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Abstract 
 
The aim of this thesis is to investigate the load-carrying capacity according to different models 
for shear in combination with bending, torsion and prestress.  
 
The models investigated for the load carrying capacity are: 
  

- addition model according to BBK 94 
- strut model according to EC 2 
- modified compression field theory 
 

The models are applied to the Källösund Bridge, where the need of strengthening is investi-
gated and the following approach is applied: 
 

- material parameters involved in the capacity equations are assessed according    
to BBK and statistical evaluation 

 - different load carrying models are studied 
 - load carrying capacities, according to material values obtained from the assess-

ment process applied on different load carrying models, are calculated and com-
pared  

 
 

Addition and strut models and the effect of strengthening with Fibre Reinforced Polymers, FRP 
are investigated according to deterministic and statistical approaches.  
 
Detailed calculations are presented in appendixes.  
 
Suggestions for further research are presented. 
 
Keywords: Concrete, load carrying capacity, shear. Interaction between shear, prestress , tor-

sion moment and bending moment. Strengthening of existing concrete structures. 
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Sammanfattning 
 
Syftet med denna  licentiatuppsats är att undersöka bärförmågan enligt olika modeller för tvär-
kraft i kombination med böjning, vridning och spännkraft. 
 
Följande modeller för tvärkraftskapaciteten har undersökts: 
 

 -   additionmodell enligt BBK 94 
 -   fackverksmodell enligt EC 2 
 -   modifierad tryckfältsteori  

 
Modellerna har tillämpats på Källösundsbron och behovet av förstärkning har studerats. Tvär-
kraftkapaciteten har undersökts på följande sätt: 
 

-  materialparametrarna har utvärderats enligt BBK och enligt statistisk metod 
 -   olika modeller för bärförmåga har studerats 

 -   bärförmågan för olika modeller med materialvärden från utvärderingsprocessen   
har beräknats och jämförts med varandra 

 
 

Additions- och fackverksmodellerna samt effekten av förstärkning med kolfiberarmering, FRP 
har undersökts enligt deterministisk och statistisk metod.  
 
Detaljerade beräkningar presenteras i appendixen. 
 
Förslag ges beträffande fortsatt forskning. 
 
Nyckelord: Betong, bärförmåga, tvärkraft. Interaktion mellan tvärkraft, spännkraft, vridmoment 

och böjmoment. Förstärkning av betongkonstruktioner. 
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1. INTRODUCTION 

1.1 Background 
 
Large investments have been made in the infrastructure of our societies. It is of great interest to 
utilize these resources as efficiently as possible. 
 
In Europe there is a large number of old concrete bridges. These bridges were designed accord-
ing to contemporary codes and built using the production methods of that time. Loads, intensity 
and the speed of traffic have increased since then. The tendency is that demands on higher traf-
fic capacities will increase also in the future. Reliability and durability of the infrastructure 
have become a key issue. The challenge for the engineers is to determine if these old bridges 
can face the demands of today and tomorrow. 
 
Using advanced calculation and measuring methods the state, behavior and capacity of a struc-
ture can be assessed.  When the load carrying capacity and the effect of loads on the structure 
are known, it is possible to direct the measures to be taken for repair, strengthening or monitor-
ing in the most efficient way. The measures can be optimized regarding location, amount and 
purpose. 
 
The national design codes define an acceptable level of safety for structures in a country. These 
codes can be refined by taking into account local conditions. This can be done e.g. by testing 
samples of material from the bridge, using object specific loads and using probabilistic methods 
of calculations. With new monitoring technology the response of the structure can be measured 
and calculations can be verified. Calculations can be performed using calculation programs, 
which can model the behaviour of the bridge taking into account e.g. long term effects and con-
struction phases. In this way the engineer can be sure that the designed measures to be per-
formed will have the desired effect. The bridge can be evaluated in a reliable way and the as-
sessment procedure will bring information about what to do with the bridge. Combination of 
these advanced methods can give multiple effects in accuracy. One possible outcome of the 
assessment procedure is higher load carrying capacity and higher allowed speeds. Thereby a 
higher capacity is accomplished in a cost efficient way.  This is a field of applied science under 
development and with a great potential. 
 

1.2 Objective 
The aim of this study is to determine the load carrying capacity in combined shear, torsion and 
bending for prestressed concrete bridges according to the different models and to assess the 
uncertainties associated with these models.  
 
There are always uncertainties involved in all steps of the assessment process. It is never possi-
ble to exactly determine neither capacity nor load effect on such large structures as bridges. 
There are different models for load carrying capacity, material parameters used in the models 
are to be estimated, the probability of loads to act at the same time on the most unfavourable 
places, time dependent effects as relaxation, creep and shrinkage to be taken into account. To 
have control over these uncertainties is of utmost interest when assessing the structures. 
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1.3 Significance of this research 
Economic 
- to optimize the use of financial resources  spent on infrastructure 
- to give the owner of the bridge up to date knowledge about the state of his structure  
 
Applied science, Engineering 
- to improve the knowledge of the very essence of civil engineering concerning load carrying 

capacity, effects of loads on the structure and risk for failure 
- methods presented in this licentiate thesis will help the engineers in assessing structure 
 
Scientific 
- to provide background material forming the basis for future building codes and standards 

for design and assessment of bridges.  
 
 

1.4 Limitations 
This study is devoted to comparing different models and assessing/determining the uncertain-
ties in these models which are used for combined action of shear, torsion, bending and 
prestress. No modeling of time-dependent effects. 
 

1.5 Original features and outline of work   
 
The original features are: 
 
-a comparison between different methods for assessing the load carrying capacity in combined 
shear, torsion and bending of prestressed concrete bridges in combination with an assessment of 
the Källösund Bridge. 
-an evaluation of the program Response 2000 
-a discussion of further needs regarding the development of assessment methods for bridges 
 
Description of the division of labor behind this thesis: 
 
Intense literature studies began the work with this thesis, see list of reference, followed by cal-
culations performed on the Källösund Bridge. These calculations were refined, updated, limited 
and extended several times after discussions and calculations performed by my supervisor, Pro-
fessor Lennart Elfgren. The calculations obtained from Tech Dr Bo Westerberg on the Ham-
marsund Bridge were applied with the data obtained from Mr Tomas Svensson, FB Engineer-
ing, on the Excel calculations on the Källösund Bridge. All labor needed to link all these parts 
together was done by Mr Enochsson and professor Elfgren. Large parts of Section 5 is from  the 
Luleå University of Technology’s technical rapport “Evaluation of the load carrying capacity of 
the concrete structures, interaction between shear, torsion and bending moment in the 
Källösund Bridge” , which is a co-operation between Mr Enochsson, Elfgren and the author. 
The author obtained knowledge in probabilistic assessment from the PhD course “Probabilistic 
methods and safety philosophy” and knowledge in strengthening with Fibre Reinforced Poly-
mer, FRP from the PhD course “Enhanced safety and capacity of infrastructure” at the Luleå 
University of Technology. The probabilistic assessment is partly based on the calculations per-
formed by Tech Dr Joakim Jeppsson supervised by professor Sven Thelandersson from Lund 
Institute of Technology. 
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The final thesis is a result of many revisions, meetings, emailing and discussions.  
 

1.6 Content 
 
Here the chapters in the main body are presented to give the reader a quick overview on what 
each chapter contains. 
 
Chapter 2 presents basic concepts of the assessment methods used in this thesis. 
Chapter 3 gives an introduction to the modeling of uncertainties. 
 
Chapter 4 presents theory and code regulations for the different load carrying models for shear 

used in this thesis.  
 
Chapter 5 presents applications of the theories to the Källösund Bridge. The assessment of ma-

terials and calculation of load effects are presented. Detailed examples according to 
BBK 94 (addition model), EC 2 (truss model), Response 2000,(Modified Compres-
sion Field Theory), VaP program,(statistical method) and various parameter studies 
are presented. Summary of calculations and comparisons on cross section s=29,5m , 
span 3-4 and the entire span 3-4 are presented. 

 
Chapter 6 gives a summary of theories, calculations and programs.  
 
APPENDIX A    An Introduction to Statistical Methods in the Structural Reliability Analysis.  
                  
APPENDIX B    Bayesian updating method using a lognormal distribution, an example. 
 
APPENDIX C    Safety index method, an detailed example is presented. 
 
APPENDIX D    Response 2000, presentation and calibration of the program, calculations on 

the Källösund Bridge. 
 
APPENDIX  E   Variables Processor program, VaP, presentation of the program, 

calculations on the Källösund Bridge.  
 

APPENDIX F    Excel. Cross sectional forces. Calculations according to BBK+BRO94  
and EC2 on the entire span 3-4 and cross section s=29,5m, span 3-4. 
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2. ASSESSMENT METHODS FOR EXISTING CONCRETE STRUC-
TURES 

 
In this chapter the basic concepts of the assessment methods used in this thesis are pre-
sented.Different reliability methods, reliability differentiation and methods for probabilistic 
assessment of structures are described in the Section 2.2. Statistical evaluation of material val-
ues and Bayesian updating are considered in the Section 2.3. In Appendix A an introduction is 
given to statistical mehods in the structural reliability analysis, in Appendix B there is an 
example of the Bayesian updating method and in Appendix C an example of the safety index 
method. 

2.1. Basis of structural design 
 
According to Eurocode (2002) a structure shall be designed and executed in such a way that it 
will, during its intended life, with appropriate degrees of reliability and in an economical way 
sustain all actions and influences likely to occur during execution and use.  

2.1.1. Reliability management 
 
Different levels of reliability may be adopted: 
- for structural resistance  
- for serviceability 
The choice of the levels of reliability for a particular structure should take account of the rele-
vant factors, including: 
- the possible cause and /or mode of attaining a limit state  
- the possible consequences of failure in terms of risk to life, injury and potential economical 

losses  
The levels of reliability that apply to a particular structure may be specified in one or both of 
the following ways: 
- by the classification of the structure as a whole 
- by the classification of its components. 
The levels of reliability relating to structural resistance and serviceability can be achieved by 
suitable combinations of measures relating to design calculations: 
- characteristic values 
- the choice of partial factors  
- the accuracy of the mechanical models used  
- measures aimed to reduce errors in design and execution of the structure 
- adequate inspection and maintenance  

2.2. Structural Reliability  

2.2.1. Overview of reliability methods 
 
Fig.2.2.1 presents a diagrammatic overview of the various methods available for calibration of 
partial factor (limit states) design equations and the relation between them. The probabilistic 
calibration procedures for partial factors can be subdivided into two main classes: 
– full probabilistic methods (Level III), and 
– first order reliability methods (FORM) (Level II). 
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Full probabilistic methods (Level III) give in principle correct answers to the reliability prob-
lem as stated. Level III methods are seldom used in the calibration of design codes because of 
the frequent lack of statistical data. 
The level II methods make use of certain well defined approximations and lead to results which 
for most structural applications can be considered sufficiently accurate. The Eurocodes have 
been primarily based on method a. Method c or equivalent methods have been used for further 
development of the Eurocodes. An introduction to the statistical methods used in the structural 
reliability analysis is given in Appendix A. 
 

 
Figure 2.2.1:  Overview of reliability methods, Eurocode (2002). 
 

2.2.2. Reliability differentiation 

2.2.2.1. Consequence classes 
For the purpose of reliability differentiation, consequence classes (CC) may be established by 
considering the consequences of failure or malfunction of the structure as given in Table 2.2.1. 
 
Table 2.2.1:  Definition of consequence classes, Eurocode (2002) 
 
Consequence 
Class 
 

Description Examples of buildings and civil 
engineering structures 

CC3 High consequence for loss of hu-
man life, or economic, social or 
environmental consequences very 
great 

Grandstands, public buildings where 
consequences of failure are high 
(e.g. a concert hall) 

CC2 Medium consequence for loss of 
human life, economic, social or 
environmental consequences con-
siderable 

Residential and office buildings, 
public buildings where conse-
quences of failure are medium (e.g. 
an office building) 

CC1 Low consequence for loss of hu-
man life, and economic, social or 
environmental consequences small 
or negligible  

Agricultural buildings where people 
do not normally enter (e.g. storage 
buildings), greenhouses 
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2.2.2.2. Differentiation of reliability by β values 
 
The reliability classes (RC) may be defined by the β reliability index concept. The β index is 
explained closer in the chapter 2.2.3.1, see also Fig.2.2.5. 
Three reliability classes RC1, RC2 and RC3 may be associated with the three consequences 
classes CC1, CC2 and CC3. 
Table 2.2.2 gives recommended minimum values for the reliability index associated with reli-
ability classes  
 
Table 2.2.2: Recommended minimum values for reliability index β in the ultimate limit state, 

Eurocode (2002) 
 

Reliability Class Minimum values for β 
 1 year reference period 50 years reference period 
RC3 5,2 4,3 
RC2 4,7 3,8 
RC1 4,2 3,3 

 

2.2.2.2.1. Reliability index β 
 
In the Level II procedures, a measure of reliability is defined by the reliability index β which is 
related to Pf  by : 
 
Pf = Φ(-β)                  (2.2.1) 
 
where Φ is the cumulative distribution function of the standardized Normal distribution. 
The relation between β and Pf  is given in Table 2.2.3. 
 
Table 2.2.3: Relation between β and Pf , (Eurocode (2002) 
 
 
Pf 10-1 10-2 10-3 10-4 10-5 10-6 10-7 
β 1,28 2,32 3,09 3,72 4,27 4,75 5,20 
 
Definitions of the pdf (probability density function) and cdf (cumulative distribution function) 
are presented in the next section. 
Definition of the safety index β is given in Fig 2.2.5 and a method to calculate β is presented in 
Section 2.2.3.1 and an example of calculating the safety index β is presented in Appendix C. 
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2.2.2.2.2. Definitions 
 
In Fig 2.2.2 some basic concepts used in probabilistic treatment of structural safety are ex-
plained. 
 

 
Fig. 2.2.2 shows above a probability density function and below 
the associated cumulative distribution function. Often, in the lit-
erature the abbreviations pdf (probability density function) and 
cdf (cumulative distribution function) are encountered. 
 
In Fig.2.2.2 two further parameters are introduced: the median 
(central value, mean value) and the mode. The first separates a 
pdf into two halves of equal area corresponding to 
F(median)=0.5, while the second marks the maximum of the pdf, 
i.e., the most frequent value. In the case of symmetrical distribu-
tions the arithmetic mean, the median, and the mode coincide. 
The most important symmetrical distribution is the Gaussian 
normal distribution. 
 
Parameters describing distributions as standard deviation, skew-
ness and kurtiosis are explained in connection to the histogram 
obtained from a Monte Carlo simulation, Fig.2.2.11. 

 
Figure 2.2.2:  Definitions of probability density function fX(x) and cumulative distribution func-

tion FX(x). Schneider (1997). 
 
For more statistical theory, see Appendix A; An introduction to Statistical Methods is Structural 
Reliability Analysis. 

2.2.3. Probabilistic assessment of structures 
 
In Melchers (1999) the basic structural problem is written as  
 
R-S                  (2.2.2) 
 
where 
 
R is resistance and S load effect. 
 
 
 
The desired state can be formulated as 
R-S ≥  0                  (2.2.3) 
 
Failure occurs when  
 
R-S < 0                  (2.2.4) 
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The problem becomes probabilistic and a reliability problem when statistical distribution of the 
variables is taken into account. The basic structural problem can be rewritten to 
 
pf = P(R-S ≤  0)                 (2.2.5) 
 
where pf  is the probability of failure 
 
or in general 
 
pf = P[G(R,S) ≤  0]                  (2.2.6) 
 
where G( ) is termed the ‘limit state function’ and the probability of failure is identical with the 
probability of limit state violation. 
 
General (marginal) density functions fR and fS for R and S respectively are shown in Fig.2.2.3 
together with the joint (bivariate) density function fRS(r,s). For any infinitesimal element (∆r∆s) 
the latter represents the probability that R takes on a value between r and r+∆r and S a value 
between s and s+∆s as ∆r and ∆s each approach zero. In Fig. 2.2.3 the equations are repre-
sented by the hatched failure domain D, so that the failure probability becomes 

pf = P[(R-S) ≤ 0 ] = ( ),RS
D

f r s drds∫ ∫                 (2.2.7) 

When R and S are independent, fRS(r,s)=fR(r)fS(s)  Eq.2.2.7 becomes: 

( ) ( ) ( )
s r

f R Sp P R S f r f s drds
∞ ≥

−∞ −∞

= − = ∫ ∫                 (2.2.8) 

 
Figure 2.2.3:  Two random variables joint density function fRS(r,s), marginal density functions 

fR and FS and failure domain D.  Melchers R. (1999) 
 
Noting that for any random variable X, the cumulative distribution function is given by 
 

( ) ( )( )
x

x xF x P X x f y dy
−∞

= ≤ = ∫                 (2.2.9) 
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Provided x ≥  y, it follows that for common, but special case when R and S are independent Eq. 
2.2.9 can be written in the single integral form 
 

( ) ( )( 0)f SR
p P R S F x f x dx

∞

−∞
= − ≤ = ∫               (2.2.10) 

 
FR(x) is the probability that R ≤  x or the probability that the actual resistance R of the member 
is less than some value x. Let this represent failure. The term fs(x) represent the probability that 
the load effect S acting in the member has a value between x and x+∆x in the limit as ∆x →0. 
By considering all possible values of x, i.e. by taking the integral over all x, the total failure 
probability is obtained. This is seen in Fig. 2.2.4 where the density functions fR and fS have been 
drawn along the same axis. 

 
Figure 2.2.4:   Basic R – S problem: fR( ) fS( ) representation, Melchers (1999) 
 
In Fig 2.2.5 the definition of the safety index β for a normalized failure function is presented.  

 
Figure 2.2.5:   Definition of safety index B for a normalized failure function. Figure modified 

from course material in structural safety, LTU. 
 
A figure corresponding Fig.2.2.4 and Fig.2.2.5 produced by Monte Carlo simulation, see Sec-
tion 2.2.3.2 is presented in Appendix E, Fig E.1.16 respective Fig E.1.15( not normalized), 
when calculating the probability of shear failure on the Källösund Bridge.
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2.2.3.1. First –order second –moment reliability method  

2.2.3.1.1. The Hasofer-Lind safety index 
 
In the general case the density functions and failure domain is described in Schneider (1997) as 
in Fig. 2.2.6. The respective two-dimensional joint probability density is represented as a hump. 
Its volume is 1 and the contours are concentric curves.  
In Fig. 2.2.6 R and S are plotted as marginal probability density functions on the r and s axes. 
The limit state equation G = R - S = 0 separates the safe from the unsafe region, dividing the 
hump volumetrically into two parts. The volume of the part cut away and defined by s > r cor-
responds to the probability of failure. The design point (r*;s*) lies on this straight line where 
the joint probability density is greatest: if failure occurs it is likely to be there.  
 
 

 
 
Figure 2.2.6: Un-normalized variables, Schneider (1997) 
 
The procedure when defining the Hasofer-Lind -safety index β is as follows 
 
First step:  
 
Normalize the basic variables by, see Fig. 2.2.7: 
 

( )
( )

i i
i

i

X E XZ
D X
−

=        (0,1)Zi N⇒ ∈          (2.2.11) 

 
where E(Xi) is the expectation value and D(Xi) the standard deviation for the stochastic variable 
X.   
 
Second step: 
 
Express the failure function in normalized basic variables 
 

( ) ( ),...i ng Z g z z=      (2.2.12) 
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Figure 2.2.7:  Non-linear failure function. Normalized variables 
 
The safety index β is defined as the shortest distance from origin in the z-coordinate system to 
the failure surface g(z1,z2)=0 
 
Third step: 
 
In the failure point the failure function g(zi,…,zn) = 0 is approximated with g*(αiβ,… αnβ) = 0 
where α is the sensitivity factor for which the following is valid, see Fig. 2.2.8 
 

2 2... 1i nα α+ + =      (2.2.13) 
 
 

 
 
Figure 2.2.8 :  Sensitivity factor 
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The normal vector to g(zi,…,zn) in the failure point (αiβ,… αnβ) is given by the vector 
 

( ) ( )
n

nnii

i

nnii

z
g

z
g

∂

∂
−

∂

∂
−

βαβαβαβα ,...,,..., ,...,     (2.2.14) 

the length of this normal vector is 
 

( ) ( )2 2

,..., ,...,,...,i i n n i i n n

i n

g g
z z

α β α β α β α β⎛ ⎞ ⎛ ⎞∂ ∂
+⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

   (2.2.15)  

 
in the failure point the normal vector coincides with the unit vector ( nnii αα ,..., ) 

( ) ( )2 2

,..., ,...,,...,

i
i

i i n n i i n n

i n

g
z

g g
z z

α
α β α β α β α β

∂−
∂

=
⎛ ⎞ ⎛ ⎞∂ ∂

+⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

   (2.2.16) 

 
. 
. 
. 

( ) ( )2 2

,..., ,...,,...,

n
n

i i n n i i n n

i n

g
z

g g
z z

α
α β α β α β α β

∂
−

∂
=

⎛ ⎞ ⎛ ⎞∂ ∂
+⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

 

 
In the general case, a non-linear iterative method is used to calculate the safety index β and sen-
sitivity index αi… αn  
 
Usually the convergence is good with the Newton - Raphson’s method. 
 
There are computer programs available which perform these calculations with ease, e.g. VaP, 
Variables Processor program presented in the Appendix E. 
 
A detailed example illustrating the procedure presented above to calculate the safety index β 
and the sensitive index αi… αn  is presented in Appendix C.
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2.2.3.2. Monte Carlo simulation  
 
With Monte-Carlo simulation, the exact or approximate calculation of the probability density 
and of the parameters of an arbitrary limit state function of variables 
 
G=G(a0,X1,X2,...Xi,...Xn)             (2.2.17) 
                          
is replaced by statistically analyzing a large number of individual evaluations of the function 
using random realizations xik of the underlying distributions Xi see Fig. 2.2.9. 
 

 
Figure 2.2.9: Simulation procedure for member strength statistical properties, Melchers 

(1999). 
 
 The index "k" stands for the "k"-th simulation (k = 1, 2 ... z) of a set of Xi. Each set of the k 
realizations gives a value  
 
gk = G(a0, X1k X2k, ... Xik,... Xnk)                                    (2.2.18) 
 

 
Figure 2.2.10:   Random number, Schneider (1997) 
 
The resulting z numbers gk are evaluated statistically. The heart of the method is a random 
number generator that produces random numbers aik between 0 and 1, see Fig. 2.2.10. Such a 
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number is interpreted as a value of the cumulative distribution function FXi(xi) and delivers the 
associated realization xik of the variable Xi.  
 
In some computer programs, e.g. VAP (Variables Processor), the resulting values gk are con-
tinuously presented in a histogram, see Fig.2.2.11, thus giving immediately an idea of the prob-
ability density of the variable VR. 
 

 
 
Figure 2.2.11:  A typical result of a Monte Carlo simulation computed with the VaP program  
 
The Monte Carlo simulation computed with the VaP program produces following information 
connected to Fig 2.2.11: 
 
Crude Monte Carlo Analysis of Vc: 
> 1 run with 100000 samples: 
   1.  mean = 4049   sdev = 350.9  skew = 0.414  kurt = 3.31  p = 0.000000 
 
These histograms are usually approximated as some of the most common distributions.  
 
Mean value is explained in Section 2.2.2.2.2 . Standard deviation is a measure of dispersion of 
the distribution. The mathematical definitions are given in the Appendix A; An introduction to 
Statistical Methods is Structural Reliability Analysis. 
 
In Schneider (1997) the higher order moments are explained. The skewness δ and the kurtiosis 
ε, are parameters of a distribution function. For the normal distribution ε =3. Values greater 
than 3 indicate a distribution which is fatter in the region of the tails than the normal distribu-
tion. For symmetrical distributions δ = 0. Values greater than zero indicate a left skewness dis-
tribution whose mode is less than the mean. 
 
 
 
 
 
 
 
 
 

kN 
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2.3. Design assisted by testing 

2.3.1. General principles for statistical evaluations 
 
Eurocode (2002) gives general principles for statistical evaluations. When evaluating test re-
sults, the behaviour of test specimens and failure modes should be compared with theoretical 
predictions. The evaluation of test results should be based on statistical methods, with the use 
of available (statistical) information about the type of distribution to be used and its associated 
parameters: 
– the statistical data (including prior information) are taken from identified populations which 

are sufficiently homogeneous  
– a sufficient number of observations is available. 

2.3.2. Statistical determination of a single property 
 
The single property X may represent a property contributing to the resistance of a product and 
in determining of the design value shall include: 
- model uncertainty 
- effects of scaling, volume etc. 

2.3.3. Assessment via the characteristic value 
 
The derivation of a characteristic value from tests should take into account: 
a) the scatter of test data  
b) statistical uncertainty associated with the number of tests 
c) prior statistical knowledge 
 
The design value of a property X should be found by using : 
 

( )XnX
m

d

m

nk
dd Vkm

X
X −== 1)(

γ
η

γ
η                   (2.3.1) 

 
where : 
ηd is the design value of the conversion factor, dependent on the type of test and the type of 

material 
mX  is the mean of the n sample results 
VX is the coefficient of variation 
The value of kn can be found from Table 2.3.1. 
The partial factor γm should be selected according to the field of application of the test results. 
 
 
Table 2.3.1: Values of kn for the 5% characteristic value based on the Normal distribution. 

Eurocode (2002) 
n 1 2 3 4 5 6 8 10 20 30 ∞ 
VX known 2,31 2,01 1,89 1,83 1,80 1,77 1,74 1,72 1,68 1,67 1,64 
VX   
unknown 

- - 3,37 2,63 2,33 2,18 2,00 1,92 1,76 1,73 1,64 
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2.3.4. Use of additional prior knowledge  
 
Deriving design values from tests for a single property (for example, a strength) is complex and 
involves many uncertainties e.g. when converting concrete cylinder strength to cube strength. It 
is possible by using Bayesian method to take into consideration earlier performed test results 
i.e. prior information.  Bayesian updating is explained in Section 2.3.5. Material characteristic 
becomes more reliable. Different stages in the converting process are illustrated Fig.2.3.1. 
 
  

2.3.4.1. Compression strength of concrete 
 
    

 
Figure 2.3.1: Diagram showing conversion of the concrete cube strength from tests in the past 

to cylinder strength in the present, Jeppsson et al(2004).   
 
Prior information is often related to 28 day strength. This strength can’t be compared with the 
test results obtained in the present if the object has been built decades ago, because of the 
strength growth in concrete with time. The prior information must be put in an aging model. 
Bayesian statement can be used to put the aged information and present test results together.  In 
this way the cube strength from past can be converted to cylinder strength in the present. 
 

2.3.4.2. Tensile strength of concrete 
 
The method for evaluating the concrete tensile strength is often more complicated because there 
is usually no prior information. 
Prior information for tensile strength can then be acquired by first converting the cube strength 
to an appropriate age and then converting the compression strength to tensile strength. The re-
sults from the material tests at present may need to be converted from drilled cylinders of 
Ǿ100mm to the cylinders as defined when determining the tensile strength, Ǿ150mm.  Finally 
the Bayesian updating can be used to put together prior information and information from tests 
in the present, see Fig.2.3.2. 
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Figure 2.3.2: Diagram showing conversion of the tensile strength from test in the past to ten-

sile strength in the present, Jeppsson et al(2004).   
 

2.3.5 Bayesian updating 
 

2.3.5.1 General 
 
In the previous chapter the need for Bayesian updating was formulated in general terms. The 
Bayesian method can be used to combine information of concrete strength from tests in the 
past, called apriori information, and present test results together to posterior information, which 
then can be used in design calculations. The idea is to get material parameters, which are repre-
sentative for the whole construction and use all available information for that. An introduction 
to statistical methods in the structural reliability analysis is given in Appendix A. The Bayesian 
method is further explained in an example in Appendix B. 

2.3.5.2 Likelihood – function 
 
It is assumed that a stochastic variable X has a known distribution f(x), but the parameters for 
the distribution (e.g. expected value and /or varians) or some of them are unknown.  
Let us make a test, where measurements are made for n values of the stochastic variable X. 
Then the tests give the observed values of x1, x2, … xn. Let us assume that the test results are 
statistically independent from each others. Now f(xi) is according to the definition of the density 
function proportional to the probability of occurrence of xi.  
 
According to the principle of multiplication the product of 1 2 nf(x ) f(x ) ...f(x )× × is proportional 
to the probability of occurrence for the whole population x1, x2, … xn, 
 
This product can be written as: 
 

( )iL f x= ∏                   (2.3.2) 
    
and is called Likelihood –function. 
 
The best estimate for f(x) is when the L-function for the population gets its maximum. 
The maximum can be found when the derivative of the L- function is set to be 0, or when the 
partial derivatives are set to zero if the function is a multi-variant function.  
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2.3.5.3 Bivariate functions 
An example of a bivariate function is given in Fig.2.3.3. 

 
 
Figure 2.3.3:    Histogram of a bivariate discrete function f(x,y). 
 

volume of the column xyThe probability for event xy 
total volume of the histogram

=               (2.3.3) 

 
 
The total volume of the histogram i.e. the total probability must be one.  
 
The conditional probability, ( )P y x  , means the probability for the event y under the condition 
that x has happened. 
 
The conditional probability for event y x

volume of the column xy( )  
volume of the slice x of the histogram

P y x

=

=
                (2.3.4) 

 
volume of the slice x of the histogram( ) 

total volume of the histogram
P x =                (2.3.5) 

 
We can now write 
 

( ) ( )
( )

( ') ( ')
P y x P x

P x y
P y x P x

=
∑

                 (2.3.6) 

 
where x is a discrete variable and the sum is over all possible values of x’ and y’ respectively.  
The equations above are illustrated in Appendix A, example 13. 
If the conditional density function )( yxf of the distribution is considered Eq.2.3.6 shall be writ-
ten as 
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( ) ( )
( )

( ') ( ')
f y x f x

f x y
f y x f x

=
∑

                 (2.3.7) 

 

2.3.5.4 Bayesian analysis  
 
As can be seen of the Eq.2.3.7 )( yxf  is proportional to )()( xfxyf .  If the nominator is left 
from the equation Eq.2.3.7 turns to  
 

( ) ( ) ( )f x y f y x f x∝                  (2.3.8) 
 
where     ∝        means proportional to 
             ( )f y x  is the density function of the observations, when x observations have been 

done. 
              This is the likelihood function according to the definition of likelihood function 
              ( )f x  is density function for the prior assumption. 
 
The expected value µ of the ( )f x y distribution and the standard deviation σ can be found when 
the derivative µ∂  respective σ∂ is set to zero. 
 
Example of Bayesian updating method is given in Appendix B. 
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2.3.6. Statistical determination of resistance models 
 
In Eurocode (2002) statistical determination of resistance models is considered as follows. 
Based on the observation of actual behaviour in tests and on theoretical considerations, a “de-
sign model” should be developed, leading to the derivation of a resistance function. The valid-
ity of this model should then be checked by means of a statistical interpretation of all available 
test data. If necessary the design model is then adjusted until sufficient correlation is achieved 
between the theoretical values and the test data. Deviation in the predictions obtained by using 
the design model should also be determined from the tests. This deviation will need to be com-
bined with the deviations of the variables in the resistance function in order to obtain an overall 
indication of deviation. The characteristic resistance should be determined by taking account of 
the deviations of all the variables. The following shall be valid: 
a) the resistance function is a function of a number of independent variables X  
b) a sufficient number of test results is available  
c) all relevant geometrical and material properties are measured  
d) there is no correlation (statistical dependence) between the variables in the resistance func-

tion 

2.3.7. Comparison of experimental and theoretical values 
 
Substitute the actual measured properties into the resistance function so as to obtain theoretical 
values rti to form the basis of a comparison with the experimental values rei from the tests. The 
points representing pairs of corresponding values ( rti, rei ) should be plotted on a diagram, as 
indicated in Fig. 2.3.4. 

 
Figure 2.3.4:  re -rt diagram, Eurocode (2002) 
 
If the resistance function is exact and complete, then all of the points will lie on the line θ=π/4. 
In practice the points will show some scatter, but the causes of any systematic deviation from 
that line should be investigated to check whether this indicates errors in the test procedures or 
in the resistance function. 
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3. MODELLING OF UNCERTAINTIES  
 
This chapter gives an introduction to the modeling of uncertainties. 
 

3.1. Model uncertainties  
 
JCSS (2001), Probabilistic Assessment of Existing Structures, a publication of The Joint Com-
mittee on Structural Safety (JCSS) explains model uncertainties as follows: 
 
In order to calculate the response of a structure with certain (random) properties under certain 
(random) actions use is made of models. In general such a model can be described as a func-
tional relation of the following type: 
 
Y = f (X1,X2,…Xn)                 (3.1.1) 
 
Y    = response of the structure 
f( ) = model function 
Xi  = basic variables (actions and structural properties) 
 
The model function f (..) is usually not complete and exact, so that the outcome Y cannot be 
predicted without error, even if the values of all random basic variables are known. The real 
outcome Y’ of the experiment can formally be written down as: 
 

' '
1 1( ... , ... )n nY f X X θ θ=                  (3.1.2) 

 
The variables θi are referred to as parameters which contain the model uncertainties and are 
treated as random variables. The model uncertainties account for: 
 
-random effects that are neglected in the models 
-simplifications in the mathematical relations 

 
Ideally model uncertainties should be obtained from a set of representative laboratory experi-
ments and measurements on real structures where all values of Xi are measured or controlled. In 
those cases a model uncertainty has the nature of an intrinsic uncertainty. If the number of 
measurements is small the statistical uncertainty may be large. Additionally there may be un-
certainty due to measurement errors both in the Xi and in the Y. Bayesian regression analysis is 
usually the appropriate tool to deal with the above situation. In many cases, however, a good 
and consistent set of experiments is lacking and statistical properties for model uncertainties are 
purely based on engineering judgment. Sometimes comparison between various models may 
help to defend certain propositions. 
The most common way of introducing the model uncertainty into the calculation model is as 
follows: 
 

'
1 1( ... )nY f X Xθ=                  (3.1.3) 

or 
'

1 1( ... )nY f X Xθ= +                  (3.1.4) 
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or a combination of both. The first definition is clarified in Fig 3.1.1. Proposed statistical prop-
erties for θ are given in Table 3.1.1. Eq.3.1.3 is used when θ is lognormally and Eq.3.1.4 when 
θ is normally distributed. 
 
It should be kept in mind that this way the statistical properties of the model uncertainties de-
pend on the exact definition of the model output. A way to avoid this definition dependency is 
to link model uncertainties directly to the basic variables, that is introduce ii XX 1

' θ= . 

 
 
Figure 3.1.1:   Estimation of model uncertainty statistics on a number of tests following defini-

tion, JCSS (2002). 
 
Table 3.1.1:  Recommended probabilistic models for model uncertainties, JCSS (2002). 
 
Model type Distribution Mean COV 
Load effect calculation 
Moments in frames 
Axial forces in frames 
Shear forces in frames 
Moments in plates 
Stresses in 2D solids 
Stresses in 3D solids 

 
Lognormal 
Lognormal 
Lognormal 
Lognormal 
Normal 
Normal 

 
1.0 
1.0 
1.0 
1.0 
0.0 
0.0 

 
0.10 
0.05 
0.10 
0.20 
0.05 
0.05 

Resistance models, steel  (static) 
Bending moment capacity 
Shear capacity 
Welded connection capacity 
Bolted connection capacity 

 
 
Lognormal 
Lognormal 
Lognormal 
Lognormal 

 
 
1.0 
1.0 
1.15 
1.25 

 
 
0.05 
0.05 
0.15 
0.15 

Resistance models, concrete (static) 
Bending moment capacity 
Shear capacity 
Connection capacity 

 
 
Lognormal 
Lognormal 
Lognormal 

 
 
1.2 
1.4 
1.0 

 
 
0.15 
0.25 
0.10 

 
Mean values greater than 1 indicate that the models related to the model uncertainties are cali-
brated to give results corresponding to values at lower percentiles than the mean response. See 
also Fig. 3.1.2. 
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Figure 3.1.2:   Schematic sketch of model uncertainty, Gabrielsson (1999) 
 
Based on the methods describe above, applications on the Källösund Bridge the shear capacity 
according to all models investigated should be calculated for all possible combinations of mate-
rial and other parameters. Then the mean value and coefficient of variation should be deter-
mined. This is not the method used in this thesis but the results from material tests are used to 
determine one value for the compression strength of concrete, one value for the tensile strength 
etc and then the shear capacity is calculated. As a result of this approach there will not be any 
spread of the values given by a specific model. 
 
In NKB 55 (1987), NKB, The Nordic Committee on Building Regulations, Recommendations 
for loading and safety regulations for structural design, the separated limit state equation 
shown in Eq.3.1.5 forms the basis for the definition of model uncertainties: 
 

( ) ( )1, , ... 0nR a f S F Fρ − ≥                       (3.1.5) 
 
Here R is the resistance, a, f and p are different measurements and strengths; S is the load effect 
and 1... nF F are loads. The resistance and load parts can be written as in Eq.3.1.6 and Eq.3.1.7, 
introducing uncertainties related to the design models S0 and R0, where CSi describes load un-
certainties, and CR describes resistance uncertainties: 
 
 ( ) ( )1 0 1 1... ...n S Sn nS F F S C F C F=                                                                                              (3.1.6) 
 
 ( ) ( )0, , , , RR a f R a C fρ ρ=                                                                                                  (3.1.7) 
 
All the uncertainties introduced are assumed to be lognormally distributed with a mean value 
1.0 and a coefficient of variation that represents the uncertainty. NKB 36 (1978) is more de-
tailed in its description of model uncertainties. Account is taken of model uncertainties related 
to material properties via a judgment factor denoted Im. Im is assumed to be lognormally distrib-
uted with a mean value of 1.0 and a coefficient of variation VIm see Eq.3.1.8, and is introduced 
through multiplication by the material parameter in question.  
 

2 2 2
Im I1 I2 I3 1 I1 2 I2 3 I3 mV V V 2( V V V )V  V ρ ρ ρ= + + + + +                                                              (3.1.8) 

 
where VIi takes into account uncertainties related to the calculation model, deviation in strength 
between the material in the structure and the specimen as well as the degree of control, see Ta-
ble 3.1.2 to Table 3.1.4.  
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Table 3.1.2: Coefficient of variation, VI1  and the correlation coefficient 1ρ  from NKB 36 
(1978). 

 Accuracy of the calculation model 
 Good Normal Bad 
VI1 0.04 0.06 0.09 
ρ1 -0.3 0 0.3 
 
 
Table 3.1.3: Coefficient of variation, VI2 and the correlation coefficient 2ρ  from NKB 36 

(1978). 
 Possible deviation in the strength of  

materials in the structure compared  
with that derived from control speci-
mens 

 Small Medium Large 
VI2 0.04 0.06 0.09 
ρ2 -0.3 0 0.3 
 
Model uncertainties regarding actions are assigned to the standard deviation of the judgement 
factor If. For permanent actions this standard deviation is 5% of the expected mean value.  
 
Table 3.1.4: Coefficient of variation, VI3 and the correlation coefficient ρ3, from NKB 36 

(1978). 
 Degree of control on site 
 Strict Normal Slack 
VI3 0.04 0.06 0.09 
ρ3 -0.3 0 0.3 
 

3.2. Types of models for structural analysis  
 
Model uncertainties can be subdivided into: 
-load calculations models 
-load effect calculation models 
-local stiffness and resistance models 
 
The load effect calculation models have to do with the linear or nonlinear calculation of 
stresses, axial forces, shear forces and bending and torsion moments in the various structural 
elements. The model uncertainties are usually the result of negligence of for example 3D-
effects, inhomogenities, interactions, boundary effects, simplification of connection behavior, 
imperfections and so on.  
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4. SHEAR FORCES  
 
In this chapter the theory and code regulations for the different load carrying models for shear 
used in this thesis are presented. In Section 4.2 the failure modes for shear and behavior under 
loading are described. The addition model according to BBK 94 and the variable angle truss 
model used in EC 2 are explained in detail in Section 4.3 and 4.4. Strengthening with Fibre 
Reinforced Polymer, FRP is treated in Section 4.3.6. The theory behind the compression field 
theory, CFT and modified the compression field theory, MCFT are presented in Sections 4.5 
and 4.6.  

4.1 Introduction  
 
There is an illustrative description in Collins and Mitchell (1997) about the shear resistance, 
which is summarized in the following. 
The shear resistance is not a straightforward task to determine. There isn’t any general agree-
ment about the physical model for calculation, which describes the function of construction 
loaded by shear and its behaviour to the ultimate failure. The shear cracks can form in different 
ways in vertical and longitudinal locations along the beam. The crack angle depends on many 
parameters. 
Fig. 4.1.1 illustrates the behaviour of beams tested by Mörsch subjected to increasing levels of 
uniformly distributed loading. The only significant difference between the two beams was that 
one beam contained stirrups while the other did not. As can be seen in Fig 4.1.1, the initial be-
haviour of the two beams was very similar. In both beams flexural cracks developed at midspan 
at a load of about 8 tons and by 20 tons, flexural cracks had developed over most of the span. In 
the beam without stirrups a flexure-shear crack had developed at a load of about 20 tons with a 
shear failure occurring shortly thereafter. The beam containing stirrups continued to carry load 
after flexure-shear cracks had formed. At a load of about 36 tons, new diagonal cracks inclined 
at a flatter angle formed.  The beam finally failed in flexure at midspan at a load of 42 tons.  

 
Figure 4.1.1: Tests of simply supported T-beams subjected to uniformly distributed loads. 

Adapted from Mörsch by Collins and Mitchell (1997) 
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The objective of shear design is to avoid premature brittle shear failures such as that displayed 
by the beam without stirrups described above. The objective is to design members so that their 
shear capacity is high enough to ensure a ductile failure of the type exhibited by the beam with 
stirrups. 

4.2 Failure modes  

 
Figure 4.2.1: Shear failure types, Gabrielsson (1999) 
 
In Fig.4.2.1 the courses to shear failure are presented. (a) Shear tension failure where the tensile 
strength of the concrete in exceeded by the principal tensile stresses. (b) Shear flexure failure 
starting with a flexural crack leading to a shear failure when the compression zone is cut 
through by shear crack. (c) Shear compression failure at the support when the compressive 
stress exceeds the concrete compression strength. 

4.2.1 Behaviour before cracking 
 
The shear force carried by the concrete will be equal to the applied shear force, V. At the cen-
troid of the beam the concrete will be subjected to a shear stress, ν, and a longitudinal compres-
sive stress, fpc, due to the prestress. The resulting principal tensile stress, f1 ,  can be determined 
from Mohr’s circle of stress, in Fig.4.2.2 as 
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Figure 4.2.2: Diagonal cracking in web of prestressed beam, Collins and Mitchell (1997)  
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The principal tensile stress varies over the cross section in the vertical direction because the 
shear stress, ν, varies and because of the moment caused by the eccentricity of the prestress 
force. The shear stresses according to the theory of elasticity in the web is obtained from   
 

z v

SV
I b

τ =       ´           (4.2.2) 

where      S = the static moment, first moment of inertia 
               V = the shear force in the section 
                Iz = the second moment of inertia in z-direction 
               bw = the web width  
 
The compressive stresses, fpc, from the prestress in the web can be calculated using Naviers 
equation. 

P M y
A I

σ = +                  (4.2.3) 

 
where    P        = normal force of prestress 

A         = concrete cross section area 
           M          = Mbend + Mprestress 
           Mbend        = bending moment of loading 
           Mprestress = P⋅es 
            es          = eccentricity of the prestress force 
            I            = second moment of inertia 
            y           = distance to the centre of gravity 
 

bend sM  N eP
A I

σ + ⋅
= +                  (4.2.4) 

4.2.2 Behaviour after cracking  
 
The concrete cracks when f1 reaches the cracking stress, fcr. The shear stress that will cause di-
agonal cracking can be found by rearranging Eq.4.2.1 as  

1 pc
cr cr

cr

f
v f

f
= +                  (4.2.5) 

The inclined cracks will form parallel to the principal compressive stress direction. The inclina-
tion of these cracks can be found from Mohr’s circle, see Fig.4.2.2 as 
 

2tan 2
pc

v
f

θ =                                      (4.2.6) 

4.2.3 Behaviour at failure 
The behaviour from cracking and up to ultimate failure is subject to intensive research. Theo-
ries have been developed to account for the combined actions of torsion, shear, flexure and 
prestress. In the most recent theories even time dependent effects, thermal, shrinkage and creep 
strains are included. Response 2000, Reinforced Concrete Sectional Analysis, a program based 
on the Modified Compression Field Theory, MCFT can present diagrams to illustrate the dif-
ferent stages towards failure, see Appendix D.5 Example of Response calculations. 
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4.3 The Swedish Code BBK94 

4.3.1 Introduction 
 
The design for shear according to Westerberg (2002a) in the Swedish Code BBK94 is based on 
the so-called addition model, where the shear capacity is calculated as a sum of a concrete con-
tribution, Vc+Vp , and a contribution of transverse shear reinforcement, Vs , using concrete com-
pression strut angle of 45˚,  
The addition method is empirical and is not even claiming to describe the behavior of a con-
crete cross section in shear failure. The empirical basis is large, even if there are no full scale 
tests on large constructions as bridges. 
When measuring the tension in the shear reinforcement it has been found that the tension is 
negligible before the first cracks are formed. The tension then increases in the same angle as in 
the 45˚ truss model. This is illustrated in Fig. 4.3.1. The broken line shows the tension calcu-
lated according to the 45˚ truss model and the dots and the continuous line shows the tension 
measured in tests. The lines of the measured tension have the same angle as the calculated ones 
but are transferred parallel a distance which correspond to crack loading or the ‘concrete’ shear 
capacity Vc. 
 

Tension in shear reinforcement 
in test beams according to  
Leonhardt&Walter.The beams 
had same T-crosss section with 
flange width 960 mm, web 
width 160 mm and effective 
height  375 mm. Bending rein-
forcement  6φ 24 in  all beams. 
Spacing of stirrups was same, 
113 mm, but diameter was φ 12, 
10, 8 resp 6 mm. Concrete 
about K30. 
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Figure 4.3.1: Tension in the shear reinforcement according to Leonhardt & Walter. (The figure 
is from the compendium in Reinforced Concrete, KTH), Westerberg (2002b). 
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In the Swedish Code, BBK94 (1994), the resistance for shear is given as 
 

c s p i f

w cc i

V   V V   V    V

0,25b df  VdV
+ + + +⎧⎪≤ ⎨

+⎪⎩
                       (4.3.1) 

 
where 
 
Vc = the concrete contribution 
Vs = the contribution from the transversal reinforcement based on the original 45˚ truss model 

by Mörsh 
Vp = the shear capacity due to prestress and/or axial compressive forces 
Vi = the shear capacity due to variation in effective depth or non horizontal normal force 
Vf = the contribution from the Fibre Reinforced Polymer, FRP strengthening, this term is not in 

BBK94, but is proposed in Täljsten (2003) 
 
In Westerberg (2002b) the BBK model is described as follows: 
 
Fig. 4.3.2 illustrates the BBK model for shear design, the so-called addition model, where the 
capacity is calculated as a sum of the concrete capacity,  Vc+Vp and the capacity of the shear 
reinforcement Vs , assuming that the shear crack inclination is 45°  

 
Figure 4.3.2: Addition model according to BBK 94. (The forces are not drawn in scale in re-

gard to each others.) QAB is the distributed load acting on the top of the beam. 
Notations according to BBK 94.  Figure modified from Westerberg (2002b). 

 
The vertical equilibrium for the ‘grey’ part of the figure gives the force in the inclined compres-
sion strut caused by (Vd - Vi) and the force in the shear reinforcement caused by (Vd - Vi - QAB - 
Vc - Vp).  
 
The vertical equilibrium gives the force in the shear reinforcement (negative moment): 
 
Vd –Vi – QAB – Vs – (Vc+Vp) = 0 (4.3.2) 
Vs = Vd –Vi – QAB – (Vc+Vp) (4.3.3) 
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Note! As can bee seen in Eq.4.3.2 the design shear force can be decreased with the amount of 
QAB,, which corresponds to the loading of  the beam in the area of the inclined shear crack. Ac-
cording to the Swedish Concrete Design Handbook, Construction, AB Svensk Byggtjänst 
(1990), the theoretical shear diagram can be moved towards the nearest support so that the 
shear decreases. The shear will include the load both on the upper and lower flanges. 
 
The horizontal equilibrium for controlling of the web compression failure (negative moment): 
 

d i c w
1  0

2 2
zV V bσ− − =  (4.3.4) 

 
The compression stress is limited to σc ≤νfcc with ν = 0,5 , which gives  (cf. BBK Eq. 3.7.4.1b): 
 
Vd – Vi ≤ 0,25 bw d fcc (4.3.5) 
 
  

4.3.2 Vc , the concrete contribution 
 
For a structure with a constant section the concrete contribution to the shear capacity is calcu-
lated from 
 
Vc=bwd·fv                   (4.3.6) 

 
where            bw = the smallest web-width  

d   = the effective depth  
fv  = the formal shear stress capacity  
 

The formal shear stress capacity is calculated from  
 
fv=ξ(l+50ρ)0.3fct                                             (4.3.7) 
 
where   fct = the concrete tensile strength  

ρ = the reinforcement ratio,  
ρ = Aso/bwd, where Aso is the area of the minimum bending moment reinforcement 

between the zero point of the bending moment and the maximum bending 
moment point. The maximum value of the ratio is set to ρ = 0.02. The term 
l+50ρ consider the dowel effect of the longitudinal reinforcement. 

ξ = is a factor considering the size effect and it is calculated from: 
ξ = 1.4 when d ≤  0.2m 
ξ = 1.6 - d when 0.2 ≤  d ≤ 0.5 m 
ξ = 1.3 - 0.4·d when 0.5 ≤  d ≤  1.0 m 
ξ = 0.9 when 1.0 m ≤  d m  
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4.3.3 Vs , the contribution from the transversal reinforcement 
 
The contribution from the transverse reinforcement is calculated according to the original 
model for shear derived by Mörsch. In this so-called the 45˚ truss model, see Section 4.3.3.1, 
the shear crack has propagated at an angle θ = 45° and the shear reinforcement is designed at an 
angle of β, see Fig. 4.3.3. The shear force resisted by the transversal reinforcement is calculated 
from 

( )0.9 sin cossv sv
s

A f dV
s

β β⋅
= +                              (4.3.8) 

 
Figure 4.3.3: The shear reinforcement term, Vs, is derived looking on a section where the 

shear reinforcement has an angle, P, and the shear depth, z, is assumed to be 
0.9d, where d is the effective depth of the section. Gabrielsson (1999) 

4.3.3.1 The 45˚ truss model 
In the 45˚ truss model, see Collins and Mitchell (1997), the diagonal compressive stresses in the 
concrete act as the diagonal members of the truss while the stirrups act as vertical tension 
members. The bottom chord of the truss consists of the longitudinal tension reinforcement 
while the flexural compression zone of the beam acts as the top chord, see Fig.4.3.4.  

 
Figure 4.3.4: Equilibrium considerations for 45˚ truss, Collins and Mitchell (1997) 
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As the total diagonal compressive force 2

2
wf b jd⋅ ⋅  equals 2V , the principal compressive 

stress is given by 
 

2
2

w

Vf
b jd

=                   (4.3.9) 

 
The longitudinal component of the diagonal compressive force will equal V, see Fig.4.3.4b. 
This force must be counteracted by an equal tensile force, Nv, in the longitudinal reinforcement. 
Hence the tensile force in the longitudinal reinforcement caused by the shear is given by 
 
Nv =V                                   (4.3.10) 
 
From the free-body diagram shown in Fig.4.3.4c, it can be seen that the diagonal compressive 
force, 2 / 2wf b s , has a vertical component of 2 / 2wf b s , which must be balanced by the tensile 
force in the stirrup, Avfv. Substituting for f2 from Eq. 4.3.9 gives 
 

jd
V

s
fA vv =                 (4.3.11) 

 
where Av , is the cross-sectional area of the stirrup legs, s is the stirrup spacing, fv is the tensile 
stress in the stirrups. 
 

4.3.4 Vp , the shear capacity due to prestress and axial compressive forces 
 
In prestressed concrete structures and structures subjected to axial compressive forces the shear 
capacity is raised due to the additional compressive stresses in the section. The increase of the 
shear is represented by the term Vp . The additional term is set to the shear force that represents 
the outer transversal load that causes zero strain in the tension side of the section. In this way 
the compressive forces which prevent bending cracks that could propagate and finally cause a 
shear failure are taken into consideration. The term is expressed as 
 

0

,max

1
1.2p d

n d

MV V
Mγ

=                 (4.3.12) 

 
where   Md,max =   the maximum bending moment due to the design transversal loads in the ac-

tual section. 
              M0    =  the bending moment which gives zero strain in the same section as where 

Md.max appears, see Fig. 4.3.5. 
             1.2γn   =   partial coefficient of safety. It is considered to give the terms Vc and Vp the 

same failure safety level.  
 
In the case of a prestressed concrete structure the zero strain bending moment can be calculated 
using Naviers equation as  
 

0 s

top top

M P eP
W A W

σ ⋅
= = +                (4.3.13) 
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from which 
 

0
top

s

W
M P e

A
⎛ ⎞

= +⎜ ⎟
⎝ ⎠

                (4.3.14) 

where    P     = the effective prestress force in the critical section, i.e. after the initial loss of  
prestress  

e      = the eccentricity of the prestress force 
Wtop = I/y = the bending resistance of the section which is the second moment of iner-

tia, I, divided by the distance, y, to the tensioned edge of the section 
 A    =  the area of the section 
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Figure 4.3.5:  Calculation of the zero strain moment,  M0  which gives the zero strain  in the 

tension side of the beam. Enochsson et al (2004). 

4.3.5 Vi , the shear capacity due to variation in effective depth or non horizontal normal 
force 
 
When calculating Vi , the direction of the resultant of the compression and/or tension forces in 
regard to the direction of the inclined flange shall be considered, see Fig 4.3.2. 
 
Negative moment: 
 
Vi ≈ Fc tan α       (4.3.15) 
 

d i d c
c

tan
2 2

uf ufsum sum

c c

A AM V V M V FF P P
z A z A

α− −
= + − = + −   

 
where   Msum   = Mcorr - Ms 
             Mcorr = Moment corresponding Vd 
             Ms    = P*es 

                       es      = eccentricity of the prestress force 
                    Abf       = cross sectional concrete area of the bottom flange 
                    Ac        = cross sectional concrete area of the beam 
              P        = prestress force 
 

( )

d

c
2

1 tan / 2

bfsum

c

AM VP
z AF

α

+ −
=

−
 (4.3.16) 
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4.3.6 Vf , the contribution from the Fibre Reinforced Polymer, FRP strengthening 
 
In a Handbook for FRP Strengthening of Existing Concrete Structures, Design Guideline, Täl-
jsten (2003), the following derivation of the shear force contribution from composite strips on a 
reinforced concrete beam is presented.  
The following assumptions are made: 

- the composite takes only forces in the direction of the fibre  
- the shear crack inclination is α=45˚  
- the principal tensile stresses are perpendicular to the crack plane 
- the shear capacity is modeled using the truss model  

 
Figure 4.3.6:  Strengthened concrete beam, Täljsten(2003) 
 

0A fV V V= +                 (4.3.17) 
 
where  
 
V0 = Vc+Vs+Vp+Vi               (4.3.18) 
 
Vf = nFf sinβ                (4.3.19) 
 

(cot cot )zn
s

α β+
=                (4.3.20) 

 
Ff=σf,eAf                (4.3.21) 
 

,

(cot cot )
sinf

f f e
f

A z
V

s
α β

σ β
+

=               (4.3.22) 
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The effective stress has to be considered in the composite and its direction relative to the shear 
crack. Fig.4.3.7 shows the relationship between the angle of fracture α, fibre direction β, and 
the angle between the principal tensile stress and the fibre, θ. 

 
Figure 4.3.7:  Relationship between angle α, β and θ , Täljsten(2003) 
 
It then follows: 
 
θ = α + β – 90,  where 45˚ < β < 90˚               (4.3.23) 
 
The effective stress in the fibre, σf,e can be expressed as: 
  
σf,e = σf cos2θ   = εf Ef cos2θ               (4.3.24) 
 
The reduction cos2θ is due to the change of directions of stresses, cos θ, and the change of the 
width, of the stressed area, also with a factor of cos θ. 
 
Giving the contribution of the composite as: 
 

          (4.3.25) 
 
For a beam strengthened with strips in Fig. 4.3.8 gives: 

sin
f

f

b r
s

β
+

=                 (4.3.26) 

 
Figure 4.3.8:  Strengthening with strips, Täljsten(2003) 
 
The contribution of the composite with strengthening on both sides of the beam with vertical 
strips can be expressed as: 
Af  = 2tf bf 
z    = 0.9d 
α    = 45˚ 
β    = 90˚ 
θ    = 45˚ 
                (4.3.27) 
 

2(cot cot )
sin cosf

f f f
f

A z
V E
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α β

ε β θ
+

=

2(1 cot )2 0,9 sin cosf f f f f
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βε β θ+
=



Shear forces 

36 

4.4 EuroCode 
  

4.4.1. Members requiring design shear reinforcement 
 
The design of members according to Eurocode 2 (2002) with shear reinforcement is based on a 
variable angle truss model, described in the following section, see Section 4.4.2. 
Limiting values for the angle of the inclined struts in the web are given in Eq.4.4.1. 
In Fig. 4.4.1 the following notations are shown:  
 
α    is the angle between shear reinforcement and the main tension chord (measured positive as 

shown) 
θ    is the angle between concrete compression struts and the main tension chord 
Ftd is the design value of the tensile force in the longitudinal reinforcement 
Fcd is the design value of the concrete compression force in the direction of the longitudinal 

member axis. 
bw  is the minimum width between tension and compression chords 
z   is the inner lever arm, for a member with constant depth, corresponding to the  maximum 

bending moment in the element under consideration. In the shear analysis, the approximate 
value z = 0.9d may normally be used. 

 
In elements with inclined prestressed tendons, longitudinal reinforcement at the tensile chord 
should be provided to carry the longitudinal tensile force due to shear defined by Eq.4.4.8. 

 
Figure 4.4.1: Truss model and notation for shear reinforced members, Eurocode 2 (2002) 
 
The angle θ should be limited. The recommended limits are given as 
 
1 ≤ cotθ ≤ 2,5                  (4.4.1) 
 
For members with vertical shear reinforcement, the shear resistance, VRd is the smaller value of: 
 

, cotsw
Rd s ywd

AV zf
s

θ=                                        (4.4.2) 



Shear forces 

37 

and 
.max /(cot tan )Rd c w cdV b z fα ν θ θ= +                 (4.4.3) 

 
where: 

Asw  is the cross-sectional area of the shear reinforcement 
s      is the spacing of the stirrups 
fywd  is the design yield strength of the shear reinforcement  
ν      takes account that concrete is cracked in the compression strut and under tension per-

pendicular to the compression.  
 

The recommended value of cα is as follows: 
1 for non-prestressed structures 
(1 + σcp/fcd)          for          0 < σcp ≤ 025 fcd                (4.4.4) 
1,25          for 0,25 fcd < σcp ≤ 0,5 fcd                (4.4.5) 
2,5(1 - σcp/fcd)       for 0,5   fcd < σcp < 1,0 fcd                                                      (4.4.6) 
 
where: 
σcp is the mean compressive stress, measured positive, in the concrete due to the design axial 
force.  
 

0,6 1
250

ckfν ⎡ ⎤= −⎢ ⎥⎣ ⎦
  (fck and σcp in Mpa)                (4.4.7) 

 
The additional tensile force, Ftd, in the longitudinal reinforcement due to shear VEd may be cal-
culated from: 

0.5 (cot cot )td EdF V θ α∆ = −                  (4.4.8) 
MEd/z+Ftd should be taken not greater than MEd,max/z. 

4.4.2 Variable-angle truss model 
 
In Collins and Mitchell (1997) the Eq.4.4.2 and Eq.4.4.3 is derived as follows: 
Fig. 4.4.2 summarizes the equilibrium conditions for the variable-angle truss model.  

 
Figure 4.4.2: Equilibrium conditions for variable-angle truss. Collins and Mitchell (1997) 
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The required magnitude of the principal compressive stresses, f2, can be found from the free-
body diagram shown in Fig. 4.4.2b. Equilibrium requires that the resultant, D, of the diagonal 
stresses must equal V/sinθ. As D must equal f2bw jd cosθ, the principal compressive stress is 
 

( )2 tan cot
w

Vf
b jd

θ θ= +                  (4.4.9) 

 
The longitudinal component of the diagonal compressive force will equal Vcotθ, see Fig.4.4.2b. 
This force must be counteracted by an equal tensile force, Nv, in the longitudinal reinforcement. 
Hence the tensile force in the longitudinal reinforcement due to shear is 
 

cotvN V θ=                 (4.4.10) 
 
From the free-body diagram shown in Fig.4.4.2c it can be seen that the diagonal compressive 
force, f2bwssinθ, has an outward thrust of f2bwssin2θ, which must be counteracted by the tensile 
force, Avfv, in the stirrup. Substituting for f2 from Eq.4.4.9 gives 
 

tanv vA f V
s jd

θ=                (4.4.11) 

 which corresponds to the Eq.4.4.2, the EC2 expression for design of stirrups. 
 
In Westerberg (2002b) the variable-angle truss model is described as follows: 
 
Fig.4.4.3 shows the presumptions in EuroCode 2 variable angle truss model, where all shear 
force is taken by shear reinforcement but the crack inclination and compression strut inclination 
is less than 45° 
 
The vertical equilibrium gives the force in the inclined compression struts of (VEd – Vccd) and 
force in the shear reinforcement (VEd - Vccd – QAB), when the moment is a negative.  
 
The vertical equilibrium for determining of required shear reinforcement, (negative moment). 
 
VEd –Vccd – QAB – VRd,sy = 0               (4.4.12) 
 
VRd,sy = VEd –Vccd – QAB                           (4.4.13) 
 
Note! The design shear can be decreased with the amount of QAB which corresponds to the 
loading of the beam in the area for the inclined shear crack 
 
The whole shear is taken by shear reinforcement which cross the crack, there exist no concrete 
contribution, Vc , compare with Fig.4.3.2. 
 
The shear capacity, VRd,sy, is derived in Eq.4.4.11 respective Eq.4.4.2. 
 
The horizontal equilibrium for control of the web compression failure (negative moment): 
 
( )Ed ccd c wcot cos cos   0V V b zθ σ θ θ− − =                                                                            (4.4.14) 

c w
Ed ccd c w sin cos

cot tan
b zV V b z σσ θ θ

θ θ
− = =

+
                                                                        (4.4.15) 
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The compression stress is limited to σc ≤ νfcc with ν = 0,6 - fck/250 EC2 Eq.6.5. This gives 
 

w cd
Ed ccd cot tan

b z fV V ν
θ θ

− ≤
+

                                                                                                      (4.4.16) 

 
The right hand side of the equation is equal to EC2 Eq.6.8 and Eq.4.4.3 i.e. the capacity for 
compression strut in web. 
The term αc in Eq.4.4.3 allows higher stress in the compressive strut. If the αc term is taken into 
account Eq.4.4.3 becomes 
 

w cd
Ed ccd c cot tan

b z fV V να
θ θ

− ≤
+

                                                                                                 (4.4.17) 

 
the cotθ term can be solved from Eq.4.4.17 as 
 

c w cd

Ed ccd

1cot
cot

b z f
V V
α ν θ

θ
≤ +

−
 

 
further 

2 c w cd

Ed ccd

cot cot 1 0b z f
V V
α νθ θ− + ≥

−
 

and  
2

c w cd c w cd

Ed ccd Ed ccd

4
cot

2

b z f b z f
V V V V
α ν α ν

θ

⎛ ⎞
± − −⎜ ⎟− −⎝ ⎠=    (4.4.18) 

 
Figure 4.4.3: Variable angle truss model according to EC2. (The forces are not drawn in scale 

in regard to each others). Notations according to EC2. Vccd corresponds to 
BBK:s ”Vi” when compression zone is inclined. Figure modified from Wester-
berg (2002b). 
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4.4.3 Vi , the shear capacity due to variation in effective depth or non horizontal normal 
force 

 
When calculating Vi, the direction of the resultant of the compression and/or tension forces in 
regard to the direction of the inclined flange shall be considered. 
 
Negative moment: 
 

i cd tanV F α=  (4.4.19) 
 
 

( ) ( )d i d cd
cd

cot tan cot
2 2

bf bfsum sum

c c

A AV V V FM MF P P
z A z A

θ α θ− −
= + − = + −  (4.4.20) 

 
där   Msum = Mcorr - Ms 
        Mcorr = Moment corresponding Vd 
        Ms    = P*es 

               es     = eccentricity of the prestress force  
             Abf    = cross sectional concrete area of the bottom flange 
            Ac      = cross sectional concrete area of the beam 
         P        = prestress force 
 
Eq.4.4.20 simplified gives 
 

( )

( )( )
d

cd

cot / 2

1 tan cot / 2

bfcorr s

c

AM Pe P V
z AF

θ

α θ

+
+ −

=
−

 (4.4.21) 
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4.5 The Compression Field Theory 
 
In the ASCE-ACI Committee (1998) publication there is an extensive presentation of the dif-
ferent theories concerning shear design of structural concrete. In the following excerpts are pre-
sented concerning the compression field theory. 
The cracked web of a reinforced concrete beam transmits shear in a relatively complex manner. 
As the load is increased, new cracks form while pre-existing cracks spread and change inclina-
tion. Because the section resists moment as well as shear, the longitudinal strains and the crack 
inclinations vary over the depth of the beam, see Fig 4.5.1. 

 
Figure 4.5.1: Example of cracked web of beam failing in shear. ASCE-ACI Committee (1998). 
 
Shear design procedures for reinforced concrete that determine the angle θ by considering the 
deformations of the transverse reinforcement, the longitudinal reinforcement, and the diago-
nally stressed concrete have become known as compression field approaches. With these meth-
ods, equilibrium conditions, compatibility conditions, and stress-strain relationships for both 
the reinforcement and the diagonally cracked concrete are used to predict the load-deformation 
response of a section subjected to shear. 
Kupfer (1964) and Baumann (1972) presented approaches for determining the angle θ assuming 
that the cracked concrete and the reinforcement were linearly elastic. Methods for determining 
θ applicable over the full loading range, based on Wagner’s procedure within the tension field 
theory, were developed by Collins and Mitchell (1974) for members in torsion, and were ap-
plied to shear design by Collins (1978). This procedure was called the compression field theory, 
CFT. 

 
Fig. 4.5.2 summarizes the basic relationships of the CFT. The shear stress, v, applied to the 
cracked reinforced concrete causes tensile stresses in the longitudinal reinforcement, fsx, and the 
transverse reinforcement, fsy, and a compressive stress in the cracked concrete, f2, inclined at 
angle θ to the longitudinal axis. The equilibrium relationships between these stresses can be 
derived from Fig. 4.5.2 (a and b) as 
 

tanv sy cyf fρ υ θ= =                                                                                                               (4.5.1)
  

tanv sx cxf fρ υ θ= =                                                                                                               (4.5.2) 

2 (tan cot )f υ θ θ= +                                                                                                               (4.5.3) 
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where ρx  and ρy are the reinforcement ratios in the longitudinal and transverse directions. 
 

 
Figure 4.5.2: The basic relationships of The Compression Field Theory, CFT. Mitchell and 

Collins (1974) cited from ASCE-ACI Committee (1998). 
 
If the longitudinal reinforcement elongates by a strain of εx , the transverse reinforcement elon-
gates by εy , and the diagonally compressed concrete shortens by ε2 , then the direction of prin-
cipal compressive strain can be found from Wagner’s (1929) equation, which can be derived 
from Mohr’s circle of strain, see Fig 4.5.2.(d) as 
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2 2

2

tan x

y

ε εθ
ε ε

+
=

+
                                                                                                                    (4.5.4) 

 
Before this equation can be used to determine θ, however, stress-strain relationships for the 
reinforcement and the concrete are required. It is assumed that the reinforcement strains are 
related to the reinforcement stresses by the usual simple bilinear approximations shown in Fig. 
4.5.2(e and f).  
 
Based on the results from a series of intensively instrumented beams, Collins (1978) suggested 
that the relationship between the principal compressive stress, f2, and the principal compressive 
strain, ε2, for diagonally cracked concrete would differ from the usual compressive stress-strain 
curve derived from a cylinder test, Fig 4.5.2.(g). He postulated that as the strain circle becomes 
larger, the compressive stress required to fail the concrete, f2max, becomes smaller, Fig 4.5.2.(h).  
 
It was suggested that the diagonally cracked concrete fails at a low compressive stress because 
this stress must be transmitted across relatively wide cracks. If the initial cracks shown in Fig 
4.5.2.(a) formed at 45º to the longitudinal reinforcement, and if θ is less than 45º, which will be 
the case if ρy is less than ρx, then significant shear stresses must be transmitted across these ini-
tial cracks Fig 4.5.2.(b). The ability of the concrete to transmit shear across cracks depends on 
the width of the cracks, which, in turn, is related to the tensile straining of the concrete.  
 
After the stirrups have yielded, the shear stress can still be increased if θ can be reduced. Re-
ducing θ will increase the tensile stress in the longitudinal reinforcement and the compressive 
stress in the concrete. Failure will be predicted to occur either when the longitudinal steel 
yields, or when the concrete fails. Moment will increase the longitudinal tensile strain εx, which 
will reduce the shear capacity.  
 
The difference between the Compression field theory with no influence of the tensile stresses 
accounted in the cracked concrete and the Modified compression field theory can bee seen in 
Fig. 4.5.3. 

 
 
Figure 4.5.3: Stress fields in web of reinforced concrete beam, Collins and Mitchell (1997) 
 

4.6 Modified compression field theory 
 
The modified compression field theory, MCFT is based on the research of Michael P Collins 
and his co-workers at the University of Toronto during the last 30 years. The method is used at 
the present in the American Codes, AASHTO (2002) and in the Swedish design handbook for 
High Performance Concrete Structures, HPCS (2000).  
 
Before the web of the beam cracks the shear is carried by the diagonal tension and compression 
stresses in the direction of the principal stresses. The principal stresses acts at an inclined angel, 
θ, to the longitudinal axis of the beam, see Fig.4.6.1. After increasing the loading the tensile 
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stresses exceed the tension capacity of the concrete and diagonal cracks will form. This leads to 
rearrangement of the internal stresses in the section. The tensile stresses decrease and the shear 
reinforcement become activated. The tensile stress varies from zero in the cracks to the maxi-
mum value in the middle of the cracks. In the modified compression field theory the shear is 
carried by diagonal compression stresses, f2, tension in the stirrups and diagonal tension 
stresses, f1, in the concrete between the cracks, see Fig.4.5.3.c and Fig.4.6.2.  
 
 
 
The shear stress ν, in the web is assumed to be uniformly distributed 

v v

Vv
b d

=                   (4.6.1) 

The maximum shear stress can be expressed with the Mohr’s circle as 
 

1 2 1 2
1 2sin 2 ( )sin cos

2 tan cot
f f f fv f fθ θ θ

θ θ
+ +

= = + =
+

               (4.6.2) 

where     f2  = principal compression stress 
              f1 = principal tension stress 
             θ = angel between diagonal strut and the longitudinal axis of the beam 

   

 

f2 
f1 

ν

ν
α 

f2 f1 

ν 
α 2α 

a) b)  
Figure  4.6.1: Stresses in a beam loaded in shear 
                        a) Stresses acting on an infinitesimal element in the web of the beam  
                        b) Mohrs circle for shear stresses ν and principal stresses f1 and f2.  
                           Figure modified by Ola Enochsson from Gabrielsson (1999). 
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Figure 4.6.2:  The equilibrium in the modified compression field theory.  
                       Figure modified from Gabrielsson (1999) 
 
 
The diagonal compression stresses pull the flanges apart but the tension stresses normal to the 
cracks keep the beam together.  Because the compression stresses, f2, can become much higher 
than the tension stresses, f1, the difference must be taken by the tension in the stirrups. This 
equilibrium can be expressed as, see the left hatched area in Fig.4.6.2. 

( )2 2
2 1sin cosv v vA f f f b sθ θ= −                   (4.6.3) 

where 
fv = the average stress in the stirrups 
 
with f2 from the Eq.4.6.2 gives  
 

1
cotcot v

v v v v c s
dV f b d A f V V

s
θθ= ⋅ + = +                    (4.6.4) 

 
The equation expresses the load carrying capacity for shear as a sum of the concrete contribu-
tion, due to the tension in the concrete and, the shear reinforcement contribution due to the ten-
sion in the stirrups. 
 
If there is no axial forces acting on the section the axial component of the diagonal compression 
shall be taken by tension in the axial reinforcement. The equilibrium in axial direction can be 
expressed as, see the right hatched area in Fig.4.6.2. 
 
Nv = Asxfl  + Apxfp = (f2cos2θ – f1sin2θ)bvdv                       (4.6.5) 
 
where fl and fp are the average stresses in the axial reinforcement and the prestressed reinforce-
ment, f2 from the Eq.4.6.2 gives  
 
Nv = Asxfl  + Apxfp = Vcotθ – f1bvdv                       (4.6.6) 
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When the web of the beam cracks, the average stresses, f1, decreases and the principal strains, 
ε1, increases. The tensile stresses in the cracked concrete stiffen the beam, reduce the strains in 
the concrete and make it possible for the beam to resist larger shear forces before the beam 
fails. 
 
The stresses in the cracks differ from the average stresses being calculated with in the equations 
above. The tension stresses in the concrete in cracks become zero but the stresses in the stirrups 
increase. The load carrying capacity for shear is limited by the capability of the crack to trans-
fer the forces across the crack. When the shear is still low the tension is transferred over the 
crack by locally increased stresses in the stirrups. When the shear is increased the stirrups reach 
the yielding limit in the crack. At even higher shear forces the local shear stresses, vci, on the 
surface of the crack need to be activated to transfer the tension stresses across the crack, see 
Fig.4.6.3. When the principal strains and the crack widths increase the shear capacity in the 
web is limited by the ability of the cracks to transfer the stresses across the crack. Coarseness of 
the crack surface gives the upper limit for the load transferring capacity across the crack, se 
Fig.4.6.3a.  
  
When the concrete has cracked the forces in the crack have to be equal in amount with the 
forces in the space between the cracks. Equilibrium gives the upper limit for the average tensile 
stresses see Fig.4.6.3b. 

                   
  
 

 
                                     (4.6.7)                
 
 
                                     (4.6.8) 
 
 

 
Figure 4.6.3: a) Local shear stresses, vci , in the crack, Collins, Mitchell (1997) 
                      b) The two cross sections used in the Eq.4.6.7 to calculate the upper limit for the 

average principal tension stresses. In the crack, cross section A-A, the stirrups 
are yielding.  Section B-B is located in the space between the cracks              
Figure modified from Gabrielsson (1999) 
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Assumptions made in the Modified Compression Field Theory, MCFT are presented in Fig. 
4.6.4. The method is further explained and exemplified in Appendix D. 

 
Figure 4.6.4: Assumptions made in the Modified Compression Field Theory, MCFT, 

Bentz(2000) 
 
Bentz have modified the tension stiffening relationship given in Fig.4.6.4 to better take the size 
effect into the consideration. The relationship used by Bentz is dependent on whether the 
cracked concrete is well reinforced or poorly reinforced. The tension stiffening is largely a 
bond phenomenon. That is, it is the bond between the reinforcing bar and the concrete that 
causes any tension to develop in the concrete between cracks. Thereby at locations where the 
concrete is reinforced with closely spaced array of small diameter bars, the average tensile 
stress in the cracked concrete can be expected to be higher than at locations reinforced with a 
widely spaced array of large diameter bars. An appropriate parameter to indicate the bond char-
acteristics of different arrays of reinforcement is to divide the area of concrete in tension by the 
perimeter of all the reinforcing bars bonded to the area.  
 
For well reinforced cracked concrete following relationship is proposed: 
 

1
11 3,6

tff
m ε

=
+ ⋅

                            (4.6.9) 

c

b

Am
d π

=
∑

 

where 
m = the bond parameter in millimeters 
Ac = the area of concrete effectively bonded to the bar 
db = diameter of bar in concrete stiffened area 
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4.7 Size effect in shear 
 
In an article “Safe Shear Design of Large Wide Beams” by Adam Lubell et al (2003), the size 
effect is described. Here are some highlights from the article: 
 
The ACI 318-02 basic expression for shear capacity, V, is: 
 

'2c c wV f b d=                  (4.7.1) 
 
It is intended to be a conservative estimate of the shear failure load of sections not containing 
shear reinforcement. It was not appreciated that for members without stirrups, the shear stress at 
failure decreases as the members become larger. This decrease in failure shear stress as member 
size increases is called the "size effect" in shear.  
 
The most extensive experimental investigation of the size effect in shear was conducted by Shi-
oya et al in Japan. The main results of this work are summarized in Fig.4.7.1, where it can be 
seen that the shear stress at failure decreases, both as the member depth increases and as the 
maximum aggregate size decreases.  
 
The simplest explanation of the size effect in shear is the larger crack widths which occur in 
larger members. 

 
Figure 4.7.1:  Influence of member depth and maximum aggregate size on shear stress at fail-

ure (test by Shioya), Lubell et al (2003). 
 
 Crack widths increase nearly linearly both with the tensile strain in the reinforcement and with 
the spacing between cracks. Shioya observed that the crack spacing at middepth of his beams 
was about equal to half the depth of the beams. Hence, for the same reinforcement strains, dou-
bling the depth of the beam will double the crack widths at mid-depth.  
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Using the parameters identified by the Modified Compression Field Theory (MCFT), Collins 
and Kuchma suggested the following expression for the shear capacity of members not contain-
ing stirrups: 
 

'115
50c c w

c

V f b d
s

=
+

                           (4.7.2) 

with '
cf  not to be taken greater than 100 psi. The effective crack spacing parameter s, ac-

counts for the influence of the crack spacing s, and the maximum aggregate size a in the follow-
ing manner: 
 

1.38
0.63

x
e

ss
a

=
+

                                                                                                                         (4.7.3) 

 
The crack spacing sx, is taken as 0.9d for members that have only concentrated reinforcement 
near the flexural tension face, or as the maximum distance between the layers of longitudinal 
reinforcement if the members contain intermediate layers of crack control reinforcement. To be 
effective, each layer of such reinforcement should have a total area of at least 0.003bwsx and the 
individual bars should not be spaced further apart than 24 in. (600 mm). 
 Comparisons of test results from beams with and without intermediate layers of crack control 
reinforcement clearly demonstrate that it is distance away from the reinforcement rather than 
the total depth of the beam which dictates the magnitude of the size effect in shear. This point is 
illustrated in Fig.4.7.2, where it can be seen that the addition of three layers of intermediate 
longitudinal bars greatly reduced the crack spacing near mid-depth and increased the shear ca-
pacity by more than 50 %. The ACI expression for V, provided as Eq.4.7.1, predicts that both 
beams shown in Fig. 4.7.2 would have shear strength of 318 kN. The MCFT based expression, 
Eq.4.7.2, predicts shear failure loads of 198 kN for the member without intermediate layers of 
reinforcement and 302 kN for the member with such layers. 

 
Figure 4.7.2:  Influence of distribution of longitudinal reinforcement on cracking pattern and 

shear strength of two companion beams, Lubell et al (2003). 
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5. APPLICATIONS TO THE KÄLLÖSUND BRIDGE  
 
Sections 5.1-5.4 are excerpts from Enochsson et al (2004), where a more profound description 
of the material assessment is found. More detailed descriptions are available in Hallgren T 
(2002), Classification calculations, The Källösund Bridge, FB Engineering. In Sections 5.5-5.6 
calculations according to BBK 94 and EC 2 are presented in the ultimate limit state. Corre-
sponding calculations in the serviceability limit state are presented in Enochson et al (2004). In 
Section 5.8 cross sectional analyses are carried out with the program Response 2000 and in 
Section 5.9 probabilistic calculations are presented using the program VaP. The Källösund 
Bridge is planned to be strengthened with Fibre Reinforced Polymer. In Section 5.10 this 
strengthening method is investigated. In Section 5.11 a summary is given of the shear capacity 
of one critical cross section as well as a comparison between codes. The calculations for all 
sections in span 3-4 with BBK 94 and EC 2 are summarized in Section 5.12.  
 

5.1 The Källösund Bridge  

5.1.1 Description of the bridge  
 
The Källösund Bridge (O497) is a prestressed concrete box girder bridge constructed with the 
free cantilevering method, see Fig 5.1.1-7. It was constructed with the concrete cast in-situ. It is 
freely supported at each end and the cantilevers are connected to each other by hinges that al-
low for expansion. The bridge was built in 1958 - 1959, as a part of the road link connecting the 
islands Tjörn and Orust, on the Swedish west coast, to the mainland. The bridge is further de-
scribed in Plos (2003) and Enochsson et al (2004). 

5.1.2 General 
 
In connection to a planned replacement of deteriorated edge beams on the bridge, there was a 
need to move the traffic in the transverse direction. To investigate the effect of this movement 
the FB Engineering, Gothenburg, Sweden, performed calculations, (Bro O497, 2002). Accord-
ing to these calculations the bending moment capacity in the end spans so was also the capacity 
for interacting shear and torsion moment along parts of the bridge too low, see Fig.5.1.1.   

5.1.3 Geometry 
 
Fig.5.1.1 shows an elevation from the south and a plane of the Källösund Bridge (O497). Criti-
cal cross sections, which were identified in the FB Engineering calculations, are marked in the 
figure with arrows for bending moment in the end sections of the bridge and with hatched areas 
for interacting shear and torsion moment. 
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Figure 5.1.1:  Elevation facing south, a plan and critical cross sections of the Källösund      
                        Bridge (O497). Critical cross sections are marked with arrows for bending mo-

ment in the end sections of the bridge and hatched areas for interacting shear 
and torsion moment. Dimensions and level marks are in meters. The figure is 
modified by Ola Enochsson from the drawing by FB Engineering, Gothenburg 
(2003. 

 
 

Height  of  the beam  

Casting joint 

Thickness of the bottom slab 

Cross section 

Span 

Width of  the traffic area 
[ ] ]

 
 
Figure 5.1.2:  Elevation and division of the cross sections in the span 3-4, with the height of   

the beam, thickness of the bottom slab and the width of the driving lanes of re-
spective cross section. The placement of the longitudinal prestressed reinforce-
ment is shown by the lines in the upper face of the beam. The figure is modified 
by Ola Enochsson from the drawing by FB Engineering, Gothenburg (2003). 
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Figure 5.1.3: Cross section s = 29,5m span 3-4 with dimensions. The figure is modified by Ola 

Enochsson from the drawing by FB Engineering, Gothenburg (2003). 
 
 

 
Figure 5.1.4: Not prestressed and transversal prestressed reinforcement of the cross section  

s= 29,5 m,  span 3-4. Transversal reinforcement is marked with arrows, longitu-
dinal reinforcement with reference lines and transversal prestressed reinforce-
ment with bold continuous lines in the roadway slab. The figure is modified by 
Ola Enochsson from the drawing by FB Engineering, Gothenburg (2003) 

 

 
 
Figure 5.1.5: The height of the cross section and the centre of the prestressed reinforcement 

measured from the lower face of the beam. The figure is modified by Ola 
Enochsson from the drawing by FB Engineering, Gothenburg (2003). 
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Figure 5.1.6: Number and placement and centre of cables of prestressed reinforcement meas-

ured from lower face of the beam to the left of the cross section s = 29,5 m, se 
also figure 4.5. The figure is modified by Ola Enochsson from the drawing by 
FB Engineering, Gothenburg (2003). 

 
 

 
Figure 5.1.7: Number and placement and centre of cables of prestressed reinforcement meas-

ured from lower face of the beam to the right of the cross section s = 29,5 m, se 
also figure 4.5. The figure is modified by Ola Enochsson from the drawing by 
FB Engineering, Gothenburg (2003). 

 
 

5.2 Material data 
Tests of the material properties were performed during the year 2001 in connection with the 
new calculations. The tension tests of the not prestressed reinforcement are presented in Table 
5.1.1 and the compression and splitting tests of concrete in Table 5.1.2 and Table 5.1.3 respec-
tively. The locations of the drilled samples are shown in Fig.5.1.8. 
 
In Table 5.1.3 the splitting strength is presented as it was evaluated according to SP, Swedish 
National Testing and Research Institute, see FB Engineering (2002), and the conversion values 
corresponding to the cylinder of diameter 150 mm according to Eq.5.2.1.  

 
100
,150

,
ct split

ct split

f
f

φ
φ

ρ
=       (5.2.1) 

where ρ  = 1,07 according to Eq.2.10 in Jeppsson et al (2004). The tension strength is also cal-
culated in the table as 0,8 times the splitting strength according to Section 7.3.3.1 in BBK 94. 
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Table 5.1.1: Tension tests of the reinforcement, FB Engineering (2002)    

Specimen nr 1 2 3 4 5 6 7 8 9 10 11 12 Mean Std 
dev 

COV 

Ks 40 ø10,  
σsu [MPa] 440 440 430 450 430 450 460 460 450 450   446 10,7 0,02 

Ks 40 ø12,  
σsu [MPa] 420 410 420 430 430 460       428 17,2 0,04 

Ks 40 ø16,  
σsu [MPa] 440 430 410 410 410 410 460 440 460 470 440 430 434 21,5 0,05 

 

 

Figure 5.1.8: Location of the 12 drilled concrete cylinders with diameter of 100 mm and length 
200. The specimens are taken on the inside of the web of the beam, FB Engineer-
ing (2002).    
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Table 5.1.2: Compression tests of concrete, FB Engineering (2002).    

Label Level  
[cm] 

φ  
[mm

]

Height 
[mm] 

Density 
[kg/m3] 

Compression strength 
[MPa] 

A 2-12 93,8 93,2 2370 65,6 
C 2-12 93,6 95,0 2410 65,8 

E 2-12 93,6 95,4 2450 87,4 

G 2-12 93,8 96,6 2420 71,2 

I 2-12 93,8 94,6 2400 75,6 

K 2-12 94,0 95,2 2390 68,7 

M 2-12 93,8 95,6 2420 91,3 

Q 2-12 93,5 96,6 2400 77,9 

Compl.     90,4 

    Mean 77,1 
    Stddev 10,32 

    COV 0,13 

Table 5.1.3: Splitting strength of drilled out concrete cylinders, FB(2002) and converted val-
ues for tension strength of concrete according to Jeppsson et al (2004). 

Label Ø 
[mm] 

Height  
[mm] 

Density 
[kg/m3] 

Splitting strength
Ø 100 mm 

[MPa] 

Splitting strength 
Ø 150 mm 

[MPa] 

Tension 
strength 
[MPa] 

D 94 128 2400 3,8 3,55 2,84 
F 94 126 2400 3,5 3,27 2,62 
H 94 129 2400 3,6 3,36 2,69 
J 94 126 2400 3,7 3,46 2,77 
L 94 129 2400 3,2 2,99 2,39 
N 94 127 2400 3,6 3,36 2,69 

Compl.    4,7 4,39 3,51 
Compl..    3,7 3,46 2,77 
Compl..    4,1 3,83 3,07 
Compl..    3,5 3,27 2,62 

   Mean 3,74 3,49 2,80 
   Stddev 0,41 0,38 0,31 
   COV 0,109 0,109 0,109 
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5.2.1 Evaluation of the tension strength, fy , of the reinforcement  
 
According to BBK 94 (1994), Section 7.5.2 the characteristic yielding strength can be obtained 
as 

1,4yk x xf m s≤ −       (5.2.2) 

where fyk is the characteristic yielding strength of reinforcement, mx is the mean value of all 
samples in the measured population (at least 6 samples), sx is the standard deviation and x is  
the material strength of a single sample. The values evaluated in this way are presented in the 
second column in Table 5.2.1. 
 
In the third column of Table 5.2.1 the values obtained from a statistical evaluation according to 
Jeppsson et al (2004) are presented. In this method the characteristic values are calculated as 
the 5% fractile of an upgraded lognormal distribution with the mean value µ and standard de-
viation σ  according to Eq.5.2.3. 
 

 1exp (0,05)ykf σµ
µ

−⎛ ⎞
= − Φ⎜ ⎟

⎝ ⎠
 (5.2.3) 

where the value Φ-1(0,05) = 1,645 of the inverse function of the standardized  normal distribu-
tion. This is a conservative requirement compared with BBK. The characteristic values become 
even smaller because of a large coefficient of variation, COV, in a Bayesian updating, where 
the test results were weighted together with old test results by Degerman (1981). 
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Table 5.2.1:   Summary of the tension strength for the reinforcement. Nominal design values 
and evaluated values according to BBK 94 (1994) and Jeppsson et al (2004). 
Partial coefficients ηγm and  γn according to BBK are 1,15 and 1,2 respectively. 

 Nominal
[MPa] 

BBK 
[MPa] 

Statistics 
[MPa] 

 Mean, fym – 446 450 
 Coefficients of variation, COV – 0,024 0,085 
Ø 10 Characteristic, fyk 400 431 392 

 Design, fst 
400

m nηγ γ
 

431

m nηγ γ
 

392

m nηγ γ
 

 Mean, fym – 428 436 
 Coefficients of variation, COV – 0,040 0,081 
Ø 12 Characteristic, fyk 400 404 382 

 Design, fst 
400

m nηγ γ
 

404

m nηγ γ
 

382

m nηγ γ
 

 Mean, fym – 434 437 
 Coefficients of variation, COV – 0,050 0,082 
Ø 16 Characteristic, fyk 400 404 382 

 Design, fst 
400

m nηγ γ
 

404

m nηγ γ
 

382

m nηγ γ
 

 

5.2.2 Prestressed reinforcement 
The prestressed reinforcement in the cross section consists of 78 tendons Ø 26. According to  
FB Engineering (2002) the mean and characteristic values for yield, ultimate limit, modulus of 
elasticity respective yield strain are estimated to fym = 860 MPa, fyk = 800 MPa, fum = 1 110 
MPa, fuk = 1 050 MPa, Em = 177,5 GPa, Ek = 174 GPa and εg = 0,07. In the calculations somewhat 
lower values of fstk = f0,2 = 770 MPa, fstuk = 1 000 MPa are used. Corresponding design values 
become with  ηγmγn = 1,15·1,2 = 1,38 for prestress and ηγmγn = 1,05·1,2 = 1,26 for the modulus 
of elasticity: fyd = 558 MPa, fud = 725 MPa and Ed = 138,1 GPa. 
The reinforcement was initially prestressed up to σ0 ≈ 0,773fyk = 0,773⋅800 = 617,8 MPa which 
corresponds to the prestress force at time t0, P0 = σ0Ap = 617,8⋅41 412 ≈ 25 584 kN. After 
losses of the prestress due to creep and relaxation the stress is assumed to be σt = 0,85σ0 = 525 
MPa which gives the prestress force at time t2 as Pt = 21 746 kN (= 0,85P0). 

5.2.3 Evaluation of the concrete compression strength, fcc 

 
According to BBK 94 (1994), Section 2.4.1, the characteristic value fcck corresponds to 85 % of 
the lower 5 % -fractile of the compression cylinder strength with size 150 mm in diameter and 
300 mm in height, stored in the water at 20 ±2ºC temperature until testing and the testing per-
formed according ISO 4012. The corrections factor 0,85 considers the long term effects . 
According to the Section 7.3.3.3 in BBK the measured compression strength of the drilled cyl-
inders with diameter Ø100 mm and height 100 mm is allowed to be taken as the strength of the 
cube with sides of 150 mm. 
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Conversion between strength of cylinders, fcyl and dry stored cubes, fcub is discussed in the High 
Performance Concrete Structures, Design Handbook, HPCS (2000) in the Section 3.6 under 
Design Properties. For high performance concrete (fcub = 80-130 MPa) the following relation is 
suggested 

 fcyl = ρ fkub = 0,82 fkub  (5.2.4) 

For lower strengths (fcyl = 8 - 50 MPa) we have according to SS 13 72 07 

 fkub = 1,35 fcyl  i.e. fcyl = 0,74 fcub   (5.2.5) 

To be on the safe side the later expression is used on the test results in Table 5.2.2 and the mean 
value for the concrete compression strength is obtained as fccm = 0,74·77,1 = 57,0 MPa. 
 
According to BBK 94 (1994), Section 7.3.3, the compression strength can be evaluated accord-
ing to two methods, method A and method B. The method B is explained closer. 
 
If there is at least six samples available the method B can be applied:  

 1,4expKK
sf m

m
−⎛ ⎞≤ ⋅ ⎜ ⎟

⎝ ⎠
 (5.2.6)

  

 
5

0,8
KK

KK

f
x

f
−⎧

≥ ⎨
⎩

 (5.2.7) 

where  fKK is the required compression strength in MPa for the dry cubes for different strength 
classes according to Table 7.3.3.3a in BBK 94 and x is the compression strength of a single 
sample, m = mean value of all samples and s = standard deviation, at least 2 MPa. 
With the method B we obtain fKK ≤ 77,1⋅exp(-1,4⋅0,134) = 63,9 MPa. 
According to Table 7.3.3.3a in BBK fKK ≥ 62 MPa corresponds to the strength class K80 which 
according to Table a in Section 2:4.1 gives fcck = 56,5 MPa and according to Table a  in Section 
2.4.2, fctk = 2,65 MPa. 
 
In the evaluation using the statistical method the tests of Degerman (1981) have been used to-
gether with a maturation model to update the compression strengths. These values have been 
compared with the values obtained from the compression tests of the currently drilled cylinders 
and then weighted together by Bayesian updating. The maturation model is quite conservative; 
the compression strength becomes low because of large coefficients of variation used in the 
model.  
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Table 5.2.2:   Summary of the concrete compression cylinder strength. Nominal design values 
and evaluated values are according to BBK 94 (1994), and Jeppsson et al 
(2004).  Partial coefficients ηγm and γn get according to BBK the values 1,5 and 
1,2 respectively. 

 
 Nominal 

[MPa] 
BBK 
[MPa] 

Statistics 
[MPa] 

Mean, fccm – 57,0 55,0 
Coefficient of variation, COV – 0,143 0,125 
K-class K 40 K 80 – 
Characteristic, fcck 28,5 56,5 44,7 

Design, fccd 
28,5

m nηγ γ
 

56,5

m nηγ γ
 

44, 7

m nηγ γ
 

5.2.4 Evaluation of the concrete tension strength, fct 

According to BBK 94 (1994) the concrete tension strength can be evaluated from concrete 
compression strength and according to the previous section fctk = 2,65 MPa was obtained for 
concrete K80. 
 
According to BBK 94 (1994), Section 7.3.3, the concrete tension strength can be evaluated 
from the existing structure in the same way as the concrete compression strength, according to 
two methods, A and B. 
 
With the method B the following is obtained; fTK ≤ 2,8⋅exp(-1,4⋅0,109) ≈ 2,4 MPa. Table 
7.3.3.3b in BBK gives with fTK ≥ 2,1 MPa the strength class T 2,5 which according to Section 
2.4.2 gives fctk = 2,5 MPa in the serviceability limit state. It is allowed to interpolate between 
the strength classes to increase the allowable tension strength in the serviceability limit state 
according to Section 2.4.2 in BBK. This gives fctk = 2,5 + 0,5(2,4 – 2,1)/(2,5 – 2,1) = 2,875 
MPa. It is not possible to determine any tension strength in the ultimate limit state with this 
method. 
 
In Table 5.2.3 another evaluation performed by Jeppson et al (2004) according to a statistical 
method is presented. In this evaluation tests of Degerman (1981) have been used together with 
a maturation model to update the tension strengths. These values have been compared with the 
tension strength values obtained from the compression tests of the currently drilled cylinders 
and then weighted together by Bayesian updating. The maturation model is quite conservative; 
the tension strength becomes low because of large coefficients of variation used in the model.  
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Table 5.2.3:  Summary of the concrete tension strength. The nominal design values and the 
evaluated values are according to BBK 94 (1994), and Jeppsson et al (2004). The 
values in the parenthesis are valid only in the serviceability limit state.  Partial 
coefficients ηγm and γn get according to BBK the values 1,5 and 1,2 respectively in 
the ultimate limit state. 

 Nominal 
[MPa] 

BBK 
[MPa] 

Statistics 
[MPa] 

Mean, fctm – (2,80) 2,86 
Coefficient of variation, COV – 0,109 0,164 
K- or T-class K 40 K 80 (T 2,875) – 
Characteristic, fctk 1,95 2,65 (2,875) 2,18 

Design, fctd 
1, 95

m nηγ γ
 

2, 65

m nηγ γ
 

2,18

m nηγ γ
 

5.3 Loading 
The load effects presented in Table 5.3.1 are calculated with Strip Step 3 and SP 88 in the ini-
tial calculation; see FB Engineering (2002). The values in Table 5.3.1 are based on the charac-
teristic load case according to Swedish Road Administration, Vägverket (1998). For the vari-
able loads the maximum/minimum cross sectional forces (hatched cells) row by row together 
with the other corresponding in the same time acting cross sectional forces are presented. For a 
more detailed presentation of loads, see Appendix A. 
Table 5.3.1:   Characteristic cross sectional forces in span 3-4, cross section s = 29,5 m, when 

the boggie load B= 210 kN. Partial coefficients for load combination A according 
to Vägverket (1998). 

 ψγ T 
[kNm] 

M 
[kNm] 

V 
[kN] 

Self weight  1 750,54 -31 400,00 2 780,81 
Pavement  1 82,81 -7 086,82 598,09 
Traffic Tmax  1 710,00 -3 594,21 606,65 
 Mmin 0,7/1,3 733,56 -16 900,00 945,57 
 Vmax  1 190,00 -10 900,00 1 277,48 
Surface load (PB ) Tmax  1 520,00 -2 147,71 203,12 
Pedestrians and bicycles Mmin 0,2/1,3 1 210,37 -4 229,06 276,84 
 Vmax  1 370,00 -4 190,53 302,77 
Brake forces Tmax  11,20 -254,75 12,43 
 Mmin 0,7/1,3 1,19 -671,29 32,75 
 Vmax  1,19 -671,29 32,75 
Crosswalk construction    Tmax  4,22 -259,66 7,84 
 Mmin 0,4/1,3 3,28 -278,82 18,86 
 Vmax  3,28 -278,82 18,86 
Side forces Tmax  50,57 -5,90 0,29 
 Mmin 0,7/1,3 -28,26 -10,42 0,51 
 Vmax  -28,26 -10,42 0,51 
Wind load Tmax  385,95 -74,09 3,61 
 Mmin 0,6/1,3 385,95 -74,09 3,61 
 Vmax  385,95 -74,09 3,61 
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 Cross sectional forces from Table 5.3.1 are combined with corresponding forces according to 
the load combination A, Vägverket (1998). Generally cross sectional forces are combined to a 
total load effect for the verification of the load carrying capacity in the ultimate limit state ac-
cording to  

 ( ) ( )d k hk kS G Q Qψγ ψγ ψγ= + +∑ ∑  (5.3.1) 

where Gk permanent loads  
  Qhk the main load 
  Qk the other variable loads 

The following illustrates the principle of combination of loads to the total shear force: 

The first alternative combination with ψγtraffic = 1,3 gives 

( )1,0 +0,2 0,7 0,4d Selfweight Pavement Traffic PB Brake CrosswalkV V V V V V V= + + + +1,3  (5.3.2) 

i.e. the traffic load is included with its design value. 
 

The second alternative combination with ψγtraffic = 1,0 gives 
 

 ( )1,0 +0,2 0,7 0,4d Selfweight Pavement Traffic PB Brake CrosswalkV V V V V V V= + + + +1,0  (5.3.3) 

i.e. the traffic load is included with its characteristic value. 
 

The last alternative combination with ψγtraffic = 0,7 gives 
 

 ( )1,0 +0,2 0,7 0,4d Selfweight Pavement Traffic PB Brake CrosswalkV V V V V V V= + + + +0,7  (5.3.4)
  

 
i.e. the traffic load is included with its mean value.  

  

Table 5.3.2:  The maximum shear  force with corresponding cross sectional forces in the span 
3-4, cross section s = 29,5 m due to loads according to load combination A,  Väg-
verket (1998), when the boggie load B = 210 kN. 

 
 Mean values 1 Characteristic values 2 Design values 

 T 
[kNm] 

M 
[kNm] 

V 
[kN] 

T 
[kNm]

M 
[kNm] 

V 
[kN] 

T 
[kNm]

M 
[kNm] 

V 
[kN] 

Vmax 1 942,5 -47 540,0 4 364,2 2 299,5 -50,810,0 4 747,4 2 656,5 -54 080,0 5 130,6
Not: 1. Notation ’mean value’ refer only the traffic load, see Eq.5.3.2. 
 2.   Notation ’characteristic value’ refer only the traffic load, see Eq.5.3.3. 
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5.3.1 Equivalent deterministic cross sectional forces  
 
Based on the combined effect of the cross sectional forces in a critical cross section according 
to the theory of elasticity, see Table 5.3.2, the equivalent shear force for one web can be calcu-
lated as 
 

 max

2 2
corr

eq
V TV

b
= +  (5.3.5)  

where   Tcorr = the torsion moment corresponding to maximum shear force, Vmax  
             b     = the distance between centre lines of the webs of the box section 
             At the same time there also acts a bending moment (on one half of the cross section) 

with the amount of half of the total corresponding cross sectional bending moment.  
 
An example is given below on how the design cross sectional shear force is calculated based on 
load combination A with B = 210 kN : 
 
Maximum design shear force, ,d eqV  when B = 210 kN 
With the shear force Vd, max = 5130,6 kN and the corresponding torsion moment Td, corr = 2656,5 
kNm, the equivalent shear force is obtained as 

 ,
5130,6 2656,5 2857 kN

2 2 4,55d eqV = + ≈
⋅

 

with the corresponding bending moment Md, corr = -27 040 kNm for a half  of the cross section. 

Equivalent shear forces with corresponding bending moments based on different partial coeffi-
cients for traffic load and B = 210 kN, are presented in Table 5.4.3. 
The self weight contributes to 52%, pavement to 11%, traffic to 35% and pedestrians and bicy-
cles to 2% of the total design shear force.  
 

5. 4 Summary of the input data in the calculations 
 
A summary of the geometrical data, material and load parameters used in the calculations are 
presented in Fig.5.4.1, Table 5.4.2 and Table 5.4.3. 
 
The mean values of the modulus of elasticity for concrete according to the statistical method 
have been obtained by interpolation, see Table 5.4.1. 
 
Table 5.4.1: Interpolation of the mean values of the modulus of elasticity for concrete accord-

ing to the statistical method. 
 
Interpolation:        
   fc Ec  fc Ec 
Swedish Concrete 
Handbook: 

Table 
2.3:4 K70 49,5 37,5 K60 42,5 36 

   55 38,286  44,7 36,471 

 
Table 
2.3:4 K80 56,5 38,5 K70 49,5 37,5 
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The design concrete values have been obtained by division of the characteristic values with 
ηγmγn = 1,5·1,2 = 1,8 for strength values and ηγmγn = 1,2·1,2 = 1,44 for the modulus of elastic-
ity. For the reinforcement the mean and characteristic tension strength values are according to 
Table 5.2.1. The characteristic value for the modulus of elasticity for the reinforcement is 200 
GPa according to BBK 94 Section 2.5.4. The mean value is taken according to Melchers (1999) 
as 1,02·200=204 MPa. The design reinforcement values have been obtained by division of the 
characteristic values with ηγmγn = 1,15·1,2 = 1,38 for strength values and ηγmγn = 1,05·1,2 = 
1,26 for the modulus of elasticity. 
 
For the prestressed reinforcement the values according to Section 5.2.2 have been used. No 
statistical evaluation has been performed for the prestressed reinforcement and that is why the 
same values as according to BBK have been used. 

 

h = 2 660 mm d = 2 560 mm 

z = 2 460 mm bw = 450 mm 

Ac = 2,604 m2 Ix = 2,607 m4 

As top = 22 Ø10 + 8 Ø12 = 2 633 mm2 As top = 15 Ø10 = 1 178 mm2 

As web = 2 lager 8 Ø10 = 1 257 mm2 Ap = 39 Ø26 = 20 706 mm2 

Asv = 2 units Ø10 s 300 = 523,6 mm2/m 

bw 

1 
60

1 
10

59
 

20
0 

20
0 

2 500 10
0 

10
0 

z d h 

4 822 

 
Figure 5.4.1: Geometrical data for the half box girder in the cross section s = 29,5 m in span 

3-4. The figure is schematic, drawn by Ola Enochsson, the cross sectional val-
ues are according to FB Engineering (2002)   . 
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Table 5.4.2: Summary of the material parameters. Partial coefficient γn =1,2 according to 
BBK in the ultimate limit state. 

 
 Mean values Characteristic 

values 
Design 
values 

Material ηγm unit BBK Statistics BBK Statistics BBK Statistics

Concrete, fcc 1,5 MPa 57,0 55,0 56,5 44,7 31,4 24,8 
 fct 1 1,5 MPa 2,801  

3,171 
2,86 2,65 2,18 1,47 1,21 

 Ec 1,2 GPa 41,5 38,3 38,5 36,5 26,7 25,3 
Reinforcement. Ø10      fy 1,15 MPa 446 450 431 392 312 284 
                Es 1,05 GPa 204 204 200 200 159 159 
Reinforcement Ø12, 16 fy 1,15 MPa 428 436 404 382 293 277 
          Es 1,05 GPa 204 204 200 200 159 159 
Prestressed reinforce-
ment. Ø26                    fstu 

1,15 MPa 1 110 1 110 1 000 1 000 725 725 

            f0,2 1,15 MPa 860 860 770 770 558 558 
            Es 1,05 GPa 177,5 177,5 174,0 174,0 138,1 138,1 
            eg – 10-3 0,07 0,07 0,07 0,07 0,07 0,07 
Not:      1. fctm=2,80=0,8*splitting test mean value is allowed only to be used in the serviceability state. If the 

value fctk=2.65 derived from the compression strength tests with the coefficient of variation from 
splitting test, COV = 0,109 is used then  fctm=3,17 MPa. 

 
 
Table 5.4.3: Combination of the deterministic cross sectional forces for the  equivalent shear, 

Veq for one web and the corresponding bending moment  in span 3-4, cross sec-
tion s = 29,5 m according to Table 5.3.2. 

   
 Mean value1 Characteristic1 

1
Design  

Load
effect Veq M/2 Veq M/2 Veq M/2 

Vmax 2 396 -23 770 2 626 -25 405 2 857 -27 040 

 
Not: 1. Notations ’mean value’ and ’characteristic value’ refer only the traffic load included in the load combi-

nation, see definitions in the Section 5.3. 
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5. 5 BBK 94 

5. 5.1 Ultimate limit state, BBK 94 
 
According to BBK 94 (1994), see Section 4.3, the shear capacity of a structure with shear rein-
forcement is to be calculated as: 

 AB+Q  R c s p iV V V V V= + + +  with (5.5.1)
  

 
( )

0

where  
1 50 0,3

1 for structures with shear reinforcement

c w v

v ct

s p

w

V b df
f f

A A
b d

ξ ρ
ξ

ρ

=

= +

≥
+

=

 

 , min
0,9 if 0,2s sv sv s s w ct

dV A f V V b df
s

= ≥ =                (5.5.2) 

 0

,max

1
1, 2p d

n d

MV V
Mγ

=                 (5.5.3) 

 Vi the vertical component of the compression force on the inclined bottom flange 

 QAB   load in the area for shear crack, here only self weight is counted with because it is 
not possible to know what kind of other loads are acting in the area of the shear 
crack 

For the half box section according to Appendix F and with design material values according to 
BBK94 we obtain in the ultimate limit state,  
 
bw = 0,45 m; d = 2,56 m; A = 2,604 m2; As = 2728 mm2 excl reinforcement in the box walls; Ap = 
39 Ø26 = 20 705 mm2; ρ = 0,0203 > max 0,02; Asv /s = 523,6 mm2/m. 

 fv = (1+50⋅0,02)0,3⋅1,4722 = 883 kPa 

 Vc = 0,45⋅2,56⋅883 kN = 1018 kN 

 Vs = 523,6⋅312,3⋅0,9⋅2,56 N = 377 kN 

According to the Swedish Concrete Handbook Section 3.7:42 Eq.17, CDHB (1990), the shear 
reinforcement can be calculated as statically functioning shear reinforcement if 
 

0,2s w ctV b df≥                   (5.5.4) 

Vs=377 kN > 0,2 w ctb df  = 0,2·0,45·2,56·1,4722 MN = 339 kN    OK! 

To calculate Vp ,  the zero strain moment, M0 and the bending moment, Md are required. 
 
To calculate M0 the tension stress in the top of the box girder is to be put to zero, see Fig.4.3.5: 
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 0 0s

top top

M P e P
W W A

⋅
− − =  (5.5.5)

  

 0
top

s

W
M P e

A
⎛ ⎞

= +⎜ ⎟
⎝ ⎠

 (5.5.6) 

The calculations in the Appendix F, Table F.10 and Table F.11 show that the ratio M0 / Md,max 
in the span 3-4 becomes smallest in the section to the right of the cross section s = 47,5 m, whe-
re 
 
 P= 2245/2 = 1 123 kN; Wtop = Ix / cgs = 1,526/(0,629) = 1,213 m3; A= 2,604 m2; es  = 0,394 m 
from top gives  
 

0
1, 2131123 0,394
2,604

M ⎛ ⎞= +⎜ ⎟
⎝ ⎠

 = 1090 kNm. 

 
With Md,max = -2 056 kNm  from Table B.8 

 M0 / Md,max = 1090/2 056 = 0,530 

 

With max corr
d eq

V T 5133 2870V  = V  = +  = + = 2882 
2 2 b 2 2 4,55⋅ ⋅

kN  from Table F.6, all loads included. 

 
where  maxV  = maximum shear force 
 corrT   = torsion moment corresponding to maxV  

Vp = 0,530⋅2882/(1,2·1,2) = 1061 kN (γn = 1,2 in the ultimate limit state) 

According to Swedish Concrete handbook sec 3.7:34 Eq.11a, CDHB (1990), the risk for a 
shear tension failure has to be controlled by formula 
 

( 0,3 /(1,2 ))c p cw w ct cm nV V V b d f σ γ+ ≤ = + ⋅                (5.5.7) 
 

where  eff
cm

P
A

σ =  

 
cmσ =10,873MN/2,604 mm2= 4,18 Mpa  

 
and  
 

c pV V+ =1018+1061=2078 kN < cwV = 2698 kN  OK! 
 
According to the Section 4.3.5, the shear capacity, Vi, due to variation in effective depth, can be 
expressed as Vi ≈ Fc tan γ , where Fc is the horizontal component of the compression force on 
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the bottom flange. Fc is a function of the moment, the prestress force and the shear force in the 
cross section, where the shear crack has an inclination of 45°. Fc can be calculated as  
 

2
bf eq icorr s

c
c

A V VM P eF P
z A

−− ⋅
= + −   (5.5.8) 

where  Abf  = the area of the half bottom slab  

            Ac  = the area of the half cross section  

2
1,2 (1 0,5 tan )

bf eqcorr s

c
c

A VM Pe P
z z AF

γ

− + −
=

⋅ −
 (5.5.9) 

The factor 1.2 in the denominator in equation Eq.5.5.9 comes from a detailed calculations with 
the program Response 2000, where it is shown that the ratio between Vi calculated with Vi ≈ Fc 
tan α and Vi calculated with Response is as most 1.12.  Then it is on the safe side to use factor 
1.2. 
 
With Mcorr = 27 050 kNm,  z = 2,46 m; Auf  = 0,5 m2 , Ac = 2,604 m2

, P= 10876 kN  and tanγ = 
0,097, Fc becomes 
 

27 050 10873 0,927 0,5 10 873 2 882
2,46 2,46 2,604 2 6609

1,2(1 0,50 0,097)
 

cF

⋅ ⋅
− + −

= =
− ⋅

 kN 

Vi  = 6609 ⋅0,097 = 643 kN 

According to the Swedish Concrete handbook sec 3.7.412, CDHB (1990), Eq.16b the risk for a 
web compression failure has to be controlled by the formula 
 

0, 25d i w ccV V b df− ≤                (5.5.10) 
 

d iV V− =2882-643=2239 kN< 0,25 w ccb df =0,25⋅0,45⋅2,56⋅31,39⋅103=9040 kN   OK! 
 

According to Table F.8 self weight of the concrete in the area for shear crack is QAB = 151 kN. 

Finally 

 VR  = Vc + Vs + Vp + Vi + QAB = 1018 + 377 + 1061+ 643 + 151 = 3 249 kN. 

This is to be compared with Veq = 2 882 kN according to Table F.6.  
 
VR / Veq = 3 249/2 882 = 1,127  
 
The shear capacity in the ultimate limit state exceeds thereby the design equivalent shear force. 
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5. 5.2 Summary of calculations according to BBK 94 
 
Shear capacity for mean, characteristic and design values according to BBK 94 are presented in 
Table 5.5.1. 
 
Table 5.5.1: Shear capacity according to BBK 94 for the half cross section, s=29,5m, span 3-4. 

Material values and load effect according to Table 5.4.2 respective Table 5.4.3. 
 

Mean values 1 Characteristic values 1 Design values 
 BBK 2 Statistics 3 BBK 2 Statistics3 BBK 2,4 Statistics3 

Vc [kN] 1 972 1 779 1 649 1 356 1 018 836 
Vs [kN] (538) (543)        (520) (473) 377 343 
Vs, min [kN] 730 659 611 502 339 279 
Vp [kN] 1 058 1058 1 160 1 160 1061 1052 
Vi [kN] 550 550 597 597 643 644 

QAB 151 151 151 151 151 151 
VR [kN] 3 732 3 539 3 557 3 264 3 249 3 034 
VS = Vekv [kN] 2 396 2 626 2882 2857

VR/VS 1,56 1,48 1,35 1,24 1,13 1,06 
Notations: 

1. Notation ’mean value’ and characteristic value’ refer only to the calculated load carrying capacity 
and the traffic load in the load combination. 

2. Material values evaluated according to BBK 94. 
3. Material values evaluated according to statistical evaluation according to Jeppsson et al (2004). 
4. Loads: Self  Weight + Pavement + Traffic + Surface load PB(Pedestrian and Bicycle) + Brake+ 

Crosswalk + Side + Wind  from Table 5.3.1 included, in the other columns loads Self Weight + 
Pavement + Traffic + Surface load PB + Brake + Crosswalk are included. 

5. All Vp calculated with the M0/Md.max=0,530, which is on the safe side because Md.max becomes big-
gest when all loads are included in the ultimate limit state. This one value of  M0/Md.max is used be-
cause of  lack of input data          

                           
As can be seen in Table 5.5.1 there is a sufficient resistance against shear for all combinations 
of the material values in the span 3-4, cross section s=29,5 m.  
 
There has commonly been presented doubts against the term Vp , which constitutes a significant 
part of the shear carrying capacity (1061/3 249= 0,33) . The criticism consists of the fact that 
the term, Vp  is based on tests done in laboratory on small freely supported beams not reinforced 
against shear, see BHB-K (1990), Section 3.7:34 It is not sure that the laboratory test are com-
parable with big box girders as in the Källösund Bridge. 
 
Detailed calculations according to BBK 94 are presented in the Appendix F, Sections F.2. and 
F.3. 
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5. 6 Euro Code 2 
 

5. 6.1 Ultimate limit state, EC 2 
 
According to EC 2-1 (2002), see Section 4.4, members not requiring shear reinforcement, the 
design value for the shear resistance VRd,c is given by: 

 3
,

0,18 100 0,15
1,5Rd c v w ck cm w

n

V f b d k f b dρ σ
γ

⎛ ⎞
= = ⋅ ⋅ +⎜ ⎟

⎝ ⎠
 (5.6.1) 

where 0,2  1 2,0
d

k = + ≤        

 where:  d (mm) 

 0 0,02s

w

A
b d

ρ = ≤  

 σcm is the axial force in the cross-section due to loading or prestress divide with 1,2γn 
Ac. 

For members with vertical shear reinforcement, requiring design shear reinforcement, the de-
sign value for the shear resistance VRd is given by the smaller value of VRd, s and VRd, max 

 , cotRd s sv sv
zV A f
s

θ=  (5.6.2) 

 ,max tan cot
w cc

Rd c
b z fV να
θ θ

=
+

 (5.6.3) 

where αc = min [(1 + σcp /fct); 1,25; 2,5(1 – σcp /fct)] 
            ν = 0,6(1 – fck /250) 

The shear reinforcement can be calculated as statically functioning shear reinforcement if 

 , min
0,08 ck

sw w
yk

f
A b

f
=  (area per length unit) (5.6.4) 

According to Section 4.4.3 the shear capacity, Vi, due to variation in effective depth, can be 
expressed as  
 

Vi ≈ Fc tan γ  (5.6.5) 

where Fc is the horizontal component of the compression force on the bottom flange. Fc is a 
function of the moment, the prestress force and the shear force in the cross section, where the 
shear crack has a inclination of θ. Fc can be calculated as  
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( ) cot

2
bf eq icorr s

c
c

A V VM P eF P
z A

θ−− ⋅
= + −  (5.6.6) 

 
cot

2
1 0,5 tan cot

bf eqcorr s

c

A VM Pe P
z z AF

θ

γ θ

− + −
=

− ⋅ ⋅
 (5.6.7) 

 
Here is not any coefficient 1,2 in the denominator because the detailed calculations with 
Eq.5.6.7 according to EC 2 gives lesser Vi than Vi calculated according to BBK (incl. coeffi-
cient 1,2) which already is less than Vi calculated according to the program Response 2000.  
 
QAB   load in the area of the shear crack, here only self weight is counted because it is not pos-

sible to know what kind of other loads are acting in the area for the shear crack 

For the half box section according to Appendix F and with the design material values according 
to BBK94 we obtain in the ultimate limit state:  
 
bw = 0,45 m; z = 2,46 m; As = 2728 mm2 excl reinforcement in the box walls; Ap = 39 Ø26 = 20 
706 mm2; Asv /s = 524 mm2/m; cot θ  = max 2,5 according to EC 2 (3,0 according to BBK 04 R 
(2003)); Auf  = 0,5 m2, Ac = 2,604 m2

, tan γ  = 0,097. 

 

 VRd, c = fv·bw·d = 0,943·450·2 560 ≈ 1087 kN 

 , cot 524 312,3 2,46 2,5 1006sv
Rd s sv

AV f z
s

θ= = ⋅ ⋅ ⋅ ≈  kN 

 VRd, max = 7 123 kN 

 2 2
, min

0,08 0,08 56,5 450 628 mm m 523,6 mm m
431

ck
sw w

yk

f
A b

f
= = ≈ >  

 

27050 10 873 0,927 0,5 10 873 2 882 2,5
2,46 2,46 2,604 2 6130 kN

1 0,5 0,097 2,5cF

⋅ ⋅
− + − ⋅

= =
− ⋅ ⋅

 

 Vi =6130·0,097= 597 kN 

QAB = 364 kN 

 VR = VRd, c + Vi = 1087+597= 1684 kN 

 VR = VRd, s + Vi  + QAB = 1006+597+364= 1966 kN 
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The design value, VRd, c for the not cracked section is bigger than the design value, VRd, s  for the 
shear reinforcement in the cracked section. This indicates a brittle failure. The difference is 

small.  The amount of shear reinforcement, svA
s

  is less than what is required as minimum shear 

reinforcement, , minswA . According to the Swedish code BBK 04 R max cot θ  =3,0 for 
prestressed structures (EC 2 upper limit is cot θ  =2,5). Τhis increases VRd, s with 3/2,5 = 1,2, 
which leads to shear reinforcement becoming the determining dimensioning factor i.e. (VRd, s > 
VRd, c). 
 

5. 6.2 Summary of calculations according to EC 2 
 
Shear capacity for mean, characteristic and design values according to EC 2 are presented in 
Table 5.6.1. 
 
Table 5.6.1: Shear capacity according to EC 2 for one half of the cross section. Material values 

and load effect according to Table 5.4.2 and Table 5.4.3 respectively. 
 

Mean values 1 Characteristic values 1 Design values 
 BBK 2 Statistics 3 BBK 2 Statistics 3 BBK 2,4 Statistics 3 

VRd, c [kN] 1 459 1 449 1 456 1 392 1 087 1 043 
VRd, max [kN] 10 817 10 572 10 756 9 193 7 123 5 978 
VRd, s [kN] 1 436 1 449 1 388 1 262 1 006 915 
Vi [kN] 516 516 558 558 597 597 
QAB 364 364 364 364 364 364 
VR = VRd, s +Vi+QAB [kN] 2 316 2 329 2 310 2 184 1 967 1 876 
VS = Veq [kN] 2 396 2 626 2 882 2 857 
VR/VS 0,97 0,97 0,88 0,83 0,68 0,66 

Notations: 
1. Notation ’mean value’ and characteristic value’ refer only to the calculated load carrying capacity 

and the traffic load in the load combination. 
2. Material values evaluated according to BBK 94 
3. Material values evaluated according to statistical evaluation according to Jeppsson et al (2004). 
4. Loads: Self  Weight + Pavement + Traffic + Surface load PB(Pedestrian and Bicycle) + Brake+ 

Crosswalk + Side + Wind  from Table 5.3.1 included, in the other columns loads Self Weight + 
Pavement + Traffic + Surface load PB + Brake + Crosswalk are included. 

   

The shear resistance according to EC 2 is lower than the acting shear due to the load effect of 
the mean, characteristic and design values. This indicates clearly a too small amount of the 
shear reinforcement. 
 
Prestress has no effect according to EC 2 except on αc   in  VRd,c , Eq.5.6.1. 
 
Detailed calculations according to EC 2 are presented in Appendix F, Sections F.2.2 and F.3.  
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5. 7 Parameter studies, BBK 94 and EC 2 
 
In this section the addition model according to BBK 94 and the truss model according to EC 2 
are compared by variation of some basic parameters. Design shear includes the maximum shear 
in the ultimate limit state and shear of torsion moment according to Eq.5.3.5.  Also the terms Vi 
and QAB are included. The moment varies linearly with the shear. 

 
Figure 5.7.1: Required shear reinforcement as a function of prestress BBK + BRO 94 and 

EC 2 
In Fig.5.7.1 required shear reinforcement as a function of prestress BBK + BRO 94 and EC 2 is 
presented.EC 2 is not affected by the prestress but the slight increase of the demand on shear 
reinforcement is due to the term Vi which is diminishing with increasing prestress. The great 
effect on BBK 94 is due the term Vp . With no prestress BBK 94 requires more shear reinforce-
ment than EC 2 but with full prestress BBK 94 doesn’t require any shear reinforcement at all 
except for minimum reinforcement. 
 
In Fig.5.7.2 the required shear reinforcement is shown as a function of the shear force. The dia-
gram to the left shows the present, 100% prestress and the diagram to the right shows a case 
with 50% prestress. The minimum amount of stirrups 471 mm2/m according to BBK 94 is suf-
ficient for the design shear when prestress is 100% but with 50 %  prestress the Vp term be-
comes low and additional stirrups are required at the design shear, Veq=2882 kN. The existing 
amount of stirrups is 524 mm2/m. The initial capacity according to EC 2 is due to the Vi  term. 
For low and average shear EC2 requires more stirrups but at high shear EC 2 requires less shear 
reinforcement than BBK. 
 
For both BBK 94 and EC 2 the required shear reinforcement can in principle be written as 
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1

cot
sv

ywd

A V
s f zθ

= ⋅                  (5.7.1) 

For EC 2 the coefficient of angle becomes 1/2,5 and for BBK 1/1 , which leads to more rapid 
increase of demand on shear reinforcement for BBK 94, see 50% prestress. In Westerberg 
(2002b) this is explained as follows ‘more shear reinforcement is activated in a more gently 
sloping shear crack’ in EC 2 compared with BBK 94. 
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Figure 5.7.2: Required shear reinforcement as a function of shear force, 100 % prestress and 

50% prestress. 
 
The shear resistance as a function of the shear reinforcement is shown in Fig.5.7.3. VRd,ct  is the 
shear resistance without shear reinforcement according to EC 2.  
 

0

500

1000

1500

2000

2500

3000

3500

4000

0 500 1000 1500

[kN] 

EC2:VRd,s+Vi+Q

EC2:VRd,c 

100% prestressing

As=[mm2/m]

BBK: Vc+Vs+Vp+Vi+QAB

BBK: Vc+Vp

VR

 
0

500

1000

1500

2000

2500

3000

3500

4000

0 500 1000 1500

[kN]

EC2:VRd,s

50% prestressing

As=[mm2/m]

BBK: Vc+Vs+Vp+Vi+QAB

EC2:VRd,c  

BBK: Vc+Vp

VR

 
Figure 5.7.3: Shear resistance as a function of shear reinforcement, 100 % prestress and 50% 

prestress. 
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The shear capacity according to EC 2 consists of the horizontal line VRd,c , which is the shear 
capacity without shear reinforcement and which forms a minimum shear capacity and VRd,s  , 
which is the shear capacity with shear reinforcement. VRd,c  is less than ‘the concrete term’ Vc + 
Vp in both cases. BBK 94 gives clearly higher shear capacity than EC 2. 1571 mm2/m corre-
sponds to Φ10c100 closed stirrups for even higher amounts of stirrups EC 2 gives higher shear 
capacity than BBK. 
 

5. 8 RESPONSE, Modified Compression Field Theory MCFT 
 
The analysis is performed with a program, Response 2000, developed by Evan Bentz (2000). 
Material properties are chosen according to BBK 94 and to a statistical evaluation by Jeppson 
et al (2004), see Table 5.4.2. 
 
A presentation and some tests and calibrations of the Response program are given in Appendix 
D. Detailed calculations are there presented for three cases.  
 
In the following, a summary is given of the case with material properties according to BBK 94. 
  
Loading 
 
An initial loading was first applied corresponding to the permanent loads (self weight of con-
crete structure and pavement) and the prestress in the tendons, see point 1 in Fig.5.8.1. Then the 
loading was increased with the ratio between Mcorr = M/2 corresponding to equivalent shear, 
Veq =Vd,max/2+Tcorr/(2b) and shear due Surface PB (Pedestrian and Bicycle), Brake and Cross-
walk loads, see further Table 5.3.1 and Appendix D. 
 

 
 
Figure 5.8.1:  Principal way of loading of the cross section s=29.5 m, section 3-4..  
Maximum capacity in the ultimate limit state 
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The sectional response at the maximum capacity with the design material values according to 
BBK 94 in the ultimate limit state at point 2 in Fig.5.8.1 is shown in Fig.5.8.2. 
 

 
 
Figure 5.8.2: The sectional response at the maximum capacity with design material values ac-

cording to BBK 94 in the ultimate limit state at point 2 in Fig.5.8.1. To clarify 
how to read the different windows, see Section D.5 in Appendix D. Max shear 
resistance is 1926 kN, see also Table 5.8.2 . Stirrups are yielding, shear defor-
mation failure and crack shear failure have occurred. The compression in the 
concrete compression  strut is increasing and it leads to the final failure at point 
3, Fig.5.8.1 and the red line in the middle in the crack diagram in Fig. D.5.9 in 
Appendix D. 

 
The Response program gives compression stresses on concrete and reinforcement in the axial 
direction. The concrete stresses are shown in Fig.5.8.3. By multiplying these stresses with re-
spective areas the compression resultant can be calculated. The compressive stress flow in the 
bottom flange follows the bottom inclination. The upward component Vi is obtained as 
 
 Vi  = Fcd tanα                 (5.8.1) 
 
The total resistance, VR according to Response is the obtained as 
 
VR= VResponse+ Vi                  (5.8.2) 
 
The calculation of VR in the point 2 is presented in Table 5.8.1. 
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Figure 5.8.3: Average angle of cracks, crack diagram with crack widths in millimeters and 

concrete compression stresses in the axial direction.  
 
Table 5.8.1: Calculation of total resistance, VR = VResponse+Vi ,, when calculating with Re-

sponse program. 
Point in Fig.5.8.3   1 2 3 
Mcorr (Response)   19243,0 20312,4 19896,2 
V     (Response)   1763,9 1926,3 1870,5 
concrete stresses:         
top of the bottom 
flange σctbot 9,016 9,311 9,106 
bottom of the 
bottom flange  σctbbot 9,699 10,109 9,873 
 σcmaverage 9,358 9,710 9,490 
 Fc 4678,75 4855 4744,75 
stress in the rein-
forcement: 

As,    
7Φ10 550 550 550 

top of the bottom 
flange σs 50,334 52,141 50,953 

 
As,    
8Φ10 628 628 628 

bottom of the 
bottom flange  σs 52,24 54,376 53,097 
 Fs 60 63 61 
Total: Fbot=Fc+Fs 4739 4918 4806 
tan(α)   0,097 0,097 0,097 
Vi= Fbot ·tan(α)  461 479 468 
VResponse+Vi   2225 2405 2338 
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Table 5.8.2:   Shear capacity according to Modified Compression Field Theory, MCFT, calcu-
lated with Response for a half box girder cross section, s=29,5m, span 3-4. Ma-
terial values and load effects according to Table 5.4.2 respective Table 5.4.3. 

Mean values1 Characteristic 
values 1 

Design 
values 

 BBK 2 Statistics 3 BBK 2 Statistics3 BBK 2 Statistics3 

 fctm=2,804 fctm=3,174      
VRd [kN],  
Response 2812 3371 3261 2730 2562 1926 1764 

Vi [kN], 
Response 691 846 821 656 620 479 460 

VR = VRd + Vi [kN] 3503 4217 4082 3386 3182 2405 2224 
VS = Veq [kN] 2396 2626 2857 

VR/VS 1,46 1,76 1,70 1,29 1,21 0,84 0,78 
Not: 1. Notations ’mean value’ and characteristic value’ refer only to the calculated load carrying capacity 

and the traffic load in the load combination.  
 2. Material values according to BBK 94.  
        3. Material values according to statistical evaluation according to Jeppsson et al (2004) 
 4. fctm=2,80=0,8*splitting test mean value is allowed only to be used in the serviceability state. If the 

value fctk=2.65 derived from the compression strength tests with the coefficient of variation from 
splitting test, COV = 0,109 is used then  fctm=3,17 MPa. 

 
Figure 5.8.4: An M-V interaction diagram calculated with Response 2000 with the different 

calculation stages, 1,2, and 3 according to Fig.5.8.3 marked in the figure. Also 
maximum shear capacity according to Response calculations (point 2) plus the 
contribution of the compression force against inclined bottom flange, Vi is 
marked in the figure as VResponse+Vi . 



Applications to the Källösund Bridge 

78 

M-V interaction diagram calculated with Response 2000 program is presented in Fig.5.8.4. The 
stages according to Response calculation are marked in the figure. The fact that the more accu-
rate Response calculation gives values inside the interaction diagram is not a satisfactory situa-
tion. The more accurate calculation should give additional capacity compared with the interac-
tion diagram. For the time being there is not any explanation for this calculation effect. More 
studies to investigate the circumstances are to be recommended. 

5. 8.1 Parameter studies with Response 

5.8.1.1 Concrete tensile and compressive strength 
Parameter studies with Response are performed in the serviceability limit state according to the 
input data in Fig. 5.8.5. Three parameters have been varied:  
-tension strength of concrete 
-compression strength of concrete 
-prestress force 

Källösundsbro  3-4,s=29.5m

Arto Puurula 2004/3/11

All dimensions in millimetres
Clear cover to reinforcement =    13 mm

Inertia (mm4) x 106
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Figure 5.8.5: Input data in the parameter studies in serviceability limit state.  
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Figure 5.8.6: The effect on the maximum shear capacity of varying the tension strength of the 

concrete from 0,01 to 5 MPa. 
 
The effect on the max shear capacity of varying tension strength of concrete from 0,01 MPa 
corresponding to 1822,5 kN in shear capacity to 5 MPa corresponding to 4114,8 kN in shear 
capacity is as can bee seen in Fig 5.8.6 almost linear. The state when tension strength is zero 
corresponds to the Compression Field Theory. The tension strength of concrete in the 
serviceability state is 2,65 MPa corresponding to 2897,9  kN in shear capacity. The difference 
in the shear capacity 2897,9-1822,5 = 1075,4 kN is the increment due to the use of the 
Modified Compression Field Theory, MCFT compared with the Compression Field Theory. 
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Figure 5.8.7: The effect on max shear capacity of varying compression strength of concrete                   

from 30 to 90 MPa. 
 
The effect of varying the compression strength of concrete is quite moderate. The compression 
strength was varied from 30 MPa corresponding 2604,7 kN in shear capacity up to 90 MPa 
corresponding 2919,3 kN in shear capacity. The actual compression strength was 56,5 MPa 
corresponding 2897,9 kN in shear capacity. The use of high compression strengths 75-80 MPa 
leads to very brittle failure. The low compression strengths up to 45 MPa show higher cracking 
strength than in failure, which indicates a brittle behavior if no redistribution of stresses can be 
expected. 
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5.8.1.2 Tension stress in prestressed reinforcement 
 

Shear capacity as function of tension stress in the 
prestressing reinforcment 
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Figure 5.8.8: The effect on max shear capacity of varying tension stress in the prestressed rein-

forcement by varying the prestrain of tendons from 0 to 9mm/m. 
 
The effect of prestress can be studied in Fig 5.8.8. With no prestress, shear capacity was 
2108 kN, with actual prestress at a prestrain of 3.45 mm/m, 2898 kN and with a prestrain of 9 
mm/m it was 3435 kN. The contribution of prestress is then 2898-2108=790 kN which can be 
compared to the Vp =1032 kN according to BBK 94, see Appendix C. This parameter study was 
performed with the actual prestrain of 3.45 mm/m, the final prestrain in calculations according 
to Appendix D was 3,28 mm/m, the contribution of prestress will be little less than 790 kN.  
Speaking in general terms the cracking capacity is less than the final failure capacity when the 
prestress is less than the actual 525 MPa at time t2. When the prestress is higher than the actual 
the cracking strength is higher than the final failure shear capacity, which leads to a more brittle 
failure. At a prestrain of 3,0 mm/m a very brittle behavior and failure is to be reported. 
Higher prestrain than 6,5 mm/m corresponding to 772,1 MPa initial stress in the tendons and 
775,8 MPa at failure and maximum shear capacity of 3442 kN doesn’t lead to any increase of 
the shear capacity as can be seen in Fig. 5.8.8. 
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5.8.1.3 Shear reinforcement 
 
The shear capacity as a function of the area of the shear reinforcement in the ultimate limit state 
is plotted together with the capacity according to BBK 94, EC 2 and the modified compression 
field theory, MCFT according to Response in Fig. 5.8.9. 
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Figure 5.8.9: Shear capacity as a function of the area of the shear reinforcement in the ulti-

mate limit state plotted together with capacity according to BBK 94, EC 2  and 
modified compression field theory, MCFT according to the Response 2000, see 
also Fig. 5.7.3. 

 
BBK’s Vc+Vp gives the highest and EC2:VRd,c lowest concrete contribution. The Response 
program couldn’t calculate the pure concrete contribution but the calculation stopped. The 
shear capacity, Vmax according to Response without Vi term follows EC2:VRd,c capacity without 
shear reinforcement. The transition from EC2:VRd,c to EC2:VRd,s  which starts at As=600 mm2 
/m seems to follow the EC2:VRd,s  line but after 800 mm2 /m the capacity actually goes down-
wards with increasing amount of stirrups. After 1000 mm2 /m the capacity starts to increase 
with an inclination which is somewhere between inclination for BBK 94 and EC 2. 
The bump between As=600 and 800 mm2 /m may be interpreted as some kind of extra reserve 
of capacity which Response has developed or it can be a symptom of a reliability problem with 
Response. 
Except for this bump the graph with Response shows a nice increase of capacity with increas-
ing amount of shear reinforcement. The graph indicates quite the same behavior as the Ham-
marsund Bridge, see Fig D.6.5. 
In the next section the question is raised whether the existing shear reinforcement is statically 
functioning. This parameter study of shear capacity as a function of area of shear reinforcement 
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gives a definitive answer.  With low amount of stirrups, 196 mm2 /m cross section behaves ex-
tremely brittle and with existing stirrups, 524 mm2 /m the behavior is reasonably ductile and 
thereby the cross sectional behavior is more like shear capacity included with the Vs term, than 
without Vs , see Eq.5.5.4. 
 

5. 9 Probabilistic assessment according to VaP 
 
Probabilistic calculations according to VaP (Variable Processor Program) are presented in de-
tail in Appendix E, an example on a safety index method highlighting how the VaP program 
works is presented in Appendix C, an example of a Bayesian updating to in order to consider 
additional test results when assessing the concrete compression strength is given in Appendix 
B. An introduction to statistical methods in structural reliability analysis is presented in Appen-
dix A. 

5. 9.1 BBK excluding Vs 
 
According to BBK the shear reinforcement can only be counted as statically contributing if 
Vs=Asvfsv0.9d/s is bigger than the BBK94 demand for minimum reinforcement Vsmin=0.2bwdfct . 
According to Appendix F, Section F.3, Vs =538 kN and Vsmin=730 kN when calculating with 
mean values and thereby the BBK demand is not fulfilled and Vs is not allowed to be counted as 
a part of the total shear bearing capacity. 
 
V(R-S), FORM Analysis of shear capacity without shear reinforcement, see Appendix E    

Section E.1.12. 
Limit State Function 
 
V(R-S) =Vc+Vp+Vi+ QAB –VS                 (5.9.1) 

 
Figure 5.9.1: Distributions for load effect VS and resistance VR without Vs according to 

BBK94. 
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Table 5.9.1: FORM Analysis of V(R-S) without Vs   according to BBK94: 
 
     HL - Index = 3.9          P(V(R-S) <0) = 4.81e-05 
 
     Name        Alpha        Design Value 
     VS          0.459         2.531e+03 
     Vc          -0.746         1.047e+03 
     Vi           -0.168         500.671 
     Vp          -0.452         832.117 
 
The security index becomes β=3,9. The limit in ultimate limit state for security class 3 accord-
ing to BBK 94 is β=4,8. The limit for security class 1 according to BBK 94 is β=3,7. This leads 
to clear under dimensioning, but the BBK’s demand is valid only for the mean values and the 
mean values are sufficiently apart. 
 

5. 9.2 BBK including Vs 
 
VR, shear resistance with shear reinforcement, see Appendix E Section E.1.10. 
 
When calculating with design values Vs =377 kN and Vsmin=339 kN and thereby the BBK de-
mand is fulfilled and Vs is allowed to be counted as a part of the total shear bearing capacity. 
 
Funktion VR :  
 
VR = Vc+Vs+Vp+Vi+ QAB                  (5.9.2) 
 
VR(E[X]) = 4047.4 kN 
 
 Crude Monte Carlo Analysis of VR:  
 

 
Figure 5.9.2: Crude Monte Carlo Analysis of VR, shear resistance  
 
> 1 run with 100000 samples: 
   1.  mean = 4049   sdev = 350.9  skew = 0.414  kurt = 3.31  p = 0.000000 
 
µ = 4049   kN  
σ = 350,9  kN  
COV 8,67 % 
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Histogram counted as normal distribution gives the characteristic value 
 

( ) εε σµ 05,01−Φ−=pkV  
 
VRk = 3472 kN  
 
The design value, VRd, in the ultimate limit state becomes 
 
VRd  = 3472/1,2 
        = 2893 kN 
 
V(R-S), FORM Analysis of shear capacity 
 
Limit State Function 
 
V(R-S) =Vc+Vs+Vp+Vi+ QAB –VS                (5.9.3) 
 
Table 5.9.2: FORM Analysis of V(R-S) with Vs  according to BBK94: 
 
     HL - Index = 5.97         P(V(R-S)<0) = 1.22e-09 
 
     Name        Alpha        Design Value 
     VS          0.484         2.655e+03 
     Vc          -0.658         874.975 
     Vi           -0.177         483.992 
     Vp          -0.477         710.902 
     Vs           -0.274         434.395 
 
 
β=5,97 and the demand of the security class 3 is fulfilled. 
 
 

 
 
Figure 5.9.3: Distributions for load effect VS and resistance VR , according to BBK94. 
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5. 10 Contribution Vf  from strengthening with Fibre Reinforced Polymer, FRP 
 
According to Täljsten (2002), the ultimate strain in Eq.4.3.27 in Section 4.3.6 above, can be 
reduced with a factor of 0.6 to give, see also Fig.4.3.7, 
 
 
                (5.10.1) 
 
 
 
Table 5.10.1: Calculation of Vf , contribution of the Fibre Reinforced Polymer, FRP –

strengthening, when the FRP strips are vertical, i.e. β=90°. 
 
εfu 0,90 %      
Efm 2,55E+11    Pa 
Efk 2,5E+11    Pa 
Efd 1,74E+11    Pa 
tf 0,0014    m 
bf 0,05    m 
Af 1,40E-04    m2 
d 2,56    m 
sf 0,8571    m 
α 45 36,5 25 21,8 degree 
α  (rad) 0,785 0,637 0,436 0,381 rad 
β 1,571 1,571 1,571 1,571 rad 
θ 0,785 0,637 0,436 0,381 rad 
        
Vf,m 259 453 913 1117   
Vf,k 254 444 895 1095   
Vf,d 176 308 621 760 kN 

 
The limitation of the strains to εf = 0,6 εfu is based on the tests performed by Carolin(2001). 
The characteristic value for the modulus of elasticity, Ef  is according to Täljsten (2002). 
There was not information available about the corresponding mean value, Efm. The mean value 
was taken the same as for steel according to Melchers (1999) i.e. Efm=1,02⋅Ef. 
In Täljsten (2002) it is suggested that the resistance parameter is taken as ηγm=1,20. The design 
value will then become Efd = 250/(1,2⋅1,2)=174 GPa. 

2

1(1 )
tan2 0,6 0,9 sin cosf f f fu f

f
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 Figure 5.10.1: Vf  as function of shear crack inclination, when the FRP strips are vertical, i.e. 

β=90°. 
 
Table 5.10.2: Calculation of Vf , contribution of the Fibre Reinforced Polymer, FRP –

strengthening, when the FRP strips are inclined 30° , i.e. β=60°. 
 
α 45 36,5 25 21,8  
α (rad) 0,785 0,637 0,436 0,381  
β 1,047 1,047 1,047 1,047  
θ 0,262 0,113 -0,087 -0,143  
Vf,m 660 855 1212 1353  
Vf,k 648 838 1188 1326  
Vf,d 450 582 825 921 kN 
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 Figure 5.10.2:  Vf  as function of shear crack inclination,  when the FRP strips are inclined 

30° , i.e. β=60°. 
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Table 5.10.3: Calculation of Vf , contribution of the Fibre Reinforced Polymer, FRP –
strengthening, when the FRP strips are perpendicular to the shear crack.  

 
α 45 36,5 25 21,8  
α (rad) 0,785 0,637 0,436 0,381  
β 0,785 0,934 1,134 1,190  
θ 0,000 0,000 0,000 0,000  
Vf,m 733 871 1226 1395  
Vf,k 719 854 1202 1368  
Vf,d 499 593 835 950 kN 

 

FRP, Fibre Reinforced Polymer Strengthening
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 Figure 5.10.3: Vf  as function of shear crack inclination,  when the FRP strips are perpendicu-

lar to the shear crack.  
 
The effect of the FRP strengthening is highly dependent on the shear crack inclinations as can 
be seen in Fig.5.10.1. The addition model according to BBK 94 uses 45°, EC 2 has a minimum 
angle of 21,8°  and Response shows an angle of 36,5°, which depends on the stage of the calcu-
lation and locations in vertical direction of the cross section. see Appendix D, Fig D.7.1.  
 
Table 5.10.4: The effect of the inclination of the FRP-strips. The values corresponding to 30° 

are obtained by dividing the values in Table 5.10.2 by the values in Table 5.10.1 
and those corresponding to ‘perpendicular to the shear crack’ by dividing the 
values in Table 5.10.3 by the values in Table 5.10.1 

 
shear crack 
angle α 45° 36,5° 25° 21,8° 
FRP strips 
30° 2,55 1,89 1,33 1,21 
FRP strips 
perpendicular 
to the shear 
crack 2,83 1,93 1,34 1,25 

 
As can be seen in Table 5.10.3 the BBK model gains most of the inclination of the FRP –strips 
and the effect is diminishing with the lesser shear crack inclination. There is not much addi-
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tional capacity to achieve by directing the FRP –strips perpendicular to the shear cracks com-
pared with FRP strips in 30° angle to the vertical direction, compare Fig.5.10.2 and Fig.5.10.3. 

As a comparison the existing stirrups can sustain F= sv svA f = 523,6 mm2/m ⋅312,3MPa=164 
kN/m and the FRP –strips 2⋅0,0014⋅0,05⋅1389⋅106/0,8571 =163mm2/m⋅1389⋅MPa=227 kN/m in 
tension force. The existing stirrups can take Vs = 523,6⋅312,3⋅0,9⋅2,56 N = 377 kN in shear 
compared with Vf =176 kN, with vertical FRP BPE Laminate M 14*50 –strips on both sides of 
the web and 45° shear crack angle according  to BBK..  

5. 11 Comparison between calculations methods 
 
In the following tables results of the calculations on the Källösund Bridge are presented. 
In the appendixes there are examples of more detailed calculations.  
The different values refer to the material values in Table 5.4.2 and the loading summary in Ta-
ble 5.4.3 and the design value Veq=2882 kN to Appendix F, Section F.1, loads according to FB 
Engineering. 
 
Table 5.11.1:    According to BKR-94, Swedish construction regulations, (Boverkets konstruk- 

tionsregler) the  limits for the security classes are as follows: 
 

Security Class β Pf 
   

1 3,7 1*10-4 
2 4,3 1*10-5 
3 4,8 1*10-6 

 
Where: β     security index   

Pf     probability for failure 
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Table 5.11.2: Comparison between load effect, S  and load carrying capacity, R according to 

different calculation methods, when boggie load B=210 kN and  the  equivalent 
shear force Veq for half cross section is in maximum. Span 3-4, cross section 
s=29,5m. 
Comparison is performed for formal calculated mean values, characteristic val-
ues and design values with two composition of material parameters, one evalu-
ated according to BBK 94 (1994) and one which is evaluated according to 
probabilistic method, see Jeppsson et al (2004a) and Enochsson et al (2004b). 
Vf  refers to the strengthening with Fibre Reinforced Polymer, FRP according to 
Fig.E.1.8 and Fig.E.1.9. 

 β –values describing the probability for failure are presented in the column to 
the right. 

Load effect, S [kN] 
Mean 
values 

Characteristic 
values 

Design val-
ues β 

VS=Veq 2396 2626 2882 2857  

Load carrying capacity, R [kN]  BBK 
Sta-
tistic BBK 

Sta-
tistic BBK 

Sta-
titic  

        

BBK 94:        
VR=Vc+Vp+(Vs)+Vi          +QAB 3679 3486 3428 3136 3249 3034  
                                   Vf (θ=45°) 259 259 254 254 176 176  
VR=Vc+Vp+(Vs)+Vi+Vf +QAB 3938 3745 3682 3390 3425 3210  
        
Response:    VS= 2857   
VR=V+Vi 4217 4082 3386 3182 2405 2224  
                  Vf  (θ=36,5°) 453 453 444 444 308 308  
VR=V+Vi+Vf 4670 4535 3830 3626 2713 2532  
        
EC 2:        
VR=VRD,s+Vi          +QAB 2316 2329 2310 2184 1966 1875  
                        Vf  (θ=21,8°) 1117 1117 1095 1095 760 760  
VR=VRD,s+Vi+Vf +QAB 3433 3446 3405 3279 2726 2635  
        
VaP:        
BBK 94:        
VR= Vc+      Vp+Vi        +QAB 3488  2932  2443  3,9 
VR= Vc+Vs+Vp+Vi       +QAB 4049  3472  2893  5,97 
                                 Vf (θ=45°)        
VR= Vc+      Vp+Vi+Vf+QAB 3750  3190  2658  4,95 
VR= Vc+Vs+Vp+Vi+Vf+QAB 4309  3732  3110  7,05 
VaP:        
EC 2:        
VR=VRD,s+Vi+       QAB 2350  1969  1641  0,0207 
                         Vf  (θ=21,8°)        
VR=VRD,s+Vi + Vf +QAB 3553  3120  2600  4,83 
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Table 5.11.3: The ratios between shear resistance, VR and load effect, VS  according to Table 
5.11.2. 

 
VR/VS Mean  Char  Design  

Load carrying capacity, R [kN]  BBK
Sta- 
tistics BBK 

Sta- 
tistics BBK 

Sta- 
tistics 

        
BBK 94:       

(VR=Vc+Vp+(Vs)+Vi          +QAB)/VS 1,54 1,45 1,31 1,19 1,13 1,06 

(VR=Vc+Vp+(Vs)+Vi+Vf +QAB)/VS 1,64 1,56 1,40 1,29 1,19 1,12 
        
Response:       

(VR=V+Vi)/VS 1,76 1,70 1,29 1,21 0,84 0,78 

(VR=V+Vi+Vf )/VS 1,95 1,89 1,46 1,38 0,95 0,89 
        
EC 2:       

(VR=VRD,s+Vi          +QAB)/VS 0,97 0,97 0,88 0,83 0,69 0,66 

(VR=VRD,s+Vi+Vf +QAB)/VS 1,43 1,44 1,30 1,25 0,95 0,92 
        
VaP:       
BBK 94:       

(VR= Vc+      Vp+Vi        +QAB)/VS 1,46  1,12  0,86  

(VR= Vc+Vs+Vp+Vi        +QAB)/VS 1,69  1,32  1,01  

(VR= Vc+      Vp+Vi+Vf+QAB)/VS 1,57  1,21  0,93  

(VR= Vc+Vs+Vp+Vi+Vf+QAB)/VS 1,80  1,42  1,09  
VaP:       
EC 2:       

(VR=VRD,s+Vi          +QAB)/VS 0,98  0,75  0,57  

(VR=VRD,s+Vi +Vf +QAB)/VS 1,48  1,19  0,91  
    
Following can be noted from Table 5.11.2 and Table 5.11.3: 
 
BBK94 : 
There is no need for strengthening at all according to BBK 94. The cross section can sustain 
13% more shear force even with all loads included. Even the statistical evaluation with 4 vari-
able loads shows satisfactory capacity. If the cross section still is strengthened, the strengthen-
ing gives only moderately increased capacity, because of the big shear angle (45°). 
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RESPONSE: 
Response program shows lack of capacity with material values according to both BBK and sta-
tistical evaluation. The strengthening effect of FRP is bigger because of the lower shear angle 
(36,5°) but even with strengthening according to Fig.E.1.8 and Fig.E.1.9 there is not shear ca-
pacity enough, VR/VS=0,95 respective 0,89. 
 
EC 2 
The shear capacity according to EuroCode 2 is definitely not satisfactory. VR/VS=0,69 respec-
tive 0,66. The strengthening effect becomes significant because of the low shear crack angle 
(21,8°) and after strengthening VR/VS=0,95 respective 0,92. 
 
VaP 
BBK 94 
Design values according to statistical assessment performed with VaP program are obtained by 
dividing the characteristic values by γn=1,2. There are partial coefficients for material values 
and loads but there is not any defined partial coefficient for the load carrying capacity and 
thereby the design values here don’t have any support in the codes. The division by γn=1,2 in 
the security class 2 gives reasonable values for the load carrying capacity, but it should be kept 
in mind that there is not any ηγm in the denominator. Calculated in this way BBK shows just 
enough capacity with VR/VS=1,01. The effect of strengthening with VaP is similar to the above. 
 
VaP 
EC2 
Statistical evaluation according to EC 2 shows even lesser shear capacity compared with de-
terministic calculations with EC 2, VR/VS=0,57 respective 0,69 and with FRP- strengthening 
0,91 respective 0,95.  
 
Calculations according to BBK 94 fill all the requirements with or without FRP –strengthening 
with mean, characteristic and design values. Calculations according to EC 2 don’t fill any of the 
requirements. The Response calculations are placed between BBK and EC 2.    
 
The capacity without shear reinforcement shows unsatisfactory capacity VR/VS=0,86 but this 
value is obtained from the calculation with mean values. According to calculation with design 
values the contribution of the shear reinforcement exceeds the minimum requirements and 
shear reinforcement can thereby be counted as statically contributing. 
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5.12 Comparisons for all sections in Span 3-4 with BBK 94 and EC 2 
 
Table 5.12.1: Comparison between shear capacity by BBK-BRO94 and EC2 and existing shear 

reinforcement on the entire span 3-4. 
(1)BBK94 Required reinforcement Asv/s=MAX(Vs;Vs,min)/(fst*0,9*d) 
(2) BRO 94 Amin=0,003*bw 
(3) BBK94 As /s existing stirrups 
(4) EC 2 Required reinforcement Asw/s 
(5) MAX(Asw/s required; EC2min=Asv,min=bw0,08sqrt(fck)/fyk) 

BBK94+ 
BRO94  EC2 Comparisons 

Cross 
section  
Support 
3-4 

Location  
from  
support 3   (1) (2) (3) (4) (5) (4)/(1) (5)/(2) (3)/(1) (3)/(5) 

0,000 0,000 r 471 1350 524 838 838 1,78 0,62 1,11 0,62 
0,046 2,300 l 471 1350 524 722 722 1,53 0,53 1,11 0,73 
    r 471 1350 524 722 722 1,53 0,53 1,11 0,73 
0,110 5,500 l 471 1350 524 741 741 1,57 0,55 1,11 0,71 
    r 471 1350 524 720 720 1,53 0,53 1,11 0,73 
0,170 8,500 l 471 1350 524 745 745 1,58 0,55 1,11 0,70 
    r 471 1350 524 725 725 1,54 0,54 1,11 0,72 
0,230 11,500 l 471 1350 524 760 760 1,61 0,56 1,11 0,69 
    r 471 1350 524 741 741 1,57 0,55 1,11 0,71 
0,290 14,500 l 471 1350 524 786 786 1,67 0,58 1,11 0,67 
    r 471 1350 524 769 769 1,63 0,57 1,11 0,68 
0,350 17,500 l 471 1350 524 809 809 1,72 0,60 1,11 0,65 
    r 471 1350 524 793 793 1,68 0,59 1,11 0,66 
0,410 20,500 l 471 1350 524 858 858 1,82 0,64 1,11 0,61 
    r 471 1350 524 842 842 1,79 0,62 1,11 0,62 
0,470 23,500 l 471 1350 524 913 913 1,94 0,68 1,11 0,57 
    r 471 1350 524 899 899 1,91 0,67 1,11 0,58 
0,530 26,500 l 471 1350 524 976 976 2,07 0,72 1,11 0,54 
    r 471 1350 524 959 959 2,03 0,71 1,11 0,55 
0,590 29,500 l 471 1350 524 1020 1020 2,16 0,76 1,11 0,51 
    r 471 1350 524 1000 1000 2,12 0,74 1,11 0,52 
0,650 32,500 l 471 1350 524 1077 1077 2,28 0,80 1,11 0,49 
    r 471 1350 524 1074 1074 2,28 0,80 1,11 0,49 
0,710 35,500 l 471 1350 524 1142 1142 2,42 0,85 1,11 0,46 
    r 471 1350 524 1132 1132 2,40 0,84 1,11 0,46 
0,770 38,500 l 471 1350 524 1164 1164 2,47 0,86 1,11 0,45 
    r 478 1350 524 1168 1168 2,45 0,87 1,10 0,45 
0,830 41,500 l 471 1350 524 1137 1137 2,41 0,84 1,11 0,46 
    r 675 1350 524 1150 1150 1,70 0,85 0,78 0,46 
0,890 44,500 l 498 1350 524 1025 1025 2,06 0,76 1,05 0,51 
    r 638 1350 524 1028 1028 1,61 0,76 0,82 0,51 
0,950 47,500 l 471 1350 524 812 812 1,72 0,60 1,11 0,65 
    r 471 1350 524 812 812 1,72 0,60 1,11 0,65 
1,000 50,000 l 471 1350 524 747 747 1,59 0,55 1,11 0,70 

  ∑ 16431 45900 17802 30804 30804 1,87 0,67 1,08 0,58 
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The following can be noted from Table 5.12.1: 
 
-comparisons: 

(4)/(1) 
EC 2 requires 1,87 times more in average shear reinforcement than BBK 94 
(5)/(2) 
The minimum reinforcement according to BRO 94 is 1350/471=2,87 times what BBK 94 
requires. EC 2 requires 0,67% in average of the reinforcement that BRO 94 requires but 
about twice as more than what BBK 94 requires. 
(3)/(1)  
The comparison between existing stirrups and required stirrups according to BBK 94 
shows that there is no need for additional shear reinforcement according to BBK 94 in the 
cross section s=29,5m 
In sections to the right of the section s=41,5 m and the section right of the section s=44,5 
there is lack of shear reinforcement with 78% respective 82% of what is required in these 
sections. 
(3)/(5) 
The comparison between existing stirrups and required stirrups according to EC 2 shows 
lack of shear reinforcement. There is about half of the required amount of stirrups.  
 

 
 
Figure 5.12.1:  Shear resistance, R and load effect, S for the entire span 3-4
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6. SUMMARY AND CONCLUSIONS 
 
When this thesis work was started there was a lack of knowledge regarding the accuracy of the 
shear resistance models for prestressed concrete bridges with small amounts of vertical shear 
reinforcement. For bridges with normal amounts of shear reinforcement Bo Westerberg (2002b) 
had compared code models. In this thesis the bridge at Källösund has been used as an example 
of a bridge with a small amount of vertical shear reinforcement and comparisons have been 
made between models in the Swedish code BBK 94 (1994), the European code EC2 (2002) and 
the Modified Compression Field Theory, MFCT, developed in Canada by Michael Collins and 
Denis Mitchell (1997). In the evaluations of MCFT a program has been used, Response 2000, 
developed by Evan Bentz (2000).  
 

6.1 Shear models 
 
BBK 94 
 
There have been presented doubts about the Vp term, the contribution in BBK of the prestress to 
the shear capacity. The critics have pointed out that the Vp term is based on small scale labora-
tory tests which may not correspond to the situation in a large bridge section as in the 
Källösund Bridge. Response calculations show 25% less shear contribution due to prestress 
than BBK. My conclusion is that the BBK model for the influence of prestress is more optimis-
tic than other models. However, to check its accuracy, full scale tests are needed. 
Another issue is whether the existing small amount of stirrups is contributing to the shear ca-
pacity. Response calculations show that existing stirrups do contribute to the shear capacity. 
BBK’s Vc+Vp, the concrete contribution, is higher compared with Response and EC2. BBK 
gives the highest total shear capacity for the amount of stirrups up to 2Φ10c100. For even 
higher amounts of stirrups both EC2 and Response give higher shear capacity than BBK.  
 
 
EC 2 
 
To calculate the shear capacity according to EC 2 is a much easier task compared with BBK 94. 
The truss model used in EC 2 also describes the shear response in a more realistic way and 
gives the answer to the challenge expressed in 1973 by ASCE-ACI Committee that ‘the design 
regulations for shear strength can be integrated, simplified and given a physical significance so 
that designers can approach design problems in a rational manner’.  
The total shear capacity according to the variable angle truss model used in EC 2 follows close 
the Response calculations. 
 
Modified Compression Field Theory, MCFT 
 
MCFT is a non linear process to calculate the sectional response to the combined action of 
shear, bending moment and axial forces as prestress. The basic theory and the balance equa-
tions are easy to understand and the scheme for the calculation can be reproduced by hand cal-
culations for limited examples. The MCFT is a computer based method, which has been devel-
oped and refined under many years. The designer can never in detail know how the computer 
program actually performs a calculation. A research student can with a great deal of effort learn 
the computer part of the method in more detail. The verification of the reliability of the pro-
gram has to be performed in an indirect way by testing the program against well documented 
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test beams. This has been done in Appendix D.6 with good results. The problem of verification 
of computer programs is well known in computer aided design.  
 
Response 2000  
 

- In BBK 94 there are general rules on crack control, but there is not any method pre-
sented for how to calculate the widths of the shear cracks. The Response program has an 
automatic routine for calculating crack widths for different levels of loading.   

- With Response 2000 the effects of different ways of strengthening can easily be investi-
gated if strengthening is performed from the beginning on an unloaded structure. 

- The order in which a failure develops can be followed. The failure mode can change as 
an effect of a strengthening measure. 

- The next step in developing computer aided design of concrete structures is to combine 
programs for frame and sectional analysis. This would greatly contribute to an increased 
understanding of the real behavior of the structure. 

 
 

6.2 Assessment using probabilistic methods 
 
There are always uncertainties involved in all steps of the assessment process. It is never possi-
ble to exactly determine neither the capacity nor the load effect especially on such large struc-
tures as bridges.  
 
Some of the general uncertainties are listed below: 
 
-   The models used for the load carrying capacity have a big effect on the shear resistance es-

pecially when there is little shear reinforcement. There is only very limited knowledge of the 
uncertainties of the models. 

-   Material parameters used in the models and different testing methods give a wide range of 
variability in material values 

-   The probability of loads to act at the same time on the most unfavorable places on the actual 
bridge is to be estimated, so called object specified loads  

-   Time dependent effects on material parameters due to strength growth 
-   Relaxation, creep and shrinkage  
-  Theory and method used to calculate the cross sectional forces, 3D –effects, plasticity re-

serves in load carrying  
-   How to take account of different sequences in construction phase  
 
The statistical method gives the ‘right’ answer to the question of probability of failure only if 
all uncertainties are taken into account. In this report this stage is not reached. Uncertainties in 
this report are: 
 
-   Lack of knowledge of statistical distributions of input parameters as material and load char-

acteristics, is the greatest reason for the difficulties in making reliably calculations with the 
statistical evaluation. 

-    The result of probabilistic calculations is highly dependent on the distributions and disper-
sion of the distributions. The narrower the distribution of the resistance and load effect, the 
lower is the probability of failure, i.e. it is on the unsafe side if a variable is counted as deter-
ministic because of lack of knowledge of its distribution.  
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-  The statistical evaluation should be applied with care. If there are no test data from the criti-
cal sections of a construction and the assessment has to be based on commonly available in-
formation, then additional tests increase the reliability of the assessment of the material 
strength parameters. The opposite is not a good way to increase the reliability.  The statistical 
dependency between measured material strength in concrete samples from critical sections of 
the bridge and samples from other parts of the bridge or certain concrete delivered in the 
country a certain year exist in common. However it is strongly questionable if it represents 
the concrete in certain critical sections. The many conversions made while updating the mate-
rial test information from the construction phase to be used in the present all include different 
kind of uncertainties, which accumulate and actually decrease the reliability. Especially the 
ageing model when updating the old values to the present must include great amount of un-
certainty. In the ageing model there is not taken into account the environmental effects of the 
location of the Källösund bridge near the sea with many different deteriorating processes act-
ing on the bridge. There is always a risk that the ageing model only works for a certain period 
of time and then some other process(es) takes over and determines the compression strength 
development. 

-  The aim is to get reliable material data for a specific section of the bridge. In the Bayesian 
analysis the old testing data is updated for the entire bridge. To get section specific updated 
material values there should be one more round of Bayesian updating to weight in the test re-
sult of the actual section. 

-  There is a distinct possibility that it may be impossible to benefit from old testing informa-
tion. Engineers have to use their judgment skills. 

 
-  The statistical method used in this rapport is only a way to control if the partial coefficient 

method in BBK is correctly calibrated. To that question the answer is that there is good 
agreement between the statistical method and BBK. The statistical method gives slightly 
more conservative results than BBK. 

 
To have control over the uncertainties is of utmost interest when assessing the structures with 
statistical method. Lack of statistical data gives boundary conditions on these efforts. 
 
 
VaP  
 
- The VaP program, version 1.6, cannot handle large numbers of parameters. Every manual 

transformation results in loss of information. The histograms obtained from Monte Carlo 
analysis have usually neither normal nor lognormal distribution. In this report these histo-
grams are assumed to be either normal or lognormal distribution. This leads to loss of in-
formation and distortion of the mass distribution of the distribution function and affects the 
determination of the characteristic load carrying capacity and the tail properties. 

-    Because it is not possible to have all parameters in the same limit state function it is not pos-
sible to perform the FORM analysis with original parameters, and thereby it is not possible 
to get the sensitivity factors of original parameters on the addition model according to 
BBK94.  

-    For the reasons listed above sensitivity factors can be gotten on the BBK terms, Vc, Vs, Vp, 
Vi, Vf  only. In EC 2 there are less parameters and the sensitivity factors can be obtained. 

-    Truncation of certain distributions should have been done in probabilistic calculations. The 
VaP program does not have an option to do this. 
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6.3 Strengthening with Fibre Reinforced Polymers, FRP 
 
The calculated effect of strengthening with FRP is highly dependant on the angle of the shear 
crack and the angle of the FRP strips. 
The FRP strengthening gives a certain contribution to the load carrying capacity; this additional 
capacity can be compared to the shear load effect of the desired increment of traffic load.  
 
One possible interesting alternative of development would be if the Modified Compression 
Field Theory, MCFT, and the Response program could be developed so that FRP strengthening 
could be put as an input after the long term loads are applied to the structure.  
 
According to Section 4.7, size effect in shear, horizontal additional reinforcement has a great 
effect on the shear capacity of high beams. This additional reinforcement decreases the crack 
widths and thereby increases the ability to transform the shear stresses by interlock effect over 
the shear crack. This can be achieved with the FRP strengthening. This is not considered in 
Täljsten (2003) and thereby an investigation of FRP strengthening and size effect according to 
the modified compression field theory can be suggested. 
 

6.4 Conclusions regarding the Källösund Bridge 
 

1. There are indeed great differences in shear capacity given by different models. 
2. The amount of shear reinforcement in the Källösund Bridge is about 1/5 of the shear re-

inforcement in the Hammarsund Bridge and about 40 % of the required minimum shear 
reinforcement according to BRO 94. The amount of shear reinforcement in the 
Källösund Bridge can thereby be considered as extremely low. 

3. The question “should the cross section s = 29,5m in the span 3-4 be strengthened?” can 
not be answered definitely and there is no experience of similar cases. 

4. All experience do however indicate that Modified Compression Field Theory, MCFT 
can reproduce the sectional response in more detail than the general codes BBK 94 and 
EC 2 can do. 

5. Because of the fact that Response 2000, which is based on MCFT, indicates a lack of 
shear capacity with a ratio of capacity/load of VR/VS = 0,84, strengthening is recom-
mended. 

 
 

6.5 Suggestions regarding further research and development 
 
To obtain a better understanding of the behavior and capacity of bridges, the following sugges-
tions are made regarding further research and development activities: 
 

1. The assessment of material properties is in need of more investigation, especially re-
garding the use of Bayesian updating and of time dependent changes of properties.  

2. More studies are needed on the Modified Compression Field Theory, MCFT, especially 
on size effect but also on other assumptions made in the theory. The program Response 
needs to be adjusted in order to better incorporate strengthening with  Fibre Reinforced 
Polymers, FRP,  

3. Measurement programs ought to be planned and executed before and after strengthening 
of some bridges and the results ought to be compared to calculated values. 
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4. Probabilistic assessment is a vast field of engineering science and more profound stud-
ies and research are needed for better understanding of the real behavior of the struc-
tures and the uncertainties involved in determining the load carrying capacity. 

5. Recommendations (with examples) ought to be established for the assessment procedure 
of the load carrying capacity of concrete bridges.  
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APPENDIX A

An Introduction to Statistical Methods in Structural 

Reliability Analysis
First version in Finnish by Jouko Teeriaho, M Sc, Lecturer in Matematics, Rovaniemi Polytechnic, 

2004

Initiated, translated to English, commented on and amended by Arto Puurula.

1. Concept of probability

The probability of occurrence for the event is denoted with P(A).

0 § P(A) § 1

There exist two types of probability: classical probability and statistical probability

The classical probability is based on known symmetry:

Example 1  Probability P to  get 1 or 2 in dice is  2/6 i.e. 1/3.  
Example 2 The probability for the child to be born to be a girl is 1/2. 

Statistical probability is based on statistics.

Example 3  The probability for the Swedes to die in  cardiovascular diseases is 0,23.
The probability can be expressed also in percents ( 23 % ).
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2. The principal of product and the complement

If A and B are independent events then

P(A and B) = P(A)*P(B)

Example 4  
If on the football pools the probability for 1 in the match Arsenal - Manchester United  is
0.55  and  probability  for  x  in  match  Liverpool  -  Tottenham is  0.35 then  the  probability
for the combination 1x at the same time is 0,55*0,35=0.165 .

The  complement  for  the  event  A  is  the  situation  when  A  is  not   true.  The
complement is denoted A

êêê
 and  its probability can be denoted as

P(A
êêê

) = 1  – P(A)

For the combination 1x in the example 4 the probability for the complemet event is 

P(A
êêê

) = 1  – 0,165 = 0,835

Example 5 
If the event A =  "copying machine is going to get broken today"  and P(A) = 0,25 , then
 A
êêê

  = "copying machine is not going to get broken today" and P(A
êêê

) = 1 - 0,25 = 0,75.

3. Conditional probability - formulas of Bayes

If A and B are not independent events, then the principal of product can't be used, but the
formulas of Bayes are the ones to be used.

In the following P (  A |  B) means conditional  probability  "the probability  for A if  B is
true"

   Bayes 1:   Let A and B be events, which are dependent on each other; then  

     P(A) = P(A | B) * P(B) +  P( A | Bêêê  ) * P(Bêêê)

and 

2



   Bayes 2:                      P (A|B) = P HB » A L P H A LÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄPH B L  =P(A )( P HB »A LÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄPH B L )

It  happens  often  that  the  probability  for  the  event  is  dependent  on  some  variable,  i.e.
conditional.
The formulas of Bayes give us a hint, how to calculate the probabilities in this case.

Example 6 

One type of cancer can be diagnosed by using blood test.
If the result of the blood test is positive then the patient has a cancer in 75% of cases, in
25 % of cases there is no cancer.
If  the  result  of  the  blood test  is  negative  then  the probability  that  the patient  still  has  a
cancer is 3%, in 97 % of cases there is no cancer.
It  is  known  from  the  mass  survey  that  the  blood  test  result  is  positive  for  0.05  % of
population.
If the following denotations are made: A: the person has cancer. B: the test result for the
person is positive.

Questions:

1) What is the probability that the person taking part in the survey has cancer ?

Solution:    P(A) = P(A | B) * P(B) +  P( A | Bêêê  ) * P(Bêêê)  i.e.
P(cancer) = P(cancer | test pos)*P(test pos) + P(cancer | test neg)* P (test neg) =       
                   0.75*0.0005+0.030*.9995 = 0.0304 = 3.0 %
 
2)   Bayes's  equations  gives  the  posibility  to  ask,  what  is  the  probatility  that  the
result of the blood test really means cancer if the patient has a cancer:

  P (B|A) = P HA » B L PH B LÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄÄPH A L  = 0.75μ0,0005ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ0.0304 = 0.0125 = 1.25 %
  
The result is amasing but true.  It can be claimed that the actual test is not very efficient. 
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Bayes's theorem can be illustrated with ares as follows: 

4. Discrete probability distributions

The  statistical  variable  is  discrete  distributed  if  it  only  is  having  finite  number of
outcomes.
Let probabilities  for the values x1 ,  x2 ,  ...   be denoted as p1 ,  p2 ,  ....   .  .  Characteristical
feature for them is that

‚ pk = 1

Example 7   

A competitor NN in biathlon contest hits the targets on the rifle-range with probabilities
as follows: 

0 hit:  0.03    1 hit:  0.07,  2 hits:  0.20     3: hits  0. 35     4: hits:  0.30  and 
5 hits:  0.05 

4



The expected value and varians for hits is to be calculated:

   Definition:                Expected value m  = ⁄ pk  x k        

μ = 0.03 ∗ 0 + 0.07 ∗ 1 + 0.2 ∗ 2 + 0.35 ∗ 3 + 0.30 ∗ 4 + 0.05 ∗ 5

2.97

   Definition:                Varians s2   = ⁄ p k H x k  –m L 2     
  

0.03 ∗H0 − 2.97L2 + 0.07 ∗H1 − 2.97L2 + 0.2 ∗ H2 − 2.97L2 +

0.35 ∗H3 − 2.97L2 +

0.30 ∗H4 − 2.97L2 + 0.05 ∗H5 − 2.97L2

1.2491

Varians describes the deviation of the variable:

   Definition:   Coefficient of Variation,  COV = sÅÅÅÅÅm

Note!   Concept  of  COV  shall  not  be  mixed  up  with  covarians  Cov(X,Y),  which  deals
with the statics of two variables. 

5. Continuous distributions 

When dealing  with  continuous  distributions  the  discrete  probabilities  are  replaced  with
densíty function p(x).
The requirement for the density function is that it is only having positive values and the
area between the density function curve and x-axis is 1.

1) Density function  p (x)  ¥ 0  when x œ R    ( pdf = probability density function )

2) Ÿ-¶

¶ pHxL „ x  = 1

3) In reliability analysis the density function is often denoted as  f (x). 

4) The probability for variable x to be between  ( x , x + dx)  is  f (x) dx
    Probability distribution function is denoted j(x), CDF = cumulative density   
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    function  and means the integral of f(x) from  - ¶  to x. 

j(z) is the probability that variable x § z. 

5L ϕ HzL = ‡
−∞

x

p HxL x

The expected value for the quantity x can be computed using the following formula 

                     m  =  Ÿ-•

• x pHxL ‚ x   

Varians is
                     s2     =  Ÿ-•

• H x - m L2 pHxL ‚ x   
                     
 The square root of varians is denoted standard deviation, s.  
 
Coefficient of variation   COV = sÄÄÄÄÄ

m
  

   Example 8    

      One frequently used distribution is the exponetial distribution with pdf  
      p(x) = l ‰- l x   .  
      The variable x can only get positive values (usually time).
      The expected value and varians for x can be obtained as follows: 

μ = ‡
0

∞

x λ − λ x x =
1
λ

var = ‡
0

∞

J x −
1
λ
N

2
λ − λ x x =

1
λ2

6



ü The expected value and varians for SUM and PRODUCT 

If
Z = a X + b Y + c

 where X and Y are continuously distributed variables , then
μ Z = a μX + b μY + c

σZ
2 = a2 σX

2 + b2 σY
2

If
Z = a X ∗ Y
 where X and Y are continuously distributed variables , then

μ Z = a μX μY

σZ
2 = a2 μX

2 σY
2 + μY

3 σX
2 + σX

2 σY
2

COVZ
2 = COVX

2 + COVY
2 + COVX

2 ∗ COVY
2
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6. Monte- Carlo simulation
        Let the distribution of the density function be f(x) and the distribution function j (x).
            Then the values of the variable following the distribution can be generated as follows:

1) Let the random-number generator allot numbers  zi  between interval [ 0, 1]. 
2) The numbers obtained are converted with the inverse function of the distribution 
    function to the values of variable x:

xi  = j-1 (zi ) 

Example 9 

Let us examine an exponetial distribution, where  y = j(x) = ‰-0.02 x .  The inverse 
function for y is x = – ln(y) / 0.02 = -50 ln(y).

Let the random-number generator allot 20 numbers of x  :

random − numbers = Table@Random@D, 8k, 1, 20<D
80.164266, 0.237872, 0.233224, 0.863374, 0.81965,

0.762379, 0.730241, 0.263333, 0.0418399, 0.400274,
0.300853, 0.238814, 0.648055, 0.210995, 0.819182,
0.374678, 0.0553395, 0.981921, 0.823222, 0.668803<

−50 ∗ Log@random − numbersD
890.3133, 71.8012, 72.7878, 7.34537, 9.94392,

13.5656, 15.719, 66.7167, 158.695, 45.7803,
60.0567, 71.6034, 21.689, 77.796, 9.97246,
49.0844, 144.713, 0.912208, 9.72648, 20.1133<

The  numbers  are  simulations  data  obtained  by  Monte-Carlo  -method  for  the  distribution
examined above.
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7. Fitting Distributions to data with Likelihood- 
function

à LIKELIHOOD - function  

Let  us  assume  that  the  distribution  f(x)  for  the  statistical  variable  x  is  known  but  the
parameters of the distribution ( e.g. the expected value and standard deviation) or some
of them are unknown.
Let us make a test where n number of values for x are measured: Let the observations be
x1 , x2 , .... , xn . Now according to definition for the density function, f (xi ) is proportional
to the probability for the occurrence of xi .
According to the principle of product, see sec 2,  the product f (x1 )ä f(x2 )ä ... 
äf  (xn )  is  proportional  to  the  occurrence  for  the  whole  population  x1 ,  x2 ,  ....  ,  xn .  The
product is denoted  

L = ¤ f Hxi ) 

and it is called Likelihood -function.

The distribution f(x) is best when the L -function for the population gets its maximum.
This maximum can be found when the derivative of the L -function is set to zero, (partial
derivatives are set to zero, if there is several parameters)

ü Example 10

Let us assume, that the lifetime, t, for a bulb is  an exponetially distributed, i.e. 
 f (t) = l ‰- l t   .
Let us test k bulbs, which are going to fail at the time t1 , .... , tk . 

a) What is the value of parameter l according to the test ?

Solution: Likelihood -function is, L = l ‰- l t1 ä  l ‰- l t2 ä ... ä l ‰- l tk = lk ‰- l ⁄ti .
The derivative is  L' (l) = k lk-1 ‰- l ⁄ti  – ⁄ ti lk ‰- l ⁄ti  = lk-1 ‰- l ⁄ti ( k  - l ⁄ ti ).
When  the  derivative  is  set  to  zero,  l  =  kÅÅÅÅÅÅÅÅ⁄ti

  ,  which  is  so-called  MLE   (maximum
likelihood estimate)  for the parameter l of the distribution.
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b) What is the estimate for the average of the lifetime according to a) ?

μ = Assuming@Re@λD > 0, Integrate@λ t −t λ, 8t, 0, ∞<DD
1
λ

The expected value of the lifetime becomes m = ⁄tiÅÅÅÅÅÅÅÅk .

ü Example 11

Let  us  assume  that  at  the  call-up  for  the  army  the  length  for  the  recruit  follows  the

normal distribution  f(x) = 1ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!
p s2

‰- Hx -mL2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅs2  .

Let us measure lengths of 10 recruits. The following results are obtained: 180 , 175, 190
, 186, 193, 188, 183, 179, 176, 195.
The task is to determine the parameters  m and s of the distribution  f(x). 

x = 8180, 175, 190, 186, 193, 188, 183, 179, 176, 195<;

L = Â
k=1

10

 
i

k
jjjjj

1
è!!!!!!!!!!!!!

2 π σ2
 − Hx@@kDD −μL2

2 σ2
y

{
zzzzz

1

32 π5 σ10
 

i

k

jjjjjjjjjj

− H175−μL2

2 σ2 − H176−μL2

2 σ2 − H179−μL2

2 σ2 − H180−μL2

2 σ2 − H183−μL2

2 σ2

− H186−μL2

2 σ2 − H188−μL2

2 σ2 − H190−μL2

2 σ2 − H193−μL2

2 σ2 − H195−μL2

2 σ2

y

{

zzzzzzzzzz

The parameters of the distribution can be obtained in the locations where the both partial
derivatives are zero.

Solve@8∂μ L 0, ∂σ L 0<, 8μ, σ<D êê N

88μ → 184.5, σ → −6.65207<, 8μ → 184.5, σ → 6.65207<<

Answer: The best description for the length of the recruits is the normal distribution with
mean value  m = 184.5 cm  and standard deviation  6.65 cm 
This pair of parameters is called MLE i.e. Maximun Likelihood Estimate.
It can be considered as Mod, typical value, of the distribution. 
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8.  Fitting Distributions to data with linear regression 
analysis

ü The regression analysis of one variable

Linear  regression  analysis  is  needed,  when  it  can  be  assumed  that  there  is  a  linear
dependency between variables x and y,

 y = a x + b
 
 and there is large number of (x,y) -pairs available. The task is to determine the slope a
and the constant b.
 
Let y = (y1, y2, ....., yn) correspond to the values (x1,x2,...,xn) of the variable x and 
ỳ   =  the calculated y- values with the equation ax + b : i.e. 
ỳ= (a*x1+b, a*x2 + b, ... , a*xn + b).
 
Then let the observed y = (y1, y2, ....., yn) correspond to the  values (x1,x2,...,xn) of the
variable x  and
ỳ   =  the calculated y- values with the equation ax + b : i.e.
 ỳ= (a*x1+b, a*x2 + b, ... , a*xn + b).

The difference vector for the calculated and observed  y-values is 
ỳ  - y   = (a*x1+b – y1, a*x2 + b –y2, ... , a*xn + b – yn)

The  parameters  a  and  b  can  be  determined  by  taking  the  square  of  the  length  of  this
difference  vector  as  a  function  h,  which  has  the  arguments  a  and  b  and  finding  the
minimum of this function by setting the partial derivatives dh / da  and dh / db to zero.
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ü The regression analysis of many variables

Let us assume that the variable y depends linearly on the variables x1,x2,..., xn 
according to the formula  

y = a1 x1 + a2 x2 + ....  an xn + b*1.

Let the observed y -values be = (y1, y2, ....., yk)  and

the corresponing x -values form a matrix   x =  
i

k

jjjjjjj
x11 x21 ... xn1 1
... ... ... ... ...

x1k x2k ... xnk 1

y

{

zzzzzzz

The y -values calculated according to the model form a vector ỳ= x.a  , where a is a 
parameter vector  (a1, a2, ... , an, b) .
The values for the parameters ai  can be calculated when minimizing the length of the 
residual vector e = ỳ  - y  =  x.a - y . 

  Example 12:    
    Let us search the model, y = a1 x1 + a2 x2  + b  , which would  fit best to the 

following data: 

x =

i

k

jjjjjjjjjjjjjjjjj

3.0 2.1
4.2 5.2
3.4 3.7
5.5 6.3
3.8 2.7

y

{

zzzzzzzzzzzzzzzzz

; y = 84.6, 2.3, 3.0, 3.7, 6.2<;

Lets denote the coefficients ( a1, a2 and b) and add a unit column to the vector x:

a = 8a1, a2, b<;

x =

i

k

jjjjjjjjjjjjjjjjj

3.0 2.1 1
4.2 5.2 1
3.4 3.7 1
5.5 6.3 1
3.8 2.7 1

y

{

zzzzzzzzzzzzzzzzz

;
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Lets form the residual vector and its square f, in the regression analysis the minimun of
f2  is searched.

residual = x.a − y
f = residual × residual

8−4.6 + 3. a1 + 2.1 a2 + b,
−2.3 + 4.2 a1 + 5.2 a2 + b, −3. + 3.4 a1 + 3.7 a2 + b,
−3.7 + 5.5 a1 + 6.3 a2 + b, −6.2 + 3.8 a1 + 2.7 a2 + b<

H−4.6 + 3. a1 + 2.1 a2 + bL2 +

H−6.2 + 3.8 a1 + 2.7 a2 + bL2 + H−3. + 3.4 a1 + 3.7 a2 + bL2 +

H−2.3 + 4.2 a1 + 5.2 a2 + bL2 + H−3.7 + 5.5 a1 + 6.3 a2 + bL2

Solve@8∂a1 f 0, ∂a2 f 0, ∂b f 0<, 8a1, a2, b<D
88a1 → 2.85654, a2 → −1.95173, b → 0.39789<<

   Result:   y = 2.85654 *x1 – 1.95173*x2 + 0.39789  

Note!   There  are  fucntions  e.g.  LINEST  in  Excel  and  Mathematica  for  regression
analysis 
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9. Bayesian statistics for continuous multivariable 
distributions

The Bayesian statistics is needed when a quantity depends of two parameters, which are
either discretely or continuously distributed.

à 9.1 Bayesian formulas in the discrete case

Example 13. 

When  studying  with  random  sampling  100  students  in  structural  engineering,  the
following table was obtained according to parameters x =  sex and y = mark

(M=male, F=female,   G=fair, VG=good, MVG=excellent)

i

k

jjjjjjjjjjjjjjjjj

M F sum
G 15 17 32

VG 18 22 40
MVG 12 16 28
sum 45 55 100

y

{

zzzzzzzzzzzzzzzzz

The conditional probabilities can be calculated from the table: 
P ( G | M) = 15 / 45 = 0.333 P( G | F) = 17 / 55 =  0.309   
P( VG | M ) =  18/45 =  0.400                           P(VG | F) = 22 / 55 = 0.400  
P ( MVG  | M) = 12/45 = 0.267 P(MVG | F) = 16 / 55 = 0.291  

    If only these conditional probabilities were known, the Bayesian formula can be 
    used when calculating e.g. probability for getting excellent mark: 

    P (MVG ) = P(MVG | F)*P(F) + P( MVG | M)*P(M) = 0.28  , see the calculation  
  

    below 

16

55
∗

55

100
+

12

45
∗

45.

100

0.28

           
    With the Bayesin formula 2    P( A | B) = P HB »AL*PHALÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅP HB L   can be used when 
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    calculating  e.g. the conditional probability for the event that the student is a male 
    if the student has got an excellent mark :  

    P ( M | MVG) = 
    
    PH MVG » M L*PHM LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅPH MVG L = PH MVG » M L*PHM LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅPH MVG »M L*PHM L+PHMVG»FL*PHFL =
    
    = PH MVG » M LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅPH MVG »M L*PHM L+PHMVG»FL*PHFL P(M)= PH MVG » M LÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅPH MVG L P(M)

Answer =

12
45 ∗ 45

100

0.28

0.428571

Note ! This can be obtained direct from the table as  12 / 28 = 0.428

In  this  example  the  information  of  men,  the  probability  for  men,  i.e.  P(M)= 45ÅÅÅÅÅÅÅÅÅ100 is
updated  with  the  information  that  of  all  P(MVG)= 28ÅÅÅÅÅÅÅÅÅ100  there  is  P( MVGÅÅÅÅÅÅÅÅÅÅÅÅÅÅM )  of  men.The
information about fraction of the men is updated to the information about the quality of
the men, from the information about how many men to updated information of what kind
of men.
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à Bayesian formulas in continuos bivariate distribution

The distribution for two variables can look as follows:

<< Statistics`ContinuousDistributions`

dist1 = NormalDistribution@31.0, 4.2D;
dist2 = NormalDistribution@12.7, 1.6D;

f@x_, y_D := PDF@dist1, xD∗ PDF@dist2, yD

Plot3D@f@x, yD, 8x, 20, 40<, 8y, 8, 16<D

20
25

30
35

408

10

12

14

16

0
0.005
0.01

0.015
0.02

0
25

30
35

    The probability density function for two variables is denoted f (x , y ), for which 
    following is valid:

    1)  f ( x ,y ) ¥ 0                for all values of  x,y 
    2) Ÿ Ÿ f Hx, yL „ x „ y  = 1 (The area between the function surface and xy-level is =1)

When  the  other  variable  is  integrated  over  all  possible  values  it  can  get,  two  marginal
distributions are obtained: 

(1)f1 HxL = ‡ f Hx, yL y

(2)f2 HyL = ‡ f Hx, yL x
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    Bayesian teoreme will be generalized to the form: 

(3)
f Hx » yL =

f Hy » xL f HxL
Ÿf Hy » x'L f Hx'L x'

,

where the integral goes over all possible x ' - values.

     If the symbol for proportionality ∂ is used, the previous result can be expressed 
        also as

(4)f Hx » yL ∝ f Hy » xL f HxL

10. Bayesian analysis in reliability assessment 

Let 

y =  parameters of the distribution ( e.g.  m or s together or only m)  , 
        which are denoted q.

and

 x̀  = the observed values, x1, x2, ... , xn . for the statistical variable x 
 
According to the Bayesian formula, see Eq. 4 

(5)f Hθ » x̂L ∝ f Hx̂ » θL f HθL

The terms in Eq.5 have following meanings:

f Hθ » x̂L  is the distribution density function of the parameters q  when assuming  
      that the distribution is based on the measured results of the tests,  x1, x2, 

f (x̂ » θ L is the density function for the observations assuming that the parameters 
     of the  distrubution are given. According to the definition this is 
     L (x̂ , θ L , i.e. the Likelihood -function for the observations,x̀ .  

 f ( q )      is the distribution density function of the parametervector q, which is      
                apriori information about e.g. material strength. Apriori  information can be  
                based on literature or previeous test data, x1, x2, .... , xn.. 
 
f ( q )       is called for prior- distribution or apriori.

    The aim in the Bayesian analysis is to improve the estimate of parameters, q, of the 
    prior -distribution function f (q ) with new test results,  x1, x2, ...., xn. i.e. to get a 
    better estimate of the mean value and decrease the standard deviation.
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    As a result better estimate for the distribution  f (q ) is obtained as f Hθ » x̂L ,   
    which is referred as posterior -distribution.

    The procedure can be iteratively repeated until the result is satisfactory.

  Gonjugate prior

    When the prior -distribution is chosen so that as a result of the Bayesian analysis 
    and updating the obtained posterior -distribution has the same mathematical form, 
    so that only the parameters are updated, the apriori is called gonjugate -prior.

11  Example of Bayesian updating -method, when the 
distribution is a normal distribution

Example 14  

In a hotel there is 50 male guests. Our task is to determine the mean value and
 standard deviation for the length of the male guests at the hotel.
Because there is no other information available, we make a literature survay and find 
that the mean value for the men in the whole country is 178.0 cm and the 
standard deviation is 7.0 cm. We assume that the average length of the male guests is 
exactly this 178.0 cm and that it is normally distributed. We are reached by the 
information that there is just coming a basket-ball team on 8 persons to check in at the 
hotel
We  also  get  to  know  that  the  average  length  of  the  team  is  201  cm.  The  individual

lengths of the team are measured to x={204, 210,196,193,201, 204, 204, 196}. It is 
obvious because of this new information that we have to update our opinion on the 

 average length of the guests at the hotel. This is where Bayesian Updating comes up
 to the stage.
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à A. Lets assume that the standard deviation is known and it is the same for the 
old guests and for the new guests.

In the Bayesian formula

f Hθ » x̂L ∝ f Hx̂ » θL f HθL

only the expected value of q is included in the
parametervector.

f Hθ » x̂L = probability for that the expected
value is m, assuming that we have gotten
the observations x̀.

f Hx̂ » θL = the Likelihood - function for the
observation data assuming that
the expected value is m.

f HqL = the probability distribution of
the expected value, m,
based on the prior assumption

To define prior distribution f (m) we need the following statement concerning the 
     estimation of the parameters:

(6)

If the variable x is distributed so that the sample
mean value is m and sample standard deviation is s,
then the expected value x is distributed so that the mean value

is m and the standard deviation is
s

ÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!n
, Hn = sample sizeL
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Let us define the aprior and the Likelihood -function for the new observations  
L(m) = f ( x̀  , q). The mean value of the new observations is calculated in the end.

σ = 7.0; σ0 = 7.0 ëè!!!!!!
50 ;

f@μD :=
1

"###############
2 π σ02

 
− 1

2  H178.−μL2

σ02 ;

x = 8204, 210, 196, 193, 201, 204, 204, 196<;

L@μD := Â
k=1

8

 
1

è!!!!!!!!!!!!!
2 π σ2

 
− 1

2  Hx@@kDD−μL2

σ2

Mean@xD êê N

201.

Let  us  look  at  how  the  apriori  and  the  Likelihood  -functions  and  the  product  of  them
looks like. The product can be considered as posterior distribution.

f@μD, prior − distribution
L@μD, Likelihood − function
posterior = f@μD∗ L@μD

f(u)=

0.402993 „-0.510204 H178.`-mL2

L(u)=

1.113 * 10^-10

„

-0.01020408163265306`H193-mL2-0.02040816326530612`H196-mL2
-0.01020408163265306`H201-mL2-0.030612244897959183`H204-mL2
-0.01020408163265306`H210-mL2

f(u)äL(u)=

4.485 * 10^-11 „

-0.5102040816326529`H178.`-mL2-0.01020408163265306`H193-mL2
-0.02040816326530612`H196-mL2-0.01020408163265306`H201-mL2
-0.030612244897959183`H204-mL2-0.01020408163265306`H210-mL2
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prior − distribution

Plot@f@μD, 8μ, 170, 188<,
PlotRange → 88169, 187<, 80, 0.5<<D;

172.5 175 177.5 180 182.5 185

0.1

0.2

0.3

0.4

0.5

Likelihood − function

Plot@L@μD, 8μ, 196, 206<,
PlotRange → 88196, 206<, 80, 0.12 ∗ 10−10<<D;

198 200 202 204 206

2× 10-12
4× 10-12
6× 10-12
8× 10-12
1× 10-11

1.2× 10-11

Appendix A An Introduction to Statistical Methods in Structural Reliability Analysis.nb



Product of prior − distribution and Likelihood − function =

posterior distribution = f  HuLâL HuL
Plot@posterior, 8μ, 179, 183<,

PlotRange → 88179, 183<, 80, 0.4 ∗ 10−27<<D;

179.5 180 180.5 181 181.5 182 182.5 183

1× 10-28

2× 10-28

3× 10-28

4× 10-28

As can be expected the mean of this distribution,  approximately 181 cm is between the
prior  distribution  and  the  distribution  of  the  Likelihood  -function.  Lets  find  out  the
expected value by putting the derivative of the distribution fucntion to zero

FindRoot@∂μ posteriori 0, 8μ, 181<D
8μ → 181.172<

As a result we have got the updated expected value on 181.2  cm for the mean value of
the length of the guests at the hotel

If  the  variable  follows  the  normal  distribution,  the  expected  value  for  the  updated
distribution can be calculated with the following  formula

(7)m =
n1 * m1 + n2 * m2
ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅ

n1 + n2

The formula means that the updated expected value is identical with the 
sample size weighted average of the mean values of the prior    
assumption and the new sample, as can be expected.    
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Let us try what the formula gives when using as input n1=50, n2=8, m1=178 , m2=201. 

n1 = 50; n2 = 8; μ1 = 178; μ2 = 201.;

μ =
n1 ∗ μ1 + n2 ∗ μ2

n1 + n2

181.172

The reults are exactly the same.

The probability  density function of the obtained expected value is a normal distribution
and the standard deviation can be calculated as

(8)sm =
s

ÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅÅè!!!!!!!!!!!!!!!!n1 + n2

Note !
If  the  standard  deviation  of  the  length  of  the  men  wasn't  known  the  only  possibility
would have been to  estimate  it  with  the standard deviation  of the both samples.  In that
case  we  should  have  had  to  know both  the  standard  deviation  of  the  length  for  the  50
original  quests  at  the  hotel  and the standard  deviation of the length for  the  basket-ball
team  and  use  the  statistical  methods  to  estimate  the  standard  deviation  of  the  whole
clientele of the hotel.

This leads the situation when the parameters of the posterior distribution are not as easy
to calculate as with the equations  (7) and  (8). The parameters can be defined by finding
the  maximum  of the posterior distribution f  Hx̀ » qL f  HqL as  was  done  in  the  example
above.

The  same  procedure  can  be  applied  also  in  other  distribution,  as  lognormal-   and
Gumbel-distributions.  Short cuts  can be found in the literature  for these distributions to
perform  the  updating.  These   short  cuts  use  to  be  a  little  more  complicated  compared
with the case of normal distribution. 
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APPENDIX B

Example 2.3.1  Bayes updating -method, when Lognormal distribution

First version in Finnish by Jouko Teeriaho, M Sc, Lecturer in Matematics, Rovaniemi Polytechnic, 
2004
Initiated, translated to English, commented on and amended by Arto Puurula.

Assumptions :
The  concrete  compressive  strength  in  a  structure  was  determined  by  testing  of
prefabricated cubes. The following apriori information is available:

μ’ = 64.3 MPa is the mean value of the test results
σ’ = 4.5 MPa is the standard deviation of the test results.

It  is  also  known that  the  standard  deviation  for  the  concrete  strength  from this  factory
normally is 
σfc = 7.0 MPa

One part of the structure is of special interest. The concrete strength has in this part been
tested  on  8  extra  drilled  out  cores.  The  following  values  of  the  compressive  strength
were obtained:

65.6, 65.8, 87.4, 71.4, 75.6, 68.7, 91.3, and 77.9 MPa. 

This gives the posterior information:

μ’’ = 75.46 MPa, mean value of the new special tests
σ’’ = 9.65  MPa, standard deviation of the new special tests.

We assume that  the compressive  strength  has  a  lognormal  distribution  and we want  to
update the apriori information with the new test results.

fc œLogn(m fc ,s f c ) 
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Lognormal distribution:

 If  stochastic  variable  X follows the lognormal  distribution  with the mean value m  and
standard deviation s the  denstity function of the distribution is as follows: 

(1)

f (x)  =  1 ë Iζ x
,H2 πLM 

− 1
2  HLog@xD− λL2

ζ2   ,  

where   m = Exp( l + 1 ê2z2 )    

and  
  
s = m ,H‰ z2

- 1L

1.  Formation of the apriori infromation with m' =64,3 and s' =4,5
    In the lognormal distribution the parameters of the distribution,  l  and z , can be
    obtained with the equations: 

σ' = 4.5; μ' = 64.3;

eq1 = μ' Hλ+ 1
2  ζ2L;

eq2 = σ' μ' ,I ζ2
− 1M;

Solve@8eq1, eq2<, 8λ, ζ<D
88λ → 4.16112, ζ → −0.069899<, 8λ → 4.16112, ζ → 0.069899<<

    2. Formulation of the density function of f( m' ),  distribution of the mean of the mean 
                    i.e. the priorfunction. 

ζ = 0.069899; λ = 4.16112;

f@μ'D := 1 ë Iζ μ' ,H2 πLM 
− 1

2  HLog@μ'D− λL2

ζ2 ;
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    3. Graph of the prior distribution
       

Plot@f@μ'D, 8μ', 48, 82<D;

55 60 65 70 75 80

0.02

0.04

0.06

0.08

   To check the distribution the expected value is calculated. As the upper limit in the 
   integration the figure 500 000 is used instead of infinity to make it possible to 
   perform the integration. 
   

‡
0

500000.

f@tD t t

64.3002

               4. Likelihood -function for the new test results. 
       The standard deviation is now assumed to be the s fc =7,0. The distribution   
       parameters l and z are now calculated again.

σfc = 7.0; μ' = 64.3;

eq1 = μ' Hλ+ 1
2  ζ2L;

eq2 = σfc μ ' ,I ζ2
− 1M;

Solve@8eq1, eq2<, 8λ, ζ<D
88λ → 4.15767, ζ → −0.108544<, 8λ → 4.15767, ζ → 0.108544<<

ζ = 0.108544;
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   Likelihood -function for the test results

x = 865.6, 65.8, 87.4, 71.4, 75.6, 68.7, 91.3, 77.9<;
L@μD :=

Â
k=1

8

 1 ë Iζ x@@kDD ,H2 πLM 
− 1

2  
HLog@x@@kDDD− Log@μD− 1

2  ζ2L2

ζ2

Mean@xD êê N
75.4625

Graph on the Likelihood -function:

Plot@L@μD, 8μ, 65, 85<D;

70 75 80 85

5× 10-14
1× 10-13

1.5× 10-13
2× 10-13

2.5× 10-13
3× 10-13
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    5. Posterior distribution can now be calculated as the product of priordistribution 
        and Likelihood -function.
        

λ = 4.15767;

post = f@μD∗ L@μD
1êμ 

i

k

jjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjjj

1.23 ∗ 10^−10 ∗

−42.4383 H4.17768−Log@μDL2
−42.4383 H4.18073−Log@μDL2

−42.4383 H4.22386−Log@μDL2−42.4383 H4.26240−Log@μDL2

−42.4383 H4.31957−Log@μDL2−42.4383 H4.34954−Log@μDL2

−42.4383 H4.46460−Log@μDL2−42.4383 H4.50826−Log@μDL2

−42.4383 H−4.15767`+Log@μDL2

y

{

zzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzzz
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    Graph of the posterior  distribution

Plot@post, 8μ, 66, 80<D;

68 70 72 74 76 78 80

1× 10-15

2× 10-15

3× 10-15

4× 10-15

5× 10-15

6× 10-15

7× 10-15

   This distribution is between the distributions of the prior- and Likelihood -functions. 
   Because the distribution is not normated to the area under the graph to be to unit, the 
   area under the graph is calculated and used as a nominator when the expected value 
   and the varians = s2  for the mean of the mean value are calculated.

A = ‡
0

50000

post μ'

4.55622962388 × 10−14

μ'' = 1ê A ‡
0

50000

post ∗ μ' μ'

73.293151896
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    varians = s2

Hσ''L2
= 1ê A ‡

0

50000

post ∗Hμ' − μ''L2
μ

7.0368813

     standard deviation,  s for the mean of the mean  

σ'' =
,

7.0368813
2.65271

    Results: 

    Bayes Updating - method gives as the updated mean value m '' 73.3 MPa ja standard 
    deviation s''  for the mean of the mean  2.65 MPa.
    This to  be compared with the apriori mean value m ' 64. 3 ja standard deviation 
    s' for the mean of the mean =  4.5 MPa .

    I.e. the mean of the mean value m '  has been updated to m ''  and the standard 
    deviation,s', for the mean of the mean has become narrower.
    The mean value of the compression strength for the concrete has thereby become 
    more reliable.
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             Fractiles

(2)

formula :

σ = sëI,nM

where s = standard deviation for the distribution
n = sample size, number of observations

The original  nominal  sample  size  can  be  obtained from the Eq.2  as  4.5  = 7.0 ê I,n1M  ,
from where n1  = 2.42. When considering new observations, 8 test data, the new sample
size becomes 2.42+8=10.42.  Then the standard distribution for the updated distribution
becomes 8.56 as can be seen from the calculation as follows:

è!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
10.42 ∗ 2.653

8.56389

The  distribution  for  the  updated  compression  strength  is  approximated  as  a  normal
distribution with the mean of 73.3 and standard distribution of 8.56.
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<< Statistics`ContinuousDistributions`

dist = NormalDistribution@73.3, 8.56D
NormalDistribution@73.3, 8.56D

Graph of the distribution for the updated compression strength 

Plot@PDF@dist, xD, 8x, 50, 95<D

60 70 80 90

0.01

0.02

0.03

0.04

 Graphics 

The  characteristic  value  for  the  updated  compression  strength  of  the  concrete  can  be
obtained as 5% fractile of the distribution  

Quantile@dist, 0.05D
59.2201

fcck = 59.22 MPa
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APPENDIX C Example Safety index method 
 

APPENDIX C 
 
C. Example Safety index method 
 
In this example the safety index β is calculated. The limit state function used is the shear capacity 
according to EC2. 
 
Consider a box girder section in the Fig.C.1. The box section is loaded with the torsion, T and 
shear, V. 
The shear flow of the torsion moment, T can be calculated as qT = T/2bz and of the shear force, V as 
qV = V/2b. 
 

T Tq

Vq

b 

z

z

2T
Tq
bz

=

T TT q z b q b z= ⋅ ⋅ + ⋅ ⋅

2V
Vq

z
=

2 VV q z= ⋅

V 

 
Figure C.1:  Shear flow of the torsion moment, T and the shear force V in the box girder section 
 
The shear flow of the shear force, V and the torsion moment, T interact on the left side of the box 
girder. 
The equivalent shear force can be calculated from the Fig. C.1 as 
 

( ) ( )
2 2 2 2eq V T

ef

V T V TV z q q z
z A

= + = + = +
b

                 (C.1) 

 

 
 
Figure C.2:  The truss model according to EC2. Vccd  is the vertical upward component of the 

compression force Fcd acting on bottom flange. In QAB only the self weight of the 
concrete in the area zcotθ is calculated.  

C1 
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The force for which the stirrups will be dimensioned is obtained as: 
 
VRd,sy = VEd –Vccd – QAB        (C.2) 
 
VEd = Veq ;       Vccd = Vi                        (C.3) 

 
The shear force the shear reinforcement can sustain can be calculated as  
 

, cotsw
Rd sy ywd

AV zf
s

θ=                                      (C.4) 

 
Limit state function for the shear capacity for combined action of shear force, V and torsion, T 
according to EC2 can be expressed as: 
 

cot

cot ( )
2 2

sw
ywd ekv AB ccd

sw
ywd AB ccd

Ag zf V Q V
s

A V Tzf Q V
s b

θ

θ

= − − −

= − + − −
                 (C.5) 

 
where 
 
Asw  = 1000 mm2, responding to the amount of stirrups needed 
z = 2.46 m 
cotθ = 2.5 
Vmeq = 2417 kN 
QAB = 364 kN 
Vmi = 522 KN 
 
The limit state function becomes: 
 

0.00615 1531sw ywdg A f= −                  (C.6) 
 
Table C.1:  Stochastic variables in the limit state function in Eq.C.1.6 
 
Variable Unit Symb mean 

value μ 
standard 
deviation 

σ 

Coefficient of 
variation 

COV 
Stirrups mm2 Asw 1000 15 0,015 
Tension strength of the 
shear reinforcement 

MPa fywd 491 50  
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First step: Normalization of the basic variables: 
 

( )
( )

sw sw

sw

sw

A
A

A

X E X
Z

D X
−

= A                   (C.7) 

  
( )

( )
ywd ywd

ywd

ywd

f f

f
f

X E X
Z

D X

−
=                   (C.8) 

from where 
 

( ) ( )
sw sw sw swA A AX E X Z D X= + A

f

−

0

                 (C.9) 
( ) ( )

ywdywd ywd ywdf f fX E X Z D X= +                  (C.10) 

 
the values from the Table C.1 put into the equations 
 

1000 15
sw swA AX Z= +                   (C.11)

  
 

491 50
ywdywdf fX Z= +                   (C.12) 

 
 
Second step: 
 
Express the limit state function i.e. the failure function in normalized basic variables: 
 

( , ) 0,00615(1000 15)(491 50) 1531

1488,65 45,2948 307,5 4,6125
sw ywd sw ywd

sw ywd sw ywd

A f A f

A f A f

g Z Z Z Z

Z Z Z Z

= + +

= + + +
             (C.13) 

 
Third step: 
 
In the failure point the failure function ( , )

sw ywdA fG Z Z =  is approximated with   

2

*( , ) 0

1488,65 45, 2948 307,5 4,6125 0
sw ywd

sw ywd sw ywd

A f

A f A f

g α β α β

α β α β α α β

=

= + + + =
             (C.14) 

 
For the normal to the failure function expressed by 

swAα β  and 
ywdfα β  following is valid 

( ) ( )22

sw ywdA fα β α β+ = β                                      (C.15) 

 
from which  
 

2 2 1
sw ywdA fα α+ =                 (C.16) 

 
It is convenient to solve β from the expression for failure function by using some iterative method 
e.g. Newton Raphson, which states that 
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( )
( )

1
'

i
i i

i

g

g

β
β β

β
+ = −                (C.17) 

 
where 
 

( )' 45, 2948 307,5 2*4,6125
sw ywd sw ywd

i
A f Ag fβ α α α α= + + β            (C.18) 

 
The normal vector to g(zi,…,zn) in the failure point (αiβ,… αnβ) is given by  Eq 2.2.14 and the length 
of this normal vector is given by Eq.2.2.15. In the failure point the normal vector coincides with the 
unit vector ( nnii αα ,..., ) 
 

( ) ( ) 2
,...,

2
,..., ,..., ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂

∂
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂

∂
∂

−
=

n

nnii

i

nnii

n
n

z
g

z
g

z
g

βαβαβαβα
α              (C.19) 

 
 
where 
 

45, 2948 4,6125
ywd

sw

f
A

g
z

α β∂
= +

∂
             (C.20) 

 

307,5 4,6125
sw

ywd

A
f

g
z

α β∂
= +

∂
             (C.21) 

Table C.2:  Excel calculation to solve β from the equation of the failure function  
 

( ) ( )22

sw ywdA fα α+
value of the 
limit state function= 

 αAsw αfywd β  dg/dzAsw
= 

dg/dzfywd
= 

 
length 

of  
the 

normal

1488,65+45,2948*αAsw*β
+ 
307,5*αfywdβ+4,6125*αAsw
*αfywd*β2

0 -0,71 -0,71 3,00 1,0 35,47 297,68 300 758 
1 -0,118 -0,993 6,21 1,0 16,87 304,11 305 -418 
2 -0,055 -0,998 4,83 1,0 23,06 306,27 307 0 
3 -0,075 -0,997 4,83 1,0 23,09 305,83 307 0 
4 -0,075 -0,997 4,83 1,0 23,09 305,82 307 0 
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Figure C.3:  Graph over the conversion of the safety index β and the value of the limit state 
function 
 
The safety index was calculated to 4.83 , the limit for safety class 3 in Swedish concrete code BBK 
is 4.8. 
 
 
Variabel Prosessor, VaP solution 
 
Limit State Function G:  
 
     G = 0.00615*Asw*fywd-1531 
 
 Variables of G: 
 
     Asw     N        1.000e+03         15.000 
     fywd     N        491.000             50.000 
 
Table C.3:  Summary of FORM Analysis  
 
FORM Analysis of G: 
 
     HL - Index = 4.83         P(G<0) = 6.91e-07 
 
     Name        Alpha        Design Value 
     Asw           -0.075         994.548 
     fywd           -0.997         250.308 
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Appendix D  

D. RESPONSE 
 
The Response -program was developed at the University of Toronto by Evan Bentz in a pro-
ject supervised by Professor Michael P. Collins. 
 
In a sectional analysis performed with Response -2000 program the strength and ductility of a 
reinforced concrete cross-section subjected to shear, moment, and axial load is calculated. All 
three loads are considered simultaneously to find the full load-deformation response based on 
the modified compression field theory. In this analysis, the biaxial stresses and strains and the 
manner in which they vary over the height of the beam are considered.  
 
In Bentz (2000) there is a detailed description of the Response 2000 –program in Evan Bentz 
doctoral thesis.  

D.1 Assumptions in the Sectional Analysis  
 
The first assumption in Response-2000 is the traditional engineering beam theory assumption 
that plane sections remain plane. This is appropriate for beams and columns that are more 
than 4 times their depth. The second assumption is that there is no significant transverse 
clamping stress acting through the depth of the beam. This is also an appropriate assumption 
for beams that are of a similar length to that above and produces conservative results. That is, 
if there is transverse clamping, the real strength of the beam will be higher than that predicted 
by the program, see Fig D.1.1. The third assumption is that the Modified Compression Field 
Theory (MCFT) can be used for biaxial stress-strain behaviour throughout the depth of the 
beam.  
 

 
Figure D.1.1: Kani Shear tests: Shear strength vs. a/d Ratio 
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D.2 General 
 
The MCFT is a general model for the load-deformation behavior of two-dimensional cracked 
reinforced concrete subjected to shear. It models concrete considering concrete stresses in 
principal directions summed with reinforcing stresses assumed to be only axial. The most 
important assumption in the model is that the cracked concrete in the reinforced concrete can 
be treated as a new material with empirically defined stress-strain behavior. This behavior can 
differ from the traditional stress-strain curve of a cylinder, for example. The strains used for 
these stress-strain relationships are average strains, that is, they lump together the combined 
effects of local strains at cracks, strains between cracks, bond-slip, and crack slip. The calcu-
lated stresses are also average stresses in that they implicitly include stresses between cracks, 
stresses at cracks, interface shear on cracks, and dowel action. For the use of these average 
stresses and strains to be a reasonable assumption, the distances used in determining the aver-
age behavior must include a few cracks. Sectional models satisfy this by needing to be at least 
a couple of section depths long.  
 
An explicit check must be made to ensure that the average stresses are compatible with the 
actual cracked condition of the concrete. This so-called crack check is a critical part of the 
MCFT. The crack check involves limiting the average principal tensile stress in the concrete 
to a maximum allowable value determined by considering the steel stress at a crack and the 
ability of the crack surface to resist shear stresses. 
 

D.3 The Longitudinal Stiffness Method 
 
Response-2000 calculates the distribution of shear stress that vary through the depth of the 
beam cross section. The distribution will be affected by the width of the section, the material 
properties of the concrete, and the location and amount of reinforcement. The technique used 
is based on equilibrium of longitudinal stresses as derived by Jourawski in 1856. 
 
Traditional Shear Stress Calculation 
 
Consider the prismatic beam on simple supports shown in Fig D.3.1. The right side of the 
figure is a free body diagram of the part of the beam between sections A and B. 
 
 

 
Figure D.3.1: Shear stress calculation 
 
 This section of beam is dx units long, and subjected to constant shear V and no axial load. 
The moment at section A is taken as M, and, due to the shear, the moment at section B will be 
higher, M + dM = M + V-dx. The assumed linear longitudinal strain gradient from the mo-
ment will cause a longitudinal stress profile with compression on the top and tension on the 
bottom of the cross section. Consider the shaded section at the top right of Fig.D.3.1 as a free 
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body diagram of the top of the beam, from elevation z up to the top of the beam. It is sub-
jected to a force on the left from the moment, but a higher force on the right from the slightly 
higher moment. This requires a balancing force on the cut plane of the beam, shown as H. 
Due to the summation of moments about a point equaling zero, the shear stress in a horizontal 
plane at a point must equal the vertical shear stress. As such, the force H divided by the beam 
width and dx results in the vertical shear stress on the beam at depth z. This is the same deri-
vation used to produce Jourawski's relationship: 
 

Ib
VQv =       (D.1.1) 

 

.  
 
Figure D.3.2: Internals of shear stress calculation 
 
The stress profile that will occur at Section A and B, as in Fig D.3.1, are drawn together on 
the same axis for comparison in Fig D.3.2. As section A has a smaller moment, it will have a 
smaller stress profile than at section B where the moment is larger. The shaded region repre-
sents the difference in stress profiles between the two sections. It is this difference that defines 
the shear stress profile. Also shown is the shear stress distribution, which for this case is a 
parabola. Note that the slope of the shear stress plot with respect to depth is zero at mid-depth, 
and maximum at the top and bottom of the section. These slopes are directly proportional to 
the difference in the longitudinal stresses at sections A and B. That is, the shaded area on the 
middle plot at any given depth is proportional to the derivative of the shear stress plot with 
respect to the beam depth. 
In this case, the difference in longitudinal stresses between sections A and B is linear, so the 
shear stress profile is parabolic. For general nonlinear materials, however, the difference in 
longitudinal stress profiles will not necessarily be linear. The difference in strains between 
sections A and B, on the other hand, will always be linearly distributed over the depth when 
the assumption of plane sections remaining plane is used. If this change in longitudinal strain 
profile is known along with the longitudinal stiffness (i.e. rate of change of longitudinal stress 
with longitudinal strain) over the height of the beam, the shear stress profile can be generated. 
This is the basis of The Longitudinal Stiffness Method 
 
Previous state-of-the-art 
 
To use Jourawski's theory for shear stress distribution for the analysis of reinforced concrete 
beams, the nonlinear behavior of concrete must be included. The nonlinearity means that the 
problem generally must be solved numerically rather than analytically. In the previous state-
of-the-art for sectional analysis of concrete beams including shear a beam is divided into a 
fixed number of layers and assumes that the stress-strain state is constant for that layer. Each 
layer may have a different width. The shear stress is then calculated at the interface of each of 
these layers. A full load-state/strain-state analysis is done at sections A and B in Fig D.3.1, 
separated by the distance dx, suggested by Vecchio and Collins as d/6. The "dual section 
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analysis" procedure then numerically integrates the stresses above each layer interface in the 
section and calculates the resulting shear stress profile down the depth.  
 
 
 
The Longitudinal Stiffness Method 
 
The Longitudinal Stiffness Method works by taking the limit as the distance dx between sec-
tions A and B in Fig.D.3.1 goes to zero It remains a numerically implemented method, but it 
no longer requires the calculation of behavior at both sections A and B. Recall that the old 
method took the difference between the longitudinal stresses at sections A and B and divided 
by the distance between them, in the process of calculating the shear stress. This step is re-
placed by calculating the derivative of longitudinal stress with respect to longitudinal strain at 
each point in the depth of the cross section. 
The use of derivatives mean that the solution for only one location need be obtained rather 
than the two needed for the earlier method. As there is only one section, the axial forces and 
shears are guaranteed to match on each "side" of the analysis.  
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D.4 Calculation scheme for Modified Compression Field Theory, MCFT 
 
Modified Compression Field Theory, MCFT, is an iterative calculation method. In the pro-
gram the cross section is divided into about 50 horizontal layers. The program makes itera-
tions according to Fig.D.4.1 to get the strains and stresses on each layer.  

 
 
Figure D.4.1: Calculation scheme for Modified Compression Field Theory, MCFT, Gabriels-

son(1999). 
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D.5 Example of Response calculations
 
Response -2000 -program allows analysis of beams subjected to arbitrary combinations of 
axial load, moment and shear. On the first page the input data is defined, see Fig D.5.1. The 
cross section data is produced by a wizard that allows a section to be created easily. There are 
functions to define material properties for concrete, reinforcement and prestressed reinforce-
ment. The reinforcement can be placed individually exactly on their positions in the cross 
section. The loading can be defined as initial loading plus incremental steps for further load-
ing. 
After solving the sectional response a window with two control plots and 9 plots with the 
given variable plotted over the depth of the section for the load stage indicated by the control 
plot will show up, see Fig D.5.2.  
 
The two control charts in Fig D.5.2: 
 
The upper control chart the “V-Gxy” curve shows the shear force-shear strain plot. 
When the user clicks anywhere on the control plot, all the plots will automatically change 
depending on the new location on the control plot. 
The lower control chart shows a moment curvature plot. 
 
The 9 plots in Fig D.1.7: 
 
In the top left the cross section is drawn darker in regions where it is predicted not to have 
cracked. Yielding of stirrups is marked with red color and bright red color indicates that ulti-
mate strength of reinforcement is reached. 
The top centre plot shows the longitudinal strain versus depth for the section showing the ba-
sic assumption that plane sections remain plane 
The top right shows the variation in transverse strain over the depth. When the stress in the 
peak exceeds the tensile strength of the stirrups yielding of stirrups is shown with red color. 
The middle left shows the crack diagram with the predicted angles and widths of cracks in 
millimeters as well as an estimate of the pattern of cracking.  
The middle centre plot shows shear strain plot, which shows increasing values in peak strains 
indicating shear deformation failure in the cracked part of the section. 
The middle right shows the shear stress plot. Two curves are shown. A blue one is based on 
shear strain and the green one on the stiffness in the longitudinal direction of the cracked con-
crete. If the curves differ much form each others it indicates that the reliability of the calcula-
tion is limited. 
The bottom left plot shows the principal compressive stress values. The red line at the left of 
the plot is the maximum allowed stress versus depth and the right blue line shows the applied 
stress. If the two lines on this plot are about to touch each others, it indicates that the section is 
about to fail by crushing of the diagonal concrete strut. 
The bottom middle plot shows the shear on crack. The actual stress on crack is shown with 
red color and the allowed stress with blue, when the curves touch each others there will occur 
a crack slip, shear failure in the direction of the crack surface. 
The bottom right plot shows principal tensile stress. When the tensile stresses exceed the ten-
sile strength of the concrete new cracks will form and the tensile stresses will decrease.
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Figure D.5.1:  Example of Response –calculations. The sequences of the calculation are pre-

sented in the following figures. 
 

 
 
Figure D.5.2:  Start page of Response –program. Geometry, material properties and loading 

are to be specified. 
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Figure D.5.3: After solving the problem, page with 9 graphs shows up. On the left hand side 
the upper control chart a load-deformation graph “V-Gxy” indicates 1763,9 kN in shear with 
corresponding shear deformation of  γxy=0,12 mm/m after the long term loading is applied. 
The maximum shear that the cross section can resist is 1828.3 kN. In this stage the cross sec-
tion is not cracked and linear relations in strains and stresses are prevailing. 

 
Figure D.5.4:  The cross section has cracked. The Transverse Strain graph in the upper row 

shows the strain in the stirrups. In the Crack Diagram the inclination, spacing 
and widths (mm) of the cracks are shown. When the red lines cross the blue 
lines a certain type of failure occurs.   
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Figure D.5.5: The Shear on Crack graph indicates that shear capacity in the crack is ex-

ceeded. The crack widths vary between 1.88 – 0.60 mm. 
 

 
Figure D.5.6:  A red spot in the Cross Section diagram indicates that yielding in the stirrups 

has begun. Also the peak in the Transverse Strain graph shows the placement 
of the yielding.   
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Figure D.5.7: The Shear Strain graph shows a peak of increasing shear strain indicating 

shear deformation failure. Principal Compression Stress graph shows in-
creasing concrete compression strut stress. 

 

 
 
Figure D.5.8:  Principal Compression Stress graph indicates compression strut failure. 
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Figure D.5.9: Finale failure, even strain hardening of stirrups has been utilized; see bright 

red in the Cross Section diagram. 
 

D.6 Calibration of Response –2000 
 
The Response program has been tested against three cases presented in literature.  
 

D.6.1 Box girder A - Westerberg (2002a)  
 

 
 
Figure D.6.1: Box girder in Westerberg (2002a) 
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Fig.D.6.1 shows the box girder in Westerberg (2002a), which was object to the control calcu-
lation with the Response –program. 
Graph in Fig.D.6.2 shows the required shear reinforcement as a function of nominal shear 
stress νn=Vn/(bwd), where Vn is shear without partial coefficients. For AASHTO there is two 
graphs, one for a/d =2,5 respective 5,0. The reason for these two a/d values is that the magni-
tude of the moment has effect on shear capacity via the strain, εx of the longitudinal rein-
forcement. In this example moment have no effect for BBK because the BBK capacity is de-
termined by shear failure due to tension in principal tension direction, in the point where the 
graphs terminate. Otherwise moment has an effect also in BBK via Vp term’s M0/Md. For the 
truss model according to EC2 moment has no effect. 
 
AASHTO is a simplified version of Modified Compression Field Theory, MCFT calculated 
with the Excel –program. Response 2000 -program is also based on MCFT but uses a more 
detailed calculation procedure. AASHTO and Response should thereby give quite same re-
sults. This can clearly be seen in Fig.D.6.2 where Response graph closely follows the 
AASHTO graph with a/d=2,5, for higher quantities of shear reinforcement the Response 
graph comes near the AASHTO graph with a/d=5,0. For even higher quantities of shear rein-
forcement the Response graph joins the EC2 graph. 
 
In Response calculation from point A, nominal shear stress of 6,11 MPa corresponding to 
shear reinforcement of  8378 mm2/m and maximum shear of 7381 kN  and upwards the Re-
sponse upper limit for shear capacity is determined of concrete compression strut failure. 

 
 
Figure D.6.2:  Graph shows required shear reinforcement as a function of nominal shear 

stress νn=Vn/(bwd), where Vn is shear without partial coefficients.  Wester-
berg (2002a) 
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D.6.2 Box girder B - Westerberg (2002b)  
 
Fig D.6.3 and Fig D.6.4 show the main geometry of the Hammarsund Bridge, which was an 
object of the control calculation with the Response 2000 –program. 

D.6.2.1 Geometry 
 

3
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2000

3500

11 x 5000

 
Figure D.6.3:  Elevation of the Hammarsund Bridge at the support 3 (in the direction to-

wards support 2)., Westerberg (2002b) 
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Figure D.6.4: Cross section. Values of h and hu  are given in the Table D.6.1.                        

Westerberg (2002b) 
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D.6.2.2 Cross section data 
 
Table D.6.1: Cross section data, Westerberg (2002b)  
 
Notation Cross section (m) Number  

of cables 
Cross 
section 

Node Cross 
section 

nr 

h hu A yu Ix Wö Wu top bottom

Support3 42:2 1 6,440 0,580 12,240 3,203 84,847 26,236 26,490 50 0 
A 42:1 2 6,230 0,565 11,994 3,123 78,066 25,118 24,997 50 0 
B 41:1 3 5,583 0,515 11,200 2,872 58,824 21,698 20,482 48 0 
C 40:1 4 4,995 0,465 10,449 2,643 43,993 18,705 16,645 44 0 
D 39:1 5 4,467 0,415 9,739 2,437 32,689 16,103 13,414 40 0 
E 38:1 6 4,000 0,365 9,071 2,255 24,173 13,861 10,720 36 0 
F 37:1 7 3,590 0,315 8,446 2,099 17,828 11,949 8,494 32 0 
G 36:1 8 3,243 0,265 7,862 1,970 13,148 10,328 6,674 26 4 
H 35:1 9 2,955 0,230 7,422 1,849 9,989 9,032 5,402 20 8 
I 34:1 10 2,727 0,230 7,263 1,709 8,270 8,124 4,839 14 12 
J 33:1 11 2,560 0,230 7,145 1,606 7,117 7,468 4,432 8 16 
K 32:1 12 2,450 0,230 7,070 1,539 6,427 7,047 4,176 4 20 
L 31:1 13 2,400 0,230 7,036 1,509 6,132 6,859 4,064 0 20 
CL 30:1 13 2,400 0,230 7,036 1,509 6,132 6,859 4,064 0 20 
 

D.6.2.3 Material 
 
Table D.6.2: Material, Westerberg (2002b) 
  
Concrete:  K45 fcck = 32 MPa   fcc = 17,8 MPa 
   fctk = 2,1 MPa fct = 1,17 MPa 
   Eck = 33 GPa 
   
Reinforcement: 
 Ks400, � ≤ 16  fyk = 390 MPa fst = 295 MPa 
 Ks400, � > 16  fyk = 370 MPa fst = 280 MPa 
 
 Ks600, � ≤ 16  fyk = 590 MPa fst = 447 MPa 
 Ks400, � > 16  fyk = 570 MPa fst = 432 MPa 
 
Prestressed reinforcement: fyk = 1550 MPa fst = 1175 MPa 
  fuk = 1770 MPa fst = 1341 MPa 
  σp0 = 1314 MPa σp∞ = 1190 MPa  
 Ap = 1800 mm2 (area per cable) 
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D.6.2.4  Cross sectional forces etc. 
 
Table D.6.3: Dimensioning cross sectional forces for shear, Westerberg (2002b)  
 

Notation Md Vd Td
Number of 
cables 

Prestressing 
force, MN �cm

Prestressing 
exc. M0

Cross 
section 

Node Nr MNm MN MNm top bottom top bottom MPa top bottom MNm 

Stöd  42:2 1 -
543,44 21,52 1,44 50 0 107,00 0 8,74 3,104 3,088 561,48

A 42:1 2 -
504,29 20,74 1,37 50 0 107,00 0 8,92 2,978 3,008 542,73

B 41:1 3 -
410,42 18,69 2,51 48 0 102,72 0 9,17 2,581 2,757 464,12

C 40:1 4 -
326,78 16,79 3,88 44 0 94,16 0 9,01 2,222 2,528 377,78

D 39:1 5 -
252,87 14,99 4,86 40 0 85,60 0 8,79 1,900 2,322 304,18

E 38:1 6 -
188,18 13,28 5,45 36 0 77,04 0 8,49 1,614 2,140 242,06

F 37:1 7 -
133,67 11,65 5,83 32 0 68,48 0 8,11 1,362 1,984 190,15

G 36:1 8 -87,92 10,10 5,91 26 4 55,64 8,56 8,17 1,143 1,855 132,06
H 35:1 9 -49,89 8,59 6,28 20 8 42,80 17,12 8,07 0,976 1,734 85,00 
I 34:1 10 51,74 7,15 5,99 14 12 29,96 25,68 7,66 0,888 1,594 51,40 
J 33:1 11 69,32 5,69 5,44 8 16 17,12 34,24 7,19 0,823 1,491 68,82 
K 32:1 12 81,64 4,30 4,80 4 20 8,56 42,80 7,26 0,782 1,424 84,59 
L 31:1 13 87,66 2,93 4,09 0 20 0 42,80 6,08 0,764 1,394 84,38 
 
 

D.6.2.5 Shear load carrying capacity as a function of the amount of shear reinforcement. 
Westerberg (2002b) 
 
In Fig.D.6.5  the graph over shear capacity as a function of the amount of shear reinforcement 
is presented. As can be seen in the figure for the graphs for EC2 with 100% and 50% 
prestressing join each other and thereby the level of prestress doesn’t have effect on the shear 
reinforcement required. Difference between lines BBK 100% and BBK 50% shows the effect 
of prestress term, Vp in BBK.  
 
If the contribution of shear reinforcement term is expressed as a coefficient of angle multi-
plied the dimensioning shear force the BBK term Vs becomes 
 

s
sv

s V
zfs

A
×=

1               (D.6.1) 

 
respectively for EC2 
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s
sv

s V
zfs

A
×=

θcot
1               (D.6.2) 

 
In EC2 the upper limit for cotθ is 2.5 and therefore the inclination becomes more gently slop-
ing for EC2 compared with BBK. 
 
In BBK there is the concrete term Vc+Vp which gives increasing contribution with increasing 
prestress. In EC2 there is only the stirrup contribution, the lower limit is given by the capacity 
without shear reinforcement VRd,ct, which is much lower at high prestress than Vc+Vp accord-
ing to BBK but some higher at low prestress. The capacities corresponding minimum rein-
forcement give lower limits, if the amount of stirrups is less than the contribution given by 
this minimum amount of stirrups, the stirrup can’t be calculated to give any contribution in 
the shear capacity. 
 

 
Figure D.6.5:  Shear load carrying capacity as a function of the amount of shear reinforce-

ment. Figure modified from Westerberg (2002b) 
 
Response 2000 –program gives a constant shear capacity of 4287 kN with increasing shear 
reinforcement up to 894 mm2. This coincides with VRd,ct , the shear capacity without shear 
reinforcement according to EC2. After the shear reinforcement becomes statically activated in 
the Response –program and gives increasing capacity with increasing amount of stirrups the 
graph follows the EC2 with some accuracy on the safe side from EC2 point of view. In 
Westerberg (2002b) it is pointed out that there should be a soft transition from VRd,ct  to VRd,sy  
and that truss model, (EC2) probably gives underestimation of the load carrying capacity in 
the area where VRd,sy  is near VRd,ct   and that the addition model, (BBK) gives in this area a 
reasonable transition. This is about what happens according to Response. With higher 
amounts of shear reinforcement EC2 gives slightly higher capacity compared with Response. 
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BBK gives clearly higher capacity compared with EC2 and Response especially when low 
amounts of shear reinforcement are considered. 
Low prestress, (BBK 50%) combined with high shear BBK requires more shear reinforcement 
than EC2. 
 
The required amount of shear reinforcement for the maximum shear of 8586 kN is according 
to BBK 2218 mm2 respective EC2 3126 mm2 while the existing shear reinforcement is 5360 
mm2/m without stirrups required for torsion included. Torsion requires 856 mm2/m shear rein-
forcement according to BBK. 
The BBK Vi term considering the vertical component of the compression force against the 
bottom flange is not included in the Fig.D.6.5. 
The reason for the seemingly high amount of existing shear reinforcement is according to 
Westerberg (2002b) the crack width limitation in the service limit state. 
 
As a comparison the existing amount of shear reinforcement in the Källösund Bridge is 1048 
mm2/m for entire cross section. The difference between BBK and EC2 increases towards low 
amount of shear reinforcement. 
 
As a general conclusion can be stated that Response 2000 –program gives results close to the 
variable angle truss method presented in EC2. 
 

D.6.3 Box girder C - Karlsson & Elfgren (1976)  
 
Beam number 5 in Karlsson & Elfgren (1976) was object to the control calculation with the 
Response –program. In the following test performed on beam 5 and calculations with Re-
sponse –program are presented. A comparison between test results and calculations with Re-
sponse is also presented. 
 

D.6.3.1 Test performed in Gothenburg 1976 
 
Five rectangular prestressed concrete box beams were tested 1976 at Chalmers University of 
Technology in Gothenburg in Sweden. The beams were tested in combined torsion, bending 
and shear. Geometry and the loading of the beam number 5 are presented in the Fig.D.6.6 and 
reinforcement in Fig.D.6.7. The cross section tested with the Response 2000 –program is 
marked in Fig.D.6.6. 
 
The upwards directed point load was applied to the bottom of the beams with the eccentricity 
of 34 cm. The loading was executed with steps of 40 kN until cracking occurred in bending in 
the middle of the beam. After cracking the loading was applied so that deformations were the 
decisive factor on determining the level of loading. This deformation controlled loading was 
then applied in stages of 1-3 mm up to the final failure. 
 
In the test situation the first cracking in bending occurred at a point load of 240 kN and a 
crack propagated across the entire upper flange. At the loading of 280 kN the bending crack 
continued to propagate downwards in the most loaded web. At the loading of 320 kN the first 
shear and torsion cracks appeared near the support. The crack angle varied between 45º and 
60º in the most loaded web.  The cracks in the other web remained vertical. At the load level 
of 320 kN the loading continued deformation controlled with the velocity of 0,05 mm/second. 
The loading was applied with intervals of 1-2.5 mm. At the load level of 400 kN wide torsion 
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cracks appeared on the upper side of the beam. Finally at the maximum loading of 510 kN the 
existing torsion crack near the support propagated strongly because of yielding of the stirrups 
on the front side of the beam. In the Fig.D.6.8  the beam 5 in the failure stage is presented. 
 

P e=0.34 cm

Response control

 
 
Figure D.6.6: Geometry, placement of the prestressing tendons and the point load P of the 

beam 5. Karlsson & Elfgren (1976)  
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Figure D.6.7: Reinforcement of beam 5. Karlsson & Elfgren (1976)  
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Figure D.6.8: Crack diagram after the finale failure of the beam 5. Karlsson & Elfgren 

(1976)  

D.6.3.2 Control calculation of the beam 5 with Response -2000 program 
 
In the control calculation of the beam 5 with the Response -2000 program, the calculation 
with a frame program was performed to get the moment and shear due to the self weight and 
the point load for the entire beam, see Fig.D.6.9.  

 
 
Figure D.6.9: Beam 5, Topology, moment diagram and shear diagram. 
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Then the equivalent shear was calculated as, see also appendix C 
 

b
TVVeq 22

+=              (D.6.3) 

 
Table D.6.4:  Calculation of the equivalent shear and corresponding moment in the most 

stressed web of the beam 5 in node 4, adjacent cross section to the left of the 
wall in the middle of the beam, see Fig.D.6.6 and Fig D.6.9. 

 
   T=P*e/2  
   VT=T/(2b)  

   
shear of 
the  

half cross section  torsion, T  
P Mhalf Vhalf VT Veq=Vhalf+VT
kN kNm kN kNm kN 
200 -87,1 -49 -25 -74,4 
240 -105,6 -59 -30 -89,4 
280 -124,1 -69 -35 -104,4 
320 -142,6 -79 -40 -119,4 
400 -179,6 -99 -50 -149,4 
510 -230,5 -127 -63,75 -190,7 
     
deltaM -143,4   deltaV -116,3 
 
The loading according to Table D.6.4 was put in the Response -program, see Loading in Fig 
D.6.10. 
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Figure D.6.10: Cross section properties, loading and material properties for the half cross 

section of the beam 5, Response 2000 – program  
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Differences between the test and Response calculation 
 

- all material parameters for concrete, not prestressed  and prestressed reinforcement 
were not available. The stress –strain graphs in the Response program are thereby ap-
proximations.  

- the information about strain hardening properties, rupture strain and ultimate strength 
were missing for not prestressed reinforcement .  

- the real stress-strain curve for  concrete was not known, and the base curve in the 
stress strain behavior was approximated by Popocics/Thoenfeldt/Collins, compression 
softening by Vecchio-Collins 1986 and tension stiffening by Bentz 1999, see Collins 
M.P. and Mitchell D.(1997) and Bentz E(2000). Even if the E-modulus for the con-
crete is known from the material tests it can’t exactly be defined in Response. The E-
modulus was determined manually by measuring the screen graph for concrete in 
AutoCAD the corresponding strain, εcorr at 0.6*fc

’ and calculating E-modulus as 
E=0.6*fc

’/εcorr and adjusting the peak strain until the E-modulus became the same as 
determined in the test. 

- prestressing steel properties were approximated with Ramberg-Osgood A, B and C pa-
rameters, see Collins M.P. and Mitchell D.(1997) 

- walls across the box beam in the ends and in the middle were in the calculation with 
the frame program but can not modeled in the Response –program, it is neither possi-
ble in the Response program to consider how the 3D effects and the support conditions 
influence the load carrying capacity. The test shows higher shear capacity compared 
with the Response program and this fact indicates that these matters obviously in-
crease the shear capacity as can be expected. 

- the stages in loading in the test can not be reproduced with the Response program as in 
the tests and the loading in Response is thereby also an approximation 

-  
The result of the Response calculation is presented in Fig D.6.11. The maximal shear of 168,7 
kN corresponding 451 kN in point load was obtained.  The final failure situation is presented 
in Fig.D.6.12. 
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Figure D.6.11: Shear-shear strain graph, average angles and corresponding crack diagram 
of the beam 5 according to Response calculation.
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Figure D.6.12: Beam 5 according to Response calculation at final failure, stage 6, see 

Fig.D.6.11. Yielding of stirrups, compression strut failure, crack slip failure 
and shear strain failure occurs at final failure. 

D.6.3.3 Comparison of the test and Response calculation 
The first crack in the upper side of the beam appeared in Response calculation at the shear of 
84,5 kN which corresponds to 227 kN in point load, stage 1 in the Fig.D.6.11. In the test the 
first crack appeared at the point load of 240 kN.  At the shear of 104 kN, stage 2 in the Fig. 
D.6.11 corresponding 280 kN point load the cracks propagate downwards like in the test. In 
the stage 3 the cracks continue to propagate and the angle of the cracks decreased. At the 
shear of 158,3 kN, stage 4, corresponding to 424 kN point load the stirrups and longitudinal 
reinforcement in the middle of the upper flange begun yielding. In the test at point load of 400 
kN wide torsion cracks were propagating on the upper side of the beam, which indicates 
yielding of the longitudinal reinforcement and/or stirrups. The maximum shear of 168,7 kN 
corresponding 451 kN in point load was obtained in stage 5, stirrups and all longitudinal not 
prestressed reinforcement were yielding, which is to be compared with the ultimate point load 
of 510 kN in the test situation. The final failure situation according to Response calculation is 
presented in the Fig.D.6.12 with yielding of stirrups, compression strut failure, crack slip fail-
ure and shear strain failure. The angle of the cracks in Response calculation vary between 35º 
and 60º, see Fig.D.6.11. 
 
The conclusion of this comparison is that Response –program seems to be able to reproduce 
the behavior of the beam 5 under the test situation with considerable accuracy. 
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D.7  Vf , the contribution of the Fibre Reinforced Polymer, FRP strengthening in combi-
nation with Response –calculations in ultimate limit state 
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Figure D.7.1: Average angle of the shear cracks in the ultimate limit stage before FRP 
strengthening 

 
Average angle of the shear cracks in the ultimate limit stage before FRP strengthening is pre-
sented in the Fig.D.6.13 according to Response calculations. The shear capacity is increased 
with the decreasing angle. Because of the brittle character of the rupture of the FRP strips the 
biggest angle with the lowest capacity is searched. It is quite possible that the angle of the 
cracks is as low as 25˚ or even less before final failure without FRP strengthening. It is not 
possible with the Response –program to implement the FRP –strengthening to act after the 
initial loading step and therefore the estimation of the crack angle to be 36.5˚ is on the safe 
side, see section 5.10 for shear capacity calculations.  



Källösund bridge, span 3-4, s = 29.5m D27

D.8 Shear capacity according to Response 2000 -program

BBK94 material values

Table D.8.1:
Veq Veq Veq

S Load effect 2396 2396 2626 2857
fctm=2,80 fctm=3,17

V, Response 2812 3371 2730 1926

Fc, compression 
force acting on 
bottom flange 
according to 
Response 7100 8692 6736 4918
tan(α) 0,097 0,097 0,097 0,097
Vi ,Response=
Fc*tan(α) 691 846 656 479

V+Vi ,Response= 3503 4217 3386 2405

Statistically evaluated material values

Table D.8.2:
Veq Veq Veq

S Load effect 2396 2626 2857

V, Response 3261 2562 1764

Fc, compression 
force acting on 
bottom flange 
according to 
Response 8433 6372 4729
tan(α) 0,097 0,097 0,097
Vi ,Response=
Fc*tan(α) 821 620 460

V+Vi ,Response= 4082 3182 2224

Mean values Characteristic values Dimensioning values

R

Mean values Characteristic values Dimensioning values

R
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V+Vi according to Response 2000 -program

BBK

Mean values fctm=2,80

Table D.8.3: Entire cross section
elastic

1 2 3
Prigth 21746 10873 10873 10873
ecgtop 1,0595 1,0595 1,0595 1,0595
es 0,938 0,938 0,938 0,938
I 5,214 2,607 2,607 2,607
Auf 1,00 0,5 0,5 0,5
Ac 5,208 2,604 2,604 2,604
d 2,56 2,56 2,56 2,56
z 2,46 2,46 2,46 2,46
Mcorr (Response) 50810 19243,0 25599,8 26813,5
MP=P*es 20398 10199 10199 10199
Msum 30412 9044 15401 16615
V (Response) 5252 1765,3 2644,8 2812,2

Fc 14624 5131 7385 7816
tan(α) 0,097 0,097 0,097 0,097
Vi (D.8.2) 1423 499 719 761

concrete stress:
top of the bottom flange σctuk 9,376 12,979 13,7
bottom of the bottom flange σctbuk 9,725 13,563 14,366

σcmedel 9,551 13,271 14,033
Fc 4775 6636 7017

stress in the reinforcement: As,    7Φ10 550 550 550
top of the bottom flange σs 47,758 65,852 69,386

As,    8Φ10 628 628 628
bottom of the bottom flange σs 49,569 68,89 72,849

Fs 57 79 84
(D.8.1) Fuk=Fc+Fs 4833 6715 7100

Vi (Response) 470 654 691

Vi (D.8.2)/Vi (Response) 1,06 1,10 1,10
(D.8.2)

Corresponding figure, see next page V+Vi (Response) 2236 3298 3503

half cross section

αtan5,01
2

*

c −

−+−
=

VP
A
A

z
eP

z
M

F c

ufscorr
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V+Vi according to Response 2000 -program

BBK

Mean values fctm=2,80

Figure D.8.1 Corresponding table, see previous page
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Källösund bridge, span 3-4, s = 29.5m D30

V+Vi according to Response 2000 -program

BBK

Mean values fctm=3,17

Table D.8.4: Entire cross section
elastic

1 2 3 4
Prigth 21746 10873 10873 10873 10873
ecgtop 1,0595 1,0595 1,0595 1,0595 1,0595
es 0,938 0,938 0,938 0,938 0,938
I 5,214 2,607 2,607 2,607 2,607
Auf 1,00 0,5 0,5 0,5 0,5
Ac 5,208 2,604 2,604 2,604 2,604
d 2,56 2,56 2,56 2,56 2,56
z 2,46 2,46 2,46 2,46 2,46
Mcorr (Response) 50810 19243,0 31114,6 25000,3 24545,2
MP=P*es 20398 10199 10199 10199 10199
Msum 30412 9044 20916 14801 14346
V (Response) 5252 1765,3 3371,1 2562,5 2503,5

Fc 14624 5131 9360 7172 7009
tan(α) 0,097 0,097 0,097 0,097 0,097
Vi (D.8.2) 1423 499 911 698 682

concrete stress:
top of the bottom flange σctuk 9,027 16,130 8,864 10,705
bottom of the bottom flange σctbuk 9,725 18,216 11,192 12,713

σcmedel 9,376 17,173 10,028 11,709
Fc 4688 8587 5014 5855

stress in the reinforcement: As,    7Φ10 550 550 550 550
top of the bottom flange σs 47,758 86,474 49,025 58,171

As,    8Φ10 628 628 628 628
bottom of the bottom flange σs 49,569 91,905 55,07 63,385

Fs 57 105 62 72
Fuk=Fc+Fs 4745 8692 5076 5926

Vi (Response) 462 846 494 577

Vi (D.8.2)/Vi (Response) 1,08 1,08 1,41 1,18

Corresponding figure, see next page V+Vi (Response) 2227 4217 3057 3080

half cross section



Källösund bridge, span 3-4, s = 29.5m D31

V+Vi according to Response 2000 -program

BBK

Mean values fctm=3,17

Figure D.8.2 Corresponding table, see previous page
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Källösund bridge, span 3-4, s = 29.5m D32

V+Vi according to Response 2000 -program

BBK

Characteristic values

Table D.8.5: Entire cross section

1 2 3
Prigth 21746 10873 10873 10873
ecgtop 1,0595 1,0595 1,0595 1,0595
es 0,938 0,938 0,938 0,938
I 5,214 2,607 2,607 2,607
Auf 1,00 0,5 0,5 0,5
Ac 5,208 2,604 2,604 2,604
d 2,56 2,56 2,56 2,56
z 2,46 2,46 2,46 2,46
Mcorr (Response) 50810 Mk 19243 25398 26168,7
MP=P*es 20398 10199 10199 10199
Msum 30412 9044 15199 15970
V (Response) 5253 Vk 1765,4 2625,2 2730,1

Fc 14623 5131 7309 7584
tan(α) 0,097 0,097 0,097 0,097
Vi (D.8.2) 1423 499 711 738

concrete stress:
top of the bottom flange σctuk 9,026 12,289 12,672
bottom of the bottom flange σctbuk 9,723 13,445 13,943

σcmedel 9,375 12,867 13,308
Fc 4687 6434 6654

stress in the reinforcement: As,    7Φ10 550 550 550
top of the bottom flange σs 48,109 65,782 67,935

As,    8Φ10 628 628 628
bottom of the bottom flange σs 49,932 68,808 71,263

Fs 58 79 82
Fuk=Fc+Fs 4745 6513 6736

Vi (Response) 462 634 656

Vi (D.8.2)/Vi (Response) 1,08 1,12 1,13

Corresponding figure, see next page V+Vi (Response) 2227 3259 3386

half cross section



Källösund bridge, span 3-4, s = 29.5m D33

V+Vi according to Response 2000 -program

BBK

Characteristic values

Figure D.8.3 Corresponding table, see previous page
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Källösund bridge, span 3-4, s = 29.5m D34

V+Vi according to Response 2000 -program

BBK

Dimensioning values

Table D.8.6: Entire cross section
elastisk

1 Dim 2 3
Prigth 21746 10873 10873 10873 10873
ecgtop 1,0595 1,0595 1,0595 1,0595 1,0595
es 0,938 0,938 0,938 0,938 0,938
I 5,214 2,607 2,607 2,607 2,607
Auf 1,00 0,5 0,5 0,5 0,5
Ac 5,208 2,604 2,604 2,604 2,604
d 2,56 2,56 2,56 2,56 2,56
z 2,46 2,46 2,46 2,46 2,46
Mcorr (Response) 54080 Mk 19243,0 27040,0 20312,4 19896,2
MP=P*es 20398 10199 10199 10199 10199
Msum 33682 9044 16841 10114 9697
V (Response) 5714 Vk 1763,9 2857,2 1926,3 1870,5

Fc 15778 5132 7889 5504 5355
tan(α) 0,097 0,097 0,097 0,097 0,097
Vi (D.8.2) 1536 500 768 536 521

concrete stress:
top of the bottom flange σctbot 9,016 9,311 9,106
bottom of the bottom flange σctbbot 9,699 10,109 9,873

σcmaverage 9,358 9,710 9,490
Fc 4678,75 4855 4744,75

stress in the reinforcement: As,    7Φ10 550 550 550
top of the bottom flange σs 50,334 52,141 50,953

As,    8Φ10 628 628 628
bottom of the bottom flange σs 52,24 54,376 53,097

Fs 60 63 61
Fuk=Fc+Fs 4739 4918 4806

Vi (Response) 461 479 468

Vi (D.8.2)/Vi (Response) 1,08 1,12 1,11

Corresponding figure, see next page V+Vi (Response) 2225 2405 2338

half cross section



Källösund bridge, span 3-4, s = 29.5m D35

V+Vi according to Response 2000 -program

BBK

Dimensioning values

Figure D.8.4 Corresponding table, see previous page
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Källösund bridge, span 3-4, s = 29.5m D36

V+Vi according to Response 2000 -program

Statistical evaluation

Mean values

Table D.8.7: Entire cross section
elastic

1 2 Dim 3 4
Prigth 21746 10873 10873 10873 10873 10873
ecgtop 1,0595 1,0595 1,0595 1,0595 1,0595 1,0595
es 0,938 0,938 0,938 0,938 0,938 0,938
I 5,214 2,607 2,607 2,607 2,607 2,607
Auf 1,00 0,5 0,5 0,5 0,5 0,5
Ac 5,208 2,604 2,604 2,604 2,604 2,604
d 2,56 2,56 2,56 2,56 2,56 2,56
z 2,46 2,46 2,46 2,46 2,46 2,46
Mcorr (Response) 47540 19243,0 25632,7 23770 30166,0 28906,6
MP=P*es 20398 10199 10199 10199 10199 10199
Msum 27142 9044 15434 13571 19967 18708
V (Response) 4791 1765,3 2649,3 2396 3261,4 3092,7

Fc 13469 5131 7397 6734 9012 8563
tan(α) 0,097 0,097 0,097 0,097 0,097 0,097
Vi (D.8.2) 1311 499 720 655 877 833

concrete stress:
top of the bottom flange σctuk 9,028 12,412 15,623 14,72
bottom of the bottom flange σctbuk 9,725 13,584 17,704 17,153

σcmedel 9,377 12,998 16,664 15,937
Fc 4688 6499 8332 7968

stress in the reinforcement: As,    7Φ10 550 550 550 550
top of the bottom flange σs 47,5 65,593 83,388 79,164

As,    8Φ10 628 628 628 628
bottom of the bottom flange σs 49,301 68,621 88,78 85,467

Fs 57 79 102 97
Fuk=Fc+Fs 4745 6578 8433 8065

Vi (Response) 462 640 821 785

Vi (D.8.2)/Vi (Response) 1,08 1,12 1,07 1,06

Corresponding figure, see next page V+Vi (Response) 2227 3290 4082 3878

half cross section



Källösund bridge, span 3-4, s = 29.5m D37

V+Vi according to Response 2000 -program

Statistical evaluation

Mean values

Figure D.8.5 Corresponding table, see previous page
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Källösund bridge, span 3-4, s = 29.5m D38

V+Vi according to Response 2000 -program

Statistical evaluation

Characteristic values

Table D.8.8: Entire cross section
elastic

Dim 1 2 3 4
Prigth 21746 10873 10873 10873 10873
ecgtop 1,0595 1,0595 1,0595 1,0595 1,0595
es 0,938 0,938 0,938 0,938 0,938
I 5,214 2,607 2,607 2,607 2,607
Auf 1,00 0,5 0,5 0,5 0,5
Ac 5,208 2,604 2,604 2,604 2,604
d 2,56 2,56 2,56 2,56 2,56
z 2,46 2,46 2,46 2,46 2,46
Mcorr (Response) 50810 25405 19243,0 22227,8 23610,8 24917,7
MP=P*es 20398 10199 10199 10199 10199
Msum 30412 9044 12029 13412 14719
V (Response) 5253 2626 1765,3 2193,4 2377,9 2561,6

Fc 14623 5131 6182 6676 7138
tan(α) 0,097 0,097 0,097 0,097 0,097
Vi (D.8.2) 1423 499 602 650 695

concrete stress:
top of the bottom flange σctuk 9,023 10,605 11,291 11,992
bottom of the bottom flange σctbuk 9,719 11,521 12,333 13,175

σcmedel 9,371 11,063 11,812 12,584
Fc 4686 5532 5906 6292

stress in the reinforcement: As,    7Φ10 550 550 550 550
top of the bottom flange σs 49,586 58,434 62,322 66,313

As,    8Φ10 628 628 628 628
bottom of the bottom flange σs 51,466 60,915 65,144 69,522

Fs 60 70 75 80
Fuk=Fc+Fs 4745 5602 5981 6372

Vi (Response) 462 545 582 620

Vi (D.8.2)/Vi (Response) 1,08 1,10 1,12 1,12

Corresponding figure, see next page V+Vi (Response) 2227 2739 2960 3182

half cross section



Källösund bridge, span 3-4, s = 29.5m D39

V+Vi according to Response 2000 -program

Statistical evaluation

Characteristic values

Figure D.8.6 Corresponding table, see previous page
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Källösund bridge, span 3-4, s = 29.5m D40

V+Vi according to Response 2000 -program

Statistical evaluation

Dimensioning values

Table D.8.9: Entire cross section

Dim 1
Prigth 21746 10873 10873
ecgtop 1,0595 1,0595 1,0595
es 0,938 0,938 0,938
I 5,214 2,607 2,607
Auf 1,00 0,5 0,5
Ac 5,208 2,604 2,604
d 2,56 2,56 2,56
z 2,46 2,46 2,46
Mcorr (Response) 54080 27040 19243,1
MP=P*es 20398 10199 10199
Msum 33682 16841 9044
V (Response) 5714 2857 1763,9

Fc 15778 7889 5132
tan(α) 0,097 0,097 0,097
Vi (D.8.2) 1536 768 500

concrete stress:
top of the bottom flange σctuk 9,001
bottom of the bottom flange σctbuk 9,659

σcmedel 9,330
Fc 4665

stress in the reinforcement: As,    7Φ10 550
top of the bottom flange σs 54

As,    8Φ10 628
bottom of the bottom flange σs 56

Fs 64
Fuk=Fc+Fs 4729

Vi (Response) 460

Vi (D.8.2)/Vi (Response) 1,09

Corresponding figure, see next page V+Vi (Response) 2224

half cross section



Källösund bridge, span 3-4, s = 29.5m D41

V+Vi according to Response 2000 -program

Statistical evaluation

Dimensioning values

Figure D.8.7 Corresponding table, see previous page
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E. Variables Processor, VaP  
 
The program is developed at the Institute of Structural Engineering, Swiss Federal Institute of 
Technology. 
The program VaP (Variables Processor) processes stochastically defined numerical quantities 
Xi, so-called variables, in given algebraically defined functions G(Xi). VaP computes the ex-
pectation, the standard deviation and, if applicable higher moments of G, shows the shape of 
the probability density function of G, and calculates the probability that G is less than zero. 
All input is introduced by means of clearly arranged windows, by inputting the corresponding 
algebraic functions as well as by clicking and inputting numerical values. All input values can 
be easily changed at any time. In this way the sensitivity of the result to parameter variation 
can be readily investigated.   
Windows  
The central window of VaP on the computer screen is the Results window designed as an edi-
tor and compatible to normal text editor programs. Into this window the confirmation of the 
input data and the results of all computations are written. Figures - e.g., histograms, probabil-
ity density functions or the results of computations with the Monte Carlo method - can be 
stored as a bit-map and, later on, processed further. Another window, called Inspector, shows 
the input functions and lists the associated variables. The variables are defined in the Vari-
ables window. All input can be saved and called again later.   
Input  
The user first defines, directly in the Inspector window, the function in the form of an alge-
braic expression and thus defines the mathematical model for the problem at hand. All terms 
appearing in this expression are assumed to be variables. VaP manages several functions 
linked together by common variables. In the Variables window the usual distribution types are 
available by a mouse click. In order to facilitate changing of the distribution type, the mo-
ments - the mean and the standard deviation of the variables - are input. The input can be 
switched from Moments to Parameters of the variable. Variables may also be defined by 
means of a histogram. In this way actual test results can be introduced into the computation.   
Solution Methods  
The analysis of a defined function is carried out using well-known methods The First Order 
Reliability Method (FORM), the crude Monte Carlo method (MC) and a numerical integration 
method (MOMENTS) have been implemented. The latter delivers the computational result in 
the form of the accompanying moments and the parameters of the equivalent Johnson curve, 
while the Monte Carlo method provides the results in the form of a histogram. 

.  
Figure E.1: Windows in VaP, Variables Processor program.



APPENDIX E - Variables Processor, VaP 
 
 

E3 

E.1 BBK, VaP  
Källösund Bridge, span 3-4, s=29,5m 
Statistical evaluation 
 
Table E.1.1: Limit state function for shear according to BBK. 
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E.1.1 Contribution of concrete 

E.1.1.1 Model uncertainty, Vc 

 
Jeppson J, Carlsson C, Thelandersson S(2004) Classification calculation with probabilistic 
analysis 
 
NKB 36 is used to estimate the model uncertainty. In NKB 36 this uncertainty is added to the 
uncertainty of the material parameters and the following expression is used to estimate the 
coefficient of variation, VIm .  
 

1 2 3 1 2 3

2 2 2
1 2 32( )

mI I I I I I IV V V V V V V Vρ ρ ρ= + + + + + m    (E.1.1) 
 
where , 

1I
V 1ρ  coefficients of variation respective correlation which takes account to  

                                   the accuracy of the calculation model 
 , 

2IV 2ρ  coefficients of variation respective correlation which takes account to 
               the differences of strength of material in construction compared with 
                                   test samples 
 , 

3IV 3ρ  coefficients of variation respective correlation which takes account to 
                                    the control during the construction stage  
          coefficient of variation for the actual material mV
 
The values for the coefficients of variation respective correlation are given in the tables in the 
NKB 36. 
 
Table E.1.2: Estimation of the model uncertainties, the table references refer to NKB 36 
 
Index(i) Assumption 

iIV  iρ  Comment Refrence 
1 bad 0,09 0,3 torsion model uncertain Table 7a 
2 large 0,09 0,3 tensile strength of concrete  

uncertain 
Table 7b 

3 strict 0,04 -0,3 Large project, strict controll Table 7c 
 
Coefficient of variation  =2,86/0,46=0,1608 mV
 
Eq.E.1.1 with values of parameters put in the equation gives . This model uncertainty is to 
be taken into account by increasing the variability of the actual material parameter i.e. the 
standard deviation of f

mIV

ct becomes σ=0,177*2.86=0,506.  
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E.1.1.2 V  , contribution of concrete c

 
Table E.1.3: Summary of bending reinforcement  
 
Prestressed 
reinforce-
ment fi26 39 530,9 20706  
Reinforce-
ment    2728  
   summa 23434 mm2 

ρ =As/bwd 0,0203 
max 
0,02    

ξ 0,9 

for   
d > 

1,0m    
 
Function Vc :  
 
Vc = bw*d*0.9*(1+50*0.02)*0.3*fct          BBK 94 (Eq. 3.7.3.2a)  (E.1.2) 
 
Variables of Vc: 
 
Table E.1.4: Summary of stochastic variables of Vc , contribution of concrete  
 
Variable Unit Symb Distribu-

tion 
mean 
μx

Standard- 
deviation 
σx

COV (%) 

Width m bw Normal 0,450          0,010  
Effective 
height 

m d Normal 2,560          0,010  

Tensile 
strength 

Mpa  fct     Log-
normal 

2,86 0,506 17,7 

 
Vc (E[X]) = 1779.15 kN 
 
Crude Monte Carlo Analysis of Vc: 

 
Figure E.1.1: Crude Monte Carlo Analysis of Vc , contribution of concrete, according to 
BBK94.. 
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> 1 run with 100000 samples: 
   1.  mean = 1779  sdev = 317.1  skew = 0.532  kurt = 3.48  p = 0.000000 
 
μ = 1779 kN  
σ  =317,1 kN 
COV= 17,82 % 
 
Histogram counted as lognormal distribution gives the characteristic value  
 

)05,0(1−Φ××−×= VcCOV
Vcck eV μ  

 
Vck= 1327 kN 
 
 

E.1.2 Contribution of shear reinforcement 

E.1.2.1 Model uncertainty, Vs 

 
Jeppson J, Carlsson C, Thelandersson S(2004) Classification calculation with probabilistic 
analysis 
 
NKB 36 is again used to estimate the model uncertainty. In accordance with section E.1.1.1 
the following table is put up to estimate the model uncertainty 
 
Table E.1.5: Estimation of the model uncertainties, the table references refer to NKB 36 
 
Index(i) Assumption 

iIV  iρ  Comment Refrence 
1 bad 0,09 0,3 torsion model uncertain Table 7a 
2 small 0,04 -0,3 yielding strength of steel  

certain 
Table 7b 

3 strict 0,04 -0,3 Large project, strict control Table 7c 
 
The coefficient of variation of tensile strength of the steel, Vm =0,084. The values from the 
Table E.1.4 put in the Eq. E.1.1 gives the coefficient of variation regarding the model uncer-
tainty, =0,109. This model uncertainty is taken into account by increasing the variability 
of the actual material parameter i.e. the standard deviation of f

mIV
sv becomes σ=0,109*450,3 = 49 

MPa. 
 



APPENDIX E - Variables Processor, VaP 
 
 

E7 

E.1.2.2 V  , contribution of shear reinforcement s

 
Table E.1.6: Summary of stochastic variables of Vs , contribution of shear reinforcement. 
 
Variable Unit Symb Distribu-

tion 
Xnom mean 

μx

 
μx

standard- 
deviation 
σx

 
σx

COV[%]

The cross-
sectional area 
of the shear 
reinforcement 

mm2 Asv Normal 78,5 1,02*Xnom 80,07 0,015*μx 1,20 1,5 % 

The design 
yield strength 
of the shear 
reinforcement 

MPa fsv Lognormal   450,3  49 10,9 % 

Spacing of the 
stirrups 

m s Lognormal   0,3  0,03  

 
Function Vs :  
 
Vs = 2*Asv*fsv*0.9*d/s  BBK94 (Eq.3.7.4.2a)  (E.1.3) 
 
Vs (E[X]) = 553.815 kN 
 
Crude Monte Carlo Analysis of Vs: 

 
Figure E.1.2: Crude Monte Carlo Analysis of Vs, contribution of shear reinforcement, ac-

cording to BBK94. 
 
> 1 run with 100000 samples: 
   1.  mean = 559.5  sdev = 83.43  skew = 0.462  kurt = 3.39  p = 0.000000 
 
μ = 559.5  kN  
σ  =83.43  kN  
COV= 14,9 % 
 
Histogram counted as lognormal distribution gives characteristic value  

)05,0(1−Φ×××= VsCOV
Vssk eV μ  

Vsk = 438 kN
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E.1.3 Vp , contribution of prestress 
 
 
Table E.1.7: Summary of stochastic variables of Vp , contribution of prestress. 
 

Vp 
Distributions according to Jeppson J, Carlsson C, Thelandersson 
S(2004) Classification calculation with probabilistic analysis. 

Variable unit  ψγ Symb 

Charac-
teristic 
load Distribution Mean 

Standard 
deviation COV[%]

Torsion of dead load kNm 1 TG 751 Normal 751 38 5 % 
Torsion of pavement kNm 1 Tpave 83 Normal 83 12 15 % 
Torsion of traffic kNm 1 Ttraf 1190 Deterministic 1076    
Torsion of surface load, 
GC kNm 0,2 Tsurf 1370 Normal 752 301 40 % 
Torsion of brake kNm 0,7 Tbrake 1 Normal 0,55 0,22 40 % 
Torsion of overgang kNm 0,4 Toverg 3 Normal 1,65 0,66 40 % 

        
Shear of dead load kN 1 VG 2781 Normal 2781 139 5 % 
Shear of pavement kN 1 Vpave 598 Normal 598 90 15 % 
Shear of traffic kN 1 Vtraf 1277 Deterministic 1155 0  
Shear of surface load, 
GC kN 0,2 Vsurf 303 Normal 166 67 40 % 
Shear of brake kN 0,7 Vbrake 33 Normal 18 7 40 % 
Shear of overgang kN 0,4 Voverg 19 Normal 10 4 40 % 

        

Moment of dead load kNm 1 MG 
-

31400 Normal -31400 1570 5 % 
Moment of pavement kNm 1 Mpave -7087 Normal -7087 1063 15 % 

Moment of traffic kNm 1 Mtraf 
-

10900 Deterministic -9858 0  
Moment of surface load, 
GC kNm 0,2 Msurf -4191 Normal -2301 920 40 % 
Moment of brake kNm 0,7 Mbrake -671 Normal -368 147 40 % 
Moment of overgang kNm 0,4 Moverg -288 Normal -158 63 40 % 

        
Dynamic magnifying 
factor -  ε  Normal 0,035 0,035 100 % 
b m    Normal 4,55 0,01  
Model uncertainty of 
traffic load -  C  Normal 1 0,15  
Loads according to FB Engineering (2004) 
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 Table E.1.8: Contribution of prestress, Vp , according to BBK94 
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M0 , zero strain moment 
 
According to appendix B, Table B.9 the minimum (M0 /Md)min occurs to the right of the cross 
section 47,5 m. 
 
Table E.1.9: Summary of stochastic variables of M0 , zero strain moment, in the cross section 
47,5 m: 
 

Variable   Symb Distribution Mean 
Standard  
deviation COV[%]

Prestressing force, time  
t0 kN Pt0 Deterministic 1312   
Prestressing force, time  
t2 kN Pt2 Deterministic 1123   
Stressing in tendons, 
time  t0 MPa sigmat0 Deterministic 618   
Stressing in tendons, 
time  t2 MPa Sigmat2 Deterministic 529   
Elastic section modulus m3 Wxtop Deterministic 1,213   
Section area m2 Ac Deterministic 2,1025   
Eccentricity of the 
prestressing force m esp Deterministic 0,394   
Area of prestressed 
reinforcement mm2 Asp Normal 2123,6 21,24  
Loss factor  f Normal 0,144 0,072  
 
Function M0 :  
 
    M0 = sigmat0*(1-f)*Asp*(esp+ Wxtop /Ac)         (E.1.4) 
 
M0(E[X]) = 1090.75 kN 
 
 Crude Monte Carlo Analysis of M0: 

 
Figure E.1.3: Crude Monte Carlo Analysis of M0  , zero strain moment,  in the contribution of  
                      prestress, Vp  according to BBK94. 
 
> 1 run with 100000 samples: 
   1.  mean = 1090   sdev = 92.57  skew = 0.018  kurt = 2.97  p = 0.000000 
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μ=1090  kN 
σ=92,57 kN 
COV= 8,49 % 
 
Mm  
 
Cross section 29,5 m: 
 
Function Mm :  
 
Mm =(MG+Mpave+0.7*(1+ε)*C*Mtraf+0.2*Msurf+0.7*Mbrake+0.4*Moverg)/2              (E.1.5) 
 
Mm(E[X]) = 23205.1 kNm 
 
 Crude Monte Carlo Analysis of Mm : 

 
Figure E.1.4: Crude Monte Carlo Analysis of Mm , in the  contribution of prestress,Vp  ac- 
                      cording to BBK94. 
 
> 1 run with 100000 samples: 
   1.  mean = 2.321e+04  sdev = 1101   skew = 0.004  kurt = 3.01  p = 0.000000 
 
μ=23 210 kN 
σ=1101 kN 
COV= 4,74 % 
 
Vm 
 
Function, mean value of shear force, Vm :    
      
       

0.7*(1 ) 0, 2 0,7 0, 4
2

0.7*(1 ) 0,2 0,7 0,4
2

G pave traf surf brake overg
m

G pave traf surf brake overg

T T C T T T T
V

b
V V C V V V V

ε

ε

+ + + × × + × + × + ×
=

×
+ + + × × + × + × + ×

+
     (E.1.6) 
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Vm(E[X]) = 2326.76 kN 
 
Crude Monte Carlo Analysis of Vm: 

 
 
Figure E.1.5: Crude Monte Carlo Analysis of Vm , in the contribution of prestress, accord- 
                      ing to BBK94. 
  
> 1 run with 100000 samples: 
   1.  mean = 2327   sdev = 113.8  skew = 0.006  kurt = 3.02  p = 0.000000 
 
μ=2327 kN 
σ=113.8 kN 
COV= 4,89 % 
 
 
Vp , contribution of prestress 
 
According to BBK94, Vp , contribution of prestress, is calculated as 
 
 
      (E.1.7) 
 

nγ  depends on the security class and is assumed when calculated with mean values  to be unit 
(1). 

The ratio min
0 )(
dM

M
 is calculated to 0,530 in the Appendix B, Table B.9. This ratio is used here 

also as the ratio min
0 )(
mM

M
. Mean value Mm becomes to Mm= M0/0,53=1090/0,53= 2057 kNm , 

as coefficient of variation the coefficient of variation for the Mm in the cross section 29,5m 
calculated according to Eq.E.1.5  COV=4,74 is used. The standard deviation becomes then 
σ=0,0474*2057= 97 kN. 
 
Function Vp:  

 
           (E.1.8) 
 
 
 
 

0
min

1 ( )
1, 2p d

n

MV V
Mmγ

= × ×

01
1,2p m

m

MV V
M

= × ×
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 Table E.1.10: Summary of stochastic variables of Vp , contribution of prestress. 
 

Variable   Symb Distribution Mean 
Standard  
deviation 

Zero strain moment kNm M0 Normal 1090 92,57 
Maximal bending 
moment kNm Mm Normal 2057 97 
Meanvalue shear kN Vm Normal 2327 113,8 

  
Vp(E[X]) = 1027.56 kN 
 
Crude Monte Carlo Analysis of Vp: 
 

 
Figure E.1.6: Crude Monte Carlo Analysis of Vp , the  contribution of prestress, according                      

to BBK94. 
 
> 1 run with 100000 samples: 
   1.  mean = 1030   sdev = 112.2  skew = 0.194  kurt = 3.08  p = 0.000000 
 
μ = 1030kN  
σ  =112,2  kN  
COV= 10,89 % 
 
Histogram counted as normal distribution gives characteristic value 
 

( ) εε σμ 05,01−Φ−=pkV  
 
Vpk = 845 kN  
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E.1.4 Vi , contribution of the shear capacity due to variation in effective depth or non 
horizontal normal force 
 
Function Vi, see section 4.4.3: 
 

tani cV F α≈             (E.1.9) 
 
Factor 1.2 in Eq.E.1.10 comes from  detailed calculations with Response –program, where it 
is shown that the ratio between Vi   calculated with Vi ≈ Fc tan α and Vi calculated with Re-
sponse is at most 1.12.  Then it is on the safe side to use factor 1.2. 
 
Function Vi: 
 

( ) α
α

tan
)2/tan1(2,1

2/Asp*f)-(1*sigmat0
Asp*f)-(1*sigmat0

m

×
−×

−+
×−

=
V

A
A

z
eM

V c

ufspm

i
                         (E.1.10)                         

 
where   Mm  =   Moment corresponding Vd 
             Auf    = concrete area in the bottom flange 
                    Ac      = total cross sectional concrete area  
              1,2  =  safety factor received from Response –calculations 
 
Table E.1.11: Summary of stochastic variables of Vi , contribution of the shear capacity due 

to variation in effective depth or non horizontal normal force 
 

Variable   Symb Distribution Mean 
Standard  
deviation 

 
Moment corresponding Vm kNm Mm Normal 23210 1101 
Inner lever arm m z  2,46  
Concrete area in the bot-
tom flange m2 Auf  0,5  
Cross sectional concrete 
area  m2 Ac  2,604  
Shear force kN Vm  2327 113,8 
Inclination of the bottom 
flange - tanα  0,097  

 
  
 
 
 
 
 
 
 
 



APPENDIX E - Variables Processor, VaP 
 
 

E15 

 
Vi (E[X]) = 527.782 
 
Crude Monte Carlo Analysis of Vi: 

 
Figure E.1.7: Crude Monte Carlo Analysis of Vi , contribution  of the shear capacity due to                     

variation in effective depth or non horizontal normal force, according to 
BBK94. 

 
> 1 run with 100000 samples: 
   1.  mean = 527.9  sdev = 41.62  skew = 0.002  kurt = 3.01  p = 0.000000 
 
μ = 527.9 kN  
σ  =41.62  kN  
COV= 8,07 % 
 
Histogram counted as normal distribution gives characteristic value 
 

( ) εε σμ 05,01−Φ−=ikV  
 
Vik = 459 kN  
 

E.1.5 Vf , contribution of strengthening with FRP, Fibre reinforced polymer 
 
Function Vf , see section 4.3.6, 5.10 and Täljsten (2003)  
 
 
 
      (E.1.11) 
 
 
In its early stage of design the Kallosund Bridge was planned to be strengthened with FRP, 
Fibre Reinforced Polymer according to Fig.E.1.8 and Fig.E.1.9. 
 
 

2

1 1( )
tan( ) tan( )2 0,6 0,9 sin( )(cos( ))f f f fu f

f

V t b E d
s

α βε β θ
+

=
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Figure E.1.8: In early stage of design planned strengthening of the Källösund Bridge with                     

FRP, Fibre Reinforced Polymer. Figure modified from FB(2004). 
 

 
Figure E.1.9: Details of FRP strengthening of the Källösund Bridge. Figure modified from                       

FB(2004).  
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Table E.1.12:  Summary of stochastic variables of Vf,, contribution of strengthening with 
FRP, Fibre Reinforced Polymer 

Variable Unit  Symb Distribution Mean 
Standard  
deviation 

Ultimate strain of FRP  εf  0,90 %  
Modulus of elasticity, Efm GPa Efm Normal 255 3 
Thickness of FRP, BPE 
laminate M 14*50 m tf Normal 0,0014 0,000014 
Width of FRP, BPE lami-
nate M 14*50 m bf Normal 0,05 0,0005 
Spacing between FRP-
strips kN sf Lognormal 0,8571 0,08571 
Effective height m d Normal 2,56 0,01 
Area of FRP, BPE laminate 
M 14*50 m2 Af Normal 0,00014 0,0000028 
alpha degree α Det 45  
beta degree β Det 90  
theta degree θ Det 45  

                                                                                                                                                                                                                                                                      
Vf (E[X]) = 259.109 kN 
 
 Crude Monte Carlo Analysis of Vf : 

 
Figure E.1.10: Crude Monte Carlo Analysis of Vf , contribution of strengthening with FRP,                        

Fibre reinforced polymer, according to Täljsten(2003)  
 
> 1 run with 100000 samples: 
   1.  mean = 261.7  sdev = 27.55  skew = 0.648  kurt = 3.86  p = 0.000000 
 
μ = 261.7  kN  
σ = 27.55  kN  
COV= 10,53 % 
 
Histogram counted as normal distribution gives characteristic value 
 

( ) εε σμ 05,01−Φ−=fkV  
 
Vfk = 216,4 kN  
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E.1.6 VRFRP, shear resistance with FRP strengthening 
 
Funktion VRFRP :  
 
VRFRP = Vc+Vs+Vp+Vi+Vf+QAB     (E.1.12) 
 
Table E.1.13: Summary of stochastic variables of VRFRP,, shear resistance with FRP strength-

ening  
 

Variable   Symb Distribution Mean 
Standard 
deviation COV[%]

Vc, contribution of concrete kN Vc Lognormal 1779 317,1 17,82 % 
Vs, contribution of shear rein-
forcement kN Vs Lognormal 559,5 83.43   14,9  % 
Vp, contribution of prestress kN Vp Normal 1030 112,2 10,89 % 
Vi, contribution  of the shear ca-
pacity due to variation in effec-
tive depth or non horizontal nor-
mal force kN Vi Normal 527,9 41,62 8,07 % 
Vf, contribution of strengthening 
with FRP, Fibre reinforced 
polymer kN Vf Normal 261.7   27.55   10,53 % 
QAB , self weight of concrete in 
the area of the shear crack kN QAB Deterministic 151   

 
 VRFRP (E[X]) = 4309.1 kN 
 
 Crude Monte Carlo Analysis of VRFRP :  
 

 
Figure E.1.11: Crude Monte Carlo Analysis of VRFRP shear resistance, with FRP strengthen-

ing according to BBK94.  
 
> 1 run with 100000 samples: 
   1.  mean = 4309   sdev = 350.8  skew = 0.404  kurt = 3.31  p = 0.000000 
 
μ = 4309   kN  
σ = 350.8  kN  
COV = 8,14 % 
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Histogram counted as normal distribution gives characteristic value 
 

( ) εε σμ 05,01−Φ−=pkV  
 
VRk,FRP=   3732 kN  
 
Histogram counted as lognormal distribution gives characteristic value  
 

)05,0(1−Φ××−×= VsCOV
Vssk eV μ

 
VRk,FRP =   3769  kN  
 
Dimensioning value, VRd,FRP in the ultimate limit state becomes 
 
VRd,FRP = 3732/1,2 
             = 3110 kN 
 

E.1.7 VS, shear load effect 
 
According to Vm counted according to Eq.E.1.6: 
 
VS=Vm= 
 
μ=2327 kN 
σ=113,8 kN 
COV= 4,89 % 

E.1.8 V(R-S)FRP, FORM Analysis of shear capacity with FRP strengthening 
 
Limit State Function 
 
V(R-S)FRP =Vc+Vs+Vp+Vi+Vf +QAB –VS    (E.1.13) 
 
 Crude Monte Carlo Analysis of V(R-S)FRP: 
 

 
Figure E.1.12: Crude Monte Carlo Analysis of the Limit State Function, V(R-S)FRP  with FRP                        

strengthening, according to BBK94. 



APPENDIX E - Variables Processor, VaP 
 
 

E20 

> 1 run with 100000 samples: 
   1.  mean = 1980   sdev = 367.9  skew = 0.357  kurt = 3.29  p = 0.000000 
 
V(R-S)FRP(E[X]) = 1982.1 kN 
 
 
Table E.1.14: Summary of FORM Analysis of V(R-S)FRP: 
 
FORM Analysis of V(R-S)FRP: 
 
     HL - Index = 7.05         P(V(R-S)FRP <0) = 9e-13 
 
     Name        Alpha        Design Value 
 
     VS           0.498         2.727e+03 
     Vc          -0.624         804.810 
     Vf           -0.121         238.267 
     Vi           -0.182         474.421 
     Vp           -0.491         641.347 
     Vs           -0.271         416.972 

 
Figure E.1.13: Distributions for load effect VS and resistance VR with FRP strengthening,                         

according to BBK94. 
 
VR histogram counted as normal distribution, characteristic value for resistance VR became 
according to section E.1.6, VRk=  3732 kN resp dimensioning value VRd=3732/1,2 = 3110  
kN. 
 

E.1.9 VR, shear resistance without FRP strengthening 
 
Funktion VR :  
 
VR = Vc+Vs+Vp+Vi+ QAB      (E.1.14) 
 
VR(E[X]) = 4047.4 kN 
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Crude Monte Carlo Analysis of VR:  

 
Figure E.1.14: Crude Monte Carlo Analysis of VR, shear resistance without FRP strengthen-

ing 
 
 
> 1 run with 100000 samples: 
   1.  mean = 4049   sdev = 350.9  skew = 0.414  kurt = 3.31  p = 0.000000 
 
μ = 4049   kN  
σ = 350,9  kN  
COV 8,67 % 
 
Histogram counted as normal distribution gives characteristic value 
 

( ) εε σμ 05,01−Φ−=pkV  
 
VRk = 3472 kN  
 
Dimensioning value, VRd, in the ultimate limit state becomes 
 
VRd  = 3472/1,2 
        = 2893 kN 
 

E.1.10 V(R-S), FORM Analysis of shear capacity without FRP strengthening 
 
Limit State Function 
 
V(R-S) =Vc+Vs+Vp+Vi+ QAB –VS    (E.1.15) 
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Crude Monte Carlo Analysis of V(R-S): 
 

 
Figure E.1.15: Crude Monte Carlo Analysis of the Limit State Function V(R-S) without FRP                         

strengthening, according to BBK94. 
 
> 1 run with 100000 samples: 
  1.  mean = 1719   sdev = 368    skew = 0.355  kurt = 3.29  p = 0.000000 
 
V(R-S)(E[X]) = 1720.4 kN 
 
Table E.1.15: Summary of the FORM Analysis of V(R-S): 
 
FORM Analysis of V(R-S): 
 
     HL - Index = 5.97         P(V(R-S)<0) = 1.22e-09 
 
     Name        Alpha        Design Value 
     VS          0.484         2.655e+03 
     Vc          -0.658         874.975 
     Vi           -0.177         483.992 
     Vp          -0.477         710.902 
     Vs           -0.274         434.395 
 

 
Figure E.1.16: Distributions for load effect VS and resistance VR without FRP strengthening,                        

according to BBK94. 
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There seems to be enough buffer of security against failure assessed with statistical method. 
Let us investigate it a little closer. 
 
VR histogram counted as normal distribution, characteristic value for resistance VR becames 
according to section E.1.9, VRk=   3472 kN respective dimensioning value VRd=3472/1,2 
=2893 kN 
 
This is in fact less than VRd =3249 kN calculated with dimensioning values according to 
BBK, see Appendix F, Table B.10. 
 

E.1.11 VR, shear resistance without FRP strengthening and without shear reinforcement 
 
According to BBK the shear reinforcement can only be counted as statically contributing if 
Vs=Asvfsv0.9d/s is greater than BBK94 demand on minimum reinforcement Vsmin=0.2bwdfct . 
According to appendix C,  Vs =538 kN and Vsmin=730 kN and thereby the BBK demand is not 
filled and Vs is not allowed to be counted as a part of the total bearing capacity. 
 
Funktion VR :  
 
VR = Vc+ Vp+Vi+ QAB      (E.1.16) 
 
VR(E[X]) = 3487.9 kN 
  
Crude Monte Carlo Analysis of VR:  

 
Figure E.1.17: Crude Monte Carlo Analysis of VR, shear resistance without FRP strengthen-

ing 
 
> 1 run with 100000 samples: 
   1.  mean = 3488   sdev = 338    skew = 0.432  kurt = 3.39  p = 0.000000 
 
μ = 3488   kN  
σ = 338  kN  
COV 9,69 % 
 
Histogram counted as normal distribution gives characteristic value 
 

( ) εε σμ 05,01−Φ−=pkV  
 
VRk=   2932 kN  
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Dimensioning value, VRd in the ultimate limit state becomes 
 
VRd = 2932/1,2 
       = 2443 kN 

E.1.12 V(R-S), FORM Analysis of shear capacity without FRP strengthening and with-
out shear reinforcement 
 
Limit State Function 
 
V(R-S) =Vc+Vp+Vi+ QAB –VS    (E.1.17) 
 
 
V(R-S) (E[X]) = 1160.9 kN 
 
Crude Monte Carlo Analysis of V(R-S): 
 

 
Figure E.1.18: Crude Monte Carlo Analysis of the Limit State Function V(R-S) without FRP                        

strengthening, according to BBK94. 
 
> 1 run with 100000 samples: 
   1.  mean = 1161   sdev = 358    skew = 0.360  kurt = 3.29  p = 0.000030 
 
 
Table E.1.16: Summary of the FORM Analysis of V(R-S): 
 
FORM Analysis of V(R-S): 
 
     HL - Index = 3.9          P(V(R-S) <0) = 4.81e-05 
 
     Name        Alpha        Design Value 
     VS          0.459         2.531e+03 
     Vc         -0.746         1.047e+03 
     Vi         -0.168         500.671 
     Vp         -0.452         832.117 
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Figure E.1.19: Distributions for load effect VS and resistance VR without FRP strengthening,                        

and without Vs according to BBK94. 
 
VR histogram counted as normal distribution, characteristic value for resistance VR becomes 
according to section E.1.1.11, VRk=  2932 kN respective dimensioning value VRd=2932/1,2 = 
2443 kN. 
 

E.1.13 VRFRP, shear resistance with FRP strengthening without Vs 
 
Funktion VRFRP :  
 
VRFRP-Vs = Vc+ Vp+Vi+Vf+QAB     (E.1.18) 
 
 VRFRP-Vs (E[X]) = 3749.6 kN 
 
 Crude Monte Carlo Analysis of VRFRP-Vs :  

 
Figure E.1.20: Crude Monte Carlo Analysis of VRFRP shear resistance, with FRP strengthen 
                        ing according to BBK94.  
 
> 1 run with 100000 samples: 
     1.  mean = 3750   sdev = 340.7  skew = 0.438  kurt = 3.44  p = 0.000000 
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μ = 3750  kN  
σ = 340.7 kN  
COV= 9,09 % 
 
Histogram counted as normal distribution gives characteristic value 
 

( ) εε σμ 05,01−Φ−=pkV  
 
VRk,FRP-Vs =   3190 kN  
 
Dimensioning value, VRd in the ultimate limit state becomes 
 
VRd,FRP-Vs = 3190/1,2 
                = 2658 kN 
 

E.1.14 V(R-S)FRP-Vs, FORM Analysis of shear capacity with FRP strengthening and 
without Vs 

 
Limit State Function 
 
VRFRP-Vs =Vc+ Vp+Vi+Vf +QAB –VS    (E.1.19) 
 
VRFRP-Vs (E[X]) = 1422.6 kN 
 
 Crude Monte Carlo Analysis of V(R-S)FRP-Vs: 
 

 
Figure E.1.21: Crude Monte Carlo Analysis of the Limit State Function, VRFRP-Vs  with FRP                        

strengthening without Vs  according to BBK94. 
 
> 1 run with 100000 samples: 
   1.  mean = 1423   sdev = 359    skew = 0.366  kurt = 3.30  p = 0.000000 
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Table E.1.17 Summary of FORM Analysis of   V(R-S)FRP-Vs : 
 
FORM Analysis of V(R-S)FRP-Vs : 
 
HL - Index = 4.95         P(V(R-S)FRP-Vs <0) = 3.66e-07 
 
     Name        Alpha        Design Value 
     VS            0.481         2.598e+03 
     Vc           -0.706         943.720 
     Vf           -0.117         245.797 
     Vi           -0.176         491.605 
     Vp          -0.475         766.227 
     

 
Figure E.1.22: Distributions for load effect VS and resistance VR with FRP strengthening,                        

according to BBK94. 
 
VR histogram counted as normal distribution, characteristic value for resistance VR became 
according to section E.1.13, VR(FRP-Vs)k =  3190  kN respective dimensioning value VR(FRP-Vs)d 
=3190 /1,2 = 2658 kN 
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E.2 Eurocode 2, VaP 
 
Källösund Bridge, cross section 3-4, s=29,5m 
Statistical evaluation 
Truss model 
 
Table E.2.1: Limit state function for shear according to EC2.

 

, ( )Rd s i f AB
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QAB = dimensioning shear minus shear force in the end of the shear crack 
           (In this example only self weight of the concrete cross section is considered) 
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E.2.1 VRd,s, contribution of shear reinforcement 
 
Table E.2.2: Summary of stochastic variables in the truss model, VRd,s, contribution of shear                      

reinforcement, according to EC2  
  
Variable Unit Symb Distribu-

tion 
Xnom mean

μx 

 
μx 

standard- 
deviation 
σx 

 
σx 

COV[
%] 

The cross-
sectional area 
of the shear 
reinforcement 

mm2 Asw Normal 2*78,5 1,02*
Xnom 

2*80,0
7 

0,015*μx 2*1,20 1,5 % 

The design 
yield strength 
of the shear 
reinforcement 

MPa fywd Lognormal   450,3  49 10,9 
% 

Inner lever 
arm 

m z Normal   2,46 0,01   

Spacing of the 
stirrups 

m s Normal   0,3 0.03   

cotθ   Determinis-
tic 

  2,5    

Model uncertainty has been taken to account by increasing the variability i.e. standard devia-
tion of the material parameter fywd according to section 4.5.3 Jeppson J, Carlsson C, Theland-
ersson S(2004) Classification calculation with probabilistic analysis, see also sec. E.1.1.1. 
 
Function VRd,s :      
   

 
(EC2 Eq 6.8) (E.2.1 ) 

       
Minimum angle allowed in EC2 is cotθ=2.5 i.e. θ = 21.8 degree. 
 
VRd,s (E[X]) = 1478.28 kN 
 
Crude Monte Carlo Analysis of VRd,s: 

 
 Figure E.2.1: Crude Monte Carlo Analysis of function VRd,s  , contribution of shear rein-

forcement according to EC2. 

VRd,s 

θcot, ywd
sw

sRd zf
s

AV =
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> 1 run with 100000 samples: 
   1.  mean = 1492   sdev = 225.3  skew = 0.581  kurt = 3.67  p = 0.000000 
 
μ = 1492 kN    
σ = 225,3 kN  
COV  15,10 %  
  
Histogram counted as normal distribution gives  
 
VRkar= 1121  kN 
 
Histogram counted as lognormal distribution gives  
 
VRkar= 1164  kN 
 
VRd,max  is the design value of the maximum shear  force which can be sustained by the mem-
ber, limited by crushing of the compression chord. 
 

,max /(cot tan )Rd c w cdV b z fα ν θ θ= +   (EC2 Eq 6.9)  (E.2.2) 
 
where: 

⎥⎦
⎤

⎢⎣
⎡ −×=

250
16.0 ckf

ν  (fck in Mpa)  (EC2 Eq 6.6)  (E.2.3) 

The recommended value of αc  is as follows: 
 
(1+σcp/fcd)     for           0< σcp ≤ 0.25 fcd  (EC2 Eq 6.11.aN) (E.2.4) 
1,25 for 0.25 fcd < σcp ≤ 0.5 fcd  (EC2 Eq 6.11.bN) (E.2.5) 
2,5(1-σcp/fcd)  for 0.5   fcd < σcp ≤ 1.0 fcd  (EC2 Eq 6.11.cN) (E.2.6) 
 
where    

σcp is the mean compressive stress, measured positive, in the concrete due to the de-
sign axial force. This should be obtained by averaging it over the concrete section 
taking account of the reinforcement.  

 
Table E.2.3: Parameters in Eq.E.2.2,  VRd,max, maximum shear  force limited by crushing of                      

the compression chord 
EC2 6.11  max,RdV   
Fsp 10873  kN 
Ac 2,604  m2 
σcp=Fsp/A 4,18  Mpa 
fcm 55  Mpa 
fck 1.2*55  Mpa 
0,25*fcm 13,75  Mpa 
6.11a    
σcp/fcm 0,076   
αc=(1+σcp/fcd)
= 

1,076   

ν 0,4416   
θ 
EC2min 

21.8 degree 9976 kN 
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E.2.2 Vi , contribution of the shear capacity due to variation in effective depth or non 
horizontal normal force 
 
Function Vi : 
 

sp
sp

sigmat0*(1-f)*A
sigmat0*(1-f)*A cot

2tan tan
1 0,5 tan cot

m sp uf d

c
i c

M e A V
z AV F

θ
α α

γ θ

− ×
+ −

= =
− ⋅ ⋅

     (E.2.7) 

 
Summary of stochastic variables of Vi , see Table E.1.11, cotθ =2.5 as the lower limit for the 
crack angle according to EC2, see also sec. E.1.2.1. 
 
Vi (E[X]) = 493.124 kN 
 
 Crude Monte Carlo Analysis of Vi : 

 
Figure E.2.2: Crude Monte Carlo Analysis of the function Vi, , contribution of the shear ca-

pacity due to variation in effective depth or non horizontal normal force ac-
cording to EC2. 

 
 > 1 run with 100000 samples: 
    1.  mean = 493    sdev = 55.44  skew = -0.001  kurt = 2.99  p = 0.000000 
 
μ = 493 kN    
σ = 55,44 kN  
COV  11,25 %  
  
Histogram counted as normal distribution gives  
 
VRkar= 402  kN 
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E.2.3 Vf , contribution of strengthening with FRP, Fibre reinforced polymer 
 
Function Vf , see Täljsten (2003) 
 
 
      (E.2.8) 
 

 
Table E.2.4: Summary of stochastic variables of Vf , contribution of strengthening with FRP, 

Fibre Reinforced Polymer 

Variable Unit  Symb Distribution Mean 
Standard  
deviation 

Ultimate strain of FRP  εf  0,90 %  
Modulus of elasticity, Efm GPa Efm Normal 255 3 
Thickness of FRP, BPE 
laminate M 14*50 m tf Normal 0,0014 0,000014 
Width of FRP, BPE lami-
nate M 14*50 m bf Normal 0,05 0,0005 
Spacing between FRP-
strips kN sf Lognormal 0,8571 0,08571 
Effective height m d Normal 2,56 0,01 
Area of FRP, BPE laminate 
M 14*50 m2 Af Normal 0,00014 0,0000028 
alpha degree α Det 21,8  
beta degree β Det 90  
theta degree θ Det 21,8  

 
Vf (E[X]) = 1192.58 kN 
 
 Crude Monte Carlo Analysis of Vf : 

 
Figure E.2.3: Crude Monte Carlo Analysis of Vf , contribution of strengthening with FRP,                         

Fibre reinforced polymer, according to EC2  
> 1 run with 100000 samples: 
   1.  mean = 1204   sdev = 125.5  skew = 0.625  kurt = 3.82  p = 0.000000 
μ = 1204 kN  
σ  =125,5  kN  
COV= 10,42 % 

2

1 1( )
tan tan2 0,6 0,9 sin cosf f f fu f

f

V t b E d
s

α βε β θ
+

=
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Histogram counted as normal distribution gives characteristic value 
 

( ) εε σμ 05,01−Φ−=fkV  
 
Vfk = 998 kN  
 

E.2.4 VR, shear resistance with FRP strengthening  
 
Function VR :  
 
VR = VRd,s+Vi+Vf+QAB     (E.2.9) 
 
 Table E.2.5: Summary of stochastic variables of VR  
 

Variable 
 
Unit Symb Distribution Mean 

Stan-
dard  
devia
tion 

COV 
VRd,s, contribution of shear 
reinforcement kN VRd,s Lognormal 1492 225,3 15,10 % 
Vi, contribution  of the 
shear capacity due to varia-
tion in effective depth or 
non horizontal normal 
force kN Vi Normal 493 55,44 11,25 % 
Vf, contribution of strength-
ening with FRP, Fibre rein-
forced polymer  Vf Normal 1204 125,5   10,42 % 
QAB , self weight of con-
crete in the area of the 
shear crack kN QAB 

Determinis-
tic 364   

 
VRFRP (E[X]) = 3553 kN 
 
 Crude Monte Carlo Analysis of VRFRP:  

 
Figure E.2.4: Crude Monte Carlo Analysis of VR, shear resistance with FRP strengthening                        

according to EC2. 
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> 1 run with 100000 samples: 
   1.  mean = 3553   sdev = 263.1  skew = 0.281  kurt = 3.22  p = 0.000000 
 
μ = 3553   kN  
σ = 263.1  kN  
COV = 7,41 % 
 
Histogram counted as normal distribution gives characteristic value   
 

( ) εε σμ 05,01−Φ−=pkV  
 
VRk,FRP = 3120 kN  
Dimensioning value, VRd,FRP in the ultimate limit state becomes 
 
VRd,FRP  = 3120/1,2 
             = 2600 kN 

E.2.5 VS, shear load effect 
Vm counted according to Eq.E.1.6: 
 
VS=Vm= 
 
μ=2327 kN 
σ=113,8 kN 
COV= 4,89 % 

E.2.6 V(R-S), FORM Analysis of shear capacity with FRP strengthening according to 
EC2 

Limit State Function V(R-S):  
 
V(R-S)FRP = VRd,s+Vi+Vf+QAB-VS    (E.2.10) 
 
V(R-S)FRP(E[X]) = 1226 kN 
 
Crude Monte Carlo Analysis of V(R-S)FRP : 

 
Figure E.2.5: Crude Monte Carlo Analysis of the Limit State Function V(R-S)FRP, FORM                        

Analysis of shear capacity with FRP strengthening according to EC2. 
 
> 1 run with 100000 samples: 
   1.  mean = 1226   sdev = 287.3  skew = 0.224  kurt = 3.16  p = 0.000000 
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Table E.2.6: Summary of FORM Analysis of shear capacity V(R-S)FRP with FRP strengthen-
ing according to EC2 

 
FORM Analysis of V(R-S)FRP : 
 
     HL - Index = 4.83         P(V(R-S)FRP<0) = 6.9e-07 
 
     Name        Alpha        Design Value 
     VRds        -0.621         940.465 
     VS            0.500         2.602e+03 
     Vf            -0.552         869.673 
     Vi            -0.244         427.758 

 
Figure E.2.6: Distributions for shear load effect, ,VS and  resistance, VR with FRP strength-

ening according to EC2. 
 
Limit State Function V(R-S) calculated as 
 
     V(R-S)FRP = VRd,s+Vi+Vf+QAB-VS =    (E.2.11) 
 
             Asv*fywd*z*2.5/(1000*s)+ 
             (((Mm-sigmat0*(1-f)*Asp*esp*10^-3)/z+Auf*sigmat0*(1-f)*Asp*10^-3/Ac-     
             Vm*2.5/2)*tanalpha)/(1-tanalpha*2.5/2)+ 
            10^-3*(2*tf*bf*0.6*efu*Efm*10^9*z*(1/TAN(alpha))/sf)*SIN(beta)*(COS(theta))^2     
           +QAB 

                 -VS 
 
V(R-S)FRP (E[X]) = 1200.98 kN 
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Table E.2.7: Summary of FORM Analysis of shear capacity V(R-S)FRP  with FRP strengthen-
ing according to EC2 

 
 FORM Analysis of V(R-S)FRP: 
 
     HL - Index = 4.93          P(V(R-S)FRP <0) = 4.03e-07 
 
     Name        Alpha        Design Value 
     Asp         0.011         2.072e+04 
     Asv        -0.058         159.455 
     Efm       -0.054          254.203 
     Mm       -0.226          2.198e+04 
     VS          0.521          2.620e+03 
     Vm          0.072          2.367e+03 
     bf          -0.046           0.050 
     f            -0.092           0.116 
     fywd        -0.630           298.082 
     s             0.329           0.349 
     sf            0.384           1.019 
     tf           -0.046           0.001 
     z           -0.025           2.459 
 
HL – Index, β=4,93 calculated with the original parameters can be compared with β=4,83 
when the failure function contained  the contributions VRd,s ,Vi ,Vf , QAB  and the load effect VS. 
The difference is only 2 %. 

E.2.7 VR, shear resistance without FRP strengthening  
 
Function VR :  
 
VR = VRd,s+Vi+ QAB     (E.2.12) 
 
Summary of the stochastic variables of VR according to Table E.2.5 
 
VR(E[X]) = 2349 kN 
 
 Crude Monte Carlo Analysis of VR:  

 
Figure E.2.7: Crude Monte Carlo Analysis of VR,, shear resistance without FRP strengthen-

ing according to EC2  
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> 1 run with 100000 samples: 
   1.  mean = 2350   sdev = 231.9  skew = 0.414  kurt = 3.32  p = 0.000000 
 
μ = 2350   kN  
σ = 231,9  kN  
COV 9,87 % 
Histogram counted as normal distribution gives characteristic value 
 

( ) εε σμ 05,01−Φ−=pkV  
 
VRk=   1969 kN  
 
Dimensioning value, VRd in the ultimate limit state becomes 
 
VRd  = 1969 /1,2 
        = 1641 kN 
 
 
Histogram counted as lognormal distribution gives characteristic value  

)05,0(1−Φ××−×= VsCOV
Vssk eV μ

 
VRk =   1998 kN  
 

E.2.8 V(R-S), FORM Analysis of shear capacity without FRP strengthening according to 
EC2 

 
Limit State Function V(R-S):  
 
V(R-S) = VRd,s+Vi+QAB-VS     (E.2.13) 
 
V(R-S)(E[X]) = 22 kN 
 
Crude Monte Carlo Analysis of V(R-S): 
 

 
Figure E.2.8: Crude Monte Carlo Analysis of the Limit State Function for shear V(R-S),                        

without FRP strengthening according to EC2.  
 
> 1 run with 100000 samples: 
   1.  mean = 22.13  sdev = 258    skew = 0.299  kurt = 3.22  p = 0.485260 
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Table E.2.8: Summary of FORM Analysis of shear capacity, V(R-S) without FRP strengthen-
ing according to EC2 

FORM Analysis of V(R-S): 
     HL - Index = 0.0207       P(V(R-S)<0) =   0.492 
 
     Name        Alpha        Design Value 
     VRds        -0.868         1.471e+03 
     VS            0.447         2.328e+03 
     Vi             -0.218         492.756 

 
Figure E.2.9: Distributions for shear, resistance, VR and load effect, VS without FRP 

strengthening according to EC2 
 
Limit State Function V(R-S) calculated as 
 
  V(R-S) = VRd,s+Vi+QAB-VS=    (E.2.14) 
                  Asv*fywd*z*2.5/(1000*s) 
                +(((Mm-sigmat0*(1-f)*Asp*esp*10^-3)/z+Auf*sigmat0*(1-f)*Asp*10^-3/Ac-      
                  Vm*2.5/2)*tanalpha)/(1-tanalpha*2.5/2) 
                +QAB 
                 -VS 
 
    V(R-S) (E[X]) = 8.40327 kN 
 
Table E.2.9: Summary of FORM Analysis of shear capacity, V(R-S), without FRP strengthen-

ing according to EC2 
 FORM Analysis of V(R-S): 
 
     HL - Index = 0.0332       P(V(R-S)<0) =   0.487 
 
     Name        Alpha        Design Value 
     Asp         0.009         2.071e+04 
     Asv        -0.087         160.133 
     Mm        -0.195         2.320e+04 
     VS          0.450         2.329e+03 
     Vm          0.062         2.327e+03 
     f            -0.079          0.150 
     fywd       -0.635          449.268 
     s             0.581          0.301 
     z           -0.014           2.460 
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APPENDIX F F2
F.1 Loads according to FB Engineering
Källösund bridge
Table F.1 Cross sectional forces: Calculated with Strip Step3 and SP88, seeFB (2002)
span 3-4,  cross section 29,5m

Load ψγ Tk M2k M3k Nk Q2k Q3k Td M2d M3d Nd Q2d Q3d

Self Weight 1 751 -31400 -1002 0 -26 2781 751 -31400 -1002 0 -26 2781
Pavement 1 83 -7087 -262 0 -6 598 83 -7087 -262 0 -6 598

Trafic       Tmax 1710 -3594 -646 0 -16 607 2223 -4672 -839 0 -21 789
               Tmin -1667 -3601 -259 0 -2 607 -2167 -4681 -337 0 -3 789
               M2max 1,3 -56 5903 175 0 6 -262 -73 7674 227 0 7 -340
               M2min 734 -16900 -447 0 -11 946 954 -21970 -581 0 -14 1229
               Q3max 1190 -10900 -410 0 -9 1277 1547 -14170 -533 0 -12 1661
               Q3min -31 5866 188 0 6 -286 -40 7626 245 0 8 -372

Surface load GC Tmax 1520 -2148 -342 -16 203 304 -430 -68 0 -3 41
               Tmin -148 -30 651 15 1 -30 -6 130 0 3 0
               M2max 0,2 163 2052 57 0 -3 -72 33 410 11 0 -1 -14
               M2min 1210 -4229 252 0 1 277 242 -846 50 0 0 55
               Q3max 1370 -4191 265 0 2 303 274 -838 53 0 0 61
               Q3min 4 2013 44 0 -3 -98 1 403 9 0 -1 -20

Brake    Tmax 11 -255 73 1 12 8 -178 51 0 1 9
               Tmin -11 255 -73 -1 -12 -8 178 -51 0 -1 -9
               M2max 0,7 -1 671 23 0 -33 -1 470 16 0 0 -23
               M2min 1 -671 -23 0 33 1 -470 -16 0 0 23
               Q3max 1 -671 -23 0 33 1 -470 -16 0 0 23
               Q3min -1 671 23 0 -33 -1 470 16 0 0 -23

Overg       Tmax 4 -260 -13 93 0 8 2 -104 -5 37 0 3
               Tmin -4 260 13 -93 0 -8 -2 104 5 -37 0 -3
               M2max 0,4 -3 288 -44 93 -1 -19 -1 115 -18 37 0 -8
               M2min 3 -288 44 -93 1 19 1 -115 18 -37 0 8
               Q3max 3 -288 44 -93 1 19 1 -115 18 -37 0 8
               Q3min -3 288 -44 93 -1 -19 -1 115 -18 37 0 -8

Tk M2k M3k Nk Q2k Q3k

Side      Tmax 51 -6 378 -48 0 35 -4 265 0 -34 0
               Tmin -51 6 -378 48 0 -35 4 -265 0 34 0
               M2max 0,7 28 10 -307 -7 -1 20 7 -215 0 -5 0
               M2min -28 -10 307 7 1 -20 -7 215 0 5 0
               Q3max -28 -10 307 7 1 -20 -7 215 0 5 0
               Q3min 28 10 -307 -7 -1 20 7 -215 0 -5 0

Wind      Tmax 386 -74 2288 -135 4 232 -44 1373 0 -81 2
               Tmin -386 74 -2288 135 -4 -232 44 -1373 0 81 -2
               M2max 0,6 -386 74 -2288 135 -4 -232 44 -1373 0 81 -2
               M2min 386 -74 2288 -135 4 232 -44 1373 0 -81 2
               Q3max 386 -74 2288 -135 4 232 -44 1373 0 -81 2
               Q3min -386 74 -2288 135 -4 -232 44 -1373 0 81 -2

Temp      Tmax 2 0 38 1 0 0 0 0 0 0 0
               Tmin -3 -1 -66 -1 0 0 0 0 0 0 0
               M2max 2 0 38 1 0 0 0 0 0 0 0
               M2min -3 -1 -66 -1 0 0 0 0 0 0 0
               Q3max -3 -1 -66 -1 0 0 0 0 0 0 0
               Q3min 2 0 38 1 0 0 0 0 0 0 0

Entire cross section. 
All loads. 

Tk M2k M3k Nk Q2k Q3k T M2 M3 N Q2 Q3
               Tmax 3124 -42841 -295 37 -165 4040 3637 -43920 -489 37 -170 4222
               Tmin -1140 -41763 -3076 -37 84 3972 -1640 -42843 -3154 -37 83 4154
               M2max 596 -31537 -2667 37 50 3070 579 -29766 -2615 37 52 2991
               M2min 2023 -56869 -72 -37 -118 4413 2243 -61939 -206 -37 -121 4696
               Q3max 2511 -50862 -32 -37 -116 4750 2868 -54132 -155 -37 -119 5133
               Q3min 590 -31581 -2656 37 50 3040 580 -29821 -2600 37 52 2954

Veqkar=
Serviceability limit state Tk/(2*b) Vk/2 Tk/(2*b)+Vk/2 Ultimate limit state

Veq=
Half cross section T/(2*b)+V/2
All loads Qekvkar                    Veq

               Tmax -21421 343 2020 2363 -21960 2511
               Tmin -20881 -125 1986 1861 -21422 1897
               M2max -15768 65 1535 1600 -14883 1559
               M2min -28435 222 2206 2429 -30970 2595
               Q3max -25431 276 2375 2651 -27066 2882
               Q3min -15791 65 1520 1585 -14911 1541

Half cross section:
Loads:  Self Weight+Pavement+Trafic+Surface load GC+Brake+Overg   

Self Weight+
Pavement 833 -19243 92 1689 1781 833 -19243 92 1689 1781
rest 1466 -6162 161 684 845 1823 -7797 200 876 1076
sum 2299 -25405 253 2374 2626 2656 -27040 292 2565 2857
whole cross section -50809,96 4747 5253 -54080 5714

T M Tk/(2*b) V Veq T M Td/(2*b) V Veq
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Källösund bridge
Table F.2 Cross sectional forces: Calculated with Strip Step3 and SP88, seeFB (2002)
span 3-4,  cross section 29,5m

Load ψγ Tk M2k M3k Nk Q2k Q3k Td M2d M3d Nd Q2d Q3d

Self Weight 1 751 -31400 -1002 0 -26 2781 751 -31400 -1002 0 -26 2781
Pavement 1 83 -7087 -262 0 -6 598 83 -7087 -262 0 -6 598

Trafic       Tmax 1710 -3594 -646 0 -16 607 1197 -2516 -452 0 -11 425
               Tmin -1667 -3601 -259 0 -2 607 -1167 -2521 -181 0 -2 425
               M2max 0,7 -56 5903 175 0 6 -262 -40 4132 122 0 4 -183
               M2min 734 -16900 -447 0 -11 946 513 -11830 -313 0 -7 662
               Q3max 1190 -10900 -410 0 -9 1277 833 -7630 -287 0 -6 894
               Q3min -31 5866 188 0 6 -286 -21 4106 132 0 4 -200
Pedestrians and bicycles=PB
Surface load PB Tmax 1520 -2148 -342 -16 203 304 -430 -68 0 -3 41
               Tmin -148 -30 651 15 1 -30 -6 130 0 3 0
               M2max 0,2 163 2052 57 0 -3 -72 33 410 11 0 -1 -14
               M2min 1210 -4229 252 0 1 277 242 -846 50 0 0 55
               Q3max 1370 -4191 265 0 2 303 274 -838 53 0 0 61
               Q3min 4 2013 44 0 -3 -98 1 403 9 0 -1 -20

Brake    Tmax 11 -255 73 1 12 8 -178 51 0 1 9
               Tmin -11 255 -73 -1 -12 -8 178 -51 0 -1 -9
               M2max 0,7 -1 671 23 0 -33 -1 470 16 0 0 -23
               M2min 1 -671 -23 0 33 1 -470 -16 0 0 23
               Q3max 1 -671 -23 0 33 1 -470 -16 0 0 23
               Q3min -1 671 23 0 -33 -1 470 16 0 0 -23
Crosswalk construction 
               Tmax 4 -260 -13 93 0 8 2 -104 -5 37 0 3
               Tmin -4 260 13 -93 0 -8 -2 104 5 -37 0 -3
               M2max 0,4 -3 288 -44 93 -1 -19 -1 115 -18 37 0 -8
               M2min 3 -288 44 -93 1 19 1 -115 18 -37 0 8
               Q3max 3 -288 44 -93 1 19 1 -115 18 -37 0 8
               Q3min -3 288 -44 93 -1 -19 -1 115 -18 37 0 -8

Tk M2k M3k Nk Q2k Q3k

Side      Tmax 51 -6 378 -48 0 35 -4 265 0 -34 0
               Tmin -51 6 -378 48 0 -35 4 -265 0 34 0
               M2max 0,7 28 10 -307 -7 -1 20 7 -215 0 -5 0
               M2min -28 -10 307 7 1 -20 -7 215 0 5 0
               Q3max -28 -10 307 7 1 -20 -7 215 0 5 0
               Q3min 28 10 -307 -7 -1 20 7 -215 0 -5 0

Wind      Tmax 386 -74 2288 -135 4 232 -44 1373 0 -81 2
               Tmin -386 74 -2288 135 -4 -232 44 -1373 0 81 -2
               M2max 0,6 -386 74 -2288 135 -4 -232 44 -1373 0 81 -2
               M2min 386 -74 2288 -135 4 232 -44 1373 0 -81 2
               Q3max 386 -74 2288 -135 4 232 -44 1373 0 -81 2
               Q3min -386 74 -2288 135 -4 -232 44 -1373 0 81 -2

Temp      Tmax 2 0 38 1 0 0 0 0 0 0 0
               Tmin -3 -1 -66 -1 0 0 0 0 0 0 0
               M2max 2 0 38 1 0 0 0 0 0 0 0
               M2min -3 -1 -66 -1 0 0 0 0 0 0 0
               Q3max -3 -1 -66 -1 0 0 0 0 0 0 0
               Q3min 2 0 38 1 0 0 0 0 0 0 0

Entire cross section. 
All loads. 

T M2 M3 N Q2 Q3
               Tmax 2611 -41763 -102 37 -160 3858
               Tmin -640 -40683 -2999 -37 85 3790
               M2max 612 -33308 -2720 37 48 3148
               M2min 1803 -51799 62 -37 -114 4129
               Q3max 2154 -47592 91 -37 -113 4367
               Q3min 599 -33341 -2713 37 48 3126

Mean values Veq=
T/(2*b)+V/2

Half cross section
All loads.                   Veq

               Tmax -20882 2216
               Tmin -20341 1825
               M2max -16654 1641
               M2min -25900 2263
               Q3max -23796 2420
               Q3min -16670 1629

Half cross section:
Loads:  Self Weight+Pavement+Trafic+Surface load GC+Brake+Overg   

Self Weight+
Pavement 833 -19243 92 1689 1781
rest 1109 -4527 122 493 615
sum 1942 -23770 213 2182 2396
entire cross section -47540 4791

T M Td/(2*b) V Veq
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APPENDIX F 
 
 
F2. Calculation according to BBK+BRO94 and EC2, span 3-4 
 
according to Westerberg (2002b) 
 
 
 
 
 
 
 
 
 
Shear capacity of the Källösund Bridge 
 
 

 
 
Figure F.1 Cross section of the Källösund bridge 
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Figure F.2 Shear according to BBK94 
 
 
 
 

 
 
Figure F.3 Shear according to EC2 
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Span 3-4 Notations see Fig. F.1

Table F.3 Geometry and cross section data 

Cross
section

Location 
(from support 3) H

center of cravity 
distance from 

top A I2 I3 Kv B TB h´ b´ Aef hef

center of 
cravity 

distance 
from bottom

inclination
of the bottom

flange,
tanα

m m m2 m4 m4 m4 m m m m m2 m m rad
0,000 0 right 7,478 3,423 10,059 73,733 54,117 66,365 10,1 0,3 7,228 4,55 32,887 0,910 4,055 0,0252
0,046 2,3 left 7,42 3,332 9,842 69,987 53,617 63,341 10,1 0,26 7,19 4,55 32,715 0,910 4,088 0,2397

2,3 right 7,42 3,332 9,842 69,987 53,617 63,341 10,1 0,26 7,19 4,55 32,715 0,910 4,088 0,2397
0,110 5,5 left 6,653 2,969 9,133 53,234 49,596 52,976 10,016 0,26 6,423 4,55 29,225 0,910 3,684 0,2200

5,5 right 6,653 2,969 9,133 53,234 49,596 52,976 10,016 0,26 6,423 4,55 29,225 0,910 3,684 0,2200
0,170 8,5 left 5,993 2,656 8,528 41,075 46,275 44,554 9,969 0,26 5,763 4,55 26,222 0,910 3,337 0,2047

8,5 right 5,993 2,656 8,528 41,075 46,275 44,554 9,969 0,26 5,763 4,55 26,222 0,910 3,337 0,2047
0,230 11,5 left 5,379 2,368 7,965 31,458 43,172 37,14 9,923 0,26 5,149 4,55 23,428 0,910 3,011 0,1897

11,5 right 5,379 2,368 7,965 31,458 43,172 37,14 9,923 0,26 5,149 4,55 23,428 0,910 3,011 0,1897
0,290 14,5 left 4,81 2,102 7,442 23,904 40,271 30,665 9,876 0,26 4,58 4,55 20,839 0,910 2,708 0,1740

14,5 right 4,81 2,102 7,442 23,904 40,271 30,665 9,876 0,26 4,58 4,55 20,839 0,910 2,708 0,1740
0,350 17,5 left 4,288 1,86 6,962 18,052 37,601 25,087 9,83 0,26 4,058 4,55 18,464 0,812 2,428 0,1587

17,5 right 4,288 1,86 6,962 18,052 37,601 25,087 9,83 0,26 4,058 4,55 18,464 0,812 2,428 0,1587
0,410 20,5 left 3,812 1,616 6,441 13,247 35,034 19,896 9,783 0,24 3,592 4,55 16,344 0,718 2,196 0,1433

20,5 right 3,812 1,616 6,441 13,247 35,034 19,896 9,783 0,24 3,592 4,55 16,344 0,718 2,196 0,1433
0,470 23,5 left 3,382 1,398 5,961 9,647 32,684 15,582 9,737 0,22 3,172 4,55 14,433 0,634 1,984 0,1280

23,5 right 3,382 1,398 5,961 9,647 32,684 15,582 9,737 0,22 3,172 4,55 14,433 0,634 1,984 0,1280
0,530 26,5 left 2,998 1,205 5,523 6,987 30,541 12,064 9,69 0,2 2,798 4,55 12,731 0,560 1,793 0,1127

26,5 right 2,998 1,205 5,523 6,987 30,541 12,064 9,69 0,2 2,798 4,55 12,731 0,560 1,793 0,1127
0,590 29,5 left 2,66 1,059 5,208 5,214 28,74 9,589 9,644 0,2 2,46 4,55 11,193 0,492 1,601 0,0973

29,5 right 2,66 1,059 5,208 5,214 28,74 9,589 9,644 0,2 2,46 4,55 11,193 0,492 1,601 0,0973
0,650 32,5 left 2,368 0,936 4,935 3,923 27,156 7,634 9,597 0,2 2,168 4,55 9,864 0,434 1,432 0,0820

32,5 right 2,368 0,936 4,935 3,923 27,156 7,634 9,597 0,2 2,168 4,55 9,864 0,434 1,432 0,0820
0,710 35,5 left 2,122 0,833 4,703 2,997 25,788 6,125 9,551 0,2 1,922 4,55 8,745 0,384 1,289 0,0663

35,5 right 2,122 0,833 4,703 2,997 25,788 6,125 9,551 0,2 1,922 4,55 8,745 0,384 1,289 0,0663
0,770 38,5 left 1,923 0,751 4,513 2,352 24,633 5,005 9,504 0,2 1,723 4,55 7,840 0,345 1,172 0,0513

38,5 right 1,923 0,751 4,513 2,352 24,633 5,005 9,504 0,2 1,723 4,55 7,840 0,345 1,172 0,0513
0,830 41,5 left 1,769 0,689 4,364 1,913 23,7 4,203 9,458 0,2 1,569 4,55 7,139 0,314 1,08 0,0360

41,5 right 1,769 0,689 4,364 1,913 23,7 4,203 9,458 0,2 1,569 4,55 7,139 0,314 1,08 0,0360
0,890 44,5 left 1,661 0,646 4,256 1,635 22,974 3,677 9,411 0,2 1,461 4,55 6,648 0,292 1,015 0,0150

44,5 right 1,661 0,646 4,256 1,635 22,974 3,677 9,411 0,2 1,461 4,55 6,648 0,292 1,015 0,0150
0,950 47,5 left 1,616 0,629 4,205 1,526 22,563 3,465 9,365 0,2 1,416 4,55 6,443 0,283 0,987 0,0064

47,5 right 1,616 0,629 4,205 1,526 22,563 3,465 9,365 0,2 1,416 4,55 6,443 0,283 0,987 0,0064
1,000 50 left 1,6 0,624 4,182 1,486 22,308 3,392 9,326 0,2 1,4 4,55 6,370 0,280 0,976 0,0000



Källösund bridge APPENDIX F F7
Span 3-4

Table F.4 Reinforcement and cross sectional data for half section

Pre-
stress
eccent
ricity

Cross
secton H TB

Top-
reinforcem

ent
d-top
 (m)

Bottom-
reinforcem

ent
d-top
(m) A-tendon

Number of
tendons P-t0 P-t2 loss

x-tendon
distance 
from top

A-sirrups
Total in the 

boxwalls
spacing of

stirrups top z

top-
reinforcement
excl 
reinforcement
in the boxwalls

pre-
stressed
reinforcem
ent

stirrups
in 
boxwalls

m m (cm2/st) kN kN % m cm2/m
φ10 / 4units
of stirrups m m cm2 cm2 cm2/m

0,000 0 r 7,478 0,3 54,569 7,378 26,704 7,328 5,309 156 51168 44385 0,8674 0,12 10,472 300 3,303 7,228 27,2845 414,102 5,236
0,046 2,3 l 7,42 0,26 54,569 7,32 26,704 7,29 5,309 156 51168 43878 0,8575 0,12 10,472 300 3,212 7,19 27,2845 414,102 5,236

r 7,42 0,26 54,569 7,32 26,704 7,29 5,309 156 51168 43878 0,8575 0,12 10,472 300 3,212 7,19 27,2845 414,102 5,236
0,110 5,5 l 6,653 0,26 54,569 6,553 26,704 6,523 5,309 156 51168 43617 0,8524 0,12 10,472 300 2,849 6,423 27,2845 414,102 5,236

r 6,653 0,26 54,569 6,553 26,704 6,523 5,309 148 48544 41380 0,8524 0,12 10,472 300 2,849 6,423 27,2845 392,866 5,236
0,170 8,5 l 5,993 0,26 54,569 5,893 26,704 5,863 5,309 148 48544 41410 0,8530 0,121 10,472 300 2,535 5,763 27,2845 392,866 5,236

r 5,993 0,26 54,569 5,893 26,704 5,863 5,309 140 45920 39172 0,8530 0,121 10,472 300 2,535 5,763 27,2845 371,63 5,236
0,230 11,5 l 5,379 0,26 54,569 5,279 26,704 5,249 5,309 140 45920 39193 0,8535 0,122 10,472 300 2,246 5,149 27,2845 371,63 5,236

r 5,379 0,26 54,569 5,279 26,704 5,249 5,309 132 43296 36953 0,8535 0,122 10,472 300 2,246 5,149 27,2845 350,394 5,236
0,290 14,5 l 4,81 0,26 54,569 4,71 26,704 4,68 5,309 132 43296 36964 0,8538 0,123 10,472 300 1,979 4,58 27,2845 350,394 5,236

r 4,81 0,26 54,569 4,71 26,704 4,68 5,309 124 40672 34724 0,8538 0,123 10,472 300 1,979 4,58 27,2845 329,158 5,236
0,350 17,5 l 4,288 0,26 54,569 4,188 26,704 4,158 5,309 124 40672 34720 0,8537 0,124 10,472 300 1,736 4,058 27,2845 329,158 5,236

r 4,288 0,26 54,569 4,188 26,704 4,158 5,309 116 38048 32480 0,8537 0,124 10,472 300 1,736 4,058 27,2845 307,922 5,236
0,410 20,5 l 3,812 0,24 54,569 3,712 26,704 3,692 5,309 116 38048 32480 0,8537 0,124 10,472 300 1,492 3,592 27,2845 307,922 5,236

r 3,812 0,24 54,569 3,712 26,704 3,692 5,309 108 35424 30240 0,8537 0,124 10,472 300 1,492 3,592 27,2845 286,686 5,236
0,470 23,5 l 3,382 0,22 54,569 3,282 26,704 3,272 5,309 108 35424 30215 0,8530 0,125 10,472 300 1,273 3,172 27,2845 286,686 5,236

r 3,382 0,22 54,569 3,282 26,704 3,272 5,309 100 32800 27977 0,8530 0,125 10,472 300 1,273 3,172 27,2845 265,45 5,236
0,530 26,5 l 2,998 0,2 54,569 2,898 26,704 2,898 5,309 100 32800 27921 0,8513 0,126 10,472 300 1,079 2,798 27,2845 265,45 5,236

r 2,998 0,2 54,569 2,898 26,704 2,898 5,309 90 29520 25129 0,8513 0,126 10,472 300 1,079 2,798 27,2845 238,905 5,236
0,590 29,5 l 2,66 0,2 54,569 2,56 26,704 2,56 5,309 90 29520 25092 0,8500 0,127 10,472 300 0,932 2,46 27,2845 238,905 5,236

r 2,66 0,2 54,569 2,56 26,704 2,56 5,309 78 25584 21746 0,8500 0,132 10,472 300 0,927 2,46 27,2845 207,051 5,236
0,650 32,5 l 2,368 0,2 54,569 2,268 26,704 2,268 5,309 78 25584 21749 0,8501 0,149 10,472 300 0,787 2,168 27,2845 207,051 5,236

r 2,368 0,2 54,569 2,268 26,704 2,268 5,309 76 24928 21191 0,8501 0,149 10,472 300 0,787 2,168 27,2845 201,742 5,236
0,710 35,5 l 2,122 0,2 54,569 2,022 26,704 2,022 5,309 76 24922 20877 0,8377 0,185 10,472 300 0,648 1,922 27,2845 201,742 5,236

r 2,122 0,2 54,569 2,022 26,704 2,022 5,309 66 21643 18130 0,8377 0,194 10,472 300 0,639 1,922 27,2845 175,197 5,236
0,770 38,5 l 1,923 0,2 54,569 1,823 26,704 1,823 5,309 66 21640 18076 0,8353 0,266 10,472 300 0,485 1,723 27,2845 175,197 5,236

r 1,923 0,2 54,569 1,823 26,704 1,823 5,309 48 15738 13146 0,8353 0,204 10,472 300 0,547 1,723 27,2845 127,416 5,236
0,830 41,5 l 1,769 0,2 54,569 1,669 26,704 1,669 5,309 48 15743 13270 0,8429 0,319 10,472 300 0,37 1,569 27,2845 127,416 5,236

r 1,769 0,2 54,569 1,669 26,704 1,669 5,309 30 9839 8294 0,8429 0,156 10,472 300 0,533 1,569 27,2845 79,635 5,236
0,890 44,5 l 1,661 0,2 54,569 1,561 26,704 1,561 5,309 30 9839 8388 0,8525 0,28 10,472 300 0,366 1,461 27,2845 79,635 5,236

r 1,661 0,2 54,569 1,561 26,704 1,561 5,309 20 6559 5592 0,8525 0,156 10,472 300 0,49 1,461 27,2845 53,09 5,236
0,950 47,5 l 1,616 0,2 54,569 1,516 26,704 1,516 5,309 20 6560 5613 0,8556 0,271 10,472 300 0,358 1,416 27,2845 53,09 5,236

r 1,616 0,2 54,569 1,516 26,704 1,516 5,309 8 2624 2245 0,8556 0,235 10,472 300 0,394 1,416 27,2845 21,236 5,236
1,000 50 l 1,6 0,2 54,569 1,5 26,704 1,5 5,309 8 2619 2270 0,8667 0,4 10,472 300 0,224 1,4 27,2845 21,236 5,236

half cross section

Location 
from 
support 3

cm2 Excl reinforcement 
in the walls of the box



Källösund bridge APPENDIX F F8
Span 3-4 Entire cross section

Table F.5 Cross sectional forces in the combination A (ultimate limit state), B=210 kN, entire cross section

Cross 
section

Location 
from 
support 3

M2
-max

V
-corr

T
-corr

M2
-min

V
-corr

T
-corr

V
-max

M2
-corr

T
-corr

V
-min

M2
-corr

T
-corr

T
-max

M2
-corr

V
-corr

T
-min

M2
-corr

V
-corr

kNm kN kNm kNm kN kNm kN kNm kNm kN kNm kNm kNm kNm kN kNm kNm kN
0,000 0 r -200000 9151 1030 -293000 11600 4876 12000 -259000 5740 9146 -200000 1036 8600 -245000 10800 -2389 -236000 10800
0,046 2,3 l -180000 8537 992 -267000 10900 4702 11400 -235000 5550 8528 -180000 995 8270 -222000 10200 -2339 -214000 10100

r -180000 8537 992 -267000 10900 4702 11400 -235000 5550 8528 -180000 995 8270 -222000 10200 -2339 -214000 10100
0,110 5,5 l -154000 7715 981 -233000 10000 4367 10500 -205000 5200 7703 -154000 985 7750 -192000 9301 -2231 -185000 9280

r -154000 7715 981 -233000 10000 4367 10500 -205000 5200 7703 -154000 985 7750 -192000 9301 -2231 -185000 9280
0,170 8,5 l -132000 6996 957 -204000 9253 4101 9696 -179000 4900 6978 -132000 962 7280 -166000 8520 -2152 -161000 8521

r -132000 6996 957 -204000 9253 4101 9696 -179000 4900 6978 -132000 962 7280 -166000 8520 -2152 -161000 8521
0,230 11,5 l -112000 6320 923 -178000 8375 3651 8951 -155000 4610 6294 -112000 928 6830 -143000 7781 -2081 -138000 7804

r -112000 6320 923 -178000 8375 3651 8951 -155000 4610 6294 -112000 928 6830 -143000 7781 -2081 -138000 7804
0,290 14,5 l -93700 5680 880 -154000 7672 3390 8242 -133000 4330 5650 -93800 885 6390 -122000 7082 -2015 -118000 7124

r -93700 5680 880 -154000 7672 3390 8242 -133000 4330 5650 -93800 885 6390 -122000 7082 -2015 -118000 7124
0,350 17,5 l -77600 5071 830 -132000 7028 3168 7551 -114000 4020 5042 -77600 834 5960 -102000 6409 -1935 -99600 6464

r -77600 5071 830 -132000 7028 3168 7551 -114000 4020 5042 -77600 834 5960 -102000 6409 -1935 -99600 6464
0,410 20,5 l -63300 4502 776 -112000 6353 2865 6907 -96000 3740 4470 -63300 779 5530 -85300 5780 -1869 -83000 5851

r -63300 4502 776 -112000 6353 2865 6907 -96000 3740 4470 -63300 779 5530 -85300 5780 -1869 -83000 5851
0,470 23,5 l -50600 3969 715 -93300 5781 2662 6297 -80000 3460 3934 -50600 718 5110 -69900 5187 -1804 -67700 5251

r -50600 3969 715 -93300 5781 2662 6297 -80000 3460 3934 -50600 718 5110 -69900 5187 -1804 -67700 5251
0,530 26,5 l -39400 3467 649 -76800 5243 2470 5716 -65800 3180 3430 -39500 652 4700 -56300 4626 -1730 -54600 4699

r -39400 3467 649 -76800 5243 2470 5716 -65800 3180 3430 -39500 652 4700 -56300 4626 -1730 -54600 4699

0,590 29,5 l -29700 2991 579 -61900 4697 2243 5133 -54100 2870 2954 -29800 580 4290 -44100 4082 -1640 -42800 4154
r -29700 2991 579 -61900 4697 2243 5133 -54100 2870 2954 -29800 580 4290 -44100 4082 -1640 -42800 4154

0,650 32,5 l -21400 2531 505 -48600 4198 2062 4572 -42400 2590 2475 -21600 683 3910 -33100 3549 -1589 -31800 3613
r -21400 2531 505 -48600 4198 2062 4572 -42400 2590 2475 -21600 683 3910 -33100 3549 -1589 -31800 3613

0,710 35,5 l -14400 2042 626 -36700 3685 1856 4032 -31600 2330 2008 -14400 626 3550 -24200 3042 -1549 -23400 3107
r -14400 2042 626 -36700 3685 1856 4032 -31600 2330 2008 -14400 626 3550 -24200 3042 -1549 -23400 3107

0,770 38,5 l -8598 1578 573 -26400 3216 1708 3504 -22100 2080 1544 -8644 573 3200 -16500 2545 -1517 -15900 2613
r -8598 1578 573 -26400 3216 1708 3504 -22100 2080 1544 -8644 573 3200 -16500 2545 -1517 -15900 2613

0,830 41,5 l -4258 1108 524 -17500 2712 1506 2968 -14200 1830 1080 -4301 524 2880 -10100 2044 -1496 -9617 2105
r -4258 1108 524 -17500 2712 1506 2968 -14200 1830 1080 -4301 524 2880 -10100 2044 -1496 -9617 2105

0,890 44,5 l -1359 634 480 -10100 2227 1341 2405 -8504 1540 594 -1408 499 2550 -5629 1534 -1448 -5184 1579
r -1359 634 480 -10100 2227 1341 2405 -8504 1540 594 -1408 499 2550 -5629 1534 -1448 -5184 1579

0,950 47,5 l 156 173 458 -4113 1739 1219 1861 -3563 1310 123 58 457 2290 -1948 1029 -1490 -1843 1051
r 156 173 458 -4113 1739 1219 1861 -3563 1310 123 58 457 2290 -1948 1029 -1490 -1843 1051

1,000 50 l 299 601 148 -299 223 185 1381 23 1150 -309 -23 400 2090 -23 568 -1525 23 589



Källösund bridge APPENDIX F F9
Span 3-4 V-max eq=

One web V-max/2+T-corr/(2*4,55)
Table F.5 Cross secti Table F.6 Cross sectional forces in the combination A (ultimate limit state), B=210 kN, half cross section

Cross 
section

Location 
from 
support 3

M2
-max

V
-corr

T
-corr

M2
-min

V
-corr

T
-corr

V
-max

M2
-corr

T
-corr

V
-max 

eq
V

-min
M2

-corr
T

-corr
T

-max
M2

-corr
V

-corr
T

-min
M2

-corr
V

-corr
kNm kN kNm kNm kN kNm kN kNm kNm kN kN kNm kNm kNm kNm kN kNm kNm kN

0,000 0 r -100000 4575 1030 -146500 5800 4876 6000 -129500 5740 6631 4573 -100000 1036 8600 -122500 5400 -2389 -118000 5400
0,046 2,3 l -90000 4269 992 -133500 5450 4702 5700 -117500 5550 6310 4264 -90000 995 8270 -111000 5100 -2339 -107000 5050

r -90000 4269 992 -133500 5450 4702 5700 -117500 5550 6310 4264 -90000 995 8270 -111000 5100 -2339 -107000 5050
0,110 5,5 l -77000 3857 981 -116500 5000 4367 5250 -102500 5200 5821 3852 -77000 985 7750 -96000 4650 -2231 -92500 4640

r -77000 3857 981 -116500 5000 4367 5250 -102500 5200 5821 3852 -77000 985 7750 -96000 4650 -2231 -92500 4640
0,170 8,5 l -66000 3498 957 -102000 4627 4101 4848 -89500 4900 5386 3489 -66000 962 7280 -83000 4260 -2152 -80500 4261

r -66000 3498 957 -102000 4627 4101 4848 -89500 4900 5386 3489 -66000 962 7280 -83000 4260 -2152 -80500 4261
0,230 11,5 l -56000 3160 923 -89000 4188 3651 4475 -77500 4610 4982 3147 -56000 928 6830 -71500 3891 -2081 -69000 3902

r -56000 3160 923 -89000 4188 3651 4475 -77500 4610 4982 3147 -56000 928 6830 -71500 3891 -2081 -69000 3902
0,290 14,5 l -46850 2840 880 -77000 3836 3390 4121 -66500 4330 4597 2825 -46900 885 6390 -61000 3541 -2015 -59000 3562

r -46850 2840 880 -77000 3836 3390 4121 -66500 4330 4597 2825 -46900 885 6390 -61000 3541 -2015 -59000 3562
0,350 17,5 l -38800 2536 830 -66000 3514 3168 3775 -57000 4020 4217 2521 -38800 834 5960 -51000 3205 -1935 -49800 3232

r -38800 2536 830 -66000 3514 3168 3775 -57000 4020 4217 2521 -38800 834 5960 -51000 3205 -1935 -49800 3232
0,410 20,5 l -31650 2251 776 -56000 3177 2865 3454 -48000 3740 3865 2235 -31650 779 5530 -42650 2890 -1869 -41500 2926

r -31650 2251 776 -56000 3177 2865 3454 -48000 3740 3865 2235 -31650 779 5530 -42650 2890 -1869 -41500 2926
0,470 23,5 l -25300 1984 715 -46650 2890 2662 3149 -40000 3460 3529 1967 -25300 718 5110 -34950 2593 -1804 -33850 2625

r -25300 1984 715 -46650 2890 2662 3149 -40000 3460 3529 1967 -25300 718 5110 -34950 2593 -1804 -33850 2625
0,530 26,5 l -19700 1733 649 -38400 2621 2470 2858 -32900 3180 3208 1715 -19750 652 4700 -28150 2313 -1730 -27300 2349

r -19700 1733 649 -38400 2621 2470 2858 -32900 3180 3208 1715 -19750 652 4700 -28150 2313 -1730 -27300 2349

0,590 29,5 l -14850 1495 579 -30950 2348 2243 2567 -27050 2870 2882 1477 -14900 580 4290 -22050 2041 -1640 -21400 2077
r -14850 1495 579 -30950 2348 2243 2567 -27050 2870 2882 1477 -14900 580 4290 -22050 2041 -1640 -21400 2077

0,650 32,5 l -10700 1265 505 -24300 2099 2062 2286 -21200 2590 2570 1237 -10800 683 3910 -16550 1774 -1589 -15900 1806
r -10700 1265 505 -24300 2099 2062 2286 -21200 2590 2570 1237 -10800 683 3910 -16550 1774 -1589 -15900 1806

0,710 35,5 l -7200 1021 626 -18350 1842 1856 2016 -15800 2330 2272 1004 -7200 626 3550 -12100 1521 -1549 -11700 1553
r -7200 1021 626 -18350 1842 1856 2016 -15800 2330 2272 1004 -7200 626 3550 -12100 1521 -1549 -11700 1553

0,770 38,5 l -4299 789 573 -13200 1608 1708 1752 -11050 2080 1981 772 -4322 573 3200 -8250 1273 -1517 -7950 1306
r -4299 789 573 -13200 1608 1708 1752 -11050 2080 1981 772 -4322 573 3200 -8250 1273 -1517 -7950 1306

0,830 41,5 l -2129 554 524 -8750 1356 1506 1484 -7100 1830 1685 540 -2151 524 2880 -5050 1022 -1496 -4809 1052
r -2129 554 524 -8750 1356 1506 1484 -7100 1830 1685 540 -2151 524 2880 -5050 1022 -1496 -4809 1052

0,890 44,5 l -680 317 480 -5050 1114 1341 1202 -4252 1540 1372 297 -704 499 2550 -2815 767 -1448 -2592 790
r -680 317 480 -5050 1114 1341 1202 -4252 1540 1372 297 -704 499 2550 -2815 767 -1448 -2592 790

0,950 47,5 l 78 86 458 -2056 870 1219 930 -1781 1310 1074 62 29 457 2290 -974 514 -1490 -922 526
r 78 86 458 -2056 870 1219 930 -1781 1310 1074 62 29 457 2290 -974 514 -1490 -922 526

1,000 50 l 150 300 148 -149 111 185 690 12 1150 817 -154 -12 400 2090 -12 284 -1525 12 295



F.2.1 BBK94 APPENDIX F F10
Källösund bridge, span 3-4 

Table F.7 Cross section data

Cross section 
Support 3-4 H bw TB A

A/2=
Ac

Area
half

bottom-
slab
Auf ytop ybottom Ix Ix/2 Wtop Wtop/2 Wbot Wbot/2

m m m m2 m2 m2 m m m4 m4 m3 m3 m3 m3

0,000 0,000 r 7,478 0,45 0,3 10,1 5,0295 0,75 3,423 4,055 73,733 36,867 21,540 10,770 18,183 9,092
0,046 2,300 l 7,420 0,45 0,26 9,84 4,921 0,65 3,332 4,088 69,987 34,994 21,005 10,502 17,120 8,560

2,300 r 7,420 0,45 0,26 9,84 4,921 0,65 3,332 4,088 69,987 34,994 21,005 10,502 17,120 8,560
0,110 5,500 l 6,653 0,45 0,26 9,13 4,5665 0,65 2,969 3,684 53,234 26,617 17,930 8,965 14,450 7,225

5,500 r 6,653 0,45 0,26 9,13 4,5665 0,65 2,969 3,684 53,234 26,617 17,930 8,965 14,450 7,225
0,170 8,500 l 5,993 0,45 0,26 8,53 4,264 0,65 2,656 3,337 41,075 20,538 15,465 7,732 12,309 6,154

8,500 r 5,993 0,45 0,26 8,53 4,264 0,65 2,656 3,337 41,075 20,538 15,465 7,732 12,309 6,154
0,230 11,500 l 5,379 0,45 0,26 7,97 3,9825 0,65 2,368 3,011 31,458 15,729 13,285 6,642 10,448 5,224

11,500 r 5,379 0,45 0,26 7,97 3,9825 0,65 2,368 3,011 31,458 15,729 13,285 6,642 10,448 5,224
0,290 14,500 l 4,810 0,45 0,26 7,44 3,721 0,65 2,102 2,708 23,904 11,952 11,372 5,686 8,827 4,414

14,500 r 4,810 0,45 0,26 7,44 3,721 0,65 2,102 2,708 23,904 11,952 11,372 5,686 8,827 4,414
0,350 17,500 l 4,288 0,45 0,26 6,96 3,481 0,65 1,860 2,428 18,052 9,026 9,705 4,853 7,435 3,717

17,500 r 4,288 0,45 0,26 6,96 3,481 0,65 1,860 2,428 18,052 9,026 9,705 4,853 7,435 3,717
0,410 20,500 l 3,812 0,45 0,24 6,44 3,2205 0,6 1,616 2,196 13,247 6,624 8,197 4,099 6,032 3,016

20,500 r 3,812 0,45 0,24 6,44 3,2205 0,6 1,616 2,196 13,247 6,624 8,197 4,099 6,032 3,016
0,470 23,500 l 3,382 0,45 0,22 5,96 2,9805 0,55 1,398 1,984 9,647 4,824 6,901 3,450 4,862 2,431

23,500 r 3,382 0,45 0,22 5,96 2,9805 0,55 1,398 1,984 9,647 4,824 6,901 3,450 4,862 2,431
0,530 26,500 l 2,998 0,45 0,2 5,52 2,7615 0,5 1,205 1,793 6,987 3,494 5,798 2,899 3,897 1,948

26,500 r 2,998 0,45 0,2 5,52 2,7615 0,5 1,205 1,793 6,987 3,494 5,798 2,899 3,897 1,948
0,590 29,500 l 2,660 0,45 0,2 5,21 2,604 0,5 1,059 1,601 5,214 2,607 4,924 2,462 3,257 1,628

29,500 r 2,660 0,45 0,2 5,21 2,604 0,5 1,059 1,601 5,214 2,607 4,924 2,462 3,257 1,628
0,650 32,500 l 2,368 0,45 0,2 4,94 2,4675 0,5 0,936 1,432 3,923 1,962 4,191 2,096 2,740 1,370

32,500 r 2,368 0,45 0,2 4,94 2,4675 0,5 0,936 1,432 3,923 1,962 4,191 2,096 2,740 1,370
0,710 35,500 l 2,122 0,45 0,2 4,7 2,3515 0,5 0,833 1,289 2,997 1,499 3,598 1,799 2,325 1,163

35,500 r 2,122 0,45 0,2 4,7 2,3515 0,5 0,833 1,289 2,997 1,499 3,598 1,799 2,325 1,163
0,770 38,500 l 1,923 0,45 0,2 4,51 2,2565 0,5 0,751 1,172 2,352 1,176 3,132 1,566 2,007 1,003

38,500 r 1,923 0,45 0,2 4,51 2,2565 0,5 0,751 1,172 2,352 1,176 3,132 1,566 2,007 1,003
0,830 41,500 l 1,769 0,45 0,2 4,36 2,182 0,5 0,689 1,08 1,913 0,957 2,776 1,388 1,771 0,886

41,500 r 1,769 0,45 0,2 4,36 2,182 0,5 0,689 1,08 1,913 0,957 2,776 1,388 1,771 0,886
0,890 44,500 l 1,661 0,45 0,2 4,26 2,128 0,5 0,646 1,015 1,635 0,818 2,531 1,265 1,611 0,805

44,500 r 1,661 0,45 0,2 4,26 2,128 0,5 0,646 1,015 1,635 0,818 2,531 1,265 1,611 0,805
0,950 47,500 l 1,616 0,45 0,2 4,21 2,1025 0,5 0,629 0,987 1,526 0,763 2,426 1,213 1,546 0,773

47,500 r 1,616 0,45 0,2 4,21 2,1025 0,5 0,629 0,987 1,526 0,763 2,426 1,213 1,546 0,773
1,000 50,000 l 1,600 0,45 0,2 4,18 2,091 0,5 0,624 0,976 1,486 0,743 2,381 1,191 1,523 0,761

Cross section data  

Location 
from 
support 3
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BBK94 calculation
Span 3-4    
Table F.8 Length of the shear crack, xn and self weight, QAB

Cross section 
Support 3-4

Length of 
the shear 

crack,
z 0,9d/2

Middle of the 
shear crack,
x=x+0,9d/2

Half concrete 
cross section

A/2
at

xn=xn-1+z/2

QAB

self-
weight of the 

half
concrete cross 

section at 
shear crack cotθ

Length 
of the 
shear 
crack,
cotθ*z

Middle of the shear 
crack,

xn=
xn-1+x(cotθ*z/2)

Half concrete cross 
section

A/2 
at 

xn=
xn+x(cotθ*z/2)

QAB

self-
weight of the 

half
concrete cross 

section at 
shear crack

m m m  m2 kN rad m m  m2 kN
0,000 0,000 r 7,228 3,320 3,32 4,808 834 2,50 18,07 9,04 4,214 1827
0,046 2,300 l 7,19 3,294 5,59 4,557 786 2,50 17,975 11,29 4,002 1727

2,300 r 7,19 3,294 5,59 4,557 786 2,50 17,975 11,29 4,002 1727
0,110 5,500 l 6,423 2,949 8,45 4,269 658 2,50 16,0575 13,53 3,806 1467

5,500 r 6,423 2,949 8,45 4,269 658 2,50 16,0575 13,53 3,806 1467
0,170 8,500 l 5,763 2,652 11,15 4,015 555 2,50 14,4075 15,70 3,625 1253

8,500 r 5,763 2,652 11,15 4,015 555 2,50 14,4075 15,70 3,625 1253
0,230 11,500 l 5,149 2,376 13,88 3,775 467 2,50 12,8725 17,94 3,443 1064

11,500 r 5,149 2,376 13,88 3,775 467 2,50 12,8725 17,94 3,443 1064
0,290 14,500 l 4,58 2,120 16,62 3,551 390 2,50 11,45 20,23 3,244 892

14,500 r 4,58 2,120 16,62 3,551 390 2,50 11,45 20,23 3,244 892
0,350 17,500 l 4,058 1,885 19,38 3,317 323 2,50 10,145 22,57 3,055 744

17,500 r 4,058 1,885 19,38 3,317 323 2,50 10,145 22,57 3,055 744
0,410 20,500 l 3,592 1,670 22,17 3,087 266 2,50 8,98 24,99 2,872 619

20,500 r 3,592 1,670 22,17 3,087 266 2,50 8,98 24,99 2,872 619
0,470 23,500 l 3,172 1,477 24,98 2,873 219 2,50 7,93 27,47 2,711 516

23,500 r 3,172 1,477 24,98 2,873 219 2,50 7,93 27,47 2,711 516
0,530 26,500 l 2,798 1,304 27,80 2,693 181 2,50 6,995 30,00 2,581 433

26,500 r 2,798 1,304 27,80 2,693 181 2,50 6,995 30,00 2,581 433
0,590 29,500 l 2,46 1,152 30,65 2,552 151 2,50 6,15 32,58 2,465 364

29,500 r 2,46 1,152 30,65 2,552 151 2,50 6,15 32,58 2,465 364
0,650 32,500 l 2,168 1,021 33,52 2,428 126 2,50 5,42 35,21 2,363 307

32,500 r 2,168 1,021 33,52 2,428 126 2,50 5,42 35,21 2,363 307
0,710 35,500 l 1,922 0,910 36,41 2,323 107 2,50 4,805 37,90 2,275 262

35,500 r 1,922 0,910 36,41 2,323 107 2,50 4,805 37,90 2,275 262
0,770 38,500 l 1,723 0,820 39,32 2,236 92 2,50 4,3075 40,65 2,203 228

38,500 r 1,723 0,820 39,32 2,236 92 2,50 4,3075 40,65 2,203 228
0,830 41,500 l 1,569 0,751 42,25 2,168 82 2,50 3,9225 43,46 2,147 202

41,500 r 1,569 0,751 42,25 2,168 82 2,50 3,9225 43,46 2,147 202
0,890 44,500 l 1,461 0,702 45,20 2,122 74 2,50 3,6525 46,33 2,112 185

44,500 r 1,461 0,702 45,20 2,122 74 2,50 3,6525 46,33 2,112 185
0,950 47,500 l 1,416 0,682 48,18 2,099 71 2,50 3,54 49,27 2,094 178

47,500 r 1,416 0,682 48,18 2,099 71 2,50 3,54 49,27 2,094 178
1,000 50,000 l 1,4 0,675 50,68 2,50 3,5 51,75

EC2BBK

Location 
from 
support 3



Källösund bridge/BBK94 F12
Table F.9 Material data APPENDIX F
Material data: (Mpa) γn 1,2

Concrete: (50m corbel) γm 1,5 fcck 56,5 Mpa fcc 31,39 Mpa
fctk 2,65 Mpa fct 1,4722 Mpa

γm 1,2 Eck 38,50 Gpa Ec 26,74 Gpa

Reinforcement φ 10: γm 1,15 fyk 431 Mpa fst 312,3 Mpa
γm 1,05 Esk 200 Gpa Es 158,73 Gpa

Reinforcement φ 12, 16: γm 1,15 fyk 404 Mpa fst 292,8 Mpa
γm 1,05 Esk 200 Gpa Es 158,73 Gpa

Prestressed reinforcement: γm 1,15 fstu 1000 Mpa fst 724,6 Mpa
f0.2 770 Mpa fst 558,0 Mpa

γm 1,05 Esk 174 Gpa σp∞ 138,10 Gpa
εg 0,07 εg 0,07
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BBK94

Table F.10 Prestressing force and zero strain moment, M0 

MO=
P(Wtop/A+es)

Md,max

one web σcm

Prestress
eccentricity 

from top
es MO

Cross section 
Support 3-4 kNm Top kN Mpa Top kNm

0,000 0,000 r -146500 78 #### 4,41 3,303 120825
0,046 2,300 l -133500 78 #### 4,46 3,212 117290

r -133500 78 #### 4,46 3,212 117290
0,110 5,500 l -116500 78 #### 4,78 2,849 104947

r -116500 74 #### 4,53 2,849 99565
0,170 8,500 l -102000 74 #### 4,86 2,535 90034

r -102000 70 #### 4,59 2,535 85168
0,230 11,500 l -89000 70 #### 4,92 2,246 76698

r -89000 66 #### 4,64 2,246 72316
0,290 14,500 l -77000 66 #### 4,97 1,979 64818

r -77000 62 #### 4,67 1,979 60890
0,350 17,500 l -66000 62 #### 4,99 1,736 54338

r -66000 58 #### 4,67 1,736 50832
0,410 20,500 l -56000 58 #### 5,04 1,492 44899

r -56000 54 #### 4,69 1,492 41802
0,470 23,500 l -46650 54 #### 5,07 1,273 36721

r -46650 50 #### 4,69 1,273 34001
0,530 26,500 l -38400 50 #### 5,06 1,079 29720

r -38400 45 #### 4,55 1,079 26748
0,590 29,500 l -30950 45 #### 4,82 0,932 23554

r -30950 39 #### 4,18 0,927 20359
0,650 32,500 l -24300 39 #### 4,41 0,787 17794

r -24300 38 #### 4,29 0,787 17338
0,710 35,500 l -18350 38 #### 4,44 0,648 14750

r -18350 33 9065 3,85 0,639 12727
0,770 38,500 l -13200 33 9038 4,01 0,485 10655

r -13200 24 6573 2,91 0,547 8157
0,830 41,500 l -8750 24 6635 3,04 0,370 6676

r -8750 15 4147 1,90 0,533 4849
0,890 44,500 l -5050 15 4194 1,97 0,366 4029

r -5050 10 2796 1,31 0,490 3033
0,950 47,500 l -2056 10 2807 1,33 0,358 2624

r -2056 4 1123 0,53 0,394 1090
1,000 50,000 l -149 4 1135 0,54 0,224 901

Location 
from 
support 3

P=Prestressing 
force at t2
one web

Number of 
tendons/side

one web
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Table  F.11 Concrete contribution, Vc+Vp

Veq=
V/2+
Tcorr/

(2*4,55)
=Vd,max

M-
corr

Vd,max

Rein-
force-
ment

Pre
stressed

rein-
force-
ment Sum d ρ Vc M0/Md Vp Vc+Vp σcm

Vcw=
bwd*

(fct+0,3σcm/
(1,2*1,2))

Vc+Vp=
MIN(Vc+Vp,

Vcw)

Cross section 
Support 3-4 kN kNm cm2/m cm2/m cm2/m m % kN kN kN Mpa kN kN

0,000 0,000 r 6631 -129500 27,3 414 441 7,378 0,0133 2441 0,825 2441 4882 4,41 7940 4882
0,046 2,300 l 6310 -117500 27,3 414 441 7,320 0,0134 2430 0,879 2323 4752 4,46 7909 4752

r 6310 -117500 27,3 414 441 7,320 0,0134 2430 0,879 2323 4752 4,46 7909 4752
0,110 5,500 l 5821 -102500 27,3 414 441 6,553 0,0150 2277 0,901 2143 4420 4,78 7275 4420

r 5821 -102500 27,3 393 420 6,553 0,0142 2230 0,855 2143 4373 4,53 7125 4373
0,170 8,500 l 5386 -89500 27,3 393 420 5,893 0,0158 2099 0,883 1983 4082 4,86 6587 4082

r 5386 -89500 27,3 372 399 5,893 0,0150 2052 0,835 1983 4035 4,59 6442 4035
0,230 11,500 l 4982 -77500 27,3 372 399 5,279 0,0168 1930 0,862 1834 3764 4,92 5933 3764

r 4982 -77500 27,3 350 378 5,279 0,0159 1883 0,813 1834 3717 4,64 5793 3717
0,290 14,500 l 4597 -66500 27,3 350 378 4,710 0,0178 1770 0,842 1692 3462 4,97 5314 3462

r 4597 -66500 27,3 329 356 4,710 0,0168 1723 0,791 1692 3415 4,67 5181 3415
0,350 17,500 l 4217 -57000 27,3 329 356 4,188 0,0189 1620 0,823 1552 3172 4,99 4733 3172

r 4217 -57000 27,3 308 335 4,188 0,0178 1573 0,770 1552 3125 4,67 4606 3125
0,410 20,500 l 3865 -48000 27,3 308 335 3,712 0,0201 1476 0,802 1423 2898 5,04 4214 2898

r 3865 -48000 27,3 287 314 3,712 0,0188 1431 0,746 1423 2854 4,69 4093 2854
0,470 23,500 l 3529 -40000 27,3 287 314 3,282 0,0213 1305 0,787 1299 2603 5,07 3734 2603

r 3529 -40000 27,3 265 293 3,282 0,0198 1299 0,729 1299 2598 4,69 3618 2598
0,530 26,500 l 3208 -32900 27,3 265 293 2,898 0,0224 1152 0,774 1181 2333 5,06 3293 2333

r 3208 -32900 27,3 239 266 2,898 0,0204 1152 0,697 1181 2333 4,55 3156 2333
0,590 29,500 l 2882 -27050 27,3 239 266 2,560 0,0231 1018 0,761 1061 2078 4,82 2852 2078

r 2882 -27050 27,3 207 234 2,560 0,0203 1018 0,658 1061 2078 4,18 2698 2078
0,650 32,500 l 2570 -21200 27,3 207 234 2,268 0,0230 902 0,732 946 1848 4,41 2440 1848

r 2570 -21200 27,3 202 229 2,268 0,0224 902 0,713 946 1848 4,29 2416 1848
0,710 35,500 l 2272 -15800 27,3 202 229 2,022 0,0252 804 0,804 836 1640 4,44 2181 1640

r 2272 -15800 27,3 175 202 2,022 0,0223 804 0,694 836 1640 3,85 2070 1640
0,770 38,500 l 1981 -11050 27,3 175 202 1,823 0,0247 725 0,807 729 1454 4,01 1892 1454

r 1981 -11050 27,3 127 155 1,823 0,0189 704 0,618 729 1433 2,91 1706 1433
0,830 41,500 l 1685 -7100 27,3 127 155 1,669 0,0206 663 0,763 620 1284 3,04 1582 1284

r 1685 -7100 27,3 80 107 1,669 0,0142 568 0,554 620 1188 1,90 1403 1188
0,890 44,500 l 1372 -4252 27,3 80 107 1,561 0,0152 546 0,798 505 1051 1,97 1323 1051

r 1372 -4252 27,3 53 80 1,561 0,0114 488 0,601 505 993 1,31 1226 993
0,950 47,500 l 1074 -1781 27,3 53 80 1,516 0,0118 479 1,276 395 874 1,33 1194 874

r 1074 -1781 27,3 21 49 1,516 0,0071 408 0,530 395 804 0,53 1080 804
1,000 50,000 l 817 12 27,3 21 49 1,500 0,0072 405 6,024 301 706 0,54 1070 706

Bending 
reinforcement
in tension side

Location 
from 
support 3

shear tension failure 
(livskjuvbrott) 
Concrete hand book kpl 
3.7 eq 11a

d
dn

p V
M

M
V

minmax,

0

2.1
1

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

γ
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Support 
3-4

Location 
from 

support 3 z

Veq=
Vmax/2+

Tcorr/
(2*4,55)
=Vd,max QAB Veq-QAB tanα

Vi=
 Fc tan α

Vs=
Veq-QAB-Vi-

MIN(Vc+Vp,Vcw) Vs.min

Required 
reinforcement

Asv/s=
MAX

(Vs;Vs,min)/
(fst*0,9*d)

BRO 94
Amin=

0,003*bw Vd-Vi

Vc,max=
0,25bwdfcc

As /s
existing
stirrups

Vs, 

capacity
of 

existing 
stirrups

total shear 
capacity:
VR=
Vc+Vp+Vs+Vi

+QAB

Vcap / Veq

m kN kN kN rad kN kN kN mm2/m mm2/m kN kN mm2/m kN kN
0,000 7,228 6631 834 5797 0,025 165 750 978 471 1350 6465 26054 524 1086 6967 1,051

l 2,300 7,19 6310 786 5524 0,240 1426 -655 970 471 1350 4884 25849 524 1077 8042 1,275
r 7,19 6310 786 5524 0,240 1426 -655 970 471 1350 4884 25849 524 1077 8042 1,275
l 5,500 6,423 5821 658 5163 0,220 1334 -591 868 471 1350 4487 23140 524 964 7377 1,267
r 6,423 5821 658 5163 0,220 1404 -614 868 471 1350 4418 23140 524 964 7399 1,271
l 8,500 5,763 5386 555 4831 0,205 1308 -559 781 471 1350 4078 20810 524 867 6813 1,265
r 5,763 5386 555 4831 0,205 1369 -573 781 471 1350 4017 20810 524 867 6827 1,267
l 11,500 5,149 4982 467 4515 0,190 1259 -508 699 471 1350 3723 18641 524 777 6267 1,258
r 5,149 4982 467 4515 0,190 1313 -514 699 471 1350 3669 18641 524 777 6273 1,259
l 14,500 4,58 4597 390 4207 0,174 1185 -441 624 471 1350 3412 16632 524 693 5731 1,247
r 4,58 4597 390 4207 0,174 1231 -440 624 471 1350 3366 16632 524 693 5730 1,246
l 17,500 4,058 4217 323 3894 0,159 1113 -391 555 471 1350 3104 14789 524 616 5225 1,239
r 4,058 4217 323 3894 0,159 1152 -383 555 471 1350 3065 14789 524 616 5217 1,237
l 20,500 3,592 3865 266 3599 0,143 992 -292 492 471 1350 2873 13108 524 546 4703 1,217
r 3,592 3865 266 3599 0,143 1025 -280 492 471 1350 2840 13108 524 546 4691 1,214
l 23,500 3,172 3529 219 3310 0,128 863 -156 435 471 1350 2666 11590 524 483 4168 1,181
r 3,172 3529 219 3310 0,128 890 -178 435 471 1350 2638 11590 524 483 4190 1,187
l 26,500 2,798 3208 181 3027 0,113 726 -32 384 471 1350 2481 10234 524 427 3666 1,143
r 2,798 3208 181 3027 0,113 755 -61 384 471 1350 2453 10234 524 427 3695 1,152
l 29,500 2,46 2882 151 2731 0,097 615 38 339 471 1350 2267 9040 524 377 3221 1,118
r 2,46 2882 151 2731 0,097 643 10 339 471 1350 2239 9040 524 377 3249 1,127
l 32,500 2,168 2570 126 2444 0,082 481 115 301 471 1350 2089 8009 524 334 2789 1,085
r 2,168 2570 126 2444 0,082 484 112 301 471 1350 2086 8009 524 334 2792 1,086
l 35,500 1,922 2272 107 2165 0,066 331 194 268 471 1350 1941 7140 524 298 2375 1,046
r 1,922 2272 107 2165 0,066 343 182 268 471 1350 1929 7140 524 298 2388 1,051
l 38,500 1,723 1981 92 1888 0,051 214 220 242 471 1350 1766 6437 524 268 2029 1,024
r 1,723 1981 92 1888 0,051 210 245 242 478 1350 1770 6437 524 268 2004 1,012
l 41,5 1,569 1685 82 1603 0,036 111 208 221 471 1350 1574 5894 524 246 1722 1,022
r 1,569 1685 82 1603 0,036 99 317 221 675 1350 1586 5894 524 246 1614 0,958
l 44,5 1,461 1372 74 1297 0,015 27 219 207 498 1350 1344 5512 524 230 1383 1,008
r 1,461 1372 74 1297 0,015 24 280 207 638 1350 1347 5512 524 230 1321 0,963
l 47,5 1,416 1074 71 1003 0,006 4 125 201 471 1350 1071 5353 524 223 1172 1,091
r 1,416 1074 71 1003 0,006 4 196 201 471 1350 1071 5353 524 223 1102 1,026
l 50,0 1,4 817 0 817 0,000 0 111 199 471 1350 817 5297 524 221 927 1,134

Table F.12 Total shear capacity:
Vcap = Vc+Vp+Vi+Vs+QAB

Eq 16b sec 3.7.412 Concrete hand book 
web compression failure 
Vd-Vi ≤  Vc,max=0,25bwdfcc

The shear force minus self weigth in the area 
(z) for the shear crack

Concrete hand book Eq (17) sec 3.7.42 Vsmin=0,2*bw*d*fct

for the shear reinforcement to be allowed as statically active 

)tan5,01(*2,1
2

*)( e

c α−

−+−
=

q

c

ufscorr V
P

A
A

z
eP

z
Mabs

F



F.2.2 EC2 APPENDIX F ν=0.6(1-fcc/250) F16

Källösund bridge, span 3-4 0,525

Veq=
V/2+
Tcorr/

(2*4,55)
=Ved z cotθ z*cotθ

Self-
weight

in 
z*cotθ 
=QAB VEd-QAB

Vi= Fc tan 
α        

=Vccd VEd-Vccd αc VRd,max

VS=
Ved

-Vccd

-QAB

Asw/s
required

As /s
existing
stirrups

Vs 

capacity
of existing 

stirrups
=VRD,s

VRD,s

/VS

EC2min=
Asv,min=
bw0,08
sqrt(fck)
/fyk

VR=
VRD,s

+Vi

+QAB

Cross 
section 
Support 3-4

Location 
from 
support 3 kN m rad kN kN kN kN kN kN mm2/m mm2/m kN mm2/m

0,000 0,000 r 6631 7,228 2,50 18,07 1827 4803 73 6558 1,141 21068 4731 838 524 2955 62 % 628 4855
0,046 2,300 l 6310 7,190 2,50 17,98 1727 4583 531 5779 1,142 20984 4052 722 524 2939 73 % 628 5197

r 6310 7,190 2,50 17,98 1727 4583 531 5779 1,142 20984 4052 722 524 2939 73 % 628 5197
0,110 5,500 l 5821 6,423 2,50 16,06 1467 4355 641 5180 1,152 18911 3714 741 524 2626 71 % 628 4733

r 5821 6,423 2,50 16,06 1467 4355 743 5078 1,144 18783 3612 720 524 2626 73 % 628 4836
0,170 8,500 l 5386 5,763 2,50 14,41 1253 4133 783 4604 1,155 17006 3350 745 524 2356 70 % 628 4392

r 5386 5,763 2,50 14,41 1253 4133 871 4515 1,146 16882 3262 725 524 2356 72 % 628 4481
0,230 11,500 l 4982 5,149 2,50 12,87 1064 3918 864 4118 1,157 15221 3054 760 524 2105 69 % 628 4033

r 4982 5,149 2,50 12,87 1064 3918 940 4042 1,148 15103 2978 741 524 2105 71 % 628 4109
0,290 14,500 l 4597 4,580 2,50 11,45 892 3705 893 3704 1,158 13556 2812 786 524 1872 67 % 628 3657

r 4597 4,580 2,50 11,45 892 3705 957 3640 1,149 13444 2748 769 524 1872 68 % 628 3721
0,350 17,500 l 4217 4,058 2,50 10,15 744 3473 908 3309 1,159 12018 2565 809 524 1659 65 % 628 3311

r 4217 4,058 2,50 10,15 744 3473 962 3255 1,149 11911 2511 793 524 1659 66 % 628 3365
0,410 20,500 l 3865 3,592 2,50 8,98 619 3246 840 3024 1,161 10654 2406 858 524 1468 61 % 628 2928

r 3865 3,592 2,50 8,98 619 3246 885 2980 1,150 10552 2361 842 524 1468 62 % 628 2973
0,470 23,500 l 3529 3,172 2,50 7,93 516 3013 750 2778 1,161 9415 2262 913 524 1297 57 % 628 2563

r 3529 3,172 2,50 7,93 516 3013 787 2741 1,150 9318 2225 899 524 1297 58 % 628 2600
0,530 26,500 l 3208 2,798 2,50 7,00 433 2774 642 2566 1,161 8302 2133 976 524 1144 54 % 628 2219

r 3208 2,798 2,50 7,00 433 2774 679 2528 1,145 8187 2095 959 524 1144 55 % 628 2256
0,590 29,500 l 2882 2,460 2,50 6,15 364 2518 560 2322 1,153 7251 1959 1020 524 1006 51 % 628 1929

r 2882 2,460 2,50 6,15 364 2518 597 2285 1,133 7123 1922 1000 524 1006 52 % 628 1966
0,650 32,500 l 2570 2,168 2,50 5,42 307 2263 441 2130 1,140 6318 1823 1077 524 886 49 % 628 1634

r 2570 2,168 2,50 5,42 307 2263 445 2126 1,137 6298 1818 1074 524 886 49 % 628 1638
0,710 35,500 l 2272 1,922 2,50 4,81 262 2009 295 1977 1,141 5606 1714 1142 524 786 46 % 628 1343

r 2272 1,922 2,50 4,81 262 2009 311 1961 1,123 5515 1699 1132 524 786 46 % 628 1359
0,770 38,500 l 1981 1,723 2,50 4,31 228 1753 186 1794 1,128 4965 1567 1164 524 704 45 % 628 1118

r 1981 1,723 2,50 4,31 228 1753 181 1799 1,093 4812 1571 1168 524 704 45 % 628 1114
0,830 41,500 l 1685 1,569 2,50 3,92 202 1483 90 1595 1,097 4398 1393 1137 524 641 46 % 628 933

r 1685 1,569 2,50 3,92 202 1483 74 1611 1,061 4252 1409 1150 524 641 46 % 628 917
0,890 44,500 l 1372 1,461 2,50 3,65 185 1186 17 1354 1,063 3968 1169 1025 524 597 51 % 628 800

r 1372 1,461 2,50 3,65 185 1186 14 1358 1,042 3890 1172 1028 524 597 51 % 628 796
0,950 47,500 l 1074 1,416 2,50 3,54 178 896 -1 1075 1,043 3772 897 812 524 579 65 % 628 756

r 1074 1,416 2,50 3,54 178 896 -1 1075 1,017 3680 897 812 524 579 65 % 628 756
1,000 50,000 l 817 1,400 2,50 3,50 0 817 0 817 1,017 3640 817 747 524 572 70 % 628 572

Table F.13 Shear 
capacity according to 
EuroCode2

The shear force minus self weight in the 
distance z*cotθ from actual cross section 
towards decreasing cross section height 

EC2 Eq.6.9 web comression failure 
(livtryckbrott)
VRd,max=αcbwzνfcd/(cotθ+tanθ)θα

θ

cottan5,01

cot
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F.2.3  Comparison between shear capasity according to BBK-BRO94 and EC2 and existing shear reinforcement F17
Källösund bridge, span 3-4 APPENDIX F

Cross 
section 
Support 3-4

Location 
from 
support 3

Required 
reinforcement

Asv/s=
MAX

(Vs;Vs,min)/
(fst*0,9*d)

BRO 94
Amin=

0,003*bw

BBK 94
As /s

existing
stirrups

Required 
reinforcement

Asw/s

MAX(Asw/s required;
EC2min=Asv,min=
bw0,08sqrt(fck)/fyk)

(1) (2) (3) (4) (5) (4)/(1) (5)/(2) (3)/(1) (3)/(5)
0,000 0,000 r 471 1350 524 838 838 1,78 0,62 1,11 0,62
0,046 2,300 l 471 1350 524 722 722 1,53 0,53 1,11 0,73

r 471 1350 524 722 722 1,53 0,53 1,11 0,73
0,110 5,500 l 471 1350 524 741 741 1,57 0,55 1,11 0,71

r 471 1350 524 720 720 1,53 0,53 1,11 0,73
0,170 8,500 l 471 1350 524 745 745 1,58 0,55 1,11 0,70

r 471 1350 524 725 725 1,54 0,54 1,11 0,72
0,230 11,500 l 471 1350 524 760 760 1,61 0,56 1,11 0,69

r 471 1350 524 741 741 1,57 0,55 1,11 0,71
0,290 14,500 l 471 1350 524 786 786 1,67 0,58 1,11 0,67

r 471 1350 524 769 769 1,63 0,57 1,11 0,68
0,350 17,500 l 471 1350 524 809 809 1,72 0,60 1,11 0,65

r 471 1350 524 793 793 1,68 0,59 1,11 0,66
0,410 20,500 l 471 1350 524 858 858 1,82 0,64 1,11 0,61

r 471 1350 524 842 842 1,79 0,62 1,11 0,62
0,470 23,500 l 471 1350 524 913 913 1,94 0,68 1,11 0,57

r 471 1350 524 899 899 1,91 0,67 1,11 0,58
0,530 26,500 l 471 1350 524 976 976 2,07 0,72 1,11 0,54

r 471 1350 524 959 959 2,03 0,71 1,11 0,55
0,590 29,500 l 471 1350 524 1020 1020 2,16 0,76 1,11 0,51

r 471 1350 524 1000 1000 2,12 0,74 1,11 0,52
0,650 32,500 l 471 1350 524 1077 1077 2,28 0,80 1,11 0,49

r 471 1350 524 1074 1074 2,28 0,80 1,11 0,49
0,710 35,500 l 471 1350 524 1142 1142 2,42 0,85 1,11 0,46

r 471 1350 524 1132 1132 2,40 0,84 1,11 0,46
0,770 38,500 l 471 1350 524 1164 1164 2,47 0,86 1,11 0,45

r 478 1350 524 1168 1168 2,45 0,87 1,10 0,45
0,830 41,500 l 471 1350 524 1137 1137 2,41 0,84 1,11 0,46

r 675 1350 524 1150 1150 1,70 0,85 0,78 0,46
0,890 44,500 l 498 1350 524 1025 1025 2,06 0,76 1,05 0,51

r 638 1350 524 1028 1028 1,61 0,76 0,82 0,51
0,950 47,500 l 471 1350 524 812 812 1,72 0,60 1,11 0,65

r 471 1350 524 812 812 1,72 0,60 1,11 0,65
1,000 50,000 l 471 1350 524 747 747 1,59 0,55 1,11 0,70

Sum 16431 45900 17802 30804 30804 1,87 0,67 1,08 0,58
Max 2,47 0,87 1,11 0,73
Min 1,53 0,53 0,78 0,45

Table F.14 Comparison 
between shear capasity by 
BBK-BRO94 and EC2 and 
existing shear reinforcement EC2BBK94+BRO94 half cross section



F.2.4 Parameter studies gammap APPENDIX F F18
Källösund bridge, span 3-4 1,44
Cross section 29.5m

Shear tension failure
(livskjuvbrott) Concrete 
hand book kpl 3.7 Eq 
(11a)

MIN
(Vc+Vp;Vcw)

Veq-QAB-
Vc-Vp-Vi 

=Vs

Veq d Vc Vi 1,0*Vp

σcm=
P-rel*P/A Veq-QAB P-rel Vp

Vcw=

bwd*
(fct+0,3σcm/(1,2γn)) Vc+Vp Vs

Asv/s=
Vs/(0.9dfsw)

2882 2,56 1018 815 1061 0,000 2731 0 0 1696 1018 899 1249
2882 2,56 1018 798 1061 0,418 2731 0,1 106 1796 1124 810 1126
2882 2,56 1018 780 1061 0,835 2731 0,2 212 1896 1230 721 1002
2882 2,56 1018 763 1061 1,253 2731 0,3 318 1997 1336 632 879
2882 2,56 1018 746 1061 1,670 2731 0,4 424 2097 1442 543 755
2882 2,56 1018 729 1061 2,088 2731 0,5 530 2197 1548 454 631
2882 2,56 1018 712 1061 2,505 2731 0,6 636 2297 1654 365 508
2882 2,56 1018 695 1061 2,923 2731 0,7 743 2397 1760 276 384
2882 2,56 1018 678 1061 3,340 2731 0,8 849 2498 1866 187 261
2882 2,56 1018 660 1061 3,758 2731 0,9 955 2598 1972 99 137
2882 2,56 1018 643 1061 4,176 2731 1 1061 2698 2078 10 13

EC2, Eq.6.11.aN Shear tension failure

VEd z
Vi=
Vccd P-rel cotθ VEd-QAB VEd-Vccd

Ved

-QAB

-Vccd alfa-c

EC2 Eq.6.9
livtryckbrott

VRd,max cotθ
Asv/s=

Vs/(zfswcotθ)
2882 2,46 819 0 2,500 2518 2063 1699 1,000 6287 2,500 884
2882 2,46 797 0,1 2,500 2518 2085 1721 1,013 6370 2,500 896
2882 2,46 775 0,2 2,500 2518 2107 1743 1,027 6454 2,500 908
2882 2,46 753 0,3 2,500 2518 2129 1766 1,040 6537 2,500 919

2882 2,46 730 0,4 2,500 2518 2152 1788 1,053 6621 2,500 931
2882 2,46 708 0,5 2,500 2518 2174 1810 1,067 6705 2,500 942 0 1350 0 628
2882 2,46 686 0,6 2,500 2518 2196 1833 1,080 6788 2,500 954 4,176 1350 4,176 628
2882 2,46 663 0,7 2,500 2518 2219 1855 1,093 6872 2,500 966
2882 2,46 641 0,8 2,500 2518 2241 1877 1,106 6956 2,500 977
2882 2,46 619 0,9 2,500 2518 2263 1899 1,120 7039 2,500 989 0 339
2882 2,46 597 1 2,500 2518 2285 1922 1,133 7123 2,500 1000 4,176 339

Table F.15 Required shear reinforcement as 
a function of prestressing force BBK + BRO 94

BBK94, min
Vs,min=1000*0,2bwdfct

Table F.16 Required shear reinforcement as 
a function of prestressing force EC 2

Figure F.4 Required shear reinforcement as a 
function of prestressing force BBK + BRO 94

BRO 94 min =
Amin=0,003*bw

EC2 min=
Asv,min=bw0,08sqrt(fck)/fyk
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Källösund bridge, span 3-4, cross section 29.5m APPENDIX F 50 % grade of prestressing F19
Shear tension 
failure
(livskjuvbrott) 
Concrete handbook 
sec 3.7 Eq. (11a)

50% of sig-cm

Vcw=

bwd*
(fct+0,3σcm/(1,2*1,2))

MIN
(Vc+Vp;Vcw)

Vc+Vp+
Vi+QAB

Veq

-QAB

-Vc

-Vp

-Vi

Vs

Existing
stirrups

Total 
capacity:
Vc+Vp+
Vs+
Vi+QAB

Veq d Vc Vi Vp sig-cm Veq-QAB

Load
rel Prel Vcw Vc+Vp Vs

Required
Asv/s Mcorr P*es

0 2,56 1018 103 530 2,088 -151 0 0,50 2197 1548 339 471 0 5040 1596 -1596 377 1973
288 2,56 1018 5 530 2,088 138 0,1 0,50 2197 1548 339 471 -2705 5040 1694 -1405 377 2070
576 2,56 1018 77 530 2,088 426 0,2 0,50 2197 1548 339 471 -5410 5040 1776 -1200 377 2153
865 2,56 1018 159 530 2,088 714 0,3 0,50 2197 1548 339 471 -8115 5040 1857 -993 377 2234
1153 2,56 1018 240 530 2,088 1002 0,4 0,50 2197 1548 339 471 -10820 5040 1939 -786 377 2316
1441 2,56 1018 322 530 2,088 1290 0,5 0,50 2197 1548 339 471 -13525 5040 2020 -579 377 2397
1729 2,56 1018 403 530 2,088 1579 0,6 0,50 2197 1548 339 471 -16230 5040 2102 -373 377 2479
2017 2,56 1018 485 530 2,088 1867 0,7 0,50 2197 1548 339 471 -18935 5040 2183 -166 377 2560
2306 2,56 1018 566 530 2,088 2155 0,8 0,50 2197 1548 339 471 -21640 5040 2265 41 377 2641
2594 2,56 1018 648 530 2,088 2443 0,9 0,50 2197 1548 339 471 -24345 5040 2346 248 377 2723
2882 2,56 1018 729 530 2,088 2731 1 0,50 2197 1548 454 631 -27050 5040 2428 454 377 2804
3170 2,56 1018 810 530 2,088 3020 1,1 0,50 2197 1548 661 919 -29755 5040 2509 661 377 2886
3458 2,56 1018 892 530 2,088 3308 1,2 0,50 2197 1548 868 1206 -32460 5040 2591 868 377 2967
3747 2,56 1018 973 530 2,088 3596 1,3 0,50 2197 1548 1075 1493 -35165 5040 2672 1075 377 3049
4035 2,56 1018 1055 530 2,088 3884 1,4 0,50 2197 1548 1281 1781 -37870 5040 2754 1281 377 3130
4323 2,56 1018 1136 530 2,088 4172 1,5 0,50 2197 1548 1488 2068 -40575 5040 2835 1488 377 3212
4611 2,56 1018 1218 530 2,088 4461 1,6 0,50 2197 1548 1695 2355 -43280 5040 2916 1695 377 3293
4899 2,56 1018 1299 530 2,088 4749 1,7 0,50 2197 1548 1901 2642 -45985 5040 2998 1901 377 3375
5188 2,56 1018 1381 530 2,088 5037 1,8 0,50 2197 1548 2108 2930 -48690 5040 3079 2108 377 3456
5476 2,56 1018 1462 530 2,088 5325 1,9 0,50 2197 1548 2315 3217 -51395 5040 3161 2315 377 3538
5764 2,56 1018 1544 530 2,088 5613 2 0,50 2197 1548 2522 3504 -54100 5040 3242 2522 377 3619

Table F.17 Required shear reinforcement as 
function of shear force, 50% grade of prestressing,
BBK + BRO 94 

Vs=MAX
(Veq-QAB-Vc-Vp-Vi;
Vs,min)



F20
Källösund bridge, span 3-4, cross section 29.5m APPENDIX F 50 % grade of prestressing

VEd z
Vi=
Vccd

Load
rel cotθ

Ved

-QAB

Ved

-Vccd

Ved

-QAB

-Vccd alfa-c

Shear tension 
failure

EC2 Eq.6.9
livtryckbrott

VRd,max cotθ

Required
Asv/s=

Vs/(zfswcotθ) Mcorr P*es VEd-Vccd
0 2,460 111 0 2,500 -364 111 -252 1,067 6705 2,500 -131 0 5040 111

288 2,460 29 0,1 2,500 -76 318 -46 1,067 6705 2,500 -24 -2705 5040 318
576 2,460 53 0,2 2,500 213 524 160 1,067 6705 2,500 83 -5410 5040 524
865 2,460 134 0,3 2,500 501 730 366 1,067 6705 2,500 191 -8115 5040 730
1153 2,460 216 0,4 2,500 789 936 573 1,067 6705 2,500 298 -10820 5040 936
1441 2,460 298 0,5 2,500 1077 1143 779 1,067 6705 2,500 406 -13525 5040 1143
1729 2,460 380 0,6 2,500 1365 1349 985 1,067 6705 2,500 513 -16230 5040 1349
2017 2,460 462 0,7 2,500 1654 1555 1191 1,067 6705 2,500 620 -18935 5040 1555
2306 2,460 544 0,8 2,500 1942 1761 1398 1,067 6705 2,500 728 -21640 5040 1761
2594 2,460 626 0,9 2,500 2230 1968 1604 1,067 6705 2,500 835 -24345 5040 1968
2882 2,460 708 1 2,500 2518 2174 1810 1,067 6705 2,500 942 -27050 5040 2174
3170 2,460 790 1,1 2,500 2806 2380 2017 1,067 6705 2,500 1050 -29755 5040 2380
3458 2,460 872 1,2 2,500 3095 2587 2223 1,067 6705 2,500 1157 -32460 5040 2587
3747 2,460 954 1,3 2,500 3383 2793 2429 1,067 6705 2,500 1265 -35165 5040 2793
4035 2,460 1036 1,4 2,500 3671 2999 2635 1,067 6705 2,500 1372 -37870 5040 2999
4323 2,460 1118 1,5 2,500 3959 3205 2842 1,067 6705 2,500 1479 -40575 5040 3205
4611 2,460 1200 1,6 2,500 4247 3412 3048 1,067 6705 2,500 1587 -43280 5040 3412
4899 2,460 1281 1,7 2,500 4536 3618 3254 1,067 6705 2,500 1694 -45985 5040 3618
5188 2,460 1363 1,8 2,500 4824 3824 3460 1,067 6705 2,500 1802 -48690 5040 3824
5476 2,460 1445 1,9 2,500 5112 4030 3667 1,067 6705 2,500 1909 -51395 5040 4030
5764 2,460 1527 2 2,500 5400 4237 3873 1,067 6705 2,500 2016 -54100 5040 4237

Table F.18 Required shear reinforcement as 
function of shear force, 50% grade of prestressing, EC2 



F21
Källösund bridge, span 3-4, cross section 29 APPENDIX F

Vc+Vp
1548
1548

VRd,ct
1238 EC2 Eq 6.2.a
1238

VRd,ct+Vccd
1946
1946

Figure F.5 Shear capacity as a function of the area of the shear reinforcement Figure F.6  Required shear reinforcement as function of shear force
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Table F.19 Shear capacity as a function of the area of the shear reinforcement F22
BBK 94

Vc+Vp+V
i+

QAB stirrups amount fi c As Vs

BBK:
Vc+Vp+

Vs+
Vi+QAB

2428 0 0 2428
2fii10c800 2 10 800 196 141 2569
2fii10c600 2 10 600 262 188 2616
2fii10c300 2 10 300 524 377 2804
2fii10c250 2 10 250 628 452 2880
2fii10c200 2 10 200 785 565 2993
2fii10c150 2 10 150 1047 754 3181
2fii10c100 2 10 100 1571 1130 3558

EC 2

Vi+QAB stirrups amount fi c As Vs

EC2:
QAB+Vi

+Vs

1072 0 0 1072
2fii10c800 2 10 800 196 377 1449
2fii10c600 2 10 600 262 503 1575
2fii10c300 2 10 300 524 1006 2077
2fii10c250 2 10 250 628 1207 2279
2fii10c200 2 10 200 785 1509 2580
2fii10c150 2 10 150 1047 2011 3083
2fii10c100 2 10 100 1571 3017 4089

Table F.20 Shear capacity as a function of 
the area of the shear reinforcement

Figure F.7 Shear capacity as a function of the area 
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Källösund bridge, span 3-4, cross section 29.5m APPENDIX F 100 % grade of prestressing F23

Shear tension failure
(livskjuvbrott) Concrete 
handbook sec 3.7 Eq. 
(11a)

100% of sig-cm

Vcw=

bwd*
(fct+0,3σcm/(1,2*1,2))

MIN
(Vc+Vp;Vcw)

Vc+Vp+
Vi+QAB

Veq

-QAB

-Vc

-Vp

-Vi

Vs

Existing
stirrups

Total 
capacity:
Vc+Vp+

Vs+
Vi+QAB

Veq d Vc Vi Vp sig-cm Veq-QAB

Load
rel Prel Vcw Vc+Vp Vs

Required
Asv/s Mcorr P*es

0 2,56 1018 206 1061 4,176 -151 0 1,00 2698 2078 339 471 0 10079 2023 -2023 377 2400
288 2,56 1018 108 1061 4,176 138 0,1 1,00 2698 2078 339 471 -2705 10079 2121 -1833 377 2498
576 2,56 1018 10 1061 4,176 426 0,2 1,00 2698 2078 339 471 -5410 10079 2219 -1643 377 2596
865 2,56 1018 73 1061 4,176 714 0,3 1,00 2698 2078 339 471 -8115 10079 2302 -1438 377 2679
1153 2,56 1018 155 1061 4,176 1002 0,4 1,00 2698 2078 339 471 -10820 10079 2384 -1231 377 2760
1441 2,56 1018 236 1061 4,176 1290 0,5 1,00 2698 2078 339 471 -13525 10079 2465 -1024 377 2842
1729 2,56 1018 317 1061 4,176 1579 0,6 1,00 2698 2078 339 471 -16230 10079 2547 -817 377 2923
2017 2,56 1018 399 1061 4,176 1867 0,7 1,00 2698 2078 339 471 -18935 10079 2628 -611 377 3005
2306 2,56 1018 480 1061 4,176 2155 0,8 1,00 2698 2078 339 471 -21640 10079 2709 -404 377 3086
2594 2,56 1018 562 1061 4,176 2443 0,9 1,00 2698 2078 339 471 -24345 10079 2791 -197 377 3168
2882 2,56 1018 643 1061 4,176 2731 1 1,00 2698 2078 339 471 -27050 10079 2872 10 377 3249
3170 2,56 1018 725 1061 4,176 3020 1,1 1,00 2698 2078 339 471 -29755 10079 2954 216 377 3331
3458 2,56 1018 806 1061 4,176 3308 1,2 1,00 2698 2078 423 588 -32460 10079 3035 423 377 3412
3747 2,56 1018 888 1061 4,176 3596 1,3 1,00 2698 2078 630 875 -35165 10079 3117 630 377 3494
4035 2,56 1018 969 1061 4,176 3884 1,4 1,00 2698 2078 837 1163 -37870 10079 3198 837 377 3575
4323 2,56 1018 1051 1061 4,176 4172 1,5 1,00 2698 2078 1043 1450 -40575 10079 3280 1043 377 3656
4611 2,56 1018 1132 1061 4,176 4461 1,6 1,00 2698 2078 1250 1737 -43280 10079 3361 1250 377 3738
4899 2,56 1018 1214 1061 4,176 4749 1,7 1,00 2698 2078 1457 2024 -45985 10079 3443 1457 377 3819
5188 2,56 1018 1295 1061 4,176 5037 1,8 1,00 2698 2078 1663 2312 -48690 10079 3524 1663 377 3901
5476 2,56 1018 1377 1061 4,176 5325 1,9 1,00 2698 2078 1870 2599 -51395 10079 3606 1870 377 3982
5764 2,56 1018 1458 1061 4,176 5613 2 1,00 2698 2078 2077 2886 -54100 10079 3687 2077 377 4064

Table F.21 Required shear reinforcement as 
function of shear force, 100% grade of prestressing, BBK + BRO 94. 

Vs=MAX
(Veq-QAB-Vc-Vp-Vi;
Vs,min)



F24
Källösund bridge, span 3-4, cross section 29.5m APPENDIX F 100 % grade of prestressing

VEd z
Vi=
Vccd

Load
rel cotθ

Ved

-QAB

Ved

-Vccd

Ved

-QAB

-Vccd alfa-c

Shear tension 
failure

EC2 Eq.6.9
livtryckbrott

VRd,max cotθ

Required
Asv/s=

Vs/(zfswcot
θ) Mcorr P*es VEd-Vccd

0 2,46 223 0 2,500 -364 223 -141 1,133 7123 2,500 -73 0 10079 223
288 2,46 141 0,1 2,500 -76 429 65 1,133 7123 2,500 34 -2705 10079 429
576 2,46 59 0,2 2,500 213 635 271 1,133 7123 2,500 141 -5410 10079 635
865 2,46 23 0,3 2,500 501 841 478 1,133 7123 2,500 249 -8115 10079 841
1153 2,46 105 0,4 2,500 789 1048 684 1,133 7123 2,500 356 -10820 10079 1048
1441 2,46 187 0,5 2,500 1077 1254 890 1,133 7123 2,500 463 -13525 10079 1254
1729 2,46 269 0,6 2,500 1365 1460 1097 1,133 7123 2,500 571 -16230 10079 1460
2017 2,46 351 0,7 2,500 1654 1667 1303 1,133 7123 2,500 678 -18935 10079 1667
2306 2,46 433 0,8 2,500 1942 1873 1509 1,133 7123 2,500 786 -21640 10079 1873
2594 2,46 515 0,9 2,500 2230 2079 1715 1,133 7123 2,500 893 -24345 10079 2079
2882 2,46 597 1 2,500 2518 2285 1922 1,133 7123 2,500 1000 -27050 10079 2285
3170 2,46 679 1,1 2,500 2806 2492 2128 1,133 7123 2,500 1108 -29755 10079 2492
3458 2,46 760 1,2 2,500 3095 2698 2334 1,133 7123 2,500 1215 -32460 10079 2698
3747 2,46 842 1,3 2,500 3383 2904 2540 1,133 7123 2,500 1323 -35165 10079 2904
4035 2,46 924 1,4 2,500 3671 3110 2747 1,133 7123 2,500 1430 -37870 10079 3110
4323 2,46 1006 1,5 2,500 3959 3317 2953 1,133 7123 2,500 1537 -40575 10079 3317
4611 2,46 1088 1,6 2,500 4247 3523 3159 1,133 7123 2,500 1645 -43280 10079 3523
4899 2,46 1170 1,7 2,500 4536 3729 3365 1,133 7123 2,500 1752 -45985 10079 3729
5188 2,46 1252 1,8 2,500 4824 3935 3572 1,133 7123 2,500 1860 -48690 10079 3935
5476 2,46 1334 1,9 2,500 5112 4142 3778 1,133 7123 2,500 1967 -51395 10079 4142
5764 2,46 1416 2 2,500 5400 4348 3984 1,133 7123 2,500 2074 -54100 10079 4348

Table F.22 Required shear reinforcement as 
function of shear force, 100% grade of prestressing, EC 2. 



F25

mm2/m
2fii10c300 2 10 300 524 0

524 4500

Members not requiring design
shear reinforcement

VRd,ct

0 1599 EC2 Eq 6.2.a
1600 1599

VRd,ct+Vi

0 2196
1600 2196

Vc+Vp

0 2078
1600 2078

stirrups amount fi c As

Res-
ponse
Vmax Vi

Res-
ponse
Vmax+Vi

Vc+Vp+Vi+
QAB stirrups amount fi As Vs

BBK:
Vc+Vp+

Vs+
Vi+QAB Vi+QAB stirrups amount fi c As Vs

EC2:
QAB+Vi

+Vs

2fii10c800 2 10 800 196 1772,5 630 2403 2872 0 0 2872 960 0 0 960
2fii10c600 2 10 600 262 1763,9 461 2225 2fii10c800 2 10 196 141 3014 2fii10c800 2 10 800 196 377 1338
2fii10c300 2 10 300 524 1926,3 479 2405 2fii10c600 2 10 262 188 3061 2fii10c600 2 10 600 262 503 1463
2fii10c250 2 10 250 628 2134,5 530 2665 2fii10c300 2 10 524 377 3249 2fii10c300 2 10 300 524 1006 1966
2fii10c200 2 10 200 785 2283,4 561,4 2845 2fii10c250 2 10 628 452 3325 2fii10c250 2 10 250 628 1207 2167
2fii10c150 2 10 150 1047 2271,3 555 2826 2fii10c200 2 10 785 565 3438 2fii10c200 2 10 200 785 1509 2469
2fii10c100 2 10 100 1571 3100,5 805 3906 2fii10c150 2 10 1047 754 3626 2fii10c150 2 10 150 1047 2011 2972

2fii10c100 2 10 1571 1130 4003 2fii10c100 2 10 100 1571 3017 3978

Table F.25 Shear capacity as 
a function of the area of the shear reinforcement, 
EC 2.

Table F.24 Shear capacity as 
a function of the area of the shear reinforcement, BBK 94.

Table F.23 Required shear reinforcement as 
a function of shear force according to Response. 

Existing stirrups

Figure F8 Shear capacity as 
a function of the area of the shear reinforcement

Figure F9 Required shear reinforcement as 
               function of shear force

0

500

1000

1500

2000

2500

0 1000 2000 3000 4000 5000 6000

BBK94

A sv/s  mm2/m

V eq kN

BRO 94 

EC2 min

100% prestressing

BBK94 min

EC2 

0

500

1000

1500

2000

2500

3000

3500

4000

0 200 400 600 800 1000 1200 1400 1600

kN 100% prestressing

BBK: 
Vc+Vs+Vp+Vi+QAB Vmax+Vi

Response

Vmax
Response

EC2:VRd,ct+Vccd  

EC2:VRd,ct  

Existing 
stirrups

EC2:VRd,s

BBK: 
Vc+Vp

As=mm2/m



Appendix F F26

Källösund bridge. One web.
according to Eflgren Lennart

Table F.26 Geometry
Part Symbol Unit
Half cross section A m2 2,604
Area of half bottom flange Auf m2 0,5
Inclination of bottom flange γ rad

tanα 0,09733
Width web bw m 0,45
Height h m 2,66
Effective height d m 2,56
inner lever arm z m 2,46

Table F.27 Reinforcement
Upper flange Bottom flange Wall Comments

Not prestressed reinforcement As mm2
22fi10+8fi12 2633 20fi10 1571 2*8fi10 1257

Prestressed reinforcement Ap mm2
39fi26 20706

Reinforcement ratio ρ ρ=As/(bwd) 0,02026 0,02 max
Stirrups As/s mm2

2fi10c300 524

Table F.28 Zero strain moment
eccentricity of the prestressing 
reinforcement es m 0,927

Wtop m3
2,462

Prestressing force P kN 10873

k=1+Sqrt(0.2/d) 1,280
σm=P/Ac 4,175 MPa

F3. Calculations according to BBK-BRO94 and EC 2, span 3-4, cross section s=29,5m



Table F.29 Källösund bridge. One web, span 3-4, cross section s=29,5m. Shear capacity according to BBK 94 and EC2 Appendix F F27

γn 1 1 1,2
VS=Veq kN 2396 2626 2882 2857
the area for the inclined shear crack m 2,46 2,46
QAB (Self weigth of the concrete cross section 
in the area of shear crack), BBK kN 151 151 151 151
VS2=Veq-QAB kN 2245 2475 2731 2706
Mcorr kNm 23770 25405 27050 27040
M0/Md,max 0,530 0,530 0,530 0,530

BBK 94 BBK Statistic
 Airport
Agency

Swedish 
Road

administ-
ration

BBK 
Jepps

on Max Min BBK Statistic
 Airport
Agency

Swedish 
Road

administ-
ration

BBK 
Jeppson Max Min BBK Statistic

 Airport
Agency

Swedish 
Road

administ-
ration

BBK 
Jeppson Max Min

fcc MPa 57 55 56,5 44,7 42,85 35,5 56,5 56,5 35,5 31,39 24,8 23,81 19,7 31,4 31,4 19,7
fct MPa 3,17 2,86 2,65 2,18 3,1 2,875 2,875 3,1 2,18 1,47 1,21 1,39 1,3 1,4 1,472 1,21
Ec MPa 38,58 38,3 38,5 36,5 36,1 34 36,1 38,5 34 26,74 25,3 25,069 23,611 25,069 26,74 23,61
fi10 fy MPa 446 450 431 392 445 392 445 445 392 312,3 284 322,5 284,1 322,5 322,5 284
fi12,16 fy MPa 428 436 404 382 410 382 410 410 382 292,8 277 297,1 276,8 297,1 297,1 276,8
fi 26 fst MPa 1110 1110 1000 1000 1000 1000 1000 1000 1000 724,6 725 725 725 725 725 724,6
fi26 f0.2 MPa 860 860 770 770 770 770 770 770 770 558 558 558 558 558 558 558
fv=(1+50ρ)0.3fct MPa 1,902 1,716 1,59 1,308 1,86 1,725 1,725 1,86 1,308 0,883 0,726 0,834 0,78 0,84 0,883 0,726
Vc=(0,9)*bwdfv kN 1972 1779 1649 1356 1928 1788 1788 1928 1356 1018 836 961 899 968 1018 836
Vs=Asvfsv0.9d/s kN 538 543 520 473 537 473 537 537 473 377 343 389 343 389 389 343
Vsmin=0.2bwdfct kN 730 659 611 502 714 662 662 714 502 339 279 320 300 323 339 279
Vp=Vd((M0/Md)min)/1.2gn kN 1058 1058 1160 1160 1160 1160 1160 1160 1160 1061 1052 1052 1052 1052 1052 1052
Fc=(M/z-Pes/z+PAuf/Ac-Vd/2)/(1,2*(1-tanα)) kN 5654 5654 6136 6136 6136 6136 6136 6136 6136 6610 6617 6617 6617 6617 6617 6617
Vi=Fc*tanα kN 550 550 597 597 597 597 597 597 597 643 644 644 644 644 644 644
VR=Vc+(Vs)+Vp+Vi+QAB 3732 3539 3557 3264 3836 3697 3697 3836 3264 3249 3026 3196 3088 3203 3253 3026
VR2=Vc+(Vs)+Vp+Vi kN 3581 3388 3406 3113 3685 3546 3546 3685 3113 3098 2875 3045 2937 3052 3102 2875
VR/VS 1,56 1,48 1,35 1,24 1,46 1,41 1,41 1,46 1,24 1,13 1,06 1,12 1,08 1,12 1,14 1,06

EC 2
the area for the inclined shear crack m 6,15 6,15 6,15
QAB (Self weigth of concrete cross section 
in the area of shear crack), EC2 kN 364 364 364
VS=Veq-QAB, EC2 kN 2032 2262 2493
(100ρfck)1/3 4,85 4,79 4,83 4,47 4,41 4,14 4,83 4,83 4,14 3,97 3,67 3,62 3,40 3,97 3,97 3,40
scm=sp/(1.2γn) 3,48 3,48 3,48 3,48 3,48 3,48 3,48 3,48 3,48 2,90 2,90 2,90 2,90 2,90 2,90 2,90
fv=*0.18k(100ρfck)1/3/1.5γn + 0.15scm) 1,266 1,258 1,264 1,208 1,199 1,158 1,264 1,264 1,158 0,943 0,905 0,899 0,870 0,944 0,944 0,870
VRd,c=fvbwd 1459 1449 1456 1392 1381 1334 1456 1456 1334 1087 1043 1035 1003 1087 1087 1003
VRD,s=Asvfsvz*2.5/s 1436 1449 1388 1262 1433 1262 1433 1433 1262 1006 915 1038 915 1038 1038 915
0,25fcd 14,3 13,8 14,1 11,2 10,7 8,9 14,1 14,1 8,9 7,8 6,2 6,0 4,9 7,9 7,9 4,9
αc=1+σcn/fcc 1,073 1,076 1,074 1,093 1,097 1,118 1,074 1,074 1,118 1,133 1,168 1,175 1,212 1,133 1,133 1,212
ν=0.6(1-fcc/250) 0,463 0,468 0,464 0,493 0,497 0,515 0,464 0,464 0,515 0,525 0,540 0,543 0,553 0,525 0,525 0,553
fvmax=acfcc/(cotθ+tanθ) 9,77 9,55 9,72 8,30 8,06 7,04 9,72 9,72 7,04 6,43 5,40 5,24 4,55 6,44 6,44 4,55
VRd,max =fv,maxbwz 10817 10572 10756 9193 8924 7797 10756 10756 7797 7123 5978 5799 5037 7125 7125 5037
Fc, see the formula to the right 5303 5303 5733 5733 5733 5733 5733 5733 5733 6161 6161 6161 6161 6161 6161 6161
Vi=Fctanα 516 516 558 558 558 558 558 558 558 600 600 600 600 600 600 600
VRtot=VRD,s+Vi+QAB 2316 2329 2310 2184 2355 2184 2355 2355 2184 1969 1878 2002 1878 2002 2002 1878
VR=VRD,s+Vi 1952 1965 1946 1820 1991 1820 1991 1991 1820 1605 1514 1638 1514 1638 1638 1514
VR/VS 0,961 0,967 0,86 0,80 0,88 0,80 0,88 0,88 0,80 0,64 0,61 0,66 0,61 0,66 0,66 0,61
VRD,s/(Ved-Vccd-QAB) 0,95 0,96 0,81 0,74 0,84 0,74 0,84 0,84 0,74 0,53 0,48 0,55 0,48 0,55 0,55 0,48

Mean values Characteristic values Dimensioning values
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