, the model should also be validated to physical 
experiments in order to ensure that it is representative for physical cars and not 
only to the particular FE model used in this study.
  Furthermore, other properties than axial stiffness, bending stiffness and mass of 
the vehicle may be important factors that can be included in an extended model. 
The methodology presented in the current work can be extended to situations 
involving multiaxial dynamics with many degrees of freedom, which is necessary 
for treatment of general crash cases.  
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