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ABSTRACT 

Diffuse reflection from various surfaces have been studied using several 
different methods in order to draw conclusions about the surfaces. First of all 
the aim was to perform fast and accurate shape measurements of molded steel 
objects on-line in a production system. Two measurement methods were 
used, stereoscopic imaging with projected fringes and dual wavelength digital 
holography. Information from the CAD-model of the object was used to 
speed up the shape determination, mainly by enhancing the performance of 
the phase unwrapping. The uncertainty of the shape result was between 
3.5 μm and 40 μm depending on the measurement method. The request on 
conformity between the object and the CAD-model varied between 0.1 mm 
and 1.6 mm. To overcome the influence of speckles in the case of using 
interference fringes in the stereoscopic imaging an investigation of speckle 
reduction using a moving aperture was performed. The technique resulted in 
a decrease in the speckle contrast of about 60%.  

Secondly, diffuse reflections that come not only from the surface, but 
also from beneath it were studied. Measurements were done both on ice 
surfaces with the aim to identify changes in the surface structure and on glass 
spheres and sand grains with the aim to detect different moist content in 
granular material. The ice measurements showed an increase in the back 
reflection and a decrease in the specular reflection when the surface went from 
being smooth to being rough, a fact that can be useful when considering the 
roadgrip of icy roads. Depending on the water content in the granular 
materials the moist measurements when illuminating the surfaces with white 
light showed differences in the shape of the reflection distribution in the plane 
of incidence. Given these differences a simple model describing the water 
content was proposed. 

All experiments, except the ones on ice, have been performed in the 
laboratory. The results have been analyzed and compared to simulations, 
model estimations, and in the case of the shape measurements with the 
corresponding CAD-models, all with relatively good outcome. 

In this thesis the work is presented in six papers. One about the speckle 
reduction method, three about the shape measurements and two about the ice 
surface structure and the moist in granular material, respectively. 
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  INTRODUCTION 1.

Light illuminating a surface of a material will behave differently depending on 
for example the material, the condition of the material and the shape and 
structure of the surface. This is essential because the objective of this thesis is 
to characterize shape, surface roughness and water content of different 
materials. The approach for this is to study the appearance, in terms of for 
example intensity and distribution, of light that has been diffusely scattered 
from the measurement object. The illuminating light is diffused due to the 
optical roughness of the measurement surface and in some cases also due to 
multiple scattering in the material beneath the surface. To explain the 
phenomena of diffused light the random scattering by an optical rough surface 
is considered, see figure 1.1.  

 
Figure 1.1: Diffuse scattering from an optically rough surface. 

A plane wave is illuminating the surface and the light is reflected in 
random directions due to the roughness of the surface. The result is a 
combination of many independent, uncorrelated plane wave components. 
Each plane wave can be described in space, , and time, , as 

( , ; , ) = ( , ) ( ( , ) ). (1.1) 

Both amplitude, , and phase, , depends on the wave vector, , and the 
frequency, , of the light. Because the light is diffused the amplitude and 
phase are random and independent of each other and of the amplitude and 
phase of any other plane wave. When the various plane waves are detected by 
the imaging system they will be added on the detector according to 
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, ; ,

,

 (1.2) 

where  and  are all possible wave vectors and frequencies entering the 
system, respectively.  

When the light is monochromatic the frequencies of all the waves are 
identical, i.e. =  for all . The amplitudes and phases will then be constant 
throughout the integration time of the detector. This means that the 
summation in equation (1.2) will be based on amplitudes and the light is said 
to be coherent. The intensity on the detector will come from a Gaussian 
random process which means that the phases will be uniformly distributed 
between  and  due to the central limit theorem. The result is a speckle 
pattern comprising bright and dark regions of constructive and destructive 
interference, respectively [1]. If instead the light is broadband, i.e. a lot of 
frequencies are present and the light is incoherent, the phases will be 
uncorrelated over the integration time for the different frequencies. This 
implies that the interference between different frequencies will be averaged to 
zero and that the summation in equation (1.2) will be done on intensity basis 
resulting in white light. In this thesis, both coherent and incoherent light are 
utilized to study different objects. 

The first objects to be studied in this work was compression molded 
products in the manufacturing industry. Common for most products like these 
are that they all are constructed with the aid of a digital design and the 
production takes place at rather high speed. One aim of this work has 
therefore been to find suitable methods to measure the shape with high speed, 
not only because many products are produced in a short time, but also because 
there might be vibrations in the object due to the industrial environment. 
Another intension with the work is to control if the shape is consistent with 
the digital design. Both measurement and shape control should be done at the 
same time as the products are produced. In the future an on-line control of all 
products are expected. This is in contrast to today, when only a small number 
of all products are controlled due to the time consuming methods, like 
coordinate measuring machines (CMM), that are used [2]. The optical 
methods that are used to measure the shape in this work are stereoscopic 
imaging using projected fringes and digital holography. Both methods are 
non-invasive full field techniques that have high accuracy and are capable of 
fast measurements. In this part of the work all measurements are done on steal 
objects, which means that the light that is detected has been reflected only 
from the surface [3]. To achieve a good image of the surface it is important 
that it scatters diffusely. If not, it should be either mechanically treated or 
covered by for example a white powder to do so.  
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Besides measuring the free form shape of objects it is also, in some 
instances, interesting to know more about the surface structure. In this work, 
surface structure measurements has not been performed on industrially 
produced objects, but rather on ice road surfaces. In vehicle testing industry 
there is a request for a method to measure changes in the surface of the test 
tracks in order to perform repeatable vehicle tests. Many vehicle tests that take 
place in the winter season are performed on lake ice and because the 
characteristics of the ice are highly dependent on the structure of the ice the 
idea was to be able to say something about the changes of the structure. The 
aim in the future would be to say something about the roadgrip of the test 
tracks as the car comes driving, thus a fast measurement technique will be 
important here as well. However, in this work the focus has been on 
determining changes in the size of the surface roughness. In contrast to the 
shape measurements the measurements of the ice surface structure do not only 
involve light diffusely scattered from the surface of the material but also 
multiple scattering from inside the material. No explicit considerations about 
the scattering from inside the ice were done. Nevertheless, laboratory 
experiments preparing for the ice measurements showed that by considering 
scattering below the surface of a granular material the water content could be 
investigated. Measurements of the water content are for example of interests 
when producing granular material or when making decisions about irrigation 
and there are several different methods to do this. In this work a simple model 
for directional reflectance from a moistened granular material is proposed.  

The first paper in this thesis concerns speckle reduction, a noise 
reduction technique that is important when using coherent light in the shape 
measurements. The three following papers are about the shape measurements 
and evaluations in relation to the CAD-model.  The speckle reduction and 
the initial work about the shape measurement was also the subject of my 
licentiate [4], thus parts of this thesis come from that work. The last two 
papers are about the most recent part of my PhD-work, the characterization 
of ice surfaces and different moist in granular material. The thesis starts in 
section 2 by giving a background and a theoretical description of the optical 
methods that are used for the shape measurements. In section 3 the directional 
reflectance that is the basis of the characterizations of the ice surfaces and the 
granular material is considered. Also the sensor used for the ice measurements 
and the model that is developed for the moist measurement are described.  
Because an important concern when measuring shape is to be able to 
determine the phase from a resulting phase map, wrapped or unwrapped, this 
is considered in section 4 together with the speckle reduction method. In 
section 5 the experiments leading to this thesis are summarized together with 
their results. Finally, conclusions and some ideas about how to go on with the 
work are given before the appended papers are summarized and given in total. 
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 3D-SHAPE MEASUREMENTS 2.

Three dimensional shape can be measured in several ways optically [5-7]. The 
main advantages of optical methods are that the measurements are non-
invasive, accurate and often it is possible to perform full-field measurements. 
In this work the aim has also been to perform fast measurements. For this 
stereoscopic imaging using only one fringe pattern recording and dual 
wavelength digital holography were used.  

2.1 Stereoscopic imaging 
Stereoscopic imaging is a measurement method based on optical triangulation. 
Optical triangulation has been used for centuries and was in the beginning 
used for navigation and astronomy. It is a geometrical method where distances 
are determined using a triangular setup. The triangle can for example be 
defined by a measurement object and two cameras. In this case the method is 
called stereo photogrammetry. A setup like this is said to be passive because it 
only detects the light that comes from the surrounding. For a passive setup to 
work there must be features on the object that can be captured by both 
cameras otherwise such features have to be added. An example is stereo-digital 
speckle photography [8], where a speckle pattern is painted on the 
measurement object and a digital correlation algorithm is used to find the 
shape and deformation of the object.  

An optical triangulation setup can also be active. In this case one of the 
cameras in the triangle is replaced with an active light source that project a 
light pattern onto the measurement object, see for example [9-11]. This gives 
an angle between the camera position and the light source, thus the shape can 
be calculated by comparing the appearance of the light pattern projected on 
the object with its appearance on a reference plane. To get a higher 
redundancy in the active system both imaging detectors can be kept and 
instead the light source is added to the existing stereoscopic system [12-14]. 
The projected pattern then becomes the features on the object that is captured 
by both cameras in order to determine the shape of the object. Since two 
cameras are used, distinction can also be made between the projected light, 
which is symmetric in both cameras, and light from the background that is 
asymmetric, for instance specular reflections.  

When an active system is used there are a number of suitable projection 
patterns and methods that can be chosen depending on application [15, 16]. 
Most common are a random speckle pattern or a periodic fringe pattern. 
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As described in section 1, speckle patterns appear when coherent light is 
reflected from an optically rough surface [1]. In an active measurement system 
using a laser this means that the pattern will change depending on the diffuse 
surface and if two cameras are used the pattern will also differ between them. 
It can therefore be an advantage to project a simulated speckle pattern with a 
digital projector. Such pattern will only change its appearance due to the 
viewing angle of the camera and the shape of the object, see for example [17] 
where stereoscopic electronic speckle photography is  proposed. Due to the 
finite size of the subimages used to find the correct information in speckle 
images methods like these do however result in a poor spatial resolution. In 
the end of the 90’s two similar methods to enhance the spatial resolution was 
proposed. Albrecht and Michaelis [18] developed a method for the 
stereoscopic imaging and Sjödahl and Synnergren [19] developed the temporal 
digital speckle photography to be used in active systems with only one 
camera. In both methods a sequence of several different patterns are projected 
on the measurement object and the correlation in time is used in the shape 
determination. Thus the requirement of a short measuring time might prevent 
the use of both of them. 

A high resolution can also be achieved by using a periodic fringe pattern, 
usually sinusoidal fringes, instead of speckles. Sinusoidal fringe patterns can be 
achieved by using interferometry [10, 20, 21], gratings [22-24] or digital 
projectors [11, 25, 26]. Fringes from the latter can easily be changed during 
the measurement which can be an advantage in the fringe analysis (see section 
4). If a large depth of focus is wanted, the interference fringes should be used. 
A disadvantage with interference fringes is that the coherence of the light will 
result in disturbing speckles as described in section 1.  

2.1.1 The stereo camera system 
In paper B and C an active stereo camera system is used, see figure 2.1, 

consisting of two main parts; the projection and the imaging. 

The imaging part is a stereoscopic translated lens system [8]. This means 
that the optical axes (OA) of the two cameras are parallel to each other. It also 
means that the lens plane, the detector plane and a flat reference plane in the 
object volume are all parallel, hence the magnification over the image field is 
constant. The distance between the two cameras, B, together with the 
distance  between the reference plane and the aperture plane gives the 
angle, , between the cameras. This angle is an important part in the 
determination of the accuracy of the measurement system as will be shown 
later. 



9 

 

 
Figure 2.1: The active stereo camera system. OA is the optical axes of the 

lenses. The point P on the object surface has position (x,y,z). 

The projection part generates a sinusoidal fringe pattern on the object. 
Due to the fact that the cameras image the pattern from an angle the 
appearance of the fringes will depend on the shape of the object. By 
examining the phase in the altered fringe pattern (see section 4) the shape of 
the object can be calculated. In this work white light fringes have been used 
and the distance between the projector and the reference plane was . 

2.1.2 Homologous points 
When using a stereo camera system the shape of the measurement object can 
be calculated if points corresponding to the same object point can be found in 
the two camera images. Such points are called homologous points and 
depending on what the object looks like the method to find them differs. 
When the measurement system is active the homologous points are found by 
comparing the images of the projected pattern in the two cameras. If, as in this 
work, the projected pattern is fringes there are several examples on how to 
proceed. For instance Reich et al. [12] and Han and Huang [14] uses phase-
shifted fringes in two perpendicular directions. Han and Huang [27] have also 
showed that it is possible to use a fringe pattern that is visibility modulated 
perpendicular to the fringes. All these examples have prolonged measurement 
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time due to the need of phase-shifting and phase unwrapping. A fast method 
to find the homologous points by using epipolar geometry is proposed by 
Bräuer-Burchardt et al. [28].  

In this work it has been of importance that the measurements are quick, 
thus the idea is to find the homologous points using only one image per 
camera together with information about the digital master of the object, e.g. 
the CAD-model (see paper B and C). The method to find the homologous 
points can then be summarized in three steps. First of all the digital master is 
used to find a set of connections between the two cameras. The set of 
connections is called the ideal relation since a perfect imaging system is 
assumed during this part of the process. The second step is to rotate and 
translate the ideal relation so that it matches the position of the object. Finally 
the rotated and translated ideal relation is used as starting points in the search 
for the homologous points. In this way the starting points will be situated in 
the correct fringes as long as the object does not deviate too much from the 
digital master. How much deviation that is too much is determined in paper B 
and the result is also mentioned in section 5.2. By following these three steps 
it is possible to find the correct homologous points and hence the shape of the 
object, even though the fringes are wrapped.  

Because shape is determined using homologous points the importance of 
a good phase map is not as high as it would have been if phase values where 
used to calculate the shape. As long as the phase values are the same in both 
images, even if they are incorrect, the shape will be determined correctly. Of 
the same reason this method makes it possible to measure objects with discrete 
height jumps. 

2.1.3 Stereo camera equations 
Given the homologous points the shape of the object can be determined. In 
paper B and C this is done in accordance with Synnergren and Sjödahl [8].  

The coordinate systems used for the calculations can be seen in figure 
2.2. On the reference plane there is a world coordinate system ( , , ), in 
each lens aperture a lens coordinate system ( , , ) and finally one 
detector coordinate system ( , ) in each detector. In the coordinate 
systems, and the following equations, = 1,2 denote the two cameras. To 
achieve images that are not inverted the coordinate systems in the apertures 
and detectors are rotated 180 degrees around the -axis. The positions of the 
apertures are described by the position vectors = + +  
from the origin in the world coordinate system to the origins of the lens 
coordinate systems. In the same way the positions of the detectors are given 
by the vectors = + +  from the origins of the lens 
coordinate systems to the origins of the detector coordinate systems. 
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Figure 2.2: Coordinate systems of the stereo camera system. The point P 

on the object surface has position (x,y,z). 

Before determining the shape of an object a calibration of the stereo 
camera system has to be done in order to find the parameters in  and  and 
also to determine possible distortion and misalignment in the system. If there 
are any distortion and misalignment it is expressed as the correction terms  
and . Using these terms expressions for distortion free homologous points 
converted to object coordinates on the reference plane can be given according 
to: 

= ,  (2.1a) 

= ,  (2.1b) 

where ( , ) are the actual homologous points transformed to positions on 
the reference plane and =  is the magnification of the system. Finally 
the relation between the converted homologous points, ( , ) and ( , ), 
and the object point ( , , ), which they represent, is described by: 
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=
1

2
+ ( + ) ( + ) , (2.2a) 

=
1

2
+ + + , (2.2b) 

=
1

2

( )

+ ( + )

( )

+ ( + )
.  

 

(2.2c) 

In a system like this it can be shown that the accuracy, , in the height 
measurements depends on the fringe period  on the reference plane, the 
noise in the phase, , and the angle  between the cameras according to the 
estimated error 

=
2

.  (2.3) 

The angle  is here represented by the distances = 1 2 and 
| | =  in figure 2.1. In section 4.2 a closer description of the phase 
noise is given.  

2.2 Digital holography 
Holography was invented by Gabor in 1948 [29] as a method to image 

an object by recording information about both intensity and phase of a light 
wave reflected by or transmitted through the object. In the hologram 
information about the light coming from the object, , is recorded together 
with information from a reference light, , see figure 2.3 where  is the 
angle between the two light waves. The object light and the reference light 
can be described by their respective complex amplitudes according to 

= , 

= , 
(2.4) 

where  and  are the real amplitudes and  and  are the phases. In 
general,  is a diffused field, which means that  and  are random 
processes, while  is a deterministic field. Interference between the two 
waves gives a total intensity of 

= | + | = + + +  (2.5) 

where * denotes a complex conjugate and  
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= = ( ) (2.6) 

is the interference term between the object light and the reference light. In 
holography  is the component of main interest. Many different ways exists to 
isolate  from  in equation (2.5), but most common is the Fourier filter 
method as described by Takeda [30]. A more detailed description of this is 
given in section 4. 

 
Figure 2.3: Schematic setup of a holographic recording. 

Because both intensity and phase are recorded when using holography it 
is possible to perform interferometric measurements, a fact shown by Powell 
and Stetson in 1965 [31]. Powell and Stetson measured vibrations of an 
object, but object changes of all kinds can be determined using the technique. 
The approach is to record two holograms, one reference image of the object 
and one image after the object has changed. The phase pattern that appears 
when the two images interfere will describe the change of the object. A 
review of the principles of digital holographic interferometry can be found in 
[32]. If instead of changing the position or shape of the object between two 
images, one changes the wavelength or the illumination and observation 
direction the interference pattern becomes a contour map describing the shape 
of the object [33], see section 4 for a closer description. The technique is 
usually called holographic contouring and there are many different 
applications for it using two or more wavelengths. In this thesis two 
wavelengths are used to measure the full field shape of an object. Other 
examples are high accuracy measurement of large step heights using seven 
holograms of different wavelengths according to Wada et al. [34] or 
measurements on a vibrating object using two wavelengths as performed by 
Fu et al. [35]. To achieve measurements with high spatial accuracy the object 
should be diffusely reflecting. If this is not the case, action should be taken to 
make the surface rough. 

The reason for changing from stereo imaging to dual wavelength digital 
holography in paper D was to come around some inherent problems in the 
stereo camera system. For example there might be parts of the object that 
cannot be seen in both cameras and shadows in the images because the 
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illumination and the imaging are not collinear. With digital holography this is 
no problem since it is possible to use the same direction for imaging as for 
illumination, i.e. all visible parts of the surface will be illuminated and all light 
will be scattered back to the camera detector. In this way, it will also be 
possible to measure shapes in narrow regions. Since the shape can be measured 
by either capturing two holograms, one with each wavelength, in sequence or 
two at the same time, it is still possible to perform fast measurements. In order 
to capture both holograms at the same time one requires two uncorrelated 
laser lines with different wavelengths and a setup that permits different angular 
offsets between the reference light and the object light for the two 
wavelengths [36]. 
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 DIRECTIONAL REFLECTANCE 3.

Directional reflectance tells how large part of the light illuminating a surface in 
one direction that is reflected in a specified direction, either the same as the 
illumination or another. The amount of reflected light depends on how the 
light interacts with the surface, see figure 3.1. To begin with, the illuminating 
light can be reflected from the surface, both by first order reflection (black ray) 
and by multiple reflections (red ray). The light can also penetrate into the 
medium where it is scattered (green rays). The scattered light will either 
return to the surface and leave it in a detectable direction or it will disappear 
in the object, i.e. become absorbed (orange rays). Light can also be transported 
through the medium and come out on the other side, i.e. become transmitted 
(blue rays), either by several scattering events or without any scattering at all. 
A study of the directional reflectance of a surface makes it possible to draw 
conclusions about the surface and the material it is made of, either by only 
looking at light in one direction or by combining information from scattering 
in many directions.  

 
Figure 3.1: Directional reflectance and the many phenomena that lead to it; 

first order reflection (black), multiple reflections (red), scattering 
(green), absorption (orange) and transmission (blue). 

In a book from 1960 called Radiative transfer, Chandrasekhar describes 
the different ways that electromagnetic energy can be transported in a given 
medium [37]. The medias that Chandrasekhar studied were mainly plane-
parallel atmospheres that emits, absorbs and scatters light. The methods he 
used were rather mathematical but making it possible to solve problems not 
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solved before. The methods and equations proposed by Chandrasekhar has 
since then been used and further developed and simplified by others. By 
illuminating a surface with either sun light or light from an artificial light 
source many models based on directional reflectance have been proposed to 
investigate optical properties of the surface in question, e.g. [38-40]. Examples 
of interesting properties are the ability to reflect light in the forward and 
backward direction respectively, the isotropic behavior and the porosity of the 
material. 

One of the most commonly used models based on Chandrasekhars work 
is the one developed by Hapke [41]. To begin with Hapke wanted to give a 
model for light scattered from particles close together. He also wanted to be 
able to use the model in an inverse version, i.e. to draw conclusions about the 
measurement sample after the measurements were done. In the papers that 
followed, Hapke modified and developed the model further [42-46]. Among 
other things, the possibilities to say something about the macroscopic 
roughness and porosity of the measurement material were added to the model. 
During the years there have been discussions about the reliability of the 
Hapke model. For example the large number of free parameters and the 
difficulty to interpret the physical meaning of them have been addressed [47, 
48]. The difficulty to use the inverse version of the model has also been 
studied [49].  

In this work the idea was to use something like the Hapke model to 
analyse the directional scattering primarily from ice surfaces. The main reason 
for this was that Casselgren et al. [50] has shown that it is possible to use a 
slightly modified Hapke model to provide a better characterization of different 
road conditions, among them ice surfaces. In their paper it is however a little 
bit unclear how to interpret the parameters and some of them seem to be 
affected by several surface properties. Due to its effect on the roadgrip the 
structure of the ice, and especially changes thereof, is a property of high 
interest. Measurements similar to the ones of Casselgren et al. have therefore 
been performed on ice surfaces of different structure with the aim to find 
either an existing model or a new one that could describe the differences in 
the structure. For the measurements a sensor called Road eye has been used 
and a short description of this sensor is given in section 3.1. The result from 
the measurements will be given in section 5.4. However, it could be stated 
here that the comparison with the Hapke model turned out to be difficult, 
mainly due to the problem to use the model in an inverse version but also 
since the physical meaning of many of the parameters was unclear. 
Comparisons were also done using the model of Mishchenko et al. [51] which 
is a numerically exact model in contrary to the Hapke model which is 
analytical and approximative. Models made for computer visualization, one by 
Hanrahan and Krueger [52] and the other by He et al. [53], were also used as 
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inspiration for a new physical model of the ice surface structure. None of the 
models mentioned above did however give a fully satisfactory result.  

While preparing for the ice measurements, measurements were 
performed in the lab on different materials, among them sand grains. Of 
course there are many differences between ice and sand, for example the 
different absorption properties and the fact that sand is a granular medium and 
ice is not are important factors that will affect the measurement result. 
However, the main reason for doing these lab tests were to get an idea about 
how to use the measurement system. During the measurements the idea came 
up to perform similar measurements in order to identify water content 
changes in granular material. In the Hapke model there is not any explicit way 
to identify different water content in the measurement material. However, the 
albedo, which is defined as the ratio between the reflected and the incoming 
illumination, has shown to be related to the water content. For example Idso 
et al. [54] presented a linear relation between the albedo and the water 
content in the uppermost layer of soil. The Hapke model was also the basis for 
the SOILSPECT model proposed by Jacquemond et al. [55], which in turn 
was used by Yang et al. [56] when they developed their soil water parametric 
(SWAP)-Hapke model. Due to the large number of model parameters in this 
moist model, mainly from the original Hapke model but also added in the 
SOILSPECT and SWAP-Hapke models, the idea became to develop a new 
simple model with as few parameters as possible, see section 3.2. 

3.1 Road eye sensor 
Casselgren et al. [50] have developed a sensor capable of characterizing if roads 
are covered with dry asphalt, moist asphalt, snow or ice. The original sensor, 
called Road eye, consisted of three laser diodes with the 
wavelengths 1=1550 nm, 2=1310 nm and 3=980 nm and a photo detector 
with the ability to separate the signals from the three wavelengths. The 
detector and the laser diodes are positioned in the same component, see figure 
3.2. This means that only scattering returning in the same direction as the 
illumination, i.e. the back reflection, can be measured. By analyzing the 
differences between the scattered light of the three wavelengths a 
characterization can be done. 
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Figure 3.2: The Road eye. The three laser diodes are positioned around 

the photo detector. 

When only measuring the back scattered light a lot of information is 
missing. A development of the Road eye was therefore made, resulting in an 
extra photo detector that is freely movable. Later on in this work the further 
developed Road eye will be called the improved Road eye. A problem with 
the improved Road eye is nevertheless that the wavelengths are outside the 
visible region, making it difficult to direct the movable photo detector so that 
it properly detects the scattered light. In paper E the original Road eye was 
used in field tests with the purpose to identify changes in the surface 
roughness and ultimately the roadgrip of ice tracks. The improved Road eye 
was used to perform reference tests at an indoor ice rink. 

3.2 Simple reflection model for different moist content 
In paper F the idea was to find a simple model that could describe the water 
content in granular materials. As described in the paper the approach was to 
perform measurements on dry and moistened sand grains and glass spheres, 
respectively, and then find a model that could describe the results. Here a 
description of the model is found, for information about the measurements 
and results see section 5.5. For clarity, however, a short explanation of the 
measurements must be given here. Measurements are done by illuminating the 
surface with white light from an illumination angle  with respect to the 
surface normal. The reflection distribution in the plane of incidence is 
measured at the angles , given as positive on the same side as the illumination 
and negative on the other side of the surface normal. All angles are given in 
degrees and the definition is found in figure 3.3. 
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Figure 3.3: Definition of angles used in the moist model. 

The starting point for the model development was the solution to 
Chandrasekhar’s problem [37]. The solution consists of Legendre polynomials, 
which in the first approximation are cosine functions, and it depends on the 
illumination and measurement directions. This together with the results from 
the measurements resulted in a model consisting of sheared cosine functions; 
one sheared towards the illumination direction and one sheared towards the 
specular direction. Shearing was done by transforming the positions of a 
cosine function in the function plane using a shear matrix according to linear 
algebra. The result was a reflection distribution according to: 

( , ) =
1

0 1
+ (1 )

1

0 1
 (3.1) 

where the first term describes the forward scattering, the second one describes 
the backward scattering and [0,1] is a model parameter giving the 
proportion between the two. The 2 x 2 matrices are the shear matrices. They 
depend on the specular, , and illumination, , direction, respectively, 
which together with a model parameter, , gives the directions of shearing, 
see figure 3.3.  [0,1] describes how similar to a Lambert surface the 
measurement surface is, i.e. how close to a cosine function the model is [3]. 
The column vectors, which depend on the measurement angles , are the 
positions in the function plane that are transformed by the shear matrices. For 
the addition to be possible the two terms are interpolated to give intensity 
values for the same measurement angles.  

As can be seen in equation (3.1) no consideration has been taken to the 
absolute intensity of the reflection distribution, instead focus has been on the 
shape of the distribution and keeping the model as simple as possible. When 
comparing the model distribution to the measurements the model can be 
multiplied with a suitable intensity value for clarity.  
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  PHASE RETRIEVAL  4.

The interesting parameter when using both projected fringes and digital 
holographic interferometry is the phase of the resulting fringes. In figure 4.1 
an example of a one-dimensional fringe pattern is given together with its 
corresponding phase values. The intensity in the fringe pattern, ( ), is 
proportional to cos( ( )) and as the cosine function is cyclic the phase, ( ), 
becomes wrapped between  and . 

 
Figure 4.1: A fringe pattern (solid) and its corresponding phase values 

(dashed). 

There are many ways to determine the phase, with perhaps the most 
common being phase-stepping [57]. The technique is to capture several 
images where the phases of the fringe patterns are shifted with respect to each 
other. The wanted phase can then be calculated by using the captured 
intensities in a phase-stepping algorithm. Phase-stepping can be both spatial 
and temporal. The spatial method often has a quite complicated setup and 
usually has a lower accuracy than the temporal one, thus temporal phase-
stepping is more common. The temporal phase-stepping does however need 
several phase-shifted images to be captured in sequence, which means that the 
method requires an object that is still and that there is enough time to capture 
all of these images.  
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One example of a spatial phase measurement that does not have a 
complicated setup is the Fourier method described by Takeda et al. [30]. The 
Fourier method can be used whenever the fringe pattern can be described as  

( , ) = ( , ) + ( , ) cos[ ( , ) + 2 ]

= ( , ) + ( , ) + ( , )   (4.1) 

where ( , ) is the background intensity, ( , ) is the modulation of the 
fringe pattern, ( , ) is the phase,  is the spatial carrier frequency, 

( , ) = ( , ) ( , ) 2 is a complex amplitude and * gives the 
complex conjugate. This is for example the form of a projected sinusoidal 
fringe pattern. The resulting pattern from digital holography also has this 
form. By comparing equation (4.1) with equation (2.5) it is seen that the 
interference term  in equation (2.5) is the same as the term ( , )  in 
equation (4.1), with the carrier frequency in  being determined by the angle 

 between the object light and the reference light in figure 2.3.  

To determine the phase in equation (4.1) using the Fourier method the 
approach is to perform a Fourier transformation, here given in one dimension  

{ ( , )} = ( , ) + ( , ) + ( + , ), (4.2) 

and applying a spatial filter in the spatial frequency spectrum, see figure 4.2. 
The complex term ( , ) is then retrieved by an inverse transformation. This 
approach is possible as long as the carrier frequency is large enough so that the 
bandwidths  and  of the lobes do not overlap.  

 
Figure 4.2: Schematic spatial frequency spectrum where a spatial filter is 

used to filter out the side lobe positioned at the carrier frequency 
. The bandwidth of respective lobe is given by  and .  
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After ( , ) has been determined the phase can be calculated as 

( , ) = tan
{c( , )}

{c( , )}
 (4.3) 

where  and  are the imaginary and real parts, respectively. The Fourier 
method is fast since only one phase image is needed and this is the main 
reason why it is used in this thesis. 

In digital holographic interferometry a two-step approach is needed to 
determine the phase of interest. First, the interference terms,  and  (see 
equation (2.6)), of the two holograms are determined using the technique 
visualised in figure 4.2. Then the interference term, W, between them is 
calculated according to 

= = ( ), (4.4) 

where =  and =  for hologram 1 and 2, respectively. 
The phase difference in equation (4.4), = , is determined by using 
the interference term W in equation (4.3) instead of ( , ). Given knowledge 
of the experimental setup, the shape and deformations of the measurement 
objects can be determined using this phase difference [33]. 

In the dual wavelength method used in this thesis the object is stationary 
and the two holograms are recorded using two wavelengths,  and , 
respectively. This means that the phase differences , between the object 
wave and the reference wave in hologram = 1, 2 mentioned above is given 
by 

=
2

2 , (4.5) 

where  is the wavelength used in the respective hologram and 2  is the path 
difference between the object light and the reference light when, as in this 
work, the directions for illumination and imaging are the same. In figure 4.3 
the physical distance, , between the object and a reference level is shown. 
The reference level is the position where a plane object should be positioned 
if the physical distance propagated by the object wave to the detector should 
be the same as the physical distance propagated by the reference wave. Since 
the illumination and imaging directions are the same the total path difference 
between the object and reference waves becomes 2 . 
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Figure 4.3: Schematic description of the object space in the holographic 

setup used in this thesis.  and  are path differences between 
the theoretical reference level and the object. The phase 
difference between their positions are 2 , thus the objects height 
difference in these points is . 

Given equation (4.5) the phase difference between the two holograms 
recorded with different wavelengths can be calculated as 

= =
2

2
2

2

= 4
1 1

= 4 . 
(4.6) 

Over the object surface this phase difference will vary due to the shape of the 
object, i.e. due to the variations in . The phase variation over the surface will 
be wrapped between  and , thus the phase map can be seen as a contour 
map where each contour corresponds to a difference =  in the object 
height, see figure 4.3. By solving ( ) ( ) = 2 , see equation (4.6), the 
height difference  becomes  

=
1

2

  

|   |
=

1

2
 (4.7) 

where  is called the synthetic wavelength. The absolute value is used to 
achieve a positive synthetic wavelength, the signs of the height differences are 
given by the signs of the corresponding phase variations in the contour map.   



25 

 

4.1 Phase unwrapping 
In order to make a phase map continuous, i.e. to unwrap it, 2  has to be 

added or subtracted to the phase whenever there is a phase jump that is 
smaller than  or larger than , respectively. As an example the wrapped 
phase from figure 4.1 is unwrapped in figure 4.4. 

 
Figure 4.4: A wrapped phase map (dashed) and the continuous unwrapped 

one (solid).  

Over the years many different phase unwrapping methods have been 
proposed [57-60]. Just as phase-stepping, phase unwrapping can be done both 
spatially and temporally. The spatial unwrapping only requires one phase map, 
which saves measurement time. However, a problem is that errors tend to 
propagate through the whole image. Spatial unwrapping usually also works 
poorly if the objects have height discontinuities or are spatially isolated. The 
discontinuity problem can be solved for a fringe projection system by adding 
information to the projected pattern. For example Su has proposed a method 
using an area-encoded fringe pattern [58]. 

The problems inherited in spatial phase unwrapping can also be solved by 
using temporal phase unwrapping. The method was proposed by Huntley and 
Saldner in the beginning of the 90’s and the idea is to change the phase over 
time and thus be able to unwrap the phase along the time axis [59]. 
Advantages of the technique are that it is simple, works for discontinuous 
objects and prevent error propagation over the image. A disadvantage is the 
extra time it takes to capture several images, a fact that is of special importance 
when wanting to measure shape fast. Over the years temporal phase 
unwrapping has been developed and combined with other methods in order 
to be faster, more accurate and more reliable, see for example [61-64]. A 
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similar approach can be used in multi wavelength digital holography. The 
method is to utilize a contour map resulting from a large synthetic 
wavelength, i.e. a contour map with low resolution, in order to unwrap a 
contour map with higher resolution [60]. Different combinations of the 
wavelengths give many synthetic wavelengths that can be used in several 
unwrapping steps. 

To be able to measure shape fast there is a need to unwrap the phase fast. 
For this to be possible, the proposed methods in this thesis use the fact that all 
the measurement objects originates from a digital master, e.g. a CAD-model. 
In paper B and C, information about the digital master is used to determine 
the object shape without having to unwrap the phase (see section 2.1.2 and 
2.1.3). In paper D the iterative phase unwrapping method described in the 
following section is proposed. The approach is to use information from the 
CAD-model in order to unwrap the phase fast.  

4.1.1 Iterative robust phase unwrapping 
To unwrap the phase fast an iterative method is proposed in paper D. The 
method uses the fact that the expected shape of the object is known, i.e. that 
there exist a CAD-model describing the object. This in turn means that only 
one holographic contour map is needed which makes the measurement fast.  

The proposed phase unwrapping starts by matching the phase map to the 
CAD-model so that it has the same position and orientation. This is done 
using an iterative process based on the ICP-algorithm (iterative closest point 
algorithm) [65]. Points on the CAD-model corresponding to the 
measurement points in the phase map can then be found according to 
Bergström [66]. For the model points phase values are calculated to be 
compared to the measured phase values. Given the phase differences new 
positions for the object points can be found and the ICP-algorithm can be run 
again. In this iterative way the phase is unwrapped and at the same time final 
object points are found. By reducing the influence of strongly deviating points 
the phase unwrapping can be enhanced further. This is done by using a robust 
approach of the ICP-algorithm based on iteratively re-weighted least squares 
(IRLS) [67, 68].  

One advantage with using information about the CAD-model during the 
unwrapping process, besides the method being fast, is that it does not matter if 
the object contains discontinuities or if there are small errors in the phase map. 
When the final shape of the object is found it is also straightforward to 
perform a tolerance control since there is a point-to-point correspondence 
between the measurement and the CAD-model. 
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4.2 Phase error 
The accuracy of the measured shape will depend on how well the phase 
values have been determined. There will be a large error in shape calculation 
if there is a large error in phase. Several parameters will affect the error of the 
phase and thus the accuracy of the shape measurements. First of all it has been 
shown that the phase error is inversely proportional to the modulation [26, 
69], thus it is of importance to have high fringe modulation, M. If the fringes 
are projected using coherent light the phase error will also be affected by the 
speckle noise. Dorsch et al. have explained that all measurement techniques 
based on optical triangulation suffer from uncertainties due to multiplicative 
speckle noise [70]. According to Kinell and Sjödahl the phase error will 
become proportional to the speckle noise, or more exactly to the contrast of 
the speckles, C [26]. When the phase is determined using the Fourier method 
the ratio between the energy in the Fourier window, , and the total 
amount of energy in the frequency spectrum, , also affects the phase error.  

Based on this, an expression has been derived in paper A describing the 
phase error  

= . (4.8) 

This phase error, , is almost the same as the phase noise, , mentioned in 
equation (2.3). The phase noise does however also consider the detector 
noise, which appears as an addition to the speckle contrast term in the phase 
error expression. It should also be mentioned here that the expression for the 
speckle contrast in paper A is incorrect. The correct definition of speckle 
contrast is given by 

=  (4.9) 

where  is the average irradiance of the speckle image and  is the standard 
deviation of the irradiance. 

4.2.1 Speckle reduction 
To achieve as small phase error as possible the idea in the beginning of this 
work was to perform the stereoscopic measurement using interference fringes 
so that the modulation would be high. However interference fringes also 
means speckles, thus a lot of effort was devoted to figure out how to best 
reduce the speckle contrast without destroying the coherence of the light.  

There are many ways of reducing the speckle contrast but only some of 
them maintains the coherence in the projection [71, 72]. The common idea 
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of the methods that maintains coherence is to add the irradiance of several 
independent speckle patterns on the same image, however, the techniques 
might differ. For example, a continuous change of the speckle pattern in the 
aperture during the exposure time will give an average of the speckle patterns. 
In paper A the speckle pattern is changed using a moving aperture [72, 73]. 
When the aperture is displaced a total distance  in relation to the aperture 
diameter, the speckle contrast, , can be theoretically described as [72]: 

( ) =
2

1 | ( )|

/

 (4.10) 

where l is the variable of integration and | ( )|  is the correlation function 
between different speckle patterns. The speckle contrast will approach the 
discrete result ( ) = 1 , where  is the number of independent speckle 
patterns, when the aperture displacement becomes much larger than the 
correlation area of the speckle pattern. For smaller displacements the achieved 
contrast will be larger than 1 .  

In the thesis the speckle reduction is only performed in paper A. In paper 
B and C white light fringes were used instead of interference fringes. Main 
reason for this was to devote all attention on solving the shape determination 
without having to concern about speckle reduction. In the holographic 
measurements in paper D speckles are the information carriers, without them 
there would be no contours. However, if the wavelength variation is large the 
speckle patterns will be altered and there will be de-correlation noise in the 
contour maps [74]. This noise can for example be removed by averaging of 
several uncorrelated images captured using different illumination direction 
[75], i.e. a similar idea as the moving aperture. In paper D the phase map was 
considered good enough for the actual purpose, thus no noise reduction was 
performed. In paper E the measurement results are averages of several 
measurement positions, thus no additional speckle reduction is needed. In 
paper F incoherent light is used. 

 



 

29 

 Experiments 5.

5.1 Speckle and phase error reduction 
To examine equation (4.10) and equation (4.8) different speckle patterns were 
imaged using a rotating aperture, see paper A. The experimental setup is 
shown in figure 5.1(a). The imaging system consisted of a 50 mm Rodagon 
1:2.8 lens which was split in two such that a disc with circular apertures could 
be positioned in the aperture plane. The circular apertures of the disc had 
diameters of 3 mm and were used together with the maximum aperture of the 
lens, see figure 5.1(b). The apertures (C) were positioned on different radial 
distances on the disc (A) and the distances between them were adjusted so 
only one aperture would overlap with the aperture (B) of the camera lens at a 
given time. Reason for this was to give an effect of only one moving aperture 
resulting in an addition of several independent speckle patterns in the same 
image according to section 4.2.1. The purpose of the camera lens aperture is 
to define the part of the lens that is illuminated. Measurements were 
performed both with a stationary disc and when the disc was rotating. The 
exposure time was 40 ms for the stationary aperture and was set manually for 
the specified displacements of the rotating aperture. For practical reasons 
1024 × 1024 pixels were used, resulting in a field of view of 
8.83 cm × 8.83 cm. The magnification was approximately 0.04.  

For illumination a frequency doubled Nd:YAG laser with a maximum 
power of 0.5 W and 532 nm wavelength was used. Measurements were done 
both on an interference fringe pattern and on a uniform illumination. The 
fringes were achieved according to figure 5.1(a), i.e. the light was divided by 
amplitude in two beams and the fringe pattern was magnified using a lens, 
resulting in sinusoidal fringes with a period of about 1 mm. The uniform 
illumination was achieved by blocking one of the beams. In both cases 
speckles appeared due to the roughness of the measurement plane, a metallic 
plate painted in white. 

To study the speckle reduction effect images were captured when the 
aperture had moved a total distance of 3, 7, 11 or 15 aperture diameters from 
the starting position. Also a reference image with a stationary aperture was 
captured. In this way the measurements could be compared to a continuous 
movement of one single aperture.  
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Figure 5.1: (a) Experimental setup. 2 , half wave plate; PBS, polarized 

beam splitter; O, objective; μ, μ-hole;  
CL, collimating lens; BS, beam splitter; M1-M3, mirrors;  
ML, magnifying lens; P, polarizer; AP, aperture plane;  
IL, imaging lens. (b) The disc (A) with circular apertures (C). 
The disc can be rotated in order for the circular apertures to pass 
the aperture (B) of the camera lens. 
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To begin with, the reduction of speckle contrast was studied by 
comparing measurements done with uniform illumination to simulations 
performed in Matlab©. The results from both experiments and simulations can 
be seen in figure 5.2 together with theoretical results from equation (4.10). 
The contrast in the simulated images agrees well with the theoretical contrast 
but the experimental one is slightly lower. A reason for this might be the use 
of a finite detector and depolarization caused by the scattering surface [1]. The 
fluctuation and slightly extended bandwidth of the laser could also result in a 
lower contrast. 

 

Figure 5.2: Contrast in the experimental and simulated images compared 
to the theoretical contrast for a moving aperture. Images were 
captured when the aperture had moved a total distance of 3, 7, 
11 or 15 aperture diameters and when it had not moved at all. 

  



32 

 

Similar measurements and simulations were also done on interference 
fringes in order to study the speckle reduction effect on the phase error. In 
figure 5.3 the phase errors for the simulated results (markers on dotted line) 
are given as functions of aperture displacement and modulation together with 
the corresponding theoretical results (markers on solid line). The theoretical 
results were calculated with equation (4.8) using modulations from the 
simulated images. The general behavior of the simulated phase errors agrees 
with the theoretical ones, however, a difference in magnitude can be seen. A 
reason for this could be that the modulation might be underestimated due to 
the discrete frequency components used to calculate it, which results in 
slightly overestimated theoretical phase errors.  

 

Figure 5.3: Phase error from the simulated images (markers on dotted line) 
compared to theoretically determined phase errors (markers on 
solid line). In the simulations different fringe modulations, 0.4 
(asterisks), 0.7 (squares) and 1 (circles) are used. The 
theoretical values were calculated with the modulations that 
were determined from the images. Images were captured when 
the aperture has moved a total distance of 3, 7, 11 or 15 
aperture diameters and when it had not moved at all. 
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In figure 5.4 a comparison between the experimental results and the 
theoretical phase error calculated with equation (4.8) is shown as a function of 
aperture displacement. The conclusions are the same as for the simulated 
phase errors; the general behavior of the phase error is verified although an 
overestimation of the theoretical curve can be seen. 

 

Figure 5.4: Phase error in the experimental images (asterisks) compared to 
theoretically determined phase errors (circles). The theoretical 
values were calculated with the modulations that are determined 
from the images. Images were captured when the aperture had 
moved a total distance of 3, 7, 11 or 15 aperture diameters 
and when it had not moved at all.  

A source of aberration in the measurements might be that the rotating 
apertures pass near the rim of the lens. It is therefore concluded that it is of 
great importance to have an imaging lens of high quality during measurements 
like these.  

5.2 Stereoscopic shape measurements 
In paper B the method of finding homologous points using a projected fringe 
pattern and a digital master, see section 2.1.2, is verified. The result is further 
developed in paper C where a comparison between the digital master and the 
shape measurement is performed giving a quality measure of the manufactured 
object. In both papers the experiments have been carried out with a stereo 
camera system using white light sinusoidal fringes. A schematic of the 
experimental setup is shown in figure 5.5. 
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Figure 5.5: Experimental setup for the stereoscopic measurements. 

The cameras used in the experiments were two Sony XCL 5005 each 
with a resolution of 2456 × 2058 pixels, a pixel size of 3.45 μm × 3.45 μm, a 
dynamic range of 12 bits and an output frame rate of 15 Hz. The imaging 
system consisted of 50 mm Rodagon 1:2.8 lenses that were split in two such 
that an arbitrary aperture could be positioned in the aperture stop position. In 
this work a circular aperture with a diameter of 3 mm was used giving an 
effective f-number of approximately f/17. For practical reasons 1024 x 1024 
pixels were used resulting in a field of view of 8.83 cm × 8.83 cm. The 
paraxial magnification was approximately 0.04. In the measurements 
performed the exposure time was 40 ms. The distance, B, between the lenses 
was approximately 370 mm and the distance between the reference plane and 
the principal planes, , was approximately 1300 mm. This gave an angle 
between the cameras of approximately = 16° and a measurement volume of 
about 1 dm3. Since the depth-of-field of the imaging system was larger than 
this measurement volume it did not influence the accuracy of the 
measurements significantly. The projector consisted of a white lamp, an 
amplitude grating with pitch 0.1 mm and a focusing lens. The projector was 
positioned approximately 620 mm in front of the reference plane, . This 
gave projected sinusoidal fringes with a fringe period on the object plane of 
about 1 mm. 

For the measurements a cylindrical object was used. The cylinder had a 
diameter of 48 mm and was cut in order to have a measurement object of 
height 15 mm, see figure 5.6(a). The cylindrical object had traces of width 
10 mm and depth 1, 2 and 3 mm milled off. In the measurements the digital 
master was assumed to look as figure 5.6(b), i.e. only the 3 mm trace was 
present. 

In figure 5.7 the measurement result is shown. In areas where the shape 
of the object agrees with the digital master the correct shape has been 
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detected. The correct shape of the object is also detected in the 1 mm trace. 
However, the 2 mm trace is not detected since the deviation from the digital 
model is too large, i.e. when searching for homologous points the starting 
points in this area was not in the correct fringe thus an error appear. With the 
setup used in this work the largest possible deviation that can be detected is 

±1.6 mm and according to equation (2.3) the shape is measured with an 
accuracy of ±40 μm. 

 
Figure 5.6: (a) The measurement object with three traces of depth 1, 2 and 

3 mm milled off. (b) Outline of the digital master used in 
paper B and C. 

 

Figure 5.7: Result from the shape measurement. As can be seen the 2mm 
trace is incorrectly detected. 

After the shape of the object has been determined it is of interest to 
validate the shape of the object. In paper C this is done using an iterative 
closest point algorithm to find corresponding model and measurement points 
and to calculate the distance between them. To make each validation fast a 
pre-processing scheme is also developed. This pre-processing is time 
consuming but since it can be used in measurements of several objects 
originating from the same digital master it will make the total time 
requirement for each object validation shorter. With the computer used in 
paper C the matching and comparison took 0.7 s giving a result corresponding 
to what is seen in figure 5.7.  
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5.3 Measurements using dual wavelength holography 
In paper D shape measurements are done using dual wavelength holography 
and the iterative phase unwrapping described in section 4.1.1. In this section 
the holographic recording is described starting with the experimental setup in 
figure 5.8. The camera used in the experiments was a PCO Sensicam (double 
shutter) with a resolution of 1280 × 1024 pixels, a pixel size of 
6.7 μm × 6.7 μm and a dynamic range of 12 bits. The imaging system 
consisted of a 75 mm single lens, L. In front of the lens a rectangular aperture 
with a width of 2.0 mm and a height of 7.5 mm was positioned. The size and 
shape of the aperture were chosen so that the Fourier spectrum was resolved 
by the camera and to achieve a maximum use of the available frequency 
spectrum [76]. In the measurements performed, the exposure time was 1 s. 
The distance between the object and the detector, OD, was approximately 
365 mm. A single mode laser diode from Sanyo with an output power of 
20 mW was used. The diode is temperature and current controlled which 
makes it possible to tune the wavelength between 638 nm and 645 nm by 
changing the current and the temperature. In this work the wavelengths 

1 = 640.51 nm and 2 = 641.55 nm were used which gave a synthetic 
wavelength = 395 μm, hence each interference fringe corresponds to a 
depth of the object of = 2 0.2 mm, see equation (4.7). 

 
Figure 5.8: Experimental setup for the dual wavelength digital holography. 

Measurements were done on the same object as in the stereo camera 
measurements, see figure 5.6(a). This time, however, all the traces were 
present in the digital master, see figure 5.9. Due to the low power of the laser 
diode measurements were only performed in a small area around the 1 mm 
trace resulting in the wrapped phase map shown in figure 5.10. The phase 
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map was unwrapped iteratively according to section 4.1.1 resulting in the 
shape of the object given in figure 5.11. 

 
Figure 5.9: The CAD-model used in the dual wavelength digital 

holography measurements. 

 
Figure 5.10:  Measured phase map. Each fringe corresponds to a depth 

difference  = 0.20 mm and the dimensions of the image is 
18.5 mm x 18.5 mm. 

 
Figure 5.11:  The measured surface. 
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5.4 Ice structure measurements 
In paper E the Road eye is used to identify differences in the roughness of ice 
surfaces. Measurements have been performed both with the original Road eye 
during a field test and with the improved Road eye in an indoor ice rink in 
Boden, Sweden. The indoor measurements were performed to get reference 
measurements from a controlled environment and these measurements are the 
ones that I have performed and thus the ones that will be explained here. 

 
Figure 5.12: The experimental setup for the ice structure measurements. The 

component to the left contains the laser diodes. 

In figure 5.12, the static experimental setup used in the indoor 
measurements is shown. The component to the left is the component from 
the original Road eye, hence it contains both the laser diodes and the photo 
detector that measures backscattering. This detector is called the backscatter 
detector. The component to the right only contains a photo detector, called 
the moveable detector. In this experiment the idea was to measure the diffuse 
scattering from the ice using the backscatter detector and at the same time 
measure the specular reflection from the ice using the moveable detector. It 
was however noticed that there was a risk for the light to be reflected back 
and forth between the detectors and in that way falsely increase the intensity 
in the backscatter detector. For this reason the moveable detector was 
positioned at an angle slightly smaller than the angle for the specular direction 
of the illumination, but still in the plane of incidence. The illumination 
direction during the measurements, and hence the position for the backscatter 
detector, was = 27.5° and the position for the moveable detector was 

= 25°. 
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The measurements were performed on two different ice surfaces; 
unmodified ice at the ice rink and ice rubbed with an emery cloth (no. 60). 
For each type of ice surface four measurement sets were collected. Each set 
consisted of 7 x 60 samples from seven adjacent but different positions on the 
ice. In figure 5.13 the averages of each measurement set are shown for both 
the back reflection and the specular reflection. Measurement set 1 – 4 are 
measurements done on standard ice rink ice and measurement set 5 – 8 are 
from ice that was rubbed with the emery cloth.  

 
Figure 5.13: The mean value for each measurement set. Set 1-4 are from 

the ice rink ice and 5-8 are from the ice that was rubbed with 
the emery cloth. 

The results show that the back scattering signal increases when the ice 
surface becomes rougher and that the opposite is true for the specular signal. It 
is however hard to say anything about the absolute values of the 
measurements and thus difficult to propose a general model describing this. By 
looking at these indoor measurements, and also the measurements done with 
the original Road eye during the field tests in paper E, it can however be 
concluded that a change in surface structure leads to a change in measurement 
signal.  

5.5 Moistened granular material 
The experimental setup used in paper F to measure reflection from dry and 
moistened sand grains and glass spheres, respectively, can be seen in figure 
5.14. Starting point for the setup was the improved Road eye however, a 
white halogen light source and a camera was used instead of the infrared laser 
diodes and the movable detector. The reason for this was the previously 
mentioned problem of knowing if all light is actually detected. Both camera 
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and illumination are mounted in such a way that they could be moved in the 
plane of  incidence following the path of a half circle with the center on the 
measurement surface and the optical axes directed towards this center. The 
positions of the illumination system and the camera are given as the angle with 
respect to the normal of the measurement surface. The illumination angle, , 
is always positive and the measurement angle, , is positive on the side of the 
illumination and negative on the side of the specular reflex as shown in the 
figure. 

The illumination system consisted of a fiber coupled halogen light source 
together with an aperture and a lens to collimate the light. The wavelength 
distribution of the halogen light source was approximately between 
375 - 750 nm. The elliptical light spot on the measurement surface had a 
minor axis of 30 mm and a major axis depending on the illumination angle. 
The distance between the collimating lens and the measurement surface was 
57 cm. A Sony XCL - 5005 camera with a resolution of 2456 x 2058 pixels, a 
pixel size of 3.45 μm x 3.45 μm and a dynamic range of 12 bits was used 
together with a 55 mm Micro-Nikkor lens with the f-number 2.8. In front of 
the lens a filter from Eksma optics (GG475) was placed, giving a wavelength 
window between 475 - 750 nm. The distance between the detector and the 
measurement surface was 61 cm, giving a field of view of 62 mm x 74 mm. 
The images were captured using Multicam Studios and analyzed in Matlab©. 

 
Figure 5.14: Experimental setup for the moist measurements. The light 

source is fiber coupled and the light passes through an aperture 
(ap) and a collimating lens (L).  is the illumination angle and 
 is the measurement angle, given as positive on  the side of 

the illumination and negative on the opposite side of the surface 
normal. 
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The size of the sand grains was distributed between 0.5 mm and 1.0 mm 
and the glass spheres had a diameter of 0.5 mm. Both materials were 
moistened to different degree using tap water and before the measurements 
were performed the surfaces of the samples were evened out using a ruler. 
The measurements were done on the different surfaces using the illumination 
angles = 40° and = 60°, respectively, and for each illumination angle the 
measurement angle was changed in increments of 10° between = 70° and 

= 70°. Due to impossibilities to measure at the exact same angle as the 
illumination, measurements were instead done at = 33° and = 53°, 
respectively. The total intensity in every image was calculated and a reflection 
distribution depending on the measurement angles was achieved for each 
surface and illumination angle combination.  

In figure 5.15 averages of resulting reflection distributions for all different 
surface and illumination angle combinations are given together with the 
results from the simplified model described in section 3.2. To compare the 
measurement results to each other consideration has been taken to 
background noise and different exposure times. A normalization of the 
measurements, resulting in an arbitrary intensity unit, has also been done for 
practical reasons. To match the intensity of the measurement the model has 
been multiplied with the intensity value measured in the normal direction. 
For clarity, i.e. to not overlap each other, the results have been shifted in 
intensity. All the manipulations mentioned above are possible to do because 
the model only focuses on the shape of the reflection distribution, rather than 
the absolute intensity. The water contents given in the figure are roughly 
determined using a moisture detector (Mannix MMDE3). The values are 
rather approximate, thus it is difficult to compare the results between different 
measurement groups. However, all measurements in a given group, i.e. in the 
same subfigure, are done in a sequence, thus it is known that the water 
content is indeed decreasing when the moisture measurements say so.  

The parameters in the model were determined using a least squares fit for 
each distribution, see table 5.1. During the determination the measurement 
points near the illumination direction are omitted for the dry measurements, 
especially the ones made on glass (see figure 5.15(c) and 5.15(d)). The motive 
for this is that the model only consider diffuse scattering and the points close 
to the illumination direction are due to first order reflections.  

 

 



42 

 

 
Figure 5.15: The measurement result from (a) sand using = 40°, (b) sand 

using = 60°, (c) glass using = 40°, and (d) glass using 
= 60°. In all figures, the measurements at the top are the 

results from the measurements on the dry surface, i.e. surfaces 
with water content 0%. The other results are from 
measurements done on surfaces with higher water content 
according to the figures. 

 

Table 5.1: Model parameters 

Surface Sand Glass 
Illumination 

angle 40º 60º 40º 60º 
Parameter n  n  n  n  

W
at

er
 c

on
te

nt
 0% 0.40 0.60 0.37 0.68 0.37 0.60 0.46 0.68 

5%   0.62 0.95     
10%   0.75 0.98 0.52 0.63   
15% 0.58 0.95     0.55 0.63 
20% 0.72 0.95   0.65 0.63   
25%       0.75 0.68 
30% 0.82 1.00       
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From figure 5.15 and table 5.1, it can be noted that a larger water 
content gives higher  and thus a reflection distribution sheared to the left, i.e. 
more light is reflected in the forward direction. This can be explained by the 
increase in refractive index as long as there are both water and air between the 
particles and by the increasing distance between the particles when the water 
pressure between the particles starts to increase. Both of these effects cause the 
light to penetrate deeper into the material and hence the possibility that it 
continues in the forward direction when leaving the material is high. 
According to table 5.1,  for the moist glass is around 0.65 while it for the 
moist sand is approximately 0.95. Considering that = 0 gives a cosine 
function, which is the reflection from a Lambert surface, this means that a 
moist glass surface is closer to a Lambert surface than a moist sand surface. 
This can also be seen in figure 5.15 where the reflection distributions for 
moist glass are more curved than the ones for moist sand. Also dry surfaces 
have reflection distributions that are more curved than the distributions from 
moist sand and according to table 5.1 their distributions are also described by 
 around 0.65. This can be explained by the fact that light cannot penetrate as 

deep into dry sand as it would do if the sand was moistened, thus the scattered 
light comes mostly from the surface. Consequently, in dry sand the scattering 
becomes diffuse, thus resembles the scattering from a Lambert surface.  
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 CONCLUSIONS 6.

The main conclusions I made during all my years as a PhD-student are that 
research takes time and you might not get to where you want by taking the 
steps that you first set out. Sometimes you will not even get to where you 
want at all. However, on the way you might find new interesting things and 
end up with results that you never thought of in the beginning. I have also 
been even more aware of the meaning of a good choice of coordinate systems 
and angle definitions, and illustrating figures to go with them. Many are the 
hours that I struggled with the understanding of what others have been doing 
and how their equations are related with each other and to the angles and 
coordinate systems they are explaining. In addition to this, time has also been 
spent on coming up with the definitions that was appropriate for my work. 

Besides the general things mentioned above the different parts of the 
thesis might seem somewhat mixed. Nevertheless, the common ground is to 
detect and analyse light diffusely scattered from an illuminated object. 
Depending on what is of interest the illumination varies. Lasers, laser diodes 
and non-coherent white light are used to give both structured and uniform 
light. In addition, the detection of the light varies both in choice of sensor, a 
camera or a photo detector are used, and in the measurement position. 
Sometimes the detected light is the result from a surface reflection and 
sometimes it also depends on scattering from beneath the surface. Due to all 
the differences there are also many conclusions that can be drawn from this 
work as described below.  

The two methods used to measure the shape of the object, the stereo 
camera system with the projected fringes and the dual wavelength digital 
holography, both have their pros and cons. One advantage of using the stereo 
camera system and the proposed method to find the homologous points is that 
the phase does not need to be unwrapped in order to get the shape of the 
object. This does however mean that there is a largest deviation that can be 
detected correctly. In the setup used in this work it was ±1.6 mm. By 
adjusting the fringe period this maximum deviation can be larger, however 
this will at the same time increase the uncertainty in the shape detection, 
which currently is ±40 μm. A disadvantage with the stereo camera system is 
that the displacement between the cameras and the illumination makes it 
impossible to measure in narrow regions. It can also result in shadows in the 
images, making it impossible to say something about the shape in that region. 
The setup of the digital holography on the other hand does not give any 
shadows in the images since it has the same illumination and measurement 
direction. This also makes it possible to measure in narrow regions.  
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By using information from the digital master of the object the shape can 
be measured very fast using both methods. In paper B and C only one image 
were needed since the information about the digital master was used to 
calculate the shape without having to unwrap the phase. Also in paper D only 
one image was needed but the information from the CAD-model was used to 
unwrap the phase fast. For the proposed phase unwrapping algorithm to work 
it is required that most of the points on the object does not deviate more from 
the shape of the model than ± 2, i.e. in this work ±100 μm. At the same 
time it could be suitable to mention that the uncertainty in the measurement 
using this method is about ±3.5 μm when measuring a height of 1 mm. This 
means that the holographic setup used here has a lower uncertainty than the 
stereoscopic one, however it also requires that the shape of the object 
conforms better with the CAD-model in order to work at all. It should also 
be remembered that in both measurement methods it is possible to choose 
between a low uncertainty and a large permitted deviation by altering parts of 
the experimental setup. The final goal with the work was to be able to 
perform a quality check of the object shape by comparing it to the CAD-
model on-line in the production process. This comparison and the part of the 
work aiming to unwrap the phase using the information from the CAD-
model has been performed by Bergström [77] who developed an iterative 
method that is both fast and robust, see section 4.1.1. 

When using the stereo camera system to measure the shape there is a 
question on how to project the fringes. In this work the choice was between 
interference fringes and white light fringes using an amplitude grating and the 
latter one was chosen. The main reason for this was that the effort could be 
put on figuring out how to calculate the shape without having to focus on 
how to reduce the speckle contrast. However, in order to achieve low phase 
error even if interference fringes were to be used, a method to reduce the 
speckles without destroying the coherence of the light has also been proposed. 
The approach is to rotate a disc with several apertures in the aperture plane of 
the imaging system giving the effect of a moving aperture. The result is that 
several speckle patterns are captured on the same image and hence the speckle 
contrast is reduced due to speckle averaging. By using this method, a speckle 
contrast reduction of 60 % was achieved after an aperture movement of three 
aperture diameters. Because the phase error is proportional to the speckle 
contrast, this also means that a decrease in the phase error of the same amount 
was achieved. In the digital holography part of the work no speckle reduction 
was performed. The reason for this was that the de-correlation speckles that 
appeared did not disturb the actual purpose of the work. 

The improved Road eye that was used to investigate the surface structure 
on the ice works rather well as long as the second detector is positioned so 
that it can detect all interesting light. That is, light coming from the laser 
diodes and being reflected from the surface in a given direction. The problem 
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is the infrared wavelengths, which makes it hard to be sure that all light is 
detected. This was the main reason why the moist measurements were done 
using a halogen light source and a camera. 

In the ice measurements, it was shown that the absolute intensity varies 
even when measuring on what appears to be the same type of surface. One 
reason for this can be that the surface really does change even though it 
cannot be seen. Another reason can be that the ice beneath the surface differs. 
Given what is known about the ice it is difficult to propose a general model 
describing the surface structure. A conclusion is however, that the Road eye 
indicates a change when the characteristics of the ice surface are altered. 

For the moist measurements a simple model is proposed describing the 
water content in the granular material. Given the simplicity of the model 
there are a lot of things affecting the directional reflectance that are not 
considered, such as the shape, the degree of compaction and the complex 
refractive index of the particles and the surrounding medium. Nevertheless, 
the model gives a good indication on how the water content changes and that 
was the purpose of the work. The main conclusion is that a material with high 
water content scatters more light in the forward direction, as described by the 
high  in the model (equation (3.1)). Before the intensity in figure 5.15 was 
shifted it was also noticed that the dry surfaces give higher intensity values 
than the moist ones, but different water content does not give any specific 
distinction between the intensities of the reflections (see figure 2 in paper F). 
Instead, it could be a good idea to look at the shape of the reflection 
distributions when one wish to say something about the water content. This 
contradicts the different references, for example [54, 78], that states that 
albedo will distinguish between different water content. 
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 FUTURE WORK 7.

In this work no shape measurements were done using the proposed 
speckle reduction method. The reason for this was that white light fringes 
were used instead of interference fringes. This was done without investigating 
the effects of using one or the other, thus such an investigation should be 
done. If interference fringes are used the fringe modulation will be high in the 
entire measurement volume. However, is it possible to get as low speckle 
contrast as desired and will the modulation be high enough even if it is 
counteracted by possible aberrations due to poor lens quality? If not, are there 
other ways to collect many uncorrelated speckle patterns during the exposure 
time? Alternatively, is it better just to go with the white light fringes, where 
there is no need for speckle reduction? Even if that means that the fringe 
modulation will decrease as the fringes comes out of focus?  

Whatever type of fringes used the proposed methods to measure the 
shape, and especially unwrap the phase, are based on the existence of a digital 
master. It would however be interesting to first make a rough measurement 
using for example a time-of-flight-camera and then be able to use the result 
from that measurement instead of the digital master to unwrap the phase, i.e. 
to be able to use the method also with objects that have no available digital 
master.  

In this work the phase unwrapping process is a kind of fine-tuning, thus 
it is only possible if the object and the digital master do not deviate too much 
from each other. An ongoing project is examining the possibility to increase 
the allowed deviation between the CAD-model and the object, i.e. to find a 
coarse start of the iterative phase unwrapping.  

To be able to say more about the surface structure of the ice, and 
ultimately about the roadgrip, a thorough investigation should be done on 
how to relate the information from the different measuring devices used in 
paper E with each other. As mentioned the absolute value of the Road eye 
varies too much to give a general model about the surface structure. 
Nevertheless, by at the same time examining measurement results from other 
devices a better idea about what is happening with the surface and why it 
happens should be achieved. 

More investigations could also be done considering the water content of 
granular material. To begin with the reference measurements should be done 
more accurately to be able to say something about the difference between 
different groups of surfaces. A more detailed study of the parameters  and  
and the physical effects that contribute to them should also be done. Finally, it 
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would be of interest to examine the effect of different sizes of the particles and 
to use the model on other granular materials than sand and glass. 
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  SUMMARY OF APPENDED PAPERS 8.

Paper A: Phase errors due to speckles in laser fringe 
projection 

By: Sara Rosendahl, Emil Hällstig, Per Gren and 
Mikael Sjödahl 

Summary: An expression for the phase error in a fringe pattern 
is derived. The phase error depends on the 
modulation of the fringes, the speckle contrast in 
the fringe pattern and the ratio between the energy 
in the Fourier filter and the total energy in the 
Fourier spectrum. The speckle contrast is reduced 
using a rotating aperture and in that way the phase 
error is decreased. 

Conclusions: It is possible to suppress the speckle contrast, and 
hence get lower phase error, using a rotating 
aperture. A 60 % reduction is achieved in both 
speckle contrast and phase error. 

Personal contribution: Rosendahl performed the experiments in discussion 
with Gren. Rosendahl performed the simulations 
in discussion with Hällstig and Sjödahl. Rosendahl, 
Hällstig and Sjödahl summarized the results and the 
conclusions and Rosendahl wrote the paper in 
discussion with the others. 

  

Paper B: Shape measurement with one fringe pattern 
recording including a digital master 

By: Sara Rosendahl, Emil Hällstig, Per Gren and 
Mikael Sjödahl 

Summary: A stereo camera system is used to measure 3D-
shape. To find the connections between the two 
cameras a fringe pattern is projected on to the 
object. The phase unwrapping is solved by using a 
digital master of the object. 

Conclusion: The shape of an object both with and without 
deviation from the digital master can be measured 
using only one image recording. 
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Personal contribution: Rosendahl performed the experiments in discussion 
with Gren. Rosendahl performed the simulations 
in discussion with Hällstig and Sjödahl. Rosendahl, 
Hällstig and Sjödahl summarized the results and the 
conclusions and Rosendahl wrote the paper in 
discussion with the others. 

 

Paper C: Shape verification aimed for manufacturing process 
control 

By: Per Bergström, Sara Rosendahl and Mikael Sjödahl 

Summary: The paper describes a method to measure 
deviations between an object and its CAD-model. 
The 3D-shape of the object is measured using a 
stereo camera system, projected fringes and 
information about the CAD-model. A matching of 
the result to the CAD-model is performed to verify 
the shape. The method is adapted for on-line use. 

Conclusions: Using this method the shape was measured with an 
accuracy of approximately ±40 μm. It is possible to 
verify the shape of the object by matching the 
result from the measurements to the CAD-model. 

Personal contribution: Rosendahl performed the optical measurements 
and Bergström performed the surface matching. 
Rosendahl and Bergström summarized the results 
and conclusions and wrote the paper in discussion 
with Sjödahl. Rosendahl were responsible of the 
optical part of the paper and Bergström of the 
surface matching.  

 

Paper D: Shape verification using dual-wavelength 
holographic interferometry 

By: Per Bergström, Sara Rosendahl, Per Gren and 
Mikael Sjödahl 

Summary: A digital holographic recording using two 
wavelengths is used to measure 3D-shape. The 
phase unwrapping is done iteratively using 
information from the CAD-model.  
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Conclusion: Besides the shape of the object the method also 
gives a point-to-point correspondence between the 
measurement and the CAD-model which can be 
used in tolerance control. 

Personal contribution: Rosendahl and Gren performed the holographic 
measurements and Bergström performed the pre-
processing of the CAD-model and the iterative 
phase unwrapping. The result and conclusions were 
summarized by Rosendahl, Bergström and Sjödahl. 
Rosendahl wrote the optical part of the paper and 
Bergström the part about the pre-processing and 
the phase unwrapping, the rest of the paper was 
written by Rosendahl and Bergström in discussion 
with Sjödahl and Gren. 

 

Paper E: Investigation of ice surface change during vehicle 
testing 

By: Johan Casselgren, Niclas Engström, Sara Rosendahl 
and Lennart Fransson  

Summary: A study of the parameters that affect the roadgrip 
on ice tracks during vehicle testing. The paper 
describes the sensors used to control the parameters 
and also gives indications on how the parameters 
affect each other. 

Conclusion: The roadgrip is affected by the micro-structure of 
the ice surface and the hardness of the ice. The 
temperature of the ice affects both of these 
parameters. It is of importance to control these 
parameters during vehicle tests.  

Personal contribution: Rosendahl performed the indoor optical 
measurements and Casselgren and Fransson 
performed the field tests. Rosendahl evaluated the 
indoor measurements and Casselgren, Engström 
and Fransson evaluated the other parts. The paper 
was written by all authors. 

 

Paper F: Simplified model for light scattering from granular 
materials of different moist 
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By: Sara Rosendahl, Johan Casselgren and Mikael 
Sjödahl 

Summary: Measurements are done of the scattering from dry 
and moistened sand grains and glass spheres, 
respectively. Given the measurement results a 
simple model describing the moist content using 
only two model parameters is proposed.  

Conclusion: The moist content in granular material can be 
described by a simple model consisting of two 
sheared cosine-functions, one describing the 
backward scattering and the other the forward 
scattering. 

Personal contribution: Rosendahl performed the experiments. Rosendahl 
analysed the results and came up with the model in 
discussion with Casselgren and Sjödahl. Rosendahl 
and Sjödahl summarized the conclusions given by 
the model. Rosendahl wrote the paper in 
discussion with the others. 
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When measuring a three-dimensional shape with triangulation and projected interference fringes it is of
interest to reduce speckle contrast without destroying the coherence of the projected light. A moving
aperture is used to suppress the speckles and thereby reduce the phase error in the fringe image. It
is shown that the phase error depends linearly on the ratio between the speckle contrast and the mod-
ulation of the fringes. In this investigation the spatial carrier method was used to extract the phase,
where the phase error also depends on filtering the Fourier spectrum. An analytical expression for
the phase error is derived. Both the speckle reduction and the theoretical expressions for the phase error
are verified by simulations and experiments. It was concluded that a movement of the aperture by three
aperture diameters during exposure of the image reduces the speckle contrast and hence the phase error
by 60%. In the experiments, a phase error of 0.2 rad was obtained. © 2010 Optical Society of America

OCIS codes: 030.6140, 120.2650, 120.6650, 110.6880.

1. Introduction

Whenmeasuring a three-dimensional shape in an in-
dustrial environment it is important to have a robust
measuring technique. Otherwise, the measurements
might be disturbed by, for example, variations in
background illumination or vibrations of the object.
Triangulationwithprojected fringes is agoodalterna-
tive that has proved robust against various environ-
mental changes. When fringes are projected on an
object their appearance, as seen from an angle, will
change according to the shape of the object. The shape
of the object can then be calculated from the phase of
the disturbed fringe pattern with knowledge of the
geometric parameters. In this study the phase is
extracted by using the Fourier transform method de-
scribed by Takeda et al. [1]. This method was chosen
since no phase shifting is needed, thus it is a fast
method. To be able to determine the phase with good
precision it is important that the fringemodulation is

high because the error in the determined phase is in-
versely proportional to the modulation [2,3]. As the
modulation decreases when the projection is out of
focus it is important to project high quality fringes
in a 3D volume. Fringes are usually produced by grat-
ings [4–7], digital fringe projectors [3,8–10], or inter-
ferometry [11–14]. The first two result in fringe
patterns that are imaged to a plane. Interferometry,
however, gives fringeswith a large depth of focus. One
drawback using interferometry is that the coherence
of the light gives rise to a subjective speckle pattern
when a rough object is imaged [15]. Dorsch et al. have
shown that all themeasurement techniques based on
optical triangulation suffer from uncertainties due to
multiplicative speckle noise [16]. This results in an er-
ror in the determinedphase that is proportional to the
contrast of the speckles [3]. Speckle-induced phase er-
ror has also been discussed by Liu et al. [17]. They
used simulations to show how the fringe frequency
and the sampling rate inaphase-shifted fringe projec-
tion system affect the phase error. Several ways of
reducing the speckle contrast are available [18,19].
Many of these methods depend on reducing the
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coherence of the light source, which is not an option in
this case without destroying the interference fringes.
Instead a moving aperture is used to reduce the
speckle contrast without decreasing the coherence
in the projection [19,20]. The speckle pattern in the
aperture then changes continuously during the expo-
sure time and several speckle patterns will be added
to the same image on an irradiance basis. This sum of
several independent speckle patterns results in an
averaging of the speckle patterns and a suppression
of the speckle contrast is achieved. Here this method
to suppress speckle contrast is verified both by simu-
lations and experiments. An analytical relation
between the phase error and the speckle contrast,
the fringemodulation and theFourier filter, is also de-
rived and verified by simulations and experiments.
Figure 1 shows a simplified model of the measure-

ment system. In the object space themeasurement ob-
ject is illuminated by coherent light. This results in a
random distribution of complex amplitudes that is
due to the rough object. The coherence of the light also
makes it possible to choose whether there should be
interference fringes on the object. The light distribu-
tion in object space propagates to the aperture plane
where the moving aperture is situated. When the
light has passed the aperture it propagates to the im-
age plane where the speckles appear. This model is
used to derive the theoretical expression in Section 2,
as well as to perform the simulations in Section 3 and
the experiments inSection 4. The obtained results are
presented and discussed in Section 5, followed by our
conclusions.

2. Theory

The Fourier plane representation of an image obtain-
ed by the measurement system in Fig. 1 is sketched
in Fig. 2, assuming a spatially resolved speckle pat-
tern, i.e., smax < 1=2d, where smax is the maximum
spatial frequency allowed by the aperture and d is
the sampling pitch on the detector. In Fig. 2 M is
the fringe modulation, C is the speckle contrast,
and we have assumed unit irradiance. In a fully de-
veloped speckle pattern, C ¼ 1, the irradiance fluctu-
ates randomly following a negative exponential law
[15]. It can therefore be argued that the phase fluc-
tuation in the analytical signal associated with the
speckle fluctuation also varies randomly and is uni-

formly distributed between −π and π. The standard
deviation of the phase fluctuation for a fully devel-
oped speckle pattern is hence

sϕ ¼
πffiffiffi
3

p : ð1Þ

As the speckle contrast decreases, the effect, as
sketched in Fig. 2, is that the height of the speckle
triangle decreases accordingly as a result of adding
uncorrelated irradiance fluctuations. The standard
deviation of the phase error therefore becomes

sϕ ¼
πCffiffiffi
3

p ; ð2Þ

as shown by Kinell et al. [3]. The deterministic phase
signal in Fig. 2 is carried by the two frequency com-
ponents at �f 0, respectively, each of height M=2,
where M is the fringe modulation. The noise-to-
signal relation therefore becomes

sϕ ¼
πCffiffiffi
3

p
M

; ð3Þ

which is in accordance with the findings in [3]. In
practice, however, the phase is extracted by isolating
one of the carrier frequency components by applying
a frequency window W, as visualized in Fig. 2. The
fraction within this window can be expressed as
the quotient Ew=Et between the energy in the filter-
ing window Ew and the total amount of energy Et.
Since the main cause of the noise is speckles, which
by definition are independent, the errors in the Four-
ier components are independent and Gaussian dis-
tributed [15]. In the image space this results in an
averaging of strength Et=Ew, and the standard devia-
tion of the phase becomes inversely proportional to
the square root of this averaging strength. Thus
the error of the measured phase finally becomes

Fig. 1. Simplified measurement model. The measurement object
is situated in the object space. In the aperture plane one can see the
moving aperture used for speckle reduction and an imaging lens.

Fig. 2. Fourier plane representation of an image with fringes
and speckles: M, fringe modulation; C, speckle contrast; smax,
maximum spatial frequency; W, frequency window; f x, spatial
frequency; f 0, carrier frequency; unit irradiance is assumed.
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sϕ ¼ π C
M

ffiffiffiffiffiffiffiffi
Ew

3Et

s
: ð4Þ

To avoid ringing from clipping the speckle distribu-
tion a Hamming window was used in the Fourier
spectrum instead of a rectangular window; compare
Fig. 2. The size of the window also affects the resolu-
tion of the images: the smaller the filtering window,
the lower the resolution. Because of this and the ef-
fect that the size of the filtering window has on the
phase error, the size of the window was chosen to
maintain resolution and at the same time minimize
the error in the phase; see Section 3 for more infor-
mation about the actual size of the filter.
Depending on the size of the aperture, the speckles

in the images will have different sizes. When the
speckles are smaller than the pixels, i.e., when the
speckles are undersampled, two things will happen.
The contrast decreases since several speckles are
averaged in each pixel and aliasing takes place in
the Fourier spectrum with the result that the ratio
Ew=Et decreases and the modulation increases.
The expression for the phase error above is therefore
valid only when the speckles are not undersampled.
With a constant window W, Eq. (4) provides two

ways of keeping the phase errors low. First, modula-
tion M should be large, ideally unity. When using
laser interference fringes the modulation will be
large provided that specular reflections are avoided.
Second, the speckle contrast should be made low, ide-
ally zero. The approach here is to minimize the
speckle contrast with the introduction of a rotating
aperture. When the speckle pattern in the aperture
changes continuously due to the aperture movement,
contrast C can be theoretically described as [19]

CðLÞ ¼
�
2
L

ZL
0

�
1 −

l
L

�
jμAðlÞj2dl

�
1=2

; ð5Þ

where L is the total displacement of the aperture in
relation to the aperture diameter, l is the variable of
integration, and jμAðlÞj2 is the correlation function
between different speckle patterns. When the total
displacement of aperture L is one aperture diameter,
the detector registers two independent speckle pat-
terns. If N, the total number of independent speckle
patterns, and hence L become large, the contrast ap-
proaches the discrete result 1=

ffiffiffiffiffi
N

p
that is due to the

fact that the aperture displacement is much larger
than the correlation area of the speckle pattern
[15]. When L andN are small, Eq. (5) yields a greater
speckle reduction than 1=

ffiffiffiffiffi
N

p
, which means that C

asymptotically will approach 1=
ffiffiffiffiffi
N

p
for largeN. Here

the validity of Eqs. (4) and (5) is investigated using
numerical simulations (Section 3) and experiments
(Section 4).

3. Simulations

Simulations were performed in MATLAB. The opti-
cal wave reflected by the rough object was simulated

as a complex amplitude field, where the real and
imaginary parts in each pixel were taken from a nor-
mal distribution, respectively. This complex ampli-
tude was numerically propagated to the aperture
plane. There a circular aperture was simulated by ex-
tracting only a circle. The data were zero padded to
avoid undersampling of the speckles. The optical
wave in the aperture plane was then numerically
propagated to the image plane where the squared
magnitude of the optical wave was taken as irradi-
ance Ii, where the subscript indicates one image.
To simulate the aperture movement different circles
at different positions in the aperture plane were
extracted. For each circular aperture a slightly differ-
ent irradiance pattern was created in the image
plane. The sum of the resulting images after a total
displacement of N aperture diameters I ¼ P

N
i¼1 Ii

were saved and analyzed. From these speckle pat-
terns contrast CI was calculated as

CI ¼
hIi
σI

; ð6Þ
where hIi is the average irradiance in the resulting
image and σI is the standard deviation of the irradi-
ance. In the simulations the total movement was
varied between zero and 15 aperture diameters.

The method described above was further used to
investigate the expressions for the phase error with
the change that the deterministic reflection was
changed from a constant value to fringe pattern
gðx; yÞ given by

gðx; yÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þMðx; yÞ · sinð2πf 0xÞ

p
; ð7Þ

where Mðx; yÞ is the modulation and f 0 is the carrier
frequency. This fringe pattern was multiplied with
the optical wave from the diffuse reflection before
propagation. The propagation and the movement
of the aperture were performed in the same way
as for the contrast simulations. From the resulting
irradiance image I, which contained 34 fringes and
had a size of 1024 × 1024 pixels, the phase distribu-
tion was calculated as outlined in Section 2. The
Hamming window used was 63 pixels wide and ex-
tended over 1024 pixels in the direction parallel to
the fringes. By taking the ratio between the energy
in the sidelobes and the energy in the central lobe in
the Fourier spectrum, the modulation in the images
was verified. Simulations for a fringe modulation
ranging between 0.4 and unity were performed to-
gether with an aperture displacement between zero
and 15 aperture diameters. The phase error was
calculated as the standard deviation of the phase dis-
tribution after an elimination of the global variation
had been done, i.e., to begin with, a first-order poly-
nomial fit (a tilted plan) is subtracted from the phase
distribution.

4. Experiments

A. Experimental Setup

The experimental setup is shown in Fig. 3(a).
The camera used in the experiments was a PCO
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Sensicam (double shutter) with a resolution of 1280 ×
1024 pixels, a pixel size of 6:7 μm × 6:7μm, and a dy-
namic range of 12 bits. The laser was a continuous
wave, frequency-doubled Nd:YAG laser with a max-
imum power of 0:5W and 532nm wavelength. A λ=2
plate and a polarized beam splitter were used to con-
trol the intensity. The light was spatially filtered and
then divided into two beams by a beam splitter.
When the beams were brought together, interference
fringes were formed. A lens was used to magnify the
interference pattern which gave a fringe period on
the object of 1:1mm. The imaging system consisted
of a rectangular aperture 15mm × 12mm, a 75mm
single lens, and the camera. The field of view was
4:5 cm × 3:6 cm.
To achieve suppression of the speckle contrast a

Nipkow disk with four circular apertures [Fig. 3(b)],
was placed in front of the rectangular aperture. The
disk had a radius of 55mm, a thickness of 1:3mm,
and was mounted on a motor so that it could be ro-
tated in the Fourier plane. The four circular aper-
tures each had a 3mm diameter and were placed
at 3mm radial distances from each other. This dia-
meter of the circular apertures gives speckles that
are approximately the same size as three detector
pixels, hence undersampling is avoided. The chosen
size also results in many possible independent aper-
ture positions. Moreover the aperture size affects the
depth of field, thus the fringe modulation, but, since
our object is in focus throughout the measurements,
this is not considered here. The distances between
the circular apertures were chosen so that no more
than one circular aperture could overlap with the rec-
tangular aperture at once. In this way the circular
apertures passed over different parts of the rectan-
gular aperture when the plate rotated. This also ex-
plains the number of circular apertures on the
Nipkow disk. Thus the detector experienced a num-
ber of independent apertures and several speckle
patterns were exposed on the same image. Each
new revolution of the plate was registered by a photo-
sensor and the rotation velocity was thereby deter-
mined and a suitable trigger for the camera was
generated.
The object was a metallic plate painted white.

Since the object destroys the linear polarization of
the light and the theory is valid only for linearly po-
larized light, a polarizer was inserted in front of the
imaging system. Without the polarizer, two orthogo-
nal polarization directions that reduce the speckle
contrast even more [19] would exist in the images.

B. Measurements

Measurements were taken with 1, 2, 3, or 4 circular
apertures. This was achieved by covering a different
number of circular apertures by black tape and ad-
justing the exposure times. In this way the measure-
ments could be compared to a continuous movement
of one single aperture, and the images were captured
as this aperture had moved a total distance of 3, 7,
11, or 15 aperture diameters from the starting posi-

tion. A reference image was also taken with a station-
ary aperture. The exposure time was set given the
revolution speed and an estimated angle between
the first circular aperture and the wanted number
of circular apertures.

To be able to study only the speckle pattern, one of
the light beams was blocked. The intensity of the
light was adjusted by the λ=2 plate to use the full dy-
namic range of the detector. Several images were
captured for each combination of open circular aper-
tures. From the images contrast CI was calculated
according to Eq. (6), and for each of the different
circular aperture combinations the mean value
was determined.

Similar measurements were taken in the presence
of interference fringes to be able to verify the reduc-
tion of the phase error. As for the contrast measure-
ments, several images for each different circular
aperture combination were captured. The images
were analyzed in the same way as the simulated

Fig. 3. (a) Experimental setup: λ=2, half-wave plate; PBS, polar-
ized beam splitter; O, objective; μ, μ hole; CL, collimating lens; BS,
beam splitter;M1–M3, mirrors; ML, magnifying lens; P, polarizer;
AP, aperture plane; IL, imaging lens. (b) The aperture plane of the
imaging system: A, the aperture plate that can be rotated; B, the
rectangular aperture; C, the circular apertures, the actual aper-
tures that the light passes; D, the photosensor that registers each
new revolution.
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fringe patterns, with the exception that, since the
phase maps are slightly curved, a second-order poly-
nomial fit was also subtracted from each phase map,
hence eliminating the global variation before the
phase error was calculated. For practical reasons
1024 × 1024 pixels were used for these calculations
as well.

5. Results and Discussion

From the simulated and experimentally achieved
images the contrast in a speckle pattern, before
and after averaging, was determined. Since the aper-
ture movement was known, the contrasts in the
speckle images could be compared with the theoreti-
cally calculated contrasts from Eq. (5). This compar-
ison is shown in Fig. 4 for an aperture displacement
ranging between zero and 15 aperture diameters. It
is seen that the contrast in the simulated images
agrees well with the theoretical contrast whereas
the experimental results are slightly lower. Reasons
for this could be the use of a finite detector [15] and
the fluctuation and slightly extended bandwidth of
the laser. When the aperture movement increases,
it can be seen that the contrast in the experimental
images approaches the theoretical contrast. A possi-
ble reason for this might be that fluctuations became
time averaged because of the increased exposure
time. Since the images were taken over a period long-
er than the movement of exactly 3, 7, 11, and 15 aper-
ture diameters, respectively, the images were also
exposed through the circular apertures as they
moved into or away from the rectangular aperture.
This additional exposure should result in slightly
lower contrasts. A striking consequence of the rela-
tion shown in Fig. 4 is that the speckle contrast drops
to only 40% after an aperture displacement of only
three aperture diameters and then decays slowly
for increased displacements. As a comparison, a dis-
placement of 100 aperture diameters would result in

a speckle contrast of approximately 10% and a dis-
placement of 10,000 aperture diameters would give
1%. The effect of increasing the aperture movement
well beyond ten aperture diameters is hence limited.

Results of a comparison between the simulations
and the theoretical expression given by Eq. (4) as an
effect of changing the fringe modulation are shown in
Fig. 5. Calculation of the modulation, by taking the
ratio between the energy in the sidelobes and the en-
ergy in the central lobe in the Fourier spectrum, was
verified using different modulation in the simulated
fringe pattern. However, because of a possible under-
estimation of the modulation that is due to the fact
that the frequency components are discrete, the

Fig. 4. Contrast in the experimental and simulated images in
comparison with the theoretical contrast for a moving aperture.
Images were captured when the aperture had moved a total dis-
tance of 3, 7, 11, or 15 aperture diameters and when it had not
moved at all.

Fig. 5. Phase error for different given modulations: 0.4 (aster-
isks), 0.7 (squares), and 1 (circles). Markers on a dotted curve re-
present phase errors from the simulated images; markers on a
solid curve represent the theoretically determined phase error.
The theoretical values were calculated with the modulations that
were determined from the images. Images were captured when the
aperture had moved a total distance of 3, 7, 11, or 15 aperture dia-
meters and when it had not moved at all.

Fig. 6. Phase error in the experimental images (asterisks) in
comparison with theoretically determined phase errors (circles).
The theoretical values were calculated with the modulations that
were determined from the images. Images were captured when the
aperture had moved a total distance of 3, 7, 11, or 15 aperture
diameters and when it had not moved at all.
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estimated theoretical phase errors, given the modu-
lations from the simulations, tend to become slightly
overestimated, which can be seen in Fig. 5. Neverthe-
less it can be concluded that the results in Fig. 5 ver-
ify the general behavior given by Eq. (4), from which
we see that the phase error scales linearly with the
quotient C=M. This general trend is verified in Fig. 5
by comparing the phase errors of the simulated M ¼
0:4 curve and a displacement of 15 aperture dia-
meters with the simulatedM ¼ 1 curve and a displa-
cement of three aperture diameters. Both points
have C=M ≈ 0:4 and sϕ ≈ 0:2 rad.
Figure 6 shows a comparison of the experimentally

determined phase error and the phase error calcu-
lated using Eq. (4) as a function of aperture displace-
ment.As inputs inEq. (4),weused the experimentally
determined speckle contrast, fringe modulation, and
relative energy as described in previous sections.
Again it is seen that the theoretical curve using the
experimentally determined fringe modulation is
biased by a possible underestimation of the modula-
tion but that the general behavior is verified. It is seen
that an optimum of sϕ ≈ 0:2 rad is reached for an aper-
ture displacement between five and ten aperture dia-
meters. In the experiments, the modulation changed
through the images, especially the image in which all
four circular apertures have passed the rectangular
aperture had a lower modulation than the previous
ones. The reason for this is aberrations in the image
that are due to light passing close to the rim of the

imaging lens, resulting in a wider point-spread func-
tion. The optical quality of the lens system used in
combination with a moving aperture therefore needs
tobehigh,not todecrease the fringemodulationbelow
the expected unity.

Examples of the experimental fringe images can be
seen in Figs. 7(a) and 7(b); the corresponding phase
maps are shown in Figs. 7(c) and 7(d). In the phase
maps the tilted plane is subtracted. In Figs. 7(a)
and 7(c) a stationary aperture is used and, since the
images when the aperture moved 15 aperture dia-
meters were affected by the aberrations mentioned
above, the images captured when the aperturemoved
a total distance of 11 aperture diameters are used in
Figs. 7(b) and 7(d). In these figures it can be seen that
the fringes and thus the phase maps improve when
the aperture moved during exposure.

6. Conclusions

The accuracy of a three-dimensional shape measur-
ing system using projected fringes is ultimately re-
lated to the phase error in the measurement. In
this investigation different parameters that affect
the phase error in a fringe projection system based
on laser interference fringes and the Fourier window-
ing technique have been investigated. It has been
shown theoretically, numerically, and experimentally
that a low phase error is achieved when the fringe
modulation is high, the speckle contrast in the fringe
pattern is low, and when the ratio between the

Fig. 7. (a), (b) Experimental fringe images; (c), (d) the corresponding phase maps. Since a tilted plane is subtracted from the phase maps
they range between −π and π radians. In (a) and (c) a stationary aperture was used; in (b) and (d) the aperture hadmoved a total distance of
11 aperture diameters.
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energy in the filter window and the total energy in
the Fourier spectrum is low. Given the derived
expression for the phase error, it is possible to predict
the accuracy in a measurement and to estimate the
uncertainties. It also makes it possible to draw
conclusions on how to proceed in a measurement
to suppress the phase error.
With the purpose to reduce the effect of high

speckle contrast in a laser projection system, the
technique of a moving aperture has been employed.
It is concluded that a movement of the aperture by
only three aperture diameters reduces the speckle
contrast and hence the phase error by 60%. In the
experiments an absolute phase error of 0.2 rad
was achieved. It is further concluded that the ulti-
mate fringe modulation of unity can be decreased
by aberrations in the optics. This effect is clearly un-
wanted and counteracts the effect of using a moving
aperture to decrease the speckle contrast. The use of
a high-quality lens is therefore recommended.

This research project is supported by the Swedish
Governmental Agency for Innovation Systems
(VINNOVA).

References

1. M. Takeda, H. Ina, and S. Kobayashi, “Fourier-transform
method of fringe-pattern analysis for computer-based topogra-
phy and interferometry,” J. Opt. Soc. Am. 72, 156–160 (1982).

2. C. P. Brophy, “Effect of intensity error correlation on the com-
puted phase of phase-shifting interferometry,” J. Opt. Soc. Am.
A 7 537–541 (1990).

3. L. Kinell and M. Sjödahl, “Robustness of reduced temporal
phase unwrapping in the measurement of shape,” Appl.
Opt. 40, 2297–2303 (2001).

4. M. Takeda and K. Mutoh, “Fourier transform profilometry for
the automatic measurement of 3-D object shapes,” Appl. Opt.
22, 3977–3982 (1983).

5. V. Srinivasan, H. C. Liu, and M. Halioua, “Automated phase-
measuring profilometry: a phase mapping approach,” Appl.
Opt. 24, 185–188 (1985).

6. T. Xian and X. Su, “Area modulation grating for sinusoidal
structure illumination on phase-measuring profilometry,”
Appl. Opt. 40, 1201–1206 (2001).

7. C. J. Tay, M. Thakur, and C. Quan, “Grating projection system
for surface contour measurement,” Appl. Opt. 44, 1393–1400
(2005).

8. H. O. Saldner and J. M. Huntley, “Profilometry using temporal
phase unwrapping and a spatial light modulator-based fringe
projector,” Opt. Eng. 36, 610–615 (1997).

9. H. Guo, H. He, and M. Chen, “Gamma correction for digital
fringe projection profilometry,” Appl. Opt. 43, 2906–2914
(2004).

10. F. Da and S. Gai, “Flexible three-dimensional measurement
technique based on a digital light processing projector,” Appl.
Opt. 47, 377–385 (2008).

11. S. H. Rowe and W. T. Welford, “Surface topography of non-
optical surfaces by projected interference fringes,” Nature
216, 786–787 (1967).

12. V. Srinivasan, H. C. Liu, and M. Halioua, “Automated phase-
measuring profilometry of 3-D diffuse objects,” Appl. Opt. 23,
3105–3108 (1984).

13. C. Quan, C. J. Tay, H. M. Shang, and P. J. Bryanston-Cross,
“Contour measurement by fibre optic fringe projection and
Fourier transform analysis,” Opt. Commun. 118, 479–483
(1995).

14. H. Huan, O. Sasaki, and T. Suzuki, “Multiperiod fringe projec-
tion interferometry using a backpropagation method for
surface profile measurement,” Appl. Opt. 46, 7268–7274
(2007).

15. J. W. Goodman, “Statistical properties of laser speckle pat-
terns,” in Laser Speckle and Related Phenomena, J. C. Dainty,
ed. (Springer-Verlag, 1975).

16. R. G. Dorsch, G. Hausler, and J. M. Herrmann, “Laser trian-
gulation: fundamental uncertainty in distance measurement,”
Appl. Opt. 33, 1306–1314 (1994).

17. H. Liu, G. Lu, S. Wu, S. Yin, and F. T. S. Yu, “Speckle-induced
phase error in laser-based phase-shifting projected fringe pro-
filometry,” J. Opt. Soc. Am. A 16, 1484–1495 (1999).

18. T. S. McKechnie, “Speckle reduction,” in Laser Speckle and
Related Phenomena, J. C. Dainty, ed. (Springer-Verlag,
1975).

19. J. W. Goodman, Speckle Phenomena in Optics: Theory and
Applications, 1st ed. (Ben Roberts & Company, 2007).

20. T. S. McKechnie, “Reduction of speckle by a moving aperture:
second order statistics,” Opt. Commun. 13, 29–34 (1975).

10 April 2010 / Vol. 49, No. 11 / APPLIED OPTICS 2053



 



 
 

Paper B 
Shape measurement with one fringe pattern 
recording including a digital master  



 



Shape measurement with one fringe pattern
recording including a digital master

Sara Rosendahl,1,* Emil Hällstig,2 Per Gren,1 and Mikael Sjödahl1

1Division of Experimental Mechanics, Luleå University of Technology, SE-971 87 Luleå, Sweden
2Optronic, Box 733, SE-931 27 Skellefteå, Sweden

*Corresponding author: sara.rosendahl@ltu.se

Received 8 December 2009; revised 9 March 2010; accepted 14 April 2010;
posted 19 April 2010 (Doc. ID 121129); published 4 May 2010

We present a method in which the 3D shape of an object can be measured and compared to the shape of
the digital master of the object, e.g., the computer-aided design model. The measurement is done using a
stereo camera system and a single projected fringe pattern. Because the digital master is available, i.e.,
the expected shape is known, only one projection and image recording is necessary; thus, the method
becomes fast. The idea in this work is to find homologous points in the cameras, i.e., points corresponding
to the same object point, using the object information. An algorithm to find the homologous points is
presented and a method to calculate shape is described. Given the ambiguity due to the fact that the
phase in the images is wrapped, there is a maximum deviation from the master that can be correctly
detected. An analytical expression for this deviation is derived. Results from the shape measurement of
an object both with and without deviations from the digital master are also presented. In these measure-
ments, where the measurement volume is approximately 1dm3 and the fringe period on the object
plane is about 1mm, the accuracy is ≈� 40 μm, and a deviation of max ≈� 1:6mm can be correctly
detected. © 2010 Optical Society of America

OCIS codes: 120.2650, 120.6650, 110.6880.

1. Introduction

Quality control is important in the production indus-
try and one essential property is the shape of the
products. Usually sample tests are done off-line
using, for example, a coordinate measuring machine
(CMM). This is time consuming and a lot of products
can be incorrectly manufactured before an error is
found. Because of this, there is a need for fast and
robust noninvasive measuring techniques that can
be used on-line in the production process. One way
to solve this is to use optical methods, for example,
optical triangulation with projected fringes. Fringes
that are projected on an object change their appear-
ance according to the shape of the object when seen
from an angle. By analyzing the distorted fringe
images, it is possible to measure 3D shape if the
phase unwrapping problem is solved [1,2]. Solving

the unwrapping problem is not a trivial task and
usually requires a smooth object or projection of sev-
eral fringe frequencies. It is then necessary either to
get rid of the mechanical instability in the industrial
environment or to perform the measurements quick
enough to freeze the mechanical disturbances for the
images that need to be acquired.

Several methods of making the measurements
faster have been presented. For instance, Zhang
and Huang [3] use a digital light processing (DLP)
projector and a high-speed camera. The shape mea-
surements are done with a fast three-step phase
shifting and any new image can be combined with
the previous two. Su [4] showed how to measure spa-
tially isolated objects with large depth discontinu-
ities using binary and color-coded sinusoidal fringes.
In this way only one image is required. The same is
true for Guan et al. [5], who combine multiple pat-
terns into a single composite pattern projection.

To get higher redundancy, a stereo camera system
can be used. With this method the fringe pattern is

0003-6935/10/142622-08$15.00/0
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only used to find the connections between the two
cameras. These connections are given by image
points in the two cameras corresponding to the same
object point, so-called homologous points. From the
distances between these homologous points, the
shape of the object can be calculated using optical tri-
angulation. Different ways have been used to find the
homologous points: Reich et al. [6], Kühmstedt et al.
[7], and Han and Huang [8] use phase-shifted fringes
in two perpendicular directions. Han and Huang also
used a fringe pattern that was visibility modulated
perpendicular to the fringes [9]. In all the stereo cam-
era examples above, the measurement time is pro-
longed due to the phase shifting.

It is also possible to use other patterns than fringes
to find the homologous points. Synnergren [10] uses
stereoscopic electronic speckle photography. How-
ever, this gives a lower spatial resolution due to
the finite size of the subimages used to locate homo-
logous points. Wiegmann et al. [11] also use two cam-
eras and a sequence of band limited random pattern.
To achieve a good resolution they project 20 different
patterns, which further prolongs the measurement
time.

In this paper we use a stereo camera system with
projected fringes to achieve measurements with good
resolution and high redundancy. To make the mea-
surements fast, the idea is to use only one image
per camera and solve the unwrapping problem by
using a digital master of the object, e.g., the compu-
ter-aided design (CAD) model. This method makes it
possible to measure objects that have discrete height
jumps, as long as both cameras can see the projected
fringes. Even though a digital master is used to find
the correct homologous point, problems due to the
wrapped phase appear if the shape of the object de-
viates too much from the shape of the digital master.

A general description of the stereo camera system
and the theoretical accuracy of the measurements
are described in Section 2. In Section 3 the three
steps of finding the homologous points are described.
The experimental setup, the calibration and themea-
surements are described in Section 4. In Section 5
the obtained results are presented and discussed
together with a description of the ambiguity due to
the wrapped phase. In Section 6 the conclusions
are presented.

2. Theory

A schematic sketch of the stereo camera setup, the ob-
ject, and the coordinate systems is shown in Fig. 1. To
get a constant paraxial magnification across the im-
age field, a translated lens system is used [12]. This
means that the optical axes of the two cameras are
parallel to each other and that the lens plane, the de-
tector plane, and a flat reference plane in the object
volume are all parallel. Camera 1 is defined as the
main camera, the camerawhose pixels are used to de-
fine the coordinates of the object, and camera 2 is the
slave camera. Five coordinate systems are defined:
the world coordinate system ðxw; yw; zwÞ on the refer-

ence plane, the lens coordinate systems ðxli; yli; zliÞ,
one in each principal plane, and the detector coordi-
nate systems ðXdi;YdiÞ, one in each detector. In the co-
ordinate systems and in the following equations, i ¼ 1
or 2 and denotes which camera is described. The op-
tical axes of the cameras are the same as the zli axes.
The position vectors from the origin in the world co-
ordinate system to the origins of the lens coordinate
systems are given by Oi ¼ Oixxli þOiyyli þOizzli and
the vectors from the origins of the lens coordinate sys-
tems to the origins in the detector coordinate systems
are given by ci ¼ cixxli þ ciyyli þ cizzli. The coordinate
systems in the principal planes and detectors are ro-
tated 180° around the zw axis and, in this way, the
images are not inverted.

Given a stereo camera setup, a relation between an
object point Pðx; y; zÞ in the world coordinate system
and an image point on the detector PiðXi;YiÞ can be
derived. If both P and Pi are expressed in the lens
coordinate system using the position vectors Oi
and ci, the relation, which is described by Eqs. (1),
is achieved with ray tracing in accordance with
Synnergren and Sjödahl [13]:

Xi ¼
ðxþOixÞciz

Oiz − z
− cix þ Ωxiðx; y; z;αÞ

¼ �Xi þ Ωxiðx; y; z;αÞ; ð1aÞ

Yi ¼
ðyþOiyÞciz

Oiz − z
− ciy þ Ωyiðx; y; z;αÞ

¼ �Yi þ Ωyiðx; y; z;αÞ; ð1bÞ

where the distances O and c are defined in Fig. 1.
Ωxiðx; y; z;αÞ and Ωyiðx; y; z;αÞ are correction terms
due to distortion and misalignments in the system.
The misalignments are expressed by the angles in
vector α, which describe how the lens coordinate

Fig. 1. Schematic of the camera system. The position vectors O1,
O2, c1, and c2 describe where the origins of the lens and detector
coordinate systems are positioned. The point P in the world coor-
dinate system is imaged to point Pi on each detector.
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system and the detector coordinate system are ro-
tated with respect to the world coordinate system.
ð�Xi; �YiÞ is the distortion-free detector point when
the rotation angles between the three coordinate sys-
tems are assumed to be zero. α, the distances O, and
the paraxial magnification of the system are deter-
mined by calibration; see Section 4.

To be able to calculate the shape of an object, an
inverse relation has to be derived from Eqs. (1). First,
the detector positions are transformed to positions
on the reference plane ðx̂i; ŷiÞ using the paraxial
magnification

M ¼ ciz=Oiz ð2Þ

between the reference plane and the detector plane
in the system:

x̂i ¼
Xi

M
¼ ð

�Xi þ ΩxiÞ
M

; ð3aÞ

ŷi ¼
Yi

M
¼ ð

�Yi þ ΩyiÞ
M

: ð3bÞ

Using this, the object position becomes

x ¼ 1
2

�
�x1 þ �x2 −

z
O1z

ð�x1 þO1xÞ −
z

O2z
ð�x2 þO2xÞ

�
;

ð4aÞ

y ¼ 1
2

�
�y1 þ �y2 −

z
O1z

ð�y1 þO1yÞ −
z

O2z
ð�y2 þO2yÞ

�
;

ð4bÞ

z ¼ 1
2

�
O1zð�x1 − �x2Þ

�x1 þO1x −
O1z
O2z
½�x2 þO2x�

−
O2zð�x1 − �x2Þ

�x2 þO2x −
O2z
O1z
½�x1 þO1x�

�
; ð4cÞ

where

�xi ¼
�Xi

M
¼ x̂i −

Ωxi

M
; ð5aÞ

�yi ¼
�Yi

M
¼ ŷi −

Ωyi

M
ð5bÞ

are the distortion-free detector coordinates trans-
formed to object coordinates on the reference plane.
The remaining parameters in Eqs. (4) are defined as
in Fig. 1.

Equations (4) are only valid if ð�x1; �y1Þ and ð�x2; �y2Þ
represent the same object point ðx; y; zÞ. Such detec-
tor points are called homologous points and they can

be found by comparing characteristics in the images.
In our work, we use the phase φðx; yÞ in a projected
fringe pattern. A projector is placed between the two
cameras in the stereo camera system with its princi-
pal point at a distance Op from the reference plane
(see closer description in Subsection 4.A). A fringe
pattern described by

Iðx; yÞ ¼ aðx; yÞ þ bðx; yÞ cos½φðx; yÞ þ 2πf 0x�
¼ aðx; yÞ þ cðx; yÞei2πf 0x þ c�ðx; yÞe−i2πf 0x ð6Þ

is projected on the object. In Eq. (6), aðx; yÞ is the
background irradiance, bðx; yÞ is the modulation of
the fringe pattern, f 0 is the spatial-carrier frequency,
and cðx; yÞ ¼ bðx; yÞ expðiφðx; yÞÞ=2. The fringe pat-
tern is parallel with direction y as can be seen from
Eq. (6). At each point on the detectors, it is now
possible to calculate the phase using the Fourier-
transform method described by Takeda et al. [14].
By applying a spatial filter in the spatial-frequency
spectrum, cðx; yÞ is determined and the phase can be
calculated according to

φiðx; yÞ ¼ tan−1

�
Imfcðx; yÞg
Refcðx; yÞg

�
; ð7Þ

which gives a wrapped phase between −π and π. As-
suming that the absolute phase difference, Δφ ¼
φ1 − φ2, between two points in the two cameras is
known, it is then possible to calculate the displace-
ment between the detector point in the slave camera
and the position of the detector point in the main
camera, ΔX ¼ �X1 −

�X2. This is possible because
the displacement is proportional to this phase differ-
ence, according to

ΔX ¼ ΔφλdðzÞ
2π ; ð8Þ

where λdðzÞ is the fringe period on the detector when
an object point of height z is imaged. The size of λdðzÞ
is given by

λdðzÞ ¼ λðzÞMðzÞ: ð9Þ
Because of the nontelecentricity of the projection and
imaging, respectively, the fringe period, λðzÞ, of a
fringe pattern that is projected at height z and the
paraxial magnification, MðzÞ, between a plane at
height z and the detector plane depends on z,
according to

λðzÞ ¼ λð0Þ
�
Op − z

Op

�
; ð10Þ

MðzÞ ¼Mð0Þ
�

Oz

Oz − z

�
: ð11Þ

In Eqs. (10) and (11), it is assumed that the distance
between the reference plane and the principal planes
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in the two cameras are the same, i.e., Oz ¼ O1z ≈ O2z,
and that Op is the distance from the reference plane
to the principal plane of the projector lens. λð0Þ is the
same as 1=f 0 and Mð0Þ is the paraxial magnification
between the reference plane and the detector plane
given by Eq. (2). Given Eqs. (10) and (11), the fringe
period on the detector becomes

λdðzÞ ¼ λðzÞMðzÞ ¼ λð0ÞMð0Þ
�
Op − z

Op

��
Oz

Oz − z

�
:

ð12Þ
If Op ¼ Oz, Eq. (12) becomes independent of the
object height; thus,

λdðzÞ ¼ λð0ÞMð0Þ: ð13Þ
The same can be assumed if z ≪ Oz and Op.

According to the derivations of the object positions
[Eqs. (4)] and the relation between the pixel displace-
mentand thephasedifference [Eq. (8)], andgiven that
�x1, �x2 ≪ O1x, O2x, the accuracy in the shape calcula-
tions are dependent on the estimated errors below:

ez ¼
���� Oz

O1x −O2x

λð0Þ
2π eφ

����; ð14aÞ

ex ¼
����λð0Þ2π eφ

����; ð14bÞ

where eφ is theuncertainty in thephasemeasurement
[15], which in turn depends on the modulation of the
fringes, the speckle noise, thermal noise, and quanti-
zation errors. As can be seen, the accuracy in the z
calculations depends on the fringe period, the uncer-
tainty in the phase, and the angle θ between the cam-
eras (see Fig. 2). Because there is not any sensitivity
in the y direction with this method, the error in the
y direction, ey, only depends on the global positioning
of the measurement result, i.e., the rotation and
translation to align it with the digital master (see
Section 3).

3. Finding Homologous Points

Because we have a digital master of the object, the
homologous points in the two images can be found

without having to unwrap the phase maps by follow-
ing the three steps described in Subsections 3.A–3.C.

A. Using the Digital Master

To begin with, connections between detector pixels in
the main camera and corresponding detector points
in the slave camera are found. An example of a con-
nection is that the object point that is imaged in P1 in
Fig. 1 is also imaged in P2; hence, point P1 is con-
nected to point P2. (Figure 1 will serve as guidance
throughout this description.) The set of connections
is called the ideal relation because it is found assum-
ing ideal pinhole cameras, i.e., a paraxial approxima-
tion is used. Because the ideal relation depends on
the object to be measured, it is achieved by placing
the digital master (e.g., the CADmodel) in the center
of a virtual, aberration-free, stereo camera system,
cf., the position of the object in Fig. 1. The object
points that ideally should be imaged in each one of
the detector pixels in the main camera can then be
found using a minimization algorithm. This is done
by using ray tracing from the detector pixel through
the principal point of the lens system and to the point
where the ray intersects the surface of the digital
master (see, for example, the line from point P1 to
point P in Fig. 1). When the object points have been
found, their corresponding image points in the slave
camera (e.g., point P2 in Fig. 1) are found using the
relationship between the object and the camera in
the translated lens system, assuming no distortion
and that the rotation angles are zero; see Eqs. (1).
The correction terms can be omitted because only
an approximate relation between the cameras has
to be found, given that the relation will be used as
an initial guess in the search for the homologous
points.

This procedure can be done prior to the measure-
ments because the same ideal relation should be
used for all objects corresponding to the same digital
master.

B. Rotation and Translation

To be able to use the ideal relation, it is of great im-
portance to know where the object is positioned in
the image so that the relation between the cameras
can be translated and rotated into the right position
and orientation. This movement is described by a
translation vector T and a rotation matrix R. When
the N number of pixels in the main camera,
fpkgk¼1;:::;N , and the corresponding points in the slave
camera given by the ideal relation, fqkgk¼1;:::;N , is
known, T and R are found by solving the least
squares problem:

min
R;T

XN
k¼1
ðdðRqk þ T; pkÞÞ; ð15Þ

where the distance function dðq; pÞ is defined as

dðq; pÞ ¼ min jφ2ðqÞ − φ1ðpÞj2; ð16ÞFig. 2. Experimental setup.
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where φ1 and φ2 are the phases in the main camera
and the slave camera, respectively. This step
provides a translated ideal relation that we call
the global best fit.

In this paper, the object has been positioned in such
a way that only x translations are possible; hence, Eq.
(15) is only solved for one direction. We have also as-
sumed that the measurements take place on a con-
veyor belt; hence, the objects are positioned in a
given zposition, andwedo not have to adjust the ideal
relation for z-direction mispositioning.

C. Search Algorithm

Based on the global best fit, an initial guess can be
done such that the phase value in the slave camera is
approximately equal to the phase value in the main
camera. It can be assumed that the point in the slave
camera is situated within �π from the wanted homo-
logous point and, hence, the fine tuning of the homo-
logous point can be performed without concern for
phase wrapping.

The search starts by extracting pixels in the neigh-
borhood of the point in the slave camera. Because
many pixels in the direction parallel to the fringes
will have approximately the same phase, only pixels
in the direction perpendicular to the fringes are con-
sidered. After that, the phase difference between the
phases in this neighborhood and the phase in the gi-
ven pixel in the main camera is calculated. To find
the homologous point with subpixel accuracy, one
has to find the two pixels resulting in the smallest
absolute phase difference. The position of the homo-
logous point—the point with zero phase difference—
can then be calculated using uniform triangles. A
linear variation of the phase differences between
adjacent pixels is assumed because the diffraction
limited resolution is only 4pixels in the x direction
due to the filtering window. This assumption is also
valid, given that the change in fringe period on the
detector, ΔλdðzÞ, is approximately zero for a change
in the measured height, Δz, realized from Eq. (13).

4. Experiments

A. Experimental Setup

The experimental setup is shown in Fig. 2. The cam-
eras used in the experiments were two Sony XCL
5005 each with a resolution of 2456 × 2058pixels, a
pixel size of 3:45 μm × 3:45 μm, a dynamic range of
12 bits, and an output frame rate of 15Hz. To be able
to calibrate the cameras, they were mounted on
x–y–z translation stages. The imaging system con-
sisted of 50mm Rodagon 1∶2:8 lenses, which were
split in two such that an arbitrary aperture could
be positioned in the aperture stop position. We used
a circular aperture with a diameter of 3mm, which
gave an effective f -number of approximately f =17.
For practical reasons, 1024 × 1024pixels were used,
which gave a field of view of 8:83 cm × 8:83 cm. The
paraxial magnification was approximately 0.04. In
the measurements performed, the exposure time

was 40ms. The distance between the lenses, B,
was approximately 370mm, and the distance be-
tween the reference plane and the principal planes,
Oz, was approximately 1300mm. The setup gave a
measurement volume of about 1dm3. Because the
depth of field resulting from the slow f =17 f -number
of the objective lenses is larger than this measure-
ment volume, it will not influence the accuracy of
the measurements significantly.

The projector consisted of a white lamp, an ampli-
tude grating with pitch 0:1mm, and a focusing lens.
The position of the projector was approximately
620mm above the reference plane,Op. This gave pro-
jected sinusoidal fringes with a fringe period on the
object plane of about 1mm.

In the measurements, a metallic plate painted
white was used as the reference plane. The object
was a cylinder with a diameter of 48mm, which
was cut to have a measurement object of height
15mm; see Fig. 3(a). The cylindrical object had traces
of depth of 1, 2, and 3mm and a width of 10mm
milled off. The object was manufactured with an ac-
curacy of 10 μm. In the measurements, the digital
master was assumed to look as Fig. 3(b), i.e., only
the 3mm trace was present.

B. Calibration

Before the measurements take place, calibration of
the system is performed in three steps. The first
two calibration steps are performed according to Syn-
nergren and Sjödahl [13] and result in information
about the positions of the cameras, the paraxial mag-
nification, and the misalignment angles and distor-
tions in the system. In the third calibration step, a
flat, white, reference plate is positioned at z ¼ 0
and images of the projected fringe pattern are cap-
tured. Given the images, the fringe period is found
from the peak position of the side lobe in the
spatial-frequency spectrum.

During the construction of the measurement sys-
tem, effort was made to align the cameras as accu-
rately as possible. This made the first calibration
step easier because the cameras only had three
degrees of freedom.

C. Measurements

Measurements are done by placing the object on the
reference plane, projecting the fringe pattern on the
object, and capturing the images; see Fig. 4. In the
two images, homologous points are found as de-
scribed in Section 3. When the homologous points
are found, the true shape of the object is calculated
according to Eqs. (4) in the theory section. Because

Fig. 3. (a) Outline of the measurement object with three traces of
depth 1, 2, and 3mm milled off. (b) Outline of the digital master.
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the measured homologous points are affected by dis-
tortion and possible misalignment in the system,
they have to be subtracted by the transformed correc-
tion terms in accordance with Eqs. (5).

A few pixels at the boundaries of the images are
omitted in the search for homologous points because
the two cameras do not overlap there if the object
height is above the reference plane. In other words,
there might not be any corresponding points to these
pixels.

5. Results and Discussion

Because the digital master [Fig. 3(b)] only had the
3mm trace included, the 1 and 2mm traces are
thought of as deviations from the true shape in

the calculations. The result of the measurement
can be seen in Fig. 5. From the result, it is seen that
the cylindrical shape of the object is correctly mea-
sured and that the response to the three traces are
different.

InFig. 6, four cross sections, taken at y ¼ 35:5, 26.9,
9.7, and −7:5mm (see Fig. 5), are shown togetherwith
the corresponding cross section of the digital master.
In the two cross sections taken at a position where
the digital master and the object match [Figs. 6(a)
and 6(d)], it can be seen that the correct shape has
been detected. It can also be noted that the 1mm de-
viation is detected [Fig. 6(b)] but that the 2mmdevia-
tion is not [Fig. 6(c)]. The 2mm deviation is not
correctly detected because the starting point in the
search for the homologous points was not within �π
from the homologous points and, hence, a wrapping
error appears. This problem appears when the mea-
sured object differs too much from the digital master.

Fig. 4. Captured fringe images from (a) the master camera and
(b) the slave camera . The fringe period is approximately 1mm in
both images. (The images are cropped and contrast enhanced for
clarity.)

Fig. 5. Measurement results. As can be seen, the 2mm trace is
incorrectly detected. The black lines are cross sections that are
used in Figs. 6 and 7.

Fig. 6. Cross sections of the measurement result compared with the cross sections of the digital master. The cross sections are taken at
y ¼ 35:5, 26.9, 9.7, and −7:5mm for (a)–(d), respectively.
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From the system setup, a calculation has been done
using uniform triangles, giving Eq. (17), which de-
scribes the largest deviationΔz from the digital mas-
ter that can be correctly detected:

Δz ¼ � λdðzÞðO2z − z0Þ2
2ðO1x −O2xÞc2z þ λdðzÞðO2z − z0Þ ; ð17Þ

where λdðzÞ is the fringe period on the detector when
an object point of height z is imaged [see Eqs. (12) and
(13) and the assumptions in Section 2] and z0 is the
height of the object point according to the digital mas-
ter. The remaining parameters can be found in Fig. 1.
In the systemsetupused in this paper, the largest pos-
sible deviation becomes approximately�1:6mmclose
to the reference plane.

It can now be seen that both the largest possible
deviation [Eq. (17)] and the accuracy [Eqs. (14)]
depend on the fringe period. By comparing the two
expressions, it is noticeable that the better the accu-
racy, the smaller deviation from the digital master is
possible.

In Fig. 7, the residuals between the measured
cross sections from Fig. 6 and the corresponding
cross sections from the real object [Fig. 3(a)], not
the digital master, can be seen. The residuals are cal-
culated by taking the closest distance between the
measurement points and the shape of the object.
The standard deviations of these residuals, which
are determined from the local variations, are
approximately 45 μm, which can be compared to
the theoretical accuracy in this setup of ≈� 40 μm
according to Eq. (14a).

6. Conclusions

In this paper we have proposed a method of measur-
ing shape using a stereo camera system with pro-
jected fringes and only one simultaneous image
recording of the object. This is possible because we
have a digital master, i.e., we have prior knowledge
about the expected object shape. An ideal relation be-
tween the two cameras is calculated and then trans-
formed to get a global best fit of the object. Given the
global best fit, homologous points in the images can
be found without having to unwrap the phase
images. Because the fringes are used only to find
the homologous points, the position of the projector
does not need to be identified. This makes the cali-
bration of the system easier. When the measurement
is done in this way, the image capturing becomes fast.
Because it is the exposure time of only one image
that defines the speed, the cameras we are using
are suitable as long as no more than 15 objects per
second is produced and should be measured. The lim-
iting factor in the whole measurement is the calcula-
tion time. The ideal relation can be precalculated;
thus, the time limit for this is not that crucial. How-
ever, the rest of the calculations have to be performed
within the time it takes to produce the objects. As
long as this is fulfilled, the method is suitable for
on-line measurements in an industrial environment.
Because the information about the digital master is
used in the measurements and the orientation of the
digital master and that of the measurement object
are adjusted to each other, the resulting shape is gi-
ven in the same global coordinate system.

Fig. 7. Residuals between the cross sections of the measurement result and the cross sections of the real object. The cross sections are
taken at y ¼ 35:5, 26.9, 9.7, and −7:5mm for (a)–(d), respectively.
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With the settings used in this paper, the accuracy
in the measurement was ≈� 40 μm and, due to the
fact that no unwrapping is done, a deviation of a
maximum of ≈� 1:6mm can be correctly detected
close to the reference plane. As a consequence, it is
important that the deviations of the measurement
objects do not exceed this limit or that the system set-
tings are chosen so that the maximum detectable de-
viation is large enough to distinguish the maximum
possible deviation of the object.

The system setting also determines the measure-
ment volume. In this system, the setup gives a mea-
surement volume of approximately 1dm3 and, as
long as the measurement volume contains the entire
object, no further calibration has to be done due to
the size of the object. It is, however, important that
no part of the object is hidden or covered with sha-
dows because this will cause errors in the measure-
ments. It should also be noted that the depth of field
of the camera lenses is larger than the measurement
volume; thus, this will not influence the accuracy of
the measurements significantly.

This research project is supported by the Swedish
Governmental Agency for Innovation Systems,
VINNOVA.
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We describe a method to verify the shape of manufactured objects by using their design model. A non-

contactmeasuringmethod that consists of a stereo-camera system and a single projected fringe pattern is

used. The method acquires one image from each camera. Additional shape information from the design

model is also used. This surface-measurementmethod gives an accuracy of about 45 mm.Deviations from

the design model within 71.6 mm can be correctly detected. The measured surface representation is

matched to the design model using the ICP-method. Fast performance has been considered adapting the

method for on-line use.

& 2010 Elsevier Ltd. All rights reserved.

1. Introduction

We consider the computer vision problem of measuring the
shape of an object and compare it to its designmodel. The aimof the
work is to adapt both the measurements and the analysis for on-
line measurements of a large number of identical components in
the manufacturing industry. Hence, the computer vision process
must be fast and reliable. Themeasurement of the shape results in a
large number of object points representing the surface of the object.
The object points are fitted onto the surface of the design model,
which is represented in a CAD system.

As described in [1] there are two principal techniques for
measuring the shape of an object; contact measurement and
non-contact measurement.

Contactmeasurements are normally done using a pre-produced
measurement jig or a coordinate-measuringmachine (CMM) [2–4].
The non-contact measurements are usually done using optical
methods. Different optical methods and some of their applications
are described in [5–7].

Compared to a CMM the optical methods are usually fast, often
because they can measure several points, i.e. full-field, at once.
Depending on the choice of measurement technique the measure-
ments can also be robust and accurate. We have chosen to work
with a stereo camera system together with a projected fringe

pattern. A stereo camera system is based on optical triangulation
which is a measurement principle known to produce reliable
results with positional accuracy of the order of 0.1 mm, which is
sufficient formostmanufactured parts. The system basicallyworks
like the stereoscopic vision of humans and relies on the presence of
features on the object that can be seen by both cameras in order to
connect them with each other. In our work the projected fringe
pattern becomes these features, hence the system is active [8–10].
The choice of a continuousprojectionpattern like sinusoidal fringes
makes the accuracy and resolution of the system high. Recent
reviews of real-time shape measurements with projected fringes
and its pros and cons can be found in [11,12].

There is an inherited problem with the use of a fringe pattern
wherein a wrapping problem appears that prevents the measure-
ment of discontinuous objects. A common solution to this problem
is to use a temporal sequence of different patterns, which tends to
be time-consuming and prevents the measurement of moving
objects. In the literature differentmethods have been introduced to
make triangulation measurements faster, e.g. by using high speed
cameras [13] or by combining several different projection patterns
in the same image, making it possible to capture only one frame
[14,15].

In ourworkwe use the fact that the expected shape of the object
is known, i.e. that there exists a designmodel describing the object.
By using information from this design model, the shape of the
object which should not deviate much from the expected shape,
can be obtained with only one fringe pattern recording. Hence,
measurements will be insensitive to vibrations and other distur-
bances due to movement in the measurement location. As with all
optical measurement methods it is essential that all parts of the
surface are illuminated and that the light is scattered back to the
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cameras. Problems may appear if the object has high reflectivity
since this could give specular reflections from the projected light or
other light sources.

When the surface is measured and the object points are
obtainedwe compare the result with the designmodel. Formaking
that possible we have to find a rigid body transformation of the
object points so that they fit the design model. This general
problem is discussed in e.g. [16–19]. There are many applications
for a matching like this. One of them, probably the most well
documented one, is inspection of free-form surfaces. There exist a
number of papers discussing the inspection problem, some of them
are [1,20,21]. In order to do the transformation fast for repeated use
we are using a data-structurepresented in [22]. Thedesignmodel is
pre-processed once before the measurements.

Our method to measure the surface of an object by using its
design model is described in Section 2. In Sections 3 and 4 a
description of the designmodel representation and themethod for
finding the surface transformation are found. Finally an example of
an application is given in Section 5.

2. Shape measurement method

We use a stereoscopic camera system together with projected
sinusoidal fringes to measure the shape of an object. Since the
projected light becomes symmetric in the two cameras it is possible
to distinguish it from asymmetric light such as e.g. specular
reflections. Due to the continuity of the fringe pattern the accuracy
in the measurements becomes higher than if a random pattern
is used.

A rigorous examination of this method to optically measure the
shape of an object is done by Rosendahl et al. [23]. Equations are
derived which can be used in the shape determination. To get an
overview of the approach used we give a brief description in this
section.

In our application it is important that themeasurement is fast in
order to freezemechanical disturbances and to be able to use it on-
line. To speed up the measurements only one image recording is
used. This is possible firstly because the expected shape of the
object is known, i.e. we have the design model. And secondly
because we use two cameras, i.e. an estimation of the unwrapping
can be done using one camera and the correctness of it can be
controlled using the other camera. In Sections 2.1 and 2.2 the
different parts of the active stereo camera systemused in this paper
are described and in Section 2.3 the approach to achieve the shape
from the measurements is explained.

2.1. Stereo camera system

A schematic sketch of the imaging part of the measurement
system, the stereo camera system, canbe seen in Fig. 1. It consists of
two cameras that look at the object from different directions. The
camera to the left is defined as themain camera, the camerawhose
pixels are used to define the coordinates of the object, and the
camera to the right is the slave camera. The cameras are aligned in
order for them to see the same scenewhen looking at the reference
plane, hence detector points P1 and P2 have the same position on
the two detectors and image the same point on the reference plane.
However,when an object is positioned in themeasurement volume
P3 and P1 become corresponding points. This means that there is a
displacement a between the positions on the two detectors that
depends on the object height. The distances L, B and c that can be
seen in Fig. 1 are determined by calibration of the system.

To be able to calculate the shape of the object it is important
that the information from the two cameras that are used in the
calculation represents the same part of the object. To localize

different parts of the object there has to be features on the object
that can be seen by both cameras. If there are not, such features
have to be added to the object in someway. Oneway to do this is to
project a pattern on the object, i.e. to make the system active, and
that is the method we have chosen.

2.2. Projected fringes

In this work the projected pattern is fringes and due to the
different viewing angle of the cameras the intensity images will
look a little different in the two cameras. Figs. 2(a) and (b) are real
images captured with the slave camera and the main camera,
respectively. The fringes are sinusoidal and can be described by

Iðx,yÞ ¼ aðx,yÞþbðx,yÞcos½fðx,yÞþ2pf0x�
¼ aðx,yÞþcðx,yÞei2pf0xþc�ðx,yÞe�i2pf0x, ð1Þ

where a(x,y) is the background intensity, b(x,y) is the modulation
of the fringe pattern, fðx,yÞ is the phase in the fringe pattern,
f0 is the spatial carrier frequency, cðx,yÞ ¼ bðx,yÞexpðifðx,yÞÞ=2, and n

denotes the complex conjugate. The phase,fðx,yÞ, is the parameter
that is used as the feature that canbe recognized inboth cameras. In
Fig. 2(c) the frequency spectrumof the image from the slave camera
is shown. The bright spots positioned at the carrier frequencies,
f0 and � f0, in Fig. 2(c) represents the c(x,y)-terms in Eq. (1) and the
spot at fx¼0 represents the a(x,y)-term.

2.2.1. Phase extraction

To be able to use the information in the projected fringe pattern
the phase distribution, fðx,yÞ, is calculated from the intensity
image. There are mainly two ways of doing this. The first way is to
use phase-stepping in which several images are captured and the
phase of the fringe pattern has a constant offset between each
image [24]. The phase can then be calculated using a phase-
stepping algorithm. The downside with this method is the time it
takes to capture all the images needed. Due to this a faster way to
achieve the phase distribution, the Fourier-transformmethod [25],
is chosen.With this method the phase is extracted by transforming
the intensity image to the spatial frequency spectrum, see Fig. 2(c),
and then determining c(x,y) by applying a spatial filter on one of the
carrier frequency components. The wrapped phase in each camera
can then be calculated according to

fðx,yÞ ¼ tan�1 Imfcðx,yÞg
Refcðx,yÞg

� �
: ð2Þ
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Fig. 1. Schematic sketch of the stereo camera system.
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In this way only one image is needed from each camera, respec-
tively, hence the measurement becomes fast.

2.2.2. Phase unwrapping

Whatever the method to extract the phase distribution the
phase will be wrapped between �p and p, hence there will be an
ambiguity in the phase that needs to be solved, i.e. the phase has to
be unwrapped. This is done by adding or subtracting 2pwhenever
there is a phase jump fromp to�p or the otherway around. Several
different methods to solve the phase unwrapping have been
described in e.g. [26,27]. The methods can be either spatial or
temporal. Spatial methods are quite straightforward if the phase is
free of error and there are no discontinuities in the object. When
encountering problems like that the temporal methods are more
suitable, this however requires several images which makes the
time for themeasurement longer.With ourmethod tomeasure the
shape no phase unwrapping is necessary. Instead the correct fringe
interval, ½�p,p�, can be found by using information about the
camera system setup and the designmodel as described in the next
subsection.

2.3. Shape determination

2.3.1. Homologous points

To be able to determine the measured shape of the object
we have to localize points in the two cameras that represent the
same point on the object. Such points on the detectors are called

homologous points. In Fig. 1 the object point P is imaged in points
P1 and P3, respectively, thus P1 and P3 are homologous points. The
homologous points can be located by comparing the phase
distributions from the two cameras and finding the points where
the phase is the same. Because of the wrapped phase, and the
extension of the fringes in the y-direction according to (1), it is
possible to find the same phase value in many detector points.
A common method to find the homologous points is therefore to
use phase-shifted fringes in order to unwrap the phase, see e.g. [8–
10]. All three of these works have solved the ambiguity due to the
extension of the fringes by projecting the fringes in two perpendi-
cular directions. In this paper, however, a different approach is used
as described below.

2.3.2. Finding homologous points

Given the pixels in the main camera and information about the
design model a first estimation is done concerning where the
homologous points in the slave camera are situated. This estima-
tion gives a relation between pixels in the main camera and points
in the slave camera. Because the estimation is done assuming ideal
pinhole cameraswe call the relation the ideal relation. Thefirst step
towards finding the ideal relation is to position the designmodel at
the center of a virtual version of the stereo camera system, cf. the
object in Fig. 1. Second, ray tracing is used from the detector in the
main camera, through its aperture and then towhere the ray strikes
the design model (see for example the line from point P1 to point P
in Fig. 1). Given the position found on the surface of the design
model the corresponding position on the detector in the slave

-f0 f00 fx

fy

Fig. 2. Captured fringe images from (a) the slave camera and (b) themain camera. The fringe period is approximately 1 mm in both images. (c) The spatial frequency spectrum

of the image from the slave camera. (All images are cropped and contrast enhanced for clarity.)
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camera,
i.e. the estimation of the homologous point, (P3 in Fig. 1) can be
found using triangulation equations.

The ideal relation is determined for a given designmodel before
themeasurements and can then be translated and rotated tomatch
eachmeasured object. The precision of thismatching does not need
to be high, hence in order to save time it is not done as rigorously
as the matching described in Section 4. With this approach the
estimated position for a homologous point in the slave camera,
given a specific object, is assumed to be within 7p from the
wanted homologous point. This makes it possible to perform a
more exact search for the homologous pointwithout having to care
about the wrapped phase. When performing the search only pixels
in the direction perpendicular to the fringes need to be considered.

If themeasured object deviates toomuch from the designmodel
the estimated position for the homologous point in the slave
camera will not be situated within 7p from the wanted homo-
logous point. This means that a wrapping error will appear and the
ideal relation will not be in accordance with the relation between
the captured images. The maximum deviation, Dz, that is possible
to measure correctly depends on the fringe period and the
geometry of the measurement system according to

Dz¼ 7
lzðL�zuÞ2

2BcþlzðL�zuÞ , ð3Þ

where lz is the fringe period on the detectorwhen anobject point of
height z is imaged, zu is the height of the object point according to
the design model and L, B, and c describe the geometry of the
measurement system and can be found in Fig. 1.

2.3.3. Shape calculation

When the positions of the homologous points are found the
position of the common object point can be determined by optical
triangulation, basically by using the uniform triangles in Fig. 1.
The positions of the homologous points give the distance a, thus
distance d can be calculated according to

d¼ a

c
L: ð4Þ

The height z can then be found from

z

d
¼ L�z

B
: ð5Þ

3. Pre-processing the design model

When the surface is measured and the object points are
obtained, we have to find a rigid body transformation of these
points so that their geometryfits the shape of the designmodel. The
method for doing that is described in Section 4. In order to obtain
the rigid body transformation fast, we must sample the surface of
the design model into a set of model points. An alternative to the
sampling of the design model is to use its surface representation
directly without any approximation, but that will take too much
time. The design model, which is represented in a CAD-system,
consists of several trimmed NURBS surface patches [28,29]. It is
computationally complicated to find the correct patch and evalua-
tion of trimmed NURBS takes a long time. The sampling of the
design model is done only once and prior to the measurement so
that the time it takes does not affect the surface matching time.

In addition to the sampled set ofmodel points, we are also using
a linear surface approximation in the neighborhood of each model
point. The linear approximation is set to be a rectangle with center
at the model point and normal parallel to the surface normal. Its
size and orientation is dependent on the surface curvature at
the model point. We are computing it from the first and the

second surface derivatives. Our model points and linear surface
approximations are used for representing the design model in the
surface matching.

4. Surface matching

We have previously discussed the surface measuring method
andhowweare pre-processing thedesignmodel. There is onemore
thing we have to consider before we can use it in an application.
That is, the method to find a rigid body transformation, a rotation
and a translation, of the object points so that their geometry fits
the shape of the design model. We cannot assume that the
digital representation of the measured surface has exactly the
same position and orientation as the design model. A transforma-
tionmust be applied on the object points if wewant tomake use of
the high measurement accuracy in the comparison and not find
deviations due to misalignment of the measured object and the
design model. An illustration is given in Fig. 3.

Finding the rigid body transformation is done by solving a
surface matching problem. We are using the iterative closest point
(ICP) algorithm for finding the solution. The object points obtained
from the measurement and the design model representation
introduced in Section 3 are used.

4.1. The ICP algorithm

A commonly usedmethod for solving surface matching problems
is the ICP algorithm, see e.g. [30–33]. The algorithmminimizes a sum
of squares. It has been proven that the ICP algorithm converges to a
localminimum. Themost basic formof the ICP algorithm is iteratively
operating by solving two problems:

� A closest point problem.
� A rigid body movement problem.

The computational time is almost proportional to the number of
used object points. One of the simplest tricks for making the ICP
algorithm faster is to use a random selection of the object points.
A new selection of object points is done in all iterations. The loss of
accuracy is small even if a small share of object points is used.

When applying the measurement on-line in production the
same design model is used several times. Hence, before the
measurements are done we pre-process the problem concerning

Model

Object points

Fig. 3. Schematic sketch of object points and model. The object points have to be

transformed so that they fit the model. Here, we are showing an exaggerated

transformation for making the sketch clearer.
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the geometrical computations for the designmodel. This is done for
obtaining the solution of the matching problem as quickly as
possible.We use the data-structure presented in [22] whichmakes
a partitioning of the space around the model points, with finer
partitioning close to themodel points. Although the pre-processing
is time-consuming it saves time. It has to be done only once before
the measurements and each surface matching problem then
becomes faster.

4.2. Robust matching

Until nowwe have discussed how to solve the surfacematching
problem by minimizing a sum of squares. This is however, not
always the optimal way to solve the problem. When the measure-
ment is done in an industrial environment using optical measure-
ments undesired occurrences might occur. Dirt on the optical
systems and reflections of light might disturb the measurement. If
the object points contain errors, the surface matching might be
unreliable. Strongly deviating object points will have a high
leverage in the matching because of the quadratic behavior of
the objective function. Due to this robust aspects must be con-
sidered. There are three general variants of robust matching.

Weighting of pairs is one typeof robustmethod, discussed in e.g.
[34,35]. Different weights are assigned to different point-pairs and
a weighted least-squares problem is solved. The weights depend
decreasingly on the point-pair inner distance, i.e. the distance
between object point and closest model point. These weights can
also dependon somequality value obtained from themeasurement
method. The pairs-weighting method does not increase any
computational cost.

A second variant of a robust method worth to be mentioned is
rejecting of pairs [34,36,37]. This method is quite similar to
weighting of pairs but with this method the weights are either
one or zero. The rejected pairs can be point-pairs with inner
distances that are more than a given distance apart. Another
possibility is to reject the n% point-pairs with the greatest inner
distance, but that requires more computations. It is not necessary
to base the rejection on just the distance; the rejection can also be
geometry dependent. That might for example be rejection of point
pairs with the model point on the model boundary.

Geometrymatchingwith robust statistics approach, e.g. [38,39],
does not minimize a sum of squares. Instead, a sum of a function r
with inner distances as input isminimized. The functionr is a non-
decreasing function which has a lower increasing rate than the
quadratic function for inputs of great magnitude. Using convex
r- functions results in better robust properties but the number of
local minima increases. Common r�functions are the Huber
function and the Hampel three-part function. With these
r�functions small deviations are minimized as a sum of squares
and greater deviations do not have as much leverage. We use this

statistical approach and solve the minimization problem with
iteratively re-weighted least-squares (IRLS) [40,39].

5. Experiment

5.1. General description

In order to test our combinedmethod tomeasure the shape of an
object and compare it to its designmodel, we created a CAD-model
and produced an object from it. The CAD-model can be seen in
Fig. 4(a) and the object in Fig. 4(b). The object is a cylinder with a
diameter of 48.0 mm that is cut to give a height of 15.0 mm. The
traces that aremilled off from the top of the object have depths 1.0,
2.0, and3.0 mmandawidth of 10.0 mm.On theCAD-model there is
only one trace of depth 3 mm. Hence, the 1.0 and 2.0 mm traces do
not exist on the model.

We have chosen to inspect the deviations between the design
model and themeasured surface at three specific regions. The regions
are marked on the design model in Fig. 4(a) as small squares with a
diagonal. They are numbered from right to left, i.e. Region 1 is at the
same position as the 1 mm trace, Region 2 is at the same position as
the 2 mm trace, and Region 3 is in the 3 mm trace. The regions
constitute only a small part at the center of the milled regions.

Our design model is given in IGES-format. The IGES-file is read
into MATLAB using the IGES-toolbox [41]. All pre-processing and
analysis are done in MATLAB using m-files and mex-compiled
C-code. The surface is sampled in a region that is slightly larger
than the region where the shape measurement is made.

5.2. Experimental setup

Our experimental setup is shown in Fig. 5. The cameras used in
the experimentswere two SonyXCL 5005, eachwith a resolution of

Fig. 4. (a) CAD-model with marked regions for comparison, (b) measurement object. The traces on the object has depths 1.0, 2.0, and 3.0 mm, respectively, and a width of

10.0 mm. Because only the 3.0 mm trace is present on the CAD-model, the 1.0 and 2.0 mm traces on the object are seen as deviations. Themarked regions on the CAD-model,

Region 1, Region 2, and Region 3, are situated on corresponding places where the 1.0, 2.0, and 3.0 mm traces are on the object.

Lens
Camera

Camera

Projector

Lens

θ

L

Lp

B

volume
Measurement

Fig. 5. Experimental setup.
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2456�2058 pixels, a pixel size of 3:45 mm� 3:45 mm, a dynamic
range of 12 bits, and an output frame rate of 15 Hz. The imaging
system consisted of 50 mm Rodagon 1:2.8 lenses, which were split
into two such that an arbitrary aperture could be positioned in the
aperture stop position.We used a circular aperturewith a diameter
of 3 mm, which gave an effective f-number of approximately f/17.
For practical reasons, 1024�1024 pixels were used, which gave a
field of view 8.83 cm�8.83 cm. The paraxial magnification was
approximately 0.04. In themeasurements performed, the exposure
time was 40 ms. The distance between the lenses, B, was approxi-
mately 370 mm, and the distance between the reference plane and
the aperture planes, L, was approximately 1300 mm. The setup
gave a measurement volume of about 1 dm3.

The projector consisted of a white lamp, an amplitude grating
withpitch0.1 mm, and a focusing lens. Theposition of the projector
was approximately 620 mm above the reference plane, Lp. This
gave projected sinusoidal fringes with a fringe period on the
reference plane of about 1 mm.

5.3. Optical shape measurement

The object was placed on the reference plane in the measure-
ment system and one image was captured simultaneously with
each camera. From the images the phase distributions were
extracted as described in Section 2.2.1 and finally, the shape was
calculated as described in Section 2.3. In Fig. 6, a dense set of object
points representing the measured surface is shown.

Asmentionedbefore an errorwill occur if the object deviates too
much from the designmodel.With the settings used in this paper a
largest possible deviation of approximately 71.6 mm is given by
Eq. (3). In Fig. 6 it can be seen that the parts of the 2 mm trace that
deviate more than 1.6 mm from the CAD-model are not correctly
detected. The 1 mm trace, however, is detected, even though it is a
deviation from the CAD-model.

The accuracy of the shape measurements, given in [23], depends
on the fringe period, the angle between the two cameras (y in Fig. 5),
and the accuracy in the phase determination, given in [23]. How
accurately the phase can be determined in turn depends on the
modulation of the fringes, different noise in the measurements and
quantization errors as described by [42]. With the settings in this
paper the accuracy of the shape measurements is estimated to be
approximately 740 mm, which can be compared with the standard
deviations in the measurements that are approximately 45 mm.

The accuracy and the largest possible deviation depend on the
fringe period in an opposite way. This means that the better the
accuracy the less deviation is possible to be detected and if one
wants to be able to detect large deviations then the accuracy in the
measurement becomes smaller.

5.4. Surface matching and results

As can be seen in Fig. 4 the object deviates from the design
model and from Fig. 6 we can see that the measured 2 mm trace is

incorrect. In order to obtain reliable comparisons at the three
regions, we transform the object points using a robust IRLS-ICP
method so that they will fit the design model as well as possible.
We use the Hampel three-part function as the r�function.

We use a random selection of 0.5% of the total number of object
points formaking the surfacematching fast. A newselection is done
in each ICP-iteration. We can use this small share because of the
great number of object points (1024�1024). The number of
iterations in the ICP-algorithm is set to 60 and that takes 0.7 s
with our computer usingmex-compiled C-code inMATLAB. The used
computer has an Intel Pentium42.40 GHzCPUand1.50 GBof RAM.

In this experiment the analysis of the result is performed by
computing the average distance between object points and design
model for all object points matched to any of the three regions.
The average distance tells us about the regional deviation of the
measured object in comparison with the design model. The
resulting deviations are given in Table 1 together with the number
of matched object points in each region.

We can see that the deviation is smallest at the 3 mm trace and
larger at the other traces, as expected. If the object were perfectly
manufactured and the measuring method were giving a totally
correct result the deviation at the 3 mmtracewould be zero. That is
however not the case mainly because the accuracy in the shape
measurements is approximately 45 mm. At the 1 mm trace the
average difference is close to 1 mm (with some margin of error) as
expected. At the 2 mm trace the difference is less than the expected
because of limitations in the measurement method and the fact
that the measured object differs too much from the design model.
We can however make the correct conclusion that it deviates from
the design model.

6. Discussions and conclusions

In this paper we have described a method for measuring
deviations between an object and its design model. To measure
the shape we used a stereo camera system with projected fringes
and the measurement was done with one simultaneous image
recording and information from the design model. This gives
possibilities tomeasure objects very fast andwith a small influence
of vibrations. Hence, the method is suitable for on-line measure-
ments in the production line. All manufactured objects have a
design model representing its ideal shape. Since in production the
same design model is used several times it is possible to pre-
process the calculations concerning the design model before the
measurements. In this way each surface matching problem
becomes fast even though the pre-processing is time-consuming.

Due to the measuring method and the system settings we can
only detect deviations within some tolerance, in our case approxi-
mately 71.6 mm. It means that if the deviation of the object is
greater than the tolerance the result is not reliable as we have seen
in the experiment, Fig. 6. However, if we find that our object
deviates with more than 1 mm it should probably be discarded
anyway. The system setting also determines the accuracy and the
measurement volume of the system. In this work the accuracy was
approximately 740 mm and the measurement volume was
approximately 1 dm3. To achieve a correct measurement it is
important that the measurement volume contains the entire

Fig. 6. Surface measurement result. As can be seen, the 2 mm trace is incorrectly

detected.

Table 1
Model comparison.

Region 1 Region 2 Region 3

Number of object points 1193 1333 1225

Average distance (mm) 0.999 1.178 0.030
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object. Besides, it is important that no part of the object is hidden or
covered with shadows because this will also result in errors in the
measurements.

When finding the surface transformation we used 60 ICP-
iterations and a random selection of 0.5% of the total number of
object points. That took 0.7 s, which is quick enough for most on-
line processes. Of course, the number of iterations and the size of
the share can be chosen in many ways. How to choose these
numbers depends on appropriate computational time, necessary
accuracy, geometry of the surface, and computer performance.

Our measurement method amounts to find local deviations
between the object and its designmodel. If the deviations are small
we will have a good result. The result will also be satisfactory if the
measuring region is smooth, even if the design model is not
perfectly aligned with the object. Edges and corners are unfortu-
nately more difficult to measure and hence their position is harder
to determine. This has two reasons. Firstly it is more likely that
parts of the surface are hidden from one camera in such regions.
Secondly a small change in the orientation of the object might
result in great deviations from the designmodel if the ideal relation
is not perfectly matched to the object orientation.

Surface measurements have a wide field of useful manufactur-
ing control applications. For example, deviation in angle between
two surfaces can be determined. Hence it can be determined if an
object has been bent or contorted. In our experiment wemeasured
the depth of some milled traces. That can of course be more
generalized. We can compare differences in levels between two
regions. So for example, if it is important that two milled traces
have the same depthwe can control that, not just compare it to the
design model and get an absolute deviation value.
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Abstract. In automotive industry there is an interest of controlling the
shape of a large number of identical components on-line in the manu-
facturing process. We propose a method to do this by capturing a digital
hologram of the object and then using information from its computer aided
design (CAD) model to calculate the shape and determine the agreement
between the manufactured object and the CAD-model. The holographic
recording of the object is done using dual wavelengths with a synthetic
wavelength of approximately 400 μm. The optical measurement results in
a wrapped phase map with the phase values in the interval [−π, π ]. Each
phase interval represents a depth distance on the object of about 0.2 mm.
The phase unwrapping is done iteratively using information from the CAD-
model. This implies that it is possible to measure large discontinuities on
the surface of the measured object. The method also gives a point-to-point
correspondence between the measurement and the CAD-model which is
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1 Introduction
In the automotive industry there is a need for quality control
of a great number of manufactured parts. Today the control is
often time-consuming and thus only a minority of the objects
are controlled. Due to this there is also a risk that several ob-
jects are incorrectly produced before an error in the process
is detected. This means that there is an interest in finding
a measurement method that can make the quality control
on-line in the process and is fast enough to enable mea-
surement of all manufactured components. The aim of this
work is to measure the shape of an object by using digital
holography and to adapt the method for on-line measure-
ments of a large number of identical components, which is
a typical case in the automotive industry. The measurement
of the shape should result in a digital surface representation
consisting of a large number of object points which can be
compared to the computer aided design (CAD) model of the
measured object.

As described by Li and Gu1 there are two principal tech-
niques for measuring the shape of an object; contact measure-
ment and noncontact measurement. Contact measurements
are normally done using a pre-produced measurement jig or
a coordinate-measuring machine (CMM).2–4 The noncontact
measurements are usually done using optical methods. Dif-
ferent optical methods and some of their applications are
described by Chen et al.5 and by Gåsvik.6

Compared to a CMM the optical methods are usually fast,
often because they can measure several points, i.e. full-field,
at once. Depending on the choice of measurement technique
the measurements can also be robust and accurate. We have
chosen to work with digital holography using two different
wavelengths.7 In the measurement setup the illuminating and

0091-3286/2011/$25.00 C© 2011 SPIE

viewing directions are the same, which means that all visible
parts of the surface are illuminated and that the light is scat-
tered back to the camera detector. Problems may, however,
appear if the object has high reflectivity since this could result
in specular reflections. Examples of multiwavelength digital
holography applications and its pros and cons are given by
Mann et al.,8 Fu et al.9 and Wada et al.10

The output from the holographic measurement is a
wrapped phase map representing the shape of the object. The
task is to unwrap this phase map so the digital representation
of the measured surface can be obtained. There are many
proposed ways to perform phase unwrapping.11–14 We have
chosen to use the fact that the expected shape of the object is
known, i.e., that there exist a CAD-model describing the ob-
ject. By using information from this CAD-model it is possible
to unwrap the phase map even though the measured surface
is not necessarily smooth and may contain discontinuities.
In this way it is also possible to use only one holographic
image. However, since the measured object is not in exactly
the same position and orientation in all measurements, we
first have to match the phase map to the CAD-model. This
is done in a proposed iterative process by finding a rigid
body transformation15 and acquire corresponding points on
the CAD-model16 by using the obtained transformation. The
iterative process uses the ICP-algorithm15 (iterative closest
point algorithm) that is used in combination with a recon-
struction algorithm to unwrap the phase map. Feldmar and
co-workers17, 18 are solving a similar registration problem in
a perspective projection. However, that is on the contrary to
our research since we are doing the registration in R

3 and use
the perspective projection for obtaining the object points.

There are many applications for shape measurement meth-
ods. One of them, probably the most well documented one,
is inspection of free-form surfaces. There exist a lot of
papers discussing the inspection problem.1, 19–22 Doing the
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inspection automatically and on-line in a manufacturing pro-
cess has many benefits. The result can, for example, be used
to tune the manufacturing process automatically in earlier
stages.

In Sec. 2 we start by describing how the phase map of
the measured object is obtained. For making it possible to
match the phase map with the CAD-model quickly we are
doing a pre-process described in Sec. 3. The iterative phase
unwrapping is described in Sec. 4.

2 Holographic Shape Measurement

2.1 Dual Wavelength Holographic Recording
We use a holographic method where two digital holograms
are recorded using two different wavelengths.7 From the
holograms the complex amplitudes, U1 and U2, are calcu-
lated. By looking at the interference term

W = U1U ∗
2 (1)

between the two complex amplitudes one can calculate the
phase difference according to

ϕw(u, v) = tan−1

(
Im{W }
Re{W }

)
, (2)

where (u, v) are coordinates on the detector. This phase dis-
tribution is wrapped, thus the subscript w, and the width of
each fringe, i.e., 2π , correspond to a depth difference, δ, on
the object given by

δ = 1

(1 + cos θ )
�, (3)

where θ is the angle between the illumination and viewing
direction. In our case we aimed at keeping this zero. � is
called the synthetic wavelength and it depends on the two
wavelengths used in the measurements according to

� = λ1 λ2

|λ1 − λ2| . (4)

By unwrapping the phase distribution and using Eq. (3) the
shape of the object can be calculated, see Sec. 4.

In our application it is of interest to perform the measure-
ments quickly in order to freeze mechanical disturbances and
to be able to use it on-line. To speed up the measurements
only one image recording can be used. This is possible if
one has two lasers with different wavelengths and if one uses
different angular offsets between the reference light and the
object light for the two wavelengths.23

2.2 Experimental Setup
To test the possibility of the unwrapping strategy suggested,
the laboratory-based experimental setup shown in Fig. 1 was
built up. The camera used in the experiments was a PCO
Sensicam (double shutter) with a resolution of 1280 ×1024
pixels, a pixel size of 6.7 μm × 6.7 μm and a dynamic
range of 12 bits. The imaging system consisted of a 75-mm
single lens, L . In front of the lens we placed a rectangular
aperture with a width of 2.0 mm and a height of 7.5 mm.
The size and the shape of the aperture were chosen such that
the Fourier spectrum is resolved by the camera and to achieve
a maximum use of the available frequency spectrum.24 In
the measurements performed, the exposure time was 1 s.
The distance between the object and the detector, OD, was
approximately 365 mm.

Fig. 1 Experimental setup of the holographic measurement system
and a Michelson interferometer. L is the lens with the aperture in
front of it, M1 and M2 are mirrors, and OD is the distance between
the object and the detector.

A single mode laser diode from Sanyo with an out-
put power of 20 mW was used. The diode is tempera-
ture and current controlled which makes it possible to tune
the wavelength between 638 and 645 nm by changing the
current and the temperature. In this work the wavelengths
λ1 = 640.51nm and λ2 = 641.55nm were used which gave
a synthetic wavelength � = 395μm according to Eq. (4).

To determine the absolute wavelength of the laser diode
a comparison between the diode light and the light from a
HeNe-laser (λHeNe = 632.8nm) is done in a Michelson in-
terferometer. By using the light that was wasted in the beam
splitter in front of the object in the holographic setup this
could be done without altering the experimental setup. The
light from both the laser diode and the HeNe-laser was led
into the Michelson interferometer, see Fig. 1. When the mir-
ror, M1, in one of the interferometer arms was translated,
a superposition of the two waves is captured on the detec-
tor, resulting in a beat frequency and a carrier frequency. The
wavelength of the laser diode can be determined by looking at
this superposition and calculating the total number of beats,
Nb, manually and determining the total number of fringes,
Nfr, by calculating the total phase change and divide by 2π .
Assuming that Nb � Nfr and since we know that the wave-
length of the HeNe-laser is shorter than the wavelength of the
diode the wavelengths of the laser diode can be determined
to be:

λdiode = λHeNe
Nfr

(Nfr − Nb)
, (5)

The holographic recording could then be performed just by
blocking the HeNe-laser.

Our measurement object is shown in Fig. 2(a) and its
CAD-model is shown in Fig. 2(b). The object is a cylinder
with a diameter of 48.0 mm that is cut to give a height of
15.0 mm. The traces that are milled off from the top of the
object have depths 1.0, 2.0, and 3.0 mm and a width of
10.0 mm. Due to the low power of the diode we have chosen
to measure only a small part of the object in the vicinity of
the 1-mm trace.

From the measurements a phase map is achieved accord-
ing to Eq. (2), see Fig. 3. In this phase map the dimensions
are 18.5 mm × 18.5 mm and each fringe correspond to a
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Fig. 2 (a) Measurement object and (b) the CAD-model.

depth difference on the object of about 0.2 mm according
to Eq. (3).

3 Geometry and Pre-Processing

3.1 Perspective Geometry
In the experimental setup (Fig. 1) the illuminating light is
divergent. This means that the beams far from the optical
axis have a longer optical path length than the beams at the
optical axis when measuring a flat surface. Because of that
we are using a perspective projection as a computational
model, see Fig. 4, with a perspective eye r0 corresponding
to the origin of the divergent light and a projection plane
with parameters (u, v) that corresponds to the detector plane.
The perspective eye r0 is set on the z-axis and the projection
plane is set parallel to the xy-plane 1 mm below r0. From
a calibration we found out that our r0 is placed on a height
of 380 mm above the xy-plane. The digital representation of
the surface of the measured object is a set of object points,
{p}. In our computational model we assume that the phase
map with wrapped phases ϕw = ϕw(u, v) in Fig. 3 originates
from

ϕw = 2π

δ
η − π, (6)

where η = ‖p − r0‖2 modulo δ. The object point p lies in
the direction d = d(u, v), ‖d‖2 = 1 from r0.

Fig. 3 Measured phase map. Each fringe corresponds to a depth
difference δ = 0.20 mm and the dimensions of the image is 18.5 mm
×18.5 mm.

Fig. 4 Perspective projection in the measurement system.

3.2 Pre-Processing the CAD-Model
To acquire a digital representation of the measured surface
fast in repeated use, we are pre-processing the CAD-model.
The used CAD-model is shown in Fig. 2(b). We are only
measuring the segment around the 1.0-mm trace, so we do
our pre-processing on the surface in an area covering slightly
more than the measured segment. The CAD-model consists
of several trimmed non-uniform rational B-splines (NURBS)
surface patches.25, 26 These trimmed NURBS surfaces are a
convenient representation of free-form surfaces in storage
aspects, but not with respect to fast computations. To save
time we are, therefore, using a point sampling of the surface.

A perspective view of the pre-processed surface is shown
in Fig. 5. The perspective is the same as in the measurement
set-up (Fig. 4) and in this view we store the sampled model
point representation of the CAD-model surface and also a
sampled surface normal representation. These sampled rep-
resentations will be used in the phase unwrapping. In Fig. 5
the gray-scale values are given by distances from r0 to the
sampled model point set.

We are describing the details of the procedure to acquire
the object points {p} in Sec. 4.1. The phase map values, to-
gether with model points and surface normals are used. Since
the measured object is not perfectly aligned to the CAD-
model, the object points must be transformed with a rigid

Fig. 5 CAD-model in perspective view.
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body transformation so it fits the CAD-model. For making
this procedure fast we are creating a DVG-tree27 (distance
varying grid tree). The DVG-tree is used for finding the clos-
est point in a sampled set of points.

All the pre-processing takes some time but it has to be done
only once. Using the pre-processed information will result in
a quick acquisition of the digital surface representation from
the phase map.

4 Iterative Phase Unwrapping

4.1 Theory
To perform the phase unwrapping iteratively by using the
CAD-model, phase differences between phases from the
measurement and the corresponding phase on the CAD-
model are used. Since the measured object is not in exactly
the same position and orientation in all measurements, we
cannot unwrap the phases only once just by using the model
and the phase differences. We must be sure that the phase
values in the phase map correspond to almost correct posi-
tions on the CAD-model. This is why we are doing the phase
unwrapping iteratively. An advantage when doing the phase
unwrapping with usage of the CAD-model is that we can
handle surfaces with sharp discontinuities and large height
differences.

There are many ideas on how phase unwrapping could be
done, often depending on the different applications where the
unwrapping problem appears. One example is model based
phase unwrapping,11, 12 where a parameter estimation of the
model is done resulting in the unwrapped phase. Another way
to unwrap the phase is to solve an optimization problem13

over phase value differences. A nonlinear cost flow problem
on a network is minimized. Common to these methods is
the assumption that the unwrapped phase is a continuous
function or that it has small discontinuities. There are also
methods handling discontinuities in the unwrapped phases,28

but even then the discontinuity jumps cannot exceed an upper
limit.

Iterative phase unwrapping, which we are using, is done
in combination with the ICP algorithm15, 29–31 with a robust
approach32, 33 based on iteratively re-weighted least squares
(IRLS). The ICP-algorithm is an algorithm for fitting a point
set to another point set by applying a rigid body transfor-
mation. The IRLS-method is a robust method to reduce the
influence of strongly deviating points. The result of the ICP-
algorithm is a “best” fit in geometrical meaning of the two
point sets. In Algorithm 1 the outline of the phase unwrapping
algorithm is given.

It consists of one initial stage and two reiterated stages:

� Construct initial object points.
� Run ICP, one iteration.
� Reconstruct object points.

Instead of using two distinct stages in the iteration the re-
construction can, with an advantage be inserted in the ICP
algorithm. By doing that a data storage problem is avoided.
The description does, however, become clearer when consid-
ering two separate iteration stages.

For given parameters (û, v̂) the corresponding point on
the CAD-model in the direction of d from r0 is denoted x.
A method to acquire x is described by Bergström16 where
rigid body transformation relations in perspective geometry

is considered. The phase value ϕmodel for the model point x
is computed as

ϕmodel = 2π

δ
ϑ − π, (7)

where ϑ = ‖x − r0‖2 modulo δ. The difference, ϕ
, between
the phase map value and the phase value on the CAD-model
is obtained according to:

ϕ
 = ϕw − ϕmodel, (8)

made to be within [−π, π ]. The object point corresponding
to (û, v̂) is

p = x + ϕ
 δ

2π
d. (9)

In the initial stage a construction of the object points (in
R

3) is done. We are assuming here that the phase map of
the measured surface and the perspective projection of the
CAD-model is aligned in the same position. Or at least that
we know an initial transformation so the phase map fits the
CAD-model in perspective approximately. Output from the
initial stage is a set of object points {p}, which might contain
some errors caused by usage of an incorrect phase interval.

The first iterative stage is to use the (robust) ICP-algorithm
with one iteration for finding a rotation and translation so the
object points fit to the CAD-model better. The second itera-
tive stage is reconstruction of the object points, which now

Algorithm 1 Iterative Phase Unwrapping.
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Fig. 6 (a) initial deviations (mm) and (b) final deviations (mm) after using Algorithm 1 with 5 iterations.

can be done with less phase errors because of the transforma-
tion from the ICP-algorithm. The new reconstructed object
points are better fitted to the CAD-model, thus the digital
representation of the measured surface is better than the one
we had before.

Algorithm 1 gives a set of object points which are closely
aligned to the CAD-model. If the achieved object points
has no phase interval error, Algorithm 1 will work just like
an ordinary ICP-algorithm since the reconstruction will not
give any “better” object points. In such a situation the ICP-
algorithm will be more computationally efficient. The ICP-
algorithm has a very fast convergence in the start so Algo-
rithm 1 will not need that many iterations to achieve object
points without phase interval errors.

We started by assuming that the digital representation of
the measured surface and the CAD-model was aligned in the
same position or that we approximately knew the similarity
transformation between them. This assumption implies that
the measured object must be roughly in the same position and
orientation in all measurements. How well-oriented it has to
be depends on the synthetic wavelength � and the geometry
of the object. If the digital representation and the CAD-model
is not aligned, the phase-errors will be too influential and the
transformation obtained from the ICP-algorithm will not be
reliable. Some phase-errors are however, acceptable since
we are using a robust approach of the ICP-algorithm. As
long as a majority of the object points are correct the robust
ICP-algorithm will converge, and hence also Algorithm 1.
If we do not know anything about the initial alignment we
first have to use another method to find an initial similarity
transformation.

Just like the model based phase unwrapping methods, we
are also using a model but a different kind. Our model is not
any sum of continuous basis functions, it is an arbitrary free-
form surface representing the ideal shape of the measured
surface and we are finding a transformation such that it fits
our phase-map in the perspective projection. The measure-
ment method gives the shape of the object and can also be
used to find differences of the shape in comparison with the
CAD-model. If the surface of the object differs more than δ/2
from the CAD-model the result will be incorrect. In a man-
ufacturing process, the produced items are almost identical
to their CAD-model. There are just some small differences
but the tolerance is rigorous. Such produced objects can be
controlled with our presented method.

4.2 Results
The phase map matching is performed with the phase map
in Fig. 3 obtained in Sec. 2.2. Algorithm 1 is used with 5
iterations for matching the phase map to the CAD-model.
The robust IRLS-ICP approach32 is used with the Huber
function.33 The Huber parameter is set to k = δ/3. Since the
object points are acquired from the CAD-model and the phase
map, Sec. 4.1, the maximum deviation between the object
points and the CAD-model is δ/2. Hence, the Huber function
is only reducing the influence of the most deviating object
points. We must have 0 < k < δ/2, otherwise the robustness
will have no sense.

Initial deviations and deviations after 5 iterations in com-
parison with the CAD-model is shown in Fig. 6. The de-
viations are the distances between the CAD-model and the
object points in the direction of the corresponding direction
d(u, v). The resulting surface representation shaped by the
object points after 5 iterations with Algorithm 1 is shown in
Fig. 7.

In the initial difference map [Fig. 6(a)] we can see that
there are phase errors, appearing as a false discontinuity,
in the left (and right) bottom corner. The color is white
(difference 0.1 mm = δ/2) that suddenly changes to black
(difference –0.1 mm = −δ/2). After 5 iterations this false
discontinuity is gone [Fig. 6(b)]. At the left and right edges
in Fig. 6 there are still some phase errors due to the fact that
the fringes at this position in Fig. 3 are less accurate. The

Fig. 7 Representation of measured surface.
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reason for this is that a big part of the light is specularly
reflected away from the detector and our laser source does
not have enough power to compensate this loss of light.

5 Discussions and Conclusions
We have described a method for controlling the shape of
a manufactured object by using digital holography. For
the measurements two wavelengths were used and we
have chosen to capture the two images in sequence. This
is possible because the measurement object is stationary
in this laboratory-based test and the speed requirement
in our experiment is not limiting. If there is a need for a
faster measurement, e.g., to make the method less sensitive
for vibrations and thus more suitable for an industrial
manufacturing on-line environment, it is possible to use both
wavelengths in the same image recording. This can be done,
if one has two pulsed lasers with different wavelengths,
by using different angular offsets between the reference
light and the object light for the two wavelengths and then
filter out each wavelength in the Fourier spectrum of the
image.23 In the proposed measurement setup we image the
object in the same direction as it is illuminated. This means
that we do not get any shadowing effects and everything that
is illuminated can also be detected by the camera. An advan-
tage with the combined viewing and illumination direction
is also the possibility to measure shapes in narrow regions.

In this paper only a small fraction of the entire object has
been measured. The main reason for this is that the tunable
laser diode that we used has low power and thus we do not
want to expand the light more than necessary. We also have
a loss of light due to specular reflection from the curved
surface of the object. The use of a small aperture, typical at
the Fourier filtering method, also reduces the amount of light
on the detector.

The accuracy of the shape measurements depends on how
accurately the phase and the two wavelengths can be deter-
mined. The accuracy by which the phase can be determined
depends on the modulation of the fringes, different noise in
the measurements, and quantization errors.34 The absolute
wavelength of the tunable diode laser was, as described in
Sec. 2.2, determined by using a HeNe-laser and a Michelson
interferometer. Even though this method is quite accurate
there might be some errors in the wavelengths mainly due
to instabilities of the laser diode, i.e., that the wavelength
changes between the determination in the Michelson interfer-
ometer and the holographic recording. Possible wavelength
errors can also be due to inaccuracies in the determination of
the total number of fringes Nfr that has passed the detector
in the Michelson interferometer during the wavelength de-
termination. By using the propagation of error formula for
Eq. (5) the error in the wavelength determination becomes
approximately ελ = 0.0025nm if one assumes that the error
in Nfr is at maximum equal to 1 fringe and that no error is
present in the determination of Nb. An error of this order will
in a similar way give an error in the syntethic wavelength of
about ε� = 1.4 μm. In our setup this means that the error
in a measurement of the height 1 mm will be approximately
3.5 μm.

The result from the digital holography was a phase map
that had to be unwrapped. The phase unwrapping was done
iteratively using information from the CAD-model of the
measured object. To do this an algorithm was developed to

match the phase map with the CAD-model in perspective.
After that the phase was unwrapped by comparing it with
phase values that were applied on the CAD-model. To get
reliable results the placement of the measured object cannot
deviate too much from the position and orientation of the
CAD-model. If the placement deviates too much some other
coarse method has to be used to find an initial similarity
transform before our proposed method starts. How much it
can deviate depends on � and the geometry of the CAD-
model. In the start of our algorithm a majority of the initial
object points must be unwrapped correctly so most of the
deviations must be within ±δ/2.

The usage of the CAD-model in the unwrapping implies
that it is possible to measure large discontinuities on the sur-
face of the measured object. Additionally, a point-to-point
correspondence between the measurement and the CAD-
model is achieved which is vital for tolerance control. In-
formation about the measured shape can, for example, be
used to obtain slopes of the surface making it possible to
report if the object is bent or skewed.
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Abstract: Today there are a lot of vehicle and tyre testing carried

out on lake ice surfaces. Thus, it is important to have knowledge

about parameters that affect roadgrip. The thesis is that ice roughness

and hardness are two important parameters that affect roadgrip and

that both of them are changing with temperature. Roadgrip has been

divided into friction and physical interlock. Friction originates mainly

from hysteresis and adhesion. Physical interlock is when edges on a tyre

interact with surface roughness, like a gear. Physical interlock could

also be a result of deformation and indentation made by a tyre into an

ice surface.

A steel ball drop indentation test was used to measure ice hardness.

Measurements of ice roughness were made using an optical sensor

with three IR-diodes. Surface temperature was measured with an IR

thermometer. Reference measurements were performed with an RT3

Curve. Most of the measurements were performed on three outdoor

ice surfaces. Additional ice roughness measurements were made on two

tempered ice surfaces in an ice hall.

Results show a clear connection between ice temperature and other

parameters, in consistence with the thesis.

Copyright � 2009 Inderscience Enterprises Ltd.
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1 Introduction

Winter testing of vehicles includes driving on special proving grounds that contain
both land and frozen lake tracks. Naturally grown lake ice, columnar ice, is usually
available if the top layer, granular snow ice, is scraped off. Shaving and adding
thin water layers with different types of ice machines makes the ice flat and
suitable for vehicle tests. In a perfect world ice conditions should stay constant
ensuring the repeatability during long test series and in later tests. This is of course
difficult on an outdoor proving ground because of weather conditions that affect
tests (Skouvaklis et al.; 2012), (Ella et al.; 2013), (Roberts; 1981). It is therefore
important to, as far as possible, control and minimize variations that affect the
tests.

The main parameter of interest is in this paper called roadgrip, it is the
combined tyre to ice grip including both physical interlock and friction forces. In a
resent laboratory study where edge effects between ice and rubber was eliminated,
it was shown that the temperature influence on the friction force was smaller when
the ice roughness was increased from 6 to 120 micron (Fransson et al.; 2011). In
static tests (or low velocities), friction varied with temperature by a factor of four
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when the ice was flat, an effect that was not as drastic when the ice was rough.
Results indicated that it is possible to increase friction forces at -3�C by the means
of grinding or scratching flat ice.

This is important results because today many vehicle tests take place on
lake ice under the influence of changing weather conditions. As the laboratory
measurements showed it was possible to make the physical interlock the main
contributor by roughen the ice surface. Outdoor tests (Engström et al.; 2008) using
a standardize method for shaving the ice showed that the same is true in cold
conditions between -16�C and -5�C. The idea within this paper is to investigate if
this still is the case when the air temperature is closer to 0�C.

Roadgrip and main forces affecting it are defined in section 2. In section 3
affecting ice parameters and associated measurement principles are described.
Conditions for the fieldtest and performed measurements are given in section 4
and section 5, respectively. Finally results and discussions are given in section 6
followed by conclusions in section 7.

2 Theory

Roadgrip is one of the most important factors when driving vehicles. This
parameter determines if we can generate forces to propel the vehicle forward and
it also affects direction changes and braking properties. Roadgrip depends on a
large number of physical and surface chemical interactions, i.e. system parameters.
Based on the degree of importance for roadgrip on an icy winter road the most
dominant system parameters have been included in Eq. 1

Roadgrip = Fμ + FPI , (1)

where Fμ is the frictional forces and FPI is the forces originating from physical
interlock, see Figure 1 .
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Figure 1 General image of traction between tyre and ice.

The frictional forces comprise several phenomena were adhesion and hysteresis
are considered most important. Adhesion is the force between two surfaces that
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occurs when the molecules of the two surfaces interact between each other with
van der Waals forces. The contact between rubber and ice are referred to as
either “dry contact” or “wet contact”. In a controlled environment it is a graduate
transformation from dry to wet when the ice surface is warmed up to -3�C by
humid air (Roberts and Richardson; 1981). In (Rosenberg; 2005) the “water like
layer” on ice crystals in contact with air, i.e. the “wet contact”, is described.
This water like layer exists from -35�C and its thickness increases rapidly with
ice temperatures between -6�C and 0�C, causing significant reduction in adhesion
between tyre rubber and ice. Another property that affects both adhesion and
hysteresis is the total contact area between ice and rubber. The total contact area
depends on number and size of the asperities of the ice, which can be measured as
the micro roughness of the ice. The total contact area also depends on the rubber
hardness.

Forces originating from physical interlock depend on ice macro roughness, ice
hardness, ice yield strength and tyre properties. Macro roughness, i.e. ice roughness
in the order of millimeter or more, can result in large changes of roadgrip due
to physical interlock. An example of macro roughness is open pores in the ice,
which will contribute more to the physical interlock forces then the micro structure
asperities affecting the adhesion. Physical interlock forces also depend significantly
on how well the ice surface fits the thread pattern of the tyre. A perfect fit between
tyre and ice totally eliminates any need of friction forces and will produce high
levels of roadgrip. Ice hardness is probably one of the most neglected parameter in
ice testing.

An example of a very hard ice surface is cold ice caused by freezing rain on a
concrete pavement. It is well known that hardness decreases close to the melting
point because hydrogen bonds between ice crystals will loosen up. Temperature
related hardness is affected more in snow compressed ice and flooded ice than
natural lake ice. As long as the ice surface is free from contaminants, e.g. snow,
slush or water, a soft ice will be more likely to produce physical interlock forces
then a hard ice. This is due to higher possibilities of depression into the ice surface,
especially if the rubber is hard and there is a high inflation pressure. The result of
a soft ice is a relatively good roadgrip independent of friction forces.

3 Measuring principles of roadgrip and ice parameters

The ice parameters affecting roadgrip described in the previous sections are
measured using various equipments. In this section descriptions of these
equipments are given.

3.1 Roadgrip

Engström et al. performed a combined roadgrip and friction test on lake Kakel, see
(Engström et al.; 2008), where several different continuous measurement devices
were compared. It was found that the RT3 curve correlated best with real cars. A
significant part of the correlation was due to the fact that the RT3 curve utilized
regular winter tyres.

The RT3 Curve from Halliday Technologies Inc. is a low lateral slip, roadgrip
and certified airport friction measurement device, (Halliday Technologies Inc.;
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2010b) that was used to measure the differences in roadgrip during the test. In
Figure 2, the RT3 Curve can be seen with the fiberglass cover removed for a
better view of the GEM hubs (Grip Evaluation and Management) and the general
design. The RT3 Curve is a three-wheel system with two measuring wheels (2)
of type Bridgestone Blizzak Nordic WN-01 and one wheel for transportation (7).
The center transport wheel acts as ballast weight to the measurement wheels
when raised. The RT3 Curve can be attached to a vehicle capable of accepting
a tow hitch weight of 600 lb. (273 kg). During the tests roadgrip data is relayed
continuously to an in cab control panel for immediate operator surface roadgrip
awareness. Data is simultaneously sent to a laptop for logging or, if desired, to a
remote web site through a mobile device with a internet connection.

Figure 2 RT3 Curve without cover. (1) Main GEM hub, (2) left measurement tyre,
(3) shock absorber, (4) steering dampener, (5) angular limiting chain, (6)
rotational center, (7) center transport wheel, (8) weight transfer yoke, (9)
hydraulic module, (10) right hand side wheel mount, (11) swing arm pivot,
(12) adjustable wishbone bearing, and (13) antiroll bar.

Listed below are the data types available and utilized from the RT3 Curve:

1. Distance traveled [feet]

2. Roadgrip from left, main, measurement wheel [HFN]

3. Roadgrip from right measurement wheel [HFN]

4. Average roadgrip from both measurement wheels [HFN]

5. Speed [mph]

HFN, Haliday Friction Number, is a roadgrip value given by (Halliday
Technologies Inc.; 2010a). The value is based on a linear scale, where 0 N of lateral
force on the load cell equals 0 HFN and 533 N equals 85 HFN.
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3.2 Surface roughness

To measure the change of ice surface roughness, a Road eye sensor is used. The
Road eye sensor is an optical sensor that can be mounted on vehicles and it is used
mainly for road condition classification (Casselgren et al.; 2012), i.e. to separate
different phases of water (wet, ice and snow) on roads. However, it can also be
used to estimate the roughness of the surface. The sensor consists of three laser
diodes with the wavelengths λ1=1550 nm, λ2=1310 nm and λ3=980 nm and the
backscattered light for each of the wavelengths are measured with a photo detector.
As the phases of water reflect light differently due to absorption and scattering it is
possible to draw conclusions about road conditions. The classification of different
road conditions is mainly based on the differences in absorption between the three
wavelengths. The classification of surface roughness, on the other hand, is mainly
based on the changes of the reflected intensity levels of only one wavelength.

In addition to the Road eye used in the field tests an improved Road eye with
two detectors have been tested in an indoor ice rink in Boden, Sweden. The reason
for this was to examine if it is possible to measure the micro roughness of ice
and to do this in a more controlled environment. The measurements were done on
two different ice surfaces using an illumination direction of 27.5� in respect to the
surface normal. The second detector was positioned in the specular direction. The
results for both the backscattered reflection and the specular reflection for eight
different positions on the ice are presented in Figure 3. Measurement set 1 - 4
are measurements done on unmodified ice rink ice and measurement set 5 - 8 are
done on ice that has been rubbed with an emery cloth (no. 60, i.e. average particle
diameter is 265 μm).

Figure 3 The mean value for each measurement set. Measurement sets 1-4 are from
the standard ice rink ice, and 5-8 are from the ice that was rubbed with the
emery cloth.

The measurements show that the backscattering signal increases when the
ice surface becomes rougher. One can also see that the opposite is true for the
specular signal. This is consistent with the theory of smooth and rough surfaces
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resulting in specular and diffuse reflections respectively. The conclusion from these
measurements is that this kind of micro roughness can be measured using only the
backscattered reflection, which is what is done with the Road eye sensor that is
mounted on the test vehicle.

3.3 Ice hardness

Ice hardness is usually measured from a loading test where a ball or a sharp object
is pressed down into the ice. The ice indentation depth is a function of contact
time, thus one has to separate tests with long contact times, 1 s or more, from
dynamic tests where contact time is in the order of 10−4 s. At normal speeds the
contact time between tyre and road is only milliseconds (10−3 s) and dynamic tests
is therefore of higher relevance. Dynamic hardness tests can cause both crushing
and cracks of ice. Based on drop ball tests on cold pure ice hardness ranging from
10 MPa to 65 MPa has been reported (Roberts and Richardson; 1981). Besides
the dependence of contact time, size of contact area is also of importance. For
example, special tools like small drop-cones have been used mainly in an attempt
to imitate impact from studded tyres.

By assuming that the crater is formed as a result of plastic deformation, the
hardness, H, can be evaluated as the potential energy divided with the volume, V ,
of the plasticized ice

H = mgh/V. (2)

In Figure 4 impact from the steel ball is shown as a white crater. The volume
can be calculated as:

V (d) = π(
2

3
R3 − 1

12
(4R2 − d2)3/2 − d2

8

√
4R2 − d2) (3)

where d is crater diameter and R is steel ball radius.

Figure 4 Crater into ice surface from impact test with steel ball.
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4 Field test on a dedicated test track

Field tests of roadgrip were performed on Arctic Falls proving ground at lake
Lillkorsträsk, Älvsbyn, Sweden, march 7, 2012. Test series consisted of two runs
on the ice road every 15 minutes. Each run were made in the same direction at a
speed of 20 km/h and the effective measuring time was about 60 seconds (sampling
rate 20 Hz). Forty runs were recorded between 08:15 and 13:00 and two additional
runs were recorded at 14:00, giving a total of 42 runs. The day was mostly cloudy,
but the sun broke through shortly at 11:15. During the day wind speed was 4 m/s
and the air temperature was -1�C.

Figure 5 The RT3 Curve roadgrip testing device on the test track. The test track
consisted of three different areas; A, B and C.

In figure 5 the test track can be seen. It consisted of three ∼50 meter long
areas with different ice surface roughness, areas A - C. All test areas were made of
flooded compressed snow on top of lake ice. A structure sample of this unprepared
base surface can be seen in Figure 6, the snow-ice layer was quite porous with
a pore size of 2 - 5 mm. The selection of base surface is a result of many years
of experience. It has been found that roadgrip is stable on a hard slightly porous
surface. This particular base surface gives a range of possible surfaces ranging from
fair roadgrip to potentially high roadgrip depending on preparation method. Pores
in the ice results in fair roadgrip even on very smooth ice.

4.1 Area A – smooth ice

Area A was shaved the day before the tests and had been subjected to daily
temperature variations with no or little melting. One hour before the tests begun
area A was brushed off with a large rotational brush. This method leaves a small
amount of debris on the surface that will impact results during the first runs. In
regular tyre and car testing a few runs are performed before the measurements
start, however, this time the measurements started directly.
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Figure 6 A sample of the base surface structure. The composition of compressed and
flooded snow is forming a structure of ice and snow with a pore size of
2-5 mm.

4.2 Area B – very smooth ice

On the evening before the tests, area B was flooded with a thin layer of water that
froze quickly, open pores and dry cracks were closed. This made area B smoother
than area A. During the night a thin layer of frost formed on area B, which was
not brushed before test.

4.3 Area C – rough ice

Just before the roadgrip tests, area C was scraped with a blunt steel blade
and brushed with a rotating brush. This treatment made the ice rougher with
longitudinal scrape marks and it also left some crushed ice in open pores and
cracks.

5 Measurements

During all test runs measurements of the different parameters described in section
2 and 3 were performed using several devices, most of them mounted on the test
vehicle, a Volvo XC90. Reference measurements were also done using a RT3 curve.
All data were logged on a laptop. A short description of the different devices and
measurements follow.

5.1 Racelogic VBOX 3i

The Racelogic VBOX 3i is equipped with one GPS and an inertial measurement
unit (IMU) and it was used to keep track of vehicle speed during tests. The
GPS antenna is placed at the centerline on the XC90 roof, about 100 mm behind
the front seats. The IMU is placed straight under the GPS antenna, on top of
the center tunnel. The IMU enables calculations of position when the GPS loses
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connection. The idea was to use the VBOX to align measurement data from all
devices. However, accuracy of the VBOX was 3 m and proved to be too inaccurate.

5.2 Temperature measurements

In order to get fast and relevant surface temperatures along the test track during
tests an IR-sensor, a PyroUSB with climate controlled housing (Calex Electronics
Limited; 2009), was used. The IR-sensor is placed in the luggage compartment of
the XC90, directed towards the road surface through a hole in the floor. The signal
from the sensor is sent to the laptop through the VBOX. A VBOX 3i accepts
only analog DC voltages as input, therefore a precision resistor is used to change
the 4 - 20 mA signal into a voltage signal. Ice surface emission factors, which
influence IR-measurements, has not been established for each individual surface.
As a reference, ice temperature was also measured using a contact thermometer
on a spot at the side of the track.

5.3 Surface structure measurements

A Road eye with one detector is mounted in the XC90. It is directed towards the
ground in a 45� angle. IR-light from the three diodes illuminates an area in front
of and in line with the right tyre of the RT3 Curve. The detector is connected to
the laptop where changes in back reflected intensity are used to evaluate changes
in micro structure on the ice surfaces.

5.4 Hardness measurements

During the roadgrip tests a steel ball with radius R = 25.0 mm and mass
m = 510.4 g was dropped from a height of h = 1.00 m onto the ice surface. Three
to five drops were made each hour during the test period and the ice hardness
was determined using eq. 2. Crater diameters was determined with an accuracy of
±0.5 mm, which results in a hardness accuracy of ±1.5 MPa.

6 Results and discussion

Figure 7 show results from Road eye measurements. The response of the Road eye
sensor differs between areas A, B and C for all three wavelengths. This indicates
a difference in surface roughness, similar to indoor measurements described in
section 3.2. The possibility to distinguish between different surfaces, is used to
synchronize measurements from all sensors. For all sensors, an average value is
calculated based on the two runs performed in the same 15 minutes interval.
Resulting in a total of 21 measurement pairs for each sensor. Measurement pairs
for area A and C consist of 160 data points and area B’s pairs consist of 60 data
points.

Results for roadgrip and ice temperature is shown in Figure 8. Ice surface
temperature increased from -7�C to -3�C and roadgrip decreased from 70 to 45
HFN. Ice temperature increase was caused by a front of relatively warm air heating
the ice surface by convection. Roadgrip decrease was caused by rising ice surface
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Figure 7 Raw data for all three Road eye signals, from 8:15-14:00 made at test areas
A, B and C.

Figure 8 Average IR-temperature and roadgrip values for the 21 measurement pairs,
calculated for areas A, B and C.
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temperature. In the figure, ice temperature is almost the same for all surfaces, the
slightly lower ice temperatures measured in area C is probably due to a change
in emission factor. Roadgrip levels are approximately the same in areas A, B and
C. The reason for this is that the physical interlock factor for all surfaces was too
small to overcome the friction reducing effects of increased ice temperature, i.e.
roadgrip depended mainly on ice temperature during these tests. A reason for low
roadgrip in the first measurements was caused by hoarfrost that was polished of
by the tyres after the first runs. In area B affects from hoarfrost were amplified as
there were no cavities or groves for the frost to disappear in to.

In Figure 9 Road eye data from all surfaces are presented as three curves.
The intensity for each measurement pair is the sum of intensities from all three
wavelengths. According to trend lines in the figure a decrease in backscattered
reflection occurred during the test, i.e. when ice temperature increased. The
decrease in backscattering implies a decrease in micro roughness similar to
results from indoor measurements in section 3.2. This is consistent with roadgrip
measurement made with the RT3 curve in Figure 8. Figure 9 shows highest
backscatter intensity for the roughest surface in area C and lowest for the
smoothest surface in area B also consistent with the other results.

Figure 9 Road eye result for the 21 measurement pairs, calculated for areas A, B
and C. Solid lines are trend lines for the three areas, respectively.

Ice hardness was initially about 15 MPa and decreased to 10 MPa as ice
warmed up, see Figure 10. This is significant softer than the hardness measured by
(Poirier et al.; 2011) on a bobsleigh track and indoor ice (20 MPa) at about the
same surface temperatures. Results indicate that the changes in ice hardness iare
not enough to cause depressions from measurement tyres in to the ice and thus
increase roadgrip.
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Figure 10 Average result for hardness measurements performed during the test.

7 Conclusions

When ice surface temperature increased, roadgrip decreased almost 35% down to
45 HFN for all three ice surfaces. This means that Fμ was the dominant effect in
all three areas, i.e. the roughness of area C was too small to give the expected
increase of FPI .

We have described different methods to keep track of parameters that affect
roadgrip. The IR-thermometer gives a first implication of environmental changes
when it measures temperature of the track. This is important because ice
temperature affects both hardness and roughness of the ice surface, which in turn
affects roadgrip. The Road eye indicates changes in ice surface roughness, due
to temperature changes and ice preparation. The temperature increase causes ice
asperities radius to increase, resulting in a smoother ice surface, i.e. lower roadgrip.
If the ice is soft, tyres with hard rubber and high inflation pressure can get good
traction even if Fμ is low.The reason is that tyres can make large incisions into the
ice. It is important to be aware of how environment affects the roadgrip test and
insure that the important parameters are measured before making a lot of tests on
the ice tracks, especially for ice temperatures between -6 �C and 0 �C
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Reflection measurements have been performed on dry and moistened sand grains and glass spheres respectively. 
By looking at the reflection distribution in the plane of incidence a simple model for determining the water content 
has been proposed. The model is a combination of two sheared cosine-functions and it consists of only two 
parameters.  One parameter controls whether the reflection is mainly in the forward or backward direction. The 
former is true when the water content is high and the latter when the material is dry. The other parameter gives 
an idea of the homogeneity of the material.  © 2012 Optical Society of America 
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1. Introduction 

For a long time it has been of interest to investigate the optical 
properties of particles and granular material in different aspects; 
either by looking at the reflections of the sun light or by using 
illumination and reflection from an artificial light source. 
Examples of properties of interest are the ability to reflect light in 
the forward and backward direction respectively, the isotropic 
behavior and the porosity of the material, the shape and size of 
the particles, and the amount of moist in the material.  

Chandrasekhar was one of the first to describe the radiative 
transfer in a medium, or more exactly in atmospheres that 
absorbs, emits and scatters light [1]. His method and equations 
has since then been further developed into more applicable 
models. One of the most commonly used was established by 
Hapke [2]. A goal with Hapke’s work was to simplify the model 
by using approximations and also to adapt it for particles that are 
large compared to the wavelength and that are close together. 
Another goal was to be able to use it in an inverse version, i.e. to 
use the model in order to draw conclusions about different 
surfaces from measurement results. During the years Hapke has 
developed the model further, for example in [3-6]. There have 
also been papers investigating the validity of the model [7, 8]. 
Also today there is an ongoing discussion between Shkuratov et 
al. and Hapke about possible shortcomings of the Hapke model 
[9-11]. Examples of alleged problem are the large number of free 
parameters of which some are also empirical and lack physical 
meaning and the difficulty to perform reverse modeling. 
However, the albedo is one parameter in Hapke’s model that has 
a simple physical interpretation. It is defined as the ratio 
between the reflected and the incoming illumination. The albedo 
is usually connected to the water content of the material and for 
example Idso et al. [12] examined its dependence on the soil 

water content. The findings were that the albedo was linear with 
the water content in the uppermost layer of the soil. Besides the 
albedo the Hapke model don’t distinguish between different 
water content, however further development of the model have 
made the water content count. The first step towards this was 
the SOILSPECT model developed by Jacquemond et al. [13] in 
which both forward and backward reflections are considered 
together with the effect of the wavelengths. Later on Yang et al. 
[14] proceeded from SOILSPECT and took the water content into 
account in their soil water parametric (SWAP)-Hapke model. 
Both the SOILSPECT model and the SWAP-Hapke model added 
parameters to the original ones, making the determination of the 
parameters even harder. 

In this work focus has been on determining the water content 
in granular materials; which for example is of interest in order to 
determine the need of irrigation or when manufacturing 
granular materials. Due to the fact that many models describing 
water content are rather complicated the aim of this paper has 
been to find a simple model using the shape of the angular 
distribution of the reflection. For this purpose, reflection 
measurements have been performed on dry and moistened sand 
grains and glass spheres respectively. By looking at the reflection 
distribution a model with only two parameters is proposed. Due 
to the simplicity of the model it is possible to use in the 
determination of the water content of a granular material. The 
measurements are described in section 2 and the proposed model 
in section 3. In section 4 the results are presented followed by 
discussions in section 5. Finally some conclusions are given in 
section 6. 

 
  



22. Experiments 

When a granular surface is illuminated the light will be reflected 
in different directions depending on the content of the granular 
material and the shape of the particles and the surface. To get an 
idea about how the light is reflected and why the reflection 
distribution looks a certain way measurements are done in the 
plane of incidence on dry and moistened non-spherical sand 
grains and glass spheres. 
A. Experimental setup 
The experimental setup that was used in the measurements is 
shown in Fig. 1. It consists of one illuminating part and one 
imaging part, each mounted on a lever in such a way that they 
could be moved in the plane of incidence by rotating the levers 
around the same point on the measurement surface. The 
positions of the levers are given as the angle with respect to the 
normal of the measurement surface. The illumination angle, , is 
always positive and the measurement angle, , is positive on the 
side of the illumination and negative on the side of the specular 
reflex as shown in the figure. 

The illumination light source was a fiber coupled halogen light 
source with wavelength distribution between approximately 
375 – 750 nm. By using an aperture and a lens the light was a 
collimated giving an elliptical light spot on the measurement 
surface with the minor axis 30 mm and the major axis depending 
on the illumination angle. The distance between the collimating 
lens and the measurement surface was 57 cm. 

The camera was a Sony XCL - 5005 with a resolution of 
2456 x 2058 pixels, a pixel size of 3.45 μm x 3.45 μm and a 
dynamic range of 12 bits. The lens was a 55 mm Micro-Nikkor 
lens and the f-number was 2.8. In front of the lens a filter from 
Eksma optics (GG475) was placed, giving a wavelength window 

between 475 – 750 nm. The distance between the detector and 
the measurement surface was 61 cm giving a field of view of 
62 mm x 74 mm. The images were captured using Multicam 
Studios and analyzed in Matlab. 
B. Measurement surface preparation 
The measurements were done on dry and moistened sand grains 
and glass spheres respectively. The glass spheres had a diameter 
of 0.5 mm and the sand was sifted to get a size distribution of the 
grains between 0.5 mm and 1.0 mm. Both materials were 
moistened by putting them in a sieve with 0.25 mm apertures 
and then rinse it with tap water in order for it to saturate. The 
free water was removed by just letting it drain from the sieve. 
Due to the surface tension all water couldn’t leave the sieve this 
way, thus in order to decrease the water content even further 
and achieve samples with different amount of water content, a 
paper towel was used to press out more water. Measurements 
were performed after moving the wet material to the sample 
holder and evening out the surface using a ruler.  

The water content for a given measurement was roughly 
determined using a moisture detector (Mannix, MMDE3). 
C. Measurements 
For each surface, dry and moistened sand and glass respectively, 
measurements were done using two different illumination 
angles; = 40° and = 60°. When referring the different 
measurements a short hand notation describing the surface and 
the illumination angle will be used e.g. “moist sand 40º”. If the 
amount of water content is relevant it will be “20% sand 40º”. 

For each illumination direction the camera lever was moved 
between = 70° and = 70° and an image was captured for 
each 10°. For obvious reasons it was not possible to capture an 
image at the position of the illumination, thus instead an image 
was captured as close as possible, in this case at = 33° and 

= 53° respectively. A measurement series like this were 
repeated two or three times for each surface, with a relocation of 
the surface between each series. The reason for only performing 
two repetitions was in some occasions that the water had settled 
during the three measurement series that were done, and in 
other occasions the first two measurement series didn’t differ at 
all so the third one was skipped to save measurement time. Some 
measurement series were also done with the illumination turned 
off to achieve a value for the background noise. A reflection 
distribution depending on the measurement angles were 
achieved for each measurement series by calculating the total 
sum of the intensity in every image.  

Due to differences in the surfaces the exposure time had to be 
adjusted in order for the detector not to saturate. The same 
exposure time was used during an entire measurement series 
but between the series it varied. The shortest exposure time used 
was 200 μs and the longest was 1500 μs.  

To be able to compare the measurement series even though 
they were captured with different exposure times the background 
noise was subtracted and the results were divided by 1/100 of the 
given exposure time. For practical reasons the results were also 
divided by a normalization constant resulting in an arbitrary 

Fig. 1. Experimental setup. The light source is fiber coupled and the light 
 is the  

the side of the illumination and negative on the opposite side of the 
surface normal. 



intensity unit. As will be explained later, this is ok because the 
interesting parameter is the shape of the measurement series 
and not the absolute intensity. 

  
33. Reflection model 

The first step in finding a reasonable model that could describe 
the results from the measurements was to compare the reflection 
distributions with a cosine function. One reason for this was to 
see how close to a Lambert surface the different surfaces were
[15]. Another reason was the fact that many of the earlier models 
mentioned in section 2 uses terms from the Legendre series, i.e. 
different cosine terms, to describe the reflections [1, 2, 13]. In Fig. 
2 typical examples of four different reflection distributions are 
presented together with a cosine function. The experimental 
reflection distributions are given by dry sand using illumination 
angle 40º (circles) and illumination angle 60º (diamonds) and 
differently moistened sand using illumination angle 40º (closed 
squares with lower water content than open ones). It can be seen 
that all the achieved reflection distributions were wider than the 
cosine and when comparing them to each other it was clear that 
the distributions seemed sheared with respect to the 
measurement angles depending on the illumination angles and 
the water content in the sample.  

The angles used in the models mentioned before, especially in 
the Legendre polynomials, are the illumination angle, the 
specular angle and the difference between them. By comparing 
the measurements done on the same type of surface but with 
different illumination angles (e.g. circles and diamonds in Fig. 2) 
one can see that the shape of these distributions also depend on 
these angles. This led to the idea that the illumination angle and 
the specular angle could be used to explain the sheared shape of 
the distributions. By defining a model parameter n and letting it 
describe the proportion between a forward and a backward 

scattering function a total reflection distribution was achieved 
according to 

 ( , ) = + (1 )  (1) 
where  is the function describing forward scattering and  is 
the backward scattering function. Since the reflection 
distribution should depend on all measurement angles  and the 
illumination angle , so should  and . Again, considering the 
cosine function of the Lambert scattering the idea became to use 
sheared cosine functions as these forward and backward 
scattering functions. A sheared function can be achieved by using 
a shear transformation according to linear algebra. Thus, in this 
case the sheared cosine functions,  and , are given by 

 ± = ±     (2) 

where S± are the shear matrices, + and – stands for the 
backward and forward direction respectively,  is the 
measurement angle and the column vector is a position in the 
function plane. The shear matrices are given by  

± =
1 ±

0 1
   (3) 

where  is the illumination angle and  is a model parameter 
which is assumed to describe how similar to a Lambert surface 
the measurement surface is. The effect of  is described in more 
detail in section 5. 

When the forward and backward scattering functions were 
achieved in this way an interpolation had to be done on each of 
them in order to get the intensity values for the same 
measurement angles in both functions before combining them 
according to equation 1. The shape of the reflection distribution 
using the model parameters = 1.0  and = 0.7  and the 
illumination angle = 40° can be seen in Fig. 3 together with 
the two interpolated sheared cosine functions. 

This simplified model for the reflection distribution only 

Fig. 3. An example of two sheared cosine functions and the combination of 
them. In the figure the function denoted by squares is  and the one 
denoted by circles is , in this case the illumination angle was = 40° 
and = 1.0. The function denoted by “x” is the combination of and 
according to eq. (1) using = 0.7. 

Fig. 2. Four experimentally achieved reflection distributions compared to a 
cosine function (solid line). The circles and the diamonds are 
measurements on dry sand, the circles using an illumination angle of 40º 
and the diamonds using an illumination angle of 60º. The squares are 
measurement done on moistened sand using an illumination angle of 40º, 
the closed squares has lower water content than the open ones.   



describes the shape of the reflection and doesn’t say anything 
about the absolute intensity of it. The main reason for this is that 
there are a lot of things affecting the intensity of the reflection 
and to take all that into account would be to lose the simplicity of 
the model. Instead the reflection distribution is multiplied with 
an appropriate intensity value from the experimental 
measurement whenever a comparison between the model and an 
experimental result should be done. In this paper the reflection 
distribution is multiplied with the normalized intensity value in 
the surface normal direction, i.e.  = 0°. 

 
44. Results 

In Fig. 4 the measurements are compared to the results from 
the simplified model. In this figure an average of the reflection 
distributions from the same surface type was calculated. The 
averages only consisting of two measurement series are the “20% 
sand 40º”, “10% sand 60º”, “10% glass 40º” and “25% glass 60º”. In 
Fig. 4(a) one dry and three different moist measurements of the 
sand using a 40º illumination are shown. Fig. 4(b) shows the 
measurements on sand using a 60º illumination, one dry and two 
different moist measurements with rather low water content. 
The measurements made on glass are shown in Fig. 4(c) and Fig. 
4(d). The first one is done using a 40º illumination and the second 
one using a 60º illumination. In both cases one dry measurement 
and two different moist measurements were done.  

Because the model only focuses on the shape of the reflection 
distribution, rather than the absolute intensity, the results have 

been shifted in intensity for clarity. This was done by adding a 
suitable constant to each distribution. The same constants have 
been used for all dry and second highest water content series 
respectively and an additional constant was used for the “15% 
sand 40º” measurement series. The measurement series with 
highest water content were kept as they were. 

The parameters in the model were determined using a least 
squares fit for each distribution. For the dry measurements, 
especially the ones made on glass, the measurement points near 
the illumination angle were omitted during the determination of 
the parameters. The reason for this is that those points are 
influenced by the first order reflections, while the model only 
describes the diffuse scattering; a closer description of this is 
given in section 5. The resulting model parameters are given in 
table 1. 

Table 1. Model parameters  
Surface Sand Glass 

Illumination 
angle 40º 60º 40º 60º 

Parameter n  n  n  n  

W
at

er
 co

nt
en

t 

0% 0.40 0.60 0.37 0.68 0.37 0.60 0.46 0.68 
5%   0.62 0.95     
10%   0.75 0.98 0.52 0.63   
15% 0.58 0.95     0.55 0.63 
20% 0.72 0.95   0.65 0.63   
25%       0.75 0.68 
30% 0.82 1.00       



 
55. Discussion 

The determination of the water content using the moisture 
detector gave a rather approximate value, which makes it 
difficult to compare absolute water content between different 
measurement groups. The measurements shown in Fig. 4 are 
however done in groups where it is known that the first 
measurement is the one with most water content and the last 
one is the one with the least water. For example in the “moist 
sand 40º” group the first measurements were done after the 
water had drained by itself, the second after some of the water 
had been removed using the paper towel and the third after even 
more water had been removed using the paper towel. All this was 
done by moving the sample from the holder to the sieve, 
removing some water, and then refilling the sample holder again 
and finally evening out the surface using a ruler. All dry 
measurements were done on material that hadn’t been in contact 

with water at all and the 0%-value given by the moisture 
detector was stable.  

In all parts of Fig. 4 it can be seen that the larger the water 
content, the more the measurement distribution is sheared to the 
left, i.e. more water in the sample results in more light reflected 
in the forward direction. According to Twomey et al. [16] the 
forward scattering of a particle increases when the relative 
refractive index decreases, i.e. when the difference between the 
refractive index of the particles and the surrounding medium 
decreases. The more water there is between the particles the 
smaller the relative refractive index becomes, which means that 
the light is more prone to penetrate deeper into the material. 
This in turn implies that it is more likely to continue in the 
forward direction also when it is reflected out of the material. If 
the water content is so high that the relative refractive index 
stops to decrease when more water is added and instead the 
water pressure starts to move the particles away from each other 
there will be less scattering events in a given sample volume. 
Thus, again the light will be able to penetrate deeper into the 

Fig. 4. (Color online) The measurement result from (a) sand 40º, (b) sand 60º, (c) glass 40º, (d) glass 60º. In all figures the measurements at the top are the 
results from the measurements on the dry surface, i.e. surfaces with water content 0%. The other results are from measurements done on surfaces with 
higher water content according to the figures. 



material with the same result as described above. The effect is 
described by the parameter n in the model (Eq. 1), where a large 
n means that the shape of the model is sheared to the forward 
direction. It can be seen in table 1 that in a given measurement 
group larger water content has a larger n. 

The  in the shear matrices (Eq. 3) determines how close to the 
illumination and specular direction the maximum of the two 
sheared cosine functions are and in the end it determines how 
curved the reflection model is. A smaller  gives a reflection 
distribution with larger curvature. In Fig. 4 it can be seen that 
the reflection distribution for the moist glass are more curved 
than the ones for the moist sand and in table 1 this is 
represented by a lower  for the moist glass than for the moist 
sand, around 0.65 compared to approximately 0.95. In the table it 
can also be seen that the reflection from all the dry surfaces also 
gives a distribution that is described by a  around 0.65, thus 
approximately the same as for the moist glass. It is known that a 
 equal to 0 describes a cosine function, i.e. the reflection from a 

Lambert surface, thus reflection distributions with low  describe 
surfaces that is closer to a Lambert surface than surfaces that 
have a reflection distribution described by a high . This means 
that both a dry surface and a moist glass surface are closer to a 
Lambert surface than a moist sand surface. The first can be 
explained by the fact that in the dry sand light does not penetrate 
as deep as in the moist sand, thus the scattering comes mostly 
from the surface and therefore becomes more diffuse. Overall, it 
can be concluded that there are many material parameters that 
affects , such as the shape, the degree of compaction, and the 
complex refractive index of the particles and the surrounding 
medium. A complete analysis of all of these are not within the 
scope of this paper but should be considered in the future, for 
example a more complicated model could be adapted. In this 
work however, the simplicity of the model comes before the 
possibility to determine every reflection effect exactly. 

The model described here only considers the diffuse scattering 
of the bulk. However, the real measurements also detect the first 
order reflections, i.e. reflections from the surface and light that 
has been reflected just once under the surface. In Fig. 4(c) and 
Fig. 4(d) such reflections are seen close to the illumination angle. 
During the estimation of the model parameters this was taken 
into account as described in section 4. A simple simulation was 
performed in Matlab to be able to study the first order reflections 
in a sphere more closely. In the simulation, light reflected in a 
direction that would strike a nearby sphere was ignored and the 
refraction index in the medium adjacent to the rear surface of the 
sphere where changed to simulate a dry sphere and a sphere 
situated at the surface of a sample moistened with water. The 
result from the simulation was that the back reflection was 
dominating and that the effect was larger when the difference 
between the refraction index in the sphere and the refraction 
index in the medium adjacent to the rear surface of the sphere 
was large. This means that the peak at the back reflection should 
be larger when the material is dry compared to when it is moist, 
just as can be seen in Fig. 4(c) and Fig. 4(d). The same tendency 
can also be noticed in the sand measurements in Fig. 4(a) and 

Fig. 4(b), but due to the irregularities in the shape of the sand 
grains the effect are not as strong.  

In Fig. 2 it can be seen that the measurements on the dry 
surface gave a larger intensity than the ones done on a moist 
surface. It would though be difficult to distinguish between the 
two reflection distributions corresponding to the different water 
content just by looking at the intensity. The same effect can also 
be seen for the measurements done on glass and the ones using 
illumination angle 60º. As mentioned in the background section a 
previous conclusion is that the albedo will distinguish between 
different water content. This will indeed be the case for the dry 
and moist measurement done here; however, the intensity 
between the moist measurements when the water content 
differed was not distinguishable and thus should have had 
approximately the same albedo. That is, in order to distinguish 
between different water content a different method than 
determining the albedo has to be used and as shown the model 
proposed here, based on the shape of the reflection distribution, 
could be a simple method to use. 

 
66. Conclusion 

It is possible to distinguish between different water content in 
granular material by looking at the reflection of light in the plane 
of incidence. The shape of the reflection distribution is altered 
when the water content changes and it can be described by a 
simple model consisting of the combination of two sheared cosine 
functions and using only two model parameters. 

Two materials have been examined; sand grains of random 
shape and dimensions between 0.5 mm and 1.0 mm and glass 
spheres with 0.5 mm diameter. During the measurements 
surfaces of each material has been illuminated by light between 
475 – 750 nm in 40º and 60º respectively and from the result it 
can be seen that the shape of the reflection distributions depend 
on this illumination angle. It is also seen that there are more 
reflection in the forward direction when the water content in the 
material is higher. Additionally it is found that the reflection 
from the dry sand and the glass spheres in some sense are more 
similar to the reflection from a Lambert surface than the 
reflection from a moist sand surface. 

The model only considers the diffuse scattering of the surface, 
thus some idea about the expected surface reflection is desirable 
in order to explain deviations from the model. As discussed there 
is also a balance between understanding every reflection 
phenomena and keeping the model simple and in this work the 
latter was preferred.  
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