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Abstract 

This thesis will concern control systems ability to enhance performance 
by repeating, while maintaining a stable and sufficiently fast closed loop 
performance. Iterative techniques can be divided into repetitive and learn
ing control. In principle these techniques only differ in that the learning 
systems initial condition is reset at the beginning of each cycle while the 
repetitive system runs continuously. 

Repetitive controllers, the main theme of this thesis, can be used for 
rejecting periodic disturbances as well as tracking periodic references with 
ideally zero error. To accomplish this an internal signal model is utilized. 
This model is either a delay with a positive feedback around it modeling a 
general periodic signal, or a combination of harmonic frequencies adding 

up to a band-limited signal. 
The delay internal model has some uncomplicated, easy to grasp in

terpretation. Robustness properties may however not be the best. But 
i f the plant is well determined over a frequency band this may be an ex
cellent approach. With increased sampling rate the robustness properties 
of the delay model controller will however deteriorate. To cure this, dis
turbance rejection/tracking properties may be traded against robustness 
using lowpass filtering. As an alternative the internal model consisting 
of a number of isolated frequencies is exploited. This model has better 
robustness properties while preserving the zero error property for a band-
limited input signal. In addition i t is shown how fundamental frequency 
adaptation can be incorporated for the case of unknown or drifting input 
signal frequencies. 

In this thesis repetitive controllers have successfully been implemented 
with two test plants; a peristaltic blood pump used in dialysis treatments, 
and a process where vibrations caused by a motor with an imbalance are 
suppressed. 

Keywords: Control Design; Disturbance Rejection; Reference Tracking; Control Ap
plications; Rotations; Synchronization; Vibrations; Adaptive Control; Learning 
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Preface 

Rejection of periodic disturbances is of both theoretical and practical 
value. My Licentiate thesis "Rejection of Periodic Disturbances" [24] con
tains discrete time theory and a number of test runs on a peristaltic pump. 
While the effort put down to obtain a licentiate degree should represent 
almost half a Ph.D., it is natural that this work also influences the the
sis. However, while [24] already is published I have tried not to repeat 
this material in the Ph.D. thesis. The first two appended papers would 

however serve as a good introduction to my licentiate work. 
Too me it seems like the field of automatic control is more and more 

approaching control theory, developing new theories under the motto that 
simple theory only solves simple problems. Produced Ph.D. theses are in 
general no exceptions to this. Perhaps that is what research is all about, 
and certainly this development serves as a source of inspiration to many 

scientists. 
In this respect mathematics and control theory walk hand in hand. 

There is however a danger that developed theories are without relevance 
to any real control problem or that assumptions are rarely met in prac
tise. Meanwhile, new magazines are launched to 'bridge the gap between 
theory and practise' and the commonly used technology consists of PID 
controllers, sometimes self-tuned. 

The aim of this thesis is to present and develop techniques for model 
based tracking and disturbance rejection, being easy to apply for con
trol engineers. I t is mathematically not very involved, mainly polynomial 
equations and some analytic functions. The theory is mostly used to 
illustrate advantages and problems in using different repetitive control 
techniques. 

The majority of the appended papers have already been presented 
at conferences; one is in print for publication in a scientific journal, and 
the two most recent ones have been submitted. I have also written an 
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Preface 

extended summary which hopefully will f i l l the purpose of placing the 
papers in their context. 

Paper I . G. Hillerström and J. Sternby, "Application of repetitive control to a 
peristaltic pump," to appear in the ASME JOURNAL OF D Y N A M I C SYSTEMS, 

M E A S U R E M E N T , A N D C O N T R O L , Dec. 1994. 

A longer version of this paper can be found in Proceedings of the American 
Control Conference, (San Fransisco), pp. 136-140, June 1993. 

Paper I I . S. Rönnbäck, G. Hillerström, and J. Sternby, "Periodic disturbance 
rejection and setpoint tracking with application to a peristaltic pump," in 
Proceedings of the European Control Conference, (Groningen, The Nether
lands), pp. 202-208, June 1993. 

Paper I I I . G. Hillerström and J. Sternby, "Repetitive control using low order 
models," in Proceedings of the American Control Conference, (Baltimore), 
pp. 1873-1878, June 1994. 
Also submitted to the ASME JOURNAL OF D Y N A M I C SYSTEMS, M E A S U R E 

M E N T , A N D C O N T R O L 

Paper I V . G. Hillerström and J. Sternby, "Robustness properties of repetitive 
controllers," Submitted to International Journal of Control, 1994. 
An abbreviated version of this paper is also submitted to the 1995 European 
Control Conference. 

Paper V . 1 G. Hillerström and J. Sternby, "Rejection of periodic disturbances 
with unknown period - a frequency domain approach," in Proceedings of the 
American Control Conference, (Baltimore), pp. 1626-1631, June 1994. 
Also submitted to the ASME J O U R N A L OF D Y N A M I C SYSTEMS, M E A S U R E 

M E N T , A N D C O N T R O L 

Paper V I . G. Hillerström, "Adaptive Suppression of Vibrations - A Repetitive 
Control Approach," Submitted to the 1995 American Control Conference, 
(Seattle). 
Also submitted to IEEE Transactions on Control Systems Technology 

1 This paper was selected as one out of five finalists in the 'Student Best Paper' compe
tition of the 1994 American Control Conference. 
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Extended summary 

Periodic or at least approximately periodic signals appear frequently in 
connection with rotating devices, and in manufacturing industry robot 
motions are often repeated such as 'pick and place'. I t is thus quite natural 
that a field of iterative control has emerged, trying to enhance performance 
by prediction or 'learning'. 

Techniques for enhancing performance by iteration commonly make 
use of a linear finite or infinite dimensional linear input signal model 
and a linear finite dimensional plant model in design and for convergence 
proofs. The arising methods may be utilized both for periodic reference 
signal tracking and rejection of periodic disturbances,2 due to that both 
problems reduce to obtaining zero error in a system affected by a periodic 
signal. Iterative techniques are divided into two main categories, Repet
itive Control (RC) [19, 28, 51] and Learning Control (LC) [4, 26, 60]. 
Repetitive control is used for continuous motion and thus assumes that 
the initial condition of the next trial is the same as the present final 
condition. In its original form it is based on both a process and a ref
erence/disturbance signal model. To obtain zero error under persistent 
periodic signal influence, the controller utilizes a signal model to generate 
the counteracting signal. I t can be seen as a generalization of the com
monly used Integral action arising from modeling a constant signal with 
an integral having zero input. Learning Control is also model based, but 
assumes that every repetition starts out from the same initial condition. 
The iterative type of learning control should not be confused with the 
connectionist type, Antisaklis [2] or Psaltis et al. [46], being thought of as 
a 'high level' learning. 

2 In order to express things short and vary the language the term periodic disturbance 
rejection is used. This should not be interpreted as rejecting disturbances only peri
odically but as a synonym. To emphasis this periodic and disturbance is sometimes 
hyphenated. 
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Extended summary 

Much work on continuous time iterative controllers was made in the 
80's and a small survey containing some of the main points is included. 
Essentially what the first developed learning and repetitive control tech
niques do is to record the error during the last trial , and modify the control 
signal so that the next one will be improved. 

The step from iterative control to the use of Artificial Neural Networks 
(ANN) is also not far. But due to nonlinearities in the neural nets sigmoids 
(signal space squashing functions) analysis, e.g. of stability, gets more 
complicated. I t is still not quite clear how to utilize the power of ANN to 
enhance control performance in an iterative environment. 

As indicated by the title, this thesis covers different repetitive control 
aspects. For the sake of completeness some remarks on learning control 
are also included. 

2 
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Extended summary 

Why study periodic phenomena ? 

Periodic motions appear frequently e.g. wherever we have a rotation. 
In order to attain the highest possible precision in a system affected by 
periodic disturbances or in tracking a periodic signal, the periodic property 
should be incorporated in the controller design. 

The application of noncircular machining using a lathe has been in
vestigated in Tsao & Tomizuka [59]. In the production of engine pistons 
repetitive control techniques may be utilized instead of a conventional 
lathe whose cutter is driven by a complex mechanism suffering from prob
lems with backlash, friction, wear and bouncing behavior. A cross-section 
with a center that does not coincide with the spindle center can also be 
generated. This may be used e.g. to produce automobile cam shafts [59]. 

Robot control is yet another interesting application. Apart from com
prising a lot of rotating parts, robots often perform repetitive assembly 
or pick and place tasks. Repetitive control enhances performance of a 
computed torque or PD control of a SCARA robot in Tsai et al. [55]. 
Results on both learning and repetitive control for robot manipulators 
can be found in Horowitz [26], and low velocity friction compensation of 
a machine tool X-Y table in Tung et al. [62, 63]. 

Repetitive control techniques are now also considered for error correc
tion of satellites. In e.g. measurement applications and point to point 
signal transmission 'small' deficiencies may cause a large deviation from 
the nominal aiming point on earth. The periodic disturbances arising from 
imperfections in the servo bearings are responsible for a maximum error 
of 1/2 kilometer in pointing accuracy of the weather satellite reported by 
Broberg Sz Molyet [7]. The repetitive technique considered for removing 
the periodic disturbances is called Coherent Error Integration (CEI). 

In the development of small satellites i t is important that nothing oc
cupies more space or is heavier than necessary. The active stabilization 
used on modern satellites to obtain accurate pointing includes planetary 
observation, imaging, etc. The additional sensors, actuators and required 
computers may significantly increase the size, weight and power consump
tion of the satellite. According to Lawrence et al. [35] the volume, mass, 
and power inefficiency of conventional three axis uniform attitude con
trol is due to the underlying method of control. Essentially, sufficient 
control authority is provided so that any disturbance within a specified 
magnitude can be rejected. This brings in the use of complex gas jet, 
reaction wheel and control moment gyro actuators, often reduplicated to 
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Extended summary  

achieve reliability. In [35] the approach is taken to use a combination of a 
simplified (non-uniform) actuation scheme (geomagnetic actuator torque) 
and repetitive control to reduce complexity, size, and power required for 

attitude control. 
The continuous refinement of digital computers makes the use of more 

sophisticated control algorithms feasible. Also in computer hardware 
repetitive control algorithms have found their applications. In devices 
such as hard-disc drives, CD's and floppy discs, there is still much to 
be done regarding rejection of disturbances originating from eccentricities 
and irregularities of the track to be followed. While much of the periodic 
components will vary from one individual to another, i t is not possible 
to get perfect (within the resolution of the measurement device) perfor
mance without some kind of adaptation. This brings in the use of active 
techniques such as repetitive control. Repetitive control of the read/write 
heads in disc drives has proven superior to non-predictive control, Chew 
& Tomizuka [9, 10]. However for e.g. floppy discs disturbances need not 
be periodic in time. Whenever the read/write head is in contact with the 
surface, a periodic (in the rotation angle) moment disturbance affects the 

rotational speed. This disturbance is, even if not so pronounced, rather of 
the nonlinear feedback type which has been described for the peristaltic 
pump application, Hillerström [24] and [Paper I ; I I ] . 

The main reason for wanting to eliminate angular velocity fluctuations 
of the peristaltic pump (two rollers 'pushing' the fluid forward in a plas
tic tube) when used for dialysis treatments, is psychological. The pump 
should run smoothly even at low flow rates, so that the patient needs not 
worry about whether the pump will stop or not. In [Paper I] it is shown 
that despite non-periodicity in time the disturbance can be rejected using 
robust repetitive control techniques. 

There is also an interest in obtaining a constant flow rate by using 
peristaltic pumps, e.g. in dosing chemicals. This goal is however not 
consistent with the perfect angular velocity tracking of [Paper I ; I I ] . The 
pump geometry will affect the flow rate deviation from a constant under 
constant angular pump axis velocity. The flow pulsation every time a 
roller goes in or out of operation should be compensated for in order to 
obtain a constant flow. 

The peristaltic pump application [Paper I ; I I] provides an environment 
for trying out different controllers. As mentioned earlier the torque dis
turbance will not be periodic in time, but rather periodic in the pump axis 
angle. Wi th constant sampling rate the disturbance 'period' will vary with 
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the angular velocity, e.g. double speed implies twice the disturbance fre
quency. Wi th axis angle synchronization of sampling which is considered 
'implementation know how', the large torque disturbance from the rollers 
gives varying sampling rate. From this arises robustness problems due 
to that the discrete time plant model will be more or less time-varying 
(depending on how well the controller performs). In short one has to 
choose between a time-varying disturbance model and Linear Time In
variant (LTI) process model or vice versa. A proper disturbance model 
involves a nonlinear feedback, Hillerström [24]. The torque disturbance 
nonlinearity in the feedback loop is however unknown, and the approach 
is therefore anyhow taken to use repetitive control which inherently builds 
up the compensation signal [Paper I ] . The concept corresponds to the use 
of repetitive control in the hard to model friction and stiction compensa
tion application by Tung et al. [63]. To be applicable for a wide range of 
pump axis angular velocity reference values, it has to be robust towards 
process parameter variations. This brought about the robustness analysis 
of different repetitive controllers [Paper IV] extending the 'instability for 
unknown delay' result of Middleton et al. [44]. 

The effect of control signal saturation has been studied in Hiller
ström [24] and [Paper I I ] . For repetitive control systems there may be 
lengthy closed loop oscillations arising from one control saturation in
stant. This kind of problems is of course not unique to the considered 
pump application. 

A new interesting area for applying repetitive control techniques is 
that of active vibration suppression. The first application that comes to 
mind is perhaps rejection of vibrations arising from imbalance in some 
kind of rotational machinery. EHmination may be demanded to improve 
working conditions or increase the precision in manufacturing. A step 
towards active adaptive suppression of vibrations is taken in [Paper V I ] . 
This approach is based on modeling the disturbance as a sum of sinusoidals 
(for a repetitive controller considered as low order [Paper I I I ] ) . Wi th this 
kind of model a period time not being an integer multiple of the sampling 
interval can be represented in the internal model (different from the delay 
model where a number of sampling intervals delay is used). Also signals 
being composed of sinusoidals having non-harmonic relation, arising e.g. 
from transmissions, may be incorporated. 

It thus already exists a number of applications for which repetitive 
control techniques have proven effective. I t is however kind of surprising 
that periodic disturbance rejection and tracking techniques are used as 
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Extended summary 

little as they are, in view of periodic effects commonly appearing. One 
reason for this may be that in many applications the precision is not 
needed, or that periodic components 'drown' in other effects. Another 
is that good repetitive controllers are hard to develop because of large 
disturbance models and thereby large design equations. Even if stability 
is assured in the nominal case, the controller may not work when applied to 
a 'real world' plant. One reason is that the infinite loop gain introduced at 
a number of harmonic frequencies, to obtain asymptotic zero error, makes 
the closed loop non-robust towards small deviations from the nominal 
model [Paper I V ] . Such aspects need to be considered thoroughly in order 
to make repetitive control techniques useful to control engineers. 

What makes implementation and thereby applications of repetitive and 
learning control techniques feasible, is the use of computers for control. 
Even the first references, carrying out the analysis in continuous time, 
implement the resulting controllers digitally. During the last six-seven 
years most published papers develop discrete or sampled data repetitive 
control design tools, to obtain discrete time control laws directly. This is 
also reflected in this thesis. 

In the remaining part of this section basics of learning control is out
lined. Its relation to repetitive control is briefly described together with 
continuous time repetitive control. The rest of the thesis is devoted to 
repetitive control only. The journey will take off in continuous time with 
infinite dimensional time delay systems via its discrete time counterpart to 
the use of low order models to achieve robustness towards process model 
variations and unmodeled high frequency dynamics. After this some adap
tive extensions will be presented. But first some remarks on Learning 
Control. 

Learning control 

Learning control is mainly used in robot control[4, 26, 31, 44, 49, 61] for 
repetitive tasks, which also comprise a complete stop. After the break the 
robot is assumed to resume each iteration from the same initial condition. 

To be able to learn anything it is required to have some kind of mem
ory or model. In LC a control signal Uk(-) is applied to the plant and 
simultaneously stored. Provided that the plant is starting out with the 
same initial condition, the task of LC 

Uk+i = Uk + T{e) 
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is to alter the process input Uk+i(-) apphed during the next trial , using 
the operator T, so that the error 

e(.) å r(-) - y(.) 

is decreased according to some suitable norm. The signals r(-) and y(-) 
denote reference and output signal respectively. 

Some references on the early developments of LC can be found in 
Mita & Kato [61]. The 'betterment process' due to Arimoto et al. [4] use 
a D-type learning rule 

Uk+1(t) = Uk(t) + ~e(t) (1) 

More recent work (PD and PID-type) is presented in Arimoto [3]. The 
discrete time case is analyzed in Togai & Yamano [49]. An extensive study 
of LC systems stability can be found in Hideg [23]. 

Although LC is easy to develop an intuitive understanding of, there 
are some problems. Recent studies (Lee & Bien [38], Heinzinger et al. [21]) 
show that slightly different initial conditions every trial due to e.g. ex
ternal disturbances or output noise affect stability and convergence. The 
learning control scheme thus has to be very accurately initialized. I t is 
not sufficient to start out from the right initial condition each trial (e = 0). 
Lee & Bien [38] have shown that with the D-type updating rule the LC 
system is unstable i f any of the first derivatives of e(t) at initial time, 
here set to t0 = 0, are nonzero. More precisely, the required number of 
derivatives for stability equals the relative degree of the controlled system. 
This implies that the learning control system would diverge in almost all 
practical cases, while i t is impossible to obtain that every error derivative 
is exactly zero at the beginning of each trial. The LC algorithm forces 
the error to be zero after a certain time, and what happens is that erratic 
initial conditions give rise to a diverging initial oscillation (Fig. 1). 

The divergence rate however is plant and controller parameter depen
dent, and may to some extent be overcome by stopping the training before 
this becomes a problem. In the LC scheme of Jiang et al. [31] the approach 
is taken to show existence of a time t\ £ ] io ? */[ above which convergence is 
guaranteed under certain smoothness restrictions on the reference signal 
(tf is the final time of each iteration). 

A further complication is that analysis is made in continuous time 
but implementation is digital. The delay arising from sampling needs to 
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Y l \ • —^ 

I ,y(t) \ l 

Fig. 1: Divergence of LC due to erratic initial conditions 

be considered. In order to overcome these types of problems more plant 
model knowledge may have to be included. 

Next we turn to repetitive control systems. In its original form repet
itive control is based on both a process and a disturbance or reference 
signal model. There are also adaptive extensions as will be seen in the 
sequel where either plant or disturbance model is adapted. 

8 
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Internal models 

The presented solution to the disturbance rejection and tracking problem 
is based on the Internal Model Principle ( IMP) due to Francis & Won-
ham [12]. The perhaps easiest interpretation of this principle is controller 
Integral action. Seen from the IMP point of view, a step input can be 
modeled as an autonomous system comprising an integral. This integral 
may according to the IMP be included in the loop to obtain zero error 
asymptotically. The generalization to internal models of sinusoidal sig
nals can e.g. be found in Åström k Wittenmark [6]. To trace history 
back to the first use of this kind of internal model is beyond the scope of 
this thesis, but certainly this has been common knowledge in the control 
community for quite a while. 

A model H of the input signal v that satisfies 

Hv = 0 (2) 

will be used in the design. Both continuous and discrete time models have 
their roots on the stability boundary. 

The perhaps most straightforward model satisfying (2) is a delay model 
with delay time TQ equal to the periodicity of the input signal v(t) — 
v{t - To). Rewriting this equation on the form (2) and introducing the 
Laplace operator s gives a continuous time (infinite dimensional) signal 
model of 

H = 1 - e-sTo 

One may alternatively consider a band-limited signal, being com
posed of a finite sum of sinusoidals, say v(t) = sin (ku>ot). Differentiat
ing this equation twice and combining with the original equation gives 
ij(t) + k2Li>Qv(t) = 0. Including a possible bias (v(t) = 0) and all present 
harmonics gives 

H = s]J(S* + kW0) 
k 

In discrete time a simple example of a model (2) is an integrator 
H(q~1) = 1 — q~x modeling constant disturbances v(t) = v(t — h). This 
signal may be considered periodic with infinite period time. A model cor
responding to a general periodic disturbance, where the period time is an 
integer number p of sample periods, v(t) = v(t — ph) is Hp = 1 - q~p. The 
model Hp and models of lower order [Paper I I I ; IV] modeling only some 
harmonics will be analyzed in the sequel. 

9 
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Disregarding which model that is being used, synchronization in time 

of the control signal versus the reference or disturbance signal is of large 
importance in order to get good performance [Paper IV] . 

Next, some repetitive control history which (almost without exception) 
applies a delay model is presented. 

T h e delay model 

In repetitive control an internal model consisting of a delay with a positive 
feedback around it is commonly used, see e.g. the survey by Broberg & 
Molyet [8] or Tomizuka [51]. In continuous time this model has been 
shown to possess bad robustness properties already when introduced in 
the early 80's. The reason is the delays ability to generate an (in theory) 
infinite band-width signal, giving infinite loop gain at high frequencies. 
To enhance robustness this model is commonly used with a lowpass filter 
in the positive feedback loop. 

To reject a general (band-unlimited) periodic disturbance in continu
ous time the model has (in theory) to be infinite dimensional. The delay 
model is therefore a natural choice. A finite dimensional (e.g. polyno
mial) model, only including a finite number of input signal frequencies, is 
not enough. In practise i t is however only needed to include frequencies 
up to the bandwidth of the plant, and thus a finite dimensional model 
will suffice. In discrete time the controller will have an upper frequency 
limit set by (if nothing else) the Nyquist frequency. The discrete delay 
model consists of a number of delay elements. The main advantage with 
this model is probably the simple structure. The model composed of a 
number of isolated frequencies may be more complicated to implement i f 
many frequencies are included. Maybe this is a reason why most published 
material [8, 37, 51] uses the delay model. 

Continuous time The concept of repetitive control (then called 'con
troller for repetitive operation') was originally developed in continuous 
time in the early 80's by Inoue et al. [28]. Wi th period time T 0 of the input 
signal follows that frequencies kco0 should be considered, where LOQ = 27r/T0 

is the fundamental frequency. For a general periodic disturbance there are 
infinitely many harmonics. This brought in the use of the infinite dimen
sional time-delay in the closed loop [28]. 

W i t h an appropriate initial condition the autonomous system of Fig. 2 
would generate any periodic signal with known period T 0 . Placing the 
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time-delay with a positive feedback around it in a stable closed loop would 

lead to zero error asymptotically. 

+ 
4> 

-sT0 

+ 

Fig. 2: Periodic signal generator 

The perhaps easiest way to get an understanding of how a delay model 
controller works is by noting that the time delay records e.g. the previous 
control action, Fig. 3. I f the control signal level was not sufficient to drive 
the process to zero error, i t will be increased the next lap. In Fig. 3 this 
is indicated by a tape loop and the time for one cycle should be TQ. 

Fig. 3: A schematic description of the delay internal model controller 

For a repetitive motion the differences between the LC of (1) and 
repetitive control as described above are: 

• The initial condition of the LC system is reset between each 
trial. For the repetitive system the final condition of the last 

. t r ial will be the present initial condition. 

• LC uses the error during the entire past trial for control, while 
RC uses the present error. This implies that LC control scheme 
in a local sense runs open loop. 

The novel repetitive controller scheme (Fig. 4) by Inoue et al. [28] has 
the delay model included in parallel with a plain servo loop. Wi th F = l 
and Gx as a L T I transfer function, this would theoretically give zero error 
asymptotically in tracking infinite band-width periodic references provided 
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+ 
F(s)e -sTo 

Repetitive part 
Gx(s) 

-d 
r e 

P(s) 

Servo loop 

Fig. 4: The deiay model repetitive controller by Inoue et al. 

closed loop stability. To assure stability this would however require plant 
model knowledge for high frequencies, which in practise is rarely met. To 
analyze this we can define the (stable) servo transfer function (without 
the repetitive part) 

GC1 = TTp 
Deriving the relation between the error e and input signals r and d gives 

( l - F(1 - Gx Gd) e~sT°) e = 1 - (r + d) 

With F — 1 the disturbance d would be rejected or reference signal r be 
tracked with zero error asymptotically. 

It follows from the Nyquist criterion that the closed loop system is 
stable if with G = GX Gci stable, 

| F ( j V ) | . | i - G o y ) | < i 

for all frequencies u. However, for F = 1 and G strictly proper (G(ju>) —»• 0 
for üj —* oo), a small phase error at high frequencies may destabilize the 
system. I t was concluded in Inoue etf al. [28] that the only way to guarantee 
stability, is to eliminate the effect of the controller in the high frequency 
range. This was done by selecting F(s) strictly proper. I f the filter F 
suppresses the high frequencies, containing possible unmodeled dynamics, 
a certain stability robustness is obtained. 
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Note however that the asymptotic zero error property relies on open 
loop modes being exactly on the stability l imit . By introducing a low-
pass filter with \F(ju)\ < 1, Vu; > 0 in the positive feedback loop around 
the delay, the asymptotic zero error for all frequencies of the periodic in
put signal is sacrificed to obtain stability robustness. Due to e.g. limited 
power, signals with infinite band-width do not exist even in continuous 
time. Therefore a finite dimensional model would have sufficed in all prac
tical cases. To stabilize the closed loop system with the high frequency 
generating delay model, these modes must be suppressed anyway. In Al 
ter k Tsao [1] i t is in a 2-Dimensional3 [1 , 45] model matching framework 
shown that for certain cases a repetitive controller with lowpass filter
ing does not offer any improvement over integral control. Al l together 
this justifies investigating alternative finite dimensional repetitive control 
techniques. Lately some references (in addition to [Paper I ; I I I ; IV; V; VI]) 
have appeared considering this case. A sampled data repetitive control 
design methodology allowing to quantify the power of the inter-sample 
behavior by means of the induced power norm may be found in Langari 
& Francis [33, 34]. 

Even if the analysis of Inoue et al. [28] is made in continuous time, 
a discrete micro-processor controller implementation is made. I t is mo
tivated by the delay implementation, which for a continuous system is 
considered large. The delay is implemented as a chain of sampling inter
val delay elements. 

Further work in continuous time including both periodic disturbance 
rejection and reference tracking, can be found in e.g. Håra et al. [17,18,19] 
and Yamamoto [67]. The control system generating a periodic signal was 
combined with the Internal Model Principle of control theory (IMP) due 
to Francis and Wonham [12]. It was established that, with the signal 
generator included in a stable closed loop system, there will be no steady 
state error. 4 The resulting control system was named repetitive control, 
and the delay with a positive feedback around i t was interpreted as an 
internal disturbance/reference signal model. 

Another technique based on the delay model is called Coherent Error 
Integration(CEI). I t was developed from the mid 80's by engineers at I T T 

3 of both Laplace operator s and delay operator e a T 

4 The reference [12] only studies finite dimensional systems, so in continuous time there 
is a gap between the developed IMP and its usage. This is however not a problem in 
discrete time where all systems are finite dimensional. 
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(see Broberg & Molyet [7, 8]) and later found to be similar to the initial 
efforts of Inoue et al. [28]. 

To obtain robust stability with a delay with positive feedback around 
is not possible, as shown already in the original work by Inoue et al. [28]. 
In the literature there are however not so many documented cases of fail
ures. I t is shown in [Paper I I I ; IV] that high frequency oscillations easily 
build up in the positive feedback loop. In Broberg k Molyet [7] where 
repetitive servo control (CEI) is apphed to a weather satellite, a 'long 
term instability' was encountered during testing. In Ishida et al. [29] the 
approach is taken to let the controller converge and before oscillations 
start to build up 'learning' is shut off, or in other words the feedback is 
removed and the learnt shape is fed into the plant in an open loop fashion. 

Discrete time A periodic input signal model will in its general form 
(like in continuous time) comprise a time delay with a memoryless positive 
feedback around i t . 

I f an integer number of sampling intervals per disturbance period To = 
ph is chosen, a complete time-delay model is 

^ ( g - ^ å l - , - " (3) 

When 1/Hp is placed in the closed loop, i t works like a discrete time inte
grator (summing device) but instead of taking consecutive samples adds 
samples one period apart. The zeros of Hp will be uniformly distributed 
over the unit circle, and all harmonics being integer multiples of the fun
damental frequency up to Nyquist [p/2j -/n are modeled. 

This particular way of choosing H and the sampling interval is of
ten (see e.g. Ledwich k Bolton [37], Broberg & Molyet [8] and [Pa
per II]) encountered in repetitive control. The perhaps most commonly 
known repetitive control technique, the Zero Phase Repetitive Controller 
(ZPRC), Tomizuka et al. [52], uses this model also. Tomizuka's group at 
TJC Berkeley has investigated this (and other) techniques for a number of 
applications, see Tomizuka [51] and references therein. 

I t is important to notice that with the model Hp the number of sam
pling intervals during each period of the highest harmonic modeled wil l 
only become 2, and 2 + ( l / p ) for p even and odd, respectively. This is of 
course insufficient in cases when the highest harmonic contributes signif
icantly, which is also reflected in that 2 samples per period is the Hmit 
required by the sampHng theorem. The obvious solution to this problem is 
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to choose the highest harmonic to be sufficiently higher than those which 
contribute to the signal. This requires faster sampling and results in an 
unnecessarily large model. In doing this, (hopefully) 'silent' controller 
modes are included. In cases of a perfect process model or using adapta
tion the negative effects of these unnecessary (seen from the input signal 
frequency contents) modes may be kept at a minimum. For an uncertainty 
in the process model, this may however lead to severe problems, closed 
loop oscillations and instability [Paper I I I ; IV] . 

R e d u c e d order models 

In this thesis, a product model i f A: will also be discussed consisting of 
finitely many sinusoidals modeling a band-limited periodic signal. I t is 
a discrete version of the continuous time signal model considered in e.g. 
Lin k Ho [39] where the model has its poles located on the imaginary 
axis at ku>0. The model Hfc comprises an integrator and N second order 
polynomials Hk each modeling one frequency 

HxMi-q-^TlBk ; / c c { / e z + | / < | } ( 4 ) 
kerC 

where Z+ is the set of positive integers and K, = {ki, &2,..., denotes 
the strictly increasing sequence of modeled frequency indices. This model 
type can e.g. be found in Åström k Wittenmark [6], the Ph.D. thesis 
of Walgama [64] and my Licentiate thesis [24]. The individual frequency 
models Hk are easily obtained by observing that 

Hh=(l- 2g - 1 cos(ku0h) + q~2)=(l - e]kuj°hq-l){l - e " ^ 0 h q ~ 1 ) (5) 

This model will sometimes be referred to as a low order model while 
being of lower order than the delay model for a certain choice of sampling 
interval and fundamental frequency. I t is straightforward to obtain a 
non-periodic signal model also by not restricting the Hk to be models of 
harmonic parts, allowing coefficients k which are real instead of integer. 
The important thing is that the signal can be decomposed into a finite 
sum of components. 

To obtain robust stability one should avoid modeling frequencies near 
the Nyquist hmit [Paper I V ] . Wi th reduced order models only frequencies 
in the right discrete half-plane (or just slightly into the left, corresponding 
to frequencies just above half Nyquist frequency) are preferably included. 
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The polynomial framework 

The approach to rejection of periodic disturbances is first presented and 
thereafter i t is verified that this can be used for tracking periodic signals 

also. 
The process model is assumed to be a SISO infinite dimensional poly

nomial plus delay model, and may be written in compressed form using 
the differential operator p 

Ac(p)y(t) = Bc(p)u(t - T ) + ßc(t) 

with control signal u(-), output ?/(•) and disturbance ßc{-)- Assuming zero 
initial conditions the corresponding transfer function 

ST 

is obtained. 
The continuous time model is sampled and described by its finite di

mensional discrete time model 

A(q-1)y(t) = B(q-1)q-du(t) + ß(t) (6) 

where d— [r/h\ for samphng interval h. 

Bearing in mind that the object is to control the continuous time plant, 
the samphng interval and anti-aliasing filters must be properly selected. 
In this thesis only the commonly used Zero Order Hold (ZOH) samphng 
is considered. The extension to other types of hold functions is however 
straightforward. 

I t is assumed that {A, B} are coprime corresponding to no hidden 
modes, and further that there is a polynomial model H of the deterministic 
disturbance /3, so that 

H(q~1)ß = 0 (7) 

The polynomial controller - a feedback solution 

For a Unear time-invariant polynomial controller {R, 5, T} in its general 
form (Fig. 5), Åström & Wittenmark [6], the closed loop transfer functions 
from r, 7 and ß to y are 

T

 B1~dT å ^ ( 8 ) 

AR + Bq~dS Am

 { ' 

T-y 7— ; T ß = -J- i9) 
- ' i 77). a m 
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respectively. Closed loop stability is determined by the characteristic poly
nomial Am, and can be modified by the choice of S and R. 

e i 
R 

u 
Bq-d 1 

A 

y 
i * 

i 
R Bq-d 1 

A 

(+ 

Fig. 5: The polynomial controller structure 

When the primary concern is to study different models in the closed 
loop, e.g. in the robustness analysis, the tracking error controller (S = T) 
is used in order to keep it simple. Tracking performance can then not 
be designed independently, but is set by the measurement and process 
disturbance filtering specification. 

A feedback controller that alters the closed loop dynamics such that 
the output is unaffected by a disturbance class is desired. I f H is placed 
in the denominator of the controller, R — HR', the loop gain for these 
frequencies becomes large. The effect of ß will then vanish from the out
put y i f S and R' are chosen so that the closed loop system is stable. As 
an alternative it can be noted that Tß (9) has a factor R in the numer
ator. Including the factor H this way will 'block' the disturbance from 
affecting the process output. Controller modes corresponding to H can 
be interpreted as the 'internal disturbance-model' prescribed by the IMP. 

To verify that the controller can also be used for tracking periodic 
references, the expression for the error e(t) is derived. 

(AR + Bq~dS) e = R(ATr - ASj - Sß) 

The error is driven by the measurement disturbance 7, process distur
bances ß and reference signal r. To begin with closed loop stability must 
be assured. Then given ß = 0 and Hr = 0, or r = 0 and Hß = 0 zero 
error will be obtained asymptotically i f R = HR' in an environment free 
of measurement disturbances (7 = 0). 
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Pole placement 

In order to stabilize the closed loop with the model H included, the Dio-
phantine design equation 

AHR' + Bq-dS = Am (10) 

is to be solved for 5 and R', with Am as the characteristic polynomial. 
For the delay disturbance model the solution of (10) is in general easier 
to obtain than for low order models5. This is a disadvantage in using low 
order models. 

Simplicity is preferred in order to keep the focus on the different repet
itive control aspects. Therefore open loop dynamics are assumed to be 
stable and sufficiently fast 6 . Pole/zero cancellation can then be used by 
choosing A as a factor of Am. 

To get satisfactory performance, it is not only required that the system 
is stable. I f the poles are badly located large control signals, amplification 
of noise, and numerical problems may occur, see e.g. Hillerström [24]. 
The commonly used approach to put all the poles on the real axis, giving 
a critically dampened system, is not a good idea. For one or perhaps two 
internal model poles this may be done but for larger models this is not 
feasible. The difference between open and closed loop poles becomes too 
large which gives large control signals and a sensitive closed loop system. 

Instead, some of the poles are placed radially inwards (Fig. 6) from 
the, in H, introduced open loop poles using the parameter 0 < a < 1, Wal-
gama [64] and Hillerström [24]. This a will control convergence rate. The 
controller will only dampen the oscillations except for a = 0 where zero 
error is obtained deadbeatly, i.e. after at most one period. Wi th the pa
rameter a near 1 the control signal will be kept small (see e.g. Åström & 
Wittenmark [6] chapter 10 or Kailath [32] chapter 3.2.). This pole place
ment gives enhanced stability robustness and measurement disturbance 
filtering properties [Paper IV] at the expense of slow convergence to zero 
error. The parameter a selection is left to the designer. 

A l l together this gives the closed loop characteristic polynomial Am = 
AH(aq~1)A'm, where A'm remains to be determined. The solution of the 
design equation (10) exists provided that {B,H} are coprime, Åström & 

6The ZPRC has the advantage that no Diophantine design equation has to be solved 
in order to get a stable closed loop system 

6 if necessary using an internal loop 
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Fig. 6: Radially dampened pole placement 

Wittenmark [6] theorem 10.1. 

AHR' + Bq-dS = AHiaq-1)^ (11) 

The {A, B} coprimeness leads to that S = AS' must be chosen, reduc
ing (11) to 

HR' + Bq-dS' = Hiaq-1)^ (12) 

The resulting controller becomes 

AS' 

HR' 
(13) 

W i t h the pole placement (12), the transfer functions (8, 9) with com
mon factors canceled become 

Tr = 

Tß = 

BS' 

H(aq-i)A'm  

HR' 

- 2 1 

AH(aq-i)A'm 

The disturbance gets 'comb' filtered through 

(14) 

(15) 

Ha — 
Hiaq-1) 

see e.g. [Paper I ] . 
The case of B and H having common roots has to be dealt with sep

arately. For disturbance rejection i t means that control signal modes 
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corresponding to these roots will be canceled out, with possibly growing 
plant input signals as a consequence as the controller tries to compensate 
for these components. For tracking it means that these modes are un
reachable, and in a feedback design the same problem as with disturbance 
rejection may appear. For a feedforward design the same performance as 
with the common modes excluded are obtained. To conclude, i f B has a 
zero coinciding with a zero of H this should be excluded in design. 

Using the delay model Wi th the delay internal model Hp the design 
equation is in general easier to solve than with H/c. For illustration of this 
fact we start with the Zero Phase Repetitive Controller [52]. The closed 
loop characteristic polynomial 7 

Am{z-1) = Aiz-^Hpiz-^R'iz-1) + Biz-^z-'Siz-1) 

is stabilized using phase compensation. I t is assumed that the controlled 
plant is stable or stabilized. Stable pole/zero cancellations are made as 
much as possible by including A and B+ as factors of Am. This gives that 
S = AS' and R' = B+ (B+ represents stable enough zeros) must be chosen. 
The remaining nonminimum phase zeros represented by the polynomial 
B~(z_1) are compensated for by the factor S' = kr zd~p B~(z)/b, 

b > max | r? _ ( z ) | 2 

l*l=i 

which in all gives the zero phase characteristics.8 Thereby the character
istic polynomial will be 

Am = AB+(Hp(z-i) + k r 2 - r i Z & ^ - l ) 

Stability is assured by the introduced parameter kr e ]0,2[ named repeti
tive control gain [52]. This way no large Diophantine design equation has 
to be solved. In connection with reduced order models, a condition for 
when this compensation scheme may be utilized is derived. 

I t is worth noting that for minimum phase systems (B~ — 1), this 
design 

Am = AB+(Hp{z~v) + kr z~p) = AB+(l + (kr - 1) z~v) (16) 

7 In this thesis the polynomial controller notation is consistent with that of Åström & 
Wittenmark [6] and Rönnbäck et al. [48]. In the references by Tomizuka et al. S and 
R are swapped. 

8 With large enough internal model a causal realization exists. 
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will place the added internal model poles at a constant radius of a — 
(kr-l^/P, i.e. 'comb' filtering as described in [Paper I ; I I I ; IV] and [24, 64]. 
For nonminimum phase systems the radius will be frequency dependent, 
and the frequency 'shape' will be determined by the B~ polynomial. 

Slow pole placement corresponds to kr ta 0, and a deadbeat solution 
to kr — 1. Increasing kr further would just place closed loop poles on the 
opposite side of the origin (negative radius). This would be in conflict 
with a robust selection [Paper IV] of closed loop poles near the open loop 
ones with worse performance than deadbeat. In the light of this, the result 
of Chew & Tomizuka [10] that the repetitive control gain should be small 
(in the range of 0 < kr < 1) in the presence of stochastic disturbances is 
not surprising. 

Further work on discrete time repetitive controllers can be found in 
Ledwich & Bolton [36] and Walgama [64], and a comparison with Unear 
quadratic design in Ledwich & Bolton [37]. 

Using low order models The next question that arises is how to sta-
biUze the closed loop with reduced order models Hfc- To do this, one may 
want to use the same straightforward Zero Phase Compensation scheme 
(ZPC) [50] as used with the delay model Hp in the ZPRC, Tomizuka et 
al. [52]. This is in general not possible as wiU be shown in the foUowing 
lemma. For minimum phase systems 

A'm = H(z) + k 

(for simpUcity written in forward operator form, see [Paper I I ; IV]) must 
be stable according to (16). This holds for the delay model Hp(z) = zp - 1 
for k = kr e]0,2[, 

A'm = zp + k - 1 = zp - ap 

with the closed loop poles at a radius of a £ ] — 1,1[, that is within the 
unit circle. 

Lemma 1: (Location of modeled poles and zero phase compensation) 

For the polynomial 

P(z) = H(z) + k = (z - 1) l[(z - Zi)(z -z*) + k 
i 

to have aU zeros inside the unit circle when the modeled poles zt- = Xi +j yi 
are all on the unit circle, i t is necessary for the sum c of real parts to fulfUl 

k l å < 2 - k 
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Proof: The asymmetric polynomial P(z) can be written as 

P(Z) = 2 d 6 g { P } - GS**lP}-1 + • • • + CZ - 1 + fc 

Applying Jurys test [6] for stability gives 

1 - c • c fc- 1 
k - 1 c - c 1 k - 1 

k(2-k) -ck • ck 0 
ck . . . . • • k(2- k) c / ( 2 - f c ) 

3*! ((2 - fc)2 - c 2) ••• • 0 

Thus fc(2 - fc) > 0 is required which implies fc € ]0,2[. This is consistent 
with the result from the ZPRC. The second condition (2 — fc)2 — c 2 > 0 
reduces to \c\ < 2 — fc, which completes the proof.• 

The delay model comprises model poles from 1 to N = p/2 or N = 
(p — l ) / 2 for p even and odd respectively. This gives 

E x , = £ c o s ( ^ ) = ' ° ^ > ^ > . J - ' / 2 
p sin(^) I —1 /o r p even 

The sum c of all real parts will be 1 + 2 £ #i; = 0 and 2(J~J + 1) = 0 
for p odd and p even respectively, which in essence says that the poles are 
balanced. This confirms that the ZPC scheme can be used with the delay 
model. 

The problem for low order models, is that the sum of real parts c for 
modeled poles must be in, or to the left of 2- fc . As stated earlier only 
discrete low frequency poles should be included. The real parts will then 
be positive (normally in the range of 0.5 to 1) for all poles in the model. 
Thereby the sum of real pole parts easily becomes larger than 2-fc for all 
fc G ]0,2{. Consequently the system can not in general be stabilized. While 
this analysis only holds for minimum phase systems, i t can of course not 
be ruled out that for some nonminimum phase systems ZPC can be used. 

In general, there is thus no easy way to get an explicit solution of 5" 
and R' with the low order model H/c- Neither may ZPC be used nor 
can the zeros be factored out but rather appear in the summation of the 
polynomials. Since the polynomials are large and not suited for hand 
calculation a standard symbolic mathematic package Mathematica[66] is 
used to solve the arising system of Unear equations. To minimize errors 
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when transferring from Mathematica to controller code, a function to pro
duce this code is also written. In addition to saving time spent to find 
errors in the code, i t prevents that the results obtained in comparing dif
ferent controllers, e.g. in [Paper I V ] , are due to specific errors in different 
codes. A summary of the computer aid used to carry out the repetitive 
control design is presented in appendix A. 

Feedforward control 

I t is often stated that controllers with infinite loop gain at the harmonic 
frequencies are to be used in tracking periodic references as well as reject
ing periodic disturbances. In cases where the exact behavior is hard to 
model, e.g. where friction and stiction (Tung et al. [63]) are involved, there 
are obvious advantages to have a feedback solution. It must however not 
be forgotten that for periodic reference tracking a feedforward design is 
applicable. Feedforward compensation using pole/zero cancellation is fea
sible only for stable minimum phase plants. For stable nonminimum phase 
plants the inverse will be unstable, resulting in unbounded compensation 
signals. In case of a known periodic input signal model perfect tracking 
(even for nonminimum phase systems, after a certain limited time) can be 
obtained by solving a Diophantine design equation for a FIR filter feedfor
ward compensator, Walgama [64]. The approach is then taken to cancel 
out the sufficiently nice parts denoted by A and B+ (Fig. 7) respectively, 
leaving the filter Bq~d. In case of uncertainty in the process time-delay, a 
feedforward design is to prefer while i t does not jeopardize stability [Paper 
IV] but results only in a time shifted output, Walgama [64]. 

A 
B+ 

B + Bq~d A 
B+ A 

Fig. 7: Partial pole/zero cancellation 

A precompensation FIR filter E (stable and with strictly limited mem
ory) designed according to Walgama [64] is utilized. In order to obtain 
perfect tracking of the input signal r, the preferred property of the filter 
E is 

EBq~dr = r (17) 

so that the process dynamics is compensated for. To obtain (17) is not 

possible for an arbitrary input. Taking into account that r satisfies Hr = 0 
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the condition is altered by subtracting a term that is zero after a strictly 
limited time 

EBq~dr = r - FHr 

The polynomial factor F is inserted to guarantee solvability. Solving the 
Diophantine identity 

EBq~d + FH = 1 (18) 

gives the precompensator E. A unique solution is obtained for deg{E}— 

d e g { / 7 } - l , deg{F} =deg{B} + d-l provided {Bq~d,H} coprimeness, 
Åström & Wittenmark [6] theorem 10.1. 

Perfect r tracking after at most deg{F} time steps is achieved. This 

is the optimal solution in the sense that zero error 9 is obtained after the 
time it takes for the signal to propagate through the filter Bq~d. The 
FIR filter approach can thus be used where pole/zero cancellation fails, 
i.e. for nonminimum phase plants. 

A Diophantine equation must be solved. This may be a problem in 

real-time applications with limited computer power, i f not a certain struc
ture with a few parameters can be prescribed as in [Paper V] and an 
analytical solution, e.g. derived using Mathematica [66], is utilized. 

On the other hand, i f B has m distinct zeros and there is no delay 

in the process model (d = 0), (18) reduces to FH — 1 for these argument 
values. These m equations are enough to determine the m parameters of 
F. Thereafter i t is easy to determine E from (18). This technique is used 
below with a simple first order nonminimum phase B polynomial and a 
delay process. For the examples the commonly used Hp = l—q~p is chosen. 

Example 1 Bq~d = ( l -6g" 1 ) with \b\ > l.(Note that b = l is unsolvable, 

because this violates the {B, Hp} coprimeness.) 

The E and F degree constraint will be deg{E}=p—l and deg{F} = 0 

respectively, thus F = f0 and £ = e 0-r-e 1g~ 1-)-.. .-l-ep-ig - ^"" 1 ). 

From (18) letting q-^b =>• B-+0 gives fQ = l/(l-b~p) and identifying 
q 1 powers gives 

e 0 = -b->fQ 

c,- = bei-i Vi 1 < i < p — 1 

'disregarding non-zero initial condition, which for stable plants decay exponentially 
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and in all 

E = - .[b-P+b-P+1q-1 + .. . + 6 - 1 g - ( p - 1 ) ] = 
1 - b-P1 

= r T ^ [ 1 + ^ " 1 + ---+^~V ( p-1 )] = 
1 l + bq-1 + ...-rbP-1q-(P-1' 

1 - 6 l + b+.-.+bP'1 

The prefilter E thus forms a weighted mean value of the input signal, 
scaled by a factor that erupts when {B, Hp] are not coprime (i.e. for 
b = 1 and i f p is even also for b = - 1 ) . Therefore b as 1 results in large 
coefficients of the E polynomial. For \b\ large the last few coefficients will 
dominate, and thereby approximately a one-period delay is obtained. 

To show how the compensation scheme works for a square-wave ref
erence signal, a simulation run is made with three different nonminimum 
phase systems (the FIR filter 1 - bq'1 only). For |6| large the compensa
tion signal is small and approximately square-wave. For \b\ values near 
one the compensation signal grows and the difference in control signal 
properties becomes clearly visible, Fig. 8. 

X_Y_JL _ 

Fig. 8: Feedforward compensation of three FIR fif ter (1 — 6g - 1 ) systems, show

ing accurate tracking after one period (p= 100 and T 0 = 2s) and compensation 
signals u. From above r, y (with an added bias of 1.5 for visibility), and u for 
b = -1.2, 6 = 6 and 6=1.2 
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Example 2 For t i e non-cancellable factor q , d<p, (18) gives 

Eq~d= l~F(l-q-p) 

which has a solution with F = l of 

E = q-p+d 

This simply states that a d-step ahead periodic signal prediction should 
be fed into the system to achieve perfect following. 

Another technique for feedforward cancellation of nonminimum phase 
plant zeros is the Zero Phase Controller, Tomizuka [50]. This can also be 
used for periodic reference tracking but at the expense of an amplitude 
error for the high frequency components. This problem can to some extent 
be overcome by using the technique described in Gross et al. [13] or the 
Extended Bandwidth Zero Phase Controller, Torfs et al. [54]. The above 
described FIR filter compensation technique will provide zero phase and 
unity amplitude for all modeled frequencies. For the delay model the 
compensated polynomial 

EBq~d = 1 - FHP = {F = 1} = q-p 

and with F = 1 a 'unity amplitude' compensation, and proper phase is 
obtained for the input signals with period p. 

Pseudo feedforward and feedback control 

Measurable disturbances can be rejected using a Feed Forward controller. 
This compensation does not affect closed loop stability. Therefore i t would 
be desirable to use the same type of compensation even if the disturbance 
is not measurable. The Pseudo Feed Forward controller (Fig. 9), Wal
gama [64], uses the filtered plant input and output to estimate the periodic 
signal affecting the system. From rearranging (6) 

ß = Aym-Bq-du {=ß + Ai) (19) 

A pseudo feed forward compensation signal that will cancel out the dis
turbance is given by 

u f f = Eß (20) 

where E is given by (18). For complete disturbance rejection, the overall 
control law (uji, is the polynomial controller output) 

u = u f b - U f f (21) 
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is used for plant stabihzation and preventing the periodic disturbance from 
affecting the output. The ' - ' sign in (21) reflects that the feedforward 
signal should counteract the disturbance. 

E 
"Add-on" device 
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Fig. 9: A pseudo feedforward controller 

The PFF controller may also be derived from the polynomial controller 
in its general form (Fig. 5) where S and R are modified to include the 
feedforward compensation through Q (Fig. 10). 

R 

m i ß 

t., r îd Bg 

Fig. 10: A controller that does not alter the servo transfer function, assuming 
perfect process knowledge 

Stability is established by noting that AM is not altered by the change 
in S and R due to the polynomial Q (Fig. 10) i f included as 

SQ = S + AQ and RQ = R - Bq~DQ (22) 

which will give the closed loop characteristic polynomial 1 0 

A M Q = A(R - Bq-dQ) + Bq-D(S + AQ) = AM (23) 

1 0 An important assumption here is perfect process knowledge. When this approach is 
apphed to a 'real world' process with structural as well as parametrical deviations 
from the nominal process model, the characteristic polynomial alters. 
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With the factorization Q = RE we get the PFF controller (Fig. 9). Ac
cording to the IMP RQ should contain a factor H which gives (Q = RE) 

Äg = 22(1 - Bq~DE) = HY 

which implies that Y = RF and E is obtained from (18). Thereby the 
transfer function equivalent polynomial feedback controller wil l , in addi
tion to 22, have F as poles [24, 64]. 

Note that T is not changed, which together with (23) gives that 
the servo transfer function is kept unaltered. This controller structure 
(Fig. 10) corresponds to a = 0 in the 'comb-filter' pole placement design 
and can be used to change disturbance rejection and measurement noise 
filtering without affecting the servo properties. In this case it is used to 
improve disturbance rejection properties of a polynomial controller, e.g. a 
Pl-controUer, so that i t can be designed without consideration of the de
terministic disturbance. The filter Q is hidden from the transfer function 
from r to y. 

Even though there exists a transfer function equivalence between the 
polynomial controller and the PFF controller, there is a large difference 
concerning initial conditions. The controller implemented with 22 as a 
factor in R has state values stored to generate a certain counteracting sig
nal (infinite memory). I f coefficients are altered on-line large oscillations 
may appear. The FIR filter implementation (finite memory), that must 
be continuously driven by the residual, however allow the coefficients to 
change during operation. This makes it possible to adapt a disturbance 
model on-line using e.g. gradient descent, see [Paper V ] . This approach 
is used in the vibration suppression application of [Paper V I ] . 

The PFF controller based on the delay model HP has also been success
fully implemented with the peristaltic pump application, Hillerström [24]. 

The PFF controller structure should be used with care in combina
tion with low order models. The reason is that this structure hides the 
disturbance model modes, i.e. deadbeat 'comb filter' pole placement of 
internal model poles. I f a large number of disturbance frequencies are in
cluded using low order models there will be a problem of magnifying high 
frequency measurement noise, Hillerström [24] and [Paper I V ] . However, 
i f only a few harmonics are included this works fine [Paper V; VI ] . 
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Robustness properties 

Repetitive controllers utilizing an internal model to reject periodic distur
bances or track periodic signals rely on infinite loop gain for the harmonic 
frequencies. Seen from a stability robustness point of view this may not 
be so appealing. 

Despite their simplicity, repetitive controUers based on the delay model 
are not a universal panacea. The continuous time delay model has earlier 
been shown to possess bad robustness properties. In discrete time, the 
system will of course be band-limited by the Nyquist frequency, but i t is 
not certain that this hmitation is the best. In practise this may not at all 
be the case. 

I t is mainly the high frequency model part that is inactive. In case of 
high frequency noise or unmodeled plant dynamics this part may be ex
cited to produce fast osciUations in the closed loop. This may be a reason 
why it is concluded in Tomizuka et al. [52] that repetitive controller perfor
mance is 'dramatically enhanced' by following the Zero-Order Hold(ZOH) 
with a low-pass filter or using a Delayed First-Order Hold(DFOH) device. 
A further solution to this problem, called Q-filter, is presented by Tsao & 
Tomizuka [59]. As the high frequency part of the model introduces 'noise' 
i t is better to suppress these controller modes with a lowpass or Q-filter in 
the loop around the time delay, deactivating 'learning' at high frequencies. 

The problem may be illustrated by rewriting (13). Oscillations are 
built up by the 'learning' algorithm 

S 

resulting from the use of Hp. A way to suppress osciUations in this loop 
is by introducing a lowpass, Q-filter (Tsao <fc Tomizuka [59]) 

g 
uk = Q{uk-p + -jjjek) 

but thereby the asymptotic zero error disturbance rejection property is 
lost. A trade off between robustness towards unmodeled high frequency 
dynamics and perfect disturbance rejection is made. 

StabiUty robustness towards attenuation type nonUnearities has been 
shown by Ma [40] for the ZPRC [52]. However, the type of robustness 
focused on in this thesis [Paper IV] involves a phase shift of the control 
signal. In this respect i t is very different from the (possibly time-varying) 
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gain errors of Ma [40]. The use of many modeled frequencies to achieve 
complete rejection makes the controller non-robust against unmodeled 
high-frequency dynamics [Paper I I I ] and process delay variations [Paper 
I V ] . The latter can be seen e.g. from the 'instability for unknown delay' 
property of Middleton et al. [44]. In short this implies that with HP 

in the closed loop, i t is stable for the plant delay used in design, but 
unstable i f the delay differs only one samphng interval. This property 
is analyzed further in [Paper IV] for the product model HK to derive a 
relation between modeled frequencies and robustness properties. 

Delay error tolerance The ZOH sampled version of the continuous 
plant with time delay is assumed to be of the form 

G < 2 > = Ü ? < 2 4 > 

For simplicity i t is assumed in the theorem below that the nominal 
delay is an integer number of samphng intervals T& = dh. The more general 
form may be found in [Paper I V ] . 

Theorem 1 : 
I f the 'a'ctual plant (24) with B = Ba and delay r a is controlled by a 
polynomial controller 'd'esigned using B — Bi and delay = dh, then 
with f ( z ) = z~s Ba(z)/Bd(z) - 1 the closed loop system is stable if 

\Tr(z)\< 
l/OOl 

for z = e^\ <^e[-7r,7r] and Ar = ra - rd = 6h + T' ( r ' G [0,h[). 
Proof: see [Paper IV] • 

From this can be concluded that a delay error limits the obtainable 
servo transfer function. To achieve zero steady state error for all harmonic 
frequencies, a unity servo transfer function gain is required. In case of no 
delay mismatch, f ( z ) = 0, and there will be no restrictions. For the mod
eled frequencies H(z*) = 0, | r r ( z » ) | = 1 and thus | / (z*) | < 1 is required. 
An integer number of delays difference between design and actual closed 
loop system gives [Paper IV] Ba = B<i and 

f ( z ) = z~s - 1 

The necessary stability condition will imply that zero tracking error 
can only be obtained up to an angular frequency of 7r/3|6| ( | / ( z ) | = 1). I f 
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thereafter the closed loop gain drops proportionally to 6d> up to n/3\6\ + 
l/2\6\, stability is assured. For remaining higher frequencies only a 50% 
amplitude reduction is achievable in order to guarantee stability. This 
piecewise linear hmitation is illustrated for \S\ = 3 in Fig. 11. 

102E 

w h 

Fig. 11: Limitation on the noise and servo transfer functions l / | / ( z ) | for a 

delay error of3h, (\S\ = 3) 

The hmitation for other values of 6 is shown in Fig. 12. Whether 
or not the condition is fulfilled for delays in between is plant dependent. 
Hence, to derive results for general time delays based on Theorem 1 is 
not straightforward. However, for a known system the theorem may be 

utilized to derive a certain delay error tolerance. 
What happens between the integer number delay errors is analyzed 

for a first order delayed control example in [Paper I V ] . Presented simula
tions show good congruence with the derived bounds. By using Rouché's 
theorem the gain error tolerance is also derived. I t turns out that there is 
a stability interval which narrows with faster pole placement [Paper I V ] . 

10 0 1 
w h 

Fig. 12: Limitations on the noise and servo transfer functions l/\f(z)\ for 
different delay errors 8h 0 1 
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Adaptive extensions 

A repetitive control design normally assumes plant and disturbance model 
knowledge. Here, different relaxations of this assumption for both tracking 
and disturbance rejection are presented. 

A d a p t i v e reference tracking 

A repetitive controller with plant model adaptation may be found in Hu 
& Tomizuka [27]. This scheme identifies process gain and phase on-line 
for the input signal frequencies, relying on that an LTI process can be 
characterized by its frequency response. By making the overall frequency 
response from the reference input to the plant output equal to unity 
for the reference signal frequencies, zero error with respect to this sig
nal may be obtained [27]. Also the Zero Phase Compensation scheme 
by Tomizuka [50], which preshapes the reference signal in a feedforward 
manner, has its adaptive extension where the process model is adapted to 
improve the feedforward control, Tsao & Tomizuka [58]. 

A self-tuning repetitive controller, with respect to the internal model 
Hp has been presented for periodic reference tracking in Tsao & Qian [57]. 
This approach poses two problems. I f the input signal is periodic with 
period r* the algorithms may easily converge to a subharmonic r - t n r * 
(n integer). From a time series point of view this is quite natural, but 
thereby implies convergence to a fundamental frequency below the 'real' 
one despite low energy for this harmonic. Secondly, only an internal model 
with a delay as an integer multiple of the samphng interval h is allowed 
while i t is implemented as a chain of p delay operators q~l. This gives that 
i f the period r* = p h is not a good approximation, the samphng period 
h must be altered or there will be an osciUation remaining in the output 
signal, Tsao & Qian [57]. With an unknown fundamental frequency one 
thus has to be able to change samphng rate on-line in order to get good 
precision. 

Adapt ive disturbance reject ion 

I f the origin of the periodic signal is some kind of rotating device, hard 
disc-drive (Chew et al. [10]), a lathe (Tsao et al. [59]) or the peristaltic 
pump [Paper I ; I I] to name a few, i t is considered as 'implementation know 
how' that i f possible, synchronize samphng with the axis rotation (i.e. the 
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disturbance). Wi th synchronization the convergence rate can be speeded 
up and the need for fine tuning is lessened [Paper I ; I I ] . This is however 
not always possible e.g. in satellite or other applications where the funda
mental period is unknown or slightly time-varying. Strictly speaking, it 
is often not a case of mathematically periodic signals having the periodic 
property over an infinite time scale, but rather in a local sense. 

In the non-synchronized (fixed samphng rate) case the controUer may 
be sensitive to sHght alterations of the fundamental frequency, HiUer-
ström [24], and in the worst case even ampUfy osciUations. I t may therefore 
be a good idea to use an adaptive approach, with respect to the internal 
model, whenever a fixed (unsynchronized) samphng rate is used. 

Self-tuning repetitive controUers, with respect to the time-delay dis
turbance model, for periodic disturbance rejection may be found in Tsao 
h Nemani [56]. While it uses the model Hv i t wiU in general suffer from 
the same drawbacks as described above for reference tracking. 

The low order disturbance model H>c aUows a non-integer relation
ship between the fundamental frequency and the sampUng rate h [Paper 
I I I ] . The model structure may be fixed and the fundamental frequency 
obtained by adaptation e.g using gradient descent [Paper V ] . This adap
tation scheme is combined with the PFF controUer, aUowing for altering 
parameters on-Une as the disturbance frequency changes. Assuming per
fect process model knowledge the stabiUzing part of the PFF controUer 
can be designed without considering the deterministic disturbance. The 
resulting controUer is related to the External Model controUer (Tomizuka 
et al. [53]) in the sense that i t uses 'feedforward' canceUng of the immea
surable disturbance. Simulation results with the self-tuning repetitive 
controUer are presented in [Paper V ] , and an appUcation of adaptive sup
pression of vibrations can be found in [Paper V I ] . 

Utilizing artificial neural networks Neural networks may be trained 
to obtain approximate solutions to problems that in classical algorithm 
theory are hard ('NP complete') e.g the TraveUng Salesman problem, 
Hopfield [25]. The generation of static mappings such as pattern recogni
tion can also be accompUshed quite elegantly, see e.g. Herz et al. [22] or 
Wasserman [65]. 

How to utiUze ANN in control theory is however not so self evident. In 
repetitive motions i t is desired to have 'learning', so in this sense it seems 
natural to include neural networks. This raises two fundamental questions; 
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how to assure stability of the closed loop system with the included network, 
and how to train i t to enhance performance. 

Stability results for a control system including ANN may in general be 
difficult to obtain. Nevertheless stability is a vital property of a control 
system. For special applications, e.g. robot control see Jansen et al. [30], 
stability results can be found. 

If a plant model is available, the network can filter a residual instead of 
the output or error signal. This may be used to assure stability, Medvedev 
& Hillerström [42]. I f a disturbance model is available perfect disturbance 
rejection can be obtained deadbeatly even in continuous time [41]. The 
disturbance rejection and stabilizing loop are decoupled. Using the dis
turbance and plant model a compensator can be derived. The proposed 
controller structure also uses 'feedforward' canceUation of the unmeasur-
able disturbance. In the presence of only a plant model an ANN can be 
utilized to produce the control signal [42]. The neural network and con
tinuous deadbeat solution have the same structure, and will be the same 
apart from the sigmoid functions and the way parameters are obtained. 
Stability results are also the same, giving that the network can be trained 
while using i t for compensation. How to obtain robust stability and train 
the network on line as included in the controller, is in [42] an open ques
tion. For training an unsupervised method is used. A number of off 
line simulation runs are made, and the network is trained using a global 
unconstrained nonlinear optimization procedure with network weights as 
parameters [42]. 

To train the network control using supervised techniques (such as Back-
Propagation) may at first glance seem tricky. The training goal would be 
the control signal. But on the other hand, i f the control signal already 
was produced by some other algorithm, the use of a neural network would 
be superfluous. However, a network may be trained to e.g. implement 
an approximative nonlinear FIR filter inverse and thereby replace the E 
filter in a PFF controUer. This way, no disturbance model has to be avail
able (and no design equation solved) and just as for [42], stabiUty wiU be 
assured. 

A N N repetitive control example The peristaltic pump as a nonUn-
ear feedback system [24] is simulated using RegSim [14, 16]. The Unear 
part of the plant is approximated by a first order delayed control model, 
see e.g. [Paper I ] . The control object is to obtain a constant pump axis 
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angular velocity oj(t), despite the large torque disturbance arising from 
contact forces with the plastic tube [Paper I ] . The simulated disturbance 
may be described by 

é = w 

ß(t) = €Sin(2(?) 

where 6 is the axis angle. The exponential function is used to, in a compact 
way, get a number of harmonics in addition to the fundamental arising 
from the pure sinusoidal. The factor 2 comes from the fact that there are 
two rollers mounted on the pump axis. 

In the same RegSim session as the plant model the ANN is included. 
The residuals used as input to the 8-5-1 network 1 1 are samples number 
{0,1,3,6,10,14,20,27}. The output of the filter Bq~d is fed into the 
network, and the input to the filter is used as training target. The training 
algorithm used is the standard Back Propagation (of the error through 
the network), see e.g. Herz et al. [22] or Wasserman [65]. The samphng 
interval is chosen to be / i = 0.01. 

o 
c 

0 200 400 600 800 1000 
Fig. 13: Learning the nonlinear disturbance precompensation signal using 
Back Propagation, as depicted by the mse 

The learning is illustrated (Fig. 13) by the mean square error(mse) 
of the difference between network's output and the target taken over 40 
samples (one epoch). The first thing the network 'learns' is to reject 
the constant signal, that is a form of feedforward implementation of an 

1 1 number of Input-Hidden-Output nodes 
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integral action. After this weights are adjusted so that the waveform of 
the disturbance is matched, and the error decreases further, 

y r 
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Fig. 14: Performance with the ANN controUer 

The trained network will produce the prediction needed in order to 
almost cancel out the output effect of the nominal disturbance (for r = 9), 
Fig. 14. I f the reference value, and thereby the disturbance frequency, 
alters (effect of the nonhnear feedback) the disturbance does not get re
jected, Fig. 14. 

The advantage with the neural network approach is thus that no distur
bance model is required, and also no design equation has to be solved. The 
convergence rate is however slow compared to e.g. the adaptive solution of 
[Paper V ] . Convergence can be speeded up by using a more sophisticated 
training algorithm, but in essence the introduction of the nonhnear neural 
network seems to be superfluous. The required computer power is also 
much larger. 
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Concluding remarks and directions for further 
research 

There are many new directions that could be explored in the future. Some 

of the main themes that seem important from todays perspective are here 

outhned. 

W h e n to use different internal model structures It is shown in [44] 
and [Paper IV] that the delay internal model may possess bad robustness 
properties, especially i f many samples per period is taken. Despite this, 
the delay model has an appealing property of being simple in its struc
ture and having an easy to grasp interpretation. In applications such as 
satellites and mobile robots, simple algorithms that may be implemented 
in a compact and lightweight form are sought. This is a motivation for 
stiU using the delay model Hp. 

What happens in the examined cases [Paper I I I ; IV] is that osciUations 
in the stored signal build up. The lowpass filter (Q-filter) in the loop 
around the delay reduces these osciUations by moving some high frequency 
controUer modes away from the hazardous point z = — 1. There is however 
no guarantee for that the stored signal is smooth and thereby does not 
excite e.g. high frequency plant modes. Some method for preventing 
osciUations to build up internaUy may perhaps be developed. 

Another interesting question is what the Umitations of low order model 
controUers are. I t is clear that with fast sampüng (many samples per 
period) and a product model with many poles near 2 = 1 there may appear 
numerical problems, something the delay model avoids. One way around 
this may be to use multirate samphng. Taking nonevenly distributed 
samples over the period, possibly inter-sample ripple may be lessened. 
Feeding the signal into different control loops, the individual loops wiU run 
at a lower sampUng rate. Thereby a numericaUy good pole location may 
be achieved. Some interesting aspects are how to distribute the samples 
over the period, and how to combine the information from the multiple 
(identical or not) control loops. This is also related to the case where the 
error is nonevenly distributed over the whole period. Some parts may then 
need more control effort than others. Where the sampUng is synchronized 
with the disturbance [Paper I ; II] there is a possibiUty of selecting these 
sampUng locations (in the papers angular positions) according to some 
criterion. 

Yet another internal model could be examined. Instead of beginning 
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with a time delay and filter away the high frequency modes (recapitulate 
the continuous F-filter and discrete Q-filter) a time delay approximation 
could be used already from the start. I f the structure would get simpler 
or more robust than presented techniques, remains to be seen. 

Different parameterizations Repetitive control systems can be de
signed using different parameterizations of the controllers. In this thesis 
discrete time theory in the general polynomial framework is presented. 
Continuous time repetitive controllers will in its original form only pos
sess an asymptotic disturbance rejection or tracking property. The re
cently developed technique of continuous time deadbeat observation may 
be utihzed to obtain deadbeat performance [41]. This approach is ob
server based and can be used to obtain MIMO extensions of the repetitive 
control system. As an alternative the use of a neural network that, apart 
from the nonhnear sigmoid squashing functions, has the same structure 
as the analytically designed observer is evaluated [42]. Both the observer 
based structures and External Model controllers [43, 53] may be explored 
further. 

Vibration suppression Periodic signals appear in many processes. 
In this thesis two quite different applications have been investigated. The 
first one treats angular velocity stabihzation of a pump axis being affected 
by a large torque disturbance [Paper I ] . The second application paper [Pa
per VI] describes the initial efforts in a vibration elimination project. This 
area already occupies the interest of many scientists, and it should not be 
hard to find interesting applications. 

The part of the vibrations that has a stationary power spectrum, some 
kind of single or multiple frequency tone, is possible to actively eliminate 
by model based repetitive control schemes [Paper VI ] . In doing this all 
aspects of synchronization, adaptation, robustness etc. that are explored 
in this thesis have their relevance. 

Computer algebra design tools The design tool for generating con
troUer code, appendix A, mainly for reduced order polynomial repetitive 
controUers [Paper I I I ; IV] wiU be developed further. In order not to start 
from scratch i t is built up in a modular 'off the shelf fashion, using ex
isting software tools. The aim of this work can in short be described by 
Fig. 15. At this time i t is not decided which of the symboUc manipu
lation packages Maple [20] or Mathematica [66] that is most weU suited 
for supporting solution of design equations and producing simulation and 
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control code. The initial efforts have been made with Maple for obtain

ing ZOH sampled process model, Mat lab 1 2 for identification from recorded 
data and Mathematica for producing controUer code, see appendix A. For 
simulation and real-time control RegSim, Gustafsson [14, 16], is chosen. 

Analysis and Code Generation 
using Computer Algebra 

RegSim 

! Simulation1 

,Plant Code' 

i i 

i'Real-World'i 
1 Plant ' 
i i 

Fig. 15: Modular computer algebra approach to computer aided design 

This environment would make it feasible to derive controUers taking 
into account periodic input signals, while also monitoring robustness and 

measurement disturbance filtering properties. By incorporating the A n t i -
Windup ideas of Rönnbäck [47] and [Paper II] i t would be possible to 

consider control signal saturation effects also. FinaUy, in order to make 
an adequate implementation, other reaUzations than the present Jordan 

state-space form of [Paper I I I ] may need to be considered. 

A b o u t the papers 

In the appended papers some material (mostly basic theory, controUer 

structures and disturbance models) wiU be repeated due to the fact that 
they have been pubhshed separately. HopefuUy, this wiU not make the 

reader diverge into spheres of more interesting thoughts but rather, in the 

spirit of repetition, enhance the understanding of repetitive control. Any 
correction other than reformatting made from the original manuscript wiU 
be stated before each paper. 

2 The MathWorks, Inc. 
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Computer aided design 
tools 

Here the tools used in the process of developing repetitive controllers are 
outhned. 

A . l Obtaining Zero Order Hold sampled pro
cess model 

To get started one needs a process model which can be derived from 
either an identification experiment or using an analytical model. From 
identification the discrete time model can be directly obtained by using 
e.g. the identification toolbox in Matlab 1 . I f there are large persistent 
disturbances during the identification phase, the Box-Jenkins function is 
well suited. In addition to the process model there is an autonomous part 
embedding the disturbance, see e.g. modeling of the peristaltic pump in 
Hillerström [24]. 

In case of a derived continuous time analytical model this has to be 
transferred into discrete time through a samphng process. The sampled 
polynomial model can be calculated by hand or looked up in a standard 
table (if not too large). But while the design will be done using computer 
algebra, why not do this transformation too using the symbolic package. 
In Maple [20] a function conv2disc providing the ZOH sampled transfer 
function is written. 

conv2disc|['PolyFrac']|['Vector']|(G(s)) 

^he Math Works, Inc. 
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The transfer function in z is derived using residue calculus for isolated 

singularities, Åström et al. [5]. Multiple poles are handled by introducing 

extra variables and after the sum of residues is formed, let these converge 

to their 'true' values. The Maple code can be found below. 

Bracketed options determine the output format, and can be left out. 

The default output format is as a fraction of two polynomials. The de

nominator wiU be monic provided that the expression does not grow too 

much, so that i t is automatically simplified by Maple. Below follows some 

examples. 

> c o n v 2 d i s c ( a / ( s * ( s + a ) ) ) ; 

( a h + e — h - l ) z _ e - a h + 1 _ e - a h a f e 

a 7_ S  

9 , ( - a - e - a h a ) z , 

Z2 + + e~ah 

Without the monic denominator the expression is (usually) simpler, 
and is obtained by the option ['PolyFrac']. 

> c o n v 2 d i s c [ ' P o l y F r a c ' ] ( a / ( s * ( s + a ) ) ) ; 

(ah + e~ah - l ) z - e~ah + 1 - e~ahah 

az2 + (-a - e~aha) z + e~aha 

Only the polynomial coefficients 1, z, z2,... for the numerator and de

nominator is returned by the function i f the ['Vector'] option is given. 

> conv2disc['Vector'](a/(s * ( s + a ) ) ) ; 

[[-e-ah + 1 - e~ahah, ah + e~ah - 1], [e~aha, -a - e~aha, a]) 

The standard maple function map can be used to obtain a table of ZOH 
sampled systems. 

> G l i s t : = [ l / s , l / s ' 2 , e x p ( - s * h ) , k / ( l + s * t a u ) , a / ( s + a ) , 
a / ( s * ( s + a ) ) , a * b / ( ( s + a ) * ( s + b ) ) ] : 
array(map(x->[x,conv2disc['PolyFrac'] ( x ) ] , G l i s t ) ) ; 

41 



Doctoral Thesis: On Repetitive Control 

Paper A . Computer aided design tools 

I h 

S 2 — 1 
„ - 2 h2z+h2 

' 2 ^ 2 - 4 ^ + 2 

—sh ~—l 

k fc(-l+e-T) 

1 + ST . -h 
—z+e r 

- l - f e ~ " h 

s+a -z+e-ah 

(-ah-e-ak+l)z+e-ah-l+e-ahah 
s(s+a) - a z 2 + r a + e ~ a h a ^ z _ e - a h a 

(-b+a-e-bha+e-ahb)z-e-aha+e-bhb+e-bhae-ah-e-bhbe-c 

|_ (s+a)(s+h) (-.b+a)z2+([-e-bh(-b+a)+(b-a)e-ah)z+e-bft(-b+a)e-af> 
ab 

Maple code 

> conv2disc:=proc(G) 

l o c a l a,i,ip,Gext.x.xn.xd.xl.OF; 

s:='s'; ps:='ps'; r e a d l i b ( s i n g u l a r ) : ps:=singular(G, s ) ; 

Gext:=l; 

# Remove e s s e n t i a l s i n g u l a r i t y from e.g. an exponential 

i f nops(ps minus s=inf i n i t y ) O n o p s ( p s ) then 

print('Warning: The function has a s i n g u l a r i t y i n ' . 

s = i n f i n i t y ) ; 

ps:=ps minus s = i n f i n i t y ; 

f i ; 

# Remove s i n g u l a r i t y i n s=0. 

i f nops(ps minus s=0)Onops(ps) then 

ps:=ps union s=-a; Gext:=s/(s+a); 

fi; 
ps:=ps union s=0; 

# Treat m u l t i p l e sing, by l i s t i n g as s p [ i ] , then l i m i t , 

psr:=singular(G*convert(map(xx->subs(subs(s=x,xx),'s-x'), 

p s ) , ' * ' ) , s ) 

minus s = i n f i n i t y ; dsing:=; ipo:=0; 

while nops(psr)<>0 do 
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f o r i from 1 to nops(psr) do 

ps:=ps union s=sp[i+ipo]; 

dsing:=dsing union s u b s ( s = s p [ i + i p o ] , p s r [ i ] ) ; 

od; 

ipo:=ipo+nops(psr); 

Gn:=subs(dsing,G*convert(map(xx->subs(subs(s=x,xx),'s-x'), 

p s ) , ' * ' ) ) ; 

p sr:=singular(Gn,s) minus s = i n f i n i t y ; 

od; 

Gcancel:=subs(dsing,convert(map(xx->subs(subs(s=x,xx),'s-x') 

,ps), <*'))/convert(map(xx->subs(subs(s=x,xx),'s-x'),ps),'*'); 

# Construct H(z) using residue c a l c u l u s , 

p : = i - > s u b s ( p s [ i ] , s ) ; ip:=nops(ps); 

r e a d l i b ( r e s i d u e ) : 

x : = ( l - z * * ( - l ) ) * s u m ( ' e x p ( p ( i ) * h ) / ( z - e x p ( p ( i ) * h ) ) * r e s i d u e ( 

G/s*Gext*Gcancel,s=p(i))', ' i ' = l . . i p ) ; 

x : = n o r m a l ( l i m i t ( l i m i t ( x , d s i n g ) , ' a ' = 0 ) ) ; 

x n : = s o r t ( c o l l e c t ( n u m e r ( x ) , z ) , z ) ; 

x d :=sort(collect(denom(x),z),z); 

# Format the output. 

OF:='Unassigned'; 

i f type(procname,'indexed') then 

OF:=op(procname); 

# p r i n t C Z o H sampled system i n ' . OF . ' form:'); 

f i ; 

i f 0F='PolyFrac' then xn/xd; 

e l i f 0F='Vector' then 

[ [ c o e f f s ( x n , z ) ] , [ c o e f f s ( x d , z ) ] ] ; 

e l s e 

x l : = l c o e f f ( x d , z ) ; 

i f degree(xd,z)<2 then 

f a c t o r ( c o l l e c t ( x n / x l , z ) / c o l l e c t ( x d / x l , z ) ) ; 

e l s e 

c o l l e c t ( x n / x l , z ) / c o l l e c t ( x d / x l , z ) ; 

f i ; 

f i ; end: 
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A.2 Solving the Diophantine design equation 

In order to place the poles of the repetitive control system, at radius a to 
get 'comb' filtering with low order models as described in the summary, 

the f u l l 2 Diophantine equation has to be solved. At present the polynomial 
feedback solution is supported. I t can also be used without the model H, 

giving an ordinary pole placement design. The Mathematica [66] code is 
presented after the example below. 

Session where the design equation is solved 

(* The reduced order model H *) 

K={1,2,3}; T0=2; wO=N[2 Pi/TO]; h=0.05; p=T0/h; 

alp=0.3; 

Ni=Length[K]; Nh=2Ni+l; a = a l p ~ ( l / p ) ; al=a; 

delta=wO h; psi=0.1; 

For[i=l,i<=Ni,i++,g[i]=Cos[delta K [ [ i ] ] ] ; 

H=(q-1) ProductCq~2-2 g[k] q + l , { k , l , N i } ] ; 

Ha=(q-a) Product [q~2-2 a g[k] q + a ~ 2 , { k , l , N i } ] ; 

tau=0.03; taud=0.2; 

A=q-Exp[-h/tau]; (* S=A S' *) 

d=Ceiling[taud/h]; 

Am=Ha; 

Ctt=DioSolve[A q~d,l,l,l,H,Am]; 

Mathematica answer: 
4 deadbeat poles added. 

E x t r a dynamics : q -> -0.408253 - 0.342266 I , 

q -> -0.408253 + 0.342266 I , q -> 0.309523 - 0.558309 I , 

q -> 0.309523 + 0.558309 I 

As an introduction to the function DioSolve, a note on polynomial 
degrees is included. 

Polynomial degrees The design equation (12) has deg{5 '}+deg{E'} + 

1 parameters (R' monic). Wi th causality follows that, with A~ the un-
cancellable part of A, the design equation is of order d e g { A _ i 7 Ä ' } . An 

2While, as shown in lemma 1, e.g. Zero Phase Compensation can not be utilized. 
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unique solution is obtained with 

degjS'} + deg{E'} + 1 = d e g { A - # E ' } 

giving 

deg{5"} = d e g { A - / / } - l 

To be able to implement a causal controUer deg{2?} > deg{5}. The 

controUer of lowest order is obtained at equahty, giving 

deg{HR'} = d e g { A V S ' } = deg{A} + deg{/ /} + d - 1 

and 

deg{Ä'} = deg{A} + d - 1 

Ma t h e m a t i c a code for the function DioSolve 

DioSolve[Aok_,Ax_,Bok_,Bx_,H_,Am_]:=If[Exponent[Bx,q]>0, 

"Not Solved yet.", 

Ns=Exponent[Ax H,q]-1; (* = deg Ax H - 1 *) 

S=Sum[s[i] q ~ i , { i , 0 , N s } ] ; 

Nr=Exponent[Aok Ax,q]-1; (* = deg A + d - 1, R monic *) 

R=Sum[r[i] q - i , { i , 0 , N r } ] / . { r [ N r ] - > l } ; 

If[(Wx=Exponent[Ax H R,q]-Exponent [Am,q])===0, 

Print["No deadbeat zeros added to the closed loop p o l e s . " ] , 

P r i n t [ S t r i n g F o r m [ " ' ' deadbeat poles added.",Nx]]]; 

EqL=CoefficientList[Expand[Ax H R + Bx S - q~Nx Am],q]; 

sol=Solve[Table[EqL [ [i]]==0,{i,1,Length[EqL]>], 

J o i n [ T a b l e [ s [ i ] , { i , 0 , N s } ] , T a b l e [ r [ i ] , { i , 0 , N r } ] ] ] ; 

P r i n t [ " E x t r a dynamics : ",Xdyn=Solve[(R//.sol)[[l]]==0,q]]; 

Xsens=H R/(q"Nx Am)//.sol; (* A s e n s i t i v i t y f u n c t i o n (1) *) 

Tr:=Bx S/(q~Nx Am)//.sol; (* The servo t r a n s f e r f u n c t i o n (2) *) 

Apart[Aok/Bok (Ss=Factor[S//.sol])/(Rs=Factor[H R / / . s o l ] ) ] [ [ 1 ] ] ] 

The transfer functions marked (1) and (2) is used to derive the ro

bustness bounds of [Paper I V ] . 
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A.3 Generating repetitive control code 

The development of RegSim started out in the early 80's in two rotary 
crane projects, Gustafsson [15] and Rönnbäck [47]. Much time was spent 
in searching for errors when transferring from the simulation environ
ment to real-time controUer code. In order to cope with this problem the 
simulation program Simnon [11, 6] was acquired. Mainly due to Umited 
computer capacity and that the acquired version of Simnon used a slow 
interpretator instead of fast compilation, the new program RegSim was 
written. As the people involved in the project had learned to appreciate 
the way dynamic systems were described in Simnon code, this syntax was 
also chosen for RegSim [15]. 

The more recent developments of RegSim include matrix arithmetics 
which together with vector valued nonUnear squashing functions aUows 
implementation of Artificial Neural Networks together with any other 
controUer or plant simulation code. An example of this is shown in the 
summary. 

In contrast to many other simulation and control environments it is not 
necessary to use a fixed sampUng rate in control appUcations. SampUng 
in RegSim may be triggered from an external source [15], aUowing for the 
synchronized sampUng of HiUerström [24] and [Paper I , I I ] . In repetitive 
control systems controlling e.g. a rotation this is a vital feature. 

The advantage with systems as RegSim and Simnon, is that the same 
code can be used in simulation and real-time control without any possibly 
erratic conversions. I t also allows for systems to be built up in a modular 
fashion with subsystems described in both continuous and discrete formu
lations. The code mainly consists of differential or difference equations, 
and is feasible to generate by hand for smaU systems. For large systems 
and, Uke in this case, for large or complex controUer code, the approach 
is taken to generate the RegSim code using a computer algebra system, 
Mathematica [66]. 

RegSim code generation example First the output code file and 
the discrete controUer's sampUng rate is declared. After this the Rows 
command is used to include some prespecified rows of controUer code. 
This is used for things that is not implemented yet. The Trans function 
then produces the actual controUer code which in its turn is generated by 
the function DioSolve above. EventuaUy the controUer code is ended and 
file is closed. 
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M a t h e m a t i c a session 

RegFile["Reg7a2n.c"3 (* ... or j u s t [stdout] to preview *) 

DiscSystem["Reg",0.02] 

Rows[{"e=r-y[Plant];","r=pi;", 

StringForm["\"alpha="",al] ,StringForm["\"K='' " ,K]}] 

Trans[u,N[Ctt,30],e] 

Rows[{"um=-u"," ","\" ZOH systemmodel", 

"a=exp(-h/tau[Plant])*aerr; aerr:1.0", 

"b=k[Plant]*(1-a)*berr; berr:1.0"}] 

EndDisc; 

C l o s e F i l e 

Mathematica answer: 
The code i s w r i t t e n on f i l e Reg7a2n.c 

M a t h e m a t i c a code for the code generation functions 

(* I n i t i a l i z a t i o n s *) 

CurrentSystem="Undefined"; CurrentType="Discrete"; 

CurrentSamp=l; CurrentFile="stdout"; sCode="stdout"; 

RegFile[x_]:=If[Head[x]===String, 

sCode=OpenWrite[CurrentFile=x,FormatType->OutputForm, 

PageWidth->Infinity]; C l e a r [ h ] ; 

Write[sCode, " \" RegSim code generated by a Mathematica 

package \" Gunnar Hillerström LuTH, ver 0.02ß ; L a s t e d i t i o n : 

J u l y 8 '94. " ] , 

If[x===stdout,sCode="stdout";, 

StringForm["Command R e g F i l e [ " ] i s i l l e g a l , 

use a s t r i n g argument.",x]]]; 

CloseFile:=If[sCode==="stdout", 

"The code i s presented on screen ( s t d o u t ) . " , Close[sCode]; 

StringForm["The code i s w r i t t e n on f i l e '' .11 , C u r r e n t F i l e ] ] ; 

(* Tools f o r generating the code *) 

t r a n s f [ x _ L i s t , y _ L i s t , u _ ] :=StringForm["transf ( ' ' , " , " ) " ,x,y,u] ; 

PrintRow [ a _ , x . L i s t ] : = D o [ I f [ i = = = l , 

I f [i===Length[x], 

Write[sCode,a,StringForm["'';\n",x[[i]]]] , 

Write [sCode, a, S t r i n g F o r m [ " " + !", x [ [ i ] ] ] ] ] , 

If[i===Length[x] , 
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Write[sCode," ",StringForm["" ; \ n " , x [ [ i ] ] ] ] , 

WritefsCode," " , S t r i n g F o r m [ " < ' + ! " , x [ [ i ] ] ] ] ] ] , { i , L e n g t h [ x ] } ] ; 

Rows[x_List]:=If[Length[x]===l, Write [ s C o d e , x [ [ l ] ] ] , 

W r i t e [ s C o d e , x [ [ l ] ] ] ; Rows[Drop[x,1]]] 

DiscSystem[Name_,h_]:=If[Head[h]===Real, 

CurrentSamp=h; 

Rows[{" ".StringForm["DISCRETE SYSTEM ''\n",CurrentSystem= 

Name],"Time t","Tsamp t s " , " t s = t + h ; \ n " } ] , 

CurrentSamp="Undef"; 

Rows[{" ".StringForm ["DISCRETE SYSTEM '' \n" ,CurrentSystem= 

Name],"Time t","Tsamp t s " , S t r i n g F o r m [ " t s = t + h [ ( c ] ; \ n " , h ] } ] ] ; 

EndDisc:=If[CurrentSystem==="Undefined", 

StringForm["Error using EndDisc [ * ' ] . No System has been 

defined, t r y DiscSystem[..] or ContSystem[..].",h], 

If[Head[CurrentSamp] ===Real, 

Rows[{StringForm["h:'';\n".CurrentSamp] , 

StringForm ["END \" " ".CurrentSystem]," " } ] , 

Write[sCode,StringForm["END \" " ".CurrentSystem," " ] ] ] ; 

CurrentSystem="Undefined";] ; 

(* Pars e r f o r each t r a n s f e r f u n c t i o n *) 

ParsEq[H_,u_]:=If[Head[H] ===Times, 

{ t r a n s f [ R e v e r s e [ C o e f f i c i e n t L i s t [ N u m e r a t o r [ H ] , q ] ], 

Reverse[CoefficientList[Denominator[H],q]],u]}, 

T a b l e [ I f [ L e n g t h [ H [ [ i ] ] ] <2, If [ H [ [ i ] ] = = = q , 

"Not a proper t r a n s f e r function" , H [ [ i ] ] u ] , 

t r a n s f [ R e v e r s e [ C o e f f i c i e n t L i s t [ N u m e r a t o r [ H [ [ i ] ] ] , q ] ] , 

R e v e r s e [ C o e f f i c i e n t L i s t [ D e n o m i n a t o r [ H [ [ i ] ] ] , q ] ] , u ] ] , 

{ i , 1 , L e n g t h [ H ] } ] ] ; 

Trans[y_,H_,u_] :=PrintRow[StringForm[""=" ,y] ,ParsEq[H.u]] ; 
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Abstract 

The aim of this paper is to study angular velocity control of a rotating 
axis, a peristaltic pump where the disturbance is associated with certain 
angular positions. The use of a constant samphng rate then implies vary
ing disturbance period. A discrete repetitive control scheme based on 
a reduced order disturbance model tuned to the setpoint of the angular 
velocity is shown to reject the modeled disturbance with asymptotically 
zero error. Wi th axis angle synchronization of samphng, the plant model 
is time-varying but i t gives a static discrete disturbance model indepen
dent of the angular velocity. I f the deviation from the nominal working 
point is not too large this is to prefer while it gives faster convergence. 
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1 Introduction 

Periodic disturbances are often encountered in process control. To sup
press them (or track periodic reference signals) a model can be included 
either in the feedback-loop, Internal Model Principle IMP (Francis & 
Wonham, 1976) based controllers, or as an external model with model 
output that cancel the effect of the disturbance, Tomizuka et.al. (1990). 
IMP based controllers with a model of a periodic disturbance or reference 
signal are known as repetitive. 

Control of a rotating axis, where the disturbance is coupled to the angle 
but not affecting its rotation, has been described e.g. for hard disc-drives 
control Chew & Tomizuka (1988). Closely related is also the problem 
of tracking a periodic setpoint e.g. when generating a non-circular cross 
section using a lathe Tsao & Tomizuka (1988). 

For the application considered in this paper, a peristaltic pump, there 
is an additional difficulty: the disturbance is significantly affecting the 
rotational speed, which in turn affects the disturbance. The disturbance 
can be modeled as a nonhnear feedback, HiUerström (1992). 

I f 'normal' fixed time-interval sampUng is used the disturbance period 
wiU change with the rotational speed, since the disturbance is directly 
coupled to the axis angle. I f a repetitive controUer with a static dis
turbance model is used, the disturbance wiU not fi t the model until the 
setpoint is reached. This is fine for constant setpoints with an integrator 
that drives the process to the setpoint. A set of static disturbance models 
tuned to different angular velocity setpoints can then be used. There is 
however a problem when trying to track a time varying setpoint because 
then the disturbance model must be altered. I t is not straight forward 
to derive how to change the model and the controUer parameters while 
keeping good performance and stabihty. This technique also gives slow 
convergence rate. 

A better technique (also used in Tsao & Tomizuka (1988)) is sampUng 
with a varying interval at fixed angular positions. A static disturbance 
model wiU then always fit the disturbance, because i t is periodic in the 
axis angle, giving fast convergence and aUowing setpoint tracking. The 
controUer must however be robust against varying discrete-time process 
model due to the varying sampUng rate. This is no problem if the setpoint 
changes are smaU. The internal model provides infinite closed loop gain 
for the modeled frequencies, and the controUer removes the disturbance 
as long as the closed loop system is stable. I f however the setpoint change 
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is so large that there is a mismatch between the modeled time delay used 
in the design and the 'real' one the system may become unstable, see e.g. 
Walgama (1991). 

2 The Experimental Plant 

The experimental plant, a peristaltic pump intended for blood-pumping 
in a dialysis machine, is presented in Fig. 1. 

Fig. 1: The experimental plant 

The pump is described in more detail in Fig. 2. Every lap the tube 
must be compressed and released by each roller. This introduces a large 
periodic disturbance, and the axis may almost stop at low paces. 

Fig. 2: The pumping device 

Plant Model Interactions between rollers and tube cannot be easily 
modeled. Therefore the fluctuations are instead interpreted as a periodic 
(in the axis angle 6) torque disturbance v acting on the DC-motor, which 
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can be described by a first order system where u is the input voltage, rd 

the time delay, and y the angular velocity. 

y(t) = --y(t) + ~u(t - rd) + -v{t) 
T T T 

0(t) = y(t) 

W i t h disturbance coupled to the axis angle by some periodic function g(-), 
a good model is a nonhnear feedback v(t) — g(6(t)). The problem with 
this process model is that g(-) is large and unknown, and controUer design 
can not be done using hnear theory. I f the controUer performs weU the 
disturbance wiU asymptoticaUy be periodic. The approximation of v(t) 
periodic and plant being Unear is therefore made. In discrete-time the 
plant model then is 

ijpump- 1 — aq~^ W 

and the parameters are obtained by an identification experiment. 
AU polynomials in the sequel have as arguments the backward shift 

operator q~* i f not otherwise stated. 

Disturbance Models A periodic disturbance vk with discrete period p 
can be described by 

( l - q - p ) v k å H p v k = Q 

The zeros of Hv are equaUy spaced on the unit circle, so that aU harmonics 
below the Nyquist frequency are modeled. 

A lower order disturbance model Hm that only models some harmonics 
is a product of an integrator and M second order polynomials Hk each 
modehng one frequency 

Hm = ( l - q - ^ J l H k ; £c{leZ+\l<^} 

Hk = ( l - 2cos(koj0h) q'1 + q~2^j 

where u>0 = 2ir/T0 is the fundamental frequency of the disturbance, Z+ 
the set of positive integers and K, denoting the set of modeled frequency 
indices. 
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3 Repetitive Controller 

The error tracking polynomial controUer (Fig. 3) wiU be used and the 
closed loop transfer functions are, 

T i T 

Bq~dS Bq~dR 

AR + Bq~dS 

from rk and vk to yk respectively. 

T -
-Ly — AR + Bq~dS 

(2) 

) — • 

A 

Vk 

Fig. 3: Polynomial error tracking controller 

H (holds for both Hp and Hm) is zero for the modeled disturbance 

frequencies. Placing H in the denominator of the controUer, R — R'H, 

imply infinite closed loop gain for these frequencies. The effect of v k 

wiU then vanish from the output yk i f S and R' are chosen using the 

Diophantine identity 

AR'H + Bq~dS = Am (3) 

so that the closed loop system is stable. Since Tv contains a factor H, (2) 
give 1 

Vk = Trrk + T'vHvk -> TTrk 

and convergence towards the undisturbed response is determined by the 
closed loop system poles and the zeros of T'v. 

I f plant dynamics are sufficiently fast, its modes are preserved by choos
ing Am = AA'm which simphfies solution of (3). Remaining closed loop 
system poles are placed on a circle with radius 0 < a < 1, by choosing 
Am = AH(aq~1). This has the advantage that when a is near one, the 
poles of the system extended with the disturbance model are not much al
tered which gives smaU control signals, see Åström & Wittenmark (1984) 
chapter 10. This pole placement together with (2) gives 

Bq~dS Bq~dR' TT 

Vk = — fk + -. Havk 

•™-m A 

'This is the key point of the internal model principle 
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where Ha is given by 

01 n m a — 

for the fuU and lower order model respectively. The disturbance is rejected 
through a 'comb' filter as shown in Fig. 4. 

10 -

5 -

o -
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ai

n 
dB
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Fig. 4: The 'comb'filter Hpa for a = 0, 0.9, 0.95 and 0.99. Samphng frequency 
is 20 Hz a n d p = l l . 

Choosing the model Wi th two equal rollers mounted on the pump 
axis, the dominating disturbance power is concentrated to even numbered 
harmonics of the fundamental frequency, the rotational speed. The re
duced model Hm is chosen while it is not necessary to model all p/2 
harmonics giving a smaller design equation. To avoid numerical errors, 
and thereby a non-rejecting disturbance model, i t is important to imple
ment the disturbance model with care. Models for different harmonics Hk 

are implemented separately in a block-diagonal form. An implementation 
of the Hm polynomial in e.g. a controller canonical form, can imply bad 
disturbance rejection and even unstable closed loop system. 
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4 Experimental results 

The pump is controlled using angular velocity measurements from the axis 
encoder (Fig. 1) with a Frequency to Voltage converter ( F / V ) . The F / V 
and 4th order Butterworth anti-aliasing filter introduce some time delay, 
and an identification experiment gives d = 3 together with a = 0.644 and 
6 = 0.374 at 20 Hz samphng rate (p=40 for the 'synchronous' samphng). 

Two samphng techniques are compared. 'Normal' zero order hold sam
phng with a fixed time interval h, y.k = y(kh), and 'synchronous' samphng 
by clocking P pulses from the encoder. P must divide the total number 
of pulses per lap PL, i.e. PT, mod P = 0. 

The disturbance model Hm used contains M — 9 harmonics with 
/C={1...6,8,10,12} and the design equation (3) is solved with deg{S} = 19 
and deg{R'} = 3. 

>> 2 

If 

10 20 30 40 50 60 

3 4 

9 

i I i 
10 20 30 40 50 60 

t (s) 
Fig. 5: 'Normal' sampling with a = 0.97 

'Normal' sampling The closed loop system convergence (Fig. 5) is 
slower than expected from the pole location (a = 0.97 ap « 0.3). The 
disturbance model does not fit the actual disturbance until i t reaches the 
setpoint which reduces the convergence rate. How the controller handles 
a large step disturbance at t = 30s (generated by folding the plastic tube) 
is also shown in Fig. 5. As the controller drives the system back to the 
set point, the periodic disturbance gets rejected again. Control voltage 
becomes about twice as large as without the step disturbance. Note also 
that the step is so large that the pump initially stops completely. 
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Fig. 6: Spectrum of the stationary plant output (—) with a = 0.97 together 
with the output and spectrum (- -) with a constant input to the plant 

The control signal during the step disturbance shows a problem with 
'normal' samphng. The internal disturbance model gets destroyed when 
the angular velocity and thereby disturbance change. I t has to be rebuilt 
almost from scratch. Remaining disturbance power is in stationarity 0.3%. 

A power spectrum of the stationary disturbance level with and without 
controUer (Fig. 6) shows remaining amount of the different disturbance 
harmonics. Notice that the largest peak is about 5 units compared to 
over 100 for the uncontroUed plant. The largest peak of the uncontroUed 
spectrum is located at two times the fundamental frequency of the pump 
axis rotation reflecting that there are two roUers on the pump axis. 

0 10 20 30 40 50 60 

Wuiiiiiiyiiiirt 1 1 • 
10 20 30 

t(s) 
40 50 60 

Fig. 7: 'Synchronous'sampling, a = 0.97 
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'Synchronous' sampling Convergence to the setpoint (Fig. 7) is about 
twice as fast as with 'normal' samphng. Remaining disturbance after four 
laps is less than 2%. The robustness of the controUer is tested as before. 
The periodic disturbance rejection is less affected, since the disturbance 
model fits the actual disturbance better than in the previous case, despite 
slower sampUng rate than for the 'normal' sampUng during this time of 
reduced angular velocity. 

Wi th 'normal' sampUng there was a problem with setpoint tracking, 
due to the static disturbance model. Tracking abihty with a faster pole 
placement a = 0.9 =>• a p « 0 . 0 2 i.e. almost 'dead-beat' is shown in Fig. 8. 

0 10 20 30 40 50 60 

Fig. 8: Tracking with the error controller, a = 0.9 

The step response is fast but with a lag due to the large controUer 
polynomials and the use of an error tracking controUer. To get rid of the 
lag we can in this case introduce feed forward of the setpoint. 

S A(l) 
u = i e k + W ) r k 

There is only one smaU transient appearing exactly one period or 2s after 
a step in the setpoint is apphed (Fig. 9). However, for less drastic setpoint 
changes fast tracking is achieved. 

5 Conclusions 

Disturbances affecting a peristaltic pump can, despite temporary non-
periodicity in real time, be rejected using a repetitive controUer based on 
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Fig. 9: Tracking with the error controller extended with feed forward of the 
setpoint, a = 0.9 

a static reduced order model. 

I f i t is possible, much is to be gained by samphng synchronously with 
the disturbance instead of with a fixed time-interval. The disturbance 
model fits the actual disturbance better than with 'normal' samphng. 

Then it is also possible to achieve high accuracy tracking using an error 
tracking polynomial controUer, completed with a simple feed forward of 
the setpoint. 
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Abstract 

In this paper i t is discussed how to design a discrete-time 'polyno
mial controUer' for a SISO-system, while simultaneously considering the 
rejection of a periodic disturbance and the tracking of a reference input. 
I t is also discussed how some recently developed results on 'anti-windup' 
can be utiUzed for the handUng of actuator constraints. The ideas are 
appUed to the control of a peristaltic pump, intended for blood-pumping 
in a dialysis machine. A number of different practical aspects are treated, 
such as problems due to variations in the periodic-time of the disturbance, 
measurement noise, time-varying process parameters, aUasing, numerics, 
computer overload, etc. In particular i t is demonstrated how the variation 
in the periodic-time can be handled by synchronizing the sampUng with 
the angular position of the pump axis. Experimental results are shown in 
order to verify the usefulness of the different solutions. 
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1 Introduction 

Periodic disturbances are present in most processes containing rotary ma
chines such as pumps, lathes, mills, computer disk drives, etc. Concerning 
the design of controllers for Periodic-Disturbance Rejection (PDR) it is 
well-known that a utilization of the Internal Model Principle (IMP) due 
to Francis and Wonham [1] is in general advantageous. Since the result
ing controllers will have a periodic impulse-response they are sometimes 
referred to as repetitive controllers. Continuous-time repetitive controUers 
are e.g. studied in Hara et al. [2] and discrete-time repetitive controUers 
are treated by Åström & Wittenmark [3, Sec. 10.8], Chew k Tomizuka [4] 

and Walgama [5, Part V] . 
UtiUzation of the IMP guarantees that 'perfect' PDR wiU be achieved 

in steady state i f certain ideal conditions are met. However, in practice 
this is almost never the case, typicaUy due to problems with variations 
in the periodic-time of the disturbance, actuator constraints and other 
non-hnearities, unmodeled and/or time-varying process-dynamics, hmited 
numerical accuracy, overload in the computer, aliasing effects, etc. The 
aim of the present paper is to give some views on how to handle some of 
these problems, and it is done by means of a case study. 

The process subjected to control is a peristaltic pump intended for 
blood-pumping in a dialysis machine, and it is iUustrated in Fig. 1. A 
discrete-time controUer is used, and the design objective is to bring the 
rotational speed of the pump-axis to foUow the variations of an operator-
generated reference input, so caUed setpoint tracking. This means that 
also the servo-problem must be considered in the design, i.e. in addition 
to the PDR-problem and the practical problems mentioned above. It must 
not either be forgotten to consider the eventual presence of measurement 
noise and non-periodic process-disturbances. 

The design is based on a polynomial approach similar to the method
ology presented in Åström & Wittenmark [3, Ch. 10], however with some 
modifications needed for the handhng of actuator constraints. The latter is 
done by introducing anti-windup according to the ideas of Rönnbäck et al [6], 
which is beheved to be a novel approach in connection with PDR. 

The paper is organized as foUows. In Section 2 ideal conditions are 
assumed, and it is shown how to design a 'polynomial controUer' while 
simultaneously considering different aspects such as PDR, setpoint track
ing, and measurement-noise rejection. In Section 3 i t is discussed how 
to model the process, and in Section 4 how to control it by utiUzing the 
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Fig. 1: In a peristaltic pump the ßow is achieved by compressing a plastic tube 

with two rotating rollers. 

results of Section 2. Some experimental results are given in Section 5, 
where also the effects of actuator constraints are demonstrated (i.e. the 
'windup problem'). How to reduce the windup phenomenon by introduc
ing anti-windup is described in Section 6, and finally, in Section 7 some 
conclusions are made. 

2 Controller Design 

In this section it will be discussed how to design a so called 'polynomial 
controUer' for a Linear and Time-Invariant (LTI) control-system according 
to the configuration in Fig. 2. The analysis wiU be made for the discrete-
time case, and the process is characterized by the pulse-transfer operator 
B(q)/A(q), where B and A are assumed to be coprime, with A being 
monic. For simphcity the argument of polynomials and transfer-operators, 
i.e. the forward-shift operator q, wiU mostly be omitted. 

As a basis for the design, the relationships between the inputs and the 
output of the closed-loop system wiU be used. They are given by 

' = ÄRTBS^TW + R ß - S ^ 

= Hww + H ß ß - H y l (1) 

where Hw, Hß and i f 7 denote transfer-operators resulting from ehmina-
tion of aU the common poles and zeros. The R—polynomial wiU be con-
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Fig. 2: A 'polynomial controller' is used for the control of a SISO-process 
affected by a disturbance ß. The input j represents the measurement noise. 

sidered as monic, since the inverse of its highest-degree coefficient can as 
well be included as a constant factor in S and T. This means that also the 
characteristic polynomial AR+BS will be monic, since deg[A] > deg[5] 
and deg[E] > deg[5] due to causahty restrictions. 

Periodic-Disturbance Rejection. I t is assumed that ß has a periodic 
part with periodic-time To, and hence its frequency spectrum must have 
a component at the fundamental frequency UQ = 2IT/TQ. Depending on the 
'shape' of this periodic part there will also be some more or less dominating 
components at the harmonics 2U>Q, 3O>O, • • - e tc . . . . 

From (1) i t is obvious that, with respect to the samphng instants, 
complete PDR will be achieved in steady state if the system is both stable 
and the magnitude of Hß(e^wh) {h denotes the samphng interval) is zero 
at those harmonics which 'contribute' to the disturbance. That is, they 
wiU then be 'blocked' by Hß. This requires R to have a factor with zeros 
at q = e±JW°h, e

± j 2 u ; ° h , e±j3"°h, . . .e tc . . . , and hence it should be chosen 
according to the factorization 

R = RdRß = Rd f[ ( l - e 3 k w o h ) (2) 

fc=—n 

where the factor Rd remains to be 'd'esigned, and n is the number of 
the 'highest' harmonic to be rejected. The zero at q = e^0w°h = 1 has been 
included in order to achieve integral action, which can be interpreted as 
PDR with respect to the 'zero-frequency'. An interesting observation is 
that the controller-modes corresponding to Rß can be interpreted as the 
'internal disturbance-model' prescribed by the IMP. 

Choosing the Sampling Interval. The system is 'open-loop' between 
the samphng instants, and to avoid inter-sample problems it is thus nec-
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essary for the sampling-rate to be sufficiently high compared to the fre
quency of the highest harmonic to be rejected. I f e.g. i t is desirable to have 
£ n samphng-intervals during each of its periods, then h must be chosen 

according to 

h* = ^SL = - ^ where l n G R + (3) 

The number of samphng intervals during each period of the other 

harmonics will be given by 

(4) 

where k is the number of the harmonic (cf. (2)). An important special 
case is when £ n is chosen as 

K = ^ ~ 1 where £ G { o , l } (5) 

since then nt*n becomes an integer with a value such that the expression 
for Rß can be simplified according to (cf. (3) and (2)) 

R*ß = fl ( q - e W ) = q 2 ^ - 1 = qnt» - 1 (6) 

This means that the zeros of R*ß wih be uniformly distributed over 
the unit circle, and there wih be an integer number of samphng-intervals 
during each period of the disturbance (cf. (3)). This particular way of 
choosing Rß and the samphng interval is often encountered in connection 
with PDR, see e.g. Chew & Tomizuka [4] and Walgama [5]. 

I t is however important to notice that with this choice the number of 
samphng intervals during each period of the highest harmonic will only 
become 2 and 2 + ( l / n ) respectively (cf. (5)). This is of course insufficient 
in cases when the highest harmonic contribute significantly to the distur
bance, which is also reflected in that £n>2 is the hmit required by the 
samphng theorem. The obvious solution to this problem is to choose the 
highest harmonic to be sufficiently higher than those which contribute to 
the disturbance. 

There are also a number of other aspects to consider when choosing 
the samphng interval (see e.g. Åström & Wittenmark [3]), but for the 
purposes of this paper the discussion above is sufficient. 
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Disturbance Rejection Poles. The 'blocking'-zeros of Hp are not 
alone a guarantee for the achievement of suitable PDR-properties, since 
also the poles have a significant influence. According to (1) they are de
termined by R and S, and hence Rd and S must be designed in order to 
solve the following Diophantine equation 

ARdRp + BS = AC (7) 

where Ac is the desirable 'characteristic polynomial. 
Choosing Ac can. be a rather difficult task, since i t will e.g. be neces

sary to compromise between the conflicting demands on 'fast' PDR and 
'low' sensitivity to measurement noise (cf. H7 in (1)). In some cases i t is 
also necessary to consider that certain choices can cause numerical prob
lems, especiaUy when high-degree polynomials are involved, as is often the 
case in PDR-applications. Such problems wiU however not be penetrated 
any further at this stage since they are strongly apphcation dependent 
due to the presence of A, B and Rp in (7). Note however that Rp and 
A c should always be coprime, since otherwise some 'blocking'-zeros wiU 

become canceled in Hp. 
An important observation concerning (7) is that, i f i t is desirable to 

have the open-loop process poles as part of the closed-loop poles as well, 
then A should be included as a factor in both Ac and S prior to solving. 
This is because A can then be ehminated and hence the solution becomes 
easier. 

Setpoint Tracking. The dynamic properties with respect to setpoint 
tracking are determined by Hw (cf. (1)), which can easily be given desirable 
poles. I f they are not already part of Ac then i t is simply a matter of 
adding them as a factor. However, then i f they are unacceptable from a 
disturbance-rejection point of view it must be remembered also to included 
them in R and S. That is, in order to make them become canceled in Hp 
and Hy. Similarly, i f Ac already has some factor which is undesirable in 
Hw, then it must be canceled by including i t in T. Also the static gain of 
Hw can easily be determined by including a suitable constant factor in T. 

Solving the Diophantine Equation. The Diophantine equation (7) 
wih have a solution if and only if the common factors of ARp and B also 
divides Ac (cf. Åström & Wittenmark [3, Theorem 10.1]). Since A and B 
axe coprime it is thus a matter of whether Rp and B ave coprime or not. I f 
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not, then one solution is to modify either Rß or B, where the latter can be 

done by choosing another samphng interval. Another solution, which can 

be used when the common factor is stable and sufficiently well damped, 

is to include it in Ac. However, this is obviously not to recommend when 

Rß is chosen according to (2). 
The solution of (7) can e.g. be found by introducing Rd and S with 

unknown coefficients, and then equating coefficients of equal powers of q. 
However, first i t is necessary to determine sufficient degrees of Rd and S. 

Polynomial Degrees. It has already been concluded that, due to causal
ity restrictions i t is necessary that deg[ARdRß] > deg[i?5] (recall that 
R = RdRß). From (7) i t thus follows that 

deg[Rd] = deg[A c] - deg[A] - deg[Rß] (8) 

According to the Corollary of Theorem 10.1 in Åström & Witten
mark [3] there exist a unique solution such that deg[5] < deg[ARß]. Hence, 
it must be sufficient to choose 

deg[5] = deg[A] + d e g [ Ä / 3 ] - l (9) 

By substituting (8) into the causahty restriction deg[T]<deg[RdRß}, 
i t follows that 

deg[T] < deg[A c] - deg[A] (10) 

Similarly, by substituting (8) and (9) into the causahty restriction 
deg[S]<deg[RiRß], i t follows that 

deg[A c] > 2 deg[A] + deg[Rß] - 1 (11) 

This relation gives the minimum number of closed-loop poles that must 
be chosen prior to solving (7). Obviously this number is determined by 
the number of harmonics to be rejected. 

3 Modelling the Process 

Concerning the process to be controlled (cf. Fig. 1), the main problem is 
the fluctuation in the force between the rollers and the plastic tube. This 
fluctuation becomes particularly large during the switch from one roUer 
to the other, i.e. twice on each revolution. Since the interaction between 
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roUers and tube cannot easily be modeled the approach taken in this paper 

is to interpret the fluctuation as being caused by a periodic disturbance 

instead, acting on the input of the DC-motor. 

Concerning the 'rest' of the process, a simple identification experi

ment (step-response) was performed in order to determine the relation

ship between the input of the DC-motor and the rotational speed of the 
pump axis. The latter was measured using a pulse-encoder and an F /V-

converter, and the step was generated while the tube was compressed by 
only one of the rollers. I t was found that a first order LTI-model with 

time-constant 50 ms and unit static gain is sufficient. 
Since a computer (386PC) is used for the control, and due to the pres

ence of broadbanded measurement noise, an anti-aliasing filter must be 

used. A 4 t h order Butterworth filter (cf. Åström & Wittenmark [3, Ta
ble 2.1]) with manually adjustable natural frequency was chosen, mainly 

because i t happened to be available. The output from this filter is consid
ered as the process-output, and hence the ' total ' process can be modeled 

according to the following transfer operator 

<4 
G ( P ) ( l + 0.05p)(p 2 + 0.76w sp+o;2)(p2 + L 8 4 a ; B ; , + a , 2 ) ( 1 2 ) 

where p(= d/dt) is the differential operator, and uB is the bandwidth 

of the filter. A discrete-time equivalent of this model would be rather 

complicated to express, and since i t is not necessary for the purposes of 
this paper i t is only concluded that i t wiU be of the following type 

B(q) = b ig 4 + b2q
3 + b3q

2 + b4q + h ^ 

A(q) g 5 + a a g
4 + a 2 g

3 + a 3 g
2 + a 4g + a 5 

4 Controlling the Peristaltic Pump 

First of all the properties of the 'periodic' disturbance are investigated, by 

means of time- and frequency-analysis of the unfiltered output from the 
F/V-converter. In Fig. 3 both results are shown for a case when the input 
to the motor was kept at a level resulting in a periodic-time of about 1.47 s. 

Harmonics corresponding to even numbers are obviously dominating, and 
the reason for this is that both the rollers generates almost the same 

'shape', which thus is repeated twice on each revolution. Furthermore, 
it seems as i f it would be sufficient to reject frequencies up to the 12 t h 

harmonic. 
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1024 point FFT, fundamental frequency 0.68 Hz 

15 

Frequency (Hz) 

Fig. 3: The switching of rollers gives rise to significant dips in the rotating 

speed, twice each revolution. The sampling frequency during the experiment was 

200 Hz. 

For other levels on the input to the motor the spectrum looks similar, 
but the harmonics are then located at other frequencies, due to the change 
of rotational speed. 

Choosing the Sampling Interval. Changes in the rotational speed 
will cause problems with respect to the PDR i f the samphng is synchro
nized with the time-scale. The reason for this is that, unless the zeros of 
Rß (cf. (2)) are relocated when U>Q changes, some other frequencies than 
the desirable harmonics will be 'blocked'. Unfortunately such a relocation 
cannot easily be achieved, since i t is not obvious how to track the varia
tion of UQ. The problem becomes even worse when using Rß, since then 
the length of the samphng-interval must be changed according to (3) for 
the expression in (6) to be valid. 

One method to avoid these problems is to synchronize the samphng 
with equidistant angular positions of the pump-axis instead. This results 
in the same number of samples during each revolution, i.e. during each 
period of the disturbance. Hence, the length of the samphng-interval 
becomes 'automatically adjusted' such that u>oh is kept constant. Rß 
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(cf. (2)) can thus be rewritten as 

R ß = f [ { q - ^ ) (14) 

k——n 
where m is the integer number of samples during one revolution. 

Since in this way the zeros of Rß becomes independent of w 0 , they 
will always 'block' at the desirable frequencies. In particular, by choosing 
m = nl*n(cf. (5)) R°Q becomes equal to R*ß (cf. (6)), and hence all harmonics 
up to the Nyquist-frequency will be rejected. However, one drawback with 
this method is that, since the coefficients of the discrete-time model (13) 
depends on h, they will no longer be time-independent, as wih soon be 
discussed. 

During the experiments the synchronization was accomphshed by uti
lizing the pulse-encoder for interrupt generation, and m = 50 was chosen. 
Hence, 4 = 5 0 which if substituted into (4) results in £ i 2 =50/12 » 4.17. 
This might seem too low, but hopefully i t will be sufficient since the mag
nitude of the 12 t h harmonic is comparatively low (cf. Fig. 3). 

Choosing the Bandwidth of the Antialiasing Filter. The desir
able range of operation is [0.5x,2x] rad/s (i.e. [0.25,1] revolution/s), and 
since the samphng-frequency is given by LJS = mwo = 50wo it means that 
the Nyquist-frequency uN wih vary within the interval [12.5x,50x] rad/s. 
From this point of view the bandwidth of the Butterworth-filter (cf. (12)) 
should be chosen such that uB < 12.5x rad/s. However, for large reference 
values this would result in UJB being very low compared to the significant 
harmonics of the disturbance, and hence their influence on the filtered 
measurement signal wih be reduced. I t thus becomes 'difficult ' for the 
PDR-controUer to extract sufficient information about the shape of ß, 
and this probably results in higher sensitivity to measurement noise. 

An obvious way to overcome this problem is to use a low-pass filter 
with a bandwidth that can be controlled by an external signal. Hence, 
i t can e.g. be set by the controUer such that it always has some fixed 
relation to u>N. a coefficients, i.e. with respect to the transformed above. 
However, during the experiments only two manuaUy adjustable filters were 
available, and hence only two operating intervals could be used. They were 
chosen with respect to the value of the reference signal w as [0.5x, 1.25x] 
and ]1.25x,2x] rad/s, and the filters were tuned for w = n and 1.75x rad/s 
respectively. 
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Another important aspect to consider while choosing u>B is that, since 
it influences the zeros of the 5-polynomial (cf. (13)) it also influences the 
coprimeness of Rß and B (cf. the discussion in Section 2). By studying 
the root-locus of B while varying u>B i t was found that values around 
uB&0.5u)N and LJb&1.5UN results in a real-valued zero close to q — —l. 

This will cause numerical problems when Rß is chosen to reject harmonics 
close to Ulf,, since i t corresponds to 'blocking'-zeros which are also close to 
q = -l (cf. kuo<uN = K/h in (2)). In particular this wih be the case i f Rß 

is chosen according to (6), and then especially if nl*n is even, i.e. i f £ = 0 
in (5). 

It was found that a suitable compromise between numerical and anti
aliasing aspects is achieved by choosing u>B&1.2u}N. Hence, since m = 50 
and thereby u>N = 25u>o i t means that LJb&30UJO. Applying this relation 
to the two filters mentioned above, results in a; B «307r and 52.5x rad/s 
respectively. 

Problems with 'Time-Dependent' Parameters. Since h wiU vary, 
due to the chosen samphng-technique, the parameters of the discrete-time 
process model (13) wih become time-dependent, even though the process 
model (12) is LTI . However, this would not be the case for the 'filter'-part 
i f its bandwidth had been 'controllable', since then the choice wB=1.2wN 

would result in a time-dependence such that its discrete-time equivalent 
becomes L T I instead. But, since the 'process'-part of (12) cannot be 
adjusted in this way, the problem would remain to some extent anyway. 

One way around this problem could be to make a complete redesign of 
the controUer at each sampling instant, using the discrete-time model (13) 
resulting from the momentary value of h. Another approach could be to 
express the coefficients of the controUer-polynomials as functions of h, as in 
gain scheduhng. The latter approach was chosen for the experiments, and 
the h—dependence was stored in a table, which however did only contain 
two sets of parameters due to Umitations in the computer software. These 
sets were designed with respect to the same reference-values as mentioned 
above in connection with the choice of OJB, and they were also used within 
the same operating-intervals. 

Periodic-Disturbance Rejection. I t has already been concluded that 
it is probably sufficient to reject frequencies up to the 12 t h harmonic 
(cf. Fig. 3). However, since such a choice would result in Rß (cf. (2) or (14)) 
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being rather complicated, i t was decided to choose it as Rß = R*ß=q50 — 
1 instead (cf. (6)). This corresponds to choosing n = 25 in (14) (recall 
that m = 50), which means that rejection wih be achieved up to the 25 t h 

harmonic, which in turn is equivalent to the Nyquist-frequency. 

Disturbance Rejection Poles. The 59 closed-loop poles required by (11^ 
were chosen according to the factorization A c = Aq4(q50-a50). That is, 
since the open-loop process poles are sufficiently fast and well-damped 
they were kept unchanged. The disturbance rejection properties wih thus 

be given by (cf. (1)) 

_ R W ° - 1 ) _ BS 
ß ~ Aq4(q50 - a50) 7 Aq4(q50 - a 5 0 ) 

The factor q50 — a 5 0 corresponds to poles that are located at the same 
angular positions as the zeros of Rß, but at a distance a from the origin. 
Hence, a should be chosen 'small' in order to achieve a 'fast' decay of 
the output-amplitude induced by the periodic disturbance. However, this 
would also result in a fast response to measurement disturbances, which 
might not be desirable. Concerning the experiments, a can thus be used 
as a tuning parameter with respect to the conflicting demands on fast 
PDR and low sensitivity to measurement noise. Also note that A wiU 
be canceled in i f 7 , since i t will become a factor of S due to the solution 
of (7). 

Setpoint Tracking. Wi th respect to setpoint tracking it is desirable 
to reduce the delay in the controUer as much as possible. The degree 
of T should thus be chosen as high as possible, which according to (10) 
means that deg[T] = 54. Therefore T = q4(q50-a50) was chosen, where the 
factor q50 — a 5 0 was included in order to achieve a canceUation of the cor
responding closed-loop poles, since it may happen that they are chosen to 
be 'slow'. The servo properties thus becomes equivalent to the properties 
of the open-loop process, i.e. 

Hw = j (16) 

Note that there is no need for any constant factor in T, since B/A 

already has unit static gain as desirable (cf. p—»0 in (12)). 

82 



Doctoral Thesis: On Repetitive Control 

Paper I I . PDR and Tracking with Application to a Peristaltic Pump 

Solving the Diophantine Equation. Wi th the choices made above, 
the Diophantine equation (7) becomes ARd(q

50-l) + BS=Aq4(q50~a50). 

It was solved numerically, using polynomial degrees as given by (8) and (9), 
i.e. deg[üy = 4 and deg[5] = 54. However, prior to solving, the A—polynomial 
was included as a factor in 5, and then ehminated from the equation. 

5 Some Experimental Results 

The intention of this section is to demonstrate that the response to the 
inputs w, ß and 7 (cf. Fig. 1) are rather close to what could be expected 
from the properties of the transfer operators given in (15) and (16). 

< 
Q I , , 1 1 , , , L . 

0 5 10 15 20 25 30 35 40 

S o U _  
0 5 10 15 20 25 30 35 40 

Time (s) 

Fig. 4: PDR- and tracking performance when a 5 0 = 0.7. The controller is 
started at t = 2. 

In Fig. 4 the PDR-properties are demonstrated during the first 20 
seconds, for a case when a 5 0 = 0.7, and thereafter the tracking properties 
with respect to the reference input are shown. The peaks which occur in 
the output after about 30 seconds are due to the switch of parameter sets, 
which takes place when the reference input passes w = 1.25x^3.93 rad/s. 
I t is obvious from the control-signal that the periodic-time changes signif
icantly due to changes in the rotational speed. 

In Fig. 5 i t is first demonstrated that the PDR becomes 'faster' than in 
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Fig. 4 when choosing a lower value on a. The step response after about 15 
seconds shows that the servo properties are unaffected by the change of a, 
which was expected since a is not part of the parameters in Hw (cf. (16)). 
An 'external' disturbance is generated after about 22 seconds, by folding 
the plastic tube. The curve shows that the influence of this disturbance 
vanishes with dynamics corresponding to the poles of Hß (cf. (15)). From 
the shape of the control-signal it follows that such a disturbance can be 
interpreted as a change in the magnitude of the different harmonics in the 
frequency spectrum. 

5b 
< 

f>l 1 1 1 1 . 1 1 1 J 
0 5 10 15 20 25 30 35 40 45 

o o M I I , , , , , , , , J 
0 5 10 15 20 25 30 35 40 45 

Time (s) 

Fig. 5: PDR- and tracking performance when a 5 0 = 0.5. An 'external' distur
bance is applied at t&22, by folding the plastic tube. 

The first part of the curves in Fig. 6 shows that i t is even possible 
to choose all the 50 poles which are determined by a to be 'dead-beat'. 
However, as expected i t results in a significant increase in the sensitivity to 
measurement noise. The unexpected peaks during the first 20 seconds, and 
the terrible performance thereafter are due to control-signal saturations, 
which occur at levels 0 and 7.5. Such a performance degradation can be 
interpreted as a 'windup'-phenomenon, and hence it should be possible to 
reduce it by introducing 'anti-windup' into the controUer. How this can 
be done wiU be discussed in the next section. 
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Fig. 6: PDR- and tracking performance when a = 0. The controller is started 
at t = 0, and the tube is folded while t£ [20, 25], No anti-windup is used. 

6 Introduction of Anti-Windup 

There are many proposals in the literature on how to modify an already 
designed controUer in order to achieve anti-windup, see e.g. Åström k 
Wittenmark [3, Ch. 8 k 15], Hanus [7] and Walgama et al. [5, 8]. A rather 
general method based on transfer-operator analysis and pole-placement is 
proposed by Rönnbäck et al. [6], and since it is easy to apply, i t wiU be 
used here. 

The Windup Problem. The basic idea is to simphfy the analysis by 
making the system look Unear, despite the presence of the saturation 
non-hnearity. This is achieved by interpreting the difference between the 
process-input and the controUer-output as being caused by an equivalent 
disturbance 8. Hence, the only difference compared to Fig. 2 is that there 
wiU be one more input 6, acting in between the the controUer and the 
process. This input wiU also contribute to the process output, and hence 
the right-hand side of (1) must be extended with an additional term e, 

85 



Doctoral Thesis: On Repetitive Control 
Paper I I . PDR and Tracking with Application to a Peristaltic Pump 

which wih be given by 

This e is referred to as the 'windup error', since according to Rönnbäck 
et al. [6] aU deterioration due to control signal saturation should be in
terpreted as a windup phenomenon. The 'anti-windup properties', rep
resented by H5, are obviously equivalent with the PDR-properties repre
sented by Hß (cf. (1)). Hence, by studying Hß as given by (15) i t should 
be possible to explain the windup problems in Fig. 6. 

It then turns out that the 'peak'-problem could have been foreseen, 
due to the part of Eg that is given by ( g 5 0 - l)/(q50 - a50). That is, when 
a = 0 its pulse response consist of two output-pulses where the second one 
is delayed 50 samples. Since the generation of this second pulse demands 
a large control signal i t saturates again, and since this is equivalent to 
Hs being excited by one more input-pulse the whole procedure becomes 
repeated. Hence, if ever Hs becomes excited by 8, due to control signal 
saturation, i t seems likely that this wiU give rise to a never ending se
ries of peaks in the process output. However, their amphtude wih decay 
gradually due to the low-pass filtering characteristics of the other poles of 

Hs. 

Reduction of the Windup-Error . I t is proposed in Rönnbäck et al. [6] 
that the windup problem should be handled by modifying the polynomial 
controUer according to 

Fu = [F - PR]v + PTw - PSym (18) 

where v is either a measure or an estimate of the output from the actu
ator. In cases when the bounds are known v can easily be achieved by 
simply Umiting u inside the controUer. F and P are design-polynomials 
which must be properly chosen with respect to their influence on the anti-
windup properties. Due to causahty restrictions and to avoid algebraic 
loops they should be monic and satisfy the relation deg[F] = deg [PR]. 
Note that choosing F = R and P = l results in the original controUer. 

Due to pole/zero-canceUations inside the controUer, this modification 
leaves Hw, Hß and i 7 7 (cf. (1)) unaffected, while Hs becomes modified 
according to 

H t å ( A R + BS)P ( 1 9 )  
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Hence, only the anti-windup properties have to be considered while 
choosing F and P, and in the experiments they were chosen as 

F = q 5 ( q 5 0 - a 5 0 ) P = q - ß 

resulting in anti-windup properties as characterized by 

B q 
Ht 

A ( q - f i ) 

(20) 

(21) 

I t is obvious that the troublesome zeros corresponding to the factor 
g 5 0 —1 are no longer present, and the parameter p, can be used for tuning 
of the anti-windup properties. In Fig. 7 i t is demonstrated that this mod
ification results in a significant improvement compared to the previous 
case (cf. Fig. 6). 

& 

O 

Fig. 7: PDR- and tracking performance when a = 0 for a controller with 
anti-windup (fi = 0). The tube is folded while t G [20,25]. 

Finally, in Fig. 8 i t is demonstrated how the exponential decay of 
the windup error depends on the value of the tuning-parameter p,. While 
studying the curves i t should be remembered that the windup error (cf. (17)) 
is defined as the difference between the actual output and what i t would 
have been in case of an unbounded control signal. In this particular case 
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the specific choice fi = 0 results in anti-windup properties which are equiv
alent to what can be achieved by using either so called 'conditioning tech
nique' (cf. Hanus [7]) or the method proposed by Åström k. Wittenmark [3, 
Ch. 15]. 

u 20 22 24 26 28 30 32 34 36 u 20 22 24 26 28 30 32 34 36 
Time (s) Time (s) 

Fig. 8: Anti-windup properties for different values of p. The tube is folded 
while t £ [20,25]. 

7 Conclusions 

I t has been shown that, for LTI SISO-systems it is a rather straight for
ward procedure to design a discrete-time polynomial controller which can 
simultaneously track a reference-signal and completely reject a periodic 
disturbance. However, unfortunately the method is of hmited practical 
use since a rather exact knowledge about the fundamental frequency of 
the disturbance is required. It is therefore discussed how this problem 
can be overcome by synchronizing the samphng with the phase of the 
disturbance instead of with the time-scale. 

Furthermore, by means of a case study it is demonstrated that different 
practical problems can be dealt with, such as measurement noise, alias
ing, numerics, actuator constraints, etc. The process subjected to control 
is a peristaltic pump intended for blood-pumping in a dialysis machine, 
and the controUer is implemented in an ordinary 386PC-computer. In 
particular i t is shown that deterioration due to control-signal saturations 
can be sufficiently reduced by utihzing some recently developed results on 
'anti-windup'. 

However, even though rather successful results where attained in this 
particular study there are stiU a number of open problems to be solved. 
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For example, with respect to the PDR it is not obvious how to select which 
harmonics to be 'blocked' and neither how to 'place' the closed-loop poles. 
This is because these choices also influences the closed-loop properties in 
many other ways. For example, one particular choice can cause numerical 
problems, while another may lead to higher sensitivity to measurement 
noise and/or reduced robustness against unmodeled process dynamics. 
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Abstract 

In repetitive control based on the Internal Model Principle (Francis & 
Wonham [1]) much interest has been focused around the model comprising 
a time delay with a memoryless positive feedback around i t . A definite 
merit of this model is that, when used in the closed loop, i t will generate 
an arbitrary periodic signal. In discrete-time the model order increases 
proportionally to the rise in samphng rate, giving a high order model. The 
input (disturbance or reference) signal may however be concentrated to 
some frequencies rather than the whole band up to the Nyquist frequency. 
Then the model is too large in the sense that i t models frequencies that 
are not present in the input. The inactive part of the model can produce 
osciUations in the closed loop. OsciUations can be reduced by introducing 
a lowpass filter (or Q-filter Tsao & Tomizuka [2]) in the feedback path of 
the model, but thereby the asymptotic zero error property is lost. A lower 
order model is shown to overcome this problem and feasibihty iUustrated 
by a simulation example. 
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1 Introduction 

A repetitive controUer utiUzes the Internal Model Principle(IMP) (Francis 
& Wonham [1]), stipulating that a controUer should incorporate an input 
signal model to possess an asymptotic zero error property. This is in 
order to track periodic reference signals or reject periodic disturbances, 
most commonly with a period known in advance. 

Models for periodic signals must have its roots on the stabihty hmit, 
in its general form comprising a time delay with a memoryless positive 
feedback around i t . Frequencies included are then integer multiples of the 
fundamental up to the Nyquist frequency. Some of the main reasons for 
this model being commonly used in connection with repetitive control (see 
e.g. Tomizuka [3] and references therein) is that i t is simple, numericaUy 
insensitive and generates arbitrary periodic signals. It aUows generating 
signals with high-frequency content which can be used to reject discon
tinuous or 'hard' disturbance such as square wave. But with this abiUty 
foUows the problem of exciting high-frequency dynamics which normaUy 
are unmodeled and possible high frequency osciUations or even instabiUty. 

In many cases the time delay model is too large, in the sense that it 
models signals that are not present in the input, e.g. i f fast sampUng rate 
compared with the input signal bandwidth is used. Then the input signal 
is 'smooth' and the magnitude of different harmonics decay rapidly, so 
that the first few are dominating. 

I t is mainly the high frequency model part that is inactive. In case of 
high frequency noise or unmodeled plant dynamics this part may be ex
cited to produce fast osciUations in the closed loop. I t is thereby concluded 
in Tomizuka et.al. [4] that repetitive controUer performance is 'dramati-
caUy enhanced' by foUowing the Zero-Order Hold(ZOH) with a low-pass 
filter or using a Delayed First-Order Hold(DFOH) device. A further solu
tion to this problem, called Q-filter, is presented by Tsao & Tomizuka [2], 
As the high frequency part of the model introduces 'noise' it is better 
to suppress these controUer modes with a lowpass or Q-filter in the loop 
around the time delay, deactivating 'learning' at high frequencies. 

In the present study, a different solution to this problem is investi
gated by using lower order disturbance models for the case of periodic 
disturbances. The same technique can be used with minor modifications 
for reference tracking. 

In section 2 the problem is outUned in a delayed control discrete-time 
framework. Different models are introduced in section 3. Numerical sensi-
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t ivi ty depending on implementation is studied in section 4. The controUer 
is presented in section 5 and fmaUy simulation examples with the different 
models shown in section 6. 

Neither in simulation experiments nor in the peristaltic pump appU-
cation (HiUerström & Sternby[5]) has there been a problem with ZOH 
sampUng. Of course, i f there are weakly damped plant modes, e.g. in 
flexible structures, there can be advantages in using a smoother control 
signal but for most 'nice' processes this approach works fine. 

2 Basic assumptions 

AU polynomials in this paper have as arguments the backward shift oper
ator q~x i f not otherwise stated. 

The ZOH sampled model of the controUed continuous system is as
sumed to be 

Ay(t) = Bq-du(t) + ß(t) (1) 

with u(t), ß(t) and y(t) as input, disturbance and output respectively. 
Measurements ym used is corrupted by additive noise j(t) 

MO = »(0 + 7(0 (2) 

The transfer function from u to y is 

Bq~d B+B-q~d 

A 
m = deg{B } 

The numerator polynomial B is divided into two parts. B+ G D repre
sents the sufficiently damped zeros which may be canceled, with stabihty 
region D being the whole or a subregion of the unit disc. Uncancelable or 
'n'onminimum phase Bn = B~q~d. 

I t is assumed that the zeros of A are stable and {A, B} coprime, cor
responding to no hidden modes, and further that there is a polynomial 
model H of the deterministic disturbance ß available, so that 

H{q~l)ß = 0 (3) 

For periodic disturbances H wUl have its roots on the unit circle. B~q~d 

and H are not aUowed to have common roots for reasons that wiU be 
provided in the sequel. 

The control objective is to reject the periodic disturbance with asymp-
toticaUy zero error. 
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3 Disturbance models 

I t is assumed that the disturbance ß has a periodic part with period-
time To, and hence its frequency spectrum must have a component at 
the fundamental frequency uo = 2n/To- Depending on the 'shape' of this 
periodic part there wih also be some more or less dominating harmonic 
components. 

Wi th respect to the samphng instants, a complete signal model wih 
have a zero magnitude of H(e^wh) (h denotes the samphng interval) at 
those harmonics. This requires H to have factors with zeros at z = e^aJ°fl, 

e±j2w0h^ e±j3v0h^ . . . e t c . , and hence it should be chosen according to 
the factorization 

Hn(q~1)= f l ( 1 - e ^ V 1 ) (4) 

where n is the 'highest' harmonic number. The zero at z = e^0u'oh = 1 has 
been included in order to model a constant level and thereby achieve 
integral action, which can be interpreted as periodic disturbance rejection 
with respect to the 'zero-frequency'. 

I f an integer number of samphng-intervals during each disturbance 
period To = ph is chosen, a complete time-delay model then is 

Hp{q-1) = l-<TP (5) 

This model has the zeros uniformly distributed over the unit circle, and 
all the harmonics up to the Nyquist frequency [p/2j - l /Tb are modeled. 
This particular way of choosing H and the samphng interval is often en
countered in repetitive control [4; 6; 7]. 

It is however important to notice that with this choice the number of 
samphng intervals during each period of the highest harmonic modeled 
will only become 2, and 2-f (1/p) for p even and odd, respectively. This 
is of course insufficient in cases when the highest harmonic contributes 
significantly, which is also reflected in that 2 samples per period is the 
hmit required by the samphng theorem. The obvious solution to this 
problem is to choose the highest harmonic to be sufficiently higher than 
those which contribute to the signal. This requires faster samphng and 
may result in an unnecessarily large model. 

A lower order model that only models some harmonics (preferably 
the dominating) is a product of an integrator and second order polynomials 
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Hk each modehng one frequency 

HK = { l - q - l ) ] \ H k • ICc{leZ+\l<?} 
k£>C 

Hk = (1 - 2g _ 1 g k + q~2) ; gk = cos (ku0h) 

where Z+ is the set of positive integers and K denoting the set of modeled 
frequency indices. 

The individual frequency model Hk is easily obtained by observing 
that 

(1 _ e ^ V 1 ) ^ - e- , '* w o f c?- 1) = Hk 

I t is also straight forward to obtain a non-periodic signal model by 
not restricting the Hk to be models of harmonic parts, allowing coeffi
cients k which are real instead of integer. The important thing is that the 
signal can be decomposed into a finite sum of components, and thus the 
theory used in this paper apphes to such cases. Remember that it is only 

demanded that (3) holds. 
While HN equals HK with K = { 1 , 2 , . . . , » } only the complete model 

Hp and lower order HK are treated in the sequel. Also Hp can be written 
in terms of HK but this description is unnecessarily comphcated. 

4 Sensitivity and implementation aspects 

The complete disturbance model Hv is rather insensitive to parameter 
changes. Ah but the first and last polynomial coefficients are zero. An 
error in one of the coefficients would cause the radius of all zeros to change 
proportionally. This is also reflected in that only a chain of time delays 
with positive feedback should be implemented. 

To implement the lower order disturbance model HK is somewhat more 
tricky, and the problem can be illustrated by the following. 

I f the model 1/HK is realized on e.g. controUer canonical form by 
expansion of HK to a polynomial, the error in model zeros can be large 
(Fig. l a ) , Åström &: Wittenmark [8] chapter 15.7. The fourth coefficient of 
a ninth order model with p = 30 is changed in 0.001% steps up to 0.012%, 
showing that even for fairly low order models smaU parameter changes 
may move the roots rather much. 

Fast samphng and low frequency models easily lead to a non-rejecting 
disturbance model. Without analyzing it further i t seems hke i t does not 

97 



Doctoral Thesis: On Repetitive Control 
Paper I I I . Repetitive Control using Low Order Models 

matter which coefficient that is changed. The sensitivity depends more on 
pole location, i f poles are clustered the sensitivity is larger. This can be 
seen by relocating one of the zeros from harmonic k = 2 to k = 13, resulting 
in a more insensitive zero location(Fig. l b ) . 

However, in practise we often have the disturbance concentrated to a 
certain frequency band leading to zero clustering for the E/c model. To 
overcome this problem by adding zeros at other frequencies would be in 
conflict with the goal of this study, to use low order models. 

Roots of H with p=30 Roots of H with p=30 

Fig. 1: The sensitivity to errors in the polynomial coefficients, a K={1,2,3,4} 

and b K={1,3,4,13} 

Noting that the above implementation form is numerically sensitive, a 
block diagonal form taking into account the structure of Ex: is studied. 

/2gk - 1 \ _ 
xk+i = diagkzK. I ^ 0 I xk + 

u'k = u'k-i + uk 

yh = (0 0 ••• 0 1 Q)xk 

/ 1 \ 
0 

1 
W 

The numerical root location sensitivity equals the sensitivity of each 
block, which can be derived by solving i7fc(z - 1 )=0 and differentiate the 
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solution with respect to gk. 

| i = l ± » (6) 

Sensitivity is large when g\—• 1. This corresponds to modehng frequencies 
near the Nyquist frequency (gk-* — 1) and low frequencies (gk —> 1), and 
is one of the reasons why the integrator has been introduced separately in 

Hu-

The problem with modehng the Nyquist frequency is of no large im
portance, because if there are large disturbance contributions at that fre
quency the samphng rate should be increased. 

I t can also be concluded that fast samphng rate may be a problem 
and (as always) the samphng rate must be chosen with care. Guidehnes 
for selecting the samphng rate can be found in standard hterature such as 
Åström & Wittenmark [8]. 

Wi th high samphng rate i t is hard for the controUer to distinguish 
a slowly varying periodic disturbance from a constant, especiaUy in the 
presence of measurement noise. For this case it might be better to model 
the disturbance as a constant and include only the integrator part of HK, 
in the closed loop. 
Remark 1: Modehng low disturbance frequencies in combination with high 
frequency samphng is a problem noted earlier by e.g. Sugie & Nishida [9] 
in the field of robot control. 

5 Discrete—time controller 

For a linear time-invariant polynomial controUer {R, S, T} in its general 
form (Fig. 2), the closed loop transfer functions from r, 7 and ß to y with 
aU common factors canceled are 

Bq~dT å Brn ( . 

AR + Bq~dS Am

 { ) 

^•m sim 

respectively. 

A general discussion concerning this controUer structure can be found 
in Rönnbäck Sz Sternby [10] and its appUcation to a repetitive control 
problem in Rönnbäckef.a/. [6]. 
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Fig. 2: Polynomial controller structure 

I t is also common to use the tracking error controUer with S = T. While 
the primary concern of this paper is to study different models in the closed 
loop, and not manipulating the tracking performance, this controUer is 
also used here. 

IMP based controUers alter the closed loop dynamics such that the 
output is unaffected by a disturbance class. I f H is placed in the denomi
nator of the controUer, R = HR', the closed loop gain for these frequencies 
becomes large. The effect of ß wiU vanish from the output y i f S and R' 
are chosen so that the closed loop system is stable. It can also be seen as 
(cf. (8)) H is included this way in order to 'block' the disturbance from 
affecting the process output. ControUer modes corresponding to H can 
be interpreted as the 'internal disturbance-model' prescribed by the IMP. 

SimpUcity is preferred in order to keep the focus on different repet
itive control aspects. Therefore pole/zero canceUation is used as much 
as possible. Assuming1 stable and sufficiently fast open loop process dy
namics, i t can be kept unchanged in the closed loop. Remaining poles 
are placed radiaUy inwards (Fig. 3) from the, in H, introduced open loop 
poles using a parameter 0 < a< 1. This gives the characteristic polyno
mial Am = AH(aq~1)A'm, where A'm represents the part of Am not yet 
assigned. When a is near one, the open loop system poles (process and 
disturbance model) are not much altered which gives small control signals, 
see e.g. Åström & Wittenmark [8] chapter 10 or Kailath [11] chapter 3.2. 

The solution of design equation (9) exists provided {B, H} coprimeness 
and is simpüfied by A'm = B+ 

AHR' + Bq-dS = AB+Hiaq-1) (9) 

This is aUowed because A and B+ are stable according to the assumptions. 

1 May be obtained using an internal feedback loop. 
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Im 

© © 

1 Re 

Fig. 3: Radially damped pole placement 

The {A, B} coprimeness leads to the factorization 

S = AS' and R' = B+R" (10) 

reducing (9) to 
HR" + BnS' = H(aq~1) (11) 

Wi th this pole placement, the transfer functions (7-8) with common 
factors canceled become 

BnS' Bq~d HR" 
T ~ H(aq-1) ~ 7 ' ß ~ A Hiaq-1) 

giving 

The disturbance is filtered through the process and a 'comb' filter Ha 

given by 

Hp(aq-l) HK{aq-i) 

for the ful l and lower order model respectively. 

6 Simulation results 

The simulated plant is taken as the motor dynamics of a peristaltic pump 
(Hiherström k Sternby [5]) which is of first order with static gain k = 1 
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and time constant r = 0.04s and delayed control T(f = 0.1s. 

ry(t) = - y ( t ) + k u ( t - T d ) + ß(t) (12) 

In ah simulations this system is run for one period (To = Is) with a 
constant control signal before the controller is switched on. The periodic 
disturbance (wo = 27r) is 

ß(t) = sin (u>ot) + sin (2 u>ot) + sin (4 u>ot) 

The controUer is designed using a ZOH model of (12) 

b -d = bq-1 -d = B(q-l)q-d 

q-aq l-aq~iq A t ø " 1 ) 

with the previously introduced factorization 

B+=b ; B~=q-1 • A = l-aq~1 

SampUng interval h is chosen so that d = Td/h becomes an integer. 
Remaining parameters are given by 

a = e-hlT and b = k{l-e-h'T) (13) 

The closed loop poles are placed using a = 0.95. 
To get a more reaUstic simulation the design is based on the parame

ters (13) but with a 20% error for the a and 10% error for the b parameter. 
Also a weakly coupled (kc = 0.015) high frequency (w=50 rad/s) undamped 
system is introduced in paraUel to the plant, to generate high frequency 
unmodeled dynamics 7. 

7 = - w 2 ( 7 - kcu) 

For the disturbance model Hp, (11) has a solution, 

R" = l and S' = (l-ap)q-(p-d-V (14) 

easily obtained by identifying the coefficients of q° and q~p. A disadvan
tage with this solution is that a delay of almost one period is introduced 
in the feedback loop, giving slow response to e.g. a step disturbance. 

The controUer (14) is run with the process (12) and with p = 40 the 
disturbance vanishes (Fig. 4). To be able to clearly distinguish the output 
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6 y r urn 

0 4 8 12 16 20 

Fig. 4: Controller performance with p = 40 samples per period 

y from the input u the latter is inverted by changing the sign (um = —u) 
in ah graphs. Note that i t takes two disturbance periods before rejection 
starts, due to the delay in the 5-polynomial. 

For faster samphng rate (p = 100) the introduced model becomes 
larger, p/2 = 50 frequencies are modeled. The high frequency controUer 
modes get excited by the unmodeled dynamics (Fig. 5), giving rise to os
ciUations in the closed loop. In this case osciUations accumulate, a kind 
of behavior which of course is unacceptable. I t is worth noting that these 
osciUations are not built upon exact resonance between u> = 50 and an 
integer multiple of oj0 = 2 f f . This can also be seen from the beating in the 
control signal. 

OsciUations are built up by the 'learning' algorithm 

S 
uk = uk-p + —ek 

introduced in Hp. A way to suppress osciUations in this loop is by intro
ducing a lowpass, Q-filter (Tsao & Tomizuka [2]) 

uk = Q(uk_p + —ek) 

but thereby the asymptotic zero error disturbance rejection property is 
lost. A trade off between robustness towards unmodeled high frequency 
dynamics and perfect disturbance rejection is made. 
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6 y r urn 

Fig. 5: Controller performance with p = 100 samples per period. High frequency 
oscillations are building up 

I f a straightforward Q = q0 (also used in Chew & Tomizuka [12]) is 
apphed, qo = 0.85 gives an acceptable amount of high frequency oscillations 
(Fig. 6). The problem with high frequency osciUations is less but complete 
disturbance rejection is not achieved. 
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Fig. 6: Controller performance with p= 100 samples per period and a simple 
Q-ßlter (90 = 0.85). Less high frequency oscillations but some of the disturbance 
remains 
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With this filter i t is hard to trade between robustness and rejection 
rate. The original Q-filter (Tsao & Tomizuka [2]) satisfies 

Q{q.,q-l) = qMq
M+•. •+qiq+qo+q-iq~1 + - • -+qMq~M  

90 + 2 YALI qi = 1 and Vi q{ > 0 

and is a zero phase shift low pass filter2. Wi th two qi parameters the 
osciUations can be made smaUer but not vanishing (Fig. 7). 
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Fig. 7: Controller performance with p = 100 samples per period and Q-filter 
(go = 0.34, q1! =0.33). High frequency oscillations and disturbance remain in the 
output 

With q0 = 0.85 aU open loop disturbance model poles are located on 

a constant radius of q^p æ 0.9984, while q0 = 0.34, qi = 0.33 gives low 
frequency modes nearer to the unit circle and some high frequency modes 
puUed towards the origin. 

Next we turn to the reduced order model controUer with /C = { 1 , 2 , 4 } . 
The Diophantine design equation (11) has a unique solution with deg{R"} = 
m + d - 1 and deg{S'} = deg{H} - 1. Wi th the samphng rate and dis
turbance model used, this gives deg{R"} = 5 and deg{S'} = 6. The solu
tion of (11) is given by assigning unknown coefficients to S' and R" and 
identifying q'1 powers. With the disturbance model implemented in the 
block diagonal form the disturbance gets completely rejected (Fig. 8). The 
samphng rate, pole placement and error in the dynamics are as in Fig. 5. 

2 The delay in the feedback loop enables to some extent the use of noncausal filtering. 
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There is no problem with high frequency osciUations in the loop and the 
transient response is faster due to the lower order ^-polynomial. 
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Fig. 8: ControUer performance with p= 100 samples per period, and a reduced 
order model K = {1,2,4} 

Remark 2: In the last example the disturbance model exactly matches the 
disturbance, and is chosen this way to clearly show the behavior of differ
ent models in the closed loop. For any 'real-world' apphcation aU energy 
wiU not be concentrated to only a few frequencies due to e.g. nonUneari-
ties. Then it may be conflicting demands on how to chose the disturbance 
model order. Large models may introduce osciUations in the loop, and 
low order models may not reject aU disturbance frequencies. 

7 Conclusions 

I f the process bandwidth is large compared to the bandwidth of a dis
turbance acting on i t , and sampUng rate is chosen to avoid aUasing, the 
discrete time delay disturbance model becomes large. The, mainly inac
tive, high frequency model part respond to e.g. unmodeled high frequency 
dynamics. This gives rise to high frequency osciUations in the closed loop. 

By introducing a lowpass or Q-filter in the controUer 'learning' loop, 
the high frequency osciUations can be suppressed but is then traded against 
asymptotic perfect disturbance rejection. 

A repetitive controUer based on a reduced order disturbance model for 
band-Umited periodic disturbances, has been shown to possess improved 
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robustness against unmodeled high frequency dynamics while keeping the 
asymptotic zero error property. 
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Abstract 

Stabihty robustness properties of sampled data repetitive control sys
tems are examined. Due to the infinite loop gain at periodic frequencies 
originating from the included internal model (Internal Model Principle), 
repetitive systems are i f properly designed not very sensitive towards pos
sibly time-varying gains. Uncertainty in plant delay is however a problem. 
ControUer action timing becomes more or less out of order and may result 
in severe performance degradation, depending on model type and num
ber of frequencies included in design. Wi th a Linear Time-Invariant(LTI) 
controUer comprising the commonly used time delay internal model, the 
closed loop system is stable for nominal time delay plus/minus at most one 
sampUng interval. A controUer based on a reduced order model, perhaps 
not modehng aU harmonics, is utihzed to enhance robustness properties. 
Simulation runs with different controllers show how different models work 
in the closed loop, and also that synchronization in time is of utmost 
importance in order to utihze the delay internal model. 
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1 Introduction 

Periodic signals appear frequently and it is perhaps surprising that pe
riodic disturbance rejection and tracking techniques are used as little as 
they are. A reason for this may be that in many apphcations the preci
sion is not needed or that the periodic components 'drown' in other effects. 
Another reason is that good repetitive controUers are hard to develop be
cause of large internal models and thereby large design equations (or use 
of the rather complex infinite-dimensional design techniques in continuous 
time). Even if stabihty is assured in the nominal case, the controUer may 
not work when apphed to a 'real world' plant. One of the reasons for this 
is that the resulting controUer is sensitive to plant parameter variations, 
especiaUy the time delay. In the best case this can be tuned either by 
a controUer parameter or by adjusting anti-aUasing filters or any other 
'tunable' part of the physical plant. Another reason is that one control 
signal saturation instance may induce an osciUation in the loop. This can 
go on for a long time and is quite unsatisfactory. 

A repetitive controUer, first introduced by Inoue et al. 1981, is used 
for tracking periodic reference signals or rejecting periodic disturbances 
most commonly with a period known in advance. A suitable internal 
model should be utiüzed to achieve zero error asymptoticaUy (Internal 
Model Principle(IMP) by Francis & Wonham 1976). In case of perfect 
model knowledge or using plant model adaptation, an External Model 
can be introduced outside the feedback loop so that the model output 
cancels the disturbance signal, Tomizuka et al. 1990 and Medvedev & 
HiUerström 1994. I t is worth noting that the adjective 'external' refers to 
the fact that the disturbance model is located outside of the main control 
loop, whereas 'internal' means that a model of disturbance is inherently 
present in the controUer. Hence, an External Model controUer is at the 
same time an Internal Model controUer insofar as a disturbance model is 
exploited for controUer design. 

Models for periodic reference or disturbance signals must have its roots 
on the stabihty Umit. In its general form it comprises a time delay with 
a memoryless positive feedback around i t , modeUng frequencies which are 
integer multiples of the fundamental up to the Nyquist frequency. The 
perhaps easiest way to get an understanding of how a controUer utiUzing 
this model works is by noting that the time delay stores (just Uke a tape 
recorder) the previous control action, and i f the control signal level was 
not sufficient to drive the process to zero error, i t wiU be increased the 
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next lap. I t works like a discrete time integrator but instead of taking 
consecutive samples adds samples one period apart. 

This model is in many cases too large, in the sense that i t models fre
quencies not being present in the input. This is e.g. the case if fast sam
phng rate compared with the input signal bandwidth is used. The input 
signal is 'smooth' and the different harmonics magnitude decay rapidly, 
thus only the first ones are dominating. 

Some of the main reasons for the delay internal model being commonly 
used in connection with repetitive control (Tomizuka 1993, Rönnbäck et 
al. 1993, Ledwich k Bolton 1993) is that i t is simple, numerically insensi
tive and generates arbitrary periodic signals. I t allows generating signals 
with high-frequency content which can be used to reject or track discontin
uous or 'hard' signals such as a square wave. But with this ability follows 
the problem of exciting high-frequency dynamics which normally are un
modeled. The high frequency model part is inactive, and can be excited 
by e.g. the unmodeled plant dynamics to produce high frequency oscil
lations or even closed loop instabihty. A solution to this problem called 
a Q-filter is presented by Tsao k Tomizuka 1988. As the high frequency 
part of the model introduces 'noise' it is better to suppress these controller 
modes by introducing a lowpass or Q-filter in the positive feedback loop 
around the time delay, deactivating learning at high frequencies. A differ
ent solution to this problem is based on reduced order models, Hillerström 
k Sternby 1994b. 

Often the origin of the periodic signal is some kind of rotating device, 
hard disc-drive (Chew k Tomizuka 1990) or a lathe (Tsao k Tomizuka 1988) 
to name a few. I t is considered as 'implementation know how' that i f pos
sible, synchronize samphng with the axis rotation (i.e. the disturbance). 
Wi th synchronization the convergence rate can be speeded up and the 
need for fine tuning is lessened, HiUerström k Sternby 1993. Disturbance 
model adaptation (Hillerström k Sternby 1994a) can also be avoided. But 
if there are variations in the rotational speed, e.g. due to torque distur
bances, the samphng interval wiU vary giving a time varying plant model. 

StabiUty robustness towards attenuation type nonUnearities has been 
shown by Ma 1990, for the Zero Phase Repetitive ControUer (ZPRC), 
Tomizuka et al. 1988. In general repetitive controUers with infinite loop 
gain for certain frequencies seem robust against gain errors. However, 
the type of robustness studied here involves a phase shift of the control 
signal. In this respect i t is very different from the (possibly time-varying) 
gain errors. The use of many modeled frequencies to achieve complete 
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rejection makes the controUer non-robust against process delay variations 
for reasons that wiU be provided in the sequel. I t easily happens that the 
controUer starts to pump in energy in the wrong phase, giving rise to an 
osciUating or possibly unstable closed loop system. 

The in depth analysis and simulation example in this paper is made for 
the case where the plant is approximated with a first order system and a 
time delay. Apart from being a commonly used model in process control, 
earUer work on a peristaltic pump appUcation has shown that this approx
imation can be quite useful. A controUer based on a low order disturbance 
model has been shown to remove angle velocity fluctuations, HiUerström 
k Sternby 1993. A more precise 5th order plant model together with the 
delay disturbance model was reported in Rönnbäck et al. 1993. This work 
also considered the effect of control signal saturation. The more precise 
plant model did however not enhance closed loop performance, and the 
use of a delay disturbance model together with varying sampUng interval 
due to axis angle synchronization showed the non-robustness properties of 
large internal models. Gain scheduling had to be used in order to stabihze 
the system over the whole working range. 

The paper is composed as foUows. First some brief remarks on track
ing periodic references are made in section 2. Basic assumptions regarding 
plant and disturbance models are stated in section 3. The used tracking 
error polynomial controUer is presented in section 4. Then, the core of the 
paper comprising necessary (section 5.1) and sufficient (section 5.2) con
ditions for robust stabiUty of repetitive control systems are derived. Note 
that even though results are obtained using the tracking error controUer, 
stabiUty results wiU be vaUd for any two degree of freedom polynomial con
troUer (Åström & Wittenmark 1984) also, while the characteristic poly
nomial is the object of investigation. Finally, the simulations of section 6 
verify the closed loop properties of different internal models. 

2 Tracking a periodic reference 

I t is often stated that controUers with infinite loop gain at the harmonic 
frequencies should be used in tracking periodic references as weU as re
jecting periodic disturbances. In cases where the exact behavior is hard 
to model e.g. friction and stiction are involved (Tung et al. 1993) there 
are obvious advantages to have a feedback solution. 

I t must however not be forgotten that for periodic reference tracking 

114 



Doctoral Thesis: On Repetitive Control 
Paper I V . Robustness Properties of Repetitive Controllers 

a feedforward design can be made. In case of known input signal model 
perfect tracking (even for nonminimum phase systems, after a certain lim
ited time) can be obtained by e.g. solving a Diophantine design equation, 
Walgama 1991. The Zero Phase ControUer (Tomizuka 1987) can also be 
used for tracking periodic reference signals at the expense of an amphtude 
error for the high frequency components. This problem can to some extent 
be overcome by using the technique described in Gross et al. 1994 or the 
Extended Bandwidth Zero Phase ControUer, Torfs et al. 1992. 

I f there is uncertainty in the process time-delay, i t is better to use 
feedforward design because it does not lead to instabiUty but only to 
some performance degradation. For a delay uncertainty it results only in 
a time shifted output. 

3 Basic Assumptions 

Sampled data control systems with Zero Order Hold (ZOH) of the control 
signal are considered. The analysis is made in discrete time, and for 
convenience i t is assumed that the plant is strictly proper 1, aUowing to 
transfer the continuous system into discrete time using residue calculus. 

AU polynomials in this paper have as arguments the forward shift 
operator q i f not otherwise stated. 

3.1 Controlled plant 

Let Gc(s) be the Linear Time-Invariant (LTI) continuous time plant trans
fer function. The pulse transfer function for ZOH sampled plant model is 
derived using 

v ' v 'l-Kiic-ivz z — e s y ' 

where the real number £ is greater than aU real parts of the poles Si 

of Gc(s)/s, Jury 1958. Assuming that G c ( 0 ) ^ 0 , s0 = 0 is defined. Wi th 
Gc(s) strictly proper (1) can be evaluated using residue calculus by closing 
the integration path with a large semicircle on the left, Åström et al. 1984. 

Consider the infinite dimensional (for r ^ O ) continuous delay system 

Gc(s) = e~ 
Ac(s) 

1A note on proper systems can be found in Åström et al. 1984 
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with Bc and Ac coprime polynomials in s. The residue evaluation of (1) 

can be written as 

N 
e S i ( h - T ) 

t=0 
oSih 

Res 
Bc(s) 

lsAc(s) : s; (2) 

This holds for single poles and r G [0, h[. Multiple poles can be han
dled by continuity. The restriction r < h arises from that the essential 
singularity originating from the exponential wih be in +oo as long as the 

s coefficient in the exponent is positive. Thereby it does not cause trouble 
while the integration area is the left half plane. 

While (1) is derived using the inverse Laplace transform to calculate 
the z-transform of the step response and dividing i t by the z-transform 

of the step, larger delays than h can be handled before forming (1). By 
removing the largest integer fraction d of the delay by r = dh + r ' , the 

ZOH sampled system (2) wih be 

G(z) = 
z - 1 
?d+l 

N 

£ 
»=0 

esi(h-r>) 

7 — pS{h 
Res 

Bc(s) _ 

sAc(sY 
(3) 

Using the definitions 2 

Bc(s) 
Ti = Res 

[sAc(s) I st an d Ai(z) = H ( z - e s i h ) (4) 

and the factor z—1 corresponding to SQ = 0 removed the discrete system (3) 
can be written in polynomial fraction form as 

G(z) = 
B(z) zZiLoMzyje^-') 

) A{z)zd 

n £ i ( * 
oSi h 

(5) 

I t is readily verified that even if the continuous system is infinite dimen
sional, the sampled system is finite and also that all poles are transferred 
into discrete time by the mapping Si -* eSih. The constant term in the 
numerator wih be zero, due to that the sum of residues to Gc with d h 

delay removed is zero (the residue at infinity is zero while r ' < h). This 
imphes that the extra z factor in the denominator wih vanish. 

2 The ri parameters have no straightforward interpretation other than ro, which is the 
static gain. Here they are seen only as real weighting factors for the different Ai(z) 
polynomials, adding up to the numerator polynomial of (5). 
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There is in general no easy way to determine the zero locations of 
the sampled system, except for asymptotic cases (Åström et al. 1984 
and Wahlberg 1988). Notes on second order systems can be found in 
Söderström 1990 and El-Khory & Crisahe 1992. 

3.2 Di s turbance models 

I t is assumed that there is a polynomial model H of the deterministic 
disturbance ß available, satisfying 

H(q)ß = 0 (6) 

For periodic disturbances H will have its roots on the unit circle. 
Here two model categories are used, for more details see HiUerström & 

Sternby 1994b. 
I f an integer number of samphng-intervals during each disturbance 

period To=ph is chosen, a delay disturbance model then is 

Hp(q) å q v - l (7) 

A lower order model HK, that only models some harmonics (preferably 
the dominating) is a product of an integrator and second order polynomials 
Hk each modehng one frequency 

HK = { q - l ) J [ H k ; / C c { l e Z + \ l < ? } 

Hk = (q2 - 2gkq + 1 ) ; 9k = cos (ku0h) 

where Z + is the set of positive integers and K. = {k\, k2,..., km} denotes 
the strictly increasing sequence of modeled frequency indices. 

The complete disturbance model Hv is rather insensitive to parameter 
changes. AU but the first and last polynomial coefficients are zero. An 
error in one of the coefficients would cause the radius of all zeros to change 
proportionaUy. How to implement the lower order disturbance model HK 

avoiding numerical errors, and thereby a nonrejecting model, is described 
in HiUerström & Sternby 1994b. 

Despite the numerical insensitivity, the model Hp is not a universal 
panacea for every repetitive control problem. In fact, when there are 
unmodeled process delay variations i t is often not to be recommended at 

all. 
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4 The polynomial controller 

The primary concern of this paper is not the tracking performance but 
to study design using different disturbance models and their robustness 
against unmodeled process delay variations. Therefore the tracking error 
controUer (Fig. 1) is used. In its general polynomial form the closed loop 
transfer functions from r, 7 and ß to y with aU common factors canceled 
are 

T - B S - -T • Tn - — fa\ 
± r ~ AqtR-rBS' ^ ' l ß ~ Aq*R + BS W 

respectively. 

Fig. 1: Polynomial tracking error controller 

The closed loop dynamics are altered such that the output is unaffected 
by a disturbance class. I f H is placed in the denominator of the controUer, 
R = HR', the loop gain for these frequencies becomes large, and the effect 
of ß wiU vanish from the output y i f S and R' are chosen so that the closed 
loop system is stable. I t can also be seen as H is included this way (cf. ( 8 ) , 
Hß = 0) in order to 'block' the disturbance from affecting the process 
output. The controUer modes corresponding to H can be interpreted as 
the 'internal disturbance model' prescribed by the IMP. 

To obtain a stable closed loop system the Diophantine design equation 

AqdHR' + BS = Am (9) 

is to be solved for S and R', with Am as the characteristic polynomial. 

SimpUcity is preferred in order to keep the focus on the different repet
itive control aspects. Therefore open loop dynamics are assumed to be 
stable and sufficiently fast 3 . Pole/zero canceUation can then be used by 
choosing Aqd as a factor of Am. 

In order to keep the control signal smaU some of the closed loop system 
poles can be placed radiaUy inwards (Fig. 2) from the, in H, introduced 

3 i f necessary using an internal loop 
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open loop poles using a parameter 0 < a < 1, HiUerström 1992. The pa
rameter a wiU control convergence rate, and also to some extent stabiUty 
robustness for reasons that wiU be provided in the sequel. 

Im 

® 

Ja > 

1 \ 

f Re 

Fig. 2: Radially dampened pole placement 

This aU together gives the closed loop characteristic polynomial Am = 
AqdaNH(a~1q)A'm, where A'm remains to be determined. The solution of 
the design equation (9) exists provided {B, H} are coprime 

AqdHR' + BS — AqdaNH(a-1q)A'm (10) 

The {A, B} coprimeness leads to that S = AqdS' must be chosen, reduc
ing (10)to 

HR' + BS' = aNH{orlq)A'm (11) 

The resulting controUer becomes 

u _ S'Aqd 

e ~~ HR' 

For the delay disturbance model aU but two coefficients are zero and 
i t is in general true that the solution of the design equation is easier to 
obtain than for low order models4. This is a disadvantage in using low 
order models. 

In general, there is however no easy way to get an exphcit solution 
of S' and R' while the zeros cannot be factored out but rather appear in 
the summation of the polynomials. While the polynomials are large and 

4 e.g. the ZPRC has the advantage that no Diophantine design equation has to be solved 
in order to get a stable closed loop system 
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not suited for hand calculation a standard symbolic mathematic package 
Mathematica(Wolfram 1991) is used to solve the arising system of hnear 
equations. 

To minimize errors when transferring from Mathematica to controUer 
code, a function to produce this code is also written. In addition to saving 
time spent to find errors in the code, i t prevents that results obtained in 
comparing different controUers are due to specific errors in different codes. 

With the pole placement (11), the transfer functions ( 8 ) with common 
factors canceled become 

which gives 

B S1 

% = a"H(a-iq)A'm

 = ( 1 2 ) 

T B H R ' f , « 
0 ~ AqdaNH(a-iq)A'm

 1 j 

B S ' < ^ B R ' TJ o 
y = « " H ^ q ) A > J r - ' ) + Ä ? A ^ H " ß 

The disturbance is filtered through the process and a 'comb' filter Ha 

given by 

a Hv{q) å HK{q) 
p a ~ aNHp(a-lq) K a aNHK:(ct^q) 

for the fuU and lower order model respectively. 

5 Stability robustness conditions 

The delay is divided into the largest integer fraction d of h and a remainder 

rem(r/ / i ) = r — dh 

The 'd'esign equation (9) is solved with the characteristic polynomial Amd 
chosen stable according to previous section, and an anticipated delay of 

= dh + Tem(Td/h). The ZOH sampled model (5) of the controUed plant 
wUl be of the form 

Vk_ _ Bd_ 

uk Aqd 

and 

Amd = AqdHR' + BDS (14) 
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I f the derived controUer is apphed to an 'a'ctual process with delay r a , 
wiU the closed loop system be stable? In particular, how large delay error 
A r = ra - rd = 8 h + T' ( T 7 G [0, h[) is aUowed depending on the included 

disturbance model? 
The largest integer fraction of r a wiU be d\ = 8 + d + x where 

x = 
rem(rrf/h) + r' 

h 
G {0 ,1} 

Next, as an introduction a necessary condition restricted to a delay 
error of Sh ( r ' = 0) is derived. This is foUowed by a sufficient stabiUty 
condition, which is analyzed further for first order delay systems. 

5.1 Necessary condition 

Referring to the remark on Jurys test in Åström & Wittenmark 1984 i t is 
necessary (but not sufficient) for stabiUty that 

A m ( l ) > 0 (15) 

( - l ) n A m ( - l ) > 0 (16) 

For the actual plant delay ( r ' = 0) and the one used in design, condi
tion (15) appUed to the characteristic polynomials derived from (9) gives 

A(1)H(1)R'(1) + Bd(l)S(l)>0 

While both models include an integrator, H(1) = 0 

Bd(l)S(l)>0 (17) 

Depending on the model used there wiU however be differences regard
ing condition (16). Wi th the delay error of Sh the actual delay di = d + S 
and the order of Am is n + 6 so that 

( ( - l ) d + 5 A ( - l ) # ( - l ) Ä ' ( - l ) + Bd(-l)S(-l)) (18) 

I f the Nyquist frequency is included in the model, H( —1) = 0, stabiUty 
for the nominal design (18) with 8 = 0 impUes {-l)nBd(-l)S{-l)) > 0 
and with delay error 

(-l)s(-l)"Bd(~l)S(-l))>0 
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With 6 odd either the designed system or the actual closed loop system 
wih be unstable, a fact reported earlier by Middleton et al. 1989. 

If the complete model Hp with an even number p of stored samples 
has been used for design (=> H(—1) = 0) the closed loop system wih be 
unstable for one of the time delays. There is thus an interval of plus/minus 
one samphng interval h where the closed loop system might be stable. 
Remark 1: For an odd numbered p which is large enough to be useful for 
modehng any continuous disturbance without ahasing, H(—1) is almost 
zero. The same reasoning can be used in this case also. 

On the other hand the disturbance model component acting on the 
Nyquist frequency is certainly not effective, and in fact i t is questionable 
if i t is meaningful to include poles in the discrete left half plane. To achieve 
robustness only frequencies in the right half plane or perhaps shghtly into 
the left (as far away from z— — 1 as possible) are included with the reduced 
order model. 

5.2 Sufficient condition 

Some general stabihty robustness results for polynomial design based on 
the principle of variation of argument can be found in Åström & Witten
mark 1984. The approach here wih be to utilize Rouché's theorem which 
can be derived from this principle. 

Wi th the controUer designed according to (14) the characteristic poly
nomial with the actual delay becomes 

Ama å Aqs+d+xHR' + BaS = 

= q6+x (Amd + (Baq-S-X - Bd)s) 

I f q~s~xAma has aU zeros inside the unit circle, so wiU Ama and the 
closed loop system wiU be stable. I f \(Baq~s~x - Bd)S\ is 'smaU' the 
required characteristic polynomial is almost obtained. Using Rouché's 
theorem, Ama wiU have aU zeros inside the unit circle i f 

I (Ba(z)z~s-* - Bd(zj) S(z)\ < \Amd(z)\ (19) 

for z = e^ G [—7T, 7r] on the unit circle. I t is thereby assured that the 
closed loop system is stable in presence of delay mismatch. 

Theorem 1: 

I f the plant (5) with B = Ba is controUed by the tracking error controUer 

122 



Doctoral Thesis: On Repetitive Control 

Paper I V . Robustness Properties of Repetitive Controllers 

designed according to (14) and f ( z ) = z 8 x Ba(z)/Bd(z) - 1, then the 

closed loop system is stable i f 

\Tr{z)\< 

for z = e^\ (f>E[-x,ir}. 
Proof: Follows directly from ( 8 ) , (19) and the f ( z ) definition.« 

From this i t can be immediately concluded that a delay error thus 
hmits the obtainable servo transfer function. For no delay mismatch 
(rem(r 0 / / i ) = Tem(rd/h), 6 = 0), f ( z ) = 0 and there wih be no restric

tions. I t can also be seen (cf. (14)) that for modeled frequencies H(z*) = 0, 

\Tr{z*)\ = 1 and thus | / ( z . ) | < 1. 
For the sampled delay system (5) with the different delays 

Ba(z) _ z - s - x E i l o A ^ ) r , e 8 | ( å " r e m ( T ° / M ) 

Bd{z) ~ EiIo^(2)^e s' (A-rem(r d// l)) 

YA-Q Wi(z)(z~6~x e s d r e n K T dM)- r e n i (W' 1 ) ) _ l ) 

~ E i L Wi{z) 

Wi{z) = Al(z)rie
s'^h-Tem^h^ (20) 

/ ( * ) = 

Integer delay errors For an integer number difference in delay between 

design and actual closed loop system (rem(r a / / i ) = r e m ^ / Z i ) => r' = 0) 

the si dependence of f ( z ) wih disappear and 

f ( z ) = z~6-x - 1 

For simphcity it is in the sequel assumed that the design is made for a 
delay which is an integer multiple of the samphng interval h, rem(r<i//i) = 

0 x = 0. 
To obtain zero steady state error for ah harmonic frequencies a unity 

servo transfer function gain is required. However, the sufficient stabihty 

condition wiU imply that zero tracking error can only be guaranteed up 
to an angular frequency of -K jZ\h\h ( | / ( z ) | = 1). I f thereafter the closed 
loop gain drops proportionally to 6(f> up to ir/Z\6\h + l/2\6\h, the closed 
loop gain is kept below the hmit. For remaining higher frequencies only a 

50% amphtude reduction is achievable in order to guarantee closed loop 
stabihty. The piecewise hnear hmitation is illustrated for \S\ = 3 in Fig. 3. 
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Fig. 3: Limitation on the noise and servo transfer functions l/|/(z)| for a delay 

error of 3/i, (\S\ = 3_) 

The hmitation for other values of 6 is shown in Fig. 4. I f the approach 
is taken to design the servo transfer function according to the largest 
possible delay the sufficient stabihty condition for ah other integer delays 
wih be satisfied. 

102r 1 1 1 1 H 1 ^ 

10' 

w h 
Fig. 4: Limitations on the noise and servo transfer functions l/\f(z)\ for 
different delay errors Sh 

This sufficient condition thus motivates the use of lower order mod
els to increase the tolerance towards delay errors. Wi th the ful l order 
model ah frequencies are included up to the Nyquist frequency, which cor
responds to <f> = ir, and not even an extra delay of one samphng interval 
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can be accommodated (cf. the necessary condition). By restricting the 
modeled frequencies to stay below ir/Z\6\h a delay tolerance of \6\h can 
be achieved. The strength of these bounds are demonstrated below by 
simulation. 

Whether or not the condition is fulfilled for delays in between is de
pendent on the controhed plant. Hence, to derive results for general time 
delays based on Theorem 1 wih be quite cumbersome. However, for a 
known system the theorem can be utihzed to derive a closed loop fre
quency bound to obtain a certain delay tolerance. What happens for a 
first order delayed control example is analyzed in the sequel. 

Guidelines for choosing closed loop poles Some guidehnes for choos

ing closed loop poles can be derived. Using (11) and (12) the transfer 

function T = Tr (= — T 7 ) can be written as 

For the modeled frequencies it has unity gain, but for other frequencies 
the magnitude of T(z) wih be dependent on the choice of closed loop 
poles, which is here reduced to the selection of a. I f Ha and R'/A'm are 
approximately unity at these frequencies theorem one is more likely to be 
fulfilled. 

For the complete model 

max(|J7 p a(z)|) = \Hpa{e^))\ = — ( 2 2 ) 
|s|=i 1 + oP 

and wih be upper bounded by 2. Faster closed loop system a —* 0 gives a 
larger amplification of intermediate frequencies. 

Wi th low order models the use of many modeled frequencies gives that 
fast pole placement may render problems. Due to symmetry the largest 
magnitude of Hyza wih be at the Nyquist frequency 

W | 2 f r * ( z ) | ) < ( 2 T < 2 2 -+* (23) 
|*|=i 1 + a \l + a2l + agkm ) 

where the last inequality is for deadbeat pole placement. For ami there 
wil l be no problem, but a —• 0 should be avoided especially in combination 
with a large number of modeled frequencies. 
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Slow pole placement, a near one, together with continuity of the Dio
phantine equation (11) gives that A'm/R'-*1. Wi th comb filter gain also 
being approximately unity, stabihty robustness and measurement distur
bance filtering properties T 7 are enhanced. 

Gain error tolerance For a plant gain K different from the one used 
in design K ^ 1, the question arises whether or not the characteristic 
polynomial 

AmK = AqdHR' + KBdS = (1 - K)AqdHR' + R'Amd 

is stable. Applying Rouché's theorem on this sum of polynomials with 
closed loop poles determined by (11), wih give 

1 - K 

K 
Ha(z) 

R\z) 

A'm(z) 
< 1 

for ah z on the unit circle as a sufficient stabihty condition. 
Closed loop system will thus be stable for an interval of 

1 

l + M - i ' l - M - 1 ] 
(24) 

determined by 

M = max 
1*1=1 

Ha(z) 
R'(z) 

'A'm{z)\ 

The comb filter gain wih be approximately unity for slow pole placement. 
If the R'/A'm fraction can be made smaller than the inverse of the largest 
comb filter gain, the system wih stable for (in theory) infinite gains K and 
down to 0 < K m i n < 1/2, Fig. 5. For Af > 1 there wih be an upper and 
lower bounded interval for which the closed loop is stable. The infinite 
loop gain gives that there always exist a lower bound for which the closed 
loop system is unstable, indicated by \(R~ - 1)/R~\ -» oo as K —> 0. 

Further, with 

AmK = AqdHR' + KBdS = Amd + (K - l)BdS 

another interval for K can be derived, once again, using Rouché's theorem. 
This wih be be given by the largest closed loop servo loop gain 

A = max|T(z) | 
2 =1 
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3 

Fig. 5: If the depicted factor times M is less than one, closed loop system is 
stable with plant gain K 

and wih be 

K 6 (25) 

For ah modeled frequencies to obtain zero steady state error we must 
have \T\ = 1. I f the poles are placed reasonably fast, i t may be prevented 
that N grows much larger than unity. This may in some cases give a 
better lower bound for the ahowed K for guaranteed stabihty. 

For slow pole placement the open loop system poles (process and dis
turbance model) are not much altered. This gives small control signals 
and apart from less risk of control signal saturation, better filtering of 
measurement noise and robustness towards process variations. 

In the sequel a first order delay system is analyzed, mainly because it 
is a useful approximation and gives a comprehendable expression of f ( z ) , 
not only for r ' = 0. 

Delayed first order system To see what happens between the integer 
number of delays, a case study comprising a first order system with control 
delay r is included. 

The ZOH sampled plant model of 

Gc(s) 
k e~ 

1 + sT 

127 



Doctoral Thesis: On Repetitive Control 
Paper I V . Robustness Properties of Repetitive Controllers 

given by (5) is 

Bd _ k { l - e ~ h f T ) 

Aqd qd(q-e-h/T) 

for the delay used in design (rd = dh) and 

B. _ * d - « - ^ ) ( 4 r + ( 1 _ W r . ) 
Aqdi qdi(q-e-h/T) 

for the 'actual' system. 
The parameter bT €]0,1] represents some time-delay, and 

1 _ e(rera(r/h)-h)/T 

b - = 1 _ e-h/T 

Introducing the parameter bT in the expression for f ( z ) of Theorem 1 

(z = e^) gives 

= \z-&-\hT z + 1 - bT) - 1| = m(z) (26) 

Corollary 1: (Low order models) 

For km = max(JC) both 

\6kmu0h\ < T T / 3 (27) 

\(6 + l)kmu>0h\ < T T / 3 (28) 

must be satisfied in order to fulf i l l sufficient conditions at modeled fre
quencies for a mismatch in design of 6h seconds. 
Proof: For the modeled frequencies(H(z*) = 0, z* = e

± - 7 ' A ; u ' 0 ' 1 ) , (9) gives that 
Am(z*) = P>d(z*)S(z*), and Theorem 1 reduces to m(z») < 1. 

Straightforward calculations using computer algebra give that 

cos(é d>+ (j>) — 1 — cos(<5 4>) + cos((/>) 
T = 2 cos(<£) - 2 

is the solution of 

and 

for cos<£ 1. 

dm 

d2m. 

w l 6 ? > 0 
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To conclude, m(b*) is a local minimum. Provided that b* e]0,1] there 

is a minimum in the interval. For 6 = 0 and 6 = - 1 , b% = 1 and b* = 0 

respectively and there are no local minima in the interval. 

The largest value of m is thus at the end-points. 

m k N 0 = 2 | s i n ( ^ ± ^ ) | < l 

gives 

\<t>{6 + 1)| < T T / 3 

™\bT/i = 2|sin i ^ Y j I < 1 

gives 
\(f>8\ < T T / 3 

Both conditions must be fulfilled for all modeled frequency angles <f>, thus 
the largest <f) = ±kmLJoh wih be hmiting which completes the proof. • 

Condition (27) wih be hmiting for delay over-estimation and (28) for 
under-estimation. While the restrictions wih be equal in either direction 
only <5<0 is considered in Corollary 2. 
Remark 2: Based on Corollary 1 i t is tempting to conclude that to achieve 
robustness against time delay variation the samphng rate should be in
creased, while kmuoh decreases proportionally. Then there would be a 
lower bound set by the numerical accuracy of the model when the dis
turbance model poles approaches an integrator in z = 1, Hillerström & 
Sternby 1994a. However, i f the samphng rate is increased the discrete 
number of time delays 6 wih also increase. 

Corollary 2: (Dependence of sampling rate selection) 
I f only an integer number of samphng intervals are considered (rem(r/ / i ) = 

0, LL>m =kmu>o) 
\Arum\ < T T / 3 (29) 

must be valid to assure stabihty in case of A r delay over-estimation. 
Proof: The condition (29) fohows directly from (27). • 

A close connection between the allowed process delay error and the 
maximum modeled frequency in the controller thus exists. In addition to 
the integer number of delays allowed extra delay according to Corollary 3 

can be added to the interval in each direction. The perhaps easiest way 

to see this is by noting that i f the delay is increased shghtly above an 
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integer delay error bT « 0. The extra amount of delay allowed is at least 
the amount given by m(—1) < 1, while z = - 1 gives the largest value of 
m taken over the whole unit circle. The stabihty interval can thereby be 
extended by approximately h/2 for reasons provided in the end of this 
section. This wih lead to a largest delay deviation of 

7T h T0 ( 1 1 \ 

3u>m 2 2 V3fcm pj 

that will also shrink with increased samphng rate. However, the minimum 

interval is determined by corollary 2. 

Corollary 3: (Full order models) 
To assure closed loop system stabihty for the ful l order model controller 

br < \ (31) 

must be fulfilled for over-estimation of the delay and 

2 < K < 1 (32) 

for under-estimation. 
Proof: As in Corollary 1, Theorem 1 reduces to m(z*) < 1 for ah modeled 
poles. For 8 = — 1 (over-estimation) and <f> = 7r, this gives |26T| < 1 
and together with (6 T > 0 ) imphes (31). Wi th 8 = 0 (under-estimation), 
|2(1 - br)\ < 1 is obtained, giving (32).« 

If a fuh disturbance model design design is made there is a hard hmit of 
plus/minus one samphng interval where the closed loop system is unstable. 
But how large is the stability band, i.e. how much can the time delay be 
altered and still maintain stabihty? This maximum alteration is denoted 

b y ^ . 
The analytical expression for bT = 1/2 (CoroUary 3) gives 

TF

M = Tln((eVT+l)/2) (33) 

which may be divided into three cases. Fast sampUng with / i < T , T = nh 
with n = 4...10 samples per time constant according to 'rules of thumb', 
and / i > T . 

h<T r m \ h / 2 

T = nh (n = 4...10) 0.51 h< r'm < 0.54h 

h>T => r ' / h 
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Thus, the delay error hmit of h is approached when samphng slow and in 
practise only h/2 is acceptable. 
Remark 3: For both the reduced order and delay model the stabihty 
interval wih shrink with increased samphng frequency. The reduced order 
model however has a core interval that wih guarantee a certain delay 
tolerance. 

6 Simulations 

The simulated plant is of first order with static gain k = l, time constant 
T = 0.03s and delayed control r = 0.2s. With samphng interval h = 0.05 
the ZOH model parameters for 

TTf \ - J L - b  

{ q , ~ Aqd ~ qd(q-a) 

become a « 0.19, b ss 0.81 and d = 4; and for faster samphng h = 0.02, 
a « 0.51, b ss 0.49 and d - 10. 

Rejection of two disturbance types are considered. Both have the 
property of infinite band-width, but differ in how fast the magnitude of 
harmonics decay with increasing frequency. The control action is also 
synchronized with the disturbance i f not otherwise stated. 

Disturbance fundamental frequency is UJQ = 2-K/TQ with period To = 2s. 
This imphes the number of samples per period to be p = 40 for 20 Hz 
samphng, and p = 100 for 50 Hz. 

The comb filter poles are placed independently of the samphng rate 
using ap - 0.3. This imphes that 70% of the disturbance should be 
rejected from one period to the next. This gives a « 0.97 and a « 0.988 
for h = 0.05 and h = 0.02 respectively. 

In the graphs um = -u is shown instead of u. This is done in order 
to separate the input and output curves, and also to clearly see that a 
counteracting signal of the same shape as the disturbance is built up by 
the controller. The controller which also uses a straightforward reference 
r feedforward, is switched on after one disturbance period, i.e. 2 seconds. 

6.1 D i s t u r b a n c e generated by a non-l inearity 

As shown in Fig. 6 three modeled disturbance frequencies is enough to 
remove the dominating part of the shghtly biased disturbance 

ß(t) = e s i n(^oi) _ i 
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v r um 

Fig. 6: Controller performance with £ = {1,2,3} and 20 Hz sampling 

The controUer uses the infinite gain property, and as long as the closed 
loop system is stable the disturbance is rejected. In this sense the con
troUer is robust. From the condition (24) and (25) a gain interval of 
K G [0.01,2.7] is obtained. From the simulation (Fig. 7) i t can be seen 
how the controller performs in case of a gain error. The same controUer 
as before is used with 40% gain drop and 40% increased gain. Only the 
transient behavior is altered and stih perfect rejection of the modeled 
frequencies is obtained. 

To confirm the robustness results from Theorem 1 and Corollaries a 
number of simulation runs are evaluated. The chosen performance index 
is the maximum absolute error value, in stationarity (over the interval 
t G [20,40]s). The graduaUy degrading performance (Fig. 8) is normaUzed 
so that unity corresponds to no control action, u = 0. 

From Fig. 8 i t is clear that only one modeled frequency gives a rather 
large error. Increasing the number to three (K, = { 1 , 2 , 3 } ) gives much 
better performance. But when increasing the number of modeled tones 
further, the performance does not get much better. Wi th seven modeled 
frequencies (K. = {1 ,2 ,3 ,4 ,5 ,6 ,7}) and the complete model Hp (p = 40) 
the stabihty region only gets narrower without actually enhancing perfor
mance for the nominal case. 

Even i f the discrete time error is zero, some error remains in continuous 
time due to the slow samphng rate. When increasing the samphng rate 
to 50 Hz, Fig. 9 shows that for the low order controllers with the same 
number of tones the performance is shghtly better and the stabihty region 
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Fig. 7: ControUer performance with K = {1,2,3}, 40% gain drop and 40% 
increased gain (20 Hz sampling) 

is almost unaltered. The complete disturbance model order with p= 100 
however gives a very narrow stabihty region. 

In Fig. 9 only reduced order controllers with 1 and 3 tones are shown. 
The reason why the controUer with 7 harmonics is not shown is that the 
generated controUer code, in spite of being reaUzed on block diagonal 
form 1994b, is not giving a stable closed loop system. The way the Dio
phantine equation is solved, i t is numericaUy sensitive with many poles 
close to z = 1. There are thus problems not solved in generating low order 
controUer code, which is object for further research. 

There is a good congruence between delay error tolerance bounds in 
theory (table below) and the ones obtained from simulations (Fig. 8 and 
Fig. 9). Tabled values are obtained from (30) and (33) for the low order 
and delay internal model respectively. 

StabiUty interval for r (s), Td = 0.2s 

P\km 
1 3 7 Hp 

40 [0,0.55] [0.06,0.34] [0.13,0.27] [0.17,0.23] 
100 [0,0.54] [0.08,0.32] [0.15,0.25] [0.19,0.21] 
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Fig. 8: Stationary controller performance max(\e\) for different plant delays 

T and disturbance models in the closed loop (Number of included frequencies 
indicated, 20 Hz sampling) 
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Fig. 9: Stationary controller performance max(\e\) for different plant delay T 
and controllers (50 Hz sampling) 
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6.2 Rejec t ion of a square-wave 

The rejection of the effect of a square wave disturbance signal 

ß(t) = sign (sm(wo<)) 

is studied. I t is not chosen because it is commonly appearing in practise, 
but rather to emphasize extra demands that must be fulfilled. In addition 
to a large disturbance model, good synchronization between disturbance 
and samphng is of utmost importance. One should also have in mind 
that the disturbance acts on the plant continuously. EspeciaUy when the 
disturbance signal is discontinuous there may be a large continuous time 
error despite zero error at the sampUng instances. Depending on the 
sampUng rate i t may also appear intersample ripple, further analyzed by 
e.g. Hara et al. 1990. 

Wi th K = { 1 , 2 , 3 } , the controUer approximates the disturbance and 
counteracts within the possible frequency range, Fig. 10. 

v r um 
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Fig. 10: Controller performance with a small disturbance model, AC = {1,2,3} 

Increasing the number of tones to seven (/C = {1 ,2 ,3 ,4 ,5 ,6 ,7}) gives 
lower absolute error, Fig. 11. 

W i t h a delay disturbance model Hp the disturbance gets completely 
rejected. This may seem surprising while the controUer only models the 
first 20 harmonics, and the square-wave has infinite band-width. How
ever, with the disturbance period being an integer multiple of the sampUng 
period To=ph and Hp included in the closed loop, the discrete time error 
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v r urn 

Fig. 11: Controller performance with £ = {1,2,3,4,5,6,7} 

wih be zero due to that high frequency harmonics are ahased onto lower 
ones. The vanishing error in continuous time is a consequence of perfect 
synchronization between disturbance and samphng, and wih be analyzed 
further in the sequel. 

I t is also possible to get a deadbeat disturbance rejection by choosing 
a = 0. The controUer wiU however magnify measurement noise and have 
an even narrower stabiUty band (cf. (22)). I t may therefore be a bad 

solution. 

As before the controUer containing only the fundamental frequency 
has a large stabiUty band for varying process delay, but does not give 
sufficient rejection (Fig. 12). Even with a higher number of tones the 
amount of obtained rejection is moderate. Only for the controUer based 
on Hp complete rejection is achieved. This is due to that the disturbance 
compensation signal for a first order system with canceUation of open loop 
poles in A consists of exactly a square wave. This can be generated by 
the model Hp. For a general B polynomial i t may be that the continuous 
time counteracting signal should not be composed of piecewise constant 
signals. In this case the disturbance can not be rejected by the model Hp 

either. 
The peak performance of the delay model controUer is heavily depen

dent on synchronizing the 'corners' of the counteracting signal with the 
disturbance. Fig. 13 shows what happens for the different controUers if 
this is not the case. For a mismatch of h/2 the error is in this case largest. 
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Fig. 12: Controller performance in rejecting a square wave for controllers 

modeling the indicated number of frequencies (20 Hz sampling) 

I f the control signal action is not synchronized but time shifted h/2 
(which can be very small) the performance for the low order controUer 
with seven harmonics is not much impaired, compare Fig. 11 with Fig. 14. 

Fig. 13: Performance for controllers modeling the indicated number offre-
quencies as depending on synchronization between continuous disturbance and 
control action instant 

With this control signal time shift, the error for the delay disturbance 

1 

0.8 

0 0.1 0.3 0.5 0.7 0.9 
Synchronization, part of sampling interval h 
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model controller is almost as large (Fig. 15), as for the low order model. 
This can also be seen in Fig. 13. It can in fact be argued that this controller 
is worse for the plant than the low order controller, because of the plant 
being confronted by two discontinuities; one from the disturbance and one 
from the controUer. 

V r um 

Fig. 14: Controller performance with /C = { 1 , 2,3,4,5,6, 7} and unsynchronized 
controller action 

V r um 

Fig. 15: Controller performance with a full disturbance model Hp (p = A0) and 
unsynchronized controller action 
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7 Conclusions 

With perfect plant model knowledge very good results can be obtained 
for both tracking periodic references and rejecting periodic disturbances. 
Using a discrete time repetitive controller, zero error may be obtained 
asymptotically for ah harmonics from the fundamental up to Nyquist fre
quency. For deadbeat pole placement (in a noise-free environment) zero 
error can be obtained after at most one period, depending on how many 
frequencies that are modeled and present in the input. 

These results heavily depend on knowledge of the delay in the forward 
path. A shght variation not only gives worse performance but may have 
a large impact on closed loop system stabihty. How much performance 
degrades for an uncertain delay depends on the used internal model. A 
large internal model, e.g. the delay model with fast samphng relative to 
the fundamental frequency, can easily destabihze the closed loop system. 

The delay model may be used to include ah input signal harmonics and 
thereby e.g. reject a discontinuous disturbance. Synchronization between 
control action and disturbance is then very important. The need for syn
chronization gets less with faster samphng, but at the cost of decreased 
stabihty robustness towards unmodeled process delay variations. 

Repetitive controllers based on reduced order internal models have 
earlier been shown to possess improved robustness against unmodeled 
high frequency dynamics while keeping the asymptotic zero error prop
erty, HiUerström & Sternby 1994b. Present work indicates that there is a 
close connection between how many frequencies that are modeled and the 
robustness towards unmodeled process delay errors. I t is thus concluded 
that the order of the internal model should be kept down as much as pos
sible, and no extra or silent internal model frequencies should be included 
in the design. 

I f synchronization in time of controUer action towards the continuous 
disturbance is bad, almost the same performance is obtained using a low 
order model as one modehng aU frequencies up to Nyquist. In this case 
the improved stabiUty robustness of the reduced order repetitive controUer 
makes i t easy to choose controUer type. Or the other way around, a fuU 
order model design should also consider controUer action timing. 
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Abstract 

A self-tuning discrete time repetitive controUer comprising a gradient 
descent disturbance model estimation and a 'Pseudo' Feed Forward(PFF) 
(Walgama [1] Part V & HiUerström [2]) controUer is investigated. To 
iUustrate the feasibihty of the approach taken it is used for rejecting a 
periodic disturbance acting on a nonminimum-phase plant. 
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1 Introduction 

Disturbance rejection is a large and important field of control theory. 
Rejection of periodic disturbances is of special interest because (1) they 
commonly appear e.g. in connection with rotating devices, cychc motions; 
and (2) the disturbance periodic nature can be used to predict the distur
bance in the next cycle and thereby enhance suppression. A disturbance 
model should according to the Internal Model Principle(IMP) (Francis and 
Wonham [3]) be utihzed. The resulting controllers are commonly known 
as repetitive, and are also used for periodic reference tracking. 

In continuous repetitive control, disturbance rejection (Hara & Ya
mamoto [4]) and tracking (Hara et.al. [5]), a period time To gives model 
poles or eigenvalues on the imaginary axis at kuQ for the fundamental fre
quency u>o = 27T/To- I t is then impossible to include a complete polynomial 
model while there are infinitely many poles. However, there is a possibihty 
to model the disturbance completely using a (infinite dimensional) delay 

model. 
Normally, continuous IMP based controUers only possess an asymp

totic disturbance rejection property, but a recently developed technique 
of continuous time deadbeat observation can be utihzed to obtain dead-
beat performance or perfect rejection after a hmited time, Medvedev & 
HiUerström [6]. 

In discrete time with sampUng interval / i = To/p, p times per period, 
there wih always be a finite number of model poles due to aliasing. A 
discrete version of the time-delay model frequently used [7; 8; 9], consists 
of p delays. Some of the main reasons are that this model is simple, 
numericaUy insensitive and generates arbitrary periodic signals. ControUer 
schemes with this model has successfuUy been implemented on a number 
of appUcations such as hard disc-drives, noncircular machining and robot 
manipulators, Tomizuka [8] and references therein. 

The delay model aUows generating signals with high-frequency con
tent which can be used to reject discontinuous or 'hard' disturbance such 
as square wave. But with this abiUty foUows the possibihty of exciting 
unmodeled high-frequency dynamics implying high frequency osciUations 
or even instabiUty. I f the disturbance signal is smooth, or the main en
ergy concentrated to some frequencies i t may be better to use a controUer 
based on a dominating harmonics model, HiUerström & Sternby [10]. This 
lower order model controUer does not generate signals which excite possi
ble high frequency plant modes except in case of control signal saturation. 
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A peristaltic pump apphcation with the resulting controller can be found 

in Hillerström k Sternby [11]. 
The disturbance model is usually assumed to be known, implying 

known period time or dominating peaks in a frequency spectrum. This 
is however not always the case e.g. when generated by imbalance in a 
rotational machinery with unknown rotational speed. This cahs for an 
investigation of an adaptive or self-tuning solution. 

Self-tuning periodic disturbance rejection (Tsao & Nemani [9]) and 
tracking (Tsao k Qian [12]) using the delay model poses two problems. If 
the input signal is periodic with period T* the algorithms easily converge 
to a subharmonic r —• n r*(n integer), which from the time series point 
of view is quite natural, but then imphes convergence to a fundamental 
frequency below the 'real' one despite low energy for this harmonic in a 
frequency spectrum. Secondly, only a delay which is an integer multiple of 
the samphng interval h is allowed while the delay is implemented as a series 
of delay operators q~l. This gives that if the period r* =ph(p integer) is 
not a good approximation the samphng period h must be altered or there 
wih be an oscillation remaining in the output signal, Tsao k Qian [12]. 

In the present work, the problem is outhned in a discrete-time frame
work in section 2. Different disturbance models are briefly described in 
section 3 and in section 4 i t is shown how to use a frequency parameteriza
tion to adapt a good low order disturbance model. This parameterization 
also allows a non-integer relationship between fundamental frequency and 
samphng rate h. The adaptation scheme is combined with the Pseudo Feed 
Forward(PFF) (Walgama [1] Part V k Hillerström [2]) controller (section 
5). This has assuming perfect process model knowledge, the nice property 
of not affecting closed loop system stabihty despite being an IMP repeti
tive controUer.1 The disturbance rejection and stabihzing part of the PFF 
controUer are separated, aUowing redesign as the disturbance frequency 
alters. Simulation results with the self-tuning repetitive controUer are 
presented in section 6. 

2 Basic assumptions 

AU polynomials in this paper have as arguments the backward shift oper
ator q~l i f not otherwise stated. 

'in fact, it is related to the External Model controller (Tomizuka et.al. [13]) in the sense 
that it uses 'feedforward' canceling of the unmeasurable disturbance. 
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A sampled model of the controlled continuous system is assumed to 

be 
Ay(t) = Bq-du(t) + ß(t) (1) 

with u(t), ß(t) and y(t) as input, disturbance and output respectively. 
A is stable (or made stable using an internal feedback loop) and {A, B>} 
coprime, corresponding to no hidden modes. Measurement ym used is 
corrupted by additive noise 7 

ym(t) = y(t) + j(t) (2) 

The deterministic disturbance ß is periodic with unknown period but 
band-hmited by ir/h. Thus a finite-degree polynomial model H* of ß 

exists so that 
H*{q-l)ß = Q (3) 

For a periodic disturbance H* wih have its roots on the unit circle. 
Bq~d and H* are not allowed to have common roots for reasons that will 
be provided in the sequel. 

The control objective is to reject the deterministic disturbance belong
ing to the class H*ß = 0, with zero error asymptotically. 
Remark 1: For a general periodic disturbance there wih only be a finite 
number of poles in the case where the samphng h is chosen according to 
To = ph (the high frequency harmonics are ahased onto low frequency 
ones). But To is unknown. The only way to assure existence of H* is 
assuming band-limitation. 

3 Disturbance models 

Two polynomial models satisfying (3) are briefly described below. More 
about different models is presented in Hillerström & Sternby [10]. 

If an integer number of samphng intervals per disturbance period To = 
ph is chosen, a complete time-delay model is 

Hp{q-X) ål-q-P (4) 

The zeros of Hp wih be uniformly distributed over the unit circle, and ah 
harmonics up to the Nyquist frequency [p/2j-l/To are modeled. This par
ticular way of choosing H and the samphng interval is often encountered 
in connection with PDR. 
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I t is however important to notice that with this choice the number of 
samphng intervals during each period of the highest harmonic modeled 
will only become 2, and 2 + ( l / p ) for p even and odd, respectively. This 
is of course insufficient in cases when the highest harmonic contributes 
significantly, which is also reflected in that 2 samples per period is the 
hmit required by the samphng theorem. The obvious solution to this 
problem is to choose the highest harmonic to be sufficiently higher than 
those which contribute to the signal. This requires faster samphng and 
may result in an unnecessarily large model. 

A lower order model HK: only modehng some harmonics (preferably the 
dominating) is a product of an integrator and N second order polynomials 
Hk each modehng one frequency 

^ = ( 1 - ^ ) 1 1 ^ ; Kc{iez+\i<\} 

Hk = (l-2q-1cos(ku)0h)-rq~2) 

where LJQ = 2-K/TO is the disturbance fundamental frequency, Z+ the set of 
positive integers and K = {ki, k2, • •., fc/v} denotes the increasing sequence 
of modeled frequency indices. 

The individual frequency models Hk are easily obtained by observing 
that 

(1 - e i f c w o / l g - 1 ) ( l - e-jkw°hq-l) = Hk 

I t is also straightforward to obtain a non-periodic signal model by not 
restricting the Hk to be models of harmonic parts, ahowing coefficients k 
which are real instead of integer. The important thing is that the signal 
can be decomposed into a finite sum of components. Remember that i t is 
only demanded that (3) holds. 

4 Disturbance model adaptation 

A disturbance estimate ß is filtered through Hfc and the squared output 
is minimized using gradient descent. Wi th 6 = u>oh and band-hmitation 

0 < 6 < 7c/kN  
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The minimization goal is thus for a fixed model order to adjust 6 such 
that the output energy is minimized. The chosen energy function is 

J{6)=) £ { H K ß s f (6) 

with M h> TQ and 

4 
s=t-M 

dJ_l * dHK . -

s=t-M 

An operator A = l - g - 1 is introduced while i t can be factored out both 
from the model and partial derivative. 

In the adaptation scheme the 'step' n is used 

and the gradient 

OHK v HK 8Hk 

N I 

II nk wkj (?) 

*€{/C\*j} / 

simply gives that different frequency-bands are treated by each filter, 
scaled by wkj =kj sin (kj6) and time-shifted. 

I f the 'step' length n 'smah enough' the convergence to the true class 
HK: —> H* can be achieved provided that 

for HK H* so that the algorithm does not get stuck on a higher 'energy' 
level. The weights wkj of the different filters are all non-zero due to (5). 
While the filters let through different frequencies, a gradient identical to 
zero over time can not be generated except for ß constant Aß = 0). 
From this can be concluded that, for the gradient descent algorithm to 
converge, HK must be 'large enough' so that ah ß harmonics is canceled 
simultaneously. 
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Example 1 For ß sinusoidal, possibly biased, the energy function (6) is 
given by (N = 1) 

J ( S > ] É ( ( l - 2 c o s ( ^ ) g - 1 + g - 2 ) A / 3 ) 2 

s=t-M 

with 

% = E i 1 - 2 c o s ( * ) i ~ l + ? " 2 ) A ^ s i n ( * ) A ^ - i 

in the updating rule(Fig. 1). 

Fig. 1: The adaptive scheme for a sinusoidal disturbance 

In the sequel M = 100 is used in the adaptation algorithm and adapta
tion is switched off until a time M-h has expired to avoid initial osciUations. 
Convergence is determined by the tuning parameter rj. The adaptation 
(JV = 1) is run with n = 0.4 and ß = 1 + sin (o;01) where u0 = 10. Different 
initial values S0 (Fig. 2) show that the algorithm does not get stuck at 
higher or lower harmonics. 

I f two unmodeled frequencies are fed into the estimator the estimate 
converges to a fundamental frequency shghtly higher than the nominal 
one (Fig. 3). This deviation can be reduced by low-pass filtering of the 
disturbance estimate, but since the goal is to identify a model that best 
fits the disturbance this is not done. Here we got the problematic case 
where i t is impossible to fit the model to the disturbance. The biased 
model estimate has a smaUer output energy than the one corresponding 
to the first harmonic, and is therefore found. 

W i t h the above described algorithm and constant rj the convergence 
rate is heavily dependent on the disturbance power. To get rid of some 
of this dependence and thereby simpUfy the rj choice i t is normaUzed by 
the variance Sß estimate of Aß, While the A operator removes the mean 
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delta 

i 1 1 1 1 1 v 

0 4 8 12 16 20 
Fig. 2: Convergence of the adaptive scheme (N = 1, n = 0.4) for a sinusoidal 

disturbance ß = 1 + sin (w0 *) with w 0 = 10 rad/s 

value i t is simply taken as a low-pass filtered mean value of (A/3) 2 , and 

delta  

0.24 J  

0.20 _ 

0.16. 

0.12. 

0.08. / 

0.04. 

0.00. 

, , , , 1 t 

0 4 8 12 16 20 
Fig. 3: Convergence of the adaptive scheme (N=l, n = 0.2) for a disturbance 
/?=1 + sin (U>Q t) + 0.2 sin (2UQ t) + 0.1 sin(3wo*) + v, wo = 10 rad/s and 6nom for 
the different harmonics indicated (v random with \v\ < 0.001) 

When the estimator model order is increased the above mentioned de
viation vanish (Fig. 4). Thus, i t is very important to know how many 
peaks in the disturbance spectrum that are large and implement a suffi
ciently large model structure. In adaptation (rjc = 12) the adjustment rate 152 
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is hmited, giving rise to the straight lines in Fig. 4. This is used to lower 
the risk of closed loop performance being affected by adaptation. 

delta  

0.24 

0.20 

0.16 

0.12 

0.08 

0.04 

0.00 

0 4 8 12 16 20 
Fig. 4: Convergence of the adaptive scheme (N = 3, a variable q=12/Sß) for a 

disturbance ß= 1 + sin(w01) + 0.2sin(2w0t) + 0.1 sin(3w 0t) with w 0 = 10 rad/s 
(önom for the different harmonics indicated) 

5 The pseudo feedforward controller 

Measurable disturbances can be rejected using a Feed Forward(FF) con
troller. This compensation does not affect the closed loop system stabihty. 

The Pseudo Feed Forward controher (Fig. 6) uses the filtered plant 
input and output to estimate the periodic signal affecting the system, 
given by rearranging (1) 

ß = Aym-Bq-du (=ß + A7) (8) 

A suitable pseudo feed forward signal is given by prediction using the 
model H of ß (appendix A) 

u f f = Eß (9) 

where E is given by 

EBq~d + EE = 1 (10) 
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R 

Fig. 5: A controller that do not alter the servo transfer function, assuming 

perfect process knowledge 

The PFF controUer can be derived from the polynomial controller in 
its general form(Åström & Wittenmark [14]), see Fig. 5 with Q = 0. The 
controhed output is 

y= 
Bq -d 

AR+ B q~d S 
( T r - S j + Rß) 

and the closed loop stabihty determined by zeros of Am = AR + Bq~dS. 

PFF controUer stabihty is based on that Am is not altered by the 
change in S and R due to the polynomial Q i f included as fohows 

SQ = S + AQ and RQ = R- Bq~dQ 

This wiU give the closed loop characteristic polynomial 2 

A M Q = A(R - Bq~DQ) + Bq~D(S + AQ) = AT 

(11) 

(12) 

Note that T is not changed which together with (12) gives that the servo 
transfer function is kept unaltered. This controUer structure (Fig. 5) can 
thus be used to change disturbance rejection and measurement noise filter
ing without affecting the servo properties, Uke in this case improve distur
bance rejection properties of a polynomial controUer, e.g. a Pl-controUer. 
Thus, the filter Q is hidden from the transfer function from r to y, and 
with the factorization Q = RE we end up with the PFF controUer (Fig. 6). 

2 An important assumption here is perfect process knowledge. When this approach 
applied to a 'real world' process with structural as well as parametrical deviations 
from the nominal process model, the characteristic polynomial alters. 
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S 

Fig. 6: A pseudo feedforward controller 

For complete disturbance rejection, the overall control law (uf\, is the 

polynomial controUer output) 

u = U f b - U f f (13) 

is used for plant stabihzation and preventing the periodic disturbance from 
affecting the output. The ' - ' sign in (13) reflects that the feedforward 
signal should counteract the disturbance. 
Remark 2: A PFF controUer can be used as an add-on device to an exist
ing control system, so that the original system can be designed without 
deterministic disturbance consideration. 
Remark 3: The PFF controUer can also be derived using the IMP. Ac
cording to the IMP should RQ contain a factor H which gives (Q = RE) 

RQ = R(1 - Bq~dE) = HY 

which impUes that Y = RF and E is obtained from the model-based 
prediction condition (10). 

6 A self-tuning repetitive controller 

Here the model adaptation scheme of section 4 and the PFF controUer of 
section 5 are combined into a self-tuning repetitive controUer and simu
lation runs of disturbance rejection on a non-minimum phase plant are 

shown. 
Discrete non-minimum phase plants are important because not only 

do they appear from non-Unear system approximations but also a Unear 
time invariant continuous minimum phase systems can be transformed 
into discrete non-minimum phase through sampUng, Åström et.al.[15]. 
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During the adaptation phase a disturbance model is identified. The 
estimation filter E is obtained by in advance solving the prediction Dio
phantine equation (10) with 8 as an unknown parameter. 

The simulated plant chosen as subject for control is of second order. 
I t is sampled at 10ms (h = 0.01) and non-minimum phase (6 = 2), with a 
double pole in a = 0.97. 

B ( l - f r g - 1 ) * ? - 1 (1 - a ) 2 

A ( l - a g - 1 ) 2 ' s ~ ( 1 - 6 ) 

The average in the adaptation algorithm is taken over Is giving M = 100. 
A third order estimator (N = 3) modehng consecutive frequencies is 

used and the disturbance acting on the plant is given by 

ß = Ks (1 + sin (u!01) + 0.2 sin (2u>01) + 0.1 sin (3 u>01)) 

The PFF controller structure allows any kind of feedback controller. 
To make the system faster and remove some of the disturbance a P—regulator 
together with a reference feedforward is used (7 = 0). 

U f b = r + Kp(r - y m ) 

A close-up to show the PFF controller performance enhancement dur
ing adaptation is included in the figures within dashed fines. Adaptation 
is switched on at t = M • h s (in fact 6 convergence is the one shown in 
Fig. 4) and goes on whenever the logical value (shown e.g. in Fig. 7) is 
'low'. When the gradient value is small adaptation stops and the E poly
nomial is fixed (indicated by 'high'). There is hysteresis in the condition 
avoiding oscillations in the adaptation indication. 

The plant runs open loop Kv = 0 for the first 4s and then with Kv = 4 
(Fig. 7). The P—regulator is not very effective in reducing the disturbance 
level. At t = 10s the prediction polynomial E is inserted in the disturbance 
rejection loop. Adaptation starts over again ('low') after the disturbance 
has altered at t = 20s, from u0 = 10 to w 0 = 12 in 3s. During this time 
the error is larger, due to that the counteracting signal can not accurately 
predicted by the FIR filter E when the frequency alters. 

An interesting question is now if the adaptation scheme with N = 3 can 
be used together with a disturbance that is not band hmited but has fast 
decaying energy spectrum. A nonhnear function is introduced to generate 
an infinite harmonic series. 

ß = 2Ks(e
s'm^°^ - 1) 
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Fig. 7: Performance uncontrolled (0<t<4s), proportionally controlled Kp=4 
(t>4s). At t = 10s the PFF controller is started. Att = 20s disturbance frequency 
starts to change from w 0 = 10 to 12 rad/s in 3s 

The controller as before reduces the disturbance (Fig. 8). The close-
up shows that some small osciUations remain in the output y due to the 
unhmited band-width, but performance is quite satisfactory. 

1.005 

0.995 

0 5 10 15 20 25 30 35 40 

Fig. 8: System performance uncontrolled (Q<t<4s), proportionally controlled 
Kp = 4 (t > 4s). At < = 10s the PFF controller is started. Att = 20s disturbance 
frequency starts to change 
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7 Conclusions 

A self-tuning repetitive controller comprising disturbance model identifi
cation and compensation using prediction has been shown to reject band-
limited periodic disturbances. 

As the approach is based on gradient descent, the adaptation conver
gence rate is decided by the 'step' length in the updating algorithm. This 
is at present a tuning parameter but is object for further research. 
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A Polynomial model based prediction 

One way to use the model H for prediction is by observing the following. 
The goal is to obtain that ß is unaffected by the filter EBq~d 

EBq~dß = ß (14) 

using a precompensation FIR filter E, which of course is stable and have 
strictly hmited memory. 

To obtain (14) is not possible for an arbitrary input signal. Taking into 
account that the input signal ß satisfies i f /3 = 0 the condition is altered 
by subtracting a factor that is zero after a strictly hmited time 

EBq~dß = ß - FHß (15) 

where the polynomial factor F is inserted to guarantee that (15) has a 
solution. 
From (15) the Diophantine identity (16) is obtained, giving the precom-
pensator E. This wih have an unique solution for deg{E}=deg{H} — 1, 
deg{F} = deg{B}+d— 1 provided {Bq~d,H} coprimeness, Åström h Wit
tenmark [14] theorem 10.1. 

EBq~d + FH = 1 (16) 

Perfect ß tracking after at most deg{F} time steps is achieved. This is 
the optimal solution in the sense that zero error is obtained after the time 
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i t takes for the signal to propagate through the filter Bq~d. Note that 

the FIR filter approach can be used where pole/zero cancellation fail , i.e. 

for non-minimum phase plants. 
A Diophantine equation must thus be solved. This can be a problem in 

real-time applications with hmited computer power. On the other hand, 
i f e.g. B has m distinct zeros and there is no delay in the process model 

(d = 0), (16) reduces to FE = 1 for these argument values. These m 

equations is enough to determine the m parameters of F. Thereafter i t is 

easy to determine E from (16). 
The technique is ihustrated with a simple first order non-minimum 

phase B polynomial as follows. 
Below the commonly used Hp = l — q~p is chosen. 

Example 2 Bq~d = ( l - 6 g _ 1 ) with \b\ > l.(Note that b = l is unsolvable, 

because this violates the {B, Hp} coprimeness.) 

The E and F degree constraint will be deg{E}=p—l and deg{F} = 0 

respectively, thus F = f 0 and £ = eo + e i g - 1 + . . . + e p - \ q ~ ( p ~ l \ 

From (16) letting q-*b =$• B—>0 gives f0 = l/(l-b~p) and identifying 

q~x powers gives 

eo = -b~pfo 

e,- = 6e8-_i VJ 1 < i < p - 1 

and in all 

E = _ _ - L _ [ 6 ^ + ö - ^ 1

g - 1

 + . . . + 6 - V ( p - 1 ) ] = 

= Y ^ i M q - ' + .-. + b ^ q - ^ } 

I t can also be easily used for minimum phase delayed control processes. 

Example 3 For the non-cancellable factor q~d, d < p, (16) gives the 

equation 

Eq-d= l ~ F ( l - q - p ) 

that has a solution with F = 1 of 

E = q-p+d 

which simply states that a d-step ahead periodic signal prediction should 

be fed into the system to achieve perfect following. (A polynomial F of 

lower order than m + d — 1 can be used due to that the q~l .. .q~^p~^ 

coefficients of H equals zero.) 
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Abstract 

The aim of the paper is to present an adaptive solution to suppres
sion of vibrations. Adaptation is appropriate whenever the fundamental 
frequency is unknown or drifting, e.g. when the vibration is caused by 
a rotational machinery with unknown rotational speed. The presented 
approach has its roots in repetitive control based on models of isolated 
frequencies rather than the commonly used delay model. The relations 
between different modeled frequencies are fixed by the model structure, 
and the fundamental frequency is obtained by gradient descent. To show 
feasibihty of the presented approach it is used for reducing vibrations on a 
lever caused by a motor with imbalance in its rotation. As actuator a stan
dard loudspeaker is used and the vibration is sensed by an accelerometer. 
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1 Introduction 

Vibrations occur frequently in todays industrial processes. These do not 
only cause undesirable noise but may also diminish quality of produced 
goods. In many cases it may also be an indication of that something is 
faulty, and quietness has gradually become an asset in marketing of new 

products. 
Air born noise is usually treated by an Active Noise Control (ANC) 

system comprising a microphone to perceive the noise and a speaker to 
cancel i t out, see e.g. Shoureshi [1]. 

Vibration damping can either aim at straining the vibrating object to 
a standstill, or at avoiding mechanical vibrations to spread out via the 
support, or at both simultaneously. 

Passive vibration damping, e.g. by means of rubber joints or springs 
and dampers, has the disadvantage that complete suppression is not pos
sible and usuahy only a moderate damping is obtained. Good suppression 
of one fixed frequency determined by the construction may be obtained 
by a suitable isolator choice. There is however no possibihty to get good 
suppression over a wide range of vibration frequencies. 

For small vibrating objects the acoustic noise is mainly not produced 
by the object itself, but rather by the larger structure upon which i t is 
mounted. In this case a static contact force in the mount despite the 
vibrations is wanted. With active damping one can produce such an 'ide
ally soft' support (object vibrating freely) with a control law producing a 
support force in the same phase as the force caused by the vibration. I f 
the object itself is producing the noise or simply a vibration free plant is 
wanted a counteracting force (relying on a ' f irm ground') may be produced 
to bring the object to a standstill. 

To succeed with active compensation the wave-form of the acceleration 
caused by the vibration must be known. This is of course in general a 
problem to measure. Therefore a repetitive scheme that inherently 'learns' 
the counteracting force is exploited. 

Repetitive control schemes have proven superior to non-predictive 
techniques (e.g. Pi-control), for e.g. computer disc file systems [2] and 
a peristaltic pump used in dialysis equipments [3; 4]. These techniques 
are now also being considered for attitude stabihzation of satellites [5; 6]. 
The use of repetitive techniques to provide an active compensation signal 
in a vibration apphcation would imply an almost complete elimination, 
provided that the fundamental frequency of the vibration is constant. 
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The above mentioned repetitive techniques are based on a known in
put signal frequency. I f vibrations are caused by e.g. some rotational 
machinery it may not be feasible or even possible to accurately keep track 
of its rotation. Therefore in vibration suppression apphcations the known 
fundamental frequency assumption may not be fulfilled. For this case the 
Adaptive Pseudo FeedForward (APFF) control scheme of Hillerström k 
Sternby [7] is here investigated. 

This paper wih focus on removing the influence of mechanically cou
pled vibrations (tones) by applying a counteracting force. This wih be 
dealt with at a component level. To obtain fuh six degrees of freedom 
with the proposed adaptive scheme, it may be utihzed together with a 
good structure such as the 'Cubic Configuration' of the Stewart Platform, 
Gang k Haynes [8], where the main vibration components are transformed 
into axial forces. 

The controUer and actuator have to be able to work in the same fre
quency range as the vibrational disturbance. There are no problems with 
the actuator band-width while a loudspeaker is chosen. Available com
puter power (486/DX2-66 PC) and software [9] suffice for vibration sup
pression up to about 500 Hz (in the experiment only frequencies up to 
about 40 Hz are considered). To increase the band-width further, a Digi
tal Signal Processor (DSP) implementation of the proposed algorithm can 
be made. 

2 Adaptive P F F Compensation 

The Adaptive Pseudo FeedForward (APFF) compensation scheme utihzes 
the Pseudo FeedForward (PFF) controher by Walgama [10] (briefly sum
marized below) together with fundamental frequency adaptation, Hiller
ström k Sternby [7]. A disturbance estimate is filtered out using the 
process model. This estimate is then filtered through a polynomial E 
(i.e. FIR filtered) compensating for the phase and amplitude so that a 
counteracting 'anti vibration' signal is generated by the controUer. 

I t exists a transfer function equivalence between a repetitive con
troUer with the internal model included as controUer poles to obtain infi
nite loop gain, and the PFF controUer (Walgama [10] and HiUerström & 
Sternby [7]). There is however a large difference concerning initial con
ditions. Wi th the polynomial internal model included as controher poles 
(infinite memory) [4; 11, 12] the controher has state values stored to gen-
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erate a certain counteracting signal. I f controher coefficients are altered 
on-line large oscillations may appear. The FIR filter implementation (fi
nite memory), continuously driven by the residual, however allows the 
coefficients to be changed during operation. This makes i t possible to 
adapt a disturbance model on-hne e.g. using gradient descent. 

In order to cancel out the acceleration disturbance ß arising from the 
mechanically coupled vibration, both a process and a disturbance model 
according to the fohowing basic assumptions are utihzed. 

Basic assumptions AU polynomials have as arguments the backward 
shift operator g _ 1 i f not otherwise stated. 

A sampled model of the controUed continuous system is assumed to 
be 

Ay(t) = Bq-du(t) + ß(t) (1) 

with u(t), ß(t) and y{t) as input, disturbance and output respectively. 
A is stable (or made stable using an internal feedback loop) and { A , B} 
coprime, corresponding to no hidden modes. The measurement ym used 
is corrupted by an additive disturbance 7 

ym(t) = y(t) + i(t) (2) 

The deterministic disturbance ß is periodic with unknown period but 
band-hmited by ir/h. Thus a finite-degree polynomial model H* of ß 
exists so that 

H*{q-l)ß = Q (3) 

For a periodic disturbance H* wiU have its roots on the unit circle. 
Bq~d and H* are not aUowed to have common roots for reasons that wiU 
be provided in the sequel. 

The control objective is to reject the deterministic disturbance of 
class (3), with asymptoticaUy zero error. 

Remark 1: For a general periodic disturbance there wiU only be a finite 
number of poles in the case where the sampUng h is chosen according to 
To = ph (the high frequency harmonics are ahased onto low frequency 
ones). But To is unknown. The only way to assure existence of H* is 
assuming band-hmitation. 

166 



Doctoral Thesis: On Repetitive Control 
Paper V I . Adaptive Suppression of Vibrations 

Pseudo FeedForward Control Measurable disturbances can be re
jected using a Feed Forward(FF) controher. This compensation does not 
affect the closed loop system stabihty. 

The Pseudo FeedForward controher (Fig. 1) uses the filtered plant 
input and output to estimate the periodic signal affecting the system, 
given by rearranging (1) 

ß = Aym-Bq-du (=ß + A1) (4) 

A suitable pseudo feed forward signal is given by prediction using the 
model H of ß (appendix A) 

where E is given by 

u f f = Eß 

EBq~d + FH • 

(5) 

(6) 

This controher structure (Fig. 1) can thus be used to improve disturbance 
rejection properties of a polynomial controher, e.g. a Pl-controher. 

"Add-on" device 

Existing 
controller 

R 

Bq 

Bq 

Plant 

Fig. 1: A pseudo feedforward controUer 

For complete disturbance rejection, the overah control law (iiß is the 
polynomial controher output) 

U = U f b - U f f (7) 

is used for plant stabihzation and preventing the periodic disturbance from 
affecting the output. The ' - ' sign in (7) reflects that the feedforward signal 
should counteract the disturbance. 
Remark 2: A PFF controher can be used as an add-on device to an exist
ing control system, so that the original system can be designed without 
deterministic disturbance consideration. 
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Fundamental frequency adaptation The adaptive scheme utilizes a 
low order model H>c [13] only modehng the dominating harmonics. In 
general i t wih also comprise an integrator but in this application where 
the accelerometer cuts off low frequencies this is not feasible while it may 
lead to integrator wind up. Static forces are also better to cope with using 
passive materials. I t makes no sense to waist active (power-consuming) 
compensation on this. 

The low order model consists of N second order polynomials Hk each 
modehng one frequency. 

where u>o = 2n/To is the disturbance fundamental frequency, Z+ the set of 
positive integers and K, = k2,.. . ,&/v} denotes the strictly increasing 
sequence of modeled frequency indices. 

I t is also straightforward to obtain a non-periodic signal model by not 
restricting the Hk to be models of harmonic parts, allowing coefficients k 
which are real instead of integer. The important thing is that the signal 
can be decomposed into a finite sum of isolated components. 

The disturbance estimate ß is filtered through H/c and the squared 
output is minimized using gradient descent. Wi th 6 = uoh and band-
limitation 

The minimization goal is thus for a fixed model structure to adjust 8 such 
that the output energy is minimized. The chosen energy function is 

HK = \ [ H k ; fCc{l£Z+\l<^} 
keic 

0 < 6 < ir/kN (8) 

s=t-M 

(9) 

with M h > T 0 and 

6(0) = 60 

168 



Doctoral Thesis: On Repetitive Control 
Paper V I . Adaptive Suppression of Vibrations 

and the gradient 

dHK v HK 8Hk  

86 fcKHk 88 

3=1 \ *6{C\* j } / 

To remove any constant input to the adaptation algorithm the operator 
A = l - q ' 1 is introduced and A/3 is used as input. I f n is 'small enough' 
the convergence to the true class HK —* H* can be achieved provided that 
HK is 'large enough' so that ah ß harmonics are canceled simultaneously 

for HK ^ H* SO that the algorithm does not get stuck on an inaccurate 
frequency. Simulation results for N = 1 and N = 3 with the proposed 
adaptive scheme can be found in Hillerström Sz Sternby [7]. 

The estimation filter E is obtained by in advance solving the prediction 
Diophantine equation (6) with 8 as an unknown parameter. 

3 The experimental setup 

In the experimental setup of Fig. 2 the dynamic forces give rise to an an
gular acceleration of the lever, sensed by the accelerometer. The actuator 
used for compensation is a mechanically coupled loudspeaker (different 
from ANC where it is used acoustically) being able to compensate for vi
brations in the considered frequency range. Both plant input and output 
signals are properly amplified and lowpass filtered. 

In order to actively remove vibrations, location of actuator and sen
sor may need some consideration, and is not the best in this particular 
experimental setup. It is chosen because of its simphcity to build up for 
ihustration of the potential of this repetitive algorithm in vibration ap
plications. Note also that the accelerometer output is zero in case of a 
successful compensation, so that the controher has to be able to generate 
the compensation signal at zero input. This is done by an internal model 
(Francis & Wonham [14]) which wih produce exactly this compensation 
signal. 

An approximate differential equation model of the loudspeaker and 
lever would be of third order [15], and with the two 4th order Butterworth 
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Electrical motor Accelerometer 

Fig. 2: The experimental setup 

lowpass input and output filters the model order would add up to 11. This 
model order is probably a bit too high for the control purpose and while 
the speaker parameters are unknown the plant modehng is addressed by 
means of input/output model identification. 

Plant identification experiment The identification experiment is per
formed in a vibration free environment, i.e. with a zero voltage to the 
electrical motor of Fig. 2. The motor is generating a vibration of up to 
40 Hz and therefore the samphng frequency is chosen to 100 Hz, giving a 
Nyquist frequency of 50 Hz. 

In order to get the plant model a Pseudo Random Binary Sequence 
(PRBS) [16] can be used as plant input. The identified ARX model has 
a tendency to signify the high frequency model part. Thereby problems 
occur for low frequencies when the model is used for control, Marstorp [15]. 
To weight low frequency plant characteristics more, the probability for 
change in the PRBS signal is set as low as 0.15. In addition to this a first 
order digital filter with cut-off frequency of 15 Hz is used in prefiltering 
the PRBS signal of amphtude 0.4. 

The sixth order delay model (1) is obtained by using the ARX function 
in Matlab's 1 identification toolbox (deg{A} = 6, deg{R} = 4 and d = 2). 
Poles and zeros of the model are depicted in Fig. 3 

Note that the process is non-minimum phase giving that a pole/zero 

1 Software package for scientific and engineering numeric computation by 'The Math-
Works, Inc.' 
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Poles and Zeros 

2 

OP 

-2 

-2 0 2 

Fig. 3: Poles ('x') and Zeros ('o') of the model 

cancellation scheme would be unstable. However the PFF compensation 
utihzing a FIR filter E lacks this stabihty problem. From Fig. 3 can also be 
seen that the process model has two zeros close to the unit circle which may 
result in a bad solution of the Diophantine equation (6), appendix A. This 
however appear as low as 4.7 Hz and is below the considered frequency 
range > 10 Hz. To assure that no numerical problems arise, the 8 in the 
adaptation algorithm is therefore bounded below at 8 Hz. 

Model validation 

1.5 2 2.5 3 3.5 
t(s) 

Fig. 4: Model validation, model output vs. measured data 

The model vahdation of Fig. 4 shows a very good congruence between 
test data, different from data used for obtaining the ARX model, and 
model output. In fact the curves of Fig. 4 can hardly be separated. 
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I t is important to get a good model so that an accurate vibration 
estimate can be filtered out of the real-time input/output data. Apart 
from the correlation having alternate sign from one time-lag to another 
Fig. 5 shows low correlation between input and residuals. This 'oscihative' 
correlation may arise from left half-plane poles and may be lowered by 
increasing the samphng rate. However, as wih be seen from the test runs 
this model suffices for the control purpose. 

j _ Correlation function of residuals. 

0.5 

0 

-0.50 5 - jQ—- j5 2() 25 
lag 

Q 2 Cross corr. between incut and outout residuals 

0 
-0.2 

"°- 4 -20 -10 ,0 10 20 
lag 

Fig. 5: Correlation of residuals 

The model frequency characteristics versus the data show that apart 
from a shght amphtude mismatch in the frequency range of 4 to 20 Hz, a 
good model is obtained. 

^ Frequency QHzJ ^ 

Fig. 6: Frequency characteristics of model vs. data 
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4 Experimental results 

The APFF control scheme wih be investigated for removing vibrations 
caused by an imbalance. In this case no outer control loop is utihzed so 
5 = 0 and T = R = 1 in the polynomial controher. 

In the experimental evaluation M = 140 is used in the adaptation 
algorithm. Wi th constant n the convergence rate is heavily dependent on 
the disturbance power. To get rid of some of this dependence and thereby 
simplify the n choice i t is normahzed by the variance sp estimate of Aß. 

While the A operator removes the mean value i t is simply taken as a 
low-pass filtered mean value of (Aß)2, and r} = T]c/s

2

3. 

When n has been compensated for the disturbance power variations, 
convergence is determined by the tuning parameter r)c. Then there is a 
trade off between quickly removing the vibration effect and steady state 
performance. A high T)c value, to obtain fast adaptation, wih give a con
troher that continuously tries to compensate for a change in vibration 
frequency, whether or not there is any. To make this choice simpler the 
magnitude of the adaptation rate r)c is determined by performance. A 
large output power TJj / 2 wih give a higher r)c, while good performance is 
assigned a low r)c. This way both fast convergence and good steady state 
performance are obtained. In addition the 8 adjustment rate is hmited 
in order to lower the risk of closed loop performance being affected by 
adaptation. 

Approximately constant disturbance frequency 

0 10 20 
t(s) 

Fig. 7: Constant vibration at about 29 Hz 
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A fairly constant rotational speed of the motor axis with imbalance 
gives that a sinusoidal disturbance is a good approximation. The controher 
with a single frequency (JV = 1) removes the main part of the vibration, 
Fig. 7. Over the whole run the worst part has a vibration attenuation of 
—22 dB and the best parts are below —30 dB. I f the fundamental frequency 
is deviating slightly this wih be handled by the adaptation. I t can be seen 
from the envelope that the controher continuously adjusts the frequency 
giving rise to the low frequency modulation, Fig. 7. 

Fig. 8 shows the controllers response to a rather large change in vi
bration frequency. Initially the vibration can even be amplified due to 
that the control signal contributes to the vibration rather than counter
acts when designated to the wrong frequency. The vibration is canceled 
out after at most 5s after a frequency change, while also keeping good 
steady state performance. I f i t is possible to synchronize samphng with 
the fundamental frequency of the rotation convergence may be speeded 
up see e.g. Hillerström & Sternby [4]. However for processes that wih run 
for hours the start-up time of 5s is insignificant. 

Disturbance frequency tracking 

15 

10 
>> 

% 5 
13 

0 -

-5 -

0 10 20 30 40 
t(s) 

Fig. 8: Vibrations changing between approximately 25, 32 and 20 Hz respec
tively 

The performance is shghtly better for frequencies above 20 Hz than 
below, as perhaps could be expected from the plant identification experi
ment. At 13 Hz (Fig. 9) the vibration attenuation starts to decrease. The 
reason for this degradation at low frequencies may be that, apart from 
that the process model is not as accurate as for high frequencies, low ve-
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locity of the imbalance axis starts to generate higher vibration harmonics. 
When these higher harmonics is passed into the fundamental frequency 
adaptation algorithm a biased S is obtained, Hillerström & Sternby [7]. In 
this particular case the 6 value gets stuck at a frequency corresponding to 
approximately 13 Hz. The remaining oscihations are due to that the im
plemented structure for both adaptation and compensation are not large 
enough, yielding 'wrong' fundamental frequency of estimation and higher 
harmonics not compensated for. This is however no large problem while 
the low frequency signals have a low energy. 

Approximately constant disturbance frequency 

15 

0 10 20 
t(s) 

Fig. 9: Vibration of 13 Hz. Below this the single frequency algorithm is not so 
effective 

I f the first harmonic arising at low frequencies is embedded by selecting 
an adaptation scheme with N = 2, the fundamental frequency estimation 
at low frequencies is shghtly improved. The improvement is however not 
so large that i t justifies incorporating this second harmonic taking into 
count impaired stabihty robustness, Hiherström &: Sternby [17]. 

5 Conclusions 

The possibihty of using repetitive control for vibration attenuation is eval
uated. The proposed scheme implements an adaptive disturbance model 
based solution for the unknown fundamental frequency case. I t provides a 
fuh compensation for a drifting fundamental frequency, and a fairly rapid 
response (within a few seconds) to a sudden change. Real-time experi-
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ments show that using this technique a vibration attenuation of at least 
—22 dB is achievable for the considered frequency range of 15 to 40 Hz. 
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A Polynomial model based prediction 

One way to use the model H for prediction is by observing the following. 
The goal is by using a precompensation FIR filter E to obtain that ß is 
unaffected by the filter EBq~d 

EBq-dß = ß (11) 

so that the compensation signal wih cancel out the disturbance. 
To obtain (11) is not possible for an arbitrary input signal. Taking into 

account that the input signal ß satisfies Hß = 0 the condition is altered 
by subtracting a factor that is zero after a strictly hmited time 

EBq-dß = ß-FHß (12) 

where the polynomial factor F is inserted to guarantee that (12) has a 
solution. 
From (12) the Diophantine identity (13) is obtained, giving the precom-
pensator E. This wih have an unique solution for deg{E}=deg{H} — l, 
deg{F} = deg{B}+d-l provided {Bq~d,H} coprimeness, Åström & Wit
tenmark [18] theorem 10.1. 

EBq-d + FH = 1 (13) 

Perfect ß tracking after at most deg{F} time steps is achieved. This is 
the optimal solution in the sense that zero error is obtained after the time 
it takes for the signal to propagate through the filter Bq~d. Note that 
the FIR filter approach can be used where pole/zero cancehation fail , i.e. 
for non-minimum phase plants. 

A Diophantine equation must thus be solved. This can be a problem in 
real-time apphcations with hmited computer power. On the other hand, 
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i f e.g. B has m distinct zeros and there is no delay in the process model 
(d = 0), (13) reduces to FH = 1 for these argument values. These m 
equations is enough to determine the m parameters of F. Thereafter i t is 
easy to determine E from (13). 

178 



Whatever is worth doing at all is worth doing well 

- W I L L I A M C O W P E R 

( 1 7 3 1 - 1 8 0 0 ) 

The lyfe so short, the craft so long to lerne, 
Th'assay so hard, so sharp the conquering 

- P H I L I P D O R M E R STANHOPE 

( 1 3 4 0 7 - 1 4 0 0 ) 

Tis plesant, sure, to see one's name in print; 
A book's a book, although there's nothing in't 

-GEORGE G O R D O N B Y R O N 

( 1 7 8 8 - 1 8 2 4 ) 


