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“Things should be made as simple as possible,
but not any simpler”
Albert Einstein

Abstract
This licentiate thesis describes computational methods that solve problems occurring
in industrial on-line shape quality inspection of produced items. These items are
measured and compared with their corresponding CAD object. The meaning of online is that the inspection is done on-line in the production line, i.e. the items are not
removed from the line. In practice this means that the inspection must be done very
fast, both the measurement and the data analysis. The measurement is done using
an optical non-contact method based on projection of fringes.
The presented methods are mainly based on ﬁnding a transformation, a rotation
and a translation, of the measurement values which consists of a point cloud representing the measured surface. This transformation is calculated using the iterative
closest point (ICP) method such that the point cloud ﬁts the corresponding surface of
the CAD object properly. The method for ﬁnding this transformation is adapted for
reiterated use, i.e. it makes use of the fact that the same CAD object is used several
times for diﬀerent measurements. A search tree making it possible to do this fast is
proposed.
When dealing with real measurements obtained from optical methods undesired
measurement errors will occur, caused by reﬂections, dirt on lenses or other likely matters in the industrial environment. The iteratively re-weighted least squares (IRLS)
method for diﬀerent robust functions are used in combination with ICP for handling
these errors, in order to do a correct surface matching. This result in much higher
matching accuracy and almost no additional computations are needed.
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1. Introduction
Inspecting the shape of manufactured products is of great importance for the manufacturing industry. If an incorrect part is assembled to another part, the whole
construction will be incorrect. It is impossible to manufacture parts with exactly the
same shape as its corresponding CAD object, but the parts need to be correct within
a small tolerance. These tolerances have been smaller because the production is done
more highly by robots. The more lately the errors occur in the production line, the
more expensive it is to discard the product. Early detection of errors will save lots of
money for the manufacturing industry.
The ﬁeld of inspecting the shape of manufactured items has been discussed previous in e.g. [1, 2]. They are all based on ﬁtting a surface to another using the iterative
closest point (ICP) algorithm, see e.g. [3–6]. A closely related problem is work-piece
localization for further work up, see e.g. [7] where the ICP algorithm is also used. If
the produced item is just arbitrarily ﬁxed for measuring, the measured surface needs
ﬁrst to be matched to its CAD surface. This is done by the ICP algorithm. The
surface matching problem is usually denoted surface registration.
The approach in this licentiate thesis is to develop methods for doing the inspection
automatically and adapted for on-line use in the industrial line. That demands very
fast and robust inspection methods. If the inspection takes too long time it will be
a bottleneck and constitute an obstacle for the production. When the inspection
is done automatically, it must be reliable even if the measurement of the surface
contains error. If the measurement is done in a short time in the dirty environment
with vibrations there are many factors that can make errors to come up. This is
the reason why robustness must be considered. No human operator will have the
possibility to control the result. The result from the on-line inspection can be used to
tune the production line in earlier stages and reduce the number of discarded items.
The measurement of a surface can be performed using optical non touching methods, like the projected fringes method, see e.g., [8–11]. The method is based on
projecting a pattern of fringes onto the surface. Pictures of the pattern are taken
from diﬀerent views and the shape is calculated from analysis of these pictures. The
measurement results in a huge number of 3D-points representing the surface. These
points form a point cloud with the same shape as the measured surface. The number
of 3D-points representing the surface is about 105 and it demands fast handling of
these points.
The measured surface is compared to a CAD object. It cannot be assumed that
the measured object is in the same position for all measurements. Before the measured object is compared to the CAD object, it ﬁrst needs to be transformed such
that it ﬁts the CAD object. That is the major subject in this thesis. The comparison can then be done in many diﬀerent ways, depending on what is important to
measure. The CAD object consists of several smaller surfaces. These smaller surfaces
3

are mostly represented by NURBS surfaces, see e.g. [12, 13]. NURBS surfaces represent an arbitrarily surface well but computations using NURBS-representation are
time consuming. The computations used here are done on an approximation to the
NURBS-representation, for faster outcome and still obtain suﬃciently accuracy.
All the research presented in this thesis has been focused on the surface-matching
process, that must be done before the measured surface is compared to its corresponding CAD object. The whole inspection process is illustrated in the ﬂowchart
in Figure 1, but only the stage “Transformation” is considered and treated carefully.
The measured surface is transformed by a rotation and a translation such that it
ﬁts the CAD object in a properly way. This is done using the ICP algorithm. The
set of 3D-points describing the measured surface is transformed so it ﬁts the surface
of the CAD object corresponding to the measured item. The ﬂowchart shows also
Measurement

Transformation

Comparison

Figure 1. A ﬂowchart for shape inspection.
two other stages, the previous stage “Measurement” and the next following stage
“Comparison”, but no research in those two stages is presented. There will just be
some short descriptions of this later on, in Chapter 3 and Chapter 8 respectively. In
the “Comparison” stage it is possible to use the transformation method used in the
“Transformation” stage. Some diﬀerent and independent transformations are done on
distinctive parts of the measured item giving knowledge in local positions of these distinctive parts. These positions are used for obtaining distances and other important
measures.

4

2. Summary of Papers
The focus in the research has been to make the surface matching fast, with methods presented in Paper I, and to make the surface matching robust, with methods
presented in Paper II. The ICP algorithm is used for doing this surface matching.
A fast surface matching makes it possible to do the shape inspection on-line. The
measurement will contain errors, so using a robust surface matching method makes
it make it possible to do surface matching with a measured surface.
2.1.

Paper I

The main content in Paper I is to do the surface matching as fast as possible. All
research in the area of shape product inspection has so far been focused on one single
inspection. That means no eﬀort has been done for making the elapsed time for several
inspections as small as possible. That is the focus in Paper I. The strategy for making
the surface matching fast is to adapt it for reiterated usage. That means much time
can be spent once on pre-calculations in creating a data structure so several surface
matchings can be eﬃciently performed. The time needed once for the pre-calculations
is neglected in the long run.
The surface of the CAD object, consisting of several NURBS surfaces in a system
of patches, is ﬁrst sampled into a representative set of points. This set of points,
together with a local linear approximation is used in the surface matching, where
the ICP algorithm is used. The ICP algorithm is based on doing two operations
in each iteration. These operations are to do a closest-point search and to ﬁnd a
transformation consisting of a rotation and translation. In Paper I a data structure is
proposed for making the closest-point search adapted for surface matching fast when
using the ICP algorithm. The closest-point search is approximate and gives higher
accuracy for points close to the points sampled from the CAD object. The data
structure is based on adding a system of regular grids containing the points obtained
from the surface of the CAD object. It is an advantageous to use this data structure
when using the ICP algorithm for surface matching.

5

2.2. Paper II
Paper II treats robust surface matching, i.e. robust surface registration. The robust
property of the surface matching is obtained by combining the ICP algorithm with
the iteratively re-weighted least squares (IRLS) method, see e.g. [14, 15]. The idea
is based on known methods used in the ﬁeld robust statistics. Robust means that
the method is not very sensitive for high leverage measurement values occurring from
measurement errors. The residual function to be minimized, is not a sum of squares,
it is a sum of a function ρ dependent of the residuals. The function ρ does not
increase as fast as the squared residuals do for large residuals, which make the robust
property. The residual minimization problem is solved using the ICP algorithm where
the rigid-body transformation problem is associated with weights. These weights are
assigned to each point-pair and depend on the point-to-point distances. The weights
are derived from the ρ function.
In addition to the weights derived from the ρ-function an additional robust method
is used. It is based on rejection of measurement values which are closest to some predeﬁned points placed where errors are expected. These pre-deﬁned points are denoted
barrier points. Measurement values which are closer to these barrier points than they
are to the surface of the CAD object, are assigned weight zero, i.e. temporarily
rejected, in the rigid-body transformation problem in the ICP algorithm.

6

3. The Shape Measurement Method
One way of measure the surface of an object is to use a coordinate measuring machine.
That gives a measurement of the surface with very high precision. The machine
measures the 3D-coordinates at a probe. An operator controls the probe and uses his
own eyesight for steering the probe into correct position. The coordinate measuring
machine is commonly used in the industry and is appropriate for measuring just a
few coordinates. This method is time consuming and the measured object needs to
be removed from the production line. Hence, it is not suited for on-line use.
A method suitable for fast measuring of a surface is projection of a fringes, described in e.g. [8–11]. The idea is based on projection of a fringes pattern from one
view down to an object. The shape of the object is obtained by registering the pattern of the projected fringes using one or more cameras from diﬀerent views and doing
calculation based on knowledge in position and directions of the cameras and projector. If the measured object is large, two or more measuring systems (or one moving
system) are needed. Figure 2 illustrates a set-up for measuring the shape with one
measurement system using projected fringes.
Regions that are either in the shadow of the projections or concealed for the
cameras will not be measured. This will cause measurement errors. When the measurements are done in an industrial production line, the industrial environment may
cause measurement errors too. These errors arise from disturbing reﬂections of light,
vibrations and dirt and dust on the optical system. Irregularities in the surface cause
scattered reﬂections of the light, and these scattered reﬂections give rise to an interference pattern (speckles, [8]) which has a disturbing inﬂuence of the measurement.
The background will also be measured and that must be taken into consideration
for the surface matching. This is the reason why robust methods are developed in
Paper II.
The measurement results in a huge number of points representing the measured
surface. This set of data points is denoted P = {pk }k=0,...,NP −1 , where the number
of data points is NP . The number NP is of about 105 . The data points form a point
cloud and the shape of that point cloud is the same as the shape of the measured
surface.

7

Figure 2. A schematic setup for a measurement system using projected fringes.
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4. About Surfaces in CAD
There exist a couple of diﬀerent standard formats in CAD (computer-aided design),
see e.g. [12], where the standard formats IGES [16], STEP and PHIGS are described.
These standards can be used by several CAD-programs. All these CAD standards
use trimmed NURBS [13] surfaces for representing a surface.
4.1.

Summary of IGES

All the work presented in this thesis handles CAD objects is based on IGES (The
Initial Graphics Exchange Speciﬁcation) [16]. The CAD ﬁles generated using the
I-DEAS 3D IGES Data Translator [17] from CATIA [18]. The calculations using
CAD objects has been done in Matlab [19] using the IGES toolbox [20]. The IGES
toolbox handles all entities in the used IGES ﬁles. These entities are given in Table 1.
The surface of the CAD object consists of several trimmed parametric surfaces (entity
type number 144). The concept of trimming is treated in Section 4.3. Each trimmed
parametric surface consists of a rational B-spline surface (entity type number 128),
an outer curve and any eventually inner curves. The meaning of “trimmed” is that
the domain of the parameter space of the surface is not necessarily rectangular; it
can take any general shape but it must be connected. The curves which the entity
trimmed parametric surfaces consists of are the boundary of the trimmed. These
curves are entity curves on a parametric surface (entity type number 142) and each
curve is itself a composite curve (entity type number 102) which consist of a number
of rational B-spline curves (entity type number 126) and lines (entity type number
110). This hierarchy is given as the diagram in Figure 4.1. For more information, see
the IGES speciﬁcation [16]. All these rational B-splines are in general non-uniform,
i.e. NURBS, see Section 4.2.

Table 1. IGES entities
Entity Type Number
144
128
142
102
126
110
116
314

Entity Type
Trimmed Parametric Surface
Rational B-Spline Surface
Curve on a Parametric Surface
Composite Curve
Rational B-Spline Curve
Line
Point
Color Deﬁnition
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144

128

142

142

102

102

110

126

110

126

Figure 3. IGES entity hierarchy
4.2. NURBS
NURBS is an abbreviation for non-uniform rational B-splines. A careful description
of NURBS is found in [12, 21]. Here follows just a brief summary of the concepts of
NURBS. Both curves and a surfaces can be represented by NURBS in three dimensions, but here only the surface representation is described. The curve representation
is similar but with only one parameter, whereas the surface representation have two.
A NURBS surface S = S(u, v) is represented by
m
n 


S(u, v) =

Ni,p (u)Nj,q (v)wi,j Pi,j

i=0 j=0
m
n 


,

a ≤ u ≤ b, c ≤ v ≤ d,

(1)

Ni,p (u)Nj,q (v)wi,j

i=0 j=0

where u, v are the free parameters. The point set {Pi,j } is a set of control points
(in 3D) and form a bidirectional control net and the set {wi,j } is a set of weights
incident to the control points. The two sets of functions {Ni,p (u)} and {Nj,q (v)} are
non-rational B-spline basis functions deﬁned on the knot vectors
U = {a, . . . , a, up+1 , . . . , un , b, . . . b},
V = {c, . . . , c, vq+1 , . . . , vm , d, . . . d},

(2)

where p and q are the degrees of the B-splines functions in the u and v parameter
space respectively. The values a, b, c and d, where a < b and c < d describes the
rectangular domain of the parameter space. The ﬁrst p + 1 elements in U are all equal
to a, i.e. u0 , u1 , . . . , up = a and the last p + 1 elements in U are all equal to b, i.e.
un+1 , un+2 , . . . , un+p+1 = b. A similar structure holds for the vector V , where the ﬁrst
q + 1 elements are all equal to c, i.e. v0 , v1 , . . . , vq = c and the last q + 1 elements are
all equal to d, i.e. vm+1 , vm+2 , . . . , vm+q+1 = d. The knot vectors U and V are nondecreasing, i.e. ui ≤ ui+1 , i = 0, 1, . . . , n + p + 1 and vj ≤ vj+1 , j = 0, 1, . . . , m + q + 1.
The control points hold the surface in position and the N -functions in combination
with the weights {wi,j } prescribe how the surface is associated to the control points.
10

Figure 4. Example of NURBS surface with bidirectional control net.
In [21] an accurate explanation of B-splines basis function is given and the properties
are described from a strict mathematically point of view with theorems and complete
proofs. NURBS from a computational point of view is presented in [21]. An example
of a NURBS surface with control points is illustrated in Figure 4.
Deﬁnition (1) is the untrimmed NURBS surface representation. The meaning of
untrimmed surface is that the domain of the parameter space is rectangular and the
sides of the rectangle are parallel with the coordinate axis. That is not the case with
trimmed surfaces where the domain is just connected with no other restrictions, which
is described brieﬂy in Section 4.3.
One advantage with NURBS is that many important geometrical shapes can be
represented exactly without any loss of accuracy. For example NURBS curves of only
second degree can represent all types of conics exactly. Conics are hyperbolas, ellipses
and parabolas. Many important types of rotation surfaces are exactly represented by
NURBS. Rotation bodies are very useful in CAD, for example representing cylinders
and other rotational symmetric bodies.
4.3.

Trimmed NURBS Surfaces

In CAD it is important that the surface representation is both numerical stable when
evaluated, and capable to ﬁt an arbitrary shape. A NURBS surface of low degree
has the property of being stable when evaluated, but it is not able to ﬁt an arbitrary
shape, whereas a NURBS surface of high degree has the property of being evaluative
unstable but ﬁts an arbitrary shape better. More knots in the knot vectors (2) will
impressive the representation of an arbitrary surface but it will also involve more
computations. The problem of ﬁtting an arbitrary shape well is partly overcome by
using several trimmed NURBS surfaces in a system of patches. This is used by most
CAD programs. Sub-surfaces with diﬀerent distinctive features are stored as diﬀerent
patches. All the trimmed surfaces form the surface of the CAD object.
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The concept of trimming is based on using only a subset of the original domain,
consisting of a connected region in the parameter space. This region is bounded by
given curves. A description of trimmed NURBS surfaces for use in CAD is found
in [13]. The new domain is constrained by an outer closed curve, and eventually one
or more inner closed curves, lying inside the original domain. The trimmed domain
might have enclosed regions removed from the original domain, described by the inner
curves.
The trimmed domain is a subset of the original untrimmed rectangular domain
and it is a connected region in the uv-parameter space. Trimmed NURBS surfaces
have the property that they can ﬁt the same geometry shapes as the original NURBS
surface and a patch system of many trimmed NURBS surfaces can in practice ﬁt
an arbitrary free-form surface very well too. The drawback with trimming is that
it implies more complicated computations. For a given parameter value of (u, v), it
is hard to know if it is inside the domain or not. The problem of determining if
parameter values are inside the domain or not, arises when the closest point on a
surface must be found, using numerical methods.
Trimmed surfaces are a commonly used for numerical computations in ﬁniteelement analysis and computer graphics applications. It is discussed in [22–25], where
the problem with a trimmed domain is approximately solved by generating a triangular mesh over the domain. The triangular mesh is chosen such that it is a good
approximation to the analytical domain. The triangular mesh is obtained by ﬁrst
sampling the outer- and any eventually inner curves into points joined together. All
these points are then connected together in a tessellation using Delaunay triangulation [26]. Triangles outside the domain are removed from the triangle-mesh with
knowledge of the directions of the curves. The surface mapping, S(u, v), of the nodes
represents an approximation to the trimmed surfaces when they are connected in the
same way as in the triangular-mesh of the domain. For obtaining a more accurate
approximation of the domain, the triangular-mesh is subdivided into a ﬁner mesh by
insertion of points (nodes) into the existing triangles. These new points are connected
to the mesh and form nodes into a new ﬁner mesh. The surface mapping S(u, v) of
the ﬁner mesh represents a better approximation of the surface.
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5. Transformation of the Measured Surface
The main content in the research presented in this thesis is to ﬁnd a transformation
such that the transformed measured surface ﬁts the CAD object in the best way
(usually denoted best-ﬁt in industrial applications). Here follows just the most basic
ways of doing it. The papers Paper I and Paper II give more details about the
problem. Registration is a commonly used word for estimate the transformation.
The measured surface consists of NP data points and the surface of the CAD
object is approximated with a set X of model points. More details about X and how
the set is obtained is given in Chapter 6. The problem is hence to transform the
points in P such that they ﬁt the point cloud of X. This transformation consists of
a rotation, described by the matrix R and a translation, described by the vector T.
The rotation matrix R ∈ Ω, where
Ω = {R ∈ R3×3 |RT R = I3 , det (R) = +1},
and T ∈ R3×1 . The transformation is found by solving
min

R∈Ω,T

N
P −1



2
d(Rpk + T, X) ,

(3)

k=0

where
d(p, X) = min x − p2 .
x∈X

The operator d(p, X) is a minimum distance between an arbitrary point p and the set
of model points. The problem (3) is solved by using the ICP algorithm, see e.g. [3–6].
5.1.

Explanation of the ICP Algorithm

The simplest form of the ICP algorithm is presented in Algorithm 1. Here is the initial
transformation no transformation at all, i.e. R = I3 , T = 0, the identity matrix and
the zero vector. In a real case surface matching this is probably not the best choice
of initial transformation. It is not likely that the measure-system is using the same
coordinate system as the CAD object, hence better initial transformation is needed.
The initial transformation should be chosen such that the expected transformation
obtained from the ICP algorithm is as small as possible.
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Algorithm 1 ICP
Require: X, P
R = I3 , T = 0
repeat
†
yk = C(Rpk + T, X),
‡

[R, T] = arg min
R∈Ω,T

N
P −1

k = 0, . . . , NP − 1
2

Rpk + T − yk 2

k=0

until convergence
return R , T

In Algorithm 1 (statement †) a closest point operator C is used. For an arbitrary
point p,
y = C(p, X),
is the closest point in X to p, i.e.
y − p2 = d(p, X).
The closest-point search in Algorithm 1 † is the most time-consuming part. The search
procedure will be mentioned in Section 6.2 and it is the main content in Paper I. A
new data structure (the DVG tree) is proposed for ﬁnding the closest-point. The
closest-point search is approximate but fast. The closest-point search is done with
higher accuracy in regions close to the points in X. That is preferable when using
the ICP algorithm. When the ICP algorithm converges all important data points will
enter the regions with higher closest-point matching accuracy and the accuracy for the
whole solution process of solving (3) will hence be higher. The data storage is hence
used for regions where it is mostly needed. The minimization problem, Algorithm 1
(statement ‡) is treated in Section 5.2.
Algorithm 1 is a very simple form of the ICP algorithm. A more eﬃcient ICP
algorithm is Algorithm I-1 in Paper I. It is not necessary to use all NP data points
in the iterations. It is much faster to use a random selection of P and create a new
selection for each new iteration. A robust ICP algorithm, i.e. not sensitive for high
leverage data points, is Algorithm II-1 in Paper II. The minimization problem in
Algorithm 1 ‡ is modiﬁed so deviating data points do not aﬀect the surface matching
so much.
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5.2. Rigid Body Movement Problem
The minimization problem appearing in Algorithm 1 (statement ‡)
min

N
P −1

R∈Ω,T k=0

2

Rpk + T − yk 2 ,

(4)

is a rigid body movement problem. For properties of this problem see e.g., [27–31].
The solution is computed by a direct method using the singular value decomposition
(SVD) of a cross-covariance matrix. The centroids of the two sets of points {yk } and
{pk } are
P −1
P −1
1 N
1 N
(5)
yk , μP =
pk .
μY =
NP k=0
NP k=0
The cross-covariance matrix ΣY,P of the sets of points is
ΣY,P

=
=

N
P −1
k=0
N
P −1
k=0

T

(yk − μY ) (pk − μP )

(6)
yk pT
k

−

NP μY μT
P.

Let the singular value decomposition (SVD) of ΣY,P be
ΣY,P = UΣVT .

(7)

Given this SVD, the optimal rotation matrix R and translation vector T to the
problem (4) are
⎡
⎤
1 0
0
⎦ VT ,
0
R = U⎣ 0 1
(8)
T
0 0 det(UV )
T = μY − RμP .
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6. Model Surface Computations
Let the surface of the CAD object be denoted the model surface. The problem is
to ﬁnd a transformation such that the measured surface ﬁts the model surface. In
the ICP algorithm, which is used for ﬁnding the required transformation, the closest
point on the model surface to a given point must be determined.
6.1.

Sampling of the Surface

As mentioned in Chapter 4 the model surface consists of a system of patches, where
each patch is represented by a trimmed NURBS surface. If the closest point computations are done using all these trimmed NURBS surfaces, the closest surface patch
must ﬁrst be determined and then the closest point on that surface has to be computed
using e.g. Newton´s method. In addition to this process it must be assured that the
obtained parameter values (u, v) corresponding to the calculated closest point really
are inside the trimmed domain. If they are not inside the domain another method
must be used. All this is very time consuming.
Instead of using the model surface with all its trimmed NURBS surfaces for representing the CAD object exactly, a sampled set X of NX points from the model surface
is used, just like in [1,2,7]. These points must be representative for the model surface.
The sampled points from the model surface are denoted model points. The introduction of the model points is done for saving computational time in the closest-point
problem appearing in Algorithm 1 statement †.
6.2.

Closest-Point Calculations

The problem of ﬁnding the closest point on the model surface has changed to a closest
point-to-point problem when using X, which is easier to solve than ﬁnding the closest
point on an analytical surface. The closest point-to-point problem is the main content
in Paper I and the problem is to ﬁnd the closest point in X to an arbitrary given point.
This can be done in many diﬀerent ways, for example using Voronoi tessellation [26,32]
or using a kd-tree [33, 34]. The search method using Voronoi tessellation is based on
searching in a structural way from one point to a closer neighboring point until the
closest point is reached. The kd-tree consists of subdivisions of the point set, where
the set is subdivided using planes perpendicular to the coordinate axis. The closest
point is found using a structural search using the kd-tree.
It does not take long time to create the Voronoi tessellation or the kd-tree but
using them for closest-point search is more time consuming. That is why the distance
varying grid (DVG) tree is proposed in Paper I. If the same set of model points
is used for several diﬀerent surface matchings, it is worth spending some time in
creating a data structure for doing closest point search faster, which is the idea of
the DVG tree. The DVG tree is based on adding a regular grid that encloses the
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model points. Additional ﬁner grids are added to the vertices in the grid which are
close to the model points. This is done in an optional number of tree-levels. For all
vertices, except in those who are associated with a ﬁner grid, the closest model point
is calculated and its index is stored. The closest point to an arbitrary point p is found
by ﬁrst ﬁnding the closest vertex in the ﬁrst grid level. If this vertex is associated
with a ﬁner grid-system the search process continues in the next level. This gives
just an approximate closest point but the method is very fast and suitable for surface
matching using the ICP algorithm. The result will be more accurate for points close
to model points. The data storage is more eﬃcient for model points distributed on a
surface in comparison with general distribution. When the ICP algorithm converges
the data points enter the regions with higher closest-point matching accuracy. Much
more details concerning the DVG tree are given in Paper I.
6.3. Local Surface Approximation
Instead of just using the representative model points for the model surface an additional local surface approximation is also used. Each model point is associated to
a surface with known parameters (u, v). The surface approximation is chosen such
that it approximates the model surface well near the corresponding model point. The
surface approximation must be chosen such that computations using the surface representation are done fast and do not require much storage. One approximation that
fulﬁls these conditions is to use a plane limited to a small circular disc. The circular
disc has its centre in the corresponding model point and its normal vector is the same
as the normal vector of the model surface at that point.
Calculations using the circular disc are done very quickly. That makes this approximation suitable for use in the ICP algorithm. When an approximate closest point
is obtained using the DVG tree, a more accurate model point is obtained by using
the disc. A more accurate approximation would be a second-degree surface approximation. Such an approximation would ﬁt the model surface better, but calculations
would be more time consuming and the required storage would also be larger.
6.4. Generation of the Model Points
In order to make the closest point computations fast, a representative set of points
for the model surface is used. If it is known which part of the CAD object that is
going to be measured it is preferable to pick out the model points corresponding to
just that part. The required memory for the DVG tree is almost proportional to the
area of the surface. Using only a subset of the whole surface of the CAD object makes
it possible to store a more dense set of model points inside the actual region with a
higher matching resolution.
The method used for obtaining the model points X in a region from one view is
based on triangulation of the surface and additional numerical computations using
Newton´s method. All the trimmed NURBS surfaces of the CAD object are triangulated using Delaunay triangulation, one after another. For each surface and each
18

triangle, the intersections of the triangle and a structured set of lines are obtained.
Only the intersection point closest to the measuring device is saved for each line. For
each saved intersection point, a pointer to the original surface patch and the approximate parameter value (u, v) are also saved. This will result in a structural set of
points lying approximate on the surface. They are only lying approximate on the
surface because the surfaces have been approximated with a triangulation. For each
point the corresponding surface patch and approximate parameter value (u, v) are
known. Newton´s method is then used for obtaining points that intersect the model
surface and the crossing lines. Additional model points are also generated randomly
in the parameter space where the surface mapping S(u, v) will be inside the measured
region. It is important that the model points in X represent the model surface.
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7. Brief Introduction of Robust Estimation
In Paper II ideas from robust statistics, see e.g. [35–37], is used. The idea is based on
robust estimation in regression. The aim of robust estimation is to reduce the eﬀect
of strongly deviating values. These outliers have a very strong inﬂuence when using
minimization of sum of squares. The robust method in Paper II is to reduce inﬂuence
of deviating measurement values for surface registration. The solution is found with
the iteratively re-weighted least squares (IRLS) method, see e.g. [14, 15, 38].
In Sections 7.1 and 7.2 examples of regression are presented for better understanding and justiﬁcation of the concept “robust estimation” in the context. In Section 7.3
a brief description of the IRLS method is given.

7.1.

Example of Ordinary Regression

Here follows an example of simple linear regression. Let the independent variable be
X, and let the dependent variable be Y. Further, let β0 and β1 be two parameters
for modeling the linear relation Y = β0 + β1 X + , where the error  is a stochastic
variable.
The problem in regression is to estimate values of β0 and β1 from given observations. Let xi and yi be N observations of X and Y respectively. The linear model
is
yi = β0 + β1 xi + ei ,

i = 1, . . . , N ,

(9)

and the task is to ﬁnd the estimates βˆ0 and βˆ1 of β0 and β1 respectively. The residual
ei is the observed error.
In ordinary regression βˆ0 and βˆ1 are estimated by minimize a sum of squared
residuals, i.e.
βˆ0 , βˆ1 = arg min
β0 ,β1

N


e2i ,

(10)

i=1

which is solved by a direct method.
If  is normaly distributed, or at least approximately normaly distributed, the
estimation (10) of βˆ0 and βˆ1 will give an appropriate linear relation of (9). That is
not the case if some of (xi , yi ) are strongly deviating from the others. An example of
linear regression, where a sum of squared residuals is minimized and the set of (xi , yi )
contains outliers, is illustrated in Figure 5. The set of (xi , yi ) contains one outlier and
that outlier has a high leverage in the estimation. It is clear from Figure 5 that the
linear model does not ﬁt the set of (xi , yi ) very well.
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Figure 5. Example of linear regression by minimizing a sum of squared residuals.
7.2.

Example of Robust Regression

In previous section an example of ordinary linear regression was given. As shown in
Figure 5 the obtained linear model does not ﬁt the observations well. This is because
the outlier in the set of yi have a strong inﬂuence of the estimation of the parameters
β0 and β1 . It is possible to overcome this problem with the use of robust estimation
methods. Instead of minimizing a sum of squared residuals (10), a function ρ is
introduced and the estimation is obtained by solving
βˆ0 , βˆ1 = arg min
β0 ,β1

N


ρ(ei ) .

(11)

i=1

The function ρ is chosen such that it does not grow as fast as the square functions do
for values of great magnitude. That gives the robust property and strongly deviating
values are not so dominant. The ρ-function can be chosen arbitrarily. In statistic
literature there are some commonly used ρ-functions. Huber ρ-function and Tukey’s
ρ-function are two of them. These are deﬁned in Figure 6. The Huber ρ-function is
convex and grows quadratic for small residuals and grows linearly for larger residuals.
An interpretation of the linear behavior of the ρ-function is that data with residuals
in the linear interval is removed such that the new residual is in the start of the linear
interval closer to zero. Tukey’s ρ-function is non-convex and grows approximately
quadratic for small residuals and it is constant for large residuals. An interpretation
of the constant behavior of the ρ-function is that data with residuals in the constant
interval are rejected. The Huber ρ-function and Tukey’s ρ-function are both useful in
diﬀerent ways. Tukey’s ρ-function is less sensitive for outliers but Huber’s ρ-function
have other advantages and have better numerical properties. The choice of ρ-function
depends on the application and the expected errors. The quadratic behavior of the
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Figure 6. Two examples of ρ-functions. Huber is convex, while Biweight is not.
(same as Figure II-1, Paper II)
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Figure 7. Regression examples: Linear robust regression using the Huber ρ-function,
solid line. Linear least squares regression, dotted line.
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ρ-functions for small residuals is preferable if the data is approximately normally
distributed but there also exists strongly deviating data from another distribution.
There was an outlier in the regression example in Section 7.1. The linear model
in Figure 5 does not ﬁt the set of (xi , yi ) very well because of the outlier have a high
leverage in the parameter estimation, which was based on minimization of a sum of
squares. If the estimation problem (11) is solved instead of (10) using the Huber
ρ-function, the outlier will not have so much inﬂuence. The linear model (9) for the
same set of (xi , yi ) is shown in Figure 7. The linear model obtained from robust
methods ﬁts the observations (xi , yi ) (except the outlier) much better than the linear
model obtained using least squares regression. The robust parameter estimation gives
in this regression case one point strongly deviating from the others. In the ordinary
regression case, the outlier was not deviating as distinctive as in the robust case.
7.3.

IRLS

The method of iteratively re-weighted least squares (IRLS) is widely used for solving
(11). It makes iteratively use of the optimum of a weighted least squares problem,
which are computational easier to obtain than the original problem. For doing the
notation simple, let a weight function w(r) be deﬁned as
⎧ d
ρ(r)
⎪
⎪
⎨ dr
if r = 0
r
w(r) =
.
(12)
⎪
⎪
⎩ d2
dr 2 ρ(r) if r = 0
The w-function is derived from the optimum of (11). At the optimum of (11), the
weighted least squares problem gives that optimum.
The IRLS method is described in Algorithm 2. The initial values of βˆ0 and βˆ1 are
required and these values are obtained using e.g. least squares estimation (10).

Algorithm 2 IRLS
Require: xi , yi , i = 1, . . . , N and initial values of βˆ0 and βˆ1
repeat
i = 1, . . . , N
ei = yi − βˆ0 − βˆ1 xi ,
†

βˆ0 , βˆ1 = arg min
β0 ,β1

N


2

w(ei ) yi − β0 − β1 xi

i=1

until convergence
return βˆ0 , βˆ1
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The IRLS method solves a weighted linear least squares problem, see Algorithm 2
statement †, in each iteration. The solution of that problem is obtained by a direct
method. In [38] it is shown that the IRLS method converges to the optimum of
problem (11) for convex ρ-functions. If a non-convex ρ-function is used, new local
minima are introduced, but high leverage values are eﬀectual rejected. No additional
local minima are introduced for the convex ρ-functions which is an advantageous when
using numerical methods.
In Paper II, a robust registration problem is solved. A transformation of a measured surface containing errors must be estimated, such that it ﬁts a model surface.
The residual function is not as simple as in the linear case. The registration-derived
weighted least squares problem (II-12), is a weighted least-squares rigid-body movement problem (see e.g. Section 5.2 for the non-weighted case). There exists a direct
method for solving (II-12), which makes it possible to combine the IRLS method with
the ICP algorithm for obtaining a robust method with (almost) no loss of computational speed. This method, the IRLS-ICP method, is presented in Algorithm II-1 in
Paper II.
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8. Examples of Shape Inspections
There are many diﬀerent methods for doing shape inspection of produced items. The
measures of quality vary from diﬀerent items. One common measure of quality is the
distance between some pre-deﬁned points on the surface of the CAD object (called
ﬁx-points on the model surface). It is important that the positions of these ﬁx-points
on the produced items are correct because other parts may be mounted at these the
ﬁx-points. Usually, the position of ﬁx-points is obtained using a coordinate measuring
machine handled by a human operator. In Section 8.1 a method for obtaining the
positions automatically using projected fringes together with processing the measurement data is presented. Based on a similar method, as presented in Section 8.1, it is
also possible to measure an angle between diﬀerent local sub-surfaces, which makes
it possible to detect if produced items are bent. The method of measuring angles is
presented in Section 8.2.
The transformation obtained from the ICP algorithm, Algorithm I-1 and Algorithm II-1 in Paper I and Paper II respectively, consists of a rotation and a translation.
The rotation, R, and the translation, T, transform points belonging to the measured
surface, to their corresponding positions on the model surface. The transformation
of a point p is
p̃ = Rp + T,
(13)
where p̃ is the transformed point with new position. A point x on the model surface
can be transformed to a point x̃ on the measured surface using the inverse of the
transformation (13), i.e.
x̃ = R−1 (x − T).
(14)
The position of x̃ is the position of x corresponding to the measured surface.
8.1.

Distance Measurement

The aim of the example in this section is to introduce a method for measuring the
position and obtaining the distance between two ﬁx-points. The example is in 2D
but can easily be generalized to 3D. The measurement method is based on projection
of fringes, which was treated brieﬂy in Chapter 3. The setup for the measurement
consists of two measuring devices as the one shown in Figure 2. A measuring device
consists of one projector and two cameras. Both measuring devices must use the same
coordinate systems so distance between positions in diﬀerent system can be obtained
and directions are the same.
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The measured item in this example is a girder with two wedge-shaped cavities and
the ﬁx-points are positioned at the very bottom of these two cavities. The problem is
to ﬁnd the distance between the ﬁx-points. This is done by ﬁrst measure the positions
of these ﬁx-points, and then calculate the distance from the positions. Illustrations
for the procedure of obtaining the required measures are shown in Figures 8–11. The
following numbered list explains the procedure step by step with references to the
ﬁgures.
1. Two systems with camera and projector are ﬁxed to each other. The placement
and directions of the systems are known. (Figure 8)
2. Calibration of the system. The two measuring devices must use the same coordinate system.
3. Representative model points from the surface of the CAD-object are generated.
A data structure is build for making it possible to doing fast closest-point search.
4. The girder is measured. (Figure 9)
5. Transformations of the measured surfaces are determined using the ICP algorithm. (Figures 10 and 11)
6. Required measurements are obtained using the determined transformations.
Instead of using two diﬀerent measuring devices it is also possible to use one such
device. Local subsets of the measured surface are then picked out and treated as the
two measured surfaces. The local subsets are picked out by knowledge obtained from
the geometry of the CAD object.

Figure 8. Two measuring devices ﬁxed to each other.
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Figure 9. The girder is measured.

Figure 10. Best-ﬁt using the ICP algorithm.

Figure 11. Transformations are determined.
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The task is to measure the distance between the two ﬁx-points on the girder. Let
the two measuring systems be numerated with 1 and 2 and let the transformation
obtained from system 1 be R1 and T1 and the transformation obtained from system
2 be R2 and T2 . Further, let the two points x1 and x2 be the ﬁx-points on the surface
of the CAD object. These points are transformed by (14) into their corresponding
positions on the measured surface as
−1
x̃1 = R−1
1 (x1 − T1 ), x̃2 = R2 (x2 − T2 ).

The distance d between the transformed points x̃1 and x̃2 is x̃2 − x̃1 2 . An expression
of d using the original ﬁx-points and the inverse of the obtained transformations is


−1

d = R−1
(15)
2 (x2 − T2 ) − R1 (x1 − T1 ) 2 ,
and should be considered as the measured distance between the ﬁx-points x1 and x2 .
8.2.

Angle Measurement

In this section follows an example of how a bending is measured. This example is an
continuation of the example in Section 8.1 and the same notation is used here without
elucidation.
Let v̂1 and v̂2 be two unit vectors representing diﬀerent directions of the CAD
object. The same unit vectors corresponding to the measured surface, û1 and û2
respectively, are obtained by using the rotation matrix in the inverse transformation
(14), i.e.
−1
û1 = R−1
1 v̂1 , û2 = R2 v̂2 .
The angle θ between û1 and û2 is arccos (û1 • û2 ), or expressed in original variables
as

  −1  
θ = arccos R−1
.
(16)
1 v̂1 • R2 v̂2
The angle θ can be used for determining if the girder is bent. It is compared to its
ideal value, i.e. the angle between v̂1 and v̂2 .
8.3.

Geometry Based Weighting

In the setup of the measuring system in Section 8.1, a local surface matching is used
for doing the inspection. The problem is to ﬁnd the positions of ﬁx-points on the
measured surface. It is not unlikely that the shape of the produced item locally diﬀer
a little bit from the CAD object. An exaggerated example of this is illustrated in
Figure 12.
If the ICP algorithm is used for doing the surface matching, the best ﬁtting might
look like the example in Figure 12. A correct position of the ﬁx-point is needed
to be measured, not necessarily the whole surface. This must be considered in the
surface matching problem. As mentioned in Section 8.1, the ﬁx-point in the example
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Figure 12. Model surface - bold lines, measured surface - ﬁne lines
is positioned at the very bottom of the cavity. The success in matching the ﬁxpoint, is to use diﬀerent weights assigned to diﬀerent parts of the model surface, in
addition to the ordinary weights wk (Algorithm I-1) and wi (Algorithm II-1). The
weights belonging to the model points are chosen such that they decrease in increasing
distance from the ﬁx-point on the model surface. The used weights in each iteration
of the ICP algorithm is the model-point associated weights multiplied with wk or wi .
The assignment of model-point associated weights is illustrated in Figure 13 and is
dependent of the geometry.

Figure 13. Decreasing weight with distance from ﬁx-point.

31

Figure 14. Fix-point is matched correctly.
When the new transformation of the measured surface is applied and the modelpoint associated weights are used, the surface matching might look like the matching
in Figure 14. The ﬁx-point is matched correctly which was the most important.
The same procedure of using model-point associated weights is done for all systems.
Hence, it is possible to obtain distances and angles on measured objects even if the
measured surface diﬀers locally from the model surface. In real life applications, the
surface will usually not diﬀer as much as it did in the example.
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9. Future Work
There are many approaches for continuation of the research. Only two problems
have so far being discussed in detail; the closest-point search problem and the robust
surface matching problem.
The closest-point search problem has been adapted for reiterated use in application
with the ICP algorithm. There are much more things possible to develop in this
approach. The proposed data structure is suited for points distributed on a surface.
Information about the surface can also be used for obtaining an even more eﬃcient
data structure, e.g. local curvature and global edges. In places where the model
surface is ﬂat, it is enough to have a sparse grid structure because the additional local
linear approximation will represent the model surface accurate.
There was an introduction of “barrier points” in Paper II. Robust matchingproperties dependent of their placements can be investigated better. The weights
associated with the barrier points can also be modiﬁed. In Paper II, no convergence
analysis was given. A convergence analysis should be done for obtaining better knowledge of the properties. This knowledge can be used for tune parameters and obtaining
even better convergence performance.
If faster convergence of the ICP algorithm is needed, global properties of the
model surface can be used for preconditioning. An almost ﬂat model surface, an
almost spherical model surface or other simple geometrical properties might result in
very slow convergence. It is hard for the ICP algorithm to ﬁnding the global minimum
of such shape. If the surface is almost monotonous some kind of preconditioning of
the problem is needed.
It is an advantage to use modern computer architectures for obtaining faster computational outcome. The surface matching problem is well suited for parallel computing. The order in which the data points are handled in the ICP algorithm does
not matter. Hence, diﬀerent processes can use diﬀerent subsets of the data points.
Only arrays of size 3 × 3 and size 3 × 1 need to be sent between the processes. The
eﬃciency of the parallelization will be very close to one.
There was only a general example given in how the measurement can be done. In
real-life industrial applications, it might be required to specialize the system for the
purpose. Weights associated with the model surface can be used for better recognition
of local shapes. One approach for continuation of research is to do measurement of
industrial speciﬁed measures and ﬁnd out how to choose weights for obtaining an
appropriate result. This can with advantage be combined with the IRLS-ICP for
tuning the method.
The last approach is to develop new general surface matching algorithms with
better performance than the ICP algorithm. Convergence performance is the weakest
property for the ICP algorithm. This approach of future work is of course not the
easiest one but it will have a great impact and improve many applications.
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Abstract
We consider the problem of sequently matching sets of measured 3D points to the
surfaces of a corresponding CAD object. The problem arises in the production line
where the shape of the produced items is compared on-line with its pre-described
shape.
The involved registration problem is solved using the iterative closest point (ICP)
method. In order to make it fast enough for on-line use, we pre-process the representation of the CAD object. A data structure for this purpose is proposed and named
Distance Varying Grid (DVG) tree. It is based on a regular grid that encloses points
sampled from the CAD surfaces. Additional ﬁner grids are added to the vertices
in the grid that are close to the sampled points. The structure is eﬃcient because
it makes use of the fact that the sampled points are distributed on surfaces, and it
provides fast identiﬁcation of the sampled point that is closest to a measured point.
A local linear approximation of the surface is used for improving the accuracy.
Experiments show that it is possible to reach suﬃcient accuracy in the registration
and decreasing the computational time by a factor 700 compared to using the common
kd-tree structure.
1.

Introduction

Inspecting the shape of manufactured products has for long been of great importance
in the manufacturing industry. The shape quality requirement from customers has
increased in the past decades because of the assemblage of more advanced constructions, like cars, is done in greater extent by robots. Discarding defected items as soon
as possible in the production line saves money. On-line inspection of produced items
enable detection of defects in early stage but it can also be used to calibrate and tune
the production line.
The method for on-line inspection, that we propose, is based on comparing measurements of the produced items with their corresponding CAD-representation. The
assumption is that a large number of items are measured and compared to the same
CAD-object. Therefore it makes sense to pre-process the CAD-representation in such
a way that the comparisons for each of the items can be performed fast enough for
on-line use in the production line.
The measuring is usually done using optical methods, see e.g., [1–4], directly
on the industrial line. Hence, the orientation of the measured items can not be
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assumed to be the same as the orientation of the corresponding CAD-object. For
each item we therefore match the measured data and the corresponding CAD-object
by computing the transformation that describes the diﬀerence in orientation. The
matching is performed using the iterative closest point (ICP) method [5].
There exist a couple of diﬀerent standard formats in CAD, see e.g., [6], where
the standard formats IGES, STEP and PHIGS are described. They do all use a
number of trimmed NURBS surfaces for representing the CAD-object [6–8]. The
CAD-representation is not directly well suited for being used in the ICP-algorithm,
especially if we want the surface matching to be fast. Our idea is therefore to spend
time on pre-processing the CAD-representation by sampling data points from the
CAD-surfaces and then building a grid structure that encloses the sampled points.
The grid structure enables fast reiterated use in the ICP-algorithm and it is a further
development of the ideas behind the Pre-computed Voxels [9, 10].
The problem of free-form surface inspection has been discussed in e.g. [11, 12]. In
those papers and also in [13], where a work piece is located, the technique is based on
surface matching using the ICP method. They all focus on oﬀ-line use in labs, when
the inspection is used only once. When considering on-line use in the industrial line,
it make sense spending time for pre-computations, i.e., creating the grid structure
from the CAD-representation, to save time in each of the on-line surface matching
computations. The time spent on the pre-computations is not critical because it
is done oﬀ-line and only once for each CAD-representation. The pre-computations
may produce a large amount of data but this is normally not a problem on modern
computers.
2. Problem Deﬁnition
Let P = {pk }k=0,...,NP −1 denote the set of NP 3D data points obtained from a
measurement of an item and let S denote the compact set consisting of the surfaces
of the corresponding CAD object. Further, we introduce the set of rotation matrices
in 3D as
Ω = {R ∈ R3×3 |RT R = I3 , det (R) = +1}.
(I-1)
The transformation that describes the diﬀerence in orientation between the measured
item and its corresponding CAD object is represented by a rotation matrix R ∈ Ω
and a translation vector T ∈ R3 . This transformation is computed by solving the
weighted non linear least squares problem
min

N
P −1

R∈Ω,T k=0


2
wk d(Rpk + T,S) ,

(I-2)

where the distance function d(p, S) is deﬁned as
d(p, S) = min s − p2 ,
s∈S

(I-3)

given p. The nonnegative weights {wk } represents known quality values of the corresponding data points in P .
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Solving the subproblem (I-3) numerically using the exact CAD-representation of
S is time consuming and not appropriate for on-line use. If S consist of only one
NURBS surface with rectangular domain the point inversion method described in [6]
may be used. Real CAD objects, however, often consist of hundreds or thousands
of trimmed NURBS surfaces and problem (I-3) cannot be solved fast enough for our
purposes.
In [11, 12] a method for ﬁnding an approximate solution to (I-2) is described.
Instead of using the compact set S, it is approximated by a discrete set, X =
{xj }j=0,...,NX −1 , consisting of NX 3D points, here called model points. This set
must be chosen not only to be a good representation of S but also to enable fast
computations. A description of how we obtain X is given in sections 5.
The distance between an arbitrary point p and the set of model points X is
d(p, X) = min x − p2 .
x∈X

(I-4)

The main contribution of this paper is a method for solving (I-4) which is well
suited to be used, together with the ICP-algorithm, in on-line surface inspection. The
method is described in Sections 4 – 6. The original problem (I-2) is replaced by the
problem
N
P −1

2
(I-5)
wk d(Rpk + T,X) ,
min
R∈Ω,T k=0

which is much easier to solve. The solution of (I-5) is an approximation of the solution
to (I-2).
3.

The ICP Algorithm

The standard method for solving (I-5) is to apply the iterative closest point (ICP)
algorithm (Algorithm I-1), see e.g. [5, 14–16]. For completeness we here describe our
use of the ICP-algorithm.
The most time consuming part of the ICP algorithm is to match the data points
to the closest point in X, which is repeated in each iteration. This is to solve problem
(I-4) for each data point. To improve the time-eﬃciency of the algorithm we have
interest in keeping the the number of data points down, and to speed up the solution
of (I-4). As proposed in [17], it is suﬃcient to use a random sample of the data points
in P during the iterations, thus reducing the number of data points, and still get a
good matching. For this reason, we introduce the set Q = {qi }i=0,...,NQ −1 of NQ
randomly chosen points from P , where NQ ≤ NP . The weight associated to qi is
denoted vi . Let q̃i be a transformed data point qi , i.e. q̃i = Rqi + T. The closest
point in X that yields the minimum distance to a transformed point q̃i is denoted yi ,
i.e., q̃i − yi 2 = d(q̃i , X). This relation is described by the closest point operator C:
yi = C(q̃i , X).
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(I-6)

Algorithm I-1 ICP
Require: X, P, {wk }, NQ , Rinit , Tinit
R = Rinit , T = Tinit
repeat
Randomly select Q from P and
corresponding weights {vi } from {wk }
q̃i = Rqi + T,

i = 0, . . . , NQ − 1

†

yi = C(q̃i , X),

i = 0, . . . , NQ − 1

‡

[R, T] = arg min
R∈Ω,T

N
Q −1
i=0

2

vi Rqi + T − yi 2

(increase NQ )
until convergence
return R , T
The ICP algorithm, as shown in Algorithm I-1, solves problem (I-5). The solution
consists of a rotation matrix R and a translation vector T. The transformed data
points that ﬁt the model points are then computed as
p̃k = Rpk + T, k = 0, . . . , NP − 1.

(I-7)

Input to the algorithm is the two sets of points P and X, the weights {wk }, the number
NQ of points to be sampled from P , and initial guesses Rinit and Tinit of R and T
respectively. An optional approach in Algorithm I-1 is to increase the number, NQ ,
of randomly chosen points in Q in each iteration. This is to make the calculations in
the initial iterations fast, and to increase the accuracy as the iterations proceeds. The
optimal size of NQ and how fast it should be increased depends on the shape of the
object and the accuracy of the measurements. Using a well-conﬁgured measurement
system will result in small transformations obtained from the ICP algorithm. Hence
the identity transformation, Rinit = I3 and Tinit = 0, might be a god choice for the
initial guess, which is dependent of the conﬁguration. A further discussion about
how to provide a good initial guess for the transformation is considered in [5]. In [5]
it is also proved that the ICP algorithm always converges monotonically to a local
minimum with respect to the mean-square distance objective function.
The minimization problem
min

N
Q −1

R∈Ω,T i=0

2

vi Rqi + T − yi 2 ,

(I-8)

appearing in Algorithm I-1 ‡ is a rigid body movement problem. For properties of
this problem see e.g., [18–22]. The solution is computed by direct methods.
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NQ −1
Let sv = i=0
vi be the sum of the involved weights. The weighted centroids of
the two sets of points {yi } and {qi } then becomes
μY =

Q −1
Q −1
1 N
1 N
vi yi , μQ =
vi qi .
sv i=0
sv i=0

(I-9)

The weighted cross-covariance matrix ΣY,Q of the set of points is
ΣY,Q

=
=

N
Q −1
i=0
N
Q −1
i=0

T

vi (yi − μY ) qi − μQ


T
vi yi qT
i − sv μY μQ .

(I-10)

Let the singular value decomposition (SVD) of ΣY,Q be
ΣY,Q = UΣVT .

(I-11)

Given this SVD, the optimal rotation matrix R and translation vector T to problem
(I-8) are
⎡
⎤
1 0
0
⎦ VT ,
0
R = U⎣ 0 1
(I-12)
T
0 0 det(UV )
T = μY − RμQ .

4.

Finding the Closest Point

As stated earlier, the most time consuming part of the ICP algorithm (Algorithm
I-1), is to match the data points q̃i to the corresponding closest model points in X.
The operator C deﬁned in (I-6) is used for doing that matching.
The problem of ﬁnding the closest point yi to q̃i in X is to solve
d(q̃i , X) = min x − q̃i 2 ,
x∈X

(I-13)

i.e. the problem deﬁned in (I-4) for p = q̃i . Problem (I-13) is called the closestpoint problem or more popular the post-oﬃce problem. A careful exposition of the
closest-point problem is given in [23].
The simplest but certainly not the fastest way of obtaining all the yi in (I-6) is
to test all diﬀerent combinations of pairs for each data point q̃i , i.e. to test NX NQ
combinations. That must moreover be done repeatedly in the ICP algorithm, once
for each iteration. Doing it in this way takes too much time. It is necessary to make
a structure of the model points so the closest model point is obtained faster.
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4.1. Related Work
One of the possible structures for ﬁnding the closest point in a ﬁnite set of points is
based on Voronoi tessellation [24]. With a structure based on Voronoi tessellation the
closest point is found by searching through the data, going from one point to one of
its closer neighbors, repeatedly. The worst case number of steps
 using Voronoi based
2
. The expected number
search method for dimension three, is given in [25] as O NX
of steps in the ICP method is much smaller than the worst case, especially after a couple of iterations when the solution is being approached, and the transformations are
small. The closest point search method, based on Voronoi tessellation, implemented
in the ICP method is used in [14].
Another data structure useful in ICP implementations for solving the closestpoint problem is the kd-tree [26, 27]. An ICP algorithm based on kd-tree as closest
point search is used in [16, 28]. In the kd-tree, the three dimensional space R3 is
subdivided by planes, perpendicular to one of the coordinate axes. In each tree level,
R3 is subdivided by a plane that separates the point set into two point sets. Using
information about each plane the closest point in the point set is determined by
structural searching in the kd-tree.
One further data structure possible for use in the ICP algorithm is the balanced
box-decomposition (BBD) tree [25] which is implemented in the ICP algorithm in [11].
The BBD tree is a development of the kd-tree described above. There is an advantage
of using this structure when the point set is clustered and the dimension is high. In
the BBD-tree the point set is not only separated by hyper planes, it is also separated
by axis-aligned hyper rectangles.
So far the aim of all the mentioned data structures for ﬁnding yi = C(q̃i , X) in
the ICP algorithm is for doing one single shape registration as fast as possible, i.e.
the time for creating a data structure and doing one shape registration is small. If the
same set of model points is used in several diﬀerent shape registrations, much time can
be spent on the creation of the data structure for saving time on the registrations. An
eﬃcient method of closest-point matching where time available for pre-computations
is large is Pre-computed Voxels [9, 10]. A method based on the same ideas as Precomputed Voxels with boxing structure search is also used in [29–31]. A box enclosing
the model points are divided into several smaller box-voxels. Each centre of the voxels
is coupled by an index to a closest model point. For a given arbitrary point the closest
voxel can easily be obtained and an approximation of the closest model point to the
given point is the closest point to the voxel. This is a very fast way of ﬁnding an
approximation of a closest point but it requires lots of memory.
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4.2. The Distance Varying Grid Tree
The method presented here, though developed independently, has many similarities
with the Pre-computed Voxels [9, 10]. It has the same advantage, of being really fast
for ﬁnding closest point matchings, at the cost of a time consuming initial phase to
build the data structures. Just as the method of Pre-computed Voxels, we round each
data point to a grid point, and approximate the true closest point with the model
point that has been pre-calculated as closest to the grid point.
What sets the new approach apart is that we use ﬁner grids close to the model
points. So if we hypothetically use the same number of total grid points as the Precomputed Voxels does, we get in comparison a denser grid close to the model points,
giving higher accuracy when the ICP algorithm approaches the solution. If the data
points initially are close to the model points, they will be matched with high accuracy
from the ﬁrst iteration, since the data is likely to be in the region where the grids are
dense. Data points that are far away from the model points when the majority of the
data points approach the model points are not matched with high accuracy. These
points are probably measured with a large error and should not have a big inﬂuence
in the registration. Our data structure for fast approximative closest-point matching
is described in detail below.
In addition to this grid search, we improve on the closest point found, by making
a linear approximation of the model surface, and ﬁnding the point in that linear
approximation, that is closest to the data point, given some constraints. The details
are presented in Section 6.
We have chosen to name our approach the “Distance Varying Grid tree” (DVG
tree), since diﬀerent grid spacings are used at diﬀerent distances from the model
points.
The over all principle is really simple, and simplicity in this case also means speed,
making it fulﬁll the main objective of really fast closest matchings. We put a cubic
grid in our domain in R3 , with spacing h0 between the grid points in all directions.
Each grid point is associated with an entry in a table, T0 , that is either a closest
point in the set of model points, or a pointer to a ﬁner cubic grid, that ﬁlls up a space
surrounding the grid point.
This means that there are a number of diﬀerent levels of grids, apart from the
“mother grid”. For all grids at grid level l with spacing hl between the grid points,
there is one table Tl whose entries either are closest points in X, or pointers to the
places in Tl+1 where the entries for the associated ﬁner grids are stored.
Each grid at level l + 1 is connected to a unique parent grid point at level l. So
it is clear that we have a tree structure. The ﬁner grids, though not connected in a
structural sense, still are set up to ﬁll up their space around their parent grid point,
without overlapping surrounding grids at the same level. Suppose that the new ﬁner
grid has pl+1 points in all directions. Then the grid spacing at level l + 1 should be
hl+1 =

1
pl+1
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hl ,

(I-14)

Figure I-1. Illustration of a Distance Varying Grid√tree in R2 with corresponding
model points. Tree parameters: n = 2, p1 = 7, d0 = 2h0 . Both an arbitrary point
and its closest grid vertex are enclosed by a triangle. The closest model point to that
grid vertex is marked with a circle, which is also in this case the closest model point
to the arbitrary point.
to accomplish this goal. This is illustrated for 2D in Figure I-1, where p1 = 7 giving
7 × 7-subgrids and spacing h1 = h0 /7.
The tables are built in a pre-processing stage, where the closest points, as found
with the C-operator of equation (I-6), are determined for each grid point. In the cases
when the distance between the grid point and the model point found is lower than a
speciﬁc tolerance, dl for grid level l, a new ﬁner grid is introduced around that grid
point. This is repeated recursively
until the desired number of grid levels is fulﬁlled.
√
It is necessary that dl > 3 hl /2, to make sure that every grid point that has the set
of model points X within rounding distance is replaced by a ﬁner grid. It is probably
a good idea to use a greater number than this though, to get a continuous region
√ of
ﬁner grids close to the model points. A reasonable choice would be e.g. dl = 3 hl ,
i.e. the diagonal of the grid cube. Figure I-1 illustrates a 2D counterpart
of the DVG
√
tree using two grid levels, and parameters p1 = 7 and d0 = 2 h0 , i.e. d0 is the
diagonal of the grid square. A more detailed description of the pre-processing stage
is found in Section 4.3.
The over all algorithm for ﬁnding an approximation of the closest matching is
described in Algorithm I-2. Note that with grid level 1 and higher, only the grid
points local to the parent grid point need to be considered. In our implementation we
use a separate table for the model points, so the tables for the grid levels Tl do not
contain a coordinate, but rather a pointer with an index to the model points. If on
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Algorithm I-2 Searching for an Approximation of
yi = C(q̃i , X)
Require: q̃i , X
Let l = 0
Round q̃i to the closest grid point at grid level l
Find the corresponding table entry Tl [τ ]
while Tl [τ ] < 0, i.e. a ﬁner sub grid exists do
Let l = l + 1
Round q̃i to the closest grid point at grid level l
Find the corresponding table entry Tl [τ ]
end while
Let yi be approximated by the model point
obtained from Tl [τ ].
return yi

the other hand there should be a ﬁner grid at that point, it is marked with a negative
number, containing information on the index in Tl+1 where the data for the ﬁner grid
is situated. The rounding is done by subtracting a reference point xref from the data
point q̃i , rescaling the diﬀerence, and ﬁnally taking the integer part of the resulting
coordinate to get indices for use in the table.
The grid at level zero has dimensions N0 ×N1 ×N2 and spacing h0 in all directions.
The reference point xref is chosen by taking the grid point with smallest coordinates
v(0,0,0) and subtracting (h0 /2, h0 /2, h0 /2) from the coordinate of v(0,0,0) . To ﬁnd the
coordinate in T0 , the data point q̃i is subtracted by xref and the resulting diﬀerence
is divided by h0 . That gives the triple of ﬂoats (f0 , f1 , f2 ), i.e.
q̃i [0] − xref [0]
,
h0
q̃i [1] − xref [1]
,
f1 =
h0
q̃i [2] − xref [2]
.
f2 =
h0

f0 =

(I-15)

The “grid index” is then found by taking the integer part of (f0 , f1 , f2 ), resulting in
the triple of integers (i0 , i1 , i2 ) in the domain of the grid, i.e.
(0, 0, 0) ≤ (i0 , i1 , i2 ) ≤ (N0 − 1, N1 − 1, N2 − 1).

(I-16)

Integer triples (i0 , i1 , i2 ) not fulﬁlling (I-16) are replaced to the closest integer triple
in the domain of the grid. The corresponding index τ in table T0 is found by τ =
i0 + N0 i1 + N0 N1 i2 . In the “sub grids” for tree levels 0 < l ≤ n − 1, the procedure is
identical with minor diﬀerences. The triple of ﬂoats (f0 , f1 , f2 ) is renewed based on
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the previous triples of ﬂoats and integers, such that


f0 = pl f0 − i0 ,
f1 = pl f1 − i1 ,
f2 = pl f2 − i2 .

(I-17)

The new integer triple (i0 , i1 , i2 ) is obtained as previously by taking the integer part
of (f0 , f1 , f2 ) that need to be in the subgrid domain
(0, 0, 0) ≤ (i0 , i1 , i2 ) ≤ (pl − 1, pl − 1, pl − 1).

(I-18)

Also here, integer triples that are not in the domain (I-18) are replaced by the closest
triples inside the domain. The index in table Tl is then found in much the same
way, except that we need an oﬀset, received from table Tl−1 , to hit the right subgrid.
Let the oﬀset be the integer τoﬀset . Then the index in table Tl is found by τ =
τoﬀset + i0 + pl i1 + p2l i2 .
Of course, the more grid levels are used, the more time it takes to traverse the
tree to get to the approximation of the closest model point. The gain is that we get
higher accuracy towards the end of the ICP algorithm. Still, we have chosen to stay
with two grid levels in our current implementation, which gives us adequately good
approximations and really good speed properties.
The DVG tree is primarily useful for well connected model points in 3D, meaning
by well connected, model points sampled from surfaces that only live in a fraction of
the domain. Scattered model points would need an excess of ﬁner grids to build the
DVG tree, imposing the need for an excess of computer memory in that case. As for
higher dimensions than 3D, there is nothing saying that it is not possible to generalize
for that case, except once again for the need of excessive computer resources. So it is
possible, but not practical.
Finally, of course it is just as easy to use an arbitrary rectilinear parallelepiped
grid, as a cubic one. It is straight forward to do the changes in the presentation above
for that generalization. The worst case approximation error follows from Theorem I-1
for a known grid spacing.
Theorem I-1 (Closest Point Approximation). Let p be an arbitrary point. If the
distance d(p, X) is approximated with dapp (p, X) = p − C(v, X)2 , where v is the
closest grid vertex to p, then
0 ≤ dapp (p, X) − d(p, X) ≤ 2 p − v2 .

Proof. Introduce points  and ϑ such that
 = C(p, X),

ϑ = C(v, X),

(I-19)

i.e.  and ϑ are the corresponding closest model points to p and v respectively.
An illustration of the points and their placement with mutual distances is given in
Figure I-2.
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X
p
v
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ϑ

Figure I-2. Arbitrary point p, closest grid vertex v and set of model poins X. The
points  and ϑ are the closest model points to p and v respectively.
The distance between p and X is
d(p, X) = p − 2 ,

(I-20)

and the the same but approximated distance is
dapp (p, X) = p − ϑ2 .

(I-21)

The closest model point to p is  and the closest model point to v is ϑ implies
p − 2 ≤ p − ϑ2 ,

(I-22)

v − ϑ2 ≤ v − 2 .

(I-23)

The inequalities (I-22) and (I-23), the distances (I-21) and (I-20) and the triangle
inequality give
0 ≤ p − ϑ2 − p − 2
= dapp (p, X) − d(p, X)
≤ p − v2 + v − ϑ2 − p − 2
≤ p − v2 + v − 2 − p − 2
≤ p − v2 + p − v2 + p − 2 − p − 2
= 2 p − v2 .

In our case where
√ the grids are cubic with spacing hl for grid level l, it holds
that p − v2 ≤ 3hl /2 for a point p inside the DVG system, and the result√from
Theorem I-1 with that condition and p = q̃i gives 0 ≤ dapp (q̃i , X) − d(q̃i , X) ≤ 3hl .
The closest-point matching error is hence limited above by the grid diagonal.
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4.3. Building the DVG Tree
The DVG tree is built given the discrete set of NX model points X, and some design
parameter, most of which are already know from the previous subsection:
1. The orthonormal basis t0 , t1 , t2 for the model points.
2. The box space enclosed by the grid at level 0.
3. The grid spacing h0 .
4. The number of tree levels n.
5. The cutoﬀ for introducing ﬁner grids dl , l = 0, 1, . . . , n − 2.
6. The dimensions of the sub grids pl , l = 1, 2, . . . , n − 1.
The vectors t0 , t1 and t2 can be chosen arbitrarily as long they form an orthonormal basis. In [10] the Principal Components of the model points are used as basis.
This is to reduce the size of the box volume that encloses the model points and hence
to reduce data storage of the Pre-computed Voxels. Our approach with the DVG tree
is not as sensitive, with respect to needed storage, to the choice of basis, as the Precomputed Voxels is. The needed space for the DVG tree is not much aﬀected by the
choice of t0 , t1 and t2 . Consequently, the standard basis êx , êy and êz is an adequate
choic. Still the concept of changing basis for the model points is a simple one and
may be useful in certain situation. We handle this by regarding the model point set
X to be a set of coordinates with basis (t0 , t1 , t2 ). I.e. the coordinate system of the
CAD model may change when we form X, to better ﬁt the geometries.
It is important that the grid at level l = 0, with its ﬁnite scope, includes all of
the model points, X, with some margin for stray data points away from the model
points. Since we have a grid, this domain will be box shaped. The amount of “extra
space” outside of the model points, that should be included in the grid must be tuned
for the application at hand. In our testings we had no margin at all outside of the
model points. We made the box space as tight as possible. This works out since
the ICP algorithm puts the data point cloud close to the model point cloud in just a
few iterations. Note that the scope for the DVG tree is slightly greater than the box
space, since all points that are rounded to grid points are valid in the scope of the
DVG tree. This means that the scope of the DVG tree extends h0 /2 outside of the
box space for the grid points in all directions. See Figure I-3.
The selected box space for the model points is partitioned using the grid spacing
h0 in the directions of the basis vectors, resulting in a N0 × N1 × N2 grid. Then the
reference point xref , described in Section 4.2, is calculated an stored (Figure I-3).
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Figure I-3. Schematic illustration of variables in the DVG tree for level 0.
When all of the parameter values 1) – 6) are deﬁned, the tables Tl , l = 0, 1, . . . , n−
1, in the DVG tree can be constructed. The tables consist of arrays of integers where
each integer represents either an index to a model point or an index to the ﬁrst grid
point for the next grid system in Tl+1 .
First of all is the array corresponding to T0 allocated. Each grid point has a
corresponding element in the array. The number of elements in the array is hence
N0 N1 N2 . We are using a search method based on Delaunay tessellation [26] of the
model points when we ﬁll each element in the array with an index to the corresponding
closest model point. The search method is done by iteratively searching along the
edges of the tessellation for closer model points from a starting model point. The
starting model point is chosen to be the closest model point to a neighbouring grid
point. For the ﬁrst grid point is the starting model point chosen randomly. The grid
vertices are not stored as points, but they are easily calculated using the reference
point xref , the grid spacing h0 and the order of the grid vertices. All the elements
in T0 consisting of indices to model points, with corresponding grid point closer than
distance d0 to X, are replaced by an index, τoﬀset , to T1 belonging to v(0,0,0) in the
corresponding grid at level 1. The number of such elements is n0 . The index τoﬀset is
coded as a negative number, to make it detectable.
Based on knowledge of the number of grid vertices nl−1 in the grid systems at
level l − 1 that is closer than distance dl−1 to X, the array for Tl , l = 1, 2, . . . , n − 1, is
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allocated. The number of elements is nl−1 p3l (nl−1 grid systems of p3l elements each).
The same Delaunay tessellation based search method is used when Tl is ﬁlled with
indices to closest model points. Elements corresponding to vertices closer than the
distance dl to X, l = 1, 2, . . . , n − 2, are ﬁlled with indices τoﬀset to Tl+1 coded as
negative numbers.
5.

Generation of Model Points

The DVG tree requires much more memory than the model points X do when a
suitable grid spacing is used.
We want to generate our model points X from the part of the surface S that is
visible from our optical measure device with known position and direction. From that
position a set of lines towards S are started and hit the surface in a set of crossing
points. The surface S is ﬁrst triangulated using Delaunay triangulation [26] with
triangles outside the domain removed. For each triangle, the intersections of the
triangle and a set of lines are obtained. Only the intersection point closest to the
measure device is saved for each line and it gives us approximately the intersection
points with their surface parameter values. Newton s method is then used for ﬁnding
the intersection point of the surface S and the lines.
The method of using triangles and Newton s method give us information about
which part of the surface S that will be used for the measurement. From this information we also sample points randomly in the parameter space. This is for obtaining
a representative set of model points that is dense not only where tangent plane is
orthogonal to the lines.
6.

Local Linear Approximation

In Section 2 was the discrete set of model points X introduced. It is used for represent
S on calculations. In this section we introduce a surface approximation near the model
points for representing the surface S in a better manner. The union of X and the
points on the local surface approximations is denoted X̄.
The challenge is to ﬁnd an approximation of the surface S that will be suitable,
fast for computations and do not require much storage. One approximation that fulﬁls
these conditions is to use a set of small circular, plane discs. A circular disc has its
centre in the corresponding sampled model point xj and its unit normal vector n̂j is
the same as the unit normal vector of S where xj is sampled. The disc are limited
by a radius rj . Let the set of all radius rj be denoted R and the set of all vectors n̂j
be denoted N̂ , where j = 0, . . . , NX − 1.
Calculations on the circular discs are done very quickly. Just a few ﬂoating point
operations are needed for obtaining a new yi = C(q̃i , X̄) from a given yi = C(q̃i , X).
This follows from Algorithm I-3 by taking a closer look at it. The second output
argument of the approximate closest point operator C in Algorithm I-3 † is the index
j corresponding to the closest point in X. The index j is then used for obtaining
the corresponding normal and radius n̂j and rj . The fast computational property
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Algorithm I-3 Searching for an Approximation of
yi = C(q̃, X̄)
Require: q̃i , X, N̂ , R
/* ﬁnd approximate closest model point and corresponding index using Algorithm I2 */
† [yi , j] = C(q̃i , X)
/* ﬁnd closest model point on disc */
u = (q̃i − yi ) − ((q̃i − yi ) • n̂j ) n̂j
if u < rj then
yi = yi + ui
else
rj
ui
yi = y i +
u
end if
return yi

makes this surface approximation suitable for use in the ICP algorithm. Just replace
yi = C(q̃i , X) in Algorithm I-1 † with yi = C(q̃i , X̄) obtained from Algorithm I-3.
The data that has to be stored in addition to the discrete set X are the set of
unit normal vectors N̂ and the radius set R. The size of rj might depend on, e.g. the
curvature of the surface and the grid spacing.
7.

Numerical Experiments

This section is divided into three subsections: A. Time Comparison, B. Experimental
Convergence and C. Local Linear Approximation. All the subsections contain diﬀerent
experiment results. The computer programs are written in C/C++ and have been
executed in Matlab version 7.0. The computer has an Intel Pentium 4 CPU working
in 1.70GHz.
Four diﬀerent surfaces, all sub surfaces of the same CAD object, have been used
in these experiments. These four surfaces are illustrated in Figures I-4, I-5, I-6 and
I-7.
It is clear from Table I-1 how many model points, NX , that is sampled
for each surface. Outside the outer edges of the CAD object are additional points,

Table I-1. Number of Model Points

NX

1
331536

Surface No.
2
3
274157 322027
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4
312949

Figure I-4. CAD object with brighter tinted subsurface, Surface No. 1.

Figure I-5. CAD object with brighter tinted subsurface, Surface No. 2.
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Figure I-6. CAD object with brighter tinted subsurface, Surface No. 3.
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Figure I-7. CAD object with brighter tinted subsurface, Surface No. 4.
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Table I-2. Diﬀerent Parameters for the Data Structures
Data structure
kd-tree
DVG 0.7
DVG 1.1
DVG 1.7
DVG 2.6
DVG 4.1
DVG 6.4
DVG 9.9

h1 (mm)
0.09
0.14
0.21
0.33
0.51
0.80
1.24

d0 (mm)
1.38
2.15
3.34
5.20
8.08
12.57
19.55

r (mm)
0.10
0.10
0.15
0.23
0.36
0.56
0.87
1.36

The table shows diﬀerent parameters used in the kd-tree and DVG tree with diﬀerent grid spacing.
The number after DVG is the grid spacing h0 in mm. Columns from left, data structure, grid
spacing h1 , distance d0 , and radius r.

barrier points, added to the set of model points, for reducing inﬂuence of measured
background. These are not counted in NX .
In these experiments seven DVG trees are used with diﬀerent grid spacing, and
the number of tree levels, n, is two. The grid spacing in the DVG tree are h0 and h1
for the two tree levels respectively. The grid spacing h1 in level 1 is h0 /8, i.e. p1 = 8.
The additional ﬁner grid systems in T1 are added to the grid vertices closer than
√ the
distance
d
=
3.9h0 ,
speciﬁc tolerance distance d0 to the model points. We use the
0
√
which is just a bit greater than the length of the diagonal 3h0 of the larger grids.
the same for all j. The
In these experiments all the radii rj for j = 0, . . . , NX − 1 are √
common radius of the circular discs is denoted r and set to r = 1.2h1 in order to be a
bit greater than h1 . For the kd-tree where the closest-point matching is exact, we use
the same radius as the one for the DVG tree with the ﬁnest grids (h0 = 0.7mm). The
spacing of the smaller grids, the maximal distance between the centre of smaller grids
and model points, and the radius of the discs for local linear approximation follows
for each of the used data structures from Table I-2. For the kd-tree, the radius is the
only parameters because of the other parameters are not deﬁned.
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7.1. Time Comparison
In this subsection, we demonstrate the speedup of using the DVG tree in comparison
with a kd-tree in the ICP algorithm. The DVG tree is implemented in C and the
kd-tree, source code from [32], is implemented in C++. Except for the way of ﬁnding
the closest point, exactly the same thing is done in the comparison between the two
methods. For each of the four surfaces, we do 1000 diﬀerent surface registrations.
Half of the set of model points are also stored as data points. These data points are
transformed with a rotation and a translation from their original positions. The ICP
algorithm with 50 iterations is then used for ﬁnding the inverse transformation. The
number of randomly selected points are constant NQ = 0.005NP . The grid spacing
h0 in DVG tree is 0.7mm. Figure I-8 shows statistics for the experimental speedup
tkd−tree /tDVG tree , where a box plot is used for showing the result for each of the four
surfaces. The time tkd−tree is the time for obtaining the outcome using the kd-tree
and tDVG tree is the time for obtaining the outcome using the DVG tree.

2000

tkd−tree/tDVG−tree

1500

1000

500

0
1

2

3

4

Surface No.

Figure I-8. Box plots with time comparison for the ICP algorithm with 50 iterations
using two diﬀerent closest-point methods, DVG tree and kd-tree. The number of
diﬀerent matchings are 1000 for each of the surface. The ﬁnest grid structure, grid
spacing h0 = 0.7mm is used and NQ = 0.005NP .
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7.2. Experimental Convergence
Here is the experimental convergence analysis presented. The conditions are almost
the same as in previous subsection. Also in this experiment half of the set of model
points is stored as data points. These data points, p̂k are transformed with a rotation
and a translation from their original positions, and new data points pk are obtained.
A small noise k , sampled from a uniform distribution on the interval [−0.001, 0.001],
is added to pk in z−direction, such that
p̆k = pk + k êz ,

(I-24)

were p̆k is the notation for the used data points with a noise. The choice of perturbation is to resemble real measurement with projected fringes for this size of measure
object. The ICP algorithm with 500 iterations is then used for ﬁnding the inverse
transformation, i.e. to ﬁnd the original positions p̂k , by using the perturbed points
p̆k . A measurement of convergence is needed for this experiment. We use the mean
value
P −1
1 N
(I-25)
ρ=
Rpk + T − p̂k 2 ,
NP k=0
as convergence measure. The reason for using the non perturbed points pk in (I-25) is
to get a well deﬁned measure. The optimal value of ρ is 0 and that value is obtained
when the exact inverse transform of pk is found. It is not likely that ρ is zero because
the perturbed data points p̆k is used in the ICP algorithm. All the weights wk in
(I-5) are equal, i.e. no point has more inﬂuence than the others.
In the ﬁrst convergence experiment NQ = NP . Both the kd-tree with exact closestpoint matching and the DVG tree with approximate closest-point matching are used.
Figure I-9 shows the convergence result of ρ using 500 iterations for surface 1 with
four diﬀerent data structures and Table I-3 shows the convergence result of ρ after
500 iterations for all the surfaces and all the data structures.
In the second convergence experiment NQ = 0.005NP . Everything else is the
same as in the ﬁrst convergence experiment. The result is shown in Figure I-10 and
Table I-4.
In the third convergence experiment the kd-tree is not used. The only used data
structure is the DVG tree with ﬁnest grid spacing (h0 = 0.7mm). The number, NQ , of
random selected data points is varied and is present as the share NQ /NP . Figure I-11
and Table I-5 shows the result of the convergence.
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Figure I-9. Convergence of surface matching for diﬀerent closest-point matching
accuracy, NQ = NP . Surface number 1 is used and ρ deﬁned in (I-25). The number
after DVG is the grid spacing h0 in mm.

Table I-3. Convergence of the ICP Algorithm

Data structure
kd-tree
DVG 0.7
DVG 1.1
DVG 1.7
DVG 2.6
DVG 4.1
DVG 6.4
DVG 9.9

1
4.9 · 10−6
1.0 · 10−4
8.5 · 10−4
1.7 · 10−3
5.5 · 10−4
2.3 · 10−3
7.3 · 10−3
1.0 · 10−2

Surface No.
2
3
3.0 · 10−6 2.9 · 10−6
1.9 · 10−4 1.3 · 10−4
4.8 · 10−4 9.2 · 10−4
7.3 · 10−4 5.7 · 10−4
6.5 · 10−4 4.3 · 10−3
9.9 · 10−4 5.5 · 10−3
3.1 · 10−3 6.6 · 10−3
8.7 · 10−3 9.3 · 10−3

4
2.9 · 10−6
1.6 · 10−4
1.9 · 10−4
3.1 · 10−4
1.0 · 10−3
3.5 · 10−3
3.8 · 10−3
5.7 · 10−3

The table shows the value of ρ deﬁned by (I-25) after 500 iterations, NQ = NP . The number after
DVG is the grid spacing h0 in mm.
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Figure I-10. Convergence of surface matching for diﬀerent closest-point matching
accuracy, NQ = 0.005NP . Surface number 1 is used and ρ deﬁned in (I-25). The
number after DVG is the grid spacing h0 in mm.

Table I-4. Convergence of the ICP Algorithm

Data structure
kd-tree
DVG 0.7
DVG 1.1
DVG 1.7
DVG 2.6
DVG 4.1
DVG 6.4
DVG 9.9

1
2.6 · 10−5
2.9 · 10−4
1.1 · 10−3
3.6 · 10−3
3.4 · 10−3
2.0 · 10−3
7.8 · 10−3
5.5 · 10−3

Surface No.
2
3
1.9 · 10−5 2.1 · 10−5
5.0 · 10−4 7.7 · 10−4
6.4 · 10−4 8.5 · 10−4
2.3 · 10−3 2.6 · 10−3
4.2 · 10−3 3.2 · 10−3
8.7 · 10−3 1.1 · 10−2
4.4 · 10−3 7.7 · 10−3
1.4 · 10−2 3.9 · 10−2

4
2.3 · 10−5
6.8 · 10−4
4.0 · 10−3
4.7 · 10−3
3.2 · 10−3
2.6 · 10−3
8.6 · 10−3
1.1 · 10−2

The table shows the value of ρ deﬁned by (I-25) after 500 iterations, NQ = 0.005NP . The number
after DVG is the grid spacing h0 in mm.
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Figure I-11. Convergence of surface matching for diﬀerent closest-point matching
accuracy. Surface number 1 is used and ρ deﬁned in (I-25). The ﬁnest grid structure,
grid spacing h0 = 0.7mm is used.

Table I-5. Convergence of the ICP Algorithm

NQ /NP
0.1000
0.0414
0.0171
0.0071
0.0029
0.0012
0.0005

1
6.3 · 10−5
1.2 · 10−4
2.0 · 10−4
5.2 · 10−4
6.3 · 10−4
1.2 · 10−3
1.1 · 10−3

Surface No.
2
3
1.7 · 10−4 4.2 · 10−4
3.7 · 10−4 6.9 · 10−5
2.3 · 10−4 2.0 · 10−4
6.0 · 10−4 8.5 · 10−4
8.6 · 10−4 1.4 · 10−3
1.0 · 10−3 8.1 · 10−4
3.7 · 10−3 1.1 · 10−3

4
1.0 · 10−4
2.7 · 10−4
1.5 · 10−4
8.4 · 10−4
5.3 · 10−4
8.0 · 10−4
3.1 · 10−3

The table shows the value of ρ deﬁned by (I-25) after 500 iterations. The ﬁnest grid structure, grid
spacing h0 = 0.7mm is used.
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7.3. Local Linear Approximation
We demonstrate here the ability of using circular discs for approximating the surface
locally in combination with DVG tree. The experiment is done such that all model
points, X, are used as data points, P , except the model points lying on the joints
between the diﬀerent surface regions. All the points in P are matched to their closest
point in X, using the DVG tree with diﬀerent grid resolutions in combination with the
linear approximation over a disc. If the point matching is done with exact precision,
the distance between the points in P and their corresponding closest model point is
zero, i.e. d(pk , X) = 0. The closest-point matching is not done with exact precision
and hence the distance approximation absolute error dapp (pk , X) − d(pk , X) might
be larger than zero. The distribution of the distance approximation absolute error
for surface number 1 is shown in Figures I-12 and I-13. The Figure I-12 shows the
distribution with the ﬁnest grid structure, grid spacing h0 = 0.7mm and the Figure I13 shows the distribution with the coarsest grid structure, grid spacing h0 = 9.9mm.
The maximal closest distance error given by Theorem I-1 is
dapp (pk , X) − d(pk , X) ≤

√

3h1 ≈ 0.15mm,

(I-26)

3h1 ≈ 2.14mm,

(I-27)

for grid spacing h0 = 0.7mm and
dapp (pk , X) − d(pk , X) ≤

√

for grid spacing h0 = 9.9mm. In each of the two Figures I-12 and I-13, two diﬀerent
graphs are shown. One graph is showing the distribution of the distance using only
the DVG tree and the other graph shows the distribution of the distance using DVG
tree in combination with the linear approximation. The data points in P where
the linear approximation has no eﬀect though not exactly matched, are data points
matched to singularity points of the surface where no linear approximation exist, i.e.
joints between the diﬀerent parameter surfaces of the CAD object. The improvement
of using the circular disc in comparison with not using it is shown in Table I-6 for
all diﬀerent surfaces and data structures with diﬀerent grid spacing. The measure of
improvement using circular disc is
N
P −1

ψ=

k=0

dapp,DVG+locLinApp (pk , X) − d(pk , X)

N
P −1

,

(I-28)

dapp,DVG (pk , X) − d(pk , X)

k=0

where the operator dapp,DVG+locLinApp is the approximate distance using both the
DVG tree and local linear approximation and the operator dapp,DVG is the approximate distance using only the DVG tree. Table I-6 shows the relative reduction of
average error using the linear approximation in comparison with not to use any surface
approximation.
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Figure I-12. Error of the distance for closest-point matching using DVG tree, in
combination with and without local linear approximation over a disc respectively.
The ﬁnest grid structure, grid spacing h0 = 0.7mm is used. Surface number 1 is used.
Table I-6. Reduction of Error by using Linear Approximation

DVG h0 (mm)
0.7
1.1
1.7
2.6
4.1
6.4
9.9

1
0.0469
0.0388
0.0318
0.0265
0.0262
0.0286
0.0371

Surface No.
2
3
0.0504 0.0498
0.0442 0.0446
0.0355 0.0340
0.0297 0.0275
0.0289 0.0266
0.0322 0.0291
0.0406 0.0373

4
0.0398
0.0359
0.0280
0.0240
0.0232
0.0270
0.0324

The table shows the relative reduction of error, speciﬁed by ψ in (I-28), using a linear approximation
over a disc for the DVG tree with diﬀerent grid spacing.
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Figure I-13. Error of the distance for closest-point matching using DVG tree, in
combination with and without local linear approximation over a disc respectively.
The coarsest grid structure, grid spacing h0 = 9.9mm is used. Surface number 1 is
used.
8.

Results and Conclusion

The box plots in Figure I-8 shows how much faster the DVG tree is in comparison
with the kd-tree and the graphs in Figures I-9 and I-10 show the convergence of the
registration accuracy. By using the DVG tree, the matching is done approximately
700 times faster. This is at a cost of worsening the measure of convergence (I-25) from
the order 10−6 to the order 10−4 (with h0 = 0.7mm). That time saving is important
when doing surface matching on-line in the production line and the loss of accuracy
can be accepted in practical applications.
The speedup mentioned above depends on the geometry of the surface. Diﬀerent
surfaces give diﬀerent speedups, but the diﬀerences are quite small. The fast registration process for the DVG tree is due to the fact that the DVG tree requires much more
time for pre-calculations than the kd-tree. The pre-calculation time is not important
to be small in our on-line application.
The graph in Figure I-9 and the values of ρ in the Table I-3 shows how the
convergence depends on the closest-point matching accuracy. All the graphs seem
to have a horizontal asymptote after several iterations. That asymptote depends of
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the closest-point matching accuracy. Smaller grid spacing gives higher accuracy. The
convergence of ρ corresponding to the kd-tree is the best. Because of the perturbation
and round-oﬀ errors this value is not zero. The situation with the perturbation is to
resemble a situation of real measurement. It is not important to match the closest
point with exact accuracy when we have measurement errors, especially when we want
to do the registration as fast as possible.
An easy way of speed up the ICP algorithm without losing much accuracy is to use
a random selection of all data points in each iteration. The consumed time is almost
proportional to the number, NQ , of used, random selected data points. Time for
ﬁnding the transformation R, T given (I-10) is small in comparison with the handling
of the data points. The graph in Figure I-10 and the values of ρ in Table I-3 show
how the convergence behave when NQ = 0.005NP . The convergence is not much
worse and the speedup of the ICP algorithm is almost 200 in comparison with the
previous case, where NQ = NP . A more detailed examination of the inﬂuence of NQ
is given in the graphs in Figure I-11 and the values of ρ in Table I-5, where only the
DVG tree with grid spacing h0 = 0.7mm is used and the share NQ /NP is varied. The
convergence of ρ is not much dependent of NQ /NP . The share NQ /NP varies with a
factor 200 while the accuracy only varies about a factor 10.
Using a circular disc for approximating the surface reduces the closest-point matching error, which follows from the Figures I-12 and I-13. The graph in Figure I-12,
where the ﬁnest grid structure with grid spacing h0 = 0.7mm is used has another
distribution than the graph in Figure I-13, where the coarsest grid structure with
grid spacing h0 = 9.9mm is used. That is because a larger share of the model points
is represented in the DVG tree with ﬁner grid structure. It is hence more likely that
a data point is matched with exact accuracy with the ﬁnest grid structure than with
the coarsest grid structure. For the points that are matched exactly the linear approximation does not improve the matching accuracy. For almost all points the error
is reduced to almost zero, except for a small share of points which are matched to
joints between diﬀerent patches where no linear approximation exists. In the Table I-6
the result for all surfaces and all DVG trees with diﬀerent grid spacing is shown. In
general there is no big diﬀerence in improvements.
9.

Possible Improvements

Further speed improvements can be achieved by introducing parallelism into the implementation. The most time consuming part, the closest point matchings of the
data points to the model points, is trivial to parallelize, since each data point may
be matched independently of every other data points. Also the time consuming calculation of ΣQ,Y in equation (I-10), may be parallelized by assigning diﬀerent sets of
term in the sum to diﬀerent processors. So the methods presented here are highly
parallelizable.
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When the DVG tree is built (Section 4.3), knowledge of curvature on the surface S
might be taken into consideration. In regions where the surface is ﬂat and the surface
approximation ﬁts the surface well, a ﬁne grid is not needed. In those regions it is
enough to use a coarse grid in combination with the local approximation.
If the model points are dense in comparison to the grid spacing the method of
using the largest distance dl is suitable. If the conditions are the opposite, i.e. the
model points are sparse in comparison to the grid spacing, then it might be better
to place the ﬁner grid systems at the boundaries to the Voronoi cells in addition to a
distance dl condition.
One more thing possible for development is eﬃcient local surface approximations
for each model point. In this paper (Section 6) the surface is approximated with discs
at each model point. The reason for using that approximation is the computational
advantage and the small need of required data space. An alternative approximation
is ellipses. The ellipse axes might be adjusted such that the area of the ellipse is as
large as possible for a given surface ﬁtting accuracy. Some more data has to be stored
and some more calculations need to be done but ellipses will ﬁt the surface in a better
manner. A more precise surface approximation is a function surface of second-degree.
Such an approximation will ﬁt the surface better than a plane, but calculations for
ﬁnding the closest point would be much more time consuming and the required need
of data space would also be greater.
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Abstract
This paper treat a robustiﬁed version of the iterative closest point (ICP) method
applied on surface matching, in an application where the shape of a measured surface
is matched with its ideal surface, and the matching must be done fast. The iteratively
reweighed least squares (IRLS) method is used for reducing the inﬂuence of high
leverage outliers. Some diﬀerent robust estimators are used for robustness comparison.
We are also introducing a new rejection method based on insertion of barrier points,
where outliers are expected in the model point set. Though no convergence proof is
given, the method works well.
1.

Introduction

When surfaces are measured with optical non touching methods, like the projected
fringes method, see e.g., [1–3], not only the measured surface will be present in the
measurement output. It is inevitable that also the background will be measured. Also,
if the measurement needs to be fast and only a few camera pictures can be taken,
large errors will occur around sharp edges where the surface is discontinuous from the
camera view. That is because parts of the surface are hidden from the camera or are in
the shade of the projection, which result in diﬃculties to interpret the fringe pattern.
When light is used also undesired optical behavior exists like reﬂections and speckles,
resulting in further errors in the measured data, that are diﬃcult to predict. All these
errors and undesired measurements must be treated when the measured surface is to
be matched with its corresponding ideal surface. The surface measurement results in
a large amount of points that represents the surface.
The proposed method is designed for free-form surface inspection discussed in e.g.
[4,5]. A measured surface of an object is compared with the shape of its corresponding
CAD object. The fundamental method for doing the surface inspection is based on
surface matching, where the iterative closest point (ICP) method [6–9] is used. In
order to do the surface matching fast enough for on-line inspection in the industrial
line, the data structure Distance Varying Grid (DVG) tree has been proposed by
the authors [10]. It is based on time-consuming pre-calculation for fast usage when
the same CAD object is represented several times for diﬀerent surface matchings. In
addition, it is also desirable that the matching is robust and reliable, as treated here.
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2. Related Work
It is beneﬁcial to use robust methods in real-world applications when they are prone
to have errors in the measurements, as treated in e.g. [11–15]. If robust methods are
not considered, the surface matching runs the risk of being spoiled by aberrant and
incorrect measurement values.
A least median of squares (LMS or LMedS) version of the ICP algorithm is used
in [11, 16, 17]. The LMS estimator is very robust and is not aﬀected by up to 50%
outliers. The drawback is the evaluation time, and the multitude of local minima that
the method introduces.
Weighting of pairs is one of the robust methods discussed in [12, 18]. The method
is based on assigning diﬀerent weights to point pairs and hence solves a weighted least
squares problem. Lower weights are assigned to point pairs that seem to be outliers.
These weights can be based on the distance between the points or some quality value
obtained from the scanner. This method does not cause any computational diﬃculties.
Another method discussed in [12] is rejecting of pairs. That method is quite similar
to weighting of pairs, i.e. the weights are either one or zero. These rejected pairs can
be point pairs with an inner distance more than a given distance apart [19], the n%
of point pairs with largest distance [20]. Unfortunately time must be spent in ﬁguring
out which of the point pairs that belongs to the n%. Another rejection method in [19]
is based on rejection of point pairs with a model point on the model boundary.
Yet another robust method, discussed in [13], is based on minimization of the
registration error with an M-estimator. They use an ICP algorithm version based
on Levenberg-Marquardt (LM) optimization (LM-ICP). The occurring rigid body
movement problem based on a robust M-estimator, is solved using the LM method.
In our work we choose to reﬁne the use of M-estimators, but not to use LM-ICP, since
there are better alternatives.
3.

Problem Formulation

The ICP-algorithm is used for matching a measured data set to a model, by rotating
and translating the data. If P = {pk }k=0,...,NP −1 is the set of measured data points,
and d(pk , S) represents the shortest distance from the data point pk to the surface
of the model S, we are interested in the translation vector T and the rotation matrix
R that minimizes these distances in some sense. The commonly used criterion for
optimality is
N
P −1

2
d(Rpk + T, S) .
(II-1)
min
R∈Ω,T

k=0

where Ω is the set of rotation matrices, i.e.
Ω = {R ∈ R3×3 |RT R = I3 , det (R) = +1}.
This is a least squares criterion, minimizing the sum of the errors squared.
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Since the distance to a general model surface S by d(pk , S) is diﬃcult to handle, it
is common practice to represent the model with a ﬁnite, but suﬃciently dense, set of
model points, X = {xj }j=0,...,NX −1 giving the straight forward translation of (II-1):
min

N
P −1

R∈Ω,T



2
d(Rpk + T, X) .

(II-2)

k=0

The advantage of using least squares is twofold: In general, the least squares problem
is easy to solve in a mathematical sense. In the case of the ICP-algorithm, it is built
from a series of least square matchings, each made possible from the least squares
assumption in (II-2). Also, in a statistical setting, the least squares solution is the
maximum likelihood solution when the errors are normally distributed.
The disadvantage of using (II-2) is the sensitivity to measurements that are in
error, outliers that are deviant from the “good” measurements. Just a few outliers
is enough to have a profound eﬀect on the solution of (II-2). Since we can expect
outliers in the measurements it is important to device strategies to make the solution
insensitive to them. In Robust statistics, theories for handling outliers are developed
from a statistical perspective [21–23]. There are several robustiﬁcation methods, but
the one we focus on here is the M-estimator, where (. . .)2 in least squares is replaced
by ρ(. . . /σ), giving the robust counterpart to (II-2) as
min

R∈Ω,T

N
P −1



ρ d(Rpk + T, X)/σ .

(II-3)

k=0

If the good data is normally distributed, the function ρ(. . .) should be square for
small input, but ﬂatten out for large input. For two examples of commonly used
ρ-functions, see Figure II-1. The parameter σ should hold a known (preferably) or
assumed deviation of the good data.
Of course, using ρ(r) = r2 /2 would give us the usual least squares estimator. The
gain of using diﬀerent ρ-functions is that great distances possible to scale down in
the sum. In the case of Huber, the linear ρ-function for great input, reduces the
inﬂuence on the solution drastically compared to least squares ρ(r) = r2 /2 where
great distances are squared. Since the ρ-function is convex for Huber, no additional
local minima are introduced to the problem.
Still, great distances have some inﬂuence for all convex ρ-functions. To completely
eradicate great distances from the solution, it is necessary to make the ρ-functions
constant for great input, which is the case for Tukey.
If non-convex ρ-functions are to be used, great care has to be taken in the iterative
solution process, since initially most distances are great. There is a real danger of
ﬁnding a bad local minimum, or indeed fail completely to ﬁnd any minimum, because
of that. More on the ρ-functions including how to choose the parameters, follow in
Section 7.
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Figure II-1. Two examples of ρ-functions for diﬀerent M-estimators. Huber is
convex, while Biweight is not.
4.

Conditions for optimality and IRLS

Even though the robustiﬁed problem (II-3) is diﬀerent in a major way from the least
squares problem, it is possible to solve it by applying weights to a least-squares
problem, and letting those weights change in the course of the iterations in the ICP
algorithm, i.e. the iteratively reweighted least-squares (IRLS) method, see e.g. [24,25].
The weights in the IRLS method should be chosen in such a way that the ﬁrst
order optimality conditions for (II-3) is fulﬁlled at the solution. Since the rotation
matrix R ∈ Ω and the translation vector T both have three degrees of freedom. That
means R = R(θ0 , θ1 , θ2 ) and T = T(T0 , T1 , T2 ), where the three θ is independent
variables describing the rotation and the three T are the elements in the translation
vector T. For simplicity, we introduce Θ = (θ0 , θ1 , θ2 , T0 , T1 , T2 ). Let us deﬁne
Fρ (Θ) =

N
P −1



ρ fi (Θ)/σ ,

(II-4)

i=0

where the function fi is identical to the earlier d(. . .), only with Θ as input for the
rotation and translation. Now (II-3) may be expressed as min Fρ (Θ). Further, let ϑ
denote one of the six transformation parameters in Θ, i.e. ϑ ∈ {θ0 , θ1 , θ2 , T0 , T1 , T2 }.
Now
NP −1

 ∂
∂
1 
Fρ (Θ) =
fi (Θ).
ψ fi (Θ)/σ
(II-5)
∂ϑ
σ i=0
∂ϑ
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Here we use the standard notation for the derivative of ρ: ψ(r) = ρ (r). The ﬁrst
∂
Fρ (Θ) = 0, ∀ϑ. We
order optimality condition for (II-4) then is ∇Fρ (Θ) = 0, i.e. ∂ϑ
compare this to the function for the optimality condition in least-sqares (LS), i.e. we
use ρ(r) = r2 /2 and thus ψ(r) = r in (II-5) and get:
NP −1
1 
∂
∂
FLS (Θ) = 2
fi (Θ) fi (Θ).
∂ϑ
σ i=0
∂ϑ

(II-6)

Solving ∇FLS (Θ) = 0 is done by a direct method and it is hence easy to compute
the numerical solution. This is the principle for the IRLS-algorithm where a weighted
least-squares problem is solved iteratively for ﬁnding the solution of the original problem where no direct solving method is known. We can use the IRLS-method to ﬁnd
the optimum for (II-4), i.e. ﬁnd the solution of (II-3). This is done by applying
weights to the least squares problem in such a way that the optimality condition
corresponding to (II-5) eventually is fulﬁlled. Rewriting (II-5) as
NP −1


∂
1 
∂
Fρ (Θ) = 2
w fi (Θ)/σ fi (Θ) fi (Θ).
∂ϑ
σ i=0
∂ϑ

with weights



ψ fi (Θ)/σ
w fi (Θ)/σ =
fi (Θ)/σ




(II-7)

(II-8)

when fi (Θ) = 0, gives us the proper weights for the optimality condition corresponding to (II-5). To consider all cases, we deﬁne w as
⎧
⎪
⎨ ψ(r)
if r = 0
r
.
(II-9)
w(r) =
ψ(r)
⎪
⎩ lim
if r = 0
r→0
r
In the original problem (II-3), the transformation was not described by θ, and the
derivatives with the respect to ϑ are never used nor expressed, but the construction
above is needed to get the right weights for optimality. Now going back to the original
problem, we want to solve (II-3), and we do it by applying weights to a least-squares
problem, giving
N
P −1

2
w(ri ) d(Rpi + T, X) .
(II-10)
min
R∈Ω,T

i=0

The weights w(ri ) are considered constant in a mathematical sense and
ri = d(R(k) pi + T(k) , X)/σ
is the scaled previous Euclidean distance between two points before the new transformation is applied. The problem (II-10) is used with constant ri for one iteration in the
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ICP-algorithm, so at iteration k + 1 in the ICP algorithm, R and T from iteration k
is used. If the algorithm converges, it then fulﬁlls the ﬁrst order optimality condition
for (II-3). The fraction 1/σ 2 outside the sum in (II-3) is removed because it is just a
constant and has no inﬂuence of R and T.
5. Barrier Points
In addition to use the weight functions w in (II-9) derived from the ρ function, we
are also using a similar idea based on rejection as present in [19]. This is when
point pairs in which either point is on the mesh boundary are eliminated (weighted to
zero). Instead of using the model points on the boundary we introduce new additional
points, denoted barrier points, into the set of model points. Data points matched to
these barrier points are temporarily weighted to zero and data points matched to the
original model are weighted using w from (II-9). This is written as an additional
weight function deﬁnition:
wi (ri ) =

w(ri )
0

if model point involved in ri
if barrier point involved in ri .

(II-11)

Observe the index i which tells that the function wi is diﬀerent dependent of the data
point (number i in a summation) is matched to a barrier point or not. The variable
ri is a Euclidean distance between a transformed data point and a model/barrier
point. The weight wi is dependent of if the data point is matched to a barrier- or a
model point and also the distance between them, whereas the weight w in (II-9) is
just dependent of the distance. More details about ri is found in Section 6 where it
is used.

X

barrier point

Figure II-2. Example of barrier point in 2D.
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These barrier points are placed such that their basin of closest point attraction
covers regions where undesired data points are expected. An example of placement
of a barrier point in 2D is given in Figure II-2.
In the example illustrated in Figure II-2 the barrier point is placed a small distance
from the ideal surface. Data points corresponding to the boundary to the object will
hence be representative and not be discarded. The basin of closest point attraction
to the barrier point is grey shaded.
6.

The ICP Algorithm with IRLS

The standard method for solving (II-2) is to apply the iterative closest point (ICP)
algorithm, see e.g. [6–9]. If we want to solve (II-3) instead of (II-2) a modiﬁcation
of the ICP algorithm need to be done. As proposed in Section 4 we apply weights.
We apply the weights in the least square rigid body movement problem that is fundamental to the iterations. We ﬁnd the next rotation R and translation T by solving
the problem
NQ −1

2
wi (ri )Rqi + T − yi 2 ,
(II-12)
min
R∈Ω,T

i=0

where yi are the points in the model point set X that are closest to the transformed
data points q̃i = R∗ qi +T∗ . The notation R∗ and T∗ corresponds to the rotation and
translation from the previous iterations. We use the operator yi = C(q̃i , X) for the
points yi in X that are closest to the corresponding points q̃i . With these new tools
at hand it is easy to see that d(Rpi + T, X) = Rqi + T − yi 2 and ri = q̃i − yi 2 /σ,
giving a natural correspondence to (II-10).
The optimization problem (II-12) is a rigid body movement problem. For properties of this problem see e.g., [26–31]. The solution of (II-12) is computed by direct methods using singular value decomposition (SVD) of a cross-covariance matrix.
Algorithm II-1 gives a description of our robust version of the ICP algorithm, the
IRLS-ICP.
The required inputs in Algorithm II-1 is the set of model points X, the set of
data points P , the number of randomly selected points NQ and the initial transformation Rinit , Tinit . The initial transformation should be chosen such that the initial
transformed data points ﬁt the model points as best as possible. The positive number NQ ≤ NP is used to form a set Q consisting of NQ randomly selected points
from P . One optional possibility is to increase the number NQ in each iteration
for higher accuracy. The used notation for the set of randomly selected points is
Q = {qi }i=0,...,NQ −1 . Each point qi is transformed by a rotation and translation.
The transformed qi is denoted q̃i . In the ICP algorithm the closest model point to q̃i
must be found. This is described by yi = C(q̃i , X) in Algorithm II-1, where the point
yi is the closest model point to q̃i . The variable ri is a scaled Euclidean distance
between yi and q̃i .
We are using the DVG tree [10] for solving the closest point problem in Algorithm II-1 †, i.e. for ﬁnding yi . Many diﬀerent closest point-matching methods can
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Algorithm II-1 IRLS-ICP
Require: X, P, NQ , Rinit , Tinit
R = Rinit , T = Tinit
repeat
Randomly select Q from P

†

‡

q̃i = Rqi + T,

i = 0, . . . , NQ − 1

yi = C(q̃i , X),

i = 0, . . . , NQ − 1

ri = q̃i − yi 2 /σ,

i = 0, . . . , NQ − 1

[R, T] = arg min
R∈Ω,T

N
Q −1
i=0

2

wi (ri ) Rqi + T − yi 2

(increase NQ )
until convergence
return R , T

be used but the DVG tree has the property of doing the closest point-matching very
fast by using a pre-calculated data structure and hence being adapted for reiterated
use.
7.

Robust estimators and their parameters

In the experiments we are using four diﬀerent robust estimators, and the non robust
least-squares estimator. In addition to the robust Huber and Tukey’s bi-weight estimators from earlier, Fair and Hampel estimators are now introduced. The estimator
is decided by the ρ-function, or equally well by its derivative, the ψ-function. In fact,
the weights in the IRLS method are calculated by forming w(r) = ψ(r)/r, which we
also give below in a form that is deﬁned for r = 0. For least sqares this gives us
ρLS (r) = r2 /2, ψLS (r) = r and wLS (r) = 1.
1. Huber estimator:


ρHu (r) =

1 2
2r

kHu |r| −

ψHu (r) =
wHu (r) =

2
kHu
2

if |r| ≤ kHu
if |r| > kHu

r
if |r| ≤ kHu
kHu sgn(r) if |r| > kHu
1
kHu
|r|
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if |r| ≤ kHu
if |r| > kHu

(II-13)

(II-14)
(II-15)

2. Fair estimator:
2
ρFa (r) = kFa

kFa


− ln 1 +

|r| 
kFa

(II-16)

ψFa (r) =

kFa r
kFa + |r|

(II-17)

wFa (r) =

kFa
kFa + |r|

(II-18)

3. Tukey’s bi-weight estimator:
 k2 
Tu

ρTu (r) =

 |r|

6


1− 1−

2
kTu

 
r2 3
2
kTu

if |r| ≤ kTu
if |r| > kTu

6

 
2 2
if |r| ≤ kTu
r 1 − kr2
Tu
ψTu (r) =
0
if |r| > kTu
 
2 2
1 − kr2
if |r| ≤ kTu
Tu
wTu (r) =
0
if |r| > kTu
4. Hampel three-part estimator:
⎧ 1 2
⎪
2r
⎪
⎪
k2
⎪
⎪
kHa,1 |r| − Ha,1
⎪
⎪
2 2
⎪
⎪
k
⎨
kHa,1 kHa,2 − Ha,1
2 +
ρHa (r) =
kHa,1 (|r|−kHa,2 )(|r|+kHa,2 −2kHa,3 )
+
⎪
⎪
2(kHa,3 −kHa,2 )
⎪
2
⎪
kHa,1
⎪
⎪
k
k
−
⎪
Ha,1
Ha,2
2 +
⎪
⎪
⎩ + kHa,1 (kHa,3 −kHa,2 )(kHa,2 −kHa,3 )
2(kHa,3 −kHa,2 )

⎧
r
⎪
⎪
⎨ k
Ha,1 sgn(r)
ψHa (r) =
kHa,1 sgn(r)(|r|−kHa,3 )
⎪
kHa,2 −kHa,3
⎪
⎩
0
⎧
1
if
⎪
⎪
⎪
⎨ kHa,1
if
|r|
wHa (r) =
kHa,1 (|r|−kHa,3 )
⎪
⎪
⎪ |r|(kHa,2 −kHa,3 ) if
⎩
0
if

(II-19)

(II-20)

(II-21)

if |r| ≤ kHa,1
if kHa,1 < |r| ≤ kHa,2
if kHa,2 < |r| ≤ kHa,3
if |r| > kHa,3
(II-22)

if
if
if
if

|r| ≤ kHa,1
kHa,1 < |r| ≤ kHa,2
kHa,2 < |r| ≤ kHa,3
|r| > kHa,3

|r| ≤ kHa,1
kHa,1 < |r| ≤ kHa,2
kHa,2 < |r| ≤ kHa,3
|r| > kHa,3

(II-23)

(II-24)

For all robust estimators above, there is one unknown parameter k, except for
Hampel, which has three. In our experiments, we reduce the number of parameters
in Hampel by taking kHa,1 = kHa , kHa,2 = 2 kHa and kHa,3 = 3 kHa , thus using only
the parameter kHa .
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The parameter σ in (II-2) is the standard deviation of the error and is supposed to
be known, so the errors that are entered into the ρ-function can be assumed to have
standard deviation 1. Furthermore, we want to get good solutions if the errors are
free of outliers and normally distributed. To achieve this, the parameters k are chosen
in such a way that the asymptotic variance (see e.g. [21–23]) is close to 1, given an
assumption of normal distribution N (0, 1) for the errors. The assymptotic variance
 2
ψ dF
V (ψ, F ) =  
2 .
(II-25)
ψ  dF
is always greater than 1. By choosing it to be 1.01, we get the following choices for
parameters:
kHu = 2.0138,
kFa = 4.9908,
kTu = 7.0589,
(II-26)
kHa = 2.0162.
In the plots describing the ρ, ψ and w-function these values are used. The graphs
of the function ρ for diﬀerent M-estimators are shown in Figure II-3. The graphs of
the derivative ψ for the function ρ are plotted in Figure II-4. Finally, the diﬀerent
weight functions w = ψ/r are shown in Figure II-5.
The ρ-functions for least squares, Huber and Fair are all convex while the ρfunctions for Tukey’s bi-weight and Hampel have derivatives (ψ) that are zero for
great input, i.e. the corresponding estimators are redecending.
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Figure II-3. The function ρ.
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8. Numerical Experiments
In this section follows the numerical experiments. The ρ-functions we are using are
those ρ-functions present in Section 7. Our experiments are done using generated
problems, not obtained from real measurements, because that results in better possibilities for experimental analysis. For making a realistic performance experiment,
where the property of the diﬀerent ρ-functions are compared with each other, we start
by picking out Nsurface randomly chosen model points ∈ X and form a set of points
P̂surface = {p̂k }. This set P̂surface are then transformed with a rotation and translation giving the set Psurface = {pk }. In addition to the surface points Psurface we add
a background to the data points consisting of Nbackground points in a set Pbackground .
The background points are placed on the same level as the lowest surface points, i.e.
all points in Pbackground have the same z-value equal to the lowest z-value for the
points in Psurface . When using projected fringes as measurement method there will
be large errors around sharp edges. That is why we add Nedge−error points around
the edges of Psurface spread in z-direction. This set is denoted Pedge−error . Optical
measurements methods will also result in other errors generally distributed over the
whole region were the data points are distributed. This is due to undesired reﬂections
and dirt on the optical system. By reason of this, we are also adding Nerror error
points generally distributed, with point-set notation Perror , into our data points. A
mathematical description of the set of points P is
P = Psurface ∪ Pbackground ∪ Pedge−error ∪ Perror .
The numbers Nsurface , Nbackground , Nedge−error and Nerror follows from Table II-1.

Table II-1. Number of Diﬀerent Data Points
Data point type
surface
background
edge-error
error

Number (Ntype )
100000
15541
6000
250

An illustration of how the diﬀerent types of data points in the experiment are placed
is shown in Figure II-6.
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Figure II-6. The used data points consists of the surface, the background, the error
around the edges and the generally distributed error.
Before we can do the performance experiments we need a measure of convergence
such that we can evaluate and compare the diﬀerent ρ-functions. This measure is set
to



1
υ=
Rpk + T − p̂k 2 .
(II-27)
Nsurface ∀k:pk ∈ Psurface
There exists a rotation matrix R and a translation vector T such that υ = 0, because
of the points in {pk } actually is a transformation of the points in {p̂k }, but it is not
likely that we will get that value of υ. This is because of all errors we have added to
the problem.
Four independent similar experiments are done using one surface. These experiments are with and without barrier points using NQ = NP and with and without
barrier points using NQ = 0.005NP .
The drawback when using a non-convex ρ-function is that the number of local
minima increases. That means the usage of the non-convex ρ-functions must be done
with great care. One way of avoid this problem is to ﬁrst use a convex ρ-function
and then use a more robust ρ-function. That is why a combination of two diﬀerent
ρ-functions also are used in the experiments. This is used in two cases. The convex
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Huber function is used in the beginning and then is a non-convex ρ-function used,
Tukey’s bi-weight and Hampel respectively case. The break point when the Huber
function is passing into the non-convex ρ-function is set to when the norm ΔT 2
the ﬁrst time fall below a threshold, which we have set to 0.1. The vector ΔT is the
diﬀerence of the vector T between two following iterations. The parameter σ is set
such that it is exponential decreasing with a minimum value of 1/4. In our case
σ=

max(r̄ 0.95iICP , 1)
.
4

(II-28)

The variable iICP is the iteration number in the ICP algorithm and the value of r̄
is the average of all ri used in the ﬁrst ICP iteration, i.e. when iICP = 0. The
parameter σ is set using (II-28) for reﬂecting the expected deviation of all ri using
the ICP algorithm.
The result when barrier points are used and NQ = NP is present in Figure II-7.
The result for the case when no barrier points are used and NQ = NP is shown in
Figure II-8. The convergence when NQ = 0.005NP and barrier points are used follows
from the graphs in Figure II-9. Finally, the result when NQ = 0.005NP and no barrier
points are used follows from the graphs in Figure II-10.
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Figure II-7. The convergence υ given by (II-27) using all data points in each iteration
when barrier points are used.
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Figure II-8. The convergence υ given by (II-27) using all data points in each iteration
without using barrier points.
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iteration when barrier points are used.
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Figure II-10. The convergence υ given by (II-27) using NQ = 0.005NP in each
iteration without using barrier points.
When we want to evaluate the consequence of using barrier points we need to
compare the result for the corresponding experiment using barrier points or no barrier
points. The comparison for the case when NQ = NP is given in Figure II-11 and the
comparison using NQ = 0.005NP instead of all data points is shown in Figure II-12.
It is also important to investigate the loss of accuracy when using just a small
amount of data points. That is why we compare the accuracy using all the data
points (NQ = NP ) and just a small share (NQ = 0.005NP ). The result for this
comparison using barrier points is present in Figure II-13. The result for the same
comparison without using barrier points is present in Figure II-14.
A small remark about the Figures II-7–II-14. They are all hard to interpret,
much because of the graphs of “Tukey’s bi-weight” and the combination “Tukey’s
bi-weight + Huber” are almost the same, and also the graphs of “Hampel three-part”
and the combination “ Hampel three-part + Huber” are very similar. Furthermore,
the robust properties of “Tukey’s bi-weight” and “Hampel three-part” are almost the
same making their graphs identical. This is because the robust estimators are scaled
such that their asymptotic variance (II-25) are equal.
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Figure II-13. The rate υshare /υall when barrier points are used.
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9. Conclusion
By taking a careful look at the Figures II-7–II-10 we can come to the conclusion that
the least squares solution is not reliable. The corresponding value for υ does not even
approach zero. The other convex ρ-functions give a better solution but it is not very
good. The most accurate solution arises from the non-convex ρ-functions, so it is
quite obvious that we need a non-convex ρ-function to make our solution usable. The
combination of ﬁrst using a Huber weight-function and then a non-convex one seems
to be a good idea. The graphs of “Tukey’s bi-weight” and the combination “Tukey’s
bi-weight + Huber” are almost the same, and also the graphs of “Hampel three-part”
and the combination “ Hampel three-part + Huber” are similar. We do not lose any
convergence in our case and in general we minimize the risk of ending up in a local
minimum diﬀerent from the global one.
The question is; is it a good idea to use the proposed method of using barrier
points? From Figures II-11 and II-12 we can do the conclusion that the answer is
yes. In Figure II-11 where NQ = NP we can see that the quota υno barrier /υbarrier is
mostly greater than one, which means that it is preferable to use barrier points. We
will ﬁnd the original measured surface better when the method of using barrier points
is used. The same holds for the case when NQ = 0.005NP , present in Figure II-12.
This ﬁgure is quite more messy but we can see that the quota υno barrier /υbarrier also
here is mostly greater than one and hence it is preferable to use barrier points. In
some cases the quota is much greater than one. We must also taking into account
that the usage of barrier points do not results in more computations and hence it
does not make the process more time-consuming.
The eﬀect of reducing the amount of used data points, i.e. decrease NQ is present
in Figures II-13 and II-14, where the convergence using NQ = 0.005NP is compared
with the convergence using NQ = NP . It is obvious that we have lost some accuracy,
at least when barrier points are used. In the case when no barrier points are used it
is a little bit more unclear if we have lost any accuracy or not, but we can anyway
do the conclusion that some accuracy is lost. We must take into account that the
computations will be around 200 times faster when NQ = 0.005NP instead of NQ =
NP . If we want higher accuracy we can increase the amount NQ /NP after a number
of iterations for obtaining higher accuracy. We can see that in the beginning of the
iterations there are no diﬀerence if we are using NQ = NP or NQ = 0.005NP .
10.

Discussion

In the set of data points the background is also included. It is possible to remove some
of these background points with knowledge of the placement of the measured object.
Points with z-value falling below a threshold can be assumed to be background. This
is not handled in this paper because we want to examine the robust properties of the
diﬀerent ρ-functions. Even if we try to remove the background by using some method
we cannot be sure that it always works as desired.
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We are introducing “barrier points” for rejecting deviating data points. The rejection method is only based on geometrical properties. Only the placements of the data
points are dependent for the rejecting method, not the distance to the model. The
combination barrier points and IRLS is however dependent of both placement and
distance. Even if we have introduced the rejection method based on barrier points,
we have almost not mentioned how to place them. This can be done in many diﬀerent
ways. In our implementation we have placed them close to edges where our object
ends and the background begins, but there exists many other ways. They should be
placed where errors are expected.
In our weight deﬁnition (II-11) the weights are assigned the value zero if the closest
point in X is a barrier point. Another possibility is to scale the weight function w
with a scale factor α, 0 ≤ α ≤ 1. In our case α = 0. The scale factor α might be
dependent of the ICP-iteration number. In the beginning α might be close to one and
after some iteration α might be closer to zero. If the measured surface is far from the
model, the barrier points might imply failure of convergence in the case α = 0. This is
avoided if a decreased (with respect to iteration) scale factor is used. The decreasing
does not have to be continuous. The scale factor α might go from one to zero in one
iteration to another. Much investigation about barrier points remains for the future.
If α > 0 the barrier points are more “penalty points”, but the name have less sense.
The value of σ appearing in (II-28) is here set to be exponential decreasing with a
minimum value. The average of the initial distances between data points and model
is used when setting the value of σ. If too many data points are outside the interval
of convex ρ-function it will not converge to the solution of (II-3) or at least, the
convergence will be very slow. Our choice of σ is arbitrarily. The value of σ can be
chosen in many ways but exponential decreasing (II-28) seems to be a good choice from
observations of non-published experiments. The value of σ must however converge to
the standard deviation of the “good data” in the sample. That choice of σ does not
involve much more computations and is hence suited for on-line implementation in
the production line.
In this paper we are using ideas originate from robust statistics and apply those
ideas to the registration problem and the ICP algorithm. The arguments and the
properties are the same. We have seen experimentally that using a non-convex ρfunction gives a useful solution, whereas the result using a convex ρ-function was
insuﬃcient. Unfortunately, we have not been able to prove that the solution obtained
from the IRLS-ICP algorithm (Algorithm II-1), without (and also with) using barrier
points, converges to the optimum of (II-3). That theorem remains to be proved. It
is conceivable that some assumptions must be done. New local minima might be
introduced when we are using a non-convex ρ-functions but it is essential to use those
functions for obtaining a useful result.
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