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1. Introduction 

The use of composite materials has increased significantly during the recent 
years. Especially in automotive, aerospace and sport applications. The 
reason for this is that composites offer some interesting properties which 
may not be met by conventional metallic materials. A composite material 
usually consists of two materials with physically separable phases. In a 
polymeric composite the first phase is some kind of polymer material 
(called binder material or matrix) which surrounds the second phase 
(reinforcement). The reinforcement may be platelets, particles or fibers 
(long or short). Usually this second phase is added to improve stiffness, 
strength and toughness of the matrix material. Since the polymeric matrix 
has low density, composites based on these materials often show excellent 
specific properties.  

Polymer matrices are often thermosets, and the most common thermosetting 
matrices for high performance are epoxies [48]. Thermosets can not be 
melted once they have solidified because of strong covalent cross-links 
between the polymer chains, and that limits their recyclability. The 
thermoset resins are quite expensive, hazardous to health (prior to 
solidification) and require long processing time. To overcome these 
economical and environmental issues one might use thermoplastic matrices 
instead. Thermoplastics are generally cheaper (not always the case), more 
environmental friendly and offer less processing time. However, when it 
comes to the interaction between matrix and reinforcement the thermosets 
are often superior. Thermosets can also withstand higher temperatures than 
most thermoplastics. 

It was mentioned before that we may use platelets, particles or fibers as 
reinforcement in composites. Long fibers that are oriented in the direction of 
loading offer the most efficient load transfer. This is because the ineffective 
fiber length (the distance at the ends of the fiber with less efficient load 
transfer) is short compared to the whole fiber length. A fiber is considered 
long when its length to diameter ratio is higher than 100. Popular fibers are 
glass-, carbon- and aramide fibers which are all synthetic. Another group of 
fibers that often qualifies as long fibers are the natural fibers. The pros and 
cons of natural fibers will be discussed in following chapters. 
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The objective of the work presented in this thesis is, as the title suggests, 
developing of micromechanical models for natural fiber composites. In 
future work the micromechanical models should include the viscoelastic 
character inherent to these composites. This is why Paper A is included in 
the thesis even though the tested material (vinyl ester) has nothing to do 
with natural fibers at all. The methodology to characterize the viscoelasticity 
presented in Paper A may be applied to any material that exhibits these 
properties. Paper B is linked with Paper A in the sense that it also deals with 
viscoelastic properties. The methodology is similar, but assumptions 
regarding the linear viscoelastic creep compliance differ. In Paper C we 
discuss the effect of microstructure and phase properties on stiffness for 
wood fiber composites. This work will be coupled with later attempts to 
back-calculate the transverse properties for wood fibers. 

2. Natural fiber composites 

When we talk about natural fiber composites we mean a composite material 
that is reinforced with fibers from natural or renewable resources, in contrast 
to for example carbon fibers that have to be synthesized (with crude oil as 
origin). Natural fibers may come from plants, animals or minerals. 
However, in the following discussion only cellulose based fibers from plants 
will be considered. The use of natural fibers and natural fiber composites are 
certainly not new to mankind. Bricks made from clay reinforced with straws 
have been used for thousands of years as building material. Textiles and 
ropes made from flax and hemp have been around for very long time and are 
still used today. Paper and cotton sheets impregnated with phenol- or 
melamine-formaldehyde resin were introduced in the early 1900 for 
electronic purposes. In an early study [17, 18], composites from phenol-
formaldehyde impregnated paper were developed as an alternative material 
in aircraft applications. In [19, 20] laminates from paper fibers and 
polyolefin matrices with high fiber content were investigated. 
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2.1. Fiber properties 

Natural fibers in composites offer some interesting properties. Fibers such 
as flax have relatively good specific properties, similar to those of glass 
fibers. Natural fibers are environmental friendly and together with a 
thermoplastic matrix they are also recyclable. Their low abrasive nature 
leads to reduced tool wear in production compared to glass fibers. 
Economical aspects are of course important. The ever rising oil price has 
lead to an increased interest in the use of natural fibers over the recent years, 
and especially so in the automotive industry where large quantities of plastic 
parts are produced. Drawbacks of natural fibers are sensitivity to moisture, 
low compatibility to non-polar polymers used as matrix and lack of well 
defined mechanical properties [13-15]. The latter is because many 
parameters (geographic location, climate, soil condition etc.) affect the 
growth of plants and consequently their properties (may even vary a lot 
from different locations within the plant). Wood fibers generally show lower 
variability than fibers from annual plants, which is advantageous in terms of 
structural design. Values of Young’s modulus obtained from single fiber 
tests for different softwoods reported in literature varies from 7-25 GPa for 
earlywood, and from 11-80 GPa for latewood [27-31]. Experimental values 
of the transverse modulus are for obvious reasons more difficult to find. 
Bergander and Salmén [32] developed an experimental technique for 
measurement of the transverse modulus in tension of the double radial wall 
of native wood fibers. Values obtained for earlywood and transition wood 
fibers of Norway spruce were in the range of 1.4 to 3 GPa. Some typical 
mechanical data for different natural fibers are shown in Table 1 in 
comparison to synthetic man-made fibers.  



4

Table 1. Mechanical properties of natural fibers as compared to conventional 
fibers, based on data presented in [13]. 

Fiber Density 
(g/cm3)

Young’s 
modulus 

(GPa) 

Tensile 
strength
(MPa) 

Elongation 
at break (%) 

additional 
reference 

Cotton 1.5-1.6 5.5-12.6 287-597 7-8  
Jute 1.3 26.5 393-773 1.5-1.8  
Flax 1.5 27.6-46.9 345-1035 2.7-3.2 [45] 

Ramie - 61.4-128 400-938 3.6-3.8  
Sisal 1.5 9.4-22 511-635 2-2.5  

Softwood 
kraft (spruce) 1.5 18-40 1000 - [37] 

Hardwood 
kraft (birch) 1.2 37.9 - - [38] 

      
E-glass 2.5 70 2000-3500 2.5  

Aramide 1.4 63-67 3000-3150 3.3-3.7  
Carbon 1.4 230-240 4000 1.4-1.8  

It is clear that natural fibers show highly dispersed mechanical properties 
compared to each other, but also within the same specie. It must be pointed 
out that it is also important to consider the test length of the fibers when data 
for tensile strength is compared. For example, the tensile strength of flax 
fibers is much more dependent on test length than in the case of glass fibers. 
The strength vs. test length dependence can be seen as a measure of the 
amount of critical defects for a given type of fiber.  

The mechanical properties of composites are influenced mainly by the 
adhesion between fibers and matrix. The fibers are therefore often pretreated 
to improve the adhesion properties. To reduce the hydrophilic nature of the 
fibers a treatment called acetylation may be used. 

2.1.1. The natural fiber cell and its chemical composition 

The natural fiber has a very complicated cellular structure and the fiber may 
be regarded as a composite itself. The cell wall is built up by the primary 
wall and the secondary wall. The secondary wall consists of three layers (S1,
S2 and S3), see Figure 1. These layers consist of cellulosic chains located in 
a hemicellulose and lignin matrix that forms threadlike units called 
microfibrils. The S2 layer is the most important layer, making up about     
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70-80% of the thickness of the cell wall [42]. The microfibril angle (angular 
deviation of the microfibrils relative to the longitudinal cell wall axis) is the 
parameter that primarily governs the fiber stiffness. The hollow part in the 
centre of the cell is referred to as lumen. 

Figure 1. Schematic drawing of the cell wall layers. 

Cellulose (C6H10O5)n is the primary component of the cell wall and is one 
of the few natural compounds that retain the same structure regardless of its 
source is wood, cotton, flax, hemp or other plants. Cellulose has the 
simplest structure of the cell wall components. It is made up from glucose 
units built into a long unbranched linear polymer. Because of the simplicity 
of cellulose (no bulky side groups or branches) the molecules are easily 
packed into crystalline regions. Cellulose contributes to strength and 
stiffness of the fiber because of its highly oriented chains. If cellulose may 
be regarded as the reinforcing agent then hemicellulose together with lignin 
may be seen as the binder material. Hemicellulose is formed from 
monosugars and sugar acids. Hemicelluloses are of much lower molecular 
weight than cellulose and some of the molecules are branched. The branches 
make it difficult for hemicellulose to form crystallites and as a consequence 
the polymer is amorphous. Hemicellulose is hydrophilic and is attached to 
the cellulose surface via hydrogen bonds. It also has strong bonds to lignin. 
Lignin is a complex three dimensional non crystalline aromatic molecule 
composed of phenyl groups, and its chemistry is still not well understood. 
Lignin is hydrophobic and provides toughness to the natural fiber cell. 
Extractives are compounds that are soluble in neutral organic solvents or 

S3
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S1

Primary wall

Secondary wall
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water and usually present in rather small amounts. To this category of 
chemicals we include waxes, fats and resins. 

The composition of each of these components varies for different fibers. 
Annual plants generally have a cellulose content of 60-80% and lignin 
content of 5-20% [46]. The amount of cellulose in wood is lower. The 
cellulose content is generally about 40-50% and the lignin content about 20-
30% [49]. 

2.2. Mechanical properties of natural fiber composites 

2.2.1. Flax fiber composites in tension 

The automotive industry show large interest in natural fiber composites 
(NFC) that can be used in load-bearing elements of cars. These NFCs 
compete with, and substitute, glass mat thermoplastics (GMT) in wide-
spread use today [47]. The advantage of the NFCs is, as mentioned before, 
related to environmental aspects and low weight. Thermoset matrices are of 
interest where compression molding or resin transfer molding (RTM) are 
suitable processing techniques. The tensile properties of various 
thermoset/flax composites are shown in Figure 2. The conclusions will be 
that Young’s modulus of natural fiber/thermoset composites is higher than 
for GMT. Strength is approximately the same and elongation at break is 
lower than for GMT. Although thermoset/flax composites show very good 
properties compared to GMT material, use of these materials will limit the 
positive environmental effect of natural fibers. Therefore, thermoplastic 
based composites are also considered. The composites shown in Figure 3 
are produced by direct extrusion. The matrix material is polypropylene (PP). 
Two types of composites were tested: with standard PP and with modified 
PP - Maleic anhydride grafted polypropylene (PPM). From Figure 3 the 
conclusions will be that both Young’s modulus and the strength of NFCs 
with thermoplastic matrices are significantly lower than for GMT. Strain to 
failure is almost the same as for GMT. 



7

Tensile Properties of Composites
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Figure 2. Tensile properties of composites normalized with respect to GMT 
properties (F). (A, B and D) are three different types of polyester matrices. (E) is 
vinylester and (C) epoxi. The flax fiber composites have approximately the same 
weight content of fibers as GMT – 35-40% (30% by volume for flax composites and 
20% by volume for GMT) [47]. 

Figure 3. Normalized (with respect to GMT) tensile properties of flax/PP and 
flax/PPM composites. Fiber content in the composites was varied from 20% to 
40% by weight [47]. 
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2.2.2. Creep behavior of wood fiber composites 

Due to complex microstructure and inelastic constituent behavior the wood 
fiber composites have complex time dependent stress-strain response. The 
material clearly has a nonlinear mechanical behavior. For example, in 
tensile tests, laminates made from phenol-formaldehyde impregnated 
kraftliner paper in a previous work [12], show nonlinear behavior in slow 
loading and hystheresis loops in unloading, see Figure 4. The stress- strain 
curves are loading rate dependent and after unloading there is a residual 
strain which only partially decays after a long time. 

It was shown [12] that stiffness degradation in tension is negligible at least 
for loads below 100 MPa which excludes micro damage evolution as a 
possible reason for nonlinearity. Irreversible strains after creep tests were 
also negligible in tension but noticeable in compression. Hence nonlinear 
viscoelasticity and nonlinear viscoplasticity were identified as the main 
cause for the observed behavior. 
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Figure 4. Results from tensile testing of phenol-formaldehyde impregnated paper 
laminates. Nonlinear behavior in slow loading and hystheresis loops in unloading 
[12]. 
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3. Constitutive modeling 

3.1. Micromechanics 

The mechanical properties of a composite are governed by the elastic 
properties, volume fraction and microstructure of its constituents. 
Micromechanics can be used to estimate the overall performance in terms of 
elastic, thermal and hygroscopic properties for the composite based on 
knowledge of the constituents [48], but it might also be used the other way 
around. If the composite properties have been determined from macroscopic 
tests, then micromechanics may be used for back-calculation of fiber 
properties. This is an appealing thought when it comes to determination of 
natural fiber properties since tests on single fibers are difficult, expensive 
and time consuming. With the micromechanics approach it is possible to 
test thousands of fibers at an instant. A problem however, is that the 
manufacturing process may introduce fiber damage and in result the fiber 
properties in the composite are different than the properties before 
manufacturing. 

Most of the existing models for back-calculation are based on laminate 
analogy. The composite which has dispersed fibers with a certain orientation 
distribution is replaced by a laminate with many thin layers. All fibers in a 
layer are assumed to be oriented in the same direction. The laminate is 
stacked up of layers with different orientation. The orientation distribution 
of layers is the same as for fibers in the initial composite. The main idea in 
this approach is to determine the elastic properties of a unidirectional (UD) 
layer.

Models for long fiber composites have been developed by Hashin [33, 34] 
and Christensen [35] considering the constituents as concentric circular 
cylinders. In [33] the stiffness expressions for an isotropic hollow circular 
fiber composite were developed. In [34] a unit cell with transversely 
isotropic fiber was considered. 
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3.2. Creep 

When a structure is loaded, its deformation may increase with time even if 
the load is constant. A classic example is a book shelf loaded by heavy 
books that increases its deflection as years goes by. In such case one speaks 
of time dependent material behavior or creep behavior. This behavior is 
prominent to polymeric materials because of their viscoelastic nature. The 
term viscoelastic material is used since the behavior of the material is in 
between that of an elastic solid and viscous fluid. Consider the creep test in 
Figure 5a. The stress is applied at t = 0 and then held constant (denoted the 
creep period) until some time instant t1, whereby the stress is removed and 
the recovery period begins. If the material behaves in a time dependent 
manner its strain response will probably look something like in Figure 5b. 
First we have the initial or instantaneous strain which may be elastic or 
elastic-plastic. Then creep strain develops during the test until time t1, where 
a sudden jump in strain occurs due to the removal of stress. This jump in 
strain should, at least approximately, equal the initial strain in the test. From 
now on the material is unstressed, but the strain still continues to decrease 
with time, we say that there is strain recovery of the material. The 
phenomenon of recovery is characteristic for materials like polymers. 
Sometimes, especially after high loading, it can be seen that the strain does 
not fully recover, but rather approaches some plateau value after very long 
time (as a general rule, the time of recovery should be at least five times the 
length of the creep test). The strain that is not recovered is called permanent 
or irreversible creep strain. 

Figure 5. a) Creep test followed by recovery period. b) Strain response to creep 
and recovery.

If a specimen has never been loaded and the stress is high enough then the 
creep strain that develops consist of both viscoelastic and viscoplastic strain. 
The viscoplastic strain that has developed during the test until time t1 is 
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equal to the irreversible creep strain that can be measured after recovery. 
The development of viscoplastic strain is a function of both stress and time. 
If the specimen is loaded in creep many times or for very long time then the 
development of viscoplastic strain will eventually slow down and vanish for 
that particular level of stress (and lower stresses). The specimen would now 
be “conditioned” and thus only pure viscoelastic creep strain would develop 
upon loading. The viscoelastic response may be either linear or nonlinear 
depending on load level. For low stresses the response is usually linear, 
which means that if the stress is doubled the strain is also doubled. For 
higher stresses the response is usually nonlinear, meaning that if the stress is 
doubled the strain is more than doubled. 

3.2.1 Modeling of viscoelastic properties 

The viscoelastic strain that develops in a creep test when loaded by a unit 
stress is denoted creep compliance. Many different mechanical models 
involving various combinations of springs and dashpots exists in order to 
model the viscoelastic creep compliance. One that seems to work well is the 
generalized Kelvin model which consists of a series of springs and dashpots 
in parallel. The number of elements is optional and it can be shown that the 
creep compliance in uniaxial loading case may be written, 

m

M

m
m

tCtS exp1
1

.   (1) 

This expression is also referred to as a Prony series in which mC  are 
constants and m  are called retardation times. A good approximation to 
experimental data may be achieved if the retardation times are spread 
uniformly over the logarithmic time scale, typically with a factor of ten 
between them. Modeling of the viscoelastic properties with the compliance 
expressed through a Prony series is performed in Paper A. Depending on the 
number of retardation times chosen in (1) the expression might soon get 
rather complicated. However, there are easier ways to model the viscoelastic 
creep compliance. From experience we know that many materials obeys a 
power law in time, 

nCttS . (2) 
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C  and n  are constants. Modeling of the viscoelastic properties with power 
law compliance is discussed in Paper B. The power law assumption 
provides us with a simple expression, but it is not always possible to fit test 
data by this expression [12]. If the creep compliance is known then the 
current strain )(t  is obtained as an integration over the entire loading 
history and, using the Boltzmann’s superposition principle, we now have an 
expression for the linear viscoelastic strain in uniaxial loading, 

d
d

dtSt
t )()(
0

0 . (3) 

0  is initial strain. A general nonlinear constitutive theory of viscoelasticity 
derived from thermodynamics was developed by Schapery [2]. The 
constitutive strain-stress equation for uniaxial loading is given by, 

d
d

dgSg
t

2

0
10  (4) 

In (4) the first term represents the initial strain as mentioned before. It may 
be nonlinear with respect to stress. 1g and 2g  are stress invariant dependent 
material properties. Integration in the second term is over “reduced time” 
represented by, 

t

a
td

0

   and
0 a

td . (5) 

Here a is the stress dependent time-scale factor (or shift factor). Actually, it 
is also dependent on temperature and humidity, but if tests are performed in 
fixed conditions it will be stress dependent only. If the applied stress is 
sufficiently small, then 121 agg , and equation (4) reduces into 
strain-stress relationship for linear viscoelastic materials, (3). The equation 
for uniaxial loading was used in [10] where a methodology to determine the 
viscoelastic nonlinearity parameters for materials which obey a power law 
in time was described. Both creep and strain recovery data at different load 
levels are required in the analysis. 
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3.2.2 Viscoplastic strain 

It was mentioned before that the viscoplastic strain that develops during a 
creep test is equal to the irreversible strain that can be measured after 
recovery. In tensile loading the developed viscoplastic strain in a composite 
is associated with viscous flow of the matrix, but it may also be related to 
microdamage in the composite. Generally speaking, the viscoplastic 
development during loading of a polymer composite is an extremely 
complicated process. In the following work we will restrict ourselves to deal 
with viscoplasticity on a macroscopic level. Following the work by Zapas 
and Crissman [11], the viscoplastic strain may be represented by a 
functional which leads to power law in creep test case, 

mt
M

plpl dC
0

. (6) 

The constants Cpl, M and m must be determined experimentally. Modeling 
of viscoplastic strain will be discussed in more detail in Paper B. 

4. Objectives 

The objectives of the performed work presented in this thesis were: 

to develop a methodology for testing and data reduction to develop 
nonlinear viscoelastic nonlinear viscoplastic material models 
(PaperA)
to develop numerical routines for nonlinear analysis of structures 
modifying existing software (Paper A) 
to study the time dependent behavior of natural fiber composites 
(Paper B) 
to study the micromechanical phenomena behind the macroscopic 
material behavior, and to develop micromechanics based material 
models (Paper C) 
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5. Summary of papers 

5.1. Paper A 

“Mechanical response of thermoset polymers under high compressive loads. 
Part II: modeling” 

In the automotive industry steel parts are coated prior to assembly and the 
coatings are therefore exposed to high compressive stresses during use in 
clamping forced joints. To understand and be able to predict the behavior of 
these coatings in compression, both long term and short term properties, are 
vital in terms of maintaining the performance of the whole structure. In 
“Mechanical response of thermoset polymers under high compressive loads: 
Part I” [1] it was shown that intrinsic material properties of vinyl ester, 
determined in compressive tests performed in uniform stress state, do not 
coincide with the response measured on thin specimens with complex 
geometry. 

The objective of the paper was to develop a material model which includes 
all nonlinear viscoelastic phenomena observed in compressive tests on vinyl 
ester specimens using experimental data from Part I [1]. The constitutive 
model developed by Schapery [2] in the particular form previously 
presented by Megnis and Varna [3] is used. The observed elastic behavior of 
thin specimens is explained based on parametric FEM analysis.  

It was concluded that the apparent modulus of thin specimens subjected to 
compression is larger than the true modulus because of the radial and axial 
constraints. A large part of the radial constraint is caused by frictional forces 
in the load application zone and on the bottom contact surface. Additional 
radial constraint is present for test conditions when the specimen radius is 
larger then the radius of the loading zone. The radial reaction forces of the 
material surrounding the loading zone lead to an increase in the apparent 
stiffness. When the specimen is larger than the load application zone the 
axial constraint is also present. Since the material under the loaded surface 
is bonded with the rest of the material a certain amount of force has to be 
applied to overcome the resistance of the material in the transition region 
and to deform it in axial direction. The apparent compressive modulus 
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obtained in FEM-calculations using elastic models correlates well with 
experimental values on vinyl ester  

Creep and strain recovery test data showed that the considered vinyl ester 
behaves nonlinearly and the deformation is reversible. The nonlinear 
viscoelastic material model was used and all nonlinearity factors involved 
were identified. The model was linearized to comply with limitations in the 
commercial FE-software ANSYS 7.1. An incremental form of the nonlinear 
material model was presented and used to simulate the loading rate effects 
in a linear loading and unloading ramp. 

5.2. Paper B  

“Nonlinear viscoelasticity and viscoplasticity of polypropylene/flax fiber 
composites” 

High stress creep tests on PP/Flax specimens showed that after 8h the total 
strain is about 100% larger than the instant strain response. The largest part 
of the time dependent strain is nonlinear viscoelastic, however, viscoplastic 
strains are also present. 

The objective of the work presented in this paper was to use Schapery’s 
model for nonlinear viscoelasticity and a power law for viscoelastic 
compliance to characterize the observed behavior for the material. The 
developed model has accuracy sufficient for practical applications. 
However, at high stresses the attempts to describe the viscoelastic 
compliance by a power law with a stress independent exponent were 
unsatisfactory and therefore stress dependence of this exponent was 
included in the data analysis. The developed nonlinear viscoelastic nonlinear 
viscoplastic material model with stress dependent exponent gives a very 
accurate description of the composite behavior in creep and in strain 
recovery tests. 

It was shown that the viscoplastic response can be approximately described 
by Zapas model: (i) the time dependence in the creep test with a high 
accuracy follows a power law; (ii) the stress dependence description by a 
power law is possible, but not very accurate. A methodology is suggested 
that requires only one specimen to identify parameters describing the time 
dependence.
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5.3. Paper C  

”Stiffness of aligned wood fiber composites: effect of microstructure and 
phase properties”

The objective of this paper was to analyze the effect of geometrical 
parameters and constituent properties on effective properties for natural fiber 
composites. In order to do that we first developed an analytical model valid 
for orthotropic phase materials and for an arbitrary number of phases. This 
model is a straightforward generalization of Hashin’s concentric cylinder 
assembly model and Christensen’s generalized self-consistent approach. 

It was found that most macro-properties are governed by only one property 
of the cell wall which is very important in attempts to back-calculate the 
fiber properties. It is shown that several of the unknown anisotropic 
constants characterizing wood fiber are not affecting the stiffness 
significantly and rough assumptions regarding their value would suffice. The 
errors introduced by application of the Hashin’s model and neglecting the 
orthotropic nature of the material behavior in cylindrical axes are evaluated. 
The effect of geometrical deviations from circular was analyzed using FEM. 
It was found that the effect of different cross-section geometry (circular, 
elliptical, square) of the fibers on the composite properties is insignificant in 
the case of filled lumen. If the lumen is empty the only properties 
significantly affected are the transverse shear modulus G23  and the 
Poisson’s ratio 23 . The effect of cell wall anisotropy on composite stiffness 
was investigated using a [ ]s laminate with varying angle to represent the 
orthotropic cell wall and applying laminate theory for thick plates to obtain 
the cell wall stiffness. The error introduced by neglecting the anisotropic 
nature of the cell wall and replacing it by a transverse isotropic material was 
evaluated and found that its value can reach 10-20%. 
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6. Future work 

In future work the micromechanical models should include the viscoelastic 
character inherent to natural fiber composites. The hygroscopic properties of 
natural fibers are one of the key issues when dealing with NFCs. Therefore, 
creep tests at various levels of relative humidity will be performed. The aim 
will then be to characterize the viscoelastic properties of NFCs as function 
of moisture content. 

The micromechanical model that was developed in Paper C will be used in 
attempts to back-calculate the transverse properties for wood fibers using 
data obtained in macroscopic tests.  
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Summary
A nonlinear viscoelastic material model was used to describe the 
experimental behaviour of thin vinyl ester specimens subjected to 
compression in thickness direction. The stress dependent material functions 
in the model were found in creep and strain recovery tests on thick 
cylindrical specimens. The elastic and creep response of thin thermoset 
polymer specimens subjected to compressive loads was simulated while 
varying the geometry of the test set samples. The calculated increase in the 
apparent elastic modulus and decrease of the creep strain rate due to reduced 
thickness-to-width ratio is in a good qualitative correlation with 
experimental results for corresponding geometries. The constraint due to 
friction and interaction with the material outside the loaded surface area 
were identified as the cause for high apparent stiffness which converges 
with decreasing thickness to an asymptotic value dependent on the modulus 
and Poisson´s ratio of the material. 

Introduction 
In Part I it was shown that intrinsic material properties of vinyl ester, 
determined in compressive tests performed in uniform stress state, do not 
coincide with the response measured on specimens with complex geometry 
loaded in thickness direction.[1] The common feature of this class of 
specimens is that they are thin: the specimen size in the loading direction is 
smaller than other dimensions. The effect of friction between the specimen 
and the loading device was also studied experimentally as well as two 

mailto:matskg@polymer.kth.se
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specimen geometries: a) cylindrical specimen loaded over the whole top 
surface (Geometry A); b) rectangular specimen loaded only on a part of the 
top surface (Geometry B). Both elastic response and viscoelastic effects 
were observed and studied in the context of the above-mentioned 
parameters. 

A thermodynamically consistent theory of nonlinear viscoelastic and 
nonlinear viscoplastic materials was developed by Schapery.[2] The 
experimental methodology for complete material characterization in the 
framework of this model was given by Megnis and Varna.[3] It was 
demonstrated that creep tests, with following strain recovery tests, give the 
necessary information. These tests must be performed at different levels of 
the applied stress. However the viscoelastic response in this and in a similar 
study was assumed linear which significantly simplifies the data 
reduction.[4]  Experimental data presented in Part I show negligible 
irreversible strain and clear nonlinear response. However, the viscoelastic 
response is highly nonlinear, see Figure 7 in Part 1[1]: strain in creep test 
after 5h of loading at 30 MPa, 60 MPa and 90 MPa was correspondingly 
0.9%, 1.9% and 4.2%. The behavior in the stress region below 60 MPa is 
rather linear (creep strain is proportional to stress) but at 90 MPa the 
response is nonlinear: instead of the expected 2.7% strain we obtain 4.2%. 

The objective of the present paper (Part II) is to develop a material model 
which includes all nonlinear viscoelastic phenomena observed in 
compressive tests on vinyl-ester “large” specimens. The constitutive model 
developed by Schapery[2] in the particular form previously presented by 
Megnis and Varna [3] is used. All stress dependent nonlinearity functions are 
determined using experimental data reported by Stahlberg et.al.[1] The 
observed elastic behavior of thin specimens is explained based on FEM 
parametric analysis. The changes in viscoelastic creep strain rate in different 
test conditions, see Part I [1], are explained using a linearized form of the 
model to comply to requirements of ANSYS FEM code. An incremental 
form of the constitutive equation is derived to implement in numerical codes 
for analysis of time-dependent behavior of structures with nonuniform stress 
state subjected to arbitrary loading ramps.  As an example the material 
response in a loading and unloading ramp with constant stress rate is 
simulated.  
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Material model 

Constitutive model 

The nonlinear viscoelastic nonlinear viscoplastic response of the material to 
applied stress k may be described by the very general thermodynamically 
consistent material model presented by Schapery.[2] Neglecting the 
viscoplastic term in the constitutive law presented in [3] we obtain for an 
isotropic material 

o

k
ik

el
ii d

d
db

a
aS

2

4  (1) 

Repeating indexes here and in following mean summation. In (1) the first 
term represents the elastic strain (which may be nonlinear with respect to 
stress). Integration in the second term is over “reduced time”  which is 
introduced as follows 

t
td

a
a
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2 td
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Here
a
a

1

2  and 
a
a

2

4 are functions of stress invariants (=1 in linear case). The 

function b  depends on invariants at the current stress level. This function 
equals to one in the strain recovery part. The time dependence is given by 
compliances Sik  which are usually chosen in form of a Prony series with 
unknown coefficients Cm

ik

m m

m
ikik CS exp1  (3) 

The same set of retardation times m  is used for all strain components. In 
material model derived using thermodynamics the physical meaning of 
internal state variables (ISV’s) and their time evolution mechanisms are not 
disclosed. Micromechanisms on molecular level in terms of free volume and 
activation energies have been analyzed to establish this link [5,6]. However, 
due to complexity of molecular models, a common practice for applications 
is to consider Prony series as shape functions to fit data. The retardation 
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times are usually chosen increasing exponentially in the used time scale (1, 
10, 100, 1000 etc) to insure a good fitting over the whole time domain.  

Creep test 

We will in following take 1k , thus assuming that only 1  is acting, see 
Figure 1. Simulating the creep test the stress k  is a step function applied at 

0t .

0101 H  (4) 

In a creep test it follows from (2) that  

t
a
a

1

2  (5) 

Using (4) and (5) in (1) we obtain 

tbt
a
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a
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1

2
110

2

4  (6) 

Figure 1. Schematic showing of the loading and strain response in creep and strain 
recovery test. 
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Strain recovery after creep test 

Simulating the strain recovery, the removal of the load at the time instant t1 ,
see Figure 1, can be described as  a superposition of the previously applied 
step function and a step function with an opposite sign applied at instant of 
time tt 1 .

1101 0 HH  (7) 

Here 1 is  at tt 1 . Substituting (7) in (1) we obtain for the time region 
tt 1
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Here
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2

4  as well as 
a
a

1

2  are unknown functions of stress level 10   in the 

creep test. Reduced time  in strain recovery stage is obtained using (2) 
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Using (3) and (9) in equation (8) we obtain 

mm m

m
i

rec
i

t
a
atC

a
a t 1

1

21
110

2

4 exp1exp  (10) 

Introducing new unknown time independent but stress dependent 
parameters 

m
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and normalizing strains with respect to stress 10 (notation ~rec
i ) (10) has a 

form 
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Methodology for parameter determination in material model. 

Since parameters in (1) are stress dependent functions the procedure 
described below should be repeated for all stress levels used in creep - strain 
recovery tests.
1. We use the experimentally measured strain ~rec

i  as a function of time to 
find values of Am

i1   for a given stress level in the test.  We fit the 
experimental strain recovery data ~rec

i with a function 

mm

m
ii

tt
Atf 1

1 exp  (13) 

using the method of least squares and obtain Am
i1 , m=1,…, N. Applying first 

the procedure described in a low stress region where the material response is 
linear ( 1

1

2

2

4

a
a

a
a )  the coefficients in Prony series Cm

ik  can be directly 

obtained from  (11). They are stress independent. 
2. Determination of b . We substitute (4) in equation (6) and obtain the time 
dependence of the creep strain 
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Applying this equation for time instant tt 1  we obtain after simple 
rearrangements an expression for the accumulated creep strain 

m
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creep
i At b 1101  (15) 

Since the experimental value of tcreep
i 1  is known one can use (15) to 

determine parameter b  for the considered stress level 
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3. In the nonlinear region the stress dependent parameters 
a
a

a
a

1

2

2

4 ,  are 

related to Am
i1    through (11) which reflects the recovery and gives one set of 

relationships containing these two unknowns. In order to include more 
details regarding the creep behavior, we analyze creep strain at instant of 
time  tt 11 . Equation (14) gives 
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From (11) C
a
a m

i1
2

4  may be expressed and substituted in equation (17) leading 

to
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Theoretically any two data points are good but due to data scatter and 
numerical accuracy the instant t 1  should be chosen in the time region where 
“deformation” of the time scale by help of the reduced time is most 
necessary. Equation (18) contains only one unknown 

a
a

1

2  that may be used 

to fit this relationship to experimental value tcreep
i 1 . As the last step in data 

reduction
a
a

2

4  is obtained from (11). 

In this section the stress dependence of parameters in the material model 
was established for uniaxial stress state. In other words the dependence on 
the second and third stress invariant for a general stress state is still 
unknown and requires additional very complex testing or use of 
assumptions validated in independent tests. Hence, the application of the 
model in the present form is limited to cases when one stress component is 
dominating. 
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Intrinsic material properties from creep and strain recovery tests 

Data reduction to obtain the intrinsic time dependent material properties of 
the vinyl-ester was performed using the methodology described above and 
data from the compressive creep-recovery tests on the cylindrical specimens 
with a thickness h= 25mm.  

Since the viscoelastic strain developed during the short period (8-20s) of 
load increase is small, the strain at the time instant where the maximum load 
has been reached is used as the elastic strain value, el

i . The stress 
dependence of the elastic strain, el

i was obtained by the least square method, 
see Figure 2a. The relationship is rather linear and, hence, a linear fit more 
convenient for practical applications was also obtained: el

1 =2.737 10-4
10 .

The value of Young’s modulus defined by the slope of this function is 
E=3.65 GPa. It is in a good agreement with the value of 3.68 GPa obtained 
in independent tests in Part I.  

Figure 2a. Elastic strain el
i as a function of stress. 

30 MPa was chosen as belonging to the linear region, which means that the 

non-linearity functions b, 
a
a

1

2 and
a
a

2

4  are assumed equal to 1 in the interval 

0-30MPa. The retardation times, m , used and the resulting values of the 
coefficients mC11  in the Prony series obtained in the linearity region, are 
summarized in Table 1. In contrast to the common practice the retardation 
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times were also varied to obtain the best fit to data. The stress dependence 
of the stress non-linearity function b was described as bi-linear, as seen in 
Figure 2b. The expression was obtained by a linear fit to the experimental 
data points. The stress dependence of functions 

a
a

1

2  and 
a
a

2

4 is shown in 

Figure 2c. The polynomial fits are obtained by the least square method. To 
validate the model, the predictions for the special case of creep loading, 
equation (15), are compared to the average data during the creep period, see 
Figure 3. The agreement between the model and the experimental data is 
very good including the 90MPa case which belongs to a very high 
nonlinearity region. 

Table 1. Coefficients mC11  in the Prony series 

m  (s) 3 10 30 100 300 1000 3000 10000 

mC11  (10-11 Pa-1) 0.081 0.54 -0.07 0.86 0.19 0.74 -0.11 1.81 

Figure 2b. Stress dependence of the nonlinearity function b. 
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Figure 2c. Stress dependence of the time non-linearity functions 
a
a

1

2 and
a
a

2

4 .

Figure 3. Comparison of model prediction and experimental creep curves. 
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Simulation of viscoelastic behavior of thin specimens 

In this section we will simulate the test conditions for round and rectangular 
thin specimens, tested in Part I, in order to explain the trends observed in 
these tests and to understand the mechanisms governing the mechanical 
behavior. We assume that the material model derived from data with 
cylindrical specimens with h= 25 mm represents the true material properties 
and use them in simulations. In order to simplify calculations the 
rectangular 40x40 mm2 specimens loaded on a part of the surface with rl =8
mm are replaced with cylindrical specimens with a radius 20rc mm.
Thus, we consider cylindrical specimens with radius rc  and vertical size 
(thickness) h  subjected to y-direction compressive displacements u0  on the 
whole top surface (Geometry A) or on a cylindrical part of it with a radius 
rl , see Figure 4, Geometry B. 

Figure 4. Schematic showing of the specimen geometry A and B 

The analyzed structure has an axial symmetry with respect to the y-axis. 
Since displacements to the specimen top surface are introduced through a 
flat rigid indentor, the frictional sliding boundary conditions (friction 
coefficient ) were considered in addition to free sliding  and clamped (non 
sliding) boundary conditions. The side boundary rcr  and top surface part 

rr l  are free of stresses. 
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Elastic response 

In compressive tests on thin specimens the apparent modules, E*  was 
defined as the average applied stress divided by the average strain E* .
The average stress was defined as the macroscopic load divided by the load 
application area, rlP 2 . The average strain is the displacement on the 
specimen surface u0  in the load application area divided by the specimen 
thickness h , hu0 .  The “apparent modulus” E*  has a meaning of 
modulus only if the strain distribution is uniform and stress is uniaxial. In 
the test the radial deformation due to Poisson’s effect is constrained by two 
mechanisms. The first is friction on the top and bottom surfaces which 
affects radial displacements. The effect becomes smaller for thick 
cylindrical specimens, small Poisson’s ratio and low friction coefficient. 
The second mechanism is present in specimens which are loaded only on a 
part of the surface. In this case the material surrounding the loaded part 
resists to the radial displacement of the loaded part thus putting a radial 
constraint. These stiffening mechanisms we will call radial constraint.
However, both these factors together give less constraint than a model 
which prohibits any radial deformation. In this extreme case ( 0r ) the 
apparent modulus is 

2
*
max 21

1EE . (19) 

Subscript “max” indicates maximum constraint to the displacement in the 
radial direction and  is Poisson’s ratio. From the *

maxE /E plot as a function 
of Poisson’s ratio in Figure 5 we see that at large values of  the apparent 
modulus E*

max  is more than two times larger than the true modulus. The 
elastic constants are E = 3.70 GPa,  = 0.35, 0.38 and 0.40.  
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Figure 5. Effect of Poisson’s ratio on apparent modulus. 

Based on this analysis we expect that the apparent modulus E*  of thin 
specimens will increase with decreasing thickness of the specimen and will 
asymptotically approach the value given by (19). Poisson’s ratio of the 
material,  = 0.38, was measured experimentally in tension in Part I[1].
These trends were analyzed using ANSYS 7.1 and the element PLANE183. 
In case of frictional sliding, target and contact elements were used between 
the cylinder and the rigid surface on top of it. Geometry A shown in Figure 
4 a) has symmetry with respect to the plane 0y  and FEM calculations are 
performed only for the upper part of the cylinder. The analyzed cases A1, 
A2 and A3 correspond to three values of frictional coefficient  on the top 
surface see Table 2. A0 in Figure 7 and 8 correspond to the unconstrained 
sample where =0 and E* =3.70 MPa regardless of specimen thickness h.
The numerical results shown in Table 2 confirm the assumption that the 
apparent modulus E*  increases monotonously and approaches the 
asymptotic value given by (19).  These asymptotic values are:  for  = 0.35 
E*

max  5.94 GPa, for  = 0.38 E*
max  6.93 GPa and for  = 0.40 E*

max  7.93 
GPa.
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Table 2. E* (GPa) as a function of specimen thickness h  and friction coefficient .
h  (mm) 25 15 10 5 2 0.4 0.2 0.1 0.05 

A1 ( ) =0.35 3.88 4.01 4.20 4.74 5.41 5.83 5.88 5.91 5.92 

A2 ( 4.0 ) =0.35 3.86 3.99 4.19 4.73 5.39 5.80 5.86 5.89 5.90 

A3 ( 1.0 ) =0.35 3.75 3.79 3.84 4.01 4.54 5.63 5.77 5.87 5.89 

          
A1 ( ) =0.38 3.91 4.07 4.31 5.05 6.07 6.75 6.84 6.88 6.90 

A2 ( 4.0 ) =0.38 3.90 4.07 4.30 5.01 6.04 6.73 6.82 6.87 6.88 

A3 ( 1.0 ) =0.38 3.76 3.80 3.85 4.03 4.62 6.36 6.64 6.81 6.88 

The results in Table 2 show that the apparent modulus slightly decreases 
with the decrease of the friction coefficient which is due to sliding at the 
contact surface. The difference is rather small and generally the thickness 
dependence is very similar which indicates that sliding is insignificant and 
clamped boundary conditions on the load application surface are a good 
approximation. It shows also that lubricant which decrease the frictional 
coefficient would decrease the apparent modulus E* only marginally. For 
specimens mmh 4.0 , the apparent modulus is close to the asymptotic 
value given by (19). For thicker specimens the radial constraint via 
boundary conditions is less severe. 

Geometry B, shown in Fig 4 b), is subjected to a compressive load applied 
to the part of the top surface, whereas the bottom surface lies on the 
substrate and there is no symmetry with respect to 0y . The cases of 
boundary conditions are listed in Table 3. 

Table 3. Boundary conditions for geometry B. 
y=0 y=h Boundary

conditions u y ur u y ur

B1 0 0 u0 0
B2 0 4.0 u0 0
B3 0 0 u0 0

Figure 6 a) shows the response of a 2mm thick plate in case B3. The 
deformation of the same plate in case B2 with friction coefficient  4.0  is 
shown in Figure 6 b). The specimen separates from the substrate 0u y  in 



 15A -

the region outside the load application zone. The numerical values of E*  can 
be seen in Table 4. 

Figure 6. The shape of a 2 mm thick specimen under compression in a) Case B3; b) 
case B2. 

Table 4. E* (GPa) for various thickness and boundary conditions, geometry B. 
h (mm) 5 2 0.4 0.2 0.1 0.05 

B1 =0.35 6.50 6.14 5.98 5.96 5.95 5.94 
B2 =0.35 5.88 5.69 5.82 - - - 
B3 =0.35 5.02 4.46 4.16 4.11 4.06 4.02 
        
B1 =0.38 7.07 6.95 6.94 6.93 6.93 6.93 
B2 =0.38 6.14 6.15 6.66 - - - 
B3 =0.38 5.12 4.55 4.24 4.19 4.15 4.11 
        
B1 =0.40 7.58 7.72 7.88 7.91 7.92 7.92 
B2 =0.40 6.32 6.55 7.49 - - - 
B3 =0.40 5.26 4.61 4.32 4.26 4.21 4.17 

The changing trends in apparent modulus behavior with Poisson’s ratio, 
boundary conditions and thickness can be explained if in addition to radial 
constraint an another stiffening mechanism specific for the geometry B is 
considered. Only a part of the top surface is subjected to constant axial 
displacement. Since the loaded part is bonded to the rest of the material 
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which is not loaded on the surface the latter will also be deformed in axial 
compression. Additional force is required in the loading zone to overcome 
the resistance of the material outside. We will call it axial constraint. This 
additional force means that the apparent stiffness is higher. The value of the 
additional force depends on the size of the perturbation region in the 
surrounding material which for thin isotropic specimens is proportional to 
the specimen thickness.  Hence, because of the axial constraint, we can 
expect larger stiffening for relatively thick specimens than for thin. The 
axial constraint which is larger for thick specimens may change the trend 
caused by radial constraint which is larger for thin specimens. The effect of 
Poisson’s ratio also becomes understandable because the radial constraint is 
larger for large Poisson’s ratio and this trend dominates. 

The numerical results and conclusions presented here are in good agreement 
with experimental findings presented in Table 2 in Part I[1] where an 
apparent modulus around 5 to 6 GPa for cylindrical specimens and around 7 
GPa for rectangular specimens was noted. 

Simulation of the creep behavior of thin specimens 

The nonlinear viscoelastic material model given by equations (1) to (3) can 
not be directly utilized in commercial FEM codes to describe the response 
of thin specimens with geometry and boundary conditions analyzed above. 
For example the ANSYS code, which was used in the present study, is 
limited by linear viscoelastic materials. For the purpose of creep test 
simulation the following method of rough “linearization” is suggested. For 
the stress level k used in the creep test, the stress dependent functions in 
the material model remain constant. Then constants b and aa 24  may be 
included in the compliance functions and aa 12  may be included in 
retardation times m . The linearized form of constitutive equation, which 
corresponds to stress level, k  is as follows 

t

o

k
ik

el
ii td

td
dttŜ  (20) 

m m

m
ikik

tt CS ˆ
ˆˆ exp1  (21) 
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The stress state in the thin specimen with geometry B is very nonuniform 
and, hence, the present “linearization” approach is very approximate. It 
gives too large viscoelastic response in the low load regions and too small 
viscoelastic strains in the locally highly loaded regions. Also the present 
material model itself is limited by assumption of one dominant stress 
component which is not valid in stress concentration regions. Therefore the 
results obtained in this section are not expected to be in a quantitative 
agreement with test data and may only explain qualitatively the 
experimental trends noted. 

In the ANSYS formulation the constitutive law must be expressed in the 
inverse form: stress as a function of strain. Since all functions included in 
equations (20), (21) are slowly and monotonically varying with time and 
thus satisfy the conditions specified by Schapery[5], the inverse 
transformation may be performed using the quasi-elastic method of analysis 
suggested by Schapery [6] This means, for example, that the value of the 
creep compliance Ŝ11  in the time instant t  can be used to obtain tÊ1  using 
an elastic relationship. The obtained data points for the relaxation modulus 
are described by Prony series. Poisson’s ratio  is assumed to be a constant 
equal to its value in elasticity tests. 

The simulation results for two types of boundary conditions applied to 
Geometry A are shown in Figure 7. Due to the radial constraint in case A1 
the strains are slightly lower than for unconstrained material, case A0. The 
average strain rate during the creep is defined as the average strain change 
per t  ( t =3600 sec). The average strain rate is also slightly lower in case 
A2. This trend is even more pronounced for thin specimens, shown in 
Figure 8, loaded to 80 MPa. Similarly as observed in experiments, see 
Figure 9 and 10 in Part I[1], the creep rate for the most constrained specimen 
(B1) is the lowest. 
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Figure 7. Simulated creep strain for cylindrical specimen of h  25 mm and 
radius rc  6 mm at 30 MPa. A0- free sliding on surface; A1- clamping condition 
in radial direction. 

Figure 8. Simulated creep curves of thin cylindrical specimens ( h 4.9 mm, stress 
80 MPa). A0 – free sliding on surface, A1 – clamped in r- direction; B1 clamping 
in r-direction on the loaded part of the top surface, clamped on the bottom surface. 
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The average creep rate was analyzed for a large variety of stress levels, 
geometries and boundary conditions. The results in Table 5 are normalized 
with respect to the strain rate for round h=5mm specimen at the 
corresponding stress level. The strain rate for both presented stress levels is 
highest for 5mm thick round specimen. For thinner specimens and for 
square specimens the creep strain rate is significantly lower. For 60 MPa 
load level the agreement with test data is very good. Still the experimental 
decrease of the strain rate is slightly larger than the calculated. This 
difference is even more pronounced for the 80 MPa stress level. The most 
probable reason for these discrepancies is the linearized calculation scheme 
used. In order to use ANSYS we described the material for each stress level 
as linear and the linearized properties depend on the applied average stress 
level. In the result for the 80 MPa stress test the whole domain is built of 
elements with large creep ability. This would be justified for a rather 
uniform stress state, but especially in the case of B geometry a large part of 
the domain is barely stressed. Because of that we unavoidably calculate to 
large creep strain rate for the structure, see Table 5. 

Table 5 Normalized creep strain rates for specimen configurations and stress levels 
used in tests. 

              60 MPa                80 MPa Test Geometry Load 
case

h
(mm) calculated test calculated test 

Round A1 5 1 1 1 1 
Round A1 2 0.68 0.57 0.84 0.43 
Square 40x40 B1 5 0.58 0.51 0.72 0.45 
Square 40x40 B1 2 0.61 0.57 0.73 0.46 

Incremental form of constitutive equations 

In order to perform analysis of structures with nonuniform stress state the 
material model must be implemented in FE codes. For example, ABAQUS 
requires an incremental form of (1) to (3) which can be derived as follows. 
For simplicity omitting indexes, we substitute (3) in (1) and integrate. The 
result is

m
m

m

mel tbbt C
a
a

2

4  (23) 

where d
d

dt
a
aeC m

m
m

2

4

0
 (24) 
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The integral (24) may be calculated in a time instant tk  using the value of 
this function in the time instant tk 1  where  ttt kk 1 . The increment of 
time may be related to  using the differential of (2)  which we replace 

by a finite difference  t
a
a

1

2 .

The recursive expression correlating tkm
k
m  to tkm

k
m 1

1  is as follows 

1
1

1
1

1
2

11 k
k

k
mmk

m
k
m

a
a

eCe d
d

tmm
   k=1,2….(25)

with 00t , 00
m . Upper index k denotes the time instant tk .

Linear loading ramp 

In this example the stress is linearly increasing and then decreasing with the 
same rate 

t
t

t
t

tt

tt

*
*

*

*
*

*

,

,
 (26) 

Simulations of strain during the loading and unloading ramp using (23), (25) 
were performed for stress rate 0.044 MPa/s, up to a maximum stress of 90 
MPa and compared with experimental results. The stress state is uniform 
and FE is not required. The simulations were made by implementing the 
nonlinearity functions el

1  , b , 
a
a

1

2  , 
a
a

2

4  from Figure 2a. – Figure 2c. in the 

MATLAB code. A time step of 1s was used. Shorter time steps did not give 
any changes in the result. The results in Figure 9 show that the shape of the 
curve is correctly captured by the model, but it gives larger strains than in 
test, indicating that the model overestimates the nonlinearity of the material. 
The model is, however, based on average data from several specimens but 
the experimental ramp is for one single specimen. 
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Figure 9. Comparison of simulation with experimental loading and unloading 
ramp up to maximum stress of 90MPa 

Conclusions

The apparent modulus of thin specimens subjected to compression is larger 
than the true modulus because of two constraint mechanisms: the radial and 
the axial constraint. The radial constraint restricts displacements in the 
radial direction. A large part of it is caused by frictional forces in the load 
application zone and on the bottom contact surface. Additional radial 
constraint is present for test conditions when the specimen radius is larger 
then the radius of the loading zone. The radial reaction forces of the material 
surrounding the loading zone lead to an increase in the apparent stiffness. In 
the latter set-up the axial constraint is also present. Since the material under 
the loaded surface is bonded with the rest of the material a certain amount of 
force has to be applied to overcome the resistance of the material in the 
transition region and to deform it in axial direction. The radial constraint 
depends on Poisson’s ratio and increases with reduced specimen thickness 
in contrast to axial constrain that decreases with thickness and is less 
dependent on Poisson’s ratio. 

Apparent compressive modulus obtained in FEM-calculations using elastic 
models correlates well with experimental values on thermoset vinyl esters 
subjected to sinusoidal load at a static mean loads. Reducing the thickness-
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to-width ratio of the samples causes the apparent modulus to converge to an 
asymptotic value which depends on the Poisson´s ratio. The asymptotic 
value follows from a simple analytical model which prohibits any radial 
displacement. 

Reduced friction between the sample and compressive plate and between the 
sample and substrate has a marginal effect on the result on the thick 
cylindrical specimens. The apparent stiffness will be lower but it will 
converge to the same asymptotic value as the samples with high friction 
coefficients. 

Creep and strain recovery test data showed that the considered vinyl ester 
behaves nonlinearly and the deformation is reversible. A nonlinear 
viscoelastic material model was developed and all nonlinearity factors 
involved were identified. The model was linearized to comply with 
limitations in ANSYS and used with success to describe the creep behavior 
and variations in creep strain rate due to variation in geometry in thin 
specimens. An incremental form of the nonlinear material model was 
presented and used to simulate the loading rate effects in a linear loading 
and unloading ramp. 
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Abstract

In tensile tests the PP/flax fiber composites clearly shows a nonlinear 
behavior in loading and hystheresis loops in unloading. In creep tests 
performed at different load levels the response was nonlinear viscoelastic, 
and after recovery, viscoplastic strains were detected. No degradation in 
stiffness could be seen and thus nonlinear viscoelasticity and viscoplasticity 
were assumed to be the main cause for the observed behavior. The 
viscoplastic response was described by a power law with respect to time and 
to stress level in the creep test. Schapery’s model for nonlinear 
viscoelasticity and a power law for viscoelastic compliance with respect to 
time have been used to characterize the material. The developed model has 
accuracy sufficient for practical applications. However, at high stresses the 
attempts to describe the viscoelastic compliance by a power law with a 
stress independent exponent were unsatisfactory and therefore stress 
dependence of this exponent was included in the data analysis. The accuracy 
is perfect but the thermodynamic consistency of this procedure has to be 
proven.

Keywords: PP/flax, composite, nonlinear viscoelasticity, viscoplasticity, 
creep, recovery

1. Introduction 

The use of natural fibers as reinforcement in composites has gained an 
interest over the recent years [5-7], especially in the automotive industry. 
Natural fibers, such as flax, have relatively good specific properties, similar 
to those of glass fibers. Natural fibers are environmental friendly and 
together with a thermoplastic matrix they are also recyclable. Drawbacks are 
sensitivity to moisture, low compatibility to the usually non-polar polymers 

mailto:marklund@ltu.se
mailto:varna@ltu.se
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used as matrix and lack of well defined mechanical properties. 
Polypropylene is often used as binder material because of low cost, but it is 
well known that polypropylene has poor creep properties at room 
temperature even at low stresses. Thus the time dependent properties must 
be considered if it is to be used as a structural load bearing component. The 
time dependent properties of the composite studied herein have been 
characterized using Schapery’s model for nonlinear viscoelasticity, and a 
viscoplastic power law with respect to time and stress. The viscoelastic 
creep compliance is assumed to follow a power law with respect to time and 
is modeled in two ways: first the exponent in the power law is kept constant 
for all stress levels, and later it will be considered as a function of stress. 

2. Theory 

2.1. Constitutive model 

A general nonlinear constitutive theory of viscoelasticity for multiaxial 
loading was developed by Schapery [1]. The stress strain equation for 
uniaxial loading was derived in [2] where a methodology to determine the 
viscoelastic nonlinearity parameters for materials which obey a power law 
in time was described. Both creep and strain recovery data at different load 
levels are required in the analysis. The constitutive equation for uniaxial 
loading is given by, 

,2

0
10 td

d
dgSg pl

t

 (1) 

In (1) the first term represents the initial strain which may be nonlinear with 
respect to stress. )(S is the transient component of the linear viscoelastic 
creep compliance. 1g  and 2g are stress dependent material properties. 
Integration in the second term is over “reduced time” represented by, 

t

a
td

0

   and
0 a

td . (2) 

Here a is the stress dependent time-scale factor (also known as the shift 
factor), which is a function of stress, temperature and as in the case of our 
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composite, humidity. In the present study however, the tests were performed 
in fixed conditions so that a  is a function of stress only. If the applied 
stress is sufficiently small, 121 agg , and equation (1) turns into 
strain-stress relationship for linear viscoelastic viscoplastic materials. The 
last term in (1) represents the viscoplastic strain accumulated during the 
whole loading history. The viscoplastic strain is a function of time and stress 
level and there are no fading memory effects as in viscoelasticity.  

2.2. Creep and strain recovery 

Figure 1. a) Creep test followed by recovery period; b) Strain response to creep 
and recovery. 

If stress is applied, )()( 1ttHtH  according to figure 1, where 
)(tH  is the Heaviside step function, the creep strain from equation (1) 

becomes, 

,210 t
a
tSgg plc . 10 tt  (3) 

The recovery strain is, 

,112 tSSg plr 1tt  (4) 

where,
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The transient component of the linear viscoelastic creep compliance is now 
assumed to follow a power law in time, 

nCS .  (6) 

C and n are independent of stress level and time. Use the power law 
expression (6) in (3) to obtain the creep strain, 

,21
0 tt

a
gCg

pl
n

nc , (7) 

and in (4) to obtain recovery strain, 

,1 1
1

1 taa
g pl

nn
r , (8) 

where,

1

1

t
tt    and nCgg 1211 .  (9) 

2.3. Viscoplastic strain 

The viscoplastic strain is represented by a functional employed by Zapas 
and Crissman [3],  

mt
M

plpl dC
0

. (10) 

In contrast to Schapery’s formulation where the viscoplastic strain is a linear 
function of an integral, we here have power law dependence. The constants 

plC , M  and m  must be determined experimentally. Assuming that the law 
(10) for viscoplastic strain development is valid we can design the test 
procedures needed for the parameter determination. From (10) it follows 
that if the applied stress is constant with respect to time, integration is trivial 
and the viscoplastic strain accumulated during the time interval 1t  becomes, 
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mmM
plplpl tCt 11

1 , (11) 

and if the creep test is performed for longer period of time )( 21 tt ,

mmM
plplpl ttCtt 2121

21 . (12) 

The viscoplastic strain development can not be directly measured during the 
test since viscoelastic strains are developing simultaneously. However, after 
strain recovery the remaining irreversible strain corresponding to the 
loading period may be measured. We now assume that the hypothesis of 
additivity for viscoplastic strains is valid. Meaning, that if two creep tests 
with time 1t  and 2t  are conducted, the sum of the viscoplastic strains 
obtained from the tests is equal to the viscoplastic strain accumulated in one 
step experiment with length )( 21 tt , and thus, 

2121
plplpl  (13) 

By this assumption we claim that the creep test interruption during the strain 
recovery period do not affect the viscoplastic strain development in the next 
step. The viscoplastic strain after k  steps of creep loading at the same stress 
level will be, 

m
k

mM
plkpl

k
plplpl

k
pl tttCttt ......... 2121

21..21  (14) 

This discussion leads to the conclusion that only one specimen is necessary 
to obtain the time dependence of viscoplastic strains at a certain fixed stress 
level 0 . After a creep test with length it  the specimen is unloaded and the 
irreversible strain accumulated during this time is measured. Several such 
steps with different lengths are performed and the developed viscoplastic 
strains are summed. The time dependence of viscoplastic strains at fixed 
stress should follow a power law in time, 

m
pl Btt  (15) 

Mm
plCB 0  depends on the stress level in the creep test. Both B  and m

are determined as the best fit in logarithmic axes. The stress dependence of 
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viscoplastic strains has to be obtained performing creep tests of the same 
length at several stress levels. In result B , see (15),  is obtained as a 
function of stress and the best fit in logarithmic axes yields the required 
constants C pl  and M . If the number of available specimens is limited (as it 
was in the presented case) the same specimen can be used in several creep 
tests. For example, a specimen first can be loaded in creep at stress level 1

for a time t1  developing plastic strain 1
pl . According to (10) 1

pl  is 
represented by (11). After recovery this specimen may be subjected to stress 

2  for a time t2 . The total developed strain after these two steps is 
described by,

t
t

t
t

tCttC
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1
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1
2

2211 11 1
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From (16) 

t
t

M m

pl

pl

1
2

1
211

21
, (17)  

and M  may be calculated using experimentally obtained 1
pl  and 21

pl .
Then C pl  can be calculated using previously determined value of B . This 
procedure may be applied for more specimens or more loading steps leading 
to new (may be slightly different) values of M . The final value is obtained 
as the average. As an alternative M  may be obtained as the best fit to all 
experimental data by expressions like (11) and (17). 

3. Experimental 

Specimens made from PP/Flax have been tested. The specimens used are 
dog-bone shaped and have a working zone of 80 mm in length, 20 mm in 
width and a thickness of 2.3 mm. They were manufactured using 
compression molding technique and provided by SICOMP (Swedish 
Institute of Composites) in Piteå, Sweden. The fiber content of the 
composites is 30 wt%. The creep tests were performed by hanging of 
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weights which results in tensile loading applied to the specimens. The strain 
was measured with extensometers. The first specimen was subjected to 1, 4, 
21 and 48 hours of creep at 15 MPa in order to estimate the viscoplastic 
time dependence at a fixed stress level. The same specimen was later 
subjected to 8 hours of creep at stress levels 8, 12, 16 and 20 MPa for 
determination of viscoelastic properties. The second specimen was 
subjected to 8 hours of creep at 6 and 12 MPa for estimation of the 
viscoplastic stress dependence. An Instron 4411 tensile machine was used to 
carry out Young’s modulus measurements. Load was measured by a 
standard 5 kN load cell and strain was measured by an Instron 2630-100 
series extensometer. All tests were performed in stroke controlled mode 
with a rate of 2 % strain/min. The modulus was measured between 0.1-0.25 
% in strain. All tests were performed at RT and with relative humidity of 25 
– 35%. 

4. Results and discussion

Tensile tests performed on the two specimens before the creep experiments 
gave a Young’s modulus of 4.0 and 3.9 GPa respectively. No degradation in 
stiffness could be seen after the creep experiments and thus nonlinear 
viscoelasticity and viscoplasticity were assumed to be the main cause for the 
observed behavior.

4.1. Viscoplastic strain 

The viscoplastic strain developed during the first step (1 h) is larger than the 
viscoplastic strains measured after each of the successive steps (4, 21 and 48 
h) which means that the development of viscoplastic strain is slowing down 
with time. The viscoplastic strains accumulated in all steps were summed 
and plotted against time in log-log scale to see whether the power law 
assumption in (15) is valid or not. The results are presented in Figure 2a) 
and show a fairly linear relationship, which would indicate that the power 
law assumption is reasonable. The slope of the trendline shown in Figure 
2a) defines the exponent m = 0.2194 for our composite.
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y = 0,2194x - 1,5786
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Figure 2. a) Dependence of viscoplastic strains at 15 MPa on time in log scale; b) 
Development of plastic strain simulated using equation (15), dots are experimental 
values.

It was found that for this stress level that 4
0 106388.2Mm

plCB . Tests 
performed at several stress levels showed that the power law description of 
the stress dependence is rather rough. At low stress the plastic strain is 
increasing with stress much slower than at high stress. Therefore two values 
of M are suggested for use, 

MPa15for15
15MPafor11

M  (18) 

Consequently, two values of C pl  were calculated. 

4.2. Schapery’s data reduction scheme to develop the viscoelastic model 

The nonlinear viscoelastic material model (1) contains stress invariant 
dependent functions 1g , 2g  and also constants C and n  if the power law for 
viscoelastic compliance is used. The analysis described below follows the 
steps described in an early paper by Lou and Schapery [2] with the 
modifications introduced using potential of nowadays computational 
software. For data reduction one and the same specimen was used at all 
considered stress levels. This specimen was previously “conditioned” in 
high stress creep tests with the aim to identify the viscoplastic strain time 
dependency. Introducing new variables, 

nCX gg 12
1

1     and ay . (19) 

a) b)
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Equation (8) may be rewritten as, 

yy nn
plr X 1logloglog . (20) 

Equation (20) says that strain recovery curves for all stress levels have to 
coincide if y  is used as the time variable and if these curves are shifted in 
the vertical direction by Xlog . This feature defines the data reduction 
methodology to determine the two unknowns X  and a . The function 

yy nnZ 1log  (21) 

is defined as the master curve and all experimental data are recalculated 
using X  and a  as fitting parameters to fit this curve. However, first we 
have to determine n  in (20) considering strain recovery data for the material 
in the linear response region assuming that 8 MPa belongs to this region. 
The recovery strain (20) in this region is described by a simplified 
expression where  

t
tt

y
1

1 , (22) 

and fitting the data by (20) we find both n  and X  in this region. The data 
and the best fit to them are shown in Figure 3a). From here we define 

1645.0n  as the constant in the power law valid for all stress levels 
considered in following. The obtained value of X  will be used to determine 
C . Next the data for the strain recovery after 12 MPa creep test are 
considered and the best fit to the master curve found using X  and a . The 
best fit and the obtained values of parameters are shown in Figure 3b). 
Obviously at larger stress the X  value is larger and 1a   states that we 
are in the region of nonlinear response. Similar fits and corresponding 
values of the stress dependent functions for stress levels 16 MPa and 20 
MPa are shown in Figures 3c) and 3d). The obtained values are listed in 
Table 1. The fit to the master curve in the whole time region for the 
recovery is rather good but far from perfect. One possible reason for that is 
the approximate nature of the power law behavior. Since the strain recovery 
time was always much larger than the creep time and our focus is on creep 
description, we decided to use the best fit in the time region which was used 
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for the creep test, 1
1

1

t
tt . The fitting was obtained using “visual fit” 

changing parameters in EXCEL worksheet. 
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Figure 3. Determination of the exponent n  in the power law, Figure 3a), and 
determination of stress dependent functions using data fitting to the defined master 
curve (solid line). 

The next step in the data analysis is to use the creep data. The recorded 
creep strain during the 16 and 20 MPa tests is a sum of viscoelastic and 
viscoplastic strains. Negligible viscoplastic strains developed during the 8 
and 12 MPa tests since the specimen had already been “conditioned” via 
tests on 15 MPa earlier. The developed viscoplastic strains after creep at 
higher stress levels are found as final strain values from the recovery curves. 
They are used to subtract the time-dependent viscoplastic strain from the 
measured strain to obtain a pure nonlinear viscoelastic response [4]. The 
development with time of the viscoplastic strain (which is to be subtracted) 
during the creep test is given by, 

)1(...21 k
pl

m

k
pl B

t
tAt , (23) 

a) b) 

c) d) 
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where

mk
plB /1)1(...21   and BA mk

pl
/1...21 . (24) 

kt  is the length of the creep period in question. The advantage of (23) is that 
the viscoplastic strain comes directly from experimental results, and 
therefore the stress dependence of the viscoplastic strains is not explicitly 
required (it is implicitly included in the total viscoplastic strain at the end of 
this step). According to (7) the time dependent part of the nonlinear 
viscoelastic strain can be presented as

n
nplc t

a
gCg

t 21
0 ,  (25) 

It may be rewritten as  

n
plc tCt,0   where na

gCgC 21 , (26) 

This relationship predicts linear strain-time dependence in logarithmic axes. 
The elastic response 0  which may be nonlinear is unknown, and is used as 
an additional fitting parameter to insure linearity of data in logarithmic axes. 
The fitting was performed using the value 1645.0n  obtained in strain 
recovery tests. From the results of fitting procedure shown in Figure 4 we 
conclude that the experimental relationships are really linear with the given 
constant n . A limited deviation from linearity is observable at the highest 
used stress level 20 MPa, see Figure 4d). This gives a confidence in the used 
power law. The values of  C  and 0  for all considered stress levels are 
given in Table 1. It is noteworthy that in the linear region (8MPa) the value 
of the elastic strain obtained by the described procedure from creep 
curves, %144.00 , correlates well with the value obtained from 

%12.0X obtained previously for this stress level. The total strain at the 
end of the creep test was 0.264% and the plastic strain was negligible. Since 
we are in the linear region, 

tnCX 1   and (25) turns to tt n
c C 101 . (27) 
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This relationship is indeed satisfied with a high accuracy since 0.264% - 
0.144% = 0.12%.
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Figure 4. The time dependent nonlinear viscoelastic “compliance” 
/0 plc  of the composite in logarithmic axes. Time is in hours. The value 

of 164.0n  is used. 0  is used as fitting parameter. 

The obtained values of X  and C  were used to find the remaining stress 
nonlinearity characteristics. The constant C  is obtained from the test at 8 
MPa using either the X  value or the C  value, 31010698.0C

))/(1( nhMPa . For other stress levels )(2g  is obtained from X  using 
(19). Finally, the values of )(1g  are calculated from C  using definition 
given by (26). 

Table 1. Parameters characterizing the nonlinear material behavior of the 
viscoelastic material. 

Stress
(MPa) 0 (%) C  (%/hn) X (%) a g1 g2

8 0.144 0.08558 0.120 1 1.00462 0.995 
12 0.213 0.17139 0.235 1.9 1.02671 1.447 
16 0.300 0.28341 0.390 2.1 1.02425 1.831 
20 0.296 0.56876 0.730 2.2 1.09377 2.759 

a) b) 

c) d)
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It has to be noted that “elastic strain” 0  is not the real elastic response. It 
has to be considered as the constant term in the power law expression which 
gives the best description of the strain in the creep test by the simple form 
given by (7). In this context the obviously strange 0  at 20 MPa (lower than 
at 16 MPa) is not an error, but rather an expression of the difficulties to 
describe the creep at 20 MPa stress by the power law with 1645.0n . The 
fit to creep data in the main part of the time region is rather good on the 
expense of inaccurate description in the beginning of the test. In other 
words, this is the cost to pay in order to keep the power law with stress 
independent n . The data presented in Table 1 were approximated by simple 
analytical functions which are presented below. 

17MPafor0.05486-1.919440.00018
17MPafor00018.00  (27) 

8MPafore1.4-2.4
8Mpafor1

8-0.1776-a  (28) 

8MPafor0.0061
8MPafor1

e 8-0.22341g  (29) 

8Mpafor1.002
8MPafor1

e 8-0.008242g  (30) 

In these empirical relationships stress is in MPa. Functions a , 1g  and 2g
are non-dimensional. The ratio /0  may be considered as the nonlinear 
elastic compliance and has units of 1/MPa. The accuracy of the 
approximations (27) to (30) has been checked by comparing it with test data 
for the same specimen that was used in the data reduction. For the creep test 
the predictions are compared with the test data in Figure 5, and also for the 
strain recovery in Figure 6. In these figures the time dependent viscoplastic 
strain development is included in the predictions. The presented results 
show that the creep response at low stress is predicted rather accurately but 
at stress level 16 MPa the model overestimates the creep strain. At 20 MPa 
the trend is the opposite, the creep in the test is larger than predicted. 
However, that is the best what can be achieved by the power law for creep 
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compliance which requires a constant exponent n . The strain recovery in all 
cases is described with sufficient accuracy in the time interval presented. 
Outside the presented interval the relative difference is getting larger, 
reaching almost 50%, but it should be kept in mind that we are dealing with 
time dependence of extremely small strains outside the investigated time 
region.

It is important to emphasize that all the viscoplastic and viscoelastic time 
dependences were obtained on one single specimen and the model so far 
was applied to the same specimen. It is not recommended to work with 
averaged curves to determine the stress independent material functions. As 
much as possible data have to be obtained from the same specimen and then 
data for several specimens may be averaged. Therefore it is crucial for 
minimization of the characterization that the specimen is representative for 
the analyzed material. The accuracy of the developed model is best 
understood comparing the simulated creep curves with other specimens not 
used in the data reduction. Viscoelastic compliance (defined as viscoelastic 
strain divided by stress) curves which allow for this comparison are 
presented in Figure 7 (the viscoplastic time-dependent strains are 
subtracted). 
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Figure 5. The predicted (solid line) and experimental (dots) strain curves in creep 
tests at different stress levels. 
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Analyzing Figures 5 - 7 it is clear that the variation in the creep response 
between specimens is larger than the observed inaccuracy of the model 
when it is applied to the specimen used in the data reduction. Therefore, the 
accuracy of the power law based model is generally acceptable. However, 
applying this model to even higher stress creep test the deviation between 
experiment and the model is remarkably large. As can be seen in Figure 8a) 
the difference at 24 MPa stress is too large to be described by the same 
power law. A more detailed analysis of the viscoelastic strain is presented in 
Figure 8b) and show that the time dependence still may be described by a 
power law, but the exponent in this law is 0.4887 instead of the used 

1645.0n . The latter results and the large inaccuracy in description of the 
elastic response motivate the development of a new model in which the 
exponent in the power law is stress dependent, )(nn .
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Figure 6. The strain recovery after creep tests at different stress levels. 
Experimental data (dots) and model predictions (solid line). 
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Figure 8. Creep strain at 24 MPa; a) total strain including both viscoplastic and 
viscoelastic part; b) the time dependence of the viscoelastic part of the creep 
strain. Time in Figure 8b) is in seconds.

4.3. Nonlinear viscoelastic model with a modified power law 

The nonlinear viscoelastic material model used in this paper contains stress 
dependent functions 1g , 2g , a  and also the constant C . The exponent n
is supposed to be independent of stress level, but, in order to describe our 
material data with a power law which is accurate for time close to the load 
application instant as well as far away, and for a large stress diapason, we 
had to make n  stress dependent. The necessary experimental information 
for evaluating these properties may be obtained via creep and strain 
recovery tests performed for different levels of stress and already presented 
above. The time dependence of viscoplastic strains is found and subtracted 
as described in Section 4.2. Now when the viscoelastic response for all 

a) b) 
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stress levels is known, the stress dependent functions may be determined 
using equations (8) and (26) that can be fitted against experimental curves 
by use of the method of least squares. This procedure was performed using 
MATLAB code. The lowest level of stress, was assumed to be within the 
linear viscoelastic range and thus 121 agg  as mentioned before. 
Equation (8) was fitted to the recovery strain for 11 2ttt  and for this 
stress level (8 MPa) n  was determined to be 0.17. 

From the previous discussion we know that whereas 17.0n  is good for 
lower stresses it can not be used for the highest level of stress, 20 MPa. 
Therefore, from the creep curve of 20 MPa, 29.0n  was determined. The 
initial strain 0  and the parameter C  are now possible to determine from 
equation (26) for every stress level since the stress dependence of n  is 
known. From the 8 MPa test we obtain the constant 310101.0C

))/(1( nhMPa . a  is then chosen as the best fit in (8) which gives the ratio 

1/ g  for every stress level. Equation (9) and (26) now provides us with 
the value of  1g  and 2g . The results are presented in Table 2. 

Table2. Parameters obtained from creep tests and strain recovery. 
Stress
(MPa) n 0 (%) C' (%/hn) 1/g1

(%) a g1 g2

8 0.17 0.1487 0.0811 0.1153 1 1 1 
12 0.17 0.2223 0.1629 0.2306 1.8 1.0048 1.4727 
16 0.19 0.3445 0.2391 0.3442 2.2 1.0240 1.6723 
20 0.29 0.5316 0.3215 0.4730 2.6 1.2420 1.6848 

The initial strain 0 , the power law exponent n  and the nonlinearity 
functions 1g , 2g and a  are plotted against stress in Figure 9a-b. Their 
stress dependence may be described by third degree polynomials within 
interval 8-20 MPa as shown in Table 3. 
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Figure 9. a) Stress dependence of initial strain 0  and the power law exponent n ;
b) Stress dependence of the nonlinearity functions 1g , 2g and a .

Table 3. Stress dependent functions in interval 8-20 MPa. 

0
n
a
g1
g2

= 0.00004195 3 + 0.00001117 2 + 0.005414  + 0.08323 
= 0.0001563 3 – 0.005 2 + 0.0525  - 0.01 
= 0.001042 3 – 0.05 2 + 0.8833  - 3.4 
= 0.000478 3 – 0.01683 2 + 0.1919  + 0.2963 
= 0.000224 3 – 0.0166 2 + 0.3821  - 1.1088 

All parameters are now determined. Inserting the functions from Table 3 
into the expression for creep strain (7) (and excluding the plastic strain in 
the expression) yields the viscoelastic response. The result is shown in 
Figure 10, and the model prediction seems to be in very good agreement 
with experimental data from which the viscoplastic response is subtracted 
using (23). Equation (8) (again, with the plastic part subtracted) may be 
used to predict the viscoelastic strain recovery. The results are displayed in 
Figure 11, and once again the model prediction is in excellent agreement 
with experimental data. 

a) b) 
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5. Conclusions 

High stress creep tests on PP/Flax specimens showed that after 8h the total 
strain is about 100% larger than the instant strain response. The largest part 
of the time dependent strain is nonlinear viscoelastic, however, viscoplastic 
strains are also present. It was shown that the viscoplastic response can be 
approximately described by Zapas model: (i) the time dependence in the 
creep test with a high accuracy follows a power law, (ii) the stress 
dependence description by a power law is also possible but it is not very 
accurate. A methodology is suggested that requires only one specimen to 
identify parameters describing the time dependence.  

The viscoelastic compliance in Schapery’s model was described by a power 
law. The fit to creep data when the compliance has a constant exponent gave 
acceptable results in the main part of the time region. However, when the 
stress increases the description gets inaccurate in the beginning of the test. 
When analyzing the high stress creep tests it is clear that a different (higher) 
value of the exponent is required. Therefore, a model with stress dependent 
exponent in the power law was developed. This dependency, as well as all 
other stress dependent parameters was deduced from creep and strain 
recovery test results performed at various stress levels. The developed 
nonlinear viscoelastic nonlinear viscoplastic material model with stress 
dependent exponent gives a very accurate description of the composite 
behavior in creep and in strain recovery tests. 
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Abstract
The effect of wood fiber anisotropy and their geometrical features on wood 
fiber composite stiffness is analyzed. An analytical model for N-phase
composite with orthotropic properties of constituents is developed and used. 
This model is a straightforward generalization of Hashin’s concentric 
cylinder assembly model and Christensen’s generalized self-consistent 
approach. It was found that most macro-properties are governed by only one 
property of the cell wall which is very important in attempts to back-
calculate the fiber properties. The role of lumen (whether it filled by resin or 
not) has a very large effect on the composite shear properties. It is shown 
that several of the unknown anisotropic constants characterizing wood fiber 
are not affecting the stiffness significantly and rough assumptions regarding 
their value would suffice. The errors introduced by application of the 
Hashin’s model and neglecting the orthotropic nature of the material 
behavior in cylindrical axes are evaluated. The effect of geometrical 
deviations from circular cross-section, representing, for example, collapsed 
fibers, is analyzed using the finite element method (FEM) and the observed 
trends are discussed. 

Keywords: composite, wood fiber, anisotropic, self-consistent, transverse 
properties

1. Introduction

Macroscopic stiffness properties 

Wood and other natural-fiber reinforced polymers have large potential as 
structural materials and there has been increased interest in the use of 
lignocellulosic fibers as load bearing constituents in composite materials [1-
3]. Apart from positive environmental and economical aspects, wood fiber 
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composites made from paper are interesting from the point of view of high 
stiffness and strength due to high aspect ratio of fibers, high volume fraction 
and good dispersion of the fibers. Drawbacks of natural fibers are sensitivity 
to moisture, low compatibility to non-polar polymers used as matrix and 
lack of well defined mechanical properties. Wood fibers however, generally 
show lower variability than fibers from annual plants, which is an advantage 
in terms of structural design. 

Due to random fiber orientation distribution or distribution with preferred 
orientation in the paper the composite may be macroscopically isotropic or 
orthotropic. The material clearly has complex microstructure and a nonlinear 
mechanical behavior. For example, in tensile tests laminates made from 
phenol-formaldehyde impregnated kraftliner paper show nonlinear behavior 
in slow loading and hystheresis loops in unloading [4]. Mechanical 
properties of composites based on paper fibers have been studied previously 
by several authors. In an early study [5,6], composites from phenol-
formaldehyde impregnated paper were developed as an alternative material 
in aircraft applications. In [7,8] laminates from paper fibers and polyolefin 
matrices with high fiber content were investigated. Composites made from 
paper fibers and thermoset matrices have also been studied, in [9-12] 
polyester matrix and in [13] vinyl ester and [14] epoxy matrix was used.  

Microstructure

The elastic properties of a composite depend on the properties of the 
constituents (phases), their relative volume fractions and on the micro-
architecture. The fiber network architecture in a composite is shown in 
Figure 1 which illustrates the information flow when modeling the 
composite behavior. The role of an adequate model, which links the 
properties on constituent level and the macro-level, can not be 
overestimated. A reliable model is required to analyze the mechanisms on 
the microscale and to perform knowledge based optimization of the 
composite material. Additionally to the fiber orientation distribution, 
important aspects are also the fiber ultrastructure, the size of the lumen and 
is it filled with resin or not. 



 3C -

Figure 1. Schematic showing of the role of modeling to link the phase properties to 
the composite behavior. 

Fiber properties 

The wood fibers reinforcing the composite may be with sufficient accuracy 
visualized as long hollow cylinders, especially for latewood fibers. The 
length to diameter ratio for typical pulp fibers such as common spruce and 
pine is about 100, which means that the stress transfer zone extends over a 
small part of the interface and perturbation effects related to fiber ends may 
be neglected. Values of the longitudinal modulus obtained from single fiber 
measurements for different softwoods reported in literature varies from 7-25 
GPa for earlywood, and from 11-80 for latewood [15-19]. Experimental 
values of the transverse modulus are for obvious reasons more difficult to 
find. Bergander and Salmén [20] developed an experimental technique for 
measurement of the transverse modulus in tension of the double radial wall 
of native wood fibers. Values obtained for earlywood and transition wood 
fibers of Norway spruce were in the range of 1.4 to 3 GPa. However, the 
properties of the fibers will be affected by the used processing technique. 
Fibers may be damaged, even collapsed in the transverse direction, and their 
effective elastic properties may be reduced. This variability defines one 
more role of a good model: to be used to back-calculate fiber properties from 
the measured properties of the composite. 

Existing models 

Most of the existing stiffness models for this type of composites are usually 
based on laminate analogy: the composite with dispersed fibers with a 

Softwood fiber

(L/d 100)

Softwood fiber

(L/d 100)

Unit cell (UC) 
model

Lumen: empty or filled? Fibers in a composite 
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certain orientation distribution is replaced by a laminate with many thin 
layers. All fibers in a layer are assumed to be oriented in the same direction. 
The laminate is a stack of layers of different orientation and the orientation 
distribution of layers is the same as for fibers in the initial composite. The 
key feature in this approach is determination of the elastic properties of a 
unidirectional layer. Engineering models which use only the fiber volume 
fraction and not any micro-structure parameters to calculate the stiffness 
(iso-strain, iso-stress models etc) do not have sufficient accuracy. Models for 
long fiber composites have been developed by Hashin [21,22] and 
Christensen [23] considering the constituents as concentric circular 
cylinders. In [21] the stiffness expressions for isotropic hollow circular fiber 
composite were developed. In [22] a unit cell with transversely anisotropic 
fiber was considered (not hollow). The limitation with Hashin’s model is 
that it renders only upper and lower bound for the transverse shear modulus. 
The limitation is related to the used homogenized boundary conditions in 
displacements or in tractions. They do not exactly correspond to the 
conditions on cylindrical boundary in a homogenized material. This problem 
was solved by Christensen [23] using a generalized self-consistent scheme. 
He considers an infinite effective composite with unknown shear modulus 
and a cylindrical sub-domain in it which is replaced by an equivalent fiber 
matrix microstructure. The method is based on Eshelby’s elliptical inclusion 
technique [24]. The drawbacks of these models in application to wood fiber 
composites are: (i) they are developed for transversely isotropic constituents 
whereas wood fiber is an orthotropic material in cylindrical axes with 
different properties in the radial and in the hoop direction; (ii) the developed 
models are for two phase composites whereas we have more phases (lumen, 
matrix, cell wall layers); (iii) the model is limited by circular cross-section 
of fibers and the unit cell, whereas fibers in composite have more like 
rectangular or elliptical form and often have collapsed. 

Our model and objectives 

The objective of this paper is to analyze the effect of geometrical parameters 
and constituent properties on effective properties of natural fiber composites. 
In order to do that we first develop an analytical model valid for orthotropic 
phase materials and for an arbitrary number of phases. This model is a 
straightforward extension of models [21-23]. It is used to identify the 
constituent parameters affecting a certain macro-property and to disclose the 
main relationships. Since the whole stiffness matrix of a fiber (cell wall) 
cannot be measured directly today, the model will be used to evaluate the 
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significance of the fiber anisotropy on the composite stiffness. This analysis 
is necessary to give guidelines for evaluation of possible errors when the 
fiber is considered as transversely isotropic. Finally, geometrical 
configurations representing non-circular fibers and collapsed fibers will be 
analyzed using FEM to understand the significance of geometrical 
parameters on stiffness and the application region of analytical modeling. 

2. Elastic properties of N-phase composite material with 
cylindrical constituents 

In this section we describe the simulated loading cases and the modeling 
methods used to determine elastic properties of the composite. Expressions 
for calculations are presented in a complete form. The phase properties and 
the stress state determination in phase are given in details in Appendix A to 
C.

2.1.  Properties determined applying normal strains 

A homogenized composite with constituents in form of long cylinders is a 
transversely isotropic material. In this subsection we consider loading case 
when the normal strain field in the homogenized composite is uniform and 
the applied far field strains are  

10z 0yx  (1) 

The shear strain components are equal to zero. Obviously the stresses are 
also uniformly distributed. The composite and direction of axes are shown in 
Figure 2. If we chose in the homogenized composite any cylinder with axis 
in z direction, see Figure 2, the strains on the surface of this cylinder in 
cylindrical coordinates related to the cylinder axes will be  

0r 101  (2) 

Expression (2) is obtained as result of strain transformation performed using 
expressions well known in laminate theory. The shear strains are 

011 rr . Thus, the strains (2) applied at the outer composite 
boundary will result in the same stress-strain state at the cylinder boundary 
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which is for this reason considered as the representative element (RVE). 
Certainly this is true only for strain field (1) but not for a general case. 
Radial and hoop stress along the surface is also constant and all shear 
stresses are zero. 

Figure 2. Homogenized composite subjected to normal strains and the strains to 
cylindrical sub-domain. 

The cylinder shown in Figure 2 has a microstructure of N concentric 
cylinders as shown in Figure 3, each cylinder being an orthotropic material. 
The values of rk , k=1,..,N in Figure 3 correspond to the volume fractions of 
phases

r
r

V
N
1

2

1
r

rrV
N

kk
k 2

2
1

2

,     k=2,….,N (3) 

In numerical calculations the outer radius of the composite cylinder may be 
taken equal to one ( 1r N ). The first condition in (2) defines generalized 
plane strain case with respect to direction 1. 

2r

r

1

z

y
x

x = y = 0

z = 10

1 = 10

r =  = 0
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Figure 3. The microstructure of the cylindrical sub-domain represented by N 
concentric cylinder assembly. 

2.1.1. Transverse plane strain bulk modulus K 23  of the N-phase 
composite

We consider plane strain case, 010  but with nonzero 0 . The strain 
energy of the homogenized composite cylinder can be written as 

VU K 2
0232  (4) 

where V is the volume of the composite cylinder. Here K 23  is the 
composite transverse plane strain bulk modulus 

CCK 232223 2
1  (5) 

Denoting the field and material parameters of the k-th phase with an upper 
index k , we can express the stored strain energy as 

LU rrur NN
N

N
N
r 2

2
1

(6)

Here ru N
N  is the applied radial displacement at the composite cylinder 

outer boundary, which has a constant value 

r

1

L

1 2 3 N

rN

r1

r2 r3

....
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rru NN
N

0  (7) 

Since LrV N
2 , we obtain from (4), (6) and (7) 

rK N
N
r

0
23 2

1  (8) 

The radial stress at the outer boundary of the composite cylinder can be 
calculated solving the micromechanics stress problem under the given 
boundary conditions (2). The solutions obtained for each phase separately 
must satisfy the following conditions: 

a) Radial displacement must be zero on the symmetry axis 

001 ru  (9) 

b) Displacement and radial stress continuity conditions at all interfaces 

ruru k
k

k
k 1  k=1,2,..N-1 (10) 

rr k
k
rk

k
r

1  k=1,2,..,N-1 (11) 

The solution of the field equation in an arbitrary cylinder of the assembly is 
given in Appendix B. We use the radial displacement expression (B5) and 
radial stress expression (B10) for the particular plane strain case ( 010 ).

rArAu kk kkk
21  (12) 

rArA kk
k

k
k

kk
r

1
2

1
1  (13) 

Substituting (12)-(13) in conditions (7) and (9)-(11) we obtain a system of 
linear algebraic equations to determine Ak

1  and Ak
2 , k=1,….,N. 

baB  (14) 

Here
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AAAAAAa NNT
21

2
2

2
1

1
2

1
1 ..  (15) 

These constants as always in a linear problem are proportional to the applied 
strain. From (13) follows 

rArAr NN NN
N

NN
N

N
N
r

1
2

1
1  (16) 

According to (8) 

rArAK NN NN
N

NN
N 1

2
1

1
0

23 2
1  (17) 

Elastic constants are independent on the applied load (strain) level and for 
practical calculation purpose it may be convenient to use 10  in (15) and 
in (17). 

2.1.2. Longitudinal modulus E1  and Poisson’s  ratio  111 rT  of 
the homogenized composite 

We consider applied strain case, 101 . The strain in radial direction of the 
cylinder assembly, 0 , corresponds to free contraction in the r-direction, 

0rN
N
r . The average stress in direction 1, av

1  is used to determine the 
longitudinal modulus E1  of the homogenized composite cylinder using 
definition

10

1
1

av

E  (18) 

Here the average stress may be calculated as  

N

k

k

N

av
r

r

k

k

drr
r 1

121
1

2  (19) 

The Poisson’s ratio is calculated according to definition as 
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10
1

av
r

T  (20) 

In (21) the average radial strain is 

r
ru
N

N
N

av
r  (21) 

The stresses in each phase of the composite cylinder can be calculated 
solving the micromechanics stress problem analyzed in Appendix B under 
appropriate boundary conditions: 

a) Radial displacement must be zero on the symmetry axis 

001 ru  (22) 

b) Radial displacement and radial stress continuity at all interfaces 

ruru k
k

k
k 1  k=1,2,..N-1 (23) 

rr k
k
rk

k
r

1  k=1,2,..,N-1 (24) 

c) Radial stress is zero at the outer boundary of the composite cylinder 

0r N
N
r  (25) 

The radial displacement expression (B5) and radial and axial stress 
expressions (B10) for the k-th phase are 

rrArAu k
kkk kk 1021  (26) 

10
1

2
1

1 kk
k

k
kk

r rArA kk  (27) 

rhArfAg kk k
k

k
k

k
k 1

2
1

1101  (28) 

Using (19) we can write expression (18) for longitudinal modulus in form 
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N

k
kk

k

k
kN

k
kk

k

k
kN

k

kk
k

N
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2

1
1

12

1

1
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1

2
1

2

1021 112
2

10
(29)

Using (26) and (7) we obtain from (20) expression for Poisson’s ratio

10

1
2

1
1

1
rArA NN N

N
N

N
N

T  (30) 

2.2. In-plane shear modulus G12

In order to determine the in-plane shear modulus G12  of the composite we 
consider the homogenized composite in a pure shear loading with 0

12 being
the only nonzero stress component 

011 xyyyx  (31) 

The only non-zero stress component of the transversely isotropic composite 
is

0
1212

0
1 Gx  (32) 

Figure 4. Deformation of the composite in a pure shear mode. 

This stress-strain state can be obtained applying a linear distribution of 
displacement in the 1-direction as shown in Figure 4. The deformation 

1

x

Not deformed

1

x

Deformed

0

0
121

yx uu
xu
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(displacements) on the surface of the cylindrical sub-domain in Figure 4 is in 
cylindrical coordinates as follows 

0ruru NNr cos0
121 rru NN  (33) 

Here  is the angle between x  and r  directions. The stress state 0
1x

transformed to cylindrical system leads to 

cos0
12121 Gr sin0

12121 G  (34) 

From the first equation in (34) we can find the G12  of the composite if the 
shear stress at the boundary is known 

cos0
12

1
12

rG N
N
r  (35) 

The solution for the field equations is given in Appendix C. From (C10) and 
(C11) we obtain for k-th phase 

cos211 rArAu kk kkk  (36) 

cos1
2

1
111 rArAG kk k

k
k

kk
r

k
r  (37) 

Boundary conditions and continuity conditions are:  

a) Finite stresses on the symmetry axis 
001

1 rr  (38) 

b) Axial displacement and shear stress continuity at all interfaces 

ruru k
k

k
k 1

11  k=1,2,..N-1 (39) 

rr k
k
rk

k
r

1
11  k=1,2,..,N-1 (40) 

c) Axial displacement at the outer boundary of the composite cylinder is 
given by (33) 
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2.3. Determination of G23

We consider a composite in the x,y-plane loaded at infinity with shear stress 
xy .

Figure 5. Infinite composite loaded in shear at infinity. 

This stress may be transformed to the cylindrical system of coordinates 
related to the symmetry of the concentric cylinder assembly which is shown 
in Figure 5 

2sinr 2sin 2cosr  (41) 

In the model shown in Figure 5 the assembly of cylinders is embedded in an 
infinite domain of effective composite material which is transversely 
isotropic. The solution of the corresponding plane strain problem in 
cylindrical axes is given in Appendix D. For an orthotropic k-th phase the 
stress and displacement components relevant for the following derivation are  

2sin
4

1i

k
i

k rAu
k
i 2sin

4

1i

k
i

k
i

k rAv
k
i  (42) 

x

y

Effective
composite 

r N
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2sin21
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1

1
2322

i

k
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i
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r rCCA
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i  (43) 

2cos2
4

1

1

i

k
i

k
i

k
i

k
i

k
r

k
r rAG

k
i  (44) 

Constants k
i  and k

i  are defined by (D10)-(D12). The solution for the 
effective composite material is given by (D19)-(D23). We denote the 
constants corresponding to this material with index “ c ” and for shorter 
notation assume that the applied shear stress 1 leading to 11Ac . The 
solution must be limited when r . From there 03Ac . The 
“compatibility” condition (formulated by Eshelby [24]) which must be 
satisfied to replace a cylindrical region in the effective composite with 
concentric cylinder assembly inclusion is 

0
2

0

0000 drvuvu N
r

c
r

c
r

c
r

c
r

rN

 (45) 

Here stress and displacement components with upper index 0  denote the 
solution for a composite without any inclusion 

2sin0
r 2cos0

r 2sin
2 23

0

G
r

u 2cos
2 23

0

G
r

v    (46) 

Using (46) and (D19)-(D23) in (45) leads to condition 02Ac . Hence the 
only unknown constant in the solution for the effective composite is Ac

4  and 
the solution is 

2sin1
2

1
34

23 r
Ar

G
u cc 2cos1

2
1

34
23 r

Ar
G

v cc  (47) 

It has to be emphasized that the shear modulus G23 is another unknown. 

2sin31
44

r
Ac

r 2cos31
44

r
Ac

r  (48) 
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Summarizing we see that we have 4 unknown Ak
i  for each phase of the 

assembly, 1 unknown Ac
4  for the effective composite and unknown G23 . To 

find these constants we need 4N+2 conditions which are 

a) the solution must be limited at 0r  leading to 01
4

1
2 AA

b) displacement continuity at internal interfaces  

ruru k
k

k
k 1 rvrv k

k
k

k 1  k=1,2,..N-1 (49) 

c) stress continuity at internal interfaces 

rr k
k
rk

k
r

1 rr k
k
rk

k
r

1  k=1,2,..,N-1 (50) 

d) displacement continuity at the interface between the assembly and the  
 effective composite 

ruru N
c

N
N rvrv N

c
N

N  (51) 

e) stress continuity at the assembly/effective composite interface 

rr N
c
rN

N
r 0rr N

c
rN

N
r  (52) 

The conditions render 4N+2 equations necessary to determine the 4N+2 
unknowns. Since G23 is included in relationships in a nonlinear way, the 
system is nonlinear and its solution requires numerical procedure. A 
recommended efficient method of solution is as follows. We assume an 
“initial” value for G23  (for example equal to matrix shear modulus) and find 
the remaining 4N+1 constant using the above conditions except the last one. 
It requires solution of a set of linear algebraic equations. The obtained 
solution is substituted in the last condition (52) and, since the assumed 
composite shear modulus does not correspond to the assembly’s shear 
modulus, the result is not equal to zero. The left side of (52) may be 
considered as a ”misfit function” which is nonzero if the assumed composite 
modulus is not right. The calculations must be repeated with stepwise 
increasing G23  until a good “fit” in the last equation is reached. Certainly, 
the described procedure to find the best fit, which requires solution of a set 
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of 4N+1 linear equations in each step, can be realized in many numerical 
algorithms.  

2.4. Determination of E2  and 23

These two material constants of the composite may be determined when 
K 23  and G23  are determined as described above. The expressions are [22] 

EGK

E

1

2
12

2323

2

4
1

4
1

1 1
2 23

2
23

G
E  (53) 

3. Results and discussion 

With the developed concentric cylinder model it is now possible to calculate 
the macroscopic properties for any cylinder assembly. In the present case the 
model will be used to evaluate the influence of wood fiber cell properties in 
a composite with isotropic matrix. The hollow part in the centre of the wood 
cell (lumen) may be either empty or filled with matrix. The outer part of the 
wood cell is the cell wall. In the present study the cell wall only consists of 
one single layer, but there is of course no restriction in number of layers in 
general (it may be desirable to model the secondary S1, S2 and S3 layers as 
separate phases). A parametric study has been carried out to identify the 
constituent parameters that affect a certain macro-property. First the effect of 
microstructure and phase properties on the composite stiffness is discussed. 
Later the effect of anisotropy and geometrical effects are discussed.   

3.1. Effect of microstructure and phase properties on the composite 
stiffness

Consider the cylindrical unit cell of the composite shown in Fig. 6. In the 
following parametric study we have a three layered cylinder structure as 
discussed above. The outer layer consists of matrix material. Inside we have 
the wood cell which consists of lumen (empty or filled) and the cell wall. 
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Figure 6. The three layered geometry considered in the study. 

From Fig. 6 we define the following volume fractions, 

2

2

1

r
rVlum ,

2

3

2

r
rVcell    and lumcellf VVV 1 . (54) 

In (54) lumV  is the volume fraction of lumen in the wood cell. cellV  is the 
wood cell volume fraction in the composite. fV  is the cell wall (fiber) 
volume fraction in the composite. Thus in the present parametrical analysis 
we consider the cell wall as a homogeneous orthotropic material with 
cylindrical material symmetry. The “effective” properties of the cell wall can 
be obtained from experiment or theoretically by averaging over the layered 
structure of the cell wall. Performing parametric analysis the cell wall (fiber) 
properties are varied in an interval determined by experimental values 
reported in literature. 

Two different volume fractions of lumen are considered, 04.0lumV  and 
36.0lumV  which roughly correspond to the latewood and early wood 

cases.  Two different fibers are also considered and they are shown in Table 
1 together with matrix properties. The choice of LE  presented in the table 
for cell wall is based on values for Norway spruce softwood kraft fibers 
[25,26]. LTG  and TE  are estimated from different stiffness ratios suggested 
in studies [27-32]. The Poisson’s ratios are plausible to assume based on 
values found in literature [28,31]. In these studies the cell wall is considered 

cell wall 

    + 

lumen

r1

r2

r3

wood cell

matrix



 18C -

as transversely isotropic. The matrix properties are simply taken as typical 
values for isotropic thermosets. 

Table 1. Material properties used in the parametric study. 
 EL (GPa) ET (GPa) GLT (GPa) LT TT
Fiber 1 (F1) 18 2 2.5 0.3 0.4 
Fiber 2 (F2) 40 8.5 4.0 0.3 0.3 
Matrix  3.0 3.0 1.11 0.35 0.35 

Figure 7a-e shows the effect of different cell volume fractions using F1 on 
the properties of the composite. The composite with large empty lumen 
show the lowest stiffness values as expected. 
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Figure 7. The effect of F1 on composite properties for different cell volume 
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In the parametric study Poisson’s ratios LT  and TT  of the cell wall were 
varied between 0.30 and 0.45 for both fiber properties. It was concluded that 
a change in LT  and TT  only influence 12  and 23  respectively. LTG  and 

TE  were varied from 2-6 GPa for F1 and from 8.5-12 GPa for F2. It was 
clear that LTG  has strong effect on 12G  only. TE  has strong effect on both 

2E  and 23G , especially so in the case of 04.0lumV  at high cell volume 
fractions. The effect on shear modulus and transverse modulus is shown in 
Figure 8a-b. Note the change of trend in Figure 8b caused by the fact that 
matrix modulus is in between the two transverse fiber values. The 
parametric study also showed that 1E  and 12  may be determined via rule of 
mixtures with enough accuracy for practical purposes. 
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Figure 8. The effects of change in F1 for a) Shear modulus 12G  b) Transverse 
modulus. Filled lumen with volume fraction of 0.36 has been used in both cases. 

The developed model was also compared to Hashin’s model [22] in the case 
of filled lumen. The 3-phase model was reduced to 2-cylinder case as 
required in Hashins model, assuming that the whole matrix (the part in the 
lumen and the part around the cell wall) is surrounding an “effective” fiber 
which does not have any hole. This “effective“ fiber contains the whole cell 
wall material and its volume fraction in the unit cell is fV . The results 
correlate very well to Hashin’s expressions in this particular case and the 
values for 23G  and 2E  were always in between the upper and lower bounds 
(closer to the upper bounds). When F1 is used, Hashin’s model yield very 
close bounds even for high cell volume fractions. This is explained by the 
fact that the fibers transverse modulus is rather similar to the matrix 
modulus. When F2 is used the bounds are not that close, but still our model 
prediction is close to the upper bound. For example, 7.0cellV  gave upper 

a) b)
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and lower bound values of 23G  corresponding to 2.25 and 1.77 GPa 
respectively. 23G  was 2.19 GPa using our model, see Fig. 9 for more details.  

0

0,5

1

1,5

2

2,5

0 0,2 0,4 0,6 0,8
Vcell

G
23

 (G
Pa

)

Hashin bounds

Figure 9. Model prediction compared to Hashin bounds for F2 case. 

These results may be used to evaluate the possible error when the simple 
Hashin’s model is used to calculate stiffness of natural fiber composites. The 
Hashin’s composite model for transverse isotropic constituents can not be 
used to analyze hollow unfilled fiber composites.  

3.2. Effect of anisotropy 

The cell wall material is not transversely isotropic: elastic properties in the 
radial direction and in the hoop direction are different. Assuming that the 
cell wall layer properties are known the cell wall stiffness may be calculated 
using laminate theory for thick plates [33]. To evaluate the significance of 
this anisotropy we perform a simple numerical experiment. In this 
simulation we assume that the effect of the cell wall anisotropy may be 
evaluated using layers with  orientation and considering the cell wall as 
a [ ]s laminate. The UD-lamina properties are taken as for F1 fiber and an 
angle  of 15, 30 and 45° is considered for filled and empty lumen case 
when 36.0lumV . The matrix data is the same as before. Certainly this is a 
too rough approximation to represent a cell wall, but by varying the angle 
we cover a large range of anisotropy. Table 2 shows the laminate theory 
results which are used as cell wall data in the developed concentric cylinder 
model. It might be interesting to have an idea of the errors introduced when 
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we for simplicity consider the cell wall as transversely isotropic. This is of 
importance when: a) Hashin’s model is used; b) the whole stiffness matrix is 
not known. Therefore, an averaging of properties in r  and  directions in 
the case of the [ 30°]s laminate was performed to make it transversely 
isotropic, see data denoted as “30avg” in Table 2. The result of the analysis 
is presented in table in Appendix E. 

Table 2. Properties of the [ ]s laminate used as cell wall. Stiffness in GPa. 
E1 E Er 1 1r r  G1 G1r Gr

0 18 2 2 0.3 0.3 0.4 2.5 2.5 0.714 
15 16 2.459 2.078 0.460 0.233 0.325 3.062 2.141 0.750 
30 11.26 3.953 2.205 0.524 0.204 0.189 4.186 1.539 0.870 
30avg 11.26 3.079 3.079 0.364 0.364 0.189 2.863 2.863 0.870 
45 6.817 6.817 2.258 0.363 0.267 0.088 4.748 1.111 1.111 

Changing the angle  obviously will have a great influence on the 
longitudinal modulus of the composite E1 . It is reduced due to reduction of 
the cell wall modulus in the axial direction with increasing angle. For 
obvious reasons the transverse modulus E2  always increases with increasing 
angle. However, the value for composite with filled lumen is not as affected 
(les than 20%). In the case of empty lumen and high volume fraction V cell

the modulus change is about 70%. The same trends apply to the in-plane 
shear modulus. The transverse shear modulus of the composite G23  is 
increasing with  by about 25% even in the case of filled lumen and high 
V cell . In empty lumen case the increase can be even close to 100%. 

The averaging procedure used to replace the orthotropic cell wall by a 
transverse isotropic was found to lead to 2%-10% difference 
(overestimation) in composite longitudinal modulus and transverse modulus 
(higher difference for higher volume fraction V cell ). The in-plane and out-
of-plane shear moduli are the same for all cases except the high V cell  with 
empty lumen when the assumption of transverse isotropy leads to 20% 
difference (underestimation) in G12  and 10% in G23 . The value of Poisson’s 
ratio 12  is underestimated by the procedure by 10% in average and by 50% 
in case of high V cell  and empty lumen. The Poisson’s ratio is overestimated 
by 10-20%. These numbers can be used as guidelines for accuracy when 
Hashin’s model or our model assuming transverse isotropy are used. 
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3.3. Effect of non-circular cross-section of phases 

The wood fibers rarely have circular cross-sections. Their shape in a 
composite is more like a rectangle, square-like or has the form of 
superellipses (superellipses with high exponent values are like squares with 
rounded corners). The fibers may also be collapsed and thus become flat or 
strip-like. To illustrate this irregularity Fig. 10 shows a confocal microscopy 
image of an oriented fiber mat cross-section. 

Figure 10. Confocal microscopy image of an oriented soft wood kraft fiber mat. 

The effect of non-circular cross-section on the composite properties has been 
investigated using FEM. Three different geometries have been considered: 
circular and square shaped fiber in a unit cell (UC) with square cross section 
and elliptic fiber in rectangular UC. In the latter case the sides of the unit 
cell had the same proportion as the semi-axes of the ellipse (a/b=2). 

36.0lumV  and 5.0cellV  were kept constant for all three cases and the 
lumen was either empty or filled with matrix. The commercial FE program 
Ansys 7.1 with Solid45 elements was used for the numerical analysis. 
Solid45 is a 3-D structural solid element having eight nodes with three 
degrees of freedom at each node, and has the possibility to define 
orthotropic material properties. The analysis was performed by applying 
appropriate boundary conditions so that all elastic constants in the stiffness 
matrix could be determined. For example, 11C  may be determined by 
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applying boundary strain %1x  and 0zy  (in a Cartesian 
coordinate system) and then measure the resultant forces on the surface to 
obtain x  (see expressions A2-A5 in appendix). When all constants are 
determined the stiffness matrix is inverted to the compliance matrix so that 
engineering constants may be calculated. The shear moduli were obtained by 
applying tangential displacements on boundary surfaces and measuring the 
resultant forces. Nodes on opposite surfaces had coupling between their 
displacements to ensure that the deformed shape would be the same. The 
shear moduli were determined by modeling of the whole UC whereas only 
one quadrant of the model and use of symmetry conditions were required for 
determination of the other elastic constants. The number of elements varied 
from 1400-2000 depending on geometry and load case. The result of the 
analysis can be seen in Table 3. Figure 11 show the FE-model for 
determination of elastic constants for the elliptic fiber.  

Table 3. Engineering constants of the composite for various cross-section 
geometries. Stiffness in GPa.   

Fiber
geometry 

Filled
/Empty E1  E2  E3  G12  G23 12 13 23

F 7.80 2.75 2.75 1.44 0.96 0.336 0.336 0.430 
Circular 

E 7.26 1.74 1.74 1.11 0.46 0.334 0.334 0.322 
F 7.80 2.79 2.73 1.38 0.95 0.338 0.335 0.434 

Ellipse
E 7.26 2.03 1.28 0.79 0.35 0.334 0.338 0.361 
F 7.80 2.77 2.77 1.44 0.95 0.336 0.336 0.427 

Square
E 7.26 1.71 1.71 1.09 0.37 0.335 0.335 0.292 

The results show that the geometry of the fibers is not important when the 
lumen is filled with resin. Certain differences may be observed when the 
lumen is empty. The composite longitudinal modulus is not affected by the 
geometrical parameters even in the case of an empty lumen, which is in 
good agreement with above conclusion regarding the applicability of rule of 
mixtures for its determination. 

Comparing circular and square cross-section fibers in a square UC we see 
that transverse modulus, Poisson’s ratio 12  and the in-plane shear modulus 
are very much the same in both cases. The transverse shear modulus G23

and Poisson’s ratio 23  for composite are lower for fiber with square cross-
section by 20% and 10% correspondingly. These are the only elastic 
properties changing with change from circular to square cross-section of the 
fiber. 
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Comparing composites with circular and elliptical hollow fibers we see that 
the longitudinal modulus, Poisson’s ratios 12 , 13  are the same but the 
transverse modulus in the case of elliptical fibers is different in the two 
directions defined by ellipse axes. It is noteworthy that the average of these 
two values 1.66 GPa is rather close to the value for circular fiber composite. 
The in-plane shear moduli G12  and G13  (not presented) are different in the 
elliptical case. They differ also from theG12  of the circular fiber composite 
but the average value is again similar. The transverse shear modulus G23

and the Poisson’s ratio 23  are correspondingly by 20% lower and by 10% 
larger. 

From this discussion we can conclude that the properties which are 
significantly affected by the geometry of the fiber cross-section are the 
transverse shear modulus and Poisson’s ratio. The numerical results for 
circular fibers in a square UC also correlate very well with values obtained 
using the analytical model. 

Figure 11. y  (in Pa) for ellipse shaped fiber with empty lumen subjected to 

%1y  on top surface only.  
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4. Conclusions

The stiffness of natural fiber composites containing hollow fibers of 
orthotropic cell wall material is studied using analytical and numerical tools. 
An analytical model for N-phase composites with orthotropic phases is 
developed and used to analyze the effect of constituent properties and the 
significance of the micro-geometry (cell wall thickness, empty or filled 
lumen) on composite stiffness. It was found that longitudinal modulus and 
major Poisson’s ratio may be determined via rule of mixtures with enough 
accuracy for practical purposes. Most of the macroscopic stiffness 
components depend only on one cell wall stiffness component.  

The effect of cell wall anisotropy on composite stiffness was investigated 
using [ ]s laminate with varying angle to represent the orthotropic cell wall 
and applying laminate theory for thick plates to obtain the cell wall stiffness. 
Since all cell wall properties change with changing the angle the composite 
properties are sensitive to this parameter. The error introduced by neglecting 
the anisotropic nature of the cell wall and replacing it by a transverse 
isotropic material was evaluated and found that its value can reach 10-20%. 
The error is larger for higher cell volume fraction and if the lumen is not 
filled by resin. The accuracy problem should be kept in mind when models 
developed for transverse isotropic fibers are used. 

The effect of different cross-section geometry (circular, elliptical, square) of 
the fibers on the composite properties is insignificant in the case of filled 
lumen. If the lumen is empty the only properties significantly affected are 
the transverse shear modulus G23  and the Poisson’s ratio 23 .
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Appendix A

Constitutive properties of orthotropic phase materials

The concentric cylinder assembly model consists of N concentric cylinders 
(phases) of length L . The material of any phase, except for the phase 1 is 
assumed to be orthotropic with orthotropic symmetry axes oriented in 
directions 1, r and  respectively. This implies that r  and   is direction 2 
and 3 respectively. The material of the phase 1 can not be orthotropic. It is 
because at 0r  the two different moduli in r  and  directions can not be 
defined. The material in phase 1 must be transversally isotropic with 
isotropy plane r , . The strain-stress relationship in material symmetry 
axes, using Voigt notation is 

jiji S  i,j= 1,2..6 (A1) 

where the compliance matrix S is defined as 
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 (A2) 

Introducing stiffness matrix C  as

SC 1  (A3) 

we can write 

jiji C  i,j=1,2…,6 (A4) 
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The C  matrix has the same structure as the S  matrix. In Section 2.1 only 
the normal strain-stress relationships are of significance which are 

CCC
CCC
CCC

r

rr

r

3323113

2322112

13121111

 (A5) 

For transversally isotropic material ( EEE Tr , LTr 11

GGG Tr 111 ) the compliance matrix (A2) is simplified 

ES
1

11
1

ESS LT

1
1213 ESS

T

1
3322 ES

T

r
23 SS 6655

 (A6) 

The stiffness matrix has similar structure 

CC 1312 CC 3322 CC 6655 CCGC r 232244 2
1  (A7) 

The last relationship in (A7) is identical to 
r

T
r

EG 12
 well known for 

isotropic materials. Introducing plane strain bulk modulus kT  as 

CCkT 23222
1  (A8) 

the stress-strain relationships (A5) can be rewritten in form 

GkGkC
GkGkC

CCC

rTrrT

rTrrTr

r

113

112

12121111

 (A9) 

For isotropic material the constitutive law is further simplified due to 
obvious relations 
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EEE T1 rLT 121
EGGG rT  (A10) 

Appendix B

Field equation in the generalized plane strain case and its 
solution using displacement formulation 

Considering an axi-symmetric problem in particular case of loading when all 
shear stress components are equal to zero, the only non-trivial equilibrium 
equation is 

0
rr

rr  (B1) 

The constant strain in the direction 1 is denoted by 10 . We express in (B1) 
the stresses through strains using (A5). In the obtained expression we use the 
strain relationships to radial displacement u

r
u

r r
u  (B2) 

and obtain the following field equation 

r
u

r
u

r
u

C
CC

rr
10

22

1213
2

2
2

2 1  (B3) 

In (B3) a new constant is introduced 

C
C

22

332  (B4) 

The general solution of (B3) can be written as 

ru rArA 1021  (B5) 

where 2
22

1213

1
1

C
CC  (B6) 
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For isotropic material 0  and 1 . For phases with “in-plane” 
orientation of reinforcement (in the 1, -plane) usually 1 . Expressions 
for strains calculated according to (B2) are 

10
1

2
1

1 rArAr  (B7) 

10
1

2
1

1 rArA  (B8) 

Introducing new constants 

CC 2322 CC 2223  (B9) 

Stresses according to (A5) are 

rArAg
rCCArCCACCC

rArA

hf

r

1
2

1
11

1
23332

1
33231

1
2

1
110

10

10332313  (B10) 

Here 

CCC
CC

CC
CCC

h
f
g

232212

1213

1312

131211

 (B11) 

Appendix C

Field equation and solution for in-plane shear loading

In the cylindrical system of coordinates the displacement field 

0uur ,11 ruu  (C1) 

corresponds to strain state 

01 rr  (C2) 
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r
u

r
1

1
u

r
1

1
1  (C3) 

The stress state is 

01 rr  (C4) 

rrr G 111 111 G  (C5) 

The only non-trivial equilibrium equation is 

011 1
1

1

rrr r
r  (C6) 

After substitution of (C3), (C5) in (C6) we search for solution in form 

cos11 uu  (C7) 

which leads to the following equation 

01
2
121

2
1

2

r
uu

r
ud

dr
d

rd
 (C8) 

Here  
G
G

r1

12  (C9) 

For an isotropic material 1 . The solution of C(8) is substituted in (C7) to 
give

cos211 rArAu  (C10) 

Expressions for stresses are obtained using (C3), (C5) and (C10) 

cos1
2

1
111 rArAG rr  (C11) 

sin1
2

1
111 rArAG  (C12) 
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Appendix D 

Stress-strain field due to shear loading in the transverse plane

We assume that plane strain conditions are satisfied in an orthotropic 
material  

0111 r (D1) 

Then  011r  and from equilibrium equations ,11 r . The 
Hooke’s law for normal stress and strains has the form (A5). Additionally 

rrr G  (D2) 

From equilibrium equations follows 

01
rrr

rrr  (D3) 

021
rrr

rr  (D4) 

Using stress-strain relationships and expressing strains through 
displacements we obtain governing equations in displacements. Due to the 
particular loading case given by (41) we can search for solution in form 

2sinuu 2cosvv  (D5) 

Here u  and v  are displacements in r  and  directions. After substitution 
the following equations are obtained 
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The solution of (D6), (D7) can be searched in form 

rAu rBv  (D8) 

and the displacements may be expressed as 

2sin
4

1i
i rAu i 2sin

4

1i
ii rAv i  (D9) 

Here  
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i
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4  (D10) 

Constants i  are defined by following expressions 

qpp 22
2,1 qpp 22

4,3  (D11) 
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For an isotropic phase (D10) to (D12) turns to

11  12  33  44  (D13) 
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Expressions for stress components are 
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4
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1
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2sin21
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2cos2
4

1
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For an isotropic phase (or for the effective composite which is transversely 
isotropic) these expressions can be written in a more explicit form 
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Appendix E 

Effect of anisotropy using laminate theory results in the 
concentric cylinder model. 

Table E1. Results for various fiber orientation angles of the [ ]s laminate. 
Stiffness in GPa.

Filled
/Empty

Vcell E1 E2 G12 G23 12 23

0.2 4.92 2.95 1.23 1.05 0.345 0.410 F 0.7 9.72 2.59 1.61 0.91 0.330 0.431 
0.2 4.70 2.36 1.12 0.85 0.345 0.392 

0
E 0.7 8.97 1.09 1.16 0.38 0.324 0.431 

0.2 4.64 2.96 1.25 1.06 0.356 0.394 F 0.7 8.74 2.66 1.68 0.95 0.372 0.403 
0.2 4.42 2.39 1.16 0.87 0.377 0.374 

15
E 0.7 7.95 1.19 1.30 0.42 0.477 0.413 

0.2 3.96 2.96 1.27 1.10 0.378 0.350 F 0.7 6.35 2.80 1.77 1.07 0.452 0.316 
0.2 3.71 2.45 1.21 0.92 0.420 0.334 

30
E 0.7 5.43 1.42 1.52 0.53 0.648 0.337 

0.2 4.06 3.03 1.25 1.10 0.352 0.372 F 0.7 6.70 2.96 1.71 1.09 0.356 0.363 
0.2 3.84 2.45 1.15 0.89 0.352 0.373 

30
avg E 0.7 5.95 1.34 1.27 0.48 0.358 0.412 

0.2 3.30 2.99 1.26 1.14 0.382 0.309 F 0.7 4.07 2.96 1.73 1.23 0.467 0.203 
0.2 3.08 2.56 1.22 0.98 0.413 0.313 

45
E 0.7 3.28 1.71 1.55 0.68 0.593 0.257 






