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ABSTRACT

Observer design for nonlinear systems is a well-known problem in control theory that has been
studied from different perspectives. Because the system state variables are generally not always
available, state estimation is an essential task in many control applications, which is why this
problem has attracted considerable attention from researchers and is the main focus of this
thesis.

Knowing that no mathematical system can exactly model a physical system, as a control
engineer we must be aware of how modeling errors might adversely affect the performance of a
control system. From the observer perspective, time-delays, uncertainties and unknown inputs
are familiar factors that deteriorate the observer performance on the way of design, analysis and
synthesis of any type of observer. Every general observer design should be able to treat all (or
at least some) of these issues explicitly and provide quantitative and qualitative results about
their impact on the observer performance; consequently, the concepts of robustness, robust
performance and robust design have recently become common phrases in the literature and
constitute an integral part of research on observer design.

Compared to the typical linear systems, observer design for nonlinear systems subject to all
the aforementioned deteriorative factors presents a greater challenge for control engineers and
researchers. In this thesis, the problem of observer design for a class of nonlinear systems, both
discrete and continuous-time, subject to time delay, structured uncertainty and unknown inputs,
is investigated. The study shows that by using the upper and lower bounds of the time delay,
this parameter can be excluded in the observer structure under some constraints. Moreover, a
novel method for designing an Unknown Input Observer (UIO) for a class of nonlinear systems
is proposed, which makes the observer capable to satisfy desired performance even in the
presence of unknown inputs. Based on the UIO structure, one step further is taken, and a
multiobjective optimization approach for state estimation and unknown input reconstruction is
proposed that makes the designed observer not only robust against unknown inputs but also
able to reconstruct them under some provided linear matrix inequality (LMI) conditions. In
light of linear algebra, note that LMI serves as an important tool in this thesis, significantly
facilitating the proposed observer designs.
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CHAPTER 1

Introduction

All I need to design an observer is a park, a laptop and LMI.

Inspired by ”All I need to make a comedy is a park, a policeman and a pretty girl.” Charlie Chaplin

In many engineering applications, such as a car or an aircraft it is desirable to access certain
quantities that are not directly measurable. It may be very expensive, or even impossible, to
install a physical sensor. An interesting alternative for such cases is to produce an estimate
of the sought quantity using process knowledge, in the form of a mathematical model, and
information, in the form of indirect measurements.

The problem of state estimation of a dynamic system, commonly known as ”observing
the state” or simply ”observer”, is an important problem in control theory. The history of the
observer goes back to 1964, when D. G. Luenberger, following the description of linear systems
introduced by R. E. Kalman [1], published a report on state estimation in linear systems [2].
The observer is actually a type of soft sensor for extracting information from processes that is
not accessible to the usual measurement devices. The general state estimation problem can be
defined as follows.

Consider a general nonlinear state space realization, as follows:

ẋ = f (x,θ , t,u,ω1) ;x(0) = x0

y = h(x,θ , t,u,ω2) (1.1)

where x is the state vector, u is the input vector, y is the measurement vector, and ω1 and ω2 are
the process and measurement noise, respectively. θ represents the system parameters, and the
system may also be time-varying due to the explicit dependence on time t. For the given (1.1),
the state estimation problem is described as follows [3]:

A dynamic system design that estimates the state variables of x given
that measurements of y and u are available.

3



4 INTRODUCTION

State estimation is meaningful if the state estimate converges to the real state in some
sense. There are different interpretations behind different methods, but a common issue is that
the estimation error, defined as the difference between the estimated and real state, is bounded
within desired limits.

1.1 Linear Observer

Linear observers are divided into two main categories: full-order and reduced-order observers.
In the following section, both types of observers are briefly discussed.

1.1.1 Full-order Observer

Consider the following linear system:

ẋ = Ax+Bu ; x(0) = x0

y =Cx+Du (1.2)

where x ∈ Rn, u ∈ Rm, and y ∈ Rp are the state vector, known input, and output, respectively.
Matrices A, B, C, and D are real and with appropriate dimensions. The objective is to design a
dynamical system that takes y and u as inputs and produces an estimate, x̂, of the state. If the
estimate x̂ is to behave like the real state, then the dynamics of the estimated state should be
similar to that of the real system. Thus, we define a dynamical system as follows:

˙̂x = Ax̂+Bu (1.3)

Let us define the difference between the real and estimated state variables e(t) = x(t)− x̂(t),
which is called the estimation error, and find the error dynamics:

ė(t) = ẋ(t)− ˙̂x(t)

= Ax(t)+Bu(t)−Ax̂−Bu(t) = Ae(t) (1.4)

with initial condition:
e(0) = x(0)− x̂(0) = e0 (1.5)

Note that
e(t) = eAte0 (1.6)

which, if A is asymptotically stable, implies that e(t)→ 0. However, what if A is not stable?
Let us modify the estimated states’ equation:

˙̂x(t) = Ax̂(t)+Bu(t)+L(y(t)−Cx̂(t)−Du(t)) (1.7)
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where L ∈ Rn×p is the observer gain to be chosen. Once again, we compute the dynamic
equation for e(t):

ė = ẋ− ˙̂x

= Ax(t)+Bu(t)−Ax̂(t)−Bu(t)−L(y(t)−Cx̂(t)−Du(t))

= (A−LC)e(t) (1.8)

The error decays to zero if we can find an L such that A−LC is asymptotically stable. Note
that there exists a matrix L such that the eigenvalues of A−LC can be placed arbitrarily in the
left-half plane if and only if the pair (A,C) is observable, i.e,

rank(

⎡
⎢⎢⎢⎣

C
CA

...
CAn−1

⎤
⎥⎥⎥⎦) = n (1.9)

Observability of a system is, loosely speaking, the property that the state can be uniquely
determined from the input and output signals. More precisely, a state of a dynamical system
is called observable within [t0, t1] if for all inputs, u(τ), and outputs y(τ), τ ∈ [t0, t1], the state
x(t0) = x0 can be uniquely determined.

Example 1.1.1 Consider the following plant:

ẋ =

⎡
⎣−2 1 1

1 −3 0
1 1 −4

⎤
⎦x+

⎡
⎣1

1
1

⎤
⎦u

y =
[

1 0 0
0 1 0

]
x

where u= sin(5t). The pair (A,C) is observable, and thus, for the following observer structure:

˙̂x =

⎡
⎣−2 1 1

1 −3 0
1 1 −4

⎤
⎦ x̂+

⎡
⎣1

1
1

⎤
⎦u+L(y− ŷ)

ŷ =
[

1 0 0
0 1 0

]
x̂ (1.10)

with observer gain:

L =

[
1.75 −2.11 −3.49
0.14 2.50 −1.45

]T

(1.11)

the eigenvalues of A−LC can be placed at−1.04, and−6.10±0.67i. To validate the designed
observer, the simulation result is presented in Figure 1.1, which shows the real and estimated
states simultaneously for the initial conditions given by x(0) = [4,5,6]T and x̂(0) = [0,0,0]T .
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Figure 1.1: Real and estimated state variables

1.1.2 Reduced-order Observer
In the previous subsection we demonstrated how to obtain observers to estimate the state x(t).
However, in practice some state variables might be known. In this case, it is possible to obtain
reduced-order observers. We will assume that the state variables are divided as

x(t) =
[

x1(t)
x2(t)

]
(1.12)

Hence, the state space equation can be rewritten as follows:[
ẋ1(t)
ẋ2(t)

]
=

[
A11 A12
A21 A22

][
x1(t)
x2(t)

]
+

[
B1
B2

]
u(t)

y(t) =
[
I 0

][x1(t)
x2(t)

]
= x1(t) (1.13)

The state variables that need to be estimated are those that are unavailable. Thus, we define the
estimated unavailable state as x̂2(t) and form a system

˙̂x2(t) = A22x̂2(t)+A21x1(t)+B2u(t)+ error driver (1.14)

”error driver” refers to the signal, derived from the output that drives the state estimate. In the
full-order observer, we had

error driver = L(y(t)−Cx̂(t)−Du(t)) (1.15)
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Note that the signal inside the parentheses was selected to match the available signal, y(t),
and an estimate of this available signal Cx̂(t)+Du(t). Similarly, the same approach for the
reduced-order observer is taken and we turn to the following equation extracted from (1.13).

ẋ1(t)−A11x1(t)−B1u(t)︸ ︷︷ ︸
available

= A12x2(t)︸ ︷︷ ︸
unavailable

(1.16)

We define:

error driver = Lr

⎛
⎝ẋ1(t)−A11x1(t)−B1u(t)︸ ︷︷ ︸

available

−A12x̂2(t)︸ ︷︷ ︸
estimated

⎞
⎠

Note that the signal in the parentheses is zero if the estimate is correct. We now incorporate
this into (1.14):

˙̂x2(t) = (A22−LrA12)x̂2 +(A21−LrA11)x1 +Lrẋ1 +(B2−LrB1)u (1.17)

By defining the estimation error as e2(t) = x2(t)− x̂2(t), the following error dynamics are
obtained:

ė2(t) = (A22−LrA12)e2(t) (1.18)

which decays to zero asymptotically if the matrix A22−LrA12 has eigenvalues with negative
real parts. The eigenvalues of this matrix can be set arbitrarily if the pair (A12,A22) is observ-
able. The need for ẏ(t) in the reduced-order observer equation can be eliminated by introducing
a change of variable x̂2 = z2 +Lry, which leads to

ż2 = Ãz2 + B̃u+ L̃y (1.19)

with,

Ã = A22−LrA12

B̃ = B2−LrB1

L̃ = A21−LrA11 +A22Lr−LrA12Lr (1.20)

Example 1.1.2 Let us recap Example 1.2.1 and design a reduced-order observer. The first two
state variables are available for measurement, and thus, the following matrices are identified:

A11 =

[−2 1
1 −3

]
, A12 =

[
1
0

]
, A21 =

[
1 1

]
, A22 =

[−4
]
, B1 =

[
1
1

]
, B2 =

[
1
]

(1.21)

Hence, for the following structure:

ż2 = Ãz2 + B̃u+ L̃y

x̂2 = z2 +Lry (1.22)

with gain Lr = [2,1], the eigenvalue of A22−LrA12 can be placed at −6. Moreover, the follow-
ing matrices are achieved:

Ã =−6, B̃ =−2, L̃ = [−8,−4] (1.23)

To validate the designed observer, the simulation result is presented in Figure 1.2, which shows
the real and estimated states (3rd state) simultaneously.
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1.2 Nonlinear Observers

The problem of state estimation for linear systems has been extensively studied and has proven
extremely useful, particularly for control applications such as observer-based control design.
For nonlinear systems, attempts to develop the theory of observers are not nearly as complete or
successful as they are for linear systems. First, the most simplified linear feedback is analyzed.
Consider the following nonlinear system:

ẋ = f (x)

y = h(x) (1.24)

where x ∈ Rn and y ∈ RP are the state and output vectors, respectively. Now is a good time to
ask ourselves whether a linear feedback as a first attempt can be used for the state estimation
of (1.24). To answer this question, the following observer structure is assumed:

˙̂x = f (x̂)+L(y− ŷ)

ŷ = h(x̂) (1.25)

where L ∈ Rn×p is a matrix. By defining the observer error as e = x− x̂, the error dynamics
become the following:

ė = f (x)− f (x̂)−L(h(x)−h(x̂)) (1.26)
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Inspired by the stability analysis of a linearized system around a fixed point, the linearized
version of the error dynamics (1.26) around equilibrium point1 e = 0 is

ė =
(
∂ f
∂x

(x)−L
∂h
∂x

(x)
)

e (1.27)

As clearly shown, (1.27) is time varying due to the dependence on the true state variables x,
which are not constant and also not known.

Example 1.2.1 Consider the following system:[
ẋ1
ẋ2

]
=

[ −x2
−x1 + x2 + x2

2

]
+

[
0
1

]
u

y = x1 + x2

By following the linear approach described above, the linearized version of the error dynamics
near its fixed point e = 0 becomes the following:[

ė1
ė2

]
=

([
0 −1
−1 1+2x2

]
−
[

L1
L2

][
1 1

])[e1
e2

]
(1.28)

It is clear that ė depends on x2, which is not known.

From the brief analysis above, we conclude that more advanced methods for state estima-
tion are required for nonlinear systems. There are several surveys in the literature that address
the problem of state estimation in nonlinear systems, such as [4,5]. A short description of some
well-known approaches are listed in the following:

• Exact Linearization Approach [6, 7]

• Extended Kalman Filter [8, 9]

• Sliding Mode Approach [10–13]

• Thau’s Approach [14]

• Bayesian Approach [9]

A comprehensive discussion on these approaches can be found in [3,15,16]. However, it is
worth noting that the main focus of this thesis is the problem of observer design for a class of
nonlinear systems under different assumptions, as follows:

• The nonlinearity of the plant is assumed to be Lipschitz.

• The plant might be time delayed, where the delay is uncertain but bounded.

1For ẋ = f (x), an equilibrium point is defined as a point where the system states can remain forever; this
implies that ẋ = 0, and thus, the values of the equilibrium points can be determined from f (x) = 0.
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• The output signal might contain an unknown but bounded time delay.

• The plant can be uncertain with parametric uncertainties.

• The plant is subject to process and measurement noise.

• The plant might be subjected to unknown inputs.

By taking the above assumptions into account, different LMI-based conditions are pro-
vided, where the feasibility of any guarantees asymptotic stability of the observer error dynam-
ics.

1.3 Observers and Robustness
It is fair to say that there is no mathematical system that can exactly model a physical system.
Therefore, modeling uncertainty is an inherent property of all the models. Additionally, and
particularly from the observer perspective, time delays and unknown inputs are other familiar
keywords in deteriorating the observer performance during the design, analysis and synthesis
of any type of observer. Because one of the desirable characteristics of a suitable observer is
robust performance in the presence of those aforementioned deteriorating factors, different as-
pects of the problem of the state estimation of uncertain nonlinear systems are further explored
in the sequel. A general block diagram showing the process, sensors, observer and some other
guests is depicted in Figure 1.3.

1.3.1 Time-delay Issue
In many physical, industrial and engineering systems, delays occur due to the finite capabili-
ties of information processing and data transmission among various parts of the system. Delays
could also arise from inherent physical phenomena, such as mass transport flow. Additionally,
delays could be byproducts of computational delays or could intentionally be introduced for
some design considerations. Such delays could be constant or time varying, known or un-
known, and deterministic or stochastic depending on the system under consideration. In all of
these cases, the time delay factors have, by and large, counteracting effects on the system be-
havior and might generally lead to poor performance. Therefore, the subject of time delay sys-
tems has been investigated over the past three decades both in controller and observer design.
Refer to, for instance, research works such as [17–31]. Many processes include time-delay
in their dynamics. [32, 33] provide examples in biology, economics, mechanics, physiology
and in engineering sciences. In addition, actuators and sensors that are involved in feedback
loops generally contain time delays. Moreover, time delay is strongly involved in the area
of communication and information technology, such as stability of networked controlled sys-
tems [34–39], high-speed communication networks [40,41], and teleoperated systems [42–45].

From observer design prespective, for instance, the authors in [46, 47] propose different
sufficient conditions for feasibility of the proposed observers where the process is nonlinear
containing a known time delay, and due to this assumption, the observer structure is based on a



1.3. OBSERVERS AND ROBUSTNESS 11

Figure 1.3: General block diagram

time delay, and thus, the final condition is delay based. In addition, there are some other works
considering the time delay as an unknown parameter, such as [48–50] but they are all limited
to a specific system realization and thus restrictive.

Taking the aforementioned research attempts into account, several research questions arise
here.

• In the case of a system with parametric uncertainties and unknown delay (bounded), is
it possible to use the available information about the system (such as upper and lower
bounds of the delay) and propose some conditions in which their validity guarantees
asymptotic stability of the estimation error dynamics?

• Subsequently, how can the problem be reformulated as a multiobjective optimization
problem, in which the largest Lipschitz constant and smallest disturbance tuning level
are the objectives?

1.3.2 Unknown Inputs Issue
From an observer point of view, the important distinction between different input signals is not
whether they can be manipulated or not, i.e. are control signals or disturbances, but whether
they are known or unknown (measured or not) [51]. In the field of observer design, Unknown
Input Observers (UIOs) have received a considerable amount of attention over the past two
decades. Briefly, unknown inputs can contain modeling errors, plant variations, and distur-
bances, and they have a significant impact on the behavior of the system. Note that in the
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case of an unknown input, typical observer designs usually fail, and they are not capable of
achieving the desired observer performance.

Although the origin of UIOs dates back to the early 1970s [52], the problem of designing
such observers is still significantly important from both the theoretical and practical perspec-
tives. Refer to, for instance, [53–58] and the references therein. Generally, the UIO design for
nonlinear systems can be divided into three categories: ”nonlinear state transformation-based
techniques” [59], ”linearization-based techniques” [60], and ”observers for particular classes
of nonlinear systems”, for example, UIO for Lipschitz systems [56, 61–63].

Although a variety of techniques exist in the literature, there are still many discussions
on the observer performance and conservativeness. Convergence of the estimated state to the
real state in a shorter time while the used technique is less conservative against the Lipschitz
constant is a momentous issue that has been the focus of many research attempts, where re-
searchers attempt to find either a new technique or extend existing techniques. One of the
common drawbacks of nonlinear techniques in observer design is their sensitivity to the value
of the Lipschitz constant. In other words, a larger Lipschitz constant can cause difficulties in
the feasibility issue of the design where most of the existing observer designs fail to provide
a feasible solution. Moreover, regarding UIO, there are few research efforts that have been
reported in the literature on reconstructing the unknown inputs. The main motivation for the
reconstruction of an unknown input is that in some applications, it is either a costly task or
essentially not possible to measure some of the inputs. On the other hand, an unknown input
can represent the impact of failure of actuators or plant components, and thus, it is worth being
reconstructed and used in the field of fault detection and isolation. Considering the existing
literature described above, several research questions arise here.

• How can the sensitivity of the observer design to the value of the Lipschitz constant be
minimized?

• Regarding the performance of the observer with respect to time, can it be improved while
it is less conservative with respect to the Lipschitz constant?

• Under what conditions can unknown input be reconstructed?

• How can the design be improved in a way that it shows some robustness features (H∞
index) with respect to process noise and measurement noise impact?

• Regarding UIO, does there exist an observer-based controller that stabilizes the system
using the state estimates and remains robust with respect to the unknown input?

1.4 Thesis Outline
This thesis is divided into two main parts: Part I and Part II. Part I serves as an introductory
discussion for Part II. More specifically, in Chapter 2, a group of basic definitions, such as
Lyapunov stability, Lipschitz functions, and linear matrix inequalities (LMI), are provided; it
is strongly recommended that readers who are not familiar with these concepts review these
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definitions before moving to Part II. Chapter 3 briefly provides the readers with a better un-
derstanding of observer design based on LMI by presenting the method via several examples.
Observers and the robustness issue, which is the primary focus of this thesis, is considered
in more detail in Chapter 4. In this chapter, a few examples are provided to highlight why
robustness is an important issue on the way of observer design. The research contributions of
this thesis and some suggestions for further relevant work in the future are the main topics of
Chapter 5 and Chapter 6, respectively.

Based on the introductory discussion in Part I, six research papers are appended to Part II
that complete the thesis. Regarding the papers, see Chapter 5, where a short description of each
paper along with some discussions on the contributions are presented.
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CHAPTER 2

Preliminaries

The basic importance of the LMI seems to be largely unappreciated. It
would be interesting to see whether or not it can be exploited in compu-
tational algorithms, for example. Jan C. Willems, 1971

This chapter reviews some important stability concepts and the class of nonlinear systems
under study, and it presents an overview of LMIs. This introduction is intended to provide a
foundation for some of the results presented in this and forthcoming chapters.

2.1 Stability Analysis
A comprehensive survey on the general conditions for the existence, uniqueness, and finite-
escape time of solutions to ordinary differential equations can be found in [7, 64]. In this
section, we recapitulate some central results and definitions in stability analysis, which will
be used later. The possibility of determining stability without explicitly solving the system
equations is a crucial part in nonlinear analysis, and here, the Lyapunov theory plays a very
important role [7, 64]. Note that Lyapunov-based criterion for stability is the main tool em-
ployed throughout this thesis.

Definition 2.1.1 ( [64]) An equilibrium point x = 0 is said to be stable1 if, for any R > 0, there
exists r > 0, such that if ‖x(0)‖< r, then ‖x(t)‖< R for all t ≥ 0. Otherwise, the equilibrium
point is unstable.

Definition 2.1.2 ( [64]) An equilibrium point x = 0 is asymptotically stable if it is stable, and
in addition, if there exists some r > 0 such that if ‖x(0)‖< r, it implies that x(t)→ 0 as t → 0.

1Stability is also called stability in the sense of Lyapunov, or Lyapunov stability.

15
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The above definitions are formulated to characterize the local behavior of systems, i.e., how
the state evolves after starting near the equilibrium point. To have an understanding of global
stability, the following definition should be considered.

Definition 2.1.3 ( [64]) If asymptotic stability holds for any initial states, the equilibrium point
is said to be globally asymptotically stable.

Theorem 2.1.1 (Lyapunov Stability Theorem [64]) Let x = 0 be an equilibrium point for ẋ =
f (x) and let V : D→ R be a continuously differentiable scalar function on a neighborhood D
of x = 0 such that

V (0) = 0 and V (x)> 0 in D−0 (2.1)

V̇ (x)≤ 0 in D (2.2)

Then, x = 0 is stable. Moreover, if V̇ (x)< 0 in D, then x = 0 is asymptotically stable in D.

Example 2.1.1 ( [64]) Consider the following nonlinear system:

ẋ1 = x1(x2
1 + x2

2−2)−4x1x2
2

ẋ2 = 4x2
1x2 + x2(x2

1 + x2
2−2) (2.3)

Let us study the stability of the system around its equilibrium point at the origin. Given the
positive definite function2 V (x1,x2) = x2

1 + x2
2, its derivative V̇ along any system trajectory is

V̇ (x) = 2(x2
1 + x2

2)(x
2
1 + x2

2−2) (2.4)

thus, V̇ is locally negative definite in the region defined by x2
1 +x2

2 < 2, and it indicates that the
origin is locally asymptotically stable.

Example 2.1.2 ( [64]) Consider the following nonlinear system:

ẋ1 = x2− x1(x2
1 + x2

2)

ẋ2 =−x1− x2(x2
1 + x2

2) (2.5)

The origin of the state space is an equilibrium point for this system. Let V (x1,x2) = x2
1 + x2

2 be
the positive definite function. The derivative of V along any system trajectory is

V̇ (x) = 2x1ẋ1 +2x2ẋ2 =−2(x2
1 + x2

2)
2 (2.6)

which is negative definite. Therefore, the origin is a globally asymptotically stable equilibrium
point.

2A scalar continuous function V (x) is said to be positive definite if V (0) = 0 and ∀x �= 0 ⇒ V (x)> 0.
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2.2 Lipschitz Function
To specify the class of nonlinear systems under study, the following assumption is presented.

Assumption 2.2.1 The function f (x) is globally Lipschitz with respect to x if

‖ f (x1)− f (x2)‖ ≤ γ‖x1− x2‖ ∀x1,x2 ∈ Rn (2.7)

where ‖.‖ is the vector 2-norm and γ > 0 is called the Lipschitz constant.

Note that a variety of standard nonlinearities, for instance, the trigonometric functions in robot
kinematics, can fall into Assumption 2.2.1.

2.3 Linear Matrix Inequality
In this section, an overview of LMIs is presented to provide readers with a rough idea of why
LMI is currently highly appreciated and of how we can simply solve an LMI. Appropriate ref-
erences are provided for readers who would like to explore this topic further. Loosely speaking,
LMIs help to reduce a very wide range of problems arising in system and control theory to a few
standard convex or quasiconvex optimization problems. Because these resulting optimization
problems can be efficiently solved numerically using widely accessible solvers, our reduction
constitutes a solution to the original problem. In general, LMIs are good for many engineering
optimization problems, which can be (often but not always easily) translated into LMI prob-
lems. Moreover, various computationally difficult optimization problems can be effectively
approximated by LMI problems. More importantly, the description of the systems affected by
uncertainty within robust optimization problems can be handled by standard LMI problems.

2.3.1 A Brief History of LMIs in Control Theory [65]
The history of LMIs in the analysis of dynamical systems dates back to approximately 1890,
when Lyapunov published his seminal work introducing what we now call Lyapunov theory.
He showed that the differential equation

ẋ(t) = Ax(t) (2.8)

is asymptotically stable if and only if there exists a positive definite matrix3 P such that

AT P+PA < 0 (2.9)

The requirement is P > 0; AT P+PA < 0 is what we now call a Lyapunov inequality on P,
which is a special form of an LMI. Lyapunov also showed that this first LMI could be explicitly
solved. Indeed, we can pick any Q = QT > 0 and then solve the linear equation AT P+PA = Q
for the matrix P , which is guaranteed to be positive definite if the system (2.8) is stable. In

3A symmetric real matrix P∈Rn×n is said to be positive definite if zT Pz is positive for every non-zero z∈Rn×1.
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summary, the first LMI used to analyze the stability of a dynamical system was the Lyapunov
inequality (2.9), which can be solved analytically (by solving a set of linear equations). The
next major milestones together with some other key events in the history of LMIs in control
theory are briefly listed in the following:

• 1940s: Application of Lyapunov’s methods to real control engineering problems. Small
LMIs solved ”by hand”.

• Early 1960s: Positive-real (PR) lemma provides graphical techniques for solving another
family of LMIs. (See §2.7.2 of [65])

• Late 1960s: Observation that the same family of LMIs can be solved by solving an
algebraic Riccati equation (See §2.7.2 of [65] for details.).

• Early 1980s: Recognition that many LMIs can be solved by computer via convex pro-
gramming.

• Late 1980s: Development of interior-point algorithms for LMIs.

See [65] for more details regarding the historical background of LMIs.

2.3.2 LMI Definition
An LMI has the following form [65]:

F(x)� F0 +
m

∑
i=1

xiFi > 0, (2.10)

where x∈ Rm is the variable and the symmetric matrices Fi = FT
i ∈ Rn×n, i= 0, ...,m, are given.

The inequality symbol in (2.10) means that F(x) is positive definite. Regarding quadratic
inequalities, a common way for converting nonlinear inequalities into LMI form is to use Schur
complement as described below: [

Q(x) S(x)
S(x)T R(x)

]
> 0 (2.11)

where Q(x) = Q(x)T , R(x) = R(x)T , and S(x) depend on x, which is equivalent to the nonlinear
inequalities:

R(x)> 0, Q(x)−S(x)R(x)−1S(x)T > 0. (2.12)

Example 2.3.1 ( [65]) The (maximum singular value) matrix norm constraint ‖Z(x)‖ < 1
(equivalent to I − ZZT > 0), where Z(x) ∈ Rp×q depends affinely on x, can be represented
as the following LMI [

I Z(x)
Z(x)T I

]
> 0 (2.13)
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In general, LMI problems are divided into two main categories, namely, feasibility problem
and optimization problem, as follows.

• LMI Feasibility Problem
Given an LMI F(x) > 0, the corresponding LMI problem is to find x f eas such that
F(x f eas)> 0 or determine that the LMI is infeasible.

• LMI Optimization Problem
Minimize c1x1 + ...+ cnxn over all x1, ...,xn that satisfy the LMIs.

Now the question is how to numerically solve an LMI. Is there any toolbox, for instance,
in MATLAB where an LMI can be simply implemented and solved? The following section
considers this question.

2.3.3 YALMIP
YALMIP is a language suitable for formulating and solving optimization problems. It is im-
plemented as a free toolbox for MATLAB. However, why should YALMIP be used?

The main motivation for using YALMIP is rapid algorithm development. The language is
consistent with standard MATLAB syntax, thus making it extremely simple to use for anyone
familiar with MATLAB. Another benefit of YALMIP is that it implements a large amount of
modeling tricks, allowing the user to concentrate on the high-level model while YALMIP takes
care of the low-level modeling to obtain models that are as efficient and numerically sound
as possible. The modeling language supports a large number of optimization classes, such as
linear, quadratic, second order cone, semidefinite and robust programming.

One of the core ideas in YALMIP is to rely on external solvers for the low-level numerical
solution of optimization problems. YALMIP concentrates on efficient modeling and high-
level algorithms. Linear programming can be solved by quadratic programming, which can be
solved by second-order cone programming, which can be solved by semidefinite programming
(SDP). Hence, in theory, only a semidefinite programming solver is required for solving the lin-
ear problems. A recommended installation if you primarily intend to solve SDPs is SeDuMi or
SDPT34. The following example illustrates the definition and solution of a simple semidefinite
programming problem using YALMIP.

Example 2.3.2 (Semidefinite Programming) Given a linear dynamic system ẋ = Ax, our goal
is to prove stability by finding a symmetric matrix P that satisfies

AT P+PA≤ 0 P > 0 (2.14)

Define a matrix A and symmetric matrix P > 0 in MATLAB as follows:
>> A = [−1,2,−1;−4,−2,0;1,1,−2];
>> P = sd pvar(3);

4For more information about different types of solvers as well as for a detailed description of YALMIP, see
YALMIP Wiki page.
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Having defined P, we are ready to define the semidefinite constraints.
>> F = [P > 0,A′ ∗P+P∗A <= 0];
>> options = sd psettings(′solver′,′ sedumi′);
We only need a feasible solution; thus, one argument is sufficient when we call solvesdp to

solve the problem.
>> solvesd p(F, [],options)
>> Pf eas = value(P)
>> Pf eas = ⎡

⎣ 0.7090 −0.0455 −0.1130
−0.0455 0.3818 0.0491
−0.1130 0.0491 0.4488

⎤
⎦

The resulting constraint satisfaction is easily investigated with ”checkset”.
Minimizing, e.g., the top-left element of P is achieved by specifying an objective function.
>> F = [P > 0,A′ ∗P+P∗A <= 0];
>> solvesd p(F,P(1,1),options);

Figure 2.4: MATLAB code for Example 2.3.2
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For more information on how to define different types of matrices and commands, along with
more examples, simply refer to YALMIP help after installation.
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CHAPTER 3

Observer Design: LMI Approach

It is fair to say that Vladimir A. Yakubovich is the father of the LMI, and
Lyapunov the grandfather of the LMI. Stephen Boyd

Many standard nonlinearities, such as the trigonometric functions in robot kinematics, can
be bounded by linear functions satisfying a Lipschitz condition. Consider the system

ẋ = Ax+Bu+ f (x)

y =Cx (3.1)

where the nonlinearity f (x) is Lipschitz with respect to the state x. Now construct the observer
as follows:

˙̂x = Ax̂+Bu+ f (x̂)+L(y−Cx̂) (3.2)

By defining the estimation error as e = x− x̂, the error dynamics become

ė = (A−LC)e+ f (x)− f (x̂) (3.3)

3.1 Thau’s Approach
This approach is Lyapunov-based and provides a sufficient condition for estimation conver-
gence, but it does not propose a procedure for finding the observer gain. This approach is
applicable both the deterministic area [66] and in the stochastic case [67].

Theorem 3.1.1 (Thau Theorem [14]) Given the system in (3.1) and the corresponding ob-
server in (3.2) with the gain matrix L, if the Lyapunov equation

(A−LC)T P+P(A−LC) =−Q, P = PT , Q = QT (3.4)

23
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is satisfied with

γ <
λmin(Q)

2λmax(P)
(3.5)

then the observer error ”e” is asymptotically stable.

Note that satisfying the conditions of by Thau does not lead to a constructive procedure for
determining a gain matrix L. In other words, the issue of choosing L to satisfy the condition
(3.5) is a trial-and-error process that may be impossible for high-order systems.

3.2 Observer Synthesis

3.2.1 Linear Case

For the sake of simplicity, first consider the following linear system:

ẋ = Ax+Bu

y =Cx (3.6)

and the following observer:
˙̂x = Ax̂+Bu+L(y−Cx̂) (3.7)

By defining the estimation error as e = x− x̂, the error dynamics become

ė = (A−LC)e (3.8)

Theorem 3.2.1 For observer error dynamics (3.8), if there exist real matrices L and P > 0
with appropriate dimensions such that inequality below is valid,

(A−LC)T P+P(A−LC)< 0 (3.9)

then the state estimation error (3.8) produced by observer (3.7) tends to zero asymptotically.

Proof. Similar to Thau’s approach, by choosing the Lyapunov function V = eT Pe and
taking the derivative of V along the estimation error dynamics (3.8), the following condition is
achieved:

(A−LC)T P+P(A−LC)< 0 (3.10)

which is a nonlinear matrix inequality in terms of P and L and guarantees the asymptotic
stability of the error dynamics. In light of linear algebra, and using a simple change of variable
as L = P−1L̄, the following LMI is obtained:

AT P+PA−CT L̄T − L̄C < 0 (3.11)

which can be simply solved using the numerical algorithm applicable for LMIs. �
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Example 3.2.1 Let us recap Example 1.2.1 once again and show how we can use the provided
synthesis to find an observer gain L. Thus, consider the plant already defined in Example 1.2.1.
By using the YALMIP toolbox (SeDuMi solver), we can solve the LMI defined in (3.11) for L̄
and P. One feasible solution is found, as follows:

P =

⎡
⎣1.02 0 0.1

0 1 0
0.1 0 0.24

⎤
⎦ , L̄ =

⎡
⎣ 1.43 0
−2.11 2.5
−0.68 −0.34

⎤
⎦ (3.12)

and thus the observer gain is computed as

L =

[
1.75 −2.11 −3.49
0.14 2.50 −1.45

]T

(3.13)

which is equal to the one used in Example 1.2.1 for analysis.

3.2.2 Nonlinear Case
Now let us to turn back to the nonlinear system (3.1) and attempt to find the observer gain
L in (3.2) through an LMI condition such that the feasibility of the provided LMI guarantees
asymptotic stability of the observer error dynamics of (3.3).

Theorem 3.2.2 [68, 69] For given scalar γ , if there exist real matrices L, and P > 0 with
appropriate dimensions such that inequality below is valid,[

AT P+PA−CT L̄T − L̄C+ γ2I P
P −I

]
< 0 (3.14)

then the state estimation error (3.3) produced by observer (3.2) tends to zero asymptotically.

Proof. First, consider a Lyapunov functional as V = eT Pe, where P is a positive definite
matrix. From (3.3) and from the Lipschitz definition,

V̇ =ėT Pe+ eT Pė

=eT ((A−LC)T P+P(A−LC)
)

e+ eT P( f (x)− f (x̂))+( f (x)− f (x̂))T Pe (3.15)

we have
eT P( f (x)− f (x̂))+( f (x)− f (x̂))Pe≤ eT PPe+ γ2eT e (3.16)

therefore, we have the following nonlinear inequality:

V̇ = eT ((A−LC)T P+P(A−LC)+PP+ γ2I
)

e (3.17)

Note that V̇ < 0 certainly implies that the state estimation error (3.3) tends to zero asymptoti-
cally. In light of linear algebra and using a change of variable as L = P−1L̄ together with the
Schur complement, (3.17) can be easily presented as (3.14). �
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It is possible to write the Lipschitz condition in the matrix form defined as

‖ f (x1)− f (x2)‖ ≤ ‖G(x1− x2)‖ ∀x1,x2 ∈ Rn (3.18)

Note that the matrix G in this case could be a sparsely populated matrix. Hence, ‖G(x1− x2)‖
can be much smaller than the constant γ‖x1−x2‖. See [69], for a comprehensive discussion on
this task and showing how (3.18) leads to a less conservative Lipschitz condition. This result
brings us to a corollary as follows.

Corollary [69]: For given matrix G satisfying (3.18), if there exist real matrices L, and
P > 0 with appropriate dimensions such that inequality below is valid,[

AT P+PA−CT L̄T − L̄C+GT G P
P −I

]
< 0 (3.19)

then the state estimation error (3.3) produced by observer (3.2) tends to zero asymptotically.

Example 3.2.2 Consider a single-link manipulator with revolute joint as in Figure 3.5 [64,70].
The elastic coupling of the motor shaft to the link introduces an additional degree of freedom.
The state variables of this system are motor position and velocity, and the link position and
velocity. The corresponding state space model is

θ̇m = ωm

ω̇m =
k

Jm
(θl−θm)− B

Jm
ωm +

Kτ
Jm

u

θ̇l = ωl

ω̇l =− k
Jl
(θl−θm)− mgb

Jl
sin(θl) (3.20)

where θm and ωm are the angular rotation and angular velocity of the motor, respectively.
Similarly, θl and ωl represent the angular rotation and angular velocity of the link. u is the
input motor torque. The remaining parameters are described in Table 3.1. By replacing the

Figure 3.5: Single-link flexible manipulator
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Table 3.1: Single-link flexible robot parameters

Parameter Description Value
Jm(kg.m2) Inertia of the dc motor 0.0037
Jl(kg.m2) Inertia of the controlled link 0.0093

m(kg) Link mass 0.21
b(m) Center of mass 0.15

k(Nm/rad) Elastic constant 0.18
B(Nm/V ) Viscous friction coefficient 0.0083
Kτ(Nm/V ) Amplifier gain 0.08

g(m/S2) Acceleration due to Gravity 9.81

values from Table 3.1 into (3.20) with state vector x = [θm,ωm,θl,ωl]
T ,

ẋ =

⎡
⎢⎢⎣

0 1 0 0
−48.6 −1.25 48.6 0

0 0 0 1
19.5 0 −19.5 0

⎤
⎥⎥⎦x+

⎡
⎢⎢⎣

0
21.6

0
0

⎤
⎥⎥⎦u+

⎡
⎢⎢⎣

0
0
0

−3.33sin(x3)

⎤
⎥⎥⎦

y =
[

1 0 0 0
0 1 0 0

]
x (3.21)

The value of the Lipschitz constant for this system is γ = 3.33. Hence, a nonlinear observer
for the above robotic system with guaranteed convergence (according to our formulation) of
the state estimates is presented here. Using the YALMIP toolbox (SeDuMi solver) and solving
(3.19), one feasible solution is obtained as follows:

P =

⎡
⎢⎢⎣

0.8499 −0.0003 0.0001 −0.0001
−0.0003 0.9099 −0.2872 0.1509
0.0001 −0.2872 1.0674 −0.3387
−0.0001 0.1509 −0.3387 0.4018

⎤
⎥⎥⎦ (3.22)

and thus the observer gain is found as

L =

[
1.7956 −47.5666 0.1966 19.2777
0.0006 10.8633 54.4841 41.4756

]T

(3.23)

Note that for this example, there is no feasible solution for provided LMI in (3.14) with γ = 3.33.
The robotic system with the above observer was simulated under an open-loop excitation with
u = sin(t). Figure 3.6 presents a comparison of the actual and estimated state variables for
initial conditions given by x(0) = [3,2,3,−2]T and x̂(0) = [0,0,0,0]T .
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CHAPTER 4

Robust Observer Design

Robust control refers to the control of unknown plants with unknown dynamics
subject to unknown disturbances. P. C. Chandrasekharan, 1996

The key issue with robust control systems is uncertainty and how the control system can
address this problem. As is common in every aspect of control engineering, uncertainty is
an inherent property of all models. Uncertainties might have different sources. For instance,
process parameters are, in many cases, obtained by estimation, where noise in the sensors and
process disturbances increase the uncertainty in the estimation. It is clear that the estimated
parameters differ from the real ones. Moreover, models are usually an approximation of a
process model in specific operating conditions. When a deviation from the operating conditions
occurs, the accuracy of the simplified model becomes negotiable. In addition, simplifying
a model by neglecting dynamics such as high frequency behavior or time delays yields an
uncertain model. Overall, these phenomena can be captured by an uncertainty description that
complements the nominal model. A process model with a description of the model uncertainty
can be understood as a set of models that includes the nominal model.

Because observer design and obtaining satisfactory performance is one of the main con-
cerns of control engineers, considering different factors, such as uncertainties and unknown
inputs, deterioration of the observer performance must be carefully taken into account on the
way of design. In the sequel, these issues are addressed.

4.1 Robust Design

4.1.1 Time-delay Issue
As mentioned in the first chapter, delays occur due to the finite capabilities of information
processing and data transmission among various parts of the system in many physical and

29
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industrial systems. The quantity of ”delay” could be constant or time varying, known or un-
known, and deterministic or stochastic depending on the system under consideration and most
of the time, this leads to poor performance. Consequently, time-delay systems have been con-
tinuously investigated over the past three decades from both controller and observer design
perspectives. As a simple and general case, consider the following continuous-time delayed
system:

ẋ(t) =(A+ΔA(t))x(t)+(Ad +ΔAd(t))x(t− τ(t))
y(t) =Cx(t) (4.1)

where x ∈ Rn, and y ∈ Rp are the state vector and output vector of the system, respectively.
Matrices A, Ad , and C are real and with proper dimensions, and τ(t) is the time-varying delay.
ΔA(t) and ΔAd(t) are all unknown matrices that represent time-varying parameter uncertainties:[

ΔA(t)
ΔAd(t)

]
=

[
M1
M2

]
F(t)N (4.2)

where M1, M2 and N are known real constant matrices and F(t) is an unknown real-valued
time-varying matrix that satisfies

FT (t)F(t)≤ I (4.3)

There are several reasons for assuming that the system uncertainty has the structure given in
(4.2). First, a linear interconnection of a nominal plant with the uncertainty F(t) leads to a
structure of the form (4.2). In addition, there are many physical systems in which the uncer-
tainty can be modeled in this manner, e.g., systems satisfying matching condition. However,
extracting the matrices M1, M2 and N and obtaining (4.2) is always a complex task. The fol-
lowing examples show how a typical system realization with parametric uncertainties can be
transformed to (4.2).

Example 4.1.1 The following 1st -order delayed system in s-domain is assumed:

G(s) =
b0e−τs

T s+1
(4.4)

where s, b0, τ , and T are the Laplace operator, dc gain, input delay, and system time constant,
respectively. (4.4) can be written in state space as follows:

ẋ(t) =− 1
T

x(t)+
b0

T
u(t− τ) (4.5)

with y(t) = x(t). Assuming uncertainty around the dc gain, (4.5) is rewritten as

ẋ(t) =− 1
T

x(t)+
b0 +Δb(t)

T
u(t− τ) (4.6)

where Δb(t) represents the parameter uncertainty to randomly achieve the values within α%
of its nominal value corresponding to b0. Now considering a state feedback controller as
u(t) = kx(t), the closed-loop system is obtained as follows:

ẋ(t) =− 1
T

x(t)+
b0 +Δb(t)

T
kx(t− τ) (4.7)
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As clearly shown, (4.7) can be rewritten as (4.2) with

A =− 1
T
, ΔA(t) = 0, Ad =

b0k
T

, and ΔAd(t) =
k
T︸︷︷︸
M2

Δb(t)
α

100b0︸ ︷︷ ︸
F(t)

α
100

b0︸ ︷︷ ︸
N

(4.8)

Example 4.1.2 Consider the double-tank process shown in Figure 4.7 . In general, the control

Figure 4.7: Double-tank

objective is the control of the lower tank level, h2, using the pump. The input voltage to the
pump is u. Using the mass balances and Bernoulli’s law, the state space realization describes
the plant around a given equilibrium point (h∗1,h

∗
2).

[
ḣ1
ḣ2

]
=

⎡
⎣− (a+Δa)g

A
√

2gh∗1
0

(a+Δa)g
A
√

2gh∗1
− (a+Δa)g

A
√

2gh∗2

⎤
⎦[h1

h2

]
+

[
b
0

]
u

y =
[
0 1

][h1
h2

]
(4.9)

where h1, h2, A, and a denote the level of the upper tank, the level of the lower tank, and the
cross section and outlet hole cross section of each tank, respectively1. Additionally, g denotes
the acceleration due to gravity. In the above equations, bv is the corresponding flow due to
the pump voltage of u. Δa represents the uncertainty around the nominal value a due to the
difficulty in finding a certain value (at the lab scale). It is assumed that Δa randomly achieves
the values within 30% of its nominal value corresponding to a. Taking all this information into

1We assume that both tanks have the same size and thus the same A and a.
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account , it is shown that (4.9) can be simply rewritten as (4.2):

[
ḣ1
ḣ2

]
=

⎛
⎜⎜⎜⎜⎜⎝
⎡
⎣− ag

A
√

2gh∗1
0

ag
A
√

2gh∗1
− ag

A
√

2gh∗2

⎤
⎦+

⎡
⎣− g

A
√

2gh∗1
0

− g
A
√

2gh∗1
− g

A
√

2gh∗2

⎤
⎦

︸ ︷︷ ︸
M1

(
Δa

0.3a︸︷︷︸
F(t)

)

[
0.3a 0

0 0.3a

]
︸ ︷︷ ︸

N

⎞
⎟⎟⎟⎟⎟⎠
[

h1
h2

]
+

[
b
0

]
u

y =
[
0 1

][h1
h2

]
(4.10)

Using a state feedback control u(t) = kx(t) or output feedback u(t) = ky(t) with actuator delay
τ can simply complete the realization (4.10) as (4.2).

For more examples, see for instance [71–73]. In the case of having a discrete-time system,
quite similar modeling is predictable. From observer design point of view, a comprehensive
discussion on system structure (4.1) with some nonlinearities in discrete domain, an overview
of available approaches such as delay-dependent and delay-independent, and several examples
are presented in Paper A and Paper B in the second part of this thesis.

4.1.2 Unknown Inputs Issue
To answer some of the aforementioned research questions related to unknown input observers
in Chapter 1, as a first step, consider the following nonlinear system:

ẋ =Ax+Bu+ f (x)+Dν ,

y =Cx (4.11)

where x ∈ Rn, u ∈ Rm and y ∈ Rp are the state vector, known input and output vector, respec-
tively. ν ∈ Rh are unknown inputs that affects actuators. Matrices A, B, C, and D are real and
with appropriate dimensions. The function f is nonlinear and assumed to be Lipschitz. The
aim is to design a robust nonlinear observer that can estimate the state vector x without any
knowledge of the input ν . For this purpose, consider the following observer structure:

ż =Nz+Guk +Ly+M f (x̂)

x̂ =z−Ey (4.12)

where vector z ∈ Rn and x̂ is the estimation of x. The matrices N, G, L, M, and E must be
determined such that the error dynamics e = x− x̂ converge to zero asymptotically. By defining
the state estimation error as

e = x− x̂ = x− z+Ey = Mx− z (4.13)

where M = I +EC, the error dynamics are computed as

ė = Ne+(−NM+MA−LC)x+(MB−G)u+M( f (x)− f (x̂))+MDν (4.14)
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If there exists a matrix M such that

G = MB, MD = 0, NM = MA−LC (4.15)

the error dynamics (4.13) are rewritten as

ė =Ne+MΔ f (4.16)

where Δ f = f (x)− f (x̂). By using the equation M = I +EC and substitution in (4.15),

N =MA−KC

L =K(I +CE)−MAE (4.17)

where K = L+NE. The following theorem provides the conditions for stability of the error
dynamics.

Theorem 4.1.1 [56] For given scalar γ , if there exist real matrices N, M, and P > 0 with
appropriate dimensions such that the following inequality is valid,

NT P+PN +PMMT P+ γ2I < 0 (4.18)

then the state estimation error (4.16) produced by observer (4.12) tends to zero asymptotically.

Proof. First, consider a Lyapunov functional V = eT Pe, where P is a positive definite
matrix. From (4.16) and the Lipschitz property,

V̇ =ėT Pe+ eT Pė

=[Ne+MΔ f ]T Pe+ eT P[Ne+MΔ f ]

≤eT (NT P+PN +PMMT P+ γ2I)e (4.19)

note that NT P+PN+PMMT P+γ2I < 0 implies that e(t) tends to zero asymptotically. �
To design the observer, it is necessary to find matrices E, K and P > 0 by any means such

that inequality (4.18) is satisfied. To tackle this problem, we attempt to convert (4.18) to an
LMI and obtain a feasible solution. From (4.15), MD = 0 leads to

ECD =−D (4.20)

A general solution of E such that (4.20) is satisfied is as follows,

E =−D(CD)++Y
(
I− (CD)(CD)+

)
(4.21)

where Y is an arbitrary matrix with proper dimension and [.]+ represents any generalized in-
verse operator satisfying [.][.]+[.] = [.]. For notational convenience, (4.21) is rewritten as

E =U +YV (4.22)

where
U =−D(CD)+, V = I− (CD)(CD)+ (4.23)

Now, everything is ready to equivalently replace the problem of finding M, N, and P via
the nonlinear matrix inequality (4.18) to a problem of solving an LMI in terms of some new
variables.
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Theorem 4.1.2 [56] For given scalar γ , if there exist real matrices Ȳ , and P with appropriate
dimensions such that the following LMI is valid,[

δ11 δ12
δT

12 −I

]
< 0 (4.24)

where

δ11 = ((I +UC)A)T P+P(I +UC)A+(VCA)TȲ T + Ȳ (VCA)−CT K̄T − K̄C+ γ2I

δ12 = P(I +UC)+ Ȳ (VC) (4.25)

with Y = P−1Ȳ and K = P−1K̄, then the state estimation error produced by observer (4.16)
tends to zero asymptotically and the observer gains of (4.12) will be computed as follows:

E =U +YV

M =I +EC

N =MA−KC

L =K(I +CE)−MAE (4.26)

Proof. By substituting (4.22) into (4.18), we obtain

((I +UC)A)T P+P(I +UC)A+(VCA)TY T P+PY (VCA)−CT KT P−PKC

+(P(I +UC)+PY (VC))(P(I +UC)+PY (VC))T + γ2I < 0 (4.27)

Because both matrices Y and P in the above inequality are unknown, it is not yet an LMI in the
variables Y and P. Schur complement and new variable definitions of Y = P−1Ȳ and K = P−1K̄
help us to fix this problem and (4.24) is obtained. �

In summary, the full-order observer algorithm for the class of nonlinear systems under
study is itemized as follows:

• Find a suitable Lipschitz constant γ that satisfies the Lipschitz condition.

• Compute U and V by (4.23).

• Solve the LMI defined by (4.24) for Ȳ , K̄, and P

• Compute Y = P−1Ȳ and K = P−1K̄.

• Using Y and K, compute the observer gains as (4.26)

Remark: For the linear case, i.e., f (x) = 0 in (4.11), LMI (4.24) is slightly changed to the
following inequality:

((I +UC)A)T P+P(I +UC)A+(VCA)TȲ + Ȳ (VCA)−CT K̄− K̄C < 0 (4.28)

with Y = P−1Ȳ and K = P−1K̄.
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Figure 4.8: Unknown input ν

Example 4.1.3 Let us recap Example 1.2.1 and study it from a robustness perspective. Com-
pared to that example, everything is the same except that there is an unknown input ν (Figure
4.8). First, we re-simulate Example 1.2.1 using the proposed observer structure and gain, and
the simulation result is presented in Figure 4.9. As clearly shown, the observer performance
disappears within the time interval (14,16) sec, when the unknown input enters. Now, we fol-
low the proposed algorithm using (4.28) to estimate the real state variables in the presence of
the unknown input. For this example, we have

U =

⎡
⎣−1 0

0 0
0 0

⎤
⎦ , V =

[
0 0
0 1

]
(4.29)

Using the provided step-by-step approach and the YALMIP toolbox, one feasible solution is
found as follows:

P =

⎡
⎣1 0 0

0 1 0
0 0 0.22

⎤
⎦ , Y =

[
0 0 0

0.06 −0.83 0.33

]T

, K =

[
0.56 0 1.33

0 0 0

]T

(4.30)
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Figure 4.9: Real and estimated state variables

Therefore, by using (4.26)

E =

⎡
⎣−1 0.06

0 −0.83
0 0.33

⎤
⎦ , M =

⎡
⎣0 0.06 0

0 0.17 0
0 0.33 1

⎤
⎦

N =

⎡
⎣−0.5 −0.17 0

0.17 −0.5 0
0 0 −4

⎤
⎦ , L =

⎡
⎣0.06 −0.11

0.17 −0.43
1.33 1.33

⎤
⎦ , G =

⎡
⎣0.06

0.17
1.33

⎤
⎦ . (4.31)

To validate the designed observer, the simulation result is presented in Figure 4.10, which
shows the real and estimated states simultaneously for the initial conditions given by x(0) =
[4,5,6]T and z(0) = [−3,−3,−3]T . As shown in Figure 4.10, the observer performs as ex-
pected.

Now consider the following nonlinear discrete-time system subject to an unknown input:

xk+1 =Axk +Buk +D f (xk)+D1νk,

yk =Cxk (4.32)

where x ∈ Rn, u ∈ Rm, ν ∈ Rq and y ∈ Rp are the state vector, known input , unknown input
and output, respectively. Matrices A, B, C, D, and D1 are real and with appropriate dimensions.
The function f is nonlinear and is assumed to be Lipschitz. For the discrete-time domain, a
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Figure 4.10: Real and estimated state variables

quite similar approach is expectable; thus, consider the following nonlinear observer structure:

zk+1 =Nzk +Guk +Lyk +MD f (x̂k)

x̂k =zk−Eyk (4.33)

where vector z ∈ Rn and x̂k is the estimation of xk. The matrices N, G, L, M, and E must be
determined such that the observer error dynamics converge to zero asymptotically.

Theorem 4.1.3 For given scalar γ , if there exist real matrices Ȳ and P with appropriate di-
mensions such that the following LMI is valid

⎡
⎣−P+ γ2I 0 δ13

0 −I δ23
δT

13 δT
23 −P

⎤
⎦< 0 (4.34)

where

δ13 =AT P+(UCA)T P+(VCA)TȲ T −CT K̄T ,

δ23 =DT P+(UCD)T P+(VCD)TȲ T (4.35)

Y = P−1Ȳ and K = P−1K̄, then the state estimation error produced by the observer tends to
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zero asymptotically and the observer gains of (4.33) will be computed as follows:

E =U +YV

M =I +EC

N =MA−KC

L =K(I +CE)−MAE (4.36)

Proof. See [62].

Example 4.1.4 Deck cranes2 of rotational type (Figure 4.11) are used for handling containers.
To be able to rotate the cargo, there is a cargo-rotating device at the end of the wires from which
the cargo is suspended.

Figure 4.11: Crane prototype at LTU

The cargo-rotating device is a motor that changes the angle between the plane of the wires
and a vertical plane fixed to the cargo. Because the cargo has a large inertia, the plane of
the wires changes when the cargo-rotating device is turned. Since the wires strive to hang
vertically, they will start to turn and cause the cargo to rotate, resulting in an oscillation. Even
for an experienced crane operator, it can be time consuming to make the cargo stop at the
desired angle. It would therefore be convenient to have some control such that the operator
only needs to state the desired angle and that the control system handles the rest.

2Located on ships and boats, these cranes are used for cargo operations or boat unloading and retrieval when
no shore unloading facilities are available. Most are diesel-hydraulic or electric-hydraulic.
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• Mathematical Model [74]

A cargo rotating device system is a bifilar pendulum that can be simplified as a torsion
pendulum. If the angle between the cargo and the plane of the wires is denoted by ψ and
the absolute angle of the cargo is ϕ (Figure 4.12) then the process can be modeled as
follows:

ϕ̈ = ω2
0 sin(ψ−ϕ)−2ζω0ϕ̇

where

ω0 =
a
r

√
g
l

Figure 4.12: Schematic view of a crane

and g is the acceleration due to gravity, l is the length of the wires, a is half the distance
between them, and r is the radius of gyration of the cargo. In the experimental setup, it
was observed that the values of the parameters are approximately ω0 ≈ 0.95 rad/s and
the damping ζ ≈ 0.04 . In simulating the above system, it is assumed that a process
disturbance ν exists. A bias is also considered, denoted by the following dynamics:
ḃ =−rb. To improve the performance of the system, this bias should also be considered
in the state space description of the system. By choosing x = [x1,x2,x3]

T = [ϕ, ϕ̇,b]T
as a state vector and ψ as an input, the state space realization for the process can be
presented as follows:

ẋ =

⎡
⎣0 1 0

0 −2ζω0 0
0 0 −r

⎤
⎦x+

⎡
⎣0

1
0

⎤
⎦(ω2

0 sin(u− x1))+

⎡
⎣0

1
0

⎤
⎦ν (4.37)

y =
[

1 0 0
0 1 1

]
x (4.38)

Using the Euler approximation3 (sampling time 0.1s), the discretized version of the above

3 ẋ(t) = f (t,x(t),u(t))
sampling time ts−−−−−−−−−→ xk+1 = xk + ts f (tk,xk,uk)
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dynamics become

xk+1 =

⎡
⎣1 0.1 0

0 0.9924 0
0 0 0.999

⎤
⎦xk +

⎡
⎣ 0

0.1
0

⎤
⎦(0.9025sin(u− x1))+

⎡
⎣ 0

0.1
0

⎤
⎦νk (4.39)

yk =

[
1 0 0
0 1 1

]
xk (4.40)

• Simulation Results

– Step 1: γ = 0.95 satisfies the Lipschitz condition.

– Step 2: Compute U and V :

U =

⎡
⎣0 0

0 −1
0 0

⎤
⎦T

, V =

[
1 0
0 0

]
(4.41)

– Step 3:
Solve the LMI defined by (4.34) =⇒ Feasible.

– Step 4:

Y =

⎡
⎣ −1 0
−10 0
10 0

⎤
⎦ , K =

⎡
⎣ 0 0
−10 −1
10 1

⎤
⎦

– Step 5: Finally compute the observer gains

E =

⎡
⎣ −1 0
−10 −1
10 0

⎤
⎦ , M =

⎡
⎣ 0 0 0
−10 0 −1
10 0 1

⎤
⎦ , G =

⎡
⎣0

0
0

⎤
⎦

N =10−11×
⎡
⎣−0.253 0.129 0.069
−0.219 −0.045 −0.078
−0.005 −0.103 0.1006

⎤
⎦ , L =

⎡
⎣ 0 0
−10 −1
10 1

⎤
⎦ (4.42)

To validate the designed observer, the simulation results are presented in Figure 4.13
and Figure 4.14, which show the real and estimated state variables simultaneously for
the initial conditions given by x(0) = [1,1,0.1]T and x̂(0) = [0,0,0]T . It is assumed that
νk = 0.1. As shown in Figure 4.13 (and the zoomed in version in Figure 4.14), the ob-
server performs as expected.
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Figure 4.13: Real (solid line) and estimated (dashed line) value of φ , φ̇ , and b
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CHAPTER 5

Contributions

If we knew what it was we were doing, it would not be called research,
would it? Albert Einstein

This chapter provides a summary of the author’s research papers that together constitute this
thesis. In total, 9 research papers have been published, continuously presenting the progress
of the research. Out of these 9 publications, 6 are included in Part II of this thesis, and each
of them is summarized in more detail below. The remaining 3 articles are primarily either
preliminary findings, which were later refined and incorporated into other papers included in
the thesis, or joint works with other researchers where I conveyed my experience in the area
of LMIs. See the summary of the individual publications below for details. The three related
papers are also listed in Section 5.2.

5.1 Included Papers
Paper A: H∞ Observer Design for Uncertain Discrete-Time Nonlinear Delay
Systems: LMI Optimization Approach

Published as: Saleh S. Delshad, Thomas Gustafsson, and Andreas Johansson, ”H∞ ob-
server design for uncertain discrete-time nonlinear delay systems: LMI op-
timization approach,” Mediterranean Conference on Control and Automa-
tion, Barcelona, Spain, pp. 592-597, 2012.

Abstract: In Paper A, a robust H∞ observer for a class of nonlinear and uncertain time-
delayed systems is presented. To design the proposed observer, the time delay does not have to
be exactly known. With knowledge of the upper and lower bounds of the delay term, we can
design an H∞ observer that guarantees asymptotic stability of the estimation error dynamics

43
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and that is robust against time-varying parametric uncertainties. We show that the described
problem can be solved in terms of LMIs. In addition, the admissible Lipschitz constant of
the system is maximized and the disturbance attenuation level is minimized through convex
multiobjective optimization. Finally, the proposed observer is illustrated with an example.

Contribution: In the literature, the value of the delay is typically assumed to be known
and the observer implementation is based on the delay. But what about the case of an unknown
delay? Or having an uncertainty regarding the time delay? In Paper A (and then B), a robust
H∞ observer for a class of nonlinear discrete-time delayed systems is presented. The delay
is unknown, and the system uncertainties are assumed to be time-varying parameters. By
using upper and lower bounds of the delay, a condition is presented that guarantees asymptotic
stability of the estimation error dynamics in the case of time-varying parametric uncertainties.
To the authors’ best knowledge, the problem of multiobjective robust H∞ nonlinear observer
design for Lipschitz time-delay systems including time-varying uncertainties has not yet been
fully investigated. Therefore, the main contributions of this paper are summarized as follows.
First, we attempt to design a robust H∞ observer for a class of uncertain systems with an
uncertain time-varying time delay. Upper and lower bounds for the time delay are needed
to design the observer. Second, we reformulate the problem of robust H∞ observer design
to a multiobjective optimization problem where we simultaneously attempt to find the largest
Lipschitz constant and smallest disturbance tuning level. To achieve this goal, we use the
Pareto multiobjective optimization method.

Paper B: H∞ Observer Design for Uncertain Nonlinear Discrete-Time Sys-
tems with Time-Delay: LMI Optimization Approach

Published as: Saleh S. Delshad, and Thomas Gustafsson, ”H∞ observer design for un-
certain nonlinear discrete-time systems with time-delay: LMI optimization
approach,” International Journal of Robust and Nonlinear Control, John
Wiley & Sons, vol. 25, pp. 1514-1527, 2015.

Abstract: In Paper B, We present a robust H∞ observer for a class of nonlinear discrete-
time systems with an unknown time delay in both the system state and output. The class under
study includes an unknown time-varying delay limited by upper and lower bounds, as well as
time-varying parametric uncertainties. We design a nonlinear H∞ observer, by using the upper
and lower bounds of the delay, that guarantees asymptotic stability of the estimation error
dynamics and that is also robust against time-varying parametric uncertainties. The described
problem is converted to a standard optimization problem that can be solved in terms of LMI.
Then, we extend the problem to a multiobjective optimization problem in which the maximum
admissible Lipschitz constant and the minimum disturbance attenuation level are the problem
objectives. Finally, the proposed observer is illustrated with two examples.
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Contribution: As a continuation of Paper A, this paper presents a more comprehensive
discussion on a more general system representation. Compared to Paper A, time delay is
considered not only in the state but also in the output. Moreover, a new discussion compared to
Paper A regarding the time-delay impact on the filter performance is given. Briefly, the main
contributions of Paper B are the H∞ observer design for uncertain nonlinear systems with an
unknown (but bounded) time delay in both states and output, as well as the conversion of the
problem to a multiobjective optimization as in Paper A with more discussions of the impact of
the time delay.

Paper C: Observer Design for a Class of Nonlinear Systems Subject to Un-
known Inputs

Published as: Saleh S. Delshad, and Thomas Gustafsson, ”Observer design for a class of
nonlinear systems subject to unknown inputs,” European Control Confer-
ence, Strasbourg, France, pp. 970-974, 2014.

Abstract: A novel method to design an observer for a class of nonlinear discrete-time sys-
tems with unknown inputs is presented in Paper C. Based on a Lyapunov functional, a sufficient
condition for the existence of the designed observer is derived, which requires solving a non-
linear matrix inequality. In light of linear algebra, the achieved condition will be formulated in
terms of an LMI that can be easily solved using popular methods. Compared to recent research
works, the developed approach shows significantly better performance than other techniques
previously published in the literature and is less conservative in terms of the Lipschitz con-
stant. Finally, the proposed observer is illustrated by implementing the proposed method on a
single-link flexible manipulator, and the results are compared to some recent similar research
attempts in terms of performance and conservativeness.

Contribution: In this paper, a discrete-time observer for a class of Lipschitz discrete-time
systems with unknown input is presented, where the designed observer shows better results
compared to some recent similar works in terms of both observer performance and conserva-
tiveness. Although there is a direct effect of the unknown input on the system structure, no
negative impact on the estimator performance is observed. Moreover, our proposed observer
exhibits better performance that it takes a shorter time for the estimator to reach the real state
variables. Another aspect of our method is being less conservative with respect to the Lipschitz
constant.

Paper D: H∞ Filter Design for State Estimation and Unknown Inputs Re-
construction of a Class of Nonlinear Systems
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Published as: Saleh S. Delshad, Andreas Johansson, Mohamed Darouach, and Thomas
Gustafsson, ”H∞ filter design for state estimation and unknown inputs re-
construction of a class of nonlinear systems,” IFAC World Congress, Cape
Town, South Africa, pp. 61-66, 2014.

Abstract: In Paper D, a novel method to design an H∞ filter for a class of nonlinear sys-
tems subject to unknown inputs is presented. By rewriting the system dynamics as a descriptor
system, a robust H∞ reduced-order filter is designed to estimate both state variables and un-
known inputs at the same time. Based on a Lyapunov functional, a sufficient condition for the
existence of the designed filter is derived that requires solving a nonlinear matrix inequality.
The achieved condition is further formulated in terms of an LMI that is straightforward to solve
using popular methods. Finally, the proposed filter is illustrated with an example.

Contribution: The purpose of the present paper is to propose a new observer design that
addresses a class of nonlinear systems including uncertainty and that is also subject to unknown
inputs and process and measurement noise. In this paper, we attempt to rewrite our problem as
a descriptor system and use the features of the descriptor systems to estimate the state variables
of the system together with the unknown inputs simultaneously. To achieve this objective, a
sufficient condition for the existence of the designed filter is derived, which requires solving a
nonlinear matrix inequality. To facilitate the filter design, the obtained condition is formulated
in terms of an LMI.

Paper E: Robust State Estimation and Unknown Inputs Reconstruction for
a Class of Nonlinear Systems: Multiobjective Approach

Accepted as: Saleh S. Delshad, Andreas Johansson, Mohamed Darouach, and Thomas
Gustafsson, ”Robust state estimation and unknown inputs reconstruction
for a class of nonlinear systems: multiobjective approach,” Automatica,
2015.

Abstract: A novel method to design an H∞ observer for a class of uncertain nonlinear sys-
tems subject to unknown inputs is presented in Paper E. First, the main system dynamics are
rewritten as an augmented system with state vector including both the state vector of the main
system and the unknown inputs. Then, we design an H∞ reduced-order observer to estimate
both state variables and unknown inputs simultaneously. Based on a Lyapunov functional, we
derive a sufficient condition for the existence of the designed observer that requires solving a
nonlinear matrix inequality. To facilitate the observer design, the achieved condition is for-
mulated in terms of a set of LMIs. By extending the proposed method to a multiobjective
optimization problem, the maximum bound of the uncertainty and the minimum value of the
disturbance attenuation level are found. Finally, the proposed observer is illustrated with an
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example.

Contribution: As a continuation of Paper D, this paper presents a more comprehensive
discussion on a more general system representation. Compared to Paper D, we allow uncer-
tainty in the system dynamics, and we also focus on a multiobjective optimization issue as
the main contribution of this paper. Note that there are several well-known research works
where the proposed approaches require the system dynamics to have a strictly less number of
unknown inputs than measurement outputs. In comparison with those works, our algorithm is
more flexible in the sense that it only requires the number of unknown inputs to be less than
or equal to the number of outputs. This paper also considers the problem of robustness. On
the one hand, the proposed observer design is robust in the sense that it shows good perfor-
mance in estimating the state variables of the system in the presence of unknown inputs. On
the other hand, it minimizes the impact of any exogenous disturbance on the observer perfor-
mance. Moreover, our proposed observer can handle parametric uncertainties in the system
dynamics under some conditions. To the authors’ best knowledge, this type of analysis of ro-
bustness for the class of nonlinear Lipschitz systems has not been fully investigated. Regarding
the observer design, a sufficient condition for the existence of the designed observer in terms
of a set of LMIs is derived. We go one step further and convert the problem to a multiobjec-
tive optimization problem for finding the maximum bound of the uncertainties and minimum
disturbance tuning parameter simultaneously.

Paper F: Observer-based Control Design for a Class of Nonlinear Systems
Subject to Unknown Inputs: LMI Approach

Accepted as: Saleh S. Delshad, Thomas Gustafsson, Hamid Reza Karimi, and Ali Ze-
mouche, ”Observer-based control design for a class of nonlinear systems
subject to unknown inputs: LMI approach,” International Conference on
Control, Automation and Systems, Busan, Korea, 2015.

Abstract: Paper F addresses the problem of observer-based controller design for a class
of nonlinear systems subject to unknown inputs. A novel method is presented to design a
controller using estimated state variables, which guarantees that all the state variables of the
closed-loop system converge to the vicinity of the origin and remain there forever. This is
achieved via satisfying several sufficient conditions in terms of an LMI to facilitate the proce-
dure of computing the observer and controller gains. Finally, the effectiveness of the proposed
method is illustrated by implementing the method on a highly nonlinear chaotic system.

Contribution: Considering a process as a linear or nonlinear system constitutes to two
different observer-based control designs: linear and nonlinear. In the field of nonlinear systems,
to the best of the authors’ knowledge, a combination of observer design and stabilization of the



48 CONTRIBUTIONS

closed-loop systems subject to unknown inputs has not been fully investigated in the literature,
which motivates us for this study. Note that, in the case of unknown inputs, typical observer
designs usually fail, and thus, the desired control performance cannot be achieved. Therefore,
proposing an improved observer structure to conquer this issue appears to be an essential. For
this purpose, a state feedback controller is constructed, which uses the estimated state variables
and reduces the impact of the unknown input on the stabilized state.

5.2 Related Papers
The remaining three publications related to the research presented in this thesis are listed below.

• G. Nikolakopoulos, L. Dritsas, and S. S. Delshad, ”Combined Networked Switching
Output Feedback Control with D-Region Stability for Performance Improvement,” In-
ternational Journal of Control, vol. 87, no. 6, pp. 1172-1180, 2014.

• A. Abolmasoumi, and S. S. Delshad, ”Observer Design for a Class of Nonlinear Delayed
Systems with Unknown Inputs and Markovian Jump Parameters,” 12th IEEE Interna-
tional Conference on Control, Automation and Systems, Jeju Island, Korea, 2012.

• S. S. Delshad, and T. Gustafsson, ”Nonlinear Observer Design for a Class of Lips-
chitz Time-Delay Systems with Unknown Inputs: LMI Approach,” IEEE International
Symposium on Information, Communication and Automation Technologies, Sarajevo,
Bosnia and Herzegovina, 2011.



CHAPTER 6

Conclusions and Future Work

This string has no end ... Persian Proverb

To finish the first part of this thesis, this chapter provides concluding remarks and possible
future research directions.

6.1 Conclusions
This section primarily elaborates on the research questions that arose in Chapter 1 on both time
delay and unknown input issues. For this purpose, the research questions can be categorized
into the following four groups.

1. Regarding the time-delay issue and in the case of a system with parametric uncertainties
and unknown delay (bounded), is it possible to use the available information about the
system (such as upper and lower bounds of the delay) and propose some conditions in
which their validity guarantees asymptotic stability of the estimation error dynamics?
Subsequently, how can the problem be reformulated as a multiobjective optimization
problem, in which the largest Lipschitz constant and smallest disturbance tuning level
are the objectives?

This group of questions is the main focus of Paper A and Paper B. According to these
papers, in the case where there is no access to the value (or certain value) of the time
delay, it is possible to consider the value of the time delay as an unknown parameter and
proceed to the observer design, but under some conditions. For instance, although the
value of the time delay is considered unknown, it is assumed to be bounded. Therefore,
the provided LMI-based conditions for extracting the observer gains are not delay de-
pendent, but they are dependent on the provided bound around the quantity of the delay.

49



50 CONCLUSIONS AND FUTURE WORK

As discussed in Paper B, the value of the time delay (its bound) can clearly affect the
feasibility of the proposed observer and existing LMI-based conditions.

2. Regarding UIO design, how can the sensitivity of the observer design to the value of the
Lipschitz constant be minimized? Regarding the performance of the observer with re-
spect to time, can it be improved while it is less conservative with respect to the Lipschitz
constant?

To answer to these questions, Paper C presents a novel approach for UIO design by
providing new LMI conditions that are less conservative to the Lipschitz constant. A
comparison with similar works in this field illustrates that not only the proposed approach
is less conservative but it also exhibits satisfactory performance.

3. Regarding UIO, under what conditions can unknown input be reconstructed? How can
the design be improved in a way that it shows some robustness features (H∞ index) with
respect to process noise and measurement noise impact?

Finding an answer to this group of questions is the main concern of Paper D and Paper E.
In Paper D and Paper E, several LMI-based conditions are provided in which their fea-
sibility can lead to a satisfactory state estimation that is robust against unknown inputs.
Moreover, the validity of these conditions also makes the estimator capable of recon-
structing the unknown inputs. The robustness of the estimator is improved by adding
more features to handle the impacts of process noise and measurement noise.

4. Regarding UIO, does there exist an observer-based controller that stabilizes the system
using the state estimates and remains robust with respect to the unknown input?

Paper F concentrates on these questions, where a typical observer-based controller is
suggested. A state feedback controller is proposed, and then it is attempted to determine
how and under what conditions such a controller that stabilizes the closed-loop system
exists. For this purpose, two main challenges appear. On the one hand, the unknown
input potentially deteriorates the observer performance. On the other hand, the control
should be capable of not only stabilizing the closed-loop but also making the control
structure robust against unknown inputs. As shown in this paper, some additional in-
formation on the unknown input is required to achieve the satisfactory performance and
make the closed-loop stable in the presence of unknown inputs.
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6.2 Future Work
There are numerous possible directions available for future work. First, the class of nonlinear
systems under study can be upgraded to a one-sided Lipschitz category, where it can cover a
wider range of nonlinear systems. For the section related to time delay, what we have con-
sidered was having an unknown (but bounded) delay in both state variables and output. What
if there are different values of time delay in the state and output with completely different
bounds? Regarding UIO design, having the possibility to rewrite a nonlinear system as a lin-
ear parametric varying (LPV) system and then using the linear UIO approach can be another
direction worth investigating. For UIO design (and structure), having a full column rank CD
(output matrix and unknown input matrix, respectively) is a must. It would be challenging
and worth relaxing this condition, which is not always the case. Throughout this thesis, either
continuous-time or discrete-time systems have been considered. Why not extend these works
to hybrid dynamical systems where a combination of continuous and discrete state is the case?
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University of Technology, 1993.



Part II

59



60



PAPER A

H∞ Observer Design for Uncertain
Discrete-Time Nonlinear Delay

Systems: LMI Optimization
Approach

Authors:
Saleh S. Delshad, Thomas Gustafsson, and Andreas Johansson

Reformatted version of paper originally published in:
20th Mediterranean Conference on Control and Automation, Barcelona, Spain, 2012

c© 2012, Institute of Electrical and Electronics Engineers, reprinted with permission.

61



62



H∞ Observer Design for Uncertain Discrete-Time Nonlinear
Delay Systems: LMI Optimization Approach

Saleh S. Delshad, Thomas Gustafsson, and Andreas Johansson

Abstract

In this paper, we present a robust H∞ observer for a class of nonlinear and uncertain time-
delayed systems. To design the proposed observer, the time delay does not have to be exactly
known. With knowledge about upper and lower bound of the delay term, we can design an
H∞ observer that guarantees asymptotic stability of the estimation error dynamics and is ro-
bust against time-varying parametric uncertainties. We show that the described problem can
be solved in terms of Linear Matrix Inequalities (LMIs). In addition, the admissible Lips-
chitz constant of the system is maximized and the disturbance attenuation level is minimized
through convex multiobjective optimization. Finally, the proposed observer is illustrated with
an example.

1 Introduction
Nonlinear observer design for uncertain systems is a research field in control theory that has
attracted much attention in recent decades and has been investigated in many aspects [1–5].
But, what is the story about nonlinear time-delay systems including uncertainty?

The analysis of nonlinear systems with time-delay, are generally more complicated com-
pared to systems without time delay [6,7]. Although various aspects of the observability prob-
lem for linear time-delay systems have been established in the literature [8–10], there are few
reports related to nonlinear systems [11–13].

Regarding discrete domain, there are some results [14] where the authors propose a Riccati
equation approach to design a robust nonlinear H∞ observer. In [15], they propose to use
LMI to design a robust H∞ observer for a class of Lipschitz nonlinear uncertain systems. In
[16], authors converted the robust H∞ observer problem for uncertain nonlinear systems to a
multiobjective problem where finding maximum Lipschitz constant was one of the objectives.

However, to the authors’ best knowledge, the problem of multiobjective robust H∞ non-
linear observer design for Lipschitz time-delay systems including time-varying uncertainties
has not been fully investigated yet. So, the main contributions of this paper are summarized
as follows. First, we try to design a robust H∞ observer for a class of uncertain systems with
an uncertain time-varying time-delay. Upper and lower bounds for the time-delay is needed
to design an observer. Second, we reformulate the problem of robust H∞ observer design to a
multiobjective optimization problem where we, simultaneously, try to find the largest Lipschitz
constant and smallest disturbance tuning level. To achieve this goal, we use Pareto multiobjec-
tive optimization method [17].
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The rest of this paper is organized as follows. In Section 2, we introduce the class of
Lipschitz time-delay systems including time-varying uncertainties and a few preliminaries that
are relevant for this study. In Section 3, we propose a new method to design a robust H∞
observer for the considered systems under study. To do this, based on Lyapunov-Krasovskii
functional, a sufficient condition in terms of a set of linear matrix inequalities (LMIs) to make
error dynamics asymptotically stable will be proposed. Then, we reformulate the obtained
robust H∞ observer to the multiobjective optimization problem. The proposed observer is
illustrated with an example in Section 4, followed by conclusions in Section 5.

Notation. Throughout this paper,

xk ≡ x(k),

xk−τ(k) ≡ x(k− τ(k)) (1)

2 Preliminaries and Problem Statement
Consider the class of discrete-time nonlinear uncertain delay systems:

xk+1 =(A+ΔA(k))xk +(Ad +ΔAd(k))xk−τ(k) + f (xk)+Bωk

yk =(C+ΔC(k))xk +Dωk (2)

where x ∈ Rn, y ∈ Rp and ωk ∈ L2[0,∞) are the state vector, output vector and an unknown
exogenous disturbance of the system, respectively. Matrices A, Ad , B, C, and D are real and
with appropriate dimensions and τ(k) is a time-varying delay which satisfies the following
assumption,

τ1 ≤ τ(k)≤ τ2 (3)

The function f : Rn → Rn is nonlinear, differentiable, and verifies the Lipschitz constraint as
follows:

‖ f (xk)− f (x̂k)‖ ≤ γ‖xk− x̂k‖ ∀x, x̂ ∈Ω (4)

where γ > 0 is the Lipschitz constant. Moreover, ΔA, ΔAd and ΔC are unknown matrices
representing time-varying parameter uncertainties and are assumed to be of the form:⎡

⎣ ΔA(k)
ΔAd(k)
ΔC(k)

⎤
⎦ =

⎡
⎣M1

M2
M3

⎤
⎦F(k)N (5)

where M1, M2, M3 and N are known real constant matrices and F (k) is an unknown real-valued
time-varying matrix satisfying,

∀k, FT (k)F(k)≤ I (6)

Now, consider a nonlinear observer as follows,

x̂k+1 = Ax̂k + f (x̂k)+L(yk−Cx̂k) (7)
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where x̂ is the observer state and L is the observer gain matrix that should be designed under a
few conditions. By defining the observer error as ek = xk− x̂k, the error dynamics become,

ek+1 =(A−LC)ek +(ΔA−LΔC)xk +(Ad +ΔAd)xk−τ(k) + f (xk)− f (x̂k)+(B−LD)ωk (8)

Suppose the controlled output for the error state is as follows,

zk = Hek (9)

where H is a known matrix. We need to design (7) such that the following objectives can be
achieved:
1 - The observer error dynamics are asymptotically stable.
2 - Under the zero initial state condition and for arbitrary ωk ∈ L2[0,∞), zk satisfies ‖zk‖2 ≤
η‖ωk‖2.
3 - Maximum Lipschitz constant γ and minimum H∞-norm bound η , simultaneously.
If the above conditions can be satisfied, then the observer error dynamics (8) are said to be
asymptotically stable with maximum Lipschitz constant γ∗ and minimum H∞-norm η∗. Before
ending this section, we present three lemmas which will be used in the proof of our main
theorems.

Lemma 2.1 [15]. For any x,y ∈ Rn and any positive-definite matrix Γ ∈ Rn×n, we have

2xT y≤ xT Γx+ yT Γ−1y (10)

Lemma 2.2 [18]. Let A, D, E, F and Γ be real matrices of appropriate dimensions with Γ > 0
and F satisfying FT F ≤ I. Then for any scalar ε > 0 satisfying Γ−1− ε−1DDT > 0, we have

(A+DFE)T Γ(A+DFE)≤ AT (Γ−1− ε−1DDT )−1A+ εET E (11)

Lemma 2.3 (Matrix Inversion Lemma) Let A, B, C and D be matrices of appropriate dimen-
sions, we have

(A+BCD)−1 = A−1−A−1B(C−1 +DA−1B)−1DA−1 (12)

if and only if A, C and C−1 +DA−1B are nonsingular.

3 Main Results
Assume,

ξk =
[
eT

k xT
k
]T (13)

then, the augmented system dynamics are

ξk+1 =(Ã+ΔÃ)ξk +(Ãd +ΔÃd)ξk−τ(k) + f̃ (xk, x̂k)+ B̃ωk

zk =H̃ξk (14a)
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where,

Ã =

[
A−LC 0

0 A

]
, Ãd =

[
0 Ad
0 Ad

]
,

ΔÃ =

[
0 ΔA−LΔC
0 ΔA

]
=

[
0 M1FN−LM3FN
0 M1FN

]
=

[
M1−LM3

M1

]
F
[
0 N

]≡ M̃1FÑ,

ΔÃd =

[
0 ΔAd
0 ΔAd

]
=

[
0 M2FN
0 M2FN

]
=

[
M2
M2

]
F
[
0 N

]≡ M̃2FÑ,

B̃ =

[
B−LD

B

]
, H̃ =

[
H 0

]
, f̃ (xk, x̂k) =

[
f (xk)− f (x̂k)

f (xk)

]
; ‖ f̃ (xk, x̂k)‖ ≤ γ‖ξk‖

Theorem 3.1 Consider the system (2) together with the nonlinear observer (7) and let τ0 =
τ2− τ1 + 1. Assume that there exist matrices P1 > 0, P2 > 0 and ϒ, and also scalars ε1 > 0,
ε2 > 0, η > 0, and α > 0 such that the following LMI optimization problem has a feasible
solution:

min. (α+ ε1)

s.t.
[

Ψ1 Ω
∗ Ψ2

]
< 0, Ψ3 < 0 (15)

where Ψ1, Ψ2, Ψ3 and Ω are as

Ψ1 =

⎡
⎣−P1 +HT H 0 I

∗ (ε2 + τ0ε3)NT N−P2 0
∗ ∗ −αI

⎤
⎦< 0,

Ψ2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
3 P1 0 1

3P1 0 P1M1−ϒM3 0 0 0
0 −1

3P2 0 1
3P2 P2M1 0 0 0

∗ ∗ 5
3P1− ε1I 0 0 0 0 0

∗ ∗ ∗ 5
3P2− ε1I 0 0 0 0

∗ ∗ ∗ ∗ −εI 0 0 0
∗ ∗ ∗ ∗ ∗ −1

3 τ
−1
0 P1 0 P1M2

∗ ∗ ∗ ∗ ∗ ∗ −1
3 τ

−1
0 P2 P2M2

∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε3τ0I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0,

Ω =

⎡
⎣AT P1−CT ϒT 0 0 0 0 0 0 0

∗ AT P2 0 0 0 AT
d P1 AT

d P2 0
0 0 0 0 0 0 0 0

⎤
⎦< 0,

Ψ3 =

⎡
⎢⎢⎢⎢⎣
−η2I BT P1−DT ϒT BT P2 BT P1−DT ϒT BT P2
∗ −1

3P1 0 0 0
∗ ∗ −1

3P2 0 0
∗ ∗ ∗ −I 0
∗ ∗ ∗ ∗ −I

⎤
⎥⎥⎥⎥⎦< 0 (16)
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Then, with L=P−1
1 ϒ the observer error dynamics (8) are asymptotically stable with maximized

admissible Lipschitz constant γ∗ = 1√
α(1+ε1)

and disturbance tuning parameter η .

Proof. Consider a Lyapunov-Krasovskii functional candidate as,

Vk = ξ T
k Pξk +V̂k +Ṽk (17)

where,

P =

[
P1 0
0 P2

]
; P1 > 0, P2 > 0,

V̂k =
k−1

∑
i=k−τ(k)

ξ T (i)Rξ (i); R > 0,

Ṽk =
−τ1+1

∑
j=−τ2+2

k−1

∑
q=k+ j−1

ξ T (q)Rξ (q) (18)

Then,

V̂k+1−V̂k =
k

∑
i=k−τ(k+1)

ξ T
i Rξi−

k−1

∑
i=k−τ(k)

ξ T
i Rξi

=
k−τ1

∑
i=k+1−τ(k+1)

ξ T
i Rξi +

k−1

∑
k+1−τ1

ξ T
i Rξi +ξ T

k Rξk−ξ T
k−τ(k)Rξk−τ(k)

−
k−1

∑
k+1−τ(k)

ξ T
i Rξi (19)

since τ(k)≥ τ1, we have

k−1

∑
k+1−τ1

ξ T
i Rξi−

k−1

∑
k+1−τ(k)

ξ T
i Rξi ≤ 0 (20)

so,

V̂k+1−V̂k ≤
k−τ1

∑
i=k+1−τ(k+1)

ξ T
i Rξi +ξ T

k Rξk−ξ T
k−τ(k)Rξk−τ(k) (21)

Regarding Ṽk, after some calculations,

Ṽk+1−Ṽk ≤
−τ1+1

∑
j=−τ2+2

[ξ T
k Rξk +

k−1

∑
q=k+ j

ξ T
q Rξq−

k−1

∑
q=k+ j−1

ξ T
q Rξq]

= (τ2− τ1)ξ T
k Rξk−

k−τ1

∑
i=k+1−τ2

ξ T
i Rξi (22)
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From (21) and (22),

V̂k+1 +Ṽk+1−V̂k−Ṽk ≤(τ2− τ1 +1)ξ T
k Rξk−ξ T

k−τk
Rξk−τk

+
k−τ1

∑
i=k+1−τ(k+1)

ξ T
i Rξi−

k−τ1

∑
i=k+1−τ2

ξ T
i Rξi (23)

and τ(k)≤ τ2,
k−τ1

∑
i=k+1−τ(k+1)

ξ T
i Rξi−

k−τ1

∑
i=k+1−τ2

ξ T
i Rξi < 0 (24)

Therefore, (23) can be rewritten as,

V̂k+1 +Ṽk+1−V̂k−Ṽk ≤ τ0ξ T
k Rξk−ξ T

k−τ(k)Rξk−τ(k) (25)

where τ0 = τ2− τ1 +1. By using (25) and for ωk = 0 ,

ΔV =Vk+1−Vk

≤ξ T
k+1Pξk+1−ξ T

k Pξk + τ0ξ T
k Rξk−ξ T

k−τ(k)Rξk−τ(k)

=ξ T
k (Ã+ΔÃ)T P(Ã+ΔÃ)ξk

+ξ T
k−τ(k)(Ãd +ΔÃd)

T P(Ãd +ΔÃd)ξk−τ(k)

+2ξ T
k−τ(k)(Ãd +ΔÃd)

T P f̃ +2ξ T
k (Ã+ΔÃ)T P f̃

+2ξ T
k (Ã+ΔÃ)T P(Ãd +ΔÃd)ξk−τ(k) + f̃ T P f̃

−ξ T
k Pξk + τ0ξ T

k Rξk−ξ T
k−τ(k)Rξk−τ(k) (26)

Based on Lemma 1,

2ξ T
k−τ(k)(Ãd +ΔÃd)

T P f̃ ≤ ξ T
k−τ(k)(Ãd +ΔÃd)

T P(Ãd +ΔÃd)ξk−τ(k) + f̃ T P f̃ (27)

from (27) and Assumption 1,

2ξ T
k (Ã+ΔÃ)T P f̃ +2 f̃ T P f̃ =2ξ T

k (Ã+ΔÃ)T P f̃ − f̃ T Q f̃ + ε1 f̃ T f̃

≤ξ T
k (Ã+ΔÃ)T PQ−1P(Ã+ΔÃ)ξk + ε1γ2ξ T

k ξk (28)

where Q = ε1−2P > 0, thus

ξ T
k (Ã+ΔÃ)T P(Ã+ΔÃ)ξk +2ξ T (Ã+ΔÃ)T P f̃ +2ξ T

k−τ(k)(Ãd +ΔÃd)
T P f + f̃ T P f̃ + τ0ξ T

k Rξk

−ξ T
k−τ(k)Rξk−τ(k) ≤ ξ T

k [(PÃ+PΔÃ)T (P−1 +Q−1)(PÃ+PΔÃ)−P+ τ0R+ ε1γ2]ξk

+ξ T
k−τ(k)[(Ãd +ΔÃd)

T P(Ãd +ΔÃd)−R]ξk−τ(k) (29)
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In addition,

2ξ T
k (Ã+ΔÃ)T P(Ãd +ΔÃd)ξk−τ(k) ≤ξ T

k [(PÃ+PΔÃ)T P−1(PÃd +PΔÃd)]ξk

+ξ T
k−τ(k)(PÃd +PΔÃd)

T P−1(PÃd +PΔÃd)ξk−τ(k)
(30)

So, from (29) and (30),
ΔV ≤ ξ T

k Ω1ξk +ξ T
k−τ(k)Ω2ξk−τ(k) (31)

where,

Ω1 = (PÃ+PM̃1FÑ)T (2P−1 +Q−1)(PÃ+PM̃1FÑ)−P+ τ0R+ ε1γ2

Ω2 = (PÃd +PM̃2FÑ)T (
1
2

P)−1(PÃd +PM̃2FÑ)−R (32)

It is obvious that if Ω1 and Ω2 are negative definite then the observer error dynamics (8) are
asymptotically stable. Now, we want to show that the observer error dynamics (8) are asymp-
totically stable with a minimum H∞ -norm bound η∗ and maximum Lipschitz constant γ∗. To
this end, the index function J is defined as,

J =
∞

∑
k=1

[zT
k zk−η2ωT

k ωk] (33)

For the zero initial condition and for any ω �= 0, the following equation can be obtained,

J ≤
∞

∑
k=1

[zT
k zk−η2ωT

k ωk +ΔV ]

≤
∞

∑
k=1

[ξ T
k H̃T H̃ξk−η2ωT

k ωk +ξ T
k Ω1ξk +ξ T

k−τ(k)Ω2ξk−τ(k)

+2ξ T
k (Ã+ΔÃ)T PB̃ω+2ξ T

k−τ(k)(Ãd +ΔÃd)
T PB̃ω+2 f̃ T PB̃ω+ωT B̃T PB̃ω] (34)

Similarly, using Lemma 1

2ξ T
k (Ã+ΔÃ)T PB̃ω+2ξ T

k−τ(k)(Ãd +ΔÃd)
T PB̃ω+2 f̃ T PB̃ω+ωT B̃T PB̃ω ≤

ξ T
k (Ã+ M̃1FÑ)T P(Ã+ M̃1FÑ)ξk +ξ T

k−τ(k)(Ãd + M̃2FÑ)T P(Ãd + M̃2FÑ)ξ T
k−τ(k)

+ γ2ξ Tξ +ωT B̃T PPB̃ω+3ωT B̃T PB̃ω (35)

from (32), (35), and also using Lemma 2, a sufficient condition for J < 0 is as follows,

ξ T
k [ÃT P[(3P−1 +Q−1)−1− ε−1

2 PM̃1M̃T
1 P]−1PÃ+ ε2ÑT Ñ−P+ τ0R+(1+ ε1)γ2 + H̃T H̃]ξk

+ξ T
k−τ(k)[Ã

T
d P(

1
3

P− ε−1
3 PM̃2M̃T

2 P)−1PÃd + ε3ÑT Ñ−R]ξk−τ(k)

+ωT
k [B̃

T PPB̃+3B̃T PB̃−η2I]ωk ≤ 0 (36)
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Since we try to maximize γ , we define a new variable α as,

α ≡ 1
(1+ ε1)γ2 ⇒ γ =

1√
α(1+ ε1)

(37)

Maximization of γ can be done by minimization of α and ε1 at the same time. In fact, by
combining the two objective functions, we will minimize the scalar linear objective function
α+ ε1. On the other hand, by using Lemma 3,

(3P−1 +Q−1)−1 = [(
1
3

P)−1 + IQ−1I]−1

=
1
3

P− 1
3

P(ε1I− 5
3

P)−1 1
3

P (38)

now, let

R = ÃT
d P(

1
3

P− ε−1
3 PM̃2M̃T

2 P)−1PÃd + ε3ÑT Ñ (39)

from (38), and also substituting (39) into (36) yields,

J ≤ ξ T
k Π1ξk +ωT

k Π2ωk < 0 (40)

where,

Π1 = ÃT P[
1
3

P− 1
3

P(ε1I− 5
3

P)−1 1
3

P− ε−1
2 M̃1M̃T

1 ]
−1PÃ+(ε2 + τ0ε3)ÑT Ñ−P+α−1I

+ H̃T H̃ + τ0ÃT
d P(

1
3

P− ε−1
3 M̃2M̃T

2 )
−1PÃd

Π2 = B̃T PPB̃+3B̃T PB̃−η2I (41)

we also have,

(ε2 + τ0ε3)ÑT Ñ =

[
0 0
0 (ε2 + τ0ε3)NT N

]
,

PM̃1 =

[
P1M1−ϒM3

P2M1

]
, PM̃2 =

[
P1M2
P2M2

]
,

ÃT P =

[
AT P1−CT ϒT 0

0 AT P2

]
, ÃT

d P =

[
0 0

AT
d P1 AT

d P2

]
,

PB̃ =

[
P1B−ϒD

P2B

]
, H̃T H̃ =

[
HT H 0

0 0

]
(42)

substituting (42) into (41), and also using Schur complements, the LMIs in Theorem 1 are
achievable. �

Now, we want to reformulate the problem of robust H∞ observer design in Theorem 1 to the
multiobjective optimization problem where finding the maximum Lipschitz constant and also
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minimum disturbance tuning level are objectives. As we mentioned before, in order to achieve
this goal, we use Pareto multiobjective optimization, i.e. optimization of a linear combination
of several optimality criteria [17] resulting in a trade-off between these.

Theorem 3.2 Consider the system (2) together with the nonlinear observer (7) and let τ0 =
τ2− τ1 + 1. Assume that there exist matrices P1 > 0, P2 > 0 and ϒ, and also scalars ε1 > 0,
ε2 > 0, α > 0, ρ > 0, and 0 ≤ λ ≤ 1 such that the following LMI optimization problem has a
feasible solution:

min. [λ (α+ ε1)+(1−λ ) ρ]

s.t.
[

Ψ1 Ω
∗ Ψ2

]
< 0,

⎡
⎢⎢⎢⎢⎣
−ρI BT P1−DT ϒT BT P2 BT P1−DT ϒT BT P2
∗ −1

3P1 0 0 0
∗ ∗ −1

3P2 0 0
∗ ∗ ∗ −I 0
∗ ∗ ∗ ∗ −I

⎤
⎥⎥⎥⎥⎦< 0 (43)

where Ψ1, Ψ2, and Ω are as in (16). Then, with L = P−1
1 ϒ the observer error dynamics (8)

are asymptotically stable with maximized admissible Lipschitz constant γ∗ = 1√
α(1+ε1)

and

minimized disturbance tuning parameter η∗ =√ρ , simultaneously.

Proof. First assume ρ = η2. In order to optimize two parameters γ and η simultaneously, a
scalarization method including two optimality criteria is used. According to [17], since each of
these optimization problems is convex, the scalarized problem is also convex. The rest of the
proof is the same as the proof of Theorem 1. �

4 Example
Assume that the parameters of a system (2) are given by,

A =

[−0.1 0.2
−0.3 −0.1

]
, Ad =

[−0.1 0.1
−0.2 −0.1

]
, B =

[
1
1

]
, C =

[
0.1 0.1

]
, D = 0.7,

M1 =
[
0.1 −0.1

]T
, M2 =

[
0.1 0.2

]T
, M3 = 0.1, N =

[
0.1 0.1

]
,

f (x1,x2) =

[
0.3sin(x2(k))
0.2cos(x1(k))

]
(44)

and also assume,

H = 0.15I2, 0≤ τ(k)≤ 2, F(k) = sin(k), ω(k) =
1

k+1
(45)
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Now, using the YALMIP toolbox, we can solve the LMIs defined in Theorem 2 for ε2 = 0.1,
ε3 = 0.1, and λ = 0.9. One feasible solution is found as follows,

γ∗ = 0.335, η∗ = 2.379,

P1 =

[
0.38613 −0.025
−0.025 0.309

]
, P2 =

[
0.468 0.019
0.019 0.277

]
,

ϒ =

[
0.408
−0.334

]
, L =

[
1
−1

]
(46)

To validate the designed observer, simulation results are presented in Figure 15 and Figure
16. Figure 15 shows the real and estimated states simultaneously for initial conditions given
by, x(0) = (2,2)T and x̂(0) = (0,0)T . Figure 16 shows the error dynamics for the same initial
conditions. Based on these simulations, one can see that the observer performs as expected and
the state estimation errors for the initial values do tend to zero asymptotically with an H∞-norm
bound η∗ = 2.379. Figure 17 shows the values of γ∗ and η∗, and the optimal trade-off curve
between them over the range of λ .

0 5 10 15 20 25 30
−0.5

0

0.5

1

1.5

2

2.5

F
irs

t S
ta

te

 

 

0 5 10 15 20 25 30
−1

−0.5

0

0.5

1

1.5

2

2.5

Sample

S
ec

on
d 

S
ta

te

 

 

X
1

X
1
 hat

X
2

X
2
 hat

Figure 15: Real and Estimated States
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Figure 16: Estimation Error Dynamics
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5 Conclusions
In this note, we present a new approach of robust H∞ observers for a class of nonlinear un-
certain time-delayed systems. There are three main contributions that could be highlighted as
follows. First, in the proposed structure for the observer, the designer doesn’t need to have
exact knowledge about the delay but only of some upper and lower bound. Second, we de-
rive a sufficient condition in terms of LMIs for existence of the proposed nonlinear observer
so that the error dynamics are asymptotically stable with an H∞-norm bound η and maximum
Lipschitz constant γ∗. Third, we convert the observer structure under study to a multiobjec-
tive optimization problem where we maximize γ and minimize η , simultaneously. We finally
illustrate with a numerical example how we can calculate the gain matrices of the proposed
observer.
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H∞ Observer Design for Uncertain Nonlinear Discrete-Time
Systems with Time-Delay: LMI Optimization Approach

Saleh S. Delshad and Thomas Gustafsson

Abstract

We present a robust H∞ observer for a class of nonlinear discrete-time systems. The class
under study includes an unknown time-varying delay limited by upper and lower bounds, as
well as time-varying parametric uncertainties. We design a nonlinear H∞ observer, by using
the upper and lower bounds of the delay, that guarantees asymptotic stability of the estimation
error dynamics and is also robust against time-varying parametric uncertainties. The described
problem is converted to a standard optimization problem which can be solved in terms of linear
matrix inequalities (LMIs). Then, we expand the problem to a multiobjective optimization
problem in which the maximum admissible Lipschitz constant and the minimum disturbance
attenuation level are the problem objectives. Finally, the proposed observer is illustrated with
two examples.

1 Introduction
Nonlinear observer design for uncertain systems has attracted much attention in recent decades
and has been investigated in many aspects [1–5]. Compared to the typical systems, nonlinear
observer design for uncertain systems including time-delays is in general more complicated
and thus more attractive for researchers, where [6–10] are a few examples of recent research in
linear time-delay systems that considers various aspects of the observability problem. Regard-
ing the field of nonlinear systems, which is the main focus of this paper, some investigations
have been done such as [11–18].

In [11], the authors propose a sufficient condition for the feasibility of a robust H∞ observer
for a class of discrete-time nonlinear systems with known state delay and norm-bounded pa-
rameter uncertainty.

Similarly, in [12], they propose a robust H∞ observer design for the same class of delayed
systems where it is required to know the real value of the delay. The same assumption is used
in [13–16] where the time-delay is known a priori and used in the observer structure.

The authors in [14] has provided a section for extending the proposed design for a un-
known time-delay, although limited to a specific system realization. In [17] the authors allow
an unknown time-delay in the measurements, but there are no uncertainties in their system rep-
resentation. Another relevant research is [18] where the authors propose an observer design for
a class of time-delay nonlinear systems.

Although the time-delay is unknown in [18], the system structure is restricted to a lower
triangular form. Moreover, they have not considered any term representing system uncertain-
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ties and noise effects in the system structure. Besides, in [19], the authors propose a robust H∞
observer design for uncertain nonlinear systems in terms of a multiobjective problem where
finding the maximum Lipschitz constant was one of the objectives. [20] can be considered as
an extension to [19] where the authors addresses the problem of multiobjective robust H∞ non-
linear observer design for Lipschitz time-delay systems including time-varying uncertainties.

This paper deals with observer design for a class of uncertain discrete-time nonlinear sys-
tems with unknown time-delay. Compared to [20], we address a more general system realiza-
tion that contains time-delays in both system states and outputs. The main contribution of this
paper is that we use knowledge about upper and lower bounds of the time-delay to exclude
time-delays from the observer structure. We further reformulate the robust H∞ observer de-
sign to a multiobjective optimization problem where we, simultaneously, try to find the largest
Lipschitz constant and smallest disturbance tuning level. To achieve this goal, we use a Pareto
multiobjective optimization method that is a linear combination between several optimal crite-
rions [21].

The rest of this paper is organized as follows. In Section 2, we introduce the class of the
nonlinear delay systems under study. In Section 3, we propose a new method to design a robust
H∞ observer for the considered class. To do this, based on Lyapunov-Krasovskii functional,
a sufficient condition in terms of a set of linear matrix inequalities will be proposed which
can make error dynamics asymptotically stable. Then, we reformulate the existing robust H∞
observer problem to a multiobjective optimization problem. Robustness discussion will be
discussed in Section 4. The proposed observer is illustrated with two examples in Section 5.
System performance is clearly depending on how large the time delay is. There will be a
comprehensive discussion related to this issue in this section. Conclusions in Section 6.

Notation. Throughout this paper,

xk ≡ x(k),

xk−τ(k) ≡ x(k− τ(k)) (1)

2 Preliminaries and Problem Statement
Consider a class of discrete-time nonlinear delay systems including the time-varying uncer-
tainties:

xk+1 =(A+ΔA(k))xk +(Ad +ΔAd(k))xk−τ(k) + f (xk)+Bωk,

yk =(C+ΔC(k))xk +(Cd +ΔCd(k))xk−τ(k) +Dωk (2)

where x ∈ Rn, y ∈ Rp and ωk ∈ L2[0,∞) are the state vector, output vector and an unknown
exogenous disturbance of the system, respectively. The function f : Rn → Rq is nonlinear
and assumed to be differentiable. Matrices A, Ad , B, C, Cd , and D are real and with proper
dimensions and τ(k) is time-varying delay which satisfies the following assumption,

τ1 ≤ τ(k)≤ τ2 (3)



2. PRELIMINARIES AND PROBLEM STATEMENT 81

ΔA, ΔAd , ΔC and ΔCd are all unknown matrices representing time-varying parameter uncer-
tainties: ⎡

⎢⎢⎣
ΔA(k)
ΔAd(k)
ΔC(k)
ΔCd(k)

⎤
⎥⎥⎦ =

⎡
⎢⎢⎣

M1
M2
M3
M4

⎤
⎥⎥⎦F(k)N (4)

where M1, M2, M3, M4 and N are known real constant matrices and F (k) is an unknown real-
valued time-varying matrix satisfying,

∀k, FT (k)F(k)≤ I (5)

Assumption 2.1 We assume that the function f (x) is locally Lipschitz with respect to x in a
region Ω containing the origin if ‖ f (0)‖= 0 and,

‖ f (x1)− f (x2)‖ ≤ γ‖x1− x2‖ ∀x1,x2 ∈Ω (6)

where ‖.‖ is the induced 2-norm and γ > 0 is called the Lipschitz constant.

Now, consider a nonlinear observer,

x̂k+1 = Ax̂k + f (x̂k)+L(yk−Cx̂k) (7)

where x̂ is the observer state and L is the observer gain matrix that should be designed under a
few conditions. Defining the observer error as ek = xk− x̂k, we have,

ek+1 =(A−LC)ek +(ΔA−LΔC)xk +(Ad +ΔAd)xk−τ(k)−L(Cd +ΔCd)xk−τ(k)

+ f (xk)− f (x̂k)+(B−LD)ωk (8)

and the controlled output for the error state as,

zk = Hek (9)

where H is a known matrix. In other words, we want to design (4) such that:

• the observer error dynamics are asymptotically stable.

• under the zero initial state condition and for arbitrary ωk ∈ L2[0,∞), zk satisfies ‖zk‖2 ≤
η‖ωk‖2.

• the Lipschitz constant γ and the H∞-norm bound η are maximized and minimized, re-
spectively.

If the above conditions are satisfied, then the observer error dynamics (8) are said to be
asymptotically robust stable with maximum Lipschitz constant γ∗ and minimum H∞-norm η∗.

Lemma 2.1 For any x,y ∈ Rn and any positive-definite matrix Γ ∈ Rn×n, we have

2xT y≤ xT Γx+ yT Γ−1y (10)
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Lemma 2.2 Let A, D, E, F and Γ be real matrices of appropriate dimensions with Γ > 0 and
F satisfying FT F ≤ I. Then for any scalar ε > 0 satisfying Γ−1− ε−1DDT > 0, we have

(A+DFE)T Γ(A+DFE)≤ AT (Γ−1− ε−1DDT )−1A+ εET E (11)

Lemma 2.3 (Matrix Inversion Lemma) Let A, B, C and D be matrices of appropriate dimen-
sions, we have

(A+BCD)−1 = A−1−A−1B(C−1 +DA−1B)−1DA−1 (12)

iff A, C and C−1 +DA−1B are nonsingular.

3 Main Results

Assume,
ξk =

[
eT

k xT
k
]T (13)

then, the augmented system dynamics are

ξk+1 =(Ã+ΔÃ)ξk +(Ãd +ΔÃd)ξk−τ(k) + f̃ (xk, x̂k)+ B̃ωk

zk =H̃ξk (14)

where,

Ã =

[
A−LC 0

0 A

]
, Ãd =

[
0 Ad−LCd
0 Ad

]
,

ΔÃ =

[
0 ΔA−LΔC
0 ΔA

]
=

[
0 M1FN−LM3FN
0 M1FN

]
=

[
M1−LM3

M1

]
F
[
0 N

]≡ M̃1FÑ,

ΔÃd =

[
0 ΔAd−LΔCd
0 ΔAd

]
=

[
0 M2FN−LM4FN
0 M2FN

]
=

[
M2−LM4

M2

]
F
[
0 N

]≡ M̃2FÑ,

B̃ =

[
B−LD

B

]
, H̃ =

[
H 0

]
, f̃ (xk, x̂k) =

[
f (xk)− f (x̂k)

f (xk)

]
; ‖ f̃ (xk, x̂k)‖ ≤ γ‖ξk‖ (15)

Our aim is finding the observer gain L for system (4) such that the observer error dynamics
(8) are asymptotically stable with maximum admissible Lipschitz constant γ∗ and minimum
disturbance tuning η∗.

Theorem 3.1 Consider the system (1) together with the nonlinear observer (4). The observer
error dynamics (8) are asymptotically stable with τ0 = τ2− τ1 +1, maximized admissible Lip-
schitz constant γ∗ and disturbance tuning parameter η , if there exist matrices P1 > 0, P2 > 0
and ϒ, and also scalars ε1 > 0, ε2 > 0, and α > 0 such that the following LMI optimization
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problem has a feasible solution:

min. (α+ ε1)

s.t.
[

Ψ1 Ω
∗ Ψ2

]
< 0, Ψ3 < 0 (16)

where,

Ψ1 =

⎡
⎣−P1 +HT H 0 I

∗ (ε2 + τ0ε3)NT N−P2 0
∗ ∗ −αI

⎤
⎦< 0,

Ψ2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
3 P1 0 1

3P1 0 P1M1−ϒM3 0 0 0
0 −1

3P2 0 1
3P2 P2M1 0 0 0

∗ ∗ 5
3P1− ε1I 0 0 0 0 0

∗ ∗ ∗ 5
3P2− ε1I 0 0 0 0

∗ ∗ ∗ ∗ −ε2I 0 0 0
∗ ∗ ∗ ∗ ∗ −1

3 τ
−1
0 P1 0 P1M2−ϒM4

∗ ∗ ∗ ∗ ∗ ∗ −1
3 τ

−1
0 P2 P2M2

∗ ∗ ∗ ∗ ∗ ∗ ∗ −ε3τ0I

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0,

Ω =

⎡
⎣AT P1−CT ϒT 0 0 0 0 0 0 0

∗ AT P2 0 0 0 AT
d P1−CT

d ϒT AT
d P2 0

0 0 0 0 0 0 0 0

⎤
⎦< 0,

Ψ3 =

⎡
⎢⎢⎢⎢⎣
−η2I BT P1−DT ϒT BT P2 BT P1−DT ϒT BT P2
∗ −1

3P1 0 0 0
∗ ∗ −1

3P2 0 0
∗ ∗ ∗ −I 0
∗ ∗ ∗ ∗ −I

⎤
⎥⎥⎥⎥⎦< 0 (17)

then the solution is,

L = P−1
1 ϒ, γ∗ =

1√
α∗(1+ ε∗1 )

(18)

Proof. Consider a Lyapunov-Krasovskii functional candidate as,

Vk = ξ T
k Pξk +V̂k +Ṽk (19)
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where,

P =

[
P1 0
0 P2

]
; P1 > 0, P2 > 0,

V̂k =
k−1

∑
i=k−τ(k)

ξ T (i)Rξ (i); R > 0,

Ṽk =
−τ1+1

∑
j=−τ2+2

k−1

∑
q=k+ j−1

ξ T (q)Rξ (q) (20)

then,

V̂k+1−V̂k =
k

∑
i=k−τ(k+1)

ξ T
i Rξi−

k−1

∑
i=k−τ(k)

ξ T
i Rξi

=
k−τ1

∑
i=k+1−τ(k+1)

ξ T
i Rξi +

k−1

∑
k+1−τ1

ξ T
i Rξi

+ξ T
k Rξk−ξ T

k−τ(k)Rξk−τ(k)−
k−1

∑
k+1−τ(k)

ξ T
i Rξi (21)

since τ(k)≥ τ1, we have

k−1

∑
k+1−τ1

ξ T
i Rξi−

k−1

∑
k+1−τ(k)

ξ T
i Rξi ≤ 0 (22)

so,

V̂k+1−V̂k ≤
k−τ1

∑
i=k+1−τ(k+1)

ξ T
i Rξi +ξ T

k Rξk−ξ T
k−τ(k)Rξk−τ(k) (23)

Regarding Ṽk, after some calculations,

Ṽk+1−Ṽk ≤
−τ1+1

∑
j=−τ2+2

[ξ T
k Rξk +

k−1

∑
q=k+ j

ξ T
q Rξq−

k−1

∑
q=k+ j−1

ξ T
q Rξq]

≤(τ2− τ1)ξ T
k Rξk−

k−τ1

∑
i=k+1−τ2

ξ T
i Rξi (24)

From (23) and (24),

V̂k+1 +Ṽk+1−V̂k−Ṽk ≤(τ2− τ1 +1)ξ T
k Rξk−ξ T

k−τk
Rξk−τk

+
k−τ1

∑
i=k+1−τ(k+1)

ξ T
i Rξi−

k−τ1

∑
i=k+1−τ2

ξ T
i Rξi (25)



3. MAIN RESULTS 85

and τ(k)≤ τ2,
k−τ1

∑
i=k+1−τ(k+1)

ξ T
i Rξi−

k−τ1

∑
i=k+1−τ2

ξ T
i Rξi < 0 (26)

Therefore, (25) can be rewritten as,

V̂k+1 +Ṽk+1−V̂k−Ṽk ≤ τ0ξ T
k Rξk−ξ T

k−τ(k)Rξk−τ(k) (27)

where τ0 = τ2− τ1 +1. By using (27) and for ωk = 0 ,

ΔVst =Vk+1−Vk

≤ξ T
k+1Pξk+1−ξ T

k Pξk + τ0ξ T
k Rξk−ξ T

k−τ(k)Rξk−τ(k)

=ξ T
k (Ã+ΔÃ)T P(Ã+ΔÃ)ξk +ξ T

k−τ(k)(Ãd +ΔÃd)
T P(Ãd +ΔÃd)ξk−τ(k)

+2ξ T
k−τ(k)(Ãd +ΔÃd)

T P f̃ +2ξ T
k (Ã+ΔÃ)T P f̃

+2ξ T
k (Ã+ΔÃ)T P(Ãd +ΔÃd)ξk−τ(k) + f̃ T P f̃

−ξ T
k Pξk + τ0ξ T

k Rξk−ξ T
k−τ(k)Rξk−τ(k) (28)

where index of ”st” represents the stability. By using Lemma 2.1,

2ξ T
k−τ(k)(Ãd +ΔÃd)

T P f̃ ≤ ξ T
k−τ(k)(Ãd +ΔÃd)

T P× (Ãd +ΔÃd)ξk−τ(k) + f̃ T P f̃ (29)

and also from (29) and Assumption 2.1,

2ξ T
k (Ã+ΔÃ)T P f̃ +2 f̃ T P f̃ =2ξ T

k (Ã+ΔÃ)T P f̃ − f̃ T Q f̃ + ε1 f̃ T f̃

≤ ξ T
k (Ã+ΔÃ)T PQ−1P(Ã+ΔÃ)ξk + ε1γ2ξ T

k ξk (30)

where Q = ε1−2P > 0, thus

ξ T
k (Ã+ΔÃ)T P(Ã+ΔÃ)ξk +2ξ T (Ã+ΔÃ)T P f̃ +2ξ T

k−τ(k)(Ãd +ΔÃd)
T P f + f̃ T P f̃

+ τ0ξ T
k Rξk−ξ T

k−τ(k)Rξk−τ(k)

≤ ξ T
k [(PÃ+PΔÃ)T (P−1 +Q−1)(PÃ+PΔÃ)−P+ τ0R+ ε1γ2]ξk

+ξ T
k−τ(k)[(Ãd +ΔÃd)

T P(Ãd +ΔÃd)−R]ξk−τ(k) (31)

In addition,

2ξ T
k (Ã+ΔÃ)T P(Ãd +ΔÃd)ξk−τ(k) ≤ ξ T

k [(PÃ+PΔÃ)T P−1(PÃ+PΔÃ)]ξk

+ξ T
k−τ(k)(PÃd +PΔÃd)

T P−1(PÃd +PΔÃd)ξk−τ(k) (32)
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So, from (31) and (32),
ΔVst ≤ ξ T

k Ω1ξk +ξ T
k−τ(k)Ω2ξk−τ(k) (33)

where,

Ω1 = (PÃ+PM̃1FÑ)T (2P−1 +Q−1)(PÃ+PM̃1FÑ)−P+ τ0R+ ε1γ2

Ω2 = (PÃd +PM̃2FÑ)T (
1
2

P)−1(PÃd +PM̃2FÑ)−R (34)

For Ω1 < 0 and Ω2 < 0, the observer error dynamics (8) become asymptotically stable. Now,
we show that the observer error dynamics (8) are asymptotically stable with a minimum H∞-
norm bound η∗ and maximum Lipschitz constant γ∗. To this end, the index function J is
defined as,

J =
∞

∑
k=1

[zT
k zk−η2ωT

k ωk] (35)

For the zero initial condition and ω �= 0,

J ≤
∞

∑
k=1

[zT
k zk−η2ωT

k ωk +ΔVpr]

≤
∞

∑
k=1

[ξ T
k H̃T H̃ξk−η2ωT

k ωk +ξ T
k Ω1ξk +ξ T

k−τ(k)Ω2ξk−τ(k)

+2ξ T
k (Ã+ΔÃ)T PB̃ω+2ξ T

k−τ(k)(Ãd +ΔÃd)
T PB̃ω

+2 f̃ T PB̃ω+ωT B̃T PB̃ω] (36)

where index of ”pr” represents the performance. Similarly, using Lemma 2.1

2ξ T
k (Ã+ΔÃ)T PB̃ω+2ξ T

k−τ(k)(Ãd +ΔÃd)
T PB̃ω+2 f̃ T PB̃ω+ωT B̃T PB̃ω

≤ ξ T
k (Ã+ M̃1FÑ)T P(Ã+ M̃1FÑ)ξk +ξ T

k−τ(k)(Ãd + M̃2FÑ)T P(Ãd + M̃2FÑ)ξ T
k−τ(k)

+ γ2ξ Tξ +ωT B̃T PPB̃ω+3ωT B̃T PB̃ω (37)

from (34), (37), and also using Lemma 2.2, a sufficient condition for J < 0 is,

J ≤ ξ T
k [ÃT P[(3P−1 +Q−1)−1− ε−1

2 PM̃1M̃T
1 P]−1PÃ+ ε2ÑT Ñ

−P+ τ0R+(1+ ε1)γ2 + H̃T H̃]ξk

+ξ T
k−τ(k)[Ã

T
d P(

1
3

P− ε−1
3 PM̃2M̃T

2 P)−1PÃd + ε3ÑT Ñ−R]ξk−τ(k)

+ωT
k [B̃

T PPB̃+3B̃T PB̃−η2I]ωk < 0 (38)

we define a new variable α as,

α ≡ 1
(1+ ε1)γ2 ⇒ γ =

1√
α(1+ ε1)

(39)
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Maximization of γ can be done by minimization of α and ε1 at the same time. In fact, by
combining the two objective functions, we will minimize the scalar linear objective function
α+ ε1. On the other hand, by using Lemma 2.3,

(3P−1 +Q−1)−1 = [(
1
3

P)−1 + IQ−1I]−1 =
1
3

P− 1
3

P(ε1I− 5
3

P)−1 1
3

P (40)

now, let

R = ÃT
d P(

1
3

P− ε−1
3 PM̃2M̃T

2 P)−1PÃd + ε3ÑT Ñ (41)

from (40), and also substituting (41) into (38) yields,

J ≤ ξ T
k Π1ξk +ωT

k Π2ωk < 0 (42)

where,

Π1 = ÃT P[
1
3

P− 1
3

P(ε1I− 5
3

P)−1 1
3

P− ε−1
2 PM̃1M̃T

1 P]−1PÃ+(ε2 + τ0ε3)ÑT Ñ−P+α−1I

+ H̃T H̃ + τ0ÃT
d P(

1
3

P− ε−1
3 PM̃2M̃T

2 P)−1PÃd

Π2 = B̃T PPB̃+3B̃T PB̃−η2I (43)

we also have,

(ε2 + τ0ε3)ÑT Ñ =

[
0 0
0 (ε2 + τ0ε3)NT N

]
,

PM̃1 =

[
P1M1−ϒM3

P2M1

]
, PM̃2 =

[
P1M2−ϒM4

P2M2

]
,

ÃT P =

[
AT P1−CT ϒT 0

0 AT P2

]
, ÃT

d P =

[
0 0

AT
d P1−CT

d ϒT AT
d P2

]
,

PB̃ =

[
P1B−ϒD

P2B

]
, H̃T H̃ =

[
HT H 0

0 0

]
(44)

substituting (44) into (43), and also using Schur complements, the LMIs in Theorem 3.1 are
achievable. �

4 Robustness Analysis
In this section, we assume that the nonlinear function f (x) in (1) is uncertain,

f (x) = f0(x)+δ f (x) (45)

where δ f (x) is an uncertain term in the nonlinear function. Suppose that,

‖δ f (x1)−δ f (x2))‖ ≤ δγ‖x1− x2‖ (46)
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and it means that it can affect the Lipschitz constant as follows,

‖ f (x1)− f (x2)‖ ≤ ‖ f0(x1)− f0(x2)‖+‖δ f (x1)−δ f (x2)‖
≤ (γ0 +δγ)‖x1− x2‖ (47)

Clearly, since γ0 is known if we can find the maximum value of γ through an optimization
problem, we can calculate a maximum admissible bound δγ of the uncertain term. To do this,
we reformulate the problem of robust H∞ observer design in Theorem 3.1 to the multi objec-
tive optimization problem where finding the maximum Lipschitz constant and also minimum
disturbance tuning level are objectives. As we mentioned before, in order to achieve this goal,
we use Pareto multiobjective optimization that is a linear combination between a number of
optimal criterions [21]. Based on Pareto multiobjective optimization method, an optimal point
is obtained of a trade-off between these combinations.

Theorem 4.1 Consider the system (1) together with the nonlinear observer (4). The observer
error dynamics (8) are asymptotically stable with maximized admissible Lipschitz constant γ∗
and minimized disturbance tuning parameter η∗, simultaneously if there exist matrices P1 > 0,
P2 > 0 and ϒ, and also scalars ε1 > 0, ε2 > 0, α > 0, ρ > 0 and 0 ≤ λ ≤ 1 such that the
following LMI optimization problem has a feasible solution:

min. [λ (α+ ε1)+(1−λ ) ρ]

s.t.
[

Ψ1 Ω
∗ Ψ2

]
< 0,

⎡
⎢⎢⎢⎢⎣
−ρI BT P1−DT ϒT BT P2 BT P1−DT ϒT BT P2
∗ −1

3P1 0 0 0
∗ ∗ −1

3P2 0 0
∗ ∗ ∗ −I 0
∗ ∗ ∗ ∗ −I

⎤
⎥⎥⎥⎥⎦< 0 (48)

where Ψ1, Ψ2 and Ω are as in Theorem 3.1, then the solution is,

L = P−1
1 ϒ, γ∗ =

1√
α∗(1+ ε∗1 )

, η∗ =
√
ρ (49)

Proof. On one hand, similar to Theorem 3.1, maximization of γ can be done by minimization of
α and ε1 by combining the two objective functions and minimizing the scalar linear objective
function α + ε1. On the other hand, assume ρ = η2. Therefore, in order to optimize two
parameters γ and η simultaneously, a scalarization method including two optimality criterions
is used. According to [21], since each of these optimization problems is convex, the scalarized
problem is also convex. The rest of the proof is the same as the proof of Theorem 3.1. �
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5 Numerical Example

Example 1
Assume that the parameters of a system (1) are given by,

A =

[−0.1 0.2
−0.3 −0.1

]
, Ad =

[
0.1 0.1
−0.1 0.1

]
, B =

[
1
1

]
, C =

[
0.3 0.2

]
, D = 0.6,

M1 =
[
0.1 −0.1

]T
, M2 =

[
0.1 0.2

]T
, M3 = 0.1, N =

[
0.1 0.1

]
,

f (x1,x2) =

[
0.3sin(e−x2(k))

0.2cos(x1(k))+0.15sin(e−x1(k))

]
(50)

and,
H = 0.3I2, F(k) = sin(k), ω(k) = 0.1e−x1(k)sin(x1(k)) (51)

the actual value of the time-varying delay is as Figure 18 where 0≤ τ(k)≤ 2. Now, using the
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Figure 18: Actual time delay used in simulation (Example 1)

YALMIP of, we can solve the LMIs defined in Theorem 4.1 for ε2 = 1 and ε3 = 1, the feasible
solution for three different values of the λ is as Table 1. To validate the designed observer,
simulation results for λ = 0.9 are presented in in Figure 19 that shows the real and estimated
states simultaneously for initial conditions given by, x(0) = (2,2)T and x̂(0) = (0,0)T , and in
Figure 20 that shows the error dynamics for the same initial conditions. Clearly, the observer
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Table 1: Result of Example 1
λ P1 P2 ϒ L γ∗ η∗

0.2
[

0.54 −0.02
−0.02 0.29

] [
0.13 0.01
0.01 0.1

] [
0.36
−0.01

] [
0.66
−0.02

]
0.26 1.54

0.5
[

0.68 −0.06
−0.06 0.42

] [
0.17 0.01
0.01 0.16

] [
0.38
−0.08

] [
0.55
−0.10

]
0.33 1.85

0.9
[

0.72 −0.09
−0.09 0.65

] [
0.31 0.01
0.01 0.42

] [
0.26
−0.31

] [
0.31
−0.43

]
0.41 2.67

performs as expected and the state estimation errors for the initial values do tend to zero asymp-
totically. Figure 21 shows the values of γ∗ and η∗, and the optimal trade-off curve between
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Figure 19: Real and estimated states

them over the range of λ .
Since the time-delay is unknown, the filter performance normally deteriorates with increas-

ing time-delays. This leads to a lower value of γ , higher value of the disturbance attenuation
level η , and eventually losing the feasibility of the provided LMIs. Table 2 shows the ob-
server performance for λ = 0.5 in terms of two factors γmax and ηmin for different values of
τ0 = τ2− τ1 +1. In this example, for τ0 ≥ 6, we cannot find a feasible solution.
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Figure 20: Estimation error dynamics
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Figure 21: The trade-off curve γ∗ −η∗, λ − γ∗, and λ −η∗
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Table 2: Delay Discussion (Example 1)
τ0 γmax ηmin
2 0.33 1.85
3 0.32 1.94
4 0.31 2.06
5 0.30 2.23

Example 2

Assume,

A =

[−0.1 0.2
−0.3 −0.1

]
, Ad =

[−0.1 0.1
−0.2 −0.1

]
, B =

[
1 1

]T
, C =

[
0.5 0.5

]
, D = 0.3,

M1 =
[
0.1 −0.1

]T
, M2 =

[
0.1 0.2

]T
, M3 = 0.1, N =

[
0.1 0.1

]
,

f (x1,x2) =

[
0.1sin(x2(k))+0.2cos(x1(k))

0.2sin(x1(k))

]
(52)

and,
H = 0.2I2, F(k) = sin(k), ω(k) = e−0.2k (53)

the actual value of the time-varying delay is as Figure 22, where 0 ≤ τ(k) ≤ 3. Similar to
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Figure 22: Actual time delay used in simulation (Example 2)
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Example 1, for ε2 = 1, ε3 = 1, and three different values of the λ a feasible solution is given
in Table 3. Simulation results for λ = 0.9 and initial conditions given x(0) = (3,3)T and

Table 3: Result of Example 2
λ P1 P2 ϒ L γ∗ η∗

0.2
[

0.20 −0.02
−0.02 0.20

] [
0.30 −0.02
−0.02 0.17

] [
0.03
−0.10

] [
0.10
−0.47

]
0.25 1.79

0.5
[

0.31 −0.03
−0.03 0.34

] [
0.38 0.02
0.02 0.23

] [
0.04
−0.17

] [
0.07
−0.50

]
0.34 2.18

0.9
[

0.54 −0.06
−0.06 0.66

] [
0.55 0.01
0.01 0.36

] [
0.03
−0.34

] [
0.01
−0.52

]
0.43 2.94

x̂(0) = (0,0)T are presented in Figure 23 and Figure 24. Figure 25 shows the values of γ∗ and
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Figure 23: Real and estimated states

η∗, and the optimal trade-off curve between them over the range of λ .
Similar to Example 1, Table 4 is provided to describe the observer performance in terms of

two factors γmax and ηmin for λ = 0.5 due to increasing in the value of τ0 = τ2− τ1 +1. In this
example, for τ0 ≥ 5, we cannot find a feasible solution.
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Figure 24: Estimation error dynamics
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Table 4: Delay Discussion (Example 2)
τ0 γmax ηmin
2 0.36 2.12
3 0.36 2.33
4 0.27 2.59

6 Conclusions

We present a new approach of robust H∞ observers for a class of nonlinear uncertain systems
with time-delay. In the proposed structure for the observer design, it is not necessary to know
the exact value of the delay over the time. One only needs to know about upper and lower
bound of the time-delay. To do this, we derive a sufficient condition in terms of LMIs for
existence of the proposed nonlinear observer. In fact, we show that the observer error dynam-
ics designed for an uncertain discrete-time delay system including Lipschitz nonlinearities are
asymptotically stable with an H∞-norm bound η and maximum Lipschitz constant γ under
several derived conditions. Then, we convert the observer structure to a multiobjective opti-
mization problem where we maximize γ and minimize η , simultaneously. We finally illustrate
with two numerical examples to show how we can calculate the observer gain. A comprehen-
sive discussion has been provided to show how a large time delay can deteriorate the observer
performance by getting the less γ and higher value of η and in worst case losing a feasible
solution.
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Observer Design for a Class of Nonlinear Systems Subject to
Unknown Inputs

Saleh S. Delshad and Thomas Gustafsson

Abstract

We consider a novel method to design an observer for a class of nonlinear discrete-time systems
with unknown inputs. Based on Lyapunov functional, we derive a sufficient condition for
existence of the designed observer which requires solving a nonlinear matrix inequality. In
light of linear algebra, the achieved condition will be formulated in terms of linear matrix
inequality (LMI) that can be solved by popular methods easily. Compared to recent research
efforts, the developed approach in this paper shows a significant better performance than other
techniques previously published in literature and is less conservative in terms of Lipschitz
constant. Finally, the proposed observer is illustrated by implementing the proposed method
on a single-link flexible manipulator and the results are compared to some recent similar works
in terms of performance and conservativeness.

1 Introduction

Observer design for nonlinear systems subject to unknown inputs has been one of the fascinat-
ing topics in control field. [1–8] are just a few examples of different design structures in the
literature. Although a variety of techniques exist in the literature, there are still many discus-
sions on the observer performance and conservativeness. Convergence of the estimated states
to the real states in a shorter time while the used technique is less conservative against the Lip-
schitz constant is a momentous issue of many research efforts where the researchers try to find
either a new technique or extend existing techniques. See for example [9–11] and references
therein.

One of the common drawbacks of nonlinear techniques in observer design is sensitivity to
the value of Lipschitz constant. [10, 11] focus on this drawback for instance. In other words,
the larger Lipschitz constant can make trouble in feasibility issue of the design where the most
existing observer designs fail to provide a feasible solution. Therefore, the main focus of this
paper is considering some recent observer design techniques and doing comparisons between
our proposed method and existing methods in terms of performance and conservativeness.

In this paper, a discrete-time observer for a class of Lipschitz discrete-time systems with
unknown input is presented where the designed observer shows better performance compared
to some recent similar research efforts. Some comparisons between our method and similar
works such as [9], [10] and [11] are provided where our results show a significant enhance in
both observer performance and conservativeness. Although there is a direct effect of unknown
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input on the system structure, no negative impact on the estimator performance is seen. Com-
pared to [9], [10] and [11], our proposed observer shows better performance in which it takes a
shorter time for estimator to reach the real states. Note that in [9], [10] and [11], no unknown
input has been considered in the state space realization, but we do and the performance of our
observer is better than those even in presence of unknown input. Another aspect of our method
that can also be highlighted is conservativeness. Compared to [10], it is less conservative. In
Section V, there will be a table which describes a comparison between our method, standard
technique and [10]. The result is a bit better in this sense. The simulation results will be ana-
lyzed in two different subsections in terms of performance and conservativeness. Comparison
with some well-known papers in the literature reveals different merits of our proposed method.

The rest of this paper is organized as follows. In Section 2, we introduce the class of non-
linear discrete-time systems with unknown inputs. In Section 3, a new method to design a
full-order observer for the class of the nonlinear systems under study is proposed. Based on a
Lyapunov functional, we propose a sufficient condition in terms of a nonlinear matrix inequal-
ity to make the error dynamics asymptotically stable. The obtained inequality is then further
formulated as an LMI to facilitate the observer design. Conservativeness issue is another part of
the paper that is considered as Section 4. To validate the proposed nonlinear observer, the pro-
posed observer is implemented on a single-link manipulator and simulation results are shown
in Section 5. Conclusions are presented in Section 6.

2 Preliminaries and Problem Statement

Consider the following nonlinear discrete-time system subject to unknown input:

xk+1 =Axk +Buk +D f (xk)+D1μk,

yk =Cxk (1)

where x ∈ Rn, u ∈ Rm, μ ∈ Rq and y ∈ Rp are the state vector, known input , unknown input
and output, respectively. Matrices A, B, C, D, and D1 are real and with appropriate dimensions.
The function f is nonlinear and is assumed to be differentiable once. The aim is to design a
nonlinear observer such that it can estimate the state vector xk in presence of unknown input
μk asymptotically. To specify the class of nonlinear systems under study, we use the following
assumption.

Assumption 1. We assume that the function f (xk) is locally Lipschitz with respect to x in
a region ϒ containing the origin if ‖ f (0)‖= 0 and,

‖ f (α)− f (β )‖ ≤ γ‖α−β‖ ∀α,β ∈ ϒ (2)

where ‖.‖ is the 2-norm and γ ≥ 0 is called the Lipschitz constant.
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3 Main Results
Inspired by [12] and [13], consider the following nonlinear observer structure:

zk+1 =Nzk +Guk +Lyk +MD f (x̂k)

x̂k =zk−Eyk (3)

where vector z ∈ Rn and x̂k is the estimation of xk. The matrices N, G, L, M, and E must
be determined such that the error dynamics ek = x̂k− xk converge to zero asymptotically. By
defining the state estimation error as,

ek =xk− x̂k = xk− zk +Eyk

=Mxk− zk (4)

where M = I +EC. The error dynamics are computed as,

ek+1 =Nek +(−NM+MA−LC)xk +(MB−G)uk +MD( f (xk)− f (x̂k))+MD1μk (5)

if there exists a matrix M such that,

G =MB, MD1 = 0, NM = MA−LC (6)

the error dynamics (4) are rewritten as:

ek+1 =Nek +MDΔ f (7)

where Δ f = f (xk)− f (x̂k). By using the equation M = I +EC and substitution in (6),

N =MA−KC

L =K(I +CE)−MAE (8)

where K = L+NE. Now, the aim is to design a nonlinear observer such that it can estimate xk.
The following theorem gives the conditions for stability of dynamics ek.

Theorem 3.1 For given scalar γ , if there exist real matrices N, M, and P > 0 with appropriate
dimensions such that inequality below to be valid,⎡

⎣−P+ γ2I 0 NT P
0 −I DT MT P

PN PMD −P

⎤
⎦< 0 (9)

then the state estimation error (7) produced by observer (6) tends to zero asymptotically.

Proof. First, consider a Lyapunov functional as:

Vk = eT
k Pek (10)
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where P is a positive definite matrix. From (7) and also Assumption 1,

ΔVk =Vk+1−Vk

=eT
k+1Pek+1− ekPek

=[Nek +MDΔ f ]T P[Nek +MDΔ f ]− ekPek (11)

now let,
δ = ΔV − (Δ f T Δ f − γ2eT

k ek) (12)

then by choosing ωk =

[
ek
Δ f

]
, (12) becomes,

δ =ωT
k Ωωk (13)

where,

Ω =

[
NT PN−P+ γ2I NT PMD

DT MT PN −I +DT MT PMD

]
(14)

note that Ω < 0 (constitutes to δ < 0) leads to ΔV < 0 and it certainly implies that state esti-
mation error (7) tends to zero asymptotically for any initial value e(0). As a last point, Ω < 0
can be equivalently rewritten as follows,

Ω =

[−P+ γ2I 0
0 −I

]
−
[

NT P
DT MT P

]
(−P−1)

[
PN PMD

]
< 0 (15)

By using the Schur complement [14], (15) can be easily presented as inequality in Theorem 1.�
To design the observer, it is necessary to find matrices E, K and P > 0 by any means such

that inequality (9) is satisfied. To tackle this problem, we try to convert (9) to LMI and get a
feasible solution through. From (6), MD1 = 0 leads to

ECD1 =−D1 (16)

a general solution of E such that (16) is satisfied is as follows,

E =−D1(CD1)
++Y (I− (CD1)(CD1)

+) (17)

where Y is an arbitrary matrix of proper dimension and [.]+ represents any generalized inverse
operator satisfying [.][.]+[.] = [.]. For notational convenience, (7) is rewritten as,

E =U +YV (18)

where,
U =−D1(CD1)

+, V = I− (CD1)(CD1)
+ (19)

Now, everything is ready to equivalently replace the problem of finding M, N, and P via the
nonlinear matrix inequality (9) to a problem of solving an LMI in terms of some new variables.
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Theorem 3.2 For given scalar γ , if there exist real matrices Ȳ , and P with appropriate dimen-
sions such that LMI below to be valid,⎡

⎣−P+ γ2I 0 δ13
0 −I δ23
δT

13 δT
23 −P

⎤
⎦< 0 (20)

where,

δ13 =AT P+(UCA)T P+(VCA)TȲ T −CT K̄T ,

δ23 =DT P+(UCD)T P+(VCD)TȲ T (21)

Y = P−1Ȳ , and K = P−1K̄, then the state estimation error produced by observer (7) tends to
zero asymptotically and the observer gains of (6) will be computed as:

E =U +YV

M =I +EC

N =MA−KC

L =K(I +CE)−MAE (22)

Proof. By substituting (18) in (9), we get⎡
⎣−P+ γ2I 0 δ13

0 −I δ23
δT

13 δT
23 −P

⎤
⎦< 0 (23)

where,

δ13 =AT P+(UCA)T P+(YVCA)T P−CT KT P,

δ23 =DT P+(UCD)T P+(VCD)TY T P (24)

Since both matrices Y and P in the inequality above are unknown, it is not yet an LMI in the
variable Y and P. Schur complement and new variable definition Y = P−1Ȳ , and K = P−1K̄
help us to fix this problem and (20) is obtained. �

In summary, the full-order observer algorithm for the class of nonlinear systems under
study is itemized as follows,

• Find suitable Lipschitz constant γ satisfying Assumption 1.

• Compute U , and V by (19).

• Solve the LMI defined by (20) for Ȳ , K̄, and P.

• Compute Y = P−1Ȳ , and K = P−1K̄.

• Using Y and K, compute the observer gains as (22).
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4 Conservativeness Discussion
Generally speaking, in case of any nonlinear Lipschitz function in the system dynamics there
would be a conservativeness issue. Regarding observer design for instance, the issue is related
to how big the Lipschitz constant can be to still have the stability of the error dynamics. Finding
the maximum value of the admissible Lipschitz constant such that the observer performance is
kept can be done via an optimization problem as follows.

Theorem 4.1 Consider the system (1) together with the nonlinear observer (6). Assume that
there exist real matrices Ȳ , K̄, and P > 0 with appropriate dimensions, such that the following
LMI optimization problem has a feasible solution:

min. ρ

s.t.

⎡
⎢⎢⎣
−P 0 δ13 I
0 −I δ23 0
δT

13 δT
23 −P 0

I 0 0 −ρI

⎤
⎥⎥⎦< 0 (25)

where,

δ13 =AT P+(UCA)T P+(VCA)TȲ T −CT K̄T ,

δ23 =DT P+(UCD)T P+(VCD)TȲ T (26)

Y = P−1Ȳ , and K = P−1K̄, then the state estimation error produced by observer (6) tends to
zero asymptotically and the observer gains will be computed as:

E =U +YV

M =I +EC

N =MA−KC

L =K(I +CE)−MAE (27)

the maximum bound of the γmax can be calculated as,

γmax =

√
1
ρ

(28)

Proof. From Theorem 2, we know that the error dynamics (7) are asymptotically stable if
(20) is valid. Since we try to maximize γ , we define a new variable ρ as,

ρ =
1
γ2 (29)

Obviously, maximization of γ can be done by minimization of ρ . By substituting (29) into
(20), we will obtain a new matrix including variable ρ and submatrices Ȳ , K̄, and P. The rest
of the proof is straightforward and similar to Theorem 2 and skipped. �
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5 Simulation Results and Discussions

In this section, the proposed observer is first illustrated by a simulation example. Then, per-
formance and conservativeness comparison between our method with other recent well-known
works in the literature are provided.

5.1 Flexible Joint Robot Arm

Consider a single-link manipulator with revolute joints as in Figure 26 [15]. The system dy-
namic is nonlinear and described by,

θ̇m = ωm

ω̇m =
k

Jm
(θl−θm)− B

Jm
ωm +

Kτ
Jm

u

θ̇l = ωl

ω̇l =− k
Jl
(θl−θm)− mgb

Jl
sin(θl) (30)

where θm and ωm are the angular rotation and angular velocity of the motor, respectively.
Similarly, θl and ωl represent the angular rotation and angular velocity of the link. u is the
input motor torque. Rest of the parameters are described as in Table I.

L�

k

Actuator

MJ MB,

M�

g

l

Figure 26: Single-link flexible robot

By replacing the values of Table I into (30) with state vector x = [θm ωm θl ωl]
T , an Euler
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Table 1: Single-link flexible robot parameters

Parameters Description Values
Jm(kg.m2) Inertia of the dc motor 0.0037
Jl(kg.m2) Inertia of the controlled link 0.0093

m(kg) Link mass 0.21
b(m) Center of mass 0.15

k(Nm/rad) Elastic constant 0.18
B(Nm/V ) Viscous friction coefficient 0.0083
Kτ(Nm/V ) Amplifier gain 0.08

g(m/S2) Acceleration due to Gravity 9.81

approximation of (30) with sampling time ts = 12ms is given by,

xk+1 =

⎡
⎢⎢⎣

1 0.012 0 0
−0.583 0.9850 0.583 0

0 0 1 0.012
0.234 0 −0.234 1

⎤
⎥⎥⎦xk +

⎡
⎢⎢⎣

0
0.259

0
0

⎤
⎥⎥⎦uk

+

⎡
⎢⎢⎣

0
0
0

−0.012

⎤
⎥⎥⎦sin(x3,k)+

⎡
⎢⎢⎣

0.012
0
0
0

⎤
⎥⎥⎦μk

y =
[

1 0 0 0
0 1 0 0

]
xk (31)

where μk denotes the unknown input effecting the angular rotation of the motor (θm), and
uk = 0.05 Nm. We assume that an unknown input influences the flexible robot response as Fig.
27.

5.2 Performance Discussion

Now, we follow our proposed algorithm to estimate the real states in presence of the unknown
input. By using Theorem 2 and YALMIP toolbox, we can solve the LMI defined in Theorem 2
for Ȳ , K̄, and P. One feasible solution is found as follows,

P =

⎡
⎢⎢⎣

396.4 0 0 0
0 396.4 0 0
0 0 3215.4 −759.1
0 0 −759.1 202.7

⎤
⎥⎥⎦ , Y =

⎡
⎢⎢⎣

0 0
0 −1
0 −2.5
0 −8.9

⎤
⎥⎥⎦ , K =

⎡
⎢⎢⎣

0 0
0 0

1.4 −2.4
5.4 −8.7

⎤
⎥⎥⎦ (32)
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Figure 27: Unknown Input

therefore, by using (22)

E =

⎡
⎢⎢⎣
−1 0
0 −1
0 −2.5
0 −8.8

⎤
⎥⎥⎦ , M =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0
0 −2.5 1 0
0 −8.9 0 1

⎤
⎥⎥⎦

N =

⎡
⎢⎢⎣

0 0 0 0
0 0 0 0
0 0 −0.4 0
0 0 −5.4 1

⎤
⎥⎥⎦ , L =

⎡
⎢⎢⎣

0 0
0 0

1.4 −3.4
5.4 −13.2

⎤
⎥⎥⎦ , G =

⎡
⎢⎢⎣

0
0
−0.6
−2.3

⎤
⎥⎥⎦ . (33)

To validate the designed observer, simulation results are presented in Figure 28 and Figure 29
where they show the real and estimated states simultaneously for initial conditions given by,
x(0) = [3 2 3 −2]T and z(0) = [0 0 0 0]T . Based on Figure 28 and Figure 29, one can see that
the observer performs as expected.
By doing a simple comparison between our results in Figure 28 and Figure 29 with the similar

tasks in [9] and [11], it is clearly discovered that the observer performance is much better
and it takes a shorter time compared to [9] and [11] to get acceptable estimation. Note that
in [9] and [11], no unknown input has been considered in their system realization, whereas we
have considered and the performance of our observer is better than those even in presence of
unknown input.
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Figure 28: Real (solid) and estimated (dashed) value of θl
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Figure 29: Real (solid) and estimated (dashed) value of ωl
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5.3 Conservativeness Discussion

In [10], the authors showed that their proposed observer is less conservative compared to stan-
dard observer design by calculating the maximum value of the Lipschitz constant γ . For more
information about standard method, readers are referred to [10] and references therein. In other
words, the maximum value of γ which is related to conservativeness issue in [10] can be found
through Theorem 3. By using Theorem 3, the maximum value of Lipschitz constant is found as
γmax = 51.5. Table 2 clearly describes the maximum value of the Lipschitz constant obtained
from different approaches. As it is clearly seen, the proposed observer structure (6) even in
presence of unknown input is absolutely less conservative compared to standard method, and
provided condition in [10].

Table 2: Comparison of γmax for different techniques

Method Standard LMI Theorem 2 Theorem 3
Observer in [10] in [10]

γmax 0.99 48.5 51.5

6 Conclusions

In this note, we have presented a novel method of observer design for a class of nonlinear
discrete-time systems subject to unknown inputs. A sufficient condition for existence of the
designed observer has been provided which requires solving a nonlinear matrix inequality.
This nonlinear condition has been formulated in terms of LMI that gives us this opportunity to
solve it by popular methods in this field easily. A comparison between our proposed observer
design technique and similar researches has done to highlight the merits of the method in which
our design shows better performance and less conservativeness compared to others. Finally, the
proposed observer has been illustrated by implementing the proposed method on a single-link
manipulator.
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H∞ Filter Design for State Estimation and Unknown Inputs
Reconstruction of a Class of Nonlinear systems

Saleh S. Delshad, Andreas Johansson, Mohamed Darouach, and Thomas Gustafsson

Abstract

We consider a novel method to design a H∞ filter for a class of nonlinear systems subject to
unknown inputs. First, we rewrite the system dynamics as a descriptor system. Then, we design
a robust H∞ reduced-order filter to estimate both state variables and unknown inputs at the same
time. Based on a Lyapunov functional, we derive a sufficient condition for existence of the
designed filter which requires solving a nonlinear matrix inequality. The achieved condition is
further formulated in terms of a linear matrix inequality (LMI) that is straightforward to solve
by popular methods. Finally, the proposed filter is illustrated with an example.

1 Introduction
Observer design for nonlinear systems is a popular problem in control theory that has been
studied in many angles. Moreover, state estimation of nonlinear system in the presence of
unknown inputs is one of the fascinating relevant topics in the modern control theory. See for
instance [1–6] and references therein.

However, to the best of our knowledge, the idea of using descriptor systems to estimate
the state variables together with unknown inputs is still an open question and it needs more
attention. Briefly, observer design for descriptor systems has been investigated in different
aspects. In this field, we can refer our readers to [7–10] where the authors consider a variety of
nonlinear methods on the descriptor systems with Lipschitz nonlinearities.

On the other hand, the problem of the state estimation for descriptor systems in presence
of noise has also been the subject of several studies in the past decades. There are two popular
methods in this field as Kalman filtering and the H∞ approach. In Kalman filtering, briefly,
the system and the measurement noises are assumed to be Gaussian with known statistics
[11] while for arbitrary type of noise with bounded energy, H∞ filtering can guarantee a noise
attenuation level. [12–14] and references therein are recent research works that have been done
in filtering for descriptor systems.

Inspired by [14], where the authors designed an H∞ filter for a class of nonlinear singular
systems, in this article we try to rewrite our problem as a descriptor system and use the features
of the descriptor systems to estimate the state variables of the system together with the unknown
inputs, simultaneously. To achieve this objective, a sufficient condition for existence of the
designed filter is derived, which requires solving a nonlinear matrix inequality. In order to
facilitate the filter design, the obtained condition is formulated in terms of a linear matrix
inequality (LMI) that can be easily solved by well-known algorithms in this area.

115
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The rest of this paper is organized as follows. In Section 2, we introduce the class of
nonlinear systems with unknown inputs. In Section 3, we propose a new method to design a
reduced-order filter for the systems under study. To validate the proposed nonlinear filter, an
example is shown in Section 4. Conclusions are presented in Section 5.

2 Preliminaries and Problem Statement
Consider the following nonlinear system subject to unknown inputs:

ẋ =Ax+Bu+D f (x)+D1ω+
h

∑
i=1

Fiνi,

y =Cx+D2ω+
h

∑
i=1

Giνi (1)

where x ∈ Rn, u ∈ Rm and y ∈ Rp are the state vector, known input and output vector, respec-
tively. For i = 1, ...,h (h ≤ p), νi ∈ R are unknown inputs that can affect both actuators and
sensor. Matrices A, B, C, D, D1, D2, Fi (for i = 1, ...,h) and Gi (for i = 1, ...,h) are real and with
appropriate dimensions. The function f : Rn → Rq is nonlinear. ω is exogenous disturbance
which belongs to L2[0,∞). The aim is to design a nonlinear filter such that it can estimate the
state vector x together with the unknown inputs νi (for i = 1, ...,h). To specify the class of
nonlinear systems under study, we use the following assumption.

Assumption 1. The function f (x) is nonlinear, and satisfies a Lipschitz constraint as fol-
lows:

‖ f (α)− f (β )‖ ≤ γ‖α−β‖ (2)

where γ > 0 is the Lipschitz constant and ‖x‖=
√

xT x.

3 Main Results
Assume that,

ζ =
[
xT ν1 ν2 ... νh

]T (3)

then, the augmented system dynamics are,

ηζ̇ =Āζ +Bu+D f̄ (ζ )+ D1ω

y =C̄ζ + D2ω (4)

where,

η =
[
In×n 0n×h

]
,

Ā =
[
A F1 F2 ... Fh

]
,

C̄ =
[
C G1 G2 ... Gh

]
(5)
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and,
f̄ (ζ ) = f (ηζ ); f̄ : Rn+h → Rq (6)

We can make the following assumption which will be used in the sequel of the paper.

Assumption 2 rank
[
η
C̄

]
= n+h.

This assumption is necessary for the pair (η ,C̄) to be observable [15]. Now, the aim is to
design a filter such that it can estimate ζ . Consider the following reduced-order filter for the
augmented system (4),

ż = Nz+Ly+Gu+MD f̄ (ζ̂ )

ζ̂ = Jz+Ey (7)

where vector z ∈ Rn−p+h and ζ̂ is the estimation of ζ . The matrices N, L, G, M, J, and E must
be determined such that the error dynamics e = ζ̂ − ζ converge to zero asymptotically. By
defining the error between z and Mηζ ,

ε = z−Mηζ (8)

the error dynamics will be,

ε̇ =Nε+(NMη+LC̄−MĀ)ζ +(G−MB)u+MD( f̄ (ζ̂ )− f̄ (ζ ))+(LD2−MD1)ω (9)

on the other hand,

ζ̂ = Jz+Ey

= Jε+ JMηζ +EC̄ζ +ED2ω

= Jε+(JMη+EC̄)ζ +ED2ω (10)

if there exists a matrix M such that,

G = MB, NMη+LC̄−MĀ = 0, JMη+EC̄ = I (11)

or,

G = MB,
[

N L
J E

][
Mη
C̄

]
=

[
MĀ

I

]
(12)

then (9) and (10) become,

ε̇ = Nε+MD( f̄ (ζ̂ )− f̄ (ζ ))+(LD2−MD1)ω

e = Jε+ED2ω (13)

We will now formulate and solve an H∞ filter design problem with the following conditions:
(1) The filter error (13) with ω = 0 is stable.
(2) Under zero initial condition, the induced L2 norm of the operator from ω to e is less

than μ , i.e. ‖e‖2 < μ‖ω‖2.
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3.1 Stability Analysis
Since e = Jε for ω = 0, obviously the asymptotic stability of ε is sufficient condition for
limt→∞e(t) = 0. The following theorem gives the conditions for stability of the dynamics of
e(t).

Theorem 3.1 Under Assumption 1, for ω = 0 and given a scalar γ > 0, if there exists real
matrices N, J, M, and P > 0 with appropriate dimensions such that the inequalities below are
satisfied,

Γ− I < 0,
[

NT P+PN + γ2JT J PMD
DT MT P −Γ

]
< 0 (14)

then the state estimation error (13) produced by filter (7) tends to zero asymptotically.

Proof. First, consider a Lyapunov functional as:

V = εT Pε (15)

where P is a positive definite matrix. From (13), Assumption 1, and by taking the derivative of
V (t) along the trajectory of (13) for ω = 0, we have

V̇ =ε̇T Pε+ εT Pε̇

=[Nε+MDΔ f̄ ]T Pε+ εT P[Nε+MDΔ f̄ ]

=εT (NT P+PN)ε+Δ f̄ T DT MT Pε+ εT PMDΔ f̄ +Δ f̄ T ΓΔ f̄ −Δ f̄ T ΓΔ f̄ (16)

for Γ < I,

V̇ ≤εT (NT P+PN)ε+Δ f̄ T DT MT Pε+ εT PMDΔ f̄ +Δ f̄ T Δ f̄ −Δ f̄ T ΓΔ f̄ (17)

since,

Δ f̄ T Δ f̄ =Δ f̄ (ζ )T Δ f̄ (ζ ) = Δ f (η̄ζ )T Δ f (η̄ζ ) = Δ f (x)T Δ f (x)≤ γ2eT e (18)

so,

V̇ ≤
[
ε

Δ f̄

]T [NT P+PN + γ2JT J PMD
DT MT P −Γ

][
ε

Δ f̄

]
(19)

It should be noted that if (14) is satisfied then the state estimation error (13) tends to zero
asymptotically for any initial value ε(0). �
3.2 H∞ Design
The following theorem gives the sufficient conditions for (13) to be stable forω = 0 and ‖e‖2 <
μ‖ω‖2 for ω �= 0.
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Theorem 3.2 Consider the system (1) together with the nonlinear filter (7). Under Assumption
1, given admissible Lipschitz constant γ and disturbance tuning parameter μ , there exist matri-
ces N, L, M, J, E, and P > 0 with appropriate dimensions such that the following inequalities
have a feasible solution:

Γ− I < 0, Φ =

⎡
⎣a11 a12 a13

aT
12 −Γ 0

aT
13 0 a33

⎤
⎦< 0 (20)

with,

a11 = NT P+PN +(1+ γ2)JT J,

a12 = PMD,

a13 = P(LD2−MD1)+(1+ γ2)JT ED2,

a33 = (1+ γ2)DT
2 ET ED2−μ2I (21)

Then the state estimation error (13) produced by filter (7) tends to zero asymptotically for
ω = 0 and ‖e‖2 < μ‖ω‖2 for ω �= 0.

Proof. From Theorem 1, we know that system (13) is asymptotically stable if (14) is valid.
Now let ω �= 0,

V̇ =ε̇T Pε+ εT Pε̇

=[Nε+MDΔ f̄ +(LD2−MD1)ω]T Pε+ εT P[Nε+MDΔ f̄ +(LD2−MD1)ω] (22)

by adding and subtracting the right side of (22) by Δ f̄ T ΓΔ f̄ ,

V̇ =εT (NT P+PN)ε+ εT PMDΔ f̄ +Δ f̄ T DT MT Pε

+ωT (LD2−MD1)
T Pε+ εT P(LD2−MD1)

Tω+Δ f̄ T ΓΔ f̄ −Δ f̄ T ΓΔ f̄

≤εT (NT P+PN)ε+Δ f̄ T DT MT Pε+ εT PMDΔ f̄

+ωT (LD2−MD1)
T Pε+ εT P(LD2−MD1)ω+Δ f̄ T Δ f̄ −Δ f̄ T ΓΔ f̄ (23)

from (18),

V̇ ≤εT (NT P+PN)ε+Δ f̄ T DT MT Pε+ εT PMDΔ f̄

+ωT (LD2−MD1)
T Pε+ εT (LD2−MD1)

T Pω+ γ2eT e−Δ f̄ T ΓΔ f̄ (24)

Since,

eT e =εT JT Jε+ωT DT
2 ET ED2ω+ εT JT ED2ωωT DT

2 ET Jε (25)
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By letting λ =
[
ε Δ f̄ ω

]
, the following inequality is obtained through (25)

V̇ + eT e−μ2ωTω ≤ λT Φλ (26)

Clearly, if Φ < 0, then
V̇ ≤ μ2ωTω− eT e (27)

Integrating of both sides of this inequality from zero to infinity yields

V (∞)−V (0)≤ μ2‖ω(t)‖2
2−‖e(t)‖2

2 (28)

for zero initial values, we obtain

V (∞)≤ μ2‖ω(t)‖2
2−‖e(t)‖2

2 (29)

which leads to
‖e(t)‖2

2 < μ2‖ω(t)‖2
2 (30)

and this completes the proof. �
According to [14], (12) has a solution if only if,

rank

⎡
⎢⎢⎣

Mη
C̄

MĀ
I

⎤
⎥⎥⎦= rank

[
Mη
C̄

]
= n (31)

let R be any arbitrary full row rank matrix such that,

rank
[

R
C̄

]
= rank

[
Mη
C̄

]
= n (32)

then there always exist matrices M and K such that,

Mη = R−KC̄ (33)

or, [
M K

][η
C̄

]
= R (34)

Now from Assumption 2, equation (34) always has a solution given by,

[
M K

]
= R

[
η
C̄

]+
(35)

where [.]+ represents any generalized inverse operator satisfying [.][.]+[.] = [.]. Thus,

M = R
[
η
C̄

]+[I
0

]
and K = R

[
η
C̄

]+[0
I

]
(36)
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Also, the general solution for (12) is given by,

[
N L
J E

]
=

[
MĀ

I

][
Mη
C̄

]+
+

[
Y1
Y2

]
(I−

[
Mη
C̄

][
Mη
C̄

]+
) (37)

where [Y T
1 Y T

2 ]T is an arbitrary matrix of appropriate dimension that will be identified later on.
In order to facilitate the filter design, we convert the provided nonlinear inequalities in (20) to
an LMI problem. For this end, let’s define,

α1 =

[
Mη
C̄

]+[I
0

]
(38a)

α2 =

[
Mη
C̄

]+[0
I

]
(38b)

β1 =(I−
[

Mη
C̄

][
Mη
C̄

]+
)

[
I
0

]
(38c)

β2 =(I−
[

Mη
C̄

][
Mη
C̄

]+
)

[
0
I

]
(38d)

so,

N = MĀα1 +Y1β1 (39a)

L = MĀα2 +Y1β2 (39b)

G = MB (39c)

J = α1 +Y2β1 (39d)

E = α2 +Y2β2 (39e)

Theorem 3.3 Consider the system (1) together with the nonlinear filter (7). Under Assumption
1 and Assumption 2 and for a disturbance tuning parameter μ , assume that there exists real
matrices Ȳ1, Y2, and P > 0 with appropriate dimensions, such that the following LMIs have a
feasible solution:

Γ− I < 0,

⎡
⎢⎢⎣

a11 a12 a13 a14
aT

12 −Γ 0 0
aT

13 0 a33 a34
aT

14 0 aT
34 a44

⎤
⎥⎥⎦< 0 (40)
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where,

a11 = αT
1 ĀT MT P+βT

1 Ȳ T
1 +PMĀα1 + Ȳ1β1,

a12 = PM,

a13 = PMDĀα2D2 + Ȳ1β2D2−PMD1,

a14 = αT
1 +βT

1 Y T
2 ,

a33 =−μ2I

a34 = DT
2α

T
2 +DT

2 β
TY T

2

a44 =− 1
1+ γ2 I (41)

and Y1 = P−1Ȳ1. Then the state estimation error (13) produced by filter (7) tends to zero
asymptotically for ω = 0 and ‖e‖2 < μ‖ω‖2 for ω �= 0.

Proof. From Theorem 1, we know that system (13) is asymptotically stable if (14) is valid.
Now let ω �= 0. If we substitute (39) into (14), we will obtain a new matrix new submatrices
M, Y1, Y2, and P. In other words, the problem of finding N, L, M, J, E, and P > 0 in Theorem
2 is now equivalent to the problem of solving (36) for M, (20) for Y1, Y2, and P. Since there is
a multiplication between two unknown matrices Y1 and P, it is not yet an LMI in the variable
Y1 and P. Define a new variable as,

Ȳ1 = PY1 (42)

Now, using Schur complement, (20) is rewritten as (40). Thus we can use the proof of
Theorem 2 to show that state estimation error (13) tends to zero asymptotically and ‖e‖2 <
μ‖ω‖2. �

Based on Theorem 3, the reduced-order estimator algorithm for state estimation and un-
known inputs reconstruction in the class of nonlinear systems under study can be summarized
in the following steps,

1. Find a Lipschitz constant γ0 satisfying Assumption 1.

2. Fix the order q1 of the filter and choose a full row rank matrix R such that (33) is satisfied,
then compute matrix M by (36).

3. Compute α1, α2, β1 and β2 by (38).

4. Solve the LMIs defined by (40) for Ȳ1, Y2, and P.

5. Compute Y1 = P−1Ȳ1.

6. Using Y1 and Y2, compute the filter gains as (39).
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4 Numerical Example
In this section, we show that the proposed filter is effective on a simulation example. Consider
system (1) with parameters,

A =

⎡
⎣−2 1 0

0 −3 −1
0 1 −2

⎤
⎦ , B =

⎡
⎣1

0
0

⎤
⎦ , D =

⎡
⎣0

1
0

⎤
⎦ , D1 =

⎡
⎣1

1
1

⎤
⎦ , F1 =

⎡
⎣1

0
1

⎤
⎦ , F2 =

⎡
⎣1

1
0

⎤
⎦ ,

C =

[
1 0 0
0 1 0

]
, D2 =

[
1
1

]
, G1 =

[
1
0

]
, G2 =

[
0
1

]
(43)

and a nonlinear function,

f (x) = 0.4sin(x1)+0.45cos(x3) (44)

Since there are two different unknown inputs, by choosing augmented states as,

ζ =
[
x1 x2 x3 ν1 ν2

]T (45)

we follow our proposed algorithm to estimate both the real states and unknown inputs at the
same time. According to Assumption 2, the augmented system is observable. For the arbitrary
matrix R (full row rank) as,

R =

⎡
⎣ 1 3 2 0 −1
−1 2 0 1 −2
−3 2 3 0 4

⎤
⎦ , (46)

from (36), M is computed as follows:

M =

⎡
⎣ 1 4 2
−2 4 0
−3 −2 3

⎤
⎦ (47)

Now, using the YALMIP toolbox, for γ0 = 0.45 and μ = 2.5, we can solve the LMI defined in
Theorem 3 with respect to P, Y1 and Y2. One feasible solution is found as,

P =

⎡
⎣ 0.114 −0.054 0.07
−0.054 0.194 0.065
0.070 0.065 0.361

⎤
⎦ ,

Y1 =

⎡
⎣2937.4 3 −1036.2 −380.2 −3327.2

1133.8 −347.1 −416.4 −63.9 −1129.7
−960.6 −106.6 411.8 −6.3 510.6

⎤
⎦ ,

Y2 =

⎡
⎢⎢⎢⎣

97.9 9 220.4 −159.8 −236.5
9 −40.8 153.5 −17.9 65.8

220.4 153.5 −65.3 −35.1 −127.8
−159.8 −17.9 −35.1 67.5 276.7
−236.5 65.7 −127.8 276.7 0.5

⎤
⎥⎥⎥⎦ ,
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Therefore, according to (39), the H∞ observer dynamics are as follows:

ż(t) =

⎡
⎣ −4 0.5 0
−1.3 −2.9 −0.47
1.1 0.63 −2.05

⎤
⎦z(t)+

⎡
⎣ 3 5
−2 2
0 −5

⎤
⎦y(t)

+

⎡
⎣ 1
−2
−3

⎤
⎦u(t)+

⎡
⎣ 4

4
−2

⎤
⎦(0.4sin(x̂1(t))+0.45cos(x̂3(t)))

ζ̂ (t) =

⎡
⎢⎢⎢⎢⎣

0.176 −0.235 −0.118
0.088 0.132 −0.059
0.235 −0.147 0.176
−0.176 0.235 0.118
−0.088 −0.132 0.059

⎤
⎥⎥⎥⎥⎦z(t)+

⎡
⎢⎢⎢⎢⎣

0 0
0 0
0 0
1 0
0 1

⎤
⎥⎥⎥⎥⎦y(t) (48)

In order to simulate the designed filter, the following assumptions are made:

x(0) =
[
3 2 −2

]T
, z(0) =

[
0 0 0

]T
, u(t) = 0.1 (49)

Also we assume that the exogenous disturbance ω(t) is a random signal with amplitude 0.5,
frequency 10 Hertz, and bias 0.1 as depicted in Figure 30. After simulating the designed filter
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Figure 30: Exogenous Disturbance ω(t)

described as (48), results are presented in Figure 31, Figure 32 and Figure 33. The Figure 31
shows the real and estimated state variables for initial conditions given by (49) simultaneously.
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The estimated unknown inputs are shown in Figure 32 and Figure 33, respectively. Based on
Figure 31, Figure 32 and Figure 33, one can see that the filter performs as expected.
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Figure 31: Real (solid) and Estimated (dashed) State Variables

5 Conclusions

In this paper, we have presented a new and efficient approach to design a H∞ filter for a class of
nonlinear system with unknown inputs. The designed filter is able to estimate both states and
unknown inputs, simultaneously. In the proposed method, first we rewrite the system dynamics
as a descriptor system and design an H∞ reduced-order filter for the new system dynamics.
Then, we derive a sufficient condition for existence of the designed filter which requires solving
a nonlinear matrix inequality. In order to facilitate the proposed filter design, the obtained
condition is formulated in terms of LMIs that can be solved by well-known algorithms easily.
Finally, the proposed filter is validated by an example and simulation results are shown.
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Robust state estimation and unknown inputs reconstruction
for a class of nonlinear systems: multiobjective approach

Saleh S. Delshad, Andreas Johansson, Mohamed Darouach, and Thomas Gustafsson

Abstract

We consider a novel method to design H∞ observers for a class of uncertain nonlinear systems
subject to unknown inputs. First, the main system dynamics are rewritten as an augmented
system with state vector including both the state vector of the main system and the unknown
inputs. Then, we design a H∞ reduced-order observer to estimate both state variables and un-
known inputs simultaneously. Based on a Lyapunov functional, we derive a sufficient condition
for existence of the designed observer which requires solving a nonlinear matrix inequality. To
facilitate the observer design, the achieved condition is formulated in terms of a set of linear
matrix inequalities (LMI). By extending the proposed method to a multiobjective optimization
problem, the maximum bound of the uncertainty and the minimum value of the disturbance
attenuation level are found. Finally, the proposed observer is illustrated with an example.

1 Introduction
Observer design for nonlinear systems is a popular problem in control theory that has been
studied in many aspects. Moreover, state estimation of nonlinear system in the presence of
unknown inputs is another fascinating and relevant topic in the modern control theory. We
recommend our readers to see [1–6]. However, there are not so many research efforts that have
been done on reconstructing the unknown inputs. The main motivation behind an unknown
input reconstruction is that in some applications it is either a costly task or not basically doable
to measure some of the inputs [7, 8]. On the other hand, an unknown input can represent
the impact of failure of actuators or plant components and thus worth to be reconstructed and
used in the field of fault detection and isolation [9, 10]. In [11], authors proposed a combined
state and input estimator which is applicable under very strict conditions. [12] tried to extend
[11] in a different way where the design is free of any necessity to be within the bounds of
the unknown input. Moreover, [13] is another recent work which focuses on similar system
dynamics in the discrete-time domain assuming slowly time-varying unknown inputs. It is
worth to know that all the aforementioned works have been done on linear systems and not
all have considered robustness of their method in a way we do in this paper. The purpose
of the present paper is to propose a new observer design dealing with a class of nonlinear
systems including uncertainty and also subject to unknown inputs, process and measurement
noise. The proposed approach is based on the one developed in [14, 15], where in [14] only
the state variables are estimated for a singular system; here we also focus on unknown input
reconstruction for a typical state space realization. In [15], authors consider the same problem
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as we do here; However, we allow uncertainty in the system dynamics and also we focus on
a multiobjective optimization issue as the main contribution of this paper. It should be noted
that there is some well-known research, for instance [16], where the proposed approaches
require the system dynamics to have strictly less number of unknown inputs than measurement
outputs. In comparison with those works, our algorithm is more flexible in the sense that it
only requires the number of unknown inputs to be less than or equal to the number of outputs.
This paper also considers the problem of robustness. On one hand, the proposed observer
design is robust in the sense that it shows a good performance of estimating the state variables
of the system in the presence of unknown input. On the other hand, it minimizes the impact
of any exogenous disturbance on the observer performance. Moreover, our proposed observer
can handle parametric uncertainties in the system dynamics under some conditions. To the
authors’ best knowledge, this kind of analysis of robustness for the class of nonlinear Lipschitz
system is quite new and not fully investigated. See for instance [17] and [18] where authors
have used a similar approach but for different problems. On the way of observer design, a
sufficient condition for existence of the designed observer is derived, which requires solving a
nonlinear matrix inequality. In order to facilitate the observer design, the obtained condition is
formulated in terms of a set of Linear Matrix Inequalities (LMI). We go one step further and
convert the problem to a multiobjective optimization problem for finding the maximum bound
of the uncertainties and minimum disturbance tuning parameter, simultaneously.

The rest of this paper is organized as follows. In Section 2, we introduce a class of non-
linear systems subject to unknown inputs. In Section 3, we propose a new method to design
a reduced-order observer for the systems under study. The obtained nonlinear inequalities in
Section 3 are then formulated as LMIs to facilitate the observer design. The robustness issue is
discussed in Section 4. Later on and in Section 5, we convert the problem to a multiobjective
optimization problem. To validate the proposed nonlinear observer, an example is presented in
Section 6. Conclusions and future work are provided in Section 7.

2 Preliminaries and Problem Statement
Consider the following nonlinear system subject to unknown inputs:

ẋ =Ax+Bu+ f (x)+Fν+D1ω,

y =Cx+Gν+D2ω (1)

where x ∈ Rn, u ∈ Rm, ν ∈ Rh and y ∈ Rp are the state vector, known input, unknown input, and
output vector, respectively. Matrices A, B, C, D1, D2, F and G are real and with appropriate
dimensions. The function f is nonlinear and assumed to be differentiable. ω ∈ Rnω is an
exogenous disturbance containing both system and measurement noise. To specify the class of
nonlinear systems under study, we use the following assumption.

Assumption 1. The function f (x) is nonlinear and satisfies Lipschitz constraint as follows:

‖Δ f‖= ‖ f (σ1)− f (σ2)‖ ≤ γ‖σ1−σ2‖ ∀σ1,σ2 ∈ Rn (2)

where ‖.‖ is the 2-norm and γ > 0 is the Lipschitz constant.
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3 Main Results
Let ζ =

[
xT νT ]T , then the augmented system dynamics are,

E ζ̇ =Āζ +Bu+ f (E ζ )+ D1ω

y =C̄ζ + D2ω (3)

Where E =
[
In×n 0n×h

]
, Ā =

[
A F

]
and C̄ =

[
C G

]
. We can make the following assump-

tion which will be used in the sequel of the paper.

Assumption 2 rank
[
E
C̄

]
= n+h.

Now, the aim is to design a robust observer such that it can estimate ζ . Consider the
following reduced-order observer for the augmented system (3),

ż = Nz+Ly+Gu+M f (E ζ̂ )

ζ̂ = Jz+Ey (4)

where z ∈ Rn−p+h and ζ̂ is the estimate of ζ . The matrices N, L, G, M, J, and E must be
determined such that the error dynamics e= ζ̂−ζ converge to zero asymptotically. By defining
the error between z and ME ζ ,

ε = z−ME ζ (5)

the error dynamics become,

ε̇ =Nε+(NME +LC̄−MĀ)ζ +(G−MB)u+M( f (E ζ̂ )− f (E ζ ))+(LD2−MD1)ω (6)

On the other hand,

ζ̂ = Jz+Ey

= Jε+(JME +EC̄)ζ +ED2ω (7)

Now, if there exists a matrix M such that,

G = MB, NME +LC̄−MĀ = 0, JME +EC̄ = I (8)

or,

G = MB,
[

N L
J E

][
ME
C̄

]
=

[
MĀ

I

]
(9)

then (6) and (7) become,

ε̇ = Nε+MΔ f +(LD2−MD1)ω

e = Jε+ED2ω (10)

where Δ f = f (E ζ̂ )− f (E ζ ). We will now formulate and solve an H∞ observer design problem
with the following conditions:

1. The observer error (10) with ω = 0 is stable.

2. Under zero initial condition, ‖e‖2 < μ‖ω‖2.
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3.1 Stability Analysis
Since e = Jε for ω = 0, obviously the asymptotic stability of ε is sufficient condition for
limt→∞e(t) = 0. The following theorem gives conditions for stability of e(t).

Theorem 3.1 Consider the system (1) together with the nonlinear observer (4). Assume that,
given admissible Lipschitz constant γ > 0 (satisfying Assumption 1) and for ω = 0, if there
exists real matrices N, J, M, and P > 0 with appropriate dimensions (satisfying (9)) such that
the inequalities below are satisfied,

Γ− I < 0,
[

NT P+PN + γ2JT J PM
MT P −Γ

]
< 0 (11)

then the state estimation error (10) produced by observer (4) tends to zero asymptotically.

Proof. First, consider a Lyapunov functional of V = εT Pε; where P is a positive definite
matrix. From (10), Assumption 1, and by taking the derivative of V (t) along the trajectory of
(10) for ω = 0, we have

V̇ =ε̇T Pε+ εT Pε̇

=[Nε+MΔ f ]T Pε+ εT P[Nε+MΔ f ] (12)

by adding and subtracting Δ f T ΓΔ f to the right side of (12),

V̇ =εT (NT P+PN)ε+Δ f T MT Pε+ εT PMΔ f +Δ f T ΓΔ f −Δ f T ΓΔ f (13)

and for Γ < I,

Δ f T ΓΔ f ≤ Δ f (E ζ )T Δ f (E ζ )≤γ2(E (ζ̂ −ζ ))T E (ζ̂ −ζ ) = γ2eT e (14)

(13) leads to,

V̇ ≤
[
ε

Δ f

]T [NT P+PN + γ2JT J PM
MT P −Γ

][
ε

Δ f

]
(15)

It should be noted that if (11) is satisfied (V̇ < 0) then the state estimation error (10) tends to
zero asymptotically for any initial value ε(0). �
3.2 H∞ Design
The following theorem gives a sufficient condition for (10) to be stable for ω = 0 and ‖e‖2 <
μ‖ω‖2 for ω �= 0.

Theorem 3.2 Consider the system (1) under Assumption 1 together with the nonlinear ob-
server (4). Assume that, given admissible Lipschitz constant γ > 0 and disturbance tuning pa-
rameter μ , there exist matrices N, L, M, J, E, and P> 0 with appropriate dimensions satisfying
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(9), then the state estimation error (10) produced by observer (4) tends to zero asymptotically
for ω = 0 and ‖e‖2 < μ‖ω‖2 for ω �= 0 if the following inequalities are satisfied:

Γ− I < 0, Φ =

⎡
⎣a11 a12 a13

aT
12 −Γ 0

aT
13 0 a33

⎤
⎦< 0 (16)

with,

a11 = NT P+PN +(1+ γ2)JT J,

a12 = PM,

a13 = P(LD2−MD1)+(1+ γ2)JT ED2,

a33 = (1+ γ2)DT
2 ET ED2−μ2I (17)

Proof. From Theorem 1, we know that system (10) is asymptotically stable if (11) is valid.
Now let ω �= 0, then

V̇ =ε̇T Pε+ εT Pε̇

=[Nε+MΔ f +(LD2−MD1)ω]T Pε+ εT P[Nε+MΔ f +(LD2−MD1)ω] (18)

By adding and subtracting Δ f T ΓΔ f to right side of (18), we have

V̇ =εT (NT P+PN)ε+ εT PMΔ f +Δ f T MT Pε

+ωT (LD2−MD1)
T Pε+ εT P(LD2−MD1)ω+Δ f T ΓΔ f −Δ f T ΓΔ f (19)

From (14), it follows that

V̇ ≤εT (NT P+PN)ε+Δ f T MT Pε+ εT PMΔ f

+ωT (LD2−MD1)
T Pε+ εT P(LD2−MD1)ω+ γ2eT e−Δ f T ΓΔ f (20)

Now, since,

eT e =εT JT Jε+ωT DT
2 ET ED2ω+ εT JT ED2ω+ωT DT

2 ET Jε (21)

and defining Ω =
[
ε Δ f ω

]
, the following inequality is obtained through (20) and (21)

V̇ + eT e−μ2ωTω ≤ΩT ΦΩ (22)

Clearly, if Φ < 0, then
V̇ ≤ μ2ωTω− eT e (23)

Integrating of both sides of (23) from zero to infinity yields

V (∞)−V (0)≤ μ2‖ω(t)‖2
2−‖e(t)‖2

2 (24)

and for zero initial values, we obtain

V (∞)≤ μ2‖ω(t)‖2
2−‖e(t)‖2

2 (25)

which leads to ‖e(t)‖2
2 < μ2‖ω(t)‖2

2 and this completes the proof. �
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4 Robustness Discussion and Extracting LMIs
In this section, we assume that the system dynamics (1) is uncertain and described as,

ẋ = (A0 +δA)x+Bu+ f0(x)+δ f (x)+Fν+D1ω (26)

where A0 and f0(x) are nominal. We define a new nonlinear function as follows:

f (x) = f0(x)+δ f (x)+δAx (27)

Suppose that,

‖δ f (σ1)+δAσ1−δ f (σ2)−δAσ2)‖ ≤ (δγ+‖δA‖)‖σ1−σ2‖ (28)

which means that the Lipschitz constant is affected as,

‖ f (σ1)− f (σ2)‖ ≤ ‖ f0(σ1)− f0(σ2)‖+‖δ f (σ1)+δAσ1−δ f (σ2)−δAσ2‖
≤ (γ0 +δγ+‖δA‖)‖σ1−σ2‖ (29)

Clearly, assuming that γ0 is known, the maximum admissible bound δγ+‖δA‖ can be calcu-
lated if we can find the maximum value of γ via an optimization problem.

According to [14], (9) has a solution if and only if,

rank

⎡
⎢⎢⎣

ME
C̄

MĀ
I

⎤
⎥⎥⎦= rank

[
ME
C̄

]
= n+h (30)

let R be any arbitrary full row rank matrix such that,

rank
[

R
C̄

]
= rank

[
ME
C̄

]
= n+h (31)

then there always exist matrices M and K such that,

ME = R−KC̄ ⇒ [
M K

][E
C̄

]
= R (32)

Under Assumption 2, a solution for (32) is given by,

[
M K

]
= R

[
E
C̄

]+
(33)

where A+ represents any generalized inverse of A satisfying AA+A = A. Thus,

M = R
[
E
C̄

]+[I
0

]
and K = R

[
E
C̄

]+[0
I

]
(34)
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Also, the general solution to (9) is given by,

[
N L
J E

]
=

[
MĀ

I

][
ME
C̄

]+
+

[
Y1
Y2

]
(I−

[
ME
C̄

][
ME
C̄

]+
) (35)

where [Y T
1 Y T

2 ]T is an arbitrary matrix of appropriate dimension that will be identified later
on. In order to facilitate the observer design by converting the procedure to an LMI based
approach, we define the following matrices,

α1 =

[
ME
C̄

]+[I
0

]
, β1 = (I−

[
ME
C̄

][
ME
C̄

]+
)

[
I
0

]
,

α2 =

[
ME
C̄

]+[0
I

]
, β2 = (I−

[
ME
C̄

][
ME
C̄

]+
)

[
0
I

]
(36)

Then we have

N = MĀα1 +Y1β1 (37a)

L = MĀα2 +Y1β2 (37b)

G = MB (37c)

J = α1 +Y2β1 (37d)

E = α2 +Y2β2 (37e)

The following theorem gives a condition for existence of the matrix parameters Y1 and Y2.

Theorem 4.1 Consider the system (1) under Assumption 1 and Assumption 2 together with
the nonlinear observer (4) where the system is uncertain and described as in (26). For a given
disturbance tuning parameter μ , there exist real matrices Ȳ1, Y2, and P > 0 with appropriate
dimensions such that the state estimation error (10) produced by observer (4) tends to zero
asymptotically for ω = 0 and ‖e‖2 < μ‖ω‖2 for ω �= 0 if the following LMI optimization
problem has a feasible solution:

min. ρ

s.t. Γ− I < 0,

⎡
⎢⎢⎣

a11 a12 a13 a14
aT

12 −Γ 0 0
aT

13 0 a33 a34
aT

14 0 aT
34 a44

⎤
⎥⎥⎦< 0 (38)
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where,

a11 = αT
1 ĀT MT P+βT

1 Ȳ T
1 +PMĀα1 + Ȳ1β1,

a12 = PM,

a13 = PMĀα2D2 + Ȳ1β2D2−PMD1,

a14 = αT
1 +βT

1 Y T
2 ,

a33 =−μ2I

a34 = DT
2α

T
2 +DT

2 β
T
2 Y T

2

a44 =−ρI (39)

and Y1 = P−1Ȳ1. In case of having a feasible solution, the maximum bound of the uncertainty
can be calculated as (δγ+‖δA‖)max =

√
1
ρ −1− γ0.

Proof. From Theorem 1, we know that system (10) is asymptotically stable if (11) is valid.
Now let ω �= 0. Since we try to maximize γ , we define a new variable ρ = 1

1+γ2 satisfying:

0 < ρ <
1

1+ γ2
0

(40)

If we substitute (37) and ρ = 1
1+γ2 into (11), we will obtain a new inequality including variable

ρ and new submatrices M, Y1, Y2, and P. In other words, the problem of finding N, L, M, J,
E, and P > 0 in Theorem 2 is now equivalent to the problem of solving (34) for M, (16) for
Y1, Y2, and P. Since there is a multiplication between two unknown matrices Y1 and P, it is
not yet an LMI in the variable Y1 and P. Defining a new variable Ȳ1 = PY1 and also applying
Schur complement to (16), (38) is obtained which implies that state estimation error (10) tends
to zero asymptotically and ‖e‖2 < μ‖ω‖2. The proof is straightforward and the theorem is
proved immediately. �

5 Multiobjective Optimization
Now, we want to reformulate the problem of robust H∞ observer design in Theorem 3 to a
multiobjective optimization problem where finding the maximum bound uncertainty and also
minimum disturbance tuning level are objectives. In order to achieve these objectives, we
use Pareto multi-objective optimization, i.e. optimization of a linear combination of several
optimality criteria [21] resulting in a trade-off between these. See theorem below.

Theorem 5.1 Consider the system (1) under Assumption 1 and Assumption 2 together with
the nonlinear observer (4) where the system is uncertain and described as in (26). For scalars
ρ , 0 ≤ λ ≤ 1, there exists real matrices Ȳ1, Y2, and P > 0 with appropriate dimensions such
that the state estimation error (10) produced by observer (4) tends to zero asymptotically for
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ω = 0 and ‖e‖2 < μ‖ω‖2 for ω �= 0 if the following LMI optimization problem has a feasible
solution:

min. [λρ+(1−λ )μ̄]

s.t. Γ− I < 0,

⎡
⎢⎢⎣

a11 a12 a13 a14
aT

12 −Γ 0 0
aT

13 0 a33 a34
aT

14 0 aT
34 a44

⎤
⎥⎥⎦< 0 (41)

where,

a11 = αT
1 ĀT MT P+βT

1 Ȳ T
1 +PMĀα1 + Ȳ1β1,

a12 = PM,

a13 = PMĀα2D2 + Ȳ1β2D2−PMD1,

a14 = αT
1 +βT

1 Y T
2 ,

a33 =−μ̄I

a34 = DT
2α

T
2 +DT

2 β
T
2 Y T

2

a44 =−ρI (42)

and Y1 = P−1Ȳ1. In case of having a feasible solution, maximum bound of the uncertainty
and a minimum bound of the disturbance tuning parameter is respectively calculated as (δγ+
‖δA‖)max =

√
1
ρ −1− γ0 and μmin =

√
μ̄ .

Proof. First assume that μ̄ = μ2. In order to optimize two parameters ρ and μ̄ simultane-
ously, a scalarization method including two optimality criteria is used. According to [21], since
each of these optimization problems is convex, the scalarized problem is also convex. The rest
of the proof is the same as the proof of Theorem 3. �

Based on Theorem 4, the reduced-order estimator algorithm for state and unknown inputs
estimation in the class of uncertain nonlinear systems under study can be summarized in the
following steps,

1. Find a Lipschitz constant γ0 satisfying Assumption 1.

2. Under Assumption 2, compute matrix M by (34).

3. Compute α1, α2, β1 and β2 by (36).

4. Solve the LMIs defined by (41) for Ȳ1, Y2, and P.

5. Compute Y1 = P−1Ȳ1.

6. Using Y1 and Y2, compute the observer gains as (37).
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7. Compute (δγ+‖δA‖)max =
√

1
ρ −1− γ0.

8. Compute μmin =
√
μ̄ .

6 Example

In this section, we show that the proposed observer is effective on a simulation example. Con-
sider the chaotic Rössler system described as follows [20]:

ẋ =

⎡
⎣0 −1 −1

1 a+δa 0
0 0 −(c+δc)

⎤
⎦x+

⎡
⎣ 0

0
x1x3 +b+δb

⎤
⎦+

⎡
⎣0 1

1 1
1 0

⎤
⎦[ν1
ν2

]
+

⎡
⎣1

1
1

⎤
⎦ω

y =
[

0 1 0
1 0 0

]
x+

[
0 1
1 0

][
ν1
ν2

]
+

[
1
1

]
ω (43)

where the parameters a = b = 0.2 and c = 5.7. In the presence of no unknown input with
δa = δb = δc = 0 the initial condition x(0) = [5 5 5]T in a noiseless environment ensures the
existence of a chaotic attractor as shown the phase portrait in Figure 38. The state equations of
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Figure 34: The chaotic trajectories of the Rössler System
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(32) can be rewritten as:

ẋ =

⎡
⎣0 −1 −1

1 a 0
0 0 −c

⎤
⎦x+

⎡
⎣ 0

δax2
−δcx3 + x1x3 +b+δb

⎤
⎦+

⎡
⎣0 1

1 1
1 0

⎤
⎦[ν1
ν2

]
+

⎡
⎣1

1
1

⎤
⎦ω (44)

In order to find the Lipschitz constant, we assume that:

|x1| ≤ x̄1, |x2| ≤ x̄2, |x3| ≤ x̄3 (45)

where the upper bounds are computed via simulation in nominal case (δa = δb = δc = 0). For
a given [x1,1 x2,1 x3,1]

T and [x1,2 x2,2 x3,2]
T ,

‖δax2,2−δax2,1‖ ≤ ‖δax̃2‖ ≤ ‖[0 δa 0]‖‖x̃‖ (46)

also,

‖−δcx3,2 + x1,2x3,2 +b+δcx3,1− x1,1x3,1−b‖ ≤‖−δcx̃3 + x3,2x̃1− x1,1x̃3‖
≤‖[x̄3 0 |δc|+ x̄1]‖‖x̃‖ (47)

where x̃1 = x1,2− x1,1, x̃2 = x2,2− x2,1 and x̃3 = x3,2− x3,1. Hence, the Lipschitz constant can
be selected as,

γ =
√
‖[0 δa 0]‖2 +‖[x̄3 0 |δc|+ x̄1]‖2 (48)

In nominal case (δa = δb = δc = 0) and from numerical simulation, x̄1 = 12, x̄2 = 11, x̄3 = 23
and thus γ0 = 25.9. For high values of the Lipschitz constant (as in this example), it is common
to deal with lack of feasible solution of the provided LMIs. In order to relax the feasibility of
the provided LMIs, a similarity transformation is used [19]. Using a similarity transformation
x = Tκ where T is a diagonal matrix as:

T =

⎡
⎣1 0 0

0 1 0
0 0 100

⎤
⎦ (49)

system (44) is transformed to a new system with a new and small nominal Lipschitz constant
γ0,new = 0.259. It should be noted that the state estimate x̂ can be easily computed by x̂ = T κ̂ .
Since there are two unknown inputs, we choose augmented state variables as,

ζ =
[
κ1 κ2 κ3 ν1 ν2

]T (50)

It should be highlighted that rank
[
E C̄

]T
= 5 and thus (32) has a solution. We follow our

proposed algorithm to estimate both the real state variables and unknown inputs at the same
time. For the arbitrary full row rank matrix R, we obtain from (34)

R =

⎡
⎣−1 1 0 0 1

1 1 −1 1 −1
−1 −1 0 1 0

⎤
⎦−−−−→M =

⎡
⎣−1 0 0

0 2 −1
−2 −1 0

⎤
⎦
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To validate the proposed observer design, the defined LMI in Theorem 4 has been solved
by means of YALMIP toolbox [22] (SeDuMi solver), and for γ0 = 0.259 and λ = 0.5, resulting
in a feasible LMI problem. From the corresponding solutions, the following observer observer
dynamics in κ-coordinates are constructed:

ż(t) =

⎡
⎣ 401 −100 −201

19.6 −5.7 −9.8
803.6 −200 −402.8

⎤
⎦z(t)+

⎡
⎣ 0 −1

2 2
−1 −3

⎤
⎦y(t)+

⎡
⎣ 0
κ̂1κ̂3+0.2

100
0

⎤
⎦

ζ̂ (t) =

⎡
⎢⎢⎢⎢⎣
−1 0 0
2 0 −1
4 −1 −2
1 0 0
−2 0 1

⎤
⎥⎥⎥⎥⎦z(t)+

⎡
⎢⎢⎢⎢⎣

0 0
0 0
0 0
0 1
1 0

⎤
⎥⎥⎥⎥⎦y(t) (51)

and x̂ = T κ̂ . In order to simulate the designed observer, we assume z(0) = [0,0,0]T , and u(t) =
0. Also we assume that the exogenous disturbance ω(t) is a random signal with amplitude
0.001 and frequency 10 Hertz. The simulation results are presented in Figure 35 to Figure 37.
Figure 35 shows the real and estimated states for the given initial conditions. The reconstructed
unknown inputs are shown in Figure 36. Based on provided figures, one can see that the
observer performs as expected.
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Figure 35: Real (solid) and estimated (dashed) state variables

Figure 37 shows the optimal trade-off curves between δγ and disturbance tuning parameter
μ with respect to λ . Here, the trade-off between disturbance attenuation and robustness is
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Figure 36: Estimates of unknown inputs

evident. The smaller values of λ result in better disturbance attenuation (smaller μ) but also
reduce the allowed uncertainty in the nonlinearity (smaller δγ).
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7 Conclusions and Future Work
In this paper, we have presented a new and efficient approach to design an H∞ observer for
a class of uncertain nonlinear systems subject to unknown inputs. The designed observer is
able to estimate both state variables and unknown inputs, simultaneously. In the proposed
method, we first define a new set of state variables including the state vector of the main system
and the unknown inputs, and design an H∞ reduced-order observer for the augmented system
dynamics. Then, we derive a sufficient condition for existence of the designed observer which
requires solving a nonlinear matrix inequality. In order to facilitate the proposed observer
design, the obtained condition is formulated in terms of LMIs. Conversion of the problem to a
multiobjective problem by using Pareto approach is another part of this paper. An interesting
direction for future research is an alternative approach for reducing the conservativeness when
dealing with large Lipschitz constants. What we have used here is utilizing a transformation
matrix to reduce the value of Lipschitz constant and make the entire problem less conservative
to this value.
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Observer-based control design for a class of nonlinear
systems subject to unknown inputs: LMI approach

Saleh S. Delshad, Thomas Gustafsson, Hamid Reza Karimi, and Ali Zemouche

Abstract

This paper deals with the problem of observer-based controller design for a class of nonlinear
systems subject to unknown inputs. A novel method is presented to design a controller us-
ing estimated state variables which guarantees all the state variables of the closed-loop system
converge to the vicinity of the origin and stay there forever. This is done via satisfying several
sufficient conditions in terms of nonlinear matrix inequalities. In light of linear algebra, par-
ticularly matrix decompositions, the achieved conditions will be converted to a Linear Matrix
Inequality (LMI) problem to facilitate the procedure of computing the observer and controller
gains. Finally, the effectiveness of the proposed method is illustrated by implementing on a
highly nonlinear chaotic system.

1 Introduction

Observer-based control design is a typical structure in control engineering systems. As a con-
trol engineer, we always try to design a ”suitable” controller in the sense that it achieves a
desired performance from different perspectives. To do this duty, having all the state variables
is necessary which is, unfortunately, not always available due to economical and technological
reasons. Therefore, a new, general and more complicated problem of observer-based control
design is appeared composing both problems of state estimation and controller design. In other
words, the operation of an observer-based control design is first recovering the unavailable state
variables and then it uses the estimates in controller design to achieve a desired performance.

Considering a process as a linear or nonlinear systems constitutes to two different observer-
based control designs as linear and nonlinear. See for instance [1–5] and references therein.
In the field of nonlinear systems, which is the main focus of this paper, high gain observer-
based controller design is quite well known [6]. Even though this type of controllers work
perfect for nonlinear systems, they are not robust and are very sensitive to measurement noise.
Readers are recommended to see [7–9] and references therein. Another point is that finding
a suitable nonlinear transformation for conversion of a system to a triangular system and then
applying high gain observer is not an easy task. It should be noted that the high gain method
or nonlinear transformations based methods are not considered in this paper. However, what
we focus on this paper is LMI-based approach which is easy to be designed and implemented.
Moreover, there is a possibility for this approach to be extended to stochastic framework. See
for instance [10, 11]. Regarding LMI approach, one of the relevant topics, which is not fully
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investigated in the literature, is how to design an observer-based controller for a nonlinear
system subject to unknown inputs. This subject is the main contribution of this paper.

Briefly, unknown inputs can contain any modeling errors or plant variations and they have
a significant impact on the behavior of the system. It should be noted that, in case of unknown
input, typical observer designs usually fail and thus the desired control performance cannot be
achieved. Therefore, proposing an improved observer structure to conquer this issue seems to
be an essential. Regarding unknown input observers (UIO), there are different methods in the
case of nonlinear systems. [12–20] are some of the recent works in the literature. As mentioned
before, to the best of authors’ knowledge, a combination of observer design and stabilization
of the closed-loop systems subject to unknown inputs has not been fully investigated in the
literature, which motivates us for this study.

In this paper, we present a step by step observer-based control design for a class of nonlinear
Lipschitz systems subject to unknown inputs. By proposing this structure, a state feedback
controller is constructed which uses the estimated state variables and reduces the impact of the
unknown input on the stabilized state.

The rest of this paper is organized as follows. In Section 2, we introduce the class of
nonlinear Lipschitz systems with unknown inputs. In Section 3, a new method to design an
observer-based controller for the class of the systems under study is proposed. Based on a
Lyapunov theory, we propose a sufficient condition in terms of two nonlinear matrix inequali-
ties to guarantee the stabilization of the closed-loop system. The obtained inequalities are then
further formulated as a Linear Matrix Inequality (LMI) problem. The proposed method is then
implemented on a highly nonlinear chaotic system and simulation results are shown in Section
4. Conclusions and future work are presented in Section 5.

Notations. Throughout this paper, we use the following notations:

• Rn denotes the n-dimensional Euclidean space;

• Sym{A} is the shorthand notation for A+AT ;

• P > 0 means that P is real symmetric and positive definite;

• Symbol ∗ denotes the elements below the main diagonal of a symmetric block matrix;

• I and O represent the identity matrix and a zero matrix, respectively;

• ‖.‖ refers to the Euclidean vector norm.

2 Preliminaries and Problem Statement
Consider the following nonlinear system subject to unknown input:

ẋ =Ax+Bu+D f (x)+Eμ,

y =Cx (1)
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where x ∈ Rn, u ∈ Rm, μ ∈ Rq and y ∈ Rp are the state vector, known input, unknown input
(‖μ‖ ≤ β ) and measured output, respectively. Matrices A, B, C, D, and E are real and with
appropriate dimensions. The function f is nonlinear and is assumed to be differentiable once.
Before ending this section, the following preliminaries are presented which will be used in the
sequel.

Definition 1. [21] The equilibrium state x∗ is said to be stable in the sense of Lyapunov if,

∀α > 0,∃r > 0, ‖x(0)‖< r =⇒ ∀t ≥ 0,‖x(t)‖< α (2)

Lemma 2.1 For given matrices R and S with appropriate dimensions, the following inequality
holds for any invertible matrix N > 0 and scalar ε > 0,

RT S+ST R≤ εRT NR+
1
ε

ST N−1S (3)

Lemma 2.2 (Schur Lemma [22]) Let M1, M2, and M3 be three matrices of appropriate di-
mensions such that M1 = MT

1 and M3 = MT
3 . Then,[

M1 M2
∗ M3

]
< 0 (4)

iff M3 < 0 and M1−M2M−1
3 MT

2 < 0.

Assumption 1. The function f (x) is nonlinear and satisfies Lipschitz constraint with γ ≥ 0
as follows:

‖ f (λ2)− f (λ1)‖ ≤ γ‖λ2−λ1‖ ∀λ1,λ2 ∈ Rn (5)

3 Main Results
Consider the following observer-based control structure:

˙̂x =Ax̂+Bu+D f (x̂)+L(y−Cx̂)

u =−Kx̂ (6)

where x̂ is the estimation of x. Our aim is to find the gains L and K such that the state variables
of the closed-loop system converge to vicinity of the origin. By defining the state estimation
error as,

e = x− x̂ (7)

an augmented realization is obtained as follows:[
ẋ
ė

]
=

[
A−BK BK

O A−LC

][
x
e

]
+

[
D f

DΔ f

]
+

[
E
E

]
μ (8)

where Δ f = f (x)− f (x−e). The following theorem gives a sufficient condition for stability of
closed-loop dynamics Eq. (8).
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Theorem 3.1 For given scalars εc1 > 0, εc2 > 0, εo1 > 0, εo2 > 0 and Lipschitz constant γ ≥ 0,
if there exist real matrices L, K, P > 0 and Q > 0 with appropriate dimensions such that the
following inequalities hold, [

Ω11 PBK
∗ Ω22

]
< 0 (9)

where,

Ω11 = sym{P(A−BK)}+ 1
εc1

PDDT P+
1
εc2

PEET P+(εc1γ
2 +(εo2 + εc1)

β 2

α2 )I < 0 (10)

Ω22 = sym{Q(A−LC)}+ 1
εo1

QDDT Q+ εo1γ
2I +

1
εo2

QEET Q < 0 (11)

then the state variables of the closed-loop system (8) converge to vicinity of origin ‖x‖ < α
and stay there forever.

Proof. Consider a Lyapunov function as V (x,e) =V1(x)+V2(e) with,

V1(x) = xT Px, V2(e) = eT Qe (12)

where P and Q are positive definite matrices. By taking the derivative of V (x,e) along the time,

V̇ (x,e) = V̇1(x)+V̇2(e) (13)

using Eq. (8), Lemma 1 and Assumption 1,

V̇1 =ẋT Px+ xT Pẋ

=((A−BK)x+BKe+D f +Eμ)T Px+ xT P((A−BK)x+BKe+D f +Eμ)

≤xT (sym{P(A−BK)}+ 1
εc1

PDDT P+
1
εc2

PEET P)x+ εc1 f T f + εc2μ
Tμ

+ xT PKT BT e+ eT PBKx

≤xT (sym{P(A−BK)}+ εc1γ
2I +

1
εc1

PDDT P+
1
εc2

PEET P)x

+ εc2β
2I + xT PKT BT e+ eT PBKx (14)

In this step and according to Definition 1, a region around the origin as ‖x‖< α is defined.
We show that for any initial value of x(0), x(t) converges to this region and stays there forever.
Within the region ‖x‖ ≥ α , the following inequality is used:

xT x≥ α2 ⇒ β 2

α2 xT x≥ β 2 (15)



3. MAIN RESULTS 153

Then, Eq. (14) is rewritten as follows:

V̇1 ≤ xT (sym(P(A−BK))+
1
εc1

PDDT P+
1
εc2

PEET P+(εc1γ
2 + εc2

β 2

α2 )I)x

+ xT PKT BT e+ eT PBKx (16)

On the other hand,

V̇2 =ėT Qe+ eT Qė

=((A−LC)e+DΔ f +Eμ)T Qe+ eT Q((A−LC)e+DΔ f +Eμ)

=eT (sym{Q(A−LC)})e+ sym{eT QDΔ f + eT QEμ} (17)

Similarly, by using Lemma 1, Assumption 1 and Eq. (15), we have

V̇2 ≤eT (sym{Q(A−LC)}+ 1
εo1

QDDT Q+
1
εo2

QEET Q+ εo1γ
2I)e+ εo2

β 2

α2 xT x (18)

Obviously, from Eq. (16) and Eq. (18) we have

V̇ (x,e)≤
[

x
e

]T [Ω11 PBK
∗ Ω22

][
x
e

]
< 0 (19)

where Ω11 and Ω22 are as Eq. (10) and Eq. (11), respectively. Notice that V̇ < 0, if the
following matrix inequality holds: [

Ω11 PBK
∗ Ω22

]
< 0 (20)

Therefore, based on the Lyapunov stability theory, the states of the closed-loop system con-
verge to vicinity of origin in ‖x‖< α and stay there forever. �

To design the observer-based controller Eq. (6) and get the stability of the closed-loop
system Eq. (8), it is necessary to find matrices L, K, P > 0 and Q > 0 by any means such
that inequality in Eq. (9) is satisfied. However, the matrix inequality Eq. (9) is a Bilinear
Matrix Inequality (BMI), which is not exploitable numerically. To tackle this problem, we try
to convert Eq. (9) to an LMI problem and get a feasible solution through. For more information
about LMIs and BMIs, our reader are recommended to see [23].

Theorem 3.2 For given scalars ε > 0, εc1 > 0, εc2 > 0, εo1 > 0, εo2 > 0 and Lipschitz constant
γ ≥ 0, if there exist real matrices Γ > 0, Q > 0, K̃, and L̃ with appropriate dimensions such
that the following inequality holds,⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎣

δ11 O Γ O O BK̃ O
∗ δ22 O QD QE O I
∗ ∗ −δ33 O O O O
∗ ∗ ∗ −εo1I O O O
∗ ∗ ∗ ∗ −εo2I O O
∗ ∗ ∗ ∗ ∗ −1

εΓ O
∗ ∗ ∗ ∗ ∗ ∗ −εΓ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0 (21)
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where,

δ11 =sym{AΓ−BK̃}+ 1
εc1

DDT +
1
εc2

EET

δ22 =sym{QA− L̃C)}+ εo1γ
2I

δ33 =
1

(εc1γ2 +(εo2 + εc2)
β 2

α2 )
I (22)

hence the observer-based control gains are K = K̃Γ−1 and L = Q−1L̃, and the state variables
of the closed-loop system converge to vicinity of origin in ‖x‖< α and stay there forever.

Proof. First, it is worth to notice that (9) is congruent with the following inequality:[
P−1 O
O In

][
Ω11 PBK
∗ Ω22

][
P−1 O
O In

]
< 0 (23)

After doing the multiplication and letting Γ = P−1,[
Ω̄11 BK
∗ Ω̄22

]
< 0 (24)

where,

Ω̄11 = sym{(A−BK)Γ}+ 1
εc1

DDT +
1
εc2

EET +(εc1γ
2 +Γ(εo2 + εc1)

β 2

α2 )Γ < 0 (25)

Ω̄22 = sym{Q(A−LC)}+ 1
εo1

QDDT Q+ εo1γ
2I +

1
εo2

QEET Q < 0 (26)

Using Schur lemma, Eq. (24) can be equivalently transformed to the following inequality:⎡
⎢⎢⎢⎢⎣
δ11 BK Γ O O
∗ δ22 O QD QE
∗ ∗ −δ33 O O
∗ ∗ ∗ −εo1I O
∗ ∗ ∗ ∗ −εo2I

⎤
⎥⎥⎥⎥⎦< 0 (27)

where δ11, δ22 and δ33 are as Eq. (22). Now, the Eq. (27) can be rewritten under the following
form:

Δ+

⎡
⎢⎢⎢⎢⎣

BK
0
0
0
0

⎤
⎥⎥⎥⎥⎦
[
0 I 0 0 0

]
+

⎡
⎢⎢⎢⎢⎣

0
I
0
0
0

⎤
⎥⎥⎥⎥⎦
[
(BK)T 0 0 0 0

]
< 0 (28)
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with,

Δ =

⎡
⎢⎢⎢⎢⎣
δ11 O Γ O O
∗ δ22 O QD QE
∗ ∗ −δ33 O O
∗ ∗ ∗ −εo1I O
∗ ∗ ∗ ∗ −εo2I

⎤
⎥⎥⎥⎥⎦ (29)

Using Lemma 2.1 and Eq. (24), we deduce that

[
Ω̄11 BK
∗ Ω̄22

]
≤ Δ+ εRT NR+

1
ε

ST N−1S (30)

by letting the key idea of N = Γ, and also Schur lemma, Eq. (24) holds if the following
inequality is fulfilled:

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

δ11 O Γ O O BKΓ O
∗ δ22 O QD QE O I
∗ ∗ −δ33 O O O O
∗ ∗ ∗ −εo1 O O O
∗ ∗ ∗ ∗ −εo2 O O
∗ ∗ ∗ ∗ ∗ −1

εΓ O
∗ ∗ ∗ ∗ ∗ ∗ −εΓ

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0 (31)

with δ11, δ22 and δ33 as Eq. (22). It should be noted that Eq. (31) is identical to Eq. (21) using
a change of variables K = K̃Γ−1 and L = Q−1L̄. Hence, under the LMI condition Eq. (21), the
Eq. (9) holds, which equivalently means that the vector [x e]T converge to vicinity of origin in
‖x‖< α and stay there forever. �

In summery, the proposed observer-based control design algorithm for taking all the state
variables subject to unknown inputs to vicinity of the origin and forcing them to stay there
forever can be summarized in the following steps:

Step 1: Take a β satisfying ‖μ(t)‖ ≤ β .

Step 2: Find a Lipschitz constant γ ≥ 0 satisfying Assumption 1.

Step 3: For given ε > 0, εc1 > 0, εc2 > 0, εo1 > 0, εo2 > 0 and Lipschitz constant γ ≥ 0,
solve Eq. (21) with respect to Γ, Q, K̃ and L̃, and then compute the controller and observer
gains as K = K̃Γ−1 and L = Q−1L̃, respectively.
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4 Illustrative Example
In this section, the proposed observer-based controller scheme is illustrated by applying on a
chaotic system1. Consider the chaotic Rössler system described as [24]:

ẋ =

⎡
⎣0 −1 −1

1 a 0
0 0 −c

⎤
⎦x+

⎡
⎣1

0
0

⎤
⎦u+

⎡
⎣0

0
1

⎤
⎦(x1x3 +b)+

⎡
⎣0

1
0

⎤
⎦μ

y =
[

1 0 0
0 1 0

]
x (32)

where the parameters a = b = 0.2 and c = 5.7 with the initial condition x(0) = [5,5,5]T ensure
the existence of chaotic attractor as shown the phase portrait of the Rössler system in Figure
38. In the sequel, we will show the effectiveness of this observer-based control scheme in
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Figure 38: The chaotic trajectories of the Rössler System

driving the state variables of the Rössler system subject to unknown input from initial point
x(0) = [5,5,5]T to vicinity of the origin ‖x‖ < 0.05 and make the closed-loop stable. We
assume that μ(t) = sin(6πt).

Step 1: ‖μ(t)‖ ≤ 1 and thus β = 1.
Step 2: We assume that:

|x1,i| ≤ ρ1, |x2,i| ≤ ρ2, |x3,i| ≤ ρ3 (33)

1In case our reader is interested, Matlab code for this example can be provided by first author upon the request.
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where ρi; (i = 1,2,3) are computed via simulation as ρ1 = 12, ρ2 = 11 and ρ3 = 23. For a
given [x1,1 x2,1 x3,1]

T and [x1,2 x2,2 x3,2]
T ,

‖x1,2x3,2− x1,1x3,1‖ ≤ ‖x3,2e1− x1,1e3‖ ≤ ‖[ρ3 0 ρ1]‖‖e‖ (34)

where e1 = x2−x1 and e3 = z2− z1. Hence, the Lipschitz constant can be selected as γ = 25.9.
In order to relax the feasibility of the provided LMIs, a similarity transformation reported in
the literature is used. See for instance [25]. Using a similarity transformation x = T z where T
is a diagonal matrix as:

T =

⎡
⎣100 0 0

0 100 0
0 0 100

⎤
⎦ (35)

Eq. (32) is transformed to a new system with smaller Lipschitz constant γnew = 0.259. It should
be noted that the state estimate x̂ can be easily computed by x̂ = T ẑ.

Step 3: For a given value of α = 0.05, ε = 0.8, εc1 = 0.5, εc2 = 0.5, εo1 = 0.5, and εo2 = 0.5,
solve Eq. (21). One feasible solution for the controller gain matrix K in z-coordinates is,

K =
[
124.9 50.5 −19.0

]
(36)

and,

L =

[
0.04 −0.03 −0.08

0 0.06 −0.01

]T

(37)

As mentioned before, x̂ is computed by x̂ = T ẑ. For given x̂(0) = [0,0,0]T , simulation result
is depicted in Fig. 39. According to Figure 39 and after implying control action, the states in
presence of the unknown input converge to vicinity of the origin (‖x‖ < 0.05) and stay there
forever. Figure 40 shows a magnified version of Figure 39 illustrating how state variables react.

5 Conclusions
In this paper, we have presented a novel method of observer-based control design for a class
of nonlinear Lipschitz systems subject to unknown inputs. A sufficient condition for existence
of the observer and controller gains has been provided which requires solving two nonlinear
matrix inequalities. Then, the obtained nonlinear inequalities have been formulated into an
LMI problem that gives us this opportunity to solve it by popular methods in this field easily.
The proposed method has been illustrated by implementing on a chaotic system.
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