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ABSTRACT 

A stereo camera system together with a single projected fringe pattern and one 
image recording is used to measure 3D-shape. The idea is to make the 
measurement quick enough to be able to use the method when testing quality 
on-line in manufacturing industry. For this to be possible the digital master 
(e.g. the CAD model) of the object is used to find homologous points, i.e. 
points corresponding to the same object point, in the cameras. Given the 
homologous points the shape can be calculated using optical triangulation. In 
the results of the shape measurement it can be seen that as long as the object 
has approximately the same shape as expected (the same shape as the digital 
master) the method works. For the setup used in these measurements the 
accuracy was 40±≈  μm. However, large deviation from the digital master will 
be incorrectly detected due to the fact that the phase in the images is wrapped. 
An analytical expression for the maximum detectable deviation is calculated 
and for the setup used it became 6.1±≈  mm. 

Since the accuracy in the shape measurement depends on the phase error 
an analytical expression for this is derived. It is seen that the phase error 
becomes large if the fringe modulation is low and the speckle contrast in the 
fringe pattern is high. The phase in the fringes is determined using a Fourier 
filter method which gives that the phase error also depends on the size of the 
filter in the Fourier spectrum. To reduce the phase error focus has been put 
on suppressing the speckles by moving the aperture. It is verified by 
simulations and experiments that this method reduces both the speckle 
contrast and the phase error by 60 % for a movement of three aperture 
diameters.  
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THESIS 

This thesis consists of a summary and the following two papers: 

Paper A S. Rosendahl, E. Hällstig, P. Gren, and M. Sjödahl, "Phase errors 
due to speckles in laser fringe projection," submitted for 
publication (to Applied Optics). 

Paper B S. Rosendahl, E. Hällstig, P. Gren, and M. Sjödahl, "Shape 
measurement with a stereo camera system using one fringe 
pattern recording," submitted for publication (to Applied 
Optics). 

 

 

v 





 

Contents 
PREFACE........................................................................................................ I 

ABSTRACT ................................................................................................... III 

THESIS .......................................................................................................... V 

PART I SUMMARY ....................................................................................... 1 

1. INTRODUCTION..................................................................................... 3 

2. 3D SHAPE MEASUREMENT ...................................................................... 5 

3. PATTERN PROJECTION........................................................................... 9 

3.1 Speckle projection............................................................................... 9 

3.2 Fringe projection................................................................................. 9 

3.3 Phase error .........................................................................................10 

3.4 Speckle reduction...............................................................................11 

4. STEREO CAMERA SYSTEM ......................................................................13 

4.1 Homologous points ............................................................................13 

4.2 Stereo camera equations .....................................................................14 

5. EXPERIMENTAL SETUP...........................................................................17 

6. SUMMARY OF THE RESULTS...................................................................21 

6.1 Speckle and phase error reduction ......................................................21 

6.2 Shape measurements...........................................................................23 

7. CONCLUSIONS AND FUTURE WORK.......................................................25 

8. SUMMARY OF APPENDED PAPERS ...........................................................27 

9. REFERENCES.........................................................................................29 

PART II PAPERS .........................................................................................33 

 

vii 





 

 

 

 

Part I 

Summary 

 

 

1 





 

1.  INTRODUCTION 

Shape measurements can be done optically using several different techniques. 
All the techniques are non-invasive and they are also usually fast and have 
high accuracy. Depending on the technique it is also possible to make the 
measurements robust. Some kind of optical measurement technique is 
therefore of interest when controlling the shape of compression moulded 
products in the manufacturing industry. Today the shape control is a time-
consuming process performed off-line using for example a coordinate 
measuring machine (CMM). Due to the time aspect only sample tests are 
performed and many products might be incorrectly manufactured before an 
error is found. Using an optical method the aim is to measure all the products 
on-line, which would result in time saved and fewer cassations. 

Since there are many techniques to measure shape optically a 
presentation of some of these are given in section 2 as a background. After 
that the attention is mainly turned to the method used in the papers appended 
in this work; a 3D-measuring system consisting of a stereo camera system with 
projected fringes. The method to project fringes usually differs depending on 
application and a presentation of the possibilities is given in section 3 together 
with a short description of other projected pattern. Since an important 
concern when using fringes is to keep the phase error as small as possible this 
is also considered in section 3. In section 4 the stereo camera system is 
described followed by a summary of the experiments performed and results 
achieved in the appended papers. 
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2. 3D SHAPE MEASUREMENT 

There are several ways to measure 3D-shape optically [1-3]. The methods can 
mainly be divided in three parts, optical triangulation, interferometry and time 
of flight. 

By finding the time it takes for light to reach the object, the time of 
flight (TOF), the distance to the object can be determined. One way of doing 
this is by using pulsed light [4]. Picosecond resolution is then required in the 
time measurement in order to achieve high resolution in the shape 
measurement, hence the electronic is the limiting factor and the resolution of 
the shape becomes in the order of 0.5 to 1 cm [3]. The lateral resolution can 
be increased by using either frequency- or amplitude modulated light [5, 6]. 
In this way the shape of the measurement object is achieved by measuring the 
phase shift between the reflected light and the transmitted light. This gives a 
resolution in the order of a few millimeter.  

Shape measurement by interferometry is usually achieved by letting light 
reflected from the object interfere with a reference light. In this way the shape 
is calculated given the difference in optical path length. This gives high 
accuracy in the shape measurements, in the order of nm, but a downside is 
that it requires mirror like objects. There is however interferometric methods 
that can be used even if the objects are rough compared to the wavelength. 
One example is the coherence radar described by Dresel et al. [7]. This 
method is also known as low coherence interferometry, white light 
interferometry or optical coherence tomography. Coherence radar uses the 
fact that white light only interfere when the optical path of the light reflected 
from the object and the light in the reference beam is the same. Hence if the 
length of the optical path of the reference beam is mechanically altered 
different parts of the object gives interference and a three-dimensional image 
of the object can be achieved. This gives accuracy in the μm range but the 
scanning makes the method time consuming. Techniques that are comparable 
to the coherence radar is the wavelength-scanning profilometry (WSP) and 
the Fourier transform speckle profilometry (FTSP) [8, 9]. Both of these are 
based on wavelength-scanning interferometry, a method in which a tunable 
laser is used to change the wavelength, and hence the resulting interferogram, 
with time. The shape of the object can then be achieved by relating the 
temporal phase shift in each pixel in the interferograms to the wavelength 
shift. The difference between the WSP and FTSP is that the first one has the 
ability to measure shape in real time. When the wavelength is scanned 25 nm 
the accuracy of the WSP is about 1 μm. A limiting factor of this method is the 
tuning speed of the laser. 
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Optical triangulation can either be passive or active. In the passive setup 
two cameras are used to look at the measurement object from different angles, 
stereo photogrammetry. It is then important that the object has features that 
can be seen in both cameras, otherwise such features has to be attached on the 
object. A technique using passive stereo vision is stereo-digital speckle 
photography [10]. With this method a speckle pattern is painted onto the 
object and a digital correlation algorithm is applied on the two images to find 
the shape of the object. Another possible way to use stereo photogrammetry is 
to project a pattern onto the object and use the information in the projection 
as object features. In this way the triangulation system has become active  
[11-13]. The triangulation system can also become active by replacing one of 
the cameras with a light source. The shape of the object is then found by 
looking at the pattern from an angle and comparing the pattern projected on 
the object with the pattern as it is projected on a reference plane. The use of 
an active system with two cameras gives a higher redundancy in the 
measurement then does the system with only one camera. Symmetry of the 
projected light in the two images can also be used to distinguish it from 
asymmetric light such as e.g. specular reflections. 

In this paper an active stereo camera system is used, see figure 2.1. This 
means that the system consists of two main parts; the projection and the 
imaging. 

The projection part (figure 2.1(a)) generates a sinusoidal fringe pattern on 
the object. In this work both laser interference fringes and white light fringes 
has been used. The distance between the projector and the reference plane is 

. General considerations about the projection part of an active triangulation 

system are presented more closely in section 3 and projection details specific 
for this work are described in section 5. 

pO

The imaging part (figure 2.1(b)) is a stereoscopic translated lens system 
[10]. This means that the optical axes (OA in figure 2.1(c)) of the two cameras 
are parallel to each other. It also means that the lens plane, the detector plane 
and a flat reference plane in the object volume are all parallel, hence the 
magnification over the image field is constant. In figure 2.1(b) five coordinate 
systems can be seen; the world coordinate system ( )www zyx ,,  on the reference 
plane, the lens coordinate systems ( )lilili zyx ,, , one in each lens aperture and 
the detector coordinate systems ( )didi YX , , one in each detector. In the 
coordinate systems, and the following equations, 2 ,1=i  denote which camera 
is related to. The coordinate systems in the apertures and detectors are rotated 
180 degrees around the zw-axis and in this way the images aren’t inverted. 

The positions of the apertures are described by the position vectors 
 from the origin in the world coordinate system to 

the origins of the lens coordinate systems. In the same way the positions of the  
liizliiyliix OOO zyxOi ++=

 



7 

 

 
Figure 2.1: The active stereo camera system. (a) The projection part of the 

system. (b) The imaging part of the system. (c) The entire 
active stereo camera system. OA is the optical axes of the 
lenses. The point P on the object surface has position (x,y,z) 
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detectors are given by the vectors liizliiyliix ccc zyxci ++=  from the origins of 
the lens coordinate systems to the origins in the detector coordinate systems. 
In figure 2.1(c), where the entire active stereo camera system is shown, it can 
be seen that the distance between the two cameras, B, are given by xx OO 12 −  
and this together with the distance zzz OOO 21 ≈=  between the reference plane 
and the aperture plane gives the angle, θ , between the cameras. In section 4 
general considerations about a stereo camera system are presented more 
closely and in section 5 specific details for the stereo camera setup used in this 
work are described. 

 



 

3.  PATTERN PROJECTION 

Depending on the area of application it is suitable to use different kind of 
projected pattern in an active triangulation system. Random patterns like 
speckles and periodic patterns like fringes are rather common but in fact 
almost any pattern is possible.  

3.1 Speckle projection 
Speckle pattern can be achieved either by using a digital projector with a 
simulated speckle pattern or by using coherent light on a diffuse surface. The 
subjective speckles due to the coherent light does however change depending 
on the diffuse surface and it will differ in the two cameras if a stereo system is 
used hence the area of application is limited. The simulated speckle pattern on 
the other hand is more flexible since it only changes appearance due to the 
shape of the object and the viewing angle of the camera, thus it can be used in 
for example stereoscopic electronic speckle photography [14]. That however 
gives a poor spatial resolution due to the finite size of the subimages used to 
locate homologous points.  

Speckle pattern projection can be improved by using several speckle 
patterns. Sjödahl and Synnergren [15] uses temporal digital speckle 
photography  in a triangulation system with one camera. By comparing pixels 
in time the spatial resolution of the shape measurements is improved 
compared to measurements done with only one speckle pattern present. 
Wiegmann et al. [16] also uses a sequence of different band limited random 
pattern in their stereo camera system to achieve a better resolution. A 
disadvantage of the use of several pattern projections is that it makes the 
measurement time longer. 

3.2 Fringe projection 
When fringes are projected on an object their appearance is changed 
according to the shape of the object if it is seen from an angle. The same is of 
course true for the phase in the fringes, which then can be used to calculate 
the shape of the object. In this work the phase is calculated using a Fourier 
method described by Takeda et al. [17]. Another possible way to achieve the 
phase value is to use phase-shifting, this however requires more time since 
several images has to be captured. Nevertheless, whatever the method the 
phase will initially be wrapped between –π and π. Different methods have 
therefore been developed to solve the unwrapping in order to measure 3D-
shape [18-21]. The phase can be unwrapped both spatially and temporally. 
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When using spatial unwrapping only one phase image is required and this is 
good since it saves time. Traditional spatial unwrapping does however tend to 
work poorly if the object have height discontinuities or are spatially isolated.  
A way to solve this is to combine the fringes with additional information. For 
example a method using an area-encoded fringe pattern has been proposed by 
Su [19]. Temporal phase unwrapping has the advantage that it is a simple 
technique which works for both smooth and discontinuous objects and phase 
errors are restricted to regions with high noise. The method was proposed by 
Huntley and Saldner in the beginning of the 90’s [20] and the idea is to 
change the fringe phase and the fringe pitch in order to unwrap the phase 
over time. Due to the use of several images the measurement time can be 
long. A possible way to shorten the time is to use the reduced temporal phase 
unwrapping together with colour coded fringes that can be observed with a 
multichannel camera [21]. This method works however best if the object is 
white. 

Many different projection methods of the fringes are also possible. 
Usually the fringes are produced by gratings [22-25], digital fringe projectors 
[26-29] or interferometry [30-33]. A positive thing with the digital fringe 
projectors is the simplicity to change the fringe parameters. This is useful for 
example when using some kind of temporal phase unwrapping as described 
above [20, 21]. Interferometry fringes are also rather simple to change and 
these fringes have a large depth of focus in contrast to the gratings and the 
digital fringe projectors that result in fringe patterns that are imaged to a plane. 
A negative aspect when using interferometry fringes is however that a 
subjective speckle pattern will arise due to the coherence of the laser light 
[34].   

3.3 Phase error 
When using fringes the accuracy in the shape measurements depends on how 
well the phase in the fringes can be determined. A large error in the phase 
results in a large error in the shape calculation. Among other things it is 
therefore of importance to have high fringe modulation since it has been 
shown that the phase error is inversely proportional to the modulation  
[29, 35]. Another thing that will have effect on the phase error is speckle 
noise. According to Dorsch et al. [36] all measurement techniques based on 
optical triangulation suffers from uncertainties due to multiplicative speckle 
noise and Kinell and Sjödahl have showed that this results in a phase error 
which is proportional to the contrast of the speckles [29]. 

In paper A an expression describing the phase error  has been derived 
starting out in the information given above, see equation 3.1. Since the phase 
in this work is calculated using a Fourier-transform method this is also taken 
into consideration. The phase error then become 

ϕs
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πϕ =  (3.1) 

where C is the speckle contrast in the fringe pattern, M is the fringe 
modulation and tw EE  is the ratio between the energy in the Fourier window 
and the total amount of energy in the frequency spectrum.  

3.4 Speckle reduction 
In view of equation 3.1 it can be seen that if a high modulation is ensured, for 
example by using interference fringes and their large depth of focus, and the 
size of the filter in the Fourier spectrum is kept constant the phase error 
should be decreased by reducing the speckle contrast. 

Several ways of reducing the speckle contrast are available [37, 38]. 
While many of these methods depend on reducing the coherence of the light 
source it is also possible to reduce the speckle contrast and at the same time 
maintain the coherence in the projection. (If interference fringes are used to 
achieve a high modulation it is not an option to reduce the coherence of the 
light.) The idea is to add several independent speckle patterns on the same 
image on an irradiance basis. This can be done by changing the speckle 
pattern in the aperture continuously during the exposure time and hence get 
an averaging of the speckle patterns and a suppression of the speckle contrast. 
A way to change the speckle pattern in the aperture is to move the aperture 
[38, 39]. If the aperture experience a total displacement L in relation to the 
aperture diameter the contrast, C, can be theoretically described as [38]: 

( )
2

1
2

0

)1(2)(
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−= ∫ dll

L
l

L
LC A

L
μ  (3.2) 

where l is the variable of integration and ( ) 2lAμ  is the correlation function 
between different speckle patterns. If the aperture displacement becomes 
much larger than the correlation area of the speckle pattern the contrast 
approaches the discrete result N1  [34], where N is the total number of 
independent speckle pattern that are added. For smaller displacements 
however the achieved contrast becomes smaller than N1 . 

 

 





 

4.  STEREO CAMERA SYSTEM 

4.1 Homologous points 
When using a stereo camera system the shape of the measurement object can 
be calculated if in the two images corresponding object point can be found. 
Such corresponding points are called homologous points and depending on 
what the object looks like the method to find them differs. In many 
applications a projected pattern is used and the homologous points are found 
by comparing the pattern in the two cameras. The stereoscopic methods 
described in the speckle projection section (section 3.1) are examples on how 
homologous points can be found if a speckle pattern is used. Examples on 
how to use projected fringes can also be found. To find unambiguous phase 
points in each camera, corresponding to the same object point, Reich et al. 
[11], Kühmstedt et al. [12] and Han and Huang [13] uses phase-shifted fringes 
in two perpendicular directions. Han and Huang [40] have also showed that it 
is possible to use a fringe pattern that is visibility modulated perpendicular to 
the fringes. Due to the phase-shifting, which are used to solve the phase 
unwrapping problem, all the stereo camera examples mentioned here have a 
prolonged measurement time. 

In paper B a projected fringe pattern is used to find the homologous 
points. The idea is to use the digital master of the object, e.g. the CAD 
model, to solve the unwrapping problem and in that way be able to capture 
only one image per camera and in them find the homologous points 
according to the three steps shown in figure 4.1.  

 
Figure 4.1: The steps towards finding the homologous points. 

First the connections between the two cameras are found using the 
digital master. This set of connections is called the ideal relation since a perfect 
imaging system is assumed. The ideal relation is then rotated and translated to 
match the position of the object. Finally the rotated and translated ideal 
relation will work as starting points in the search for the homologous points. If 
the object hasn’t too large deviations (in paper B it is determined what is too 
large, see also section 6.2) compared to the digital master the starting points 
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will be in the correct fringes and it will be possible to find the correct 
homologous points and hence the shape of the object.  

This method makes the measurements rather quick and also makes it 
possible to measure objects with discrete height jumps, given that both 
cameras can see the projected fringes. 

4.2 Stereo camera equations 
Given the homologous points the shape of the object can be calculated using 
optical triangulation. In paper B this is done in accordance with Synnergren 
and Sjödahl [10] and the relation between the distortion free homologous 
points that are transformed to object coordinates on the reference plane, 
( 11, yx )  and ( 22, yx ), and the object point ( )zyx ,,  which they represent is 
described by: 
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The  parameters describes the position of the aperture in camera  in 
the j-direction (

ijO 2 ,1=i
zyxj ,,= ) in the stereo camera setup, see section 2 and figure 

2.1(b), and are determined by calibration of the system. In the calculation of 
the shape consideration has to be taken to possible distortion and 
misalignment in the system. The effect of distortion and misalignment can be 
determined by calibration and are expressed as the correction terms  and 

. Given these correction terms and the magnification 
xiΩ

yiΩ iziz OcM =  in the 
system, where  is the z-distance between the lens and the detector (see 
figure 2.1(b)), the transformed distortion free homologous points that are used 
in equation 4.1 can be determined according to: 

izc

M
xx xi

ii
Ω

−= ˆ , (4.2a) 

M
yy yi

ii −= ˆ
Ω

 (4.2b) 
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where  are the actual homologous points transformed to positions on 
the reference plane. 

( ii yx ˆ,ˆ )

In a system like this it can be shown that the accuracy in the height 
measurements are dependent on the estimated error 

ϕπ
λ e

OO
Oe R

xx

z
z 221 −
=  (4.3) 

where Rλ  is the fringe period on the reference plane and  are the noise in 
the phase measurement [29]. The phase noise  are the same as the phase 
error  in equation 3.1 except for an addition to the contrast term due to the 
detector noise. Hence accuracy in the z-calculations depends on the fringe 
period, the noise in the phase and the angle 

ϕe

ϕe

ϕs

θ  between the cameras, see figure 
2.1(c). 

 

 





 

5. Experimental setup 

The experiments in paper A and paper B have been carried out with different 
experimental setups. The experiments in paper A would however have been 
possible to perform with the setup in paper B with just some minor changes. 
Here a combination of the two is described using the cameras and imaging 
system of the setup in paper B. 

 

 
Figure 5.1: Experimental setup. 
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In figure 5.1 the experimental setup is shown. The cameras was two 
Sony XCL 5005 with a resolution of 2456 x 2058 pixels, a pixel size of 
3.45 x 3.45 μm2 and a dynamic range of 12 bits. The cameras were mounted 
on x-y-z translation stages in order to calibrate them. The imaging system 
consisted of 50 mm Rodagon 1: 2.8 lenses which were split in two such that 
an arbitrary aperture could be positioned in the aperture plane. In the 
experiments a disc with circular apertures, which had diameters of 3 mm, was 
used together with the maximum aperture of the lenses, see figure 5.2. 
Measurements were done both when the disc was stationary and when it was 
rotating. To give an effect of one moving aperture the apertures on the 
disc (C) were positioned on different radial distances and the distances 
between them was chosen such that only one aperture at time would pass the 
aperture (B) of the camera lens. The aperture of the camera lens determines 
how much of the lens that is illuminated and the small apertures on the disc 
make it possible to add several independent speckle pattern in the same image 
according to section 3.4. The exposure time was 40 ms for the stationary 
aperture and was set manually for the specified displacements of the rotating 
aperture. For practical reasons 1024 x 1024 pixels were used which gave a 
field of view of 8.83 x 8.83 cm2. The magnification was approximately 0.04. 

In all the measurements a metallic plate painted white was used as 
reference plane. The distance between the reference plane and the aperture 
planes, zO , was approximately 1300 mm and in the shape measurements, 
where both cameras were used, the distance between the lenses, B, was 
approximately 370 mm. Given these distances the angle, θ , between the 
cameras can be determined to approximately 16 degrees. 

 

 
Figure 5.2: The disc (A) with circular apertures (C). The disc can be rotated 

in order for the circular apertures to pass the aperture (B) of the 
camera lens. 
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Experiments have been done both using interference fringes and white 
light fringes. The interference fringes were created using a frequency doubled 
Nd:YAG laser with a maximum power of 0.5 W and 532 nm wavelength and 
a lens was used to magnify the fringe pattern, according to figure 5.1. The 
white light fringes were created by a white light projector, an amplitude 
grating with pitch 0.1 mm and a focusing lens. The position of the projector 
lens was approximately 620 mm above the reference plane, . In both cases 
this gave projected sinusoidal fringes with a fringe period on the object plane 
of about 1 mm. 

pO

For the shape measurements a cylindrical object was used. The cylinder 
had a diameter of 48 mm and was cut in order to have a measurement object 
of height 15 mm, see figure 5.3(a). The cylindrical object had traces of width 
10 mm and depth 1, 2 and 3 mm milled off. In the measurements the digital 
master was assumed to look as figure 5.3(b), i.e. only the 3 mm trace was 
present. 

 

 
Figure 5.3: (a) Outline of the measurement object with three traces of depth 

1, 2 and 3 mm milled off. (b) Outline of the digital master. 

 

 





 

6.  SUMMARY OF THE RESULTS 

6.1  Speckle and phase error reduction 
To study the speckle reduction effect only one of the two cameras was used. 
Different number of circular apertures was covered by black tape and the 
exposure time was adjusted such that images could be captured when the 
aperture had moved a total distance of 3, 7, 11 or 15 aperture diameters from 
the starting position. In this way the measurements could be compared to a 
continuous movement of one single aperture. A reference image with a 
stationary aperture was also captured. First measurements were done without 
the interference fringes, i.e. one of the light beams was blocked, in order to 
determine the reduction of the speckle contrast. Simulations in Matlab© were 
also performed and the result from both experiments and simulations can be 
seen in figure 6.1.  

 

Figure 6.1: Contrast in the experimental and simulated images compared to 
the theoretical contrast for a moving aperture. Images were 
captured when the aperture had moved a total distance of 3, 7, 
11 or 15 aperture diameters and when it had not moved at all. 

As can be seen the contrast in the simulated images and the theoretical 
contrast, calculated with equation 3.2, agrees well. The experimental results 
are however slightly lower. This might be explained by the use of a finite 
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detector [34]. Also the fluctuation and slightly extended bandwidth of the 
laser could result in a lower contrast. 

To be able to see what effect the speckle reduction had on the phase 
error similar simulations and measurements were also done in the presence of 
interference fringes. In these experiments also the modulation of the fringes 
were taken into consideration. The phase error as a function of aperture 
displacement and modulation is plotted in figure 6.2 for the simulated results. 

 

 

Figure 6.2: Phase error from the simulated images (markers on dotted line) 
compared to theoretically determined phase errors (markers on 
solid line). In the simulations different fringe modulations, 0.4 
(asterisks), 0.7 (squares) and 1 (circles) are used. The 
theoretical values were calculated with the modulations which 
were determined from the images. Images were captured when 
the aperture has moved a total distance of 3, 7, 11 or 15 
aperture diameters and when it had not moved at all. 

It is shown in figure 6.2 that the general behaviour of the theoretical 
phase error agrees with the simulated one. The theoretical phase errors, which 
are calculated with equation 3.1 given the modulations from the simulated 
images, are however slightly overestimated. The reason for this could be that 
the frequency components, which are used to calculate the modulation, are 
discrete and hence the modulation might be underestimated. 

In figure 6.3 a comparison between the experimental results and the 
theoretical phase error calculated with equation 3.1 is shown as a function of 
aperture displacement. The same conclusions can be drawn as from the 
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simulated phase errors; the general behaviour of the phase error is verified 
although an overestimation of the theoretical curve can be seen. 

 

 

Figure 6.3: Phase error in the experimental images (asterisks) compared to 
theoretically determined phase errors (circles). The theoretical 
values were calculated with the modulations which are 
determined from the images. Images were captured when the 
aperture had moved a total distance of 3, 7, 11 or 15 aperture 
diameters and when it had not moved at all.  

During the work with the speckle reduction it was concluded that it is of 
great importance that the imaging lenses have high quality since the rotating 
apertures will pass near the rim of the lens, which might be a source of 
aberration if the quality of the lens is too low.  

6.2  Shape measurements 
In order to verify the method of finding homologous points using a projected 
fringe pattern and the digital master without having to concern about whether 
or not the speckle contrast were suppressed enough or if the aberration due to 
the rotating aperture made too much of an influence on the result white light 
fringe projection was use in the shape measurements. The result from one of 
the measurements is shown in figure 6.4. 
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Figure 6.4: Result from the shape measurement. As can be seen the 2mm 
trace are incorrectly detected. 

As can be seen the correct shape is detected where the shape of the 
object and the digital master agrees. It should also be noted that the 1 mm 
deviation is correctly detected but that the 2 mm deviation is not since it is 
too large. In the search for the homologous points it is important that the 
starting point is in the correct fringe otherwise the wrapped phase will result 
in an incorrectly homologous point and hence also an incorrect shape 
measurement.  

With the setup used in this work the shape is measured with an accuracy 
of μm. It is also shown that the largest possible deviation that can be 
detected is mm. 

40±≈
6.1±≈

 

 



 

7.  CONCLUSIONS AND FUTURE WORK 

When measuring shape using a projected fringe pattern it is the phase in the 
fringes that are of interest, hence as low phase error as possible is wanted. In 
this work the parameters that affect the phase error have been considered. It 
has been shown that the phase error depends on the fringe modulation and 
the speckle contrast in the fringes. Since the phase is determined by a Fourier-
transform method the ratio between the energy in the Fourier window and 
the total amount of energy in the frequency spectrum also affects the phase 
error.  

Since the phase error decrease when the speckle contrast decreases a 
method to reduce the speckles has been studied. A disc with 12 circular 
apertures is mounted on a motor in order for it to be able to rotate in the 
aperture plane of the camera lens. In this way an effect of a moving aperture is 
achieved and the speckle contrast is reduce without having to destroy the 
coherence in the light, which is necessary for the interference fringes. In this 
way a reduction of the speckle contrast by 60 % was achieved after a 
movement of three aperture diameters. In the studies concerning this 
reduction of speckle contrast it was found that due to the construction of the 
rotating aperture an imaging system of very high-quality is needed. 

When the stereo camera system was built a white light fringe projector 
was chosen instead of the interference fringes. In this way focus could be put 
on finding the method to calculate the shape using the digital master instead of 
concerning about speckle reduction and resulting aberrations in the images. 
Solved in this way and with these settings the shape was detected with an 
accuracy of μm. It was also shown that the largest deviation that could 
be detected with the same settings was 

40±≈
6.1±≈ mm. Since both accuracy and 

maximum detectable deviation depends on the fringe period these numbers 
can be adjusted to match the criterion of the object to be measured. It is 
though important to know that the better the accuracy becomes the smaller 
deviation can be detected and vice versa. 

This work has been a part of a bigger research project; OPTIPRO (sv. 
Optisk teknik för verifiering av produktdata, en. Optical technique for 
verification of product data), thus alongside with this work Bergström has 
developed a method to compare the measured shape with the corresponding 
CAD-model [41]. This makes it possible to determine the quality of the 
object. The method he proposes uses an iterative closest point (ICP) method 
that together with a search tree makes it fast. Bergström has also suggested a 
way to make the comparison robust in order to handle undesired errors that 
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might appear in the shape measurements. In the future it would therefore be 
interesting to combine the method to measure shape described here with the 
method to determine the quality by comparing the shape with the CAD-
model proposed by Bergström. With a complete system like that it should also 
be investigated how to use Bergströms work earlier in the process. At least the 
rotation and translation that is done in the search for the homologous points 
(see section 4.1) should be possible to perform faster using Bergströms 
method. When we have a combined system that works in the lab it would 
obviously also be nice to be able to test the complete system in an industrial 
environment. 

For future work it would also be interesting to compare the effect of 
using white light fringes with that of interference fringes. How much is gained 
by having fringes with a large depth of focus, hence fringes with large 
modulation all through the measurement volume? Does it results in a higher 
accuracy? Or will the aberrations, which will appear when the speckles are 
reduced if the quality of the lenses isn’t good enough, counteract the effect? Is 
it possible to get the speckle contrast low enough? Or is it better to go with 
the white light fringes even though the fringe modulation will decline when 
the fringes becomes out of focus?  

A possible way to develop the shape measurement further would be to 
combine the projected fringe system with an additional shape measurement 
system, for example a TOF-camera. It should then be possible to measure the 
shape roughly with the TOF-camera and then use that measurement instead 
of a digital master to solve the unwrapping problem when using the more 
accurate system with projected fringes. 

 



 

8.  SUMMARY OF APPENDED PAPERS 

Paper A: Phase errors due to speckles in laser fringe projection 

By: Sara Rosendahl, Emil Hällstig, Per Gren and Mikael 
Sjödahl 

Summary: An expression for the phase error in a fringe pattern is 
derived. The phase error depends on the modulation of 
the fringes, the speckle pattern in the fringe pattern and 
the ratio between the energy in the Fourier filter and 
the total energy in the Fourier spectrum. The speckle 
contrast is reduced using a rotating aperture and in that 
way the phase error is decreased. 

Conclusions: It is possible to suppress the speckle contrast, and hence 
get lower phase error, using a rotating aperture.  

Paper B: Shape measurement with a stereo camera system using 
one fringe pattern recording 

By: Sara Rosendahl, Emil Hällstig, Per Gren and Mikael 
Sjödahl 

Summary: A stereo camera system is used to measure 3d-shape. To 
find the connections between the two cameras a fringe 
pattern is projected on the object. The phase 
unwrapping is solved by using a digital master of the 
object, e.g. the CAD model. 

Conclusions: The shape of an object both with and without deviation 
from the digital master can be measured using only one 
image recording. 
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Phase errors due to speckles in laser fringe projection 
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 1Experimental Mechanics, Luleå University of Technology, SE-971 87 Luleå, Sweden 
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When measuring 3D-shape with triangulation and projected interference fringes it is of 
interest to reduce speckle contrast without destroying the coherence of the projected 
light. A moving aperture is used to suppress the speckles and thereby reduce the phase 
error in the fringe image. It is shown that the phase error depends linearly on the ratio 
between the speckle contrast and the modulation of the fringes. In this investigation the 
spatial carrier method was used to extract the phase wherefore the phase error also 
depends on the filtering of the Fourier spectrum. An analytical expression for the phase 
error is derived. Both the speckle reduction and the theoretical expressions for the 
phase error are verified by simulations and experiments. It was concluded that a 
movement of the aperture by three aperture diameters during the exposure of the image 
reduces the speckle contrast and hence the phase error by 60 %. In the experiments a 
phase error of 0.2 radians was obtained.  
© 2009 Optical Society of America 
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1. Introduction 
When measuring 3D-shape in an industrial environment it is important to have a robust 
measuring technique. Otherwise the measurements might be disturbed by for example 
variations in background illumination or vibrations of the object. Triangulation with projected 
fringes is a good alternative that has proven robust against various environmental changes. 
When fringes are projected on an object their appearance, as seen from an angle, will change 
according to the shape of the object. The shape of the object can then be calculated from the 
phase of the disturbed fringe pattern with knowledge of the geometrical parameters. In this 
study the phase is extracted by using the Fourier-transform method described by Takeda et al. 
[1]. This method was chosen since no phase-shifting is needed, thus it is a fast method. To be 
able to determine the phase with good precision it is important that the fringe modulation is 
high because the error in the determined phase is inversely proportional to the modulation  
[2, 3]. As the modulation decreases when the projection is out of focus it is important to 
project high quality fringes in a 3D volume. Fringes are usually produced by gratings [4-7], 
digital fringe projectors [3, 8-10] or interferometry [11-14]. The first two result in fringe 
patterns that are imaged to a plane. Interferometry however gives fringes with a large depth 
of focus. One drawback using interferometry is that the coherence of the light give rise to a 
subjective speckle pattern when a rough object is imaged [15]. Dorsch et al. have shown that 
all measurement techniques based on optical triangulation suffers from uncertainties due to 
multiplicative speckle noise [16]. This results in an error in the determined phase that is 
proportional to the contrast of the speckles [3]. Speckle-induced phase error has also been 
discussed by Liu et al. [17]. They used simulations to show how the fringe frequency and the 
sampling rate in a phase-shifted fringe projection system affect the phase error. Several ways 
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of reducing the speckle contrast are available [18, 19]. Many of these methods depend on 
reducing the coherence of the light source, which is not an option in this case without 
destroying the interference fringes. Instead a moving aperture is used to reduce the speckle 
contrast without decreasing the coherence in the projection [19, 20]. The speckle pattern in 
the aperture then changes continuously during the exposure time and several speckle patterns 
will be added on the same image on an irradiance basis. This sum of several independent 
speckle patterns results in an averaging of the speckle patterns and a suppression of the 
speckle contrast is achieved. In this paper this method to suppress speckle contrast is verified 
both by simulations and experiments. An analytical relation between the phase error and the 
speckle contrast, the fringe modulation and the Fourier filter is also derived and verified by 
simulations and experiments.  
 In Fig. 1 a simplified model of the measurement system can be seen. In the object 
space the measurement object is illuminated by coherent light. This results in a random 
distribution of complex amplitudes, due to the rough object. The coherence of the light also 
makes it possible to choose whether or not there should be interference fringes on the object. 
The light distribution in object space propagates to the aperture plane where the moving 
aperture is situated. When the light has passed the aperture it propagates to the image plane 
where the speckles appear. This model is used to derive the theoretical expression in 
section 2, as well as to perform the simulations in section 3 and the experiments in section 4. 
The obtained results are presented and discussed in section 5, followed by conclusions. 
 

 
Figure 1: Simplified measurement model. The measurement 
object is situated in the object space. In the aperture plane one 
can see the moving aperture used for speckle reduction and an 
imaging lens. 

 

2. Theory 
The Fourier plane representation of an image obtained by the measurement system in Fig. 1 is 
sketched in Fig. 2 assuming a spatially resolved speckle pattern, i.e. ds 21max < , where  
is the maximum spatially frequency allowed by the aperture and d is the sampling pitch on 
the detector.  

maxs

 2   



 
Figure 2: The Fourier plane representation of an image with 
fringes and speckles. M, fringe modulation; C, speckle contrast; 

, maximum spatially frequency; W, frequency window; fx, 
spatial frequency; f0, carrier frequency; unit irradiance is 
assumed. 

maxs

 
In Fig. 2 M is the fringe modulation, C is the speckle contrast and we have assumed unit 
irradiance. In a fully developed speckle pattern, C = 1, the irradiance fluctuates randomly 
following a negative exponential law [15]. It may therefore be argued that the phase 
fluctuation in the analytical signal associated with the speckle fluctuation also vary randomly 
and is uniformly distributed between –π and π. The standard deviation of the phase 
fluctuation for a fully developed speckle pattern is hence, 

 .
3
π

φ =s  (1) 

 As the speckle contrast decreases the effect, as sketched in Fig. 2, is that the height of 
the speckle triangle decreases accordingly as a result of adding non-correlated irradiance 
fluctuations. The standard deviation of the phase error therefore becomes, 

 
3
Cs π

φ = ,  (2) 

as shown by Kinell et al. [3]. The deterministic phase signal in Fig. 2 is carried by the two 
frequency components at , respectively, each of height 0f± 2M  where M is the fringe 
modulation. The noise-to-signal relation therefore becomes, 

 
M
Cs

3
π

φ = , (3) 

which is in accordance with the findings in [3]. In practice, however, the phase is extracted 
by isolating one of the carrier frequency components by applying a frequency window W, as 
visualised in Fig. 2. The fraction within this window can be expressed as the quotient tw EE  
between the energy in the filtering window  and the total amount of energy . Since the wE tE
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main cause of the noise is speckles, which by definition are independent, the errors in the 
Fourier components are independent and Gaussian distributed [15]. In the image space this 
results in an averaging of strength wt EE and the standard deviation of the phase becomes 
inversely proportional to the square root of this averaging strength. Thus the error of the 
measured phase finally becomes 

 
t

w

E
E

M
Cs

3
πφ = . (4) 

To avoid ringing from clipping the speckle distribution a Hamming window was used in the 
Fourier spectrum instead of a rectangular window, compare Fig. 2. The size of the window 
was optimized to maintain resolution and minimize the error in the phase. 
 Depending on the size of the aperture the speckles in the images will have different 
sizes. When the speckles are smaller than the pixels, i.e. when the speckles are undersampled, 
two things will happen. The contrast decreases since several speckles are averaged in each 
pixel and aliasing takes place in the Fourier spectrum with the result that the ratio 

tw EE decreases and the modulation increases. The expression for the phase error above is 
therefore only valid when the speckles are not undersampled. 
 With a constant window, W, Eq. (4) gives two ways of keeping the phase errors low. 
Firstly the modulation, M, should be large, ideally unity. When using laser interference 
fringes the modulation will be large provided that specular reflections are avoided. Secondly 
the speckle contrast should be made low, ideally zero. The approach in this paper is to 
minimize the speckle contrast with the introduction of a rotating aperture. When the speckle 
pattern in the aperture changes continuously, due to the aperture movement, the contrast, C, 
can be theoretically described as [19]: 
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where L is the total displacement of the aperture in relation to the aperture diameter, l is the 
variable of integration and ( ) 2lAμ  is the correlation function between different speckle 
patterns. When the total displacement of the aperture, L, is one aperture diameter the detector 
has registered two independent speckle patterns. If N, the total number of independent 
speckle patterns, and hence L becomes large the contrast approaches the discrete result 

N1  due to the fact that the aperture displacement is much larger than the correlation area 
of the speckle pattern [15]. When L and N are small Eq. (5) gives a greater speckle reduction 
than N1 , this means that C asymptotically will approach N1  for large N . In this paper 
the validity of Eqs. (4) and (5) is investigated using numerical simulations, section 3, and 
experiments, section 4. 

3. Simulations 
Simulations were performed in Matlab©. The optical wave reflected by the rough object was 
simulated as a complex amplitude field where the real and imaginary parts in each pixel were 
taken from a Normal distribution, respectively. This complex amplitude was numerically 
propagated to the aperture plane. There a circular aperture was simulated by extracting only a 
circle. The data was zero padded in order to avoid undersampling of the speckles. The optical 
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wave in the aperture plane was then numerically propagated to the image plane where the 
squared magnitude of the optical wave was taken as the irradiance Ii, where the subscript 
indicates one image. To simulate the aperture movement different circles at different 
positions in the aperture plane were extracted. For each circular aperture a slightly different 
irradiance pattern was created in the image plane. The sum of the resulting images after a 
total displacement of N aperture diameters  were saved and analyzed. From these 

speckle patterns the contrast 
∑ =

= N
i iII 1

IC  was calculated as 

 
I

I
I

C
σ

= , (6) 

where I  is the average irradiance in the resulting image and Iσ  is the standard deviation of 
the irradiance. In the simulations the total movement was varied between zero and 
15 aperture diameters. 
 The method described above was further used to investigate the expressions for the 
phase error with the change that the deterministic reflection was changed from a constant 
value to the fringe pattern  given by  ( yxg , )

 ( ) ( ) )2sin(,1, 0 xfyxMyxg π⋅+= , (7) 

where  is the modulation and f0 the carrier frequency. This fringe pattern was 
multiplied with the optical wave from the diffuse reflection before propagation. The 
propagation and the movement of the aperture were performed in the same way as for the 
contrast simulations. From the resulting irradiance image I, which contained 34 fringes and 
had a size of 1024 x 1024 pixels, the phase distribution was calculated as outlined in 
section 2. The Hamming window used was 63 pixels wide and extended over 1024 pixels in 
the direction parallel to the fringes. By taking the ratio between the energy in the side lobes 
and the energy in the central lobe in the Fourier spectrum the modulation in the images was 
verified. Simulations for a fringe modulation ranging between 0.4 and unity were performed 
together with an aperture displacement between zero and 15 aperture diameters. 

( yxM , )

4. Experiments 

A. Experimental setup  
The experimental setup is shown in Fig. 3(a). The camera used in the experiments was a PCO 
Sensicam (double shutter) with a resolution of 1280 x 1024 pixels, a pixel size of 
6.7 x 6.7 µm2 and a dynamic range of 12 bits. The laser was a continuous wave, frequency 
doubled Nd:YAG laser with a maximum power of 0.5 W and 532 nm wavelength. A  

2λ -plate and a polarized beam splitter were used to control the intensity. The light was 
spatially filtered and then divided in two beams by a beam splitter. When the beams were 
brought together interference fringes were formed. A lens was used to magnify the 
interference pattern which gave a fringe period on the object of 1.1 mm. The imaging system 
consisted of a rectangular aperture 15 x 12 mm2, a 75 mm single lens and the camera. The 
field of view was 4.5 x 3.6 cm2.  
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Figure 3: (a) Experimental setup. 2λ , half wave plate; PBS, polarized beam 
splitter; O, objective; µ, µ-hole; CL, collimating lens; BS, beam splitter; M1-M3, 
mirrors; ML, magnifying lens; P, polarizer; AP, aperture plane; IL, imaging lens.  
(b) The aperture plane of the imaging system. A) the aperture plate that can be 
rotated, B) the rectangular aperture C) the circular apertures, the actual apertures 
that the light passes,  and D) the photo sensor that registers each new revolution. 

 
 To achieve suppression of the speckle contrast a Nipkow disc with four circular 
apertures [Fig. 3(b)], were placed in front of the rectangular aperture. The disc was mounted 
on a motor so that it could be rotated in the Fourier plane. The four circular apertures had 
3 mm diameter and were placed on 3 mm radial distances from each other. The distances 
between the circular apertures were chosen so that no more than one circular aperture could 
overlap with the rectangular aperture at once. In this way the circular apertures passed over 
different parts of the rectangular aperture when the plate rotated. Thus the detector 
experienced a number of independent apertures and several speckle patterns were exposed on 
the same image. Each new revolution of the plate was registered by a photo sensor and the 
rotation velocity was thereby determined and a suitable trigger for the camera generated.  
 The object was a metallic plate painted white. Since the object destroys the linear 
polarization of the light and the theory is valid only for linearly polarized light a polarizer 
was inserted in front of the imaging system. Without the polarizer two orthogonal 
polarization directions, which reduces the speckle contrast even more [19], would exist in the 
images.  

B. Measurements 
Measurements were done with 1, 2, 3 or 4 circular apertures. This was achieved by covering 
different number of circular apertures by black tape and adjusting the exposure times. In this 
way the measurements could be compared to a continuous movement of one single aperture 
and the images were captured as this aperture had moved a total distance of 3, 7, 11 or 15 
aperture diameters from the starting position. A reference image was also taken with a 
stationary aperture. The exposure time was set given the revolution speed and an estimated 
angle between the first circular aperture and the wanted number of circular apertures. 
 To be able to study only the speckle pattern one of the light beams was blocked. The 
intensity of the light was adjusted by the 2λ - plate in order to use the full dynamic range of 
the detector. Several images were captured for each combination of open circular apertures. 
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From the images the contrast  was calculated according to Eq. (6) and for each of the 
different circular aperture combinations the mean value was determined. 

IC

 Similar measurements were done in the presence of interference fringes to be able to 
verify the reduction of the phase error. As for the contrast measurements several images for 
each different circular aperture combination were captured. The images were analyzed in the 
same way as the simulated fringe patterns, with the exception that since the phase maps are 
slightly curved a 2nd order polynomial fit was subtracted from each phase map before the 
phase error was calculated. For practical reasons 1024 x 1024 pixels were used in these 
calculations as well.  

5. Results and discussion 
From the simulated and experimentally achieved images the contrast in a speckle pattern, 
before and after averaging, was determined. Since the aperture movement was known the 
contrasts in the speckle images could be compared with the theoretically calculated contrasts 
from Eq. (5). This comparison is shown in Fig. 4 for an aperture displacement ranging 
between zero and 15 aperture diameters. It is seen that the contrast in the simulated images 
agrees well with the theoretical contrast while the experimental results are slightly lower. 
Reasons for this can be the use of a finite detector [15] and the fluctuation and slightly 
extended bandwidth of the laser. When the aperture movement increases it can be seen that 
the contrast in the experimental images approaches the theoretical contrast. A possible reason 
for this might be that fluctuations became time averaged due to the increased exposure time. 
Since the images were taken over a period longer than the movement of exactly 3, 7, 11 and 
15 aperture diameters respectively, the images were also exposed through the circular 
apertures as they moved into or away from the rectangular aperture. This additional exposure 
should result in slightly lower contrasts. A striking consequence of the relation shown in 
Fig. 4 is that the speckle contrast drops to only 40 % after an aperture displacement of only 
3 aperture diameters and then decays slowly for increased displacements. As a comparison a 
displacement of 100 aperture diameters would result in a speckle contrast of approximately 
10 % and a displacement of 10 000 aperture diameters would give 1 %. The effect of 
increasing the aperture movement well beyond 10 aperture diameters is hence limited. 

 
Figure 4: Contrast in the experimental and simulated images 
compared to the theoretical contrast for a moving aperture. 
Images were captured when the aperture had moved a total 
distance of 3, 7, 11 or 15 aperture diameters and when it had 
not moved at all.  
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 Results from a comparison between simulations and the theoretical expression given 
by Eq. (4) as an effect of changing the fringe modulation are shown in Fig. 5. The calculation 
of the modulation, by taking the ratio between the energy in the side lobes and the energy in 
the central lobe in the Fourier spectrum, was verified using different modulation in the 
simulated fringe pattern. However, because of a possible underestimation of the modulation 
due to the fact that the frequency components are discrete the theoretical phase errors 
estimated given the modulations from the simulations tend to become slightly overestimated, 
which can be seen in Fig. 5. Nevertheless it can be concluded that the results in Fig. 5 verifies 
the general behavior given by Eq. (4). From Eq. (4) we see that the phase errors scales 
linearly with the quotient MC . This general trend is verified in Fig. 5 by comparing the 
phase errors of the simulated M = 0.4 curve and 15 aperture diameters with the simulated 
M = 1 curve and 3 aperture diameters displacement. Both of these points have 4.0≈MC  
and  radians. 2.0≈φs
 In Fig. 6 a comparison between the experimentally determined phase error and the 
phase error calculated using Eq. (4) is shown as a function of aperture displacement. As 
inputs in Eq. (4) the experimentally determined speckle contrast, fringe modulation and 
relative energy as described previously are used. Again it is seen that the theoretical curve 
using the experimentally determined fringe modulation is biased by a possible 
underestimation of the modulation, but that the general behaviour is verified. It is seen that an 
optimum of  radians is reached for an aperture displacement between 5 and 
10 aperture diameters. In the experiments the modulation changed through the images. 
Especially the image where all four circular apertures have passed the rectangular aperture 
had a lower modulation than the previous ones. The reason for this is aberrations in the image 
due to light passing close to the rim of the imaging lens resulting in a wider point-spread 
function. The optical quality of the lens system used in combination with a moving aperture 
therefore needs to be high not to decrease the fringe modulation below the expected unity.  

2.0≈φs

 
Figure 5: Phase error for different given modulations, 0.4 
(asterisks), 0.7 (squares) and 1 (circles). Markers on a dotted 
line represent phase errors from the simulated images and 
markers on a solid line represent the theoretically determined 
phase error. The theoretical values were calculated with the 
modulations, which are determined from the images. Images 
were captured when the aperture has moved a total distance of 
3, 7, 11 or 15 aperture diameters and when it had not moved at 
all.  
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Figure 6: Phase error in the experimental images (asterisks) 
compared to theoretically determined phase errors (circles). 
The theoretical values were calculated with the modulations 
which are determined from the images. Images were captured 
when the aperture had moved a total distance of 3, 7, 11 or 15 
aperture diameters and when it had not moved at all.  

 

6. Conclusions 
The accuracy of a 3D-shape measuring system using projected fringes is ultimately related to 
the phase error in the measurement. In this investigation different parameters that affect the 
phase error in a fringe projection system based on laser interference fringes and the Fourier 
windowing technique have been investigated. It has been shown theoretically, numerically 
and experimentally that a low phase error is achieved when; the fringe modulation is high, the 
speckle contrast in the fringe pattern is low and when the ratio between the energy in the 
filter window and the total energy in the Fourier spectrum is low. Given the derived 
expression for the phase error it is possible to predict the accuracy in a measurement and 
estimate the uncertainties. It also makes it possible to draw conclusions on how to proceed in 
a measurement to suppress the phase error. 
 With the purpose to reduce the effect of high speckle contrast in a laser projection 
system the technique of a moving aperture has been employed. It is concluded that a 
movement of the aperture by only three aperture diameters reduce the speckle contrast, and 
hence the phase error, by 60 %. In the experiments an absolute phase error of 0.2 radians was 
achieved. It is further concluded that the ultimate fringe modulation of unity may be 
decreased by aberrations in the optics. This effect is clearly unwanted and counteracts the 
effect of using a moving aperture to decrease the speckle contrast. The use of a high-quality 
lens is therefore recommended.  
 This research project is supported by the Swedish Governmental Agency for 
Innovation Systems, VINNOVA. 
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3D-shape is measured using a stereo camera system and a single projected fringe 
pattern. Only one projection and image recording is necessary if one knows, at least 
approximately, the expected object shape. This is the case in many situations when 
there exist a digital master of the object, e.g. a CAD model. One also has to know 
where the object is positioned. The idea in this work is to find homologous points in the 
cameras, i.e. points corresponding to the same object point, using the object 
information. An algorithm to find the homologous points is presented and the method 
to calculate shape is described. Given the ambiguity due to the fact that the phase in the 
images is wrapped there is a maximum deviation from the master that can be correctly 
detected. An analytical expression for this deviation is derived. Results from the shape 
measurement of an object both with and without deviations from the digital master are 
also presented. In these measurements, where the measurement volume is 
approximately 1 dm3 and the fringe period on the object plane is about 1 mm, the 
accuracy is ≈  µm and a deviation of max 40± 6.1±≈  mm can be correctly detected.  
© 2009 Optical Society of America 

          OCIS codes: 120.2650, 120.6650, 110.6880 

 

1. Introduction 
Quality control is important in production industry and one essential property is the shape of 
the products. Usually sample tests are done off-line, using for example a coordinate 
measuring machine (CMM). This is time-consuming and a lot of products can be incorrectly 
manufactured before an error is found. Due to this there is a need for fast and robust non 
invasive measuring techniques that can be used on-line in the production process. One way to 
solve this is to use optical methods, for example optical triangulation with projected fringes. 
Fringes that are projected on an object change their appearance according to the shape of the 
object when seen from an angle. By analysing the distorted fringe images it is possible to 
measure 3D-shape if the phase unwrapping problem is solved [1-8]. Solving the unwrapping 
problem is not a trivial task and usually requires a smooth object or projection of several 
fringe frequencies. It is then necessary either to get rid of the mechanical instability in the 
industrial environment or to perform the measurements quick enough to freeze the 
mechanical disturbances for the images that need to be acquired. 
 Several methods of making the measurements faster have been presented. For 
instance Zhang and Huang [3] use a digital light processing (DLP) projector and a high-speed 
camera. The shape measurements are done with a fast three-step phase-shifting and any new 
image can be combined with the previous two. Su [4] have showed how to measure spatially 
isolated objects with large depth discontinuities using binary and colour-coded sinusoidal 
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fringes. In this way only one image is required. The same is true for Guan et al. [5] that 
combine multiple patterns into a single composite pattern projection.  
 To get higher redundancy a stereo camera system can be used. With this method the 
fringe pattern is only used in order to find the connections between the two cameras. These 
connections are given by image points in the two cameras corresponding to the same object 
point, so-called homologous points. From the distances between these homologous points the 
shape of the object can be calculated using optical triangulation. Different ways have been 
used to find the homologous points; Reich et al. [6], Kühmstedt et al. [7] and Han and Huang 
[8] uses phase-shifted fringes in two perpendicular directions. Han and Huang have also used 
a fringe pattern that was visibility modulated perpendicular to the fringes [9]. In all the stereo 
camera examples above the measurement time are prolonged due to the phase shifting.  
 It is also possible to use other patterns than fringes to find the homologous points. 
Synnergren [10] uses stereoscopic electronic speckle photography. This however gives a 
lower spatial resolution due to the finite size of the subimages used to locate homologous 
points. Wiegmann et al. [11] also uses two cameras and a sequence of band limited random 
pattern. To achieve a good resolution they project 20 different patterns and again the 
measurement time becomes longer. 
 In this paper we use a stereo camera system with projected fringes. The idea is to use 
only one image per camera and solve the unwrapping problem by using a digital master of the 
object, e.g. the CAD model. This method makes it possible to measure objects that have 
discrete height jumps, as long as both cameras can see the projected fringes. Even though a 
digital master is used in order to find the correct homologous point, problems due to the 
wrapped phase appear if the shape of the object deviates too much from the shape of the 
digital master. 
 A general description of the stereo camera system and the theoretical accuracy of the 
measurements are described in section 2. In section 3 the three steps of finding the 
homologous points are described. The experimental setup, the calibration and the 
measurements are described in section 4. In section 5 the obtained results are presented and 
discussed together with a description of the ambiguity due to the wrapped phase. In section 6 
the conclusions are presented. 

2. Theory 
A schematic sketch of the stereo camera setup, the object and the coordinate systems is 
shown in Fig. 1. In order to get a constant magnification across the image field a translated 
lens system is used [12]. This means that the optical axes of the two cameras are parallel to 
each other and that the lens plane, the detector plane and a flat reference plane in the object 
volume are all parallel. Camera 1 is defined as the main camera, the camera whose pixels are 
used to define the coordinates of the object, and camera 2 is the slave camera. Five coordinate 
systems are defined; the world coordinate system ( )www zyx ,,  on the reference plane, the 
lens coordinate systems ( , one in each camera aperture and the detector coordinate 
systems , one in each detector. In the coordinate systems, and the following 
equations,  denote which camera is related to. The position vectors from the origin in 
the world coordinate system to the origins of the lens coordinate systems are given by 

 and the vectors from the origins of the lens coordinate systems 
to the origins in the detector coordinate systems are given by 

)
)

lilili zyx ,,
( didi YX ,

2 ,1=i

liizliiyliix OOO zyxOi ++=

liizliiyliix ccc zyxci ++= . The 
coordinate systems in the apertures and detectors are rotated 180 degrees around the zw-axis 
and in this way the images aren’t inverted. 
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Figure 1: Schematic of the camera system. The position vectors 

, ,  and  describe where the origins of the lens and 
detector coordinate systems are positioned. The point P in the 
world coordinate system is imaged to point Pi on each detector. 

1O 2O 1c 2c

 
 Given a stereo camera setup a relation between an object point  in the world 
coordinate system and a point on the detector 

( zyxP ,, )
( )iii YXP ,  can be derived. If both P and Pi are 

expressed in the lens coordinate system using the position vectors Oi and ci, the relation, 
which is described by Eq. (1), is achieved with ray tracing in accordance with Synnergren 
and Sjödahl [12]: 

 
( ) ( ) ( αα ,,,,,, zyxXzyxc

zO
cOx

X xiixiix
iz

izix
i Ω+=Ω+−

−
+

= ), (1a) 

 
( )

( ) ( αα ,,,,,, zyxYzyxc
zO
cOy

Y yiiyiiy
iz

iziy
i Ω+=Ω+−

−

+
= ) , (1b) 

where the distances O and c are defined in Fig. 1. ( )α,,, zyxxiΩ  and  are 
correction terms due to distortion and misalignments in the system. The misalignments are 
expressed by the angles in vector , which describe how the lens coordinate system and the 
detector coordinate system are rotated with respect to the world coordinate system. 

( )α,,, zyxyiΩ

α
( )ii YX ,  is 

the distortion free detector point when the rotation angles between the three coordinate 
systems are assumed to be zero. α , the distances O and the magnification of the system are 
determined by calibration, see section 4. 
 To be able to calculate the shape of an object an inverse relation has to be derived 
from Eq. (1). First the detector positions are transformed to positions on the reference plane 

 using the magnification ( ii yx ˆ,ˆ ) iziz OcM =  in the system:  
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Using this, the object position becomes: 
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are the distortion free detector coordinates transformed to object coordinates on the reference 
plane. Remaining parameters in Eq. (3) are defined as in Fig. 1.  

Equation (3) is only valid if ( )11, yx  and ( )22 , yx  represent the same object point 
. Such detector points are called homologous points and they can be found by 

comparing the phase in the projected fringe pattern. The displacement between a detector 
point in the slave camera and the position of a detector point in the main camera, 

( zyx ,, )

21 XXX −=Δ , is proportional to the phase difference, ϕΔ , between the phases in the two 
points according to  

 
π
λ

ϕ
2

zX Δ=Δ , (5) 

where zλ  is the fringe period on the detector when an object point of height z is imaged. 
Using uniform triangles zλ  can be expressed as 
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where Rλ  is the fringe period on the reference plane given by the calibration. M is the 
magnification of the system, zzz OOO 21 ≈=  is the distance between the reference plane and 
the apertures in the cameras and  is the distance between the reference plane and the 
projector. If  Eq. (6) becomes independent of the object height, thus 

pO

zp OO =

 MRz λλ = . (7) 

The same can be assumed if zOz << and . pO
 According to the derivations of the object positions [Eq. (3)] and the relation between 
the pixel displacement and the phase difference [Eq. (5)] and given that xx OOxx 2121 ,, <<  
the accuracy in the shape calculations are dependent on the estimated errors below 

 ϕπ
λ e

OO
Oe R

xx

z
z 221 −
=  (8a) 

 ϕπ
λ ee R

x 2
=  (8b) 

where  is the noise in the phase measurement [13]. As can be seen the accuracy in the  
z-calculations depends on the fringe period, the noise in the phase and the angle 

ϕe
θ  between 

the cameras, see Fig. 2. Since there aren’t any sensitivity in y-direction with this method the 
error in y-direction, , only depends on the global positioning of the measurement result, 
see section 3.  

ye

3. Finding homologous points 
Since we have a digital master of the object, the homologous points in the two images can be 
found without having to unwrap the phase maps by following the three steps described in the 
sections below. In the search for the homologous points the phase in each camera is 
calculated using the Fourier-transform method described by Takeda et al. [14]. The Fourier-
transform method makes the measurements fast since no phase-shifting is needed. It also 
discards possible higher order harmonics in the fringe pattern. 

A. Using the digital master 
To begin with connections between detector pixels in the main camera and corresponding 
detector points in the slave camera are found. The set of connections is called the ideal 
relation since it is found assuming ideal pinhole cameras. Since the ideal relation depends on 
the object to be measured it is achieved by placing the digital master (e.g. the CAD-model) in 
the centre of a virtual, aberration free, stereo camera system. The object points that ideally 
should be imaged in each one of the detector pixels in the main camera are then found using a 
minimization algorithm. This is done by using ray tracing from the detector pixel, through the 
aperture and to the point where the ray intersects the surface of the digital master. When the 

 5



object points have been found their corresponding image points in the slave camera are found 
using the relationship between the object and the camera in the translated lens system 
assuming no distortion and that the rotation angles are zero, see Eq. (1). The correction terms 
can be omitted since only an approximate relation between the cameras has to be found, 
given that the relation will be used as an initial guess in the search for the homologous points.  

This procedure can be done prior to the measurements since the same ideal relation 
should be used for all objects corresponding to the same digital master. 

B. Rotation and translation 
To be able to use the ideal relation it is of great importance to know where the object is 
positioned in the image so that the relation between the cameras can be translated and rotated 
into the right position and orientation. This movement is described by a translation vector T 
and a rotation matrix R. When the N number of pixels in the main camera,{ } , and 

the corresponding points in the slave camera given by the ideal relation,{ } , is 
known T and R is found by solving the least squares problem  

Nkk ,...,1=p

Nkk ,...,1=q

  (9) (∑
=

+
N

k
kkd

1,
),(min pTRq

TR
)

)where the distance function  is defined as ( pq,d

 ( ) 2
12 )(min),( pqpq ϕϕ −=d  (10) 

where 1ϕ  and 2ϕ  are the phases in the main camera and the slave camera respectively. This 
step provides a translated ideal relation that we call the global best fit.  
 In this article the object has been positioned in such a way that only x-translations are 
possible, hence Eq. (9) is only solved for one direction.  

C. Search algorithm 
Based on the global best fit an initial guess can be done such that the phase value in the slave 
camera is approximately equal to the phase value in the main camera. It can be assumed that 
the point in the slave camera is situated within π±  from the wanted homologous point and 
hence the fine-tuning of the homologous point can be performed without having to concern 
about phase wrapping. 
 The search starts by extracting pixels in the neighbourhood of the point in the slave 
camera. Since many pixels in the direction parallel to the fringes will have approximately the 
same phase only pixels in the direction perpendicular to the fringes are considered. After that 
the phase difference between the phases in this neighbourhood and the phase in the given 
pixel in the main camera is calculated. To find the homologous point with subpixel accuracy 
one has to find the two pixels resulting in the smallest absolute phase difference. The position 
of the homologous point, the point with zero phase difference, can then be calculated using 
uniform triangles. A linear variation of the phase differences between adjacent pixels is 
assumed since the spatial resolution in the measurements is only 4 pixels using this setup. 
This assumption is also valid given that the change in fringe period on the detector, zλΔ , is 
approximately zero for a change in the measured height, zΔ , realized from Eq. (7).  
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4. Experiments 

A. Experimental setup  
The experimental setup is shown in Fig. 2. The cameras used in the experiments was two 
Sony XCL 5005 with a resolution of 2456 x 2058 pixels, a pixel size of 3.45 x 3.45 µm2 and 
a dynamic range of 12 bits. The cameras were mounted on x-y-z translation stages in order to 
calibrate them. The imaging system consisted of 50 mm Rodagon 1:2.8 lenses that were split 
in two such that an arbitrary aperture could be positioned in the aperture plane. We used a 
circular aperture with a diameter of 3 mm. For practical reasons 1024 x 1024 pixels were 
used which gave a field of view of 8.83 x 8.83 cm2. The magnification was approximately 
0.04. In the measurements performed the exposure time was 40 ms. The distance between the 
lenses, B, was approximately 370 mm and the distance between the reference plane and the 
aperture planes, Oz, was approximately 1300 mm. The projector consisted of a white lamp, an 
amplitude grating with pitch 0.1 mm and a focusing lens. The position of the projector was 
approximately 620 mm above the reference plane, Op. This gave projected sinusoidal fringes 
with a fringe period on the object plane of about 1 mm. 

 
Figure 2: Experimental setup 
 

 In the measurements a metallic plate painted white was used as reference plane. The 
object was a cylinder with diameter 48 mm that was cut in order to have a measurement 
object of height 15 mm, see Fig. 3(a). The cylindrical object had traces of depth 1, 2 and 
3 mm and width 10 mm milled off. In the measurements the digital master was assumed to 
look as Fig. 3(b), i.e. only the 3 mm trace was present. 
 

 
Figure 3: (a) Outline of the measurement object with three traces of depth 1, 2 and 
3 mm milled off. (b) Outline of the digital master. 
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B. Calibration 
Before the measurement take place calibration of the system is performed in three steps. The 
first two calibration steps are performed according to Synnergren and Sjödahl [12]. First the 
two cameras has to be aligned in order for there image fields to overlap. For this a flat 
reference plate covered with a random dot pattern are positioned at z = 0. The two cameras 
are focused on the plate and from the two images the displacement between the image fields 
is found by real time correlation using digital speckle photography [15]. This makes it 
possible to adjust the positions of the cameras with high-precision translation and rotational 
stages until the displacement between the image fields are zero. The second calibration step is 
to perform a known z-movement of the reference plate. Given two exposures of the plate, one 
before and one after the movement, the positions of the cameras, the magnification and the 
misalignment angles and distortions in the system can be determined using an iterative 
method. In the last calibration step the dotted plate is replaced by a white plate and images 
are captured of the projected fringe pattern. Given the images the fringe period is found from 
the peak position of the side lobe in the frequency spectrum.  
 During the construction of the measurement system, effort was made to align the 
cameras as accurately as possible. This made the first calibration step easier since the 
cameras only had three degrees of freedom. 

C. Measurements 
Measurements are done by placing the object on the reference plane, projecting the fringe 
pattern on the object and capturing the images. In the two images homologous points are 
found as described in section 3. When the homologous points are found the true shape of the 
object is calculated according to Eq. (3) in the theory section. Since the measured 
homologous points are affected by distortion and possible misalignment in the system they 
have to be subtracted by the transformed correction terms in accordance with Eq. (4).  
 A few pixels at the boundaries of the images are omitted in the search for homologous 
points since the two cameras don’t overlap there if the object height is above the reference 
plane. In other words, there might not be any corresponding points to these pixels. 

5. Results and discussion  
Since the digital master [Fig. 3(b)] only had the 3 mm trace included the 1 mm and 2 mm 
traces are thought of as deviations from the true shape in the calculations. The result of the 
measurement can be seen in Fig. 4. From the result it is seen that the cylindrical shape of the 
object is correctly measured and that the response to the three traces are different. 
 In Fig. 5 four cross sections, taken at y = 35.5, 26.9, 9.7 and -7.5 mm (see Fig. 4), is 
shown together with the corresponding cross section of the digital master. In the two cross 
sections taken at a position where the digital master and the object agree [Fig. 5(a) and (d)] it 
can be seen that the correct shape has been detected. It can also be noted that the 1 mm 
deviation is detected [Fig. 5(b)] but that the 2 mm deviation is not [Fig. 5(c)]. The 2 mm 
deviation is not correctly detected since the starting point in the search for the homologous 
points wasn’t within π±  from the homologous points and hence a wrapping error appears. 
This problem appears when the measured object differs too much from the digital master. 
From the system setup a calculation has been done using uniform triangles giving Eq. (11) 
describing the largest deviation  from the digital master that can be correctly detected, zΔ
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where zλ  is the fringe period on the detector when an object point of height z is imaged, see 
Eqs. (6) and (7) and assumptions in section 2 and z′  is the height of the object point 
according to the digital master. Remaining parameters can be found in Fig. 1. In the system 
setup used in this paper the largest possible deviation becomes approximately  mm 
close to the reference plane.  

6.1±

 

 
Figure 4: Measurement results. As can be seen the 2 mm trace are incorrectly 
detected. The black lines are cross-sections that are used in Figs. 5 and 6. 

 
 

 
Figure 5: Cross-sections of the measurement result compared with the cross-
sections of the digital master. The cross sections are taken at y = 35.5, 26.9, 9.7 
and -7.5 mm for (a)-(d) respectively. 
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 It can now be seen that both the largest possible deviation [Eq. (11)] and the accuracy 
[Eq. (8)] depend on the fringe period. By comparing the two expressions it is noticeable that 
the better the accuracy the smaller deviation from the digital master is possible. 
 In Fig. 6 the residuals between the measured cross sections from Fig. 5 and the 
corresponding cross sections from the real object [Fig. 3(a)], not the digital master, can be 
seen. The residuals are calculated by taking the closest distance between the measurement 
points and the shape of the object. The standard deviations of these residuals, which are 
determined from the local variations, are approximately 45 µm which can be compared to the 
theoretical accuracy in this setup that is 40±≈  µm according to Eq. (8a).  
 

 
Figure 6: The residuals between the cross-sections of the measurement result and 
the cross-sections of the real object. The cross sections are taken at y = 35.5, 26.9, 
9.7 and -7.5 mm for (a)-(d) respectively. 

 

6. Conclusions  
In this paper we have proposed a method of measuring shape using a stereo camera system 
with projected fringes and only one simultaneous image recording of the object. This is 
possible since we have a digital master, i.e. we have prior knowledge about the expected 
object shape. An ideal relation between the two cameras is calculated and then transformed to 
get a global best fit of the object. Given the global best fit homologous points in the images 
can be found without having to unwrap the phase images. Since the fringes are used only in 
order to find the homologous points the position of the projector doesn’t need to be identified. 
This makes the calibration of the system easier. When the measurement is done in this way 
the image capturing becomes fast and the method is suitable for on-line measurements in an 
industrial environment. Since the information about the digital master is used in the 
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measurements and that the orientation of the digital master and that of the measurement 
object are adjusted to each other, also the resulting shape is given in the same global 
coordinate system. This makes it quite straight forward to compare the measurement results 
with the digital master [16]. 
 With the settings used in this paper the accuracy in the measurement was  µm 
and due to the fact that no unwrapping is done a deviation of max  mm can be 
correctly detected close to the reference plane. As a consequence it is important that the 
deviations of the measurement objects don’t exceed this limit, or that the system settings is 
chosen so that the maximum detectable deviation is large enough in order to distinguish the 
maximum possible deviation of the object.  

40±≈
6.1±≈
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