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Abstract
This thesis presents contributions within the field of process capability analysis. 
Process capability analysis deals with how to assess the capability of processes. 
Based on process capability analysis one can determine how the process performs 
relative to its product requirements or specifications. An important part within pro-
cess capability analysis is the use of process capability indices. This thesis focuses on 
process capability indices and process capability plots. The thesis consists of six pa-
pers and a summary. The summary gives a background to the research area, a short 
overview of the six papers, and some suggestions for future research. The thesis sum-
mary also consists of some new results, not presented in any of the appended papers.  

In paper I, the frequency and use of process capability analysis, together with sta-
tistical process control and design of experiments, within Swedish companies hiring 
alumni students are investigated. We also investigate what motivates organisations to 
implement or not implement these statistical methods, and what is needed to increase 
the use. 

In papers II-III we generalize the ideas with process capability plots and propose 
two graphical methods, for deeming a process capable at a given significance level, 
when the studied quality characteristic is assumed to be normally distributed. In pa-
per II we derive estimated process capability plots for the case when the specification 
interval is one-sided. In paper III we derive elliptical safety region plots for the pro-
cess capability index Cpk and its one-sided correspondences. The proposed graphical 
methods are helpful to determine if it is the variability, the deviation from target, or 
both that need to be reduced to improve the capability. 

In papers IV-VI we propose a new class of process capability indices designed for 
the situation with an upper specification limit, a target value zero, and where the 
studied quality characteristic has a skewed, zero-bound distribution with a long tail 
towards large values. The proposed class of indices is simple and possesses proper-
ties desirable for process capability indices. The results in papers IV-VI are also valid 
for the situation with a target value, not equal to zero but equal to a natural lower 
limit of the quality characteristic. Three estimators of the proposed class of indices 
are studied and the asymptotic distributions of these estimators are derived. We also 
consider decision procedures, based on the estimated indices, suitable for deeming 
the process capability at a given significance level. 

The new results in the summary combines the ideas from paper II with the results 
in papers IV-VI and a graphical method for the class of indices proposed in IV-VI 
are derived. 
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1 Introduction 
Process capability analysis together with statistical process control and design of ex-
periments, are statistical methods that have been used for decades with purpose to re-
duce the variability in industrial processes and products. The need to understand and 
control processes is getting more and more evident due to the increasing complexity 
in technical systems in industry. Moreover, due to the success of quality management 
concepts such as the Six Sigma programme, the use of statistical methods in industry 
has increased, see, e.g. Harry (1998), Hahn et al. (1999) and Caulcutt (2001). 
 

1.1 A background to process capability analysis 

Since the 1980s, theories have been developed to analyse the capability of processes. 
These analyses are often called process capability analysis. When performing a pro-
cess capability analysis, data is collected from the process with purpose to receive in-
formation about it. With process capability analysis one can determine how well the 
process performs relative to product requirement or specifications. Process capability 
analyses comprise strategies, methods, and tools. Deleryd (1997) described process 
capability analysis using four steps, see Figure 1. These steps are described below. 
This thesis focuses on the third step in Figure 1 and hence, a more solid background 
to this step is given, compared to the other steps. 
 

Plan

DoStudy

Act

Identify important
characteristics,
plan the study.

Establish statistical
control, gather data.

Assess the capability
of the process.

Initiate
improvement
efforts.

1

23

4

 
Figure 1. A schematic illustration of how a process capability analysis should be conducted. From 
Deleryd (1997), with permission. 
 
Step 1 
A product often consists of more characteristics then are possible to monitor, and 
therefore the characteristics of importance should be identified. Furthermore, before 
the capability analysis is initiated, it is important to plan the study and, e.g. decide 
what to measure and how.  
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Step 2 
Before assessing the capability of a process, the process should show a reasonable 
degree of statistical control. That is, only chance causes of variation should be 
present. Then more general conclusions about the capability can be drawn and not 
only information of the capability at that very moment is given. To check if the pro-
cess is stable, statistical process control is usually applied. The purpose of statistical 
process control is to detect and eliminate assignable causes of variation and control 
charts are usually used in order to determine if the process is in statistical control and 
reveal systematic patterns in process output. If the charts show a reasonable degree 
of stability the process capability can be assessed. For a similar standpoint, see, e.g. 
Hubele & Vännman (2004). 
 
Step 4 
If the process is not producing an acceptable level of conforming products, improve-
ment efforts should be initiated. These efforts can be based on design of experiments. 
By using design of experiment one can for instance identify process variables that in-
fluence the studied characteristic and find directions for optimizing the process 
outcome. 
 
For more information about Steps 1, 2 and 4 in Figure 1, see, e.g. Deleryd (1998b). 
Since this thesis focuses on the third step in Figure 1, we discuss Step 3 in more 
detail below. 
 
Step 3 
When the process is found stable, different techniques can be used within the concept 
of process capability analysis in order to analyse the capability, see, e.g. 
Montgomery (2005). For instance, a histogram along with sample statistics such as 
average and standard deviation gives some information about the process perfor-
mance and the shape of the histogram gives an indication about the distribution of 
the studied quality characteristic. A normal probability plot can also be used to deter-
mine the shape, centre and spread of the distribution. The above-mentioned tools 
give some rough information only about the process capability. To receive a measure 
of the process capability, which could be easier to interpret, some kind of process 
capability index can be used. 

A process capability index is a unitless measure that quantifies the relation be-
tween the actual performance of the process and its specified requirements. In 
general, the larger the value of the index, the lower the amount of products outside 
the specification limits. The first two comprehensive articles on capability indices 
were given by Kane (1986) and Chan, Cheng, and Spiring (1988). In 1992 an impor-
tant step in the development of statistical theories of capability indices came when 
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the whole October issue of the Journal of Quality Technology was devoted to capa-
bility analysis. Since then a considerable number of articles dealing with process 
capability indices have been published and can be found in the statistical literature. 

Process capability analysis is based on some fundamental assumptions. For in-
stance, the most widely used process capability indices in industry today analyse the 
capability of a process under the assumptions that the process is stable and that the 
studied characteristic is normally distributed. Under these assumptions the two most 
widely used indices in industry are Cp in (1) and Cpk in (2), where Cp was presented 
by Juran (1974) and Cpk by Kane (1986). 
 

 ,
6p

USL LSLC  (1) 

 
and 
 

 
min ,

,
3pk

USL LSL
C  (2) 

 
where [LSL, USL] is the specification interval,  is the process mean and  is the 
process standard deviation of the in-control process. Henceforth, we call the process 
mean  and the process standard deviation  for the process parameters. The capa-
bility index Cp relates the distance between the specification limits to the range over 
which the process is actually varying, see Figure 2a), and Cpk relates the distance 
between the expected value and the closest specification limit to half of the range 
over which the process is actually varying, see Figure 2b). The distributions in 
Figures 2a) and b) have the same value of 6 , and furthermore, the specification 
intervals are equal. Using Cp, the distributions in Figure 2a) and b) are equally 
capable. If we instead use Cpk, the distribution in a) is more capable. 
 

a) b) 

6
USLLSL

6
USLLSL

 3 3
USLLSL

3 33 3
USLLSL

 
Figure 2. An illustration of the process capability index a) Cp and b) Cpk.
 

If the quality characteristic is normally distributed and the process is well centred, 
i.e. the process mean is located at the midpoint of the two-sided specification inter-
val, 1pC  implies that the expected proportion of values of the studied characteristic 
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outside the specification limits will be small. The probability of non-conformance 
can be expressed as 2 3 pC , where  is the cumulative distribution function of 
the standardized normal distribution. In Table 1 the probability of non-conformance 
are stated for some given values of Cp. For the capability index Cpk, the probability of 
non-conformance will be limited by 2 3 pkC , see, e.g. Pearn, Kotz & Johnson 
(1992).  

Using Cp, it is common that a process is defined capable if Cp > 4/3. Using Cpk, a 
value of Cpk of at least 1 is required and at least 4/3 is preferred. See, e.g. Juran & 
Godfrey, (1999) and Pearn & Chen (1999). 

A process is defined capable if the capability index exceeds a threshold value k, 
where k usually is chosen based on the probability of non-conformance given in 
Table 1. 

 
Table 1. Assuming that the process mean  = (USL + LSL)/2, the probability of non-conformance 
associated with various values of Cp.

Cp Probability of non-conformance 
1 0.27·10-2 

4/3 0.63·10-4 

5/3 0.57·10-6 

2 0.19·10-8 

 
The process capability indices discussed above are theoretical quantities based on 

the process mean and the process variance, which in practice seldom are known. 
Hence, they need to be estimated from a random sample and the estimated indices 
have to be treated as random variables. If the distribution of the estimated index is 
known it is possible to obtain decision procedures that can deem a process capable at 
a given significance level. Such a decision procedure usually says that the process is 
considered capable at significance level  if the estimated index exceeds a critical 
value c . Alternatively, a confidence interval can be derived and used for decisions 
about the capability. For thorough discussions of the above mentioned capability in-
dices as well as others and their statistical properties see, e.g. the books by Kotz & 
Johnson (1993), Kotz & Lovelace (1998) and Pearn & Kotz (2006) and the review 
paper with discussion by Kotz & Johnson (2002). The paper by Spiring et al. (2003) 
contains additional references. Process capability indices are further discussed in 
Chapter 2.

A process can also be deemed capable based on a so called process capability plot, 
which is a powerful tool for monitoring and improving the capability of a process. A 
process capability plot is a contour plot of the capability index in the plane defined 
by the process parameters showing the region for a capable process. An advantage 
with using process capability plots, compared to using the capability index alone, is 
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that one will instantly get visual information, simultaneously about the location and 
spread of the studied characteristics, as well as information about the capability of 
the process. When the process is non-capable, these plots are helpful when trying to 
understand if it is the variability, the deviation from target, or both that need to be re-
duced to improve the capability, as well as how large a change is needed to obtain a 
capable process. See, e.g. Deleryd & Vännman (1999) and Vännman (2001, 2005, 
2006, 2007). Process capability plots are further discussed in Chapter 3. 
 

1.2 Research aim 

Deleryd (1998a) identified a gap between how process capability analysis should be 
performed in theory compared to how it is actually performed in practice, and stated 
that process capability analysis is often misused in practice. Furthermore, an existing 
problem in industry was that the practitioners interpret estimated process capability 
indices as true values. Kotz & Johnson (2002) also discussed the gap between theo-
reticians and practitioners and stated that there is a lack of understanding of the 
purpose and usage of process capability indices. In Figure 3 some of the premises 
that need to be considered when assessing the capability of a process are illustrated. 
Most of the published articles regarding process capability indices focus on the case 
when the observations are independent and univariate, the specification interval is 
two-sided and the quality characteristic is normally distributed, i.e. the lower left 
corner in the front of the left cube in Figure 3. One-sided specifications are used in 
industry, for instance when having dimensional measurements like surface 
roughness, see, e.g. Kane (1986) and Gunter (1989). Most of the indices for one-
sided specifications assume that the studied quality characteristic is normally 
distributed.  
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Figure 3. An illustration of some premises that need to be considered when assessing the 
capability of a process. This thesis comprises research within the three marked corners of the left 
cube.
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From Kotz & Johnson (2002) it is clear that there is a lack of well functioning 

capability tools in the cases when the output is non-normally distributed. Several 
references in these areas are given, but more research is needed to obtain tools that 
are easily applied. This is also true for the case when data are autocorrelated and 
when data are multivariate, see, e.g. Pearn & Kotz (2006). 

Process capability analysis, as well as other statistical methods, has roles to play in 
different parts of organisational development. Process capability analysis can be a 
useful method for improving the level of performance in industrial processes, with 
the understanding that it is used in a statistically sound way. Therefore we believe 
that is of importance to develop the theory of process capability indices in order to 
cover practical situations where the most widely used indices today are insufficient. 
Furthermore, since the best of methods are of no value if no one uses them it is of 
importance to investigate the industrial use of statistical methods such as process 
capability analysis. 

The overall aim of the work presented in this thesis is to theoretically develop sim-
ple and easily understood decision procedures, applicable when assessing the 
capability of a process. More specific aims are 

To derive graphical methods for deeming a process capable at a given 
significance level. Emphasis will be on the situation when the quality 
characteristic is normally distributed; 

To derive decision procedures for situations where well functioning capability 
tools are missing. Emphasis will be on the situation when the specifications are 
one-sided and the quality characteristic of interest has a skewed distribution; 

To seek answers to what motivates organisations to implement or not implement 
statistical methods, to what extent statistical methods are used within the 
organisations and what is needed to increase the use. 

Papers II-III are results of accomplishing the first aim, and papers IV-VI are results 
of accomplishing the second aim. The contributions presented in papers II-VI are 
within the three marked corners in the left cube in Figure 3. Paper I is a result of 
accomplishing the third aim. 
 

1.3 Research process 

The research presented in this thesis started with an investigation of the frequency 
and use of statistical methods within several Swedish companies. To determine the 
direction of the research efforts with finding easy and applicable tools for deeming a 
process capable, we considered it important to get an apprehension of the current 
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status of the industrial use of, e.g. process capability analysis. This investigation is 
presented in the first appended paper.  

The case with one-sided specifications was a common situation in practice and 
since this was a situation not well developed theoretically, we initially focused on the 
case with one-sided specifications. Based on the results in paper I and the concluding 
remarks in Deleryd (1998b) we continued by extending the ideas with process capa-
bility plots to comprise the case when the specification interval is one-sided and the 
process outcome is normally distributed. These results are presented in paper II.  

While working with paper II it became clear that when the specifications are one-
sided there are situations when an assumption of normality is not realistic to make. A 
situation we found particularly interesting, was when the specifications is one-sided 
with an upper specification USL, there is a natural lower limit in zero and where zero 
is also the best value to obtain. As an example, consider a surface polishing process, 
where the surface should be as smooth as possible and ideally should have roughness 
values of 0. For this situation it is often more likely that the quality characteristic of 
interest has a skewed distribution with a long tail towards large values, rather than a 
normal distribution. See Figure 4. At that time we had not found any index for which 
a confidence interval or decision procedure was developed that covered this situ-
ation. Still it was a common situation in practice, see, e.g. Gunter (1989) and Pyzdek 
(1992). Hence, we decided to continue the research process by studying the case with 
one-sided specifications and non-normally distributed process data. The research 
efforts regarding this situation resulted in a new class of indices designed for posi-
tively skewed distributions with a pre-specified target value equal to a natural lower 
limit and an upper specification only. These results are presented in the three last 
appended papers.  
 

USLT USLT
 

Figure 4. An illustration of a skewed distribution with a natural lower limit equal to the target value 
and an upper specification only. 
 

The initial research within the area described above resulted in papers IV-V, where 
parts of these results are presented in the third appended paper in Albing (2006). 
Paper IV contains a solid background to, and a discussion of, the suggested class of 
indices and Paper V contains distributional properties of two different estimators of 
the proposed class of indices. Based on the results in papers IV–V we got the idea of 
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using another estimator of the proposed class of indices, to better cover the situation 
with highly skewed distributions and small sample sizes. In paper VI we investigate 
the proposed class of indices when the underlying distribution is a Weibull distri-
bution and propose an estimator based on estimators of the parameters in the Weibull 
distribution. The Weibull distribution contains a wide range of more or less skewed 
distributions. 

The research journey, resulting in the six appended papers, ends almost where it 
started by coming back to process capability plots. As the research progressed 
several papers on graphical methods were published and the advantages with process 
capability plots were stressed, see, e.g. Vännman (2005, 2006, 2007), Huang et al. 
(2005) and Chen & Chen (2008). These results focus on the process capability index 
Cpm. Furthermore, contacts with several manufacturing companies in Sweden empha-
sized that there is a need for graphical methods for Cpk, where more than one charac-
teristic could be displayed in one plot. Therefore we put research efforts in 
generalizing the ideas with process capability plots, with focus on monitoring several 
characteristics in the same plot for the index Cpk and its one-sided correspondences. 
The index Cpk is a frequently used index in practice, see, e.g. Deleryd (1996) and the 
results in paper I. The research efforts, resulting in a graphical method for Cpk, and its 
one-sided correspondences, are presented in paper III. 

In Figure 5 the relations between the six appended papers are illustrated. The ap-
pended papers can be divided into three different parts, “The use of process capa-
bility analysis in practice”, “Process capability plots” and “Process capability indi-
ces, PCI:s, for skewed distributions and one-sided specifications”, respectively. The 
paper within the first part, paper I, is summarised in Chapter 4. The papers within the 
second part, papers II-III are summarised in Chapter 5. The papers within the third 
part, papers IV-VI are summarised in Chapter 6. Before the results from the six ap-
pended papers are summarised a more solid background to process capability indices 
and process capability plots are given in Chapter 2 and Chapter 3. Furthermore, in 
Chapter 7 we combine the ideas from paper II with the results in papers IV-VI and 
derive estimated process capability plots for the proposed class of indices in papers 
IV-VI. 
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Figure 5. An illustration of the connection between the six appended papers. 
 
 

2 A background to process capability indices 
In this chapter we discuss previous research performed within the areas illustrated in 
Figure 3. This thesis includes research within the bottom floor of the left cube in 
Figure 3 and in Section 2.1 – 2.4 these four corners are discussed. Even though this 
thesis does not comprise research within the area of two-sided specifications and 
non-normally distributed characteristics it is of interest to study methods for handling 
this situation, in order to investigate the possibilities to adopt any of these methods 
for the situation with quality characteristics having a skewed, zero-bound distribution 
and a target value 0. The cases when data are autocorrelated and when data are multi-
variate are shortly discussed in Section 2.5. 
 

2.1 Two-sided specifications and normally distributed  
quality characteristics 

When the specifications are two-sided and the quality characteristic of interest can be 
assumed normally distributed, the most commonly used indices, Cp and Cpk, are 
given in (1) and (2). The indices Cp and Cpk, however, do not take into account that 
the process mean, , may differ from a specified target value, T. According to quality 
improvement theories, it is important to use target values and to keep the process on 
target, see, e.g. Bergman & Klefsjö (2003). Taking closeness to target into consider-
ation implies that even if the probability of non-conformance is small, it is desirable 
to have an index that does not deem the process as capable if the process mean at the 
same time is far away from the target value. The indices in (1) and (2) do not have 
that property. 

Process capability plots

Paper II

Paper III

The use of process capability 
analysis in practice

Paper I

PCI:s for skewed distributions 
and one-sided specifications

Paper IV Paper V

Paper VI

Process capability plots

Paper II

Paper III

Process capability plots

Paper II

Paper III

Paper II

Paper III

The use of process capability 
analysis in practice

Paper I

The use of process capability 
analysis in practice

Paper IPaper I

PCI:s for skewed distributions 
and one-sided specifications

Paper IV Paper V

Paper VI

PCI:s for skewed distributions 
and one-sided specifications

Paper IV Paper V

Paper VI

Paper IV Paper V

Paper VI
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Chan, Cheng & Spiring (1988) introduced a capability index, Cpm, that incorpo-
rates a target value and Cpm can be used as a measure of process centering, where 
 

 
22

.
6

pm
USL LSLC

T
 (3) 

 
To obtain a capability index which is more sensitive to departures of the process 
mean from the target value, Pearn, Kotz & Johnson (1992) introduced Cpmk where 
 

 
22

min ,
.

3
pmk

USL LSL
C

T
 (4) 

 
The four indices ,  ,   and p pk pm pmkC C C C  are often called the basic indices. 

To unify the four basic indices, as well as to gain sensitivity with regard to depar-
tures of the process mean from the target value Vännman (1995) defined a class of 
indices, depending on two non-negative parameters, u and v, 

 

 
22

, ,
3

p

d u M
C u v

v T
 (5) 

 
where d is the half length of the specification interval, i.e. d = (USL - LSL)/2, and M 
is the midpoint of the specification interval, i.e. M = (USL + LSL)/2. Cp is obtained 
when (u, v) = (0, 0), Cpk when (u, v) = (1, 0), Cpm when (u, v) = (0, 1), and Cpmk when 
(u, v) = (1, 1), respectively. By varying the parameters u and v in (5) indices with 
different properties can be found. Vännman (1995) also provided recommendations 
for the values of u and v by taking both sensitivity against departures of the process 
mean from the target value and properties of the estimators into account. 

When the specifications are asymmetric Vännman (1997), Pearn et al. (2002), 
Perakis & Xekalaki (2003), Park et al. (2004) and Shu & Chen (2005), among others, 
have derived new theoretical results regarding statistical properties for known indices 
as well as presented new and more efficient indices. 
 

2.2 One-sided specifications and normally distributed  
quality characteristics 

The most well-known capability indices for one-sided specifications, introduced by 
Kane (1986), are 
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 and ,
3 3PU PL

USL LSLC C  (6) 

 
for an upper and lower specification limit, USL and LSL, respectively. As usual,  is 
the process mean and  is the process standard deviation of the in-control process, 
where the quality characteristic is assumed to be normally distributed. It can be noted 
that the indices in (6) are used to define Cpk in (2), where min ,pk PU PLC C C  and 
hence, the indices in (6) do not take closeness to target into account. A large amount 
of the research within this area deal with the indices in (6). For example, Pearn & 
Chen (2002), Lin & Pearn (2002) and Pearn & Shu (2003) have studied tests and 
confidence intervals for the indices CPU and CPL in (6) and presented extensive tables 
for the practitioners to use when applying these methods. More recently, Pearn & 
Liao (2006) consider estimates and tests of the indices in (6) in presence of measure-
ment errors, Shu et. al (2006) consider the indices in (6) for the case of several 
groups of samples with unequal sizes and Wu (2007) consider an Bayesian approach 
of the indices in (6) based on subsamples. 

Kane (1986) also introduced the following indices, that take closeness to target 
into account, 
 

 and .
3 3

USL T T T LSL T
CPU CPL  (7) 

 
Furthermore, Chan, Cheng & Spiring (1988) have suggested the following generali-
zation of Cpm to the case where one-sided specification limit are required, 
 

 * *
2 2 2 2

and .
3 ( ) 3 ( )

pmu pml
USL T T LSLC C

T T
 (8) 

 
In order to gain sensitivity with regard to departures of the process mean from the 
target value, and at the same time generalize the indices (6) – (8), Vännman (1998) 
defined two different families of capability indices for one-sided specification inter-
vals, depending on two parameters, u and v, as 
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 (9) 

 
where 0 and 0u v , and 
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2 2 2 2

( , )  and ( , ) ,
3 ( ) 3 ( )

p u p l
USL T u T T LSL u T

C u v C u v
v T v T

 (10) 

 
where 0 and 0, but ( , ) (0,0).u v u v  By changing the values of u and v we get in-
dices with different sensitivity with regard to departures of the process mean from 
the target value. Furthermore, the indices in (9) and (10) generalize the indices in   
(6) – (8). The indices in (6) are obtained by setting u = 0 and v = 0 in (9). By setting 

1u , v = 0 in (10) we get the indices in (7) and with u = 0, v = 1 in (10) we get the 
indices in (8). 

The estimated indices corresponding to (9) and (10) are obtained by estimating the 
mean  by the sample mean and the variance 2  by its maximum likelihood estima-
tor, i.e. 
 

 2 2

1 1

1 1ˆ ˆ     and     ( ) .
n n

i i
i i

X X X X
n n  (11) 

 
Vännman (1998) derived the distributions of the estimators of the indices in (9) and 
(10) under assumption that the studied quality characteristic is normally distributed 
and proposed tests based on the estimated indices. These results form the basis for 
Paper II. 
 

2.3 Two-sided specifications and non-normally distributed  
quality characteristics 

Already Kane (1986) drew the attention to problems with analysing the process capa-
bility that may occur with non-normal data and Gunter (1989), in Parts 2 and 3, high-
lighted this even more. To overcome these problems several approaches have been 
suggested. Here we discuss two common approaches, namely techniques of non-
normal quantile estimation and transformations. We also consider some alternative 
methods for skew distributions only. For a thorough discussion of different methods 
to handle a non-normally distributed process outcome see, e.g. Kotz & Johnson 
(1993), Kotz & Lovelace (1998), Kotz & Johnson (2002), Spiring et al. (2003) and 
Pearn and Kotz (2006). 

One of the first indices for data that are non-normally distributed was suggested by 
Clements (1989). He used the technique of non-normal quantile estimation and re-
placed 6  and  in Cp and Cpk with q0.99875 – q0.000135 and q0.5, respectively, where q  
is the th quantile for a distribution in the Pearson family. If the distribution of the 
quality characteristic is normally distributed then q0.99875 – q0.000135 = 6 . Pearn & 
Kotz (1994) extended Clements’ method by applying it to Cpm and Cpmk. Clements’ 
approach does not require transformation of the data and no complicated distribution 
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fitting is required, see Kotz & Lovelace (1998). However, Clements’ method re-
quires knowledge of the skewness and kurtosis and rather large sample sizes are 
needed for accurate estimation of these quantities. Furthermore, as far as we know, 
the distribution for the estimated index has not been presented, nor tests or confi-
dence intervals for analysing the capability of a process based on Clements’ method. 
Clements’ approach, with non-normal quantile estimation, has been applied to situa-
tions when the studied characteristic is assumed to follow other well-known distri-
butions as well. For references see, e.g. Kotz & Johnson (2002). 

In purpose to handle the situation when the studied characteristic belongs to any 
given non-normal distribution Chen & Pearn (1997) introduced a generalization of 
the ,pC u v  class of indices in (5), introduced by Vännman (1995) for normally 
distributed data. Their class of indices is based on quantiles of the underlying distri-
bution, in the same way as Clements’ index. Chen & Pearn (1997) and Pearn & Chen 
(1997) proposed three different estimators of their index and Chen & Hsu (2003) 
derived the asymptotical distribution of these estimators. However, no tests or confi-
dence interval was derived. Recently Wu et al. (2007) investigated relative bias of 
one of the proposed estimators by a simulation study.  

Another approach when dealing with situations where the data follows some non-
normal distribution is to transform the original non-normal data to normal or at least 
close to normal. Gunter (1989) suggests data transformations in order to calculate Cpk 
when the process data is non-normal. Transformations of data when using the index 
Cpk are also discussed in, e.g. Rivera et al. (1995) and Somerville & Montgomery 
(1996). Furthermore, Polansky et al. (1998) propose a method for assessing the capa-
bility of a process using data from a truncated normal distribution, where Johnson 
transformations are used to transform the non-normal process data into normal. 

However, one cannot be sure that the capability of the transformed distribution 
will reflect the capability of the true distribution in a correct way, see, e.g. Gunter 
(1989). Furthermore, Kotz & Lovelace (1998) point out that the practitioner may be 
uncomfortable working with transformed data due to the difficulties in translating the 
results of calculations back to the original scale. Another disadvantage from a practi-
tioner’s point of view is that transformations do not relate clearly enough to the 
original specifications according to Kotz & Johnson (2002). 

For the case with skewed distributions and two-sided specification limits Wu et al. 
(1999) introduced a new process capability index based on a weighted variance 
method. The main idea of this method is to divide a skewed distribution into two 
normal distributions from its mean to create two new distributions which have the 
same mean but different standard deviations. Chang et al. (2002) proposed a similar, 
but somewhat different, method of constructing simple process capability indices for 
skewed populations. Some properties for the proposed indices are also investigated 
by Wu et al. (1999) and Chang et al. (2002) and the estimators are compared to other 
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methods for non-normal data. See also Pearn & Kotz (2006). However, as far as we 
know the distribution for the estimated indices have not been presented, nor tests or 
confidence intervals for analysing the capability of a process based on the proposed 
indices. 
 

2.4 One-sided specifications and non-normally distributed  
quality characteristics 

Process capability indices for one-sided specification and a non-normally distributed 
characteristic have not been discussed much in the literature, especially not for situa-
tions with target value, although this is not an uncommon situation in industry. 
However, it should be noted that Clements (1989) treated the indices for one-sided 
specification limits corresponding to Cpk, as well, i.e. CPU and CPL in (6) and Sakar & 
Pal (1997) considered an extreme value distribution for the CPU-case. Furthermore, 
Tang & Than (1999) studied estimators of PUC in (6) for a number of methods for 
handling non-normal process data when the underlying distribution is Weibull and 
lognormal, respectively. This was done by Monte Carlo simulations. Tang & Than 
(1999) found that methods involving transformations provide estimates of PUC  that 
is closer to the nominal value compared to non-transformation methods, e.g. the 
weighted variance method discussed by Choi & Bai (1996). However, even though a 
method performs well for a particular distribution, that method can give erroneous 
results for another distribution with different tail behaviour. The effect of the tail area 
can be large. 

Ding (2004) introduced a process capability index based on the effective range by 
using the first four moments of non-normal process data. He also considered the sit-
uation with unimodal positively skewed data and proposed an index for those situa-
tions. However, the proposed index contains no target value and furthermore, as far 
as we know no decision procedures or tests have been presented.  

The lack of tests and confidence intervals in the situations described above led us 
to consider the case when the specification interval is one-sided and a target value 
exists. Under assumption that the studied characteristic is normally distributed, the 
class of indices in (9) and (10) can be used for analysing the process capability, since 
the distributions of the corresponding estimators have been derived and tests pro-
posed by Vännman (1998). However, when the specification interval is one-sided 
with an upper specification USL and a specified target value equal to 0 exists it is 
likely that the quality characteristic has a skewed, zero-bound distribution with a 
long tail towards large values.  

When the studied characteristic has a skewed distribution, but an index based on 
the normality assumption is used, the percentages of non-conforming items will be 
significantly different from what the process capability index indicates. Hence, if we 
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determine the capability for a process where the data are non-normally distributed, 
based on an index that assumes normality, it is hard to draw any proper conclusion 
about the actual process performance. See, e.g. Somerville & Montgomery (1996), 
and Pyzdek (1992). There is a gap in the theoretical development of capability 
indices for this situation and papers IV-VI in this thesis tries to fill in that gap. 

 
2.5 Some further aspects 

As stated in the previous chapter, the process should show a reasonable degree of 
statistical control before the capability of the process is assessed. To investigate if a 
process is reasonably stable some kind of control chart is used. If data can be 
assumed normally distributed methods for control charts are well developed, see, e.g. 
Montgomery (2005), and easily available in standard software. Several different ap-
proaches have been suggested to deal with control charts for non-normal data. For 
example, Chou et al. (1998) suggest transforming the data using the Johnson system 
of transformations and then use the transformed data in the traditional control charts. 
Castagliola (2000) has derived X  chart for skewed distributions using a scaled 
weighted variance method. Others have derived specific control limits assuming that 
the underlying distribution is known, e.g. Nelson (1979) derived control limits for the 
median, range, scale, and location assuming a Weibull distribution. 

Process capability indices when data are autocorrelated or when the quality char-
acteristic is multivariate are two areas not dealt with this thesis. We here just give a 
very short background to these two areas.  

How to do capability analysis when data are autocorrelated was not paid attention 
to in the literature until 1993, see, e.g. Kotz & Johnson (1993), page 76, and 
Pignatiello & Ramberg (1993). Shore (1997) discusses the effects that autocorrela-
tion may have on capability indices in some depth. He shows that both Cp and Cpk are 
biased, and that the standard error of the estimator of Cpk is increased when auto-
correlation is present. This means that the critical values and confidence intervals de-
rived under the assumption of independence should not be used as both type I and 
type II errors may be wrong. Wallgren (1998, 2001a, 2001b) derived approximate 
confidence intervals for Cpk and Cpm when the data can be modelled according to an 
AR(1) or MA(1)-process with unknown autocorrelation function. Recently, 
Vännman & Kulachi (2008) propose a model-free strategy for drawing conclusions 
about the process capable, at a given significance level, when autocorrelation is 
present. This method is based on estimators of capability indices whose distributions 
are known for independent observations. Hence, no new capability index is needed. 
Furthermore, the method is not assuming any time series model.  

The first paper, as far as we know, on multivariate capability indices is by Chan et 
al. (1991), who introduced a version of a multivariate index Cpm. Since then several 
different approaches to handle process capability for multivariate data have been sug-



 

16 

gested, but far from as many as for the univariate case. An important contribution in 
the field of multivariate capability indices is done by Wang et al. (2000), when they 
compared three multivariate indices. In general multivariate indices can be obtained 
from three different approaches: (i) the ratio of a tolerance region to a process region; 
(ii) the probability of non-conforming product, (iii) other approaches using loss func-
tions or vector representations and (iv) using principal component analysis. Wang et 
al. (2000) compared an index from each of the three first definitions. They did not 
suggest any of the studied indices as more favourable than the others. They pointed 
out that these methods only begin to address the many complex issues that arise in 
developing and using capability indices for multivariate data. Methods based on 
principal component analysis have been considered by, e.g. Wang & Chen (1998) 
and Wang & Du (2000). Recently Shinde & Khadse (2008) show a major drawback 
with the definition made by Wang & Chen (1998) and propose an alternative method 
using principal component analysis.  

Kotz & Johnson (2002) in their review article list a number of references to multi-
variate process capability indices and conclude that there is clearly much room for 
inventiveness in this area since the indices suggested so far has not come to use in 
any larger extent. Pearn & Kotz (2006) devote a short chapter to multivariate process 
capability indices. In their concluding remark they state that, at present consistency is 
still absent in the methodology for evaluating capability in the multivariate domain. 
Moreover, it is quite difficult to obtain relevant statistical properties needed for more 
detailed inference on multivariate capability indices.  
 

3 A background to process capability plots 
The value of a process capability index depends on the location of the process output, 

, and the spread of the process output, . In order to facilitate the understanding of 
the restrictions that the index imposes on the process parameters ( , ) , process 
capability plots can be used. A process capability plot is a contour plot of the index, 
expressed as a function of  and  when the index equals the threshold value, k. 

The idea behind process capability plots is not new. Gable (1990) introduced a 
kind of contour plot of Cpk, called process performance chart, to grasp the capability 
of a process. Furthermore, Boyles (1991) introduced a graphical method for theoreti-
cally comparing different capability indices, based on contour plot of one or more of 
the indices Cp, Cpk and Cpm as functions of the process parameters ( , )  in the 
region LSL    USL. 

Deleryd & Vännman (1999) and Vännman (2001, 2005, 2006, 2007) considered 
process capability plots based on the class of indices ,pC u v  in (5). When 

,pC u v k , a process capability plot is obtained by plotting this equality as a func-
tion of the process parameters  and  or as a function of t  and t  where 
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 and .t t
T

d d
 (12) 

 
As before, d is the half length of the specification interval, i.e. d = (USL - LSL)/2, and 
T is the target value. To obtain the contour curve, ,pC u v k  is rewritten as func-
tions of t and t, and solved with respect to t . Then t  is plotted as a function of 

t . ,pC u v k  is equivalent to 
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By making the process capability plot as a function of ( , )t t , instead of a function 
of ( , ) , we obtain a plot where the scale is invariable, irrespective of the value of 
the specification limits. This enables that several different characteristics, with diffe-
rent specifications, can be monitored simultaneously in the same plot. 

Values of the process parameters  and  which give ( , )t t -values inside the 
region bounded by the contour curve ,pC u v k and the t -axis will give rise to a 

,pC u v -value larger than k, i.e. a capable process. Values of  and  which give 
( , )t t -values outside this region give a ,pC u v -value smaller than k, i.e. a non-
capable process. The region bounded by the contour curve ,pC u v k and the t –
axis, is called the capability region. In Figure 6 the contour curves for 0,0p pC C , 

1,0p pkC C , 0,1p pmC C  and 1,1p pmkC C  are given when k = 1. The process 
capability plots in Figure 6 give a better understanding for the restrictions that the 
different indices impose on the process parameters, compared to using the index in 
(5) only.  

In practice the process parameters  and  are usually unknown and hence, we 
cannot use the process capability plot immediately to draw conclusions about the 
process capability. This is due to the fact that we first need to estimate  and  and 
the estimators are random variables containing uncertainty. In order to take this un-
certainty into account and be able to draw conclusions about the capability, we can 
use estimated process capability plots, as described in Section 3.1, or process capa-
bility plot together with a safety region, described in Section 3.2. 
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Cpk = 1 
Cp = 1 

Cpm = 1 Cpmk = 1

 
Figure 6. The contour curves for 0,0p pC C , 1,0p pkC C , 0,1p pmC C  and 1,1p pmkC C
when k = 1. The region bounded by the contour curve and the t –axis, is the corresponding 
capability region. From Vännman (2006) with permission. 
 

 
3.1 Estimated process capability plots for two-sided specifications 

When the process parameters  and  are unknown, the decision rule for deeming a 
process capable can be based on the estimated index. This implies that a process is 
considered capable if the estimated index exceeds a critical value c . The constant 
c  is determined so that when testing the null hypothesis, that the process is non-
capable against the alternative hypothesis that it is capable, the significance level of 
the test is .  

In analogy with the process capability plot described above, estimated process 
capability plots, introduced by Deleryd & Vännman (1999), can be used for deeming 
a process capable when  and  are unknown. The estimated process capability 
plot is a contour plot of the estimated index, expressed as a function of the estimated 
process parameters, ˆ  and ˆ  (or ˆt  and ˆt ) when the estimated index equals a 
critical value c . The parameters ˆt  and ˆt  are obtained by replacing  and  in 
(12) by there maximum likelihood estimators in (11). Furthermore, the estimated 
class of indices, ˆ ,pC u v , is obtain by replacing  and  with ˆ  and ˆ  in (11). 
The estimated capability region is the region bounded by the contour curve 
ˆ ,pC u v c  and the ˆt -axis. The process is considered capable at significance level 
 if ˆ ,pC u v c , which is equivalent to that the point ˆ ˆ( , )t t  falls within the esti-

mated capability region. The estimated capability region, based on the estimated 
index, is always smaller than the theoretical capability region. How much smaller de-
pends on the sample size and the significance level.  

To exemplify an estimated process capability region we use the example in 
Vännman (2006). There the process is defined capable if Cpm > 1, n = 80, and  = 
0.05. Figure 7a) shows the estimated process capability plot for 0.05

ˆ 1.151pmC c , 
where the point with coordinates ˆ ˆ( , ) ( 0.155,0.215)t t  is added. 
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By using estimated process capability plots we get, in one single plot, visual infor-
mation about not only the capability of the process at a given significance level, but 
simultaneously also information about the location and spread of the studied charac-
teristic. In the estimated process capability plot we can at a glance relate the devia-
tion from target and the spread to each other and to the capability index in such a 
way that we are able to see whether a non-capability is caused by the fact that the 
process output is off target, or that the process spread is too large, or if the result is a 
combination of these two factors. Furthermore, we can easily see how large a change 
of the process parameters that is needed to obtain a capable process. This is an 
advantage compared to using the capability index alone. 
 

a) b) 

  
Figure 7. a) The estimated process capability plot for ˆ 1.151pmC  and b) the circular safety region 
plot for Cpm = 4/3. Note that , ,t t  and ˆ ˆ, ˆ , ˆt t . From Vännman (2006) with 
permission. 
 
 

3.2 Safety regions 

As an alternative to the estimated process capability plot described above, the theore-
tical process capability plot can be used together with a safety region in a so called 
safety region plot. A safety region is a region plotted in the theoretical process 
capability plot, covering the estimates of the process parameters, ˆ ˆ,t t , and 
designed so that conclusions about the process capability can be drawn at a given 
significance level. The size of the safety region is determined so that it corresponds 
to the significance level . 

Deleryd & Vännman (1999) suggested a rectangular safety region, based on the 
traditional confidence interval for  and , respectively, for a normal distribution. 
A process is then defined capable if the whole rectangular safety region for ,t t  
is inside the process capability plot defined by 0,pC u v k . The size of the rectan-
gular safety region is determined so that the probability that the safety region is in-
side the capability region is at most , for all possible t -values along the contour 
curve defined by 0,pC u v k . Deleryd & Vännman (1999) also compared the esti-
mated process capability plot, described above, and the rectangular safety region plot 
for ,pC u v  from a practical point of view. 
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Vännman (2006) extended the idea with safety regions and suggested a circular 
safety region to be used within the process capability plot for Cpm. The radius of the 
circular safety region is determined so that the probability that the process is 
considered capable, i.e. that the circular safety region for ,t t  is inside the 
capability region defined by 0pmC k , given that ,t t  is a point on the contour 
curve defined by 0pmC k , equals the significance level . The circular safety region 
is more powerful than the rectangular safety region. To exemplify the circular safety 
region plot we consider the same example as giving rise to Figure 7a). See Figure 7b) 
where the circular safety region plot for 4 3pmC  is presented. 

The advantages with estimated process capability plots, described above, are also 
valid for safety region plots. Furthermore, with safety region plots quality 
characteristics of different sample sizes can be monitored in the same process 
capability plot. When estimated process capability plots are used, the sample sizes of 
the characteristics in a single plot have to be equal. 
 

4 Summary of paper I 
Deleryd (1998a) identified a gap between how process capability analysis should be 
performed in theory compared to how it is actually performed in practice. Graduate 
students with education in relevant statistical methods could narrow this gap, since 
they are familiar with the theoretical aspects behind, e.g. capability analysis. 
Therefore it is of interest to seek answers to how the alumni students describe the 
application of statistical methods within the organisations where they work. Do they 
come in contact with statistical methods at all? In paper I the visibility of use of 
statistical process control, capability analysis and design of experiment, respectively, 
are investigated among a number of Swedish organisations where alumni students 
are working or have worked. Unreachable alumni and alumni without working 
experience were excluded, giving a sample size of 94 respondents. Of the 94 
respondents 68 gave their opinion of how these statistical methods were used in a 
total of 98 Swedish workplaces. In 86 of those workplaces, the respondents stated 
that they had enough insight to judge the use of the statistical methods. The results in 
paper I are based on these 86 respondents. 

The results in paper I show that respondents working in the manufacturing indus-
try thought that lack of knowledge was one of the main obstacles to expanding the 
use of the statistical methods. Many also stated that their processes were more diffi-
cult compared to examples studied at university. Furthermore, the survey does not 
show much evidence that the statistical methods are used in the service sector. In 
fact, many of the responding alumni working in the service sector believe that statis-
tical methods do not fit the operations in their workplaces. 

Studies performed by Deleryd (1996) and Gremyr et al. (2003) witness about a 
quite common use of statistical methods in Swedish industry. However, is it possible 
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that the definition of “use” affects the number of respondents claming that they use a 
certain method? In paper I the “use” of a certain statistical method is divided into 
several different categories in order to separate for example those organisations 
where “the statistical method have occasionally been tested” from those where the 
actual method is “used systematically in all relevant processes”. The results are 
shown in Figure 8 and although many organisations have tried to use statistical 
methods, regular use of these methods to improve processes appears to be infrequent. 
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Figure 8. Use of the statistical methods statistical process control (SPC), capability analysis (CA) 
and design of experiment (DoE), respectively, within the organisations where the respondents 
have worked. From Paper I. 
 

The purpose of introducing capability measures ranged from needs to validate and 
improve processes, validate supplier processes, QS9000 demands and improve prod-
uct quality. Of capability indices, Cp and Cpk dominate the use among the respon-
dents and a usual acceptance criterion is Cpk > 1.33. Only one respondent stated that 
Cpm is used, but only to verify the acceptance for machines. Furthermore, work on 
improving processes was usually initiated when processes were not capable. Several 
respondents stated that the specifications are initially investigated and changed if 
possible. One respondent claimed however, that no clear strategy for improving in-
capable processes exists even though capability analysis is used in most of the rele-
vant processes. When asked what prevents organisations from increasing the use of 
capability analysis many respondents stated that a combination of lack of education 
and training, lack of time and lack of proper methods was the major hindrance. Sin-
gle answers pointed on too few quality engineers at quality related positions, too 
theoretical a method, and that capability analysis is hard to apply. Moreover, 31 of 
the respondents stated that they could not evaluate the use of capability analysis 
within the organisation. Hence this indicates that even though the alumni students 



 

22 

have the theoretical aspects of the relevant statistical methods, many do not seem to 
use their knowledge. 

 
5 Summary of papers II and III 

In papers II-III we present two graphical methods, for deeming a process capable at a 
given significance level, when the studied quality characteristic is assumed to be 
normally distributed. These methods are generalizations of the process capability 
plots described in Chapter 3. In paper II we derive a graphical method for the case 
when the specifications are one-side. This method is based on the indices in (9) and 
(10) and is an estimated process capability plot. In paper III elliptical safety region 
plots for the indices Cpk in (2) and CPU, CPL in (6) are derived. In Sections 5.1 and 5.2 
we give some of the main results from papers II and III. 
 

5.1 Estimated process capability plots for one-sided specifications 

Consider the class of indices in (9) and (10). To obtain a process capability plot 
where the scale is invariable, irrespective of the value of the specification limits, we 
suggests the contour plot to be function of ,t t  where 
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Note that this is not the same ,t t  as in (12). We find that ( , )pauC u v k , for 
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Analogously we find that ( , )p uC u v  = k, for (1 ) /(3 )k u v , is equivalent to 
 

 2

2
2

1
, 1 for 1 and 0,

3

1 1,  for 0.
9 3

t
t

t

t
t t

u v
k

u
v v

k u k v

 (16) 

 
Figure 9 shows some examples of capability regions when k = 4/3. The process 

capability plot shows clearly the restrictions that the index puts on the process 
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parameters. From Figure 9 one can see the effect of indices taking closeness to target 
into account since the process mean cannot shift too far away to the left from the 
target value and still give rise to a capable process although an upper specification 
limit only exists. 

 
a) u = 0 and v = 1 b) u = 0 and v = 4 

 
 
 

 
 

c) u = 1 and v = 1 d) u = 1 and v = 4 

 
 

 
 

Figure 9. The contour curves for the process capability indices Cpau(u, v) = k, and Cp u(u, v) = k,
when k = 4/3. Cpau(u, v) corresponds to the continuous curve and Cp u(u, v) to the dashed curve. 
The region bounded by the contour curve and the t -axis is the corresponding capability region. 
From paper II. 

 
We obtain the estimated process capability plot by replacing ,t t  with ˆ ˆ,t t  

and furthermore, replacing k by c . The parameters ˆt  and ˆt  are obtained by 
replacing  and  in (14) by there maximum likelihood estimators in (11). Assume 
that we want to define a process as capable based on an index in the class ( , )pauC u v  
in (9) and choose u = 0, v = 1, and k = 4/3 to define our capability region. See Figure 
9 a). Furthermore, assume that we have a sample of size n = 80 and that the 
significance level  = 0.05. We then find the critical value 1.5703c  using the 
cumulative distribution function in Vännman (1998). To find out whether the studied 
process can be considered capable we calculate the observed values of ˆt and ˆt , 
and plot the coordinates ˆ ˆ( , ) (0.19,0.20)t t  in the estimated process capability 
plot, see Figure 10. If the observed value of ˆ ˆ,t t  falls inside the estimated 
capability region defined by ˆ (0,1) 1.5703pauC  then the process is considered 
capable. Hence, instead of calculating the estimated capability index and compare it 
with c , we use a graphical method to make the decision. From Figure 10 we 
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conclude that the process cannot be claimed capable at 5% significance level since 
the point is outside the estimated capability region. 
 

Figure 10. The estimated capability region bounded by the contour curve defined by  
ˆ (0,1) 1.5703pauC  and the ˆt -axis, when n = 80. The process cannot be deemed capable at 5% 

significance level. From paper II. 
 

From an estimated process capability plot we cannot only see if the process can be 
deemed capable, we can also see how to improve the process. If we want to define a 
process as capable based on the index (0,1)pauC  we can conclude from Figure 10, 
that a change in the process mean is needed so that it will be closer to the target 
value. We can also see that the process mean needs to be decreased with about 
0.18 ( ) USL T  if there is no change in the spread. Furthermore, decreasing the 
spread alone will not be sufficient to obtain a capable process. All this information 
we get instantly by looking at the graph. 

 
5.2 Elliptical safety regions 

We here discuss elliptical safety regions in process capability plots for Cpk in (2). The 
results for CPU and CPL in (6) are analogous and given in paper III. The process 
capability index Cpk in (2) does not presuppose a target value, but when the 
specifications are two-sided it is often reasonable to assume a target, T, equal to the 
midpoint of the specification interval, M. Therefore, we let T = M in the definition of 

t  and t  in (12). We then find that Cpk = k is equivalent to 
 

 1 1 ,  1.
3 3t t tk k

 (17) 

 
In Figure 6 the process capability plot for Cpk is given when Cpk = 1. 

We consider an elliptical safety region, defined as the region bounded by the 
ellipse 
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2 2

2 2 2 2

ˆ ˆ
1.

ˆ ˆ
t t t t

t tA B
 (18) 

 
The ellipse in (18) has its center in ˆ ˆ,t t  and half-axes ˆ tA  and ˆ tB . It is 
reasonable to choose the axes proportional to ˆ t  since the estimated standard 
deviations of ˆt  and ˆ t  are proportional to ˆ t . The size of the elliptical safety region 
is determined so that the probability, 0,t k , that the safety region is inside the 
capability region is at most , for all possible t -values along the contour curve 
defined by 0pkC k . The probability 0,t k  can be expressed as 
 

0

0
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where 
 

 0
0

3, ,
1t

t

k nS k  (20) 

 
and 
 

 
2 2 2

0 0

1 .
3 9

Q
k A k B

 (21) 

The function z  is the probability density function of the standardized normal 
distribution and F z  is the cumulative distribution function of a central 2 -
distribution with 1n  degrees of freedom. From (19) we see that 0,t k  depends 
on t . This means that we need to find the value of t  that gives the supremum 

0,t k  in (19). The supremum is derived and equals  
 

 2 2
0

0

( ) 3 .H Q F Q z k n z dz  (22) 

 
In order to find the size of the safety region we therefore have to determine Q, i.e. A 
and B, so that H Q . The expression ( )H Q  in (22) depends on A and B through 
Q only, see formula (21). This means that we determine Q so that ( )H Q  and 
then choose any value of A and B such that the equality in (21) holds. As a 
consequence, we have many different ellipses that can be used in the decision rule, 
where the circle and the straight line are special cases. They will all give rise to the 
same significant level and also the same power. For instance, by choosing A = B we 
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get a circle, by choosing A = 0 we get a straight line parallel with the t -axis and by 
choosing B = 0 we get a straight line parallel with the t -axis. Different ways to 
choose the constants A and B are further illustrated in paper III. 

 
5.2.1 Monitoring several characteristics in the same plot for Cpk = k0 

Several characteristics of a process can be monitored in the same safety region plot 
and at the same time the information about the location and spread of each of the 
characteristics are retained. As an example we consider a product consisting of three 
important quality characteristics, I, II and III, all with different specification limits. 
The quality characteristics of interest are assumed to be normally distributed and in 
statistical control. In order to deem the process producing the given product as 
capable, all three characteristics have to be considered capable. Each of the three 
characteristics is considered capable, at a significance level  = 1%, according to the 
definition that 4 3pkC . Hence, according to Bonferroni’s inequality the signifi-
cance level for the decision rule will be at most 3%. Furthermore, samples are taken 
from each of the three characteristics, where the sample sizes are given in Table 2. 
Note that the sample sizes differ for the three characteristics. 

When plotting the safety regions we let A = B and thus get a circle, with radius 
ˆ ˆt tA B , as a special case of the ellipse. The size of the safety region depends on 

the sample size, the significance level and the observed value of ˆt . The information 
needed for plotting the three safety regions are presented in Table 2. We obtain the 
value of A = B from (21), where Q is determined from (22) using  = 0.01. 

 
Table 2. A summary of the information needed for plotting the three quality characteristics, each 
at 1% significance level, when A = B.

 sample 
size 

specification 
limits 

ˆ ˆ,t t  Q-value A = B radius 

I 80 [150, 160] (0.32, 0.1) 0.201 0.237 0.024 
II 50 [22, 25] (0.21, 0.18) 0.188 0.320 0.058 
III 60 [0.80, 0.82] (-0.16, 0.13) 0.193 0.284 0.037 

 
In Figure 11 the process capability plot for 4 /3pkC  is presented together with 

the safety regions for the three characteristics I, II and III, all in one process 
capability plot. We see that at 1% significance level, both I and III are capable, since 
their safety regions are inside the capability region bounded by Cpk = 4/3 and the t -
axis. For II, the point estimate of ,t t  is inside the capability region. However, II 
cannot be considered capable since its safety region is not completely inside the 
capability region bounded by Cpk = 4/3. Since the process is considered capable, 
when all three quality characteristics are capable according to the definition that 

4 /3pkC , we cannot claim the process to be capable at the 3% significance level. It 
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is clear that it is characteristic II that needs to be improved, either by decreasing the 
spread or moving the process closer to the midpoint of the interval or both.  

We also see from Figure 11 that if we had plotted the estimated points ˆ ˆ,t t  
only and not added the safety regions then we would falsely have claimed that II is 
capable. This clearly shows the importance of safety regions. We can, of course, 
monitor several quality characteristics in the estimated process capability plots as 
well. However, as stated previously this requires that the sample sizes for the 
characteristics of interest are equal. 
 

Figure 11. A process capability plot for Cpk = 4/3 with elliptical safety regions for each of the three 
characteristics I, II and III, each at a significance level  = 0.01. The size of the safety region 
depends on the sample size, the significance level and ˆt  The safety regions are illustrated when 
A B . Note that the scales on the axes differ. From paper III. 
 
 

6 Summary of papers IV, V and VI 
In papers IV-VI we propose a new class of process capability indices designed for 
the situation with an upper specification limit, a target value zero, and where the 
studied quality characteristic has a skewed, zero-bound distribution with a long tail 
towards large values. We consider the situation when the studied quality characteris-
tic is continuous distributed. This means that we can never obtain a value equal to 
zero, but we can still have a target at zero. Note that the results in papers  IV-VI are 
also valid for the situation with a target value, not equal to zero but equal to a natural 
lower limit of the quality characteristic. In that case we first subtract the target value 
and then use the results presented in these papers. In Sections 6.1 and 6.2 we give 
some of the main results from papers IV-VI. 
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6.1 A new class of process capability indices for  
skewed zero-bound distributions 

In paper IV desirable properties for a process capability index are discussed, when a 
target value exists and the distribution of the studied quality characteristic is skewed. 
A suitable index should 
1. given a value greater than or equal to 1, imply that the probability of non-confor-

mance is less than or equal to 0.0027, by analogy with the case of normality;  
2. be sensitive with regard to departures of the median from the target value; 
3. have a “closeness to target property”. By this we mean that the index should not 

allow large deviations from the target value even if the variance is very small; 
4. punish large departure from the target more than small departures; 
5. be simple and easily understood. 

The first property is based on the initial idea of process capability indices to be a 
measure of the fraction of non-conforming products. The properties 2-3 are based on 
Taguchi’s ideas to use target values and to keep the process on target. In Taguchi’s 
quality philosophy reduction of variation from the target value is the guiding 
principle. Accordingly, attention should focus on meeting the target instead of 
merely meeting the tolerances. Hence, if the median is far away from the target T, 
then the process should not be considered capable even if the variability is so small 
that the probability of non-conformance is small. Examples illustrating these ideas 
are found, e.g. in Sullivan (1984). Property 4 is also due to Taguchi and his quadratic 
loss function, see, e.g. Bergman & Klefsjö (2003). Property 5 we feel is essential in 
order to get an index accepted by practitioners. 

Based on the above stated properties we propose a new class of indices, ,MAC v , 
depending on two parameters  and v. This class of indices, designed for the situation 
with an upper specification, a skewed zero-bound distribution and a target value T = 
0, is defined as 
 

 
2 2
1 0.5

( , ) .MA
USLC v

q vq
 (23) 

 
The proposed class of indices in (23) possesses the desirable properties described 
above. The quantile q  denotes the th quantile of the cumulative distribution 
function F of the studied characteristic and the parameter v > 0. The parameter  is 
small and chosen in a suitable way, e.g.  = 0.0027. When , 1MAC v , the 
probability of non-conformance will be less than or equal to  and therefore, a 
process is defined capable if , 1MAC v .  

In most situations the quantiles of the underlying distribution are unknown and 
need to be estimated. In paper V the distributional properties of two different 
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estimators of the proposed class of indices are considered. One is the following 
intuitive estimator of the th quantile, q , for 0 1 
 
 ˆˆ inf : ( ) ,q x F x  (24) 
 
i.e. q̂  denotes the th quantile of the empirical cumulative distribution function F̂ . 
As an estimator of ,MAC v  we then get 
 

 
2 2
1 0.5

ˆ ( , ) .
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MA
USLC v

q vq
 (25) 

 
The asymptotical distribution for this estimated class of indices is derived and pre-
sented in Theorem 1. In Theorem 1 the notation AN means that the studied quantity 
is asymptotically normally distributed. 
 
Theorem 1: Suppose that F possesses a positive continuous density f in the neigh-
bourhoods of the quantiles 0.5q  and 1q . Then 
 

 21ˆ ( , )   is   ( , ), ,MA MA CC v AN C v
n

 (26) 

 
where 
 

 
2 22 2
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 (27) 

 
In paper V an estimator proposed by Pearn & Chen (1997) is consider as well and the 
asymptotic distribution of that estimator is shown to be the same as the asymptotic 
distribution of ˆ ( , )MAC v . 

Using the result in Theorem 1 a decision rule for measuring the capability based 
on the estimator ˆ ,MAC v  is proposed. We consider a hypothesis test with the null 
hypothesis 0 : , 1MAH C v  and the alternative hypothesis and propose the test 
statistic 
 

 
2

ˆ ( , ) 1,MA
C

C

C vT
n

 (28) 
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where C  is defined in (27), given that , 1MAC v . For large sample sizes, the test 
statistic CT  approximately follows a standardized normal distribution N(0,1) given 
that , 1MAC v , according to Theorem 1. Hence, at an approximate significance 
level , the null hypothesis is rejected and the process is consider capable whenever 

CT , where  is the (1- )th quantile of the standardized normal distribution 
N(0,1). 

We see from (27), that the variance in the asymptotic distribution of ˆ ,MAC v , 
depends on the underlying distribution of the studied quality characteristic. This 
means that in order to deem a process capable based the decision rule presented 
above, we have to make an assumption of the underlying distribution. We exemplify 
the reasoning by assuming that the studied characteristic is distributed according to a 
Weibull distribution. The Weibull distribution, with cumulative distribution function 
 

 
/

0                     0,
( )

1         0,  
bX x a

x
F x

e x
 (29) 

 
is zero-bound and contains a wide range of more or less skewed distributions. We 
then reject the null hypothesis 0 : , 1MAH C v  and consider the process capable if 
 

 1 2
1

ˆ ( , ) 1 ,
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n

 (30) 

 
where 2

1ˆ  denotes an estimator of  
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 (31) 

 
where  
 
 

2 2( ) ln 1 ln 2 .
b bd b v  (32) 

 
Two different estimators of b are considered, the maximum likelihood estimator of b 
and the lower confidence limit of a 100(1- )% two-sided confidence interval of b. 

 
6.2 The CMA( ,v) class of indices and Weibull distributions 

If it is reasonable to assume that the underlying distribution is a Weibull distribution, 
we can estimate the parameters a and b directly and  form an estimator of ( , )MAC v , 
based on these parameter estimates. In paper VI we consider such an estimator of 

( , )MAC v . The th quantile in the Weibull distribution can be expressed as  
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Hence, we can express the class of indices in (23) as 
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We consider the following estimator of ( , )MAWC v  in (34), where â  and b̂  is the 

maximum likelihood estimators of a and b, respectively,  
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 (35) 

 
The asymptotical distribution for this estimated class of indices is derived and pre-
sented in Theorem 2. As in Theorem 1, the notation AN means that the studied 
quantity is asymptotically normally distributed. 
 
Theorem 2: Let ˆˆ,a b  denote the maximum likelihood estimator of ,a b , based on 
a random sample of n observations from a Weibull distribution. Then 
 

 21( , )   is   ( , ), ,MAW MAW WC v AN C v
n

 (36) 

 
where 
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 (37) 

 
and 2 0.4227843351 and (1) 1 1.644934066848 . The mathematical 
constants 2  and (1) 1  are values of the digamma function x , evaluated at 
x = 2, and the trigamma function (1) x , evaluated at x = 1. The function d(b) is 
defined in (32) and h(b) is defined as 
 
 

2 2( ) ln 1 ln ln 1 ln 2 ln ln 2 .
b bh b v  (38) 

 
A decision rule for deeming a process capable based on the estimator ( , )MAWC v  

in (35) is proposed as well. We consider a hypothesis test with the null hypothesis 
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0 : ( , ) 1MAWH C v  and the alternative hypothesis 1 : ( , ) 1MAWH C v  and propose the 
test statistic  
 

 *

2

( , ) 1,MAW

W

C vT
n

 (39) 

 
where 2

W  in (39) is obtained by letting , 1MAWC v  in (37). For large sample 
sizes, the test statistic *T  approximately follows a standardized normal distribution 
N(0,1) given that , 1MAWC v , according to Theorem 2. We see from (37) that 2

W  
depends on the unknown parameter b. Hence, to obtain a useful test statistic we need 
to estimate the variance. We estimate b by its maximum likelihood estimator, b̂  and 
get  
 

 2 2
2

( , ) 1,
ˆ

MAWC vT
n

 (40) 

 
where 2

2ˆ  in (40) is obtained by letting , 1MAWC v  in (37) and replacing b by its 
maximum likelihood estimator b̂ . Through a simulation study it was found that the 
test statistic in (40) could be improved by an adjustment term. The decision 
procedure to be used is then: Consider the process capable whenever 
 
 2 , ,

ˆ, ,vT k n b  (41) 

 
where , ,

ˆ,vk n b  is a function of n and the maximum likelihood estimator b̂ , for 
given values of ,  and v. Analytical expressions for , ,

ˆ,vk n b  are given in paper 
VI for some commonly used combinations of ,  and v. 

 
6.3 Results from simulation studies 

The decision procedures presented in (30) and (41), respectively, are useful when 
deciding if a process is capable for large sample sizes. In order to investigate how 
good the approximations of the significance levels of these two tests are, when the 
sample size n is finite, simulation studies have been performed. We here give some 
of the main results from these simulation studies. 

When deeming a process capable based on the test in (30) and the studied quality 
characteristic is Weibull distributed, we suggest that the shape parameter b is 
estimated by the lower confidence limit of a 100(1- )% two-sided confidence 
interval. By comparing the results of the simulations studies for the tests in (30) and 
(41), respectively, we suggest the test in (41) to be used when deeming a process 
capable, especially when the Weibull distribution is highly skewed and the sample 
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size is small or moderate. Furthermore, a power comparison between the two tests in 
(30) and (41), respectively, shows that the test in (41) is more powerful. 

When drawing conclusions about the performed simulation studies, the simulation 
error has to be considered. The simulation error, e , depends on the significance 
level  and the number of simulations N, and can be expressed as 
 

 
1

,e
N

 (42) 

 
where  is the upper th quantile in the standardized normal distribution. This 
means that at a significance level of 5% and 10 000 repetitions of the simulation 
procedure, the simulation error 0.43%e . The simulation studies shows that even 
though the proposed decision rules in (30) and (41) are based on the asymptotic 
distribution of the estimators, and with consideration taken to the simulation error, 
the decision procedures can be used for deeming a process capable when the sample 
sizes are small to moderate.  

When the Weibull distribution is not too skew, i.e. when shape parameter b = 2 
giving rise to skewness 0.63, both tests can be used for as small sample sizes as 50. 
When the Weibull distribution is rather skewed, i.e. b = 1 giving rise to skewness 2, 
the test in (41) can be used for as small sample sizes as 50. When the Weibull 
distribution is highly skewed, i.e. b = 0.5 giving rise to skewness 6.62, the decision 
procedure in (41) can be used for sample sizes of 200n . However, since the 
estimated significance levels do not differ dramatically from the expected 
significance level when b = 0.5 and 50 200n  it can be reasonable to use the 
decision rule for sample sizes of n, where 50 200n , as well. 
 

7 Process capability plots for CMA( ,v)
The results in this chapter are new and not part of any of the appended papers. They 
are included here since they combine the ideas from paper II with the results in 
papers IV-VI in a natural way. 

The ( , )MAC v  class of indices in (23) can also be graphically illustrated by a 
process capability plot. For ( , ) 1MAC v  we obtain the process capability plot by 
plotting this equality as a function of the quantiles 0.5q  and 1q . As stated previously, 
it is desirable to have a scale that is invariable, irrespective of the value of the 
specification limits. Therefore we suggest the contour plot to be a function of 

* *
0.5 1,q q , instead of a function of 0.5 1,q q , where 

 

 * *0.5 1
0.5 1 and  .q qq q

USL USL
 (43) 
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We find that ( , ) 1MAC v , together with the condition that * *

0.5 1q q , is equivalent to 
 

 2* * *
1 0.5 0.5

11 ,      0 .
1

q v q q
v

 (44) 

 
Values of the quantiles 0.5q  and 1q which give * *

0.5 1,q q  - values inside the region 
bounded by the contour curves ( , ) 1MAC v , and the *

1q  - axis will give rise to a 
( , )MAC v -value larger than 1, i.e. a capable process. In Figure 12 the process 

capability plots for ( ,1) 1MAC  and ( ,4) 1MAC  are presented. We clearly see that 
( , )MAC v  is sensitive with regard to departures of the median from the target value 0 

and the larger the value of v the more sensitive the index.  
 

a) v = 1 b) v = 4 
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Figure 12. The contour curves for the process capability indices ,1 1MAC  in a) and  

,4 1MAC  in b). The region bounded by the contour curve and the *
1q -axis is the 

corresponding capability region. 
 
 

7.1 Estimated process capability plots for CMA(t,v)

As stated previously, the quantiles 0.5q  and 1q  are unknown in most situations and 
need to be estimated. Furthermore, the estimated quantiles depends on the underlying 
distribution and in order to deem a process capable at a given significance level, an 
assumption of the underlying distribution needs to be made. To illustrate the idea 
with estimated process capability plots for ( , )MAC v  we assume that the studied 
quality characteristic is Weibull distributed according to (29). 

If we consider the decision procedure based on the estimated index ˆ ( , )MAC v in 
(25), we rearrange the inequality in (30) and define a process capable if 
ˆ ( , )MAC v c , where  

 
 2

1ˆ1 ,c n  (45) 
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and 2

1ˆ  is an estimator of 2
1  in (31). We can now illustrate the decision rule in an 

estimated process capability plot. To do so we introduce the notations 
 

 * *0.5 1
0.5 1

ˆ ˆˆ ˆ and  ,q qq q
USL USL

 (46) 

 
where 0.5q̂  and 1q̂  are defined in (24). We then make a contour plot of the estimated 
index when ˆ ( , )MAC v c , as a function of *

0.5q̂  and *
1q̂ , and obtain an estimated 

process capability plot.  
We find that ˆ ( , )MAC v c , together with the condition that * *

0.5 1ˆ ˆq q , is 
equivalent to 
 

 2* * *
1 0.5 0.52

1 1ˆ ˆ ˆ,      0 .
1

q v q q
c c v

 (47) 

 
Values of the quantiles 0.5q̂  and 1q̂ which give * *

0.5 1ˆ ˆ,q q  - values inside the region 
bounded by the contour curves ˆ ( , )MAC v c , and the *

1q̂  - axis will give rise to a 
ˆ ( , )MAC v -value larger than c , i.e. a capable process at an approximate significance 

level . Note that the critical value c  in the estimated process capability plot is 
based on asymptotical results and all conclusions regarding the decision rule in (30) 
are also valid for this graphical approach. 

To illustrate the estimated process capability plot for ˆ ( , )MAC v c , we consider 
the example of 52 observation described in Section 6 in paper V, where  = 0.05, 

0.0027  and v = 1. Furthermore, we obtain 0.05c  in (45) to be equal to 1.147 and 
* *
0.5 0.9973ˆ ˆ,q q  in (46) to be equal to 0.213,0.525 . To find out whether the studied 

process can be considered capable, we plot the point with coordinates * *
0.5 0.9973ˆ ˆ,q q  = 

0.213,0.525  in the estimated process capability plot for ˆ (0.0027,1) 1.417MAC , see 
Figure 13a). Since the point with coordinates 0.213,0.525  is inside the estimated 
process capability plot for ˆ (0.0027,1) 1.417MAC  we deem the process capable at an 
approximate significance level 0.05 according to Table 1 in paper V. 

Process capability plots can be obtained for ( , )MAWC v  in (34) as well. However, 
since we want the process capability plot to illustrate the restrictions that the index 
imposes on the location and spread of the process, we express the process capability 
plot for ( , )MAWC v  as a function of the quantiles in the Weibull distribution and not 
as a function of the parameters a and b. As a consequence we find that ( , ) 1MAWC v  
is equivalent to (44) and hence, the process capability plots in Figure 12 are valid for 
the ( , )MAWC v  class as well. Note that 0.5q  and 1q  then are the quantiles in the 
Weibull distribution, defined in (33). 
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We consider the decision procedure based on the estimated index ( , )MAWC v in 
(35). By rearranging the inequality in (41) we define a process capable if 

( , )MAWC v r , where  
 
 2

, , 2
ˆ ˆ1 , ,vr k n b n  (48) 

 
and 2

2ˆ  is obtained from (37) when ( , ) 1MAWC v  and b is replaced by its maximum 
likelihood estimator b̂ . Analytical expressions for , ,

ˆ,vk n b  are given in paper VI 
for some commonly used combinations of ,  and v. To illustrate the decision rule 
in (41) in an estimated process capability plot, we introduce the notations 
 

 * *0.5 1
0.5 1 and  ,q qq q

USL USL
 (49) 

 
where  
 

 
ˆ1ˆ ln 1 ,
b

q a  (50) 
 
and ˆˆ,a b  are maximum likelihood estimators of ,a b . We then make a contour plot 
of the estimated index when ( , )MAWC v r , as a function of *

0.5q  and *
1q , and obtain 

an estimated process capability plot.  
We find that ( , )MAWC v r , together with the condition that * *

0.5 1q q , is 
equivalent to 
 

 2* * *
1 0.5 0.52

1 1,      0 .
1

q v q q
r r v

 (51) 

 
In analogy with the previously discussed estimated process capability plots, values of 
the quantiles 0.5q  and 1q which give * *

0.5 1,q q -values inside the region bounded by 
the contour curves ( , )MAWC v r , and the *

1q  -axis will give rise to a ( , )MAWC v -
value larger than r , i.e. a capable process at an approximate significance level . 
The critical value r  is based on asymptotical results and all conclusions regarding 
the decision rule in (41) are also valid for this graphical approach. 

We consider the example described above, which is also given in Section 7 in 
paper VI. We then obtain 0.05r  in (48) to be equal to 1.205 and * *

0.5 0.9973,q q  in (49) to 
be equal to 0.221,0.629 . We plot this point in the estimated process capability plot 
for (0.0027,1) 1.205MAC  and since the point is inside the estimated process 
capability plot we deem the process capable at an approximate significance level 
0.05 according to Table 5 in paper VI. See Figure 13b).  
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Note that when the studied quality characteristic is Weibull distributed, the 
variance for the estimator ,MAWC v  in (35) is smaller than the variance for the 
estimator ˆ ,MAC v  in (25), see Figure 6 in paper V. This implies that the capability 
region in Figure 13 b) is larger than the capability region in Figure 13 a). 
Furthermore, the variables that are plotted in the estimated process capability plots in 
Figures 13a) and b) are different. This has to be taken into consideration if 
comparing Figures 13a) and b).  
 

a) ˆ (0.0027,1) 1.417MAC b) (0.0027,1) 1.205MAC
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Figure 13. a) The estimated capability region bounded by the contour curve defined by 
ˆ (0.0027,1) 1.417MAC  and the *

0.9973q̂ -axis when n = 52. b) The estimated capability region 
bounded by the contour curve defined by (0.0027,1) 1.205MAC  and the *

0.9973q -axis when n = 52. 
The process can be considered capable at an approximate significance level of 5%.
 
 

8 Concluding remarks and future research 
In this thesis some aspects of process capability analysis have been considered. This 
chapter concludes the thesis and gives some suggestions for future research. 
 

8.1 Concluding remarks 

The overall aim of this thesis has been to theoretically develop simple and easily 
understood decision procedures, applicable when assessing the capability of a 
process. This overall aim has been accomplished by considering three specific aims, 
namely “To derive graphical methods for deeming a process capable at a given 
significance level”, “To derive decision procedures for situations where well 
functioning capability tools are missing” and “To seek answers to what motivates 
organisations to implement or not implement statistical methods, to what extent 
statistical methods are used within the organisations, and what is needed to increase 
the use”. In this section, the most important conclusions connected to these specific 
aims are presented. 
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Capability indices were introduced to focus on the process variability and 
closeness to target and relate these quantities to the specification interval and the tar-
get value. We believe that the process capability plots, for deeming a process as 
capable at a given significance level, derived in papers II-III will do this in a more 
efficient way than the capability index alone. In the graphical methods proposed in 
papers II-III we could at a glance relate the deviation from target and the spread to 
each other and to the capability index. Hence, we are able to see whether a non-
capability is caused by the fact that the process output is off target, or that the process 
spread is too large, or if the result is a combination of these two factors. Furthermore, 
several quality characteristics of a process can be monitored in the same process ca-
pability plot. This means that in one single plot a process consisting of several 
characteristics can be deemed capable.  

In paper II we consider the case with one-sided specifications and propose a 
graphical method, based on estimated process capability plots. In paper III we focus 
on graphical methods for Cpk, where more than one characteristic could be displayed 
in one plot, and propose safety region plots for Cpk and its one-sided correspond-
ences, CPU and CPL. Theory has been developed so that decision procedures easily 
can be applied when drawing conclusions, based on estimated indices, at a given 
significance level. Using safety region plots we can monitor quality characteristics of 
different sample sizes in the same plot.  

Several different methods for handling non-normal process data have been pro-
posed and discussed in literature. However, there is a gap in the theoretical develop-
ment of capability indices for situations when there is an upper specification USL, a 
pre-specified target equal to zero and when the quality characteristic of interest has a 
skewed, zero-bound distribution with a long tail towards large values. Papers IV-VI 
contribute to this area by proposing a new class of indices that covers the situation 
described above, suggesting several possible estimators and deriving their 
asymptotical distributions. The results in papers IV-VI are also valid for the situation 
with a target value, not equal to zero but equal to a natural lower limit of the quality 
characteristic. The proposed class of indices, ( , )MAC v , is simple and easily 
understood compare to some of the other indices for non-normal distributions. It also 
possesses properties desirable for process capability indices. In paper IV we list a 
number of desirable properties and discuss why these properties are important for a 
suitable index. Decision procedures for deeming a process capable, at a given 
significance level, have also been derived. Furthermore, examples based on real data 
sets are presented in order to illustrate the ideas and to support the practical use of 
the decision procedures.  

By combing the ideas from paper II with the results in papers IV-VI, a graphical 
method for deeming a process capable at a given significance level is proposed for 
the ( , )MAC v  class of indices. This graphical method is based on estimated process 



 

39 

capability plots. We believe that these estimated plots will facilitate the 
understanding and use of this proposed class of indices further.  

The results in paper I show that even though many of the respondent organisations 
have tried to use capability analysis, few of them use this statistical method 
systematically in most of the relevant processes. Comparing the result to earlier 
surveys presented by Deleryd (1996) and Gremyr et al. (2003), the results in paper I 
indicates that the use of capability analysis is less common, even if use is defined as 
“capability analysis has at least occasional been tested”. The results in paper I are a 
contribution to the discussion regarding capability analysis and show that not only 
proper tools are needed, but also good implementation strategies. The results are also 
important from an educating point of view since they show that universities need to 
focus on the practical aspect of statistical methods to a larger extent. 

Papers I-V, included in this thesis, are results of joint work. The contributions by 
the author are as follows 

Paper I: the construction of the questionnaire and the analysis of the results were 
carried out in collaboration with Bergquist. The paper was written by Albing and 
Bergquist together; 

Paper II: the theoretical work was carried out by both authors. All work in 
MATLAB was done by Albing. The paper was written by Albing and Vännman 
together; 

Paper III: the main part of the theoretical work was carried out by Albing. Albing 
also wrote the first draft of the paper, which was revised by Vännman; 

Paper IV: the main part of the theoretical work was carried out by Albing. All 
work in MATLAB was done by Albing. The paper was written by Albing and 
Vännman together; 

Paper V: all theoretical work was carried out by Albing where valuable input and 
theoretical knowledge was provided by Vännman. All work in MATLAB was 
done by Albing. The paper was mainly written by Albing. 

 
8.2 Suggestions for future research 

As mentioned before there is a gap in the theoretical development of capability in-
dices for the situation with an upper specification limit, a target value zero, and 
where the studied quality characteristic has a skewed, zero-bound distribution with a 
long tail towards large values. With the results in papers IV-VI we have started to fill 
in this gap and we believe that it is of importance to continue investigating the case, 
which is also a practical case of interest. Furthermore, it is of interest to investigate 
the proposed class of indices for other distributions than the Weibull distribution. 



The decision rules proposed in papers IV-VI are based on the asymptotic 
distributions of the estimators. The results regarding the asymptotic distributions are 
based on the assumption that the underlying distribution is continuous. An interesting 
case to consider in future research is when the quality characteristic of interest may 
attain zero values. A possible distribution for such a quality characteristic is a non-
standard mixture of distributions. Then we assume that the studied characteristic X is 
zero with probability p and positive with probability 1 – p. With a non-standard 
mixture of distributions, where p  0.5, it is also possible to obtain the process on 
target, when T = 0.  

An interesting prospect for further research is to combine process capability plots 
with control charts. By doing so, we believe that a deeper understanding of process 
performance can be achieved. With the proposed safety region plots in paper III, as 
well as the plots by Vännman (2005, 2006, 2007), tools are available to develop plots 
that combine safety region plots for Cpk and Cpm with control charts. 

Another idea for further research is to investigate if and how tools for analysing 
the process capability in continuous processes can be transferred. For continuous 
processes the combination of multivariate and autocorrelated data is typical, which 
implies both interesting and challenging questions to tackle.  
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ABSTRACT Students taking courses in quality management at Luleå University of Technology
receive extensive education in statistical methods. To improve the education and to understand
what kind of competence students need when they graduate, a survey was preformed examining
how and to what extent the methods Statistical Process Control, Capability Analysis and Design
of Experiments are used by organisations hiring the alumni. The result shows that the students
employed in the Swedish industrial sector witness a modest use of statistical methods, while use
of statistical methods in other sectors hiring the alumni is uncommon. Lack of competence and
resources within the organizations are stated as hindrances to expanded use. Conclusions from
the study are that implementation techniques must be emphasized in the curriculum and that
different types of courses should be given – practical, hands-on courses for engineers, managers
and others working in organizations. Furthermore, courses offered at universities must have a
strong focus on practical problems such as difficulties randomizing experiments and that
graphical methods should be favoured.

KEY WORDS: Capability index, capability indices, experimental design, design of experiments,
statistical process control survey, Sweden

Introduction

Statistical methods (SMs) such as Statistical Process Control (SPC), Capability Analysis

(CA) and Design of Experiments (DoE) have been used for decades to improve the quality

of processes and products in quality management (Bergman & Klefsjö, 2003). The SMs

have mostly been used in manufacturing industry, but also in other types of problems

such as to understand customer needs and behaviour (Green & Srinivasan, 1978; Gustafs-

son et al., 1999). The use of SMs are further amplified by recent quality management

trends such as Six Sigma; see Harry (1994) or Hahn et al. (1999). SMs have also found

applications in service, see Mundy et al. (1990), Kumar et al. (1996), Mason & Antony
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(2000), and this use is also amplified by the broadened focus of Six Sigma, see Hoerl

(2001).

SMs have roles to play in different parts of organisational development, but the best

of methods are of no value if no one uses them. In Swedish studies of the use of SMs

performed in the mid 1990s, the use ranged from non-existent to moderate. In a survey

by Deleryd (1996), the use of process capability measurements in Swedish industry was

investigated and 97 of 205 respondents claimed to work with CA. However, an inves-

tigation of companies in the Swedish counties of North Bothnia and West Bothnia

regarding the utilization of quality methods concluded that the use of DoE was

around 6% and that the use of SPC and CA was less than 5% (Bäcklund et al.,

1995). In a recent study by Gremyr et al. (2003), product development managers or

quality managers from 105 manufacturing companies were telephone interviewed

regarding the use of statistical methods in Swedish industry. A majority (53%) of man-

agers stated that their companies used DoE and more than 60% that their companies

used SPC and CA respectively. The findings by Gremyr et al. (2003) are in agreement

with a British study by Thornton et al. (2000), who investigated the use of SMs in 19

companies of which all used SPC, most used CA and about one third used some form of

robust design methodology, including DoE.

Studies of the use of SMs outside the industrial sector are rare. A British survey by

Redman et al. (1995) concluded that 18% of service organizations, private or public

alike, used SPC. Witt & Clark (1990) studied whether SPC was used to improve quality

in British tourism. The result was that 15 of 75 of respondents stated that use of SPC

was frequent and another nine respondents stated that use of SPC was occasional.

A problem in all the studies is of course what respondents define as “use”. Is the

occasional test of an SM enough for respondents to say that it is used, and are the defi-

nitions used in different investigations similar? Comprehension of SMs is vital if respon-

dents should evaluate their use, and answers regarding use and applicability might be

misleading if respondents lack proper method comprehension. Kotz & Johnson (2002)

state that the gap between practitioners and theoreticians in the field of CA is wide, and

that the gap has widened during the last ten years. It appears likely that the same is true

for SPC and DoE as well.

The authors of this paper are teaching quality management and applied statistical

methods to Swedish engineering students. As teachers we often receive questions from

students regarding how frequently the methods we teach are used. Other questions from

students are how likely it is that, when they have graduated, they will transform their theor-

etical knowledge into practice at their workplaces. These questions are certainly legitimate

and deserve a well-founded response. However, the responses we have given to such ques-

tions have generally been a mix of belief, knowledge and optimism. Optimism since we

want the use to be high to retain high credibility. Nonetheless, in contact with Swedish

industry, directly or indirectly, by supervising students, we were led to believe that use of

SMs was less common than reported by Deleryd (1996) and Gremyr et al. (2003).

The apparent differences between the stated utilization of SMs based on interviews and

surveys and student feedback were unsettling. Was the difference due to the limited access

of our students or were they actually doing projects or diploma work in organizations that

did not use statistical methods? Was use of SMs less frequent than previous studies had

indicated, and if so why? Was the use of SMs in industry, service, research, or product

development strong enough to be visible to new engineers entering their working life or
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were there only a few rare examples of this sort? To answer these questions, an

investigation of the visibility of the use of these SMs in Swedish organizations was

performed. Furthermore, graduate students with method training in SMs could narrow

the gap between theoreticians and practitioners. Thus, a follow-up of how organizations

with which they had worked use SMs was considered interesting.

Purpose

The main purpose of the investigation was therefore to determine how our alumni would

describe the frequency and use of SMs in their workplaces and also how the SMs are used.

Secondary purposes were to seek answers to what motivated organizations to implement

or not implement SMs, to seek differences in use related to organizational types, and to

find out what was needed to increase the use.

Method

The survey, executed as an inquiry, was limited to alumni students who had taken their

final courses in quality management at Luleå University of Technology. The sampling

frame was based on students who had taken university courses covering these specific

SMs with a length of at least three full-time weeks. It was therefore possible to ensure

that the respondents were well aware of our views and definitions of these methods,

and explanations of SMs in the questionnaire could be kept short. Our hope was that

the response rate should be high, as the respondents were our own alumni. However, a

possible bias if results were compared to general use, for instance industrial or Swedish

use, could be that the respondents with method training would be more prone to seek

work in companies interested in these skills. Still, the target population was considered

ideal to answer the question: ‘How likely is it that graduated students meet SMs?’.

The sampling frame was a mix between a convenience sampling and a total investigation,

in such a way that the total population of our alumni was included. Since one of the reasons

for starting the investigation was to examine how likely it is that alumni will come into

contact with SMs in their workplaces, the sampling frame was considered relevant. Using

another type of sampling frame and selection method, e.g. a randomly chosen sample

from a database containing Swedish companies would enable different types of general

statements, but would not enable commenting the alumni students. It was also considered

more important to use a respondent group with method training on the basis of the questions

we wanted answered.

A preliminary version of the questionnaire was tested on a group of researchers at Luleå

University of Technology teaching questionnaire design and analysis. The three sections

of the questionnaire focused on SPC, CA and DoE, respectively. Each section included

questions where respondents rated the organizational use of each SM using Likert

scales. The degrees of use of the SMs were divided into seven statements about each

company or organization with which they were acquainted, ranging from the SM not

being relevant for the processes of the workplace to the SM being used systematically

in all processes. In addition, the questionnaire included open questions aiming at under-

standing why the SMs were used, how results are used, and what the obstacles are to

increasing the frequency of use. The questionnaire was designed so that respondents

could rate the use of several organizations with which they had worked.

Statistical Methods – Does Anyone Really Use Them? 963



Unreachable alumni and alumni without working experience were excluded, giving a

sample size of 94 respondents. The first round of questionnaires was sent out in November

2004 and the respondents were given three weeks to answer the questionnaire, resulting in

22 responses. A reminder where each missive letter was hand-signed by the researchers

and the name of the respondent was pre-written was sent in December 2004, which

resulted in 40 additional responses. A second reminder was sent in January 2005, resulting

in six more responses. This gives a total of 68 responses and a response rate of 72%. In an

effort to reduce speculative answers, only responses where the respondent had seen an

occasional or more frequent use were analysed in connection to questions such as why

the organization had implemented the SM.

Affinity diagrams were used to group the answers of the open questions. Open answers

were also separated on the basis of the respondents’ answers to the closed questions,

enabling comparison of open answers of respondents reporting rare or no use of SMs to

open answers of respondents reporting frequent use.

Results

The 68 respondents gave their opinion of how the SMs were used in a total of 98 Swedish

workplaces. In 86 of the workplaces, the respondents stated that they had enough insight to

judge the use of SMs. The workplaces were classified as small or large based on the

number of employees. If the number was larger than 50, the organization was considered

large. The workplaces were also separated into service or industrial type organizations (see

Table 1).

Quantitative Results

A majority of the respondents indicated sporadic or no use of the SMs in the organizations

where they had worked, and this was independent of the SM in question (see Figure 1). Of

the 37 workplaces where SPC had at least been tested, only one company was said to use

SPC systematically in all relevant processes and 7 companies were said to use SPC in most

of the relevant processes. For CA (21 workplaces) and DoE (18 workplaces), none of the

companies was reported to use the SM systematically in all relevant processes, and only at

three companies were SMs said to be used in most relevant processes.

Table 1 is a two-way representation of the use of SMs, categorized by organizational

type and organizational size. ‘Use’ in Table 1 is defined as one SM has at least been

tested (numbers within parenthesis is number of organisations within each category).

Table 1. The numbers of organisations that have been classified by the
respondents to use statistical methods. Cell numbers represents use of
SMs within category (number of organisations within category in

parenthesis)

Small org. (,50 employees) Large org. Total

Industry 1 (7) 31 (43) 32 (50)
Non-industrial 0 (9) 7 (27) 7 (36)
Total 1 (16) 38 (70) 39 (86)
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There is a difference between how respondents estimated the use of SMs in their

organizations depending on the size of the organization. Respondents within large orga-

nisations see use of SMs more often. The use in service organizations is less frequent

than in industrial organizations. Furthermore, there is no clear tendency for neither

small nor large organizations to be either industrial or service types and thus, the effect

of company size does not explain the more frequent use in larger firms compared to

that in small ones and vice versa; the size effect does not explain why industrial firms

are more frequent users.

Depending on SM, 42% (SPC), 36% (CA) and 44% (DoE) the respondents that had

worked in the non-industrial sector had the opinion that use of SMs was irrelevant for

the type of work performed there. For the industrial organizations, the SMs were classified

as irrelevant for 10% (SPC) 8% (CA) and 14% (DoE).

Qualitative Results SPC

Based upon the open answers of the respondents that had seen use of the SMs

(predominantly large manufacturing firms), a conclusion is that the large majority of com-

panies had the motive to reduce or control variation when SPC and control charts were

introduced. Twelve respondents stated that SPC results were used by the company to

improve processes; five respondents stated that the results from SPC were not used at

all. When asked what prevents companies from increasing the use of SPC, thirteen respon-

dents thought that a combination of lack of education and training, lack of time and lack of

proper SMs was the major hindrance. Three stated that fear of change was the main

obstacle. Single answers pointed to laziness, too theoretical a method, too small series,

and a general statement that SPC is hard to apply.

Figure 1. Use of statistical methods in the organisations where the respondents have worked
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Qualitative Results CA

Compared to reasons for introducing SPC, the purpose of introducing capability measures

shifted more and ranged from needs to validate and improve processes (six answers), vali-

date supplier processes (two answers), QS9000 demands (two answers) and improve product

quality (two answers). Of capability indices, Cp and Cpk dominated the use and a usual

acceptance criterion was to have Cpk . 1.33. Three workplaces used tougher acceptability

criteria (Cp . 1.67) for new processes. Work on improving processes was usually initiated

(eight of ten) when processes were not capable. The respondents gave similar reasons for

what prevented further use of CA as for what prevented further use of SPC.

Qualitative Results DoE

The reasons for introducing DoE was even more varied and some excerpts were: ‘. . . need
to reduce process variation’, ‘. . . too many variables for one-factor-at-a-time type exper-

iments’, ‘. . . interested in new technology’, ‘. . . need for improving process quality’. All

respondents (11) that discussed how companies had worked with DoE stated that full or

reduced factorial designs were used. One company also used split-plot experiments, one

used mixture experiments and one had used Taguchi type experiments. Albeit split-plot

experiments were only used by one company, all but one respondent stated that the experi-

mental arrangement usually was non-random and that this was due to difficulties adjusting

certain factors. Lack of management competence as well as engineering competence was

stated as the main obstacle to a more frequent use of DoE. However, one respondent stated

that DoE was too resource demanding.

Reliability and Validity

Other surveys measuring the use of statistical or other quality related SMs have observed

response rates in the 15–27% range (Witt & Clark, 1990; Mathews et al., 2001; Redman

et al., 1995; Deleryd, 1996). Response rates of alumni surveys are often in the 32–36%

range (Porter & Umbach, 2001). The response rate of the study (72%) is considerably

higher than that of other surveys of statistical methods. The response rate was higher in

the first reminder than in the first survey, which was probably due to the personal touch

with hand-written names and signatures of the researchers. The high response rate of

this survey compared to that of other studies is most likely related to the selected response

group in combination with the personal touch. The first survey and first reminder included

enough responses to estimate if the respondents had answered differently in the reminder

than in the first survey. The differences of stated use were compared for all SMs; for a SPC

example see Figure 2. The profiles of the two groups of answers were considered fairly

equal, and this result was about the same for all SMs. We thus assume that the answers

were not dependent upon whether the respondent had answered directly or more reluc-

tantly. Led by this result, we assume that answers of non-respondents would not have

led to markedly different results.

Since the study by Bäcklund et al. (1995) showed little use of SMs in Sweden’s

northernmost counties, North Bothnia and West Bothnia, a concern was that results might

be hard to analyze, if the distribution of the location of workplaces was highly skewed

toward the northern part of Sweden. In Figure 3, the workplaces in the study have been
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Figure 3. Map of Sweden with locations of workplaces in the study. Black dots represent one
workplace, larger white dots represent multiple workplaces, with the numbers shown. The dotted
line represents the southern border of the two northern counties, West Bothnia and North Bothnia

Figure 2.Use of SPC in organisations where respondents have worked in the first survey and the first
reminder survey
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marked. The spread of the workplaces is a fair representation of the density of the Swedish

population and the manufacturing industry in particular. However, a few locations are

overrepresented. One is Luleå from where our alumni had graduated, where 20 workplaces

were situated. A random sample of Swedish engineers would perhaps have resulted in 2

workplaces in Luleå. Gothenburg (13 workplaces) and the Gothenburg region is the

location of the Swedish centre for car and truck manufacturing, which would explain the

over-representation here. Stockholm (25 workplaces) and the Stockholm region have a

large number of consultancy and service firms and is also represented with a larger share

of workplaces. Västerås (7 workplaces) holds a concentration of ABB companies and is

also a major employer of our alumni students. The southernmost part of Sweden is under-

represented. Still, 74% of the workplaces were situated south of the North Bothnian/West

Bothnian border, and therefore we believe that the result is valid in a larger context.

The answers of respondents that had stated that they were working at the same

workplace were also compared and the differences in answers were considered small. A

conclusion is therefore that the results regarding the investigated workplaces are valid.

Discussion

The Sampling Frame

Compared to the regular Swedish population or to the average engineer, our alumni

students have a better knowledge of the SMs. We thus expect them to be more often

seen in organizations that work with these methods or feel the need for them, as their

background would fit the offered job descriptions. The workplaces of alumni groups are

also highly skewed towards work in the private sector and in the manufacturing industry.

It is in the manufacturing industry that we see the most frequent use of SMs. A conclusion

from this is that if the sample had been a random sample of Swedish organizations, the

frequency of use would have been much lower. Notice that 88% of the respondents

answered that they could evaluate the use of at least one of the statistical methods SPC,

CA and DoE, respectively. This shows that not only we believed that the respondents

had enough method training to be able to answer the questions properly but also that

the respondents considered themselves having enough method competence as well as

organizational experience to judge the use of the SMs.

Use of SMs in Different Sectors

We do not see much evidence that the SMs are used in the service sector. In fact, many of

our alumni believe that SMs do not fit the operations in those workplaces. Although we

feel differently, we recognize that most student texts take most examples from the manu-

facturing industry. The result shows that we need to prepare students better for work in this

sector, with actual examples from this sector and with implementation problems and

solutions.

One result of this investigation was that smaller organizations were less prone to use

SMs. According to Deleryd et al. (1999), the management of many smaller organizations

does not have a sufficient theoretical background to see the potential, and the smaller

organizations lack resources in terms of time, personnel and statistical software. Our

survey supports this statement.

968 B. Bergquist & M. Albing



The respondents working in the manufacturing industry also thought that lack of

knowledge was a main obstacle to expanding the use of the methods. Many also said

that their processes were more difficult compared to examples studied at university.

Short production runs, autocorrelation or difficult-to-control factors were mentioned.

Penzias (1989) and Bisgaard (1991) argue that it is the statistics taught to engineers at uni-

versities that is too theoretical, so that graduated students have little use for or cannot

connect the statistics learned to the applied problem at hand. Although we believe that

the nature of the statistics included in the quality management curriculum is applied

rather than theoretical, most, or all, of the people the alumni meet at their workplaces

do not have the same deep knowledge of SMs. Thus, the alumni often have to implement

the SMs themselves if they are to be used, as well as train the staff in how to use them.

What they can teach fellow employees with limited resources is probably restricted to

basic use of the SMs, for instance how to operate a control chart and what to do when

the chart gives an alarm.

There may be several reasons for the low interest in using SMs in non-manufacturing

firms. Wood (1994) discusses the use of SPC in the service sector and concludes

the following: it is necessary to measure important quality characteristics, which may

be more difficult in service than in manufacturing. There is also a risk that SPC would

be used to assign guilt and not to improve the process. Redman et al. (1995) and

Witt & Clark (1990) found that between 18 and 30% of British service organizations

use SPC. Compared to the result in this investigation, at seven of 36 workplaces (19%)

our alumni saw that SPC had been used, but only in three workplaces (8%) was SPC

used, not as a test, but on an occasional basis.

The textbooks on SMs are filled with examples from manufacturing or process industries

and examples from services are rare (Montgomery, 2005a,b; Wheeler, 1995; Ryan, 2000;

Schmith & Launsby, 1994). If students are to use methods outside industry, teachers need

to refocus and start using examples from service and design in DoE and SPC courses.

The textbooks on DoE should highlight that it has a place in design as well as in manufac-

turing, both in conceptual design including customer evaluation of attractiveness of consu-

mer products using ConJoint Analysis (Green & Srinivasan, 1978; Gustafsson et al., 1999).

Student texts should not neglect Robust Design Experiments in creating products and pro-

cesses that are robust versus variation in, for instance, rawmaterials or product use (Taguchi,

1986; Montgomery, 2005b).

Conclusions

The results from this survey show that of the studied workplaces, SPC have at least

occasionally tested 44% of them. The corresponding amount/percent for CA and DoE

were 33% and 23% respectively. Compared to the result in earlier surveys presented by

Deleryd (1996) and Gremyr et al. (2003), our survey shows that the use of SMs in the

organizations considered is less common. If instead of ‘use’ we mean that the SMs are

at least used in most of the relevant processes the result will be 10% (SPC), 5% (CA)

and 4 % (DoE). Our conclusion, related to earlier studies by Deleryd (1996), Bäcklund

et al. (1995) or Gremyr et al. (2003) is that many Swedish industrial companies have prob-

ably tried some of the methods once or twice, but that regular use is much less frequent.

We also believe that it is vital that respondents have some knowledge of the SMs in
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question or else their answers will be more of a guessing game. This may be the case when

managers or quality engineers are surveyed, as these often have no method training.

A major obstacle to using SMs is lack of knowledge and competence. Knowledge of

statistics or of SMs is not the same as competence in implementing them into real appli-

cations. Student texts and course curricula should discuss not only how factors are selected

but also who to involve and how to involve them. To have the production personnel

involved and not feeling threatened that the control charts are used to assign blame but

to improve processes is vital for the success of such implementations. A point to consider

is that implementation problems of SMs should be included in method training. This is

because it is likely that the organization in which the graduate is going to work is unlikely

to have an operating SM and it will thus be the business of the graduate to implement it.

All implementation efforts cannot be laid upon the shoulders of fresh engineers, since

they may not have the platform within the organizations to change the way the work is

done. The senior engineers or managers of organizations will often be the ones that

have the authority to implement SMs. However, these people may have forgotten the

theoretical statistics learnt at university, if these topics were studied at all. Here we

see the need for two different types of education. We need courses with a hands-on

approach – how to perform experiments, measure capability and control processes

without so much emphasis on statistics. At universities we need to focus not only on

the statistics involved, but also target the practical aspects of SMs; what could go

wrong, who will struggle against implementations, and what are the threats to success.

For basic courses in DoE, one may not need several ways to find out if effects are active,

because if one method says a factor is active while the other says it is not, the results may

confuse rather than enlighten. We believe that graphical methods like normal probability

plotting (Daniel, 1959) are more intuitive than ANOVA-tables and confidence intervals

(graphical methods to present results should also be used more in conjunction with capa-

bility studies, Deleryd & Vännman, 1999). At all levels of teaching statistics, we must also

discuss differences between what is statistically significant and what is practically rel-

evant. Is the effect large enough so that the factor has to be held at certain, perhaps

more expensive, levels?

In more advanced courses in DoE, we must discuss when we need to randomize and

what conclusions may be drawn if randomization is restricted (as it often is) and introduce

split-plot techniques. If experimental variation is large and the results are unclear, what

should we do:

If additional experiments are cheap?

If additional experiments are expensive?

Could one, for example, use a priori knowledge such as that factor effects are acting in the

expected direction to adjust significance thresholds? Are Bayesian methods suitable?

Computer programs often simplify work both in the design phase and in the analysis

phases of working with SMs. Experimental designs and sampling plans are rendered in

the space of a moment, which is fine if one has enough knowledge of how to specify

the program inputs correctly. Computer analysis does offer enormous possibilities of per-

forming analyses of performed tasks (analysis of effects, residuals, normality, skewness

and a multitude of other tests). For the experienced user, the large number of possibilities

is excellent. The inexperienced user may treat statistics programs as black box magic, and
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the multitude of different type of tests is a problem. If students are taught only to interpret

computer printouts of advanced statistical programs, they may miss the opportunity to

develop an understanding of the underlying mathematics of, for instance, exponentially

moving average control charts, designing reduced experimental plans or calculating

effects. Students may start working in organizations that, for one reason or another, do

not have the programs in question. We propose that spreadsheet programs such as Ms

Excel be put to greater use, see Beauchamp & Youssef (1998). Here students may see

first hand what happens when a disturbance enters the data of control charts or how

effects are calculated. These programs are also very common in any type of organization

and hence the knowledge and computer scripts of the student could be put to use wherever

the student is employed.

We also need to apply the theoretical SM knowledge already in the course work.

Teachers should collect appropriate data or problems for students to work with. Students

should also be encouraged to work with problems of their own, for instance by optimizing

recipes or testing optimal settings of the video game of their choice. We feel that it is hard

to discuss practical problems theoretically, if the students do not have first-hand exper-

iences that they can relate the discussions to. Naturally, this is true of courses at all levels.

The statistics community should also put research efforts into developing our SMs so

that they are robust against misuse and clarify the boundaries where methods might be

abused and when method descriptions should be followed meticulously.
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Technology, 1996:06 L)

Deleryd, M. et al. (1999) Experiences of implementing statistical methods in small enterprises, The TQM

Magazine, 11(5), pp. 341–351

Deleryd, M. & Vännman, K. (1999) Process capability plots – a quality improvement tool, Quality and

Reliability Engineering, 15(3), pp. 1–15

Green, P. E. & Srinivasan, V. (1978) Conjoint analysis in consumer research: issues and outlook. Journal of

Consumer Research, 5(9), pp. 103–123

Gremyr, I. et al. (2003) Robust design methodology: status in Swedish manufacturing industry, Quality and

Reliability Engineering International, 19(4), pp. 285–293

Gustafsson, A. et al. (1999) Conjoint analysis – a useful tool in the design process, Total Quality Management,

10(3), pp. 327–343

Statistical Methods – Does Anyone Really Use Them? 971



Hahn, G. J. et al. (1999) The impact of six sigma improvement—a glimpse into the future of statistics, The

American Statistician, 53, pp. 208–215.

Harry, M. J. (1994) The Vision of Six Sigma: A Roadmap for Breakthrough (Phoenix, AZ: Sigma Publishing

Company).

Hoerl, R. W. (2001) Six sigma black belts: what they need to know (with discussion), Journal of Quality

Technology, 33(4), pp. 391–435.

Kotz, S. & Johnson, N. L. (2002) Process capability indices – a review, 1992–2000 (with discussion), Journal of

Quality Technology, 34(1), pp. 2–53.

Kumar, A. et al. (1996) An application of Taguchi’s robust experimental design techniques to improve service

performance, International Journal of Quality & Reliability Management, 13(4), pp. 85–88.

Mason, B. & Antony, J. (2000) Statistical process control: an essential ingredient for improving service and

manufacturing quality, Managing Service Quality, 10(4), pp. 233–238.

Mathews, B. P. et al. (2001) Quality training: findings from a European survey, The TQM Magazine, 13(1),

pp. 61–71.

Montgomery, D. C. (2005a) Introduction to Statistical Quality Control, 5th ed (New York: John Wiley & Sons).

Montgomery, D. C. (2005b) Design and Analysis of Experiments, 6th ed (New York: John Wiley & Sons).

Mundy, R. M. et al. (1990) Applying SPC in service industries, Survey of Business, 21(2), pp. 24–29.

Penzias, A. (1989) Teaching statistics to engineers, Science, 244(4908), p. 1025.

Porter, S. R. & Umbach, P. D. (2001) What works best? Collecting alumni data with multiple technologies, in:

AIR 2001 Annual Forum Paper, pp. 1–23.

Redman, T. et al. (1995) Quality management in services: is the public sector keeping pace, International Journal

of Public Sector Management, 8(7), pp. 21–34.

Ryan, T. P. (2000) Statistical Methods for Quality Improvement (New York: John Wiley & Sons).

Schmidt, S. R. & Launsby, R. G. (1994)Understanding Industrial Designed Experiments (Colorado Springs, CO:

Air Academy Press).

Taguchi, G. (1986) Introduction to quality engineering – design quality into products and processes (Tokyo:

Asian Productivity Organization).

Thornton, A. C. et al. (2000) More than just robust design: why organizations still contend with variation and its

impact on quality, Research in Engineering Design, 12(3), pp. 127–143.

Wheeler, D. J. (1995) Advanced Topics in Statistical Process Control (Knoxville, TE: SPC Press Inc).

Witt, C. A. & Clark, B. R. (1990) Tourism: the use of production management techniques, The Service Industries

Journal, 10(2), pp. 306–319.

Wood, M. (1994) Statistical methods for monitoring service processes, International Journal of Service Industry

Management, 5(4), pp. 53–68.

972 B. Bergquist & M. Albing



 

 

 
 
 
 
 
 

PAPER II 
 
 
 

Process Capability Plots for One-sided Specification Limits 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Published as 
 
Vännman, K. & Albing, M. (2007). Process Capability Plots for One-sided 
Specification Limits. Quality Technology & Quantitative Management, 4, 569-590.  
 
 
 
 
 
 





Quality Technology & 
Quantitative Management 
Vol. 4, No. 4, pp. 569-590, 2007 

QQTTQQMM
© ICAQM 2007 

 
 

Process Capability Plots for  
One-Sided Specification Limits  

Kerstin Vännman and Malin Albing 

Department of  Mathematics, Luleå University of  Technology, Sweden 
 (Received December 2005, accepted May 2007) 

______________________________________________________________________ 

Abstract: We extend the idea of  process capability plots from the case of  two-sided specification intervals 
to derive a graphical method useful when doing capability analysis having one-sided specification limits. 
The derived process capability plots are based on existing capability indices for one-sided specification 
limits. Both the cases with and without a target value are investigated. Under the assumption of  normality 
we suggest estimated process capability plots to be used to assess process capability at a given significance 
level. Theoretical results are given for determining the significance level as well as power for the method. 
The presented graphical approach is helpful to determine if  it is the variability, the deviation from target, 
or both that need to be reduced to improve the capability. Examples are presented. 

Keywords: Capability index, graphical method, hypothesis testing, one-sided specification interval, power, 
process capability plot. 
______________________________________________________________________ 

1. Introduction 

process capability index is frequently used when measuring the capability of  a manu-
facturing process. Such an index is designed to quantify the relation between the actu-

al performance of  the process and its specified requirements. For thorough discussions of  
different capability indices and their statistical properties see, e.g. the books by Kotz and 
Johnson [8] and Kotz and Lovelace [10] and the review paper with discussion by Kotz and 
Johnson [9]. 

Most of  the published articles focus on the case when the specification interval is 
two-sided. In such a case the two most widely used capability indices in industry today are  

  and  
6p

USL LSL
C

, min
3pk

USL LSL
C , (1) 

where [LSL, USL] is the specification interval,  is the process mean and  is the process 
standard deviation of  the in-control process. According to today’s modern quality improve-
ment theories, it is important to use target values and to keep the process on target. The 
indices in (1) do not take into account that the process mean, , may differ from the target 
value, T. A capability index which does and hence can be used as a measure of  process 
centering, is Cpm, where 
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One-sided specification intervals are also used in industry, see, e.g. Kane [7] and 
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Gunter [5]. However, there have been relatively few articles in the statistical literature 
dealing with this case. When Kane [7] introduced pkC  in (1) he defined that index using 
the following indices for one-sided specification limits: 

  and ,
3 3PU PL

USL LSL
C C  (3) 

for an upper and lower specification limit, USL and LSL, respectively. Kane [7] also 
introduced the following indices for one-sided specification limits with a target value T: 

  and 
3 3PU PL

USL T T T LSL T
C C . (4) 

Chan et al. [2] have suggested the following generalization of  pmC  to the case where 
one-sided specification limits are required: 

 * *

2 2 2 2
 and 

3 ( ) 3 ( )
pmu pml

USL T T LSL
C C

T T
. (5) 

In order to gain sensitivity with regard to departures of  the process mean from the 
target value, and at the same time generalize the indices (3) – (5), Vännman [14] defined 
two different families of  capability indices for one-sided specification intervals, depending 
on two parameters, u and v, as 
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where 0,  0,u v  and  
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where 0 and 0, but ( , ) (0,0).u v u v  

The class of  indices in (6) generalizes the indices in (3). They are obtained by setting  
u = 0 and v = 0 in (6). By setting u = 1, v = 0 in (7) we get the indices in (4) and with u = 0, 
v = 1 in (7) we get the indices in (5). Note that, when the process is on target, i.e. = T, the 
indices in (6) and (7) simplifies to the indices in (3). 

Vännman [14] also considered estimators of  the proposed classes and provided, under 
the assumption of  normality, explicit forms of  the distributions of  the families of  the 
estimated indices. Furthermore, tests were derived under the assumption that the process is 
on target and their properties where explored for different values of  the parameters. It was 
found that to achieve large power, when the process is on target, and at the same time have 
high sensitivity against departures from the process mean the index with u = 0, v = 4 in (6) 
and with u = 1, v = 4 in (7), respectively, is recommended. 

More recently Pearn and Chen [12], Lin and Pearn [11] and Pearn and Shu [13] have 
studied tests and confidence intervals for the indices CPU and CPL in (3) and presented 
extensive tables for practitioners to use when applying these methods.  
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In the case of  two-sided specification limits Deleryd and Vännman [4] and Vännman 
[15], [16] discuss plots, based on process capability indices, which can be used to assess 
process capability at a given significance level. An advantage with using such process 
capability plots, compared to using the capability index alone, is that they will instantly give 
visual information, simultaneously about the location and spread of  the studied 
characteristics, as well as information about the capability of  the process. When the process 
is non-capable, these plots are helpful when trying to understand if  it is the variability, the 
deviation from target, or both that need to be reduced to improve the capability.  

In the present paper we study process capability plots to be used for one-sided speci-
fication limits. We present plots based on the classes of  indices given in (6) and (7). Under 
the assumption of  normality we suggest estimated process capability plots to be used to 
assess process capability at a given significance level. These results are more general than 
the tests derived by Vännman [14]. 

We consider, in this paper, the case with an upper specification limit, USL, only. The 
case with a lower specification limit is analogous. Furthermore, we will assume that the 
process mean always will be less than the upper specification limit USL. 

Vännman [14] found that the statistical properties of  the estimators of  the indices in (6) 
and (7) were unsatisfactory for values of  u > 1. Furthermore, it was found sufficient to 
consider integer values of  u and v, since not much is gained in statistical efficiency or 
sensitivity against departures from the process mean when using non-integer values. Hence 
in this paper we will only consider indices with u = 0 or 1. 

2. Process Capability Plots 

For simplicity we will use the notation ( , )puC u v  to denote either of  the two classes of  
indices ( , ) pauC u v in (6) and ( , )p uC u v  in (7), unless we study a specific class of  indices. 
When using process capability indices a process is defined to be capable if  the process 
capability index exceeds a certain threshold value k. Some commonly used values are k = 1, 
k = 4/3, k = 3/2, or k = 2, see, e.g. Pearn and Chen [12]. A process is thus defined to be 
capable if  ( , )puC u v > k for given values of  u, v, and k.  

Analogous to the case with two-sided specification limits, process capability plots can 
be used in order to facilitate the understanding of  the restrictions that the index imposes on 
the process parameters ( , ) . These plots are based on contour curves of  the indices. For 
one-sided specification indices we can then express ( , )puC u v = k as functions of   and 

or as simple transformations of   and , t and t, respectively, where  

 t
T

USL T
 and t USL T

. (8) 

The reason for making the contour plot as a function of  ( , )t t  instead of  a function 
of  ( , )  is to obtain a plot where the scale is invariable, irrespective of  the value of  the 
specification limit. If  the process is on target, i.e.  = T, we have t = 0 and if  = USL we 
have t = 1. Furthermore, with this scaling t is a measure of  how far away from the target 
value the process mean is relative to the distance between the target value and the upper 
specification limit, while t measures how large the process standard deviation is relative 
to the distance between the target value and the upper specification limit. This is a 
convenient interpretation of  closeness to target as well as spread.  
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The contour curves are obtained by rewriting the indices in (6) and (7) as functions of   
t and t, solving the equations ( , )puC u v = k with respect to t, and then plotting t as a 

function of  t.  

We easily find that ( , )pauC u v  = k, for (1 )/(3 )k u v , is equivalent to 
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The case (1 )/(3 )k u v  is studied in Appendix A for the sake of  completeness, 
but it is not of  any importance in practice.  

Analogous we find that ( , )p uC u v  = k, for (1 )/(3 )k u v , is equivalent to 
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As for ( , )pauC u v , the case (1 )/(3 )k u v  is studied in Appendix A.  

Values of  the process parameters  and which give ( , )t t -values inside the region 
bounded by the contour curves ( , )puC u v =k, and the t-axis will give rise to a 

( , )puC u v -value larger than k, i.e. a capable process. We call this region the capability region. 
Furthermore, values of   and  which give ( t, t)-values outside this region will give a 

( , )puC u v -value smaller than k, i.e. a non-capable process. Figures 1–2 show some examples 
of  capability regions when k = 4/3.  

Figure 1 illustrates the requirements the capability indices put on the process 
parameters regarding closeness to target and spread when v = 0, and Figure 2 when v > 0. 
In Figure 2 we see that although there is an upper limit only, the process mean  cannot 
shift too far away to the left of  the target value and still give rise to a capable process. This 
is due to the fact that the indices ( , )puC u v  are sensitive to departures of  the process mean 
from the target value for v > 0. 

In Figures 1–2 it can be seen that the index ( , )p uC u v  gives contour curves symmetri-
cal around t = 0 (  = T), while ( , )pauC u v  does not. Furthermore, when t > 0 (  > T) the 
capability region defined by ( , )pauC u v  is smaller than the capability region defined by 

( , )p uC u v . The opposite holds for t < 0 ( < T). This means that the index ( , )pauC u v  is 
more sensitive to departures of  the process mean from the target value if  the process mean 
moves towards USL than if  it moves in the opposite direction. The index ( , )p uC u v , on the 
other hand, does not have this property.  

The capability region for (0,0)pauC  is bounded by a straight line with negative slope 
and the t-axis. See Figure 1 (a). Hence the index (0,0)pauC  allows large process spread 
when the process mean is much smaller than USL. From Figure 1 we can also see that for 
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t > 0 and fixed value of  the index, the capability region is smaller for (1,0)pauC  than for 
(0,0)pauC . Furthermore, (1,0)pauC  puts an upper bound on t equal to 1/(3 )k  when t < 

0 (  < T). The index (1,0)p uC  defines a capability region bounded by two straight lines 
that form a triangle with the t-axis, which is the same capability region as of  pkC  in (1). 

 
(a) u = 0 and v = 0 (b) u = 1 and v = 0 

 

 

 

 

Figure 1. The contour curves for the process capability indices Cpau(u,v)=k, and Cpvu(u,v)=k, 
when k=4/3. Cpau(u,v) corresponds to the continuous curve and Cpvu(u,v) to the dashed 
curve.  The region bounded by the contour curve and the t -axis is the corresponding 
capability region. Note that the index Cpvu(u,v) is not defined for (u, v)=(0,0). 

 

(a) u = 0 and v = 1 (b) u = 0 and v = 4 

  

(c) u = 1 and v = 1 (d) u = 1 and v = 4 

  

Figure 2. The contour curves for the process capability indices Cpau(u,v)=k, and 
Cpvu(u,v)=k, when k=4/3. Cpau(u,v) corresponds to the continuous curve and Cpvu(u,v) to 
the dashed curve. The region bounded by the contour curve and the 

t
-axis is the 

corresponding capability region. 
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For 0u  and v > 0 the capability region for ( , )pauC u v  will be bounded by the 
t-axis and a semi-ellipse with the equation  
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See Figure 2 (a)-(b). For the contour curve (0, )pauC v k , with 1/(3 )k v , the maxi-
mum of t will be located to the left of  the target value at  
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with the maximum value  
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v

k v
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This means that for a given value of  the index (0, )pauC v  for v > 0, the process spread can 
be somewhat larger for   in the vicinity but to the left of  the target value compared to 
when = T. However, in order to still give the same index value, the process spread then 
has to decrease if  moves further away from the target value. This is due to the fact that 

(0, )pauC v  is sensitive to departures of  the process mean from the target value for v > 0. 

For u = 1, v > 0 the contour curve (1, )pauC v k  will have the maximum located at the 
target value, but with different absolute value of  the gradient for < T and > T, 
respectively. See Figure 2 (c). This means that the index allows, for a fixed value of t, a 
larger deviation from target for t < 0 (  < T) than for t > 0 (  > T).  

One easily finds that the contour curve of  (0, )p uC v  is a semi-circle with a radius 
equal to 21/(9 )k  for v = 1 and a semi-ellipse with equation 

 2 2 2 29 9 1,t tk k v  (14) 

for v > 1. See Figure 2 (a) (b). 

By using process capability plots, as exemplified by Figures 1-2, the restrictions that an 
index imposes on the process parameters can be easily seen, as well as the properties of  the 
indices themselves. The process capability plot moves the focus from the formula of  the 
index to the joint behaviour of  the process parameters. Hence the process capability plots 
give new insights about the indices that are missing in Vännman [14]. 

The capability plots are also helpful when choosing an index. As an example, consider 
a situation with a manufacturing process producing units where the manufacturing cost 
increases with a decreasing value of  the process mean . Assume that there is a choice 
between the two indices (0,1)pauC  and (1,0)pauC . By making process capability plots, as 
in Figure 3, we immediately see that using the index (0,1)pauC  the process will be claimed 
non-capable if  the process mean gets too small. Hence this index will protect against 
increasing costs due to changes in the process mean. This will not be done by using the 
index (1,0)pauC . The same conclusion can be reached by studying the formulas for the 
indices. However, the plots show the properties more clearly.  
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Figure 3. The contour curves for the process capability indices 
Cpau(0,1) = 4/3, and Cpau(1,0) = 4/3. Cpau(0,1) corresponds to 
the dashed curve and Cpau(1,0) to the continuous curve.  

3. Estimated Process Capability Plots 

In most situations the process parameters  and  are unknown and need to be esti-
mated. Hence the obtained estimated indices have to be treated as random variables and 
their distributions have to be taken into account. We will now develop a graphical decision 
rule to be used for deciding whether a process can be considered capable or not at a given 
significance level, when  and  are unknown. This rule is based on an estimated process 
capability plot, derived from sample statistics. 

We treat the case when the studied characteristic, X, of  the process is normally dis-
tributed with mean  and variance  and the process is considered to be in statistical 
control. Let 1 2, ,..., nX X X  be a random sample from the normal distribution measuring 
the studied characteristic X.  

We will assume that a capability region has been defined by (9) or (10) for given values 
of  u, v, and 0k k , i.e. the studied process is defined to be capable if  0( , )puC u v k . As in 
the previous section we consider the cases when 0,1 u and 0v . To obtain an 
appropriate decision rule we consider a hypothesis test with the null hypothesis 

0 0: ( , )puH C u v k  and the alternative hypothesis 1 0: ( , )puH C u v k . The test statistic is 
formed by estimating the mean  by the sample mean and the variance by its maximum 
likelihood estimator, i.e. 

 
1

1
ˆ

n

i
i

X X
n

 and 2 2

1

1
ˆ ( ) .

n

i
i

X X
n

 (15) 

Hence, the test statistics are 
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The notation ˆ ( , )puC u v  will be used to denote either of  the two estimators in (16) and (17), 
when it is not of  interest to specify one of  them. 

By using the distribution of  ˆ ( , )puC u v , which has been derived by Vännman [14], the 
critical value c  of  the test can be determined. The null hypothesis will be rejected when-
ever ˆ ( , )puC u v c , where the constant c  is determined so that the significance level of  
the test is . The decision rule to be used is then that, for given values of   and n, the 
process will be considered capable if  ˆ ( , )puC u v c . In the next section we will describe in 
detail how to obtain the critical value c . 

Now we can illustrate the decision rule in a plot corresponding to the process capa-
bility plot, described in the previous section, to obtain an estimated process capability plot. 
To do so we introduce the notation 
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for the estimators of  t  and t  respectively. We will then make a contour plot of  the 
estimated index ˆ ( , )puC u v , when ˆ ( , )puC u v c , as a function of  ˆt  and ˆ t . This plot is 
called the estimated process capability plot. Note that we will always have 0 1c k  
since the smallest value of  0k  to be used is 1. 

As in the previous section we easily find the following expression to make the esti-
mated process capability plot, if  it is based on ˆ ( , )pauC u v c  
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Correspondingly, if  the estimated process capability plot is based on ˆ ( , )p uC u v c  
we get  
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We can now use the estimated process capability plot to define an estimated capability 
region in a way corresponding to using the process capability plot. We then consider a pro-
cess capable, at significance level , if  the point with coordinates ˆ ˆ( , )t t  falls inside this 
estimated capability region.  

As an example assume that we have decided to use an index in the class ( , )pauC u v  in 



Process Capability Plots for One-Sided Specification Limits                     577 

  

(6) and choose u = 0, v = 1, and k0 = 4/3 to define our capability region. See Figure 2 (a). 
Furthermore, we have a sample of  size n = 80 and the significance level  = 0.05. Then we 
find 0.05 1.5703c  using the cumulative distribution function in Vännman [14]. (See 
Section 4 for details.) To find out whether the studied process can be considered capable or 
not we make the estimated process capability plot in Figure 4 (a). Then we calculate the 
observed values of  ˆt and ˆ t defined in (18), and (19) respectively, and plot the 
coordinates ˆ ˆ( , )t t  in the estimated process capability plot in Figure 4 (a). If  the 
observed value of  ˆ ˆ( , )t t  falls inside the estimated capability region defined by 
ˆ (0,1) 1.5703pauC  then the process will be considered capable. Otherwise it will not be 

considered capable. Hence, instead of  calculating the estimated capability index in (16) and 
compare it with ac , we use a graphical method to make the decision. Figure 4 (b) 
illustrates the estimated capability region if  we use (0,1)p uC  defined in (10) with k0 = 4/3 
to define our capability region and have a sample of  size n = 80 with the significance level 

 = 0.05. In this case we get the critical value 0.05 1.5346c . (See Section 4 for details.) 
Comparing Figure 4 with Figure 2 (a) we see that the estimated capability region is smaller 
than the corresponding theoretical capability region.  

In Figure 4 we have also added an assumed estimated point ˆ ˆ( , ) (0.13,0.15)t t  to 
illustrate the conclusions that can be drawn. When using the index (0,1)p uC  to define 
process capability, we conclude from Figure 4 (b) that the process can be claimed capable at 
5% significance level, since the point is inside the estimated capability region. However, 
when using the index (0,1)pauC  we see from Figure 4 (a) that the process cannot be 
claimed capable at 5% significance level, since the point is outside the estimated capability 
region. From Figure 4 (a) we can also see how to improve the process. Either the process 
mean can be adjusted so that it is closer to the target value or the process spread need to be 
minimized, or a combination of  both. All this information we get instantly by looking at 
the plot in Figure 4 (a). 

Note also the differences between the two indices (0,1)pauC  and (0,1)p uC . The index 
(0,1)pauC  is more sensitive to departures of  the process mean from the target value, when 

the process mean shifts towards USL. This is obvious from Figure 4 since the estimated 
capability region for ˆ 0t  is smaller in Figure 4 (a) compared to Figure 4 (b). This is also 
the reason why a different conclusion is drawn from Figure 4 (a) than from Figure 4 (b). 

 

(a) 0.05
ˆ (0,1) 1.5703pauC c   (b) 0.05

ˆ (0,1) 1.5346p uC c   

  
Figure 4. (a) The estimated capability region bounded by the contour curve defined by 
ˆ (0,1) 1.5703pauC  and the ˆ

t -axis, when n = 80. (b) The estimated capability region 
bounded by the contour curve de150fined by ˆ (0,1) 1.5346p uC  and the ˆ

t -axis, when n 
= 80. The process can be deemed capable in (b) at 5% significance level but not in (a). 
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4. Significance Level and Power Determination 

We will now show how to obtain the critical value c  to be used in the estimated 
capability plot described above, when the capability region has been defined by (9) or (10) 
for given values of  u, v, and 0k k , i.e. the studied process is defined to be capable if  

0( , )puC u v k . We consider the hypothesis test described in Section 3, where the null 
hypothesis is rejected when ˆ ( , )puC u v c . 

In order to find the critical value c  we have to be able to calculate ˆ( ( , ) )puP C u v c , 
where only values of  1c and the cases u = 0, 1 are of  interest. Let F  denote the cu-
mulative distribution function of   , where is distributed according to a central 2 -distri-
bution with n – 1 degrees of  freedom, and let f  denote the probability density function 
of  , where  is distributed according to the standardized normal distribution (0,1)N . 
From formulas (19) and (20) in Vännman [14] we get for the estimated index ˆ ( , )pauC u v , 
when 0, 1, 0,u v  that 
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From formula (35) in Vännman [14] we find the corresponding probability for the 
index ˆ ( , )p uC u v , when 0, 1, 0,  but ( , ) (0,0)u v u v , to be 
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Consider first the case when ( , ) (0,0)u v . This represents a special case, where the 
probability ˆ( (0,0) )pauP C x  in (22) depends on  and  solely through the index 

(0,0)pauC . This can be seen by rewriting the integral in (22) using the simple transforma-
tion y K t . Then we obtain 
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Note that (0,0)pau PUC C  in (3). The distribution of  the estimator of  PUC , when 
is estimated by the sample variance 2s , has been derived by Chou and Owen [3]. 

Adjusting for the maximum likelihood estimator of  their result implies that ˆ (0,0)pauC  
is distributed as 1

1(3 1) ( )nn t , where 1( )nt  is a non-central t-distribution with 
1n  degrees of  freedom and non-centrality parameter 3 PUnC . This result is 
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equivalent to the result in (26). However, in (26) no non-central distribution is involved.  

In the case when ( , ) (0,0)u v  the probability in (22) depends on  and  solely 
through the index (0,0)pauC . But when ( , ) (0,0)u v  this is not the case, i.e. the probabil-
ity ˆ( ( , ) )pauP C u v x  depends on  and , but not solely through ( , )pauC u v . This means 
that for a given value of  ( , )pauC u v  there is not a unique probability ˆ( ( , ) )pauP C u v x , 
when ( , ) (0,0)u v . To calculate this probability we need given values of  both  and . The 
same is true for ˆ( ( , ) )p uP C u v x . Examples of  how the probability ˆ( ( , ) )pauP C u v x  may 
vary for a given index value are shown in Figures 5 (a) and 6 (a). Since our null hypothesis 

0 0: ( , )puH C u v k  is composite, for a significance level , the critical value c  is defined 
as the unique smallest c for which (c)  , where 

 0
ˆ( ) sup{ ( ( , ) ) : ( , ) such that ( , ) }pu puc P C u v c C u v k . (27) 

See, e.g. Bickel and Doksum [1], p. 217. To obtain (c) we have to investigate 
ˆ( ( , ) )puP C u v c  for all values of  0( , )puC u v k , i.e. for all values of  ( , )t t  outside the 

capability region defined by the process capability plot for 0( , )puC u v k , c.f. Figure 2. It is 
reasonable to assume that the supremum in (27) will be found along the contour curve de-
fined by 0( , )puC u v k . Numerical investigations support this assumption. Hence we 
assume that we can reduce the null hypothesis 0 0: ( , )puH C u v k  to the hypothesis 

0 0: ( , )puH C u v k , which still is a composite hypothesis when ( , ) (0,0)u v . This is seen by 
studying the probability 0

ˆ( ( , ) ( , ) )pu puP C u v x C u v k , which depends on one of  the 
process parameters. This means that 0

ˆ( ( , ) ( , ) )pu puP C u v x C u v k  will vary depending on 
where along the contour curve 0( , )puC u v k  the point ( , ) t t is located, c.f. Figures 5 (a) 
and 6 (a). Hence we have to explore ˆ( ( , ) )puP C u v c  for all points ( , ) t t on the contour 
curve 0( , )puC u v k . To derive c  analytically, for arbitrary values of  ( , ) (0,0)u v , does 
not seem feasible. Instead it has to be derived numerically for given values of  n and . In 
Appendix B the MATLAB code for obtaining the critical value c , for given values of  u, v, 
n, , and 0k , is given. 

 For the index (0,1)pvuC  there is an analytic expression for the critical value 

(0,1),p uCc c . The index (0,1)pvuC  is the same as the index pmC  in (2), since for the case 
of  two-sided specification limits with the target value as midpoint we have USL – LSL = 
USL – T. Furthermore, the cumulative distribution function of  ˆ (0,1)p uC  can easily be 
shown to be the same as the cumulative distribution function of  the estimator of  pmC  as 
given in Vännman and Hubele [18]. Following the same reasoning as when Hubele and 
Vännman [6] obtain their formula (26), we find that 

 (0,1), 0 2
,

,
p uC

n

n
c k  (28) 

Using the code in Appendix B the critical values for the indices in Tables 1-2 are 
derived. 

It can be noted from Tables 1 and 2 that the critical values are the same for the two 
indices (0,0)pauC  and (1,0)p uC . This follows from the fact that for the index (1,0)p uC  
the supremum in (27) is obtained when 1t . Furthermore, when 1t , we have that 

ˆ (1,0) (1,0)p u p uP C x C k  equals the probability given in (26). The differences for two 
cases when n is small are due to the numerical approximations in the algorithm. 
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We will now return to the two examples considered in Section 3, where 0 4/3k , n = 
80, and  = 0.05. Using the index (0,1)pauC  we get the critical value 0.05 1.5703c  from 
Table 2. Hence the process will be considered capable if  the estimated index 
ˆ (0,1) 1.5703pauC . The corresponding estimated capability region is plotted in Figure 4 (a). 

The probability ˆ( (0,1) 1.5703)pauP C  is a function of  t  and attains it maximum 0.05 
for 0.0991t . In Figure 5 (a) ˆ( (0,1) 1.5703)pauP C  is plotted as a function of  t , 
when the parameters ( , )t t  move along the contour curve (0,1) 4/3pauC  and we can 
see how this probability changes. The reason for this change is that the distribution of  
ˆ (0,1)pauC  will differ considerably depending on where the point ( , )t t  is located along 

the contour curve (0,1) 4/3pauC . To illustrate this the probability density function of  
ˆ (0,1)pauC  is plotted in Figure 5 (b) for different choices of  ( , )t t  such that 

(0,1) 4/3pauC . The probability density function of  ˆ (0,1)pauC  is obtained by taking the 
derivate of  the cumulative distribution function in (22). 

 
Table 1. The critical value c , when  = 0.01 and n = 30, 50, 80, 100, 150, 200, for 
the indices (0,0)pauC , (0,1)pauC , (0,4)pauC , (1,0)pvuC , and (1,4)pvuC . 

Index (0,0)pauC  (0,1)pauC  (0,4)pauC  (1,0)pvuC  (1,4)pvuC  

n = 30 1.9611 1.9796 2.2793 1.9611 2.2788 
n = 50 1.7728 1.7971 2.0192 1.7742 2.0191 
n = 80 1.6582 1.6815 1.8504 1.6582 1.8504 

n = 100 1.6165 1.6385 1.7872 1.6165 1.7871 
n = 150 1.5557 1.5751 1.6931 1.5557 1.6931 
n = 200 1.5216 1.5390 1.6395 1.5216 1.6395 

 

Table 2. The critical value c, when  = 0.05 and n = 30, 50, 80, 100, 150, 200, for 
the indices (0,0)pauC , (0,1)pauC , (0,4)pauC , (1,0)pvuC , and (1,4)pvuC . 

Index (0,0)pauC  (0,1)pauC  (0,4)pauC  (1,0)pvuC  (1,4)pvuC  

n = 30 1.7535 1.7600 1.9516 1.7551 1.9514 
n = 50 1.6324 1.6452 1.7899 1.6324 1.7899 
n = 80 1.5566 1.5703 1.6820 1.5566 1.6820 

n = 100 1.5287 1.5420 1.6409 1.5287 1.6409 
n = 150 1.4876 1.4998 1.5791 1.4876 1.5791 
n = 200 1.4643 1.4756 1.5435 1.4643 1.5435 

Using the index (0,1)pvuC , we obtain the critical value 0.05 1.5346c  from formula 
(28) with 0 4/3k , n = 80, and  = 0.05. Hence the process will be considered capable if  
ˆ (0,1) 1.5346p uC . The corresponding estimated capability region is plotted in Figure 4 (b). 

In Figure 6 (a) ˆ( (0,1) 1.5346)p uP C  is plotted as a function of  t , when the parameters 
( , )t t  move along the contour curve (0,1) 4/3pvuC  and we can see how this 
probability varies. The probability ˆ( (0,1) 1.5346)p uP C  attains it maximum 0.05 for 

0t . In Figure 6 (b) the probability density function of  ˆ (0,1)p uC  is shown for different 
choices of  ( , )t t  such that (0,1) 4/3p uC . This illustrates the varying values obtained 
for the probability ˆ( (0,1) 1.5346)p uP C  given that (0,1) 4/3p uC . 

For a given value of  1 0( , )puC u v k k , the power, as a function of  t  can be calcu-
lated for each test based on ˆ ( , )pauC u v  and ˆ ( , )p uC u v , using (22) and (25), respectively. In 
this way a suitable sample size can be determined to ensure that the test will detect, with 
large probability, if  the process gives rise to values of  t  and t  in the capability region. 
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In Figure 7 we illustrate the power, as function of  t , for (0,1)pauC  = 1.6, 1.7, 1.8 and 
(0,1)p uC  = 1.6, 1.7, 1.8, respectively, when the parameters ( , )t t  move along the 

corresponding contour curve. 

Note that the estimated capability regions of  the two indices (0,1)pauC  and (0,1)p uC  
differ. See Figure 4. Furthermore, (0,1) 1.6pauC  give rise to a different set of  
( , )t t -values compared to (0,1) 1.6p uC . This has to be taken into consideration if  
comparing the power in Figures 7 (a) and (b). 
 

(a) ˆ( (0,1) 1.5703 (0,1) 4/3)pau pauP C C  (b) The probability density function of 
ˆ (0,1)pauC  

  

Figure 5. (a) The probability that the process is considered capable, i.e. 
ˆ( (0,1) 1.5703)pauP C , given that (0,1) 4/3pauC , for n = 80, as a function of  t . 

(b) The probability density function of  ˆ (0,1)pauC  for n = 80 given different values of  
( , )t t  along the contour curve (0,1) 4/3pauC . From the top the dashed curve 
corresponds to 0.2t , the continuous curve corresponds to 0t , and the 
dotted curve corresponds to 0.1t . 

 

(a) ˆ( (0,1) 1.5346 (0,1) 4/3)pvu pvuP C C  (b) The probability density function of 
ˆ (0,1)pvuC  

  

Figure 6.(a) The probability that the process is considered capable, i.e. 
ˆ( (0,1) 1.5346)pvuP C  given that (0,1) 4/3pvuC , for n = 80. (b) The probability 

density function of  ˆ (0,1)pvuC  for n = 80 given different values of  ( , )t t  along the 
contour curve (0,1) 4/3pvuC . From the top the dashed curve corresponds to 

0.2t  and the continuous curve corresponds to 0t . 
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(a) (0,1)pauC  (b) (0,1)pvuC  

  

Figure 7. (a) The power for (0,1)pauC  = 1.6, 1.7, 1.8, when 0 : (0,1) 4/3pauH C , 
for n = 80. (b) The power for (0,1)pvuC  = 1.6, 1.7, 1.8, when 0 : (0,1) 4/3pvuH C , 
for n = 80. From the top the dotted curve corresponds to (0,1) 1.8puC , the 
continuous curve corresponds to (0,1) 1.7puC , and the dashed curve corresponds 
to (0,1) 1.6puC . 

 

The maximum likelihood estimator in (15), and not the sample variance 2s , was used 
above as an estimator of  2 . One reason for this is that it simplifies the distribution of  
ˆ ( , )puC u v  somewhat. If  instead the sample variance 2s  is used as an estimator of  2 , 

when estimating ( , )puC u v , we can carry out the same reasoning as above. We only have to 
utilize the following simple relationship in (30). Let ( , )puC u v  denote the estimator of  

( , )puC u v when using 2s as estimator of  2 . Then we have  

 
1 ( 1)ˆ( , ) ,pu pu

n v n
C u v C u

n n
. (29) 

Using the result in (30) we can easily derive the distribution of  ( , )puC u v  from the dis-
tribution of  ˆ ( , )puC u v . 

5. Examples 

As an illustration of  the ideas presented above we will consider a practical example de-
scribed by Pearn and Shu [13]. They studied the quiescent current in low-drop-out 3A 
linear regulators, where the upper specification limit, USL, was set to 650 A. Based on a 
sample of  size 80 they investigated if  the process was capable with respect to this 
characteristic. From their sample data we get the observed values of  ˆ  and ˆ  as 

 ˆ 398.650  and ˆ 61.264  (30) 

Pearn and Shu [13] used the index CPU defined in (3) to study the capability and ob-
tained a lower 95% confidence bound for CPU. They showed that it is reasonable to regard 
the sample data as taken from a normal distribution. 

The index CPU defined in (3) is equivalent to the index (0,0)pauC  and its capability re-
gion is plotted in Figure 1 (a). This is an index that is not based on a target value. To 
illustrate our reasoning in this article we will assume that there is a target value, T, and set 
T = 340 A. As null hypothesis we will consider 0 : ( , ) 4/3puH C u v  with the alternative 
hypothesis 1 : ( , ) 4/3puH C u v  and set the significance level  = 0.05. We will use the 
indices (0,1)pauC and (0,1)p uC , which have been discussed in the previous section. We 
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will also consider the index (1,4)p uC . This index was found by Vännman [14] to achieve 
large power, when the process is on target, and at the same time have high sensitivity 
against departures from the process mean. We will also compare the results with the index 

(0,0)pau PUC C . 

We get the critical values 0.05c  from Table 2 and formula (28). Using these values we 
obtain estimated process capability plots according to (20) and (21). We then calculate the 
observed values of  ˆ t  and ˆ t  defined in (18) and (19), respectively, and find them to be 

 ˆ 0.189t  and ˆ 0.198t . (31) 

then the point with coordinates (0.189, 0.198) is plotted in the estimated process capability 
plot. The results for the four indices are found in Figure 8 (a)-(d).  

From Figure 8 we can see that that process cannot be deemed capable at 5% signifi-
cance level irrespectively of  which index we use as definition of  a capable process. In each 
of  the four estimated process capability plots the observed value of  ˆ ˆ( , )t t  falls outside 
the estimated capability region. We can also see instantly how the process needs to be 
changed in order to be considered as capable. This change will depend on which index is 
used for the definition of  a capable process. 

 

(a) (0,1)p uC  (b) (0,1)p uC  

 

(c) (1,4)p uC  (d) (0,0)pauC  

  

Figure 8. The estimated process capability plots at 5% significance level, in (a) 
defined by ˆ (0,1) 1.5703pauC ; in (b) defined by ˆ (0,1) 1.5346p uC ; in (c) defined by 
ˆ (1, 4) 1.6820p uC ; in (d) defined by ˆ (0,0) 1.5566pauC . Each plot shows that the process 

cannot be considered capable at 5% significance level. 
 

If  (0,1)pauC  is used, we can conclude from Figure 8 (a), that a change in the process 
mean is needed so that it will be closer to the target value. We can also see that the process 
mean needs to be decreased with about 0.18 ( ) 0.18 (650 340)USL T 55.8 A  if  
there is no change in the spread. Furthermore, decreasing the spread alone will not be 
sufficient to obtain a capable process. This will, however, be possible if  the index (0,1)p uC  
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is used, which can be seen from Figure 8 (b). If  the process mean is not changed but the 
process standard deviation is decreased to about 0.1 ( )USL T 0.1 (650 340) 31 A  
the index (0,1)p uC  will claim the process as capable. If  the process standard deviation is 
not changed there is a need for a decrease of  the process mean with about 
0.12 ( ) 0.12 (650 340) 37.2 AUSL T , which is less than for the index (0,1)p uC .  

The difference in estimated capability regions when comparing Figure 8(a) and (b) is 
not as large as when comparing these two regions with the estimated capability region of  
the index (1,4)p uC . From Figure 8 (c) we see that a change is needed both in the process 
mean and the spread in order to obtain a capable process based on the index (1,4)p uC . We 
see clearly that this index is very sensitive to deviations of  the process mean from the target 
value. Such an index should be used when this sensitivity is important. 

An index not sensitive to deviations of  the process mean from the target value is 
(0,0)pau PUC C  in Figure 8 (d). We can see that if  either the process mean is decreased 

with about 0.1 ( ) 0.1 (650 340) 31 AUSL T  or the process spread is decreased 
the same amount the process will be considered capable according to the definition based 
on (0,0)pau PUC C . Note that the scale in Figure 8 (d) differs from the scale used in 
Figures 8 (a)-(c). If  all four estimated capability regions are plotted in one figure we can see 
more clearly the different requirements they put on the process parameters. See Figure 9. 

 

 

Figure 9. The estimated process capability plots from 
Figure 8 (a)-(d) joined together. 

6. Discussion and Concluding Remarks 

In this paper we present a graphical method to be used when deeming a process as 
capable or not at a given significance level for the case when the studied characteristic is 
normally distributed and specification limit is one-sided. This method is based on a test, 
which generalizes the previously presented test in Vännman [14], where the null hypothesis 
is that the process is on target and the capability index attains a given number. In the test 
studied here, the null hypothesis does not require that the process is on target. Hence, it 
takes into consideration that a given value of  the capability index implies that the process 
parameters vary along a contour curve. This is illustrated in an efficient way by the process 
capability plots. 

The graphical method discussed here is efficient in the respect that in one single plot 
we get visual information about not only the capability of  the process at a given signifi-
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cance level but simultaneously also information about the location and spread of  the 
studied characteristic. In the estimated process capability plot we can at a glance relate the 
deviation from target and the spread to each other and to the capability index in such a way 
that we are able to see whether a non-capability is caused by the fact that the process output 
is off  target, or that the process spread is too large, or if  the result is a combination of  these 
two factors. Furthermore, we can easily see how large a change of  the process parameters 
that is needed to obtain a capable process. 

The suggested process capability plots are invariable, irrespective of  the values of  the 
specification limits. Hence we can monitor, in the same plot, several characteristics of  a 
process and at the same time retain the information on the location and spread of  the 
process. In this way more information is obtained on how to improve the process compared 
to using traditional capability indices alone. 

When an upper specification USL exists it is not uncommon that the smallest possible 
value of  the characteristic is 0 and this also is the best value to obtain. As an example 
consider a surface polishing process, where the surface should be as smooth as possible and 
ideally should have the smoothness values of  0. It is not unusual in practice in such a 
situation to use a two-sided specification interval and put LSL = 0. However, this will imply 
that when the smoothness values are close to zero the index value will be small, possibly 
indicating a non-capable process.  

A better way to treat the described situation is to include a target value T = 0 and apply 
any of  the indices studied in this paper. If  the smallest possible value of  the studied 
characteristic is 0 then the process capability regions will be defined for values of  0t  
only. Using process capability plots for 0t  we can chose an index with suitable 
sensitivity to departures from 0. 

If  it is reasonable to assume that the studied characteristic is normally distributed the 
theory and the estimated capability plot described in this paper can be used. However, in a 
situation such as the one exemplified above, it is not unusual to find a skew distribution 
with a long tail towards large values instead of  a normal distribution. This case has been 
considered by Vännman and Albing [17]. They propose a new index suitable for this 
special situation and suggest a decision procedure based on large sample properties. 

Using the herein discussed plots, compared to using the capability index alone, we will, 
from one single plot, instantly get visual information simultaneously about the location and 
spread of  the quality characteristic, as well as information about the capability of  the 
process at a stated significance level. In this way, the proposed plots give clear directions for 
quality improvement. The capability indices were introduced to focus on the process 
variability and closeness to target and relate these quantities to the specification interval 
and the target value. We believe that the plots discussed here will do this in a more efficient 
way than the capability index alone. It is also well known that the visual impact of  a plot is 
more efficient than numbers, such as estimates or confidence limits. Furthermore, with 
today’s modern software the plots proposed here are easy to generate. 
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Appendix 

Appendix A 

Here the studied families of  capability indices in (6) and (7) are expressed as function 
of  t  and t . Furthermore, t  is expressed as a function of  t  for all possible values 
of  the given index value k. See Table 3 and Table 4. We assume that USL , which is 
equivalent to 1t . Under this assumption the indices (0, )pauC v , for 0v , and 

(0, )p uC v , for v > 0, will always be positive, i.e. have k > 0.  

By letting t  tend to 0 we can easily show that (1, )pauC v  and (1, )p uC v , for v > 0, 
are always larger than 1/(3 )v . Hence 1/(3 )k v . 

 

Table 3. ( , )pauC u v  for u = 0, 1 and v  0 for all possible values of k. 
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Table 4. ( , )pvuC u v  for u = 0, 1 and v > 0 for all possible values of k. 

 v = 0 v > 0 

u = 0 ( , )p uC u v  is not defined for 
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Appendix B 

We here give the MATLAB code for obtaining the critical value c , for given values 
of  u, v, n, , and 0k . First the value of  t , along the contour curve 0( , )puC u v k , that 
maximize the probability 0

ˆ ( , ) ( , )pu puP C u v c C u v k  is obtained, using (9) and (22) or 
(10) and (25), respectively. Then, for that t  value, c  is determined so that 

0
ˆ ( , ) ( , )pu puP C u v c C u v k . As mentioned in Section 2, ( , )puC u v  denotes either of  

the two classes of  indices ( , ) pauC u v in (6) and ( , )p uC u v in (7). 

The user also has to give input values for an interval [ 0x , 1x ], in which the critical 
value will be located, and the iteration indices N1  N4. It is reasonable to choose 0x  = 0k  
as a first approximation of  0x . For 1x  we recommend a fairly large value as a first 
approximation of  1x . In order to receive a narrower interval one can run the routine for a 
small number of  the iteration indices N1  N4 and thereby find an approximate value of  c  
and construct a new interval around that value. 

For a given value of  x the probability ˆ( ( , ) )puaP C u v x  will be calculated for N4 points 
along the contour curve 0( , )puC u v k . The value of  t  corresponding to the point along 
the contour curve 0( , )puC u v k  that gives the largest probability will be identified. Then 
the probability will be calculated for a new interval around the t value that gave 
maximum. This will be repeated N3 times. This procedure will be executed for the N2 points 
in the interval [ 0x , 1x ] and the x value that gives the largest probability ˆ( ( , ) )puaP C u v x  
will be identified. Then a new interval [ 0x , 1x ] is constructed around that x-value, i.e. the 
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one that gave the largest probability, and the probability ˆ( ( , ) )puaP C u v x  is calculated for 
this new interval. This will be repeated N1 times and the critical value will be defined as the 
midpoint of  the final interval. 

The MATLAB code here is given for ( , )pauC u v , where 0 and 0u v . In order to 
receive the corresponding code for ( ,0)pauC u , (1,0)p uC  and ( , )p uC u v , where v > 0, 
respectively, we replace the restrictions of  t  in (a) by the restrictions in (9) and (10), 
respectively. Furthermore we replace t  in (b) by (9) and (10) and the probability in (c)-(d) 
by formula (22) and (24), and (25) respectively. 
 

clear all; 
close all; 
  
u=0; 
v=1; 
n=80; 
k=4/3; 
df=n-1; 
alfa=0.05; 
x0=k; 
x1=2; 
N1=8; 
N2=20; 
N3=8; 
N4=20; 
 
p=zeros(N4,1); 
pmax=zeros(N2,1); 
  
for j=1:N1 
  
    xvec=linspace(x0,x1,N2); 
     
    for jj=1:N2 
  
        x=xvec(jj); 
        mtv0=-1/(u-1+3*k*sqrt(v))+0.0001; 
        mtv1=1/(u+1+3*k*sqrt(v))-0.0001;   (a) 
  
            for i=1:N3 
                mtvec=linspace(mtv0,mtv1,N4); 
                 
                for ii=1:N4 
                    mt=mtvec(ii); 
                    st=sqrt((1-mt-u*abs(mt))^2/(9*k^2)-v*mt^2);   (b) 
                    K=sqrt(n)/st; 
                    g=mt*sqrt(n)/st; 
                    fnc=@(t)chi2cdf((K-t-u*abs(t)).^2/(9*x^2)-v*t.^2,df).*normpdf((t-g),0,1); (c) 
                     
                    IL=-K/(u-1+3*x*sqrt(v)); 
                    IU=K/(u+1+3*x*sqrt(v));   (d) 
                     
                    if  IL==-Inf 
                        IL=-1e100; 
                    end 
                    p(ii)=quad(fnc,IL,IU); 
                end 
                 
                [map,inp]=max(p); 
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                if  inp==1 
                    mtv0=mtvec(1); 
                else 
                     mtv0=mtvec(inp-1); 
                end 
                
                if  inp==N4 
                    mtv1=mtvec(N4); 
                else 
                    mtv1=mtvec(inp+1);  
                end 
                
            end 
  
        pmax(jj)=map; 
    end 
  
    bol=pmax<=alfa; 
    ma0=max(pmax(bol)); 
    [ma,in]=min(abs(pmax-ma0)); 
     
     if  in==1 
        x0=xvec(1); 
    else 
        x0=xvec(in-1); 
    end 
     
    if  in==N2 
        x1=xvec(N2); 
    else 
        x1=xvec(in+1); 
    end 
     
    xmax=0.5*(x0+x1); 
end 
  
x=0.5*(x0+x1) 
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1. Introduction 
In order to draw conclusions about the process capability, at a given significance 
level, decision procedures based on estimated process capability indices could be 
used. A process capability index is a unitless measure that relates the actual 
performance of the process to its specified requirements. For thorough discussions of 
different capability indices and their statistical properties see, e.g. Kotz & Johnson 
(1993), Kotz & Lovelace (1998), Kotz & Johnson (2002), Spiring et al. (2003) and 
Pearn & Kotz (2006). 

In this paper we consider some of the most widely used capability indices in 
industry when the specification interval is two-sided as well as one-sided, namely 

pkC , PUC , and CPL. When the studied quality characteristic is normally distributed 
and the specification interval is two-sided, Kane (1986) suggested the process 
capability index 
 

 
min ,

3pk

USL LSL
C , (1) 

 
where [LSL, USL] is the specification interval,  is the process mean and  is the 
process standard deviation of the in-control process. Kane (1986) introduced pkC in 
(1) as the minimum of the following indices for one-sided specification limits: 
 

 and 
3 3PU PL

USL LSLC C , (2) 

 
for an upper and lower specification limit, USL and LSL, respectively. Other well-
known capability indices, not dealt with in this paper, are 
 

 
22

  and 
6 6

p pm
USL LSL USL LSLC C

T
, (3) 

 
where T is the target value. 

The values of the process capability indices above depend on the location of the 
process output, , and the spread of the process output, . To better understand the 
restrictions that an index imposes on the process parameters ( , )  a process 
capability plot is useful. A process capability plot is a plot in the plane defined by the 
process parameters showing the region for a capable process. Process capability plots 
give visual information, simultaneously about the location and spread of the studied 
characteristics, as well as information about the capability of the process. 

Process capability plots have previously been discussed in the literature. When the 
specification interval is two-sided Deleryd & Vännman (1999) and Vännman (2001) 
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presented rectangular safety regions to be used within the process capability plot in 
order to draw conclusions about the capability. They also presented a graphical 
method based on so called estimated process capability plots. Vännman (2005, 2006, 
2007) generalized the idea with safety regions and suggested a circular safety region 
to be used instead of the rectangular safety region when the index pmC  is used. When 
the specification interval is one-sided, Vännman & Albing (2007) presented a 
graphical method based on estimated process capability plots. 

Several quality characteristics of a process can be monitored in the same process 
capability plot. This means that in one single plot a process consisting of several 
characteristics can be deemed capable. Using safety regions within a process 
capability plot we can monitor quality characteristics of different sample sizes in the 
same plot.  

In this paper we generalize safety region plots further by introducing a new safety 
region, namely the elliptical safety region. Under the assumption of normality we 
derive a decision procedure for deeming a process capable, at a given significance 
level, based on elliptical safety regions when using the indices Cpk, CPU and CPL. We 
also compare the elliptical safety region and the corresponding estimated process 
capability plots with respect to power, when pkC  is used. Furthermore, an example 
from a Swedish industry is presented. 

To avoid redundancy we describe the safety regions for Cpk in detail and then give 
the corresponding results for CPU and CPL. The results for CPU and CPL are analogous. 
Hence, we focus on CPU and present the main results for CPL in Section 7 only. 

 
2. Process Capability Plots

When using process capability indices, a process is defined to be capable if the 
process capability index exceeds a certain threshold value 0k . Some commonly used 
values of 0k  are 0k  = 1, 4/3, 1.5, 2. We obtain the process capability plot as a 
contour plot of the index, expressed as a function of the process parameters when the 
index equals the threshold value, 0k . In the process capability plot we see clearly the 
region that corresponds to a capable process. 
 

2.1 The index Cpk

In order to obtain a process capability plot based on Cpk in (1) we express pkC k  as 
a function of  and , or as simple transformations of  and , t and t, 
respectively, where  
 

  and t t
M

d d
. (4) 
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The parameter M is the midpoint of the specification interval, i.e. 
2M USL LSL  and d is half the length of the specification interval, i.e. 

2d USL LSL . The contour curve is obtained by rewriting the index as 
functions of t and t, solving the equation pkC k  with respect to t, and then 
plotting t as a function of t. We easily find that pkC k  is equivalent to 
 

 1 1 ,   1
3 3t t tk k

 (5) 

 
and thus, the contour curve for Cpk is composed by two straight lines. See Figure 1a). 
The reason for making the process capability plot as a function of ( , )t t  instead of 
a function of ( , )  is to obtain a plot where the scale is invariable, irrespective of 
the value of the specification limits. This is useful when considering several different 
characteristics simultaneously, which will be illustrated in Section 6. 

Values of the process parameters  and  which give ( , )t t -values inside the re-
gion bounded by the contour curve 0pkC k and the t -axis give rise to a Cpk - value 
larger than 0k , i.e. a capable process. We call this region, bounded by the contour 
curve 0pkC k and the t-axis, the capability region. Furthermore, values of  and  
which give ( t, t)-values outside this region give a Cpk-value smaller than 0k , i.e. a 
non-capable process. Figure 1a) shows the process capability plot for 4 3pkC .  
 

a) Cpk b) CPU 

  
Figure 1. The process capability plot for a) Cpk = 4/3, and b) CPU = 4/3. The region bounded by the 
contour curve and the t - axis and U - axis, respectively, is the corresponding capability region.  
 

2.2 The index CPU

We consider CPU in (2), and express PUC k  as a function of  and , or as simple 
transformations of  and , U and U , respectively, where  
 

 2  and 
2 2U U

USL
USL USL

. (6) 

 
Following the same reasoning as for Cpk, we find that PUC k  is equivalent to 
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 1 1 ,   1
3 3U U Uk k

. (7) 

 
See Figure 1b), where the process capability plot for 4 3PUC  is illustrated. By 
analogy with the Cpk–case, values of the process parameters  and  which give 
( , )U U -values inside the region bounded by the contour curve 0PUC k  and the 

U -axis give rise to a CPU-value larger than 0k , i.e. a capable process. Furthermore, 
( , )U U -values outside this region give a CPU-value smaller than 0k , i.e. a non-
capable process. 
 

3. Safety Regions 
In most situations the process parameters  and  are unknown and hence, need to be 
estimated. We here propose a graphical decision rule to be used when deeming a pro-
cess capable at a given significance level, when  and  are unknown. We treat the 
case when the studied characteristic, X, of the process is normally distributed with 
mean  and variance 2  and the process is considered to be in statistical control.  

When the process parameters  and  are unknown, we cannot use the process 
capability plot immediately to draw conclusions about the process capability. This is 
due to the fact that we first need to estimate  and  and the estimators are random 
variables containing uncertainty. In order to take this uncertainty into account and be 
able to draw conclusions about the capability, we use the process capability plot 
together with a safety region in a so called safety region plot. A safety region is a 
region plotted in the process capability plot, covering the estimates of the process 
parameters, and designed so that conclusion about the process capability can be 
drawn at a given significance level. 

 
3.1 The index Cpk

We define the studied process to be capable if 0pkC k . To obtain an appropriate 
decision rule for deeming a process capable, we consider a hypothesis test with the 
null hypothesis 0 0: pkH C k  and the alternative hypothesis 1 0: pkH C k  at 
significance level . Since the null hypothesis 0 0: pkH C k  can be reduced to 

0 0: pkH C k , see Vännman (2001), we henceforth consider 0 0: pkH C k . Note that 
0 0: pkH C k  is still a composite hypothesis, since it contains all ( , )t t -values 

along the contour curve 0pkC k . 
Let 1 2, ,..., nX X X  be a random sample from the normal distribution measuring the 

studied characteristic X. We estimate the mean  by the sample mean and the 
variance 2  by its maximum likelihood estimator, i.e. we use the estimators 
 



 

7 

 22

1 1

1 1ˆ ˆ  and  .
n n

i i
i i

X X X X
n n

 (8) 

 
The corresponding estimators of the parameters t  and t  is then  
 

 
2

1

ˆ ˆ 1 1ˆ ˆ  and     
n

t t i
i

M X M X X
d d d d n

. (9) 

 
We can now plot the point with coordinates ˆ ˆ,t t , defined by (9), in the process 

capability plot defined by 0pkC k . However, since ˆt  and ˆ t  are random variables 
and contain uncertainty we put a safety region around the point with coordinates 

ˆ ˆ,t t . Using a decision procedure based on this safety region we are able to judge 
if a process is capable at a given significance level. The decision rule to be used is as 
follows: Consider a process as capable at significance level  if the whole safety 
region for ,t t  lies within the capability region defined by the two lines in (5) 
and 1t . The size of the safety region is determined in such a way that the null 
hypothesis 0 0: pkH C k  is rejected at the significance level . In Section 4 we 
consider an elliptical safety region for Cpk. 
 

3.2 The index CPU

We define the studied process to be capable if 0PUC k , and consider a hypothesis 
test with the null hypothesis 0 0: PUH C k  and the alternative hypothesis 

1 0: PUH C k at significance level . Since the null hypothesis 0 0: PUH C k  can be 
reduced to 0 0: PUH C k , see Vännman & Albing (2007), we henceforth consider 

0 0: PUH C k . 
We find the estimators of the parameters U  and U  to be 

 

 
2

1

ˆ ˆ2 2 2 1ˆ ˆ  and  
2 2 2

n

U U i
i

USL X USL X X
USL USL USL USL n

, (10) 

 
using (8). Next we plot the point with coordinates ˆ ˆ,U U , defined by (10), in the 
process capability plot defined by 0PUC k , together with a safety region around the 
point ˆ ˆ,U U . We consider a process as capable at significance level  if the whole 
safety region for ,U U  lies within the capability region defined by (7) and 1t . 
The size of the safety region is determined, as in the pkC -case, so that it corresponds 
to the significance level . In Section 7 we consider elliptical safety regions for CPU 
and CPL. 
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4. An Elliptical Safety Region for Cpk

We here consider the case when the safety region is an ellipse with centre in ˆ ˆ,t t . 
An ellipse seems to be a suitable generalizing of a safety region according to pre-
vious published results about safety regions for pmC , see, e.g. Vännman (2005). 
Under the assumption of normality the standard deviation of each of the estimators 
ˆt  and ˆt  is proportional to t . Therefore we let each of the two axis of the ellipse 

be proportional to the estimator, ˆt , of t . Let the half axis in the ellipse parallel to 
the t -axis be ˆtA  and the half axis parallel to the be t -axis be ˆtB . The elliptical 
safety region is then defined as the region bounded by the ellipse 
 

 
2 2

2 2 2 2

ˆ ˆ
1

ˆ ˆ
t t t t

t tA B
. (11) 

 
The constants A and B will depend on the sample size n and the significance level . 
However, in order to keep the notation short, we use A and B instead of ,A n  and 

,B n , respectively. 
The constants A and B in (11) are determined in such a way that the probability 

that the process is considered capable, given that 0pkC k , equals the significance 
level . We define a process as capable if the whole elliptical safety region for 

,t t  is inside the capability region defined by 0pkC k . In order to determine A 
and B, we need to find the probability, 0,t k , that the elliptical safety region is 
inside the capability region defined by 0pkC k , given that ,t t  is a point on the 
contour curve defined by 0pkC k . Let F  denote the cumulative distribution 
function of a central 2 -distribution with 1n  degrees of freedom and  the 
probability density function of the standardized normal distribution. Under the 
assumption that the studied quality characteristic is normally distributed, we show in 
Appendix A that this probability is 
 

 
0

0

,
22

0 0 0
,

, , ,
t

t

S k

t t t t
S k

k F Q S k y y S k dy , 1t , (12) 

 
where 
 

 0
0

3,  
1t

t

k nS k  (13) 

 
and 
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2 2 2

0 0

1
3 9

Q
k A k B

. (14) 

Next we determine the constants A and B in the ellipse in (11) so that the 
probability 0,t k in (12) is at most . From (12) we see that 0,t k  depends 
on t . Hence, we need to find the value of t  that maximizes 0,t k  in (12). In 
Appendix A we show that 0,t k  is an increasing function of  t  and the 
supremum, H(Q), of 0,t k  is consequently achieved as 1t . The supremum 
equals  
 

 2 2
0

0

( ) 3 .H Q F Q z k n z dz  (15) 

 
See Appendix A. This means that the significance level of the test, with null 
hypothesis 0 0: pkH C k , is ( )H Q . We can now determine the constants A and B in 
the ellipse in (11) so that ( )H Q  equals the given significance level . This can easily 
be done numerically using software like MATLAB, Mathematica or Maple. 

Note that the expression ( )H Q  in (15) depends on A and B through Q only, see 
formula (14). This means that we determine Q so that ( )H Q  and then choose 
any value of A and B such that the equality in (14) holds. As a consequence, we have 
many different ellipses that can be used in the decision rule. They all give rise to the 
same significant level and also the same power, which is discussed in Section 8. 

One possible way to choose the constants A and B is to let either A or B be equal to 
zero. We then get a special case of the ellipse in (11), namely the degenerated ellipse. 
If we choose A = 0 we get a straight line parallel with the t -axis. In analogy, if we 
choose B = 0 we get a straight line parallel with the t -axis. This may be considered 
a simple way to express the safety region but we believe that using a degenerated 
ellipse can be misleading. From a practical point of view we believe that it is easy to 
misinterpret a safety region expressed as a line and assume that the degenerated 
ellipse only takes the deviation in location or the deviation in spread into account. 
Therefore we suggest other combinations of the constants A and B to be used. 

Another, more reasonable, way to choose the constants A and B is to let A = B. We 
then get a circle as a special case of the ellipse in (11). By letting A = B in (14), we 
obtain 
 

 0
2 2
0 0

1 3
1 9 1 9

kA B
Q k k

. (16) 
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Hence, to determine the circle to be used in our decision rule we first determine Q 
from (15) so that ( )H Q , then get A = B from (16) and calculate the circle using 
(9) and (11). 

The elliptical safety regions considered in this section should not be interpreted as 
confidence regions. The elliptical safety region are constructed so that the probability 
that the safety region is inside the capability region 0pkC k , given that ,t t  is a 
point on the contour curve defined by 0pkC k  equals the significance level . They 
are not constructed to contain ,t t  or pkC  at a certain confidence level. 

If we prefer a true ellipse, a possible way to choose the constants A and B is to first 
determine A from a confidence interval for t  and then determine B from (14). A 
100(1- )% confidence interval for t  is defined as  
 
 1, 2ˆ ˆ 1t n tt n , (17) 
 
where ,t  is the upper th quantile of the t-distribution with  degrees of freedom 
and ˆt  and ˆt  are defined in (9). Note that ˆt  is based on the maximum likelihood 
estimator of  and not on s. That is the reason why 1n  is used instead of n  in 
(17). It is reasonable to let the half axis in the ellipse parallel to the t -axis, i.e. ˆtA , 
be equal to the half length of the confidence interval for t  in (17). We then get 
 

 1, 2

1
ntA
n

. (18) 

 
Another possible way to choose A and B is to first determine B from a confidence 

interval for t  and then A from (14). However, it is not obvious how the confidence 
interval for t  should be related to the axis in the ellipse parallel to the t -axis, since 
this interval is not symmetric around t . 

The different ways to choose the constants A and B are illustrated further in next 
section, where we apply the elliptical safety region to actual process data. Our 
recommendation is to use the circle for its simplicity. 

 
5. An Example 

As an illustration of how the ideas presented in this paper may be applied to actual 
process data we consider a data set of 39 observations measuring the outside 
diameter of a hub, located at the end of a driveshaft. The driveshaft is located in a 
shaft on which the wheel of a dumper rotates. A drawing of the hub is presented in 
Figure 2. The observations, presented in Table 1, were collected from a process at 
Volvo Construction Equipment in Sweden. The manufacturing specifications of the 
studied diameter are LSL = 134.96 mm and USL = 135.00 mm. Furthermore, it is 
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reasonable to assume that the diameter is normally distributed. See Figure, 3 where 
the observations are plotted in a normal probability plot using Minitab. 
 

 
Figure 2. A drawing of the hub. 
 
Table 1. 39 observations (in mm), sorted in ascending order, measuring the diameter of a hub. 
134.974 134.977 134.977 134.978 134.980 134.980 134.982 134.985
134.974 134.977 134.978 134.978 134.980 134.980 134.982 134.985
134.975 134.977 134.978 134.979 134.980 134.981 134.982 134.985
134.975 134.977 134.978 134.979 134.980 134.982 134.983 134.988
134.976 134.977 134.978 134.980 134.980 134.982 134.985
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Figure 3. A probability plot of the observations presented in Table 1.  
 

We apply the elliptical safety region using the data above, when  = 0.05, and 
define the process as capable if 4 3pkC . Based on the sample data we obtain the 
estimates of  and  where ˆ 134.980  and ˆ 0.003266 , using (8). Using (9) we 
then get ˆ 0.000t  and ˆ 0.163t . Furthermore, putting 0.05H Q  we obtain 

0.1978Q , using (15). This implies that 
 

 
2 2

2 2 2
0 0

1 19 3 4 1.114.
0.1978

A k B k
Q

 (19) 
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We now consider three different combinations of values of A and B, all giving rise 
to the same decision rule. Firstly, we consider the case when A = B. From (19) we get 
A = B = 0.2606. This means that we obtain a circular safety region, as a special case 
of the elliptical safety region, with radius ˆ ˆ 0.0426t tr A B . In Figure 4a) the 
process capability plot for 4 /3pkC  is shown together with the safety region for this 
case. We see clearly that the process is deemed capable at 5% significance level, 
since the circle is completely inside the capability region. We also see that the 
process in on target and not very close to the contour curve. If of interest, we can also 
easily find which pkC -value that gives the contour curve that is tangent to the plotted 
safety region. In this case we find that to be 1.6pkC . From this we can conclude 
that, at 5% significance level 1.6pkC  is the largest index value that we can claim to 
have. If we want to improve the process further, the process spread should be 
decreased. 

Secondly, we consider a case when A B . Here we choose 0.6687A  and 
0.2042B . This means that we obtain an elliptical safety region with half major 

axis ˆ 0.109tA  and half minor axis ˆ 0.0333tB . This safety region is shown in 
Figure 4b). Finally we consider a degenerated ellipse where B = 0 and A is obtained 
from (19). We get A = 1.0746. This means that we obtain a straight line of length 

ˆ2 0.351tl A  parallel with the t -axis and where the midpoint of the line is 
located in ˆ ˆ,t t . See Figure 4 c). In Table 2 the results of the three cases are 
summarised. 
 

Table 2. A summary of the information needed for plotting the three cases, each at 5 % signifi-
cance level. 
Case A Half major axis  B Half minor axis  Centre point 

1 0.261 0.0426 0.261 0.0426 (0, 0.163) 
2 0.0.669 0.1090 0.033 0.0333 (0, 0.163) 
3 1.07 0.1755 0 0 (0, 0.163) 

 

 
Figure 4a). The process capability plot defined by Cpk = 4/3 together with the safety regions de-
fined by case 1 in Table 2. 
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Figure 4b). The process capability plot defined by Cpk = 4/3 together with the safety regions de-
fined by case 2 in Table 2. 
 

 
Figure 4c). The process capability plot defined by Cpk = 4/3 together with the safety regions de-
fined by case 3 in Table 2. 
 

 
Figure 4d). The process capability plot defined by Cpk = 4/3 together with the three safety regions 
defined by cases 1, 2, and 3 in Table 2.  
 

In Figures 4a)-c) we see the safety regions in Table 2, corresponding to each of the 
three cases described above. Note that all three safety regions imply decision rules 
with the same significance level and the same power. Hence, any of the safety 
regions can be used to deem the process capable and the same result will be obtained. 

In Figure 4d) the safety regions in Figures 4a)-c) are plotted together in one 
process capability plot. We clearly see, for each safety region, that the point on the 
safety region, which is closest to the contour curve defined by 4 3pkC , has 
different ,t t -values but the same perpendicular distance to the contour curve 
defined by 4 3pkC . Hence, the shortest distance between the capability region 
bounded by Cpk = 4/3 and each of the safety regions in Table 2 is equal. This can be 
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explained by the fact that for every fixed value of t , where 0 1t  and 
1 0t , respectively, we obtain the same slope of the contour curve defined by 

4 /3pkC .  
 
6. Monitoring several characteristics in the same plot for Cpk = k0

The safety region, plot is invariable, irrespective of the values of the specification 
limits. Hence, we can monitor, in the same plot, several characteristics of a process 
and at the same time retain the information of the location and spread of the process. 

As an example we consider a product consisting of three important quality charac-
teristics, I, II and III, all with different specification limits. The quality characteristics 
of interest are assumed to be normally distributed and in statistical control. In order 
to deem the process producing the given product as capable, all three characteristics 
have to be considered capable. Each of the three characteristics is defined capable, at 
a significance level  = 1%, according to the definition that 4 3pkC . Hence, 
according to Bonferroni’s inequality, the significance level for the decision rule will 
be at most 3 %. The manufacturing specifications of the three characteristics are 
presented in Table 3. Furthermore, random samples are taken from each of the three 
characteristics, where the sample sizes are given in Table 3. Note that the sample 
sizes differ for the three characteristics.  

When plotting the safety regions we let A = B. This means that we get a circle, 
with radius ˆ ˆt tA B , as a special case of the ellipse. We can now obtain the value 
of A = B from (16), where Q is determined from (15) using  = 0.01. The 
information needed for plotting the three safety regions are summarized in Table 3. 

In Figure 5 the process capability plot for 4 /3pkC  is given together with the 
safety regions for the three characteristics I, II and III, all in one plot. Note that the 
scales on the axes differ. Hence, the circles look like ellipses. We see that at 1% 
significance level, both characteristics I and III are capable, since their safety regions 
are inside the capability region bounded by Cpk = 4/3. However, characteristic II 
cannot be considered capable, since its safety region is not completely inside the 
capability region bounded by Cpk = 4/3. This implies that we cannot claim the 
process to be capable at the 3 % significance level, since the process is defined 
capable, only if all three quality characteristics are capable. It is clear that it is 
characteristic II that needs to be improved, either by decreasing the spread or moving 
the process closer to the midpoint of the interval or both.  
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Table 3. A summary of the information needed for plotting the safety regions for three quality 
characteristics, each at 1% significance level, when A = B.

 sample 
size 

specification 
limits 

ˆ ˆ,t t  Q-value A = B radius 

I 80 [150, 160] (0.32, 0.1) 0.201 0.237 0.024 
II 50 [22, 25] (0.21, 0.18) 0.188 0.320 0.058 
III 60 [0.80, 0.82] (-0.16, 0.13) 0.193 0.284 0.037 

 

 
Figure 5. Process capability plots for Cpk = 4/3 with safety regions for each of the three char-
acteristics I, II and III, each at a significance level  = 0.01. The size of the safety region depends 
on the sample size, the significance level and ˆt .

 
We also see from Figure 5 that if we had plotted the estimated points ˆ ˆ,t t  only 

and not added the safety regions then we would falsely have claimed that II is 
capable. This clearly shows the importance of safety regions. 
 

7 Elliptical safety regions for CPU and CPL

We first consider the case when the safety region is an ellipse with centre in 
ˆ ˆ,U U . Let the half axis in the ellipse parallel to the be U -axis be ˆUA  and the 

half axis parallel to the be U -axis be ˆUB . The elliptical safety region is then 
defined as the region bounded by the ellipse 
 

 
2 2

2 2 2 2

ˆ ˆ
1

ˆ ˆ
U U U U

U UA B
. (20) 

 
We define a process as capable if the whole elliptical safety region for ,U U  is 

inside the capability region defined by 0PUC k . Hence, we need to find the 
probability, 0,U k , that the elliptical safety region is inside the capability region 
defined by 0PUC k , given that ,U U  is a point on the contour curve defined by 
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0PUC k . Under the assumption that the studied quality characteristic is normally 
distributed, we show in Appendix B that this probability is 
 

 2 2
0 0 0

0

, 3U k k F Q z k n z dz . (21) 

 
In (21)  is the probability density function of the standardized normal distribution, 
F  is the cumulative distribution function of a central 2 -distribution with n – 1 
degrees of freedom and Q is defined in (14). We see from (21) that the probability 

0,U k  does not depend on U . Note that the corresponding probability for the 
case with two-sided specifications, i.e. 0,t k  in (11), depends on t .  

Next we determine the constants A and B in the ellipse in (20) so that the 
probability, 0 0,U k k  in (21) equals the given significance level  and then 
choose any value of A and B such that the equality in (14) holds.  

The corresponding results for CPL in (2) are analogous. Following the same 
reasoning as for CPU, we find that PLC k  is equivalent to 
 

 1 1 ,   1
3 3L L Lk k

, (22) 

 
where 
 

 2  and 
2 2L L

LSL
LSL LSL

. (23) 

 
We define a process as capable if the whole elliptical safety region for ,L L  is in-
side the capability region defined by 0PLC k , where the elliptical safety region is 
defined as the region bounded by the ellipse 
 

 
2 2

2 2 2 2

ˆ ˆ
1

ˆ ˆ
L L L L

L LA B
. (24) 

 
Under the assumption that the studied quality characteristic is normally distributed, 
the probability, 0,L k , that the elliptical safety region for ,L L  is inside the 
capability region defined by 0PLC k , given that ,L L  is a point on the contour 
curve defined by 0PLC k  is 0k  given in (21). 
 

8. Power
The power of a decision rule or test is defined as the probability that the decision rule 
will detect that the process is capable given that the true value of the index 
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corresponds to a capable process. For a decision rule to be useful it is important not 
only to keep control of the significance level, i.e. the probability for Type I error, but 
also to be able to determine the power, i.e. 1 – the probability for Type II error. Then 
we can find a suitable sample size for given values of the probability for Type I and 
Type II error, respectively. Using the power we can also compare different decision 
procedures to obtain the most powerful one.  
 

8.1 The index Cpk

We define the studied process to be capable if 0pkC k . This means that we test the 
null hypothesis 0 0: pkH C k  against the alternative hypothesis 1 0: pkH C k . Let 

1 0k k  be an index value belonging to the alternative hypothesis, i.e. 1k  corresponds 
to a capable process. The power for the decision procedure based on the the elliptical 
safety region is then the probability that the elliptical safety region for ,t t , 
defined in (10), is inside the capability region defined by 0pkC k , given that 

,t t  is a point on the contour curve defined by 1pkC k . In Appendix A we show 
that, given that ,t t  is a point on the contour curve defined by 1pkC k , the 
power for the decision procedure based on the elliptical safety region is 
 

1

1

,
22

1 1 1
,

, , ,
t

t

S k

t t t t
S k

k F Q S k y y S k dy , for 1t , (25) 

 
where 
 

 1
1

3,
1t

t

k nS k , (26) 

 
and Q is given in (14). F  denotes the cumulative distribution function of a central 

2 -distribution with 1n  degrees of freedom and  the probability density function 
of the standardized normal distribution. We see from (25) that the power depends on 
A and B through Q only, as was also the case for the significance level. Hence each 
ellipse for which the equality in (14) holds gives rise to the same power as well as the 
same significance level. 

From (25) we see that the power, for 1pkC k , depends on t . To illustrate a 
typical behaviour of the power as a function of t  consider the two cases when 

0 4 3k ,  = 0.05, and the sample size n = 39, 80. In Figure 6 we illustrate the 
power, as function of t , for 1 5/3,1.8,2pkC k . Since the power is symmetric 
around 0t  we only plot it for 0t . Note that Figure 6 a) describes the power in 
the example presented in Section 5. As we show in Appendix A, and also is seen in 
Figure 6, the power has its minimum when t  equals zero. We also see in Figure 6 
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that this minimum is more pronounced the closer 1k  is to the null hypothesis. To 
determine a sample size that gives a power of at least 1  for a given value 

1pkC k , we put 0t  in (25) and solve the following equation for n: 
 

 
1

1

3 2
2

1 1
3

0, 3 1
k n

k n

k F Q k n y y dy . (27) 

 
 

a) n = 39 b) n = 80 

  
Figure 6.a) The power for Cpk = 5/3, 1.8, 2, when H0: Cpk = 4/3, for  = 0.05 and a) n = 39 and b) n
= 80. From the top the dotted curve corresponds to k = 2, the dashed curve corresponds to k = 
1.8, and the continuous curve corresponds to k = 5/3. 
 

 
Figure 7. The power as a function of Cpk = k1 for n = 39 (continuous curve), n = 80 (dashed 
curve), and n = 120 (dotted curve) when H0: Cpk = 4/3, 0t  and  = 0.05.
 

To get an apprehension for how the power depends to the sample size, we compare 
Figures 6 a) and b). For n = 39 the probability is quite small to detect that the process 
is capable, when the true value of the index is 5/3pkC , compared to when n = 80. 
The power as a function of 1pkC k  when 0t  is plotted in Figure 7 using (27) for 
n = 39, 80, 120. Figure 7 then illustrates the smallest power for each value of pkC  
when 0 : 4 3pkH C . We see that quite large sample sizes are needed to obtain a 
power of at least 0.80 when, e.g. 1.6pkC . 
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So far in this paper we have considered safety regions to be used in process 
capability plots in order to take the uncertainty of the estimated parameter into 
consideration. An alternative method to take this uncertainty into consideration, 
introduced by Deleryd & Vännman (1999), is to use estimated process capability 
plots. The estimated process capability plot is a contour plot of the estimated index, 
expressed as a function of the estimated process parameters, ˆ  and ˆ  (or ˆt  and ˆ t ) 
when the estimated index equals a critical value c . The estimated index, ˆ

pkC , is 
obtained by replacing  and with ˆ  and ˆ  in (7). The estimated capability region 
is the region bounded by the contour curve ˆ

pkC c  and the ˆt -axis. The process is 
considered capable at significance level  if ˆ

pkC c , which is equivalent to that the 
point ˆ ˆ( , )t t  falls within the estimated capability region. The critical value c  is 
obtained from the equation 
 

 
03 2

0
2

(3 ) ( )
9

k n k n yF y dy
c

, (28) 

 
where F  and  are the same as in (25). See Vännman (2007). The estimated 
capability region, based on the estimated index, is always smaller than the theoretical 
capability region. How much smaller depends on the sample size and the significance 
level. In Figure 8 the estimated process capability plot for the example described in 
Section 5 is shown. 
 

 
Figure 8. The estimated process capability plot defined by 0.05pkC c  when 0.05 1.685c . The plot 
shows that the process can be considered capable at 5% significance level since the point 

ˆˆ( , ) (0.000,0.163)
t t

 falls within the estimated capability region.  
 

In Appendix C we show that the power of the elliptical safety region and the 
power of the estimated process capability plot are equal, given the same significance 
level. When only one quality characteristic is studied the two decision procedures 
based on safety regions and estimated process capability plots are equivalent. 
However, if we want to monitor several characteristics in the same plot the decision 
procedure based on safety regions is more general, since it can be used when the 
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sample sizes differ. When monitoring several characteristics in one estimated process 
capability plot the same sample size is needed for each characteristic. 

 
8.2 The index CPU

When deeming a process capable based on CPU, we test the null hypothesis 
0 0: PUH C k  against the alternative hypothesis 1 0: PUH C k . Let 1 0k k  be an 

index value belonging to the alternative hypothesis, i.e. 1k  corresponds to a capable 
process. Given that ,U U  is a point on the contour curve defined by 1PUC k  we 
find the power for the decision procedure based on the elliptical safety region to be 
 

 2 2
1 1 1

0

, 3U k k F Q z k n z dz , (29) 

 
where F  ,  and Q are the same as in (21). See Appendix B. Since the power 
depends on A and B through Q only, each ellipse for which the equality in (14) holds 
gives rise to the same power as well as the same significance level. As for the 
significance level, the power in (29) does not depend on U . 
 

9. Discussion and concluding remarks 
We here propose a graphical method, based on elliptical safety regions, where we get 
visual information simultaneously about the location and spread of the studied 
characteristic, as well as information about the capability of the process at a given 
significance level. Furthermore, several quality characteristics of a studied process 
can be monitored in the same plot. Hence, based on one single plot, a process 
consisting of several characteristics can be deemed capable.  

We show that when using Cpk, or its one-sided correspondences CPU and CPL, any 
shape of ellipses can be used as long as the equality in (14) holds. This means that a 
large number of different ellipses are comprised in the same decision procedure, with 
same significance level and power, where the circle and the degenerated ellipse are 
special cases. This is also true for 0PUC k  and 0PLC k . However, if we want to 
deem a process capable based on the index, Cpm, it is not realistic to assume that 
different ellipses will give rise to the same decision rule, as for Cpk. See, e.g. 
Vännman (2006). The case with elliptical safety regions for Cpm is under 
investigation by the authors. 

When using the index Cpk, we have shown that the power of the elliptical safety 
region and the power of the estimated process capability plot are equal, given the 
same significance level. Hence, the two decision procedures based on safety regions 
and estimated process capability plots are identical. We believe that safety region 
plots are preferable to estimated process capability plots in many practical situations 
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when performing a capability analysis. One reason is that characteristics of different 
sample sizes can be monitored in the same plot using safety regions, which is not 
possible in the estimated process capability plot. Another reason is that the safety 
region plots have the advantage that they show the theoretical capability area, which 
defines the capability and in this plot the result from the estimation is plotted. This 
might be easier to grasp for a practitioner than the estimated capability plot, where 
the estimated capability region always will be smaller than the corresponding 
theoretical region.  

A safety region should not be interpreted as a confidence region since it is not de-
signed to contain ,t t  or pkC  at a certain confidence level. The safety region is 
formed so that the probability that the safety region is inside the capability region 

0pkC k , given that ,t t  is a point on the contour curve defined by 0pkC k  
equals the significance level . Note that null hypothesis 0 0: pkH C k  is a composite 
hypothesis and hence, 0pkC k  is not equivalent to 0 0, ,t t t t . 

The capability indices in general were introduced to focus on the process 
variability and the process location and relate these quantities to the specifications. 
The safety region plot emphasizes more clearly the process variability and the 
process location then the capability index alone. From one single plot, we will 
instantly get visual information simultaneously about the location and spread of the 
quality characteristic, as well as information about the capability of the process. In 
this way, the proposed plots give clear directions for quality improvement. We be-
lieve that the safety region plots discussed here will do this in a more efficient way 
than the capability index alone.  
 

Appendix A 
Here we derive the probability, ,t k , that the elliptical safety region for ,t t , 
defined in (10), is inside the capability region defined by 0pkC k , given that ,t t  
is a point on the contour curve defined by pkC k . We assume that the studied 
quality characteristic of interest is normally distributed. Hence, let 1 2, ,..., nX X X  be a 
random sample from a normal distribution with mean and standard deviation . 

We start to determine the conditions under which the ellipse defined by (10) is 
inside the capability region defined by 0pkC k . When saying that the ellipse is 
inside the capability region we mean that it lies within the area defined by the two 
lines  
 

 
0 0

1 1
3 3t tk k

 (A1) 

 
and 1t . We consider the two cases ˆ0 1t  and ˆ1 0t  separately and start 
with the case ˆ0 1t . It is well-known that the shortest distance between a line and 
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a curve is attained as the perpendicular distance between the line and a point on the 
curve, whose tangent in that point has the same slope as the line. Let * *,t t  denote 
the point on the ellipse defined by  
 

 
2 2

2 2 2 2

ˆ ˆ
1

ˆ ˆ
t t t t

t tA B
, (A2) 

 
whose tangent in that point has the same slope as the straight line  
 

 
0 0

1 1
3 3t tk k

, (A3) 

 
and is closest to the line defined in (A3). See Figure A1. To determine the slope of 
the tangent in * *,t t  we differentiate implicitly the expression in (A2) to obtain 

/t td d and then replace  and t t  with * *and t t , respectively, in the derivative. 
Putting this derivative equal to the slope of the line in (A3) we get  
 

 
*2

2 *
0

ˆ 1
3ˆ

t t

t t

B
A k

. (A4) 

 
 

shortest distance 

ˆ ˆ,t t

* *,t t

 
Figure A1. A sketch showing the principle idea of how to find the shortest distance between the 
capability region defined by 0pkC k  and the ellipse defined in (A2).
 
Using the equality in (A4) together with the fact that * *,t t  is the point on the 
ellipse defined by (A2) that is closest to the line defined in (A3) we get  
 

 
2

*

2 2 2
0

ˆˆ
9

t
t t

A
A k B

 and 
2

* 0
2 2 2

0

ˆ3ˆ
9

t
t t

k B
A k B

. (A5) 
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The ellipse in (A2) will fall inside the capability region if the perpendicular distance 
between the line defined in (A3) and the point * *,t t  defined in (A5) is equal to or 
larger than zero. This can be expressed as that the following inequality must hold: 
 
 2 2 2

0 0ˆ ˆ3 9 1t tk A k B . (A6) 

 
See, e.g. Råde & Westergren (2004), page 80. 

Analogously, when ˆ1 0t , we find that the ellipse in (A2) will fall inside the 
capability region if the perpendicular distance between the line 
 

 
0 0

1 1
3 3t tk k

 (A7) 

 
and the point * *,t t  defined by 
 

 
2

*

2 2 2
0

ˆˆ
9

t
t t

A
A k B

 and 
2

* 0
2 2 2

0

ˆ3ˆ
9

t
t t

k B
A k B

, (A8) 

 
is equal to or larger than zero. Hence, the ellipse in (A2) will fall inside the capability 
region defined by (A7) if 
 
 2 2 2

0 0ˆ ˆ3 9 1t tk A k B . (A9) 

 
Combining the results in (A6) and (A9) we conclude that the ellipse will fall inside 
the capability region defined by 0pkC k  if 
 
 2 2 2

0 0ˆ ˆ3 9 1t tk A k B , for ˆ 1t . (A10) 

 
Hence, the probability, ,t k , that the elliptical safety region for ,t t  lies 
inside the capability region defined by 0pkC k , given that ,t t  is a point on the 
contour curve defined by pkC k , equals 
 

 
ˆ ˆ, 1t

t tk P
Q

, (A11) 

 
where  
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2 2 2

0 0

1 
3 9

Q
k A k B

. (A12) 

 
To derive the probability in (A11) we introduce the notations 
 

 
ˆt

t t

n n X M X M
d n

 (A13) 

 
and 
 

 
2

2
2 2

2 2 2
1 1

ˆ 1 1 1n n
t

i i
i it t

n n X X X X
d n

. (A14) 

 
In these notations the probability ,t k  in (A11) becomes 
 

 ,t
t

Q nk P Q . (A15) 

 
Under the assumption that the quality characteristic of interest is normally distrib-

uted, the random variables  and  are independent. Furthermore, the random 
variable  is distributed according to a central 2 -distribution with 1n  degrees of 
freedom. Let F  denotes its cumulative distribution function. The random variable  
is distributed according to a normal distribution with mean t tn  and standard 
deviation 1. Let f  denote the probability density function of .  

To obtain the probability in (A15) we condition on  to get 
 

 ,t
t

Q nk P Q y f y dy . (A16) 

 
We then rearrange the inequality in (A16) and get 
 

 ,
t

t

n

t
tn

nk P Q y f y dy . (A17) 

 
We receive the probability in (A17) since ty n  and ty n , respectively, 
yield no contribution to the integral. Since the probability in (A17) is calculated 
given that ,t t  is a point on the contour curve defined by pkC k , we can 
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express t  as a function of t , using the relation in (4). Using the probability 
density function, x , for the standardized normal distribution we then obtain 
 

 
,

22

,

, , ,
t

t

S k

t t t t
S k

k F Q S k y y S k dy , for 1t , (A18) 

 
where 
 

 3,  
1t

t

k nS k  (A19) 

 
and Q is defined in (A12). 

We define a process as capable if the elliptical safety region for ,t t  is inside 
the capability region defined by 0pkC k . The constants A and B in Q, defined in 
(A12), will now be determined so that the probability that the elliptical safety region 
is inside the capability region, given that ,t t  is a point on the contour curve 
defined by 0pkC k , equals the significance level . To obtain this probability we put 

0k k  in (A18) and get 
 

 
0

0

,
22

0 0 0
,

, , ,
t

t

S k

t t t t
S k

k F Q S k y y S k dy . (A20) 

 
The probability 0,t k  in (A20) depends on t . Hence, in order to find the 

significance level  we first have to find the t -value that gives the supremum of 
0,t k . To do that we let 

 
 0 1 2,t k I I , (A21) 
 
where 
 

 0

0

0
22

1 0 0
,

,
22

2 0 0
0

, , ,

, , .

t

t

t t t
S k

S k

t t t

I F Q S k y y S k

I F Q S k y y S k

 (A22) 

 
By making the substitution 0,tu S k y  in the integral 1I  and 0,tu S k y  
in the integral 2I , respectively, we get  
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0

0

,
2 2

1 0
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,
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2 0
0

, 1 ,

, 1 ,
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t

S k

t t

S k

t t

I F Q u u S k
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 (A23) 

 
and 
 

 0

0

,
2 2

0 0
0

,

, (1 ) , (1 ) .
t

t

S k

t t t t

k

F Q u u S k u S k du
 (A24) 

 
From (A24) it is easily seen that 0,t k , as a function of t , is symmetric 

around zero. This means that it is sufficient to consider the case when 0 1t . 
Then we have  
 

 0
0 0 0

3 1
, 1 3  and , 1

1
t

t t t t
t

k n
S k k n S k . (A25) 

 
We will now show that 0,t k  in (A24) is an increasing function in t , when t  
increases from 0 to 1. Let 1 1t z  in (A24) and consider the probability 

0,t k  as a function, G z , of z. Then we get 
 

 
03

2 2
0 0

0

3 2 1 3
k z n

G z F Q u u k n z k n u du . (A26) 

 
By differentiating G z  with respect to z and using the fact that ( )F x  is an 
increasing function of x we find that 
 

 2 2 2
0 0 06 9 3 2 1 0

dG z
k nF Q k nz k n z

dz
. (A27) 

 
Hence G z  is an increasing function of z, when z increases from 1 to . This is 
equivalent to that 0,t k  in (A23) is an increasing function in t , when t  in-
creases from 0 to 1. Hence, due to the symmetry of 0,t k , the supremum of 

0,t k  in (A20) is received as 1t . 
In order to derive the limiting probability of 0,t k  in (A20) as 1t , we 

consider the integrals 1 2 and I I  in (A23) when 1t . Using the fact that 
2 20 1F Q u  and 0, (1 0t tu S k  we get 
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 1 0 00 , , 1 .t t t tI S k S k  (A28) 
 
The cumulative distribution function 0, (1 )t tS k  is positive and since 

0,t tS k  as 1t , we find that  
 
 1 00 , 0t tI S k , as 1t . (A29) 
 
Next we consider the integral I2. When 0 1t , we can express  
 
 0 0, 1 3t tS k k n . (A30) 
 
Using the result in (A30) together with the fact that 0,tS k  as 1t  we find 
that  
 

 2 2
2 0

0

3 ,I F Q u u k n du  as 1t . (A31) 

 
Based on the results in (A29) and (A31), and due to the symmetry of 0,t k , we 
get the limiting probability 
 

 2 2
0 1 2 0

0

, 3 , as 1t tk I I F Q u u k n du . (A32) 

 
It also follows from the result above that the minimum of ,t k  for any k is ob-
tained when 0t . 
 

Appendix B 
Here we derive the probability, ,U k , that the elliptical safety region for 

,U U , defined in (20), is inside the capability region defined by 0PUC k , given 
that ,U U  is a point on the contour curve defined by PUC k . We assume that 
the studied quality characteristic of interest is normally distributed. Hence let 

1 2, ,..., nX X X  be a random sample from a normal distribution with mean  and 
standard deviation . The probability ,U k  is found in analogy with the 
probability ,t k , derived in Appendix A. 

The process will be considered capable if the ellipse defined by (20) lies within the 
area defined by the line 
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0 0

1 1
3 3U Uk k

 (B1) 

 
and 1t . Following the same reasoning as for Cpk, see formula (A4)-(A6) in 
Appendix A, we find that the ellipse in (20) will fall inside the capability region 
defined by (B1) if 
 
 2 2 2

0 0ˆ ˆ3 9 1U Uk A k B . (B2) 

 
The probability, ,U k , that the safety region for ,U U  lies inside the 

capability region defined by 0PUC k , given that ,U U  is a point on the contour 
curve defined by PUC k , equals 
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and Q is defined in (A12). Following the same reasoning as in Appendix A from 
(A15) to (A19) we obtain the expression for ,U k  as  
 

,
22, , , ,  for 1

UD k

U U U U Uk F Q D k y y D k dy , (B6) 

 
where 

 

 3,
1U

U

k nD k  (B7) 

 
and Q is defined in (A12). In (B6) F  denotes the cumulative distribution function of 
a central 2 -distribution with 1n  degrees of freedom and  the probability density 
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function of the standardized normal distribution. Making the variable substitution 
,Uz D k y  in the integral in (B6) we obtain 

 

 2 2

0

, 3U k k F Q z k n z dz . (B8) 

 
From (B8) we see that the probability ,U k  does not depend on U . 

We define a process as capable if the whole elliptical safety region for ,U U  is 
inside the capability region defined by 0PUC k . In order to find the significance 
level we put 0k k  in (B8) and obtain 
 

 2 2
0 0 0

0

, 3U k k F Q z k n z dz . (B9) 

 
The constants A and B in Q, defined in (A12), will now be determined so that the 
probability that the elliptical safety region is inside the capability region, given that 

,U U  is a point on the contour curve defined by 0PUC k , equals . This means 
that we determine A and B so that the probability, 0k  in (B9) equals . 
 

Appendix C 
Consider Cpk in (1). We here show that the power is identical for the decision 
procedure based on the elliptical safety region and the estimated process capability 
plot, when both procedures have significance level . The critical value c , used in 
the estimated process capability plot is obtained from the equation given in (28). By 
using the variable substitution 03z k n y  the equation in (28) can be rewritten as 
 

 
2

02
0

(3 )
9
zF k n z dz
c

. (C1) 

 
As shown in Section 4 to obtain the decision procedure based on the elliptical safety 
region with significance level the expression Q in (14) is determined so that 
 

 2 2
0

0

( ) 3H Q F Q z k n z dz . (C2) 

 
Comparing (C1) and (C2) we find the following relation between c  and Q  
 

 1
3

c
Q

. (C3) 
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To calculate the power of the decision procedure based on the estimated process 

capability plot we use the cumulative distribution function of ˆ
pkC  derived by 

Vännman (1997). We then get that 
 

 

2
/

2
0

/ˆ
9

tn
t t t

pk
t t

n t n nP C x F t t dt
x

. (C4) 

 
Using (4) together with (C3) we obtain from (C4) that the probability to reject the 
null hypothesis, given 1 0pkC k k , i.e. the power function in 1pkC k , is 
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F Q S k t t S k t S k dt
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F Q S k t t S k dt I I

 (C5) 

 
where 1,tS k is given in (25). Making the variable substitution y t  in the 
integral 3I  we find that  
 

,
22

1
,

ˆ , ,
t

t

S k

pk pk t t t
S k

P C c C k F Q S k y y S k dy . (C6) 

 
The expression in (C6) is equal to the expression for the power for the decision 
procedure based on the elliptical safety region given in (25). Hence the two power 
functions are equal. 
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One-sided specification intervals are frequent in industry, but the process capability
analysis is not well developed theoretically for this case. Most of the published articles
about process capability focus on the case when the specification interval is two-sided.
Furthermore, usually the assumption of normality is necessary. However, a common
practical situation is process capability analysis when the studied characteristic has
a skewed distribution with a long tail towards large values and an upper specification
limit only exists. In such situations it is not uncommon that the smallest possible
value of the characteristic is 0 and that this also is the best value to obtain. We
propose a new class of indices for such a situation with an upper specification limit,
a target value zero, and where the studied characteristic has a skewed, zero-bound
distribution with a long tail towards large values. A confidence interval for an index
in the proposed class, as well as a decision procedure for deeming a process as
capable or not, is discussed. These results are based on large sample properties of the
distribution of a suggested estimator of the index. A simulation study is performed,
assuming the quality characteristic is Weibull distributed, to investigate the properties
of the suggested decision procedure. Copyright © 2007 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Process capability indices are dimensionless measures, based on the process parameters and the process
specifications, designed to quantify the relation between the actual performance of the process and
its specified requirements. Such indices are frequently used when performing a capability analysis

of a manufacturing process. During the last 20 years capability indices have received much interest in the
statistical literature. For thorough discussions of different capability indices and their statistical properties,
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756 K. VÄNNMAN AND M. ALBING

as well as references to relevant articles, see, e.g. the books by Kotz and Johnson1 and Kotz and Lovelace2

and the review paper with discussion by Kotz and Johnson3. The paper by Spiring et al.4 contains additional
references.
Most of the published articles on process capability indices focus on the case when the specification

interval is two sided and the process quality characteristic is normally distributed. The most common indices
in this situation are Cp, Cpk , and Cpm . One-sided specifications are used in industry, see, e.g. Kane5

and Gunter6, but there have been relatively few articles in the statistical literature dealing with this case.
Furthermore, when the specification is one-sided, it is not uncommon that the distribution of the quality
characteristic of interest is skewed. The most well-known capability indices for one-sided specifications,
introduced by Kane5, are

CPU = USL − �

3�
and CPL = � − LSL

3�
(1)

for the upper and lower specification limits, USL and LSL, respectively. As usual, � is the process mean
and � is the process standard deviation of the in-control process, where the quality characteristic is assumed
to be normally distributed. The indices in (1) are used to define the index Cpk for two-sided specification
intervals, where Cpk = min(CPU,CPL). The indices in (1) do not take into account that the process mean,
�, may differ from a specified target value, T . Indices, for one-sided specifications, that take closeness
to the target into consideration have been introduced by Kane5 and Chan et al.7. Vännman8 generalized
these indices by defining two different families of capability indices for one-sided specification intervals,
deriving the distributions of the corresponding estimators and proposing suitable tests. More recently Pearn
and Chen9, Lin and Pearn10, and Pearn and Shu11 have studied tests and confidence intervals for the indices
in (1). All the above-mentioned indices, however, are based on the assumption that the studied characteristic
is normally distributed.
Several different process capability indices have been developed previously for situations where data are

non-normally, but not necessarily skewly, distributed and are discussed in the literature. For an overview of
different approaches to handle this case, see, e.g. Albing12. Most of these indices are assuming a two-sided
specification interval.
In practice when the specification is an upper specification limit, it is not uncommon that the studied

characteristic has a skewed distribution with a long tail towards large values. Furthermore, in these situations
it is also common that the smallest possible value of the studied characteristic is 0 and that this also is the
best value to obtain. As an example consider a surface polishing process, where the surface should be as
smooth as possible and ideally should have the smoothness values of 0. It is not unusual in practice, in
such a situation, to use a two-sided specification interval and put the lower specification limit equal to 0.
However, this will imply that when the smoothness values are close to 0 the index value will be small,
possibly indicating a non-capable process.
Here we consider this case, when the specification interval is one-sided with an upper specification USL

and a specified target value equal to 0 exists. We assume that the quality characteristic of interest has
a skewed, zero-bound distribution with a long tail towards large values. So far we have not found any
index designed for this situation and, especially none for which a confidence interval or test is developed.
It can be noted, that when trying to transform skewed data to obtain normally distributed data using a
suitable Box–Cox transformation with power �≤0 the target value goes to infinity, which causes problem
for an index containing a target value. Hence, we propose and discuss a new class of indices for the
mentioned situation. Furthermore, a decision procedure suitable for deeming a process as capable or not
at a given significance level is discussed and evaluated assuming that the quality characteristic is Weibull
distributed.

2. A NEW CLASS OF INDICES FOR SKEWED ZERO-BOUND DISTRIBUTIONS

One of the first indices for data that are non-normally distributed was suggested by Clements13. He replaced
6� and � in the indices Cp and Cpk with q0.99875 − q0.00135 and q0.5, respectively, where q� is the �th
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quantile of a distribution in the Pearson family. Clements’ approach, using quantiles, has since then been
applied to situations when the studied characteristic is assumed to follow other well-known distributions as
well. For references, see, e.g. Kotz and Johnson3.
Consider the Cp�u(u, v) family of capability indices for one-sided specifications, defined for the case

when the characteristic is normally distributed, proposed by Vännman8. If we start from that family of
indices and apply the quantile approach by Clements’ together with the assumption that T = 0, we obtain
the family of indices

C∗
p�u(u, v)= USL − u|q0.5|

3
√

((q0.99865 − q0.00135)/6)2 + vq20.5
(2)

where u≥0 and v≥0, but (u, v) �= (0, 0) and q� is the �th quantile in the distribution that the quality
characteristic follows.
To investigate if the family of indices in (2) is suitable for our case we study the probability of non-

conformance related to (2). This probability should be negligibly small if the index equals one or larger and
the process is on target or close to target. In analogy with the indices based on the normality assumption
we interpret this as, given an index value of one, the probability of non-conformance should be at most
0.0027 when the process is on or close to target. Under the assumption of normality the process is on target
if the process mean equals the target value. When the studied characteristic has a skewed distribution we
instead say that the process is on target if the median equals the target value. Let us assume that the studied
quality characteristic is distributed according to a Weibull distribution with shape parameter b and scale
parameter a. Then the cumulative distribution function is

F(x)=
{
0, x≤0

1 − e−(x/a)b , x>0
(3)

and the �th quantile is

q� = a(− ln(1 − �))1/b (4)

Furthermore, we assume that b= 0.5, u = 0, and v = 1. Then C∗
p�u(0, 1) = 1 implies

USL

a
= 1

2

√
((ln 0.00135)2 − (ln 0.99865)2)2 + 36(ln 2)4 = 21.8781 (5)

For these parameter values the distribution is very skewed, with skewness

�1 = E(X − �)3

�3
= 6.62 (6)

We obtain the probability of non-conformance for the studied characteristic, X , as

P(NC) = P(X>USL) = e−(21.8781)0.5 = 0.0093 (7)

From (4) and (5) we find the median to be

q0.5 = USL

21.8781
(− ln(0.5))2 = 0.02USL (8)

which is close to the target value 0. Hence, we have found an example where the probability of non-
conformance is much larger than 0.0027 when the index value is 1 and the median is close to the target
value 0. This implies that the index in (2) is not suitable for our studied situation and needs to be modified
further.
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To obtain a proper index we start to consider desirable properties for a process capability index, when a
target value exists and the distribution of the studied quality characteristic is skewed.
In our opinion, the index should

1. given a value greater than or equal to 1, imply that the probability of non-conformance is less than or
equal to 0.0027, by analogy with the case of normality;

2. be sensitive with regard to departures of the median from the target value;
3. have a ‘closeness to target property’. By this we mean that the index should not allow large deviations

from the target value even if the variance is very small;
4. punish large departure from the target more than small departures;
5. be simple and easily understood.

The first property is based on the initial idea of process capability indices to be a measure of the fraction
of non-conforming products. The properties 2–3 are based on Taguchi’s ideas to use target values and to
keep the process on target. In Taguchi’s quality philosophy reduction of variation from the target value is
the guiding principle. Accordingly, attention should focus on meeting the target instead of merely meeting
the tolerances. Hence, if the median is far away from the target T , then the process should not be considered
capable even if the variability is so small that the probability of non-conformance is small. Examples
illustrating these ideas are found, e.g. in Sullivan14. Property 4 is also due to Taguchi and his quadratic loss
function, see e.g. Bergman and Klefsjö15. Property 5 we feel is essential in order to get an index accepted
by practitioners.
We now modify the index in (2), with the above stated properties as basis, to obtain a new class of

process capability indices for our studied situation. Consider the index in (2), where we put u = 0 for
simplicity reasons. The difference between the two quantiles q0.00135 and q0.99865 in the denominator carries
information about the process spread. In our case we have a natural lower bound at 0. Hence, we can
replace the lower quantile q0.00135 with 0 and thus reduce the number of quantities needed to be estimated
in practice. Therefore we replace (q0.99865 − q0.00135) with q1−�, and in order to simplify the index further
we remove some of the constants in the denominator and define the new class of indices, for v>0, as

CMA(�, v) = USL√
q21−� + vq20.5

(9)

The parameter � is small and chosen in a suitable way, e.g. � = 0.0027. The quantile q1−� can be interpreted
as a measure of spread, when the distribution is zero-bound with a long upper tail, and q0.5 is a measure of
location. See Figure 1. The larger the index value the more capable the process, in the sense that either the
quantile q1−� has decreased or the median has moved closer to 0.
Properties 1–5 stated above are fulfilled for the class of indices, CMA(�, v), in (9), which is seen from the

following reasoning. When CMA(�, v) = 1, we have that

USL=
√
q21−� + vq20.50 (10)

Hence, the probability of non-conformance for the studied quality characteristic X is

P(NC) = P(X>USL) = P

(
X>

√
q21−� + vq20.50

)
≤P(X>q1−�) = � (11)

Equality in (11) is obtained if q0.5 = 0, i.e. the process is on target. Hence, with � = 0.0027 property 1 above
is fulfilled.
From (9) it is easily seen that, for v>0, the index decreases when the median q0.5 increases and, hence, is

sensitive with regard to departures of the median from the target value. The larger the value of v the more
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Figure 1. An example illustrating the quantiles in the new class of indices CMA(�, v) when USL= 10, �= 0.0027, v = 1
and the studied quality characteristic has a skewed zero-bound distribution with a long upper tail

Figure 2. The contour curve when CMA(0.0027, 1) = 1. The region bounded by the contour curve, the q0.9973-axis and
the line q0.9973 = q0.5 is the corresponding capability region

sensitive, with regard to departures of the median from the target value, the index is. Hence, property 2 is
fulfilled.
That the suggested index has the ‘closeness to target property’ stated in property 3 can be seen in Figure 2,

where a contour plot of CMA(0.0027, 1)= 1 as a function of q0.5 and q0.9973 is shown, when USL= 10.
Since q0.5<q1−�, for �<0.5, the deviation of the median from the target value will always be less than
USL/

√
1 + v, when CMA(�, v)= 1. In Figure 2, we can also consider the region bounded by the contour

curve for CMA(0.0027, 1) = 1, the q0.9973-axis, and the line q0.9973 = q0.5 as the capability region, since as
long as the point (q0.5, q0.9973) belongs to this region we have CMA(0.0027, v)<1. This is in accordance
with the process capability plots discussed in the case of normality, see Vännman and Albing16.
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Property 4, that the index punishes large departure from the target more than small departures, is also
clear from Figure 2.
The index CMA(�, v) in (9) is simple, since it depends on two quantiles only and has no confusing

constants in the denominator. Furthermore, it is easily understood by looking at Figure 1. Hence, property 5
is confirmed too.

3. A DECISION RULE FOR CMA(s, v)

In most situations the quantiles of the distribution are unknown and need to be estimated. The corresponding
estimated index can be used to draw conclusions about the process capability, at a given significance level,
if the distribution of the estimated index is known. We consider a simple estimator of CMA(�, v) in (9) and
propose a decision rule. We also discuss two different alternatives of the decision rule assuming that the
quality characteristic is Weibull distributed.
Let X1, X2, . . . , Xn be a random sample from a skewed distribution with cumulative distribution function

F , measuring the studied characteristic X . As estimator of the �th quantile, q�, for 0<�<1, we use the �th
quantile, q̂�, of the empirical cumulative distribution function F̂ , i.e.

q̂� = inf{x : F̂(x)≥�} (12)

This implies that q̂� will be an order statistic and q̂0.5 will be the sample median. The estimator q̂1−� will be
the largest order statistics if n<1/�. For larger sample sizes q̂1−� will be one of the largest order statistics.
For example, if 1−�= 0.9973 and n≤370 then q̂0.9973 = x(n) = the largest order statistic, but for n = 500 we
get q̂0.9973 = x(499) = the second largest order statistic and for n = 1000 we get q̂0.9973 = x(998) = the third
largest order statistic. We then get the estimator of CMA(�, v) as

ĈMA(�, v)= USL√
q̂21−� + vq̂20.5

(13)

Albing and Vännman17 have derived the asymptotic distribution of ĈMA(�, v). They showed that, if F
possesses a positive continuous density f in the neighbourhoods of the quantiles q0.5 and q1−� then ĈMA(�, v)

is asymptotically normally distributed with mean CMA(�, v) and variance �2C/n, where

�2C = C2
MA(�, v)

(q21−� + vq20.5)
2

(
v2q20.5

4 f 2(q0.5)
+ v�q0.5q1−�

f (q0.5) f (q1−�)
+ �(1 − �)q21−�

f 2(q1−�)

)
(14)

From (14) we see that the distribution of ĈMA(�, v) depends on the probability density function of the studied
quality characteristic. Using the results above we now propose a decision rule.
For given values of � and v, the studied process will be defined as capable if CMA(�, v)>1. To obtain

an appropriate decision rule we consider a hypothesis test with the null hypothesis H0 : CMA(�, v) = 1 and
the alternative hypothesis H1 : CMA(�, v)>1. We use the estimator ĈMA(�, v) in (13) as test statistic. The
null hypothesis will be rejected whenever ĈMA(�, v)>c�, where the constant c� is determined so that the
significance level of the test is �.
Based on the result of the asymptotic distribution of ĈMA(�, v) the critical value, c�, of the test might

be determined for large sample sizes. However, then the distribution of the quality characteristic under
study needs to be known. Hence, we assume from now on that the studied characteristic is distributed
according to some class of distributions and choose the Weibull distribution in (3) with shape parameter
b<3. The class of Weibull distributions is reasonable to study since it contains a wide range of more or
less skewed distributions. For b<3 the Weibull distribution will be positively skewed and the smaller the
shape parameter the more skewed the distribution is. To determine c� we need to be able to calculate the
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probability P(ĈMA(�, v)>c�|CMA(�, v)= 1). Under the assumption of a Weibull distribution and given that
CMA(�, v)= 1, we obtain the following value of �2C in (14):

�21 = 1

b2d2(b)

(
v2(ln 2)4/b−2 + 2v(ln 2)2/b−1(ln(1/�))2/b−1 + (1 − �)

�
(ln(1/�))4/b−2

)
(15)

where

d(b)= (ln(1/�))2/b + v(ln 2)2/b (16)

We see from (15) that the variance for the distribution of the estimated index still is not completely known,
but depends on the shape parameter b. This implies that under the null hypothesis H0 : CMA(�, v)= 1
the probability P(ĈMA(�, v)>c�|CMA(�, v)= 1) will vary depending on the value of b. This can also be
expressed as that the null hypothesis is composite, unless the shape parameter b is known.
In practice, the values of the parameter b is seldom known. Hence, to obtain the critical value, c�, of the

test so that the type I error will be at most � for all values of b, we need to find the value of b that will
give the largest probability P(ĈMA(�, v)>c�|CMA(�, v) = 1). This corresponds to finding the value of b that
maximizes the variance in (15), given that CMA(�, v)= 1. It can be shown that �21 in (15) approaches infinity
as b approaches zero. Hence, b should be chosen as a value close to 0. However, when b is close to zero,
the critical value will be extremely large and the proposed decision rule will have no practical application.
In such cases, the test will put impossible demands of the capability in order to claim the process to be
capable. To choose a b-value close to zero is thus not suitable to do. We will instead suggest the following
approach.
Let X1, X2, . . . , Xn be a random sample from theWeibull distribution measuring the studied characteristic

X . Reject the null hypothesis H0 : CMA(�, v) = 1 and, hence consider the process capable if

ĈMA(�, v)>1 + ��

√
1

n
�̂21 (17)

where �̂21 denotes a suitable estimate of �21 in (15) and �� is the (1−�)th quantile of the standardized normal
distribution N (0, 1). We study two different ways to obtain this estimate of �21. One simple suggestion
is to replace b in (15) with its maximum-likelihood estimator. However, by doing so we introduce more
uncertainty and can expect that the actual significance level will be larger than �. To get an actual significance
level that is closer to � we need a reasonable estimate of b that may imply a somewhat larger critical value
than is obtained by using the maximum-likelihood estimator of b. Since the variance �21 decreases in b, we
suggest as an alternative estimator the lower confidence limit of a two-sided confidence interval for b. This
will accomplish a somewhat smaller estimate of b, and hence a larger critical value, compared to when
using the maximum-likelihood estimator of b. The maximum-likelihood estimate and the lower confidence
limit of the shape parameter b in the Weibull distribution are easily obtained using common software like
Minitab or MATLAB.
Using the same reasoning as above, when obtaining the decision rule in (17), we can form a one-sided

confidence interval, with confidence level 1 − �, for CMA(�, v) as

ĈMA(�, v) − ��

√
1

n
�̂21<CMA(�, v) (18)

Based on (18) the process will be deemed capable if the lower limit

ĈMA(�, v) − ��

√
1

n
�̂21>1 (19)

The confidence interval in (18) contains more information than the test, since it gives a lower bound on
CMA(�, v).
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The decision rule in (17), as well as the confidence interval in (18), is based on an asymptotic distribution
of ĈMA(�, v) and, furthermore, the variance �21 is estimated. Hence, we cannot be sure of that the actual
significance level or confidence level equals the stated ones. In order to investigate the actual significance
level of the proposed test we perform a simulation study, presented in the next section.

4. A SIMULATION STUDY

We will here investigate if the decision rule in (17) is useful for finite sample sizes, in the sense that the
actual significance level will be less than or approximately equal to �. To do this, we perform a simulation
study for n = 50, 100, 200, 500, 1000, 2000, 5000. In all simulations we use MATLAB 7.0.1 and the
results are based on 10 000 simulations. To estimate the actual significance level we simulate random
samples of size n from the Weibull distribution in (3), given that CMA(�, v)= 1, using � = 0.0027 and
v = 1, and for each sample, the estimator ĈMA(0.0027, 1) is computed. We consider the shape parameter
b= 0.5, 1, 1.5, 2, giving rise to skewness 6.62, 2, 1.07, and 0.63, respectively, and the scale parameter a
defined as

a = USL√
d(b)

(20)

where d(b) is defined in (16). With this choice of a we get CMA(0.0027, 1)= 1.
In the decision rule (17), the variance �21 needs to be estimated. As mentioned in the previous section, we

do this by estimating b using either its maximum-likelihood estimator or the lower confidence limit of the
two-sided confidence interval for b. We use the procedure wblfit available in MATLAB 7.0.1. For details
about the estimator and the confidence limit, see Meeker and Escobar18. The value of � is set to 0.05. In
Table I the estimated significance levels, i.e. the proportion of estimators larger than the critical value given
in (18), are presented, when using a 95% confidence level for the confidence interval for b.
Since � = 5% we expect that for large values of n the proportions in Table I will be close to 5%. In

Table I, we find that for n = 5000 and b≥1 the proportions are less than or close to 5%. The lower 95%
confidence limit gives a smaller estimated significance level compared to the maximum-likelihood estimator,
as expected. Furthermore, it is clear that the lower 95% confidence limit can be used even for n as small as
50 for b= 2 and for n≥100 when b= 1.5.
The more skewed the distribution, the larger sample size is needed. To obtain smaller actual significance

level for the more skewed cases we may increase the confidence level when estimating b. This will imply
a larger estimate of �21 and hence a smaller actual significance level. In Table II the estimated significance
levels are presented when the shape parameter b is estimated by the lower limit of the 99% and the 99.9%

Table I. The proportion (in %) of the estimated index values larger than the critical value when �= 5%

b= 0.5 b= 1 b= 1.5 b= 2

n MLE LCL MLE LCL MLE LCL MLE LCL

50 31.25 23.10 19.69 10.32 15.08 6.55 12.76 4.31
100 20.23 15.58 12.94 7.97 10.33 5.24 8.75 4.14
200 10.66 8.34 7.22 5.05 5.79 3.56 4.80 2.88
500 10.61 9.05 7.85 6.24 7.13 5.22 6.35 4.70

1000 6.90 5.84 5.28 4.42 4.17 3.29 4.47 3.54
2000 7.68 6.91 5.92 5.23 6.17 5.31 5.60 4.81
5000 5.99 5.60 5.12 4.75 4.99 4.62 5.42 5.01

Note: MLE denotes the maximum-likelihood estimator of b and LCL denotes the lower confidence
limit of the 95% two-sided confidence interval for b.
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Table II. The proportion (in %) of the estimated index values larger than the critical value when
�= 5% and b is estimated by the lower confidence limit of a 99% two-sided confidence interval

and a 99.9% two-sided confidence interval

99% confidence interval 99.9% confidence interval

n b= 0.5 b= 1 b= 1.5 b= 2 b= 0.5 b= 1 b= 1.5 b= 2

50 20.56 8.39 4.55 2.68 18.07 6.12 2.67 1.77
100 13.31 6.59 4.19 3.05 12.75 5.48 3.26 2.19
200 7.45 4.43 3.02 2.50 6.66 3.70 2.39 1.82
500 8.69 5.76 4.67 3.85 8.18 5.21 4.71 3.30

1000 5.19 3.84 3.45 2.75 5.02 3.33 2.83 2.75
2000 6.89 5.49 4.78 4.30 6.13 4.94 4.68 4.52
5000 5.29 4.69 5.06 4.68 5.18 4.80 4.59 4.52

two-sided confidence interval for b. From Table II we see that 99% confidence level can be used for sample
sizes n≥200 when b= 1 and the 99.9% lower confidence limit can be used for n≥100 for b= 1. For b= 1.5
sample sizes of 50 can be used combined with 99% confidence level. When b= 2 the 95% confidence level
should be used. Further research will be done to find out suitable confidence levels for different combinations
of b and n. It can also be noted, that when b= 0.5, i.e. when the distribution is extremely skew, the suggested
method needs an unreasonably large sample size even when using 99.9% confidence level for the confidence
interval for b. This is due to the very slow convergence to the normal distribution when the distribution of
the characteristic is extremely skew.

5. AN EXAMPLE

As an illustration of the ideas presented in this article we consider a situation when USL= 10 and T = 0
and a data set of 100 observations are simulated from a Weibull distribution with scale parameter a = 2.2
and shape parameter b= 1.5. The simulated observations are presented in Table III. We use the estimator
ĈMA(�, v) in (13) with � = 0.0027 and v = 1. Based on the data in Table III the empirical quantiles are
q̂0.5 = 1.66 and q̂0.9973 = the largest observation= 5.83. Hence, the estimated index becomes

ĈMA(0.0027, 1)= USL√
q̂20.9973 + q̂20.5

= 10√
5.832 + 1.662

= 1.65 (21)

We consider the null hypothesis H0 : CMA(0.0027, 1) = 1with the alternative hypothesis H1 :CMA(0.0027, 1)
>1. Furthermore, we let � = 0.05.
To apply the decision rule in (17) we need to estimate the variance �21. Based on the results in the previous

section, we estimate b by the lower limit of a 95% two-sided confidence interval. Using Minitab or MATLAB
we find the lower limit of the 95% two-sided confidence interval for the shape parameter b to be 1.46.
Substituting this value for b in formula (15) we obtain �̂21 = 4.47. We then get the decision rule: reject H0
and deem the process as capable if

ĈMA(0.0027, 1)>1 + ��

√
1

n
�̂21 = 1 + 1.645

√
4.47

100
= 1.35 (22)

The process is then deemed capable since the estimated index value in (21) exceeds the critical value in
(22). This decision is taken at an approximate significance level 0.05 according to Table I.
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Table III. One hundred observations sorted in descending order, simulated form a Weibull
distribution with scale parameter a = 2.2 and shape parameter b= 1.5

0.08 0.77 0.98 1.17 1.37 1.67 1.96 2.36 2.99 3.94
0.18 0.78 0.99 1.18 1.42 1.72 1.96 2.44 3.10 4.01
0.28 0.81 1.03 1.19 1.43 1.72 1.99 2.56 3.14 4.08
0.33 0.82 1.03 1.20 1.44 1.73 2.00 2.57 3.25 4.09
0.38 0.83 1.04 1.24 1.45 1.81 2.03 2.66 3.27 4.12
0.45 0.85 1.05 1.26 1.49 1.83 2.09 2.73 3.36 4.28
0.53 0.87 1.10 1.26 1.57 1.84 2.22 2.76 3.40 4.47
0.63 0.88 1.11 1.26 1.60 1.85 2.27 2.77 3.43 4.48
0.71 0.91 1.14 1.27 1.61 1.86 2.27 2.87 3.61 5.11
0.76 0.92 1.16 1.37 1.66 1.91 2.36 2.92 3.87 5.83

Using (19) we obtain the following lower confidence limit for CMA(0.0027, 1) with approximate 95%
confidence level:

ĈMA(�, v) − �0.05

√
1

n
�̂21 = 1.65 − 1.645

√
4.47

100
= 1.30 (23)

6. CONCLUSIONS

We have proposed a new class of capability indices, CMA(�, v), designed for the case when the specifications
are given by an upper specification limit and a target value 0 and the distribution of the quality characteristic
is zero-bound and skewed with a long upper tail. This class of indices is simple and possesses a number of
desirable properties discussed in Section 2. We have also suggested a simple estimator ĈMA(�, v), based on
order statistics, as well a confidence interval and a decision rule to deem a process as capable or not, at a
given significance level. The decision rule and the confidence interval are based on large sample properties
of the distribution of ĈMA(�, v), and in order to find an applicable decision rule or confidence interval we
need to make assumptions about the distribution for the quality characteristic of interest. The main results
are valid for any assumed skewed, zero-bound distribution. We have in this paper restricted our attention to
the class of Weibull distributions, since this class contains a wide range of more or less skewed distributions.
Further research will investigate other classes of distributions.
A simulation study has been performed, assuming the quality characteristic is Weibull distributed, to

investigate the actual significance level of the proposed decision rule. It shows that the suggested decision
rule works well if the estimator of the variance in the decision rule is the lower limit of a 95% two-sided
confidence interval of the shape parameter b, where b≥1.5 and the sample size is at least 100. Furthermore,
if we use a confidence level of 99% or 99.9% the decision procedure works well for sample sizes of 200 and
100, respectively, when b= 1. Hence, the proposed decision rule can be useful for rather skewed distribution,
i.e. with skewness 2, for sample sizes of 100.
Due to the statistical properties of large order statistics it was expected that an estimated index based on

large order statistics would require a large sample when the distribution of the characteristic is extremely
skewed. In order to obtain a decision rule with known significance level when the distribution is highly
skewed and the sample size is small or moderate the exact distribution for the estimator needs to be derived.
But, according to Albing and Vännman17, even if the exact distribution is found, the variance in this
exact distribution will be quite large, which implies small power of the test. They suggest that a better
approach is to estimate the quantiles in CMA(�, v) by estimating the parameters in the assumed distribution.
However, the distribution of this estimated index is not known so far and will be investigated in future
studies.
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CAPABILITY INDICES FOR UPPER SPECIFICATIONS
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Abstract: A common practical situation in process capability analysis, which is not 
well developed theoretically, is when the quality characteristic of interest has a 
skewed distribution with a long tail towards relatively large values and an upper 
specification limit only exists. In such situations it is not uncommon that the smallest 
possible value of the characteristic is 0 and this also is the best value to obtain. Hence 
a target value 0 is assumed to exist. We investigate a new class of process capability 
indices for this situation. Two estimators of the proposed index are studied and the 
asymptotic distributions of these estimators are derived. Furthermore we suggest a 
decision procedure useful when drawing conclusions about the capability at a given 
significance level, based on the estimated indices and their asymptotic distributions. 
A simulation study is also performed, assuming that the quality characteristic is 
Weibull distributed, to investigate the true significance level when the sample size is 
finite. 
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1. Introduction 

When performing a capability analysis of a manufacturing process some form of 
process capability index is frequently used. Such an index is a dimensionless 
measure, based on the process parameters and the process specifications, designed to 
quantify the relation between the actual performance of the process and its specified 
requirements. Capability indices have received much interest in the statistical litera-
ture during the last 20 years. For thorough discussions of different capability indices 
and their statistical properties see, e.g. the books by Kotz & Johnson [11] and Kotz & 
Lovelace [13] and the review paper with discussion by Kotz & Johnson [12]. The 
paper by Spiring et al. [23] contains additional references. 

Most of the published articles regarding process capability indices focus on the 
case when the process quality characteristic of interest is normally distributed and the 
specification interval is two-sided. The most common indices in this situation are pC , 

pkC  and pmC . One-sided specifications are used in industry, see, e.g. Kane [10] and 
Gunter [9], but there have been relatively few articles in the statistical literature 
dealing with this case. The most well-known capability indices for one-sided specifi-
cations, introduced by Kane [10], are  
 

  and 
3 3PU PL

USL LSLC C , (1) 

 
for the upper and lower specification limits, USL and LSL, respectively. As usual,  
is the process mean and  is the process standard deviation of the in-control process, 
where the quality characteristic is assumed to be normally distributed. It can be noted 
that the indices in (1) are used to define the index pkC  for two-sided specification 
intervals, where min ,pk PU PLC C C . The indices in (1) do not take into account 
that the process mean, , may differ from a specified target value, T. Indices, for one-
sided specifications, that take closeness to the target into consideration have been in-
troduced by Kane [10] and Chan, Cheng & Spiring [3]. The indices proposed by 
Kane [10], and Chan, Cheng & Spiring [3] have been generalized by Vännman [25], 
who defined two different families of capability indices for one-sided specification 
intervals, derived the distributions of the corresponding estimators and proposed 
suitable tests. More recently Pearn & Chen [17], Lin & Pearn [14] and Pearn & Shu 
[18] have studied tests and confidence intervals for the indices in (1) and presented 
extensive tables for practitioners to use when applying these methods. All the above 
mentioned indices, however, are based on the assumption that the studied 
characteristic is normally distributed. 

When the specification is one-sided with an upper specification USL, it is not un-
common that the smallest possible value of the studied characteristic is 0 and that 
this also is the best value to obtain. As an example, consider a surface polishing 



 

3 

process, where the surface should be as smooth as possible and ideally should have 
smoothness values of 0. In such a situation it is not unusual to find a skewed distribu-
tion with a long tail towards relatively large values, instead of a normal distribution. 

When the studied characteristic has a skewed distribution, but an index based on 
the normality assumption is used, the percentages of non-conforming items will be 
significantly different from what the process capability index indicates. Hence, if we 
determine the capability for a process where the data are non-normally distributed, 
based on an index that assumes normality, we cannot draw any proper conclusion 
about the actual process performance. See, e.g. Somerville & Montgomery [22], 
Sarkar & Pal [20] and Chou et al. [6]. 

Several different process capability indices for situations where data are non-nor-
mally distributed, but not necessarily skewed, have been developed previously and 
are discussed in the literature. Kotz & Johnson [11] and Kotz & Lovelace [13], 
among others, present summaries of different methods to be used when the process 
output is non-normally distributed. One of the first indices for data that are non-nor-
mally distributed was suggested by Clements [7]. He replaced 6  and  in Cp and Cpk 
with q0.99865 – q0.000135 and q0.5, respectively, where q  is the th quantile for a distri-
bution in the Pearson family. Note, that these indices are designed for two-sided 
specification intervals but the same idea can be used for the one-sided indices in (1). 
Clements’ approach, using quantiles, has since then been applied to situations when 
the studied characteristic is assumed to follow other well-known distributions as 
well. For references, see, e.g. Kotz & Johnson [12]. It can be noted that Clements’ 
method requires knowledge of the skewness and kurtosis and rather large sample 
sizes are needed for accurate estimations of these quantities.  

Another approach when dealing with situations where the data follows some non-
normal distribution is to transform the original non-normal data to normal or at least 
close normal. This has been discussed by, e.g. Gunter [9], Somerville & Montgomery 
[22] and Rivera et al. [19]. Kotz & Lovelace [13], however, point out that the 
practitioner may be uncomfortable working with transformed data due to the diffi-
culties in translating the results of calculations back to the original scale.  

When having two-sided specifications Chen & Pearn [4] introduced a generaliza-
tion of the ,pC u v  class of indices, depending on two non-negative parameters u 
and v, introduced by Vännman [24] for normally distributed data. Their purpose is to 
handle the situation when the studied characteristic belongs to any given non-normal 
distribution. Their class of indices, ,NpC u v , is based on quantiles of the underlying 
distribution, in the same way as Clements’ index. The distributions of three different 
estimators of this class of indices have been derived by Chen & Hsu [5]. This class of 
indices will be discussed further in the next section. 

In this paper we consider the case when the specification interval is one-sided with 
an upper specification USL and a specified target value equal to 0 exists. Further-
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more, we assume that the quality characteristic of interest has a skewed, zero-bound 
distribution with a long tail towards relatively large values. It can be noted that in 
such situations, when trying to transform the data to normally distributed data using a 
suitable Box-Cox-transformation with power 0  for positively skewed distri-
butions, see Box & Cox [2], the target value goes to infinity. So far the only 
published index found for the studied situation is presented by Vännman & Albing 
[27]. We here try a new approach to find a suitable index and arrive at the same class 
of indices as proposed by Vännman & Albing [27]. For this class of indices we 
consider two different estimators and derive the asymptotic distributions for these 
two estimators. Based on these results we then derive a decision procedure suitable 
for deeming a process as capable at a given significance level and exemplify the 
result using an example from the Swedish industry. 
 

2. Modifying an existing process capability index  

One way to find proper indices for our studied situation may be to modify an existing 
index designed for non-normal data when the specification interval is two-sided and 
a target value is used. 

Vännman [24] introduced a class of indices, ,pC u v , when the specification 
interval is two-sided and data is assumed normally distributed, which contains the 
basic indices Cp, Cpk, Cpm and Cpmk, as 0,0p pC C , 1,0p pkC C  and 

0,1p pmC C , respectively. Chen & Pearn [4] generalized this ,pC u v -class in 
order to handle non-normal process data and defined the following class of indices, 
for u and v  0,  
 

 2
20.99865 0.00135

( , )

3 ( )
6

Np

d u M m
C u v

q q v M T
. (2) 

 
In (2) q  is the th quantile and M the median of the distribution of the studied 
characteristic. Furthermore T is the target value, d is the half length of the two-sided 
specification interval, and m is the midpoint of the specification interval. By re-
placing the process standard deviation  in ,pC u v  with 0.99865 0.00135 6q q  and  
with the median, Chen & Pearn [4] mimic the properties of a normal distribution and 
claim that the probability of non-conformance will be negligibly small if 

( , ) 1NpC u v  and the process is well-centred. 
In our case, when we have an upper specification only, a target value 0, and a 

natural lower bound 0 for the observations, we are not interested in sensitivity to de-
viation from the midpoint m of the specification interval. Hence we will choose u = 0 
and consider (0, )NpC v  only. Furthermore, in (2) we can interpret d as the distance 
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from the target value to one specification limit, if the target equals the midpoint of 
the two-sided specification interval. When the target value is 0 and we have an upper 
specification, USL, only we can substitute d by USL. A modification of the class of 
indices in (2), where 0.5M q , for the case when there is an upper specification only 
and target value zero could then be 
 

 
2

20.99865 0.00135
0.5

( )

3
6

M
Np

USLC v
q q vq

. (3) 

 
Vännman and Albing [27] applied the quantile approach by Clements’ starting 

from another family of indices, introduced by Vännman [25] and designed for one-
sided specification intervals with target values but based on the normality 
assumption. They then arrived at a class of indices, * ,p uC u v , which includes (3) as 
a special case. They presented an example showing that the probability of non-
conformance of * ,p uC u v  is not negligibly small when the index equals one and the 
process is close to target. As a consequence the index ( )M

NpC v  in (3) is not suitable for 
our studied situation and needs to be modified. Using the same reasoning as in 
Vännman and Albing [27] we are led to the same class of indices ( , )MAC v , for v > 0, 
where 
 

 
2 2
1 0.5

( , ) .MA
USLC v

q vq
 (4) 

 
Hence, the same suggested family of indices has been found as appropriate using two 
different starting-points. As above q  is the th quantile of the distribution of the 
studied characteristic. The quantile 1q  can be interpreted as a measure of spread, 
when the distribution is zero bound with a long upper tail, and 0.5q  is a measure of 
location. See Figure 1. The larger the index value the more capable the process in the 
sense that either the quantile 1q  has decreased or the median has moved closer to 0.  

The class of indices ( , )MAC v in (4) possesses a number of desirable properties, as 
discussed by Vännman and Albing [27]. For example, for a given value greater than 
or equal to 1 the indices limit the probability of non-conformance to be less than or 
equal to . Furthermore, ( , )MAC v  is sensitive with regard to departures of the 
median from the target value. It also punishes large departure from the target more 
than small departures and does not allow large deviations from target even if the 
variance is very small. See Figure 2 (i). The index ( , )MAC v  in (4) is simple, since it 
depends on two quantiles only and has no confusing constants. Furthermore, by 
looking at Figure 1, we clearly see that 1q  can be interpreted as a measure of spread 
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and 0.5q  as a measure of location. Hence, we believe that ( , )MAC v  is easily 
understood compared to some of the other indices for non-normal distributions. 
 

 

  0.5q

USL

0.9973q

0.9973q  

 
Figure 1. An example illustrating the quantiles in the new class of indices ,MAC v  when USL = 
10, 0.0027 and the studied quality characteristic has a skewed zero-bound distribution with a 
long upper tail. 
 

It is tempting to simplify the class of indices in (4) further by removing the square 
root expression in (4) and consider the following class of indices: 
 

 
1 0.5

( , )M
USLC s

q sq
, (5) 

 
where s > 0. However, this index punishes the deviations of the median from 0 in the 
same way regardless the distance from 0, as long as 0.5 1q q , see Figure 2(ii). This 
is not a desirable property as discussed by Vännman and Albing [27]. Hence, the 
index in (5) is not to be recommended even if it is somewhat simpler than the index 
in (4). 

It can be noted that by increasing the value of v in ( , )MAC v  we obtain an index 
with larger sensitivity to departures of the process median from the target value 0. 
This is illustrated in Figure 3, where the capability regions are plotted for v = 2 and 4. 

In the next section we will study two different estimators of the index ( , )MAC v  
and derive the asymptotic distributions of these estimators. 
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(i) (ii) 

  

Figure 2. The contour curves for the process capability indices 0.0027,1 1MAC  in (i) and 
0.0027,1 1MC in (ii). The region bounded by the contour curve and the 1q -axis is the corre-

sponding capability region. 
 

(i) (ii) 

Figure 3. The contour curves for the process capability indices 0.0027,2 1MAC  in (i) and 
0.0027,4 1MAC  in (ii). The region bounded by the contour curve and the 1q -axis is the corre-

sponding capability region. 
 
3. Estimators of CMA( , v) and their asymptotical distributions 

In most situations the quantiles of the distribution are unknown and need to be esti-
mated. Hence the obtained estimated indices have to be treated as random variables 
and their distributions have to be taken into account. In this section the asymptotic 
distributions of two different estimators of ( , )MAC v  in (4) will be derived. 

Let 1 2, ,..., nX X X  be a random sample from a skewed distribution with cumulative 
distribution function F, measuring the studied characteristic X. There are different 

1q

0.5q

1q

0.5q

1q

0.5q

1q

0.5q
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ways to estimate the quantiles in ( , )MAC v  in (4). We will first consider the follow-
ing intuitive estimator of the th quantile q  for0 1 
 
 ˆˆ inf : ( )q x F x . (6) 
 
This means q̂  is the th quantile of the empirical cumulative distribution function 
F̂  or the corresponding order statistic. As the first estimator of ( , )MAC v  we then get 
 

 
2 2
1 0.5

ˆ ( , ) .
ˆ ˆ

MA
USLC v

q vq
 (7) 

 
Next we derive the asymptotic distribution of ˆ ( , )MAC v . In Theorem 1 the notation 

AN means that the studied quantity is asymptotically normally distributed. 
 

Theorem 1: Suppose that F possesses a positive continuous density f in the 
neighbourhoods of the quantiles 0.5q  and 1q . Then  
 

 21ˆ ( , )   is   ( , ),MA MA CC v AN C v
n , (8) 

 
where 
 

 
2 2 2 2

2 0.5 0.5 1 1
2 2 22 2

0.5 0.5 1 11 0.5

( , ) (1 ) .
4

MA
C

C v v q v q q q
f q f q f q f qq vq

 (9) 

 
Proof

Let 
 

 1 2 2 2
2 1

( , ) .USLg x x
x vx

 (10) 

 
Define  
 

 
1 2 0.5 1

1 2 1 2

1 2 ( , ) ,

, ,
,

x x q q

g x x g x x
D

x x
 (11) 

 
then 
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 0.5 1
3/ 2 3/ 22 2 2 2

1 0.5 1 0.5

USL v q USL qD
q vq q vq

. (12) 

 
Since the quantile q  is estimated by q̂  in (6) and F is assumed to possess a positive 
continuous density f in the neighbourhoods of the quantiles 0.5q  and 1q , then 
Theorem B on page 80 in Serfling [21] implies that 0.5 1ˆ ˆ,q q  is asymptotically 
normal with mean vector 0.5 1,q q  and covariance matrix 1n  where
 

 

2

11 2
0.5

11 12
22 2

21 22 1

12 21
0.5 1

0.5

1
  and  

0.5

f q

f q

f q f q

. (13) 

 
Furthermore, since ˆ ( , )MAC v  in (7) is a function of 0.5 1ˆ ˆ,q q  and the estimated pair 
of quantiles 0.5 1ˆ ˆ,q q  is asymptotically normally distributed we can apply Theorem 
A on page 122 of Serfling [21]. Hence, we get that  
 

 1ˆ ( , )   is   ( , ), 'MA MAC v AN C v D D
n

, (14) 

 
where the vector D  is defined in (12) and the matrix in (13). After carrying out the 
matrix multiplication 'D D  the results in (8)-(9) are obtained. 

Pearn & Chen [17] proposed alternative estimators of the quantiles q  used when 
estimating ( , )NpC u v  in (2). Based on their suggestion we consider, as alternative to 
the estimators in (6), the following estimators: 
 

 
1 1 1

2 2 2

0.5 1 1 1

1 2 2 1

,

,

R R R

R R R

q X R R X X

q X R R X X
 (15) 

 
where 
 
 1 20.5 0.5 and 1R n R n . 
 

Hence, as a second estimator of ,MAC v  we consider  
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2 2
1 0.5

( , )MA
USLC v

q vq
. (16) 

 
Chen & Hsu [5] have derived the asymptotic distribution of the estimated index 

( , )NpC u v  in (2). They have considered the estimators of the quantiles in (6) and (15). 
Chen & Hsu [5] show that the asymptotic distribution of estimator of ( , )NpC u v  based 
on (15) is the same as the asymptotic distribution of estimator of ( , )NpC u v  based on 
(6). A consequence of this is that the asymptotic distribution of ( , )MAC v  in (16) is 
the same as the asymptotic distribution of ˆ ( , )MAC v , i.e. equal to the distribution in 
Theorem 1. 

The results presented in this section are useful when deciding if a process is capa-
ble for large sample sizes. In the next section a decision rule will be proposed for 

( , )MAC v . 
 

4. A decision rule for CMA( , v)

For given values of  and v, the studied process will be defined as capable if 
( , ) 1MAC v . To obtain an appropriate decision rule we consider a hypothesis test 

with the null hypothesis 0 : , 1MAH C v  and the alternative hypothesis 
1 : , 1MAH C v . Either of the estimators ˆ ( , )MAC v  or ( , )MAC v  can be used as a 

test statistic. For the moment, we will use the notation * ( , )MAC v  to denote the test 
statistic, when it is not needed to distinguish between the two estimators.  

By using the result in Theorem 1 the critical value c  of the test might be deter-
mined for large sample sizes. The null hypothesis will be rejected whenever 

* ( , )MAC v c , where the constant c  is determined so that the significance level of 
the test is . The decision rule to be used is then as follows: For given values of  
and n, the process will be considered capable if * ( , )MAC v c . Since the exact 
distribution of the studied estimators is not known we will here use the asymptotic 
distribution to obtain a critical value c  implying an approximate significance level 

 and then, by doing simulations, check how good this approximation will be. Using 
the asymptotic distribution in Theorem 1 we find c  by calculating the probability 
that * ( , )MAC v c , given that ( , ) 1MAC v , and determine c  so that this probability 
is . Using Theorem 1 this probability can be expressed as 
 

 *

1

1( , ) ( , ) 1 1MA MA
cP C v c C v

n
, (17) 

 
where 
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2 2 2

2 0.50 0.5 1 1
1 2 2 22 2

0.5 0.5 1 11 0.5

1 (1 ) .
4

v q v q q q
f q f q f q f qq vq

 (18) 

 
From (17) and (18) we see that it is not possible to obtain c  without knowledge 

about the distribution of the characteristic under study. To exemplify the reasoning 
we will in the rest of the paper assume the studied characteristic is distributed ac-
cording to some class of distributions and choose the Weibull distribution, with cum-
ulative distribution function  
 

 
/

0                     0,
( )

1         0,  
bX x a

x
F x

e x
 (19) 

 
Furthermore, we will consider Weibull distributions with shape parameter b < 3 

only. The class of Weibull distributions is reasonable to study since it contains a 
wide range of more or less skewed distributions. For b < 3 the Weibull distribution 
will be positively skewed and the smaller the shape parameter the more skewed the 
distribution. The th quantile for the Weibull distribution is 
 
 

1
ln 1

b
q a . (20) 

 
We can now express the variance in (18), which is calculated given that 

( , ) 1MAC v , as  
 

2 1 4 24 2 2 12 2
1 2 2

1 (1 )ln 2 2 ln 2 ln 1 ln 1
( )

b bb bv v
b d b , (21) 

 
where 
 
 

2 2( ) ln 1 ln 2
b bd b v . (22) 

 
We see from (21) that the variance for the distribution of the estimated index still is 
not completely known, but depends on the parameter b. This implies that under the 
null hypothesis 0 : , 1MAH C v  the probability * ( , ) ( , ) 1MA MAP C v c C v  will 
vary depending on the value of b. This can also be expressed as that the null hy-
pothesis is composite, unless the shape parameter b is known. 

In practice the values of the parameter b is seldom known. Hence, to obtain the 
critical value c  of the test we need to find the value of b that will give the largest 
critical value. This corresponds to finding the value of b that maximizes the variance 
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in (21) given that ( , ) 1MAC v . It can be shown that 2
1  in (21), given that 

( , ) 1MAC v , approaches infinity as b approaches zero. However, when b is close to 
zero, the proposed decision rule will have no practical application since the critical 
value will be extremely large. In such cases, the test will put impossible demands on 
the capability in order to claim the process to be capable. To chose a b-value close to 
zero is thus not suitable to do. We will instead suggest the following approach. 

Let 1 2, ,..., nX X X  be a random sample from the Weibull distribution measuring the 
studied characteristic X. Reject the null hypothesis 0 : , 1MAH C v  and, hence con-
sider the process capable if  
 

 * 2
1

1 ˆ( , ) 1 ,MAC v
n

 (23) 

 
where 2

1ˆ denotes a suitable estimate of 2
1  in (21) and  is the (1- )th quantile of 

the standardized normal distribution N(0,1). We study two different ways to obtain 
this estimate of 2

1 . One simple suggestion is to replace b with its maximum likeli-
hood estimator. However, by doing so we introduce more uncertainty and can expect 
that the actual significance level will be larger than . To get an actual significance 
level that is closer to  we, as an alternative estimator, use the lower confidence limit 
of a two-sided confidence interval for b. The lower limit is used because the variance 

2
1  decreases in b. These two different ways to estimate 2

1  will be compared and 
discussed further in the next section. Note that the maximum likelihood estimate and 
the lower confidence limit of the shape parameter b in the Weibull distribution are 
easily obtained using common software like Minitab or MATLAB. 
 
5. A simulation study 

We will here investigate if the decision rule in (23) is useful for finite sample sizes, 
in the sense that the actual significance level will be less than or approximately equal 
to . To do this, we perform a simulation study for n = 50, 100, 200, 500, 1 000, 
2 000, 5 000 for the estimators in (7) and (16), respectively, assuming that the quality 
characteristic is Weibull distributed according to (19). In all simulation we use 
MATLAB 7.0.1 and the results are based on 10 000 simulations.  

Using (20) we see that if ( , ) 1MAC v  then 
 

 USLa
d b

, (24) 

 
where d(b) is defined in (22). To estimate the actual significance level we simulate 
random samples of size n from the Weibull distribution given that ( , ) 1MAC v . We 
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consider the shape parameter b = 0.5, 1, 1.5, 2, giving rise to skewness 6.62, 2, 1.07 
and 0.63, respectively, and the scale parameter a is defined by (24).  

We have studied both estimators ˆ ( , )MAC v  and ( , )MAC v  with  = 0.0027 and v = 
1. In the decision rule (23) the variance 2

1  in (21) needs to be estimated. As 
mentioned in the previous section we do this by estimating b using either the 
maximum likelihood estimator or the lower confidence limit of the confidence in-
terval for b. We use the procedures for this available in MATLAB 7.0.1, i.e. wblfit. 
For details about the estimator and the confidence limit, see, e.g. Meeker & Escobar 
[15]. The value of  is 0.05. In Tables 1 and 2 the estimated significance levels are 
presented when using a 95% confidence level for the confidence interval of b. Table 
1 can also be found in Vännman and Albing [27] and is included here as a 
comparison to Table 2. 

 
Table 1. The proportion (in %) of the estimated index values in (15) larger than the critical value in 
(29) with  = 5%. MLE denotes the maximum likelihood estimator of b and LCL denotes the lower 
confidence limit of the 95% two-sided confidence interval for b estimation. 

 
Table 2. The proportion (in %) of the estimated index values in (24) larger than the critical value in 
(29) with  = 5%. MLE denotes the maximum likelihood estimator of b and LCL denotes the lower 
confidence limit of the 95% two-sided confidence interval for b estimation. 

Since the value of  is 5% we expect that, for large values of n, the proportions in 
Tables 1 and 2 will be close to 5%. For the estimator in (7), see Table 1, we find for 

 b = 0.5 b = 1 b = 1.5 b = 2 
MLE LCL MLE LCL MLE LCL MLE LCL 

n = 50 31.25 23.10 19.69 10.32 15.08 6.55 12.76 4.31 
n = 100 20.23 15.58 12.94 7.97 10.33 5.24 8.75 4.14 
n = 200 10.66 8.34 7.22 5.05 5.79 3.56 4.80 2.88 
n = 500 10.61 9.05 7.85 6.24 7.13 5.22 6.35 4.70 

n = 1 000 6.90 5.84 5.28 4.42 4.17 3.29 4.47 3.54 
n = 2 000 7.68 6.91 5.92 5.23 6.17 5.31 5.60 4.81 
n = 5 000 5.99 5.60 5.12 4.75 4.99 4.62 5.42 5.01 

 b = 0.5 b = 1 b = 1.5 b = 2 
MLE LCL MLE LCL MLE LCL MLE LCL 

n = 50 33.57 24.98 21.10 11.35 16.25 6.96 13.75 4.55 
n = 100 24.19 18.46 15.85 9.81 12.61 6.83 11.02 5.06 
n = 200 17.11 13.54 11.85 8.54 9.78 6.18 8.13 4.76 
n = 500 13.45 11.57 10.35 8.24 9.12 6.92 8.43 6.15 

n = 1 000 11.25 10.07 9.14 7.74 7.85 6.31 7.83 6.23 
n = 2 000 9.62 8.77 7.56 6.61 7.39 6.68 6.92 6.05 
n = 5 000 7.52 7.10 6.55 5.95 6.52 5.93 6.94 6.33 
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n = 5 000 and b  1 that the proportions are less than or close to 5%. The lower 95% 
confidence limit of b gives a smaller estimated significance level compared to the 
maximum likelihood estimator. Furthermore, it is clear that the lower 95% 
confidence limit of b can be used even for values of n as small as 50 for b = 2 and 

100n  for b = 1.5. For the estimator in (16), see Table 2, we find that for n = 5 000 
the proportion is still not close to 5%. Hence, the convergence is so slow that the use 
of the decision rule based on the estimator in (16) is not to be recommended.  

Table 3 shows the mean and standard deviation, calculated for the simulated val-
ues, for the estimators ˆ ( , )MAC v  and ( , )MAC v , when b = 2 and a is defined by (24). 
The theoretical mean and standard deviation for the asymptotic distribution are also 
given as a comparison. The estimated mean and standard deviation for ˆ ( , )MAC v  and 

( , )MAC v  approach the corresponding quantities for the asymptotic distribution as the 
sample size n increases. Note that the mean for the estimator in (16) is larger than the 
mean for the estimator in (7), which is closer to the theoretical value 1. Thus the 
estimator in (16) is biased even for large values of n. This is also illustrated in Figure 
4 where the corresponding estimated probability density functions for ˆ ( , )MAC v  and 

( , )MAC v  are shown. The probability density functions are estimated using the proce-
dure ksdensity in MATLAB 7.0.1. For details about the estimation method, see 
Bowman & Azzalini [1]. The probability density function for asymptotic distribution 
is also given as a comparison. The bias found in the estimator ( , )MAC v  in (16) ex-
plains the slow convergence found in Table 2. From Figure 4 we can also see that the 
estimated probability density function of ˆ ( , )MAC v  is rather close to the theoretical 
asymptotic distribution for n = 1 000. 

 
Table 3. Comparison of mean and standard deviation of the simulated estimated indices corre-
sponding to (15) and (24) when b = 2. The mean and standard deviation of the asymptotic distri-
bution is also given. 

 Estimator in (15) Estimator in (24) Asymptotic  
mean std mean std mean std 

n = 50 1.152 0.136 1.164 0.131 1 0.207 
n = 100 1.077 0.110 1.100 0.101 1 0.146 
n = 200 1.016 0.093 1.057 0.078 1 0.103 
n = 500 1.015 0.061 1.028 0.057 1 0.065 

n = 1 000 0.998 0.046 1.015 0.042 1 0.046 
n = 2 000 1.003 0.032 1.008 0.031 1 0.033 
n = 5 000 1.001 0.021 1.003 0.020 1 0.021 
n = 10 000 1.002 0.014 1.002 0.014 1 0.015 
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Figure 4. Estimated probability density functions for the estimated indices based on simulations 
from a Weibull distribution with shape parameter 2, when n = 50, 100, 200, 1 000. ˆ ,MAC v  in (7) 
corresponds to the continuous line and ,MAC v  in (16) correspond to the dashed line. The 
probability density function for the asymptotic distribution corresponds to the dotted line. 

 
Based on the results from the simulation study we suggest ˆ ( , )MAC v  to be used as 

an estimator of ( , )MAC v  when deeming a process capable. Furthermore, when the 
studied quality characteristic is Weibull distributed we suggest that the shape pa-
rameter b is estimated by the lower confidence limit of a 100 1 % two-sided con-
fidence interval.  

The more skewed the distribution is the larger sample size is needed. Instead of 
using the lower limit of the 95% two-sided confidence interval for b one can increase 
the confidence level when estimating b. This will imply a larger estimate of 2

1  and 
hence a smaller actual significance level. In Table 4 the estimated significance levels 
are presented, where ˆ ( , )MAC v  is used as an estimator of ( , )MAC v , when the shape 
parameter b is estimated by the lower limit of the 99% and the 99.9% two-sided 
confidence interval for b. One can see that the lower 99% confidence limit level can 
be used for sample sizes n  200 for when b = 1 and the 99.9% lower confidence 
limit can be used for n  100 for b = 1. For b = 1.5 sample sizes of 50 can be used 
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combined with 99% confidence level. When b = 2 the 95% confidence level should 
be used. Further research will be done to find suitable confidence levels for different 
combinations of b and n. It can also be noted, that when b = 0.5, i.e. when the 
distribution is very skewed, the suggested method needs an unreasonably large 
sample size even when using 99.9% confidence level for the confidence interval for 
b. 
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n = 100 n = 1 000 
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Figure 5. Estimated probability density functions for the estimated indices simulations from a 
Weibull distribution with shape parameter 2 when n = 50, 100, 200, 1 000. ˆ ,MAC v  in (7) 
corresponds to the continuous line and ,MAC v  in (26) corresponds to the dashed line. The 
probability density function for the asymptotic distribution corresponds to the dotted line. 
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Table 4. The proportion (in %) of the estimated index values in (15) larger than the critical value 
when = 5 % where b is estimated by the lower confidence limit of a 99% two-sided confidence 
interval and a 99.9% two-sided confidence interval. 

 
The suggested estimator ˆ ( , )MAC v  is based on order statistics. Another reasonable 

approach, when assuming a Weibull distribution for the studied characteristic, is to 
estimate the parameters in the distribution and then estimate the quantiles by 
 

 
ˆ1

0.5

ˆ1
1

ˆ ln(2) ,

ˆ ln(1/ ) ,

b

b

q a

q a
 (25) 

 
where â  and b̂  is the maximum likelihood estimator of a and b, respectively. As an 
alternative estimator of ( , )MAC v  we then consider  
 

 
2 2
1 0.5

( , )MA
USLC v

q vq
. (26) 

 
Figure 5 shows the estimated probability density functions for the estimators 

ˆ ( , )MAC v  and ( , )MAC v , respectively, when a is defined by (24), b = 2, and n = 50, 
100, 200 and 1 000. The probability density function for the asymptotic distribution 
in Theorem 1 is also given as a comparison. From Figure 5 it is clear that the 
variance for the estimator ( , )MAC v  in (26) will be smaller than the variance for the 
estimator ˆ ( , )MAC v  in (7). Hence, the estimator in (26) is preferable compared to the 
one in (7), when making assumptions about the underlying distribution. However, in 
order to be able to base a decision rule on (26) the exact or asymptotic distribution of 
this estimator needs to be derived. This will be investigated in a future paper.  

 99% confidence interval 99.9% confidence interval 
b = 0.5 b = 1 b = 1.5 b = 2 b = 0.5 b = 1 b = 1.5 b = 2 

n = 50 20.56 8.39 4.55 2.68 18.07 6.12 2.67 1.77 
n = 100 13.31 6.59 4.19 3.05 12.75 5.48 3.26 2.19 
n = 200 7.45 4.43 3.02 2.50 6.66 3.70 2.39 1.82 
n = 500 8.69 5.76 4.67 3.85 8.18 5.21 4.71 3.30 

n = 1 000 5.19 3.84 3.45 2.75 5.02 3.33 2.83 2.75 
n = 2 000 6.89 5.49 4.78 4.30 6.13 4.94 4.68 4.52 
n = 5 000 5.29 4.69 5.06 4.68 5.18 4.80 4.59 4.52 
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6. An example 

As an illustration of how the ideas presented in this article may be applied to actual 
process data we consider observations from a controlled axis test running procedure 
performed on a given surface of a gearwheel. The observations where collected from 
a process at Volvo Construction Equipment in Sweden, which is one of the world's 
leading manufacturers of construction equipment. 

We consider a data set of 52 observations from a controlled axis test running 
procedure measuring the deviation from the surface of the gearwheel illustrated in 
Figure 6. The deviation should be as small as possible and ideally equal 0. 
Furthermore, the manufacturing specifications of the studied deviation are USL = 
0.08 mm and T = 0, i.e. we have a situation where we have a natural lower limit in 0 
and an upper specification only. The observations are presented in Table 5. 

 

 
Figure 6. A gearwheel.

 
Table 5. 52 observations (in mm) sorted in descending order from a controlled axis test running 
procedure measuring the deviation from the surface of the gearwheel illustrated in Figure 6. 
0.004 0.008 0.011 0.014 0.017 0.019 0.022 0.027 0.036
0.005 0.008 0.011 0.014 0.017 0.019 0.023 0.027 0.038
0.005 0.009 0.013 0.014 0.018 0.020 0.024 0.032 0.040
0.005 0.009 0.013 0.014 0.018 0.021 0.024 0.033 0.042
0.006 0.010 0.013 0.015 0.019 0.021 0.025 0.034
0.008 0.010 0.014 0.017 0.019 0.022 0.027 0.035

 
To check the distribution of the deviation we plot the observations in Table 5 in a 

Weibull probability plot using Minitab, see Figure 7. From the results in Figure 7 we 
draw the conclusion that it is reasonable to assume that the deviation is Weibull 
distributed. The maximum likelihood estimates of the scale parameter a and the 
shape parameter b is found to be 0.0211 and 2.045, respectively, and the estimated 
skewness is found to be 0.64. See Figure 7. 
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Figure 7. The probability plot from a controlled axis test running procedure presented in Table 5. 

 
We use the estimator ˆ ( , )MAC v  in (7) with v = 1 and  = 0.0027. Based on the data 

in Table 5 we get the empirical quantiles 0.5ˆ (26) 0.017q X  and 
0.9973 maxˆ (52) 0.042q X X , where ( )X j  denotes the j:th order statistic. Hence the 

estimated index becomes 
 
 ˆ (0.0027,1) 1.7656MAC . (27) 
 
We consider the null hypothesis 0 : (0.0027,1) 1MAH C  with the alternative hypothe-
sis 1 : (0.0027,1) 1MAH C . Furthermore we let  = 0.05. 

To apply the decision rule in (23) we need to estimate the variance 2
1 . Based on 

the results from the simulation study in the previous section we estimate b by the 
lower confidence limit of a 100 1 % two-sided confidence interval. The value of 
 is chosen so that the approximate significance level will be less than or equal to  

for the actual combination of n and b. Hence, we estimate b in 2
1  by the lower limit 

of a 95% two-sided confidence interval, see Table 2. 
Using Minitab or MATLAB we find the lower confidence limit for b to be 1.6558 

and hence, we find the estimate of the variance in (21) to be 2
1ˆ 3.3475 . We then 

use the decision rule: Reject 0H  and deem the process as capable if 
 

 2
1

1ˆ ˆ(0.0027,1) 1 1 1.645 3.3475 52 1.4173MAC
n

. (28) 

 
Since the estimated index value in (27) exceeds the critical value in (28) the process 
will be deemed capable. This decision is taken at an approximate significance level 
0.05 according to Table 1. 
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7. Discussion and concluding remarks 

The class of indices, ( , )MAC v , proposed in this paper, is simple and possesses a 
number of desirable properties. By choosing the constant v in ( , )MAC v  we can 
obtain an index with the desired sensitivity to departures of the process median from 
0. We have suggested the simple estimator ˆ ( , )MAC v , based on estimated quantiles, 
i.e. order statistics, and also derived its asymptotic distribution. In order to find an 
applicable decision rule based on this result, we need to make assumptions about the 
distribution for the quality characteristic of interest. The main results are valid for 
any assumed skewed, zero-bound distribution. In this paper we have restricted our 
attention to the class of Weibull distribution, since this class contains a wide range of 
more or less skewed distributions. Further research will investigate other classes of 
distributions. 

Many of the existing indices for non-normal distributions, e.g. the indices in (2), 
will agree with one of the basic indices for normal distributions when the process 
outcome is normally distributed. The proposed class of indices does not have that 
property. Since ( , )MAC v  are designed for situations where the underlying distribu-
tion is skewed and zero-bound, this property is of no interest. However, the value ”1” 
of the proposed index is still the theoretical threshold for capability. 

The simulation study shows that, in the Weibull case, the suggested decision rule 
in (23) is useful if the estimator ˆ ( , )MAC v  is used and the shape parameter b in the 
Weibull distribution is estimated by the lower confidence limit of a 100 1 % 
two-sided confidence interval to obtain an estimator of the variance in the decision 
rule. Even though the test is based on the asymptotic distribution for the estimator, 
the simulation study shows that the decision procedure works well for sample sizes 
as small as 50 if  = 0.05 and the shape parameter 2b , i.e. when the underlying 
distribution is not too skewed. It also works well for b = 1.5 and  = 0.05 if the 
sample size is at least 100. Furthermore, with  = 0.01 or 0.001 the decision 
procedure works well for sample sizes of 200 and 100, respectively, when b = 1. 
Hence, the proposed decision rule can be useful for rather skewed distribution, i.e. 
with skewness 2, for sample sizes n = 100. However, in order to obtain a decision 
rule with known significance level when the distribution is highly skewed and the 
sample size is small or moderate the exact distribution for the estimator is needed. 
But even if this distribution is found the simulation study indicates that the variance 
in this exact distribution will be quite large, which implies small power of the test. 
According to the simulation study the estimator ( , )MAC v  in (26) has smaller 
variance. Hence it is also of interest to derive the distribution of ( , )MAC v . Fur-
thermore, it is of interest to investigate other distributions than the Weibull 
distribution. These issues will be treated in future studies.  
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Under the assumption of normality of the quality characteristic, Vännman & 
Albing [28] presented a graphical method to be used when doing capability analysis 
having one-sided specification limits. This is an extension of the process capability 
plots for two-sided specification intervals discussed by Deleryd & Vännman [8] and 
Vännman [26]. This graphical method can also be extended to skewed, zero-bound 
distributions, as indicated in Section 3. We believe that this graphical approach will 
facilitate the understanding and use of the proposed index ( , )MAC v .  

There is a gap in the theoretical development of capability indices for situations 
when there is an upper specification USL and a pre-specified target value equal to 0 
and the quality characteristic of interest has a skewed, zero-bound distribution with a 
long tail towards relatively large values. This is also a practical case of interest. With 
the results in this paper we have started to fill this gap. 
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Short title: PCI for Weibull Distributions and USL 

Abstract:  
We consider a previously proposed class of capability indices useful when the 
quality characteristic of interest has a skewed, zero-bound distribution with a long 
tail towards large values and there is an upper specification with a pre-specified 
target value, T = 0. We investigate this class of process capability indices when the 
underlying distribution is a Weibull distribution and focus on the situation when the 
Weibull distribution is highly skewed. We propose an estimator of the index in the 
studied class, based on the maximum likelihood estimators of the parameters in the 
Weibull distribution, and derive the asymptotic distribution for this estimator. 
Furthermore, we suggest a decision rule based on the estimated index and its 
asymptotic distribution, and presents a power comparison between the proposed 
estimator and a previously studied estimator. A simulation study is also performed to 
investigate the true significance level when the sample size is small or moderate. An 
example from a Swedish industry is presented. 
 
Key Words: capability index, Weibull distributions, upper specification limit, zero-
bound process data, target value 0, hypothesis test 
 

1. Introduction 

Process capability analysis has been used for decades with the purpose to obtain 
industrial processes whose products meet given specifications. The most frequently 
used tool when performing a capability analysis is some kind of process capability 
index. A process capability index is a unitless measure that quantifies the relation 
between the actual performance of the process and its specified requirements. For 
more information about different capability indices and their statistical properties 
see, e.g. [1], [2], [3], [4] and [5]. 
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In this paper we consider the case when the specification interval is one-sided with 
an upper specification USL. One-sided specifications are used in industry, see, e.g. 
[6] and [7], but there have been relatively few articles in the statistical literature 
dealing with this case. The most well-known capability indices for one-sided 
specifications, introduced by [6], are  
 

  and 
3 3PU PL

USL LSLC C , (1) 

 
for the upper and lower specification limits, USL and LSL, respectively. As usual,  
is the process mean and  is the process standard deviation of the in-control process, 
where the quality characteristic is assumed to be normally distributed. The indices in 
(1) do not take into account that the process mean, , may differ from a specified 
target value, T. Indices, for one-sided specifications, that take closeness to the target 
into consideration have been introduced by [6] and [8] and generalized by [9]. All the 
above mentioned indices, however, are based on the assumption that the studied 
characteristic is normally distributed. 

When the specification interval has an upper specification USL only, it is not un-
common to have a situation where there is a natural lower limit in 0 and that this also 
is the best value to obtain. For this situation it is often more likely that the quality 
characteristic of interest has a skewed distribution with a long tail towards large 
values, rather than a normal distribution. Hence, in this paper we will consider the 
case with a pre-specified target value equal to 0. Furthermore, we assume the quality 
characteristic of interest is distributed according to a Weibull distribution with shape 
parameter b and scale parameter a. The class of Weibull distributions is reasonable to 
study since it contains a wide range of more or less skewed distributions. For b < 3 
the Weibull distribution is positively skewed and the smaller the shape parameter the 
more skewed the distribution is.  

Process capability indices for Weibull distributed quality characteristics have 
previously been discussed in the literature. When the specification interval is two-
sided [10] discuss sampling properties of an estimator of a process capability index 
for Weibull distributed quality characteristics, introduced by [11]. Furthermore, [12] 
studies estimators of PUC  in (1) for a number of methods for handling non-normal 
process data when the underlying distribution is Weibull and lognormal, 
respectively. 

[13] and [14] have proposed and studied a new class of capability indices for the 
case when there is an upper specification with a pre-specified target value, T = 0, and 
the quality characteristic of interest has some skewed, zero-bound distribution with a 
long tail towards large values. The proposed class of indices, depending on two 
parameters  and v, is 
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2 2
1 0.5

( , )MA
USLC v

q vq
. (2) 

 
The parameter  is small and chosen in a suitable way, e.g.  = 0.0027. The 
parameter v > 0 affects the sensitivity of the index to departures of the process 
median from the target value 0. The larger the value of v the more sensitive the index 
will be to departures of the process median from the target value 0. The quantile 

 is the th q  quantile of the distribution of the studied characteristic. The quantile 
1q  can be interpreted as a measure of spread, when the distribution is zero-bound 

with a long upper tail, and 0.5q  is a measure of location.  
The class of indices in (2) possesses a number of desirable properties. For a given 

value of ( , )MAC v  greater than or equal to 1, the probability of non-conformance will 
be less than or equal to . Furthermore, this class of indices is sensitive with regard 
to departures of the median from the target value, it punishes large departure from 
the target more than small departures and does not allow large deviations from target 
even if the variance is very small. The index ( , )MAC v  in (2) is simple, since it 
depends on two quantiles only. Fore more details, see [14]. 

[13] considered two different estimators, based on order statistics, of the class of 
indices in (2) and derived the asymptotic distributions for these two estimators. They 
also presented a decision procedure based on the estimated class of indices and 
exemplified the results when the studied quality characteristic is Weibull distributed. 
Under these assumptions they found that the decision procedure is useful for not too 
skewed distributions and rather large sample sizes. However, when the distribution is 
highly skewed and the sample size is small or moderate other approaches need to be 
taken into consideration. 

In this paper we consider ,MAC v  in (2) and focus on the case when the distribu-
tion is highly skewed and the sample size is small or moderate. Instead of using order 
statistics, when estimating the quantiles in (2), we here study an estimator of 

,MAC v  in (2), where the estimated quantiles are expressed as functions of the 
maximum likelihood estimators of the parameters in the Weibull distribution. The 
asymptotic distribution of this new estimator is derived. Based on these results we 
present a decision rule and determine the power of the test. A power comparison with 
the previous studied estimator in [14] is also made. Furthermore, an example from a 
Swedish industry is presented. 

 
2. The CMA( , v) class of indices and Weibull distributions

We assume that the studied quality characteristic X has the cumulative distribution 
function  
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/

0                     0,
( )

1         0. 
bX x a

x
F x

e x
 (3) 

 
Since we are interested in highly skewed distributions mainly, we will focus on the 
case when 2b , giving rise to values of the skewness 
 

 
3 2 3

1 3

1 3 3
0.63,

b a
 (4) 

 
where  is the Gamma function and 
 
 21 1  and 1 2 1 1a b a b b . (5) 
 
The th quantile in the Weibull distribution is 
 
 

1
ln 1

b
q a . (6) 

 
Hence, we can express the class of indices in (2) as 
 

 
2 2

( , )
ln(1/ ) ln(2)

MAW b b

USLC v
a v

. (7) 

 
[14] showed that for any distribution, the probability of non-conformance will be 

less than or equal to , given that ( , ) 1MAC v . However, when we know the 
underlying distribution, as for the indices in (7), we can calculate the exact 
probability of non-conformance for the studied quality characteristic X. Using (7) we 
can express the scale parameter a as 
 

 
( , ) ( )MAW

USLa
C v d b

, (8) 

where 
 
 

2 2( ) ln 1 ln 2
b bd b v . (9) 

 
The expression d(b) in (9) does not depends on b only, but also of  and v. However, 
since  and v are given parameters while b is unknown in most situations, we use the 
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notation d(b) in order to keep the notation short. By replacing a in (3) with the 
expression in (8), we obtain the probability of non-conformance as  
 

 ( , ) ( )/
bb

MAWC v d bUSL aP NC P X USL e e . (10) 
 
This means that, when ( , ) 1MAWC v , we get 
 
 

2( ) bd bP NC e . (11) 
 
The inequality in (11) is obtained since 

2 22ln 1 ln 2 ln 1
b bbv . 

Figure 1 shows the probability of non-conformance in (11), for v = 1 , plotted 
against b when 0.0027  and 0.00135. When the distribution is very skewed, 
i.e. 0.5b , giving rise to skewness 1 6.62 , Figure 1 shows that the probability of 
non-conformance will be very close to . Furthermore, when b = 2, giving rise to 
skewness 1 0.63, the probability of non-conformance is approximately 2 . 
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Figure 1. The probability of nonconformance in (11), for v = 1, plotted against b. The continuous 
curve corresponds to  = 0.0027 and the dotted curve corresponds to  = 0.00135. 
 

3. An estimator of CMAW( , v) and its asymptotic distribution 

In most situations the parameters a and b in the Weibull distribution are unknown 
and need to be estimated. Hence, the obtained estimated indices have to be treated as 
random variables and their distributions have to be taken into account.  

From now on we assume 1 2, ,..., nX X X  to be a random sample from a Weibull 
distribution with distribution function XF x  according to (3), measuring the studied 
characteristic X. Let â  and b̂  be the maximum likelihood estimators of a and b, 
respectively, see, e.g. [15], page 656. Then define the estimator of ( , )MAWC v  in (7) 
as 
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ˆ ˆ2 2

( , )
ˆ ln(1/ ) ln(2)

MAW
b b

USLC v
a v

. (12) 

 
Next we derive the asymptotic distribution of ( , )MAWC v . The proof is presented in 

Appendix A. Let ˆˆ,a b  denote the maximum likelihood estimator of ( , )a b , based on 
a random sample of n observations from the Weibull distribution in (3). Then  
 

 21( , )   is   ( , ),MAW MAW WC v AN C v
n

, (13) 

 
where 
 

22
2 2 2

2 2 (1) (1) (1)

2 2( , ) 11 2 ,
1 1 1

MAW
W

C v d b d b h b h b
b d b

 (14) 

 
and 2 0.4227843351 and (1) 1 1.644934066848 . The mathematical 
constants 2  and (1) 1  are values of the digamma function x , evaluated at 
x = 2, and the trigamma function (1) x , evaluated at x = 1. The notation AN means 
that the studied quantity is asymptotically normally distributed. Furthermore, the 
function d b  is defined in (9) and 
 
 

2 2( ) ln 1 ln ln 1 ln 2 ln ln 2 .
b bh b v   (15) 

 
From (15) we see that h(b) depends on the parameters b,  and v. However, since  
and v are given parameters while b is unknown in most situations, we use the 
notation h(b) in order to keep the notation short. 

The result presented in this section is useful when deciding if a process is capable 
for large sample sizes. In the next section a decision rule will be proposed for 

( , )MAWC v . 
 

4. A decision rule for CMAW( , v)

For given values of  and v, the studied process will be defined as capable if 
( , ) 1MAWC v . This implies that, for any value of b, the probability of 

nonconformance will be less than or equal to , where  is a pre-determined small 
number, e.g. 0.0027. To obtain an appropriate decision rule for deeming a process as 
capable we consider a hypothesis test with the null hypothesis 0 : ( , ) 1MAWH C v  and 
the alternative hypothesis 1 : ( , ) 1MAWH C v . Based on the results in the previous 
section a reasonable test statistic could be 
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 *

2
1

( , ) 1MAWC vT
n

, (16) 

 
where 
 

 
2

2 2 2
1 2 2 (1) (1) (1)

2 21 11 2 ,
1 1 1

d b d b h b h b
b d b

 (17) 

 
and d(b) is defined in (9) and h(b) in (15). Note that 2

1  in (17) is obtained by letting 
( , ) 1MAWC v  in (14). For large sample sizes, the test statistic *T  approximately fol-

lows a standardized normal distribution N(0,1) given that ( , ) 1MAWC v , according to 
(13). Hence, at an approximate significance level , the null hypothesis will be 
rejected whenever *T , where  is the (1- )th quantile of the standardized 
normal distribution N(0,1).  

We see from (17) that the variance 2
1 is not completely known, but depends on 

the unknown parameter b. This implies that under the null hypothesis the probability 
* ( , ) 1MAWP T C v  will vary depending on the value of b. This can also be 

expressed as that the null hypothesis is composite, unless the shape parameter b is 
known. In practice the value of the parameter b is seldom known. Hence, to obtain a 
useful test statistic we need to estimate the variance 2

1  in (17). One simple 
suggestion is to replace b in 2

1  with its maximum likelihood estimator b̂ . The 
maximum likelihood estimates of the parameters in the Weibull distribution are 
easily obtained using common software like Minitab or MATLAB. As a 
consequence we will consider the test statistic 
 

 
2
1

( , ) 1
ˆ

MAWC vT
n

, (18) 

 
where 
 

 
2

2 2 2
1 (1) (1) (1)2 2

2 21 1ˆ ˆ ˆ ˆˆ 1 2ˆ ˆ 1 1 1
d b d b h b h b

b d b
, (19) 

 

 
ˆ ˆ2 2ˆ( ) ln 1 ln 2
b bd b v  (20) 

 
and 
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ˆ ˆ2 2ˆ( ) ln 1 ln ln 1 ln 2 ln ln 2 .
b bh b v   (21) 

 
The decision rule is then: reject the null hypothesis 0 : ( , ) 1MAWH C v , i.e. consider 
the process capable, if T c , where c  denotes the critical value of the test at 
significance level . 

Let us first consider the case when c . For given values of  and n, the 
process will then be considered capable if T . However, using the asymptotic 
distribution will imply an approximate significance level  for finite sample sizes. In 
order to investigate if  is a useful critical value for finite sample sizes, in the sense 
that the actual significance level will be less than or approximately equal to , we 
perform a simulation study. 

For all simulation studies in this article we use MATLAB 7.0.1 and all results are 
based on 10 000 simulations. Furthermore, we let the parameter v = 1 in ( , )MAWC v . 
If we increase v the corresponding index will be more sensitive to departures of the 
process median from the target value 0. We choose v = 1 since we then get an index 
with sensitivity to departures of the process median from the target value 
analogously to Cpm for the case of two-sided specifications and a normally distributed 
quality characteristic. 

To estimate the actual significance level we simulate random samples of size n = 
50, 100, 200, 500, 1 000, 2 000, 5 000 from the Weibull distribution, given that 

( ,1) 1MAWC . We consider the shape parameter b = 0.5, 1, 1.5, 2, giving rise to 
skewness 6.62, 2, 1.07 and 0.63, respectively, and the scale parameter 

( )a USL d b , where d(b) is defined in (9). We have studied the test statistic T 
with  = 0.0027. The wblfit procedure in MATLAB 7.0.1 is used to calculate the 
maximum likelihood estimators of a and b. For details about the estimators, see, e.g. 
[16]. The value of  is 0.05. In Table 1 the estimated significance level is presented. 

 
Table 1. The proportion (in %) of the test statistic T larger than the critical value .

 
Since the value of  is set to 5% we expect that, for large n, the proportions in Ta-

bles 1 will be close to 5%. From Table 1 we find, for n  2 000 and b  1.5, that the 
proportions are close to 5%. However, the convergence is too slow to make the deci-

 b = 0.5 b = 1 b = 1.5 b = 2 
n = 50 15.92 13.23 11.90 11.26 

n = 100 12.41 10.76 9.53 9.32 
n = 200 10.15 8.61 8.07 7.94 
n = 500 8.38 7.54 6.30 6.85 

n = 1 000 7.72 6.72 6.40 6.11 
n = 2 000 6.70 6.26 5.88 5.57 
n = 5 000 5.95 5.72 5.63 5.24 
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sion rule useful for skewed distributions and sample sizes less than 2000. The more 
skewed the distribution is the larger sample size is needed. 

Figure 2 shows the estimated probability density functions for the test statistic T, 
based on random samples that are simulated from a Weibull distribution with 

( )a USL d b , where d(b) is defined in (9), and b = 0.5, 2 and n = 50, 200, 1 000. 
Furthermore,  = 0.0027 and v = 1. The probability density functions are estimated 
using the procedure ksdensity in MATLAB 7.0.1. For details about the estimation 
method, see [17]. The probability density function for the standardized normal 
distribution N(0,1) is also given as a comparison. 

In Table 2 the mean and standard deviation, calculated for the simulated values, 
for T is presented. We can see from Table 2 that the mean is always larger than 0 and 
the smaller the n-value the larger the deviation from 0. The standard deviation is 
rather close to 1 apart form the case when b = 0.5 and n = 50. Furthermore, from 
Figure 2 we can see that the distribution of T has a heavier right tail compared to the 
standardized normal distribution N(0,1), especially when n = 50 and 200. These 
findings explain, to a large extent, why the results in Table 1 exceed 5%. 

Based on these results, it seems suitable to try to adjust the test statistic T in (18) 
when n is small or moderate, i.e. 50 200n , by subtracting some appropriate 
quantity. One way to reason to obtain such a correction is the following. If the 
distribution of T had been known we would have chosen the critical value as the 
1 th  quantile of the distribution of T, 1

Tq , and rejected the null hypothesis if 
1
TT q . This is equivalent to rejecting the null hypothesis if 1

TT q  or if 
T k , where 1

Tk q . However, this correction term k is of no use since it 
is based on the unknown quantile 1

Tq . To overcome this problem we use a 
simulation study to estimate the correction term k. This correction term will then 
depend on the sample size n and an estimate of the unknown parameter b, as well as 
the given values of ,  and v. Let , ,

ˆ,vk n b  denote the final estimated correction 
term to be used where b̂  is the maximum likelihood estimator of b. Then we propose 
a new decision rule, where the null hypothesis 0 : ( , ) 1MAH C v  is rejected and the 
process is considered capable, if  
 
 , ,

ˆ,vT k n b . (22) 



 

10 

 
a) b = 0.5, n = 50 d) b = 2, n = 200 
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Figure 2. Estimated probability density functions for the test statistic T simulated from a Weibull 
distribution with b = 0.5, 2 and n = 50, 200, 1000. The probability distribution function of T cor-
responds to the continuous line and the probability density function for the standardized normal 
distribution N(0,1) corresponds to the dotted line.
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Table 2. Mean and standard deviation of the simulated estimated test statistic T when b = 0.5, 1, 
1.5, 2, a is defined by (8) and CMAW(0.0027, 1) = 1. 

 
To obtain an expression for , ,

ˆ,vk n b  we simulate random samples of size 
50,  60,...,  200n  from the Weibull distribution with shape parameter b = 0.5, 

0.6,…, 2. Since we are interested in the critical value of the test we let ( ,1) 1MAWC , 
which implies that the scale parameter ( )a USL d b , where d(b) is defined in (9). 
Furthermore, we consider the four combinations of  and  presented in Table 3 and 
keep v = 1. 

 
Table 3. The four combinations of - and -values considered in the simulation study. 

 1 2 3 4 
0.01 0.05 0.1 0.05 

0.0027 0.0027 0.0027 0.00135 
 
For a given combination of  and  in Table 3 we obtain 10 000 observations of T in 
(18), for each combination of n and b. From these observations we get the empirical 
cumulative distribution function ˆ ( )TF t  of T and the corresponding empirical quantile 

1ˆ
Tq , where 

 
 ˆˆ inf : ( )T

Tq t F t . (23) 
 
Since 1

Tk q  we now calculate 
 
 *

, , 1ˆ, T
vk n b q . (24) 

 
Hence, for each given combination of  and  in Table 3, we obtain a value of 

*
, , ,vk n b  for each of the 256 combinations of n and b. To find an expression for 
, ,

ˆ,vk n b  we fit a model to the simulated values *
, , ,vk n b  for given values of n 

and b using regression analysis for each of the four cases presented in Table 3, with 

 b = 0.5 b = 1 b = 1.5 b = 2 
 mean std mean std mean std mean std 

n = 50 0.4987 1.3880 0.3730 1.1776 0.3288 1.1551 0.3114 1.1118
n = 100 0.3443 1.1736 0.2551 1.0860 0.2314 1.0638 0.2104 1.0532
n = 200 0.2269 1.0770 0.1831 1.0379 0.1549 1.0368 0.1405 1.0199
n = 500 0.1579 1.0408 0.1067 1.0102 0.1017 1.0069 0.0914 1.0002

n = 1 000 0.0924 1.0221 0.0942 1.0078 0.0757 1.0133 0.0635 1.0114
n = 2 000 0.0933 1.0153 0.0505 1.0101 0.0557 0.9936 0.0465 0.9976
n = 5 000 0.0335 0.9956 0.0398 1.0096 0.0245 0.9938 0.0280 0.9913
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*
, , ,vk n b  as dependent variable and n and b as independent variables. From that 

analysis we find the following fitted model , , ,vk n b , for the case v = 1, 
 
 0.01,0.0027,1 , exp 3.14698 0.601766 ln 0.662173 lnk n b b n , (25) 
 
 0.05,0.0027,1 , exp 2.50599 0.534132 ln 0.653156 lnk n b b n , (26) 
 
 0.1,0.0027,1 , exp 2.06982 0.464597 ln 0.639973 lnk n b b n , (27) 
 
 0.05,0.00135,1 , exp 2.53948 0.523914 ln 0.652461 lnk n b b n . (28) 
 
Each of the fitted models in (25) - (28) explains over 96 % of the variability in the re-
sponse variable and an analysis of the residuals indicates that the model assumptions 
are reasonable. To get the decision rule in (22) we then substitute b in (25) - (28) 
with its maximum likelihood estimator b̂ , since b is unknown. 

We can now investigate if the decision rule in (22) is useful for finite sample sizes, 
in the sense that the actual significance level will be less than or approximately equal 
to . Thus we perform yet another simulation study similar to the previous one, 
where the decision rule T  were investigated. The estimated significance level 
from this new simulation study is presented in Tables 4-7.  
 

Table 4. The proportion (in %) of the test statistic 0.01,0.0027,1
ˆ,T k n b larger than the critical value 

.
 = 0.01 and  = 0.0027

 b = 0.5 b = 1 b = 1.5 b = 2 
n = 50 1.85 1.17 1.23 1.33 

n = 100 1.24 1.25 1.16 1.06 
n = 200 1.20 1.28 1.07 1.14 
n = 500 1.18 0.96 1.09 1.14 

n = 1 000 1.12 0.94 0.95 1.12 
n = 5 000 1.18 1.07 1.11 1.25 
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Table 5. The proportion (in %) of the test statistic 0.05,0.0027,1
ˆ,T k n b larger than the critical value 

.
 = 0.05 and  = 0.0027 

 b = 0.5 b = 1 b = 1.5 b = 2 
n = 50 5.88 5.52 5.27 5.48 

n = 100 5.65 4.87 5.00 5.36 
n = 200 5.15 4.76 5.17 5.21 
n = 500 5.68 4.95 5.04 5.43 

n = 1 000 5.13 4.66 5.18 5.31 
n = 5 000 5.17 5.62 5.13 5.08 

Table 6. The proportion (in %) of the test statistic 0.1,0.0027,1
ˆ,T k n b larger than the critical value 

.
 = 0.1 and  = 0.0027

 b = 0.5 b = 1 b = 1.5 b = 2 
n = 50 11.28 10.13 10.52 10.89 

n = 100 10.95 9.90 10.32 10.28 
n = 200 10.71 9.75 9.60 10.50 
n = 500 10.44 10.74 10.45 10.14 

n = 1 000 10.58 10.09 9.87 10.59 
n = 5 000 10.44 9.66 10.29 10.48 

 
 
Table 7. The proportion (in %) of the test statistic 0.05,0.00135,1

ˆ,T k n b larger than the critical value 
.

 = 0.05 and  = 0.00135
 b = 0.5 b = 1 b = 1.5 b = 2 

n = 50 6.10 5.06 5.52 5.31 
n = 100 5.66 4.94 5.25 5.49 
n = 200 5.47 4.97 4.82 5.16 
n = 500 5.14 5.42 5.49 5.60 

n = 1 000 5.13 5.12 5.04 5.29 
n = 5 000 5.27 5.08 4.87 5.36 

 
From tables 4-7 one can see that the decision procedure in (22) works well for most 
of the studied combinations of n and b. The most troublesome case is when b = 0.5 
and n = 50,100, although the differences from the aimed significance levels are not 
too dramatic. Furthermore, the results here are much better than the corresponding 
results obtained by [14] using an alternative estimator of the index. Note that the 
decision procedure in (22) works well for large sample sizes as well even though the 
regression models of , ,1 ,k n b  in (25)-(28) are based on simulations of sample sizes 
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between 50 and 200. This is due to the fact that when n increases, , ,1 ,k n b  will 
approach zero and hence, the critical value c  approaches . 
 

5. Power determination 

In the previous section we proposed the decision rule in (22) to be used when 
deeming if a process is capable. In this section we will investigate the power of the 
test, i.e. calculate the probability that , ,

ˆ,vT k n b , for a given value of 
( , ) 1MAWC v . As above, since the distribution for , ,

ˆ,vT k n b  is unknown, we 
will perform a simulation study and thereby receive an approximate power.  

To estimate the actual power of the test we simulate random samples of size n = 
50, 100, 200 from the Weibull distribution for given values of 1 ( ,1) 3MAWC  and 
v = 1. We consider the shape parameter b = 0.5, 1, 1.5, 2 and the scale parameter 1a  
defined as 
 

 1
1,1MAW

USLa
C d b

, (29) 

 
where 1( )d b is defined as 
 
 

2 2
1( ) ln 1 ln 2

b bd b . (30) 
 
Furthermore we let  = 0.05 and  = 0.0027. From (10) one can see that there is a 
relation between the probability of non-conformance, P(NC), and the true value of 
the index, ( ,1)MAWC . Hence, we can express ( ,1)MAWC  as 
 

 
1

1

1( ,1) ln
( )

b

MAWC P NC
d b

. (31) 

 
This relation needs to be taken into consideration when investigating the power of 
the test in (22). Figure 3 shows (0.0027,1)MAWC  plotted against the corresponding 
probability of non-conformance when b = 0.5, 1, 1.5, 2. In Figure 4 we illustrate the 
estimated power based on simulations for different values of (0.0027,1)MAWC , when 
b = 0.5, 1, 1.5, 2. Note that the range of (0.0027,1)MAWC  values differs between the 
four plots. 
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Figure 3. The index CMAW( , 1) plotted against the probability of non-conformance when 
0.5,  1,  1.5,  2b . From the top the continuous curve corresponds to b = 0.5, the dashed curve 

corresponds to b = 1, the dotted curve corresponds to b = 1.5 and the dashed-dotted curve corre-
sponds to b = 2. 
 

a) b = 0.5 b) b = 1 
  

c) b = 1.5 d) b = 2 
  

Figure 4. The estimated power of the test in (22) for values of (0.0027,1)MAWC  between 1 and 2 
when b = 0.5, 1, 1.5, 2 and n = 50, 100, 200. From the top the dotted curve corresponds to n = 
200, the dashed curve corresponds to n = 100 and the continuous curve corresponds to n = 50. 
Note that the range of (0.0027,1)MAWC  values differs between the four plots. 
 

Assume that we want to investigate the power of the test in (22) for a given prob-
ability of non-conformance 5( ) 6.3 10P NC . From Figure 3 we see that we then re-
ceive different values of (0.0027,1)MAWC  in the alternative hypothesis, depending on 

0.000063 0.0005 0.001  0.0015 0.002 0.0027

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

Probability of non-conformance

C
M

A
W

(0
.0

02
7,

1)

0.000063 0.0005 0.001  0.0015 0.002 0.0027

1

1.2

1.4

1.6

1.8

2

2.2

2.4

2.6

2.8

Probability of non-conformance

C
M

A
W

(0
.0

02
7,

1)

1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

po
w

er

0.0027,1MAWC

1 1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

po
w

er

0.0027,1MAWC
1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

po
w

er

0.0027,1MAWC
1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 2

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

po
w

er

0.0027,1MAWC

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

po
w

er

0.0027,1MAWC

1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

po
w

er

0.0027,1MAWC
1 1.1 1.2 1.3 1.4 1.5 1.6

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.0027,1MAWC

1 1.1 1.2 1.3 1.4 1.5 1.6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.0027,1MAWC



 

16 

how skewed the underlying Weibull distribution is. For instance, when the 
distribution is highly skewed, i.e. b = 0.5, we obtain (0.0027,1) 2.67MAWC  from 
(31) and hence, a power of approximate 0.73, 0.95 and 1 for n = 50, 100, 200, 
respectively, according to Figure 4a). In accordance, we obtain 

(0.0027,1) 1.35MAWC  when b = 1.5 and hence, we receive a power of approximate 
0.65, 0.92 and 1 for n = 50, 100, 200, respectively, according to Figure 4c). 
 

6. A comparison of the power between estimators for CMA( , v)

[14] suggest a decision procedure for ( , )MAC v in (2) based on the estimator 
ˆ ( , )MAC v , where

 

 
2 2
1 0.5

ˆ ( , )
ˆ ˆ

MA
USLC v

q vq
. (32) 

 
The estimated quantile q̂  is the th quantile of the empirical cumulative distribution 
function ˆ

XF x , where 
 
 ˆˆ inf : ( )Xq x F x . (33) 

 
When the underlying distribution is Weibull distributed [14] proposed the following 
approach. Reject the null hypothesis 0 : ( , ) 1MAH C v  and, hence consider the 
process capable if  
 

 *

2

ˆ ( , ) 1MA
emp

emp

C vT
n

, (34) 

 
where 
 

2 1 4 24 2 2 12 2
2 2

11 ln 2 2 ln 2 ln 1 ln 1 ,
b bb b

emp v v
b d b

 (35) 

 
and d(b) is defined in (9). The test statistic *

empT  in (34) follows a standardized normal 
distribution N(0,1) for large sample sizes. However, the test statistic *

empT  depends on 
the shape parameter b through the variance 2

emp , see formula (35). Thus, [14] 
proposed the following test  
 

 
2

ˆ ( , ) 1
ˆ

MA
emp

emp

C vT
n

, (36) 
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where 2ˆemp  is obtained by substituting b in 2

emp  with the lower 100 1 % confi-
dence limit of a two-sided confidence interval for b.  

We will here compare the decision rules in (22) and (36), respectively, with regard 
to the power of the tests, assuming that the studied quality characteristic is Weibull 
distributed. That is, we perform a new simulation study and estimate the actual 
power of the tests based on simulated random samples when b = 1 and n = 200 and 
when b = 1.5 and n = 100, respectively. These combinations of b and n will give rise 
to an estimated significance level of approximate 5% when we estimate b by the 
lower 95% confidence limit of a two-sided confidence interval for b. See Table 1 in 
[14]. Furthermore, we let  = 0.05,  = 0.0027 and v = 1. 

In Figure 5 we illustrate the estimated power for values of (0.0027,1)MAC  between 
1 and 2 and we can see that the test in (22) gives a larger power compared to the test 
in (36). This is partly due to the fact that the variance in the estimated distribution of 
the estimator ˆ ( , )MAC v  in (32) is larger than the variance in the estimated distribution 
of the estimator ( , )MAWC v  in (12) see, e.g. Figure 5 in [13]. 
 

a) b = 1 and n = 200 b) b = 1.5 and n = 100 
  

Figure 5. The power of the test in (22) and (36), respectively, assuming that the studied quality 
characteristic is Weibull distributed, for values of CMA( , 1) between 1 and 2 when b = 1 and n
= 200 and when b = 1.5 and n = 100, respectively. The continuous curve corresponds to the test 
in (22) and the dotted curve corresponds to the test in (36). 
 

7. An example 

As an illustration of how the ideas presented in this article may be applied to actual 
process data we consider observations from a controlled axis test running procedure 
preformed on a given surface of a gearwheel. The observations where collected from 
a process at Volvo Construction Equipment in Sweden. 

We consider a data set of 52 observations from a controlled axis test running 
procedure measuring the deviation from the surface of a gearwheel, illustrated in 
Figure 6. The observations are presented in Table 8. The manufacturing 
specifications of the studied deviation are USL = 0.08 mm and T = 0, i.e. the 
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deviation should be as small as possible and ideally equal 0. We have a situation 
where there is a natural lower limit at 0 and where we have an upper specification 
only. Furthermore, it is reasonable to assume that the deviation is Weibull 
distributed. See Figure 7 where the observations are plotted in a Weibull probability 
plot using Minitab. 
 

 
Figure 6. A gearwheel.
 
Table 8. 52 observations (in mm), sorted in ascending order, from a controlled axis test running 
procedure measuring the deviation from the surface of a gearwheel. 
0.004 0.008 0.011 0.014 0.017 0.019 0.022 0.027 0.036
0.005 0.008 0.011 0.014 0.017 0.019 0.023 0.027 0.038
0.005 0.009 0.013 0.014 0.018 0.020 0.024 0.032 0.040
0.005 0.009 0.013 0.014 0.018 0.021 0.024 0.033 0.042
0.006 0.010 0.013 0.015 0.019 0.021 0.025 0.034
0.008 0.010 0.014 0.017 0.019 0.022 0.027 0.035
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Figure 7. The probability plot from a controlled axis test running procedure presented in Table 8. 
 

Based on the data in Table 8, the maximum likelihood estimates of the scale pa-
rameter a and the shape parameter b becomes ˆ 0.0211a  and ˆ 2.045b , 
respectively, and the estimated skewness is found to be 0.64. Note that the maximum 
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likelihood estimates can easily be obtained by using some common software, e.g 
Minitab or Matlab. We use the estimator ( , )MAWC v in (12) with v = 1 and 

0.0027 . Furthermore we let  = 0.05. We insert the maximum likelihood 
estimates ˆ 0.0211a  and ˆ 2.045b in (12) and get the estimated index  
 

 
2 2.045 2 2.045

0.080.0027,1 1.5002.
0.0211 ln 1 0.0027 ln 2

MAWC  (37) 

 
We consider the null hypothesis 0 : (0.0027,1) 1MAWH C  with the alternative 
hypothesis 1 : (0.0027,1) 1MAWH C . 

To apply the decision rule in (22) we need to calculate the variance 2
1ˆ  in (19). By 

putting ˆ 2.045b  in (19) we get 2
1ˆ 0.4216, when  = 0.0027 and v = 1. 

Furthermore, we need to calculate the correction term 0.05,0.0027,1
ˆ,k n b . Putting n = 52 

and ˆ 2.045b  in (26) we get  
 

0.05,0.0027,1 52,2.045 exp 2.50599 0.534132 ln 2.045 0.653156 ln 52k , (38) 
 
that is, 0.05,0.0027,1 52,2.045 0.6333k . We then use the decision rule: Reject 0H and 
deem the process as capable if 
 

 0.05,0.0027,1
1.5002 152,2.045 0.6333 4.9215 1.6449
0.4216 52

T k . (39) 

 
The process will be deemed capable since the test statistics 0.05,0.0027,1 52,2.045T k  
in (22) exceeds the critical value 0.05 . This decision is taken at an approximate 
significance level 0.05 according to Table 5. 
 

8. Discussion and concluding remarks 

We have considered the class of indices ,MAC v  in (2), when the studied quality 
characteristic is Weibull distributed, and expressed this class in terms of the 
parameters in the Weibull distribution, i.e. ,MAWC v  in (7). We have also suggested 
a simple estimator ( , )MAWC v , where the estimated quantiles are based on maximum 
likelihood estimators of the parameters in the Weibull distribution. We have derived 
the asymptotic distribution of the estimator and proposed a decision rule for 

( , )MAWC v . Furthermore, we have focused on finding a decision rule that works well 
for situations when the Weibull distribution is highly skewed and the number of 
observations, n, is small or moderate, i.e. 50 200n . In this paper we have 
considered the Weibull distribution, since this class contains a wide range of more or 



 

20 

less skewed distributions and the Weibull distribution is likely to find in practice. 
Further research will investigate other classes of distributions. 

The simulation study shows that when the Weibull distribution is highly skewed, 
i.e. b = 0.5 giving rise to skewness 6.62, the decision procedure in (22) works well 
for sample sizes of 200n . However, since the estimated significance levels do not 
differ dramatically from the expected significance level when b = 0.5 and 200n  it 
can be reasonable to use the decision rule for sample sizes of n, where 50 200n , 
as well. When the underlying Weibull distribution is rather skewed, i.e. b = 1, giving 
rise to skewness 2, the decision works well for as small sample sizes as 50.  

Consider the test statistics *T  in (16) and *
empT  in (34). For these test statistics, the 

variances 2
1  in (17) and 2

emp  in (35), respectively, depends on the unknown 
parameter b. Since the variance 2

emp  approaches infinity as b approaches 0, [14] 
suggested an approach where b in 2

emp  is estimated by the lower 100 1 % 
confidence limit of a two-sided confidence interval for b, see the test in (36). In this 
paper we suggest an approach, where b in 2

1  is estimated by its maximum 
likelihood estimator and the test statistic is adjusted by subtracting a correction term, 
see the test in (22). If we compare the estimated significance levels of these two 
approaches, see Table 5 and Table 1-2 in [14], it is clear that the test in (22) is 
preferable to the test in (36). We draw the conclusion that the approach with a correc-
tion term, suggested in this paper, is preferable, especially when 1b , in the sense 
that the estimated significance levels are much closer to the actual significance level 

 and that the test (22) can be used for smaller sample sizes compared to the test in 
(36). Furthermore, the test in (22), based on the estimator ( , )MAC v , has a larger 
power compared to the test in (36), based on the estimator ˆ ( , )MAC v , proposed by 
[14]. 

We have, in this paper, considered ( , )MAWC v  in (7), a class of indices designed 
for the case when we have a zero-bound Weibull distribution with a target value T = 
0. However, the proposed decision procedure for ( , )MAWC v  can be applied to any 
three-parameter Weibull distributed quality characteristic, where the target value is 
equal to the lower limit in the distribution. If the lower limit, and hence the target 
value, is different from 0, we then just subtract the target value from the observation 
values before doing the analysis.  

We have given the expression of , , ,vk n b  for some commonly used values of  
and  when v = 1. In order to investigate if the proposed decision rule in (22) works 
well for indices that are very sensitive with regard to departures of the median from 
the target value, we have repeated the simulation procedure for cases where  = 0.05, 
 = 0.0027 and 1v . The larger the value of v, the more sensitive the index is. The 

results from this simulation study is similar to the one described in Section 4, i.e. the 
decision procedure is useful for skewed distributions and small to moderate sample 
sizes when 1v . But the correction term differs from those given in (25) - (28). 
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Appendix A 

Here we present the proof of the asymptotic results in Section 3. 
Since ˆˆ,a b  is the maximum likelihood estimator of ( , )a b  in the Weibull 

distribution, we get from [18] that ˆˆ,a b  is asymptotically normal with mean vector 
,a b  and covariance matrix 1n  where 
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Since ( , )MAWC v  in (12) is a function of ˆˆ,a b  and ˆˆ,a b  is asymptotically normally 
distributed, we can apply Theorem A on page 122 of [19] with 
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Hence, we get that 
 

 1( , )   is   ( , ), 'MAW MAC v AN C v D D
n

, (A5) 

 
where the vector D  is defined in (A4) and the matrix in (A1). After carrying out 
the matrix multiplication 'D D  the results in (13) - (14) are obtained. 
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