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Abstract

Mechanical components with interacting surfaces are central in every-
day life. Interactions between surfaces, such as the sliding, rolling and
bouncing, on one another may be found everywhere. These surfaces are
often required to withstand severe conditions resulting in wear, which
may ultimately lead to failure. To reduce the risk of failure, a lubricant
is often added between the surfaces that partly or completely separates
the surfaces from direct mechanical contact.

The physical conditions existing between two interacting surfaces are
complex, with parameters such as colliding surface asperities, mechan-
ical deformations, lubricant flow transport and chemical reactions. A
combination of all these parameters will affect the output parameters of
interest for the consumer, e.g., friction, wear rate and leakage a. k. a.
energy efficiency, service life and environmental impact in other termi-
nologies.

To design components with improved performance, more knowledge
of the tribological (interacting surfaces) interface is needed both from
experimental and theoretical viewpoint. In this work, various aspects of
the lubrication between surfaces were theoretically simulated, to gain a
greater understanding of tribological interfaces and to develop tribolog-
ical design tools.

When the interacting surfaces are separated by a thick fluid film, the
influence from surface asperities is small and the surfaces can be treated
as if they were smooth. For this type of lubrication condition, Compu-
tational Fluid Dynamics (CFD) is used to investigate the influence from
a surface pattern applied onto one of the two interacting surfaces. It
is shown that parallel surfaces generate a pressure increase originating
from fluid inertia between the surfaces as a result of introducing the
micro-pattern.

In some lubricant films low pressures may occur at region of an ex-
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panding gap between the interacting surfaces. A liquid lubricant can
only resist small tensile stresses until it cavitates into a mixture of gas
and liquid. Hence, a cavitation model is presented that accommodates
for an arbitrary lubricant compressibility. It was found that the geome-
try and lubricant starvation at the inlet of the tribological interface, as
well as the compressibility model, are significant factors for load carrying
capacity of the lubricant when cavitation is considered.

For thin lubricant films, surface roughness becomes important in the
performance of the tribological interface. Direct numerical simulations
of the interface with measured surface roughness requires too many de-
grees of freedoms to be accounted for in computations. Therefore, a ho-
mogenization method is used, where the gap between the surfaces in the
tribological interface may be modeled by two scales; a global geometry
scale and a local surface roughness scale, where the method enables the
two scales to be treated separately. A method to generate dimensionless
flow factors to compensate for the surface roughness is developed. The
flow factors, once solved for a particular surface, can be used to com-
pensate for the surface roughness in any smooth global problem for any
film thickness. It is shown that the cumulative distribution of heights of
the surface roughness (bearing ratio) completely determines the lubri-
cating conditions for two-dimensional roughness and that the effects of
the roughness increase as the film thickness decreases.

By further decreasing the film thickness, into the mixed lubrication
regime, the surface asperities will start to collide and take over some
of the load carried by the fluid. The surface roughness has a crucial
influence on the performance in this regime. A model to simulate the
linear elastic perfectly plastic deformation of rough surfaces is developed.
The model is based on FFT to improve the computational efficiency.
Thus, the model is suitable to accept periodic input, which is a demand
for the homogenization method previously mentioned.

To consider both the asperity collisions and the hydrodynamic ef-
fects, a mixed lubrication model is developed capable of using three-
dimensional measured surface roughness as input. The model is based
on computing flow factors that carry the effects of a specific surface
roughness in all regimes from completely separated surfaces to dry con-
tact and full asperity deformation. An efficient simulation procedure is
described, from importing the roughness measurement data to the simu-
lation of a complete application. Linear elastic perfectly plastic displace-
ment is considered and a homogenization method for fluid transport is



used. The mixed lubrication model is validated through experiments
with good correlation. It is shown that real deterministic surface rough-
ness measurements may be efficiently imported and used in the model.
Also, any global geometry may be simulated in any regime once the
rough surface flow factors have been calculated.

An important property of a tribological interface, especially in seals,
is the flow or leakage through the contact. In many applications, leakage
is crucial in terms of environmental impact. By using the mixed lubrica-
tion model previously developed, leakage through a range of measured
elastomer and seal surfaces is investigated (see cover figure). It is found
that the mixed lubrication model permits an efficient analysis of the
leakage, even though real measured surface roughness was used as input.
Moreover, the valley roughness parameters are shown to be important
in characterizing the leakage and the peak roughness parameters are
important for the percolation threshold.
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Chapter 1

Introduction

The interactions between surfaces is the central part in the safe and
efficient operation for a vast number of mechanical devices. We rely
on the interfaces between the surfaces to provide low friction and resist
abrasive wear and fatigue. This is the core of tribology, i.e. the theory
of lubrication, friction and wear.

The design of the interfaces between two surfaces is important to the
performance of the particular mechanical device. The wear rate must
be limited so that the tribological interface maintains the desired prop-
erties throughout its service life. In order to reduce friction and wear, a
lubricant may be added in the interface between the two surfaces. This
tends to separate the sliding surfaces from directs mechanical contact,
reducing wear and the risk of failure. When the lubricant pressure com-
pletely separates the surfaces, the tribological device is operating in the
hydrodynamic lubrication regime.

Typical examples of tribological devices that are designed to operate
in the hydrodynamic lubrication regime are slider bearings, e.g. journal
and thrust bearings. They are often designed to carry high loads and
are typically found in engine crank shafts and turbines.

Figure 1.1 to the left shows a thrust bearing having six pads with
self-adjusting tilt angle. A collar mounted on a rotating shaft is loaded
against the pads of the bearing. When the bearing is operating the
lubricant is dragged into the interface producing pressure and a load
carrying capacity. The same figure to the right shows a journal bearing
that is designed to carry a shaft, which may be loaded in the radial di-
rections. When rotated, the shaft will drag fluid in-between the surfaces
and automatically align against the bearing surface to form a convergent
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20 CHAPTER 1. INTRODUCTION

Figure 1.1: A typical tilting pad thrust bearing to the left and a journal
bearing to the right.

gap, letting lubricant pressure carry the load.

The performance of a tribological device is essential to the user and
is measured in output parameters such as friction, wear rate and leakage.
By using an other terminology, these output parameters may be trans-
lated to energy efficiency, service life and environmental impact. Param-
eters affecting the performance are surface geometry, surface roughness,
surface material and lubricant properties to mention a few.

1.1 Lubrication Regimes

The gap between the surfaces is a factor that significantly characterizes
the properties of the interface. The degree of interfacial proximity is de-
scribed by the boundary, mixed and hydrodynamic lubrication regimes.
In Fig. 1.2, the coefficient of friction is plotted for different sliding speeds
of a thrust bearing similar to the one shown to the left in Fig. 1.1. The
bearing is loaded with a constant load and the speed significantly effects
the friction-load relationship and determines which lubrication regime
the bearing will operate in.

The three lubrication regimes, which are separated by the vertical
dashed lines, are indicated in the figure. In the boundary lubrication
(BL) regime, the speed is too low to generate lubricant pressure and
the total load is carried by the asperities of the surface and parame-
ters such as surface roughness and surface chemistry are important for
friction and wear. By increasing the speed, lubricant, which is dragged
in-between the surfaces, starts to carry some of the load previously car-
ried by the asperities. As seen in Fig. 1.1, the coefficient of friction
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Figure 1.2: Coefficient of friction versus rotational speed for a bearing
(simulation results from Paper F).

decreases drastically as the speed increases inside the mixed lubrication
(ML) regime. The surface roughness strongly affects the performance
in this regime and cannot be neglected. For a certain surface speed the
lubricant pressure is sufficiently high to carry all of the applied load
and the surfaces are completely separated in the border between mixed
and hydrodynamic lubrication (HL). Also in the hydrodynamic lubrica-
tion the surface roughness is important for thinner lubricant films but
diminishes for thick films.

This thesis focuses on the theoretical aspects of tribology and in
particular on efficient ways to model and simulate tribological devices.
Effort are also made to develop models that can be the used as en-
gineering design tools for tribological devices with weight on efficient
treatment of surface roughness.

1.2 Motivation

The ever increasing demands for energy efficiency, service life and envi-
ronmental impact of components and systems result in a need to contin-
uously design applications with improved tribological performance. The
physical condition in a tribological interface is complex, with colliding
surface asperities, mechanical deformations and lubricant flow transport
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to mention a few parameters of importance. Therefore, tools and knowl-
edge are needed in order to improve the design of a tribological interface.

As a result of the rapid development in computer technology, increas-
ing attention is directed towards using theoretical simulation models as
design tools. Although there are many physical effects contributing to
tribological efficiency, it is important to study them individually to be
able to distinguish between them. Theoretical models is beneficial com-
pared to measurement in that they open opportunities to easier learn
about individual effects in a tribological interface through simplifications
and by the possibility of isolating certain parameters.

Previous work has been done in developing theoretical simulation
models. However, due to the complex and multidisciplinary nature of a
tribological interface, models that describe reality more accurately tend
to be inefficient and far from user friendly. In simpler and more user
friendly models, the surfaces are often treated as if they were smooth.
However, regardless of the surface machining, the surfaces will always
have a certain roughness that will affect the performance of the tri-
bological device for smaller film thickness. The surface roughness is
an important design parameter but also a parameter that need special
treatment because of the tremendous need for resolution.

The increased need for efficient design and operation of tribologi-
cal devices gives a need for more efficient and user friendly simulation
tools. This is the motivation for the work included in this thesis, which
is focused on efficient theoretical modeling and simulation of tribologi-
cal interfaces in different lubrication regimes with efficient treatment of
surface roughness.

1.3 Outline

This doctoral dissertation is a compilation thesis consisting of Part I, a
comprehensive summary, and Part II, six appended papers where four
are published in scientific journals and two are to be submitted for pub-
lication in journals. In Chapter 2, the objectives of the current thesis are
given. Chapter 3 includes a brief review of the simulation models used
in the appended papers. Chapter 4 gives a summary of the appended
papers. Chapter 5 outlines the main conclusions that can be made from
the work presented in this thesis. In Chapter 6, some suggestions for
future work are given.



Chapter 2

Objectives

The objectives within the current thesis were to investigate various as-
pects of tribological interfaces by means of theoretical simulations. Also,
to develop models capable of efficiently simulating the effects from de-
terministic surface roughness. The following specific objectives were
stated:

Objective 1: To investigate effects from surface texture and cavitation
in hydrodynamic lubrication.

Objective 2: To investigate effects from deterministic surface rough-
ness in contact mechanics, lubrication and leakage.

Objective 3: To develop methods for efficient treatment of determin-
istic surface roughness in contact mechanics, hydrodynamic lubrication
and mixed lubrication.

Ultimately: The final aim was to develop a model capable of import-
ing real three-dimensional surface roughness data and simulating generic
tribological devices operating in all lubrication regimes. The scope was
to lay the foundation of an efficient engineering design and research tool
for tribological devices with weight on efficient and accurate treatment
of surface roughness.
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Chapter 3

Tribological Modeling

When modeling the behavior of a tribological device certain simplifica-
tions and assumptions have to be made to facilitate simulations. The
degree of simplifications without loosing too much information depend
on the property of the interface. If the lubricant film in the tribological
interface is thick, the surface roughness does not need to be accounted
for, which is an attractive simplification. If the interacting surfaces
have strong geometrical irregularities and high speed, the full governing
equations of fluid mechanics need to be considered. If the lubricant film
becomes thin the flow model may be simplified, but the effects from the
surface roughness now becomes important. The surface roughness re-
quires high resolution that slows down computations. Therefore, more
efficient methods are needed to take into account the effects from the
roughness. If little or no lubricant is present it is important to treat the
asperity deformation due to direct mechanical contact.

This introduces to the models used in the appended papers. First,
the modeling a lubricated tribological interface is treated. The fun-
damental principal of hydrodynamic pressure generation is introduced.
Fluid mechanics is discussed and an example of another possible source
of pressure generation is given. Some of the simplifications that have
been utilized in order to speed up simulations are shown. The thin film
approximation is introduced and the method to efficiently treat the sur-
face roughness is briefly shown. Finally, the contact mechanics model
used in several of the appended papers to simulate the elasto-plastic dis-
placement is introduced. For more information of the models and results
from applying the models, the reader is referred to Part II, Appended
Papers.
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26 CHAPTER 3. TRIBOLOGICAL MODELING

Nomenclature

Li Length scale m
xi Global coordinate m
yi Local coordinate
p Fluid pressure Pa
pd Surface contact pressure Pa
W Hydrodynamic load carrying capacity N
Wd Surface contact load N
E′ Composite Young’s modulus of the surface material Pa
U Surface sliding velocity m/s
ui,u Fluid velocity field m/s
u Total surface displacement m
ue Elastic surface displacement m
h Gap between two interacting surfaces m
η Fluid dynamic viscosity Pas
ρ Fluid mass density kg/m3

λ 6ηU
Re Reynold number, ρUL3/η

Subscripts
�i Indicating coordinate directions (1, 2, 3)
�0 Indicating global homogenized quantity

Acronyms
DNS Direct numerical simulation
HNS Homogenized numerical simulation
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3.1 Lubrication

Hydrodynamic lubrication is the desired regime in many tribological
devices. In the hydrodynamic lubrication regime the surfaces are com-
pletely separated from mechanical contact by a pressurized lubricant
film. For most devices, the pressure builds up as a result of the rela-
tive sliding of the surfaces. The most fundamental principal in pressure
generation is when fluid is dragged in-between surfaces that form a con-
vergent gap.

r θ

ω

Figure 3.1: Thrust washer bearing with static lower surface and upper
surface rotating with ω.

To illustrate the pressure generation in convergent gaps, consider
the bearing shown in Fig. 3.1. The lower bearing surface consists of 30
fixed pockets. The deepest part of the pocket is located at the inner
border of the ring. Each pocket is inclining, in the θ- and r-directions,
forming a convergent gap towards the nominally flat part of the surface.
The geometry may be easier seen in Fig. 3.2 to the left, where one
single pocket is shown. An example of the pressure distribution in the
bearing is shown to the right in Fig. 3.2. It can be seen that due to the
convergent gap, the pressure will rise and experience a maximum close
the end of the pocket. This pressure generating effect is is utilized in
almost all sliding bearings to separate the surfaces from direct contact
and reduce friction and wear. For some application this effect is not the
desired but may occur for enough amount of lubricant and speed, e.g.
in the case of aquaplaning where the tire forms a convergent gap against
the road.

The fluid flow in hydrodynamic lubrication is governed by various
equations depending on the physical conditions that is modeled. These
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Figure 3.2: Left: one pocket of the thrust washer bearing. Right: pres-
sure distribution on pocket surface.

are often described by non-linear partial differential equations that are
discretized in time and space and solved numerically. The fluid mechan-
ical models are often computational demanding due to the non-linear
nature and the required amount of degrees of freedom. Therefore it is
always attractive to simplify the modeling of fluid flow whenever possi-
ble. This is a process of determining scales of importance and dropping
vanishing terms in the model that are not affecting the overall solution.

h

L1

L3

ux3

x1x2

(η, ρ)

Figure 3.3: Different scales of a lubricated contact.

Consider Fig. 3.3 that is a schematic view of a lubricated contact
between two rough and wavy surfaces. The lower surface is sliding with
a velocity u dragging liquid lubricant (white) with viscosity η and den-
sity ρ into the contact. L1 and L3 are typical length scales for the global
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geometry irregularities. When modeling such a contact there are several
important factors to consider. The parameters η, ρ, u, h and the ra-
tio L3/L1 controls the operation of the specific tribological device their
values are important in the modeling process. Also the surface rough-
ness, visualized in the enlarged elliptic area in Fig. 3.3, is an important
factor to consider when the lubricating fluid film is thin. For thin films,
the roughness will affect the lubricant flow in the interface. Due to the
rapid oscillations of the surface roughness a dens computational mesh is
needed which significantly restricts the possibility to model the problem
with direct numerical methods. If the scales L1 and L3 have the same
order of magnitude and the ratio u/η is large, the governing equations
of fluid mechanics need to be considered, which is the subject for the
following section.

3.1.1 Fluid Mechanics

The basic governing equations for fluid motion of a viscous fluid are
known as the Navier-Stokes equations. These equations are used to
model the flow in Paper A. Here, we introduce the equations and dis-
cuss some simplifications that may be made. The equations of motion
are derived by considering the dynamic equilibrium of forces acting at
any given region of the fluid and involves conservation of mass and mo-
mentum. If the variation in viscosity, η, and density, ρ, of the fluid may
be neglected the Navier-Stokes equations may be expressed as

ρ

(
∂u

∂t
+ (u · ∇)u

)
= −∇p + η∇2u, (3.1)

where body forces, e.g. centrifugal or gravitational, acting on the fluid
have been neglected. The velocity field, u = u(x1, x2, x3), and the pres-
sure p are solution variables. To solve the system of the three equations
above with four unknowns, the principle of mass conservation is utilized
through the equation of continuity for an incompressible fluid:

∇ · u = 0. (3.2)

If no variation in time occurs the Navier-Stokes equations are reduced
to:

ρ(u · ∇)u = −∇p + η∇2u, (3.3)

which is the equation used as a basis for Paper A.
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In lubrication problems the fluid shear stress, rightmost term in Eq.
(3.3), is normally high because of the thin lubricating film that is sheared
between the two interacting surfaces. Therefore, this effect can most
often not be neglected. On the other hand, because of the high shear
stress, the fluid inertia or advection, leftmost term in Eq. (3.3), becomes
small in comparison. Hence, a realistic simplification would be to neglect
the advection:

−∇p + η∇2u = 0 (3.4)

which are known as the Stokes equations. These equations are more
computational efficient than the Navier-Stokes since the non-linear ad-
vective term is vanished. These equations are well suited for creeping
flows with large viscosity and small velocities.

An example of a hydrodynamic lubrication case where the Navier-
Stokes equations are needed to properly reflect the behavior of the tri-
bological interface is found in Paper A, where Navier-Stokes, Eq. (3.3),
and Stokes equations, Eq. (3.4), are compared. The geometry of the
tribological interface that was used in the investigation is given in Fig.
3.4.

x1

x3

x2

w/2w/2

d

L3

L1

U

Figure 3.4: The fluid domain of the cylindrical geometry, from Paper A.

The two interacting surfaces are parallel with a flat upper surface
and a lower surfaces containing a pocket. The pocket is described by
a circular arc of depth d and width w. The domain length was set to
L1 = 1e−3 m and the lubricant film thickness to L3 = 30 μm. The upper
wall is moving with a speed U whilst the lower surface is static. The
edges at high and low x1-coordinates are bound by a periodic boundary.
We here only interested in the effects in the x1–x3-plane and the Navier-
Stokes equations may be reduced from three to two in numbers.

The effects from fluid inertia in the flow can be studied by comparing
the Navier-Stokes solution with the Stokes, where the advective terms
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Figure 3.5: Comparison between Navier-Stokes and Stokes solutions for
pressure distribution on the upper smooth wall for the cylindrical geometry
(from Paper A).

are truncated. In Fig. 3.5 the pressure distribution on the upper wall
has been plotted as a function of the spatial dimension for Navier-Stokes
and Stokes solutions. It is evident that there are significant differences
between the two solutions. In the solutions from the Stokes equations,
Eq. (3.4), no net pressure build-up is achieved. The pressure is linearly
decreased from the left boundary towards the pocket. Inside the pocket,
between its edges marked by the vertical dashed lines, the pressure rises
and drops again linearly to the right of the pocket. The net pressure
effect of this is zero. However, for the Navier-Stokes equations, Eq.
(3.3), a significant pressure build-up is produced at the location of the
pocket. The differences are the fluid inertia.

The example above shows the significance of choosing the right model
for the physical problem to simulate. The most important physical fea-
ture for the flow problem above was the effect of fluid inertia. This is also
one of the most computationally demanding property to simulate and
direct numerical methods cannot be employed in the case of turbulent
flow.

3.1.2 Thin Film Lubrication

As shown in the previous section, simplifications of the Navier-Stokes
equations may in some lubrication condition not give a proper descrip-
tion of the flow. However, in most cases of thin film fluid flow simplifica-
tions are appropriate. This is important in particular when the surface
roughness has a significant influence since a dens mesh is needed and



32 CHAPTER 3. TRIBOLOGICAL MODELING

the full Navier-Stokes equations become computational inefficient. In
order to simplify the flow problem described from the previous section
we utilize the basic assumptions of the thin film approximation:

1. thin film geometry, L3/(L1L2) → 0,

2. small inertia, Re → 0.

The Navier-Stokes equations, Eq. (3.1), are then reduced to the follow-
ing equations:

η
∂2u1

∂x2
3

=
∂p

∂x1

(3.5a)

η
∂2u2

∂x2
3

=
∂p

∂x2

. (3.5b)

According to the thin film assumption, item 1 above, the pressure gra-
dients ∂p/∂x1 and ∂p/∂x2 do not vary significantly in the x3 direction.
Hence, by integrating Eq. (3.5) twice in the x3-direction we get the
velocity distributions in the two directions:

u1 = U
(
1 −

x3

h

)
+

x3 (x3 − h)

2η

∂p

∂x1

, (3.6a)

u2 =
x3 (x3 − h)

2η

∂p

∂x2

, (3.6b)

where h is the thickness of the lubricant film. The fluid shear stress is
given by

τi = η
∂ui

∂x3

, i = 1, 2. (3.7)

Differentiating the velocity field (3.6) with respect to x3 and evaluating
at the lower surface, i.e. at x3 = 0:

∂ui

∂x3

∣∣∣∣
x3=0

= −
U

h
e1 −

h

2η

∂p

∂xi
, i = 1, 2, (3.8)

where e1 = (1, 0) and U is the velocity in the x1-direction of the lower
surface. Now the traction or friction force with unit N may be expressed
as

Fi =

∫∫
Ω

−τ dx =

∫∫
Ω

(
ηU

h
e1 +

h

2

∂p

∂xi

)
dx1dx2, i = 1, 2. (3.9)
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where Ω ⊂ R
2. The friction force is obviously fundamental in bearing

performance. The term to the left (Couette) contains the effects of
shearing the fluid between the interacting surfaces. The term to the
right (Poiseuille) is the friction contribution from fluid pressure effects
in the film.

By integrating the equations of motions (3.6) over the x3 direction,
the area flow rate quantity with units m2/s is calculated by:

qi(x1, x2) =

∫ h

0

ui dx3 =
U

2
he1 −

h3

12η

∂p

∂xi
, i = 1, 2. (3.10)

Conservation of mass, as for the equation of continuity (3.2), gives the
divergence free properties of the flow:

∇i · qi = 0, i = 1, 2, (3.11)

which is the Reynolds equation. To calculate the volume flow rate, Eq.
(3.10) is integrated in the spatial direction perpendicular to the flow
direction:

Qi(xi) =

∫
Ωj

(
U

2
he1 −

h3

12η

∂p

∂xi

)
dxj , (3.12)

where x ∈ Ω, and i �= j. The flow through the domain, averaged in the
flow directions, is calculated by

Q̄i =
1

Li

∫∫
Ω

(
U

2
he1 −

h3

12η

∂p

∂xi

)
dx1dx2, (3.13)

with dimension m3/s and L being the domain length. The flow is im-
portant in many applications. In seals it is crucial to control the leakage
through the sealing surfaces. The purpose is to restrict fluid flow but a
small amount of leakage is often desired to reduce wear on the surfaces.
The leakage through rough seal surfaces is investigated in Paper A by
using Eq. (3.13) with U = 0.

A fundamental quantity in tribological performance is the load that
the fluid can carry and is defined as

W =

∫∫
Ω

p dx1dx2, (3.14)
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The fluid pressure included in the equations for friction, flow, and load,
may be calculated through the Reynolds equation, Eq. (3.11), which for
a compressible lubricant becomes on the form

U

2

∂ (ρh)

∂x1

−∇ ·

(
ρh3

12η
∇p

)
= 0. (3.15)

The above equation is modified in Paper B to accommodate for an arbi-
trary lubricant compressibility modeled as a relation between pressure
and density. This is achieved by reformulating the equation with non-
dimensional density as the solution variable.

In the case of incompressible and iso-viscous lubricant Eq. (3.15)
reduces to

λ
∂h

∂x1

−∇ ·
(
h3∇p

)
= 0, (3.16)

where λ = 6ηU . A homogenized version of this equation is used as the
basis for simulating the fluid effects in Papers C, E and F. The method
of homogenization is specialized in treating the flow effects induced from
the surface roughness in an efficient way and is introduced in the next
section.

For static surfaces (U = 0), Eq. (3.16) reduces to

∇ ·
(
h3∇p

)
= 0, (3.17)

where flow is transported by means of hydrostatic pressure only, which
is the case for static seals. This equation is used as the basis in Paper F
where the hydrostatic leakage between rough elastomer and seal surfaces
are investigated. A homogenized version of this equation is also used in
the paper as a comparison.

The main advantage with the thin film approximation and Reynolds
equation compared to the Navier-Stokes, besides the loss of advection, is
that only one equation (with one solution variable, p) is used to describe
the flow, which by definition also includes conservation of mass. The
transport properties in the height direction have vanished and the x3-
coordinate is simply described by the film thickness h, leading to only
two spatial coordinate directions to consider.

Reynolds equation can be solved analytically only in special cases. In
most cases, e.g. when the surface roughness is considered, the Reynolds
equation is required to be solved numerically. If h is oscillating rapidly
with respect to the spatial directions (x1 and x2), the demand for grid
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resolution is high because of the requirement to resolve the derivative ap-
proximations. For many components such as bearings, the requirement
of grid resolution for an appropriate representation of h will produce a
greater number of degrees of freedoms than what is reasonable for direct
numerical simulation (DNS). In some cases h may be approximated by
a smooth function and DNS solution is feasible.

3.1.3 Treatment of Surface Roughness

In most tribological devices, the nature of the application is such that
the thin film assumption from the previous section could be applied.
This means that the hydrodynamic lubrication may be accurately sim-
ulated with Reynolds equation which is a significant improvement in
computational efficiency compared to solving the Navier-Stokes equa-
tions. However, in thin lubricated films the surface roughness will start
to affect the flow. If the length of the contact is much larger than a
typical roughness wavelength, a large number of degrees of freedom are
needed to solve the flow problem with direct numerical simulation us-
ing Reynolds equation. This is expensive in terms of computational
efficiency. Thus, it is desirable to find a way to reduce the number of
degrees of freedom and still treat the effects from the surface roughness.
In this section we discuss the method used in this thesis to treat the
surface roughness more efficiently in thin film lubrication.

The method employed in this thesis, i.e. Papers, C, E and F, is
based on computing flow factors that contains the effects of the sur-
face roughness. The flow factors are needed to be calculated only once
for a particular surface roughness, which could be a real surface from
a roughness measurement. The flow problem for any tribological de-
vice can then be solved on a smooth domain by simply including the
particular flow factors as coefficients.

Precursors of such an approach are Patir and Cheng [1, 2] who led
the way to numerous publications by other authors. They were the first
to develop a model to treat a general surface roughness not limited to
transversal or longitudinal lay. The flow factors are determined by sim-
ulating model problems on a local roughness scale with surfaces having
certain roughness statistics.

The model used in this thesis is based on using a homogenization
technique to calculate flow factors. Homogenization is a procedure to
describe processes in complex structures with known micro-structures.
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It allows to replace a highly inhomogeneous structure with an equiva-
lent homogeneous structure that reflects the most significant features of
the original inhomogeneous problem. In a typical tribological system,
the film thickness between two rough surfaces is a highly inhomoge-
neous structure. By assuming that the roughness of the surfaces have
a significantly smaller scale than a global geometry, it becomes possible
to find a homogenized flow equation on the global geometry scale with
coefficients containing the homogeneous effects from the surface rough-
ness scale. Homogenization techniques are not extensively used within
the field of tribology. Examples where the technique have been used
are [3–21] and Papers, C, E and F included in the current thesis.

Homogenization assumes that the roughness scale is periodic with
a typical wavelength ε. A multiple scale expansion is performed of the
film thickness, h, where the roughness wavelength ε → 0 and higher
order terms are dropped. The homogenized version of the incompressible
Reynolds equation, Eq. (3.16), may be written as

∇ · (B(x)) −∇ · (A(x)∇p0) = 0, (3.18)

with the homogenized pressure p0 as output. The homogenized coeffi-
cients A and B are written as

A =

(
A1j

A2j

)
=

∫∫
Y

h3 (ej + ∇yχj) dy, j = 1, 2, (3.19a)

B =

(
B1

B2

)
=

∫∫
Y

(
λhe1 − h3∇yχ3

)
dy, (3.19b)

where h is periodic on Y and y ∈ Y [0, 1]2. The cell problems, χ1, χ2

and χ3 are given by

∇y ·
(
h3 (ei + ∇yχi)

)
= 0, i = 1, 2, (3.20a)

∇y ·
(
λhe1 − h3∇yχ3

)
= 0. (3.20b)

A clear advantage with homogenization methods is that they by na-
ture imply a separation between the global scale and the local roughness
scale through the cell problems. The homogenized coefficients, A and B,
may be computed as flow factors for a range of surface separations. This
procedure needs to be done only once for a particular surface roughness.
The flow factors can then be used to obtain the effects from the surface
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roughness on any tribological device such as a bearing. Any small-scale
ripple from the individual roughness asperities is not captured in the
homogenization process but the averaged flow effects induced by the
precise roughness is simulated.

The homogenized equation describes the roughness influence on fluid
flow in the limit of a vanishing wavelength ε → 0. Of course, this does
never occur in reality, where the roughness wavelength always remains
finite. However, as it is shown in Paper C, E and F, the solutions to
the homogenized problem are close to those from the direct numerical
simulation method for wavelengths far from zero.

To investigate the validity of the assumption of vanishing ε, homoge-
nized numerical simulation (HNS) can be compared to direct numerical
simulation (DNS), by producing DNS solutions for a consecutively de-
creasing wavelength. For shorter wavelengths the DNS solution should
approach the homogenized. This approach is possible with DNS only
for a limited domain size and number of roughness periods. Consider
the simple film thickness equation

h = h0 + A sin

(
2πx

εLx

)
, (3.21)

where h0 is a convergent gap and A = min(h0)/10. This film thickness
is shown in Fig. 3.6 with two sinusoidal waves of different wavelengths
ε shown in the same figure.

Outlet, p = 0Inlet, p = 0

u0 0.1
0

h
m

x m

4
5
×10−6

Figure 3.6: Fluid gap with roughness shown for two wavelength in the
same plot, i.e., ε = 2−5 and 2−3.

DNS and HNS solutions for this geometry are shown in Fig. 3.7 (from
Paper C). The DNS solutions are represented by the wavy pressure
distributions and the HNS by the smooth. As the wavelength decreases,
the DNS solutions approach the HNS. Good correspondence between the
DNS and HNS is achieved for a finite and relatively large value of the
wavelength, ε = 2−8, corresponding to about 0.4 mm. This motivates
the treatment of the limit ε → 0 in the homogenization process.
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Figure 3.7: Pressure distribution along a converging gap with sinusoidal
roughness for HNS, and DNS with different wavelengths (from Paper C).

3.2 Rough Surface Contact Mechanics

An important part in modeling tribological devices is to take the de-
formation of the interacting surfaces into account. Surface displace-
ment may occur in full film lubrication where it is referred to as elasto-
hydrodynamic lubrication. In these problems the hydrodynamic pres-
sure affects the surface displacement, which in turn affects the pressure.
This non-linear behavior makes the simulation computational demand-
ing. Many attempts have been made to accelerate the solution proce-
dure, see e.g. [22–26].

Surface displacement will also occur when the film thickness de-
creases into mixed and boundary lubrication. In mixed lubrication,
some of the surface displacement will be deduced from direct mechanical
contact between the surface asperities. In this theses, only the surface
displacement due to the isolated behaviors of the contact mechanics be-
tween rough surfaces is considered.

This section briefly describes the approach that is made in the thesis
to calculate the rough surface displacement. More information about
the model is given in Papers D and E where also information about
literature within the field is given.

Let the gap between the deformed rough surfaces in contact be de-
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scribed by

h = h1 + u, (3.22)

where h1 is the combined shape and roughness from the two surface in
contact and u = ue + up is the displacement that consists of an elastic
component, ue, and a plastic component, up. The gap between deformed
rough surfaces will have a contact area that is less than the total nominal
area, i.e. unless completely deformed demonstrating 100% contact area,
the gap consists of patches with and without contact. This is illustrated
for a model surface in Fig. 3.8, which shows the relation between the
pressure and the gap between the deformed surfaces. The figure also
shows that two of the contact patches experience plastic displacement
where the pressure becomes limited at the hardness of the softer surface
in contact.

Wd

pd

h

Figure 3.8: Relation between contact pressure pd and the gap between
the deformed surfaces h. The total load Wd carried by the deformed
surfaces is the total area beneath pd, here illustrated by the shaded areas.
The surfaces in the interface are elastically deformed everywhere except
at sub-regions of the two rightmost contact spots where the asperities are
also plastically deformed.

The amount of elasto-plastic displacement and thus the shape of the
deformed gap, h, is here governed by the load carried by the surfaces,
i.e., the shaded area in the figure, defined as

Wd =

∫∫
Ω

pd dx, (3.23)

The linear elastic displacement contribution ue from u in Eq. (3.22)
may, according to the Boussinesq-Cerruti theory, be calculated from

ue = K ∗ pd =

∫ ∞

−∞

∫ ∞

−∞

K(x − s) pd(s) ds, (3.24)
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where the notation (K ∗ pd) has been introduced to denote the linear
convolution of K and pd. The equation describes the frictionless linear
elastic displacement of an infinite isotropic half-space. The half-space
assumption is valid if the length scales of the surfaces are much greater in
the spatial directions than in the height directions, i.e. (L1,L2) >> L3

from Fig. 3.3. According to this assumption the convolution kernel K
is defined as

K(x − s) =
2

πE′

1√
(x1 − s1)2 + (x2 − s2)2

, (3.25)

where E′ is the composite elastic modulus expressed as

1

E′
=

1 − ν1

E1

+
1 − ν2

E2

, (3.26)

with Ek being the Young’s modulus of elasticity and νk being the Pois-
son’s ratio for surface k = 1, 2.

The elastic displacement of a rough surfaces in partial contact can
usually not be calculated analytically and thus needs to be evaluated
numerically on a finite domain. Direct numerical summation of the
convolution integral, Eq. (3.24), requires N2×M2 operations with N
and M being the resolutions in both directions. The contact mechanics
problem requires numerous sampling points to adequately resolve the
rapid oscillations from the surface roughness. This results in an even
greater challenge to compute the linear convolution. However, the con-
tinuous convolutions theorem states that the linear convolution of K
and pd in Eq. (3.24) may be computed as a simple point-wise mul-
tiplication of their Fourier transforms. This procedure only requires
(N ×M) log(N ×M) operations in contrast to direct summation with
N2×M2 operations.

The method of computing the elastic displacement by utilizing the
convolution theorem is adopted in three of the appended papers, i.e.
Paper D where dry rough surface contact mechanics is considered, Pa-
per E where the contact mechanics model is incorporated into a mixed
lubrication model, and Paper F where leakage through rough loaded
elastomer surface is simulated. In the papers, discrete cyclic convolu-
tion is efficiently calculated through the fast Fourier transform (FFT).
The discrete cyclic convolution requires periodic input and produces pe-
riodic output. Hence, the convolution kernel K, as well as the roughness
h1, need to be periodic on the computational domain. However, this is
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not a limiting restriction for the work included in this thesis. On the
contrary, this requirement for periodicity is well suited to the models
presented in this paper, since it is also a necessary requirement for the
homogenization flow models.





Chapter 4

Summary of Appended

Papers

This chapter gives a summary and a statement of the main finding from
each of the appended papers A–F. The papers are put into content in
terms of their relations to each other and to the thesis as a whole.

Paper A

Effects of introducing artificial surface textures in a tribological interface
were investigated for thick lubricant films without influence from the
surface roughness. The pattern was modeled as pockets and the Navier-
Stokes equations were used. The influence from the pattern was isolated
from any other pressure generating effects by keeping the interacting
surfaces parallel. This approach provided a way to study how surface
texture affects the flow field and pressure for different Reynolds numbers
and geometries of the pockets. It was found that the introduction of
surface texture results in a a net pressure rise producing a load carrying
capacity of the interface. It was shown that fluid inertia was the main
contributor to the pressure generation, which was found to increase with
Reynolds number and the width and depth of the pockets. At a certain
depth the maximum load carrying capacity is achieved and by increasing
the depth further the fluid starts the circulate in the pocket. It was
reported that the friction force decreases with deeper and wider grooves.
Among all geometries studied, optimum geometry shapes in terms of
hydrodynamic performance were reported.

43
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Main finding: A bearing with parallel textured surfaces has a load
carrying capacity caused by fluid inertia effects.

Paper B

It was seen in Paper A that pressure can be low in the diverging part
of the pocket if the boundary pressure is low. A liquid lubricant cannot
withstand tensile strain and will cavitate into a mixture of liquid and
gas. For this reason the cavitation has to be accounted for when treating
certain geometries and textures. It may also become important to con-
sider the lubricant liquid as compressible. In Paper B a cavitation model
was developed where an arbitrary lubricant fluid compressibility may be
specified. This means that it becomes possible to model the compress-
ibility of the lubricant in such a way that the density-pressure relation is
realistic throughout the contact. The model preserves mass continuity
for cavitation caused by bearing geometry and surface topography and
was modeled by a switch function that terminates the pressure gradient
at the cavitation regions. Results for different density-pressure relations
were presented and discussed. The effects of inlet conditions, such as
surface roughness and starvation, on the load carrying capacity of the
contact were analyzed.

Main finding: The geometry and lubricant starvation at the inlet of
the tribological interface, as well as the compressibility model, are sig-
nificant factors for load carrying capacity when cavitation is considered.

Paper C

In thin lubricated films, the effects of the roughness becomes impor-
tant. In this paper an efficient approach to treat the influence of surface
roughness was considered. A homogenization technique was employed,
which is a two-scale method that separates the global geometry from the
local roughness scale. With this approach a method of computing flow
factors, compensating for the surface roughness, was developed. The
flow factors may be computed for any measured surface roughness with
high resolution and, once computed, they can be used as coefficients to
give the roughness effects of an arbitrary smooth tribological device. Re-
sults were shown where measured two-dimensional surface profiles were
used as inputs. Profiles having the same Abbot curve were reported to
have the same flow factors, which provides an efficient classification of
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surfaces in hydrodynamic two-dimensional interfaces. Flow factors were
computed for the rough surface profiles, and simulation results were ob-
tained and compared with the corresponding solutions from a smooth
geometry.

Main finding: The method of homogenization is a useful and efficient
approach to calculate flow factors compensating for any deterministic
surface roughness and that different two-dimensional roughness profiles
having the same Abbot curve give the same flow factors.

Paper D

Thin lubricant films were modeled in Paper C. If the film becomes
even thinner, or if the lubricant is completely removed, direct mechan-
ical contact between the surface asperities will occur. This will lead to
instant deformation of the surfaces due to the high local contact pres-
sures where the highest asperities will deform plastically. In this paper,
dry rough surface contact mechanics was considered. A model to simu-
late linear elastic perfectly plastic rough surfaces was employed. Energy
dissipation due to plastic deformation was taken into account. An FFT-
technique was used to accelerate the computations. Simulations of the
surface displacement due to different loads applied on a number of two-
dimensional rough surface profiles were performed. From the results it
was clear that the real area of contact changes almost linearly with load
and is only slightly affected by the difference in topography. A plasticity
index was defined as the ratio of plastically deformed area and the real
area of contact. Plastic deformation occurs even at low loads and there
is a significant difference in plasticity index between the surface profiles
considered. It was also concluded that the highest frequencies of the
measured profile have a negligible influence on the real area of contact.

Main finding: The highest frequencies of the measured roughness
profile have a negligible influence on the real area of contact.

Paper E

While the previous papers investigated models for pure hydrodynam-
ics and contact mechanics, respectively, this paper merges the separate
models together to form a mixed lubrication flow factor model. The
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contact mechanics model from Paper E was here used with a more effi-
cient algorithm to treat the plastic displacement. The homogenization
method from Paper C was used to calculate flow factors for undeformed
and deformed roughness measurement data. Instead of only treating
two-dimensional roughness profiles as before, this model permits three-
dimensional measured surface roughness as input in an efficient way.
With the model, flow factors are computed for all lubrication regimes. A
method of adapting the measurement signal to suit the numerical models
was developed and presented in detail. The mixed lubrication model was
validated through flow measurements for three different rough surface
test specimens where good correlation was reported. Simulations of the
operation of a tribological device was shown and results were presented
in terms of pressure distributions and Stribeck curves for all lubrication
regimes.

Main finding: The indication that the mixed lubrication model would
be capable to suite as an efficient and accurate engineering design tool
for tribological devices operating in all lubrication regimes with real
surface roughness included.

Paper F

In Paper E a satisfactory correlation between simulations and measure-
ments in terms of hydrostatic leakage was found. Therefore, the mixed
lubrication approach was used to investigate the leakage through the
gaps of rough surfaces in Paper F. Roughness measurements from ten
elastomer and seal surfaces were used as input. Elastic surface displace-
ment and hydrostatic fluid transport were considered. Simulation results
of the percolation threshold and leakage were shown. It was found that
the percolation threshold appears within a range of 33–55% real area of
contact for all surfaces in both orthogonal flow directions. The real area
of contact was close to linearly dependent on the load and differed signif-
icantly between the three-dimensional rough surfaces, more than what
was evident in Paper D where two-dimensional roughness signals were
considered. The influence on percolation threshold and leakage from var-
ious common surface roughness height parameters were shown. It was
found that the valley roughness parameters are important in character-
izing the leakage and that the peak roughness parameters are important
for the percolation threshold. Closed form expressions were found that
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approximate the contact load at percolation threshold and leakage for
all combinations of input within the scope of the model assumptions.

Main finding: The mixed lubrication model developed in Paper E
was proved useful as an engineering design and research tool for seals
and other devices where leakage is of interest.





Chapter 5

Concluding Remarks

Various aspects of the modeling and simulation of tribological devices
have been considered in this thesis. The purpose has been both to gain
understanding of different types of tribological interfaces and to develop
efficient design and research tools for tribological devices. This chapter
gives concluding remarks regarding the results and their accordance with
the objectives stated for the thesis, see Chapter 2.

Objective 1: To investigate effects of surface texture and cavitation
in hydrodynamic lubrication. Effects of surface texture was investigated
in Paper A where it was concluded that there was a pressure generating
effect purely arising due to the pockets of the texture and that fluid iner-
tia was the contributor for this. Cavitation in hydrodynamic lubrication
was considered in Paper B and it was concluded that the pressure was
strongly affected by cavitation and that the inlet conditions in terms of
surface pattern and starvation were important.

Objective 2: To investigate influences from surface roughness in dry
and wet contacts. Such investigations were carried out in Papers C–F.
Paper C showed that there were significant differences in load carrying
capacities in between different roughness profiles applied on the same
tribological device operating in the hydrodynamic lubrication regime
and Paper E showed that this was true also in mixed lubrication. Paper
D showed that plastic deformation occurs for rough surfaces even at
low loads because of the high local asperity contact pressures and that
there was a significant difference in plasticity index between differed
roughness profiles. Paper C showed that the leakage between rough
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surfaces strongly depended on the topography and suggested certain
roughness parameters that may be used to characterize it.

Objective 3: To develop models for efficient treatment of surface
roughness in tribological interfaces. An efficient model for simulating
elasto-plastic rough surface deformation was developed in Paper D and
improved in Paper E. An efficient rough surface flow-factor model was
developed in Paper C for hydrodynamic lubrication and in Paper E for
mixed lubrication.

Ultimately: A mixed lubrication model was developed in Paper E
that considers arbitrary deterministic surface roughness in an efficient
and accurate manner. The model was proved useful as a research tool for
investigating roughness effects in lubrication and useful as an engineering
design tool for seals in Paper F.



Chapter 6

Future Work

This chapter gives some suggestions for future work within the scope of
the simulation models presented in this thesis. These suggestions are:

• The contact mechanics model used in this thesis assumes a friction-
less contact. As future work, it would be interesting to studying
the effects of sliding friction and also to incorporate a wear model
and thermal effects into the mixed lubrication model.

• To study the effect of internal cavitation induced by surface rough-
ness. If internal cavitation is found important the future work may
include to incorporate the cavitation model developed in Paper B
into the homogenization model used in Papers C, E and F.

• Improved treatment of the contact patches in the fluid model. As
of now, fluid pressure is computed everywhere, even at contact
patches. Because of this, a minimum gap must be employed in the
numerical procedure to avoid ripples in the solutions. The model
may be improved by setting internal boundaries at the borders of
the contact patches.

• A next interesting step would be to make the mixed lubrication
model more user friendly and accessible for more researchers and
engineers. The number of engineering tools that accurately and
efficiently considers surface roughness is limited. Thus, integration
of the mixed lubrication model into other multiphysics simulation
softwares would be an interesting future task.
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Abstract

Results of a numerical study of the influence of micro-patterned sur-
faces in hydrodynamic lubrication of two parallel walls are reported.
Two types of parametrized grooves with the same order of depth as the
film thickness are used on one stationary wall. The other wall is smooth
and is sliding with a specified tangential velocity. Isothermal incom-
pressible two dimensional full film fluid flow mechanics is solved using a
Computational Fluid Dynamics method. It is shown that, by introduc-
ing a micro-pattern on one of two parallel walls, a net pressure rise in
the fluid domain is achieved. This produces a load carrying capacity on
the walls which is mainly contributed by fluid inertia. The load carrying
capacity increases with Reynolds number. The load carrying capacity is
reported to increase with groove width and depth. However, at a certain
depth a vortex appears in the groove and near this value the maximum
load carrying capacity is achieved. It is shown that the friction force de-
creases with deeper and wider grooves. Among all geometries studied,
optimum geometry shapes in terms of hydrodynamic performance are
reported.
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Nomenclature

Dimensional Variables
x, y, z Coordinate directions m
u, v Velocity in x- and y-directions m/s
u (u, v) m/s
Lx, Ly, Lz Fluid domain length in x-, y- and z-directions m
Awall Wall area, LxLz m2

w Groove width m
d Groove depth m
xd Groove displacement m
p Pressure Pa
Fx, Fy Wall force in x- and y-directions N
η Dynamic viscosity Ns/m2

ρ Mass density kg/m3

Δx Local grid size m

Non-Dimensional Variables
x+ 2x/Lx − 1
w+ w/Lx

d+ d/Ly

xd+ xd/w
p+ 100 ∗ pL2

y/(ηuLx)

F+
x 100 ∗ FxL2

y/(AwallηuLx)

F+
y 100 ∗ FyL

2
y/(AwallηuLx)

Re Reynolds number, ρuLy/η
Pe Peclet number, ρuΔx/η
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A.1 Introduction

The purpose of lubrication is to separate surfaces in relative motion in
order to reduce friction and wear. The separation and load carrying
capacity are achieved by generating a pressure in the fluid film between
the surfaces. The most significant pressure build-up in hydrodynamic
lubrication is achieved when a converging gap is allowed to form the
surfaces. A relative velocity between the surfaces will start driving fluid
into the gap leading to a pressure build-up.

In order to improve performance and efficiency and to reduce wear
and the risk of failure in hydrodynamic lubrication, it is important to
study various effects that can contribute to the pressure build-up.

The subject for this work is to investigate the influence of surface
texturing in hydrodynamic lubrication of two parallel surfaces. Exper-
imental research in this area, such as reported in [27, 28] shows that
significant improvements in hydrodynamic journal bearing performance
can be achieved by surface texturing. Textured reciprocating surfaces
are studied experimentally in [29] where a clear reduction in friction
force is found. Glavatskikh, et al. [30] investigated hydrodynamic per-
formance of thrust bearings and conclude that higher film thickness and
lower power loss are obtained through the use of micro-patterned pads.

All mechanisms contributing to bearing efficiency using surface ges-
turing are far from known. Therefore theoretical analysis is important
to be able to study individual effects. Numerical studies are presented
in [31, 32] where Reynolds equation is used to simulate the effects of
spherical grooves applied on a stationary surface in hydrodynamic lu-
brication.

One effect contributing to the load carrying capacity could be local
cavitation at the diverging part of surface grooves. Local cavitation
could contribute to the pressure build-up in a bearing. Such analysis
is done by Brizmer et al. [33] who study parallel thrust bearings with
spherical grooves using Reynolds equation with a cavitation model.

In the diverging part of the groove cavitation may occur leading to
a two-phase flow. This two-phase flow will then enter the convergent
part of the groove. To achieve a net pressure build-up this flow must be
transformed to a single-phase liquid flow. Because of the groove and film
geometry, this can only be achieved if an additional amount of liquid is
supplied from outside the groove. In practical cases, it is unclear how
this liquid supply to the dimples is achieved, especially when side leakage
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is considered. That is why there is a possibility that cavitation has a
limited effect. Thus, other effects that may lead to a pressure build-up
must be studied.

Arghir, et al. [34] report a Computational Fluid Dynamics (CFD)
analysis of fluid flow between parallel surfaces with relative speeds. One
of the surfaces contains a groove which is represented by three different
geometries. The main conclusion of this study is that there is a net
pressure build-up caused by the combined effect of the presence of a
groove and of the increasing Reynolds number.

Although there are many physical effects contributing to hydrody-
namic efficiency, it is important to study them individually to be able
to distinguish between them. For different applications and running
conditions, different physical effects will be present, contributing to the
hydrodynamic performance in various ways. In this paper the fluid me-
chanical effects will be isolated and analyzed. The importance of inertia
for certain types of flow conditions and micro-patterns will be discussed
further in this work. The hydrodynamic performance in terms of friction
force and load carrying capacity and how it depends on groove geometry
and flow conditions will be studied by using CFD.

A.2 CFD-Model

In this work the Navier-Stokes equations are solved using a commercial
CFD code. The equations are applied without body force, with constant
viscosity and density. The equations are steady and solved in the x-
and y-direction only. With these properties the Navier-Stokes and the
continuity equations can be written, respectively:

ρ(u · ∇)u = −∇p + η∇2u

∇ · u = 0.

The equations are solved in dimensional form, however, all results
are represented in non-dimensional form in such way identical result are
achieved for the same Reynolds number, Re. Hence, the dimensional
values do not have any meaning, only the value of Re. Information
about the non-dimensionalization of the quantities can be found in [35].

In this work, two types of geometries for the fluid domain have been
studied. The first geometry is defined as the cylindrical geometry and
is seen in Figure A.1.
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Figure A.1: The fluid domain of the cylindrical geometry. Included are
the geometrical parameters and boundary conditions.

The groove is described by a circular arc of depth d and width w.
The constant quantity Lx = 1e− 3 m is the length in the x-direction of
the domain and the constant quantity Ly = 3e−5 m is the film thickness
of the fluid domain. In the same figure, the boundary conditions for the
fluid domain are shown. The fluid is experiencing no-slip conditions at
the walls. The upper wall is moving with a velocity u whilst the lower
wall is stationary. The edges at high and low x-coordinates are bound
by a periodic boundary. A symmetry condition is applied in the z-plane.
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Figure A.2: The fluid domain of the splined geometry. Included are the
geometrical parameters and boundary conditions.

The second geometry is defined as the splined geometry and is seen
in Figure A.2. The geometrical parameters for this case are defined
as for the cylindrical geometry except that the groove is described as
a splined curve. Another parameter, xd, is introduced to describe the
x-displacement of the low y point of the groove. The same boundary
conditions are applied for the splined as for the cylindrical geometry.

In all the equations, terms are discretized in space using second-order
centered differencing apart from the advection. For these terms, a hybrid
differencing scheme is used which is close to first-order accuracy [36].
This scheme is slightly better than upwind differencing because second-
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order central differencing will be used across streams and in regions of
low flow where Pe < 2. If Pe ≥ 2, upwind discretization will be applied.
These discretizations are based on a conservative finite-volume method
[37]. For information of the computational grids and error analysis, see
Sahlin [35].

A parametrized fluid model is used where certain parameters are
being changed in a systematic order. All the parameters that are being
varied, entirely independently from one another, are listed in Table A.2.
Results from some complementary simulations with values different than
those in the table will occasionally be shown.

Table A.2: Individually varied parameters.

w+

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50

d+

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0.25
0.50
0.75
1.00
1.25

xd+

⎧⎨⎩
−0.3

0
+0.3

Re

⎧⎪⎪⎨⎪⎪⎩
40
80

120
160

A.3 Results and Discussion

Results are presented and discussed in terms of advection, fluid film pres-
sure, streamlines and forces acting on the walls. It should be emphasized
that the fluid flow effects are completely isolated from any other effects
that might occur in a real thin film fluid flow. The interest in this paper
is thus to analyze the fluid mechanical effects in hydrodynamic perfor-
mance. However, other effects such as cavitation and thermodynamics
would certainly influence the hydrodynamics.

A.3.1 Advective Influence

The advective (convective) contribution in the fluid flow can be stud-
ied by comparing the Navier-Stokes solution with the Stokes where the
advective terms (inertia) are truncated from the Navier-Stokes equa-
tions. In Fig. A.3 the pressure distribution on the upper wall has been
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Figure A.3: Comparison between Navier-Stokes and Stokes solutions for
pressure distribution on the upper smooth wall for the cylindrical geom-
etry. w+ = 0.2 and d+ = 0.25 for both plots. The vertical dotted lines
represent the grove edges.

plotted as a function of the spatial dimension x+ for Navier-Stokes and
Stokes solutions respectively. In this figure the cylindrical geometry is
used where Re is set to 10 in A.3(a) and 160 in A.3(b). With the value
of Re in Fig. A.3(a), the Navier-Stokes and Stokes solutions are much
alike. A small displacement to the left of the Navier-Stokes curve is seen
next to the portion of the groove. When Re is increased in Fig. A.3(b),
great differences between the two solutions arise. From Fig. A.3(b), the
Stokes curve seems to be entirely antisymmetric whereas the Navier-
Stokes curve shows a net pressure rise in the domain from the zero
boundary.

Following the pressure curves in Fig. A.3(b) starting from low x+,
an almost linear pressure drop is encountered for both curves. Slightly
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before arriving at the groove edge, located at x+ = −0.2, pressure in-
creases rapidly for the Navier-Stokes solution producing a net pressure
build-up in the fluid film. For the Stokes solution, the pressure continues
its descent until it passes the groove edge where the curve changes to an
almost linear pressure rise. The solutions from the Stokes case produces
close to an antisymmetry-axis at the line x+ = 0.

The area between the two curves in Fig. A.3(a) as well as in A.3(b) is
equal to the contribution of inertia in the flow only, because the advec-
tive term is completely dropped in the Stokes equations. This confirms
findings of a recent study made by Arghir et al. [34].

Navier-Stokes
Stokes

10
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Navier-Stokes
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F
+ y
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Figure A.4: F+
y on a 10-base logarithmic scale as a function of w+ for

Navier-Stokes and Stokes solution respectively, d+ = 0.25.

A quantitative measure of the difference between the Navier-Stokes
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and Stokes Solutions can be seen in Fig. A.4, which shows the dimension-
less normal force F+

y as a function of w+ for Navier-Stokes and Stokes
solutions. As an example, the cylindrical geometry with the lowest sim-
ulated groove depth, d+ = 0.25, is chosen. This is in order to provide
as low an influence of inertia as possible. In Fig. A.4(a) Re = 10. It is
seen that there is indeed a positive net force in the direction normal to
the wall for the Stokes solution, evolving from diffusion.

However, the force for the Navier-Stokes solution is one order of
magnitude greater. In Fig. A.4(b) the value of Re is 16 times greater
and the force for the Navier-Stokes solution is two orders of magnitude
greater than the force from the Stokes solution.

This shows the importance of the advective terms in the Navier-
Stokes equations for this type of geometries and flow conditions. It
implies that further simplifications to the Navier-Stokes equations would
not be appropriate here.

A.3.2 Pressure Distribution

Figures of pressure distributions are shown with values at the periodic
boundary set to zero only because it gives a convenient representation.
The incompressible Navier-Stokes equations are solved, hence, the abso-
lute pressure has no meaning in this study and the pressure distribution
across the domain could be shifted any amount. Only the gradient of
the pressure is affecting the flow and has meaning in this case.

Comparisons of pressure distribution for the cylindrical geometry
are made in Fig. A.5 where p+ is plotted as a function of the non-
dimensional spatial dimension x+ for different values of Re. w+ = 0.3
is constant for all sub-figures but d+ is varied between the sub-figures.
All pressure distributions show a linear pressure drop at the beginning
and at the end of the domain. The length in the x-direction where the
pressure is deviating from this linearity at the mid part of the domain
will be called the affected elongation. If Fig. A.5(a) where d+ = 0.25 is
considered, it is clear that the pressure build-up in the groove increases
with the value of Re, and the differences are substantial. The pressure
curves are convexly shaped across the entire affected elongation, i.e.,
the curvature ∂2p/∂x2 is negative throughout the pressure rise for all
values of Re. With Re = 160, the maximum dimensionless pressure is
about 9. In Fig. A.5(b) the groove depth is increased to d+ = 0.75 and
it is seen that the maximum non-dimensional pressure has increased to
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(c) d+ = 1.25

Figure A.5: Upper wall pressure distribution for the cylindrical geometry
with w+ = 0.30. The vertical dotted lines represent the grove edges.

about 12. However, the curves do not show as extreme convexity as in
the previous figure. In other words, the curves are flattened out in the
affected elongation. In Fig. A.5(c) the greatest groove depth d+ = 1.25
is used. Here the pressure maximum is decreased compared to the case of
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d+ = 0.75 and the difference in solutions between the Reynolds numbers
are decreased. At the right half of the affected elongation the pressure
distributions have concave shapes.

Some preliminary conclusions can now be made regarding how the
pressure distributions are affected, which will later be proved with fur-
ther results. By studying Fig. A.5 it seems that the affected elongation
depends on the groove width w+. On the other hand, the value of d+

seems to affect the elevation and form of the pressure build-up curve. In
terms of load carrying capacity, a convexity in the affected elongation
which gives the maximum possible area beneath the curve is preferred.
A flat pressure build-up with a higher maximum pressure will not lead
to a higher load carrying capacity.

In Fig. A.6 the pressure distributions are plotted for the splined
geometry with w+ = 0.5 and d+ = 0.25. Fig. A.6(a) is for a nega-
tive displacement of the low y-point with xd+ = −0.3, Fig. A.6(b) for
xd+ = 0 and Fig. A.6(c) for a positive displacement with xd+ = +0.3.
As the affected elongation is nearly the same for all sub-figures, it can be
confirmed that it strongly depends on the value of w+. It seems that the
pressure distributions in Fig. A.6(a) provide highest load carrying capac-
ity. When the groove is symmetric, in Fig. A.6(b), the rising-pressure
zone flattens out slightly which may lead to lower load carrying capac-
ity. In Fig. A.6(c) where xd+ = 0.3, the rising-pressure zone flattens
out further but a slightly increased pressure maximum is noted. If the
assumptions about the load carrying capacities are true, the magnitude
of the pressure maximum in the domain is not of primary importance
in the sense of hydrodynamic performance. More important would be
to achieve a shape of the pressure distribution which is as much convex
at the affected elongation as possible.

A.3.3 Streamlines

Streamlines can give a qualitative idea about how the flow is ordered, if
any vortexes or irregularities of the flow exist and, in that case, where
they develop and what influences they have on the hydrodynamic perfor-
mance. Streamlines are expressed in terms of the scalar stream function
ψ and along a streamline ψ = constant. The velocities can be found in
terms of the derivatives of ψ as u = ∂ψ/∂y and v = −∂ψ/∂x.

In Fig. A.7, streamlines for the cylindrical geometry are plotted, all
with Re = 40 and groove width w+ = 0.20 but different groove depth
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Figure A.6: Upper wall pressure distribution for the splined geometry
used with d+ = 0.25 and w+ = 0.50. The vertical dotted lines represent
the grove edges.

d+. In A.7(a) the streamlines are completely ordered and smooth, but as
d+ increases to a value between 0.5 and 0.75, a vortex is developed in the
groove (see Sahlin [35] for a comparison with isobar plots for the same
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(a) d+ = 0.50.

(b) d+ = 0.75.

(c) d+ = 1.00.

(d) d+ = 1.25.

Figure A.7: Streamlines in the cylindrical geometry for different values
of d+ are plotted where Re = 40 and w+ = 0.20.

conditions). The vortex development can be related to a driven cavity
flow phenomenon extensively studied by Shankar and Deshpande [38].
The size of the vortex is increased with increased d+ and at d+ = 1.25
the vortex is about the same size in the y-direction as the groove depth
value. This shows that the vorticity is clearly dependent on groove
depth.

Figure A.8 shows the effects of different values of Re. The cylindrical
geometry is used with w+ = 0.15 and d+ = 0.25. As the value of
Re increases, the size of the vortex increases. There is no vortex at a
sufficiently low value of Re.

In Fig. A.9, streamlines are plotted for the cylindrical geometry with
constant groove depth d+ but different w+. It can be seen that the vortex
decreases in size with increasing groove width w+ and constant Re. At
a sufficiently large value of w+ there is no vortex and no back-flow exists
in the groove.

The vortex development obviously depends on the value of Re and
how fast the geometry is changing, i.e. the value of dy/dx. These are
properties which highly affect the advective influence whereby a connec-
tion is likely to exist between advection and the amount of vorticity. Let
us therefore compare the full Navier-Stokes equations with the Stokes
in terms of streamlines. Such a comparison is made in Fig. A.10.
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(a) Re = 40

(b) Re = 80

(c) Re = 120

(d) Re = 160

Figure A.8: Streamlines in the cylindrical geometry for different values
of Re are plotted where d+ = 0.25 and w+ = 0.15.

(a) w+ = 0.15.

(b) w+ = 0.25.

(c) w+ = 0.35.

(d) w+ = 0.45.

Figure A.9: Streamlines in cylindrical geometry for different values of
w+. Re = 40 and d+ = 0.75 in all figures.

By comparing A.10(a) and A.10(b) it is obvious that the inclusion
of advection leads to an earlier development of the vortex. However,
when d+ is doubled in A.10(c) and A.10(d), it can be seen that a vortex
develops even without the advective influence and is entirely centered
in the x-direction. With the advective influence the vortex center is
moved to the right. Hence, the streamlines for the Stokes solution are
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(a) w+ = 0.15, d+ = 0.5. Advection. (b) w+ = 0.15, d+ = 0.5. No advection.

(c) w+ = 0.15, d+ = 1. Advection. (d) w+ = 0.15, d+ = 1. No advection.

Figure A.10: Streamlines for Navier-Stokes solution left and Stokes so-
lution right. The cylindrical geometry is used and Re = 160 for all.

completely symmetric in the line x+ = 0. As shown in the pressure
plots, Fig. A.3, the pressure distributions for the Stokes solutions are
close to antisymmetric at the same position.

A.3.4 Forces

Wall forces consist of both inertial and diffusive forces. These are at-
tained directly from the CFD-solver.
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(b) Splined, d+ = 0.25

Figure A.11: F+
y as a function of w+ for various values of Re for the

cylindrical geometry (top) and the splined with xd+ = 0 (bottom).

It was shown in Fig. A.5 and A.6 that the pressure build-up was
monotonically increased by increasing Reynolds number. This increase
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is further substantiated by Fig. A.11 where F+
y is plotted as a function

of w+. It is shown that the normal force also monotonically increases
by increasing groove width w+. A quantitative comparison between
the cylindrical geometry and the splined geometry with a symmetrical
groove displacement xd = 0 shows that higher normal forces are achieved
with the cylindrical geometry for d+ = 0.25.

w+

F
+ y

xd+ = 0.3

xd+ = −0.3
xd+ = 0

0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

0.5

1

1.5

2

2.5

(a) Re = 40, d+ = 0.25
d+

F
+ y

xd+ = 0.3

xd+ = −0.3
xd+ = 0

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2

0.25

0.3

0.35

0.4

0.45

(b) Re = 40, w+ = 0.15

Figure A.12: F+
y for various values of xd+ for the splined geometry..

Figure A.12(a) shows how the normal force is affected by different
values of xd+ for the splined geometry. As w+ increases, the differences
of F+

y between the three values of xd+ also increase. It is clear that
a negative value of xd+ contributes positively to F+

y , especially when
w+ is large. By comparing this curve with Fig. A.11(a) for Re = 40 it
is noted that the splined geometry with xd+ = −0.3 produces higher
values of F+

y that the cylindrical. It should also be noted that F+
y , for

the special case of xd+ = 0.3 in Fig. A.12(a), does not monotonically
increase as w+ increases. This is an exceptional behavior compared to
all other geometries. If F+

y is instead plotted as a function of d+, the
differences are larger when d+ is small and decrease when d+ increases.
This can be seen in Fig. A.12(b). It can also be seen that an optimum
value of d+ exists on each curve. There is a tendency that the optimum
is displaced towards greater values of d+ as xd+ increases.

In Fig. A.13 the non-dimensional friction force is plotted against d+

for the cylindrical and splined geometry respectively. The cylindrical
geometry produces lower friction force than the splined geometry for all
cases. This is partly explained by the fact that the cylindrical groove
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(a) Cylindrical
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(b) Splined, xd+ = 0

Figure A.13: F+
x as a function of d+ for the values of w+ = {∗0.15, �0.2,

+0.25, �0.3, x0.35, ♦0.4, �0.45, � 0.5}. Solid line represents Re = 40 and
dashed line Re = 160.

inherits a greater area than the splined, using the same width and depth,
which in turn gives rise to a lower friction force. It is noticed that
F+

x differs between Re and the difference is increasing as d+ increases.
The difference in F+

x between Re does not, however, change much by
different values of w+. F+

x decreases with increasing values of w+ and
d+. However, F+

x shows a different behavior for the cylindrical geometry
with high Re and low w+. The smooth surface case, i.e. d+ = 0,
corresponds to a value of F+

x = 3 for a value of Re = 40. This shows
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that the textured surface will give rise to lower friction.

It was shown in Fig. A.11 that the cylindrical geometry produces
greater normal force which is true for some cases. It was concluded
in Fig. A.12 that the splined geometry is most effective, in terms of
normal force, with a negative value of xd+. Figure A.13 showed that
the cylindrical geometry produces lower friction force compared to the
splined geometry. The differences in friction force for different values of
xd+ is negligible. This concludes that, in most cases, the most benefi-
cial geometries in terms of hydrodynamic lubrication are the cylindrical
geometry and the splined geometry with xd+ = −0.3. These two ge-
ometries are compared in Fig. A.14 and A.15, where the normal force is
plotted as a function of d+ for different values of w+.
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(b) Splined, xd+ = −0.3, Re = 40

Figure A.14: F+
y as a function of d+ for Re = 40 and the values of w+

= {∗0.15, �0.2, +0.25, �0.3, x0.35, ♦0.4, �0.45, � 0.5}. The cylindrical
geometry (top) and the splined (bottom).

At the lowest Reynolds number in Fig. A.14, the splined geometry
shows a higher load carrying capacity. At Re = 160 in Fig A.15 however,
the properties are reversed and the cylindrical geometry shows higher
normal forces. As stated earlier, there exists an optimal value of d+

in terms of normal force, which is also the case in this figure. At the
lowest value of w+ the maximum is located at d+ ≈ 0.5 in all cases
represented. As w+ increases, the maximum is displaced towards greater
groove depths. This is also the case when Re is decreased. However, the
optimum could in general be fit in the range 0.5 < d+ < 0.75 for most
cases. No direct relation between the ratio d/w and forces can be found
because of the strong individual effects of d+ and w+ respectively.
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(b) Splined, xd+ = −0.3, Re = 160

Figure A.15: F+
y as a function of d+ for Re = 160 and the values of w+

= {∗0.15, �0.2, +0.25, �0.3, x0.35, ♦0.4, �0.45, � 0.5}. The cylindrical
geometry (top) and the splined (bottom).

The conclusion that a certain maximum groove depth exists where
an increase does not lead to further increase in load carrying capacity
agrees with experiments made by Snegovskii and Bulyuk [27].

A comparison could be made between the second curve from the
bottom representing w+ = 0.20 in Fig. A.14(a) and the streamline plots
in Fig. A.7(a) and Fig. A.7(b) which represent the same geometry and
Re. It is seen that at d+ ≈ 0.5 where the maximum load carrying
capacity is located, a vortex is beginning to form. When Re is increased,
the vortex and the F+

y -maximum appears at lower values of d+ which
is evident from Fig. A.8 and A.14 respectively. Making a comparison
between Fig. A.9 and Fig. A.14 and A.15 reveals the relation between
vortex formation and F+

y -maximum in terms of different values of w+.
This discussion shows that the normal force maximum appears close

to the beginning of a vortex formation in the groove. This is true for
most cases studied. Hence, the vortex affects the normal force in a
destructive manner.
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A.4 Conclusions

The fluid mechanics of hydrodynamic lubrication between parallel sur-
faces is studied for isothermal, incompressible and steady 2D conditions.
The conclusions are summarized as follows:

1. An introduction of a micro groove on one of the surfaces affects
the flow and pressure pattern. This gives a net pressure build-up
and a load carrying capacity of the film. Negligible hydrodynamic
effects are achieved when the advective terms are excluded from
the Navier-Stokes equations.

2. Load carrying capacity increases with Reynolds number and groo-
ve width w+. A general optimum is achieved when 0.5 < d+ < 0.75
for all geometries and groove widths. The load carrying capacity
can, to some extent, be related to the amount of circulation in the
groove. A vortex appears at a certain value of groove depth d+.
Near this value the maximum load carrying capacity is achieved.

3. The friction force decreases with increasing values of groove depth
d+ and width w+.

4. The best hydrodynamic performance is achieved with the cylindri-
cal geometry and the splined with a negative groove displacement
xd+.
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Abstract

A general cavitation algorithm that accommodates for an arbitrary den-
sity-pressure relation is presented. It is now possible to model the com-
pressibility of the lubricant in such a way that the density-pressure re-
lation is realistic throughout the contact. The algorithm preserves mass
continuity for cavitation caused by bearing geometry and surface topog-
raphy. It is a commonly accepted physical assumption that the contri-
bution of the pressure driven flow is negligible in the cavitated region.
This phenomenon is adopted in the present algorithm, which is similar
to that of Elrod, and is modeled by a switch function that terminates the
pressure gradient at the cavitation regions. Results with this algorithm
for different density-pressure relations are presented and discussed. The
effects of inlet conditions, such as surface roughness and starvation, on
the load carrying capacity of the contact are analyzed.
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B.1 Introduction

Cavitation usually occurring in the regions of diverging contact gap im-
ply sub-ambient pressures. These low pressures lead to a transforma-
tion of the liquid into a gas-liquid mixture. Different types of cavitation
models have been proposed over the years to replicate this behavior
in theoretical simulations. Some of the algorithms preserve lubricant
mass continuity whereas others do not. By simulating the behavior of
rough surfaces, several cavitation regions might appear inside the con-
tact. Hence, preserving mass continuity becomes crucial.

Jakobsson and Floberg [39] developed a mass preserving cavitation
theory. They assumed a constant pressure in the cavitation region, i.e.
the pressure gradient is zero. They also derived a set of conditions to
locate the cavitation boundaries. Later, Floberg extended their theory
of cavitation and implemented it in numerous bearing types [40–43].
Elrod [44] and Elrod and Adams [45] developed a cavitation algorithm
using a single equation throughout the lubrication region without the
need for explicit equations to locate the cavitation boundaries, and used
a switch function to terminate the pressure gradient in the region of
cavitation.

Vijayaraghavan and Keith Jr [46] developed an algorithm like Elrod
and introduced a more rigorous derivation that was further developed
in [47]. This algorithm was derived under the assumption that the bulk
modulus is constant. For real lubricants the bulk modulus varies with
pressure. For a wide pressure range and under certain conditions it
is important to use a realistic compressibility model for the lubricant.
However, treating the bulk modulus as a constant could produce good
results for a narrow pressure range.

The cavitation algorithm presented here uses the Reynolds equation
and is based on the assumption that the pressure gradient is zero in the
cavitation region and the presence of only Couette flow. It inherits a
switch function similar to the Elrod algorithm to modify the Reynolds
equation at the locations of cavitation. With this algorithm, an arbi-
trary density-pressure relation of the lubricant can be applied. Thus,
measured compressibility factors from real lubricants can be used to
achieve more realistic results.



B.2. THEORY 81

B.2 Theory

The governing equation that constitutes the basis for the current al-
gorithm is the Reynolds equation. A simple steady state form of this
equation can be written as

u

2

∂(ρh)

∂x
−∇ ·

(
ρh3

12η
∇p

)
= 0 (B.1)

This is a mass continuity equation with the pressure p as the solution
variable, describing the Couette flow (first term) and Poiseuille flow
(second term). The Reynolds equation is well-suited for thin film flow,
where h and its rate of change is small with respect to the other spatial
coordinates.

The density of all liquid lubricants depends on the pressure among
other variables. The density-pressure relation changes abruptly when
the lubricant undergoes cavitation, resulting in a mixture of liquid and
gas. At this condition the pressure remains close to constant but the
density decreases rapidly. To mimic the behavior of cavitation, the
Reynolds equation needs to be modified. Using the density as the de-
pendent variable instead of pressure is convenient. We start by defining
the non-dimensional density as

θ =
ρ

ρc
(B.2)

where ρc is the density at ambient pressure pc. Assuming that p = p(θ)
it is possible to apply the chain rule on the pressure gradient, i.e.

∇p =
dp

dθ
∇θ. (B.3)

Combining Eqs. (B.1), (B.2) and (B.3) result in

u

2

∂(θh)

∂x
−∇ ·

(
θh3

12η

dp

dθ
∇θ

)
= 0 (B.4)

where the non-dimensional density θ is now the dependent variable and
the only pressure influence in the equation is through the pressure deriva-
tive dp/dθ. In the cavitation region the pressure is assumed to be con-
stant, p = pc, [39]. Hence, the pressure gradient is zero, i.e.

∇p = 0, (B.5)
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without any Poiseuille flow contribution in this region. However, the
mass will be preserved and transported by means of only the Couette
flow. By definition, θ = 1 at the cavitation boundary; thus, to accom-
plish the termination of the pressure gradient we utilize the unit step
function

g =

{
1, θ > 1; Full film region
0, θ ≤ 1; Cavitation region.

(B.6)

Applying the above step function to the expression for the pressure
gradient in Eq. (B.3) yields a Reynolds equation in the form

u

2

∂(θh)

∂x
−∇ ·

(
θh3

12η
g
dp

dθ
∇θ

)
= 0. (B.7)

Here, a single equation preserving the lubricant mass describes the flow
both in the full film and in the cavitation region. This is a more general
form of already existing cavitation algorithms based on the Reynolds
equation in that an arbitrary density-pressure relation could be used.
Thus, more realistic density-pressure relations that accurately reflect
the behavior of real lubricants can easily be applied.

B.3 Compressibility

The compressibility of the lubricant can be treated in several ways. It
can be expressed through the bulk modulus defined as

β = θ
dp

dθ
. (B.8)

If β is considered constant, integrating it once gives the expression for
pressure and density:

p = pc + β ln θ ⇐⇒ θ = e

“
p−pc

β

”
(B.9)

This expression for constant bulk modulus is sometimes used to model
the compressibility of lubricants. However, in real lubricants β varies
with density and the expression is therefore only valid in a limited pres-
sure range. Another is the Dowson & Higginson expression [48]:

θ =
C1 + C2(p − pc)

C1 + (p − pc)
(B.10)
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where the coefficients C1 = 0.59 ∗ 109 and C2 = 1.34 were fitted to
the measured compressibility data of a mineral oil. Since the Reynolds
equation in the form presented here can obey an arbitrary compressibil-
ity relation for the lubricant, the use of some other measured data as
input would be reasonable. Hence, as a test case for the current cavi-
tation algorithm, the compressibility for a mineral oil will be used here
with data from Tuomas and Isaksson [49], who conducted measurements
in a high pressure chamber with pressures ranging from ambient up to
about 3 GPa. The coefficients in the Dowson & Higginson expression
were fitted to the measured data. This fit can be seen in Fig. B.1 with
the measured data and the original Dowson & Higginson expression.
The relation in Eq. (B.9) is also plotted, where β = 3.3 GPa is the bulk

p MPa

θ

0 200 400 600 800
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1.1

1.15

1.2

1.25

1.3 D & H, Orig

D & H, MNL (fitted)

Const. β, MNL

Measured mineral oil data (MNL)

Figure B.1: Compressibility models for the measured mineral oil data.
The original Dowson & Higginson expression with C1 = 0.59e9 and C2 =
1.34, a Dowson & Higginson expression fitted to the measured data with
C1 = 2.22e9 and C2 = 1.66, an exponential expression with β = 3.3 GPa
fitted at θ = 1 for the fitted D & H expression.

modulus taken for the curve fit at θ = 1. The best correlation between
the expressions can be observed in the proximity of ambient pressure,
though it deviates exponentially with pressure rise. The same notation
for the compressibility relations in Fig. B.1 will be used in the following
figures. The acronym MNL is used to show that the compressibility
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relation originates from the measured mineral oil data. The cavitation
pressure pc = 105 Pa will be used in the numerical examples. Cavitation
and ambient pressure will be treated synonymously.

B.4 Numerical Examples

The Reynolds equation is discretized by using a central differencing on
the Poiseuille term and a second order backward differencing on the
Couette term. Because of the non-linear nature of the problem, a fixed
point iteration process on the form θn = f(θn−1, ...) for n = 0, 1, ... is
used to solve the discrete system. The switch function g is updated each
iteration. The iterative convergence of the solution is always ensured
to be a value below 10−8 and the grid is ensured to be fine enough to
produce a grid independent solution.

To compare solutions for different compressibility models, the nor-
malized integrated difference between the current solution ψ and a so-
lution ψ�, is defined as:

S�
ψ =

∣∣∣∣∫ Lx

0

ψ�dx −

∫ Lx

0

ψdx

∣∣∣∣ /∣∣∣∣∫ Lx

0

ψ�dx

∣∣∣∣ , (B.11)

which is the residual in load carrying capacity if the solution is pressure.
In the numerical examples, only one dimensional problems will be con-
sidered, where Lx is the domain length. This means that the geometries
are treated as infinitely wide with no side leakage.

Dirichlet boundary conditions are used at the inlet (w) and outlet
(e) of the domain by specifying a constant pressure p or non-dimensional
density θ. If θ < 1 at the boundary the domain will be termed starved,
if θ = 1 the domain is flooded and if θ > 1 the domain is pressurized.
As a first comparative test case, a parabolic geometry modeled by

H = H0 + A
(x − Lx/2)2

(Lx/2)2
(B.12)

with the same physical dimensions and operating conditions as in [46].
The geometry is seen in Fig. B.2.

In Fig. B.3, a pressurized inlet is used and the pressure solutions
shown are from the Dowson & Higginson expression fitted to the mea-
sured mineral oil data as well as the expression for the constant β =
6.9∗107 Pa, the same as applied in [46]. The solution from the constant
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Figure B.2: A single parabolic slider geometry with H0 = 25 μm and
A = H0.
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Figure B.3: Pressure solutions with boundary conditions θw = 1.0001
and θe = 1. β� = 0.069 GPa with S�

p = 12%. η = 0.039 Pas and u = 4.57
m/s.

β expression mimics the results from [46], but differs from the Dow-
son & Higginson expression in load carrying capacity by 12%. A large
difference is expected, since the Dowson & Higginson expression repre-
sents β = 3.34 GPa at p = pc, which is significantly different from 0.069
GPa used in reference [46]. Figure B.4 shows the twin parabolic geom-
etry used in [46] and the corresponding pressure solutions are shown in
Fig. B.5.
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Figure B.4: A twin parabolic slider with H0 = 25 μm and A = H0 m
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The two pressure maxima are similar, but the pressurized inlet causes
the pressure maximum to the left to be slightly higher (1.6 kPa). The
difference in load carrying capacity between the two compressibility re-
lations is 15%.
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Figure B.5: Pressure solutions across the domain with boundary condi-
tions θw = 1.0001 and θe = 1. β� = 0.069 GPa with S�

p = 15%. η = 0.039
Pas and u = 4.57 m/s.

Continuing with the same type of geometry as in Fig. B.2, though
with H0 = 2 μm, A = H0 and Lx = 0.1 m, θ = 1 both at inlet and outlet
and is thus flooded. The corresponding dimensionless density solution
where the fitted expression is compared with the original Dowson &
Higginson expression is shown in Fig. B.6.

From left to right, a slight liquid compression occurs and full film
solutions are achieved until the gap expands to a level where the liquid
does not occupy the complete gap and cavitates. The pressure gradient
is switched off, leading to termination of the Poiseuille flow and the
lubricant being only transported by means of the Couette flow. The
fractional film content (θ) rapidly decreases further to the right in the
domain. At the outlet boundary the lubricant is abruptly reformed into
full film again. A significant difference in compression can be seen at
the full film portion. Pressure solutions for the same conditions can be
seen in Fig. B.7.

The differences in pressure between the expressions are small, only
1.7%, even though the differences in compression (the solution variable)
between the two compressibility expressions are substantial.
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Figure B.6: Density solutions across the domain for the parabolic geom-
etry with H0 = 2 μm and A = H0 and boundary conditions θw = 1 and
θe = 1. S�

θ = 0.61%, η = 0.04 Pas and u = 0.25 m/s.
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Figure B.7: Pressure solutions across the domain for the parabolic ge-
ometry with H0 = 2 μm and A = H0 and boundary conditions θw = 1
and θe = 1. S�

p = 1.7%, η = 0.04 Pas and u = 0.25 m/s.

The dimensionless density solutions for the fitted and original Dow-
son & Higginson expression for a starved inlet with a fractional film
content of 55%, i.e. θ = 0.55, can be seen in Fig. B.8.

From the left, only the Couette flow is present until the gap con-
tracts sufficiently to compress the liquid and reformation into full film
occurs abruptly. The reformation point shifts slightly between the two
compressibility expressions. Further to the right the solutions mimic the
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Figure B.8: Density solutions across the domain for the parabolic geom-
etry with H0 = 2 μm and A = H0 and boundary conditions θw = 0.55 and
θe = 1. S�

θ = 0.64%, η = 0.04 Pas and u = 0.25 m/s.

earlier case with flooded inlet conditions. The film rupture boundaries
appear at the same locations. In the cavitated region the equation is hy-
perbolic because of the Couette term. Hence, no information is signaled
from the downstream locations and, consequently, upstream differenc-
ing is applied. The lack of influence from the downstream locations in
the cavitated zones together with the switch function give rise to this
abrupt and somewhat unexpected reformation into full film. The cor-
responding pressure can be seen in Fig. B.9, where greater differences
arise between the two Dowson & Higginson expressions, i.e. 7.4%. Here,
the expression for β =constant, taken for the fitted expression at θ = 1,
is added to the figure to show that the difference in solutions between
this and the fitted Dowson & Higginson expression is negligible (over-
lapping lines) for these conditions. Figure B.1 illustrates that the fitted
expression and the constant β expression are close at a pressure range of
0-100 MPa, reflected in the results where the simulations are conducted
without exceeding the limits of hydrodynamic pressures. Figure B.10
applies the same physical conditions as in Fig. B.9 and the solutions are
obtained for different values of β. Substantial differences in pressures are
seen between the solutions, indicating the importance of using a relevant
value of the bulk modulus for the lubricant to be simulated.

In Fig. B.11, a linearly converging film thickness is used with H0 =
1 μm and A = 0.25 μm, where the inlet film thickness is H0 +A and the
outlet film thickness is H0. To further study the effects of starvation,
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Figure B.9: Pressure solutions across the domain for the parabolic ge-
ometry with H0 = 2 μm and A = H0 and boundary conditions θw = 0.55
and θe = 1. �: S�

p = 7.4%, �: S�
p = 0.11%. η = 0.04 Pas and u = 0.25
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Figure B.10: Pressure solutions across the domain for the parabolic
geometry with H0 = 2 μm and A = H0 and boundary conditions θw = 0.55
and θe = 1. β = [�3.34/2,� 3.34 ∗ 2] GPa with S�

p = [8.4, 4.8]%. η = 0.04
Pas and u = 0.25 m/s.

θ = 0.85 is set at the inlet while ambient density is applied at the outlet.
Also for this case, the constant β expression produces results close to
the mineral oil with a load difference of 0.54%. However, the original
Dowson & Higginson expression deviates significantly from the mineral
oil with a load difference of 22%. Great differences are also seen in
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Figure B.11: Pressure solutions across the domain for the converging
gap geometry with H0 = 1 μm and A = 0.25 μm and boundary conditions
θw = 0.85 and θe = 1. �: S�

p = 22%, �: S�
p = 0.54%. η = 0.04 Pas and

u = 0.25 m/s.

Fig. B.12 for the different values of β.

The conditions at the inlet are significant in many respects. We
have seen that various compressibility models produce similar solutions
in a pressure range reaching up to 50 MPa, but become significantly
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Figure B.12: Pressure solutions across the domain for the converging
gap geometry with H0 = 1 μm and A = 0.25 μm and boundary conditions
θw = 0.85 and θe = 1. β = [�3.34/2,� 3.34 ∗ 2] GPa with S�

p = [25, 19]%.
η = 0.04 Pas and u = 0.25 m/s.
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Figure B.13: Geometries with parallel gaps, two sinusoidal waves with
a difference in frequency both at (x < L/2) with H0 = 10 μm and A =
0.5 ∗ H0.

different if the inlet is starved. Let us use the fitted Dowson & Higginson
compressibility expression and focus on some geometrical aspects. In
Fig. B.13, two sinusoidal waves applied to the left half of the geometry
are shown. The inlet film thickness is H0 and H0 + A respectively, but
is the same at the end of the two sinusoidal waves. Pressure solutions
for this geometry can be seen in Fig. B.14. Geometry with the smaller
film thickness at the inlet produces higher pressures. The results are
somewhat unexpected, since the geometry with a greater film thickness
at the inlet is likely to cause a greater compression of the fluid. In this
case, however, the sinusoidal geometry is able to pull a larger amount
of fluid into the domain up to the point where the gap expands and the
fluid cavitates. The non-dimensional density at the location of the first
sinusoidal wave is shown in Fig. B.15. Here, the fluid tends to become
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Figure B.14: Pressure solutions across the domain for the sinusoidal
geometry at (x < L/2) with H0 = 10 μm and A = 0.4 ∗ H0 m and
boundary conditions pw = 1e + 05 and pe = 1e + 05 Pa. S�

p = 35%.
η = 0.04 Pas and u = 0.25 m/s.
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Figure B.15: Density solutions across the domain for the sinusoidal ge-
ometry at (x < L/2) with H0 = 10 μm and A = 0.5 ∗ H0 and boundary
conditions pw = 1e + 05 and pe = 1e + 05 Pa. η = 0.04 Pas and u = 0.25
m/s.

more compressed for geometry 2 until the earlier diverging gap leads to
an earlier cavitation, thus affecting the compression.

If the same sinusoidal waves as in Fig. B.14 are squared, we get
a film thickness as in Fig. B.16. Here, the smallest film thickness is
H0. The pressure results can be viewed in Fig. B.17. If the inlet is
flooded, geometry 1 cavitates throughout the domain producing zero
load carrying capacity. Since the inlet film thickness for geometry 2
is larger than H0, some fluid compression can occur and the pressure
will rise across the domain producing a load carrying capacity. If the
geometry is pressurized, it is now even possible for the sin geometry to
produce a pressure build-up.
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Figure B.16: Geometries with parallel gaps, two squared sinusoidal waves
with a difference in frequency both at (x < L/2) with H0 = 10 μm and
A = 0.5 ∗ H0.
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Figure B.17: Pressure solutions across the domain for the cos2 at (x <
L/2) modified step geometry with H0 = 10 μm and A = 0.5 ∗ H0 and
boundary conditions pw = 2 ∗ 105 and pe = 105 Pa. η = 0.04 Pas and
u = 0.25 m/s.
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B.5 Conclusions

A generalized Reynolds equation that accommodates for an arbitrary
compressibility relation and cavitation has been derived. It has been
shown that different compressibility models can produce significantly
different results in a hydrodynamic pressure range. Load carrying ca-
pacity is especially sensitive to the type of compressibility relation used
if the inlet is starved, indicating the need to employ realistic density-
pressure relations. To predict cavitation regions, fractional film content
and pressure better, more physical dependent variables, such as viscos-
ity, might be needed. Surface roughness close to the inlet has been
shown to have important effects on load carrying capacity.
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Abstract

This paper describes a method to compute the flow factors that com-
pensate for an arbitrary surface roughness in a compressible hydrody-
namic lubrication based on a homogenization technique. The Reynolds
equation is used as the governing equation and the two-scale expan-
sion involved in the homogenization process enables the local roughness
scale to be treated separately from the global geometry scale. With this
method, it is possible to compute the flow factors for any deterministic
roughness. Measured two-dimensional surface profiles are used as ex-
amples. Profiles having the same Abbot curve are also shown to have
the same flow factors, providing an efficient classification of surfaces in
hydrodynamic two-dimensional contacts. Flow factors are computed for
the rough surface profiles, and solutions for global bearing geometry are
obtained and compared with the corresponding solutions from a smooth
geometry.
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Nomenclature

x Spatial coordinate direction m
G Dimensionless surface roughness height, −r/rmax

Lx Fluid domain length in the x-direction m
u Surface velocity in the x-direction m/s
p Pressure Pa
pc Atmospheric pressure Pa
η Dynamic viscosity Pas
ρ Mass density kg/m3

ρc Density at atmospheric pressure kg/m3

θ Dimensionless density, ρ/ρc

h Fluid film thickness m
h̄ Nominal fluid film clearance m
h0 Minimal fluid film clearance m
β Bulk modulus Pa
Γ 6ηu/β
ε Wavelength measure of the local surface roughness scale m
ξ x/ε
φx Couette flow factor
φs Poiseuille flow factor
ψ, χ Solutions to the local problems
N Number of grid nodes for the cell problem
α rmax/h̄

Surface Roughness Parameters
σ Standard deviation
Λ h0/Rq

Ra Average surface roughness m
Rq RMS surface roughness m
Rsk Skewness of surface roughness
Rk Kurtosis of surface roughness
r Surface roughness height m
rmax Maximum surface roughness height m
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C.1 Introduction

Surface roughness affects the performance in a lubricated contact in
various ways. Even if the surfaces are smooth on a macroscopic level,
asperities on a microscopic level may affect the overall performance in
terms of pressure build-up, film thickness and friction. As computer
performance increases, the theoretical simulations of lubricated contacts
become more focused on treating the roughness. However, deterministic
computations become difficult even with today’s computers, since the
length of a typical asperity is much smaller than the total length of the
contact. Thus, it is desirable to find a way to reduce the number of
degrees of freedom (d.o.f.) and still treat the effects from the surface
roughness.

Various methods of tribological simulations that consider the influ-
ence of surface roughness have been developed. All methods help to im-
prove knowledge and push development in the right direction. Stochas-
tic theories such as those reported by Tzeng and Saibel [50] for one-
dimensional transversal roughness and by Christensen [51] for longi-
tudinal and transversal roughness, are early ways of dealing with the
effects of roughness in hydrodynamic lubrication. Elrod [52] performed
a multiple-scale analysis for two dimensional roughness where he as-
sumed that the characteristic wavelength is small enough to permit the
approach.

Some methods such as the one presented here are based on comput-
ing factors that compensate for the surface roughness in a global bearing
simulation. Precursors of such an approach are Patir and Cheng who
contributed with [1, 2], and led the way to numerous publications by
other authors. Patir and Cheng derived a method that rewrites the
Reynolds equation in terms of the averaged flow factors for control vol-
umes, and is applicable to any roughness structure. The flow factors are
determined empirically by simulating model bearings with surfaces hav-
ing certain roughness statistics. More recently, variations of the Patir
and Cheng flow factor computations include Lunde and Tønder [53],
Letalleur et al. [54] who study flow factors for sinusoidal surfaces that
can be retrieved analytically near contact, Wang et al. [55], who use
the Patir and Cheng approach and incorporate a contact model and ex-
tend the problem into a mixed EHD model, and Harp and Salant [56],
who use the flow factor model and formulate the flow problem to treat
inter-asperity cavitation.
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Recent work has focused on homogenization techniques when treat-
ing the surface roughness. The flow problem is decoupled into two prob-
lems – the homogenized problem on the macroscopic scale describing
the bearing geometry and the local (or cell) problem on the microscopic
scale describing the roughness. Examples of such work include Kane
and Bou-Said [11] who compare homogenization and direct techniques,
Jai and Bou-Said [12], who compare homogenization and averaging tech-
niques, and Bayada et al. [13], who use a homogenization technique that
also treats the concept of cavitation.

In this work we present an approach to generate flow factors that
compensate for the surface roughness in the full film hydrodynamic
regime by using the homogenized results of the compressible Reynolds
equation presented by Almqvist and Dasht [20]. The flow factors can be
computed for an arbitrary periodic two- or three-dimensional roughness,
permitting the use of measured surface topographies of real surfaces.

The advantages of computing flow factors this way are its straight-
forwardness and rapidity, and its rigorous mathematical foundation and
complete unambiguity with only the roughness as input. The drawback
of an approach based on the findings of Patir and Cheng [1, 2] is the
existing ambiguities in determining the flow-factors, e.g. how to trun-
cate the solution of the local problem to reduce the influence of the
local boundary conditions, such as Harp and Salant in [56]. In the cur-
rent work, a two-dimensional surface roughness is considered and four
measured surface profiles are used as a numerical test case.

C.2 Theory

The current method is based on the Reynolds equation, which is well
suited for simulating thin fluid film flows in, e.g., bearings. However, a
simulation of a complete bearing including the surface roughness is not
feasible because of the amount of d.o.f. required to resolve the roughness.
Therefore, a way to separate the effects of the surface roughness from the
effects of the global geometry of the bearing is described. This method
is completely unambiguous and mathematically well-founded. A surface
can be well represented by using two geometry scales is assumed, where
one scale is much smaller than the other. Hence, the total film thickness
can be expressed as

h(x) = h0(x) + h1(x/ε), ε > 0, (C.1)
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where h0 represents the global geometry scale and h1 the roughness
scale, which is an arbitrary periodic function expressed in one period
with a wavelength parameter ε. For this condition, the compressible
Reynolds equation is homogenized by Almqvist and Dasht [20]. The
homogenization process involves an asymptotic two-scale expansion for
the solution variable and allows ε → 0. This permits the local and global
problems to be treated separately. Since the global problem does not
involve any rapid oscillations, fewer numbers of d.o.f. are required in
the solution process.

r̄ = 0
−r

rmax

h h0 h̄

Figure C.1: Film thickness and related parameters.

Now consider a measured two dimensional surface profile r(x) with
a zero mean value. In the hydrodynamic contact the profile and related
measures are shown in Fig. C.1. The film thickness of the lubricated
contact can now be expressed as

h(x) = h̄ − r. (C.2)

The film thickness is constant in time and the stationary compressible
Reynolds equation constitutes the basis in this work, viz.

d

dx

(
ρh3

12η

dp

dx

)
=

u

2

d (ρh)

dx
, (C.3)

where p is pressure, η viscosity and ρ density. Expressing the equation
in terms of density as dependent variable is convenient; hence, we define
the dimensionless density as

θ =
ρ

ρc
, (C.4)
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where ρc is the density at ambient pressure p = pc. We assume that
p = p(θ) and it is therefore possible to apply the chain rule on the
pressure gradient, i.e.

dp

dx
=

dp

dθ

dθ

dx
. (C.5)

Substituting the expression for the pressure gradient and θ into the
Reynolds equation yields:

d

dx

(
θh3

12η

dp

dθ

dθ

dx

)
=

u

2

d (θh)

dx
. (C.6)

Assuming further that the bulk modulus, defined as

β = θ
dp

dθ
, (C.7)

can be treated as a constant, yields the following expression relating
pressure to density:

p = pc + β ln(θ) (C.8)

and the equivalent expression relating density to pressure:

θ = exp

(
p − pc

β

)
. (C.9)

Note that the constant bulk modulus gives rise to an exponential expres-
sion for θ(p) which is an acceptable compressibility relation for a limited
pressure range; see [57] for a more comprehensive discussion regarding
this matter. Under this condition Eq. (C.6) can be written:

d

dx

(
h3 dθ

dx

)
= Γ

d(θh)

dx
, (C.10)

where Γ = 6ηu/β. To obtain a homogenized equation in a more general
form, independent of Γ, we define the following dimensionless parame-
ters:

H =
h

h̄
; G =

−r

rmax
; α =

rmax

h̄
; x̄ =

6ηux

βr2
max

; p̄ =
p

pc
. (C.11)

Assume that a sufficient length of the surface is measured, so that r
can be seen as a periodic function. Then, let r = r(ξ), which now
corresponds to h1 in Eq. (C.1) where ξ = x/ε and ε corresponds to
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the wavelength of the period constituted by the whole length of the
surface measurement. In dividing Eq. (C.2) by h̄ and using the above
expressions, the dimensionless film thickness equation can be written as

Hα(ξ) = 1 + α (G(ξ) − 1) , 0 ≤ α < 1, (C.12)

where the subscript indicates that α is a parameter. As α goes from zero
to one, the clearance h goes from infinity to zero. It should be noted
that the mean value of H always equals unity and, as α decreases, H
becomes smoother and equal to unity for α = 0. Substituting Hα, p̄ and
x̄ into Eq. (C.10), the dimensionless form of the equation becomes:

d

dx̄

(
H3

α

dθ

dx̄

)
=

d (θHα)

dx̄
. (C.13)

Note that Hα is periodic for all values of α. The corresponding homog-
enized equation (see Almqvist and Dasht [20]) yields:

d

dx̄

(
φxα

dθ

dx̄

)
=

d

dx̄
(φsαθ) , (C.14)

where

φxα =

∫ 1

0

H3
α (ξ)

(
1 +

∂ψα

∂ξ

)
dξ and

φsα =

∫ 1

0

(
Hα (ξ) − Hα (ξ)3

∂χα

∂ξ

)
dξ.

(C.15)

ψ and χ are solutions to the local problems on a unit cell, i.e. the local
roughness scales that are given by

∂

∂ξ

(
H3

α

∂ψα

∂ξ

)
= −

∂
(
H3

α

)
∂ξ

and

∂

∂ξ

(
H3

α

∂χα

∂ξ

)
=

∂Hα

∂ξ
.

(C.16)

Integrating once with respect to ξ yields

Cα = H3
α

(
1 +

∂ψα

∂ξ

)
and

Dα = Hα − H3
α

∂χα

∂ξ

(C.17)
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where C and D are dependent only on the parameter α. By integrating
once more and utilizing the cell periodicity, i.e. the periodicity of the
surface roughness measurement, the coefficients in Eq. (C.15) can be
written

φxα =

[∫ 1

0

H−3
α dξ

]−1

, φsα =

∫ 1

0

H−2
α dξ

[∫ 1

0

H−3
α dξ

]−1

(C.18)

and the partial differential equations have been reduced to integrals of
only powers of H because of the one dimensional dependence of the cell
problem. For three-dimensional surfaces the two integration steps above
are not feasible and partial differential equations still need to be solved
on the cell.

In the dimensionless Reynolds equation the local problems are inde-
pendent of Γ. Since the local problems are solved on a unit cell domain,
the physical spatial properties of the roughness are diminished. This
means that the non-dimensionalization of x in Eq. (C.11) has no influ-
ence on the solutions of the local problems, though the local problem is
dependent on the parameter α and the special kind of measured surface
roughness. This permits the local problems to be solved for 0 ≤ α < 1,
producing flow factors φx and φs as functions of α, which contribute from
different roughness G(ξ) to a global coarse homogenized problem. With
a database of previously computed flow factors, the non-dimensional
homogenized equation can be directly solved on the non-dimensional
coordinate x̄ to achieve the solution θ. Instead of using the somewhat
inconvenient definition of x̄ the dimensionless homogenized equation can
be directly scaled into a dimensional form:

d

dx

(
φx(x)h̄(x)3

dθ

dx

)
=

d

dx

(
φs(x)h̄(x)Γθ

)
, (C.19)

where φx and φs are the continuous function equivalences of the paramet-
rized φxα and φsα that are retrieved by interpolation or curve fit to
become functions of x.

The flow factors only depend on the particular surface roughness and
the nominal film clearance h̄ or α. In fact, for two-dimensional surface
profiles as presented here, the flow factors only depend on, besides h̄ or
α, the height distribution of the surface roughness, i.e. the Abbot curve.
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C.3 Results

C.3.1 The Effect of the Two-Scale Approach

In the two-scale approach involved in the homogenization process, the
wavelength measure ε of the local roughness scale is set to approach
zero. This is obviously not the case for real surfaces where the significant
roughness scales have finite wavelengths. However, if local and global
scales differ significantly in size the approach could be motivated. To
justify this assumption the homogenization approach can be compared to
a deterministic approach whose solutions are compared from a geometry
with a consecutively decreasing wavelength. For shorter wavelengths the
deterministic solution should approach the homogenized. Consider the
film thickness equation

h = h0 + A sin

(
2πx

εLx

)
, (C.20)

where h0 is a convergent gap and A = min(h0)/10. This film thickness
is shown in Fig. C.2 with two sinusoidal waves of different wavelengths
ε shown in the same figure with boundary conditions. Deterministic
and homogenized pressure solutions for this geometry are shown in Fig.
C.3. As the wavelength decreases, the deterministic solutions approach
the homogenized. Good correspondence between the deterministic and
homogenized solutions is achieved for a finite and relatively large value
of the wavelength, ε = 2−8, corresponding to about 0.4 mm. This moti-
vates the treatment of the limit ε → 0 in the homogenization process.

Outlet, p = 0Inlet, p = 0

u0 0.1
0

h
m

x m

4
5
×10−6

Figure C.2: A convergent gap geometry model with boundary conditions
and sinusoids as the periodic roughness. Here, two sinusoids are shown in
the same plot where ε = 2−5 and 2−3.
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Figure C.3: Pressure distribution along a converging gap with sinusoidal
roughness for homogenized and deterministic cases (left) and a magnified
part of the domain (right) with different wavelengths for the deterministic
cases.

C.3.2 Flow Factors

In this section four measured two-dimensional surface topographies are
used in the numerical examples. The machining process and some of
the surface parameters are given in Table C.2, where surface A greatly
differs from the other surfaces in Ra value. Surfaces B and D are quite
similar but differ significantly in skewness Rsk. The Abbot curve for
the four profiles can be seen to the left in Fig. C.4. This cumulative

Table C.2: Data for the four original surface profiles. All surfaces are
uni-directionally ground and additional machining processes are shown.

# Additional rmax Ra Rq Rsk Rk

machining [μm] [μm] [μm]

A Phosphated & 2.2 0.93 1.2 -0.99 4.3
dephosphated

B 1.0 0.29 0.37 -0.49 3.3
C 3×chemically 0.57 0.13 0.17 -0.010 3.6

deburred
D shot-peened 1.4 0.37 0.47 0.032 3.0
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Figure C.4: Abbot curve for the surfaces in dimension (left) and dimen-
sionless (right).

height distribution contains all height information about a surface such
as for example Ra, Rq, Rsk and Rk but no spatial information. Since the
simulations consider the dimensionless surface roughness the cumulative
height distribution in terms of G, is shown for clarity to the right in Fig.
C.4 where the mean value of G equals unity. The results to be discussed
are based on these dimensionless height distributions that are used as one
wavelength of the periodic local roughness scale in the homogenization
process.

The surface measurements consist of 512 equally spaced nodes, dis-
tributed on a length of 4.2 × 10−4 m. To accurately compute the flow
factors, the d.o.f. of the measurement needs to be increased due to the
non-linear manipulations of H in Eq. (C.18). Since the measurement
points are the only information we have of the original surface, a linear
interpolation of the measurement is performed, because it is assumed
that no information will be added or removed and the surface repre-
sentation will become identical to that of the measurements, only more
d.o.f. added to the solution process. To get an idea of the sufficient
grid resolution, the change of flow factors as the grid spacing is reduced
can be displayed. We define the difference in solutions between two
consecutive grid spacings δ and its double spacing 2δ as

φ̂ = 2

∣∣φ2δ − φδ
∣∣

φ2δ + φδ
, (C.21)

where φ̂ is taken at some value of α. The convergence of φ̂ as the
grid resolution is increased for surface A is seen in Fig. C.5, where the
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Trapezoidal and Simpson’s integration rules have been compared for
the integrations in Eq. (C.18). The convergence for the problem where

N

c φ
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Differentiation
Trapezoidal rule integration
Simpson’s rule integration
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10−4

10−2

100

(a)

N
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s
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Simpson’s rule integration

210 212 214 216
10−4

10−2

100

(b)

Figure C.5: Flow factor convergence at α = 0.98 as a function of spatial
resolution for three computation methods.

the differential equations (Eq. (C.16)) have been solved through second
order differencing is also shown. Such differential equations need to be
solved for three-dimensional surfaces, though it should be noted that
the time required to solve Eq. (C.15) and (C.16) versus the integrals in
Eq. (C.18) is almost 40 times large. It can be seen in Fig. C.5 that the
grid resolution is important for all solution methods. The differentiation
and the Trapezoidal rule integration methods show similar convergence
rates, but the Simpson’s rule integration converges significantly faster
than the other two. Because the integrals of H are non-linear, the
Simpson’s integration rule will predict the correct integrals faster than
the Trapezoidal. The Simpson’s rule for the flow factor computations in
Eq. (C.18) will be used in the continuation of this paper.

Fig. C.6 shows a visualization of the convergence of φ̂ as the grid
resolution is increased for all four surface roughness profiles. To achieve
a good representation of the flow factors, many points need to be inter-
polated into the original profiles. The flow factors are more sensitive to
grid resolution for a value of α close to unity, i.e. close to mechanical
contact. However, the flow factors for a film thickness approaching zero
are rather uncertain regardless of the resolution, since the hydrodynamic
regime is somewhat violated. In this paper we consider a resolution of
216 grid nodes sufficient to compute the flow factors.

Finding classes of surface roughness that affect the pressure in a hy-
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Figure C.6: Flow factor convergence as a function of spatial resolution.

drodynamic contact similarly is desirable, i.e. having the same flow fac-
tors. Eq. (C.18) shows that the coefficients of the homogenized Reynolds
equation can be written in terms of integrals of H. This means that the
flow factors for two-dimensional surface profiles depend only on the Ab-
bot curve. To numerically demonstrate this property, Abbot curve s
from the original surface profiles are used and the points at discrete lev-
els of the curves are randomly spatially distributed to produce surfaces
having the same Abbot curve. A fully randomized surface could have
the highest and lowest points as neighbors, which would demand an
extremely dense mesh. The distribution of points is instead controlled
by introducing certain rules so that points are allowed to be positioned
spatially close to existent points at a higher level. If this is not possible,
new peaks are formed from where points can be positioned at a lower
level.
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Figure C.7: Standard deviations of φx for the five random profiles and
the original profile for each surface where N = 216.

Five profiles are created for each original surface profile in the above
manner and the standard deviation of φx between the five randomized
plus the original profiles are plotted as a function of α in Fig. C.7.
The standard deviation for each surface is small, as can be seen by the
figure, and reaches a maximum at α close to one. The same applies for
standard deviations of φs but with a maximum of less than 3.5 × 10−7.
The standard deviations approach zero close to α = 0. Thus, it is also
shown numerically that the Abbot curve acts as an unambiguous two-
dimensional surface classification in hydrodynamic lubrication with this
homogenization approach.

Finally, the flow factors for the 4 original surfaces with 216 grid nodes
are shown in Fig. C.8 for the complete range of α. α = 0 represents an
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Figure C.8: Flow factors against α for all surfaces.
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infinite separation of the surfaces, or in the dimensionless case, smooth
surfaces. For this case, the flow factors are unity for all surfaces, without
any influences from the roughness. As α increases, the influence from the
roughness increases. At the extreme of α = 1, i.e. mechanical contact,
no fluid can pass the asperities of the surface roughness and the flow
factors become zero. Surface A has the roughest profile among the four
and constitutes the greatest flow restriction for most of the α-range.
However, at an α close to one, the A flow factor shows a lower flow
restriction than the other profiles. At this zone, the flow factors become
more sensitive to profiles’ appearances at the asperity peaks.

C.3.3 Application Examples

Some dimensional bearing examples where the computed flow factors
are used to solve the homogenized problem will be shown. The non-
dimensional flow factors for the original profiles are used and scaled into
dimensional flow factors (see Section C.2), allowing the homogenized
equation to be solved for the dimensional spatial domain. The flow fac-
tors needed for the corresponding film thickness are discretely retrieved
by cubic spline interpolation from the computed flow factors. In all sim-
ulations, the domain length in the x-direction Lx = 0.1 m, η = 0.14
Pas, β = 109 GPa, u = 1 m/s and pc = 105 Pa, which are also the inlet
and outlet Dirichlet boundary conditions. Side leakage is not consid-
ered, since the one-dimensional Reynolds equation is used and the load
carrying capacity, therefore, becomes greater than for two-dimensional
problems.

To verify if the local problems are adequately resolved in terms of
roughness resolution N to produce sufficiently accurate solutions to the
dimensional homogenized problems, the convergence in the load carrying
capacity between two consecutive grid densities, N , and its double grid
nodes equivalent, 2N , is computed as

Ŵ = 2
|W2N − WN |

W2N + WN

where W =

∫ Lx

0

p dx. (C.22)

Fig. C.9 shows the load convergence for the linear gap geometry with
h̄ = (6 − 10x) × 10−6 m, as seen in Fig. C.2 except with the measured
profiles instead of the sinusoidal waves as the roughness scale. A uni-
form convergence rate is reached for a resolution greater than N = 211.
The load carrying capacity is considered as sufficiently converged for a
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resolution of N = 216, which is used when displaying all dimensional
results.

N
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Figure C.9: Convergence in load carrying capacity as a function of grid
resolution for converging gap. Ŵ < 2.8 × 10−5 for all surfaces at highest
resolution with N = 216.

The pressure distributions in a convergent gap is shown in Fig. C.10,
where the four original surface profiles were used as roughness and one
geometry without roughness marked S. The global geometry quantity
h0(x) is the same for all cases, i.e. all surfaces are equally close to
mechanical contact, see Fig. C.1. The differences in pressure build-up
become large when the problems for the same minimum clearance h0

for all surface profiles are solved. The surface profiles are significantly
different in terms of rmax, thus h̄ will differ considerably when keeping
h0 the same. Of course, the differences increase with a decrease in
film thickness. The roughest surface has the smallest pressure build-up,
whereas the smooth geometry produces the highest pressure.

When comparing the pressure solutions achieved from the original
surface measurements again, though without keeping a constant value of
h0, the mean separation h̄ is kept constant in Fig. C.11. Here, the pres-
sure profiles were shifted so that the roughest surface, A, produces the
highest pressure and the smooth stands for the lowest. This is expected
since the roughest surface has material closest to the contact and will
restrict the flow the most when keeping h̄ constant. The smooth geom-
etry S creates the smallest pressure and is also furthest away from the
contact. Due to the smooth nature of surface C as well as the relatively
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Figure C.10: Pressure across the domain for a converging gap geometry,
h0 = (3.4 − 4x) × 10−6 m. The four original surface profiles are used and
S signifies a geometry without roughness.

large separation, the pressure is close to that of surface S. Therefore,
to compare pressure distributions from different surface roughness, the
type of surface separation measure to utilize (h0, h̄ or other) becomes
an important factor depending on what properties are of interest.

Taking the reasoning concerning the surface separation measure one
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Figure C.11: Pressure across the domain for a converging gap geometry,
h̄ = (4.4− 4x)× 10−6 m. The four original surface profiles are used and S
signifies a geometry without roughness.
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step further, similar conditions as in the previous two figures were ap-
plied in Fig. C.12, i.e. with the same angle of tilt of the converging
gap. The difference is the surface separation measure here governed by
a common value of Λ that is achieved by scaling the value of h0 for each
surface profile. For these conditions, the smoothest surface C produces
by far the highest pressure. To keep the same value of Λ, h0 needs to be
small for that surface profile. Since it is relatively smooth compared to
the other surfaces, the lubricant flow restriction will be high. Surface A
has a negligible pressure build-up with this Λ-value.
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Figure C.12: Pressure across the domain for a converging gap geometry
with constant tilt angle. The original surface profiles are used and min(h0)
is scaled so that Λ = 10 is kept constant in all four cases.

Consider a converging gap geometry with max (h0) = min (h0) + 1
μm. In Fig. C.13 (left) the minimum value of h0 (see Fig. C.1) is
plotted as a function of load carrying capacity for the rough profiles
and a smooth, denoted S. The ordering of the minimum film thickness
follows the ordering of Ra values for the roughness profiles, with sur-
face A standing for the smallest film thicknesses and the smooth S for
the largest. It is also clear from the figure that as the film thickness
increases the influence of roughness decreases. The film parameter Λ is
shown instead of min(h0) on the vertical axis to the right of Fig. C.13.
Therefore, only solutions from the rough surface are shown. By view-
ing the results this way, the differences between the surfaces increase,
especially for low loads.
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Figure C.13: The minimum film clearance (left) and the minimum Λ-
value (right) as functions of load carrying capacity for the converging gap
geometry. S in the left figure indicates a smooth surface.
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C.4 Conclusions

In this paper, a homogenization technique is considered for the com-
pressible Reynolds equation. This approach involves an asymptotic two-
scale expansion of the film thickness. For a lubrication problem involv-
ing rough surfaces, this method provides a mathematical approach that
separates the hydrodynamic effects at the local scale, representing the
surface roughness, from the hydrodynamic effects at the global scale,
representing the bearing geometry. The conclusions are as follows:

• A novel method of computing dimensionless flow factors for ar-
bitrary surface roughness using a homogenization technique has
been developed.

• The method provides flow factors for arbitrary global geometries
within the full film regime.

• It has been shown that different two-dimensional profiles having
the same Abbot curve give the same flow factors, thus providing
an efficient classification system for surfaces intended for operation
in full film lubrication.
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Abstract

A model to be used for numerical simulation of the contact of linear elas-
tic perfectly plastic rough surfaces was developed. Energy dissipation
due to plastic deformation is taken into account. Spectral theory and
an FFT-technique are used to facilitate the numerical solution process.

Results of simulations using 4 two-dimensional profiles with differ-
ent topographies in contact with a rigid plane for a number loads are
reported. From the results it is clear that the real area of contact (Ar)
changes almost linearly with load and is only slightly affected by the
difference in topography. A plasticity index is defined as the ratio of
plastically deformed area (Ap) and Ar. Plastic deformation occurs even
at low loads and there is a significant difference in plasticity index be-
tween the surface profiles considered.

An investigation on how the spectral content of the surface profile
influences the results presented is also performed. This is to ensure that
the metrological limitations of the optical profiler used to measure the
surfaces do not have a significant influence. It is concluded that the
highest frequencies of the measured profile have a negligible influence
on the real area of contact.
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D.1 Introduction

Surface machining has the purpose to produce topographies, in a cost
effective way, that has a positive influence on contact conditions. For
some applications the product life may be of highest importance and a
machining process must be chosen so that wear is minimized. In other
applications, low friction is of primary importance and one of the tasks
of the surface topography might consequently be to adapt the real area
of contact to that. The service life may be significantly reduced if the
topography yields a small real area of contact that cause high contact
pressure and increase the risk of wear.

Modeling topographies of real surfaces is a difficult task because
of their random structures. Various approaches to model the contact
between surfaces have been reported in the literature. Greenwood and
Williamson [58] (GW), considered topographies consisting of hemispher-
ically shaped asperities of uniform radius. They assumed that the as-
perities had a Gaussian distribution, in height, about a mean plane.
Greenwood and Tripp [59] extended this approach to handle the contact
between two rough surfaces. More improvements to the GW approach
were added by: Whitehouse and Archard [60], Nayak [61], Onions and
Archard [62], Bush et al. [63, 64] and Whitehouse and Phillips [65, 66].
However, the input needed in these types of models is deduced from
surface measurements. More precisely, all of them are based on asper-
ity curvature. This parameter depends on the measurement resolution
(Poon and Bhushan [67]) and does also vary in between individual as-
perities. It is, therefore, a difficult task to find the correct input value
for the model. Moreover, use of only a few parameters to describe a sur-
face generates a one-to-many mapping, i.e., the same set of parameters
can be deduced for surfaces obtained by completely different machining
processes.

Along with the accelerating computer development, deterministic ap-
proaches to the contact problem have been developed. These are getting
more and more realistic as the computational speed increase. However,
simplified models of the material and/or the topography are still needed.
This is required to minimize the computing time and to be able to study
effects independently. For example, the Hertzian contact assumes lin-
ear elastic, frictionless materials and parabolic surface profiles for which
an analytical solution is available. Westergaard [68] showed that it is
possible to solve the contact between a single frequency sinusoidal sur-
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face in contact with a rigid plane analytically. On a micro scale these
analytical solutions represent quite realistic topographies. However, the
coupling to asperities at other scales is neglected and a more complete
representation is therefore needed.

Except different ways to model the mating materials and the topog-
raphy, there are numerous deterministic numerical techniques that can
be applied to solve contact problems between rough surfaces. Lubrecht
and Ioannides [69] applied multilevel techniques to facilitate the numer-
ical solution of the elastic contact problem. Ren and Lee [70] applied
a moving grid method to reduce storage of the influence matrix when
the conventional matrix inversion approach is used to solve the contact
problem of linear elastic bodies with rough surfaces. Björklund and
Andersson [71] extended the conventional matrix inversion approach by
incorporating friction induced deformations. This was done by using the
assumption of linear elastic material. Ju and Farris [72] introduced an
FFT-based method to solve the elastic contact problem. Stanley and
Kato [73] combined this FFT-based method with a variational principle
to solve both, the 2D and the 3D, contact problem of rough surfaces.

It should be noted that, the contact between realistic topographies,
under relatively small loads, leads to plastic deformations. See for exam-
ple, Tian and Bhusan [74] who based the theoretical model on a varia-
tional principle for both linear elastic and linear elastic perfectly plastic
materials. In contrast to the model of Stanley and Kato, the present
model incorporate linear elastic perfectly plastic materials and is here
used to study the rough nominally flat line contact. The model takes
into account the energy dissipation due to plastic deformation. In this
way not only the in-contact topography and the corresponding pressure
distribution but also the unloaded plastically deformed topography may
be obtained. Care is taken to investigate whether the metrological limi-
tations of the optical topometer used to measure the topographies have a
significant influence. That is, because of the measurement size, some low
frequency content will be lost and because of limitations in resolving the
topography, some high frequency content will be lost. For this purpose
an investigation on how the spectral content of the surface profile, orig-
inating from measured topography, influences the results presented is
also performed. Both under the assumption of pure elastic material and
elasto-plastic material. Finally, the nominally flat elasto-plastic contact
between four surface profiles and a rigid plane was investigated, while
applied load (force per unit length) was varied.
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D.2 Theory

A contact mechanics problem can be governed by the minimum potential
energy theory. Pressures and displacements can be obtained by solving
a minimum value of an integral equation, i.e., a variational problem, see
Kalker [75]. For the variational approach, assuming frictionless linear
elastic contact, the equations to be solved are given as

min
p≥0

(f) = min
p≥0

(
1

2

∫
S

pudS +

∫
S

pgdS

)
, (D.1)∫

S

pdS = W,

where p is the pressure, u is the normal displacement, g is the gap be-
tween the undeformed surfaces and W is the applied load. For two
elastic half spaces, assuming plain strain, the total normal surface dis-
placement u (x) in 2D for a given pressure distribution can be obtained
from the equation

u (x) = −
2

πE∗

∫ ∞

−∞

ln |x − s| p (s) ds + const,

where 1/E∗ =
(
1 − v2

1

)
/E1 +

(
1 − v2

2

)
/E2. In the case of a sinusoidal

pressure profile p (x) of one frequency only, it is possible to find the
exact, closed form solution for the normal surface displacement u (x),
see for example [76]. The relationship

p (x) = α cos (ωx) ⇐⇒ u (x) =
2α

ωE∗
cos (ωx) + const,

where ω = 2πk/L, can be interpreted as the complete contact of two
sinusoidal, elastic half spaces, assuming plain strain. It is possible to
rewrite this relationship in a more general form

U (ω) = H (ω) P (ω) (D.2)

where U (ω), P (ω) are the Fourier transformations of normal displace-
ment and pressure respectively and H (ω) = (2α) / (ωE∗) is the transfer
function. Equation (D.2) forms together with Eq. (D.1) the basis of the
solution technique to be used in this paper.

For the linear elastic contact, the numerical solution procedure pro-
posed by [73] is adopted here. However, some modification of this pro-
cedure is necessary to solve the contact problem assuming linear elastic
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- perfectly plastic materials. To account for the energy dissipation due
to plastic deformations the gradient of f has to be modified according
to ∇f = ue + up + g, where ue and up is the elastic and the plastic
displacement respectively. The procedure is then to be iterated until
ue, up and p satisfy (D.1) under the constriction 0 ≤ p ≤ Hs, where Hs

is the hardness of the softer material. In this way not only the linear
elastic perfectly plastic, loaded topography and the corresponding pres-
sure distribution but also the unloaded plastically deformed profile are
obtained. A full description of the method and numerical technique will
be presented in a separate paper.

D.3 Surface Characterization

The limitations of the surface measurement apparatus may introduce
difficulties when characterizing surfaces. These may lead to different
characterizations of the same surface, which in turn may lead to contra-
dictive conclusions on how the topography influences the contact con-
ditions. For a 2D profile, it is possible to filter the topography through
its discrete Fourier series, either directly in the frequency domain or by
truncation of the profile discrete Fourier series as shown by

gn (x) =
n∑

k=1

ak sin (2πkx/L) + bk cos (2πkx/L) ,

where N is the number of sampling points, L ≈ 0.4 mm is the length of
the measured profile and the discrete filter frequency n ≤ N/2 − 1 (low
pass). In this investigation N = 512. It should also be noted that this
work considers line contacts which means that the particular profile must
be chosen so that it is good representative for the whole domain. It also
restricts, in different ways, the surface topography to have a specific
lay, e.g, a clear directioning of surface asperities. Figure D.1 shows
how the real area of contact, for the assumed nominally flat contact, in
the case of linear elastic- and linear elastic perfectly plastic- materials,
depends on the filter frequency (n). It is clear that the limitations of
the apparatus used do not affect the percentage of real area of contact
Ar/An = Ar/L since a constant value is attained for n significantly
smaller than N/2 − 1. The lowest value of n, for which Ar/An can be
considered as constant, depends on the applied load. However, for the
theoretical model to be valid, the ratio, Ar/An need to be small, maybe
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Figure D.1: Percent real area of contact as a function of the number of
frequencies n for surface profile D loaded with 100 kN/m.

even smaller than for the case of 100 kN/m load presented in Fig. D.1.
The surface roughness parameters Ra (averaged roughness), Rq (rms
roughness), skewness (SK) describing the degree of symmetry of the
distribution, kurtosis (K) describing the peakiness of the distribution
and the surface mean separation were also considered to be functions n,
in the same way as described for Ar. The results of this investigation
showed that all parameters could accurately be predicted by using a
surface profile representation with a value of n significantly smaller than
N/2 − 1.

Hence, for the results presented in this work the measurement reso-
lution can be considered sufficient.

Based on this particular result the measurement resolution is here
considered to yield sufficiently accurate results in contact mechanical
simulations.

D.4 Results

Two-dimensional profiles from four different steel surfaces [77] are stud-
ied, each originating from different machining processes. All of these
are hardened and their hardness is for the numerical simulations set to
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Hs = 4.0 GPa. The modulus of elasticity (E) and the Poisson ratio (ν)
were assumed to be 210 GPa and 0.3 respectively for all four surfaces.
The surfaces are initially unidirectional ground and the profiles are taken
perpendicular to this direction. But as Table D.1 shows, their 2D pro-
files differ because of additional machining of the surfaces. Due to these
different additional machining processes, the surfaces will generate dif-
ferent contact conditions. These contact conditions are here represented
by various statistical surface parameters, e.g., Ra, Rq, SK, K, but also
the percentage of real area of contact Ar/An, the plasticity index Ap/Ar

and the mean separation of the surfaces. Mean separation is defined as
the distance between the rigid plane and the mean height value of the
loaded, ‘in-contact’, surface profile.

Table D.1: Data for the four undeformed surface profiles.

# Machining Ra(μm) Rq(μm) SK K

A Unidirectional ground + 0.93 1.2 -1.0 4.4
Phosphated & dephosphated

B Unidirectional ground 0.3 0.38 -0.25 3.2
C Unidirectional ground + 0.14 0.18 -0.022 3.5

3×chemically deburred
D Unidirectional ground + 0.35 0.45 -0.069 3.1

shot-peened

To enrich the data given by Table D.1 the Abbott-Firestone bearing
ratio curve and the probability density distribution of the four different
topographies are visualized in Fig. D.2. It is clear, both from Table
D.1 and Fig. D.2, that surface profile A is much rougher than the other
ones. This surface is phosphated and then dephosphated. It inherits
some special properties from that, but in the numerical simulations the
hardness of this surface is set to 4.0 GPa as for the other surfaces.
Surfaces B and D differs because of the fact that D is shot-peened.
This can be seen in the table as increased R-parameter values for surface
profile D, and in the figure both as an overall increase but also as a small
peak on the profiles at the upper part of the surface. Surface C differs
from B because it is chemically deburred which has smoothed the profile
significantly.

There is a close relationship between the Abbott-Firestone bearing
ratio and the height distribution P (z), i.e., P (z) can be obtained by
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Figure D.2: Abbot-Firestone bearing ratio (left) and the height distri-
bution (right).

differentiating the Abbot-Firestone bearing ratio with respect to z. Be-
cause of this form of relationship P (z) shows an amplification of certain
properties of the Abbot-Firestone bearing ratio which makes it a good
complement in characterization of surfaces. In Fig. D.3 surface profile D
and the corresponding plastic deformation (shaded area) after unloading
of 100 kN/m is shown to give some additional insight.
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Figure D.3: Undeformed profile D and the corresponding plastic defor-
mation (shaded area) after unloading of 100 kN/m.

The real area of contact is an important quantity in terms of surface
performance under different running conditions. The real area of con-
tact may influence the force of friction as well as the amount of plastic
deformation. The percentage of real area of contact Ar/An for the four
surfaces is plotted as a function of load in the left of Fig. D.4. It can be
seen that the real area of contact increases almost linearly with load. In
the right of Fig. D.4 the plasticity index (Ap/Ar) is plotted for the four
surfaces. It should be noted that the relationship between the plasticity
index and applied load is quite linear in the high load region. It is also
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clear that surface profile A is subjected to the largest amount of plastic
deformation, which might be explained by its R-parameter values. Even
though the R-parameters of surface profile A are significantly larger
than those for the other surface profiles they do not differ significantly
in terms of the percentage of real area of contact. For surface profile
C, the plasticity index is low and the real area of contact is high, which
also is suggested by its comparably small R-parameter values. Surface
profiles B and D have quite similar R-parameter values, and the reason
of the higher Ap/Ar ratio for D is probably explained by its slightly
lager R-parameter values.
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Figure D.4: Percent real area of contact (left) and plasticity index (right).

In Figure D.5, the Ra- and the Rq-values for the four surfaces are
plotted as functions of load in the left and right sub-figure. The variation
with load is small and the decrease is linear. In terms of magnitude of
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Figure D.5: Ra (left) and Rq (right).
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the R-parameters, Table D.1 suggests a ranking of the surface profiles,
i.e.: A, D, B, C. From Fig. D.5 it is clear that this ranking is preserved
when increasing the load.

In the same way, Table D.1 suggests a ranking in terms of the skew-
ness SK. As shown to the left in Fig. D.6 this ranking is also preserved
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Figure D.6: Skewness (left) and kurtosis (right).

when increasing the load. However, the SK-parameter values seem not
to posses the strong linear behavior, as for the R-parameters, except for
surface profile A. The kurtosis (K) is visualized to the right in Fig. D.6.
Considering the ranking suggested by Table D.1, for the kurtosis, a vari-
ation can be observed as the K-parameter values for C rapidly decrease
in the low load region when increasing the applied load. From this fig-
ure it can also be concluded that load alters the kurtosis of C the most
and D the least. Finally, the surface mean separation was considered as
a function of load in Fig. D.7. Also here, the ranking in terms of the
R-parameter values is kept when varying the applied load.
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Figure D.7: Mean separation as a function of load.
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D.5 Conclusions

Results from a numerical method for the contact between linear elas-
tic perfectly plastic rough surfaces is presented. The model takes into
account the energy dissipation due to plastic deformation. Based on
simulations of four different surface profiles originating from measured
topographies the following conclusions can be drawn:

• The highest frequencies of the measured profile have a negligible
influence on the real area of contact.

• The four surface profiles show similar behavior in terms of the real
area of contact, the plasticity index, the R-parameters and mean
separation, when increasing the applied load.

• The real area of contact is almost independent of the R-parameter
values.

• The plasticity index is highly dependent of the R-parameter values.
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Abstract

A mixed lubrication flow factor model that permits real three-dimension-
al surface roughness as input is presented. A contact mechanics model
is used to treat the linear elastic perfectly plastic displacement of a
periodic roughness signal with cyclic convolution through FFT. A ho-
mogenization method is used to calculate flow factors for undeformed
and deformed roughness measurement data where the flow factors are
produced for all lubrication regimes. A method of adapting the mea-
sured signal to suit the numerical models are developed and presented
in detail. The mixed lubrication model is validated through flow mea-
surements for three different rough surface test specimens where good
agreement is shown. Simulation of a hydrodynamic bearing was con-
ducted and results are presented in terms of pressure distributions and
Stribeck curves covering all lubrication regimes. The results indicates
that the mixed lubrication model here presented would be capable to
suite as an efficient and accurate engineering design and research tool
for tribological devices operating in all lubrication regimes with real
surface roughness included.
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Nomenclature

An Nominal contact area m2

Ω Global domain in R
2

xi Global coordinate in Ω m
Y Local domain, Y = [0, 1]2

yi Local coordinate in Y
p Fluid pressure Pa
pd Surface contact pressure Pa
W Total nominal load carrying capacity Pa
Wd Nominal surface contact load Pa
Q Fluid flow m3/s
T Traction Nm
E′ Composite Young’s modulus of the surface material Pa
u Total surface displacement m
U Sliding velocity of smooth surface m/s
η Fluid dynamic viscosity Pas
ρ Fluid mass density kg/m3

λ 6ηU
h Roughness aperture m
h1 Periodic roughness function m

ĥ Arithmetic mean of h m

ĥ1 Arithmetic mean of h1 m

hr Scale parameter for h (hr = ĥ in Fig. E.22) m
α Rigid global body separation, see Eq. (E.37) m
ε Roughness cell length m

Ãij Homogenized pressure flow factor, i = (1, 2), j = (1, 2)

B̃i Homogenized shear flow factor
φi Patir and Cheng pressure flow factor
φ′

s Modified Patir and Cheng shear flow factor
�i Indicating coordinate directions (1, 2)
�0 Indicating global homogenized quantity
�ε Indicating parametrization in ε
�α Indicating parametrization in α
�d Indicating deformed surface quantity
DNS Direct numerical simulation
HNS Homogenized numerical simulation
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E.1 Introduction

The mixed lubrication interface may be characterized by colliding sur-
face asperities, mechanical deformations, lubricant flow transport and
chemical reactions to mention a few parameters. A combination of all
internal parameters such as surface material, surface roughness and op-
erating conditions of a tribological device will affect the output parame-
ters of interest for the user, for instance friction, wear rate and leakage.
Or, energy efficiency, service life and environmental impact by using an
other terminology. The physical conditions of an interface operating
in mixed lubrication are extremely complex. The interacting surfaces
are often required to withstand severe conditions with wear as a result,
which ultimately may lead to failure.

In order to design components with improved performance, a deeper
understanding of the tribological interface is needed. This work is, as
most of the previous, an attempt to model mixed lubrication theoreti-
cally are based on combining theories of contact mechanics and hydro-
dynamics.

Greenwood and Williamson (GW) [58] developed a model to treat
the contact between a nominally flat elastic rough surface and a rigid
plane. Surface asperities with spherical summits of constant radii but
randomly varied heights were considered. The elastic displacement was
calculated using Hertzian theory and interaction between the asperities
was not considered. GW considered also the contact of two rough sur-
faces and a generalization of their previous model was presented in [59].
This is today the most frequently used contact models and has been
used in various mixed lubrication models, e.g. [78–82].

Other ways of simulating the contact of randomly rough surfaces
has been made by Persson [83,84] where it is assumed that the surfaces
may be described as self-affine fractals. His model treats surfaces with
different levels of roughness length scales and the probability distribution
of pressure is studied, rather than the spatial distribution.

Some efficient deterministic contact models considering the Boussi-
nesq problem have been made to calculate the convolution describing
elastic displacement. Brandt and Lubrecht [85] developed a multilevel
multisummation (MLMS) method which reduces the number of algebraic
equations to be evaluated. Ju and Farris [86] introduced the method
of calculating the convolution by means of continuous Fourier trans-
forms for one-dimensional elastic contact problems in order to reduce
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the demands of computer memory and made use of FFT to increase
computational speed. Stanley and Kato [87] combined the continuous
convolution FFT (CC-FFT) method in [86] with a variational princi-
ple to solve both the one-dimensional and the two-dimensional partial
contact problem of rough surfaces.

Wang et al. [88] described a way to implement the method of discrete
convolution FFT (DC-FFT) and compared this with direct summation
(DS) and multilevel multisummation (MLMS). They concluded that the
DC-FFT method was the fastest method even for non-periodic problems.

Among the first attempts to build a theoretical model of the mixed
lubrication problem was made by Chistensen [51,89,90]. In reference [51]
Christensen developed a stochastic theory for hydrodynamic lubrication
of rough surfaces, with longitudinal and transversal lay, i.e., surfaces
exhibiting striations in a direction being parallel and perpendicular, re-
spectively, to the direction of motion. The work was extended towards
a simple mixed lubrication model in [90]. The surface roughness was
modeled as a random variable with a Gaussian height distribution and
elastic displacement was not considered. The contact mechanical load
carrying pressure contribution is taken as a constant value for the rough-
ness interference zone. The model was extended by Lebeck et al. [91],
to take the elastic displacement into account due to face pressure and
thermal and friction effects.

Patir and Cheng (PC) [1,2] were the first to develop a model applica-
ble to arbitrary surface topography an thus, not limited to transversal or
longitudinal lay. The derived an average flow model based on computing
flow factors for rough model problems. The flow factor are included as
coefficients in a modified Reynolds equation to simulate a smooth global
problem with the averaged effects from the deterministic roughness.

Some examples of authors incorporating the PC method in mixed
lubrication simulation models are Ruan, Salant and Green [92], with
a model for mechanical face seals and Polycarpou and Etsion [80, 81].
More precisely, they used the elastic displacement model from GW [58],
extended by Chang et al. [93] to treat plastic flow, and the PC method
for the hydrodynamics. Other examples of work using the PC method
include Lo [94], who presented an approach based on a porous medium
model, Wang et al. [95] incorporating an FFT based elastic contact
model and extended the problem to a mixed EHD model, and Harp
and Salant [96], who formulated the flow problem to treat inter-asperity
cavitation.
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One problem with the PC method lies in the derivation of the model,
which fails in that no off-diagonal terms are present in the flow factor
tensors. Hence, effects due to anisotropic roughness or roughness having
a diagonal lay (with respect to the flow direction) might not be detected
properly in the solutions.

More thorough derivations of flow factor methods were made by El-
rod [52] and Tripp [97] who discussed the off-diagonal terms of the flow
factor tensor. Elrod made an analytical approach and was the first to
make a multiple scale analysis for arbitrary topographies. He found
that the effects of a general striation pattern, i.e., a striation pattern
with an arbitrary lay direction, could not be detected properly in the
PC method. A similar conclusion was made by Peeken et al. [98] who
showed that the results based upon the PC method differed substan-
tially from the Tripp and Elrod models when surfaces with an arbitrary
lay direction were used as input.

The technique of homogenization allows to replace a highly inho-
mogeneous structure (that in the present study is the rough surface
aperture) with an equivalent homogeneous structure which reflects the
most significant features of the original inhomogeneous problem. Sim-
ilar to other flow factor methods, transport coefficients are computed
by solving local cell problems for deterministic surface roughness. The
coefficients are used in the homogenized equation to capture the effects
of the surface roughness on a coarse global problem.

Early approaches of homogenization in tribology include [3–10]. Ex-
amples of later work are Bou-Said et al. [11,12,12–14]. Other recent pub-
lications where the method of homogenization is used include [15–21,99].

In this paper we present a model to simulate mixed lubrication in the
interface between three-dimensional measured surface roughness. The
model is based on computing flow factors that considers the effects of
the specific surface roughness in all lubrication regimes from completely
separated surfaces to mixed lubrication.

To model the influence of contacting surface asperities a DC-FFT
contact mechanics approach considering elastic perfectly plastic dis-
placement was adopted. For the hydrodynamic contribution the ho-
mogenization technique known as multiple scales expansion was utilized
to homogenized the Reynolds equation describing incompressible flow.
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E.2 Theory

In this section we describe the gap between two rough surfaces in a
lubricated conjunction and discuss the assumptions made and their im-
plications. The equations that are used in the contact model and the
fluid mechanics model are presented and their validity discussed.

E.2.1 Rough Surface Aperture

The relative position between the mating surfaces interacting in a tribo-
logical contact, is critical to the performance of the interface. A useful
feature in thin film lubrication is that it suffices to consider the relative
gap, frequently referred to as the film thickness, between the surfaces.
This paper deals with mixed lubrication and the gap between the sur-
faces may be zero. Therefore, we will use the term aperture, and we
define the global aperture as the function describing the relative dis-
tance between the two interacting rough surfaces on the global scale,
i.e., h0(x) ≥ 0, ∀x ∈ Ω ⊂ R

2.

In this terminology, the influence of the roughness from the particu-
lar surfaces is small in the case of a large aperture between the interact-
ing surfaces. As the aperture decreases, the contribution from surface
roughness plays a more and more important role and at the point of con-
tact mechanical interaction between asperities, the roughness influence
is crucial to the performance.

Surface roughness generally consists of a large spectrum of frequen-
cies, some of which are more important than others in the specific inter-
face.

The model proposed in this paper assumes the interface to be de-
scribed by exactly two separable scales. This means that for the model to
be valid the largest significant wavelength must be significantly smaller
than the length of the tribological interface. It is realized that this is a
very vaguely posed criterion, however, as has been shown many times
before, e.g. [11, 20, 100], this requirement is met for roughness patterns
exhibiting wavelengths that are likely to be found in realistic applica-
tions.

In Fig. E.1 an example of rough surface is shown. A white square
has been added to indicate the characteristic roughness wavelength, i.e.,
this is the window of periodicity for the surface specimen. The part of
the surface within the square is mathematically modeled by the local
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Figure E.1: An example of a surface measurement with the representative
part (h1) indicated by a white square.

aperture function h1(y) where the local coordinate system is y ∈ Y =
[0, 1]2.

The total aperture between the surfaces is defined as the sum of the
global geometry component and the roughness component as

h(x, y) = h0(x) + h1(y) = h0(x1, x2) + h1(y1, y2), (E.1)

where h1 is periodic on Y with typical wavelength ε << Ω and with
arithmetic mean located at the level of h0. The above definition of the
total aperture is the basis for the simulation approach used in this paper.

E.2.2 Contact Mechanics

This section describes the approach used to calculate the frictionless
elastic perfectly plastic displacement due to surface asperity contact.
The approach is similar to that outlined by Stanley and Kato in [87] and
later modified to account for plastic displacement by Almqvist et al. in
[101]. Due to the very specific aperture description in the current work,
the contact mechanics model is presented in more detail in this section.
The focus here is on the deformation on the local scale of the aperture,
h1(y). It is, however, possible to couple the global displacement on h0

with the displacement of the local surface roughness h1.
Simply by adding the local scale displacement contribution u(y) to

the description of the undeformed aperture Eq. (E.1) we obtain an
expression for deformed aperture

h(x, y) = h0(x) + h1(y) + u(y). (E.2)
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The total displacement u may consist of an elastic component, ue, and a
plastic component, up, i.e., u = ue + up. Remark that h ≥ 0 everywhere
and that the patches of zero-aperture define the contact plane. Let
the arithmetic mean of the local roughness component h1 be described
by ĥ1. As previously defined, the level of the arithmetic mean of h1

is positioned at the level of h0 in the total aperture h. This means
that the global geometry scale at the global contact patches, xc, may
be described by h0 = ĥ1 − g00 where g00 is the rigid-body movement
(interference) of the bodies in contact. The rigid body movement may be
resembled by the distance a corresponding rigid plane is pushed into the
deformable counter surface and is thus a direct result of the displacement
u. By incorporating this information into Eq. (E.2) we may describe
the aperture on the local scale corresponding to the coordinate y on the
form

h(y) = ĥ1 + h1(y) + u(y) − g00, ∀x ∈ xc. (E.3)

Due to the subtraction of the rigid body movement, the definition above
ensures that the aperture is always zero at contact spots. Note that
the current deformation model does not consider tension between the
surfaces in contact.

A deformed rough aperture will have a contact area that is less than
the total nominal area, i.e. unless completely deformed demonstrating
100% contact area, the aperture consists of patches with and without
contact. Thus, the following auxilliary system may be posed:

hd(y) > 0, pd(y) = 0, y /∈ yc, (E.4a)

hd(y) = 0, pd(y) > 0, y ∈ yc, (E.4b)

0 ≤ pd(y) ≤ pp, ∀ y ∈ Y, (E.4c)

where yc defines the contact spots on the local scale and pp is the
hardness of the softer surface. The subscript d has been added to indi-
cate that hd is the deformed aperture. The solution to the above system
is illustrated in Fig. E.2, which shows the relation between the pressure
and deformed aperture.

The amount of elasto-plastic displacement and thus the shape of
the deformed aperture hd is here governed by the load carried by the
aperture, i.e., the shaded area in the figure, defined as

Wd =
1

An

∫∫
Ω

pd(y) dy, (E.5)



E.2. THEORY 141

Wd

hd

pd

Figure E.2: Relation between contact pressure pd and the deformed
aperture hd. The total load Wd carried by the deformed aperture is the
total area beneath pd, here illustrated by the shaded areas. The surfaces
in the aperture are elastically deformed everywhere except at sub-regions
of the two rightmost contact spots where the asperities are also plastically
deformed (pd = pp).

The elastic displacement contribution ue of u in Eq. (E.3) may, accord-
ing to the Boussinesq-Cerruti theory, be calculated from

ue = K ∗ pd =

∫ ∞

−∞

∫ ∞

−∞

K(y − s) pd(s) ds, (E.6)

where the notation (K ∗ pd) has been introduced to denote the linear
convolution of K and pd. The convolution kernel K, according to the
frictionless elastic half-space assumption, is defined as

K(y − s) =
2

πE′

1√
(y1 − s1)2 + (y2 − s2)2

, (E.7)

where E′ is the composite elastic modulus expressed as

1

E′
=

1 − ν1

E1

+
1 − ν2

E2

, (E.8)

with Ek being the Young’s modulus of elasticity and νk being the Pois-
son’s ratio for surface k = 1, 2.

The elastic displacement of a rough aperture with partial contact can
usually not be calculated analytically and thus needs to be evaluated
numerically on a finite domain. The discrete version of Eq. (E.6) is the
cyclic convolution written as

(ue)ij = (K ∗ pd)ij =
N∑

k=1

M∑
l=1

Ki−k,j−l (pd)kl,

i = 0, . . . , N − 1, j = 0, . . . , M − 1.

(E.9)
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Note that K is periodic such that

K−k,−l = KN−k,M−l, k = 0, . . . , N − 1, l = 0, . . . , M − 1. (E.10)

The evaluation of the sums in Eq. (E.9) requires N2×M2 operations.
For rough surfaces the contact mechanics problem requires numerous
sampling points (N and M) to adequately represent the aperture. This
means that the evaluations of the sums become extensive in terms of
data storage and computing time.

The continuous convolution theorem states that the linear convolu-
tion of K(y) and p(y) may be computed as a simple point-wise mul-
tiplication of their Fourier transforms. This applies also to the cyclic
convolution in Eq. (E.9) with discrete Fourier transform (DFT). Let
F{f} and F−1{f} be the DFT and the inverse discrete Fourier trans-
form (IDFT) of f , then,

(ue)kl = (K ∗ pd)kl = F−1 {F{Kkl} · F{(pd)kl}} ,

k = 0, . . . , N − 1, l = 0, . . . , M − 1,
(E.11)

requiring only O((N×M) log(N×M)) operations in contrast to direct
summation with O

(
N2×M2

)
operations. The discrete contact mechan-

ical system to be solved may now be written as the following set of
equations and inequalities, where the load governs the pressure distri-
bution and thus the amount of displacement:

(hd)kl = ĥ1 + (h1)kl + F−1 {F{Kkl} · F{(pd)kl}} − g00, (E.12a)

(hd)kl = 0, (pd)kl > 0, (k, l) ∈ Ic, (E.12b)

(hd)kl > 0, (pd)kl = 0, (k, l) /∈ Ic, (E.12c)

Wd =
δ1δ2

An

N∑
k=1

M∑
l=1

(pd)kl. (E.12d)

Here δ1 and δ2 are the grid spacings in the two coordinate directions.
The pressure pd is approximated as piecewise constant at each element
spanned by (k, l), (k + 1, l), (k, l + 1) and (k + 1, l + 1).

The rigid-body movement g00 in Eq. (E.12a) is a constant associated
with the location of the contact plane. Because the above system is
determined by Wd, g00 may be removed from the system in the solution
process. Since the contact plane is located at the minimum of hd, which
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is zero by definition, the rigid body movement g00 can be easily retrieved
from u.

Of course, the fast Fourier transformation (FFT) algorithm is em-
ployed for the computation of the discrete Fourier transformations in Eq.
(E.12a). The execution time for FFT depends on size of the matrix to
be transformed, though it is fastest for sizes that are powers of two. Liu
et al. [102] developed the concept of computing the elastic displacement
with discrete convolution and FFT, commonly abbreviated DC-FFT.

The discrete cyclic convolution, Eq. (E.11) or (E.9), requires periodic
input and produces periodic output. Hence, the convolution kernel K, as
well as the rough aperture h1, need to be periodic on the computational
domain, here defined by Y . However, this is not a limiting restriction.
On the contrary, this requirement for periodicity is well suited to the
model presented in this paper, since it is also a necessary requirement
for the hydrodynamic model and thus for the two-scale assumption in
the current mixed lubrication model. The periodicity requirement will
be discussed further in later sections.

To adequately address non-periodic contact problems with cyclic
convolution, the input pd needs to be extended with zeros to reduce
the periodicity effects from the boundaries. Liu et al. [102] and Wang
et al. [88] explain in detail how to properly implement the cyclic convo-
lution in non-periodic contact problems. Even though the extension of
the domain for non-periodic problems is detrimental to computational
efficiency, Wang et al. [88] showed that DC-FFT is currently the most
efficient method to compute the elastic deformation.

Algorithm for Elasto-Plastic Contact

The algorithm we prescribe to solve the contact mechanical system for
the partial contact defined in Eq. (E.12) is similar to the one outlined by
Stanley and Kato in [87]. The main difference is that we also consider
plastic displacement.

The algorithm is a process of finding a pressure distribution such
that both the pressure and the displacement conform to Eq. (E.12). In
the process of finding pd, both negative pressure and pressure greater
than pd may appear.

Let us, therefore, define I0 as the indices (of the grid nodes) where
there is no mechanical contact (pd = 0), Ie as the indices representing
contact zones with only elastic displacement (0 < pd < pp) and Ip the
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Guess pd

pd ← pd − (ue + h1)

Update the indices I0, Ie and Ip and
compute Wd according to Eq. (E.12d)

taking into account that
(pd)I0 = 0 and (pd)Ip = pp

Wd within
tolerance?

Shift pd ↑ or ↓

Truncate pd, i.e.
(pd)I0 = 0 and (pd)Ip = pp

Calculate ue for pd according to Eq. (E.11)

Retrieve g00 and the contact plane:

g00 = (h1 + ue)Ie

Plane = (h1 + ue)Ie − g00

Plane within
tolerance?

(up)I0 = (up)Ie = 0
(up)Ip = g00 − (h1 + ue)Ip

u = ue + up

No

Yes

No

Yes

1

2

3

4

5

6

7

8

9

Figure E.3: Flow chart of the present contact mechanics algorithm.

indices representing contact zones with both elastic and plastic displace-
ment (pd ≥ pp).

As an example, by using this notation the pressure at the indices with
only elastic displacement will be denoted (pd)Ie . The contact mechanics
algorithm used in this paper may now be summarized by the flow chart
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in Fig. E.3, together with the following explanation with corresponding
numbering:

1. Start the iteration by “guessing” a pressure distribution pd that
fulfills the criterion (E.12d).

2. Adjust the pressure by means of the elastically deformed roughness
function. The contact plane is used as a convergence criteria and
the value of C depends on residual of the convergence.

3. Update the indices and calculate the load, Wd. The pressure distri-
bution may contain values below zero and above pp, but the load is
calculated from the pressure such that (pd)I0 = 0 and (pd)Ip = pp.
Note that the pressure distribution is never truncated at this stage.

4. Check if the calculated Wd corresponds to the specified load. If
not, shift the contact pressure up or down.

5. Truncated the pressure: (pd)I0 = 0 and (pd)Ip = pd.

6. Calculate the elastic displacement from the truncated pressure uti-
lizing Eq. (E.11).

7. Calculate the rigid body movement and the contact plane. Note
that we only include the indices of purely elastic displacement.
The indices of elasto-plastic displacement are not included. Due
to the assumption of perfect plasticity, the points on the surfaces
belonging to Ip will unconditionally float to the contact plane.

8. As for the convergence criteria, we check that the points on the
deformed surface (h1 + ue − g00) at the indices indicating elastic
contact (Ie) are sufficiently close to a plane. Note that this means
that it is not possible to achieve convergence in a case when all
points on the surface undergoes plastic displacement. Fortunately,
if this would occur the solution is obvious and there is no need for
an iterative solution method.

9. The pressure distribution, corresponding to the prescribed load,
that elastically deforms the roughness function h1 such that points
of only elastic displacement form a plane has been obtained. We
may now calculate the plastic displacement and thus the total
displacement.
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The algorithm is based on finding the truncated pressure distribu-
tion, i.e., 0 ≤ pd ≤ pp, that gives rise to the appropriate elastic displace-
ment, using the contact plane as the criteria for convergence. Therefore
the indices of both elastic and plastic displacement, Ip, are removed from
the contact plane criteria. By calculating the elastic displacement (stage
6 in Fig. E.3) with the truncated pressure distribution, we ensure that
all points corresponding to Ip will have the correct contribution to the
elastic displacement everywhere in the domain. The plastic displacement
up is obtained directly from the contact plane when the convergence cri-
terion has been fulfilled. The points on the surface corresponding to Ip

will, by definition, unconditionally float to the contact plane. A very
important feature of the prescribed algorithm is that if (re-)employed
taking the plastically deformed surface profile from the previous run as
input, then by definition, this will return a solely elastic displacement.
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Figure E.4: A loaded model surface (upper right) and the corresponding
elastic and plastic contributions below.

In the upper right part of Fig. E.4 a loaded model surface roughness
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is shown. Zero on the vertical axis represents the location of the lowest
point of the unloaded surface. The different curves represent the loads
(Wd = 0, 50, 100, 400, 800 MPa) and the location of the contact plane is
easily seen for each curve.

For high enough load the surfaces will remain plastically deformed
at certain locations after unloading. This is shown in the sub-figure just
below the loaded surface where the corresponding plastically deformed
surface is plotted for different loads. The plastic displacement for the
surface is plotted in the lowest sub-figure to the right.

To the left in the middle of Fig. E.4 the loaded surface is plotted
with the plastic displacement excluded. The contact planes are rep-
resented by black dots, which are the points used in the contact plane
convergence criterion. The corresponding elastic displacement is plotted
at the bottom to the left.

A magnified part of the elastic displacement from Fig. E.4 is shown
in Fig. E.5 to properly display the points representing the contact plane,
also here indicated by black dots. It can be seen that the curve corre-
sponding to Wd = 50 MPa does not exhibit plastic displacement. For
the higher loads (Wd = 100, 400, 800 MPa) there are four contact points
in this region with solely elastic displacement, while all other points are
deformed both elastically and plastically.

Elastically deformed surface

x1 (mm)

0.360.37 0.38 0.39
0

5

Figure E.5: A magnified part of the elastically deformed surface from
Fig. E.4.

E.2.3 Homogenized Fluid Pressure

The hydrodynamic part in a tribological interface will here be modeled
by the Reynolds equation, homogenized with respect to the roughness.
Recall the definition of the two-scale aperture in Eq. (E.1). Let us now
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introduce a parameter ε > 0 that describes the wavelength of the surface
roughness and an auxiliary variable y defined as y = x/ε. The aperture
as a function of x only may then be described as:

hε(x) = h(x, x/ε) = h0(x1, x2) + h1(x1/ε, x2/ε). (E.13)

The Reynolds equation describing incompressible and iso-viscous for an
aperture modeled by the equation above may be written as

λ
∂ (hε)

∂x1

−∇ ·
(
h3

ε∇pε

)
= 0, (E.14)

where x ∈ Ω ⊂ R
2, λ = 6ηU and the subscript indicates the parametriza-

tion in ε. Now, consider the following multiple scale expansion of pε:

pε = p0(x) + εp1(x, y) + ε2p2(x, y) + . . . (E.15)

The result of the homogenization process, see Almqvist [20], is then that
the Reynolds equation (E.14) converges towards the following homoge-
nized equation as ε → 0:

∇ · (B(x)) −∇ · (A(x)∇p0) = 0, (E.16)

with the homogenized pressure p0 as output. The homogenized coeffi-
cients A and B are written as

A =

(
A1j

A2j

)
=

∫∫
Y

h3 (ej + ∇yχj) dy, j = 1, 2, (E.17a)

B =

(
B1

B2

)
=

∫∫
Y

(
λhe1 − h3∇yχ3

)
dy, (E.17b)

where y ∈ Y ⊂= [0, 1]2, and (e1, e2) is the canonical basis in R
2. χ1, χ2

and χ3, are solutions to the local problems, defined on Y , given below

∇y ·
(
h3 (ei + ∇yχi)

)
= 0, i = 1, 2, (E.18a)

∇y ·
(
λhe1 − h3∇yχ3

)
= 0. (E.18b)

For a rotating thrust bearing application, the cylindrical polar coor-
dinates (x1, x2) = (r cos θ, r sin θ) is convenient. The Reynolds equation
in cylindrical polar coordinates for the aperture defined by Eq. (E.13)
becomes

Λ
∂hε

∂θ
−∇ ·

(
h3

ε∇pε

)
= 0, (E.19)
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or is written out in its expanded equivalence as

Λr
∂hε

∂θ
−

1

r

∂

∂θ

(
h3

ε

12η

∂pε

∂θ

)
−

∂

∂r

(
rh3

ε

12η

∂pε

∂r

)
= 0, (E.20)

where λ = 6ηω. The corresponding homogenized version reads

∇ · (B(θ, r)) −∇ · (A(θ, r)∇p0) = 0, (E.21)

where the cell problems, Eq. (E.17), are also modified with r according
to the polar coordinate description, see [20].

The homogenized equation describes the roughness influence on fluid
flow in the limit of a vanishing wavelength ε → 0. Of course, this does
never occur in reality, where the roughness wavelength always remains
finite. This work involves measurements of the hydrostatic flow through
rough apertures. A comparison between the output from these exper-
iments and the modeled output from the proposed mixed lubrication
approach is made, in which the homogenized Reynolds equation governs
the fluid flow. The results compare well and serve as a validation or
justification for using the homogenization technique also for problems
considering apertures originating from surface measurements. More in-
formation on this topic can be found in [20, 100]. The theory presented
here may be extended to compressible lubrication [20] and for unsta-
tionary conditions [21].

E.2.4 Homogenized Fluid Flow

In this section the homogenized volume (or mass) flow based on the
homogenized Reynolds equation, Eq. (E.16), will be derived. The fluid
volume flow, according to the thin film assumption and with the aperture
defined in Eq. (E.13), may be written as

Q̄εi(x1, x2) =
1

Li

∫∫
Ω

(
U

2
hεe1 −

h3
ε

12η

∂pε

∂xi

)
dx1dx2, (E.22)

where the subscript ε indicates the parametrization and i the flow di-
rection. The homogenized form of this equation will be derived.

From Eq. (E.15) we see that the gradient of pε can be written as

∂pε

∂xi
=

∂p0

∂xi
+ ε

(
∂p1

∂xi
+

1

ε

∂p1

∂yi

)
+ ε2 × . . .

=
∂p0

∂xi
+

∂p1

∂yi
+ ε

∂p1

∂xi
+ ε2 × . . . .
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The zero-subscript refers to the homogenized quantity, such as the ho-
mogenized pressure p0. By making use of this we obtain the following
result∫∫

Ω

∂pε

∂xi
Φ(x, x/ε)dx −→

ε→0

∫∫
Ω

∫∫
Y

(
∂p0

∂xi
+

∂p1

∂yi

)
Φ(x, y)dydx, (E.23)

where y ∈ Y = [0, 1]2. Analogously with Eq. (E.23), the integrated
flow, Eq. (E.22), becomes:

Q̄εi −→
ε→0

1

Li

∫∫
Ω

∫∫
Y

[
U

2
he1 −

h3

12η

(
∂p0

∂xi
+

∂p1

∂yi

)]
dydx = Q0i, (E.24)

with Q0i being the homogenized flow in the i direction. From the homog-
enization process of the Reynolds equation, e.g. Kane and Bou-Said [11],
the coupling between p0 and p1 is given by

p1(x, y) =
∂p0

∂x1

χ1(x, y) +
∂p0

∂x2

χ2(x, y) + χ3(x, y) + C(x). (E.25)

Using the above expression for p1, note that p0 is a function of x only,
Eq. (E.24) for an arbitrary function C becomes

Q0i =
1

Li

∫∫
Ω

∫∫
Y

[
U

2
he1 −

h3

12η

(
∂p0

∂xi
+

∂p0

∂xj

∂χj

∂yi
+

∂χ3

∂yi

)]
dydx,

(E.26)
with summation index j = 1, 2 and i representing the flow direction. By
substituting the homogenized coefficients A and B into Eq. (E.26), the
homogenized flow becomes:

Q0i =
1

Li

1

12η

∫∫
Ω

(Bi − Aij∇p0) dx. (E.27)

E.2.5 Homogenized Fluid Traction

The fluid shear stress is given by

τi = η
∂ui

∂x3

, i = 1, 2. (E.28)
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By differentiating the velocity field (based of the thin film assumption)
with respect to x3 and evaluating the result at surface x3 = 0 we get

∂U

∂x3

∣∣∣∣
x3=0

= −
u

hε
e1 −

hε

2η

∂pε

∂xi
, i = 1, 2. (E.29)

The traction or friction force may then be expressed as

Fε =

∫∫
Ω

−τ1 dx =

∫∫
Ω

(
ηU

hε
+

hε

2

∂pε

∂x1

)
dx, (E.30)

in the sliding direction. As with the volume flow, the above equation will
as ε → 0 converge towards the homogenized traction, which is written
as

F0 =

∫∫
Ω

∫∫
Y

[
ηU

h
+

h

2

(
∂p0

∂x1

+
∂p0

∂xj

∂χj

∂y1

+
∂χ3

∂y1

)]
dydx, (E.31)

with summation over j = (1, 2), or,

F0 =

∫∫
Ω

(ηUd + e + C · ∇p0) dx, (E.32)

where

C =

⎛⎝∫∫
Y

h

(
1 +

∂χ1

∂y1

)
dy,

∫∫
Y

h

(
∂χ2

∂y1

)
dy

⎞⎠ ,

d =

∫∫
Y

1

h
dy, e =

∫∫
Y

h
∂χ3

∂y1
dy.

In the case of a rotating component, the frictional torque may be
expressed as

Tε =

∫∫
Ω

−rτθ r drdθ =

∫∫
Ω

(
ηωr

hε
+

hε

2r

∂p

∂θ

)
r2 drdθ, (E.33)

in polar cylindrical coordinates where (θ, r) ∈ Ω ⊂ R
2. Now, let x1 = θ

and x2 = r, the above equation will then, as ε → 0, become

T0 =

∫∫
Ω

(
ηωx2d +

1

2x2

(e + C · ∇p0)

)
x2

2 dx, (E.34)

where the pressure gradient and cell problems are solved from the ho-
mogenized Reynolds problem in cylindrical polar coordinates.
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E.3 Method

The method of performing a tribological simulation of a component with
the current model involves a number of steps that are described in this
section. The surface roughness measurements are discussed as well as
the method of adapting the measurement data to conform to the require-
ments of the model. The method of computing flow factors containing
the effects of the surface roughness, by using the equations from Section
E.2, is outlined. Moreover, the way to use the flow factors to simu-
late a tribological component is discussed. Finally, the method designed
to validate the mixed lubrication model through flow measurements is
presented.

E.3.1 Treatment of Rough Surface Measurements

As discussed in previous sections, we define the local roughness scale of
the aperture by the periodic function h1 = h1(y1, y2). In this section we
discuss the surface roughness measurements used in the continuation of
this paper as well as the steps performed to adapt the surface roughness
measurements for the simulations.

Rough Surface Test Specimens

Three differently machined surface test specimens was considered for the
flow measurements conducted here. These will be used as input rough-
ness data to the mixed lubrication model. Photographs (not roughness
measurements) of the specimens are shown in Fig. E.6. The flow is
in the vertical direction with length of 15 mm. The photographs are
cropped in the horizontal directions with a total length of 100 mm. The
dashed rectangle represents the total size of the roughness measurements
array, i.e. 5.0 × 3.8 mm.

Surface 1 is milled in such way that the main roughness lay is directed
(more or less) vertically, surface 2 is milled with lay in two directions
appearing as a cross pattern, and surface 3 is uni-directionally ground
with the lay in the vertical direction. In the flow factor computations
a subset of the measurement array, with the size of the dashed rectan-
gle in Fig. E.6, will be used. However, the whole test specimen with
the dimensions 100 × 15 mm has been used in an experimental setup,
designed to enable validation of the mixed lubrication model, that will
be described later in Section E.3.3. The test specimens, surfaces 1–3,
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CS

15 mm 1 2

3

Figure E.6: Photographs of the three rough surface test specimen, (1)
uni-directionally milled, (2) crossed milled, (3) uni-directionally ground,
and (CS) the polished counter surface.

are each mounted in the experimental setup with the gap between the
rough surface and the polished counter surface defining the aperture.
The hydrostatic leakage flow through the aperture is measured in the
experimental setup. The leakage in the vertical direction, as defined
in Fig. E.6, is monitored over the length of 60 mm in the horizontal
direction.

Roughness Measurements

A non-contact optical surface profiler (Wyko NT1100) was used to re-
trieve the surface roughness height information of the test specimens
demonstrated in Fig. E.6. The apparatus uses optical phase shifting and
white light vertical scanning interferometry with sub-nanometer vertical
resolution. At full resolution the measurement array consist of 736×480
discrete points of height data covering an area of 5.0 × 3.8 mm

The resulting recorded roughness height information will contain a
certain amount of noise, much depending on the optical properties of
the measured surface such as the reflectivity and roughness slopes. Also,
some points in the measurement array will not be assigned any height
information, i.e. invalid points.

Table E.2 shows the amount of valid points in the measurement ar-
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Table E.2: Surface roughness parameters from unmodified measurement
data for the three test specimens and the polished counter surface (CS).
The per cent sign refers to the amount of valid measurement points.

Surface % Sp μm Sv μm Sa μm Sq μm St μm

1 88 9.601 -5.565 2.568 3.213 15.166
2 98 9.546 -4.337 2.029 2.483 13.884
3 99 6.189 -5.405 1.663 2.021 11.594

CS 100 0.231 -0.094 0.019 0.024 0.325

ray, recorded at full resolution, and some topography data for the rough-
ness measurements of the three test specimens and the polished counter
surface (see Fig. E.6). From the table, it is evident that the counter
surface is considerably smoother (smaller values of the roughness height
parameters) than the test specimens and therefore, the roughness contri-
butions from the counter surface will be neglected in the computations.

There are many important aspects to consider when performing a
surface roughness measurement. Obviously, it is important to receive
as many reliable data points as possible. Things to consider with the
current equipment include the choice of using unfiltered or filtered white
light, light intensity, optics and setting a threshold value of what is to
be considered a valid measurement point. Further, it is important to
carefully correct the tilt of the specimen, even though the tilt may be
corrected digitally afterwords. Any tilt angle recorded in the data will
significantly affect the simulation results.

As mentioned in previously, the surface roughness representation is
assumed to be periodic in the proposed model and this has to be con-
sidered when performing the roughness measurements on a surface. The
measurement sampling window must cover a nominal surface area that
is sufficiently large to contain the most characteristic wavelengths of the
surface roughness. More precisely, the sampling window must be chosen
so that a subset of the window will include the significant roughness
content, and that this roughness content represents a periodical pattern
repeated on the surface.

The spatial resolution of the measurement is also important. The
higher the resolution, the higher the roughness frequencies that are de-
tected. It is important to differ between the resolution and magnification
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of the surface measurement. The surface magnification controls the size
of the measurement area and thus how well the recorded data meets the
proposed model’s periodicity requirement.

The spatial resolution of the measured signal controls the number
of degrees of freedom, which is a crucial factor affecting the numerical
solution process. The value of a specific output parameter will depend
on the choice of magnification and resolution. By decreasing the mag-
nification the size of the measurement area increase and eventually, if
permitted by the equipment, it would include the whole specimen. In
turn, the periodicity requirement is automatically fulfilled, which guar-
anties a converged value with respect to magnification. Considering the
resolution of the measurement, the limit for which the sought output pa-
rameter will attain a converged value is when an increase in resolution
expose no further features of significance.

The topic of resolution versus output parameters deserves an ex-
ample. The real area of contact is an output parameter of interest in
contact mechanics. Persson, who developed a contact mechanics the-
ory [83,84], proposed that most surfaces have a fractal nature and that
the real contact area of the loaded rough surface depends on the magni-
fication of the surface. He suggested that the real area of contact would
approach zero as the magnification increases. Almqvist et al. [101] cal-
culated the real area of contact for two dimensional roughness signals
(acquired at a certain measurement magnification) with rather different
characteristics. By using a contact model similar to the one outlined
in this paper they retained the spatial resolution constant and studied
the effect of reducing the spectral content of the roughness signal on the
real area of contact. It was shown that a low-pass filtering reducing the
spectral content to only half of the original content could be achieved
without compromising the accuracy of the prediction. When simulat-
ing the operation of a bearing, the key output parameters such as the
load carrying capacity, frictional torque and lift-off speed are of interest.
These parameters depend on the deformed roughness aperture, and the
precise value of the real area of contact is of subordinate importance.
Therefore it is important to identify the output parameters of interest
and investigate the influence of magnification and resolution on those
parameters.

Images of the roughness measurements from the surface test speci-
mens in Fig. E.6 are seen in Fig. E.7 where the sub-figures show three
different sampling windows on the respective surface. The white pix-
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(a) 1a (b) 1b (c) 1c

(d) 2a (e) 2b (f) 2c

(g) 3a (h) 3b (i) 3c

Figure E.7: Images of the unmodified measurement data from surfaces
1 (a, b, c), 2 (c, d, e) and 3 (f, g, h). The black rectangles mark the three
different sampling windows on each measurement; a, b and c. Sampling
window b and c are both subsets of a.

els represent invalid measurement points. The measurement window is
5.0 × 3.8 mm for all measurements. It can be seen that the main struc-
tures of all surfaces are fairly periodic by nature. Based on a visual
inspection it is possible to choose the sampling windows for surface 1
and 2 to fulfill the model’s requirement of periodicity. The question is
where to place the sampling window and how many periods that needs
to be considered. This is why three sampling windows are chosen for
each of the measurements. If the roughness parameters greatly change
between the sampling windows and the original data, it is likely that the
results from simulations will be unrepresentable.

The measurement window of surface 3 is slightly too small in the
vertical direction to contain one period of the slightly slanted striation.
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This means that sampling window 3a (g) will have somewhat discontin-
uous boundaries in the vertical direction. If instead a smaller sampling
window is chosen in the vertical direction, as in (h) and (i), the vertical
boundaries will be more continuous. However, this is at the expense of
a reduced amount of information in the vertical direction. The different
sampling windows will later be compared in simulations.

Numerical Treatment

Once the sampling window is specified, the roughness signal needs to
be adapted to conform to the requirements for the mixed lubrication
model. After conducting a tilt angle correction and other global shape
modifications of the data, the data is linearly interpolated on a grid
with uniform spacing. Because FFT is used in the contact mechanics,
the resolution is chosen to the nearest powers of two greater than the
original resolution.

The first significant modification applied to the roughness measure-
ment data is to remove points that can be assumed to be noise or un-
representative peaks and valleys in the extreme values of the surface.
This is done by using the cumulative distribution of height values (Ab-
bot curve) for the surface. The procedure is to split up the roughness
measurement height values into a specified number of bins. For the sur-
faces processed in this work 1000 bins was considered. The roughness
data is then cut at the height value of the first bin from the top and
the bottom containing a specified number of measurement points. It is
of course important to review these choices in relation to the studied
application. This data point cut-off was applied on the three rough sur-
face test specimens. The result is visualized in Fig. E.8 showing the
Abbot curve and a two-dimensional representation of the respective sur-
face roughness. As the figure shows, some points may appear far from
the location of the main data. Such points may have a large influence on
the simulation results, which demonstrates the importance of the cut-off
procedure. Some of these points are valid and some may originate from
bad reflections of light. In either case, this cut-off method will eliminate
most of the extreme peak and valley data that could be considered to
not belong to the main data.

Periodic roughness representations are expected in both the contact
mechanics and the hydrodynamic two-scale approach. Therefore, the
next step in the modification of the roughness signal is to adapt the
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Figure E.8: Left: the Abbot curve with the cut-off points marked in
black for the three surface measurements. Right: Visualization of the cut-
off of the roughness data for the respective surface measurement. The data
for sampling window a is shown for all surfaces.

edges of the data to improve conformity to the periodicity requirement.
All three surfaces exhibit a strongly periodic pattern, which facilitates
choosing the sampling window. For most surfaces it would be a del-
icate task to choose a sampling window, since they will not feature a
sufficiently smooth transition at the periodic boundaries. One example,
related to the simulation of the flow measurements performed in this
work, of a detrimental effect due to not having such a periodic match
between the boundaries is that the discontinuities at the edges creates
a restriction for the fluid flow. This would certainly not be the case
in a real application. Another example of the effects of the sharp non-
periodic edges is the ringing or rippling effect that may occur throughout
the domain when performing Fourier filtering or convolution.

The edge modification is done by a technique of blurring the edges
of the data. In the procedure, a Gaussian low-pass filter is first applied
to the data in the frequency domain. A Gaussian 2D transfer function is
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used where the appropriate size and standard deviation can be chosen for
the particular type of roughness. The shape of the Gaussian distribution
used in this paper was determined through experimentation.

The edge modified data is calculated as the weighted sum of the
original data and the blurred data. The weighting function is based on
the auto-correlation function of the transfer function. This procedure
will make the modified data identical to the input data at the central
part of the domain and equal to the blurred version at the edges. The
modified data near the edges is arranged to permit a smooth transition
between the periodic pairs.

For strongly striated surfaces, edge modification by low-pass filtering
in the transversal direction may smear out the ridges detrimentally, see
Fig. E.9. The figure shows images of surface 1a with modified edges
where the joints are marked by black squares. The upper image is edge
modified with a one-dimensional filter in the vertical direction and the
lower image with a two-dimensional filter. It is easy to see that the ridges
in the lower image are smeared out. The flow properties of apertures
from these two modifications would be significantly different; the lower
image would permit leakage in the horizontal direction, even when the
aperture is heavily loaded, whilst the upper image would cut-off the
horizontal leakage for a minor load. Therefore, a one dimensional filter
is used in the longitudinal direction for surfaces 1 and 3.

(a) (b)

Figure E.9: Images of surface 1a with modified edges. Each image is
periodically repeated with one-fourth of the image itself to better display
the joints, which are marked with black squares. A Gaussian low-pass
filter is applied in the vertical direction in (a) and in both directions in
(b).

The last step in the surface modification is to smooth the data. This
is done by a spatial three points moving average method to reduce the
most prominent noise. The reason for smoothing is mainly to get better
discrete approximations to the derivatives from the PDEs in the flow
factor computations. The averaging is restricted to three points be-
cause the data resolution is limited to the benefits of more efficient flow
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factor calculations. By using a higher resolution of the original data,
more averaging points may be used without significantly distorting the
data. Thus, the choice of resolution and smoothing is a balance between
computational efficiency and accuracy.

The original data and effects of the modifications are visualized in
Fig. E.10. The three test specimens are shown and, for the sake of
comparison, an other more isotropic surface is shown in the last row.
Each image is concatenated in both directions by one-fourth of the image
itself to better display the joints between the images and thus the effects
of the data modifications. The black squares mark the location of the
concatenation borders. The left sub-figures represent the unmodified
data and it is easy to see a distinct discontinuity at the boundary for
some of the surfaces.

The sub-figures in the middle, (b, e, h, k, n), show images from the
important edge modification step. It can be seen that the edges are
blurred to give improved continuity across the boundaries. The largest
part of the data, from the central part, is completely preserved.

The images to the right in Fig. E.10 display the data smoothing.
This step should only remove the most prominent noise and does not
greatly modify the structure of the data, as indicated by the images.

As seen in Fig. E.10, surface 1 is extremely periodic, and it is dif-
ficult to determine the edges for the unmodified data. As mentioned
before, the edge modification for this surface is done with a 1D low-pass
filter only in the vertical direction to not smear out the ridges in the
x-direction.

The third row in Fig. E.10 (g, h, i) represents surface 3a, which is
prominently non-periodic in the vertical direction. The big mismatch is
also evident in the modified data. The fourth row represents surface 3b,
where the sampling window is smaller in the vertical direction leading
to a smaller mismatch, but with significantly less data points. As a
comparison to the three test specimens, a more isotropic surface is shown
in the last row in Fig. E.10.

The modified boundaries for the three surface test specimens are
alternatively visualized in Fig. E.11. The figure shows the boundaries
at the first and last grid nodes as 2D plots in the two directions of the
surfaces in black. The grey lines represent the 10 grid nodes closest
to the respective edge and can be interpreted as having a relatively
smooth transition towards the boundaries. It is clear that the surfaces
are periodical at the edges.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)

(m) (n) (o)

Figure E.10: Images of the unmodified data to the left, the edge modified
data in the middle, and the edge modified and smoothed data to the right.
(a, b, c) represent surface 1a, (d, e, f) surface 2a, (g, h, i) surface 3a and
(j, k, l) surface 3b. The last row of sub-figures represents another more
isotropic surface as a comparison. Each image is periodically repeated by
one-fourth of the image itself in each direction to easier visualize joint,
marked by black squares, and the data modifications.
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Figure E.11: Plots of the boundaries in both directions of the three
rough surface test specimens. The black lines represent the first and the
last grid nodes in the respective directions. The grey lines represent the
10 grid nodes closest to the respective boundary.

As a last interpretation of the data modifications, the modified data
on top of the original data for the surface test specimens are shown as
3D plots in Fig. E.12. The figure gives a visual way to interpret the
correlation between original and modified data.
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Figure E.12: Original measurement data (black dots) of the rough sur-
face test specimens together with the modified data as the grey surface for
two sampling windows for each surface.
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Summary

The procedure to measure a surface roughness and to adapt the mea-
sured signal to fit the requirements for the mixed lubrication model
presented in this paper can be summarized by the following steps:

1. Measure the surface roughness by using an appropriate magnifi-
cation. The measurement should contain at least one period of
the most significant frequency content. Appropriate resolution de-
pends on the type of surface roughness, which could be tested
more thoroughly by measuring with different resolutions and later
comparing the simulation results.

2. Cut the roughness data from the top and the bottom based on the
bearing ratio.

3. Choose the appropriate sampling window from the measurement
data. The window should, as outlined in 1, include the most im-
portant frequency content of the roughness and be as periodic as
possible. However, the periodicity demand may be difficult to
reach depending on the roughness type.

4. Interpolate the data from the sampling window linearly on a uni-
form grid with number of nodes as powers of two in both directions.

5. Modify the edges of the data signal to make them periodic. This is
done by calculating a weighted sum of the data from 4 and the same
data processed through a low-pass filter. The center part of the
data will be unchanged, but the edges will be periodically blurred.
The length and amount of blurring can be adjusted through the
transfer function in the Fourier filter.

6. Perform a moving average smoothing of the data. The number of
points included in the averaging can be adjusted. Generally, the
higher the original measurement resolution, the more points may
be included in the averaging without distorting the data.

The above steps are used in this paper to produce the function h1

from a surface measurement. The data resolution and the amount of cut-
off, smoothing, etc., described in this section may of course be modified
as best suited for the specific surface roughness and application to sim-
ulate. However, the values presented here are satisfactory compromises
between accuracy and computational efficiency.
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E.3.2 Flow Factors

For the surface roughness data discussed in the previous section, it is
possible to compute the homogenized coefficients, Eqs. (E.17a–E.17b), in
a parametrized fashion before solving the complete homogenized system,
Eqs. (E.16 and (E.27). Such a procedure has the following benefits:

• Limits the number of cell problems needed to be evaluated

• Ensures that the same cell problems are solved only once (h0 may
have the same value for several global grid nodes)

• The homogenized coefficients from a specific roughness signal may
be used on any global geometry

Let us resume Eq. (E.1), where the rough surface aperture is de-
scribed by

h(x, y) = h(x1, x2, y1, y2) = h0(x) + h1(y) (E.35)

with one global part h0 and one local roughness part h1. The procedure
of measuring a surface and adapting the data signal so that it can be used
as h1 in Eq. (E.35) was outlined in the previous section. The aperture,
h, depends on both x and y, as does the local cell problems, Eq. (E.18)
and the coefficients Eq. (E.17), which need to be numerically evaluated
for each value of x, i.e., for each global grid node. However, since y and x
are invariants, the properties of the aperture at an arbitrary global grid
node, x = x′ = (x′

1, x
′
2) can be investigated. At this global grid location

we have the following quantities: the scalar value α = h0(x
′
1, x

′
2) and the

functions h1(y) and h(x′
1, x

′
2, y), with h being simply the scalar value α

plus the function h1(y). These aperture quantities are illustrated in Fig.
E.13, which emphasizes that the function h1 is periodic on the unit cell
Y and y ∈ Y .

In Fig. E.13 the quantities for full film (hydrodynamic) lubrication
are specified. However, when α decreases towards ĥ1 and below, the
rough aperture will deform due to direct mechanical contact between
asperities. We recall the definition of the loaded aperture, Eq. (E.3):

h = ĥ1 + h1(y) + u(y) − g00 (E.36)

where u is the displacement (elastic or elasto-plastic) of the rough aper-
ture h1 when exposed to a load and g00 is the rigid body movement
associated with the approaching distance between one rigid point on
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y1

z

0
0 1

h1(y)

h(y) α ĥ1

Figure E.13: Illustration of the local surface aperture at x = x′ = (x′

1, x
′

2)
in hydrodynamic lubrication conditions.

each surface. The definition implies that the contact plane will always
be located at h = 0. Figure E.14 shows a schematic representation of the
loaded and deformed rough aperture and its relation to the undeformed
aperture.

y1

z

0

0 1

g00

h(y) α

Figure E.14: Illustration of the contact mechanically loaded rough aper-
ture (solid line) in mixed lubrication conditions with dashed line represent-

ing the corresponding undeformed aperture, i.e. Fig. E.13 with α = ĥ1.

The parameter α is directly related to the distance between one rigid
point on each surface in the aperture. In hydrodynamic lubrication,
α is simply the mean separation of the aperture defined as ĥ, clearly
illustrated in Fig. E.13. In mixed lubrication conditions, α is equal to
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the difference between the arithmetic mean of the undeformed surface
and the rigid body movement,g00, see Fig. E.14. Thus, we may express
the local aperture h(y) from Fig. E.13 in hydrodynamic lubrication
conditions and Fig. E.14 in mixed lubrication conditions as

HL: hα(y) = α + h1(y), α = ĥ + ε (E.37a)

ML: hα(y) = α + h1(y) + u(y) α = ĥ1 − g00 + ε, (E.37b)

with HL referring to hydrodynamic lubrication and ML to mixed. Note
the modification of adjusting α with a small constant ε = 10−8 m. This is
to avoid the aperture to be identically zero for numerical reasons. The
subscript indicates that hα is parametrized in α. For hydrodynamic
lubrication conditions, the roughness function h1 remains unchanged as
the mean separation α ≥ ĥ1. For mixed lubrication conditions, the
displacement, due to a load corresponding to the rigid body movement
g00 = ĥ1−α, will alter the local rough aperture for each value of α < ĥ1.

Rather than solving the cell problems, Eq. (E.18), and the ho-
mogenized coefficients, Eq. (E.17), for all values of x, the idea is to
solve the corresponding problems for a limited range of α-values. The
parametrized homogenized coefficients will be called flow factors and
can be interpolated from the parameter space to a spatial domain. For
a sufficient range of α-values, any global geometry may be used when
solving the full homogenized flow problem, Eq. (E.42) and Eq. (E.27).

To further generalize the problem, the aperture may be put into
dimensionless form:

Hα(y) =
h(y)

hr
, hr > 0, (E.38)

where hr is an appropriate scale parameter, preferably based on the
height information of h1.

The dimensionless cell problems, Eq. (E.18), based on reference
parameter hr become

∇y ·
(
H3 (ei + ∇yχi)

)
= 0, i = 1, 2, on Y, (E.39a)

∇y ·
(
He1 − H3∇yχ̃3

)
= 0, on Y, (E.39b)

where χi are unchanged and χ̃3 is scaled with hr and λ according to

χ̃3 = λ−1h2
rχ3, (E.40)
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Similarly, the non-dimensional homogenized coefficients become

Ã =
A

h3
r

=

∫∫
Y

H3 (ej + ∇yχj) dy, (E.41a)

B̃ =
B

λhr
=

∫∫
Y

(
He1 − H3∇yχ̃3

)
dy. (E.41b)

The coefficients Ã and B̃ are independent of λ and the arithmetic mean
of the aperture. Hence, the cell problems χ̃i and χ̃3 and the homogenized
coefficients Ã and B̃ are dependent only on the dimensionless surface
roughness G(y) and the parameter α in the hydrodynamic regime, and
on the loaded surface roughness Ge(y) in the mixed lubrication regime.

Note that the value α corresponds to the relative rigid positioning
of the surfaces (rigid datum), i.e. equivalent with the mean separation
only in hydrodynamic lubrication conditions. This is because the dis-
placement u also includes a rigid body movement g00 that is considered
when adopting the coupling between the global film thickness h0 and
local flow factors.

The homogenized Reynolds equation in dimension, but with dimen-
sionless homogenized coefficients becomes

λh−2
r ∇ · B̃ −∇ ·

(
Ã∇p0

)
= 0, on Ω. (E.42)

The homogenized flow, also expressed in terms of the non-dimensional
coefficients becomes

Q0i =
1

Li

∫∫
Ω

(
hru

2
B̃i −

h3
r

12η
Ãij∇p0

)
dx. (E.43)

In the case of compressible lubrication the fluid density depends on
the hydrodynamic pressure. When a constant bulk modulus, defined as
β = ρ∂p/∂ρ, is possible assumed the pressure-density relation becomes
p = pc+β ln(ρ/ρc), where subscript c indicates the value at cavitation or
atmospheric pressure. An interesting result is that the homogenization
process of the compressible Reynolds equation modeled with constant
bulk modulus leads to identical dimensionless flow factors Eq. (E.41),
see Almqvist and Dasht [20]. The corresponding compressible homoge-
nized equation with the homogenized dimensionless density, θ0 = ρ/ρc

as solution variable, may be written as

λβ−1h−2
r ∇ ·

(
B̃θ0

)
−∇ ·

(
Ã∇θ0

)
= 0, on Ω. (E.44)
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The fluid flow is now more appropriately expressed in terms of mass
flow, becoming

Q0i =
ρc

Li

∫∫
Ω

θ0

(
hru

2
B̃i −

h3
r

12η
Ãij

∂p

∂θ0

∇θ0

)
dx. (E.45)

In the current paper a two-dimensional cubic interpolation scheme is
used for all flow factors in the conversion between the parameter space
and the spacial domain of the simulated application. An example of
the interpolation of the flow factor Ã22 for a strongly striated surface
roughness is shown in Fig. E.15.
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α/ĥr (m)

Ã
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Figure E.15: Example of interpolation (grey surface) of the pressure flow
factor Ã22. The points represent the flow factors parametrized in α and r.

For cylindrical polar coordinates, the flow factors depend also on the
radius as seen in the figure. If the flow factor corresponding to r = 1 (or
Cartesian coordinates) is considered, it can be seen that it approaches
1 as the aperture gap is increasing. When the gap is decreasing, the
effects of the roughness increases. As the gap decreases into contact
between asperities, the surfaces in contact deforms and the flow restric-
tion increases. At hr/ĥ = 1, mechanical contact occurs and the flow
related to the Ã22 direction almost completely vanishes. This is due to
the strong striations resulting in an almost complete shut-off of flow in
one direction as the aperture is deforming.
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Patir and Cheng Flow Factors

Patir and Cheng (PC) developed a flow factor method in [1,2] that has
been widely used by other researchers. Their flow factor method, which
will be compared by the present, is briefly described in this section. Sur-
face displacement is not accounted for in the PC model. Instead they
defined an average film thickness based on the probability density func-
tion of the roughness at locations of asperity interference. To facilitate
the comparison between the methods, the PC flow factors will here be
computed for the same roughness aperture function, Hα, as used in the
present model. This means that the surface displacement will be iden-
tical for both methods and the comparison is isolated to the differences
in fluid models.

Patir and Cheng derived an averaged Reynolds equation on the form

λ
∂

∂x1

(hr + σφs) −∇ ·

((
φ1 0
0 φ2

)
h3

r∇p̄

)
= 0 (E.46)

where φi are the pressure (or Poiseuille) flow factors, φs is the shear flow
(or Couette) factor, hr the average gap and u the surface speed. The
pressure flow factors are calculated through simulations of the following
model problem:

∇ ·
(
H3

α∇p
)

= 0, ∀x ∈ Φ ⊂ Ω (E.47a)

p =

{
pa at x1 = 0,

0 at x1 = ε1,
(E.47b)

∂p

∂x2

= 0 at x2 = 0, x2 = ε2, (E.47c)

where Φ = [0, εi]
2. Equation (E.47a) is solved together with the Dirichlet

boundary conditions (E.47b) in the flow direction, where pa is arbitrary,
and the Neumann conditions (E.47c) in the perpendicular direction. φ1

is calculated as the ratio between the mean and the smooth Poiseuille
flow:

φ1 =
1

ε2pa

∫∫
Φ

H3
α

∂p

∂x1

dx. (E.48)

Because of the Neumann boundary conditions in the cross-flow direction,
the flow averaged in the x2-direction is constant in the x1-direction,
meaning that the above averaging in the x1-direction is superfluous.
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Exactly the same problems are solved in the x2 direction for φ2. That is,
with Neumann in x1-direction and Dirichlet conditions in x2-direction,
and taking the Poiseuille flow in the x2-direction. Note that the flow
factor, φi, only depends on the surface roughness function Hα, and will
be identical for any value of the pressure drop, pa. Similar as for the
pressure flow factor, the Couette flow factor φs is calculated through
simulation of the following model problem:

∇ ·
(
H3

α∇p
)

=
∂Hα

∂x
, ∀x ∈ Φ ⊂ Ω. (E.49)

where the same boundary conditions as in Eq. (E.47) are used but
without global pressure gradient, i.e. p = pa at x1 = 0 and x1 = ε1.
The pressure from the model simulation above is then used to calculate
the shear flow factor as

φs =
1

σε1ε2

∫∫
Φ

(
H3

α

∂p

∂x1

)
dx. (E.50)

Note that we for simplicity consider sliding of the smooth surface and
that the rough surface is standing still. The pressure flow factors φ1

should compare to the homogenized flow factor Ã11 and φ2 to Ã22 from
Eq. (E.41). By expressing the shear flow factor in a modified form, as

φ′
s = 1 + σφs, (E.51)

it compares to B̃1 from Eq. (E.41). The averaged Reynolds equation
can be written as

λh−2
r

∂φ′
s

∂x1

−∇ · (φi∇p̄) = 0. (E.52)

Note the lack of cross terms corresponding to Ã12, Ã21 and B̃2 in the
above method by Patir and Cheng. With the more complete flow factor
representation of the homogenization, the sliding and global pressure
gradient in one direction affects the flow in the other direction through
the off-diagonal components in the flow factor tensors. Hence, it is
likely that the PC and the present HNS model will give similar results
for surfaces having an strong orthogonal lay or being isotropic, but will
differ for surfaces having a diagonal lay or being anisotropic, as shown
by e.g. Peeken et al. [98].
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Numerical Implementation

All spatial derivatives, such as those included in the partial differential
equations, Eq. (E.39) and E.42, are all approximated by central differ-
encing scheme of second order. The discrete roughness signal h1 needs
to be sufficiently resolved to allow the central differencing. To loosen
the resolution demand the roughness data is smoothed and modified as
outlined in Section E.3.1.

The cell problems, Eq. (E.39), are solved on the unit cell of peri-
odicity Y with the roughness signal, which is modified with the param-
eter α as the only input. Contact spots of zero aperture are found in
the mixed lubrication regime. The most appropriate way to solve the
hydrodynamics in this regime would probably be to impose Neumann
boundary conditions describing zero flow at the edges of the contact
spots. However, with the current numerical scheme the solution vari-
able is solved for every grid node on Y , even at the contact spots for
simplicity. To avoid numerical problems with oscillating solutions near
the borders of the contact spots, α is increased with the small constant
ε = 10−8 m. It was found that a value of ten nanometers is sufficient to
produce adequate results.

Summary

The procedure to simulate a tribological component using the mixed
lubrication flow factor approach outlined in this section may now be
summarized by the following steps:

1. Measure the surface roughness and adapt the data as outlined in
Section E.3.1 and summarized in Section E.3.1, to get the rough-
ness function h1 ready for use in the computations.

2. Calculate the periodic elasto-plastic displacement of h1 according
to Sec. E.2.2 for a range of nominal contact loads.

3. Calculate the homogenized flow factors, Eq. (E.41), for a range of
α (and r for cylindrical polar coordinates).

4. Calculate the homogenized flow factors for all the contact mechan-
ically deformed surface roughness functions from number 2.

5. Simulate the global and coarse homogenized problem, e.g. a bear-
ing, which is done extremely efficiently and can be summarized by
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the following steps:

(a) Describe the global geometry as α(x1, x2), which is the same
as the global film thickness except that a true rigid body po-
sition is incorporated. The function α, if unknown, is guessed
based upon the global geometry.

(b) Interpolate the previously calculated flow factors onto the
spatial domain for the function α(x1, x2).

(c) Solve the smooth and coarse homogenized flow problems.

(d) Evaluate the pressure and friction contributions from both
the contact mechanics and the hydrodynamics. The contact
mechanical pressure is, from α, known in each global grid
node.

(e) If α was unknown in 5a, adjust the function based on the in-
formation from the previous step and reiterate from 5b. The
adjustment of α can be made in different ways. A simpler
example is to treat the global geometry as a stiff body ex-
periencing local roughness deformation as the only surface
displacement. The shape of α is then unchanged and is ad-
justed up or down only by a constant. Another more ad-
vanced example is to couple the local asperity displacement
to the global displacement on α. The local contact mechan-
ical load is known in each global grid node from α, meaning
that we already know the global contact mechanical pressure
as a function of x1 and x2. Thus, the global displacement
may be computed based on the contact pressure, and α may
be adjusted. The global displacement may be computed by
either using the contact mechanical approach outlined in this
paper or a third party structural mechanics code (through,
e.g. FEM).

E.3.3 Experimental Setup

The fluid flow in the interface between test specimens and counter sur-
face is measured in a test rig. This test rig was originally developed
for permeability investigations of textile materials, such as press fabric
used in paper machines and fiber mats for different composites [103].
The rig is designed to use different test cells depending on the investi-
gated material. Such a cell can, for instance, be designed for parallel
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flow measurements in plane or out of plane. In these measurements the
in-plane parallel flow cell is used to measure the fluid flow between the
rough surface of the test specimen against the polished counter surface.

Spacers

Cap

Counter surface

Bulk flow

Edge flow

Edge flow

Seal

Inlet

Test specimen

Figure E.16: Schematic sketch of test cell for hydrostatic flow between
parallel surfaces.

The test cell, see Fig. E.16, is designed as a holder for rectangular
test specimens with a thickness between 1 and 5 mm, and the edges
perpendicular to the flow are sealed off to prevent side leakage. The
test specimens used in this investigation are rectangular in shape and
with dimensions of 15 × 100 mm, see Fig. E.6. During measuring,
the test specimen is placed on top of a thin rubber seal in the holder
with the rough surface facing upwards. The polished and flat counter
surface is placed on top of the test specimen, see Fig. E.6. This is also
sealed with a thin rubber seal against the closing cap. A cross section
of the layout in the test cell is shown in Fig. E.17. When the test cell
is loaded, Fig. E.17(b), the closing cap and all seals prevent any flow
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from passing except from inside the interface between the test specimen
and the counter surface. The cap is loaded against the holder with a
hydraulic piston in order to ensure a high enough clamping force.

Cap
Spacer

Edge seal Test specimen

Counter surface

Seals

(a) Unloaded

Load

Deformed edge seal

Cap

(b) Loaded

Figure E.17: Schematics of the test cell with the components controlling
the load in the aperture between the surface test specimen and counter
surface.

One difficulty with this method is to obtain a precise fit between the
test cell and the specimen. A specimen misfit can result in leakage or
suppressed flow along the sides of the test specimens, which will influence
the measured fluid flows. Therefore, the center bulk flow (white arrows
in Fig. E.16) is separated from the edge flow (black arrows in Fig.
E.16) so that any possible side leakage will not influence the bulk flow
measurement. The presented flow in this work is from measurements of
the center bulk flow covering the middle 60% of the specimen width.

The inlet pressure is measured with a pressure transducer (WIKA
type 891.13.500) placed next to the inlet hole, see Fig. E.16, and the
outlet pressure is ambient pressure. Temperature is measured at the
inlet with a thermometer (GEFRAM PT100) to calculate the density
and the viscosity of the fluid. The mass of the fluid transported through
the interface is measured with a balance (Precisa 3100D) that measures
the collected fluid of the bulk flow with a precision of 0.1 gram.

The measurement time is 10 minutes and the last 5 minutes are used
in comparison to the simulations to ensure a steady state flow through
the interface when comparing. The measured mass flow reaches steady
state when no air is present between the surfaces and all the pipes leading
to the balances are filled with fluid.

Pure ethanol is the fluid used in the measurements because it has well
known properties and low surface tension. The hydrodynamic simulation
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method shown in this paper does not account for surface tension which
may be a significant factor influencing the leakage with the low pressures
used in the test rig. By using ethanol the influence from surface tension
decreases which would give a more proper comparison to simulation
results. Moreover, the viscosity of ethanol is relatively low leading to
more leakage than for e.g. an oil which facilitates the leakage monitoring
in the rig.

To simulate the flow through the interface it is important to estimate
the force on the test specimens to be able to consider the surface dis-
placement. The total load on the cap, see loaded setup in Fig. E.17(b),
is sampled during measurements. However, this force is a sum of the
contact load applied on the test specimens and the force required to
deform the seals and also an extra force to ensure that the cap is evenly
supported by the spacers, see Fig. E.17(b). The total load is not of in-
terest in the simulations. The contact load on the test specimen, which
is the load of interest, depends on the height of the spacers and on the
elasticity of the rubber seals marked as ‘Seals’ in Fig. E.17(a).
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Figure E.18: Loading sequences for determining the contact mechanical
load, Wd, on test specimen.

One way to estimate the isolated contact load is to unmount the
edge seal around the test specimen, see the dashed line in Fig. E.16 and
the black cross section marked with ‘Edge seal’ in Figs. E.17(a) and
E.17(b). Then, if the cap and the holder are pressed together with a
relatively constant speed, there will be an obvious difference in the in-
crease of clamping force as function of time when the cap and holder
begin to clamp the spacers between them. This is because of the differ-
ence in Young’s modulus between the upper and lower rubber seal and
the spacers. This is illustrated in Fig. E.18 where two loading sequences
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are shown for a setup of a specific test specimen. Differences between
the two curves are due to different loading speeds of the two loading
sequences. The dashed line indicates the force when the spacers comes
in contact with both cap and holder, as in Fig. E.17(b), and begin
to deform. This is the contact load on the test specimens during the
measurement. The contact load on the test specimens will not change
significantly for a higher total load on the test cell because of the high
stiffness of the spacers, i.e. constant deformation of test specimens and
seals. However, a higher total load of the test cell is needed to prevent
leakage for high inlet pressures.

E.4 Results and Discussion

In this section the mixed lubrication model is validated against flow mea-
surements for the three rough surface test specimens. The operation of a
thrust washer is simulated where results from the surface test specimens
are shown for different loading conditions and rotational speed. More-
over, the Patir and Cheng approach is compared with the homogenized
numerical simulation (HNS).

E.4.1 Validation of the proposed Model

In this section the model is validated against flow measurements which
are described in Section E.3.3. The hydrostatic flow through the aper-
ture between the rough surface test specimens and the polished counter
surface is measured. For hydrostatic conditions it is possible to validate
the homogenized flow by setting the velocity to zero in Eq. (E.27).

Since the surfaces are parallel in the test rig it becomes possible
to simulate the flow through the aperture also with the direct method,
Eq. (E.22). Thus, the validation method permits a comparison be-
tween measurements, DNS and HNS. The contact model will also be
validated through the flow measurements since the surfaces are loaded
and deformed in the test rig which affects the amount of leakage.

In the simulations the same contact loads and fluid pressures are used
as in the measurements on the specific surface test specimen. The fluid
used in the measurements is ethanol which is simulated with a dynamic
viscosity of η = 1.26 mPas and a density of ρ = 789 kg/m3. The density
value is not used in the simulations but is used to calculate the volume
flow from the mass flow that is measured in the test rig. The material
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of the surface test specimens is stainless steel which is simulated with
a Young’s modulus of E = 210 GPa, a Poisson’s ratio of ν = 0.3 and
a hardness of 5 GPa. These material properties have not been verified
by experimental tests and should be seen as a guidance rather than a
definite reference.
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Figure E.19: Leakage from measurements and simulations. The sub-
figure represent sampling windows a, b and c respectively.

In Fig. E.19 the leakage volume is plotted against time for the flow
measurements and simulations. Each sub-figure represents the specific
sampling window from Fig. E.7 on page 156. The simulations are close
to the measured results with largest mismatch for sampling window c
for all surfaces. The HNS solutions mimics the DNS results except for
surface 2b and 2c where the solutions differ slightly. It can be seen
that surface 3b gives a better leakage prediction than 3a, even though
sampling window a has larger dimensions, see Fig. E.7. This may be
explained by the discontinuity that can be seen at the periodic joint in
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the flow direction for surface 3a, see Fig. E.10(g), which restrict the
flow to a larger degree than the smaller discontinuity that can be seen
from sampling window b, Fig. E.10(j).
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Figure E.20: Leakage results from measurements and simulations. Half
and double resolution is used for sampling window b in the simulations.

Effects of different resolution are shown in Fig. E.20 with double
sampling resolution to the right and half sampling resolution to the
left. Sampling window a is used for all surfaces. The different sampling
resolutions corresponds to the number of nodes interpolated on the mea-
surement array. The original resolution corresponds to the number of
grid nodes in the measurement array rounded upwards to the closest
power of two, see Section E.3.1. Halving the original resolution is the
same as removing information from the original roughness signal, which
is similar to a decreased surface magnification. For the case of double
sampling resolution, no information about the roughness is added, but
the number of degrees of freedom are doubled from the original mea-
surement array to facilitate the numerical computations. For the case
of doubled resolution two more points are included in the smoothing
process, i.e. a five points average smoothing is performed.

From Fig. E.20 it is clear that there is a significant loss in roughness
information by reducing the magnification, i.e. by using half as many
grid nodes as the original sampling resolution. By increasing the reso-
lution to the double, a small difference is seen compared to the results
from using the original resolution in Fig. E.19(b). The small change in
results between these solutions and those from the original resolution in-
dicates that the original resolution gives sufficiently accurate numerical
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results. Thus, the results from using sampling windows b will be used
for the HNS computations in the continuation.

1b

2b

3bL
ea

ka
g
e

v
o
lu

m
e

(m
l) Measurement

DNS

HNS

0 50 100 150 200 250 300
0

5

10

15

20

25

30

Time (s)

(a) Half load

1b

2b

3bL
ea

ka
g
e

v
o
lu

m
e

(m
l) Measurement

DNS

HNS

0 50 100 150 200 250 300
0

5

10

15

20

25

30

Time (s)

(b) Double load

Figure E.21: Leakage results from measurements and simulations. Half
and double the estimated load from the test rig is used in the simulations.

In the comparisons between measured and simulated leakage the sur-
faces were deformed with a contact load corresponding to the estimated
load in the measurements. The validity of the contact mechanics model
may be further investigated by comparing the leakage for different loads.
Such a comparison is seen in Fig. E.21 where the leakage is simulated
for loads corresponding to half and double the estimated loads used in
the measured leakage shown in the figure. As expected, the simulated
leakage will increase by applying smaller contact load, and with a higher
applied load the flow will be more restricted. The figure shows that the
leakage is sensitive to the applied load, and that the contact mechanics
model, when hydrostatic leakage is the output parameter, gives a good
prediction of the aperture deformation for a correct applied load.

E.4.2 Flow Factors

A comparison between the pressure flow factors from the Patir and
Cheng approach, Eqns. (E.48) and (E.51), and the HNS flow factors,
Eq. (E.41), are shown in Fig. E.22.

The flow factors, which are computed with the aperture scale param-
eter hr = ĥ, are plotted versus α for the three surfaces with sampling a.
The PC and HNS methods give similar results surface 1 and 3. For these
two surfaces there is an insignificant effect from the cross diagonal term
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α/ĥ1

P
re

ss
u
re

fl
ow

fa
ct

o
rs

1 3

2

B̃1

φ′

s

B̃2 + 1

1 2 3 4
0.7

0.8

0.9

1

α/ĥ1
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Figure E.22: Pressure and shear flow factors for PC and HNS with the
surface test specimen represented by numbers. The vertical dashed line,
α/ĥ1 = 1, represents asperity contact.

Ã12 because of the orthogonal roughness lay. It can be seen that the
flow factors representing the transversal direction, i.e. Ã22 and φ2 in the
top figures, for surfaces 1 and 2 approach zero as α decreases meaning
that the ridges will completely restrict the flow in that direction for a
certain load.

For surface 2 the differences between the two methods are evident.
The PC flow factors are similar in both directions but the HNS flow
factors show a significant anisotropy and the HNS cross diagonal term
is active.

In the lower right sub-figure in Fig. E.22, the shear flow factors
are plotted for all surfaces in the same figure. As for the pressure flow
factors, the two methods differ significantly for surface 2. Insignificant
shear effects are achieved from surfaces 1 and 3 due to the strong lay,
which is aligned with the main flow direction.
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E.4.3 Thrust Washer Example

In this section results of applying the model on a bearing will be shown.
The bearing is a hydrodynamic thrust washer shown in Fig. E.23.

r θ

ω

Figure E.23: Thrust washer bearing with static lower surface and upper
surface rotating with ω.

The lower bearing surface consists of 30 pockets, evenly distributed
along the circumference, with the deepest parts at the inner border of
the ring. The pocket is inclining, in the θ- and r-directions, towards the
nominally flat part of the surface. The counter surface is rotating with
ω and loaded against the lower surface. If the geometry is expressed in
cylindrical polar coordinates, we may consider one cell of the bearing
which is periodic in the θ-direction. This cell is shown in Fig. E.24
together with the radial dimensions. To simulate the operation of this
bearing, a hydrostatic pressure, p = 0.1 MPa, is applied at the inner
edge of the domain. At the opposite edge, p = 0, and in the θ-direction
periodic boundary conditions are applied.

For simplicity, the rotating counter surface will be considered as
smooth whereas the lower surface is rough. The roughness of sampling
b from the test specimen will be used that are modified as outlined in
Section E.3.1. The roughness orientation on the bearing correspond to
(θ, r) = (x2, x1) with x1 and x2 according to Fig. E.12. This means that
the roughness lay for surface 1 and 3 is oriented in the circumferential
direction. Note that these surfaces are too rough to be suited for a real
bearing surface. As a consequence, the bearing will operate in the mixed
lubrication regime for higher speeds than would be the case for a typical
bearing surface.

The simulation procedure is described in more detail in Section E.3.2.
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Figure E.24: One pocket of the thrust washer bearing together with the
radial dimensions and inner pressure boundary condition. The pocket is
0.5 mm at the deepest location.

The flow factors, which are computed for the specific surface roughness
and parametrized in α, are interpolated onto the global homogenized
problems with the geometry shown in Fig. E.24. When the counter
surface starts to rotate, fluid with an assumed viscosity of η = 0.14 Pas
will be dragged into the domain from the inner boundary, which has
infinite access of fluid. The gap of the pocket decreases in the angular
and radial directions. Therefore, the fluid pressure will increase and a
hydrodynamic load carrying capacity of the bearing is developed.

The operation of the thrust washer is simulated by applying a load
and a rotating speed of the counter surface, which results in a global
geometry position described by α as an output parameter. The total
load will be carried by asperity contact and fluid pressure in the mixed
lubrication regime and by only fluid pressure in the hydrodynamic lu-
brication regime.

An example of the pressure distribution in the bearing is shown in
Fig. E.25 for two speeds but with the same total load carrying capacity
of 1 MPa. With a speed of ω = 30, the thrust washer remains in the
mixed lubrication regime where 27% of the load is carried through direct
contact between the asperities. The rest of the load is carried by the
fluid hydrodynamically. In the case of ω = 300 the surfaces have been
completely separated and all of the load is carried hydrodynamically.

At the location of the deepest part of the pocket the pressure is
constant at the boundary value, i.e. 0.1 MPa. As the gap decreases in
the angular direction the pressure drastically increases towards a max-
imum peak value. Even though the pocket has extremely steep walls,
the pressure remains positive everywhere. This is because the bearing
is constantly fed by fluid at the location of the deep pocket.
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Figure E.25: Pressure distribution on the thrust washer for two speeds
using surface 1. The bearing carries the same total load of W = 1 MPa
in both cases. In the figure to the left the asperities are contributing
with the contact mechanical load Wd and in the figure to the right only
hydrodynamic load is present.
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Figure E.26: Pressure distribution on the thrust washer for two speeds
using surface 2. The bearing carries the same total load of W = 1 MPa
in both cases. In the figure to the left the asperities are contributing
with the contact mechanical load Wd and in the figure to the right only
hydrodynamic load is present.

The same operating conditions as in Fig. E.25 are seen in Fig. E.26
but for surface 2, and in Fig. E.27 for surface 3. The pressure dis-
tributions are significantly different between the surfaces, especially for
the bearing rotating with ω = 30 rpm, even though the load carrying
capacity is the same for all cases. For surface 3, hydrodynamic lift-off
has occurred for ω = 30 rpm.

Consider now the case of the bearing being loaded with the counter
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Figure E.27: Pressure distribution on the thrust washer for two speeds
using surface 3. The bearing carries the same total load of W = 1 MPa
with only hydrodynamic contributions in both cases.

surface standing still. The whole load is carried by the asperities for
this case. Then, by gradually increasing the rotational speed the, fluid
will be dragged into the domain and the applied load will be carried
by a combination of fluid pressure and asperity contact pressure. For a
sufficiently high speed, total lift-off will take place and load is carried
only by fluid pressure.

Such an operating sequence is shown in Fig. E.28 where the min-
imum global surface clearance, α, is plotted against speed. Asperity
contacts occurs for values below zero on the vertical axis. Solutions
from the three surface test specimens are indicated by their respective
number and results from the Patir and Cheng (PC) method (see Section
E.3.2) are compared with HNS. The same contact model is used for both
methods. The bearing carries different loads in the two sub-figures.

It can be seen that hydrodynamic lift-off occurs just above the lo-
cation of the “knee” seen in all the curves. As expected, the results
from PC and HNS are similar for surface 1 and 3, which are almost
uni-directionally layed. However, significant differences are evident for
surface 2, which has a milled cross pattern. This is due to the more com-
plete flow description of the HNS model with its additional off-diagonal
terms.

Figure E.28 also presents a great difference between the surfaces. For
the smoothest surface, the bearing exits the mixed lubrication regime
and enters hydrodynamic conditions for the lowest speed. The bearing
with the roughest surface, i.e. surface 1, experiences hydrodynamic lift-



186 PAPER E. A MIXED LUBRICATION MODEL

1

2

3

W = 1 MPa

HNS
PC

0 50 100 150 200 250 300
-2

0

2

4

6

8

10
m

in
(α

)
−

ĥ
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Figure E.28: Minimum global gap as a function of the rotational speed
for the three surfaces. Results by using the Patir and Cheng method
are compared with HNS. Positive values in the vertical axis represents
hydrodynamic lubrication and negative values mixed lubrication. The two
sub-figures represent different total loads, W .

off for significantly lower speeds than the crossed milled surface. An
explanation for this may be that the flow in the radial direction is con-
siderably restricted by the ridges. This favors hydrodynamic pressure
build-up, which can be realized by comparing the pressure distributions
for ω = 30 rpm from Figs. E.25 and E.26. Surface 1 produces higher
pressure than surface 2 at locations outside of the pocket. Due to the
ridges, the pressure in the domain is maintained at a higher level closer
to the outer edge of the bearing.

In Fig. E.29 the coefficient of friction, computed from the HNS,
is plotted against speed for all three surfaces that are loaded by three
total applied loads 0.5, 1, and 2 MPa as indicated by the circles. At
zero speed the coefficient of friction is 0.1 which is the specified value
for boundary lubrication in this case. This value may be measured for
a specific condition in order to be more realistic. The whole load is at
this stage carried by the asperities of the surfaces.

As the speed increases the coefficient of friction decreases rapidly
while the bearing remains in the mixed lubrication regime. It should be
kept in mind that the friction and load contributions from the contact
model and from the fluid are calculated at all times. At a specific speed
the coefficient friction comes to a minimum value. By further increasing
the speed the coefficient of friction increases as the bearing surface ex-
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Figure E.29: Coefficient of friction as a function of speed for the three
surfaces. The thrust washer is loaded with three total loads; 0.5, 1 and 2
MPa as indicated inside the circles.

periences hydrodynamic lift-off. It can be seen that for larger loads on
the counter surface higher speed is required for the bearing to enter the
hydrodynamic regime. Moreover, a higher load increases the differences
in lift-off speed between the surfaces and shows how important is is to
consider the surface roughness when designing a tribological device of
this type.
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E.5 Conclusions

A flow factor model to simulate tribological devices operating in all
lubrication regimes is presented, where surface roughness measurements
may be used as input.

The measured roughness signal needs to be adapted to be used as
input to the mixed lubrication model. The most important adaption is
the process of low-pass filtering the edges of the roughness data to make
the signal more periodic.

The model is validated for hydrostatic conditions for three rough
surface test specimens through flow measurements. The flow measure-
ments were compared with the proposed model and good correlation
was found.

Simulation results achieved with the present model was compared
with the Patir and Cheng model. The two methods compare well for
longitudinally layed surface roughness but for a cross-patterned surface
roughness the results from the two methods differ due to the more com-
plete flow description used in the present model.

The model was applied to a hydrodynamic bearing where pressure
distributions and Stribeck curves were shown for all lubrication regimes.
It was seen that the different surface roughness signals used as input to
the model produce significantly different results, especially in the mixed
lubrication regime.

The results indicates that the mixed lubrication model here presented
would be capable to suite as an efficient and accurate engineering design
and research tool for tribological devices operating in all lubrication
regimes with real surface roughness included.
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Abstract

Leakage through the gaps of rough surfaces is simulated by using a
linear elastic contact model and pressure driven fluid transport. A ho-
mogenized model for the leakage is compared with the direct numerical
approach and good agreement is seen even for a small fluid domain.
Simulation results of the percolation threshold and leakage are shown
with input from surface roughness measurements of ten different elas-
tomer surfaces. The percolation threshold is shown to appear within
a range of 33–55% area of contact spots for all surfaces in both flow
directions. The influences on percolation threshold and leakage from
various common surface roughness height parameters are shown. The
valley roughness parameters are shown to be important in characterizing
the leakage and the peak roughness parameters are important for the
percolation threshold. Closed form expressions approximate the leakage
and the contact load at the percolation threshold for all combinations of
input within the scope of the model assumptions. The results show that
the current simulation model merging contact mechanics flow is useful
as an engineering design and research tool for seals and other devices
where leakage is of interest.
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Nomenclature

An Nominal contact area m2

xi Global coordinate m
η Fluid viscosity Pas
p Fluid pressure Pa
pd Surface contact pressure Pa
W Nominal surface contact load Pa
Q Fluid flow kg/h/m

Q̃ Dimensionless flow
E′ Composite Young’s modulus of surface material Pa
u Surface displacement m
h Roughness aperture m
�i Subscript indicating coordinate directions (1, 2)
�0 Subscript indicating homogenized quantity

Roughness parameters
Sa Arithmetic mean of absolute deviation from mean line m
Sq Standard deviation of surface roughness m
St Distance between maximum and mean line m
Sz Distance between average of five highest

peaks and five lowest valleys m
Sp Distance between the highest peak

and the mean line of surface m
Spm Distance between average of the five highest

peaks and mean line m
Sv Distance between minimum and mean line m
Svm Distance between the average of the five lowest

valleys and the mean line of surface m

Acronyms
DNS Direct numerical simulation
HNS Homogenized numerical simulation
ACM Acrylate rubber
FKM Fluoro rubber
NBR Nitrile rubber
HNBR Hydrogenated nitrile rubber
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F.1 Introduction

The purpose of seals is to prevent leakage between two environments.
It is crucial to prevent the entrance of contaminative particles between
the surfaces in, e.g. rolling element bearings. The surfaces, which are
separated by an extremely thin elasto-hydrodynamic film, could easily
be damaged due to contaminative particles. Therefore, rolling element
bearings are often sealed, to prevent particles from entering the bearing
and to prevent the entraining of water and lubricant leakage.

A static seal would completely prevent leakage if the contacting sur-
faces are perfectly smooth or if the asperities in contact are heavily
deformed and sufficiently flattened. However, in many cases a small
amount of leakage is desired to lubricate and thus prevent wear on the
surfaces during start-up. It is therefore important to control the amount
of leakage with parameters such as surface roughness, material proper-
ties and applied contact load. A typical elastomer lip seal is shown in
Fig. F.1, where the sealing surface is pressed against the shaft surface
with a load generally referred to as lip force. Due to the lip force, the
soft material will deform elastically against the opposing harder surface.

Figure F.1: A cross section of a typical lip seal.

The operation of a typical lip seal is complex and all physical mech-
anisms are not yet fully understood. With a model able to simulate the
leakage between a rough surface interface, the parameters controlling the
leakage can be easily modified and analyzed. Moreover, the simulations
can be used as a seal design tool for new and improved applications.

When modeling the leakage in a seal the effects of the surface rough-
ness and the deformation of the rough aperture need to be considered.
Direct numerical models to include the surface roughness require many
degrees of freedoms and a useful simulation model needs to efficiently
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treat the roughness.

Greenwood and Williamson (GW) [58] developed a model to treat
elastic contact between a nominally flat elastic rough surface and a rigid
plane. Surface asperities with spherical summits of constant radii, but
randomly varied heights were considered. The elastic displacement was
calculated using Hertzian theory and any interaction between the as-
perities was not considered. A generalization of their previous model
was presented in [59] and was used in various mixed lubrication models,
e.g. [78–82]. The GW model this is one of the most frequently used
contact models.

Persson developed a contact mechanics model with self-affine fractal
rough surfaces, e.g. [83, 84]. His model considers surfaces with different
levels of roughness length scales, where the probability distribution of
pressure is studied rather than the spatial distribution.

Various authors have considered the Boussinesq problem to calcu-
late the convolution describing elastic deformation in a deterministic
fashion. Brandt and Lubrecht [85] developed a multilevel multisumma-
tion (MLMS) method that reduces the number of degrees of freedom.
Ju and Farris [86] introduced the method of utilizing the convolution
theorem to calculate the convolution in the frequency domain, which
also reduces the number of degrees of freedom. Stanley and Kato [87]
combined this FFT-based method with a variational principle to solve
partial contact problems of rough surfaces. Wang et al. [88] described a
way to implement the method of discrete convolution FFT (DC-FFT)
and compared this with direct summation MLMS, concluding that the
DC-FFT method is the fastest method, even for non-periodic problems.

Chistensen [90] was among the first to build a theoretical model on
a mixed lubrication, which was later extended by Lebeck et al. [91] to
consider the elastic deformation due to face pressure and thermal and
friction effects. Lebeck later developed a mixed lubrication model with
the purpose of simulating the leakage in mechanical face seals, see e.g.
references [78, 79].

Patir and Cheng (PC) [1, 2], were the first to develop a model to
treat a general surface roughness that was not limited to transversal or
longitudinal lay. With the PC method it was possible to also obtain
effects of the surface roughness in mixed lubrication conditions, though
without considering surface displacement. More thorough derivations
of flow factor methods were made by Elrod [52] and Tripp [97], who
discussed the off-diagonal terms of the flow factors. Elrod made an
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analytical approach and was the first to make a multiple scale analysis
for two dimensional roughness. He found that the effects of striation
patterns could not be detected properly in the PC method, as was later
shown by Peeken et al. [98].

The contact mechanics model by GW [58] together with the flow fac-
tor method by PC have been used by numerous authors, e.g. the mixed
lubrication models for mechanical face seals [80, 81, 92]. An example of
an FFT based contact model used together with the PC model is the
mixed lubrication approach by Wang et al. [95].

Homogenization techniques may be used to treat the surface rough-
ness. The flow problem is decoupled into two problems; the homog-
enized problem on the macroscopic scale describing the bearing ge-
ometry and the local problem on the microscopic scale describing the
roughness. Examples of approaches of homogenization in tribology in-
clude [3–12,20,21,99].

In this paper, the leakage through rough apertures from a set of real
roughness measurements from elastomer surfaces is simulated both with
direct numerical simulation (DNS) and with homogenized numerical sim-
ulation (HNS) and the methods are compared. A mixed lubrication flow
factor model from [104] is used as the basis for the current work. The
mixed lubrication model merges an FFT-based contact mechanics model
to calculate the displacement in rough apertures with a fluid flow model
based on a homogenization method. The percolation threshold and the
influence on leakage from standardized roughness height parameters are
investigated.

F.2 Theory

This section presents the description of the rough aperture (relative gap
between the surfaces) and its elastic displacement due to the contact load
as well as the approach to calculate the leakage through the deformed
aperture.

F.2.1 Aperture and Elastic Displacement

The aperture between two surfaces in a seal application is critical to
the amount of fluid leakage or percolation through the interface. The
aperture is described by the combined shape and roughness of the two
interacting surfaces. To minimize the leakage in a seal, the surfaces
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are pressed together with a load leading to surface displacement and
asperity flattening. The contact mechanics model used in this paper is
here briefly described and presented in more detail in [101,104].

Since the periodic displacement will be calculated, it suffices to con-
sider a periodic sub-domain Φ of the total leakage domain Ω. Let us
therefore define a global coordinate as x ∈ Φ ⊂ Ω and the aperture
between the sealing surfaces as

h(x) = ĥ1 + h1 + u − g00, (F.1)

where h1 is the combined roughness of the interacting surfaces, which
is periodic on Φ and with an arithmetic mean of ĥ1. The normal dis-
placement of the surfaces due to contact load is described by u, and the
rigid-body movement (interference) is described by g00. Due to the sub-
traction of the rigid body movement, the definition above ensures that
the aperture is always zero at contact spots. In this paper we consider
nominally flat and parallel surfaces. For a more general description of
the aperture, ĥ1 could be replaced by a global geometry shape.

The current paper considers the deformation of elastomer surfaces.
Purely elastic displacement is assumed and any visco-elastic behavior is
neglected. The elastic displacement may, according to the Boussinesq-
Cerruti theory, be calculated from the linear convolution of a kernel and
the contact pressure:

u = K(x) ∗ pd(x) (F.2)

where ‘*’ is the convolution operator. The pressure at one point will
affect the surface deflection at all other points. The convolution kernel,
K, which describes the elastic behavior of the material, is written as

K(x − s) =
2

πE′

1√
(x1 − s1)2 + (x2 − s2)2

, (F.3)

where E′ is the composite elastic modulus expressed as

1

E′
=

1 − ν1

E1

+
1 − ν2

E2

, (F.4)

with E being Young’s modulus of elasticity and ν being the Poisson
ratio for each surface.

A deformed rough aperture will have a contact area that is less than
the total nominal area, An, i.e. unless completely deformed demonstrat-
ing 100% contact area, the aperture consists of patches with and without
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pd

h
W

Figure F.2: Relation between contact pressure pd and the deformed
aperture h. The total load W carried by the deformed aperture is indicated
by the shaded areas. The surfaces in the aperture are purely elastically
deformed.

contact. We may illustrate a loaded aperture as in Fig. F.2, which shows
the relation between the pressure and the deformed aperture.

The corresponding contact mechanics system to be solved may be
written as the following set of equations and inequalities, where the
contact load, W , governs the pressure distribution and thus the amount
of displacement:

h(x) = ĥ1 + h1(x) + u(x) − g00, (F.5a)

h(x) > 0, pd(x) = 0, x /∈ xc; (F.5b)

h(x) = 0, pd(x) > 0, x ∈ xc; (F.5c)

pd(x) ≥ 0, ∀x ∈ Φ, (F.5d)

W =
1

An

∫∫
Ω

pd(x) dx, (F.5e)

where xc corresponding to the local contact spots. The rigid-body move-
ment g00 is a constant associated with the location of the contact plane.
Because the above system is determined by W , g00 may be removed
from the system in the solution process.

The system, Eq. (F.5), is here solved in a similar way to that de-
scribed by Stanley and Kato [87]. The discrete cyclic convolution, Eq.
(F.2), evaluated by FFT, requiring periodic input in terms of K and
pd and produces periodic output u. The periodicity is a demand of the
model adopted in this paper.

F.2.2 Fluid Pressure and Leakage

This section describes the method of calculating leakage through the
aperture described by Eq. (F.5a). Let us now introduce a parameter
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ε > 0 that describes the wavelength of the surface roughness. Now, let
the aperture h parametrized in ε be described by hε. The Reynolds
equation describing incompressible and iso-viscous flow applied on the
parametrized aperture function may be written as

λ
∂ (hε)

∂x1

−∇ ·
(
h3

ε∇pε

)
= 0, on Ω, (F.6)

where λ = 6ηU . In this paper, the leakage through static apertures
is considered, i.e. that the velocity, U , is zero and thus reduces the
problem to Poiseuille flow only.

Since the aperture does not include a global variable and there-
fore considers parallel surfaces, it will suffice to solve the hydrostatic
Reynolds equation on a periodic sub domain Φ ⊂ Ω, with Dirichlet
boundary conditions in the flow direction and periodic boundary condi-
tions in the transverse direction, according to the following:

∇ ·
(
h3

ε∇pε

)
= 0, ∀x ∈ Φ (F.7a)

pε =

{
pa/ω1 at x1 = 0,

0 at x1 = ε1,
(F.7b)

pε periodic at x2 = 0, x2 = ε2, (F.7c)

where Φ = [0, εi]
2. To mimic the flow condition for the whole domain,

Ω, the boundary pressure pa is linearly reduced by the number of pe-
riods, ω, contained in Ω. The pressure from Eq. (F.7a) only depends
on the gradient of h3 and not on the absolute value of the roughness
amplitude. Moreover, the solution for one set of Dirichlet boundary
conditions contains all possible solutions through a linear scaling of the
pressure.

Even though the above system may be solved for only a small part
of the total component to be simulated, note that it only applies to the
particular case of completely parallel surfaces with no influence from
the global geometry shape. If considering the global geometry of the
seal, the amount of degrees of freedom would increase and the direct
numerical simulation approach becomes inefficient.

Therefore, we will also consider a flow factor method based on the
homogenized Reynolds equation. The result of the homogenization pro-
cess, e.g. Almqvist and Dasht [20], is that as ε → 0, the Reynolds
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equation (F.6) becomes the following homogenized Reynolds equation:

∇ · (A(x)∇p0) = 0, on Ω, (F.8a)

p0 =

{
pa at x1 = 0,

0 at x1 = L1,
(F.8b)

p0 periodic at x2 = 0, x2 = Ly. (F.8c)

with similar boundary conditions as in Eq. (F.7), but with the homog-
enized pressure p0 as output. The homogenized coefficient A is written
as

A =

(
A1j

A2j

)
=

∫∫
Y

h3 (ej + ∇yχj) dy, j = 1, 2, (F.9)

where y ∈ Y = [0, 1]2. The solutions to the cell problems, i.e. χ1 and
χ2, are given by

∇y ·
(
h3 (ei + ∇yχi)

)
= 0, on Y, i = 1, 2, (F.10)

The homogenized equation describes the roughness influence on fluid
flow in the limit of a vanishing wavelength ε → 0. Of course, this does
never occur in reality, where the roughness wavelength always remains
finite. However, it will be shown that the homogenized solution (HNS)
mimics direct numerical solutions (DNS) of the same roughness with ε �=
0. The main benefit of the HNS approach is the possibility to calculate
the effects of the surface roughness as flow factors before simulating the
operating conditions in an application.

Leakage through the parametrized aperture may be calculated as

Qεi = −
1

Li

1

12η

∫∫
Ω

(
h3

ε

∂pε

∂xi

)
dx, (F.11)

where the subscript ε once again indicates the parametrization, and i
the flow direction. Analogously with Eq. (F.6), the integrated flow, Eq.
(F.11), the corresponding homogenized flow becomes

Q0i = −
1

Li

1

12η

∫∫
Ω

(Aij∇p0) dx, (F.12)

in the i direction. The flow is completely determined by coefficient A,
which in turn only depends on the precise roughness of the aperture
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and the global shape of the application, e.g. a lip seal. Global dis-
placement may be coupled to local roughness displacement through the
homogenized approach.

The flow, Q, may be scaled into a dimensionless form, Q̃, through
the following:

Q̃ =
12η

h3
rpr

Q, (F.13)

where hr is a roughness height scale parameter, and the pressure scale
factor is preferably set to the boundary pressure, i.e. pr = pa. Hence, Q̃
is independent of viscosity, boundary pressure and the absolute rough-
ness amplitude parameter.

With the current numerical scheme, the hydrostatic flow is solved
for every grid node even at the contact spots. To avoid numerical prob-
lems with oscillating solutions near the borders of the contact spots, the
aperture gap is increased with the small constant ε = 10−8 m. Because
of this, the flow will not exactly be zero when the percolation threshold
is reached, possibly producing missleading results when the leakage in a
small aperture is investigated. Thus, to improve the leakage results for
extremely thin apertures, the flow calculated at the specific load corre-
sponding to the percolation threshold will be subtracted from all leakage
readings for that specific surface.

F.3 Measurement Samples

The surface roughness data in the leakage simulations comes from ten
different surfaces. Table F.2 shows both the original data from the sur-
face measurement and the corresponding data adapted to suite the com-
putations from all surfaces. All surfaces are elastomers where surfaces
#1–8 are used for tribological sliding tests by Mofidi and Prakash [105].
The material for these surfaces are displayed in Table F.2, with the letter
B indicating that the measurement is made before a test and A after.
From the table, the roughness parameters are completely different be-
fore and after the test. Note that the measurements are not taken at
the exact same location before and after the test.

Surface #9 (new roughness) and #10 (worn roughness) are the mea-
sured roughness from a lip seal (from SKF ERC). Note the low ratio of
valid points for these surfaces, which may lead to unreliable results.

In the simulations, the elastomer materials are all considered com-
pletely linear elastic with a Young’s modulus of E = 10 MPa and a
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Poisson ratio ν = 0.5. A smooth steel counter surface is considered with
E = 210 GPa and ν = 0.3, which will have negligible effect on the total
deformation.

The surfaces are measured by a non-contact optical surface profiler
(Wyko NT1100). The apparatus uses optical phase shifting and white
light vertical scanning interferometry with sub nanometer vertical res-
olution. Measurements of the surface roughness are performed with a

Table F.2: Data of the original unadapted surface measurements and the
corresponding adapted surfaces. The surface number (#) is the unique
name for the particular surface. The material for each surface is shown
in the “Type” column. The ratio of valid measurement points is shown
in the third column (%). The parameters are calculated for a roughness
measurement with spatial domain size of 42 × 42 μm, except surface #9
and #10 with domain size 25 × 53 μm.

# Type % Sp μm Sv μm Sa μm Sq μm St μm

1 ACM 7050 B 100 0.588 0.376 0.089 0.111 0.964
Adapted 0.551 0.360 0.087 0.108 0.911

2 ACM 7050 A 98 2.581 2.648 0.483 0.641 5.229
Adapted 2.485 2.309 0.451 0.598 4.794

3 FKM 7323 B 100 0.554 0.474 0.085 0.111 1.027
Adapted 0.505 0.413 0.077 0.100 0.919

4 FKM 7323 A 100 0.998 1.156 0.190 0.247 2.154
Adapted 0.800 1.089 0.174 0.224 1.890

5 NBR 3147 B 100 0.889 0.540 0.068 0.100 1.429
Adapted 0.869 0.458 0.063 0.090 1.327

6 NBR 3147 A 100 1.712 1.302 0.311 0.399 3.014
Adapted 1.476 1.161 0.298 0.383 2.637

7 HNBR 7609 B 100 0.324 0.260 0.060 0.079 0.584
Adapted 0.322 0.216 0.058 0.077 0.538

8 HNBR 7609 A 99 1.374 2.364 0.336 0.423 3.738
Adapted 1.184 2.181 0.312 0.391 3.365

9 New lip seal 39 0.470 0.423 0.089 0.114 0.894
Adapted 0.337 0.360 0.078 0.099 0.697

10 Worn lip seal 72 0.278 0.703 0.078 0.100 0.980
Adapted 0.244 0.583 0.067 0.086 0.827
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spatial resolution (measurement array) of 736 × 480 grid points.

The resulting roughness data will contain a certain amount of noise,
much depending on the optical properties of the measured surface, such
as color and roughness slopes. Also, some points in the measurement
array will not receive any values, i.e. invalid points. Table F.2 shows
the percentage of valid measurement points for each surface.

To use the surface measurements in computations, the data needs to
be adapted. The first significant modification to the measurement data
is to remove points that can be assumed to be noise, unrepresentative
peaks and valleys, or both in the extreme values of the surface. This is
done by using the cumulative distribution of height values (Abbot curve)
for the surface. The procedure is to split up the roughness measurement
height values into 1000 bins. The roughness data are then cut at the
height value of the first bin from the top and the bottom containing at
least 10 measurement points.

A periodic roughness functions is expected in the contact mechanics
and the hydrodynamic two-scale approach. Therefore, the next step in
the modification of the roughness signal is to render the edges of the
data more periodically smooth. A detrimental effect of not having such
a periodic match between the boundaries is that the discontinuities at
the edges could form a wall, restricting all fluid from passing the edges.
Another example on the effects of the sharp non-periodic edges is the
ringing or rippling effect that may occur throughout the domain when
performing Fourier filtering or convolution.

The edge modification is done using a technique of blurring the data
edges. The procedure is to first apply a Gaussian low-pass filter to the
data in the frequency domain. A Gaussian 2D transfer function is used
where the appropriate size and standard deviation can be chosen for the
particular type of roughness. The shape of the Gaussian distribution
used in this paper was determined through experimentation.

The edge modified data is calculated as the weighted sum of the
original and the blurred data. The weighting function is based on the
auto-correlation function of the transfer function. This procedure ren-
ders the modified data identical to the input data at the central part of
the domain and equal to the blurred version at the edges. The modified
data near the edges is arranged to get a smooth transition between the
periodic pairs will, as seen in Fig. F.3 where images of the unmodi-
fied and modified data are displayed for two surfaces. Each image is
periodically repeated with one-fourth of a period in both directions to
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Figure F.3: Images of surfaces #1 (top) and #2 (bottom). The unmod-
ified data is shown to the left, the edge modified data in the middle, and
the edge modified and smoothed data to the right. The surface roughness
is periodically repeated where one and a quarter cells are shown in each di-
rection to visualize joints between the cells more easily. The concatenation
border is marked by the black squares.

display the effects of the data modifications at the joints, indicated by
the black squares. The sub-figures to the left represent the unmodified
data, and for some surfaces it is easy to see a distinct discontinuity at
the boundary, which is smoothed out in the edge modification step in
the middle figures. In the figures to the right the edge modified data is
smoothed with a 3-points moving average filter to make the data more
suited for computations.

To get a qualitative idea of the appearance and distribution of the
roughness data, 3D plots of all surfaces are seen in Fig. F.4. The
unmodified data is shown as black dots and the modified data as the
gray surface.
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Figure F.4: 3D plots of the elastomer surfaces with the coordinate con-
ventions (x1 ↗, x2 ↖, x3 ↑). The unmodified surface measurement data
is shown as black dots and the interpolated and periodic smooth data in
grey. The scale in the x3-direction is in μm and all surfaces have the same
size in the spatial directions, i.e. 42× 42 μm, except surfaces #9 and #10
with domain size 25 × 53 μm.
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F.4 Results and Discussion

In this section, simulation results of the deformation and leakage in the
rough apertures from the surface measurement samples will be shown.
The percolation threshold will be discussed and the influence on some
roughness height parameters on the leakage will be shown.

F.4.1 Percolation Threshold

The percolation threshold is reached for a specific contact load when
the surface is sufficiently deformed, according to Eq. (F.5), so that no
open path can be found for a fluid particle to travel from one edge to the
other. This threshold may be found without any knowledge of the actual
leakage from the aperture for lower loads and can give useful information
about the behavior of specific surface roughness in the aperture. The
percolation threshold in each flow direction corresponds to a contact
load and an area ratio of contact spots versus total nominal area, i.e.
the real area of contact contact. In Fig. F.5 the real area of contact
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Figure F.5: Real area of contact versus load for all surfaces for loads
reaching the maximum between the percolation threshold in one direction.
The percolation threshold in each direction is marked as black and white
circles and the number corresponds to the respective surface. The dashed
lines mark the minimum and maximum real area of contact at percolation
threshold.
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contact is plotted against contact load for all surfaces. Each number
corresponds to the respective surface. As expected, the rougher surfaces
must be loaded more before reaching the percolation threshold. Also,
the real area of contact contact is nearly linear with respect to the load,
as seen in the figure.

The circles in Fig. F.5 represent the percolation threshold in the
respective directions and the dashed lines mark the extreme values of
Ar. The percolation threshold is contained within 33–55% of real contact
area for all surfaces. As a comparison, Tripp and Garte [106] suggested
a threshold contact area of about 44% for a random 2-D lattice, in
agreement with the current results in Fig. F.5, whearas in continuum
percolation theory, a ratio of around 67% is common, see e.g. [107].

According to Eq. (F.5), the rough surfaces are elastically deformed
through a series of contact loads. The percolation threshold is deter-
mined by processing images of the contact spots and finding closed con-
tact regions. Since the surfaces are periodic in both directions, the
fluid may travel across boundaries in the perpendicular flow direction.
This means that connectedness of such regions across the boundaries in
the perpendicular flow direction must be accounted for. Images of the
contact spots for different rough apertures that are loaded to the per-
colation threshold in each direction are shown in Fig. F.6. The arrows
indicate the flow direction in the sub captions together with the corre-
sponding load. For most surfaces, the percolation threshold is reached
for different loads in each direction. The more homogeneous the rough-
ness structures, the more likely the percolation threshold will be reached
for similar loading conditions. A significant difference between the di-
rections can, e.g., be seen for surface #6, Fig. F.6f. The surface has
a longitudinal waviness in the vertical direction, see Fig. F.4, which
means that the surface needs to be loaded heavier to reach the percola-
tion threshold in that direction.

The percolation threshold obviously depends on the particular rough-
ness. In Fig. F.7, eight different roughness height parameters from all
surfaces are plotted versus the contact load at the percolation threshold
in each direction. A clear trend is seen in all figures, i.e. the rougher the
surface the more load is needed to reach the percolation threshold. The
largest spread is achieved with the valley parameters, Sv (mean to val-
ley) and Svm (mean to the average of five valleys). From the figure the
information from the asperity peaks is clearly important with respect to
the percolation threshold. The smallest spread is achieved with the peak
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(#1) → W = 0.11 • ↑ W = 0.17 (#2) → W = 1.08 • ↑ W = 1.08

(#3) → W = 0.25 • ↑ W = 0.27 (#4) → W = 0.48 • ↑ W = 0.48

(#5) → W = 0.14 • ↑ W = 0.13 (#6) → W = 0.48 • ↑ W = 0.63

(#7) → W = 0.10 • ↑ W = 0.11 (#8) → W = 1.00 • ↑ W = 0.76

(#9) → W = 0.21 • ↑ W = 0.25 (#10) → W = 0.16 • ↑ W = 0.25

Figure F.6: Images of the contact spots (black regions) at the percolation
threshold in the horizontal (left) and vertical (right) direction for some
surfaces. The corresponding nominal load in MPa is given in each sub-
caption.

parameters, i.e. Sp and Spm. The simulated elastic displacement only
depends on the specific surface data and the ratio between the contact
load and the composite Young’s modulus: W/E′. The relatively small
spread in the graph showing W versus Spm makes it temping to find a



208 PAPER F. LEAKAGE BETWEEN ROUGH SEAL SURFACES

W
M

P
a

Sa μm
0 0.2 0.4 0.6 0.80

0.5

1

1.5

W
M

P
a

Sq μm
0 0.2 0.4 0.6 0.80

0.5

1

1.5
W

M
P
a

St μm
0 2 4 60

0.5

1

1.5

W
M

P
a

Sz μm
0 2 4 60

0.5

1

1.5

W
M

P
a

Sp μm
0 1 2 30

0.5

1

1.5
W

M
P
a

Spm μm

3.6 × 104E′Sp

0 1 2 30

0.5

1

1.5

W
M

P
a

Sv μm
0 1 2 30

0.5

1

1.5

W
M

P
a

Svm μm
0 1 2 30

0.5

1

1.5

Figure F.7: Contact load versus roughness height parameters at perco-
lation threshold in both directions. In the graph representing W versus
Spm, a linear expression for the load is shown in the legend with the cor-
responding graph in the figure.

linear expression for the W = W (Spm, E′). A simple linear approxima-
tion of the contact load becomes:

W = 3.6 × 104E′Spm, (F.14)

which is shown in the graph representing Spm in Fig. F.7.

F.4.2 Leakage

This section shows results of hydrostatic leakage simulations between
parallel rough apertures from the surface roughness data. The specific



F.4. RESULTS AND DISCUSSION 209

roughness is loaded with a contact load, W , against a flat counter sur-
face.
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Figure F.8: Leakage volume for three different rough surface test spec-
imens. A comparison between measured data, and simulated with the
homogenized and direct methods by using surface roughness measurement
data from the same surface test specimen. Figure from Sahlin et al. [104].

The results will be shown in both dimensional form for the sake of
clarity and non-dimensional form for the sake of generality, since the
leakage is proportional to the pressure drop and fluid viscosity. In the
dimensional case, the simulated fluid has a constant density ρ = 103

kg/m3 and a constant viscosity of η = 10−3 Pas.

The domain is considered to be completely parallel with no global
geometry, making a DNS approach possible. This is because it is suffi-
cient to consider only one cell (roughness data) with periodic boundary
conditions perpendicular to the flow direction and Dirichlet conditions
in the flow direction. The domain size is 1 × 1 mm and with a pressure
drop of 1 MPa in the flow direction.

Sahlin et al. in [104] validated the simulation method with experi-
ments for this type of problem. Instead of elastomers they used milled
and ground steel surfaces and because of high local contact pressures,
perfectly plastic displacement was considered in addition to the linear
contact model. A comparison between measurements and simulations,
both DNS and HNS, is shown in Fig. F.8.

In Fig. F.9, the leakage as a function of contact load is plotted for
all surfaces with surface number displayed for each curve. The DNS
and HNS solutions are shown in the same plot for the x1-direction.
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The results are similar even though a limited number of wavelengths
may fit the domain. This shows that the assumption of a wavelength
approaching zero, used in the HNS method, is valid for wavelengths far
from zero for hydrostatic conditions, i.e. HNS is the approach to choose
when considering a global geometry.
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Figure F.9: Hydrostatic leakage as functions of nominal contact load for
all surfaces in the x1-direction.

The roughness parameters from Table F.2 are reflected in the flow
in Fig. F.9, where the roughest surfaces are seen to admit more leakage.
This is true at least for smaller contact loads. Leakage properties for
higher contact loads may alter between the surface, e.g. surface #5.
This behavior may be explained by viewing Fig. F.4, where it can be
seen that surface #5 has a set of extremely high peaks. When the surface
is sufficiently deformed, the fluid flow will experience a rapid drop at a
level where the underlying roughness will start to affect the flow.

A large spread in flow between the surfaces is common to all curves
in Fig. F.9. However, the small difference in leakage between the two
directions indicates that the roughness height information could be use-
ful in determining the flow. In an attempt to investigate the effects
from the roughness parameters, the leakage may be scaled in such way
that a specific roughness parameter is kept constant for all surfaces, see
Eq. (F.13). This is done in Fig. F.10 where the leakage is plotted as a
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function of contact load for all surfaces in both directions. The rough-
ness height parameters from the undeformed surfaces are used and the
surfaces are scaled to the average value of the specific parameter from
all surfaces. The same scaling as in Fig. F.9 is used. There is less
spread between the results for the surfaces compared to the curves in
Fig. F.9, in particular when scaling with the valley parameters Sv and
Svm. These parameters are the most pronounced to describe the flow,
which is especially clear for a limited load.
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Figure F.10: Hydrostatic leakage (kg/h/m) in both directions for all
surfaces as functions of nominal load (Pa) with the surfaces scaled to the
same roughness height parameter. The value of the common roughness
parameter, which is the mean value of all surfaces, is written out in each
figure. The axis limits and values are the same as in Fig. F.9.

Figure F.11 shows the dimensionless flow versus the non-dimensional
contact load, see Eq. (F.13). This is the same graph as in lower right
Fig. F.10, but with dimensionless values. The flow is scaled with the
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Figure F.11: Non-dimensional leakage as functions of non-dimensional
contact load for all surfaces in both directions. The flow is scaled with Svm

to the left, and with the same parameter but for the deformed surfaces,
Svmd

, to the right.

roughness height scale parameter, hr = Svm, to the left, and with the
same parameter but for the deformed surfaces, hr = Svmd

, to the right.
Results from all surfaces in both flow directions are shown. The left
graph illustrates that the non-dimensional leakage for all surfaces con-
verges towards 1 as the load decreases towards 0. This property is found
only for the valley parameters among the roughness parameters studied
in Fig. F.10 and suggests that a good approximation of the leakage for
low loads would be

Q ≈
prS

3
vm

12η
(F.15)

As seen to the right in Fig. F.11, the valley parameter for the de-
formed surfaces, Svmd

, strongly controls the flow as well as when the
surfaces are deforming. Here, the non-dimensional leakage is close to
constant and unity for a wide range of contact loads. We may write a
simple approximate expression describing this relation as

Q̃ =
12η

Svmd
pr

Q ≈ 1 (F.16)

The parameter Svmd
depends on the contact load and the unde-

formed roughness, i.e. Svm. An approximate expression for Svmd
is

found to be

Svmd
≈

(
−0.023 ×

3

√
W

E′
+ 1.1 × 3

√
Svm

)3

. (F.17)
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With this information we may write a final approximate expression for
the dimensional leakage through a rough aperture:

Q ≈

(
−0.023 ×

3

√
W

E′
+ 1.1 × 3

√
Svm

)3

pr

12η
. (F.18)

Ideally, the above expression would determine the leakage for all possi-
ble variations of boundary conditions, surface roughness configuration,
elastic material properties through the composite Young’s modulus, fluid
properties through the viscosity, and all contact loads. However, note
that this is within the scope of the current model simplifications. In a
real application, more parameters are likely to affect the leakage.
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Figure F.12: Leakage as functions of nominal contact load for all sur-
faces in both directions for the DNS solutions together with the analytical
expression.

A comparison between the simulated flow in both directions and Eq.
(F.18) for all surfaces is shown in Fig. F.12. Note that the leakage is
independent on direction in Fig. F.12. The expression correlates well
for some surfaces and less well for others. The approximation seems to
give more reliable results for lower contact loads which is expected by
inspecting the right of Fig. F.11. However, some surfaces show good
agreement for the whole load range, from zero to the percolation thresh-
old. The constants in Eq. (F.18) are compromises to fit all surfaces
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with the same expression. The agreement with numerical simulations
could be made more accurate by tweaking the constants. The agree-
ments for higher loads may be enhanced by using the information for
the percolation threshold, Eq. (F.14).

Of note, the results shown in this paper are based on the ten surface
measurements, which are modified as earlier outlined. More surfaces are
needed to verify the indications shown in this paper.
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F.5 Conclusions

The hydrostatic leakage through a set of measured rough apertures was
simulated with both direct numerical simulations (DNS) and with ho-
mogenized numerical simulations (HNS). Real roughness measurements
from elastomer surfaces were used as input to the simulations. The sur-
faces were elastically and periodically deformed for a broad range of loads
and the leakage was simulated for the deformed rough apertures. Ten
different surface measurements with significantly different characteris-
tics were used, illustrating that the leakage properties are significantly
different between the surfaces.

A specific surface roughness height parameter, i.e. Sv and Svm (rep-
resenting the valley information), is found to be of specific importance
in characterizing the leakage. By scaling the surfaces to the same val-
ley roughness parameter, the leakage becomes similar for all surfaces.
A closed form expression is found that approximates the leakage as a
function of contact load, Young’s modulus, Svm, pressure drop and fluid
viscosity.

It is shown that the roughness peak parameters, i.e. Sp and Spm,
are significant to the percolation threshold. The percolation threshold
appears for different contact loads in different directions and the thresh-
old values for all surfaces are contained between 33 and 55% real area of
contact. A closed form expression is found that approximates the con-
tact load required to reach precolation threshold as function of Young’s
modulus and Spm.

The results from the HNS simulations agree well with DNS simula-
tions. Thus, HNS may be used to reduce the required number of degrees
of freedom when considering a global geometry.

The results show that the current simulation model merging contact
mechanics and flow is useful as an engineering design and research tool
for seals and other devices where leakage is of interest.
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torque, 151, 155
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Hardness, 39, 123–125, 140, 178
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method, 36, 46, 51, 133, 195
Homogenized

coefficients, 36, 148, 150, 165,
167, 168
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Hydrodynamic
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Hydrostatic
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Interacting surfaces, 25, 30, 33, 38,
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Local
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Lubricated interface, 28, 99, 101

Lubrication regimes, see Hydrody-
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ary
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