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PREFACE
This doctoral thesis is written in fulfilment of the thesis requirement for the degree of Doctor 

of Philosophy in Rock Mechanics and Rock Engineering. The work presented in the thesis 

was carried out at the Division of Mining and Geotechnical Engineering at Luleå University 

of Technology, Luleå, Sweden. 

This doctoral thesis work began as a project to be funded by a Canadian mine with a focus to 

develop a probabilistic stope design methodology for a complex orebody in the mine. 

However, due to an unanticipated policy of the company limiting the continuation of the 

project the focus of this thesis was changed from being specific to the mine. The thesis work 

therefore concentrated on the quantification of uncertainty in the rock mass properties and the 

application of probabilistic methods to study the stability of underground mine excavation.

Data from some Swedish mines and previous work from relevant literature were used for the 

application of the probabilistic methods.

The work in this doctoral thesis is presented in two parts as:

1. The summary part which includes:

Introduction, background, research approach and thesis outline.

Literature review on uncertainty in rock mass properties and probability 

methods.

Application of probabilistic methods, analysis and results.

Discussions, conclusions and suggestion for future work.

2. Appended papers covering the quantification of uncertainty in rock mass properties 

and application of different probabilistic methods to underground mine excavation 

problems.

Musa Adebayo Idris

December, 2014, Luleå, Sweden.
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ABSTRACT
The creation of underground mine excavation disturbs the original state of the rock mass 

surrounding the excavation which may lead to instability of the excavation. This poses a

threat to the safety of personnel and equipment in and around such excavations. Therefore the 

stability of underground mine excavations has always been a major concern to geotechnical 

engineers. The stability of the excavations depends on physical and mechanical properties of 

the rock masses as well as the in situ stress condition. For stability analyses, these parameters 

are determined either by in situ investigations or laboratory tests. Because of the inherent 

uncertainties associated with natural materials such as rock masses, the precise values of the 

properties are never known. The sources of these uncertainties could be inherent variability 

caused by random process (aleatory uncertainty) or it could be a knowledge-based uncertainty 

(epistemic uncertainty) such as measurement error or model transformation uncertainty. 

Traditional deterministic methods, which use mean or single characteristics value of the input 

parameter for stability analyses, do not consider the inherent uncertainties in the rock mass

properties hence the underlying effects of the uncertainties become obscure. Depending on the 

distributive character of these uncertainties, the deterministic methods may lead to results 

which are not representative of real behaviour. Therefore, for a realistic stability analysis of 

an underground excavation the uncertainties must be adequately considered in the analysis 

using probabilistic methods. With probabilistic methods, the likelihood of occurrence of 

unsatisfactory performance or failure of the underground excavation can be estimated with 

respect to a predefined tolerable limit. 

Even though probabilistic methods have been increasingly used in slope stability analyses, the 

application of probabilistic methods has not received considerable attention in the stability 

analyses of underground mine excavations for instance. Therefore, there is need for an 

increased understanding of the effect of uncertainty in the rock mass properties on the 

stability of underground mine excavations so as to facilitate the application of the 

probabilistic methods in the stability analysis of the underground excavation. This thesis is 

therefore aiming in that direction and thus the objective. To achieve this aim, the uncertainties 

in rock mass properties were quantified so as to determine the statistical parameters and the 

probability density functions for the random rock mass parameters. Different probabilistic 

methods, each with different sampling techniques and assumptions, were incorporated with 

commercial finite difference numerical code to analyse the stability of underground mine

excavations for different case studies. The probabilistic methods considered were Point 
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Estimate Methods (PEM), Artificial Neural Network (ANN), Response Surface Method 

(RSM), Monte Carlos Simulation (MCS) and Strength Classification Method (SCM). The 

results of these analyses were reported in a series of papers which make up this thesis. The 

methodology, results and conclusions from this thesis will increase the understanding of the 

effects of uncertainty in rock mass properties and facilitate the application of probabilistic 

methods to the analyses of underground excavation stability.

Keywords: underground excavation stability, uncertainty, probabilistic methods, point 

estimate method, artificial neural network, Monte Carlo simulation.
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1 INTRODUCTION

1.1 Background

As a result of mining or tunnelling, the original state of the rock mass surrounding the 

excavation (including the stress state) is disturbed which may lead to failure or instability of 

the excavation. This poses a threat to both the safety of the personnel and the equipment. 

Therefore the stability analysis of underground excavations is a major concern to geotechnical 

engineers. Generally, the stability of underground excavations depends on many factors, such 

as mechanical properties of the rock masses, the orientations and properties of rock 

discontinuities, the hydrological conditions and the induced stresses. These parameters are 

determined either by in situ investigations or laboratory tests. Because of the inherent 

complexity of rock masses, the precise values of these parameters are never known as they 

vary over a certain range. Hoek (1998) suggested that the rock mass parameters should be 

represented by a range of values rather than by a single value because such precision is 

impossible in geological materials. Realizing the peculiar nature of the rock mass as a 

geological material, Goodman (1995) wrote “when the materials are natural rock, the only 

thing known with certainty is that this material will never be known with certainty”.

Therefore, because of the complexity and variability of the rock mass its properties could not 

be sufficiently described with a single value (Riedmuller and Schubert, 1999)

Despite the recognition by the geotechnical engineers of the fact that rock masses are 

intrinsically variable in their physical and mechanical properties, many stability analyses of 

underground excavations are performed using deterministic methods whereby fixed values of 

the input parameters are used. These deterministic methods do not properly take into account 

the uncertainties in the rock mass properties. Depending on the distributive character of the 

variation of the rock properties, the deterministic methods can lead to results which are not 

representative of the real behaviour of the excavation.

Therefore, there is need for a probabilistic method which incorporates the uncertainty in the 

rock mass properties and treats each rock mass parameter as a random variable which is 

characterized by probability distribution function. Since the parameters of the rock mass are 

random variables, the stability of the excavation can be considered as a random system, where 

the occurrence of any failure of the rock mass surrounding the excavation is a random event 

depending on the distribution of the random variable involved (Chen et al., 1997). 
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1.2 Objectives and scope

The overall objective of the work presented in this thesis is to increase the understanding of 

the effect of uncertainty in the rock mass properties on the stability of underground mine

excavations. Furthermore, the objective is also to assess the effect of the uncertainty on the 

performance of the underground excavation using different probabilistic approaches. This 

knowledge is important considering the significant effect that the uncertainty could have on 

the stability analysis of underground excavation. The specific objectives of this thesis are to:

Quantify the uncertainty of the rock mass properties so as to determine the means, 

standard deviations and probability density functions for the rock mass parameters to 

be used as inputs for stability analyses.

Assess the effect of the uncertainty in the rock mass properties on the stability of 

underground excavation using different probabilistic methods.

Identify the merits and limitations of each of the probabilistic methods with respect to 

the stability analysis of underground excavation.

This work focuses on the underground mine excavation and only stress induced instability 

around the excavation were considered.

1.3 Research approach and thesis outline

The research approach adopted in this thesis work to achieve the objectives is illustrated in 

Figure. 1. 

 
Figure 1. Research approach adopted for this study

Literature review on uncertainty concept in geotechnical 
materials (e.g. Rock mass) and probabilistic methods Theoretical background

Papers I and IIICollection of data on rock mass properties (from reports) and 
quantification of the uncertainty in the rock mass properties

Papers II, III, and IV 
Different probabilistic methods were combined with finite 
difference software for the analysis of different underground 
stability problems

Paper VThe probabilistic methods were compared and suggestions 
were made for the application of each of the methods for the 
analysis of underground excavation stability
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1.4 Appended papers and author’s contribution

The results from this thesis work have been presented in five scientific papers. The title and 

the author’s contribution to each paper are detailed in Table 1

Paper Tittle Journal name Authors
I The probabilistic 

estimation of rock masses 
properties in Malmberget 
mine, Sweden

Electronic Journal of 
Geotechnical 
Engineering, 2013. Vol. 
18. Bund. B

Idris,M.A, Basarir, 
H, Nordlund, E and 
Wettainen, T

Author’s 
contribution

The author developed the concept and did part of the analyses and writing

II Footwall drift stability
analyses at Malmberget 
mine using probabilistic 
method 

To be submitted for 
publication in an 
international journal

Idris, M.A,
Nordlund, E,
Basarir, H, and 
Wettainen, T

Author’s 
contribution

The author developed the concept, did the modelling and analyses and also the 
writing

III Stochastic assessment of 
pillar stability at Laisvall 
mine using Artificial 
Neural Network

Submitted for publication 
in Tunnelling and 
Underground Space 
technology

Idris, M.A, Saiang, 
D and Nordlund, E

Author’s 
contribution

The author developed the concept, did all the numerical modelling and 
analyses as well as the writing

IV Probabilistic analysis of 
open stope stability using 
numerical modelling

International Journal of 
Mining and Mineral 
Engineering, 2011, Vol.3, 
No. 3

Idris, M.A, Saiang, 
D and Nordlund, E

Author’s 
contribution

The author developed the concept, did all the numerical modelling and 
analyses as well as the writing.

V Comparison of different 
probabilistic methods for 
analysing stability of 
underground excavations.

To be submitted for 
publication in an 
international journal

Idris, M.A, 
Nordlund, E and 
Saiang, D

Author’s 
contribution

The author developed the concept, did all the numerical modelling and 
analyses as well as the writing.
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2 UNCERTAINTIES IN ROCK MASS PROPERTIES

 

2.1 Introduction

A proper understanding of the concept of uncertainty in the rock mass properties is a 

necessary precursor for using a probabilistic approach. 

The uncertainties are typical of geotechnical materials such as soils and rocks. The intrinsic 

uncertainties in the physical and mechanical properties of the rock mass make it complex to 

establish precise characteristic values for these properties. The complexity is evident from the 

spatial random distribution of the properties from any site characterization program.

2.2 Sources and types of uncertainties

The uncertainties associated with rock mass properties can be divided into two categories: 

aleatory and epistemic uncertainties. Aleatory uncertainty is a result of natural inherent 

randomness in the rock mass due to the geological process. This is evident from the spatial 

variation of the rock mass properties such as uniaxial compressive strength (UCS) within a 

nominally uniform geological layer (Bedi and Harrison, 2012). The aleatory uncertainty is 

also called the inherent variability (Nadim, 2007). 

Epistemic uncertainty on the other hand, is due to lack of knowledge on a variable. This can 

be because of lack of field or laboratory data, information about events and processes, or the 

understanding of the physical law governing the real world (Baecher and Christian, 2003). 

Nadim (2007) divided the epistemic uncertainty into three classes: 

Statistical uncertainty which is due to limited information such as number of available 

samples or observations. 

Measurement uncertainty that arises due to the imperfections of the instrument or 

method used for the measurement. 

Model uncertainty is due to the idealization made in the physical formulation of the 

problem. 

The effect of model uncertainty in geotechnical engineering problems has been studied, for 

example by Baecher, 1972; Lacasse and Nadim, 1998 and Einstein and Karam, 2001. 

In rock mechanics problems the uncertainty in the design parameters are often both aleatory

and epistemic as shown in Figure 2.1. However, the uncertainties mostly encountered in 
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geotechnical design are epistemic rather than aleatory due to lack of sufficient knowledge 

about the material properties (Christian, 2004). In general, the aleatory uncertainty cannot be 

eliminated or reduced while epistemic uncertainty may be reduced or even eliminated when 

more information is available. Based on the distinction between the aleatory and epistemic 

uncertainty, Bedi and Harrison (2012) opined that they must be treated differently. They 

posited that variation due to aleatory uncertainty should be characterised by stochastic models 

and handled using probabilistic theory and non-probabilistic techniques such as fuzzy logic 

should be used to handle rock mass parameters that exhibit epistemic uncertainty. 

Nevertheless, when sufficient information or data on the variability of the rock mass 

parameters are available the epistemic uncertainty can be reduced or eliminated and the 

uncertainty can be characterised using a probabilistic method. 

Scarcity of adequate information about the geotechnical parameters and difficulty to acquire 

them are typical for underground excavation analysis (Christian, 2004). Hence these 

parameters will exhibit epistemic uncertainty and a full probability analysis could not be 

performed directly. However, in such circumstances, statistical moments of the parameters 

and possible distributions can be estimated through appropriate assumptions, field 

observations and sound engineering judgment (Langford and Diederichs, 2013; Cai, 2011). 

Ducan (2000) explained that when sufficient data is not available statistical parameters such 

as standard deviation of geotechnical parameters can be estimated based on published values 

or using “three sigma rule” described by Dai and Wang (1992) and with the statistical 

parameters the uncertainty can be characterised.  

Sources of uncertainties

Temporal e.g
Groundwater level

Epistemic

Site characterisation 
e.g.sampling

Site characterisation 
e.g.sampling

Spatial e.g Joint 
strength

Spatial e.g Joint 
strength

Model e.g. strength
criterion

Model e.g. strength
criterion

Parameter e.g.
Empirical inputs
Parameter e.g.

Empirical inputs

Aleatory 

Figure 2.1. Sources of uncertainty (Bedi and Harrison, 2012)

2.3 Quantification of uncertainty 

As discussed above uncertainty is pervasive in geotechnical engineering and during the design 

and analysis of any excavation in or on the rock mass the input parameters affected by the 

uncertainty are treated as random variables rather than a single value. The random variables 
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are considered as a range and within which certain values may occur more frequently than 

others and these variables have to be quantified in order to use them as input in any 

probabilistic geotechnical analysis. The quantification of uncertainty involves the 

determination of the statistical moments, especially the mean and variance, of the random 

variables and also the determination of the probability distribution of the variables. Figure 2.2 

summarizes the steps for the quantification of uncertainties in geotechnical materials such as 

rock masses.

Figure 2.2. Steps for the quantification of uncertainty in rock mass properties (modified from

Haldar and Mahadevan, 2000).

2.3.1 Data collection

The collection of the geological data includes field mapping, drilling and logging of drill 

cores (Hoek and Brown, 1980). Field mapping provides information on the rock types, major 

geological features such as joints, faults and the detailed information on the geological 

features. The core drilling provides cores for the determination of the rock quality designation 

(RQD) and samples for laboratory tests to determine, e.g., the strength, Young’s modulus, 

density, mineral composition of the intact rock specimen. A large number of data are 

necessary in order to reduce the epistemic uncertainty and to model the variation in the 

material properties as aleatory. Unfortunately limited resources and access to the location of 

the information often hamper the acquisition of large numbers of data.



8
 

2.3.2 Determination of statistical parameters

Having collected the data both from the field and the laboratory testing the important 

statistical parameters of the random variables are determined. The main statistical parameters 

to be captured are the means and the standard deviations. These parameters convey

information about the variability of the rock mass properties. Also the characteristics of the 

probability distribution of the random variables are often derived as a function of these 

statistical parameters. These parameters are described as follows:

(i) Mean value: This is the most important characteristics of a random variable as it describes 

its central tendency. For a set of n measured values for the random variable x the mean 

value µx can be calculated for the n measured values as
n

i
ix x

n 1

1 2.1

In Equation 2.1 it is assumed that the number of measured values is relatively large hence the 

mean value µx and the expected value E(x) are numerically the same.

(ii) Variance: The variance Var(x) of a random variable x is a measure of its dispersion and 

can be estimated as:           
n

i
xix

n
xVar

1

2)(
1

1)( 2.2

(iii) Standard deviation: The standard deviation is also a measure of the dispersion or 

variability. A small standard deviation indicates a tightly clustered data set, while a large 

standard deviation shows a large scatter of the data about its mean value. In practice, the 

standard deviation, x, of a random variable is often used in preference to the variance 

primarily because it has the same unit as the mean. If a sufficient number of 

measurements have been made, the standard deviation can be estimated as the squared 

root of the variance thus:

n

i
xix x

n 1

2)(
1

1 2.3

(iv) Coefficient of variability: Even though the standard deviation has the same unit as the 

mean, the information it conveys may be confusing when comparing different material 

properties. For instance a standard deviation of 10 MPa for a rock sample with a mean 

value of 50 MPa is more significant when compared with another rock sample with the 
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same standard deviation but with a mean value of 200 MPa. Hence there is need for a 

measure of variability which is both non-dimensional and can measure the relative 

magnitude of the variability of different material properties. This measure is called 

coefficient of variability (COV) which is usually expressed as a percentage and can be 

estimated as

%100)( xxCOV
x

x 2.4

The estimation of the standard deviation may be difficult when there is insufficient data. In 

this situation, Ducan (2000) suggested that published values for standard deviation and 

coefficient of variation (COV) for such geotechnical parameters can be used. He also 

suggested the use of “three sigma rule” a rule of thumb described by Dai and Wang (1992) 

which uses the fact that 99.73% of all values of a normally distributed parameter fall within 

three standard deviations from the mean. Therefore, if the appropriate extreme values i.e. the 

maximum value (Xmax) and the minimum value (Xmin) for the limited data can be determined 

then the standard deviation of the data is estimated as

6
minmax XX

x 2.5

Aside from the three sigma rule, COV ranging between 15% - 20% can be assumed for 

geotechnical materials based on the suggestion by Rethati (1988) when there is limited data.

2.3.3 Determination of probability distribution

A probability density function (PDF) is a function that defines the continuous random 

variable. It describes the relative likelihood that a random variable will assume a particular 

value (Hoek et al., 1995). Another way to represent the likelihood is in the form of a 

cumulative density function (CDF) which defines the probability that the random variable will 

have a value less than or equal to any selected value. The CDF is the integral of the 

corresponding PDF. 

Basically, the variability in the collected random data can be portrayed graphically in the form 

of a histogram which shows the frequency with which the data lie within specified intervals of 

magnitude. In order to fit a theoretical PDF to the histogram, the PDF curves are 

superimposed on the histogram and then statistically compared to whether the theoretical 

PDFs match the frequency histogram of the random data or not. There are various statistical 
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methods that can be used to test how well the distribution of the random data conforms to the 

theoretical distribution. The most common methods for the test are the Chi- 2)

goodness-of-fit and the Kolmogorov-Smirnov maximum deviation test. The plotting of the 

histogram and the determination of the best fit PDF can easily be done with an excel spread 

sheet, Matlab software (Mathworks, 2012) or @RISK software (Palisade, 2007).

The best approach is to determine the type of the PDF for a material property from the results 

of geotechnical investigations or laboratory tests which will obviously involve as many 

samples as possible in any set of observation. However, in geotechnical engineering there are 

serious practical and financial limitations to the amount of the data that can be collected from 

either the geotechnical investigations or the laboratory tests (Hoek et al., 1995). Therefore, 

estimates of the PDF are often made based on engineering judgment, experience or from 

comparison with published results. In geotechnical engineering problems the following PDFs 

are mostly encountered. 

Normal or Gaussian distribution

This is probably the most common probability distribution. It is generally used for probability 

studies in geotechnical engineering unless there are good reasons for selecting a different 

distribution (Hoek et al., 1995). A random variable, x, will follow a normal distribution if its 

PDF has the form:

xfor
x

xf
x

x

x

2

2
1exp

2
1)( 2.6

It should be noted that the range x is practically unrealistic for geotechnical 

parameters because it may give rise to very small or even negative values for the parameters 

such as the UCS or very large values such as a friction angle greater than 90 . In order to 

overcome this problem, a truncated normal distribution is used or a bounded distribution such 

as the beta distribution.

Beta distribution

It is a flexible and versatile distribution and can be used when a random variable is known to 

be bounded by two limits: a and b (Harr, 1987; Haldar and Mahadevan, 2000). The beta 

distribution has been used to characterise the uncertainty in geotechnical materials (Hasket et 

al., 1995). The PDF of a beta distribution for a random variable, x, can be represented as:
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where q and r are the parameters of the distribution, and B(q, r) is the beta function

1

0
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Lognormal distribution

In geotechnical engineering problems when a random variable must be non- negative a

lognormal distribution is more appropriate to eliminate any possibility of negative values 

(Haldar and Mahadevan, 2000). The PDF of a lognormal distribution is given by

xfor
x

x
xf

x

x

x

0
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2
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2
1)(

2

2.9

where x and x are the mean and standard deviation of ln x, respectively.

Exponential distribution

When events occur continuously and independently at a constant rate, (i.e. in a poisson

process) then the recurrence time, t, between the events can be modelled by an exponential 

distribution as:

0)( xforexf t 2.10

where is the rate parameter. 1 and 
2

1 are the mean value and variation, respectively. 

This indicates that the mean and standard deviation of an exponentially distributed random 

variable are equal. The exponential distribution is also known as the negative exponential 

distribution.

2.4 Rock mass properties and their common probability distributions

The rock mass is an assemblage of intact rock blocks separated by different types of 

geological discontinuities. The geological discontinuities that are mostly encountered in the 

rock mass are the joints. Other discontinuities such as faults, bedding planes, shear zones, 

veins and dyke intrusions are often localized within the rock mass. Therefore, the properties 
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of the rock mass in principle comprise the properties of both the intact rock materials and the

discontinuities.

The intact rock material has both physical and mechanical properties. The physical properties 

are: density, porosity, moisture content, hardness, abrasiveness, permeability and wave 

velocity. The most common physical property is density. It is used to estimate the overburden 

stress which is one of the input parameters for numerical modelling. In probabilistic analyses 

of geotechnical problems mean values of rock density are often used. The ranges of densities 

reported by Lama and Vutukuri (1978) for different rock types and their average coefficient 

of variation (COV) is very small hence variability in the density may be ignored. 

The mechanical properties of the intact rock material are: uniaxial compressive strength or 

unconfined compressive strength (UCS), Young’s modulus, Poisson’s ratio and tensile 

strength. The UCS is one of the most important mechanical properties of rock materials as it 

is often used as a key input in most classification schemes and for the characterization of the 

rock material strength (Sari, 2009). 

The mechanical properties of intact rock materials are determined from a number of 

laboratory experiments performed on samples of the intact rock. Due to the natural variability 

in the rock material properties these experiments result in random variables which are 

characterized using their distributions. Yegulalp and Mahtab (1983), Yegulalp and Kim 

(1992) and Kim and Gao (1995) analysed the data of mechanical properties obtained from 

laboratory core tests using extreme value statistics and concluded that the mechanical 

properties follow the third type asymptotic distribution of the smallest value. The third 

asymptotic distribution is the same as the Weibull distribution (Kim and Gao, 1995; Ang and 

Tang, 2007). A large number of similar studies have been conducted by, among others, Sari

and Karpuz (2006). Sari and Karpuz (2006) showed that UCS data can be described with 

normal distribution after fitting a distribution to the results of UCS tests on 103 samples of

Ankara andesite. 

In the absence of enough data, the normal distribution or the truncated normal distribution has 

always been suggested by some researchers for the material properties especially the UCS 

(e.g. Hoek, 1998; Grasso and Mahtab, 1992; Hsu and Nelson, 2000; Pathak and Nilsen, 2004; 

Cai, 2011).
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The basic characteristics of rock joints that influence the behaviour of the rock mass and form

some of the input parameters for the rock mass classification systems developed by various 

authors such as the RMR (Bieniawski, 1976, 1989) and the Q-system (Barton et al., 1974) for 

example are: trace length, spacing, orientation, aperture, roughness, infilling, weathering, 

number of joint set (from stereographic analysis of joint orientation), and rock designation 

quality (RQD). Detailed descriptions of all the joint characteristics have been mentioned by 

many authors such as Brady and Brown (2004), Barton (1988), Bieniawski (1989).

Priest and Hudson (1976), Einstein and Baecher (1983) and La pointe and Hudson (1985) 

applied statistical methods to the interpretation and characterisation of rock mass jointing 

patterns and they found that the joint spacing distributive character follows a negative 

exponential distribution. However, some researchers have shown that the joint spacing follow 

a lognormal distribution (Dershowitz and Einstein, 1988). Cai (2011) observed that the reason 

for the difference in the joint spacing distribution may be due to the different bin size used in 

the histogram analysis and he also suggested the use of a lognormal distribution for the joint 

spacing. 

Many investigators have used exponential distributions to describe the joint length 

distribution (Robertson, 1970; Call et al., 1976; Cruden, 1977; Priest and Hudson, 1981; 

Kulatilake et al., 1993).  However, other distributions such as lognormal and gamma have 

also been used to characterize joint length distribution (McMahon, 1974; Baecher et al., 

1977). Dershowitz and Einstein (1988) opined that the reason for the different type of 

distributions observed for the joint length may be due to the fact that only the joint traces are 

observed during the mapping and not the actual joint size. Sari (2009) used an exponential 

distribution to represent the random nature of the joint aperture in Kizilkaya ignimbrites. 

Since the rating of other rock joint properties such as infilling, roughness, weathering and 

alteration are always subjective and their variability may thus be difficult to characterise, for 

the sake of simplicity normal distributions are always assumed for them (e.g. Sari, 2009; Cai,

2011).

2.5 Estimation of rock mass strength and deformability parameters

The determination of the jointed rock mass deformation modulus and strength parameters has 

remained one of the most difficult tasks in the field of rock mechanics because the direct 

measurements of these properties are very expensive and time consuming , if not impossible 

(Zhang and Einstein, 2004; Zhang, Edelbro et al., 2007). Moreover, prediction of the 
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properties of the jointed rock mass solely from the data on the intact rock and the 

discontinuities is quite difficult as the interaction between the intact rock and the 

discontinuities is often complex and less understood than the behaviour of the individual 

units. Extensive studies have been reported in the literatures of different methods to estimate 

the strength and deformability properties of jointed rock masses. Edelbro et al. (2007)

mentioned that the most common methods for the estimation of these properties are: (i) 

empirical failure criteria and rock mass classification systems, (ii) back-analysis of existing 

failures (iii) large-scale testing and (iv) mathematical modelling. Edelbro et al. (2007) argued 

in favour of empirical failure criteria and rock mass classification for the determination of the 

jointed rock mass properties because of their versatility and ease-of-use. Also at the 

preliminary design stage of an underground excavation, when the access to the underground is 

limited, the rock mass classification becomes the practical way to estimate the rock mass 

properties (Cai et al. 2004).

In the past decades, many rock mass classification methods have evolved. These include RQD

(Deere, 1967), the rock mass rating (RMR) (Bieniawski, 1976, 1989), the tunnelling quality 

(Q) (Barton et al. 1974), the geological strength index (GSI) (Hoek et al., 1995) and the rock 

mass index (RMi) (Palmström, 1995). Others are modifications of the existing systems such as 

the mining rock mass rating (MRMR) (Laubscher, 1990) and the rock mass number (N) (Goel 

et al., 1996). A review of the different rock mass classification systems can be found in 

Edelbro (2003). Among the classification systems, the most commonly used worldwide are 

the Q, RMR, and GSI systems (Wines and Lilly, 2001). Cai et al. (2004) singled out the GSI

system as the only rock mass classification system that is directly linked to engineering 

parameters such as Mohr-Coulomb, Hoek-Brown strength parameters or rock modulus. Since 

all the inputs used for the analyses in this study were derived using GSI system it is 

worthwhile to present a summary of the system in the following subsections.

2.5.1 Geological Strength Index system

Basically, the GSI system was introduced by Hoek et al. (1995) as a complement to their 

generalized rock failure criterion in order to estimate the Hoek-Brown strength parameters 

(i.e. s, a and mb). The GSI value is estimated from the chart presented by Hoek et al. (1995) 

which is based on the qualitative description of blockiness and joint condition of the rock 

mass.  
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The qualitative estimation of the GSI value by using the chart is subjective and requires long-

term experience. Recently, there have been some methods proposed to quantitatively 

determine GSI. For example, Cai et al. (2004) presented a method to quantitatively determine 

GSI based on the block volume (Vb) and the joint condition factor (Jc). The block size is 

determined from the joint spacing, joint orientation, number of joint sets and joint persistence. 

According to Cai et al. (2004) the effect of the intersection angle between joint sets is

relatively small compared to the joint spacing hence they suggested that for practical purposes 

the block volume for three or more joints can be approximated as:

321 SSSVb 2.11

where Si is the spacing of each joint set.

The joint surface condition (Jc) is defined by the roughness, weathering and infilling. It is 

similar to the factor used by Palmström (1995) to quantify the joint surface condition. The 

combination of these factors defines the strength of a joint or a block surface. Cai et al. (2004) 

defined Jc as:

A

SW
c J

JJJ 2.12

where JW and JS are the large-scale waviness and small- scale smoothness, respectively 

(Barton and Bandis, 1990; Palmström ,1995) and JA is the joint alteration factor (Barton et al., 

1974).

Once the value of Jc and Vb are known the GSI value can be determined using the following 

relation (Cai and Kaiser, 2006) which is expressed in terms of Jc and Vb,

bc

bc

VJ
VJGSI

ln0253.0ln0151.01
ln9.0ln79.85.26

.
2.13

Another approach was also presented by Hoek et al. (2013) to quantitatively determine the 

GSI value. They defined the GSI value as a function of the joint condition rating (JCond89)

defined by Bieniawski (1989) and the Rock Quality Designation (RQD) defined by Deere

(1963) thus:
   

RQDJCondGSI 5.05.1 89                                                                                                          2.14
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2.5.2 Generalized Hoek-Brown failure criterion                                                                      

When numerical modelling is adopted for design and analysis of rock engineering problems, 

the GSI system, which is also referred to as the Hoek-Brown-GSI method seems to be the best 

choice as it can provide a complete set of input parameters for the numerical analysis. If the 

GSI, UCS and mi values are known, the complete set of the necessary input parameters for 

numerical modelling such as rock mass constants (mb, s, a ), rock mass deformation modulus 

(Em) or equivalent Mohr Coulomb parameters (cohesion and friction angle) can be obtained

by using the Hoek et al. (2002) failure criterion. The generalized form of the Hoek - Brown 

criterion is expressed as:

a

ci
bci sm 3

31 2.15

where 1 and 3 are the major and minor effective principal stresses at failure, respectively, 

bm is the value of the Hoek-Brown constant which depends on the characteristics of the rock 

mass, and ci is the uniaxial compressive strength (UCS) of the intact rock sample. The rock 

mass constants ( bm , s and a), can be calculated using the relations (Hoek et al., 2002)

D
GSImm ib 1428
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where D is a factor which depends on the degree of disturbance the rock mass has been 

subjected to by blast damage and stress relaxation. It varies from 0 for undisturbed in situ rock 

masses to 1 for very disturbed rock masses. The uniaxial compressive strength of the rock 

mass is obtained by setting 3 = 0 in Equation (2.15) giving:

a
cicm s . 2.19
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According to Hoek et al. (2002) the tensile strength could be derived from Equation (2.15) 

when setting 1 = 3 = t giving:

b

ci
t m

s
. 2.20

Different equations have been proposed to determine the deformation modulus of the rock 

mass Em based on the range of the intact rock UCS. Hoek et al. (2002) suggested that the 

deformation modulus of a rock mass with intact rock UCS greater than 100 MPa and less than 

100 MP could be estimated from Equations 2.21 and 2.22, respectively
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Hoek and Diederichs (2006) presented an improvement to Equations 2.21 and 2.22 as:

11/25751
21

100000 GSIDm e

D
E 2.23

Equation (2.23) can be used where only GSI (or RMR or Q) is available. However, where 

information on the UCS of intact rock is available a more detailed equation is presented by 

Hoek and Diederichs (2006) as:

11/15601
2/102.0 GSIDim e

DEE                                                                                               2.24

where Ei is the Young’s modulus of the intact rock. When a reliable value of Young’s 

modulus is not available it could be determined from the modulus ratio (MR) proposed by 

Deere (1968) thus:

cii MRE 2.25

The necessary parameters for the Mohr-Coulomb failure criterion can also be determined, 

such as equivalent angles of friction and cohesion for each rock mass using the following 

relations:
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where is  friction angle, c is the cohesion and  
ci

n
max3

3 .

The issue of determining the appropriate value of max3 for use in Equations (2.26) and (2.27)

depends upon the specific application. For all underground excavations which are surrounded 

by a zone of failed rock that does not extend to the ground surface 3max can according to 

Hoek et al. (2002) be determined by using the relation

94.0
max3 47.0

H
cm

cm

2.28

where cm is the rock mass strength, is the unit weight of the rock mass and H is the depth 

of the excavation below the surface. In cases where the horizontal stress is greater than the 

vertical stress, the horizontal stress value should be used in place of H.

Hoek and Brown (1980) also proposed a concept of a global rock mass strength e.g., for 

estimating the overall strength of pillars. The global rock mass strength can be estimated from

the Mohr-Coulomb relationship:

sin1
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cm 2.29

where c and determined, for the stress range 43
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2.6 Probability estimation of rock mass strength and deformability parameters

The various parameters considered in the rock mass classifications/characterizations exhibit 

uncertainty (both aleatory and epistemic) hence these parameters should be described as 

random instead of deterministic. For the application of the Hoek-Brown-GSI method 

described previously, Hoek (2007) suggested that the mean values of the basic input 

parameters (UCS, GSI and mi) should not be used because all the input parameters exhibit 

variation about their mean values. He suggested that random values of these parameters 

should be used instead.

Basically, the determination of the strength and the deformability modulus of the rock mass 

using a probabilistic approach is a step-wise process starting with the quantification of 

uncertainties in the joint properties and the intact rock materials. The quantification of 

uncertainties has been discussed in Section 2.4. The probability distributions of the joints 

properties and the intact rock materials together with their corresponding statistical 

parameters (mean and standard deviations) are used as the input parameters for the Hoek-

Brown empirical equations to determine the probability density functions and statistical 

moments (mean and standard deviation) of the rock mass deformation modulus and strength

parameters by running Monte Carlo simulations (MCS). Each simulation uses a particular set 

of values for the random variables generated in accordance with the corresponding probability 

distributions. Therefore, a set of solutions, each corresponding to different sets of values for 

the random variables, is obtained. Figure 2.3 shows a simple illustration of the probabilistic 

approach for the determination of the rock mass deformation modulus and strength 

parameters using the MCS technique. 

The MCS requires a large number of cycles to adequately sample the tails of the input 

distributions. Latin hypercube is a refinement of the MCS using a stratified sampling. It is 

more efficient, requiring fewer cycles to adequately sample all the tails of the input 

distributions. It requires 5 to 10 times less cycles than the MCS (Startzman and 

Wattenbargger, 1985). The MCS is available in the Excel add-in program @RISK and Latin 

hypercube can be accessed as an option in the program. The accuracy of the results of the 

MCS depends on the number of iterations or cycles, the more cycles the better the accuracy. 
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Figure 2.3. Probabilistic approach for the determination of rock mass deformation modulus 

and strength parameters using the MCS 

2.7 In situ stresses and their variability

Prior to any underground excavations the rock mass is subjected to in situ stresses. As a 

consequence of the excavation the stresses in the rock mass will re-distribute. The new 

stresses are directly related to the in situ stresses (and the shape of the excavation). Hence the 

knowledge of the magnitudes and orientations of the in situ stresses is necessary for the 

design of underground excavations. 
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The in situ stresses can be measured directly, for example, using over-coring or hydraulic 

fracturing methods. Sometimes the direct measurement may be costly for a specific mine 

project therefore the in situ stress condition for the mine can be determined based on the 

existing stress data for the region. Also numerical analysis can be used to back analyse the in 

situ stresses.

The uncertainty in the in situ stress can be attributed to the actual spatial variation of the stress 

field at various locations (aleatory) and measurement errors (epistemic). In a situation when 

there is enough data from the in situ stress measurements for a specific mine the uncertainty 

in the data can be quantified and the statistical moments including the PDF can be 

determined. In situations when there are insufficient stress data the ranges (i.e. minimum and 

maximum values) of the available in situ stress data can be used to determine the mean and 

standard deviation. Also the distribution for the data can be assumed. Simple distributions 

such as triangular or normal distribution can be assumed (e.g. Cai, 2011).  

2.8 Stability analysis of underground mine excavations

The stability and functioning of underground mine excavations depend on the interaction 

between the rock mass and the opening (including any rock support). The factors influencing

the stability of underground excavations can be broadly categorized into three: the rock mass 

quality, the mechanical process and the excavation geometry. The rock mass quality is related 

to the rock mass deformation modulus and strength parameters, strength anisotropy, presence 

of discontinuities and weathering effects. In underground mine excavations two types of 

instabilities are encountered: (i) structural controlled and (ii) stress induced. The two types of 

the instabilities are shown in Figure 2.4.

Figure 2.4. Typical models of instability in underground mine excavation (a) Stress-induced 

brittle failure (b) Structural gravity driven instability (after Martin and Christiansson, 2009)

a b
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Stability analysis is an integral part of underground excavation design. Common methods to 

analyse the stability of underground excavations are analytical, empirical and numerical 

methods. Analytical methods are generally based on the use of closed-form solutions such as 

those proposed by Kirsch (1898) and Ladanyi (1974). The analytical methods are only 

suitable for simple excavation geometries such as circular openings and two dimensional 

wedges (Zhang and Mitri, 2008). The empirical methods can be divided into two approaches. 

The first approach is the rock mass classification which uses a set of rock mass properties to 

rate the quality of the rock mass and can be used as a basis to assess the performance of 

underground mine excavations (Suorineni, 1998). The second approach is empirical 

underground excavation design which combines the geometry of an excavation and the rock 

mass quality to assess the stability of the excavation. One such method is the Stability Graph 

Method introduced by Mathews et al. (1981) and modified by Potvin (1988). The stability 

graph method uses the Q-system and also takes into account the influence of stress, joint 

orientations with regard to excavation as well as the geometry of the excavation. This method 

is widely used especially in Canadian mines however there are some limitations to its 

application. Many authors (e.g. Mitri et al., 2011; Suorineni, 2010) have expressed concern 

about the limitations of the stability graph such as: poor representation of the sliding failure 

modes in footwalls by the gravity factor, the stress factor not taking into account instabilities 

by tension, oversimplification of complex geometry (as hydraulic radius can only be 

calculated from regular shape), effects of faults not considered and subjectivity in defining the 

stability zones. In addition, the stability graph method does not have a general application, 

because it is site specific (Stewart and Forsyth, 1995). Most of the limitations of analytical 

and empirical methods are circumvented by the numerical methods and hence these methods 

are widely used for the design and analysis of underground mine excavations. According to 

Jing and Hudson (2002) the most applied numerical methods for rock mechanics problems are 

(i) continuum methods (finite difference method, finite element and boundary element 

method), (ii) discrete methods (discrete element method and discrete fracture network 

method), and (iii) hybrid continuum/discrete methods. The choice of these methods depends 

on the problem scale and fracture system geometry (Jing and Hudson, 2002). A number of

different numerical modelling software have been developed using different numerical 

methods. This software gives the user the control to model any rock mechanics problems that 

defy both analytical and empirical solutions. In addition, some of the software packages have 

built-in programming languages that make the software programs flexible and adaptable to 

many complex problems.
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2.8.1 Deterministic approaches

The methods described in section 2.8 are commonly applied in the analyses of underground 

excavations using mean or characteristics values of the input parameters. This approach is 

purely deterministic and it does not consider the inherent variability in the rock mass 

parameters. Sometimes to cater for the variability, a worst case scenario (e.g. specify lowest 

possible values for input parameters) is often considered albeit in a deterministic manner, the 

worst case values may result in designs which are overly conservative. From a safety point of 

view this approach may be suitable however it may be too costly and not economical. Any 

reliable design method should be able to optimize profit without compromising the safety of 

personnel and equipment. Sensitivity analysis is also a common tool adopted in deterministic 

analyses. This is a systematic way of varying single input parameters around its mean value 

while keeping other input parameters constant. This method only gives information about the 

effect of each of the parameters on the overall behaviour of the system being considered and it 

does not explain the underlying compound effect of the variability of the input parameters on 

the rock mass around the underground excavation. Since the input parameters for the stability 

analyses of any rock excavations are not known precisely there is a finite probability that the 

excavation that appears stable under deterministic analyses may fail. 

2.8.2 Probabilistic approaches

Probabilistic methods account for the uncertainties in the rock mass properties and can be 

used to evaluate the reliability of the excavations in terms of stability. A probabilistic 

approach can be applied to all of the methods described in section 2.8 if their input parameters 

are treated as random variables. For instance, a probabilistic approach has been applied to key 

block analyses using Monte Carlo simulations by e.g., Estherhuizen (1996), Estherhuizen and 

Streuders (1998), Grenon and Hadjigorgiou (2003), Dunn et al. (2008), Bagheri (2011). Also 

Diederichs and Kaiser (1996) incorporated input variability into the modified stability graph 

method to determine the probability of open stope stability. Numerical methods can also be 

used in conjunction with probabilistic methods for the stability analyses. Due to the versatility 

of numerical methods they are preferred to other methods as noted previously.

In the past few decades, probabilistic methods applied to rock mechanics problems have

received considerable attention in the literature, especially for slope stability analyses. A 

detailed review of the probabilistic methods used in slope stability analysis can be found in 

Mostyn and Li (1993), El-Ramly et al. (2003), and Baecher and Christian (2003). The reason 

for the preponderant of probabilistic approach to slope stability problems may be connected to 



24
 

the fact that the problems are highly amenable to probabilistic approach as the stability 

analyses utilize limiting equilibrium methods whereby the mean factor of safety can be 

calculated using a simple set of equations. Probabilistic methods have also been applied to 

gravity-driven instability problems in underground excavations (such as Chen et al., 1997; 

Hutchinson et al., 2002; Nomikos and Sofianos, 2011). In these cases it is possible to separate 

loads (i.e. stress) from the resistance (i.e. rock mass strength) and determine the factor of 

safety. Applying a probabilistic method to underground excavation problems which involve 

stress-driven instability has been a challenging task. The behaviour of the rock mass at failure 

around the excavations is complex such that the failure propagation and the deformation of 

the rock mass cannot be represented by simple equations (Hoek et al. 1995). Relatively few 

studies have been published that apply probabilistic methods to underground excavation 

problems which are stress-driven (e.g. e.g. Chen et al., 1997; Valley et al. 2010; Cai 2011; 

Idris et al. 2011; Goh and Zhang, 2012; Langford and Diederichs, 2013; Abdellah et al.,

2014).Therefore there is still need for more studies to understand how probabilistic methods 

can be incorporated with numerical modelling to analyse the complex stress-driven instability 

problems of underground mine excavations.

The probabilistic methods used in geotechnical analyses employ different statistical tools and 

assumptions. According to Park et al. (2012) the probabilistic methods can be divided into 

two categories: analytical approximation methods (e.g., the first-order second moment 

method) and sampling based methods. Analytical approximation methods may not be suitable 

for the assessment of rock engineering problems that involve numerical modelling since they 

require explicit functions which are not readily available or difficult to apply to underground 

excavation problems. Sampling based methods could be discrete sampling or random 

sampling (simulation based) method. The discrete sampling methods such as the Point 

Estimate Methods (PEM), the Response Surface Method (RSM) and the Artificial Neural 

Network (ANN) assume that the scale of the variability is large compared to the domain of 

the problem being considered such that the domain (i.e. the rock mass) can be treated as 

homogenous. When the scale of the variability is small then the variability has to be treated as 

heterogeneous. In that case simulation based methods such as the Monte Carlo Simulation 

(MCS) or the Strength Classification Method (Idris et al. 2011) would be most appropriate to 

use. With the simulation based sampling methods the heterogeneity of the rock mass can be 

explicitly considered in the numerical modelling by randomly distributing the rock mass 

material properties over the modelled domain such that each zone which represents the 
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“grain” of the rock mass has different properties or the properties are spatially distributed 

based on the correlation length between the properties. This method tends to model the rock 

mass behaviour to match the reality. In the following sections some common probabilistic 

methods which were considered are briefly described.

Point Estimate Method (PEM)

The Point Estimate Method was originally proposed by Rosenblueth in 1975 (Rosenblueth, 

1975) for symmetric variables and revised in 1981 (Rosenblueth, 1981) to include asymmetric 

variables. According to Christian and Baecher (1999) PEM is a special case of the gaussian 

quadrature. In PEM, the statistical moments of a function are approximated from the random 

variables by replacing the PDFs of each of the random variables with a probability mass 

function (PMF) consisting of a few discrete points, typically two points. Since the random 

variables are sampled at a few selected discrete points, the application of the PEM may not 

require the a priori knowledge of the PDF of the random variables.

In the two point estimate method, 2n estimations are needed when there are n correlated or 

uncorrelated random variables with a symmetric distribution. The two points of estimation are 

chosen at one standard deviation above ( ) and below ( -) the mean value for each 

distribution and each point of estimation has a weighting value which depends on the 

correlation between the variables. For uncorrelated variables, each point of estimation will be 

weighted equally with the value 2-n. There have been several modifications to the 

Rosenblueth’s procedure to optimize computational accuracy and effort (Lind 1983; Zhou and 

Nowak 1988; Hong 1989; Harr 1989) but there have not been any significant difference when 

comparing the results of the modified with the original PEM (Park et al. 2013; Harr 1989; 

Peschl and Schweiger, 2003). However, for a system with many random variables the original 

PEM is practically not suitable and the modification by Harr (1989) becomes most 

appropriate. Nevertheless, these modifications move the weighting points further away from 

the mean values as the number of the variables increases, and can lead to input values that 

extend beyond the valid domain, according to Christian and Baecher (2002).

The PEM has been used together with numerical methods for the analysis of underground 

excavation stability (e.g. Hoek 1998; Cai 2011; Langford and Diederichs 2012; Abdellah et 

al. 2014).
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Response Surface Method (RSM)

The Response Surface Method is a collection of mathematical and statistical techniques used 

to develop a functional relationship between a dependent output y and a number of associated 

input variables (x1, x2,..xn). This relationship is implicit in most geotechnical engineering 

problems and generally unknown. However it can be approximated by a low-degree 

polynomial model of the form:

),...,( 21 nxxxfy 2.31

where is the error observed in the output y and ),...,( 21 nxxxf is called the response 

surface. The most common response surfaces used in geotechnical engineering problem are 

low-order polynomials (first-order and second-order models). If the output can be well 

modelled by a linear function then the first-order model is used otherwise the second-order 

model is used. A general first-order model is defined as:
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and the general second-order model with interacting terms is defined as:
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where ai are the regression coefficients and n is the number of basic input variables. 

In the RSM analysis (similar to PEM) 2n full factorial design is used to fit the first order linear 

regression. For the second order quadratic regression, at least 
2

)2)(1( nn sampling points 

are needed to fit the polynomial. Contrary to the Rosenblueth’s PEM in which the sampling 

points must be ± 1 the standard deviation around the mean, the sampling points for the RSM 

can be more than one standard deviation below and above the mean value of the input 

variables which provides more flexibility in choosing the sampling points. However, the 

sampling points can affect the results obtained from the response surface. RSM has been used 

in combination with numerical analysis to assess the stability of underground mine excavation 

(e.g., Mollon et al. 2009; Lü and Low 2011). 
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Artificial Neural Network (ANN)

The ANN, also referred to as neural network, is an information system that imitates the 

behaviour of the human brain by emulating the operation and connectivity of the brain to 

generate a general solution to a problem. ANN can be used to extract patterns and detect 

trends from problems where the relationship between the inputs and outputs are not 

sufficiently known. The ANN has been frequently used for functions approximation in 

different fields of science, including geotechnical engineering (Shahin et al., 2001). Basically, 

the ANN consists of simple interconnected nodes or neurons as shown in Fig. 2.5 where p is 

the input, w is the weight, b is the bias, f is the transfer function and a is the output.

Fig. 2.5. Simple structure of an ANN model

If the neuron has N number of inputs then the output a can be calculated as:

bpwfa i

N

i
i

1

2.34

There are different types of transfer functions that can be used in ANN such as hard limit 

transfer function, linear transfer function, log-sigmoid transfer (Beale et al., 2012). The choice 

of the transfer function depends on the specification of a problem that the neuron is 

attempting to solve (Beale et al., 2012).

The architecture of ANN consists of the number of layers, the number of neurons in each 

layer and the neuron transfer functions. Two or more neurons can be combined in a layer and 

a network could contain one or two layers whereby each layer has different roles. There are

output layers, input layers and intermediate layers or hidden layers. There is always one 

output layer and one input layer while there can be many hidden layers for an ANN. 

However, it is known that a network with one hidden layer can approximate any continuous 

function provided with sufficient connection weights (Hornik et al., 1989). The number of 

neurons in the input and output layer are determined by the number of the model input and 

ƒp

b

aw
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output variables. There is no exact guide for determining the number of neurons in the hidden 

layer, however e.g. Aldrich and Reuter (1994), Kanellopous and Wilkinson (1997) and Seibi 

and Al-Alawi (1997) have proposed heuristic relations for determining the neuron size.

Before an ANN can be used to make projections or predictions it has to be trained. In the 

training or learning process the network is presented with a pair of training data sets including 

input and corresponding target values. The network computes its own output using its initial 

weights and biases. Then, the weights and biases are adjusted iteratively to reduce the errors 

between the network output and the target output. Mean square error is used as an error index 

during the training phase to improve the network performance (Tawadrous et al. 2009). One 

of the most commonly used learning algorithms in geotechnical engineering is the back-

propagation algorithm (BPA) proposed by Rumelhart et al. (1986). In the BPA there are two 

phases: forward prediction which calculates the output values of the ANN from training data 

and error back-propagation which adjusts the weight. There are many techniques to adjust the 

error but the steepest descent method is often used (Tawadrous et al., 2009). Once the training 

process of the ANN is completed predictions can be made for a new input dataset.

The ANN has been applied in the stability analysis of tunnels and underground excavations 

(e.g., Lee and Sterling 1992; Moon et al. 1995; Yoo and Kim 2007; Lü et al. 2012; Mahdevari 

and Torabi 2012).

Monte Carlo Simulation (MCS) method

In geotechnical analysis the MCS can be used to obtain the probability distribution of the 

dependent random variables given the probabilistic distribution of the independent random 

variables. The MCS is considered a powerful tool as it can accurately cover the entire 

distribution of all uncertain parameters. The MCS can also be utilized to explicitly introduce 

rock mass heterogeneity into numerical models by randomly assigning different material 

properties to each zone of the model based on their probability distribution. In this case, each 

zone of the model is considered as a “grain” of the rock fabric. The locations and 

combinations of the input variables randomly assigned in the model are different for each 

simulation. The main disadvantage of the MCS is that it requires many simulations in order to 

achieve desired accuracy. However, few Monte Carlo simulations (e.g. 100 simulations) can 

be used to approximate the statistical moments of the output variables (Hammah and Yacoub, 

2009). 
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Strength Classification Method (SCM)

The strength classification method is a modified form of the MCS with the aim of reducing 

the computation time. For the SCM the probability density function (e.g. normal distribution) 

for each random input parameter can be divided or partitioned into a number of classes or 

groups of different intervals. The PDF can be approximated with a histogram as shown in Fig. 

2.6 where the width of the rectangles of the histogram represents each of the interval or class.

The probability of a random value x of the input parameter within the interval (a, b) can be 

calculated as

b

a X dxxfbxaP )()( 2.35

where )(xf X  is the probability distribution function (PDF). For a normally distributed input

parameter the probability that a random value of the input parameter is within the interval

( and ), ( 2 and 2 ) and ( 3 and 3 ) is 68.3%, 95.4% and 99.7%, 

respectively. The mean and the standard deviation of the random value are µ and ,

respectively. 

The SCM can also be used to introduce heterogeneity of the material properties into a 

numerical model. The zones in the model will randomly be assigned properties from the 

classes according to their probabilities, for instance N % of the zones will get properties 

corresponding to the class or group of the input parameter with N % probability. The middle 

value of the interval can be used to represent the random input variables for each class or 

group. Similar to the MCS, the location of each input variable is randomly varied at each 

realization of the numerical simulation. Also the SCM requires many simulations to achieve 

the required accuracy but a few simulations could also be used to approximate the statistical 

moments of the output variables.
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x

Fig. 2.6. Probability density function partitioned into different intervals

2.8.3 Probability of failure, mean factor of safety and reliability index

The basic design objective of any geotechnical structure is to ensure that the load (L) acting 

on the structure does not exceed the strength or resistance (R) of the structure. Therefore the 

limit state or safety margin (M) is always defined as

LRM 2.36

The structure is safe when M > 0 and unsafe when M < 0 while the failure surface is M = 0.

The Factor of safety (FOS) of the structure is also defined as

L
RFOS 2.37

and the failure of the structure is assumed to occur when FOS < 1.

Because of the uncertainties in the geotechnical materials both the load and the resistance 

could be considered as functions of random variables (x). Both load and resistance can be 

characterized by their means μL and μR and standard deviations L and R , respectively, 

together with their corresponding PDFs. The limit state (M), represented by g(x), and the 

probability of failure Pf can be defined as:

)()()( xLxRxg 2.38

0)(xgPPf 2.39
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A graphical representation of the relationship between the PDFs of the load and resistance is 

shown in Figure 2.7. The area of overlap between the two PDFs provides a qualitative 

measure of the probability of failure. The probability of failure depends on both the statistical 

moments (mean and standard deviation) of the two PDFs.  When the relative distance between 

the two PDFs increases, the overlapped area will reduce hence the probability of failure will 

decrease. Also when the dispersion of the PDFs (i.e. standard deviation) is small then the PDF 

curves become narrow and the overlapped area becomes small hence the probability of failure 

will be small. This shows that the probability of failure is a function of both mean and 

standard deviation. When the mean factor of safety is determined as 
L

R the effect of the 

dispersion which is the measure of the uncertainty in the material properties is not considered. 

Therefore two systems with the same µL and µR but different L and R will have the same 

mean factor of safety though different probability of failure.

Figure 2.7. Load and resistance distribution

The PDF of the limit state g(x) which is a graphical representation of the overlap area is 

shown in Figure 2.8. 
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Figure 2.8. Probability density function for the limit state g(x)

The reliability index ( ) is another important parameter for assessing the stability of 

geotechnical structures. It represents a normalized distance between the mean of the limit 

state (μg) and the failure surface (i.e. g(x) = 0). Therefore ( ) can be defined as:

g

g 2.40

where g is the standard deviation of the limit state.

If the limit state function, g(x) is assumed to be normally distributed, probability of failure, Pf

can be determined from the reliability index thus:

)(1fp 2.41

where is the cumulative density function (CDF) of the standard normal variable. 

In geotechnical engineering the determination of the probability of failure and the reliability 

index using the load and resistance relationship is amenable to the problems that the stress

(i.e. load) acting on the geotechnical structures can be separated from the strength of the 

structures (i.e. resistance) such as in slope stability analyses or in the structurally controlled 

gravity-driven instability problems. In these cases explicit analytical equations are available 

for both the stress and the strength of the structures. However, for underground mine

excavations problems involving stress driven instability the stress and the strength are 

interrelated. When the rock mass surrounding an excavation is stressed to a level that initiates 

fractures, the subsequent propagation of the fractures and the deformation of the rock mass 

g(x) = 0

g(x) > 0
g(x) < 0

µg

g

PDF
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becomes complex hence the process cannot be represented with simple equations (Hoek et al. 

1995). In such situations, numerical modelling is required to determine the response of the 

rock mass (e.g. deformation or yielding) as a result of the excavation within the rock mass. 

In underground excavation, failure is a generic term that could describe everything from 

plastic yielding in the material, visible cracks on the boundary of the excavation, rock falls or 

even complete collapse of the excavation (Eldebro and Sandström, 2009). In most cases the 

“failure” of an excavation is defined as the rock mass response of interest (e.g. convergence,

strain, depth of yielding zone etc.) exceeding a predefined maximum tolerable limit and in 

that case the excavation is considered unstable. For instance, if a critical strain that a rock 

mass can withstand is defined then the probability of the instability is the probability of the 

strain around the excavation exceeding the critical strain. 

When the probability methods explained in Section 2.8.2 are combined with numerical 

models the statistical moments of the rock mass response are obtained (e.g. from PEM, MCS, 

SCM) or the implicit equations that relate the rock mass response with the random input 

parameters for the numerical model can be obtained (e.g. from ANN and RSM). The 

statistical moments and their respective PDFs or the derived equations can then be combined 

with the predefined maximum tolerable limit to define the limit function or performance 

function for the excavation. Monte Carlo simulations of several trials (e.g. 104 or more) can 

then be performed on the performance function to determine the probability of instability and 

reliability index.
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3 PROBABILISTIC ESTIMATION OF ROCK MASS PROPERTIES: CASE 

STUDIES

 

3.1 Introduction

The basic input parameters of the Hoek-Brown criterion are intact rock parameters (i.e. UCS

and Hoek-Brown material constant, mi) and the Geological Strength Index (GSI). The 

uncertainty in the UCS and mi can be quantified by using statistical techniques based on the 

available data or information on the parameters. The GSI can be quantified either by using 

qualitative or quantitative methods. A probabilistic method was used in two case studies to 

estimate the rock mass properties; case (I) the Malmberget mine and case (II) the Laisvall 

mine, both in Sweden. In the case study (I) the qualitative approach was used for the 

quantification of the GSI uncertainty while a quantitative approach was used in the case study 

(II).

3.2 Case study (I): The Malmberget mine 

The Malmberget mine is owned and operated by LKAB and it is located in Gällivare 

municipality in northern Sweden. It comprises more than twenty orebodies which are 

distributed over an area of about 5 km by 2.5 km.  The Malmberget orebodies primarily 

comprise magnetite ore with varying amounts of apatite. The main gangue minerals are 

apatite, amphibole, pyroxene and biotite. The orebodies are strata bound and frequently 

surrounded by ore breccia. The ore breccia is characterized by a vein system and 

impregnations with magnetite, apatite, biotite, and a number of minerals. The orebodies are 

strongly affected by metamorphic recrystallization and ductile deformation. Large granite 

intrusions of the granite-pegmatite association are situated near the deposit (Bergman et al., 

2001). The host rocks at Malmberget consist of metamorphosed volcanic rocks such as 

gneisses and fine-grained feldspar-quartz rock called leptites. Granite veins often intrude the 

ore (Quinteiro et al., 2001). 

Based on field observation by Basarir (2012) of a test drift at the mine the main rock types 

were determined as red leptite, grey leptite, red-grey leptite, biotite and magnetite. The biotite 

was divided into two classes: biotite I and biotite II based on their strength. Biotite II is 

stronger than biotite I.
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3.2.1 Intact rock parameters for case study (I)

The uniaxial compressive strength values of the intact rocks have been determined from 

laboratory tests and reported by Basarir (2012). The results of the UCS tests showed 

variability in the data. This could be as a result of a random process (aleatory) or of 

measurement errors. Hence, the normal distributions were assumed to describe the random 

characteristics of the UCS values, consistent with suggestions by Grasso et al., (1992), Sari 

and Karpuz (2006) and Cai (2011).  

The Hoek-Brown rock material constant, mi is recommended to be determined by statistical 

analysis from the results of a set of triaxial tests. However, the value of mi can also be 

estimated from the ratio of uniaxial compressive strength and tensile strength (Hoek and 

Brown, 1980). Furthermore, the estimates of mi values can also be obtained from the 

published guideline tables such as those found in Marinos and Hoek (2000). The values of mi

were therefore estimated by combining the guideline table (Marinos and Hoek, 2000) and the 

ratio between the UCS and tensile strengths of the intact rocks. Basarir (2012) has reported 

the tensile strengths for some of the Malmberget mine rock types obtained from Brazilian test. 

The uncertainty in the mi value is usually small for most rock types (Cai, 2011; Hoek and 

Marinos, 2000). A coefficient of variation of about 10% was assigned for the mi for all the 

rock types. Similar to the UCS, a normal distribution was used to describe the probability 

distribution of mi. A summary of the statistical moments, mean (μ) and standard deviation ( ),

of the UCS and mi for the intact rocks is presented in Table 3.1.

Table 3.1. Statistical moments for UCS and mi for the intact rocks for all the rock types 

Rock type UCS (MPa) mi

μ μ

Red leptite 217 50 15 2

Grey leptite 80 8 10 1

Red-grey leptite 176 60 15 2

Biotite I 50 10 11 1

Biotite II 100 10 13 1

Magnetite 100 8 20 2
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3.2.2 The Geological Strength Index (GSI) for case study (I)

The ranges of the GSI values representing 90% confidence interval were reported by Basarir 

(2012). The mean values and standard deviations were determined for the rock masses using 

the reported GSI ranges. Normal distributions were assumed for the GSI values. The statistical 

moments for the GSI of the Malmberget mine rock types are shown in Table 3.2.

Table 3.2. Statistical moments for GSI for the Malmberget mine rock types 

Rock type GSI

μ

Red leptite 70 3

Grey leptite 65 3

Red-grey leptite 70 3

Biotite I 40 3

Biotite II 50 3

Magnetite 60 3

3.2.3 Rock mass deformation modulus and strength parameters with their variability for case

study (I)

The statistical moments of the UCS, mi and GSI for the rock types as well as their probability 

density functions (PDF) were used as inputs in the generalized Hoek-Brown empirical 

equations to generate the distributions and statistical parameters of the deformation modulus 

(Em), the tensile strength and the equivalent shear strength parameters (i.e. cohesion and 

internal friction angle). The distributions and statistical moments of their Hoek- Brown 

parameters (mb, s and a) were also determined concurrently.  The Monte Carlo technique 

available in the Excel add-in program @RISK (Palisade, 2001) was used for this purpose. The 

procedure for determining these parameters is shown in Figure 3.1.  The empirical equations 

have been described previously in section 2.5.2. As part of the input parameters for the 

empirical equations, the depth of the level of the drift which is 900 m and the disturbance 

factor (D) were considered to be deterministic. The disturbance factor was assumed to be 

zero. Table 3.3 shows the statistical moments - mean (μ) and standard deviation ( ), for 

deformation modulus (Em), tensile strength ( t), cohesion (c) and internal friction angle ( ). 

The distributions for the rock masses parameters follow normal and lognormal distributions. 
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The plots of the PDF for the Em, t, c and for the rock types as well as their Hoek- Brown 

parameters were reported in Idris et al. (2013) ( i.e. Paper I).

Figure 3.1. The procedure for the probabilistic determination of the rock mass parameters

Table 3.3. Statistical moments for the normal PDF for the rock masses parameters

Parameters Statistical

moments

Red 

leptite

Grey 

leptite

Red-grey 

leptite

Biotite I Biotite II Magnetite

Em (GPa) µ 46.72 21.40 42.74 4.00 10.09 17.95

8.72 3.29 7.42 0.71 1.55 2.69

c (MPa) µ 7.89 3.81 7.02 2.00 3.24 4.30

2.13 0.48 1.53 0.50 0.41 0.44

t (MPa) µ 1.60 0.60 1.33 0.05 0.19 0.26

0.66 0.20 0.52 0.02 0.06 0.08

( ) µ 51.17 39.30 50.00 29.47 39.35 45.84

2.27 1.53 1.97 1.98 1.35 1.33

3.3 Case study (II): Laisvall mine case

The Laisvall lead-zinc mine, although closed in 2001, was owned and operated by Boliden 

Mineral AB. It was located in northern Sweden. The Nadok orebody where a full-scale pillar 

test has been conducted by Söder and Krauland (1989) was chosen for this case study. The 

test area was situated in a sandstone formation with a maximum thickness of 11 m. The 

quartzitic sandstone was interlayered with thin shale partings and overlayered by lower 
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Cambrian clays schist. The thickness of the overlying strata of the orebody varied between 

110 and 300 m (Söder and Krauland, 1989). 

3.3.1 Intact rock parameters for case study (II)

The mean value and the range for UCS used for the rock types in the Nadok orebody have 

been reported by Söder and Krauland, (1989) and Palmström (1995). A normal distribution 

with a COV of 15% was assumed for the UCS. According to Rethai (1988) a COV of 15% -

20% is acceptable for most natural geological materials. A normal distribution with the mean 

of 17 and a COV of 10% was assumed for mi following the suggestions of Marinos and Hoek 

(2000) for sandstone. The statistical moments for the UCS and mi for this case are presented 

in Table 3.4.

Table 3.4. Statistical moments for UCS and mi for case study (II)

Parameters µ

UCS (MPa) 210 31.5

mi 17 1.7

3.3.2 The Geological Strength Index (GSI) for case study (II)

The GSI value was estimated using a quantitative method proposed by Cai and Kaiser (2006) 

(Equation 2.13) which defines GSI as a function of the block size and condition; block 

volume (Vb) and the joint condition factor (Jc). 

The ranges of the values of Vb and Jc for the quartizitic sandstone at the Laisvall mine have 

been reported by Exadaktylos and Stavropoulou (2008). The mean values and the coefficient 

of variation (COV) for both Vb and Jc were estimated based on the “Three-sigma rule” 

described by Dai and Wang (1992). The three-sigma rule is based on the fact that 99.73% of 

all values of a normally distributed parameter fall within three standard deviations of the 

mean. The normal distribution is assumed for both Vb and the distributions were truncated at 

their maximum and minimum values. 

The mean values and the COV for Vb and Jc together with their respective truncated PDF were

used as inputs in Equation 2.13 to generate the distribution of the GSI using the Monte Carlo 

simulation technique available in the Excel add-in program @RISK (Palisade, 2001). Table 

3.5 shows the statistical input parameters for Vb and Jc and the statistical output parameters for 

the GSI generated from the Monte Carlo simulation. 
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Table 3.5. Statistical moments for the Vb, Jc and GSI for case study (II)

Parameters µ Distribution

Jc 1.50 0.25 Normal

Vb (x103cm3) 200.00 33.00 Normal

GSI 58.7 2.34 Normal

3.3.3 Rock mass strength and deformability parameters and their variability for case study (II)

The procedure described in Figure 3.1 was also used for the determination of the statistical 

moments and the PDFs of the deformation modulus and strength parameters for the Laisvall 

mine case. The detailed description of the procedure can be found in (Idris et al., 2014b or 

Paper III in this thesis). Table 3.6 shows the statistical moments - mean (μ) and standard 

deviation ( ), for deformation modulus (Em), tensile strength ( t), cohesion (c) and internal 

friction angle ( ) for the Laisvall mine case. All the parameters are normally distributed.  

Table 3.6. Statistical moments for strength and deformability parameters for case study (II)

Parameters µ

Em (GPa 23.47 4.04

c (MPa) 4.03 0.39

t (MPa) 0.56 0.13

( ) 53.94 1.30
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4. APPLICATION OF PROBABILISTIC METHODS TO THE STABILITY 

ANALYSES OF UNDERGROUND EXCAVATIONS: CASE STUDIES

 

4.1 Introduction

Three cases were considered to illustrate the application of different probabilistic methods to 

different underground excavation problems concerning stability. In the first case (case I) the 

effect of the variability of the rock mass properties on the stability of a footwall drift at the

Malmberget mine was studied using the Point Estimate Method (PEM) in combination with 

FLAC version 7.0 (Itasca, 2011). In the second case (Case II) the Artificial Neural Network 

(ANN) was combined with FLAC3D version 5.0 (Itasca, 2012) to analyse the probability of 

pillar failure at the Laisvall mine. The Strength Classification Method (SCM) was utilized in 

combination with FLAC in the third case (case III) to assess the probability of instability of a 

stope within a complex rock mass.

In the following sections the approaches and the main results for each of the three cases are 

presented. Respective details for the cases can be found in the appended Paper II, III and IV, 

i.e. Idris et al. (2014a, 2014b, and 2011). 

4.2 Case study (I): Point Estimate Method (PEM)

4.2.1 Numerical modelling

The numerical modelling was carried out using FLAC. The FLAC model dimensions were 65 

x 266 m with a zone size of 0.25 x 0.25 m around the boundary of the simulated footwall drift 

at Norra Alliansen orebody at the Malmberget mine. The footwall drift was located at level 

1022 m and it was analysed with respect to the cumulative changes in the induced stresses 

when production was taking place at levels 932, 962, 992 and 1022 m. The cross-section of 

the drift is shown in Figure 4.1.

A multi-step approach was utilized to simulate the cumulative induced stresses around the 

drift at level 1022 m due to mining processes at the previous production levels. The induced 

stresses were extracted from the global-local model for the Malmberget mine presented by 

Perman (2013). The extracted stresses at a distance of 50 m from the northern part of the 

orebody contact were used as the model boundary stresses in term of horizontal stress ( xx), 

vertical stress ( yy), shear stress ( xy) (Figure 4.2). Figure 4.2 shows, in principle, the 
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schematic diagram of each production level and the induced stress around the drift at 1022 

level when each of the levels was mined.  

Figure 4.1. The geometry of the footwall drift

Figure 4.2. Different production levels and the induced stresses around the drift when each 

level is mined. The studied drift at level 1020 is marked with a dotted squared shape 

(Modified from Edelbro, 2012). (Note: the level is not the exact position of the brow)

There are about six different rock mass types where the drift is located. They are red leptite, 

grey leptite, red grey leptite, biotite (biotite I and II) and magnetite (Basarir, 2012). The 

average biotite (i.e. biotite II) is often seen to be closer to the drift and they are found to be 

mostly associated with the grey leptites (Savilahti, 2014). Therefore, biotite II and grey 

leptite material properties were considered in the study. There is variability in the material 
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properties of all these rock masses as reported by Idris et al. (2013) (Paper I). Table 4.1 

shows the mean ( ) and standard deviation ( ) for the material properties of biotite II and 

grey leptite that were used in the study. 

Table 4.1. Statistical parameters for biotite II and grey leptite material properties (Idris et al., 

2013)

Parameters Biotite II Grey leptite

Distributions Distributions

Em (GPa) 10.09 1.55 Normal 42.74 7.42 Normal

c (MPa) 3.24 0.41 Normal 7.02 1.53 Normal

t (MPa) 0.19 0.06 Normal 1.33 0.52 Normal

( ) 39.35 1.35 Normal 50.00 1.97 Normal

Four different scenarios were considered for the numerical modelling based on the location 

of the drift and the thickness of the weak zone as shown in Figure 4.3. Both deterministic 

and probabilistic numerical analyses were conducted. The mean values of the input 

parameters were used in the deterministic analysis while the variability of the parameters 

was considered in the probabilistic analysis

Harr’s modified Point Estimate Method (PEM) (Harr, 1989) was used to combine the 

probabilistic analysis and the numerical modelling of the drift for all the four Scenarios. 

Harr’s modified PEM was used instead of the original Rosenblueth PEM (Rosenblueth, 

1981) purposely to reduce the number of simulations.

In the Harr’s modified PEM for n numbers of input variables, 2n simulations are required to 

determine the mean and standard deviation of the targeted quantity. Therefore for the 8 input 

parameters used for the probabilistic analysis (4 parameters for grey leptite and 4 parameters 

for the biotite) 16 numerical simulations were performed. The two points of the estimation 

for each parameters are chosen at n and n . When each of the points is 

chosen for a variable the other variables are kept at their mean. The 16 combinations of the 

input variables were used for the numerical simulations for all the scenarios and the means 

and standard deviation of their results were determined using simple statistics. Normal 

distributions were assumed for the random results.
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Figure 4. 3.  Schematic diagram of the 4 scenarios considered (Not to scale)

4.2.2 Results and discussions

Effect of mining progress

The effect on the drift at level 1022 when the mining progressed from production level 932 to 

the same level of the simulated drift was studied with the deterministic numerical analysis. 

The results were presented in Figure 4.4. Figure 4.4 shows the contours of the maximum 

shear strain for the drift when the production was at different levels for the four scenarios. 

From the figure the effect of the mining progress as well as the thickness of the biotite zone 

were obvious. The shear zone occurred mostly on the left shoulder, roof and right shoulder of 

the drift. When the contours of the shear strain for all the scenarios were compared, the largest 

shear bands were observed in the drift in scenario 4 when the drift is completely surrounded 

with biotite zone. This shows that the thickness of the biotite zone relative to the location of 

the drift significantly affect the stability of the drift. The shear zone also increased 
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significantly around the studied drift when the mining progressed downward. When the 

production is on the same level as that of the studied drift the largest shear bands were 

observed in the drift for all the scenarios hence the most critical level as far as the stability of 

the drift is concern. Based on this result, the maximum shear strains at this step (step 4) were 

used in the continued analyses (deterministic and probabilistic) of the drift.



46
 

ST
Scenario 1 Scenario 2 Scenario 3 Scenario 4

1

2

3

4

LG

NOTE: LG = Legend; ST = Step of mining progress; Step 1 = when production was at level 

932; Step 2 = when production was at level 962; Step 3 = when production was at level 992; 

Step 4 = when production was at level 1022.

Figure 4.4. Maximum shear strain around the simulated drift when the production was at 

different levels for all the scenarios
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Maximum shear strain around the boundary of the drift

Maximum shear strains were evaluated at 5 points on the boundary of the drift. These points 

were located in the left sidewall (LSW), the left shoulder (LSH), the roof (RF), the right 

shoulder (RSH) and the right sidewall (RSW) of the drift as shown in Figure 4.5. The results 

of the deterministic analyses for all the scenarios were presented in Figure 4.6. The mean, 

minimum and maximum values (at 95%) of the maximum shear strains around the drift 

obtained from the probabilistic analyses for all the scenarios were summarised in Table 4.2.

As seen in Figure 4.6 and Table 4.2 the mean shear strains at the 5 points on the boundary of 

the drift obtained from the probabilistic analysis are almost the same as that of the 

deterministic analysis. However, the shear strains around the drift from the probabilistic 

analyses were obtained as distributions also their magnitudes ranged between minimum and 

maximum values (Table 4.2). It is seen that due to the variability of the input parameters, the 

predicted maximum shear strain, for instance, in the roof of the drift in scenario 4 ranged 

between 1.03 and 2.99 %.

Figure 4. 5. Reading points, where 1 is LSW, 2 is LSH, 3 is RF, 4 is RSH and 5 is RSW
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Figure 4.6 Maximum shear strains on the drift boundary for the different scenarios 

(Deterministic analyses)

Table 4. 2. Maximum shear strains around the drift from probabilistic analyses 

RP Maximum shear strains (%)

Scenario 1 Scenario 2 Scenario 3 Scenario 4

µ Min Max µ Min Max µ Min Max µ Min Max

LSW 0.12 0.06 0.18 0.17 0.13 0.21 0.14 0.08 0.20 0.25 0.13 0.37

LSH 0.42 0.19 0.67 0.47 0.25 0.69 0.40 0.09 0.71 0.96 0.41 1.51

RF 0.88 0.41 1.35 1.16 0.59 1.73 1.61 0.87 2.36 2.01 1.03 2.99

RSH 0.70 0.39 1.01 0.97 0.58 1.36 1.36 0.79 1.93 1.50 0.81 2.19

RSW 0.14 0.06 0.22 0.27 0.12 0.43 0.24 0.09 0.39 0.26 0.12 0.40

RP = Reading points, µ = mean value, Min = Minimum value, Max = maximum value

Assessment of the drift stability

To assess the stability of the drift the maximum shear strains at the 5 points on the boundary 

of the drift obtained from the analyses were compared with the critical shear strain proposed 

by Sakurai (1993). For the deterministic analyses, the obtained maximum shear strains at the 

5 points in relation to the shear modulus were plotted on the critical shear strain graph 

(Sakurai, 1993) as shown in 4.7.  The transition line on the graph was used to obtain the 
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critical shear strain to assess the stability of the drift. As it can be seen from Figure 4.7 the 

maximum shear strains in the left and right sidewalls of the drift are smaller than the critical 

shear strain while shear strains in the shoulders and the roof of the drift have exceeded the 

critical shear strain in all the scenarios. 

As discussed previously, when the variability of the input parameters are considered in the 

probabilistic analyses the results were distributions rather than deterministic values. Therefore 

it should be anticipated that the maximum shear strains in the left and right sidewalls of the 

drift could be larger than the critical shear strain. The probabilities of the maximum shear 

strains at the 5 points around the drift exceeding the critical shear strain were determined. The 

equation that defines the transition line on the critical shear strain graph and the PDFs of the 

maximum shear strains were used to develop drift performance function. Monte Carlo 

simulations (MCS) with 105 cycles were performed on the performance function using the 

Excel add-in program @RISK (Palisade, 2001). The reliability index ( ) of the drift was 

estimated from the mean and standard deviation of the drift performance function and the 

probability of the shear strain in the drift exceeding the critical shear strain was estimated 

from the reliability index. See Idris et al. (2014a) i.e. Paper II for the description of the 

development of the drift performance function.

The calculated reliability indices ( ) and the probabilities of the shear strain at the 5 points 

around the drift exceeding the critical shear strain (Pf) are presented in Table 4.3. The results 

of the drift stability assessments obtained from the deterministic analysis were compared with 

that of probabilistic analyses. The deterministic analysis shows that the maximum shear 

strains in the left and right sidewalls of the drift do not exceed the critical shear strain in all 

scenarios hence they are stable (Figure 4.7). However, probabilistic analyses indicate that the 

shear strain in the right sidewall of the drift might exceed the critical shear strain in scenarios 

2 (Pf 25%), 3 and 4 (Pf 13 and 18%, respectively) (see Table 4.3). This indicates that 

instability problems may occur (even though with low probability) in the drift right sidewall 

for scenarios 2, 3 and 4. The differences in the results between the deterministic and the 

probabilistic analyses are due to the variability in the input parameter in the probabilistic 

analysis. 
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Figure 4.7 Comparison of the maximum shear strain obtained around the drift with critical 

shear strain graph

Table 4.3 Reliability index and probability of the drift shear strain exceeding the critical shear 

strain for different Scenarios 

Reading 

points

Scenario 1 Scenario 2 Scenario 3 Scenario 4

fP (%) fP (%) fP (%) fP (%)

LSW 4.37 5.4 x 10-06 3.89 5.0 x 10-03 3.76 8.0 x 10-03 1.24 10.75

LSH -1.31 90.49 -1.88 97.00 -0.86 80.51 -2.26 98.81

RF -2.57 99.49 -3.09 99.90 -3.37 99.96 -3.23 99.94

RSH -2.73 99.68 -3.48 99.98 -3.56 99.98 -3.35 99.96

RSW 2.91 1.8 x 10-01 0.67 25.14 1.13 12.9 0.93 17.62
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4.3 Case study II: Artificial Neural Network (ANN)

This case study illustrates the application of Artificial Neural Network (ANN) to the analysis 

of the Laisvall mine pillar stability. ANN is an approximating tool that can be used to 

determine the relationship between the input and the output parameters where the explicit 

relationship is complex or practically impossible to obtain. A brief explanation of the ANN 

has been given in chapter 2. For this case study, a series of FLAC3D simulations were 

performed using random input parameters to determine the axial strains occurring in the 

simulated pillar. ANN was then used to approximate the relationship between the random 

input parameters and the axial strains to probabilistically analyse the stability of the Laisvall

mine pillar.

4.3.1 Numerical modelling

Modelling sequence

The modelling sequence adopted for the numerical analysis of the pillar in this study was 

similar to that of the full-scale test conducted by Söder and Krauland (1989) in the Laisvall 

mine. In the FLAC3D analysis the roadways were excavated creating the rib pillars. The next 

simulated mining step was the excavation of cross-cuts through the rib pillars leaving the 

panel pillars (Figure 4.8). This is referred to as mining step 0 in the modelling sequence. The 

pillar was then sequentially subjected to an increasing load by reducing the pillar cross-

section in slices in 6 steps. This is referred to as mining steps 1 to 6. Each step extracts one

slice of approximately 0.4 m from the length of the pillar and one slice of approximately 0.4 

m from the width of the pillar (Figure 4.9).

Figure 4.8. The layout of the test area and the geometry of the simulated pillar

15.5m

7.4 m

20 m

4.6 m

20 m

16.2 m
15.5 mSimulated 

8.1m
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123456

Direction of mining steps

Figure 4.9. Plan view of the mining steps (not to scale)

Input parameters

The uncertainty in the properties of the rock mass at the Laisvall mine was quantified and the 

statistical moments determined. The procedure used in determining the PDF and statistical 

moments for the rock mass parameters has been explained in Idris et al. (2014b) (Paper III). 

The statistical parameters of the rock mass have been presented in Table 3.6. The maximum 

horizontal stress ( H) and minimum horizontal stress ( h) recorded at the mine varied between 

20 MPa and 25 MPa (Marklund, 2013). A normal distribution was assumed for the horizontal 

in situ stresses with coefficient of variation (COV) of 3.7% using the three sigma rule. The 

vertical stress ( v) was considered to be deterministic and expressed as v = 0.027z, where the 

unit weight of the overburden is 0.027 MN/m3 and z is the depth below surface i.e. thickness 

of the overburden. The overburden varied between 110 and 300 m. Five different depths were 

considered to study the effect of the various depths on the stability of the pillar. 

4.3.2 Stability criterion and pillar performance function

Conventionally, the pillar stability is determined using a stress-strength based criterion. The 

elastically induced stress in the pillar is compared with the pillar strength to calculate the 

factor of safety. The pillar strength is determined using empirical formulae (e.g. Obert and 

Duvall 1967; Krauland and Söder, 1987; Sjöberg, 1992). Since some of the input parameters 

for the linear elastic analysis (i.e. deformation modulus (Em) and the horizontal stresses) were 

considered to be stochastic, sensitivity analysis was performed to determine the effect of 

variation in the stochastic parameters on the induced stress and axial strain in the pillar. The 
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results of the sensitivity analysis indicate that the axial strain in the pillar is sensitive to the 

variations in both the Em and the horizontal stresses while the induced axial stress is only 

sensitive to the variation in the horizontal stresses. Therefore, strain which is the response of 

the rock mass when subjected to stress/load was considered appropriate as a criterion for the 

probabilistic pillar stability analysis.

To determine the pillar failure using the strain-based criterion the axial strain ( ) was 

compared with the maximum strain the pillar can withstand and this is the critical strain.

Sakurai (1981, 1997, 1999) has developed a concept of critical strain for rock masses. The 

critical strain is the ratio of uniaxial compressive strength to Young’s modulus, which is given 

as:

100
m

cm
critical E

4.1

where critical is the critical strain, cm is the uniaxial compressive strength (UCS) of the rock 

mass and mE is the deformation modulus of the rock mass. The UCS of the rock mass cm is 

giving as

a
cicm s 4.2

where a and s are the rock mass constants. These Hoek- Brown empirical equations have been 

discussed in chapter 2.

Since the critical strain may not be the strain at failure for most rocks, Sakurai (1981) 

proposed a relationship between strain at failure and critical strain as shown in Figure 4.10

and can be estimated as

f

critical
failure R1

4.3

where failure is the strain at failure and fR is a parameter representing failure strength. 
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Figure 4.10 Relationship between strain at failure and critical strain (Sakurai, 1981)

According to Sakurai (1981) fR ranges from 0.05 to 0.8. The range of Rf suggested by 

Sakurai does not have a general application as it includes both weak and hard rocks. However, 

based on the study conducted by Cai et al. (2004) on the generalized crack initiation and 

propagation thresholds of brittle rock masses Cai (2011) proposed a Rf ranging from 0.1 to 

0.3 for hard rock masses. For this study Rf = 0.2 was assumed to be an approximated value 

for the rock mass at the Laisvall mine based on a rough estimate using the available data from 

the mine.

The performance function for the pillar or limit state function, g(x), and probability of failure 

Pf was defined as:

)()()( xSxRxg 4.4

0)(xgPPf 4.5

where R is the failure strain and S is the axial strain. Both R(x) and S(x) are PDFs of the 

random variable x. The reliability index ( ) was used to assess the reliability of the pillar 

stability and was defined as: 

g

g 4.6

where g and g are the mean and standard deviation of the PDF of g(x), respectively.
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4.3.3 Determination of closed-form equation for the axial strain

The ANN was used to approximate the equation for the axial strain. The equation defines the 

relationship between the axial strain and the random input parameters at each of the 

considered depths for all the mining steps. For each random variable (i.e. Em and H ), six 

sampling points were selected at equal interval within the range of 3 standard deviations 

above and below their respective means, resulting to 36 (i.e.62) combinations. The elastic 

analyses using FLAC3D were carried out using each of the 36 combinations of Em and H .

Constant values were used for Poisson’s ratio (0.2) and for the overburden (the mean depth, 

i.e. 205 m). The analyses resulted in 36 corresponding axial strains. The 36 datasets (i.e. 36 

combinations of the random variables and their corresponding 36 axial strains from FLAC3D

model) were divided into 3 subsets randomly for the ANN model training, testing and 

validation (70% of the datasets for the training, 15% for the testing and 15% for the 

validation). Having trained the ANN models the mathematical expressions relating the input 

variables (i.e. Em and H ) and output variable (i.e the axial strains) were developed as 

explained in Idris et al. (2014b).

The mathematical expressions developed from the trained ANN models were used together 

with the strain at failure to develop the pillar performance function. Monte Carlo Simulations

of 105 trials were performed on the pillar performance function to determine the pillar 

probability of failure and reliability index for the pillar at each of the considered depth for all 

the mining steps. Detailed explanation of this procedure can be found in Idris et al. (2014b) 

(Paper III).  

4.3.4 Results and discussions

Effect of mining step and depth on the stability of the pillar

By reducing the width-to-height ratio (W/H) of the pillar through the mining steps the 

strength of the pillar was reduced thereby allowing more strain to occur in the pillar. 

Consequently the probability of pillar failure significantly increased while the pillar reliability 

index decreased as shown in Figure 4.11.

The effect of different mining depths (i.e. depth of the overburden) on the stability of the 

pillar was studied. As shown in Figure 4.12 the stability of the pillar decreased as the mining 

depth increased. The vertical stress acting on the pillar increased when the mining depth 

increased and this increased the strain in the pillar thereby the probability of pillar failure 
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increased and the reliability of the pillar decreased. It can also be observed from Figure 4.12

that the probabilities of pillar failure at all the considered depths are very small up to step 4 

but increased significantly after step 4. 
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Figure 4.11. Effect of mining activities on the pillar stability
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Figure 4.12.  Probability of failure and reliability index for different depths at different mining 

steps

Effect of changing the coefficient of variation (COV) of the random variables 

The COV is a measure of variability in the value of a parameter or the measure of the spread 

of the distribution of the parameter. As the deformation modulus (Em) and the failure strain 



57
 

are functions of the UCS (of the intact rock) hence any change in the UCS will affect the 

stability of the pillar. Therefore the effect of changing the COV of the UCS on the pillar 

stability was investigated using five different values of the COV of the UCS (10%, 15%, 20% 

25% and 30%) without changing the mean value. The results of this investigation for the 

pillar at mining depth 280 m are presented in Figure 4.13. The mining depth 280 m was 

chosen as its results contain both small and large values of the probability of failure therefore 

it can represent the trend for the remaining depths. The results of the investigation show that 

the probability of failure of the pillar increased when the COV of the UCS increased. 

However, it is also noted that the effect of changing the COV is minimal at mining steps 0 and 

1 and this is due to the fact that the strain at these mining steps was small.  
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Figure 4.13.  Effect of changing the COV of intact rock UCS on the pillar probability of 

failure at different mining steps

4.3.5 Assessment of the pillar performance

The pillar performance for the different mining steps at different depths was assessed based 

on the criterion proposed by US Army Corps of Engineers (1997). The criterion is 

summarized in Table 4.4.  Figures 4.14a – 4.14g show and the corresponding performance 

levels for different depths and each mining step. Targeted performance levels of any 

geotechnical project depend on the nature of the project and the level of risk that can be 
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accepted. Risk is a product of the probability of failure and the consequence of the failure.

Priest and Brown (1983) have proposed a reliability index ( = 2.3) for geotechnical 

structures if the consequences of failure are moderately serious. Therefore the performance 

level of below average corresponding to = 2.5 was used for this study (see Table 4.4). 

Based on this chosen performance level for the pillar it can be seen from Figures 4.14a - 4.14g

that the targeted performance level, below average, can be achieved for the pillar at all depths 

for mining steps 0 to 2 (i.e. W/H = 1.61 to 1.37). The same performance level can also be 

achieved  for mining depths 205, 220, and 240 m for mining step 4 (i.e. W/H = 1.20). For 

mining step 5 the targeted performance level can only be achieved at mining depth 205 m.

It is obvious that the optimum dimension of the pillar that can be achieved depends on the 

level of the risk that could be tolerated. Therefore, when a targeted performance level is 

chosen for an underground structure the procedure described in this study can be used for 

optimal design of pillar dimensions especially when the variability of the input parameters are 

to be considered. 

Table 4.4. Typical values for reliability index and probability of failure and corresponding 

performance level (U.S. Army Corps of Engineers, 1997)

Reliability index Probability of failure Performance level

5.0 2.9E-7 High

4.0 3.2E-5 Good

3.0 1.35E-3 Above average

2.5 6.21E-3 Below average

2.0 0.023 Poor

1.5 0.067 Unsatisfactory

1.0 0.159 Hazardous
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Figure 4. 14.  Pillar reliability index ( ) and the corresponding performance level for different 

depths at each mining step.

4.4 Case study III: Strength Classification Method (SCM)

4.4.1 Background

During the site characterization of a mine in Canada the intrinsic variability of the rock mass 

properties was manifested. The ore deposit at the mine was found to be highly heterogeneous 

with variability and uncertainty in the mechanical properties of both the host rock and the 

massive sulphide ore. Furthermore, there was a strong mechanical contrast between the high 

grade massive sulphide ore and the host rock which is predominantly felsic gneiss and 

breccia. The site investigation coupled with laboratory tests produced distributions of physical 

and mechanical properties for the host rock and the massive sulphide ore.

4.4.2 Mode setup

The Strength Classification Method (SCM) was combined with FLAC to analyse and predict 

the probability of ground control problems around an open stope in the Canadian mine. The 

uniaxial compressive strengths of the rock samples obtained during the site characterization

for both the massive sulphide ore and the host rock were defined by normal distributions. The 

distributions of the UCS for the massive sulphide ore and the host rock were each partitioned 

into three strength classes: the high strength, medium strength and low strength based on their 

mean values ( ) and standard deviations ( ) as shown in Figure 4.15. The probability of a 

value of a value of the UCS occurring in each of the intervals for low strength, medium 
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strength and high strength classes are 16%, 68% and 16%, respectively. The middle value of 

each interval was used to represent each strength class. For instance, the value of the UCS 

corresponding to was used to represent the high strength class. The six UCS values 

were used to make generalisation of the variability of the strength for the entire rock mass. 

The GSI and mi for each strength class for the massive sulphide ore and the host rock were 

obtained from the mine. The UCS, GSI and mi for each class were used as input parameters 

for the generalized Hoek-Brown empirical equations to estimate the corresponding strength 

parameters and the deformation moduli for each class of the massive ore and the host rock.

Tables 4.5 and 4.6 summarise the input parameters for the massive ore and the host rock.  

FISH functions were written to randomly assign the input parameters for the massive ore and 

the host rock into the FLAC model. A detailed explanation for the procedure can be found in 

Idris et al. (2011) (Paper IV). 

Figure 4.15. Classification of the UCS and its interval on normal PDF
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Table 4.5. Input parameters for the massive sulphide ore

Property Massive sulphide ore

Low Mean High

Bulk modulus, K, (GPa) 1.0 7.68 10.0

Shear modulus, G, (GPa) 0.55 6.50 9.13

Cohesion, c, (MPa) 1.35 5.11 7.2
3) 4030 4050 4052

Tensile strength, t , ( MPa) 0.3 1.86 4.2

Friction angle, , ( ) 22 54 59.4

Table 4.6. Input parameters for the host rock

Property Host rock

Low Mean High

Bulk modulus, K,( GPa) 4.8 22.3 38.0

Shear modulus, G,( GPa) 3.3 16.2 31.0

Cohesion, c, (MPa) 6.8 8.9 13.2
3) 2896 2942 2968

Tensile strength, , ,( MPa) 0.81 6.35 11.2

Friction angle, ,( ) 48 60.4 62

4.4.3 Modelling sequence

A transverse open stoping method with a primary-secondary stope extraction sequence was 

used (Figure 4.16). Ten primary stopes were mined and backfilled leaving the secondary 

stopes as pillars in-between the primary stopes. The sequence followed in the modelling was 

that the model was first brought to equilibrium, after initializing the in situ stresses and 

boundary conditions. Thereafter the excavation of the primary stopes followed. Primary stope 

#1 was excavated and the model was brought to equilibrium, then it was backfilled and the 

primary stope # 2 was also excavated and the system brought to equilibrium, and then 

backfilled before the primary stope # 3 was mined. This process was repeated for all of the 

stages in the primary stope extraction sequence (see Table 4.7). 

t
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Secondary stopePrimary stope
 

Figure 4.16. Primary-secondary stoping sequence along the orebody strike

Table 4.7.  Description of the stages in the primary stope extraction sequence

Modelling stage Description

1 Excavation of stope # 1

2 Backfill in the stope # 1 and excavation of stope # 2

3 Backfill in the stope # 2 and excavation of stope # 3

4 Backfill in the stope # 3 and excavation of stope # 4

5 Backfill in the stope # 4 and excavation of stope # 5

6 Backfill in the stope # 5 and excavation of stope # 6

7 Backfill in the stope # 6 and excavation of stope # 7

8 Backfill in the stope # 7 and excavation of stope # 8

9 Backfill in the stope # 8 and excavation of stope # 9

10 Backfill in the stope # 9 and excavation of stope # 10

4.4.4 Results and discussions

The stability of the stopes was assessed using displacement or convergence indices. The 

indices are wall convergence ratio (WCR), roof sag (i.e. roof vertical displacement) ratio 

(RSR) and floor heave (i.e. floor vertical displacement) ratio (FHR). WCR = (wall 

convergence/stope span) x 100, RSR = (roof sag/stope height) x100 and FHR = (floor 

heave/stope height) x100  

Three different scenarios were considered based on the assumed percentage of the massive 

sulphide ore content by volume of the orebody. The base case is 15% massive sulphide ore 

content, while other percentages, 25% and 35% massive sulphide ore were also considered 

and they were mixed up together in the model.
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Since the input parameters for both the host rock and sulphide ore were randomly distributed 

together in the FLAC model the locations and combinations of the input parameters assigned 

to each zone in the FLAC model are different for each run. Ten runs were made and ten 

random maximum deformations in terms of WCR, RSR and FHR values were obtained. A 

normal distribution was assumed for the random maximum deformations.

Effect of variable rock masses properties and heterogeneity on stope stability

As shown in Figures 4.17 and 4.18, due to the variable material properties of both the host 

rock and the massive sulphide ore the WCR and RSR ranged between the predicted minimum 

and maximum values. For stope # 1 at the modelling stage 1 the COV of the WCR was 10.2% 

and that of the RSR was 22.6%. Note that the mean values and standard deviations are 

indicated on top of each plot in Figures 4.17 and 4.18. The detailed results of this analysis are 

given in Idris et al. (2011) (Paper IV). 

Figure 4.19 shows the effect of the rock mass heterogeneity on the stope deformation. When 

the heterogeneity is considered in the numerical analysis each zone in the FLAC model is 

regarded as a “grain” of the rock mass fabric and since each grain could have different 

strength and stiffness it deforms differently. The zones with lowest stiffness will have more 

displacement than the zones with high stiffness. In Figure 4.19(b) the zone with lowest shear 

modulus (0.55 GPa) shows more deformation (Figure 4.19(a)) than the other zones. 

In order to further study the effect of the material heterogeneity on the failure mechanism 

another simulation with homogeneous material was ran and the plastic plot was compared 

with that of the heterogeneous material. The base case was used for the comparison. The 

strength and deformation properties of both host rock and the massive sulphide ore were 

“homogenized” and used as input parameters for the FLAC model. The homogenized 

parameter for the model was estimated using the mean values for the strength parameters and 

deformation modulus for both the host rock and the ore together with the ratio of the host rock 

to the ore. For instance, the homogenized deformation modulus (Ehom) was estimated as:

oresulphiderockhost xExEE 15.085.0hom 4.7

where Ehost rock is the deformation modulus for the host rock and Esulphide ore is the deformation 

modulus for the sulphide ore. For the base case the massive sulphide ore is assumed to be 

15% of the content of the orebody by volume.
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Figure 4.20 shows the plasticity in the pillar in-between stope # 1 and 2 for the model with 

heterogeneous material (Figure 4.20a) and for the model with the homogenized material 

(Figure 4.20b). It can be observed that the pillar in the heterogeneous model yielded largely in 

tension which is due to the heterogeneity in the material properties. According to Diederichs 

(2007) increasing heterogeneity in the stiffness of the rock mass will promote the 

development of local tensile stress and can lead to a tensile dominated failure mechanism like 

spalling. Therefore, the heterogeneity in the material properties could affect the failure 

mechanism around the stope.  Similar observation was also made by Valley et al. (2010) 

whereby they reported that limited modulus heterogeneity (e.g. COV of 15%) is sufficient 

enough to induced internal tensile stress condition.

Modelling stage
1 5 10

Figure 4.17. PDF of WCR for stope # 1 at modelling stages 1, 5 and 10 for base case
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Modelling stage
1 5 10

Figure 4.18. PDF of RSR for stope # 1 at modelling stages 1, 5 and 10 for base case

Figure 4.19.  Effect of variable rock mass properties and heterogeneity on the magnitude of 

displacements (a) displacement vectors for stope # 1 (b) random distribution of shear modulus 

for all the six different material properties used in the model

Normal(0.121; 0.0274)

Pr
ob

ab
ilit

y 
de

ns
ity

Roof sag ratio %

0

2

4

6

8

10

12

14

16

18

20

0.
04

0.
06

0.
08

0.
10

0.
12

0.
14

0.
16

0.
18

0.
20

< >95.0%
0.0673 0.1747

Normal(0.221; 0.0308)

Pr
ob

ab
ilit

y 
de

ns
ity

Roof sag ratio %

0

2

4

6

8

10

12

14

16

18

20

0.
14

0.
16

0.
18

0.
20

0.
22

0.
24

0.
26

0.
28

0.
30

< >95.0%
0.1606 0.2814

Normal(0.247; 0.0315)

Pr
ob

ab
ilit

y 
de

ns
ity

Roof sag ratio %

0

2

4

6

8

10

12

14

16

18

20

0.
16

0.
18

0.
20

0.
22

0.
24

0.
26

0.
28

0.
30

0.
32

0.
34

< >95.0%
0.1853 0.3087

a b



66
 

Figure 4.20. Yielded pillar in-between stope #1 and 2 for (a) the hetergeneous model and (b) 

for the homogeneous model. Note that stope # 1 has been backfilled

Effect of massive sulphide ore percentage on the stope stability

The effect of the host rock-to-massive sulphide ore ratio on the stope stability was studied by 

comparing the results of the other two scenarios (i.e. the model with 25% massive sulphide 

ore and 35% massive sulphide ore) with the base case (15% massive sulphide ore). The 

comparison of the results from the three model cases are presented in Figures 4.21 and 4.22.

Figure 4.21 presents the scatter diagrams of WCR versus the massive sulphide ore 

percentages for stopes 1, 5 and 10 while Figure 4.22 presents the scatter diagrams of RSR 

versus the massive sulphide ore percentages for the same stopes. The scatter diagrams 

(Figures 4.21 and 4.22) indicate that, as the percentage of the massive sulphide ore increases 

the magnitude of both the vertical and horizontal displacements increases, thus the increase in 

the WCR and RSR. When the ore percentage was increased by 10%, there was about 30% 

increase in the maximum WCR and about 40% increase in maximum RSR for the stopes.
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Figure 4.21.  Scatter diagram of WCR versus massive sulphide ore percentage for stopes # 1, 

5 and 10 at modelling stage 10

Figure 4.22.  Scatter diagram of RSR versus massive sulphide ore percentage for stopes # 1, 5 

and 10 at modelling stage 10
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5. COMPARISON OF THE DIFFERENT PROBABILITY METHODS

 

5.1 Introduction

Many probabilistic methods have been developed and used in combination with numerical 

modelling for design and analysis of geotechnical structures. Each of these methods is based 

on different theories and assumptions indicating that one method may be more appropriate for 

some specific geotechnical problems than another. Therefore the choice of the appropriate 

probabilistic method to achieve a specific objective is desirable

In this chapter 5 different common probabilistic methods, the PEM, ANN, Response Surface 

Method (RSM), Monte Carlo Simulation (MCS) and SCM were used separately in 

combination with FLAC to analyse the stability of a drift. This is a fictitious case used to 

compare the results obtained from the 5 methods. The results were compared in terms of 

simplicity, accuracy and computation time.  

5.2 Numerical modelling

The FLAC model used for the numerical analysis is shown in Figure 5.1. The statistical 

parameters for the strength and deformability of the rock mass used for the numerical analysis 

are summarized in Table 5.1. More information about the model setup and the determination 

of the input parameters can be found in Idris et al. (2014c) (Paper V). 

Figure 5.1 FLAC model geometry.
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Table 5.1. Statistical parameters for the deformation modulus (Em), tensile strength and the 

equivalent shear strength parameters for the rock mass 

Parameters Mean Distribution

Em (GPa) 50.00 14.05 Normal

c (MPa) 4.10 1.64 Normal

t (MPa) 1.03 0.51 Normal

( ) 65.13 0.90 Normal

5.3 Assessment of the drift stability

The stability of the drift was assessed using the induced strain occurring on the drift 

boundary. The induced strains obtained from the analyses were compared with a critical strain 

to determine the probability of failure and the reliability index. The probability of failure 

herein refers to the probability of the induced strain exceeding the critical strain. The critical 

strain for the drift depends on the properties of the rock mass surrounding the drift. Sakurai 

(1986, 1997) proposed a relationship between the critical strain and the rock mass strength 

(Figure 5.2). In the relationship, Sakurai (1986, 1997) defined the hazard warning level II as

the transition line between the stable and unstable tunnel. The hazard warning level II was 

used as the failure criteria for the drift and its equation was estimated from the Figure 5.2 and 

expressed as

0702.03601.010 UCSLog
critical 5.1

where critical is the critical strain in percentage and UCS is the uniaxial compressive strength 

of the rock mass.
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Figure 5.2. Sakurai’s relationship between critical strain and UCS, also indicating hazard 

warning level II for assessing the stability of tunnels (adapted from Sakurai, 1986, 1997)

5.4 Probabilistic approaches for the drift stability analysis

The detailed approach used for each of the probabilistic methods in the analysis of the drift 

stability has been presented in Idris et al. (2014c) (Paper V). In this section a summary of each 

method is presented. Four random variables were used as input parameters for all the 

probabilistic analyses and they are deformation modulus (Em), tensile strength ( t), friction 

angle ( ) and cohesion (c).

The original Rosenblueth PEM was used with sampling points taken at ± one standard 

deviation from the mean value for each random variable. The random variables were assumed 

to be uncorrelated and normally distributed hence the total solution cases needed were 16 (i.e. 

24). The induced strains around the drift were determined for all the 16 cases and their 

statistical moments were determined.

For the RSM analysis, the response surfaces which relate the random input material properties

to the total displacements around the drift were generated using a 2n factorial design. Two 

evaluation points (upper and lower) were chosen for each of the random variables. The upper 

and lower points are related to the mean (µ) and standard deviation ( ) with the relationship 

kxu and kxl , respectively. Two values of k (k = 1 and 2) were used and they 

were referred to as RSM1 and RSM2, respectively. Sixteen different combinations of input 

parameters were generated for each of the RSM1 and RSM2 and used in the numerical 

modelling to generate 16 different strains at the drift boundary for each k-value. The random 
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input parameters and the output random values (i.e. strains) were used to generate the 

response surface equations relating the input and output variables. The statistical moments of 

the displacements were computed from the MCS of 105 trials using the response equations.

The ANN procedure used for this analysis is similar to that used for the stability analysis of 

the Laisvall pillar (Idris et al., 2014b). However, for this analysis the uniform design method 

was used to select the sampling points for designing the training data for the ANN model. The 

uniform design method is capable of providing samples with high representativeness and it 

can reduce the number of experimental runs when there are many factors and multiple levels 

(Zhang et al., 1998; Kuo et al., 2007). Twenty-six (26) combinations of the random values of 

the input parameters were generated by considering twenty-six equally spaced sampling 

points of each random value within the range of ± 1 standard deviation from their respective 

means (ANN1). The range of the sampling points of ± 2 standard deviations from their 

respective mean (referred to as ANN2) was also considered for comparison. The 26 

combinations of the input parameters for the ANN1 were used as input parameters in the 

FLAC models to generate 26 outputs (i.e. strains). In a similar manner, 26 outputs were also 

generated for the ANN2. The 26 input parameters and the output datasets were used to train 

the ANN models using Levenberg-Marquardt back-propagation algorithm (trainlm). Having 

trained the model accurately, the equations relating the input parameters and the induced 

strains around the drift were obtained from the ANN model. The statistical moments and 

PDFs for the strains around the drift were determined from 105 MCS trials using the 

mathematical expressions for the strains obtained for the ANN model. Detailed explanation of 

this procedure for the analysis is given in Idris et al. (2014c) (Paper V).

For the MCS method the random material properties, using their statistical moments and 

PDFs, were randomly assigned to the zones of the FLAC model using FISH, an inbuilt 

programming language in FLAC software (Itasca, 2011). One hundred simulations of the 

MCS model were run which generated random distributions of displacements of the drift 

boundary and the strains were estimated from the random displacements. The statistical 

moments and the PDF of the strains were determined from the random strain values

The procedure for the SCM has been presented in the previous chapters. 100 simulations were 

also run for the SCM model and the statistical moments and the PDF of the strain were 

determined from the random strain values in a similar manner to MCS model. Both MCS and 

SCM models considered the heterogeneity in the rock mass properties.
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5.5 Comparisons of the five probabilistic methods

The mean values of the strains on the drift sidewall obtained from all the probabilistic models 

are reasonably similar (Table 5.2) except that of the RSM2 model. The strains from the RSM2

model are almost twice those of the other models and this is due to the evaluation points of its 

input parameters. The observation is the same for the strains in the roof and the floor obtained 

from all the probabilistic methods as presented in Idris et al. (2014c) (Paper V). Despite the 

similarity of the mean values of the strains obtained from all the models (with exception of 

RSM2) their variances differ. The variance and the mean values of the results determine the 

extremes of the distribution, in this case log normal distribution. The tails of the distribution 

has a significant effect on the probability of instability and the reliability index. The drift 

performance function was developed using the strain and the critical strain obtained from 

Equation 5.1. The probability of instability and the reliability index were determined from the 

performance function as discussed in Idris et al. (2014c) (Paper V).  Table 5.3 summarizes the 

probability of instability and the reliability index obtained from all the probabilistic models.

Table 5.2.  Induced strain of the drift sidewall

Method Mean (%) COV (%) Maximum (%) Minimum (%)

PEM 0.27 31.40 0.47 0.14

RSM1 0.27 26.59 0.42 0.13

RSM2 0.52 30.34 0.87 0.25

ANN1 0.27 31.74 0.44 0.10

ANN2 0.27 37.44 0.61 0.16

MCS 0.27 9.20 0.33 0.23

SCM 0.28 11.24 0.35 0.22
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Table 5. 3.  Reliability indices and probability of instability of the drift with respect to 

different probabilistic methods

Method Sidewall

m

m )(1fp (%)

PEM 0.60 27.4
RSM1 0.81 21.0
RSM2 -1.38 91.6
ANN1 0.58 28.0
ANN2 0.66 25.5
MCS 0.94 17.4
SCM 0.83 20.3

5.5.1 Accuracy of the models results

The result of the ANN1 model was used as a yardstick for comparison of the used 

probabilistic methods since no analytical solution is available. The ANN1 model result was 

chosen because it has been reported by e.g. Shahin et al., 2001; Goh and Kulhawy, 2003; 

Elhewy et al., 2006; Mahdevari and Torabi, 2012 that the ANN is more accurate than any 

other approximating tool such as the PEM and RSM. Furthermore, the ANN1 model has 

higher accuracy in terms of the coefficient of determination (R2) than the ANN2 model.

It should be noted when there is an explicit analytical solution for a geotechnical problem, the 

result of MCS on the analytical solution is more accurate than the results of any other 

probabilistic methods. Hence it is often used as a basis of comparison. No analytical solution 

is available in the literature for the shape of the excavation studied in this thesis.

The relative error in the probability of instability (pf) estimated from each model to that of the 

ANN1 model was calculated using the following relation

100error Relative
)(

)()mod(

1

1

ANNf

ANNfelf

p
pp

. 5.2

where )(modelfp is the probability of instability estimated from each model and )( 1ANNfp is the 

probability of instability estimated from the ANN1 model.

Table 5.4 shows that the PEM model has the lowest relative error which indicates that within 

the context of this study it could have almost the same results as that of the ANN1 model. The 

RSM2 model results show the highest relative error. The significant difference in the results of 
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the RSM2 model and the other models could be attributed to the sampling points of the input 

parameters used for generating the response surface equation. In contrast to the results of the 

RSM2, the ANN2 model gives small relative error despite the fact that the range of the 

sampling points for ANN2 training datasets was µ- to . The relative error of the ANN2

(8.93%) shows that the ANN model with uniform design for the sampling points is less 

sensitive to sampling points when compared to the RSM model. 

The MCS model showed higher relative error than the SCM model. This is due to lower 

variance in the MCS model results than in the SCM model results; and hence a lower 

probability of instability according to the MCS model than of the SCM model. However, it 

should be noted that the number of simulations for the MCS and the SCM models are few for 

a good comparison of their results with other models to be made. 

Table 5.4. Relative error estimated from the models compared with that of ANN1model

Model Relative error (%)
ANN1 0.00
ANN2 -8.93
PEM -2.14
RSM1 -25.0
RSM2 225.90
MCS -37.9
SCM -27.5

5.5.2 Computation time and simplicity of model

The total execution time required for the simulations of the different probabilistic models used 

in this study is summarized in Table 5.5. The simulations were run on a computer with a 

2.80Ghz Intel Core i7 930 of 12GB RAM with Windows 7 (64-bit) as the operating system. 

The computational time for the SCM model was almost 20% less than that for the MCS 

model. This may be because the SCM model has 3 different sets of material properties 

randomly distributed within the model. This means that the solution scheme of the SCM 

model in the FLAC requires fewer steps to reach equilibrium than the steps required for the 

MCS model to reach equilibrium. The MCS and the SCM models gave similar result hence 

the SCM model could be an alternative to MCS model as the time required for the 

computation is shorter. 

The computation time for all the models as presented in Table 5.5 excluded the time for the 

preparation of the input parameters, processing, and analyses of the results which involve the 
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use of different software in the case of the ANN and the RSM models. A simpler probabilistic 

model reduces the time and effort required for the preparation of input parameters, processing, 

and analyses of the results. This may be desirable in some practical applications. The PEM 

method is the simplest of the methods studied as less time and effort is required for the 

preparation of input parameters for the numerical simulation and the processing of results. 

The preparation of input parameters for the RSM model and the PEM model are the same. 

However, the processing of the RSM model results needs statistical software to generate the 

response surface equations. When the number of random variables used as input parameters is 

greater than 4 or 5 the number of simulations required for the Rosenblueth PEM and the full 

factorial designed RSM increases exponentially and this increases the computation time. 

The number of simulations required for training the ANN model is more than the number of 

simulations required for generating the response equations and number of simulations for the 

Rosenblueth PEM. Although for a large number of variables, the ANN could have an 

advantage over the PEM and the RSM in terms of the number of simulations required. 

The MCS and the SCM models are very simple to implement, though FISH codes are 

required for the implementation in the FLAC model. The results of the MCS and the SCM can 

be quite accurate if enough simulations are performed. The required number of simulations to 

achieve such accuracy is in the thousands, however, the 100 simulations used in this study for 

the MCS and the SCM models gave approximately the same mean but they underestimate the 

standard deviations. 

Table 5.5. Computation time for different probabilistic models

Probabilistic method Total computation time
PEM (16 simulations) 44 minutes 
RSM (16 simulations) 44 minutes
ANN (26 simulations) 60 minutes
MCS (100 simulations) 336 minutes
SCM (100 simulations) 273 minutes

5.5.3 Effect of rock mass property variability on the drift failure pattern

Figure 5.3 shows the shear strain plots for some of the cases analysed with the PEM model. 

These were used to represent the homogeneous model since the RSM and the ANN models 

show similar behaviour. The shear strain plots for the MCS model are shown in Figure 5.4

and are similar to those of the SCM model. The shear strain concentration shown in the plots 
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depends on the chosen contour interval. For the purpose of comparison of the PEM and the 

SCM model results a contour interval value of 0.2% was used. With the chosen contour 

interval, case 1 of the PEM model shows no shear deformation (i.e. the shear strains around 

the drift are less than 0.2%) while shear strain concentrations are visible only in the sidewall 

of the drift in case 9 and in the sidewall, floor and roof of the drift in case 16 (Figure 5.3). 

This shows that the shear strain concentration at the drift boundary obtained from the analyses 

using the PEM, the RSM and the ANN models depends on the combination of the input 

parameters used for each simulation. Hence they may result in different failure patterns than 

those obtained from the MCS and the SCM models. In contrast to the results from the 

homogeneous models, all the simulations of the MCS or the SCM model show shear strain 

concentrations (i.e. the shear strains around the drift are greater than 0.2%) in the sidewall and 

in the floor of the drift as shown in Fig. 5.4. However, to use this kind of shear strain plot to 

discuss the stability of the drift, the critical shear strain has to be assessed (estimated) and the 

plot contour interval chosen so only the concentrations which are critical are visualized.

Case 1 Case 9 Case 16 

Em = 64.05 GPa, = 66.03o,
c= 5.74 MPa, t = 1.59 MPa 

Em = 35.95 GPa, = 66.03o,
c= 5.74 MPa, t = 1.59 MPa 

Em = 39.95 GPa, = 64.23o,
c= 2.46 MPa, t = 0.47 MPa 

Figure 5.3. Shear strain plot for cases 1, 9 and 16 of the PEM models 

Figure 5.4. Some example of shear strain plots taken from 100 simulations of the MCS model.
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6. DISCUSSION

 

6.1 Probabilistic estimation of rock mass deformation modulus and strength 

parameters

The first part of this thesis focused on the estimation of the deformation modulus and strength 

parameters of the rock mass using probabilistic methods. Two cases were considered - rock 

masses around a test drift in the Malmberget mine and the rock mass around a test pillar in 

Laisvall mine. The generalized Hoek-Brown criterion (Hoek et al. 2002) was used in 

combination with Monte Carlo Simulation (MCS) to estimate the strength parameters and 

deformation modulus of the rock mass. The uncertainty in the basic input parameters for the 

Hoek-Brown criterion (i.e. UCS, mi and GSI) were attributed to both natural variability (i.e. 

aleatory uncertainty) and measurement errors (epistemic uncertainty).

One of the major limitations encountered in this study is insufficient field data from both case 

studies which prevented proper quantification of the uncertainty of the input parameters. In 

spite of this, the means and the standard deviations of the parameters were determined from 

the limited data reported for the two cases. Their distributions (i.e. for rock mass parameters)

were assumed based on information from the literature (e.g. Cai, 2011; Sari, 2009; Sari and 

Karpuz, 2006; Cai et al., 2004; Hsu and Nelson, 2002; Hoek and Marinos, 2000; Grasso et al., 

1992). 

The results of the probabilistic estimation of the rock mass strength parameters and the 

deformation modulus using MC simulations (Tables 3.3 and 3.6) provided the distributive 

characteristics of the rock mass properties. The probability density functions (PDFs) of the 

strength parameters and deformation moduli for the Malmberget mine case (Idris et al.,

2014a) (Paper I) and Lasivall mine case (Idris et al., 2014b) (Paper II) followed majorly 

normal or lognormal distributions.

The tensile strength distribution obtained from the MC simulations for both the Malmberget 

and the Laisvall mine cases showed the largest variability. The coefficient of variation (COV) 

for all the rock masses in the Malmberget mine case ranged between 31 and 41 % while that 

of the Laisvall mine case was about 23%. In contrast to the tensile strength, the PDF of the 

friction angle of these considered rock masses obtained from the MC simulations had the least 

variability when compared with the other rock mass parameters. The COV of the friction 
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angle for the Malmberget mine case ranged between 3 and 6 % while that of the Laisvall mine 

case was about 3 %. 

6.2 Probabilistic versus deterministic analyses of underground mine excavations

The remaining part of this PhD thesis work focused on the application of different 

probabilistic methods for the analysis of the underground mine excavations. The probabilistic 

methods considered were the point estimate methods (PEM), the response surface method 

(RSM), the artificial neural network (ANN), the Monte Carlo simulation (MCS) and the 

strength classification method (SCM). The comparison of the results from the probabilistic 

analyses and that of the deterministic analyses presented in Idris et al. (2014a and c) shows

that the mean values of the strains obtained from the probabilistic analyses are similar to that 

of deterministic analysis when the values of its input parameters are equal to the mean values 

used in the probabilistic analyses. The results of the deterministic analysis, however, do not 

provide any information on the likelihood that, e.g., the deformations or the stresses could be 

less or greater than their critical values. The factor of safety (FOS) obtained from the 

deterministic analysis can only indicates that the excavation is stable when the FOS is greater 

than unity but it does not quantitatively give any information about the degree of stability.

The deterministic analysis of the drift reported in Idris et al. (2014c) using the mean values of 

the input parameters gave a FOS of the drift sidewall of 1.27. This indicates that the sidewall 

is stable. However the results obtained from the probabilistic analyses of the same drift 

provide information about the probability of instability of the drift sidewall. The least 

probability of instability obtained from the probabilistic analyses for the drift sidewall was 

17.4% (see Idris et al., 2014c). This could be explained, for instance, that if the length of the 

drift is 100 m then there is a probability that about 17 m of the length will be unstable. 

To consider the variability in the input variables in the deterministic analyses, maximum and 

minimum values of the input parameters were used as best case and worst case, respectively

for the deterministic analyses of the drift analysed in Idris et al. (2014c). The maximum 

values are the mean + two standard deviations of the input parameters while the minimum 

values were the mean - two standard deviations of the input parameters. The results obtained 

from the best and worst cases of the deterministic analyses were compared with the results of 

the probabilistic analyses of the same drift. As shown in Idris et al. (2014c) the results (i.e. 

strain) of the worst case of the deterministic analysis are almost 50% greater than the 

maximum values of the probabilistic results. 
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The FOS determined from the worst case showed that the sidewall of the drift is unstable 

(FOS = 0.46). This is contrary to the result from the probabilistic analyses which indicated 

that the probability of failure of the sidewall of the drift was not 100%. This result shows that 

the worst case can lead to a very conservative design which may not be economical. The best 

case deterministic results are similar to that of the minimum values of the probabilistic 

analyses. However, the best case is seldom used in geotechnical design as it could lead to an 

overestimation of the strength parameters of the rock mass. The best case showed that the 

sidewall is completely stable (FOS = 1.79) without any likelihood of instability.

Furthermore, in probabilistic analysis the probability of failure or instability for different

design alternatives can be compared for the decision making process. In Idris et al. (2014b)

(Paper III) the pillar dimensions at different depths were compared based on the target 

performance level. The performance level was determined in terms of reliability index or 

probability of failure. By comparing the probability of failure for each design alternative the 

optimum dimensions of the pillar at different depths could be chosen. This makes it possible 

to consider the safety and the economic consequences of different designs of pillar and any 

other underground excavation.

6.3 Merits and limitations of the considered probabilistic methods

6.3.1 Point Estimate Method

The PEM is the simplest method with the least computation time and effort. A major

limitation of the original Rosenblueth PEM is that it requires 2n analyses to approximate the 

statistical moments of a function of n random variables. When n is greater than 4 or 5 the 

number of simulations increases exponentially and it becomes cumbersome in combination 

with numerical analysis. The number of the input variables is 8 for the probabilistic analysis 

of the stability of the footwall drift in Malmberget mine (Idris et al., 2014b) (Paper II) hence

the Harr’s modified PEM (Harr, 1989) was used so as to reduce the number of the simulation 

needed for the drift stability analysis. The original Rosenblueth PEM was used for the 

analysis of the stability of the simulated drift in Idris et al. (2014c) (Paper V) since the 

number of the input parameters was limited (i.e. 4 parameters). 

For the original Rosenblueth PEM and the modified PEM the distributions (PDF) of the 

results of the analyses were assumed and this is another limitation of the PEM. Using the 

assumed PDF of the PEM results to develop the performance function is a crude way for 

determining the probability of instability of underground excavation. However, the 
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probabilities of instability of the simulated drift in Idris et al. (2014c) obtained from the PEM 

were relatively accurate when compared with other probabilistic methods. 

6.3.2 Response Surface Method

The implicit mathematical expression which relates the input parameters to the rock mass 

responses is not usually available for all geotechnical problems. Therefore approximating 

tools such as RSM and ANN are often used to determine the mathematical expressions. The 

RSM was used in this study (Idris et al., 2014c) (Paper V) to approximate the implicit 

mathematical relationship between the rock mass parameters and the shear deformations. The 

equation obtained from the RSM was used to develop the performance function for the

simulated drift in the paper V. MCS was applied directly on the performance function to 

compute the probability of instability of the drift. The number of simulations needed to 

generate the response surface in the RSM was 16 (2n) where n is the number of the input 

parameters (n = 4). Therefore the RSM also has the same limitation as that of the original 

Rosenblueth PEM: the number of simulation increases exponentially when the number of the 

input parameter is large. A full quadratic polynomial with cross terms was used to obtain the 

response surface equations. It was observed from this study that the RSM was sensitive to the 

choice of the evaluation points of the input parameters used to construct the response surface. 

The results obtained from the response surface, when the evaluation points of the input 

parameters was ± 2 standard deviations from their respective means, was almost twice that

when the evaluation points were chosen as ± 1 standard deviations from the mean. Thus, 

evaluation points closer to the means of the input parameters used to generate the response 

surface increased the accuracy of the RSM. This has also been observed by Wong (1985). The 

computation time required to obtain the input parameters needed for the generation of the 

response surface was the same as that of the PEM. However, the construction of the response 

surface and the analyses of the results required more effort than the PEM. 

6.3.3 Artificial Neural Network

The ANN was used for the probabilistic analysis of the stability of the Laisvall pillar in Idris 

et al. (2014b) (Paper III) and a drift in Idris et al. (2014c) (Paper V). The number of 

simulations required to generate the training datasets for the ANN is more than that required

to construct the response surface for the RSM hence the computation time of the ANN is 

more than that of both the PEM and the RSM. There are no precise guidelines in the literature 

for selecting the number of the training datasets. The numbers are usually arbitrarily 

determined. The number of the training datasets depends on the number of the random input 
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parameters and the nonlinearity of the problem considered (Goh, 1995). It also depends on the

method used for the selection of the sampling points for the training datasets. In Idris et al.

(2014b) (Paper III), 36 datasets were used for training the ANN to construct the mathematical 

expression that relates the random input parameters (Em and H) with the axial strain occurring 

in the pillar. Despite the fact that the random input parameters were two the ANN was trained 

using 36 datasets. This was because of the method adopted for selecting the points for the 

training dataset. However with the use of the uniform design method (Fang, 1980) 26 datasets

(i.e. 26 simulations) were used to train the ANN in Idris et al. (2014c) (Paper V) which 

reduced the number of datasets required. The uniform design method allows uniform 

distribution of samples with high representatives within the range of the sampling points.

Although ANN requires more computation time and effort than PEM and RSM, application of 

ANN for underground mine excavation stability analysis will overcome the limitation of the

Rosenbluth PEM and RSM when the number of input parameters is greater than 4 or 5.

6.3.4 Monte Carlo Simulation

MCS was used to consider the heterogeneity of the rock mass in the numerical modelling of a 

drift as presented in Paper V. Monte Carlo simulation is usually considered to be the most 

accurate probabilistic method if a large number of simulations are performed. When the MCS 

is combined with numerical analysis as reported in this study it becomes practically 

impossible to achieve the required level of accuracy due to thousands of simulations required.

Nevertheless with a few number of simulations, as done in this study, a fair approximation of 

the results can be obtained. 

6.3.5 Strength Classification Method

The strength classification method (SCM) was developed to consider the heterogeneity of the 

rock mass in the numerical analysis of the underground mine excavation. The SCM produced 

similar results as MCS but with 20% less computation time than the MCS in this study (Idris 

et al., 2014c). In Idris et al. (2011) (Paper IV) the SCM was also used to analyse the stability 

of a complex rock mass with strong strength contrast between the massive ore and the waste 

ore. Both the ore and the waste rock were randomly distributed based on their percentage by 

volume of the entire rock mass. This, in the author’s opinion is an advantage of the SCM over

the MCS. With the SCM the effect of the inherent variability (i.e. heterogeneity) in both the 

massive sulphide ore parameters and the host rock parameters were studied concurrently and 

the effect of the increase in the percentage of the massive sulphide ore in the rock mass on the 

stability of the underground mine excavation was also analysed. The stability of the 
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underground mine excavation reduced when the percentage of the massive ore in the rock 

mass was increased. Similarly to MCS the SCM also requires many simulations to achieve 

desired accuracy. With the few simulations for the SCM, fair approximations of the results 

were obtained.
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7. CONCLUSIONS AND SUGGESTIONS FOR FUTURE RESEARCH

 

7.1 Conclusions

Based on the study conducted and presented in this thesis and the appended papers the main 

conclusions are summarised below:

7.1.1 Effect of uncertainty of the rock mass properties

Due to the uncertainty in the rock mass properties precise values cannot be used to 

describe the rock mass properties. Therefore, by using the probabilistic methods such 

as MCS the uncertainty in the properties can be considered in the determination of the 

strength and deformability parameters for the rock masses.

The strength parameter which is affected the most by the variability of the basic input 

parameters of the generalized Hoek-Brown empirical equation is the tensile strength 

while the friction angle is least affected by the variability.

7.1.2 Probabilistic versus deterministic analyses of underground mine excavation

The use of the best and worst cases in a deterministic analysis cannot address the issue 

of potential risk involve in the analysis. The worst case could results in a very 

conservative design.

The deterministic factor of safety (FOS) is an ordinal measure of safety which only 

indicates that the excavation is stable or unstable without giving any information about 

the degree of the stability of the excavation.

Probabilistic methods provide tools to evaluate the effect of the variability in the rock 

mass properties on the stability of underground mine excavations. It also provides the

possibility of estimating the allowable level of risk based on the safety and economy 

during the optimization of underground mine excavation planning and design.

7.1.3 Merits and limitations of the considered probabilistic methods

The PEM is the simplest method requiring the least computation time and effort 

compared to the other probabilistic methods considered in this study.

When the number of input parameters is greater than 4 the use of PEM and RSM

becomes time consuming especially when combined with numerical analysis.

The Modified PEM such as Harr’s modified PEM has limitations in terms of the limit 

on the number of input parameters. When the number of the input parameters is large 
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(e.g. > 9) or the COV of the parameters is large the evaluation points for the input 

parameters will go beyond the range of the distribution for the random parameter.

The ANN requires more computation time and effort than the PEM and the RSM 

when a uniform design approach is used to design the training data. However, it is 

more accurate than the PEM and the RSM because of its predictive power. The ANN 

is less sensitive to the range of sampling points used for the ANN training datasets. 

The accuracy of the result of the RSM can be affected when the evaluation points of 

its input parameters are far away from the mean values. 

When a uniform design method is used for the selection of the sampling points for 

ANN training datasets the ANN can be used to overcome the limitation of the PEM, 

the modified PEM and the RSM when the number of the random input parameters is 

greater than 4 or 5.

Both the MCS and the SCM should be used to implement heterogeneity of rock mass

in the numerical model. They are more accurate than other probabilistic methods 

although they required a large number of simulations to obtain such accuracy. The 

SCM required less computation time compared with the MCS hence is an alternative 

to MCS since both showed similar results. 

7.2 Suggestion for future research

The application of probability methods to the design and analysis of underground mine

excavations has been presented in this thesis. It is believed that the results of this study will 

enhance the application of the probabilistic methods for the stability analyses of underground 

excavations. However, as an emerging approach there is need for further research in the 

following areas:

The methods described and applied in this study should be applied in a number of 

more real cases where measured deformation or rock response can be used to validate 

the probabilistic numerical model.

In all the analyses reported in this study the effect of the correlation between the input 

parameters were not included. Further studies should be conducted to investigate the 

effect of the correlation between the input parameters.

Discontinuous models should be considered to study the effect of uncertainty in the 

joint strength and distributions on the stability of the excavation.
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Strength classification method gives relatively similar results as that of the MCS 

however there is need for more studies on how best it can be applied to complex 

orebodies such as the one analysed in Idris et al. (2011) (Paper III).
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ABSTRACT 
Numerical modeling techniques have been applied in many mining and civil engineering projects. 
Traditionally, deterministic methods have been used frequently for the estimation of design or input 
parameters for numerical modeling. Whereas, it is known that the effect of variability and uncertainty 
sourced from the complex and variable nature of rock cannot be considered by deterministic 
approaches using single or mean value. In this paper, the authors tried to apply a probabilistic 
approach to consider the uncertainties and variability in rock properties. This is to make more a 
realistic assessment of design parameters of rock masses around an instrumented test drift in 
Malmberget Mine within the content of the “Rock mass - Rock support interaction project” conducted 
at the Division of Mining and Geotechnical Engineering, Lulea University of Technology. To 
calculate the design parameters GSI of rock mass, UCS and mi constant of the intact rock are 
considered as random variables. For each of these random variables ranges were specified depending 
on the laboratory and field information. Using Monte Carlo simulation method a possible range of 
each of necessary strength and deformability properties were obtained and presented. The assessed 
values can be used as preliminary input parameters and considered as basis for further numerical 
modeling calibration studies. 
KEYWORDS: Rock mass classification systems, GSI system, Intact rock strength, 
Numerical modeling, probabilistic approach, Monte Carlo simulation. 
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INTRODUCTION
Increasing mining depth results in increasing stress magnitudes and an increased risk of 

instabilities in underground mines. To reduce the risk, understanding of the rock mass response, 
the support performance and the interaction between the rock mass and the rock support should 
be improved. For this purpose a project entitled "Rock Support System in Interaction with the 
Rock" was conducted by the Mining and Geotechnical Engineering Division at Lulea University 
of Technology. The project was supported by Vinnova (Swedish Governmental Agency for 
Innovation Systems), LKAB, Boliden AB, Hjalmar Lundbohm Research Centre (HLRC) and the 
Centre of Applied Mining and Metallurgy (CAMM) at LTU. Once this interaction is understood 
the expected benefits for the companies are reduction of production losses and improvement of 
mine safety.  

The most common stability problems in deep mines are mining-induced seismicity or large 
deformations. Therefore, the project was divided into the two sub-projects (i) mining-induced 
seismicity and (ii) large deformations and squeezing conditions. The main activities in the project 
have been field monitoring and numerical modeling [1]. Within the content of the project field 
monitoring has been conducted in a test drift located in Norra Alliansen orebody in the 
Malmberget mine. The purpose of the monitoring was to evaluate the performance of existing and 
possible future support elements and for calibration of further numerical analyses. In any case the 
preliminary estimation of the rock mass properties has crucial importance.  

To determine the rock mass properties such as the strength and deformability, normally 
empirical or experimental methods are utilized. Experimental methods such as in-situ tests are 
expensive and they require a test drift which may not be available at the preliminary design stage. 
Therefore rock mass classification and characterization systems are frequently used together with 
deterministic methods to determine these strength and deformability properties. RMR [2], Q [3] 
and GSI [4] are the most common systems 

In this paper, the GSI system developed by Hoek et al. [4] was used for determining the 
mechanical properties of the rock mass around the instrumented test drift. The GSI system is 
based on the description of rock structure and block surface conditions. The mechanical rock 
mass properties are deformation modulus (Em), Hoek-Brown strength parameters (mb, s and a)
and the equivalent Mohr Coulomb parameters such as cohesion (c), internal friction angle ( )
and tensile strength ( t). By using the GSI system it is possible to obtain the complete set of 
parameters if UCS, GSI and the material constant, mi, are known.  

GSI values can be determined in the field based on the geological description of the rock 
mass at the face of a drift. Other parameters such as mi and UCS are determined by conducting 
laboratory tests on rock material collected from the field. 

Due to difficulties in handling the variations and uncertainties of rock properties, traditionally 
deterministic methods which result in single or mean values for the rock mass properties are often 
adopted. However, uncertainty and variability are prevalent in rock mass properties. Therefore to 
be able to make a more reliable approach the uncertainty and variability should be dealt with. As 
a result of this effort probabilistic approaches have been increasingly used by many researchers [5 
– 13].  

The purpose of this paper is to present the use of a probabilistic approach incorporating the 
uncertainties of intact rock and rock mass properties. By means of the approach it is possible to 
obtain not only the expected value but also the possible deviation, therefore a much more 
complete description of the rock mass behavior. 
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In this study GSI, UCS and mi have been considered as random variables instead of assigning 
a single value. To define the range of each variable, probability density functions (PDF) are used. 
By means of PDF it is possible to describe the relative likelihood that a random variable will 
assume a particular value. In PDF, the mean value (MV) represents the best estimate of the 
random variable and the uncertainty is assumed and described by the standard deviation (STDV)
or coefficient of variation (COV). 

The mean and standard deviation values for the PDF are assigned based on the available data 
from field observations, literature and laboratory. Having specified PDF of GSI, UCS and mi, the 
Monte Carlo Simulation Technique was used to calculate the probability density distributions of 
the strength and deformability properties (Em mb, s and a) of the rock mass and equivalent Mohr 
Coulomb parameters. The flowchart showing the followed procedure is given in (Figure 1). 

         

Figure 1: The flowchart showing the followed procedure 

GEOLOGY OF MALMBERGET MINE 
The Malmberget mine is owned and operated by LKAB. It is located in the Gällivare 

municipality in northern Sweden. The Malmberget mine contains more than twenty orebodies 
which are distributed over an underground area of about 5 km by 2.5 km, of which 11 orebodies 
were in operation during 2012.  

The Malmberget mine is divided into a northern-western part and an eastern part (Figure 2). 
The northern-western part of the deposit is almost a continuous ore horizon. The orebodies 
contain magnetite and hematite with a high amount of apatite. In the eastern part, the individual 
orebodies consist of magnetite with low amount of apatite. The main gangue minerals are apatite, 
amphibole, pyroxene and biotite. The orebodies are strata bound and frequently surrounded by 
ore breccia types. These types are characterized by a vein system and impregnations with 
magnetite, apatite, biotite, and a number of minerals. The orebodies are strongly affected by 
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metamorphic recrystallization and ductile deformation. Large granite intrusions of the granite-
pegmatite association are situated near the deposit [14]. 

The average width of the orebodies ranges from 20 m to 100 m and 90% of the ore is 
magnetite while the rest is hematite. The host rocks at Malmberget consist of metamorphosed 
volcanic rock such as gneisses and fine-grained feldspar-quartz rock called leptites. Granite veins 
often intrude the ore [15]. 

Figure 2: Geological map of the Malmberget deposit showing the magnetite and 
hematite ore bodies (from [14]). 

THE GSI SYSTEM AND CALCULATION OF DESIGN 
PARAMETERS

Initially, the GSI system was developed for estimating the reduction of the rock mass strength 
for different geological conditions as identified by field observations. The system is mainly based 
on visual description of the rock structure in terms of blockiness and the surface conditions [16]. 

The GSI system has been developed to consider highly heterogeneous rock masses which are 
composed of foliated or laminated weak rocks [17]. To reduce the subjectivity [16, 18] proposed 
quantitative charts for assessing GSI values considering the structure of rock mass. 

From the numerical modeling point of view it can be stated that compared to other rock mass 
classification/characterization systems, the GSI system seems to be the best choice as it can 
provide a complete set of input parameters for numerical analysis. Therefore, the quality of the 
rock masses is described in terms of the GSI system in this study.  

If the GSI, UCS and mi values are known, the complete set of the necessary input parameters 
for numerical modeling such as mb, s, a, Em or equivalent Mohr Coulomb parameters can be 
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calculated by using the Hoek et al. [19] failure criterion. The general form of Hoek - Brown 
criterion is given as 

a

ci
bci sm 3

31 (1) 

where 1 and 3 are the major and minor effective principal stresses at failure, respectively, mb is 
the value of the Hoek-Brown constant which depends on the characteristics of the rock mass, and 

ci is the uniaxial compressive strength (UCS) of the intact rock sample. To calculate the rock 
mass constants ( bm ,s and a), the following equations were suggested by (Hoek et al. [19])   
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where D is a factor which depends on the degree of disturbance the rock mass has been subjected 
to by blasting and stress relaxation. It varies from 0 for undisturbed in situ rock masses to 1 for 
very disturbed rock masses. The uniaxial compressive strength of the rock mass is obtained by 
setting 3 = 0 in Equation (1) giving: 

a
cicm s . (5) 

According to Hoek et al. [19] the tensile strength could be derived from Equation (1) when 
setting 1 = 3 = t giving: 

b

ci
t m

s
 . (6)

The UCS of the rock mass cm is given by Equation (5). Hoek and Brown [20] also proposed a 
concept of a global rock mass strength which could be estimated from the Mohr-Coulomb 
relationship: 
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The deformation modulus of the rock mass Em can be calculated using equation (8) [19] or using 
more recently proposed equation (9) [21]: 
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The necessary parameters for the Mohr-Coulomb failure criterion can also be determined, 
such as friction angle, cohesion and tensile strength for each rock mass using the following 
relations
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where   friction angle, c cohesive strength and
ci

n
max3

3

The determination of appropriate value of 3max for use in Equations (10) and (11) depends upon 
the specific application. For all underground excavations which are surrounded by a zone of 
failed rock that does not extend to the ground surface 3max can according to Hoek et al. [19] be 
determined by using the relation  

                                      

94.0
max3 47.0

H
cm

cm

                                                                (12) 

where cm is the rock mass strength defined by equation (7),  is the unit weight of the rock mass 
and H is the depth of the excavation below the ground surface. In cases where the horizontal 
stress is greater than the vertical stress, the horizontal stress value should be used in place of H .
In this study, the horizontal stress is greater than the vertical stress hence it is used instead of H .

ROCK MASS AND MATERIAL PROPERTIES 
To be able to calculate the strength and deformability properties of the rock mass, three 

groups of parameters are needed. The first group is related to the description of the rock structure 
and block surface condition which are considered in terms of GSI value. The remaining groups 
are intact rock parameters including UCS and mi.

The main rock types around the test drift are determined as red leptite, grey leptite, red-grey 
leptite, biotite and magnetite [22]. Based on the field observations and simple tests conducted in 
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the field it was decided to specify and use two different types of biotite in the following parts 
namely biotite I and biotite II, where biotite II is stronger than biotite I. 

Based on field observations the GSI values and ranges are defined and given in (Table 1) 
[22]. It should be noted that the GSI values of rock masses are given in a range representing 90% 
confidence limit. 

Table 1: The assigned GSI values for the rock masses observed around the test drift 
Rock type GSI range 
Red leptite 65-75
Grey leptite 60-70
Red-grey leptite 65-75 
Biotite I 35-45
Biotite II 45-55
Magnetite 55-65 

The uniaxial compressive strength values of the intact rocks were determined from laboratory 
tests and also some simple index tests [22]. The determined uniaxial compressive strength (UCS)
values and indirect tensile strength (UTS) values mainly obtained from Brazilian test are given in 
(Table 2). 

Table 2: Uniaxial compressive strength and tensile strength of intact rocks 
Rock type UCS, MPa UTS, MPa 
Red leptite 217±50 14.5±3.5
Grey leptite 80±8 8.5±0.7
Red-grey leptite 176±60 11±2.8 
Biotite  I 50±10 -
Biotite II 100±10 -
Magnetite 100±8 5 

One of the three basic input parameters required for the Hoek-Brown failure criterion is mi.
Originally, it was recommended that this constant should be determined by statistical analysis of 
the results of a set of triaxial tests [22]. In the lack of triaxial test data the published guideline 
tables can be used to obtain estimates of mi.

According to Hoek and Brown [20] the meaning of mi can be roughly explained as the ratio 
between compressive and tensile strengths. In the last few years, researchers have mostly focused 
on the determination of the mi value without conducting triaxial compressive strength test. It is 
concluded that mi is independent of rock type and related to the strength ratio [11, 24].  

Therefore it was decided to assign mi values not only using the table [23] but also considering 
the ratio between the compressive and the tensile strength of the intact rocks. To assign the 
standard deviations for mi, Coefficient of Variation (COV) values of 10 % were used as the 
uncertainty for mi is usually small for most rock types [13]. The assigned mi values are presented 
in (Table 3). 
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Table 3: mi values of intact rocks  
Rock type mi

Red leptite 15±2
Grey leptite 10±1
Red-grey leptite 15±2 
Biotite 11±1 
Biotite II 13±1
Magnetite 20±2 

PROBABILISTIC MODELING OF ROCK MASS 
PROPERTIES

In rock mechanics design, one of the most challenging issues is the difficulty of handling the 
rock mass and intact rock properties containing many uncertainties. These uncertainties are 
sourced from insufficient information and inadequate knowledge about the properties of the rock 
mass and the intact rock, limited data collection and insufficient laboratory tests. The 
uncertainties can mainly be divided into three main groups as inherent variability, statistical and 
systematic uncertainties. 

Such uncertainties cannot be handled using characteristic and/or single values as in traditional 
deterministic methods. By using a probabilistic approach the full range of data regarding random 
characteristics can be considered.  

Due to the above mentioned reasons probabilistic analysis for assessing the properties of 
intact rock and rock masses have been increasingly used, e.g., [6, 25 – 27] evaluated statistically 
the distribution of joints in the rock mass , [8, 9] analyzed the distributions of mechanical 
properties of intact rock, Hoek [28] used a probabilistic approach to estimate the variation in the 
Hoek- Brown properties of a hypothetical rock mass considering the three variables, uniaxial 
compressive strength, mi and GSI and Sari [11] assigned appropriate distribution functions for the 
data necessary for the estimation of rock mass strength and deformability properties.  

In this study, a probabilistic approach to obtain rock mass strength, deformability properties 
and input parameters for numerical analysis was used. With this approach the variation in rock 
mass properties can be quantified by considering input variables as statistical distributions rather 
than single mean values and generating a statistical representation of rock mass properties after 
thousands of iterations. The approach includes the following steps: 

(1) Collection of information on random variables 

(2) Assessment of PDF for each variable. 

(3) Probabilistic assessment of rock mass properties by using Monte Carlo Simulation. 
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Collections of information on variables and assessment of 
PDF for each variable 

As mentioned in previous sections the GSI, UCS and mi values of the rocks observed around 
the test drift are considered as random variables and their mean and standard deviations are 
presented in Tables 1 – 3. 

In a probabilistic approach the input parameters can be deterministic and probabilistic. 
Deterministic parameters are considered as fixed parameters with single values. For example the 
depth of 900 m for the level in which the test drift is excavated can be considered as a 
deterministic parameter. The disturbance factor (D) can also be considered as a deterministic 
parameter and assumed to be zero for all rock types.  

Unlike depth and disturbance factor uniaxial compressive strength (UCS), mi and GSI were 
considered as probabilistic parameters. For each probabilistic parameter a probability density 
function (PDF) characterized by two statistical parameters namely mean and coefficient of 
variation (COV) has to be assigned. Normally PDF and its statistical parameters should be 
assigned by analyzing the laboratory or field test results and/or measured data. Nevertheless, for 
the parameters whose data are insufficient to fit a PDF known distributions for such parameters 
may be assumed. Moreover for the ease of computation the normal distribution is suggested [11, 
13, 28].  

Having assigned the mean and standard deviations for UCS the normal distribution is 
assigned for all the rock types as suggested by [13, 29 -32]. The assigned PDF for UCS, mi, and 
GSI of the rock types observed around test drift are given in Figures 3-5. Note that for red-grey 
leptite PDF for UCS was truncated considering the minimum and maximum UCS test results 
obtained from laboratory tests as the deviation is too high leading to wide scatter in the output. 

Figure 3: The assigned PDF of uniaxial compressive strength for the intact rock.
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Figure 4: The assigned PDF of mi parameter for the intact rock. 

Figure 5: The assigned PDF of GSI for the rock mass. 

Probabilistic assessment of rock mass properties by Monte 
Carlo Simulation 

Having assigned PDF of UCS, GSI and mi considered as random variables the probabilistic 
assessment of the rock mass properties is accomplished. The Monte Carlo simulation is applied to 
obtain rock mass strength and deformability parameters using the Excel add-in program @Risk 
[33]. In the Monte Carlo simulation the values of each input parameter is generated randomly 
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considering previously produced PDF and used to calculate rock mass properties. By means of 
the technique it is possible to consider the variability in the rock mass properties.  

The advantage of the Monte Carlo technique compared to other probabilistic methods is the 
possibility of getting complete PDF of rock mass strength and deformability properties. The main 
disadvantage of the method is the large number of simulations to be executed. Such as if the 
technique is associated with numerical modeling then it becomes time consuming and less 
appealing. For such applications utilization of other techniques such as strength classification 
method and two point estimate method [34] can be considered [35, 36]. More comprehensive 
explanations of the Monte Carlo simulation technique and its working principle can be found in 
for example [33, 37, 38].  

The Monte Carlo technique was used to obtain both Hoek-Brown parameters and equivalent 
Mohr-Coulomb parameters as described in the following sections. For each calculation 5000 
@Risk simulations are performed with Latin Hypercube that uses stratified sampling to better 
resemble the resulting probability distribution with fewer iterations [33]. In other words each run 
results in 5000 different results considering different possible combinations of input parameters 
sampled randomly from the predefined distributions.  

It should be noted that all of the random parameters were assumed to be independent for 
simplicity. Though, Cai [13] and Hoek [28] suggested that Hoek-Brown parameters could be 
dependent, they considered parameters as independent due to lack of research results on the issue. 
Recently, Sari [39] concluded that correlation or dependence between the Hoek-Brown 
parameters would not considerably affect the deformation modulus and Mohr coulomb 
parameters generated using probabilistic simulation. 

Hoek - Brown parameters 

In the first stage Monte Carlo simulations are used to calculate Hoek - Brown parameters as 
well as the deformation modulus using Equations (2, 3, 4 and 8). In other words mb, s, a, Em and 

cm are explicitly related to the input parameters UCS, mi and GSI.

The best fitted probability density functions as well as fitted normal probability density 
functions for the Hoek - Brown parameters and deformation modulus of different rock types are 
given in (Figures 6-11).  

Figures 6-11 show that for most of the variables although a normal distribution is not the best 
fit it may be used approximately to describe the data set. The statistical parameters for normal 
PDF of the calculated parameters for different rock types are supplied in (Table 4). 

Table 4: The statistical parameters for the normal PDF for Hoek - Brown Parameters

Parameters
Biotite

I
Red

leptite
Grey 

leptite
Red-grey 

leptite Magnetite Biotite
II

mb Mean 1.2927 5.1567 2.8758 5.1596 4.8111 2.1885 
 STDV 0.1650 0.8211 0.3817 0.8406 0.6391 0.2590 
s Mean 0.013 0.0371 0.0213 0.0371 0.0122 0.0402 
 STDV 0.0004 0.0105 0.0060 0.0105 0.0035 0.0114 
a Mean 0.5115 0.5014 0.5020 0.5014 0.5029 0.5060 
 STDV 0.0020 0.0003 0.0004 0.0003 0.0005 0.0010 
Em, GPa Mean 3.9954 46.7199 21.4043 42.7412 17.9544 10.0914 
 STDV 0.7138 8.7211 3.2870 7.4231 2.6940 1.5466 
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Figure 6: Assessed PDF of Hoek - Brown parameters and Em for biotite I. 

Figure 7: Assessed PDF of Hoek - Brown parameters and Em for red leptite. 
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Figure 8: Assessed PDF of Hoek - Brown parameters and Em for grey leptite. 

Figure 9: Assessed PDF of Hoek - Brown parameters and Em for red-grey leptite. 
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Figure 10: Assessed PDF of Hoek - Brown parameters and Em for magnetite. 

Figure 11: Assessed PDF of Hoek - Brown parameters and Em for biotite II. 
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Mohr-Coulomb parameters

In the second stage, having assigned the PDF of mb, sb, a, Em the equivalent Mohr-Coulomb 
strength parameters such as cohesion (c), frictional angle ( ) and tensile strength ( t ) of rock 
mass are calculated.  

The best fitted probability density functions as well as fitted normal distribution functions for 
Mohr-Coulomb parameters of the aforementioned rock types are given in Figures 12-17. The 
statistical parameters for normal PDF of Mohr coulomb parameters of the rock masses observed 
around the test drift are given in Table 5. 

Figure 12: Assessed PDF of Mohr Coulomb parameters for biotite I. 

Figure 13: Assessed PDF of Mohr Coulomb parameters for red leptite.  

Figure 14: Assessed PDF of Mohr Coulomb parameters for grey leptite.  
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Red-grey leptite. 

Figure 16: Assessed PDF of Mohr Coulomb parameters for magnetite.  

Figure 17: Assessed PDF of Mohr Coulomb parameters for biotite II. 

Table 5: The statistical parameters for the normal PDF for Mohr-Coulomb Parameters
Parameter Type Biotite

I
Red

leptite
Grey 

leptite
Red-grey 

leptite Magnetite Biotite
II

( ) Mean 29.47 51.17 39.30 50.00 45.84 39.35 
 STDV 1.98 2.27 1.53 1.97 1.33 1.35 
c, MPa Mean 2.00 7.89 3.81 7.02 4.30 3.24 
 STDV 0.50 2.13 0.48 1.53 0.44 0.41 

t , Mpa Mean 0.05 1.60 0.06 1.33 0.26 0.19 
 STDV 0.02 0.66 0.20 0.52 0.08 0.06 
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CONCLUSIONS AND RECOMMENDATIONS 
In this article a probabilistic technique is used to determine the properties of rock masses 

around an instrumented test drift in the Malmberget mine by considering the variability and 
uncertainties. Variations of the rock mass properties are statistically determined considering the 
assigned PDF of the input parameters.  

Each of the input parameters necessary for obtaining the set of Hoek - Brown parameters is 
considered as a random variable instead of a single/mean value as in traditional/deterministic 
design approaches. The PDF of input variables were assessed by considering field observations 
and laboratory tests. 

Using the probabilistic technique, the range of each of the Hoek - Brown as well as 
equivalent the Mohr-Coulomb parameters is obtained. By means of such kind of design 
parameters the design engineers can have a possibility of making more rational design decisions.  

The result of the presented approach can be used as preliminary design parameters or can be 
considered as preliminary input parameters for further numerical modeling calibration studies. 
Moreover using the presented approach it is possible to increase the accuracy and decrease the 
variability as more information is obtained from the instrumented test drift or field observations. 
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Abstract

In Malmberget mine located in the northern part of Sweden, the exploited valuable mineral is 

transported through footwall drifts considered as the arteries of a mine. Therefore, the stability 

of the drifts has crucial importance for the mine. The drifts stability is affected by a number of 

parameters including rock properties, the thickness of weak zones such as biotite, location of 

the drift with respect to the weak zone and mining induced stresses. Among these factors the 

rock properties involve uncertainties due to high variability. The purpose of this paper is to

use a probabilistic method to investigate the stability of footwall drifts in Malmberget mine

giving special emphasis to the effect of the uncertainties in the rock mass properties.

Probabilistic stability analyses of the drift are implemented into numerical modelling using

the Point Estimate Method (PEM). The stability of the drift was assessed by comparing shear 

strains occurring around the simulated drift with maximum allowable shear strain (i.e. critical 

shear strain). It is observed that the effect of the variation in the material properties of the rock 

masses has a significant effect on the stability of the drift. The thickness of the weak zone also 

affects the stability of the drift. It is concluded that probabilistic approach can be used to make

a more realistic evaluation of the effect of material property variation and to determine the 

probability of the drift instability thus allowing quantitative risk assessment.

Keywords: Probabilistic analyses, rock mass properties, footwall drift, uncertainty, point 

estimate method
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1. Introduction

The Malmberget mine is located in the Gällivare municipality in northern Sweden and is 

owned and operated by LKAB. The deposit comprises of more than twenty different 

orebodies of which about half of them are in production today. The mine is spread over an 

area of five kilometres in the West-East direction and two kilometres in the North-South 

direction (Figure 1). The major part of the ore reserve consists of magnetite ore but hematite 

is also observed. Moderate to low quantities of gangue minerals such as fluorite, apetite, 

amphibolites and pyroxene are dispersed within the ore.

Fig. 1. Orebodies at Malmberget mine and mine infrastructure (LKAB 2013)

The mining method applied in the Malmberget mine is large scale sublevel caving (Figure 2).

In this method, parallel crosscuts are driven through the orebody on each sublevel from the 

footwall drift to the hangingwall. Blastholes are then drilled in a fan pattern and blasted at a 

regular interval along the crosscuts and the broken ore is mucked out after each blast. The 

mucked ore is then transported through the footwall drift to the ore passes by means of 

LHD’s. Therefore the footwall drift must remain operational at all times. Any stability 

problem in the drift may have serious consequences.

N
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Fig. 2. Mining layout for sublevel caving (Hamrin 2001)

Much research have been conducted on the subject of footwall drift stability with recent 

examples by (Abdellah et al. 2012; Edelbro et al. 2012; Zhang and Mitri 2008a; Zhang and 

Mitri 2008b to name but a few) The stability of a drift is principally affected by the strength

properties and deformation modulus of the rock mass and the mining induced stresses as 

mining advances. The location and thickness of weak zones (i.e. zones of low strength) 

relative to the drift location are also important to the stability of the drift.

The stability analyses of underground drifts are generally conducted using the analytical, 

empirical or numerical methods. The analytical methods such as those provided by Kirsch

(1898), Bray and Lorig (1988) and Ladanyi (1974) cannot provide adequate solutions for 

complex mining problems. Empirical methods such as the stability graph method developed

by Mathews et al. (1981) and later modified by Potvin (1988) are based on past experiences 
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and rock mass classification systems using case studies from Canadian mines hence limiting 

its general application. Furthermore, the empirical methods are mostly focused on the rock 

mass quality and properties but may not consider factors affecting the stability of the footwall 

drift such as the thickness and position of weak zones with respect to the location of the drift. 

Numerical methods, however, are widely used in the stability analyses of underground 

openings such as drifts and stopes, since they can be used to study complex problems and 

assess the failure mechanisms.

Traditionally, in all of the above mentioned methods the input parameters used are

deterministic variables thereby ignoring the variability in the rock properties. However, it has 

been recognized since the development of standardized field and laboratory testing procedures

in the early 20th century that inherent variability is unavoidable in rock mass properties 

(Langford and Diederichs, 2013). Naturally, the variability in the rock mass properties will 

consequently result in variability in the design outputs such as displacements and strain.

Hence, ignoring the variability in the analysis may lead to results that do not properly address 

the risks associated with the uncertainties. Therefore, for a robust design of geotechnical 

structures the variability of the input parameters must be adequately considered through

probabilistic methods.

Probabilistic methods have been used in geotechnical design, though majorly for surface 

geotechnical structures such as slopes and embankments. However, probabilistic methods 

have also been applied to the design and analysis of underground rock excavations by many 

researchers (e.g. Chen et al., 1997; Valley et al. 2010; Cai 2011; Idris et al. 2011; Langford 

and Diederichs, 2013; Abdellah and Mitri, 2014). Nevertheless, there is still need for more 

studies to understand how probabilistic methods can be incorporated with numerical analysis 

to analyse the effect of the variability in the rock mass properties on the stability of 

underground rock excavations.

In a previous paper by Idris et al. (2013) the uncertainties of the rock mass properties around 

the footwall drift located in the Norra Alliansen orebody in the Malmberget mine were

considered and quantified through a probabilistic approach using Monte Carlo simulation. In

the present study, probabilistic analysis was used to study the effect of the variability of rock 

properties on the stability of a footwall drift in the Norra Alliansen orebody in the

Malmberget mine. The Point Estimate Method (PEM) was utilized in combination with 

numerical analysis for the probabilistic analysis. The distribution of the shear strain was 
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obtained and compared with the maximum allowable shear strain (i.e. critical shear strain)

thereby allowing the assessment of the drift probability of instability.

2. Footwall drift in Malmberget mine

For numerical analysis the information such as drift geometry, rock mass properties, in situ 

stresses as well as mining induced stresses are necessary. Such information, briefly introduced 

in the following section, was compiled from field observations, previously performed 

laboratory tests and the company archives. 

2.1. Drift geometry and the distance between the drift and orebody

The geometry of the footwall drift is shown in Figure 3. The drift has an arched roof and is 6

m by 5.5 m in width and height, respectively. The distance between the footwall drift and the

orebody normally ranges from 10 m to 80 m. However, the drift considered in this study is 

located approximately 50 m away from the orebody. This is the typical distance used for the 

drift situated in the footwall (Nordlund, 2013). The analysed drift is located at a depth of 900 

m on level 1022. The dip of the orebody where the drift is analysed is around 60°.

Fig. 3. The geometry of the footwall drift

3. Rock properties

The main rock types surrounding the drift are red leptite, grey leptite, red grey leptite, biotite 

and magnetite (Basarir, 2012). The biotite is intrinsically variable in its mechanical properties, 

so it is hard to make a clear classification of it. Nevertheless, attempts have been made to 

classify the biotite based on field observations and index tests conducted on the samples 

collected in the drift area. Two different types of biotites were hence specified: poor biotite 

(biotite I, normally close to the orebody) and average biotite (biotite II, normally farther away 
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from the orebody). The average biotite (i.e. biotite II) is often located close to the drift and 

both biotite zones were found mostly in the grey leptite (Savilahti, 2014). Therefore, biotite II 

and grey leptite material properties were considered in this study.

The uncertaint in the material properties of the biotite and leptite have been quantified and

their statistical parameters and distributions have been reported in Idris et al. (2013). Table 1 

shows the statistical parameters for the deformation modulus (Em), the tensile strength ( t), the 

cohesion (c) and the internal friction angle ( ) of biotite II and the grey leptite. The Poisson’s 

ratios ( ) for the biotite and grey leptite are 0.25 and 0.27, respectively and they are assumed 

to be deterministic.

Table 1. Statistical parameters for biotite II and grey leptite material properties (Idris et al., 

2013)

Parameters Biotite II Grey leptite

Mean STDEV Distributions Mean STDEV Distributions

Em (GPa) 10.09 1.55 Normal 21.40 3.29 Normal

c (MPa) 3.24 0.41 Normal 3.81 0.48 Normal

t (MPa) 0.19 0.06 Normal 0.60 0.20 Normal

( ) 39.35 1.35 Normal 39.30 1.53 Normal

4. Drift stability assessment criterion

When an underground opening such as a drift is excavated the original state of the rock mass 

surrounding the excavation is disturbed. The stress-redistribution might result in stress levels 

exceeding the rock mass strength leading to yielding/failure in shear or extension. Under high 

in situ stresses the probable major failure mechanism of an excavation within weak rock 

masses is squeezing of the weak rock masses towards the opening of the excavation or shear 

failure daylighting in the excavation. The footwall drift considered in this study is situated

partly or completely within weak rock mass (i.e. biotite) hence the drift failure mechanism is 

expected to be due to shear deformations. The failure is therefore evaluated in terms of the 

maximum shear strain. To determine the stability of the footwall the maximum shear strains 

around the drift were compared with the critical shear strain proposed by Sakurai (1993). 
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Sakurai (1993) has carried out a number of uniaxial and triaxial compressive tests on some 

rock and soil samples in the laboratory and computed the shear strain and shear modulus for 

each test. Most of the data from the test lie between the two limiting boundaries as shown in 

Figure 4. The transition line is a central line between the limiting boundaries and could 

represent the transition from a stable tunnel to an unstable tunnel. Figure 4 shows the 

relationship between the critical shear strain ( 0 ) and the shear modulus (G) together with the 

limiting boundaries. It should be note that this relationship is based on the results from 

laboratory tests; however Sakurai (1993) has shown that the critical shear strain of in situ rock 

mass also fall within the boundary lines. The equations for the upper limit ( U ), transition 

line ( T ) and lower limit ( L ) were determined from Figure 4 and presented as follows:

3.0506.9 GU (1)

3.0927.3 GT (2)

3.0516.1 GL (3)

The shear modulus (G) was determined using:

12
mE

G (4)

where  mE and are the deformation modulus and Poisson’s ratio of the rock mass,

respectively.
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Fig. 4 The relationship between critical shear strain and shear modulus (reproduced from 

Sakurai, 1993)

5. Numerical modelling

The numerical analyses of the footwall drift were carried out using the explicit finite 

difference software, FLAC (Itasca, 2011). Since the width of the footwall drift is relatively 

small compared with the length of the drift a plain strain condition was assumed and a two 

dimensional (2D) model was used. In this study the Mohr Coulomb failure criterion was 

employed and the elastic-perfectly plastic behaviour of the rock material with non-associated 

flow rule was used. Both deterministic and probabilistic numerical analyses were conducted. 

In the deterministic analysis the mean values of the rock mass properties for both the biotite 

and the grey leptite, as shown in Table 1, were used while the variability in the rock mass 

properties was considered in the probabilistic analysis.

5.1. Deterministic analysis

5.1.1. Model setup and boundary conditions

The FLAC model was chosen to be 65 m high and 266 m wide. These dimensions are large 

enough to eliminate the boundary effect. The size of the zones around the drift boundary was

0.25 m x 0.25 m. The cross-section of the modelled drift is shown in Figure 3. Mining has 

been conducted at 5 different production levels since 2008. The levels are 902, 932, 962, 992 
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and 1022 levels. In order to consider the stresses induced by the sublevel caving on the drift,

while keeping the size of the model reasonable, a global-local modelling approach was used

(Figure 5). The mining-induced stresses were obtained from the analysis of a global model of 

the Malmberget mine (Perman, 2013). These stresses were used as boundary conditions for a

local model in which the footwall drift was simulated at level 1022 (Figure 5). The boundary 

stresses in terms of horizontal stress ( xx), vertical stress ( yy) and shear stress ( xy) extracted

from the global-local model at a distance of 50 m from the northern part of Norra Alliansen

orebody contact are shown in Figure 6. The footwall drift was excavated after level 902 was 

mined (Savilahti, 2014). Therefore the induced stresses when the production level 902 was 

mined were not included in the numerical simulation of the drift. 

Fig. 5. Global-local modelling approach for the footwall drifts (based on Sjöberg and 

Malmgren, 2008)

5.1.2. Multi-step modelling approach

A multi-step modelling approach was utilised in the numerical analysis. In principle, Figure 

6 shows the schematic diagram of each production level (not the exact position of the brow) 

and the corresponding induced stresses around the drift when each level was mined. The

induced stresses when the production level 932 was mined were first used as the boundary 

conditions in the FLAC model to simulate the drift at level 1022. The stress magnitude and 

shear strain were recorded at this step herein referred to as step 1. Thereafter the model 

boundary conditions where changed to the induced stresses when production level 962 was 

mined without resetting the previous deformations around the drift. The model was then run
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to equilibrium and this is step 2. The modelling approach continued in this manner till step 

4. At step 4 the induced stresses when the production was at level 1022 were used. With this 

approach the gradual changes in the stresses as a result of mining at each level were 

considered in the simulation of the foot drift at level 1022 and the cumulative deformation of 

all stages was recorded.  

Level 932 mined

MPa
MPa
MPa

xy

yy

xx

39.1

51.20
17.43

Level 962 mined
MPa
MPa
MPa

xy

yy

xx

38.1

81.18
31.42

Level 992 mined
MPa
MPa
MPa

xy

yy

xx

02.5

15.18
38.40

Level 1022 mined
MPa

MPa
MPa

xy

yy

xx

45.10

71.19
18.32

Step 1 Step 2

Step 3 Step 4

 

Figure 6. Different production levels and the induced stresses around the drift when each 

level was mined. The studied drift at level 1022 is marked with a dotted squared shape

(Modified from Edelbro, 2012)

5.1.3. Modelling Scenarios

The location and the thickness of the biotite zone relative to the location of the drift, amongst 

other factors, will have effect on the stability of the drift. It is often observed in the mine that 

the biotite II zone is about 20 to 30 m away from the orebody contact and the thickness of the 

biotite can range between 20 to 50 m towards the direction of the drift (Nordlund, 2013).

The drift in the model is located approximately 50 m from the orebody contact. Based on this 

information, four different scenarios were simulated in order to study the effect of the location 

and thickness of the biotite zone on the drift. Note that for simplicity the dip of the biotite

zone is not considered in the simulation. The schematic diagram of the four scenarios 

considered is shown in Figure 7.
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Figure 7. Schematic diagram of the 4 scenarios considered (Not to scale)

5.1.4.Results of the deterministic analysis

5.1.4.1. Effect of mining progress

The effect of the mining progress on the footwall drift at level 1022 was studied. In Figure 8

the contours of the maximum shear strain for the drift when the production was at different 

levels were presented for the four scenarios. For all the scenarios as the mining progressed

downward from the production level 932 (i.e. step 1) to 1022 (i.e. step 4) the shear zone 

significantly increased around the studied drift. The shear zone occurred mostly in the roof 

and the right shoulder of the drift. When comparing the contours of the maximum shear strain 

for all the scenarios, the extent of the zone with large shear strain continued to increase as the 

thickness of the biotite increased towards the drift. The largest shear bands were observed

when the drift was wholly situated within the biotite (i.e. scenario 4). Based on the results 

presented in Figure 8, step 4 is the most critical hence in the continued analysis the maximum 

shear strain around the studied drift when the mining has progressed to level 1022 will be 

analysed for the deterministic and probabilistic analyses.
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NOTE: LG = Legend; ST = Step of mining progress; Step 1 = when production was at level 
932; Step 2 = when production was at level 962; Step 3 = when production was at level 992; 
Step 4 = when production was at level 1022.

Figure 8. Maximum shear strain around the simulated drift when the production was at 
different levels for all the scenarios
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5.1.4.2. Maximum shear strain around the boundary of the studied drift

The maximum shear strains were evaluated at 5 points on the boundary of the drift. These 

points were located in the left sidewall (LSW), the left shoulder (LSH), the roof (RF), the 

right shoulder (RSH) and the right sidewall (RSW) of the drift as shown in Figure 9. The 

magnitude of the maximum shear strain recorded at these points for the four different 

scenarios are presented in Figure 10. As can be seen from Figure 10, the magnitude of the 

shear strain around the drift increased with increasing thickness of the biotite zone and 

decreasing distance to the drift. In scenarios 3 and 4 the drift was partly and completely 

situated in the biotite zone, respectively. The largest shear strain occurred for the drift in

scenario 4. In all the scenarios the shear strains in roof and in the right shoulder of the drift 

are the highest when compared with the other points on the boundary of the drift. These 

results are consistent with field observations at the mine where more frequent falls of ground 

are observed in the roof and right shoulder of the drift as shown in Figure 11. The 

deformation becomes larger when the drift is partly or wholly surrounded by the biotite zone.

Figure 9. Reading points, where 1 is LSW, 2 is LSH, 3 is RF, 4 is RSH and 5 is RSW.
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Figure 10. Maximum shear strain on the drift boundary for the different Scenarios

Figure 11. Deformations at the shoulder of drift.

5.1.5. Stability assessment of the drift

The stability of the drift was assessed by comparing the shear strain obtained around the drift 

with the critical shear strain proposed by Sakurai (1993). The obtained shear strains around 

the drift in relation to the shear modulus were plotted on the critical shear strain graph (Figure 

12). The transition line on the graph was used to obtain the critical shear strain to assess the 

stability of the drift. As can be seen from Figure 12 the maximum shear strains in the left and 

right sidewalls of the drift are smaller than the critical shear strain while shear strains in the 

shoulders and the roof of the drift have exceeded the critical shear strain in all the scenarios.
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Figure 12. Comparison of the maximum shear strain obtained around the drift with critical 
shear strain graph

5.2. Probabilistic analysis

There are a number of probabilistic methods that can be combined with the numerical 

analysis. One of the well- known methods is the Monte Carlo Simulation (MCS) technique, 

but it requires a large number of simulations to be executed. This makes MCS time 

consuming and less appealing. Other more suitable methods are, e.g. the Response Surface 

Method (RSM) and the Point Estimate Method (PEM) (Rosenblueth, 1981). For this study the 

PEM was used.

5.2.1.Point estimate method (PEM)

The point estimate method proposed by Rosenblueth (1981) is widely used in geotechnical 

engineering practice for estimating the statistical moments of performance functions or failure 

indicators because of its simplicity. In the Rosenblueth PEM, 2n estimations are needed when 

there are n correlated or uncorrelated random variables with symmetric distribution. The two 

points of estimation are on either side of the mean value

(μ± ) from the distribution of each random variable. Each of the points of estimation has a 
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weighting value which depends on the correlation between the variables. For uncorrelated 

variables, each point of estimation will be weighted equally with the value 2-n. There have 

been several modifications to the Rosenblueth’s procedure to optimize computational 

accuracy and effort (e.g. Lind 1983; Zhou and Nowak 1988; Hong 1989; Harr 1989) but there 

have not been any significant differences when comparing the results of the modified with the 

original PEM (Park et al. 2013; Harr 1989; Peschl and Schweiger 2003). However, for a 

system with many random variables the original PEM is practically not suitable and the 

modified PEM such as the one proposed by Harr (1989) becomes most appropriate. In the

Harr modified PEM the two points of the estimation are chosen at two locations i.e. 

n and n . When each of the points is chosen for a variable the other 

variables are kept at their mean values. Therefore the total estimation of 2n is possible and if 

the random variables are uncorrelated each point of the estimation will have a weighting value 

of 1/2n. Although the number of solutions is greatly reduced in the Harr modified PEM it is 

possible when n is large that the value at the points of estimation may be outside the range of 

the meaningful definition of the variables. Therefore caution has to be taken when using the 

modified PEM.

5.2.2.Probabilistic models and input parameters

In the probabilistic analysis the model geometry and the induced stresses were the same as 

that of the deterministic analysis. The multi-step analysis as explained in the deterministic 

analysis is used with random input parameters. The random variables for both the leptite and 

the biotite are the strength parameters (c, ), the tensile strength of rock mass ( t) and the 

deformation modulus of rock mass (Em). All the random variables were considered to be 

uncorrelated and normally distributed. The mining induced stresses are considered as 

deterministic variables. The variability in the material properties of both the leptite and the 

biotite was considered to study the combined effect of their variability on the stability of the 

drift. Therefore the random variables are eight, four variables for the biotite and four variables 

for the leptite. Considering the total number of the variables, if the Rosenblueth PEM is used 

the total number of the solutions will be 28 = 256. This will require a significant amount of 

model runs. In order to reduce the number of model runs the Harr modified PEM was used

and the total solution needed became 16 (i.e. 2 x 8). In this study the Harr modified PEM is 

appropriate as the ranges of the variables were within the valid domain.
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The possible 16 combinations of the random values were used separately as input parameters

in the FLAC models. The maximum shear strains at the five reading points were recorded for 

all the sixteen cases and their statistical moments were determined using statistical analysis.

Normal distributions were assumed for the results.

5.2.3.Results of the probabilistic analyses

The mean, minimum and maximum values of the shear strains at the five reading points 

around the drift for all the scenarios are presented in Table 2. The predicted minimum and 

maximum values were taken at 95% confidence interval. The probability density functions 

(PDFs) of the shear strains at the five reading points around the drift for all the scenarios are 

presented in Figure 13. The maximum shear strain ranges between the predicted minimum 

and maximum values for all the scenarios as can be seen in Table 2. The COV’s of the shear 

strain around the drift (at the reading points) for all the scenarios are in the range of about 12

– 40 %. The magnitude of the shear strain around the drift when it is completely surrounded 

by the biotite zone (i.e. Scenario 4) is the largest compared to that in the other scenarios. The 

predicted maximum shear strain in the roof (RF) of the drift in scenario 4, for instance, is

about 3 % (see Table 2). It can also be observed from Table 2 that the magnitude of the shear

strain is larger in the roof of the drift than in any of the other measuring points in all the

Scenarios. This can also be observed in the deterministic analysis (see Figure 10). 

Table 2. Maximum shear strains around the drift from probabilistic analyses

RP Maximum shear strains (%)

Scenario 1 Scenario 2 Scenario 3 Scenario 4

µ Min Max µ Min Max µ Min Max µ Min Max

LSW 0.12 0.06 0.18 0.17 0.13 0.21 0.14 0.08 0.20 0.25 0.13 0.37

LSH 0.42 0.19 0.67 0.47 0.25 0.69 0.40 0.09 0.71 0.96 0.41 1.51

RF 0.88 0.41 1.35 1.16 0.59 1.73 1.61 0.87 2.36 2.01 1.03 2.99

RSH 0.70 0.39 1.01 0.97 0.58 1.36 1.36 0.79 1.93 1.50 0.81 2.19

RSW 0.14 0.06 0.22 0.27 0.12 0.43 0.24 0.09 0.39 0.26 0.12 0.40

EP = Reading points, µ = mean value, Min = Minimum value, Max = maximum value
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Figure 13. Probability distribution of the maximum shear strain around the drift for all 

scenarios

5.2.4. Probability assessment of the drift stability

To determine that the probability of the maximum shear strain around the drift will exceed the 

critical shear strain a limit state or the drift performance function was established. The 

performance function (g(x)) defines the relationship between the maximum shear strain 

around the drift and the Sakurai (1993) critical shear strain. The transition line (Equation 2)

from the critical shear strain graph was used as critical shear strain. Mathematically, the 

performance function or the limit state can be defined as:

g(x) = R(x) –S(x)                                                      (5)

where R is the critical shear strain defined by the transition line and S is the maximum shear 

strain around the drift. R(x) and S(x) are the probability density functions (PDFs) of the 

random variable x. For g(x) > 0 the maximum shear strain in drift is smaller than the critical 

shear strain hence the performance is satisfactory otherwise if g(x) < 0 the drift performance is 

unsatisfactory as the shear strain in the drift has exceeded the critical shear strain. The limit 

state boundary is therefore defined by g(x) = 0.
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Monte Carlo simulations (MCS) with 105 cycles were performed on the performance function 

(Equation 5) using the Excel add-in program @RISK (Palisade, 2001). The mean ( g ) and 

the standard deviation ( g ) of the performance function g(x) were determined from the result 

of the MC simulation. The reliability index ( ) was estimated from the mean and standard 

deviation of the performance function thus:

g

g (6)

By assuming g(x) to be normally distributed, the probability of the shear strain in the drift

exceeding the critical shear strain (Pf) was estimated using:

)(1fP                                                                                                                  (7)

where is cumulative normal density function of the standard normal variable.

The calculated reliability indices ( ) and the probabilities of the shear strain in the drift

exceeding the critical shear strain (Pf) are presented in Table 3. As shown in Table 3 the Pf

for the left sidewall of the drift (LSW) for scenarios 1, 2 and 3 are less than 1% while Pf for

the LSW for scenario 4 is about 11%.  A Pf greater than 80 % was calculated for the left 

shoulder, the roof and the right shoulder of the drift for all scenarios. The Pf less than 1% was 

recorded for the RSW for the drift in scenario 1 while the Pf for the RSW for the drift in 

scenarios 2, 3 and 4 are about 25%, 13% and 18%, respectively. 

In the literature verbal expressions of probability have been suggested (e.g. Lichtenstein and 

Newman, 1967; Vicks, 1997; Abdullah et al., 2012). The verbal expression of probability 

suggested by Abdullah et al (2012) (i.e. Table 4) was used in this study. Table 4 was used to 

express the probability that the shear strain in the selected points around the drift will exceed 

the critical shear strain and the result is presented in Figure 14. Since the Pf of the left 

shoulder, the roof and the right shoulder of the drift for scenarios 1, 2 and 4 is > 85% it is 

certain (according to Table 4) that the shear strains will exceed the critical value (Figure 14). 

Similarly, it can be said that it is rare ( i.e. Pf < 5%) for the shear strain in the left sidewall of 

the drift for scenario 1, 2 and 3 as well as the drift right sidewall for scenario 1 to exceed the 

critical shear strain (Figure 14). 

Table 4 and Figure 14 could be used for decision making during the design stage however it 

should be noted that the verbal expression of probability could be subjective hence Table 4 
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should be used with caution. The range of the equivalent to each verbal expression of the 

probability could vary depending on the nature of the project and the consequence of the 

failure.

Table 3. Reliability index and probability of the drift shear strain exceeding the critical shear 

strain for different Scenarios

Reading 

points

Scenario 1 Scenario 2 Scenario 3 Scenario 4

fP (%) fP (%) fP (%) fP (%)

LSW 4.37 5.4 x 10-06 3.89 5.0 x 10-03 3.76 8.0 x 10-03 1.24 10.75

LSH -1.31 90.49 -1.88 97.00 -0.86 80.51 -2.26 98.81

RF -2.57 99.49 -3.09 99.90 -3.37 99.96 -3.23 99.94

RSH -2.73 99.68 -3.48 99.98 -3.56 99.98 -3.35 99.96

RSW 2.91 1.8 x 10-01 0.67 25.14 1.13 12.9 0.93 17.62

Table 4. Verbal expression of probability and its numerical equivalent

Verbal 

expression

Probability 

equivalent

Probability of occurrence

Rare < 5% May occur in exceptional circumstances

Unlikely 5 - 20% Could occur at sometimes

Possible 20 - 60% Might occur at sometimes

Likely 60 - 85% Will probably occur in most circumstances

Certain > 85% Expected to occur in most circumstances
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Figure 14. Probability of the drift instability and its translated verbal expression

6. Discussion

6.1. Effect of variability in the material properties

In both the deterministic and probabilistic analyses the means of the maximum shear strains

recorded at the five reading points were similar. The results of the deterministic analysis of 

the drift indicate that the maximum shear strains in the left and right sidewalls of the drift do 

not exceed the critical shear strain in all scenarios hence they are stable (Figure 12). The 

probabilistic analysis on the other hand consider the variability in the material properties of 

the rock masses thus providing the possible ranges and distributions of the shear strain around 

the drift. The shear strain in the right sidewall of the drift might exceed the critical shear strain

in scenarios 2 (Pf > 20%) 3 and 4 (Pf > 5%) (see Figure 14). This indicates that instability 

problems may occur (even though with low probability) in the drift right sidewall for 

scenarios 2, 3 and 4. The differences in the results between the deterministic and the 

probabilistic analyses are due to the variability in the input parameter in the probabilistic

analysis. 
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6.2. Effect of the thickness of the biotite zone

The thickness of the biotite zone relative to the location of the drift is another important factor 

for the stability of the drift. The magnitude of the maximum shear strain increases with 

increasing thickness of the biotite zone and decreasing distance to the drift. Large shear 

strains are particularly expected when the drift is partially or completely surrounded by the 

biotite. It is observed in all the scenarios that the highest shear strain was in the roof and the 

right shoulder of the drift.

7. Conclusions

The following can be concluded from the results of this study:

1. By means of the probabilistic method it is possible to make more realistic evaluations 

of the footwall drift stability by considering the effect of the variability of the rock 

mass strength and deformability. In the probabilistic stability analysis of the footwall

drift, the probability of instability can be determined. Therefore making quantitative 

risk assessment possible.

2. The thickness of the biotite with regard to the location of the drift has a significant 

effect on the stability of the footwall drift. The magnitude of shear strain of the drift 

increases as the thickness of the biotite extends towards the drift. The highest shear 

strain was obtained around the drift when the drift is completely surrounded by the 

biotite, indicating a higher risk of instability.
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Abstract

Stability analyses of any excavations within the rock mass require reliable geotechnical input 
parameters such as in situ stress field, rock mass strength and deformation modulus. These
parameters are intrinsically uncertain and their precise values are never known, hence, their 
variability must be properly accounted for in the stability analyses. Traditional deterministic 
approaches do not quantitatively consider these uncertainties in the input parameters. To 
incorporate these uncertainties stochastic approaches are generally used. In this study, a 
stochastic assessment of pillar stability using Artificial Neural Network (ANN) is presented. 
The uncertainty in the rock mass properties at the Laisvall mine were quantified and the 
probability density function of the deformation modulus of the rock mass was determined
using probabilistic approach. The variability of the in situ stress was also considered. The 
random values of the deformation modulus and the horizontal in situ stresses were used as 
input parameters in the FLAC3D numerical simulations to determine the axial strain in the 
pillar. ANN model was developed to approximate an implicit relationship between the 
deformation modulus, horizontal in situ stresses and the axial strain occurring in pillar due to 
mining activities. The closed-form relationship generated from the trained ANN model,
together with the maximum strain that the pillar can withstand was used to assess the stability 
of the pillar in terms of reliability index and probability of failure. The results from this study 
indicate that, the thickness of the overburden and pillar dimension have a substantial effect on 
the probability of failure and reliability index. Also shown is the significant influence of
coefficient of variation (COV) of the random variables on the pillar stability. The approach 
presented in this study can be used to determine the optimal pillar dimensions based on the 
minimum acceptable risk of pillar failure.

Key words: stochastic assessment, probability of failure, reliability index, artificial neural 
network, pillar stability.

1. Introduction

A pillar can be defined as the in-situ rock mass between two or more underground openings.
It is the main support in room and pillar mines. The support provided by the pillars controls
the rock mass displacement throughout the zone of influence of mining, while the mining 
proceeds.
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The analysis and design of mine pillars generally seek to optimize the size of the pillars so as 
to maximize the extraction ratio (i.e. amount of ore extracted relative to the total amount of 
ore available) while maintaining the stability of the mine. Hence the design of pillars has both 
economic and safety implications. The knowledge of the pillar strength and the determination 
of the required safety factor for a given loading condition are the most important aspects of 
pillar design. Conventional pillar design methods comprise the calculation of the mean pillar 
stress (e.g. the tributary area method and the method by Coates (1981) and the estimation of 
the pillar strength using empirical formulae (e.g. Obert and Duvall 1967; Krauland and Söder, 
1987; Sjöberg, 1992). Based on the stress and strength of the pillar the factor of safety can be 
calculated. The factor of safety is the ratio of the pillar strength to the induced stress in the 
pillar and the pillar fails when the ratio is less than 1.

Though the conventional methods are widely used for pillar design, Alber and Heiland (2001) 
have expressed some concerns about this conventional approach for pillar design at shallow 
depth. They observed that the pillar failure at shallow depth could not be properly explained 
by comparing pillar strength with stresses induced on the pillar by mining activities. They 
suggested amongst other approaches that pillar failure could be related to strain. Therefore, 
when considering the strain occurring in the pillar the factor of safety can be determined as 
the ratio of the maximum strain that a pillar can withstand to the strain occurring in the pillar 
due to mining activities. Nevertheless, either ways of determining the factor of safety are 
largely deterministic and do not consider the inherent variability of the rock mass properties 
and that of the in situ stress field. Mean values of these input parameters are generally
assumed. The results from the deterministic approach could be misleading depending on the 
distributive character of the rock property variation (Kim and Gao, 1995). Deng et al. (2003) 
have reported instances where pillars failed despite the fact that the failed pillars had been 
considered stable with factor of safety greater than 1.

Therefore, for a reliable design and analysis of construction elements such as mine pillars 
appropriate methods which incorporate the variability in the rock mass properties must be 
used. The methods which consider this variability are known as stochastic or probabilistic
methods. With a stochastic approach, the stability analysis can be considered as a random 
system, where the occurrence of a pillar failure is a random event depending on the outcome 
of the random variables involved. 

A number of stochastic approaches have been applied to various geotechnical problems, 
including underground excavation problems (e.g. Chen et al., 1997; Lilly and Li, 2000; Cai, 
2011; Idris et al., 2011 Dohyun et al., 2012), tunnel support (e.g. Schweiger et al., 2001; Li 
and Low, 2010; Oreste, 2005), pillar stability (e.g., Pine, 1992; Joughin et al., 2000 Griffith et 
al., 2002; Deng et al., 2003) and subsidence (e.g. Torano et al., 2000). Pine (1992) presented a 
probabilistic approach for pillar design whereby normal probabilistic distributions were 
assumed for the random variables and the safety margin. Joughin et al. (2000) employed the 
point estimate method (Rosenblueth, 1981) to account for rock strength variability in the 
probabilistic method they presented for the design of chromite pillars in South Africa. Deng et 
al. (2003) presented a probabilistic mine design method which combines the finite element 
methods, neural network and reliability analysis.
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In general, stochastic assessment of pillar stability is performed by two procedures: the first 
step is to quantify the variability in the rock mass properties in order to determine the basic 
statistical parameters (i.e. mean and variance) and probability density functions (PDFs) of the 
strength and deformation modulus of the rock mass using the Monte Carlo method. The 
Monte Carlo (MC) simulation technique is often adopted in the geotechnical stochastic 
analyses with implicit or explicit solutions but when the analysis is associated with numerical 
modelling then the MC simulation technique becomes time consuming and less appealing.

In the second step, the probability of failure is determined with respect to a specific failure 
criterion, which can either be the induced pillar stress exceeding the pillar strength or the 
strain occurring in the pillar exceeding the defined threshold strain value for the pillar. The
onset of failure in the context of this study is defined as the limit state when the peak strength 
of the pillar is exceeded or the strain occurring in the pillar exceeds the peak strain for the 
pillar. For underground excavations this limit state is not known explicitly, instead numerical 
analysis using the finite difference method (FDM) or the finite element methods (FEM) can 
be combined with function approximation tools to construct a closed-form expression for the 
limit state surface. Recently, many function approximation tools have been proposed such as 
the response surface method (RSM), the point estimate method (PEM), and the artificial 
neural network (ANN) to model the relationship. ANN, due to its high performance, has been 
one of the tools used in geotechnical engineering to model the relationship between non-linear 
multivariate variables (Sonmez et al. 2006). 

In this study, a stochastic approach was used to analyse the pillar stability at the Laisvall mine
in Sweden while considering the variability in the rock mass properties and in the in-situ 
stresses. The uncertainty in the rock mass properties at the Laisvall mine were quantified and 
the probability density function of the deformation modulus of the rock mass was determined.
Also the variability of the horizontal in situ stresses was considered. The random values of 
these parameters (i.e. deformation modulus and horizontal in situ stresses) were used as input 
parameters for the FLAC3D (Itasca, 2012) analyses to determine the axial strain in the pillar.
The ANN model was developed to approximate an implicit relationship between the 
deformation modulus, horizontal stresses and the pillar axial strain within the range of 
possible values of the random input parameters. The closed-form relationship generated from 
the trained ANN model together with critical axial strain, which the pillar can withstand, was 
used to define a pillar performance function. The performance function was used to assess the 
stability of the pillar in terms of probability of failure and reliability index.

1.1. Artificial Neural Network (ANN)

The ANN, also referred to as neural network, is an information system that imitates the 
behaviour of the human brain by emulating the operation and connectivity of the brain to 
generate a general solution to a problem. ANN can be used to extract patterns and detect 
trends from problems where the relationship between the inputs and outputs are not 
sufficiently known. In recent years, ANN has been frequently used for functions 
approximation in different fields of science, including geotechnical engineering (Shahin et al., 
2001). Basically, ANN consists of simple interconnected nodes or neurons as shown in Fig. 1
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where p is the input, w is the weight, b is the bias,  f is the transfer function and a is the 
output.

If the neuron has N number of inputs then the output a can be calculated as:

bpwfa i

N

i
i

1
(1)

There are different types of transfer functions that can be used in ANN such as hard limit 
transfer function, linear transfer function, log-sigmoid transfer (Beale et al., 2012). The choice 
of the transfer function depends on the specification of a problem that the neuron is 
attempting to solve (Beale et al., 2012).

The architecture of ANN consists of the number of layers, the number of neurons in each 
layer and the neuron transfer functions. Two or more neurons can be combined in a layer and 
a network could contain one or two layers whereby each layer has different roles. There are 
output layers, input layers and intermediate layers or hidden layers. There is always one 
output layer and one input layer while there can be many hidden layers for an ANN.
However, it is known that a network with one hidden layer can approximate any continuous 
function provided with sufficient connection weights (Hornik et al., 1989). The number of 
neurons in the input and output layer are determined by the number of the model input and 
output variables. There is no any exact guide for determining the number of neurons in the 
hidden layer, however some researchers (e.g. Aldrich and Reuter, 1994; Kanellopous and 
Wilkinson, 1997; Seibi and Al-Alawi, 1997) have proposed heuristic relations for determining 
the neuron size.

Before an ANN can be used to make projections or predictions it has to be trained. In the 
training or learning process, the network is presented with a pair of training data sets 
including input and corresponding target values. The network computes its own output using 
its initial weights and biases. Then, the weights and biases are adjusted iteratively to reduce 
the errors between the network output and the target output. Mean square error is used as error 
index during the training phase to improve the network performance (Tawadrous et al. 2009). 
One of the most commonly used learning algorithms in geotechnical engineering is the back-
propagation algorithm (BPA) proposed by Rumelhart et al. (1986). In BPA there are two 
phases: forward prediction which calculates the output values of the ANN from training data 
and error back-propagation which adjusts the weight. There are many techniques to adjust the 
error but the steepest descent method is often used (Tawadrous et al., 2009). Once the training 
process of ANN is completed predictions can be made for a new input dataset.

2. Description of the case studied

The Laisvall mine in northern Sweden, although closed in 2001, was a lead-zinc mine owned 
and operated by Boliden Mineral AB. The orebody, hosted in flat-lying quartzitic sandstone 
interlayered with clayey sandstones, was mined using the room and pillar mining method. The 
annual production before the closure of the mine was 1.6 Mt. There were four main ore bodies 
in the mine, most of them situated in the lower sandstone, except the Nadok orebody which
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was entirely situated in the upper sandstone. The thickness of the overlying strata above the 
Nadok orebody varied between 110 and 300 m (Söder and Krauland, 1989). In most of the 
orebodies of the mine the roof consisted of the same type of sandstone as the ore itself. 

Söder and Krauland (1989) conducted a full-scale pillar test between 1983 and 1988 in the 
Nadok orebody. This test comprised 9 pillars and the objective was to determine the stress 
level in the pillar at failure (i.e., the bearing capacity) to serve as input to pillar design and 
long term planning of the mine. The pillars were subjected to increasing stresses by 
decreasing the cross-sectional area of the pillars through blasting of slices of approximately 
0.4 m thickness, thereby reducing the widths and lengths of the pillars in each of the mining 
steps. The pillars were initially 4.6 m high, 7.4 m wide and 8.1 m long. Pillar failure appeared 
to have occurred after six slices were blasted.

3. Stochastic estimation of rock mass properties using GSI system

Inputs for the rock mass parameters in the numerical simulation were determined 
stochastically from the GSI (Geological Strength Index) rock mass classification system. The
GSI system, developed by Hoek et al. (1995), is based on the description of the rock structure 
and the block surface condition. It is a system that provides a complete set of mechanical 
properties for design purposes when used in the generalized Hoek-Brown criterion (Cai et al. 
2007). The mechanical rock mass properties are the deformation modulus (Em), the Hoek-
Brown strength parameters (mb, s and a), the tensile strength, and the equivalent shear 
strength parameters: cohesion (c) and the internal friction angle ( ). When the GSI system is 
used for rock mass characterization, two groups of parameters need to be determined, which 
includes the uniaxial compressive strength (UCS) and the material constant (mi) of intact rock. 
The other group is the joint parameters which consist of joint geometry and strength 
parameters (Cai et al., 2011). These parameters varied considerably for the rock mass where 
the pillar test was conducted as reported by Söder and Krauland (1989), Palmström (1995),
Exadaktylos and Stavropoulou (2008).

3.1.Evaluation of GSI from Vb and Jc

The determination of GSI based on visual observation may be subjective. Recently, Cai et al.
(2004b) proposed a new approach to quantitatively determine GSI based on the block size and 
condition; block volume (Vb) and the joint condition factor (Jc). This approach is well suited 
for the stochastic approach and therefore adopted for this study.

The block size is determined from the joint spacing, joint orientation, number of joint sets and 
joint persistence. According to Cai et al. (2004b) the effect of the intersection angle between 
joint sets is relatively small compared to the joint spacing hence they suggested that for 
practical purposes the block volume for three or more joints can be approximated using

321 SSSVb (2)

where Si is the spacing of each joint set.
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The joint surface condition (Jc) is defined by the roughness, weathering and infilling. It is 
similar to the factor used by Palmström (1995) to quantify the joint surface condition. The 
combination of these factors defines the strength of a joint or block surface. Cai et al. 2004b
defined Jc as:

A

SW
c J

JJJ (3)                        

where JW and JS are the large-scale waviness and small- scale smoothness, respectively 
(Barton and Bandis, 1990; Palmström ,1995) and JA is the joint alteration factor (Barton et al.,
1974).

Once the value of Jc and Vb are known the GSI value can be determined using the equation 
proposed by Cai and Kaiser (2006) which is expressed in terms of Jc and Vb, thus

bc

bc

VJ
VJGSI

ln0253.0ln0151.01
ln9.0ln79.85.26 (4)

By extension, since the variability in the material properties is considered in this study, if the 
mean values and the coefficient of variations of Jc and Vb together with their probability 
density functions (PDF) are known then they could be used as input variables to determine the 
distribution of the GSI using the Monte Carlo simulation.

Palmström (1995) has conducted extensive evaluation of the joint characteristics of the pillars 
at the Laisvall mine and reported the Vb and Jc values for the rock mass at the mine. 
Exadaktylos and Stavropoulou (2008), based on the results of Palmström (1995), presented
the range of values for the Vb and Jc, respectively, for the quarzitic sandstone pillar at the 
Laisvall mine. The mean values and the coefficient of variation (COV) for both Vb and Jc

were estimated based on the “Three-sigma rule” described by Dai and Wang (1992). The 
three-sigma rule is based on the fact that 99.73% of all values of a normally distributed
parameter fall within three standard deviations of the mean. The normal distribution is 
assumed for both Vb and Jc and the distributions were truncated at their maximum and 
minimum values. The mean values and the COV for the Vb and Jc together with their 
respective truncated PDF were used as inputs in Eq. (4) to generate the distribution of the GSI
using the Monte Carlo simulation technique available in the Excel add in program @RISK
(Palisade, 2001). Table 1 shows the statistical parameters for Vb and Jc and statistical
parameters for the GSI generated from the Monte Carlo simulation.

3.2. Determination of statistical parameters for UCS and, mi

The GSI value, the UCS and the mi of the intact rock are basic inputs for the generalized 
Hoek-Brown failure criterion (Hoek et al. 2002). The UCS and mi of the intact rock are
determined by laboratory testing as described by Hoek and Brown (1997). In this study, the 
mean value and the range for UCS used for the rock types in the Nadok orebody have been 
reported by Söder and Krauland (1989) and Palmström (1995). The information about the 
variation of the UCS is not reported. A normal distribution with a COV of 15% was assumed
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for the UCS. Generally, the COV of 15% - 20% is applicable to most natural geotechnical 
materials (Rethati, 1988). A normal distribution with the mean value of 17 and COV of 10% 
was assumed for the mi. This was taken from the value suggested for sandstone by Marinos 
and Hoek (2000). Table 2 shows the statistical parameters for the UCS and mi used in this 
study.

3.3. Determination of the rock mass properties and their Probability Density Functions

The generalized Hoek-Brown criterion for jointed rock masses was employed to estimate the 
rock mass strength parameters and deformation modulus for the Nadok orebody. At failure 
the generalized Hoek-Brown criterion relates the major effective principal stress 1 to the 
minor effective principal stress 3 as follows

a

ci
bci sm 3

31 (5)

where mb, s, a are Hoek-Brown strength parameters for the rock mass and ci is the UCS of 
the intact rock. Having determined the statistical parameters (i.e. mean and COV) of GSI and 
mi Monte Carlo simulation technique was used to determine the distributions of the Hoek-
Brown strength parameters for the orebody using the following equations:

D
GSImm ib 1428

100exp (6)

D
GSIs

39
100exp (7)
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where D is a factor which depends on the degree of disturbance the rock mass has been 
subjected to by blast damage and stress relaxation. It varies from 0 for undisturbed in situ rock 
masses to 1 for very disturbed rock masses. For this study, blasting damage was assumed to 
be minimal, hence D = 0 was used.

Different equations have been proposed to determine the deformation modulus of the rock 
mass based on the range of the UCS (Hoek et al. 2002). Hoek and Diederich (2006) suggested 
that when reliable estimates of Young’s modulus for intact rock are available, the deformation 
modulus of the rock mass (Em) can be calculated from:

11/15601
2/102.0 GSIDim e

DEE (9)

where Ei is the Young modulus and it was determined from the modulus ratio (MR) proposed 
by Deere (1968) thus:
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cii MRE (10)

The value of MR was determined from the mean values of UCS and Ei for the intact rock
reported by Söder and Krauland (1989). Eq. (9) and Eq. (10) were used to estimate the
statistical parameters and the PDF for deformation modulus (Em) for the rock mass by using 
the already determined PDFs of the UCS and GSI. Similar to the previous parameters, the 
PDF and the statistical parameters were generated using the Monte Carlo simulation 
technique available in @RISK. Table 3 shows the probability density function (PDF), mean,
standard deviation (STDEV) and the coefficient of variation (COV) for the deformation 
modulus (Em).

4. Variability in in-situ stress

The knowledge of in situ stresses is essential for the design of underground excavations and 
construction elements such as mine pillars. Due to spatial variation of the in-situ stress field at 
various locations within the rock mass, there is always an uncertainty in the results of in-situ 
stresses measurements (Cai, 2011). 

In-situ stresses are usually reported as; vertical stress ( v), maximum horizontal stress ( H), 
and minimum horizontal stress ( h). The vertical stress is normally assumed to vary linearly 
with depth as: 

gzv (11)

where is the rock density, g is the gravity and z is the overburden. For this study, the rock 
density for the rock mass was assumed to be constant with a value of 2700 kg/m3 and the 
overburden varied from 110 to 300 m.

The maximum horizontal stress ( H) and minimum horizontal stress ( h) recorded at the mine 
varied between 20 MPa and 25 MPa (Marklund, 2013). Normal distribution was assumed for 
the horizontal in situ stresses with coefficient of variation (COV) of 3.7% using the three 
sigma rule. Only the variability in the horizontal stresses was considered in this study.

5. Numerical Analysis

Since the objective of the numerical analysis was to determine the induced axial stress and the 
elastic axial strain occurring in the pillar due to the mining, linear elastic analyses were 
considered sufficient. Series of elastic numerical analyses were carried out using the FLAC3D

code (Itasca, 2012) considering the possible variability in the rock mass properties and the in-
situ stress conditions.

5.1. Model geometry

The layout of the test area and the geometry of the simulated pillars are shown in Fig. 2.
Roller boundary conditions were used along all external boundaries. The mesh size used for 
the model was 0.4 m x 0.4 m x 0.4 m. It was chosen based on the results from the FLAC 
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analysis where the induced axial stress in pillar was monitored for different mesh sizes until 
further reduction in the mesh size gave no significant difference in the model result.

5.2. Modelling sequence

The modelling sequence used in this study consists of the following steps:

(i) Generation of the model grid using a brick-shaped mesh,
(ii) Selection of appropriate boundary conditions and material model,
(iii) Initialization of in-situ stresses and material properties,
(iv) Stepping of the model to initial equilibrium prior to any excavations,
(v) Excavation of the roadways creating the rib pillars and later the cuts through the 

rib pillars leaving the panel pillars. This excavation is henceforth referred to as 
mining step 0 in the modelling sequence,

(vi) Sequential loading of the pillar induced by blasting the pillar in 6 steps, henceforth 
referred to as mining steps 1 to 6. Each step extracts one slice of approximately 
0.4m from the length of the pillar and one slice of approximately 0.4 m from the 
width of the pillar. 

Fig. 3 shows the mining steps 1 to 6 and Table 5 shows the pillar dimensions corresponding to 
the mining steps. At each mining step the axial stress and maximum vertical displacement at 
both ends of the pillar were obtained. The mean pillar stress was estimated by averaging the 
vertical stress component computed by FLAC3D along the center line ab (see Fig. 4) of the 
pillar. The axial strain ( ) was calculated as follows:

100
H

UU ba (12)

where Ua and Ub are the vertical displacement at point a and b, respectively while H is the 
height of the pillar. 

5.3. Sensitivity Analysis

In the room and pillar mining method, roadways are usually developed ahead of mining and
are initially subjected to the in-situ stress state. As mining progresses, the pillars are subjected 
to an increased induced stress which consequently leads to increase in the rock mass response 
in terms of displacement or strain. Traditionally, the stability of a pillar is assessed by using 
the criteria which compares the strength of the pillar to the maximum average stress in the 
pillar. The maximum average stress can be determined from two or three dimensional elastic 
numerical analyses while the strength is determined from empirical equations. The pillar 
stability can also be assessed by comparing the strain monitored in the pillar during the 
numerical analyses with the maximum strain that the pillar can withstand. Some of the input 
parameters for the elastic numerical analyses are the deformation modulus of the rock mass
and horizontal in-situ stress. As discussed previously, these parameters exhibit inherent
variability and uncertainty hence for this study there is need to find the appropriate criteria for 
assessing the stability of the pillar while considering the variability of these parameters. A
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sensitivity analysis was performed to determine the effect of the variability of these input
parameters on the axial strain of and the mean axial stress in the pillar. Two cases were 
considered for the sensitivity analysis as follows:

(i) The deformation modulus was varied between 20 and 32 GPa while the other input 
parameters were kept constant and equal to their mean values.

(ii) The horizontal stresses were varied between 20 and 26 MPa while the other input 
parameters were kept constant and equal to their mean values.

The mean values of the input parameters used for the sensitivity analysis are shown in Table 
5.

5.3.1. Results of the sensitivity analysis

The results of the sensitivity analyses are shown in Figs. 5 and 6. It is evident from Fig. 5 that 
the variation in the horizontal stress has significant effect on both axial strain and mean axial 
stress in the pillar. The strain and the mean stress increased when the width-to-height ratio of 
the pillar was reduced from 1.61 to 1.46 (i.e. mining step 0 to step 1). However, as shown in 
Fig. 6a the axial strain in the pillar decreases for an increase in the deformation modulus. Also 
the strain increases with reduction in the width-to-height ratio. Therefore, from Fig. 6a it is 
evident that the axial strain in the pillar is sensitive to the variations in the deformation 
modulus as well as in the pillar geometry. Conversely, the mean axial stress is not sensitive to 
any increase in the deformation modulus as shown in Fig. 6(b). However the axial stress 
increased when the width-to-height ratio was reduced (i.e. from mining step 0 to step 1). 
These results show that the distribution of elastic stress in the pillar is a function of the pillar 
geometry and the in-situ stress. This has also been observed by Martin and Maybee (2000) 
and Lunder and Pakalnis (1997).

The sensitivity analysis shows that given the same pillar geometry the stress in the pillar, 
under elastic conditions, will be the same for pillars with different rock mass properties if they 
are subjected to the same in situ stresses. Deformation (e.g. strain) is the response of the rock 
mass when subjected to stress/load hence this response (i.e. strain) can be used to analyse the 
stability of the pillar instead of using a stress/strength criterion. Therefore, in this study strain-
based criterion is used for assessing the pillar stability in this study.

5.4. Determination of the pillar Performance function

In order to determine the probability of failure for the pillar as well as its reliability the 
relationship between the capacity and the demand on the pillar must be established.
Concluding from the results of the sensitivity analysis presented above, the strain based
criterion is adopted for this study. Therefore, the pillar capacity is expressed in terms of the 
critical strain ( critical ) and the demand is the axial strain ( ).

Sakurai (1981, 1997, 1999) has developed a concept of critical strain for rock masses. The 
critical strain is the ratio of uniaxial compressive strength to Young’s modulus i.e. 
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100
m

cm
critical E

(13)

where critical is the critical strain, cm is the uniaxial compressive strength (UCS) of the rock 

mass and mE is the deformation modulus of the rock mass. The UCS of the rock mass cm is 

obtained by setting 3 = 0 and cm1 in Eq. 5, giving:

a
cicm s (14)

The rock mass constants a and s are obtained from Eqs. 7 and 8, respectively.

Since the critical strain may not be the strain at failure for most rocks, Sakurai (1981) 
proposed a relationship between strain at failure and critical strain as

f

critical
failure R1

(15)

where failure is the failure strain and fR is a parameter representing failure strength. 

According to Sakurai (1981) fR ranges from 0.05 to 0.8. The range of Rf suggested by 

Sakurai does not have a general application as it includes both weak and hard rocks. However,
based on the study conducted by Cai et al. (2004a) on the generalized crack initiation and 
propagation thresholds of brittle rock masses Cai (2011) proposed the Rf ranging from 0.1 to 
0.3 for hard rock masses. For this study 0.2 was assumed to be an approximated value for Rf

for the rock mass at the Laisvall mine based on a rough estimate using the available data from 
the mine.

Therefore, for this study the performance function for the pillar is the limit-state function
which defines the relationship between the failure strain and the axial strain due to mining. 
The limit state function, g(x), and probability of failure Pf can be defined as:

)()()( xSxRxg (16)
0)(xgPPf (17)

where R is the failure strain and S is the axial strain. Both R(x) and S(x) are PDFs of the 
random variable x.

Aside from the limit state function, the safety index or reliability index is another 
important quantity for the reliability of a pillar. The reliability index can be defined as:

m

m (18)

where m and m are the mean and standard deviation of the PDF of g(x), respectively. The 
larger the reliability index, the smaller the probability of pillar failure. The limit state 
function, g(x), is assumed to follow a normal distribution hence can be defined as
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where 1 is the inverse cumulative density function (CDF) of the standard normal variable at 
the probability level )1( fP .

5.4.1.Determination of closed-form equation for axial strain

In this study an approach that integrates ANN and finite difference analysis was adopted to 
obtain a closed-form equation of the axial strain for each of the mining steps. The proceeding 
sections describe the processes involved in achieving this.

5.4.1.1. Determination of model training dataset

An important step in developing ANN models is to select the model input variables that have 
the most significant effect on the model performance (Faraway and Chatfield, 1998). For this 
study, the training datasets are the deformation modulus and horizontal in-situ stresses as 
input data and the corresponding axial strain as output or target data. In order to approximate 
the relationship between the axial strain and the random variables a training dataset is 
designed. Thirty six (i.e. 62 ) combinations of random values of Em and H were generated by 
considering equally spaced six sampling points of each random values within the range of ±3 
standard deviations of their respective means. This represents almost the total population of 
their normal distributions.

The FLAC3D elastic simulations were carried out using each of the 36 combinations of Em and 

H together with constant values for Poisson’s ratio (0.2) and mean value for overburden (i.e. 
205 m) to generate the corresponding 36 axial strains. The 36 datasets were divided into 3 
sections randomly for the ANN model training, testing and validation. 70% of the datasets for 
the training, 15% for the testing and 15% for the validation.

The input and output data were normalized or scaled to be in the range of ±1 because the 
ANN algorithm especially the back-propagation, works best when the training datasets are 
scaled or normalized (Beale et al. 2012). The following equation was used for linear scaling 
of the input and target data (Goh and Kulhawy, 2003).

12
minmax

min

xx
xxxnorm (20)

where normx is the normalized value of parameter x with maximum and minimum values of 

maxx and minx , respectively. The ranges of values used for Em and H as input parameters for 
the training datasets were 23.47 ± 4.04 GPa and 22.50 ± 0.83 MPa, respectively. The 
corresponding maximum and minimum values of the output values of the axial strain for the 
base case (i.e. at depth of 205 m) are shown in Table 6.



13
 

5.4.1.2. Designing the architecture of the ANN

The multilayer perceptron (MLP) feed-forward neural network was considered for this study. 
MLP is commonly used in geotechnical engineering (Shahin et al. 2001). For the development 
of the network, a commercial software package MATLAB (MathWorks Inc., 2012) was used 
to simulate the ANN operations. The network has one input layer, one output layer and one 
hidden layer. The input layer has one neuron and the output layer has seven neurons. The 
number of neurons in the hidden layer was chosen to be 5 utilizing a trial and error approach.
The best configuration was achieved in this work by using the linear transfer function
(purelin) in the output layer and the tansig transfer function in the hidden layer. The network 
was trained with Levenberg-Marquardt back-propagation algorithm (trainlm).

5.4.1.3. Model training, testing and validation

The process of optimizing the connection weights is known as training (Shahin et al. 2001). 
The weights and biases were initialized to non-zero random values. Then the normalized
training dataset of the input and output values generated from the elastic simulations with 
FLAC3D were presented to the network. The performance of the ANN model was measured in 
terms of an error criterion between the target output and the calculated output. The output 
calculated at the end of each feed-forward computation was compared with the target output 
to estimate the mean-squared error (MSE). Thereafter the back-propagation algorithm 
adjusted the weights and biases until the mean squared error was greatly minimized. 

Fig. 7 shows the relationship between the output targets (axial strain values from FLAC3D

simulations) and the predicted values obtained from the ANN training, testing and validation
process for the base case. Each diagram in the figure represents plots for different percentages 
of the total dataset, for training (70%), validation (15%), test (15%) and all (100%). The
model shows good correlation to the training, validation, test and of course all the datasets
with R values greater than 0.9. R values is an indication of the relationship between the 
outputs and targets where R = 1 indicates exact linear relationship.

5.4.1.4. Implementation of the trained network

Having trained the ANN by optimizing the weights and biases, the network can be used to 
predict target values given the input pattern within the range of the input values used for the 
network training. 

The optimal trained connection weights and biases were extracted from the network model 
and used to develop a mathematical expression relating the input values, Em and H and the 
output variables, axial strain ( ), for each mining step. The network model has two input 
neurons, five hidden neurons, and seven output neurons, each one for each mining step hence 
the closed-form equation relating the inputs variables and output variables is as follows:

nn PIWBfLWBfT .1122 (21)

where B1 is the bias vector for the input, IW is the vector for weight connection between 
neurons of the hidden layer and the single output, B2 is the vector for the bias at hidden layer
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neuron, LW is the matrix for the hidden layer weight. Pn is a matrix of normalized input 
vectors used as input values for the network training. Tn is the corresponding matrix of
normalized output vectors and f1 and f2 are the transfer functions which are tansig and purelin,
respectively. The normalized output vectors (Tn) could be converted to non-normalized output 
vectors (T) as follows:

TTTTT n minminmax15.0 (22)

where maxT and minT are the vectors containing the maximum and minimum values of ,
respectively which were used for the network training and testing. These values for the base 
case have been presented in Table 4.

5.4.2. Pillar performance function

Using Eq. (21) and Eq. (22), the pillar performance function can be expressed as:

Txg failure)( . (23)

The PDFs and the statistical parameters of ci, s, a and Em were used as input values to 
determine the random values of the critical strain ( critical ) as shown in Eq. (13) and Eq. (14).
The strain at failure, which is the peak strain, was then determined using Eq. 15. The PDF and 
the statistical parameters of Em and H were used as the input values to generated T (i.e. ) in
Eq. (22). The Monte Carlo (MC) technique was used to simulate the performance function 
(i.e. Eq. (23)) using the program @RISK. In each simulation, the values of the variables x (i.e. 

ci, s, a, Em and H ) were randomly generated according to their PDFs. The PDFs, means and 
standard deviations of the performance function (g(x)) were determined from the MC 
simulation after 105 simulations at each mining step. The probability of failure Pf for the pillar 
at each mining step was calculated as

N
N

xgPP f
f 0)( (24)

where Nf is the number of simulations with g(x)< 0 (i.e. number of pillar failures), and N is the 
total number of simulations. The reliability index ( ) was also estimated from the statistical 
parameters of the performance function using Eq. (18).

6. Results and discussions

In this section the results of the stochastic assessment of the pillar behaviour at the Laisvall 
mine are presented and discussed below. 

6.1. Effect of mining activities on the pillar stability

The effect of the mining steps or the gradual reduction of the pillar width-to-height ratio on 
the stability of the pillar is demonstrated with the base case (i.e. at depth 205 m) and presented 
in Fig. 8. It is obvious from the figure that the mining steps have significant effect on the 
pillar stability. By reducing the cross-sectional area of the pillar the pillar strength is reduced
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thereby allowing more strain to occur in the pillar. Consequently the probability of pillar 
failure significantly increased as shown in Fig. 8, while the pillar reliability index decreased 
as the width-to-height ratio reduced.

6.2. Effect of mining depth

As mentioned previously, the overburden varied between 110 and 300 m. In order to 
determine the effect of the various mining depths additional probabilistic analyses following 
the same procedure for the base case were performed. The mining depths considered were 
220, 240, 260 and 280 m. Fig. 9 shows the effect of the mining depth on the performance of 
the pillar. It can be seen that the probability of pillar failure increases as the depth increases.
Likewise, the corresponding pillar reliability index decreases as the mining depth increases; 
the lower the reliability index, the larger the corresponding probability of pillar failure. The 
failure probabilities of the pillar at all the considered depths are very small up to step 4 but
increased significantly after step 4 for all the depths.

6.3. Effect of changing the coefficient of variation (COV) of the random variables on pillar 
stability

The UCS of the intact rock is a factor in the determination of the deformation modulus (Em)
and the critical strain as indicated in Eqs. 10 and 14. Therefore, any changes in the UCS will 
have effect on the pillar stability. The effect of changing the coefficient of variation (COV) of 
the UCS on the pillar stability was investigated individually using five different values of 
COV (10%, 15%, 20% 25% and 30%). The results for the pillar at a depth of 280 m are
presented in Fig. 10 to illustrate the effect. The depth 280 m is chosen as its results contain 
both small and large values of the probability of failure hence it can represent the trend for the 
remaining depths.

Since COV is a non-dimensional measure of variability the smaller its value is the smaller the 
amount of uncertainty of the variable. It can be observed from Fig. 10 that the probability of 
failure increases as the COV of the UCS increases which shows that when the variability in 
the material properties of the rock mass increased then the probability of pillar failure will 
also increase. The variation in the COV has no effect on the mean factor of safety (Fig. 11).
This shows that when the stability of a pillar is analysed in terms of reliability and probability 
of failure the conventional factor of safety is an inappropriate indicator of pillar stability. 
Therefore, in such a case the probability of failure or reliability index is the most useful 
criterion of pillar stability, because it combines information on both the mean values and the 
variability. Nevertheless, the factor of safety should not be abandoned in favour of reliability 
analyses but it has to be used as a complementary tool to reliability analyses (Dai and Wang, 
1992).
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6.4. Assessment of pillar performance

The performance of a structure can be described in terms of the specific limit state being 
reached. The limit state is the acceptance criteria established by considering the nature, 
importance, and consequences of failure of the structure under consideration. Many 
performance criteria in terms of reliability index ( ), probability of failure (Pf) and mean
factor of safety (mFS) have been proposed for geotechnical structures (Lunder and Pakalnis,
1998; US Army Corps of Engineer, 1997; Priest and Brown, 1983). The pillar performance 
for the different mining steps at different depth is hereby assessed based on the criterion 
proposed by US Army Corps of Engineer (1997). The criterion is summarized in Table 7.
Figures 12a - 12g show and the corresponding performance levels for different depths and
each mining step. The performance levels based on the US Army Corps of Engineer criterion 
are indicated in Figures 12a - 12g. Targeted performance level of any geotechnical project
depends on the nature of the project and the level of risk that can be accepted. Risk is a 
product of the probability of failure and the consequence of the failure. For instance an 
underground nuclear waste disposal will require high performance level because of the 
severity of the consequence of its failure. Priest and Brown (1983) proposed = 2.3 for 
geotechnical structures if the consequences of failure are moderately serious. Hence for this 
study a performance level below average was chosen i.e. = 2.5. Therefore, based on the 
chosen performance level for the pillar it can be seen from Figures 12a-12g that the targeted 
performance level, below average, can be achieved for the pillar at all depths at mining step 0
to 2 (i.e. W/H = 1.61 to 1.37). The same performance level can also be achieved  for mining 
depths 205, 220, and 240 m at mining step 4 (i.e. W/H = 1.20). At mining depth 205 m the 
targeted performance level can only be achieved at mining step 5. The performance level 
cannot be achieved for the pillar for all the depths at mining step 6.

It is obvious that the optimum dimension of the pillar that can be achieved depends on the 
level of the risk that could be tolerated. Therefore, when a targeted performance level is 
chosen for an underground structure the procedure described in this paper can be used for 
optimal design of pillar dimension especially when the variability and uncertainty of the 
design input parameters are to be considered. However, when using this approach with the 
strain based criterion it should be noted that the value of Rf (failure strength parameter) has a 
significant influence on the probability of failure as well as the reliability index as illustrated 
in Figure 13. Figure 13 shows the pillar reliability index at mining depth 280 m for different 
Rf values. For Rf = 0.1 the performance level (i.e. below average) can only be achieved at 
mining step 0 while the same performance level can be achieved up to mining step 4 if Rf

value is 0.3. Hence, the Rf value should be carefully determined through field monitoring
programs for specific mine before using this approach.

7. Conclusion

A stochastic assessment of the pillar stability of the Laisvall mine has been presented in this 
paper. The uncertainty and variability in the rock mass parameters as well as that of the 
horizontal in-situ stresses were considered. Elastic 3D numerical analyses were performed to 
determine the axial strain in the pillar at different mining steps for different depths. Artificial 
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neural network (ANN) was used to generate a closed-form expression for the relationship 
between the random variables (i.e. Em and H ) and the axial strain using the results of the 3D 
numerical analyses. The closed-form equation together with the strain at failure was used to 
evaluate the performance function. The performance function was determined from Monte 
Carlo simulations of 105 trials and the probability of failure and reliability index were
determined from the simulation results. Based on the results and discussions presented in this 
study, the main conclusions are summarized as follows:

1. Rock mass properties as well as in-situ stresses are intrinsically variable such that 
using their mean values could have significant impact on the design performance as 
shown in this study. Therefore, this variability should be properly considered in the 
determination of the input parameters for the numerical analyses using a stochastic 
approach. This will enable the evaluation of the probability of failure during the 
planning stage, thereby reducing the risk to an acceptable level.

2. The strain-based criterion used in this study seems appropriate when the variability in 
the rock mass properties is considered in the analysis as pillars with different rock 
mass properties deform differently when subjected to the same stress condition. The 
strain-based criterion can also be used without having to determine the dimension of 
the pillar which is required to determine the strength of the pillar from empirical 
equation when using stress/strength criterion. Furthermore, strain is relatively cheaper 
and easier to measure in the field than the stress which is expensive and time 
consuming. Therefore using the approach presented in this study may offer some 
potential and advantages than the traditional strength/stress based criterion.

3. The trained ANN model is a good approximation tool to generate an implicit 
relationship between the random variables (Em and H) and the axial strain as shown in 
this study, thereby reducing the number of FLAC3D numerical simulations. Also the 
ANN model was able to capture the tails of the distribution of the random variable 
because, the range of the value for the random variable which covers almost 99.7 % 
(i.e. ±3 standard deviation from the mean) of the distribution was considered. It should 
be noted that the trained ANN model can only be used in the similar situation 
described in this study within the range of values of the training dataset.

4. The width-to- height ratio of a pillar is very significant to the stability of the pillar and 
as the ratio reduces through the mining steps the reliability index reduces and 
consequently the probability of failure of the pillar increases. 

5. Increase in the in-situ stresses which could be linked to the increase in the depth
affects the stability of the pillar. As the depth increases the probability of pillar failure 
increases and the reliability index of the pillar reduces.
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6. The variation in the COV of the intact rock UCS has effect on the reliability index and 
the probability of failure. This study indicates that, an increase in the COV of the 
intact rock UCS results in an increase in the probability of failure and reduces the 
reliability index. However, the variation in the COV has no effect on the mean factor 
of safety. Therefore, the mean factor of safety may not be an adequate parameter to 
assess the stability of pillar when considering the variability and uncertainties in the 
rock mass material properties. Instead, the reliability index and probability of failure 
are the most useful indicators for assessing the stability of pillar in such situation. 

7. The assessment of the pillar performance depends on the nature, importance and the 
consequence of the failure. The management decision on the level of risk that can be 
taken may affect the design of the pillar with regard to its dimension during the 
planning stage. 

The approach presented in this study shows that when considering the uncertainty and 
variability of rock mass properties, the stochastic approach can be a useful tool for analysing
and assessing the pillar stability. This will allow setting acceptable criteria for pillar design 
based on the minimum acceptable risk or performance level. 
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Table 1. Statistical parameters for Vb, Jc and GSI

Parameters Min. value Max.value Mean COV (%) Distribution

Jc 0.75 2.25 1.5 16.7 Normal

Vb (x103cm3) 100 300 200 16.5 Normal

GSI 51 63.54 58.7 4.0 Normal

Table 2. Statistical parameters for the UCS and mi

Parameters Mean value COV (%)

UCS [MPa] 210 15

mi 17 10

Table 3. PDF, mean, standard deviation and coefficient of variation (COV) for Em

Parameter Mean STDEV COV (%) PDF

Em(GPa) 23.47 4.04 17.17 Normal

Table 4: Mining steps and corresponding pillar dimension

Mining steps Height, H (m) Width, W (m) Length (m) W/H (approx.)

0 4.6 7.4 8.1 1.61

1 4.6 6.7 7.8 1.46

2 4.6 6.3 7.2 1.37

3 4.6 5.9 6.6 1.28

4 4.6 5.5 6.2 1.20

5 4.6 4.9 5.9 1.07

6 4.6 4.5 5.3 0.98
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Table 5. Mean values of the input parameters for the sensitivity analysis

Parameters Mean values

Deformation modulus Em, GPa 23.47

Maximum horizontal stress, H, MPa 22.50

Maximum horizontal stress, h, MPa 22.50

Vertical stress, v, MPa 5.54

 

Table 6. Maximum and minimum values of axial strain

Mining 
Step

Axial strain (%)

Max. Min.
0 0.083 0.037

1 0.090 0.040

2 0.095 0.042

3 0.100 0.044

4 0.102 0.045

5 0.111 0.049

6 0.116 0.051

 

Table 7. Typical values for reliability index and probability of failure and corresponding 
performance level

Reliability index Probability of failure Performance level

5.0 2.9E-7 High

4.0 3.2E-5 Good

3.0 1.35E-3 Above average

2.5 6.21E-3 Below average

2.0 0.023 Poor

1.5 0.067 Unsatisfactory

1.0 0.159 Hazardous
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Fig. 1. Simple structure of ANN model

 

Fig. 2. The layout of the test area and the geometry of the simulated pillar
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Fig. 3. Plan view of the mining steps (not to scale)
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Fig. 4. Section of the pillar geometry showing the center line ab and height H (not to scale)

 

(a)                                                              (b)

Fig.  5. Effect of varying horizontal stresses on (a) axial strain and (b) mean axial stress in the 
pillar.
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(a) (b)

Fig.  6.  Effect of varying deformation modulus on (a) axial strain and (b) mean axial stress in 
the pillar
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Fig. 7. Predicted values of the normalized axial strain using ANN vs. target values for training
data set (a), test data set (b), validation data set (c), and all data sets (d) (for the base case)
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Fig. 13. Influence of Rf value on the pillar reliability index and performance level
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Abstract: A probabilistic approach is presented for the analysis of open stope 
stability. The approach considers the inherent variability and uncertainty which 
are typical of rock mass properties. In this study, a series of numerical analyses 
were performed using FLAC to study the stability of open stopes while taking 
into account the variability in the rock mass properties. The rock mass was 
divided into six strength classes: three classes for the host rock and three 
classes for the massive sulphide ore. Each class was randomly distributed to the 
elements in the FLAC model. The host rock-to-massive sulphide ore ratio is 
envisaged to have a strong influence on the stope. To verify this, three cases  
of different ore percentages were considered and the results compared.  
The results, which were presented as Probability Density Functions (PDFs), 
indicate that the zones of low stiffness show high range of displacements and 
that the increase in the percentage of the ore significantly affects the stability of 
the stopes.
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1 Introduction 

Rock masses are intrinsically variable in their physical and mechanical properties.  
Rock mechanics engineers are often faced with the difficulties of handling this inherent 
variability of rock mass properties starting from the site characterisation stage to the  
final design of the engineering structures. The traditional deterministic methods used for 
underground mine design typically do not consider this inherent variability in the rock 
mass properties. Depending on the distributive character of the rock property variation, 
this approach can lead to results which are not representative of real behaviour. 
Therefore, there is a need for a probabilistic method which incorporates the variability  
in the rock mass properties and treats each rock mass parameter as a probability 
distribution function. 

The statistical approach has been recognised in rock engineering as early as in the late 
1960s, especially in the sampling of geometric data on rock mass joints (Einstein, 2003). 
Hudson and Fairhurst (1969) found that the variation of strength and other rock mass 
properties associated with the fracture process can be described statistically. Statistical 
analysis of the spatial distribution of joints in a rock mass showed that the distributive 
characteristics of joints spacing follow an exponential distribution (Einstein and Baecher, 
1983; La Pointe and Hudson, 1985; Priest and Hudson, 1976). 

Rock mass parameters such as joint friction angle, intact rock strength and joint 
spacing and orientations, which determine rock mass strength and deformability, do not 
have a single fixed value, but their values are variable and random within the rock mass. 
The values of these parameters are often simplified by estimating them using 
deterministic methods which provide only the mean values and not the probability 
distribution. However, the effect of this variability on the rock mass behaviour can be  
too significant to ignore (Debecker et al., 2008; Fang and Harrison, 2002; Idris et al., 
2011; Kim and Gao, 1995; Park and West, 2001; Zhang and Valliappan, 1991). 

The probabilistic approach is widely employed in slope stability analysis for  
surface excavations (Chowdhury and Rao, 2010; Griffiths and Fenton, 2004; Hsu and 
Nelson, 2006; Jefferies et al., 2008; Priest and Brown, 1983). The factor of safety and  
the probabilities of failure for rock slopes are evaluated using random variables. 
However, there are only a few reported studies on the analysis of stope stability using the 
probabilistic approach. 

Stope stability is and has always been a major concern for economic and safety 
reasons in mining methods based on ore extraction in stopes. There are many factors that 
affect stope stability, such as rock mass conditions, stope geometry, in situ stress 
conditions, blasting, stope exposure time and geological structures (Villaecusa, 2000; 
Henning and Mitri, 2007). 
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Many researchers and engineers have developed several analytical and empirical 
methods to analyse the stability of underground openings. It is evident from the literature 
(Hoek et al., 1991; Zhang and Mitri, 2008) that analytical methods such as those 
suggested by Bray and Lorig (1988), Kirsch (1898) and Ladanyi (1974) cannot provide 
adequate solutions for complex mining problems. The empirically based stability graph 
method developed by Mathews et al. (1981) and later modified by Potvin (1988) does not 
have a general application, because it is site specific. Since historical data define the 
stability zone, the stability graph method is not appropriate for stope stability analysis on 
sites with no previous data. Moreover, the method does not account for the inherent 
random variability of the rock mass properties, which is peculiar to this study. Therefore 
numerical methods remain the only viable options for this study because of their 
versatility. 

This paper presents the results of a probabilistic stope stability analysis in a rock mass 
characterised with variability and uncertainty in its physical and mechanical properties. 
The rock mass comprised a massive sulphide ore and a host rock with high strength  
and stiffness contrast. The finite-difference code FLAC (Itasca, 2006) was utilised for the 
stope stability analysis. The rock mass property variability and randomness were 
incorporated into the FLAC model by writing FISH (FLAC built-in programming 
language) functions, which assigned different material properties to every zone in a 
completely random order. 

2 Background 

For the adequate design of any underground opening, information such as the virgin 
stress state and the geomechanical properties that characterise the rock mass are essential. 
During the geomechanical site characterisation and classification of a new copper ore 
deposit in Canada, it was found that the deposit has a complex geometry with a strong 
mechanical contrast between the high-grade ore (massive sulphide) and the host rock 
(predominantly felsic gneiss and breccia). Furthermore, the mechanical properties of 
these rock types were also found to be intrinsically variable. There exist within the  
rock mass ‘trunk’ veins of massive sulphide ore which are generally steeply dipping  
and semi-continuous in dip and strike directions. Connected to these main veins  
are secondary veins or ‘stringers’ whose locations and orientations are poorly defined  
and certainly highly variable. This complexity poses unprecedented uncertainty  
in both the physical and mechanical properties in the rock mass where stoping  
is planned. A further concern relates to the contrast in the strength and stiffness between 
the ore and the host rock, which, at some stage, may make this mine predisposed to 
seismic activity. 

Given the degree of variability and uncertainty which characterises this particular  
ore body and the fact that there is limited to no experience with the use of blasthole 
techniques for mining such an ore body, a probabilistic approach is deemed appropriate 
to analyse and predict the probability of ground control problems which may occur  
as mining activity progresses. 
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2.1 Determination of the rock mass parameters 

During the site characterisation of the mine, a Point Load Index of more than 1000 rock 
samples was obtained systematically. The Uniaxial Compressive Strength (UCS) of the 
samples was estimated from the Point Load Index using an index-to-strength conversion 
factor (Bieniawski, 1975). UCS databases were created for the massive sulphide ore  
and also for the host rock which is predominantly felsic gneiss and breccia. Statistical 
parameters, mean and standard deviation were determined for each of the data sets.  
These values enabled the representation and prediction of the random character of  
the UCS data. UCS is often assumed to be normally distributed (Martin et al., 2003; 
Pathak and Nilsen, 2004; Sari, 2009). 

Truncated normal PDFs were plotted using @RISK (Palisade Corporation, 2003) for 
the host rock and massive sulphide ore data sets, using their mean and standard deviation 
values. Truncated PDF is used to prevent the UCS from having unrealistic negative 
values. Figures 1 and 2 show PDF for the massive sulphide ore and the host rock, 
respectively.

For the purpose of this study, the massive sulphide and the host rock were each 
divided into three UCS classes based on their distribution. The UCS classes used were: 
low, mean and high strength. These six UCS values were used to make generalisations  
of the variability of the strength for the entire rock mass. The Young modulus, E,
the Hoek-Brown material constant, mi and the Poisson’s ratio, v were determined from a 
set of triaxial tests on carefully prepared core samples selected from each of the 
respective strength classes. The material properties for the three UCS classes for the 
massive sulphide ore and the host rock are presented in Tables 1 and 2, respectively. 

Figure 1 Probability Density Function of the UCS for massive sulphide ore (see online version 
for colours) 
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Figure 2 Probability Density Function of the UCS for host rock (see online version for colours) 

Table 1 Material properties for the massive sulphide ore 

Massive sulphide ore 
Property Low Mean High 
UCS (MPa) 20 55 90 
Young’s modulus, E (GPa) 8 22 25 
Poisson’s ratio, v 0.26 0.17 0.15 
Density,  (kg/m3) 4030 4050 4052 
mi 12 33 37 
GSI 63 83 87 

Table 2 Material properties for the host rock 

Host rock 
Property Low Mean High 
UCS (MPa) 200 282 340 
Young’s modulus, E (GPa) 47 56 84 
Poisson’s ratio, v 0.23 0.21 0.18 
Density,  (kg/m3) 2896 2942 2968 
mi 27 30 33 
GSI 50 75 80 
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3 Numerical modelling 

Numerical analyses of the stope were carried out using the explicit finite difference 
software, FLAC (Itasca, 2006). It has a built-in programming language called FISH 
(Itasca, 2006). This language enables the user to define new variables and functions and 
makes FLAC suitable for the study of complex problems in rock mechanics and rock 
engineering. 

3.1 Input rock mass material properties 

The generalised Hoek-Brown failure criterion (Hoek et al., 2002) was applied to 
determine the rock mass properties of both the massive sulphide ore and the host rock. 
The parameters in Tables 1 and 2 were used to estimate the strength and deformability 
properties of the rock masses. The generalised Hoek-Brown failure criterion for jointed 
rock masses is defined by 

3
1 3

a

ci b
ci

m sσσ σ σ
σ

= + +  (1) 

where σ1 and σ3 are the major and minor effective principal stresses at failure 
respectively, mb is the value of the Hoek-Brown constant mi for the rock mass, s and a are 
Hoek-Brown constants which depend on the characteristics of the rock mass, and σci is 
the UCS of the intact rock sample. 

To calculate the rock mass constants (mb, s and a), the following equations were 
suggested by Hoek et al. (2002): 
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where D is a factor which depends on the degree of disturbance to which the rock mass 
has been subjected by blasting and stress relaxation. It varies from 0 for undisturbed  
in situ rock masses to 1 for very disturbed rock masses. For this study, slightly disturbed 
conditions are assumed with average D values of 0.2 for the host rock and 0.4 for  
the massive sulphide ore. The UCS of the rock mass is obtained by setting σ3 = 0 in 
equation (1) giving: 

.a
c ci sσ σ=  (5) 

According to Hoek et al. (2002) the tensile strength could be derived from equation (1) 
when setting σ1 = σ3 = σt giving: 

.ci
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s
m
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The UCS of the rock mass σc is given by equation (5). When considering the strength  
of a pillar, it is useful to have an estimate of its overall strength rather than a detailed 
knowledge of the extent of the fracture propagation in the pillar. This leads to the concept 
of a global ‘rock mass strength’ and Hoek et al. (2002) suggested that this could be 
estimated from this relationship: 

1

( 4 ( 8 ))
4 .

2(1 )(2 )

a
b

b b

cm ci

mm s a m s
s

a a
σ σ

−

+ − −
+=

+ +
 (7) 

3.1.1 Rock mass deformation modulus 
Several researchers have proposed empirical relationships for estimating the rock  
mass deformation modulus on the basis of classification schemes. Most of these 
relationships were derived based on field test data. The empirical relationship of Serafim 
and Pereira (1983) relates the in situ deformation modulus with Bieniawski’s RMR 
classification. This relationship is often used by many researchers as it works well for 
good-quality rocks. However, it seems to predict deformation modulus values that are  
too high for many poor quality rocks. Hoek and Diederichs (2006) proposed the relation

( )( )60 15 GSI /11
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1 e
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E E
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−
= +

+
 (8) 

when reliable estimates of the intact rock modulus or intact rock strength are available. 
This equation was used to calculate the deformation modulus for the rock mass where  
Erm and E are the deformation modulus for rock mass and intact rock, respectively. 

3.1.2 Rock mass strength parameters 
The Mohr-Coulomb linear elastic – perfectly plastic constitutive model was used for all 
the materials in this study. The following equations (Hoek et al., 2002) were used to 
obtain the equivalent Mohr-Coulomb or plastic parameters from the Hoek-Brown rock 
mass parameters. 
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where φ is friction angle, c is the cohesion and 3 3max / .n ciσ σ σ=
The issue of determining the appropriate value of σ3max for use in equations (9)  

and (10) depends upon the specific application. Hoek et al. (2002) proposed the relation 
0.94

3max 0.47 cm

cm H
σ σ
σ γ

−

=  (11) 
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for the determination of σ3max for deep underground excavations where σcm is the  
rock mass strength defined by equation (7), γ is the unit weight of the rock mass and  
H is the depth of the excavation below the surface. In cases where the horizontal stresses 
are higher than the vertical stress, the maximum horizontal stress value should be used in 
place of γH. In this study, the horizontal stresses are higher than the vertical stress and 
hence, the maximum horizontal stress is used instead of γH.

The relation for tensile strength (i.e., equation (6)) is based on the Hoek-Brown-GSI 
empirical method. Many researchers (e.g., Diederichs, 2003; Pelli et al., 1991;  
Martin et al., 1999) have shown that tensile strength can be underestimated by the  
Hoek-Brown-GSI empirical method. Carter et al. (2007) argued that at the two ends  
of the rock mass competence scale (for very low strength rocks and spall-prone, high  
GSI rock masses) difficulties have been experienced in using the empirical method, 
largely because outside this range the rock mass behaviour becomes less controlled  
by discontinuities. The same difficulties have been reported by Diederichs et al. (2007), 
Saiang and Nordlund (2008) and Töyrä (2006). Some researchers (e.g., Tesarik et al., 
2003; Saiang and Nordlund, 2008) have reported correlation between rock mass UCS  
and tensile strength. In this study, the rock mass tensile strength is assumed to be 10% of 
the UCS of the rock mass, based on Tesarik et al. (2003). 

The summaries of the input rock mass parameters for the massive ore and the  
host rock respectively are shown in Tables 3 and 4. 

Backfill is used in this particular mine design to provide regional stability and local 
support and as a means to promote the total recovery of the ore deposit. Table 5 presents 
the backfill material properties used in this study. 

Table 3 Input parameters for the massive sulphide ore 

Massive sulphide ore 
Property Low Mean High 
Bulk modulus, K (GPa) 1.0 7.68 10.0 
Shear modulus, G (GPa) 0.55 6.50 9.13 
Cohesion, c (MPa) 1.35 5.11 7.2 
Density,  (kg/m3)  4030 4050 4052 

Tensile strength, σt (MPa) 0.3 1.86 4.2 

Friction angle, φ ( ) 22 54 59.4 

Table 4 Input parameters for the host rock 

Host rock 
Property Low Mean High 
Bulk modulus, K (GPa)  4.8 22.3 38.0 
Shear modulus, G (GPa) 3.3 16.2 31.0 
Cohesion, c (MPa) 6.8 8.9 13.2 
Density,  (kg/m3) 2896 2942 2968 

Tensile strength, σt (MPa) 0.81 6.35 11.2 

Friction angle, φ ( ) 48 60.4 62 
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Table 5 Backfill physical and mechanical properties 

Property Value 
Bulk modulus, K (GPa) 0.19 
Shear modulus, G (GPa) 0.08 
Cohesion, c (MPa) 0.23 
Density  (kg/m3) 2050 

Tensile strength σt (MPa) 0

Friction angle φ ( ) 38

3.2 In-situ stresses 

In the Canadian shield, the major principal stress σ1, and the intermediate principal  
stress, σ2, tend to be near horizontal with plunges between zero and approximately 10°,
while the minor principal stress σ3, is approximately vertical (Arjang and Herget, 1997). 
Consequently, the maximum and minimum horizontal stresses, σH and σh and the vertical 
stress, σv are used interchangeably with σ1, σ2 and σ3, respectively. 

According to Brown and Hoek (1978) and Herget (1987), the vertical in situ stress 
component in the Canadian shield has a linear relationship with depth, thus: 

v Hσ γ=  (12) 

where σv is the vertical stress, γ is the unit weight and H is the depth of the overlying 
strata or mining depth. The horizontal stresses acting on the rock mass at a depth are 
more difficult to estimate than the vertical stresses. Based on a re-evaluation of 
documented stress data, Diederichs (1999) recommended the following equations to 
calculate the maximum and minimum horizontal stresses. 

max
251k
H

= +  (13) 

min
81k
H

= +  (14) 

maxH vkσ σ=  (15) 

minh vkσ σ=  (16) 

where kmax and kmin are maximum and minimum horizontal-to-vertical in situ stress ratios. 
The pre-mining or in situ stresses used for this study are calculated using  

equations (12)–(16), and are shown in Table 6. 

Table 6 In situ stress component used for the model 

Mining depth (m)
Unit weight 

(MN/m3) σv (MPa) σH (MPa) σh (MPa)
1480 0.026 38.5 63.5 46.5 
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3.3 Model geometry 

A typical stope geometry that is used in this Canadian blasthole stoping operation was 
selected for the numerical model. The stope dimension is 30 m vertical height and  
a width of 10 m for both the primary and secondary stopes. 

The FLAC model was chosen to be 280 m high and 700 m wide. These dimensions 
are large enough to eliminate the boundary effects. The model size was determined 
through a sensitivity analyses in which different model sizes were used. A small zone 
size of 0.5 × 0.5 m was used near the excavation boundary to increase the accuracy. 
Likewise, roller boundary conditions were used on the vertical, top and bottom 
boundaries of the model (see Figure 3). 

Figure 3 FLAC model size used for the simulations (see online version for colours) 

3.4 Spatial variable and random distribution of material properties 

Material properties can be specified to be variable so that different material properties 
can be assigned to every zone in a FLAC model, regardless of model size (Itasca, 2006). 
To account for the randomness and spatial variability of the rock mass material 
properties, as explained in Section 2, FISH functions were written to assign different 
material properties to every zone in a completely random order. Figure 4 presents the 
flow chart for the implementation of the random distribution of the material properties in 
the model. 

As illustrated by the flow chart, the total number of zones for the model was 
calculated and the percentages of the host rock and the massive sulphide ore were 
specified. The total number of the zones for the massive sulphide ore and total number  
of zones for the host rock were calculated based on their specified percentages.  
The massive sulphide ore was divided into three classes and likewise the host rock was 
divided into three classes, as described in Section 2.1. The allotted number of zones for  
each class of the ore and that of the host rock was calculated. The zones for each class of 
the ore and the host rock were randomly selected and the corresponding material 
properties assigned accordingly. Figure 5 shows the six different values of the shear 
modulus randomly distributed in the FLAC model. This is similar for all other material 
properties for the Mohr-Coulomb plasticity model used. 
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Figure 4 Flow chart for the implementation of random distribution of the material properties
in the FLAC model 

3.5 Modelling sequence 

In this study, a transverse open stoping method with primary-secondary stope extraction 
sequence is used, as shown in Figure 6. Primary stopes were mined and backfilled, 
leaving the secondary stopes as pillars in between the primary stopes. The sequence 
followed in the modelling is that the model is first brought to equilibrium, after 
initialising the in situ stresses and boundary conditions. Thereafter, the excavation of the 
primary stopes follows. Primary stope No. 1 was excavated and the model brought to 
equilibrium, then it was backfilled and primary stope No. 2 was also excavated and  
the system brought to equilibrium, and then backfilled before primary stope No. 3 was 
mined. This process was repeated for all of the stages in the primary stopes extraction 
sequence (see Table 7). It should be noted, however, that sudden excavation in a model 
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always causes an inertial reaction; and for a static solution, these transient effects must be 
minimised (Itasca, 2006). To minimise these inertial effects in this study, the FISH 
function ‘ZONK.FIS’ was invoked to create a void within the excavated regions and 
slowly relax the forces around the void region. 

Figure 5 FLAC model showing randomly distributed shear modulus (see online version
for colours) 

Figure 6 Primary-secondary stoping sequence along the ore body strike 

Table 7 Description of the stages in the primary stope extraction sequence 

Modelling stage Description 
1 Excavation of stope No. 1 
2 Backfill in the stope No. 1 and excavation of stope No. 2 
3 Backfill in the stope No. 2 and excavation of stope No. 3 
4 Backfill in the stope No. 3 and excavation of stope No. 4 
5 Backfill in the stope No. 4 and excavation of stope No. 5 
6 Backfill in the stope No. 5 and excavation of stope No. 6 
7 Backfill in the stope No. 6 and excavation of stope No. 7 
8 Backfill in the stope No. 7 and excavation of stope No. 8 
9 Backfill in the stope No. 8 and excavation of stope No. 9 
10 Backfill in the stope No. 9 and excavation of stope No. 10 
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4 Assessment of the stope stability 

For the assessment of stope stability, displacement or convergence indices were used. 
Displacement is one of the important parameters used in assessing the stability of any 
underground opening, since it is usually the amount of displacement in the rock mass 
around an excavation that determines whether or not the excavation is serviceable. 
Sometimes horizontal displacements of stope walls are measured in terms of wall 
convergence to give the relative stope wall displacement. Displacement convergence 
indices are generally site specific. The indices depend on the rock mass stiffness 
characteristics, the intended use of the underground opening as well as the design and 
code requirement (Zhang and Mitri, 2008). Three displacement- based indices are used to 
determine the stope stability assessment. These indices are: 

• Wall Convergence Ratio (WCR) is the ratio of the total magnitude of the wall 
closure (Δw) to the span of the initial or designed stope (W1).

1

WCR 100%.w
W
Δ= ×  (17) 

• Roof Sag Ratio (RSR) is the ratio of the maximum roof sag ( s) relative to the 
designed vertical height of the stope (H1) thus,  

1

RSR 100%.s
H
Δ= ×  (18) 

• Floor Heave Ratio (FHR) is the ratio of the maximum floor heave ( h) to the initial 
vertical height of the stope (H1) then,

1

FHR 100%.h
H
Δ= ×  (19) 

Because of the spatial variability and randomness of the rock mass material properties, 
the zones in the FLAC model were randomly assigned material properties from the  
six different material groups (three for the ore and three for the host rock), as explained  
in the previous sections. This makes the zones have different stiffnesses and hence, 
different displacement magnitudes within the same stope. Based on this situation, 
cumulative horizontal displacements were tracked on the walls of every stope and 
thereafter maximum cumulative displacement on the walls was determined for each 
stope. Similarly, the peak cumulative vertical displacements were also determined on  
the roof or back and the floor of each stope. 

5 Numerical model results 

The results of the numerical modelling performed on a primary-secondary mining 
sequence to evaluate stope stability are presented below. Three different scenarios were 
simulated based on the assumed percentage of the massive sulphide ore content by 
volume of the ore. The base case model has 15% massive sulphide ore content, while the 
other two models have 25% and 35% ore contents, respectively. The results of the  
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two latter models were compared with the results of the base case to determine the 
sensitivity of the ore-to-host rock ratio on the stope stability. The stope stability was 
assessed based on the criteria mentioned in Section 4. Ten model runs were made for 
each scenario. As expected, the variability and the random distribution of the material 
properties of the models result in continuous random values for the horizontal and 
vertical displacements of the stopes and consequently, the WCR, RSR and FHR.  
The continuous random values are assumed to be normally distributed. A normal 
distribution is the most common distribution for natural phenomena that involve many 
accumulating factors which have continuous random values (Fenton and Griffiths, 2007). 
Truncated normal PDFs were plotted using @RISK (Palisade Corporation, 2003)  
for WCR, RSR and FHR for all the 10 stopes at each mining stage using their mean and 
standard deviation values generated from the 10 runs. 

5.1 Wall Convergence Ratio 

The WCR, an index derived from horizontal displacement, gives the percentages of the 
total stope walls displacement relative to the span of the stope. It is a non-dimensional 
quantity. The displacement of the stope walls is expected to be greater than the 
displacement of the roof and the floor of the stope because the major principal in situ 
stress is horizontal, and the height of the stopes is greater than the width of the stopes. 
Figure 7 shows the normal PDF for WCR for stope No. 1 at modelling stages 1, 5 and 10 
for the base case (see Table 7 for the description of each modelling stage). The mean 
values of the WCR and the corresponding standard deviation for each stope are indicated 
on the top of each plot. 

WCR for stope No. 1 at modelling stage 1 varies from 3.3% (33 cm) to 4.9% (49 cm)  
at 95% confidence interval. As the mining activity progresses along the ore body strike, 
at modelling stage 5 the range of WCR for stope No. 1 increased from 3.6% (36 cm) to 
5.2% (52 cm). The modelling stage 10 gave a small increase in value of WCR which 
ranged between 3.7% (37 cm) to 5.3% (53 cm). 

Figure 7 Normal Probability Density Function of WCR for stope No. 1 at modelling stages 1, 5 
and 10 for base case (see online version for colours) 
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In Figure 8 the normal PDFs for stope No. 5 at modelling stages 5, 8 and 10 are shown. 
WCR for stope No. 5 at modelling stage 5 when the stope was mined varies from 2.0%  
(20 cm) to 2.6% (26 cm) and the values gradually increased as mining activity progresses 
to modelling stage 8 and later to modelling stage 10, where the value of WCR ranges 
between 2.5% (25 cm) and 3.4% (34 cm). 

Figure 8 Normal Probability Density Function of WCR for stope No. 5 at modelling stages 5, 8 
and 10 for base case (see online version for colours) 

The variation of WCR for stope No. 10 at modelling stage 10 is shown in Figure 9. WCR 
varies between 2.1% (21 cm) and 3.1% (31 cm). The results for the remaining stopes at 
modelling stage 10 are shown in Table 8. 

Figure 9 Normal Probability Density Function of WCR for stope No. 10 at modelling stage 10 
for base case (see online version for colours) 
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Table 8 WCR for all stopes at modelling stage 10 for the base case 

At 95% confidence interval Stope
No. Mean value (%) Minimum value (%) Maximum value (%)

Standard
deviation (%)

1 4.49 3.68 5.30 0.414 
2 2.70 2.33 3.07 0.187 
3 3.01 2.38 3.65 0.324 
4 3.22 2.55 3.89 0.344 
5 2.92 2.48 3.36 0.223 
6 3.32 2.84 3.80 0.246 
7 2.70 1.93 3.47 0.393 
8 3.07 2.61 3.54 0.240 
9 2.48 2.07 2.87 0.200 
10 2.62 2.11 3.14 0.263 

5.2 Roof sag and floor heave 

As with the WCR, three stopes (stope Nos. 1, 5 and 10) were used to examine RSR.  
Figure 10 shows the normal PDF for stope No. 1 at modelling stages 1, 5 and 10.  
It is shown that the RSR values increase as mining activity progresses along the  
strike. RSR values reached the maximum at modelling stage 10. At this stage, the values 
range between 0.19% (5.7 cm) and 0.31% (9.3 cm). 

Figure 11 displays the normal PDF for stope No. 5 at modelling stages 5, 8 and 10. 
Stope No. 5 has peak vertical displacement and consequently, peak RSR at modelling 
stage 10 with RSR values in the range 0.34% (10.2 cm) and 0.46% (13.8 cm). Stope  
No. 10 at modelling stage 10 has RSR values ranging between 0.22% (0.66 cm) and 
0.30% (0.90 cm), as shown in Figure 12. 

The results for all the stopes (as shown in Table 9) show that the values of RSR  
and FHR at modelling stage 10 for each stope are almost the same. This shows that  
both roof sags and the floor heaves are induced by high horizontal stress. 

Figure 10 Normal Probability Density Function of RSR for stope No. 1 at modelling stages  
1, 5 and 10 for base case (see online version for colours) 
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Table 9 RSR and FHR for all stopes at modelling stage 10 for the base case 

At 95% confidence interval 
Mean value (%) Minimum value (%) Maximum value (%)

Standard deviation 
(%)Stope

Nos. RSR FHR RSR FHR RSR FHR RSR FHR 
1 0.25 0.26 0.19 0.17 0.31 0.35 0.0315 0.0465 
2 0.32 0.31 0.27 0.27 0.37 0.35 0.0252 0.0214 
3 0.35 0.37 0.31 0.31 0.38 0.43 0.0198 0.0320 
4 0.36 0.39 0.29 0.32 0.44 0.46 0.0373 0.0363 
5 0.40 0.38 0.34 0.27 0.46 0.50 0.0298 0.0572 
6 0.40 0.39 0.32 0.34 0.48 0.44 0.0398 0.0264 
7 0.37 0.41 0.31 0.31 0.43 0.51 0.0306 0.0519 
8 0.38 0.38 0.31 0.31 0.44 0.44 0.0319 0.0327 
9 0.35 0.34 0.30 0.29 0.40 0.39 0.0236 0.0590 
10 0.26 0.26 0.22 0.21 0.30 0.31 0.0210 0.0248 

Figure 11 Normal Probability Density Function for RSR stope No. 5 at modelling stages 5, 8  
and 10 for base case (see online version for colours) 

5.3 Effect of host rock-to-massive sulphide ore ratio on the stope stability 

The effect of the host rock-to-massive sulphide ore ratio on the stope stability was studied 
by comparing the results of the two model cases – with 25% massive sulphide ore and 
35% massive sulphide ore – with the base case. The comparisons of the results from the 
three model cases are presented in Figures 13 and 14. Figure 13 presents the scatter 
diagrams of WCR vs. the massive sulphide ore percentages for stopes 1, 5 and 10 while 
Figure 14 presents the scatter diagrams of RSR vs. the massive sulphide ore percentages 
for the same stopes. The scatter diagrams (Figures 13 and 14) indicate that, as the 
percentage of the massive sulphide ore increases, the magnitude of both the vertical and 
horizontal displacements increases, thus the increase in the WCR and RSR. When the ore 
percentage was increased by 10%, there was about 30% increase in WCR and about 40% 
increase in RSR for the stopes. Analysis of Variance (ANOVA) was also used to confirm 
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if the increase in the ore percentages affects the values of WCR and  
RSR and consequently affect the stability of the stopes. Table 10 shows the effect of 
massive sulphide ore-to-host rock ratio on the WCR and RSR for stopes Nos. 1, 5 and 10  
at modelling stage 10. There exists a significant difference (p < 0.05) in the WCR and 
RSR for stope Nos. 1, 5 and 10 at modelling stage 10 with massive sulphide ore 
percentage. There was an increasing trend for WCR and RCR as the ore percentage was 
increased. The highest values of WCR and RCR in all the stopes were recorded at 35% 
massive ore while the lowest values of WCR and RCR in all the stopes were recorded  
at 15% massive ore. Post hoc tests also revealed a significant difference (p < 0.05) among 
all the treatment means (i.e., at different ore percentages). Thus, it can be concluded that 
variations in the massive ore percentages significantly affect (p < 0.05) the horizontal and 
vertical displacements of the stopes and thus, the stability of the stopes. 

Figure 12 Normal Probability Density Function of RSR for stope No. 10 at modelling stage 10  
for base case (see online version for colours) 

Table 10 Effect of massive sulphide ore-to- host rock ratio on WCR and RSR for stopes Nos. 1,
5 and 10 at modelling stage 10 

Cumulative Wall Convergence Ratio Cumulative roof sag ratio Ore
percentages
(ore: host 
rock ratio) Stope 1 Stope 5 Stope 10 Stope 1 Stope 5 Stope 10 
15%
(15 : 85) 

4.49 ± 0.414c 2.95 ± 0.249c 2.62 ± 0.263c 0.25 ± 0.032c 0.40 ± 0.030c 0.26 ± 0.021c

25%
(25 : 75) 

6.57 ± 0.306b 4.24 ± 0.227b 3.45 ± 0.331b 0.37 ± 0.052b 0.53 ± 0.048b 0.36 ± 0.057b

35%
(35 : 65) 

8.96 ± 0.423a 5.00 ± 0.367a 4.28 ± 0.373a 0.55 ± 0.077a 0.68 ± 0.028a 0.51 ± 0.073a

The numbers in each column with different superscripts ‘a’, ’b’ and ‘c’ are significantly 
different (p < 0.05) from each other. 
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Figure 13 Scatter diagram of WRC vs. massive sulphide ore percentage for stopes Nos. 1, 5 and
10 at modelling stage 10 (see online version for colours) 

Figure 14 Scatter diagram of RSR vs. massive sulphide ore percentage for stopes Nos. 1, 5
and 10 at modelling stage 10 (see online version for colours) 
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6 Discussion 

By comparing WCR for all the stopes, especially at modelling stage 10, it is clearly 
observed that stope No. 1 has the highest magnitude of horizontal displacements and  
thus the highest WCR (Table 8). The reason is the fact that when the subsequent stopes 
were excavated, the major principal stress on the pillar between stope Nos. 1 and 2,  
for instance, decreases as a result of the stress shadow (Hoek and Brown, 1980). Also 
pillars (i.e., the secondary stopes) in between the stopes yielded both in shear and tension, 
and consequently destressed (see Figure 15). Therefore, the left wall of the stopes 
subsequent to stope No. 1 will have very small horizontal displacement (see Figure 16). 

Figure 15 Yielded pillar inbetween stope Nos. 1 and 2. The pillar yielded more in tension  
than in shear. Note stope No. 1 has been backfilled (see online version for colours) 

It is also observed that the variability of the rock mass properties significantly affect  
the magnitude of the displacements (see Figure 17(a) and (b)). Figure 17(a) shows the 
displacement vectors for stope No. 1 and Figure 17(b) shows the random distribution of 
the shear modulus for all six different material properties in the ore body. It has been 
noted that the areas which contains low stiffness materials have the highest magnitude of 
displacements. This suggests that failure is mostly developed through the region of the 
weakest material properties. Using mean values of the rock mass properties as input may 
not adequately capture this behaviour. 

The gradual increment in the magnitude of the displacements observed in all the 
stopes, when the mining progresses along the strike of the ore body, is not very 
significant. For instance, the mean cumulative WCR for stope No. 1 at modelling stage 
10 for the base case is about 4.5%, which is about 10% more compared to modelling 
stage 1. This shows that the backfill stiffness is enough to impose local restraint on both 
maximum vertical and horizontal displacement of the stopes. 
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Figure 16 Displacement vectors for stope Nos. 1 and 2 showing the small horizontal displacement 
on the left wall of stope No. 2 because of the fact that the pillar in between the stopes 
has been distressed (see online version for colours) 

Figure 17 Effect of rock mass variability on the magnitude of displacements: (a) displacement 
vectors for stope No. 1 and (b) random distribution of shear modulus for all the six 
different material properties used in the model (see online version for colours) 

(a)
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Figure 17 Effect of rock mass variability on the magnitude of displacements: (a) displacement 
vectors for stope No. 1 and (b) random distribution of shear modulus for all the six 
different material properties used in the model (see online version for colours) 
(continued)

(b)

Not only is risk assessment an integral part of any design project, especially at  
the early stage of the project, but it is also an essential component in stope design because 
of the high risk of stope failure. Risk assessment involves the probability of failure  
and the consequence of failure. The probability of failure, when the allowable 
convergence value is exceeded, can be estimated from the Cumulative Difference 
Function (CDF) for the random convergence values for all the stopes. The CDF is the 
integral of the corresponding PDF. Figure 18 shows the CDF for WCR for all the  
stopes at modelling stage 10. If, for instance, the allowable WCR for the stopes is 4% 
then from Figure 18 it can be deduced that the probability that stope No. 1 might fail is 
about 90% while the remaining stopes remain stable. Though this example is rather 
relatively simple, it can provide useful insight during the planning stage. 

Figure 18 Cumulative density function for WCR for all stopes at mining stage 10 (see online 
version for colours) 
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7 Conclusion 

As an alternative to the traditional deterministic approach to stope stability analysis,  
a probabilistic method is presented in this study. This probabilistic approach incorporates 
the inherent spatial variability of the rock mass properties. This variability and 
randomness of the rock mass parameters were incorporated into a FLAC model to study 
the stope stability. The results are presented as PDFs. These FLAC models need to be 
calibrated with convergence data from the mine and after satisfactory performance,  
the models could be used for prediction of subsequent stoping activities. The following 
can be concluded from the study. 

• The behaviour of each stope depends largely on the local condition, as the zones
with the lowest stiffness have the highest magnitude of displacement. Therefore, 
failure maybe seen as a function of the region that has the weakest material 
properties. This demonstrated that the spatial variability of the rock mass  
properties does have a marked impact on the stope stability. 

• The ratio of the massive sulphide ore to the host rock has a significant effect on  
stope stability, such that as the percentage of the massive sulphide ore increases,  
the stability of the stope decreases. 

• Randomisation of the material distribution seems to have little effect on the  
results of the analysis because the result distributions show small standard 
deviations. However, 10 model runs used in this study may not be adequate  
to make a conclusion. 

Note that this study is limited to the variation of the UCS of the rock mass and the 
number of the model runs and can be improved by considering the variability of other 
material properties, and also by increasing the number of runs. Besides this, the effect  
of structural features such as joints and ore vein can be included into the models for 
further study. Nonetheless, the study provides useful information on the probability 
analysis of stope stability. It is clear that the variability of the rock mass properties will 
lead to a range of results which can only be possible when the probabilistic approach  
is employed. 
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Abstract

Stability analyses of underground rock excavations are often performed using traditional 

deterministic methods. In deterministic methods the mean or characteristics values of the 

input parameters are used for the analyses. These method neglect the inherent variability of 

the rock mass properties in the analyses and the results could be misleading. Therefore, for a

realistic stability analyses probabilistic methods, which consider the inherent variability of the 

rock mass properties, are considered appropriate. A number of probabilistic methods, each 

based on different theories and assumptions have been developed for the analysis of 

geotechnical problems. Geotechnical engineers must therefore choose appropriate 

probabilistic method to achieve a specific objective while taking into account simplicity, 

accuracy and time efficiency. Finite difference method was combined with five different

probabilistic methods to analyse the stability of an underground rock excavation. The

probabilistic methods considered were the Point Estimate Method (PEM), the Response 

Surface Method (RSM), the Artificial Neural Network (ANN), the Monte Carlos Simulation 

(MCS), and the Strength Classification Method (SCM). The results and the relative merits of 

the methods were compared. Though the methods presented in this study are not exhaustive, 

the results of this study will assist in the choice of appropriate probabilistic methods for the 

analysis of underground rock excavations. 

Keywords: Probabilistic methods, rock mass property variability, underground rock 

excavation stability.

1. Introduction

As a result of underground construction in rock, the original state of the hosting rock mass is 

disturbed. This disturbance may lead to instability of the excavation which would pose a

threat to the safety of personnel and equipment in and around such an excavation. The 
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stability of underground excavations has, therefore, always been of major concern to 

geotechnical engineers. 

The stability of underground excavations depends on such factors as: the mechanical 

properties of the rock mass, the orientation and properties of the rock discontinuities, the 

hydrological conditions and the induced stresses (Martin et al. 1999). In the stability analysis 

these parameters are determined either by in situ investigations or laboratory tests. Because of 

the inherent uncertainties associated with natural materials such as rock masses, the exact 

values for these parameters cannot be determined as the values vary within a certain range. 

The main sources of uncertainties are inherent random heterogeneity (spatial variability or 

aleatory uncertainty) and knowledge-based or epistemic uncertainties, that is to say 

measurement error and transformation uncertainties (Phoon and Kulhawy 1999). The in situ 

variability or aleatory uncertainty stems from natural transformation processes such as 

diagenesis, fractional crystallization and metamorphism that affect the physical and 

mechanical properties of the geotechnical materials (Valley et al. 2010). Measurement error 

arises from human error and equipment errors during data collection and measurement while 

the transformation uncertainty or model uncertainty may be attributed to the transformation of 

field or laboratory data into geotechnical design parameters using empirical equations.

If uncertainty in the geotechnical parameters is not properly considered, it can significantly 

affect the results from analysis of underground excavations. With regard to geotechnical 

engineering problems these uncertainties are sometimes accounted for by considering the 

best, mean and worst cases of the material inputs for the analysis. This approach, however, 

does not give a clear understanding of the compound effects of the input uncertainties.

Therefore, for a realistic analysis of underground excavations the compound effects of the 

uncertainties in the input parameters must be adequately considered using probabilistic 

methods. Probabilistic methods provide a rational basis for considering the uncertainties in the 

geotechnical analysis. Several probabilistic methods have been used for geotechnical analysis,

though majorly of surface geotechnical structures such as slopes and embankments. 

Probabilistic methods have also been used to analyse underground rock excavations (e.g. 

Chen et al. 1997; Hoek 1998; Panthi and Nilsen 2007; Mollon et al. 2009; Valley et al. 2010; 

Cai 2011; Idris et al. 2011; Goh and Zhang 2012; Lü and Low 2011; Langford and Diederichs 

2013).
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The probabilistic methods used in the geotechnical analyses employ different statistical tools 

and assumptions. According to Park et al. (2012) the probabilistic methods can be divided 

into two categories: analytical approximation methods (e.g., the first-order second moment 

method) and sampling based methods. Analytical approximation methods may not be suitable 

for the assessment of geotechnical problems that involve numerical modelling since they

require explicit functions which are not readily available or which are difficult to apply to

complex geotechnical problems. Sampling based methods could use discrete or random 

sampling (simulation based). The discrete sampling methods such as the Point Estimate 

Methods (PEM), the Response Surface Method (RSM) and the Artificial Neural Network 

(ANN) assume that the scale of the variability is large compared to the domain of the problem 

being considered such that the domain (i.e. the rock mass) can be treated as homogenous.

When the scale of the variability is small then the variability has to be treated as 

heterogeneous. In that case simulation based methods such as the Monte Carlo Simulation

(MCS) would be most appropriate to use. With the simulation based sampling methods the 

heterogeneity of the rock mass can be explicitly considered in the numerical modelling. This 

method can be used to model the details of rock mass behaviour.

Since different probabilistic methods utilize different theories and assumptions, one of the 

problems that could hamper the application is the choice of probabilistic method to achieve a 

specific objective while considering simplicity, accuracy and minimum computational time. 

Therefore in this paper, the finite difference method (FDM) is combined with different 

probabilistic methods to analyse the stability of a drift in a good quality rock mass conditions. 

The probabilistic methods considered are the PEM, the RSM, the ANN, the MCS and the 

Strength Classification Method (SCM). The PEM, the RSM and the ANN assume a

homogenous rock mass while the MCS and the SCM incorporate both variability and 

heterogeneity of the rock mass properties into the numerical stability analysis of an 

underground excavation. The results from the methods were compared and the relative merits 

and shortcomings of each method discussed.

2. Probabilistic methods

In most rock masses the uncertainty in their properties is so great that cannot be ignored.

Probabilistic methods need therefore to be applied. In this section, the different probabilistic 

methods used in this paper are briefly explained. These probabilistic methods were divided 

into two categories based on their sampling methods and assumptions – those methods that 
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consider the heterogeneity of the rock mass and those which do not consider the 

heterogeneity.

2.1. Methods neglecting rock mass heterogeneity

For the purpose of this study, the Point Estimate Method (PEM), the Response Surface 

Method (RSM) and the Artificial Neural Network (ANN) were considered.

2.1.1 Point Estimate method (PEM)

The PEM was originally proposed by Rosenblueth (1975) for symmetric variables and revised 

in 1981 (Rosenblueth 1981) to also include asymmetric variables. According to Christian and 

Beacher (1999) the PEM is a special case of the Gaussian quadrature. In the PEM, the 

statistical moments of a function are approximated from the random variables by replacing the

probability density functions (PDFs) of each of the random variables with probability mass 

functions (PMFs) consisting of a few discrete points, typically two points. In the two point 

estimate method, 2n estimations are needed when there are n correlated or uncorrelated 

random variables with symmetric distribution. The two points of estimation are chosen at ±

one standard deviation from the mean value for each distribution. Furthermore, each point of 

estimation has a weighting value which depends on the correlation between the variables. For 

uncorrelated variables, each point of estimation will be weighted equally with the value 

2-n.

A great limitation of the original PEM is that when large numbers of random variables are 

involved in the analysis the number of estimations becomes too large for practical application.

For this reason, modifications of the PEM to reduce the number of the sampling points have 

been proposed by e.g. Harr 1989; Li 1992; Chang et al. 1995; and Hong 1998. However,

according to Christian and Beacher (2002) these modifications move the weighting points 

further away from the mean values as the number of variables increases. This can lead to 

input values that extend beyond the valid domain. Due to this problem, the original 

Rosenblueth PEM is often used with fewer random variables.

The PEM is widely used together with numerical methods in geotechnical engineering 

because of its simplicity (Hoek 1998; Cai 2011; Langford and Diederichs 2012; Abdellah et 

al. 2014).

2.1.2 Response surface method (RSM)

The RSM is a collection of mathematical and statistical techniques used to develop a 

functional relationship between a dependent output y and a number of associated input 
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variables (x1, x2,..xn). This relationship is implicit in most geotechnical engineering problems 

and is generally an unknown. However, it can be approximated by a low-degree polynomial 

model of the form:

),...,( 21 nxxxfy (1)

where is the error observed in the output y and ),...,( 21 nxxxf is called the response 

surface. The most common response surfaces used in geotechnical engineering problems are

low-order polynomials (first-order and second-order models). If the output can be well 

modelled by a linear function then the first-order model is used: otherwise the second-order 

model is used. A general first-order model is defined as:
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where ai are the regression coefficients and n is the number of basic input variables. 

In the RSM analysis 2n full factorial design is used to fit the first order linear regression. For 

the second order quadratic regression, at least 
2

)2)(1( nn evaluation points are needed to 

fit the polynomial. RSM has been used in combination with numerical analysis to assess the 

stability of underground rock excavations (Mollon et al. 2009; Lü and Low 2011).

2.1.3 Artificial Neural Network (ANN)

The ANN is a form of artificial intelligence that attempts to imitate the behaviour of the 

human brain and nervous system. The ANN can be used to capture the relationship between a 

set of inputs and outputs, which are not sufficiently known, by means of training the data 

obtained from either real experiments or numerical simulations (Lü et al. 2012). The ANN has 

been applied in the stability analysis of tunnels and underground excavations by, for example,

Lee and Sterling 1992; Moon et al. 1995; Yoo and Kim 2007; Lü et al. 2012; Mahdevari and 

Torabi 2012. In principle, the ANN consists of simple interconnected nodes or neurons where 

p is the input, w is the weight, b is the bias, f is the transfer function and a is the output.

If the neuron has N number of inputs then the output a can be calculated as:

bpwfa i

N

i
i

1 .
(4) 
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Different types of transfer functions can be used in the ANN such as hard limit, linear and

log-sigmoid transfer functions (Beale et al., 2012). The choice of transfer function depends on 

the specification of the problem that the neuron is attempting to solve (Beale et al., 2012).

The architecture of the ANN consists of the number of layers, the number of neurons in each 

layer and the neuron transfer functions. Two or more neurons can be combined in a layer and 

a network could contain one or two layers whereby each layer has different roles. There is 

always one output layer and one input layer while there can be many hidden layers for an 

ANN. However, it is known that a network with one hidden layer can approximate any 

continuous function provided with sufficient connection weights (Hornik et al., 1989). The 

number of neurons in the input and output layers are determined by the number of the model 

input and output variables. There is no any exact guide for determining the number of neurons 

in the hidden layer. However some researchers (e.g. Aldrich and Reuter 1994; Kanellopous 

and Wilkinson 1997; Seibi and Al-Alawi 1997) have proposed heuristic relations for 

determining the neuron size.

Before an ANN can be used to make projections or predictions it has to be trained. In the 

training or learning process, the network is presented with a pair of training datasets including 

input and the corresponding target values. The network computes its own output using its 

initial weights and biases. Then, the weights and biases are adjusted iteratively to reduce the 

errors between the network output and the target output. Mean square error is used as error 

index during the training phase to improve the network performance (Tawadrous et al. 2009). 

One of the most commonly used learning algorithms in geotechnical engineering is the back-

propagation algorithm (BPA) proposed by Rumelhart et al. (1986). In the BPA there are two 

phases: forward prediction which calculates the output values of the ANN from training data 

and error back-propagation which adjusts the weight. There are many techniques to adjust the 

error but the steepest descent method is often used (Tawadrous et al., 2009). Once the training 

process of the ANN is completed predictions can be made for a new input dataset.

2.2. Methods considering rock mass heterogeneity

As mentioned previously the basic assumption of the methods in Section 2.1 is that the 

properties of the geotechnical domain being analysed can be treated as homogeneous.

However, this assumption may affect the results of the analysis especially when the natural 

variability (i.e. heterogeneity) of the geotechnical parameters is more profound. Hence, the 
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Monte Carlo Simulation (MCS) technique is often employed to model the natural randomness 

or heterogeneity. The MCS requires a large number of simulations to achieve the required 

level of accuracy and because of this there have been some modifications to the sampling 

techniques of the MCS in order to reduce the number of the simulations or the computational 

time. Two examples of alternatives to the MCS are the Latin Hyper Cube (LHC) techniques

and the Strength Classification Method (SCM) (Idris et al. 2012). For this study the MCS and 

the SCM are considered as the methods which consider the heterogeneity. 

2.2.1. Monte Carlo simulation (MCS) 

In geotechnical analysis the MCS can be used to obtain the probability distribution of 

dependent random variables given the probabilistic distribution of the independent random 

variables. The MCS is considered a powerful tool as it can accurately cover the entire 

distribution of all uncertain parameters. In another application, the MCS can be utilized to 

explicitly introduce the rock mass heterogeneity into numerical models by randomly assigning 

different material properties to each zone of the model based on their probability distribution. 

In this case, each zone of the model is considered as a “grain” of the rock mass fabric. The 

locations and combinations of the input variables randomly assigned in the model are 

different for each simulation. The main disadvantage of the MCS is that it requires many 

simulations in order to achieve desired accuracy. However, few Monte Carlo simulations 

(e.g. 100 simulations) can be used to approximate the statistical moments of the output 

variables (Hammah and Yacoub, 2009). 

2.2.2. Strength Classification method (SCM)

The strength classification method is a modified form of the MCS with the aim of reducing 

the computation time. For the SCM the probability density function (e.g. normal distribution)

for each random input parameter can be divided or partitioned into a number of classes or 

groups of different intervals. The PDF can be approximated with histogram as shown in Fig. 1 

where the width of the rectangle of the histogram represents each of the interval or group. The 

probability of a random value X of the input parameter within the interval (a, b) can be 

calculated as
b

a X dxxfbXaP )()( (5)

where )(xf X  is the probability distribution function (PDF). For a normally distributed input 

the probability that a random value of the input parameter is within the interval ( and

), ( 2 and 2 ) and ( 3 and 3 ) is 68.3%, 95.4% and 99.7%, 



8
 

respectively. The mean and the standard deviation of the random value are µ and ,

respectively. 

The SCM can also be used to introduce heterogeneity of the material properties into a 

numerical model. The zones in the model will randomly be assigned properties from the 

classes according to their probabilities, for instance N % of the zones will get properties 

corresponding to the class or group of the input parameter with N % probability. The middle 

value of the interval can be used to represent the random input variables for each class or 

group. Similar to the MCS, the location of each input variable is randomly varied at each 

realization of the numerical simulation. Also the SCM requires many simulations to achieve 

the required accuracy but a few simulations could also be used to approximate the statistical 

moments of the output variables.

X

Fig. 1. Probability density function partitioned into different intervals

3. Probabilistic analysis of the stability a drift stability in good quality hard rock mass

To implement and compare the aforementioned probability methods, the stability of a drift in 

a good quality rock mass, but with varying properties, was investigated.

3.1. Problem description and model parameters

An underground mine drift (Fig. 2) which has an arched roof and a width and height of 7 m is

excavated in a rock mass at a depth of 1000 m. The basic statistical parameters for the rock 

mass properties are listed in Table 1. The statistical parameters and the distributions of the 

rock mass parameters are based on the published data in Hoek and Brown (1997), Hoek 

(1998), Sari (2009) and Cai (2011). The minimum and maximum values for the parameters 

PDF

a b c d
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were taken at 95% confidence interval (CI). The rock mass behaviour is described by an 

elastic-perfectly plastic model.

Fig. 2. Geometry of the drift 

Table 1. Statistical parameters for the rock mass

Parameters Mean COV (%) Max. Min.

UCS (MPa) 150 15 195 106

GSI 75 10 90 60

mi 25 10 30 20

Poisson’s ratio (v) 0.2 - - -

Density ( ) 2700 - - -

The mean values and the coefficient of variation (COV) for the UCS, GSI and mi together 

with their respective truncated distributions were used as inputs in the empirical equations 

proposed by Hoek et al. (2002) and Hoek and Diederichs (2006) to generate the distribution 

and statistical parameters of the deformation modulus (Em), the tensile strength and the 

equivalent shear strength parameters (i.e. cohesion and internal friction angle). The Monte 

Carlo technique available in the Excel add-in program @RISK (Palisade, 2001) was used for 

this purpose. Table 2 shows the statistical parameters; mean (μ) and standard deviation ( ), for 

the deformation modulus (Em), the tensile strength ( t), the cohesion (c) and the internal 

friction angle ( ).
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Table 2. Statistical parameters for the deformation modulus (Em), tensile strength and the 

equivalent shear strength parameters for the rock mass 

Parameters Mean Distribution

Em (GPa) 50.00 14.05 Normal

c (MPa) 4.10 1.64 Normal

t (MPa) 1.03 0.51 Normal

( ) 65.13 0.90 Normal

As the drift will be excavated at a depth of 1000 m the in-situ stresses can be determined from

the equations proposed by Stephansson (1993) which are based on over-coring measurements. 

These are:

zv (5)

zH 044.07.6 (6)

zh 034.08.0 (7)

where v is the vertical stress, H is the maximum horizontal stress, and h is the minimum 

horizontal stress. z, are the unit weight and depth, respectively. It is assumed that H is 

perpendicular to the axis of the drift, while h is parallel to the drift axis. The calculated in-

situ stresses using equations (5 - 7), are shown in Table 3. It was assumed that there is no 

variability in the stresses with respect to the rock mass. 

Table 3. In-situ stress component at 1000 m depth

Mining depth (m) Unit weight (MN/m3) v (MPa) H (MPa) h (MPa)

1000 0.027 27.0 50.7 34.8

4. Performance function for the drift

When a drift is excavated underground the original state of the rock mass surrounding the 

excavation is disturbed. This disturbance can be in the form of redistribution of stresses;

creation of new fractures; closure and opening of existing fractures (Sato et al. 2000). These 

changes have the potential of causing uncontrolled displacement or strain in the rock mass. 

The uncontrolled displacement could be in various forms such as ejection of material into an 

excavation caused by a rock burst, plastic deformation and squeezing of the rock mass, or 

wedge failure (Lilly and Li, 2000). When the magnitude of the displacement exceeds a 

maximum tolerable limit then the excavation becomes unstable and cannot perform its 
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functions. This tolerable limit is called the serviceability limit. Therefore, an underground 

excavation is regarded as being unstable if the magnitude of the displacement of the rock 

mass around an excavation exceeds the serviceable limit. The maximum displacement that a

rock mass can withstand depends on the mechanical properties of the rock mass and the 

objective of the excavation. The deformation of the rock mass can also be expressed in terms

of strain. Sakurai (1981) proposed the concept of a critical strain limit which he used as a 

stability criterion for tunnels. Fig. 3 shows the relationship between the critical strain and the 

uniaxial compressive strength (UCS) (Sakurai 1986, 1997). The hazard warning level II in 

Fig. 3 is the transition line from stable to unstable conditions. In this study, the hazard 

warning level II was used as the stability criterion for the drift. The equation for the hazard 

warning level II, estimated from Fig. 3, can be expressed as

= 10( . . ) (8)      

where is the critical strain in percent. The value of the UCS of the rock mass can be 

estimated from the relationship proposed by Hoek et al. (1997) as:

sin1
cos2cUCS (9)

where c is the cohesion and is the friction angle of the rock mass.

To determine the probability of instability of the drift a limit state function or performance

function, g(x), has to be defined as:

)()()( xSxRxg (10)

where R and S are the critical strain and the strain around the drift due to the excavation, 

respectively. The strains in the roof and in the sidewalls of the drift were calculated from the 

displacements around the drift obtained from the numerical analyses. This will be discussed in 

Section 5. R(x) and S(x) are the probability density functions (PDFs) of the random variable x.

For g(x) > 0 the drift is stable and the performance is satisfactory otherwise if g(x) < 0 the 

drift is unstable with unsatisfactory performance. The limit state boundary is therefore defined 

by g(x) = 0 and the probability of instability (Pf) can be defined as:

0)(

)(0)(
xg

f xfxgPP (11)

where f(x) is the joint PDF for the random variables, x. Another important characteristic for 

assessing the stability of geotechnical structures is the safety index or the reliability index .

The reliability index can be defined as:

m

m (12)
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where m and m are the mean and standard deviation of the PDF of g(x), respectively. If the 

performance function can be assumed to follow a normal distribution then Pf can be defined 

as:

 )(1fp (12)

where is the cumulative density function (CDF) of the standard normal variable.

Fig. 3. Sakurai’s relationship between critical strain and UCS, also indicating hazard warning 

level II for assessing stability of tunnels (adapted from Sakurai 1986, 1997)

5. Numerical modelling

The numerical analyses of the drift were carried out using the explicit finite difference 

software FLAC (Itasca 2011). FLAC has a built-in programming language called FISH which 

enables the user to define new variables and functions. This makes FLAC suitable for 

numerical analysis of complex rock mechanics problems. Two types of numerical analyses 

were conducted in this study: deterministic and probabilistic. In the deterministic models a

single input value was used to represent each variable, while variability in the input values 

was considered in the probabilistic models. 

The FLAC model size was chosen to be 77 m high and 77 m wide. These dimensions are 

large enough to eliminate boundary effects. The zone size of 0.25 x 0.25 m was used in the 
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whole model to maintain the same zone size or mesh homogeneity. Roller boundary 

conditions were used for the model boundaries (see Fig. 4). 

The FLAC models were first brought to equilibrium with the stresses and boundary conditions 

applied before the excavation. Then the drift was excavated and the model cycled to 

equilibrium. The displacements normal to the boundary of the drift were tracked on the side 

walls, roof and the floor of the drift. The induced strains ( ) in the roof and sidewall were 

calculated from their respective radial displacements (U) from:

R
U

(14)

where R is the equivalent radius of a circular opening with the same cross-sectional area (A) 

as the drift. R can be approximated from the relationship:

AR (15)

5.1. Deterministic models

Mean values are often used as inputs deterministic analyses. However, extreme values such as 

worst case and best case values may also be considered. Experience and engineering 

judgement must be used when selecting these extreme values. For the deterministic models 

the mean values of the rock mass parameters were used as input parameters for the 

mean/expected case. The maximum values (mean + two standard deviations) and minimum

values (mean – two standard deviations) of the input parameters were used for the best case 

and worst case, respectively. The mean values of the input parameters are summarized in 

Table 2. The in-situ stress components used for the models are those summarized in Table 3.

Fig. 4. FLAC model size for the simulations
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5.2. Deterministic model results

5.2.1. Induced strains around the drift (deterministic)

The induced strains around the drift due to the excavation were estimated from the

displacements (perpendicular to the drift boundary) obtained in the left and the right sidewalls

of the drift as explained previously. Since the induced strains on the left and right sidewalls  

are almost similar because of symmetry therefore only the results for the left sidewall were

presented (Fig. 5). The worst case showed the highest strain in the floor, roof and the sidewall 

of the drift when compared with the other cases. For the best and mean cases the strain in the 

sidewall was greater than that in the roof and the floor. However, when the rock mass 

becomes weaker as in the worst case the strain in the floor increased more significantly than 

in the sidewall and the roof of the drift. It can also be observed that the strain in the roof was 

very small compared with that of the floor and the sidewall for all cases. This may be due to

the circular arch shape of the roof of the drift.

Fig. 5. Strains around the drift for the best, mean and worst case models

5.2.2. Assessing the stability of the drift (Deterministic model)

In deterministic methods the factor of safety (FOS) is commonly used to assess the stability of 

geotechnical structures. FOS is the ratio of the capacity of the geotechnical structures to the 

applied load. A structure is deemed unstable when the FOS is less than 1 and it is stable when

FOS is greater than 1. In this study the FOS was calculated as the ratio of the critical strain 
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( critical ) defined by Equation 7 and the maximum calculated strain normal to the boundary 

around the drift boundary as explained in Section 5.1.

It can be seen from Table 4 that the sidewall and roof of the drift are stable for all cases 

except for the worst case in which the drift sidewalls are unstable. The strain of the sidewall 

for the worst case is greater than 1%. Hoek (2001) and Sakurai (1983) have suggested that the 

onset of tunnel instability occurs when the tunnel strain level is greater than 1%. In the

deterministic analysis, the calculated factor of safety does not consider the uncertainty in the 

input parameters hence the same value of FOS may be applied to different conditions with a

varying degree of uncertainty. This approach eschews any information on the inherent risk 

associated with the design of the excavations.

Table 4. Estimated factor of safety for the sidewall and the roof of the drift for the three cases

Case UCS (MPa) critical  (%) Maximum strain,
R
U (%)

FOS

Sidewall Roof Sidewall Roof

Best 71.54 0.25 0.14 0.02 1.79 12.5

Mean 37.19 0.31 0.24 0.04 1.29 7.75

Worst 7.59 0.57 1.24 0.17 0.46 3.35

5.3. Probabilistic models

In the probabilistic and deterministic analyses the same model geometry, in situ stresses, and 

boundary conditions were used. However, the uncertainties in the rock mass material

properties were considered and also the simulation procedure adopted for each of the

probabilistic methods were different from those of the deterministic analyses. In the following 

sections the input parameters and the simulation procedures for each of the probabilistic 

models are presented. 

5.3.1. Point estimate method (PEM)

The Rosenblueth PEM was used in this study to avoid the problems associated with the 

modifications introduced by, for example, Harr 1989; Li 1992; Chang et al. 1995; Hong 1998

(which was explained in Section 2.1). The four random variables are: the deformation 

modulus (Em), the tensile strength ( t), the friction angle ( ), and the cohesion (c). Therefore,
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the total numbers of solution cases were 24 = 16. All of the four random variables were 

considered to be uncorrelated and normally distributed. The input parameters for all 

simulation cases for the rock mass are listed in Table 5. Each of the combinations of the input 

parameters for each case was used as input parameters in the FLAC models. Displacements of 

the sidewalls, roof and floor of the simulated drift were recorded for all sixteen cases and their 

statistical moments were determined. The displacements were recorded at the middle of the 

sidewall, roof and floor where the deformations are expected to be the highest. Induced strains 

were estimated from the displacements as explained previously. In order to avoid negative 

values lognormal distributions were assumed for the results of the PEM models.

Table 5. Input parameters for the simulation cases for PEM

Case No Em (GPa) ( ) c (MPa) t (MPa)

1 64.05 66.03 5.74 1.59

2 64.05 66.03 5.74 0.47

3 64.05 66.03 2.46 1.59

4 64.05 66.03 2.46 0.47

5 64.05 64.23 5.74 1.59

6 64.05 64.23 5.74 0.47

7 64.05 64.23 2.46 1.59

8 64.05 64.23 2.46 0.47

9 35.95 66.03 5.74 1.59

10 35.95 66.03 5.74 0.47

11 35.95 66.03 2.46 1.59

12 35.95 66.03 2.46 0.47

13 35.95 64.23 5.74 1.59

14 35.95 64.23 5.74 0.47

15 35.95 64.23 2.46 1.59

16 35.95 64.23 2.46 0.47

5.3.2.Response surface method (RSM)

For the RSM analysis, a full quadratic polynomial with cross terms was used to approximate 

the implicit relationship between the input parameters and the rock mass response around the 

excavated drift. The response surfaces were generated using the 2n factorial design where n is 

the number of the random variables. Two evaluation points (upper and lower) were chosen for 
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each of the random variables, i.e., the deformation modulus (Em), the tensile strength ( t), the

friction angle ( ), and the cohesion (c). The upper and lower evaluation points were defined 

as kxu and kxl , respectively, where µ is the mean and is the standard 

deviation. The evaluation point values are based on the assumption that the input parameters 

are normally distributed. The value of the parameter k was chosen to be 1. In later analyses it 

was increased to 2 to study the effect of the evaluation points on the RSM results. Sixteen 

different combinations of the input parameters were generated similarly to that of the PEM.

Using the same modelling procedure as that of the PEM analysis (Section 4.2.1) 16 different 

strain values of the middle of the sidewall, roof and floor of the simulated drift were estimated 

from their corresponding displacements. These values were used to obtain the response 

surface equations for the strains of the drift boundaries. The normal probability plots (not 

shown) for the regression model for the equations were approximately straight lines with the 

value of R2 ranging from 0.94 to 0.98. The R2 is the coefficient of determination and indicates

the accuracy of the fitted regression model. The closer the R2 is to 1, the more accurate the 

regression model. The statistical moment of the strains of the drift boundary were computed 

from Monte Carlos Simulations of 105 trials using the response equations. The program 

@RISK (Palisade 2000) was used for this purpose.

5.3.3. Artificial neural network

The ANN was used to approximate the relationship between the response of the rock mass 

surrounding the excavated drift (i.e. strain) and the random input parameters. The random

input parameters were the deformation modulus (Em), the tensile strength ( t), the friction 

angle ( ), and the cohesion (c).

The training datasets for establishing the ANN model were selected using the uniform design 

method proposed by Fang, 1980) and Wang and Fang, 1981. The Uniform design method is 

capable of providing samples with high representativeness and it can reduce the number of 

experimental runs when there are many factors and multiple levels (Zhang et al. 1998; Kuo et 

al. 2007; Cheng and Li 2009). Twenty-six (26) datasets were used as training data for the 

ANN model. Twenty-six (26) combinations of the random values of the input parameters 

were generated by considering uniformly spaced twenty-six sampling points for each random 

value within the range of ± 1 standard deviation from their respective means. The range of ± 2 

standard deviations of the respective mean of the random input parameters were also 
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considered for comparison. The details of how the uniform design method was used to design 

the ANN model training datasets is presented in Appendix A. The twenty-six combinations 

of the input parameters were used to generate corresponding twenty-six responses in terms of 

strains around the drift using the FLAC software in a similar way as that of the

aforementioned models/analyses. Both input parameters and the responses were normalized or 

scaled to be in the range of ±1 because the ANN algorithm (especially the back-propagation

algorithm) works best when the training data is scaled or normalized (Beale et al., 2012).

The architecture of the ANN was designed using the multilayer perceptron (MLP) feed-

forward neural network which is commonly used in geotechnical engineering analyses 

(Shahin et al. 2001). For the development of the network, a commercial software package 

MATLAB (MathWorks Inc., 2012) was used to simulate the ANN operations. The network 

has one input layer, one output layer and one hidden layer. The input layer has four neurons 

and the output layer has four neurons. The number of neurons in the hidden layer was chosen 

to be 5 as this gave the best result. The best configuration was achieved in this work by using 

the linear transfer function (purelin) in the output layer and the hyperbolic tangent sigmoid 

(tansig) transfer function in the hidden layer. The network was trained with the Levenberg-

Marquardt back-propagation algorithm (trainlm) using the 26 normalized datasets. During the 

training process the weights and biases were iteratively adjusted to reduce the mean squared 

error (MSE) between the ANN predicted values and targeted values. A sub-set of the training 

dataset was randomly selected for the validation and testing of the ANN model. The accuracy 

of the ANN model was determined using the coefficient of determination (R2). The R2 was 

greater than 0.99 for the model training, validation and testing.

Having trained the model accurately, the optimal weights and biases were extracted from the 

network model and used to develop the mathematical expressions relating the input 

parameters and the rock mass responses (i.e. strains) around the excavated drift. The statistical 

moments and PDFs for the strains around the drift were determined from 105 MCS trials using 

the mathematical expressions for the strains obtained for the ANN model. The MCS trials 

were performed using the excel-ad-in program @RISK.

5.3.4.Monte Carlo simulation model

The Monte Carlo simulation (MCS) method was used to incorporate both variability and 

heterogeneities of the input parameters into the FLAC model for the analysis of the drift 

stability. The model geometry and the boundary conditions were the same as that of the 
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deterministic models as well as the other probabilistic models. The random material properties 

and their statistical moments used for the MCS model are listed in Table 2. These material 

properties were randomly assigned from their PDFs to the zones of the FLAC model using the 

FLAC inbuilt FISH functions (Itasca 2011). One hundred simulations of the MCS model were 

run which generated random distributions of displacements of the sidewalls, roof and floor of 

the simulated drift. The induced strains were estimated from the displacements as discussed 

previously. The statistical moments and the PDF of the strains were determined. It should be 

noted that the MCS requires a large number of simulations depending on the desired accuracy. 

Practically, this may be difficult to perform especially when it is combined with numerical 

analysis. However, the 100 simulations used in this study may give good approximate values

of the statistical moments of the output variables. Fig. 6 shows an example of the random 

distribution of the shear modulus in one of the models in the MCS simulations. The 

correlation between the input parameters and the spatial correlation of the heterogeneities are 

not considered in this model.

Fig. 6. Random distribution of shear modulus in a MCS model

5.3.5.Strength classification method model

The Strength Classification Method (SCM) also considers variability and heterogeneity in the 

rock mass properties. This method is used since it reduces the time needed to run a single 

simulation, though the total number of simulations required may be the same as that of the 

MCS. The random input parameters, the deformation modulus (Em), the tensile strength ( t),

the friction angle ( ), and the cohesion (c), were all treated as normally distributed as shown 

in Table 2. Each PDF of the random input parameters was partitioned into three strength 
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classes: the high, medium and low strength based on their mean values ( ) and standard 

deviations ( ). The interval for each class and the area (or probability) covered within each 

interval are presented in Fig. 7. It should be noted that the total area covered by the interval μ 

± 3 is 0.997 for a normal distribution PDF. However, in this study for simplicity it was 

approximated to 1. The middle value of each interval was used to represent each strength 

class. For instance, the middle value of the input parameter for high strength class 

corresponds to μ+ .

To implement this in the FLAC model, the number of zones for each strength class in the 

entire model was calculated based on their specified probabilities (or area covered). FISH 

functions were written to randomly select the zones and assign accordingly the corresponding 

material properties. The location of each variable was randomly varied between each 

realization of the numerical simulation. The model geometry and boundary conditions were 

the same as those of the deterministic model and the other probabilistic models.

Similar to the MCS model 100 simulations were run using this method and this generated 100

random distributions of the displacements around the drift similar to the MCS model. The 

induced strains were also estimated from the displacements and the statistical moments of the 

strains were determined. The correlation between the input parameters and the spatial 

correlation of the heterogeneities were not considered in this model.

Fig. 7. Interval for each class of the random input parameters and their corresponding 

probabilities
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5.4. Probabilistic model results 

Two different models were considered for RSM based on the evaluation points and ANN

sampling range. They are referred to as RSM1, RSM2, ANN1 and ANN2. The evaluation 

points for the input parameters for the RSM1 model were selected at µ- and while the 

evaluation points for the input parameters for the RSM2 were selected to be µ- and .

The sampling range for the input parameters for the ANN1 and the ANN2 training datasets 

were µ- to and µ- to µ+2 , respectively. The µ in the mean and is the standard 

deviation for the input parameters.

5.4.1. Induced Strain around the drift (Probabilistic)

The induced strains estimated from the displacements at the boundary of the excavated drift 

which were obtained from the different probabilistic methods are shown in Tables 6, 7 and 8.

The maximum and minimum values for the strain were taken at 95% confidence interval. The 

results for all the models were assumed to follow a lognormal distribution.

The strains of both sidewalls of the drift obtained from the PEM, RSM and ANN models were 

similar because of the assumption of homogeneity of the material properties and the

symmetry of the models. Therefore only the strain of the left sidewall is presented for the 

PEM, RSM and ANN models. For comparison purposes the strains of the left sidewall were 

also presented for both the MCS and the SCM models. The mean values of the strains of the 

sidewall, roof and floor of the drift as presented in Tables 6, 7 and 8 are reasonably similar for 

the different methods used. However, a noticeable exception is evident for the RSM2 model.

The RSM2 model strains are almost twice those of the other models, which is due to the 

evaluation points of the input parameters used to generate the response surface equations. The

coefficient of variation (COV) of the strains (sidewall, roof and floor) calculated using the 

MCS and the SCM is smaller when compared to those obtained using the other methods. This 

results in lower maximum values and higher minimum values (i.e. low dispersion around the 

mean value).
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Table 6. Induced strain of the drift sidewall

Method Mean (%) COV (%) Maximum (%) Minimum (%)

PEM 0.27 31.40 0.47 0.14

RSM1 0.27 26.59 0.42 0.13

RSM2 0.52 30.34 0.87 0.25

ANN1 0.27 31.74 0.44 0.10

ANN2 0.27 37.44 0.61 0.16

MCS 0.27 9.20 0.33 0.23

SCM 0.28 11.24 0.35 0.22

Table 7. Induced strain of the drift roof

Method Mean (%) COV (%) Maximum (%) Minimum (%)

PEM 0.04 31.40 0.07 0.02

RSM1 0.04 26.59 0.06 0.02

RSM2 0.08 30.34 0.15 0.04

ANN1 0.04 31.74 0.06 0.02

ANN2 0.04 37.44 0.09 0.03

MCS 0.04 9.20 0.04 0.04

SCM 0.04 11.24 0.05 0.04

Table 8. Induced strain of the drift floor

Method Mean (%) COV (%) Maximum (%) Minimum (%)

PEM 0.15 31.40 0.32 0.06

RSM1 0.15 26.59 0.28 0.06

RSM2 0.43 30.34 0.81 0.17

ANN1 0.15 31.74 0.26 0.04

ANN2 0.16 37.44 0.32 0.06

MCS 0.18 9.20 0.24 0.13

SCM 0.19 11.24 0.26 0.13

5.4.2.Assessing the drift stability using performance function 

The stability of the drift was assessed by determining the probability of instability ( fp ) and 

its reliability index ( ) for the drift. The performance functions (Equation 10) were 
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developed using the critical strain equation (Equation 8) and the mathematical expression for 

strains obtained from the RSM1, RSM2, ANN1 and ANN2 models. For the PEM, MCS and 

SCM models the statistical parameters and the probability density functions of the strains 

obtained from the models were used together with the critical strain equation to develop their 

performance functions. Monte Carlo simulations with 105 trials were performed on the 

performance functions using the program @RISK. The mean values and standard deviations 

of the performance functions were estimated and the reliability indices ( ) (i.e. mean values 

divided by standard deviation of the performance function) were determined and the 

probabilities of instability were calculated from the reliability indices. When using this 

approach to estimate the probability of instability (pf), the performance function was assumed 

to be normally distributed. The performance function may not be normally distributed in all 

cases hence the approach should be used carefully. Table 9 shows the reliability indices and 

instability probabilities of the drift obtained from the different probabilistic models. All the 

probabilistic model results show that the roof of the drift is expected to be stable (Table 9).

The RSM2 model gives the highest probability of instability for the drift sidewall compared to 

the other models while the MCS model gives the lowest probability of instability for the drift 

sidewall. In Table 9 the reliability index for the RSM2 model has a negative value because 

the mean value of the performance function ( m ) for the model is less than zero. Negative 

values of occur when pf is greater than 50%.

Table 9. Reliability indices and probability of instability of the drift with respect to different 

probabilistic methods

Method Sidewall Roof

m

m )(1fp (%)
m

m )(1fp (%)

PEM 0.60 27.4 5.30 5.8 x10-08

RSM1 0.81 21.0 5.45 2.5 x10-08

RSM2 -1.38 91.6 5.01 2.7 x10-07

ANN1 0.58 28.0 5.27 6.8 x10-08

ANN2 0.66 25.5 5.40 3.3 x10-08

MCS 0.94 17.4 5.70 6.0 x10-09

SCM 0.83 20.3 5.54 1.5 x10-08
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6. Discussion

6.1. Comparison between deterministic and probabilistic models

The sidewall strains obtained from the three cases analysed with the deterministic method

were compared with the sidewall strains obtained from the probabilistic models as shown in 

Fig. 8. The deterministic best and mean case results show good agreement with the minimum

and mean values of the probabilistic models for all the methods except the RSM2. The worst 

case model shows a large difference from the maximum values of the probabilistic models.

Therefore using the worst case model to cater for the inherent variability in the input 

parameters will not only make the inherent risk in the design obscured but could result in a

very conservative design. The best and the mean cases of the deterministic model may give 

similar results as those representing the minimum and mean values of the probabilistic models

but they do not provide any information on the inherent risk in the analysis. The best case is 

seldom used in geotechnical design as it could lead to an overestimation of strength 

parameters of the rock mass. 

The factor of safety (FOS) estimated from the deterministic models (Table 4) when compared 

with the probability of instability obtained from the probabilistic models (Table 9) shows that 

the drift sidewall would remain stable except for the worst case whereas the probabilistic 

model results indicate that there would be at least a 17% probability of instability for the drift

sidewalls. The performance level of a system whose probability of failure/instability is greater 

than 16% is hazardous according to the rating of the US Army Corps of Engineers (1997).

Although it may be argued that the minimum allowable FOS could be increased (i.e. > 1) to 

compensate for the inherent variability in the input parameters it could still lead to a very 

conservative design. In addition, information on the likelihood of occurrence of instability of

the drift would become obscured.  



25
 

Fig. 8. Comparison between deterministic and probabilistic models (PM = Probabilistic 

models and DM = Deterministic models)

6.2. Comparison of the probabilistic models

To compare the probabilistic methods used in this study the following factors were 

considered: (1) the accuracy of the results (2) the computation time and simplicity of each 

model and (3) the effect of the variability of the rock mass on the drift failure pattern.

6.2.1. Accuracy of the results of the models 

When there is an explicit analytical solution for a geotechnical problem, Monte Carlo 

simulations of the analytical solution provide more accurate results than any other 

probabilistic method. Therefore the results of the MCS on the analytical solution are often 

used as a yardstick for comparison (Pine and Thin 1993; Lü et al. 2012). There is a lack of an 

analytical solution in the literature for the shape of the excavation simulated in this study; the 

number of simulations in the MCS and SCM models is small: they may not therefore be 

entirely suitable as a hard and fast yardstick for comparison. However, it has been reported by 

many researchers (e.g. Shahin et al. 2001; Goh and Kulhawy 2003; Elhewy et al. 2006; 

Mahdevari and Torabi 2012) that the ANN is more accurate than other approximating tools 

such as the PEM and the RSM. Therefore the results of the ANN could be used as the 

standard for the comparison. 
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The result of the ANN1 model was chosen as the yardstick because the R2 value is higher (i.e. 

0.99) than the ANN2 model. The relative error in the probability of instability (pf) estimated

from each model to that of the ANN1 model was calculated using the following relation

100error Relative
)(

)()mod(

1

1

ANNf

ANNfelf

p
pp

(16)

where )(modelfp is the probability of instability estimated from each model and )( 1ANNfp is the 

probability of instability estimated from the ANN1 model. The probability of instability for 

the sidewall of the drift was used for the comparison of the accuracy of the results. Table 10

shows that the PEM model has the lowest relative error which indicates that within the 

context of this study it could have almost the same results as that of the ANN1 model. 

The RSM2 model results have the highest relative error. The significant difference in the 

strain between the RSM2 model and the other models could be attributed to the evaluation 

points of the input parameters used for generating the response surface equations. Depending 

on the magnitude of the variance of the random input parameters, when the evaluation points 

for the input parameters are located too far from the mean values sudden change in the 

behaviour of the model (e.g. elastic to plastic) could occur. In such a situation the 

combinations of the inputs selected at the lower evaluation point could produce high 

magnitude of model response (e.g. strain) and those selected at the upper sampling point 

could produce low magnitude of the response. This may lead to higher mean value and 

variance of the results of all the simulations. In geotechnical problems ±1 standard deviation 

around the mean value is often used as the evaluation points for the RSM models (e.g. Lü and 

Low 2011; Langford 2013). Rajashekhar and Elling (1993) and Lü et al. (2013) have also 

noted that evaluation points closer to the mean values can improve the fit of the RSM. Wong 

(1985) also observed that when the sampling points are far away from the mean value the 

RSM becomes less accurate except in cases when more points are employed. 

Contrary to the results of the RSM2 model, the ANN2 model has small relative error despite 

the fact that the range of the sampling points for ANN2 training datasets was µ- to .

The explanation for this could be the uniform design sampling method used for selecting the 

samples for the training of the ANN model. This ensures a uniform distribution of the 

sampling points (i.e. 26 points) within ± 2 standard deviations from the mean value leading to

high representation of the samples in the ANN training. The twenty-six simulations using the 
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combinations of the 26 different uniformly spaced sampling points of the input material could 

have prevented a sudden change in the behaviour of the numerical model. Furthermore, the

back-propagation procedure of the training and testing of the ANN model could give the 

ANN model more predictive power than the RSM. The relative error of the ANN2 (8.93%)

shows that the range of the sampling points used for the ANN training datasets does not have 

much effect on the results of the ANN model especially when the training datasets were 

selected using the uniform design method.

The MCS model showed higher relative error than the SCM model. This is due to lower 

variance in the MCS model results than in the SCM model results; and hence a lower 

probability of instability according to the MCS model than of the SCM model. However, it 

should be noted that the number of simulations for the MCS and the SCM models are too 

small for a good comparison of their results with other models to be made.

Table 10. Relative error estimated from the models compared with that of the ANN1 model

Model Relative error (%)

ANN1 0.00

ANN2 -8.93

PEM -2.14

RSM1 -25.0

RSM2 225.90

MCS -37.9

SCM -27.5

6.2.2. Computation time and simplicity of model

The total execution time required for the simulations of the different probabilistic models used 

in this study is summarized in Table 11. The simulations were run on a computer with a 

2.80Ghz Intel Core i7 930 of 12GB RAM with Windows 7 (64-bit) as the operating system.

The computational time for the SCM model was almost 20% less than that for the MCS

model. This may be because the SCM model has 3 different sets of material properties

randomly distributed within the model. This means that the solution scheme of the SCM 

model in the FLAC requires fewer steps to reach equilibrium than the steps required for the 

MCS model to reach equilibrium.



28
 

The MCS and the SCM models give similar results as the SCM model may replace the MCS

model as the time required for the computation is shorter.

The computation time for all the models as presented in Table 11 excluded the time for the 

preparation of the input parameters, processing, and analyses of the results which involve the 

use of different software in the case of the ANN and the RSM models. A simpler probabilistic 

model reduces the time and efforts required for the preparation of input parameters, 

processing, and analyses of the results. This may be desirable in some practical applications.

The PEM method is the simplest of the methods studied as less time and effort is required for 

the preparation of input parameters for the numerical simulation and the processing of results. 

The preparation of input parameters for the RSM model and the PEM model are the same.

However, the processing of the RSM model results needs statistical software to generate the 

response surface equations. When the number of random variables used as input parameters is 

greater than 4 or 5 the number of simulations required for the Rosenblueth PEM and the full 

factorial designed RSM increases exponentially and this increases the computation time.

The number of simulations required for training the ANN model is more than the number of 

simulations required for generating the response equations and number of simulations for the 

Rosenblueth PEM. Although, for large number of variables the ANN could have an advantage 

over the PEM and the RSM in terms of the number of simulations required.

The MCS and the SCM models are very simple to implement, though FISH codes are 

required for the implementation in the FLAC model. The results of the MCS and the SCM can 

be quite accurate if enough simulations are performed. The required number of simulations to 

achieve such accuracy is in the thousands, however, the 100 simulations used in this study for 

the MCS and the SCM models gave approximately the same mean but they underestimate the 

standard deviations.
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Table 11. Computation time for different probabilistic models

Probabilistic method Total computation time

PEM (16 simulations) 44 minutes 

RSM (16 simulations) 44 minutes

ANN (26 simulations) 60 minutes

MCS (100 simulations) 336 minutes

SCM (100 simulations) 273 minutes

6.2.3. Effect of rock mass variability on the drift failure pattern

Fig. 9 shows the shear strain plots for some of the cases analysed with the PEM model. These 

were used to represent the homogeneous models since the RSM and the ANN models show 

similar behaviour. The shear strain plots for the MCS model are shown in Fig. 10. The shear 

strain plots of the MCS model are similar to those of the SCM model. The shear strain 

concentration shown in the plots depends on the chosen contour interval. For the purpose of 

comparison of the PEM and the SCM model results a contour interval value of 0.2% was used 

for the shear strain plots. Based on the chosen contour interval for the shear strain plots, case 

1 of the PEM model shows no shear deformation (i.e. the shear strains around the drift are less 

than 0.2%) while shear strain concentrations are visible only in the sidewall of the drift in case 

9 and in the sidewall, floor and roof of the drift in case 16 (Figure 9). The input parameters for 

the cases have been presented in Table 5. This shows that the shear strain concentration at the 

drift boundary obtained from the analyses using the PEM, the RSM and the ANN models

depends on the combination of the input parameters used for each simulation. Hence they may 

result in different failure patterns than those obtained from the MCS and the SCM models. In 

contrast to the results from the homogeneous models, all the simulations of the MCS or the 

SCM model show shear strain concentrations (i.e. the shear strains around the drift are greater 

than 0.2%) in the sidewall and in the floor of the drift as shown in Fig. 10. However, to use 

this kind of shear strain plot to discuss the stability of the drift, the critical shear strain has to 

be assessed (estimated) and the plot contour interval chosen so only the concentrations which 

are critical are visualized.
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Case 1 Case 9 Case 16 

Figure 9. Shear strain plot for cases 1, 9 and 16 of the PEM model 

Figure 10. Some examples of shear strain plots taken from 100 simulations of the MCS model

7. Conclusions

Uncertainty and variability are peculiar to geotechnical materials such as rock masses. For 

realistic analyses of the stability of excavations within a rock mass the variability and 

uncertainty in the properties of the rock mass must be adequately considered using 

probabilistic methods. Since there are many probabilistic methods based on different theories 

and assumptions selecting the appropriate one is desirable. In this study five different 

probabilistic methods were incorporated with FLAC to analyse the stability of a drift 

excavated within a rock mass with varying material properties. The probabilistic methods 

considered were the PEM, the RSM, the ANN, the MCS and the SCM. The potentials and the 

limitations of each method were discussed. The importance of considering the variability in 

the rock mass properties in the stability analyses of underground excavations was also 

discussed by comparing the deterministic model results with that of the probabilistic models. 

Some of the major conclusions are summarized below:

(i) The use of the best and worst cases in a deterministic stability analysis of an 

underground excavation has not reflected the risk inherent in the analysis. The 

best case is seldom used in design as it could overestimate the strength of the 

rock mass while the worst case could results in a very conservative design.
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(ii) The ANN requires more computation time and effort than the PEM and the 

RSM when a uniform design approach is used to design the training data. 

However, it is more accurate than the PEM and the RSM. The ANN is less 

sensitive to the range of sampling points used for the ANN training datasets.

The accuracy of the result of the RSM can be affected when the evaluation 

points of its input parameters are far away from the mean values. 

(iii) The PEM is the simplest of the probabilistic methods considered in this study 

and it required the shortest computation time. The PEM results were very 

similar to that of the ANN model. Therefore, when few random input variables

are used in the analysis 4) the PEM should be used instead of the ANN.

(iv) The PEM, the RSM and the ANN are not designed to qualitatively describe the 

failure pattern of the excavated drift because each of the combinations of the 

input parameters used for each simulation leads to a different failure pattern or 

in some cases no failure. In the case when the heterogeneity of the rock mass is 

paramount in the analysis the MCS or the SCM could be used.

(v) Both the MCS and the SCM are very simple to implement in the numerical 

model, however, they required a large number of simulations to obtain a 

certain level of accuracy. The few simulations used for the MCS and the SCM 

in this study gave fairly approximate results. The SCM required less 

computation time compared with the MCS hence is an alternative to MCS 

since both showed similar results.

This study has not covered all the existing probabilistic methods: however, the results of this 

study could assist in the selection of the appropriate probabilistic method, within those 

covered in this study, for a specific objective while considering the accuracy, computation 

time and simplicity.
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Appendix A. Application of the uniform design method for selecting training data for 

the ANN model

A table of uniform design (UD) is denoted Un (qt) where n is the number of the experimental 

runs, q is the number of levels of each factor and t is the number of the factors (Zhang et al., 

1998). The procedure used in preparing the training datasets for the ANN model using the UD

method is explained with Table A.1. The number of factors was 4 (i.e. input variables) with 

26 levels for each factor. The sampling points for each random variable which ranged 

between ± 1 standard deviation from the mean value was used here to explain the procedure. 

The interval [-1, 1] was divided into 25 sub-intervals with equal length. The 26 end points of 

these sub-intervals are denoted ki (i = 1, 2, 3……, 26). Since the number of factors is 4 and

each factor having 26 levels, the U26 (264) UD table was used to design the input training data.

The input training data (rows denoted case # 1 - 26) was obtained as follows: The columns I,

II, III, and IV in the UD table  (Table A1) correspond to Em, c, t and , respectively. In order 

to obtain, for instance, the value of Em for case # 1 the index i can be found in column I, i.e., i

= 18. The value of k18 = 0.36 is obtained from Table A.2. Deformation modulus, Em, is then 

calculated using the relation
mm EE k18 where 

mE and
mE  are the mean and standard 

deviation of Em, respectively, and are found in Table 2:
mE = 50 GPa and 

mE = 14.05 GPa.

Hence, deformation modulus, Em , for case # 1 is equal to 55.06 GPa (see Table A.1). The 

values of all the four input parameters for all the 26 cases were determined in this manner 

using the UD table.
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Table A.1. UD table and ANN input training data

Case 
#

i = UD table (U26 (264) Em
(GPa)

c
(MPa)

t
MPaI II III IV

1 18 11 18 1 55.06 3.77 1.21 64.23
2 11 4 4 3 47.19 2.85 0.64 64.37
3 7 10 10 14 42.69 3.64 0.89 65.17
4 20 2 12 9 57.31 2.59 0.97 64.81
5 19 26 15 16 56.18 5.74 1.09 65.31
6 2 3 8 22 37.07 2.72 0.81 65.74
7 8 25 5 10 43.82 5.61 0.68 64.88
8 21 16 24 23 58.43 4.43 1.46 65.81
9 4 17 2 17 39.32 4.56 0.56 65.38

10 14 7 14 26 50.56 3.25 1.05 66.03
11 26 5 17 18 64.05 2.98 1.17 65.45
12 22 8 1 12 59.55 3.38 0.52 65.02
13 12 18 11 19 48.31 4.69 0.93 65.53
14 6 24 19 25 41.57 5.48 1.25 65.96
15 15 14 7 5 51.69 4.17 0.76 64.52
16 13 22 26 13 49.44 5.22 1.54 65.09
17 3 20 13 2 38.20 4.95 1.01 64.30
18 5 6 25 6 40.45 3.12 1.50 64.59
19 16 1 21 15 52.81 2.46 1.34 65.24
20 24 12 6 24 61.80 3.90 0.72 65.89
21 10 15 16 8 46.07 4.30 1.13 64.73
22 25 23 9 7 62.93 5.35 0.85 64.66
23 23 19 22 4 60.68 4.82 1.38 64.45
24 9 9 23 20 44.94 3.51 1.42 5.60
25 1 13 20 11 35.95 4.03 1.30 64.95
26 17 21 3 21 53.93 5.08 0.60 65.67
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Table A.2. Division of the interval into sub-intervals and end points of each sub-interval

i ki

1 -1.00
2 -0.92
3 -0.84
4 -0.76
5 -0.68
6 -0.60
7 -0.52
8 -0.44
9 -0.36
10 -0.28
11 -0.20
12 -0.12
13 -0.04
14 0.04
15 0.12
16 0.20
17 0.28
18 0.36
19 0.44
20 0.52
21 0.60
22 0.68
23 0.76
24 0.84
25 0.92
26 1.00
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