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ABSTRACT 

Rotating machines serves an important role in many different applications. Extensive 
research has been made, manly during the last century, in order to develop these systems 
and understand the dynamics. The theory of rotordynamics differs in many fundamental 
aspects from structural dynamics and is therefore usually treated as an own research area. 
In rotordynamical applications there exist several qualitatively different concepts. For 
example super- and subcritical machines supported on different types of bearings like 
ball-, roller- or journal bearings etc. At the early stage of the product development, the 
problem is often to find a general tool which can be used for dynamical evaluation of 
these concepts. Many concepts also contain significant nonlinearities which need to be 
studied separately. One such nonlinearity is a clearance which arises between a fixed 
support and an axially movable bearing assembly. Another nonlinear effect is the loss of 
contact which can occur in preloaded spherical roller thrust bearings. The aim is hence 
to present a method to dynamically evaluate different rotordynamical concepts, describe 
nonlinear effects due to these contact problems and suggest suitable design parameters. 

For the concept evaluation a linear model which captured the gyroscopic effect is 
proposed, while the contact problems are handled with nonlinear models (usually 
piecewise linear). The governing equations of motion are solved analytically in the linear 
case but needs to be simulated in the nonlinear cases. However, in some special cases it is 
possible to find steady state solutions even for the contact problems. Simulations of 
design spaces, Poincare maps, bifurcation diagrams, Lyapunov exponents, contact forces 
etc. have been used to study the systems. 

In order to evaluate different concept, design spaces spanned by a requirement 
variable and three design parameters are plotted. These are four dimensional plots where 
the variations of the requirement variables are visualised by colours. This is done both for 
the unbalance response and an impact in order to include both the homogenous and 
particular solution. In the clearance problem bifurcation diagrams and Poincare maps 
indicates that multi-, quasi- or chaotic motions are possible which in many cases include 
impacts. When stabilising rods are applied the unstable areas (positive maximum 
Lyapunov exponent) are reduced. In the case with the spherical roller thrust bearings 
nonperioclic motions are found. The stability shows strong dependency on the amount 
of preload. 

A method to dynamically evaluate rotordynamical concepts is suggested. Some 
especially interesting ranges of the design parameters which give low vibrations are 
presented. It has further been shown that strong nonlinear dynamics which may lead to 
failure can be expected in systems with clearance between the stator and bearing 
assembly. One way to get rid of such unwanted vibrations is to apply stabilising rods. It is 
than important to choose the right parameters since otherwise worse conditions may 
occur. In systems supported by preloaded spherical roller thrust bearings it is important 
that the preloading is high enough. Otherwise jump phenomenon and nonperiodic 
motions can arise. An expression of the limit preload of going in or out of full contact 
has been derived which can be used to choose a suitable preloading. 
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1. INTRODUCTION 

Rotating machines serves an important part in many different applications. The 
development of such machines has basically been carried out during the previous century 
and has in many aspects been successful. One example is that De Laval (in the beginning 
of 1900) practically proved that it is possible to pass the first critical speed. This was 
something which Rankine [1], by an incorrect model, predicted to be impossible in 
1869. Jeffcott [2] introduced a model 1919 which analytically proofed that supercritical 
machines indeed are possible. Since this model was introduced it has been used to study 
different phenomenon in rotordynamics, see for example [3-8], and is the basic part of 
the models used in Paper  B-D.  The Jeffcott model does not include gyroscopic effects 
since no rotational degrees-of-freedom is included. This effect was studied by Stodola [9] 
in 1918 and the work was continued by Green [10] 1948. One simple model which 
includes the gyroscopic effect is a spinning rigid body with four degrees-of freedom (two 
translational and two rotational). Since the introduction, this type of model has been 
used in several studies for example [11-17] and in Paper A. 

When evaluating rotordynamical concepts the model plays an important role in order 
to catch enough information with as few parameters as possible. Although the model is 
simple the resulting dynamics can be complicated if for example the system is nonlinear. 
It is important to distinguish between linear and nonlinear systems since the methods of 
evaluating them are different in many aspects. 

A method of evaluating different rotordynamical concepts at an early stage of the 
product development is presented in Paper A. This is based on linear governing 
differential equations and the different concepts are represented by different design 
parameters. In order to include steady state and transient behaviour, both unbalance- and 
impulse response was evaluated. 

Since many rotordynamical concepts need to control the axial position of the rotor, a 
clearance between the supports and bearing assembly can not be avoided. This is the 
background to Paper  B  and  C  which deals with this kind of clearance. Since the 
governing equations of motion become nonlinear the approach to study the system is 
quite different than in the linear case of Paper A. In Paper  B  the nonlinear dynamics due 
to the clearance is studied and designing aspects discussed. In particular bifurcations are 
studied when some control parameter is changed. 

Paper  B  showed strong nonlinear behaviour which may cause damage of the machine 
and it would hence be desirable to know how to avoid such vibrations. One proposal 
was to install stability rods, where the idea is to force the bearing assembly into contact. 
In Paper  C  effects of applying such rods is discussed as well as suitable parameter ranges. 
Some steady state analysis are performed which is possible since the system is piecewise 
linear. 

Many rotordynamical concepts use preloaded spherical roller thrust bearings in the 
supports. One advantage with these bearings is that it is possible to get rid of the 
clearance (inside the bearing itself) by applying a sufficient preload. If however the 
loading on the bearing becomes too high some of the rollers will loose contact with the 
raceway which results in a dramatic decrease of the stiffness (see Harris [18]). Effects of 
this loss of contact are discussed in Paper  D  as well as suitable parameter ranges. 

The objective for the thesis is to give a tool to evaluate rotordynamical concepts. It is 
also to describe nonlinear effects due to specific contact problems as well as explain 
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possible causes of failure and suggest preferable parameter ranges. Chapter 2 presents the 
methodologies and tools used in the papers and some general considerations. The papers 
are summarized in chapter 3 to 6 while conclusions are drawn in chapter 7. 

2. LINEAR AND NONLINEAR (ROTOR)DYNAMICS 

Rotordynamics is usually treated as a separate research area of structural dynamics. 
This is due to the fact that many phenomenons in rotordynamics are not common in 
other areas of structural dynamics. Probably the most common difference is that the 
eigenfrequencies in a rotating machinery changes with the spin speed of the  systern.  This 
means that it is not sure that large amplitudes will be found when the machine is running 
at the same frequency as one stand still eigenfrequency. Another example is that the sign 
of the eigenfrequencies in structural dynamics usually has no meaning. On the other 
hand, in rotordynamics the motion of the centre of the rotor is often considered. This 
point may move in the same direction as the spin (forward whirl) or the opposite 
(backward whirl) and hence the sign plays a central role in rotordynamics. 

In rotordynamics as well as in structural dynamics it is convenient to model the 
system in such a way that one end up with regular linear second (or first) order 
differential equations. It is convenient because there exist powerful mathematical tools to 
treat such equations and explicit unique solutions can be found. If the model becomes 
large it is convenient to use computer programs to calculate basic dynamical properties of 
the system (eigenfrequencies, modes etc.). This means that there is often no need to 
bring the solution all the way to the time domain and hence the computations becomes 
really fast. 

Unfortunately the real world is seldom linear even though we try as far as possible to 
at least linearise about a working point. Even this approach is impossible in some systems 
where the nonlinearity characterises the whole system. In these cases it is difficult, if even 
possible, to find a solution to the problem, and if a solution is found it may not be 
unique. This means that often the system governs a nonlinear differential equation which 
needs to be simulated numerically. Most of the classical nonlinear representation, like 
Poincare maps, bifurcation diagrams, Lyapunov spectrum etc. requires simulations of the 
time domain as a basic step. This together with the fact that one often need to wait for 
the transient to decay, results in long computational time. 

2.1. MODELLING 

When it comes to describe the dynamics of a system probably the most important 
step is to make a model accurate enough to satisfy the purpose. If for example the 
purpose is to find the first ten eigenmodes of a system it would require a much more 
detailed model than if the purpose is to find the first one. It would of course be possible 
to fulfil the second purpose with the detailed model as well but then more parameters 
would be involved and the accuracy would probably not be significantly improved. 

There are basically two categories of models in dynamics, continuous and discrete 
ones. Simple structures such as strings or rods may be modelled in a continuous way 
which results in partial differential equations. When the structure becomes slightly more 
complicated or if some parts can be considered stiff some kind of discrete model is used. 
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All models used in this thesis are based on the rigid body assumption and hence discrete 
models are made. 

There are also two principally different ways of deriving the equation of motion from 
a discrete model. Energy methods, where Lagrange's equation is the most common one, 
or a vector based method like the theorem of the momentum and moment of 
momentum. Lagrange's equation can be expressed as  

d aT  au  aw 
dt  8q1 	a91- 	+  ag, 	ag, 	'  

where T is the kinetic, U the potential energy,  q,  the generalised coordinate no.  i  and  

Q,  is the generalised nonconservative forces [19]. 5W represents the virtual work 

performed under a virtual displacement gqi  . Lagrange's equation is a strong tool to 

derive the equation of motion in complicated systems although it may feel quite 
unsatisfactory not to derive it in an explicit manner. One explicit way, applied in this 
thesis, is to use the theorem of the momentum and moment of momentum which can 
be expressed as 

dPi  - -= E  and 
 dil 

 — E  A41.  
dt 	 dt  

(2, 3) 

Pi  is the momentum of the rigid body for the generalised coordinate no.  i  and  fr  the 

corresponding external forces. Hi  represents the moment of momentum and M, the 

external moments. By assuming that the mass is constant these expressions obviously 
reduces to the well known Newton's second law. 

When the equation of motion is derived it may be linear or nonlinear. In 
rotordynamics a linear differential equation can be expressed in complex coordinates on 
the general form 

MCi +(c + Cr  — ji2G)q +(K — jS2C,)q =SI2feint 	 (4)  

where M is the mass matrix,  K  the stiffness matrix, Cr, the nonrotating and Cr  the 

rotating damping matrix [17]. The vector containing the complex generalized 
coordinates is denoted  q,  the constant spin speed 12 and the amplitude of the force due 

to unbalance S22f .  . Since Eq. (4) is an ordinary differential equation it can easily be 
solved analytically (see next section). 

The restoring forces (due to the stiffness) may not always be proportional to  q  but 

for example to q3 . This would make the equation of motion nonlinear but it is still 

possible to linearise the system around a working point. Nonlinear effects do not have to 
appear explicitly in the differential equations. In Paper  B, C  and  D  the nonlinearity is 
due to a clearance, and includes both kinetic and kinematic contact constraints. The 
kinetic constraint depends on some force while the kinematic depends on some position. 

(1) 
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If a spring damper system gives the constraint it is kinematic only if the damping is 
neglectible. As a consequence of these constraints some parameters changes instantly 
which creates the nonlinearity. In these cases the governing differential equation may still 
be linear, but since the parameters changes due to the constraints the response becomes 
nonlinear (piecewise linear equations of motion). This can for example be illustrated by 
the simple one-degree-of-freedom system shown in Fig. 1(a). 

(a)  (b) 

x  
x„  

Fig. 1. Example of a one degree-of-freedom system with contact constraints.  

If the system vibrates with an amplitude less than the clearance  x„,  the regular linear 
differential equation of an undamped system with stiffness  k  holds see Fig. 1(b). On the 
other hand, if the clearance is exceeded the stiffness is changed to 2k but the governing 
equation of motion is still linear. The complete equation of motion can be written as 

1k x x 
inX +  ax  = 0, a= 

2k x > x, (5) 

which is an example of a piecewise linear differential equation. A discontinuity is a 
strongly nonlinear feature of a system and it is impossible to linearise the problem. There 
is one advantage of piecewise linear systems compared to explicit nonlinear ones. 
Analytical solutions to each of the piecewise equations of motion can be derived and 
hence some analysis can be performed. 

By scaling the governing equation of motion the number of parameters in the system 
is reduced and becomes nondimensional. This is usually done by introducing 
nondimensional variables and reconstructing the equations. This approach has previously 
been used by for example Barret [20], Vance [21] and  Genta  [22]. 

2.2. ANALYSIS 

In Paper A a completely linear system was studied end hence the corresponding 
differential equation takes the form of Eq. (4). There exist several methods of solving the 
resulting eigenvalueproblem to this kind of systems, for example modal uncoupling [23, 
24] and superposition [25]. Eq. (4) can also bee solved by complex notation [26, 27]. By 

assuming a solution on the form qh (t)= Z he-1  '1' for the homogenous part of Eq. (4) and 

qp  (t) =- Zpe-int  for the particular part a general solution can be written as 
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q(t) = E caZhieikt  + Zpei fflt  (6) 

where  n  is the number of degrees-of-freedom. For the homogenous part the problem 
reduces to an eigenvalue problem from which the decay rate, im(.11  ), whirling (or  eigen)  

frequency, re(2) , and modeshapes, Zhi , can be extracted. The constants cv  are solved 

by introducing the initial conditions to the general solution Eq. (6). The particular 
solution is derived by solving for the amplitude Zp  and gives the unbalance response in 

steady state. In Paper A analysis for unbalance resonance and stability is performed. The 
unbalance resonance is derived by investigate when the denominator of the expressions 
in the amplitude Zp  becomes zero (which is possible when the system is undamped). A 

stability condition is found by analysing when the decay rate becomes negative (see for 
ex. Genta[17]). This means that amplitudes grow exponentially and hence the system is 
unstable. 

If the governing equation of motion is nonlinear it is unusual to find analytical 
solutions. Some  approximative  approach has been used by for example Karpenko [28] 
and Kim [29]. One reason for this difficulty is that a harmonic input may result in any 
type of response (multi periodic, quasiperiodic, chaotic etc.). Another "strange" property 
of nonlinear systems is that multiple solutions may coexist. This means that the steady 
state solution depends on the initial conditions. In paper  C  and  D  analysis of transition 
limits in steady state is performed. This is possible since the system is piecewise linear and 
then under certain constraints regular linear differential equations hold (see also for ex. 
Childs [3] and Ehrich [41). Expressions for the transition limits can be useful for choosing 
parameters in such a way that transitions are avoided and the system behaves in a linear 
way. 

2.3. SIMULATIONS 

All Papers presented in this thesis contains some sort of simulations. In the linear case, 
Paper A, the solution is derived analytically so no numerical integration of the equation 
of motion is needed. In the other papers, which are dealing with nonlinear systems, 
numerical integration has to be performed which makes the computation slower. 

In Paper A and  B  simulation to find subdesign spaces is performed. These subdesign 
spaces are built by three design parameters and one requirement variable. This means that 
simulations of the requirement variable at a suitable number of combinations of the 
design parameters are carried out. 

In the nonlinear systems numerical integration of the equation of motion is done by a 
fourth order Runge-Kutta algorithm. The steps are as follows,  

kl  =At  •f(t„,y.)  
k 2  =At  • f(t. +  At  /  2,y. +k1/2) 

k3  =At  • f(t +  At  /  2,y +k2 /2) 

k4 	At  • f(t + At,y.  +k 3 ) 

(7) 
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and then yi+i  is evaluated as a weighted average over the  k  values as, 

yl_Fi  =y, +k1  /6+k2 /3+k3  /3+k4  / 6 . (8) 

By implementing this routine a numerical solution of the trajectory in time domain can 
be obtained. The phase portrait is a plot where trajectories in the state space are plotted. 
If a trajectory in the phase portrait closes itself the motion is periodic. If a system larger 
than one degrees-of-freedom is considered the state space becomes too large to 
completely visualise. Often some projection of the trajectory in the state space is anyhow 
plotted. Then it is important to note that in this projection a trajectory can cross itself 
without generating a periodic motion. Besides periodic motion there are two other 
important types of motion, quasiperiodic or chaotic. In quasiperiodic motion the 
response consist of at least two incommensurate frequencies while a chaotic motion is 
broad banded. To distinguish between a quasiperiodic and chaotic motion in the time 
domain is difficult. A projection of a quasiperiodic and possible chaotic motion is shown 
in Fig. 2(a) and  (b).  

(a) 

0.5 

-0.5 

-1 	-0.5 	0 	0.5 
X 

Fig. 2. Projection of phase portrait of a) a quasiperiodic motion and  b)  a possible chaotic 
motion. 

From the phase portrait is impossible to tell which of them that corresponds to the 
quasiperiodic/chaotic motion. To determine the type of motion, or the periodicity, a 
Poincare map of the system can instead be used. This is a map between Poincare sections 
which can be difficult to define, especially in autonomous system. In nonautonomous 
systems it is common to define the sections as,  

15  -0.5  

x  
0.5 

where s is the state vector, t is time at section no.  i  and  n  is the driving frequency. By 
this operation the system is transformed from the time domain to a discrete Poincare 
map and hence the state space is reduced by one dimension. One point in the Poincare 
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map means that the response is periodic with the same frequency as the driving 
frequency. Two points gives a response of half the driving frequency etc. The Poincare 
map of a quasiperiodic motion is a closed ring, see Fig. 3(a), while a chaotic motion gives 
a fractal shape called strange attractor, see Fig. 3(b). With the Poincare maps it is 
therefore possible to distinguish between different types of motion. 

(a) (b) 
0.05 0 

-0.02- 

-0.06- -0.05- 

-0.08- 
-0.1-  

-0.1- 

-0.12- -0.15 

-0.2 
0.9 1.2 1.3 4 0.5 0.6 0.7 0.8 0.9  0 

Fig. 3. Projection of the Poincare maps of a) the quasiperiodic motion in Fig. 2(a) and  b)  
the possible chaotic motion in Fig. 2(b). 

If some parameter in the system changes the system may bifurcate into different types 
of motion (see also for ex. [30, 31]). This can be illustrated in a bifurcation diagram 
which is one of the tools that can be used in design of nonlinear systems. 

0.8r 

0.6r 

4'7 

0.2'r 

1:5 	2 	2.5 	3 	3.5 	4 

Fig. 4. Bifurcation diagram. 

Fig. 4 shows an example of a bifurcation diagram to the nonlinear difference 
2 equation  x,  = 2(x, + xn ). As 2 increases the system goes into chaos by a sequence of 

period doublings. When designing a machine with significant nonlinearities it is usually 
desirable to avoid chaotic motion. In order to avoid chaos in the system of Fig. 4 the 
design parameter 2 should be less than about 3.5. 
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Another peculiar property of nonlinear systems is that a solution does not have to be 
unique. This means that there may coexist solutions and which one the trajectory attracts 
to depends on the initial conditions. With a technique called cellmapping the basins of 
attraction to each solution can be simulated. This is done basically by simulating to 
which attractor a specific set of initial condition end up. Typically the basins of attraction 
in cellmapping plots are illustrated by different colors. 

It is often desirable to know were in the parameter space nonperiodic motion may 
exist. Bifurcation diagrams are one way but it becomes difficult to visualise if more than 
one control parameter is used. This is because nonperiodic motion are characterised by 
several numerical values for each set of parameters (see chaotic range of Fig. 4). Another 
way of finding nonperiodic motion is to calculate the Lyapunov exponents. These 
numbers gives the sensitivity to small perturbations in each direction of the state space. If 
the distance between the perturbated and unperturbated motion grows the Lyapunov 
exponent in that direction is positive and negative if it get smaller. Usually, only the 
largest Lyapunov exponent is plotted since this is enough to indicate nonperiodic 
motion. Periodic motions give negative maximum Lyapunov exponent while 
quasiperiodic motions give zero. In chaotic motions there are some directions which are 
attracting while the others are repulsing. This means that the maximum Lyapunov 
exponent for chaotic motion is positive. In opposite to the bifurcation diagram it only 
takes one numerical value to tell whether the motion is stable or unstable and hence it is 
easy to visualise even for several control parameters. 

3. CONCEPT EVALUATION IN ROTORDYNAMICS 

3.1. INTRODUCTION 

In this section, which summarizes Paper A, the aim is to present a simple method to 
dynamically evaluate different rotordynamical concepts at an early stage of the product 
development. In particular, responses of unbalance and impulse are used to determine 
variations of a requirement variable. 

3.2. MODEL AND METHODS 

In the concept stage of the product development, it is important to evaluate main 
characteristics rather than focus on details. From a dynamical point of view this means 
that one would like to construct a model which besides representing many concepts also 
involves few parameters. A physical model of a rotating machinery which still captures 
many important phenomena is shown in Fig. 5. This is a rigid body rotor which can 
translate in  x  and  y  directions and rotate about these axis 	e  which gives 4 degrees-of- 

freedom. In Fig. 5  k  represents some linear stiffness, f2 the constant spin speed about the 
z-axis while F and M is the external forces/moments. The rotor is assumed to be 
rotational symmetric and does not include damping or nonlinear effects. 

14 
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Fig. 5. Physical model of the rotor. 

The governing equation of motion contains nine real design parameters. With 
suitable scaling the number of parameters in the problem can be reduced to four 
nondimensional ones. 

Next step is to define a Requirement Variable (RV) which is used to evaluate 
different concepts. A maximum nondimensional displacement and angle is used as  R  Vs 
in Paper A. The space spanned by these  R  Vs and the nondimensional design parameters 
are called the design space. The design space contains information of the responses of the  
R  Vs for each design point (i.e. combination of the nondimensional design parameters). 
In general the design space is of too high order to visualise graphically. By assuming that 
the design requirements does not require coupling between the  R  Vs and by holding 
some of the design parameters constant it is possible to reduce the design space into a 
number of subdesign spaces which then can be visualised. 

3.3. RESULTS 

By holding the ratio between the polar and transversal mass moments of inertia (f) 
constant and assuming no coupling between the two  R  Vs four-dimensional plots of the 
subdesign spaces can be made. In order to see something inside this volume slices are cut 
for constant values of the nondimensional design parameters. 

Fig. 6. Parts of subdesign spaces when f 0.5 a) for unbalance response with 
displacement  R  Vb) for impulse in  X-direction with angle RV 
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Fig. 6(a) shows a part of the subdesign space of the translation  R  Vwhenf=0.5. Red 
colour indicates high values of the RV whereas blue indicates low values. The yellow 
dot indicates the design point of a certain machine. In Fig. 6(b) the subdesign space of 
the angle RV also when f =0.5. In this figure there is a blue line which intersects the 
design point (yellow dot). This line illustrates how the design point of a certain machine 
varies with the spin speed. The design point moves towards origin as the spin speed 
increases. The transparent volume represents the unstable area i.e. where the  R  V grows 
exponentially with time. 

3.4. DISCUSSION AND CONCLUSIONS 

The method of evaluating different concepts with respect to the dynamics proposed 
in Paper A can be divided into few steps. Define a simple model which identifies 
different concepts as well as captures the main dynamical characteristics. Scale the 
corresponding equation of motion in order to reduce the number of parameters and then 
define a design space with  R  Vs that evaluates the concepts. If the order of the design 
space is too high to visualise than subdesign spaces are created. 

Different concepts can be identified by different volumes in the design space (i.e. 
ranges of the design parameters). Machines with high spin speed, low stiffness or high 
mass can, as an example, be identified by volumes close to the origin in Fig. 6. This can 
hence be used as a general tool to find concepts which satisfies the requirements. 

The nondimensional design parameters which are defined when the differential 
equation is scaled indicates how to change the machine without changing the dynamics. 
Planes have been found which gives zero amplitude either in translation or rotation. One 
example of systems which correspond to zero rotational planes is concepts where the disc 
is symmetrically positioned between the supports. 

Since both unbalance and impulse response is studied the particular as well as 
homogenous solution are considered. One interesting difference is that there exist an 
unstable volume when the impulse is considered (see Fig. 6(b)) which can not be seen in 
the unbalance response. This means that it is important to consider both solutions in 
order to choose a design point. 

4. EFFECTS OF CLEARANCE IN SUPPORTS 

4.1. INTRODUCTION 

This section, which summarizes Paper  B,  deals with the nonlinear dynamics due to a 
certain clearance in rotordynamical systems. In some rotating machineries it is important 
to be able to control the axial position of the rotor. The separation between the moving 
and stationary part creates the clearance. The Paper describes possible nonlinear dynamics 
in such systems. In particular bifurcations are studied when some control parameter is 
varied. The objective is to find possible causes of failure for machines containing this 
type of clearance. 
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4.2. MODEL 

Fig. 7 shows the two-degrees-of-freedom model of the clearance system proposed in 
Paper  B.  A rigid shaft of mass m and spin speed  SI  is connected to a nonrotating 
massless housing by spring of stiffness  k  and dashpots with damping constant  c.  The 
clearance occurs when the housing has a radius less than the static part of the support (the 
outer ring in Fig. 7). Scaling the problem yield the nondimensional parameters, damping 

ratio (Ç), nondimensional gravity ( ), friction coefficient  p,  frequency ratio S-2 and 

nondimensional clearance cS . The vibrations are then described by the nondimensional 
coordinates  i  and 3̂7 

Fig. 7. The clearance model. 

The state of the system must belong to one of the categories free Eight, static contact 
or dynamic contact. Free fright means that the housing is not in contact with the 
supports and this occurs when the normal contact force becomes zero. In static contact 
the housing is in contact with the support but does not move. This is possible since 
friction is included in the model and hence if the force produced by the shaft not is high 
enough to exceed the static friction force the housing does not move. If, on the other 
hand, the friction force is exceeded the housing will slide against the support and this is 
called dynamic contact. 

This type of clearance is a strong nonlinear component and hence may give raise to 
nonlinear vibrations. It is difficult (if even possible) to obtain analytical solutions to the 
governing equation of motion. Another way of dealing with the problem, which is done 
in Paper  B,  is to numerically simulate the response. To describe the nonlinear vibration 
traditional tools like bifurcation diagrams, phase portraits, Poincare maps etc. are used. In 
order to find possible causes of failure and satisfying parameters, the normal bearing force 
is simulated. 

4.3. RESULTS 

Fig. 8(a) shows the bifurcation diagram of and the Lyapunov spectrum with i5s.  as 

the control parameter in the range 3  e  [0.01 2.5]. The other parameters are set to 

17 
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= 0.1,  k  = 0.2943,  p  = 0.1 and e2 = 0.44. As the clearance increases Fig. 8(a) shows 

that the system undergo transitions into multiperiodic or even possible chaotic motion. 
This is verified by the maximum Lyapunov exponent which is zero or greater in the 
nonperiodic ranges. 
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Fig. 8. Bifurcation diagram and Poincare map when  C  = 0.1,  k.  = 0.2943,  

p  -= 0.1 , S's2 = 0.44 and a) 3  e  [0.01 2.5]  ‚b) 	= 1.8 . 

Fig. 8(b) shows the Poincare map in the 1,11 -plane when the parameters are set to 

8=1.8,  	=0.1,  k  = 0.2943 ,  p  = 0.1 and 	= 0.44 . The fractal structure is a strong 

indication of a chaotic motion. 
Fig. 9 shows an example on how the maximum normal bearing force in steady state 

varies with three design parameters (subdesign space). Red colour indicates high force 
while blue colour indicates low force. 

0.5 

Fig. 9. Part of a subdesign space when = 0.1 and ks = 0.2943. 

18 



M.  Karlberg-Concept Evaluation and Contact Problems in Simple Rotordynamical Systems 

4.4. DISCUSSION AND CONCLUSSIONS 

As shown in Fig. 8, a system which contains the type of clearance may give raise to 
strong nonlinear vibrations. There are strong indications that multiperiodic or even 
possible chaotic motions may exist. 

Since a free flight state exist, it is possible to get impacts between the housing and the 
supports. This bouncing motion may give raise to high normal bearing forces (see Fig. 9) 
and hence may explain failure of the machine. One way of reducing the maximum 
normal bearing force is to make sure that the clearance is small. Interesting to notice is 
that there exist enlarged forces even in the subcritical range. 

5. EFFECTS OF STABILISING RODS IN A SUPPORT WITH CLEARANCE 

5.1. INTRODUCTION 

This section, which summarizes Paper  C,  studies the same clearance system used for 
Paper  B,  with the difference that stabilising rods are applied. It was shown in Paper  B  
that systems with this kind of clearance may undergo nonperiodic or possible chaotic 
motion which may lead to dangerous impacts. The aim with Paper  C  is therefore to 
discuss effects of applying stabilising rods and to find preferable parameter ranges. 

5.2. MODEL AND ANALYSIS 

Fig. 10shows the two-degrees-of-freedom clearance model with stabilising rods. A 
rigid shaft of mass in and spin speed S2 is connected to a nonrotating massless housing 
by spring of stiffness  k  and dashpots with damping constant  c.  The clearance occurs 
when the housing has a radius less than the static part of the support (the outer ring in 
Fig. 10). The two stabilising rods are modeled as springs with stiffness ks  , preloading 

F and angle a to the vertical plane. Scaling the problem yield the new  
P  

nondimensional parameters, damping ratio Ç, gravity  g"  , friction coefficient 1u , 

frequency ratio S2 , clearance 8, stabilising rod stiffness S), and preloading  Fp  . The 

vibrations are then described by the nondimensional coordinates 	and . As in Paper  

B  the three possible categories of state are free flight, static- and dynamic contact. 

Fig. 10. The clearance model with stabilising rods. 
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One idea with the stabilising rods is to bring the housing to a stationary position at 

(0, —8). This means that static contact holds and hence it is possible to analyse the limit 
preloading of going into dynamic contact or free flight in steady state. The expression 

s'./)1./ max cc's(a) -1-  'j2 	
(i _ a2 )2+(2,-)2 

gives the maximum limit preloading for the limit of going into dynamical contact. The 
expression 

61[1 + (24-i1)2  

(2ip2/ max cos(a)+F = 	 (11) 
— S22  + 

gives the maximum limit preloading for the limit of going into free flight. 
As in Paper  B  regular nonlinear simulations like bifurcation diagrams and Lyapunov 
spectrum are carried out to describe the dynamics. Simulations of the contact force are 
also carried out as a tool of evaluating effects of applying stabilising rods. 

5.3. RESULTS 

Fig. 11 shows a transition chart between ,a and ip  in the ranges 1"2  e  [0.1 2.01 

and ip  E[0.0 36.4] for e2, = 0.0 , a = 0.0 and a = / 2 . 

35 

30 

Fig. 11. Transition charts for ; = 0.10, 	= 0.2943, 	= 0.1 and 3 =0.5 in the ranges  

E  [0.1 2.0] and  fr„  e  [0.0 36.4] when S'is  = 0.0 and a =0.0 (solid lines), 

a = 7z-  12 (dashed lines). 

i241[1+ (2;i2)21[1+ ()3//)2 ]} 

(10) 
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The white area symbolises motion in strictly static contact, light gray area motion 
with both static and dynamic contact and gray area motion which may include free flight 
(impact motion). The solid black transition line which separates white and light grey area 
is given by Eq. (10). By increasing the angle a this transition line is moved to the 
dashed black line above. The solid black transition line which separates the light grey and 
grey area are moved to the dashed line directly above as a is increased. 

When comparing a system with and without stabilising rods the angle a is set to 0.0, 

the stiffness a, to 0.5 and the preloading  Fp  to 1.0. Fig. 12 shows how the largest 

Lyapunov exponent varies in the ranges a  e  [0.1 2.0] and Se [0.04 2.5], when 

= 0.1, 	= 0.2943 and  p  = 0.1. Fig. 12(a) corresponds to the system without 

stabilising rods while in Fig. 12(b) the stabilising rods are applied. Blue colour indicates 
that the maximum Lyapunov exponent is close to zero while increasing red colour 
represents increasing magnitude. The black solid line in the low frequency ratio range is 
transition line 1 while the other line (at higher frequency ratio) shows transition line 2. 

Fig. 12. Two dimensional Lyapunov spectrum for 4" = 0.1, = 0.2943 ,  p  = 0.1 in the 

ranges a  e  [0.1 2.0] and 3  e  [0.04 2.5]. In (a) without stabilising rods and in  (b)  

with stabilising rods. 

5.4. DISCUSSION AND CONCLUSSIONS 

By the analysis in carried out in Paper  C  its been found that by applying stability rods 
with a preload higher than the limit of going into dynamical contact (Eq. (10)) the 

system must remain in static contact (in steady state at the position (0, — ) of the ring). 
Fig. 11 shows three areas where different type of motion is possible. By applying a high 
preload the system is forced to static contact. If however the preloading not is high 
enough, the system housing will slide against the support or worse perform impact 
motion. Both analysis and simulation indicates that the required preload to keep the 
system in static contact decreases with decreasing angle a, so in that sense the stabilising 

rods shall be applied vertical. In Paper  C  it is shown that the stability rod stiffness as  
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does not matter for the transition from static contact. In order to avoid impacts, a high 

e2, is recommended. 

Fig. 12shows that the unstable areas are reduced when the specific stability rods are 
applied. It also shows that the two areas which not include impact motion have been 
increased. In Paper  C  a strong correlation between the unstable areas and the contact 
force are found. 

In general it can be stated that the machine should avoid areas including impact 
motion. 

6. CONTACT PROBLEMS IN SPHERICAL ROLLER THRUST BEARINGS 

6.1. INTRODUCTION 

This section, which summarizes Paper  D,  deals with the nonlinear dynamics due to 
loss of contact in preloaded spherical roller thrust bearings (RTB). Many rotating 
machineries uses RTB to support the rotor, and in order to avoid clearance an axial 
preload is often applied. If however the radial displacement is high enough some of the 
rollers will loose contact with the raceway and hence the stiffness is dramatically reduced. 
The objective in Paper  D  is to describe the nonlinear dynamics due to this loss of contact 
and give suggestions on how to avoid it. 

6.2. MODEL AND ANALYSIS 

Fig. 13 shows the model of an unbalanced shaft supported on preloaded R_TBs. The 
rigid shaft has mass (m) spin speed  (Q)  and eccentricity  (y)  and is connected to the 
housing by the RTB modelled as springs with stiffness  (kr),  and linear viscous dashpots 
with damping constant  (c).  

Fig. 13. The model 

The radial position vector r have the components  x  and  y  in the direction  i  and  j  

respectively. The model includes gravity which is denoted  g.  Scaling the problem yield 
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the new nondimensional parameters, damping ratio 4" , gravity  h-  , frequency ratio S2 , 

radial preloading Fpr .  The vibrations are then described by the nondimensional 

coordinates ic and 3",  . 

At low radial displacement all rollers are in contact with the raceway (frill contact) so 
both springs in Fig. 13 are in contact with the shaft. If the radial displacement exceeds a 
certain value, which basically depends on the amount of preloading, some of the rollers 
loose contact with the raceway (partial contact). When this occurs one of the springs in 
Fig. xx becomes inactive and the radial stiffness is reduced to half. This means that the 
system has a discontinuous stiffness which makes the system nonlinear. 
It is possible to analyse the steady state behaviour of full and partial contact separately. In 
full contact there are circular whirl with the radius  

(12) 

(2_â2  

about the point (0, —-/2). In partial contact only solutions for excluded gravity is 

derived. In this case the whirl is also circular with radius 

= 
	2 )± 	2 (.1 	2 )2  ± 	_ 42

, 
 )(24-).2 	

(13) 
-  

but about the origin. When gravity is excluded the limit preloading for changing 
between full and partial contact becomes  

'pr lim  

 

/4'22 

 

(14) 

11(2-04-(24-0 

 

6.3. RESULTS 

Fig. 14 shows bifurcation diagrams for increasing (blue stars) and decreasing 
frequency ratio (red dots) when gravity is excluded and 4" = 0.05. The solid black line is 

the steady state solution for full contact given by Eq. (12). The green curves represents 

the solutions in partial contact when Fpr = 5.0 (marked as a dashed black line). In the 

white range full contact is the only possible solution, in grey range both full and partial 

contact is possible and in dark grey range only partial contact (when 	= 5.0). 
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15 

10 

 

 

Fig. 14. Particular solutions and bifurcation diagrams when ; =-- 0.05 and Pr, = 5.0. 

In Fig. 15 the maximum Lyapunov exponent are plotted as a function of the 
frequency ratio and radial preloading when ; = 0.01 and 	= 0.05. The red areas 

represents Lyapunov exponents greater than -0.07. The black lines are the maximum and 
minimum limit preload in full contact during one period. These separates the region into 
three different areas, white where full contact is possible grey area where only a part of 
the trajectory is possible and dark grey area where full contact is impossible. 

0.5 
	

0.6 
	

0.7 
	

0.8 

f2 

Fig. 15. Two dimensional Lyapunov spectrum when 4-  = 0.01 and  h  = 0.05. 
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6.4. DISCUSSION AND CONCLUSSIONS 

When gravity is excluded the limit preload for transitions into or out of full contact 
are given by Eq. (12). This expression can be used to choose a suitable preloading for the 
system i.e. preloading higher than the solid black line in Fig. 14. Jump phenomenon is 
also demonstrated in Fig. 14, and this occurs at different frequency ratios if the spin speed 
increases than if it decreases. This indicates the existence of multiple solutions which also 
is confirmed by the analysis in full and partial contact which both are possible solutions 
in the grey range in Fig. 14. 

If gravity is introduced to the problem it is possible to find nonperiodic motion. Fig. 
15 shows areas of the largest Lyapunov exponent which are close to zero and hence 
indicates that nonperiodic solutions exist. Since these areas is found in the grey or dark 
grey sections where full contact is impossible (at least during a whole period). This means 
that nonperiodic motions can be expected if the preloading not is high enough to keep 
the system in full contact. Important to notice is that although the preloading is higher 
than the limit preloading there may exist more than one solution (see. grey area in Fig. 
14). 

7. CONCLUSIONS 

The dynamics of rotational machineries is an important factor in the design 
considerations. The method presented in Paper A can hence play an important role 
when dynamically evaluating different concepts. The derived nondimensional design 
parameters contain information about how to scale a machine without changing the 
dynamics. Interesting to note is that theoretical zero amplitude planes exist in the sub 
design spaces. The zero rotational plane corresponds to, at least, concepts where the disc 
is symmetrically positioned between the supports. 

In Paper  B  a clearance between the bearing assembly and the support is studied. It has 
been shown that this type of clearance can give raise to nonlinear dynamics like 
nonperiodic motion. It has also been shown that impacts, which give high bearing 
forces, may occur and can hence be a possible cause of failure. One way of limiting these 
high bearing forces is to reduce the clearance. 

Paper  C  deals with the same type of clearance as in Paper  B  but stabilising rods have 
been added to the system. It is possible to force the bearing assembly into a static position 
with these rods. This requires a preloading higher than a derived limit preload. If 
however the preload is not high enough it is possible that even worse impact motions 
can occur than without the rods. It has also been shown that if the aim is to have a 
stationary bearing assembly it is preferable to apply the rods vertical while the stiffness of 
the rods has no effect. 

In Paper  D  loss of contact in spherical roller thrust bearings are studied. An analytical 
expression for the limit preloading of going into or out of full contact is derived when 
gravity is excluded. This expression can be used to choose a suitable preloading. Jump 
phenomena have been found as well as ranges of multiple solutions. When gravity is 
included even nonperiodic motion have been found when the preloading is not high 
enough. 
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Evaluation of rotordynamical concepts subjected to rotating unbalance and impulse  

Karlberg  M and Aidanpää J-0 

The  Polhem  Laboratory, Division of Computer Aided Design, Department of Mechanical Engineering,  Luleå  University 
of Technology, SE-971 87  Luleå,  Sweden. 

One problem in conceptual design is to decide what combinations of design parameters to use in order to 
fulfil some dynamical requirements. The aim of this paper is to present a general method to dynamically 
evaluate rotor concepts at an early stage of the product development. Taking gyroscopic effects into 
account, a four d.o.f model (2 translational and 2 angular) of an isotropic and unbalanced rigid body rotor 
has been used for the analysis. By introducing nondimensional design parameters the number of 
parameters needed to describe the complete design space is minimized. The responses are solved 
analytically for both unbalance and impulse loading. These responses have then been used to define 
requirement variables, which are used to evaluate different concepts. By selecting a certain ratio of the 
moments of inertia it has been possible to visualise the reduced nondimensional design space within three 
dimensional plots. By analysing this space different concepts are discussed and some dynamically 
favourable design solutions are suggested. 

1. Introduction 

In conceptual design there are usually a lot of requirements due to cost, size, tolerances, weight etc. that needs to be 
fulfilled. In order to determine whether a certain concept satisfies these or not, knowledge about the system need to be 
developed. From a dynamical point of view this imply that a model, accurate enough for the purposes, has to be derived 
and analysed. By neglecting torsional and axial displacements of a rigid body, a system of four second order linear 
differential equations can be derived. This type of mathematical model have previously been used to analyse for 
example bifurcations of natural frequencies [1], disc screw [2], forward and backward precession [3-6] and unbalance 
response [7]. In this paper a general version of this model has been used to analyse the responses of unbalance and 
impulse loading. 

There are several different methods to solve the resulting eigenvalue problem of this kind of gyroscopic systems. 
Modal uncoupling is one way [8, 9], and superposition (used in this paper) is another [10]. It has also been shown that 
these equations can be formulated in complex notation [11, 12]. 

Another important problem for concept evaluation is how to scale a good concept. Nondimensional numbers is then 
a strong tool to maintain dynamical properties when the system is scaled. Nondimensional stiffness and damping ratio 
have been used for stability analyses of rotordynamical systems by Barret [13]. Vance [14] discussed different it-groups 
for size and speed and  Genta  [15, 7] have for example defined nondimensional displacement and frequencies. Another 
way to get nondimensional numbers is, as in this paper, to scale the variables in the equation of motion properly so that 
the number of parameters reduces and becomes nondimensional. This gives a simplified equation with less parameters 
to vary, and hence it is possible to visualise the design space i.e. a space that contains all the interesting concepts and 
their responses. 

Due to dynamical requirements, new variables can be defined which in here are called requirement variables. A 
requirement variable is used for evaluation and can for example be acceleration [16], logarithmical decrement [17, 18] 
or displacement [19]. It is essential that these variables are defined properly so that the design space is representative for 
the required dynamical properties. 

The aim of this paper was to present a method which can be used to dynamically evaluate different rotor concept at 
an early stage of the development. When dealing with multidimensional properties in conceptual evaluation it is 
difficult to investigate the results. Therefore, as a consequence of the aim, a method for visualisation had to be found in 
such way that conclusions could be drawn. 
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2. Model 

One problem in conceptual design is to create a general simple model, which captures the main characteristics of the 
system, rather than details. If it is possible to create such a model one can at an early stage analyse fundamental 
dynamical properties of different concepts. These results are useful for the concept evaluation and also for product 
development. 

2.1 Equation of motion 
The rotor is described as a rotational symmetric rigid body subjected to a loadcase due to unbalance, stiffness and 

other external exposure. By neglecting torsion and axial displacement, a four d.o.f model have been derived. The 
equations of motion for this model can generally be written as [7], 
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The d.o.f are translation of the geometrical centre in  X-  and  Y-direction and rotation  (e,  60 about these axes (see 
figure 1). 
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Figure 1. Physical model of the rotor 

Equation (1) contains nine positive numbered design parameters (m,J„Jp, .0,  y  and 1c1-10) where m is the mass of the 
rigid body,  J,,  the transversal- and  J,,  the polar principal moments of inertia. The rotor is spinning with constant angular 
velocity .0 and has an eccentricity  y  (distance from the geometrical centre to the centre of gravity). A general way of 
describing the isotropic stiffness the rotor experiences are by four parameters k1-k4  as shown in equation (1). Loading 
due to surrounding exposures are denoted F for forces and M for moments as function of time (see figure 1). 

It is important to be aware of the limitations of the model and to make sure that it represents the concepts well 
enough. The model used for this paper assumes a rigid and rotational symmetric rotor with constant spin speed and 
small angles. It only consists of four d.o.f and does not include damping and nonlinear effects. 

2.2 Scaling 
One way of reducing the number of design parameters affecting the dynamical characteristics is by scaling the 

equations of motion. Introducing the nondimensional (marked with a `*') d.o.f and time, 



The nondimensional design parameters then becomes,  

J 	k  
= 	

k2  k3 	_ k4  
I 	, 

mû2 	nil  04 4  

and the external loading,  

Fx  (r*  /52) 	Fy(r.  /52) 	,_«, _ k2Mx  (r.  /52) 	 k2My(r*  /12)  
mrr22 	,) 	 mj,34.-24 	Y 	 m..424-24 • 

The number of parameters in the problem has now been reduced from nine to four. 

3. Requirement variables and design space 

When the model has been decided and the number of parameters reduced, it is desirable to show what parameter 
combinations that fulfil some design requirements. From a dynamical point of view design requirements can be for 
example thresholds for accelerations or logarithmical decrement, minimum of energy or as in the case of this study 
limitation of amplitudes. This variable, which besides verifying that the requirements are fulfilled also evaluates 
different concepts, will be referred to as R.V (Requirement Variables). The space spanned by the design parameters and 
the R.V is called design space,  D,  and is usually of too high order to visualise graphically. If however the design 
requirements does not demand coupling between the R.V it is possible to separate the designspace into subspaces  D,  just 
containing one  R.  V. 

The R.V in this paper are r*  and a*, where r*  is defined as the maximum nondimensional distance between the 
geometrical centre and the Z-axis, 

r*  =(V(X*)2  +(Y*)2 ) 	, 	 (16) 

and a*  as the maximum nondimensional angle between the rotor and the XY-plane, 

= 	j( 9*)2  + (9.  )2 )
max 

 • 
	 (17) 

Four nondimensional design parameters and two R.V gives  D  e9i6, which is impossible to visualise graphically. 
There is however no coupling between the  R.  V, which makes it possible to create two subspaces Ds  • E.9e instead. These 
subspaces are still not possible to visualise and hence one design parameter must be held constant. This gives two 
subdesign spaces Aee, which can be represented in three dimensional plots where the axes are given by three 
nondimensional design parameters and the colour shows the value of the R.V in every design point. This is of course a 
volume containing different colours, and in order to see the colours in this 'solid', slices for discrete values of the 
nondimentional design parameters are visualised (see for ex. figure 2). The complete  D,  can only be visualised by 
animations where one (or more) slices are stepping through every value of one of the nondimensional design parameter. 
It follows that certain values of the nondimensional design parameters, which represent infinite many concepts, 
corresponds to one point (design point) in the  D.  

The responses, which give the  R.  V, are depending of what type of loading the rotor is exposed to and in this study 
both unbalance and an impulse will be considered. This gives the characteristics for concepts exposed to harmonic 
loading and transients separate. 

4. Results 

From simulations it has been found that the R.V depends weakly of compared to the nondimensional stiffness for 
subcritical rotors. Therefore f will be held constant in the simulations, and  D,  will hence be plotted for 1=0.5 (a long 
rotor) and 1=2 (a disc). 

(8-11) 

(12-15) 
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4.1 Response due to unbalance 
Unbalances give raise to harmonic loading in the translational d.o.f (F and M are zero) and hence the particular 

solution is of interest. By solving equation (7) an expression for the nondimensional d.o.f as function of r*  is derived as,  

{Q 	-= {v; cos(r.)+ {v;} sin(r.) . 	 (18) 

where  Q„"  is the nondimensional state vector of the particular solution and Vp*  are analytically solved vectors built 
by expressions containing the design parameters. By combining equation (18) with equation (16) and (17), expressions 
for the R.V as function of the nondimensional design parameters are found and hence the  D,  can be plotted. 
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Figure 2.  Subdesign  spaces for the unbalance force when 1=0.5 (a long rotor). 

Figure 2 shows the  D,  of the unbalance response when 1=0.5 (a long rotor). Red colour indicates high values of the 
R.V whereas blue indicates low values. The designpoint marked with a yellow dot represents an existing concept at a 
certain spin speed. The whole volume of the  D,  contains colours representing the value of the  R.  V. For visualisation 
planes (slices) has to be drawn in this 'solid' as in figure 2 where the planes  kl̀   =100, k3'=2000 and k4*=25 are shown. 
In these large scale plots it is almost impossible to see any differences for the ID, when 1=2 (a disc) and therefore those 
figures not are included. Differences for various values of! clearly occurs when looking into a smaller volume of  D,  
nearby origin (supercritical rotors). 

r* 
	

r* 

0.5 	 0.5 
k35 	00 

Figure 3. Part of the subdesign spaces for r` when 1=0.5 (left picture) and 1=2 (right picture) and the rotor are 
subjected to an unbalance force. 

Figure 3 shows the volume 0<lc1.=k3.40*</ of  D,  for r*  when 1=2 and .1*  =0.5. Figure 4 shows the same volumes 
for ct` and in these figures the slices Icì =/, k3.=/ and k:=0.5 are visualised. Figure 3 and 4 represents concepts 
operating at high speeds, and obviously there are significant differences between long rotors and discs. 

at 	 at 

Figure 4. Part of the subdesign spaces for a*  when 1=0.5 (left picture) and 1=2 (right picture) and the rotor are 
subjected to an unbalance force. 



In appendix (A.1) the expression  

k;  =(kj' —1)(4 + .1*  —1) 
	

(19) 

has been derived for the resonance surface. 

4.2 Response due to impulse 
Often a rotating system is subjected to transient loads and hence an impulse response have been analysed. An 

Impulse is a transient load and hence the homogenous solution of equation (7) is used for the analysis. An impulse 
changes the momentum of a system, which leads to a sudden change in initial velocities (the mass is assumed to be 
constant). The solution to the homogenous part of equation (7) have been derived as, 

{Qh } = E c;  {vh}i  e;"-*  (20) 

where Qh  is the statevector of the homogenous solution,  Ä  the eigenvalues and V5 the corresponding eigenvectors. 
The impulse is applied at time (1=0) when the balanced rotor is running at spin speed. Calculating the change in initial 
velocity due to the impulse and keeping all other initial conditions zero, the constants  C.,  can be solved from equation 
(20). By combining equation (20) with equations (16) and (17), expressions for the R.V as function of the 
nondimensional design parameters are found and hence the  D.  can be plotted. 
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Figure 5.  Subdesign  spaces for an impulse in  X-direction when  J.  =0.5. 

Figure 5 shows the  D,  for .1*=0.5 when the rotor has been subjected to an impulse in  X-direction. Areas with no 
colour represent R.V that grows exponentially towards infinity (unstable volume). 
These plots indicate that there exists a certain surface, which separates the stable and unstable volumes. In appendix 
(A.2) stability has been analysed and it has been found that the unstable solutions requires that k1.k.1*< k3*. Figure 5 also 
shows how the design point changes for a certain concept when increasing the spin speed (Higher speed leads to design 
points closer to the origin). 

For supercritical rotors small variations was found between different values of  J*  when analysing an impulse, which 
is why those plots are excluded in this paper. 

5. Discussion 

The design space defined in this paper can be used in conceptual design as a general tool to analyse dynamical 
properties of different concepts. Since each concepts correspond to a limited volume in design space one can analyse 
possibilities and limitations of different concepts. Another way to use the method is to choose an acceptable design 
point and try to find solutions for different concepts. 

In product development the method can be used to evaluate consequences of scaling. The nondimensional design 
parameters of equation (8)-(11) indicate how to scale the machine in order to maintain equal dynamical properties. If 
the aim is to improve the dynamical properties, the subdesign space can be used to find how to change the design 
parameters. In this paper only two load cases have been studied. For another load case or process the same method can 
be used but it is likely that new requirement variables have to be defined in order to satisfy critical conditions for the 
specific process. 

From the equations (8)-(11) it can be found that high-speed rotors represent design points close to the origin. These 
points correspond also to concepts with low stiffness or high mass. On the contrary, concepts with high stiffness, low 
spin speed or low mass corresponds to design points far from the origin. From the figures above the dependency of! 
seems to become significant only for design points near the origin of the particular solution. This indicates that the 

100 

rt 50 



choice of keeping 	constant in the simulations gives an acceptable approximation of the design space below the 
critical speed. In appendix (A.1) an expression for the amplitudes of the particular solution has been derived (see 
equation (A3) and (A4)). The nominator of equation (A3) shows that if ki*=/-./*  then  x"  and  Y`  becomes zero and hence 
by equation (16) r.  also becomes zero. But It; >0 which means that this is only possible for long rotors (f <1). 
Important to notice is that this zero amplitude plane is found by only considering the particular solution, which 
represents the long run behavior of machines only subjected to unbalance force. In practice there are often some 
disturbances due to the surrounding which means that the homogenous equation becomes significant and hence r.  will 
not be zero. 

From the results in figures 2 to 5 one can conclude that low vibration levels are obtained for concepts with high 
values of IQ*,  k:  and low k3*. This is only true for low speed rotors, which are of main interest in this Paper. For high 
speed rotors, the design volume of interest is for parameter values close to the origin (approximately k1 <1 and lc» /). 
One interesting concept is when a rotor is symmetrically supported along the Z-axis. This case can be identified by 
1c2=k3=0 or in nondimensional design parameters k3  *0.  Inspection of this plane in the figures 2 to 5 shows that a* is 
zero for both unbalance and impulse force. This can be used in design of machines, which are sensitive to angular 
displacements. 

In this design space there exist regions that are unstable. Analysis of this stability showed that the critical condition 
for instability was Ici*k.,*= ki*. One important thing to notice is that the unstable volume does not appear in the 
simulations of the unbalance force (see figure 2 and 3). On the contrary these simulations mainly shows quite small 
amplitude in this volume. This means that there are situations when it is important to consider both the particular and 
the homogenous solution before a design point is chosen. 
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Appendix A 

By introducing the substitutions Z`=e+iY*  and 0•=9*-i9*, equation (3) only subjected to a unbalance force can be 
written in complex notation as, 

-1 0121 [ 
ij 	L

0 	0 ifi. 
0 —1J i1ø  

+
[kl: - 
Lk3  k4]  

z:_le  
øJ 
	i  

 

(Al) 

 

A.1 Resonanse 
Introducing a particular solution to equation (Al ) on the form 

,2;}=z; 0;}T eir. 
	

(A2) 

gives two equations. Solving for the two unknown amplitudes Zp*  and 4,*  gives, 

_4)/(k; (1c — 1)(1 —  .1*  — 14)) and 0*,, = 14/(k; +  (k;'  — I)(1 —  J.  — 14)). 	 (A3, A4) 

Substituting equation (A3) and (A4) into equation (A2) then gives the final particular solution. Resonance will occur 
when the denominator of the complex amplitudes are zero. This gives the resonance condition  

k; —(k; —1)(4 +J —1) 	 (A5) 

A.2 Stability 
Introducing a solution to homogenous part of equation (Al) on the form, 

= q3;,}r e'r.  (A6) 

where 2 is an eigenfrequency, Zs*  and Oh*  constants in the corresponding eigenvector, gives a regular eigenvalue 
problem. Nontrivial solutions are maintained by letting the determinant of the matrix in this eigenvalue problem be 
zero. In the simplified case when .1" =0 this gives an expression for the eigenvalues as 

22  = 	+ 14)12 ± 	+14)12)2  — lc; 14 +  k;  . 	 (A7) 

If the right hand side of equation (A7) is less than zero, then 2 is a complex number and hence there exist an 
unstable solution. This means that instability occurs when, 

1(74  <k;  or in real parameters kI k4  < k2k3 	 (A8, A9) 
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Abstract 

The nonlinear vibrations of a rotor system with bearing clearance are considered. The model consists of an un-
balanced shaft with two d.o.f connected to a nonrotating massless housing by linear springs and dashpots. The 
clearance occurs when the housing (modelled as a ring) has a radius less than the stator. The behaviour of this system 
has been investigated with the use of time histories, Poincate maps, bifurcation diagrams, Lyapunov exponents, phase 
portraits, cell mapping and design space. Numerical simulations have achieved these results. The main objective was to 
find possible causes of failure in machines containing this type of clearance. The existence of subharmonic, quasi-
periodic or even possible chaotic motion has been found. It is shown that these motions may give raise to bouncing 
modes, which results in high bearing forces and hence can be a possible cause of failure. 
© 2003 Elsevier Science Ltd. All rights reserved. 

I. Introduction 

In some rotor concepts it is important to control the axial position of the rotor. This means that some part of the 
machine must have the possibility to perform an axial displacement with respect to the stator. For certain machines this 
motion is performed by the complete rotor and bearing assembly which then must be separated from the stationary 
parts. This separation creates a clearance, which is a strongly nonlinear dynamical component, and hence may give raise 
to unwanted vibrations. It is desirable to know how this type of clearance affects the dynamics of the system. Several 
studies have earlier been made on clearance effects in systems based on the Jeffcott rotor [1-6]. Even for this simple 
model with two d.o.f. it is difficult to draw conclusions which require regular geometric representation of the responses. 

The presence of a clearance implies that the rotor motion will be derived from piecewise (linear or nonlinear) equations. 
This type of discontinuity is often modelled as two states, in and out of contact where the later refers to the regular Jeffcott 
model. If the amplitudes in this model exceeds the clearance contact forces are introduced. The normal component of the 
contact force is often considered proportional to the contact displacement and sometimes also to the contact velocity. If 
rubbing is considered the tangential contact force is often modelled by Coulomb friction (see for ex. [7-9]). 

This kind of models have previous been used to discuss different periodicity and bifurcations at different sets of 
parameters [8,9]. In [10] approximate analytical solutions for a Jeffcott rotor with a snubber ring was found, while Chu 
and Zhang [11] used Fourier series and the Floquet theory to investigate bifurcations and stability. Quasi-periodic 
response was investigated by Kim in [12] and stability for full annular rub in a model with cross-coupling stiffness 
coefficients by Jiang [13]. 

* Corresponding author. 
E-mail address: magnus.karlberg@mt.luth.se  (M.  Karlberg).  

0960-0779/03/S - see front matter  C  2003 Elsevier Science Ltd. All rights reserved. 
doi:10.1016/50960-0779(03)00025-0 



654 	 M.  Karlberg,  J.-0.  Aidanpää I  Chaos,  Solitons  and  Fractals  18 (2003) 653-664 

By adding new aspects to the Jeffcott model new effects could be studied. The influence of torsion has for example 
been investigated [14] by adding a third d.o.f for the rotational angle. In [15] the dynamics of a preloaded snubber ring 
was studied. A rotor supported on oil film bearings was discussed in [16] and thermal effects due to rubbing as well as 
looseness in a stationary joint by Muszynska [17,18]. 

The model used in this paper has a rotor (still with two d.o.f) which is connected to a nonrotating massless ring by 
linear springs and viscous dashpots. As a consequence of different radius of this ring and the stiff stator (support) a 
clearance will be present. This means that the contact occurs between this nonrotating ring and the stator and not 
between the rotor and stator. 

In a regular Jeffcott model there are always restoring forces present when the centre of the rotor is displaced from the 
centreline of the supports. In the model used in this paper the corresponding restoring forces will only be present when 
the clearance has been exceeded (in contact). 

One common simplification is that the direction of the friction force is known (if it even is included). This is because 
the spin speed usually is high and hence the direction of the tangential velocity in contact approximately will be known. 
Since the ring does not rotate in the model used in this paper that simplification would probably lead to errors. 

In order to show different types of motion and transitions between them time histories, Poincare maps, bifurcation 
diagrams and phase portraits have been used. The maximum Lyapunov exponent has been used to study sensitivity to 
perturbations and cell mapping have been used to indicate the presence of multiple solutions. A subdesign space 
spanned by three design parameters and a requirement variable has been constructed. In this paper the chosen 
requirement variable is maximum normal bearing force since it can be a possible cause of failure. 

2. The model 

The model proposed in this paper is shown in Fig. 1(a). A rigid shaft with mass  (ni)  spin speed  (Q)  and eccentricity  (y)  
is connected to a nonrotating massless ring by springs of stiffness  (k)  and linear viscous dashpots with damping constant  
(c).  The outer ring is the rigid stator, which is attached to the ground. The clearance (S) is defined as the difference 
between radius of the stator and the ring. This system can be identified as a rotating shaft connected to the housing by a 
linear symmetric bearing, and the outer ring represents the stationary parts of the support. In order to maintain the 
possibility for the housing to perform axial motion with respect to the support during operation, a clearance between 
these parts has to exist. 

2.1. Equation of motion 

The rigid shaft has 6 d.o.f, but in this paper only translation in 7 and  i  direction will be considered. In Fig. 1(b) the 
position vectors to the centre of the shaft (7,) and the ring 	are shown. They can be expressed by their components 
as, 

— 
r =xi +yj 

rr =x,i+yr j.  

     

     

 

fl  

   

     

     

 

(b) 

 

(c)  

  

(a)  x, x 

   

Fig. 1. (a) The clearance model  (b)  metric  (c)  external forces. 
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The unit normal- and tangential vectors (Ti and 7) are defined from the position vector of the ring as 

±  y,  j  ) 
	

(3) 

t = =  (y,  i  — x,j) 	 (4) 
Ir,1 

The external forces are defined in Fig. 1(c). F. is the normal contact force (with the opposite normal direction so that 
0), Ft   the friction force and F,, F. the bearing forces. 

The equations of motion for the shaft is 

mX = my122  cos(52t) — 	 ( 5) 

= my522 sin(Qt) — F'„ — mg 	 (6) 

where  g  is the gravity and a over dot represents derivative with respect to time (i.e.  i  = dx/dt). Equilibrium for the ring 
gives that 

— 	1 
-= n • (F,  i  + Fri) = 	(x,•Fs + YrFy) 

Ir,i 

— 
- t • (F, + Fyi) = 	(-y,F; + 

Ir,1  

where  

(9)  

(10)  

Coulomb friction implies that 

IFti= PFn 	 (11) 

The states of the system must belong to one of the categories free flight, static contact or dynamic contact. In free 
flight the ring is not in contact with the support and hence no external forces exist. In static contact the friction are not 
fully developed and hence the ring does not move. In dynamic contact the friction is fully developed and hence the ring 
slides against the stator. 

The conditions to evaluate which category the state of the system belong to is both kinematic and kinetic. 

2.1.1. Free flight 
The condition for free flight state is that rit,I < <5 which means no contact between the ring and the support and 

hence 

F. = = F„ = F,. = 0 	 (12) 

Eq. (12) together with (5), (6), (9), (10) and initial conditions give solvable equations of motion. 

2.1.2. Static contact 
The conditions for static contact are F.> 0 and IFt  I < µF., which means that the friction is not fully developed and 

hence 

= 	= 0 
	

(13) 

This gives that the entering position of the ring will be remained as long as the state belongs to static contact. Com-
bining Eqs. (5), (6), (9), (10), (13) together with the initial conditions gives solvable equations of motion. 

2.1.3. Dynamic contact 
The conditions for dynamic contact are F„ > 0, IF1 = µF., and that the velocity of the ring only has a component in 

tangential direction so 

v„, = v, •  n  = 	i  +  j), j  ) • 	(x,  i  +  y,  I ) = 	 = 0 	 (14) 
Ir,1 

(7)  

(8)  
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The condition IA1 = µF„ together with Eqs. (7) and (8) gives 

x,F,) =(XF,+Yrg) 	 (15) 

where ß is a arameter which makes sure that  fr  is greater than zero. If the vector 	x  7, has the same direction as the 
spin vector  (k)  then the friction force will have the predefined direction and hence be positive so ß = 1. If on the other 
hand these vectors have the opposite direction the friction force will be negative and hence f3 -= -I. This can be written as 

ß = sgni_fr 	 (16) 

where  

x 7 „) • k =xfr — (17)  

Solving Eqs. (9) and (10) for the ring velocities, and then substituting those expressions into Eq. (14) gives an equation 
which contains F; and F,.. Solving this equation together with Eq. (15) for F.,. and F, gives 

F 	tv,•[k(v  -  yr)  + 0]+ xr Ik(x - xr)+ 41(13.31r + far)  
(18)  

Y,-(ßYr + 	+ ßxr - itYr) 

Pc, ilY(  F, = 	F„ 
µx, 

These equations for the bearing forces together with Eqs. (5), (6), (9), and (10) gives solvable equations of motion. 

2.2. Nondimensional form 

Introducing the nondimensional quantities  

(19)  

x y „ x, 

	

X = - , 	,  

	

7 	7 
= 	=  r 	c  

\Alm' 	2\/1—cin 
(20) 

into Eqs. (5)-(8) give  

X"  = "S-22  cos(?2i) 	 (21)  

fr"  = 	-  - fr 	 (22) 

Pn  = 	j)rty) 	 (23) 
IrI 

irFy) 	 (24) 
I j:',1 

where  

(25)  

(26)  

2 HI  2 H 
(27)  

gm 
=— 

ky  (28)  

and a prime represents derivative with respect to  i 	= di/di). In nondimensional form the conditions for free flight 
becomes I,I < 3 where 3 =  å/'.  The conditions for static contact are A, > 0 and AI < W,, and for dynamic contact 

> 0, I = pfro  and X',..i, + 	= O. By writing the equations in nondimensional form the number of parameters have 
been reduced to five (4,  fr,  p,  i  and 3). 
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3. Simulation 

The simulation codes have been written in Fortran, and the results were presented in  Matlab.  The simulations 
includes time history, Poincare maps, bifurcation diagrams, Lyapunov exponent, phase portrait, cellmapping and 
design space. The state space of this system is of order 7, which makes it difficult to visualise all dimensions in the same 
plot (for example Poincare maps to determine the periodicity). There are plots in this paper where subsets of the 
state space have been plotted even though all dimensions should be visualised in order to be able to draw general 
conclusions. 

3.1. Solution procedure 

The discrete time evolution can be simulated by the equations of motion together with the contact conditions. It is 
however a problem to determine which set of equations that are valid at each instant of time. Therefore, the main 
strategies for the simulations are discussed below. 

As mentioned earlier the state can belong to three possible categories (free flight, static- and dynamic contact). The 
valid category is determined by the kinematic condition for the radial displacement of the ring, and the kinetic con-
ditions for the normal and tangential forces. When the category for the previous increment has been determined Eqs. 
(5)-(10) is used to predict the next state. If this new state belongs to contact it is forced to be static (i.e. the velocities of 
the ring are set to zero). The friction- and normal forces in this "test state" are calculated and checked by the kinetic 
conditions. If these conditions verify that static contact is correct, then the state is preserved as it is. If however they 
show that dynamic contact should be present the tangential velocity for the ring are changed to fit the bearing forces 
which are calculated from Eqs. (18) and (19). Finally if the conditions show that the state belongs to free flight the ring 
velocities are changed to match the bearing forces, which are set to zero. When the steady state solutions are of interest 
the information is stored after at least 300 periods of the unbalance force have passed. 

The Poincare section is defined as 

= n
2ril 

where  n  = 1,2.3,... and s is the nondimensional state vector. The Poincare map is found by storing the state vector at 
each section. By taking the Poincare map at different values of one or many control parameters the bifurcation dia-
grams are built. 

The largest Lyapunov exponent is obtained by following a perturbated and unperturbated trajectory between the 
Poincare sections and analysing whether the length of the perturbation grows or shrink. By simulating the largest 
Lyapunov exponent for different values of a control parameter the Lyapunov spectrum is constructed. 

Phase portraits are constructed by using nondimensional time  i  as a parameter and then plotting the projection 

4i) of the trajectory 
In order to show whether multiple solutions are present cellmapping has been used. Starting form different initial 

conditions the last Poincare section are plotted and compared to each other. If different states arise from different initial 
conditions then multiple solutions are present. 

As high bearing force can be a cause of failure it is desirable to see how it depends of the parameters. In this paper 
the maximum normal bearing force have been chosen as the requirement variable. This variable evaluates different 
combinations of the parameters. If three of the parameters are varied (design parameters) while the rest are kept 
constant, it is possible to visualise this subdesign space. It will be a cube with different colours representing the max-
imum normal bearing force, where the axes gives the values of the design parameters. In order to see something in this 
plot slices are cut for different values of the design parameters. 

4. Results 

It is easy to understand that this model has multiple solutions. Take the case when the spin speed is zero. Due 
to friction the ring can stay at rest in an interval close to the lowest position of the support. In Fig. 2 the contact 
points in real coordinates between the ring and the ground are plotted in order to illustrates this presence of different 
solutions. The initial positions are shown in the left picture and the right picture shows that the end positions are not the 
same. 
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Fig. 2. Cellmapping when  Q  = 0,  i  = 0.1,  g  = 9.81,  k  = 1E9,  c  = 346410, m = 3000,  y  = 1E-4 and 8 = 5E-5. 

4.1. Bifürcation diagrams and Lyapunov spectrum 

There are five parameters in the nondimensional description of this system. By choosing one of them as a control 
parameter (while the others are kept constant) bifurcation diagrams can be constructed. In all bifurcation diagrams the 
control parameter increases. In order to get rid of the transient the first Poincar6 section are performed after 300 periods 
of the unbalance force and then the following 100 sections are stored. Note that when the type of motion is discussed 
below more detailed bifurcation diagrams and Lyapunov spectra's have been used beside the ones presented in this 
paper. Also Poincar6 maps at specific sets of parameters have been constructed in order to further support the con-
clusions. 

Fig. 3(a) shows a bifurcation diagram of ie with 5-'2 as control parameter in the range fi  E  [0.01 2], while the other 
parameters are set to = 0.1,  k'  = 0.2943, µ = 0.1 and 3 = 0.5. In this paper subcritical rotors are of main interest and 
Fig. 3(a) shows that there exists an interesting subcritical range .5-2  E  [0.420 0.571]. In this range solution with different 
periodicity than the driving period can be found. Fig. 3(b) shows both the bifurcation diagram and the Lyapunov 
spectrum in the range 12  E  [0.4 0.6] with the same set of parameters as in Fig. 3(a). The bifurcation diagram shows that 
period doubling bifurcations initially occurs. It also indicates that the period doubling leads to a range  

E  [0.434 0.461] where the motion transits between possible chaotic and periodic solutions. Then the bifurcation 

diagram follows a period two solution (with a jump at i2 0.470) which period doubles one time into period four and 
then back to period two. This period two transits into a range 12  E  [0.508 0.519] where the motion shifts between quasi-
periodic and periodic motion until it finally transit into period two and back to period one. 

When designing a rotor containing this type of clearance it can be valuable to understand the effect of variation of 
parameters other than rei Fig. 4(a) shows the bifurcation diagram oU and the Lyapunov spectrum with  das  the control 
parameter in the range 3  E  [0.01 2.5]. The other parameters are set to = 0.1,  kr  = 0.2943, I/ = 0.1 and 'a = 0.44. The 
bifurcation diagram in this figure indicates that initially a period one transits to a period two and then into a range 
3 a [0.478 1.079] where the solution shifts between multi-periodic and possible chaotic. Then there is a range of period 

(a) (b)  

Fig. 3. Bifurcation diagram for = 0.1,  g  -= 0.2943, it = 0.1, 3 --- 0.5 when (a)  Ö  E  [0.01 2] and  (b) 	E  [0.4 0.6]. 
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Fig. 4. Bifurcation diagram for  g  = 0.2943,  p  -= 0.1 and 12 =-- 0.44 when (a) Z" =- 0.1, S  E  [0,01 2.5] and  (b)  I = 0.5, Z  e  [0.01 0.2]. 

three followed by a range 3  c  [1.491 2.006] where again the solution shifts between multi-periodic and possible chaotic. 
Finally there is a transition into a period two and then back to period one. 

Fig. 4(b) shows the bifurcation diagram of ji and the Lyapunov exponent with  C  as the control parameter in the range  
E  [0.01 0.2]. The other parameters are set to 3 = 0.5,  k  = 0.2943,  p.  -= 0.1 and 0 = 0.44. This figure indicates that for 

low damping there is a range  C  E  [0.010 0.035] where the rotor demonstrates possible chaotic behaviour. Then the 
system transits into a period three which period doubles into a range  C E  [0.042 0.071] where the solution mainly seems 
to be chaotic. Then there is a period four which period doubles into a new possible chaotic range  C E  [0.083 0.122]. 
Then there is a transition into period seven until it again period doubles into a possible chaotic range  C E  [0.128 0.134]. 
Increasing the damping ratio further results in period five which transit into period ten followed by a quasi-periodic 
range  C E  [0.138 0.152] which finally transit into period one. 

Fig. 5 shows the bifurcation diagram of  fand  the Lyapunov exponent with as the control parameter in the range  
E  [0 0.4]. The other parameters are set to 3 = 0.5, = 0.2943,  C  = 0.1 and 52 = 0.44. This figure indicates that by 

increasing the friction coefficient a period three transit into a quasi-periodic range ti  E  [0.010 0.037] except for the range 
I(  E  [0.021 0.025], which consists of multi-periodic solutions. Then there is a range it  E  [0.037 0.063], which is domi-
nated by a period six, but shows indications of chaotic motions at some intervals. Then there is a range 
µ  E  [0.063 0.134], which mainly consists of possible chaos, but there are a few ranges which consist of multi-periodic 
solutions as well. Finally there is a period two motion which transit into a period one. 

For each bifurcation diagram the corresponding Lyapunov exponent shows that the sign changes in bifurcation 
points between periodic and chaotic or quasi-periodic motion. This means that the perturbated trajectory switches 
between attracting to and repelling from the unperturbated trajectory. The Lyapunov exponent verifies the location of 
these bifurcation points. 

0.1 	0.2 	0.3 	04 

Fig. 5. Bifurcation diagram for -- 0.5,  g'  =- 0.2943, Z = 0.1 and f2' -= 0.44 when µ  e  [0 0.4], 
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4.2. Poincaré maps and phase portraits for increasing clearance 

In order to discuss different trajectories and their periodicity, Poincare maps have been studied. The bifurcation 
diagrams show that there exist several qualitatively different Poincare maps depending on the used parameters. In this 
paper four qualitatively different Poincare maps in the ü'-plane will be illustrated. The Poincare maps consists of 20 000 
Poincare sections where the first are performed after 1000 periods of the unbalance force in order to get the steady state 
solution. In these figures four of the parameters are set to  k'  = 0.2943,  C  =- 0.1,  Q  = 0.44 and  p=  0.1 while 3 is changed 
between the figures. This means that the Poincare sections are performed for some discrete 3 values in Fig. 5(a). The 
phase portraits are plotted beside the Poincare maps in the same plane 	for 50 periods of the unbalance force in 
steady state. 

Fig. 6(b) shows the Poincare map when the clearance is set to 3 = 0.4 (see Fig. 4(a)). This figure indicates a period 
two motion because of the two distinctive points. Fig. 6(a) shows the corresponding phase portrait which also indicates 
a periodic motion. Fig. 7(b) shows the Poincare map when the clearance has increased to 3 _= 0.725 (see Fig. 4(a)). This 
figure shows the typical quasi-periodic ring structure, but the edges seems to perform some stretching and folding which 
is characteristic for chaotic attractors. Fig. 7(a) shows the corresponding phase portrait which is a rather complicated 
trajectory. 

Fig. 8(b) shows the Poincare map when further increasing the clearance to 3 = 0.97 (see Fig. 4(a)). This figure 
indicates that the motion is chaotic due to the fractal like structure of the attractor. Fig. 8(a) shows the corresponding 
phase portrait and the trajectories seems to follow a few main orbits which may explain the four islands off attractors. 

Fig. 9(b) finally shows the Poincare map when the clearance is set to 3 = 1.8 (see Fig. 4(a)). This figure also indicates 
that the motion is chaotic due to the fractal structure. The corresponding phase portrait in Fig. 9(a) shows one main 
orbit, which may explain why there is only one attractor. 

Fig. 6. Phase portrait and Poincare maps with the set of parameters -3 -= 0.4,  C  = 0.1,  k'  = 0.2943,  p  = 0.1 and 12 = 0.44. 
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Fig. 8. Phase portrait and Poincare maps with the set of parameters 3 = 0.97, Z" = 0.1, = 0.2943, µ = 0.1 and  b'  = 0.44. 

Fig. 9. Phase portrait and Poincare maps with the set of parameters 3 = 1.8, -,-- 0.1, = 0.2943, µ = 0.1 and = 0.44. 

4.3. Ring and shaft motion at low frequency ratio 

Fig. 3 shows that the first bifurcation (by the meaning of differences in periodicity with respect to the driving period) 
for a specific set of parameters occurs about 0 = 0.42. Although the motion has the same frequency as the unbalance 
force before this bifurcation point the motion will still experience some changes. These changes can be represented by 
different sequences of the three state categories (free flight, static and dynamic contact), which repeat. 

At low frequency ratio the sequence consists only of static contact. This is illustrated in Fig. 10(a) by the ring motion 
in the kV-plane (the same set of parameters as for Fig. 4 have been used in Fig. 10). The unbalance force is not enough 
to overcome the friction force and hence the ring will be stationary. Fig. 10(b) shows a closed trajectory in the cor-
responding phase portrait at the same frequency ratio. 

As the frequency increases the sequence becomes static and dynamic contact, which is illustrated in Fig. 10(c). In the 
endpoints there are static contact and between them the ring slides along the stator, which results in dynamic contact. 
The corresponding phase portrait shown in Fig. 10(d) is still a closed orbit (at least in this projection) but has changed 
in shape compared to Fig. 10. 

Increasing the frequency further results in a third sequence which consists of dynamic contact followed by free flight, 
dynamic contact and finally static contact which is illustrated in Fig. 10(e). The corresponding phase portrait shown in 
Fig. 10(1) has transit into a crossed orbit (at least in this projection) but the motion is still period one. 

4.4. Bearing force 

Some sets of parameters will in this model give rise to forces which can cause failure. Therefore it is desirable to find 
out how these forces vary with some chosen design parameters. If maximum normal bearing force in steady state is used 
to evaluate different sets of parameters (requirement variable) the total design space  D E e.  In order to visualise some 
part of this design space, two parameters are kept constant and then the requirement variable are simulated for dif-
ferent combinations of the three remaining design parameters. This subdesign space can be visualised in a volume with 
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Fig. 10. Ring motion and phase portrait with the set of parameters 3 = 0.5, = 0.1,  g  = 0.2943,  p.  = 0.1. In (a)—(b) 	= 0.010, 
in (c)—(d)  Q  = 0.3000 and in (e)—(f) isj = 0.4195. 

different colours representing the value the requirement variable. In order to see something inside this volume slices are 
cut for specific values of the design parameters. 

Fig. 11(a) shows a part of the subdesign space when damping ratio and nondimensional gravity are kept constant 
and set to 4" = 0.1 and  'g  = 0.2943. The ranges of the three remaining design parameters are set to, 0  E  [0.01 2], 
3 F [0.01 2] and it  e  [0 fl. In this figure the slices are cut at 0 = 2, 3 = 1 and µ = 0. 

=.11. 

(a) 

Fig. 11. Part of two subdesign spaces when (a) Ç  =- 0.1 and  k.  = 0.2943 and  (b)  i  -= 0.44 and  g-  = 0.2943. 
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Fig. 12. (a) Bifurcation diagram and maximum normal bearing force for  k•  0.2943, pi .= 0.11, Z.: -= 0.1, 3= 1.5 when i2  e  [0.01 2], 
and  (b)  ring motion when ir2 = 0.95. 

In Fig. 11(b) the frequency ratio and nondimensional gravity are kept constant and set to i2 = 0.44 and  k%  = 0.2943. 
The ranges of the remaining design parameters are set to  C e  [0.01 0.2], 3  E  [0.01 2] and  y e  [0 1]. The slices are cut at 

=0.5,  å =  1 and  y  -= O. 
Blue colour represent low values of the maximum normal bearing force while red colour represent forces larger than 

sixty percent of the highest force in the volume. Fig. I2(a). shows a bifurcation diagram of  x  and the resulting maximum 
normal bearing force with 0 as control parameter in the range £2  E  [0.01 2]. The other parameters are set to = 0.1,  
g'  = 0.2943,  y  = 0.1 and 3 = 1.5 (see Fig. 11(a)). Besides the resonance peak regions of subharmonic, quasi-periodic or 
chaotic motion shows high normal bearing force. In Fig. 12(b), the ring motion at = 0.95 is shown as an example of 
what kind of trajectories that can cause these high forces. The outer bold ring represents exceeded clearance, and 
obviously the motion bounces between in and out of contact, which creates high normal bearing forces. 

5. Discussion and conclusions 

A machine containing the type of clearance discussed in this paper will give raise to strong nonlinear dynamic 
behaviour. 

The existence of multiple solutions was shown by letting the bearing assembly fall to the stator from different initial 
positions with gravity as the only force (see Fig. 2). The difference in final states was a result of the existence of friction. 

Bifurcation diagrams and Lyapunov exponents have been used as tools to discuss the changes in periodicity when a 
control parameter is varied (see Figs. 3 and 4). Besides periodic motion these simulations indicates bifurcations into 
quasi-periodic or even chaotic motion. The bifurcation diagrams show that period one, period two, together with quasi-
periodic motion are dominant within the used parameter ranges. 

Figs. 6-9 shows phase portraits and Poincare maps as examples of three different types of motion found in the 
bifurcation diagrams. Fig. 6(b) indicates a period two motion due to the two discrete points while Fig. 7(b) indicates 
some kind of quasi-periodic motion due to the closed ring form. Figs. 8(b) and 9(b) shows two fractallike structures, 
which indicates chaotic motion. 

The behaviour at low frequency ratio (below the first bifurcation point in Fig. 3(b)) is illustrated in Fig. 10. Although 
a period one motion is present for the three selected frequency ratios, the phase portrait differs between them. Inter-
esting to note is that impacts can occur even for these low frequencies (see Fig. 10(e)). 

Fig. 11 shows how the maximum normal force varies with three design parameters while the two remaining pa-
rameters are held constant. In Fig. 11(a) the nondimensional gravity and damping ratio are kept constant  (k  = 0.2943 
and 	-= 0.1). From this figure it can be concluded that for low frequency ratios the force will be low independent of the 
clearance and friction. For supercritical rotors Fig. 11(a) shows that low forces appears when the clearance is small. 
Besides the resonance high normal forces are found mainly in the supercritical range for large clearance. 

In Fig. 11(b) the nondimensional gravity and frequency ratio are kept constant  (g'  = 0.2943 and £2 -= 0.44). This 
figure shows that a low clearance will result in low normal forces independent of the damping ratio and the friction. 
Low normal force is also found for really high friction (µ > 0.7) independent of damping and clearance. This figure 
shows high normal forces mainly when high clearance is combined with low damping together with reasonable values of 
the friction. Fig. 12 shows that bouncing can be present in regions with high normal force. Bouncing have been found in 
some subharmonic, quasi-periodic and chaotic motions and hence may result in failure of the machine. Without 



664 	 M.  Karlberg,  J.-0.  Aidanpää I  Chaos,  Solitons  and  Fractals  18 (2003) 653-664  

changing the complete design this can be avoided by reducing the clearance, introduce more damping or increase the 
friction. 
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Abstract 

The nonlinear vibrations of a rotor system with bearing clearance and stabilising rods are considered. In this paper 
the main objective is to evaluate effects of applying stabilising rods and from a dynamical point of view find preferable 
parameter ranges. 

A piecewise linear two degrees-of-freedom model is proposed. The system is studied and evaluated by analysis of 
steady state, bifurcation diagrams, Lyapunov exponents and contact force. 

It is shown how transition lines (which separate different categories of motion), periodicity and sensitivity to small 
perturbation are affected by the parameters defining the stability rods. By applying specific stabilising rods the peri-
odicity is changed for some parameter ranges, unstable areas are reduced, the total maximum normal contact force is 
increased while the dynamical part is mainly reduced. 

The analytical expressions for the transition limits can be used as a design tool to choose suitable parameters. It is 
concluded that the stability rods should be applied vertically and that high preloading and stiffness prevents the system 
from impact motion. The stabilising rods are effective tools to avoid nonlinear behaviors but it is necessary to carefully 
analyse the specific application. 
© 2003 Elsevier Ltd. All rights reserved. 

1. Introduction 

In some rotor concepts it is important to control the axial position of the rotor. This means that some part of the 
machine must have the possibility to perform an axial displacement with respect to the stator. For certain machines this 
motion is performed by the complete rotor and bearing assembly which then must be separated from the stationary 
parts. This separation creates a clearance, which is a strongly nonlinear dynamical component, and hence may give raise 
to unwanted vibrations. 

Several studies have earlier been made on clearance effects in systems based on the Jeffcott rotor [1-6]. Even for this 
simple two degrees-of-freedom (DOF) model it is difficult to draw conclusions based on geometric representation of the 
state. 

The presence of a clearance implies that the rotor motion will be derived from piecewise (linear or nonlinear) 
equations. This type of discontinuity is often modelled as two states, in and out of contact where the later refers to the 
regular Jeffcott model. If the amplitudes in this model exceeds the clearance then contact forces are introduced. The 
normal component of the contact force is often considered proportional to the contact displacement and sometimes also 
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E-mail address: magnus.karlberg@mt.luth.se  (M.  Karlberg).  

0960-0779/$ - see front matter  C  2003 Elsevier Ltd. All rights reserved. 
doi:10.1016/S0960-0779(03)00340-0 
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to the contact velocity. If rubbing is considered the tangential contact force is often modelled by Coulomb friction (see 
for e.g. [7-9]). 

This kind of models have previous been used to discuss different periodicity and bifurcations at different sets of 
parameters [8,9]. In [10] approximate analytical solutions for a Jeffcott rotor with a snubber ring was found, while Chu 
and Zhang [11] used Fourier series and the Floquet theory to investigate bifurcations and stability. Quasi-periodic 
response was investigated by Kim and Noah in [12] and stability for full annular rub in a model with cross-coupling 
stiffness coefficients by Jiang and Ulbrich [13]. 

By adding new aspects to the Jeffcott model new effects could be studied. The influence of torsion has for example 
been investigated [14] by adding a third DOF for the rotational angle. In [15] the dynamics of a preloaded snubber ring 
was studied. A rotor supported on oil film bearings was discussed in [16] and thermal effects due to rubbing as well as 
looseness in a stationary joint by Muszynska and Goldman [17,18]. 

The model used in this paper is based on the model proposed by  Karlberg  and Aidanpää [19]. The model consists of 
a rotor (still with two DOF) which is connected to a nonrotating massless ring by linear springs and viscous dashpots. 
As a consequence of different radius of this ring and the stiff stator (support) a clearance will be present. 

The results from [19] show that dynamical problems with high normal contact forces can occur in this system for 
several parameter combinations. In this paper, two stabilising rods are suggested as a possible solution to these dy-
namical problems. Steady state analyses are performed to find limits when the system transits into different categories of 
motion. Transition charts are used to show areas of different types of motion and to verify the analysis. Bifurcation 
diagrams are used to study different types of motion and the transitions between them. The maximum Lyapunov ex-
ponent as a function of one and two variables has been used to study the sensitivity to perturbations. Variations of the 
maximum normal contact force are used to discuss differences between a system with and without stabilising rods. 

2. The model 

The model proposed in this paper is shown in Fig. 1(a). A rigid shaft with mass (m) spin speed  (Q)  and eccentricity  
(y)  is connected to a nonrotating massless ring by springs with stiffness  (k)  and linear viscous dashpots with damping 
constant  (c).  The outer ring is the rigid stator, which is attached to the ground. The clearance  (å)  is defined as the 
difference between radius of the stator and the ring. The model also consists of two stabilising rods with stiffness  (k,).  

2.1. Equation of motion 

In Fig. 1(b) the position vectors to the centre of the shaft  (i--)  and the ring 	are shown. They can be expressed by 
their components as 

r =xi +yj, 

r, = x,i 

Fig. 1. (a) The clearance model,  (b)  metric, and  (c)  external forces. 
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where  the  origin  is in the centre  of  the stator  (outer  ring). The unit normal- and tangential  vectors 	and 7)  are defined  
from the position  vector  of  the ring as 

n =--(xi + y„j), 
17-,1 

r = = - 
r 

The unit position vectors to the forces from the stabilising rods can be expressed as, 

(5) 

e2  = - sin(a)  i  - - cos(a)  j- . 	 (6) 

Since the clearance usually is quite small the angle a is considered constant in this paper. 
The forces used in the model are defined in Fig. 1(c). F, is the normal contact force (with the direction opposite to the 

normal direction -I.:, so that Fn  a 0), F, the friction force, F, and F,, the bearing forces and F1 , F2  the stabilising forces 
from the rods. 

The equations of motion for the shaft is 

mX = my522  cos(Qt) - F. 	 (7) 

mj = my522  sin(Qt) - F, - mg, 	 (8) 

where  g  is the gravity and a over dot represents derivative with respect to time (i.e. 3 =  e).  Equilibrium for the ring gives 
that 

F„ = • [(F,7 + Fri) + F1;1 + F272] =- 	-1  [x,(F, + sin(a) - F2  sin(a)) + yr (f'y  - F1  cos(a) -F2  cos(a))], 

= -7. [(F„7 + F,7) + F171 +F272] 

==[-y,(F; -I- F sin(a) - F2  sin(a)) + x,(F, - F1  cos(a) - F2  cos(a))], 
1r,.1 

where  

(11)  

(12)  

=  Fp  + ks [(y,. + <5) cos(a) - x,sin(a)], 	 (13) 

F2  =  Fp  + ks [(y, + (5) cos(a) +  x.  sin(a)J. 	 (14) 

This means that the preloading  Fp  is defined as the loading from one stabilising rod when the ring is in the position 
(0, -.5). 

Coulomb friction implies that 

= ilF„ 	 (15) 

for fully developed friction. 

2.2. Nondimensional form 

Introducing the nondimensional quantities  

c 
= 	= 	= x  , 	=  ‘).3) 	= tN/k/m1 	= \/k/m 	,-- •  

2v' 

r 	r 	g—n 	2 = .07 	 and , 	= 	ä  = - = , 	- ky 	 ky  

into Eqs. (7)-(10) give 

(3)  

(4)  

. 
e i  = sm(a)

.  - - cos(a)  j  - ,  

(9)  

(10)  

(16) 
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= i-22 cos() - ,  

jr  = t22  sin(I) - P,, - k, 

1 

Irmi 

1  
= 	 + 	sin(a) - P2s11-1 (a)) + 	- cos(a) - P2  cos(a))], 
rI 

where 

= 	- a„) + 	- 

= (52 - + 	— 

Pp+ 	[(Pr 	cos(a) - sin ( , 

-= 	+ 	+  ä)  cos(a) + sin(a)1, 

and a prime represents derivative with respect to  i  (i.e. a' = 10. 
The state of the system must belong to one of the categories free flight, static contact or dynamic contact. In free 

flight the ring is not in contact with the support and hence no external forces exist. In static contact the friction is not 
fully developed and hence the ring does not move. In dynamic contact the friction is fully developed and hence the ring 
slides against the stator. 

The conditions to evaluate which category the state of the system belongs to is both kinematic and kinetic. 
In nondimensional form the conditions for free flight becomes 1F,.1 <5. The conditions for static contact are  P„  > 0 

and  P  <µF,, and for dynamic contact  P„  > 0, !F,1 -= pfr,, and 	+5/j, = 0. By writing the equations in nondi- 
mensional form the number of parameters have been reduced to eight  (c, g,  i,  Q,  ä,  Ft,, -5-2„ and a). 

3. Steady state analysis 

One aim with the stabilising rods is to bring the ring to a stationary position at (0,  -ä).  This means that the static 
contact category holds and hence the motion of the shaft is given by linear equations of motion. This gives a possibility 
to analyse the limits of going into dynamical contact and free flight respectively. 

In static contact when the ring is positioned at the point (0, -fi) the motion of the system at steady state is given by, 

= A sin(i21) +Bcos(), 

ji(i) =  B  sin() - A cos(I) -  ä  -  g',  

(11)  

(12)  

= 0, (13)  

= 

where  

2(t23  
- 	 B= A 	 and 

(1_i 2 ) 2  

(14)  

(29,30) 
(1 - 02)2  ± (20)2 	 (1 _

` 
i2
,2)2 	(2i-2)2 

Eqs. (25) and (26) into (21)-(24) gives, 

= 11  sin(21) + 12  cos(), 

= 12  sin(I) - Ti cos(i2i), 

= Pp, 

where 

= A - 2(i-2B 	and 	12  = B + 2A. 

(31)  

(32)  

(33,34) 

(35, 36) 

(20)  

(21)  

(22)  

(23)  

(24)  



M.  Karlberg,  J.-0. Aidanpää  I Chaos.  Solitons and Fractals xxx (2003) xxx-xxx 

Eqs. (29)-(32)  into  Eqs. (19) and (20) gives, 

= 	+ 2 cos(a), 

=  

where  

ß  = 	o, 
t -11; <0. 

3.1. Into dynamical contact 

At certain combinations of the parameters the state will transit into dynamical contact. The limit for this transition 
is, 

(25)  

Eqs. (31), (32) and (35)-(38) into (40) gives the equation, 

F11(t) = 
13 sin(i) + 14  cos(1) -  

2 cos(a) 
	 (41) 

where  

13 = nit' (A - (131µ)B)+B+(filp)A, 	 (42) 

14 = 2CK-2'  (B  (fl / 11)A) = A OMB. 	 (43) 

Eq. (41) can be interpreted as the limit preloading (for going into dynamical contact) as a function of time with period 
T = 27r/i-2. In order to maintain static contact a preloading larger than the maximum limit preloading must hence be 
applied. By introducing 

R1 (i) = 241/  (i)  cos (a) + 	 (44) 

into Eq. (41) the maximum R1  in square becomes 

= r..23 + I. 
	 (45) 

This equation represents circles with constant maximum limit preload radius  R i  ma, in the 1314-plane. Eqs. (29), (30), 
(42) and (43) into (45) gives, 

RLa„= (241/ max  cos (a) + )2  - g-41[1 + (2)2][1 + (fi/11)211 
( 1 	D2)2 ± (2ci-2)2 

which couples the maximum limit preload-radius to nondimensional parameters. ß in Eq. (46) can be replaced by 1 since 
it is squared. It then follows that the square limit preload-radius will decrease with increasing friction according to, 

.)? max 	
( 1 1:

12

p2  
(47) 

3.2. Into free flight 

Another possibility is that the state transit from static contact into free flight. The limit for this transition is,  

-P„  =o. 	 (48) 

Eqs. (31), (32) and (35)-(38) into (48) gives the equation, 

— 	
+ 16  cos(I) -  

42/  2 cos(a) 

5 

(37)  

(38)  

(39)  

(46) 

(49) 
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15  = zi-jA +B, 

16  = 2(5-2B - A. 

Eq. (49) can be analysed in the same way as Eq. (41) by replacing 13  with Is  and 14  with 16. This gives the relationship 

/1 -I- 1 = RLa„ 	 (52) 

which represents circles with constant limit preload-radius R2 „,a,, in the 1516-plane. Eqs. (29), (30), (50) and (51) into 
(52) gives, 

-5)4[1 + 
R22max  = 2Ppv max cos(a)  (a) + = 	- 

(1 - Q2 )2  + (2.(h)2  

which couples the maximum limit preload-radius to nondimensional parameters. 
Comparing the ratio between the two limit preload-radius R1  and R2  gives, 

( 2

= 
162

I R max  ) 	1 +/12 < 1 
	R2max < RI max• 

4. Simulations 

In this paper different simulation are carried out to find transition lines, bifurcation diagrams, Lyapunov spectrum 
and contact forces. To simulate the motion of this system a fixed-step fourth order Runge-Kutta integration is im-
plemented in an in-house code in Fortran. 

When changing parameters the system may undergo transitions from strictly static contact to sequences of states 
containing both static and dynamic contact. Also transitions into sequences containing free flight are possible and will 
be considered since that is a necessary condition for impacts. A transition point is found by applying an initial pre-
loading high enough to keep the system in the state it transit from. Then the amount is decreased until the transition 
occurs. This is carried out for different frequency ratios and hence a transition line is found. 

Bifurcation diagrams are used to understand how the periodicity of the system changes when stabilising rods are 
introduced. In order to get the steady state solution the data of 100 Poincare sections was collected after 300 periods of 
the unbalance force. 

Lyapunov spectras in one and two dimensions are used to discuss sensitivity to small perturbations. The length of 
the perturbation is set to 0.005 and at every 100 Poincare section the difference between the largest and lowest value was 
checked. When this difference was less than 0.005 the solution was considered to have converged. The Lyapunov 
spectrum is positioned below the bifurcation diagram whenever they occur in the same plot. 

The maximum normal contact force is an important factor for the wear of the bearings. It simulated for ranges of 
frequency ratio and nondimensional clearance. After 100 periods of unbalance force the maximum normal contact force 
of the following 100 periods are stored at every set of the control parameters. 

5. Results 

The stabilising rods are defined by the parameters a, i2, and  Fp.  Effects of varying these parameters are initially 
considered. Then two systems, with and without stabilising rods, are compared for different frequency ratios and 
nondimensional clearance. 

5.1. Effects of variations of a, 	and F,, 

Fig. 2(a) shows a transition chart between ij and Pp  in the ranges ij  E  [0.1 2.0] and  i",„  E  [0.0 36.4] for 	= 0.0, 
a = 0.0 and a = n12. When a = 0.0 white area (area 1) symbolizes motion in strictly static contact while light grey area 
(area 2) symbolizes motion which includes both static and dynamic contact. These two regions are separated by the 
solid transition line 1 which is given by Eq. (46). The grey area (area 3) symbolizes motions which can include free flight 
(impact motions) and is separated from the light grey area by transition line 2. 

6 

where  

(50)  

(51)  

(53)  

(54)  
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Fig. 2. Transition charts for i;= 0.10, g = 0.2943. µ = 0.1 and J = 0.5: (a) in the ranges Q E [0.1 2.0] and Fr E [0.0 36.4] when Q; = 0.0 and ex= 0.0 (solid lines). ex= ,r/2 (dashed lines); (b) in the ranges Q E IO. I I .OJ and Fp E I0.0 0.8] when "= 0.0 and Ds = 0.0 (solid lines), Qs = 1.0 (dashed line). The dotted line is given by Eq. (53). 

Eq. (46) gives that transition line I varies with a according to Fp,ma, - I/ cos(a). This means that a = 0.0 (within the range a E [0.0 n:/2]) will give the lowest required preloading at each given set of parameters to maintain the system in static contact. This effect is visualised in Fig. 2(a) by increasing a to n:/4 which displaces transition line I to the dashed line above. By increasing a to n:/4 transition line 2 is displaced to the dashed line directly above in Fig. 2(a). Fig. 2(b) shows the transition chart for the same set of parameters as used in Fig. 2(a) in the ranges Q E [0.1 I .OJ and 
F

p 
E [0.0 0.8] with a = 0.0. By increasing Q, from 0.0 to 1.0 the solid transition line 2 is displaced to the dashed line below. The dotted line inside the possible impact motion area is given by Eq. (53) for the same set of parameters as used in Fig. 2(a) with a = 0.0. This line symbolizes transition directly from static contact (ring position (0, -b)) inta free flight. Fig. 3(a) shows the bifurcation diagram of x, with Q as control parameter in the range Q E [0.01 2.0] when Fr = 0. l. In Fig. 3(b) the nondimensional preloading have been increased to F

p 
= 0.5. As Q increases the systern will pass through area I and 2 and inta area 3 and can be recognised in Fig. 2 as a horizontal line. Fig. 3(a) and (b) shows that no ring motion exists within area I (of course it could be period one but it has been excluded by inspection of the phase portraits). The two preloading cases shows period one motion in area 2 although the higher preloading gives a smother curve. In area 3 the lower preloading has period one motion except for a range Q E [0.55 0.65] where other types of motions may occur. For the higher preloading, the motion in area 3 consists of period one except for the range Q E [l .60 1.80] where a transition into and out from period two take place. Fig. 4(a) and (b) are performed in the same way as Fig. 3(a) and (b) with the difference that Q, have been increased to 1.0. Now both preloading cases show period one motion in area 2 and 3 while the ring is fixed in area I. 
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Fig. 3. Bifurcation diagram for ( = 0.1, g = 0.2943, 11 = 0.1. 3 = 0.5, a = 0.0 and Q, = 0.0 in the range Q E 10.01 2] when (a) Fr = 0.1 and (b) Fr = 0.5. 
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Fig_ 5_ (a) Bifurcation diagram for ( = 0-1. g = 0_2943. 11 = 0-1. cl= 0_5, f1. = Q_O_ Q = Q_44. Fp = 0.0 and f1. = o_o in the range 
Q, E [0-0 0-5]- (b) Two dimensional Lyapunov spectrum in the ranges Q, E [0-0 Q_5J and F, E [O_O D-05]-

Fig_ 5(a) shows the bifurcation diagram and the Lyapunov exponent of x, with Q5 as control parameter in the range 
Q, E [0-0 0_5] when F'r = O_O_ Starting with no stabilising rod stiffness (no stabilising rods present since the preloading is 
zero as well) the motion transit from mainly possible chaotic to period two and finally into period one_ These transitions 
can be identified in the Lyapunov spectrum where the maximum Lyapunov exponent is positive in the possible chaotic 
range, negative in the periodic ranges and increases towards zero in the bifurcation points. 

Fig_ 5(b) shows the largest Lyapunov exponent in the ranges Q, E [0.0 0_5] and Fr E [0.0 0_05]. Black colour indi
cates positive Lyapunov exponent which decreases when colour becomes lighter. The Lyapunov spectrum of Fig. 5(a) is 
the horizontal line at Fp = o_o in Fig. 5(b)_ Fig. 5(a) shows that the Lyapunov exponent reaches zero at the last bi
furcation point into period one. This bifurcation point can be identified in Fig. 5{b) as the outer light grey bow_ 

5_2_ Effects o
f 

stability rads for a specific set oja, Q, and F
P 

For the comparison between a system with and without stabilising rods the angle ais set to 0.0, the stiffness Q, to 0_5 
and the preloading FP to l _O_ Only variations of frequency ratio and nondimensional clearance will be considered which 
means that the remaining parameters are kept constant and set to ( = O_l, g = 0_2943 andµ= 0.1. 

5_2_ J_ Bifurcation diagram and Lyapunov spectras 
Fig_ 6(a) shows the bifurcation diagram and the Lyapunov exponent of x, with Q as control parameter in the range 

Q E [0.4 0.6] for the system without stabilising rods. The nondimensional clearance is set to S = 0_5_ Fig. 6(b) shows the 
corresponding bifurcation diagram and Lyapunov spectrum for the system with stabilising rods_ Fig_ 6(a) shows that 
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(a) 
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(2 	 f2 

0.5 in the range 12  E  [0.4 0.6]: (a) without and  (b)  with stabilising 

there exists a range ij  E  [0.42 0.57] where the motion is multiperiodic, quasi-periodic or even possible chaotic (see [19]). 
Fig. 6(b) shows that by applying stabilising rods this range disappears and only period one is present. The maximum 
Lyapunov exponent is negative definite. 

Note that outside the range shown in Fig. 6 both systems perform period one motion. 
Fig. 7(a) shows the bifurcation diagram and the largest Lyapunov exponent of with  ä  as control parameter in the 

range  ä  E  [0.01 2.5] for the system without stabilising rods. The frequency ratio is set to  k)  = 0.44. Fig. 6(b) shows the 
corresponding bifurcation diagram and Lyapunov spectrum for the system with stabilising rods. 

Fig. 7(a) shows that there exists a range  ä  E  [0.36 2.3] where the motion is multiperiodic, quasi-periodic or even 
possible chaotic (see [19]). Fig. 7(b) shows that this range becomes strictly period one when applying the stability rods. 
The maximum Lyapunov exponent is negative definite. 

5.2.2. Lyapunov spectras in two dimensions and contact force 
As in Fig. 5(b) the largest Lyapunov exponent can be expressed as a function of two parameters. 
Fig. 8(a) shows how the largest Lyapunov exponent varies in the ranges 12  E  [0.1 2.0] and 8  E  [0.04 2.5] for the 

system without stabilising rods. Fig. 8(b) shows the corresponding spectrum for the system with stabilising rods. White 
colour indicates that the maximum Lyapunov exponent is less than zero. Blue colour indicates that the maximum 
Lyapunov exponent is close to zero while increasing red colour represents increasing magnitude. The black solid line in 
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Fig. 6. Bifurcation diagram for 	0.1,  e=  0.2943, µ -= 0.1 and  ä  = 
rods. 

Fig. 7. Bifurcation diagram for -= 0.1, -= 0.2943, /1 = 0.1 and -5-.) = 0.44 in the range  ä  E  [0.01 2.5]: (a) without and  (b)  with sta-
bilising rods. 



ARTICLE IN PRESS 
10  M.  Karlberg,  J.-0. Aidanpää  I Chaos,  Solitons and Fractals xxx (2003) xxx-xxx 

(b) 2.5r 

2 

<ce 1 .5  

  

  

 

1 

    

 

0.5  

     

       

       

0.5 
	

1.5 
	

0.5 	1 	1.5 	2 

(c) 
	

(d)  

      

      

I-S  

    

    

.. ........  

 

  

0.5 

0.5 

 

1.5 

Fig. 8. (a,  b)  Two dimensional Lyapunov spectrum for = 0.1, = 0.2943, it = 0.1 in the ranges  e  [0.1 2.0] and 8  E  [0.04 2.5];  (c, d)  
the maximum normal contact force for the same set of parameters and ranges. (a,  c)  Without stabilising rods,  (b, d)  with stabilising 
rods. 

the low frequency ratio range is stability line 1 while the other line (at higher frequency ratio) shows stability line 2. Fig. 
6(a) and  (b)  can be identified as horizontal lines for  ä  = 0.5 in Fig. 8(a) and  (b)  respectively. Fig. 7(a) and  (b)  can be 
identified as vertical lines for 	= 0.44 in Fig. 8(a) and  (b)  respectively. 

Fig. 8(c) shows how the maximum normal contact force varies in the same ranges and set of parameters as used in 
Fig. 8(a). Fig. 8(d) shows the corresponding forces for the system with stabilising rods i.e. the same set of parameters as 
used in Fig. 8(b). Blue colour represents small amplitudes while increasing red colour represents increasing amplitude. 

Fig. 9 shows the difference in the dynamical part of the maximum normal contact force between the two systems in 
the ranges  Q C  [0.1 2.0] and  ä  E  [0.04 2.5]. This means that for the system without stabilising rods the static load  
g'  = 0.2943 have been subtracted while also the preloading 2Fp  = 2.0 (since a = 0.0) have been subtracted from the other 
system. White colour indicates that the dynamical part of the maximum normal contact force is greater without sta-
bilising rods. Blue colour indicates that the difference is close to zero while increasing red colour represents increasing 
magnitude. If the static part is included the system with stabilising rods shows larger normal contact force in the whole 
area. 

6. Discussion and conclusions 

Eq. (54) proves that the limit preloading to transit from static contact in ring position (0, 4) into dynamical contact 
is higher than to transit into free flight in steady state. This means that if a higher preloading than the limit for going 
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Fig. 9. Difference in the dynamical part of the maximum normal contact force for =- 0.1,  k,  = 0.2943,  p  =- 0.1 in the ranges  
e  [0.1 2.0] and 3 a [0.04 2.5]. 

into dynamical contact is applied the system must remain in static contact (since there is no other possible category of 
state to go into). 

From Eq. (46) together with (54) it can be concluded that a = 0.0 gives the lowest required preloading to keep the 
system in static contact in steady state. This required preload decreases with increasing friction coefficient while on the 
other hand the stiffness  ä,  does not affect it at all. Eqs. (46) and (53) can be used as a design tool to choose satisfying 
parameters. 

Fig. 2(a) indicates that the limit preloading for both transition line 1 and 2 increases with increasing angle a which 
confirm that a = 0.0 is a good choice. It has earlier been shown numerically [19] that due to friction there exist a range 
for the ring position near (0,  —ä)  which can keep the system in static contact. This means that by choosing another ring 
position in static contact the transition line 1 would be slightly displaced. Fig. 2(a) also shows that depending on the 
amount of preloading and frequency ratio, the motion can consist of purely static contact (area 1), static and dynamic 
contact (area 2) or trajectories which may include free flight (area 3). Fig. 2(b) indicates that the limit preloading for 
transition line 2 decreases with increasing stiffness  Q.  This means that area 3 where impact motion may occur is re-
duced. Fig. 2(b) also indicates that Eq. (53) can be an approximation to transition line 2 which overestimates the system 
since it gives lower required preloading than the simulated values for every frequency ratio within chosen range. It is 
however important to notice that by Eq. (53) this transition is independent of  ä  while on the other hand Fig. 8(a) and  (b)  
shows significant dependency of  ä.  

Fig. 3 and 4 shows that the preloading and stiffness  ä,  affects the dynamical behavior within the possible impact 
motion area (area 3). Fig. 3 also indicates that the range with different motion than period one moves up in frequency 
with increasing preloading. It is important to notice that a system which is running in area 3 does not necessary has to 
perform impact motion. On the contrary there can be really smooth motion present. It is only stated that impact motion 
is possible in this area. 

When  ä,  is increased the motion is stabilised in Fig. 5(a), and Fig. 5(b) shows that less preload is needed to keep the 
system in period one. 

The aim of the stabilising rods has to be decided in order to choose a magnitude of 0,. If the aim is to keep the 
system in static contact the magnitude of  ä,  is not important (of course there are practical aspects to consider as well 
such as the fact that the stabilising rods must be able to produce the required preloading). If on the other hand the aim 
is to keep the system from possible impact motions (allow dynamical contact) then as high äs  as possible seems to be 
preferable. Another aspect of choosing -0, is that in order to get the magnitude 1.0, the stiffness of the stabilising rods 
has to equal the bearing stiffness. Such high stabilising rod stiffness can be hard to achieve and in practice magnitudes 
less than 0.5 may be a reasonable choice. 

If the preloading is high enough to keep the system in static contact the differential equations become linear and 
hence the motion is well known. On the other hand a high preload increase the nominal stresses of the structure, and 
hence as low preload as possible should be used to fulfil the dynamical requirements. 

Figs. 6 and 7 indicates that by the specific choice a -= 0.0,  ä,  = 0.5 and  Fp  = 1.0 it is possible to change periodicity to 
strictly stable period one. 

For the same choice of a, 0, and  Fp  a comparison between Fig. 8(a) and  (b)  shows that the unstable area in the low 
frequency ratio range disappears when these particular stability rods are applied. One possible explanation to this is 
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that transition line 2 is shifted to higher frequencies when the stability rods are applied. Hence the unstable area shifts 
from being in area 3 to area 2. The unstable areas around and above resonance are still in area 3 when applying the 
stability rods, and does not completely disappear but are significantly reduced. 

A comparison between Fig. 8(a) and  (c),  and between Fig. 8(b) and  (d)  indicates that areas with high maximum 
Lyapunov exponent seems to have strong effect of the maximum normal contact force. Increased maximum normal 
contact force is found in area 3 where impact motion is possible. Area 3 is reduced when the stabilising rods are applied. 

Fig. 9 shows that there exist areas mostly above but also around resonance where the dynamical part of the 
maximum normal contact force becomes higher with the stabilising rods. If the static part is included the whole area 
shows higher force when these particular stability rods are applied (compare Fig. 8(c) and  (d)).  

It can be stated that in order to avoid large contact forces the machine should run in area 1 or 2. These areas are 
larger when the stabilising rods are applied which hence give more possibilities to design a robust machine. Nonlinear 
vibrations can be successfully avoided by applying stabilising rods. It is although important to choose the right pa-
rameters since there exist ranges where the motion will get worse. 

Acknowledgements 

The present work is a project in the  Polhem  Laboratory at  Luleå  University of Technology, one of VINNOVA's (the 
Swedish Agency for Innovation Systems) competence centre. 

References 

[1] Childs DW. Fractional-frequency rotor motion due to nonsymmetric clearance effects.  J Eng  Power 1982;104:533-41. 
[2] Ehrich  FF.  High order subharmonic response of high speed rotors in bearing clearance.  J  Vib, Acoust, Stress Reliab Des 

1988;110:9-16. 
[3] Groll  G,  Ewins DJ. The harmonic balance method with arc-length continuation in rotor/stator contact problems.  J  Sound Vib 

2001;241:223-33. 
[4] Ganesan  R.  Dynamic response and stability of a rotor-support system with non-symmetric bearing clearance. Mech Mach Theory 

1996;31:781-98. 
[5] Choy FK, Padovan  J,  Yu  C.  Full rubs, bouncing quasichaotic orbits in rotating equipment.  J  Franklin Inst 1990;327:25-47. 
[6] Choy FK, Padovan  J,  Li  WH.  Rub in high performance turbomachinery, modeling, solution methodology and signature analysis. 

Mech Syst Signal Process 1987;2:113-33. 
[7] Beatty  RF.  Differentiating rotor response due to radial rubbing.  J  Vib, Acoust, Stress Reliab Des 1985;107:151-60. 
[8] Lffi F, Schoen MP,  Korde  UA. Numerical investigation with rub-related vibration in rotating machinery.  J  Vib Control 

2001;7:833-48. 
[9] Karpenko  EV,  Wiercigroch M, Cartmell MP. Regular and chaotic dynamics of a discontinuously nonlinear rotor system. Chaos, 

Solitons & Fractals 2002;13:1231-42. 
[10] Karpenko  EV,  Wiercigroch M, Pavlovskaia EE, Cartmell MP. Piecewise approximate analytical solutions for a Jeffcott rotor with 

a snubber ring.  Int J  Mech  Sei  2002;44:475-88. 
[11] Chu F, Zhang Z. Bifurcation and chaos in a rub-impact Jeffcott rotor system.  J  Sound Vib 1998;210:1-18. 
[12] Kim  Y-B,  Noah  ST.  Quasiperiodic response and stability analysis for a nonlinear Jeffcott rotor.  J  Sound Vib 1996;190:239-53. 
[13] Jiang  J,  Ulbrich  H.  Stability analysis of sliding whirl in a nonlinear Jeffcott rotor with cross-coupling stiffness coefficients. 

Nonlinear  Dyn  2001;24:269-83. 
[14] Edwards S, Lees AW, Friswell MI. The influence of torsion on rotor/stator contact in rotating machinery.  J  Sound Vib 

1999;225:767-78. 
[15] Karpenko  EV,  Pavlovskaia EE, Wiercigroch M. Bifurcation analysis of a preloaded Jeffcott rotor. Chaos, Solitons & Fractals 

2003;15:407-16. 
[16] Chu F, Zhang Z. Periodic, Quasiperiodic and chaotic vibrations of a rub-impact rotor system supported on oil film bearings.  Int J 

Eng  Sei  1997;35:963-73. 
[17] Goldman  P.  Muszynska A. Rotor-to-stator, rub-related, thermal/mechanical effects in rotating machinery. Chaos, Solitons & 

Fractals 1995;5:1579-601. 
[18] Muszynska A, Goldman  P.  Chaotic responses of unbalanced rotor/bearing/stator systems with looseness or  rubbs.  Chaos, Solitons 

& Fractals 1995;5:1683-704. 
[19] Karlberg  M, Aidanpää J-0. Numerical investigation of an unbalanced rotor system with bearing clearance. Chaos, Solitons & 

Fractals 2003;18:653-64. 





The 10th International Symposium on Transport Phenomena and 
Dynamics of Rotating Machinery 

Honolulu, Hawaii, March 07-11, 2004 

Paper ID 062 

NONLINEAR DYNAMICS DUE TO LOSS OF CONTACT IN PRELOADED SPHERICAL 
ROLLER THRUST BEARINGS 

Magnus  Karlberg,  
Dept. of Applied Physics and Mechanical 

Engineering, Div. of Computer Aided Design  

Luleå  University of Technology 
SE-97187  Luleå  

+46 (0)920 492418 
maka@cad.luth.se  

ABSTRACT 
Spherical roller thrust bearings are commonly used 

as supports in rotating machineries. Axial preloading is 
applied to avoid loss of contact, which gives a sudden 
decease of the stiffness. The objective for this paper is to 
describe the nonlinear vibrations with a simple model 
and give suggestions on how to avoid them. 

A two-degrees-of-freedom model is proposed. 
Nondimensional analytical expressions of the limit for 
keeping the system in full or partial contact in steady 
state are derived. Bifurcation diagrams, Maximum 
Lyapunov exponent (1D and 2D), Poincare map and 
simulations of the basins of attraction are performed. 

Parameter ranges are shown where one or two of the 
derived particular solutions are possible. These 
expressions also give a minimum required 
nondimensional preloading to keep the system in full 
contact when transients are excluded. Jump 
phenomenons and ranges of nonperiodic motion are 
found in bifurcation diagrams and also indicated by 
maximum Lyapunov exponent. 

If the preloading becomes too small it is shown that 
nonperiodic motion may exist. The paper shows that 
analysis of minimum preload is necessary to avoid 
unwanted nonlinear dynamics. By use of the presented 
analytical tools the limit preload can be estimated. 

INTRODUCTION 
Spherical roller thrust bearings can be found as 

supports in many rotating systems. One advantage with 
these bearings is that they can support both radial and 
axial loads. An axial preload is applied in order to avoid 
loss of contact between the rolling elements and the 
raceway. A high preload gives shorter lifetime of the 
bearing, so it is an advantage to keep it as low as 
possible. A low preload on the other hand is indeed 
better for the wear of the bearing but then the system 
becomes more sensitive and may loose full contact. 

The force-displacement relationship of Hertzian 
contact in these kinds of bearings is described by Harris 
(1991). This is a rather detailed description which has 
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been used to justify the simplified model proposed in 
this paper. Studies have earlier been made on systems 
which changes stiffness when critical displacement(s) is 
exceeded. Childs (1982), Ehrich (1988) studied 
subharmonic responses of similar systems with bearing 
clearance which lead to stiffness discontinuities. 
Ganesan (1996) studied stability of the same model used 
by Childs (1982). Kim et al. (2003) studied effects of 
replacing the  signum-  and absolute functions with 
smoothening functions. Radial internal clearance of ball 
bearings was investigated by Tiwari et al. (2000) by a 
detailed model. Preloaded systems have also been 
studied. As an example Karpenko et al. (2003) 
investigated radial preloading of a Jeffcott rotor with a 
snubber ring. Axial preloading of a system supported on 
angular contact ball bearings were studied by  Alfares  
and Elsharkawy (2003). Liew et al. (2002) studied 
nonlinear dynamics of rolling element bearings systems. 

In this paper a nonlinear model of an axially 
preloaded system supported on spherical roller thrust 
bearings has been proposed. The nonlinearity is due to 
the reduced stiffness which occurs when the radial 
displacement becomes too high. Effects of this 
discontinuity are studied and possible explanation 
proposed. The objective, besides describe and explain 
possible nonlinear dynamics, is to give suggestions on 
how to avoid loss of full contact. This information is 
valuable to avoid serious damage due to contact loss. 

NOMENCLATURE  
Fp  ,  Fp, 	Axial-, Radial preloading  
i, j 	Unit direction vectors  

Rotor mass 
Spin speed 
Eccentricity 
Radial stiffness 
Damping constant 
Damping coefficient 
Gravity 
Time 
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Coordinates in  i  and  j  direction 

Forces in in  i  and 7  direction 
Radial position vector, magnitude 
Expanded-, compressed radial spring force 

Total radial spring force 

Stiffness coefficient 
Nondimensional quantities 

THE MODEL 
Fig. 1 shows a physical model of a rotating shaft 

supported by roller thrust bearings (RTB). A constant 
preloading F, is applied in axial direction with the aim to 
keep all rollers in contact with the raceway (full contact). 
For simplicity the rollers can be considered as the only 
flexible parts while the other parts are assumed stiff. In 
order to reduce the state space only translation in  i  and  
j  directions will be considered. When the radial 

displacement of the shaft exceeds the radial compression 
of the rollers created by the preloading some of the 
rollers will loose contact. When this occur the bearing 
stiffness will rapidly decrease since some of the springs 
(rollers) becomes inactive. The assumption in the model 
is that the resulting stiffness in radial direction will 
decrease fifty percent. 

Fig. 1. The physical model. 

Fig. 2 shows the theoretical model achieved by the 
assumptions above. The rigid shaft has mass (m) spin 
speed (0) and eccentricity  (y)  and is connected to the 
housing by the RTB modelled as springs with stiffness  
(k,),  and linear viscous dashpots with damping constant  
(c).  The radial position vector r have the components  x  
and  y  in the direction  i  and  j  respectively. The model 

includes gravity which is denoted  g.  

x  

Fig. 2. The theoretical model.  

EQUATION OF MOTION 
The equations of motion for the shaft in Cartesian 

coordinates is, 

--, my 92  cos(2t)— +F, 	 (1) 

= my S22  sin(Ot)— C5,  4- F, —mg 	 (2) 

where F, and F, are the forces from the RTB on the 
shaft. The unit position vector to the centre of the shaft 
is, 

r = (xi+ yj)/r 	 (3) 

where 

r = .x:17-7i-- y 2  . 	 (4) 

Let  Fp,  be the radial preload applied at each spring 

in Fig. 2. This means that the radial force of the RTB on 
the ring from each spring can be expressed as, 

Fri  = —k„r + Fpr  

F,2  = —k,r — Fp„.  

F„, is the force from the expanding spring and F,2  
from the compressed. The compressed spring will hence 
always be in contact while the expanding one may loose 
contact. The kinematic condition for loosing full contact 
can be written as, 

{

full contact k,r <  Fp,  
partial contact krr Fpr  (7) 

By Eq. (3) and (4) the resulting radial force from the 
RTB to the shaft can now be expressed as 

2 

x, y 

F,, F, 
r, r 

F,2  

F,  

(5)  

(6)  



—  2k,,  k,r < Fp, 
— (k, + Fp,  r)  kr Fp,"  

Introducing the nondimensional quantities, 

2' 	2'  
C 	r 	gm 	Fp, 

= 	— , - 	and  Fp, =--,--- 
4.1km 	Y 	k 	k  r 

into Eqs. (1), (2), (4), (9), (10) and (11) give, 

+ 24".r— a =1'22  COS(11) 

" + 2 ; — ecy" = e22  sin 	k  

where  

—2 

— (1+ 

a= 

j)  pi  = Bsin(e)i)— A cos(Iii) — 5'/2, 	 (17)  

pi  = A sin(Ol) + B cos(l)  (16) 	
(1 + Pp, — 	)1'2 2  

D —  
(1+ Pp,./i —5-22 )2  + (24i2)2  

Fp,./i-1-1-r +(24-e2)2  

3  
A= 	

24" 
 
(2 — g2 2  ) 2  + (2ö)2  

B= 	ö2 )ö2  
(2 — e22  )2  +(2O)2  

= 	  (27) 
(18) (1— y+(24- -ly 

(19) Limit contact conditions when gravity is excluded 

{
— k,r — Fp„  k ,r  Fp,. 	 (8)  

—2k,r k,.r <  F p,. 	 By the substitution  ji*pi  = 	+/2  into  Eq.  (17),  

This force can then be expressed by components in  
i  and  j  directions as, 

Fr  = 02C  Fy  = ay 
	

(9), (10) 
	

(20) 

where, 
	 1A2 — 5'2 2 )2  + (2; i2)2  

the nondimensional radial displacement in the i-ji` - 

plane is, 

STEADY STATE ANALYSIS 
Since the equation of motion is piecewise it can be 

treated separately in full and partial contact. 

Hence, the trajectory is a circle with radius I', 
where the origin is positioned in (0, —k/2 ) in the  i;  - 
plane. During one period of this trajectory the maximum 
and minimum radial displacement becomes, 

2 
i'max  = + k/2 — 

g121 

+ k/2 

k/2 

(21)  

(22)  

(2_ 1'22  )2  ± (24-e2)2  

(2O2  y +(24-e2y  

Partial contact 

(13) In partial contact ( 	) the stiffness becomes 
(14)  

= —1— fr/,and hence is a function of and 57. If 

it is assumed that the trajectory in steady state is a circle 
in the ij, -plane, then  i  becomes the constant radius of 

these circles and hence  å  is constant. Without gravity 
(15) the centre of the circular trajectories is the origin. If on 

the other hand gravity is present it is not even sure that a 
circular trajectory is a solution. Without gravity and the 
assumption of circular trajectories one particular solution 
is, 

(12) 

Full contact 
Eqs. (13)-(14) give the solution for the motion in full 

contact and partial contact depending on the contact 
condition Eq. (15). Since  er  =-2 in full contact 

( < Pp» the equations of motion becomes linear and 

hence the particular solution is,  

kp2 = C sin(hi) + D cos(Öi) 	 (23) 

= D sin(S'2i) — C cos(e2i) , 	 (24)  

where  

2;1'23  
(25)  

(26)  

where,  
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,•2  2 

1/(2 — 	+(2;O 
'pd 

I im  (28) 

0.5 1.5 2 

The limit preloading for changing contact state 

between full and partial is  i  =P  (see Eq. (15)). This 

limit condition together with Eqs. (13) and (14) for full 
contact (a = —2) without gravity gives 

In partial contact the limit condition together with Eq. 
(27) gives the same result as Eq. (28). 

RESULTS 
To simulate the motion a fixed step fourth order 

Runge-Kutta integration has been implemented in an in-
house code in Fortran. The Poincard sections are 
defined as 

15 

10 

5 

1'2 

Fig. 3. Particular solutions and bifurcation diagrams 

when ; = 0.05 and  P.  = 5.0. 

(29) 	Fig. 4 shows the projection in the iiTy -plane of the 

basins of attraction when 12 = 1.2,  P pr  = 5.0 and 

= 0.05, and the other initial conditions are set to zero. 

The red dot represents the attracting point (at chosen 
Poincare section) for one of the solutions of partial 
contact. The black area represents the corresponding 
projected basin of attraction. The blue dot is the 
attracting point for full contact and white area 
corresponding projection of the basin of attraction. 

The motion is considered to be in steady state when 
200 rotor revolutions have passed. 

Gravity excluded 
When gravity is excluded ( = 0) the steady state 

solution(s) is found for both full and partial contact. The 

solution for  i  in full contact given by Eq. (20)  (P  =  i*  
when  k=  0) is shown in Fig. 3 as a solid black curve. 

The damping ratio is set to ; = 0.05 in Fig. 3. The green 

curves represent the solutions of  i  in partial contact 

given by Eq. (27) when  P  = 5 .0 . The amount of 

preloading is illustrated with a dashed black line in Fig. 
3. The blue stars and red dots is the bifurcation diagrams 
for increasing and decreasing frequency ratio when 

Pp, =5.0. Ranges of the frequency ratio where full 

contact is the only possible solution are illustrated with 
white background colour. Grey colour indicates the 
range where both full and partial contact is possible. In 
the range of dark grey colour only partial contact is 
possible. In the white ranges the bifurcation diagrams 
shows period one motion both when increasing and 
decreasing the frequency ratio. In the dark grey range 
both diagrams show period one motion in one of the 
partial contact solutions. In the grey range the motion for 
increasing frequency ratio follows full contact period 
one. However, for decreasing frequency ratio the motion 
follows one of the partial contact period one solutions. 

Fig. 4. Projection of the basins of attraction in the 	- 

plane, when 1̂-2 =1.2 , 	=0.5 and 4" = 0.05. 

Gravity included 
When gravity is included steady state solution is 

only derived in full contact. The black lines in Fig. 5 is 
the maximum and minimum limit preload in full contact 
during one period of the trajectory as a function of the 
frequency ratio (Eq. (21) and (22)). The parameters are 
set to ; = 0.01 and  k  =0.05. These two curves 

separates the parameter area into three different parts. In 
the white area full contact is a possible solution. In the 
grey area only a part of the trajectory satisfy the full 
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2' 0.3 
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0.15 

contact condition and in the dark grey area full contact is 
impossible. The red regions represent parameter ranges 
where the maximum Lyapunov exponent is greater than 
-0.07. 

0.26 

7 
0.24- 

0.22 

Fig. 5. Two dimensional Lyapunov spectrum when 
; = 0.01 and hr = 0.05 . 

Fig. 6 shows the bifurcation diagram and maximum 

Lyapunov exponent of  i  with e2 as control parameter. 

The other parameters are set to  fr 	0.25, = 0.05 

and 	= 0.01. There is a range Oa [0.625 0.629] where 

nonperiodic motion is possible. This is also verified by 
the maximum Lyapunov exponent which is mainly zero 
or greater in this range. 

0.3 

0 45- 
0.15 

0 4 a 
0.! 	CD 

0 35 

0 3 0.05 

0.25 IV 	1 
IJ 0 

0 2 
`14 

-0.05 
0.15r 

HI--  -0.1 
0 1 0.61 	0.615 0.62 0.625 0.63 0.635 0.64 

Fig. 6. Bifurcation diagram and Lyapunov spectrum 

when Pp, = 0.25, = 0.05 and ; = 0.01. 

Fig. 7 shows the Poincare map in the  i i'  -projection 

when el = 0.628 and the other parameters are the same 
as in Fig. 6. 

0.2 - 

v34 0.36 0.38 0.4 0.42 0.44 0.46 

Fig. 7. Projection of the Poincare map in the??' -plane 

when e2 = 0.628, 	= 0.25,  h  = 0.05 and ; = 0.01 . 

DISCUSSION 
In full contact the particular solution is independent 

of the preloading (see Eq. (16)-(19)), while a 
dependency exists in partial contact (see Eq. (23)-(26)). 
When gravity is excluded the limit for transitions into or 
out of full contact are given by Eq. (28). This limit is the 
same as the radial displacement in full contact (compare 
Eqs. (20) and (28)). By choosing a preloading greater 
than the limit preloading a solution in full contact is 
possible. This can hence be used as a design tool to 
choose a suitable preloading. In Fig. 3 this would 
represent a preloading above the solid black line. When 

5.0 the particular solutions of? in partial contact 

only has solutions in the supercritical range. This is 
because the expressions inside the square root of Eq. 
(27) becomes negative at a certain frequency ratio and 
hence no real solution exists. At this particular 

preloading there is a range el  E  [1.2 1.31 where particular 

solutions for both full and partial contact exist (Grey 
range in Fig. 3). In this range the system may perform 
jump phenomenons. When increasing the frequency ratio 
a jump occurs when full contact becomes impossible 
(see blue stars in Fig. 3). When the frequency ratio is 
decreased a jump occurs when partial contact becomes 
impossible (see red dots in Fig. 3). The frequency ratio is 
increased with small steps when creating bifurcation 
diagrams so the introduced transient at each step is 
small. This explains why the motion stays at the same 
attractor in the grey area where multiple solutions is 
present. 

Since the grey range holds multiple solutions the 
transient determine which solution the motion will 
converge to. Fig. 4 shows a projection of the basins of 
attraction to full contact and to one of the partial contact 
solutions. It is likely that the other partial contact 
solution is unstable since no initial condition within the 
shown range converged to that one. 

When gravity is introduced to the system it becomes 
possible to find areas where nonperiodic solutions exist. 
Fig. 5 shows how the maximum Lyapunov exponent 

varies with el and 	There exist areas where this 
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exponent reaches magnitudes of zero which is an 
indication of quasiperiodic motion. Interesting to notice 
is that the highest maximum Lyapunov exponents are 
found inside the grey and dark grey areas. 

The bifurcation diagram in Fig. 6 indicates that 
when gravity is included there exist ranges of 
nonperiodic motion. This is further verified by the 
maximum Lyapunov exponent which is close to zero in 
the same range. In order to confirm what type of motion 
that is present in the specific range and set of parameters 
used in Fig. 6, the Poincar6 map is created. Fig. 7 shows 
this map in the  i i'  -projection inside the nonperiodic 
range in Fig. 6. The closed ring structure indicates 
quasiperiodic motion. 

In general one can conclude that nonlinear motions 
are more likely to be found in systems with RTBs if the 
preloading is low (see Fig. 5). By applying a preload 
higher than the limit preload (Eq. (28)) full contact is 
always a possible solution. It is however important to 
notice that even if a preload higher than the limit is 
applied, it is still possible that other solutions exist (see 
grey area in Fig. 3). 

ACKNOWLEDGEMENT 
The present work is a project in the  Polhem  

Laboratory at  Luleå  University of Technology, one of 
VINNOVA's (the Swedish Agency for Innovation 
Systems) competence  centra.  

REFERENCES  
Alfares  M.A. and Elsharkawy AA., 2003, "Effects of 
axial preloading of angular contact ball bearings on the 
dynamics of a grinding machine spindle system", 
Journal of Materials Processing Technology, 136, pp. 
48-59. 

Childs, D.W., 1982, "Fractional-Frequency Rotor 
Motion Due to Nonsymmetric Clearance Effects", 
Journal of Engineering for Power, 104, pp. 533-541. 

Ehrich, F.F., 1988, "High Order Subhannonic Response 
of High Speed Rotors in Bearing Clearance", Journal of 
Vibration, Acoustics, Stress and reliability in design, 
110, pp. 9-16. 

Ganesan,  R.,  1996, "Dynamic Response and Stability of 
a Rotor-Support System with Non-symmetric Bearing 
Clearances", Mech. Mach. Theory, 31, pp. 781-798. 

Harris, T.A., 1991, "Roller Bearing Analysis, 3rd edn." , 
Wiley, New York. 

Karpenko  EV.,  Pavlovskaia E.E.  and  Wiercigroch  M., 
2003,  "Bifurcation analysis of  a  preloaded Jeffcott  
rotor",  Chaos, Solitons  8c  Fractals,  15,  pp.  407-416. 

Kim, T.C., Rook, T.E and Singh  R.,  2003, "Effect of 
smoothening functions on the frequency response of an 
oscillator with clearance non-linearity", Journal of 
Sound and Vibration, 263, pp. 665-678. 

Liew A., Feng  N.  and Hahn  EJ.,  2002, "Transient 
Rotordynamic Modeling of Rolling Element Bearing 
Systems", Journal of Engineering for Gas Turbines and 
Power, 124, pp. 984-991 

Tiwari M., Gupta  K.  and Prakash 0., 2000, "Effect of 
Radial Internal Clearance of a Ball Bearing on the 
Dynamics of a Balanced Horizontal Rotor", Journal of 
Sound and Vibration, 238, pp. 723-756. 

6 



NR:  2003:45 
LULEÅ 	ISSN:  1402-1757  

TEKNISKA 	 ISRN: LTU-LIC--03/45--SE  
UNIVERSITET  

Utbildning  

Licentiate thesis 

Institution  

Tillämpad fysik, maskin-  och materialteknik 

Avdelning 

Datorstödd maskinkonstruktion 

Upplaga  

Datum 

2003-10-06  

Titel  

Concept Evaluation and Contact Problems in Simple Rotordynamical Systems  

Författare 	 Språk 

Karlberg,  Magnus 	 Engelska 

Sammanfattning  

Rotating machines serves an important role in many different applications. Extensive 
research has been made, manly during the last century, in order to develop these systems 
and understand the dynamics. The theory of rotordynamics differs in many fundamental 
aspects from structural dynamics and is therefore usually treated as an own research area. 
In rotordynamical applications there exist several qualitatively different concepts. For 
example super- and subcritical machines supported on different types of bearings like 
ball-, roller- or journal bearings etc. At the early stage of the product development, the 
problem is often to find a general tool which can be used for dynamical evaluation of 
these concepts. Many concepts also contain significant nonlinearities which need to be 
studied separately. One such nonlinearity is a clearance which arises between a fixed 
support and an axially movable bearing assembly. Another nonlinear effect is the loss of 
contact which can occur in preloaded spherical roller thrust bearings. The aim is hence to 
present a method to dynamically evaluate different rotordynarnical concepts, describe 
nonlinear effects due to these contact problems and suggest suitable design parameters. 
For the concept evaluation a linear model which captured the gyroscopic effect is 
proposed, while the contact problems are handled with nonlinear models (usually 
piecewise linear). The governing equations of motion are solved analytically in the linear 
case but needs to be simulated 	(cont.) 

Granskare/Handledare  

Jan-Olov Aidanpää  

URL:  http://epubl.luth.se/1402-1757/2003/45  



Universitetsti-yckenet,Luleå 


	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73



