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‘Would you tell me, please, which way I ought to go from here?’
‘That depends a good deal on where you want to get to,’ said the Cat.
‘I don’t much care where–’ said Alice.
‘Then it doesn’t matter which way you go,’ said the Cat.

From Alice’s Adventures in Wonderland
by Lewis Carroll



Abstract

Access to measurements is a necessity in most technical applications, in
order to detect faults, monitor performance, or exercise control. In some
cases, however, installing measurement equipment is very expensive or even
impossible. In such a case, estimates can be produced instead. In an observer,
this is done by combining process knowledge, in the form of an analytical
process model, with information, in the form of indirect measurements.

If the process model is in the form of a system of linear differential equa-
tions, then the problem of constructing an observer is essentially solved by
the Kalman filter and the Luenberger observer. For a system of nonlinear dif-
ferential equations, however, there is no generic solution, which is the reason
for extensive research in this area for the past decades.

This thesis treats the development and analysis of nonlinear observers for
three applications in the steel industry. The first application is the detec-
tion of gas leakages in a pulverized coal injection plant. An observer whose
residual is sensitive to the gas leakage flow, has been designed for a nonlin-
ear process model. A Generalized Likelihood Ratio test was applied to the
residual to distinguish between different types of leakages. The method has
been implemented in the plant and tested successfully with actual leakages.
Furthermore, a Laguerre spectrum representation of the residual was utilized,
to reduce disturbances and computational effort.

The second application is the detection of clogging in pulverized coal
injection lines. An observer, with a state variable that represents clogging,
has been designed for a time-varying process model. An adaptive threshold
for the estimated clogging variable was calculated. In experiments with data
from the plant, the method was shown to detect clogging successfully, without
producing false alarms.

The third application is the estimation of metal analysis in the steel con-
verter process. A nonlinear, physical process model was utilized and an
observer was proposed, whose feedback is weighted by the sensitivity of the
output with respect to the state. Experiments with data from a converter
plant showed that this strategy provides accurate estimates of the carbon
content in the converter. Furthermore, a generalization of the proposed ob-
server structure has been analyzed in terms of asymptotic stability and region
of attraction.
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Introduction

This introduction will give some motivation to the benefits of observers and
a brief overview of the methods that are used for observer design.

Although the notation is fairly standard, some clarifying remarks are in
order. The n×n identity matrix is represented by In and the n× 1 vector of
zeros is denoted 0n. For time-dependent functions, e.g. input, output, and
state, the argument t is often dropped to enhance readability. Derivative
with respect to time is denoted by a dot over the signal name.

1 Observers

In many engineering applications it is desirable to have estimates of certain
quantities that are not measured directly. It may be very expensive, or even
impossible, to install a physical sensor. An interesting alternative is then
to produce an estimate of the sought quantity using process knowledge, in
the form of a mathematical model, and information, in the form of indirect
measurements.

There can be a multitude of reasons for why a measurement or estimate
is desired but in a control engineering sense they can be divided into three
categories, namely supervision, fault detection, and control.

1.1 Supervision

The user may need an estimate of certain process variables to take proper
action. A pilot may e.g. want to know the pitch angle of the airplane in order
to know if it is close to stalling. Another example is an operator who needs
an estimate of the state of an industrial batch process for the purpose of
knowing when to stop it. This situation is illustrated in Fig. 1. The observer

1



Introduction

Process
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Figure 1: An observer used for process supervision

takes the relevant process inputs and outputs and produces an estimate of
the state in the process. When the estimate is only used for reference, there
is no dynamical closed loop involving the estimated state. The objective is
simply that the estimated state should, in some well defined sense, be as close
as possible to the state of the process in the presence of disturbances acting
on the process.

1.2 Fault detection

Faults in technical processes are unavoidable. Leakage in a valve, a bro-
ken bearing, sensor failure, etc., can cause severe disruptions, resulting in
loss of production capacity and even accidents. Being able to detect faults
before they have serious consequences is therefore highly desirable. Fault
detection techniques based on analytical redundancy often use an observer
to determine the state of the process and from this draw conclusions on pos-
sible faults. Fig. 2 shows the principal structure of a fault detection system.
The fault detection block makes the decision whether a fault has occurred
or not and may also determine its size and location. See (Frank 1990) and
(Frank and Ding 1997) for comprehensive overviews of this research field
and, for nonlinear systems in particular, (Krishnaswami and Rizzoni 1994)
and (Alcorta Garćıa and Frank 1997).

The idea is to generate a fault signal ε(t) which has the property that
ε(t) �= 0 in case of fault and ε(t) = 0 otherwise. There are two principal ways
of representing the fault when using an observer for fault detection. On the

2
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Figure 2: An observer in a fault detection system

one hand, the fault can be viewed as an external, unmeasured signal into the
system. Occurrence of a fault will then cause a nonzero observer residual,
which thus can be used as fault signal.

On the other hand, the fault can be represented as a state variable and
estimated in the observer with the process state variables, which leads to
the so called separate-bias technique. For linear systems this method can be
obtained as a special case of the residual approach above, by allowing filtering
of the residual. For nonlinear systems however, the separate-bias technique
has not been widely considered, see e.g. (Boutayeb et al. 1997).

Either way, due to unmeasured inputs such as model errors and mea-
surement noise, the fault signal will never satisfy ε(t) = 0 exactly, and must
therefore be evaluated with some statistic or deterministic method. In prac-
tice, this means that a threshold E(t) is set for ε(t) and if

ε(t) > E(t)

then a fault is declared to have taken place.
If the disturbances are modeled as stochastic processes, such as white

noise or Brownian motion, then statistic evaluation methods can be utilized.
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Figure 3: An observer in a control loop

The detection threshold is then calculated to e.g. give a predefined proba-
bility of false alarm. See the books by (Basseville and Nikiforov 1993) and
(Gustafsson 2000) for methods such as CUSUM or the Generalized Likelihood
Ratio (GLR).

The disturbances can also be regarded as unmeasured signals that are
bounded in some norm sense. The threshold is then calculated so that ε(t) <
E(t) as long as the disturbances satisfy their specified bounds and there is no
fault. This leads to the adaptive threshold approach, see e.g. (Emami-Naeini
et al. 1988, Clark 1989, Seliger and Frank 1993), and (Ding and Frank 1993).
The model validation approach (Faitakis et al. 1994) is closely related to this
method.

1.3 Control

Some controller strategies use the entire state vector in producing the control
signal (Glad 1987, Glad and Ljung 2000). Since the state vector is, in general,
not measured, it has to be estimated using an observer. This situation is
illustrated in Fig. 3. The objectives are in this case radically different from
the two previous applications. Accuracy of the state estimate is no longer an
end in itself, but instead controlling the behaviour of the state is the overall
goal.

A complex stability problem arises since there is a closed loop involving
both the controller, the observer and the process to be controlled. For linear
systems the separation principle allows the estimated state vector to be used

4
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instead of the process state vector in the control law, without affecting the
stability of the closed loop, but this is not generally the case for nonlinear
systems. This issue will not be addressed here, see instead e.g. (Robertsson
1999) and (Nijmeijer and Fossen 1999).

2 Nonlinear systems

A vast multitude of technical systems can be modeled by systems of nonlinear
differential equations. Since nonlinear differential equations are, in general,
difficult to analyze, they are often linearized around some operating point.
The linear system obtained from this is then valid only in a neighborhood of
the operating point but this is acceptable in many situations. Consider e.g.
the case when the purpose of the linearization is to design a linear controller
that keeps the process state at one point in the state space.

However, if a larger region of the state space is to be utilized, then a
linear model may not be sufficient. The objective of a controller may be to
take the process state from one point to another in the state space. The
examples in Section 1.1 represent cases when the purpose of the observer is
to inform a user on where the process state is located in the state space. It
may therefore be necessary to be able to use a nonlinear process model.

A general description of a system of nonlinear differential equations is

ẋ = f(x, u) (1a)
y = h(x, u) (1b)

where x ∈ X ⊆ R
n is the state vector and y ∈ Y ⊆ R

q are the outputs. The
vector u ∈ U ⊆ R

p represents inputs in a wide sense, that is, control inputs
but also measured disturbances. The output y can also be included in this
vector thus covering the case of output injection.

Since also time t can be an element of the vector u, it is obvious that the
time varying nonlinear system

ẋ = f(x, t) (2a)
y = h(x, t) (2b)

is a special case of (1).
It could also be argued that (1) is a special case of (2) since the inputs u

can be regarded as functions of time, thus making f and h in (1) functions
of x and t as in (2). There is, however, an important difference in that the
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time dependencies in (2) are assumed to be known, making it possible to e.g.
calculate ẏ as a function of x and t. For (1), calculating ẏ would require
knowing u̇, which, in general, not can be assumed even if u is measured. The
principal difference between the forced system (1) and the unforced system
(2) is therefore that in the latter, the time-dependence is completely known.
The term autonomous, which is generally used for systems without explicit
time-dependence, will in this exposition be reserved for the unforced time-
invariant system (4).

A special case of (1), that is often studied, is the input affine system,
usually assuming no direct coupling between input and output

ẋ = f(x) + g(x)u (3a)
y = h(x) (3b)

Another common structure, the autonomous system

ẋ = f(x) (4a)
y = h(x) (4b)

is a special case of all three structures above.

2.1 Unmeasured inputs

From an estimation point of view, the important distinction between different
input signals is not whether they can be manipulated or not, i.e. are control
signals or disturbances, but whether they can be measured or not. From now
on, ‘disturbances’ will mean ‘unmeasured inputs’, i.e. inputs that are not
measured, e.g. sensor noise, process noise, and model errors.

Since the purpose of an observer is to determine the state of a system in
the presence of disturbances, it seems motivated to introduce them explicitly
in the process model. A generalization of (1), taking into account the vector-
valued disturbances v1(t) and v2(t) is

ẋ = f0(x, u, v1) (5a)
y = h0(x, u, v2) (5b)

Under the assumption that the disturbances are small, (5) can be linearized
around v1(t) = 0 and v2(t) = 0 which yields

ẋ = f(x, u) + b1(x, u)v1 (6a)
ż = h(x, u) + b2(x, u)v2 (6b)

6



Nonlinear systems

where ż = y, f(x, u) = f0(x, u, 0), h(x, u) = h0(x, u, 0), and

b1(x, u) =
∂f0
∂v1

∣∣∣∣
x,u,0

b2(x, u) =
∂h0
∂v2

∣∣∣∣
x,u,0

If the disturbances v1(t) and v2(t) are assumed to be white Gaussian noise
processes, then (6) is called the Langevin equation (Jazwinski 1970). Al-
though this is not a very realistic disturbance model it is nevertheless useful
due to its simple representation. The statistical properties of a white Gaus-
sian noise process are completely determined by its spectral density and its
mean, which can, without loss of generality, be assumed to be zero.

A Brownian motion process is nowhere differentiable (Breiman 1992) but
nevertheless, a Gaussian white noise process can be regarded as its formal
derivative. If w1(t) and w2(t) are Brownian motion processes with formal
derivatives ẇ1 = v1 and ẇ2 = v2 then the Langevin equation (6) can be
expressed with Brownian motion disturbances as

dx = f(x, u)dt + b1(x, u)dw1 (7a)
dz = h(x, u)dt + b2(x, u)dw2 (7b)

which is known as the Itô stochastic differential equation.
An often used special case of the Langevin equation is obtained by taking

the dimension of the disturbances to be v1(t) ∈ R
n and v2(t) ∈ R

q and
assuming that b1(x, u) ≡ In and b2(x, u) ≡ Iq which yields

ẋ = f(x, u) + v1(t) (8a)
y = h(x, u) + v2(t) (8b)

The restriction that the noise weights b1 and b2 are constant is, however, not
very severe since the spectral density matrices Q(t) and R(t) of the noise
terms v1 and v2 are often allowed to be time-varying.

2.2 Observability

A crucial question when attempting to design an observer for a system is
of course whether it is at all possible to estimate the state. Observability
of a system is, loosely speaking, the property that the state can be uniquely
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determined from the input and output signals. In this section, a more precise
definition of observability will be given.

Let y0u(t) t ≥ 0 and y1u(t) t ≥ 0 be the output signals generated by
applying the input signal u(t) t ≥ 0 to (1) with initial condition x(0) = x0

and x(0) = x1, respectively. Then x0 and x1 are said to be indistinguishable
if

y0u(t) ≡ y1u(t) t ≥ 0

for all input signals u and otherwise they are distinguishable. The system
(1) is said to be observable at x0 if x0 is distinguishable from all x ∈ X.
Furthermore, it is observable if this is true for all x0 ∈ X.

If it is assumed that u and y are known, which should be regarded as
a stronger concept than measured, then the derivatives of u and y can be
evaluated. In this case the concept of observability can be given a clear
interpretation. For a single input, single output system define

y′ =
[
y ẏ ÿ · · · (n−1)

y

]T

and
u′ =

[
u u̇ ü · · · (n−1)

u

]T

Each time derivative
(i)
y can be expressed as a function of x and u, u̇, · · · , (i)u ,

and therefore also as a function of x and u′ if i ≤ n− 1. Let ψi be defined by

(i)
y= ψi(x, u′)

The time derivative of
(i)
y is then given by the chain rule as

(i+1)
y =

[
∂ψi(x, u′)
∂x

]
f(x, u) +

[
∂ψi(x, u′)
∂u′

]
du′

dt

which, by definition, is ψi+1(x, u′) provided that i + 1 ≤ n − 1. Thus, by
defining the linear operator Mf as

(Mfψ)(x, u′) =
[
∂ψ(x, u′)
∂x

]
f(x, u) +

[
∂ψ(x, u′)
∂u′

]
du′

dt

the time derivatives y′ can be expressed as

y′ = ω(x, u′)

8



Nonlinear systems

where

ω(x, u′) =




h(x, u)
(Mfh)(x, u)

...
(Mn−1

f h)(x, u)


 (9)

is the observability map. If the observability map is invertible, i.e. there
exists a ω−1 such that

x = ω−1(y′, u′)

then the corresponding system is clearly observable. Furthermore, if the
Jacobian of the observability map,

Ω(x, u′) =
∂ω(x, u′)
∂x

is invertible at x0, then there exist a neighborhood N of x0 on which ω
is invertible. In this case the corresponding system is said to be locally
observable, which means that x0 is distinguishable from all points in the
neighborhood N.

The concept of relative degree at x0 for a single input, single output
system is straightforward to define using the notation introduced above. It
is the smallest i such that

∂ψi(x0, u′)
∂u′

�= 0

In words, relative degree means the number of times the output must be
differentiated to make the input appear explicitly.

Observability for multiple output systems can be investigated in a manner
similar to that for single output system. Let

N = [n1 n2 · · · nq]T

be a vector of nonnegative integers with
∑q

i=1 ni = n and define

y = [y1 y2 · · · yq]T

h(x, u) = [h1(x, u) h2(x, u) · · ·hq(x, u)]T

Now, by defining

ωj(x, u′) =




h(x, u)
(Mfhj)(x, u)

...
(Mnj−1

f hj)(x, u)




9
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the derivatives of yj up to order nj can be expressed as

[
yj ẏj · · · (nj)

yj

]T

= ωj(x, u′)

The observability map for multiple output systems is then defined as

ωN (x, u′) =



ω1(x, u′)
ω2(x, u′)

...
ωq(x, u′)




If there exists an N such that ωN (x, u′) is invertible then the state x can be
determined from u′, y, and the derivatives of each yj up to order nj and thus
the corresponding system is observable.

The concept of observability is treated in e.g. (Hermann and Krener
1977), with slightly different definitions from the above. For observability in
the special case of input affine systems (3) see e.g. (Gauthier and Bornard
1981) or (Nijmeijer and van der Schaft 1990).

3 State estimation in nonlinear systems

The purpose of an observer is to produce an estimate x̂(t) of the state x(t)
using the measured signals up to time t, i.e. u(τ) and y(τ), τ ≤ t. A straight-
forward way to do this is to construct a system of differential equations with
u and y as inputs and x̂ as output, i.e.

ż = Φ(z, u, y) (10a)
x̂ = Ψ(z, u, y) (10b)

where z ∈ R
m. An obvious advantage of this strategy is that the observer

only needs to store the its state vector z instead of the entire signals u and
y.

Two conditions are necessary to impose on the observer (Xia and Gao
1988).

1. x̂(0) = x(0) implies that x̂(t) = x(t) for all t > 0.

2. There exists a neighborhood N ⊆ R
n of the origin so that x(0)− x̂(0) ∈

N implies that x(t)− x̂(t)→ 0 as t→ 0.

10



State estimation in nonlinear systems

Condition 2 states that the estimation error must be asymptotically sta-
ble. A system such that it is possible to find an observer of the form (10) so
that this condition is satisfied is said to be detectable (Vidyasagar 1980).

The meaning of condition 1 is that if the observer is given the true state
as initial condition, then the estimated state should be equal to the true
state for all time. Analyzing this condition is greatly simplified if the state
estimate x̂ is assumed to be a part of the observer state z, i.e.

z =
[
x̂ ζ

]T
which means that (10b) reduces to x̂ = [ In 0n×(m−n) ]z and that (10a) can
be rewritten as

˙̂x = α(x̂, ζ, u, y) (11a)
ζ̇ = β(x̂, ζ, u, y) (11b)

Condition 1 can be restated as x̂ = x ⇒ ˙̂x = ẋ which is equivalent to
x̂ = x ⇒ α(x̂, ζ, u, y) = f(x̂, u). Thus, (11a) can, without loss of generality,
be rewritten as

˙̂x = f(x̂, u) + κ(x̂, ζ, u, y)

where κ satisfies
x̂ = x⇒ κ(x̂, ζ, u, y) = 0 (12)

Letting κ include a factor x− x̂ would satisfy (12) without loss of generality,
but since x is not measured, this is not possible. However, imposing instead
that

h(x̂, u) = h(x, u) ⇒ κ(x̂, ζ, u, y) = 0

satisfies (12) and, since h(x, u) = y is measured, makes it possible to express
κ as

κ(x̂, ζ, u, y) = K(x̂, ζ, u, y)(y − ŷ)
where ŷ = h(x̂, u). The observer can then be expressed as

˙̂x = f(x̂, u) +K(x̂, ζ, u, y)(y − ŷ) (13a)
ζ̇ = β(x̂, ζ, u, y) (13b)
ŷ = h(x̂, u) (13c)

If m = n then (10) reduces to

˙̂x = f(x̂, u) +K(x̂, u, y)(y − ŷ) (14a)
ŷ = h(x̂, u) (14b)

11
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Most of the observer structures in Section 4 can be expressed in the form
(13) or (14). Exceptions to this are

• Observers based on the statistical approach in Section 4.1.3 can, in
general, not be expressed with a finite dimensional state vector.

• Some of the transformation methods in Section 4.3 require derivatives
of the input signals.

• The Variable Structure approach in Section 4.5 that does not include
the nonlinearity in the observer.

3.1 Reduced order

For systems without direct coupling between input and output, i.e. y = h(x)
it is possible to perform a state transformation so that the outputs are a part
of the new state vector. The benefit of this is that in this coordinate system,
a part of the state vector is measured. Provided that the Jacobian of the
output map ∂h(x)/∂x has full rank q, it is always possible to find a constant
matrix T such that the transformation[

ξ
y

]
= V (x) =

[
Tx
h(x)

]

is locally invertible (Soroush 1997). In the new coordinate system, the system
can be expressed as

ξ̇ = ϕ(ξ, y, u)
ẏ = η(ξ, y, u)
y = C [ξ y]T

where

ϕ(ξ, y, u) = Tf(x, u)|x=V −1([ξ y]T )

η(ξ, y, u) =
∂h(x, u)
∂x

f(x, u)
∣∣∣∣
x=V −1([ξ y]T )

and C =
[
0q×(n−q) Iq

]
. The advantage with this transformation is that since

y is measured it does not need to be estimated which reduces the dimension
of the estimated state vector from n to n− q.

12



State estimation in nonlinear systems

3.2 Adaptivity

If the disturbances in (5) are due to e.g. parameter errors or variations then
they can be assumed to be slowly varying in some sense. In this case, it
may be advantageous to augment the state vector with these disturbances,
denoted θ, i.e.

ẋ = f0(x, u, θ)
θ̇ = v(t)
y = h0(x, u, θ)

where v(t) is assumed to be small in some sense. The observer (14) for this
system is

˙̂x = f0(x̂, u, θ̂) +K1(x̂, u, y, θ̂)(y − ŷ)
˙̂
θ = K2(x̂, u, y, θ̂)(y − ŷ)
ŷ = h(x̂, u, θ̂)

which is called an adaptive observer.

3.3 Disturbance decoupling

A fault can be regarded as a particular kind of unmeasured input. For fault
detection purposes it is motivated to introduce an explicit fault signal e(t)
into the process model. Assuming that the faults are small, a linearized
system description, similar to the Langevin equation (6), can be used

ẋ = f(x, u) + b1(x, u)v1 + d1(x, u)e (15a)
y = h(x, u) + b2(x, u)v2 + d2(x, u)e (15b)

In (Seliger and Frank 1991) it is proposed, for the somewhat simplified case

ẋ = f(x, u) + b(x)v + d(x, u)e
y = h(x)

that a nonlinear transformation ξ = V (x) is performed, where V has the
property that

∂V (x)
∂x

b(x) ≡ 0 (16)
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Defining

ϕ(ξ, u) =
∂V (x)
∂x

f(x, u)
∣∣∣∣
x=V −1(ξ)

δ(ξ, u) =
∂V (x)
∂x

d(x, u)
∣∣∣∣
x=V −1(ξ)

η(ξ) = h(x)|x=V −1(ξ)

yields the system

ξ̇ = ϕ(ξ, u) + δ(ξ, u)e
y = η(ξ)

The system above no longer depends on the disturbance v and it is thus
possible to design an observer whose residual is completely decoupled from
the disturbance and only depends on the fault e. The class of systems where
(16) can be satisfied exactly is however very restricted.

4 Approaches to nonlinear observer design

The purpose of this section is to give an overview of some of the approaches
that are applied to the design of nonlinear observers. The list is not exhaus-
tive and the classification into subsections is not unique since combinations
of different approaches occur.

4.1 Stochastic approaches

When minimizing the mean square of the estimation error for the linear
time-varying stochastic system

ẋ = A(t)x+ v1(t)
y = C(t)x+ v2(t)

the renowned Kalman filter is obtained as

˙̂x = Ax̂+ PCTR−1(y − ŷ) (17a)
Ṗ = AP + PAT +Q− PCTR−1CP (17b)
ŷ = Cx̂ (17c)

14
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assuming that v1 and v2 are uncorrelated, see e.g. (Gelb 1974) for the case
when v1 and v2 are correlated.

Solving the Riccati equation (17b) requires, since P is a symmetric n×n-
matrix, 1 + 2 + · · · + n = n(n + 1)/2 integrators but the solution does not
depend on the measurements, and can therefore be obtained off-line.

Trying to minimize the same criterion for the nonlinear system (8) will, in
general, not lead to a finite dimensional system of differential equations. This
fact has lead to extensive research on suboptimal solutions to the nonlinear
filtering problem as shown in the sequel.

4.1.1 Extended Kalman filter

The extended Kalman filter (EKF), see e.g. (Jazwinski 1970), was suggested
as a straightforward extension of the Kalman filter by replacing A and C in
(17) by the Jacobians of the nonlinear functions f and h, evaluated at the
estimated state x̂. For the time-varying system (2), it can be expressed as

˙̂x = f(x̂, t) + PH(x̂, t)TR−1(y − ŷ) (18a)
Ṗ = F (x̂, t)P + PF (x̂, t)T +Q− PH(x̂, t)TR−1H(x̂, t)P (18b)
ŷ = h(x̂, t) (18c)

where

F (x̂, t) =
∂f(x̂, t)
∂x̂

H(x̂, t) =
∂h(x̂, t)
∂x̂

Obviously the Riccati equation (18b) must be solved on-line since it depends
upon the estimated state x̂. The total number of integrators to implement
the EKF is therefore n(n+ 3)/2, compared to n for the Kalman filter.

Another drawback with the EKF is that it does not, in general, guarantee
global convergence of the estimation error. Local stability can be proved,
however, assuming some bounds on the nonlinearities (Reif and Unbehauen
1996).

The EKF can also be expressed in a deterministic setting by regarding the
matrices Q and R not as properties of the disturbances, but rather as design
parameters. Ideas on how to choose these design parameters can be found in
e.g. (Aubry et al. 2001). Slight modifications of the EKF are treated in e.g.
(Reif et al. 1998) and (Reif et al. 1999).
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One way of reducing the computational burden imposed by the EKF is
to evaluate F and H at a pre-specified point x0, see (Gelb 1974) for the
case with discrete-time measurements. This will make it possible to solve the
Riccati equation (18b) off-line. In (Safonov and Athans 1978) it is suggested
that F (x̂, t) and H(x̂, t) are replaced by constant matrices A and C chosen to
reflect F (x̂, t) and H(x̂, t) as close as possible and that the values of A and C
are improved successively by e.g. Monte Carlo simulations of the estimator.

The EKF is derived by approximating the nonlinearities by their first
order Taylor expansions. One could expect that including additional terms
of the Taylor expansion would improve the performance. This is the idea
behind the second-order filter (Jazwinski 1970). See also (Liang 1983) for
additional approaches to the nonlinear filtering problem.

Optimal filtering of discrete time nonlinear systems is a problem that has
received much attention lately, see e.g. (Reif and Unbehauen 1999, Ito and
Xiong 2000, Julier and Uhlmann 1996) and (Wan and van der Merwe 2001).

4.1.2 Statistical linearization

Additional improvement compared to the extended Kalman filter can be
obtained if instead of replacing the nonlinearities by their Taylor expansion,
a statistical approximation is performed. The principle is that the nonlinear
functions f(x, t) and h(x, t) are approximated by polynomials in x so that
the expectation of the error is minimized. The special case of first order
polynomials yields the statistical linearization technique (Gelb 1974). An
obvious problem with this approach, that the probability density function of
x must be known to be able to calculate the above expectation, is solved by
assuming x to be Gaussian. This leads to a filter with a feedback gain that
is obtained by solving a differential equation similar to the Riccati equation.

A drawback with the statistical linearization method is that the compu-
tational burden is, in general, higher than for the EKF. When assuming x to
have zero mean, the Riccati-like equation of the estimator can be solved in
advance, thus reducing the computational burden (Beaman 1984).

4.1.3 Statistical methods

If a value of the state vector x(t0) at time t0 < t is assumed and the input
signals for the interval τ ∈ [t0, t] are known then the state x(τ) and thus also
the output y(τ) for that time interval can be calculated. The idea behind
the least squares estimation scheme (Gelb 1974) is to find the x(t0) that
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minimizes the difference between the estimated and the measured output in
a norm sense, i.e. to minimize

‖ŷ(τ)− y(τ)‖ t0 < τ < t

In general, this optimization problem does not have a solution in closed form,
but must be solved by iteration. Recent work in this area can be found in
(Michalska and Mayne 1995).

4.2 Linear feedback and generalizations

A straightforward approach to observer design is to use linear feedback, i.e.
K(x̂, u, y) = K in (14). In (Thau 1973) an autonomous system in the form

ẋ = Ax+ f(x) (19a)
y = Cx (19b)

is considered. Conditions for asymptotic stability of the error are given,
provided that the nonlinearity f(x) satisfies a Lipschitz condition.

(Kou et al. 1975) extends the work of Thau to systems with output in-
jection, with y as well as ẏ. (Tarn and Rasis 1976) analyze the situation of
constant feedback for the stochastic system (7) without explicit time depen-
dence.

(Raghavan and Hedrick 1994) consider systems with inputs as well as
output injection, i.e.

ẋ = Ax+ f(x, u) + l(y, u)
y = Cx

and provide a design algorithm for choosing the feedback K. In (Garg and
Hedrick 1995), this algorithm is utilized for fault detection. Another design
algorithm for the feedback gain K is given in (Rajamani 1998) and an adap-
tive observer with constant feedback is proposed in (Cho and Rajamani 1997).
In (Schröder et al. 2001) the nonlinearity f is represented by a neural network
and an adaptive observer with constant feedback gain is presented.

A generalization to a feedback weight of the type K(u) is treated in
(Tsinias 1989). The proposed feedback is

K(u) = cr(u)M−1CT
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where c is a constant and r(u) and M are chosen to satisfy∣∣∣∣µTM
∂f(x, u)
∂x

µ

∣∣∣∣ ≤ c1|µ|2∣∣∣∣νTM
∂f(x, u)
∂x

ν

∣∣∣∣ ≤ r(u)|ν|2

c2 ≤ r(u)

for some positive c1 and c2 and for all x, u and ν ∈ R
n and all µ ∈ R

n in a
neighborhood of any vector in the nullspace of C. In (Tsinias 1990) this is
generalized further to a feedback weight of the form

K(x̂, u) = r(x̂, u)M−1CT

which is utilized for fault detection in (Adjallah et al. 1994).

4.3 Transformation methods

Common for the methods described in this section is that the estimation
error is made to converge linearly or approximately linearly in some state
space which is a nonlinear transformation of the original coordinate system.
The observer may in practice be implemented in either the original or the
transformed coordinate system.

4.3.1 Observer canonical form

A theoretically appealing idea is to transform the nonlinear system into a
linear system with output injection. Some of the earliest work in this area is
(Krener and Isidori 1983) where the autonomous system (4) is transformed,
by a nonlinear coordinate change ξ = V (x), into the observer canonical form,
defined by

ξ̇ = Acξ + λ(y) (20a)
y = Ccξ (20b)

where Ac, Cc are in the dual Brunovský form, i.e.

Ac =
[
0n−1 In−1
0 0T

n−1

]
Cc =

[
1 0T

n−1
]

18
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For the system above, an observer is suggested as

˙̂
ξ = Acξ̂ + λ(y) +K(y − ŷ)
ŷ = Ccξ̂

which has the linear error system

˙̃
ξ = (Ac −KCc)ξ̃ (21)

where ξ̃ = ξ − ξ̂. The work in (Krener and Isidori 1983) is in (Krener and
Respondek 1985) extended to the multi output case and generalized to the
transformation

ξ = V (x)
υ = W (y)

with some conditions for the transformation to exist being provided.
Two problems with this approach are obvious

1. The class of systems for which the transformation exists is very re-
stricted.

2. The procedure for obtaining the transformation is complicated.

As shown in the sequel, a third problem is, when considering systems with
inputs

3. The transformed system, in general, requires time derivatives of the
inputs

In (Keller 1987), the general nonlinear system (1) with a single output is
considered. For this case, the generalized observer canonical form is defined
as

ξ̇ = Acξ + λ(y, u′′) (22a)
υ = Ccξ (22b)

where
u′′ =

[
u u̇ ü · · · (n)

u

]T

The transformation is generalized to

ξ = V (x, u′)
υ = W (y, u)
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and the suggested observer structure is

˙̂
ξ = Acξ̂ + λ(y, u′′) +K(υ − υ̂)
υ̂ = Ccξ̂

Assuming that the derivatives of the input are available, the error process is
given by (21).

Further investigation of the generalization to multiple output systems
can be found in (Xia and Gao 1989, Rudolph and Zeitz 1994) and (Hou and
Pugh 1999). A simplified algorithm for performing the transformation, for
the autonomous case, is developed in (Phelps 1991). Necessary and sufficient
conditions for the existence of the transformation into observer canonical
form for single output systems are given in (Glumineau et al. 1996). In
(Plestan and Glumineau 1997), the results are generalized to multiple output
systems and an algorithm for performing the transformation is given.

The problem that the observer requires derivatives of the input is ad-
dressed in (Proychev and Mishkov 1993). Conditions for the existence of a
transformation for which the output injection term λ only depends on y, u,
and u̇ are given along with an algorithm for performing this transformation.

Examples of applications of the transformation to observer canonical form
are estimation of concentration and temperature in an exothermic stirred-
tank reactor (Kantor 1989) and estimation of rotor speed and position and
currents in a permanent magnet stepper motor (Chiasson and Novotnak
1993).

A major restriction to the class of systems that can be transformed into
observer canonical form is the condition that the output dynamics must be
linear as in (20b) and (22b). In (Kazantzis and Kravaris 1998) this condition
is relaxed and the single output autonomous system (4) is transformed using
ξ = V (x) into

ξ̇ = Aξ + ly
y = η(ξ)

where η(ξ) = h(x)|x=V −1(ξ). The observer

˙̂
ξ = Aξ̂ + ly

is suggested and although this does not include any explicit feedback of the
output error y − ỹ, the error dynamics

˙̃
ξ = Aξ̃
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can be made arbitrarily fast by choosing the transformation map V (x) so
that A has suitable properties. In the original coordinates, the observer can
be expressed as (14) with the feedback gain

K(x̂) =
[
∂V (x̂)
∂x̂

]−1
l

Furthermore, it is described how the method generalizes to transformed dy-
namics with a nonlinear output injection, i.e.

ξ̇ = Aξ + λ(y)
y = η(ξ)

A requirement in (Kazantzis and Kravaris 1998) is that

∂f(x)
∂x

∣∣∣∣
x=0

has all eigenvalues either strictly in the left half plane or in the right half
plane. This condition is relaxed in (Krener and Xiao 2001) and the method
is generalized to multiple output systems.

4.3.2 Implicit transformation into observer canonical form

One way of circumventing the difficulty of finding the transformation map is
presented in (Bestle and Zeitz 1983), where the time-varying system (2) is
considered. Instead of explicitly performing the transformation to the linear
system with output injection

ξ̇ = Acξ + λ(y, t)
y = Ccξ

it is suggested that the observer is implemented in the original coordinates
as (14). The feedback gain K(x̂, t, y) is chosen so that the error system in the
ξ-coordinates becomes approximately linear. An expression for the choice of
K(x̂, u, y) that accomplishes this is derived and does not require a solution
to the transformation problem.

In (Zeitz 1987), the work in (Bestle and Zeitz 1983) is extended to general
single output nonlinear systems (1), but the problem of the observer requiring
derivatives of the input remains. In (Birk and Zeitz 1988) it is generalized
to multiple output systems.
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4.3.3 Approximate transformation into observer canonical form

To broaden the class of systems that can be handled by transformation into
observer canonical form, several methods of approximately solving the trans-
formation problem have been proposed.

In (Nicosia et al. 1988) the general nonlinear system (1) without direct
coupling between input and output, i.e. (1b) is replaced by y = h(x), is
considered. It is suggested that the system is approximated by

ẋ = f̄(x, u) (23a)
y = h̄(x) (23b)

where f̄ and h̄ only differ from f and h in the second and higher order terms
of their Taylor expansions around the set of operating points

Sf = {(x, u)|f(x, u) = 0}

The key idea is that the approximation is done so that (23) satisfies the
conditions for transformation into observer canonical form.

When transforming an autonomous system (4) that does not fulfill the
conditions of transformation into observer canonical form, the transformed
system will be

ξ̇ = Acξ + λ(y) + χ(ξ) (24a)
υ = Ccξ (24b)

where χ(ξ) represent the nonlinearities that can not be cancelled. In (Lynch
and Bortoff 1997), it is suggested that the transformation is done so that this
term is minimized and the method in (Bestle and Zeitz 1983) is utilized to
design an observer for (24). An extension to multiple output, input affine sys-
tems (3) is developed in (Lynch and Bortoff 2001), yielding the approximate
transformed system

ξ̇ = Acξ + λ(y, u) + χ(ξ, u)
υ = Ccξ

for which a constant feedback gain is suggested.
Other methods for approximating the observer canonical form can be

found in (Nicosia et al. 1989, Ding et al. 1990) and (Nam 1997).
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4.3.4 State affine form

A generalization of the observer canonical form is the state affine form defined
by

ξ̇ = A(u)ξ + λ(y, u) (25a)
y = Ccξ (25b)

In (Hammouri and Kinnaert 1996), conditions for the existence of a transfor-
mation from (1), with a single output y = h(x), to the state affine form (25)
are given. It is proposed that a Kalman filter is used as an observer for (25),
since it can be regarded as a linear, time-varying system. The state affine
form is in (Glumineau and López-M. 1999) generalized by replacing A(u) in
(25a) by A(y, u) and an algorithm for performing the transformation is also
given.

A special case of the state affine form is the bilinear system, which, in the
single input case, can be expressed as (25) with A(u) = A0 + uB0. Transfor-
mation from the single input single output, input affine system (3) into this
form is proposed in (Hammouri and Gauthier 1988).

Another special case of the state affine form is suggested in (Souleiman
et al. 2001) where A(y, u) has the structure

A(y, u) =




0 a1(y, u) 0 · · · 0
0 0 a2(y, u) 0
...

...
. . .

0 0 0 an−1(y, u)
0 0 0 · · · 0




4.3.5 Adaptive observer canonical form

In (Bastin and Gevers 1988) the following form, called the Adaptive Observer
Canonical Form (AOCF), is treated

ξ̇ = Aξ +Λ(y, u)θ + σ(t)
y = Ccξ

where A is a matrix whose eigenvalues can be chosen arbitrarily and θ is a
vector of possibly time-varying parameters. An adaptive observer, that esti-
mates both the state vector ξ and the parameter vector θ, is proposed and
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conditions for stability are given. Conditions for the existence of a transfor-
mation from

ẋ = f(x) + g(x, u) + L(x)θ(t)
y = h(x)

into the AOCF are given in (Marino 1990). Other observer structures for
the AOCF are given in (Marino and Tomei 1995) and (Marino et al. 2001).
Application to an exothermic stirred tank reactor is reported in (Iyer and
Farell 1996). The adaptive observer canonical form has also been used for
fault detection in (Frank et al. 1999).

4.3.6 Observability form

The observability map for the autonomous single output system (4) is

ω(x) =




h(x)
(Lfh)(x)

...
(Ln−1

f h)(x)




where Lf is the Lie derivative, defined by

(Lfh)(x) =
[
∂h(x)
∂x

]
f(x)

It is straightforward to show that by using this map as transformation, (4)
is transformed into observability form, defined as

ξ̇ = Acξ +Bcφ(ξ) (26a)
y = Ccξ (26b)

where
Bc =

[
0T

n−1 1
]T

and Ac and Cc are defined as before and φ(ξ) = (Ln
fh)(x)|x=ω−1(ξ). For input

affine systems (3), the situation is slightly more complicated. The same map
yields, for a single input system

ξ̇ = Acξ +Bcφ(ξ) + Γ(ξ)u (27a)
y = Ccξ (27b)
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where

Γ(ξ) =




(Lgh)(x)
(LgLfh)(x)
...
(LgLn−1

f h)(x)



∣∣∣∣∣∣∣∣∣
x=ω−1(ξ)

The structures (26) and (27) are considered in (Ciccarella et al. 1993) and
(Dalla Mora et al. 2000). In (Ciccarella et al. 1993), a constant feedback
gain K is proposed for the transformed system, and it is shown that the
estimation error will converge exponentially, provided some bounds on the
nonlinearities. In the original coordinates, the observer can be expressed as
(14) with K(x̂, u, y) replaced by Ω(x̂)−1K. The results are also extended to
input affine systems (3) with relative degree n. In this case (27a) reduces to

ξ̇ = Acξ +Bc [φ(ξ) + γ(ξ)u]

where
γ(ξ) = (LgLn−1

f h)(x)|x=ω−1(ξ)

In the case when the relative degree is less than n, however, the observer re-
quires derivatives of the input u, and is therefore augmented with a part that
estimates these derivatives. A further extension to input affine systems with
multiple output is done in (Dalla Mora et al. 2000) and the case when the rel-
ative degree is not well defined is treated in (Jo and Seo 2000). Applications
to continuous stirred tank reactors can be found in (Alvarez-Ramı́rez 1995)
and (Valluri and Soroush 1996). An extension to systems with unobservable
dynamics is treated in (Alvarez 2000) and applied to a polymerization reactor
in (Alvarez and López 1999).

For the general system (1), the observability form

ξ̇ = Acξ +Bcφ(ξ, u′) (28a)
y = Ccξ (28b)

may require derivatives of the input and increased dimension of the state
vector (Gauthier and Kupka 1996).

4.3.7 Triangular forms

For an observable, input affine system (3), there exists a transformation
(Gauthier and Bornard 1981) that brings it into triangular form, which is
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defined as (27) where Γ(ξ) has the triangular structure

Γ(ξ) =




Γ1(ξ1)
Γ2(ξ1, ξ2)
...
Γn(ξ)




and ξ = [ξ1 ξ2 · · · ξn]T . In (Gauthier et al. 1992) a high-gain observer
is proposed for the triangular form which means that a constant feedback
K = S−1∞ CT

c is applied, where S∞ is the solution to the Lyapunov equation

(Ac + τI/2)TS∞ + S∞(Ac + τI/2) = CT
c Cc (29)

It is shown that the error ξ̃ is exponentially stable if τ is chosen large enough.
Note that (29) is independent of the system and the solution can be expressed
analytically (Bernard et al. 1998).

The constant feedback gain is in (Deza et al. 1992) replaced by K(ξ̂, u) =
S(ξ̂, u)−1CT

c where S(ξ̂, u) is the solution to the EKF Riccati equation. An
extension of this to multiple output systems is made in (Deza et al. 1993) and
in (Busawon and de Leon-Morales 2000) a weighted feedback is considered.
In both of these papers, the systems considered are slight generalizations of
the triangular form. Another extension of the triangular form is treated in
(Busawon et al. 1998).

In (Gauthier and Kupka 1994) another transformation of the general sin-
gle output system (1) brings it into

ξ̇ = ϕ(ξ, u) (30a)
y = η(ξ1, u) (30b)

where ϕ(ξ) has the triangular structure

ϕ(ξ) =



ϕ1(ξ1, ξ2, u)
ϕ2(ξ1, ξ2, ξ3, u)
...
ϕn(ξ, u)




A constant feedback is suggested for this structure and is shown to give
stability of the observer error provided some bounds on the nonlinearities.
Another observer for this structure is presented in (Busawon and Saif 1999)
and a generalization of the transformation to multiple output systems is
found in (Hou et al. 2000).
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The triangular form is particularly suitable for biological systems, as
shown in (Bernard et al. 1998), where various observer structures are ap-
plied to estimating the growth of Phytoplankton in a continuous bioreac-
tor. Fault detection for input affine systems in triangular form is considered
in (Hammouri et al. 1999b, Hammouri et al. 1999a) and (De Persis and
Isidori 2001).

4.4 Extended linearization

To obtain approximately linear error behaviour in the original coordinates
in the vicinity of the set of operating points, (Baumann and Rugh 1986)
propose the observer

˙̂x = f(x̂, u) + k(y)− k(ŷ)
ŷ = h(x̂)

where k(0) = 0. The error dynamics of this observer is, linearized around an
operating point (x0, u0) ∈ Sf

˙̃x = A(x0, u0)x̃

where

A(x0, u0) =
∂f

∂x

∣∣∣∣
(x0,u0)

+
∂k

∂y

∣∣∣∣
h(x0)

∂h

∂x

∣∣∣∣
x0

Assuming, without loss of generality, that (0, 0) ∈ Sf , it is shown that if
∂f/∂x|(0,0) is invertible and (

∂f

∂x

∣∣∣∣
(0,0)

,
∂h

∂x

∣∣∣∣
0

)

is an observable pair, then there exists an analytic function k(·) such that
A(x0, u0) has specified eigenvalues.

4.5 Variable structure and sliding mode

All methods described so far assume that the process is known perfectly.
One way to increase robustness against modeling uncertainties is to utilize
ideas from variable structure systems or sliding mode theory. In (Walcott
and Żak 1987), the multiple output system

ẋ = Ax+ f(x, u)
y = Cx
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is considered. Exact knowledge of the n × 1 nonlinear map f(x, u) is not
needed but it is required to be a linear combination of a q× 1 nonlinear map
h(x, u) according to

f(x, u) = S−1CTh(x, u) (31)

where S is a positive definite solution to a Lyapunov equation, and h(x, u)
is assumed to be bounded by

‖h(x, u)‖ ≤ ρ(u)

The proposed observer is

˙̂x = Ax+Kỹ + κ(ỹ, u) (32a)
ŷ = Cx̂ (32b)

where

κ(ỹ, u) =

{
−S−1CT ỹ

‖ỹ‖ ρ(u) ỹ �= 0
0 ỹ = 0

The observer structure above can not be expressed in the general form (13)
since the nonlinearity is not included in the observer. It can be shown,
however, that the estimation error converges anyway due to the term κ(ỹ, u)
in (32), which can be regarded as feedback of ỹ with infinite gain for small ỹ.

The discontinuity of the term κ(ỹ, u) may lead to the phenomenon known
as chattering in variable structure systems. To solve this problem, it is sug-
gested that κ is redefined as

κ(ỹ, u) =

{ −S−1CT ỹρ(u)
‖ỹρ(u)‖ ρ(u) ‖ỹρ(u)‖ > ε

−S−1CT ỹρ(u)
ε ρ(u) ‖ỹρ(u)‖ ≤ ε

which has a boundary layer and is thus continuous. Using this latter def-
inition of κ, the estimation error will only be bounded and not necessarily
converge to zero. A further modification to the variable structure observer
and a stability result can be found in (Dawson et al. 1992).

A related approach is the sliding mode observer introduced in (Slotine et
al. 1987). The multiple output time varying system (2) with linear output
map y = Cx is considered and the proposed observer is

˙̂x = f(x̂, t)−K1ỹ −K2sgn(ỹ) (33a)
y = Cx̂ (33b)
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where the vector valued sign function is defined as

sgn
([
y1 y2 . . . yq

]T) =
[
sgn(y1) sgn(y2) . . . sgn(yq)

]T
Design procedures for choosing the gains K1 and K2 can be found in (Misawa
and Hedrick 1989). To avoid chattering, it is suggested that the sign function
is replaced by sat(ỹ/ε) where ε is a small number and

sat(y) =
{
y |y| < 1
sgn(y) |y| ≥ 1

Further development is made in (Wang et al. 1997) where a reduced order slid-
ing mode observer is proposed with time-varying feedback gain to make the
eigenvalues of the linearized error system constant. In (Sreedhar et al. 1993)
sliding observers are proposed for fault detection in nonlinear systems, pro-
vided there is full state measurement. Application of a sliding observer to a
robot manipulator is reported in (Canudas de Wit and Slotine 1991), where
it is stated that a particular advantage with the sliding observer is that it can
handle nonlinearities that are not analytic, e.g. static friction. Implementa-
tion of sliding observers for switched reluctance motor drives are treated in
(Zhan et al. 1999) and (McCann et al. 2001). An adaptive sliding observer
for estimation of tire/road friction estimation is proposed in (Canudas de
Wit et al. 1999).
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Summary of Contributions

The papers in this thesis summarize the work performed in three projects
spanning in time from 1997 to 2001. A brief summary of these projects with
references to the corresponding articles is given below. Papers marked with
an asterisk are included in the thesis.

1 Gas leakage detection in pulverized coal injection

A nonlinear model for the pulverized coal injection process was developed.
An observer whose residual is sensitive to the gas leakage flow in the plant was
designed. The observer utilizes the fact that the output nonlinearity is invert-
ible and that the process dynamics are linear. The Generalized Likelihood
Ratio approach was applied to evaluate the observer residual for possible gas
leakages. Successful tests with plant data were performed. The work was
reported in (Johansson and Medvedev 1999)* and, in an abridged form, in
(Johansson and Medvedev 1998).

In (Johansson et al. 1998)* it was shown how a Laguerre spectrum rep-
resentation of the observer residual can be utilized to reduce disturbances as
well as computer work load.

An LQ-optimal multivariable controller for the coal injection plant was
also designed and implemented. This work together with the leakage de-
tection project was described in (Birk et al. 1999) with shorter versions in
(Johansson et al. 1998a) and (Birk et al. 1998). Long term experiences of
this control and fault detection system were reported in (Birk et al. 2000)*.
The contribution by the author of this thesis is in the last four papers lim-
ited to the fault detection and, to some extent, the implementation parts.
Development of the controller was carried out by Wolfgang Birk.
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2 Detection of clogging in pulverized coal injection
lines

A time-varying model of a coal injection line was developed and an ob-
server was designed for detection of clogging in the line. The observer has
a state variable that represents clogging and a feedback gain that compen-
sates the time-varying behaviour of the process to make the error system
time-invariant. An adaptive threshold approach was employed to evaluate
the fault state variable of the observer. Tests with real data were per-
formed and showed that the developed method does not produce false alarms.
This was reported in (Johansson and Medvedev 1999a). In (Johansson and
Medvedev 2000)* it was also shown that intentionally produced cloggings
were detected.

3 Estimation of metal analysis in the steel con-
verter

A nonlinear observer for estimating metal analysis in the steel converter pro-
cess was developed. The observer feedback is weighted by the sensitivity of
the output with respect to the state, which was shown to produce accurate
estimates of the carbon content in the converter in tests with real data. This
was reported in (Johansson et al. 2000a)* with shorter versions in (Johansson
et al. 2000b) and (Johansson et al. 2000c). Comparison to an observer with
linear feedback was performed in (Johansson et al. 2001) and analysis regard-
ing region of attraction for the proposed observer was made in (Johansson et
al. 2000d).

Results from an implementation of the estimation system were reported
in (Birk et al. 2001a) and (Birk et al. 2001b).

The observer for the converter process was generalized to an arbitrary sys-
tem with linear dynamics, output injection and nonlinear output map and an-
alyzed regarding asymptotic stability and region of attraction in (Johansson
and Medvedev 2001b)*. A shorter version of this can be found in (Johansson
and Medvedev 2001).
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Model-Based Leakage Detection in a

Pulverized Coal Injection Vessel1

Andreas Johansson and Alexander Medvedev

Lule̊a University of Technology, 971 87 Lule̊a, Sweden

Abstract

A method for detecting and isolating incipient leakages in the valves
of a pulverized coal injection vessel for a blast furnace process is pre-
sented. Non-linear physical gray-box models of the plant are developed.
Values of the unknown parameters are estimated by identification. Ob-
servers are constructed for these models and the residuals are used in
a Generalized Likelihood Ratio test. The method is successfully tested
with real leakages intentionally introduced in the plant.

1 Introduction

Fault detection and isolation is a potentially powerful tool for achieving
security and effective maintenance in various types of processes. Applica-
tions in aviation and automotive technology are common (see for example
(Gustafsson 1997)), but there are also many examples of fault detection
in general industrial processes, like electrical motors and hydraulic systems
(Chai et al. 1997, Ge and Fang 1988). See (Isermann and Ballé 1996) for a
survey of recent simulations and implementations of fault detection systems.

The basic terminology and techniques for fault detection can be found
in the survey by Frank (Frank 1990). State estimation by observers is often
used. A number of different techniques exist, for example Unknown Input
Observers, Dedicated Observers, Parity Space and Kalman Filter Methods.
A survey on non-linear observers is given in (Misawa and Hedrick 1989).
Fault detection in non-linear systems is for example treated in (Wünnenberg
and Frank 1990) and (Zhirabok and Preobrazhenskaya 1994).

The fundamental question in fault detection is whether the nominal non-
faulty model should be accepted or rejected. This fact emphasizes the simi-
larities to model validation. The detection of abrupt and incipient faults can
thus be interpreted as local and global model validation, respectively.

This article concerns the detection of incipient faults (leakages) in the
valves of a pressurized coal injection vessel in a blast furnace process. The

1An abridged version of this article has been presented at the 1998 American Control
Conference in Philadelphia, USA (Johansson and Medvedev 1998).
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blast furnace is used in iron making to reduce ore into hot metal. The
reduction agent is coal, in the form of coke or coal powder, of which the
latter is less expensive. Coal powder can also be easier used to control the
temperature of the blast furnace. The prime drawback of coal powder is
its inflammability. The ability to self-ignite in contact with air makes it
inconvenient to transport. Any storage and transport has to take place under
inert conditions and it has to be injected under pressure directly into the
reaction core. For these reasons, it is of interest to have a reliable coal powder
injection plant. A leakage in a valve could for example make it possible for
air to enter the injection vessel with probably catastrophic consequences. In
fact, one of the prime motivations for this work was a fire in one of the
injection vessels at SSAB Tunnpl̊at in Lule̊a.

The article is organized as follows. The rest of Section 1 is devoted
to a brief description of the plant. In Section 2 models of the plant are
derived. The models are physically motivated with unknown coefficients that
are estimated from logged data. Models for the expected behavior of different
leakages in the time domain are also developed. Sections 3 and 4 deal with
Fault Detection and Isolation, respectively. Fault detection observers are
developed and the Generalized Likelihood Ratio is used to determine if and
where a leakage has occurred. Section 5 shows the results from experiments
in the plant and Section 6 gives the conclusions.

1.1 The plant

An overview of an injection vessel is shown in Fig. 1.1. In addition to the
sensors in the figure, there is also a weighing equipment that measures the
total mass of the content in the injection vessel. The injection process is
cyclic and can be divided into the four phases shown in Table 1.1.

2 Modeling

The notation used in the sequel is summarized in Appendix B.

2.1 Output transformation

The pressure and total mass (p and m) of the vessel can be calculated from
the masses of coal and nitrogen (mC and mN ) using basic physical prin-

ciples including the ideal gas law. With the definitions y
�
= [m p]T and
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Figure 1.1: The injection vessel
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Table 1.1: The injection cycle
Phase Action Effect
Charging Inlet valve is opened The vessel is filled with

coal powder
Pressurization Inlet and ventilation valves

are closed. Fluidization and
pressure control valves are
opened

The pressure rises to 950
kPa

Injection Flow control and shut-off
valves are opened

Coal powder is injected
into the blast furnace

Ventilation Ventilation valve is opened.
All other valves are closed

The vessel is depressur-
ized

x
�
= [mC mN ]T the transformation can be expressed as

y = h (x)
�
=

[
mC +mN

mN
RN T ρC

V ρC−mC

]

Index C in the equation above refers to pure coal and not coal powder.
The reason for this is that the nitrogen is assumed to fill out the space between
the coal particles. Since h (x) is invertible, the coal and nitrogen masses can
be considered measurable. The inverse transformation is given below.

x = h−1 (y) =

[
mRN T ρC−pV ρC

RNT ρC−p

p V ρC−m
RNT ρC−p

]

Upon entering the vessel, the nitrogen passes through the coal powder.
Since nitrogen has much lower heat capacity than coal powder it is assumed
to be momentarily heated to the temperature of the coal powder (60−70◦C).
Therefore T is given the constant value of 338 K.

2.2 Flow through Valves

Expressions for mass flow of fluids through restrictions can be derived from
Bernoulli’s law. For an incompressible liquid the flow is

q (p1, p2) = afliq (p1, p2)
�
= a

√
2ρ (p1 − p2) (1.1)
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where p1 is the pressure on the inlet side of the restriction and p2 is the
pressure on the opposite side. The constant ρ denotes the density of the
liquid and a is the minimum cross-section area of the flow.

The major difference between a liquid and a gas is the compressibility of
the latter. If the dynamic effects due to this property are neglected and the
expansion process in the valve is assumed to be adiabatic, then the following
expression holds for the mass flow of an ideal gas.

q(p1, p2) = afgas(p1, p2)

�
= ap1



(

p2

p1

) 1
γ

√
2γ

RT1(γ−1)

[
1−

(
p2

p1

) γ−1
γ

]
p2

p1
<
(
2

γ+1

) γ
γ−1

(
2

γ+1

) 1
γ−1

√
2γ

RT1(γ+1)
Otherwise

(1.2)

The constant R and γ are the molecular mass and the compressibility
factor of the gas, respectively, while T1 represents the temperature on the
inlet side.

For a control valve, the area a in (1.1) and (1.2) is a function of the input
signal u, i.e. a = kg(u(t)) where k is a scaling factor and g (u) is called the
characteristic function of the valve. In order to make the definition above
unambiguous it is also stated that g (1) = 1.

A common characteristic function is the ‘equal percentage’ (Control Valve
Handbook 1977). For a valve with such characteristic, a certain increase in
the control signal gives an increase in the flow that is proportional to the
flow. This leads to an exponential function. Since an exponential function
is always positive, a deadzone, d, has to be included in the characteristic
function.

g (u) = gexp (u, c, d)
�
=
{
ec(u−1) u > d
0 Otherwise

(1.3)

2.3 The valves of the process

2.3.1 The Pressure Control Valve (PCV)

The flow of nitrogen through the PCV can be expressed as

qN,P = kN,P fgas (pN , p) gP (uP ) (1.4)

where pN is the pressure in the nitrogen net and uP is the input signal to
the PCV, while gP is the characteristic function of the PCV.
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Since the nitrogen flow qN,P is measured by a flow meter, only the charac-
teristic function gP and the factor kN,P in (1.4) are unknown. These unknown
factors can be isolated to give

kN,P gP (uP ) =
qN,P

fgas (pN , p)
(1.5)

Fig. 1.2 shows the right side of (1.5) (circles) for one pressurization and
injection. Since kN,P is constant, the circles also represent the scaled charac-
teristic function. It is obvious that the characteristic function is exponential,
i.e. of the type ‘equal percentage’ (1.3), thus

gP (uP ) = gexp (uP , cP , dP )

An approximate value of the deadzone dP (≈ 5%) can also be obtained from
the figure. If the deadzone is excluded, the logarithm of (1.5) is linear in
the parameters cP and ln (kN,P ). These parameters can thus be produced
by least-squares identification. Note that it is possible to show that a scale
error in the flow meter will only affect the estimate of kN,P and not of cP .
The value of kN,P will be estimated more accurately later. The identified
characteristic function is also shown in Fig. 1.2.

Figure 1.2: Characteristic function of the PCV
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2.3.2 The Flow Control Valve (FCV)

Through the FCV, there is a flow of both nitrogen and coal powder, i.e. a
two component flow. To simplify the model, the two flows are assumed to
be independent, and the coal powder is regarded as a liquid. More accurate
models are available (Davidson et al. 1985), but since the flow of coal powder
is controlled and to be held constant, the accuracy in this aspect of the
physical model is not of crucial importance. If the flow is characterized
by small variations around an equilibrium point, then the non-linear plant
behaves like a linear system around this point. A certain approximation of
the unmodelled behaviour will thus be included in the identified model.

The flow of coal powder is

qC,F = kC,F fliq (p, pI) gF (uF )

where pI is the pressure in the injection pipe, uF is the control signal for the
FCV and gF is the characteristic function of the FCV. The nitrogen flow is

qN,F = kN,F fgas (p, pI) gF (uF )

In drawings of the FCV, it can be seen that it has a deadzone, dF , of
≈ 21%. Apart from this, the characteristic function is assumed to be linear.

gF (uF ) =
{ 1

1−dF
(uF − dF ) uF > dF

0 Otherwise

2.3.3 The Ventilation Valve (VV)

In order to obtain a smooth flow in the ventilation valve, it is controlled by
a hydraulic feedback. Since this control signal is not measured, the VV has
to be modelled as a closed loop.

The flow through the VV goes to the fine coal silo, which is assumed to
have constant pressure, and is thus a function of the pressure in the injection
vessel only, i.e. qN,V = fN,V (p) The function fN,V (p) is simply taken to be
a polynomial of order J , thus

fN,V (p) =
J∑

j=0

kjp
j
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Table 1.2: Leakages
Leakage Notation
To the atmosphere A
From the nitrogen net N
To/from the injection pipe I
No Leakage ∅

2.4 Leakages

Three different leakages are considered (Table 1.2). The set of leakages is
defined as

L �
= {A,N ,I, ∅}

A leakage can be looked upon as the flow through a valve with an unknown
control signal. The nitrogen leakage flow can thus be represented by

q� = k�f� (·) H ∈ L (1.6)

where k� is an unknown time-varying factor and f� (·) is a function of the
pressures on each side of the leakage. The trivial leakage function for Event
∅ is f∅ = 0. The other leakage functions are

fA(p, pA) = fgas(p, pA)
fN (pN , p) = fgas(pN , p)
fI(p, pI) = sign(p − pI)fgas(max(p, pI),min(p, pI))

The last equation is due to the fact that a the pressure in the vessel can be
higher as well as lower than the pressure in the injection pipe and thus the
leakage flow can take place in both directions.

2.5 Entire system

2.5.1 Pressurization and injection

During the pressurization and injection phases the material transport takes
place through the PCV and the FCV. Therefore, the change in the coal and
nitrogen masses of the vessel can be expressed as

ṁC = −qC,F

ṁN = −qN,F + qN,P (1.7)
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The transformed input signal is defined

u(v,w, y)
�
=


 uC,F

uN,F

uN,P


 �
=


 fliq (p, pI) gF (uF )
fgas (p, pI) gF (uF )
fgas (pN , p) gP (uP )




where v
�
= [ uF uP ]T is the real input signal and w

�
= [ pI pN ]T repre-

sents the measurable disturbances. Thus, the process model for pressuriza-
tion and injection can be written as

ẋ = Ax+Bu(v,w, y)
y = h(x)

(1.8)

where

A
�
=
[
aC 0
0 aN

]
B

�
=
[
kC,F 0 0
0 −kN,F kN,P

]
In principle, the variables aC and aN should be equal to zero. But, in order to
obtain extra degrees of freedom, they are considered to be unknown. When
identifying, the parameter aN always takes a small negative value, which
probably suggests inherent leakage in the vessel. The other parameter, aC

takes on a small positive value, i.e. introducing an unstable mode. However,
since this instability is very small and not physically motivated, it does not
present any problem.

Fig. 1.3 and Fig. 1.4 show a simulation of the entire non-linear system
with input signals uF and uP and output signals p and m.

2.5.2 Ventilation

During the ventilation phase, the only material flow is the nitrogen flow
through the ventilation valve. Therefore

ṁC = 0
ṁN = −qN,V = −fN,V (p) (1.9)

The nitrogen flow can be accurately described by a first order polynomial.
This means that (1.9) can be written

ṁN = −k0 − k1c (mC)mN (1.10)

where
c (mC)

�
=

RNTρC

V ρC −mC

The coefficients k0 and k1 have been produced by least squares identification.
Fig. 1.5 shows a simulation of the pressure during ventilation.
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Figure 1.3: Simulation of the pressure in the vessel during pressurization and
injection
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Figure 1.4: Simulation of the mass in the vessel during pressurization and
injection
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Figure 1.5: Simulation of the pressure in the vessel during ventilation

3 Fault detection

The leakage flow is modeled as an extra term added to the right hand side
of (1.7) and (1.9). The purpose of the fault detection algorithm is thus to
calculate this term. However, the presence of noise makes it necessary to
utilize filtering. A properly designed observer should be able to distinguish
between the slow dynamics of the process and the relatively fast dynamics of
the disturbances.

The nonlinear models developed in the previous section are of the Ham-
merstein type and thus linear observers can be used.

3.1 Pressurization and injection

When leakage is taken into account, equation (1.7) has to be extended with
the term qL, that represents the net leakage of nitrogen into the vessel, thus

ṁN = −qN,F + qN,P + qL

An observer for the system (1.8) is given by

˙̂x = Ax̂+Bu(v,w, ŷ) +Kε (1.11)
ŷ = h(x̂) (1.12)

where

ε
�
=
[
εC εN

]T �
=
[
mC − m̂C mN − m̂N

]T = h−1(y)− x̂
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Since in this system the state variables are decoupled (i.e. A is diagonal), it
is assumed that a diagonal observer gain matrix is sufficient.

K
�
=
[
KC 0
0 KN

]
(1.13)

Note, however, that when calculating the transformed input signal, u, the
estimated state x̂ is used, thus introducing a dependence between the state
variables, and therefore the full-order observer is used. A full-order observer
also has a greater robustness to modeling errors (see Appendix A).

With the definitions above, it can be shown that the residual εN is the
net leakage qL, filtered through a first order filter. This filter is given by

εN (t) =
1

p − aN +KN
qL(t) = HP(p )qL(t)

where p is the differentiation operator. If the net leakage is assumed to be
slowly varying in time, the residual divided with the static gain of the filter
above is a good approximation of the net leakage corrupted by white noise.

q̂L (t) =
1

HP (0)
εN (t) (1.14)

3.2 Ventilation

The net leakage qL is introduced in the ventilation system in a manner similar
to the leakage in the pressurization and injection system i.e.

ṁN = −qN,V + qL

An observer for the ventilation phase process (1.10) is given by
.
m̂N= −k0 − k1c (mC) m̂N +KNεN

The residual εN is then the net leakage filtered through a first order filter.

εN (t) =
1

p + k1c (mC) +KN
qL(t) = HV(p)qL(t)

As before, the residual is divided with the static gain of the filter.

q̂L (t) =
1

HV (0)
εN (t) (1.15)
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4 Isolation of leakages

The development of the models and the observers in the previous sections is
performed in continuous time to facilitate physical interpretation. However,
since the systems are of the Hammerstein type, it is a straightforward task
to discretize the observers. In the following, all signals are assumed to be
discrete, which is indicated by the new time-variable n.

The calculated leakage is assumed to be the sum of a scaled leakage
function and a disturbance, i.e.

q̂L (n) = k�f� (n) + e (n)

where H ∈ L and the term e (n) is stationary zero-mean white Gaussian noise
with variance σ2, i.e. e (n) ∈ N (0, σ).

Actually, e (n) is not gaussian (probably due to unmodelled nonlineari-
ties), but this fact does not have any major influence on the results. When
the transient behavior is excluded from the data, the residual is fairly near
normal distribution, but the results are virtually the same.

The factor k� in (1.6) represents the size of the hole through which the
leakage flow takes place. This means that k� varies slowly in time when
considering incipient leakages. If it is assumed to be constant during a rea-
sonably long period of time (for example a process cycle), it can be estimated
using the Generalized Likelihood Ratio.

4.1 Leakage hypothesis testing

To isolate the leakage flow q̂L (t) to a certain valve or place, an automatic
method is necessary. It is also desirable to provide the user with an estimate
of the physical size of the leakage and the confidence level of its detection
and isolation. This motivates the use of the Generalized Likelihood Ratio
(GLR) (Basseville and Nikiforov 1993) for fault isolation.

Four hypotheses (H∅, HA, HN and HI) are formed in agreement with the
leakage events. The three leakage hypotheses are tested one by one against
H∅ using the GLR. If H∅ is rejected in more than one of these tests, the
hypothesis with the highest GLR is accepted. The likelihood functions for
the hypotheses can be expressed as

P� (q̂L) =
N∏

n=1

1
σ
ϕ

(
q̂L (n)− k�f� (n)

σ

)
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where
ϕ (·) = 1√

2π
e−

(·)2
2

The GLR for each leakage hypothesis is

Λ� (q̂L) =
sup
k�>0

P� (q̂L)

P∅ (q̂L)

The restriction on k� comes from the fact that a negative k� would imply
a leakage flow from a lower pressure to a higher.

It can be shown that under the conditions above, the leakage likelihood
function, P� (q̂L), is maximized by

k̂� = arg sup
k�>0

P� (q̂L) =

{
C�PN

n=1 f2
� (n)

C� > 0

0 Otherwise

where

C�
�
=

N∑
n=1

q̂L (n) f� (n)

The logarithmic GLR can then be expressed as

ln (Λ� (q̂L)) =

{
C2

�

2σ2
PN

n=1 f2
� (n)

C� > 0

0 Otherwise

A threshold value, λ, for Λ� must be set. If Λ� exceeds this value then
the null hypothesis, H∅ , is rejected. The threshold is generally calculated
using the probability of rejecting the null hypothesis when it is true, i.e.

P [Λ� (q̂L) > λ]
�
= α

where P is the probability operator. The probability α is called the level of
the test and is usually set to a value in the range of 0.1% � α � 5%. In
the case of the pressurization and injection system, however, the severity of
the modelling errors causes the assumptions of stationarity and zero-mean
conditions of the disturbance e (n) to fall. This makes it necessary to use very
low levels to prevent a high rate of false alarms. For this reason, no test level
is chosen but instead the threshold λ is chosen on the basis of experimental
data (Section 5).
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Table 1.3: The means of emulating leakages
Leakage Experimental means
To atmosphere Opening a safety valve slightly
From the nitrogen net Opening the fluidization- and pressure

control valves partly
To/from the injection pipe No experiment due to safety reasons

Table 1.4: The leakages during pressurization and injection
Cycle Conclusion Real Leakage

1 Atmosphere Atmosphere
2 Atmosphere Atmosphere
3 No leakage No leakage
4 No leakage No leakage
5 No leakage No leakage
6 No leakage No leakage

5 Practical results

In order to validate the methods developed in this paper, experiments on the
plant were carried out. Different leakages were created during a period of six
process cycles. The means of creating the leakages are shown in Table 1.3.

The relevant signals were logged with a sampling time of 1 s and the net
leakage was then calculated using (1.14) and (1.15). The logarithmic GLR,
ln (Λ� (q̂L)) , for each leakage type and each cycle is shown as diagrams in Fig.
1.6 and Fig. 1.7. The dashed line in Fig. 1.7 shows the threshold for GLR
when α = 1% while the two dashed lines in Fig. 1.6 mark an interval for the
threshold. Note that the hypothesis of leakage from the nitrogen net is absent
in Fig. 1.6, since the pressure control valve, which connects the nitrogen net
with the vessel, is open during pressurization and injection. There can, for
obvious reasons, not be a leakage in an open valve.

Table 1.4 shows the conclusions that are drawn for the pressurization
and injection phases when the threshold for the GLR is placed anywhere
between the dashed lines of Fig. 1.6. Table 1.5 shows the conclusions for
the ventilation phase with level 1%. Included in the tables are also the real
leakages. It can be seen that the right conclusions are drawn in all cases
but one. In this case there were two simultaneous leakages (Atmosphere and
Nitrogen net) that nearly cancelled each other.
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Figure 1.6: The logarithm of the GLR for each leakage type and each exper-
iment during pressurization and injection
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Figure 1.7: The logarithm of the GLR for each leakage type and each exper-
iment during ventilation
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Table 1.5: The leakages during ventilation
Cycle Conclusion Real Leakage

1 Atmosphere Atmosphere
2 Nitrogen net Atmosphere and

nitrogen net
3 Nitrogen net Nitrogen net
4 Nitrogen net Nitrogen net
5 No leakage No leakage
6 No leakage No leakage

6 Conclusions

It has been shown that model based fault detection is a possible way of
detecting leakages in the valves of a pressurized system. A grey-box model
for an injection vessel is developed and a method for detecting and isolating
leakages is suggested. Experiments with leakages in different valves of the
plant showed the effectiveness of the method.
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Appendix A Sensitivity analysis

The close connection between observer order and robustness is well known
(Marquez and Diduch 1992). In this particular application, however, a closer
study has been made due to the nonlinear plant.
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The process model for the injection phase can be linearized around a
working point giving

ẋ = Alinx+Blinv +DqL +∆Alinx+∆Blinv (1.16)

where D
�
= [ 0 1 ]T . Furthermore

Alin
�
=
[
AC

AN

]
�
=
[
ACC ANC

ACN ANN

]
Blin

�
=
[
BC

BN

]
�
=
[
BCC BNC

BCN BNN

]
while ∆Alin and ∆Blin represent the uncertainties of Alin and Blin. The
explicit equations for calculating the elements of Alin and Blin are not shown
here in order to save space. Important to note, however, is that both off-
diagonal elements of Alin are non-zero. An identified model of the injection
vessel during the injection phase also exists (Birk and Medvedev 1997), which
is very close to the linearized model.

The fault detection observer can, in the same manner, be linearized to

˙̂x = Alinx̂+Blinv +K(x− x̂) (1.17)

whereK is defined according to (1.13). The residual of the linearized observer
can be expressed as

ε = G (p) (DqL +∆Alinx+∆Blinv)

where
G (p)

�
= (p I −Alin +K)−1

Since the off-diagonal elements of Alin are very small, and thus (1.16) is nearly
decoupled, it might be argued that a reduced order observer should be used
instead. The reduced order linearized process model and the corresponding
observer are then

ṁN = ANNmN +BNv + qL +∆ANx+∆BNv

˙̂mN = ANNm̂N +BNv +K1(mN − m̂N ) (1.18)

where ∆AN and ∆BN are the uncertainties of AN and BN . The error process
for the linearized reduced order system is thus

ε1 = G1 (p) (DqL +∆ANx+∆BNv)

where
G1 (p) =

1
p −ANN +K1
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If the input signal v is kept at the constant level v0, then the sensitivity
of ε1 parameter errors in BN , ∂ε1/∂BN can be calculated from the equation
above. Corresponding sensitivities can be determined for AN and the leakage
qL. All these sensitivities will only differ by constant factors from

S1 (p)
�
= G1 (p)

The sensitivity of εN to the same parameters for the full order observer is

S (p) =
[
0 1

]
G (p)

[
0 1

]T
Since incipient leakages are considered, it is desirable to have high sensitivity
to low frequencies and low sensitivity to higher frequencies to reduce the
impact of parameter variations. It will be shown below that even with the
diagonal feedback gain matrixK, this can always be done better with the full-
order observer (1.17) than with the reduced-order observer (1.18), provided
that Alin does not have zeros off the diagonal. If a general feedback gain
K is used, even better results can be accomplished, but this has not been
investigated any further.

Proposition 1 Let Alin be defined as above and let both off-diagonal ele-
ments of Alin be non-zero. Then, for any ω0 > 0 and K1 �= ANN , there
exists a real diagonal K such that S (p) is asymptotically stable and{ |S(jω)| > |S1(jω)| 0 < ω < ω0

|S(jω)| < |S1(jω)| ω > ω0
(1.19)

Proof. Define the variables a11
�
= ACC −KC and a22

�
= ANN −KN and the

non-zero constants a1
�
= ANN −K1 and b �

= ANCACN . Then the sensitivity
functions can be expressed as

S1 (p) =
1

p − a1
S (p) =

p − a11
p2 − p (a11 + a22) + a11a22 − b

The conditions for asymptotic stability of S (p) are

a11 + a22 < 0 (1.20)
a11a22 − b > 0 (1.21)
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and the squared absolute values of the sensitivity functions are

|S1(jω)|2 =
1

ω2 + a21

|S(jω)|2 =
ω2 + a211

(a11a22 − b− ω2)2 + ω2(a11 + a22)2

Straightforward calculations yield that (1.19) is equivalent to

φ(ω) < 0, 0 < ω < ω0
φ(ω) > 0, ω > ω0

where
φ(ω)

�
= ω2(a222 − a21 + 2b)− a21a211 + (a11a22 − b)2

This is true if and only if

φ(ω0) = 0 (1.22)
a222 − a21 + 2b > 0 (1.23)

Note that if a11 → −a11 and a22 → −a22 then the left hand side of (1.20)
changes sign while (1.21)-(1.23) remain intact and thus condition (1.20) can
be replaced by

a11 + a22 �= 0 (1.24)

Define ζ
�
= a11a22− b and ξ �

= a222−a21+2b. The condition a222 > 0, which
is equivalent to

ξ > 2b− a21 (1.25)

guarantees that a11 and a22 are real and finite. The definitions of ζ and ξ
imply that a11 = (ζ + b)/a22 and a222 = ξ + a

2
1 − 2b, which, when substituted

into (1.21)-(1.24), while combining (1.23) and (1.25), yields

F (ζ, ξ) = 0
ζ > 0
ξ > Ξ0
ξ �= H1(ζ)

(1.26)

where

F (ζ, ξ)
�
= ζ2(ξ − 2b)− 2ζba21 + ξ

2ω20 + ξω
2
0(a

2
1 − 2b)− b2a21

Ξ0
�
= max(0, 2b − a21)

H1(ζ)
�
= −ζ + b− a21
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Define the line

ξ = H2(ζ)
�
= kζ +Ξ1

where k > 0 and

Ξ1
�
= max(Ξ0, b− a21)

Obviously, ζ > 0 implies that ξ > Ξ0 on this line, since Ξ1 ≥ Ξ0. It is also
clear that H1 and H2 do not intersect for ζ > 0.

Substitution of ξ = H2(ζ) into F (ζ, ξ) yields

f(ζ) = kζ3 + ζ2(k2ω20 +Ξ1 − 2b) + ζ(kω20(2Ξ1 + a
2
1 − 2b)− 2a21b)

+ Ξ1ω20(Ξ1 + a
2
1 − 2b)− a21b2

The constant Ξ1 can take on the values 0, 2b− a21 or b− a21. If Ξ1 = 0 or
Ξ1 = 2b− a21 then

f(0) = −a21b2 < 0

If, on the other hand, Ξ1 = b− a21 then

f(0) = −3bω20(b− a21)− a21b2

In this case, due to the definition of Ξ1 and Ξ0, it follows that b − a21 > 0,
which implies that b > 0 and thus f(0) < 0. Note also that there exists a
Z > 0 such that f(Z) > 0 due to the cubic term of f(ζ).

Since f(0) < 0, f(Z) > 0 and f(ζ) is continuous, there must exist a
ζ0 ∈ ]0, Z[ such that f(ζ0) = 0, and thus F (ζ0, H2(ζ0)) = 0. All the conditions
of (1.26) are thereby satisfied and the proposition follows. �
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Appendix B Nomenclature

Variable Meaning
aC , aN Parameters of the pressurization and injection

process
cP Exponential coefficient of the PCV characteris-

tic
dF , dP Deadzones of the FCV and PCV
k0, k1 Parameters of the ventilation process
kC,F , kN,F , kN,P Parameters of the pressurization and injection

process
m Total mass in the vessel
mC , mN Masses of coal and nitrogen in the vessel
p Pressure in the vessel
pA, pI , pN Pressure of the atmosphere, injection pipe and

nitrogen net
qC,F Mass flow of coal through the FCV
qL, q̂L Real and approximated leakage flow
qN,F , qN,P , qN,V Mass flow of nitrogen through the FCV, PCV

and VV
RN Gas constant for nitrogen
ρC Density of coal
T Temperature in the vessel
uF , uP Control signal for the FCV and the PCV
V Volume of the vessel
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Abstract

This paper deals with gas-leakage detection and isolation in a fine
coal injection vessel for a blast furnace process. Functions describing
the expected time-domain behaviour of different leakages are developed,
thus reducing the leakage isolation problem to pattern recognition. In
order to lower the computational burden while preserving the essential
dynamic behaviour of a leakage, a truncated Laguerre series representa-
tion is used. The Generalized Likelihood Ratio method is employed to
compare the Laguerre spectrum of the residual with the Laguerre spec-
tra of the predefined typical leakage functions. Tests of the developed
algorithm have been successfully performed at SSAB Tunnpl̊at, Lule̊a.

1 Introduction

Pattern recognition is a general problem in e.g. signal processing, identi-
fication and fault detection, of which the latter is the topic of this article.
Being able to single out the most probable cause of a non-zero residual by
comparing it with a number of possible fault signatures is the core of fault
isolation. It is then desirable to represent the essential dynamics of a signal
compactly while removing irrelevant behaviour and noise. One way of doing
this is to employ an orthonormal functional basis. This paper is an example
of the use of Laguerre functions.

The application considered is a pulverized coal injection plant for a blast
furnace process. Coal powder is very inflammable and can self-ignite in
contact with air. This motivates the development of a leakage detection
system which can identify a faulty valve and thus facilitate maintenance and
prevent accidents. Efficient maintenance is very important since a continuous
coal powder production is crucial to blast furnace operation. A sudden loss
of coal injection capacity may lead to chilled hearth, a condition that can
have serious consequences for the blast furnace. High performance pressure
and flow control of the coal injection plant is reported in (Birk and Medvedev
1997).
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The basic terminology and techniques for fault detection can be found in
the survey by Frank (Frank 1990). State estimation by linear and nonlinear
observers is often used. Regarding linear systems, a number of different tech-
niques exists, for example Unknown Input Observers, Dedicated Observers,
Parity Space and Kalman Filter Methods. A survey on non-linear observers
can be found in (Misawa and Hedrick 1989). Fault detection in non-linear sys-
tems is for example treated in (Wünnenberg and Frank 1990) and (Zhirabok
and Preobrazhenskaya 1994).

Faults can be divided in two groups: abrupt and incipient faults. In-
cipient faults are often treated by identification techniques (Frank 1990),
though, in this paper, an observer-based method is utilised, mostly due to
the availability of reasonably good process models.

The paper’s outline is as follows. First, a brief description of the coal in-
jection plant is given. Then, a Hammerstein physical model and an observer-
based gas leakage detection technique is presented. The residual of the ob-
server is sensitive to particular types of faults in worn-out valves and is com-
pared to the expected behaviour of a number of leakages. The residual and
the leakage functions are represented by means of their corresponding La-
guerre spectra. Finally, the results of real time experiments performed at
SSAB Tunnpl̊at, Lule̊a are reported.

2 Process description

Fig. 2.1 shows the principal structure of a coal injection vessel.
One vessel is depressurized, charged and pressurized while the other vessel

is injecting coal powder. In this manner, continuous coal powder flow into
the blast furnace is achieved.

In Table 2.1, the nomenclature used in the sequel to refer to different
process phases is summarized.

In order to be able to distinguish leakages in different valves, a process
model for the pressurization and injection phases as well as a model for
the ventilation phase are developed (Johansson and Medvedev 1998). These
models are based on physical principles and therefore nonlinear. The plant
dynamics can be represented by

x(n+ 1) = Ax(n) +Bg(u(n)) (2.1)
y(n) = h(x(n))

where A and B are matrices containing identified values and the function
g is a non-linear transformation of the input signals. The state vector

76



Process description

Figure 2.1: Schematic drawing of an injection vessel

Table 2.1: Process phases
Phase Description
Charging The pressure-less vessel is filled

with coal powder
Pressurization The injection vessel is set under

pressure
Pressure holding Standby until the other vessel

has finished injection
Injection The coal powder is injected into

the blast furnace
Ventilation Depressurization and ventilation

of the vessel
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Table 2.2: Leakages
Leakage Possible consequence Notation
To the atmosphere Loss of nitrogen A
From the nitrogen net Over-pressurized vessel N
To/from the injection pipe Fire I
No Leakage - ∅

x = [mC mN ]T represents the masses of coal and nitrogen in the vessel and
the output vector y = [m p]T is a nonlinear transformation of x. The trans-
formation, which is physically motivated, is uniquely invertible and thus mC

and mN can be considered measurable.

3 Fault detection

The faults considered are three different leakages (Table 2.2).

3.1 Leakage model

The set of leakages is denoted L �
= {A,N ,I, ∅}. A leakage can be interpreted

as the flow through a valve with an unknown control signal. The nitrogen
leakage flow can thus be represented by

q� = k�f� (·) H ∈ L (2.2)

where k� is an unknown time-varying factor and f� (·) is a function of the
pressures on each side of the leakage. The trivial leakage function for the
event of ‘No Leakage’ is f∅ = 0. The other leakage functions (fA, fN and fI)
are developed from physical equations.

3.2 Leakage detection

The leakage flow is modeled as an extra term added to the right hand side of
(2.1). The purpose of the fault detection algorithm is thus to calculate this
term. However, the presence of noise makes it necessary to utilise feedback
(i.e. observers) in order to obtain filtered estimates of the leakage flow. The
nonlinear models developed in the modeling section are of the Hammerstein
type and thus linear filtering can be used.
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A linear observer for the system (2.1) is given by

x̂(n+ 1) = Ax̂(n) +Bg(u(n)) +Kε(n)

where

ε(n)
�
=
[
εC(n) εN (n)

]T �
= x(n)− x̂(n)
= h−1(y(n))− x̂(n)

Since the state variables are decoupled (i.e. A is diagonal), it is assumed that
a diagonal observer gain matrix is sufficient. With the definitions above, it
can be shown that the residual εN is the net leakage qL, filtered through a
first order filter, thus

εN (n) = H (q) qL(n)

where q is the forward shift operator. If the net leakage is assumed to be
slowly varying in time, the residual divided by the static gain of the filter
above is a good approximation of the net leakage whose measurements are
corrupted by noise.

q̂L(n) =
1
H(1)

εN (n) (2.3)

4 Leakage isolation

The calculated leakage is assumed to be the sum of a scaled leakage function
and a disturbance, i.e.

q̂L (n) = k�f� (n) + e (n)

where H ∈ L and the term e (n) is stationary zero-mean white Gaussian noise
with variance σ2, i.e. e (n) ∈ N (0, σ)

Actually, e (n) is not Gaussian (probably due to unmodelled nonlineari-
ties ), but this fact does not have any major influence. When the transient
behavior is excluded from the data, the residual is fairly near normal distri-
bution, but the results are virtually the same.

The factor k� in (2.2) is a measure of the size of the hole through which
the leakage flow takes place. This means that k� varies slowly in time when
describing incipient leakages. If it is assumed to be constant during a reason-
ably long period of time (for example a process cycle), it can be estimated
using the Generalized Likelihood Ratio.
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4.1 Leakage hypothesis testing

Four hypotheses (H∅, HA, HN and HI) are formed in agreement with the
leakage events. The three leakage hypotheses are tested one by one against
H∅ using the Generalized Likelihood Ratio (GLR). If H∅ is rejected in more
than one of these tests, the hypothesis with the highest GLR is accepted.
The likelihood functions for the hypotheses can be expressed as

P� (q̂L) =
N∏

n=1

1
σ
ϕ

(
q̂L (n)− k�f� (n)

σ

)

where ϕ is the scalar normal distribution density function with zero mean
and unit variance. The GLR for each leakage hypothesis is

Λ� (q̂L) =
sup
k�>0

P� (q̂L)

P∅ (q̂L)

The restriction on k� comes from the fact that a negative k� would imply a
leakage flow from a lower pressure to a higher. It can be shown that under
the conditions above, the leakage likelihood function, P� (q̂L), is maximized
by

k̂� = arg sup
k�>0

P� (q̂L) = max
(
0,
〈q̂L, f�〉
〈f�, f�〉

)
where 〈·, ·〉 denotes scalar product in RN , i.e.

〈f1, f2〉 =
N−1∑
n=0

f1(n)f2(n)

where N is the time interval of the logged data set. The logarithmic GLR
can then be expressed as

ln (Λ� (q̂L)) =

{
〈q̂L,f�〉2
2σ2〈f�,f�〉 〈q̂L, f�〉 > 0
0 Otherwise

(2.4)

A threshold value, λ, for Λ� must be set. If Λ� exceeds this value then the
null hypothesis, H∅ , is rejected. The threshold is generally calculated using
the probability of rejecting the null hypothesis when it is true, i.e.

P [Λ� (q̂L) > λ]
�
= α
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where P is the probability operator. The probability α is called the level of
the test and is usually set to a value in the range of 0.1% � α � 5%. In
the case of the pressurization and injection system, however, the severity of
the modelling errors causes the stationarity and zero-mean assumptions on
the disturbance e (n) to fall. This makes it necessary to use very low levels
of the test to prevent a high rate of false alarms. For this reason, no fault
probability is chosen but instead the threshold λ is chosen on the basis of
experimental data.

4.2 Laguerre analysis

In order to decrease the extensive calculations implied by the GLR method,
the analysis is carried out in the Laguerre domain. Laguerre coefficients (i.e.
Laguerre spectrum) of a signal present a parsimonious way of describing its
dynamic properties, when the signal exhibits a well-damped behaviour.

The discrete time Laguerre functions in z-domain are (Wahlberg 1991)

Lk (z) =
z
√
1− a2
z − a

(
1− az
z − a

)k

k ≥ 0, − 1 < a < 1

and constitute an orthonormal basis in H2 (Dc) where Dc is the complement
of the unit disc in the complex plane. Orthonormality is understood in the
sense of the usual inner product in l2(R+) which is, for two real functions
v and w represented by their corresponding z-transforms V (z) and W (z),
defined as

〈v,w〉 = 1
2π

∮
Γ
V (z)W (z)

dz

z

where the contour Γ represents the unit circle and denotes complex con-
jugate. The time-domain discrete Laguerre functions can be obtained via
inverse z-transform, thus

lk (n) = Z −1 {Lk (z)}
The Laguerre coefficients of a function f are equal to

fk = 〈f, lk〉
Then the Laguerre spectrum of f is defined as the set of fk, k = 0, . . . ,∞.

It is straightforward to show that the scalar product of two functions
f and g is equal to the scalar product of the Laguerre coefficients of these
functions, i.e.

〈f, g〉 =
∑
k≥0
fkgk (2.5)
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Thus, approximate values of leakage size and logarithmic GLR can be ob-
tained by replacing the scalar products by the scalar products of the trun-
cated Laguerre series of the leakage functions.

〈f, g〉 �
K−1∑
k=0

fkgk

In order to obtain fast convergence of the Laguerre series of a function f , the
parameter a should be chosen so that 1/a is close to the dominating time
constant of f (Wahlberg 1991). The leakage functions f� are finite in time,
and therefore 1/a is chosen to be of the same order of magnitude as the time
interval of the logged data set.

The quality of the approximations depends greatly on the number of
Laguerre coefficients K. In this particular case, three coefficients suffice to
get good results (see section 6).

Note that since the leakage functions look similar from one process cy-
cle to another, the Laguerre-coefficients of these function can be calculated
in advance, thus reducing the computational burden on the fault isolation
system.

4.3 Modified Laguerre spectrum

Laguerre spectrum analysis is best suited for smoothly decaying signals.
Since the finite-time leakage functions do not have this property, it is pos-
sible that a biased version of them could be approximated better by their
truncated Laguerre spectrum. Define the biased finite-time signal f as

f̄(n)
�
=
{
f(n)−mf 0 ≤ n ≤ N
0 Otherwise

where mf is an arbitrary number, for example the mean value or the final
value of the finite-time function f(n). It can be shown that the scalar product
of two functions f and g can be expressed in the Laguerre coefficients of f̄
and ḡ as

〈f, g〉 �
K−1∑
k=0

f̄kḡk +mg

K−1∑
k=0

f̄ksk +mf

K−1∑
k=0

ḡksk +Nmfmg

where equality holds when K →∞. The constant sk is the sum of Laguerre
function number k over the time interval of f , thus

sk
�
=

N−1∑
n=0

lk(n)
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The scalar product can also be expressed in the Laguerre coefficients of the
original functions f and g as

〈f, g〉 �
K−1∑
k=0

fkgk +mfmg

(
N −

K−1∑
k=0

s2k

)
(2.6)

Note that it can be shown that

lim
K→∞

K−1∑
k=0

s2k = N

and thus (2.6) approaches (2.5) as K →∞.
Since both the Laguerre coefficients of the leakage functions and also

the sums of the Laguerre functions sk can be pre-computed, (2.6) gives a
computationally efficient way of approximating the scalar products of (2.4),
provided that the number of Laguerre coefficients is small.

5 Implementation

Leakage detection is a part of SafePCI, a PC-based system for control and
monitoring of a pulverized coal injection plant. Since model-based control
and leakage detection result in rather complex mathematical computations,
the two tasks are divided and implemented in separate computers. An obvi-
ous advantage of this solution is an increased reliability. Fig. 2.2 shows the
principal structure of SafePCI.

The system hardware is connected to the coal injection plant via buffer
amplifiers. Altogether 40 signals are sampled and 4 actuators manipulated.

The leakage detection system is implemented as a computer program
named PCIguard. PCIguard has the following features:

• On-line gas leakage detection

• Sampling and storing of all necessary signals for control and leakage
detection.

• On-line plotting of measured signals

• Messaging in case of detected leakages, by sending facsimile transmis-
sions to the responsible personal.

• Elementary process supervision in case of signals loss etc.
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Figure 2.2: Hardware structure, data flow and used components

6 Experiments

The experiments have been performed at SSAB Tunnpl̊at, Lule̊a. Different
leakages were artificially created during a period of six process cycles.

The logarithmic GLR, ln (Λ� (q̂L)) , was calculated with (2.4) using (2.6)
as an approximation of the scalar products. The approximation was done
with K = 3 and the mean of the signals as the bias. The resulting logarithmic
GLR for each leakage type and each cycle is shown as diagrams in Fig. 2.3
and Fig. 2.4. The dashed line in Fig. 2.4 shows the threshold for GLR
when α = 1% while the two dashed lines in Fig. 2.3 mark an interval for
the threshold. Note that the hypothesis of leakage from the nitrogen net
is absent in Fig. 2.3. The reason for this is that the pressure control valve,
which connects the nitrogen net with the vessel, is open during pressurization
and injection. There can, for obvious reasons, not be a leakage through an
open valve.

A Leakage to the atmosphere was created during pressurization and in-
jection for the first two process cycles. Thus, the right conclusions are drawn
if the threshold for the logarithmic GLR is placed between the two dashed
lines of Fig. 2.3. For the ventilation phase, leakage to the atmosphere was
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created during the first two process cycles and leakage from the nitrogen net
during cycles 2-4. Fig. 2.4 shows that with level 1%, the right conclusions
are drawn for all process cycles except the second one, where there were two
simultaneous leakages that nearly cancelled each other.

Fig. 2.5 shows a comparison of the results from pressurization and in-
jection during the first process cycle (with leakage from the atmosphere)
obtained with different numbers of Laguerre coefficients. Note that first
three coefficients are sufficient to separate the two leakage hypotheses. In
Fig. 2.6 an example of a leakage function with different Laguerre approxi-
mations is shown. Although the fit is significantly improved when the mean
is removed, still no curve is a very good approximation. Evidently, in this
case, the time-domain appearance is of limited importance compared to the
Laguerre-domain.

Figure 2.3: The logarithm of the GLR for each leakage type and each exper-
iment during pressurization and injection

7 Conclusions

Modelling and gas leakage detection in a pressurized system are discussed.
It is shown that by use of model-based methods, leakages can be detected
and isolated with high accuracy. Furthermore, representing signals by their
Laguerre coefficients is a means of reducing necessary calculations, without
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Figure 2.4: The logarithm of the GLR for each leakage type and each exper-
iment during ventilation

significantly affecting the accuracy of the results.
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coefficients and with and without removing the mean
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Abstract

This paper summarizes the implementation and industrial experi-
ences of a model-based control and gas-leakage detection system in a
coal injection plant. It describes how advanced control and monitoring
can be implemented in an industrial environment while taking human-
machine interface aspects into consideration. The operation of the ad-
vanced and the conventional concept are compared regarding evaluation
data, experiences and observations of operators and maintenance per-
sonnel. It is shown that the advanced control and monitoring system
improves plant performance without disturbing routines in plant oper-
ation and, moreover, is positively accepted by the plant operators.

1 Introduction

For a long time controllers were used in industry to automate processes, im-
prove product quality and reduce production costs. One of the best known
and most used controller types is the PID controller. It is usually employed to
control sub-processes of industrial processes in so-called single loops, where
the individual controller reacts to deviations from a given set-point or tra-
jectory with movements of a single actuator. This traditional control con-
cept and its possible design approaches are well described in the literature
(see e.g. (Franklin et al. 1994, Åström and Wittenmark 1990, Franklin et
al. 1998, Doyle et al. 1992) or (Dorf and Bishop 1998)), and it is in every
control engineer’s tool-box.

Since each control loop only deals with one process variable, such a decen-
tralized structure has its pros and cons. One of many advantages of the PID
controller is that it seems to be easy to maintain. But there is also a major
drawback. Control loops may disturb each other through process couplings,
thus preventing the individual loops from achieving their objective. Further-
more, the structure offers only one-degree-of-freedom, as only one actuator
is available.
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An obvious alternative is a more centralized structure with multiple-
inputs and multiple-outputs (MIMO) which can handle several process vari-
ables at a time, a so-called multivariable controller. One direct result is the
increase in the number of degrees-of-freedom. The controller can use multiple
actuators to achieve one control objective. Consequently, the design of mul-
tivariable controllers depends even more on the characteristics of the plant
than in the scalar case, (Skogestad and Postlethwaite 1996). Moreover, the
design procedure is more complex which is reflected in the maintenance of
a multivariable control system. This is probably why multivariable control
concepts are so rare in industry.

Still, some examples of multivariable control in industry can be found: e.g.
in vibration suppression (Denoyer and Kwak 1996), in the control of plate-like
structures (Lazarus et al. 1996) and in the control of vapour compression (He
et al. 1998). In each of these three examples a multivariable linear quadratic
gaussian (LQG) controller is used.

Fault detection and isolation is a potentially powerful tool for achiev-
ing security and effective maintenance in various types of processes. See
(Isermann and Ballé 1996) for a survey of recent simulations and implemen-
tations of fault detection systems.

The basic terminology and techniques for fault detection can be found in
the survey by (Frank and Ding 1997). State estimation by observers is often
used. A number of different techniques exist, for example Unknown Input
Observers, Dedicated Observers, Parity Space and Kalman Filter Methods.
Fault detection in non-linear systems is for example treated in (Wünnenberg
and Frank 1990) and (Zhirabok and Preobrazhenskaya 1994).

In this article multivariable control and fault detection are applied to
pulverized coal injection. Since coal is 40% cheaper than coke, injecting
pulverized coal instead of using coke is more economical. According to the
(American Iron and Steel Institute 1998), the market share of pulverized coal
for fuel is set to rise from 36% to 50% by the year 2015. This, of course, has
consequences for the blast furnace process. From a metallurgical point of
view, high coal injection rates lead to sensitivity of the blast furnace process
to coal flow variations and outages. Hence, tight control of the coal flow is
necessary. Furthermore, gas-leakages can cause unexpected stops in the coal
injection, leading to possible instabilities in the blast furnace process. Thus,
a gas-leakage detection system should be in place to detect small leakages
and thereby enable the plant maintenance to plan inspection stops. Another
advantage of an improved coal mass flow to the blast furnace is the increased
plant capacity without hardware changes.
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During the course of the project Intelligent alarm management, funded
by the Swedish National Board for Industrial and Technical Development
(NUTEK ), a preliminary study on the control and detection of gas-leakages
of fine coal injection vessels was conducted. The results indicated that further
research was needed, but should be pursued in a different framework.

Consequently, a pilot project of the Center for Process and System Au-
tomation (ProSA) at Lule̊a University of Technology was started, aimed at
analysing and re-designing the control system of the coal injection plant at
SSAB Tunnpl̊at AB in Lule̊a, (Birk et al. 1999). In this project, a model-
based control and gas-leakage detection system, called SafePCI, has been de-
veloped, tested and suggested for permanent installation. SafePCI consists
of a multivariable control concept combined with monitoring, supervision and
algorithms for the detection of gas-leakages to and from the injection vessels.
Accordingly, SafePCI is now permanently installed in SSAB Tunnpl̊at AB’s
newly purchased coal injection plant.

When it comes to the implementation of advanced control and monitor-
ing concepts, the design of the human-machine interface becomes crucial.
Maintenance and operation of SafePCI should be facilitated by an interface
that is designed with respect to man-machine aspects. Therefore, it is im-
portant to consider the experience of operators and maintenance personnel
during the design as well as following up their experiences with SafePCI.
Moreover, the success of the installation of advanced control and monitoring
concepts greatly depends on positive acceptance by the operators. Therefore,
thorough testing and caution during start-up is necessary.

The paper is organized as follows. First, the coal injection process is
briefly described and a problem definition is given in Section 2. Then,
SafePCI is presented in Section 3, where the focus is on the design of in-
terfaces and implementation. The design of the multivariable controller and
the gas-leakage detection system are only briefly described but further ref-
erences for the interested reader are given. The operation of SafePCI is
evaluated and compared with the conventional control concept in Section 4.
Finally, the experiences and observations of the operators and maintenance
personnel are presented in Section 5, followed by a short summary of the
results in Section 6.

2 The process

A coal injection plant is a highly automated plant, where incoming raw coal
is stored, ground, dried and finally injected into the blast furnace. During op-
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Figure 3.1: Coal injection plant (injection vessels, distributor and blast fur-
nace).

eration, human interaction is only needed for set point adjustments. Fig. 3.1
shows the structure of the plant, where only the injection vessels, distribu-
tor and the blast furnace are depicted. While one vessel is de-pressurized,
charged and pressurized the other vessel is injecting pulverized coal. Thus a
continuous pulverized coal flow is achieved. The control of the injection pro-
cess is complicated due to the two phase nature of the injected flow (gas plus
particles). In Table 3.1, the process phases of an injection vessel working cy-
cle (Fig. 3.2) are summarized. A more detailed picture of an injection vessel,
including some of the notations used in the following, is given by Fig. 3.3.

Table 3.1: Process phases
Phase Name Description

A Charging The unpressurised vessel is filled
with coal powder

B Pressurization The injection vessel is put under
pressure

C Pressure holding Standby until the other vessel
has finished injection

D Injection The coal powder is injected into
the blast furnace

E Ventilation Depressurization and ventilation
of the vessel
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Figure 3.2: Pressure and weight evolution during a working cycle.

Figure 3.3: Schematic drawing of an injection vessel
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Figure 3.4: Benefit of improved control. Limiting mass flow (dashed-dotted),
coal mass flow (dashed), improved coal mass flow (solid), benefit (hatched
area).

Continuous injection of coal powder is crucial for blast furnace operation.
A sudden loss of coal injection capacity may lead to ’chilled hearth’, a con-
dition that can have serious consequences for the blast furnace. Leakages
in worn-out valves can make it impossible to maintain the pressure in the
injection vessel. This fact, in addition to the cost of lost nitrogen, motivates
the development of a fault detection system to detect and isolate leakages.
In some coal injection plants, where the injection line contains air, the risk of
air leakages into the highly inflammable coal powder is an additional reason
for performing leakage detection.

Since coal powder is significantly less expensive than coke, it is desirable
to substitute as much as possible of the latter for the former. There is,
however, a limit to how much coal powder can be injected at each time
instant. Improved control of the injection rate can make it possible to increase
the flow closer to this limit and thus give economical benefits, see Figure 3.4.

Furthermore, coal powder is used to control the flame temperature in
the blast furnace. A certain ratio of coal powder, oxygen enrichment and
blast volume is computed in order to achieve a constant temperature. Thus,
improved control of the injection rate facilitates flame temperature control.

A particular problem when controlling the coal injection plant is the in-
herent MIMO nature of the process. Both the position of the flow control
valve and the pressure in the vessel affect the flow of coal powder. Further-
more, there exists no measurement of the flow itself but instead the mass
of the injection vessel has to be used. These facts explain why good perfor-
mance cannot be obtained using traditional SISO PI or PID control loops,
(Birk and Medvedev 2000).
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3 SafePCI

To minimize coal flow variations, optimize maintenance and reduce unex-
pected injection stops, a model-based control and gas-leakage detection sys-
tem, called SafePCI, is suggested. In the first design steps the dynamical
behaviour of injection vessels is modelled. Two models are developed, a
linear model which is obtained from system identification and a non-linear
model which is based on the laws of physics. The linear model is used for
the design of the multivariable controller and the non-linear model is used
for the design of the gas-leakage detection system.

SafePCI is then implemented in the control system of the coal injection
plant in two steps which are described in Subsection 3.1. A brief description
of the control system used is also given there. In the subsequent subsection,
the interfaces to the control system and for the plant operators are described.
The design of the multivariable controller is given in Subsection 3.3. Finally,
the design of supervision, monitoring and the gas-leakage detection system
are recapitulated in Subsections 3.4 and 3.5, respectively.

3.1 Structure

SSAB Tunnpl̊at Lule̊a AB uses the commonly available control system,
Honeywell-Measurex TotalPlant AlCont. It provides the engineer with a
standard function block set, from which new blocks with more functionality
can be created. Additionally, function blocks can be directly generated from
Pascal-code with freely definable input/output interface. These so-called
Pascal-blocks are treated in the same way as the standard function blocks
by the PLC. The engineer can simulate and test the blocks in an off-line
environment and download them to the PLC. Also, signal information in
all blocks of the application can be monitored on-line from a Windows NT
environment.

Since the coal injection plant is in continuous operation, SafePCI is in-
stalled as a parallel structure to the conventional controllers of the injection
vessels. This enables the engineers to maintain the conventional controllers
and SafePCI during operation of the plant. Furthermore, the conventional
controllers can be used as a backup.

For the installation of SafePCI the structure depicted in Figure 3.5 is
suggested. The gray-shaded area represent the implementation of SafePCI
with its interfaces to the operators and to the control system. During debug-
ging of the SafePCI implementation, the coal injection plant is replaced by a
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Figure 3.5: Structure of SafePCI as installed in Honeywell-Measurex To-
talPlant AlCont

plant simulator, which models the dynamic, sequential and logical behaviour
of the coal injection plant. The structure for debugging is shown in Fig-
ure 3.6. Setting up such a test structure results in a longer implementation
phase on the one hand but on the other hand reduces debugging and the test
phase and, most important, system failures during start-up. The simulator
provides also a tool for training of plant operators in maintaining the control
system.

3.2 Interfaces

SafePCI has two interfaces. In the Honeywell-Measurex TotalPlant AlCont
system the interface to the plant is constructed by creating software links to
signals from A/D input cards or signals generated in the control system.

A graphical editor can be used to create the display and controls for
the operator interface. Software links are introduced to connect the displays
and controls with signals to and from SafePCI. The control system resolves
the software links automatically and provides the necessary data transfers as
soon as screens or program blocks are uploaded from the IDE to the control
system.

Figure 3.7 shows the operator interface. The main switch for SafePCI is
placed in the upper left corner. Using this switch the operators can choose
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Figure 3.6: Structure of SafePCI during debugging

between the backup controllers and SafePCI. The upper left frame contains
the controls to adjust control parameters, and the upper right contains the
controls for the leakage detection thresholds. Evaluation data is presented
to the operator in the lower left frame, where standard deviations, residuals
from the state estimation and a coal flow estimation are given. Finally, the
results from the leakage detection are presented in the lower right frame.

3.3 The multivariable controller

The multivariable controller is a part of the loop structure depicted in Fig-
ure 3.8 and is a result of a previous study, (Birk et al. 1999).

Besides the state vector feedback controller, a Kalman filter, a feedfor-
ward controller and an actuator saturation are included in the closed-loop
system. Both the Kalman filter and multivariable controller design are based
on an identified multiple input, multiple output (MIMO) model of the process
dynamics.

The structure of an injection vessel can be described by Figure 3.3, and
the process is principally a pressurized tank process. During the injection
of coal the inlet and ventilation valves are closed. Consequently, the two
actuator signals uN and uC can be used to control the vessel. Measured
outputs of the vessel are the pressure p in the vessel and the net mass m of
the vessel. The latter is identical to the sum of the nitrogen mass mN and
the coal mass mC . Since the injection vessel is injecting coal at a certain
flow rate, the net mass of the vessel has to follow a trajectory. Using di-
rect identification, a model describing the process dynamics can be obtained.
The identification method and its application to the coal injection plant are
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Figure 3.7: Operator interface

Figure 3.8: Block diagram of the closed-loop structure
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discussed in (Fischer and Medvedev 1998), where the subspace identification
method n4sid is applied to the Laguerre spectra of the input/output data.
There was shown that n4sid performs better in the Laguerre domain com-
pared to the time domain, when it is used for identification of the injection
vessels. The obtained MIMO model is of second order and given by

x(k + 1) = Φx(k) + Γ
[
uN (k)
uC(k)

]
(3.1a)[

p(k)
m(k)

]
= Cx(k) +D

[
uN (k)
uC(k)

]
(3.1b)

As only the design methodology is outlined here, numerical values are omit-
ted. Since C is invertible, the similarity transformation x(k) = C−1x′(k) can
be applied, which yields

x′(k + 1) = CΦC−1x′(k) + C
[
uN (k)
uC(k)

]
(3.2a)[

p(k)
m(k)

]
= I2x

′(k) +D
[
uN (k)
uC(k)

]
(3.2b)

Hence, the states of the transformed dynamic system coincide with the out-
puts.

As mentioned above, the net mass of the injection vessel has to follow a
trajectory, which is usually a ramp. Hence, the open-loop system (controller
and plant) needs to include at least two integrators, in order to drive the
steady state error to zero. For Kalman filter and controller design, the iden-
tified model is augmented with a double-integrator for each of the outputs.
The resulting state space system is given by

x′a(k + 1) =


 CΦC−1 0 0

I2 I2 0
0 I2 I2




︸ ︷︷ ︸
Φa

x′a(k) +


 CΓ0

0




︸ ︷︷ ︸
Γa

[
uN (k)
uC(k)

]
(3.3a)

y(k) =


 I2 0 0

0 I2 0
0 0 I2




︸ ︷︷ ︸
Ca

x(k) +


 D0

0


[ uN (k)

uC(k)

]
. (3.3b)
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Using the standard LQG design procedure, a MIMO LQG controller with
a stationary Kalman filter is obtained (see (Birk and Medvedev 1997)). The
optimal multivariable controller can be written in the form:

xc(k + 1) =
[
I2 0
I2 I2

]
xc(k) +

[
I2
0

]
e(k) (3.4a)

e′(k) =


 0 0
I2 0
0 I2


xc(k) +


 I20

0


 e(k) (3.4b)

[
uN (k)
uC(k)

]
= −Kr · e′(k), (3.4c)

where e(k) = r(k)− y(k) =
[
pref(k)− p(k)
mref (k)−m(k)

]
.

The measurement signal vector y(k) contains the pressure p(k) and the
net mass m(k), whereas the reference signal vector contains the pressure
set-point pref(k) and the net mass trajectory mref (k).

3.4 Monitoring and supervision

Malfunction of a controller can be caused by hardware failures in the coal
injection plant or a part wearing out. Therefore, operators have to monitor
a number of control loops in a plant. Automatic supervision and monitoring
supports the operators’ work and facilitates the detection of malfunctions.

Hence, SafePCI is equipped with automatic monitoring and supervision.
In addition to the LQ optimal-multivariable controller, back-up controllers
are available. During injection, deviations from set-points and residuals are
evaluated. Using pre-defined thresholds, the supervision function is enabled
to take decisions on controller malfunction. In case of a detected malfunction,
a back-up controller is used instead of the MIMO-LQG controller.

To facilitate supervision and trend analysis by the operators, the control
performance is monitored on-line. Throughout operation of the plant evalu-
ation data is computed and presented on the operator screen. The quantities
are:

• Standard deviations in mass and pressure

• Mean values of mass and pressure residuals

• Least squares estimate of the coal mass flow
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Since the coal mass flow is not directly measured and only an estimate based
on differentiation is available, SafePCI provides a least squares estimate of
the coal mass flow.

3.5 Leakage detection

Leakage detection is performed during the ventilation phase. A non-linear
model for the injection vessel during this phase, based on physical principles
is given by

ṁN = AVmN +BV fgas(p, pA)uV + qL (3.5)
ṁC = 0
y = h(mN ,mC)

where AV and BV are constants obtained by identification. The input uV is
the control signal to the ventilation valve and fgas is a function describing
the flow of a gas through a pressure drop. The state variables mC and mN

represent the masses of coal and nitrogen in the vessel and the output vector
y = [m p]T is the mass and the pressure in the vessel, respectively. The
transformation h(mN ,mC) relating the state to the output vector is uniquely
invertible (Johansson and Medvedev 1999).

Three different types of leakages are considered (Table 3.2). The set of
leakages is denoted

L �
= {A,N ,I, ∅}

A leakage can be interpreted as the flow through a valve with an unknown
control signal. The nitrogen leakage flow can thus be represented by

q� = k�f� (·) H ∈ L (3.6)

where k� is an unknown time-varying factor and f� (·) is a function of the
pressures on each side of the leakage. The trivial leakage function for the
event of ‘No Leakage’ is f∅ = 0. The other leakage functions (fA, fN and fI)
are developed from the non-linear physical model.

A linear observer for (3.5) was designed and it was shown that the observer
residual is an approximation of the leakage flow q̂L scaled by a constant.

The factor k� in (3.6) is a measure of the size of the hole through which
the leakage flow takes place. This means that k� varies slowly in time when
describing incipient leakages. If k� is assumed to be constant during a reason-
ably long period of time (for example a ventilation phase), it can be estimated
using the Generalized Likelihood Ratio.
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Table 3.2: Leakages
Leakage Possible consequence Notation
To the atmosphere Loss of nitrogen and pressure drop in the

vessel
A

From the nitrogen net Over-pressurized vessel N
To/from the injection
pipe

Loss of nitrogen and pressure drop in the
vessel. Fire if the injection line contains air

I

No Leakage - ∅

Four hypotheses (H∅, HA, HN and HI) are formed in agreement with the
leakage events. The three leakage hypotheses are tested one by one against
H∅ using the Generalized Likelihood Ratio (GLR). If H∅ is rejected in more
than one of these tests, the hypothesis with the highest GLR is accepted.
The GLR for each leakage hypothesis is

Λ� (q̂L) =
supk�>0 P� (q̂L)
P∅ (q̂L)

where P� is the likelihood function for hypothesis H�. The restriction on k�

comes from the fact that a negative k� would imply a leakage flow from a
lower pressure to a higher. The leakage type with the highest GLR is chosen
and the size of this leakage is compared to the detection threshold set by the
operators. If the threshold is exceeded then the null hypothesis is rejected
and a leakage has occurred.

See also (Johansson and Medvedev 1999) for more details on the leakage
detection scheme.

4 Evaluation

After the parameters adjustment of SafePCI, evaluation data is logged using
SSAB Tunnpl̊at’s measurement database MÖSS. Since MÖSS stores data
over a long time period it is possible to obtain data sets afterwards. There-
fore, adequate data sets for a comparison of the conventional control and
SafePCI can be chosen. As mentioned above the mass flow is not measured
directly. Instead, an estimate based on a numerical differentiation of the
mass signal is available in MÖSS and will be used for the evaluation.

Since the set point for the coal mass flow varies, specifications for the eval-
uation data have to be set up. First, the mean value of the coal mass flow set
point over the evaluation period must not deviate more than 1 (t/h). Second,
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Figure 3.9: Comparison of the coal mass flow deviation. (a) conventional
control, (b) SafePCI.

the data set should contain high and low injection rates. Furthermore, the
data set should be continuous and reflect at least 8 hours of operation.

Figure 3.9 shows the absolute deviation of coal mass flow from the set-
point for SafePCI and the conventional controller. Obviously, the coal mass
flow variations are reduced. Apart from some peaks, the deviations are less
than 1 (t/h). Comparing the relative deviations of the coal mass flow from
the set-point (see Figure 3.10) shows that the relative deviations are mostly
less than 5%.

For the quantitative analysis, the standard deviation and the maximum
deviation are used. These measures are applied to the relative and absolute
deviation from the flow set point. Table 3.3 summarizes the results and
gives the percentage improvement achieved by SafePCI compared to the
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Figure 3.10: Comparison of the relative coal mass flow deviation. (a) con-
ventional control, (b) SafePCI
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Table 3.3: Quantitative evaluation
Conventional
Control

SafePCI Improve-
ment (%)

Standard deviation (t/h) 0.81 0.40 51.53
Maximum deviation (t/h) 4.51 2.62 41.95
Relative standard deviation (%) 3.88 1.73 55.32
Relative maximum deviation (%) 27.13 11.89 56.19

conventional control.

During the start-up and the evaluation period SafePCI gave some indi-
cations on leakages from the nitrogen net. These indications were probably
due to temporary clogging of the ventilation valve which, to the detection
algorithm, will appear as a leakage into the vessel.

5 Experiences and observations

To follow-up the installation of SafePCI, the operators and maintenance per-
sonnel were interviewed about their experiences and observations during the
operation of the coal injection plant under SafePCI.

The overall opinion was that a smooth transition from the conventional
control system to SafePCI had been achieved. During start-up and operation
no unexpected stops occurred due to a malfunction of SafePCI.

It has been observed that vibrations in the injection lines have reduced.
According to the operators, this is an indication of an evenly divided flow
from the distributor. Furthermore, the mechanical wear-out in the injection
pipes is thus reduced.

When clogging occurs in one of the injection pipes, the coal flow is dis-
tributed to the remaining unclogged pipes, resulting in an unbalanced dis-
tribution of coal in the blast furnace raceway. Consequently, the amount
of unburned coal is not evenly distributed and can lead to instabilities in
the blast furnace process. Usually, the coal injection is stopped for a short
time and the clogged pipe is purged. If clogging is detected in time, blast
furnace operation is not affected. Since SafePCI was put into operation, the
occurrence rate of clogging has reduced.
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6 Conclusions

The installation of the model-based control and gas-leakage detection system
SafePCI in SSAB Tunnpl̊at’s coal injection plant is described. The system
comprises an LQ optimal-multivariable controller, with a supervision and a
gas-leakage detection system based on a non-linear model for the injection
vessels.

SafePCI was then compared with the conventional control concept using
evaluation data. The comparison was complemented with an analysis of the
operators’ experiences and observations during operation of the plant under
SafePCI.

The short term comparison has shown that advanced control and moni-
toring concepts improve plant performance, are positively accepted by plant
operators and can be installed during normal production in so that plant
operation is not disturbed.
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Wünnenberg, Jürgen and Paul M. Frank (1990). Dynamic model based incip-
ient fault detection concepts for robots. In: Preprints of the 11th IFAC
World Congress. Vol. 3. pp. 76–81.

109



Implementation and Industrial Experiences of Advanced Control and
Monitoring in Coal Injection

Zhirabok, A. and O. Preobrazhenskaya (1994). Robust fault detection and
isolation in nonlinear systems. In: Proceedings of IFAC Symposium
”Safeprocess’94”. pp. 244–248.

110



Paper 4

Detection of Incipient
Clogging in Pulverized Coal
Injection Lines

111



This paper has been published in IEEE Transactions on Industry Appli-
cations, 36:877-883, May/June 2000

112



Detection of Incipient Clogging
in Pulverized Coal Injection Lines

Andreas Johansson and Alexander Medvedev

Lule̊a University of Technology, 971 87 Lule̊a, Sweden

Abstract

This paper deals with the detection of clogging in the coal injection
lines of a blast furnace. A physical model is developed and augmented
with a signal that represents clogging. A nonlinear observer is pro-
posed and shown to have any predefined convergence rate. An adaptive
detection threshold scheme which is robust against time-varying uncer-
tainties is employed. Simulations and experiments with real data are
carried out to illustrate the usefulness of the methods.

1 Introduction

The injection of coal powder is an important tool for reducing the costs and
increasing the controllability of the blast furnace process. Coal powder is
less expensive than coke and it is injected directly into the active zone of
the blast furnace in contrast to coke that has a delay of several hours before
reaching this region.

Prerequisites for taking advantage of these benefits are that the coal injec-
tion plant is reliable and distributes the coal powder evenly around the blast
furnace. Clogging of the individual injection lines conveying the coal powder
is a problem that often arises in this context. See also (Birk et al. 1999) for
a design approach and a successful implementation of an improved control
system for a coal injection plant.

Early stages of clogging can be dealt with by purging the line with ni-
trogen or even by sending a pulse to a control valve. Severe cases may, on
the other hand, demand that the line has to be disassembled and cleared
manually. Thus, in order to uphold even distribution of coal powder and to
avoid maintenance stops, preventive actions must be taken at an early stage
of clogging. However, to avoid extensive wear of the equipment, this must be
done only when necessary.

Furthermore, the complicated relation between the pressures and control
signals on the one hand and the coal powder flow on the other hand calls
for an automatic detection method. These facts motivate the use of fault
detection techniques for detecting clogging as early as possible.
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This paper describes modeling of the injection process and the use of fault
detection to determine if a clogging is building up. Successful model-based
methods for detecting gas leakages have been developed before (Johansson
and Medvedev 1999, Johansson et al. 1998). A leakage, which is caused by
a hole, and a clogging, which can be regarded as an orifice, can both be
described by valve models.

There exist several approaches to fault detection. For a recent survey
see (Frank and Ding 1997). Common for many of the model-based fault
detection techniques is the use of an observer. The purpose of the observer
is to compare the nominal behaviour of the plant to the actual measured
signals and generate a residual as the difference between those. The residual,
which contains information about faults, can then be analyzed directly, by
e.g. some stochastic or deterministic approach. Otherwise, the observer can
be augmented by an extra state variable that represents the fault and the
residual is used as input when estimating this signal.

In this paper, the latter approach is used and the fault is seen as a bias
to be estimated. Reference (Boutayeb et al. 1997) is a recent paper on the
use of the separate-bias technique with numerous references to other articles
on this subject. See also (Isermann and Ballé 1996) for a survey on various
applications of fault detection.

The coal injection plant described in this paper is installed at LKAB’s
experimental blast furnace at the Foundation for Metallurgical Research,
MEFOS1, in Lule̊a, Sweden.

2 Modeling

The experimental blast furnace at MEFOS has three injection lines, each one
equipped with flow and pressure sensors and a flow control valve (Fig. 4.1).

A pressure sensor is also installed on the injection vessel from which the
flow emerges. The symbols in the figures are explained in Table 4.1.

A clogging is regarded as a restriction with unknown area af . In the
nominal model (no clogging), the entire pressure drop p0 − p is assumed to
take place in the control valve and none in the piping (or clogging). Thus,
the fault-free case must be equivalent to clogging with infinite area. This
is of course not very accurate when af is large. In the analysis, however,
the inverse of af will be used instead, which will be small in the case of no
clogging.

1http://www.mefos.se/
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Figure 4.1: Overview of the injection system

Symbol Meaning
Coal line with indicated flow direction

Control valve

Other restriction e.g. clogging

Pressure sensor

Flow sensor

Table 4.1: Explanation of symbols
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The location of a clogging can principally be divided into two categories.
Fig. 4.2 shows the first case when the clogging, represented as an extra valve,
is located after the pressure measurement. In this case, the clogging detec-

Figure 4.2: Clogging after the pressure measurement

tion comes down to detecting a nonzero pressure drop p − pF where pF is
the pressure in the furnace. This pressure is not measured, but it can be
approximated by e.g. the minimum or the mean of the pressures of the other
injection lines, if these are assumed not to be clogged. Due to measurement
noise and the error in the approximation of pF , the pressure drop p − pF is
almost always nonzero, even when there is no clogging, Thus some measures
must be taken in order to avoid false alarms. Low-pass filtering of the pres-
sure drop reduces the effect of measurement noise and a detection threshold
that accounts for the possible error in pF must be included.

Fig. 4.2 shows the second case, where the clogging is located before the
pressure measurement. It can also be located before the control valve, but
this makes no difference in the analysis.

Figure 4.3: Clogging before the pressure measurement

2.1 Liquid flow model

Since the coal powder is rather dense in the injection lines, it is regarded as
a liquid. The flow of liquid through a restriction can be calculated as

q = a
√

2ρ∆p (4.1)
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where ∆p is the pressure drop over the restriction, ρ is the density of the
fluid and a represents the minimum cross-section area of the restriction.

Analysis of the system in Fig. 4.3 involves determining the flow through
restrictions connected in series. Fig. 4.4 shows the general situation with
N restrictions. The intermediate pressures pi, i = 0, 1, ..., N and the cross-
section areas ai, i = 1, 2, ..., N are indicated.

Figure 4.4: Restrictions connected in series

The flow q can be calculated using (4.1) applied to the i:th restriction as

q = ai

√
2ρ(pi−1 − pi)

Multiplying the above expression by a−1i and taking the square yields

a−2i q
2 = 2ρ(pi−1 − pi)

Finally, summing over all i = 1, 2, ..., N and isolating the flow q gives

q =

(
N∑

i=1

a−2i

)−1/2√
2ρ(p0 − pN ) (4.2)

Applying (4.2) to the situation in Fig. 4.3 yields

q =
(
a−2 + a−2f

)−1/2√
2ρ(∆p)

where ∆p = p0 − p.
The area of the restriction in the valve is assumed to be proportional to

the control signal, thus a = ku. Since af = ∞ is equivalent to no clogging,
defining the fault signal as f = a−2f then gives the desired property that
clogging is equivalent to f > 0. With these definitions, the flow can be
expressed as

q =
(
(ku)−2 + f

)−1/2
g(∆p)
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where

g(∆p)
�
=
{ √

2ρ(∆p) ∆p > 0
0 Otherwise

since the flow is prevented from going backwards.
Under normal operation, the fault signal is small, and it is therefore

motivated to linearize the system around f = 0. This is done by taking the
derivative of the flow with respect to the fault signal. For small f = δf , the
flow q can thus be approximated by

q = kug(∆p) +
∂q

∂f
δf (4.3)

where the derivative ∂q/∂f is

∂q

∂f
= −k

3

2
u3g(∆p)

�
= q′f (u,∆p)

Since u and ∆p are time varying, the functions g(∆p) and q′f (u,∆p) will
be replaced by g(t) and q′f (t) for convenience.

2.2 Identification of valve coefficient

The only unknown parameter in the process model (4.3) is the proportional
constant of the valve characteristic k, which can be estimated through iden-
tification. Fig. 4.5 shows a simulation of a model where k is estimated from
logged data by a least squares criterion.

From the figure, it is evident that although the level of the flow is pre-
dicted very well, the fast oscillations in the simulated signal are not so promi-
nent in the measured signal. The oscillations, that are due to a poorly tuned
controller are obviously damped by some dynamics in e.g. the flow control
valve.

3 Clogging detection

It is assumed that a clogging develops slowly, and therefore the fault model
ḟ = 0 is accepted. The process model can thus be expressed as

ḟ = 0
y = ku(t)g(t) + q′f (t)f
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Figure 4.5: Simulated flow (solid line) versus measured flow (Dashed line)

where y = q is the output signal. The following observer is proposed for the
system above

˙̂
f =

K

q′f (t)
(y − q̂)

q̂ = ku(t)g(t) + q′f (t)f̂

where K is a parameter to choose. If the pressure drop ∆p ≤ 0 then there
is no flow and the system is unobservable. Therefore, the clogging estimate
f̂ is set to zero in this situation.

The estimation error is defined as ε
�
= f − f̂ . A differential equation for

ε is obtained by calculating the derivative.

ε̇ = ḟ − ˙̂
f =

−K
q′f (t)

(y − q̂)

=
−K
q′f (t)

(
u(t)g(t) + q′f (t)f − u(t)g(t) − q′f (t)f̂

)
= −K(f − f̂) = −Kε

The estimation error can thus be made to converge to zero arbitrarily fast
by choosing the parameter K > 0 sufficiently large.
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3.1 Sensitivity analysis

The measurement of the mass flow q is done indirectly by multiplying the
measured velocity of the coal powder by an estimated density. This makes the
flow measurement rather uncertain, which fact motivates the introduction of
a time-varying, multiplicative uncertainty, ∆q(t) i.e.

y(t) = q(t)(1 + ∆q(t))

Furthermore, due to nonlinear characteristic of the control valve, an uncer-
tainty factor ∆k(t) is introduced in the expression for the cross-section area
a, thus

a(t) = u(t)k(1 + ∆k(t))

In the nominal plant, the fault signal is zero, which under the uncertainties
above gives the measurement signal

y(t) = (1 +∆q(t))(1 + ∆k(t))ku(t)g(t)

The uncertainties can be represented by one parameter

∆(t) = ∆q(t) +∆k(t) + ∆q(t)∆k(t)

which is limited by |∆(t)| < δ. Using ∆ as uncertainty parameter, the
measurement signal can be expressed as

y = (1 +∆(t))ku(t)g(t)

When uncertainties are present, the estimation error ε can thus be calcu-
lated by

ε̇ = ḟ − ˙̂
f =

−K
q′f (t)

(y − q̂)

=
−K
q′f (t)

(
(1 + ∆(t))ku(t)g(t) − ku(t)g(t) − q′f (t)f̂

)
= −K∆(t)ku(t)g(t)

q′f (t)
−Kε = 2K∆(t)

k2u(t)2
−Kε (4.4)
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3.2 Modified observer

Since the fault signal f can never be negative, the observer can be modified
to

˙̂
f =

{
0 (f̂ = 0) ∧ (f̂d ≤ 0)
f̂d Otherwise

(4.5)

q̂ = ku(t)g(t) + q′f (t)f̂

where
f̂d =

K

q′f (t)
(y − q̂)

The above modification to the observer ensures that the fault estimation does
not go below zero.

4 Threshold selection

Since the estimated fault f̂ will be nonzero almost all the time, due to mea-
surement noise and model uncertainties, a threshold ϕ is needed. Clogging is
thus said to have taken place if f̂ > ϕ. To avoid false alarms, the threshold
should be designed so that f̂ < ϕ provided that there is no clogging and
the uncertainties are inside the specified bounds. The threshold should thus
satisfy

ϕ(t) = sup
|∆|<δ,f=0

f̂(t)

An upper bound for the fault estimate f̂ in the case of no fault must
therefore be calculated. But since ε = −f̂ when f = 0, the error equation
(4.4) with ε substituted by −f̂ can be used. The clogging estimate f̂ is thus
determined by the differential equation

˙̂
f +Kf̂ = h(t) (4.6)

where

h(t) = −2K∆(t)
k2u(t)2

The differential equation (4.6) is linear and time-invariant and has the solu-
tion

f̂ = e−Kt

(∫
eKth(t)dt + C

)
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where the constant C must be determined by some initial condition. If it is
assumed that the observer is initialized to zero i.e. f̂(0) = 0 then the solution
reduces to

f̂(t) = e−Kt

∫ t

0
eKτh(τ)dτ

= −2K
k2
e−Kt

∫ t

0

∆(τ)eKτ

u(τ)2
dτ

The threshold is determined by calculating an upper bound for the estimated
fault signal f̂

|f̂ | ≤
∣∣∣∣−2K
k2
e−Kt

∫ t

0

∆(τ)eKτ

u(τ)2
dτ

∣∣∣∣
≤ 2K

k2
e−Kt

∫ t

0

|∆(τ)|eKτ

u(τ)2
dτ

≤ 2Kδ
k2
e−Kt

∫ t

0

eKτ

u(τ)2
dτ

The last expression is defined to be the threshold

ϕ(t) =
2Kδ
k2
e−Kt

∫ t

0

eKτ

u(τ)2
dτ (4.7)

The expression (4.7) is however not very practical to use numerically, since
the growing integral is to be multiplied by a decreasing exponential function.
In order to obtain a differential equation instead, the time derivative of the
threshold is calculated as

ϕ̇(t) =
2Kδ
k2

(
−Ke−Kt

∫ t

0

eKτ

u(τ)2
dτ +

1
u(t)2

)
which can be simplified to give the differential equation

ϕ̇(t) = −Kϕ(t) + 2Kδ
k2u(t)2

4.1 Modified threshold

If the modified observer (4.5) is used, then the following equation for calcu-
lating the threshold can be applied.

ϕ̇(t) =

{
−Kϕ(t) f̂ = 0
−Kϕ(t) + 2Kδ

k2u(t)2
Otherwise (4.8)
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The threshold above will converge to zero whenever the clogging estimate is
zero.

5 Simulations

The conditions of the simulations are the following. The control valve param-
eter is k = 10−4m2, uncertainty bound δ = 0.1, pressure drop ∆p(t) = 70 kPa
and valve uncertainty ∆k(t) = 0. The control signal is changed from 0.3 to
0.2 at t = 40 s and the observer parameter K is set to 0.1.

In the first example the flow measurement uncertainty ∆q is changed
from 0 to −0.08 at t = 20 s. The clogging area af is changed from ∞ to
0.5·10−4 m2 at t = 60 s. Fig. 4.6 shows the real and the estimated fault signal
as well as the detection threshold. The fault estimate exceeds the detection
threshold in 3.5 seconds after the clogging has occurred at t = 60 s. Fig. 4.7

Figure 4.6: Example 1. Fault signal (dashed line), fault estimate (solid line)
and detection threshold (dash-dotted line)

shows the measured and the estimated mass flow. Note the small decrease
in flow that the clogging introduces at t = 60 s.

In the second example, a sequence of uniformly distributed random num-
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Figure 4.7: Example 1. Flow measurement (dashed line) and flow estimate
(solid line)

bers between −0.1 and 0.1 with sampling time 1 second is used as the
measurement uncertainty. The clogging area is somewhat smaller, af =
0.3 · 10−4 m2. Fig. 4.8 and Fig. 4.9 show the fault signals and the mass flow
signals, respectively. Detection of the clogging is done within 9 seconds after
it has taken place.

In the third example, the modified observer and threshold are used.
Fig. 4.10 and Fig. 4.11 show the fault signals and the mass flow signals,
respectively. The clogging is detected in 6 seconds after it as has occurred.

From the figures above it is evident that the estimate of the fault signal
f is not very accurate. There are two reasons for this.

1. There are uncertainties in the valve characteristic and the flow mea-
surement.

2. The process model used in the observer is a linearization of the physical
process model and is only valid for f ≈ 0.

The numerical value of the fault signal is, however, not important, since it is
only used to determine whether there is clogging or not.
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Figure 4.8: Example 2. Fault signal (dashed line), fault estimate (solid line)
and detection threshold (dash-dotted line)

Figure 4.9: Example 2. Flow measurement (dashed line) and flow estimate
(solid line)
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Figure 4.10: Example 3. Fault signal (dashed line), fault estimate (solid line)
and detection threshold (dash-dotted line)

Figure 4.11: Example 3. Flow measurement (dashed line) and flow estimate
(solid line)
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5.1 Experiments with real data

Fig. 4.12 and Fig. 4.13 show simulations with measured data. In Fig. 4.13,
the modified observer (4.5) and threshold (4.8) is used. The uncertainty
parameter δ is set to 10 % and the filter parameter K is then adjusted so
that no alarm is raised when simulating with identification data. Note that
the fault estimate never exceeds the detection threshold, that is, no false
alarm is raised.

Figure 4.12: Simulation with real data. Fault estimate (solid line) and de-
tection threshold (dash-dotted line)

Experiments were also performed with simulated clogging. This was ac-
complished by closing manual valves. Fig. 4.14 shows the results. Clogging
before the pressure measurement (as in Fig. 4.3) is introduced at t = 4315
and t = 4505, which is detected by the algorithm. Clogging after the pres-
sure measurement (Fig. 4.2) is also tested at t = 3685 and t = 4025, but
not detected since the algorithm is developed for the other kind of clogging.
After the valve is opened at t = 3745, however, a clogging is detected, since
the flow does not start immediately.

6 Future work

An extension to the method for the case when flow measurement is not avail-
able will be developed. Preliminary results show that by using the measure-
ment of the weight of the injection vessel, an observer can be constructed that
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Figure 4.13: Simulation with real data using the modified observer and the
modified threshold. Fault estimate (solid line) and detection threshold (dash-
dotted line)

Figure 4.14: Clogging experiments. Fault estimate (solid line) and detection
threshold (dash-dotted line). Clogging is detected at t = 3877, t = 4318, and
t = 4507.
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under certain conditions can detect and isolate a clogging in an injection line.
The presented method for clogging detection will be implemented as an

option in the next version of SafePCI (Birk et al. 1999), which is a com-
mercially available system for control and fault detection in pulverized coal
injection plants.

7 Conclusions

A method for detecting clogging in the coal injection pipes of a blast furnace
process was presented. This was done by developing a physical model and
a corresponding observer for the injection lines. The observer has a state
variable that represents the clogging. An adaptive threshold, which is ro-
bust against time-varying uncertainties was also suggested. Simulations and
experiments with measured data showed that the method is useful.
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Abstract

The problem of metal analysis estimation in real time for the basic
oxygen steelmaking process is considered. A nonlinear observer is de-
veloped and shown to be locally asymptotically stable. In experiments
with real data, it provides accurate estimates of the carbon content in
the converter.

1 Introduction

The top blown basic oxygen method has been used for 50 years and is today
the predominant process for steelmaking. In 1995 it accounted for nearly
60 % of the world total crude steel production of almost 750 million metric
tons.

The aim of the process is to reduce the contents of carbon and silicon and
other components in the hot metal from the blast furnace. The main quality
measure of the final product is the carbon content. On the one hand, if the
preset upper limit is exceeded, then the process must be repeated, which is
very time consuming.

On the other hand, there is a considerable extra cost in terms of con-
sumption of resources, such as oxygen, energy, and production time, when
the final carbon content is made unnecessarily low.

Being able to accurately estimate the metal analysis, especially the con-
tent of carbon, is thus important for ensuring the quality of the steel, mini-
mizing the consumption of resources and to avoid re-blowing. The use of an
analytical process model is a promising way of achieving this.

There exist a few commercial systems for on-line estimation of metal
analysis, e.g. MEFCON1, developed by the Foundation for Metallurgical
Research, MEFOS in Lule̊a, Sweden. MEFCON has a carbon content hitting
rate of 95 % in a window of width 0.007 - 0.012 % depending on the final
carbon content.

1http://www.mefos.se/
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To obtain higher estimation accuracy and robustness against modeling
errors and measurement noise, it is necessary to utilize multiple information
sources, i.e. both a model and the relevant measurements. This calls for
feedback of the estimation error, i.e. constructing an observer. Since the
process is highly nonlinear and has direct coupling between input and and
output, this is a nontrivial task.

Observers for nonlinear systems are for example treated in (Misawa and
Hedrick 1989). The following approaches are often applied for observer de-
sign.

Stochastic methods Utilizing the statistical properties of the disturbances,
the Kalman filter gives optimal estimates of the state for a linear sys-
tem. The Extended Kalman Filter and the Statistically Linearized Fil-
ter are methods which seek to extend this property to observers for
nonlinear systems.

Linearization It is sometimes possible to find a transformation that brings
the nonlinear system into a linear one. If this global linearization fails, it
is still often possible to perform a local linearization, i.e. to approximate
the nonlinear system by a linear system in the vicinity of operating
points. Either way there are numerous design techniques for linear
systems.

Gain scheduling (for example the Extended Linearization Method) gives
desired behaviour (in terms of e.g. eigenvalues or convergence rate) in
the neighborhood of operating points.

Uncertainty approach By regarding the nonlinearities as perturbations
from a linear system, methods for observer design for uncertain linear
systems can be used.

2 Process description

Fig. 5.1 is a schematic drawing of the converter process with its raw materials
and products.

The operation is started by charging scrap and hot metal into the vessel.
Also slag forming agents are fed into the converter. Other additives, such as
fuel, in the form of ferrosilicon or coke, and cooling agents, in the form of
iron oxides, can be added throughout the blow.
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Figure 5.1: The top blown converter process

Oxygen (O2) is blown at a supersonic speed onto the metal surface and
oxidises the metal components, mainly iron (Fe), silicon (Si), manganese
(Mn), and carbon (C). The oxides, together with metal droplets, form a
foaming slag, in which more carbon will react with the oxides and produce
carbon monoxide (CO). In combination with oxygen, some of the carbon
monoxide will produce carbon dioxide (CO2).

The process is controlled by an operator, who judge the state of the pro-
cess based upon a number of measurements, for instance sound level mea-
surement obtained by a sonicmeter and analysis of the off-gas (Widlund et
al. 1998). The sound level gives information of the thickness of the foaming
slag, while the off-gas analysis provides information on the decarburization
rate, i.e. the rate at which carbon is oxidised. Other commonly used mea-
surements are off-gas temperature and lance vibration. It is also possible
to obtain measurements of temperature and oxygen level in the liquid metal
using a sublance or an expendable drop sensor. The sublance also gives in-
formation of the carbon content, but these measurements can only be done
at discrete times, typically once every blow.

The process is stopped by the operator when the content of carbon in the
metal is considered right, based upon the available measurements. The op-
erator may also visually monitor the flame drop above the converter mouth.
The quality of the final product is therefore highly dependent on the experi-
ence and the judgement of the individual operator.
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Figure 5.2: The process model

3 Process model of the steel converter

A process model (Fig. 5.2) has been developed at the Division of Metallurgy
of the Royal Institute of Technology in Stockholm.

The principles behind the model can be described as follows, referring to
the blocks of the figure.

CBAL, SIBAL Integrators keeping track of the carbon and silicon content,
respectively.

STOFT Calculates the generation of dust, which is assumed to be 10 kg/ton
of steel.

ANALYS Converting the total contents (in moles) into fractions.

DEKOL1 For the main part of the blow, the blowing rate of oxygen will be
the rate limiting step for the decarburization, with an initially strong
influence from the Si oxidation. At low carbon content the decarbur-
ization rate becomes diffusion controlled and thus proportional to the
difference between the actual and the lowest achievable carbon content.
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GASCOMP This module relates the analysis of the off-gases to the decar-
burization rate. It is assumed that oxygen from air that leaks in reacts
with the carbon monoxide until there is no CO in the off gases leaving
the converter. O2 will be present in the off gases until the CO amount
in the off gases exceeds twice the amount of O2 in the leakage air.

Expressing the above in mathematical terms yields the differential equa-
tion

ṗ = Ap+Bw + Eh (p, fO2)
ψ = g (h(p, fO2), fog)

(5.1)

where the state vector p =
[
pSi pC

]T represents the total contents of C
and Si in the metal, given in moles. See Fig. 5.2 for notation.

The metal analysis ρ is related to the state vector as

ρ =
[
ρSi ρC

]T =
1
m

[
KSipSi KCpC

]
where KSi and KC represent the molar weight of silicon and carbon, respec-
tively, and m is the total weight of the liquid metal, i.e.

m = KFepFe +KSipSi +KCpC

where KFe and pFe are the molar weight and content of iron in the liquid
metal.

The mass of the liquid metal is dominated by the iron component which
varies only slightly due to oxidation and adding of scrap. Considering the
mass as constant is thus motivated and simplifies the model significantly.

Oxidation of Si and forming of dust of C and Si is assumed to be propor-
tional to the contents of these components. Thus the linear part of (5.1) is
asymptotically stable since

A =
[ −(kθ + kSi) 0

0 −kθ

]
where the coefficients kθ and kSi are both positive.

The function h(p, fO2) denotes the decarburization rate and therefore only
affects the content of C through the vector E = [0 − 1]T .

3.1 Input signals

Inflow of oxygen and the off-gas flow are represented by fO2 and fog, respec-
tively. The contribution of C and Si from scrap and other additives constitute
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the vector w. It is assumed that the additives dissolve at a constant rate and
thus the elements of w have the form

wi(t) =
{
mi/Ti ti < t < ti + Ti

0 Otherwise

where ti is the time at which the amount mi of C or Si from additive i is
added and Ti is the time it takes for the additive to completely dissolve. The
matrix B consists of two rows of zeros and ones which determines whether
the corresponding additive contributes to the amount of C or Si.

The main source of uncertainty in the model arises here. Both the dis-
solving times Ti and the amounts mi of C and Si in particularly the scrap
are poorly known.

3.2 Output signals

The measured output vector ψ (see Appendix A) is the off-gas analysis. It
has a time delay due to the time it takes to transport the gas to the analysis
equipment but this is neglected in the analysis.

Since the three components in the off-gas analysis depend only on the
decarburization rate, they can be regarded as redundant measurements of the
latter. An estimate ȳ of the decarburization rate can therefore be obtained
from the analysis using e.g. a least squares criterion.

ȳ = φ(ψ, fog)

By using this estimate as output signal, it is possible to reduce the nonlin-
ear multiple output system (5.1) into a single output system with a nonlinear
output transformation and output injection.

ṗ = Ap+Bw + Ey
y = h(p, fO2)

(5.2)

When the model is run in open-loop (Fig. 5.3, dashed line), it does not
produce estimates of the carbon content that agree with the measured final
values (Fig. 5.3, cross). Feedback of the off-gas analysis, however, has the
potential to improve the results.

4 State estimation

A solution where all three components of the off-gas analysis are fed back
to the model (solution A in Fig. 5.4) requires a complicated nonlinear feed-
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Figure 5.3: Estimate of carbon content from experimental data using no
feedback (dashed line) and linear feedback (solid line). Cross marks measured
final value

back transformation. If the analysis is used to produce an estimate of the
decarburization rate, however, a simpler feedback can be used (solution B).

A linear feedback can be adjusted so that the estimated carbon content
converges to the measured final value (Fig. 5.3, solid line). This is how-
ever accomplished at the price of unreliable estimates during the rest of the
blowing period. Note for example that the carbon content seems to increase
during one time interval which is not realistic.

The failure of the linear feedback can be explained with the sensitivity of
the output with respect to the state vector (Appendix A), i.e.

h′(p, fO2)
�
=
∂h(p, fO2)
∂p

Fig. 5.5 shows the sensitivity to the silicon content (dotted) and to the
carbon content (dash-dotted). Since the output signal is expressed in moles
per second and the unit of the state vector is moles, the sensitivity has the
unit s−1. It can be seen that the output is sensitive to the carbon content
only during the last part of the blowing period. Intuitively, there is little
gain in feeding back the output error to a particular state variable when the
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Figure 5.4: Two observer structures.
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Figure 5.5: Sensitivity of the output to the silicon content (dotted) and to
the carbon content (dash-dotted) during an entire blow
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output is insensitive to that state variable.
An observer is therefore proposed where the output error is weighted by

the sensitivity of the output with respect to the state i.e.

˙̂p = Ap̂+Bw + Ey + kh′(p̂, fO2)(ȳ − ŷ)
ŷ = h(p̂, fO2)

(5.3)

where the gain k is a scalar.
The suggested observer could be compared to the Extended Kalman Filter

where the output error is fed back using the gain

K(t) = P (t)h′(p̂, fO2)R
−1(t)

where R(t) represents the covariance of the measurement noise and P (t) is
an approximation of the covariance of the estimation error. The latter is
obtained by solving a time-varying Riccati equation, which leads to consid-
erable computational complexity and makes it difficult to verify the stability
of the observer.

Analogies can also be made to the MIT rule for updating parameters of
an adaptive control system (Åström and Wittenmark 1995). The parameters
θ are changed along the negative gradient of a quadratic loss function which
leads to

θ̇ = −γe∂e
∂θ

where e is the output error and γ is a weighting factor. Identifying p̂ as the
parameter vector and ȳ − ŷ as the output error this leads to

˙̂p = −γ(ȳ − ŷ) ∂
∂p̂

(ȳ − ŷ) = γh′(p̂, fO2)(ȳ − ŷ)

which is the feedback term of (5.3).

4.1 Stability analysis

Proposition 2 Given system (5.2) and observer (5.3), then the error p̃ =
p − p̂ is locally asymptotically stable in the neighborhood of p̃ = 0 if k ≥ 0
and A+AT is negative definite.

Proof. The error dynamics are

˙̃p = Ap̃− kh′(p̂, fO2)(ȳ − ŷ) (5.4)
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Linearizing (5.4) around p̃ = 0 yields

˙̃p ≈ Φp̃ (5.5)

where

Φ =
∂ ˙̃p
∂p̃

∣∣∣∣
p̃=0

= A− kh′(p̂, fO2)h
′T (p̃+ p̂, fO2)

∣∣∣
p̃=0

= A− kh′h′T

Assume the Lyapunov function

V = p̃T p̃

which is positive definite. Then

V̇ = ˙̃p
T
p̃+ p̃T ˙̃p = p̃T (Φ + ΦT )p̃

The linearized error system (5.5) is asymptotically stable if the Lyapunov
function V is positive definite and its time derivative V̇ is negative definite
(Slotine and Li 1991). Showing stability thus reduces to showing that Φ +
ΦT = A+AT −2kh′h′T is negative definite. The largest eigenvalue of Φ+ΦT

is

λmax(Φ + ΦT ) = λmax(A+AT − 2kh′h′T )

≤ λmax(A+AT ) + λmax(−2kh′h′T )
= λmax(A+AT )− 2kλmin(h′h′

T )

where the inequality is true since A+AT and −2kh′h′T are both symmetric
(Zhang 1999). The nonzero eigenvalues of h′h′T are the same as for h′Th′

(Zhang 1999). But h′Th′ is scalar and its eigenvalue is h′Th′ ≥ 0 and therefore
the minimum eigenvalue of h′h′T is zero.

Thus
λmax(Φ + ΦT ) ≤ λmax(A+AT )

which is negative sinceA+AT is negative definite. Since the largest eigenvalue
of Φ+ΦT is negative, Φ+ΦT must be negative definite and the proposition
follows. �

The condition on A + AT in proposition 2 is fulfilled for the converter
model since A is diagonal with negative diagonal elements.
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Figure 5.6: Estimated decarburization rate. Open loop (dash-dotted line),
observer (solid line) and off-gas analysis (dashed line). The upper part shows
the corresponding estimated carbon analysis for reference

4.2 Experimental results

The output of the observer is an estimate of the decarburization rate (lower
part of Fig. 5.6 solid line) which is very similar to the estimate obtained
from the off-gas analysis (dashed line), but lacking the large disturbances of
the latter. The estimate produced by the open-loop simulation (dash-dotted
line) is also included in the figure for comparison. The reason to the large
deviation from the measured decarburization rate at the beginning of the
blow, when run in open loop, is that the model does not take the initial Fe
oxidation into account. The decarburization rate will therefore be too high
initially. This leads to a too early depletion of carbon and the result will thus
be a too low estimation of the final carbon content.

Fig. 5.7 (upper part) shows the estimated carbon content using the pro-
posed observer with the gain k = 350. It can be seen that the observer
estimate converges to the measured final value of the carbon content (cross).
The lower part of the figure shows the corresponding estimates of the decar-
burization rate from the off-gas analysis (dashed line) and from the observer
(solid line).

Note how the estimated carbon analysis seems to follow a straight line
until it reaches ∼ 0.2 %. This is because the output signal contains very
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Figure 5.7: Estimated carbon content and decarburization rate for four heats
using measured data. Measured decarburization rate (dashed lines), observer
estimate (solid lines) and measured final value of carbon content (crosses).

Carbon content [%]
Measured Estimated Error[%]

0.0830 0.0834 0.0004
0.0430 0.0418 -0.0012
0.0330 0.0344 0.0014
0.0260 0.0229 -0.0031

Table 5.1: Comparison between measured and estimated carbon contents

little information about the carbon analysis up to this time, and therefore
the estimate is done almost open loop. As the estimated carbon analysis
drops, the feedback of the off-gas analysis starts to affect the estimate and
lead it towards the correct final value.

Table 5.1 compares the measured and the final value of the estimated
carbon analyses in Fig. 5.7. Note however that the accuracy of the mea-
surement is limited to three decimals and therefore the values are not quite
comparable.
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5 Conclusions

It has been shown that by utilizing an analytical model and suitable feedback
of the off-gas analysis, it is possible to obtain accurate estimates of the metal
analysis in a top blown converter process. The dynamics of the error when
applying this feedback has been shown to be asymptotically stable.
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Appendix A Output transformation

The off-gas analysis is modeled as

ψ =
[
ψCO2 ψCO ψO2

]T
= g(h(p, fO2), fog) = γ(η)
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=
{
γ1(η) η < 2α

1+α

γ2(η) η ≥ 2α
1+α

(5.6)

where

γ1(η) =
[
η 0 2α−(1+α)η

2

]T

γ2(η) =
[
2α(1−η)
1−α

η(1+α)−2α
1−α 0

]T

and
η = β

h(p, fO2)
fog

is the mole fraction of carbon in the off-gas, in mol/m3. The constant α
represents the fraction of oxygen in air while β is the amount of molecules
(in moles) in an ideal gas at normal pressure and temperature. The two
branches in (5.6) represent the cases when there is surplus oxygen and carbon
monoxide in the off-gases, respectively.

The decarburization rate is modeled as

h(p, fO2) =
1

1
v1

+ 1
v2

where

v1 = κC(ρC − ρ0C) = κC
(
KCpC
m

− ρ0C
)

v2 = 2(fO2 − kSipSi)

where ρ0C is the lowest achievable carbon content.
The sensitivity of the output with respect to the state is

∂h(p, fO2)
∂p

=
[

∂h(p,fO2
)

∂pSi

∂h(p,fO2
)

∂pC

]T

=
[
− 2kSiv

2
1

(v1+v2)2
κCKCv2

2
m(v1+v2)2

]T
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Andreas Johansson and Alexander Medvedev

Lule̊a University of Technology, 971 87 Lule̊a, Sweden

Abstract

A nonlinear observer, with the feedback gain weighted by the sensi-
tivity of the output with respect to the state, is developed for systems
with nonlinear output map. The observer can be obtained as a special
case of the Extended Kalman Filter. It is shown that the estimation
error dynamics are asymptotically stable and a region of attraction is
derived. The observer is applied to the top blown converter process for
estimating the content of impurities in the liquid metal. Using plant
data from the converter at SSAB Oxelösund AB, the observer is shown
to provide accurate estimates of the carbon content.

1 Introduction

In many engineering applications it is desirable to measure quantities without
having to install actual measurement equipment for this purpose. In some
applications, such as the converter process, it is virtually impossible to per-
form certain measurements online, which necessitates some kind of estimate
of the sought quantities. To this end, an observer, which combines process
knowledge, in the form of a mathematical model, with information, in the
form of indirect measurements, is an important tool.

Process models that are valid over a large operating range are, however,
often nonlinear. How to construct an observer for such a model is not obvious
and therefore this is an active field of research. The following approaches are
often applied to observer design for nonlinear systems.

Stochastic approaches. The Kalman filter gives unbiased minimum vari-
ance estimates of the state for a linear system utilizing the statistical
properties of the disturbances. The Extended Kalman Filter (EKF)
(Gelb 1974) and the Statistically Linearized Filter (Beaman 1984) are
two methods that seek to extend this property, approximately, to ob-
servers for nonlinear systems.

1An abridged version of this paper was presented at the 5th IFAC Symposium Nonlinear
Control Systems NOLCOS’01 (Johansson and Medvedev 2001).
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Transformation methods. It is sometimes possible to find a transforma-
tion that brings the nonlinear system into observer canonical form i.e.
linear dynamics with output injection (Krener and Respondek 1985,
Bestle and Zeitz 1983). The conditions for the existence of this trans-
formation are rather restrictive but several approximate methods are
available. Two other transformations, observable form (Gauthier et
al. 1992) and triangular form (Gauthier and Kupka 1994), only require
the system to be observable.

Extended Linearization This method, suggested in (Baumann and Rugh
1986), gives desired behaviour, in terms of eigenvalues of the linearized
error system, in the neighborhood of operating points.

Constant feedback. A straightforward approach to nonlinear observer de-
sign is to use linear feedback. If the nonlinearities are globally Lips-
chitz, then it it possible to find a constant feedback gain so that the
estimation converges (Raghavan and Hedrick 1994, Rajamani 1998).
Furthermore, by regarding the nonlinearities as perturbations from a
linear system, methods for observer design for uncertain linear systems
(Wang et al. 1987) can be used.

Other methods are e.g. the Variable structure (Walcott and Żak 1987) and
Sliding mode (Slotine et al. 1987) approaches. See also (Misawa and Hedrick
1989) for a survey of different approaches to observer design for nonlinear
systems.

The development of the observer in this paper was motivated by its ap-
plication to the top blown steel converter. A model of this process is given
by

ṗ = Ap +Bu+ Ey
y = h(p, u)

(6.1)

where p ∈ R
2 is the state vector and y ∈ R is the output. This process model

has three major difficulties that are not addressed by many of the above
methods.

• There is a direct coupling from input to output via the nonlinear map
h(p, u). Transformation to observer or observable form will in this case
require derivatives of the input. These derivatives are not available and
estimating them, as suggested in (Ciccarella et al. 1993), will increase
the dimension of the state vector, which is not desirable. Transfor-
mation to triangular form is not applicable since the converter is a
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second order system and therefore inherently on this form (Gauthier
and Kupka 1994).

• The nonlinearity is significant, in the sense that the sensitivity of the
output with respect to the state, i.e.

h′(p, u) �
=
∂h(p, u)
∂p

varies very much. In the parts of the state space where the sensitivity to
a particular variable is low, the feedback gain for this variable must be
small to prevent irrelevant information, i.e. disturbances, from affecting
its estimate. Constant feedback is therefore not suitable, which will be
shown in this paper.

• The process is never in steady state. The extended linearization method
is therefore not applicable since it only guarantees properties locally
around operating points.

One observer structure that addresses all of these problems is the EKF.
The major drawback of the EKF is that it is very complex and computa-
tionally heavy, especially considering the fact that it is only approximately
optimal and that it offers no stability guarantee. It should be possible to
find an observer structure that is simpler than the EKF and whose stability
properties can be analyzed yet keeping the disturbance handling qualities of
the EKF.

The observer suggested in this paper is a step in this direction. It has
the desirable property of feedback weighting by the sensitivity of the output
with respect to the state, for the process structure with linear dynamics and
nonlinear output map. It demands less computational effort and is simpler
to implement compared to the EKF. Furthermore, stability can be verified
and a region of convergence for the estimation error is possible to calculate,
provided some bounds on the nonlinearity.

1.1 The steel converter process

The top blown converter process (BOS) is the predominant method of steel-
making. Its purpose is to reduce the contents of impurities, mainly silicon
and carbon, in the hot metal coming from the blast furnace.

Hitting the correct carbon content in the final product is however a dif-
ficult task, since no continuous measurement of this quantity is available.
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Being able to accurately estimate the metal analysis, especially the content
of carbon, is important to ensure the quality of the steel, minimize the con-
sumption of resources and to avoid re-blowing. The use of an analytical
process model is a promising way of achieving this goal although existing
process models are not good enough to predict the carbon content with suf-
ficient accuracy.

1.2 Notation

The following notation is used in the paper. Let λi(M) be an eigenvalue of
M ∈ R

n×n. For symmetric matrices, the eigenvalues are ordered so that

λmax(M)
�
= λ1(M) ≥ λ2(M) ≥ ... ≥ λn(M)

�
= λmin(M)

Furthermore, | · | is the euclidean vector norm and B
x
r and B̄

x
r are defined as

the open and closed ball, respectively, with radius r and center in x, i.e.

B
x
r

�
= {z ∈ R

n| |z − x| < r}
B̄

x
r

�
= {z ∈ R

n| |z − x| ≤ r}

Finally, the nullspace of M is denoted N (M).

2 Problem formulation

Consider the process structure

ẋ = Ax+ g(y, u) (6.2)
y = h(x, u)

where y ∈ R is the output, x ∈ R
n is the state vector, and u ∈ R

m is the input.
Furthermore, h(x, u) is piecewise continuous in u and twice differentiable in
x and Re{λi(A)} ≤ 0 for i = 1, 2, ..., n.

The suggested observer structure is

˙̂x = Ax̂+ g(y, u) +Kh′(x̂, u)(y − ŷ) (6.3)
ŷ = h(x̂, u)

where h′(x, u) �
= ∂h (x, u)T /∂x and the gain matrix K is a positive definite

solution to the Lyapunov equation −D = ATK−1 +K−1A where the design
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matrix D is positive semidefinite with rank(D) ≥ n−1 and the pair (A,D1/2)
is observable.

The factor h′(x̂, u) in the feedback term weighs the measurement by its
relevance. If the sensitivity to the state is low then the measurement con-
tains little information about the state. In this case the feedback weight is
weak in order not to affect the state estimate with irrelevant information. If
the sensitivity is high then there is relevant information about the state in
the measurement and the weight is consequently strong. Ideally, the weight
should be h′(x, u) but since this quantity is not available, it is assumed that
x̂ ≈ x and the sensitivity calculated at the estimated state, h′(x̂, u), can be
used instead.

The dynamics of the estimation error x̃
�
= x − x̂ are obtained by taking

the difference between (6.2) and (6.3) which yields

˙̃x = Ax̃−Kh′(x−x̃, u) (h(x, u) − h(x−x̃, u)) (6.4)

In the sequel, sufficient conditions for asymptotic stability of the estimation
error, as well as an estimate of the region of attraction are derived.

Remark 1 The Extended Kalman Filter for the process structure (6.2) can
be expressed as

˙̂x = Ax̂+ g(y, u) + κ(t)(y − ŷ) (6.5)
κ(t) = Π(t)h′(x̂, u)/ρ(t)

Π̇(t) = AΠ(t) + Π(t)AT + Ξ(t)−Π(t)h′(x̂, u)h′T (x̂, u)Π(t)/ρ(t)

The proposed observer (6.3) is obtained as a special case of the Extended
Kalman Filter by choosing the noise intensities Ξ(t) and ρ(t) as

ρ(t) �= 0 arbitrary

Ξ(t) = ρ(t)(Kh′(x̂, u)h′T (x̂, u)K −AK −KAT ) +Kρ̇(t)

This can be seen by noting that (6.5) is equivalent to (6.3) if Π(t)/ρ(t) = K.

It can be easily checked that Π(t)/ρ(t) is constant by defining C(t)
�
= Π(t)/ρ(t)

and calculating Ċ(t). For the above choice of Ξ(t) and ρ(t), this yields, when
dropping the arguments,

Ċ =
Π̇ρ−Πρ̇
ρ2
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=
AΠ+ΠAT + Ξ−Πh′h′TΠ/ρ

ρ
− Πρ̇
ρ2

= AC + CAT + Ξ/ρ− Ch′h′TC − Cρ̇/ρ
= AC + CAT +Kh′h′TK −AK −KAT +Kρ̇/ρ− Ch′h′TC −Cρ̇/ρ

which is easily seen to be zero when C(t) = K.

Remark 2 Analogies can also be made to the MIT rule for updating pa-
rameters of an adaptive control system (Åström and Wittenmark 1995). The
parameters θ are changed along the negative gradient of a quadratic loss func-
tion which leads to

θ̇ = −γe∂e
∂θ

where e is the output error and γ is a weighting factor. Identifying x̂ as the
parameter vector and y − ŷ as the output error leads to

˙̂x = −γ(y − ŷ) ∂
∂x̂

(y − ŷ) = γh′(x̂, u)(y − ŷ)

which is the feedback term of (6.3). The additional terms on the right hand
side of (6.3) account for the fact that it deals with dynamical states, evolving
according to (6.2), rather than constant parameters, which is the case of the
MIT rule.

3 Stability analysis

3.1 Linear analysis

The following result states that the observer error process (6.4) is asymptot-
ically stable if the linear part of (6.2) is asymptotically stable.

Theorem 1 Given system (6.2) and observer (6.3), the error x̃ = x − x̂ is
locally asymptotically stable in the neighborhood of x̃ = 0 if the design matrix
D is positive definite and A is Hurwitz, i.e. Re{λi(A)} < 0, for i = 1, 2, ..., n.

Proof. If A is Hurwitz and D is positive definite, then there exist a positive
definite solution K to the Lyapunov equation

−D = ATK−1 +K−1A
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Thus it remains to be shown that this choice ofK results in an asymptotically
stable error system.

Linearizing the error dynamics (6.4) around x̃ = 0 yields

˙̃x ≈ F (x, u)x̃ (6.6)

where

F (x, u) =
∂ ˙̃x
∂x̃

∣∣∣∣
x̃=0

= A−Kh′(x̂, u)h′T (x̃+ x̂, u)
∣∣∣
x̃=0

= A−Kh′(x, u)h′T (x, u)

Assume the Lyapunov function

V = x̃TK−1x̃

which is positive definite. Then

V̇ = ˙̃x
T
K−1x̃+ x̃TK−1 ˙̃x

= x̃T (K−1F (x, u) + F (x, u)TK−1)x̃

The error dynamics (6.4) are locally asymptotically stable if the linearized
error system (6.6) is uniformly asymptotically stable, which is the case if
the time derivative of the Lyapunov function is negative definite (Slotine
and Li 1991). Showing stability thus reduces to showing that K−1F (x, u) +
F (x, u)TK−1 is negative definite. Straightforward calculations yield, when
dropping the arguments of h′ for convenience,

K−1F (x, u) + F (x, u)TK−1 =

= K−1(A−Kh′h′T ) + (A−Kh′h′T )TK−1

= K−1A+ATK−1 − 2h′h′T

= −D − 2h′h′T

which is easily seen to be negative definite since D is positive definite and
h′h′T is positive semidefinite.

Thus V̇ is negative definite and the theorem follows. �
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3.2 Nonlinear analysis

In this section, a region of attraction for the estimation error is derived.
Before the main results are stated, a few lemmas are needed to facilitate the
proof.

Lemma 1 Let M be a symmetric and positive semidefinite n × n-matrix.
Then the minimum eigenvalue of M satisfies

λmin(M) ≥ (n− 1)! det(M)
trn−1(M)

Proof. See Appendix A.

Lemma 2 Let M be symmetric and positive definite and let µ and ν be
column vectors of appropriate dimension. Then

det(M + µµT + ννT ) ≥ det(M)(1 + µTM−1µ+ νTM−1ν)

Proof. See Appendix B.

Lemma 3 LetM be a symmetric and positive semidefinite n×n-matrix with
rank(D) = n−1 and let µ and ν be column vectors of appropriate dimension.
Then

det(M + µµT + ννT ) ≥ [(nT
Mµ)

2 + (nT
Mν)

2
] n−1∏

i=1

λi(M)

where nM ∈ N (M) and |nM | = 1.

Proof. See Appendix C.

Lemma 4 Let F (x, t) be piecewise continuous in t and locally Lipschitz in
x, uniformly in t, on [0,∞)×B

0
r . Furthermore, let P be a symmetric positive

definite matrix and define Q(x, t)
�
= PF (x, t) + F (x, t)TP . If there exists a

Λ0 < 0 such that
λmax (Q(x, t)) ≤ Λ0

for all x ∈ B
0
r and all t ≥ 0, then the nonlinear time-varying system

ẋ = F (x, t)x (6.7)

is asymptotically stable and a region of attraction for x = 0 is given by
{x|xTPx ≤ r2λmin(P )}.
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Proof. See Appendix D.
To calculate a region of attraction for the estimation error, bounds for

the nonlinear function h is needed, both for the Jacobian and the Hessian
h′′(x, u) �

= ∂2h (x, u) /∂x2. These bounds are

H(x, u, r)
�
= sup

z∈Bx
r

∣∣h′(z, u)∣∣ (6.8)

H
′(x, u, r) �

= sup
z∈Bx

r

max
i
|λi

(
h′′(z, u)

) | (6.9)

Note that these bounds are local over an open ball. Therefore they depend
on both the location x in the state space and the radius r of the ball.

The following theorem gives a condition for asymptotic stability as well
as an estimate of the region of attraction for the suggested observer (6.3)
for the case when A is Hurwitz, so that the design matrix D can be chosen
positive definite.

Theorem 2 Let the process be defined by (6.2) and the observer by (6.3) with
rank(D) = n. Let the sensitivity function h′(x, u) and its partial derivative
h′′(x, u) be bounded by (6.8) and (6.9), respectively and define

HD(x, u, r)
�
= inf

z∈Bx
r

∣∣h′(z, u)TD−1h′(z, u)
∣∣

Λ(x, u, r)
�
= r2H

′(x, u, r)2 − (n − 1)! det(D) (1 + 2HD(x, u, r))(
tr(D) + 2H(x, u, r)2

)n−1

If there exists an R > 0 such that

Λ(x, u,R) ≤ Λ0 (6.10)

for all x and u and some Λ0 < 0 then the error x̃ is asymptotically stable
and {x̃|x̃TK−1x̃ ≤ R2/λmax(K)} is a region of attraction for x̃ = 0.

Theorem 2 estimates the region of attraction of the error process provided
that A is Hurwitz. Since the matrix A of the converter process has one
eigenvalue which is very close to zero, some further analysis is carried out to
allow A to have one eigenvalue which is zero.

Theorem 3 Let the process be defined by (6.2) and the observer by (6.3)
with rank(D) = n − 1. Let the sensitivity function h′(x, u) and its partial
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derivative h′′(x, u) be bounded by (6.8) and (6.9), respectively and define

H⊥
D(x, u, r)

�
= inf

z∈Bx
r

∣∣nT
Dh

′(z, u)
∣∣

Λ(x, u, r)
�
= r2H

′(x, u, r)2 − (n − 1)!2H⊥
D(x, u, r)2

∏n−1
i=1 λi(D)(

tr(D) + 2H(x, u, r)2
)n−1

If there exists an R > 0 such that

Λ(x, u,R) ≤ Λ0 (6.11)

for all x and u and some Λ0 < 0 then the error x̃ is asymptotically stable
and {x̃|x̃TK−1x̃ ≤ R2/λmax(K)} is a region of attraction for x̃ = 0.

Large parts of the proofs of the above theorems are identical and therefore
they are carried out simultaneously.
Proof. According to the mean value theorem there exists a ξ ∈ [0, 1] such
that

h(x, u)− h(x−x̃, u) = −h′(x−ξx̃, u)T x̃
Thus, with the definitions

ĥ′(x̃, t) �
= h′ (x(t)−x̃, u(t))

h̄′(x̃, t) �
= h′ (x(t)−ξ(t)x̃, u(t))

F (x̃, t)
�
= A−Kĥ′(x̃, t)h̄′(x̃, t)T

the error process (6.4) can be expressed as

˙̃x =
(
A−Kh′(x−x̃, u)h′(x−ξx̃, u)T ) x̃

=
(
A−Kĥ′(x̃, t)h̄′(x̃, t)T

)
x̃

= F (x̃, t)x̃

To apply Lemma 4, choose P = K−1 and calculate Q(x̃, t) = K−1F (x̃, t)+
F (x̃, t)TK−1 , and obtain

Q(x̃, t) = K−1(A− ĥ′h̄′T )T + (A− ĥ′h̄′T )K−1

= K−1A+ATK−1 − ĥ′h̄′T − h̄′ĥ′T
= −(D + ĥ′h̄′T + h̄′ĥ′T )
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Adding and subtracting ĥ′ĥ′T and h̄′h̄′T to the above yields after some rear-
rangement

Q(x̃, t) = −(D + ĥ′ĥ′T + h̄′h̄′T ) + (ĥ′ − h̄′)(ĥ′ − h̄′)T

Since both terms in the above are symmetric, a bound for the largest eigen-
value can be expressed as

λmax(Q(x̃, t)) ≤ −λmin
(
D + ĥ′ĥ′T + h̄′h̄′T

)
+ λmax

(
(ĥ′ − h̄′)(ĥ′ − h̄′)T

)
= −λmin

(
D + ĥ′ĥ′T + h̄′h̄′T

)
+
∣∣∣ĥ′ − h̄′∣∣∣2 (6.12)

where the equality is true since (ĥ′− h̄′)(ĥ′− h̄′)T is a rank 1-matrix and has
(ĥ′ − h̄′)T (ĥ′ − h̄′) as its only nonzero eigenvalue.

The second term in the above can be rewritten as∣∣∣h̄′ − ĥ′∣∣∣2 =
∣∣h′(x− ξx̃, u)− h′(x− x̃, u)∣∣2

=
∣∣h′(x̂+ (1− ξ)x̃, u)− h′(x̂, u)∣∣2

The mean value theorem implies that there exists a ζ ∈ [0, 1] such that the
above is equal to

∣∣h′′ (x̂+ ζ(1− ξ)x̃, u) (1− ξ)x̃∣∣2 = (1− ξ)2 ∣∣h′′(x− ηx̃, u)x̃∣∣
where η

�
= 1− ζ(1− ξ) ∈ [0, 1].

Since the Hessian h′′ is symmetric, the above is equal to

(1− ξ)2x̃Th′′(x− ηx̃, u)2x̃ ≤ |x̃|2 λmax
(
h′′(x− ηx̃, u)2)

= |x̃|2max
i
λ2i
(
h′′(x− ηx̃, u))

Hence ∣∣∣h̄′ − ĥ′∣∣∣2 ≤ |x̃|2max
i
λ2i
(
h′′(x− ηx̃, u))

Applying the obtained inequality to (6.12) yields

λmax(Q(x̃, t)) ≤ |x̃|2max
i
λ2i
(
h′′(x− ηx̃, u))− λmin (D + ĥ′ĥ′T + h̄′h̄′T

)
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Then Lemma 1 yields

λmax(Q(x̃, t)) ≤

|x̃|2max
i
λ2i
(
h′′(x− ηx̃, u)) − (n− 1)! det

(
D + ĥ′ĥ′T + h̄′h̄′T

)
trn−1

(
D + ĥ′ĥ′T + h̄′h̄′T

)

= |x̃|2max
i
λ2i
(
h′′(x− ηx̃, u)) − (n− 1)! det

(
D + ĥ′ĥ′T + h̄′h̄′T

)
[
tr(D) + |ĥ′|2 + |h̄′|2

]n−1

where the equality is true since tr(·) is linear and since ĥ′ĥ′T and h̄′h̄′T have
rank 1 and their nonzero eigenvalues are ĥ′T ĥ′ and h̄′T h̄′ respectively.

For the case when rank(D) = n, Lemma 2 can be applied and thus

λmax(Q(x̃, t)) ≤

|x̃|2max
i
λ2i
(
h′′(x−ηx̃, u)) − (n− 1)! det(D)

(
1+ĥ′TD−1ĥ′+h̄′TD−1h̄′

)
[
tr(D) + |ĥ′|2 + |h̄′|2

]n−1

Replacing |x̃|2, maxi λ
2
i (h

′′(x− ηx̃, u)), |ĥ′|2, and |h̄′|2 by their upper bounds
on B

x
r and ĥ′TD−1ĥ′ and h̄′TD−1h̄′ by their lower bounds on B

x
r and applying

Lemma 4 yields Theorem 2.
In the case of rank(D) = n− 1, Lemma 3 can be applied, which yields

λmax(Q(x̃, t)) ≤

|x̃|2max
i
λ2i
(
h′′(x− ηx̃, u)) − (n− 1)!

(
(nT

Dĥ
′)2 + (nT

Dh̄
′)2
)∏n−1

i=1 λi(D)[
tr(D) + |ĥ′|2 + |h̄′|2

]n−1

Replacing |x̃|2, maxi λ
2
i (h

′′(x− ηx̃, u)), |ĥ′|2, and |h̄′|2 by their upper bounds
on B

x
r and (nT

Dĥ
′)2 and (nT

Dh̄
′)2 by their lower bounds on B

x
r and applying

Lemma 4 yields Theorem 3.
�

Remark 3 If Λ(x, u,R) is continuous in x and the state space and the input
signals are bounded, i.e. x ∈ X and u ∈ U for some closed bounded sets X

and U, then (6.10) and (6.11) can be replaced by Λ(x, u,R) < 0. This is true
since Λ(x, u,R) under these conditions attains its maximum on X×U. This
maximum must be negative since Λ(x, u,R) < 0 and is therefore a uniform
negative upper bound for Λ(x, u,R).
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Metal bath

Lance

Hot metal
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Other additives
Slag

Oxygen

Off-gasesDust

Figure 6.1: The top blown converter process

Remark 4 The region of attraction derived in Theorem 2 and Theorem 3 is
an ellipsoid centered in x with major axis R and minor axis

R
√
λmin(K)/λmax(K)

This is of course, in general, just a subset of the entire region of attraction,
as will be illustrated by the application to the converter process in the sequel.

4 The converter process

The operation of the converter process (Fig. 6.1) is started by charging hot
metal, scrap, and slag forming agents into the converter. Other additives can
be added throughout the blow.

Oxygen (O2) is blown at a supersonic rate onto the metal surface and
oxidises the metal components, mainly iron (Fe), silicon (Si), and carbon
(C). Carbon monoxide (CO) and carbon dioxide (CO2) are thus produced
and form the off-gases of the process.

The process takes approximately 15-20 minutes and is stopped by the
operator when the content of carbon in the metal is considered right. This
decision is based upon the available measurements, e.g. the off-gas analysis,
which provides information on the decarburization rate (Widlund et al. 1998),
i.e. the rate at which carbon is oxidised. The quality of the final product
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is therefore highly dependent on the experience and the judgement of the
individual operator.

4.1 Process model

A process model has been developed at the Division of Metallurgy of the
Royal Institute of Technology in Stockholm, Sweden and can be simplified to
(6.1). The state vector p = [pSi pC]

T represents the total contents of C and
Si in the metal, given in moles. The linear part of (6.1) is asymptotically
stable since A = diag(−a1,−a2) where the coefficients a1 and a2 are both
positive, although a2 is very close to zero.

4.1.1 Input signals

The first element u1 of the input vector u = [u1 vT ]T represents the inflow
of oxygen.

Each element vi in the vector v represents the flow of additive i released
into the liquid metal due to melting and is thus not an actual control signal.
Melting is assumed to start when the additive is heated to its melting point
and after that proceed at a constant rate. Defining Ti and τi as the heating
time and the melting time, respectively, vi can therefore be expressed as

vi(t) =
1
τi

(wi(t− Ti)− wi(t− Ti − τi))

where wi(t) is the accumulated inflow of additive i, which can be regarded
as a control signal.

The matrix B consists of two rows of elements specifying the percentage
of Si and C in each additive. The elements of B and the parameters τi and
Ti account for the main source of uncertainty in the model.

4.1.2 Output signals

The output y denotes the decarburization rate and is a nonlinear function of
the state p and the input y. Since it represents the rate at which carbon is
oxidized, it affects the derivative of the carbon content through the coefficient
−1, which motivates the vector E = [0 − 1]T .

The decarburization rate is modeled as

h(p, u) =
1

1/s1(pC) + 1/s2(pSi, u1)
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where

s1(pC)
�
= kC(pC − p0C)

s2(pSi, u1)
�
= 2(u1 − kSipSi)

For convenience, the arguments of s1 and s2 are dropped in the sequel when
there is no risk of ambiguity.

The actual measurement signal from the converter is not the decarbur-
ization rate y itself, but the off-gas analysis. The latter depends however
statically on the former and therefore an estimate of the decarburization rate
is calculated by the control system of the plant and regarded as measured
output.

4.1.3 Model validation

Fig. 6.2 (dashed line) shows a simulation of the decarburization rate using
(6.1) with input data from the converter plant at SSAB Oxelösund. Compar-
ing it to the decarburization rate estimated from the off-gas analysis (thin,
solid line) shows that although the model overestimates the decarburization
rate during the initial period (100 to 400 seconds), which results in a too
early drop at the end of the blow, the levels agree fairly, and therefore the
model is accepted.

The open-loop model does not, however, produce sufficiently accurate
estimates of the carbon content. Feedback of the measured signals should
therefore be applied to improve the results.

5 State estimation in the the converter process

5.1 Linear feedback

Linear feedback of the decarburization rate leads to an observer with the
following structure

˙̂p = Ap̂+Bu+ Ey +K(y − ŷ)
ŷ = h(p̂, u)

(6.13)

A suitable gain vector K was found by iteration, minimizing the difference
between measured and estimated final value. The resulting carbon content
estimates for the optimal value of K is shown in Fig. 6.3 (dashed line).
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Figure 6.2: Decarburization rate. Calculated from off-gas analysis (thin solid
line), output from open loop model (dashed line), and estimated using non-
linear feedback (thick solid line)
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Figure 6.3: Estimated carbon content for seven heats using linear feedback
(dashed) and weighted feedback (solid). The measured final value is marked
by a cross.
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Figure 6.4: Sensitivity of the output to the silicon content (dotted) and to
the carbon content (dash-dotted) through an entire blow

Although the final value of the estimate of the final carbon content is
reasonably accurate, Fig. 6.3 reveals that, during the course of the blow, the
estimate is unreliable. This can be seen by noting that it is even increasing
during some time intervals, which is not physically reasonable. Relying on
this estimate could cause the operators to terminate the blow prematurely.

5.2 Nonlinear feedback

The failure of the linear feedback can be explained with the sensitivity of the
output with respect to the state vector, i.e.

h′(p, u) �
=
∂h(p, u)
∂p

Fig. 6.4 shows the sensitivity to the silicon content (dotted) and to the carbon
content (dash-dotted). It can be seen that the output is sensitive to the
carbon content only during the last part of the blowing period. Logically,
there is no point in feeding back the output error to influence the estimate of
a certain state variable when the output is insensitive to that state variable.

An observer of the type (6.3) is therefore proposed where the output error
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is weighted by the sensitivity of the output with respect to the state i.e.

˙̂p = Ap̂+Bu+ Ey +Kh′(p̂, u)(y − ŷ)
ŷ = h(p̂, u)

(6.14)

Applying Theorem 1 to the observer above shows that the error process
is asymptotically stable if D is positive definite since A is Hurwitz. This fact,
however, relies on the parameter a2 being positive. Since a2 in practice is very
small it is of interest to approximate it by zero and analyze stability using
Theorem 3, which will also provide an estimate of the region of attraction.

Assuming the general feedback gain

K =
[
k1 k2
k2 k3

]

yields the design matrix

D = −(ATK−1 +K−1A)

=
1

k1k3 − k22

[
2a1k3 −a1k2
−a1k2 0

]

The determinant

det(D) = − a21k
2
2

(k1k3 − k22)2
is the product of the eigenvalues and it is therefore obvious that k2 = 0
is a necessary condition for D to be positive semidefinite. Applying this
condition results in D = diag(d, 0) where d = 2a1/k1. The elements of K are
thus k1 = 2a1/d, k2 = 0, and k3 > 0 arbitrary.

The parameter k3 can be chosen to maximize the region of attraction.
From Remark 4 it is clear that this is done by choosing λmin(K) = λmax(K),
which is equivalent to k3 = k1.

The sensitivity function can be expressed as

h′(p, u) =
[
h′Si(p, u)
h′C(p, u)

]
=

1
(s1 + s2)2

[ −2kSis21
kCs

2
2

]

An eigenvector nD with |nD| = 1 that corresponds to λmin(D) = 0 is nD =
[0 1]T and thus

nT
Dh

′(p, u) =
kCs

2
2

(s1 + s2)2
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The Hessian is

h′′(p, u) �
=

[
∂h′

Si(p,u)
∂p

∂h′
C(p,u)
∂p

]
=

=
−1

(s1 + s2)3

[
8k2Sis

2
1 4kSikCs1s2

4kSikCs1s2 2k2Cs
2
2

]

Due to the process physics it is easy to find upper and lower bounds
on the control signal u as well as on the silicon content pSi and the carbon
content pC. It is thus possible to construct closed bounded sets P and U such
that p ∈ P and u ∈ U for all t. Furthermore, one can find a constant δ > 0
such that h′(z, u) and h′′(z, u) are continuous for all z ∈ B

p
r provided that

p ∈ P, u ∈ U and r < δ.
Tight bounds on h′(z, u), h′′(z, u), and nT

Dh
′(z, u) are cumbersome to

calculate but on P × U × [0, δ), the following approximate bounds are valid
and also continuous and monotone in r.

H(p, u, r) ≤
√

4k2Siσ
4
1 + k

2
Cσ
4
3

(σ2 + σ4)2

H
′(p, u, r) ≤ 8k2Siσ

2
1 + 2k2Cσ

2
3

(σ2 + σ4)3

H⊥
D(p, u, r) ≥ kCσ

2
4

(σ1 + σ3)2

where

σ1(pC, r)
�
= s1(pC + r) = kC(pC + r − p0C)

σ2(pC, r)
�
= s1(pC − r) = kC(pC − r − p0C)

σ3(pSi, u1, r)
�
= s2(pSi − r, u1) = 2(u1 − kSi(pSi − r))

σ4(pSi, u1, r)
�
= s2(pSi + r, u1) = 2(u1 − kSi(pSi + r))

Replacing H(p, u, r), H ′(p, u, r), and H⊥
D(p, u, r) in the definition of

Λ(p, u, r) by these bounds yields an upper bound Λ̄(p, u, r) for Λ(p, u, r) on
P× U× [0, δ) which is continuous and monotone increasing in r.

According to Remark 3, the condition Λ(p, u, r) < 0 can be used, which
is satisfied if Λ̄(p, u, r) < 0. The major axis R of a region of attraction is thus
given by the smallest r ≥ 0 such that Λ̄(p, u, r) = 0 for all combinations of p
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and u in P× U. After some simplification, this results in

R = min
p∈P
u∈U

{r ≥ 0|π(p, u, r) = 0} (6.15)

where

π(p, u, r) = −2dkCσ44 (σ2 + σ4)10 + r2 (σ1 + σ3)4 ×(
8k2Siσ

2
1 + 2k2Cσ

2
3

)2 [
d (σ2 + σ4)

4 + 8k2Siσ
4
1 + 2k2Cσ

4
3

]
Since Λ̄(p, u, r) is monotone on r ∈ [0, δ), Λ̄(p, u, r) = 0 and equivalently
π(p, u, r) = 0 can have at most one solution on [0, δ). This solution is there-
fore easy to find numerically despite the fact that π(p, u, r) is a polynomial
of order 14.

5.3 Experimental results

For the converter process at SSAB Oxelösund, choosing the design parameter
d = 4 · 10−5 has proven to give good results. Calculating R using (6.15) for
this choice of d yields R ≈ 1000 moles, which thus is the radius of the
region of attraction. This radius is small compared to the initial value of the
state vector p(0) ≈ [

104 4·105]T , but well inside the accuracy range of the
measurement of these values.

Fig. 6.3 (solid line) shows the estimated carbon content at the end of
seven heats using (6.14) with data from the plant. It can be seen that the
observer estimate of the carbon content converges to the measured final value
of the carbon content (cross). The accuracy of the estimate of the final value
is comparable to the accuracy for the linear feedback, with some advantage
for the nonlinear feedback. The advantage of the nonlinear feedback is, how-
ever, significant during the rest of the blow, in that it produces a physically
plausible trajectory of the carbon content. More details on the experiments
can be found in (Johansson et al. 2001)

The output of the observer is an estimate of the decarburization rate
(Fig. 6.2, thick solid line) which is very similar to the estimate obtained from
the off-gas analysis (thin solid line), but lacking the large disturbances of the
latter.

Some idea of the real region of attraction can be obtained by simulating
the observer over finite time for some combinations of errors in the initial
value of the state vector and taking the difference between the final value of
the estimate and the final value of the open loop estimate. If this difference
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Figure 6.5: Estimated region of attraction for |p̃| (left) and |p̃C| (right). The
circle represents the region of attraction calculated using (6.15).

is large, it is likely that the observer estimate would have diverged as t→∞
and if it is small the estimate would have converged.

Fig. 6.5 shows the result of such a simulation with different errors in the
initial values. The error in the estimate is assumed to have converged if the
final value |p̃| is less than 500 moles, which is an acceptable error window
for the estimate. This yields the band-shaped region on the left side of
Fig. 6.5. If only the error in the carbon content |p̃C|, which is the important
quality measure of the observer, is considered, then the region of convergence
becomes considerably larger (Fig. 6.5, right).

6 Conclusions

An observer for linear systems with nonlinear output map and injection is
proposed and analyzed. The central feature of this observer is that the feed-
back is weighted by the sensitivity of the output with respect to the state.
It has been shown that when using this feedback, the error dynamics are
exponentially stable and region of attraction can be calculated.

The observer has been applied to the top blown steel converter process
and shown to produces accurate estimates of the carbon content.
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Appendix A Proof of Lemma 1

Consider the ratio det(M)/trn−1(M). By definition

det(M)
trn−1(M)

=
∏n

i=1 λi(M)(∑n
j=1 λj(M)

)n−1 =
λn(M)

∏n−1
i=1 λi(M)∏n−1

i=1

∑n
j=1 λj(M)

=
λn(M)∏n−1

i=1

∑n
j=1

λj(M)
λi(M)

Thus

λn(M) =
det(M)
trn−1(M)

n−1∏
i=1

n∑
j=1

λj(M)
λi(M)

=
det(M)
trn−1(M)

n−1∏
i=1


 i∑

j=1

λj(M)
λi(M)

+
n∑

j=i+1

λj(M)
λi(M)




All terms in the first sum are larger than or equal to 1 and all terms in the
second sum are larger than 0. A lower bound for λn(M) is therefore

λn(M) ≥ det(M)
trn−1(M)

n−1∏
i=1

i =
det(M)
trn−1(M)

(n− 1)!

�

Appendix B Proof of Lemma 2

Since M is symmetric and positive definite, M1/2 and M−1/2 exist and are
symmetric and therefore M + µµT + ννT can be rewritten as

M + µµT + ννT =
= M +M1/2M−1/2µµTM−1/2M1/2 +M1/2M−1/2ννTM−1/2M1/2

= M1/2(I +M−1/2µ(M−1/2µ)T +M−1/2ν(M−1/2ν)T )M1/2

Defining µM
�
=M−1/2µ and νM

�
=M−1/2ν thus yields

M + µµT + ννT =
= M1/2(I + µMµ

T
M + νMν

T
M )M1/2

= M1/2(I + [µM νM ][µM νM ]T )M1/2
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Proof of Lemma 3

The determinant of the above is

det(M + µµT + ννT ) =
= det(M1/2(I + [µM νM ][µM νM ]T )M1/2)
= det(M) det(I + [µM νM ][µM νM ]T )

Utilizing that det(I + AB) = det(I + BA) for any matrices A and B of
appropriate dimensions (Zhang 1999), the above can be rewritten as

det(M + µµT + ννT ) =
= det(M) det(I + [µM νM ]T [µM νM ])

= det(M) det
([

1 + µT
MµM µT

MνM

νT
MµM 1 + νT

MνM

])
= det(M)(1 + µT

MµM + νT
MνM + (µT

MµM )(νT
MνM )− (µT

MνM )2)

The Schwarz inequality implies that (µT
MνM )2 ≤ (µT

MµM )(νT
MνM ) and there-

fore

det(M + µµT + ννT ) ≥ det(M)(1 + µT
MµM + νT

MνM)
= det(M)(1 + µTM−1µ+ νTM−1ν)

which concludes the proof. �

Appendix C Proof of Lemma 3

Two additional lemmas are required to carry out this proof.

Lemma 5 The eigenvalues of the adjoint of an n-square matrix M are

λi(adj(M)) =
n∏

j=1
j �=i

λj(M)

Proof. First assume that M is nonsingular. Then, since

M−1 = adj(M)/det(M)

the adjoint can be expressed as adj(M) = det(M)M−1. The eigenvalues of
adj(M) are thus related to the eigenvalues of M−1 and M as

λi(adj(M)) = det(M)λi(M−1) =
det(M)
λi(M)

=

=

∏n
j=1 λj(M)
λi(M)

=
n∏

j=1
j �=i

λj(M)
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IfM is singular then define the nonsingular matrixMε
�
=M+εI where ε �= 0.

Then

λi(adj(Mε)) =
n∏

j=1
j �=i

λj(Mε)

Due to continuity, the relation must still hold as ε→ 0, and thus the lemma
is true when M is singular also. �

Lemma 6 Let M be an n-square symmetric matrix with rank n − 1 and
λi(M) = 0. Then

adj(M) = nMn
T
M

n∏
j=1
j �=i

λj(M)

where nM ∈ N (M) and |nM | = 1.

Proof. Define the nonsingular matrix Mε
�
= M + εI where ε �= 0. Then

M−1
ε = adj(Mε)/det(Mε) which implies that

Mεadj(Mε) = adj(Mε)Mε = det(Mε)I

Due to continuity, the relation above must still hold as ε→ 0 and thus

Madj(M) = 0 (6.16)
adj(M)M = 0 (6.17)

From (6.16) it follows that each column in adj(M) must belong to N (M).
But since dimN (M) = 1 all vectors inN (M) can be expressed as cnM where
c is an arbitrary scalar. Thus adj(M) can be expressed as adj(M) = nMb

T

where b is some vector. From (6.17) it then follows that nMb
TM = 0 which,

since nM �= 0, implies that b ∈ N (M).
It is thus established that adj(M) = cnMn

T
M and all that remains is

to determine the scalar c. This can be done by calculating the nonzero
eigenvalue of adj(M) and cnMn

T
M and adjusting c so that they are equal. The

nonzero eigenvalue of cnMn
T
M is cnT

MnM = c|nM |2 = c. The eigenvalues of
adj(M) are given by Lemma 5. Since λi(M) = 0, the only nonzero eigenvalue
of adj(M) is

n∏
j=1
j �=i

λj(M)
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Proof of Lemma 4

which therefore is the value of c and the lemma is proved. �
Lemma 3 can now be proved using Lemma 6. Defining the positive defi-

nite matrix Mε
�
=M + εI where ε > 0 and applying Lemma 2 yields

det(Mε + µµT + ννT ) ≥
≥ det(Mε)(1 + µTM−1

ε µ+ νTM−1
ε ν)

= det(Mε) + µTadj(Mε)µ+ νTadj(Mε)ν

By continuity, the above must hold when ε→ 0, so that

det(M + µµT + ννT ) ≥ µT adj(M)µ+ νT adj(M)ν

=
[
µTnMn

T
Mµ+ ν

TnMn
T
Mν
] n−1∏

j=1

λj(M)

=
[
(µTnM)2 + (νTnM )2

] n−1∏
j=1

λj(M)

where the first equality was obtained using Lemma 6. �

Appendix D Proof of Lemma 4

Instrumental in proving this Lemma is a theorem which is proved in (Khalil
1996).

Theorem 4 (Khalil) Suppose that f(x, t) is piecewise continuous in t and
locally Lipschitz in x, uniformly in t, on B

0
r× [0,∞). Let V : B

0
r× [0,∞)→ R

be a continuously differentiable function such that

W1(x) ≤ V (x, t) ≤W2(x) (6.18)

V̇ (x, t) =
∂V

∂t
+
∂V

∂x
f(x, t) ≤ −W (x) (6.19)

for all t ≥ 0 and all x ∈ B
0
r, where W1(x) and W2(x) are continuous positive

definite functions and W (x) is a positive semidefinite function on B
0
r. Let

ρ < min‖x‖=rW1(x). Then, all solutions of

ẋ = f(x, t) (6.20)

with x(t0) ∈ A
�
= {x ∈ B̄

0
r|W2(x) ≤ ρ} are bounded and satisfy
W (x(t))→ 0 as t→∞
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Moreover, if all the assumptions hold globally and W1(x) is radially un-
bounded, the statement is true for all x(t0) ∈ R

n.

If W (x) can be chosen positive definite in the theorem above then the
statement W (x(t)) → 0 implies x(t) → 0 and then the system (6.20) is
asymptotically stable and A is a region of attraction for x = 0.

Furthermore, if F (x, t) is piecewise continuous in t and locally Lipschitz

in x, uniformly in t, on B
0
r × [0,∞), then so is f(x, t)

�
= F (x, t)x.

Choosing V (x, t)
�
= W1(x)

�
= W2(x)

�
= xTPx satisfies (6.18). The time

derivative of V (x, t) for the system (6.7) is

V̇ (x, t) = ẋTPx+ xTPẋ

= xT (F (x, t)TP + PF (x, t))x
≤ λmax

(
F (x, t)TP + PF (x, t)

) |x|2
= λmax (Q(x, t)) |x|2

Thus, W (x)
�
= Λ0 |x|2 is positive definite and satisfies (6.19) on B

0
r × [0,∞) if

λmax (Q(x, t)) ≤ Λ0

on B
0
r × [0,∞) for some Λ0 < 0.

From the spectral theorem for quadratic forms it follows that xTPx ≥
|x|2λmin(P ) and thus min|x|=rW1(x) = r2λmin(P ). The condition

W2(x) = xTPx ≤ ρ

then implies that

|x|2 ≤ xTPx

λmin(P )
≤ ρ

λmin(P )
<
r2λmin(P )
λmin(P )

= r2

which implies that x ∈ B
0
r.

Thus, the largest region such that x ∈ B̄
0
r and W2(x) ≤ ρ for some

ρ < min|x|=rW1(x) is {x|xTPx < r2λmin(P )}, which therefore is a region of
attraction of x = 0. �
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