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ABSTRACT 

In many technical processes, material is deformed under conditions involving 
large deformations (strains) and/or high strain rates. Examples of such pro
cesses are collisions, impact, penetration, metal forming, powder compaction 
and crack propagation. For description of these kinds of situations a variety 
of constitutive models, based on both physical foundations and empirical con
siderations, is available. Common for all models is that they contain material 
parameters, which have to be estimated by utilising experimental methods. 

For material characterisation under quasi-static conditions standardised ten
sion tests of uniaxially loaded specimens are commonly used. With these tests 
stress-strain relations are obtained up to moderate strain values, whereupon the 
onset of strain localisation, so-called necking, restricts their validities. Correc
tion methods have been developed to compensate for the onset of necking (e.g. 
Bridgman's correction method for round bars). 

The Taylor impact test and the split Hopkinson bar arrangement are fre
quently used methods for the investigation of incompressible (volume con
serving) materials in the high strain rate regime. Typically, the specimens are 
short and stubby cylinders, which ideally facilitate a homogeneous state of 
loading necessary for a simple interpretation of the experimental results. 

In this thesis a methodology is suggested for characterisation of materials 
subjected to large deformations and high strain rates, where neither homoge
neously loaded specimens nor incompressible behaviour are necessary. Ex
perimental methods similar to standardised tension tests and split Hopkinson 
bar arrangement are complemented with an optical method, digital speckle 
photography (DSP), for in-plane point-wise displacement and strain measure
ments. By using a common digital camera in the former tests and a high-speed 
camera with a CCD-unit (Charged Coupled Device) in the latter tests digitised 
images are obtained for the method of DSP. 

An inverse method is used to estimate the material parameters in constitu
tive models. Three-dimensional numerical simulations of the specimens are 
performed by the finite element method (FEM). By adjusting the parameters 
to give a best fit between experimental and numerical results (displacements 
and strains) in least-square sense optimal values are obtained. 

In the quasi-static tension tests true strain values up to 0.8 were obtained for 
a hot-rolled steel. The mild steel specimens in the high strain rate tests were 
subjected to strain rates of magnitudes IG2 — 103 s _ 1 . 
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Displacement Field Measurement using DSP for Characterisation of Materials 

1 INTRODUCTION 

1.1 Background 

During the last decades the rapid development of computers and software has 
led to an increasing ability for design engineers to solve computational prob
lems. With the commercial finite element codes, most conventional structural 
and solid mechanics problems can be formulated and also solved. Engineers 
in mechanical industry use such codes to determine stresses, deformations and 
strains. The finite element method (FEM) is widely used for numerical simu
lation of technical applications involving large deformations and/or high strain 
rates. Typical situations where large deformations arise are for example col
lisions and manufacturing processes involving metal forming. Situations with 
high strain rates are for example collisions, impact, penetration and crack prop
agation as well as processes like powder compaction and other forming opera
tions. 

Simulations of the situations mentioned above are often complex because 
the physical processes involve highly non-linear parts such as large material 
deformation, viscoplasticity and complex contact phenomena etc. Recalling 
that a finite element analysis (FEA) is the solution of a mathematical model 
of a structural behaviour, the implication must be that the solution is never 
more accurate than the model permits. Using non-linear constitutive equations 
in simulations causes some difficulties. First of all, most non-linear equations 
describing material behaviour, although varying in complexity, are to some ex
tent very simplified approximations. Even if a very complex model is used, the 
problem of determining the appropriate model parameters exists. Therefore, 
good knowledge concerning material data is necessary in order to get reliable 
FE-analyses. Hence, accurate experimental methods have to be considered for 
the material characterisation. 

1.2 Objective and Scope 

The objective of the thesis is to describe a methodology for material character
isation comprising: 

• Experiments providing large deformations and/or high strain rates 

• In-plane displacement field measurement based on digital speckle pho
tography (DSP) 

• Material parameter estimation by inverse modelling 
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The most basic and commonly used method for mechanical characterisation 
of materials under quasi-static conditions is the standard tension test (ASTM 
Standard E8M-96, 1996). This type of testing provides stress-strain relations 
up to moderate strain values, whereafter their validities are ceased due to the 
onset of the plastic instability process, so-called necking. By using an optical 
method, DSP, the in-plane displacement field can be measured. Thereby, a de
tailed description of the deforming specimen is obtained. Hence, it is possible 
to study the necking region and local strain values beyond the onset of plastic 
instability can therefore be accurately measured. 

In cases where the strain rates are of magnitudes above 1G2 s - 1 , a technique 
called split Hopkinson pressure bar (or Kolsky bar) is widely used for material 
testing. In this thesis, experiments based on the idea of the split Hopkinson bar 
arrangement are designed. The experiments include a more extensive method 
using high-speed photography to obtain deformation data. Further, the high
speed photography is combined with the DSP-method in order to obtain field 
information. 

Several constitutive models are suggested in the literature for characteri
sation of non-linear plastic behaviour and many of them are implemented in 
modern FE-codes. Since the thesis emphasises the methodology containing 
field measurement and inverse modelling, and not on development of consti
tutive models, relatively simple models are used. The models considered for 
the large deformations (strains) are a piecewise linear plasticity model and a 
parabolic hardening model. The material behaviour at high strain rates is char
acterised by viscoplastic models suggested by Perzyna (1963); Johnson and 
Cook (1983). 

The material parameters are estimated by using a so-called inverse method. 
It is based on comparison between experimental and numerical (FE-calculated) 
data. The numerical data is provided by FEA, where the constitutive model 
of interest is employed. A so-called objective function based on the differ
ence between field information from the FE-calculation and the experiments is 
formed. The parameters of the selected model are then adjusted to achieve a 
minimum in the objective function, yielding best-fit parameters. 

The methodology for material characterisation is applied to metals, but it 
can be used for investigation of other materials as well. 

1.3 Outline 

The thesis consists of an introductory survey and five appended papers. The 
survey gives the background and the objective of the thesis. Further, the prin
ciples for physical mechanisms of deformation are briefly described, followed 
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by a discussion regarding constitutive models. Reviews of some experimen
tal techniques for material characterisation in the area of large deformations 
and high strain rates are included. Brief descriptions of the main features of 
the five papers, namely digital speckle photography (DSP) and inverse mod
elling, are given. Finally, summaries of the appended papers and the results 
therein are given, whereupon the last sections contain general conclusions and 
suggestions for future work. 

2 P H Y S I C A L MECHANISMS O F DEFORMATION 

This section gives a brief description of the physical mechanisms involved in 
plastic deformation of metals. The intention is to provide a basic understanding 
regarding thermal softening and the hardening effects caused by large plastic 
deformations and high strain rates. 

2.1 Structures 

Atoms in metals and alloys are arranged in closely packed crystal structures, 
which are held together by electromagnetic forces. The crystalline state is 
characterised by the regularity in the atomic arrangement. So-called unit cells 
provide the regularity by forming three dimensional patterns or lattices. Most 
metallic lattices are associated to one of these three unit cells depicted in Fig. 1: 

• BCC - Body centred cubic 

• FCC - Face centred cubic 

• CPH - Close packed hexagonal 

BCC unit cell FCC unit cell CPH unit cell 

Fig. 1: Common unit cells for metals. 
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Metals and alloys are in general produced in a liquid state. During the cool
ing process the first nuclei of the crystal growth are constituted. Each nucleus 
develops into a crystal, whose growth is limited by the neighbouring crys
tals. The crystals with their lattice structures are essentially anisotropic, but 
since the crystals are randomly oriented isotropy is rendered at the macro
scopic level. 

2.2 Dislocations 

During the growth of crystals non-perfectly arranged lattices are formed. That 
means, defects in the lattice structures occur. These defects are for example 
vacancies, i.e. missing atoms, and dislocations. 

The dislocations, also called line defects, are the main reason for the plastic, 
i.e. permanent, deformation. Two common types are edge and screw disloca
tions. In edge dislocations distortion exists along an extra half-plane of atoms. 
A typical edge dislocation is illustrated in Fig. 2(a). Screw dislocations consist 
of a rotation of one part of the lattice structure. In Fig. 2(b) a screw dislocation 
is shown, where the upper part is rotated. 

(a) (b) 

Fig. 2: Edge dislocation A-B (a). Screw dislocation C-D (b). 

2.3 Elastic and Inelastic Behaviour 

Elastic deformations occur at the atomic level. The observed macroscopic ef
fects are results of changes in the interatomic spacing necessary to balance 
external forces. As soon as the external forces are removed the initial shape is 
restored. However, plastic deformations take place at the crystal level, where 
in contrast to elastic deformations atomic displacements remain. The deforma
tions are either purely intragranular (inside the grains) or involve intergranu-
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lar displacements. The ratio between intergranular and intragranular displace
ments is generally small, but increases with increasing temperature or decreas
ing strain rate. Consequently, an increased strain rate results in less interaction 
between grains. 

As mentioned above, dislocation movements cause plastic (permanent) de
formation. Conversely, large plastic deformations increase the density of dis
locations whose mobilities thereby are mutually obstructed, which in turn con
tributes to further hardening. 

When dislocations move through the lattice they encounter obstacles in form 
of crystal defects such as vacancies, grain boundaries, voids, micro cracks 
and other dislocations etc. These obstacles and a few others are depicted in 
Fig. 3. Further, the movement of a dislocation from one equilibrium atomic 
position to the next requires that a certain energy barrier has to be overcome. 
The influence of this barrier and thermal energy stored within the lattice is 
described below. 

interstitial atom s m 3 n a f l g i e boundary 

Fig. 3: Different types of defects in crystalline metals. (From Vohringer (1989)) 

Thermal energy increases the amplitude of vibration of atoms. This energy 
can help atoms to overcome obstacles as those mentioned above. Since an in
creased temperature, i.e. increased thermal energy, also decreases the height 
of the barriers the dislocation movements are facilitated. Consequently, lower 
forces, i.e. stresses are necessary and the material is thereby exposed to ther
mal softening. On the other hand, an increased strain rate decreases the time 
available to overcome the barrier and the thermal energy is thereby less effec
tive. Therefore, larger stresses are necessary for facilitating further dislocation 
movements. Hence, an increased strain rate results in viscoplastic hardening. 
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More detailed descriptions of the physical mechanisms involved in the de
formation process are given in for example Lemaitre and Chaboche (1990); 
Meyers (1994). 

3 CONSTITUTIVE MODELS 

Constitutive models can be divided into two main classes; empirically based 
models and physically based models. The latter models consider physical 
mechanisms such as dislocation movements and phase transformations. 

3.1 Empirical Models 

Stress-strain relations obtained by standard static tension testing can be de
scribed by empirical models such as power law plasticity, parabolic hardening 
and piecewise linear plasticity. The effective stress ae according to von Mises 
as a function of the equivalent plastic strain SeP in the power law is given by 

ae = ken = k(e0 + e e p ) n (1) 

where SQ is the elastic yield strain, k and n are material parameters. Further, 
the parabolic hardening model is expressed as 

ae = A + Ben

ep (2) 

where A,B and n are its parameters. The piecewise linear plasticity model 
contains so-called strain hardening moduli defining slopes of the piecewise 
linear stress-strain curve. The number of moduli can be arbitrarily chosen. 

In order to characterise materials for various strain rates and temperatures 
other more extensive models have to be considered. One of the most widely 
used models is the one suggested by Johnson and Cook (1983). The effective 
stress is given by 

oe = (A + Ben

ep)(l + Clné*ep)(l - T*m) (3) 

where é*ep = eep/eref is the dimensionless plastic strain rate and T* is the 
homologous temperature given by 

T* = J ~ ^ 7 m (4) 

melt -t room 

The model contains five material parameters, A, B, n, C and m. This rela
tively simple model is composed by three factors, which consider the strain 
hardening, the viscoplastic hardening and the thermal softening, respectively. 

6 
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An other model, which includes two parameters, describing the viscoplastic 

behaviour is proposed by Perzyna (1963), where the effective stress is given 
by 

oe = ay(£ep,T) ^ 1 + ' j (5) 

The model contains two unknown parameters, namely the strain rate sensitivity 
-) and the over stress exponent n. oy(eep,T) is the quasi-static stress-strain 

relation at temperature T. 

3.2 Physically based Models 

An example of a physically based model is the one suggested by Zerilli and 

Armstrong (1987). This model is based on the framework of the thermally 
activated dislocations discussed in the previous section. The effective stress 
according to Zerilli and Armstrong (1987) consists of three terms, namely 

o~e = o-ath +o~th +o-gr (6) 

where aath is due to the structure-dependent athermal barriers that can not be 
overcome by thermal energy. Further, the stress component oth is due to the 
thermally activated barriers that can be overcome by thermal energy. Finally, 
the last term ogr is introduced to describe the dependency of the grain size. 

That is, the flow stress is increased due to the requirement of slip band-stress 
concentrations at grain boundaries being needed for the transmission of flow 

stress between the grains. 
By studying the behaviours of BCC and FCC metals at various temperatures 

and strain rates a significant difference between these materials can be noticed. 
The BCC metals exhibit a much higher temperature and strain rate sensitivity 

than the FCC metals. Thus, different expressions regarding o\h are suggested 
for BCC and FCC metals. The resulting effective stresses are given by 

BCC : ae = aath + d e x p ( - C 3 T + C 4 T l n sep) + C5e^p + kdT1'2 

FCC : ae = aath + C2e%2 exp(-C3T + C4T In éep) + kd~ll2 

where Ci , ...C5 are material parameters. The third term in the BCC equa
tion is a power law description of the strain hardening under static conditions 

containing the parameter n. Finally, the material parameter k is the so-called 

7 
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microstructural stress intensity and d is the average grain diameter. The prin
cipal difference between these two expressions is that the strain and strain rate 
are uncoupled for BCC metals, but coupled for FCC metals. 

Even though, the models are based on physical mechanisms, they still con
tain parameters, which have to be estimated by experimental investigations. 
No constitutive law is proposed so far, where the mathematical structure and 
the parameters are determined theoretically. Other physically based models 
are suggested in for example Follansbee and Kocks (1988); Nemat-Nasser and 
Kapoor (2001); Barlat et al. (2002). 

4 CONVENTIONAL E X P E R I M E N T A L TECHNIQUES 

4.1 Evaluation of Stress-Strain Relationship for Large Deformations 

The most common way to evaluate the stress-strain relationship under quasi-
static conditions is by performing standardised tension tests (ASTM Standard 
E8M-96, 1996). These tests require specimens subjected to a homogeneous 
state of uniaxial loading. Typically, the specimens are long round bars or thin 
sheets with rectangular cross-section subjected to tensional loading in a com
mon tension testing machine. According to the standard method mentioned 
above the strain is determined by using a so-called extensometer, which mea
sures the extension of a certain gauge length. The relative extension, i.e. the 
ratio between the measured extension and the initial gauge length, then gives a 
value of the uniaxial (engineering) strain. The shortcoming of this testing pro
cedure is that the assumption of uniformity is valid only until the maximum 
load is achieved. Thereafter plastic instability and strain localisation will oc
cur and the so-called diffuse necking starts. This phenomenon might cause the 
specimen to terminate in fracture, but for thin sheets it is often followed by a 
second instability process, namely localised necking. The difference between 
these two types of necking is shown in Fig. 4, where the onset of diffuse neck-

Localised neck 

Diffuse neck 

Fig. 4: Different types of necking. 
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ing occur as a decrease of the width of the specimen. When the later upcoming 
localised neck appears the width of the specimen decrease only slightly, but the 
thickness along the necking band shrinks rapidly and soon thereafter fracture 
occurs. 

I f the strain is determined by using an extensometer according to ASTM 
Standard E8M-96 (1996), the measured value beyond the onset of diffuse neck
ing wil l be an underestimation of the local strain. In order to correct and com
pensate for the necking occurrence several methods (Bridgman, 1952; Ling, 
1996; Zhang et al., 1999, 2001) are developed aiming to extend the region of 
validity for the standard testing procedure. 

4.1.1 Bridgman's Correction Method for Round Bars 

The most commonly used method for obtaining true stress-strain relations for 
round bars after the occurrence of necking is the correction method suggested 
by Bridgman (1952). He assumed that the strain distribution in the minimum 
(necking) section is uniform through the bar. Further, he made the assump
tion that a longitudinal fibre is deformed as shown in Fig. 5 with a radius of 
curvature p according to 

Fig. 5: Necking of a round bar. 
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where a is the radius of the smallest section and R is the radius of curvature 
of the neck. Based on the first assumption and introducing the volume conser
vation (plastic incompressibility) condition the equivalent plastic strain at the 
neck is 

eep = In - j (8) 

where AQ is the initial cross-sectional area and A is the instantaneous area (at 
the neck). Finally, he stated that the corrected equivalent stress is 

_ °~nom. _ r ,• F 
a e - ( i + 2E) in (1 + ^ ) " N O M - K A W 

where F is the tension load. 
Bridgman's correction method is straight forward, but difficulties arise when 

the geometrical properties, radii a and R, shall be determined. Firstly, the test
ing procedure has to be interrupted once the radii shall be measured. Secondly, 
several tests are required for accurate measurement. However, an empirical ex
pression for the neck geometry parameter a/R has been presented by Le Roy 
et al. (1981). The parameter is given by 

^ = 1.1(^-4™**) ( io) 

where e ^ a x is the equivalent plastic strain at the maximum load, i.e. the load 
when necking occurs. 

4.1.2 Correction Method for Thin Sheets 

Bridgman aimed to extend his method to material characterisation of thin 
sheets, but his attempts failed to provide satisfactory characteristics. Mainly, 
the failure was caused by the more complicated stress-strain state in the thin 
sheets than in the round bars. 

Based on Bridgman's correction method a similar approach for thin sheets 
was developed by Zhang et al. (1999, 2001). The true strain state is still eval
uated by considering the area reduction of the minimum cross-section (see 
Eq. (8)). However, the cross-section of a thin sheet is subjected to a shape 
change after the onset of diffuse necking as shown in Fig. 6, where the ini
tial thickness is denoted tj and the minimum thickness t. The reduced area is 
therefore more difficult to measure than the corresponding area for a circular 
cross-section. By performing extensive three-dimensional numerical studies of 
the necking behaviour the authors established an approximate relation between 

10 
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— — - — -

J 1 
t ! 

r ! 

1 i r 

Fig. 6: Minimum cross-section of a thin sheet, where the initial rectangular shape is 
depicted with dashed lines. 

the area reduction of the minimum cross-section and the measured thickness 
reduction At = to — t. Several aspect ratios (thickness divided by width) were 
considered. Furthermore, the numerical study showed that as long as the true 
area reduction could be calculated, the specimens with various aspect ratios 
gave the same true average stress-strain curves as for round bars. Thereby, the 
authors stated that Bridgman's correction equation for the true stress in Eq. (9) 
can be used. By using the expression presented by Le Roy (see Eq. (10)) the 
determination of true stress-strain state was finally established. 

4.2 High Strain Rate Testing 

This subsection contains a historical retrospect of some important progress in 
the area of high strain rate testing. Further, some widely used experimental 
techniques are briefly described. 

4.2.1 The Incidental Discovery 

One of the pioneers in high strain-rate testing was John Hopkinson who per
formed some important experiments in the area of dynamic behaviour of ma
terials (Hopkinson, 1872a,b). The purpose of his experiments was to examine 
the strength of steel wires. The experimental set-up he used is shown in Fig. 7, 

Fig. 7: John Hopkinson's experiment. 

11 
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where the steel wires were suddenly stretched by a falling weight. He found 
that the minimum height from which the weight had to be dropped for fracture 
was nearly independent of the size of the weight. Incidentally, he also noticed 
that metals can withstand a larger tensile load under dynamic conditions than 
they can under static conditions. 

4.2.2 Hopkinson Pressure Bar 

After John Hopkinson's death one of his sons, Bertram Hopkinson, carried 
on his father's work. He presented a technique for characterisation of im
pulses (Hopkinson, 1905, 1914). The experiment shown in Fig. 8 consisted 
of a long bar, which was impacted by bullets or by the detonation of explo
sive charges. A short rod, so-called momentum trap, was placed tightly to the 
far end of the bar. Further, this momentum trap was attached to a ballistic 
pendulum that was used to measure its momentum. By varying the length of 
the momentum trap, he was able to collect data sufficient for construction of a 
complete pressure vs. time curve. His pioneering work on determination of the 
shapes of impulses travelling through bars had the consequence that his device 
consisting of a long bar for transmission of elastic waves to a force transducer 
became known as the Hopkinson pressure bar. 

y i 
Bullet Hopkinson pressure bar Momentum trap 

Fig. 8: Hopkinson pressure bar experiment. 

4.2.3 Taylor's Test for Investigation of Dynamic Yield Stress 

A method to investigate dynamic strength of materials in compression was 
developed by Taylor (1946, 1948). His method consists of firing a solid cylin
drical projectile against a rigid steel target. The front part of the projectile 
crumples up, but the rear is left undeformed (see Fig. 9). Taylor suggested that 
the dynamic yield stress a could be estimated by measuring the overall length 

12 
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of the specimen after impact and the length of the undeformed rear part. The 
relation between the measured quantities and o is given by 

o = 
pV2(L - X ) 

2 ( L - L i ) l n ( L / X ) (11) 

where p is the density of the projectile, V is its impact velocity. The definitions 
of the lengths L, L\ and X are presented in Fig. 9. 

Initial 
state 

Fig. 9: Taylor's experiment. 

4.2.4 Split Hopkinson Pressure Bar 

Taylor's method was published just before Kolsky presented his famous method 
using two Hopkinson pressure bars for measurement of dynamic behaviour of 
materials in compression (Kolsky, 1949). The arrangement is known as split 
Hopkinson pressure bar or Kolsky bar and is the most commonly used tech
nique for obtaining material properties at high strain rates. A schematic sketch 
of the arrangement is shown in Fig. 10. A projectile impacts the incident 

Strain gauge Specimen Strain gauge 

. " C _ = 

Projectile Incident bar Transmitter bar 

Fig. 10: Split Hopkinson pressure bar arrangement. 
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bar and creates a compression wave, which propagates through the incident 
bar and then reaches the specimen that is positioned between the incident and 
transmitter bar. A portion of the incoming wave reflects and the rest propagates 
through the specimen into the transmitter bar. A l l three waves are measured 
with strain gauges that produce strain signals q, er and et- The experiment 
must be designed so that plastic deformation only occurs in the specimen and 
not in the bars. I f the specimen is assumed to be in equilibrium the true strain 
rate e, the true strain e and the true stress a are given by 

e(t) = -2-^eT(t) (12) 

e(t) = -2cfe I €-^dt = In 
Jo L 

' ( 1 3 ) 

a(t) = Eb-^€t(t) (14) 

where q>, and A0 are properties belonging to the Hopkinson bars. They 
are the wave propagation speed, Young's modulus and cross-sectional area, 
respectively. Further, the geometric properties L and A are the instantaneous 
length and cross-sectional area of the specimen, respectively. The correspond
ing properties in the original (undeformed) state are denoted lo and AQ. Be
fore the true stress-strain can be evaluated L and A have to be determined. By 
taking the derivative of Eq. (13) 

2 Cjj . , L 
—JjtAt) = i (15) 

the instantaneous length L is then obtained as 

L = L0-2cb [ er(t)dt (16) 
Jo 

Further, the plastic incompressibility condition A)LQ = AL is utilised to de
termine the instantaneous area A. 

The split Hopkinson bar is also developed for measurement in tension and 
torsion. These applications of the split Hopkinson bar are discussed in for 
example Nicholas (1981) and Meyer and Manwaring (1986) for tension and 
torsion, respectively. 
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4.2.5 Directly Impacted Specimen 

A limitation in the split Hopkinson bar arrangement is that the yield stress in 
the incident bar restricts the impact velocity. Therefore, very high strain rates, 
over IO 4 s - 1 , are difficult to achieve without decreasing the length of the speci
men beyond practical limits. Experiments to overcome this limitation has been 
developed among others by Dharan and Hauser (1970); Wulf and Richardson 
(1974). In these experiments the incident bar has been omitted and the speci
men is impacted directly. The stress in the specimen is measured in the same 
manner as for a specimen used in the split Hopkinson bar arrangement, but the 
strain has of course to be measured with other methods since no incident bar 
exists. Two set-ups for directly impacted specimens are presented in Fig. 11. 
The average strain in the specimen for these set-ups is given by 

<t)= [ ^-zr^-dt, L = [ {Vl-v2)dt + L0 (17) 
Jo L Jo 

where L is the instantaneous length of the specimen. The quantities, i\ and v%, 
are the particle velocities of the impact interface and the transmitter interface, 
respectively. The velocity at the transmitter interface is easily derived by the 
relation vo = Cbet. 

In the set-up presented by Dharan and Hauser (Fig. 11(a)) i\ is determined 
by using two photodiodes at a known distance, which the projectile passes. 

Specimen Strain gauge 

Projectile Transmitter bar 

Coaxial 
capacitor Specimen 

(a) 

Strain gauge 

Projectile Transmitter bar 

(b) 

Fig. 11: Two types of arrangements for directly impacted specimens. 
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The velocity, v\, is assumed to be constant during the impact since the work 
done to deform the specimen is negligible compared to the kinetic energy of 
the comparatively massive projectile. 

In the other set-up designed by Wulf and Richardson, i\ is determined by 
differentiating the displacement of the projectile. The displacement signal is 
produced by a coaxial capacitor mounted as shown in Fig. 11(b). With these 
two methods, stress-strain relations can be determined for strain rates of order 
105 s _ 1 . In order to avoid plastic deformations in the projectile and thereby 
ensuring accurate measurement of the particle velocity at the impact interface 
the tested material, i.e. the specimen, must be much softer. 

4.3 Remarks Concerning Reviewed Techniques 

The techniques reviewed above represent the fundamentals in the experimen
tal methods used even today. Common for all these techniques is that force 
equilibrium is necessary for achieving a uniformly deforming specimen and 
thereby enabling evaluation of the stress-strain state. Further, a constant strain 
rate is a great advantage in the interpretation of the evaluated data. Careful 
design of the specimen is therefore needed to meet these requirements. For 
instance, the length of the specimen is selected by first considering the time 
required for a uniform stress state to be achieved within the specimen. It has 
been suggested that this time is the time required for three reverberations of the 
stress pulse within the specimen (Follansbee, 1985). The length is then calcu
lated by using the sound speed of the tested material. Thus, materials with low 
sound speeds will require a very short specimen length to facilitate a uniform 
state. 

In the experiments with directly impacted specimens performed by Dharan 
and Hauser (1970); Wulf and Richardson (1974) the cylindrical specimens had 
lengths that were equal to or less than the diameters. The lengths were cho
sen in order to have strain rates of magnitude 105 s _ 1 . A problem with this 
type of experiment is the difficulty to achieve a constant strain rate within the 
specimen. 

When using the Hopkinson bar technique dispersive effects might occur. 
For example, a very steep flange of the incoming wave involve high-frequency 
components, which introduce significant dispersion. Several papers are writ
ten about this issue and dispersion-correction methods are suggested by for 
example Follansbee and Frantz (1983); Follansbee (1985). 

Since plastic incompressibility is necessary for evaluating true stress-strain 
relations no characteristics are obtained for materials whose volumes are not 
conserved. Such materials are for example metallic and polymeric foams, hon-

16 



Displacement Field Measurement using DSP for Characterisation of Materials 

eycomb structures and porous compacts. Under these circumstances additional 
sample diagnostics are required for monitoring the deformations of the speci
men. For example, optical techniques such as Moiré measurement and digital 
speckle photography have proved to be useful methods providing point-wise 
displacement and strain measurements. 

5 DIGITAL S P E C K L E PHOTOGRAPHY 

The main feature in the experimental work presented in this thesis is the optical 
method digital speckle photography (DSP). This method provides full-field 
information regarding the displacement of an object. To be more specific, 
the method provides in-plane point-wise displacement fields. The evaluation 
procedure, based on a cross-correlation algorithm, and random errors will be 
discussed in this section. 

5.1 Principles of Displacement Field Evaluation 

The fundamental requirement for evaluation of displacement fields with DSP 
is that the object has some kind of random texture. The texture may be a 
random pattern that exists naturally or a pattern created by for example black 
and white spray paint. An example of a created speckle pattern is shown at 
the top in Fig. 12. The displacement of a certain location of the object is not 
determined by measuring the motion of a single speckle. Instead, a point-
wise displacement is characterised by the motion of a cluster of speckles. The 
randomness in the pattern ensures that a cluster of speckles can be considered 
as unique. Consequently, the uniqueness of the evaluated in-plane point-wise 
displacement field is guaranteed. 

The principle of the point-wise displacement field evaluation containing a 
cross-correlation algorithm is presented in Fig. 12. The evaluation begins by 
capturing one image of the object before any displacement or deformation has 
taken place and one afterwards. A so-called CCD-unit (Charged Coupled De
vice) digitises these two images, here denoted by I\ (reference image) and I2 

(displaced image), respectively. Further, I\ is divided into a grid of subregions 
or subimages of sizes B x B pixels. This grid determines the spatial resolution 
of the displacement field. The basic idea of the cross-correlation algorithm is to 
investigate the statistical similarity between a subimage l\ belonging to I\ and 
a subimage hi selected from I2. The subimage / 12 with the highest statistical 
similarity to hi is taken as the displaced material points originally positioned 
in hi. The translation of h% relative hi then gives the displacement associated 
to the material point located at the midpoint of hi. 
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Cross-correlation 

Fig. 12: The principle ofthe displacement field evaluation, here demonstrated for a 
thin sheet subjected to tensile loading (Paper E). 
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The cross-correlation algorithm is divided into three steps. Firstly, a rough 
estimation of the displacement components is performed with a precision of 
half a pixel. That is, the components are given integer values. Secondly, based 
on these estimated components a new subimage is selected and noninteger 
values ofthe displacement components are obtained. Thirdly, the accuracies of 
the obtained noninteger values are improved by using a shift technique based 
on Fourier series expansion. 

5.1.1 Step 1 

Typically, the initial position of ITQ is selected to get the same coordinates as h\. 
Since the cross-correlation results in a cross-correlation surface (see Fig. 12) 
twice as wide as the subimages they have to be "padded" to at least twice 
their original size in order to avoid aliasing. By first subtracting the mean 
values of h\ and h2 and then filling them with zeros the "padded" images are 
obtained. In other words, the subimages are now surrounded with "borders" 
of zeros. By performing the cross-correlation in the spectral domain much 
fewer numerical operations are necessary than in the spatial domain. Thus, 
the efficient fast Fourier transform (FFT) is used. In the spatial domain the 
cross-correlation can be considered as sliding h^ over h\. The position of 
the maximum value, the so-called correlation peak, of the cross-correlation 
surface estimates the relative displacement U, V (horizontal, vertical) of h^ to 
h\. Note, that U, V are integer numbers. The cross-correlation values obtained 
by using the spectral representations of the subimages are given by 

c(p,q) =F-\H{H2) (18) 

where p and q are the matrix indices (see Fig. 12) and JT"1 is the inverse 
Fourier transform operator. H\ and H2 are Fourier transforms of h\ and h2, 
respectively and * represents the complex conjugate. 

5.1.2 Step 2 

Since the correlation peak is determined by correlating partly non-overlapping 
regions of the subimages, it is in general not located in the middle of the cross-
correlation surface. By reselecting ha, i.e. shifting its position by (U, V), so 
the correlation peak is positioned in the middle of the cross-correlation surface 
the decorrelation is minimised and the accuracy in the evaluation is improved. 
An increased accuracy appears as a higher correlation peak. 

The correlation values c in Eq. (18) are discrete representations and the co
ordinates of the correlation peak are therefore given in integer numbers. This 
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estimate of the actual displacement results in an accuracy of only half a pixel. 
By Fourier series expansion of the correlation surface a better estimate can be 

provided. The continuous representation of c is given by 

/ s 1 ^r~*>- , i sin[7r(x — p)l sin[7r(w — q)\ 
p pås-Pq^-P sm[7r(æ - p)/P] sin[ir(y - g)/P] 

(19) 
where P is chosen large enough to give a good representation of the correlation 
peak. Typical value of P is 5. By using an iterative routine (Brent, 1973) 
the location ( x O J r t , y o p t ) of the maximum of ccont is found. The noninteger 
displacement components u and v are then determined by adding 3^pt and yopt 

to the integer displacement components U and V, respectively. 

5.7.3 Step 3 

Performing the cross-correlation in the spectral domain instead of the spatial 

domain has two advantages. Firstly, as mentioned above, the computation time 

is shorter. Secondly, the accuracy can be improved by using noninteger pixel 

shifting (Sjödahl, 1994). Recalling the optimum position of the correlation 

peak, it is possible to shift the displaced image with the noninteger values %jPt 

and yopt and thereby producing a new displaced subimage h^11^. The shifting 

technique is given by 

Hs

2

hift(P; q) = H2(p, q) exp[-2vu(up + vq)/M], p, q = 0,1, 2, ..M - 1 

h f l f t = \T-1[H2

hlf\p,q)}\ (20) 

where M has to be chosen larger than the subimages because of the cyclic 
nature of the Fourier transform. By repeating Eqs. (18)-(20) the best estimate 
of the displacement is finally obtained. 

5.2 Random Errors 

The DSP-method is subjected to random errors originating from the difficulty 
to determine the position of the correlation peak. The random errors e in the 

evaluated in-plane point-wise displacements are estimated by Sjödahl (1997) 
as 

e = 0 4 ^ <21) 
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where a is the average speckle size. For further reading in the area of speckle 
photography, see for instance Rastogi (2001); Sirohi (1993). 

6 INVERSE M O D E L L I N G 

As stated in Introduction an inverse method is used throughout the thesis to 
estimate material parameters in constitutive models. The general principles 
for the inverse methodology are described below, where terms such as pa
rameterisation, forward modelling, inverse modelling, objective function and 
optimisation are explained. 

6.1 General Principles of Inverse Modelling 

To describe the idea of inverse modelling the outline by Tarantola (1987) is ap
propriate: The scientific study of a physical system M (e.g. the elastic proper
ties of an anisotropic material, see Fig. 13) can be divided into three steps. First 
a parameterisation of the system, which is a complete description of M. using 
the values of a minimal set V of model parameters. Next a forward modelling, 
which is finding the physical laws given values of the model parameters, that 

Physical system M: Elastic homogenous solid 

Parameterisation: Model 
with 21 parameters 

V = {Cijki} 

( f f i j = CijkiSki) 

Forward modelling 

Measurable quantities 
(in principle): <Jij,Ski 

Inverse modelling 

Cijki (and Ski) 

Prediction of 
era 

Oij and Ski 

Deduction of 
Cijki 

Fig. 13: Scientific study of a physical system according to Tarantola (1987). 
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allows prediction of measured quantities belonging to M. And finally, inverse 
modelling, where measured quantities belonging to Ai are used for deducing 
the values of the model parameters. 

In this thesis the term parameterisation means use of constitutive models for 
description of the responses of materials subjected to large deformations and 
high strain rates. These constitutive models, employed in FE-codes, provide 
prediction of the measured quantities, i.e. displacements and strains obtained 

by DSP. That means, forward modelling based on a certain choice of material 
parameters in the constitutive models. An estimate of the material parame
ters can be obtained by first forming a so-called objective function describing 

the discrepancies between the numerical (FE-calculated) and the experimen
tal data. To be more specific, all objective functions herein are formulated as 
least-square functionals. A slightly simplified objective function compared to 

the functions used in this thesis is exemplified by 

N 

n=l 

(22) 

where u and v are displacements in the horizontal and vertical direction, re

spectively and Ai,Å2, .-Aj are material parameters. The material parameters 
are then estimated by minimising the objective function, i.e. minimising the 
discrepancies between numerical and experimental data. Hence, the inverse 
procedure, as described here, contains an optimisation problem. 

6.2 Optimisation Methods 

Several algorithms are developed for solving optimisation problems containing 
objective functions such as $ in Eq. (22). The algorithms may be classified 
into methods which only need evaluation of the objective function, so-called 

zero-order methods, and those which in addition require the gradient of 
the objective function, i.e. first-order methods. Examples of algorithms are 
zero-order methods such as simplex and Monte Carlo and first-order methods 
such as Steepest Descent and Gauss-Newton. 

Since there is no evident connection between the numerical response (FE-

calculated displacements and strains) and the material parameters the gradient 
ff-é; is not possible to derive. Therefore, a zero-order method is used for all 
optimisation problems solved throughout the thesis. 

In order to solve the inverse problems presented herein a tailor-made pro

gramming system called INVSYS (Wikman and Bergman, 2000) is used. The 

22 



Displacement Field Measurement using DSP for Characterisation of Materials 

program uses the unconstrained subspace-searching simplex method (subplex) 
(Rowan, 1990), which is an improvement ofthe classic Nelder-Mead simplex 
method (Neider and Mead, 1965). It is a polytope method designed to locate 
minima, through so-called direct searching. That is, the value of the objec
tive function is sequentially evaluated and compared in order to find minima 
without requiring analytically or numerically estimated derivatives ofthe func
tion. The approach of the subplex method is to decompose the problem into 
low-dimensional subspaces that the simplex method can search efficiently. 

Sometimes constraints have to be applied in order to keep the solution in a 
feasible region of the parameter space. Constraints can be divided into side (ex
plicit) and behaviour (implicit) constraints. Side constraints are imposed di
rectly on the values, which the parameters may take, e.g. lower and upper 
bounds. Behaviour constraints are limitations of quantities, which are depen
dent on the parameters, and which can not be stated directly. These constraints 
may be for example limitations of stresses and strains determined in FEA. The 
constrained problem is formulated and solved as a sequence of unconstrained 
problems by adding a penalty function to the objective function (Moe, 1973). 

The scheme from start to stop of the inverse problems solved in the thesis 
is described in Fig. 14. The inverse procedures end when the pre-defined con
vergence criteria, such as the tolerance on the variation of the parameters, are 
satisfied. 

( S T A R T ) 

Numerical simulation 

Evaluate objective 
function 

Experimental data 

Optimisation 

No 

( STOP ) 

Fig. 14: Flow scheme for the inverse problems solved in this thesis. 
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7 SUMMARY OF APPENDED PAPERS 

The contents of the five appended papers are summarised in the following sub
sections. The main features of the papers are listed in the table below. 

Paper Large High Parameter High-speed DSP 
deformations strain rates estimation photography 

A X X X 

B X X X 

C & D X X X X 
E X X X 

7.1 Paper A 

In paper A a combined experimental and numerical method for material char
acterisation in the high strain rate regime is suggested. In contrast to the com
monly used split Hopkinson bar technique the suggested method does not re
quire a homogeneous state of stress and strain in the specimen. Here, the ex
perimental set-up resembles the technique with directly impacted specimens. 
By using inverse modelling the material parameters in the viscoplastic model 
suggested by Perzyna (1963) are estimated by minimising an objective func
tion. Numerical results are obtained by using the finite element method (FEM) 
to simulate the experiment. 

In order to provide a non-homogeneously loaded specimen a small ligament 
of material is formed by two deep, adjacent notches in a rod of rectangular 
cross-section ( 5 x 3 mm 2) as shown in Fig. 15. A projectile hits the T-shaped 
end of the specimen rod and subjects the specimen to tension loading that is 
registered by a strain gauge mounted on the specimen rod. By using a high
speed camera to capture the deformation process of the ligament the recording 
of its extension is facilitated. The high-speed camera is of image converter 
type equipped with a CCD-unit that provides digitised images. A sequence of 
high-speed photographs of the deforming specimen is presented in Fig. 16. 

The objective function to be minimised is based on the difference between 
the FE-calculated force response and the measured tension force. Force vs. ex
tension histories corresponding to experimental results and numerical results, 
based on estimated parameter values, are shown in Fig. 17. The FE-calculation 
showed a maximum strain rate of 7 x 104 s _ 1 . 
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2 0 0 

U , ( t ) < — 1 

14(0-«—I 

Fig. 15: The geometry of the Fig. 16: High-speed photographs of deform-
specimen rod and the speci- ing specimen (ligament), 
men (ligament). 

0 0.01 0.02 0.03 0.04 0.05 0.06 
u 

Fig. 17: Normalised force versus normalised extension. 

7.2 Paper B 

In paper A only the entire extension of the ligament was measured. The pur
pose of paper B is to use DSP combined with high-speed photography to get 
full-field information regarding the in-plane displacement for specimens made 
of thin sheets. The speckle pattern is created with diffusely reflecting black and 
white spray paint. A captured image of a specimen with its speckle pattern is 
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shown in Fig. 19. 
The thin sheet specimen, shown in Fig. 18, is made of a common mild steel. 

Further, it is subjected to tensile loading by using a technique resembling the 
"directly impacted specimen" technique. A much larger specimen than the 
specimen in paper A is chosen in order to facilitate the application of speckles. 

A problem with a high-speed camera of image converter type is that rela
tively large aberrations are introduced in the imaging. Different parts of the 
image render the object at slightly different scales. A calibration procedure is 
therefore introduced for relating measured speckle displacements to physical 
displacements of the object. 

Finally, strain fields are determined by differentiation of the displacement 
components. By considering the strain history the maximum obtained strain 
rate is estimated to 1650 s _ 1 . 

Fig. 18: Specimen geometry. Fig. 19: The sequence of captured frames. 
The shaded area is the ob
served region. All numbers 
are in mm. 

7.3 Papers C and D 

In papers C and D a methodology for material characterisation in the high 
strain rate regime is presented. The promising experimental set-up in paper B, 
consisting of high-speed photography with DSP for point-wise in-plane dis
placement measurement, is here combined with the split Hopkinson bar tech
nique. High strain rate tests are performed in both tension and compression. 
By using inverse modelling the material parameters in the viscoplastic consti-
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tutive model proposed by Johnson and Cook (1983) are estimated for a mild 
steel (SS 141672). An explicit FE-code is used to provide numerical displace
ment and strain data to the objective function, which is weighted with the 
uncertainties (standard deviations) of the measured field quantities. By this 
choice of objective function a goodness-of-fit measure is obtained. Paper C 
(Part I) emphasises the experimental methodology that provides all data nec
essary for the parameter estimation in paper D (Part II). These are displacement 
fields, strain fields, corresponding uncertainties and applied forces. 

The designs of the tension and compression specimens are shown in Fig. 20, 
where also the attachment of the tension specimen is depicted. 

Nut 

• 

n I 
1 F ~ 

(a) (b) 

Fig. 20: Tension (a) and compression (b) specimens. The attachment of the tension 
specimen and a bar end are shown at the left side. Al l numbers are in mm. 

Typical strain fields for the strain component in the loading direction are 
shown in Fig. 21. With the DSP-algorithm used here, strains up to 0.25 could 
be measured. The uncertainties in the strain evaluation were about 0.013-
0.020, where higher values correspond to later times. Depending on specimen 
type the strain rates in these tests reached 1800-2800 s _ 1 . 

The commonly used Johnson-Cook model showed to be insufficient to de
scribe the measured material behaviour from a statistical point of view. That 
means, a low goodness-of-fit value. 

27 



Jörgen Kajberg 

Fig. 21: Experimental and FE-calculated strain fields for a tension specimen. The time 
information indicates elapsed time after arrival of the tension wave. 

7.4 Paper E 

The parameter estimation methodology based on inverse modelling and the 
DSP-method providing full-field measurement, is used in paper E for material 
characterisation in the large strain regime. Since very large deformations take 
place an "updating" DSP-method is implemented. That means, the reference 
image in the DSP-algorithm (see section 5) is updated after every displacement 
evaluation and the in-plane point-wise displacements are determined by adding 
incremental changes. 

Specimens of thin sheet are subjected to quasi-static tensional loading until 
fracture occurs. With the "updating" DSP-method the equivalent plastic strain 
is determined for values beyond the occurrence of plastic instability in form 
of necking. In order to get a predictable position for the onset of necking, 
and thereby facilitating digitised photography, the specimens are machined 
with a narrow part, i.e. a waist region, in the middle. Two hot-rolled steels, 
Domex 355 and Domex 650, are investigated. 

Parameters in two constitutive models are estimated. The first one is a piece-
wise linear plasticity model and the second one is a parabolic hardening model. 
Further, the tension tests are simulated with an implicit FE-code providing re
sults regarding the in-plane displacement components and the equivalent plas
tic strain, which are used in the objective function to be minimised. Due to 
the large deformations an adaptive meshing technique is used in order to avoid 
highly distorted elements. 

Comparisons between the evaluated stress-strain curves and stress-strain re
lationships determined by standard tension tests (ASTM Standard E8M-96, 
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1996) are performed. The first-mentioned curves showed a good agreement 
with the latter curves. All curves are depicted in Fig. 22. 

— Standard tension test 
t- Piecewise linear plasticity 

Parabolic hardening 

1000 

400 

— • 

Standard tension test 
- * - Piecewise linear plasticity 

Parabolic hardening 

0.2 0.4 0.6 
True plastic strain, e [m/m) 

0.1 0.2 0.3 0.4 0.5 
True plastic strain, e [m/m] 

(a) (b) 

Fig. 22: Stress-strain curves for each constitutive model based on the estimated param
eters. Stress-strain curves for Domex 355 (a). Stress-strain curves for Domex 650 (b). 

In order to illustrate the coincidence between the experimentally determined 
quantities and FE-calculated quantities, the equivalent plastic strain fields just 
before fracture are presented in Fig. 23. The maximum obtained strain was 
approximately 0.8. The uncertainties of the equivalent plastic strains were in 
the interval [0.0015,0.0056]. The uncertainties were accumulated for every 
field evaluation performed. 

Fig. 23: Equivalent plastic strain fields for a specimen made of Domex 355. The 
experimentally determined field is placed to the left. The field determined by FE-
calculation is placed to the right. 
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8 DISCUSSION AND CONCLUSIONS 

A methodology aimed as a tool for characterisation of materials subjected to 
large strains and/or high strain rates is presented. Its main features are firstly, 
experiments combining standard tension testing and classic Hopkinson bar 
testing with DSP providing full-field measurement. Secondly, inverse mod
elling for estimation of material parameters in constitutive models. Contrary 
to the current methods mentioned above, the presented methodology permits 
non-homogenously loaded specimens. Thereby, fewer restrictions regarding 
the designs of the specimens and the experimental set-ups are necessary. 

Inverse modelling has shown its ability in many non-linear applications. A 
crucial point is the selection of objective function. No recommended proce
dure for the formulation of the objective function is available; instead intuitive 
considerations and experience are used. 

An interesting question arises whether a parameter estimation is a good one 
or not. The most simple way, and maybe the most common way, to check its 
quality is to visualise the outcome of the parameter estimation in some manner. 
For example, graphs such as those in Figs. 17 and 22 containing experimen
tally and numerically derived curves can be used. Further, field information as 
in Figs. 21 and 23 can be studied. A more proper manner to obtain the quality 
of an estimation is carried out in papers C and D. Therein an objective func
tion is formed, where the scatters of the experimental quantities are utilised to 
provide a goodness-of-fit measure and the quality of an estimation can thereby 
be established from a statistical point of view. 

9 SUGGESTIONS FOR F U T U R E WORK 

The chosen materials used to demonstrate the methodology are all isotropic 
materials. It seems likely that the methodology also would function well for 
characterisation of anisotropic materials. It is probably in this area the method 
of full-field measurements would show its greatest capability. 

Since it is possible to detect the strain state at fracture the full-field measure
ment might be of interest in for example damage mechanics. Furthermore, 
when obtaining so-called forming limit diagrams (FLD) by biaxial tension 
testing the contribution of the DSP-method might be an improvement in the 
determination of essential quantities, namely the principal strains. 

Because the suggested methodology for characterisation in the high strain 
rate regime does not require specimens in force equilibrium, testing of soft 
materials with low sound speeds is facilitated. Since the implementation of 
DSP-method fulfills the requirement of additional sample diagnostics for mon-

30 



Displacement Field Measurement using DSP for Characterisation of Materials 

itoring the deformation of specimens whose volumes are not conserved it is 
appropriate for characterisation of compressible materials. 

With respect to the promising results in the appended papers and the in
teresting suggested areas of future work, it is concluded that the presented 
methodology for material characterisation has great potential and should be 
further developed and improved. 
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and the plastic deformation history of the specimen is quantified from the photographic 
record. Estimation of material parameters is performed through so called inverse modelling in 
which results from repeated FE-simulations are compared with experimental results and a 
best choice of constitutive parameters is extracted through an iterative optimisation procedure 
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1. Introduction 

A technical material is usually characterised mechanically by its stress-strain curve 
measured under static conditions in a standard tensile test. In such tests the strain 
rate in the specimen is small, usually of the order of 10 - 2 s - 1 . However, in many 
technical applications and processes, material is deformed under conditions that 
imply strain rates many orders of magnitude higher than in the standard tensile test. 
Examples of such processes are plastic forming and cutting. Also in unintended 
situations like collisions and impacts material is deformed at rates that can be very 
high. 

A technically important situation that also involves large strains and high strain 
rates is the growth of a crack. A complex state of multi-axial stress and strain pre
vails in the vicinity of the crack tip. In metals the local deformation is generally 
plastic and the strains are large. Even i f the global loading is quasi-static, very high 
plastic strain-rates can be at hand close to the crack tip due to the small length scale. 
In the case of a propagating crack it is obvious that material is strained from zero to 
fracture as the crack tip passes and this process necessarily involves high strain-
rates. It has been suggested that micro-cracking ahead of the main crack, leads to an 
irregular crack front containing small, more or less isolated regions of material, 
bridging the two main crack surfaces (Högland, et al., 1972). These regions or liga
ments will experience very high strain rates when they are torn off as the surfaces 
separate during crack propagation. The energy consumed by the plastic processes at 
the crack tip will influence the propagation speed and the eventual arrest of the 
crack tip. The constitutive description of the material, especially in terms of the rate-
dependence, plays an important role in the modelling of this problem (Freund and 
Hutchinson, 1985; Bnckstad, 1983: Lo. 1983; Nilsson, et al., 1998). 

Complex, often rate dependent phenomena on micro-structural, molecular or 
atomic level are active during plastic deformation of a solid material. For metals the 
physical explanation of the rate dependence in the constitutive relations is based on 
the fact that dislocation movement is subject to rate dependent drag forces. In for 
example (Barlat et al., 2002), models for dislocation behaviour and its impact on 
mechanical properties are presented and discussed. Unfortunately it is not yet pos
sible to accurately predict macroscopic material behaviour under high-rate condi
tions from dislocation theory and therefore empirical models must be used. Such 
models must be calibrated in carefully designed experiments, through which para
meters in the models can be identified. For mild steel elastic-viscoplastic models are 
generally used for the mechanical description of high rate deformation processes. 
Such models have been suggested by for example Perzyna (1963), Johnson and Cook 
(1983, 1985) and Zerilli and Armstrong (1987). For reviews of the area see for 
example Lemaitre and Chaboche (1990) and Meyers (1994). Viscoplastic con
stitutive models for high strain-rate deformation of some metals are also discussed 
in more recent papers, for example Liang and Khan (1999), Khan and Liang (1999) 
and Nemat-Nasser and Kapoor (2001). Other materials, for example polymers and 
wood, also exhibit rate dependent mechanical behaviour although the underlying 
physical processes obviously are different from those in metals. High-rate experi-
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merits are necessary in order to establish numerical models for transient events 
involving such materials. Recent reports of such experiments are for example Khan 
and Lopez-Pamies (2002) for a soft polymer and Widehammar (2002) for spruce 
wood. As long as efficient models including material parameters are not well known 
among engineers, it is probably safe to state that the demand for experimental work 
regarding high-rate constitutive modelling of materials will remain high. 

Classical experiments for determination of constitutive parameters generally uti
lise specimens designed to give a homogeneous state of stress, strain and strain rate 
in a volume of the tested materiel. Practical requirements regarding mechanical 
attachment and strain measurement tend to demand this volume to be fairly large 
and high strain rates are therefore hard to achieve in conventional testing machines. 

Methods like Split Hopkinson Pressure Bar (or Kolsky Bar). Rotating flywheel 
and Drop tower are used for high strain-rate testing. These methods generally also 
utilise a state of homogeneous stress and strain in the specimen for direct evaluation 
of material parameters. Relatively large specimens are therefore needed also in these 
cases and high strain rates therefore require high impact velocities. In compression 
strain rates of 105 s - 1 are reached in extreme experiments (Pope and Field, 1984; 
Gorham et al., 1992). Special versions of the split Hopkinson pressure bar have been 
developed for tensile and shear testing and strain rates of 103 s - 1 are typical in these 
applications. Comprehensive reviews of experimental methods can be found in 
textbooks and review papers (see for example Meyers, 1994; Blazynski, 1987; Lind
holm, 1971; Field et al., 1994; Gray, 2000). 

In this paper a combined experimental and numerical method that does not 
require a homogeneous state of stress and strain is suggested and a pilot study is 
performed. Specimens can be made small i f a nonhomogeneous state is allowed and 
thus high strain rates can be achieved at rather low impact velocities. A small spe
cimen with a non-homogenous state of stress and strain has been used also by Gilat 
and Cheng (2000. 2002) to reach high strain rates. The method presented here uses 
microscopic high-speed photography to record information regarding the deforming 
geometry. Due to its non-contacting nature the suggested method is expected to be 
suitable also for high temperature testing. In this first study, the general principle, 
some preliminary test results and a sensitivity analysis are presented. One material 
and one viscoplastic constitutive model are studied. 

2. Experiments 

A small specimen is loaded in tension by a transient force so that it is rapidly 
stretched to fracture. The specimen has the shape of a small ligament of material 
formed by two deep, adjacent notches in a rod of rectangular ( 5 x 3 mm 2) cross 
section as shown in Fig. 1. The length, L, of the ligament is only a fraction of a 
millimetre (0.4 mm) in order to obtain a high strain rate when tearing the ligament 
axially. In this preliminary experiment the width, W, of the ligament, that is the 
distance between the two adjacent notches, was chosen small (0.24 mm) in compar
ison with the thickness of the ligament, which is 3 mm as determined by the cross 
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Fig. 1. The geometry of the specimen rod and the ligament (specimen). Al l numbers are in mm. 

sectional dimension of the rod. With this geometry, a state of approximately plane 
strain will prevail through most of the thickness of the ligament. The rod in which 
the ligament is machined is 500 mm long with a T-shaped head at one end for 
application of the axial load. At a distance of 5 mm from the head the notches 
forming the ligament were machined out using the method of electric wire discharge. 
This method allows narrow notches to be formed, using a thin wire, and thus a short 
specimen can be obtained facilitating high strain rates. A quenched and tempered 
A533B grade B class 1 steel with yield stress 345 MPa was chosen for this investi
gation. This steel is used in the nuclear power industry and good understanding of 
its mechanical behaviour, including the mechanics of propagating cracks, is of 
interest. 

A diagram of the experimental set-up is presented in Fig. 2. The arrangement 
shown in this figure is designed for tensile loading of the specimen rod but com
pressive loading can easily be achieved in a similar experiment. The head of the 
specimen rod is attached to one end of a loading rod with the aid of a yoke (not 
shown in figure). The loading rod is made of steel, it is 1.5 m long and has a dia
meter of 25 mm. Both rods are supported horisontally by plastic bearings with low 
friction and the specimen rod is arranged along the side of the loading rod. The 
loading rod is impacted axially by a projectile with a flat end-surface and the gen
erated elastic wave propagates along the rod. As the wave reflects, the T-shaped 
head of the specimen rod is loaded towards the left in Fig. 2. The ligament is rapidly 
torn to fracture in the axial direction with an extension rate that is of the same order 
as the velocity of the impacting projectile. As the material in the ligament is stret
ched to fracture the tensile force generates an elastic wave in the specimen rod. This 
tensile wave is measured by a pair of strain gauges, (KYOWA KFG-5-120-C1-
11L1M2R) positioned 0.2 m from the ligament (see Fig. 1). The amplified strain 
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signal is recorded by a transient recorder and transferred to a computer. The recor
ded strain history, multiplied with Young's modulus and cross-sectional area of the 
specimen rod, is taken as the force history, ,P x p(r), in the ligament during the rapid 
tearing to fracture (see Fig. 3). 

It should be noted here that the duration of the force history shown in Fig. 3 is 
about 20 us implying a wave length in the specimen rod of about 0.1 m. The ten
sional fracture of the specimen is therefore over before the wave has reached the far 
end of the 0.5 m long specimen rod. Also the positioning of the strain gauge in the 
middle of the specimen rod facilitates recording of the reflected wave from the free 
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Fig. 3. Measured time histories for the force F=xp(?) (solid line) and the extension U(t) (stars) evaluated 
from high-speed photographs. 
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end without overlapping. From comparison of the primary and the reflected wave it 
is possible to verify that disturbances from for example bending are negligible. 

A high-speed camera of image-converter type (ULTRANAC FS 501) with a 
CCD-unit is used to record the tearing process in 15 frames with an exposure time of 
0.4 us and an interval between frames of 2 \is. The camera is equipped with a long 
distance microscope lens, which makes it possible to study an area of approximately 
1.5 x 1.5 mm 2 with a stand-off distance of about 0.1 m. A high-voltage electrical 
discharge from a capacitor is used to illuminate the target. The light from the dis
charge is focused onto a diffuser just in front of the target area with the aid of a 
standard Köhler illumination system. The duration of the discharge is sufficiently 
long to cover the entire tearing event but the light intensity is somewhat reduced 
towards the end of the experiment and therefore the exposure time is increased a 
little for the later frames. 

A strain gauge on the loading rod is used as triggering source. After a time delay, 
which is adapted to the travel time for the wave in the loading rod, the flash and the 
high-speed camera are fired. Also the transient recorder that registers the force his
tory is triggered. 

An example of the photographic record of an experiment is shown in Fig. 4. The 
sequence covers the entire event from unloaded to completely broken ligament and 
the progressive plastic deformation manifests itself through the visible extension of 
the ligament and also through the out-of-plane deformation of the plastically 
strained material at the illuminated face causing a darker appearance of the liga
ment. The difference in appearance of the two sides of the ligament that can be 
observed in Fig. 4 is caused by the oblique incidence of the illumination. 

The extension of the ligament was quantified from the digital high-speed photo
graphs and from the recorded force history in two steps. First, the displacement of 

Fig. 4. High-speed photographs of deforming ligament. Frame interval 2 us. Each frame covers 
approximately 1.5x1.5 mm 2 . 
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the two sides of the ligament, U\(t) and t/ 2(/) (Fig. 1), were measured by tracking the 
position (pixel-number in the digital picture) of the contrast change associated with 
the edges of the groove in the high-speed frames. This measure was taken at a posi
tion approximately 0.8 mm from the centre of the ligament. As a second step, the 
displacement of the right end of the ligament, U2(t), was controlled using one-
dimensional wave theory. This control was made because the lower contrast on this 
side of the ligament introduced some uncertainty in the pixel counting. The alter
native displacement, U'2(t), was calculated from the recorded strain history in the 
specimen rod according to U'2(t) — cf0s(r)dr, where c is the one-dimensional wave 
speed and s(t) is the measured tensile strain history with the time delay associated 
with the wave propagation in the specimen rod cancelled. Displacement U'i(t) cal
culated in this way agrees with the somewhat uncertain evaluation of displacement 
from the contrast change at the right edge in the photographs. That is U'2(t) % Ui(t) 
and U(t)= U\{t)-U2{t) is therefore taken as the correct measure of the extension of 
the ligament. In Fig. 3, U(r) is presented at the times when high-speed photographs 
are taken and the time history is approximated by a spline function through these 
points. 

3. Estimation of material parameters 

3.1. Inverse modelling 

A high strain-rate event such as the described experiment is usually modelled with 
an elastic-viscoplastic material model. Such a model comprises a linear elastic part 
for low stress levels and a viscoplastic part for high stress levels. Hooke's law is used 
to describe the material behaviour at low stress levels and a rate dependent model is 
used for the high stress levels. The rate dependent model chosen here is the one 
suggested by Perzyna (1963), in which the plastic strain rates are given by 

where oe is the effective stress according to von Mises, a 0 is the yield stress and Sy is 
the deviatoric stress. The model also contains two unknown parameters, namely the 
strain rate sensitivity, y, and the over stress exponent, n. In this study these para
meters are estimated through so called inverse modelling which is an iterative pro
cess using repeated FE-calculations with varied parameters and comparison between 
numerical and experimental results. The method used for the inverse modelling is 
the subspace-searching simplex method, Subplex (Rowan, 1990). This method is 
designed to iterate towards minimum of an objective function through so-called 
direct searching. That is, the value of the objective function is calculated for stepwise 
varied values of parameters in an iterative sequence in order to find minima. The 
objective function chosen in this case consists of the sum of the squared residuals 
defined as 

(1) 
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where / I is the cross sectional area of the centre of the ligament (0.72 mm 2), / j e x p (w) 
and f f E ( u ) are experimentally and numerically obtained force values at 31 equally 
spaced extension values in curves as those shown in Fig. 5. The curves are derived 
from the force and extension histories corresponding to the experiment and the FE-
calculation. The numerically calculated curve in Fig. 5 is the result obtained with the 
optimal set of parameters. In order to ensure that a determined minimum is a global 
one several different pairs of starting values for the parameters y and n have been 
used in the optimisation sequence. 

3.2. FE-model 

An updated Lagrangian method for large deformation elastic-viscoplastic mate
rials (ABACUS/Standard 5.8) was used for the FE-calculations. The constitutive 
behaviour of the material is described by Hooke's law for the elastic part and by Eq. 
(1) for the plastic part. Material parameters are; Young's modulus £ = 2 1 0 GPa, 
Poisson's ratio v = 0.3 and yield stress o-0

 = 345 MPa. As the thickness of the speci
men rod (3 mm) is much greater than the other dimensions of the ligament (L = 0.4 
mm, W=0.24 mm) a state of plain strain is assumed through the thickness of the 
modelled ligament. 

A so called boundary layer solution is applied for limitation of the FE-model. 
Consider a large, linearly elastic, plane body with a ligament of width W on the 
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Fig. 5. Normalised force versus normalised extension. The stars indicate times when strain fields are 
evaluated from the FE-simulation. 
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symmetry-plane y = 0 as shown in Fig. 6. It is loaded remotely by a force in the y-
direction and it can be shown (Muskhelishvili, 1953; Nilsson et al., 1998) that the 
displacement in the v-direction for points on a semicircle of radius R, is approxi
mately independent of the angle 0 for large values ofthe ratio 2R/W. As the plastic 
zone in the centre of the model is small this solution can be applied and the loading 
of the model is therefore defined by a prescribed displacement history U(t)/2 in the 
axial direction of all the nodes along the perimeter R. In the FE-calculations R = 2.5 
mm is used, which is the distance from the centre of the ligament to the outer edge of 
the specimen rod. Thus 2R/W~ 20 which is large enough to motivate the approx
imative boundary layer solution. U(t) is the measured extension at approximately 
Rß as described by the dashed curve in Fig. 3. Using the extension history mea
sured at radius Rß as input at radius R in the FE-calculations implies that elastic 
deformations within the semicircular region are neglected in comparison to the large 
plastic deformations in the ligament. The force FFE used in the objective function <t> 

y 4 

Fig. 6. The modelled semicircular region, the entire mesh and a magnification of the region with the 
highest element density. 
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[Eqs. (2) and (3)] is the resulting force on the circular boundary due to the applied 
controlled displacement. 

A quasi-static approach is adopted in the FE-calculations. This is motivated by 
the fact that transit times for mechanical waves through the studied structure are 
much shorter than characteristic times for the load. Therefore equilibrium of forces 
is well developed and inertia forces are negligible. 

3.3. Sensitivity analysis 

Important for the usefulness of the method is how uncertainty in the measurement 
affects the values of the estimated parameters, y and n in the constitutive model. In 
order to obtain a rough picture of this sensitivity, systematic relative uncertainties 
were introduced in the experimental force and extension histories. Uncertainty levels 
of ± 2 % , ± 5 % for both force and extension were chosen and a new set of optimal 
material parameters were determined for every combination of uncertainty levels. 
These new sets of material parameters are compared with the initial ones and the 
sensitivity of evaluated parameters to systematic errors in measured data can 
thereby be estimated. 

4. Result and discussion 

The experimental results from the force and extension measurements are shown in 
Fig. 3. As mentioned above the experimental results are the basis for the FE-calcu-
lation and inverse modelling. However, the use of the experimental data needs some 
comments. 

The basis for the force measurement is one-dimensional wave propagation in the 
specimen rod assuming a negligible influence from the complex stress state close to 
the ligament. Dispersion can have an influence on the propagating wave but it is 
believed to be negligible because the pulse appears to have a smooth shape. Also an 
electromagnetic disturbance from the flash system was observed early in the force 
history, but as it appeared to be repeatable it was subtracted from the force signal. 
As the specimen rod was freely supported with very low friction, reflected waves 
were observed and their similarity to the primary wave verified that disturbances 
from bending, dispersion and electromagnetic transient fields are of little impor
tance. 

The usefulness of the measured strain history in the specimen rod as a repre
sentation of the force history in the ligament depends on the magnitude of the iner
tia force that is associated with the acceleration of the specimen (ligament). A very 
rough and overestimated measure of the acceleration is calculated by differentiating 
the displacement history, U\{i) (splined), twice. The result is a very noisy function 
representing acceleration of the left side of the ligament which is observed to be 
always less than 3 x l 0 6 m/s2 during the experiment. The mass of the ligament is 
approximately 2x 10~6 kg and it can therefore be concluded that the inertia force on 
the ligament is less than 6 N at all times during the experiment. This highly over-
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estimated value is very small compared to the measured force and therefore static 
conditions are assumed in the FE-analysis for simplicity in this preliminary study. 

A problem with a high-speed camera of the image converter type is that relatively 
large aberrations might be introduced in the imaging. Different parts of the image 
might therefore render the object at slightly different scales. Such problems can be 
avoided if the camera is calibrated. At this preliminary stage these aberrations are 
not taken into consideration. Such optical errors are however believed to be small 
and without significant influence on measured ligament extension. 

The complete force and extension histories are not included in the inverse analysis 
which is obvious from a comparison of Figs. 3 and 5. Data for later times, t> 12 qs, 
are excluded in order to avoid influence from unwanted phenomena associated with 
late times in the evaluation of material parameters. The data used in the inverse 
analysis are assumed to cover the viscoplastic hardening but not the necking at high 
strain levels which takes place in the ligament for later times. With this restriction in 
the use of force and extension histories the deformations in the FE-model do not 
cause so large distortions of the elements that time consuming remeshing is neces
sary. Another phenomenon which is avoided by the truncation of the data is the 
formation of microcracks and voids which is beyond the validity of the chosen 
constitutive model. 

The yield stress, a0, in Eq. (1) is in general a function of plastic strain, a-0(Sp), thus 
describing a strain-dependent yield stress. In the present calculations, a constant 
value of the yield stress was used in accordance with the original suggestion in Per
zyna (1963). This rough model neglects static strain hardening and is chosen in this 
pilot study for its simplicity. The value of the yield stress was obtained from a static 
tension test. 

The inverse analysis resulted in the parameter values, y = 25,000 s~] and n = 7. The 
Subplex algorithm converged to the same values for all tested combinations of 
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Fig. 7. The objective function. <S>, in the neighbourhood of the determined minimum. 
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starting parameters. These were chosen in a wide range from 0.1 to 10 times the 
estimated parameter values. In Fig. 7 the objective function, <P, according to Eqs. (2) 
and (3) is plotted as a 3D-surfa.ce with its corresponding level curves. It is observed 
that, at least in the area covered by the diagram, the objective function appears to 
have a single minimum. 

The sensitivity analysis shows substantial changes in the optimal parameter values 
when uncertainties of up to 5% are introduced for the measured quantities, F e x p ( / ) 
and U(t). Fig. 8 illustrates the relative changes of the evaluated optimal parameters 
as functions of systematic relative errors in measured quantities. It is observed that y 
is more sensitive than n to systematic errors and that y is more sensitive to errors in 
F*xp than it is to errors in U. These sensitivities indicate that accuracy in measured 
quantities is highly important for the reliability of estimated material parameters. 
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Fig. 9. Strain-rate distributions at three different instants (9.6, 10.8, 12.0 us) during the deformation 
process. The instants are marked with stars in Fig. 5. 

An interesting quantity to estimate is the strain rate in the ligament. In Fig. 3 
where extension vs. time is plotted, the maximum extension rate can be estimated to 
8 m/s for the studied time period (?< 12 qs). This rate divided by the ligament length, 
L gives a rough estimation of the strain rate of 2 x l 0 4 s _ 1. Another way to estimate 
the strain rate is to use the results from the FE-calculation with the optimum mate
rial parameters. Fig. 9 shows the distribution of the strain rate in the j>-direction at 
three different instants (9.6, 10.8, 12.0 qs) indicated with stars in t h e / ^ w ) curve in 
Fig. 5. These fields show that the highest strain rate is obtained in the middle of the 
ligament and it reaches about 7x 104 s - 1 at the third and latest instant. This strain 
rate is about three times higher than the rough estimation and this is expected for 
the nonhomogeneous strain field caused by the ligament geometry. 

5. Conclusions 

The presented method is aimed as a tool for determination of constitutive para
meters under high strain-rate conditions and the basis for the method is iterative 
numerical simulation of experimental results or so called inverse modelling. These 
preliminary results indicate that the mechanical behaviour of a small specimen can 
be observed and evaluated at strain rates up to 104-105 sr 1. 

A series of high-speed photographs was taken of the small ligament area during 
the deformation process. The quality of the frames is sufficient for investigation of 
the deformation and fracture process and evaluated data can be used in inverse 
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modelling. However, only one deformation quantity is measured in this preliminary 
study making results vulnerable to experimental errors. 

Material parameters in Perzyna's viscoplastic model were estimated through 
inverse modelling and a sensitivity analysis was performed, that quantifies the rela
tion between accuracy in evaluated parameters and in measured data. Simulation of 
the experiment using estimated optimal parameters showed good agreement with 
experimental result. 

We conclude the following: 

• The experimental method is promising but needs some improvement regarding 
resolution in the optical measurement. 

• Numerical simulation of experiments is necessary and methods like Subplex 
facilitates the extraction of constitutive parameters. 

• Microscopic high-speed photography is a powerful method to study a transient 
deformation process in a small specimen and with optical methods like Moiré 
and speckle methods more information regarding the deformation field could 
be recorded. 
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Abstract An optical technique to study material behaviour at high strain rates is presented. 
A small specimen is subjected to a rapid tensional loading in a Hopkinson bar 
type of arrangement where the loading is measured in the bar following the spec
imen. A high-speed camera of the image converter type is used to acquire time-
resolved images during the loading. These images are evaluated using digital 
speckle photography to give the in-plane strain field. A calibration procedure 
is included that compensates for the aberrations in the camera. Experimental 
results on mild steel are further compared with a finite element calculation with 
the result that both strain fields show the same general behaviour, but some dis
crepancies appear that need to be further analysed in the future. 

1. INTRODUCTION 
Mechanical behaviour at high strain rates is not sufficiently well understood 

for many engineering materials. Methods to study such phenomena and to de
termine parameters in constitutive models are therefore of great importance. 
The purpose of this paper is to present a method, based on digital speckle 
photography (DSP) [1-3], for the investigation of deformation fields on small 
specimens subjected to rapid loading. The size of the specimen is chosen small 
in order to facilitate high strain rates. DSP is a technique that presumes that 
there exists a characteristic texture (speckle pattern) on the surface, which can 
be followed when the object deforms using a digital cross-correlation tech
nique. DSP has found great applicability in a number of interesting applica-
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tions. Thuvander et.al. [4] used it to study crack tip strain fields in wood at the 
scale of growth rings, Chiang and Wang studied microscopic deformations us
ing an electron microscope [5], and Synnergren et. al. measured rapid internal 
deformations using flashed X-rays [6]. In the case of rapid deformations it is 
advantageous to use a high-speed camera so that the deformation process can 
be resolved. For this purpose an image converter camera with a CCD-unit is 
used. Due to the distortion in the image, the speckle displacements from one 
frame to another cannot be related directly to real displacements. A two step 
procedure is introduced that compensates for the distortion by using a small 
calibration object. The results from the experiment on mild steel are compared 
with a finite element calculation and a static experiment of the same material. 
The experimental arrangement is described in detail in section 2, while the pro
cedure to evaluate physical strain fields is presented in section 3. The obtained 
results are presented and discussed in section 4. The paper ends with some 
concluding remarks about the outcome of the paper. 

2. EXPERIMENT 

2.1. BASIC IDEA OF THE SET-UP 

The basic idea of this set-up is to achieve rapid tensional loading in a small 
region of a specimen, and measure both the force and the deformation field 
during the loading. The specimen recieves its rapid loading when it is sub
jected to impact caused by a projectile. The specimen is mounted on a long 
slender steel rod (Hopkinson bar) in which the tensional wave from the im
pact load will propagate. Strain gauges are attached to the rod to facilitate 
force recording whereas the deformation field is measured with digital speckle 
photography using a high-speed camera. 

The specimen (Figure 1) is a thin mild steel plate with a narrow section in 
the middle. The narrow section is the interesting part of the specimen because 
it is where the plastic deformation takes place. The shaded square in Figure 1 
shows the field of view. 

2.2. SET-UP IN DETAIL 

Consider the experimental set-up shown in Figure 2. The projectile is ac
celerated to a final speed of 6 m/s inside the air gun. On its way the projectile 
passes two motion detectors mounted to the air gun at known positions. When 
the front of the projectile reaches each of the motion detectors a signal is sent 
to an oscilloscope. The oscilloscope gives the time between these two signals 
and consequently the speed of the projectile. One of the detectors also sends a 
trigger signal to the four flashlights. The flashlights are activated a short time 
before the impact in order to achieve full irradiance during the photo session. 
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Figure 1 Specimen geometry. Figure 2 Experimental set-up and a cross section 
The shaded area is the observed of the air gun. 
region. Al l numbers are in mm. 

Two plastic rings are mounted on the projectile. These two rings ensure that 
the projectile fits tight to the air gun. They also work as electric insulators. 
One electric wire is attached to the end of the projectile and another one to the 
air gun. The air gun and the projectile form an open electric circuit. When the 
projectile hits the socket at the muzzle of the air gun a tensional wave begins 
to propagate through the attached specimen and the steel rod. Furthermore 
the electric circuit is closed and a trigger signal is transmitted to the camera. 
The camera immediately sends a signal to the transient recorder, which starts to 
record the signals from the two strain gauges attached to the steel rod. The data 
from the transient recorder gives the force history and the elapsed time from 
impact. The wave propagation speed (c = y/E/p), and the distances between 
the narrow section of the specimen and the strain gauges are known. Therefore 
the time when the tension wave reach the specimen can be calculated. A short 
time after the impact the camera starts its photo session. The delay to the first 
picture is based on the calculation above and the fact that the time needed for 
the wave to propagate to the first strain gauge is repeatable with high accuracy. 

The synchronisation between the force history and the captured pictures is 
an important part and it is necessary to get the right force to the corresponding 
deformation when constitutive parameters shall be determined. In this paper 
no parametric studies are performed. However, parametric studies are the final 
goal and therefore the synchronisation is taken into consideration at this early 
stage. 
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A high-speed camera has to be used in order to resolve the deformation 
process. The camera is of the image converter type, ULTRANAC FS 501, with 
a CCD-unit. The image from the camera consists of up to 4 x 6 frames. In this 
paper a configuration of 3 x 4 frames have been chosen with the advantage that 
it gives a better spatial resolution for every frame. The sequence of captured 
frames is shown in Figure 3. The numbers in the frames are the times after the 
wave has reached the narrow part of the specimen. These are the images used 
for the strain analysis. 

3. EVALUATION OF STRAIN FIELDS 

The images in Figure 3 show the deformation of the specimen during the im
pact. These images give a qualitative idea of the failure mechanisms involved. 
The purpose of this paper, however, is to use DSP to get quantitative values 
of the strain field from Figure 3, and hence facilitate direct comparison with a 
finite element calculation. The main problem with a high-speed camera of the 
image converter type is that relatively large aberrations are introduced in the 
imaging. Different parts of the image therefore render the object at slightly dif
ferent scales. The camera therefore needs to be calibrated so that the measured 
speckle displacement can be related to physical deformations on the object. 

The most fundamental requirement, that there exists a high frequent random 
pattern at the object surface, has already been fulfilled. The natural texture of 
the steel surface has been enhanced with diffusely reflecting black and white 
spray paint (see Figure 3). It is the motion of that random pattern that is anal
ysed with DSP using a digital cross correlation procedure [1]. But there are, 
however, several other requirements that have to be fulfilled to be able to draw 

Figure 3 The sequence of captured frames. The times in the frames are the times after the wave 
has reached the narrow part of the specimen. 
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quantitative conclusions from Figure 3. First we need to know that the defor
mations of the same points are followed in all frames. We therefore make an 
experiment with the object at rest. Everything with the camera and the flash 
lamps are exactly as they should be during an actual experiment besides that 
the specimen is not loaded. At this stage we need to decide which resolution 
to use in the evaluation of the deformation field and which frame to use as 
a reference. Since the aberrations are expected to be lowest in the middle of 
the image frame 8 is chosen as reference. A square grid of subimages of size 
32 x 32 pixels separated 8 pixels in the row and column directions, respectively 
defines the scale in which the strain is evaluated. This resolution is then used 
throughout the experiments. These subimages are then located in the rest of 
the frames by applying the DSP algorithm with frame 8 as the reference im
age. Next the non-linear response to a known deformation in each frame and 
subimage needs to be established. A calibration plate (placed at the position 
of the object) is moved ±200 um and ±500 urn, respectively from its initial 
position. The deformation in each frame and subimage is thereafter evaluated 
using the DSP algorithm and the response in each subimage is fitted to a third 
order polynomial in the least squares sense. 

The calibration is now complete. Associated with each frame are the po
sitions of the subimages within the frame and the weights of the third order 
polynomial for each subimage. The physical deformations in Figure 3 can 
now be evaluated. A set of reference images is acquired with the object at rest 
prior to the experiment. The deformations in Figure 3 are all calculated relative 
these reference images and not relative the first frame so that the original grid 
is maintained throughout the calculations. The result of the DSP calculation 
is a vector field of in-plane deformations. The result for the 9th frame (90 us 
after impact) is shown in Figure 4. In general, however, strains are of more 
interest than deformations. The in-plane deformation field in Figure 4 in com
bination with the original grid contains all the information needed to calculate 
in-plane strains. However, since noise tends to get magnified during numerical 
differentiation strains need to be calculated with some care. Therefore a first 
order Savitsky-Golay filter [7] with a filter size of 3 x 3 points are applied on 
both components of the deformation field (the local data are fitted to a plane). 
In-plane strains can then be calculated from the constants in the equation of 
the planes. With reference to Figure 5 the local variation in the deformation 
component, u, parallell to the rows of the CCD-detector looks like 

, du du 
u = uo + ax + by <̂4> u = uo + —x + -rr-y, UQ = const. 

ox dy 

where the strain component along the detector rows is given byg*. In order 
to describe large deformations, the logarithmic strain definition is used. The 
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Figure 4 Measured displacement field Figure 5 The speckle displacement com-
90 qs after impact. ponent parallel to the loading direction for 

9 points in the middle of the observed area. 

strain component ex, then finally has the form 

which is the strain component presented in this paper. 

4. RESULTS AND DISCUSSION 

The recorded force from the two strain gauges show good agreement, but 
the right one in Figure 2 has a less noisy signal. Its result is presented in 

Figure 6 Force history. The right picture shows the part of the force history used in the FE-
simulation. Stars and circles indicate the times when the photographs have been taken. 
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Figure 6, where the left picture shows the history until failure and the right one 
shows the force for the first 250 us. The times for the calculated strain fields 
are marked with stars and the circles indicate the frames where no strains are 
determined, due to too small or too large relative speckle displacements. The 
outgoing wave is assumed to the same as the incoming tensional force. This 
assumption is only valid if the influence of inertia on the stress distribution 
in the narrow part of the specimen is assumed to be small. Further, possible 
distortion of the tensional wave caused by the attachment of the specimen to 
the steel rod has not been considered. The negligence of the inertia and the 
influence of the attachment need to be studied more in detail. 

The measured logarithmic strain fields in the evaluated regions for 7 differ
ent times between 40 us and 140 LIS are shown in Figure 7. Note that for all 
times except the 140 p:s time instant, the same strain interval, 0 — 0.1, is used. 
The interval is chosen to emphasise the development of the strain. The result
ing strain field from the last time instant has, however, higher values and the 
interval is therefore different. As a preliminary comparison the results from a 
FE-calculation is also shown in Figure 7. Because of the high strain rate a rate 
dependent constitutive model has been used. See Appendix for more details. 
The resulting logarithmic strain can be studied in Figure 7 where the same 
scaling as for the experimental results have been used. 

Several interesting observations emerge from the comparison between the 
experimental and numerical results. Both results show the same general ap
pearance that the highest strain is located in the middle of the specimen and 
that a cross shaped strain region appears from the corners of the narrow region. 
In the FE-pictures, however, it is very easy to see the development of the strain, 
and how the plastic region becomes larger. This increase in the plastic region 
is not as profound in the experimental strain fields. There might be several rea
sons for this discrepancy between the experimental and the numerical results. 
One important difference is that the spatial resolution in the experimental re
sults is limited by the size of the subimage used to evaluate the deformation. 
The subimage also tends to smear out the deformation field, which results in a 
somewhat blurred strain field when differentiated. The mesh on the other hand 
gives the spatial resolution in the FE-calculation. The difference in spatial res
olution can, however, not explain the whole difference in the two approaches 
so that other causes have to be found in the numerical model. Matching the 
model with the experimental results will be one of the interesting challenges in 
the future. 

Another interesting quantity to evaluate is the strain rate experienced by the 
material. Therefore the mean strain for the region with the highest strain has 
been calculated and plotted against time. The region is marked with a rectangle 
in Figure 7g. The development of the mean strain is presented in the left graph 
in Figure 8 together with a fitted third order polynomial. The right graph shows 



Figure 7 Measured and FE-calculated strain fields, 40, 50 and 60 us after impact. 



Figure 7 (continued) 
Measured and FE-calculated strain fields, 70, 80, 90 and 140 us after impact. 
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Figure 9 Force vs. extension for the static and dynamic test 

the strain rate evaluated as the time derivative of this polynomial. As shown 
in the figure, the maximum strain rate is estimated to be about 1650 s - 1 and 
somewhat lower at longer times. 

A last interesting question is, i f it is possible to detect any effects of the 
expected viscoplastic hardening due to the high strain rates presented in Fig
ure 8. One effect should be that the force when yield occurs becomes higher 
than the required force for a static condition. In order to answer that question 
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a static tension test was performed. The result of this test is shown in Figure 9. 
The force vs. extension from the dynamic test is presented in the same fig
ure. The extension, Au (the definition is shown in the figure), was calculated 
by taking the average speckle displacement at the left boundary of the narrow 
section minus the corresponding displacement at the right boundary. The last 
two values, marked with a circle, are extensions estimated by counting the in
crease of pixels between the boundaries mentioned above. Therefore the two 
last extensions have less reliability. In this case the force when yield occur has 
increased with a factor about 2.5, and this is in good agreement with Camp
bell and Ferguson [8], who propose an increase about 2.3 for mild steel at this 
strain rate. 

5. CONCLUSIONS 

An optical method designed to study material behaviour at high strain rates 
has been presented. The load was applied in a tensional Hopkinson bar ar
rangement where the outgoing wave was recorded at two positions on the bar 
using electrical strain gauges. The resulting strain field in the object was mea
sured using an image converter type high-speed camera combined with digital 
speckle photography (DSP). A calibration procedure is included that compen
sates for the aberrations in the camera and makes quantitative evaluation of 
the in-plane strain field possible. The results from the DSP calculation have 
been used in three different ways. Firstly, the logarithmic strain field com
ponent parallel to the loading direction was calculated and compared with a 
numerical simulation. These two approaches showed the same general mate
rial behaviour, but some discrepancies were clearly visible the cause of which 
needs to be explained in the future. Secondly, the mean strain evolution within 
the most strained region have been calculated and plotted against time to fa
cilitate strain rate calculation. The maximum strain rate was calculated to be 
1650 s _ 1 which corresponds well with the expected strain rate. The third appli
cation of the DSP results was to investigate i f viscoplastic hardening could be 
detected. The differences in displacement between the two sides of the sample 
was therefore calculated and compared with the extensiometer readout from a 
static experiment using the same material. Using this technique an increase in 
the yield level of about 2.5 was estimated which compares well with previously 
tabulated values. 
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Figure 1 The mesh 

Appendix: FE-simulation 

In order to show a preliminary comparison between the experimental and the 
numerical results a FE-calculation has been performed. The FE-code used for 
the calculation is ABAQUS/EXPLICIT 5.8 [9]. Because ofthe high strain rate, 
a viscoplastic constitutive model has been used. The constitutive model used in 
this simulation is the one suggested by Perzyna[10], in which the viscoplastic 
strain rates are given by 

K s * ! - 1 ) " * ' ^>oy{ep) 
0, o~e < aY(ep) 

where 7 is the strain rate sensitivity, n is a strain rate exponent, ay is the yield 
stress, oe is the effective stress according to von Mises and Sij is the deviatoric 
stress. The two unknown parameters, 7 and n, are chosen to 25000 s - 1 and 
7, respectively. Further plane stress has been assumed in the specimen. The 
applied tensional force is shown in Figure 6. Figure 1 in the appendix presents 
the whole mesh. 
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A method for estimation of viscoplastic material parameters at high strain-rate 
conditions is presented. The method is based on inverse modelling. The focus in 
this paper, Part I , is on the experimental technology used to quantify loading and 
deformation of specimens. Small specimens are tested under both tension and com
pression loading conditions in split Hopkinson bar arrangements. In contrast to 
classic split Hopkinson bar testing, the specimens are subjected to a nonhomoge-
neous state of stress. The resulting nonhomogeneous deformation of the specimens 
is evaluated using digital speckle photography (DSP) to give in-plane point-wise 
displacement and strain fields. The photographs are captured with a high-speed 
camera of image converter type which acquire time resolved images during the im
pact loading. Three small series of mild steel specimens with different geometries 
are tested. The DSP-algorithm used for measurement of the deforming specimens 
detected strains up to 0.25 with an uncertainty of about 0.01. The maximum strain 
rate in the experiments was about 3000 s _ 1 . The experimental study, presented in 
this paper, Part I , forms the basis for the numerical work in Part I I , where the 
procedure for material parameter estimation by inverse modelling is presented in 
detail. 

Keywords: B. Constitutive behaviour, Viscoplastic material; C. Impact testing, 
Kolsky bar; Inverse modelling, Digital speckle photography (DSP) 

* Tel.: +46-920-491045; fax: +46-920-491047. 
Email address: Jorgen.Kajberg@sirius.luth.se (J. Kajberg). 

Preprint submitted to Elsevier Science 



1 I n t r o d u c t i o n 

Stresses due to plastic deformation of materials are generally sensitive to the 
rate of strain. This rate sensitivity can be demonstrated in the low rate do
main on commonly used testing machines by changing the crosshead velocity. 
Knowledge of the rate sensitivity is necessary for calculations and simulations 
of for example manufacturing processes, such as plastic forming and cutting 
etc. Accurate information of the mechanical properties of materials at strain 
rates exceeding the rates attainable on commonly used testing machines are 
necessary for such simulations. 

The mechanical behaviour of materials subjected to high strain rates, is de
scribed by viscoplastic constitutive models. Such models have been suggested 
by for example Perzyna (1963); Johnson and Cook (1983); Khan and Liang 
(1999); Eftis et al. (2003). These model are all purely empirical, while other 
models are more physically based (Zerilli and Armstrong, 1987; Follansbee 
and Kocks, 1988; Nemat-Nasser and Kapoor. 2001; Barlat et a l . 2002). A l l 
these models contain material parameters, which are not well known for higher 
strain rates. For reviews of the area of viscoplastic modelling see for exam
ple Lemaitre and Chaboche (1990); Meyers (1994); Liang and Khan (1999). 

The experimental technique called split Hopkinson pressure bar (or Kolsky 
bar) (Kolsky, 1949: Gray I I I . 2000) is commonly used for material parame
ter estimation in high-rate viscoplastic models. Typical strain rates achieved 

with the split Hopkinson pressure bar arrangement are of magnitude 103 s - 1 . 
For higher strain rates up to 105 s _ 1 methods have been designed, where the 
incident bar in the split Hopkinson arrangement is omitted and the specimen 
is impacted directly (Dharan and Hauser, 1970; Wingrove, 1971; Wulf and 
Richardson, 1974). The Hopkinson bar is generally designed to achieve a uni
form stress and strain condition as well as force equilibrium in the specimen. 
This allows direct evaluation of the stress-strain relation at a certain strain 
rate. However, the equilibrium state is difficult to achieve when sound speed 
is low in the specimen, which is typical for some polymeric materials (Walley 
and Field, 1994). In addition the stress uniformity is opposed by inertia and 
by frictional forces at the specimen-pressure bar interface. Further, the true 
stress and strain can not be extracted for material whose volumes are not 

conserved. Materials for which this problem occurs include metallic and poly
meric foams, honeycomb structures and porous compacts, which all expose a 
volume change during mechanical loading. In these situations additional sam
ple diagnostics are required for monitoring the deformation of the specimen 
that can provide the needed data to calculate the true stress and strain. 

In this paper, Part I , and in a following paper, Part I I , the outline for a 
combined experimental/numerical procedure for material parameter estima
tion is presented where neither uniform stress and strain nor force equilibrium 
are required. 

A split Hopkinson bar arrangement is still used for loading and force mea
surements, but the upcoming displacement field on the surface of the specimen 
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is evaluated by digital speckle photography (DSP) using a high-speed cam
era (Kajberg and Sjödahl. 2003). This optical method provides a detailed 
image at the surface of the deforming specimen and any nonhomogeneity is 
therefore easy to detect, and evaluate. The basis for the estimation of material 
parameters is not stress vs. strain curves at different strain rates, as in classi
cal Hopkinson bar testing. Instead the experiment is simulated using the finite 
element method (FEM), and the resulting displacement and strain field are 
then compared with the measured ones. The unknown material parameters 
are estimated by inverse modelling (Tarantola, 1987), which is an iterative 
search method designed to minimise the difference between the numerical and 
experimental fields. A specimen with a nonhomogenous state of stress and 
strain has also been used by Gilat and Cheng (2000, 2002); Kajberg et al. 
(2004) to reach high strain rates. 

In this paper the testing equipment and the experimental procedure are de
scribed. The Hopkinson experiment is performed in both tension and compres
sion. The results and uncertainties from both types of tests are presented. The 
material chosen for the specimens is a common mild steel. The experimental 
study, given in this paper forms the basis for the numerical work in Part I I . 
As mentioned above the numerical data is provided by FE-calculations. In 
principle the FE-models are based on the complete experimental set-ups. i.e. 
the specimens, their attachments and the Hopkinson bars are included. The 
FE-code used in Part I I for simulating the experiments is LS-DYNA. This 
code uses an explicit time integration scheme, which is the time scheme best 
suited for wave propagation problems. In other words, the inertia forces are 
considered and thus the requirement of force equilibrium, as in the classical 
split Hopkinson bar technique, is not necessary. The numerical treatment and 
the material parameter estimation is presented in detail in Part I I . 

The current experiments provide strain rates of magnitude 102 - 103 s"1. 
Thus, the region of validity for the estimation is limited by these experiments. 
The work presented in these papers, Part I and I I , primarily emphasize on 
the methodology for determining material parameters using high strain rate 
experiments, digital speckle photography and inverse modelling techniques. 

2 E x p e r i m e n t s 

2.1 Set-up and the specimen types 

The material responses at both tension and compression are studied and 
therefore two different Hopkinson bar arrangements are designed. The set-up 
for tension loading is described in detail below. The set-up for compression has 
the same principal design but some differences, mostly for the impact loading, 
are at hand and are commented below. 

The experimental set-up for tension loading is shown in Fig. 1. The incident 
and the transmitter bar, which are made of steel (SS 141672). have diameters 
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Projectile Air gun Plastic ring 

Fig. 1. Experimental set-up for tension tests and a cross section of the air gun. 

Nut 

(a) (b) 

Fig. 2. Tension (a) and compression (b) specimens. The attachment of the tension 
specimen and a threaded bar end are shown at the left side. Al l numbers are in mm. 
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of 16 mm. The lengths of the incident and the transmitter bar are 3.0 m and 
1.5 m, respectively. A projectile is accelerated inside the air gun and impacts 
a nut that is attached to one end of the incident bar. A plastic ring is placed 
between the projectile and the nut for smoothing of the generated tension 
wave. The incoming and also the reflected wave are measured with two pairs 
of strain gauges which are mounted on the incident bar. The tension force that 
is transmitted through the specimen is measured with one pair of gauges on 
the transmitter bar. A l l strain gauges (Measurements group CEA-06-250UW-
350) are of foi l type with a gauge length of 6.35 mm. The signals from the 
gauges pass through the amplifiers and are finally sampled with a frequency 
of 2 MHz. The amplifiers (Measurements group 2210A) have a bandwidth of 
100 kHz. 

One of the gauges on the incident bar is connected to a " trigger box" which 
sends a trigger signal to the high-speed camera when the strain reaches a 
certain level. In order to have maximum irradiance during the photo session 
the camera activates four flashlights 100 ps before the tension wave reaches 
the specimen. 

For the compression tests, a classic split Hopkinson pressure bar arrange
ment is used, but with the camera equipment added. The bars are made of 
quenched steel wi th yield stress of about 500 MPa and have diameters of 
25 mm. The impact loading is achieved by a projectile of the same mate
rial and diameter as the bars. The projectile is accelerated inside an air gun 
and impacts the end of the incident bar. The same sampling frequency for 
the force measurement is used in compression tests as in the tension tests, 
namely, 2 MHz. Further, the camera and its flashlights are activated in the 
same manner as in the set-up for tension loading. 

The high-speed camera that is used (ULTRANAC FS 501) is of image con
verter type wi th a CCD-unit (Charged Coupled Device). The CCD-units pro
vides a captured image with fixed spatial resolution. Further, the image can be 
divided in different arrays of frames. The maximum number of frames, which 
is possible to capture, consists of an array with up to 4 x 6 frames. The dis
advantage wi th this frame configuration is that the lowest spatial resolution 
of the frames is provided. As a compromise between number of frames and a 
good spatial resolution, the configuration with 3 x 5 frames is chosen in the 
presented experiments. Depending on specimen, the exposure time and the 
interframe period is set to 3 or 5 us and 7 — 15 ps respectively for the tension 
specimens. Due to the more transient loading in the compression tests the 
corresponding times are set to 2 us and 8 us. The exposure time is kept as 
short as possible without risking the necessary illuminance and to avoid bad 
sharpness caused by the motion. 

The specimens used in the tests are shown in Fig. 2, where the left specimen 
is used in the tension tests and the right one in the compression tests. They 
are both made of the same material, namely mild steel, SS 141672. The man
ufacturing method used is electric wire discharge, which is assumed to have 
only a small influence on the machined surfaces. The tension specimen consists 
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of a cylinder with a narrow section machined in the middle where the plas
tic deformation is concentrated. Each end of the specimen is tightly pressed 
against the threaded bar ends with a nut and a divided washer(see Fig. 2(a)). 
The mass of the specimen attachment and the remaining cylindric part causes 
significant inertia forces but this arrangement was chosen in order to ensure 
purely axial loading. Two types of tension specimens with different lengths of 
the narrow section are used in this experiment. The two geometries are chosen 
in order to have different strain rates, where the shorter one is for higher rates. 
Six tension experiments were performed, two wi th the longer specimen type 
(specimen no. 1 & 2) and four with the shorter type (specimen no. 3-6). The 
specimens used in the compression tests are made out of a plate and have the 
same in-plane dimension as the longer tension specimens. However, they are 
much thicker (5 mm instead of 1.5 mm) in order to avoid instability during 
compression. The compression tests are based on three specimens (no. 7-9) 
of this type. Note the definition of coordinate system (Fig. 2) that is used 
throughout this paper. 

2.2 Force application and measurement 

In the FE-simulations presented in Part I I , the measured force histories are 
used as input quantities. By measuring the incoming, reflected and transmitted 
waves, it is possible to determine the force history in any section of the bars. 
The sections chosen in the presented experiments are according to Fig. 3, A 
in the incident bars and B in the transmitter bars. The upper figure shows the 
sections for the tension set-up, where they are chosen next to the attachments. 
In the lower figure the corresponding sections for the compression set-up are 
presented. The forces in these sections are denoted input force Fin and output 
force Fout. 

The common way to determine the input and output force in a split Hop
kinson bar arrangement is by time-shifting the incoming, reflected and trans
mitted waves so they coincide wi th the specimen interfaces. The input force 
is then calculated by adding the incoming and reflected wave, and the output 

B A 

B A 

Fig. 3. Input forces and output forces evaluated at section A and B, respectively. 



force is determined from the transmitted wave. If force equilibrium prevails in 
the specimen the input and output force are the same. In classic split Hopkin
son pressure bar testing a rectangular shape of the incoming wave is desirable 
in order to achieve an approximately constant value of the strain rate. By us
ing a projectile of the same material and diameter as the incident bar, and by 
attaching a so called pulse shaper at the impact end of the incident bar, the 
rectangular shape is achieved. A pulse shaper is a thin washer of a softer ma
terial that damps the impact slightly and thus counteracts dispersive effects 
such as overshoots, which would appear in the incoming wave if the projectile 
impacts the incident bar directly. The duration of the incoming wave is twice 
the length of the projectile divided with the wave propagation speed. The 
lengths of the bars are chosen in order to avoid overlapping of the incoming 
and reflected wave at the gauge section in the incident bar. The compression 
tests presented in this paper are performed in the same manner as the classic 
test described above. A smooth rectangular incoming wave is utilised by using 
an aluminium shim as a pulse shaper. 

However, a rectangular shape of the incoming wave with short rise time 
results in a very transient loading and thereby large particle accelerations in 
the Hopkinson bars. In the tension tests, where nuts are used for attachment 
of the specimens, the large accelerations would cause high inertia force at 
the input section. Inertia effects from the attachments should be kept low to 
avoid that they dominate over the material behaviour of the specimen and the 
input force Fi„, which wil l be used in the FE-simulations (Part I I ) . Therefore, a 
plastic ring (Fig. 1) is used as a pulse shaper in order to increase the risetime 
of the incoming tension wave. Further, the effect of the massive nut at the 
impact end of the incident bar is that the decay time of the wave is increased. 
Thus, the duration of the incoming wave is extended so that the incoming and 
reflected waves overlap at both gauge positions of the incident bar. Therefore, 
standard evaluation of the input force by time-shifting and adding the two 
waves is not possible in the tension experiment. 

W i t h the method of two-point strain measurement (Lundberg and Henchoz, 
1977) it is possible two evaluate the strain and the particle velocity at an 
arbitrary section of the incident bar, even when the incoming and reflected 
waves are overlapping at the gauge positions. The interesting section in this 
experiment is section A according to Fig. 3. The equations for the strain ein 

and the particle velocity t>j„ at that section are given by 

ein{t) =Un(t - 2T) + e2(t + T2) - e2(t + T 2 - 2TX)+ 

e 1 ( t - T 1 ) - e 1 ( t - T 1 + 2T2)
 [ 1 

and 

vin(t) =vin(t - 2T) - C€2(t + T2) - ce2(t + T 2 - 27\) + 

C€1{t-T1) + cel{t-T1 + 2%) 1 ' 
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where 

T1=x1/c, T2 = x2/c, T = T1~T2 (3) 

The strain and the particle velocity in the transmitter bar at section B is 
derived by time-shifting the signal from gauge 3. 

e0ut(t) = e3(t + T3), T3 = x3/c (4) 

and 

Vout(t) = ce3(t + T3), (5) 

The parameters X\ and x2 are the distances between section A and gauge 1 
and gauge 2, respectively (Fig. 1). The parameter x3 is the distance between 

section B and gauge 3 and c = is the wave propagation speed. wrhere E 

is Young's modulus and p is the density. Further the strains ei, e2 and e3 are 
measured strains at gauge section 1,2 and 3, respectively. 

A drawback with the method of two-point strain measurement is that a 
periodical error may arise in the evaluated strain ein. The maximum relative 
error is 2 ^ T ^ , where A T is the error of determination of T in Eq. (3) and Tr 

is the risetime of the incident wave. Thus, the positioning error A T must be 
small compared to the risetime in order to achieve accurate strain signals. 

The strains and the particle velocities in the transmitter bar for the com
pression test are derived in the same manner as eout and vout in the tension 
test. i.e. by time-shifting in accordance with the classic split Hopkinson pres
sure bar procedure. Further, ein is calculated by adding the incoming wave 
with the reflected wave and Vi„ is proportional to the difference between the 
incoming and the reflected wave. 

C m r ø = d(t - Ti) + Ci(t + Ti), T 4 = Xi/c 

e0ut(t) = eh{t + T5), T5 = x5/c (6) 

and 

vin(t) = ce4(t - Tt) - C€A(t + Ti). 

v0Ut(t) = ce5(t + T5). (7) 

The parameter x4 is the distance between section A and the gauge mounted 
on the incident bar, and x 5 is the distance between section B and the gauge 
mounted on the transmitter bar. 

For each case, tension and compression, the input and output force are finally 
calculated as 



Tension 

Fin AEc\n  

Font = AECout 

Compression 

Fin ~ AEdin 

F0ut — ~~AEe0Ut 
(8) 

respectively, where AE is the cross section area of the bars times their Young's 
modulus. The values of A and E are 201 m m 2 and 210 GPa for the tension 
bars and 491 m m 2 and 214 GPa for the pressure bars. In order to get positive 
values for the compression forces, minus signs are added in the equations to 
the right . 

2.3 Displacement and strain measurement through speckle photography 

Fig. 4 shows a captured sequence of frames for a tension specimen of the 
shorter type (no. 6). These frames show the deformation process from slightly 
strained to broken specimen. By using digital speckle photography (DSP) it is 
possible to evaluate quantitative in-plane displacement fields and strain fields. 
Notice, that the point-wise displacement fields can not be directly associated 
with the deformation fields due to the large rigid body motions of the spec

imens. Therefore the term displacement field has been used throughout this 
paper. However, an estimation of deformation fields for a compression speci
men is performed by subtraction of the rigid body motion. 

The most fundamental requirement for the DSP-method, that there exists 
a random pattern at the object surface, is accomplished by using diffusely 
reflecting black and white spray paint (see Fig. 4). The DSP-method is based 
on a cross correlation procedure (Sjödahl. 1994). The procedure correlates two 
patterns resulting in a correlation surface, where the actual displacement is 
determined by the highest value, the correlation peak. In these experiments 

Fig. 4. A sequence of captured frames of a short tension specimen. The time infor
mation indicate elapsed time after arrival of the tension wave. 
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an image consisting of 15 reference frames of an undeformed specimen is first 
captured with the high-speed camera under the same conditions as in the 
experiments. These frames serve as the the basis for the correlation with the 
frames containing information regarding the deformed specimen. In order to 
analyse the displacement of the random pattern each of the 15 frames (166 x 
192 pixels) is first divided into a number of subimages with the size 32 x 
32 pixels. The midpoints of the subimages are separated by 8 pixels in both 
x and y direction and therefore the subimages overlap each other with the 
ratio 24/32. The separation defines the spatial resolution of the evaluated 
displacement field which in this case has a size of 17 x 21 points. By using 
the cross correlation procedure the displacement of each subimage is analysed 
resulting in point-wise in-plane displacement fields. 

A problem with a high-speed camera of image converter type is that aber
rations are introduced in the imaging. Different parts of the image therefore 
render the captured object at slightly different scales. A calibration proce
dure is therefore introduced for relating evaluated displacements to physical 
displacements on the object. I t involves comparison of frames taken of a sta
tionary pattern at instants with known rigid displacements and is described in 
detail in Kajberg and Sjödahl (2003). A typical displacement field for a short 
tension specimen is shown in Fig. 5(a). 

The displacement field contains all the information needed to calculate the 
in-plane strain components. In this paper, the evaluation is concentrated to 
the components sx and sy while the evaluation of the shear component exy 

is omitted. Since noise tends to get magnified by numerical differentiation, 
strains need to be calculated with some care. Therefore a first order Savitsky-
Golay filter (Press et al., 1992; Kajberg and Sjödahl, 2003) is applied on both 
components, u (x-direction) and v (y-direction), of the displacement field. This 
filter is basically a method to fit a plane to local data in a least square sense. 
The local data chosen in this experiment consist of displacement data for 3 x 3 
square grids. An example of a square grid is shown in Fig. 5(a), where the 9 
data points are marked with circles. The displacement component u for these 
9 points is marked with circles in Fig. 5(b), where the fitted plane also is 
shown. The equations of the planes for each displacement component are 

where u x = ^ etc. ii, u_x, u_y and v, v,x, vtV are fitted data for the planes and 
these data are assigned to each of the midpoints of the 3 x 3 square grids. 
Further uiX and v>y are related to the strains ex and ey respectively by 

(9) 

ex = l n ( l + utX) 

sy = l n ( l + viV) (10) 
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(a) (b) 

Fig. 5. Displacement field (a). Local displacement field (b). 

Note that due to the large deformations the true (logarithmic) strain definition 

is used. 

2.4 Uncertainties 

I t is important to estimate the uncertainties of the quantities, u. v, ex and ey. 
because they are the basis for subsequent estimation of material parameters. 
In this paper, their standard deviations are used as the estimation of their 
uncertainties. The standard deviations are dependent of the regression model 
used for strain evaluation, the correlation values from the DSP-calculations 
and the size of the speckles. As a measure of the speckle size the radius of the 
correlation peak is used (Sjödahl. 1997). The uncertainty analysis is presented 
in detail in Appendix A, resulting in uncertainties given by 

( 

V 

X 
(11) 

where B = 32 pixels is the size of the subimages, c is the correlation values 
and a sa 6 pixels is the radii of the correlation peaks. 

The uncertainties of the measured forces are not studied. In the following 
parameter estimation by inverse modelling (Tarantola, 1987) in Part I I only 
the uncertainties corresponding to the displacements and strains are used. 

3 Resu l ts and discussion 

3.1 Forces 

The force histories measured with the strain gauges mounted on each bar 
are presented in Fig. 6. The figure shows a history for a specimen of each 
type (no. 2, 6 & 7). The necessity of the two-point strain measurement is 
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demonstrated by the two upper graph (Figs. 6(a) and (b)), where the signals 
from the two gauges on the incident bar do not return to zero before the 
reflected wave arrives and affects the signals. The evaluated input and output 
force for all three types of specimen (no. 2, 6 & 7) are presented in Fig. 7. The 
time shown in the graphs is set to zero when the pulse reaches the specimen, i.e. 
section A in Fig. 3. At times marked with stars displacement and strain fields 
are evaluated and at times marked with circles photos are taken but strain 
fields are not evaluated due to too small or too large speckle displacement. 

As mentioned in the previous section, the attachment of the tension speci
men causes inertia forces, which is clearly shown in Figs. 7(a) and (b). Even 
with relatively long risetimes of about 200 ps for the incoming waves the input 
and output forces differ up to 50 %, which motivates the choice of a very soft 
pulse shaper (plastic ring) and the use of two-point strain measurement . The 
difference between the forces is also influenced by the relatively long tension 
specimens, which delays force equilibrium (i.g. equal input and output forces) 
in the specimens. Since the incoming waves in Figs. 6(a) and (b) show no 
dispersive effects, such as oscillations, no dispersion correction is needed. 

The compression specimens are held in position between the bars just by 
friction without any arrangement for attachment. An inspection of Fig. 7(c) 
shows that the input and output force have the same general appearance, 
which could be expected since inertia forces are small. Further, the incoming 
wave in Fig. 6(c) show a small amount of oscillations. However, no dispersion 

correction is performed since the oscillations are considered to be small and 
thereby not counteracting accurate force measurement. 

3.2 Displacements and strains 

One component of the evaluated strain fields for all types of specimens (no. 2. 
6 & 7) are presented in Figs. 8, 9 and 10 as filled level curves on the captured 
area of the specimens. The region chosen for evaluation of strain fields is l im
ited to the narrow part of the specimen. For later times the size of this region 
is decreased due to too large speckle displacement. W i t h the correlation proce
dure used in the evaluation of speckle displacement, the maximum detectable 
displacement is set to 24 pixels. The procedure can be extended to detect 
larger values, but a dramatic decrease in the correlation values appear when 
the displacement exceed 3/4 of the size of the subimages. In the evaluations of 
the strain fields the first three and last three frames have always been excluded 
due to bad sharpness along the short sides of the captured image. This bad 
sharpness appears independent of choice of frame configuration. W i t h some 
patience, it is possible to see in Fig. 4 the difference in sharpness between the 
frames along the short sides and the 9 frames in the middle. The configura
tion wi th 3 x 5 frames, chosen in this experiment, is therefore a compromise 
between the number of frames for evaluation and the spatial resolution which 
decreases wi th increasing number of frames. 
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Fig. 6. Force histories at the gauge po
sitions in the incident and transmit
ter bar evaluated from the strain gauge 
data. 

Fig. 7. Input and output forces for ten
sion specimens no. 2, 6 and compression 
specimen no. 7. Stars and circles mark 
times when photographs are taken. 
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Fig. 8. Strain fields (ex) for specimen no. 2. The time information indicates elapsed 
time after arrival of the tension wave. Note the different strain scales. 
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Fig. 9. Strain fields (ex) for specimen no. 6. The time information indicates elapsed 
time after arrival of the tension wave. Note the different strain scales. 
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Fig. 10. Strain fields {ey) for specimen no. 7. The time information indicates elapsed 
time after arrival of the compression wave. Note the different strain scales. 

In order to show how the material flows the deformation of a compression 
specimen is presented in Fig. 11. The DSP-calculation results in the displace
ment of the subimages, but in order to represent the deformation these dis
placements are subtracted by the rigid body motion of the specimen. The 
rigid body motion is estimated by taking the average of the displacement for 
sections A and B (see Fig. 3). These displacements are easily derived by in
tegrating the particle velocities according to Eqs. (2), (5) and (7). Another 
way to estimate the rigid body motion is to use the displacement evaluated 
for the subimage in the middle of the specimen surface. In Fig. 12. the rigid 
body motions estimated by the two methods, are plotted for specimen no. 6 
and 7. The two methods show a good agreement. 
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Fig. 11. Deformation fields for specimen no. 7. The time information indicates 
elapsed time after arrival of the compression wave. 
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Fig. 12. Rigid body motions for a short tension specimen (no. 6) and a compression 
specimen (no. 7) estimated by integration of particle velocities at (or near) the bar 
ends. Stars indicate rigid body motions estimated by the DSP-calculation. 
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In order to complete the uncertainty estimation according to Eq. (11), the 
correlation values c are needed. These values varied between 0.8 and 0.9. The 
higher value. 0.9, was obtained in the field evaluation for earlier times while 
the lower value appeared for later times. The reason for the decrease in corre
lation value is that the subimages become more strained for the later times. 
The interval for the uncertainties of the measured quantities are presented in 
Table 1, where the uncertainty of displacement are given as both pixels and 
um. In order to calculate the uncertainties in pm the scale of the captured 
image has to be used. This scale is approximately the same in both type of 
tests, namely 27.8 um/pixel. The lower values in the table correspond to the 
earlier times. 

Table 1 
Uncertainties for the measured quantities  

su — su 0.088 - 0.13 pixels o 2.4 - 3.6 urn 

0.013 - 0.020 strain 

As mentioned before, the maximum speckle displacement is limited to 24 pix
els and such large displacements appeared only for later times. The smallest 
speckle displacement evaluated corresponds to the earliest frame and is ap
proximately 1.5 pixels. W i t h these minimum and maximum measured displace
ments and the uncertainties in Table 1 it is possible to calculate the relative 
errors for the deformations, u and v. The calculations result in relative errors 
which vary between 0.5 % and 6 %. The obtained speckle size, namely 6 pixels, 
is three times larger than the optimum size of 2 pixels (Sjödahl and Benckert, 
1994). This is a consequence of the Nyqvist sampling theorem. I f i t is possible 
to achieve the optimum size of speckles, the accuracy wil l improve 9 times. 

Other interesting quantities to estimate are the strain rates. Therefore values 
for both strain components, ex and ey, are calculated for the midpoint of the 
specimens. The development of the strains evaluated at the midpoints for all 
specimens is presented in Fig. 13. One simple way to estimate the strain rates 
in the loading direction for the centre part for all specimens is to fit a straight 
line to the data. Hence, the strain rates could be estimated by the slopes of the 
lines. These strain rates are presented in Table 2. However, the slopes of the 
strain vs. time curves are steeper for later times and therefore the maximum 
strain rates are higher. 

Table 2 
Estimated Strain rates in the loading direction for the midpoint of the specimens 

Tension Long Tension Short Compression 

Specimen 1 2 3 4 5 6 7 8 9 

Strain rate [s - 1] 2100 1800 2900 2700 2500 2800 -1000 -1300 -1200 
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Fig. 13. Development of strains for the midpoint of the specimens. 

Conclusions 

An experimental method based on a split Hopkinson bar arrangement, aimed 
as a tool for viscoplastic material characterisation under high strain rates 
condition, is presented. The method involves force monitoring through elastic 
strain wave measurement in bars and a field method based on DSP and high
speed photography for in-plane displacement and strain measurement. Tests 
were performed in both tension and compression loading. Three small series 
of specimens were used, consisting of two long tension specimens, four short 
tension specimens and three compression specimens. 

Analysis of the uncertainties in the field information showed that i t was 
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hard to evaluate displacement and strain fields for values below 2 pm and 
0.01 strain, respectively. Smaller speckles and higher optical resolution would 
make it possible to quantify field information for earlier times. In order to 
increase the reliability of the constitutive parameters, which wil l be estimated 
by inverse modelling in Part I I . fields from a wide time interval are preferable. 
The uncertainty in the speckle displacement is strongly affected by the speckle 
size and it should therefore be kept as close as possible to the optimum size, 
namely 2 pixels. 

In a classic split Hopkinson bar arrangement the loading of the specimen is 
limited by the yield strength of the incident bar. If the inertia of the specimen 

is negligible and force equilibrium can be assumed, it is possible to omit the 
incident bar and impact the specimen directly. The strain rate can then be 
increased to values over 104 s _ 1 , which are difficult to achieve with the clas
sic split Hopkinson bar technique. If any additional attachment equipment 
is required to subject the specimen to impact loading, tension or compres
sion, the only suitable choice is a split Hopkinson bar arrangement. In the 
presented experiments, the compression specimens achieved force equilibrium 
and a technique with a directly impacted specimen can therefore be taken 
under consideration. 

Even though the suggested method do not require force equilibrium or a 
constant strain rate as basis for parameter estimation, a design of the specimen 
and its attachment that facilities a comparison wi th material characterisation 
based on the classic split Hopkinson bar technique would be of interest. 

Smaller specimens can be used in both loading cases to increase the strain 
rates, but that would require smaller speckles in order to keep the uncertainties 
at the same levels as in the presented experiments. 

The resulting experimental data in Part I , intended for further numerical 
work and material parameter estimation in Part I I , are the following: 
• Input and output forces for all tension and compression tests. 
• Field information regarding in-plane displacement and strain. 
• Uncertainties of the evaluated displacement and strain fields. 
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A Unce r t a i n t y analysis 

In order to estimate the uncertainties of the quantities u,v,sx and ey, the 
regression model for fitting displacement data to planes has to be studied. 
The regression model for the first equation in Eq. (9) is shown in Eq. (A . l ) 
below. A similar model is used for the second equation in Eq. (9). However 
for simplicity the following analysis is made for the horizontal displacement 
component, u. 

u' = X ß + e (A.l) 

u' is a 9 x 1 vector of expected values for the displacement component u in 
the 9 points of one of the 3 x 3 square grids . X is the 9 x 3 matrix of the so 
called independent variables given by 

/ 1 - 8 ^ 

1 - 8 0 

1 - 8 8 

1 0 - 8 

1 0 0 

1 0 8 

8 - 8 1 

1 8 0 

1 I 

(A.2) 

where column 2 and 3 consist of the pixel coordinates in each direction relative 
the midpoint. The value, 8, which appears in the columns originates from the 
separation of the midpoints for the subimages. Further, the 3 x 1 vector, ß, is 
a vector with the quantities (u,utX,utV) for the fitted plane. Finally the 9 x 1 
vector e contains independent normal distributed experimental errors. The 
quantities u, u_x and u>y are determined by taking the least square estimate, 
b, of ß (Box and Hunter, 1978) as shown in Eq. (A.3). 

\XTX]-lXTu' (A.3) 

One way to estimate the uncertainties is by setting them equal to the corre
sponding standard deviations of the quantities, u, utX and utV. Therefore, the 
variances of the parameters are calculated. The variance-covariance matrix 
used in least squares calculation is given by (Box and Hunter, 1978) 
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V(b) IX1 X] - v (A.4) 

where e is the error in the determination of the displacement of each subimage. 
Eqs. (A.2) and (A.4) give 

V(b) 

0.1111 0 0 

0 0.0026 0 

0 0 0.0026 

(A.5) 

Finally the standard deviations of the quantities are calculated by taking the 
square root of the diagonal elements of V(b). 

' s ^ 1 

5(6) = v/diag(n&)) 

0.3333 

0.0510 (A.6) 

y0.0510y 

This uncertainty analysis is also made for the displacement in the y-direction. 
That gives the same values for the standard deviations as in Eq. (A.6). How
ever, the standard deviations su r and sv are related to the engineering strains 
utX and vjV and not the true strains ex and ey. For simplicity these standard 
deviations are also assumed for the true strains. Hence the uncertainties of u. 

v, e x and Sy are 

0.3333 

0.0510 
(A.7) 

For an approximately Gaussian-shaped correlation peak the displacement er
ror e (Sjödahl, 1997) is related to the radius of the peak a by 

0.7-
B 

1 
(A.8) 

where B = 32 pixels is the size of the subimage and c is the correlation 
value. The radius a is possible to estimate without deforming any specimen. 
A subimage is chosen arbitrarily for every frame and by taking the auto cor
relation of the deviation of the intensity / the radius of the auto correlation 
peak gives the a-value. The deviation is determined by AI = I— < I > , wiiere 

< / > is the mean intensity. A typical auto correlation surface R&[ and its 
correlation peak are shown in Fig. A . l . Further, the level curves for a region 
around the auto correlation peak is presented in Fig. A.1(b), where also the 
radius is marked. A l l frames from all experiments, tension and compression, 
gave approximately the same value of the radius, namely 6 pixels. 
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Fig. A . l . Auto correlation surface (a). Level curves around the auto correlation peak 
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Viscoplastic parameter estimation by high 
strain-rate experiments and inverse modelling 

Part I I : Estimation by inverse modelling 

J. Kajberg , B. Wikman 

Division of Solid Mechanics, Luleå University of Technology, SE-97187 Luleå, 
Sweden 

Abstract 

A method for estimation of viscoplastic material parameters at high strain-rate 
conditions is presented. The method is based on inverse modelling. The focus in 
Part I was on the experimental technology used to quantify loading and defor
mation of small specimens subjected to tension and compression loading in split 
Hopkinson bar arrangements. The deformation of the specimens was quantified us
ing digital speckle photography (DSP) to give in-plane point-wise displacement and 
strain fields. In this paper, Part I I , the parameter estimation is treated and the ex
periments are simulated using the finite element method (FEM). The material model 
considered is the Johnson-Cook model. The model parameters controlling the strain 
hardening under static conditions are determined from static tension and compres
sion tests. A comparison between experimental and FE-calculated field information 
is performed in order to estimate the viscoplastic parameter in the Johnson-Cook 
material model. The estimation is made by minimising a least-square function that 
contains the differences in displacements and strains. The quality of the estimated 
parameters is determined from statistical information of experimental data. 

Keywords: B. Constitutive behaviour, Viscoplastic material; C. Impact testing, 
Kolsky bar; Inverse modelling, Digital speckle photography (DSP) 

1 I n t r o d u c t i o n 

The modelling of plastic deformation in situations such as metal forming, 
cutting and impact require knowledge about the mechanical properties of ma
terials subjected to high strain rates. For low strain rates the material be
haviour is relatively easy to determine in a common tension testing machine, 
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but for higher rates above 102 s"1 other techniques have to be taken under 
consideration. The most popular method for strain rates up to 104 s - 1 is the 
split Hopkinson bar experiment. 

In common split Hopkinson bar testing the stress-strain state for a certain 
strain rate is determined by measuring the incoming, reflected and transmitted 
waves. In order to apply the well established relations between the measured 
waves and stress-strain state, the specimens are designed to deform homoge
neously. In other words uniform stress and strain are required and in the most 
cases the specimens have the shape of small cylinders with lengths smaller 
than their diameters. Further, the specimens are assumed to be in force equi
librium, wdiich is not always easy to achieve. 

In Part I , and in this paper Part I I , a procedure for material parameter 
estimation is presented where neither uniform stress and strain nor force equi
librium are required. A split Hopkinson bar arrangement is still used for load
ing and force measurements, but digital speckle photography (DSP) using a 
high-speed camera (Kajberg and Sjödahl, 2003) is applied to evaluate field 
information regarding displacements and strains. A short review of the exper
imental work is presented in the next section. 

The purpose of this paper Part I I , is to use inverse modelling (Tarantola, 
1987) to estimate constitutive parameters in a viscoplastic model. The ba
sic approach in inverse modelling is to employ a so called objective function 
that measures the agreement between the experimental data and the model 
wi th a particular choice of parameters. The application of inverse modelling 
is presented in for example Mahnken and Stein (1994); Kajberg et al. (2004). 

In this paper, the chosen constitutive model is the one suggested by Johnson 
and Cook (1983). The model is employed in a finite element (FE) program 
and the rapid loading of the specimens are simulated. Further, the objective 
function is based on the difference between field information from the FE-
calculation and the experiment. 

The parameters of the model are then adjusted to achieve a minimum in 
the objective function, yielding best-fit parameters. In this case a least-square 
fit is achieved. The adjustment process is thus a problem in optimisation 
in many dimensions. Using this method wil l in most cases provide a set of 
optimal parameters. However, the quality of the estimated parameters should 
also to be analysed. Since experimental data are generally not exact, they 
are associated to measurement errors. Typically, the model that is being used 
never exactly f i t the experimental data. 

The existence of a minimum for the objective function must be considered, 
i.e. appropriate requirements on the gradient and the curvature of the objec
tive function. The function may not be unimodal and so several optima may 
coexist. Another crucial issue to investigate is the stability of the achieved 
solution (Baumeister. 1987). For instance, a flat minimum is considered non-
unique, and for this reason the solution may change substantially by even small 
changes in the data. I t is also common practice to summarise the distribution 
of errors in the estimated parameters by a confidence interval. That is, an 

2 



interval for which one can assert wi th a given probability that it wil l contain 
the parameters i t is intended to estimate. Finally, but not least important is 
to assess whether or not the model is appropriate. Hence, there is a need to 
test the goodness-of-fit against some useful statistical standard (Kleinbaum 
and Kupper, 1978). 

At last, the inverse methodology is compared with the parameter estimation 
technique based on a classic Hopkinson pressure bar experiment. 

The current experiments provide strain rates of magnitude 102 — 103 s^1. 
Thus, the region of validity for the estimation is limited by these experiments. 
The work presented in these papers, Part I and I I , primarily emphasize on 
the methodology for determining material parameters using high strain rate 
experiments, digital speckle photography and inverse modelling techniques. 

2 E x p e r i m e n t s 

The deformation process of a material can be divided in an elastic part and 
a plastic part. When the deformation becomes plastic, hardening effects might 
occur. Hardening implies that the stresses reach values above the initial yield 
stress. The hardening of a material can be described by the strain hardening, 
which is obtained by subjecting the material to static loading, and by the 
viscoplastic hardening. Viscoplasticity implies a strain rate dependency, which 
for many metals become significant when the strain rate exceeds 102 s - 1 . In 
order to characterise the chosen material in the high strain rate region the 
strain hardening has to be determined in order to resolve the viscoplastic 
effects. In Part I , where dynamic tests were performed, the chosen material 
was subjected to strain rates of magnitudes, 103 s _ 1 . In this paper, Part I I , 
the experiments are complemented wi th static tension and compression tests. 

2.1 Dynamic tests 

In Part I , a method based on split Hopkinson bar technique combined wi th 
high-speed photography was presented. Small mild steel (SS 141672) speci
mens designed to achieve a nonhomogeneous state of deformation were sub
jected to both tension and compression loading. The applied forces were de
termined by strain measurements in the Hopkinson bars while field informa
tion regarding the deforming specimens were determined by digital speckle 
photography (DSP). This field information consists of point-wise in-plane dis
placements and strains and their uncertainties. 

The specimen types are shown in Fig. 1, where the left one corresponds to 

the tension tests and the right one to the compression tests. While the com
pression specimens were held at their right position by just friction, additional 
equipment were necessary to attach the tension specimens. The attachment 
consisted of a nut and a divided washer on each side of the specimen. The 
attachment is shown to the left in Fig. 1(a). Two tension specimen types wi th 

3 



Nut 

(a) (b) 

Fig. 1. Tension (a) and compression (b) specimens. The attachment of the tension 
specimen and a threaded bar end are shown at the left side. All numbers are in mm. 

different lengths of the narrow section were used. The specimen geometries 
were chosen in order to have different strain rates, where the shorter one was 
intended for higher rates. Six experiments have been performed. Two exper
iments were based on the longer specimen (specimen no. 1 & 2) and four 
experiments were performed with the shorter type (specimen no. 3-6). The 
specimens used in the compression tests had the same in-plane dimension as 
the longer tension specimens. However, they were much thicker in order to 
avoid instability during compression. The compression tests were based on 
three specimens (no. 7-9) of this type. Note the definition of the coordinate 
system (Fig. 1) that is used throughout this paper. 

The high-speed camera that was used (ULTRANAC FS 501) is of image 
converter type with a CCD-unit (Charged Coupled Device). The captured 
image from the camera consisted of an array wi th 3 x 5 frames (see Fig. 2). 
Depending on the specimen, the exposure time for every frame and the inter-
frame period was set to 3 or 5 ps and 7 — 15 ps respectively for the tension 
specimens. These times were set to 2 ps and 8 ps for the compression speci
mens. The shorter times for the compression tests were chosen due to the more 
transient loading. The exposure time was kept as short as possible without 
risking the necessary illuminance and to avoid bad sharpness caused by the 
motion. The camera was triggered by the signal from one of the strain gauges 
mounted on the incident bar. When the gauge signal reached a certain level a 
trigger signal was sent to the camera. In order to have maximum irradiance 
during the photo session the camera activated four flashlights 100 ps before 
the tension/compression wave reached the specimen. The size of each frame 
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is 166 x 192 pixels, which corresponds to 4.6 x 5.3 mm. 
By analysing the incoming and reflected wave the tension/compression force 

was possible to determine in any section of the incident bar. In the compression 
tests the selected section was the bar end at the specimen interface. This 
force is denoted input force Fin. The output force Fout at the other specimen 
interface was determined by time-shifting the transmitted wave. In the tension 
tests the chosen sections lie in front of and behind the attachment device on 
the incident and transmitter bar, respectively. The positions of the evaluated 
forces Fin and Fout are shown in Fig. 3. Due to the relatively large mass of the 
attachments of the tension specimens their influences have to be taken under 
consideration in the following FE-simulations. The attachments are therefore 
included in the FE-models. The input and output forces for a tension and 
compression specimen are presented in graphs in Fig. 4. Notice, that the graphs 
also include the output forces F££ calculated in the following FE-simulations. 
These forces wil l be commented later in the Results and discussion section. 

The most fundamental requirement in digital speckle photography (DSP), 
that there exists a random pattern at the object surface, was fulfilled by using 
diffusely reflecting black and white spray paint (see Fig. 2). The displacement 
of that random pattern was analysed with DSP using a cross correlation proce
dure (Sjödahl, 1994). The analysis resulted in point-wise in-plane displacement 
and strain fields. The fields consist of uniform grids, where the points are sep
arated 8 pixels. W i t h the chosen resolution of the frames and the separation 
of 8 pixels, the size of uniform grids becomes 17 x 21. However, the region of 
interest lies in the middle of the specimens, i.e. the narrow part, where the 
plastic deformation is localised. Therefore, only grids of 16 x 10 points are 
used throughout the paper. 

In the following parameter estimation, only the in-plane components ex and 
Sy are used, while the shear component exy is omitted. Further, the correlation 
values from the DSP-evaluation were used to estimate the uncertainties of the 
evaluated quantities. The results are shown in Table 1. 

Table 1 
Uncertainties for the measured quantities 

$u — &v 0.088 - 0.13 pixels <4> 2.4 - 3.6 

0.013 - 0.020 strain 

2.2 Static tests 

The complementary static tests are performed in a common tension and 

compression testing machine, DARTEC M1000 (250 kN) with control unit 
M9500. Three tension tests are performed at a strain rate of s0 = 2.3 x I O - 3 s - 1 . 
The specimens have a diameter and a length of 6 mm and 60 mm, respectively. 
In the compression tests cylinders with the dimensions 012 x 36 mm are used. 
Three compression tests are performed at a strain rate of SQ = 5.7 x 10~ 3 s _ 1 . 
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Fig. 2. A sequence of captured frames of a short tension specimen. The time infor
mation indicate elapsed time after arrival of the tension wave. 

B A 

1 \ 1 

A A 

Fig. 3. Input forces and output forces evaluated at section A and B, respectively. 

Specimen no. 6 Specimen no. 7 

100 150 
Time [LIS] 

200 

(a) (b) 

Fig. 4. Measured input and output forces for tension specimen no. 6 (a) and com
pression specimen no. 7 (b). FE-calculated output forces. 
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3 Constitutive model 

In order to characterise the viscoplastic behaviour the model suggested 
by Johnson and Cook (1983) is chosen. This model is commonly used to de
scribe viscoplasticity, especially for strain rates up to 104 s"1. The model has 
five material parameters, where one parameter is used to characterise the 
strain rate behaviour. The effective stress o~e according to von Mises in the 
Johnson-Cook model is described by 

where sep is the equivalent plastic strain. s*p = sep/so is the dimensionless 
plastic strain rate and T* is the homologous temperature. The five material 
constants are A, B, n, C and m. The dynamic experiments were performed at 
room temperature and the temperature increase in the specimens is assumed 
to be low. Thus, the last factor in the constitutive relationship is neglected. 
The response of omitting thermal effects in the constitutive model is checked 
after the parameter estimation is performed. The response is discussed in the 
Results and discussion section. 

Since the last factor is neglected the effective stress o~e is a product of the 
strain hardening factor ostat = (A + Bs") and the viscoplastic part (1 + 
C hi sip). The parameters ,4, B and n are determined by using the results f rom 
the static tension and compression tests, in which the imposed strain rate is 
denoted SQ. The parameter A is the static yield stress and is estimated to Rpo.o 
by the offset method (ASTM Standard E8M-96, 1996; ASTM Standard E9-
89a, 1995). The other two parameters B and n are determined by minimising 
the difference between the strain hardening factor o s t a t and stress-strain data 
obtained in the static tests in a least square sense. 

The remaining parameter C that controls the viscoplastic hardening is deter
mined by inverse modelling based on the field information from the dynamic 
tests. 

4 Estimation of strain hardening parameters f rom static tests 

The parameters B and n. which control the strain hardening behaviour in 
the constitutive model are estimated by fitting the strain hardening factor 

astat t o t n e experimentally determined static stress-strain curves. The curve 

fitting results in optimisation problems (one for each load case) of a so called 
objective function according to 

ae = (A + Bsn

ep)(l + C\ns*)(l-T*m) (1) 

min &(B,n 
B.neR1 

(2) 

subjected to 

B. n 0 
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where 

* = rrzr? E I > H 4 ) - ^ t a i ( 4 P ) ] 2 (3) 
j j z j = i i=i 

where a^xp is the experimentally determined stress as a function of equi-
spaced strain values el

ep. The total number of equispaced strain values / were 
101 and 121 in the tension and compression tests, respectively. The total num
ber of tests of each type is denoted J and is equal to three. The denominator 
IJ — 2 in Eq. (3) equals the total number of degrees of freedom. 

Notice, that two different sets of parameters are estimated, where one set 
originates from the tension case and the other one from the compression case. 

Due to the exponential form of o~stai the optimisation of $ is nonlinear. 
The minimum of <J> is found by using an iterative search algorithm called 
the Nelder-Mead simplex method (1965), which is a built-in function in Mat-
lab 6.5. 

5 Inverse modelling 

The numerical modelling of the dynamic experiments is based on finite el
ement (FE) discretisation of the governing equations for a continuous body 
in both space and time. Four sets of equations are considered in solving the 
resulting initial boundary value problem. Two of these are conservation of 
mass and momentum, respectively. The other two sets are strain-displacement 
equations and constitutive relations. The energy conservation equation is not 
solved specifically in this case, since the deformation process is assumed to be 
isothermal. Estimation of constitutive parameters is carried out through the 
solution of an inverse problem. The parameters are estimated by minimising 
the so called objective function. In this specific case the objective function is 
based on the difference between the data from the experiments and the com
puted model responses and only one parameter C [see Eq. (1)] is estimated 
by inverse modelling. 

The inverse modelling procedure can be summarised by the following steps: 
• FE discretisation 
• Choice of constitutive model 
• Application of boundary conditions and tension/compression loads 
• Interpolation of numerical field information to coincide in space with the 

experimental field information 
• Choice of the objective function to be minimised 
• Choice of optimisation method used for solving the inverse problem 

5.1 Finite element modelling 

The FE problem is solved using LS-DYNA, which is a general-purpose, ex
plicit finite element computer program for analysing the nonlinear dynamic 
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response of three-dimensional inelastic structures. The geometries of the ten
sion and compression specimens and their corresponding Hopkinson bars are 
discretisised by means of eight node hexahedron solid elements, which can be 
seen in Figs. 5 and 6, respectively. Explicit time integration is used for solving 

the structural equations of motion. 

M a = P F (4) 

where M is the lumped mass matrix, a is the nodal acceleration vector, P is 
the external load vector, and F is the internal load vector (Hallquist, 1998). 
Eq. (4) is a collection of ordinary differential equations in the time domain. 
If M is a diagonal matrix the equations in Eq. (4) are uncoupled. Time cen
tred one step central difference is the explicit time integration method used 
here. Because of the Courant stability criterion the time step size is limited by 
the element size and the speed of sound c in the material such as At ^ L/c. 

where L is the smallest characteristic element length of the model. The ge
ometry is successively updated and each time step proceeds from the last 
equilibrium configuration according to the updated Lagrangian formulation. 
The results are computed within a fu l l finite-strain formulation. The elements 
are numerically integrated using the one point Gauss quadrature rule. Zero 
energy deformation modes are prevented by means of artificial viscosity damp
ing (Hallquist, 1998). 

The element mesh in Fig. 5 corresponding to the tension tests comprises 
three different parts. From left to right Fig. 5(a) shows first, the incident bar 
with its attachment device, second, the specimen and finally the transmitter 
bar together with its attachment device. The three mesh parts are connected 
via tied constrained contact surface interfaces. The time dependent input ten
sion load Fin on the incident bar follows the graph in Fig. 4(a). 

The compression experiment is modelled by the mesh in Fig. 6, where only 
the test bar and the transmitter bar is present. The contact between the two 
parts is modelled by a frictionless sliding contact surface interface. The input 
load Fin is depicted in Fig. 4(b). 

5.2 Interpolation of numerical field information 

The DSP-algorithm used in the experiments for displacement and strain 
evaluation results in point-wise field information consisting of a uniform grid 
of values, i.e. the data points are equispaced in both directions, horizontal and 
vertical. However, the displacement and strain data in the FE-calculation are 
restricted to the nodes and the integration points, respectively. In order to 

compare experimental wi th numerical data the FE-results are interpolated to 
points that coincide with the points in the uniform grid of the experiment. 
The numerical values at the grid points are determined by linear interpola
tion between the values of the three closest nodes/integration points. In other 
words, all grid points lie in triangular regions, where the nodes/integration 
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(a) 

(c) (d) 

Fig. 5. FE-mesh containing the tension specimen, the corresponding attachments 
and Hopkinson bars (a). The tension specimen (b) and a magnification ofthe region 
with highest element density (c). The specimen with its applied boundary conditions 
shown in the loading direction (d). 

points are the apex points. These triangular regions are determined by the so 
called Delaunay triangulation (Edelsbrunner, 2001), which creates a unique 
mesh of triangles. 

5.3 Parameter estimation from dynamic tests - the inverse problem 

The material model parameter estimation is carried out through the solu
tion of an inverse problem (Tarantola, 1987). The direct problem is the finite 
element problem, which can be posed by considering two sets: the parameter 
space V and the solution in space and time V. The solution of the direct 
problem depends on the input data used for the FE solution, i.e. in general 
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(a) 

Dr 

z 
Æ D I " * 

(c) 

Fig. 6. FE-mesh containing the compression specimen and the corresponding Hop
kinson bars (a). The compression specimen (b). The specimen with its applied 
boundary conditions shown in the loading direction (c). 

terms the material parameters Aj e V gives the solution such as 

A2 i * dj(Xi) (5) 

where d{ E T> are computed responses from the FE model, e.g. displacements 
and strains. Since the direct problem is nonlinear every element of V is the 
image of at least one element of V. The reference data forms another set A4, 
which is the measured experiment response in space and time. The aim is 
to estimate the material parameters such that V matches A4. Generally no 
perfect match exists between T> and Ai due to imperfections in the model and 
inaccuracies in the experiment. Furthermore, because of the nonlinear nature 
of the direct problem there is no unique inverse solution to the direct prob
lem. These complications are handled by means of minimising the difference 
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between the computed and measured responses with respect to the desired 
material model parameters. In this specific case, this corresponds to finding 
the viscoplastic parameter C in the Johnson-Cook material model according 
to the following optimisation problem 

min * ( C ) (6) 
een1 ' y 

subjected to 

C > 0 

where 

3> = a$ i + ß§2 a,ß G {x € Z | 0 < x < 1} (7) 

ö i f ^ K p ( t m ) - < E ( t m ) ? + [ C ( f m ) - tgffaOP 
m = l n = l 

27V - 1 2^ 2— o2 if \ V3) 
Z J V 1 m=l n=l ö e n A w l 

M 

m=l 

where a and /3 control the influence of displacement and strain in the ob
jective function <f>. The x and y components of the displacement from the 
experiment and the FE solution is given by u and ix, respectively. The in
fluence of individual evaluation points (l...Nm) is weighted by the estimated 
uncertainty s u n ( t m ) or sen(tm). The displacement and strain quantities are 
evaluated at different instants in time t m , and hence a double sum is neces
sary to cover all points at every time step. The total number of terms in the 
square sum is 2N. 

The least-square functional is used as the objective function in the cur
rent parameter estimation. The least-square criterion is justified based on the 
hypothesis that the sum of several different contributions wil l tend to be nor
mally distributed, irrespective of the probability distribution of the individual 
contributions. This is often the case e.g. for measurement errors in the long 
run (Box and Hunter, 1978). There are two conceptually different types of 
distributions, that of the actual phenomena in the specimens to be measured 
and that of the random measurement errors. However, i t is important to be 
careful in using the least-square criterion in situations when a small number 
of large, uncontrolled errors are present in the data. The weighted least-square 
method is used here to account for the information about the uncertainties in 
experimental data. Some of the experimental values are known to be more re-
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liable than others. Hence, those values are accordingly assigned larger weight 
factors. 

In the case when a and 0 equals one, both displacements and strains are 
used for computing the objective function. This is tested in order to use both 
information about the displacement field and its derivative. On the other hand, 
when the objective function contain quantities of different physical dimensions 
it is easy to end up with sums of squares of diverse orders of magnitude. 

5.4 Optimisation method 

A tailor-made programming system is used for the analysis of the inverse 
problem (Wikman and Bergman, 2000). The core of the programming sys
tem is the optimisation algorithm. Here the unconstrained subspace-searching 
simplex (subplex) method is used (Rowan, 1990). I t is a polytope method de
signed to locate minima, through so-called direct searching. That is, the value 
of the objective function is sequentially evaluated and compared in order to 
find minima without requiring analytically or numerically estimated deriva
tives of the function. The subplex method is an improvement of the classic 
Nelder-Mead simplex method and the approach is to decompose the problem 
into low dimensional subspaces that the simplex method can search efficiently. 

Constraints must be regarded in order to keep the solution in the feasible re
gion of the parameter space. The constraints considered here are so called side 
constraints, i.e. direct limitations on the parameter values. The constrained 
problem is formulated as a sequence of unconstrained problems by adding a 
penalty function to the objective function (Moe, 1973). This approach is based 
on the fact that the applied optimisation method is found to be insensitive to 
noisy and non-smooth objective functions. 

The scheme from start to stop of an inverse problem is described in Fig. 7. 
The procedure ends when the pre-defined convergence criteria, such as the 
tolerance on the variation of the parameters, are satisfied. 

6 Statistical considerations 

The objective function, as previously described, is the function whose ex
treme value is sought for in the feasible region of the parameter space. The 
parameters are estimated by two optimisation problems, one minimising the 
difference between the predictions of the strain hardening part of the Johnson-
Cook model and tension/compression test data in a least square sense. The 
second optimisation problem is based on minimising the least-square difference 
in the predicted response of the numerical model of the dynamic experiment 
and actual experimental data from the high strain-rate tests. 
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Fig. 7. Principles of an inverse problem. 

6.1 Existence 

The necessary requirement for a minimum is that the gradient of the ob
jective function is a zero vector. This comes from the observation that along 
any line through the minimum, the objective function has both zero slope and 
positive curvature. Curvature is expressed in terms of the second derivatives 
of the function or the Hessian. The sufficient requirement thus become that 
the Hessian matrix must be positive definite. 

6.2 Stability analysis 

The linear system A x = b has a unique solution for ever}r right-hand side 
only if A is square and non-singular. The condition number of A indicates 
the maximum effect of perturbations in b or A on the exact solution of the 
system. If the condition number is large, the exact solution may be changed 
substantially by even small changes in the data. For Newton methods. A 
corresponds to the Hessian matrix H , x is the search direction and b is the 
gradient vector. Hence, the condition number for Ft is given by 

K(U) IHIIollH- (10) 
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6.3 Confidence intervals 

Because the measurement data M contain random errors, the estimated 
parameters are not the unique or true set of parameters. The least-squares 

fitting of data is a maximum likelihood estimation of the fitted parameters 
if the measurement errors are independent and normall)' distributed. It is 

common practice to summarise the distribution of errors in the estimated 
parameters in the form of a confidence interval. That is, an interval for which 
one can assert with a given probability, in this case 95%, that it wil l contain 
the parameters it is intended to estimate. Assume that X°pt is a set of optimal 

parameters to a objective function <h. I t is then possible to give the 95% 
confidence interval of the parameters according to 

Prob{X°pt <E I ) 0.95 

/ = [X°pi - 1.96\/Ü~. X°pt + 1.96 Jvü] 

Vi3 = 
[G y (A 0 P t )]- 1 <D(A°P t ) 

where V is the covariance matrix (Fletcher, 1980) and v is the number of 

degrees of freedom. Note, that repeated indices does not indicate summation. 
Here, the Gauss-Newton matrix G is used as a first order approximation of 

the Hessian matrix H . The matrix G (Fletcher, 1980) in its most simple form 

is given by 

• h . ^ " K 

where <4 is computed quantities and A; are the parameters. In order to apply 

G in the second optimisation problem, the quantities have to be identified 
and the expression must be slightly modified. The computed quantities are 

the FE-calculated displacements u F E and v F E for objective function 3>i_, and 

s F E and s F E for 3>2- The derivation of G based on 4>i are described herein. 
The objective function is weighted by the square of the uncertainties of the 
measured quantities and thus the expression above is divided with s\n(tm) [see 

Eq. (8)]. Finally, the number of degrees of freedom is included in the objective 
function and the expression is therefore divided with 2N — 1. Since only one 

parameter C is used the Gauss-Newton matrix, i.e. Gauss-Newton value, is as 
follows 

M N„, 

Cn 
2N 1 n=l S2 

un (^m) 

d<h(tm) 
dc dc 

'12) 
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The Gauss-Newton value based on objective function <3>2 is derived by replace 
the displacement quantities and their uncertainties with the strain quantities 
with corresponding uncertainties. 

According to Eq. (12) Gn still contain derivatives, which have to be deter
mined. Approximations are given by 

c ^ ^ A u ^ d v ^ ^ A v ^ 

dC ~ AC dC ~ AC [ ) 

6.4 Goodness-of-fit 

A n essential question is, how good does the model, wi th its optimal param
eters, f i t the experimental data? In order to answer that question, statistical 
measures of goodness-of-fit are used. Two common measures are the i?2-value 
and the x 2-probability (Kleinbaum and Kupper, 1978). 

The Ä 2 -value provides a fraction between 0.0 and 1.0. and has no units. 
Higher values indicate that the model fits the data better. When R2 equals 
0.0, the best-fit is no better than the mean value of the experimental data. 
The calculation of R2 is given by 

rj2 1 SSmo(lel 
= — 

where SSmo({ei is the sum of squares of the residuals based on the best-fit 
computed response and the experimental data. Further, SSmean is the sum of 
squares of the differences of the experimental data and its mean value. 

Since the variances of the experimentally determined quantities are known 
and assumed to be normally distributed the so called x 2-test can be performed. 
The objective functions according to Eqs. (8) and (9) have forms suited for 
the x 2-test. The yr2 can be assigned to each objective function, respectively. 

The x - 2-test checks the hypothesis that observations correspond to a certain 
distribution with its variance. In this case the squared residuals in the nomina
tors in Eqs. (8) and (9) represent the observations and they are checked if they 
are normal distributed with variances s 2

n ( t m ) and s2

n(tm), respectively. The 
significance for the hypothesis is given by the ^-dis t r ibut ion. A rule of thumb 
is that a "typical" value of yf for a "moderately" good fit is approximately 
equal to one. 

7 Results and discussion 

The experimental results from the static tension and compression tests are 
shown in Fig. 8, where the fitted curves according to the strain hardening 
factor A + Bs^p in the Johnson-Cook model are plotted as dashed lines. The 
strain hardening parameters are presented in Table 2. According to the offset 
method, -Rpo.2, approximately the same yield stresses were obtained. The other 
two parameters B and n have a significant difference between the two types 
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(a) (b) 

Fig. 8. Static tension tests (a). Static compression tests (b). 

of tests. The stress-strain relationships in Fig. 8 show somewhat lower stress 
values for the compression loading compared to the tension loading. An expla
nation to the lower values might be inelastic buckling (Bazant and Cedolin, 
1991) caused by nonparallelity between the specimen interfaces or the anvils 
of the tension/compression testing machine. 

Table 2 
Material Parameters evaluated at static condition  

Loading case $ [MPo] 2 A [MPa] B [MPa] n so [IO" 3 s"1] 

Tension 478 322 618 0.142 2.3 

Compression 636 319 554 0.135 5.7 

The parameter C, which controls the viscoplastic behaviour is determined for 
each specimen. The results from the inverse modelling for the three objective 
functions are presented in Table 3. 

According to Eqs. (8) and (9) the influence of individual evaluation points 
is weighted by its estimated uncertainty. Due to the more accurate evaluation 
of the displacements compared to the strains, the objective function $ i reach 
much higher values than <h2. Therefore, the last objective function, which 
is a sum of <£>]_ and <£2, is strongly influenced by the first function The 
previously expressed apprehension about summing quantities of diverse orders 
of magnitude is thus confirmed. However, it is the estimated uncertainties 
from the displacement measurements that bias the objective function to be 
displacement dominant. According to Table 3 the parameter values based on 
the last objective function are similar as the values based on the optimisation 
of <f>i. 

Finally, a optimisation is performed for specimen no. 6 with an objective 
function based on only the displacements and not their uncertainties. The 
function takes the form of the numerator in Eq. (8). The optimisation results 
in C equals 3.52 x 10~2 and this value compared to C = 3.53 x 10~2 (optimi
sation based on <J>i) indicates that the included uncertainties in the objective 
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functions have a marginal effect. 

Table 3 
Objective function values and optimal parameter values of C 

Specimen C [IO" 2] $2 C [IO- 2 ] $1 + $2 C [IO- 2] 

Tension 1 11.2 2.57 1.16 2.98 12.4 2.57 

Long 2 14.8 2.65 1.16 2.64 16.0 2.65 

Average value 2.61 2.81 2.61 

Tension 3 10.2 3.73 0.530 3.66 10.8 3.73 

Short 4 7.75 3.31 0.605 3.91 8.40 3.31 

5 10.2 3.12 0.369 3.19 10.5 3.12 

6 2.43 3.53 0.288 4.01 2.73 3.53 

Average value 3.42 3.69 3.42 

Compression 7 49.5 2.50 0.420 3.27 51.0 2.50 

8 18.7 2.51 0.258 2.89 19.1 2.51 

9 28.7 2.54 0.246 3.18 29.7 2.55 

Average value 2.52 3.11 2.52 

In the first optimisation problem for estimation of the strain hardening pa
rameters, both the feasible parameter set V and the objective function is found 
to be convex (see Fig. 9). It can be shown that a local minimum of a convex 
function on a convex set is also a global minimum (Arora, 1989). The gra
dient of the objective function is a zero-vector and the Hessian matrix H is 
positive definite at the computed minimum. The Hessian matrix and its first 
order approximation G, corresponding to the tension tests, computed at the 
minimum are the following 

( 0.806 - 1 . 5 5 x l 0 3 \ / 0.806 - 1 . 5 5 x l 0 3 \ 
H= G = 

y —1.55 x 103 3.95 x 106 J ^ - l . o S x l O 3 3.15 x 106 j 

and its condition number according to Eq. (10) is K(H) = 2 x 10 7. Hence, 
the minimum has a tendency of being instable (ill-conditioned), which means 
that the estimated parameters may be sensitive to small random errors in the 
data values. Fig. 9 depicts the behaviour of the objective function [Eq. (3)] in 
the region around the minimum. The minimum is flat and thus the behaviour 
of the objective function near the minimum solution is rather insensitive to 
changes in the parameter values. One way to avoid instable minima is to apply 
some regularisation method (Baumeister, 1987). 
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(a) (b) 

Fig. 9. Objective function values in the region around the minimum, marked as a 
dot (a). Level curves around the minimum (b). 

(a) (b) 

Fig. 10. Development of C from its initial to final (optimal) value (a). Objective 
function as a function of parameter C (b). 

In the second optimisation problem, the objective function is not analyti
cally differentiable. Hence, a qualitative evaluation of the minimum is carried 
out, by plotting function values in a region around the computed minimum 
solution. Fig. 10(a) show how the parameter C for specimen no. 6 converges 
from the start value 2.0 x I O - 2 to the final value 3.53 x 10~2 during the opti
misation process. In Fig. 10(b) the objective function value [Eq. (8)] is plotted 
as f unction of the parameter value. The plot reveals a convex behaviour of the 
function around the optimal solution. Lit t le can be said about whether the 
minimum is local or global because of the FE solution. However, the minimum 
is found to be stable with respect to parameter C. 

The sensitivity 6C of parameter C on the von Mises stress 6ae in the 
Johnson-Cook model depends on parameters A. B and n according to 

So-e\A,B,n= [(A + B£%)lné*ep]ÖC 

I t can be seen that the influence of B and n increase exponentially with 
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strain. This together with the fact that the minimum is relatively flat for 
finding B and n indicates that the result should be considered wi th extra care. 
However, different start values give the same estimated optimal parameters. 

Owing to the total number of estimated parameter values in Table 2 and 
3, the presentation of confidence intervals are limited to the intervals for the 
strain hardening parameters in tension and the interval for the viscoplastic 
parameter for the tension specimen no. 6. Since the parameter A is deter
mined by the offset method, Rpo.2, and the populations contained only three 
specimens in each static loading case, nothing could be said about their dis
tributions. By using Eq. (11) with the resulting Gauss-Newton matrix G and 
the objective function value $ according to row two in Table. 2, the confidence 
intervals for B and n are estimated. The intervals are presented in Table. 4. 
The confidence interval for C are estimated according to Eqs. (11), (12) and 
(13), but first the differentials according to Eq. (13) have to be determined. By 
perturbing the optimal value of C with A C = [0.025,0.05,0.075,0.1] x IO" 2 

the corresponding finite differences AuFE and AvFE are calculated. By ex
trapolating these values AuFE and AvFE are approximated for A C —> 0. The 
partial derivatives according to Eq. (13) are then estimated. The resulting 
confidence interval for C is presented in Table 4. 

Table 4 
Confidence intervals for some estimated parameters 

B £ [615,621] MPa 

n £ [0.141,0.143] 

C £ [3.51,3.54] x IO" 2 

The quality of the estimation as a whole is measured by the statistical 
measure called goodness-of-fit. The i?2-value for the two estimation problems 
is checked. For the B- and n-estimation the R2-value is computed to 0.84. The 
i?2-value for the C-estimation reached 0.99 and 0.75, when $>i respective $ 2 
are used in the optimisation. This goodness-of-fit control shows an acceptable 
quality of the performed estimations. An additional goodness test is performed 
for the C-estimation. according to the \ 2 test. This, however, revealed that the 
fit is very poor for $ 1 but good for $ 2 - This is an effect of larger relative errors 
in the experimental data for the strains. Hence, the model fits statistically 
better to the data when the standard deviation is greater. 

In order to illustrate the coincidence between the experimentally determined 
quantities and FE-calculated quantities, the displacement and strain fields for 
the x-component are presented in Figs. 11 and 12. The fields correspond to 
the short tension specimen no. 6. 

In Fig. 11 the displacement fields for u F E are plotted as filled level curves 
in the background. In the foreground the experimentally determined displace
ment fields u e x p are plotted in the same manner but wi th the displacement 
levels surrounded wi th dashed lines. A comparison of the filled level curves 
corresponding to the experiment and the FE-calculation respectively shows a 
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good agreement for all instants. 
Further, in the left images in Fig. 12 the experimentally determined strain 

fields ex are presented for every two instants of the DSP-evaluation and to 
the right the FE-calculated strain fields corresponding to same instants are 
shown. These fields, experimentally determined and FE-calculated, show the 
same general appearance during the deformation process of the specimen. 

I t is obvious in Fig. 12 that the strain reaches values of about 20 %, which 
is higher than the values obtain in the static tension tests, where the global 
strain is limited to 10 % (see Fig. 8(a)) by the onset of necking. The region of 
validity for the strain is therefore extrapolated in the FE-simulations. 

In order to estimate the region of validity for the strain rate, the maximum 
rate is obtained by studying the FE-calculations. The largest value of the 
strain rate reached approximately 5 x 103 s _ 1 and this value sets the upper 
bound. The lower bound is given by the strain rates in the static tests, which 
are in the order of I O - 3 s _ 1 . 

In the split Hopkinson bar experiment the transmitted force is measured in 
the transmitter bar. As previously mentioned the transmitted force is time-
shifted to coincide with the specimen-transmitter bar interface. A similar out
put force is also evaluated in the FE-simulation and the resulting force F^f 
is presented in Fig. 4 for a short tension specimen and a compression speci
men. A comparison between Fout and FF

uf (based on the optimal parameter-
values) shows for the tension specimen a somewhat higher level for the FE-
calculated force. In the compression case a better agreement is achieved. The 
problem to simulate the behaviour of the attachment device for the tension 
specimen is probably the reason to the overestimation of the output force. An 
objective function, which take the output force under consideration is possi
ble to form. However, a difficulty concerning how the force quantity should 
be weighted compared to the field information, regarding displacements and 
strains, ensues. 

For materials subjected to high strain rates nearly 100 % of the plastic 
work is converted to heat (Kapoor and Nemat-Nasser, 1998). Under this cir
cumstance adiabatic conditions prevail. The assumption of no thermal affect, 
resulting in a cancellation of the thermal factor in the Johnson-Cook model, 
is checked by performing a FE-calculation based on the estimated material 
parameters and adiabatic conditions. The FE-calculation showed a temper
ature increase of approximately 80 K in the region of largest strains. Since 
the thermal behaviour is not studied for the chosen material the effect of the 
temperature increase is hard to predict accurately. However, an indication can 
be provided by using thermal characteristics for other similar materials. For 
example, most of the characterised steel alloys by Johnson and Cook (1983) 
achieved a value of approximately 1 for the thermal softening exponent m [see 
Eq. (1)]. According to the Johnson-Cook model wi th m = 1 a temperature 
increase of 80 K results in a thermal softening of approximately 5 %. Even 
though, this study resulted in a relatively low decrease of the flow- stress, it 
indicates that the thermal response is of significance. 
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78 l i s u [ m m ] 88 us u [mm] 

Fig. 11. Displacement fields for specimen no. 6 as filled level curves, where u are 
in the background and uexp are in the foreground with surrounding dashed lines. 
The time information indicates elapsed time after arrival of the tension wave. Note 
the different displacement scales. 

22 



78 u,S 78 us 
i—.0.044 

0.033 

0.022 

0.011 

98 us 98 us 

118 us 

0.088 

0.066 

0.044 

0.022 

0 

£ 
X 

0 

0.147 

0.111 

10.074 

10.037 

0.083 

0.062 

0.033 

138 Lis 138 us 
0.198 

Fig. 12. Strain fields for specimen no. 6. The time information indicates elapsed 
time after arrival of the tension wave. Note the different strain scales. 
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In the current work, three of four material parameters of the Johnson-Cook 
model are determined by inverse modelling. However, the suggested method 
applies also to models containing more parameters. In such case, the com
putational work becomes heavier and the existence, uniqueness and stability 
analysis more severe. The behaviour of the optimisation problem is to a large 
extent material model dependent. This means that the mathematical struc
ture of the model influences the behaviour of the optimisation problem. For 
example the covariance of parameters influences the uniqueness of the solu
tion. Hence, the correlation between parameters controls the confidence with 
which the parameters can be determined (Baumeister, 1987). 

Analytical solutions are normally not available for the derivatives and nu
merical computation of the sensitivities is a necessity. Selecting step sizes in 
such discretisation procedures is of great importance. Too large steps wil l gen
erate truncation errors while too short steps cause condition errors (Haftka and 
Adelman, 1989). 

8 Estimation of the viscoplastic parameter by classic split Hopkin
son pressure bar 

An indication of the reliability of the inverse method for parameter esti
mation is given by performing a parameter estimation based on a classic split 
Hopkinson pressure bar (Kolsky, 1949; Gray I I I . 2000) experiment. Other tech
niques, such as a Taylor test (Taylor, 1946, 1948), would provide parameters 
from a different approach, but for simplicity the experimental set-up at hand 
is used. 

By static compression tests the parameters A, B and n are already evaluated 
and they are presented in the third row in Table 2. In order to evaluate the 
fifth parameter C, tests at different strain rates are performed. The strain 
rate achieved by the Hopkinson bar experiment is varied by using specimens 
with different lengths and different impact velocities of the projectile. The 
specimens have diameters of 8 mm and lengths of 4, 6 and 8 mm. Totally five 
different rates are obtained in the interval 300 — 2200 s _ 1 and three specimens 
are used for each rate. W i t h these tests and the static compression tests an 
objective function is formed based on the sum of squares of the differences 
between experimental stresses and stresses according to the Johnson-Cook 
model. This objective function is minimised by using the Nelder-Mead simplex 
method resulting in C = 3.36 x 10~2. In Fig. 13 the stresses obtained in 
the tests are presented as stars and circles at two different strains, eep = 
0.04,0.12. The stresses according to Johnson-Cook wi th the estimated material 
parameters are visualised as straight lines at the strain levels mentioned above. 

The estimated values of C in the previously described dynamic compres
sions tests differ from the parameter value obtained by using the classic split 
Hopkinson bar testing equipment. According to Table 3, the parameter values 
in the dynamic compression tests varies between 2.50 x 10~2 and 3.27 x 10~2 
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Fig. 13. True stress-true strain rate at true strain eep = 0.04,0.12. 

and depend on the choice of objective function. Objective function <h2 gives 
a better agreement than $ 1 , but owing to the more accurate information re
garding the displacement more reliable parameter values are expected when 
using $ 1 in the optimisation. 

No classic split Hopkinson bar experiment is performed in tension, so the 
obtained viscoplastic parameters can not be compared in the same manner 
as for the compression case. However, if the material is assumed to behave 
equal in tension as in compression the viscoplastic parameter C should be 
approximately the same. The average values 2.61 x 10~2 and 3.42 x 10~2 (see 
Table 3). for the long tension and short tension specimen, respectively, S IKW 
that the parameter values differs between the both specimen types but due to 
the appearance of the viscoplastic part of the Johnson-Cook model they cause 
similar stress-strain relationships in the valid strain rate region. 

In order to compare and visualise the outcome of the obtained material pa
rameters stress-strain curves are plotted in Fig. 14 at two strain rates, namely 
5.7 x 10~3 s - 1 and 2.2 x 103 s _ 1 . These rates are achieved in the static com
pression tests and in the fastest classic Hopkinson bar test, respectively. In 
the graph the experimental results corresponding to the tests at strain rates 
mentioned above are plotted clS cl thick solid line. 

9 Conclusions 

A method for viscoplastic parameter estimation, based on high-strain rate 
experiments and inverse modelling, is presented. In contrast to the presented 
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Fig. 14. True stress-true strain at two different true strain rates, 5.7 x 10 3 and 
2.2 x 103 s _ 1 . 

method, the classic split Hopkinson method require force equilibrium in the 
specimen, which in some cases are difficult to achieve, e.g. for soft materials, 
where the wave propagation speed is low. Further, the Hopkinson bars are not 
allowed to deform plastically. Thus, the specimen material has to be softer 
than the bar material. In the presented method, when a nonhomogeneous 
state of stress is allowed, the specimen can be made with a narrow part, 
which concentrates the high stresses and the bars are prevented f rom plastic 
deformation. 

The least-square objective function used for comparing the measured and 
computed field information show to be useful in this application. The fact 
that the objective function contains sums of squares enable use of the Gauss-
Newton approximations of the Hessian. 

The Delaunay triangulation method for interpolating FE data to the mea
surement points was straightforward to apply and worked well. It is evident 
from comparison between the measured and the computed response that the 
FE-model of the tension test overestimates the magnitude of the output force. 
This may be caused by inexact modelling of the attachment device. 

The estimated uncertainties in the experimental data plays a crucial role 
for the calculated goodness-of-fit measure. Large quantities of data with high 
accuracy increase the requirement of predictive capability of the employed 
material model. The commonly used Johnson-Cook model shows to be insuf
ficient to describe the measured material behaviour from a statistical point of 
view. 

Since the strain rate distribution in the presented dynamic tests is restricted 
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to magnitude of 102 —103 s"1 experiments in the mid range I O - 1 —102 s _ 1 have 
to be performed to obtain material parameters valid for a wide range of strain 
rates. Further, a study of the thermal behaviour would increase the reliability 
of the estimated material parameters. However, the methodology is promising 
and i t gives other interesting ideas for its application. For example, material 
characterisation in the large strain region based on tension tests of thin sheets, 
where the large localised strains are determined by the DSP-method. Finally, 
it seems likely that the method is well suited for characterising of soft and 
high strength materials and therefore other materials than mild steels would 

be of interest to study. 
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Abstract 

A method for characterisation of materials subjected to large strains beyond the 
levels when plastic instability occurs in standard tension tests is presented. Thin 
sheets of two types of hot-rolled steel are subjected to tension loading until fracture 
occurs. The deformation process is captured with a digital camera and by digital 
speckle photography (DSP) in-plane point-wise displacement fields are obtained. 
By numerical differentiation and assuming plastic incompressibility the equivalent 
plastic strain is determined. The characterisation performed in this paper consists 
of estimating material parameters in two constitutive models. These models are a 
piecewise linear plasticity model and a parabolic hardening model. By using inverse 
modelling including finite element analyses (FEA) of the tension tests the material 
parameters are adjusted to achieve a minimum in a so-called objective function. 
The objective function is basically a least square functional based on the differ
ence between the experimental and FE-calculated displacement and strain fields. 
Due to the large deformations an adaptive meshing technique is used in order to 
avoid highly distorted elements. The DSP-technique provided measurements, where 
the uncertainty of the equivalent plastic strain varied between 0.0015 and 0.0056. 
The maximum obtained strain was approximately 0.8. The true stress-strain curves 
based on the estimated parameters are validated in the low strain region by com
parison with curves from standard tension tests. 
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speckle photography (DSP) 
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1 I n t r o d u c t i o n 

Increased access to powerful computers at relatively low costs has made the 
use of computer aided engineering (CAE) systems almost mandatory in the 
manufacturing industry. The finite element method (FEM) is considered to be 
the most powerful tool within the CAE systems because i t can handle large 
degree of freedom simulations with a wide range of working conditions (Mori 
et al., 1995). FEM is a widely used numerical simulation instrument in the 
field of metal forming processes. 

The development of a new product in the metal forming industry is a process 
involving several steps. Generally it involves design and manufacturing of a 
number of prototypes, both of the detail intended for production and of the 
forming tool to be used. The use of predictive engineering, or simulation, 
is a way of reducing the number of prototypes needed and the time used 
for testing of the product when going from concept to production. This is 
especially important for the prototyping of the tool, because it is generally 
very expensive to manufacture several prototypes or to refine one already 
built (Adams and Askenazi, 1999). 

Simulation of a metal forming process is a complex problem because the 
physical process involves highly non-linear parts such as large material de
formation, history dependent material behaviour and complex contact phe
nomena. Recalling that a finite element analysis (FEA) is the solution of a 
mathematical model of a structural behaviour, the implication must be that 
the solution is never more accurate than the model permits. Using non-linear 
constitutive equations in a simulation causes some difficulties. First of all, most 
non-linear equations describing material behaviour, although varying in com
plexity, are to some extent very simplified approximations (e.g. elastic-plastic 
models used for modelling of metals during complex stress paths). Also, elastic-
plastic models are often used beyond the range of available data (Belytschko 
and Mish, 2001). Still, even if a very complex model is used, the problem of 
determining the appropriate model parameters exists and in order to get re
liable results from a metal forming simulation, one important prerequisite is 
that the material model is accurate. Here this means that the parameters in 
the chosen constitutive model are estimated in the best possible way. 

The most common way to evaluate the stress-strain relationship for a ma
terial is by performing standardised tension tests (ASTM Standard E8M-96. 
1996). These tests require specimens subjected to a homogeneous state of uni
axial loading. Typically, the specimens are long round bars or thin sheets with 
rectangular cross-section subjected to tension loading in a common tension 
testing machine. According to the standard mentioned above uniaxial strain 
is determined by using a so-called extensometer that measures the extension 
of a certain gauge length. The relative extension, i.e. the fraction between the 
measured extension and the gauge length, then gives a value of the uniaxial 
(engineering) strain. The shortcoming of this testing procedure is that the 
assumption of uniformity is valid only until the maximum load is achieved. 
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Localised neck 

Diffuse neck 

Fig. 1. Different types of necking. 

Thereafter plastic instability and strain localisation wil l occur and the so-
called diffuse necking starts. This phenomenon might cause the specimen to 
terminate in fracture, but for thin sheet it is often followed by a second in
stability process, namely localised necking. The difference between these two 
types of necking is shown in Fig. 1, where the onset of diffuse necking occurs 
as a decrease of the width of the specimen. When the later upcoming lo
calised neck appears the width of the specimen decrease only slightly, but the 
thickness along the necking band shrinks rapidly and soon thereafter fracture 

occurs. 
If the strain is determined by using an extensometer according to ASTM 

Standard E8M-96 (1996). the resulting value beyond the onset of necking wil l 
be an underestimation of the actual strain. Also, in pressworking operations 
the strain can locally reach magnitudes significantly higher than what is pos
sible to obtain from a standard tensile test. Several methods (Bridgman, 1952; 
Ling, 1996; Zhang et al., 1999, 2001) are developed to correct and compensate 
for the necking occurrence in order to extend the region of validity for the 
standard testing procedure. 

Another possibility to extend the range of application for a material model 
is proposed by Ghouati and Gelin (1998, 2001), where the F E M is combined 
with an optimisation algorithm. The general idea in the papers is to use the 
forming operation which the material is subjected to in the parameter esti
mation process. Adjustments of the material parameters in the simulation are 
made in order to get the calculated response f rom the FEA to match the mea
sured response (in a least-square sense) from the forming operation. However, 
this methodology is not applicable when a prototype of a forming tool is un
available, i.e. there is no physical large-scale or production forming process 

present for comparison. 
The purpose of this paper is to suggest a method for determination of the 

stress-strain relationship that is valid for strains above the levels restricted 
by the necking phenomenon in the standard testing procedure. The method 
presented here is based on inverse modelling (Tarantola. 1987). 

The basic approach in inverse modelling is to employ a so called objective 
function that measures the agreement between some experimental data and 
a numerical model, i.e. a finite element simulation. The model describes the 
experimental response and is supplied wi th a particular choice of material pa
rameters in a constitutive model. The parameters are then adjusted to achieve 
a minimum in the objective function, yielding best-fit parameters. The adjust-
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ment process is thus a problem of optimisation in many dimensions. Using this 
method wi l l in most cases provide a set of optimal parameters. The application 
of inverse modelling is presented in for example Mahnken and Stein (1994); 
Faurholdt (2000); Kajberg et al. (2004). 

In this paper, the experimental data is provided by tension tests of thin 
sheet specimens. The state of deformation is quantified by an optical method, 
digital speckle photography (DSP), providing field information for both bi
plane displacements and strains. The demand of uniformity no longer has 
to be fulfilled and furthermore, no correction method to compensate for the 
multiaxial stress-strain state in the necking region is necessary. 

In this work, the chosen constitutive models are: a piecewise linear plasticity 
model, and a parabolic hardening model. Both models are employed in an 
implicit finite element (FE) code. MSC.Marc (2003). 

2 Experiments 

2.1 Specimen design 

The DSP-method, which so far is designed to measure in-plane displace
ments implies that it is most suitable for measurement on thin sheets, where 
the dominating displacement components are the in-plane ones. The DSP-
method is here used to capture the dramatically deforming region, where the 
necking occurs, for thin sheet specimens. However, for specimens with uniform 
cross-section i t is difficult to predict where along the specimens the plastic in
stability starts and in order to achieve a good spatial resolution the camera 
should be focused on the necking region. The specimens (Fig. 2) are therefore 

,8 , 

\ 
r 

f 

Fig. 2. Specimen design. All numbers are in [mm], 
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machined with a narrow part in the middle, where the plastic deformations 
and the upcoming plastic instability are forced to appear. The captured nar
row region of a specimen is depicted as a shaded square in Fig. 2. 

The materials, which are chosen in the investigation, are two hot rolled 
steels, Domex 355 and Domex 650, with yield stresses of at least 355 and 
650 MPa, respectively. The tests are performed in a common tension testing 
machine, where the specimens are subjected to controlled displacements at 
rates of 0.025 and 0.0125 mm/s for Domex 355 and Domex 650, respectively. 
The time to complete a tension test, i.e. to load the specimen until fracture, 
varied between 70 to 110 s. The longer times were required for the specimens 
made of Domex 650. The loading forces are measured by the tension testing 
machine for further use in the parameter estimation. 

In order to validate the estimated material parameters standard tension 
tests (ASTM Standard E8M-96, 1996) are performed. Here, the specimens 
consist of thin sheets with thickness of 1 mm, width of 6 mm and a gauge length 
(part of the specimen with constant cross-section) of 32 mm. Four specimens 
of each material, Domex 355 and Domex 650, are used in the standard tests. 

2,2 Displacement and strain measurement through speckle photography 

By using DSP it is possible to detect the complete in-plane displacement 
field of a specimen. Further, the strain field can be evaluated by numerical 
differentiation of the displacement field data. 

The most fundamental requirement for the DSP-method, that there exists 
a random pattern at the object surface, is accomplished by using diffusely 
reflecting black and white spray paint. The randomness ensures that any small 
region of the object surface is unique. By capturing the object surface with a 
digital camera before and after the object has been subjected to some kind of 
displacement or deformation any small unique region can be tracked by using a 
cross correlation procedure (Sjödahl. 1994). In order to get field data the object 
surface is divided into a large number of small regions, so-called subimages. 
In this case the entire image of the object surface consists of 512 x 512 pixels 
and the chosen sizes of the subimages are 16 x 16 or 32 x 32 pixels depending 
on their positions. The relative positions of their midpoints are depicted in 
Fig. 3(a), which represents the initial grid configuration of subimages. The 
midpoints are separated by approximately half the size of the subimages they 
are representing. The separation defines the spatial resolution of the evaluated 
displacement field. Note that the.subimages are placed tighter in the middle 
of the specimen, where the neck, .i.e plastic instability is assumed to occur. 

The cross correlation procedure does not take into account any deformation 
or rotation of the subimages. This means that the subimages are not reshaped 
in order to take care of any strains or rotations in the small regions they 
cover. In this specific case, when large deformations (i.e. high strain values) 
take place, a new grid configuration is created by updating the positions of 
the subimages in the initial grid configuration. The subimages are thereby 
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Initial grid configuration Final grid configuration 

Fig. 3. Initial positions of the subimages (a). Final positions of the subimages (b). 
The crosses indicate the midpoints of the subimages. 

given new positions for the next correlation by compensating for their evalu
ated displacements. However, the speckle displacements and thereby the new 
coordinates for the updated grid are not integer numbers, which is necessary 
in the correlation procedure. Therefore, the nearest pixel locations are cho
sen as basis for the next displacement evaluation. The introduced errors by 
using the nearest pixel as basis are assumed to be negligibly small since the 
displacement field is smooth. 

Up to 15 grid updates are used in the presented tests. The final grid con
figuration is shown in Fig. 3(b). During the tension tests two pictures are 
taken every second. However, not all of the images are used in the evalua
tion. Instead an iterative search algorithm is used to find the image resulting 
in an increment of 5 % of the maximum detected equivalent plastic strain. 
Therefore, field information regarding displacements and strains is evaluated 
at equispaced strain increments instead of fixed time intervals. Two features 
can be noted. Firstly, the field information is uniformly spread across the in
terval of the measured strains. If field data instead is evaluated at fixed time 
intervals the strain with lower values would dominate in the subsequent in
verse modelling since the strain values increase more rapidly towards the end 
of the test compared to the beginning. Secondly, every speckle displacement 
contains small random errors, which are added for every evaluation step. The 
errors are discussed later. The choice of an increment of 5 % is thus a com
promise between the decorrelation, which appear when the subimages become 
strained or rotated, and the additive error corresponding to the displacement 
increments. 

The displacement field contains all the information needed to calculate the 
in-plane strain and shear components ex,sy and exy. By assuming plastic in-
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compressibility also the out-of-plane (normal) strain component ez is possible 
to deduce. The evaluation of the strain matrix is first described for a general 
case. 

Due to the large displacements the true (logarithmic) strain definition is 
chosen for representation of the strain state. In order to derive the true strain 
components the so-called deformation gradient matrix F has to be consid
ered. This matrix describes the relative spatial position of two neighbouring 
particles after deformation in terms of their relative material position before 
deformation. The matrix takes the form 

dx' 
F = 7 T C1) ox 

where x refers to the initial (material) Cartesian coordinates and x ' describes 
the current (spatial) Cartesian coordinates. Most of its components are di
rectly determined by considering the experimental displacement information. 

In order to derive the true strain, F is decomposed into a rotation matrix 
R and a stretch matrix V (Bonet and Wood, 1997) according to 

F = V R (2) 

The stretch matrix V can be expressed in terms of F by multiplying Eq. (2) 
with its transpose according to 

F F T = V R R T V T = V V (3) 

where the relations R T = R r 1 and V T = V are used. By solving the eigen-
problem for F • F T the following relationships are easily obtained 

F • F T = V • V = A 2 n i n

T + A 2 n 2 n J + A 2 n 3 n J => 

V = A x n ! n T + A 2 n 2 n2 + A 3 n 3 ng (4) 

where A, (f = 1. 2,3) is an eigenvalue of V and nj is the corresponding eigen
vector. The true strain is then given by 

e = In V = In A ^ n f 1 + In A 2 n 2 n J + In A3n3ng (5) 

The deformation gradient matrix can be expressed in terms of the displace
ments u,v and w (x, y and z-direction). The expression is given by 

1 + du 
dx 

du  

dy 

V 

dv 

dx 

dw 
dx 

i dv 

dy 

du 
dz 

Or 
dz 

\ 

dw 
dy 

dw 

(6) 

1 + ^ 7 / 

Only the in-plane components in the upper left 2 x 2 submatrix are detected 
by the experiment technique (DSP). But by assuming that the in-plane dis-
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Fig. 4. Displacement field (a). Local displacement field (b). 

placements u and v are constant through the thickness, i.e. | j 
incompressibility condition det F — 1 is simplified to 

dw\ . _ f l 

380 

y [pixel] 

dr 

1 + 
dz 

• d e t F 2 D = 1, 2 D 

du  
dx 

du  
dy \ 

dv 
dx 

dv 

0, the 

(7) 
1 + ryJ 

The in-plane components of the strain matrix are obtained by solving the 
eigenproblem according to Eq. (4) based on the two-dimensional description 
of the deformation gradient matrix F 2 D - The out-of-plane strain component 
ez is finally derived by from Eq. (7) as 

dw 

The deformation gradients in Eq. (7) contain derivatives, which are approx
imated by differentials. Since noise tends to get magnified by numerical differ
entiation, strains need to be calculated wi th some care. Therefore a first order 
Savitsky-Golay filter (Press et al., 1992; Kajberg and Sjödahl, 2003) is applied 
to the displacement components u and v. This filter is basically a method to 
fit a plane to local data in a least square sense. The local data chosen in this 
experiment consist of displacement data for 3 x 3 square grids. An example of 
such a square grid is shown in Fig. 4(a), where the 9 data points are marked 
with circles. The displacement component v for these 9 points is marked with 
circles in Fig. 4(b), where the fitted plane also is shown. The equations of the 
planes for each in-plane displacement component are 

u + uÆx + utVy 

v + i\xx + i\yy 
(9) 

where u • | ^ etc. u, u,x, utV and v, vty are fitted data for the planes and 
these data are assigned to each of the midpoints of the 3x3 square grids. These 
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quantities inserted into F 2 D in Eq- (7) finally yields information necessary to 
evaluate the strain components, ax, ey, ez and the shear component exy. Finally 
a slightly modified expression for the equivalent plastic strain is defined as 

sep = ^{el + sl + el + 2sly) (10) 

Note, that the two unknown shear components are not considered. Later FE-
analysis will show that this strain expression is a good approximation of the 
common expression for the plastic equivalent strain since the two excluded 
shear components are relatively small. 

2.3 Uncertainties 

As a measure of the reliability of the experimental results the uncertainties 
of the evaluated quantities are used. These uncertainties are influenced by 
the upcoming errors corresponding to the speckle displacement evaluation. 
Further, the regression model for the filtered displacement values in Eq. (9) 
affects the resulting uncertainties. 

As mentioned in the previous subsection every displacement evaluation step 
contains small errors. These errors are dependent on the correlation values 
from the DSP-calculations and the size of the speckles and the subimages 
(Sjödahl, 1997). Since the displacement state at a certain instant is determined 
by adding incremental results from the DSP-evaluations the total error wil l be 
a consequence of errors corresponding to all incremental displacement steps 
used. I f the displacement increment errors ej are random and independent the 
square of the total error at a certain instant m can be expressed in terms of a 
cumulative sum of squared errors as 

The relation between the total displacement error em and the uncertainties 
of the filtered values of displacements and strains are presented in detail in 
Appendix A. The resulting uncertainties are given by 

su — sv — 0.3336m 

0.023em sC sSep < 0.045em (12) 

where su and sv are uncertainties in evaluated displacements u and v, re
spectively. The strain uncertainty s£ep depends on the position for field data 
evaluation. The lower value corresponds to regions, where the subimages are 
most separated and the higher value corresponds to the midpoint of the spec
imen. 
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3 Constitutive models 

Two types of constitutive models, which both are based on isotropic harden
ing, are chosen in order to describe the strain hardening. The first model is a 
piecewise linear plasticity model based on five parameters, where the first one 
is the initial effective yield stress a0 and the other four define strain hardening 
moduli (slopes) [H1, E~2, H3, H4} initiated at different equivalent plastic strain 
levels. The levels depend on the material studied and are 0, 0.1, 0.25 and 0.6 
for Domex 355 and 0, 0.075, 0.2 and 0.4 for Domex 650. The second model is 
a parabolic hardening description, in which the effective stress ae according 
to von Mises is given by 

ae = A + B<%, (13) 

where A, B and n are three material parameters. Finally, the elastic properties 
are given by Young's modulus E = 210 GPa and Poisson's ratio v = 0.3. 

4 Finite element modelling 

The numerical modelling of the experiments is based on finite element 
analysis (FEA). Due to the low displacement rates inertia forces are ne
glected and the analysis is performed under static conditions. The chosen 
FE-code MSC.Marc (2003) uses an implicit time integration scheme to solve 
the equilibrium equations. 

4.I FE-mesh 

Since the specimens are designed to achieve strain localisation symmetric 
along the horizontal (x—)axis and the vertical (y—)axis only one 8th of spec
imens are modelled. In other words, the localised neck is assumed to appear 
perpendicular to the loading direction and not inclined at an angle as in Fig. 1. 
The FE-mesh consists of 3-D 8 node brick elements wi th 8 integration points. 
There are two elements in the thickness direction and totally 512 elements 
are used in the entire mesh (see Fig. 5(a)). In order to model the symmetries 
with all three coordinate planes, necessary boundary conditions are used. The 
controlled displacement in the vertical direction, denoted v, is applied at the 
lower end of the modelled part of the specimens (see Fig. 5(a)). 

4-2 Adaptive meshing 

The simulations of the experiments contain large deformation resulting in 
highly distorted elements, which is associated to large errors. Therefore, some 
kind of remeshing has to be performed. There are a couple of so-called adap
tive meshing techniques at hand (Huertaet al., 1999). The adaptive procedure 
is a tool for assessing the error of the solution and an algorithm to define a 
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(a) (b) 

Fig. 5. FE-Mesh with applied boundary conditions and controlled vertical displace
ment (a). The mesh at the end of the simulation with the adaptive refinements 
performed (b). 

new FE-discretisation. Two different approaches may be used to assess the 
error: error estimators or error indicators. The error estimators approximate 
a measure of the actual error in a given norm. The norm can be based on the 
error criteria concerning strain energy, effective stress, plastic strain etc. The 

other approach, namely error indicators, are chosen in a more ad hoc manner. 
Typical error indicators are for example that certain effective stress or plastic 
strain levels indicate that a mesh refinement has to be performed. Note that 
the indicators do not quantify the actual error, instead intuitive considera
tions control the mesh adaptivity. For all approaches it is of importance to 
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decide how frequently the mesh refinement should be performed. For a 3-D 
FE-simulation one refinement generates 8 new elements for every element that 
does not satisfy the chosen error criterion. In practise the number of refine
ment steps has to be restricted in order to l imit the the number of elements 
and thereby achieving reasonable computation times. For example, the error 
criterion do not have to be checked for every increment, or only two or three 
refinement steps are allowed. 

The computation time is of great importance for the suggested method for 
parameter estimation since the inverse modelling procedure implies a large 
number of simulations. Therefore the choice of adaptive method is a compro
mise between the accuracy in the FE-results and the duration of the simula
tions. Here, the error indicator approach is chosen and the number of refine
ment steps is limited to two. The indicator is based on the equivalent plastic 
strain and the elements are refined when their plastic strain reach any of two 
prescribed strain levels. The levels depend on which material is studied. For 
Domex 355 the levels are set to 0.25 and 0.5 strain. The corresponding levels 
for Domex 650 are 0.2 and 0.4 strain. The lower values for Domex 650 are 
chosen because fracture occurs earlier for that material than for Domex 355. 
The mesh for the last increment, when all refinement steps are performed, is 
shown in Fig. 5(b). 

5 Inverse modelling 

To describe the idea of inverse modelling the outline by Tarantola (1987) 
is appropriate: The scientific study of a physical system A4 (e.g. the elastic 
properties of an anisotropic material, see Fig. 6) can be divided into three 
steps. First a parameterisation of the system, which is a complete description 
of A4 using the values of a minimal set V of model parameters. Next a for
ward modelling, which is finding the physical laws that allows prediction of 
measured quantities, belonging to Ai, given values of the model parameters. 
And finally, inverse modelling, where measured quantities belonging to A4 are 
used for deducing the values of the model parameters. 

In the context of this work inverse modelling is used to estimate a set of 
parameters in a mathematical model of a steel material, i.e. a constitutive 
model describing the material response to loading. In general, the parameter 
values for the material model are not known and have to be determined based 
on some experimental data, v. I f the model behaviour depends on a set of 
parameters Xk G V, where k = 1 . . . . ,p and if an error measure is defined, 
formulated as a least-square objective function, f(xk), describing the discrep
ancies between the model approximation and the experimental data v, then 
the parameter estimation can be stated as an optimisation problem (see e.g. 
Mahnken and Stein (1997)). Hence, the objective is to minimise the error be
tween data produced by the mathematical model y(xk) and experimental data 
v, according to 
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Physical system A4: Elastic homogenous solid 

Parameterisation: Model 
with 21 parameters 

V = { C i j M } 

((Tij = CijklEkl) 

Measurable quantities 
(in principle): al],eki 

Forward modelling Inverse modelling 

Cijki (and eu) 
4 

Prediction of 

Fig. 6. Scientific study of a physical system (illustration) according to Tarantola 
(1987). 

Now, real experimental data is mostly accessible at discrete intervals (e.g. 
time or load steps) and the model generated data must be transformed to 
the observation space of experimental data. Thus, the resulting least-square 
function is discrete, as indicated above with i = 1 . . . M as the number of 
experimental points. 

5.1 Objective function 

A crucial point in inverse modelling is the choice of objective function. In this 
paper, the objective function is a least-square functional wi th residuals based 
on the difference between experimental and FE-calculated data. The least-

square criterion is justified based on the hypothesis that the sum of several 
different contributions wil l tend to be normally distributed, irrespective of the 
probability distribution of the individual contributions. This is often the case 
e.g. for measurement errors in the long run (Box and Hunter, 1978). 

The experimental data consists of four quantities, namely in-plane displace
ments u and v, the equivalent plastic strain ee

ep

p and the loading force F e x p . A l l 
these quantities are used when the objective function is formed. However, the 
measured quantities are of different physical dimensions and therefore some 
kind of normalisation has to be performed before summing all squares. Fur
ther, the influence of each quantity has to be tuned in order to get sum of 
squares of the same magnitude. Therefore, all residuals are normalised by ba-

m i n / ( x f c ) 
1 

= min -
1 A / 

(14) 
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sically scaling them wi th the difference between the maximum and mean value 
of the actual quantity. The sums of squares based on each individual quan
t i ty were studied and mutually compared after the parameter estimations had 
been performed. They were all of same magnitude. The objective function $ 
is given by 

i M Nm 

_ L _ y y + 

VnXP(tm) v

n (^m)  

\vexP{tm)\max - | t ' ™ e a " ( £ m ) | 
+ 

sepn

 P [ t m ) sepn (i"rn)  

\er exp If \\ — \<: exp.meanlf \\ 
\cep \Lm)\max -ep \'/ml\ 

M 

N = ^ N n 

ro=l 

(]>., 
M F e x p ( t m ) - F t E ( t m ) 

M - P ^ i \\Fexp\max - \F™rs 

$ = $ 1 + <f>2 (15) 

where p is the number of material parameters. Nm is the number of measure 
points at a certain time instant t m and M is the number of instants. Typical 
values of Nm and M are 627 to 703 and 11 to 15, respectively. 

5.2 Interpolation of numerical field information 

The DSP-algorithm used in the experiments for displacement and strain 
evaluation results in point-wise field information with measure points accord
ing to the initial grid configuration shown in Fig. 3(a). However, the dis
placement and strain data in the FE-calculation are associated to the node 
coordinates. (MSC.Marc extrapolates the element strains from the integration 
points to the element nodes). In order to compare numerical data with exper
imental data the FE-results are interpolated to points that coincide with the 
points in the initial grid configuration (experiment). The numerical values at 
the grid points are determined by linear interpolation between the values of 
the three closest nodes (FE-model). In other words, all grid points lie in trian
gular regions, where the nodes are the apex points. These triangular regions 
are determined by the so called Delaunay triangulation (Edelsbrunner, 2001). 
which creates a unique mesh of triangles. 
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5.3 Optimisation method 

Different algorithms can be used to solve the optimisation problem (14), or 
more specific in this work, minimisation of the function in equation (15). In 
general it is possible to categorise the algorithms in zero-order methods, where 
only objective function evaluations are necessary (e.g. Simplex and Monte 
Carlo methods) and first-order methods, wi th additional need for gradient 
evaluation of the least-square objective function (e.g. Gauss-Newton and Le-
venberg-Marquardt). 

The optimisation procedures in this work are performed with INVSYS (Wik-
man and Bergman, 2000), an in-house programming system designed for anal
ysis of inverse problems. A finite element analysis is used as the direct prob
lem and the input data (e.g. material parameters) are varied in an attempt 
to reach desired output data from the analysis and thereby minimise the ob
jective function value. The core of the system is an optimisation algorithm, 
the unconstrained subspace-searching simplex method (SUBPLEX) (Rowan, 
1990). The method uses direct search to find the minimum of the objective 
function, meaning that no numerical or analytical estimate of the function 
derivative is necessary. Instead only the function value is sequentially evalu
ated and compared to find optima (i.e. a zero-order method). 

SUBPLEX is a generalisation of the Nelder-Mead simplex method (NMS) 
(Neider and Mead, 1965) which is an optimisation algorithm capable of min
imising very noisy objective functions. However, NMS is not computationally 
effective when the number of parameters is large. SUBPLEX therefore divides 
the p-dimensional parameter space into sub-spaces of maximum five parame
ters and uses NMS with periodic restarts to reach the optimum value for the 
objective function. 

It is often necessary to infer some type of constraints to solve the optimisa
tion problem. Two types of constraints can be handled by INVSYS. Firstly, 
side constraints that are direct limitations on the model parameters (e.g. lower 
and upper bounds) or some fixed relative value of a group of parameters. Sec
ondly, behaviour constraints on some solution variable in the direct problem 
(e.g. maximum stress or displacement values in the direct problem FEA). Both 
types of constraints are handled by converting the constrained problem to a 
sequence of unconstrained problems. This is done by adding a penalty function 
to the objective function (Moe, 1973). 

Both types of constraints are used in the two chosen constitutive models. The 
piecewise linear plasticity model is constrained to result in a monotonously 
decreasing slope of the stress-strain curve. Hence, the strain hardening moduli 
follow Hi ^ H2 ^ H3 ^ H4 > 0. Further, the initial yield stress a0 is given 
a lower and upper bound. The bounds are 300 and 450 MPa, and 600 and 
750 MPa for Domex 355 and Domex 650, respectively. The second constitutive 
model, the parabolic hardening description, is given the following constraints 
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Material Domex 355 Domex 650 

Parameters A [MPa] B [MPa] n A [MPa] B [MPa] n 

Lower bound 300 200 0.4 600 300 0.4 

Upper bound 450 600 0.7 750 700 0.7 

5.4 Parameter estimation 

The iterative estimation procedure; FEA, objective function calculation and 
parameter optimisation is controlled by user supplied interface programs, man
aging communication and interface between the utilised program applications. 
Output from INVSYS after each iteration defines a new set of model parame
ters used for successive analysis of the direct problem. When a global minimum 
is found for the objective function, the resulting parameters are considered as 
a best-fit for the model in question. The inverse analysis is terminated either 
when a maximum number of (objective) function evaluations is reached or 
when the change in parameter values during two subsequent function evalua
tions are less than a specified tolerance (in this case 10~ 3). The scheme from 
start to stop of an inverse problem is described in Fig. 7. 

( START ) 

Numerical simulation 

Evaluate objective 
function 

Optimisation 

No 

Experimental data 

( S T O P ) 

Fig. 7. Flow scheme for an inverse problem. 

16 



6 Results and discussion 

The estimated parameters and the objective function values based on the 
two chosen constitutive models are presented in Table 1 and 2 for Domex 355 
and Domex 650, respectively. As expected, the objective function values &PWL 
corresponding to the piecewise linear plasticity model with five parameters 
achieved somewhat lower values than the objective function $PH correspond
ing to parabolic hardening model with its three parameters. The results of 
the estimations are visualised as stress-strain curves in Figs. 8 and 9. Further, 
stress-strain curves based on average values of the estimated parameters (last 
row in Table 1 and 2) are depicted in Fig. 10. Note that the stress-strain re
lationships determined by the standardised tension tests also are included in 
these figures. The curves corresponding to the two chosen constitutive mod
els show a good agreement wi th the standardised stress-strain curves. Further, 
the curves based on the piecewise linear plasticity model have almost no strain 
hardening at high strain levels. An inspection in Fig. 10 show that the more 
simple parabolic hardening model with less parameters could not cover this 
lack of strain hardening. 

Table 1 
Material parameters and objective function values for Domex 355 

Spec. Hi H2 
H3 Hi A B n 

no. [IO" 1 ] [MPa] [MPa] [MPa] [MPa] [MPa] [ur 1! [MPa] [MPa] [io-'; 

1 4.63 395 1190 541 289 103 5.91 356 434 4.56 

2 2.69 386 1400 •592 123 107 4.82 355 447 4.15 

3 2.76 398 1320 518 269 0.01 3.97 368 432 4.49 

4 3.30 422 1310 414 248 0.10 5.04 432 387 5.44 

5 7.48 403 1270 459 297 0.04 9.30 379 403 4.36 

Av. val. 401 1300 505 245 42 378 421 4.60 

Table 2 
Material parameters and objective function values for Domex 650 

Spec. CT0 Hi H2 H3 
Hi A B n 

no. [10- 1] [MPa] [MPa] [MPa] [MPa] [MPa] [io-1] [MPa] [MPa] [io-1] 

1 4.04 672 1640 546 338 1.62 6.08 717 436 6-79 

2 3.96 666 2060 689 411 0.74 5.52 655 517 4.44 

3 5.77 655 2070 785 366 0.09 9.21 651 554 5.27 

4 4.96 671 1670 522 412 0.08 7.07 706 441 6.42 

5 3.66 651 2090 738 . 217 0.13 6.22 678 •191 5.35 

Av. val. 664 1910 656 349 0.53 682 488 5.65 
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Fig. 8. Stress-strain curves for Domex 355. Curves for the piecewise linear plasticity 
model (a). Curves for the parabolic hardening model (b). 
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Fig. 9. Stress-strain curves for Domex 650. Curves for the piecewise linear plasticity 
model (a). Curves for the parabolic hardening model (b). 
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Fig. 10. Stress-strain curves for each constitutive model based on mean values of the 
estimated parameters. Stress-strain curves for Domex 355 (a). Stress-strain curves 
for Domex 650 (b). 

The equivalent plastic strain presented in Figs. 8, 9 and 10 are limited by 
the maximum measured strain, namely the strain at fracture. These strain 
values are presented in the table below, where Domex 355 appears to be the 
more ductile material. 

Material Domex 355 Domex 650 

Spec no. 1 2 3 4 5 1 2 3 4 5 

^.fracture 0.76 0.76 0.70 0.75 0.78 0.55 0.60 0.55 0.55 0.60 

The time to accomplish a parameter estimation depends on the time to 
complete a FE-simulation and the number of iterative steps in the optimi
sation procedure. More iterative steps were necessary for convergence of the 
parameters corresponding to the piecewise linear plasticity model. The com
putation time was about 150 s and 356 — 808 steps and 118 — 191 steps were 
needed for the piecewise linear plasticity model and the parabolic hardening 
model, respectively. Thus, the average time to accomplish a parameter esti
mation was approximately 6 and 23 hours, respectively. The FE-simulations 
was performed on a PC with a 1.9 GHz processor. 

As mentioned in the subsection 2.2 a modified equivalent plastic strain was 
defined according to Eq. (10). I t was implemented in MSC.Marc and the FE-
analyses showed only a small discrepancy between this strain measure and 
the common equivalent plastic strain with all shear components included. The 
largest relative discrepancy of 1 % appears in the necking region for the last 
instant. For earlier times no significant difference is obtained. The modified 
strain measure is concluded as a good approximation of the common measure 
for equivalent plastic strain. 

The uncertainty analysis resulted in displacement uncertainties increasing 
with respect to the evaluation step as a square root function from approx-
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imately 0.47 to 1.7 urn. The same behaviour is obtained for the equivalent 
plastic strain wi th uncertainties in the interval from approximately 0.0015 to 
0.0056. 

In order to illustrate the coincidence between the experimentally determined 
quantities and FE-calculated quantities, the strain fields for some instants are 
presented in Fig. 11. The fields correspond to specimen no. 1 of the Domex 
355 steel, where the FE-calculated fields are based on the piecewise linear 
plasticity model. The experimentally determined strain fields are placed to 
the left, while the FE-calculated fields are shown to the right. By comparing 
the fields corresponding to the different occasions the same general appearance 
during the deformation process can be seen. 

The presented parameter estimation is based on the objective function ac
cording to Eq. (15), where all measured quantities are used. Other functions 
were also tested. For example, an objective function without the force re
sponse, i.e. <1> = <E>i, was tried. The subsequent optimisation resulted in pa
rameters that gave very incorrect stress-strain curves, where the initial strain 
hardening was very high. Thus, the FE-calculated plastic strain never reached 
the levels beyond the strain when necking occurs in standard tension tests. A 
comparison between the measured force F e x p and the calculated reaction force 
F F E also showed that F F E achieved much higher values. However, constitu
tive modelling without any force correlation is questionable and the discussion 
above demonstrates the weaknesses. 

A more interesting objective function considering statistical foundations is 
the so-called chi-square formulation, denoted x2 • Typical for \ 2 is that the 
residuals, i.e. difference between experimental data and numerical data, are 
weighted with the variances corresponding to the experimental data. Thereby, 
more accurate experimental data is given higher importance. An example of 
a x 2 -function, based on the quantities and parameters defined in Eq. (14), is 
given by 

2 = 1 [vi - yijxk)]2 

where s2

i is the variance of V(. Further, the x 2 -f tmction provides a statisti
cal measure of goodness-of-fit. As long as the squared residuals [vi — yi{xk)]2 

have values below their variances s2

i the chosen model wi th corresponding 
parameters describes the physical system well. A rule of thumb is that a "typ
ical" value of x2 f ° r a "moderately" good f i t is approximately equal to one. 
The DSP-algorithm provides the variances for the displacement and strain 
data. The variances are namely the square of the uncertainties estimated in 
Appendix A (Uncertainty analysis) and presented above. However, the x2' 
formulation is not implemented in this paper because the numerical data, i.e. 
the FE-calculated quantities, are subjected to discretisation errors, which are 
difficult to estimate. I t is assumed that these errors are larger than the exper
imental errors and the x 2 -formulation [ s therefore rejected for the present. 
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Fig. 11. Strain fields for specimen no. 1 (Domex 355). The experimentally deter
mined fields are placed to the left. The FE-calculated ones are placed to the right. 
Note the different strain scales. 
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7 Conclusions 

A method for characterisation of materials subjected to large strains is pre
sented. Material parameters in two types of constitutive models are estimated 
by inverse modelling, where a least square functional is minimised. The least 
square functional, denoted objective function, is based on the difference be
tween experimentally and numerically determined field information provided 
by the DSP-technique and FEA. respectively. 

The implemented adaptive meshing conditions in MSC.Marc worked well 
and a good compromise between a short computation time and a FE-mesh 
with not highly distorted elements was fulfilled. 

The choice of objective function gave a good balance between the influence 
of the measured quantities. However, the rejected \ ' 2-formulation discussed 
in the previous section has advantages, e.g. the goodness-of-fit measure, that 
attracts to further investigation and evaluation. 

Since the strain state at fracture is possible to detect the experimental 
method might be of interest in, for example, damage mechanics. 

The presented method is here used for an isotropic material but it also seems 
likely that characterisation of anisotropic materials would function well. 
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A Uncertainty analysis 

In order to estimate the uncertainties of the quantities u, v and eep, the 
regression model for f i t t ing displacement data to planes has to be studied. The 
regression model for the second equation in Eq. (9) is shown in Eq. ( A . l ) below. 
A similar model is used for the first equation in Eq. (9). However for simplicity 
the following analysis is made for the vertical displacement component, v. 

v' = X ß + e ( A . l ) 

v' is a 9 x 1 vector of expected values for the displacement component v in 
the 9 points of one of the 3 x 3 grids . X is the 9 x 3 matrix of the so called 
independent variables given by 
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where column 2 and 3 consist of the pixel coordinates relative the midpoint 
(25,2/5), he. Axi = x,; — x 5 and Ay, = — j / 5 . where i - 1..9. Further, 

the 3 x 1 vector, ß, is a vector with the quantities (v,vtX,vtV) for the fitted 
plane. Finally the 9 x 1 vector e contains independent normal distributed 
experimental errors. The quantities v, z\x and v y are determined by taking the 
least square estimate, b. of ß (Box and Hunter. 1978) as shown in Eq. (A.3). 

= [XTX]-1XTv' (A.3) 

One way to estimate the uncertainties is by setting them equal to the cor
responding standard deviations of the quantities, i\i\x and v<y. Therefore, the 
variances of the parameters are calculated. The variance-covariance matrix 
used in least squares calculation is given by (Box and Hunter, 1978) 

V(b) = [XTX]-le2

m (A.4) 

where em is the displacement error at a certain instant ra. Finally the standard 
deviations of the quantities are calculated by taking the square root of the 
diagonal elements of V(b). 

= e (A.5 

{s3j 
S(b) = Jdiag(V(6))= V d i a g ( [ X J X 

This uncertainty analysis is also performed for the displacement in the x-
direction. That gives the same values for the standard deviations as in Eq. (A.5). 
However, the standard deviations su r and s V y are related to the engineering 
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(a) (b) 

Fig. A . l . Auto correlation surface (a). Level curves around the auto correlation peak 
(b). 

strains üiX and i\y. For simplicity these standard deviations are also assumed 
for the true strains ex and ey. In order to estimate the uncertainty for the 
strain value of interest sep the mean value of the strain uncertainties above 
are used. Hence the uncertainties of u,v and 

{ j 
(A.6) 

For an approximately Gaussian-shaped correlation peak the displacement 
error em (Sjödahl, 1997) is related to the radius of the peak a by 

6 m = ° ' 7 i ^ ^ ( A - 7 ) 

where a is the radius of the correlation peak, B is the size of the subimage 
and c is the correlation values. The radius a is possible to estimate without 
deforming any specimen. A subimage is chosen arbitrarily for every frame and 
by taking the auto correlation of the deviation of the intensity / the radius 
of the auto correlation peak gives the cr-value. The deviation is determined 
by AI = I— < I >, where < / > is the mean intensity. A typical auto 
correlation surface R^i and its correlation peak are shown in Fig. A . l . Further, 
the level curves for a region around the auto correlation peak is presented in 
Fig. A. 1(b), where also the radius is marked. Al l frames from all experiments 
gave approximately the same value of the radius, namely 4 pixels. 
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