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EVALUATION OF ORDERING SYSTEMS FOR MULTI-ECHELON 
INVENTORY CONTROL 

1. 	Introduction 

There are four major reasons for holding inventory: it enables the company to 
achieve economies of scale, it balances supply and demand, it provides protection 
from uncertainties in demand, and finally it acts as a buffer between critical 
interfaces within the production and distribution system. In many companies the 
inventory is the largest investment in assets. Therefore the quality of inventory 
management and the inventory policies that the company uses can have a great 
impact on corporate profitability. 

In practice it is common with multi-level inventory systems, since the material flow 
of a company usually consists of several stages which are connected to each other as 
a chain. This thesis deals with ordering systems for such multi-level inventory 
systems. We shall assume that the basic conditions for the considered inventory 
systems are given, for example the structure of the inventory system, transportation 
times and holding costs. In practice these conditions may be possible to change, at 
least in the long run. 

Besides this introductory overview three research papers are included in the thesis. 
These three papers are referred to as papers A-C.  

A: Axsäter, S. and L. Juntti. Comparison of Echelon Stock and Installation 
Stock Policies for Two-Level Inventory Systems.  

B: Axsäter, S. and L. Juntti. Comparison of Echelon Stock and Installation 
Stock Policies with Policy Adjusted Order Quantities.  

C: Juntti, L. Evaluation of a Decision Rule for Lateral Transshipments in a Two-
Echelon Inventory System for Repairable Items. 
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The rest of this chapter summarizes the contributions of these papers. First we 
compare installation stock and echelon stock reorder point policies. With an 
installation stock policy we mean that the ordering decisions at each installation are 
based exclusively on the inventory position at this installation. The inventory 
position is defined as the stock on hand and on order minus backorders. Ordering 
decisions when using an echelon stock policy, on the other hand, are based on the 
sum of the installation inventory position at the considered installation and at all its 
downstream installations. It is previously known that echelon stock reorder point 
policies dominate installation stock reorder point policies for serial and assembly 
multi-level inventory systems. In our work on echelon stock and installation stock 
policies (papers A and  B),  we consider a serial system and present worst case results 
for the relative cost difference in case of constant demand and no backorders for the 
two considered policies. We also analyze a distribution system with stochastic 
demand by simulation. 

In the second part of this thesis (paper  C)  we study a multi-echelon inventory 
distribution system with a central depot and several bases that cover different 
geographical regions. In such a system where some of the bases may be quite close 
to each other, emergency lateral transshipments are quite often used. This may be 
advantageous if the transportation time between two neighbouring bases is shorter 
than the transportation time between the central depot and a certain base. We 
present a model for evaluation of a decision rule for such emergency lateral 
transshipments in a continuous review inventory system with one-for-one 
replenishments, Poisson demand and repairable items. Since our model is 
approximate, we evaluate the accuracy of our results by simulation. 

In Section 2 we summarize papers A and  B  and discuss echelon stock and 
installation stock reorder point policies for multi-level inventory control. Section 3 
gives an overview of paper  C  and deals with a two-level inventory distribution 
system with emergency lateral transshipments. 
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2. 	Comparison of echelon stock and installation stock policies 

Multi-level inventory systems are usually controlled either by an installation stock 
reorder point policy or by an echelon stock policy. In papers A and  B  we compare 
these two types of policies. An installation stock policy is defined as an ordering 
system where all ordering decisions at each installation are based exclusively on the 
inventory position at this installation. By inventory position we understand the stock 
on hand and on order minus the backlog. On the other hand, when using an echelon 
stock policy ordering decisions at each installation are instead based on the echelon 
inventory position. The echelon inventory position is obtained by adding the 
installation inventory position at the installation and at all its downstream 
installations. It is previously known that echelon stock reorder point policies 
dominate installation stock reorder point policies for serial and assembly multi-level 
inventory systems (Axsäter and  Rosling,  1991). 

The most common policies in connection with multi-echelon inventory systems are 
installation stock policies. Examples of papers dealing with installation stock 
policies are Lee and Moinzadeh (1987a,  b),  Moinzadeh and Lee (1986), Svoronos 
and Zipkin (1988) and Axsäter (1991a,  b).  The echelon stock concept was first 
introduced by Clark and Scarf (1960). They showed that echelon stock policies are 
optimal for serial stochastic systems with periodic review and set-up costs only at 
the highest echelon. Examples of other papers dealing with echelon stock policies 
are Federgruen and Zipkin (1984), de Bodt and Graves (1985) and  Rosling  (1989). 

Echelon stock and installation stock policies are equivalent when dealing with one-
for-one ordering policies  (e. g.  Sherbrooke (1968), Graves (1985) and Axsäter 
(1990a)) This equivalence is not valid when using a batch-ordering system. 
Recently, Axsäter and  Rosling  (1991) have shown that echelon stock policies 
dominate installation stock reorder point policies in case of batch-ordering for serial 
and assembly systems. It is still unclear under what circumstances echelon stock 
policies are advantageous compared to installation stock policies for distribution 
systems. 

The purpose of this research is to extend the results of Axsäter and  Rosling  (1991) in 
two ways. First, we want to analyze how large the cost advantage may be in 
situations when echelon stock policies are known to be superior to installation stock 



policies. Second, in connection with distribution systems we wish to gain more 
insight concerning the behavior of the two considered policies. 

In paper A we present some worst case results for simple deterministic systems with 
given order quantities and reports on a simulation study of stochastic systems. By 
worst case results we understand the worst possible relative cost increase for the 
installation stock policy compared to the echelon stock policy. In paper  B  we extend 
the results from paper A by assuming that the installation stock policy can 
coordinate order quantities and leadtimes. 

2.1 	Worst case results for a serial inventory system 

We consider a simple inventory system with two installations denoted warehouse 
(w) and retailer (r), although we could just as well think of two installations within a 
production system. See Figure 1. The customer demand takes place at the retailer 
and is assumed to be constant and continuous. The retailer replenishes its stock by 
ordering batches from the warehouse. In the same way the warehouse replenishes its 
stock from an outside supplier. Both installations, apply continuous review (R,Q)-
policies, i.e. when the inventory position declines to or below  R  a batch  Q  is 
ordered. Shortages are not permitted at the retailer. Our purpose is to choose the set-
up of problem parameters,  i  .e.  demand, holding costs, transportation times and order 
quantities, that maximize the ratio between the cost for an optimal installation stock 
policy and the cost for an optimal echelon stock policy. 

>\7 	>\7 	 
warehouse 	retailer 

Figure 1 	Material flow 



2.1.1 Given order quantities  

We introduce the following notation:  

D  = constant and continuous demand per time unit 

Qr  = order quantity for replenishments from the retailer 

Qw  = order quantity for replenishments from the warehouse 

Tr  = transportation time for a batch to arrive at the retailer from the warehouse,  
i.  e.  the leadtime provided that the warehouse has stock on hand 

Tw  = replenishment leadtime for the warehouse 

hr  = inventory holding cost per unit and time unit at the retailer 

hw  = inventory holding cost per unit and time unit at the warehouse  

er  = hr  - hw  = echelon holding cost per unit and time unit at the retailer 

ew  = hw  = echelon holding cost per unit and time unit at the warehouse  

Rir  := installation stock reorder point at the retailer 

Riw  = installation stock reorder point at the warehouse 

Rer  = echelon stock reorder point at the retailer 

= echelon stock reorder point at the warehouse 

Ci  (Rir ,Ri, ) = cost per time unit for a certain installation stock policy  Rir,  RL 

5 



6 

Ce(Re,,Rew ) = cost per time unit for a certain echelon stock policy Rer  , Rew  

Since the order quantities are assumed to be given, the costs are defined as the sum 
of the average holding costs at the two installations. Holding costs during 
transportation are not included. 

We assume that 

Qw = cOr 	 (1) 

for some positive integer  q.  This assumption corresponds to the situation when the 
policy is to satisfy all or nothing of a retailer order. The stock at the warehouse 
should then always be an integer multiple of Qr. 

Our objective is for both types of policies, to find reorder points such that no 
shortages occur, and such that the total holding costs in the system are minimized. 
Axsäter and  Rosling  (1991) have shown that any installation stock policy can be 
replaced by an equivalent echelon stock policy. Consequently, if we consider 
feasible policies we know that 

min Ci (Ri,,Riw )/ min Ce(K,K) 
	

(2) 

It is easy to show that there is always an optimal echelon stock policy for the 
considered simple serial system. In general, the installation stock policy, on the other 
hand, will lead to a cost that is higher than the optimal cost. A natural question to 
ask is then what the worst possible relative cost increase might be or, in other words, 
what is the worst case performance ratio of an installation stock policy. To be able 
to answer this question we must determine the set-up of parameters  D,  Qr, Qw, Tr, 

Tw, hr  and hw  that give the largest cost increase. This means that we have to 
determine these parameters such that the left hand side of (2) is as large as possible. 

The optimal behavior of the considered system means that a new batch  Q,  is 
delivered to the retailer exactly when the preceding batch is finished. The period 
between the deliveries to the retailer is Q./D. In the same way a new batch Qw  is 
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delivered to the warehouse just-in-time for a delivery to the retailer,  i.  e.  Qr/D time 
units after the preceding batch was finished. This behavior can easily be obtained by 
an echelon stock policy by choosing the following reorder points: 

Rf. = TrD  

R,  -= (Tr  + Tw)D 
(3) 

To find suitable initial inventory positions let us express the replenishment leadtime 
for the warehouse, Tw, as 

Tw  = mQr/D + tw 	 (4) 

where 0 ... tw  < Qr/D. Consider a time when a warehouse batch is ordered. The 
installation inventory position at the retailer should then be TrD + twD, since it will 
take the time tw  until the next order by the retailer. The echelon inventory position at 

the warehouse is then Rer  = (Tr  + Tw)D and the installation inventory position is then 

(Tr  + Tw)D - TrD - TD = mQr. 

This optimal echelon stock policy means that the average echelon stock on hand at 
the retailer is Qr/2, and Qw/2 at the warehouse. The optimal cost (units under 
transportation are excluded) can then be expressed as 

Ce  = min Ce(Rer ,Rew )= erQ r /2+e,Qw /2 	 (5) 

An installation stock reorder point policy is necessarily nested. This means that an 
order at the warehouse can only be initiated at the same time as an order at the 
retailer. The optimal solution means that the warehouse orders between two retailer 
orders, Qr/D - tw  after the preceding order and tw  before the next order. The 
installation stock policy will therefore lead to additional costs unless tw  = 0. 

There are two reasonable installation stock policies. The first is to always order 
Qr/D - tw  too early at the warehouse. This gives additional costs at the warehouse, 

AC' =  e  (Qr  — twD). The second possibility is to order the time tw  later at the 

warehouse compared to the optimal policy. But then every qth order from the retailer 
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will be delivered after the longer leadtime Tr  + t, instead of the normal Tr. This 
means that we have to raise the reorder point at the retailer and decrease the reorder 

point at the warehouse. The new reorder points are  Rir  = (Tr  + tw)D and  Ri,  = 

(m — 1)Qr . Every qth retailer batch will then be delivered just-in-time to the retailer, 

but other retailer batches will be sent too early to the retailer and incur additional 

costs if  q>  1 and  er>  0. The additional cost, AC2  = er (1— 1 / q)t,D . The optimal 

additional cost is min( AC1, AC2 ). The largest cost increase is obtained for 

Qr 	ew  t, = 	 (6) 
D e, +er(1-1/q) 

The additional cost for the optimal installation stock policy is obtained as 

AC = 	AC2 
Qr  ewer(1-1/q)  

ew  +er(1-1/q) 
(7) 

The worst case performance ratio of the installation stock policy  R  is obtained as  

R=  max {1+ AC/Ce} = 5/ 4 	 (8) 

The worst case performance ratio 5/4 is obtained for  q  = 2, er/e„ = 2 (or 11„/11, = 3) 

and t„ = Qr/21. The worst case performance is independent of  D, Q,  and Tr. 

We can easily generalize the worst case result above to an assembly system. The 
analysis is straight-forward, and the worst case result is the same. A generalization 
to a distribution system with several retailers seems much more difficult, unless we 
make the simplifying assumption that all retailers order at the same time. If this is the 
case the system is more or less identical to a serial system, and the worst case 
performance will again be the same. 

In paper A we give a detailed derivation of the worst case performance for the 
installation stock policy with fixed order quantities. 
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2.1.2 Adjusted order quantities 

We can generalize our worst case study of the two-level serial inventory system by 
accepting policy adjusted order quantities. With the assumptions in Section 2.1.1 the 
feasible ordering times at the higher level may be very unfavourable with respect to 
the leadtime for an installation stock policy. It can therefore be expected that the 
cost increase in the worst case would be considerably lower if the installation stock 
policy is allowed to compensate for this disadvantage by coordinating order 
quantities and leadtimes. In paper  B  we derive worst case results for such a system. 
Holding and ordering costs are the same for both policies, while reorder points and 
order quantities are optimized for each policy. 

We introduce the following additional notation: 

Aw = ordering cost at the warehouse 

A, = ordering cost at the retailer 

C(Qr, Qw, Rr, Rw) = cost per time unit for a certain policy  

P  = performance ratio,  i.  e.  relative cost increase for the installation stock policy 

The costs now include both holding and ordering costs. Shortages are not allowed. 
Holding costs during transportation are not affected by the choice of policy, and are 
therefore not included. The costs are optimized with respect to both order quantities 
and reorder points for each policy, for given demand, transportation times, holding 
and ordering costs. Consequently we obtain  

P = Ci/Ce  = min Ci (Qi,,qi ,Ri,,Riw)/min Ce(Qe,,qe,Re,,K,) 	 (9) 

As mentioned before, Axsäter and  Rosling  (1991), have shown that any installation 
stock policy can be duplicated by an echelon stock policy. Consequently we know 
that  P  1.  P  will depend on the parameters  D,  Tr, Tw,  er,  ew, A, and A.  Our 

purpose is to determine the worst case performance. Therefore we have to find the 
set-up of these parameters that maximize the performance ratio  P.  
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An optimal behavior is obtained in exactly the same way as in Section 2.1.1,  i.  e.  a 
new batch is delivered to the retailer or the warehouse just-in-time for delivery. 

We can express the optimal cost when using an echelon stock reorder point policy as  

	

D 	 Qe  Ce  = min —AAwiqe  + Ar)+ 	er  + qeew) 

	

Qeqe 

Qi: 	 2 

Remember that an installation stock reorder point policy is nested,  i.  e.  an order at 
the warehouse can only be initiated at the same time as an order at the retailer. Let 

tw  = Tw  mod(Qi, / D) 	 (11) 

An optimal behavior at the warehouse is obtained if we order exactly the time T, 
before the order is needed. This is possible in case of an echelon stock policy. But 
when using a nested installation stock policy we have to order either the time tw  too 

late or the time Qir /D - tw  too early at the warehouse. Compare with Section 2.1.1. 

Orders that are placed too early leads to additional holding costs at the warehouse. 
But if we, on the other hand, order too late we must raise the reorder point at the 
retailer in order to avoid shortages. This leads, in general, to higher holding costs at 
the retailer. As shown in paper A the optimal cost when using an installation stock 
reorder point policy with optimal reorder points can be expressed as  

ni  
Ci  = min —13  (Aw/qi 	

2 
+  Arp- 	

r 
+qie )+ AC 
 w  (Z,(11  Qir 

where 

AC = min few  (Qi  — twD), e r(1 — 	)twD} 

(12) 

The term AC represents the additional holding costs. The worst case performance 
ratio  P  for the problem above is obtained as 1.0965  i.  e.  a cost increase with 9.65 per 
cent. The worst case occurs for Aw  = 2.4102Ar, ew  = 0.3357er  and Tw  = 

(10) 
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0.4705(Ar/erD)1/2. The worst case performance ratio may occur for any value of the 
parameters  D, Ar  and  er.  The performance ratio is independent of Tr. 

If we compare these worst case results to those in Section 2.1.1 it is obvious that the 
disadvantage associated with an installation stock policy is smaller when the order 
quantities can be adapted to the policy. The difference between the two considered 
cases is not as large as the given percentage indicate, though. If we had included 
ordering costs in Section 2.1.1, the relative cost increase would have been much 
lower, since the ordering costs are the same for both policies. If we for example, 
assume that the ordering costs were the same as the holding costs with the echelon 
stock policy, the cost increase would have been 12.5 per cent instead of 25 per cent. 

In paper  B  we give a detailed derivation of the worst case performance for the 
installation stock policy with adjusted order quantities. 

2.2 	A simulation study of stochastic distribution systems 

In Section 2.1. we have presented worst case results for a two-level serial inventory 
system. This analysis gives very little information concerning the relative 
performance of echelon stock and installation stock policies for distribution systems 
and for stochastic demand. A corresponding analysis of such a system seems to be 
very difficult, though. To be able to compare echelon stock and installation stock 
policies we have therefore run a number of simulations. For each considered 
problem we have studied one up to ten identical retailers facing Poisson demand. 
The demand intensity at each retailer is A, = 0.1. The order quantities are Qw  = 8 and 

Qr  --,- 4,  i.  e.  Qw/Q, = 2 as in the worst case in Section 2.1.1. Similarly hw  = 1 and hr  
= 3,  i.  e.  hr/hw  = 3 as in the worst serial case with given batch quantities. Shortages 
cannot be avoided in a stochastic case. We assume that shortages are backordered 
and use a shortage cost proportional to the time delay for the customer, ß= 15 per 
unit and time unit. We have considered all combinations of the leadtimes Tw  = 1, 10 
and 30 and Tr  = 1 and 10. In all cases we have determined both the optimal 
installation stock policy and the optimal echelon stock policy and evaluated the 
average performance ratio Ci/Ce. 
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The simulation results show that installation stock policies dominate echelon stock 
policies when the warehouse leadtime is short, T, = 1. On the other hand echelon 
stock policies are superior when the warehouse leadtime is long compared to the 
retailer leadtimes. Although the relative performance of the two considered policies 
in our simulation study seldom deviates more than 5 per cent, it is still clear that one 
type of policy may outperform the other type significantly. A possible interpretation 
of our results is that the echelon stock inventory position is advantageous for "long-
term" decisions, while the installation inventory position better reflects the needs in 
the short run. When the warehouse leadtime is long, the reorder point should cover 
several orders from the retailer and the echelon stock illustrates these requirements 
quite well. On the other hand, if the warehouse leadtime is very short we only need a 
relatively small safety stock for the next retailer order. In such a case it seems more 
important to have at least some installation stock at the warehouse. 

hi paper A we give detailed information of the simulation study and its results. 
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3. 	Evaluation of a decision rule for lateral transshipments in a two-echelon  
inventory system for repairable items  

In paper  C  we consider a two-level inventory system with one depot and a number 
of local bases. Multi-echelon distribution inventory systems are usually used to 
cover customer demands over a large geographical region. Often it is practical to 
have several parallel bases that provide service to various markets. These local bases 
normally replenish their stock from a central depot, or from an external supplier. 
However, if a certain base has a stockout, a replenishment from a nearby base, 
instead of from the central depot, may result in considerable improvements in the 
customer service performance,  i.  e.  the customer delay will be reduced. Shorter 
delays for backordered units will mean that the expected level of and the expected 
costs of backorders will decrease. Such shipments between bases are called 
emergency lateral transshipments. In paper  C  we evaluate a decision rule for such 
lateral transshipments in a two-echelon inventory system for repairable items. A 
technique for modelling such a system with lateral transshipments is presented. 
Normally, research papers dealing with emergency lateral transshipments assume 
that lateral transshipments are always used if possible in case of a stockout. In our 
research we only use such shipments if the customer service performance can be 
increased in the short run. A disadvantage with our decision rule is that we need 
more information than an inventory system that always uses lateral transshipments in 
case of shortages. For example, we must always keep control of where outstanding 
orders are in the system and how long time it will take until they reach the base. This 
leads to a more centralized inventory control system. 

Sherbrooke (1968) developed the well known METRIC-approximation for 
repairable items and continuous review (S-1,S) ordering. Graves (1985), has 
proposed and tested a new and improved approximation. Recently, Axsäter (1990a) 
has shown how to derive an exact solution by applying a relatively simple recursive 
procedure. Our model can be seen as an extension of Sherbrooke's model. 

A paper by Lee (1987) considers emergency lateral transshipments in a two-echelon 
inventory system with repairable items. Groups of identical bases, with lateral 
transshipments within each group, were considered. Another approach for the same 
system was suggested by Axsäter (1990b). The demands in the system were in his 
approach approximated by Poisson processes. Then he modelled the inventory 
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situation at a base as a simple queuing system. Both Lee's model and Axsäter's 
model are approximate. A basic difference between their modelling approach is that 
Lee puts more emphasis on modelling the number of outstanding orders in a detailed 
way. Axsäter, on the other hand, puts more emphasis on modelling the demand at a 
base correctly. The approach by Axsäter performs better than the model by Lee, and 
it also has the advantage that it can be applied to nonidentical bases. Both papers 
always use lateral transshipments when a base is facing a demand, is out of stock, 
and one of the neighbouring bases has stock on hand. Other references considering 
lateral transshipment are Gross (1963),  Das  (1975), Hoadley and Heyman (1977), 
Karmarkar and Patel (1977), Cohen, Kleindorfer and Lee (1986), Dada (1985), 
Bowman (1986), Slay (1986), Robinson (1990) and Sherbrooke (1992). We refer to 
Appendix  C  for an overview of these papers. 

The purpose of our research is to extend the models by Lee (1987) and Axsäter 
(1990b). Our model uses the same modelling approach as Lee, but with the 
important extension that lateral transshipments are only used when improved 
customer service can be obtained,  i.  e.  when the time for a lateral transshipment is 
shorter than the remaining time for a normal transportation from the central 
warehouse to the base. The considered system is a two-level inventory system with 
Poisson demand, where the demand rates are assumed to be low. The items are 
assumed to be of high value. For such systems, one-for-one replenishments are 
natural. Our model is identical to the model by Lee (1987) in the special case when 
the time for a lateral transshipment is equal to zero. Our model is also like the 
models by Axsäter and Lee approximate. The major problem when evaluating the 
performance of our decision rule is to determine the joint distribution of the number 
of backorders and the remaining transportation times for parts that are in transit from 
the central depot to the bases. This distribution is used in order to determine if a 
lateral transshipment is going to take place. We derive simple and quite effective 
approximations. 

3.1 	The model 

We consider a continuous review two-level system with one central depot and a 
number of bases. All items are repairable and all replenishments are one-for-one. 
The bases are divided into  n  groups and emergency lateral transshipments are 
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allowed within such a group but not between the groups. A group consists of m 

identical bases. The demand at each base is Poisson. See Figure 2. 

DEPOT 

GROUP 	 GROUP  
7 	 1 	 r- 	 i  

I 0 0 0 ••••0 1 	 I 0 0 0••••0 11  
I 	BASES 	I 	

'-- 
I 	BASES  

AAA A 	 AA A 

DEMAND 	 DEMAND 

Figure 2 	Inventory system 

The items are brought to a base for replacement when they fail. The failed units are 

sent to the depot for repair. The replenishment behavior will, however, depend on 
the inventory situation at the base where the demand takes place. There are four 

possibilities: 

1) 	The base has items available. The failed unit is then exchanged by a good unit. 
At the same time an order for a new unit is sent to the depot. 
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2) The base has no items available, at least one of the other bases in the group 

has stock on hand, but the time for a lateral transshipment is larger or equal 
than the remaining time to satisfy the demand by a unit in transit from the 

depot. The base is then waiting for the delivery from the depot. This behavior 
means that the waiting time for the customer is less than the time it will take 
for a lateral transshipment to reach the base. 

3) The base has no items available, the time for a lateral transshipment is shorter 
than the remaining time for a normal transportation, and at least one of the 

other bases in the group has items available. The item is then ordered as an 
emergency lateral transshipment from one of the other bases in the group that 
has items available. The base that delivers the transshipment unit will issue a 
replenishment order to the depot. 

4) The base has no items available and all the other bases in the same group are 
out of stock. The unit is then backordered from the base where the demand 
first occurred, like in Case 2. The request for a replenishment is directed to 

the central depot. 

We introduce the following notation:  

n 	= 	number of groups, 

number of bases in group  i,  

Ti = 	constant transportation time for an emergency lateral 
transshipment in group  i,  

constant transportation time from the depot to a base, 

Xi 	= 	demand rate at bases in group  i,  

X 	= 	demand rate at the depot, 

Si 	= 	inventory position at bases in group  i,  
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So 	= 	inventory position at the depot, 

D(t1,t2)= 	total demand rate from all bases during (t1,t2] 

number of outstanding orders at a base in group  i  at time t, 

number of outstanding orders from group  i  at time t, 

number of outstanding orders at all bases at time t, 

number of backorders at the depot at time t, 

number of units in repair (units under transportation from the 
bases to the depot are included) at the depot at time t, 

1/µ. 	= 	mean repair time at the depot, including the time to transport the item 

to the depot, 

ti 	= remaining time for a normal transport to reach the base in group  i  from 

the depot, 

The inventory positions will govern the behavior of our system. Our purpose is to 
determine, for given So  and Si, the proportions of the demand that will be met 
immediately, backordered and met by lateral emergency transshipments and 

backordered and met by normal transportations. We define: 

13i 
	= 	probability that a demand at a base in group  i  is met immediately by 

stock on hand, 

Oi 	= 	probability that a demand at a base in group  i  is backordered, because 

all bases in group  i  are out of stock, 

W1(t) = 

(t) = 

Wo(t) = 

Bo(t) = 

R(t) = 
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probability that a demand at a base in group  i  is met by an emergency 
lateral transshipment. This occurs when the base is out of stock and ti > 
Ti, given that at least one of the other bases in group  i  has stock on 
hand, 

probability that a demand at a base in group  i  is backordered and met 

by a normal transportation when at least one of the other bases in 
group  i  has stock on hand. This occurs when the base is out of stock 
and ti Ti, given that at least one of the other bases in group  i  has stock 
on hand. 

Evidently  

aj  + 13  + Oi + öi  = 1 
	

(13)  

We only consider cases with S1 > 0 since otherwise f3 = 0. 

We also state the following additional assumptions: 

(i) No condemnation is assumed;  i.  e.,  all failed items can be repaired. 
(ii) Orders are filled on a first come, first served basis both at the depot and at the 

bases. 
(iii) A demand that is to be met by an emergency lateral transshipment, will wait 

at the base until the transshipped unit arrives. 

(iv) The repair is done at the depot, which is assumed to have an infinite number 
of servers;  i.  e.,  queuing does not occur at the depot. 

According to the famous theorem by Palm (1938) R(t) is in steady state Poisson 
distributed with mean X/1.1. Furthermore, D(t,t+T) is also Poisson with mean XT. 

Bo(t) and D(t,t+T) are independent random variables. This is so because the number 

of backorders at the depot at time t only depends on failures prior to time t, and 

since the failure process at each base in the system is a Poisson process that is 

independent of the situation at the base and therefore has independent increments. 
This result only requires the assumptions of independent Poisson failure processes 
and deterministic transportation times from the depot to the bases 
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It is easy to see that the arrival process of failed items to the depot is not dependent 
on whether we use lateral transshipments or not. The arrival process of failed items 
and the number of orders to the depot is always Poisson with mean  X.  Hence, the 
distribution of backorders at the depot is the same. The number of outstanding 
orders from all bases can be obtained as (see also Graves (1985)): 

Wo(t+T) = Bo(t) + D(t,t+T) 	 (14) 

The number of depot backorders, 130(0, is equal to R(t) - So  if R(t) > So,  i.  e.  130(t) = 
[R(t) - Sol, where  [x]  denotes max[0,  x]+.  

A demand at a base can be met immediately if the number of outstanding orders at 
the base is smaller than Si. We can therefore express the probability that a demand 
at a base in group  i  can be met immediately by stock on hand as ßi = Pr[Wi < Si]. 

In order to be able to determine J3, we need to determine the steady state 
distribution of the number of outstanding orders at a base. The arrival process of 
orders to the depot is Poisson. We can obtain the number of outstanding orders at 
group  i,  by treating the group as one stocking location with stock miSi. We assume 
that orders are filled on a first-come, first-serve basis. This assumption implies that 
the disaggregation of the number of outstanding orders at all bases is equivalent to a 
random disaggregation across all groups. The probability that any outstanding order 
is from group  i  is proportional to group i's failure rate divided with the total failure 
rate for the whole system. When we determine the distribution of the number of 
outstanding orders at group  i,  we condition on the number of outstanding orders at 
all bases and use the fact that the conditional distribution of the number of 
outstanding orders at group  i  is a binomial distribution. When we determine the 
number of outstanding orders at a particular base in group  i,  we assume that the 
probability that a given order among the orders from group  i  is from a particular 
base is 1/mi, and that these probabilities are independent. This is only an 
approximation, though. 

Let us now focus on how to determine  ei,  the probability that no base has stock on 

hand. We assume that this is the case when there are at least miSi  outstanding 

orders from group  i.  We consequently approximate the probability that an arriving 
demand will be backordered because no base has stock on hand as 
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ei  = Pr[W; ?_ miSi]. This is only an approximation since when the number of 

outstanding orders at group  i  is larger than or equal to miSi, there may be some 
bases with W1 > Si, while other bases in the group have stock on hand. 

Let us next consider Si, the probability that an arriving demand at a base in group  i  
is backordered and that it will be met by a normal transportation from the depot, 
while at least one of the other bases in the group has stock on hand. This situation 

only occurs when Wi Si and  v/i  < miSi. The motivation for the upper bound is that 

if the number of outstanding orders from group  i  is larger than miSi, then it is not 
possible that any base in the group has stock on hand according to our 
approximation. Assume that the considered base has  n  outstanding orders at some 
time. These  n  orders are somewhere in the repair process or somewhere under 
transportation from the depot to the base. Consider the k-th largest of the remaining 
times for these orders. Let us denote the probability that this time ti 	Ti as 

Pr[ti  < Tilk,n]. Consider the situation just before a new demand. If Wi  Si, then 

the first outstanding order that arrives to the base and is not reserved by other 
customers is the ((Wi  + 1) - Si)-th one. We can therefore determine the probability 

Si  as 

m,s, 
• E Pr[Wi  = k 

k---S, 

MT; < miSi  ] • Pr[ti  < Ti l(k +1) —Si ,k] 	(15) 

In order to be able to apply (15) we also need the probabilities Pr[ti  < 	The 

time ti depends on the leadtime for a normal order. This leadtime consists of two 

parts. First, the constant transportation time, T, from the depot to the bases and 
second, the stochastic waiting time at the depot. In paper  C  we use the METRIC-
approximation by Sherbrooke (1968) to approximate the stochastic leadtime by its 
mean. It is then relatively easy to determine the needed probabilities. 

Finally we determine ai  from equation (13). 
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3.2 Numerical results 

Our method has been applied to a number of test problems. We have used the same 
test problems as in Axsäter (1990b), with the exception that we have excluded Xi  = 
0.8. 

Our approximations perform quite well when the service level f3i  exceeds 70 per 
cent, both for ai and Si. For service levels lower than 70 per cent our results 
deteriorate, especially for  aj.  The approximation for öi  is still reasonably good. The 
largest error in öi  obtained is 8 per cent and the average error is 1.1 per cent. 
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Abstract 

It is previously known that echelon stock reorder point policies dominate instal-
lation stock reorder point policies for serial and assembly multi-level inventory 
systems. This paper presents worst case results for the relative cost difference in 
case of constant demand and no backorders. Furthermore, we analyze distribution 
systems with stochastic demand by simulation. Depending on the structure of the 
system either echelon stock or installation stock policies may be advantageous. 
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1. Introduction 

A multi-level inventory system is often controlled either by an installation stock 
reorder point policy or by an echelon stock reorder point policy. An installation 
stock policy means that ordering decisions at each installation are based exclus-
ively on the inventory position at this installation. By inventory position we 
understand the stock on hand and on order minus the backlog. When using an 
echelon stock policy, ordering decisions at each installation are instead based on 
the echelon inventory position. The echelon inventory position is obtained by 
adding the installation inventory positions at the installation and all its down-
stream installations. 

The echelon stock concept was introduced by Clark and Scarf (1960). In their 
paper it was shown that echelon stock policies are optimal for serial stochastic 
systems with periodic review and set-up costs only at the highest echelon. 
Examples of other papers dealing with echelon stock policies are Federgruen and 
Zipkin (1984), de Bodt and Graves (1985) and  Rosling  (1989). 

Installation stock policies are more common, though, in connection with multi-
echelon inventory systems. Examples are Lee and Moinzadeh (1987a,  b),  
Moinzadeh and Lee (1986), Svoronos and Zipkin (1988) and Axsäter (1991a,  b).  

When dealing with one-for-one ordering policies  (e. g.  Sherbrooke (1968), 
Graves (1985) and Axsäter (1990)) echelon stock and installation stock policies 
are, in general, equivalent. This equivalence does not carry over to batch-ordering 
systems, though. Axsäter and  Rosling  (1991) have recently shown that echelon 
stock  (R, Q)-policies dominate installation stock  (R, Q)-policies for serial and 
assembly systems. It is still unclear if, and in that case under what circumstances, 
echelon stock policies are advantageous compared to installation stock policies 
for distribution (arborescent) systems. 

The purpose of this paper is to extend the results of Axsäter and  Rosling  (1991) 
in two ways. First, in situations when echelon stock policies are known to be 
superior we want to analyze how large the cost advantages may be. Second, we 
wish to gain more insight concerning advantages and disadvantages of the two 
types of policies in connection with distribution systems. 
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Throughout the paper we consider  (R, Q)-policies with continuous review. In 
Section 2 we present some worst case results for simple deterministic systems. 
Thereafter, Section 3 reports on a simulation study of stochastic systems. Finally, 
we give some concluding remarks in Section 4. 

2. 	Worst Case Results 

2.1. A serial inventory system 

Consider a simple inventory system with two installations denoted warehouse (w) 
and retailer (r), although we could just as well think of two installations within a 
production system. The customer demand, that is constant and continuous, takes 
place at the retailer. The retailer replenishes its stock by ordering batches from 
the warehouse. In the same way the warehouse replenishes its stock from an 
outside supplier. Both installations apply continuous review  (R, Q)-policies,  i.  e.  
when the inventory position declines to or below  R  a batch  Q  is ordered. 
Shortages are not permitted at the retailer. 

We introduce the following notation:  

D  = constant continuous demand per time unit  

Q,  = order quantity for replenishments from the retailer 

Qw  = order quantity for replenishments from the warehouse 

Tr  = transportation time for a batch to arrive at the retailer from the warehouse,  
i.  e.  the leadtime provided the warehouse has stock on hand 

Tw  = replenishment leadtime for the warehouse 

hr  = inventory holding cost per unit and time unit at the retailer 

hw  =- inventory holding cost per unit and time unit at the warehouse (we assume 
that  h,  hw)  

er 	= hr  - hw  = echelon holding cost per unit and time unit at the retailer 



ew  =  h  = echelon holding cost per unit and time unit at the warehouse 

Rri  = installation stock reorder point at the retailer 

Rwi  = installation stock reorder point at the warehouse 

Rer  = echelon stock reorder point at the retailer 

R,e„ = echelon stock reorder point at the warehouse 

Ci  (Rri, Rwi  ) = cost per time unit for a certain installation stock policy Rri, 

Ce 	= cost per time unit for a certain echelon stock policy Rf, 

Since the order quantities are assumed to be given, and no shortages are per-
mitted, the costs are defined as the sum of the average holding costs at the two 
installations. Holding costs during transportation are not included. 

We assume that 

Qw = cOr 	 (1) 

for some positive integer  q.  This common assumption is especially natural when 
the policy is to satisfy all or nothing of a retailer order. The stock at the ware-
house should then always be an integer multiple of Qr. 

2.2. Problem formulation 

For given demand, order quantities, transportation times and holding costs we 
wish, for either type of policy, to find reorder points such that no shortages occur, 
and such that the total holding costs in the whole system are minimized. As 
shown by Axsäter and  Rosling  (1991) any installation stock policy can be dupli-
cated by an equivalent echelon stock policy. Consequently, considering feasible 
policies  (i.  e.  giving no shortages) we know that 

min  Cl  (Ri.,  R,t) /  min  Ce(K, Kv)  1 	 (2)  

30 
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It is also easy to show that there is always an optimal echelon stock policy for the 
considered simple system,  i.  e.  no other control policy could do better. The instal-
lation stock policy, on the other hand, will, in general, lead to a cost that is higher 
than the optimal cost. A natural question to ask is then what the worst possible 
relative cost increase might be or, in the other words, what is the worst case per-
formance ratio of an installation stock policy. This means that we wish to deter-
mine parameters  D,  Qr, Qw, Tr, Tw, hr  and hw  such that the left hand side of (2) is 
as large as possbile. 

2.3. Optimal echelon stock policy 

It is easy to see that the unique optimal solution means that a new batch Qr  is 
delivered to the retailer exactly when the preceding batch is finished,  i.  e.  the 
period between the deliveries is Qr/D. In the same way a new batch Qw  is 
delivered to the warehouse just-in-time for a delivery to the retailer,  i.  e.  Qr/D 
time units after the preceding batch was finished. The period between these 
deliveries is Qw/D. This behavior can easily be obtained by an echelon stock 
policy by choosing Irq. = -Fri) and  R„  ,-- (Tr  + Tw)D. To find suitable initial 
inventory positions let us express Tv, as 

Tw  = mQr/D + tw 	 (3) 

where 0 5.. tw  < Qr/D. Consider a time when a warehouse batch is ordered. The 
installation inventory position at the retailer should then be TrD + twD, since it 

will take the time tw  until the next order by the retailer. At the warehouse the 
echelon inventory position is 1Z,e, -= (Tr  + Tw)D and the installation inventory 

position is then (Tr  + Tw)D - TrD - twD = mQr. 

When using this optimal policy the average echelon stock on hand is Qr/2 at the 

retailer and TrD + Qw/2 at the warehouse if we include the stock under trans-
portation to the retailer, and Qa2 other wise. The optimal cost (units under 
transportation are excluded) can be expressed as 

Ce = min Ce(K, R,e„) -= erQ,./2 + ewQw/2 = hrQr/2 + hw(q - 1)Qr/2 	(4) 
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2.4. Optimal installation stock policy 

An installation stock reorder point policy is necessarily nested. This means that 
an order at the warehouse can only be initiated at the same time as an order at the 
retailer. The optimal solution means that the warehouse orders between two 
retailer orders, Qr/D - tw  after the preceding order and tw  before the next order. 
The installation stock policy will therefore lead to additional costs unless tw  = 0. 

There are two reasonable installation stock policies. One possibility is to always 
order Qr/D - tw  too early at the warehouse. This gives additional holding costs at 
the warehouse: 

AC1  = ew(Qr  - twD)  (5) 

This means that we use the reorder points RI. = TrD and  R,  = mQr. 

The other possibility is to order the time tw  later at the warehouse compared to 
the optimal policy. But then every qth order from the retailer will be delivered 
after the longer leadtime Tr  + tw  instead of the normal Tr. This means that we 
need to raise the reorder point at the retailer to 	= (Tr  + tw)D, while the reorder 
point at the warehouse is decreased to 1Z4, = (m - 1)Qr. Every qth retailer batch 
will then be delivered just in time to the retailer, but other retailer batches will be 
sent too early to the retailer and incur additional costs if  q>  1 and hr > hw  (or  er  
> 0). We obtain 

AC2  = er(1 - 1/q)twD 	 (6) 

The optimal additional cost is min(AC1, AC2). It is easy to see that the largest 
cost increase will occur for 

tw  = Qr 	
e 

 
D ew +er(1-1/q) 

in which case AC = 
Ac l = AC2  

ewer(1-1/q) 
AC = Qr 

ew + er (1 — 1/q) 

(7)  

(8)  



R = max 
er /ey, 

1+ 	2 
(ew ier  +1)+ er iew  

2 
(10) 

q-1 
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The cost increase is always zero when ew  = 0 or  er  = 0 or  q  = 1. 

2.5. Worst case performance of installation stock policy 

Since the optimal cost Ce  (obtained by applying the optimal echelon stock policy) 
is independent of tw  the worst case performance ratio of the installation stock 
policy  R  is obtained as  

R = max {1+ AC / Ce} = max 	
2  

{1+ 
er ,e,„q 	4(ew /er )+ er /ew  

By simplifying (9) we have  

(9) 

From (10) it is evident that the worst possible  q  is the positive integer minimizing 
q2/(q-1) i.e.  q  = 2 and we get  

R = max{1+ 	 1=5/4 	 (11) 
er /ev, 	4(ew  /er  +1)+er  / ew   

To summarize, the worst case performance ratio 5/4 is obtained for  q  = Qw/Qr  = 
2, er/ew  = 2 (or hr/hw  = 3) and  ty  = Qr/2D. The worst case performance is 
independent of  D,  Qr  and Tr. 

2.6. Generalizations 

A generalization of the derived worst case result to an assembly system is 
straight-forward, and the worst case performance ratio is the same. A gener-
alization to a distribution system with several retailers seems much more difficult, 
though. An exception is if we make the simplifying assumption that all retailers 

2 
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order at the same time, since this will make the system more or less identical to a 
serial system, and the worst case performance ratio will again be the same. 

Note that the assumption (1) that Qw  is an integer multiple of Qr  is crucial for our 
result. If, for example, Qw/Qr  = 3/2 an installation stock policy may dominate an 
echelon stock policy. Assume that hr > II, and let for simplicity Tr  = T = 0, i.e. 
tw  = 0. The installation stock policy  R  = 0 and 12,1„ = -Qr/2 is then evidently 
optimal. The optimal solution means that the warehouse sometimes orders when 
the inventory position is -Qr/2 and sometimes when the inventory position is -Qr. 
But since the warehouse echelon stock inventory position is decreasing continu-
ously with the retailer demand, such a policy cannot be duplicated by an echelon 
stock policy. 

3. 	A Simulation Study of Stochastic Distribution Systems 

The worst case analysis in Sec. 2 gives very little information concerning the 
relative performance of echelon stock and installation stock policies for distribu-
tion systems and for stochastic demand. To be able to compare the two 
considered policies in such a more complicated case we have run a number of 
simulations. In all simulations we are studying one up to ten identical retailers. 
The demand intensity at each retailer is  X  = 0.1. The order quantities are Qw  = 8 
and Qr  = 4,  i.  e.  Qw/Qr  = 2 as in the worst case in Sec. 2. Similarly nw  = 1 and hr  
= 3,  i.  e.  hrihw  = 3 as in the worst serial case. In a stochastic case we cannot 
avoid shortages. We assume that shortages are backordered and use a shortage 
cost proportional to the time delay for the customer, 13 = 15 per unit and time unit. 
Finally we consider all combinations of the leadtimes Tw  = 1, 10 and 30 and Tr  = 
1 and 10. In all cases we have determined both the optimal installation stock 
policy and the optimal echelon stock policy and evaluated the average 
performance ratio Ci/Ce. 

The simulation results are given in Table 1 - 6. 
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Table 1 Simulation results for T, = 1 and Tr  = 1, A, = 0.1,  Q,  = 8, Qr  = 4,  h,  = 
1, hr  = 3 and 13 = 15. Standard deviations in parenthesis. 

Number of Optimal installation stock policy Optimal echelon stock policy Performance ratio 

retailers 12 12! ci  K., R  Ce Ci/Ce 

1 -4 -1 6.73 (0.04) -1 -1 6.73 (0.04) 1.00 (0.00) 
2 -4 -1 11.48 (0.05) 1 -1 12.25 (0.04) 0.94 (0.00) 
3 -4 -1 16.32 (0.07) 2 -1 17.45 (0.10) 0.94 (0.01) 
4 -4 -1 21.00 (0.07) 4 -1 22.35 (0.06) 0.94 (0.00) 
5 -4 -1 25.75 (0.08) 6 -1 27.22 (0.09) 0.95 (0.00) 
6 -4 -1 30.49 (0.09) 7 -1 32.22 (0.10) 0.95 (0.00) 
7 -4 -1 35.31 (0.11) 9 -1 37.11 (0.10) 0.95 (0.00) 
8 -4 -1 39.94 (0.09) 11 -1 41.89 (0.10) 0.95 (0.01) 
9 -4 -1 44.88 (0.12) 12 -1 46.96 (0.14) 0.96 (0.00) 

10 -4 -1 49.29 (0.14) 14 -1 51.45 (0.13) 0.96 (0.00) 

Table 2 Simulation results for T, = 10 and Tr  = 1, = 0.1,  Q,  = 8, Qr  = 4,  h,  = 
1, hr=  3 and ß = 15. Standard deviations in parenthesis. 

Number of 

retailers 

Optimal installation stock policy 

12„i 	Rri 	c 

Optimal echelon stock policy 

12,!„ 

Performance ratio 

C/Ce  

1 -4 -1 8.31 (0.06) 0 -1 7.55 (0.06) 1.10 (0.02) 
2 0 -1 13.88 (0.05) 3 -1 12.95 (0.06) 1.07 (0.01) 
3 0 -1 18.78 (0.09) 6 -1 18.29 (0.07) 1.03 (0.01) 
4 0 -1 24.11 (0.13) 8 -1 23.40(0.10) 1.03 (0.01) 
5 4 -1 29.50 (0.10) 11 -1 28.24 (0.08) 1.04 (0.00) 
6 4 -1 34.21 (0.08) 14 -1 33.36 (0.09) 1.03 (0.00) 
7 4 -1 39.27 (0.11) 16 -1 38.29(0.11) 1.03 (0.00) 
8 4 -1 44.50 (0.14) 19 -1 43.18 (0.10) 1.03 (0.01) 
9 8 -1 49.34 (0.10) 21 -1 48.24 (0.14) 1.02 (0.00) 

10 8 -1 53.96 (0.15) 24 -1 52.94(0.12) 1.02 (0.00) 
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Table 3 Simulation  results  for  Tw  =  30 and T,  =  1, 1  =  0.1,  Qw  =  8, Q,  =  4,  h y  =  
1, h,  =  3 and ß  =  15. Standard deviations in  parenthesis. 

Number of Optimal installation stock policy Optimal echelon stock policy Performance ratio 

retailers 12 Ft! Ci  R ,  127 Ce  O/C` 

1 0 -1 8.62 (0.07) 3 -1 8.62 (0.07) 1.00 (0.00) 
2 4 -1 14.67 (0.08) 8 -1 14.38 (0.08) 1.02 (0.01) 
3 8 -1 20.53 (0.12) 13 -1 19.83 (0.12) 1.04 (0.01) 
4 12 -1 25.95 (0.10) 18 -1 25.01 (0.13) 1.04 (0.01) 
5 12 -1 31.33 (0.17) 22 -1 30.12 (0.13) 1.04 (0.01) 
6 16 -1 36.38 (0.13) 27 -1 35.30 (0.11) 1.03 (0.01) 
7 20 -1 41.61 (0.18) 32 -1 40.46 (0.13) 1.03 (0.01) 
8 24 -1 46.51 (0.17) 36 -1 45.46 (0.15) 1.02 (0.01) 
9 28 -1 51.96 (0.16) 41 -1 50.69 (0.14) 1.02 (0.00) 

10 32 -1 57.09 (0.15) 46 -1 55.52 (0.11) 1.03 (0.01) 

Table 4 Simulation results for T, = 1 and T, = 10,  X  = 0.1, Qw  = 8,  Q,  = 4, hw  = 
1,  h,  = 3 and ß = 15. Standard deviations in parenthesis. 

Number of Optimal installation stock policy Optimal echelon stock policy Performance ratio 

retailers Rwi  12!  C'  12,e  1;2 Ce  C'/Ce  

1 -4 0 8.76 (0.07) 0 0 8.76 (0.07) 1.00 (0.00) 
2 -4 0 15.60 (0.06) 3 0 16.30 (0.07) 0.96 (0.01) 
3 -4 0 22.47 (0.10) 5 0 23.52 (0.13) 0.96 (0.01) 
4 -4 0 29.39 (0.12) 8 0 30.59 (0.11) 0.96 (0.00) 
5 -4 0 35.97 (0.13) 10 0 37.41 (0.13) 0.96 (0.01) 
6 -4 0 42.90 (0.16) 13 0 44.41 (0.18) 0.97 (0.00) 
7 -4 0 49.61 (0.22) 16 0 51.32 (0.22) 0.97 (0.00) 
8 -4 0 56.34 (0.12) 18 0 58.14 (0.12) 0.97 (0.00) 
9 -4 0 63.05 (0.21) 21 0 65.00 (0.20) 0.97 (0.00) 

10 -4 0 69.83 (0.16) 24 0 71.88 (0.15) 0.97 (0.00) 
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Table 5 Simulation results for Tw  = 10 and Tr  = 10,  X  = 0.1, Qw  = 8, Qr  = 4, hw  
= 1, hr  = 3 and E3 = 15. Standard deviations in parenthesis. 

Number of 

retailers  

Optimal installation stock policy 

R 	R 	 c 
Optimal echelon stock policy 

R 	R 	ce 

Performance ratio 

citce 

1 -4 1 9.75 (0.09) 1 1 9.75 (0.09) 1.00 (0.00) 
2 -4 1 17.72 (0.09) 5 1 18.03 (0.08) 0.98 (0.01) 
3 -4 1 25.63 (0.12) 9 1 25.89 (0.10) 0.99 (0.01) 
4 -4 1 33.51 (0.17) 13 1 33.74 (0.13) 0.99 (0.01) 
5 -4 1 41.46 (0.20) 17 1 41.60 (0.16) 1.00 (0.01) 
6 -4 1 49.54 (0.22) 21 1 49.38 (0.14) 1.00 (0.01) 
7 0 1 57.32 (0.19) 25 1 57.10 (0.19) 1.00 (0.00) 
8 0 1 64.97 (0.15) 29 1 64.96 (0.18) 1.00 (0.01) 
9 0 1 72.62 (0.16) 44 1 72.80 (0.17) 1.00 (0.00) 

10 0 1 80.72 (0.24) 37 1 80.96 (0.19) 1.00 (0.00) 

Table 6 Simulation results for T, = 30 and Tr  = 10,  X  = 0.1, Qw  = 8, Qr  = 4,  h,  
= 1, hr  = 3 and 13 = 15. Standard deviations in parenthesis. 

Number of Optimal installation stock policy Optimal echelon stock policy Performance ratio 

retailers R 121  c' R R  Ce C/Ce 

1 0 0 10.56 (0.11) 4 0 10.56 (0.11) 1.00 (0.00) 
2 4 0 18.70 (0.09) 10 0 18.47 (0.09) 1.01 (0.01) 
3 8 0 26.58 (0.14) 15 0 25.96 (0.16) 1.02 (0.01) 
4 12 0 34.23 (0.13) 23 0 33.10 (0.16) 1.03 (0.01) 
5 12 0 41.27 (0.19) 27 0 40.08 (0.12) 1.03 (0.01) 
6 16 0 48.35 (0.23) 33 0 47.42 (0.16) 1.02 (0.01) 
7 20 0 55.66 (0.26) 38 0 54.68 (0.28) 1.02 (0.00) 
8 24 0 62.68 (0.17) 44 0 61.59 (0.19) 1.02 (0.00) 
9 28 0 70.05 (0.19) 49 0 68.65 (0.26) 1.02 (0.00) 

10 28 0 77.18 (0.27) 55 0 72.73 (0.22) 1.02 (0.01) 

Studying the results, it is evident that installation stock policies dominate echelon 
stock policies in Table 1 and 4, i.e. when the warehouse leadtime is short, Tw  = 
1. On the other hand echelon stock policies are superior in Table 2, 3 and 6,  i.  e.  
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when the warehouse leadtime is long compared to the retailer leadtimes. The 
results in Table 5 for Tr  = Tw  = 10 give no clear difference between the two types 
of policies. 

Although the relative performance of the two policies in our simulations seldom 
deviates by more than 5 per cent, it is still clear that one type of policy may 
outperform the other type significantly. A possible interpretation of our results is 
that the echelon stock inventory position is advantageous for "long term" 
decisions, while the installation inventory position better reflects the needs in the 
short run. When the warehouse leadtime is long, the reorder point should cover 
several orders from the retailers and the echelon stock illustrates these require-
ments quite well. On the other hand, if the warehouse leadtime is very short we 
only need a relatively small safety stock for the next retailer order. In such a case 
it seems more important to have at least some installation stock at the warehouse. 

4. Conclusions 

In this paper we have evaluated the relative performance of echelon stock and 
installation stock reorder point policies for two-level inventory systems. It is 
known that echelon stock policies dominate installation stock policies for serial 
systems. We have shown that the worst case performance ratio of an installation 
stock policy is 5/4 in case of a constant deterministic demand rate and no 
shortages. 

We have also analyzed two-level distribution systems with stochastic demand by 
simulation. Depending on the structure of the inventory system either installation 
stock or echelon stock policies may be advantageous. Our simulations indicate 
that significant cost differences of about 5 per cent may occur. Echelon stock 
policies seem to dominate installation stock policies for long warehouse 
leadtimes, while the opposite is true for short warehouse leadtimes. 
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Abstract 

Echelon stock and installation stock reorder point policies for multi-level inven-
tory control have been compared in previous studies. It is known that echelon 
stock policies dominate installation stock policies for serial and assembly sys-
tems. Earlier comparisons assume that both policies use the same given order 
quantities, while each policy is optimized with respect to its reorder points. This 
paper presents worst case results for the relative cost difference when the order 
quantities can be optimized for each policy. 
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1. 	Introduction 

A multi-level inventory control system can be designed in different ways. Quite 
often the control is carried out either by an installation stock reorder point policy 
or by an echelon stock reorder point policy. When using an installation stock 
policy, ordering decisions at each installation are based on the inventory position 
at this installation, i.e. on the stock on hand and on order minus the backlog. An 
echelon stock policy, on the other hand, means that ordering decisions at each 
installation are instead based on the echelon inventory position, i.e. on the sum of 
the installation inventory positions at the installation and all its downstream in-
stallations. The echelon stock concept was first introduced by Clark and Scarf 
(1960). 

Axsäter and  Rosling  (1991) have shown that echelon stock reorder point policies 
dominate installation stock reorder point policies for serial and assembly systems. 
We refer to their paper for a discussion of previous work concerning echelon 
stock and installation stock policies. 

An echelon stock policy can only be advantageous for a batch-ordering system, 
since echelon stock and installation stock policies are equivalent in case of one-
for-one ordering. Axsäter and Juntti (1992) have recently considered a simple 
two-level serial system with deterministic constant demand and no backorders. 
Under the assumption of the same order quantities for both policies they showed 
that the worst case cost increase for the installation stock policy compared to the 
echelon stock policy is 25 per cent. Their result is also true for an assembly sys-
tem. 

An installation stock policy is necessarily nested, i.e. an order at a higher level 
installation can only be initiated at the same time as an order at the next down-
stream installation. In the worst case obtained by Axsäter and Juntti the order 
quantity at the downstream installation is such that the feasible ordering times at 
the higher level are very unfavourable with respect to the leadtime. It can there-
fore be expected that the worst case cost increase would be considerably lower if 
the installation stock policy can coordinate order quantities and leadtimes. In this 
paper we derive a worst case result for such a situation. Holding and ordering 
costs are the same for both policies, while reorder points and order quantities are 
optimized for each policy. 
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In Section 2 we give a detailed problem formulation. Thereafter in Section 3 we 
derive our worst case result. Finally we give some concluding remarks in Section 
4. 

2. 	Problem Formulation 

As in Axsäter and Juntti (1992) we consider a simple inventory system with two 
installations denoted warehouse (w) and retailer (r). See Figure 1. 

>v 	› V 
warehouse 	retailer 

Figure 1 	Material flow 

The demand that takes place at the retailer is constant and continuous. The re-
tailer replenishes its stock by ordering batches from the warehouse. Iri the same 
way the warehouse replenishes its stock by ordering batches from an outside 
supplier. Both installations apply continuous review  (R, Q)-policies, i.e. when the 
inventory position declines to  R  a batch  Q  is ordered. No shortages are permitted 
at the retailer. 

We introduce the following notation:  

D  = constant continuous demand per time unit 

Tr  = transportation time for a batch to arrive at the retailer from the warehouse, 
i.e. the leadtime provided the warehouse has stock on hand 

Tv, = replenishment leadtime for the warehouse 

hr  = inventory holding cost per unit and time unit at the retailer 

14, = inventory holding cost per unit and time unit at the warehouse (we assume 
that  h.  hy,)  
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e,  =  h,  - hw  = echelon holding cost per unit and time unit at the retailer 

ew  =  h  = echelon holding cost per unit and time unit at the warehouse 

A = ordering cost at the retailer 

Aw= ordering cost at the warehouse  

Q,=  order quantity for replenishments from the retailer 

Qw = order quantity for replenishments from the warehouse 

= reorder point at the retailer  

R=  reorder point at the warehouse  

C (Q„  Qw,  R„  Rw) = cost per time unit for a certain policy  

P  = performance ratio, i.e. relative cost increase for the installation stock policy 

Since no shortages are permitted, the costs include holding and ordering costs. 
Holding costs during transportation are not affected by the choice of policy, and 
are therefore not included. 

We assume that 

Qw = qQ, 	 (1) 

for some positive integer  q.  This assumption is especially natural when the policy 
is to satisfy all or nothing of a retailer order, since the stock at the warehouse 
should then always be an integer multiple of  Q,  

Since  Q„  Qw,  q, R,  and Rw  depend on the considered policy, we refer to an instal-
lation stock policy by superscript  "i"  and to an echelon stock policy by super- 

script  "e",  e.g.  Q',  or  Q.  
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For given demand, transportation times, holding and ordering costs, the costs are 
optimized with respect to order quantities and reorder points for each policy. 
Consequently  

P=  Ci  ice = min  C'  (Q1,  ,q „R'„  ) / min Ce (Q7,qe ,R7,Rew  ) 	 (2) 

Since any installation stock policy can be duplicated by an echelon stock policy 
we know that  P  1.  P  will depend on the parameters  D,  T„ Tw,  e„  ew, A, and A. 
Since our purpose is to determine the worst case performance, we wish to find 
the set-up of these parameters that maximize the performance ratio  P.  

3. 	Derivation of Worst Case Performance Ratio 

3.1. 	Optimal echelon stock policy 

For given batch sizes the best possible solution means that a new batch  Q,  is de-
livered to the retailer exactly when the preceding batch is finished. Similarly a 
new batch Qw  is delivered to the warehouse just-in-time for a delivery to the re-
tailer, i.e. Q1  /D  time units after the preceding batch was finished. This behavior 
can be obtained by an echelon stock policy with suitable reorder points and initial 
inventory positions. See Axsäter and Juntti (1992) for the optimal reorder points. 

The optimal cost when using an echelon stock reorder point policy can therefore 
be expressed as  

D 	 Qe 
CC  = min 	/q1  + A )+--I(e +gee ) 

	

2 	w  
Q:,qe 

 Q: 
 

(3) 

3.2. 	Optimal installation stock policy 

Since an installation stock reorder point policy is nested, an order at the ware-
house can only be initiated at the same time as an order at the retailer. Let 
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t w  = Tw  mod(g ID) 	 (4) 

At the warehouse we would like to order exactly the time Tw  before the order is 
needed. This is possible in case of an echelon stock policy. But when using a 
nested installation stock policy we have to order either the time tw  too late or the 

time  Q  /D—t w  too early at the warehouse. 

If we order too early, this leads to additional holding costs at the warehouse. But 
if we, on the other hand, order too late we must raise the reorder point at the re-
tailer in order to avoid shortages. This means then, in general, higher holding 
costs at the retailer. As shown in Axsäter and Juntti (1992) the optimal cost when 
using an installation stock reorder point policy with optimal reorder points can be 
expressed as  

C' = min —11(A / q' + A 	Q' + q e + AC 
',Q 	w 	 2  

where 
	

(5) 

AC = minfew (g tw D),e,(1 —1/ cdt w D} 

The term AC represents the additional holding costs. Recall that also tw  is a func-

tion of  Q',  according to (4). If we, for example, choose  Q',  such that Tw  is a mul-

tiple of  Q.'  /  D  this means that tw  = 0 and gives AC = 0. 

3.3. 	Problem simplification 

The performance ratio  P  depends on the problem parameters  D,  T„ Tw,  e„  ew, AT  
and A. It is possible, though, to disregard several of these parameters when de-
riving the worst case performance ratio. First we note that T, does not affect  P  at 
all. We can also formulate the following proposition. 
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Proposition 1 The worst case performance ratio can be obtained in the special 
case when  D  =  e,  = A, = 1. 

Proof Consider a new problem with variables  Q,'  and  q'  and the following pa-
rameters:  D'  = 1, Tw' = Tw(erD/A,)'12,  e,'  = 1, ew' = ew/er, A,' = 1 and Ay,' = A,„ /A„ 
We shall also make the variable transformation:  Q,'  =  Q,  (er/A,D)1 /2  and  q'  =  q.  
The cost expression in (3) (as well as the first part of the cost expression in (5)) is 
then (we suppress the superscripts  "e"  and  "i")  : 

1  

	

( 	/A+1)+ 
Q, (erArD  / 	)1" 

Qr(e, / ArD)1/2 A w 	rcl 	
( 

2 	
,l+qew  /er ) 

=- (DAre, )-1/2[(A /q + A, ) + --(2L(er  +  new )]  

	

Q, 	 2 

In the same way we obtain t' and AC' in (5) as 

= Ty  (e r D / A r )1/2  mod(Q,(e, / A r D)112 )= tw  (e r D /  A r )  

and 

AC' =mint(ew  / er )(Qr(er  / ArD)1/2  — tw(erD / A r)1/2 ),(1 —1 / q)tw(erD / Ar )1/2} 

= (DA rer ) In  AC 	 (8)  

If we compare (6) and (8) with the original cost expressions in (3) and (5), it is 
evident that the performance ratio for the new problem is the same as the per-
formance ratio for the original problem. This is, of course, also true in the worst 
case, which proves the proposition. 

As a consequence of proposition 1, we can from now on assume that  D  =  e,  =  Ar  
= 1. Since the performance ratio is independent of T„ the remaining parameters 
are Tw, ew  and A. 

1/2 

(6)  

(7)  
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3.4. 	Numerical solution 

It is easy to optimize the echelon stock policy. For  D  = A =  e,  = 1 and a given qe 
we obtain from (3)  

C` =  min [2(A  / qe +  1)(1+  qeew  )]112  

ge  

The optimal qe is then obtained as the smallest integer satisfying the inequality 

cle(qe +1) > A / ew 	 (10) 

The optimization of the installation stock policy is more complex. First we ap-
plied (5) directly for all reasonable values of Aw, ew  and Tw  (with step 0.1). From 

this search we could conclude that Tw 	i.e. that tw  = I', according to (4). 
Given this it is easy to determine the worst Tw  for given Aw  and ew. If the optimal 
solution means that we should use the first term of AC, then we have 

= min [2(A w  /q; + 1)(1+ (q; + 2)ew  )]1/2  — e w T„„ 

If we, on the other hand, should use the second term of AC then the correspond-
ing solution is 

C'2  =min[2(Aw  /q'2  + 1)(1+ q w )]1/2  + (1— 1/ ql2 )T, 
gi 

(12) 

Since  C',  is decreasing with Tw  and C'2  is increasing with Tw, it is evident that the 

worst case must occur for Tw  such that  C;  =C2 . Using this it is easy to determine 

the worst case performance ratio. 

The worst case occurs for Aw  = 2.4102, ew  = 0.3357 and T„, = 0.4705 with the 
corresponding performance ratio 1.0965 i.e. a cost increase with 9.65 per cent. 

The optimal  q:s  in the worst case are qe =3,  q  =4 and q12  =2. It follows from 

the proof of proposition 1 that the same performance ratio will occur for any pa- 

(9) 
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rameters  D,  A„ A,„ = AwA„  e„ e,„  = e„,e, and T,„, = T (ArierD)1 /2. Furthermore the 
performance ratio is independent of Tr. 

4. 	Conclusions 

We have considered holding and ordering costs for a simple serial inventory sys-
tem with constant demand and no backorders. For this system the maximum rela-
tive cost increase for an installation stock reorder point policy compared to an 
echelon stock reorder point policy has been determined as 9.65 per cent. Axsäter 
and Juntti (1992) obtained in a previous study a maximum relative cost increase 
of 25 per cent for the same system, when assuming identical order quantities for 
both policies, and only considering holding costs. It is obvious that the disadvan-
tages associated with an installation stock policy are smaller when the order 
quantities can be adapted to the policy. The difference between the two consid-
ered cases is not as large as the given percentages indicate, though. If we had 
included ordering costs in the previous case, the relative cost increase would have 
been much lower, since the ordering costs are the same for both policies. If we, 
for example, assume that the ordering costs were the same as the holding costs 
with the echelon stock policy, the cost increase would have been 12.5 per cent 
instead of 25 per cent. 
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Abstract 

In multi-echelon inventory distribution systems with several bases that cover dif-
ferent geographical regions, emergency lateral transshipments between bases are 
quite common. Such lateral transshipments may be advantageous if the transpor-
tation time between two neighbouring bases is shorter than the transportation time 
between the central warehouse and a certain base. This paper provides a model 
for evaluation of a decision rule for lateral transshipments in a continuous review 
inventory system with one-for-one replenishments and Poisson demand. We ap-
ply this model to a two-echelon system with repairable items. 
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1. 	Introduction 

Multi-echelon distribution inventory systems are usually used to satisfy customer 
demands over a large geographical region. Both for repairable and consumable 
items, the stocks enable the system to provide good customer service. The inven-
tory system consists quite often of a lower and a higher echelon. The lower 
echelon consists of bases that serve the local markets with items. The higher 
echelon consist of a central depot, or a central warehouse, which is delivering to 
the bases at the lower echelon. Due to long transportation times from the depot to 
the bases, it may be more efficient with respect to the customer service perfor-
mance if a base that is out of stock can also replenish its stock from a neighbour-
ing base, instead of waiting for a normal replenishment from the central depot. 
Such shipments of items between two neighbouring bases are denoted emergency 
lateral transshipments. The effect of using an emergency lateral transshipment is 
that the customer delay will be reduced. Shorter delays for backordered units will 
also mean that the expected level of and the expected cost of backorders will 
decrease. On the other hand an emergency lateral transshipment is not without 
costs. Normally the direct transportation cost for an emergency lateral transship-
ment is higher than the corresponding cost for a normal replenishment,  i.  e.  for a 
transportation from the central depot. Other possible costs which have to be in-
cluded in the cost for an emergency lateral transshipment are the cost of issuing 
the lateral transshipment order, the cost for finding a unit among the neighbour-
ing bases, and additional costs for a more sophisticated inventory control system. 
Another disadvantage with an emergency lateral transshipment is that the delive-
ring base will reduce its service level in the short run. 

This paper provides a technique for modelling systems with lateral transshipments 
taking place when the transportation time between two nearby bases is shorter 
than the remaining transportation time from the central warehouse to the base. 
Other papers dealing with emergency lateral transshipments assume in general 
that a lateral transshipment always takes place in case of a stockout, provided that 
an item is available at a nearby base. With our decision rule we only use lateral 
transshipments if we can increase the customer service in the short run. A disad-
vantage with the considered policy is that we need more information than an in-
ventory system that always uses lateral transshipments in case of stockouts. For 
example, we must always keep track of outstanding orders in the system and of 
how long time it will take until they reach the base. This leads to a more central-
ized control system. 
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Our model can be seen as an extension of a multi-echelon continuous review (S-
1,S) model. For such systems Sherbrooke (1968) developed the well known 
METRIC-approximation. Graves (1985), has proposed and tested a new and 
improved approximation. Recently, Axsäter (1990a) has shown how to derive an 
exact solution by applying a relatively simple recursive procedure. 

A paper by Lee (1987) considers emergency lateral transshipments in a two-
echelon inventory system with repairable items. Lee considers groups of similar 
bases, with lateral transshipments within each group. Axsäter (1990b) considers 
the same system, but applies a different technique. He approximates all demands 
in the system by Poisson processes. Then the inventory situation at a base can be 
modelled as a simple queuing system. Both Lee's model and Axsäter's model are 
approximate. Lee puts more emphasis on modelling the number of outstanding 
orders in a detailed way. Axsäter, on the other hand, puts more emphasis on 
modelling the demand at a base correctly. Both papers always use lateral trans-
shipments when a base is out of stock and one of the neighbouring bases have 
stock on hand. The technique used by Axsäter gives smaller errors than Lee's 
method. The technique used by Axsäter also has the advantage that it can be ap-
plied to nonidentical bases. Both Axsäter (1990b) and Lee (1987) assume that the 
lateral transshipments are from a randomly chosen base. Our model is a direct 
generalization of the model in Lee (1987),  i.  e.  Lee's model is a special case of 
our model. Slay (1986), has independently developed a model that is very similar 
to the models in Lee (1987) and in Axsäter (1990b). 

Our model uses the same modelling approach as Lee (1987), but with the impor-
tant extension that lateral transhipments are only used when improved customer 
service can be obtained,  i.  e.  when the time for a lateral transshipment is shorter 
than the remaining time for a normal transportation from the central warehouse to 
the base. We consider a two-level inventory system for repairable items with 
Poisson demand. Demand rates in the system are assumed to be low, and the 
items are assumed to be of high value. In such a system, one-for-one replenish-
ments are reasonable. Our model is identical to the model by Lee (1987) in the 
special case when the time for a lateral transshipment is equal to zero. Like the 
models by Axsäter and Lee, our model is also approximate. The major problem 
when evaluating the performance of our decision rule is to determine the joint 
distribution of the number of backorders and the remaining transportation times 
for parts that are in transit from the central depot to the bases. We need this  dis- 
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tribution in order to determine if a lateral transshipment is going to take place. 
We derive simple and quite effective approximations. 

There are also other inventory models that consider lateral transshipments be-
tween different stocking locations. Gross (1963) models a single-echelon system 
with a number of parallel stocking locations. These locations are supplied from a 
common source. The model by Gross is probabilistic and minimizes the expected 
costs over one period. His approach is analytical for the two-location problem. 
When the number of locations exceeds two, he turns to an iterative procedure that 
starts with the two-location problem. The computations are not very tractable 
when the number of stocking locations exceeds two.  

Das  (1975) considers a two-location inventory problem where the demand is un-
certain and a periodic review policy is used. The objective is to minimize the ex-
pected total costs of operating the system over a finite planning horizon. Trans-
shipments are only allowed at pre-specified times between every two consecutive 
replenishment opportunities and only once each period. This instant is determined 
in advance and is assumed to be the same in every period. 

Hoadley and Heyman (1977) consider an one-period multi-echelon inventory 
model that allows lateral transshipments between stocking points at the same 
echelon. At the beginning of a period the stock levels at all facilities are adjusted 
by purchasing or reallocation of stocks at the first echelon, returning or shipping 
items between the echelons and transshipping items within the second level. The 
decision problem is to choose an initial stock level at the first echelon and an in-
itial allocation so as to minimize the initial stock movement costs during the pe-
riod plus inventory carrying costs and system shortage costs at the end of the 
period. Karmarkar and Patel (1977) study a similar problem. They consider an 
one-period, general network distribution problem with linear costs. Their ap-
proach is to decompose the problem into a transportation problem that represents 
a stocking decision, and a decoupled newsboy problem that represents the 
realization of demand with the usual associated holding and shortage costs. The 
method by Karmarkar and Patel (1977) is not suitable for large problems, but the 
exact solution can be obtained for small problems. The problem is formulated as a 
linear program. This means that capacity constraints in the multi-product case 
can easily be incorporated. 
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Cohen, Kleindorfer and Lee (1986) have developed a comprehensive model of a 
stochastic, multi-echelon inventory system characterized by the existence of a 
pooling mechanism among locations at the same level. They consider groups of 
stocking locations within which stock can be shared. The assumption is that it is 
more efficient to obtain needed items from the same so-called "pooling group" 
than from locations at higher echelons. They use a periodic review policy. The 
solution to their service constrained optimization problem is obtained by using a 
branch and bound procedure. 

Dada (1985) has developed a model for a two-echelon inventory system for spare 
parts where lateral transshipments are used. Both the stock on-hand and on-order 
at the stocking locations at the lower echelon can be pooled. Dada presents an 
exact model for the case when each stocking location can only stock one unit. 
The modelling approach is to aggregate s service centers that stock one unit each 
to one service center that stocks s units. The transportation times from the central 
warehouse are assumed to be exponentially distributed. If a service center is out 
of stock the system attempts to satisfy the demand by allocating inventory that is 
in transit from the warehouse to the service center, or by allocating a unit from a 
service center that has stock on hand. This allocation is done according to a pri-
ority list. The model assumes that all stocks at the lower echelon can be pooled. 
This is a major restriction in light of the extensive geographical spread of most 
multi-echelon inventory systems. The aggregate model is used to approximate the 
performance of the exact system. Bowman (1986) has also considered a two-
echelon system with emergency lateral transshipments that is similar to that in the 
paper by Dada (1985). He approximates the performance measures of the system 
by assuming that there is a stationary "switchboard" that reroutes demands to the 
lower echelon points according to equilibrium probabilities of stockouts at the 
stocking points. 

Robinson (1990) examines the effect on the optimal ordering policy of allowing 
for interactions among retail outlets, specially, transshipments are allowed as re-
course actions occurring after demands are realized but before they must be sat-
isfied. The resulting savings in holding and shortage cost are balanced against the 
costs for transshipments. Analytical solutions can be determined if the cost pa-
rameters are identical at every outlet or if there are only two outlets. These two 
special cases are then used to validate a heuristic solution technique. 
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In a recent paper Sherbrooke (1992) develops approximations to estimate the 
expected number of backorders in a multi-echelon system in which lateral supply 
actions between bases are allowed. An interpolation technique based on lower 
and upper bounds related to  VARI-METRIC (Slay, 1984) is used to find a rela-
tively accurate approximation of the expected number of backorders. 

Our paper is organized as follows. In Section 2 we describe the considered prob-
lem. In Section 3 we present our modelling technique, and in Section 4 our nu-
merical results. Finally we give some concluding remarks in Section 5. 
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2. 	Problem Formulation 

We consider a continuous review two-level system with one depot and a number 
of bases. See Figure 1. All items are repairable and all replenishments are one-
for-one, i.e. a (S-1,S)-policy is used. The bases are divided into  n  groups, such 
that members of each group are identical and such that they, in a sense, share 
their stocks. When a base in a specific group is out of stock, it can replenish its 
stock in two different ways. One possibility is to wait for a normal replenishment 
from the central depot. Another possibility is to replenish from a base in the same 
group by a so called emergency lateral transshipment. Such lateral transshipments 
are allowed within a group but not between different groups. The demand at 
each base is Poisson. 

Depot 

Group 	 Group  

0 0 . • • • 0 	 0 0 • • • • 0 Bases 	I 	 Bases 	I 

Demand 	 Demand 

Figure 1 	Multi-Echelon Inventory System 

When an item fails, it is brought to a base for replacement. The failed unit is sent 
to the depot for repair. The replenishment behavior will, however, depend on the 
inventory situation at the base where the demand takes place. There are four 
possibilities: 

1) 	The base has items available. The failed unit is then exchanged by a good 
unit. At the same time an order for a new unit is sent to the depot. 
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2) The base has no items available, at least one of the other bases in the group 
has items available, but the time for a lateral transshipment is larger or 
equal than the remaining time to satisfy the demand by a unit in transit from 
the depot. The base is then waiting for the delivery from the depot (normal 
transportation). An order for a new unit is sent to the depot. The reason for 
this behavior is that the waiting time becomes shorter for the customer, 
compared with the time for an emergency lateral transshipment. 

3) The base has no items available, at least one of the other bases in the group 
has items available, and the time for a lateral transshipment is smaller than 
the remaining time for a normal transportation. The item is then ordered 
randomly from one of the other bases in the group that have items available 
as an emergency lateral transshipment. The base that delivers the trans-
shipment will issue a replenishment order to the depot. 

4) The base has no items available and all the other bases in the same group 
are out of stock. The unit is then backordered from the base where the de-
mand first occurred, like in Case 2. An order for a new unit is sent to the 
depot. 

We introduce the following notation:  

n 	= 	number of groups, 
• number of bases in group  i,  
• constant transportation time for an emergency lateral 

transshipment in group  i,  
• constant transportation time from the depot to a base, 
• demand rate at bases in group  i,  

A,= 	demand rate at the depot. Demand at each base in group  i  is 

Poisson with rate  X.  Hence = , ITOL, represents the total arrival 

rate to all the bases,  i.  e.,  to the depot, 
Si 	= 	inventory position at bases in group  i,  
So 	= 	inventory position at the depot, 
D(t1,t2)= 	total demand at all bases during (t1 ,t2], 

number of outstanding orders at a base in group  i  at time t, 
number of outstanding orders from group  i  at time t, 
number of outstanding orders from all bases at time t, 

number of backorders at the depot at time t, 

W(t) = 
W'1(t) = 
Wo(t) = 

Bo(t) = 
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R(t) 	= 	number of units in repair (units under transportation from the 

bases to the depot are included) at the depot at time t, 
1/1.t 	= 	mean repair time at the depot, including the time to transport the 

item to the depot 
remaining time for a normal transportation to reach the base in 
group  i  from the depot, 

The behavior of the system will depend on the inventory positions. Our purpose is 
to determine, for given So and Si, the proportions of the demand that will be met 
immediately, backordered and met by lateral emergency transshipments, and 
backordered and met by normal transportations. We define: 

ßi 	probability that a demand at a base in group  i  is met immediately by 
stock on hand, 

	

Oi= 	probability that a demand at a base in group  i  is backordered, 

because all bases in group  i  are out of stock, 
probability that a demand at a base in group  i  is met by an 

emergency lateral transshipment. This occurs when the base is out 
of stock and ti > Ti, given that at least one of the other bases in 

group  i  has stock on hand. 

	

Si= 	probability that a demand at a base in group  i  is backordered and 

met by a normal transportation when at least one of the other bases 
in group  i  has stock on hand. This occurs when the base is out of 
stock and ti Ti, given that at least one of the other bases in group  i  

has stock on hand. 

Evidently 

ai  + ßi  + Oi  + öi  = 1 
	

(1)  

We assume that Si > 0 since otherwise f3i  = 0. 

Let us also state the following additional assumptions: 

(i) No condemnation is assumed; i.e., all failed items can be repaired. 
(ii) Orders are filled on a first come, first served basis both at the depot and at 

the bases. 
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(iii) A demand that is to be met by an emergency lateral transshipment, will 
wait at the base until the transshipped unit arrives. 

(iv) The repair is done at the depot, which is assumed to have an infinite num-
ber of servers; i.e., queuing does not occur at the depot. 

3. 	Modelling Technique 

According to Palm (1938) R(t) is in steady state Poisson distributed with mean  
X  / ia. Furthermore, D(t, t+T) is also Poisson with mean A.T. 

Bo(t) and D(t, t+T) are independent random variables. This is so because the 
number of backorders at the depot at time t only depends on failures prior to time 
t, and since the failure process at each base in the system is a Poisson process 
that is independent of the situation at the base. At time t the outstanding orders at 
the bases are either in transit to the bases from the depot or backordered at the 
depot. All items that were in transit at time t will have arrived to the bases at time 
t + T. None of the backorders at the depot at time t can however arrive to the 
bases before time t + T, since the transportation time from the depot to the bases 
is T time units. Furthermore new orders in the time interval, (t, t + T], cannot be 
met until after t + T. Hence at time t + T, the depot backorders at time t and the 
failures at all bases during (t, t + T] must be outstanding. This only requires the 
assumptions of independent Poisson failure processes and deterministic transpor-
tation times from the depot to the bases. Observe also that, regardless of whether 
there are emergency lateral transshipments among the bases, the arrival process 
of failed items and the number of orders to the depot is always the same Poisson 
process. Hence, the distribution of backorders at the depot is also the same. The 
number of outstanding orders from all bases can consequently be obtained as (see 
also Graves (1985)); 

Wo(t+T) = Bo(t) + D(t,t+T) 	 (2) 

To be able to use equation (2), we need the distribution of the depot backorders, 
Bo(t). If R(t) > So, the number of backorders is R(t) - So. Consequently we obtain 

130(0 = [R(t)-So] 	 (3) 

where  [x]'  denotes max[0,  x]  
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Pr[Bo(t) = x  

S0  
E pr[po

(
y)=11 x =0 

k=0 
Pr[P0(y)= x So] x > 0 

(4) 

  

The steady state distribution of  Wo  can then according to (2) be obtained as 

Pr[Wo  = = 	Pr[B0  (t) =  x  — lc] • Pr[D(t, t + T) =  k]  
k=0 (5) 

Let us now show how to determine ßi, the probability that a demand at a base in 

group  i  can be met immediately by stock on hand. A demand at a base can be met 
immediately if the number of outstanding orders at the base is smaller than Si,  i.  e.  

ßi  = Pr[Wi < 	 (6) 

In order to determine 	we need to determine the steady state distribution of the 

number of outstanding orders at a base. By outstanding orders at a base we un-

derstand emergency lateral transshipments in transit from other bases, or depot 

replenishments in transit to the base. Before determining the number of outstand-
ing orders at a base, we shall determine the number of outstanding orders at 

group  i.  The arrival process of orders from group  i  to the depot is Poisson (with 
or without lateral transshipments). We obtain the number of outstanding orders at 

group  i,  by treating the group as one stocking location with demand intensity 

m.X.  i •  

We assume that orders are filled on a first-come, first-serve basis, see assumption 

(ii). This assumption implies that the disaggregation of  Wo  to group  i  is equivalent 

to a random disaggregation across all groups. The probability that an outstanding 
order is from group  i  is proportional to group i's failure rate miXi  divided with the 

total failure rate, A., of the whole system. Consequently when we determine the 
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distribution of Wi, we condition on  Wo  and use the fact that the conditional dis-

tribution of W'i is a binomial distribution. 

The steady state probability of W'i  is therefore given by (see also Graves, 1985).  

c., 	.x.  k 	m.x.  jx—k 
Pr [W; =11 	

(xim 
= E , 	i) 	" • pr[wo  

x=k 
(7) 

We shall also assume that the probability that a given order from group  i  is from a 

particular base is limi  and that these probabilities are independent. This is only an 

approximation, though. In Section 4 we show that this approximation works quite 
well. With the same motivation as above for equation (7), we approximate for a 

given level of W'i the steady state probability distribution of Wi by 

x—k 
Pr[Wi  = k]= E 

k mi 
y 	(i_yrn.) .pr[w; =x] 

(x 	)1( 	
(8) 

x=k 

In case of no emergency lateral transshipments equation (8) is exact. After de-
terming this distribution we obtain [3i from (6). 

Let us now turn to 8i, the probability that an arriving demand at group  i  will be 

backordered, because all bases in the group are out of stock (Case 4). We shall 

assume that this will be the case if there are at least miSi  outstanding orders from 

group  i.  This probability is only an approximation for the probability that an arriv-

ing demand will be backordered, due to stockouts at all bases in group  i,  since 

when W'i miSi, there may be some bases with Wi  > Si, while other bases have 

stock on hand. 

Since we have already derived the distribution for Wi  in equation (7), we can ap-

proximate the probability Ai as: 

Oi = Pr[Wi  miSil 	 (9) 

Let us next turn to the determination of 8i, the probability that an arriving demand 

at a base in group  i  is backordered and that the demand is met by a normal trans-
portation from the depot, while at least one of the other bases in group  i  has stock 

on hand. Note first that this event may only occur if the number of outstanding 

orders is greater than or equal to Si and strictly less than miSi. The upper bound is 
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because otherwise it is according to our approximation not possible that any of 
the bases in group  i  will have stock on hand. Assume that the considered base has  
n  outstanding orders at some time. These orders have different remaining times 
until they reach the base. Consider the k-th largest of these times. Denote the 

probability that this time ti < Ti  as Pr[ti  < Ti lk,n]. Consider then the situation just 

before a new demand. If Wi  Si, then the (( Wi+ 1) - Si)-th outstanding order is 
the first one that arrives to the base and is not reserved by other customers. Con-
sequently we can determine the probability Si as 

misi  -1 
öi  = Pr[W; < miSi] • 	Pr[Wi  = k)W; < miSi  • Pei  <  Ti l( k  + 1) - Si  , ki 	(10) 

k=S, 

The distribution of Wi  is given by (7). The distribution of Wi, given that wi < 

miSi can be obtained in complete analogy with (8). 

pr[wi  =le; < 	E y 	l
k 

- 	 = 	(11) 
mi) x=k k v mi)  

In order to apply (10) we also need the probabilities Pr[ti  < Ti lk,n]. This means 

that we must consider the leadtime, L, for a normal transportation. This leadtime 
is stochastic due to random waiting times at the depot. We shall use the MET-
RIC-approximation by Sherbrooke (1968) and approximate the stochastic lead-
time by its mean. We define. 

= average leadtime for a normal delivery, 
VT0  = average delay at the depot caused by shortages. 

L=T+VT0 	 (12) 

It is easy to determine the average number of backorders at the depot, El1301, 
since we have determined the distribution in (4). 

The average delay can then be determined by Little's formula as: 

VT0  = E[B0]/X 	 (13) 
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Now we can, for given  k  and  n,  determine the probability that 'Li 5.. Ti,  i.  e.  that the 
remaining time for a normal transportation is less than or equal to the time for a 
lateral transshipment. 

Our system has according to our approximation a constant leadtime L. We have 
Poisson demand at the base. If we consider the system at an arbitrary time, the 
time until a randomly chosen outstanding order arrives to the base is uniformly 
distributed between 0 and L, due to the memoryless property of the Poisson pro-
cess. The probability that a randomly chosen outstanding order arrives to the base 
before Ti  is then given by Ti/L. Given that there are  n  outstanding orders at the 
base the probability that at least  k  outstanding orders arrive to the base during Ti 
time units can be obtained as: 

prft. <Tik,n3.
(n (Ti 	_ Ti/)

n-j 
, 5_ n /Ly 

j= k  

We can now use (10) to determine  E.  

Finally we can determine a, from (1) as: 

ai  .= (1 —f3i 	—8,). 

The expected number of demands at a base that per time unit are handled accord-
ing to Cases 1 - 4 can now be expressed as 2413i, 4cci, xisi  and XiBi respectively. 

(14)  

(15)  
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4. Numerical Results 

We have evaluated our approximations by computer simulation. We have used 
the same test problems as in Axsäter (1990b), with the exception that we have 
excluded Xi  = 0.8. In all the simulations T = 2,  p.  = 1/4, and the repair time is a 
random variable with a fixed component 2 (representing the fixed shipment time 
from the bases back to the depot) and a stochastic component exponentially dis-
tributed with mean 2. The group under consideration has 3 bases, and  X  = 134. 
In case of emergency lateral transshipments a random source rule among the 
bases that have stock on hand is used. For each problem we consider Ti = 0, 0.5, 
1.0 and 1.5. The results are given in Table 1. Recall that our model is identical to 
Lee's model for Ti  = 0. 
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Table 1 

Numerical results for  mi  = 3 identical bases,  X  = 134, T = 2, II = 1/4, T1  = 0, 0.5, 

1.0 and 1.5. 

So Si Ti Simu- 

lation 

LJ Simu- 

lation 

LJ Simu- 

lation 

Li 

0.04 0 1 0.0 0.20 0.18 0.77 0.79 0.00 0.00 
0.5 0.16 0.14 0.77 0.79 0.04 0.04 
1.0 0.10 0.09 0.77 0.79 0.10 0.09 
1.5 0.07 0.05 0.77 0.79 0.13 0.13 

1 1 0.0 0.14 0.14 0.84 0.84 0.00 0.00 
0.5 0.11 0.10 0.84 0.84 0.03 0.04 
1.0 0.08 0.07 0.84 0.84 0.06 0.07 
1.5 0.06 0.04 0.84 0.84 0.08 0.10 

2 1 0.0 0.10 0.11 0.90 0.88 0.00 0.00 
0.5 0.08 0.08 0.90 0.88 0.02 0.03 
1.0 0.06 0.06 0.90 0.88 0.04 0.05 
1.5 0.03 0.03 0.90 0.88 0.07 0.08 

0.06 0 1 0.0 0.26 0.21 0.65 0.70 0.00 0.00 
0.5 0.20 0.16 0.65 0.70 0.06 0.05 
1.0 0.14 0.11 0.65 0.70 0.12 0.10 
1.5 0.09 0.05 0.65 0.70 0.17 0.16 

2 1 0.0 0.18 0.16 0.80 0.80 0.00 0.00 
0.5 0.15 0.12 0.80 0.80 0.03 0.04 
1.0 0.12 0.08 0.80 0.80 0.06 0.08 
1.5 0.07 0.04 0.80 0.80 0.11 0.12 

4 1 0.0 0.12 0.12 0.87 0.86 0.00 0.00 
0.5 0.10 0.09 0.87 0.86 0.02 0.03 
1.0 0.07 0.06 0.87 0.86 0.05 0.06 
1.5 0.04 0.03 0.87 0.86 0.08 0.09 

0.08 0 1 0.0 0.29 0.20 0.56 0.62 0.00 0.00 
0.5 0.22 0.16 0.56 0.62 0.07 0.04 
1.0 0.18 0.11 0.56 0.62 0.11 0.09 
1.5 0.11 0.05 0.56 0.62 0.18 0.15 
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2,1  So Si Ti 

Table 1 (continued) 
a1  

Simu- 	Li 	Simu- 
lation 	 lation 

1i 
LJ Simu- 

lation 

5, 

Li 

0.08 2 1 0.0 0.24 0.19 0.69 0.72 0.00 0.00 
0.5 0.17 0.14 0.69 0.72 0.07 0.05 
1.0 0.14 0.10 0.69 0.72 0.10 0.09 
1.5 0.08 0.05 0.69 0.72 0.16 0.14 

4 1 0.0 0.19 0.16 0.78 0.80 0.00 0.00 
0.5 0.14 0.12 0.78 0.80 0.05 0.04 
1.0 0.10 0.08 0.78 0.80 0.09 0.08 
1.5 0.06 0.04 0.78 0.80 0.13 0.12 

6 1 0.0 0.15 0.14 0.84 0.84 0.00 0.00 
0.5 0.11 0.11 0.84 0.84 0.04 0.03 
1.0 0.08 0.07 0.84 0.84 0.07 0.07 
1.5 0.06 0.04 0.84 0.84 0.09 0.10 

0.10 2 1 0.0 0.28 0.20 0.59 0.64 0.00 0.00 
0.5 0.21 0.15 0.59 0.64 0.07 0.05 
1.0 0.17 0.11 0.59 0.64 0.11 0.09 
1.5 0.12 0.05 0.59 0.64 0.16 0.15 

2 2 0.0 0.07 0.07 0.93 0.92 0.00 0.00 
0.5 0.06 0.04 0.93 0.92 0.01 0.03 
1.0 0.04 0.02 0.93 0.92 0.03 0.05 
1.5 0.02 0.01 0.93 0.92 0.05 0.06 

4 1 0.0 0.24 0.19 0.70 0.73 0.00 0.00 
0.5 0.18 0.15 0.70 0.73 0.06 0.04 
1.0 0.14 0.10 0.70 0.73 0.10 0.09 
1.5 0.10 0.05 0.70 0.73 0.14 0.14 

4 2 0.0 0.04 0.04 0.96 0.96 0.00 0.00 
0.5 0.03 0.02 0.96 0.96 0.01 0.02 
LO 0.02 0.01 0.96 0.96 0.02 0.03 
1.5 0.01 0.00 0.96 0.96 0.03 0.04 

6 1 0.0 0.19 0.17 0.77 0.79 0.00 0.00 
0.5 0.14 0.13 0.77 0.79 0.05 0.04 
1.0 0.10 0.09 0.77 0.79 0.09 0.08 
1.5 0.07 0.04 0.77 0.79 0.12 0.13 

6 2 0.0 0.02 0.03 0.98 0.97 0.00 0.00 
0.5 0.02 0.02 0.98 0.97 0.00 0.01 
1.0 0.01 0.01 0.98 0.97 0.01 0.02 
1.5 0.00 0.00 0.98 0.97 0.02 0.03 
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Table 1 (continued) 

So Si Ti  Simu- 
lotion 

ai  

LJ Simu- 
lotion 

ßi 

Li Simu- 
lation 

Si 

Li 

0.20 5 2 0.0 0.17 0.15 0.79 0.80 0.00 0.00 
0.5 0.11 0.10 0.79 0.80 0.06 0.05 
1.0 0.07 0.06 0.79 0.80 0.10 0.09 
1.5 0.03 0.02 0.79 0.80 0.14 0.13 

5 3 0.0 0.05 0.05 0.95 0.95 0.00 0.00 
0.5 0.03 0.02 0.95 0.95 0.02 0.03 
1.0 0.02 0.01 0.95 0.95 0.03 0.04 
1.5 0.01 0.00 0.95 0.95 0.04 0.05 

5 4 0.0 0.01 0.01 0.99 0.99 0.00 0.00 
0.5 0.01 0.01 0.99 0.99 0.00 0.00 
1.0 0.005 0.00 0.99 0.99 0.005 0.01 
1.5 0.00 0.00 0.99 0.99 0.01 0.01 

10 1 0.0 0.29 0.19 0.53 0.60 0.00 0.00 
0.5 0.22 0.15 0.53 0.60 0.07 0.04 
1.0 0.16 0.10 0.53 0.60 0.13 0.09 
1.5 0.12 0.05 0.53 0.60 0.17 0.14 

10 2 0.0 0.09 0.09 0.90 0.90 0.00 0.00 
0.5 0.08 0.06 0.90 0.90 0.01 0.03 
1.0 0.06 0.03 0.90 0.90 0.03 0.06 
1.5 0.03 0.01 0.90 0.90 0.06 0.08 

10 3 0.0 0.02 0.02 0.98 0.98 0.00 0.00 
0.5 0.02 0.01 0.98 0.98 0.00 0.01 
1.0 0.01 0.00 0.98 0.98 0.01 0.02 
1.5 0.01 0.00 0.98 0.98 0.01 0.02 

0.40 12 2 0.0 0.27 0.14 0.50 0.57 0.00 0.00 
0.5 0.22 0.11 0.50 0.57 0.05 0.03 
1.0 0.15 0.08 0.50 0.57 0.12 0.06 
1.5 0.10 0.04 0.50 0.57 0.17 0.10 

12 3 0.0 0.16 0.14 0.79 0.81 0.00 0.00 
0.5 0.13 0.10 0.79 0.81 0.03 0.04 
1.0 0.09 0.07 0.79 0.81 0.07 0.07 
1.5 0.06 0.04 0.79 0.81 0.10 0.10 
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Table 1 (continued) 

So S Ti Simu- 
lotion 

Cti 

Li Simu- 
lotion 

ßi 

LJ Simu- 
lotion 

Zij 

Li 

0.40 12 4 0.0 0.06 0.06 0.93 0.93 0.00 0.00 
0.5 0.05 0.04 0.93 0.93 0.01 0.02 
1.0 0.04 0.03 0.93 0.93 0.02 0.03 
1.5 0.02 0.01 0.93 0.93 0.04 0.05 

18 2 0.0 0.23 0.17 0.68 0.71 0.00 0.00 
0.5 0.16 0.12 0.68 0.71 0.07 0.05 
1.0 0.12 0.08 0.68 0.71 0.11 0.09 
1.5 0.07 0.04 0.68 0.71 0.16 0.13 

18 3 0.0 0.09 0.09 0.90 0.90 0.00 0.00 
0.5 0.07 0.06 0.90 0.90 0.02 0.03 
1.0 0.05 0.03 0.90 0.90 0.04 0.06 
1.5 0.03 0.01 0.90 0.90 0.06 0.08 

18 4 0.0 0.03 0.03 0.97 0.97 0.00 0.00 
0.5 0.03 0.02 0.97 0.97 0.00 0.01 
1.0 0.02 0.01 0.97 0.97 0.01 0.02 
1.5 0.01 0.00 0.97 0.97 0.02 0.03 

30 2 0.0 0.18 0.16 0.79 0.81 0.00 0.00 
0.5 0.14 0.10 0.79 0.81 0.04 0.06 
1.0 0.10 0.05 0.79 0.81 0.08 0.11 
1.5 0.05 0.01 0.79 0.81 0.13 0.15 

30 3 0.0 0.05 0.05 0.95 0.95 0.00 0.00 
0.5 0.04 0.03 0.95 0.95 0.01 0.02 
1.0 0.02 0.01 0.95 0.95 0.03 0.04 
1.5 0.01 0.00 0.95 0.95 0.04 0.05 

30 4 0.0 0.01 0.01 0.99 0.99 0.00 0.00 
0.5 0.01 0.01 0.99 0.99 0.00 0.00 
1.9 0.01 0.00 0.99 0.99 0.00 0.01 
1.5 0.00 0.00 0.99 0.99 0.01 0.01 

0.60 14 3 0.0 0.25 0.11 0.49 0.54 0.00 0.00 
0.5 0.20 0.08 0.49 0.54 0.05 0.03 
1.0 0.14 0.05 0.49 0.54 0.11 0.06 
1.5 0.09 0.03 0.49 0.54 0.16 0.08 
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Table 1 (continued) 

ki  So Si Ti Simu- 
lotion 

LJ Simu- 
lotion 

LJ Simu- 
lotion 

Öi 

LJ 

0.60 14 4 0.0 0.19 0.16 0.73 0.75 0.00 0.00 
0.5 0.16 0.11 0.73 0.75 0.03 0.05 
1.0 0.12 0.07 0.73 0.75 0.07 0.09 
1.5 0.06 0.05 0.73 0.75 0.13 0.11 

14 5 0.0 0.10 0.10 0.89 0.88 0.00 0.00 
0.5 0.08 0.07 0.89 0.88 0.02 0.03 
1.0 0.06 0.05 0.89 0.88 0.04 0.05 
1.5 0.04 0.03 0.89 0.88 0.06 0.07 

21 3 0.0 0.22 0.15 0.65 0.68 0.00 0.00 
0.5 0.17 0.09 0.65 0.68 0.05 0.06 
1.0 0.13 0.03 0.65 0.68 0.09 0.12 
1.5 0.08 0.01 0.65 0.68 0.14 0.14 

21 4 0.0 0.12 0.12 0.86 0.85 0.00 0.00 
0.5 0.10 0.07 0.86 0.85 0.02 0.05 
1.0 0.07 0.04 0.86 0.85 0.05 0.08 
1.5 0.03 0.01 0.86 0.85 0.08 0.11 

21 5 0.0 0.05 0.05 0.95 0.94 0.00 0.00 
0.5 0.04 0.03 0.95 0.94 0.01 0.02 
1.0 0.03 0.02 0.95 0.94 0.02 0.03 
1.5 0.01 0.00 0.95 0.94 0.04 0.05 

35 3 0.0 0.12 0.12 0.86 0.86 0.00 0.00 
0.5 0.08 0.06 0.86 0.86 0.04 0.06 
1.0 0.06 0.01 0.86 0.86 0.06 0.09 
1.5 0.03 0.00 0.86 0.86 0.09 0.12 

35 4 0.0 0.04 0.04 0.96 0.96 0.00 0.00 
0.5 0.03 0.02 0.96 0.96 0.01 0.02 
1.0 0.02 0.01 0.96 0.96 0.02 0.03 
1.5 0.01 0.01 0.96 0.96 0.03 0.03 

35 5 0.0 0.01 0.01 0.99 0.99 0.00 0.00 
0.5 0.01 0.01 0.99 0.99 0.00 0.00 
1.0 0.00 0.00 0.99 0.99 0.01 0.01 
1.5 0.00 0.00 0.99 0.99 0.01 0.01 
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Table 1 illustrates that our approximations perform quite well when 3> 0.70, for 
both  aj  and 8i. For low service-levels, f3i < 0.70, the results deteriorates, espe-
cially our estimate of a. Still, the approximation for Si  is reasonably good. The 
largest error in öi obtained is 8 per cent. In most cases the error is 1 per cent or 
less, and the average error is 1.1 per cent. 
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5. 	Conclusions 

We have modeled a new decision rule for emergency lateral transshipments in a 
continuous review multi-echelon inventory system. This model has been evalu-
ated by simulation. Our model is a generalization of the model suggested by Lee 
(1987). Several variations of our modelling approach are possible. We have, for 
example, only considered repairable items, but consumable items could be hand-
led in the same way, if the repair time is interpreted as the leadtime when order-
ing from the central depot. 

Our approximate model performs quite well in case of relatively high service-
levels, but the approximation deteriorates when the service-levels decrease. Our 
model requires a number of restrictive assumptions, though (see Section 2.3). For 
example, all the bases in a group must have identical repair and arrival rates. It 
would be interesting to investigate a similar situation with nonidentical retailers. 
The assumption of a constant transportation time from the depot to each base is 
also quite restrictive. The assumption that the failure processes at the bases are 
independent does not hold if there is a small population of working items that 
generates the failures. This assumption is reasonable to use, though, when the 
probability that a base is out of stock is small. Future research should be directed 
towards models with less restrictive assumptions in order to be able to model the 
reality in a better way. 
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