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Preface 

When I was a student at the St. Petersburg State Marine University, I assembled my first 
personal computer; mostly to make my course projects look nicer. There are certainly many 
other purposes to which computers can be put, and scientific computing is one of them. I 
studied applied mathematics, and I was son to use my theoretical knowledge in solving 
mathematical problems on the computer. I finished my Master's degree in 1994 and shortly 
afterwards was given the opportunity to work at the Division of Machine Elements at Luleå 
University of Technology. My aim was not only improve my academic skills, but also to bring 
fundamental mathematical problems closer to physical applications. To reach mis goal involved 
gaining a substantial understanding of physical background to the problem, developing a 
mathematical description and numerical formulation to allow a solution to be found. During my 
time in Luleå, I have been working with a medley of lubricants, computer algorithms, 
experimental work, contact mechanics, etc., etc... Now, five years later I 'm proud to present the 
result of my work. 

This book is devoted to the Hybrid Technique, an applied method used to explore the 
mysteries of Elastohydrodynamic Lubrication by using computer algorithms. The Hybrid 
technique is not the work of one person. It is the combined effort of group of people who work 
in different fields: tribologists, designers, experimentalists, mathematicians, electrical engineers 
and technicians. 

I 'm deeply grateful to many people who have helped and supported me in my work. I feel 
particularly indebted to my research advisor and co-author, Dr. Roland Larsson, for his endless 
encouragement, valuable support, gentle and skilful guidance in my studies and also for all the 
great ideas and inspiration I've received from him during these years. I am very grateful to 
Professor Erik Höglund and Professor Jan Lundberg for giving me the opportunity to become a 
tribologist. 

I would also like to thank all the people whose work has helped me to complete this thesis. 
In particular, two colleagues with whom I have worked during the last years deserve a strong 
acknowledgement for their most rewarding co-operation; Dr. Olov Marklund and Mr. John 
Lord. 

Impossible though it may be to fully acknowledge the contributions of everyone who has 
helped me in my studies, the following groups and individuals must be singled out for thanks: 

Dr. Per-Olof Larsson, my co-worker, who has taught me a great deal about grease 
lubrication during our work together. 

Dr. Pascal Ehret, for his co-operation and valuable discussions. 
Dr. Kees Venner, for his influence; whose wise recommendations fill the word "philosophy" 

in his title with more sense than the formal one. 
Many thanks too to all my colleagues at the Department of Mechanical Engineering and the 

Division of Machine Elements, for their co-operation and support, and for creating a pleasant 
atmosphere to work in. 

I also wish to acknowledge the financial support of the Foundation for Strategic Research 
(JIG) and the Swedish Research Council for Engineering Sciences (TFR). 

Last but not least, I want to thank those who have made the quality of my life so high. I 
thank my mother Ludmilla for her ideals, devotion, and for having a vision for herself and for 
me. I would like to thank all my friends, whose list would be too long to be included here, for 
all the good times in a wide range of projects outside the scope of this thesis. 

I hope this work will be appreciated not only by my relatives but also by researchers from a 
wide range of areas within tribology. 

Alexei Jolkin Luleå, March 2001 



Thesis summary 

This doctoral thesis deals with the subject of elastohydrodynamic lubrication (EHL). This 
type of lubrication occurs in roller bearings and between gear wheels. In particular, tilis work is 
dedicated to a hybrid experimental and numerical method, the so-called Hybrid Technique, used 
for the investigations of the EHL circular contact problems. 

The Hybrid technique has been developed at the Division of Machine Elements at Luleå 
University of Technology, Sweden, where the present work was carried out during the period 
1996-2001. 

This thesis starts with an introduction to the subject followed by a brief review of the major 
achievements in the fields of experimental investigations and numerical simulations of EHL. 
The methods commonly used have been reviewed and their advantages and disadvantages 
discussed. It can be concluded that, in spite of the considerable progress that has been made 
over the years, most of the commonly used methods have significant limitations. As a 
consequence of this, a number of problems of great practical interest cannot be studied entirely 
in the theoretical or experimental plane. Examples of such problems include grease-lubricated 
conjunctions, transient and sliding EHL, and many others. 

A method that offers the advantages of both experimental and analytical approaches is the 
subject of this thesis. Following the explanation of optical interferometry, an experimental 
technique employed in the study of lubricant f i lm thickness in various EHL contact situations, a 
physical model is described that allows pressures in the EHL contact to be determined from the 
measured f i lm thickness. This combination of experimental and numerical techniques, a hybrid 
method, allows the high resolution film thickness maps obtained by interferometry and 
corresponding pressures to be determined for a real EHL contact. 

The second part of the thesis concerns the practical application of the Hybrid Technique for 
investigation of different aspects of Elastohydrodynamic Lubrication and includes the following 
papers: 

A. Jolkin A. and Larsson R., "Film thickness, pressure distribution and traction in sliding 
E H L conjunctions", Lubrication at the frontier. The role of the Interface and Surface 
Layers in the Thin Film and Boundary Regime, pp 505-516, ISBN 044450267 X, 
Proceedings of the 25 t h Leeds-Lyon Symposium on Tribology, Elsevier Science B. V., 
(1999) 

B. Larsson P.-O., Larsson R., Jolkin A. and Marklund O., "Pressure fluctuations as grease 
soap pass through an E H L contact", Tribology International - special issue AUSTRIB 
'98, Vol. 33, No. 3-4, pp. 211-216, March/April 2000 

C. Lord J., Jolkin A., Larsson R. and Marklund O. "A Hybrid film thickness evaluation 
scheme based on multi-channel interferometry and contact mechanics", Trans, of the 
ASME, J. of Tribology, Vol. 122, pp. 16-22, January 2000 

D. Jolkin A. and Larsson R. "Ultra thin film Hybrid technique applied to coated surfaces", 
Proceedings of the 27 t h Leeds-Lyon Symposium on Tribology, 2000 

E . Jolkin A., Ehret P. and Larsson R., "Elastohydrodynamic lubrication during sudden 
reversal of the rolling direction", presented at the International Tribology Conference in 
Nagasaki, November 2000 

F. Jolkin A., "A numerical method for determining contact pressures in E H L 
conjunctions", to be submitted for publication 

The hmited size of a journal paper does not allow extensive comments to be made. This 
introductory section also gives some important (in the author's opinion) comments concerning 
physical and computational aspects of the method. 
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1. INTRODUCTION 

There is little need to comment on the importance of machines in our life. Millions of 
automobiles, ships and aeroplanes are used every day transporting people and goods. Complex 
equipment produces food, domes, paper, electric energy, steel, etc. A l l these machines would 
never operate properly without lubricants - oils and greases. Without lubrication, most 
mechanisms would run only a short time. The role of lubrication can therefore be simply stated: 
the modern world of machines moves on lubricating films! 

A l l the machines that surround us are continually being improved to make them easier to use 
and to reduce operating costs and to increase performance and operational life. The increased 
efficiency and complexity of modern machines often requires improved lubricants which are 
able to perform under much more severe operating conditions. To meet this challenge, new and 
better lubricants are needed. The process of developing of a new lubricant is a co-operative one 
involving the machine designer, manufacturer and user on one side, and the researcher and 
lubricant supplier on the other. To do this very complicate job requires a deep understanding of 
lubricant behaviour in different situations. 

This understanding involves a need to know how a certain lubricant behaves in a certain 
situation, and why it does so. For more than a century researchers have tried to answer these 
questions, and many difficulties have had to be overcome on the way. The study of different 
aspects of lubrication now covers lubricant rheology, contact mechanics, advanced 
experimental methods and numerical modelling. 

Machine elements such as bearings, slides, cams, guides, gears and chains transmit and 
carry loads. These elements have formed surfaces that move with respect to each other by 
sliding, rolling, approaching and receding, or by combinations of these motions. I f physical 
contact between surfaces occurs, high frictional forces leading to high temperatures and wear 
wil l result. It is therefore important that the elements are lubricated in order to prevent or reduce 
the actual contact between the surfaces. 

Fluid film lubrication occurs when opposing surfaces are completely separated by a 
lubricant f i lm that also carries the entire contact load. The subject of the present work is 
Elastohydrodynamic lubrication (EHL) which is a mode of fluid f i lm lubrication in which very 
high contact pressure causes elastic deformation of the contacting surfaces of at least the same 
order of magnitude as the lubricant f i lm separating them. The extremely small size of these 
concentrated contacts make them very difficult to study. The investigation of various contact 
situations plays a very important role in surface fatigue life predictions for EHL contacts. 

Traditionally, investigations of EHL have proceeded in two general directions; experimental 
research and applied mathematical modelling. 

1.1 E H L . Theoretical developments 
An excellent retrospective view of EHL can be read in the work of Dowson [1]. The idea of 

elastohydrodynamics was first formulated in works by Ertel [2] and Grubin and Vinogradova 
[3] who were the first to include the effects of elastic deformations of the surfaces due to high 
contact pressure and increase of viscosity with increasing pressure in a theoretical analysis. 
Their mathematical model was based on the solution of Reynolds equation for the inlet region 
of the contact, with elastic deformations according to the dry contact theory of Hertz and the 
linear relation between the logarithm of viscosity and pressure proposed by Barus. From this, an 
approximate expression for the lubricant f i lm thickness in the centre of the contact was derived. 
At that time, it was also confirmed that separation of the surfaces by a lubricant f i lm could also 
be obtained in contraformal contacts. 

The work of Ertel and Grubin provided the basis for most of today's EHL theory. Following 
their early pioneering work, Petrusevich [4] presented the first numerical solution of the line 
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contact problem. These solutions simultaneously satisfied both Reynolds equation and the 
elasticity equation at a number of discrete points throughout the conjunction. The results 
revealed details about the pressure distribution and the film shape in the contact region and 
contained all the characteristic features of EHL. 

Stimulated by the introduction of the digital computer, many algorithms for the numerical 
solution of EHL contact problems have been presented over the last few decades. Today, the 
EHL contact problem can be solved accurately and efficiently as long as the lubricant properties 
and surface features can be described accurately enough. 

Most numerical solutions assume isothermal conditions and moderate speeds, such as the 
prediction of film thickness by Hamrock and Dowson [5]. These results show good agreement 
with the majority of experimental work involving rolling contacts at relatively low speeds and 
moderate loads. Cheng [6] developed full solutions to the EHL problem. Including non-
Newtonian effects was an important step in the development of modern EHL theory. Shieh and 
Hamrock [7] studied non-Newtonian effects on film collapse whilst Ehret, Dowson and Taylor 
[8] developed a non-Newtonian isothermal model based upon the concept of solidification at 
the EHL point contact by establishing the corresponding values of slip. Thermal effects in EHL 
contacts have been investigated theoretically by a number of authors. Cheng [9] incorporated 
both viscous heating and heat transfer (through both the lubricant and the solid surfaces) in a 
solution of the EHL problem. Hsiao and Hamrock [10] presented a complete solution for EHL 
line contacts considering the effects of temperature and non-Newtonian characteristics of 
lubricants with limiting shear stress. 

The increasing complexity of the numerical algorithms, the high order of discretisation and 
non-linear relationship between contact parameters and lubricant flow mean that EHL-
computations are very time-consuming. In an attempt to develop faster and more efficient 
algorithms Lubrecht [11] introduced an alternative solution for EHD applications. The method 
is based upon the concept of a Multigrid approach and large reductions in computing time were 
obtained using this technique. However, the evaluation of elastic deformation integrals still 
consumed the major part of total computing time. Later, Brandt and Lubrecht [12] developed a 
multilevel algorithm, the so-called Multilevel multi-integration, for the fast evaluation of such 
integrals. Multilevel multi-integration was implemented successfully by Venner [13] who 
achieved a significant reduction in the overall complexity of the numerical algorithm. He also 
analysed and solved stability problems that arise in highly loaded contact problems and studied 
the influence of surface features on the pressure profile and film thickness. 

A l l these theoretical models rely on assumptions about the rheological behaviour of the 
lubricant. Because of the experimental difficulties in obtaining reliable rheological data at high 
pressure under transient conditions, it is quite difficult to choose a model and define a suitable 
constitutive equation. Some lubricants are multi-phase systems, or inhomogeneous on a scale 
comparable to the separating film thickness found in an EHL contacts and their properties are 

unknown. 

Steel ball 
Lubricant film 

Sapphire disc 

Semi transparent 
layer of chromium 

As a consequence of this, a number 
of contact situations of great practical 
interest could not be simulated; for 
example, film thickness and pressure 
profiles of the grease-lubricated contact 
could not be obtained. The influence of 
thermal effects on film profile, pressure 
and friction make this task even more 
complex. 

Figure 1. Two-beam interferometry 
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1.2 Experimental work. Optical Interferometry and Image Analysis 
One of the most effective experimental methods used in research of EHL is optical 

interferometry. The first significant publications on this topic were by Cameron and Gohar [14] 
and Foord, Hammann and Cameron [15] whilst Foord, Wedeven, Westlake and Cameron [16] 
described practical aspects of optical interferometry. The principles of interferometry can be 
found in numerous textbooks, for example Gåsvik [17]. However, the key ideas are outlined 
below. 

Conventional optical interferometry observations of an EHL contact use a polished steel ball 
in contact with a glass disc coated with a thin semi-reflective layer of chromium, as shown 
schematically in Figure 1. The contact area is illuminated with monochromatic light and viewed 
through a microscope. An incoming light beam of discrete wavelength AQ and with irradiance I0, 
incident on the chromium layer at some spatial location x, is partly reflected (as a beam with 
irradiance I\) and partly transmitted. The transmitted part, after being reflected in the steel ball 
and after an additional transmission through the chromium layer, consists of a beam with 
irradiance I2. I f the two beams I] and I2 are considered to be nearly parallel and that the 
coherence length of the incident light beam is assumed to be large compared to the separation h, 
the superposition of beams /, and I2 results in a beam E with irradiance 

E = It+I2+ 2,[TJ2 cos(y(A)) (1.1) 

The value of the phase function yf(h) = AjmhlÅ0 + (p , where n is the refractive index of the 

lubricant and (p is a constant phase term caused by the reflections depends on the difference in 
optical path length between I{ and I2, in this case 2nh. Whenever the condition y/(h) = 2pn is 

fulfilled, where p is an arbitrary integer, E attains a maximum value of Ii +I2 + 2-JlJ2 . For 

y/(h) = (2p + l)7V E attains its minimum value /, + I 2 - 2-JlJ^ . Thus, the interferogram E(x) is 

the image consisting of bright and dark fringes corresponding to the spatial variations of h(x). 
At intensity maxima, visible as bright fringes, the separation is given by 

, Å f 

In 
P-

<P 
In 

(1.2) 

h h 

The spectral composition of the incident light has a significant influence on the 
characteristics of a recorded interferograms. Different compositions can be used including 
monochromatic light of one well defined wavelength Aß, white light, which is a continuum of 
beams, each of wavelength A in the range from 400 to 700 nm, and trichromatic light, 
consisting of three monochromatic beams each of different well-defined wavelength A„ 1=1,2,3. 

A typical experimental arrangement, 
taken from reference [18], is shown in 
Fig. 2 and a white light interferogram 
recorded from the Ball & Disc apparatus 
is shown in Fig. 3. The different optical 
path lengths for light reflecting from the 
ball and from the chromium layer 
creates an interference pattern that can 
be seen in the microscope. This pattern 
describes the separation between the 
disc and ball caused by the lubricant 
film and can be used to determine the 
topography of the contact. 

' \ t • 
s(x) V 

— Steel ball — -

Sapphire disc 

Semi transparent 
layer of chromium 

Spacer layer 

Lubricant film 

Figure 4. Ultra-thin fi lm interferometry 
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Glass disc with a 100 Å chromium layer 

Figure 2. Design of the Ball & Disc apparatus Figure 3. A typical interferogram recorded 
form the Ball & Disc apparatus 

The interference pattern can be photographed or filmed and then evaluated, often just by the 
naked eye of the observer. An enhanced system that used a spectrometer to detect variation in 
colour was described by Johnston, Wayte and Spikes [19]. Their technique is now commonly 
used to measure the central f i lm thickness in a point contact. Smeeth and Spikes [20] extended 
this system to enable film thickness profiles to be obtained in either direction across the contact. 
Due to the complexity of this task, in most cases only f i lm thickness at one point in the contact, 
or the f i lm thickness profile along a contact line are evaluated. However, using the local colour 
information of the interferometry images it is possible to calculate the separation at each point 
of the image and obtain a 3-D map of the film thickness. Gustafsson, Höglund and Marklund 
[21] first presented a colour image processing technique for the analysis of film thickness where 
white light interferometry was used. This method made it possible to extract considerably more 
information about f i lm thickness than was achievable by any of the previous methods, and has 
been successfully used by a number of authors. Höglund [22] used this method to evaluate the 
film thickness maps of an oil-lubricated EHD contact. 

Other researchers including Cann, Spikes and Hutchinson [23], Krupka, Hartl, Cermak and 
Liska [24] and Molimard, Querry and Vergne [25], have also presented image processing 
techniques which are similar to that described by Gustafsson et al. [21]. However, all these 
methods rely on accurate calibration and even small deviations in the parameter spaces of the 
calibration interferogram can lead to errors when evaluating the film thickness. The recording 
of reliable calibration interferograms has proven to be mechanically cumbersome at times and 
therefore the need for complementary measurement methods has arisen. 

A new principle of image analysis was developed and presented by Marklund [26] who used 
a multichannel interferometry approach. The three channels consisted of monochromatic light 
with wavelengths chosen according to spectrally designed criteria. Applying this technique, 
approximate film thickness values could be extracted using a linear combination of the three 
interferograms recorded. An iterative procedure, where an initial phase estimate is produced 
from the recorded interferograms, was then used to determine the correct phase. 

Conventional interferometry is now well understood and has provided results which have 
helped to increase understanding of elastohydrodynamics. It is, however, of limited use when 
measuring the thickness of very thin films; the lower limit is about 95 nm. Measuring lubricant 
film thickness in EHD contacts down to a theoretical zero level demands, at present, the use of 
a disc with a spacer layer. Ultra thin film interferometry is a development of conventional 
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interferometry where a transparent spacer layer is firmly attached to a sapphire or glass disc on 
top of the semi reflective chromium layer, as suggested by Westlake and Cameron [27]. The 
ultra thin f i lm interferometric method was later developed by Johnston et al. [19] to extend the 
measurement range down to zero f i lm thickness. The spacer layer makes it possible to obtain 
constructive interference even for very thin films, see Fig. 4. As was shown by Lord [28], the 
colour fringe images obtained from ultra thin f i lm interferometry can be translated into the film 
thickness maps by either of the previously mentioned methods, the HSI calibration approach by 
Gustafsson et al. [21] or the Multichannel approach by Marklund [26]. 

1.3 Combining experimental data and mathematical models 
Optical interferometry measurements result in a fringe map (colour or monochromatic) from 

which a film thickness map can be determined. However, for the complete understanding of the 
behaviour of an EHL contact, f i lm thickness data is not enough and another important 
parameter, the pressure in an EHL contact, is also needed. There are a number of applications 
where the study of pressure distribution is of great importance. Soap-thickener induced local 
pressure fluctuations in a grease-lubricated elastohydrodynamic contact were studied by Åström 
and Venner [29] and local pressure peaks about 35 per cent higher then the Hertzian pressure 
were found. Höglund and Larsson [30] studied the effects of lubricant compressibility on the 
pressure distribution and corresponding sub-surface stress. It was shown that two lubricants 
with similar properties, apart from compressibility, under the same conditions can give rise to 
large differences in sub-surface stress. The reason for this was the difference in the pressure 
distribution between more compressible and less compressible lubricants. In Paper A 
experimental results showing that less compressible paraffinic oil gives a higher amplitude 
pressure spike, and thus also larger sub-surface stress in the materials, than more compressible 
polyglycol and poly-a-olefin oils, despite the fact that the paraffinic lubricant builds a thicker 
oil film in the EHL contact. Any pressure fluctuations wil l influence associated sub-surface 
stresses and hence the service life of the contact. Thus, both film thickness and pressure 
distribution are essential parameters in lubricated contacts. 

The small dimensions of the EHL contact make direct measurements of pressure extremely 
difficult. However, there are several ways of determining the pressure disttibution from the 
measured film thickness; by solving the Reynolds equation or by calculating the pressure from 
elastic deformations. The first method is difficult to apply since the rheological properties of the 
lubricant have to be known in every part of the contact. The method of determining pressure 
from the elastic deformations of the contact surfaces is more straightforward and has been 
successfully used by a number of authors. 

The method of determining pressure distribution from measured elastic deformations was 
first used by Paul and Cameron [31] in their work on a high-pressure microviscometer. The 
separation in an impact EHL contact was evaluated employing optical interferometry. Using a 
polar grid of 18 sectors and 51 rings the pressure field was calculated from the relation between 
pressure and elastic deformation. A similar approach was used by Wong, Lingard and Cameron 
[32] in an impact microviscometer and by Larsson and Lundberg [33] in their smdies of 
transiently loaded EHL contacts. Using the rotational symmetry of the pure squeeze problem, 
pressures along the contact radius were estimated, reducing the number of discrete pressures to 
be calculated to about 20. 

The first attempt to automate the process of converting a fringe pattern into a film thickness 
map, and hence the pressure distribution was made by Åström and Venner [29] who presented a 
combined experimental/numerical approach. A ball and disc system was used to obtain the 
interferometric fringe images and an image-processing algorithm by Gustafsson and co-workers 
[21] used to evaluate a map of film thickness. Pressure was calculated by simultaneous solution 
of the film thickness equation and the force balance equation. Although the combined 
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experimental/numerical approach was an advanced method at time, it suffered from a number of 
limitations. The process required a large amount of handwork, the assignment of fringe order 
was done by hand, and the f i lm thickness and pressure maps were thus limited to 65 by 65 
points. Data transfer between different system components was also carried out manually which 
was a serious limitation for the large volume of information required. A l l these factors made it 
difficult to apply the method to the evaluation of high-resolution film thickness maps and 
corresponding pressures. 

1.4 Objectives of the present research 
From this brief review it can be seen that, in spite of the considerable achievements that 

have been made both in the theoretical and the experimental fields, most of these methods 
suffer from limitations which make it difficult to completely understand the physical 
phenomena which interact when a lubricant flows through an elastohydrodynamic contact. 

The aim with the work presented in this thesis was to develop a hybrid experimental and 
numerical method for the investigation of the highly loaded contacts that would offer the 
advantages of both experimental and analytical approaches. 

This doctoral thesis describes a flexible hybrid experimental and numerical method, the so-
called Hybrid Technique, for the determination of high-resolution film thickness and pressure 
maps. Optical interferometry was combined with advanced numerical computations. Image 
analysis was employed to produce detailed film thickness maps from colour interferograms 
which were then used as input data to a numerical procedure that reconstructs the pressure 
distribution in the EHL contact using elastic deformation theory. The flexibility of the technique 
is in its ability to combine different types of equipment and software for the study of various 
phenomena within EHL. 

The use of the Hybrid Technique investigating EHL provides researchers with essential 
information about the separating film and pressures over the whole of a lubricated contact and 
offers a simple way to verify experimental and theoretical findings. 

2. T H E HYBRID T E C H N I Q U E 

The Hybrid Technique combines Optical Interferometry, Image Analysis, Post-
Processing and Numerical Calculations. A schematic chart of the approach is shown in Fig. 5. 
A short description of the method is given here, with a more detailed description given later. 

In the experimental part of the hybrid approach, Optical Interferometry using a ball & disc 
system is used to obtain colour intensity images of the EHL contact. The images are captured 
by a colour video system and stored in computer memory. The interferograms are then 
subjected to Image Analysis. The absolute film thickness values at every point in the image are 
determined assuming the refractive index of the lubricant at atmospheric pressure. During Post
processing, the physical coordinates are fitted to the images and the contact centre that is 
needed for calculations of pressure distribution is estimated. The Numerical Calculations then 
evaluate the pressure distribution from the measured film thickness. The refractive index, which 
is dependent on pressure, is updated the pressure distribution obtained. A special Correction 
routine is then used, along with the pressure calculations, to adjust the film thickness map for 
the updated refractive index. Finally, the pressure distribution and film thickness map 
compensated for refractive index-pressure dependence are obtained. 

The Hybrid Technique has the advantage that the pressure and lubricant film thickness in 
the contact are obtained without making any assumptions regarding the rheological behaviour 
of the lubricant. This makes the approach a very useful tool, for example, for investigation of 
EHL conjunctions under extreme conditions or in the study of multi-phase lubricants. 
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Optical 
Interferometry 
Measurements 

Results 

Corrected 3-D film 
thickness map 

Pressure distribution 
in E H L contact 

Numerical Calculations 

h(x,y) = h,, + + J L - + w(x,y) 

Evaluation of Pressure Distribution 

Correction of the film thickness due to 
refractive index-pressure dependence 

Figure 5. Schematic chart of the Hybrid technique 

3. O P T I C A L I N T E R F E R O M E T R Y MEASUREMENTS 

A typical experimental set-up consisted of the ball and disc system equipped with AC 
servomotors, a thermostat device, microscope, video camera, light source and computer with 
appropriate software for control and data acquisition. 

The main parts of the apparatus are the glass disc and the ball. The disc is coated with a thin 
semi-reflecting layer of chromium on the side facing the 25.4-mm polished steel ball. The ball 
and the disc are driven by separate servomotors which enables the adjustment of the absolute 
and relative velocities of the surfaces over a wide range with high accuracy. Loading is 
achieved using a pneumatic cylinder, which forces the ball into contact with the disc. A 
thermostat device controlled the temperature in the lubricant reservoir. 

The contact between the ball and the disc is illuminated by a light source and imaged using a 
video camera through a microscope. The colour intensity images are stored in the computer and 
subsequently transferred to the image processing software. 

In course of the investigations of various EHL situations, certain parts of the equipment had 
to be altered, namely, the disc, light source and video camera. Two types of discs were used; a 
standard glass disc with a 100 A thick chromium layer and a sapphire disc with a diamond-like 
spacer layer firmly attached on top of the chromium layer. Two types of video equipment and 
light sources were used. The camera and the disc employed determined the choice of the 
lightning and consequently the image analysis algorithm. 

A CCD RGB camera in combination with RGB trichromatic light source and a glass disc 
were employed for the work presented in Paper A and Paper C which investigated the effects 
of sliding on f i lm thickness and pressures in an EHL contact. These studies employed the 
multichannel interferometry approach described by Marklund [26]. The camera used had 24-bit 
colour resolution and a CCD with 768x576 elements giving a resolution for the measurement 
system of 1.1 pm in transversal directions and 0.5 nm in f i lm thickness. 

A high-speed video camera with a white light source was used for the study of 
elastohydrodynamic lubrication under non-steady conditions which is presented in Paper B and 
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Hue table 

Saturation table 

Intensity table 

film thickness, nm 

Paper E. The camera used in the experiments was 
capable of capturing 1000 frames/s with an exposure 
time of 100 ps, which gave sharp images of the 
transient event. The interferograms were recorded as 
digital images 512x384 pixels with spatial 
resolution of 1.6 pm. The standard glass disc was 
employed. 

A CCD RGB camera in combination with white 
light source was employed for the work presented in 
Paper D. This paper describes a method that allows 
the pressures in the EHL conjunction between a 
steel ball and a sapphire disc with a diamond-like 
coating to be computed. This study used an HSI 
calibration approach, Gustafsson et al. [21]. 

4. IMAGE ANALYSIS 

The colour interferograms were subjected to 
image analysis to determine the absolute thickness 
of the separating fi lm. Due to different lightning and 
video set-ups used, two specially designed methods 
were used to obtain the f i lm thickness maps. 

4.1 HSI colour calibration method 
The first method used was the HSI colour 

calibration method presented by Gustafsson, 
Höglund and Marklund [21] which employs a 
calibration look-up procedure where colour 
parameters from the dynamic interferograms of the 
contact under investigation are compared with table 
values corresponding to known fi lm thickness. The 
method matches hue, saturation and intensity values 
from colour interferograms of the unknown film 
shape with calibration values obtained from known 
geometric shapes. The calibration procedure enabled 
absolute fi lm thickness values to be determined with 
a good degree of accuracy. 

The polished steel ball which is used for the 
dynamic interferometric tests is also used in the 
calibration procedure. The ball is carefully brought 
close to the disc until it just makes contact with the 
disc, and then kept still. I f no forces are exerted on 
the contact no deformations of the surfaces will 

Figure 6. HSI colour calibration method. In order of 
appearance, from top to bottom: 

Calibration image 
Hue table 
Saturation table 
Intensity table 



occur. The geometric shape of the contact is then precisely known; a ball against a plane with 
zero separation at the origin of the contact. The calibration must obviously use the same 
lubricant, camera and lightning as to be used during the EHL experiment. Hue, saturation and 
intensity values are determined for the known film thickness in every pixel of the recorded 
calibration image. Calibration curves can be used to determine lubricant film thickness in 
interferograms taken during experiment. Examples of calibration image and hue, saturation and 
intensity tables obtained from the calibration image can be seen in Fig. 6. 

The hue value of a colour is the hue value of the pure spectral colour that it most looks like. 
The saturation indicates how pure the colour is. A pure spectral colour has S=l, whereas white 
light has S=0. The intensity corresponds to brightness, the light power per unit area. 

A l l three calibration curves have 8-bit resolution; that is they can assume integer values 
between 0 and 255; the hues in the spectrum detectable by video camera are assigned values 
from 0 to 255, one particular value of red hue being 255. A fully saturated colour, that is S=l, 
has been given the value of 255. The value 0 on intensity curve corresponds to a completely 
dark area and the value of 255 is perceived as "very bright". 

The three calibration curves can be combined into one three-dimensional parametric curve 
in the HSI colour coordinate system, from which the film thickness can be evaluated. More 
details of this technique can be found in Gustafsson et al. [21] and Marklund [26]. 

The HSI colour calibration method has a number of unique features which make it suitable 
for the ultrathin film measurements using a diamond-like spacer layer. This study is presented 
in Paper D. 

The basis of the ultra thin film technique, as proposed by Johnston et al. [28], is the use of a 
silica spacer layer with a refractive index that matches that of the EHL oil film. Most 
hydrocarbons have a refractive index in the range «=1.4-1.5 and a silica spacer layer with 
«=1.465 was chosen. I f there is a significant mismatch between the refractive indices then 
multiple reflections can occur at the spacer layer-oil film interface and film thickness cannot be 
determined assuming a two-beam interference, e.g. by using a spectrometer or by equation 
(1.2). 

In the case of diamond-like coating, the refractive index of the lubricant is significantly 
different from the coating which can lead to multiple reflections. However, the HSI colour 
calibration method does not rely on the assumption of two-beam interferometry since it uses a 
calibration table, as described above. Thus, the refractive indices of the lubricant and DLC layer 
need not be known and have therefore not been measured in the present study. 

Although a refractive index of most lubricating oils at atmospheric pressure varies in the 
range 1.4 - 1.5 indeed, under the very high pressures that occur in EHL contacts the refractive 
index of lubricant increases significantly. This again leads to problems i f two-beam 
interferometry is assumed since the refractive index and other properties (e.g. viscosity) of the 
bulk lubricant and those measured under ultra thin film conditions may be quite different. 

These factors lead to mismatch between the refractive indices of the lubricant under ultra 
thin EHL conditions and the silica spacer layer which can also lead to multiple reflections. For 
this reason, it is unsafe to assume two-beam interferometry for extremely thin films (1 -10 nm) 
since the refractive index is underestimated in the thin layer which wil l lead to errors when 
determining boundary layer thickness. 

4.2 Multichannel approach 
Another method used was based on a multichannel interferometry approach. The three 

monochromatic beams, each with a different well-defined wavelength Å,, z=l,2,3, that are 
incident on each spatial location x, wil l result in a recorded interferogram consisting of coloured 
fringes. The wavelengths of the three monochromatic channels were chosen according to a 
special relation, and A/=620 nm, Å2= 540 nm and Å3=480 nm. The choices of these three 
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wavelengths for a standard colour CCD-camera are discussed in the work of Marklund [26]. 
Approximate f i lm thickness values can be extracted using linear combinations of the three 
recorded interferograms, and an iterative method applied to produce the correct values. A CCD 
RGB camera and a RGB trichromatic light source with special spectral characteristic are 
required for this method. 

A brief description of the method is given in Paper C and is therefore not repeated here. For 
a detailed description the reader is referred to work of Marklund [26]. 

4.3 Refractive index correction 
During the dynamic experiments, an external force applied to the contact wil l create high 

pressure in the EHL contact between the ball and disc. The pressure, due to compressibility, 
wil l alter the density of the lubricant and thus also the refractive index n, which wil l become a 
spatially varying function of pressure. Both types of image analysing techniques, the HSI 
calibration method and the Multichannel method, require the correction of refractive index due 
to pressure. The refractive index n of the medium separating the surfaces is governed by the 
Lorenz-Lorentz relationship: 

« r t - { k | < « ) 

where p denotes density, which is pressure dependent, k is a constant determined under room 
conditions where refractive index and density are known from measurements, and p denotes 
pressure. The density-pressure relationship for PAO is given by Höglund and Larsson [30]. The 
refractive index of the lubricant in the contact can be found using equation (4.1) i f the pressure 
distribution in the contact region is known. 

The initial estimate of f i lm thickness, based on the refractive index at atmospheric pressure, 
is corrected as follows. Firstly, the pressure distribution is computed from the f i lm thickness 
map. Secondly, the spatial refractive index was updated according to equation (4.1). The f i lm 
thickness map is then corrected using the new refractive index distribution. This process is 
repeated until the f i lm thickness values converge, which was usually achieved after 2-3 
iterations. This algorithm was described and applied practically in Paper C. Details about 
refractive index correction can also be found in work of Marklund and Gustafsson [34]. 

5. P R E S S U R E C A L C U L A T I O N 

From the measured f i lm thickness, the pressure distribution can be determined. 

5.1 Governing equations 
Irrespective of lubricant flow, rheological behaviour or thermal conditions, the f i lm 

thickness in a two-dimensional EHL contact can be written as the sum of the undeformed gap 
geometry, and the elastic deformation of the surfaces: 

h(x,y) = h00+g(x,y)+w(x,y) (5.1) 

where h(x,y) is the lubricant film thickness, g(x,y) the gap between the undistorted equivalent 
body surface and a touching plate, /z0o * s the film thickness at the origin of coordinates had the 
surfaces been undistorted and w(x, y) is the actual elastic deformation of the equivalent body 
surface. For two continuous bodies that are loaded against each other or separated by a thin 
EHD film, the total deflection w(x, y) becomes: 
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W p J J (5-2) 

where p(x,y) is the lubricant pressure acting over the contact between surfaces, and E' is the 
effective elastic modulus. 

The mathematical model used here is restricted by the following assumptions: 
• The deformation is elastic 

• The contact area is small compared with the dimensions of the bodies. Hence the bodies can 
be considered as elastic half-spaces 

• A frictionless contact is assumed 

• The materials are homogeneous and isotropic 

• The contacting surfaces are smooth 

The limited extent of concentrated contacts makes it possible to assume that curves 
describing undistorted surfaces close to and within the boundaries of the region of pressure can 
be approximated by parabolas: 

2 2 

g{x,y)=X-+y— (5.3) 
2R 2R 

where R is the radius of the ball. Hence, equation (5.1) can be written as: 

x2 ^y2 ^ 2 rf p{j;ji)d§dTi 

S L j ( x - 4 ) 2 + (y-Tj) 2R 2R 7tE 3> (y-P\2+(v-n\2 

Given a f i lm thickness h(x,y) and undeformed contact geometry g(x,y) the problem is to find 
the pressure distributionp(x,y) that satisfies equation (5.4), while considering conditions 

p3a = 0 and p>0 in Q (5.5) 

where Q is the computation domain £2 : {(x, v) e R2 - xa < x < xa A -yb < y < yb\, 3Q its 

boundary, x the coordinate in the direction of motion and y the coordinate perpendicular to the 
direction of motion. 

Equation (5.4) can be rewritten in the following form: 

2 j j Ä L = _ _ x2 _ r 

x E ' H ^ x - t f + i y - T l f * 2R 2R 

Equation (5.6) relates the shape of the separating fi lm to the pressure distribution. The 
problem of a loaded contact is thus reduced to an integral equation of first kind, with the 
unknown pressures p(x,y). Its kernel 

l-= 1 - (5.7) 
r ( x - t f + (y-nY 

is symmetric and has a weak singularity. By virtue of results of Zaremba [36] and Mikhlin [37], 
equations of this type are known to be soluble. This equation has, moreover, a unique solution, 
providing only that the function on the right hand side is sufficiently smooth. In the results 
presented by Zaremba and Mikhlin, it is assumed that the function on the right hand side is 
twice continuously differentiable. 

11 



The pressure can be obtained once the f i lm thickness was known, using equation (5.6). Only 
for very few cases this equation can be solved analytically; for example, i f uniform or Hertzian 
pressure over the contact is assumed. In the general case, when studying EHL contacts, the f i lm 
thickness equation cannot be solved analytically and a numerical approach must be taken. 

5.2 Numerical approach 
There are several ways to solve equation (5.6). As has already been stated, its solution is 

unique. Hence it follows that the system of eigenfunctions of the kernel llr is complete and 
orthogonal. As proposed by Mikhlin [37] cited above, the affair could be reduced to an 
eigenvalue problem. Applying the Hilbert-Schmidt theorem, the required function p(x,y) can be 
presented as a series by eigenvalues and eigenfunctions of the kernel llr. 

In the present study the alternative approach was employed. Equation (5.6) was discretised 
on a grid extended over the domain Q and the discrete equation then solved in a (finite) number 
of discrete points. The discretisation over the uniform rectangular grid, approximating the 
pressure profile by a piece wise constant function, is described in Appendix 1. This approach 
has been used in Papers A, B, C, D and E . The method has proved straightforward and robust, 
but not without its problems. The disadvantages with rectangular uniform discretisation are 
discussed in Paper F. A new approach, which uses a triangular grid and a linear approximation 
of the pressure profile, was proposed and implemented in this latter paper. 

5.3 Remarks on the accuracy of the method 
There are several factors that may affect the accuracy with which pressure can be 

determined from the measured 3-D f i lm thickness maps. 
A very important factor is, of course, the error in the f i lm thickness measurement. This error 

is affected by many sources, which require further study. However, one of the known sources of 
error is the phase change that occurs upon reflection, (p. I f the phase change differs from the 
assumed value by 25 per cent the absolute error in film thickness wil l be approximately 5 per 
cent for a film of 200 nm. An error as large as 25%, however, cannot occur, and the absolute 
error caused by this factor must be much less then 5 per cent. The method described in 
Appendix 2 allows an estimate of cp to be determined. Another error source is refractive index 
and its dependence on pressure is briefly discussed in Section 4.3 and also in Paper C. 

In the present work, the pressure distribution in the EHL contact is determined from the 
measured elastic deformations. Thus, knowledge about the elastic properties of the two 
contacting elements is very important. The effective elastic modulus E' can be estimated 
through an experimental procedure with a static contact between the ball and disc. The 
procedure is described in Appendix 2 and can be applied to two homogeneous materials, e.g. 
the steel ball and glass disc. These materials were used in Papers A, B, C , E , F. Paper D 
investigates the contact between a layered elastic solid (a sapphire disc with a diamond or silica 
spacer layer) and a steel ball. Calculations of pressure distribution in contact of layered elastic 
solids requires the mechanical properties of both the surface layer and the substrate to be 
known. The data required can be obtained from the manufacturer and from numerous 
handbooks on ceramic materials. 

Determination of the elastic deformation, i . e. the right hand side of equation (5.6), is by 
subtracting of the undeformed contact geometry from the measured film thickness and therefore 
the origin of the contact is required. Appendix 3 describes a routine to determine the contact 
centre and also indicates how large the offset of the presumed contact centre could be. The 
effects of possible centring error on the calculated pressure distribution are discussed by 
Ostensen et al. [35]. 

Accuracy tests of the numerical algorithm which was used in Papers A, B, C , D and E have 
been made in Appendix 1, Section 10. 
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5.4 Stability and convergence of the numerical scheme 
Notes on the numerical stability and convergence of the approximation scheme must also be 

made. A continuous integral problem (5.6) can be rewritten in a simpler form: 

Kp = f (5.8) 

where K is integral operator with kernel 1/r. The right hand side / is a superposition of the 
undeformed geometry of the contact g(x,y), measured f i lm thickness h(x,y) and f i lm thickness 
constant «oo- The solution of (5.8) is the continuous function p(x,y) in the domain Q, which 
when substituted into the equation reduces it to an identity in the domain. The task of 
determining the pressures from the integral equation (5.8) requires the inverse operator^ 1 to be 
found: 

p = K~lf (5.9) 

In the majority of the cases, the inverse operator Kl of the integral problem (5.8) does not 
exists. In general, the problem is reformulated as follows. A continuous integral operator K 

approximated with a discrete operator K(h), for which an inverse K,h)~ can be found. This will 

recast an integral problem to a discrete problem. Consider the following equation 

K ( h ) P m = f ( h ) (5.10) 

and suppose that K{h) is invertible, i.e. K^'1 exists, so that 

Pw=K

w~
1fw (5-11) 

Definition 1. Assume that the discrete problem (5.10) approximates the continuous problem 

(5.8) on a solution p with some order of approximation kt. Here approximation means, that the 

residual d f { h ) that appears when the values of exact solution in the discrete points are 

substituted into a discrete equation (5.10), 

*(»[?](*>=/(*> + #•(*) (5-12) 

satisfies an estimate 

tø*! SCjA* (5.13) 

where C\ is a constant independent of h. 
Notations /?(/,) and _/(/,) are used for the discrete approximations of the continuous functions p 

and / , and [p\h) denotes values of a continuous function p in discrete nodes. Note also that 

/ » ) e Fh • 

Definition 2. A numerical scheme (5.10) is called stable, i f numbers h0>0 , S>0 exist 

such that, for arbitrary h < h0 and arbitrary e{h) e Fh , ;E{h) < S , the discrete problem 

K(h)z(h) = /(/;) + £ ( h ) ' obtained from (5.10) by perturbation of the right hand side by a quantity 

e{h), has one and only one solution z, A ) , and the following estimate is valid: 

zo.)-Po,> „ ^ c i £ w _ (5.14) 
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where C 2 is a constant independent of h. Inequality (5.14) means that a small perturbation e(h) 

of the right hand side fa imposes a monotonic (proportional) perturbation of the solution 
Z(A) ~ P(h) which is small relative to h. 

Theorem 1. Let the discrete numerical scheme K(h)p(h) = f ( h ) be an approximation of order 

hk of the continuous problem Kp = f and let it be stable. Then a solution p(h) of the discrete 

scheme converges to [p\h), and a following estimate is valid: 

[pl-Pto, SCQA* (5.15) 
'Vi 

where C2, C 2 are the constants from estimates (5.13), (5.14). 
I f £(h)=3f(h), [p\h) = Z(h) t then the estimate (5.14) can be written as 

L?L - - CWml • T a k i n S (5.13) into account, the inequality (5.15) is proved. 

The proof of the approximation, stability and convergence of numerical schemes is an 
important subject within Numerical Analysis. In this thesis, however, it is sufficient to note that 
the discrete scheme described in Appendix 1 approximates integral equation (5.6), is stable, is 
second order accurate and converges. 

Another numerical aspect of great importance for this research is that obtaining pressures 
from the measured deformations is known to be i l l posed, or i l l conditioned. The term 
conditioning is used informally to indicate how sensitive the solution of a problem may be to 
small relative changes in the input data. A problem is i l l conditioned i f small changes in the data 
can produce large changes in the answers. For certain types of problems, a condition number 
can be defined. 

Example 1. Using matrix norms and analysis of errors it is possible to show that the problem is 

i l l conditioned. Suppose that vector f(h) is perturbed to obtain a vector J(h). I f p(h) and p{h) 

satisfy K ( h ) p w = f { h ) and K{h)p{h)=J(h), the amount by which p{h) and p[h) differ, in 

absolute and relative terms, is clearly of interest. 
Assume that K(h) is a linear discrete operator and K(h) is invertible. Then a measure of the 

perturbation in p(h) is given by 

Pn,) ~ P(h) \ - '^<,h)f(,h) ' ^-(h)7(h) !j ~ ^ ( / i ) ( / ( / i ) _ 7(h))!
 - 'I^(A) f \h) ~ 7Q,) 

The estimate of the relative perturbation can be written as: 

t iimr 7h) ~7{.h)' Ii J :;. IUI || _ 7(A) j! 
P(h) -P(h) * K(h)! | / (« - 7(h) - K : V: K(h)P(h) • f T l - K(h) \K(h) I Pur. 

J(h) '/(A) 

Hence, 

'^-Pm ^ K j U - 7 w (5.16) 

P(h) |/(A); 

where C(KW ) = || JiC (A) Jj is called a condition number. 
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Let K{hj be a matrix consisting of 33x33 elements, obtained from the continuous problem 

(5.6) as described in Appendix 1 by approximating the pressure profile by a piece wise constant 

function. Generally speaking, in the problem under consideration K(h)\ is small, and J/C^j is 

very large. The condition number depends on the vector norm chosen. I f the °o-norm is used, 
the condition number is estimated as c(K(hy) = 6 1 . Inequality (5.16) shows that the relative 

perturbation i n f w may induce a relative perturbation 61 times greater in the solution of the 
system p(h). 

n 
Note, that A = m a x Y a, 

- i < , < „ £ ' ' 

It can be shown that a condition number is intimately associated with the behaviour in of the 
numerical solution to a given problem and is independent of the particular method of solution. 
The given problem is i l l conditioned because of the nature of the phenomenon, rather then the 
numerical formulation, since the integral equation (5.6) only provides an accurate description of 
how nature behaves. 

For an i l l conditioned problem (5.10) K(h)p(h) = f ( h ) there will be cases in which the 

solution will be very sensitive to small changes in the vector^). In other words, to attain a 
certain precision when determining pressures p(h) requires significantly higher precision when 
measuring film thicknessy^. Moreover, as it has been stated above, the function f(h) must have 
certain smoothness properties. 

The function that describes the elastic deformations on the right hand side of equation (5.6) 
is known from measurements at a number of discrete points. Practically this means that 
information about an object under study contains certain errors. The signal noise, for instance, 
to some extent, can cause these errors. Another source of very small irregularities is surface 
roughness. Even though the surfaces that are used in optical interferometry are very smooth, 
and the spatial resolution of the measurement system is high enough to discern the surface 
texture, it may lead to micro-discontinuities in measured f i lm thickness. 

These irregularities, due to surface texture and measurement error, may lead to prediction of 
large, and in practice non-existent pressure fluctuations. In this case, the measured film maps 
can be smoothed in order to keep an accurate and physically meaningful solution. Applying 
polynomial smoothening of a high order to the film thickness map wil l effectively reduces small 
"sharp" fluctuations. However, in general, measured data need no preliminary smoothening. 

6. AN E X A M P L E OF USING T H E HYBRID T E C H N I Q U E 

To illustrate an application of the method described above, an example taken from Paper C 
is given here. The Hybrid Technique is applied to a phenomenon that can be observed at sliding 
conditions, when a large and deep dimple appears in the conjunction in the place of flat plateau. 
A colour interferogram representing the separation in the contact was recorded at effective 
velocity of 0.45 m/s and slide/roll ratio 3, is shown in Fig. 7. A multichannel interferometry 
approach in combination with a trichromatic light source was employed to obtain the film 
thickness map assuming refractive index of atmospheric pressure. The multilevel solver for 
reconstructing pressures and the refractive index correction scheme are then employed to 
calculate a corrected 3-D film thickness map and corresponding pressure. Figure 8 shows film 
thickness and pressure profiles across the contact which illustrates how large the measurement 
error can be at the pressure range of 1 GPa. Figure 9 shows 3-D fi lm thickness map and Fig. 10 
shows pressures in the sliding EHL contact. 
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Figure 7. Colour interferogram. Tri- Figure 8. Film thickness profiles, with and 
chromatic light source without compensation for refractive 

index-pressure dependence, shown 
together with the corresponding 
pressure profile 

Figure 9. 3-D fi lm thickness map Figure 10. Contact pressure reconstructed 
corrected for refractive index from fi lm thickness map in Fig. 9 

7. CONCLUDING R E M A R K S 
This thesis deals with a hybrid experimental and numerical technique that combines optical 

interferometry, image analysis and numerical algorithm for pressure evaluation. The 
development of the multidisciplinary Hybrid Technique was actually one of the very first 
attempts to combine an experimental problem (measuring film thickness in 
Elastohydrodynamically lubricated conjunction), a physical problem (evaluation of pressures 
from the measured film maps) and a fundamental mathematical problem (solution of the 
integral equations of first kind with singular kernel). The method offers a wide range of 
possibilities for studying elastohydrodynamic lubrication and has proved a very effective tool. 
Some of the important progress that has been achieved is summarised here. 

A numerical algorithm for determining contact pressure using measured film thickness maps 
was developed and tested. The algorithm is based on a multigrid technique, which provides a 
fast and accurate solution. When measuring lubricant films and determining pressures, the 
Hybrid technique does not require any assumptions about the rheology of the lubricant to be 
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made. The method therefore offers the only way the to investigate the many EHL phenomena 
that cannot yet be simulated numerically. 

An example of such phenomenon, a rolling grease-lubricated EHD contact, was studied in 
Paper B. Colour fringe images of the grease-lubricated conjunction were recorded as a high
speed video sequence and pressure maps reconstructed from the measured films. Local 
indentations due to soap thickener lumps entering the contact were detected which accompanied 
by large variations in pressure. The pressure peaks induce high stress concentrations in the 
surfaces and may thus affect the life of the lubricated component. The mechanisms of grease 
lubrication are discussed in this investigation. Making use of the ideas given by Åström and 
Venner [29] and some theoretical findings outlined in Section 5, a stable and accurate solver 
was developed to determine pressures from measured deformations. Paper B was the first 
publication on this topic to present very detailed f i lm thickness maps and pressures in grease-
lubricated contact. 

Papers A and C contributed to the study of sliding in EHL. Paper A presents results of 
moderate sliding, whereas Paper C investigated an EHL conjunction experiencing very high 
degrees of sliding. The complete 3-D f i lm thickness maps and corresponding pressures for 
sliding EHL contact were reported. This is a major development of previous work done by other 
researchers, where sliding was studied only by mean of a minimum/central f i lm thickness, or by 
a film profiles across the contact. The influence of sliding on pressure in the contact was also 
discussed. An algorithm to perform iterative corrections of film thickness and pressure 
distribution due to refractive index-pressure dependence was implemented in the work 
presented in Paper C. 

Paper D deals with measurement of film thickness using the technique of ultrathin film 
interferometry with a spacer layer. A general theory of stresses and deformations is employed in 
reconstructing pressures in the contact of layered elastic solids. A ful l numerical analysis of the 
deformations in a spacer layer system is carried out. A simple tool to estimate the compression 
of the spacer layer was suggested. A numerical scheme was proposed to compute the influence 
coefficients of elastic deformations on the surface and at the interface of two-layered elastic 
system. The method has extended the Hybrid technique to smdy lubricant film in EHL 
conjunctions using ultra thin interferometry. The proposed approach can also be used in 
numerical simulations of EHL conjunction of layered elastic solids. 

In Paper E a transient EHL was investigated using a high-speed video system. The contact 
was studied during the sudden reversal of entrainment velocity. A time history of the EHL 
contact was presented in a series of film thickness maps and corresponding pressures. The 
mechanism of lubrication under reciprocating motion is finally discussed. 

The many years' experience of developing and using the Hybrid Technique has resulted in a 
new numerical method of reconstructing the pressures from the measured films which is 
presented in Paper F. Based on the same principle as solving the pressures from measured 
elastic deformations, the method uses far more advanced discretisation on a triangular grid. The 
method requires fewer grid nodes and provides higher accuracy due to higher order of 
approximation and effective node accommodation, i.e. the grid points are condensed where 
needed. The method is also much simpler to use and implement compared to the one is 
described in Appendix 1. The findings from this paper can be also used in the numerical 
simulations of EHL contacts. 

A final conclusion is that experimental tests confirmed the high efficiency and accuracy of 
the Hybrid Technique. 
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8. F U T U R E W O R K 

Despite the contribution that has been made to the study of Elastohydrodynamic 
Lubrication, the investigation presented has highlighted a number of limitations. 

Firstly, a rigorous error analysis based on a ful l physical approach needs to be performed. 
As stated above, the final error is a complex parameter, which is made up of several sources; 
during image analysis, background noise, a refractive index correction, accuracy of the 
numerical scheme, to mention but a few. Even though the resulting error is believed to be small, 
(the reasons for that are outlined in Section 5) research must continue to verify this. 

A significant limitation of this research is the assumption of perfectly smooth surfaces. The 
actual surfaces, even though can be very fine, have a certain texture. When subtracting an 
undeformed geometry from the measured f i lm map, a certain error attributed to roughness is 
insinuated into the calculations. This, however, is not the limitation of the Hybrid Technique. 
This difficulty can be solved, for example, by mapping the surfaces and subtracting a real 
measured undeformed surface from the measured f i lm thickness. The exact positioning of the 
two latter, of course, must be provided. 

The Hybrid technique has the advantage that the pressure and lubricant f i lm in the loaded 
conjunction are obtained without making any assumptions regarding the rheological behaviour 
of lubricant. Thus the Hybrid technique offers a unique possibility to study lubricant rheology 
under EHL conditions, using an actual EHL contact. Although the first contribution was made 
by Jolkin and Larsson [38], a lot more research is needed in this field. 

Mathematical model used for reconstructing pressures is restricted by assumption of 
normally loaded contact. The assumption of frictionless contact is believed to be reasonable. 
Indeed, for the sliding EHL contact with 200% slide/roll ratio and an external load of 30 N 
applied, the measured traction force did not exceed 1.5 N, see Paper A. However, the method 
can be extended for normally and tangentially loaded contacts. A numerical approach for elastic 
contacts subjected to normal and tangential loading was presented by Björklund and Andersson 
[39]. To apply this method, an appropriate shear stress - shear strain rate - pressure model must 
be established, which brings us into investigations of non-Newtonian fluid effects in 
elastohydrodynamic lubrication. 

Finally, to conclude this thesis, the Hybrid Technique provides an endless field of research 
and opens another dimension in study of EHL. 
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APPENDIX 1 

A M U L T I L E V E L S O L V E R F O R R E C O N S T R U C T I N G PRESSURES IN AN E H L 
C I R C U L A R C O N T A C T 

1. Discretisation 
Consider film thickness equation 

h(x,y) = hm+g(x,y) + w(x,y) ( A l . l ) 

where w(x,y) is the actual elastic deformation of the equivalent body surface from its 
undistorted shape 

2 77 p(x ,y')dx dy' 

«£' ' {x-x'Y +(y-y') 

and g(x,y) defines the gap between the undistorted equivalent body surface and a touching plate 

< A 1 J ) 

Thus, the equation ( A l . l ) can be written as: 

/ / s 7 x y 2 r f p(x,y)axdy . . . 
h(x,y) = ^ 0 + ^ + ^ + -^,} J - , , 2 , . (A1.4) 

2R 2R TVE Ü - (x - x ' ) 2 + (y - / ) 2 

Equation ( A l .4) and conditions 

p3a = 0 and/>>0 in Q (A1.5) 

are discretized on a rectangular uniform grid extended over the domain Q. Approximating the 
pressure profile by a piecewise constant function on a uniform grid with mesh size hx and hv and 

value pkl in the region { ( * . v) e R2 xk - hx 2 < x < xk + hx/'2 A y , - hy 2 < y < v, + A, /2} , 

where pkl = p{xk, y , ) , the elastic deformation ( A l .2) at grid point (i, j) can be written as 

w ( x „ y ; ) = wtj - - ^ £ £ * ^ „ (A1.6) 

The influence coefficients are given by 

x„-hxn . « n (x, - x ) +\yJ-y) 
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Analytically calculated coefficients Kikji are given by the expression found by Love [40]: 

Klkjt = xp In 
1 2 

+ ym In 

x,„ In ym+^xl+>i  

y y p + ,X + yl f 

+ v„ln 

2 1 
x^ + y^n + y^ 
xp+^xl+yl 

Xp+^xl+yl 

xm+4xl+yl 

where xp=xi-xt+hx/2, xm=x,-xk-hJ2, yp =yJ-yl+h>,/2, ym= y -y,-hyl2 

The discrete film thickness equation is finally written as: 

Or 

(1=1..», , 7 = 1..«, ) (A1.8) 

2 & "' x2 y2 

(j = l . .« x , 7=1. .«, ) (A1.9) 

Denoting the right hand side of the equation (A1.9) byßj, 

X2 y2 

Jy a «oo 2 R 2 R 

(ALIO) 

(A1.9) can be rewritten as: 

2 "v "y 
]L S ^-ikjlPkl ~ f j 

ltt. k = i i=l 

(i = l..w v , j = \..ny) ( A L U ) 

The system ( A L U ) consists of « linear equations and («+l) unknowns including the 
unknown constant «0o which is determined from the condition of equilibrium; the calculated 
load must be equal to the value F measured experimentally: 

F = jjp(x,y)dxdy (A1.12) 

The force balance equation is discretised in the same way as film thickness equation, i . e. 
approximating pressures by a piecewise constant function on a uniform grid with mesh size hx 

and «,: 

(A1.13) 
1=1 >=1 
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2. Numerical approach 
Generally speaking, the system ( A l . 11) consists of a very large number of equations. For 

the grid with only 65x65 nodes, the dense (not sparse) matrix of the system consists of about 
1.8 million elements. However, the density of data is expected to be much higher than that and 
therefore, any direct method to solve this problem is of questionable applicability. On the other 
hand, the conditions (A1.5) introduces a weak non-linearity to the problem. A l l these 
difficulties can be overcome by using the approximate relaxation method. Therefore the system 
( A L U ) and the conditions (A1.5) are solved by distributive Jacobi relaxation using the full 
approximation scheme (FAS) and full multigrid. The basic features of the multigrid algorithm 
have been described by Brandt [41], and successfully used in EHL calculations by Lubrecht 
[11] and Venner [13]. 

It is a characteristic of many relaxation processes that relaxation efficiently reduces high 
frequency errors whereas the low frequency errors have a very low reduction rate per sweep. A 
straightforward relaxation process with a large number of nodes has very low convergence rate 
and as a result, requires much computing time. After a few relaxations the error wil l be smooth 
compared to the mesh size of the grid. By representing the error on a coarser grid, it appears to 
be of higher frequency and the same relaxation scheme can be used again with the same 
efficiency. 

The basic part of the multigrid method is the correction V-cycle. Here the errors, or rather 
the corrections, are transferred from the currently finest grid to subsequently coarser grids. On 
each grid, a few relaxations are carried out to smooth the errors that appear to be of high 
frequency on that grid. The corrections are then gradually transferred back to the finest level. A 
few relaxations are also performed on each grid on the way up to reduce errors that might be 
introduced by interpolation. The multigrid algorithm with a number of coarse grid correction 
cycles was used in the present work in order to improve the reduction of the algebraic error and 
reduce computing time. 

3. Notation 

The multigrid method makes use of a hierarchy of computational grids and corresponding 
sets of grid functions. For reasons of simplicity, following assumptions are made: 

• The grid points are equally spaced with respect to all dimensions. 
• Two grids wi l l be used in the description of algorithms below, the fine grid h and the 

coarse grid H. 
• The next coarser grid with mesh size H=2h wil l be used, where h is the finer grid mesh 

size. 

• The superscript h denotes the function p1' represented on fine grid and the superscript H 

denotes function pH represented on the subsequently coarser grid. The running index on 

the fine grid h wil l generally be denoted by small letter, for ex., ph

tj whereas the running 

index on the coarse grid H will be denoted by capital letter, p" . 

• In the recursive description of the multigrid algorithm, more than two grids wi l l be used. In 
this case it is convenient to refer to them as levels and number them, starting with the 
coarsest grid as level 1, the next finer grid level 2, etc. In this case, the number of nodes in 

each dimension is denoted as nk . The number of grid points on the next coarser grid can be 
calculated as J ? ' - 1 = [n

k +1) 2. 
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4. Intergrid operators 
For transferring information between the grids, two different types of intergrid were used, 

interpolation and restriction operators: 

Th • „H _ ^ J' 
h P -*P 

A symbol IH is used to denote an interpolation operator from the current coarse grid to the 

finer grid. I f pH is a coarse grid function, then pH is the fine grid function obtained from it 

by multi-polynomial interpolation of some specified order. Consider the linear interpolation of a 
one-dimensional problem. Assuming that the odd fine grid points (7=1,3,5,.. etc.) coincide with 

the coarse grid points, i.e. i=2I-\, the value of IHpH in a point i is defined as: 

k p " l = 

i = 21-1 

i = 21 

The interpolation operator can be written as an n f X nc matrix (where n- and nL are the 
number of points on the fine and on the coarse grids, respectively). The linear interpolation 

between data points of vector pH can be described in matrix form as: 

J H P 

1 0 0 . . 0 

1 2 1 2 0 . . 0 

0 1 0 . . 0 

0 1/2 1/2 . . 0 

0 0 1 . . 0 

0 0 0 . . 1 

Pi 

PH2 

pHn 

Pi 

\ ( P " + P i ) 

PH2 

i(P2+P3) 

Pn 

For grid function pH of a higher dimension, the multiple interpolation with respect to one 
dimension at a time has to be performed. Practically there is no need to keep the whole matrix 
in the computer memory. The significant information about the interpolation operator can be 
represented by a stencil which is consequently applied to a set of data points. 

The interpolation operators of order 1 (linear), 3, and 5 respectively are given by the 
stencils: 

4 = ^ [ - l . 9, 9, -1] 

l i s — [3, - 2 5 , 150, 150, -25 , 3] 
" 256 
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Let us consider the interpolation operator Ih

H written as an n1 x nc matrix. The adjoint of 

IH denoted by [lH) is an nL X n- matrix. Term [lh

H) describes the fine-to-coarse transfer 

("reduction") operator. In the case when 1H carries out linear interpolation, and ph is the fine 

grid function (vector), the operator - {lH) describes a "ful l weighting" operator, widely used 

in multigrid algorithms: 

• 12 1 1 2 0 0 0 0 . 

. 0 0 1 2 1 1/2 0 0 . 

. 0 0 0 0 1 2 1 1/2 . 

P'U 
PU 
P'U 
pf 

h 

p,+l 

p'!+2 

PL 

\PU + P'U + {P'U 

1 „Il _1 _1 1 J' 

The restriction ("reduction") operator is denoted by l" . Thus, i f p is a fine grid function, 

l" ph is a coarse grid function. By analogy with interpolation, the grid functions of a higher 

dimension are coarsened with respect to one dimension at a time. Thus, the additional storage 
required for the "half-coarsened" grids. 

The injection operator simply acts by injecting uneven fine grid data points to the coarse 
grid and given by stencil: 

/ f = [ 0 , 1, 0] 

The restriction operators of order 2, 4, and 6 respectively are given by the stencils: 

4 

512 
[3, 0, -25 , 0, 150, 256, 150, 0, -25 , 0, 3] 

The index on which the operator works is denoted, when needed, by a dot. For example, 

I"H p f H denotes, for each index z, a fine grid function obtained by interpolating from the semi-

coarse grid function p^H . The term 7,f phf means, for each index Jon a coarse grid, a coarse-

grid function obtained by restriction with respect to index i from the semi-coarse grid function 

Pu 
The central transfer operators are also used near the boundary, by smoothly extending 

K(x,x \y,y") outside fi, while defining on the finest grid p(x, y)=0 for (x, y) i. fi . In practice this 

27 



means adding external points near the boundary of each coarser grid, for which non-vanishing 
values of pH, as well as needed for interpolation values of wH, are calculated. The number of 
such external points is at most 2s-2 in each direction on each line of interpolation, where s is the 
order of interpolation operator. 

5. Relaxation scheme 
The system of linear equations ( A l . l l ) with appropriate conditions (A1.5) can be rewritten 

in a simpler form: 

UP) = /„ 
p>0 

(A1.14) 

where L is the operator that carries out the summations over all Klkflpkl multiplications. The right 
hand side fy, which is a superposition of the undeformed geometry of the contact, measured f i lm 
thickness and f i lm thickness constant «oo, is computed using equation (ALIO). The problem has 
to be solved by relaxation and can be formulated as follows. Starting with a first approximation 
P of the exact solution p at each grid point, a new approximation p is calculated. This 

sequence is repeated until an approximation of the solution has been obtained that satisfies 
some prescribed tolerance. 

A second order distributive Jacobi relaxation was applied here. This technique is described 
by many authors (see, for example, Brandt [41], Brandt and Lubrecht [12], Venner [13]). In this 
procedure the correction terms Sy are applied to all points simultaneously after the relaxation 
sweep. It is important to ensure that relaxation is effectively local, i.e. that relaxing at a point 
(zj) introduces only small changes to the discrete integrals wa at points (k,l) far from (zj). 
Otherwise each integral would accumulate too many significant changes in a relaxation sweep. 
This effect could be avoided by updating the integrals in the neighbourhood of each relaxed 
point. For example, instead of updating one unknown at a time, py <— py + Sy , as in the point 

relaxation scheme, the values at the adjacent sites can be simultaneously updated: 

Pi-lj *~ Pi-lj ~4^ij 

Py 1 < - Pij-l - \ S P,j <- Pr, + Sy A / + 1 < - Pij+i - 4 5 < •I 

Pi+\j « ~ PMj - 4 S , 

The correction terms Sy is chosen such that after these changes the equation at py is satisfied. 

The problem can be solved as follows. Given an approximation pt. to exact solution ptj 

and the associated values of elastic deformation integrals ft>y (z'=l..«„ j=l..ny) computed 

according to equation (A1.6), the residuals of equation (ALIO) computed: 

r v = f v - % (A1.15) 

Ty 

Corrections Sy calculated using the relation Sy = — 

K É " 
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where tX = KU)J - \ + Kll+l + K„lH + K„m } 

The changes are applied according to the scheme. - StJ 

0 - 1 0 

- 1 4 - 1 

0 - 1 0 

As a result of the distributive changes the new approximation plf to p,j is given by: 

Py = Pij + S , , j - 4 ^i-U + + SU-i + S'J+0 ^ A 1 - 1 6 ) 

Using a new approximation ptJ, a multi-summation is again carried out according to 

equation (A1.6) to obtain all values of the elastic integrals Wj, associated with the new 

approximation to the solution p. 

The condition that p > 0 in Q. is treated in the traditional way by replacing negative 

pressures by zero in each grid point. A new correction, S, is then calculated as the difference 
between the old pressure and zero. The new correction is applied to the neighbouring points 
according to scheme ( A l . l 6 ) and neighbouring pressures are recalculated. 

The small changes accumulated in the integrals during one sweep provide stability to the 
relaxation process. The distributive changes are very effective in reducing high frequency error 
components in both directions, which has been shown by Venner [13]. Reinforced by the 
multilevel technique, the distributive Jacobi relaxation provides a fast and stable solver of the 
integral equation problem given by equation ( A L U ) and conditions (A1.5). 

The following criterion was used to control the accuracy of the solution obtained. The 
residual of the f i lm thickness equation was estimated. The residual of the f i lm thickness 
equation is the difference between the measured f i lm thickness and that computed using a 
reconstructed pressure. This complex criterion is made up of several parts: the discretisation 
error, the error contributed by the relaxation process, the error from evaluating the elastic 
integrals, the error in finding the centre of circular contact etc. This error was not allowed to be 
higher than 5 per cent of the maximum elastic deformation. Ostensen, Larsson and Venner [35] 
give a more detailed analysis of the error sources. 

6. Coarse grid correction scheme 
Consider again the solution of the problem 

L\ph) = f 
p>0 

(A1.17) 

After a few relaxations an approximation ph to the exact solution p of problem (A1.17) has 

been obtained and the error in this solution can be defined as: 

e h = p

h - p h (A1.18) 
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The error will be smooth compared to the mesh size of the grid and convergence slows 
down. Instead of continuing the relaxation process, the error can be approximated accurately 
and solved on a coarse grid. The coarse grid equation for the solution of the error is derived as 
follows (Venner [13]): 

r h = f h - L h ( p h ) (A1.19) 

or 

rh =Lh(ph)-Lh(ph) (A1.20) 

Substitution of ph = ph + e1' from equation ( A l . l 8 ) gives 

rh =Lh(ph +eh)-l!\ph) (A1.21) 

This equation can be written as: 

Lh (ph +eh) = Lh ( p h ) + rh ( A l .22) 

Equation (A1.22) is the Full Approximation Scheme increment equation and was used to 
obtain an approximation of the error on the coarse grid. The coarse grid representation of this 
equation reads: 

LH(pH) = L H ( r f p h ) + rfrh (A1.23) 

where the unknown pressures on the coarse grid, pH , represent the restricted pressures of the 

finer grid and the error on coarse grid: 

pH=I^ph+e" (A1.24) 

By relaxing equation (Al.23), an approximation pH to the solution pH of equation (Al.22) 

can be obtained. A coarse grid approximation SH of the error eh can be calculated as: 

S H = p H - I h

H p h (A1.25) 

This error approximation is used to improve the fine grid solution according to: 

ph = p" + Ih

He-H = ph +l'H{p
H- lHph) (A1.26) 

7. Correction cycle 
The number of nodes on the fine grid is usually large. The number of nodes on the coarser 

grid with H=2h may still be relatively large and convergence on the coarser grid wi l l slow 
down again. Obviously, the same algorithm just described above may be applied to the solution 
of the error on grid H. After a few relaxations the error on this grid wil l be smooth again and 
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can be described accurately on a grid with mesh size 2H. The process of coarsening can be 
repeated recursively until a grid is reached where the number of nodes is so small compared to 
the original fine grid that the equations can be solved exactly or almost exactly in only a few 
operations. To describe the coarse grid correction the superscripts h and H are replaced by 
superscript k indicating the level. The coarsest level is referred to as level 1. 

Consider the problem at level k: 

L\pt) = f 
p>0 

(A1.27) 

r 1 ";: "': 

where Lk is the operator acting on pk : [Lk (pk )\ i } = X Z ^ I / ) P u = wl 
k=\ l=\ 

The process of coarsening from level k to level k-1 can be described as follows: 

Perform Vi iterations on level k to obtain an approximation pk to the solution pk ; 

Calculate the residuals of the equation ( A L U ) : r k = f k - W k

r , where Wk are the 

associated elastic integrals at level k; 

Calculate the reduced pressures: pk~x = lk

k'
lpk and the associated elastic integrals , 

I = \..nk-\ J = l..nk-1; 

Calculate the right hand side of the equation of level k-1: /}* 1 <- [/* V* ] u + W k-\ 
IJ 1 "IJ 

Thus, the problem at level k-1 reads: 

i M ( / - ' ) = / W 

p>0 
(A1.28) 

Pxi = 0 

where [^(p^)] u = £±K™p£ = wL 

K=\ 1=1 
Note that the discrete coefficients have to be recalculated for level k-1 according to a new 

mesh size. 
When the coarsest level is reached, the problem has to be solved using v 0 relaxations within 

the discretisation error (typically 10-15 relaxation sweeps are performed). 
Correction of the solution at level k is carried out using the results from level k-1: 

p k = p k + l l i p k ~ l - l t V ) (A1.29) 

where p is the old approximation to the solution at level k, pk~l is the approximation at level 

k-1 and p is the corrected approximation at level k. Finally, v 2 additional relaxation sweeps at 

level k are performed, starting with pk , yielding the final new approximation to the solution. 
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The procedure described of coarsening and refining the solution using coarse grid correction 
is called a V-cycle. 

When reaching the fine grid within the V-cycle, the pressures are interpolated to the next 
finer grid, and a new V-cycle is performed, and so on, until the finest grid is reached. 

In the multigrid scheme used here, the relaxation starts on the finest grid (see Fig. 1). After a 
few relaxations the error on this grid will be smooth and can be described accurately on the next 
coarser grid. This process of coarsening is repeated recursively until the coarsest grid is reached 
where the problem is solved within the discretisation error. Then, as in the ful l multigrid 
scheme, the coarse grid solution is interpolated to the next finer grid to be used as an initial 
approximation and the problem is solved for this grid using a number of V-cycles. The solution 
is then again interpolated to a finer grid and there solved using a number of V-cycles, and so on 
up to the finest grid. 

Operators of different order were used when transferring information between the grids. 
When transferring corrections inside the V-cycle to coarser grids (restriction) a ful l 6 t h order 
weighting was used. The corrections that were transferred within the V-cycle are smooth since 
relaxation is an error-smoothening process. The transfer to finer grids inside the V-cycle 
(interpolation) is done using linear interpolation. The transfer of the ful l solution, to serve as the 
first approximation on the next finer grid is carried out using higher 5 t h order interpolation, 
because the solution itself is not necessarily a smooth function. 

The coarse grid correction algorithm gives a large reduction in the algebraic error employing 
only a few relaxation sweeps and, thus, reduces the computational cost of the algorithm. 

8. Force balance equation 
The force balance equation (A1.13) imposes a global condition on the fi lm thickness 

equation ( A l . l 1). It has a large effect on the solution on every grid. As recommended by Brandt 
[41], this condition is only treated on the coarsest level in the V-cycle. 

The force balance equation is transferred to the coarsest grid using the ful l approximation 
scheme (FAS). On the coarsest grid the residual of the force balance equation is used to change 

level 

4 © 

3 

2 

1 

Process of coarsening from finer to coarser level 
Interpolation of a coarse grid solution to the next finer grid 
Correction of the solution 
Finest grid of current V-cycle 

> 

Figure 1. Coarse grid correction scheme 
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the f i lm thickness constant h00. By altering « 0 o the whole pressure distribution is raised or 
lowered until it satisfies both the force balance equation and the f i lm thickness equation. 

The force balance equation on a fine grid can be rewritten in operator form: 

U"{p")=Fh (A1.30) 

Given an approximation p''to exact solution ph the residual of equation (A1.30) can be 

written as 

qh =Uh(ph)-Fh (A1.31) 

According to the Full Approximation Scheme, force balance equation on the coarser grid is 
written as 

UH{p")=UH{l^p")+I^q" (A1.32) 

and thus the "new" right hand side of the force balance equation on coarser level H is written 
as: 

FH = UH{lH

hp
h)+lHqh (A1.33) 

This process is repeated all the way down to the coarsest grid. On the coarsest level the 

condition must be satisfied. After a few relaxations, an approximation pH to exact solution p" 

on the coarsest level is obtained. 

qH =UH{pH)-UH{l^ph)-I^q" (A1.34) 

The residual of the FAS force balance equation on the coarsest level (A1.34) is then used to 

modify f i lm thickness constant « 0 0 until residual computed using pH is zero, according to 

h æ ^ K s + c q H (A1.35) 

where c is underrelaxation constant. For the dry Hertzian contact hf£ is equal to the total elastic 

deformation of the surfaces in the origin of the contact. The first approximation Ji^ to the «00 

can be computed as Jim = - hc, where hc is the central f i lm thickness (known from 

measurements). The conditions of p m = 0 and p > 0 in Q introduce only a weak non-linearity 

into the problem. Practically this means that the external load is almost a linear function of «oo 
and only a few iterations are needed to satisfy force balance on the coarsest level. 

9. Multilevel multi-integration 
The discrete analogue (A1.6) of the continuous problem (A1.2) is the multiplication of a 

vector by a dense (not sparse) matrix [K\ having certain smoothness properties. When the 
domain fi is discretized by a grid with mesh size h and n = 0[ Y2) points, the calculation of a 
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single integral would require O(n) operations, thus the calculation of elastic integrals for each of 
the n grid points would require 0(n2) operations. Two main difficulties affect the present 
integral problem (A1.2). Firstly, a large number of points n is essential in order to keep the high 
resolution of the f i lm thickness map and high order of discretisation. Secondly, the integrals 
need to be evaluated more than once during the relaxation process. Thus, the multi-integration 
consumes the major part of the total computing time. Fortunately, recent developments enable a 
great reduction of complexity. Brandt and Lubrecht [12] developed a multilevel algorithm, the 
so-called Multilevel multi-integration method, for a fast numerical evaluation of such integrals. 
The method is based on the fact that K is so called "singular-smooth", i.e., it has some singular 
points and the smoothness increases rapidly with increasing distance from these points. The 
reduction is obtained by performing part of the integration on coarser grids. The algorithm has 
been applied successfully to EHL problems by Venner [13], Ehret and co-workers [8]. The 
number of calculations is then reduced to 0(nln(ri)) whilst the additional error remains small 
compared to discretisation error. 

The original description of the one-dimensional algorithm and analysis of its complexity 
may be found in the paper of Brandt and Lubrecht [12] and Venner [13]. The two-dimensional 
algorithm is basically structured in the same way as a one-dimensional. The sequence of two 
grids wil l be used, the fine grid with mesh size h and the coarse grid with mesh size H = lh. 

Consider the problem (A1.6) written in the following form: 

w(x„y/) = w»'~h>YLK^p, hhhh _hh 
kl 

k I 

The aim is to derive the expressions relating the coarse grid integrals w f f 1 and fine grid 

integrals w1^. The semi-coarsening strategy is again applied here, which means that the transfer 

between the grids is carried out with respect to one dimension at a time. 

1. We start with the case that /=27, i.e. the coarse grid points with respect to "i" dimension. 

The discrete kernel K-kf
h can be approximated as follows: 

p-hhhh _ Th irhHhh , . , ny-s 
Kikjl = V H K , - J I \ K (A1.36) 

where K^fis "injected" from K^h , i.e. K ^ h = K ^ l ß . 

Hence the fine grid integrals Wy at points /=2/can be written as: 

_ t l V V v-hhhh hh _ 1 , 2 V V P-hhhh hh . . 2 V 1 V (v-hbhh p-hhhh \ hh 
•I ~ 2a2-tK>k)1 Pkl ~ H 2-t2-iKikß Pkl + n 2~i2^K>k3l ~K'kJ> i p u 

k 1 k I k I 

- L2\* V \rh rhHhh] hh , 7,2 V"' V* {ifhhhh phhhlAhh 

k I k I 

=h'YL^rh)Tpf\ ^ T i f e r - ^ r k / 
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K l k l 

+ ^ i i t e A - ^ r k ' ( a i - 3 7 ) 

Note that the evaluation of w™' = Hh/^j^ K'/'K/I''1 Pa involves summation over a semi-
K I 

coarse grid only, where i=2I. Expression (A1.37) performs the summation over a semi-
coarse grid and the integral is then corrected. 

Consider now the properties of the correction term in expression (A1.37). Since tX.^h is 

an interpolation (A1.36) of KÅ itself using only coarse grid points, the operator 

\K,kji -Kikji J is given by 

^ • ^ ' " { ^ ^ ( O ) "otheLe ( A L 3 8 ) 

where 2p is the interpolation order, D^PK(^) is a 2pih derivative of K in the direction of 

interpolation at some intermediate point C . In the present problem, the kernel K is of the 

potential type, that is K{x, x', y, y) = K{x -x',y- y), and "singular-smooth", that is, it has 

a singular point ( i = k A j = I, for the discrete case). In the vicinity of the singular point the 

2pül difference of K wil l not be small. However, the smoothness increases rapidly with 

increasing distance from this point ( i - k > mx A j -1 > m2), and far from the singularity the 

interpolation error of K wil l be small. Using this property of K, the correction term of the 
equation (A1.37) can be split into two parts, the correction near singularity 
(i — m1 < k < i + ml A j -m2<l< j + m2) and the correction far from the singularity: 

hh 
•'ki 

i-k /-/ <*m2 i-k >/H, / / >m 2 

The second term in (A1.39) wil l be small and can be neglected for large values of ntj and 
m2. This means that the summation can be performed over a semi-coarse grid but that only 
a part of the integral, near the singularity, is corrected. The corrected value is injected to the 
fine grid, so that 

i-k <mx j-l <m2 
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2. Consider now points i that are not coarse grid points, i=2J+l. Another coarse grid 

approximation K is defined similar to K but now interpolating with respect to the index i: 

p-hhhh _ \ j h vHhhh 
Kikjl - VH^-kjl (A1.41) 

where KSl

hh = K^L • In terms of R the integrals in points /-2/+1 can be written as: 

k I 

hh 

A / A- / A / 

=*2xx[4*.r ] ,/#+filter - *r w 
k I k I 

=*2xx[4*rp« i,+*2xxter - *r k 
Ar / 

•*XX(*r-*rk 

ikjl 
p-hhhh] 

•K,kjl ). 

(A1.42) 

A- / 

where VO™1 = wtjfjj are the integrals w1^ computed in coarse grid points i=2I using 

(A1.40). 
The given kernel has similar smoothness properties in all dimensions, therefore identical 
interpolation operators are used in (A1.36) and (A1.41). The estimation of the error of 
interpolation will be similar to (A1.38): 

[yhhhh phhhh) 
V^ikjl _ A ; A / / r 

o i = 21 

\o(h2pD?pK(£)) i = 21 + 1 
(AI.43) 

Again the correction term in (A1.42) is split in two parts, and the part for 

\i — k > m1 A j - l > m2 is neglected, defining the approximation to the fine grid integrals, 

that are not coarse grid integrals as: 

hh (A1.44) 

/ -A <7771 j—l <m2 

Thus, the calculation of the fine grid integrals is reduced to the calculation of the semi-

coarse integrals and applying the corresponding correction terms. The aim now is to 

further reduce the task of the calculation of the coarse grid integrals and correction terms. 
Applying the same strategy to the dimensions "j" and "k", using the similar smoothness 
properties of the kernel K in all dimensions, and splitting the correction term into two parts and 
neglecting the part far from the singularity, we obtain: 
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At coarse grid points j= 2J: 

Hh _ TJI V" 1 V 1

 vHHhh Hh _ TJUST V PHHhh Hh , r r i V V [ v m h h &HHhh \„Hh 

K I K I K I 

= H h ^ [ i H K » f " } ] P f i - m > h ) p " t 
K I K I 

= ^ i i x r [(/* u t ] + ^ x x t e r - ^ r k f 

K L l K I 

K l K I 

= < + H h Y l \ K ^ ' - ^ P T ! (A1.45) 
K I 

Finally, neglecting the correction terms far from the singularity, gives: 

•u,m ~ ™fiH J - Uh V ^ i v m h h P-HHMÄHh 

W,j ~WJJ +Hn 2_, 2J* I KJi ~ K j K J i > P k i (A1.46) 
I-K <m2 j-l ^/"i 

where w"H are the coarse grid integrals: 

w?f =HH^^K?™Hp™ (A1.47) 
K L 

The discrete kernel is approximated by: 

^ å h h = k K f K f H } , (A1.48) 

where K™\[H is obtained from K^h by injection with respect to dimensions "i", "k", 

At points j=2J+\, that are fine grid points: 

w H f i _ m , V V v-HHhh Hh _ w , "V V Æ-tf/iTiA „Hh , r / i , V V [vHHhh fiHHhh\„Hh 

K l K l K I 

A' / A- / 

K I K I 

K 1 J • A' / 

=t* <] , - ^ T k f (Ai.49) 

A" / 
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And finally, 

Wy "[IffWj. Ij+Hh 2J ZÅ W ~K'KJi lPk' (A1.5Ü) 
I—K <m2 ./-/!<»/1 

where 

and w"H are the integrals Wyh computed in coarse grid points i=2I according to (A1.47). 

The algorithm consists of the following steps: 

(1) Obtain the coarse grid function. Recursively, until the coarsest grid is reached, 

(a) Semi-coarsen pff in "k" dimension: pHh

{ =1^p4 

(b) Semi-coarsen p^j' in "/" dimension: PKL = ^h PK-

(2) Perform multi-summation at the coarsest grid: w f j 1 = HH/ 7 a K notH PKL > 

K L 

where K™™ is provided by the injection from the finest grid, and p™ is the coarse grid 

function. 
(3) Interpolate the coarse grid integrals to a finer grid and apply the corrections. 

(a) Prolongation in the "J" dimension: 

• Correct the coarse grid integrals wu

H at coarse grid points I, j=2J, using the 

semi-coarse grid function pH

t , according to (A 1.46). As result, the corrected 

coarse integrals w™ are obtained. 
• Interpolate the corrected integrals in the "J" direction at points j=2J+\: 

• Correct the interpolated integrals w"h at points /'=2/+l, using (A1.50). This 

results in corrected semi-coarse integrals Wu . 

(b) Prolongation in the "I" dimension: 

' v l i 

fine grid function pff according to (A1.40). w"h are the semi-coarse integrals 

that are corrected on the finest grid. 

Interpolate the corrected integrals in "I" direction, at points i=2/+l: 

< = [ / > ? ] , 

Finally, correct the interpolated integrals wfjh at interpolated points i=2/+l, 

according to (A 1.44) 

Correct the semi-coarse grid integrals Wuh at coarse grid points i=2I, j, using the 
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The correction terms fc 
hhhh 
ikjl ' 

p-hhhh 
' K i k j l ) . fc 

hhhh p-hhhh) I p-hhhh &HHhh\ 
ikjl ~"~ikjl )' \Kikjl "-IKjl I and 

K hhhh 
ikjl • é i f Q i h h ) are pre-computed and stored in memory. The kernel in the present problem is 

of the potential-type and thus only a few coefficients in the vicinity of the singularity will be 

needed. As a matter of fact, only one stencil (2m1 +1) X (2m2 +1) for each correction term on 

any given level is computed. The corrections to the coarse grid integrals were carried out over 

rectangles of (2m1 +1) x (2m2 +1) around the singularity. Using the recommendations of 

Brandt and Lubrecht [12], in the direction of interpolation the number of correction points was 

ml = 3 + 0.5 In n , while in the perpendicular direction the number of points m2=2 was used. 

By analogy with the multigrid algorithm above, a hierarchy of grids and corresponding grid 
functions were used here and the integration carried out on much coarser grid than the initial 
one. 

10. Numerical test 
From the general description in the Sections 1-9 of this Appendix it can be seen that the 
algorithm is based on two major approximations. Firstly, the elastic deformation integrals are 
discretized approximating the pressure profile by a polynomial of a given order. Secondly, the 
approximate solution of the discretized problem is sought using a Jacobi relaxation process, Full 
Multigrid and Multilevel-multiintegration. In order to find whether the resulting errors in the 
method are small and comparable to the discretisation error on given grid, numerical tests were 
performed. The following problem, where the integral can be calculated analytically, was 
considered: 

Mx, y) = j\K(x,x',y, y')u{x,y')dx'dy' (A1.52) 

with 

Q : { ( j c , y ) e Æ 2 - l < j c < l A - l < y < l } (A1.53) 

K(x,x',y,y') = 
{x-x) +{y-y) 

(A1.54) 

u(x, y) = u(r) = 
\r<\: V l - V 

I r > 1: 0 
where r = yx2 + y2 (A1.55) 

The analytical integration gives: 

w(x, y) = w(r) 

r < I : 

r > 1 : 

; r 2 ( 2 - r 2 ) 

n\{2-r2) arcsin 
r 

+ Vr - 1 
(A1.56) 
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The integral problem (A1.52) was solved numerically for a sequence of grids. The function 

w(x,y) is given by (A1.56), and the function u(x,y) solved from the integral equation 

(A1.52). The approximate solution Ü was then compared to the exact one given by (A1.56) and 

the resulting error computed. 
The integral is discretised as described in Section 1 and a second order discretisation was 

used. Table 1 gives the parameters and results of the numerical tests. The first column contains 
the number of nodes on each grid. The coarsest grid employed in the calculations consisted of 
(16+l)x(16+l) nodes and the finest grid (1024+l)x(1024+l). The second column indicates the 
coarsest level of Full Multigrid and Multilevel multiintegration for a given grid. 

The third column of Table 1 contains the discretisation error defined as norm in L\: 

n, t j 

Ed=KKx X " - u { x • >'• i ( A 1 - 5 7 ) 

1=0 /=0 

where u(xtfyj) is the exact solution of the continuous problem at grid point ( x , , y ; ) , 

given by (A1.55); 

My is the exact solution of the discrete problem; 

hx, hy is the mesh size on grid with n, X rij nodes. 

The system of linear equations ( A L U ) was solved by using a direct method (Gaussian 
elimination) in order to obtain the exact solution of the discrete problem. The discretisation 
error was then calculated using (A1.57) where the exact solution of the continuous problem is 
given by (A1.56). As mentioned above, the matrix of this system is very large. Hardware 
limitations did not allow the discrete problem to be solved exactly for grids larger than 65x65 
elements. The error of discretisation was therefore estimated for grids larger than 65x65. 

The average absolute error was computed to monitor the error introduced by the 
approximations to the solution. This was defined as 

n, "j 

Ear = KK X X ~ M ( X < ' yi )  

(=0 v=0 

where u(xi,yJ) is the exact solution of the continuous problem in grid point (x,, y}); 

fly is the approximate solution of the discrete problem obtained by the 

multigrid approach; 

The discrete problem was solved as described in previous sections, using a multigrid 
approach and multilevel multiintegration. A zero function was used as an initial approximation 
to the solution ü . 

It can be seen from Table 1 that the integral problem can be solved almost without loss of 
accuracy up to a grid with size of 257x257 nodes. For larger grids, some relative reductions of 
accuracy can occur. However, the average error is still comparable to the discretisation error. 
To reduce the average error, higher order transfer operators and possibly higher order 
discretisation is needed. Nevertheless, the results presented in Table 1 are fully acceptable and 
confirm the efficiency of method. 
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Table 1. 
Discretisation and absolute average errors in the solution of integral equation 

Grid size Coarsest grid size Discretisation error, Ed Average error, E a v 

17x17 17x17 3.46X102 3.93X10"2 

33x33 17x17 1.05X10-2 1.07X10"2 

65x65 17x17 4.07x10"3 4.04x10"3 

129x129 17x17 =1.5xl0~3 1.58X10" 3 

257x257 17x17 =3x10"4 6.98X10" 4 

513x513 17x17 = l x l 0 4 3.72X10"4 

1025x1025 33x33 =7xl0" 5 2.82X10" 4 

= - estimated value 
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APPENDIX 2 

D E T E R M I N A T I O N O F E F F E C T I V E E L A S T I C MODULUS AND PHASE SHIFT 

Effective elastic modulus can be measured experimentally. A contact between a steel ball 
and a glass disc was utilised. Interferograms were taken at different loads when the ball was 
statically loaded onto the disc with the contact illuminated by monochromatic (Red, Green or 
Blue) light. The monochromatic interferogram of the static contact is made up of light and dark 
concentric fringes, where the dark areas are produced by destructive interference and light areas 
are produced by constructive interference. These fringes represent lines of constant film 
thickness. Each adjacent dark and light region is separated by a vertical distance of A/An. The 
separation between the ball and disc at any point can be obtained by using the following 
equation: 

h = 
2n\ 

m — 
In 

(A2.1) 

where: A is the wavelength of the light; 
n is a refractive index; 
m denotes the fringe order; 
(p is the phase shift upon reflection. 

On the other hand, the separation given by the expression for Hertzian deformation in dry 
contact: 

h = h(r) = - a 
j 9w2 ( 2 > 

ARE'2 - 2 a cos — + v — 
ARE'2 

s K
aJ ) 

(A2.2) 

where r is the distance from the centre of the contact; 

3Rw . , T I 

a = 3 i is the Hertzian contact radius; 
\ IE' 

w is the external load; 
E' is the effective elastic modulus; 
R is effective radius of curvature. 

The separation h should simultaneously satisfy both equation (A2.1) and (A2.2). The fringe 
order m is known for each concentric ring in the static contact and a number of equations can be 
found for each constructive interference ring: 

A 
In 

f 
i — 

V 

1 
= 3 

9w2 ( 2 > 
_ 9 a cos + J 

f 
i — 

V In j n \ ARE'2 

K K
ÜJ J 

a cos + J (A2.3) 

where r, is the radius of fringe i. Equation (A2.3) can be defined for 5-10 different concentric 
fringes at each load. The wavelength is given by the monochromatic light source used. There 
are only two unknowns in equation (A2.2), (p and w/E'. These can be found from an 
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approximate solution of the non-linear system (A2.3) for i=\,2,.., and so on. By carrying out 
this procedure for different loads, an estimate of E' could be found. The effective elastic 
modulus was found to be E' = 113 GPa. 

An important note is that this procedure also allows an estimate of cp, the phase shift upon 
reflection, to be determined. This is an important parameter that is needed for image analysis. 
The value of <p was taken as the mean value (<p) over the domain. The determination of <p has to 

be carried out in a lubricated contact since the phase shift in the semi-reflective coating is 
influenced by the surrounding media. The lubricant pressure outside the Hertzian contact is 
equal to atmospheric, so the refractive index n has a constant value. 
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APPENDIX 3 

D E T E R M I N A T I O N O F A CONTACT C E N T R E 

1. Scaling 
The result of the image analysis was the spatial f i lm thickness map in so-called image 

coordinates, where the evaluated f i lm thickness values corresponded to individual pixels in the 
colour image. The image coordinates must then be translated into true physical coordinates. To 
do so the scale images are employed. These images included a microscopic scale located in the 
contact area of the disc at the side of the ball. The scale was oriented consequently horizontally 
and vertically in order to obtain scale coefficients in both directions. The size of a pixel could 
be determined from the ratio between a given length on the microscopic scale and the number 
of pixels within this length. 

An initial coordinate system was created with the origin in the upper left corner of the 
image. The X-axis coincided with the direction of motion and the Y-axis lay in the transverse 
direction, thus the plane XOY was parallel to the disc surface. Once the physical coordinates 
were chosen, a contact centre had to be found and the origin placed at the centre of the contact. 

2. Finding a contact centre 
The centre of a circular EHD contact is defined as the point of minimum fi lm thickness had 

the surfaces been undistorted. The position of the contact centre was required in order to 
determine elastic deformation, which is, in turn, used to calculate the pressure disttibution in the 
contact. A special routine was developed for finding the contact centre and implemented in a 
computer program. A short description will be given here. 

300 0 v • , 
Y, pixels X ' P ' x d s 

Figure 1. 3-D fi lm thickness map in image 
coordinates 

Figure 2. 3-D contour plot of a film thickness 
map 

The shape of the lubricant film is strongly affected by the elastic deformations of the 
contacting surfaces because of the high pressures in an EHD contact. In addition to the high-
pressure zone in the middle of the contact, the hydrodynamic pressure is built up in front of the 
contact edge (the inlet region) and causes elastic deformations that make the surface separation 
diverge from the Hertzian form. However, the inlet pressure falls as the distance to the contact 
edge increases. The most reliable way of finding the centre of the contact is therefore to use 
information about contact shape at very high film thicknesses, where the influence of inlet 
pressure is minimal. At present the effective measurement range of image analysers is limited to 
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600-700 nm. At this level the remaining elastic deformations are of the order of 30% of the 
maximum elastic deformation in the centre of contact. 

The description is illustrated with practical example of the fi lm thickness in an EHD contact 
lubricated with poly-a-olefin oil. The corresponding Hertzian contact radius was estimated as 
a = 0.171 mm. The f i lm thickness map in image coordinates that was evaluated with the image 
analyser is shown in Fig. 1. Note that here and later in text, the f i lm thickness axis is inverted 
for better view. 

A 3-D contour plot of a f i lm thickness map is presented in Fig. 2. The contour lines are 
drawn at every 10 nm. The contours are level lines of a surface of f i lm thickness map. Contours 
are drawn at different levels, from the lowest point where the minimum film thickness occurs to 
the largest measured film thickness. The method of finding the contact centre is based on fitting 
ellipses to the contours that are seen in Fig. 2, and analysing the origins, radii etc of these 
ellipses. Theoretically, the centre of the static contact coincides with the centre of the fitted 
ellipses. Determining the centre of the dynamic EHL contact is somewhat more difficult. The 
shape of the contours can vary far from circles or ellipses. The contributing factor is, of course, 
the elastic deformation of the surfaces which is different in the inlet and outlet regions. More 
over, cavitation often occurs at the outlet of the EHD contact making film thickness 
measurements unreliable. In most cases, the contours in the outlet region cannot be used, 
leaving only the inlet and sides for fitting. 

285.15 

o 

284.91 1 1 1 1 1 1 1 1 

250 300 350 400 450 500 550 600 650 
Contour levet, nm 

Figure 3. Y-coordinate of the contact centre 

2901 

2 7 & 0 300 350 400 450 500 550 600 650 
Contour level, nm 

Figure 4. X-coordinate of the contact centre 

The ellipses were fitted to the contour segments, shown in Fig. 2, and the positions of their 
centres were estimated. Several methods of fitting were employed. The best approximation can 
either be observed graphically in interactive mode or chosen by minimising the error of 
approximation. Results from finding the contact centre are presented in Figs 3 and 4. Figure 3 
shows Y-coordinate of the contact centre estimated at different levels from 250 nm to 600 nm. 
These measurements are mostly dependent on the position of the sides of the contour segment. 
A nearly perfect symmetry in the contact imparts very high precision to these estimations. The 
estimated X coordinate of the contact centre at different levels can be seen at Fig. 4. Because of 
the elastic deformations of inlet caused by the hydrodynamic pressure, the contours tend to 
protrude in the direction of motion. However, at the higher levels the influence of inlet 
hydrodynamic deformation reduces, and the deviation of the centre X-coordinate diminishes. 
Figure 5 shows relative positions of estimated centres of higher level contours in physical 
coordinates. It can be seen from Fig. 5 that the centres estimated from the highest levels are 
very close to each other. By analysing the information about the position of geometric centres at 
each level, the most likely position of contact centre is assigned by the operator. 
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Figure 5. Positions of estimated centres Figure 6. Contour plot of the fi lm thickness 

The next step is to transfer the origin of the coordinate system to the centre of the contact. 
Figure 6 shows the contour plot of f i lm thickness, where the estimated centre of the contact is 
marked by cross. 

By extending the measurement range of the image analyser up to 1000 nm the accuracy of 
determining the X-coordinate of contact centre could be further improved and made as high as 
in the Y-direction. However, the accuracy of the algorithm is already quite high. The centring 
error in the direction of motion can be at most 5%, whereas the centring error in perpendicular 
direction does not exceed 0.2%. 

The sensitivity of the solution of the pressure distribution to measurement errors was 
previously analysed by Östensen, Larsson and Venner [35]. It has been shown that the centring 
error within the range of 5% in the direction of motion and 1 % in perpendicular direction do not 
influence the reconstructed pressure more than a few percent. As can be seen, the error of 
finding the EHL contact centre using the algorithm presented above lies within this range. 
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Film Thickness, Pressure Distribution and Traction in Sliding E H L 
Conjunctions 
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The lubricant film thickness in an EHL conjunction has been studied under mixed sliding and rolling 
conditions using optical interferometry. A hybrid method was developed to combine the experimental 
study and advanced numerical calculations including a fast algorithm for evaluation of pressure 
distribution. A multi-channel image analyser was employed to evaluate a 3-D film thickness map. This 
map was used for calculating pressure distribution by solving the film thickness equation. 

The influence of sliding on film thickness and its corresponding pressure distribution has been 
investigated in this paper. The traction force has also been measured. 

The investigations found that at relatively low entrainment velocities the sliding has only a slight influence 
on the pressure distribution. The characteristic shape of the pressure remains nearly the same for all 
tested slide/roll ratios. The difference between pressures at various degrees of sliding is seen mostly along 
the horseshoe shaped constriction. It has also been shown that the lubricant type has influence on the 
shape of the pressure spike at the outlet. 

1. INTRODUCTION 

Many machine components such as gears, cams, and traction drives run under high sliding 
rates. Determination of f i lm thickness and pressure distribution over the conjunction due to 
sliding and rolling motion is therefore an important aspect of elastohydrodynamic lubrication 
theory. The lubricant f i lm thickness in an elastohydrodynamic system plays a vital role in 
determining failure modes such as pitting and scuffing, since it dictates the degree of asperity 
interaction and the wear rate. The pressure disttibution has great importance in the study of sub
surface stress concentrations in EHL conjunctions, which effect the life of the lubricated 
components. 

Elastohydrodynamic point contacts have been widely studied both theoretically and 
experimentally. Dalmaz [1, 2] measured the f i lm thickness in a small elliptical contact under 
sliding and rolling conditions using optical interferometry. He reported a decrease in both 
central and minimum fi lm thickness of about 30% from the pure rolling value. The maximum 
slide/roll ratio in this work was about 65% with a high entrainment speed (3.5 m/s). 

Isaksson [3] carried out interferometry experiments to measure the f i lm thickness when sliding 
occurs between two surfaces. It was observed that the change in minimum film thickness was 
small. The decrease in central film thickness was 21% at a slide/roll ratio at about 63%, which 
was believed to be considerably larger than that of the minimum film thickness. Smeeth and 
Spikes [4] used optical interferometry to measure the film thickness over a broad range of 
slide/roll ratios. They showed that the film thickness drops at high amounts of sliding. A degree 
of asymmetry was observed in film thickness versus slide/roll ratio plots, which was tentatively 
attributed to the different materials used in the contact. A number of possible explanations for 
this behavior were suggested. 
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Most numerical EHL solutions are carried out by assuming isothermal conditions under 
moderate speeds, such as the prediction of f i lm thickness by Hamrock and Dowson [5]. These 
results show good agreement with the majority of experimental work in rolling contacts at 
relatively low speed and moderate load. However, at high rolling speed and/or high sliding rates 
the isothermal approach becomes inaccurate since the effect of shear and squeeze heating is 
neglected. Shieh and Hamrock [6] also used isothermal conditions in their study of non-
Newtonian effects on f i lm collapse. Results based upon the concept of solidification in EHL 
point contact under pure sliding conditions were presented by Ehret, Dowson and Taylor [7]. 
They developed the non-Newtonian isothermal model to match the experimental findings of 
Kaneta and co-workers [8] by establishing the corresponding values of slip and Eyring shear 
stress. Under certain circumstances, the conditions of limiting shear stress alone lead to 
unrealistic results in terms of f i lm thickness and pressure when studying non-Newtonian effects. 
Thus a f i lm thickness with a bump at the centre of the contact was obtained. Similar numerical 
results with pressure distribution far away from the near Hertzian distribution was reported in 
both [6] and [7]. 

Thermal effects in EHL conjunctions have been investigated theoretically by a number of 
authors. Hsiao and Hamrock [9] presented a complete solution for EHL conjunctions in line 
contacts considering the effects of temperature and non-Newtonian characteristics of lubricants 
with limiting shear stress. They reported a strong effect of temperature rise on the traction 
developed in an EHL conjunction. Also, the friction coefficient was only one-half of that 
predicted by the isothermal model. It is noticeable that the f i lm and pressure distribution of the 
isothermal case reported in [6], was replaced by more traditional f i lm and pressure distributions 
found in conventional EHL contacts. 

However, all these theoretical models rely on certain assumptions of the thermal effects and/or 
non-Newtonian behavior of lubricants. Because of the experimental difficulties in obtaining 
reliable rheological data at high pressure under transient conditions it is quite difficult to choose 
a model and define a suitable constitutive equation. The influence of the thermal effects on f i lm 
profile, pressure distribution and friction is even more complex. A l l these problems make it 
difficult to understand completely the physical phenomena which interact when a lubricant 
flows through an elastohydrodynamic contact. 

Nevertheless, the measurement of film thickness in an EHL conjunction is a widely applicable 
instrument whereas methods of measuring or evaluating the pressure distribution are still rare. 
The pressure spike at the outlet may have a significant effect on stress concentrations in the 
surfaces. Höglund and Larsson [10] investigated the effect of lubricant compressibility on 
pressure distribution and sub-surface stress. It was shown that two lubricants with similar 
properties, except compressibility, might give rise to large differences in sub-surface stress. The 
reason for this was the difference in the pressure distribution between compressible and less 
compressible lubricants. 

This paper presents a hybrid experimental and numerical method for the determination of high-
resolution film thickness maps and pressure distributions. The hybrid technique combines 
optical interferometry, image analysis and numerical computation. 

A circular contact between a steel ball and a glass disc has been studied under different degrees 
of sliding and with different lubricants. Friction was measured simultaneously. Image 
processing was used in order to unwrap the interferometry fringe images to generate detailed 
film thickness maps. The two-dimensional pressure distribution was then obtained by solving 
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the f i lm thickness equation in an inverse way. Full multigrid and Multilevel multi-integration 
were used in the numerical computation. 

The objectives of this work were to study the effects of sliding not only on fi lm thickness and 
traction but also on the pressure distribution and perhaps compare with the intriguing pressure 
distribution in the isothermal cases reported in [6] and [7]. 

2. E X P E R I M E N T A L T E C H N I Q U E 

The experimental equipment consisted of the test apparatus, the ball and disc system equipped 
with AC servo motors, thermostat device, microscope, CCD camera, RGB trichromatic light 
source and computer with appropriate software to accomplish the control and the data 
acquisition. 

2.1. Optical interferometry measurements 
The main parts of the apparatus were a glass disc and a ball. The disc was coated with a thin 
semi-reflecting layer of chromium on the side facing the 25.4-mm polished steel ball. The ball 
and the disc were driven by separate servo motors. This enabled the adjustment of slide/roll 
ratio over a wide range with high accuracy. Loading was achieved through a pneumatic cylinder 
forcing the ball into contact with the disc. A thermostat device controlled the temperature in the 
lubricant reservoir. 

The traction force was measured by using a load cell mounted between the disc and the base 
plate. 

The contact between the ball and the disc was imaged by a CCD camera through a microscope 
and the contact was illuminated with a RGB trichromatic light source. 

2.2.Image Processing 
The RGB intensity images of the contact were transferred to the image processing software. 
The next step was to calculate the spectral wavelength at each point of the image and obtain a 
map of the f i lm thickness using the local colour information. This was done by using an 
improved image processing technique based on work by Gustafsson, Höglund and Marklund 
[11]. The resolution of the measurement system was determined by the camera. The CCD RGB 
camera had a 24-bit colour resolution and a CCD with 768 times 576 elements. This gave the 
resolution of measurement system 1 pm in x and y directions and 0.5 nm in f i lm thickness. 

Table 1. 
Properties of the test lubricants at 30°C.  

Absolute Density, Shear stress- Pressure-viscosity Refractive index 

viscosity, p, pressure coefficient, at 20°C and 

q, mPas kg/m3 coefficient, y cx, GPa"1 atmospheric 

(estimated) pressure 

Paraffinic oil 255.5 876.6 0.0455 19.3 1.486 

PAOoil 240.1 844.8 0.0400 14.6 1.462 

Polyglycol oil 223.5 988.3 0.0465 17.3 1.452 
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3. T E S T LUBRICANTS 

Three lubricants were investigated, a mineral oil of paraffinic type, a poly-a-olefin synthetic 
oil, and a polyglycol oil. The properties are listed in Table 1. 

4. P R E S S U R E C A L C U L A T I O N 

Numerical simulations are well established in the investigation of oil lubricated EHL contacts. 
Many researchers have presented a number of models and algorithms over the years, Hamrock 
and Dowson [5], Hsiao and Hamrock [9], Ehret, Dowson, Taylor [7], Venner [12], etc. There 
are several ways to obtain the pressure distribution in EHL conjunctions; by direct measurement 
of the pressure, by solving the Reynolds equation or by calculating the pressure from elastic 
deformations. The first method is of questionable applicability for the present study since it is 
very difficult to directly measure the 2-D pressure distribution. To be able to use the Reynolds 
equation, rheological properties of the lubricant have to be known in every part of the contact 
which is not a simple task. Therefore the latter method of determining pressure from the 
measured f i lm thickness was used. The method is straightforward and has been applied earlier 
(one-dimensional problem) by e.g. Larsson and Lundberg [13] in their studies of transiently 
loaded EHL contacts. Åström and Venner [14] applied the method for a two-dimensional, 
grease-lubricated point contact. In this paper the method was further developed and wil l be 
described in detail in later publications. A short description is, however, given below. 

4.1 Equations 
The aim was to evaluate the pressure distribution from the measured f i lm thickness. Regardless 
of lubricant flow or rheological behavior or thermal conditions, the f i lm thickness in an EHL 
contact wil l be the sum of the undeformed gap geometry and the elastic deformation of the 
surfaces. Hence, it can be modelled as: 

The problem to be solved can be stated as follows. Given a f i lm thickness h(x,y) and 
undeformed contact geometry g(x,y) find the pressure distribution p(x,y) that satisfies equation 
(1), while considering boundary conditions: 

and the condition that 

where fi is the computation domain fi: {(x,y)e R2 - xa < x < xa A -yb < y < yb}, 3 f i its 

boundary and x is the coordinate in the direction of motion. 

The pressure could be obtained once the fi lm thickness was known, from equation (1). Since the 
f i lm thickness equation can not be solved analytically, a numerical approach was used. 

(1) 

p > 0 in fi, "cavitation" condition (3) 
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Problems (l)-(3) were discretized on a rectangular uniform grid extended over the domain £1 
Approximating the pressure profile by a piecewise constant function on a uniform grid with 
mesh size hx and hv and value pk/ in the region 

{(x,y) e R2 xk - hx 2 < x < xk + hx 2 A V , - hr 2 < y < y, + hy 2} j 

wherep ki=p(x h yj), the elastic deformation in grid point (i,j) can be written as 

S,j=S(x„yJ) = ^ % 2 K l ¥ p l ! l (4) 
« B k=0 1=0 

where 

A-,.; = f ' (5) 

The influence coefficients, Kjkjl, can be calculated analytically, see e.g. Hamrock and Dowson 

[5], Venner [12]. The discrete f i lm thickness equation is finally written as 

2 "' " 
X X = ^ - ôo - g9 C6) 

" C - t=o /=0 

In the algorithm presented by Åström and Venner [14], the force balance equation was treated 
in the solution process in order to find the unknown constant «oo- This additional work 
significantly increases computation time and decreases the accuracy of calculations. In the 
present investigation an improved approach was used. The system (6) consists of n=nxxnv 

equations and unknowns. By introducing the boundary condition at any boundary point where 
the pressure is known, (so-called reference point) (q, r): pqr= 0, the number of unknowns is 
reduced by one. The system (6) consists now of n linearly independent equations and («-l) 
unknowns ptJ and unknown constant hoo on the right hand side. By using the superposition of the 
appropriate equation for the elastic deformation at point (q, r) with negative sign with the other 
equations in the system and corresponding right hand sides, the unknown constant «oo vanishes. 
Indeed, having eliminate the appropriate equation for the elastic deformation at point (q, r) from 
the rest of the system, the pressure distribution is solved in form (7): 

k=0 1=0 

where the equation for the elastic deformation in point (q, r) become equality 0 = 0, and the 
column containing pqr becomes a zero vector. 

4.3 Numerical approach 
The system of linear equations (7), the boundary condition (2) and the cavitation condition (3) 
are solved by distributive Jacobi relaxation using the ful l approximation scheme (FAS) and full 
multigrid. The multigrid algorithms, as used in EHL calculations, are described by Lubrecht 
[15] and Venner [12]. 
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It is characteristic for many relaxation processes that relaxation efficiently reduces high 
frequency errors whereas the low frequency errors have a very low reduction rate per sweep. 
A straightforward relaxation process with large number of nodes has very low convergence rate 
and, as a result, requires essential computing time. Therefore, the Full multigrid algorithm with 
a number of coarse grid correction cycles was used in order to improve the reduction of the 
algebraic error and reduce computing time. 

In the multigrid scheme used here, the relaxation starts on the finest grid. After a few 
relaxations the error on this grid wil l be smooth and can be described accurately on the next 
coarser grid. This process of coarsening is repeated recursively until the coarsest grid is reached 
where the problem is solved within the discretization error. Then, as in the Full multigrid 
scheme, the coarse grid solution is interpolated to the next finer grid to be used as an initial 
guess and the problem is solved on this grid using a number of V-cycles. The solution is then 
again interpolated to a finer grid and there solved using a number of V-cycles, and so on up to 
the finest grid. The correction cycle gives a large reduction in the algebraic error after only a 
few cycles. 

For transferring the information between the grids, different intergrid operators were used. A 6 t h 

order polynomial restriction operator and a linear interpolation were used inside the V-cycle. 
The transfer of the ful l solution was carried out using higher 5 t h order interpolation. 

The discrete analogue (6) of the continuous problem (1) is the multiplication of a vector by a 
dense (not sparse) matrix [K\ having certain smoothness properties. When the domain Q is 
discretized by a grid with mesh size h and n=0(h~~) points, the calculation of a single integral 
would require O(n) operations, thus the calculation of elastic integrals for each of the n grid 
points wi l l require 0(n2) operations. Two main difficulties affect the present integral problem 
(1). Firstly, a large number of points n is essential in order to keep the high resolution of the 
f i lm thickness map and high order of discretization. Secondly, the integrals need to be evaluated 
more than once during the relaxation routine. Thus, the multi-integration consumes the major 
part of the total computing time. Recent developments enable a reduction of this complexity. 
Brandt and Lubrecht [16] developed a multilevel algorithm, the so-called Multilevel multi-
integration, for a fast numerical evaluation of such integrals. The method is based on the fact 
that K is so called "singular-smooth", i.e., it has some singular points and the smoothness 
increases rapidly with increasing distance from these points. The reduction is obtained by 
performing part of the integration on coarser grids. The algorithm has been implemented 
successfully in the field of EHL problems by Venner [12], Ehret et.al. [7]. The number of 
calculations is then reduced to 0(n\n(n)). 

When a converged solution of problem (7, 2, 3) was obtained, two additional criteria were used 
to control the accuracy of computations. Firstly, as the pressures were computed, the external 
load was calculated afterwards according to (8) and compared with the measured value. 

The deviation of the computed load from the measured one was found to be approximately 10% 
and includes the possible error in effective elasticity modulus and the measurement error. 
Secondly, the residuals of the f i lm thickness equation were estimated. The residual of the f i lm 
thickness equation is the difference between the measured f i lm thickness and that computed 

(8) 
a 
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using a reconstructed pressure. This complex criterion is made up of several parts: the error 
contributed by the relaxation process, the error of evaluating the elastic integrals, the error in 
finding the centre of circular contact etc. This error was not allowed to be higher than 5% of the 
maximum elastic deformation. Östensen, Larsson and Venner [17] give a more detailed analysis 
of the error sources. 

5. R E S U L T S AND DISCUSSION 

5.1 Test conditions 
The three lubricants described in Table 1 were tested with the ball and disc apparatus at an 
entrainment velocity of 0.17m/s under slide/roll ratios varied in the range -200% to +200%. An 
external load of 30 N was applied which resulted in a Hertzian maximum pressure of 480 MPa. 
Measurements were carried out at a temperature of 30°C for polyglycol and PAO oils and 27°C 
for paraffinic oil. The estimated viscosity of paraffinic oil at 27°C is 336.4 mPas. The fi lm 
thickness maps were evaluated with an image analyser. Using these fi lm thickness maps 
pressure distributions were calculated. 

The slide/roll ratio is defined as: 

S=2*P±~UJxl00% (9) 
(U1 + U2) 

where U\ is the speed of the disc and U2 is the speed of the ball. +200% represents pure sliding. 
A negative slide/roll ratio indicates that the ball surface speed is higher than that of the disc. 

5.2 The influence of sliding on an E H L contact 
When comparing the f i lm thickness and pressure profiles at different slide/roll ratios within the 
same lubricant test, the following general results are found. 

It was seen that the sliding has only a slight influence on the pressure disttibution. The 
characteristic shape of the pressure remains nearly the same for all tested slide/roll ratios and 
was close to the Hertzian pressure distribution. The differences between pressures at various 
degrees of sliding were seen in the size of the pressure spike at the outlet and along the 
horseshoe shaped constriction. 

The pressure in the spike region was somewhat higher under sliding conditions than in pure 
rolling. At the same time, the pressure profile across the contact perpendicular to the direction 
of motion is slimmer at the maximum pressure region under sliding conditions. However, the 
maximum pressure was not affected in any significant way. 

Figure 1 presents the pressure and corresponding fi lm thickness profiles across the contact 
perpendicular to the direction of motion for the case of poly-a-olefin synthetic oil. Three pairs 
of profiles are shown, measured several slide/roll ratios; +200% in the first case (pure sliding), 
0% in the second case (pure rolling) and -200% (pure sliding when the ball rotates). 
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Figure 1. Profiles across the contact perpendicular to the direction of motion for the poly-a-
olefin synthetic oil. 

Figure 2 illustrates how the f i lm thickness and corresponding pressure distribution of the poly-
a-olefin synthetic oil vary with slide/roll ratio. Figures 2a, 2b, 2c represent the results of 
measurements and calculations at pure rolling and Figures 2d, 2e, 2f represent results under 
pure sliding conditions when the ball rotates alone. Figures 2a and 2d show the contour plots of 
f i lm thickness. The contour lines are drawn at every 10 nm. A slight distortion of the f i lm 
thickness caused by cavitation can be seen near the outlet region. A special treatment of 
cavitation was implemented in the pressure calculation algorithm in order to prevent the 
influence of these non-existent deflections on pressure. Figures 2b and 2e show the 3-D f i lm 
thickness maps, and Figures 2c and 2f show the corresponding pressure distributions. The 
actual film thickness maps, which were subsequently used in the pressure calculations, consist 
of 257 by 257 points. As can be seen from Figs 2c, 2f, some of the small fluctuations in 
pressure appear due to the surface texture of the steel ball and the glass disc, and possibly also 
solid particles contained in the oil. 

Comparing the film thickness profiles at different slide/roll ratios, it was found that sliding had 
a strong influence on lubricant film thickness. Significant changes were observed at high 
degrees of sliding both in minimum and central f i lm thickness. It was found that both minimum 
and central f i lm thicknesses decrease as the sliding occurs. Certain changes are also detected in 
film thickness profile. It was found that the high-pressure region, the flat plateau at pure rolling, 
becomes saddle-backed at high degrees of negative sliding, i.e. when the ball rotates alone. The 
latter effect was not detected for the case of sliding when the disc only moves. A deep chamfer 
was seen to appear at the inner edge of the exit boundary for high degrees of sliding. 

Smeeth and Spikes [4] have given a possible explanation to the sliding direction asymmetry. 
Most of the heat generated within the contact wi l l pass into the faster moving body. For very 
high negative sliding speeds, 95% of the heat generated within the contact enters the ball, 
whereas with very high positive sliding speeds, the heat generated is dissipated in about equal 
proportions into both bodies. As the thermal properties of the steel ball and glass disc are quite 
different, the asymmetry of the heat distribution appears. The heat also influences the 
rheological properties of the lubricant. This is reflected in the flow characteristics and, 
consequently, pressure and film formation. 
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(a) Contour plot of f i lm thickness under 
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(d) Contour plot of f i lm thickness under pure 
sliding when the ball rotates 

(b) 3-D fi lm thickness map measured under 
pure rolling 
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(e) 3-D fi lm thickness map measured under 
pure sliding when the ball rotates 

X,wm Y'Mm X,um Y ' t ™ 

(c) Pressure distribution at pure rolling (f) Pressure distribution at pure sliding 

Figure 2. Results of measurements and calculations of the circular contact lubricated with PAO 
synthetic oil (a, b, c,) under pure rolling and (d, e, f) under pure sliding when the ball 
rotates alone. 
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Another possible explanation for these phenomena is that refractive index is a property that 
depends on temperamre and pressure. Local variations of pressure and temperature may cause 
changes of optical properties of the tested lubricant and introduce errors in f i lm thickness 
measurement. The refractive index increases about 5% at a pressure of 500 MPa. The error 
contributed by refractive index-temperature dependence is quite difficult to estimate. The 
refractive index decreases about 1 % as the temperature increases by 20°C. As the temperature 
in an EHL contact, and particularly in sliding EHD contacts may locally rise up to several 
hundred degrees C, the variations of the refractive index may be of the order 10%. To achieve 
higher accuracy of the hybrid technique, corrections of refractive index on pressure and 
temperature are needed. 

5.3 Comparison of different lubricants in sliding E H L contact 
Analysing the behaviour of different types of oil under identical conditions, the following 
characteristics were found. The tested lubricants they showed quite different behaviour under 
sliding conditions as well as under pure rolling. The lubricant type was found to influence the 
following factors: central and minimum f i lm thicknesses, pressure distribution and friction at 
different degrees of sliding. It was seen that the central and the minimum fi lm thickness both 
decrease with sliding for all tested lubricants. It was also found that the minimum and central 
f i lm thickness decrease by different proportion. 

Variations of the central and the minimum f i lm thickness with slide/roll ratio are shown in 
Figure 3 for the tested lubricants. A certain asymmetry can be seen in the decrease of f i lm 
thickness with respect to whether the ball or the disc surface moves with higher velocity. 
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Figure 3. Variation of minimum and central f i lm thickness with slide/roll ratio for three 
lubricants. The actual values of central f i lm thickness are connected by solid lines; 
the actual values of minimum f i lm thickness are connected by dotted lines. 

Figures 4(a, b, c) illustrate the findings below. Each figure shows measured f i lm thickness 
profile and corresponding pressure distribution across the contact in the direction of motion. 
Three pairs of profiles are shown, taken at pure sliding when the disc rotates (+200%), at pure 
rolling (0%), and at pure sliding when the ball rotates (-200%). 
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Direction of motion X, um 

(a) Film thickness and pressure profiles of the poly-a-olefin synthetic oil. 

Direction of motion X, um 

(b) Film thickness and pressure profiles of the polyglycol oil. 

Direction of motion X , tim 

(c) Film thickness and pressure profiles of the paraffinic mineral oil. 

Figure 4. Profiles across the contacts. Measured at pure sliding, pure rolling and pure negative 
sliding. 
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Figure 4(a) shows measured f i lm thickness and corresponding pressure profiles for the poly-a-
olefin synthetic oil. Besides the facts described above in 5.2, it can be seen that the difference 
between the minimum and the central film thickness decreases as sliding occurs, i.e. the height 
of the side lobes diminishes. The central film thickness decreased by about 25% at pure sliding 
when the disc rotates and 20% at pure sliding when the ball rotates. 

The polyglycol oil, presented in Figure 4(b), gave the least decrease of the central film 
thickness of the three tested lubricants at all degrees of sliding. In pure sliding, the central film 
thickness decreased about 16% at pure sliding when the disc rotates and 18% at pure sliding 
when the ball rotates. The decrease of the side lobes was not clearly detected. 

Figure 4(c) shows the film and pressure profiles of the paraffinic mineral oil. The decrease of 
the central film thickness was about 17% at -200% slide/roll ratio and 22% at +200% slide/roll 
ratio. In contrast to the PAO oil, the height of the side lobes clearly increases under sliding 
conditions resulting in a more pronounced pressure spike. 

The friction force between the ball and the disc was measured simultaneously with the film 
thickness measurements. Figure 5 shows how the measured traction force of the tested oils 
varies with slide/roll ratio at constant entrainment speed and constant external load. For better 
clarity, the points where the friction was actually measured, are connected by lines. It can be 
seen that the paraffinic oil and the polyglycol oil gave the highest friction and the PAO oil gave 
the lowest friction. 

Figure 5. Variations of traction force with slide/roll ratio for three lubricants. 

The traditional theory of EHL regards the following parameters as having major influence on 
film thickness formation and shear stress: viscosity, pressure-viscosity coefficient, limiting 
shear stress and compressibility. 

The limiting shear stress, according to Bair and Winer [18], can be expressed as 
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(10) 

where TL is the limiting shear stress, p is the pressure, t 0 is the limiting shear stress at 

atmospheric pressure and y is the shear stress-pressure coefficient. In a normal EHL contact, 

where the pressure reaches well over 1 GPa, the pressure dependent part in equation (10), yp , 

becomes dominant, and in simplified terms, T = yp . An experimental method to determine y 

was proposed by Jacobson [19] and further developed by Höglund [20]. The measurements of 
friction at high slide/roll ratios in the present investigation show good agreement with theory. 
PAO oil, having the lowest y value, exhibits relatively low friction in sliding EHL contact. It 

can be seen in Figure 6 that the paraffinic mineral oil gave the highest friction. The traction 
curve for paraffinic mineral oil has two expressed extremum at about -150...-100% and 100-

150% sliding. At relatively low slide/roll ratios, when TL is not reached, the paraffinic oil 

gives higher traction because of its higher viscosity. On the other hand, the paraffinic oil has the 
lowest heat capacity of the three lubricants. More heat will be generated in the inlet at higher 
degree of sliding, and the paraffinic oil that enters the contact will have higher temperature than 
the PAO or polyglycol. As the slide/roll ratio, and also the temperature, increase, the friction 
becomes more or less constant and even decreases for the paraffinic oil. Limiting shear strength 
effects dominate at very high slide/roll ratios. The traction curves for paraffinic and polyglycol 
oils approach each other thus confirming the fact that these two oils have similar y values. The 

behaviour of the three lubricants at low shear rates, i.e. at very low slide/roll ratios, can be 
regarded as Newtonian. The slope of the friction curve relates to viscosity of a lubricant at a 
given pressure. At pressure of 500 MPa the viscosity of the paraffinic oil is about 5320 Pas, for 
PAO 355 Pas and for polyglycol 1276 Pas. 

The paraffinic oil, having approximately 30% higher initial viscosity and the largest pressure-
viscosity coefficient, builds about 40% thicker f i lm than the PAO and polyglycol which build 
nearly identical films, despite having different viscosities and pressure-viscosity coefficients. 

The importance of compressibility of a lubricant can clearly be seen in the Figures 5 (a, b, c). A 
synthetic poly-a-olefin and a polyglycol are more compressible fluids than the paraffinic oil. 
This leads to a higher pressure spike amplitude in EHL contacts with paraffinic oils. The 
paraffinic oil, building the thickest f i lm, also gives the larger sub-surface stress in the materials. 
At certain running conditions, the difference in operational life can therefore be significant. 

6. CONCLUSIONS 

From the results presented and discussed the following conclusions can be drawn: 

a) Multi-channel image processing can be used to produce very detailed f i lm thickness maps. 

b) A fast numerical algorithm can be successfully used for evaluation of 2-D pressure 
distributions using 3-D f i lm thickness maps of EHL contacts. 

c) A modified algorithm is desirable to perform the iterative corrections of fi lm thickness and 
pressure distribution due to refractive index, which in turn depends on pressure. 
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d) The f i lm thickness and pressure profiles in an EHL contact are dependent on the lubricant 
type. 

e) The pressure distribution is influenced by the degree of sliding. The shape of pressure 
profile remains close to the corresponding Hertzian distribution. The maximum pressure is 
not affected in any significant way. However, the following differences were detected. The 
pressure profile across the contact perpendicular to the direction of motion is slimmer in 
the maximum pressure region at sliding conditions. The pressure in the spike region is 
somewhat higher under sliding conditions than in pure rolling. 

f) The f i lm thickness profiles are dependent on the sliding in an EHL contact. A saddle-
backed shape of f i lm thickness map in the high-pressure region was detected for high 
negative slide/roll ratios, i.e. when the ball surface was moving faster. The latter effect was 
not detected for the sliding when the disc surface was moving faster. This asymmetry can 
be possibly explained in terms of the thermal effects in the inlet. 

g) The central film thickness falls from the value measured in pure rolling by up to 25% at 
high slide/roll ratios. Different types of lubricants having similar rheological characteristics 
exhibit different decreases in film thickness under sliding conditions. Both minimum and 
central film thickness fall by different proportions under sliding conditions. A number of 
explanations are suggested. 

A l l the conclusions are for relatively low entrainment velocity and low contact pressure. The 
smdy of sliding EHL conjunctions at high entrainment velocities and higher contact pressure is 
the subject for further investigations. 
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Pressure fluctuations as grease soaps pass through an E H L Contact 
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Soap lumps entering a grease lubricated EHL contact were traced, as they passed through the contact, by 
using optical interferometry in a standard Ball & Disc apparatus and a high speed video camera with 
light enhancer. One specific soap lump could be traced when it was passing through the contact and sharp 
images of the passing lump could be captured. This paper presents a combined experimental and 
numerical approach to generate insight into what is happening when such lumps pass through the contact. 
From the fringe pattern, obtained by optical interferometry, a film thickness map is created by using 
image processing. This is done for every time step (1 ms) as the lump is passing through the contact. These 
maps serve as input to a numerical computation of the pressure by assuming elastic deformation theory. 
Consequently, no assumptions about the rheological behaviour of the grease have to be made. Two 
greases, based on the same synthetic poly-a-olefin, but thickened with Li-12-OH and Li-complex 
respectively, were studied. It is seen that the soap thickener lumps may cause deep elastic indentations 
accompanied by large pressure fluctuations. The pressure level will in some cases be more than doubled 
due to lumps entering the contact region. The effects on noise level and operational life are discussed in 
the paper. 

1. INTRODUCTION 

Lubricating greases are widely used in heavily loaded engineering components such as rolling 
element bearings, gears, etc. The non-conforming surfaces are elastically deformed and the 
pressure involved is sufficiently high to give significant effects on viscosity. This is known as 
the elastohydrodynamic lubrication (EHL) regime. 

Grease is a two-phase system, consisting of base oil, either mineral or synthetic, and a thickener 
which often is a metal soap. The base oil is kept in place by a structure of soap particles in a 
similar way to how water is retained in a sponge. One of the advantages of grease over 
lubricating oil is that, due to its consistency, it stays near the lubricated contact and also acts as 
a seal to prevent the entry of contaminants and water. 

During the years, different views on grease lubrication have been suggested. Booser and 
Wilcock [1] and Baker [2] are advocates of the view that bulk grease acts as a reservoir for base 
oil, which bleeds out to lubricate the contact. No thickener is believed to be present in 
separating the surfaces, and the lubrication is similar to when a liquid lubricant is used. 

Later observations suggest that it was bulk grease that lubricated the contact between two 
surfaces, Palacios et al. [3]. Video recordings and f i lm thickness measurements using optical 
interferometry in grease-lubricated Ball & Disc apparatuses have shown that the thickener does 
enter the contact, Åström et al. [ 4 ] , Williamson et al. [5], Dalmaz and Nantua [6]. Kageyama et 
al. [7] and Moriuchi et al. [8] have measured the lubricating f i lm thickness in a grease 
lubricated contact during sliding and rolling, using optical interferometry. They observed local 
fluctuations in the f i lm thickness when the contact was lubricated with sodium soap greases and 
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poly-urea grease. No fluctuations were observed with the lithium soap grease used, which is in 
contradiction with this investigation. I f fresh grease is continuously supplied to the track in a 
Ball & Disc apparatus, the f i lm thickness will exceed that given by the base oil, indicating that 
large amounts of bulk grease enter the contact, see Williamson [9], Cann and Spikes [10]. 

Cann [11], Cann and Spikes [10] suggest that there exist a thin lubricating f i lm on the surfaces 
consisting of deposited thickener layers. Cann [11] proposes a model where it is assumed that 
the surfaces are covered with a thin layer of soap, but where the EHL fi lm is formed by base oil, 
more or less thickened by broken thickener fibres. Measurements by Cann and Spikes [12], 
using FTIR spectroscopy in a Ball & Disc apparatus, have shown that there is an alignment of 
soap lumps as they are passing through the contact. 

Soap thickener fibres that enter the contact wil l , of course, influence the lubrication, see Åström 
[13]. Local deformations of the contact area wil l cause pressure fluctuations and hence 
increased stresses in the materials. The pressure fluctuations, local and/or transient wi l l 
influence the noise level and may have adverse effects on the service life. 

In the present paper, a high-speed colour video camera is used to trace individual grease 
thickener particles (lumps) as they pass through the EHL contact between a ball and a glass 
disc. The video camera is capable of capturing 1000 frames/s, with an exposure time of 100 ps, 
which gives sharp images of the same thickener lump as it is passing through the contact. Using 
this technique, it is possible to study the lump behaviour/geometry during passing. Two greases, 
based on the same poly-a-olefin base oil but with different thickener structure, were used in the 
tests. Both are thickened with common type lithium thickeners: Li-12-OH and lithium complex. 
Measured film thickness maps are used as input for pressure computations based on elastic 
deformations. Hence, the pressure profile in the contact, as a soap lump is entering and passing 
through the contact, is obtained without making any assumption regarding rheological 
behaviour of the grease. 

2. E X P E R I M E N T A L EQUIPMENT 

The equipment used in this investigation is a Ball & Disc apparatus for optical interferometry 
measurements of lubricant film thickness [14]. The central parts of the apparatus are a steel ball 
with a diameter of 25.4 mm and a chromium coated glass disc with a diameter of 104 mm. The 
disc and the ball are driven by separate AC servo motors. The contact is illuminated with white 
light through a microscope. The contact, i.e. the interferometric fringes, is then imaged and 
recorded by a high-speed colour video system. After each session the recordings are transferred 
to a computer for permanent storage and image processing. 

3. T E S T P R O C E D U R E 

For each lubricant being tested, the steel ball was cleaned with strong solvents and the lubricant 
samples placed on the rotating disc surface using a syringe. The steel ball was slightly loaded to 
a maximum of 20 N , which corresponds to a maximum Hertzian pressure of 417 MPa, against 
the chromium coated glass disc surface. To ensure that no starvation occurs in front of the 
contact, the greases were pushed back into the rolling track using a replenish-scraper leaving an 
approximately 2 mm thick, evenly distributed, layer of grease on the disc. The velocities of the 
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ball and disc were set to 0.05 m/s, i.e. pure rolling motion, and the video camera was started and 
1000 frames were recorded. The ambient temperature was 23°C. These conditions were 
repeated for all tests. 

The Greases A and B are described in Table 1. Grease A is thickened with a coarser, more 
fibrous lithium hydroxystearate soap while grease B is thickened with a finer, more sponge-like 
gelling structure, lithium complex. Both greases are based on the same poly-a-olefin base oil. 
The kinematic viscosity of the base oil at 40°C is 100 cSt and 16 cSt at 100°C. The density is 
856 kg/m 3. 

Table 1. 
Composition of the tested greases 

Grease Soap content Thickener N L G I grade 

A 18.2 Li-12-OH 2 

B 18.7 Lithium-complex 2 

3.1 Evaluation of film thickness 
The experiments result in a number of interferometric fringe images of the contact region as a 
lump is entering and passing through it. The next step is to obtain a map of fi lm thickness 
values, preferably in a dense grid. This is done by using an image processing technique as 
described by Gustafsson et al. [15] and Höglund [16]. 

3.2 Pressure calculations 
Numerical simulations of grease lubricated contacts are rare, the only few models and 
algorithms that have been presented are of questionable applicability for this investigation, as 
they rely on Reynolds equation. Models and characterisation of grease behaviour in an EHL 
contact with regard to fluid (base oil) properties might be a poor estimation of the 
characteristics. These assumptions are not likely to hold in the case of soap lumps entering the 
contact as it was seen in the measurements. This leaves only two alternative ways to obtain 
information about the pressure fluctuations, direct measurements of the pressure or use the 
measured f i lm thickness results. 

The method of determining pressure from the measured f i lm thickness wil l be applied here. The 
method is straightforward and has been applied earlier (one-dimensional problems) by e.g. 
Wong et al [17] in their work with an impact viscometer and by Larsson and Lundberg [18] in 
their studies of transiently loaded EHL contacts. Åström and Venner [19] applied the method to 
a two-dimensional grease lubricated point contact. Östensen et al. [20] made a sensitivity 
analysis in order to check how accurate f i lm thickness has to be measured to obtain reliable and 
accurate pressure distributions. In this paper the method is further developed and it will be 
described in detail in later publications. A short description wil l , however, be given below. 

I f the ful l two-dimensional f i lm thickness map h(x,y) is known, the surface deformation can be 
expressed as: 

ö(x,y) = h(x,y)-S(x,y)-hw (1) 
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I f the deformation is assumed to be linear elastic it is now possible to compute the pressure by 
solving: 

The derivation of equation (2) can be seen as a summation of a number of point loads acting on 
a semi-infinite elastic half-space, where each point load is pax 'dy'. Details are given by Johnson 
[21]. The pressure is obtained numerically by solving equation (2) on 513x513 grid. The 
numerical solution includes large matrix multiplications and a special technique, multilevel 
multi-integration (MLMI) is applied in order to reduce the computing time, see Brandt and 
Lubrecht [22]. 

4. R E S U L T S AND DISCUSSION 

Typical sequences of fringe images for greases A and B are shown in Figs. 1 and 2. It is seen 
that the method is suitable for studying transient behaviour and perturbations of the film 
thickness, as soap lumps are entering the contact and passes through it to the outlet and 
cavitation zones. 

When comparing the different sequences, the following behaviour is found: 

1) Entering soap lumps are changing shape and size when passing the contact. 
2) There exist three kinds of mechanisms as the lumps are captured in the contact: 

a) The contacts are not perturbed by soap lumps (not shown) 
b) Perturbation effects are seen locally in the contact (Fig. 1) 
c) Large soap lumps are carrying the load and separating the surfaces (Fig. 2) 

Comparing the two thickener types, Figs. 1 and 2, it is clear that smaller lumps are passing 
through the contact with Li-12-OH (grease A) compared to Li-complex (grease B). 

Grease A can in some sequences display that the contact is not perturbed by soap lumps, (2a), 
but in other sequences grease A can display local effects (2b). Grease B displays both local 
effects (2b) and large soap lumps carrying the load and separating the contact (2c). 

The vibration level of bearings lubricated with different greases has been investigated by 
Åström [23]. He concluded that coarser thickeners seem to give higher noise level in bearings. 
A comparison of Figs. 1 and 2 shows that grease B should give a completely different 
frequency spectrum compared to grease A. Grease A should give a higher frequency noise 
compared to grease B. But it is very difficult to judge how the noise level depends on lump size. 

Figure 3(a) shows the measured film thickness maps corresponding to the fringe patterns of Fig. 
1, i.e. grease A. It can be seen that the soap lumps produce deep indentations in the surfaces. 
Figure 3(b) shows the corresponding pressure distributions. As expected, a very large local 
pressure peak occurs due to the indentation. The pressure level is more than doubled. This 
effect wi l l also occur in a bearing. The pressure should not increase in the same significant way 
for large lumps (Fig. 2) since the load is distributed on a larger area. 

(2) 
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Figure 2. Large soap lumps separating the surfaces (grease B) 

High pressure gradients and levels will cause high stress concentrations in the surfaces and one 
can, therefore, suspect that grease A may increase the risk of pitting damages more than grease 
B. One should, however, remember that these tests are carried out under fully replenished 
conditions. A normal bearing runs under starved conditions and the soap lumps entering the 
contact may not be large enough to give rise to such dramatic effects as shown in Figs. 1 and 2. 

The entering soap lump in Figure 1 is stretching its shape when passing the contact. This seems 
to confirm the findings by Cann and Spikes [12], using FTIR spectroscopy in a ball on disc 
apparatus. 
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Figure 3. (a) Film thickness maps corresponding to frames 2, 4 and 5 in Fig. 1. 
(b) Pressure distributions corresponding to the film thickness maps. 

5. CONCLUSIONS 

The method of using high-speed video to capture the interference fringes offers a possibility of 
following soap lumps as they pass through an EHL contact. Image processing can be used to 
produce very detailed f i lm thickness maps which can be used for pressure distribution 
computations. 

74 



It can be concluded that the soap thickener has a significant effect on the lubrication. It is seen 
that pressure fluctuations occur when soap lumps passing through the contact region. A Li-12-
OH thickener is more likely to produce very local indentations in the surfaces while large soap 
lumps often enter the contact i f a Li-complex thickener is used. The local indentations are 
accompanied by very large pressure peaks which should induce high stress concentrations in the 
surfaces and the soap thickener may, therefore, have an effect on the life of the lubricated 
component. 

The soap thickener wil l also influence the noise level. It is, however, very difficult to judge 
what the best thickener structure is in order to obtain "silent" lubrication. 
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N O M E N C L A T U R E 

E' Effective elastic modulus [N/m z ] 
h(x,y) Two-dimensional f i lm thickness map [m] 
h Film thickness constant [m] 

p(x,y) Pressure distribution [Pa] 
S(x,y) Undeformed separation [m] 
x Co-ordinate in rolling direction [m] 
y Co-ordinate perpendicular to the rolling motion [m] 
S(x,y) Elastic Deformation [m] 
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A Hybrid Film Thickness Evaluation Scheme Based on 
Multichannel Interferometry and Contact Mechanics 

A hybrid evaluation scheme for EHL film thickness determination is proposed and discussed. The film 

thickness profile in the contact region is measured using interferograms produced with a novel 

multichannel interferometry method. Since the refractive index distribution in the contact is pressure-

dependent, and the initial film thickness profile will be evaluated assuming atmospheric pressure, a 

refractive index correction scheme is employed. The correction scheme is based on the Lorenz-Lorentz 
equation and a pressure-density relation, together with a numerical pressure solver taking the initial film 

thickness measurement as input. The film thickness determination scheme is applied to recordings of an 

interesting phenomena that can be observed at sliding conditions; a large and deep dimple appears in the 

conjunction instead of the conventional plateau. The phenomenon was studied under different degrees of 

sliding. Detailed film thickness maps and pressure distributions are produced, analysed and discussed. 

J. Lord*, A. Jolkin*, R. Larsson* and O. Marklund* 

*Division of Machine Elements 
'Division of Industrial Electronics 

Luleå University ofTechnology, SE-971 87 Luleå, Sweden 

1. INTRODUCTION 
Optical interferometry is an effective experimental technique for the measurement of very 

thin lubricant films in elastohydrodynamic lubrication (EHL). Cameron and Gohar (1966) 
developed a 'Ball & Disc Apparatus' (BDA) and applied interferometry in order to investigate 
the formation of a lubricant f i lm in a point contact between a steel ball and a transparent disc. 
The characteristic 'horse-shoe' shaped constriction with the minimum fi lm thickness along the 
outer radius of the contact was thus revealed experimentally for the first time. 

The interferometry technique and the BDA showed to be very useful tools for the study of 
EHL and were used extensively in the late 1960's and early 1970's (e.g. Foord et al. 1968; 
Wedeven et al. 1971). The technique itself was described in a detailed paper by Foord et al. 
(1969). 

Even i f it now was possible to determine the f i lm thickness and also to get a qualitative 
understanding of how the contact surfaces deformed it was still difficult to measure film 
thickness with a high resolution and it was very tedious to obtain f i lm thickness in more than 
single points. I f monochromatic light was used, one could only determine f i lm thickness with 
good accuracy along bright or dark fringes, i.e. positions where constructive or destructive 
interference occurred. The resolution was thus not better than 70-80 nm i f blue light could be 
used. I f white or multi-wavelength light were employed one could improve the resolution to 25-
50 nm. 

Another limitation was that the technique has a lower limit since visible light has it lowest 
wavelength at approximately 400 nm. In the measurement of lubricant f i lm thickness the lower 
limit then becomes 100-150 nm. Westlake and Cameron (1967) did, however, solve this 
problem by introducing a thin 'spacer layer' on top of the, often chromium coated, disc surface. 
Johnston et al. (1991) used the spacer layer technique and also introduced spectrometric 
evaluation. When white light was used it was thus possible to determine the wavelengths giving 
constructive interference. The resolution of the f i lm thickness measurements was improved to a 
few nanometers. Using an imaging spectrograph it was now possible to determine film 
thickness not only in single point but along a line across the EHL contact. 
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A full determination of a f i lm thickness map over the whole contact region cannot, however, 
be obtained from spectrographic measurements since one of two image dimensions is dedicated 
to the wavelength dispersion. The solution to this problem came with image processing 
techniques for automatic translation of colour interferograms into f i lm thickness maps. 
Gustafsson et al. (1994) applied such technique, which enabled able to produce a very detailed 
mapping of the f i lm thickness in the contact region. This work was later followed by other 
authors with similar methods (e.g. Krupka et al. 1998; Molimard et al. 1998). 

Al l these image processing techniques suffer from the drawback of requiring a calibration 
which enables a coupling between measured parameters (light intensity, hue, saturation etc.) 
and actual f i lm thickness. Calibration interferograms are recorded under static condition 
(atmospheric pressure) whereas the scenes to be evaluated wil l be recorded under dynamic, 
pressurised conditions. It will thus be difficult to ensure that all valid parameters stay unaltered. 

To overcome such problems Marklund (1998a) presented a pseudo-phase stepping approach 
using multi channel interferometry and ideas from the commonly used optical method of phase 
stepping. This paper will briefly describe the multi channel interferometry method and its 
application to EHL. 

Furthermore, the interferometric measurements will be improved by correcting for the 
variation of refractive index with pressure. This correction is done by computing the pressure 
distribution from the elastic deformations (Åström and Venner, 1994; Jolkin and Larsson, 1998) 
and then correcting refractive index by using the Lorenz-Lorentz relationship (Marklund and 
Gustafsson, 1999). 

The method has been applied to an interesting phenomena described by Kaneta et al. (1996). 
They found large deviations from the traditional horseshoe-shaped constrictions with a flat 
plateau in the central regions of the contact. Instead they found a deep dimple which 
corresponds to pressure distributions with pressure maxima much greater than the Hertzian 
pressure. 

2. EQUIPMENT 

Microscope 

2.1 Ball and Disc Apparatus 
The main equipment used in the tests was a Ball & Disc Apparatus (BDA), schematically 

depicted in Fig 1. 
A highly polished steel ball is loaded onto a transparent disc made of glass with a semi-

reflective layer of chromium facing the ball. The ball and disc are independently driven by 
servomotors making it possible to adjust their 
rotational speed individually. 

A lubricant f i lm is formed between the ball 
and the disc upon rotation. The contact is 
illuminated and can be studied through a 
microscope. A RGB colour CCD-camera is 
mounted on top of the microscope. The camera is 
connected to a framegrabber in a PC. The colour 
interferograms that are produced can then be 
stored directly on the computers hard drive. 

The source of light is trichromatic and 
consists of separate red, green and blue channels. 
The light is filtered to XR = 620 nm, XQ = 540 nm 
and A-B = 480 nm with a bandwidth of ±10 nm for 

Force 

Figure 1. Ball and disc apparatus 
Schematic chart 
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each channel (lasers has not been used due to reasons discussed in Marklund 1998a). The ball 
and disc motors and the frame grabber are controlled by the same software. 

2.2 Spectrograph 
In order to evaluate the accuracy of the multi channel method, comparisons has been made 

using spectrographic measurements. 
The spectrograph is an optical device which disperses the incident light into its inherent 

wavelengths. Mounting the spectrograph between the microscope and the camera makes it 
possible to detect the spectra of wavelengths reflected and its intensities from the ball and disc 
conjunction over a chosen line. By this, it is possible to extract a f i lm thickness graph. The 
trichromatic light used in the multi channel method is not suitable for this application, instead a 
white light source containing a multitude of wavelengths is used. 

In order not to alter the experimental set-up when comparing the spectrograph result with 
the multi channel interferometry, only the filters from the light source were removed and the 
spectrograph fitted. 

3. L U B R I C A N T USED IN T E S T S 
The lubricant used in all tests was Santotrac 50, a traction oil. A l l tests were conducted in 

room temperature at 23°C. Relevant lubricant properties are given in Table 1. 

Table 1. 
Lubricant properties at 23°C and atmospheric pressure  

66 mPa s 

3.4-10"8 Pa"1 

1.487 

Viscosity, TJ 

Pressure-viscosity coefficient, a 

Refractive index, n 

4. T H E O R Y 

4.1 Two beam interferometry 
Assume two beam interferometry and illumination of the contact with monochromatic light. 

Under such conditions a fringe pattern wil l be visible over the contact, and the intensity will 
vary due to the separation h(x,y) as 

I(x,y) = I1+I2+ 2 / , / 2 cos 
4mh 

+ <P (1) 

where / ; and I? denotes the irradiances of the two interfering beams, Å is the wavelength, 
n lubricant refractive index and q> the total phase change caused by reflections. 

At intensity maxima, visible as bright fringes, the separation is given by 

h(x,y) = m — 
<P 

2K 
(2) 

where integer m denotes fringe order. 
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4.2 Multichannel interferometry 
The intensity from the light reflected from the contact is commonly defined as in Eq. 1 in 

case of monochromatic light and two beam interferometry. 
Three independent channels, defined as 

Sj(h) = A 1 + Yj cos 
Amh 

+ 9 (3) 

with j = 1, 2, 3, are used in the hybrid f i lm thickness evaluation scheme, Marklund (1998a). The 
expression in Eq. 3 describes the reflected intensities for three different wavelength and is 

rewritten from Eq. 1 with A=I,+I2 and J = (x/'/,/2 \ A . 

I f the light wavelengths are chosen to obey the relations 

Å-l=</>0 + {j-2)A<t> (4) 

with and A(f> arbitrary degrees of freedom, it is possible to combine the three channels into 
the system 

N = Si -S3 = 2Aysin(ßh0o + ø)sin(/Mø) 
D = 2S2 - Sy - S3 = 2Ayco%{ßh<j)0 + ø)(l - cos(ßhA</>j) (5) 

with ß = Am. From the system in Eq. (5) the following expression 

tan(ßhtp0 + <p) - tan 
ßhA(j> 

(6) 

can be obtained, which may be reformulated as an iterative formula 

atan tan1 ̂
A^ 

Wo 
(7) 

JJ 

k=l,2,3.., which can be solved for the lubricant f i lm thickness h(x,y). 
In Eq. (7) ök=(ßhk(t>o+(p) modulo 2K and the operator P(.) is defined as P(ö)=U(ö)+m2n+g>, 

where m is an integer constant (the absolute order number) and U(S) denotes the unwrapping of 
S, (Marklund, 1998b). 

4.3 Pressure Evaluation 
The film thickness maps from the interferometry measurements was used for evaluation of 

pressure distributions. 
The method of determining pressure from the measured film thickness wil l be applied 

here. The method is straightforward and has been applied earlier (one-dimensional problems) 
by e.g. Wong et al. (1992) in their work with an impact viscometer and by Larsson and 
Lundberg (1995) in their studies of transiently loaded EHL contacts. Åström and Venner (1994) 
applied the method to a two-dimensional, grease lubricated, point contact. The method has been 
further developed by Jolkin and Larsson (1998). A short description wil l be given below. I f the 
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full two-dimensional f i lm thickness map h(x,y) is known from measurements, the surface 
deformation can be expressed as 

w(x, y) = h(x, y) - G(x, y) - )0 (8) 

where /?0o is a constant and G(x,y) is the undeformed separation. I f the deformation is assumed 
to be linear elastic it is now possible to compute the pressure by solving: 

where É denotes the effective elastic modulus. Approximating the pressure profile pix ',y") by 
a piecewise constant function, the discrete analogue of the continuous Eq. 9 can be considered 
as a multi-summation of a number of constant loads acting on a semi-infinite elastic half-space. 
Details are given by Johnson (1985). The pressure is obtained numerically by solving Eq. 8 and 
9 on a grid of 257x257 nodes. The numerical solution includes large matrix multiplications and 
a special technique, ful l multigrid in combination with multilevel multi-integration (MLMI) is 
applied in order to reduce the computing time, see Brandt and Lubrecht (1990). 

Ostensen et al. (1996) made a sensitivity analysis in order to check how accurate the film 
thickness has to be measured to obtain reliable and accurate pressure distributions. 

4.4 Refractive Index Correction 
The refractive index n of the medium separating the surfaces is governed by the Lorenz-

Lorentz relationship 

where p denotes density, which is pressure dependent, and k is a constant determined at 
atmospheric conditions where refractive index and density are known from measurements. The 
density-pressure relationship for Santotrac 50 is given by Höglund and Larsson, (1997). The 
refractive index can easily be updated using Eq. (10) i f the pressure distribution in the contact 
region can be determined. 

An initial f i lm thickness, derived assuming atmospheric pressure, was corrected by 
employing the following scheme. Firstly, a pressure distribution is computed from the film 
thickness map. Secondly, the refractive index distribution is updated according to Eq. 10. 
Thirdly, the film thickness map is corrected using the new refractive index distribution. This 
scheme is repeated until film thickness converges. This is usually achieved in 2-3 iteration 
sweeps. Details about the refractive index can be found in Marklund and Gustafsson, (1999). 

5. C A L I B R A T I O N 

5.1 Phase Shift 

The phase shift caused by reflections and transmissions in the chromium layer and the steel 
ball have to be known when using the multi channel interferometry method and the 
spectrographic method which is employed for comparison. The phase shift was found by 
applying known contact forces to the steel ball for a static contact and use Eq. (2) and the 
Hertzian deformation function, see e.g. Johnson (1985), for curve fitting, thus minimising the 

(9) 

(10) 
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difference between the theoretical 
expression and the measurements. The 
total phase shift was determined as 0.25p. 
Also, the effective elastic modulus was 
found to be 113 GPa. 

5.2 Sensitivity Correction Matrix 
The sensitivity functions for the three 

channels of standard RGB CCD-cameras, 
as the one used in the experiments, 

2 (where the three chromatic light channels overlaps to some extent. This is illustrated in Fig 
have been superimposed as arrows). 

The three camera channels can, however, be made independent by employing an initial 
calibration scheme prior to recording of interferograms. A correction matrix C defined as 

[R',G',B'Y =C[R,G,B] (11) 

can be used to obtain decorrelation of the channels. In Eq. (11) the vector with primed 
constituents is the one initially measured and the unprimed are the sought values used in the 
multi channel calculations. The correction matrix is formed as 

C„ = f S,0)Æ 
'J h ' i 

(12) 

where S„ /=1,2,3, is the density of channel i of the light source and ß j , /= l ,2 ,3 , is the spectral 
sensitivity function of the channel j of the RGB camera. 

In practice, the calibration is carried out by using each light channel separately and by 
measuring the influence of e.g. red light on the G and B camera channels 

6. R E S U L T S AND DISCUSSION 

6.1 Static conditions 
A static contact was used to evaluate the differences, i f any, between the results from the 

multi channel interferometry method and the spectrographic method. A glass disc with a single 
layer of chromium was used both for the static case and the dynamic case (discussed in the next 
section) 

In Fig. 3 the results from the two different methods are shown for three different loads on 
the ball. The Hertzian deformation curves are also shown. The loads were 19.7 N , 28.8 N and 
42.5 N respectively, with the deformation corresponding to the lowest load plotted on the far 
left in Fig. 3. The correlation between the multi channel method and the Hertzian deformation 
function is found to be satisfactory. The spectrographic measurements seem, however, deviate 
somewhat from the expected shape. This is due to the problems encountered in positioning the 
spectrograph's slit in the contact centre. Here it has caused the measured separation to be 
slightly offset from the contact. The three dimensional representations of the multi channel 
interferometry results are shown in Fig. 4. 

6.2 Dynamic Conditions 
The phenomenon reported by Kaneta et al.(1996), where an increased f i lm thickness 

occurred in the central contact region during high slip ratios, was reproduced in order to show 
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the benefits of the multi channel interferometry 
method, the pressure evaluation and the refractive 
index correction. 

Figure 5, which illustrates colour 
interferograms representing the separation in the 
contact, is the base for calculations of the f i lm 
thickness and pressure maps shown in figures 7 
and 8. (Fig. 5b corresponds to 7b and 8b etc.) 

Using positive slide-roll ratios near 1 (where 
the ball and disc moves in the same direction) 
creates a shallow dimple which is relatively wide, 
covering most of the contact area between the 
inlet region and the horseshoe shape. When slide-
roll ratio exceeds 2, making the ball move in the 
direction opposite to the disc, localised dimples 
of great depth are introduced. 

2 0 0 0 

. 1 5 0 0 

' 3 1 0 0 0 

5 0 0 

0 . 1 5 

Spectrograph 19.7N 
Spectrograph 28. 
Spectrograph 42.5NJ 
Hertzian 19.7N 
Hertzian 28 SN 
Hertzian 42.5N 
Multi 19 7N 
Multi 28.8N 
Multi 42.5N 

0 .2 0 . 2 5 

Contact radius |mm] 
0.3 

Figure 3. Separation between ball and disc 
in static contact at three loads 

Figure 4. Three-dimensional representations of the three static condition cases: 
(a) 19.7 N, (b) 28.8 N, (c) 42.5 N 

Figure 5. Colour interferograms. (a) uD =0.11 m/s, S=1.0, (b) uD =0.95 m/s, S=2.8 
(c) wD =1.12 m/s, S=3.0, (d) uD =1.34 m/s, S=4.0 

The slide-roll ratio is here defined as 

_ 2(wfJ - % ) 
(13) 

where uD and uB are the disc and ball speeds. 
The location of these dimples can be controlled by varying the slide-roll ratio. At slide-roll 

ratio near 2 the dimple is located closer to the discs outlet, and as the slide-roll ratio approaches 
4 the dimple moves its position to the disc inlet. The "disc inlet" is defined according to the disc 
direction of motion, i.e. to the left of the contacts in Fig. 5. 
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Direction of motion X, urn 

Figure 6. Film thickness profiles, with and 
without compensation for refractive 
index-pressure dependence, shown 
together with the corresponding 
pressure profile 

Figure 6 shows film thickness and pressure 
profiles across the contact. The initial film 
thickness which is the result of the multi 
channel method, is plotted as a dashed line. 
The resulting film thickness (solid line) is 
obtained by iterative correction of refractive 
index as a function of contact pressure 
(dashdot line) as described in section 4.4. 

Some comments on the physics of the 
problem should also be made. As seen from 
Figs. 5 and 7, the dimple is not particularly 
pronounced for the case 2=1, i.e. when the ball 
and disc move in the same direction. It does, 
however, become very deep as soon as 2 
increases above 2, i.e. when the ball and disc 
move in opposite directions. The position of 
the dimple moves to the disc inlet region as 
slide-roll ratio increases, i.e. when the 
(negative) ball speed increases. 

The origin of the dimple phenomena is not 
fully understood. Kaneta et al. (1996) 
attributed it to a kind of squeeze effect caused 
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by the surface's different elastic moduli. Ehret et al. (1998) made a theoretical investigation of 
the problem and showed that slip between the lubricant and the surfaces could cause dimples of 
this type. 

It should be pointed out that the dimple so far only been observed for lubricants with high 
pressure-viscosity coefficients and for cases where the glass disc moves faster than the steel 
ball. The phenomenon is probably related to the difference in thermal conditions. The thermal 
conductivity of glass is much less than for steel and the temperature in the contact will thus 
differ considerably depending on which of the surfaces is the fastest. 

High pressure-viscosity coefficients wil l cause the viscosity to increase rapidly as pressure 
increases and the lubricant wil l solidify at relatively low pressures. One can thus also attribute 
the occurrence of the dimple to lubricant solidification. From this investigation it can be seen 
that the dimple only occurs i f the surfaces move in opposite directions. There are thus two 
inlets, one ordinary inlet where the faster moving disc supplies the contact with lubricant, and 
an inlet on the other side where the ball supplies the contact. The lubricant is still fluid in the 
inlets but becomes solid as soon as it enters the higher pressure region. There are probably no 
slip between the lubricant and the surfaces in the inlets but the solidified lubricant in the contact 
centre may slip against one or both surfaces in order to provide for the severe shearing. Since 
the lubricant slips in the contact centre, it moves slower than in the inlets and in order to ful f i l 
continuity the f i lm thickness has to increase. 

The direction of motion of the solidified lubricant in the contact centre is governed by the 
dominating inlet. I f the disc supplies the contact with more lubricant than the ball, the bulk flow 
is forced from left to right in Fig. 5 while the opposite occurs i f the ball lubricant supply 

Figure 8. Pressure maps evaluated from f i lm thickness maps in Fig. 7, (a-d) refer to Fig. 5 
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dominates. At a slip ratio of about 3 there seems to be a balance between the two inlets. A 
central dimple is then formed (Fig. 5c). 

7. CONCLUSIONS 
A hybrid evaluation scheme for f i lm thickness determination is proposed, employing multi 

channel interferometry and pressure evaluations. From the results presented and discussed the 
following conclusions can be drawn: 

a) Multi channel interferometry can be used to produce very detailed f i lm thickness maps. 
b) Static contacts were measured using the multi channel interferometry method. A 

comparison against theoretical Hertzian separation shows good agreement. 
c) A fast numerical algorithm can successfully be employed for evaluation of 2-D pressure 

distributions using 2-D fi lm thickness maps of EHL contacts. 
d) An algorithm to perform iterative corrections of f i lm thickness and pressure distribution 

due to refractive index pressure dependence was implemented. It is shown that the variations of 
refractive index and thus f i lm thickness, can be up to 10 percent. 

e) Detailed f i lm thickness maps and corresponding pressure distributions were obtained for 
the phenomenon found by Kaneta (1996). A deep dimple developed at high slide-roll ratios and 
the corresponding pressure distribution includes a pressure peak which can be as high as the 
Hertzian maximum pressure. 
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Ultrathin Film Hybrid Technique Applied to Coated Surfaces 

Alexei Jolkin and Roland Larsson 

Division of Machine Elements, Luleå University ofTechnology, SE-971 87 Luleå, Sweden 

An established Hybrid technique has been extended to study lubricant film in EHL conjunctions using 
ultra thin film interferometry i.e. the spacer layer method. The Hybrid technique combines experimental 
study with advanced numerical calculations including a fast algorithm for evaluation of pressure 
distribution. Image analysis is employed to evaluate a 3-D film thickness map from a colour 
interferogram. The map is then used for calculating pressure distribution by solving the film thickness 
equation. 

The general theory of stresses and displacements in a two-layer system is applied in the present work 
to a circular point contact of an elastic layer firmly bonded to an elastic substrate. The numerical 
formulation was employed for computing pressure distribution in the EHL contact from the measured 
elastic deformations and correction of measured film thickness. The dynamic and static results are 
presented and discussed. 

A simple tool to estimate the compression of elastic layer based on calculations of static dry contact is 
suggested. The calculations were performed for sapphire discs with silica and diamond-like coatings. 

NOTATION 

b acmal half width of contact 
E Young's modulus 
/zoo film thickness constant 
h(x,y) film thickness 
hi compliant layer thickness 
7, S influence coefficients of elastic deformations 
K, L, n coefficients of the strength properties of the two layers 
p. Poisson's ratio 
p pressure 
r distance from the loaded region 
s(x,y) optical path length in spacer layer technique 
w load 
x, y coordinates 
S elastic deformation 

£ parameter of the functional relations involving Bessel functions and integrations 

Subscripts 

1 designates the elastic layer on elastic substrate 
2 designates the elastic substrate 
3 designates the semi-infinite solid loaded against the layered system 

1. INTRODUCTION 

Experimental investigations of ultrathin film formation have become increasingly important 
in the study of EHL. These experimental studies frequently involve the use of ultrathin film 
interferometry to measure the film thickness in an EHL point contact. The technique of using 
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optical interferometry in the evaluation of f i lm thickness in EHL contacts has been widely used 
since it was introduced by Cameron and Gohar [1] in 1966 and further developed by Foord et 
al. [2]. Even though the method is now well understood and gives results and has helped to 
increase understanding of elastohydrodynamics, it is of limited use when measuring the 
thickness of very thin films; the lower limit is about 120 nm. Measuring lubricant f i lm thickness 
in EHD contacts down to a theoretical zero level demands, at present, a disc with a spacer layer. 
Ultra thin f i lm interferometry is a development of conventional interferometry where a 
transparent spacer layer is firmly attached to a sapphire or glass disc on top of the semi 
reflective chromium layer, as suggested by Westlake and Cameron [3]. The ultra thin film 
interferometric method was developed by Johnston et al. [4]. The spacer layer makes it possible 
to obtain constructive interference even i f the lubricant film thickness is zero. 

A potential problem with the spacer layer technique is that the spacer layer itself can be 
compressed significantly at high pressures which leads to an error in film thickness 
determination. This is of great importance for nanometer range films. 

To overcome this problem Guangteng et al. [5] suggest testing the influence of pressure on 
spacer layer thickness, the central film thickness in a dry smooth contact can be measured at 
series of different loads. The compression of the spacer layer can thus be determined as the 
pressure increases. 

In the present investigation an approach which involves the general theory of stresses and 
displacements in a two-layer system has been used. The well-known Boussinesq equations 
apply strictly to homogeneous bodies and therefore cannot be used for layered solids. The basic 
equations of surface and interface deflections (Burmister, [6]) are used for evaluation of surface 
and interface deflections. A numerical scheme proposed by Jin [7] is employed for numerical 
evaluation of deflection integrals. 

The above method provides a useful tool, which is applicable to the analysis of actual 
conditions encountered in EHL of layered elastic bodies. 

The number of industrial applications using coated surfaces has dramatically increased in 
recent years to improve their tribological properties. There are two common objectives in the 
use of surface coatings for tribological applications: to increase the wear resistance of the 
surface material, and to modify its frictional behaviour. In some cases, both are achieved. The 
surface layer may be either stronger or weaker than the underlying layer (substrate) depending 
on the application. Soft coatings with low shear strength usually provide low friction and low 
wear. Hard coatings provide low wear and are generally capable of sustaining heavy loads, high 
speeds, and high temperatures without any deterioration in performance. 

In order for a coating to enhance tribological properties, it must remain firmly attached to 
the substrate. Determination of stresses, strains and pressure distribution over the conjunction is 
therefore an important aspect of elastohydrodynamic lubrication of coated surfaces and plays a 
vital role in determining the risk of failure. 

A numerical approach that allows the pressure distribution in the EHL conjunction of 
layered elastic solids to be computed is described. The method is verified in a system consisting 
of a steel ball on a sapphire disc with diamond and silica coatings. Test results for a dynamic 
EHL contact and static dry contact are presented. 

2. H Y B R I D T E C H N I Q U E 

The Hybrid technique is a flexible experimental and numerical method for the determining 
high-resolution film thickness maps and pressure distributions in EHL conjunctions. The 
technique combines optical interferometry, image analysis and numerical computation. The 
method has been used in a number of investigations, see for example, Åström and Venner [8], 
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Jolkin and Larsson [9], Larsson et al. [10], Lord et al. [11]. The detailed descnption can be 
found in Jolkin [12]. A short description of the method is, however, given below. 

In the experimental part of the hybrid approach, optical interferometry using a ball & disc 
system is employed to obtain colour intensity images of the EHL contact. The images are 
captured by a colour video system. The interferograms are then subjected to image analysis. 
Different algorithms for image analysis have been suggested, see Marklund et. al [11, 13] 
Gustafsson et. al [14]. The absolute film thickness values at every point in the image are 
determined and numerical calculations then employed to evaluate the pressure distribution from 
the measured film thickness. Finally, the pressure distribution and film thickness map are 
obtained. 

The Hybrid technique has the advantage that the pressure and lubricant film thickness in the 
contact are obtained without making any assumptions regarding the rheological behaviour of 
the lubricant. This makes the approach a very useful one for investigations of EHL conjunctions 
under extreme conditions or in the study of multi-phase lubricants. It also opens up possibilities 
to obtain knowledge about lubricant properties under EHL conditions. 

3. P R E S S U R E AND DEFORMATIONS 

Regardless of lubricant flow or the rheological behaviour of the lubricant, the film thickness 
in an EHL contact wi l l be the sum of the undeformed gap geometry and the elastic deformation 
of the surfaces. Hence, it can be modelled as: 

h(x,y) = hoa + g(x, y) + S (x, y) (1) 

The essence of elastohydrodynamic lubrication analysis is determining of the elastic 
deformations o\x,y) which determines the film shape h(x,y). A film shape in turn yields the 
pressures p(x,y) that generates the elastic deformation. In the case of reverse EHL analysis, as 
used in the Hybrid technique, the task of reconstructing pressures from the measured film 
thickness arises. Given a film thickness h(x,y) and undeformed contact geometry g(x,y) the 
pressure distribution p(x,y) must be found that causes elastic deformations ö\x,y) and thus 
satisfies equation (1). 

Either approach, strait or reverse, demands the relationship between pressure and 
deformations in a layered elastic system to be established. 

3.1 Assumptions and conditions 
It must be realised that all theories deal 

with ideal materials and ideal conditions, 
which are only imperfectly satisfied in real 
applications. A two-layer system is 
illustrated in Fig. 1 which consists of a 
surface layer No. 1 having a finite 
thickness hi which is firmly attached to 
layer No. 2 of infinite thickness, having 
different strength properties. The general 
solution of the two-layer problem was 
obtained by Burmister [6] in necessary 
assumptions of the theory of elasticity and, 
in addition, certain essential boundary and 

Layer No. 1  
Modulus £ j 
Poisson's Ratio px 

Layer thickness ht 

Substrate Layer No. 2  
Modulus E2 

Poisson's Ratio p^ 

Figure 1. The two-layer system 
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continuity conditions were satisfied across the interface between the two layers. The materials 
of each of the two layers are assumed to be homoeeneous, isotropic, elastic materials, for which 
Hooke's law is valid. 

3.2 Equations 

Consider the coefficients of the strength properties of the layered system: 

n=E4±^ (2) 
K = ~ ^ n - - ( 3 ) 

l + « ( 3 - 4 / / , ) 

i = ( 3 - 4 ^ 2 ) - n ( 3 - 4 A ) 

( 3 - 4 / O + n 

Assuming an arbitrary normal pressure p(x,y) is applied on the surface, the ful l elastic 
deformation of a layered surface can be calculated from the following equations, Burmister [6]: 

1. At the Surface Layer No. 1 

S1(x,y) = —JjL J [å7i(r)p(x,y')dx'dy' (5) 

where 

r = ,:(x-x')2+(y-/y2 (6) 

The function CJ. is given as 

CT1(r) = ] r 1 ( ^ ) J 0 

v M 
Function T\(§) is given by equation: 

2. At the interface between Layer No. 1 and substrate 

S2{x,y) = j \G2(r)p{x',y')dxdy 

The function ä\ is given as 

(9) 

^ j - \ (10) 
o v ^ J 

Denote D as denominator and N as numerator 

D = 1 - (L + K + AKt,2Y2i + KLe* (11) 
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N = [2 - lp\ + 4 + (L + K(3- \/ix)(\ + 24)) I 2]g-* 

- [KL(2 - 2Ml ~4) + {L + K(3- 4//, )(1 -24))/ 2]e~: 

(12) 

Function ^(4) i s given by: 

r2(4) = N/D (13) 

The ful l elastic deformation of the surface layer and the interface can be calculated from 
equations (5) and (9). A numerical approach to calculate these integrals was proposed by Jin 
[7]. The details are given in Appendix. 

The discrete analogue of the continuous integrals (5) and (9) appear as a multi-summation: 

<?,(*,.,yj) = sVj = - r - ' X I v « (14) 

(15) 

where Sikji and IlkJi are the influence coefficients for deflections at the surface and at the interface 
respectively, see Appendix. 

Table 1. 
Mechanical properties of materials 

Young's modulus, GPa Poisson' ratio 

Diamond 1035 0.25 

Silica, SiC>2 72 0.17 

Sapphire, AI2O3 380 0.25 

Ball bearing steel 209 0.29 

4. R E S U L T S AND DISCUSSION 

4.1 Dry static contacts 
A point contact problem with a coated surface and steel ball was studied. The aim of this 

work was to investigate the compression of spacer layers of different materials under high 
pressures. The problem to be solved by the dry contact calculations is to determine for a given 
contact area Q, the external load, the contact pressure and the compression of the surface layer, 
see Fig. 2. 

The solution is given in a number of steps. Firstly, a basic integral equation is derived by 
equating the normal elastic deformation to the prescribed deflection profile within the area of 
the contact. Secondly, the integral equation 

lh ( r ) p ( x ' ' y'Wdy' ^'inr k 
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is solved numerically in order to obtain the 
contact pressure distribution with the 
condition that p = 0. 

Within the contact area, the prescribed 
deflections are taken as the shape of 
undeformed contact and the separation is zero. 

These calculations have been performed 
for sapphire discs with diamond-like and 
silica coatings with a total layer thickness of 
450 nm and 1000 nm. 

Properties of these materials are given it 
Table 1. 

Figure 3 shows the maximum contact 
pressure versus compression for the silica 
spacer layer. A significant compression of 
spacer layer is observed at high pressures, 
which is clearly of importance in the study of Figure 2. A dry contact problem. Schematic 
very thin films. A perfectly linear dependence chart 
can be seen for both the 450 and 1000 nm 
thick silica spacer layers. 

The compression of the diamond-like spacer layer at different values of maximum contact 
pressure is shown in Figure 4. The diamond spacer layer compresses very little even at high 
pressures, and the maximum compression lies far within the measurement error. 

41 1 1 ' 1 1 1 1 1 a' • 1 1 1 ' 1 i ' 
350 400 450 500 550 600 650 700 750 350 400 450 500 550 600 650 700 750 

contact pressure. MPa contact pressure, MPa 

Figure 3. Compression of silica spacer layer Figure 4. Compression of diamond-like spacer 
on sapphire disc layer on sapphire disc 

4.2 E H L contacts of layered elastic solids 
The f i lm thickness is determined from a colour interferogram by finding the best colour 

match in a look-up table where a certain colour (hue, saturation, intensity) is associated with a 
certain f i lm thickness, Gustafsson et al. [14]. The detailed description of the method is given by 
Marklund [13]; but to recapitulate briefly, the look-up table is constructed using a calibration 
procedure. A calibration interferogram is recorded under static conditions where the polished 
steel ball is held in point contact with the disc, i.e. the spacer layer. An algorithm determines the 
unique values of hue, saturation and intensity associated with known thickness (a ball on a 
plane). The zero f i lm thickness corresponds to the hue, saturation and intensity values of the 
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maximum constructive interference in 
the centre of the static point contact. 
Thus the image analysis employed in 
this investigation produces the actual 
lubricant f i lm thickness h(x,y) rather 
than optical path length s(x,y), see 
Figure 5. So, in order to obtain the f i lm 
thickness map, the thickness of the 
spacer layer does not need to be known. 
Note that the method does not rely on 
the two-beam interferometry model as it 
based on a calibration procedure. 

However, for correct determination 
of the f i lm thickness, the compression of 
the spacer layer due to contact pressure 
must be taken in account. This can be 
done by employing the equations for 
elastic deformations of a layered 
surface. The deformed shape b\{x,y) of the surface layer No. l , i.e. the disc surface due to 
contact pressure is given by equation (5) whereas the deformed shape c\(x,y) of the interface is 
given by equation (9). From the difference between the latter two the compression of the spacer 
layer 8s{x,y) is calculated according to: 

\ Pressure distribution 
\ Semi--reflective chromium layer 

v . 

I < v . . v ) \ Hx.v) 

Spacer-Layer I 

1 Sapphire disc I 

Direction of motion X, pm 

Figure 5. Surface profiles across the contact between 
the ball and the disc with diamond-like 
spacer layer 

Ss (x, y) = Sx(x,y)- S2 (x, y) 

Thus the actual lubricant f i lm thickness h'(x, y) corrected for the compression of the spacer 

layer is determined as follows: 

h'(x, y) H > h(x, y) + Ss (x, y) 
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The remaining problem is to reconstruct the pressure distribution in the conjunction. The 
distance h(x,y) measured relatively chromium layer is employed. Given an undeformed contact 
geometry g(x,y), the total deflection of the ball surface and the interface can be obtained, and 
thus the pressure distribution p(x,y) can be found that causes elastic deformation b\(x,y) at the 
interface. The equation for elastic deformations c\(x,y) at the interface (9) is used. 

To summarise the algorithm above, knowing the pressure distribution at the surface layer, 
the compression of the elastic spacer layer can be calculated and thus the correct lubricant f i lm 
thickness can be obtained. 

The described technique has been tested out experimentally on an EHL conjunction between 
sapphire disc with a diamond-like coating with a total layer thickness of 450 nm and a polished 
steel ball under external load of 27 N and at temperature 21°C. The lubricant properties were 
the viscosity 0.05 Pa-s and the pressure-viscosity coefficient 20.1 GPa"1. 

The colour interferograms were taken using a white light source. Maps of the f i lm thickness 
were obtained using a technique mentioned above. Figures 6 and 7 (a) show fi lm thickness 
maps measured at entrainment velocity of 0.3 m/s and 0.05 m/s respectively. The equations 
described earlier were used to reconstruct pressure distributions from the measured fi lm maps, 
see Figures 6, 7 (b). 

Using the pressure distribution in the conjunction, the compression of the diamond-like 
spacer layer was estimated. The diamond-like coating showed very little compression, and no 
corrections of f i lm thickness were needed in this particular case. 

5. CONCLUDING R E M A R K S 

A numerical scheme is proposed to compute the influence coefficients of elastic 
deformations on the surface and interface of two-layered elastic system. 

The method was tested for a dry static contact in order to estimate the compression of thin 
spacer layer due to pressure distribution on the surface. The Hybrid technique has been 
enhanced in order to reconstruct the pressure distribution in the EHL contact using spacer layer 
technique and to determine the actual f i lm thickness due to compression of the spacer layer. 

A diamond-like spacer layers having remarkable strength properties shows very little 
compression. Thus no correction of the measured f i lm thickness due to compression is needed. 

Figure 7. Entrainment velocity 0.05 m/s. Film thickness map (a) and reconstructed pressure 
distribution (b) 
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The proposed numerical approach can also be used in EHL analysis of layered elastic 
bodies. 

The study of stresses and strains in layered solids is the subject for further investigations. 
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APPENDIX 

Calculation of Influence Coefficients for a Layered Elastic Surface 

1. Evaluation of the surface deflection integrals 
It can be seen that for function Ti(£) from equation (6) limT,(£) = 1. Equation (6) thus can 

be rewritten as 

( r \ 

to = Jr, (£)•/„ ${ ^ = J ( t 1 ( | ) - 1 ) 7 d 4 - i$ + \Jo 
o V 1 ) 0 V 1 / 0 

Using integral property of Bessel function that 

- ( ~ ~\ 

0 

equation ( A l ) reads now 

S71to = ^ + j ( T 1 ( l ) - l K 

(Al) 

4 r - M = -
V *>) r 

(A2) 

Since the equation (A2) can not be solved analytically, a numerical approach was used. 

Integrand function (TJ(£)-1) was approximated by function 

( r 1 ( ^ - l ) = r 1 (^ ) = X ^ V ^ 

so that 

fij^^+W)^ 

(A3) 

(A4) 

The coefficients (ak, bk) were determined by minimising the resultant difference using a least 
square technique and Gauss-Newton method with a mixed quadratic and cubic line search 

procedure. Six terms (£=1,...6) were covered the interval [0, <§>] divided into 400 subintervals, 
where is a large number. The described approximation provides a maximum relative 
difference between the original function (7) and the curve fitting in form (A3) within 10"4. 

Once the coefficients (ak, bk) were determined, integral at the right hand side of equation 
(A4) was taken analytically using the following relationships (Spiegel, [99]): 

s2+t2 

(A5) 

as" 
(A6) 
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2. Evaluation of the interface deflection integrals 
The interface deflection integrals calculate in the similar way, except the fact function 

from equation (12) lim r 2 (^) = 0. 

Integrand function ^ ( D was approximated by the set of functions ak4
k~1e~h^ 

T 2 © = r 2 © = i « t f V ' { (A7) 

so that 

67 ( r ) » J r 2 ( £ ) y 0 Z- % (A8) 

The coefficients (a*, &*) were determined by the same routine as described in previous section, 
and the integral (A8) was calculated analytically using relationships (A5), (A6). 

3. Calculation of the influence coefficients 
Once the functions CT,(r) Ghif) were determined, the integrals (5) and (9) can be calculated 

as follows. Approximating the pressure profile by a piecewise constant function on a uniform 
grid with mesh size hx and hv and value pkl in the region 

{(x,y)eR2 xk -hj2<xk <xk + hx 2 A V , -h}.2< y, <y, + A ; . / 2 } , where pkl = p{xk,y,), 

the elastic deformations in grid point (i, j) can be written as multi-summation over the 
computational region: 

^ ( x „ y ; ) - ^ = ^ f f - £ i ^ (A9) 

(A10) 

where S/ty/ and are the influence coefficients for deflections at the surface and at the interface 
respectively: 

s ^ = l - h J y r K l ^ ^ d y > ( A H ) 

7 ' = ! ^ C ^ ^ (A12) 

and 

The evaluation of the double integrals ( A l l ) and (A12) above was performed numerically. 
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Elastohydrodynamic Lubrication During Sudden Reversal 
of the Rolling Direction 

A. Jolkin \ R. Larsson1 and P. Ehret 2 
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2 Engineering Fluid Mechanics Research Group, The University of Leeds, U.K. 

This paper presents an experimental investigation of EHL contacts during sudden reversal of entrainment 
velocity. The conditions were analysed using an optical interferometry technique coupled to a high speed 
video camera. The interferograms obtained were subsequently analysed to extract both film thickness and 
pressure characteristics within the whole contact area. This technique, the so-called the Hybrid technique, 
combines both an experimental and a numerical approach in a two-steps strategy; (i) a film thickness map is 
firstly evaluated using image analysis based on the colour fringe patterns obtained from the optical 
interferometric measurements; (ii) the film thickness maps are then used as input data in a numerical multi-
resolution procedure to reconstruct the pressure distribution in the contact. No assumptions about the 
rheological properties of the lubricant are needed. The Hybrid technique allows a rapid and efficient 
treatment of experimental data. An accurate determination of both film thickness and pressure were thus 
obtained during the complete reversal. The measurements revealed that a substantial amount of lubricant 
remains entrapped between the contact surfaces at the point where the entrainment velocity is zero and 
changing direction. 

Keywords: Elastohydrodynamic Lubrication, Hybrid Technique, Optical Interferometry 

1. INTRODUCTION 

Many lubricated components operate with varying velocity, often in a cyclic fashion. Examples 
are gears, cams, constant velocity joints (CVJ), and some other components in reciprocating 
systems. In the latter case, the speed falls momentarily towards zero and then increases in the 
opposite direction. Under such circumstances, the lubricant f i lm formation over the contact is 
crucial in determining the main features of the reciprocating EHL-contacts, such as friction, wear, 
and durability. 

The small size and often rather complex geometry of EHL contacts makes direct measurement 
of f i lm thickness, pressure and other contact parameters difficult. For this reason, an experimental 
method incorporating optical interferometry has been used in the present work to simulate the 
essential aspects of reciprocal EHD-lubrication. 

Very few examples of experimental research into reciprocating EHL contacts are to be found. 
Petrousevitch et al. [1] used optical interferometry to investigate the oil f i lm associated with the 
reversible sliding of a ball on a plane. A series of cinephotorgaphs of the reciprocating ball were 
taken and interpretation of these in terms of f i lm thickness was given. Scales et al. [2] smdied the 
same phenomena using a high-speed video camera and a spectrometer to measure f i lm thickness. 
An important effect of reversal was reported; a saucer shaped depression in the centre of the 
contact. Investigations [1-2] aimed to demonstrate the spatial and temporal behaviour of the oil 
f i lm shape under reciprocating motion. However, neither investigation considered entrainment 
velocity changes over time. Rutlin et al. [3] smdied operation of CVJ under pure rolling 
conditions; reporting central f i lm thickness results. Glovnea and Spikes [4] smdied the behaviour 
of EHL contacts subjected to rapid halting. Experiments were carried out using ultrathin 
interferometry coupled to a high-speed camera to measure changes in lubricant f i lm thickness 
during controlled deceleration both in pure sliding and pure rolling conditions. Film thickness 
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profiles were obtained and analysed. Two distinct stages in the evolution of the f i lm thickness 
during rapid halting were reported. 

However, the interference patterns were not mapped to absolute film thickness maps in these 
investigations nor was pressures variation in the contact during reciprocating motion studied. A l l 
these limitations make it difficult to obtain a clear understanding of behaviour of an EHL contact 
under sudden reversal. 

Investigations [1-4] used optical interferometry in one form or another to study f i lm thickness 
during reversal. Over the years, optical interferometry has proved to be one of the most effective 
techniques for researching EHL. Recent developments in high-speed video imaging have also 
made it easier to study transient phenomena. 

The aim of the current work is to give a detailed insight into what is happening within a 
reciprocal EHL contact, in terms of f i lm thickness and pressure distribution and also to 
demonstrate a technique for the investigations of non-steady state EHL contacts. 

The results for non-steady state EHL contact during sudden reversal are presented in the form 
of detailed fi lm thickness maps and corresponding pressure distributions. 

2. E X P E R I M E N T A L T E C H N I Q U E 

A flexible experimental and numerical technique, the so-called Hybrid technique, has been 
used to determine high-resolution f i lm thickness maps and pressure distributions. The Hybrid 
technique combines optical interferometry, image analysis and numerical computations. 

The method has been used in a number of investigations; for example, Jolkin and Larsson [5], 
Larsson et al. [6], Lord et al. [7]. A detailed description can be found in Jolkin [8]. A short 
description of the method is, however, given below. 

2.1 Optical interferometry measurements 
The experimental equipment consisted of a Ball & Disc system equipped with microscope and 

high-speed video camera. 
The main parts of the apparatus are a glass disc and a steel ball. The disc is coated with a thin 

semi-reflecting layer of chromium on the side facing the 25.4-mm polished steel ball. Loading was 
achieved using a pneumatic cylinder, which forced the ball into contact with the disc. 

Numerous textbooks and articles explain optical interferometry; but to recapitulate briefly, the 
lubricated contact between the ball and the disc is illuminated by a light source. The incoming 
light beam is partly reflected in the chromium layer which acts as a beam splitter, and partly 
transmitted. The transmitted part is reflected from the steel ball and passes back through the 
chromium layer. The different optical path lengths for light reflected from the ball and that initially 
reflected from the chromium layer creates an interference pattern that describes the separation 
between the disc and ball caused by the lubricant f i lm. This interference pattern can be used to 
determine the topography of the contact. 

The colour fringe patterns were recorded using a high-speed video camera through a 
microscope and stored in a computer for image analysis. The camera is capable of capturing 
1000 frames/s with an exposure time of 100 ps which allows sharp images of the EHL contact to 
be captured during reversal. 

2.2 Image analysis 
The colour interferograms were subjected to image analysis to determine the absolute f i lm 

thickness of the separating film. The improved image analysis technique based on method 
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presented by Gustafsson, Höglund and Marklund [9] was used. This employs a calibration table 
look-up procedure where colour parameters from recorded dynamic interferograms are compared 
with table values corresponding to known f i lm thickness. The method primarily matches hue, 
saturation and intensity values from colour interferograms of the unknown fi lm shape with 
calibration values obtained from known geometry. This calibration procedure enables absolute 
f i lm thickness values to be determined. The method was previously used to analyse transient 
effects in grease lubricated EHD contacts (see Larsson and co-workers [6]). 

2.3 Pressure calculations 
From the measured fi lm thickness, pressure distributions can be determined. Regardless of 

lubricant flow or rheological behaviour or thermal conditions, the f i lm thickness in a three-
dimensional EHL contact can be written as the sum of the undeformed gap geometry, and the 
elastic deformation of the surfaces: 

h(x,y) = hm +g(x,y) + w(x,y) (1) 

where h(x,y) is the lubricant f i lm thickness, g(x,y) defines the gap between the undistorted 
equivalent body surface and the touching plate, /z0o is the f i lm thickness at the origin of coordinates 
had the surfaces been undistorted and w(x, y) is the acmal elastic deformation of the equivalent 
body surface from its undistorted shape. For two continuous bodies considered as elastic half 
spaces and loaded against each other or separated by a thin EHD film, the total deflection w(x, y) 
becomes: 

where p(x,y) is the lubricant pressure acting over the contact between surfaces, and E' is the 
effective elastic modulus. 

Given a measured f i lm thickness h(x,y) and undeformed contact geometry g(x,y) the pressure 
distribution p{x,y) is found that satisfies equation (1), while considering boundary conditions 

where Q. is the computation domain, dQ, its boundary, x is the coordinate in the direction of motion 
and y is the coordinate in the perpendicular direction. Since the fi lm thickness equation can not be 
solved analytically, a numerical approach was used. Equations (1-2) were discretized on a 
rectangular uniform grid extended over the domain Q.. 

4. R E S U L T S AND DISCUSSION 

A number of tests have been performed using the described technique in order to smdy a non-
steady state EHL during a sudden reversal. 

4.1 Test conditions 
Experiments were carried out at room temperature under rolling conditions with an entrainment 

velocity that changed from -1.0 m/s to +1.0 m/s within 100 ms. Separate servomotors drive the 
ball and the disc and their velocities were measured throughout the reversal period. 

(2) 

p = 0 and p > 0 in Q (3) 
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t = Oms t = 2ms t = 4 ms 

200 200 200 200 200 200 

t = 12 ms t = 14 ms t = 16 ms 

200 200 Y , um 2 0 0 2 0 0 2 0 0 2 0 0 

Figure 1 3-D fi lm thickness maps measured during sudden reversal. X-coordinate along the 
direction of motion 

Colour fringe images of the conjunction were captured for each time step (1 ms) during the 
reversal. From the original video sequence of 1000 frames a sequence of 24 images was selected 
for image analysis. The sequence was chosen so that central and minimum film thickness in the 
first and the last images were about the same, and that the motion reversal was covered. The first 
image of the sequence was during the developed deceleration, and had an instantaneous velocity of 
0.062 m/s. 

An external force of 20 N was applied to the ball which resulted in a maximum Hertzian 
pressure of 425 MPa and a Hertzian diameter of 0.3 mm. 

A paraffinic mineral oil with viscosity 0.55 Pas, density 880 kg/m 3 and pressure-viscosity 
coefficient 26 GPa"1 was used in the tests. 

110 



t = Oms t = 2ms t = 4 ms 

X, um 200 200 Y , um 200 200 200 200 

Figure 2. Pressure distributions in the EHL conjunction under sudden reversal reconstructed from 
the measured f i lm thickness maps 

4.2 Effects of reversal 
The high-speed sequence was analysed employing the Hybrid technique described earlier. The 

results of measurements and calculations of the circular EHL conjunction under sudden reversal 
are shown in Figures 1 and 2. Figure 1 illustrates the 3-D fi lm thickness maps in the EHL contact 
during rapid reversal and Figure 2 shows corresponding pressures. The actual 3-D f i lm thickness 
maps, which were subsequently used in the pressure calculations, consisted of 257 by 257 nodes. 
As it can be seen in Figure 2, some small fluctuations in pressure appear which are due to the 
surface texture of the steel ball and the glass disc. A slight distortion of the fi lm thickness caused 
by cavitation can also be seen near outlet region. A special treatment of cavitation was 
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implemented in the pressure calculatioi 
algorithm in order to prevent the influenct 
of these non-existent deflections oi 
pressure. 

Figure 3 shows the analysis of th( 
measured f i lm thickness maps. The centra 
and the minimum fi lm thickness and th< 
entrainment velocity versus time during 
the reversal are shown. It can be seen tha 
ful l f i lm lubrication is maintained evei 
when the entrainment velocity is zero. 

A rapid decay in central f i lm thicknesi 
followed by a relatively slow subsequen 
increase in f i lm thickness was detected 
shortly after the reversal. The nature of 
this phenomenon can be explained by 
studying lubricant f i lm profiles. 

•§250 

10 
time, ms 

i-0.06 

Figure 3. Film thickness 
reversal motion 

variations during the 

Figure 4. Film thickness (black) and pressure (grey) profiles along the contact during sudden 
reversal 
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Figure 4 shows a sequence of fi lm profiles taken along the direction of motion, during the 
sudden reversal. It can be seen that during the initial stage the edges of the contact begin to fall, 
thus forming an entrapment of the lubricant within the contact. 

As the entrainment velocity falls to zero, the central f i lm thickness remains high due to the 
entrapped oil which is squeezed into the central region. In the second stage, as reversal occurs, the 
lubricant f i lm built-up is determined by the low entrainment velocity, now in reversed direction. 
The central lubricant entrapment will thus move out of the contact and be followed by a lower film 
thickness. This appears as a sudden decay of central f i lm thickness, Figure 3. This transition is 
accompanied by large pressure peaks in the dimple region, Figure 2 and Figure 4 at t = 12 ms and 
t = 14 ms. In the final stage, the central f i lm thickness increases as entrainment velocity increases. 

An important fact is that the EHL contact shortly after reversal suffers from a lubricant 
starvation as the ball starts rolling on a newly cavitated region. As the lubricant replenished the 
running track, the conjunction gradually returned to a fully flooded condition. Starvation effects 
cause the building-up of the f i lm thickness to take a longer period of time than that relevant to the 
first stage of the experiment, when the f i lm thickness nearly collapsed. 

5. CONCLUSIONS 

The Hybrid approach enhanced with a high-speed video system has been successfully apply in 
the study of EHL contacts under non-steady state conditions. From the results presented and 
discussed the following conclusions can be drawn: 

a) During deceleration, the f i lm thickness in the inlet forms a constriction, similar to the one in 
the outlet, thus entrapping a lubricant in the contact. 

b) Full f i lm lubrication is maintained even during reciprocating motion, when the supply of 
lubricant is sufficient. This is due to the entrapped highly viscous lubricant in the contact 
centre. 

c) The lubricant entrapped when the entrainment velocity approaches zero prevents direct contact 
between the surfaces but also causes high pressure peaks which might be detrimental for the 
surfaces. 

d) On reversal, as the ball starts to run on a newly cavitated track, the lubricant f i lm builds up 
under conditions dominated by starvation. The f i lm thickness rebuild takes thus longer than 
the f i lm break-up during the deceleration. 
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A Numerical Method for Determining Contact Pressures 
in E H L Conjunctions 
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Division of Machine Elements, Luleå University ofTechnology, SE-971 87 Luleå, Sweden 

A new numerical method of solving contact pressures from measured film thickness in an 
Elastohydrodynamically lubricated (EHL) contact is presented. This method uses a discrete 
approximation of an integral problem over a triangular mesh covering a contact region of arbitrary 
shape. Inside each triangle, the pressure is assumed to vary linearly. 

The method has been used to study EHL conjunctions using the so called Hybrid technique which 
combines experimental tests with advanced numerical calculations including an algorithm for evaluation 
of pressure distribution. Image analysis is employed to evaluate a high-resolution 3-D film thickness map 
from a colour interferogram. This map is then used to calculate pressure distribution by solving the film 
thickness equation. 

Certain operating conditions or the presence of surface roughness or particles in the EHL conjunction 
cause very localised distortions in the oil film. The triangular mesh can be selectively refined around these 
singularities when reconstructing the pressure from measured oil films. The method provides a very 
effective way of node accommodation thus minimising computational expense whilst maintaining 
accuracy. 

1. INTRODUCTION 

EHL has been investigated by many researchers during the last 50 years and many problems 
with respect to theory and practice have had to be overcome. Traditionally, the study of EHL 
covers two general directions; applied mathematical modelling and advanced experimental 
methods. The study of various contact situations plays an important role in surface fatigue life 
predictions for EHL contacts. The most valuable information about EHL conjunction can be 
obtained by using a flexible hybrid experimental and numerical technique for the determination 
of high-resolution f i lm thickness maps and pressure distributions. The so-called Hybrid 
technique combines optical interferometry, image analysis and numerical calculations. Results 
obtained using the technique have been presented in a number of publications, see for example, 
Åström and Venner [1], Jolkin and Larsson [2], Larsson et al. [3], Lord et al. [4]. The detailed 
description of the Hybrid technique can be found in work of Jolkin [5]. A short description, 
however, is given below. 

Optical interferometry is used to produce colour fringe images of the contact in the 
experimental part of the investigation. 
Cameron and Gohar [6] introduced the 
technique in 1966 when they 
investigated the formation of a lubricant 
fi lm in a point contact between a steel 
ball and a transparent disc. The 
characteristic "horseshoe" shaped 
constriction with the minimum film 
thickness along the outer radius of the 
contact was revealed experimentally for 
the first time. Foord, Wedeven, 
Westlake and Cameron [7] further 
developed the technique and solved 
practical problems associated with this 

Glass disc 

Semi transparent 

cromium layer 

Lubricant film 
Steel ball 

Figure 1. Two-beam interferometry 
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(a) (b) 

Figure 2. A typical interferogram recorded form the Ball & Disc apparatus (a) and a result of 
the image analysis (b) 

technique. The principles of optical interferometry which now commonly used in the evaluation 
of film thickness in EHL contacts can be found in numerous textbooks and articles (see for 
example Gåsvik [8]). Optical interferometry studies the lubricated contact between the steel ball 
and the glass disc, see Fig. 1. The disc is coated with a thin, semi-reflective, layer of chromium 
on the side in contact with the polished steel ball. The contact is illuminated by a light source 
and the incoming light beam partly reflected in the chromium layer which acts as a beam 
splitter, and partly transmitted. The transmitted part is reflected from the steel ball and passes 
back through the chromium layer. The optical path length for light reflected from the ball and 
that initially reflected from the chromium layer are different and creates an interference pattern 
that describes the varying separation between the disc and ball caused by the lubricant film. The 
interference pattern, which can be colour or monochromatic, is then used to determine the 
topography of the contact and hence the fi lm thickness. A typical colour fringe image recorded 
form the ball and disc apparatus is shown in Fig. 2(a). 

A digital colour image of the contact consists of a relatively large number of pixels. Image 
analysis is used to translate the local colour information in each pixel into a 3-D map of the 
separating film in the contact. Due to the different lightning and video set-ups used, different 
methods for image analysis have been developed over the years, see for example Gustafsson, 
Höglund and Marklund [9], Marklund [10]. 

A modern measurement system based on conventional optical interferometry and image 
analysis can provide effective measurements in the range from 95 nm to 700 nm, with spatial 
resolution of about 1 u.m and 0.5 nm in f i lm thickness (Marklund [10], Jolkin [5]). However, 
the resolution and the measurement range are strongly depending on the experimental 
conditions, analysis algorithm and it's sensitivity to noise. Results obtained outside this range 
must be interpreted with caution since measurement errors can be large. The result of the 
analysis of image in Figure 2(a) is shown in Figure 2(b). 

Another important parameter in an EHL contact is the contact pressure which can be 
determined indirectly from the measured film thickness by considering the elastic deformations 
of the surfaces. Regardless of lubricant flow, rheological behaviour or thermal conditions, the 
film thickness in an EHL contact will be the sum of the undeformed gap geometry and the 
elastic deformation of the surfaces. Hence, it can be modelled as: 
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h(x, v) = hm + g(x, v) + w(x, v) (1) 

The problem to be solved can be stated as follows. Given a film thickness h(x,y) and 
undeformed contact geometry g(x,y) find the pressure distribution p(x,y) that causes elastic 
deformations w(x, y) and thus satisfies equation (1), while considering boundary conditions: 

where Q. is the contact region and 3Q its boundary. Furthermore, the force balance must also be 
satisfied; i.e. the calculated external load must be equal to the value F measured experimentally: 

Since the f i lm thickness equation cannot be solved analytically, a numerical approach must 
be used by making a discrete approximation of the governing equation (1) and boundary 
conditions (2). The numerical approach requires that calculations be made over a collection of 
discrete greed points. The arrangement of these points over the computational field is simply 
called a grid and is created using a grid generation algorithm. Creating a proper computational 
grid over or though a given geometric shape is a far from trivial problem and is the subject of 
numerous books and special conferences and therefore is not discussed here. 

A traditional approach implies that the problem (1, 2, 3) is discretised on the rectangular 
grid, approximating the pressure profile by a piecewise constant function. This is a simple and 
very robust way of solving the given integral problem. The difficulty is that the problem under 
consideration involves complex geometry and curvilinear boundaries. The film thickness values 
in Figure 2(b) that lie outside the accepted measurement range are deliberately excluded, as 
they can be inaccurate. The reliable values thus form a contact region with a curvilinear 
boundary. Moreover, the measured oil films often have geometric features such as localised 
strong gradients. An example of practical importance is the presence of roughness and dirt 
particles in the EHL contact. Rectangular discretisation provides no simple way of local mesh 
refinement, and to maintain a high accuracy of the numerical solution around these 
singularities, a global mesh refinement over the whole contact region must be used. The 
following problems are thus associated with the use of a rectangular grid: 

• Difficulty describing boundaries with required accuracy 
• Excessive number of grid nodes required to cover even quite simple geometry 
• Inefficient way to accommodate nodes leads to high computational costs 

It is clear that the use of a rectangular grid is not without it's problems and that to be able to 
describe the geometry of the lubricated region and impose the boundary conditions as 
accurately as possible, a more advanced approach is needed. In the present work the method of 
discretisation of governing equations on triangular grid is used with a grid generator based on a 
Delaunay triangulation algorithm, see George [11] for more details. 

Triangulation provides more economical way to refine a mesh selectively, i.e., only where it 
is needed. An efficient way of node accommodation requires a computational grid with fewer 
nodes than with rectangular discretisation. Finally, triangular discretisation provides a linear 
approximation of the pressure profile. This representation of a continuous pressure distribution 
may be regarded as an improved approximation of a series of elements, each of which assumes 
uniform pressure. Pressure discontinuities along the sides of the elements are eliminated and 
replaced by discontinuities in the pressure gradient. 

p = 0, p > 0 in Q (2) 

(3) 
a 
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2. I M P L E M E N T A T I O N 

The limited extent of the concentrated contact makes it possible to assume that undistorted 
surfaces g(x,y) in Eq. (1) close to and within the contact boundaries can be approximated by 
parabolas, assuming perfectly smooth surfaces: 

2 2 

g(x,y)= +—-
2R 2R 

(4) 

where R is the radius of the ball. 
The total deflection w(x,y) for two homogeneous continuous bodies, considered as elastic 

half spaces and loaded against each other or separated by a thin EHD film, is provided by 
Boussinesq's equation: 

w(x,y): 
nE 

p(x',y')dx'dy' 

•x')2+(y-y')2 

(5) 

where p(x,y) is the distributed load acting over the contact between surfaces, and E' is the 
effective elastic modulus. Thus, Eq. (1) can be written as: 

h(x,y) = hm + 
2R 

?L+J: IT p(x',y')dx'dy 

2R T T £ ' J J / r ^ V + t v - v V 
(6) 

where /jrø is the fi lm thickness at the origin of coordinates had the surfaces been undistorted. 
Equation (6) must be discretised over a mesh of triangles. An example of such a triangular 

mesh is shown in Fig. 3, which corresponds to the interferometry image in Fig. 2(a). As can be 
seen the mesh is considerably refined around shoe-shaped constriction in the outlet and also 
around small fluctuations that appear due to surface texture of the steel ball and the glass disc. 
Note that in Fig. 3 the outlet of the contact is to the left. 

The continuous pressure distribution over the contact region is thus approximated by linear 
facets acting on triangular elements, such as the one shown in Fig. 4(a), so that the surface 
spanned by the pressure is diamond-like, with many triangular facets. The element shown in 
Fig. 4(a) can be further simplified by splitting it into three separate tetragonal pressure 

elements, the first tetrahedron with pressure PA at 
A falling linearly to zero along the side of the 
triangle BC, the second tetrahedron with pressure 
PB at B falling linearly to zero along AC and the 
third tetrahedron with pressure Pc at C falling to 
zero along AB and shown in Fig. 4(b). The sum 
of the three pressure tetrahedra sharing the same 
base triangle constitutes one facet of the pressure 
function. The total normal displacement at an 
arbitrary point (x, y) thus can be considered as 
the sum of the normal displacements at (x, y) due 
to loads from the three tetrahedra. 

The deflection of a surface due to a piecewise 
linear pressure distribution has been considered 
by Kalker and van Randen [12] and Johnson and 
Bentall [13] in connection with the numerical 
solution of contact problems. 

- 2 0 0 - 1 0 0 0 1 0 0 
Direction of motion. X(.im 

!00 

Figure 3. An example of a triangular mesh 
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(a) (b) (c) 

Figure 4. An element of pressure distribution 
(a) linear facet function on triangular base 
(b) tetrahedral pressure element 
(c) local coordinate system in the triangular base 

In the base of each of the three tetrahedra, a local coordinate system (s,t) is introduced, see 

Fig. 4(c). The vertex with maximum pressure lies at (0, y), whilst at the basis (a, 0) - (ß, 0) the 
pressure falls to zero. This local coordinate system can be mapped onto the global coordinate 
system (x, y) by a known translation and rotation. The pressure on the triangular base of the 
tetrahedron is thus: 

P(s,t) -Pj — , Pj is pressure at (0, y>, i.e. (xpyj) 

When the pressure Pj is unity, the normal displacement at a point (x„y,) with the local 

coordinates (jc,,y,) is: 

tdsdt 

A n y ^ - s f + f a - t f 
(7) 

where An is triangle n with base [{a, 0), (ß, 0)] and apex (0, y), i.e. (Xj,yj) 

Influence coefficients for the normal deflection of the surface wjJn due to the pressure 

distribution shown in Fig. 4 have been evaluated analytically by Kalker and van Randen [12]: 

I (k, I, t, y) = - (t2 - y2 )arcsinh 
y-t 

ky + l 
+ — x 

2A/& 2 +1 

t + 
Id-yV 

k2+\ 

ty*!? + y ( k 2

 + 2 ) - k l ^ s J ( k ^ l } + l d - y 

k2+l ky + l 

(8) 

where arcsinh(^) is the inverse of the hyperbolic sine, and thus: 

2 
w„„ = — x 

nE 

x(/(- ßiY,ß.-x»r>y,)-i{- ßlr>ß-^Api)-/(-a/r.«-^rr.j?J+7(-«/?'.a-^Ayi)) 
(9) 
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The contribution of unit pressure at the point (x;,y,) to the normal displacement in (x„y,) is 
the sum of the integrals (7) over all triangles having (x^y,) as a vertex: 

where n is all triangles bordering on vertex (xjjij). The total displacement at (x„y,) is given by: 

W,=É%P7 
7=1 

summing all m vertices j: (x,,yj). 
The discrete f i lm thickness equation for a point i (x„y,) is finally written as: 

^^+i+Mw"p' (12) 

I f a j is the total area of all the triangles adjacent in vertex (Xj,yj). Then the total normal force 
is given by: 

F = \ ^ a j P j (13) 
-3 /: all nodes 

Equation (12) written for all nodes (i = l..m) represents the system of linear equations 

written in the node points. The values of the lubricant f i lm thickness h, for each node point is 
obtained by a high order polynomial interpolation from the maps produced by image analysis. 
The resulting system of linear equations can be solved by any suitable method. The unknown 
constant /z0o is determined by force balance. The pressure can thus be obtained once the f i lm 
thickness is known. 

3. R E S U L T S 

The Hybrid technique using the numerical approach presented above has been employed in 
investigations of two contact simations. Fringe images were obtained during the experiments 
from which film thickness maps were determined using image analysis. From the film thickness 
maps, pressure distributions could be calculated as described in Section 2. The aim of these 
experiments was to verify the above numerical approach, and to determine any limitations. The 
two contact situations considered were of a very different nature; an oil-lubricated conjunction 
at high degree of sliding and a grease-lubricated conjunction. 

3.1 Oil-lubricated E H L contact 
The Hybrid technique was applied to a phenomenon that can be observed when very high 

degrees of sliding occur and the glass disc moves faster than the steel ball. In this situation, a 
deep and large dimple appears where the flat plateau in the central region of the contact would 
normally be found. This phenomenon is described by Kaneta et al. [14], and further studied by 
Lord et. al [4]. To reproduce this effect, oil with a high pressure-viscosity coefficient was used. 

Figure 5(a) shows a colour interferogram representing the separation in the contact. The 
interferogram was taken under conditions where sliding exceeded a certain, very high, value. A 
wide shallow dimple in the inlet region is followed by a large deep dimple which covers the 
greater part of the contact. The measured film thus has extreme geometric features in the form 
of two large deep indentations, as can be seen in Fig. 6(a). In order to achieve results with high 
accuracy, the triangular network that covers the contact region is considerably refined near the 
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(a) oil-lubricated conjunction 
at high degree of sliding 

(b) soap lump entering grease-lubricated 
conjunction 

Figure 5. Colour fringe images of the circular EHL contact 

dimples, as these are accompanied by large pressures with steep gradients, see Fig. 6(b). The 
triangular mesh that consists of 2736 nodes and 5404 triangles is shown in Fig. 8(a). Two high-
pressure regions are clearly seen in place of the characteristic, nearly Hertzian, pressure 
normally found in an EHL conjunction. 

3.2 Grease-lubricated E H L contact 
Grease is a two-phase system, consisting of a base oil, which can be either mineral or 

synthetic, and a thickener. The most commonly used thickener is a metal soap which creates a 
structure of solid fibres in the oil. The base oil is retained in this network of fibres by capillary 
forces and other physical bonds. The structure of the soap particles gives the grease its 
consistency. During the manufacturing process, the soap fibres gather in smaller or larger 
formations rather then being equally distributed throughout the grease. Greases are thus 
inhomogeneous at a scale comparable to the lubricating fi lm thickness found in an EHL 
conjunction. Soap thickener fibres that enter the contact will , therefore, influence the lubricating 

A single soap lump could be followed through the contact by using a high-speed video 
camera to obtain images every 1 ms. One of the colour images from this sequence is shown in 
Fig. 5(b). The soap lump entering the contact is clearly seen at the upper left edge of the 
contact. Figure 7(a) shows a 3-D film thickness map obtained from the colour interferogram in 
Fig. 5(b). It can be seen that the soap lump produces a deep indentation in the surfaces. A very 
fine triangular mesh was used in the vicinity of the lump, and also near the horse-shoe shaped 
constriction in the outlet of the contact. The mesh consists of 4863 nodes and 9584 triangles, 
and shown in Fig. 8(b). Figure 7(b) shows the contact pressure. As expected, the indentation is 
associated with a very large local pressure peak where the pressure level is nearly doubled 
compared to the surrounding pressures. 

film. 
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(b) 

Figure 6. Results of measurements and calculations: 3-D film thickness map (a) corresponding 
to pressure map (b) in oil lubricated contact under high degree of sliding 
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(a) mesh of 2736 nodes and 5404 triangles (b) mesh of 4863 nodes and 9584 triangles 

Figure 8. Triangular mesh and contour plots of f i lm thickness for oil-lubricated conjunction (a) 
and grease-lubricated conjunction (b) 

4. DISCUSSION 

The equation (6) that relates the shape of the separation f i lm to the pressure distribution is 
an integral equation of the first kind, with the unknown pressure p(x,y). By virtue of results 
obtained by Mikhlin [15] and Zaremba [16], equation (6a) is known to be soluble and that a 
unique solution exists, provided only that the function on the right hand side is sufficiently 
smooth. In practice this means that any irregularity in the conjunction such as dimples and 
indentations must be covered with very fine mesh. The digitised images of the EHL conjunction 
have spatial resolution of about 1.6 pm. To maintain such high resolution on the uniform 
rectangular grid the representation of the fi lm thickness map would need about 60000 nodes, 
whereas the triangulation selectively refined around singularities would need only about 2800 to 
4000 nodes. 

The two cases that have been investigated have lubricant films with local geometric 
features, such as dimples or local indentations. In these examples, the f i lm map is represented 
by a very fine triangular grid where it is known to have locally steep gradients, i.e. close to the 
singularities, whilst a coarser mesh is used elsewhere. By using the method described in Section 
2, a large reduction of computational effort can be achieved. A uniform rectangular grid would 
need more than 60000 nodes to compete with a selectively refined mesh of 5000 nodes. The 
efficiency of the described numerical approach can be further improved by introducing a 
multigrid technique for the iterative solution of the system (12) which wil l reduce total 
computing time. 

5. CONCLUDING REMARKS 

A numerical scheme is proposed to obtain pressures in lubricant f i lm from measured f i lm 
thickness of an EHL conjunction using a non-uniform triangular computational mesh. 

The method has been used to obtain pressures in an oil-lubricated and in a grease-lubricated 
EHL conjunction with local irregularities in the film thickness the form of dimples and local 
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indentations resulting from sliding conditions (oil-lubricated) or inhomogeneous lubricant 
(grease-lubricated). 

The results presented and discussed above show the following advantages of the method 
presented: 

• Triangulation provides an accurate description of the boundaries and boundary conditions 
• Efficient, non-uniform distribution of nodes leads to great reduction of the overall 

complexity of the algorithm 
• A linear approximation of pressure profile provides higher accuracy of the solution 

The numerical method outlined in Section 2 can also be used in numerical simulations of 
EHL applications. Mesh refinement can be based on å posteriori estimates of errors in the 
computed solutions; so-called adaptive mesh refinement. 
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