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SUMMARY 

This thesis deals with inelastic local buckling of I-beam flanges made of steel. The main focus 

is on the theoretical description of the buckling process, and the influence of various parame

ters, e.g. the plastic modulus, yield plateau, yield stress etc., on the buckling process. In the 

thesis, discussion on the relevancy of different constitutive models for the inelastic behaviour 

of steel are discussed, and a theoretical model for the inelastic local flange buckling is pre

sented. 

In the theoretical models of the inelastic local buckling problem presented in the past, there has 

been quite some confusion about what constitutive model is applicable. The incremental the

ory has been applied by some, the deformation theory of plasticity has been used by others also 

relatively recently, and the theory of Lay has been used by others. In this thesis, it is concluded 

that the incremental theory of plasticity based on an isotropically hardening von Mises yield 

surface in combination with the associated flow rule is applicable for the modelling of inelastic 

local flange buckling. The theory of Lay is concluded nonvalid. A simple slip plane theory 

which in distinction to the mathematical theory of plasticity is based on the physical mecha

nism of plastic deformation, and in its present form valid for a subspace of stress containing 

shear and normal stress, has been developed in the thesis. This slip plane theory is in good 

agreement with the incremental theory of plasticity. 

For the modelling of the flange buckling, the buckling process is assumed to consist of three 

phases without any distinct borders in between. The first phase is considered related to mainly 

torsional deformations and can hence be seen as a torsional buckhng phase. The second phase 

is associated with progressively lesser shear stiffness of the material and plate bending is intro

duced. In the third phase, the shear stiffness is wiped out and plate bending is assumed to resist 

the buckling entirely. 

The first phase is modelled as the inelastic torsional buckhng of a thin plate, restrained so as to 

avoid any other instability mode. This includes the description of the inelastic torsion of a thin 

plate. For that purpose, the plate is assumed to be composed of an infinite number of rectangu

lar hollow cross sections. This first phase mainly governs the buckling stress and the ductility 

of the flange. Herein, the term ductility is used for deformation capacity in general, and hence 

by ductility of a compressed flange is ment the amount of axial shortening during which the 

flange is able to resist a compressive mean stress equal to or exceeding the yield stress. 

The second phase is not considered in the modelling. Instead, the first phase is directly fol

lowed by the third phase in the model. In this third phase, the flange buckle is considered as a 

yield line mechanism. In this yield line buckle model, the effect of stress redistribution is 

accounted for. 



4 SUMMARY 

The two models are linked together to a unified model and hence this model is able to approxi

mately describe the mean stress-mean strain relation of a locally buckling flange. 

Using this model, a parametric study is performed in order to investigate the dependence of the 

flange buckling behaviour on various parameters. It is concluded that parameters like the plas

tic modulus, length of yield plateau, initial imperfections, and residual stresses have only a rel

atively moderate effect on the buckling process. Quite naturally, the parameters that has the 

most effect on the buckling behaviour is the width to thickness ratio and the yield stress. How

ever, according to the procedure in the codes, these parameters are combined in the definition 

of a so called slendemess parameter, defined as the square root of the yield stress over the crit

ical stress. Hence this parameter is in the codes assumed as the only governing parameter with 

respect to local buckling. The parameter study however reveals this approach as not entirely 

correct. From the theoretical model, it seems like this approach is unfavourable to high 

strength steel. 

In order to verify the conclusions from the theoretical modelling, experiments were made on 

crasiform stub columns. In all 22 specimen were compressed and the specimen were made of 

two materials, namely Weldox 700, with a nominal lower yield strength of 700 MPa and hence 

representing high strength steel, and SS 1312, with a nominal lower yield strength of 220 MPa 

thereby representing the ordinary steel grades. Hence for each material 11 stub columns with 

varying slendemess with respect to flange buckling were tested. The experimental results 

agreed fairly well with the results from the theoretical model. 
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SAMMANFATTNING 

Denna avhandling behandlar oelastisk lokal buckling av flänsar i I-balkar av stål. Avhandlin

gen fokuserar i huvudsak på teoretisk modellering av bucklingsprocessen, och inverkan på 

denna av olika parametrar såsom plastisk modul, flytplatåns längd, flytspänning etc. I avhan

dlingen diskuteras relevansen hos olika konstitutiva modeller för stål i plastiskt område, och en 

teoretisk modell för flänsbuckling presenteras. 

I de teoretiska modeller av flänsbuckling som tidigare presenterats, synes det råda en del för

virring avseende vilken konstitutiv modell som skall ligga t i l l grund för modellen. Den matem

atiska plasticitetsteorin har i huvudsak använts, inkrementalteorin såväl som 

deformationsteorin. Utöver detta har Lay's teori för inelastiska skjuvmodulen använts av 

många. I denna avhandling konstateras att den inkrementella plasticitetsteorin i kombination 

med en isotropt hårdnande von Mises flytyta och associerad flytning är tillämpbar för model

lering av flänsbucklingsproblemet. Lay's teori bedöms vidare som ogiltig. En relativt enkel gli-

dyteteori presenteras. Glidyteteorin, vilken i sin nuvarande form är giltig för ett 

spänningstillstånd bestående av skjuvspänningar och normalspänningar, ger resultat som över

ensstämmer bra med inkrementalteorin. 

För modelleringen av flänsbucklingsproblemet, antas flänsbucklingsprocessen bestå av tre 

faser, emellan vilka inga skarpa gränser kan dras. Den första fasen kan betraktas som relaterad 

huvudsakligen ti l l vriddeformationer, dvs denna fas kan ses som en oelastisk vridknäcknings-

fas. Andra fasen är kopplad till succesivt mindre styvhet i materialet map skjuvning och 

ökande inslag av plattböjning i flänsen. I den tredje fasen är skjuvstyvheten utplånad och buck-

lingen består endast av plattböjning. 

Första fasen modelleras som oelastisk torsionsbuckling av en tunn plåt, stagad så att inga andra 

instabilitetsmoder kan förekomma. Detta inkluderar modellering av oelastisk vridning av en 

tunn plåt. För detta avseende betraktas plåten som sammansatt av ett oändligt antal rektan

gulära lådtvärsnitt. Denna första fas styr i huvudsak bucklingsspänningen och duktiliteten hos 

den tryckta flänsen. 

Den andra fasen beaktas inte, utan första fasen åtföljs direkt av den tredje fasen. I denna ideal

iseras flänsbucklan ti l l en flytledsmekanism. I denna flytlinjemodell inkluderas effekten av 

spänningsomlagringar över flänsbredden. 

De två modellema sammanfogas t i l l en enda modell vilken är kapabel att approximativt 

beskriva den tryckta flänsens arbetskurva. 
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Med denna modell utföres en parameterstudie i syfte att undersöka olika parametrars inverkan 

på bucklingsförloppet. Det kan konstateras att parametrar som plastiska modulen, flytplatåns 

längd, initialimperfektioner, och egenspänningar endast har marginell inverkan på buddingen. 

Det synes uppenbart att de parametrar som har störst betydelse är bredd t i l l tjockleksförhållan

det samt flytspänningen. Dessa parametrar bakas emellertid i normer i allmänhet ihop t i l l en 

enda, vilken brukar benämnas slankhet, definierad som roten ur flytspänningen genom kritisk 

spänning. Denna parameter antas vara den enda relevanta parametern med avseende på fläns

buckling. Ovan nämnda parameterstudie antyder emellertid att detta synsätt inte är helt kor

rekt, i den riktningen att höghållfast stål missgynnas. 

I syfte att undersöka giltigheten hos de från den teoretiska modelleringen dragna slutsatserna, 

utfördes experiment med korta pelare med korsformat tvämitt. Totalt trycktes 22 stycken 

provkroppar, vilka var gjorda av två olika material, Weldox 700, med en nominell undre flyt-

gräns på 700 MPa och därmed representerande höghållfast stål, och SS 1312, med en nominell 

undre flytgräns på 220 MPa och således representant för värdigt konstruktionsstål. För varje 

material testades alltså 11 provkroppar med varierande slankheter avseende flänsbuckling. De 

experimentella resultaten bekräftade i huvudsak den teoretiska modellen. 
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NOTATIONS AND SYMBOLS 

B Width of an I-beam flange 

b Width in general 

Kt Width of region with tensile residual stresses 

K Effective width of plate 

h Height of hollow rectangular cross section 

K Height of flange in stub column specimen 

d Size of the center welded region of stub column specimen 

t Plate thickness 

F Force in general 

Ao Cross sectional area of stub column specimen related to plates 

K Cross sectional area of stub column specimen related to welds 

o Normal (axial, longitudinal) stress 
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c o Initial yield stress 

°e 

Effective stress 

dae Increment of effective stress 

°cr Critical stress 

°U 

Ultimate stress at failure 
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°rc Compressive residual stress 

°eP 

Normal stress at which the flange enters the elastoplastic range 

e Normal (axial, longitudinal) strain or j235/fy 

e Mean normal strain 

dz Increment of normal strain 
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ze Elastic part of normal strain 

dz Increment of elastic normal strain 
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dzp Increment of plastic normal strain 
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Y Shear strain 

dy Increment of shear strain 

y Elastic part of shear strain 

V Plastic part of shear strain 

x Shear stress 

% e p Shear stress at which the flange enters the elastoplastic range 

/ Strength in general 

/ Yield strength 

f Ultimate strength 

/ ' Stress at which the regions subjected to compressive residual stresses 
begins to yield 

X Slendemess defined as J f y / G c r 

Xc Slendemess with respect to column buckling 

i Radius of inertia 

X Reduction factor defined as o~ / f 
*v U

 J y 

X0 Highest slendemess for which % = 1 

Dr, DvJ)rv Plate bending moduli 
x y xy 

Gt Tangent (inelastic) shear modulus 

G Elastic shear modulus 

Et Tangent uniaxial modulus 
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E Youngs modulus 

E' Reduced stiffness due to residual stresses 

Hp Plastic modulus 

Hp Plastic modulus coupled to E' 

v Poissons ratio 

M Moment in general 

Mp Plastic bending moment 

M Twisting moment 

dMt Increment of twisting moment 

N Normal force 

dN Increment of normal force 

3> Ratio between components of plastic strain and deviatoric stress 
tensors according to deformation theory of plasticity 

dX Scalar multiplier for incremental plastic strain components 

Tip Plastic stiffness parameter 

hp Generahzed plastic modulus 

1 2 
P ' Planes with maximum shear stress for pure uniaxial stress state 

1 2 
P ' Planes with maximum shear stress for pure shear stress state 

1 2 
P' Planes with maximum shear stress for combined stress state 

c , 7 

\|/ Angle between P£ and P £ 

x £ Shear stress in plane P e 

x Shear stress in plane P 

X. „ Shear stress in plane P„ „ 

dus Incremental slip in plane P£ 

du^ Incremental slip in plane P^ 
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du. „ Incremental slip in plane P 

q Average perpendicular distance between slip planes 

cb (x, y) Prandtl stress function 

Kv Saint-Venant torsion constant 

cp Twisting angle 

3cp/8z Rate of twist 

dQ/dz Initial rate of twist 

\ Range relative thickness coordinate 

C, Flange relative width coordinate 

r| Convenience parameter 

d j , tx2, <x3 Convenience parameters 

ß p ß 2 , ß 3 Convenience parameters 

Dp D2, D j Convenience parameters 

Cp C 2 Convenience parameters 

j Shear strain in the most outer part of a twisted plate 

y 0 Shear strain corresponding to dQ/dz 

e Normal strain in the most outer part of a twisted plate 

/ Polar moment of inertia 

a Inclination of yield lines in flange buckle 

mL Bending moment per unit width in a yield Une perpendicular to 

appUed normal stress 

ma Bending moment per unit width in a yield line with an angle a to 
appUed normal stress 

mp Plastic bending moment per unit width 

I (Q Half yield Une buckle horizontal length at the width coordinate £ 

/ / (C, = 1) , i.e at the flange edge 

A (Q Half yield Une buckle length at the width coordinate £, measured 
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along the material fiber 

A A ( £ = 1) , i.e at the flange edge 

k(C) Yield line buckle out of plane displacement for width coordinate C, 

ü u = 1) , i.e at the flange edge 

£y Components of strain tensor 

Components of elastic strain tensor 

E^j Components of plastic strain tensor 

dEjj Incremental components of strain tensor 

dty Incremental components of elastic strain tensor 

de^j Incremental components of plastic strain tensor 

Components of stress tensor 

dcjjj Incremental components of stress tensor 

Components of deviatoric stress tensor 

8.̂ . Kronecker delta 

/(<3y) Yield function 
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1 . INTRODUCTION 

1.1 General 

The stability of compressed members have for many years been the subject of great interest in 

structural engineering, and perhaps especially within the discipline steel structures. During the 

last decades, there has been a development into what one today may denote the standard 

approach in the representation of the characteristics of a compressed structural steel member. 

Here, the term characteristics does in addition to strength also comprise other relevant qualities 

such as for instance ductility. 

The standard approach is built upon the fact that the critical stress with respect to the consid

ered instability mode, as long as it is less than the yield stress, for most cases (not slender 

plates, though) actually represents the resistance of a perfect member to the considered action 

and hence represents the upper bound for the resistance of a real member. Denote the critical 

stress by o" , the yield stress f , and the ultimate stress, corresponding to the resistance of the 
Cr y 

member to the relevant buckling mode, gu . For a perfect member it then holds 

X = o u / f = o c r / f y • Introducing the definition of the slendemess X = J f y / G c r then yields 

the resistance function for a perfect member according to 

Now, for an imperfect member, both residual stresses and geometrical imperfections are 

present, meaning the resistance in most cases does not reach the one corresponding to the crit

ical stress. For this purpose, the resistance function x ( X ) according to eq (1.1) above is 

changed into another function of X , taking the effect of initial imperfections into account. 

Obviously, the effect of initial imperfections on the resistance depends on what instabihty 

mode is considered. Consequently, different instabihty modes requires different resistance 

functions, e.g. the resistance function for column buckhng is different from the resistance 

function with respect to shear buckling of plates. 

The described standard approach is indeed a convenient representation, but it gives rise to 

some questions. Theoretically, there exists an infinite set of members that are equally slender 

in terms of the definition of slendemess X . One may then question whether the magnitude of 

initial imperfections is likely to be the same for all combinations of strength of material and 

geometries of the member. For instance, what can be said about the magnitude of the residual 

stresses in a high strength steel member compared to an ordinary strength steel member. 

XO) = (1.1) 
X 
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Further, one may question whether the imperfections have the same effect on all possible 

members sharing the same slendemess. 

The answer to these questions is most probably no, meaning that the slendemess X is not a suf

ficient parameter for the description of a member characteristics with respect to a certain insta

bility mode. One obvious example of this is the different reduction curves for column 

buckhng, which represent the fact that the effect of residual stresses is different for different 

types of cross sections and buckling axes. 

Further on, the approach for the computation of the resistance function of such a column is 

commonly to assume an initial geometric imperfection and performing a simple second order 

analysis on the column, the failure criteria being the first fiber reaching the yield stress. The 

initial geometric imperfection is chosen so as to reflect both residual stresses and geometric 

imperfections. 

Now, it has been shown analyticaUy, by e.g. Grotmann & Sedlacek 1994, [1], Möller 1994, [2], 

and numerically by Beg & Hladnik 1995, [3], that the nondimensional resistance % for col

umns without residual stresses is larger for columns made of high strength steel than for col

umns made of low strength steel. Although the difference is not dramatic; increasing the yield 

stress from 250 MPa to 1000 MPa yields roughly 10 % increase in nondimensional strength in 

the intermediate slendemess range, the difference is systematic and it arises from the fact that 

for two columns with equal slendemess, one made of high strength steel and the other being 

made of low strength steel, the initial geometrical imperfection does not have identical impact 

on the strength. In fact, it would be surprising i f it did. 

Regarding the stabiUty of compressed members, one may make a distinction between local 

buckhng and global buckling or member buckling. Hence, considering for instance I-section 

members subjected to bending moment, the global buckhng mode would be a case of lateral-

torsional buckhng, and the local buckling would be the buckhng of the cross sectional plates; 

either the flange or/and the web, depending on the slendemess of the web and flange. 

Speaking in terms of the slendemess range that members in real structures exhibit, the global 

instability modes are in general associated with rather brittle failures, for instance, not much 

ductihty is to be expected from a column that is loaded to the limit of its strength. The local 

buckhng modes can however exhibit substantial ductility, and depending on the slendemess, 

reach stress levels larger than the yield stress. Further, plates compressed longitudinally can, 

due to stress redistribution, reach stress levels that exceed the critical ones. 



INTRODUCTION 19 

As a consequence, one should not exclude the possibihty that for such instability modes not 

only the slendemess X affects the strength and, importandy, the ductility, but also material 

properties such as for instance the stiffness of the material after yielding. In addition, it is 

likely that for local buckhng as well as for column buckling, as declared above, the slendemess 

X is not a completely sufficient parameter for the description of the buckhng characteristics 

even i f the material properties did not have any effect on the buckling at all. 

Specifically, this thesis is concerned with one such local instability mode, namely the local 

buckhng of compressed I-beam flanges, and the following discussion is made only with 

respect to this instability mode. The I-section is the far most common type of cross section of 

beams and girders in steel structures, and the stability of the compressed flange of such a mem

ber is important from several point of views. Firstly, i f the flange is compact enough, it may be 

able to sustain a compressive stress equal to, or larger than, the yield stress throughout a con

siderable amount of axial strain, meaning that the section can reach the plastic moment and in 

addition that moment redistribution can take place in statically indeterminate structures, so that 

plastic hinge analysis, which is far more economic than elastic design, can be used. 

Secondly, for a flange being made of a specific material, there exist a hmit of the geometrical 

slendemess, being defined as the width to thickness ratio, this limit representing the border 

between flanges that can reach the yield stress before buckhng reduces the resistance, and 

flanges that cannot. Further, for the latter category of flanges, the resistance is influenced by 

stress redistribution and it is important to recognize in what way in order to be able to compute 

the resistance of such a flange. 

Hence, depending on the geometry and material of the flange, the flange buckling behaviour 

differs in principle. For that reason, flanges (as well as webs) are in the codes classified into 

different categories. The Swedish steel code BSK 94, [12], divides the flanges into three 

classes, the first class representing flanges that are so ductile that the plastic moment can be 

reached and moment redistribution can take place, provided of course the web does not set the 

limit of the section, which in the following is assumed not being the case. The second class 

refers to flanges that can reach the yield strength and in addition exhibit some ductility but not 

enough to reach the plastic moment. The third class, consequently, refers to flanges that are so 

slender that they fail in buckling before the axial stress reaches the yield stress. 

The Eurocode3, [11], distinguishes between flanges according to BSK 94 class 1, and flanges 

that can reach the plastic moment but are not ductile enough to allow for the formation of plas

tic hinges in a statically indeterminate structure. Hence, the Eurocode3 has four classes of 

flanges in distinction to the three classes of BSK 94, which however allows for an interpolation 

procedure in the calculation of the resistance of a section that belongs to class 2. 
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The borders between the different categories of flanges is in these codes expressed either as 

limitations on the width to thickness ratio, or as limits of the slendemess X, defined above. 

These two types of limits are, of course, conceptually identical. The borders between the corre

sponding classes according to various codes agrees, as one should expect, fairly well although 

some differences, e.g. in the definition of flange width, exists. In this section, there shall be no 

further discussion on the classification according to different codes. However, a comparison of 

the classification of cross sections according to various codes can be found in Loorits 1995, 

[4]. 

The borders between different classes have, of course, been thoroughly experimentally exam

ined. However, the major part of the experimental data refers to steel grades corresponding to 

ordinary mild structural steel. Today, there is an increased use of steel grades with successively 

higher strength, structural steels with nominal yield strengths of 700 MPa are today commer

cially available and the development of structural steels with yield strengths of 1100 MPa and 

above is progressing. 

The use of these steels in structural members opens interesting possibilities of economic and 

light-weight design, however it arises some questions regarding the applicability of the present 

design rules. Firstly, what is the effect of initial imperfections on flanges made of such high 

strength steels; in other words: is the deviation from the resistance function eq. (1.1) equal for 

flanges of high strength steel and low strength steel. Since it most likely is not, the question 

arises what difference is to be expected. 

Further on, the stress-strain curve, obtained from a simple tensile test, of these quenched and 

tempered steels differs in principle from what is obtained from ordinary mild structural steel, 

in the sense that the yield is followed by very httle strain hardening, i.e. the yield ratio is close 

to unity. In some codes, such as for instance the EuroCode3, such steels cannot be used for 

plastic analysis since the yield ratio (defined as f y / f u ) must not exceed 0.83, or expressed 

alternatively, / „ / / > 1.2. This requirement must be interpreted such that the Eurocode3 pre

supposes that the material properties after yield is of importance for the behaviour of the 

locally buckling flange. This hypothesis is certainly an interesting one to investigate. 

Concerning modelhng of local flange buckling, a number of researchers have made theh con

tribution to the understanding of the flange buckhng process. One impression of the theoretical 

work is however that there seems to be quite some confusion on what is relevant applicable 

constitutive model for the inelastic material. Various models that are clearly incompatible have 

been used. Since the inelastic constitutive model is of utmost importance for the vahdity of a 

theoretical model of the inelastic flange buckling process, it is of some importance that the 

question of what constitutive model is applicable is resolved. 
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Regarding the flange local buckling problem, it is obvious that for cases of the flange being 

attached to an I-beam web, the slendemess of this web should have some effect on the flange 

buckling process. I f the web is very compact, it is likely that the buckling load and ductility is 

increased compared to a theoretical flange that is not restrained by anything. Further, one may 

suspect that i f the flange is attached to a very slender web, such as is the case for e.g. bridge 

girders, the strength and ductihty should be affected negatively. 

This interaction between web and flange buckling certainly an interesting question and it has 

been studied by e.g. Beg & Hladnik 1995, [6], and Kato 1989, [5]. However, this aspect of the 

flange buckling is not considered within this work. 

1.2 Scope and limitations 

The scope of the work presented in this thesis is 

- to investigate what constitutive model for the inelastic behaviour of structural steel 

is applicable for the modelhng of inelastic local flange buckhng. Since different theo

ries have been used by different authors, one of the models may be correct. I f no pres-

entiy existing theory is applicable, a relevant constitutive model for structural steel, 

applicable on inelastic buckling problems, should be developed. 

- to formulate a model for the description of the flange local buckhng process, utiliz

ing a reasonably adequate constitutive model for the material inelastic behaviour. Ide

ally, the model should be able to predict the basic features of the buckhng process, 

such as strength and ductility, in at least a qualitatively adequate manner, although not 

necessarily from a quantitative point of view. 

- to investigate the main parameters that have an effect on the local flange buckhng. 

The following limitations hold on the work 

- only local buckhng of I-beam flanges, or what is sometimes referred to as outstands, 

is considered, i.e. buckling of e.g. flanges in box girders etc. is not considered. Fur

ther, interaction between flange and web buckling is not considered. 

- only inelastic local flange buckling is considered, i.e. no attempt is made on describ

ing the resistance function for flanges that buckle before the apphed stress reaches the 

yield stress. [The author of this thesis finds it somewhat troublesome to define strictly 

the term inelastic in this context (since all flanges sooner or later at some location 

becomes inelastic), however it can be seen upon as cases of buckling for which the 

resistance function, as defined above, is not significantly smaller than unity.] 
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- only structural steel is considered. However, there is no conceptual obstacles from 

applying the contents in this work also to other metals such as e.g. aluminium. 
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2. REVIEW OF E A R L I E R WORK 

2.1 General 

Plate buckling problem problems have been studied theoretically for a long period of time. The 

earliest studies concerned plate buckling theory according to classic theory and hence con

cerned the bifurcation load of elastic plates exhibiting no material nor geometrical imperfec

tions. With these restrictions in combination with relevant boundary conditions, it is possible 

to analytically obtain the classical buckling load for many plate buckling problems either by 

solving the plate buckling equation or by using the energy approach. The most successful, or at 

least the most well known, author in this field is probably S. P. Timoshenko which has solved a 

large number of, from an engineering point of view important, plate buckling problems. Most 

of the solutions are comprised in Timoshenko & Gere, [7]. 

However, it is well known that for virtually any type of structural element, subjected to com

pressive stresses in one way or the other, the resistance with respect to a considered instabihty 

mode deviates from the classical buckhng load. The deviation, which can be positive or nega

tive depending upon the considered instability mode and also the slendemess of the considered 

structural element, origins from various features. For instance, the resistance of a column with 

respect to column buckhng does not reach the Euler load due to the presence of geometrical 

initial imperfections and residual stresses. Further, it is well recognized that slender plates, 

supported along one or two edges and subjected to compressive load parallel to these edges, 

due to redistribution of stress can reach a load that far exceeds the critical one. 

For stocky plates however, the resistance is fairly close to the yield load, hence for these plates 

it is the material strength itself that hmits the strength of the plate, i.e. the resistance is far less 

than the critical load. Since for these plates the material is no longer elastic when the resistance 

is reached, plasticity must be taken into account. 

It is evident that theoretical modelling of plate buckling behaviour, in terms of e.g. resistance 

and ductihty, differs from the analysis of the above mentioned bifurcation analysis, since for 

the modelling of the real behaviour features like geometrical imperfections, residual stresses, 

stress redistribution and plasticity must be taken into account. 

In what follows, an attempt to summarize the main work done so far, concerning mainly theo

retical modelling of inelastic flange local buckling, is made. By the term flange is here ment a 

plate which is longitudinally simply supported along one edge and free at the other, i.e. an I -

beam flange. However, some important contributions also to related topics are included. It is to 

be pointed out that the denotation of quantities in what follows is made according to praxis 

today rather than following the original denotations. 
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2.2 Review of theoretical modelling of inelastic local flange buckling 

An early theoretical study of the resistance of slender plates, simply supported longitudinally 

along two edges, to compressive load was presented by von Karman, [ 8 ] , in 1932. The scope 

ofthat study was to examine the effect on the redistribution of stress on the resistance of the 

plate. Von Karman assumed the load to be carried by two strips, each with the width be/2 and 

subjected to a stress equal to the yield stress, adjacent to the supported edges. The buckhng of 

the actual plate, with width b, was then assumed equivalent to the buckling of the plate with 

width be subjected to a compressive stress equal to the yield stress. The effective width be 

was then solved from the plate buckling equation, assuming the plate deflection being sinusoi

dal in both dhections. Although it was not mentioned in [8], this procedure results in the resist

ance, in terms of the mean stress at failure, cu = fyb/b to be expressed as 

in which ocr and f is the critical stress and the yield stress, respectively. Defining the slender-

ness according to X = $ y

/ < s

c r » t h e reduction factor i - a u / f . = b/b becomes 

X = i (2.2) 

which, for slender plates, is a considerably more optimistic resistance function than the ordi-
2 

nary % = l/X according to classic theory. 

Since the study of von Karman treated slender plates, it does not predict the resistance accu

rately in the intermediate slendemess range. For that reason, Winter, [9], presented 1947 a cor-
2 

rection to the von Karman formula according to % = l/X - 0.3/X . In 1968, Winter, [10], 

adjusted the formula to 

i - 2 ? (2.3) 
A x2 

which is the resistance function for slender plates that is in use still today in codes such as for 

instance the Eurocode3, [11], and BSK94 (for plates with one edge free only), [12], which is 

the Swedish code for steel structures. 
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Eq. (2.3) predicts the maximum slendemess at which the plate can resist the yield stress as 

X = 0.67 which consequently defines the upper limit for cross section class 3 and 2, accord

ing to EuroCode3 and BSK94, respectively. 

Theoretical modelling of buckling of stocky plates, buckling in the inelastic range, was intro

duced by Bijlaard, [13], and Hyushin, [14], in 1947 and Stowell, [15], and Handelmann & 

Prager, [16], in 1948. In ref. [13], [14], and [15] deformation plasticity theory was used as con

stitutive model, whereas in [16] the incremental theory of plasticity was utilized. 

In 1957, Haaijer, [17], presented a theoretical study on inelastic plate buckling in the strain 

hardening range. Haaijer started out from the ordinary energy integral equation, however in the 

formulation pointing out that the five moduli D = £ / ( l - v v , ) , D , = E / ( l - v v ) , 
x x x y y y x y 

DXy ~ vy®x> Dyx - v

xDy ^ G; were to be determined so as to reflect the material inelastic 

behaviour. Hence, Haaijer considered the inelastic plate buckling problem to be an inelastic 

bifurcation problem. 

For the determination of the moduli Haaijer consulted the incremental theory of plasticity. 

However, the five moduli above are, according to the incremental theory of plasticity, func

tions of the stress state, and Haaijer did not, as was done in [16], determine the moduli based 

on a stress state for which all stress components equal zero except the longitudinal normal 

stress which equals the yield stress. Instead he examined the variation of the moduli with dif

ferent stress states according to the incremental theory which gave httle information about 

what constant values of the moduli would be relevant for the plate buckling problem. 

Hence, in the end, the moduli were determined experimentally so as to fit buckhng tests on 

wide flange shapes and angles. The moduli for A36 steel were chosen as Dx = 20700 MPa, 

D v = 226000 MPa, Ö = D = 56000 MPa, and most importantly, G. = 16600 MPa. 

In 1958 and 1960, Haaijer & Thürlimann, [18], [19], presented further theoretical studies on 

plate buckling in the strain hardening range, most of the material being presented already in 

[17] though. In this article, the work presented in ref. [13], [14], and [15] was discarded since 

they were based on plasticity theory other than the incremental theory of plasticity, which were 

considered as the only physically reasonable plasticity theory. 

Neglecting the contribution from Dx to the buckhng load of a flange, the buckling load for an 

angle flange is in [18], [19], given by 

(2.4) 
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in which / and b denotes the thickness and width of the angle flange, respectively. (It should 

be noted that the original denotation of this ultimate stress was a , but within this work this 

denotation is reserved for elastic critical stress.) 

Haaijer and Thürlimann proposed the concept of a reduction function % ( X ) such that 

X ( ^ 0 ) = 1 andx(X>Xp) = l/X , in which X 0 corresponds to the slendemess for which 

the plate does not buckle until it has reached the strain hardening range and X p corresponds to 

the slendemess for which the buckling is purely elastic. In between these slendemess values 

the transition was proposed as a power function of the slendemess, meaning % ( X > X Q ) < 1. 

Making use of eq. (2.4)and the requirement % - 1 then yields the geometric restriction for a 

flange that shall reach the strain hardening range as 

(2.5) 

or expressed in terms of slendemess 

(2.6) 

which, using the experimentally determined value of G t = 16600 MPa, results in X 0 = 0.46. 

This slendemess limit corresponds roughly to the slendemess hmits for class 1 sections 

according to codes today; BSK94, [12], requires X = 0.48 for class 1 flanges whereas 

Eurocode3, [11], requires X = 0.48 for flanges in welded sections and somewhat above for 

rolled sections (remarcably, different definitions of flange width for rolled and welded sections 

are used). 

Hence it seems like the concept of the flange being able to reach the strain hardening range 

before failing in local buckling, as recommended by Haaijer & Thiirlimann, [18], [19], is the 

major influence behind the geometrical requirements on class 1 flanges in codes today. 

It is, however, important to point out that although the work presented in [17], [18], and [19], 

contained mainly theoretical formulations, the proposed slendemess limit for class 1 flanges 

was not theoretically supported, but was merely based on an indirect experimental determina

tion of what was claimed to be an applicable value for the inelastic shear modulus for a flange 

yielded in compression to the point of strain hardening. 
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To the author of this thesis, it seems unnecessary to formulate the problem in terms of a buck

ling load as given by eq. (2.4) using an inelastic shear modulus, which strictly speaking does 

not exist as a constant value, when the b/1 ratio requirement proposed is based entirely upon 

empirical work.The reason for this opinion is that such a formulation gives the impression of 

the proposal being theoretically supported, which it is not. 

Kato, [20], treated the same problem in 1965, using an entirely different approach. Kato did 

not consider the flange buckling as being torsional, but idealized the buckled flange according 

to the yield line configuration in figure 2.1 below. 

Figure 2.1 Idealized flange buckle configuration according to Kato, [20]. 

Kato argued that, considering the large amount of strain in the yield lines, the relevant strength 

measure for the prediction of the sustainable combinations of axial stress and bending 

moments in these yield lines, would be the ultimate strength (sometimes referred to as the ten

sile strength although that denotation is dubious in this discussion since compressive stresses 

are considered) rather than the yield strength. 

As a result of that assumption, and the application of the von Mises criterion, with the yield 

strength replaced by the ultimate stress, as governing the interaction between longitudinal 

stress and bending moment in the yield lines, the flange can deform out of plane according to 

the assumed yield line pattern and resist a longitudinal stress equal to or exceeding the yield 

stress. As a result, the level of out of plane deformation, and thereby the strain since the out of 

plane deformation is coupled to the shortening of the flange through kinematics, at which the 
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flange can no longer sustain a longitudinal stress equal to the yield stress can be determined. 

Given the material parameters, the geometrical restrictions for a flange being able to reach the 

strain hardening range before losing resistance can be determined. The geometrical restrictions 

will then be a function of the yield ratio, i.e the ratio between the yield strength and the ulti

mate strength, such that higher yield ratio implies lower ductihty. 

Considering A7 steel, for which Kato stated that the yield ratio was about 0.65, it was shown 

that the required b/t ratio for the flange being able to reach strain hardening was 9.77, which 

compared to the specified value, [21], of 8.5 was a descent result. 

In the opinion of the author of this thesis, the theory presented by Kato, [20], is weak, prima

rily from the fact that Kato completely neglects the torsional stiffness of the flange. In fact, the 

yield line configuration of a flange buckle does not appear in the beginning of the buckhng 

process, but in the late stage of the buckhng in which the load has dropped below the yield 

stress. Further, in the late stage of the flange buckling process, it is evident that substantial 

redistribution of the longitudinal stress has occurred, Katos theory however supposes a uni

form stress distribution over the width of the plate. Hence, the model does not reflect the phys

ical behaviour of the flange. Further, one may be suspicious against the dependence of the 

ductility on the yield ratio. Checking the theory for a material with a yield ratio of 0.8, which is 

by no means extraordinary, results in the b/t ratio of 6.1, which seems very restrictive. For a 

yield ratio of 0.95, which would correspond to a quenched and tempered steel, gives the clearly 

unreasonable b/t = 1.91 as the requirement for the flange being able to reach strain harden

ing. Hence, it is believed fair to state that the Kato theory is unable to describe the flange buck

ling process, at least for steels of other types than A7. 

Lay, [22], presented, also 1965, theoretical work concerning the ductihty of stocky flanges. 

Lay, who considered the flange buckling being mainly torsional, strongly questioned the pre

diction of the incremental theory regarding the shear response of an axially yielded member. In 

fact, he discarded the validity of the incremental theory for the considered problem, however 

presenting no real evidence for the non-validity of the theory, apart from the, in itself accurate, 

reflection that its prediction of an initially elastic shear response of such a member did not lead 

to correct buckling loads when applied to eq (2.4). 

Instead Lay presented a new plasticity theory which was based on the physical mechanism 

behind plastic deformation, namely slips in planes with large shear stresses. He arrived at the 

often cited formula for the inelastic shear modulus, or as he denoted it, the effective shear 

modulus for a material yielded in compression to the point of strain hardening 
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2G 

E/E, 

4 (1 + v) 
1 + 

(2.7) 

in which G and E are the elastic moduli, Et is the tangent modulus at the point of strain hard

ening and v is the elastic Poissons ratio. Applied to A 36 steel for which it holds E/Ef = 33, 

the Lay formula yields Gt = 21700 MPa, which differs somewhat from, but are definitively 

in the neighbourhood of, Haaijers experimentally determined value of 16600 MPa. Lay 

explained the difference as partly originating from initial imperfections in the Haaijer speci

men. 

In addition, Lay considered the restraint to torsional buckhng of the flange provided by the 

web of a wide flange section. The web was replaced by a torsional spring, the stiffness of 

which is a reflection of the transverse bending stiffness of the web. Lay argued that, consider

ing the web could be assumed yielded longitudinally, the relevant material stiffness for plate 

bending transversely to the direction of yielding would be Gf since it reflected the material 

stiffness normal to the direction of yielding. The author of this thesis finds that argument very 

confusing, primarily from the fact that shear stress x can hardly be considered as perpendic

ular to the normal (axial) stress cr in the same manner as the normal stress o" is. Further, 
•* y 

studying the set of slip planes arising from o~ and ov, it is clear that adding a stress 8o" to a 
x- y y 

stress state a x = f , can only give rise to plastic deformation i f the signs of the normal stresses 

are different. Conclusively, the Lay statement above cannot be correct. 

Lay arrived at an expression for the geometrical restriction for a flange being able to reach the 

strain hardening level, which applied to A 36 steel resulted in b/t - 9.42, corresponding to 

X = 0.52, which was somewhat above the prediction of Haaijer & Thürlimann, however a 

clearly reahstic value. 

Although the theory of Lay seems beautiful, the author of this thesis claims it is incorrect. The 

reason for this shall not be discussed further here, but it is brought up to a short discussion in 

the subsequent section in which constitutive models applicable for the flange buckhng problem 

are discussed. The reason for that separate discussion is the fact that the theory of Lay has had 

substantial influence on subsequent work on the topic, as well as related topics. 

For the prediction of the moment-rotation behaviour of beams that undergoes local buckling of 

the compressed flange, Climenhaga, [23], in 1970 and Chmenhaga & Johnson, [24], in 1972 

presented a yield line model for the late stage of the buckhng process. The presented theory, 

covered combined web and flange buckling, and also the case in which the buckled flange 

undergoes lateral deflection was covered. 
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The theory, although impressively ambitious, exhibits some drawbacks which has to be 

pointed out. Firstly, the fact that the yield lines in addition to bending moments are subjected to 

longitudinal stress is neglected, meaning the bending resistance in the yield lines is assumed 

unaffected by the presence of longitudinal stress, which naturally is not true. As a direct conse

quence, the relation between bending moment in the beam and the rotation at the buckled 

hinge, as predicted by the yield line theory, must be cut off by a straight hne at M = Mp, since 

the predicted curve goes to infinity for zero rotation. For the case of the flange undergoing also 

lateral deformation, the curve is cut off at a lower level. Secondly, no consideration is given to 

redistribution of the longitudinal stress due to local flange deformations. 

In spite of this, the theory is able to, considering the degree of simplification of this indeed 

complicated process, relatively well reproduce experimental results as shown in figure 2.2 

below. 
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Figure 2.2 Comparison between experimental moment rotation curves for locally 

buckling beams and curves obtained by yield line theory. From Climen-

haga & Johnson, [24]. 

In 1974, Hamada & Longworth, [25], presented a theoretical study of the inelastic buckling of 

composite beams in negative bending. The study covered both lateral buckling as well as local 

buckling of the compressed flange. 
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The theoretical approach regarding local flange buckling was in principle the same as Lay and 

Haaijer and Thiirlimann in the sense that the problem was considered as a case of inelastic 

bifurcation, although the mathematical formulation was somewhat different. However, the 

problem was made more complicated due to the introduction of a nonlinear material stress 

strain curve from the point of strain hardening. 

Hamada & Longworth adopted the inelastic shear modulus of Lay, and in addition accepted the 

Lay expression for the restraint provided by the web in which the Lay inelastic shear modulus 

is contained. Since the inelastic shear modulus according to Lay is a function of the tangent 

modulus Et according to eq. (2.7), the assumed nonlinear stress strain relation forces the appli

cation of an iterative procedure for the computation of the buckling load. 

Murray & Khoo, [26], presented 1981 a study of plastic mechanisms in thin walled structural 

steel members. The aim was to give an approximate description of the unloading phase of 

locally buckling members. The theory included the effect of stress redistribution since a strip 

of the buckled configuration was assumed to carry its own load. Although an approximate rela

tion between the bending moment resistance and axial stress resistance in the inclined yield 

lines were used, they managed to reproduce experimental results on very slender members 

fully satisfactorily, as is pictured in figure 2.3 below. 

Figure 2.3 Mechanism theory versus experiment. From Murray & Khoo, [26]. 
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In 1984, Dave & Kulak, [29], [30], presented a theoretical study of the local buckhng of W-

shapes subjected to combinations of bending moment and axial thrust. The theoretical analysis 

was based on an energy approach, and the deformed configuration is approximated by the use 

of polynomial shape functions for the web and flanges multiplied with a sine function length

wise. 

For the modelling of the inelastic material behaviour, Dave & Kulak utilized the constant mod

uli derived by Handelmann & Prager, [16], from the incremental theory of plasticity as men

tioned above. However, for the prediction of the inelastic shear response, they adopted the 

inelastic shear modulus of Lay. 

Dave & Kulak hence utilized two different constitutive models for the inelastic material behav

iour. 

Sindlarly, in 1986 Bradford, [31], performed a theoretical study on local buckhng of composite 

beams in regions with negative bending moment. Bradford utilized a finite strip method, by 

which the cross section was divided into longitudinal strips whose deflection was set to a sin

gle harmonic lengthwise and a polynomial in the transverse dhection. Bradford did not himself 

develop the method but used the results from Hancock, [32], in his study of elastic local buck

ling of I-beams. 

The contribution from Bradford was limited to the modification of the Hancock theory to be 

valid also in the inelastic range. For this purpose, Bradford utilized the moduli according to 

Handelmann & Prager, however with the inelastic shear modulus according to Lay, i.e. the 

same material behaviour was assumed as Dave & Kulak, [29], [30]. 

1987, Bradford & Johnson, [33], continued the study on inelastic local buckling of composite 

beams, utilizing a slightly modified finite strip theory. The material inelastic behaviour was 

however assumed the same as in [31], namely a combination of the Handelmann & Prager the

ory and the Lay theory. 

Also in 1987, Bradford, [34], presented a study on inelastic local buckling of welded I-beams. 

The structure of the theory was the same as in [31], i.e. a finite strip method was employed in 

combination with a material model as a mixture of Handelmann & Prager and Lay. 

Kuhlmann, [35], presented in 1989 a study on the rotation capacity of I-beams as affected by 

inelastic local flange buckhng. Her analysis of the inelastic buckhng consisted of two parts; 

one for the determination of the load at which the section undergoes inelastic local buckhng, 

which is combined with a yield line flange buckhng model for the description of the unloading 

phase. 
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For the first part of the model, Kuhlmann utilizes the same approach as Dave & Kulak, i.e. a 

finite strip method is employed and the inelastic material properties are those of Handelmann 

& Prager in combination with the Lay formula for the inelastic shear modulus. From these 

assumptions, the buckling load was determined from an eigenvalue analysis. 

For the yield hne buckle model, pictured in figure 2.4 below, Kuhlmann adopted the relation 

between axial stress resistance and bending moment resistance in the inclined yield lines 

according to Kato, [20]. In addition, Kuhlmann assumed a homogenous stress distribution over 

the buckle. 

The model of Kuhlmann is able to fit experimental data rather well, but one may question why 

that is so. Clearly, the model contains weaknesses, such as the use of a dubious constitutive 

model, and the use of a yield line buckle model, for the description of the late stage buckle, 

which does not take into account an important feature of such a late stage buckle, namely stress 

redistribution over the width of the flange. 

Figure 2.4 Yield line flange buckle model according to Kuhlmann, [35]. 

1993, Azhari & Bradford, [36], presented further work in the field of inelastic plate buckhng. 

They utilized a complex finite strip method for the description of the deformed configuration. 

The inelastic material behaviour, in terms of constant moduli, was modelled by the deforma

tion theory of plasticity, and in addition the incremental theory of plasticity, in this study how

ever not with the inelastic shear response replaced by the theory of Lay, was applied to the 

buckhng model for the sake of comparing the results predicted by the two different constitutive 

models. The results of the eigenvalue analysis for a flange is shown in figure 2.5 below. 



34 REVIEW OF EARLIER WORK 

Quite naturally, since the buckling of such a flange is primarily determined by the shear stiff

ness and the incremental theory predicts initially elastic shear stiffness for material yielded in 

normal stress, the buckling load predicted when adopting the incremental theory of plasticity 

will be the elastic one. The deformation theory, however, results in theoretical predictions that 

are at least reasonable. 

A year later, 1994, Bradford & Azhari, [37], used the same method for the analysis of the ine

lastic buckling of the flange of I - sections bent about the minor axis. In this study, the deforma

tion theory of plasticity was used exclusively for the prediction of the inelastic constant 

stiffness moduh. 

Figure 2.5 Theoretically obtained buckling stress as function of the flange slen

demess. From Azhari & Bradford, [36]. 

In 1992, Spangemacher, [38], and Spangemacher & Sedlacek, [39], presented a study on the 

rotation capacity of steel beams. In [38], the finite element method was utilized for the simula

tion of the inelastic local buckling as hmiting the rotation capacity. For the finite element anal

ysis, the incremental theory of plasticity was used. More precisely, the constitutive model was 

based on von Mises yield surface in combination with an associated flow rule and the assump

tion of isotropic hardening. For the simulation of initial geometrical imperfections, 
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Spangemacher apphed small transverse loads on the flanges, thereby introducing an out of 

plane deformation necessary for the flange to buckle in the numerical simulation. The result of 

the finite element simulation was quite excellent, as shown in figure 2.6 below. It is to be noted 

that the finite element calculations concerned the modelhng of the complete deformation proc

ess and hence was not a bifurcation analysis. 

In his proposal of a formula, by which the rotation capacity of an arbitrary I-section could be 

computed, Spangemacher recognized the restraint of the web on the flange buckling as an 

important feature to be taken into account. For the purpose of taking this restraint into account, 

Spangemacher adopted the expression for the web restraint according to Lay, [22], in which 

the Lay inelastic shear modulus is used for the description of material part of the web stiffness 

against transverse bending. 

Figure 2.6 Finite element simulation of moment-rotation relation for an I-beam. 

From Spangemacher, [38]. 

In his doctoral thesis, which focused mainly on modelhng of cychc plasticity in metals, Hop

perstad, [40], 1992, performed a finite element simulation of the experiments on rotation 

capacity made in 1969 by Lukey & Adams, [41]. Hopperstad adopted the incremental theory 

of plasticity in combination with a kinematic hardening rule, and for the initial imperfections, 

trigging the local buckhng, he set the flange to be initially non-planar in distinction to 

Spangemacher, [38], who apphed smah transverse loads on the flange edges. Similar to 

Spangemacher, Hopperstad obtained fully satisfactorily numerical simulation results, as shown 

in figure 2.7 below. 
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Figure 2.7 Finite element simulation of moment-rotation relation for an I-beam. 

From Hopperstad, [40] 

The Lukey & Adams experiments have similarly been simulated by finite element calculations 

also by Greschik et.al., [42], 1993, who manage to obtain reasonable agreement between the 

numerical simulation and the experimental results, as shown in figure 2.8 below. 

Figure 2.8 Finite element simulation of moment-rotation relation for an I-beam. 

From Greschik et.al, [42]. 
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2.3 Summary of review 

The theoretical work done in the field may be subdivided into either analytical modelling or 

numerical modelling of the inelastic buckling. Now, it is obvious that the models by for 

instance Haaijer & Thürlimann can be categorized as analytical whereas the finite elements 

simulations obviously are numerical. The finite strip methods adopted by e.g. Bradford can 

perhaps be regarded as something in between. 

It seems to the author of this thesis that, considering the substantial amount of experimental 

work in the area, relatively httle research has been attempted to study the inelastic flange buck

ling problem from a theoretical point of view. This impression is shared by Bradford, [34], 

which the author of this thesis regards as one of the main contributors to the topic. Now, an 

obvious reason for this is the complexity of the problem; to theoretically model the inelastic 

local buckling of a flange is not a simple task. Further, the early results obtained by Haaijer & 

Thürlimann, von Karman and Winter, still dominate the methods and limitations used in prac

tical structural calculations for the taking of the local buckling into account. Hence, perhaps it 

is considered by other researchers as a topic of research with httle potential to make sensa

tional contributions. 

Considering the analytical modelling including the finite strip methods used, there seems to be 

a great deal of confusion regarding the relevant constitutive model for the prediction of the ine

lastic material stiffness properties. The incremental theory has been used by some authors, 

indirect experimental determination of the inelastic stiffness has been used by others, the 

deformation theory of plasticity has been used by some, and in addition the incremental theory 

has been mixed with the Lay slip plane plasticity theory. 

Obviously, the inelastic constitutive model used in an analysis of inelastic local buckhng is of 

significant importance. For obvious reasons, one may strongly question the vahdity of a buck

ling theory that utilizes an invalid constitutive model. Any good results obtained by such the

ory might be seen upon as purely circumstantial. For that reason, a rather thorough discussion 

of the vahdity of different constitutive models is carried out in the following section. 

Regarding finite element simulation of the inelastic local buckling problem, the author of this 

thesis consider that method to be probably the best tool available for the analysis of such com

plicated problems. The problem of inelastic local buckhng is simply so complicated that it will 

not allow any analytical models to predict the process with excellent accuracy. 

However, it is important to recognize some features regarding such numerical simulations. 

Firstly, the accuracy in the finite element simulations in [38], [40], and [42] range from good to 

acceptable, hence not even FEM allows for an excellent description of the process. 
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Secondly, the inelastic local buckling problem is a nonlinear problem both from a geometric 

and material point of view, making the FEM simulation all but simple; care must be taken in 

the selection of element types, mesh densities, load steps etc. Hence finite element simulations 

have larger potential to be succesful i f they are performed by persons whose theoretical back

ground is within numerical modelhng rather than structural engineering. Thirdly, these compu

tations are heavily time consuming; the simulation in [42] took several days of computer CPU 

and yet the result was only moderate. Finally, the finite element simulation offer little physical 

understanding of the problem since all the work is done by a computer and the guy that pro

grammed the code. 

The finite strip methods mentioned above is, in distinction to the finite element simulations, 

involved only in the computation of a bifurcation stress of the flange and hence the complete 

stress-strain relation of the flange is not simulated. Now, it is clear that this bifurcation stress 

computation, which is done by an eigenvalue calculation, is a direct function of the material 

properties, expressed as stiffness constants, predicted by the utilized constitutive model. This 

is why the theory of Lay is so plausible and the incremental theory of plasticity is not. The 

author of this thesis does not recognize this method, although it is used by many, as a good 

method in inelastic local flange buckling analysis since it must utilize dubious material models 

in order to render reasonable results. Since the choise of constitutive model of the material ine

lastic behaviour is so crucial for the accuracy of the subsequent inelastic local flange buckhng 

model, this question is discussed in the following section. 
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3. DISCUSSION OF CONSTITUTIVE MODELS 

3.1 General 

As seen in the previous section, there is a great deal of confusion on what constitutive model is 

applicable for the inelastic local buckling problem. Also in relatively recent studies both the 

deformation theory and the incremental theory of plasticity has been used as well as the plas

ticity theory of Lay, [22]. For that reason a short discussion of the relevancy of different consti

tutive models is carried out below. The discussion concerns mainly structural steel but the 

arguments are valid for any strain hardening metal. 

Now, it seems like the theory of Lay has had a significant influence on the theoretical treatment 

of inelastic buckhng problems for which the shear response is of importance. For instance, it 

has been used in relation to local flange buckling by e.g. Adams & Galambos 1966, [43], 

Hamada & Longworth 1974, [25], Dave & Kulak 1981 and 1984, [44], [29], [30], Bradford, 

1986 and 1987, [31], [34], Bradford and Johnson 1987, [33], Kuhlmann 1989, [35], and 

Spangemacher 1992, [38]. In addition it has been used in studies of inelastic lateral torsional 

buckling by e.g. Trahair and Kitipornachai 1972, [45], Bradford & Trahair 1986, [46], Kitipor-

nachai and Chung 1987, [47], Bradford et.al 1987, [48], and Colhn 1991, [49]. It is therefore of 

interest to examine the validity of this plasticity theory, especially since it is distinctly incom

patible with for instance the incremental theory of plasticity. 

3.2 The mathematical theory of plasticity 

The mathematical theory of plasticity does not consider the physical origin of the plastic defor

mation, namely slips in planes subjected to large shear stresses, the slips being made possible 

by the existence of errors in the atomic lattice i.e.dislocations. It is instead based upon certain 

assumptions which may be more or less weU grounded, and the material is treated as a contin

uum. The mathematical theory of plasticity can be divided into two main groups, the deforma

tion theory of plasticity, sometimes referred to as the total strain theory, and the incremental 

theory of plasticity, by some referred to as the flow theory of plasticity. 

The mathematical theory of plasticity assumes the strain components to be composed by an 

elastic part and a plastic part i.e. e,, = £;, + ef ;. Further, it assumes the existence of a initial 

yield criterion, expressing the border between stress states for which the virgin material 

behaves elastically and stress states producing plastic strain. The most commonly used initial 

yield criterion for metals is the von Mises yield criterion, which reads 

/ ( o > ) = I v a " * ? = 0 (3.1) 
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in which are the components of the stress tensor, r j Q is the initial yield stress, and are 

the components of the deviatoric stress tensor according to 

in which the double index denotes summation. The square root of the first term in eq (3.1) is 

commonly referred to as the von Mises effective stress 

h / i j (3-3) 

Eq (3.1) can be seen as representing a hyper surface in the six-dimensional stress space, usu

aUy referred to as the yield surface. Now, the deformation theory of plasticity assumes the 

plastic strain state being related to the deviatoric stress state according to 

4 = VSy (3.4) 

l2 3e 
Assuming the existence of an effective plastic strain ep = J ö e y e ^ gives ® - j~~ m e a n m S 

that ° e 

4 = %>u <3-5> 

The deformation theory hence assumes the strain state being uniquely determined by the stress 

state itself. Considering the inelastic local buckling of a compressed flange, eq (3.5) reveals the 

shear stiffness being proportional to the secant modulus Es = oVe in which o~ is the axial 

stress and e is the axial strain. 

Although the buckhng loads predicted soforth by the deformation theory may show reasonable 

agreement with experimental results, the deformation theory as a constitutive model is today, 

and has been for decades, at least among those dealing with constitutive modelüng, regarded 

as invalid for any loading path that is non-proportional, see e.g. Chen & Han 1988, [50]. Since 

torsional buckling is a case of extreme non-proportional loading, the deformation theory must 

then be considered as non-valid for the study of inelastic local flange buckling. 
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As a consequence, buckling theories utilizing the deformation theory, which has been pre

sented also recendy [36], [37], can perhaps be considered as of reduced value. 

Hence, the mathematical theory of plasticity can be considered equivalent to the incremental 

theory of plasticity. In addition to the assumption of an initial yield criterion and the decompo

sition of the strain state, the incremental theory of plasticity for a strain hardening material 

rests on the existence of a plastic potential function g (Cy) governing the direction of the plas

tic strain increments through a flow rule according to 

in which dX is a scalar multiplier which is a function of the plastic stiffness and the stress 

increment components. Further, the theory assumes the existence of a hardening rule govern

ing the evolution of the yield surface with plastic deformation. 

It has been shown theoretically by Drucker, [51], that for a a strain hardening material, the 

plastic potential function is identical to the yield criterion function, i.e / = g, resulting in the 

associated flow rule. 

Further, as a consequence of Druckers stability postulate, [51], [50], the scalar multipher dX is 

proportional to the scalar product of the stress increment and the gradient to the yield surface at 

the stress point, i.e 

d& = dX (3.6) 

dk = (3.7) 

which, utilizing the associated flow rule and normalizing the gradients yields 

(3.8) 

in which n .. 
y 

d f / d a u 

and h is called the generalized plastic modulus. 
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In order to relate the size of the plastic strain increment to the size of the stress increment, the 

assumption is customarily made that the ratio of the increment of the effective stress to the 

increment of effective plastic strain for a general multiaxial plastic loading is identical to the 

ratio obtained by a simple uniaxial test, meaning 

<2o\ do, 
—e- = —- = Hn (3.9) 

The von Mises effective plastic strain is defined by dzp = J^dz^jde^j. Now, for an isotropi

cally hardening von Mises material, the isotropic hardening concept meaning the yield surface 

growths isotropically in the stress space, it can be obtained = 3s, and hp = ^Hp, which 

results in the plastic constitutive relation y 

d < j = 4~Z~rsa ( 3 - 1 0 ) 

in which the plastic modulus is given by 

J_ _ J _ _ l 

Hp Et E 
(3.11) 

Et being the tangent modulus of the uniaxial stress-strain curve. 

Quite naturally, the simple constitutive relation (3.10) cannot be expected to render a com

pletely accurate description of the real material behaviour. Experimental investigations on the 

inelastic behaviour of metals under non-proportional loading have been performed by a 

number of researchers, e.g. Haaijer1 1955, [52], Ivey 1961, [53], Budiansky et. al. 2 1951, [54], 

Shammamy & Sidebottom 1967, [56], Meguid & Malvern 1983, [57], Meguid et.al. 1984, 

[58]. From these experimental investigations it is clear that the prediction of the incremental 

theory of the initial elastic response to tangential loading is correct. However, it seems like the 

assumption of isotropic hardening yields a slightly slower evolution of plastic strains follow

ing tangential loading i.e. the plastic strain increment vector is not quite parallel to the devia

toric stress vector. 

1. this work known to the author of this thesis only through Greschik, et. al., [42]. 
2. this work known to the author of this thesis only through Hecker, [55]. 
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An obvious reason for this discrepancy between the incremental theory above and experimen

tal results, lies in the assumption of isotropic hardening. Experiments on subsequent yield sur

faces have been performed by a large number of researchers, e.g. Wilhams & Svensson 1970, 

[59], Shiratori et.al. 1973, [60], Phillips & Moon 1977, [61]. From these experiments and oth

ers it is clear that the subsequent yield surface exhibits elements of translation and change of 

size as well as distortion i.e. change of shape, these features being merely a reflection of the 

Bauschinger effect under multiaxial stress states. Hence it follows that the prediction of the 

plastic strain increment dhection by the isotropic hardening concept cannot be entirely accu

rate. Further, in Meguid et.al., [58], it was concluded that the von Mises effective stress-effec

tive plastic strain relation was not universal, i.e. different relations were obtained from 

different loading paths meaning the assumption (3.9) is not completely accurate. 

However, the experimental results on subsequent yield surfaces depend strongly on what offset 

plastic strain adopted for the definition of yield. The larger offset plastic strain used, the less 

distortion and translation wil l the subsequent yield surface exhibit. Phillips & Moon, [61], 

introduced the concept of a loading surface being an isotropically hardening von Mises sur

face. In [61], it was experimentally observed that whatever shape and position of the subse

quent yield surface, it always tends to be tangential to the loading surface. This material 

behaviour, which is mhrored in some recently proposed two-surface plasticity models, e.g. 

Ellyin & Wu 1987, [62], Ellyin 1989, [63], Ellyin & Xia 1990, [64], and Möller 1993, [65], 

renders the prediction of the plastic strain increment dhection according to the isotropic hard

ening concept in reasonably accurate although the subsequent yield surface strongly deviates 

from an isotropically version of the virgin one. 

Conclusively, the assumption of a universal effective stress-effective plastic strain relation 

(3.9) in combination with the assumption of an isotropically hardening von Mises yield surface 

yields a constitutive model that, restricting the loading paths to monotonic loading, should be 

reasonably, although certainly not completely, accurate. 

From the experimental curves shown in figure 3.1 below, it is clear that such a model renders 

theoretical predictions that are in as good agreement with experimental results as one can 

require, considering the simplicity of the model and the assumptions being made. A possible 

complication regarding structural steel is the discontinous nature of the plateau Lüders strains, 

which is briefly discussed in section 3.5. 
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Figure 3.1 Experimental results versus theoretical predictions of incremental the

ory based on isotropic hardening and von Mises yield criterion for 

loading in tension-torsion into the plastic range. From Ivey, [53]. The 

unit for stress is ton per square inch, and the unit for strain is promille. 

The right figure refers to the tangential loading in shear in the figure to 

the left. 
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3.3 The plasticity theory of Lay 

As mentioned, in 1965 Lay, [22], presented a new theory for the inelastic shear response of a 

member yielded in tension or compression. Lay argued that the prediction of the incremental 

theory of initial elastic response to tangential loading simply could not be accurate. In [17], 

Haaijer claimed that the deviation between the initial elastic shear response predicted by the 

incremental theory and the experimentally determined value of 16600 MPa for the inelastic 

shear modulus applicable for inelastic local buckling, was due to the presence of geometrical 

imperfections in the local buckling specimen. Lay, however, argued that it was not likely that 

such a consistent value of the inelastic shear modulus would be the result of random initial 

imperfections. 

Further, he argued that he could not intuitively understand that the shear stresses arising from 

such imperfections could have such a dominant effect on the inelastic shear stiffness, since 

according to Lay, see figure 3.2 below, the Mohrs equilibrium circles did not differ substan

tially between the stress state with pure normal stress and the stress state including shear 

stress.. 

18 ksi 

6.7 ksi 

67 ksi 

(0,0) 36ksi 
(O-y) 

cr, ZZ 

Figure 3.2 Equilibrium circles for pure normal stress and for normal stress in 

combination with a shear stress of 45 MPa (resulting in the inelastic 

shear modulus 16600 MPa) according to Lay, [22]. Note the error in 

the equilibrium circle for the combined stress state. 
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Lay instead argued that some of the slip planes developed in compression remained active 

when applying shear stress to the member, the shear stress thereby causing further slip in these 

planes, thereby producing shear strain, see figure 3.3 below. 

a) Normal Stress Only 

T 

b) Transverse S t r e s s Applied 

Figure 3.3 The concept of compressive slip planes being active at the application 

of shear stress according to Lay, [22]. Note the error in the slip direc

tion. Further, note the lack of equilibrium in the lower figure. 

From this argument in combination with some other assumptions, Lay manages to derive the 

formula (2.7) for the inelastic shear modulus for a member yielded in compression or tension 

and thereafter subjected to shear stress. The theory is in distinct contradiction to the incremen

tal theory since it predicts plastic shear strain being produced immediately when shear stress is 

applied to the member. Lay argued that the reason for this discrepancy between his own theory 

and the incremental theory was the fact that the incremental theory did not take into account 

the discontinous nature of the plastic strains on the yield plateau of structural steel, i.e. the 

Lüders strains. This is a somewhat remarkable statement since Lay himself treated a fully 

yielded member in which the plateau strains were exhausted. Hence, Lay did as a matter of fact 

not himself consider the discontinuity of the plateau strains. 

Obviously, the incremental theory and the Lay theory cannot be both correct. Now, the incre

mental theory, as mentioned above, has been experimentally verified to give reasonable predic

tions even for strongly non-proportional loading paths, i.e. tangential loading. Further, it has 

been shown theoretically quite early by Onat & Drucker, [67], that taking initial imperfections 

into account yields the incremental theory to give quite reasonable inelastic torsional buckling 
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predictions. In [67], it was shown also that the magnitude of the initial imperfections does not 

influence the buckling load significantly. In addition, later studies, e.g. [38], [40], [42], utiliz

ing the finite element method and incremental theory, shows quite satisfactorily agreement 

between experimental buckling results and numerical simulation. Hence, the conclusion is 

obviously that the Lay theory is incorrect. 

Although the theory of Lay exhibits several errors, the most flagrant is that it does not take into 

account that shear stresses in an element of a member, from equilibrium reasons always occur 

in pairs. Hence, for a member yielded in compression, the slip planes being oriented 45 

degrees to the axial stress, the application of shear stress does not increase the shear stress 

along these planes and hence further slip will not be produced in these planes. By this error, the 

whole theory of Lay falls, and it is hereby declared invalid. Unfortunately, this fact somewhat 

reduces the value of the inelastic buckhng theories in which the Lay theory is utilized. 

The author of this thesis however recognizes the approach of building a constitutive model by 

the study of the physical origin of plastic deformation as an interesting alternative to the math

ematical theory of plasticity. It would be a convincing argument i f such a model would give 

basically the same result as the incremental theory. For that reason, the possibility of establish

ing a simple slip plane model in agreement with the incremental theory was investigated, and it 

is described in what follows. 

3.4 Proposal of a simple slip plane plasticity theory 

Consider inelastic loading in the a - x plane and material characteristics according to figure 

3.4 below. 

Figure 3.4 Considered loading path and material characteristics. 
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Figure 3.5 An element subjected to shear and normal stress. 

1 2 
In figure 3.5 above, the dashed lines P„ „ and P_ „ represents the two planes with the maxi-

' ' 1 2 1 2 

mum shear stress for the combined stress state o~, x. The dashed hnes P £ , P e and Py, Py rep

resents the corresponding planes with maximum shear stress for pure normal stress and pure 

shear stress, respectively. 

Now, assuming plastic slip occurs in the planes with maximum shear stress, it is reasonable to 

assume that slips in the planes P £ , caused by pure normal stress, give rise to plastic normal 

strain, and consequently that slips in the planes P , caused by pure shear stress, give rise to 

plastic shear strain. Now, the orientation of the planes P g with maximum shear stress for the 

combined stress state can be expressed by the angle \)f as shown in figure 3.5 above. It seems 

reasonable to assume that slips in these planes give rise to both plastic normal strain and plastic 

shear strain, which forms the basis for the following theory. In what follows, only the first set 

of slip planes is considered. 

Now, the maximum shear stress x^ in the plane P £ can be written 

(3.12) 
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Differentiation of eq (3.12) gives 

di„,, = 
e, Y 

ado/'4 + idi 

OY 2 

2) + T 

(3.13) 

Further, the angle \|/ is given by 

1 (2i 
(3.14) 

Consider an incremental slip due in the plane F ^ Y as shown in figure 3.6 below 

Figure 3.6 An incremental slip for the combined stress state. 

The magnitude of the slip du. „ can together with its dhection be considered as a vector in the 

non-orthogonal coordinate system spanned by the axes « e and uy, paraUel to the planes P£ 
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and P respectively, according to figure 3.7 below. 

Figure 3.7 Slip components for combined stress state. 

The components of the slip vector dü£ are then given by simple geometry as 

dut = 7 2 s i n ^ | - \ | / j d « g y (3.15) 

duy = J2sia\\idu£ (3.16) 

Now, consider a slip in pure tension according to figure 3.8 below. 

Figure 3.8 A slip in pure tension. 
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Now, supposing the average perpendicular distance between the slip planes is c,, the increment 

of plastic normal strain due to an incremental slip in pure tension would be 

dz? = —- (3.17) 
2g 

However, considering a simple tension test yields 

„ dry 2dx 

F = IT ( 3 1 8 ) 

p p 

in which dxe denotes the increment of shear stress in the plane P£, corresponding to the incre

ment of normal stress da . Hence, from eq (3.17) and (3.18) it is obtained 

due = ^qdx£ (3.19) 

which expresses the relation between the magnitude of an incremental slip in the plane P £ and 

the corresponding increment of shear stress in that plane. Assuming isotropy, this relation 

should hold irrespectively of the orientation of the considered plane. It follows 

duz T = ^ S < * \ 7 (3.20) 
p 

From eq (3.15), (3.16) and (3.20) one obtains 

4j2 
duz = - ^ w i n ^ - ¥ 

duy = ^ ^ T E Y s i n V (3.22) 
p 
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The relation between an incremental slip in plane Py and an increment of plastic shear strain is 

clear from figure 3.9 below. 

Figure 3.9 A slip in pure shear. 

Obviously, it holds 

(3.23) 

Now, combining eq (3.23), (3.17) with (3.21) and (3.22) yields 

(3.24) 

df = i ^ s i n i ^ T E y (3.25) 

Finally, making use of eq (3.13) and (3.14) and collecting the elastic strain increments yields 

the somewhat messy constitutive relation as given by eq (3.26) and (3.27) below 
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de = de + de 
2j2 (csdo/'4 + xdx) 

sin ;atan 
n (3.26) 

+ x 

= + ^ y = 
4 7 2 ( a J G / 4 + Tdx) 

H. 
2 2 

+ T 

. r l t (2x\] ^dx 
sin -atan — + — 

L2 V a)} G 
(3.27) 

From eq (3.26) and (3.27), the direction of the plastic strain increment can be written according 

to eq (3.28), which is geometrically pictured in figure 3.10. 

de" 
-

d f = 

1 _ -

sm -atan (3.28) 

Figure 3.10 Predicted direction of plastic strain increment according to the pre

sented slip plane theory. The directions are computed for stress states 

lying on von Mises surface and for which it holds 

a = 0.0,0.25,0.5,0.7,0.8,0.9, 0.975, andl.0oQ. 
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As seen from figure 3.10, the deviation from normality to the Tresca and von Mises yield sur

faces is not especially large. Hence, the predictions of the direction of the plastic strain incre

ment according to the von Mises or Tresca incremental theory and the proposed slip plane 

theory agrees fairly well. 

Now, returning to the inelastic torsional buckling problem and the question of the inelastic 

shear modulus of an axially yielded member, the considered loading path is given by figure 

3.11 below. 

1 

r 
Figure 3.11 Loading path for the determination of the inelastic shear modulus. 

The material can be assumed to be of the bihnear type shown in figure 3.4 above. Now, accord

ing to the proposed slip plane theory, the inelastic shear modulus, defined as Gt = dz/dy, for 

the considered loading path is obtained directiy from eq (3.27) by setting da = 0. It is 

obtained 

(3.29) 

The prediction of the incremental theory based on an isotropically hardening von Mises yield 

surface, is obtained from eq (3.10). It holds for the considered loading srsdars - 2xdx, mean

ing 
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which, collecting the elastic part, leads to 

9x 

Hp[ a2 + 3x 2 

(3.31) 

In figure 3.12 below, the inelastic different predictions of the inelastic shear modulus, as func

tion of the applied shear stress, are pictured. In addition to the von Mises incremental theory, 

the prediction of Tresca incremental theory is shown. For the latter, the same definition of 

effective plastic strain as for the von Mises incremental theory is adopted. 

1.20 

'1.00 

0.60 

0.40 

0.20 

0.00 
0.00 

- incremental von Mises 

• proposed slip plane theory 

- incremental Tresca 

0.10 0.20 0.30 0.40 0.50 X 0.60 

/ v 

Figure 3.12 Inelastic shear modulus as fiinction of the shear stress for the loading 

path according to figure 3.12. Material with O"0 = 250 MPa and 

Hp = 4000 MPa. 

Obviously, the agreement between the proposed slip plane plasticity theory and the mathemat

ical incremental theory of plasticity is as fair as one can expect, considering the simple argu

ments used, both with respect to the size and direction of the plastic strain increments. Since 

the two theories have basically nothing in common, it would be plausible to consider the agree

ment between the theories as a justification of the incremental theory and hence a further dis

qualification of the Lay theory. 
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3.5 Discussion of the Lüders plateau strains 

It is a well known fact that for structural steel, exhibiting a yield plateau in the uniaxial stress 

strain curve, the plastic strains on the plateau is not uniformly distributed over the specimen. 

Instead, the yield plateau represents a state of discontinous plastic strain distribution over the 

specimen, in which one portion is strained to the point of strain hardening whereas the other is 

still elastic as pictured in figure 3.13 below. The border, or borders, between elastic and plastic 

material is commonly called the Liidersfront, and the strains on the plateau Liiders-strains. The 

elastic material in the vicinity of such border, does at the next mean strain increment undergo a 

plastic strain jump corresponding to the length of the Lüder plateau. The amount of material 

undergoing this strain jump then corresponds to the size of the apphed mean strain increment. 

The discontinous nature of the plateau strains is discussed rather thoroughly in Granlund 1993, 

[66]. 

e = 51/1 

1 

Figure 3.13 Discontinous nature of the Lüders plateau strains. 

Obviously, i f the strains are measured as the relative displacement of the cross heads in a 

uniaxial tension test, the obtained stress strain curve does not reveal the discontinous nature of 

the plateau strain, whereas i f the strains are measured by e.g. small strain gauges one wil l note 

an almost immediate jump from point A to point B, referring to figure 3.13 above. 
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Remarkably, although this phenomenon is recognized since long ago among those dealing with 

metallography, it seems to be only partly known among those dealing with constitutive model

ling. For instance, Suigura 1992, [68], concluded that his observed deviation between the mean 

strain and the local strain, measured by strain gauges, in compression specimen was due to var

iation in the specimen cross section area. Obviously, he was unaware of the discontinous 

nature of the plateau strains. Further, performing experiments on uniaxial cyclic plasticity, Lee 

etal., [69], and Mizuno et.al., [70], both 1992, concluded that the Bauschinger effect on the 

yield plateau increased with the plateau strain, i.e. the elastic range was a decreasing function 

of the plateau strain. Mizuno even presented a four parameter expression for the elastic range 

on the yield plateau. However, recognizing the discontinous nature of the plateau strains, it is 

clear that the Bauschinger effect does not vary with the plateau strain since no material is actu

ally on the plateau but it is either elastic or at the point of strain hardening. Indeed, the detected 

variation of the Bauschinger effect instead follows directly from the discontinuity of the pla

teau strains. 

The discontinous nature of the Lüders strains obtained by a uniaxial tension tests does however 

not necessarily appear for all states of stress. For instance, experimental results from mem

brane testing of structural steel, led Granlund, [66], to the conclusion that for a pure biaxial 

state of stress, t j j = a2, o"3 = 0, no discontinuity of the plateau strains appear. This was con

cluded by the study of relation between the local strain (obtained from strain gages) and time, 

this relation showing no abrupt changes of strain rate for the membrane stress state as it does 

for the uniaxial stress state. The same investigation led also to the conclusion that the assump

tion of a universal effective stress-effective plastic strain relation was in fair agreement with 

experimental results from the bulge testing. 

The question of the discontinuity of the plateau strains is a bit troublesome for e.g. the model

ling of inelastic flange buckling, since the discontinuity, i f it exists in flange buckling, should 

have some effect on the buckling behaviour. However, it is difficult to include the discontinuity 

of the plateau strains into a buckhng model without increasing the complexity of the model 

severely. For that reason, the plateau strains are considered as continous in the theoretical mod

elling of the inelastic local flange buckling that follows. Considering the level of other simpli

fications that are necessary for the formulation of an analytical model, the treatment of the 

plateau strains as continous is believed to add relatively httle error to the model. 

In Möller, [65], however, an attempt to capture the influence of the discontinuity of the plateau 

strains on the local inelastic flange buckling was made. The flange buckhng, which was con

sidered as torsional, was analysed using the incremental theory of plasticity and considering a 

hollow rectangular section, regarded equivalent to a flange with the same critical torsional 

buckling stress. 
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The influence of the discontinuity of the plateau strains were then analysed by the assumption 

that the propagation of the Lüders front takes place in the same manner in flange buckling as in 

an ordinary tension test. i.e. one (or more) front is created at some location and then propagates 

over the entire specimen. 

The propagation can be regarded as the subsequent overcrossing of regions of the material by 

the front, these regions undergoing a plastic strain jump corresponding to the length of the 

yield plateau. Now, it was assumed that the direction of this plastic strain jump, was in the 

direction of the gradient to the von Mises yield surface. Now, arguing in terms of a constant 

rate of twist of the flange, the plastic strain jump at the propagated region wil l contain some 

shear strain since the stress state prior to yielding consists of some shear stress in addition to 

the axial stress, simply due to the initial imperfection. This shear strain wil l increase the rate of 

twist in the propagated region and hence increase the twisting moment from the axial stress 

without a corresponding increase of the internal twisting moment since this would require 

strain hardening. 

Hence, the propagated region becomes temporarily unstable until the material have strain hard

ened, which results in more plastic shear strain which increases the twisting moment due to the 

axial stress and so on. The condition for stability then becomes that the internal twisting 

moment is able to catch up with the twisting moment due to the axial stress. This is expressed 

in terms of an integral which yields a rather complicated equation for the shear strain produced 

in the process. I f this equation has a solution, stability can be obtained and the front can propa

gate over the whole flange, and i f not the flange buckles without passing the plateau. 

The outcome of this treatment showed only litde difference to the results originating from a 

treatment of the plateau strains as continous. The difference was that the discontinous treat

ment resulted in somewhat smaller sensivity to local buckling for a given flange, this differ

ence being explained from the fact that the plastic strains produced on the plateau in the former 

case is determined from the stress state in the flange at the entering of the elastoplastic range, 

whereas in the latter case, the corresponding strains are determined from stress states contain

ing successively more shear stress since every increment of shear strain causes an increase of 

the twisting moment. 

The little difference in the outcome between treating the plateau strains as continous and treat

ing them as discontinous in ref [65] hence motivates the choice of not taking the discontinuity 

into account in the subsequent local flange buckhng model. 
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4. MODELLING OF INELASTIC L O C A L FLANGE 
BUCKLING 

4.1 Introductory remarks 

4.1.1 General 

From experiments on local flange buckling, e.g Lukey & Adams 1969, [41], the buckling proc

ess can be seen as composed by three phases, between which the borders are nondistinct. The 

first phase can be considered to be associated with mainly torsional deformations, i.e. the buck

ling is initially a case of torsional buckling. In this phase, in which the maximum stress is 

reached, the out of plane deformations are relatively small and just prior to the maximum 

resistance they are usuaUy barely visible. 

As seen in the previous section, the shear stiffness of an element in compressive yielding rap

idly decreases with the apphed shear stress. Hence, in the second phase of the buckling, the 

resistance from the shear stiffness becomes progressively smaller and plate bending is intro

duced. 

In the third phase, the plate bending has developed fully into yieldlines, which governs the 

descending part of the buckling stress-strain curve. At this stage, the remaining shear resist

ance is negligible. 

The second phase can be regarded as a transition phase between the first and the third phase, 

and due to the complexity of the stress state in the flange during this phase, no attempt is made 

to model it analyticaUy. This is believed to be of relatively minor importance since the transi

tion phase should have no major significance for the overall behaviour of a buckling flange. 

Hence for the following modelhng of the flange buckhng process, the buckling of the flange is 

assumed to consist of the first and third phase. 

4.1.2 Elastic torsion of a thin plate 

The Saint-Venant elastic torsion of a prisma with a solid cross section is governed by the Pois

son partial differential equation, for which the coordinate system is shown in figure 4.2. 
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in which <j> = (j> (x, y) is the Prandtl stress function, related to the shear stresses as follows 

(4.2) 

y 

t ^ x 

•M  B 
— ^ 

Figure 4.1 Definition of coordinate system. 

The differential equation (4.1) is possible to solve analytically only for a few special cases with 

simple geometry. For more comphcated cross-sections one needs to adopt numerical methods, 

e.g. power series solutions or the finite element method. For a thin plate, for which it holds 

B » t, solving eq (4.1) gives the Saint-Venant torsion constant, governing the relation between 

the applied twisting moment Mt and the rate of twist dq/dz through Mt = GKV (8(p/8z), as 

(4.3) 

Now, instead of solving eq (4.1), consider a thin plate as being composed of an infinite number 

of prismas with hollow rectangular cross section according to figure 4.2 below. 

Figure 4.2 Solid thin plate cross section as consisting of many hollow rectangular 

cross sections. 
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A coordinate % is denned according to figure 4.2, meaning the wall thickness of the hollow 

section being dt%t/2. For each hollow section the relation between the shear strain and the rate 

of twist is given by, see Appendix IV, 

Y ( E ) = f [ f l - * ( l - S l W p (4 4) 

For B » t this reduces to 

Y(S) = (4.5) 

meaning that the shear stress is obtained as 

T ( § ) = G 5 r | ? (4.6) 

This shear stress gives a contribution to the twisting moment according to 

dMt = x ($) & (B\t + m pz=GB fy) 2dq-tpz (4.7) 

Hence it can be written 

Mt = Gd£Bf)?a% (4.8) 

meanmg 

i 

Kv = Bt3jt?d!i = ±Bt3 (4.9) 

o 
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Clearly, this approach does not constitute a solution to eq (4.1) since the shear stress distribu

tion at the corners are not accounted for in a completely correct manner. However, it is recog-

solution of the partial differential equation. 

The idealization of the thin solid plate described above is adopted in the study of inelastic tor

sion of a thin solid plate, following below. 

4.13 Inelastic torsion of a thin plate loaded with axial force 

As concluded in section 3.2, for metals, a constitutive model based on an isotropically harden

ing Huber-von Mises yield surface in combination with an associated flow rule is to be consid

ered as appropriate for the analyse of elastoplastic problems for which the loading is such that 

the effective stress is monotonically increasing, however with no restriction concerning non-

proportionality of the loading path. In the previous section, it was stated that this constitutive 

model gives the plastic strain increment components according to 

in which the deviatoric stress components s„ and the Huber-von Mises effective stress o" are 

defined in section 3.2. 

Consider now the torsion of a thin solid plate , in addition to the twist also subjected to a com

pressive or tensile force, into the inelastic range. For a material point subjected to the only two 

stress components c and x, eq (4.10) in combination with Hookes law yields 

nized as a good approximation which, as a bonus, gives the same result in terms of Kv as the 

rs 
(4.10) 

dy = drf + dy (4.11) 

dz = dzp + dze 3 (xcdx + ø2da/3^\ , dc 
(4.12) 

H

P { o 2

 + 3x 2 J E 
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Now, for simplicity in writing, define 

* = f 2 l\ ( 4 - 1 3 ) 

Hp[o + 3x 

by which eq (4.11) and (4.12) can be simplified according to 

nz2 + ^jdz+ ^ d o (4.14) 

d e ^ d T J ^ + l ) d a (4.15) 
3 v 9 

Introducing the notations 

a , = q x 2 + i (4.16) 
G 

a 2 = H £ ! (4.17) 
z 3 

a 3 = 3 f + I (4.18) 

yields the stress increments as functions of the stress state and strain increments according to 

a, a, 
do = ~T-^ dy--j—i de (4.19) 

o^-ct jaj ocj-ctjCtj 

ou a,, 
dz = - t j — 2 dy + - j — £ de (4.20) 

a 2 - a j a 3 o ^ - a j C i j 
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Denoting 

0C2 

ßi = - 5 - ^ (4.21) 
cc2 - cCjfXj 

a, 
ß 2 = - ^ - J (4-22) 

« 2 - a i a 3 

a 3 

(4.23) 

yields the shorter expressions 

da = ß , d Y + ß 2 d e (4.24) 

= ß 3 d Y + ß 1 J e (4.25) 

Now, considering the inelastic torsion of a thin plate loaded with axial force, the stress and 

strain states are functions of the coordinate i\. Since no material properties were used in the 

derivation of eq (4.5), the relation between the shear strain and the rate of twist must be unaf

fected by the yielding of the material. Now, denoting Yg = 1 = Y yields 

Y ( l ) = ^Y (4.26) 

and, consequently 

dy{t\) = t\dy (4.27) 
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Since the plastic strain increment vector is assumed normal to the subsequent yield surface, it 

follows that the increment of plastic axial strain is proportional to the increment of plastic 

shear strain for a given stress state. Hence, eq (4.27) combined with an assumption of homoge

nous axial stress over the cross section implies the state of axial strain growing progressively 

more nonhomogeneous over the cross section. In reality, the axial strain rather than the axial 

stress is applied homogeneously. Hence keeping the axial strain homogenous and satisfying 

normality of the plastic strain increment is expected to result in redistribution of axial stress to 

some extent. For the sake of consistency, denote _ j = £, implying only the trivial relations 

e ( I ) = £ and consequently dz (h\) - dz, meaning no more than that the cross sections are 

kept plane. 

Now, denoting the applied increments of axial force and twisting moment dN and dM(, 

respectively, equilibrium requires 

(4.28) 

o 

(4.29) 

o 

Making use of eq (4.24), (4.25), and (4.27) yields 

i 
(4.30) 

o 

(4.31) 

or, since dy and dz are not functions of \\, 
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dN 
Dlde + D2dj=Yt

 {-A3T> 

dM, 
D~de + D,dy = — ' (4.33) 

Bt2 

in which 

Z>, = J ß 2 (4-34) 

D2= J ß , (4.35) 

l 

/?3 = J ß 3 ( § ) § 2 r f § (4.36) 

Thus the strain increments are finally given by 
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Integration of eq (4.37) and (4.38) constitutes the torsional response of an axially loaded thin 

plate. Some results for plate with B/t = 20 and a loading path according to figure 4.3 below 

is shown in figure 4.4 to figure 4.6 below. 

Figure 4.3 Considered material and loading path in the force plane. 

i i 
ii M M. — 0.( S5 — \ .—. M/M = 0.39 

— 

t 1 1 
i 

0.00 0.20 0.40 0.60 0.80 1.00 1.20 1.40 1.60 1.80 2.00 

Figure 4.4 Axial stress distribution over the thickness for two applied twisting 

moments. Mte denotes the twisting moment at which the plate starts to 

yield; Mte = ——. 
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Figure 4.5 Shear stress distribution over the thickness for two applied twisting 

moments. 

• E lasi ic i esp ion se 
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Figure 4.6 Applied twisting moment versus shear strain. 
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4.2 Inelastic local flange buckling 

4.2.1 Modelling ot the torsional buckling phase 

4.2.1.1 Assumptions regarding residual stresses 

Customarily, for welded plate sections, the residual stress pattern is idealized according figure 

4.7 below. 

** 
B 

Figure 4.7 Idealized residual stress pattern. 

Unfortunately, within the frames of the theory presented in this thesis, it is difficult to take this 

residual stress pattern into account with full accuracy. Computationally, it is therefore neces

sary to introduce a substantial simplification. Instead of dividing the flange into two parts, one 

with tensile residual stresses and the other with compressive residual stresses, which would 

make the integration of the constitutive and equihbrium relations much more comphcated, the 

flange is assumed to consist of a material whose stress-strain curve is identical to the stress-

strain curve of flange for the case of the flange being completely prevented from buckhng, 

hence the material behaviour is assumed according to figure 4.8 below. 

The meaning of this procedure is as follows: when the initially compressed parts of the flange 

reaches / , which occurs at the mean stress f y , the complete flange is assumed to yield with 

the plastic modulus H ' , rather than the initially compressed parts of the flange yielding with a 

plastic modulus almost zero, corresponding to the yield plateau and the center parts being still 

elastic. The procedure can thus be seen upon as smearing out the stiffness over the flange. 
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Figure 4.8 Assumed material stress-strain curve used for the taking the residual 

stresses into account. 

Due to the deviation from the elastic response starting from f , the plastic modulus corre

sponding to the difference between E and E' is given by 

J _ _ L _ I 
Hp' E' E 

(4.39) 

4.2.1.2 Assumptions regarding geometrical initial imperfections 

In the theoretical modelling that follows, it is assumed than the flange is geometrically initially 

imperfect. The initial geometrical imperfection is for the sake of simplicity assumed as a con

stant initial rate of twist. 

3cp 

c= 0 

dB 

dz 
(4.40) 

corresponding to an initial stress free shear strain, according to eq (4.5) 

, t l - dQ (4.41) 
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Now, for an elastic prisma, it can be shown that applying normal stress increases the rate of 

twist according to 

3cp i v e 
dz U - o/acrJdz 

(4.42) 

Including the compressive residual stresses then yields 

dz ~ 
1 

1 - (G + cr )/cr 
dQ 

dz 
(4.43) 

corresponding, according to eq (4.5), to the shear strain 

« o - » [ , - ( g , ' v / g . 
dB 
dz 

(4.44) 

which causes a shear stress in the plate according to 

l - ( 0 + G r c ) / G c r 

— 1 
dQ 

dz 
(4.45) 

Concerning the torsional buckhng of the considered element, at a certain level of the applied 

axial stress, a , the material in the outer regions, i.e. | = 1, of the plate enters the elasto 

plastic state. At this stage, the shear stress at the surface is 

= Gt 
ep 

1 

1 - (a + o ) /o 
v ep rc' c 

- 1 
dQ 

dz 
(4.46) 

The stress state at which this occurs is determined by 

(4.47) 
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and the shear strain at the surface is at this stage 

1 IdQ 
(4.48) 

It is noted that until yielding occurs in the outer regions of the plate, the applied axial stress is 

homogenous over the cross section since, in the elastic state, no coupling exists between shear 

strain and axial strain. 

4.2.1.3 Inelastic torsional buckling theory 

In torsional buckling theory, it is custom to decompose the axial stress into a component fol

lowing the material fiber, and a perpendicular shear stress component causing a twisting 

moment. Following this procedure, it can be written for a section of an element, subjected to 

the rate of twist dq>/dz and loaded with a constant axial stress a 

in which M; denotes the twisting moment on the section, due to the rate of twist and apphed 

axial stress, which is to be balanced by the internal shear stresses. 

Now, considering the inelastic torsional buckling of a thin solid plate, it follows from eq (4.50) 

(4.49) 

It follows 

(4.50) 

(4.51) 

Making use of eq (4.5) and recognizing that it holds for B » t 
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B3d^t (4.52) 
12 

it follows 

d2Mt (§) = f(- [ydc («*) + a (É) dy] dE; (4.53) 

and consequently 

(4.54) 

0 

Now, at some axial stress level the flange starts to yield. The cross section does not yield at the 

same instant since the shear stress is not constant over the thickness of the plate. The first mate

rial to yield is located at the outer parts of the plate, meaning there is a border between elastic 

material and yielded material, this border moving progressively into the center of the plate. 

Strictly speaking, this implies that different constitutive models should be inserted into eq 

(4.54) and (4.29) for the integration over the thickness. 

However, the movement of the border can be assumed to be take place fairly rapidly, and 

hence this effect is neglected. Eq (4.54) can thus, using eq (4.24), be rewritten according to 

dMt 12 
J{dy[ß 1 (£ i )r ;y + CT(^)] + dé?>2(t\)y} dt, (4.55) 

or 

dMt B3Cldy + B3C2de (4.56) 

in which 
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1 
c i = I M S ) 5 ? + ° (4.57) 

c 2 = n / p 2 ( ^ ^ (4.58) 

Rearranging eq (4.33) yields 

dMt = Bt2D3dj + Bt2D2de (4.59) 

Combining eq (4.56) and eq (4.59) yields 

B2D3dj+B2D2de = B3C1dy+B3C2di (4.60) 

which solved with respect to dy yields 

dy = 
C2{B/i)-D2 

D3-C (B/t)2 

di (4.61) 

Integration of eq (4.61) constitutes the inelastic torsional buckling response of a thin sohd 

plate. In a buckling stress-strain representation, the mean stress is computed from eq (4.28) and 

da = dN/Bt. 

Considering completely elastic material, it is noticed that eq (4.36) yields £>3 = G/3 and eq 

(4.57) gives C, = a /12 . The elastic critical stress is given by eq (4.61) simply by letting the 
2 

denominator reach zero, meaning G/3 = o (B/t) /12 meaning that the well known for-
2 2 

mula a = 4Gf /B is reproduced. 
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4.2.1.4 Some results from numerical integration 

Some curves, obtained with the presented theory above, are shown below. 

1.20 

\ 
\ 

Y 

— no residual stresses 
- residual stresses L 
— no residual stresses 
- residual stresses 

0.00 0.50 1.00 1.50 2.00 2.50 3.00 3.50 

e [o/o] 

Figure 4.9 Some inelastic torsional buckling stress-strain curves. Material with 

f = 350 MPa, Hp - 2000 MPa and extent of the yield plateau 1 

%.The plastic modulus on the plateau is set to 20 MPa. The slender-

ness equals 0.45. Geometrical imperfection 1 deg/m. Residual stresses 

constituted by G = f and b = 3t. 

4.2.2 Modelling of the yieldline buckling phase 

4.2.2.1 Derivation of the stress distribution over the width of the flange 

As can be imagined from figure 4.9 above, once the shear stress reaches progressively higher 

levels and the shear stiffness is progressively being wiped out, the buckling develops rapidly. 

To model the descending part of the buckling process, it is necessary to take into account the 

plate bending that occur in the later stages of the buckling. 

As stated earher, yieldline buckle models have been used in flange buckling analyses in the 

past, e.g. Chmenhaga, [23], Johnsson and Climenhaga, [24], Kato, [20], Murray & Khoo, [26], 

and Kuhlmann, [35]. Al l proposed models have the basic structure in common, however they 

differ in detail. 

An important feature of the late stage of the buckhng process is the redistribution of axial 

stress, meaning that the axial stress is redistributed from the outer parts, exhibiting large out of 

plane deformations, of the buckling flange to the center parts for which the out of plane defor-
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mations are smaller. Of the above mentioned theories, only the theory of Murray & Khoo, [26], 

consider this fact. 

Consider the idealization of a late stage flange buckle according to figure 4.10 below. 

Figure 4.10 Idealization of aflange buckle at phase 3. 

Now, the common procedure in yieldline flange buckling analysis is to assume that the external 

work done by the flange compressive force TV" during an incremental shortening of the flange, 

equals the internal plastic work in the yieldlines during the incremental rotation in these, caus

ing the shortening of the flange. Kato, [20], included also the contribution to the internal work 

from shear deformations of the in-plane parts of the flange. Murray & Khoo, however, did not 

use an energy approach but arrived at their results from equilibrium considerations. 

As mentioned above, all authors mentioned but Murray & Khoo assumes the distribution of 

stress as constant over the width of the flange. The stress distribution is, however, not likely to 

be constant over the flange width at the later stage of the buckling process. In order to describe 

the unloading of the buckling flange, it is considered necessary to take into account the redistri

bution of stress over the flange width. Therefore, a yield hne buckle model that takes this into 

account is developed in what follows. The difference between this model and the model pro

posed by Murray & Khoo, [26], is discussed later in this section. 

Consider figure 4.11 below. Only the parts of the flange that undergoes out of plane deforma

tions are studied. The coordinate £, measuring the relative distance from the center of the 

flange, is introduced. Half the buckle length is denoted / and the buckle amplitude is denoted 

it. Further, the inclination of the inclined yield lines is denoted a . 
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Now, rather than performing a global energy balance analysis, each strip dt,b is treated sepa

rately. Consider figure 4.12 below, in which a strip is pictured. 

Figure 4.11 Geometry of the parts undergoing out of plane deformations. 

Figure 4.12 Geometry of the strip d^b from above and from ahead. 

From simple geometry, it holds 
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1(0 = C ? , K ( Q =Cfi (4.62) 

Further, from simple geometry 

U(0 =7a 2 (Q - / 2 (Q (4.63) 

and consequently 

au ( T \ - A(QdA(0-l(Qdl(Q 
^' ~ u(Q 

(4.64) 

Assuming the length of each segment being independent of the axial stress, i.e. neglecting the 

influence of axial strain on the buckle geometry, meaning dA = 0, and defining a decrease of 

I (C,) and an increase of u (Q as positive, one obtains 

du(0 =^di(o Adm (4.65) 

Now, denote the bending moment per unit length in the inclined yield lines as ma and the 

bending moment in the yield line perpendicular to the applied axial stress mL. Since the 

strength of the material is not unlimited, these bending moments must be functions of the axial 

stress a (Q in some sense, discussed later. 

The incremental inner work in the yield lines in the strip dC,b during an incremental shortening 

of the flange, causing an incremental increase of the buckle amphtude, can be written 

dW.(0 = m, (a)de, +2m„(o) <20„ 
x x a cosa a . 

dXj) (4.66) 

in which d<9± and d&a denotes the incremental rotations in the perpendicular and inchned 

yield lines, respectively. Recognizing that these rotations can be written as 

(4.67) 
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and 

dQ 
a £&sincc 

(4.68) 

yields, recognizing / (£ ) = C,btana from which follows / = btana and using eq (4.65), 

dW: = 2 m±(o) + — -
(cosa) . 

dtydljQ (4.69) 

The external increment of work done by the axial stress is 

dWe = 2a(Qtd£,bdl(Q (4.70) 

Finally, letting the incremental inner work dWi equal the incremental external work dWe then 

yields the stress distribution implicitly as 

o ( 0 = i k 
mx{a) -2 

(cosa) . 
(4.71) 

for which the solution depends on the interaction function between the bending moment in a 

yield line and the axial stress transmitted trough this yield line. 

4.22.2 Interaction between bending moment and axial force in an inlined yieldline 

The problem regarding the interaction between bending moments per unit width and axial 

stress in an inclined yield hne has been analysed by several authors. Kato, [20], solved the 

problem assuming both the normal stress component o"2, parallel to the inclined yield line, and 

the shear stress component x along the yield line being uniformly distributed over the thick

ness, in combination with an assumption of a rectangular stress block distribution of the nor

mal stress component a { , perpendicular to the yield line. For the detennination of the 

magnitude of the stresses in these stress blocks, the Huber-von Mises yield criterion was 

adopted. Further, it was argued that considering the substantial amount of strain in the yield 

lines, the ultimate stress rather than the yield stress would be the relevant measure of strength. 
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Murray, [27], and Murray & Khoo, [26], simplified the problem by assuming the inner core of 

the thickness resisting the axial stress and the outer skins resisting the bending moment, and 

hence arrived at an interaction formula invariant with respect to the degree of inclination. 

In a later study, Murray, [28], used the same assumptions as Kato, however using the Tresca 

yield criterion instead of the Huber-von Mises criterion, and concluded that the so obtained 

result did not differ very much from the result of his previous study, [27]. However, in distinc

tion to Kato, he used the yield stress as a measure of the strength of the material. 

Here, the theory presented by Kato is, apart from the use of the ultimate stress as the measure 

of the strength of the material, believed to be most accurate and hence this theory is adopted. 

However, the theoretical treatment in Kato, [20], is considered incomplete in the sense that no 

investigation was made regarding the nature of the effect of inclination of the yield lines, since 

it was tentatively assumed a = n/4. 

Since the basic derivations are rather trivial and, in addition, parts of them has been presented 

elsewhere, [20], these derivations are shown in Appendix I I . In Appendix I I , it is shown that, 

driving the algebraic manipulation a bit further than in [20], the fohowing holds 

(4.72) 

and, for the perpendicular yield line for which a = 0 

(4.73) 

Combining eq (4.71), (4.72) and (4.73) then yields 

1 + 
2 

1 / (cosa) (4.74) 

J l - 3 [ ( s i n 2 a ) 2 + ( s i n a ) 4 ] [ a ( Q / f y ] 2 / 4 J 
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For a given set of ü and £ eq (4.74) then gives the corresponding axial stress a (£) 

The corresponding mean stress is given by 

i 

O = 

0 

Ja (QdC (4.75) 

4.2.23 Relation between mean strain and mean stress 

The above made assumption that the strip length is unchanged during the yieldline buckling 

process yields 

Ü = JlsF-f (4.76) 

Defining the mean strain over the buckle as 

S = — - (4.77) 
A 

or, alternatively 

= A ( 1 - E ) (4.78) 

B 
then yields, recognizing that A = - tana 

ü = |tanaVl - (1 - £ ) 2 (4.79) 

Hence for a certain mean strain £, the corresponding buckling amplitude ü is determined from 

eq (4.79), which in turn gives the stress distribution associated with this mean strain from eq 

(4.74), which finally yields the mean stress from eq (4.75). 
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4.2.2.4 Discussion on the stress levels in the yield lines and center parts of the flange 

As mentioned above, Kato, [20], argued that due to the large amount of strain in the yield hnes, 

the relevant strength measure would be the ultimate stress rather than the yield strength. The 

same approach is used in Kuhlmann, [35], while others use the yield stress as strength meas

ure. 

The correct measure of the stress level in the yield lines is most probably neither the yield 

stress nor the ultimate stress. It is likely that the stress level in the yield lines is such that it 

increases during the buckhng process. It may be possible to mathematically model this varia

tion, making proper assumptions regarding the extent of the yield lines etc. However, it should 

be emphasized that the in derivation of the model proposed above, many assumptions and sim

plifications are aheady made. For instance, the concept of a yieldline buckle model is itself a 

rather severe simplification; the deformed flange may resemble a yield line configuration but, 

strictly speaking, it is not. For that reason it is considered not worth the effort driving the anal

ysis further with any sophisticated approach. 

Another feature which should be taken into account is the possibility for the center parts of the 

flange, undergoing only very small out of plane deformations, to strain harden such that the 

stress in the center parts of the flange may exceed the initial yield stress f . 

A simple, although most certainly not entirely true, way of taking the above mentioned fea

tures into account is to compute all quantities based on, instead of / , a strength / for which, 

assuming the plastic modulus having reached a limiting value HpUm, it holds 

/ = / , + W (4.80) 

For the case of the plastic modulus being a function of the strain, it holds incrementally 

df=Hp(Z)d£ (4.81) 

Further, it is well known that the ultimate bending resistance in yield lines, due to contraction 

restraint, exceeds mp. The biaxial stress state at which no contraction take place is, according 

to von Mises yield criterion with associated flow, is ( \ . \ 6 f y , 0.58/y) meaning that theoreti

cally, the ultimate bending resistance in a yield line in a plate of a material with zero strain 

hardening is 1.16 times mp. For the calculations below, this is taken as the plastic bending 

resistance. 
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Recognizing the fact that the stresses are compressive, the material should be expected to 

exhibit no pronounced ultimate stress. Compressive uniaxial testing of structural steel, to about 

10% plastic strain, has been performed by Möller, [65], from which it can be seen that the flow 

stress, expressed in engineering terms, is monotonically increasing, although with a progres

sively slightly decreasing plastic modulus. For an accurate modelhng, the decreasing plastic 

modulus should be taken into account. However, in the following examples, the plastic modu

lus is set to a constant limiting value. 

4.2.2.5 Some results from numerical integration 

Some results from numerical integration of the yieldline flange buckling model is shown 

below. 

*//, 
i i i 
— B/t - 15 
- B/t-30 
— B/t - 15 
- B/t-30 

0.00 2.00 4.00 6.00 8.00 10.00 
£ [o/o] 

Figure 4.13 Yieldline buckle mean stress-mean strain curves. Material with 

f = 300 MPaandHpUm = 1000 MPa. a = 55°. 
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Figure 4.14 Yieldline buckle mean stress-mean strain curves, f - 300 MPa, 

a = 55° and B/t = 15. 
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Figure 4.15 Yieldline buckle mean stress-mean strain curves, f = 300 MPa, 

H.. = 1000 MPa and B/t = 15. 
pLim 
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Figure 4.16 Stress distribution over the width of the flange at different mean strain 

levels. Flange as in figure 4.15 above. 

Figure 4.17 Stress distribution over the width of the flange at different mean strain 

levels. Flange as in figure 4.16 above but zero plastic modulus. 
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The results above seem quite reasonable. It is clear that the higher plastic modulus, the flatter 

unloading stress-strain curve. Increasing the plastic modulus, and letting it be constant regard

less of strain level, over a certain limit however results in a local minimum of the unloading 

curve, whereafter the stress starts to increase weakly. This phenomenon, originating from the 

fact that the stress in the center parts of the flange then increases more than the stress at the 

outer parts decreases, is perhaps not entirely realistic. The remedy is to adopt a more realistic 

material stress-strain curve exhibiting a non constant plastic modulus. 

Concerning the influence of the inclination of the yield hnes, the influence is very smah for 

inclinations around 50 degrees. From the experimental investigation, described in the next sec

tion, the inchnation of the yield lines seems to be roughly 55 degrees. Remarkably, this inchna

tion coincides with the inclination for the maxima of the interaction function between bending 

moment and axial stress in the yield line, as shown in Appendix I I , The author of this thesis has 

discovered no explanation to this phenomenon. Nevertheless, for the further computations, the 

inchnation is set to 55 degrees. 

4.23 Combining the torsional and yieldline buckling models 

As aheady stated, it can be seen from experiments on flange buckhng that at the maximum 

load, relatively small out of plane deformations can be observed. It is therefore reasonable to 

take as the starting point for the yield line buckle the strain at which the maximum load is 

reached according to the inelastic torsional buckhng theory. Hence, the inelastic torsional 

buckhng phase is combined with the yield hne buckling phase according to figure 4.18 below. 

£ £ 

Figure 4.18 Concept for the combination of the two buckling phases. 
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Some results from numerical integration are shown in figure 4.19 below. 
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y l o o 

0.60 

0.40 
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Figure 4.19 Some buckling stress-strain curves obtained with presented theory. No 

residual stresses, Hp = 2000 MPa, Hp[im

 z 

f = 300 MPa. Initial imperfection \°/m. 

1000 MPa and 

4.2.4 Parametric study 

4.2.4.1 General 

In the codes, the only parameters supposedly affecting the buckhng behaviour of a steel flange 

are the yield strength, the elastic modulus and the b/t ratio. The influence of these parameters 

is taken into account by the definition of a slendemess parameter X = J f y / o c r , meaning the 

flange buckling behaviour is assumed being described by only one parameter, taking into 

account the material strength and the flange geometry. 

Quite obviously, this one parameter approach cannot be completely correct. Strictly speaking, 

material parameters such as the plastic modulus and extent of the yield plateau should also 

have an effect on the buckhng behaviour of a flange, although perhaps to a small extent. Fur

ther, it is not at all obvious that the slendemess parameter X takes into account the effect of the 

yield strength and flange geometry in an adequate way. 

For the sake of investigating the influence of the parameters having a possible influence on the 

buckhng process, a parametric study is carried out in what follows. 
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4.2.4.2 Influence of the plastic modulus 

-N \ \ 
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Figure 4.20 Influence on the buckling behaviour of the plastic modulus. 

Hpiim = 1 0 0 0 MPa> fy = 3 0 0 M P a > I n i t i a l imperfection l ° / m and 

no residual stresses. Slendemess Ä = 0.45 meaning B/t = 14.7. 

^1.00 
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.... f f - MftfWP/i 
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Figure 4.21 Same parameter setup as in figure 4.20 above but A = 0.67. 



MODELLING OF INELASTIC LOCAL FLANGE BUCKLING 89 

4.2.4.3 Influence of the yield plateau 
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Figure 4.22 Same parameier setup as in figure 4.20 above but Hp = 2000 MPa. 
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Figure 4.23 Same parameter setup as in figure 4.21 above but Hp - 2000 MPa. 
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4.2.4.4 Influence of the geometrical initial imperfection 
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Figure 4.24 Same parameter setup as in figure 4.20 above but H = 2000 MPa. 
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Figure 4.25 Same parameter setup as in figure 4.21 above but H = 2000 MPa. 
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4.2.4.5 Influence of the residual stresses 
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Figure 4.26 Same parameter setup as in figure 4.20 above but H = 2000 MPa. 

Residual tensile stress equals the yield stress, (see figure 4.7) 
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Figure 4.27 Same parameter setup as in figure 4.21 above but Hp = 2000 MPa 

and X = 0.8. 
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4.2.4.6 Influence of the yield strength 
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Figure 4.28 Same parameter setup as in figure 4.20 above but Hp - 2000 MPa. 

(all flanges share the same slendemess X) 
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Figure 4.29 Same parameter setup as in figure 4.21 above but Hp = 2000 MPa 
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4.2.4.7 Conclusions from the parametric study 

From the parametric study it can be seen that the plastic modulus have a rather limited influ

ence on the ductility of the flange. However, quite naturally, for stocky flanges which does not 

buckle immediately when reaching the yield stress, the plastic modulus have a substantial 

effect on the buckling stress. For a more slender flange with limited ductility the plastic modu

lus has no effect on the buckling behaviour at all. 

The influence of the length of the yield plateau and size of the initial geometrical imperfections 

are about the same as the influence of the plastic modulus, i.e rather hmited for a stocky flange 

and without effect for more slender flanges. 

The residual stresses has almost no effect at all for stocky flanges, which seems quite natural 

since the corresponding residual strains are comparatively small in comparison to the strains at 

which the flange buckles. However, for slender flanges that buckles very near after yield, the 

residual stresses has a significant effect on the buckhng stress. 

The yield stress has however a significant effect on the buckling behaviour of the flange. From 

figure 4.28 and figure 4.29 above, it can be seen that although the flanges have the same slen

demess, meaning that the differences in yield strength should have been taken into account 

such that the behaviour should be similar, the buckling behaviour differs substantially between 

the flanges. In terms of strains, the ductility of the high strength steel flange is superior to the 

low strength steel flange. It is seen that for a slendemess of 0.67 (and no residual stresses), the 

flange made of low strength steel has very httle ductihty meaning that i f the slendemess is 

increased, the flange is likely to buckle before reaching the yield stress. However, the high 

strength steel flange has some ductility in reserve. Hence, it is likely that the reduction function 

with respect to local flange buckling starts at a higher slendemess level for high strength steel. 
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5. EXPERIMENTAL INVESTIGATION 

5.1 General 

In order to examine the vahdity of the conclusions drawn from the theoretical modelling in the 

previous section, an experimental investigation was performed. Since the theoretical model

ling indicated the yield strength being a material parameter not correctly accounted for in the 

standard approach for the classification of compressed flanges, the others having only marginal 

influence on the strength and ductihty of a locally buckling flange, the yield strength was 

decided to be the material parameter to be primarily focused upon. 

5.2 Description of the experimental procedure 

5.2.1 Description of the test specimen 

To experimentally simulate local flange buckling, stub columns with cross shaped section 

according to figure 5.1 below were manufactured. 
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Figure 5.1 Geometry of stub columns 
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The specimen were welded from plates of two different materials, one being mild structural 

steel according to Swedish standard SS 1312, with nominal yield strength f = 220 MPa, and 

the other being Weldox 700, which is a quenched and tempered structural steel with nominal 

yield strength / = 700 MPa. The given values of the yield strength refer to the lower yield 

strength. Stress-strain curves for these materials, obtained from simple tension tests, are given 

in Appendix L The reason for choosing these materials were the fact that they constitute the 

limits (with respect to strength) of the structural steels practically used in structures in Sweden. 

All welds were made with electrode E 510 with nominal ultimate stress / = 510 MPa. The 

top and bottom plates were made of structural steel according to Swedish standard SS 2132, 

with a nominal yield strength f = 350 MPa. After welding of the stub column, the faces of 

these plates were machined to obtain flat and parallel surfaces in order to minimize the nonho-

mogenity of the stress state in the subsequent compressive testing. 

From each material, 11 specimen with varying slendemess were manufactured. The measured 

geometry of each specimen, referring to figure 5.1 above, is given in table 5.1 below. In the 

denotation of the specimen, L and H refers to low and high yield strength, corresponding to the 

SS1312 and Weldox steels, respectively, whereas the subsequent number represents the slen

demess in the sense that an increasing number corresponds to an increasing slendemess. The 

plate thicknesses were governed by the capacity of the testing machine which was 600 kN. For 

obvious reasons, the delivered specimen geometry differed somewhat from the ordered one. 

Consequently, for the description of the geometry in table 5.1 below, bared quantities repre

sents mean values. 

The distances were measured with an electronic device giving two decimals accuracy. How

ever, the electronic device was somewhat sensitive to the applied pressure when fixing the 

measured object between the grips. Hence, repeated measuring of the plate thickness at the 

same point yielded shghtly different values for each measurement. It was presumed that this 

variation was larger than the real variation of the plate thickness, and for that reason the plate 

thickness for all specimen of each material was taken as the mean value of several measure

ments on several specimen. The scatter in the measuring was on the level ^OÆrnm i.e. a rela

tively insignificant variation. 

The height of each stub column was governed by the requirements that column buckhng 

should not be the failure mode, implying the column height being not too large, and the ambi

tion to obtain a negligible influence of the clamping effect at the top and bottom plates, imply

ing the height of the column being not too smah. It was decided that a ratio h/b, = 4 would 

be a fair compromise between the Jwo requirements. However, the slendemess with respect to 

column buckhng is written Ä„ = —.AfJE, which for the stub columns, with 

lc = A/2 = 2B and i = B/ J u , yields Xc °= J f / E . 
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Hence it is recognized that the geometry decided upon results in the stub columns made of 

weldox 700 being more slender with respect to column buckling. 

Table 5.1Specimen geometry 

spec 
(mm) 

*2 

(mm) (mm) 

d2 

(mm) 

h 

(mm) 

i 

(mm) 
Kc 

(mm) 

L l 46.43 46.21 9.83 9.58 18.31 2.95 72 

L2 52.43 52.31 9.66 9.48 21.40 2.95 85 

L3 56.31 56.44 9.51 9.76 23.37 2.95 94 

L4 61.89 62.45 9.72 9.73 26.22 2.95 103 

L5 68.43 68.33 9.70 9.71 29.34 2.95 115 

L6 72.47 72.46 9.57 9.52 31.46 2.95 124 

L7 78.15 78.33 9.69 9.13 34.41 2.95 134 

L8 82.56 82.09 9.73 9.57 36.34 2.95 143 

L9 88.88 88.73 9.62 10.11 39.47 2.95 155 

L10 92.78 91.82 9.59 9.80 41.30 2.95 163 

L l l 99.13 98.77 9.22 9.33 44.84 2.95 175 

H I 39.11 39.20 10.58 10.02 14.43 3.88 58 

H2 43.40 43.14 10.63 10.60 16.33 3.88 65 

H3 47.79 AIM 10.70 10.74 18.44 3.88 74 

H4 51.00 51.29 11.18 10.53 20.15 3.88 81 

H5 55.12 55.34 10.69 10.27 22.38 3.88 88 

H6 59.86 59.77 10.53 10.56 24.64 3.88 97 

H7 63.63 63.37 10.64 10.73 26.41 3.88 104 

H8 67.32 67.41 10.47 10.63 28.41 3.88 112 

H9 71.85 71.50 10.37 10.14 30.71 3.88 119 

H10 75.78 75.73 10.53 10.54 32.61 3.88 127 

H l l 79.62 79.79 10.52 10.70 34.55 3.88 136 



98 EXPERIMENTAL INVESTIGATION 

5.2.2 Description of the test setup 

The test setup was according to figure 5.2 below. The compression tests were made in a Dartec 

600 kN machine. For the distribution of the load into the test machine, four supporting plates, 

two at each end of the specimen, with thickness 50 mm were used. These plates, made of Wel

dox 700, were machined so as to obtain flat and parallel surfaces in the same manner as the end 

plates of the stub columns. 

However, although this procedure reduces the possible nonhomogenity of the stress state, it 

cannot be assumed to remove it entirely. For this reason, two MTS extensometers were applied 

to a flange each, any difference between them in the elastic range implying nonhomogenity of 

the stress state. The mean strain was obtained by a simpler LVDT, measuring the displacement 

between the outer two supporting plates. It should however be recognized that any uneven dis

tribution of stress results in the first buckle to appear in the flange with the highest stress, 

which in turn, since the ends of the column can be regarded as clamped, imphes some redistri

bution of stress into the other flanges. Hence the stress state will to some extent be automati

cally balanced. 

The strain rate was set so as to reach the yield stress in 30 seconds for the specimen made of SS 

1312 and held constant throughout each test. The same strain rate was apphed to the specimen 

made of Weldox 700, meaning the yield stress was reached in about one and a half minute. 

Figure 5.2 Photograph of the test setup. Specimen H9 in the test rig. 
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5.3 Evaluation of test results 

53.1 Calculation of the specimen slendemess 

The test results are represented as relations between the applied mean axial stress and the 

measured mean axial strain of the specimen. In the representation, the applied axial stress is 

related to the yield stress. The complete set of test results is given in Appendix UJ. 

For the evaluation of the test results, it is necessary to consider the slendemess of the speci

men. In EC 3, [11], the slendemess of a compressed plate is given as 

(5.1) 

in which e = j235/fy and for a uniformly compressed flange with one free edge, 

ka = 0.43. b and t denotes the flange width, for an I-beam flange defined as the distance 

from the flange edge to the center of the web, and the flange thickness, respectively. Inserting 

e and kc into eq (5.1) and multiplying the nominator and the denominator with Youngs mod

ulus for steel, E = 210000 MPa yields 

(5.2) 

It is noticed that combining the definition of slendemess k = J f y / o c r with the critical stress 

with respect to torsional buckhng, acr = 2 ( j ^ . v ) ~f > i n w h i c n K

v denotes the Saint-Venants 

torsional constant and / the polar moment of inertia^ eq (5.2)is reproduced. Hence it is clear 

that the slendemess with respect to flange buckling in EC 3 is defined considering the flange 

buckhng being a case of torsional buckhng. 

However, noticing that, due to the scale of the specimen, the size of the welds in relation to the 

size of the flanges is considerable compared to full scale welded I-beam flanges, it is consid

ered reasonable to calculate the critical torsional buckling stress based on the whole cross sec

tion, i.e. including the welds. Generally, for a correct calculation of K for the considered 

cross-section it is necessary to adopt numerical methods, but for the purpose of this study, the 

approximation given below is considered adequate 



100 EXPERIMENTAL INVESTIGATION 

^ ~ I ^ 3 + 3 T ( 5 3 ) 

meaning the welded area is considered equivalent to a circular torsion cell in the center of the 

specimen. Further, it is used 

(5.4) 

The remaining quantity for the calculation of the slendemess is the yield strength. The yield 

strength does, in general, differ i f tested in tension or compression. The yield strength for the 

SS 1312 steel was tested in both tension and compression in ref. [65], in which it was found 

that the yield strength in compression was about 7 % higher than in tension (300 MPa in com

pression versus 280 MPa in tension). Since no corresponding data exists for the Weldox steel, 

and, in addition, the welding procedure may have had an influence of the yield strengths of the 

materials, it was concluded that the yield strength for the slendemess calculation should be 

read from the stub column tests. The measured yield strengths are given in table 5.2 below. 

Table 5.2Measured mean stress at yield 

spec fy 
(MPa) 

K 

( m m 2 ) 
spec fy 

(MPa) 

Ao 

(^mm2J 

K 

( mm2J 

L l 339 265 23 H I 833 289 21 

L2 332 300 22 H2 837 321 23 

L3 332 324 22 H3 843 354 23 

L4 331 358 23 H4 843 382 24 

L5 328 395 23 H5 855 414 22 

L6 331 419 22 H6 864 449 22 

L7 321 453 21 H7 855 478 23 

L8 318 All 22 H8 862 508 22 

L9 312 515 24 H9 861 541 20 

L10 296 536 23 H10 839 573 22 

L l l 260 575 20 H l l 750 603 23 
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In table 5.2 above, A 0 refers to the area of the base material, and Aw refers to the added area 

due to welding. The mean yield strength is taken as f = Fy/(A0 + Aw) in which Fy denotes 

the measured applied force at the instant of the stub column yielding. 

Since the welding of the specimen constitutes adding of material with higher yield strength for 

the S S 1312 specimen, and adding of material with lower yield strength for the Weldox 700 

specimen, it is reasonable to expect the measured mean stress at yield to decrease with increas

ing size of the specimen for the SS 1312 specimen and, analogously, increase for the Weldox 

700 specimen. As seen from table 5.2 above, this effect is most pronounced for the Weldox 

specimen. As a matter of fact, it is difficult to see evidence of such an effect at all for specimen 

L2-L6, for which the measured mean stress at yield is about 330 MPa. Naturally, the rapid 

decrease of measured mean stress at yield for the subsequent specimen does not reflect a lower 

yield strength, but merely the fact that buckhng occurs before the axial stress reaches the yield 

strength. For these specimen, L7-L11, it is found reasonable to assume the yield strength of the 

material being f = 330 MPa. For the Weldox specimen, there is an increase of mean stress at 

yield from about 830 MPa for specimen H I to about 860 MPa for specimen H5. For specimen 

H5 to H9 the mean stress at yield is roughly 860 MPa. Analogously to the procedure for the SS 

1312 specimen, the yield strength of the material of the specimen H10 and H I 1 is hence taken 

asfy = 860 MPa. From these values of the yield strength, the resulting specimen slendemess 

is given in table 5.3 below 

Table 5.3Specimen slendemess 

spec X spec X 

L l 0.37 H I 0.43 

L2 0.43 H2 0.47 

L3 0.47 H3 0.52 

L4 0.52 H4 0.56 

L5 0.59 H5 0.63 

L6 0.64 H6 0.69 

L7 0.71 H7 0.73 

L8 0.74 H8 0.79 

L9 0.79 H9 0.86 

L10 0.84 H10 0.89 

L l l 0.93 H l l 0.95 
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53.2 Test results 

In figure 53 to 5.6 below, some tests results are shown for stub columns of the two materials 

with equal slendemess. The remaining test results are given in Appendix I I . From the test 

results, the reduction factor %, defined as % = S m a j / f , is determined as function of the slen

demess X. I 
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Figure 53 Mean stress-mean axial strain curves for specimen H2 (X = 0A1) and 

specimen L3 (X = 0.47). 
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Figure 5.4 Mean stress-mean axial strain curves for specimen H5 (X = 0.63) and 

specimen L6 (X = 0.64). 
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Figure 5.5 Mean stress-mean axial strain curves for specimen H8 (X - 0.79) and 

specimen L9 (X = 0.79 j . 
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Figure 5.6 Reduction factor % as function of the slendemess X for stub columns of 

Weldox 700 and SS 1312. 
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As mentioned above, the slendemess with respect to column buckling was considerably higher 

for the Weldox specimen than for the SS 1312 specimen. As a result of this, problems with col

umn buckling arised for the specimen H1-H7. The column buckling mode can be seen from 

figure 5.7 and figure 5.8 below. Naturally, this column buckling mode interacts with the local 

buckling mode such that the ductihty of the stub column will be reduced in relation to the duc

tility of a stub column that only buckles locally. 

Figure 5.7 Column buckling of specimen H2. 

Figure 5.8 Column buckling of specimen H6. 



EXPERIMENTAL INVESTIGATION 105 

Obviously, it is difficult to estimate the magnitude of this effect. However, one may argue that 

for pure local buckhng, the differences in ductility between high strength steel specimen and 

low strength steel specimen is probably even larger than the results presented in figures above. 
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6. COMPARISON THEORY-EXPERIMENTS 

6.1 General 

For the comparison between theoretically computed buckling stress-strain curves with experi

mental results, some adjustments are necessary. Firsdy, as has been pointed out in the previous 

section, the studied geometry in the theoretical part of this work deviates from the geometry of 

the tested stub columns due to the presence of the welds. Now, as has also been pointed out, 

welds exist also in reality however for real structures they are considerably smaller compared 

to the cross section plates. 

Study figure 5.1 in the previous section. Now, for the comparison between theory and experi

ment for each specimen, the theoretical computations of the torsional buckling phase are based 

on a theoretical flange (without influence of welds) with the same slendemess as the consid

ered specimen according to table 5.3 in the previous section. Since the weld decreases the slen

demess somewhat, it follows that the computations of the torsional buckhng phase should be 

made for a flange with a somewhat smaller width B than the corresponding specimen. For 

instance, the theoretical width for specimen L7 would be 66 mm whereas the width of the 

actual specimen is 78 mm. The corresponding figures for specimen H7 would be 52 and 60 

mm. 

Further, since the welds cannot be involved in a yield line pattern according to figure 4.11, 

these calculations are based on a width B-d, referring to figure 5.1. As a consequence of the 

above, the stress level in the welded area should be around (the difference originating from dif

ferent yield strengths between the welded area and the base material) the stress level in the 

flange for C, = 0, referring to for instance figure 4.16. Hence the mean stress of the specimen 

in the yield line buckhng phase can be determined from the mean stress of a yield hne buckled 

theoretical flange with the width B-d and the stress in the unbuckled welded area. The total 

welded area for the SS 1312 and the Weldox specimen are roughly (see table 5.2 and figure 
2 2 

5.1) 75 mm and 90 mm respectively, meaning that for the computations of the mean stress 

in the yield line buckling phase, the mean stress increases compared to the theoretical flange by 
2 

an amount determined from an area of 75/2 and 90/2 mm , for the SS 1312 and Weldox speci

men respectively, with a stress level corresponding to the level in the center of the flange. 

Regarding the material behaviour, it seems like the properties in compression differs somewhat 

from the properties in tension. For instance, the Weldox 700 exhibits only very httle strain 

hardening in tension whereas the compression of the stub column indicates a significant strain 

hardening. Whether this is a property of the Weldox steel or is induced by the welding is not 

known to the author. 
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The theoretical simulations of the stub column tests must unfortunately involve some more or 

less arbitrarily chosen parameters, such as for instance the initial rate of twist and residual 

stresses. The residual stresses should perhaps have been measured but they were not. Although 

some of the parameters clearly must vary somewhat from specimen to specimen, all parame

ters used in the simulations are given the same value for every specimen. The reason for this 

consistency is partly due to simphcity, but also because it is believed being a more fair way of 

checking a theory than adjusting the parameters for each simulation so as to obtain the best 

possible agreement for each test. The parameter setup is chosen according to the table below. 

Table 6.1 Parameter setup for buckling simulation 

Parameter S51312 WeldoxlOO 

dQ/dz r / m r / m 

HP 2000 MPa 2000 MPa 

1000 MPa 500 MPa 

E L 0.5% 0.5% 

fy -400 

MPa 

K, 6t 4.51 

Regarding the material parameters, the values for the SS 1312 specimen are in reasonable 

agreement with the test results from compression tests in Möller 1993, [65]. Since the Weldox 

700 steel has not been tested in compression, these values are somewhat more arbitrary, how

ever they are believed to be fairly realistic. The width of the region with tensile residual 

stresses for the SS 1312 specimen may be an overestimation but it is merely a reflection of the 

consideration that the relative size of the welded area is significant. The size 4.51 for the Wel

dox specimen is motivated by the fact that the residual tensile stresses should be less extended 

when welding in a thicker plate (the Weldox plate is 4 mm thick and theSS1312is3 mm). The 

magnitude of the tensile residual stress for the Weldox specimen is chosen such that the ratio of 

the compressive residual stress to the yield stress would be equally large for the Weldox speci

men and the SS1312 specimen i f they had shared the same plate thickness. It is possible that 

this may be an overestimation of the residual stresses. Ingvarsson 1977, [72], revealed that the 

compressive residual stresses in sections welded with high strength steel were smaller com

pared to the yield stress than for ordinary steel. 

Since the guesswork above is involved in the comparison, its value may be considered as 

somewhat reduced. The author of this thesis is aware of that problem but unfortunately it can

not be cured at this stage of the work. As a further remark, since the yield hne buckle extends 
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over a length 21 that is smaller than the total length of the flange in the specimen, the strain 

obtained by the yield line buckle model is scaled down with a factor 2l/hsc. This has no major 

influence on the shape of the computed stress-strain curves but is done simply for consistency. 

6.2 Comparisons 

Below, some comparisons between simulations and experiments are made. 
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Figure 6.1 Comparison between theory and experiment for stub column HI. 
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Figure 6.2 Comparison between theory and experiment for stub column H2. 
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Figure 6.3 Comparison between theory and experiment for stub column H4. 
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Figure 6.4 Comparison between theory and experiment for stub column H5. 
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Figure 6.5 Comparison between theory and experiment for stub column H8. 
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Figure 6.6 Comparison between theory and experiment for stub column Ll. 
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Figure 6.7 Comparison between theory and experiment for stub column L3. 
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Figure 6.8 Comparison between theory and experiment for stub column L5. 
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Figure 6.9 Comparison between theory and experiment for stub column L6. 
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Figure 6.10 Comparison between theory and experiment for stub column L7. 
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Using the same set of parameters as above, the reduction factor % (A) can be theoretically 

obtained according to figures below, in which the experimental results are recaptured for the 

sake of clarity. 
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Figure 6.11 Experimentally obtained reduction curves x(k) for Weldox 700 and 

SS 1312 flanges. 
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Figure 6.12 Theoretically obtained reduction curves X W for Weldox 700 and SS 

1312 flanges 
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Figure 6.13 Comparison between theory and experiments with respect to %(X) . 

6.3 Discussion of the comparison and the theoretical outcome 

As seen from figure 6.1-figure 6.10 above, the matching between theory and experiment is fair 

in some cases but for other cases a bit worse, the variation in agreement being quite natural and 

certainly expected. Typically, it seems like the predicted ductihty of the low strength steel is 

slightly underestimated, as well as the mean stress level in the descending part of the stress 

strain curve. 

The overall agreement between theory and experiment regarding the stress strain curves must 

be said to be quite satisfactorily, bearing in mind that the theoretical results are obtained from 

an analytical model of the flange local buckling process, this analytical model in turn being the 

result of unavoidable simplifications and assumptions. The matching is excellent in some cases 

and not so excellent in other cases, however the main features such as the ductility and the 

level of the descending part of the stress strain curve must be said to be captured in ah cases. 

Further, the agreement between theory and experiment regarding the reduction function % (k) 

is also quite acceptable. 

It is however important to emphasize, once again, that the obtained theoretical results origin 

from a set of parameters that, for those not known by measurements, has been given values 

from assumptions that may be more or less weh grounded although hopefully realistic. This 

apphes especially for the residual stresses and initial geometrical imperfections. Another set of 

parameters would, quite obviously, yield different results. 
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However, recognizing the parameter study, the errors arising from the guesswork is not to be 

expected to be dramatically large. Instead, the author of this thesis believes that the greatest 

part of the deviation between experimental results and theoretical simulations origins from 

errors in the model itself. Quite obviously, the local buckling of a flange can perhaps be said to 

be similar to, but not equivalent to, the torsional buckling of a plate, initially twisted by a con

stant rate of twist, followed by a yield line buckling process. The difference between similar 

and equivalent probably gives rise to the major part of the deviation between theory and exper

iment. 

The result in figure 6.13 above may look somewhat strange, but as pointed out in the introduc

tion to this thesis, there is no reason for being surprised by members, made of two different 

material and sharing the same slendemess with respect to a considered instabihty mode, being 

unequally sensitive to initial imperfections. This is rather to be expected since the geometries 

of the members may differ substantially. 

The apparent difference between the two materials with respect to the slendemess limit for 

which the resistance function does no longer reach unity, can be explained quite simply. For a 

flange that is so slender that it is expected to just reach the yield stress before it fails in local 

buckhng (but so compact that the stress can be assumed fairly uniformly distributed over the 

width prior to buckling), it seems reasonable to assume that the flange fails at first yield. It 

holds for a flange without residual stresses 

in which o~gp is the axial stress at first yield and xgp is the corresponding shear stress, which 

reads according to eq (4.46) 

ep J y (6.1) 

(6-2) 

Now, for simphcity denote j3Gt— 

according to 

= JjX, which allows the above equation to be rewritten 

a ep (6.3) 
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or 

lr-
ep 

y. f y ) 

1 +• 
K 

= 1 

• v 

(6.4) 

Now, for slender flanges that do only just reach the yield stress the resistance function may be 

written % = ^ep^y m e a n i n g 

X = 

1+-
_K  

(6.5) 

Now, two things are noted. Firstly, i f the flange is so slender it just barely reaches the yield 

stress, then it holds G e p ~ f y . Secondly, since the slendemess is defined X = J f y / o c r it holds 

g = f /X . These two recognizations into the above equation yields 

X = 

1 + 

[ f y 1 / ^ - 1 ] 

(6.6) 

Now, obviously the term f y 1 /X - 1J is larger for a flange of high strength steel than for a 

flange of low strength steel i f they have the same slendemess. As a consequence, the resistance 

function wil l for the same slendemess be more favourable for the high strength steel. This is 

also indicated in figure 6.13 above. 

Alternatively expressed, for the same resistance, the high strength steel flange can be allowed 

to be more slender in terms of a higher X. Now, since the SS 1312 had a yield strength in com

pression, as detected by the stub column tests, of about 330 MPa, this can serve at some type of 

reference material, simply representing ordinary mild steel for which the design codes are 

tested and valid. Hence, referring the slendemess A. = 0.67 to this reference material and 

requiring the strength of a higher strength steel flange being equal to the strength of the flange 

made of the reference material yields 
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f ; 
4 - 1 

1 r 
(6.7) 

resulting in 

X = 
f 

l + f 

(6.8) 

in which A denotes the slendemess that the higher strength steel flange should have in order to 

just reach the yield stress f y before buckling, and Xre^ and f y

e denotes the corresponding lev 

els of these quantities for the reference material. 

rgf 

Chosing the reference material according to the discussion above, i.e. f = 330 MPa and 

X^ = 0.67 yields, inserted to eq (6.8), the slendemess for Weldox 700, with f = 860 MPa, 

as X = 0.82. 

Comparison with figure 6.13 above yields this slendemess as roughly X = 0.85. Hence the 

agreement is as fair as one can expect. 

Now, from a glance at the parametric study, it seems like the theoretical solution predicts a 

higher ductihty, in terms of non-normahzed strains, for a flange of high strength steel than for 

a flange made of low strength steel, the flanges sharing the same slendemess X. The theoretical 

reason for this is best explained by studying a hollow rectangular section rather than a solid 

plate since the mathematics is less messy. For a rectangular hollow cross section that is about 

to undergo inelastic torsional buckling, it can be shown, using the same arguments as for the 

sohd plate, that the following holds 

d x = tt (Y^s + °dy) (6.9) 

in which dz is the increase of shear stress due to the increase of twisting moment, which is a 

result of the increase of axial stress do and twist, expressed by d j . Now, considering the 

beginning of the buckhng process, say just after the flange has entered the inelastic range, the 

shear strain is very small and hence the term jdo can be neglected in comparison to the sec

ond term ody. Hence it holds approximately at the beginning of the process 
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d i ~ - £ - a d y (6.10) 

However, it holds a c r = G K v / I p and a c r = f / X meaning that, recognizing that in the 

beginning of the process it holds a » / > i t c a n be written, 

d x - G A 2 d y (6.11) 

Hence for two equally slender flanges made of materials with different strength, an increment 

d y gives the same magnitude of the shear stress increment. Now, since this implies a larger 

d x / f ratio for the lower strength flange, the stress state for this flange wil l produce relatively 

more shear strain (since the plastic strain increment vector is in the dhection of the gradient to 

the yield surface) and hence this flange wil l experience a faster development of the buckling 

process. 

It should be emphasized that the less sensitivity to local buckhng of the higher strength steel 

flange hence have different causes depending on the slendemess considered. For slender 

plates, in the neighbourhood of the border between class 3 and class 4 flanges, the difference 

arises from the fact that the geometry of the high strength flange is such that when the von 

Mises effective stress reaches the yield stress, the stress state contains less shear stress and 

consequently more normal stress than an equally slender flange made of low strength steel. 

For stocky flanges however, the difference arises from the fact that due to the larger yield 

strength, less plastic shear strain is produced for the high strength flange and so the buckling 

will develop in a slower rate. 

Conclusively, in the comparison of equally slender flanges made of steels with different 

strengths, the higher strength flange seems to resist buckling better, in terms of higher ductility 

and higher strength. 

This conclusion has been drawn also by Sedlacek et. al., [73], who argues that the slendemess 

limits for class 1 and class 2 sections according to EC 3 are much too conservative for high 

strength steels. Also, the numerical simulations performed by Spangemacher, [38], supports 

this conclusion, although Spangemacher himself did not mention it explicitly. Consider figure 

6.14 and figure 6.15 below. 
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Figure 6.15 Moment-rotation curves for three point bending of 1-section. Same 

flange (and web) geometry but different strength of material. Steels 

S690, S460 and S235 with measured yield strengths 740, 530, and 290 

MPa respectively. From Spangemacher, [38]. 
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It should be noted that the given mid value of r> in figure 6.15 above seems to be $ = 0.8 

rather than 0.9 as given by Spangemacher. Further, it should be noted that b in figure 6.14 

above refers to the whole flange width, which in this thesis is denoted B. Taking the mid curve 

in figure 6.15 above, which represents the moment-rotation curve of a beam made of steel 

S460 and for which it holds B/t = 20, it is seen that changing the steel grade to S235 and 

keeping the geometry, meaning the slendemess is decreased by a factor J511/934 = 0.74, 

results in an increase of the ductility, in terms of the rotation during which the beam can resist 

the plastic moment or more, by a factor 0.11 /0.08 = 1.4 (if one would use the values given by 

Spangemacher the value 1.22 would be obtained). 

Now, study figure 6.14 above which pictures the moment-rotation curves of beams made also 

of S460 but with different B/t ratios. Decreasing the slendemess by the same factor 0.74 as 

above, however not by decreasing the yield strength but by decreasing the B/t ratio, results in 

B/t = 0.74 x 20 = 14.8. From figure 6.14 above, this decrease of the slendemess increases 

the ductihty (in figure 6.14 the rotations are normalized but this does not matter since yield 

strength is the same for all curves) by a factor of roughly 2.2. 

Since the slendemess of the flange corresponding to the mid curve in figure 6.15 has the slen

demess X = 1.61 x 10^0.46/210 = 0.75, it follows that the above discussed flanges; one 

made of S235 with B/t = 20 and the other made of S460 with B/t = 14.8, both have the 

slendemess X = 0.75 x 0.74 = 0.55. However, the flange made of the higher strength steel, 

S460, is considerably more ductile than the flange made from S235 steel (the relation being, 

according to above, 2.2/1.4) although they share the same slendemess X. 

Hence the finite element simulations made by Spangemacher gives, in principle, the same 

result regarding the influence of the yield strength on inelastic local flange buckhng as the ana

lytical model proposed herein. 

It would be nice, of course, i f these theoretical results could be experimentally verified by 

other experimental programs than the one presented herein. However, since the differences are 

relatively moderate, large variation in yield strength is necessary to experimentally detect the 

difference in the behaviour. To the author, it seems that in spite of the considerable amount of 

experimental data on inelastic local flange buckling there has been few experiments performed 

on steels with very high strengths. 

Nishino, et. al. 1968, [74], performed tests on fullscale welded crusiform specimen, with plate 

thickness 17 mm and the width B varying from 150 to 400 mm. The tested material was Wei 

Ten 80 with a measured yield strength in tension of / = 750 MPa. 
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The experiments revealed that for flanges made of this material the slendemess hmit corre

sponding to the border between class 3 and class 4 according to EC 3 (class 2 and class 3 

according to BSK), would be A. = 0.84, which is in fair agreement with the experimental 

results on a similar material presented herein. However, Nishino et. al. did not perform tests on 

low strength steels and hence no conclusion regarding the influence of the yield strength can be 

drawn from that investigation. 

Further, Rasmussen & Hancock 1992, [75], performed experiments on cmsiform specimen 

made of the steel BIS ALLOY 80, with a tested yield stress in compression of f = 740 MPa. 

The specimen were made in small scale with plate thickness 5.4 to 5.9 mm and the welds being 

about a3.5. Hence, due to the scale of the specimen, the same trouble with the influence of the 

weld arises as in the experimental study in this thesis. However, Rasmussen & Hancock, use 

the distance b - (B-t)/2, referring to figure 5.1, for the calculation of the slendemess. 

Remarkably, this procedure gives virtually the same slendemess values for the specimen used 

by Rasmussen & Hancock as the procedure by taking the welds into account used in this thesis. 

Rasmussen & Hancock unfortunately tested flanges (crusiform specimen) with only three dif

ferent slendemess values, namely X = 0.62,0.93,1.11. The mean stress-mean strain curves 

from these experiments are shown in below. 

Figure 6.16 Crusiform stress-strain curves according to Rasmussen & Hancock, [75]. 
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The flange with the lowest slendemess was just on its way to strain harden when local buckhng 

reduced the resistance. Compared to the experimental curve for the Weldox 700 steel in figure 

5.6, it is seen that this is the slendemess level around which the flanges are able to strain 

harden in compression. 

Further, for the flange with the slendemess 0.93, Rasmussen & Hancock obtained % = 0.93 

which agrees fairly well to the experimental curve in figure 5.6 in this thesis. Unfortunately, 

due to the lack of test results in the intermediate range, Rasmussen & Hancock could not draw 

the conclusion that the slendemess limit for the border between class 3 and class 4 flanges 

(according to EC 3) is unnecessarily conservative for high strength steel. However, comparing 

to experimental data from other investigators, they did in fact conclude that for flanges that do 

belong to class 4, high strength steel flanges have superior strength compared to flanges made 

of low strength steel. 
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7. DISCUSSION AND CONCLUSIONS 

From the investigation presented herein the following conclusions may be drawn. 

For the modelling of inelastic local buckling of flanges made of structural steel, which can be 

considered as a case of strongly non-proportional plastic loading, the incremental theory of 

plasticity utilizing an isotropically hardening von Mises yield surface and the associated flow 

rule can be apphed. This constitutive model predicts reasonably well the inelastic behaviour of 

structural steel for cases of monotonic loading, i.e. for loadings not including stress reversals. 

The approximation of this constitutive model lays in the assumption of isotropic hardening and 

the assumption of a universal effective stress-effective plastic strain relation. Typically, the 

plastic strains following tangential loading seems to be underestimated by the model. The 

accuracy of the model is however considered good enough to obtain results from buckhng 

modelling that are at least qualitatively accurate. The error in the buckhng modelhng that 

arises from the constimtive model is also considered acceptable bearing in mind the simplicity 

of the constitutive model. 

The plasticity theory of Lay, [22], is found incorrect. This theory predicts the shear modulus of 

a member yielded in tension or compression to the point of strain hardening to be significantly 

less than the elastic value; for ordinary mild steel the inelastic shear modulus for this case 

would, according to Lay, be roughly one fifth of the elastic value. Treating the local buckhng 

of a plastified flange as a bifurcation phenomenon and applying the inelastic shear modulus of 

Lay then yields results that are clearly in agreement with experimental observations. This is 

probably the reason why many of the investigators involved in theoretical modelling of inelas

tic local flange buckling has adopted the theory. In addition, the theory has been applied in sev

eral investigations on inelastic lateral torsional buckling of I-beams. In the future, this should 

not be so. 

The model of the inelastic local buckling process presented herein, has been shown to give 

buckling stress-strain curves in reasonable agreement with experiments. The model consists of 

two parts. In the first part, the inelastic torsional buckling response of the flange is integrated. 

The flange is in this part of the model assumed to consist of an infinite number of hollow rec

tangular cross sections, each consequently with infinitesimally thin wall thickness. Further, in 

this part the stress is assumed to be uniformly distributed over the width of the flange. The sec

ond part consists of a yield line model of the flange buckle Ln a late stage of the process. This 

model takes into account the resistribution of stress over the width of the flange. The two parts 

are connected so as to obtain a theoretical stress-strain curve of the buckling flange. Since the 

model seems to give quite reasonable results, the conclusion may be drawn that it captures 

fairly accurate the local buckhng process, as being first mainly torsional and successively more 

related to plate bending. 
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For the comparison with the experiments performed in this thesis, the small scale of the speci

men causes some trouble in the definition of the slendemess of the cross section with respect to 

torsional buckling. The slendemess depends on the critical torsional buckling stress which in 

turn is related to the Saint-Venant torsional constant and the polar moment of inertia of the sec

tion. Study for reference figure 5.1. The slendemess of flanges are customarily based on the 

width of the outstand, which is defined in EC 3 as half the whole flange width for rolled sec

tions and as the distance from the flange edge to the root of the fillet weld for welded sections. 

The author of this thesis can se no reason for this distinction. 

Clearly, considering real sections for which the size of the welds are significantly less than the 

plate thickness, these two different approaches give rather little difference. However, regarding 

the small size specimen this is not the case, which can be seen from the photo of the cross sec

tion below. 

Figure 7.1 Photo of cross section from specimen H3. 

Hence the question arises how to compute the slendemess. The author of this thesis is of the 

opinion that the calculation shall be based on the definition of the slendemess and hence relate 

to the critical stress of the section, and thus neither of the procedures above can be used. 

Herein, the critical stress is computed treating the welded area as a small torsional cell in the 

middle of the stub column section. The difference to the other two concepts is not dramatic but 

there is a difference and it is a bit larger for the 3 mm thick plate than for the 4 mm thick plate. 
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It would of course be better i f the tests had been carried out on ful l scale specimen but this was 

not possible due to limitations in testing equipment The calculations on the slendemess of the 

specimen must from the above arguments be seen as rather approximate, which makes it more 

difficult to draw conclusions from the experimental study with absolute confidence. 

However, the study seems to reveal that the flanges made of high strength steel seems to be 

less sensitive to local buckhng in the slendemess range studied. This is the case for stocky 

flanges, for which the high strength flange is able to withstand larger amounts of axial shorten

ing before its capacity is reduced by local buckling than the lower strength flange, as well as 

for flanges that so slender that they barely reach the squash load before buckling, for which it 

can be seen that the higher strength flanges can have a higher slendemess and still reach the 

squash load than the lower strength flange. This feature is predicted by the theoretical model, 

roughly to the same extent as observed by the experiments, however, once again, using the 

approximate slendemess values. The same feature can however be seen from finite element 

studies from Spangemacher, [39]. 

Now, it seems to the author of this thesis that some of the value of the experimental results are 

lost due to the way in which the slendemess is calculated. Hence, in order to clarify the ques

tion whether there is a difference in the %-X curve between low and high strength steel, larger 

scale testing, in which the effect of welds is smaller, should be carried out in future research. 

Furthermore, an important feature to investigate that has not been brought up to discussion 

herein is the interaction between web and flange buckling. This problem seems to the author 

troublesome to approach by analytical modelling so perhaps the finite element method is to be 

considered as the applicable tool, such as done by Beg & Hladnik 1995, [6]. 
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APPENDIX I. 

Saint-Venant torsion of a hollow rectangular section. 

The relation between the rate of twist cp' and the shear strain y can be derived as follows. 

Study figure A I . l below, in which all walls have the same thickness t.. 

b. Rotation of top surface c. Shearing of top surface 

Figure A I . l Geometry of the studied problem. 

Now, the deformation of the top surface S1 can be ragarded as composed by a pure rotation 

followed by pure shearing as shown in figure b and c above. 

h 
From figure above, it can be seen that for the top surface Sl it holds - dcp = dz*¥, meaning 

h 
that *F = - cp ' . Hence, the total warping of the point A can be written 
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Now, studying the side surface S2, the same relations hold for this surface however changing 

signs and interchanging b and h. Hence, the warping of point A can also be expressed as 

bh , h 
w A = - ^ + 2 l ( A L 2 ) 

Eq. (ALI) and (AI.2) then yields 

7 = g p ' (AI.3) 

which constitutes the relation between the rate of twist and the shear strain for Saint-Venant 

torsion of a hollow cross section. 
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Derivation of the interaction formula for bending moment and axial stress 

in an inclined yield line. 

The stress components in the yield hne is according to figure below.. 

Figure A I I . l Stress components in an inclined yield line. 

From equilibrium reasons, it must hold 

2 2 O 

5 j = c(cosa) , o 2 = a(s ina) , x = - s in2a (AII.1) 

in which ü { , ö2, and T represent mean values over the thickness, and o" is the axial stress. 

Kato, [20], assumed the stress components o~2 and x uniformly distributed over the thickness 
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and the distribution of Oj according to figure below 

o, 

r /2 

m 

Figure AII .2 Distribution of the stress component o~j over fAe thickness. 

Adopting the Huber-von Mises yield criterion gives the stress components in figure AII.2 

above according to 

( cs2^ 
2 a 2 

V 4 y 
(AII.2) 

2 0 2 

4 J 
(AII.3) 

Equilibrium requires 

(AII.4) 

m H ( H H ( H ( M (AII.5) 
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Introducing d - pr and rearranging yields 

(AII.6) 

, . f l 2 1 ! 2m 
(AII.7) 

This is about where Kato, [20], stopped the analysis. Combining eq (AII.6), (AII.7), (AII . l ) , 

(AII.2) and (AII.3) then yield the interaction for a given inchnation a . However, the analysis 

can be driven further. Solving for p in eq (AII.7) and using eq (AII.2) and (AII.3) yields 

P = i ~ 4 2 
t 2 J f y - 3 [ T 2 + o2

2/4 

(AII.8) 

which inserted in eq (AII.7) in combination with eq (AII.2) and (AII.3) gives after some alge

braic manipulation 

^ - 3 

f 2\ 
2 " 2 

1 + A 
V 4 

4m 

t t 
2 

- 3 

f 2 
2 Cf 2 

(AII.9) 

or dividing by f and noting that f t2/4 = 

4 j m.J ^2 

J V >• 
v r 1 

J v 

(Al l . 10) 

Making use of eq (AII . l ) yields 
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l - 5 [ ( s i n 2 a ) 2 + ( s i n a ) 4 ] ( ^ j 2 - ^ Jl - ^ [ ( s i n 2 c c ) 2 + ( s i n a ) 4 ] Q ^ 

, s 2 (s ina) ' 
(cosa) - • ' (AII.11) 

Hence it can be written 

1-1 v 3 [ ( s i n 2 a ) 2 + ( s i n a ) 4 ] / 4 + [ ( c o s a ) 2 - (sin a ) 2 / 2 ] 2 j (O/fy)2 

| l -1[ (s in2a) 2 + ( s i n a ) 4 ] 
2 

(AIL 12) 

After some trigonometric manipulation, it can be shown that 

3 [ ( s i n 2 a ) 2 + ( s i n a ) 4 ] / 4 + [ ( c o s a ) 2 - ( s i n a ) 2 / 2 ] 2 = 1 

meaning that eq (AIL 12) reduces to 

(AIL 13) 

m 
m 

i - ( o / f y y 

" J l - | [ ( s i n 2 < x ) 2 + ( s i n a ) 4 ] ^ 

(Al l . 14) 

which constitutes the interaction between bending moment and axial stress in an inclined yield 

line. 

For a yield hne perpendicular to the axial stress, i.e. a = 0, eq (AIL 14) reduces to the para

bolic interaction formula 

m ± ( 0 = mp[ l ~ 
o(0 

(AIL 15) 
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Taking —-( — \ = 0 from eq (Al l . 14) yields 
aa l rr 

sin (2a) cos (2a) + (sina) cosa = 0 (Al l . 16) 

which, after some trigonometric manipulation, gives 

a = asin /? = 55 c (AII.17) 

Remarcably, it holds 

sin 2 asin 
2 r 

381114 3 
14 

(AIL 18) 

which inserted to eq (AIL 14) yields 

ma(0 = m l 
/ v 

(AIL 19) 

Hence, interestingly, there exist a local maximum for the interaction formula. This maximum 

yields a circular interaction according to eq (AIL 19). 
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Experimental stress-strain curves for stub column tests. 

stu b cc lurr n L stu b cc lurr n L 1 — 

-mm 

0 10 20 30 40 50 60 70 80 90 100 

e [ o / o o ] 

Figure A I I I . l Relative mean axial stress versus mean axial strain for specimen LL 

stu b cc lurt n L stu b cc lurt n L I — 

T 
1 

0 10 20 30 40 50 60 70 80 90 100 

£ [o/oo] 

Figure AIÜ.2 Relative mean axial stress versus mean axial strain for specimen L2. 
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I 

lurr n L U U L lurr n L 3 — 

—7 u n d 
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0 10 20 30 40 50 60 70 SO 90 100 
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Figure A I I I 3 Relative mean axial stress versus mean axial strain for specimen L3. 

GSfy 

stu bcc lum n L stu bcc lum n L 
4 — 

0 10 20 30 40 50 60 70 80 90 100 
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Figure AIII.4 Relative mean axial stress versus mean axial strain for specimen LA. 
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Figure ATJI.5 Relative mean axial stress versus mean axial strain for specimen L5. 

O / f y 

stu 5 CC lum n L c stu 5 CC lum n L u 

/ 
/ 

— 1 

0 10 20 30 40 50 60 70 80 90 100 

E [ o / o o ] 

Figure AHI.6 Relative mean axial stress versus mean axial strain for specimen Iß. 
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O / f y 
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Figure AITI.7 Relative mean axial stress versus mean axial strain for specimen L7. 
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Figure AIII.8 Relative mean axial stress versus mean axial strain for specimen L8. 
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Figure AIII.9 Relative mean axial stress versus mean axial strain for specimen L9. 
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Figure AIII.IO Relative mean axial stress versus mean axial strain for specimen LIO. 

The shorter tail of the curve compared to the other curves is due to the 

use a different measuring system at this test resulting in the test data 

to be limited to the first ten minutes of the test. 
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Figure A I I I . l l Relative mean axial stress versus mean axial strain for specimen LH. 
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Figure AIII.12 Relative mean axial stress versus mean axial strain for specimen HI. 
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Figure AHI.13 Relative mean axial stress versus mean axial strain for specimen H2. 
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Figure AITI.14 Relative mean axial stress versus mean axial strain for specimen H3. 
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Figure AHL15 Relative mean axial stress versus mean axial strain for specimen H4. 
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Figure AHI.16 Relative mean axial stress versus mean axial strain for specimen H5. 
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Figure Affl.17 Relative mean axial stress versus mean axial strain for specimen H6. 
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Figure AIII.18 Relative mean axial stress versus mean axial strain for specimen H7. 
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Figure AIII.19 Relative mean axial stress versus mean axial strain for specimen H8. 
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Figure AIII.20 Relative mean axial stress versus mean axial strain for specimen H9. 
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Figure AITI.21 Relative mean axial stress versus mean axial strain for specimen HIO. 
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Figure AJJI.22 Relative mean axial stress versus mean axial strain for specimen Hll. 
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APPENDIX IV. 

Stress-strain curves from simple tension tests. 
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Figure AIV.l Tensile stress-strain curve for SS 1312 material. Note that elastic 

the strain is subtracted. 
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Figure AIV.2 Tensile stress-strain curve for Weldox 700. 
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