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ABSTRACT 

In this thesis algorithms are developed for the navigation of an autonomous guided vehicle 
(AGV). The principle is based on measurements of directions to several identical beacons. The 
algorithms have been implemented and tested on an AGV. The beacons are stripes of reflective 
tape. The angular sensor is a rotating laser for the illumination and a highly sensitive 
electro-optical receiver is used for detecting the reflective tape. Hence, no information is 
available about the origin of each measured angles. Therefore, the initial position of the vehicle 
is determined using the pattern of measured angles. A recursive trajectory estimator then is 
described. The motion between the measured angles is modeled in the estimator. The position is 
updated for each measured angle that has been associated with a reflector stored in a reflector 
map. 

The reader should observe that the system dynamics is non-linear and that also the observations 
are non-linear functions of the state variables. Moreover the association problem turns out to be 
binary in its nature. Thus, using "directions-only" measurements for the navigation of an AGV, 
gives rise to a non-linear binary/continuous estimation problem. Fortunately this has a nice 
physical interpretation that is used frequently when solving this dynamic estimation problem. 



INTRODUCTION 

Since ancient times, navigation at sea has been done with the aid of measured directions to 
different stars. The sailors had maps of the locations of the stars relative to the earth. One early 
variant of a star map, was based on a model of the universe, where the earth was assumed to be 
flat and the heaven a dome. The stars were located on the surface of the dome. The universe was 
carried on the back of a turtle. 

Today, when computerized autonomous guided vehicle (AGV) systems are being developed, 
researchers all over the world invent their own models of the surroundings of the AGVs. 
However, the model with the flat earth and the stars is appropriate for our purposes, after some 
modifications. We let all the stars fall down from the sky and come to rest at a constant height 
above the ground. We also let the poor old turtle leave its lonely position in the middle of 
nowhere and reduce its size. The turtle will represent our AGV. But since a turtle is a slow 
motion "device", we have to manipulate its genes so it becomes a "turbo-turtle". 

In this thesis we suggest some methods of how the "turtle" can find its position on the flat ground 
by measuring the directions to different "stars". Its "eyes" consists of a laser, a rotating mirror 
and additional optics. This sensor is called anglemeter. The "stars" are of identical stripes of 
reflective tape in the surroundings of the AGV. The main reason for having identical beacons is 
economy. The beacons are very cheap. Paper A and  D  gives a description of the body of the 
turtle. Some parts of paper A are extracted from paper  B  and [1]. 

A sailor can easily identify which stars he use for the navigation, at least as long as it is not too 
cloudy. There are a lot of star pictures that he can look for. Our vehicle measures the angles to a 
lot of identical reflectors. Therefore, it has to fmd a way to associate the measured pattern of 
angles with reflectors. Normally, only a fraction of the reflectors are visible from one point. 
There can also be false detections from other objects in the surroundings. Paper  B  describes how 
the association problem can be solved when the initial position is unknown. 

The angles will be measured from different points if the AGV is moving while the angles are 
measured. A sailor can neglect the motion since the stars are far away. But for our AGV, the 
distances to the reflectors are relatively small, and the motion is clearly noticeable in the 
measured angles. As we will show in paper  B,  it is necessary to take the motion into account. In 
paper  C  we describe a recursive estimator of the trajectory followed by the AGV. 

The AGV has however one great advantage over the sailor - If the AGV can solve the 
association problem, and if it takes the motion into account, then it will determine the position 
with higher accuracy than a sailor can, since the reflectors are close and their relative location 
can be determined with high accuracy. 



There is something that we have forgotten in the creation of our model of the universe, namely to 
put other species on the earth. Fortunately, other research teams all over the world do this for us. 
The FROG [2] assumes that the earth looks like a chequer's board. There are also 'bats' that use 
ultrasonic sensors for the navigation [3]. Among the systems that use laser-based sensors and 
triangulation are [4,5]. These system all use only three reflectors and do not model the motion of 
the AGV. In [6] the triangulation is based on the measured angle to one reflector, and predicted 
angles to the other two reflectors. Some 'blind' AGVs that only use the motion of the wheels are 
described in [7,8,9]. This method is called odometry. In [10] a brief description is given of a 
system that use the combination of odometry and directions measured to "star-pictures", that is, 
bar-coded reflectors. It seems like they are using triangulation to correct the position for the 
moving vehicle. There are also a number of other navigation techniques, such as painted lines 
[11]. A survey is given in [12]. 

Closing remarks: 

Some of the problems that the slow-motion turtle encounters, are illustrated on the cover of this 
thesis. If the association problem is solved, three measured angles to reflectors are needed to 
calculate the position by triangulation. However, in order to solve the initial association problem, 
at least four angles are needed since all reflectors are identical. If the motion while the angles are 
measured is neglected, triangulation will give large errors in the estimated position, except at 
certain points. The navigation algorithms can not be too complicated. The turtle can stop and 
take a nap while it processes the collected information. The turbo-turtle will hopefully be able to 
solve these problem as the evolution progresses. 
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AGV navigation by angle measurements 
U  Wiklund,  U  Andersson  and  K  Hyyppä 

Lulea University of Technology, Sweden 

We describe an optical navigation system for the navigation and control of an autonomous guided vehicle 
(AGV). The navigation system consists of a low-power laser, a rotating mirror and the necessary optics. 
It is used to measure the angles to several identical reflective beacons. The position and heading of the 
AGV is recursively updated each time a valid angle is measured. It is easy to define and change the drive 
path which is a list of coordinates. The AGV follows straight lines between these coordinates. The system 
has been tested on an AGV prototype. 
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1 INTRODUCTION  

In this paper we describe how an optical directional measuring system is used for the navigation of an 
autonomous guided vehicle (AGV). The directional measuring system consists of a low-power laser, a 
rotating mirror and the necessary optics. The measuring system is called anglemeter throughout this 
paper. The anglemeter is used to determine the direction to reference points, consisting of identical stripes 
of  retro-reflective tape. The position and heading of the vehicle is determined recursively by using the 
angles measured to these reflectors. The vehicle used has three wheels where the single front wheel is 
used both for steering and traction. 

For a non-moving vehicle, at least three reflectors have to be visible in order to determine the position. 
This requires that we know from which reflector each measured angle originates. Since the reflectors 
have no identity marks, we have to associate each angle with a reflector. There might also be false 
reflections from other objects. These false detections have to be detected and discarded. 

If the initial position is unknown, there is no way that the association problem can be solved if only three 
reflectors are used. Therefore we have to use more reflectors than three to get redundancy in the pattern of 
measured angles. Our previous work concerned this topic - a method of how to find the initial position. 
We also made a prototype of the anglemeter and tested the system on an AGV prototype [1,2]. 

When the vehicle is operating in a production environment, only a fraction of the reflectors will be visible 
from its current position. Therefore many reflectors are needed for the determination of the position with 
high accuracy anywhere in the area of operation. 

The main advantages of having passive reflectors of the type we use, are the flexibility and the economy. 
It is easy to change the transportation routes in a factory, compared with wires in the floor or painted 
lines. A change in the routes can be caused by a change in production or, simply, the planned route is 
obstructed. Since every reflector strip is inexpensive, the cost of the system is essentially proportional to 
the number of AGV's - not the present or future working area. The same navigation system can also be 
used to operate, say, a cleaning machine. The present system can be used outdoors if the surface it travels 
on is reasonably flat, or if the beacons are not too far away. Applications might be in mines, in 
agriculture, when cleaning airfields, for the positioning of a dredging boat etc. 

In our current work we have taken the dynamics of the system into consideration. We have restricted our 
study to a single vehicle and describe the navigation system and guidance law that we use. A complete 
system will consist of several vehicles coordinated by a supervisory computer via radio communication. 

1.1 Outline of the paper  

The vehicle and the anglemeter are briefly described and analyzed in section two. We also give some 
suggestions on how to locate the reflectors. 

Section three deals mainly with estimating the position when the vehicle is moving while angle 
measurements are made. In [1,2] we assumed that the speed of the vehicle was very low so three 
subsequent angles could be considered to be measured from the same point. The rotational speed of the 
anglemeter is 1 Hz. We now present a method (based on Kalman filtering) for updating the position each 
time an angle is measured. It is possible to use a high speed vehicle, typically 0.5-2  m/s.  The association 
problem is solved preliminary using a windowing technique. To determine the initial position we use the 
method from [2]. We then give an overview of the different components in the navigation and guidance 
system. 

In section four we turn to the control problem. The drive path of the vehicle consists of straight line 
segments between given points. The list of points can for instance be generated with a  CAD-program  on a 
personal computer. It is then simple to change the drive path that the vehicle is to follow. 

Simulation results are presented in section 5. 

2 SYSTEM DESCRIPTION 

2.1 The vehicle 

A picture of our vehicle is shown in fig 1. The upper part, which we call the "tower" is connected to the 
"frame" through thin legs leaving a 40 mm wide slit between them. This allows the anglemeter which is 
mounted in the center of the frame to have almost 3600  of horizontal field of view. The dimensions of the 
vehicle are (w,l,h) 0.5m, 1.3m, 1.4m. The combined traction and steer unit is placed in front of the 
anglemeter in the frame. Both motors in it are of the permanent magnet 24 V DC type. 

200 



The tower contains, from the top: 
some push-buttons and control 
lights, a frame with a VME-back-
plane containing all the electronics 
and at the bottom a battery box with 
two sets of lead-acid batteries. One 
set is used for the motors and the 
other for the electronics. The dan-
gling cables seen in the figure goes 
to a personal computer which is used 
to test and simulate the system. 
More details of the electronics can 
be found in [1,2]. 

Fig 1. The test vehicle in our lab photographed with a flashlight to 
"light up" some of the beacons. 

2.2 The anglemeter  

There are many methods to measure angles to reflective beacons, our method take advantage of the 
known constraints in the measuring situation. It will gain orders of magnitude in receiver signal to noise 
ratio compared to other systems which use a vertical fan-shaped illuminating beam and a corresponding 
receiver field of view. 

A picture of our prototype 
is shown in fig 2. A rotat-
ing mirror deflects a 1 
mW laser beam to sweep 
in a horizontal plane. Be-
fore the laser beam hits 
the rotating mirror it trav-
els through a hole in an-
other deflecting mirror 
which is part of the opti-
cal receiver. The receiver 
is optically coaxial with 
the outgoing laser beam. 
The lens in the receiver 
has a focal length of 100 
mm and a maximum aper-
ture of 18 mm. The detec-
tor, which is placed on the 
optical axis in the focal 
plane of the lens, is a 
silicon photodiode with a 
diameter of 0.1 mm. 

Fig 2 The prototype anglemeter. The rotating mirror is mounted under the 
flywheel in the right part of the photograph. The laser and part of the optical 
receiver can be seen in the lower left corner. 

Our vehicle is moving on a reasonably flat floor, which means that we do not need to waste our 
illuminating laser power by spreading it out in a fan. We know at what height the laser beam will hit the 
wall and put our beacons at that height. This means that we can restrict the vertical field of view of the 
optical receiver in the anglemeter to the same order as the divergence of the illuminating laser beam. In 
this way we minimize the background noise and the probability of catching false beacons from strong 
external light sources. The divergence of the laser is 1 mrad. The discussion above is of course valid only 
if the scanning beam plane is parallel with the floor. The vertical length of the reflective stripes makes the 
anglemeter tolerate non-ideal i.e. real floors. 
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Fig 3 Coordinate system and symbols used to analyze 
the influence of the alignment error f3 on the mea-
sured angle error Ay 

The improved signal to noise ratio will influence four parameters positively: 

Longer range 
Higher rotational speed of the mirror 
Narrower reflective strips 
Smaller error in measured angle 

The reason to have mechanically moving parts in the anglemeter, which naturally makes it more fragile 
than e.g. a system built around CCD-cameras, is the precision level we want to reach. Our demand on 
almost 3600  of horizontal field of view takes several CCD-cameras. The resulting adjustments and 
calibration of them and their non-ideal imaging optics will be very difficult. 

The most important part of the anglemeter is the precision incremental encoder. The rotating mirror is 
attached to its axis. The error in measured angle to a beacon originates from: 

Errors in the incremental encoder 
Alignment en-ors 
Noise in the receiver 
Partly blocked beacons 

The incremental encoder outputs two 900  shifted pulsetrains and a zero pulse. The pulsetrains contain 
9600 pulses/revolution which gives a resolution of better than 0.2 mrad after electronic processing. The 
manufacturer does not state any absolute non-accuracy but we believe it is of the same order as the 
resolution. Its contribution to the total error is therefore negligible. 

There are several alignments to be made in the 
anglemeter which can cause errors in the mea-
sured angle. The misalignment between the mirror 
rotational axis and the laser beam is the dominant 
one and will be discussed in some detail. 

Fig 3 shows the rotating mirror, the laser beam, an 
attached coordinate system and the symbols 
which will be used. The mirror rotates around the 
vertical Z-axis. Its rotational angle is  y,  which also 
is the angle of the reflected beam with no align-
ment error. The incoming laser beam can be 
assumed to lie in the XZ-plane and to hit the 
mirror in the origin of the coordinate system 
without loss of generality. The alignment error is 
J3 and the error in  y  is Ay. Observe that the 
reflected laser beam does not lie in the XY-plane 
and that Ay is the angle between the nominally 
reflected beam and the actual beams projection in 
the XY-plane. 

Let no  be a unit vector normal to the mirror surface when y=0. 

1 
1, 0, —1)T  

This can be transformed to the rotating vector n(y) by premultiplying with the rotational matrix R(y).  

n (y)  =  R (y)  • no  

The rotational matrix is given by 

(cy  —sy  0\ 
R(y) =  sy  cy 0 

0 0 1)  

where we have used cy and  sy  as shorts for cos(y) and sin(y). 
This gives 

(2.1) 

(2.2) 

(2.3) 

202 



1 
sy, 	—1) (2.4) 

The reflection of the laser beam can be modeled with a rotational matrix A, which is defined by 

A  (y)  = 1 — 2n  (y)  •  n  r(y) (2.5) 

This gives 

S
2y 	—cr sy 	cy  

A (y) = —sr  cy 	c2y 	sy 
cy 	sy 	0 

(2.6) 

A unit vector  p„  parallel with the incoming beam can be found by inspection 

pin  = (s ß, 	0, 	cß) (2.7) 

A unit vector po,„ parallel with the reflected beam is formed by premultiplying  mr,  with A. 

pow= A • (2.8) 

Which becomes 

pout =  (sy. sy.  • sß+ cy • cß, 	—sy•  cy• s ß+sy•  c  ß, 	cy• s ß)T  (2.9) 

Finally the projection of po„, in the XY-plane is po, 

poue =  (sy  •  sy  • sß+ cy- cß, 	—  sy  • cy • sß+  sy  • c(3, 	0)T  (2.10) 

this can also be written as 

po ,=k • (cos(y+ Ay), 	sin(y+ 6.y), 	0)T  (2.11) 

After some manipulations where we have assumed that ß and Ay are small we arrive at the result 

= — sin(y) • 

 

13 (2.12) 

This is a systematic contribution to the total error in the measured angle and might also be the dominating 
one if the alignment is not done with outmost care. 

Our present beacons have a horizontal width of 20 mm and one can ask the following question. To what 
part of the beacons do we measure our angles? The mirror rotates in the positive sense so that the laser 
beam crosses the beacon from right to left. Due to our high signal to noise ratio we can have a rather low 
threshold level in the receiver without introducing false detections as a result of electronic noise. 
Experiments have shown that the angle is measured to a point less than 1 mm from the right edge of the 
reflective tape. This is at a range of 10 m and at a rotational speed of 1 Hz. Thus the contribution to the 
error angle from the electronic noise is negligible. 

From the discussion above it follows that if the right side of a beacon is blocked due to some obstacle we 
will get an error which could be significant. We would be better off if the beacon were completely 
blocked! The error is random with a positive mean. 

2.3 Reflector mays  

A large number of reflectors are needed in a production environment. It would be almost an impossible 
task to find the coordinates of all the reflectors with high accuracy in a global coordinate system. 
Therefore it is wiser to divide the area of operation into smaller areas. Different rooms in a factory is a 
simple example of this division. The area near a docking station is another. The approximate location of 
the local rooms in the global system can easily be found. The reflectors are then localized within these 
local coordinate systems with high accuracy. We use the anglemeter to do the localization of the 
reflectors. 
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If the reflectors are located in a local room with too much symmetry, there can be several solutions when 
the initial position is determined. Therefore the reflectors should be located randomly. We can however 
allow a symmetrical location of the reflectors in for instance a narrow corridor which the AGV only 
drives through, without docking at any specific points. Without knowing the actual position of the 
beacons, the symmetry in the measured angles could be used for navigation when the vehicle is passing 
the corridor. 

3 ESTIMATING  THE TRAJECTORY  OF THE AGV 

The position is updated each time a valid angle is measured. This means that all angles will be measured 
from different positions of the AGV. We therefore have to model the vehicle's motion between the 
measurements. In this section we start by deriving a motion model which will be used in the estimator 
design. We have chosen a first-order model instead of the more common second order models where 
acceleration is taken into account. .To compensate for this model simplification, we assume that the values 
of the speed and steer angle are contaminated with additional noise. The control laws are also designed 
such that the changes in the set values to the servos between two sampling instants are small. This helps 
to justify our reduced order model. 

The motion model can be used to update the position even if there are no angles available. This will 
however lead to large accumulated errors. We therefore need the angles to make corrections. But the 
measured angles have to be associated with reflectors or discarded as false. An association method is 
presented where we use the estimated position from the filter. 

Before the filter can be used, the initial position has to be found. The method used at present will be 
described at the end of this section. 

3.1 Motion model  

We will study planar motion for a vehicle that moves with the translational velocity u, and the angular 
velocity /42. The location of the AGV is described by the coordinates x,y and its orientation by the angle 0 
to the x-axis. In the description we have chosen the midpoint of the rear axis as reference point on the 
vehicle, cf. fig 4. The angle 0 is also the heading of the AGV. 

The differential equations for the motion are 

= is, cos 	y  = sin 0 	Ö= u2 	 (3.1) 

On the vehicle we can control the speed of the front wheel, v, and the steer angle, a. In fig 4 we can see 
that there will be an instantaneous center of rotation for the motion of the vehicle. 

Instantaneous centre of rotation 

\ 

= instantaneous radius V 

of curvature 

— 
tan 0( 

x 

Fig 4. When the steer angle is constant, the motion of a three wheeled vehicle is along a segment of a 
circle. 

Since the vehicle is a tricycle, we will get the following relations for our input signals u, and 

= V cos a 
v . 

U2  = — sin a (3.2) 
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where L is the distance between the steer axis and the rear axis. It is also possible to derive expressions 
for the input signals when the rear wheel movements are measured. In the future we will use incremental 
encoders to measure the wheel movements. This will increase the accuracy of the update of the motion 
model between the sampling instants. At present we do the assumptions that the input signals u1  and u, are 
constant during the sampling interval. This means that we have assumed that the speed and steer angle 
only changes at the sampling instants and remain constant during the sampling interval, T. The equations 
of motion can be integrated between the sampling instants with constant input signals. This gives the 
non-linear discrete time model  

U I  
x(k +  1)  = x(k) + (sin(0(k) + u2T) —  sin 0(k)) 

U2 

U1  
y (k + 1) = y (k) +(—cos(0(k)+ u2T)+cos 0(k)) 

U2 

e(k + 1) = 0(k)+ u2T 

(3.3a) 

(3.3b) 

(3.3c) 

Throughout this paper we will use  k  to denote the value of a variable at the discrete time instants t, when 
sampling is made. For convenience, this will be omitted for the input signals. 

The geometrical interpretation of (3.3), is that the motion is along a segment of a circle. For small 
changes u2T in the heading, we can approximate the trajectory with a straight line. 

x(k + 1) =  (k)  + u 1T cos e(k) 	 (3.4a)  

y (k + 1) = y (k) + uiT sin ei(k) 

0(k+ 1) = e(k)+ u2T 

(3.4b) 

(3.4c) 

With a proper control law, the steer angle often will have a small variation around a nominal value 
needed to follow the current segment. The steer servo also has a short time constant. The neglected 
dynamics in the servos will introduce some uncertainties in the input signals. We will take these model 
errors into account by including noise signals in the discrete time model, i.e. we replace the idealization in 
(3.2) with the additive noise model 

= (v + wv) cos(cc + wa) 
(v 

u2= 	sin(a + wc,) (3.5) 

This can now be inserted in (3.3) or (3.4) where we, after straightforward identification of terms, can find 
the coefficients for the noise terms. Only the first order terms are used. For sampling intervals of 0.2 s or 
shorter, the numerical values of the coefficients in the two cases are practically the same. We therefore 
use the coefficients from the second linearized case. We will now have a model of the type 

x(k + 1) = fi (x (k),y (k),O(k),u1)+ g11wv +g12wc, 	 (3.6a) 

y(k + 1) = f2(x (k),y (k),0(k),4+ gnw + v 22Wa 	 (3.6b) 

0(k + 1) =f3(x(k),y (k),0 (k),u2) + gmw, +  g  32w  c, 	 (3.6c) 

where for instance 

g11  = T cos cc(k) cos 0(k) 	 (3.7) 

The noise signals w, and  wc,  are assumed to be independent zero mean white noise processes with 
covariance matrix  Q.  

We can write this motion model in a more compact way by introducing the state vector  x  (x,y,e)T and 
noise vector w = (w„w)r.  

X (k + 1) = f(X(k),upu2)+ G (k)w(k) 	 (3.8) 
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,y; 

Mk) 

(x(k),_< 	0 (k) 

3.2 Measurement model  

Reflector  i  is located at (x„y,). The index  i  is used to denote the current reflector. The position of the 
midpoint of the rear axis is (x(k),y(k),0(k)). Using fig 5 we see that the angle to this reflector is 

"yi —y(k)—d sin e(k) 
7i(k) = —0(k) + arctan 	  

xi — x(k)—  d  cos 8(k)i 
+1)(k) 

where  d  is the distance between the anglemeter and the rear axis. We can write this as 

-4(k) = hi(X(k))+ v(k) 

(3.9) 

(3.10) 

We assume that the sequence {u(k)} is white noise with zero mean and covariance  R  and uncorrelated 
with the process noise. The real measurement noise was analyzed in section 2.2. There are also errors in 
the reflector coordinates. The white noise assumption on {1.1(k)} has been chosen to simplify the estimator 
design.  
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Fig 5. Principle of angular measurements and variation in the angles to four reflectors when the vehicle 
follows a straight line with the speed 05  m/s.  

The mirror in the anglemeter rotates with one revolution per second. Suppose that the vehicle is moving 
straight forward in a room with four reflectors. In fig 5 we show the variation in the angles to the 
reflectors. The instantaneous angle y(t) of the anglemeter is also shown in the same figure. It is only 
possible to measure an angle to a reflector at those time instants when we have a crossing between the 
anglemeter curve and the corresponding reflector curve. If we get a detection or not, depends on if the 
reflector is obstructed or not. There can also be other objects that occasionally give false reflections. The 
detections will occur at a non-uniform sampling rate. 

3.3 Estimator design  

The position is updated with a discrete extended Kalman filter. Using the motion model (3.6) and 
measurement model (3.10), the design is straightforward. We will not  rederive  the filter equations here. 
They can be found in for instance [3] or [4] and in our forthcoming report [5]. In this paper we only 
describe the principles of the filter. 

Suppose we want to estimate the state (x,y,e)r at time r. The previous state estimate was made at time t, 
and determined by the measurements up to and including that time. We denote this estimate by g(k I  k).  
This estimate and the motion model is used to predict the state at the time when the next sampling is 
made. The predicted state is notated  (k  +1 I  k)  and is given by (3.3), or for short sampling intervals or 
small steer angles by (3.4). In general we can write this as 

2(k + 1 I  k)=  f(2(k I k),u1,u2) 	 (3.11) 
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At this stage we have to determine from which reflector the angle originates. At present we use a 
preliminary association method which is described in the next section. Let us assume that we have 
associated the angle  •y,  with reflector  j.  The association problem is to make sure that j=i, where  i  is the true 
reflector number. No matter if the association was successful or not, the predicted measurement at time 
t,„ will be 

(  k  + 1 1  k)  = z 	(k  + 1 1k) 	 (3.12) 

We then correct the prediction of the state according to  

(k  +11k +1)=2  (k  +11k)+K(k +1)(yi(k +1)--i,j(k +11k)) 	 (3.13) 

where ic(k)-- (Ki(k), K2(k), K3(k))T  . If no angle is measured at time tk„ then the gain vector is K(k)= 0, 
otherwise it is detellnined by linearizing the nonlinear system, given by (3.6) and (3.10), around a 
nominal value. In our case we choose the estimated state as nominal value. A Kalman filter is then 
designed for the linearized system. We then use the calculated filter gain on our nonlinear process. 

3.4 Association  of measured  anales  with reflectors  

When an angle is measured, it has to be associated with a reflector or discarded. Only the angles that can 
be associated with reflectors are used for the update of the position. At present we use an association 
method based on knowledge of an approximate value of the position and orientation. This is determined 
using the motion model (3.11) with the set values of the control signals. The predicted angles to a number 
of reflectors is then determined with (3.12). If the measured angle falls into an angular tolerance band 
around the predicted angle to one reflector, we assume that this is the one. 

This association routine will work satisfactory if we only have 6-7 reflectors in the room. The 
corresponding window to reflectors close to the vehicle can be allowed to be rather large, cf. fig 5. But if 
it is made too large, we will have problems with false detections. 

3.5 Estimating the initial position  

In this version of the system, the initial position is determined with a method proposed in [2]. From the 
unknown position the vehicle will only be able to measure the angle to perhaps 60-70% of the reflectors 
in the room. The rest will be obstructed by different objects. The position can be calculated using 
triangulation if we know the angles to three reflectors. So we start with assuming that the first three 
angles comes from the first three reflectors. This gives a position in the room. If this position is correct, 
there should be reflectors located in the directions given by the rest of the angles. In this way we try all 
possible combinations of angles and reflectors, until we find a position where we can associate all angles 
with reflectors. 

To reduce the number of possible combinations, we assume that the number of reflectors in a room is 
limited to 15. All reflectors are located on the walls so the order between them never change. We also 
assume that there are no false detections among the measured angles. If there is a false value, the 
proposed method will fail. The vehicle then has to be moved and the procedure repeated. However, when 
we have made tests on our experimental setup, this problem seldom occurs. When the vehicle has found 
the initial position, false detections cause little problem. 

3.6 System overview  

An overview of the navigation and the control system is given in fig 6. We have already described the 
hardware and the navigation system. We will now briefly summarize each component in the system. In 
the next section we will  tum  to the control of the AGV, i.e. how the set values of the speed and steering 
angle are determined. These set values are used in the position estimator to predict the position of the 
AGV at the time-instant when an angle is measured. The angle originates from reflector  i.  The predicted 
position and the map of reflector coordinates are then used to associate the measured angle with reflector 
number  j  and correct the estimated position. The estimated position is compared with the desired position 
and new set values of the control signals are determined. In this figure we can note that we do not need 
any measurements of the rear wheels movements. This will however be implemented in a future version 
of the system to increase the accuracy further. 
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Fig 6. Block scheme over the different components in the navigation and control system. 

4 CONTROL LAWS  

The variables that are controlled, are the speed and the steer angle of the single front wheel. The control 
laws are designed to take the following requirements into account: 

A 	The vehicle should follow the drive path.  
B 	The speed should be as high as possible.  
C 	The change of the controlled variables from one sampling to another should lie within certain limits. 

The first and second points are obvious. One reason for the third requirement is that the acceleration of 
the vehicle can cause slipping of some wheel. The estimator does not model the dynamics in the servos or 
slipping. If there are large changes in the set values to the servos or slipping occurs, this may result in 
poor estimates of the position and heading. Another reason is that large changes of the set values to the 
servos cause wear of the mechanical components of the vehicle. 

4.1 Guidance control  

The drive path is given in the memory of the onboard computer as a list of coordinates (x„y,). It is defined 
by drawing straight lines between neighboring coordinates [6]. One such line is referred to as a segment. 
Since the vehicle is supposed to follow the segments, it is natural to transform the position and heading 
received from the estimator to a position (4,),:) and heading  e:  in a local coordinate system around the 
segment s which the vehicle is following. x(k) is the orthogonal projection of the position of the front 
wheel onto segment s, y:(x) is the perpendicular distance from the segment to the front wheel and 137,(k) is 
the heading of the vehicle relative to the segment. This information is used in the guidance controller. The 
set value to the steer servo is given by 

ar(k) = Atan 2( — y.,*(k),(4) -e(k) 	ataa.ccr(k) 	f aX 	 (4.1) 

The interpretation of (4.1) is that the steer wheel is aimed at a point on the segment which is the distance  
d  s  away from the projection 4. The aiming point is chosen such that large changes in the set value of the 
steer angle are avoided. a.m.„ is the maximum allowed steer angle. 

When the vehicle starts to follow the drive path, the distance  d,  is small if the vehicle is far away from 
the segment so that the vehicle will travel almost perpendicular to it. When the vehicle is close to the 
segment and almost parallel to it,  d,  can not be too small. If that is the case, or the speed compared to the 
sampling time is large, there will be oscillatory behavior in the control signal since the control is done in 
discrete time. 
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The way we define the drive path has the advantage that it is easy to design and that it will occupy a small 
amount of memory in the computer. The disadvantage is the sharp corners between the segments. It is not 
desirable that the vehicle makes such sharp turns. The vehicle starts to follow the new segment before the 
end of the old is reached to prevent overshoots in the path the vehicle is taking. If we call the distance 
from the end of the segment where the vehicle starts to follow the new segment t: and the length of the 
segment 1„ we have the condition for switching between segments 

(4.2) 

The angle between segment s and segment s+1 is  X,.  t.; is calculated as 

=  c  • I Is  I , —7C 5 	< 	 (4.3) 

where  c  is chosen such that the vehicle makes a smooth turn when it starts to follow the new segment, 
s+ 1 . To prevent a large change of the steer angle when a switch to a new segment is made,  d,  depends on 
how the vehicle is located relative to the new segment and also on the steer angle at the time instant when 
the segment change is made. Fig 7 visualizes (4.1) and shows the aiming distance as a function of  y:.  

Xs+1 Ys+1)  

(x_ 1  ,  Y,  -1) 

Fig 7. Here equation (4.1) is visualized. The guidance controller calculates at each sampling instant a set 
value to the steer servo such that the steer wheel is aimed the distance ids  away from the projection of the 
vehicle's position on the segment. In this figure we see the vehicle at the sampling instant when it leaves 
segment s-1 and starts to follow segments. The segments are defined in the global coordinate system by 
the coordinates ( 1  , y,),  (x„ y,)  and  (x„,  , I). To the right we can see the aiming distance  d,  on 
segments as a function of the front wheel's perpendicular distance to it. 

In fig 7 we see the vehicle at the sampling instant when it leaves segment s-1 and starts to follow segment 
s. The aiming distance is chosen at this sampling instant such that it is the distance between the 
projection x(k) on the new segment, (in this case segment s), and the point where the tangent of the front 
wheel crosses the x-axis of the new segment before the set value has been changed. This value of  d,  is 
called df-1 in the right figure, where we can see the aiming distance  d,  on segment s as a function of the 
front wheel's perpendicular distance to it. y:'1*" is the value y:(k) when the vehicle starts to follow the new 
segment.  d,  can be positive or negative depending on how the vehicle is located relative to the segment 
and the steer angle when a switch is made to a new segment. d7" is the aiming distance when the 
perpendicular distance to the segment is zero. When the steer angle and heading to the segment are small 
one can linearize and discretize the closed loop system, assuming no dynamics in the servos. It turns out 
that lid, and I are the feedback parameters in a state-feedback regulator. d:k— is the value of  d,  that gives 
the linearized cloed loop system proper poles. Choosing  d,  as in the right figure prevents large changes 
in the steer angle at switching time and at any other sampling instant if the sampling time compared to the 
speed is low. 

4.2 Speed control  

The linear and the angular accelerations of the vehicle depend on the steer angle, the speed of the front 
wheel and their derivatives with respect to time. One possible control strategy is to limit the acceleration 
to prevent slipping by choosing suitable set values to the servos. We have chosen to calculate the set 
value to the steer servo according to (4.1), which leaves the set value to the speed servo as the only 
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Fig 8. The set value to the speed servo as a function 
of the set value to the steer servo. 

remaining variable left for limiting the acceleration. The guidance controller is designed such that the 
derivative of the steer angle is low. This property cooperates with the ambition of the speed controller to 
limit the acceleration, and also allows a higher speed since the acceleration partly depends on the 
derivative of the steer angle. 

One can use models of the vehicle and the servos 
to predict the acceleration that a certain set value 
would give rise to and chose a set value to the 
speed servo that will not cause slipping. However, 
estimating the acceleration is not an easy task. 
Therefore we limit the acceleration using the rule 
of thumb. 
The set value to the speed servo is calculated as a 
function of the set value to the steer servo as 
shown in fig 8. The angular velocity of the 
vehicle gives rise to forces acting perpendicular to 
the wheels. If these forces exceeds certain values, 
slipping occurs. Therefore the speed has to be 
reduced when the steer angle is large, at least 
when the maximum allowed speed is high. 

There is also a restriction in the change of the set value to the speed servo from the previous sampling 
instant to the current sampling instant according to 

v  ,.(k)  — v,.(k — 1)15.  Av 
	

(4.4) 

This is to limit the acceleration of the vehicle. This function is mainly active at start-up. At that time the 
speed is 0  m/s,  and if the steer angle is 00, the set value to the speed servo will be maximum speed 
according to fig 8. This can lead to slipping of the front wheel. 

Calculation of the set value to the speed servo according to fig 8 and (4.4) guarantees that the speed 
control is smooth if the guidance control is smooth. 

5 SIMULATION RESULTS  

The navigation and the control system have been simulated and tested on our AGV prototype with the 
simulation and control program REGSIM, which is developed at  Luleå  University of Technology [7]. 
When simulating the system, we assumed that the speed and steerwheel servos in fig 6 were first order 
systems. The time constant was set to 0.2 s for the speed servo and 0.1 s for the steerwheel servo. The set 
value of the speed was set to 0.5  m/s.  Equations (3.1) and (3.2) were used to simulate the vehicle 
dynamics. 

The room has the dimensions 9x5.5 in2. There are eleven reflectors on the walls, marked as dash-dotted 
lines in the fig 9, and five tables that the AGV should avoid to move. Since the mirror rotates with 1 Hz, 
the mean time between angle measurements would be approximately 0.1 s if only a few of the reflectors 
are obstructed. To simplify the simulation routines we assumed that angles were measured with the 
sampling interval 0.1 s. In tests on the prototype we have a non-uniform sampling interval. 

In fig 9 and fig 10 we see the result from two different simulations. We assumed that the initial position 
had 50 mm error in the  x-  and  y-coordinates and 0.05  rad  error in the heading. In reality the initial 
position will be determined with high accuracy since it is determined using a lot of angles measured from 
one point. 

In fig 9 we see the result when no angles were used for the update of the position. Neither the initial 
errors nor the accumulated errors due to model errors were removed. The estimated trajectory of the AGV 
is shown with a dashed line. We can also see the function of the guidance controller. The initial position 
is not on the first segment. The guidance controller will make the estimated position follow a smooth path 
until it reaches the segment. A change to the next segment is made before the end of a segment is reached. 
The control laws for guidance control and speed control are further described in [8]. 
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In fig 10 we see the result when measured angles were used to correct the estimated position. We 
assumed that the measured angles had been associated with the correct reflectors. Errors of the same 
magnitude as the assumed initial errors can however occur when the AGV is moving if an erroneous 
association is made. In this simulation the initial errors are reduced. This indicates that the system can 
handle up to around 10% false detections and erroneous associations. The errors in position is less than 50 
mm during the 30 s simulation. The errors can be reduced by increasing the rotational speed of the 
anglemeter, i.e. have a shorter sampling interval, and measuring the rear wheel movements. 

Fig 9.The estimated and simulated trajectory 	Fig 10. In this figure angles are used. We can also 
differs when no angles are used for the update of see how the vehicle follows and changes between 
the position. 	 segments. 

6 SUMMARY  

We have described an optical navigation system for an AGV based on directional measurements to 
several identical beacons. The position and heading of the AGV is updated recursively each time a valid 
angle is measured. The drive path that the AGV should follow consists of straight line segments between 
given points. This gives a very flexible system where it is easy to change the transportation routes. We 
also described the control laws that are used for segment following, segment change and speed control. 

The system has been tested on an AGV prototype in the room shown in fig 9 and fig 10. It is however 
difficult to present any results from these tests, since we do not have any way to measure the position of 
the AGV when it is moving, except using the position estimator. At present we use a personal computer 
for all the calculations. This increases the computational times. Therefore we have only tested the system 
with the speed 0.3  m/s.  In a future version we will use a Motorola 68020 with a 68881 floating-point 
coprocessor. 

Our present research concerns a thorough error analysis of the position estimator, a new method to 
determine the initial position and a robust association method. The anglemeter will be redesigned to 
enable a rotational speed of at least 5 Hz. 
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ABSTRACT: One main problem in this part of the thesis is to determine the unknown initial 
position of an autonomous vehicle in its workspace. The navigation is based on measurements of 
directions to several identical beacons. There is no information about the origin of each 
measurements. Therefore, the pattern of measured angles is compared with the expected pattern 
of angles from a number of "likely" positions in the operation area. The navigation algorithms 
have been implemented in a Motorola MC 68010 and tested on a prototype vehicle. 
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1 INTRODUCTION 

In [1,2] we have described a navigation system for an autonomous guided vehicle (AGV), 
based on measurements of directions to several beacons in the surroundings of the vehicle. Since 
all beacons are identical, there is no information about the origin of the measurements. Some 
measurements probably will be made to other objects than the beacons. In this part of the thesis, 
we describe how the initial position for the AGV is determined. 

Triangulation is used to determine the position and the orientation of the AGV. This is described 
in section 2 and appendix I. Section 3 contains two suggested methods of how the initial position 
can be determined. In section 4 we examine triangulation as a method for the navigation of a 
moving vehicle. Section 5 describes the structure of the software that was needed in order to test 
the algorithms on the AGV prototype. 
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2 NAVIGATION PRINCIPLE 

To determine the position and orientation of a non-moving vehicle, at least three measured 
angles to known reflectors are needed. The origin of each measured angle has to be known. In 

this section we assume that the association problem is solved. 

Let z, be the angle to reflector r. The reflector coordinates  R,=  (x„y,), r = 1,2,3 are known. 

We want to determine the position, given by  X  = (x,y), and the orientation 0 of the vehicle. 

The angular differences 221 = Z2 Z1 and z32  = z3  - z2  and the location of the reflectors defines the two 

circles shown in fig 2.1. 

Fig 2.1. Circles constructed from the angles to two reflectors. 

From the geometry in fig 2.1, it is straightforward to find the unknown position  X.  Triangulation, 

a standard method in surveying, is used for this purpose. The details are given in appendix I. 
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3 DETERMINATION OF THE UNKNOWN INITIAL POSITION 

The position of the vehicle can be determined if we have measured the angles to three 
reflectors. We have to know from which reflector each angle originates. When the system is 
initialized, there is no knowledge of where the vehicle is located in the operating area. In this 
section two deterministic methods to determine the initial position are presented. Both methods 
presume that the vehicle is not moving while the angles are measured. 

Suppose that we have m measured angles to  n  reflectors. Normally m  n  since it is unlikely that 
all reflectors are visible from the measurement point. There might also be some false detections. 
If m >  n,  the anglemeter probably needs adjustment. With proper adjustment of the anglemeter, 
only spurious false detections are expected. 

3.1 Location of beacons 

A factory in which the vehicle operates, probably consist of several rooms and connecting 
corridors. It might be necessary to use perhaps one hundred reflectors or more, in order to get 
high accuracy in the determined position anywhere in the workspace. We could give the vehicle 
a map of all reflector coordinates and no further information of its surroundings. But it will not 
be feasible to ask the vehicle to try to associate the measured angles with reflectors if it does not 
know where the walls are. 

The operating area is split into smaller areas, which will be referred to as local rooms. For each 
of these rooms a map is given with the location of the set of reflectors in that room. Some of the 
visible reflectors might be located outside of the physical room, due to door openings. 

Fig 3.1. The operating area is divided into local rooms. Each of these rooms has its own 
reflector map. 

The reflectors are randomly placed on the walls of a room. This is necessary in order to get 
unique patterns of measured angles in each of the rooms. If there are too much symmetry in the 
location of the reflectors in different rooms, there will be several positions that are equally likely 
to be the initial position of the vehicle. In that case an operator has to input information of which 
room the vehicle is located in. The operator can communicate with the vehicle, or a supervisory 
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computer. He could for instance send a message to the supervisor such as: "Vehicle AGV23 is at 
WorkStation11". This information is sent to the vehicle where the reflector map for WorkSta-
tionll is selected and used to determine the initial position. 

Note that the reflector locations in the corridor in fig 3.1 are symmetrical. A corridor is an area 
that the vehicle only will drive through without docking at any specific points. The vehicle might 
use the symmetry in the measured angles for navigation and control purposes. 

3.2 Pattern of measured angles 

The anglemeter measures the reflected light from objects in its surroundings. When the 
signal strength from the photo-detector is above a threshold level, the angle of the rotating mirror 
is measured. 

In a future version of the system, the peak level and the pulse length will be registered. This 
means that we get a measure of the intensity, which can be used as distance information and as 
information about the status of the reflectors, for instance how dirty they are. The pulse shape 
can be used to judge if the reflection comes from a reflector or from another object. If we only 
use narrow reflectors, we expect the pulse from the sensor to be short with high amplitude if the 
reflector is close. False detections from other objects give wider pulses. The pulse shape can 
therefore be used to remove some false detections. Fig 3.2 shows how the signal from the sensor 
might look like after lowpass-filtering. The registration times are marked in the figure. 

Fig 3.2. The signal from sensor. 

In fig 3.3 we show a plot of the normalized intensity vs. the measured angle. The width of the 
boxes represents the standard deviation cro  of the measurement noise v. 
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Fig 3.3. The measured angles and the corresponding intensity. 

At present we do not use the intensity information. We therefore assume that all angles have unit 
intensity. This gives us the pattern of measured angles shown in fig 3.4. 

Fig 3.4. The pattern of measured angles if we assume unit intensity in all angles. 

3.3 The correlation method 

This method is based on correlation of the measured pattern of angles with the expected 
pattern of angles from all points in the room. The room is divided into square zones. A coarse 
division is made in the first step. The physical size of the vehicle is taken into account, which 
reduces the size of the examined area, c.f. fig 3.5 where the area close to the walls is excluded. 
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Fig 3.5. Division of the room into small zones. 

In each zone  k,  the maximum and minimum angles to all reflectors are calculated,  cl.  fig 3.6. 

Fig 3.6. The maximum and minimum angle to a reflector from zone  k. 

k  
zr...x= max{Atan2

Y, Yk  JA\  
ki -7-- 0,1 — 0 + 450 (3.1a) 

Xk —  Ak 

k 
zr,,ni = n 
	

min Atan2
[Y, 

=O,1 — — Go  (3.1b) — Y k 	Akj 

where (x,,y,) are the coordinates of lower left corner of zone  k,  and  Ak  is the side of the square. 

Both angles are normalized to be in the interval o 	< 2n. cro  is included to take the expected 

measurement noise into account. 

This gives a set of angles for zone  k:  

7 k _ r  k 
— 1 Zr,min,Zr, max  f r  = 

(3.2) 
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For a particular orientation ø we might have a pattern as in fig 3.7. Reflectors that are close give 

a larger spread in the angle than those far away. 

Fig 3.7. Calculated pattern of angles from zone  k.  

The measured pattern of angles can be represented as a sum of delayed unit steps 

fm(z)= (oz - zi + ao)-a(z -zi - (To)) 	 (3.2) 
i.1 

where cr(z - zo)=  i  for z zo  and zero otherwise. 

The calculated pattern for zone  k  is then 

fl  

fi(Z) =  E  (szgz — 	c(z Zr  max)) 
r=1 

The correlation between the two signals is 

21c 
Rmk(e) = 

Jo 
 f,n(z)fk(z -8)dz 

This is calculated for "all" values of the orientation  e  in the range 0 5 0 <2r. This range can be 

split into small steps 0,  =j  • AO, where e.g. 0< 	O < 5°. The expression for the maximum angle (3.1) 

then has to be modified according to  

k 
Zr  „flax=  max Atan2

(Y, Y  ,z,j=0,1 	-0-4-ao +ä0 	 (3.5) 
A  

xr -Xk - ak 

The correlation between the pattern of measured angles and the pattern of expected angles is 

2rr 

R 	(0j) = 	fm(z)f,(z -0i)dz (3.6) 

(3.3) 

(3.4) 
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When (3.6) is evaluated we have to use the restriction that there can be only one measurement 
from each reflector, i.e. if two measured angles falls inside of a wide box, we can only add the 
contribution from one of them to the value of the integral. 

The set of zone numbers  k  and the corresponding orientation a;  that give high values of R"(0J) are 
saved. Each of these zones are then split into smaller squares and the procedure is repeated for 
smaller steps in the orientation on both sides of 0). 

As the squares get smaller and smaller, many of the original zones will be excluded from the set 
of possible locations. This method can be rather time consuming and has not yet been tested on 
the prototype. One advantage with this method is that we can accept a low number of false 
detections and still be able to find the initial position. That is, measurements are made to at least 
60% of the reflectors and the reflector locations are asymmetrical. 

3.4 The combinatorial method 

The initialization procedure that is implemented on the prototype, is based on the fact that 
three angles are the minimal number needed to calculate the position. 

The set of measured angles is 

Z = {z(i)}7:01 	 (3.7) 

If the origin of each measured angle had been known, we could have determined the position as 
in section two. In this method we select three angles that are evenly distributed over one 
revolution of the anglemeter. These angles are then associated with all possible combinations of 
three reflectors. For each combination gives a possible position and orientation in the room. By 
having evenly distributed angles, we are guaranteed that the two circles not coincide. 

The selected angles are denoted 

{z(ai)},  i  = 0,1,2 	 (3.8) 

We now describe how to find the combinations of reflectors that are associated with these three 
angles. In section 3.4.2 we show how the validity of each combination is tested. 

3.4.1 Combinations of measured angles and reflectors. 

Let us assume that there are no false detections in the set of measured angles. If this 
assumption is correct, there are  h  =  n  — m reflectors that are hidden behind different obstacles. The 
hidden reflectors are spread out in the intervals between the three angles that are used to 
determine the position. 

Let  h,  be the number of hidden reflectors in the interval between the angles z(a1) and z(a(„,),2) in 
the set (3.8) for i=0,1,2. The hidden reflectors are distributed such that 



f
m
(z) 

a -a -1+h 
1 0 0 	

a
2
-a

1
-1+h

1 	
m-a2+a 0+h2  

I 	 I 

z 
z(a0) 	z(a1) 	 z(a2) 	),Tr 

	
z(a0") 

9 

2 
(3.9)  

i  =0 

In fig 3.8 we show how the measurements are distributed in different intervals. The angular scale 
is cyclic and the first a, measurements are repeated in order to show the third interval more 
clearly. The assumed distribution of missing measurements is indicated by dashed lines. 

Fig 3.8. Distribution of missing measurements and number of measurements in the intervals 
between the angles that are used to determine the position. 

To reduce the number of combinations that have to be tested, this method relies on the 
assumption that the order between the measurements from different reflectors never change. The 
reflectors may therefore only be located on the walls of the room, or on any objects that are very 
close to the walls. 

In the example in appendix  LI  we get 10 different alternatives of how to distribute the hidden 
reflectors. The following general expression for the number of combinations is derived in the 
appendix: 

c=
It  

(h +1— i) 
= 0 

The first angle z(a0) can be associated with any of  n  reflectors, say with reflector r, where 
0 5 r 5« ii — 1. Let the set of associated reflector numbers with each measured angle z(i) be 

(3.10) 

(3.11)  

Only one reflector can be associated with each angle. Hence 

R  (a0) = r 	 (3.12) 

There are a, —ao —  i  measurements and ho  missing measurements in the interval between z (a0) and 
z (ai). This gives that z(a1) must originate from reflector  

R (al ) = (r + al — ao+  ho)  mod n (3.13) 
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This follows from our assumption that the measurements always must come in a fixed order. 

Finally, we get  

R  (a2) = (r + a2  — ao + ho  + 10 mod  n 	 (3.14) 

Since the first angle can be associated with  n  reflectors, the total number of combinations that 
have to be examined is:  

h 
C.  tot = n • E (h + 1 — i) 	 (3.15) 

1=0 

In example 3.1 we get 30 different combinations. The number of combinations increase fast as 
the number of reflectors and hidden reflectors increase. 



3.4.2 Validation of combinations 

The determined position for each combination is tested by using the m-3 angles that have 
not been associated with reflectors. We must have m 4 in order to find an unique initial 
position. 

The expected angles to the rest of the reflectors from this position are calculated. If each of the 
measured angles falls inside a tolerance band around a calculated angle, the combination of 
angles and reflectors is accepted. The allowed deviation is ±0.03  rad.  

The upper part of fig 3.9 shows the pattern of measured angles and the lower part the expected 
pattern. We have m = 5 measured angles from  n  = 8 reflectors. The angles z(0), z(1) and z(4) are 
used to determine the position. We see that no reflector matches the angle z(3). Therefore, this 
combination of angles and reflectors is not possible, since we have assumed that there are no 
false detections. 

11 
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Fig 3.9. Measured (above) and calculated (below) pattern of angles for a particular combination 
of measured angles and reflectors. 

In order to find at most one possible initial position, the following restrictions have to be 
fulfilled: 

* The number of reflectors is limited. 
* Not too much symmetry in the location of reflectors. 
* Not to many hidden reflectors. 
* No false detections. 

If the reflector locations are asymmetrical and measurements are available to most of the 
reflectors, we still have hope left, even if we suspect that there are a few false detections. 

If there are too many hidden reflectors, we simply may not have enough information in the 
measurements to find a unique position. 

3.4.3 In the case of false detections 

If there are any false detections in the set Z, the method will fail. We will probably not find 
a position where we can associate all measured angles with reflectors. If we would find one, that 
position has to be incorrect. This could happen if, say, 50% or more of the reflectors are hidden. 

We can also not assume that the position where we can associate the highest number of angles 
with reflectors is correct, since the false detections could have been selected in the set (3.8). 

The easiest cure is to move the vehicle a bit forward, where hopefully the false detections 
disappear and more reflectors are visible. 

12 
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A mathematically more interesting cure is to assume that one of the angles is a false detections. 
We then repeat the search with one angle removed from the set Z. 

Since one angle is assumed to be false, we have underestimated the number of hidden reflectors. 
One more reflector has to be hidden. Hence 

h(1)  =  n  — m +1 (3.16) 

The superscript indicates that one angle is assumed to be incorrect. 

One of m angles is removed. The total number of examined combinations increase to 

h(i) 

ct(o11)  = m • n • E (h(1)+ 1 - i) i =0 (3.17) 

With the assumption off false detections, we have f additional hidden reflectors 

h(l)=n—m+f (3.18) 

We can select f values to be removed from the m measurements in (7) ways, where 

(m) m! 
(3.19) 

(n1  —J)!  

This gives 

h(I)  

C U")  
1°1  

1 = 	n  •  E  (0)  + 	—  i)  (3.20) 
f! (m — f)! 

So, if we are not in a hurry, we can let the computer go through all combinations under the 
assumption that f=0,1,2,..., until it finds one position that is acceptable. 

At present, the implemented algorithm does not include removal of possibly false detections. 
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4 NAVIGATION FOR A MOVING VEHICLE BY TRIANGULATION 

Suppose that the vehicle is moving while the angles are measured. A first attempt to solve 
the navigation problem for a moving vehicle, is to take the latest measured angle and two old 
angles and use triangulation to calculate the position under the false assumption that the vehicle 
is standing still. This requires a low speed of the vehicle to reduce the errors in the two old 
angles. In this section we will analyze the effect of the errors introduced by the movement. 

4.1 The change in the angle to a reflector due to movement 

The three angles zt(t -7'„), z2(t -T„) and z3(t) are measured from different points. T„ and 7'32 

are the elapsed times between the measurements of the different angles. 

From fig 1 in appendix I we get 

zr(t) = _9(t)+Atan2
(Y  r y(t)  

x,  -  x  (t) 

Let us consider the case when the vehicle is moving straight forward with constant speed v and 
the coordinate system is chosen such that y(k) = 0(k) = 0. The position at different times is then 

given by 

x(t)= x(t -T)+vT 	 (4.2) 

The sampling interval T is equal to the elapsed time between two measured angles. If the mirror 
in the anglemeter is rotating with constant speed, the instantaneous mirror angle is 

z(t)=—r 2tr+z(0) 
tt 
  

where 40, is the scanning time. For simplicity, we assume that z(0)=0. The time between the 
measurement of zi(t - T31) and z3(t) consequently is 

trot  
T31  -= -

27r 
(z3(t)-zi(t - 7' 31)) (4.4) 

During that time, the vehicle has moved the distance 

= V T31 
	 (4.5) 

The time derivative of (4.1) is  

Yr - 	2 	. (t)  
(x, + x  (t))  +  y,2  

(4.1) 

0 5 z(t) < 22T 	 (4.3) 

(4.6) 



15 

The largest change in the angle to a reflector will occur at the time instant when x(t)=x,. The 
maximum change in the angle to the first reflector to the time when we measure the angle to the 
third reflector will therefore always be less than 

 

3X31 

 

=  

 

V T31 

 

<  

 

12 t„, 

 

(4.7) 

 

Yi 

  

Yi 

  

y1 

 

             

The inequality follows from the fact that the third angle will be measured before the anglemeter 
has completed one revolution. This gives a coarse upper limit for I Az, L. If the speed of the 
vehicle is low compared to the scanning time, the angle to the first reflector will not have 
changed much. Suppose the reflectors never are closer to the vehicle than 1 m, t„,=ls and v=0.1  
m/s.  Insertion of (4.4) in (4.7) then gives 

I Az, L.. 0.-1-.7., (z3(t) — z,(t. — T31)) < ()Arad 	 (4.8) 

In the general case when the vehicle also is turning, the maximum change in the angle will be 
higher. 

4.2 Influence of errors in the measured angles on the estimated position 

We will analyze the effect of the errors in the angles due to the motion between 
measurements. 

Fig 4.1 shows how the measurements are made while the vehicle is moving. 

Fig 4.1. Line-of-sights to reflectors as the angles are measured. 

If the movement between the three measurements is neglected, this is the same as moving the 
line-of-sights to  R,  and R2  to the point where the angle to  R,  is measured. This is shown in fig 4.2. 
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Fig 4.2. The motion is neglected, which means that all line-of-sights are moved to one point. The 
actual line-of-sights from this point are also shown. 

Let z;1  be the actual difference between the angles to R1  and R2, and corresponding for z,;, as 

measured from the actual position  x*.  In fig 4.3 we show the calculated position  X.  

Fig 4.3. Calculated position  X  and actual position  x*  . 

If any of the reflectors  R,  1=1,2, are located to the left of the vehicle, the actual angle from point  

x*  will be larger than the measured angle, that is z, < c.f. fig 4.2 where z, < z:. On the other hand, 

if they are on the right side then z, > z. The difference in the angle to the two reflectors is 

Z21  - Z21  = (Z2  - Z1)- (Z.; - Zi*) 

= (z2  — 4) — (z, — 	 (4.9) 

z 1. > < If /21  is on the left side and R2, is on the right, using (4.9) we can conclude that 221 : The radius 
of the circle is given by (I.1) 

d21 
Pi = 2 sin z21  

(4.10) 
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The calculated radius will be smaller than the true radius 14, or in other words, the two reflectors 
will appear to be closer than they actually are. If we had the opposite situation with R1  on the 

right side of the vehicle and R2  on the left, the reflectors would appear to be farther away. The 
situation is shown in fig 4.4. c•R is the calculated center of the circle when R1  is on the left side 

and R2  on the right side. The location of the calculated center is given by (I.7) and will always be 
on the indicated line. 

xi +x2 Yi — Y2 X I - 
2 	2 tan z2i  

yi  + y2  xi  —x2  
Yci = 2 	2 tan z2i  

(4.11a) 

(4.11b) 

Fig 4.4. Change in the location of the center of the circle when the vehicle has moved while the 
angles are measured. 

For the second circle we get 

Z32  - Z32  = (Z3  - Z2) - (Z3  - 

= -(z2- 4) 
	

(4.12) 

R2  on the left side gives Z31  <z. 

Fig 4.5 and 4.6 show how the error in the angles will affect the determined position for two 
different cases. The true position is as before  x*.  The shaded area shows the location of the 
calculated position. The area is split into four sectors. The heading of the vehicle determines in 
which sector the calculated position will be. The heading is indicated by an arrow and the letters 
LR means that R1  is on the left side and R2  on the right. In fig 4.6 the centers of the two circles are 
closer than in fig 4.5. The sensitivity to errors in angles is obvious. 



18 

Fig 4.5. Effect of errors in the measured angles on the determined position. 

Fig 4.6. Effect of errors when the two centers almost coincide. 

To reduce the effect of the errors caused by motion while the angles are measured, the speed of 
the vehicle has to be low compared to the scanning time of the anglemeter. The selection of 
which measured angles that are to be used is very important. In fig 4.7 we show the result from a 
simulation where the vehicle was moving with v=0.4  mis  and there were only three reflectors in 
the room. The calculated position jumps back and forth and it is obvious that the vehicle quickly 
get lost if triangulation is used without taking the motion between measurements into account. 
When tests were made on the prototype, we therefore reduced the speed to v=0.01 in/s and used 
twelve reflectors. The result from that test is shown in fig 4.8. In section 5 a brief description is 
given of the software that we had to write in order to perform these tests. 



z322:14°  

Z21= '327 

2:2=  / 00  
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Fig 4.7. Simulation of a vehicle that moves with v=0.4 mls. 

17 	 17' 

Fig 4.8. The results from a test on our AGV prototype. The speed was approximately v=0.01  m/s.  

The geometrical error analysis in this section can also be used to study the effects of other types 
of measurement errors, for instance errors in the reflector coordinates. 
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5 IMPLEMENTATION ON THE PROTOTYPE 

The navigation algorithms have been implemented in a AGV prototype. In the first version 
of the system, a low speed of the vehicle was accepted. Therefore, we only implemented 
primitive control and navigation algorithms for the moving vehicle. In [1,2] the hardware 
configuration of the system is described. We now describe the structure of the high-level 
programs. The programming was done in Modula-2 and code was generated for Motorola 
MC68010 with the floating-point processor MC68881 used as a slave. 

System. configuration  

The design of the software is shown in fig 5.1. There are four processes, or tasks, in the system. 

* Scheduler - who is the manager over the activities in the onboard computer. 

* Controller - calculates set values to the speed and the steer servo. 

* OpCom - handles the communication with the supervisory system. 

* Supervisor - administrates single AGVs. 

The drive path that the vehicle is supposed to follow, consists of straight line segments between 
given points [3]. During the test runs with the AGV prototype, the speed was only v=0.01  m/s  
and a simple control law was implemented [2]. 

The Supervisor is implemented in a PC. In a future version of the system, a radio link will be 
used for the communication between OpCom and Supervisor. Today a wire is used for this 
purpose. The Supervisor is the interface with the human operator. 

The inter-process communication between the three processes in the onboard computer is 
message-based [4]. To handle the switching between different processes a special operating 
system is used [5]. 

There are also three subprograms that contain the routines for navigation, drive path specification 
and handling of set values to the servos. These subprograms can be considered as objects which 
can be manipulated with some special operations. 

Two more computers are operating in the system. They are built around Intel 8052-Basic chips. 
One is used for the measurements of angles. The other is used for the communication between 
the MC68010 and the hardware, i.e. the angle measurement computer and the digital servo 
control circuits. See [2] for some additional details. The existence of these two computers are 
unknown to the program in the MC68010. 



Supervisor 	 I OpCom 

FirstPosition 

NextPosition 

GetStatus 

DefineTrack 

DrivePath ListSegmentData  

DefineTrack 
I ControlParameters 

NextSegment  

GetSegment Control 

PreDefinedTrack 

ServoDriver 

InitSpeedServo 

InitSteerServo 

SpeedSetValue 

SteerSetValue  

Navigator 

PreDefReflectors 

ListReflectorLocation 

GetMeasuredAngle 

CalculatelnitialPos 

CalculateNewPos 

Controller 

21 

Fig 5.1. Design of the high level software in the system. 

Short description of the program  

The Sheduler waits for a message from OpCom or Controller. When the program is started, the 
Controller sends the message 'Control', which is a request for all parameters needed to 
determine new set values to the servos. The values of the control parameters, the current position 
and the current segment are kept on a "black-board" in the Scheduler. However, the Scheduler 
does not reply to this message, unless it has received the message 'Start' from OpCom. The 
controller will therefore be locked until 'Start' is received. 'Stop' disables the control. 

When the controller has been enabled, the Supervisor fetches the new position form the 
Navigator. The Controller then is supplied with the requested information. The first action made 
by the Controller is then to check if the current position still is on, or near, the given segment. If 
not, the message 'NextSegment' is sent to the Scheduler who updates the "black-board" with 
new segment data. 

The Supervisor sends orders to the vehicle. At present, these orders are for example to start or 
stop the automatic control of the vehicle. It can also ask for information about certain status 
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parameters, such as the estimated position. Fig 4.8, which shows the calculated trajectory 
followed by the prototype during a test run, was generated in the Supervisor. Finally, new drive 
paths can be designed and transferred to the onboard computer. 

The initial position is determined using the combinatorial method described in section 3.4.2. The 
position for the moving vehicle is evaluated using triangulation, where the motion between the 
measurements of angles is neglected. Information about the previous position is used to decide 
from which reflector a measured angle originates. 

In part II of this report, a more efficient trajectory estimator is described. During the design of 
the estimator, a PC/AT was used. The structure of the software shown in fig 5.1 therefore was 
somewhat changed. The blocks Controller and DrivePath was moved to the Supervisor (that is, 
to the PC/AT). The operation 'CalculateNewPos' in the Navigator was replaced with a separate 
process in the PC/AT. 
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6 SUMMARY 

When the system is initialized, no information is available of the position of the vehicle in 
its operating area. Two different approaches of how to determine the initial position are 
described. The first is based on correlation of the measured pattern of angles with the calculated 
pattern of angles from "all" points in the operating area. This method is expected to be rather 
time consuming and has not been tested on the AGV prototype. 

Instead, another approach was implemented, where the expected pattern of angles is calculated 
for all possible combinations of measured angles and reflectors. The pattern for each combina-
tion is compared with the measured pattern. The combination which gives the "best fit" is chosen 
as the right one, that is, if any combination is found. To reduce the number of combinations that 
have to be tested, all reflectors are assumed to be located only on the walls of the room. 

The present implementation requires that no false detections are included in the set of angles that 
are used to determine the initial position. It is however possible to handle a low number of false 
detections with this method. 

If no possible combination of reflectors and angles is found, which will happen if almost all 
reflectors are blocked or false detections are made, the vehicle is moved and a new attempt is 
made. However, it turned out that by proper adjustment of the optical system, false detections 
were rare. The vehicle was able to determine the initial position almost everytime, when at least 
five reflectors were visible of the twelve we used. 

When the vehicle is moving, old information of the position and the heading is used to associate 
new measurements with reflectors. The measured angle is compared to the calculated angle to 
some reflectors that are likely to be visible in the measured direction. If an angle can not be 
associated with a reflector it is either a false detection or the vehicle is lost. Hence, the 
assumption that no false detections occur is only made when the initial position is determined. 

For demonstrational purposes, triangulation was used for the navigation of a moving vehicle. 
But, as shown in section 4.2, triangulation is very sensitive to errors in the measured angles and 
in the reflector coordinates. We can only expect good results at some points. To guarantee high 
accuracy anywhere in the operating area, more than three reflectors are needed. If triangulation is 
to be used for the navigation, then the speed of the vehicle has to be low, compared to the 
rotational time of the mirror in the anglemeter. This will reduce the errors in the measured angles 
due to motion. 

The drive path that the vehicle is supposed to follow consists of straight line segments between 
given points. A simple control law has been implemented for this purpose. 
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8 APPENDICES 

A.I TRIANGULATION 

Let zr  be the angle to reflector r. The reflector coordinates  R,  = (x„yr), r = 1,2,3 are known. 

We want to determine the position, given by  X  = (x,y), and the orientation 0 of the vehicle. 

Fig 1. Angles are measured to three reflectors. 

The angular difference Z21  r= 12  -- z, and the location of reflector  R,  and R2  defines the circle shown 
in fig 2. 

Fig 2. Circle constructed from the angle to two reflectors. 

The angle z„ is constant when the point  X  moves on the circle with center in  C„  When the line 
RIx passes through  C„  we will have a right-angled triangle for which 

d21 
Sin Z21 =

-;•; 2 

p, is the radius of the circle and  d„  is the distance between reflector  R,  and R2. With 
get a second circle where 

(1) 

Z32  ••=-- Z3  -- Z2  we 



[Xi ± X2  y  i +  y2) 

= 2 2 
(3) 
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d32 
sin z32  = 

2p2 	
(2) 

Reflector R2 is located in one of the two intersections of the circles and the vehicle in the other. 

We assume that the angles have been sorted such that both z21  it and z„5.7r. Equality for a pair of 

angles implies that the position will be on a line instead of a circle. 

In fig 3 we have drawn some triangles which will help us to find the coordinates of the center of 

the circle. 

Fig 3. The center of the circle can be found by using the triangles that are drawn inside the 
circle. 

The mid-point between the reflectors has the coordinates 

From fig 2 and fig 3 we get the following relations: 

d21  
— 

2 tan z21 
Yi — Y2 

sin 021  — 

cos 021  — 
d12 

which gives 

d12 
Xi  -x2  

(4) 

(5a)  

(5b)  
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Y1 — Y2 
dx  = di.  sin 021  = 

2 tan z21 

xi  — X2  

	

dy  = d1  cos 021 
=2 tan 
	
z21 

c1 = (xci,Yci)  is the center of the circle, where 

X1 + X2 Y1 — Y2 
Xc 1 = 	+ 

	

2 
	
2 tan z2i  

yi  + y2  xi  —x2  

	

Yci = 2 	2 tan z2i  

By proper substitution of indices in (7), we get expressions for the center  C,  of the second circle. 

Fig 4 shows the two circles and the triangles that are used to find the intersections of the circles. 

Fig 4. Intersections of the two circles. 

The triangles CiR,C, and CIXC, are also shown in fig 5. 

(6a)  

(6b)  

(7a)  

(7b)  



Fig 5. Triangle made by the centers of the circles and the second reflector. 

Using the law of cosines on this triangle gives us 

COS (>1  = 
2pIdc 

where  ck  is the distance between  C,  and  C.  The orientation of the line joining the centers is 

ehl = Atan2
[Ya  —MI)  

This gives the position of the vehicle  

x  7--- xc1 + p1  cos(4)21  +4 k)  
y  = Ycl+ Pi sin(e2i + 4k) 

and the orientation is  

e = Atan2
1Y1—  Y  j z, 

x, —x 

Note that we can not determine the position of the vehicle if the two circles coincide. 
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A.II DISTRIBUTION OF MISSING MEASUREMENTS 

We have  n  reflectors, m measured values and h=n-m missing measurements. The missing 
measurements are to be distributed into three intervals  h"  such that 

2 

h = E 
i.0 

We can select ho  as any of the numbers in the set {0,1,—,h}, i.e. h+1 alternatives. 

If ho =  i,  we can select  h,  from the set {0,1,...,h  — i},  since we have put  i  values in the first interval. 

The restriction (1) then gives  h,  =  h  — ho —  h,.  

The procedure can be represented by the tree in the figure below. To exemplify we choose n=6, 
m=3, which gives h=3. 

We have h+1 branches from the root to the first level, i.e. h+1 selections of  h,.  There are  h  + 1 —  h,  
branches to the second level. With  h,  and h1  chosen, there is only one way left to choose 

The total number of alternatives of how to distribute the hidden reflectors in the gaps between 
measurements is therefore:  

h 

c= 	(h + 1 — i) 
i =0 
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Recursive estimation of the trajectory 

URBAN WIKLUND 

Division of Industrial Electronics and 
Division of Automatic Control  

Luleå  University of Technology 
S-951 87  Luleå  

Sweden 

ABSTRACT: One subject in part I of the thesis was position estimation for a non-moving 
AGV. This is a static problem, while the real problem is dynamic in its nature. As before, a 
rotational sensor is used to measure the directions to the beacons. Hence, all angles will be 
measured from different points. A model of the motion of the vehicle is therefore included in 
the estimator. In this part of the thesis the resulting recursive trajectory estimator is described. 
This estimator has also been implemented and tested on an AGV. 
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1 INTRODUCTION 

In [1,2,3] we described an optical navigation system for an autonomous guided vehicle 
(AGV). Angle measurements are made to several identical beacons. In this part of the thesis 
we take the motion of the AGV between two measured angles into account. The position (x,y) 

and heading 13 are chosen as state variables in the modeling of the dynamic system. To our 
knowledge, previously reported work on laserbased navigation systems for AGVs, does not 
include dynamic models for the motion of the vehicles. 

The estimated states are updated recursively for each valid measured angle. The association 
of a measured angle with a reflector is assumed to have been solved in such a way that 
erroneous associations are rare. An association error can be thought of as introducing 
spurious errors in the estimated states. 

The non-linear model that is used to describe the motion of the vehicle is given in section 2. 
The control variables are the speed and the steering angle of the front wheel. In the derivation 
of the motion model, the dynamics in the servos that control these variables have been 
neglected. The measured angle is a non-linear function of the three state variables and is 
described in section 3. 

The covariance used in the trajectory estimator, is based on a first-order linearization of the 
system. The linearization is given in section 4. Section 5 contains the structure of the 
estimator. The linearized system is also used to discuss the observability of the system. In 
section 6 the influence of the neglected dynamics in the servos is examined. 

The trajectory estimator have been tested on an AGV prototype. This is the topic of section 7. 
A model of the different parts in the system is given in section 8. In section 9 we present 
some simulation results. 
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2 THE VEHICLE DYNAMICS 

In this section the model that is used to describe the motion of the vehicle is given. We 
restrict our study to the case when the operating area is reasonably flat. 

We study planar motion for a vehicle that moves with the translational velocity u1  and the 
angular velocity u2. The location of the AGV is described by the coordinates x,y and its 
orientation by the angle 0 to the x-axis. In the description, the midpoint of the rear axis is 
chosen as reference point on the vehicle, c.f. fig 2.1. The angle  e  is also the heading of the 
AGV. Using these three as state variables, the differential equations describing the motion are 

2  = ui  cos 0 	y  = ui  sin f3 	ü =u2  (2.1) 

Above u1  and it, are used to describe the motion. However, on the vehicle the actual control 
variables are the speed of the front wheel, v, and the steering angle, a. If no slipping occurs, 
there will be an instantaneous center of rotation for the motion of the vehicle as shown in fig 
2.1. 	 e  Instantaneous centre of rotation 

X  

	> 
Fig 2.1. The position of the AGV is described with the  x-  and  y-coordinates for the midpoint 
of the rear axis and the heading 0 with respect to the x-axis. When the angle a of the front 
wheel is constant, the motion of the three wheeled vehicle is along a segment of a circle. 

The following relations for the input signals u1  and u, are found from the geometry in fig 2.1. 

U1  = V COS CC 
v . 

/42  = — sin a 
L 

(2.2) 
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where L is the distance between the steer axis and the rear axis. We have chosen a first-order 
model instead of the more common second order models, where acceleration is taken into 
account. To compensate for this model simplification, the values of the speed and steering 
angle are are assumed to be contaminated with additional noise. 

It is also possible to derive expressions for u, and uo, when the rear wheel movements are 
measured. This method is called odometry and is used by e.g. [4] and [5] to update the 
position of the vehicle. In the future we will use incremental encoders to measure the 
movements of the rear wheels. The combination of odometry and measured angles to 
reference beacons will make it possible to estimate the position and the heading of the vehicle 
with increased accuracy. 

In this thesis we examine, both theoretically and with tests on an AGV, what results we can 
achieve by using only the measured angles and the set values of the speed and the steering 
angle. 

The derivation of the discrete-time motion model is based on the assumption that the input 
signals u, and u, are constant during the sampling interval. This means that we have assumed 
that the speed and steering angle only changes at the sampling instants and remain constant 
during the sampling interval, T. The equations of motion can be integrated between the 
sampling instants with constant input signals. This gives the non-linear discrete time model 

u, 
x(k +1)=x(k)+ (sin(0(k) + u2T) — sin 0(k)) 	 (2.3a) 

u2  
u, 

y(k +1)= y(k)+---2-(—cos(8(k) + u2T) + cos 0(k)) 	 (2.3b) 
/42 

0(k+ 1) = 0(k)+ u2T 	 (2.3c) 

It should be observed that this discrete time model is exact under the given assumptions. 
Throughout this thesis,  k  is used to denote the value of a variable at the discrete time instants 
t, when sampling is made. For convenience, this will be often omitted for the input signals. 

Inserting (2.2) in (2.3) gives 

x(k +1)=x(k)+ 
tan a(k)

(sin(8(k) + v (k)T  sin a(k)) — sin 0(k)) 
	

(2.4a) 

y(k +1)= y(k)+ 	L 
tan a(k)

cos 8(k) + v (k)T  sin a(k) + cos 0(k) 
	

(2.4b) 

0(k + 1) = 0(k)+ 
v(k)T

L 
sin a(k) 
	

(2.4c) 

The geometrical interpretation of (2.4), is that the motion is along a segment of a circle. 

The product u2T is the change in the heading. If this change is small, the trajectory can be 
approximated with a straight line according to 
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x(k + 1) = x(k) +  till'  cos 8(k) 
y (k + 1) = y (k) + uiT sin 0(k) 
8(k+ 1) = 0(k)+u2T 

(2.5a) 
(2.5b) 
(2.5c) 

The neglected dynamics in the servos will introduce some uncertainty in the input signals. 
The model error in the speed ,w„ and in the steering angle wa, are included as noise signals in 
the discrete time motion model. 

By introducing the state vector  x  =(x,y,O)T and the noise vector w = (w„wf, the motion model can 
be written as  

X (k  + 1) = f(X (k),a(k),v  (k))+ G  (k)w  (k) 	 (2.6) 

The selection of the model for the influence of the uncertainty in the input signals is 
discussed in section 6.3. 
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3 MEASUREMENT MODEL 

The location of reflector  i  is given by the coordinates (x„y,). The index  i  is used to 
denote the current visible reflector. As defined in the previous section, the position of the 
midpoint of the rear axis is (x(k),y(k)) and 0(k) is the heading of the vehicle. Let  d  be the 
distance between the anglemeter and the rear axis.  

(k) 

(x(». (x(1_•c 	0 (k) 

• 

Fig 3.1 The angles to the reflectors are measured using a rotating laser scanner. 

Using the geometry in fig 3.1, the angle to reflector  i  is given as 

y(k) = —0(k) + arctan 

It should be observed that the angle is measured to different reflectors at each sampling times 
tk. Since a rotating laser scanner is used to measure the angles to reflectors, there will be 
"random" non-uniform sampling intervals T = tk +1 — tk. The position and heading are to be 
estimated dynamically at each sampling times. 

Suppose there are  N  reflectors in the surroundings of the vehicle. A measured angle is either 
a false detection, or originates from one of the reflectors. Let ti(k) be a binary measurement 
indicator, which is set to one at those sampling times when the angle is measured to reflector  
i  and zero at all other times. The measurement equation then can be written as  

• 

xi  — x(k) —  d  cos 0(k) 

(y, —y(k)— d sin  e(k))  
(3.1) 

1<k) = cro(k) • • • TN(k)) • +i(k) 	 (3.2) 
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All errors in the measurements are lumped together in the noise term v(k). To simplify the 
design of the trajectory estimator, the sequence {v(k)} is assumed to be white noise, with zero 
mean and covariance  R  and uncorrelated with the process noise. The measurement noise due 
to errors in the anglemeter was analyzed in [3]. In appendix I models for the measurement 
error caused by inaccurate reflector coordinates are given. 

Reflector  N  is a fictitious "mobile" reflector, which represents false detections that can occur 
in any direction. That is, if the measured angle does not originate from any of the  N  reflectors 
(with numbers 0..N-1), we assume that it originates from the non-existing reflector  N.  

Since each measured angle only can originate from one reflector, we have the restriction 

(3.3) 
iO 

The measurements, when available, thus are given by an equation of the form 

10(k) = 10)(X(k))+D(k) 	 (3.4) 

All the reflector tapes are identical. Hence, the reflector identity index  i  should be regarded as 
an unknown. We thus have a mixed discrete-continuous problem where we have to estimate 
(i(k),x(k),y(k),8(k)) given the sequence 1(1c) of observed angles. The problem of estimating i(k) 

is called the association problem. The reflector identity index  i  will in general be omitted 
when (3.4) is used. 

In this thesis we describe a preliminary association method which is found in section 8. 
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4 LINEARIZATION OF THE MOTION AND THE MEASUREMENT 
MODEL 

Both the motion and the measurement model are non-linear. The design of the trajectory 
estimator in section 5 is based on the linearized motion and measurement model. Therefore, 
in this section a first-order linearization is made of the models. 

Linearization of the motion model 

The nonlinear model (2.6)  

X (k  + 1) = f(X (k),a(k),v  (k))+ G (k)  • w  (k) 
	

(4.1) 

is linearized around a reference point )7(k). The deviation around this point is 

EX  (k)  =  X (k)  —I -  (k) 
	

(4.2) 

The deviation in the control signals from the values used in the linearization, is represented 
by the vector 8u(k)-,-- (v(k)-7(k),a(k)--Ec(k))T  . 

A first order Taylor-expansion is in the general case 

f(X (k),a(k),v  (k))  = fa.(k),a(k),v  (k))+  F (k)SX (k)+L(k)6u(k) 

where F(k) and L(k) are the Jacobians 

F  (k)  =[ ax  1.,./.  af(x)  

L(k)-[  ay  1 
 act 

 1
.744a.rivo 

 
ex)  af(X)  

We linearize around the same values of the control signals that are used in the update of the 
states, i.e. choose 7(k)= v(k) and Ti(k)= a(k). Hence Su(k) = 0 and therefore will be omitted in 
the following. 

In our application we get 

71 o 
F(k)= 0 1 f23 	 (4.5) 

\O 0 1, 

where  

f13= 
 tan  a(k) 

cos( 	
v 	(k)T  

8(k)  + 	sina  
L 	

(k)j—  cos 8  (k))  
L  

= 	 
L  I 

+ 	sin a  v  (k )7' (k)j—  sin 0(k)) 
f23 	tan  a(k ) si 
	

L  

(4.6a) 

(4.6b) 

(4.3) 

(4.4a) 

(4.4b) 
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In the case of small changes in the heaading  ug  we get 

71 	0 	—  v (k)T cos a(k) 	0(k)\  
F  (k)  = 0 	1 	v (k)T cos a(k) COS O(k) (4.7) 

0 	0 	 1 

This gives the perturbation, or error equation 

&X(k + 1) = F (k).3X(k)+  G  (k)w () 	 (4.8) 

Linearization of the measurernnt model 

The linearized measurement equation is. given by 

l(k) = h(X(k)) +  H (k) (X (k)  --)7(k))+ u(k)  (4.9) 

H (k)  is the Jacobian  

ah (X)  
= (hx(k) 	h>, (k) 	he(k)) 	 (4.10) 

where  

=x(k)  

Y  (4.11a) 2 	2  
S, + Sy 

sx  
hy(k) = (4.11b) 2 	2  

he(k) = 
d (s x  cos0"(k) + sy  sin U(1c)) 

(4.11c) -1 	 2 	2 
+ Sy 

For convenience we have introduced the distance between the reflector and the midpoint of 
the rear axis, which is given by 

sz  =xi 	d  cos U(k) 	 (4.12a)  
sy  = yi  — 7(k) —  d  sin U(k) 	 (4.12b) 

The distance to a reflector will in most cases be more than 1 m, which gives o 5.1 hx  I 5 1 and 
O51/,I5 1. 

Introduce z as the deviation in the angle. The linearized measurement equation then can be 
written as 

z(k) = y(k) — h(X(k)) = H (k) (X (k) — X (k)) + u(k) 	 (4.13)  

Or 
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(4.14) 

(4.15) 

(4.16a) 

(4.16b) 

z (k) = H (k)SX (k) + v(k) 

The distance to a reflector is 

2 	2 	2 r =sx  +s 

By inspection in fig 2.1, we see that (4.11) can be rewritten as 

1  
hx  =  —

r 
 sin(8 + y)  

1  
hy  = —icos(8 +y)  

This clearly shows that angles measured to reflectors far away mainly gives information 
about the heading of the vehicle. 
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5 RECURSIVE ESTIMATION OF THE TRAJECTORY 

We now describe a method of how to recursively update the position and the heading of 
a moving vehicle. An extended Kalman filter (EKF) is used for this purpose. The derivation 
of the EKF can be found in e.g. [6,7]. Some basic steps in the derivation are given below. We 
then discuss the information contained in the measured angles. The properties of another 
estimator based on observer theory is also presented. 

Ulf  Andersson  is co-author of the sections 5.2 and 5.4. 

5.1 Estimator structure 

Suppose we want to estimate the state vector (x,y,e)T  at time t„ i. The previous state 

estimate was made at time t, and determined by the measurements up to and including that 
time. We denote this estimate by i(k I  k).  This estimate and the motion model is used to 
predict the state at the time when the next sampling is made. The predicted state is denoted by 
i(k +11k) and is taken as the conditional expectation 

i(k +11  k)= E {X (k  +1) k)} 	 (5.1) 

If the uncertainty in the motion is neglected we get 

i(k + 1 I  k)  = f(X(k I k),a(k),v(k)) 	 (5.2) 

where f is given by (2.4). In section 6.1 we discuss how the speed and the steering angle is 
used in the prediction of the states. The motion model can be used to update the position even 
if no measured angles are available. This will however lead to large accumulated errors. 
Therefore, angles are needed to make corrections of the predicted states. 

Let us assume that we have associated the measured angle + 1) with reflector  j.  The 
association problem is to make sure that j=i, where  i  is the true reflector number. No matter if 
the association was correct or not, the predicted measurement at time 4, will be 

+ 1  k)  = hu)(2(k + 1 I  k)) 
	

(5.3) 

The superscript denotes which reflector the measured angle is associated with. 

The measured angle is used to update the previously predicted state according to 

(k +1 I  k  + 1)  =(k+  11  k)+  K(k +1)(11(k + 1) —iP)(k +11  k)) 
	

(5.4) 

where the gain vector is  

K (k)  = 1(k), K2(k), K3(k)f. 
	

(5.5) 

K(k) is chosen as the Kalman filter gain for the linearized system. 
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The motion model is linearized at time t, around the current estimate  (k  I  k).  Hence, the 

Jacobian F  (k)  is given by (4.5)-(4.7) with X(k)= g(k  k).  The deviation from the estimated 

state is  

(k)  = X(k)  — (k  1  k) 
	

(5.6) 

The perturbation, or error equation is given by (4.8) 

SX  (k  + 1) = F (k)87C(k)+  G  (k)w  (k) 
	

(5.7) 

The measurement model is linearized at time 4,1  around the predicted state, i.e. the Jacobian 
for reflector  j  is given by (4.11) with X(k + 1) = i(k +11  k).  The linearized measurement 
equation is given by (4.14) 

z  (k  + 1) =  H (k  + 1)8X  (k  + 1) + v(k) 

The Kalman filter for the discrete perturbation system is given by  

(k  + 11  k)=  F (k)SX'  (k  1k) 

d(k+11k+1)=V(k+lik)+K(k+ 1)[z  (k  + 1)—  H (k  + 1)8X(k +1101 

The estimation error for this filter is 

(5.8) 

(5.9a) 
(5.9b)  

(k 	k)=  8X  (k)  —  (k  1k) 	 (5.10) 

The covariance of the estimation error is defined as  P (k)=  E[Si(k)82 (k)T ]. This is used to 
measure the quality of the estimated states. 

We have assumed that 

8X(0)  E  N(0,P(0)) 	 (5.11) 

Prediction, or time update 

The propagation of the estimation error is 

8g(k + 1 1  k)  = F (k)8X-(k I  k)+  G(k)w(k) 	 (5.12) 

The expected covariance of the error at time 4+1  is  

P (k  +11  k)=  E[8i  (k  +11 k)82?(k +11 k)T] 	 (5.13) 

From for instance [6,7] we get the discrete Ricatti equation for the update of the error 
covariance 

P(k +11  k)  = F (k)P  (k  1 k)F (k)T  + G(k)Q(k)G(k)r 	 (5.14) 
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Correction, or measurement update of the estimate 

The gain vector is chosen as  

K (k  + 1) =  P (k  + 1 I k)H  (k  + 1)T  [H (k  + 1)P  (k  + 1 I k)H  (k  + 1)T  + Rf l 
	

(5.15) 

which is the gain that will minimize the variance of the reconstruction error in the linearized 
system [6,7]. 

The correction of the error covariance is, in principle, given by  

P (k  +1 Ik+1)= [I —  K (k  + 1)H  (k  + 1)]P  (k  + 1 1k) 
	

(5.16) 

However, when implementing the filter we have used the numerically better form [6]  

P (k  + 1  k  + 1) = [I  K (k  + 1)H  (k  + 1)]P  (k  + 1 I k)[I —  K (k  + 1)H  (k  + 	+ 

+  K (k  + 1)R  K (k  + 1)T 
	

(5.17) 

Initialization of the estimator 

Before the filter can be used, the initial values of the state variables and the error covariance 
have to be determined. 

The initial state x(0) is assumed to be a random vector with mean 1(0) and covariance matrix 
P(0). At present, 1(0) is determined with the non-standard combinatorial method in the first 
part of this thesis. Hence, the initial state estimate is i(010)=1(0). 

The initial error covariance is P(0 0) =P(0) and depends on the method that are used to 
determine the initial position. The angles that are used in the calculations are contaminated 
with noise. In principle, it is possible to find how the uncertainty in the initial position 
depends on the uncertainty in the angles, but we have for simplicity chosen a diagonal initial 
error covariance matrix 

P(0) = diag{o2x,c52,,a2s} 	 (5.18) 

The Kalman filter is optimal only in the case of a linear system and gaussian noise. 
Models of the measurement noise are found in [3] and appendix I. The dynamics in the 
servos have been neglected, which means that we do a reduced order design of the EKF. The 
control laws are however designed so that there are only small changes in the set values to the 
servos between two consecutive sampling instants. The neglected dynamics in the servos also 
give non-gaussian noise, see section 6.3. 
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Our first attempt is however to do the design of the extended Kalman filter under the 
assumption of gaussian noise. The simulation results and tests on the prototype will show if 
the errors in the estimated position and heading are within acceptable limits. 

Some variants of the EKF algorithms given above are often used. One is to include higher 
order terms in the linearization of the motion and the measurement model. The linearization 
is done around an estimate of the state vector. This will introduce additional linearization 
errors. Another approach is therefore to do a re-linearization until no significant 
improvements are achieved in the estimated states. See [6] for further details. 

5.2 Observability considerations 

In the previous section the EKF solution to the problem was outlined (in the usual 
"streamlined" way). In this section we make a geometrical interpretation of the problem. 

We first examine how many measured angles and reflectors we need to determine the 
position and heading of the vehicle. 

Fig 5.1 shows the trajectory of the vehicle and the line-of-sights to different reflectors. Since 
we use a rotational sensor, all angles will be measured from different points in the room. Our 
problem is to find how many ways we can locate the trajectory in the room so that all 
line-of-sights will hit reflectors. This problem is particularly difficult when the unknown 
initial position is determined. In this thesis we use a preliminary association method. 

Fig 5.1. Line-of-sights to reflectors. 

We will have full observability if we can find one unique location of the trajectory. 

Consider the case when only one reflector is used. Only one angle measured to this reflector 
gives no information. With two measurements, we can determine the distance to the reflector 
if we have an estimate of the trajectory, c.f. fig 5.2. A rough estimate of the trajectory can be 
made by updating the motion model using the reference values of the speed and steering 
angle. 
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Fig 5.2. Two measured angles to a single reflector gives complete angular uncertainty of the 
position. 

From fig 5.2 we see that the system will not be observable, no matter how many 
measurements we use to this reflector. We can always rotate the figure given by the trajectory 
and the line-of-sights around the reflector. 

Next, in fig 5.3, we consider two reflectors with two measurements to one reflector and one 
measurement to the other reflector.  

Fig 5.3. Two measured angles to one reflector and one angle to another reflector can give 
full observability if the angles have been associated with reflectors. 

If the association problem is solved, the trajectory is determined uniquely. However, if it is 
unsolved, there are two possible locations of the trajectory in this case, see fig 5.4. 
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Fig 5.4. If the association problem is unsolved, there are two possible locations of the 
trajectory. 

Fig 5.4 illustrates the importance of the having robust association algorithms and the 
consequences of erroneous associations of measured angles with reflectors. 

So, in principle, only two reflectors are needed if the vehicle is moving when angles are 
measured to the reflectors (and the association problem is solved). But when the vehicle is 
moving close to the line that join the two reflectors, this will result in poor or lost 
observability. To get high accuracy in the determined position and heading, we therefore use 
several reflectors. Some reflectors will occasionally be obstructed by different objects, but 
there will always be some visible reflectors that we can use to estimate the trajectory. 

If the rotational speed of the anglemeter is high compared to the speed of the vehicle, the 
vehicle will not move particularly much between a set of consecutive angle measurements. 
The linearized system therefore will be a fairly good model of the motion of the vehicle 
between these measurements. 

We will now study the properties of the linearized system to find an equation that we can use 
as a guide when we study the observability of the system. A proper observability analysis 
would be based on the non-linear motion and measurement model. However, by analyzing 
the linearized models, we will be able to explain some features of the estimator. 

In the noise-free case, the linearized system is given by (4.8) and (4.14) 

SX(k + 1) = F(k)8X(k) 
	

(5.19a) 
z(k) = H(k)8X(k) 
	

(5.19b) 

The system is time-variant since the values of the elements in the Jacobian F(k) are 
dependent on the current heading, speed, steering angle and sampling interval. Also, the 
elements in H(k) depends on the current position, heading and reflector. 



16 

z(k) is a linear combination of three variables. We therefore need at least three measurements 
in order to find the values of the linearized state variables. This is not surprising since, for a 
non-moving vehicle, at least three angles to known reflectors are needed in order to 
determine the position by triangulation. 

Using the linearized measurement equation (5.19b) at three consecutive measurements, we 
get 

z (k) = H (k) &X (k) 

z (k +1) = H (k +1)8X (k +1) 

z (k +2) = H (k +2)5X (k +2)  

where  

(5.20a) 
(5.20b) 
(5.20c) 

5X (k +1) = F (k)&X (k) (5.21a) 

&X (k + 2) = F (k +1) &X (k +1) = F (k +1)F (k)5X (k) (5.21b)  

Combining (5.20) 

z  (k) 	\ 

and (5.21) we get a linear 

\ I. 	H (k)  

equation system which in matrix form is 

z  (k  +1) [ =  H (k  +1)F  (k)  SX  (k)  (5.22) 

or 

z(k+2), 11(k+2)F(k+1)F(k)1  

Zk+2 = 05X(k) 

where 

(5.23) 

7 	z (k) 
zk+2 =  

z (k + 1) (5.24)  

and 

(k + 2)  j  

H (k)  

0=  H (k  +1)F  (k)  (5.25) 
1(k + 2)F  (k  + 1)F  (k)  

Fmk)  = 0-1 zk +2 	
(5.26) 

0 is the observability matrix for the linearized system and Z the set of measurements. 

j  

Thus, provided the matrix 0 is non-singular, we can solve the equation system (5.22) and find 
the initial deviation from the operating point 
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The interpretation of this observability matrix is somewhat different than for a linear system. 
If the observability matrix for a linear system is non-singular, an unknown initial state can be 
determined from  n  measurements. In our case, the linearized system is used to determine 
SX(k), which is the perturbation from the linearized state. This means that, in order to do the 
linearization, approximate values of the state variables have to be known at different 
sampling instants. We therefore can not determine a completely unknown initial position by 
using (5.26). 

If the observability matrix is almost singular for three subsequent measurements, the 
magnitude of the reconstruction error will not decrease. The condition number  c  [8] of the 
matrix 0 can be used for a sensitivity analysis of the solution (5.26). If  c  is large, small 
changes in the set of measurements will give large changes in the linearized states. 

The time varying structure of the system has the consequence that we occasionally might 
have poor the observability of the linearized system, which would be indicated by a high 
value of the condition number. Therefore it should always be checked that three consecutive 
measured angles guarantee high observability of the system. 

If the rotational speed of the mirror in the anglemeter is high, a lot of measured angles will be 
available that can be used to correct the estimated states. We can not use all angles due to the 
computational burden that would cause. The observability matrix can serve as a guide when 
we decide which measured angles that are most efficient to use, that is, how much new 
information we have in a measured angle, compared to the previously measured angles. 

We have not implemented any test of the observability in the present system. 

5.3 Orthogonal projection into the observable space 

The values of the three state variables can be visualized as a point in a three 
dimensional space. The measured angle to a reflector is a non-linear combination of these 
three variables, therefore there are many "points" in space that give the same value of the 
angle. In fact, they all will lie on a "wavy functional surface". The surfaces will be located in 
a different way in the state space for each reflector. When the system is linearized the spaces 
will turn into planes. The planes are referred to as the observable spaces for the measured 
angles. 

The measurement equation for the linearized system, or in other words, the equation for the 
plane spanning the observable space is 

z  (k)  = hx(k)&x  (k)  + hy(k)&y  (k)+  h8(k)80(k) 	 (5.27) 

where 8x is the perturbation in the x-coordinate and the corresponding notations are used for 
the rest of the states. 
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Another approach to determine the gain vector, is to do an orthogonal projection of the error 
vector Eik into the observable space for the linearized system. This is equivalent to the 
least-squares solution [8] for each measured angle. The transpose of the measurement vector 
Hr(k) is the normal vector to the observable space, see fig 5.5. For our own benefit we will 
re-derive the expression for the gain vector below. 

Fig 5.5. Projection into the observable space of the linearized system. 

If the error vector is projected into the observable plane, the estimated angle after correction 
will be equal to the measured angle 

i(k +11k +1)=z(k +1) —i(k+11k+1)= 0 	 (5.28) 

The parameters in the linearized measurement equation are not exactly known since we 
linearize around the predicted state instead of the actual state. This will give some additional 
errors, see fig 5.6. 	

57 

g=4= 0  

i' :::  1 - 1 S34Z z 0 

Fig 5.6. This figure illustrates the consequence of an erroneous linearization point. The 
difference between the perpendicular 'foot-points" is equal to the contribution from an error 
in the linearization point. 

In the noise-free case, the propagation of the estimation error g(k I  k)  is given by (5.12) 

• ../ 
5 X(k+11k) 

ideal correction 
actual correction 
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(k  + 1 I  k)  = (k)&g(k I  k) 	 (5.29) 

Hence 

I  (k  +11  k)= H (k  +1)8X-  (k  +1 I  k) 	 (5.30) 

Using (5.9) and (5.10) the reconstruction error after the correction is found to be 

V(k + 1 1  k  + 1) = (F  (k)  —  K (k  + 1)H  (k  + 1)F (k))&g(k 1k) 	 (5.31) 

which in turn gives 

I  (k  +11  k  + 1) = H(k +1)(F  (k)—  K(k + 1)  H (k  + 1)F (k))ag  (k k) 	 (5.32) 

By inspection in (5.25), we see that f(k +11  k  +1) =0 if  H (k  + 1) K(k + 1) =1. Since 

H(k +1)Hr(k +1)=1  (k  +1)ris a scalar, the gain vector is chosen as 

K(k +1) = 
HT  (k +1)  

1 Hr(k +1)F  

Hence, the correction will be along the normal to the observable plane as we intended. 

Using (5.29) and (5.30) we can rewrite (5.31) as 

& (k+1 I  k  +1) =8g  (k  + 11  k) -1(k +11 k)K(k +1) 

(5.33) 

(5.34) 

The planes will be located in a different way in space for each position and reflector. The 
dynamics of the reconstruction error is further discussed in section 5.4. In section 5.5 we 
demonstrate this method for a simplified motion case. 

5.4 Dynamics of the reconstruction error 

The first reflection many people do when they see the recursive estimator (5.4), is that 
it can not work in practice, since it only uses one measured angle at a time. An infinite 
number of corrections could be made, which all would project the estimated states into the 
observable space, even for the non-linear system. We have tried two approaches - the optimal 
estimator for the linearized system, that is the EICF, and an orthogonal projection into the 
observable space for the linearized system. In this section we study the dynamic behaviour of 
this linearized system for different selections of the gain vector. 

For an observable time-invariant system, observer theory can be used to design the gain 
vector such that the reconstruction error decays at any desired rate. The gain vector then 
would be constant. If all observer poles are placed at the origin, i.e. a deadbeat-observer, it 
would take  n  sampling intervals until any initial reconstruction errors were eliminated, that is, 
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if the model is exact and if no disturbances occur during that time. When the gain vector is 
determined, care is taken of how the states will propagate during the coming sampling 
intervals. 

The problem that we are faced with is that the system is time-variant since the values of the 
elements in the Jacobian F(k) are dependent on the current heading, speed, steering angle and 
sampling interval. The elements in H(k) depends on the current position, heading and 
reflector. The gain vector will therefore not be constant. The propagation of the 
reconstruction error has to be studied over n=3 sampling intervals for different selections of 
the gain vector. 

Using (5.31) over two additional sampling intervals gives the following expression for how 
the reconstruction error propagates over three sampling intervals 

or  

?(k +3  I  k + 3) = (F(k +2)— K(k + 3) H (k +3)F (k +2)) • 

.(F (k +1)— K(k + 2)H (k + 2)F (k + 1)) • 

• (F (k)— K (k + 1)H (k + 1) (13(k))8g (k 1k) (5.35) 

8g(k + 31k + 3) = (i)(k + 3,k)&i(k 1k) 	 (5.36) 

where 

ci)(k +3,k) = h(F(k+i) -K(k+ 1+ i)H  (k  +1+ i)F  (k  +  i)) 
i  .-. 0 

is the reconstruction error transition matrix over three sampling intervals. The matrix 
multiplication is done from the left. 

(5.37) 

The observer poles are given by the eigenvalues to the reconstruction error transition matrix. 
The examples in the next section shows that dynamics of the reconstruction error is quite 
dependent on how we select the reflectors that are to be used in the projection observer. 

5.5 Examples of orthogonal projections 

We will now give some examples of how the orthogonal projections are made. We assume 
that the anglemeter is placed at the midpoint of the rear axis on the vehicle, i.e.  d  =0 in (2.10). 
For simplicity, we only study a vehicle that is standing still. 

The elements of the Jacobian for the measurement equation are 

S 
hx(k). 	2  Y  2  

S, ± Sy 

(5.38a) 
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sx  
h(k)— 

sx2 
	 

he(k)1  

where 

sx =x1 —.72(k +11k) 
s =y.-5;(k+11k) 

Y 	i 

(5.38b) 

(5.38c) 

(5.39a) 
(5.39b) 

We put 7 reflectors on a straight line with 1 m distance as shown in fig 5.7. The estimated 
location of the vehicle is as shown in the figure below. We assume that the true position is 
near the estimated position and neglect the effect of linearization errors. 

Fig 5.7. One example where the all reflectors are located on one wall. 

In this special case, we get 

sx  = 3 —  i  
s = constant 

where  i  is the reflector number. The values of hx,hy  and  h,  for different reflectors are  

i hx  hy  he  

0 0.1 -0.3 -1.0 
1 0.2 -0.4 -1.0 
2 0.5 -0.5 -1.0 
3 1.0 0.0 -1.0 
4 0.5 0.5 -1.0 
5 0.2 0.4 -1.0 
6 0.1 0.3 -1.0 

(5.40a) 
(5.40b) 
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d=0.57 m on the prototype AGV, which does not give constant he  as in this example. 

HT(k) is the normal vector to the observable subspace. Since it is difficult to visualize 
three-dimensional vectors on plane paper, in fig 5.8 we only show the components in the  
x-y-plane. 

Fig 5.8. The normal vectors to the different linearized observable spaces. he  = —1 for all 
vectors. 

We now assume that the angle  y  is measured relative to the x-axis. This means that we can not 
observe the orientation of the vehicle, since  e  disappears from the measurement equation. The 
normal vectors to the observable spaces will then lie in the  x-y-plane. The observable spaces 
will be lines in this case. 

The following two examples show how the projections will effect the estimation error. The 
time update of the estimation error is given by (5.29) and the measurement update is given by 
(5.34). Observe that in these examples F(k)=I and w(k)=0. 

Example 1 
Suppose that we measure the angle to all reflectors and do corrections for each measurement. 
In fig 5.9 we see how the reconstruction error propagates. 

Fig 5.9. Propagation of the reconstruction error if all measured angles are used for 
correction of the predicted state. 



It is obvious that this gives a slow convergence towards the origin. 

Example 2 

If we only had measurements to reflector 0, 3 and 6, the magnitude of the error would be 
smaller after two corrections than it was in fig 5.9 after seven corrections, c.f. fig 5.10. 

Fig 5.10. Propagation of the reconstruction error if only some measured angles are 
available. 

The different results achieved in the two examples show that it is important in which order 
the angles are used to correct the position. Again, we are faced with the observability 
problem. 

In the general case, where the angle to a reflector is measured relative to the heading of the 
vehicle, the condition number  c  for the observability matrix in the two cases is c1 = 55.8 and 
c2 = 4.45 (calculated in  Matlab).  Hence, in example 2 the system is "more" observable and the 
reconstruction error decays faster. The "best" observability will be achieved when there are 
three consecutive measurements, which give planes that are as orthogonal to each other as 
possible. 

We therefore study the dynamics of the reconstruction error over three sampling intervals as 
given by (5.36). For the first three sampling intervals the observer poles in the two examples 
are: 

Location of poles in example 1: 	 0.0, 0,900 and 0.998 

Location of poles in example 2: 	 0.0 and 0.670±0.107i 

The location of the observer poles in example 2, indicates that there is a good chance that the 
projection observer also will work when it is applied to the non-linear system. At least if the 
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observable spaces are not too  parallell.  

In the normal design procedure of an observer, the observer gain is selected so that we get 
desired locations of the observer poles. In this observer, we can not get arbitrary locations of the 
observer poles. However, it is possible to check where the poles will be located for three 
consecutive corrections as in the examples given above. The design criteria then is to select the 
measurements that give the "best" locations of the observer poles. In both examples above, the 
pole corresponding to the correction in the heading is located at the origin. If we want the 
observer to be fast in the  x-  and  y-directions also, the measurements have to be selected with 
some care. That is, the order between measurements are important in this observer. 

The effects of linearization errors and noise have been neglected in the discussion about the 
properties of the projection observer. These errors will naturally degrade the performance of this 
observer. 

The EKF will not do orthogonal projections as in these examples. The design criteria for the 
Kalman filter is to minimize the variance of the reconstruction error. This should remove the 
dependency on the order between measurements. 

The projection observer will serve as a reference method. If it produces better estimates of the 
states than the EKF does, then we have reason to check our algorithms. In the simulations in 
section 9 we will compare the two combatants. 
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6 INFLUENCE OF ERRORS IN THE MOTION MODEL 

In this section we study the influence of the neglected dynamics in the servos. The noise 
model that is used in the EKF is also derived. 

6.1 Influence of errors in input signals 

When a prediction of the states is made, the speed and the steering angle are assumed to 
be constant during the sampling interval. The motion then will be along a segment of a circle. 
In practice this assumption will not hold, since normally there will be a continuous change in 
the two variables due to the dynamics in the servos. 

At present, only the set values can be used in the update of the states. In a future version of 
the system we will measure the rear wheel movements. For control of the electric motors we 
have used the digital motion control circuit HCTL-1000 from Hewlett Packard. It contains 
registers where measurements of the speed and the steering angle are stored. We then will 
have two different measurements of the input signals. One is based on the motion of the 
single front wheel, and the other is based on the motion of the two rear wheels. When these 
two facilities are implemented in the system, this additional information will make it possible 
to increase the accuracy/reliability in the estimated states. 

We will now analyze the consequences of using the set values only in the prediction of the 
states. 

Suppose that the set values to the servos v, and cc, have been constant during some time 
interval. We then have v(k) = vr(k - 1) and a(k)= a,(k —  1). Let us now assume that we change 
both set values, such that a,(k) > a(k) and vr(k)> v  (k).  Due to the dynamics in the servos, we 
will not use the correct values of the speed and the steering angle when we update the model. 
The true position at the next sampling instant will therefore be different from the predicted 
position given by (2.3) or (2.4). 

If we had not changed the set value to the steer servo, the vehicle would have followed the 
trajectory with the radius of curvature Lla(k) in fig 6.1. Since a.,(k)> a(k), the estimated 
trajectory based on the set values makes a sharper turn with the radius of curvature Lia,.(k). 
The actual trajectory followed by the vehicle lies somewhere between these two curves. 



predicted position based on set values  

e,-  uncertainty in heading 

_ik. u  n  ce r tainty in speed  

K••••  predicted position based on 
measurements at time tk  

Fig 6.1. Region of uncertainty in the predicted position. 

Since the speed is assumed to increase during the sampling interval, we get corresponding 
limits for the uncertainty in the travelled distance. We know that the actual position at the 
next sampling instant will be somewhere in the shaded area in fig 6.1, exactly where depends 
on the dynamics in the servos. The predicted position based on the set values will be in the 
upper left corner in the figure. 

The Kalman-filter is designed on the basis of gaussian white noise. That is, the noise signals 
ws, and  wc,  are assumed to be independent white noise processes, with zero mean and 
covariance matrix  Q.  If the model (2.3) is used to predict the position and the noise actually is 
gaussian, the region of uncertainty will been an ellipsoid in the three dimensional state space 
spanned by the state vector (x,y,O)T. If we restrict our study to the  x-y-plane we get an elliptic 
region of uncertainty around the predicted position,  cl.  fig 6.2. 

Fig 6.2. Region of uncertainty if the noise is gaussian. 
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It is obvious that we will make a systematic error since the Kalman filter expects that the 
predicted position is in the middle of the region of uncertainty, but the actual predicted value 
will be located in a corner of the region in fig 6.1. With the assumptions made in this section, 
we know that a(k) a(t) oc,(k) and v(k) 5 v(t) v,(k) for tk  5 t 5 4+1. If we desperately hang on to 
the assumption of piecewise constant speed and steering angle, a better prediction would be 
achieved if we used the means 

ar(k) + a(k) 

7(k) = 
2 

in (2.2)-(2.3). The predicted position will then be close to the middle of the uncertainty 
region. But since we were anxious to test the estimator on the prototype, where no 
measurements of the speed or the steering angle are available, instead of (6.1) we used 

2 
v r(k) + v (k) 

(6.1a) 

(6.1b) 

zi(k) —
ar(k) + as(k — 1) 

2 
v r(k) + v r(k — 1) 

2 

(6.2a) 

(6.2b) 

This has the drawback that we can not be sure that we actually have v(k). v,(k —1) or 
a(k) = a,.(k —  1). The advantage with using (6.2) in the estimator, is that only information from 
the anglemeter is used and no other sensors. This also gives a relatively simple structure of 
the estimator. 

6.2 Dynamics in the servos 

Throughout this thesis, we have talked about the neglected dynamics in the servos. It is high 
time that we finally get a picture of the behaviour of the speed and the steer servo. 

As we mentioned in section 6.1, we use a digital motion control circuit in the servos for the 
actual control of the speed and the steering angle. The sampling intervals in the servos are 
much shorter than in the trajectory estimator. We will therefore model the servos as time 
continuous systems. The models are shown in fig 6.3 and 6.4. 



Motor + Load 

Kv  (  1  + pTi  )  1  
1+ pT, 

1  
( 1 + pl-a) p  

Motor + Load 

Ka  

Fig 6.3. Model of the speed servo. 

Fig 6.4. Model of the steer servo. 

The speed and velocity servos have been approximated as fast second order systems. The 
time constants are Tv  = 0.2 s and 4.0.2s. The  'p'  in the block schemes is the time derivative 
operator. 

A proportional controller is used in the steer servo. For control of the speed, we also use 
integral action in the servo. These are the models that are used in the simulations of the 
system. The given parameters are chosen approximately, such that the performance of the 
simulated servos are similar to the performance of the real servos. 

Let us now suppose that we change the set values in a certain manner. Fig 6.5 shows the 
dynamics in the speed and in the steer servo. 
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Fig 6.5a. Dynamics in the speed servo. 	Fig 6.5b. Dynamics in the steer servo. 

We see that the actual speed and steering angle are always lagged behind the set values when 
the vehicle performs maneuvers. In section 6.3 we develop the noise model that is used in the 
EICF. 

6.3 A model for the dynamic noise sequence 

If we use (6.2) in (2.4) to predict the states, then the error in the speed and the steering angle 
at different times is 

wv(r)=7(4)-v(t) 
wa(t)=-6(0- a(t) 

for 4 t < t„1. In fig 6.6 the errors corresponding to fig 6.5 are shown. 

(6.3a) 
(6.3b) 

Fig 6.6a. Error in the speed. 	 Fig 6..5b. Error in the steering angle. 
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The errors w, and  Wc,  are obviously not white gaussian noise processes. But they are highly 
dependent on the maneuvering history of the vehicle. If the set value of the speed has been 
constant for some time, then wv(t)= 0, that is, if there is integral action in the speed servo. As 
soon as there are any changes in the set values, the errors will increase. 

To find a model of the influence of the uncertainty in the input signals, we replace the 
idealization in (2.2) with the mixed multiplicative/additive noise model 

u1 = v (1 + wv) cos(a + w 
(1 + wv) . 142  = v 	sin(a wa) (6.4) 

Inserting (6.4) into (2.4) gives the following approximate model  

x (k + 1) = fl(x (k),y (k),0(k),a(k),v (k))+ g nwv  + g 12w a  
y (k + 1) = f2(x (k),y (k),0(k),a(k),v (k)) + g 21w + g 22w „ 
0(k + 1) = f3(x (k),y (k),0(k)„a(k),v (k))+ g31 v„ + g32w cc  

(6.5a) 
(6.5b) 
(6.5c) 

where only the first order 
coefficients for the noise 

g 11 =  vT  cos ak  cos 

vk  T sin ak  cost'Ok  

terms are used. 
terms are found 

vT  

After straightforward identification 
to be  

vi‘T 
—L(1 + tan2  ak) (sin(Ok  + 	sin ak) — sin Ok) 

of terms, the 

(6.6a) 

(6.6b) 

0Le sin ak  

vkT 
+ 	sin cck) 

= gi2 
tan2  ak  

VT  
g21  =  vT  cos ak  sin 

vkT  

(6.6c) E)k ±-L sin ak 
v,T 

v kT sin  ock  5flOk  + 	sin ak  + L (1 + tan2  ak) (cos(Ok  + 	sin ak) — cos Ok) 
(6.6d) 

(6.6e) 

(6.6f) 

= g22 

vT  . 
g3i  = —

L 	
ak  

v kT 

tan2  ak  

g32  = 	cos ak  

As we can see, this gives a very complicated noise model. If the procedure is repeated for the 
model (2.5), that is, for small changes in the heading u,T, we get 



I, 
p(k) = 

tan a(k) 
(6.12) 
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gn  = vT  cos  a(k)  cos 0(k) 
g12  =  —v  (k)T  sin  a(k)  cos 0(k) 
g21  = vT  cos  a(k)  sin 0(k) 
g22  =  —v  (k)T  sin  a(k)  sin 0(k)  

vT.  
g31  = 

 L
— sin  a(k)  

g32  =  v 
 (k)T  
L 

cos  a(k)  

(6.7a) 
(6.7b) 
(6.7c) 
(6.7d) 

(6.7e) 

(6.7J) 

For the sampling intervals of interest, i.e. T<0.3 s, it has been checked that the numerical 
values of the coefficients in (6.6) and (6.7) are essentially the same. Therefore, the model 
(6.7) is used in the design of the EKE Using these g's the noise amplitude matrix G(k) in 

(2.6) thus is  

G (k) =  

7, 
011 g12\  

g21 g22 

\g31 g32)  

(6.8) 

We have chosen a multiplicative noise model for the uncertainty in the speed in (6.4). 
Suppose that we use an additive noise model instead, such as  

ui  = (v + it) cos(a +  wo.)  

This would give, for instance, 

gii  = T cos a(k) cos 0(k) 

(6.9) 

(6.10) 

Let us now assume that v=0. Based on gaussian assumptions on the noise, from appendix II 
we get the update of the covariance in the x-coordinate as 

1) il(k + 1  I  k) = PIA 1 k) + (T cos a cos 0)20- (6.1 1) 

If a,, >0 and I a I*0,I 0 I* 0, then the uncertainty in the  x-direction will increase, even though 
the vehicle is not moving! To avoid this problem, we have to use a multiplicative noise model 
for the uncertainty in the speed. This means that the uncertainty in the speed increases when 
the speed increases, but we have already observed that it is the maneuvers that cause the 
major errors, not constant speed. The noise model (6.4) therefore is combined with a 
time-varying covariance matrix Quo = diag{dk),o1,(k)}. 

A multiplicative noise model can not be used for the uncertainty in the steering angle. This 
can be seen from the expression for the radius of curvature for the motion, 
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A plot of  p  is shown in fig 6.7.  p  is most sensitive to errors in a for small values of the 
steering angle, c.f. the width of the region of uncertainty shown in fig 6.1. This rules out a 
multiplicative noise model for the uncertainty in the steering angle. 

(m) 

35 

30 

25, 

1.5 

10 

0 

Fig 6.7. The radius of curvature for the motion of the vehicle as a function of the steering 
angle. 

The model for the variation in the variances is 

(3 ,(k)= 	4Z(k) 

02.1(k) = q22, min ± «,(k) 

(6.13a) 

(6.13b) 

The first term is a minimum variance which models static errors and the second term models 
the errors due to maneuvers. We have introduced two forgetting functions (I)(k) for the 
maneuvering history, defined as 

4(k) = nivey(k — 1) + vr(k) — vr(k —1) 	 (6.14a) 

ec,(k) = mail)a(k — 1) + ar(k) — ccr(k — 1) 	 (6.14b) 

Note that this model for Q(k) is used only when (6.2) is used in the update of the states. If 
measurements of the speed and the steering angle are available, (6.15) will be slightly 
modified. 

As we have seen in this section, the influence of the modeling errors is most significant when 
there are many changes in the speed or in the steering angle. The highest precision in the 
estimated position and heading is required when the vehicle is performing docking 
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maneuvers. For safety reasons, the speed will have to be rather low when docking is made. 
We therefore expect that the influence of the errors in the input signals not will be critical for 
the total performance of the system. 
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7 TEST RUNS ON THE AGV PROTOTYPE 

The program package REGSIM [9) have been used for both simulations during the 
design and for real time tests on the AGV. REGSIM is implemented on a PC/AT. A cable is 
used for the communication with the vehicle. The computer Motorola MC68010 onboard the 
AGV is only used as a buffer. The measured angles and set values to the servos are 
transmitted on serial form between the two computers. By this arrangement we can use the 
same program code both for simulation and for tests on the prototype. The drawback is that 
the computational time is unnecessary large. Part I of this thesis contains more details about 
the software. 

The sampling interval of the control system is 0.2 s and the maximum speed is v=0.3 Ws. 
Since the angles will be measured at random sampling times, the control therefore is based on 
predicted values of the position and the heading. When angles are available, corrections are 
made by the trajectory estimator which is active between the fixed sampling instants of the 
control systems. 

The rotational time of the anglemeter is 1 s. There are twelve reflectors in the lab used for 
tests of the AGV. In fig 7.1, the reflectors are marked as short solid lines. The boxes are the 
five tables in the laboratory. If we assume that 60% of the reflectors are visible in one scan, 
the mean time between the measurements is approximately 0.15 s. In summary; the feedback 
system is sampled periodically with 5 Hz and the state estimator is updated (irregularily) for 
each new detected reflector. 

We will not bore the reader with any further details on the implementation of the filter. 

In fig 7.1 the estimated trajectory during a test run on the AGV prototype is shown. The drive 
path that the vehicle was supposed to follow is also shown in the figure. The actual trajectory 
followed by the AGV is not shown in the figure. At present, we have no other method to 
measure the position of the moving AGV prototype than to use the EKF. 



	[1- 	11-1-' 
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Fig 7.1. Estimated trajectory during a test run on the prototype. 

The question is now how well the estimated trajectory agreed with the actual trajectory 
followed by the vehicle. To try to get an answer to this question, we did a number of 
simulations of the system. 



8 MODELS OF THE DIFFERENT PARTS IN THE SYSTEM 

REGSIM can be used to simulate both time-continuous and discrete-time systems 
simultaneously. In order to do the simulations, models of all parts of the system have to be 
specified. This is the topic of the first part of this section. The performance of the trajectory 
estimator is demonstrated in section 9. 

The model of the AGV prototype is shown in fig 8.1. In this section we describe how the 
different parts have been simulated. Different types of errors have been implemented. The 
effects of these errors are briefly studied by simulations in the following sections. 

Vehicle dynamics 

The time continuous model (2.1) is used for the simulation of the motion of the vehicle. The 
input signals are given by (2.2). The distance between the steer axis and the rear axis, L, is 
assumed to be known within ±1mm. 

The speed and the steer servos 

The models of the servos are given in section 6.2. 

The anglemeter 

During the simulations the sampling interval was T=0.15 s. This is the approximate mean 
time between measurements as discussed in section 7. In the AGV the sampling interval will 
not be uniform since we do not know beforehand when the next angle will be available. To 
simplify the simulation algorithms, we assumed that one angle was measured every T s. The 
simulated anglemeter then "locks" on one reflector each sampling instant. That is, it is no 
longer rotating with constant speed. In the simulations 50% of the reflectors are assumed to 
be blocked. 
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Errors in the measured angles 

The error in the angular measurements consists of several parts: 

v(k) = vai(k)+141(k)+D„ji(k) 

Due to misalignment, ß, of the mirror, we get the systematic angle dependent error [3] 

141(k) = —ß sin y(k) 

The error due to partly blocked reflectors is u,,,(k). This error is different for each reflector 
since it depends on the projected area of the reflector as discussed in appendix I. The 
reflectors are assumed to be 10 mm wide. However, during the simulations ub,(k) was 
assumed to be rectangular in the interval (0,0.005). This error corresponds to a circular 
reflector with the diameter 10 mm at the distance 2 m. The contribution from errors in the 
reflector coordinates, given by 1.),.4(k), is also discussed in appendix I. 

Selection of the gain vector in the trajectory estimator 

The gain vector K(k+ 1) in the trajectory estimator is chosen as one of the Kalman-gain given 
by (5.15), or the orthogonal projection (5.33). 

Association of measured angles and reflectors 

The association routine used at present is to select the first possible reflector,  j,  for which 

iy(k) )(k + 11 k)j< max (8.3) 

where Ay. is a decision limit. It is natural to make the selection 

Ay „ = 5 • (standard deviation of the innovation process) + 	 (8.4) 

Erroneous associations will be likely if the maximum allowed difference Ay is too large. If 
the decision limit is too small, then hardly any associations will be made. This may happen if 
the AGV follows a straight path and then makes a sharp maneuver. 

Control laws 

The drive path that the vehicle should follow is described as a sequence of straight line 
segments. To achieve this, the set value of the steering angle is selected as [3,10] 

ar(k) = atan2
[ Y:(k))  

cis 	s(k) 	
(8.4) 

where y:(k) is the perpendicular distance from segment s to the front wheel and Es.:(k) is the 
heading relative to the segment.  d,  is a time-varying parameter and is chosen such that there 
only will be small changes in the set value between consecutive sampling instants. 

38 

(8.1) 

(8.2) 
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The used speed limitation is a modification of the one given in [3,10]. The maximum allowed 
speed is a function of the steering angle was selected as 

I al 
vr,. = 1 --1.5  mis 	I a I 1.2  rad 	 (8.5a) 

v,„„ax  = 0.2 m/ s 	 I a I> 1.2  rad 	 (8.5b) 

Hence, the speed is reduced when the steering angle is increased. The set values, however 
also have to be chosen such that the acceleration is limited. 

a =1V — 

 

v,.(k)— v(k) 
< a. 	 (8.6) 

   

     

Since we, at present, do not have any measurements of the speed, we select v(k). v,.(k — 1) in 
(8.6). This will give a slower acceleration and deceleration of the vehicle. 

Slipping 

Slipping, or other severe types of disturbances, such as tracks in the floor that the vehicle can 
get stuck in, has not yet been included in the simulation model. In a future version of the 
systems there will be three independent sensor systems that can be used to detect for instance 
slipping. The motion of the front wheel will be measured with the digital control circuit. 
Pulse counters will be used to measure the motion of the rear wheels. Finally, if there is a 
systematic trend in the difference between the a set of consecutive measured angles and the 
predicted angles to the associated reflectors, this indicates that the actual motion of the 
vehicle does not agree with the expected motion. Exactly how to process such contradicting 
information from the different sensors is a topic for future research. 
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9 SIMULATION RESULTS 

Having access to a powerful simulation package, such as REGSIM, it is easy to simulate a 
number of different scenarios encountered by an AGV. Typical examples are 

* A non-moving vehicle with some initial errors in the estimated coordinates. 
* A vehicle moving straight forward with high speed. 
* A vehicle that have to follow a certain drive path. 
* The influence of systematic errors. 

In section 9.1 some comments on the prediction of the error covariance are given. 

It is easy to study the effect of different types of errors when the system is simulated. 
However, in section 9.2 the measurement errors are neglected. That is we only study the 
effects of the neglected dynamics in the servos. In section 9.3 the effects of some 
measurement errors are studied. 

We have restricted our study to the same drive path as in the test run shown in fig 7.1. That 
is, the performance of the trajectory estimator is tested when the vehicle is performing 
many maneuvers. The maximum speed is set to v=0.5  m/s.  

9.1 The covariance of the prediction error 

The prediction error is described by the covariance given by (5.8)  

P (k  +1  k)  = F (k)P  (k  I k)F (k)T  G  (k)Q(k)G (k)T 
	

(9.1) 

In section 6 the contribution from the uncertainty in the input signals v and a were examined. 
This corresponds to the second term  G  (k)Q(k)G (k)T  in (9.1). The properties of the first term 
F(k)P(k k)F (k)T  is investigated in this section. That is, we want to find how the uncertainty in 
the state estimates propagates through the dynamics of the system. To do this, we put 
a, = act = 0, or in other words, assume that there are no errors in the input signals. 

During the simulation the vehicle was driven in a circle. The initial position was assumed to 
be exact. At t=0, the set value of the speed was increased from zero to v=0.5  m/s.  Similarly, 
the set value of the steering angle was changed from zero to a = -0.4  rad.  Due to the dynamics 
in the the servos, this introduced errors in the estimated states during the first seconds of the 
simulation. Fig 9.1 shows the propagation of the errors in the states and their estimated 
standard deviations, which are given by 172:,. The vehicle was operated in open-loop, i.e. the 
position estimates were evaluated separately without feed-back to the AGV. Dead-reckoning 
was used to update the position estimates. 
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Fig 9.1 Propagation of the errors in the  x-  and  y-coordinates and the corresponding 
estimated standard deviations. The estimates were updated with dead-reckoning and were 
not fed back into the control system. 

The variances Ai  and  p  goes up and down as the vehicle is driving around. If the vehicle is 
driving in a perfect circle (which would be the case if the error in v and a actually were zero), 
then the uncertainty in the position will be the same as the initial uncertainty when the vehicle 
have completed one lap. The error in the heading will be constant, after the initial transients, 
since the steering angle is constant. 

The peaks in the error in the  x-direction occurred when the heading of the vehicle coincided 
with the x-axis.  p„  returns to the initial value when the circle is completed. This behaviour is 
typical for an undamped oscillatory system, which the vehicle will behave as when it is 
driving in a circle. 

9.2 Trajectory estimation with low measurement noise 

The simulation results presented in this section are based on a complete reliance on the 
measurement equipment, that is, the alignment error in the anglemeter is assumed to be zero. 
The errors due to partly blocked reflectors are neglected. The angular resolution in the 
anglemeter is approximately 0.2 rnrad. The reflectors are assumed to have been localized 
within 1 mm. 

In the rest of the simulations the following values of the noise in the input signals were used, 
c.f. section 6: 
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q11, = 0.005 
m=0.3 

q22

, 
min  = 0.005 
in a = 0.3 

(9.2a) 
(9.2b) 

The simulated trajectory followed by the AGV during a 30 s simulation is close to the 
trajectory shown in fig 7.1. 200 samplings were made during the simulation. The changes in 
the speed and the steering angle that are shown in fig 6.5 was made when the EKF was used. 
The estimated states were fed back to the control algorithms. The set values of the speed and 
steering angle therefore were slightly different when dead-reckoning and the projection 
observer were used. This has the consequence that only the average behaviour of the different 
estimators can be compared. 

Trajectory estimation using dead-reckoning 

If no measured angles are used to correct the predicted states, the errors will be as shown in 
fig 9.2. 

--------------- 
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(c)  

Fig 9.2. (a)-(c)  Errors in the states and estimated standard deviations when dead-reckoning 
is used to update the states. 
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Trajectory estimation using the projection observer 

Fig 9.3 shows the estimation errors when the projection observer was used. This observer do 
the major corrections in the estimated heading. 

Fig 9.3. Performance of the projection observer. (a-c)  errors in the estimated states,  (d)  
difference between the measured angle and the predicted angle to the associated reflector. 
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Trajectory estimation using an EKF 

Fig 9.4 shows the performance of the EKE The variance of the measurement noise was 
7-0 =4. io-5. The changes in the set values are shown in fig 6.5. During the first seconds the 
vehicle accelerated and turned. This introduced errors in the estimated states. After 
approximately 5 s, the set values were constant for a couple of seconds. The estimation errors 
then were almost removed. The vehicle then started to make large changes in both the speed 
and the steering angle and the estimation errors increased. Next period with only small 
maneuvers was from t=23 s to t=25 s. The estimation errors then again become low. 
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Fig 9.4. Performance of the EKF. (a-c)  Errors in the states and estimated standard 
deviations.  (d)  Plot of the innovations sequence.  
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9.3 Estimated trajectory when the measurement noise was increased 

In this simulation we assumed that the alignment error was ß = 0.017  rad.  We also included the 
model for partly blocked reflectors that were described in section 8. The EKF was used for 

9.5. The systematic error made in the measurements is clearly noticeable in the innovations 

the trajectory estimation. The noise variance  ro --.  4.10-5  was used in the simulation shown in fig 

sequence e(k)= yk)—^ii)(k +  il  k).  

Fig 9.5. Pelformance of the EKF when the alignment error is (3= 0.017  rad  and  ro=  4 • 10-5. (a-c)  
Errors in the states and estimated standard deviations.  (d)  Plot of the innovations sequence. 
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In fig 9.6 the noise variance was increased to  ro=  iø. The errors in the estimated states 
decreased. It is clear from the simulations shown in fig 9.5 and 9.6 that it is necessary to 
include the alignment error in the models used in the trajectory estimator. 
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Fig 9.6. Petformance of the EKF when the alignment error is ß= 0.017  rad  and  ro=  io-3. (a-c)  
Errors in the states and estimated standard deviations.  (d)  Plot of the innovations sequence. 
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10 SUMMARY 

We have described a recursive trajectory estimator for an autonomous vehicle. Directional 
measurements to beacons in its surroundings are used in the estimator. A rotational sensor is 
used, which means that all angles will be measured from different points in the operating 
area. The motion of the vehicle between the measurements of angles therefore has to be 
modeled. 

In the derivation of the motion model, we neglected the dynamics in the servos that are used 
for the control of the speed and the steering angle of the vehicle. The advantage with this 
approach, is that the order of the estimator is low. The computational time therefore will be 
much shorter than if we had included dynamic models of the servos in the estimator. The 
effects of the model errors in the control variables are most significant when the vehicle is 
performing maneuvers. The detection of slipping is not included in the present version of the 
system. 

To get high accuracy in the determined position and heading of the vehicle, there has to be 
many reflectors in the area of operation. Some of the reflectors will occasionally be 
obstructed by different objects. However, if too many reflectors are used, the risk of 
erroneous associations increases. The observability of the system can be poor, or even lost, 
for some sequences of measured angles. A typical case with lost observability, is when all 
measured angles comes from one reflector. 

The most severe measurement error is caused by misalignment in the anglemeter. A future 
extension of the system therefore has to include a model of the alignment error. Using the 
innovations sequence for a non-moving vehicle, it should be possible to do an identification 
of the adjustment error. 

Errors the reflector coordinates can be detected if the adjustment error is zero, since there will 
be sudden jumps in the innovations sequence, each time the angle is measured to a reflector 
with inaccurate coordinates. 



11 APPENDICES 

A.I ERRORS IN THE MEASUREMENT MODEL 

The errors in the anglemeter was analyzed in [3]. Here we study the measurement noise 
introduced by inaccurate reflector coordinates and partly blocked reflectors. 

Errors in the reflector coordinates 

There will be a systematic error in the measured angle if the reflector coordinates are not 

"dead-accurate". 2. and yi  are the estimated reflector coordinates. The deviation in the 
measured angle due to errors in the reflector coordinates is to the first order 

D,efi(k) = 
ah(xi,yi)

Ax. + 
Dlz(xi,yi) 

Ay. 
axi 	ayi  

From section 4 we get 

Dh 

-hxi  

	

alz(xi,yi) 	h  , 	 
yi 
 -- y  

Axi  and äm will be constant for each reflector. Therefore, bias in the estimated position and 
heading can be expected if there are errors in the reflector coordinates. 

Using (4.16) the error in the expected angle to the reflector is 

1 	 1 
refl(k)= --

r
si11(8 +7),Axi  +-

r 
cos(e + y)Ayi  (3) 

where r is the distance to the reflector. We assume that the reflectors are more than 1 m away. 
If the reflector coordinates are known within 1 mm and r 1 m, this error will be rather small. 

Errors due to partly blocked reflectors 

We want to measure the angle to the right edge of the reflector. The reflector is however 
sometimes partly blocked as in fig 1. Consider a reflector located on a wall parallel to the 
x-axis. The coordinates of the left edge of the reflector are  (x,  -b„yi).  b,  is the width of the 
reflector. 
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(1) 

(2a)  

(2b)  
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Fig 1. Error due to partly blocked reflectors. 

The angle will be measured to a point somewhere between the right and the left edge. This is 
the same as if there was a random error in the reflector coordinates. This error is always 
positive. Equation (1) can be used to express the error as 

(xi,yi) 	ah(xi,yi) 
yvi,i(k)= 

	

	Ax + 
ax, dYi 

where  -b,  < Ax 5 0 and Ay =0 for the case shown in fig 1. 

I '14/(k) Lax  = —1 • (-0.02) = 0.02  rad  

It is obvious that this is a critical error for the performance of the estimator. One cure for this, 
is to make the reflectors as narrow as possible. The risk that the reflector is completly 
blocked then increases. 

(4)  

(5)  



A.11 PREDICTION OF THE ERROR COVARIANCE MATRIX 

The prediction of the covariance matrix is given by  

P (k  + 1 I  k)  = F (k)P  (k  k)F (k)T  + G(k)Q(k)G(k)T  

If we assume that there are only small changes in the heading, the elements in the Jacobian 
F(k) are given by (4.7). The noise model is given by (6.7). Multiplication of the matrices 
gives 

nPii = P ii+ 2f131313+ f123P33+ 8121(32y± 8122(7(21 

nP12= P12 +f231313 +f13(1323 +f23P33) g11g21«,  g12g22$32a 

n1013= P13 -1113P33 g11g31C ,  g12g32«t 

2 ,i,„„2 
nP22= P22 + 2f23P23 +f223P33 g2lvv 622uct 

nP23= P23 ±f23P33 g21g31a2v g22g32CF2a 

nP33 = P33 + g321°,  g322aa 

where for instance npi;  is a shorthand notation for p,;(k +1 1  k),  that is, the elements in  
P (k  +11  k).  The symmetry of the covariance matrix is used in the expressions given above. 
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Abstract 

A prototype to an optical navigation system for autonomous vehicles 
has been built. It consists of an HeNe laser, a rotating mirror, an 
incremental encoder, a receiving optical system, a low-noise detection 
system and some controlling and computing microcomputers. 

The prototype is mounted onboard an experimental autonomous vehicle. 
The vehicle is of the tricycle type with the drive and steer functions 
implemented in the front wheel. 

The number of beacons visible from the vehicle are normally many more 
than 3 which is the minimum needed to uniciely evaluate position and 
direction of the vehicle. This redundancy makes the system robust 
against false detections and blocked beacons and also improves the 
accuracy. Another benefit from the great number of beacons is that the 
"pattern" of angles measured to the beacons gives the position and 
direction of the vehicle without knowing the beacon identities before-
hand. 

The experimetal setup and some measurement result; will be presented. 

This project was supported by the National Swedish Board for Technical 
Development. 



1 Introduction 

There seems to be great interest currently in autonomous robots or 
vehicles both as fascinating research objects and as promising tools 
in future production systems. Navigation is of course a fundamental 
ability for such devices. Many principles has been suggested and 
investigated. Many of these rely on some type of landmarks in the 
surrounding of the vehicle. To my knowledge all these navigation 
principles demand that the landmarks are individuals with known 
identity. 

Our aproach is to use identical landmarks or beacons. The main benefit 
with this is economy. In a typical production environment with narrow 
"roads" between production equipment only a small fraction of the 
beacons are in line of sight from the vehicle. This means that perhaps 
several hundred beacons are needed to guarantee that it allways "sees" 
the minimum number of them to be able to evaluate its position. 

With the nameless beacons follows naturally a pattern recognition 
problem. It is only the current state of art in microcomputer hardware 
with floating point coprocessors which makes this aproach feseable. 
Our vehicle is equipped with several computers. The number crouncher 
is a Motorola 68010 with a 68881 coprocessor. The 68010 will shortly 
be upgraded to a 68020. 

A drawing of our vehicle is shown in fig 1. Our beacons consist of 
reflective tape stripes (3M Scotchlite High Intensity) vertically 
attached to the walls of our lab at about 250 mm above the floor. They 
are illuminated by a scanning beam comming from a 1 mW HeNe laser. The 
beam is rotating in a  horisontal  plane with the aid of a rotating 
mirror. The mirror speed is about 1 revolution per second and it is 
coupled to a precision angular encoder giving an angular resolution of 
0.01 degree. When a beacon is hit a narrow cone of light is reflected  
antiparallell  to the laser beam. Part of its energy goes back into the 
laser and part of it is deflected by another mirror into the receiving 
optics. - This last mirror has a hole in it to pass the laser beam. - 
The aperture of the receving optics can be adjusted between 2 and 18 
mm by an iris. A laser interference filter blocks most of the ambient 
light. The lens has a focal length of 100 mm and the photodetector 
width is 0.1 mm. 

The navigation problem is divided into two parts: a search part to 
find the vehicles initial position and a tracking part to update the 
position with the knowledge of the trajectory history. The rest of 
this paper will discuss these topics and after a short description of 
the electronic hardware some preliminary results will be given. 

2 Initial position 

When we try to determine the position for the very first time, we 
have no knowledge of from which reflectors we get reflections. We 
only know that the number of reflections are smaller or equal to the 
total number of reflectors in the room. That is, if there are no 
false reflections among the measured values. To simplify the 
problem of connecting measured angles to reflectors, we therefore 
assume that all reflections origin from the tape stripes. 
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To illustrate the principle of the method we have used to determine 
the initial position, we give an example where we have measured five 
angles from ten reflectors. 

The first step is to count how many blocked reflectors there are. 
Since we have measured five angles from ten reflectors, there have to 
be five blocked reflectors. Then we assume that angles al,a2 and a3 
come from reflectors rl,r2 and r3. This gives us a position in the 
room. We then have two angles left, a4 and a5, and if this 
position is the true one, it should be possible to connect these 
angles to two of the remaining reflectors. The check is done by 
calculating the expected angles to the rest of the reflectors and 
then comparing them to the measured angles a4 and a5. The 
difference between the calculated and measured angle is used as a 
criterion. If the difference is less than a given tolerance, it 
is assumed that the measured reflection comes from that reflector. 

In fig 2a we see that none of the angles a4 or a5 can be connected 
to any reflector. We therefore continue and assume that reflector r2 
was blocked. Then the angles al,a2 and a3 should come from the 
reflectors rl,r3 and r4 if this combination is the right one. This 
situation is shown in fig 2b. 

The search then continues by checking all possible combi-
nations of blocked and visible reflectors under the assumption 
that angle al comes from reflector  ri.  Finally we can draw the 
conclusion that this is not the case. We then connect al to r2 and 
repeat the search. Fig 2c shows the first combination. In fig 2d 
we have assumed that reflector r3 is blocked. 

All combinations of angles and reflectors have to be checked before we 
can choose which is the most likely. If many reflectors are 
blocked, say 50-60%, then there might be several combinations that 
gives almost the same angular errors. This method also breaks down 
if there are false reflections. The number of combinations then 
increases to a very large number. 

The correct combination of angles and reflectors is shown in fig 2e. 

3 Position algorithm 

To calculate the position of the vehicle, we need at least three 
measured angles from known reflectors. Then we can use triangulation 
to get the position. This is done by drawing two circles. One 
circle is given by the positions of the first two reflectors and the 
angles to them. The second circle is given by the position of 
reflector two and three and the respective angles. See fig 3. 

We now have two circles with two intersections. In the first we have 
reflector number two, and in the second we have the position of the 
vehicle. This position can easily be found. 

If however the two circles coincide, then we get an unlimited 
number of intersections and the problen cannot be solved. This case 
can be excluded by inspection. 
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This method gives an pretty accurate positition (within 5 mm in a room 
with dimension 6  x  12 m) when all angles are measured from the 
same place in the room,  i  e  the vehicle is standing still. At present 
we use the same algorithm when the vehicle is moving. This auto-
matically gives angular errors since the three angles are 
measured from three different places. 	These errors 	causes the 
calculated position to fluctuate around the actual position. 
Therefore we have to drive very slowly. 

4 Tracking 

As soon as a reliable position is found life becomes much easier for 
our groping friend. The best way of updating the position is to apply 
a state space approach to the vehicle motion and with Kalman filtering 
squeeze all the information from the measured angles as well as from 
other possible information sources as for instance wheel motions. We 
will apply this in due time. 

Our present tracking algorithm checks measured angles against the ones 
in the previous scan and if a new angle falls within a tolerance band 
of an old it is identified. If it doesn't fit it is compared against 
earlier obstructed but now possibly visible reflectors. If it still 
doesn't fit it is descarded as false. 

This methode works only for a very slowly moving vehicle, however our 
present goal is not speed but to show the possibility of using 
identical becons in a navigation system for an automous vehicle. 

5 Control of the vehicle  

The reference track is given as a list of straight line segments. 
When we know the position and heading of the vehicle, we can 
calculate how far away from the segment it is and compare its 
heading with the segment's. This gives us two errors,  ed  and ea, 
see fig 4, which are used to calculate the control signals for 
the steer servo. 

A simple control algorithm has been implemented where the change in 
steer angle is computed as a linear combination of the errors  ed  and 
ea. 

DeltaSteerAng kl*ed + k2*ea 
NewSteerAng 	OldSteerAng + DeltaSteerAng  

A change to the next reference segment is made when the vehicle 
has passed the endpoint of a segment. 

6 Hardware 

Fig 5 is a schematic view from above of the scanning mechanism showing 
the blind sectors due to the mechanical structure of the vehicle and 
the support structure of the rotating mirror. Obsererve that only 5.4 
degrees are lost due to the vehicle structure. The upper part of the 
vehicle is connected to the lower part by two thin "legs". 



A block diagram of the electronics is shown in fig 6. All development 
of the programs for NavC, the number crouncher, is done on a VAX 750 
host computer. The language we use is Modula-2. The block marked Angie 
is the angle measurement system. The angles are transmitted in serial 
form to the communication computer ComC which stores them in a buffer 
and delivers them on demand to NavC. The set values for the servoes 
Steer and Drive are sent from NavC through ComC. Some housekeeping 
signals are handled by the module InOut. NavC is connected to one 
terminal and the other terminal can be switched between ComC and the 
computer AngleC in Angle. These two are built around the Intel 8052-
Basic chip. They are programmed in Basic and assembly language. 

Fig 7 shows the angle measurement system. When a reflector is hit a 
minute current pulse is generated in the photodetector. A sensitive 
preamplifier delivers a voltage pulse to the comparator which gene-
rates an interrupt in AngleC. The interrupt routine reads a counter 
feed by pulses from the angular encoder and sends the angle to a 
program written in Basic which transmitts it to ComC. The peak value 
of the pulse is also recorded but it is not used at the moment. The 
speed of the mirror and the threshold level are controlled by AngleC 
through two D/A converters. 

7 Preliminary results 

The signal to noise ratio of the receiving system is very promising. 
At a rotational speed of 1 Hz and with a distance to the reflective 
tape of 10 m we have a signal to noise ratio of more than 1 million_ 
This is with maximum aperture. False reflections from objects with the 
"right" orientation is a more serious problem. They need not be very 
Mirrorlike, even a painted surface if it is close enough gives 
measureable signals. The threshold level must be carefully set! The 
inaccuracy of the measured angles are less than 0.05 degrees. This 
represent the spread in the recorded angles, the encoder is assumed to 
have a negliable error compared to this. 

The goal for the first part of this project was to have the vehicle 
drive autonomously in a pattern of the digit eight. One of our first 
results is recorded in fig 8. It shows a copy of the picture drawn on 
the screen of a PC which was connected to NavC. The rectangle is the 
walls of our lab which is 12 m long and 6 m wide. Each of the small 
triangles mark a reflective tape. The zaggy line is our vehicles 
recording of its track during the test run. The 3 short straight lines 
mark the position and orientation of the vehicle at the end of the 
run. About 20 minutes was needed for our vehicle to make the run. 

We also made some runs with a pen attached to the vehicle to get a 
full size recording of the track on the lab floor. Typical distance 
between runs was less than 10 mm. 
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Fig. 2C 

10 

z 
Fig. 215 

Fig. 2D 

Fig. 2E 

Fig. 2A The first three angles are assumed to origin from 
the first three reflectors. 

Fig. 23 Reflector #2 is assumed to be blocked. 

Fig. 2C Angle #1 is assumed to origin from reflector #2. 
Reflectors 2,3 and 4 are assumed to be visible. 

Fig. 2D Reflector #3 is assumed to be blocked. 

Fig. 2E Shows the correct combination of reflectors 
and angles. 
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position of the vehicle 

Fig. 3 
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position of the vehicle  

yl  

y0 

Y 

x 	 xl 

reference segment 

(x,y,8) — position and heading of the vehicle 
(x0,y0) —  startpoint  of segment 
(xl,y1) — endpoint of segment 

Aseg — heading of segment 
ea —* angular error  
ed  — distance error 

Fig. 4 



9 

Fig. 5 

Approximately 62 degrees of the 

field of view is obstructed. 
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... and this completes the first chapters in the story on the evolution of the turbo-turtle ...  
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