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Abstract

The work presented in this thesis considers multivariate process capability indices 

(MPCIs) with focus on confidence intervals and tests for MPCIs. It also includes a 

case study, where multivariate statistical analysis and MPCIs are applied to data from 

a thermal spraying process at Volvo Aero Corporation. A process capability index 

measures the ability of a process to satisfy customers’ demands. Since the knowledge 

about the process performance is based on a random sample, it is important to be 

able to handle the uncertainty this implies. If the uncertainty is not dealt with and the 

estimated index is used directly without considering, e.g. a confidence interval, an 

erroneous conclusion may be drawn about the process capability. 

The thesis consists of a summary and of three papers, one of which has been pre-

sented at an international conference, one has been accepted for publication in an in-

ternational journal, and the third has been submitted for publication. 

In Paper I, multivariate statistical analysis is used for screening and tentative 

model building to describe the relationship between the porosity and the heat con-

ductivity in the thermal spraying process. Object-oriented finite element analysis 

(OOF) is subsequently used for verification of the statistical model. The new ap-

proach functions well and confirms the findings from the statistical model. 

Paper II reviews and compares four different MPCIs with confidence intervals, re-

quiring multivariate normal distribution. MPCIs are needed when the quality charac-

teristic of interest is multivariate, i.e. when the quality characteristic consists of sev-

eral correlated variables. The review shows that more research is needed to obtain an 

MPCI with a confidence interval or a test that works properly. In particular, it is re-

quired that a stated value of the MPCI at least limits the probability of non-

conformance in a known way. A drawback is also elucidated with existing MPCIs 

based on principal component analysis. 

Paper III presents some method development with the purpose of meeting the de-

ficiencies identified in Paper II. A new index together with a confidence interval and 

a decision procedure is developed that converts a multivariate situation into a famil-
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iar univariate situation. Well-known statistical theory for univariate process capabil-

ity indices can then be used. Properties, like significance level and power, of the pro-

posed decision procedure is evaluated through a simulation study in the two-dimen-

sional case. A comparative simulation study between our new MPCI and an MPCI 

previously suggested in the literature is also done. These studies show that our pro-

posed MPCI with accompanying decision procedure has desirable properties and is 

worth to study further.  

�
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1.Introduction

Capability analysis is a suitable tool when there is a need to understand the ability of 

a process to perform against customers’ demands. Juran’s1 definition of a process 

performance is “what a process actually does”. Comparing it with customers’ de-

mands compares it to “what the process should do”. Capability analysis was initially 

performed by plotting process data, e.g. using histograms, control charts or probabili-

ty plots (see Montgomery2), and comparing these visually with the upper and lower 

specification limits, USL and LSL (Figure 1). If the process performance is outside 

the specification limits, there is a high risk of producing poor products with spoilage 

and/or rework as a result.
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Figure 1. Examples of a probability plot and a histogram with upper and lower specifica-
tion limits using the same dataset. 

Since the evaluation was performed visually and conclusions could differ from per-

son to person there was a need for a more standardized way to evaluate process ca-

pabilty. In 1974, Juran3 presented the capability index pC , which made it possible to 

determine whether a process is capable or not by calculating a unitless value. The 

index is expressed by 

6p

USL LSLC
�
�

� (1)
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where �  is the process standard deviation. In the expression for pC , p  stands for 

process (see Bergman & Klefsjö4, page 264). When process capability indices started 

to gain acceptance in the 1980s, a requirement for a capable process was that 1pC � ,

which when 1pC � , means that the length of the tolerance interval is equal to six 

standard deviations of the process. The index could also be expressed roughly as

customers demand
process performancepC � (2)

and when 1pC � , the customers’ demands and the process performance are equal. 

When this is the case and the process is normally distributed, 99.73% of the process 

performance lies within 3�� . The probability of non-conformance, ( )P NC , i.e. that 

the process performs outside the specification limits, is then  1 0.9973 0.0027� � .

The index pC  captures only the process variation and does not take the process loca-

tion or the closeness to target into consideration, i.e. it captures only the potential ca-

pability. In 1986, Kane5 developed pkC  in order to take the process location also into 

consideration. However, this index does not consider whether the process location, 

� , diverges from the target, T, or not. The pmC index overcomes this problem, but 

assumes that the target is in the middle of the specification interval. In 1992, Pearn et 

al.6 developed pmkC , which is a combination of and pk pmC C . Figure 2 presents a 

summary and visualization of the above indices. Several capability measures have 

been subsequently presented after the late 1980s, see, e.g. Kotz & Johnson7, Spiring 

et al.8 , Yum & Kim9 and Wu et al.10

The indices presented in Figure 2 are based on the assumption that the process is 

normally distributed. This assumption is essential and should not be neglected, since 

a deviation from normality will mislead the interpretation of the process capability 

with respect to ( )P NC . Other distributions, such as the t �distribution and skew dis-

tributions, do not have the same interpretation possibility, see Somerville & Mont-

gomery11. If a process parameter is not normally distributed, capability indices can be 
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calculated by, e.g., transforming the data, see Wu et al.12 or by using indices that do 

not require normality, see, e.g. Pearn & Kotz13.

Juran3,�1974:� Hsiang 14, 1985 and Chan et al.15, 1988: 

�

6p

USL LSLC
�
�

� �

�

� 	226
pm

USL LSLC
T� �

�
�


 �
�

Kane5,�1986:� Pearn et al.6, 1992

�

min ,
3 3pk

USL LSLC � �
� �
� �� ��  �

� �

�

� 	
� 	

� 	
� 	2 22 2

min ,
3 3

pmkC
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T T

� �

� � � �

�
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� �
 � 
 �� �

Figure 2. Visualizations and descriptions of important, early capability indices. 

Another essential assumption when calculating a capability index is that the proc-

ess is stable or under statistical control. This means that it has only natural variabil-

ity, which is the variability that arises by chance. If this is the case, the process is 

predictable. It is common to use a control chart to monitor whether a process is stable 

or not, see Montgomery2.

The author’s interest in process capability comes from Volvo Aero Corporation, 

Sweden, who desires to secure the process capability of a thermal spraying process. 
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In practice a random sample is normally required when evaluating process perform-

ance. Then every sample is a snapshot of the process performance and it is very 

unlikely that it shows the whole, true, picture.

Since the knowledge about the process performance is based on a random sample, it 

is important to be able to handle the uncertainty this implies. For the univariate in-

dices presented above, statistical theory stipulates how to treat the uncertainty. By 

presenting, e.g., a confidence interval, it is possible to draw conclusions with a high 

confidence level, see, e.g. Pearn & Kotz13. If the uncertainty is not dealt with and the 

estimated index is used directly without considering the confidence interval, an erro-

neous conclusion may be drawn about the process capability. 

The thermal spraying process at Volvo Aero Corporation requires knowledge of the 

process capability with many, correlated variables simultaneously. A first naïve ap-

proach might be to ignore the multivariate situation and consider a univariate capa-

bility index for each variable separately. And then define the process as capable if 

each univariate capability index shows a capable process. However, then the prob-

ability of non-conformance for the process can be very large even if each univariate 

index shows a capable process. This is illustrated in below.

To simplify, consider the case when the quality characteristic is two-dimensional 

and the i:th variable has specification interval [ , ],  1,2i iLSL USL i � . Let the tolerance 

region R be defined by a rectangular region with the lengths of the sides equal to the 

lengths of the univariate specification interval. Then 

� 	 � 	 � � � �� 	1 1 1 2 2 21 1 .P NC P R P LSL X USL LSL X USL� � � � � � � � � �X (3)

If 1X  and 2X are independent stochastic variables, equation (3) corresponds to 

� 	 � 	
� 	 � 	

1 1 1 2 2 2

1 2

( ) 1

      1 1 ( ) 1 ( ) .

P NC P LSL X USL P LSL X USL

P NC P NC

� � � � � � �

� � � � �
(4)

For the more general case when the dimension of the quality characteristic is v we 

get similarly 
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� 	 � 	 � 	1 2( ) 1 1 ( ) 1 ( ) ... 1 ( )vP NC P NC P NC P NC� � � � � � � �  (5) 

This means that and if ( ) 0.0027iP NC � for each univariate variable, 1,2,...,i v� , then 

( ) 1 (1 0.0027)vP NC � � � . For v = 3 we then get 3( ) 1 (0.9973) 0.0081P NC � � �

which indicate a non-capable process although ( ) 0.0027iP NC �   for each univariate 

variable. The problem with using the naïve approach is even more evident when, e.g.  

v = 5, since then 5( ) 1 (1 0.0027) 0.0134P NC � � � � , which clearly shows a non-

capable process.    

If the univariate variables are independent Equation (5) can be used to define the 

smallest value of the univariate capability index that would give ( ) 0.0027P NC � for

the multivariate situation. As an example, consider the case 1 5( ) ... ( )P NC P NC� � ,

when v = 5. We get 1/5
1( ) 1 (0.9973) 0.0005406P NC � � � , from Equation (5). This 

corresponds to 1.153pC � . Hence, if the process is on target and each univariate 

1.153pC �  the probability of non-conformance for the multivariate situation will be 

0.0027.  

But if the variables are correlated we cannot use Equation (5) and it is not possible 

to easily obtain what value of the univariate index is required to give 

( ) 0.0027P NC � for the multivariate situation. This is one reason for the need of 

MPCIs. 

An MPCI is able to manage information from many correlated variables simulta-

neously, resulting in a single value that can be used to determine whether a multi-

variate process is capable or not. Many MPCIs have been described in the literature, 

and they manage the correlations present in the multivariate situation in many differ-

ent ways. See, e.g. Goethals & Cho16 and Shinde & Khadse17. Some calculate the 

ratio between should do/actually do, but now base this measure on an area or a vol-

ume, instead of an interval. Others use, e.g. principal component analysis, PCA. In 

Jolliffe18 PCA is described further. Not many of the MPCIs described in the literature 

manage the estimation and uncertainty due to random sample, i.e. have confidence 
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intervals or tests nor do they specify the ( )P NC  related to the MPCI . The area of 

MPCIs is an area under development.

The overall aim of the work presented here is to contribute to the area of MPCIs 

with focus on confidence intervals and tests for MPCIs. More specific aims are to 

review the existing MPCIs with confidence intervals or tests and to evaluate their 

applicability on data from a thermal spraying process. Volvo Aero Corporation 

wanted to determine the capability of its thermal spraying process as early as possi-

ble in their process, and therefore the relationships between the variables in the proc-

ess were established first and are presented in Paper I. The review and evaluation of 

MPCIs with confidence intervals are subsequently presented in Paper II. The results 

in Paper II show that existing MPCIs do not work as well as desired. Hence, a new 

MPCI together with a confidence interval and a decision procedure are presented in 

Paper III. 

Section 2 describes the thermal spraying process while Section 3 presents the re-

sults from Paper I, relationships in the thermal spraying process, among other mate-

rial. Sections 4 and 5 present results from Paper II, and start with a short review of 

MPCIs found prior to the start of Paper II. These sections evaluate the MPCIs found 

with confidence intervals or tests. Here the concentration is on the simplest form of 

an MPCI, pMC , since it is simple and at the same time sufficient to identify the es-

sential pros and cons. Section 6 presents a new index ,p TVC . Finally, conclusions and 

future work are presented in Section 7.

2. The case studied: A thermal spraying process 

The author came into to contact with Volvo Aero Corporation through the thermal 

spraying research group at University West, Trollhättan, Sweden. The thermal spray-

ing process is studied in the work presented in Papers I and II, and can be character-

ized as a high temperature “spray painting” to protect the sprayed surface against, 

heat, corrosion, erosion, and other effects. It is a surface-coating process in which 
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melted or heated materials are sprayed onto a surface. A rough outline of the thermal 

spraying process is shown in Figure 3. Volvo Aero Corporation wants to evaluate the 

process capability as early as possible in the process, preferably already at the flame 

stage, using the correlated variables Temperature, Light intensity and Velocity, 

where the variables Light intensity and the Velocity are the light intensity and veloc-

ity of the particles, respectively, and are measured in the flame. To be able to do this 

more knowledge is needed about the relationship between the variables in the proc-

ess. Today, e.g., customers demand focuses on porosity, while heat conductivity is 

actually a better variable. The relationship between porosity and heat conductivity, 

however, is not completely defined. 

A fundamental understanding of the relationships between coating microstructure 

and heat conductivity is important in order to understand the influence of coating de-

fects, such as delaminations and pores, on the heat insulation of thermal barrier coat-

ings. 

Figure 3. Overview of the thermal spraying process. 

The spraying material, in powder or wire form, is fed into a hot gas jet flame (at 

15000-20000 C� ), where it melts. The porosity desired for the final coating depends 

on the desired properties of the coating, and whether it is primarily intended to pro-

tect against heat, corrosion, erosion, or another effect. Rocket nozzle extensions are 

among the objects coated at Volvo Aero Corporation, Sweden, see Figure 4, while 

others are gas turbines, which must be protected from heat.  
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Figure 4. Thermal spraying of a rocket nozzle. 

Porosity is the fraction of hollow space throughout the total volume. Different 

amounts of hollow space correspond to different porosities, and thus different heat 

conductivities. Spaces arise when a melted material is sprayed onto a surface. The 

pattern and shape of the hollow spaces differ. Figure 5 shows an image of a sprayed 

surface taken in an optical microscope. The dark spots correspond to hollow spaces, 

and software is able to differentiate between cracks and pores by using the height to 

length ratio. Analyzing the arrangement of pixels makes it possible to distinguish 

between pores in contact with cracks, free pores and free cracks, and to define the 

crack angle.

Figure 5. An image showing different sizes and forms of pores and cracks (dark areas). 

Section 3 will establish the relationship between porosity and heat conductivity, 

and then the relationship between porosity and the correlated, in-flame variables. 

�
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3. Relationships in the thermal spraying process 

The object-oriented finite element model, OOF, is a relatively new finite element 

model approach that can be used to determine macroscopic properties from images 

of real microstructures. OOF can be used to determine various properties of a struc-

ture, and it is important to know what it is that is desired. The work presented in Pa-

per I, therefore, involves multivariate statistical analysis to screen and to build tenta-

tive relationships between porosity and heat conductivity. OOF is then used to verify 

the obtained statistical model.  

An experiment with 10 different coatings was performed in which the heat con-

ductivity was measured for each, as were the shapes and amounts of hollow spaces 

(porosity). The porosity was characterised by 17 shape variables (Table 1), and 

measured by the proportion of pixels included in the specified shape in each image. 

That is e.g., 5X  shows the proportion of pixels included in cracks having the crack 

angel between 15  and 30� � in the images. 

 Table 1. Porosity variables showing the proportion of pixels included in the specified 
shape variable. 

1X only the cracks in contact with pores 
10X 1075 90X� �� � , crack angle

2X free cracks 
11X 1190 105X� �� � , crack angle

3X only the pores in contact with cracks 
12X 12105 120X� �� � , crack angle

4X free pores 
13X 13120 135X� �� � , crack angle

5X 50 15X� �� � , crack angle 14X 14135 150X� �� � , crack angle

6X 615 30X� �� � , crack angle 15X 15150 165X� �� � , crack angle 

7X 730 45X� �� � , crack angle 16X 16165 180X� �� � , crack angle

8X 845 60X� �� � , crack angle 17X 0° and 180°, crack angle

9X 960 75X� �� �  crack angle

The porosity variables are correlated, and thus the situation have multicollinearity, 

see, e.g. Afifi19. In this case, the estimates of the regression coefficients are unstable 

and have large standard errors. Therefore, principal component regression, PCR, is 

carried out first, see, e.g. Jolliffe18 in order to establish the relationships between the 
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heat conductivity and the porosity variables, and thereafter derived the following re-

gression model: 

3 1 2 11 17 10

16 9 12 4

heat conductivity 0.11 0.09 0.07 0.06 0.05 0.05
             0.04  +0.03 0.03 0.03

Z Z Z Z Z Z
Z Z Z Z

� 
 
 
 
 
 


 
 


(6)

where iZ equals the Z scores of iX . The porosity variables describing cracks and 

pores in contact, 3X and 1X , have the largest regression coefficients, implying that 

they have largest impact on heat conductivity. The analysis by OOF confirmed the 

findings of the statistical model, and both methods indicate that cracks and pores in 

contact affect the heat conductivity more than crack angle, free cracks and free pores. 

The statistical model is based on ten observations only and should thus be considered 

tentative, but it does allow the relationship between the porosity and heat conductivi-

ty to be suggested, and this suggestion is confirmed by OOF. 

Another dataset from a thermal spraying process at Volvo Aero Corporation was 

used to determine the relationship between porosity and the in-flame variables inten-

sity, temperature and velocity (Figure 4). The dataset consisted of 70 observations 

from three different spray guns, denoted by “Gun_1”, “Gun_2” and “Gun_3”. 

The relationship between the in-flame variables and porosity was established 

through principal component regression, PCR, and the regression equation is ex-

pressed by: 

Porosity 16.0 1.4velocity 1.4intensity 0.01temp 6.71Gun_2 7.33Gun_3� � 
 � � � (7)

The Gun variables are dummy variables, such that Gun_2 equals 1 when data come 

from spray Gun_2 and 0 otherwise and similarly for Gun_3. The regression equation 

for Gun_1 is obtained by setting the coefficients for Gun_2 and Gun_3 to zero. The 

variables velocity and intensity have equal regression coefficients but with opposite 

signs, while temperature has the smallest regression coefficient. The regression 

model has a high ability to make predictions, with 2 ( ) 87%R pred � .
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Equations (6) and (7) define tentative relationships that enable us to determine 

heat conductivity from the in-flame variables, using porosity as an intermediate 

stage. Now there is a need to find a suitable MPCI for the in-flame variables that has 

the ability to handle the uncertainty that arises due to sampling. 

4. A review of multivariate process capability indices

It is often necessary to evaluate the capability of a process having many correlated 

variables, but this is complex to comprehend and calculate. Research on multivariate 

process capability indices, MPCIs, started to be published in the late 1980s, but it 

was not until 2005 that the number of publications increased. Table 2 presents a 

summary of MPCIs found in the literature published from 2000 and onward and 

some MPCIs published earlier as well, since they are commonly occurring refer-

ences. Many of the indices presented in Table 2 utilize the univariate approach by 

using a threshold value of 1 to determine whether a process is capable or not. As-

sumptions such as multivariate normal distributions, multivariate stable processes, 

and the use of a confidence interval or a test are also important, in order to interpret 

the results properly and in order to handle the uncertainty that sampling introduces. 

MPCIs can roughly be divided into four different groups, as suggested by Shinde & 

Khadse17. The groups are MPCIs that are 

a) based on the ratio of a tolerance region to a process region 

b) based on the probability of the non-conforming product 

c) based on principal component analysis (PCA) 

d) other.

Table 2 shows that there are many MPCIs described in the literature, but confi-

dence intervals have been derived for only 4 of the 16 presented. Furthermore, six of 

16 indices do not require multivariate normal distributions, and half of them are 

based on the ratio of a tolerance region to a process region. It can also be noted that 

there is an abundance of different names for the MPCIs.  
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Table 2. Summary of indices found in the literature mainly from the period 2000-2011. In 
the table “MND” denotes that a multivariate normal distribution is required and “Test” is 
used to show that a test or confidence interval exists. 

Paper II reviews and compares the three different methods available for calcu-

lating confidence intervals for MPCIs that require a multivariate normal distribution. 

The first two are based on the ratio of a tolerance region to a process region, Pearn et 

al.25 and Pan & Lee20. The third is based on PCA, Wang & Du30. Furthermore, the 

index by Wang27, which is based on PCA, was reviewed and compared. Wang27 did

not present any confidence interval for the index but since it is based on PCA the 

Year Author Index MND Test Group 
2010 Goethals & Cho16 yes no d 

2010 Pan &Lee20 yes yes a 
2009 Shinde & Khadse17 yes no b, c 

2009 González & Sánchez21 yes and 
no

no b, c 

2009 Ahmad et al.22 no no b 
2009 Shahriari et al.23 yes no a 
2008 Castagliola et al.24 no no b 
2007 Pearn et al.25 yes yes a 

2006 Wang26 no yes d 
2005 Wang27 yes no a, c 
2005 Castagliola et al.28 yes no b 
2001 Yeh & Chen29 no no b 

2000 Wang & Du30 yes and 
no

yes a, c 

1998 Wang & Chen31

, ,
and 

p pk pm

pmk

MC MC MC
MC

�

yes no a, c 

1995 Shahriari et al.32  Yes no d 
1994 Chen33 yes no a 
1993 Taam et al.34 yes no a 

pmcMC

pmNMC

1 2 and Mp Mp

s
nC

TotalPNC
NMPCV

 and P PKBC BC

pMC

pcMC

 and p pkMC MC

 and P PKBC BC

fMC

 and p pcMC MC

MPCV

pMC

pmMC
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confidence interval can be calculated following the method presented by Wang & 

Du30. For more details about PCA , see, e.g., Johnson and Wichern35.

The four methods to be compared are described in more detail below. First, the as-

sumptions and notations are stated. Let 1 2( , ,..., ) 'vX X X�X  denote the v -dimension-

al quality characteristic that is studied. It is assumed that X  is distributed according 

to a multivariate normal distribution ( , )vN � � , where �  is the mean vector and �

the variance-covariance matrix. Furthermore, let S  denote the sample variance-

covariance matrix. It is expected that each univariate quality characteristic iX  has a 

given specification interval [ , ],  1,2,...i iLSL USL i v� . Since it is of interest to find out 

if the MPCI exceeds 1, only the lower confidence bound of one-sided confidence in-

tervals is considered. 

Method 1: Pearn et al.  

The index is expressed as

� 	
(1) 1

11/22 /2
2 ,0.9973

Vol( ) Vol(modified tolerance region)
Vol( ) ( ) / 2 1

p v
v

RMC
R v�  

�� �
� ! 
" #$ %�

, (8)

where 1R  is the largest ellipsoid centred at the target value completely within the 

original rectangular tolerance region, and 2R  is the ellipsoid that contains 99.73% of 

the multivariate normal distribution. The index � 	1
pMC  is estimated by 

�
� 	

(1)
1

11/22 /2
,0.9973

Vol( )
( ) / 2 1

p
v

v

RMC
v�  

��
� ! 
" #$ %S

   (9)

and the lower � 	100 1 &� %  confidence bound is expressed as 

�
1(1) ( ) .

( 1)
Y

p v

FMC
n

&�

�
   (10)
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In Equation (10), 1( )YF &�  denotes the &  quantile of the distribution of the random 

variable Y, where Y is defined as a product of v independent 2 -distributed random 

variables with 1, 2,...,n n n v� � �  degrees of freedom, respectively.  

Method 2: Pan & Lee 

They expressed their index as 

� 	

1/2

(2) 3

2

*( ) ,p

Vol RMC
Vol R

� �
� � � �� �

� �

A
�

 (11) 

where the elements of the matrix *A  are given by 

*

2 2
,0.9973 ,0.99732 2

j ji i
ij ij

v v

USL LSLUSL LSLA '
  

� �� ���� �� ��
� �� �
� �� �

 (12) 

and ij'  is the correlation coefficient between the ith and jth univariate quality char-

acteristic. The index (2)
pMC  in (11) is estimated by 

�
1/2

(2) *
pMC

� �
� � �� �
� �

A
S

 (13) 

and the lower 100(1-& )% confidence bound is 

� (2)
,pMC w& (14)

where w&  is the &  quantile of the distribution of 2
1 / ( 1)v v

i n i n � �( �  and 2
n i �  denotes a 

2 -distributed random variable with n i�  degrees of freedom. 

Method 3: Wang & Du  

Wang & Du30 presented a confidence interval based on the index (3)
pMC  that had been 

introduced by Wang & Chen31. (3)
pMC is based on principal component analysis, 
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PCA. The first principal component, 1PC , of a principal component analysis ac-

counts for as much of the variability in the data as possible, and each succeeding PC 

accounts for as much of the remaining variability as possible. Furthermore the PCs 

are uncorrelated. For more details about PCA , see, e.g. Johnson and Wichern35. The 

index presented by Wang & Du30 is expressed as  
1/

(3)
,1

.
i

vv

p p PCi
MC C

�

� �� (� �
� �

 (15) 

In (15), , ip PCC is the univariate capability index for the ith principal component, iPC ,

and is given by

, ,
6

i i

i

PC PC
p PC

i

USL LSL
C

)
�

� (16)

where i) is the iPC s eigenvalue and also its variance. The upper- and lower- speci-

fication limits of iPC  in (13) are defined as, see Wang & Du30,

iPC i XUSL *�u USL  and 
iPC i XLSL *�u LSL  ,  (17)

where iu  is the eigenvector corresponding to iPC , � 	1 2, ,...,X vUSL USL USL *�USL ,

and � 	1 2, ,...,X vLSL LSL LSL *�LSL . Furthermore, the index � 	3
pMC  is estimated by  

� �
1/(3)

,
1

i

vv

p p PC
i

MC C
�

� �� (� �
� �

, (18)

 where

�
,

6
i i

i

PC PC
p PC

i

USL LSL
C

)
�

� . (19)

The approximate lower confidence bound, � 	100 1 &� %, given by Wang and Du30, is 
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�
1
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mm
n

p PC
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n

& �

�

� �
(� �� ��� �

,  (20)

where 2
1,n & �  denotes the &  quantile of a 2 -distribution with 1n�  degrees of free-

dom.  

Method 4: Wang 

Wang27 proposed an MPCI also based on PCA, based on the use of a weighted geo-

metric mean of , ip PCC  in Equation (16), with the eigenvalues ,  1,2,...,i i m) �  as 

weights. The objective was to give the largest weight to the index for 1PC , the 

second largest weight to the index for 2PC , and so on. The MPCI Wang27 suggested 

is
1/

(4)
,1

i

i

i

m

p p PCi
MC C

)
)

+

�

� �� (� �
� �

,  (21) 

where , ip PCC is given in Equation (16) and m is the number of PCs  selected. The in-

dex is estimated by 

� �
1/( 4)

,
1

i
i

i

m

p p PC
i

MC C
)

)
+

�

� �� (� �
� �

 (22) 

and �
, ip PCC  is given by Equation (19). Paper II uses the idea of Wang & Du30, and 

suggests the following approximate lower confidence bound for (4)

p
MC ,

�

1/
2

1,
,

1 1

ii

i

m
n

p PC
i

C
n

) )

& 
+

�

�

� �� �� �� �(� �� ��� �� �� �

.  (23) 

The indices with confidence interval presented above will now be compared using 

the data from Volvo Aero Corporation presented in Section 3. 

�
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5. An evaluation of MPCIs with confidence interval 

Paper II presents an evaluation of the four MPCIs described in detail in the previous 

section, for the in-flame variables from Volvo Aero Corporation that were studied. 

Table 3 shows the specification intervals of the variables. Figure 6 shows that all of 

the observations fall within the tolerance region for this sample.  

Table 3. The in-flame variables studied and their specification intervals. 

Variable
Light intensity 

(unitless)

Temperature 

(ºC)

Velocity

(m/s) 

Notation 1X 2X 3X

, -,i iLSL USL , -394,603 , -2295,2668 , -98,128

120 400110100 500

2600
2500
2400
2300 600

Velocity
Intensity

394 2668

Temperature

128

2295

603 98

3D Scatterplot 

Figure 6. A 3D scatterplot of the in-flame variables where the “box” shows the tolerance 
region.

It is assumed that the in-flame variables are multivariate normally distributed. Nor-

mal probability plots of the individual variablesX � do not contradict this assump-

tion, as can be seen in Figures 7 a)-c). The observations follow the line rather well. 

�
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a) b) c) 

Figure 7. Normal probability plots of the in-flame variables. a) 1X , b) 2X , and c) 3X .

All of the MPCIs evaluated use a threshold value of 1 to deem a multivariate process 

capable or not. Results are shown in Table 4, and it can be seen that all estimated in-

dices are fairly similar, ranging from 0.89 to 1.05. Method 3 has the smallest esti-

mated index and Method 4 the largest.

Table 4. Summary of the results obtained when applying the methods to the 
case studied 

Method Estimated 

index
Lower confidence bound, � 	0.05& �

1. Pearn et al.25 � � 	1
0.98pMC � 0.73

2. Pan & Lee20 � � 	2
0.90pMC � 0.67

3. Wang & Du 30 � � 	3
0.89pMC � 0.77

4. Wang27 � � 	4
1.05pMC � 0.90

Since the indices are based on a sample, it is not appropriate to use only the esti-

mated indices to deem a process capable or not: the lower confidence bound must be 

considered instead. Table 4 shows that the lower confidence bounds vary more than 

the estimated index, and that Method 2 has the lowest bound (0.67) and Method 4 the 

highest (0.90). All lower confidence bounds lie below the threshold value 1, and thus 

none of the methods deem the process to be capable. The investigation presented in 

Paper II, however, shows the need of more research. Method 1 does not capture the 

correlation structure properly when the correlations between the univariate quality 



� � �
�

24 

characteristics are high, and hence misjudges the process capability with respect to 

the probability of non-conformance. However, when the correlations among the uni-

variate quality characteristics are small or moderate, as in our case, Methods 1 and 2 

are fairly similar. The MPCIs based on PCA (Methods 3 and 4) transform the toler-

ance region in an inappropriate way, which strongly affects the result. Shinde & 

Khadse17 present an appropriate way of calculating the transformed tolerance region 

for the PCs, which, however, becomes complicated for 2v � . Paper II shows by a 

simple example that a threshold value of 1 does not always correspond to 

( ) 0.0027P NC �  in the multivariate case. Of the four indices with confidence inter-

vals for MPCI considered, the index by Pan & Lee20 is to be preferred. 

The work presented in Paper II shows that more research is needed to obtain an 

MPCI with a confidence interval or a test that works properly. In particular, it is re-

quired that a stated value of the MPCI at least limits the probability of non-

conformance in a known way. 

6. A new capability index, Cp,TV

This section presents results from Paper III, where a new index denoted ,p TVC , is pre-

sented. In ,p TVC , " "TV stands for “Tano & Vännman” and/or “transformed va-

riables”. The essential idea behind our suggested MPCI is illustrated in Figure 8. 

Figure 8. An illustration of the leading idea behind our proposed index. 

If PCA is applied on the variance-covariance matrix of X  the first PC will contain as 

much variability in the original data as possible. But if a univariate variable, iX , has 

a large variance, and dominate the first PC, it does not necessarily imply that this va-

riable is non-capable. Its capability depends on the relation to its specification inter-

val. Furthermore, when doing a PCA most books recommend standardization before 
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the eigenvalue decomposition, when variables are measured on different scales to 

obtain variables that arise “on an equal footing”. Based on these aspects a transfor-

mation of the original variables ,  1,2,...,iX i v�  was suggested according to 

, 1,2,..,i i
TVi

i

X MX i v
d
�

� � . (24)

In Equation (24), iM  denotes the midpoint of i:th specification interval and id  de-

notes half the length of the of i:th specification interval. The effect of the transforma-

tion is illustrated in Figure 9, where 3v � . It can be seen that the X -variable, before 

the transformation, with the smallest variance but most spread out relative its specifi-

cation limits, i.e. 2X , becomes the transformed variable 2TVX  with largest variance. 

���������X � ������� TVX �

�

�

�

�

Figure 9. An illustration of how the transformation affects the distribution of TViX .

The purpose of the transformation was to obtain new variables on a common scale, 

such that those with largest variability relative to its specification interval contribute 

substantially in the first PC.

Paper II shows that the specification limits for 1PC  depend on the value of 2PC

and vice versa. When the dimension,v , is greater than 2, this problem becomes even 

more complicated than when 2v � . As a result of the proposed transformation the 

LSLX1                            USLX1

  LSLX1  USLX2

�1     0     1 

-1     0     1 

�

�1     0     1 

LSLX3                                                        USLX3
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new index, ,p TVC , is based on the first principal component only where the PCA is 

based on the transformed variables, TViX . According to the reasoning above, the vari-

ables with largest variability relative to its specification interval, i.e. the variables 

that are least capable, will contribute substantially in the first PC. If 1PC  indicates a 

capable process all other PCs will also indicate a capable process, since their vari-

ances are smaller. On the other hand if 1PC  indicates a non-capable process it does 

not matter if any of the other PCs indicate a capable process. It is still not possible to 

claim the process to be capable. A consequence of this is that a multivariate situation 

has turn into a univariate situation and well-known statistical theory from univariate 

capability indices can be used to form confidence intervals or tests. 

Paper III describes a method of determining the upper and lower specification lim-

its of 1PC . The proposed limits are 

1

1

1 ,
maxPC

i

USL
u

�
1

1

1 ,
maxPC

i

LSL
u

� � (25)

respectively, where 1max iu  is the maximum absolute value of the components in the 

first eigenvector corresponding to 1PC . Then the new index is defined in accordance 

with Equation (1) as 

1 1
,

1 1 1

1
6 max 3

PC PC
p TV

PC i

USL LSLC
u� )

�
� � ,  (26) 

where 1)  is the largest eigenvalue and the variance of 1PC .

Furthermore, it is essential to know that when the process capability index exceeds 

a stated value this implies a certain P(NC). The process is defined as capable if the 

proposed process capability index exceeds a given threshold value, 0k . As mentioned 

before, it has been common to let 0 1k �  in previous work concerning MPCIs. How-

ever, this will not be the case here. In Paper III it is shown, for 2v � , that 0k depends

on the correlation coefficient, ' , the ratio between the variances, 11 22/c � ��  and the 
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magnitude of 22� , where 22� is defined to be the largest variance. It is also shown that 

22�  needs to be varied with c  and '  to obtain � 	 0.0027P NC � . Table 5 gives the 

values of 0k  for 0.1,0.2,...,1c �  and 0.1,0.2,...0.9,0.95' � corresponding to 

( ) 0.0027P NC � . The largest values of 0k  are obtained when 1c � , i.e. when '  is 

small and 11 22� �� .

Table 5. Value of the threshold value 0k  corresponding to borderline cases where 
�( ) 0.0027P NC for different ',c .

� � � � � c � � � � � �

' � 0.1� 0.2� 0.3� 0.4� 0.5� 0.6� 0.7� 0.8� 0.9� 1.0�

0.10� 1.0000� 1.0003 1.0009� 1.0022 1.0055 1.0139 1.0337 1.0785� 1.1856� 1.4367

0.20� 1.0002� 1.0011 1.0032� 1.0075 1.0161 1.0339 1.0683 1.1300� 1.2307� 1.3755

0.30� 1.0005� 1.0023 1.0063� 1.0137 1.0268 1.0497 1.0876 1.1449� 1.2240� 1.3216

0.40� 1.0008� 1.0035 1.0091� 1.0187 1.0338 1.0571 1.0918 1.1398� 1.2014� 1.2735

0.50� 1.0010� 1.0045 1.0111� 1.0213 1.0359 1.0567 1.0858 1.1247� 1.1734� 1.2303

0.60� 1.0012� 1.0050 1.0117� 1.0212 1.0338 1.0507 1.0737 1.1046� 1.1435� 1.1898

0.70� 1.0012� 1.0049 1.0108� 1.0187 1.0283 1.0407 1.0579 1.0816� 1.1127� 1.1507

0.80� 1.0011� 1.0040 1.0085� 1.0140 1.0203 1.0281 1.0394 1.0565� 1.0809� 1.1124

0.90� 1.0007� 1.0024 1.0048� 1.0076 1.0107 1.0141 1.0191 1.0288� 1.0460� 1.0717

0.95� 1.0004� 1.0013 1.0025� 1.0039 1.0054 1.0070 1.0089 1.0136� 1.0254� 1.0476

In most situations, the parameters of the distribution for the quality characteristic 

studied are unknown, and a random sample is needed to estimate the parameters. 

Then an estimated index together with a decision rule neded to be formed to be able 

to decide whether a process can be claimed to be capable or not at a stated signifi-

cance level, & . A possible estimator of ,p TVC  is

�
� �

,

1 1

1

max 3
p TV

i

C
u )

�  (27) 

where �
1)  is the first eigenvalue of TVS . In paper III the hypotheses



� � �
�

28 

0 , 0

1 , 0

:
:

p TV

p TV

H C k
H C k

�

�
(28)

is used with the following decision rule to deem a process capable or not 

�
2

1,
,0 0reject  if .

1
n

p TVH C k
n

& � �
�

  (29)

The estimated value of 0k , �
0k , is obtained from Table 5 by using 11 22/c S S��  and the 

sample correlation coefficient, �' .

It is of interest to find out if the significance level is at most & . The significance 

level is the probability to reject the null hypothesis when it is true or, equivalently, 

the probability to deem the process capable when it is not. Note that, since both the 

specification limits of 1PC  and 0k  are estimates the actual significance level is not 

known. It is also of interest to study the power of the test, i.e. the probability to deem 

the process capable when it is capable. In order to estimate the actual significance 

level for the decision rule in Equation (29) a simulation study is presented in paper 

III. The results when 50, 100n n� �  is shown in Table 6. Result of more n-values is 

presented in paper III. It is seen that the estimated significance level is close to or 

less than 0.05 for both sample sizes, implicating that the decision rule in Equation 

(29) works well with regard to the significance level of the test. The lowest values of 

the estimated significance levels are obtained for combination of large values of c

and small values of ' .

In paper III it is concluded that, although both 0k  and the specification limits for 

1PC  are estimated, our decision rule seems to have an actual significance level of 

approximate 0.05 or smaller. This means that the nominal significance level can be 

trusted. However, the low actual significance levels for some combinations of c and 

'  induces lower power than necessary for these cases.
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Table 6. Estimated significance level for different combinations of ' � 22,   and c  giving 
�( ) 0.0027P NC , when � 50,100n � 2v  and & � 0.05 .

n = 50 n = 100 

' c = 0.1 c = 0.3 c = 0.5 c = 0.7 c = 0.9 c = 1.0 c = 0.1 c = 0.3 c = 0.5 c = 0.7 c = 0.9 c = 1.0

0.30 0.0490 0.0537 0.0342 0.0114 0.0042 0.0036 0.0476 0.0493 0.0414 0.0157 0.0053 0.0038

0.50 0.0487 0.0427 0.0407 0.0175 0.0080 0.0064 0.0484 0.0543 0.0463 0.0205 0.0117 0.0083

0.70 0.0509 0.0527 0.0477 0.0298 0.0134 0.0100 0.0509 0.0483 0.0454 0.0307 0.0196 0.0122

0.90 0.0511 0.0476 0.0501 0.0418 0.0291 0.0252 0.0534 0.0492 0.0486 0.0431 0.0340 0.0026

The power, i.e. the probability to deem the process capable when it is capable, of the 

decision rule in Equation (29) is investigated for three cases when the probability of 

non-conformance is much smaller than 0.0027, in paper III. One of the cases corres-

ponding to ( ) 0.0000634P NC � , i.e. 4 / 3pC � is shown in Table 7. As expected the 

power is lowest when c is close to 1 and '  is small. But the lowest estimated power 

value, is larger than 0.55, according to Table 7.

Table 7: Estimated power corresponding to � 4 / 3pC with the �( ) 0.0000634P NC .
� 50n � 100n �
' � c = 0.1 c = 0.3 c = 0.5 c = 0.7 c = 0.9 c = 1.0 c = 0.1 c = 0.3 c = 0.5 c = 0.7 c = 0.9 c = 1.0

0.30 0.8722 0.8691 0.8751 0.8266 0.6445 0.5522 0.9935 0.9936 0.9934 0.9922 0.9307 0.8238

0.50 0.8703 0.8653 0.8671 0.8487 0.7324 0.6464 0.9929 0.9921 0.9934 0.9942 0.9753 0.9311

0.70 0.8725 0.8670 0.8696 0.8606 0.7953 0.7338 0.9929 0.9934 0.9944 0.9931 0.9881 0.9729

0.90 0.8698 0.8743 0.8731 0.8703 0.8346 0.8086 0.992 0.9937 0.9934 0.9934 0.9900 0.9837

In paper III a small comparative simulation study, when having a two-dimensional 

quality variable, between our new decision rule and the decision rule based on the 

index, ,p PLMC , suggested by Pan & Lee20 was performed. Their confidence interval 

corresponds to the result obtained by our procedure.

�
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7. Concluding remarks and future research 

The overall aim of the work presented in this thesis has been to contribute to the area 

of MPCIs with focus on confidence intervals and tests for MPCIs. This has been ac-

complished by reviewing the existing MPCIs with confidence intervals or tests, eva-

luating their applicability on data from a thermal spraying process at Volvo Aero 

Corporation and also proposing a new MPCI with an appropriate decision procedure.

Concluding remarks 

Volvo Aero Corporation wanted to determine the capability of the thermal spraying 

process as early as possible in the process. Therefore the relationships between the 

variables the process was established first and is described in Paper I. This work took 

a new approach by combining a statistical modelling approach with a finite element 

model approach to create what is known as an object-oriented finite element model, 

OOF. Multivariate statistical analysis was initially used for screening and tentative 

relationship building, followed by OOF for verification of the statistical model. The 

findings in the statistical model were confirmed by OOF. Even if the result is based 

on ten observations only and should be considered tentative, a potential method to 

identify relationships in the thermal spraying process has been developed. 

The review and evaluation of existing multivariate process capability indices with 

confidence intervals is presented in Paper II. The review shows that this is an area 

under development and that research about multivariate process capability indices 

started to be published during the late 1980s, but it was not until 2005 that the num-

ber of publications increased. Only a handful of the MPCIs found have derived con-

fidence intervals or tests. The threshold value equal to 1 is used almost automatically, 

by analogy with the univariate situation, without reflecting whether the interpreta-

tions may have changed. Paper II shows by a simple example that a threshold value 

equal to 1 does not always correspond to ( ) 0.0027P NC �  in the multivariate case. 
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Paper III shows, when 2v � , how ( )P NC depends on the parameters 22,' � and

11 22/� ��c . Hence, 22�  needs to be varied with c  and '  to obtain � 	P NC � 0.0027 .

The method, used by, e.g. Wang31 and Wang30, of transforming the tolerance re-

gion using MPCIs based on PCA appeared to be inappropriate, and the use of the in-

appropriate method strongly affects the result. Shinde & Khadse17 presented the ap-

propriate method to calculate the transformed tolerance region which, however, be-

comes complicated for 2v � . Paper II shows that more research is needed to obtain 

an MPCI with a confidence interval or a test that works properly and at a stated value 

of the MPCI infer a known P(NC). Such a new method should at least limit the prob-

ability of non-conformance in a known way. 

Paper III presents a new index, ,p TVC , with a confidence interval and a test, based 

on PCA. The index limits the probability of non-conformance in a known way. The 

new index is obtained by transforming the original variables relative to their specifi-

cation interval. Next, a PCA is performed using the transformed variables, in which 

the variables that are least capable, i.e. the transformed variables with largest vari-

ability, will contribute substantially to the first PC . If 1PC  indicates a capable proc-

ess, all other PCs will also indicate a capable process, since their variances are 

smaller. On the other hand, if 1PC  indicates a non-capable process, it does not matter 

if any of the other PCs indicate a capable process. It is still not possible to state that 

the process is capable. Hence, a multivariate situation has been converted into a fa-

miliar univariate situation. Finally, well-known statistical theory for univariate proc-

ess capability indices can be used for drawing conclusions about process capability 

in the multivariate situation.  

Suggestions for future research 

Although the simulation studies performed are quite limited they indicate that our 

proposed MPCI with accompanying decision procedure is worth to study further. Es-

pecially in the view of the lack of MPCIs, with confidence intervals and tests, such 
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that the knowledge that the process capability index exceeds a stated number implies 

that the probability of non-conformance, or an upper bound of it, is known.

The two-dimensional case, i.e. 2v � , is studied in detail and more work is needed 

to obtain threshold values to define a process capable based on our index when 2v �

and simulation studies need to be done when 2v � , which is more complex. The 

threshold value, 0k , limits the probability of non-conformance in a known way and 

( )P NC depends on three different parameters when 2v �  the correlation, the ratio 

between the variances and the magnitude of the largest variance. When 2v � , there 

is only one correlation, one ratio and one maximum level of the variance to consider. 

When 2v � , the ( )P NC  will depends on more than these three parameters. There is 

still only one maximum level of the variance, but there are several correlations and 

ratios to handle.  Future research could consider whether it is possible to find out if 

one of the ratio or the correlation is more dominant than the other.

Furthermore, the attention has been restricted to the simplest form of a MPCI, 

pMC , measuring the potential capability only. Future work needs to include MPCIs 

taking location as well as closeness to target into consideration, i.e. generalizations of 

the univariate indices pkC  and pmC .

If a process cannot be deemed capable it would be nice to be able to trace which 

one of the original variables is least capable. This issue is of interest to investigate in 

the future. 

The new index requires several rather advanced steps in its calculation. From a 

practitioner’s point of view there is a need to develop tools to make the calculations 

easier to do. 
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Relationships between Coating Microstructure and Thermal Conductivity in Thermal 
Barrier Coatings – A modelling Approach 
 
I. Tano, M. Gupta, N. Curry, P. Nylén and J. Wigren, Trollhättan/S 
 
 
Fundamental understanding of relationships between coating microstructure and thermal conductivity is important 
to be able to understand the influence of coating defects, such as delaminations and pores, on heat insulation in 
thermal barrier coatings. Object-Oriented Finite element analysis (OOF) has recently been shown as an effective 
tool for evaluating thermo-mechanical material behaviour, because of this method’s capability to incorporate the 
inherent material microstructure as an input to the model. In this work, this method was combined with multi-variate 
statistical modelling. The statistical model was used for screening and tentative relationship building and the finite 
element model was thereafter used for verification of the statistical modelling results. Characterisation of the 
coatings included microstructure, porosity and crack content and thermal conductivity measurements. A range of 
coating architectures was investigated including High purity Yttria stabilised Zirconia, Dysprosia stabilised Zirconia 
and Dysprosia stabilised Zirconia with porosity former. Evaluation of the thermal conductivity was conducted using 
the Laser Flash Technique. The microstructures were examined both on as-sprayed samples as well as on heat 
treated samples. The feasibility of the combined two modelling approaches, including their capability to establish 
relationships between coating microstructure and thermal conductivity, is discussed. 
 
 
1. Introduction 
 

Plasma sprayed ceramic coatings are commonly 
used for thermal protection of components as thermal 
barrier coatings (TBCs) in gas turbine engine 
applications [1]. The coating microstructures in TBC 
applications are highly heterogeneous, consisting of 
defects such as pores and cracks of different sizes. 
The density, size and morphology of these defects 
determine the coating’s final thermal and mechanical 
properties, and the service lives of the coatings.  The 
usual approach to ensure that a coating has desired 
properties is to develop an experimental recipe, i.e. to 
find an adequate parameter setting. The drawbacks in 
this approach are that it is time consuming, expensive, 
specifically if new coating designs are to be developed 
and that it does not provide any fundamental 
understanding of microstructure-property relation-
ships. Quantitative microstructure–property 
correlations is thus of interest. A number of analytical 
approaches have been proposed for this purpose [2].  
Examples are: 
1) Homogenizing for volume averaging in periodic 
porous media [3]. The disadvantage in this approach 
is that the real in-homogeneity in microstructure might 
be difficult to catch in the model.  
2) Statistical model building, typically using different 
regression techniques [4]. The major disadvantage 
with this approach is that no physical understanding is 
gained.  
3) Finite element models based on true 
microstructures [5], which have the major advantage 
over other classical modeling techniques, that it is a 
true microstructure-based technique. One major 
drawback with this approach is that it is time 
consuming.  

The objective of this work was to evaluate if the 
two last approaches could be combined i.e. to utilize 
the statistical approach for screening and tentative 
microstructure–property relationship building and then 

the finite element model approach for verification and 
physical understanding.  

The paper is divided into three separate sections. 
In the first section, the evaluated coating systems 
together with the experimental results are presented. 
In the second section, the statistical model approach 
and its results are presented.  The last section 
presents the finite element model approach and the 
verification of the statistical modeling results. 

 
2. Experimental Procedure 
 

2.1. Sample Production 
 

The samples in this project were sprayed using a 
combination of powders and spray equipment to 
produce 6 different coatings. Powders were chosen 
with modified chemistry including; high purity powders 
for sintering resistance, Dysprosia stabilised Zirconia 
powders for lower thermal conductivity and a powder 
containing a porosity former in order to achieve a 
range of microstructure.  

Agglomerated & Sintered (A&S) and Hollow Oxide 
Spherical Powder (HOSP) morphologies were used. 
Thick dual layer coatings were finally produced using 
both powder morphologies. 

Spraying was carried out by Atmospheric plasma 
Spraying (APS) using either the Suzer Metco F4 or 
Triplex gun.  The substrate material was the nickel 
based superalloy Hastelloy X.  A standard NiCoCrAlY 
(Sulzer Metco AMDRY 365-2) Bondcoat of 200 
±10μm was applied for all samples using the Sulzer 
Metco F4 gun.  The coatings are summarised below in 
Table 1. 

Two different sample geometries were sprayed in 
the investigation, cylindrical Ø 25.4 x 5mm coupons, 
and 30 x 30 x 1.54mm plates for microstructure 
analysis and thermal conductivity measurement. 
Coating thickness was approximately 300μm for the 
standard coatings and approximately 800μm for the 
dual layer coating. 
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Since sintering resistance is of high importance for the 
lifetime of a TBC coating; a short term heat treatment 
was carried out on a sample of each coating. The heat 
treatment was carried out in standard atmosphere at 
1150°C for 100 hours.  
 
Table 1. Description of the coatings 
Coating 
System 

Material Process Comments 

1 A&S YPSZ APS 
(F4) 

Reference 
Coating 

2 
High Purity HOSP 
YPSZ  
(Metco 204C-NS) 

APS 
(F4) 

 

3 
High Purity HOSP 
YPSZ  
(Metco 204C-NS) 

Triplex  

4 
High Purity A&S 
YPSZ 
(AE 9538) 

APS 
(F4) 

 

5 

High Purity A&S 
DyPSZ (AE 9581) 
+  
High Purity HOSP 
DyPSZ (AE 9556) 

APS 
(F4) 

Double 
Layer 

6 

High Purity A&S 
YPSZ 
(AE 9538) 
+ 
High Purity HOSP 
YPSZ 
(Metco 204C-NS) 

APS 
(F4) 

Double 
Layer 

 
2.2. Thermal Conductivity 

 
Laser flash analysis has become the most 

accepted method for measurement of thermal 
diffusivity of TBC’s at varying temperatures.  In this 
study a Netzsch Laser Flash Analysis 427 (Netzsch 
Gerätebau GmbH Germany) was used to assess the 
coatings thermal diffusivity at room temperature in a 
dynamic argon atmosphere. During the test the 
sample hit with a laser pulse that increases the 
temperature on the back face. This temperature rise is 
detected using an InSb infra-red detector. The 
response is normalised and thermal diffusivity 
calculated from the following formula [6]: 

 

 
 
 where L is the thickness of the sample and t is the 
time taken for the total temperature increase. 
Corrections are taken on the data to account for 
radiative losses in heat. Differential Scanning 
Calorimeter 404C (Netzsch Gerätebau GmbH 
Germany) was used to establish the specific heat 
capacity of the 6 coatings, bond coat and substrate. 
The combination of measured specific heat capacity 
and thermal diffusivity was used to calculate thermal 
conductivity using the following equation [6]: 
 

 
 
where � is thermal conductivity (W m-1K-1), � is 
thermal diffusivity (m2 s-1), � is density (kg m-3) and Cp 
is specific heat capacity (J kg-1 K-1). Density for the 
coatings was calculated using Archimedes method. 
 

 
Fig. 1. Thermal Conductivity Results 

Thermal conductivity results are presented above 
in Fig. 1. Calculated conductivity for all six coating 
systems is shown at room temperature for as-sprayed 
samples and samples heat treated for 100 hours at 
1150°C.  
 

2.3. Image Analysis and Microstructure 
 

A sample from each set of coatings was mounted, 
cut and polished in cross-section in the standard way. 
Samples were then inspected using Optical 
microscopy and Scanning Electron Microscopy 
(SEM). The porosity measurement was carried out 
using an image analysis routine developed in the 
HITS- Brite Euram project [7]. By this procedure, 25 
images were taken across the coating cross section to 
represent the coating microstructure. The images 
were then processed using the Aphelion image 
analysis software (ADCIS, France). In the first 
analysis case all images used were obtained using 
optical microscopy at 250x magnification. Fig. 2  
shows examples of images taken by the optical 
microscope for coating system 4 and 6 respectively. 

The image (originally in grey scale) is converted 
into binary format by the use of thresholding; with the 
matrix represented by the black and the cracks and 
pores by the white. This is normally operator 
dependent why an auto-thresholding algorithm was 
used to remove errors caused by operator variations. 
The Aphelion software creates a grey level histogram 
of every pixel for each row and then takes the average 
of two neighbouring rows. From this, the software can 
establish the critical threshold level for the image and 
so what should be used for the conversion. 
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The software is able to differentiate between 
cracks and pores by using the height to length ratio 
and separate them into images of only pores and only 
cracks. By analysing the arrangement of pixels it is 
possible to differentiate pores in contact with cracks 
and vice versa and so select either as required. Again, 
this process is automated to remove operator 
dependent errors. 

 
(a) 

 
 
(b) 

 
Fig. 2. Image taken by an optical microscope for (a) 
the coating system 4 (as-sprayed) and (b) the coating 
system 6 (as-sprayed). 

 
The information on crack angles is found from the 

image of only cracks. Firstly, the software separates 
the cracks. It then creates a tie line (a straight line 
from the start of the crack to the end), one pixel in 
width, for each crack. The lengths of the tie lines can 
be measured in terms of number of pixels. The tie 
lines are grouped into specified angle ranges (based 
on the angle they make to the horizontal reference). 
All the tie line lengths in each group are added 
together, resulting in the total number of pixels which 
create the tie lines in each angle range. 

The images used in the finite element model 
building were produced using SEM imaging. All 
images used were backscattered electron images 
taken at 500x magnification. Again the auto-
thresholding algorithm was used to produce a binary 
image for input to the model. 

3. Statistical model of the thermal conductivity 
 

3.1. Principle of PCA and PLS modelling 
 

Since the variables, see Table 2, were highly 
correlated they were not used separately as predictor 
variables in a multivariate regression analysis. Two 
alternative statistical methods were therefore 
evaluated. One was principal component regression 
(PCR) and the other partial least square (PLS). PCR 
is a regression analysis where the predictor variables 
are principal components derived through principal 
component analysis (PCA) on the correlated original 
predictor variables. PCA transforms a set of correlated 
variables into a smaller set of uncorrelated variables 
called principal components. The principal 
components (PCs) are linear combinations of the 
original variables derived such that they are 
uncorrelated. The first PC (PC1) has the largest 
variance, the second PC (PC2) the next largest 
variance and so on. Since the variables, see Table 2, 
are not measured in comparable units and do not 
have similar variances, the variables should be 
standardized before the PCA [8]. 
 
Table 2. Predictor variables (all crack angles include 
both free and connected cracks) 

only the cracks which are in contact with pores 
free cracks 
only the pores which are in contact with cracks 
free pores 

, crack angle 
, crack angle 
, crack angle 
, crack angle  
, crack angle  
, crack angle  
, crack angle  

, crack angle  
, crack angle  
, crack angle  
, crack angle  
, crack angle  

0° and 180°, crack angle  
 

PLS is similar to PCR. PCR start with PCA, with 
the purpose to transform the predictor variables into a 
smaller uncorrelated set and then the regression 
analysis is performed. PLS project to latent structures 
in the predictor variables and the response variable 
simultaneously, with the purpose to connect the 
information and align these structures to each other 
[9]. 

 
3.2. Modelling of thermal conductivity 

 
The aim is to obtain a statistical model, based on 

the predictor variables in Table 2, useful to predict the 
response variable thermal conductivity. The data 
available to estimate the model is the data obtained 
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from the image processing for all the twelve coating 
systems using Aphelion as described in section 2.3. 
 
First a PCA on the predictor variables in Table 2 was 
performed. The software Minitab was used for this 
purpose. As it can be seen in Table 3 below, the 3 
first PCs explain 93% of the total sample variance and 
they all have variances (eigenvalues) greater than 
one. The remaining PCs have variance much smaller 
than one and can be considered as noise. Hence, the 
first 3 PCs were selected as predictor variables in the 
regressions analysis for modelling the thermal 
conductivity. The weights or loadings in the first 5 PCs 
are given in Table 4. 
 
Table 3. Eigenvalues in the correlation matrix showing 
the first 5 PCs 
      

     
     
     

*sample variance explained by the PC individually 
 
Table 4. The weights (loadings) for the first 3 PCs 

    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    
    

 
In PC1 the weights (loadings) are largest, and 

approximately equal, for the variables , 
different crack angles. Furthermore, the variables  
(free cracks) and  (free pores) have almost as large 
weights as the crack angles but  (only the cracks 
which are in contact with pores) and  (only the 
pores which are in contact with cracks) have very 
small weights. All weights in PC1 have positive signs. 
PC2 are dominated by , approximately 
around 0.4, where two of the variables have positive 
signs and one negative. PC3 are dominated by 

, both having negative signs. 
The multiple regression analysis with thermal 

conductivity as response variable and PC1-PC3 as 
predictor variables showed that PC2 was non-
significant at 5% significance level (p-value = 0.301). 

Hence PC2 was excluded from the model and a new 
regression analysis was performed. 
The final regression model is given in Equation (1). 
 

 
(1) 
 

 
 

 
Combining the information from Table 4 and the 
estimated regression model in (1), it can be seen that 
the thermal conductivity will become large if  
are close to zero and all other variables are kept 
constant, e.g. there are no cracks and pores in 
contact. This is due to the dominance of  and  in 

 and at the same time their small weights in . 
The effect of the different variables in Table 2 is more 
easily seen if the expressions for the PCs from Table 
4 are replaced in the estimated model in (1), Table 5. 

By using PLS together with cross-validation two 
PLS components was selected and 

. The ten largest 
estimated regression coefficients from the PLS 
analysis, when using standardized variables, are 
presented in Table 5. In both the PCR model and PLS 
model the variables  and  have the largest 
coefficient. The third largest regression coefficient in 
the PCR model is  but in the PLS model the  got 
much less weight. On the third place in the PLS model 
is . 
 
Table 5. The ten largest estimated regression 
coefficients, using standardized variables, from the 
PCR and the PLS model, respectively. 
 Regression

coefficient 
PCR 
model 

Regression 
coefficient 

PLS 
model 

1 0.11  0.23  
2 0.09  0.19  
3 0.07  0.12  
4 0.06  0.09  
5 0.05  0.08  
6 0.05  0.08  
7 0.04  0.08  
8 0.03  0.07  
9 0.03  0.07  
10 0.03  0.04  

 
Both the PCR and PLS methods have roughly 

the same  and are dominated by the 
variables  . 

Hence both models indicate that cracks and 
pores in contact affect the thermal conductivity more 
than crack angle, free cracks and free pores. Since 
these models are based on twelve observations only, 
the models should be considered tentative and more 
observations are needed to confirm the results. The 
reason to that crack angles are not among the two 
most dominated variables maybe that there are 
interactions between some of the crack angle 
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variables and the variables . This interaction 
was not considered in this analysis. 

The results from the statistical analysis were 
thereafter evaluated by finite element modelling in the 
next section, specifically the individual influence of 
pores and cracks and pores and cracks in contact on 
thermal conductivity. This analysis was made by finite 
element modelling using OOF2.  
 
4. Modelling using OOF2 

 
4.1. Procedure 

 
OOF is a rather new finite element model 

approach which can be used to determine the 
macroscopic properties from images of real 
microstructures [5]. The current version of OOF, which 
is OOF2, is limited to two-dimensional images and 
solving linear problems. OOF has been successfully 
implemented in many applications in the past, apart 
from computing the thermal conductivity of thermal 
sprayed coatings [2, 10]. 

For this study, the inputs to the software are the 
microstructure image and the thermal conductivities of 
pores and bulk thermal sprayed material. Two binary 
images (A1 and A2) taken from the sample with heat 
treated reference coating were taken into 
consideration in the models. Images representing ‘free 
pores’ (Bi), ‘free cracks’ (Ci) and ‘pores and cracks in 
contact’ (Di) were generated using Aphelion for i = 1, 
2. These binary images were used as input in OOF2. 
First, two pixel groups were generated in OOF2 on the 
basis of colour and assigned as YSZ and porosity. 
Then a finite element mesh was generated on the 
basis of features and colours present in the image by 
using an adaptive meshing procedure. During the 
meshing procedure, the elements were refined and 
the nodes were moved so that the material interfaces 
are well defined. Finer elements were generated near 
the interfaces to account for higher thermal gradients. 
The two constituents were then assigned material 
properties, i.e. thermal conductivity values, according 
to the pixel groups defined in the binary image. The 
mesh generated by OOF2 from image A1 had 
approximately 190000 elements and 439000 nodes, 
Fig. 3. 

The thermal conductivity value was determined 
by solving the heat equation in the 2D domain. A 
temperature difference of 10ºC (�T) was set-up as 
boundary conditions between the top and bottom 
surfaces, while the sides were assumed to be 
completely insulated in the model. In steady state, the 
resultant heat flux across the cross-section in vertical 
direction will be constant. Thus, this value can be 
used in the following heat equation to determine the 
thermal conductivity (K) of the coating microstructure. 

 

 
 

Several studies have been performed to 
determine the value of thermal conductivity for bulk 

zirconia [11, 12]. The value of thermal conductivity 
taken in this study for YSZ was 2.1 W/(m.K) and for 
pores/cracks 0.026 W/(m.K), assuming it to be same 
as that of air. 

 
(a) 

 
 
(b) 

 
Fig. 3. (a) The image taken using SEM which was 
used to produce binary image A1. The red box 
denotes the area represented in Fig. 4(b). (b) A part of 
the finite element mesh generated by OOF2 from 
image A1 (red area denotes ‘YSZ’ and white area 
denotes ‘porosity’) 
 

4.2. Results and discussions 
 

The predicted thermal conductivity values are 
presented in Table 6. The numbers in the second 
column represent normalised values which have been 
scaled by dividing the numbers in the first column by 
the first value in the first column (done separately for 
each image). The table also shows, for comparative 
purpose,  thermal conductivity values calculated when 
the microstructure is considered as a homogenous 
mixture of YSZ and porosity, the fractions (fYSZ, fporosity) 
calculated on the basis of the pixels of each group 
present in the image (using the equation Ktotal = fYSZ 
.KYSZ + fporosity.Kporosity). Normalised values are also 
presented in the next column which have been scaled 
in the same fashion as earlier described.  

Comparing the values for each image in the 
columns S1 and S2, in Table 6, it can be seen that 
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the value of thermal conductivity when they are simply 
calculated from a volume fraction becomes fairly 
constant, while the values change significantly when 
computed by the finite element model. The effect is 
most significant for the image representing ‘pores and 
cracks in contact’, which seem to confirm the findings 
in the statistical model i.e. depicting the fact that pores 
and cracks in contact have much more significance on 
the thermal conductivity compared to free pores or 
free cracks. 
 
Table 6. Thermal conductivity values obtained from 
the analysis 

Thermal conductivity 
 

 
Image 

OOF2 
(W/(m.K)) 

Scaled 
(S1) 

Calculated 
(W/(m.K)) 

Scaled 
(S2) 

 
A1 0.73 1.0 1.77 1.0 
B1 1.56 2.1 1.94 1.1 
C1 1.78 2.4 2.03 1.1 
D1 0.88 1.2 1.86 1.1 
 
A2 1.05 1.0 1.86 1.0 
B2 1.78 1.7 1.99 1.1 
C2 1.60 1.5 2.03 1.1 
D2 1.41 1.3 1.96 1.1 

 
The differences in the values predicted by the 

model and the experimental values can be attributed 
to several factors. The major factor is most likely the 
limitation of the model to 2D. If one tries to extrapolate 
the 2D model to 3D, it is quite obvious that the cracks 
and pores present in the images are considered to be 
infinitely long in the model, while in reality, they are of 
finite length. So the image, and hence the thermal 
conductivity value, depends upon the cross-section of 
the coating considered. Also, the area representing 
the image is only a small fraction of the total cross-
sectional area of the coating. So the microstructure 
features might vary to a great extent from one part of 
the coating to the other. Another factor which affects 
the computed value is the limitation of the resolution 
of the image, as all small cracks and pores (and 
specifically SEM ‘invisible’ cracks) cannot be included 
in the analysis. 

Despite these limitations the results indicate that 
the pores and cracks when in contact will have a 
significant effect on the thermal conductivity compared 
to when they are freely distributed in the matrix. This 
result is consistent in the two modelling approaches. 
 
5.  Summary and Conclusions 
 

The approach undertaken in this study can be 
summarised as follows. First, statistical modelling was 
used as a ‘screening’ method to determine the 
important microstructure parameters influencing the 
thermal conductivity. The most interesting finding in 
this analysis was that pores and cracks in contact 
seem to have significant influence on thermal 
conductivity compared to free pores and free cracks.  

The major limitation with this modelling approach is 
that it does not consider any physical interpretation of 
the results. The results from this analysis were then 
validated by finite element modelling using 
microstructure images obtained by SEM which 
provided physical verification of the statistical results. 
The results, although tentative in nature, indicate that 
the combination of the two modelling approaches 
seems to be a feasible approach. Through this 
combination, relationships between microstructure 
defects and thermal conductivity can be evaluated 
and verified. The interesting result that the interaction 
between pores and cracks i.e. pores and cracks in 
contact, is the most important parameter to achieve a 
low thermal conductivity TBC. This finding will be 
further investigated in future work. 
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Comparing Confidence Intervals for
Multivariate Process Capability Indices
Ingrid Tano,a,b*† and Kerstin Vännman,a,b,c

Multivariate process capability indices (MPCIs) are needed for process capability analysis when the quality of a process is
determined by several univariate quality characteristics that are correlated. There are several different MPCIs described in
the literature, but confidence intervals have been derived for only a handful of these. In practice, the conclusion about pro-
cess capability must be drawn from a random sample. Hence, confidence intervals or tests for MPCIs are important. With a
case study as a start and under the assumption of multivariate normality, we review and compare four different available
methods for calculating confidence intervals of MPCIs that generalize the univariate index Cp. Two of the methods are based
on the ratio of a tolerance region to a process region, and two are based on the principal component analysis. For two of the
methods, we derive approximate confidence intervals, which are easy to calculate and can be used for moderate sample
sizes. We discuss issues that need to be solved before the studied methods can be applied more generally in practice. For
instance, three of the methods have approximate confidence levels only, but no investigation has been carried out on
how good these approximations are. Furthermore, we highlight the problem with the correspondence between the index
value and the probability of nonconformance. We also elucidate a major drawback with the existing MPCIs on the basis of
the principal component analysis. Our investigation shows the need for more research to obtain an MPCI with confidence
interval such that conclusions about the process capability can be drawn at a known confidence level and that a stated value
of the MPCI limits the probability of nonconformance in a known way. Copyright © 2011 John Wiley & Sons, Ltd.

Keywords: multivariate process capability index; lower confidence bound; multivariate normal distribution; principal component
analysis

1. Introduction

O
ur interest in multivariate capability indices is based on a case from a thermal spraying process at the Volvo Aero Corporation,
Sweden, who wanted to determine the process capability of a three-dimensional variable. Hence, a multivariate process cap-
ability index (MPCI) was needed. The purposes of this article are to investigate how four of the MPCIs and their confidence

intervals, described in the scientific literature, perform in our case and to compare the results and discuss the experiences of the
MPCIs and their confidence intervals. We concentrate on the simplest form of an MPCI, MCp, because it is simple and at the same time
sufficient to identify the essential pros and cons. The corresponding capability index in the univariate case is (Kane1)

Cp ¼ USL� LSL

6s
(1)

where [LSL,USL] is the specification interval and s is the process standard deviation of the in-control process. This index captures only
the process variation and compares it with the process spread. It does not take the process location or the closeness to target into
consideration, so other univariate indices, like Cpk and Cpm, have been developed. Multivariate counterparts to Cpk and Cpm have been
suggested but will not be dealt with in this article. For a review of univariate capability indices as well as some multivariate indices,
see, for example, Kotz and Johnson2. For more recent reviews of MPCIs see, for example, Gonzáles and Sánchez3 and Pan and Lee4.
Yum and Kim5 presented a bibliography of approximately 530 articles and books on process capability indices, including MPCIs, for
the period 2000–2009.
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During our literature review, we discovered that there are only a few articles that deal with confidence intervals or tests for MPCIs. The
ones found are those of Wang and Du,6 Wang,7 Pearn et al.,8 and Pan and Lee.4 The methods we found of interest to apply to our case
study are those given by Wang and Du,6 Pearn et al.,8 and Pan and Lee.4 The method by Wang7 deals with a situation on the basis of a
geometric distance approach not suitable for our case. Then we also consider an MPCI suggested by Wang9 and propose a confidence
interval to be used for that index. Furthermore, we restrict our interest to the situation where the studied quality characteristic follows
a multivariate normal distribution.

In the next section, a brief review of MPCIs is made. This section is followed by a more detailed description of the four stu-
died methods. In Section 4, we describe the thermal spraying process and present the result obtained when applying the studied
methods to our case. In the last section, we discuss some issues found of interest to emphasize after we have applied the considered
methods.

2. A brief review of MPCIs

The development of MPCIs started in the early 1990s with indices suggested by Chan et al.10 and Hubele et al.11 Since then, several
different multivariate indices have been presented. For references, see the previous section. MPCIs can roughly be divided into four
different groups, as suggested by Shinde and Khadse12. They are as follows: group 1, based on the ratio of a tolerance region to a
process region (see, e.g. Taam et al.13); group 2, based on the probability of the nonconforming product (see, e.g. Castagliola and
Castellanos14); group 3, based on the principal component analysis (PCA; see, e.g. Wang and Chen15); and group 4, others (see, e.g.
Shahriari et al.16). In our comparison, we will consider two indices from group 1 and two from group 3.

In the beginning of the development of MPCIs, the focus was on the theoretical indices, with suggestions of corresponding point
estimators. However, in practice, the conclusions drawn about the process capability are based on a random sample, and point esti-
mators are random variables. Hence, confidence intervals or tests for MPCIs need to be developed to make it possible to draw con-
clusions with high confidence or low probability for the type I error. The first article we found that dealt with this issue was that of
Wang and Du.6 They presented a confidence interval on the basis of the index by Wang and Chen,15 which belongs to group 3. They
also suggested a confidence interval for an MPCI on the basis of a univariate index proposed by Luceño17, which belongs to group 3.
Confidence intervals for the indices proposed by Taam et al.13, belonging to group 1, were derived by Pearn et al.8 Pan and Lee4 mod-
ified the index by Taam et al.13 and presented a confidence interval for this modified index, which also belongs to group 1. Wang9

suggested a modification of the index by Wang and Chen15 but did not propose any confidence interval. We considered the index
belonging to group 3 and also proposed a confidence interval for this index on the basis of the idea from Wang and Du6. The meth-
ods we applied in our case study are those given by Pearn et al.,8 Pan and Lee,4 Wang and Du,6 and Wang9.

It can be noted that Shinde and Khadse12 have discovered a problem with how to obtain the transformed tolerance region when
using MPCIs on the basis of PCA. They showed that the way to transform the tolerance region, as suggested by Wang and Chen15 and
also used by Wang and Du6, is not appropriate. However, they did not suggest how to convert this knowledge to use the index sug-
gested by Wang and Chen.15 Instead, they proposed a new index without a confidence interval, which they called a probability-based
index, to handle the problem. We will not consider their new index but apply the methods by Wang and Du6 and Wang,9 including
their suggested transformation of the tolerance region. This issue is discussed further in Section 5.

3. Four MPCIs with confidence intervals

In this section, we will describe in more detail the four methods we have chosen to apply to our case. First, we state
the assumptions and notations used throughout the entire article. Let X = (X1,X2,. . .,Xv) ’ denote the studied v-dimensional
quality characteristic. We assume that X is distributed according to a multivariate normal distribution Nv(m,Σ), where m is the mean
vector and Σ is the variance–covariance matrix. Furthermore, let S denote the sample variance–covariance matrix. We will assume that
each univariate quality characteristic Xi has a given specification interval [LSLi,USLi], i = 1,2, . . .v. Hence, the tolerance region for X is a
hyperrectangular region. The indices we will consider are multivariate counterparts to the univariate capability index Cp in Equation (1)

and will be denoted MC jð Þ
p ; j ¼ 1; 2; 3; 4. In accordance with the univariate case, a process is defined as capable if MC jð Þ

p exceeds a
given threshold value k0. In the literature, it is common to let k0 = 1 when dealing with MPCIs. This threshold value is also used here.
Because it is of interest to find out if the MPCI exceeds 1, we only consider the lower confidence bound of one-sided confidence
intervals.

3.1. Method 1: Pearn et al.8

Under the assumption of multivariate normality, Taam et al.13 presented a multivariate expansion of Cp by comparing the volume of a
modified tolerance region, R1, with the volume of the region, R2, containing 99.73% percent of the multivariate normal distribution.
This index reduces to Cp in the univariate case. It can be expressed as
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MC 1ð Þ
p ¼ Vol R1ð Þ

Vol R2ð Þ ¼
Volðmodified tolerance regionÞ
p�w2v;0:9973
� �v=2

jΣj1=2 Γ v=2þ 1ð Þ½ ��1
; (2)

where R1 equals the largest ellipsoid centered at the target value completely within the original rectangular tolerance region. In
Equation (2), w2v;0:9973 denotes the 0.9973 quantile of a w2-distribution with v degrees of freedom.

The index MC 1ð Þ
p is estimated by

M̂Cp
1ð Þ ¼ Vol R1ð Þ

p�w2v;0:9973
� �v=2

jSj1=2 Γ v=2þ 1ð Þ½ ��1
: (3)

Pearn et al.8 derived confidence intervals for MC 1ð Þ
p , where the lower 100(1�a)% confidence bound is expressed as

M̂Cp
ð1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F�1Y að Þ
n� 1ð Þv

s
: (4)

In Equation (4), F�1Y að Þ denotes the a quantile of the distribution of the random variable Y, where Y is defined as a product of v inde-
pendent w2-distributed random variables with n�1,n�2, . . .,n�v degrees of freedom, respectively. For v=2, Pearn et al.8 showed that

F�1Y að Þ ¼
w22n�4;a
� �2

4
: (5)

For v=3, they showed that

FY yð Þ ¼
Zy

0

Z1
0

x�1=2z n�5ð Þ=2 exp �x1=2 � z= 2xð Þ� �
2 n�1ð Þ=2Γ n� 2ð ÞΓ n� 3ð Þ=2ð Þ dxdz: (6)

Because the quantile F�1Y að Þmay be difficult to calculate for v > 2, we derive a confidence interval for MC 1ð Þ
p with an approximate

confidence level of 1�a. According to Anderson18 (p268),
ffiffiffi
n

p jSj=jΣjð Þ � 1ð Þ is asymptotically normally distributed with mean 0 and
variance 2v. On the basis of this result, we show in Appendix B that

M̂Cp
1ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� la

ffiffiffiffiffi
2v

pffiffiffi
n

p
� �s

(7)

is a lower confidence bound for MC
1ð Þ
p with an approximate confidence level of 1�a. In Equation (7), la denotes the (1�a) quantile of

the N(0,1) distribution.

As a comparison, the values of
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F�1Y að Þ= n� 1ð Þv

p
and

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� la

ffiffiffiffiffi
2v

p
=

ffiffiffi
n

p� �q
are given in Table I, when v = 2,3 and a = 0.05, for some

values of n.
From Table I, we can see that the approximate value works fairly well for as small values as n=100. It should also be noted thatffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� la

ffiffiffiffiffi
2v

p
=

ffiffiffi
n

p� �q
<

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F�1Y að Þ= n� 1ð Þv

p
. This means that if the approximate value is used to calculate the lower confidence bound,

the confidence level will be at least 0.95. A numerical method is needed to calculate F�1Y að Þwhen v > 2. Such a method usually needs
some starting values and then the approximate value is useful to find suitable starting values.

Table I. A comparison of the square root expressions in Equations (4) and (7), when v = 2, 3, a = 0.05, and n = 50, 70, 100, 200, 500,
1000

n

v = 2 v = 3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F�1Y að Þ= n� 1ð Þvp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� la
ffiffiffiffiffi
2v

p
=

ffiffiffi
n

p� �q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F�1Y að Þ= n� 1ð Þvp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� la
ffiffiffiffiffi
2v

p
=

ffiffiffi
n

p� �q
50 0.789 0.731 0.696 0.656
70 0.798 0.778 0.745 0.720
100 0.847 0.819 0.788 0.772
200 0.890 0.876 0.852 0.845
500 0.929 0.924 0.907 0.905
1000 0.949 0.947 0.935 0.934
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3.2. Method 2: Pan and Lee4

Pan and Lee4 claim that the indexMC 1ð Þ
p in Equation (2) may overestimate the true process performance in certain situations, when the

univariate quality characteristics are not independent. They revised the modified engineering tolerance region by Taam et al.13 to
overcome this problem and proposed

R3 ¼ X X� mÞ′ A�ð Þ�1 X� mð Þ ≤ w2v;0:9973
� o			n

(8)

to be used in Equation (2) instead of R1. The elements of the matrix A� is given by

A�ij ¼ rij
USLi � LSLi

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2v;0:9973

q
0
B@

1
CA USLj � LSLj

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2v;0:9973

q
0
B@

1
CA; (9)

where rij is the correlation coefficient between the ith and the jth univariate quality characteristic. See Figure 1, where R1 is the mod-
ified tolerance region according to Taam et al.13 and R3 is the slanted ellipsoid centered at the target value defined in Equation (8).

Pan and Lee4 then expressed their index as

MC 2ð Þ
p ¼ Vol R3ð Þ

Vol R2ð Þ ¼
jA�j
jΣj

� �1=2

(10)

and proposed the index MC 2ð Þ
p in Equation (10) to be estimated by

M̂Cp
2ð Þ ¼ jA�j

jSj
� �1=2

(11)

Note that they do not suggest rij to be estimated. Hence, they must consider rij to be known. Pan and Lee4 derived a confidence

interval for MC 2ð Þ
p , where the lower 100(1 � a)% confidence bound is

M̂Cp
2ð Þ ffiffiffiffiffiffi

wa
p

(12)

where wa is the a quantile of the distribution of Πv
i¼1w

2
n�i= n� 1ð Þv and w2n�i denotes a w

2-distributed random variable with n� i degrees
of freedom.

Note that wa is the same as F�1Y að Þ= n� 1ð Þv in Equation (4). Hence, a corresponding approximate confidence bound as in Equation

(7) is obtained for this method by substituting M̂Cp
1ð Þ in Equation (7) with M̂Cp

2ð Þ.
Pan and Lee4 in their derivation considered the correlation coefficient rij to be known. However, in practice, usually rij needs to be

estimated, and this will affect the derivation of the confidence interval. Hence, the confidence interval in Equation (12) has only an
approximate confidence level of (1�a) when an estimate of rij used. It can be noted that Pan and Lee4 in their examples used the
estimated correlation coefficients.

3.3. MPCI based on principal component

Wang and Chen15 were the first to use PCA when defining an MPCI. PCA reduces the dimensionality by extracting a few new latent,
uncorrelated variables, called principal components (PCs), which together explain the main variability in the data (see, e.g. Johnson
and Wichern19). The PCA is briefly outlined in the next paragraph.

Figure 1. R1 is the modified tolerance region proposed by Taam et al.13, and R3 is the revised tolerance region proposed by Pan and Lee4
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Let l1;u1
� �

; l2;u2

� �
; . . . ; lv ;uv

� �
be the eigenvalue–eigenvector pairs of the variance–covariance matrix Σ. The v PCs are formed

as linear combinations of the original quality variables X1,X2, . . .,Xv:

PC1 ¼ u1
′ X ¼ u11X1 þ u12X2 þ . . .þ u1vXv

PC2 ¼ u2
′ X ¼ u21X1 þ u22X2 þ . . .þ u2vXv

:
:
PCv ¼ uv

′ X ¼ uv1X1 þ uv2X2 þ . . .þ uvvXv

(13)

The PCs are orthogonal to one another and ordered according to their variances. The first PC, PC1, has the largest variance; the
second PC, PC2, has the second-largest variance; and so on. The eigenvalue, li; is the variance of the ith PC, i = 1,2,. . .,v. The var-
iance–covariance matrix is unknown in practice and estimated by the sample variance–covariance matrix S. Sometimes the correla-
tion matrix r is used instead of the variance–covariance matrix Σ and the corresponding sample correlation matrix instead of S. When
the variables are correlated, the main variability is captured by the firstm,m < v, PCs. The remaining v�m PCs are considered to con-
tain mostly random noise.

3.4. Method 3: Wang and Du6

Wang and Du6 presented a confidence interval on the basis of the index MC 3ð Þ
p by Wang and Chen15, where

MC 3ð Þ
p ¼ Π

v

i¼1
Cp;PCi

� �1=v

(15)

In Equation (15), Cp;PCi is the univariate capability index for the ith PC, that is, in accordance with Equation (1)

Cp;PCi ¼
USLPCi � LSLPCi

6
ffiffiffiffi
li

p (16)

The upper- and lower-specification limits of PCi in Equation (16) are defined as (see Wang and Du6)

USLPCi ¼ u′
iUSLX and LSLPCi ¼ u′

iLSLX (17)

where ui is the eigenvector corresponding to PCi, USLX ¼ USL1;USL2; . . . ;USLvð Þ′ , and LSLX ¼ LSL1; LSL2; . . . ; LSLvð Þ′ . Furthermore, the
index MC 3ð Þ

p is estimated by

M̂Cp
3ð Þ ¼ Π

v

i¼1
Ĉ p;PCi

� �1=v

; (18)

where

Ĉ p;PCi ¼
USLPCi � LSLPCi

6
ffiffiffiffi
li

p : (19)

Note that, in Equation (19), li, i = 1,2,. . .,v, are the eigenvalues of the sample variance–covariance matrix S and USLPCi and LSLPCi

are calculated using the eigenvectors of S.
Both Wang and Chen15 and Wang and Du6 used all v PCs in Equations (16) and (18). However, in their examples, they used only the

first m PCs, where m is determined so that the main variability is captured by the first m, m < v, PCs. This is reasonable and we will do
so henceforth.

The lower approximate 100(1�a)% confidence bound given by Wang and Du6 is

Π
m

i¼1
Ĉ p;PCi

ffiffiffiffiffiffiffiffiffiffiffiffi
w2n�1;a
n� 1

s0
@

1
A

1=m

; (20)

where w2n�1;a denotes the a quantile of a w2-distribution with n�1 degrees of freedom. The interval in Equation (20) is based on the
confidence interval for the univariate index Cp in Equation (16) (for the confidence interval for Cp, see, e.g. Pearn and Kotz20).

3.5. Method 4: Wang9

Wang9 proposed the use of a weighted geometric mean of Cp;PCi in Equation (16), with the eigenvalues li, i = 1,2, . . .,m as weights. The
objective was to give the largest weight to the index for PC1, the second largest weight to the index for PC2, and so on. The MPCI
Wang9 suggested is
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MC 4ð Þ
p ¼ Π

m

i¼1
Cli
p; PCi

� �
1=Σli

; (21)

where Cp;PCi is given in Equation (16) and m is the number of selected PCs. The index MC
4ð Þ
p is estimated by

M̂Cp
4ð Þ ¼ Π

m

i¼1
Ĉ
li
p;PCi

� �
1=Σli

(22)

where Ĉ p;PCi is given in Equation (19). Wang9 did not present any confidence interval for the index MC
4ð Þ
p . Because MC 3ð Þ

p and MC
4ð Þ
p both

are based on Cp; PCi , we follow the idea from Wang and Du6 and suggest the following approximate lower confidence bound for
MC

4ð Þ
p

Π
m

i¼1
Ĉp;PCi

ffiffiffiffiffiffiffiffiffiffiffiffi
w2n�1;a
n� 1

s0
@

1
A

li
0
B@

1
CA

1=Σli

(23)

4. The studied case: a thermal spraying process

The thermal spraying process can be characterized as a high temperature “spray painting” to protect the sprayed surface against (e.g.
heat, corrosion, erosion, etc.). In other words, it is a surface coating process in which melted or heated materials are sprayed onto a
surface. The spraying material, in powder or wire form, is fed into a hot gas jet flame (up to 15,000�C–20,000�C) where it is melted. For
a rough outline, see Figure 2. Depending on what a thermally sprayed coating should protect against (e.g. heat, corrosion, erosion,
etc.), different porosities are desirable. At the Volvo Aero Corporation, thermal spraying is performed, among others, on combustion
chambers for rocket nozzles and gas turbines to protect from heat. The capacity is one part at a time, and the porosity is measured
metallographically after spraying. There is a relation between the porosity and the in-flame variables, e.g. higher temperature and
higher velocity often mean lower porosity in the resulting coating. It would be preferable to secure the porosity during spraying
instead of afterward. One way to do this could be to calculate an MPCI of the in-flame variables, light intensity, temperature, and par-
ticle’s velocity in an effort to secure the final porosity.

The studied variables and their specification intervals are given in Table II. The target value is equal to the center of each specifica-
tion interval.

Our data set consists of 70 observations from the thermal spraying process (see Appendix A). We assume that the in-flame
variables are multivariate normally distributed. The normal probability plots of the individual X-variables do not contradict this
assumption, as can be seen in Figure 3 (a–c). Figure 4 shows that all observations fall within the tolerance region.

The in-flame variables are slightly correlated with the estimated correlation coefficients

r̂1;2 ¼ 0:22; r̂1;3 ¼ 0:23; r̂2;3 ¼ 0:29: (24)

The correlation coefficients are significantly different from 0 at a 5% significance level. The sample variance–covariance matrix equals

S ¼
1166:52 395:59 25:91
395:59 2862:48 51:84
25:91 51:84 11:22

2
4

3
5 (25)

and we obtain

jSj1=2 ¼ 5630:275: (26)

Figure 2. A rough outline of the thermal spraying process
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The PCA, based on the sample variance–covariance matrix, gives that PC1 and PC2 together explain 99.8% of the total variance. The

first two eigenvalues are l1 = 2951.3 and l2 = 1079.0, and the corresponding eigenvectors are u1
′ ¼ 0:217 0:976 0:019½ � and

u2
′ ¼ �0:976 0:217 �0:013½ � . The interpretation of the eigenvectors is that PC1 mainly includes information from X2, the

Table II. The studied in-flame variables and their specification intervals

Variable Light intensity (unitless) Temperature (�C) Velocity (m/s)

Notation X1 X2 X3
[LSLi,USLi] [394,603] [2295,2668] [98,128]
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Figure 3. (a–c) Normal probability plots of the in-flame variables: (a) X1, (b) X2, and (c)X3
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temperature variable, and PC2 mainly includes information from X1, the light intensity variable. The methods chosen to determine the
process capability estimate the potential capability only, for example, it does not take the process location or the closeness to target
into consideration. We now calculate the lower confidence bound for each studied MPCI using our data set.

4.1. Method 1

To calculate the lower confidence bound according to method 1, we first obtain

Vol R1ð Þ ¼ 4

3�p Π
3

1¼1
USLi � LSLi

2

� �
¼ 124072:42: (27)

By inserting the results from Equations (26) and (27), together with the chi-square value w23;0:9973 ¼ 14:16 into Equation (3), we

obtain M̂Cp
1ð Þ ¼ 0:98. To derive the 95% lower confidence bound for MC 1ð Þ

p , we then multiplied the estimated index, according to

Equation (4), with the factor 0.745 obtained from Table I for n = 70 and v = 3 and get the result 0.73.

4.2. Method 2

The calculation of the lower confidence bound pursuant to method 2 is carried out in the following manner. Because the correlation

coefficients are unknown, we will use the estimated correlation coefficients in Equation (24) to obtain an estimate, Â
�
, of the matrix A�

in Equation (9). In the following calculations, we will use Â
�
instead of A�. As noted in Section 3, this will affect the confidence level.

Then we get

Â
� ¼

771:17 302:84 25:49
302:84 2457:19 57:36
25:49 57:36 15:92

2
4

3
5 (28)

and

^jAj� ¼ 2:5459 �107 (29)

In Equation (11), we will now use ^jAj� in Equation (29) together with the result in Equation (26). This results in M̂Cp
2ð Þ ¼ 0:90. Sub-

sequently, we obtain the approximate 95% lower confidence bound forMC 2ð Þ
p , similar to method 1, by multiplying the estimated index

with the factor 0.745 according to Equation (12) and get the result 0.67.

4.3. Method 3

To calculate the lower confidence bound according to method 3, we first calculated the upper and the lower specification limits of the
PCs according to Equation (17) by using the results from the PCA earlier and get

LSLPC1 ¼ 2327:3; USLPC1 ¼ 2737:3; LSLPC2 ¼ �11:2; USLPC2 ¼ 112:2 (30)

Furthermore, to estimate the univariate index for each PC according to Equation (19), we use the results in Equation (30) together
with the eigenvalues l1 = 2951.3 and l2 = 1079.0 and obtain
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Figure 4. A three-dimensional scatterplot of the in-flame variables where the “box” equals the tolerance region
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Ĉ p;PC1
¼ 1:26 and Ĉ p;PC2

¼ 0:63: (31)

By inserting the results in Equation (31) into Equation (18), we obtained M̂Cp
3ð Þ ¼ 0:89. To find the 95% lower confidence bound for

MC 3ð Þ
p , we use the results in Equation (31) together with the chi-square value w269;0:05 ¼ 50:88 and m = 2 in Equation (20) and get the

result 0.77.

4.4. Method 4

To derive M̂Cp
4ð Þ, we use the result in Equation (31) and the eigenvalues l1 = 2951.3 and l2 = 1079.0, as weights, in Equation (22) and

obtained M̂Cp
4ð Þ ¼ 1:05. To obtain the 95% lower confidence bound, we use Equation (23) and insert the eigenvalues and the results

from Equation (31) together with the chi-square value w269;0:05 ¼ 50:88 and m = 2 and obtain the result 0.90.

Table III presents the summary of the results for all four methods. It can be noted that the lower confidence bounds for all four
methods are less than the threshold value 1. Therefore, none of the methods will deem the process as capable at the significance
level 5%.

Comparing the results of the four methods, it can be seen that the estimated indices are fairly similar, varying between 0.89 and
1.05. Method 3 has the smallest value and method 4 the largest. The lower confidence bounds vary more than the estimates, and here
method 2 gives the lowest bound (0.67) and method 4 the highest (0.90).

Note that the indices studied here do not take the process location or the closeness to target into consideration. Hence, the inter-
pretation of the result only concerns the potential process capability, which takes the process variation only into consideration.

5. Discussion

The purposes of this article are to investigate how some of the MPCIs and their confidence intervals, described in the scientific litera-
ture, perform in our case, compare the results and discuss the experiences of MPCIs and their confidence intervals. In the following
sections, we discuss some issues we have found of interest and want to emphasize.

5.1. Approximate confidence level

Pearn et al.8 derived the one-sided confidence intervals for MC 1ð Þ
p in Equation (4) with the exact confidence level 1�a. Because the

quantile F�1Y að Þ in Equation (4) may be difficult to calculate for large values of v, we derive, in Appendix B, a confidence interval with
an approximate confidence level of 1�a (see Equation (7)). Pan and Lee4 in their derivation considered the correlation coefficient rij
to be known. Because in practice usually rij needs to be estimated, this will affect the derivation of the confidence interval. Hence, the

interval by Pan and Lee4 has an approximate confidence level of 1�a only. The confidence interval for MC 3ð Þ
p in Equation (18) has an

approximate confidence level of 1�a, according to by Wang and Du6. They did not investigate how good their approximation is. The

confidence interval for MC
4ð Þ
p in Equation (23) is based on the same idea as of Wang and Du6 and hence has only an approximate

confidence level of 1�a.
For methods 2–4, it is of importance to know how good the approximations of the confidence levels are to trust the conclusions

drawn from them. It would be of interest to perform a simulation study to investigate this, especially for method 2. Methods 3 and 4
have other drawbacks that need to be rectified first (see Section 5.4). For method 1, the results in Table I indicate that the approximate
confidence interval in Equation (7) is fairly close to the exact interval. However, this needs to be investigated for v≥4.

5.2. Different index groups describe varying amount of information

In our comparison, we consider two indices on the basis of the ratio of a tolerance region to a process region (group 1) and two
indices on the basis of PCA (group 3). The definitions of the indices in the two groups diverge substantially. The indices in group 1
take all variables into consideration, whereas the indices in group 3 may include information from few variables only. For example,
when there are large differences between the variances of the variables and the variables are not highly correlated, each PC includes
information from mainly one variable. Because only a few numbers of PCs are selected, information from some variables might be left
out in the analysis. In our case, this is seen by the fact that PC1 includes information from mainly the temperature variable, X2, and PC2

Table III. Summary of the results obtained when applying the methods to the studied case

Method Estimated index Lower confidence bound (a = 0.05)

1. Pearn et al. 8 M̂Cp
1ð Þ ¼ 0:98 0.73

2. Pan and Lee4 M̂Cp
2ð Þ ¼ 0:90 0.67

3. Wang and Du6 M̂Cp
3ð Þ ¼ 0:89 0.77

4. Wang9 M̂Cp
4ð Þ ¼ 1:05 0.90
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includes information from mainly the light intensity variable, X1. This implies that methods 3 and 4 include information from mainly
two variables, X1 and X2, compared with methods 1 and 2 that include information from all three variables. One could question if it
matters that information on some variables are left out. The variables that do not have effect on the selected PCs may or may not be
of interest when estimating the process capability. This is an issue that would be investigated further.

However, there are also differences between the two indices within each group. According to the result by Pan and Lee,4 the index
in method 2 will always be smaller than the index in method 1 when the variables are highly correlated. When the correlations
between the variables are small, the indices will be approximately equal. The indices in both methods 3 and 4 are based on the pro-
duct of the univariate indices for the PCs. However, the first PCs obtain higher weight in method 4 than that in method 3. Hence, if the
univariate indices for the first PCs are the largest ones, the index in method 4 will always be larger than that in method 3.

If it is only of interest to follow the development of the process capability, to see if there is an improvement in the capability, either of
theMPCIs can be used. However, if the index also should reflect the probability of nonconformance for the quality characteristic studied, it
is of importance to relate the actual index value to the probability of nonconformance. This will be discussed in the next section.

5.3. Probability of nonconformance

The probability of nonconformance, P (NC), is the probability that the quality characteristic falls outside the tolerance region. For a
process to be capable, P (NC) should be small. What is considered to be small may differ in different situations. When process capabil-
ity indices started to gain acceptance in the 1980s, a requirement for a capable process was that P (NC)<0.0027. In the univariate case,
with a process on target, this corresponds to Cp > 1. Using a simple example, we now demonstrate that this correspondence not
necessarily holds for the MPCIs.

Consider the very simple situation when the studied variable has a known two-dimensional multivariate normal distribution with
the parameters

m′ ¼ 0 0½ �; Σ ¼ 0:195 0:176
0:176 0:195


 �
(32)

This means that the variables X1 and X2 are highly correlated with r12 = 0.9. Furthermore, let the specification interval be [�1,1] for

each variable. In this situation, we obtain MC 1ð Þ
p ¼ 1:0 using Equation (2). However, the probability that the variable (X1,X2)′ falls out-

side the tolerance region is P (NC) = 0.034. This means that, for this example, we do not have the required correspondence between

MC 1ð Þ
p ¼ 1:0 and P (NC). Furthermore, P(NC) is much larger than 0.0027. If we calculate MC 2ð Þ

p according to Equation (10) for this exam-

ple, we obtain MC 2ð Þ
p ¼ 0:4, which reflects the large probability of nonconformance better than MC 1ð Þ

p ¼ 1:0.

The variance–covariance matrix Σ in Equation (32) has eigenvalues and eigenvectors l1 = 0.3705 and l2 = 0.0195 and u′
1 ¼

0:707 0:707½ � and u′
2 ¼ 0:707 �0:707½ �, respectively. Because the first PC explains 95% of the total variance, we use m=1, which

implies that MC 3ð Þ
p ¼ MC 4ð Þ

p . According to Equations (15) and (21), we obtain MC 3ð Þ
p ¼ MC 4ð Þ

p ¼ 0:8, which is in between the values of

MC 1ð Þ
p and MC 2ð Þ

p and also reflects the large probability of nonconformance better than MC 1ð Þ
p ¼ 1:0: For a summary of the results, see

Table IV. From Table IV, we see that when r12=0.9, the values of the indices vary quite a lot although the P(NC) = 0.034 is constant.
Let us now change the variance–covariance matrix to

Σ ¼ 0:089 0:027
0:027 0:089


 �
(33)

without changing m′. The variables X1 and X2 are now moderately correlated with r12 = 0.3, and we obtain P (NC) = 0.0016, which is
smaller than 0.0027. In this situation, we have MC 1ð Þ

p ¼ 0:99 and MC 2ð Þ
p ¼ 0:95.

Comparing the result of MC 1ð Þ
p when r = 0.3 and r = 0.9 shows what Pan and Lee4 discovered about the index MC 1ð Þ

p . The modified

tolerance region in MC 1ð Þ
p by Taam et al.13 does not capture the correlation structure properly when there is high correlation between

the quality characteristics and hence misjudge the process capability.
The variance–covariance matrix Σ in Equation (33) has eigenvalues and eigenvectors l1 = 0.1157 and l2 = 0.0623 and u′

1 ¼
0:707 0:707½ � and u′

2 ¼ 0:707 �0:707½ �, respectively. Only 65% of the variation is explained by PC1, which is quite low and implies
that we should choosem = 2. However, problems appear when calculating the upper and the lower specification limits for PC2 accord-
ing to Equation (17), when m = 2. It turns out that both specification limits become zero. As a consequence, we have Cp;PC2 ¼ 0, and

hence MC 1ð Þ
p ¼ MC 2ð Þ

p ¼ 0. If we instead use only the first PC we find, according to Equations (15) and (21), MC 3ð Þ
p ¼ MC 4ð Þ

p ¼ 1:4. The

values of these indices are much larger than the values of MC 1ð Þ
p and MC 2ð Þ

p . Furthermore, because PC1 captures only 65% of the

Table IV. Summary of results by the four methods for the simple theoretical example

r12 P (NC) MC 1ð Þ
p MC 2ð Þ

p MC 3ð Þ
p MC

4ð Þ
p

0.9 0.034 1.0 0.4 0.8 0.8
0.3 0.0016 0.99 0.95 1.4 1.4
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variability, methods 3 and 4 seem less reliable in this case. From Table IV, we see that also when r12 = 0.3, the values of the indices

vary quite a lot although the difference between MC 1ð Þ
p and MC 2ð Þ

p is small.
It may not be possible to define an MPCI such that if its value equals 1, the probability P (NC) = 0.0027. However, is seems as a

reasonable requirement that if the value of an MPCI equals 1, then P(NC) ≤ 0.0027. It is clear from the previous example that the index

MC 1ð Þ
p by Taam et al.13 does not meet this requirement. Further studies are needed to find out if this is the case for the other indices.

5.4. Specification limits

As mentioned in the Section 1, Shinde and Khadse12 discovered a major problem with how Wang and Chen15 and Wang and Du6

obtained the transformed tolerance region when using MPCIs based on PCA. Shinde and Khadse12 pointed out that the tolerance
region for the PCs has to be calculated as follows. From Equation (13) and the property that the eigenvectors are orthogonal, we
obtain

X1 ¼ u11PC1 þ u21PC2 þ . . .þ uv1PCv

X2 ¼ u12PC1 þ u22PC2 þ . . .þ uv2PCv
:
:
Xv ¼ u1vPC1 þ u2vPC2 þ . . .þ uvvPCv

(34)

Because LSLi < Xi < USLi, i = 1,2,. . .,v, the tolerance region for the PCs should be obtained from the following inequalities:

LSL1 < u11PC1 þ u21PC2 þ . . .þ uv1PCv < USL1
LSL2 < u12PC1 þ u22PC2 þ . . .þ uv2PCv < USL2
:
:
LSLv < u1vPC1 þ u2vPC2 þ . . .þ uvvPCv < USLv

(35)

As an example, if we insert the values of the eigenvectors from the example in Section 5.3 into Equation (35), we obtain

�1 ≤ 0:707 � PC1 þ 0:707 � PC2 ≤ 1
�1 ≤ 0:707 � PC1 � 0:707 � PC2 ≤ 1:

(36)

It is easily seen that the tolerance region that satisfies the inequalities in Equation (36) is the parallelogram in Figure 5.
The correct tolerance region for (PC1,PC2) in Figure 5 can be compared with the tolerance region proposed by Wang and Chen,15

which degenerated because LSLPC2 ¼ USLPC2 ¼ 0 (see Section 5.3). This simple example clearly shows that the definition of the toler-

ance region for the PCs by Wang and Chen15 does not work well. This is a major drawback of the indices MC 3ð Þ
p and MC 4ð Þ

p .

If the correct tolerance region in Figure 5 is to be used in the index MC 3ð Þ
p or MC

4ð Þ
p , a new problem occurs because it is not obvious

how to define the specification limits for the selected PCs when the tolerance region no longer is a rectangle. The specification limits
for PC1 depend on the value of PC2 and the other way around. When the dimension is v > 2, this problem becomes even more com-

plicated than when v = 2. This issue has to be solved before an index similar to MC 3ð Þ
p and MC

4ð Þ
p can be recommended for use.

5.5. PCA computed on the variance–covariance or the correlation matrix

In the articles we have found that use PCA to form MPCIs, the eigenvalues and the eigenvectors in the examples are always calculated
using the variance–covariance matrix. This is the case even if the variances of the individual variables vary a lot or the variables are

Figure 5. The correct tolerance region for PC1 and PC2 obtained from (35)
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measured on scales with widely different ranges. In such situation, the general recommendation when doing PCA is to use the cor-
relation matrix instead of the variance–covariance matrix. However, methods 3 and 4 give quite different results, depending on which
matrix is used in the PCA. This is illustrated in Table V, where our studied case is used. These differences can be explained by the way
the specification limits for the PCs are calculated according to Wang and Chen15 and Wang and Du.6 Figure 6 shows the tolerance
regions for the PCs when the correlations and the variance–covariance, respectively, are used. If the correct way, described in Section
5.4, is used to obtain the tolerance region for the PCs, it does not matter which matrix is used in the PCA. However, the problem of
finding the specification limits for each selected PC remains.

5.6. Concluding remarks

Among the four considered indices with confidence intervals for MPCI, the index MC 2ð Þ
p in Equation (10) with confidence bound in

Equation (12) by Pan and Lee4 seems to be the one to prefer, when the correlations among the univariate quality characteristics
are high. Its drawback is that confidence level is approximate, and we do not know how good this approximation is. The index

MC 1ð Þ
p in Equation (2) by Taam et al.13 does not capture the correlation structure properly when the correlations are high between

the univariate quality characteristics and hence misjudge the process capability with respect to the probability of nonconformance.

We show by an example in Section 5.3 when r = 0.9 and MC 1ð Þ
p ¼ 1 the probability of nonconformance P(NC)=0.034, which is much
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Figure 6. The PC scores and the tolerance region for the PCs according to Wang and Du,6 when the PCA is based on (a) the correlation matrix and (b) the variance–
covariance matrix

Table V. The estimated MPCIs and the lower confidence bounds for our case using methods 3 and 4, when the correlation and
variance–covariance matrix, respectively, are used in the PCA (a = 0.05)

Method Correlation matrix Variance–covariance matrix

Method 3 (Wang and Du6) M̂Cp
3ð Þ ¼ 3:22 M̂Cp

3ð Þ ¼ 0:89
Lower confidence bound: 1.54 Lower confidence bound: 0.77

Method 4 (Wang9) M̂Cp
4ð Þ ¼ 1:79 M̂Cp

4ð Þ ¼ 1:05
Lower confidence bound: 1.53 Lower confidence bound: 0.90
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higher than P(NC)=0.0027. However, when the correlations among the univariate quality characteristics are small or moderate, as in
our case, the methods by Pan and Lee4 and Taam et al.13 are fairly similar, and the problem with nonconformance does not seem to

occur. Then, the index MC 1ð Þ
p in Equation (2) with confidence bound in Equation (4) by Pearn et al. 8 has the advantage that the con-

fidence level is exact. Furthermore, we have derived an approximation of the confidence bound in Equation (4), which is easier to
calculate than the exact bound and works well for moderate sample sizes.

The MPCIs MC 3ð Þ
p in Equation (15) and the MC

4ð Þ
p in Equation (21) based on the PCA transform the tolerance region in an inappropri-

ate way, which strongly affect the result. Shinde and Khadse12 presented the appropriate way to calculate the transformed tolerance
region for the PCs, which, however, becomes complicated for v > 2. Furthermore, it is far from obvious how to obtain the individual
specification intervals for each selected PC from this transformed tolerance region. Instead of investigating this problem, Shinde and
Khadse12 proposed a new probability-based index using the selected PCs. However, they did present only a point estimate of their
index and no confidence interval or test. Hence, it cannot be used to draw conclusions with a given confidence or significance level.

It is clear from the earlier discussion that more research is needed to obtain an MPCI with confidence interval, such that conclu-
sions about the process capability can be drawn at a known confidence or significance level and that a stated value of the MPCI at
least limit the probability of nonconformance in a known way.

Appendix A

Table A1. The data set from Volvo Aero Corporation, 2010, used in our case

Sample
no.

Light
intensity
(unitless)

Temperature
(�C)

Velocity
(m/s)

Sample
no.

Light
intensity
(unitless)

Temperature
(�C)

Velocity
(m/s)

1 543 2525 111 36 514 2434 118
2 508 2510 112 37 574 2420 115
3 524 2488 108 38 535 2465 110
4 553 2500 109 39 541 2459 110
5 556 2580 115 40 536 2457 110
6 540 2568 118 41 536 2448 110
7 535 2544 112 42 495 2401 103
8 537 2523 112 43 536 2434 114
9 496 2509 108 44 477 2450 116
10 543 2537 110 45 560 2475 113
11 518 2590 116 46 550 2495 112
12 566 2574 116 47 558 2559 115
13 533 2535 106 48 498 2432 109
14 524 2547 105 49 519 2379 109
15 570 2564 108 50 600 2424 112
16 504 2507 108 51 554 2466 112
17 539 2532 109 52 556 2473 112
18 522 2558 109 53 577 2456 110
19 500 2526 111 54 543 2496 108
20 539 2557 116 55 540 2431 108
21 511 2530 111 56 473 2514 104
22 567 2535 109 57 468 2582 112
23 561 2518 110 58 491 2551 112
24 570 2528 107 59 488 2452 106
25 516 2538 110 60 458 2401 106
26 439 2488 111 61 484 2478 113
27 498 2555 118 62 490 2425 106
28 531 2495 115 63 515 2464 109
29 554 2514 114 64 483 2453 111
30 536 2495 115 65 501 2474 114
31 580 2416 111 66 479 2432 111
32 495 2400 109 67 483 2433 109
33 567 2496 113 68 498 2427 111
34 536 2476 112 69 457 2438 111
35 528 2449 111 70 474 2397 105
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Appendix B

According to Anderson18 (p268),

ffiffiffi
n

p jSj
jΣj � 1

� �
(B1)

is asymptotically normally distributed with mean 0 and variance 2v. In accordance with the previous result, we obtain that

P

ffiffiffi
n

p jSj
jΣj � 1
� �
ffiffiffiffiffi
2v

p > �la
0
@

1
A � 1� a (B2)

where la denotes the (1�a) quantile of the N(0,1) distribution.
This can be rewritten as

P
jSj
jΣj > 1� la

ffiffiffiffiffi
2v

pffiffiffi
n

p
� �

� 1� a (B3)

Because

jSj
jΣj ¼

MC 1ð Þ
p

� �2

M̂C
1ð Þ
p

� �2 (B4)

we obtain

P M̂C
1ð Þ
p

� �2

1� la
ffiffiffiffiffi
2v

pffiffiffi
n

p
� �

< MC 1ð Þ
p

� �2
� �

� 1� a (B5)

Thus, the lower confidence bound for MC 1ð Þ
p with an approximate confidence level of 1�a equals

M̂Cp
1ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� la

ffiffiffiffiffi
2v

pffiffiffi
n

p
� �s

: (B6)
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Abstract

Often the quality of a process is determined by several correlated univariate variables.
Various different multivariate process capability indices (MPCI:s) have been developed 
for such a situation, but confidence intervals or tests have been derived for only a hand-
ful of these. We present, under the assumption of multivariate normality, a new MPCI 
by applying principal component analysis (PCA) to a set of suitably transformed va-
riables. We also propose a decision procedure, based on a test of this new index, to be 
used to decide whether a process can be claimed capable or not at a stated significance 
level. This new MPCI and its accompanying decision procedure avoid drawbacks found 
for previously published MPCIs with confidence intervals. By transforming the original 
variables we need to consider the first principal component only. Hence a multivariate 
situation can be converted into a familiar univariate process capability index. Further-
more, the proposed new MPCI has the property that if the index exceeds a given thre-
shold value the probability of non-conformance is bounded by a known value. Proper-
ties, like significance level and power, of the proposed decision procedure is evaluated 
through a simulation study in the two-dimensional case. A comparative simulation 
study between our new MPCI and an MPCI previously suggested in the literature is al-
so done. These studies show that our proposed MPCI with accompanying decision pro-
cedure has desirable properties and is worth to study further. 

Keywords: multivariate process capability index; multivariate normal distribution; 
transformed variable; principal component analysis; pC ; significance level; power
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1. Introduction

A capability index measures how well a process performs relative to its pre-determined 
specifications for some quality characteristic. It is getting more and more common that 
the quality characteristic of interest is multivariate, i.e. the studied quality characteristic 
consists of several correlated variables. In such a situation a multivariate process capa-
bility index (MPCI) is needed to summarize the process capability into one single num-
ber. In practice, a random sample is used to estimate the process capability index. 
Hence, conclusions about process capability must be based on a confidence interval or 
a test for the MPCI. There are several different MPCIs described in the literature, but 
confidence intervals or tests have been derived for only a handful of these, see Tano & 
Vännman1. The ones found by Tano & Vännman1 are by Wang & Du2, Wang3, Pearn et 
al.4, and Pan & Lee5. Tano & Vännman1 investigated the performance of these four
MPCIs and their confidence intervals in a case study. Among these four indices the in-
dex by Pan and Lee5 seemed to be the one to prefer, especially when the correlations 
among the univariate quality characteristics are strong. However, it has a drawback 
since the confidence level is only approximate and it is, so far, not known how accurate 
this approximation is. Furthermore, a major drawback with the two considered MPCIs 
based on principal component analysis (PCA) was elucidated. Tano & Vännman1 con-
cluded that more research is needed to obtain an MPCI with a confidence interval or 
test, such that conclusions about the process capability can be drawn at a known confi-
dence or significance level and that a stated value of the MPCI at least limits the prob-
ability of non-conformance, ( )P NC , in a known way. 

From a practitioner’s point of view it would be of importance if it is viable to con-
vert the multivariate situation into a familiar univariate process capability index. Then 
also well-known theory for univariate process capability indices can be used to form 
confidence intervals and tests for drawing conclusions about process capability in the 
multivariate situation. Furthermore, it is also essential that the knowledge that the pro-
cess capability index exceeds a stated number implies that the probability of non-con-
formance, or an upper bound of it, is known. 

In this paper we investigate the possibility to form a MPCI, based on a familiar uni-
variate process capability index, by applying PCA to a set of suitably transformed vari-
ables and suggest a new MPCI. We also strive for this new MPCI to have the property 
that a stated value of the MPCI at least limits the probability of non-conformance in a 
known way. Furthermore, we suggest a decision rule, based on a random sample, for 
drawing conclusions about the process capability at a stated significance level and in-
vestigate properties of this decision rule by a simulation study. We restrict our attention
to the simplest form of a MPCI, pMC , measuring the potential capability only. The 
corresponding process capability index in the univariate case, measuring potential ca-
pability, is the well-known index introduced by Juran6
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,
6p

USL LSLC
�
�

� (1)

where [ , ]LSL USL is the specification interval for the univariate characteristic and � is 
the process standard deviation of the in-control process. 

In the next section we describe our proposed new MPCI. In Section 3 we study the 
relation between the index value and the probability of non-conformance. A decision 
rule to be used, when trying to show that the process is capable, is outlined in Section 4. 
In Section 5 we investigate, through a simulation study, the significance level and 
power of our proposed decision rule, for the case of a two-dimensional quality variable. 
This section is then followed by a comparative simulation study between our new deci-
sion rule and the decision rule suggested by Pan & Lee5 when having a two-dimen-
sional quality variable. Thereafter we apply our new MPCI on a data set by Sultan7,
which has often been used in articles about MPCIs. In the last section some conclusions 
are presented.

2. A proposed MPCI

First we state the assumptions and notations used. Let 1 2( , ,..., ) 'vX X X�X denote the 
studied v-dimensional quality characteristic. We assume that X is distributed according 
to a multivariate normal distribution ( , )vN � � , where � is the mean vector and � the 
variance-covariance matrix. We assume that each univariate quality characteristic iX
has a given specification interval [ , ],  1, 2,...i iLSL USL i v� . Hence the tolerance region 
for X is a hyper-rectangular region. We define the process as capable if the proposed 
process capability index exceeds a given threshold value, denoted by 0k . In the litera-
ture dealing with MPCIs it is common to let 0 1k � . However, as will be shown in Sec-
tion 3, this will not be the case here.

We will use PCA when trying to form a new index. PCA creates linear combinations 
of the original variables, called principal components (PCs). The first PC is the linear 
combinations of the original variables that accounts for as much of the variability in the 
data as possible and each succeeding PC accounts for as much of the remaining variabi-
lity as possible. Furthermore the PCs are uncorrelated. The PCs are derived using the 
eigenvalue decomposition of a variance-covariance matrix. For more details about 
PCA, see, e.g. Johnson and Wichern8.

We are looking for a way to capture as much information as possible about the pro-
cess capability in the first PC. If we apply PCA on the variance-covariance matrix of X
the first PC will contain as much variability in the original data as possible. But if a uni-
variate variable, iX , has a large variance, and dominate the first PC, it does not neces-
sarily imply that this variable is non-capable. Its capability depends on the relation to its 
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specification interval. Furthermore, when doing a PCA most books recommend stan-
dardization before the eigenvalue decomposition, when variables are measured on dif-
ferent scales to obtain variables that arise “on an equal footing”. Based on these aspects 
we now suggest a transformation of the original variables , 1,2,...,iX i v� to obtain new 
variables on a common scale, such that those with largest variability relative to its 
specification interval will contribute substantially in the first PC. The proposed trans-
formation is

, 1,2,..,i i
TVi

i

X MX i v
d
�

� � . (2)

In Equation (2), iM denotes the midpoint of i:th specification interval and id denotes 
half the length of the of i:th specification interval, i.e.

2
i i

i
USL LSLM 


� and 
2

i i
i

USL LSLd �
� (3)

Using the transformation in Equation (2) each univariate variable TViX will have the 
same specification interval [ 1,1],  1,2,...i v� � . Hence the tolerance region for

1 2( , ,..., ) 'TV TV TV TVvX X X�X is a hypercube. The effect of the transformation is illus-
trated in Figure 1, where 3v � . It can be seen that the X -variable, before the transfor-
mation, with the smallest variance but most spread out relative its specification limits,
i.e. 2X , becomes the transformed variable 2TVX with largest variance.

X TVX

Figure 1. An illustration of how the transformation affects the distribution of TViX .

The vector of transformed variables TVX is distributed according to a multivariate 
normal distribution, ( , )v TV TVN � � . Since we here only study potential capability we as-
sume TV �� � , which corresponds to that each original variable has expected values 

LSLX1                                   USLX1

LSLX3                                                                     USLX3

LSLX2 USLX2

the distribution of X
-1      0 1

-1      0 1

-1      0 1
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equal to the midpoint of the specification interval. The variance-covariance matrix TV�
is TV �� ��� , where D is the diagonal v v. matrix with 1/ , 1,2,...,id i v� on the di-
agonal.

We now apply PCA on TVX with variance-covariance matrix TV� . Let 
� 	 � 	 � 	1 2 2, , , ,..., ,v v) ) )1u u u denote the eigenvalue–eigenvector pairs of the variance-co-
variance matrix TV� . The v principal components PCs are formed as linear combina-
tions of the transformed variables, 1 2, ,...,TV TV TVvX X X

1 1 11 1 12 2 1

2 2 21 1 22 2 2

1 1 2 2

...

...

...

TV TV TV v TVv

TV TV TV v TVv

v v TV v TV v TV vv TVv

PC u X u X u X

PC u X u X u X

PC u X u X u X

*� � 
 
 


*� � 
 
 


*� � 
 
 


u X

u X

u X

�
(4)

The PCs are orthogonal to one another and ordered according to their variances. The 
first PC, 1PC , has the largest variance, the second PC, 2PC , the second largest vari-
ance, and so on. The eigenvalue, i) ,,is the variance of the ith PC, 1,2,...,i v� . Further-
more, the length of the eigenvectors equals 1, i.e. 1, 1,2,...,i i i v* � �u u . When the vari-
ables are correlated the main variability is captured by the first ,m m v� , PCs. The re-
maining v m� PCs are considered to contain mostly random noise. The eigenvector, 

iu , shows the direction of each iPC . The v -dimensional PC-vector is distributed ac-
cording to a multivariate normal distribution ( , )� �PC PCN , where PC �� � and PC� is a
diagonal v v. matrix with , 1,2,...,i i v) � on the diagonal.

According to the reasoning above, the variables with largest variability relative to its 
specification interval, i.e. the variables that are least capable, will be contribute substan-
tially in the first PC. If 1PC indicates a capable process all other PCs will also indicate 
a capable process, since their variances are smaller. On the other hand if 1PC indicates
a non-capable process it does not matter if any of the other PCs indicate a capable pro-
cess. It is still not possible to claim the process to be capable. Based on this argument 
we consider it worth investigating if 1PC can be used to define a capable process and if 
it is possible to obtain a decision procedure to test for a capable process. 

If we are going to define a capability index using 1PC we need to find the specifica-
tion interval for 1PC . We do that by first deriving the tolerance region for the PC vec-
tor. From Equation (4) and the property that the eigenvectors are orthogonal we get

1 11 1 21 2 1

2 12 1 22 2 2

1 1 2 2

...
...

... .

� 
 
 

� 
 
 


� 
 
 

�

v v

v v

v v v vv v

X u PC u PC u PC
X u PC u PC u PC

X u PC u PC u PC

(5)
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Since the specification intervals for iX are 1 1, 1,2,..., ,iX i v� � � � the tolerance re-
gion for the PC vector is obtained from the following inequalities 

11 1 21 2 1

12 1 22 2 2

1 1 2 2

1 ... 1
1 ... 1

1 ... 1.

� � 
 
 
 �
� � 
 
 
 �

� � 
 
 
 �
�

v v

v v

v v vv v

u PC u PC u PC
u PC u PC u PC

u PC u PC u PC

(6)

The inequalities in Equation (6) describes a region in the v -dimensional space. When 
2v � this region is a parallelogram and when 3v � it is a parallelepiped. When 3v �

the tolerance region gets more complex. 
We argue as follows to obtain a reasonable specification interval for 1PC from the v

inequalities in (6). In order to obtain the specification interval for 1PC , we look for val-
ues of , 2,3,...iPC i v� that maximize the variability in the 1PC -direction. Then these 
values are substituted in Equation (6) and the narrowest interval obtained for 1PC is 
used as the specification interval for 1PC . By choosing the narrowest interval we will 
not overestimate the process capability. We illustrate this reasoning for an example
when 2v � . Figure 2 shows the 95% contour for the bivariate normal distribution of 
the PC vector together with the tolerance region for the PC vector obtained from (6) 
when 2v � . From Figure 2 we see that the variation in 1PC -direction, for a fixed con-
tour, will be largest when 2 0PC � . When 2v � the same is true for 

2 3 ... 0vPC PC PC� � � � . Replacing all PCs except 1PC with zero in formula (6) we get

1
11 11

1
12 12

1
1 1

1 1

1 1

1 1

�
� �

�
� �

�
� �

�

v v

PC
u u

PC
u u

PC
u u

(7)

The narrowest specification interval is then obtained if we choose the upper and lower 
specification limit for 1PC as

1
1

1
maxPC

i

USL
u

� and 
1

1

1
maxPC

i

LSL
u

� � , respectively, (8)

where 1max iu is the maximum absolute value of the components in the first eigenvec-
tor.
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Figure 2: The 95% contour for the bivariate normal distribution of the PC vector together with 
the tolerance region when � 2v in four cases, where ' is the correlation coefficient and � ii

denotes the variance of �, 1,2iX i .

We now define our proposed MPCI based on 1PC in accordance with Equation (1) 
as

1 11 1
,

1 1 1 1

1 1
max max 1

6 6 max 3
i iPC PC

p TV
PC i

u uUSL LSLC
u� ) )

� �
� �� �

� � �� � � , (9)

where 1) is the largest eigenvalue and the variance of 1PC .

3. Threshold value, k0

When a new process capability index is proposed it is reasonable to ask the question: 
What threshold value, 0k , should be used for the index to define the process as capa-
ble? When the univariate index pC was introduced in the mid-1970th, 1pC � was con-
sidered to define a capable process, i.e. the threshold value was 0 1k � . If the mean of 
the process equals the mid-point of the specification interval, 1pC � corresponds to 

( ) 0.0027P NC � . Later on the threshold value has changed to larger values for the uni-
variate indices, e.g. 0 4 / 3,1.5,2k � . For MPCIs the threshold value 0 1k � seems to be 
commonly used in the literature. In Tano & Vännman2 it was pointed out that for some 
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already existing MPCIs a threshold value 0 1k � can imply that ( ) 0.0027P NC � ,
which is not a desirable property. In order to avoid this drawback we put the question: 
Can we find a threshold value, 0k , such that if , 0p TVC k� then ( ) 0.0027P NC � ?

To try to answer this question we consider the case 2v � . Let 11� and 22� denote 
the variance of 1TVX and 2TVX , respectively, and let ' denote the correlation coeffi-
cient between 1TVX and 2TVX in the 2-dimensional normal distribution for 
� 	1 2,TV TVX X * . We show in Appendix 1 that, when 0' / , ,p TVC can be expressed in the 
parameters as

� 	

� 	

2

2

,
22

1
1

4

3 1
2

p TV

c B
cC

c B

'
�

� 




�

 


, (10)

where

� 	2 21 4 '� � 
B c c and 11

22

0 1c �
�

� � � . (11)

Note that, the assumption 1c � is no limitation, since if 1c � we can let 1TVX and 

2TVX change place. Alternatively, we can define 2TVX as the variable with the largest 
variance. When 0' � we get, see Appendix 1,

,
22

1
3p TVC
�

� . (12)

For the case 1c � , i.e. when 2
11 22� � �� � , and 0' / then ,p TVC in (10) reduces to

,
1 2

3 1
p TVC

� '
� �



(13)

Note that, when 2
11 22� � �� �

,
2

3p TVC
�

0 , when 0,' 0 while ,
1

3p TVC
�

� , when 0' � . (14)

If , 1p TVC � the probability ( )P NC is not constant, but depends of two of the three 
parameters in the 2-dimensional normal distribution. To illustrate this we consider the 
special cases when 0.1c � , 1c � and plot ( )P NC , given that , 1p TVC � , as a function 
of ' , 0 1'� � . See, Figures 3 a) and 3 b).
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a) 0.1c � b) 1c �
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Figure 3. ( )P NC given that �, 1p TVC , as a function of ' '� �,  0 1 when a) � 0.1c and b) � 1c .

From Figure 3 we can see that ( ) 0.0027P NC � for several combinations of c and 
' . If the values of ' and c would have been known we would have determined 22�
such that � 	 0.0027P NC � and then let 0k be equal to the value of ,p TVC with these 
known values in (10). To obtain the threshold value 0k we keep ' and c fixed and then 
numerically find the value of 22� that will give � 	 0.0027P NC � . This is illustrated in 
Figure 4 for the case when 0.7' � . In Appendix 2 additional figures for other ' -val-
ues are given together with the different combinations of the parameters 22, ,  and c ' �
that give � 	 0.0027P NC � .

0.31 0.315 0.32 0.325 0.33 0.335 0.341

1.5

2

2.5

3

3.5

4x 10

P(
N

C
)

c=0.6
c=0.5

c=0.7

c=1.0 c=0.9 c=0.8

P(NC)=0.0027

22�

Figure 4: ( )P NC as a function of � 22 for ' � 0.7 and � 0.5,0.6,...,1c . The horizontal line 
shows �( ) 0.0027P NC

Note that 22� needs to be varied with c and ' to obtain � 	 0.0027P NC � . From 
Figure 4 and the figures in Appendix 2 we can also see that ( )P NC is increasing as a 
function of 22� for fixed values of ' and c. This means that ( )P NC is decreasing as a 
function of ,p TVC for fixed values of ' and c according to Equation (10). 

10E-3

10E-3
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Table 1 gives the values of 0k that corresponds to ( ) 0.0027P NC � for 
0.1,0.2,...,1c � and 0.1,0.2,...0.9,0.95' � . Hence we have found threshold values 0k

such that if , 0p TVC k� then ( ) 0.0027P NC � . The values of 0k in Table 1 vary between 
1.0000 and 1.4367. The smallest values of 0k is obtained when both c and ' are 
small. It can be seen that for 0.1 0.4c� � the value of 0k only varies between 

01.00 1.02k� � and does not depend very much of ' . The largest values of 0k are ob-
tained when 1c � , i.e. when 11 22� �� , and ' is small.

Table 1: Values of the threshold value 0k corresponding to �( ) 0.0027P NC for different values 
of '  and c .

c
'' 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.10 1.0000 1.0003 1.0009 1.0022 1.0055 1.0139 1.0337 1.0785 1.1856 1.4367
0.20 1.0002 1.0011 1.0032 1.0075 1.0161 1.0339 1.0683 1.1300 1.2307 1.3755
0.30 1.0005 1.0023 1.0063 1.0137 1.0268 1.0497 1.0876 1.1449 1.2240 1.3216
0.40 1.0008 1.0035 1.0091 1.0187 1.0338 1.0571 1.0918 1.1398 1.2014 1.2735
0.50 1.0010 1.0045 1.0111 1.0213 1.0359 1.0567 1.0858 1.1247 1.1734 1.2303
0.60 1.0012 1.0050 1.0117 1.0212 1.0338 1.0507 1.0737 1.1046 1.1435 1.1898
0.70 1.0012 1.0049 1.0108 1.0187 1.0283 1.0407 1.0579 1.0816 1.1127 1.1507
0.80 1.0011 1.0040 1.0085 1.0140 1.0203 1.0281 1.0394 1.0565 1.0809 1.1124
0.90 1.0007 1.0024 1.0048 1.0076 1.0107 1.0141 1.0191 1.0288 1.0460 1.0717
0.95 1.0004 1.0013 1.0025 1.0039 1.0054 1.0070 1.0089 1.0136 1.0254 1.0476

Based on the results in this section we now proceed and suggest a decision rule to be 
used when trying to deem a process capable, based on a random sample, at a stated sig-
nificance level. 

4. A decision rule for Cp,TV

In most situations the parameters of the distribution for the studied quality characteris-
tic are unknown. Hence, a random sample is needed to estimate the parameters and 
form an estimated index and a decision rule to decide whether a process can be claimed 
capable at a stated significance level, & . Let 1 2, ,..., nX X X be a random sample from the 
multivariate normal distribution ( , )vN � � measuring the studied v-dimensional quality 
characteristic. In order to estimate the index ,p TVC the observations are first trans-
formed according to Equation (2) to obtain 1 2, ,...,TV TV TVnX X X . Then the variance-
covariance matrix TV� is estimated by the sample variance-covariance matrix TVS
based on the observations 1 2, ,...,TV TV TVnX X X . We then calculate the first eigenvector, 

1ˆ iu , and the first eigenvalue, �1) of TVS . A possible estimator of ,p TVC is then



11

�
� �

,

1 1

1

max 3
p TV

i

C
u )

� . (15)

Note that, the first eigenvalue �
1) of TVS is equal to the sample variance of the scores of 

1PC and the scores are normally distributed. See e.g., Johnson and Wichern8.

When estimating ,p TVC we need to estimate not only 1) but also the specification 
limits of 1PC , since they depend on the unknown first eigenvector of TV� . If the esti-
mator �

,p TVC in Equation (15) is used but the specification limits had been known, in-
stead of estimated, we could use the theory derived for estimating the univariate index 

pC to form a decision rule. For the univariate index pC a lower confidence bound with 
confidence level 1 &� is given by

�
2

1, ,
1

n
pC

n
& �

�
(16)

where 2
1,& �n denotes the & quantile of a 2 -distribution with 1�n degrees of freedom 

and the variance is estimated by the sample variance. See, e.g. Pearn et al 9, page 12. By 
substituting �

pC with �
,p TVC we can form a possible lower confidence bound for ,p TVC .

However, since the specification limits of 1PC are estimated we can only conclude that
the confidence level is approximately 1 &� . To form a decision rule we consider the 
hypotheses 

0 , 0

1 , 0

:

: ,
p TV

p TV

H C k
H C k

�

�
(17)

where 0k is the threshold value for a capable process. When 2v � the threshold value 
is given in Table 1. If 0k had been known we could compare the lower confidence 
bound for ,p TVC with 0k . However, the threshold value depends on unknown parame-
ters. For the case 2v � , we suggest to estimate c by the ratio of the sample variances, 

11 22ˆ /c S S� , and ' by the sample correlation coefficient, '̂ , and then estimate 0k by 
using the value from Table 1 when ĉ and '̂ have been rounded to the nearest entrance 
in Table 1. We denote this value by 0̂k . Note that the estimators are calculated for the 
sample 1 2, ,...,TV TV TVnX X X . We suggest the following decision rule to deem a process 
capable:

Reject 0H if �
2

1,
, 0̂1

n
p TVC k

n
& � �

�
(18)

The next step is then to perform a simulation study to investigate the properties of 
the suggested decision rule in Equation (18). It is of interest to find out if the signifi-
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cance level is at most & . The significance level is the probability to reject the null hy-
pothesis when it is true or, equivalently, the probability to deem the process capable 
when it is not. Note that, since both the specification limits of 1PC and 0k are esti-
mated in Equation (18) we do not know the actual significance level. It is also of inter-
est to study the power of the test, i.e. the probability to deem the process capable when 
it is capable.

5. A simulation study

In order to estimate the actual significance level for the decision rule in Equation (18)
we need to simulate data under the assumption that the null hypothesis in Equation (18) 
is true. We consider the case 2v � . Furthermore, the chosen 0k values are the values in 
Table 1, which means that ( ) 0.0027P NC � . Hence, we simulate data from a 2-dimen-
sional multivariate normal distribution with mean vector TV �� � and variance-covari-
ance matrix

22 22

22 22

TV

c c

c

� '�

'� �

� �
� � �� �
� �

� (19)

where 11 22/c � �� , 0 1c� � is the ratio between the variances and ' is the correlation 
coefficient between the two variables. Due to the symmetry of the normal distribution 
and the tolerance region we consider only 0' � . Note also that 0 1c� � . The parame-
ters 22,  and c ' � are chosen according to Appendix 2 to give ( ) 0.0027P NC � and the 
studied sample sizes n are 50,100,500,1000n � . In each run the decision rule in Equa-
tion (18) is applied with 0.05& � . All simulation results presented in this paper are 
based on 10000 simulation runs made in MatLab10. Table 2 shows the results from this 
simulation.

From Table 2 we see that the estimated significance level is close to or less than 0.05 
for all sample sizes, implicating that the decision rule in Equation (18) works well with 
regard to the significance level of the test. Furthermore, we see in Table 2 that for 

0.5c � the estimated significance level is close to 0.05, while it gets smaller than 0.05 
for larger values of c. The lowest values of the estimated significance levels are ob-
tained for combination of large values of c and small values of ' . We now try to un-
derstand the reason for these low values of the estimated significance level. 

The decision rule in Equation (18) can be written as

reject 0H if 0̂ 0,LCB k� � (20)

where
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�
2

1,
,

1
n

p TVLCB C
n

& ��
�

(21)

Figure 5 shows the mean differences 0̂LCB k� simulated for different combinations of 
 and c ' , when the null hypothesis is true, and 100n � . The histograms of the differ-

ences are found in Appendix 3. Note that, the proportion of the differences 

0̂ 0LCB k� � equals the estimated significance level.

Table 2. Estimated significance level for different combinations of ' � 22,   and c giving 
�( ) 0.0027P NC , when � 50,100,500,1000n , � 2v and & � 0.05 . For each ' and c the val-

ues of � 22 are chosen according to Appendix 3.

n = 50 n = 100

' c = 0.1 c = 0.3 c = 0.5 c = 0.7 c = 0.9 c = 1.0 c = 0.1 c = 0.3 c = 0.5 c = 0.7 c = 0.9 c = 1.0

0.30 0.0490 0.0537 0.0342 0.0114 0.0042 0.0036 0.0476 0.0493 0.0414 0.0157 0.0053 0.0038
0.50 0.0487 0.0427 0.0407 0.0175 0.0080 0.0064 0.0484 0.0543 0.0463 0.0205 0.0117 0.0083
0.70 0.0509 0.0527 0.0477 0.0298 0.0134 0.0100 0.0509 0.0483 0.0454 0.0307 0.0196 0.0122
0.90 0.0511 0.0476 0.0501 0.0418 0.0291 0.0252 0.0534 0.0492 0.0486 0.0431 0.0340 0.0026

n = 500 n = 1000
' c = 0.1 c = 0.3 c = 0.5 c = 0.7 c = 0.9 c = 1.0 c = 0.1 c = 0.3 c = 0.5 c = 0.7 c = 0.9 c = 1.0

0.30 0.0474 0.0519 0.0444 0.0241 0.0083 0.0050 0.0465 0.0500 0.0449 0.0264 0.0107 0.0510
0.50 0.0477 0.0468 0.0461 0.0277 0.0144 0.0086 0.0539 0.0518 0.0471 0.0303 0.0155 0.0092
0.70 0.0483 0.0535 0.0474 0.0363 0.0218 0.0131 0.0516 0.0486 0.0502 0.0339 0.0245 0.0135
0.90 0.0493 0.0517 0.0513 0.0463 0.0364 0.0248 0.0528 0.0491 0.0499 0.0470 0.0338 0.0276

From Figure 5 we see that for fixed ' the mean difference is negative and decreases 
with c and the smaller the value of ' is the more negative is the mean difference.
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Figure 5. The mean differences � 0
ˆLCB k for � 0.1,0.2,...,1 c and ' � 0.1,0.2,...0.9,0.95 , where 

the bottom curve corresponds to ' � 0.1.
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From Appendix 3 we also see that when ' is small the histograms of the differences 
get more and skewed to the left when c increases. This explains why the estimated sig-
nificance levels in Table 2 get lower than 0.05 when ' is small and c is large.

We can conclude that, although both 0k and the specification limits for 1PC are esti-
mated, our decision rule seems to have an actual significance level of approximate 0.05 
or smaller. This means that the nominal significance level can be trusted. However, the 
low actual significance levels for some combinations of c and ' will probably induce 
lower power than necessary for these cases. 

We continue to investigate the power of our suggested decision rule in Equation 
(18), i.e. the probability to deem the process capable when it is capable. We choose to 
consider three cases when the probability of non-conformance is much smaller than 
0.0027, corresponding to capable processes. The probability of non-conformance for 
the three cases are given in Table 3 together the corresponding value of the univariate 
index pC . We then simulate data from each of the 2-dimensional multivariate normal 
distributions in Table 3 to estimate the power. In each run the decision rule in Equation 
(18) is applied with 0.05& � . The estimated power values are given in Tables 4-6.

Table 3. Three cases describing capable process 

Case P(NC) Corresponding value of pC Parametervalues in n
I 0.0003182 1.2 Table A2, Appendix 2 50, 100
II 0.0000634 4/3 Table A3, Appendix 2 50, 100
III 0.0000034 1.5 Table A4, Appendix 2 50, 100

Table 4: Estimated power for case I in Table 3.

50n � 100n �

'' c = 0.1 c = 0.3 c = 0.5 c = 0.7 c = 0.9 c = 1.0 c = 0.1 c = 0.3 c = 0.5 c = 0.7 c = 0.9 c = 1.0

0.30 0.5257 0.5165 0.5037 0.3977 0.2519 0.2076 0.8023 0.8060 0.8007 0.7715 0.6141 0.4986
0.50 0.5234 0.5216 0.5222 0.4477 0.3089 0.2679 0.8177 0.8043 0.8026 0.7809 0.6794 0.5756
0.70 0.5258 0.5203 0.5084 0.4839 0.3705 0.3552 0.8127 0.8124 0.8054 0.7816 0.7253 0.6515
0.90 0.5274 0.5219 0.5138 0.5066 0.4583 0.4227 0.8036 0.8028 0.8067 0.8015 0.7618 0.7440

Table 5: Estimated power for case II in Table 3.

50n � 100n �

'' c = 0.1 c = 0.3 c = 0.5 c = 0.7 c = 0.9 c = 1.0 c = 0.1 c = 0.3 c = 0.5 c = 0.7 c = 0.9 c = 1.0

0.30 0.8722 0.8691 0.8751 0.8266 0.6445 0.5522 0.9935 0.9936 0.9934 0.9922 0.9307 0.8238
0.50 0.8703 0.8653 0.8671 0.8487 0.7324 0.6464 0.9929 0.9921 0.9934 0.9942 0.9753 0.9311
0.70 0.8725 0.8670 0.8696 0.8606 0.7953 0.7338 0.9929 0.9934 0.9944 0.9931 0.9881 0.9729
0.90 0.8698 0.8743 0.8731 0.8703 0.8346 0.8086 0.992 0.9937 0.9934 0.9934 0.9900 0.9837
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Table 6: Estimated power for case III in Table 3.

50n � 100n �

'' c = 0.1 c = 0.3 c = 0.5 c = 0.7 c = 0.9 c = 1.0 c = 0.1 c = 0.3 c = 0.5 c = 0.7 c = 0.9 c = 1.0

0.30 0.9973 0.9980 0.9971 0.9948 0.9358 0.8753 1.0000 1.0000 1.0000 1.0000 0.9956 0.9834
0.50 0.9969 0.9971 0.9971 0.9976 0.9863 0.9629 1.0000 1.0000 1.0000 1.0000 1.0000 0.9992
0.70 0.9982 0.9976 0.9978 0.9965 0.9959 0.9908 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.90 0.9980 0.9978 0.9966 0.9967 0.9967 0.9944 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

From Table 4 we can see that when ( ) 0.0003182P NC � (Case I) and n = 50 the 
power is rather low, but when n = 100 the power is larger than 0.8 for several parameter 
combinations. From Table 5 we can see that when ( ) 0.0000634P NC � (Case II) and n
= 50 the power is quite high for most cases. 

6. A comparative simulation study between Cp,TV and Pan & Lee’s MCp,PL

In Tano & Vännman1 we investigated how four MPCIs described in the scientific litera-
ture performed. Among the four considered indices the index by Pan & Lee5, ,p PLMC ,
seemed to be the one to prefer. In this section a small comparative simulation study,
when having a two-dimensional quality variable, between our new decision rule and the 
decision rule based on the index , ,p PLMC , suggested by Pan & Lee5 is performed. The 
index by Pan & Lee5 is defined as

1/2

,

*� �
� � �� �
� �

A
�p PLMC (22)

where the elements of the matrix *A are given by

*
22 2
,0.9973,0.9973 ,0.9973

.
2 2

'
'

   

� �� ���� �� �� �
� �� �
� �� �

j j ij i ji i
ij ij

vv v

USL LSL d dUSL LSLA (23)

In Equation (23) ij' is the correlation coefficient between the ith and jth univariate qua-
lity characteristic, id is defined in Equation (3), and 2

,0.9973v denotes the 0.9973 quantile 
of a 2 -distribution with v degrees of freedom. We show in Appendix 4 that, when 

2v � , the index ,p PLMC does not depend of ' but on 22 and c � only.
The index ,p PLMC in Equation (22) is estimated according to

�
� 1/2

,

*
p PLMC

� �
� ��
� �
� �

A

S
, (24)



16

where S  is the sample variance-covariance matrix based on the random sample 

1 2, ,..., nX X X and � *A  is obtained by using the estimator ˆij'  instead of ij'  in Equation 
(23). Pan & Lee5 derived a confidence interval for ,p PLMC  with the approximate lower 
100(1-& )% confidence bound

�
,p PLPLLCB MC w&� . (25) 

In Equation (25) w&  is the &  quantile of the distribution of 2
1 / ( 1)v v

i n i n � �( �  and 2
n i �

denotes a 2 -distributed random variable with n i�  degrees of freedom. It can be 
noted that Pan & Lee4 in their derivation of the confidence bound considered the corre-
lation coefficient ij'  to be known, but in their examples used the estimated correlation 
coefficients. They did not investigate the actual confidence level of the confidence 
bound in Equation (25) when using the estimated correlation coefficients. 

Pan & Lee5 defined the process as capable if , 1p PLMC � . To form a decision rule, to 
deem a process capable, based on the index in Equation (22) we, therefore, consider the 
hypotheses

0 ,

1 ,

: 1

: 1
p PL

p PL

H MC
H MC

�

�
 (26) 

with the decision rule 
 reject 0H if � , 1p PLMC w& � . (27) 

To compare our proposed decision rule in Equation (18) with the one in Equation 
(27) we consider the case 2v � . We need to identify a situation which fulfils both that 

( ) 0.0027P NC �  and that , 1p PLMC � . In Table 7 we present ( )P NC for different com-
binations of  and c '  when , 1p PLMC � . It is seen from Table 7 that ( ) 0.0027P NC �
occurs somewhere in between 0.5 0.6c� � .

Table 7. ( )P NC  for different combinations of 'and c  when �, 1p PLMC .

c
' 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
0.30 0.0531 0.0215 0.0109 0.0063 0.0039 0.0025 0.0018 0.0014 0.0012 0.0012 
0.50 0.0531 0.0215 0.0109 0.0063 0.0039 0.0025 0.0018 0.0014 0.0012 0.0012 
0.70 0.0531 0.0215 0.0109 0.0063 0.0039 0.0025 0.0018 0.0013 0.0011 0.0011 
0.90 0.0531 0.0215 0.0109 0.0063 0.0039 0.0024 0.0017 0.0012 0.0010 0.0009 
0.95 0.0531 0.0215 0.0109 0.0063 0.0039 0.0024 0.0017 0.0012 0.0009 0.0009 

If , 1p PLMC �  we see from Table 7 that the probability ( )P NC  is not constant. Fur-
thermore, we can conclude that when 0.5c �  we have ( ) 0.0027P NC � . When 0.1c �
the probability of non-conformance is as high as 0.0531. Also when , 1.2�p PLMC  we 
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get large values for ( )P NC , when c is small. See Table 8. By this it is shown that 

,p PLM together with its threshold value ( 0 1k � ) does not meet the desirable requirement 
of ( ) 0.0027�P NC when the process is defined as capable. It can be noted that Pan & 
Lee5 did not pose this requirement on their index.

Table 8. ( )P NC for different combinations of ' and c when �, 1.2p PLMC .

c
'' 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
0.30 0.0341 0.0117 0.0053 0.0027 0.0015 0.0009 0.0006 0.0004 0.0004 0.0003
0.50 0.0341 0.0117 0.0053 0.0027 0.0015 0.0009 0.0006 0.0004 0.0003 0.0003
0.70 0.0341 0.0117 0.0053 0.0027 0.0015 0.0009 0.0006 0.0004 0.0003 0.0003
0.90 0.0341 0.0117 0.0053 0.0027 0.0015 0.0009 0.0006 0.0004 0.0003 0.0003
0.95 0.0341 0.0117 0.0053 0.0027 0.0015 0.0009 0.0006 0.0004 0.0003 0.0002

More detailed calculations show that when , 1p PLMC � , 0.586,c � 22 0.3323� � ,
and 0.3' � we get ( ) 0.0027P NC � . This combination of parameter values gives

, 1.046p TVC � . A simulation study based on these parameter values, 0.05& � , and 
50,100,500,1000n � results in the estimated significance levels for our proposed deci-

sion rule in Equation (18) and the one based on the index by Pan & Lee5 in Equation
(27) as shown in Table 9. From Table 9 we see that the estimated significance levels are 
less than the nominal significance level 0.05 using our decision rule in Equation (18).

Table 9. Estimated significance level using & � 0.05 , when � 0.586,c � �22 0.3323 , and 
' � 0.3 giving �( ) 0.0027P NC , �, 1p PLMC , and �, 1.046p TVC .

Decision rule 50n � 100n � 500n � 1000n �
Equation (18) 0.0240 0.0290 0.0390 0.0408
Equation (27) 0.0785 0.0746 0.0640 0.0604

But using the decision rule in Equation (27) based on the index by Pan & Lee5 the 
estimated significance levels exceed the nominal level. This is true for all the presented 
sample sizes.

We also make a comparison with regard to power. The power is simulated for the 
parameter values 0.95,c � 22 0.25 � � and 0.95' � , giving ( ) 0.000079P NC � ,

, , =1.388, and 1.349p PL p TVMC C � . The result is presented in Table 10. We see from Ta-
ble 10 that using our decision rule in Equation (18) the power is larger than when using 
the decision rule in Equation (27) based on the index by Pan & Lee5 for all presented 
sample sizes. This is true in spite of the fact that the estimated significance level of our 
decision rule in Equation (18) is lower than the estimated significance level using the 
decision rule in Equation (27).
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Table 10. Estimated power for the parameter values � 0.95,c � �22 0.25 , and ' � 0.95 giv-
ing �( ) 0.000079P NC , , =1.388p PLMC and �, 1.349p TVC .

Decision rule 50n � 100n � 500n � 1000n �
Equation (18) 0.8047 0.9814 1.0000 1.0000
Equation (27) 0.7072 0.8915 1.0000 1.0000

From this small comparative simulation study we can conclude that our proposed 
decision rule in Equation (18) performs better than the decision rule in Equation (27) 
based on the index by Pan & Lee5 both with regard to actual significance level and 
power for the chosen parameter values. Furthermore, the index by Pan & Lee5 has the 
drawback that the probability of non-conformance can be quite large although their in-
dex exceeds 1. Although this comparative simulation study is quite limited it indicates 
that our proposed index is worth to study further.

7. An example using Sultan’s data

In this section we apply our proposed decision rule on a dataset by Sultan7, which is
commonly used when presenting a new MPCI, see, e.g. Pan & Lee5, Goethals & Cho11

and Wang& Yeh12. The data consists of 25 observations on Brinell hardness (BH) and 
Tensile strength (TS), which are two quality characteristics measured on a raw material.
The data are found in Appendix 5. The lower and upper specification limits for the 
quality characteristics are

112.7,  241.3,  and 32.7,  73.3� � � �BH BH TS TSLSL USL LSL USL . (28)

Using Equation (3) we get the midpoint and half the length of the specification interval 
for each variable as

177, 53,  BH TSM M� � and 64.3, 20.3.BH TSd d� � (29)

Each original variable is transformed according to Equation (2) by subtracting the mid-
point and dividing with half the length of the specification interval. The transformed 
data are presented in Appendix 5. From the transformed data we get ˆ 0.998 1� 1c and 

0.834 0.80' � 1 . Hence, we obtain �
0 1.1124k � from Table 1.

Next, a PCA is performed on the transformed data giving �
1 0.1498) � and 

�
1max 0.708iu � . From Equation (15) we obtain the estimated index

�
,

1 1.216
0.708 3 0.1498

p TVC � �
� �

. (30)

From Equation (21) and Equation (30) we get, with 0.05& � ,
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13.851.216 0.924
24

LCB � � (31)

Since 0̂0.924 1.1124� � �LCB k we cannot reject the null hypothesis at significance 
level 0.05. Hence, we cannot claim the process to be capable at a significance level of 
5%. Pan & Lee5 used the same data in one of their examples and obtained the two-sided
95% confidence interval for their index to be , -0.63,1.44 . If we calculated the lower 
95% confidence bound according to Equation (25) we obtain 

�
, 0.66p PLPLLCB MC w&� � ..Their confidence interval corresponds to the result ob-

tained by our procedure. However, the conclusion made by Pan & Lee5 is that the 
process is capable. We do not agree with their conclusion.

8. Conclusions

Conclusions about process capability must, normally, be based on a confidence interval 
or a test for the process capability index that is used. Although several different MPCIs 
are described in the literature, confidence intervals or tests have been derived for only a 
handful of these. Tano & Vännman2 found some drawbacks and limitations for these 
indices and their confidence intervals. To try to overcome these drawbacks we present a 
new MPCI with an accompanying decision rule so that it can be decided whether a 
process can be claimed capable or not at a stated significance level. We want this index 
to have the property that a stated value of it at least limits the probability of non-confor-
mance.

A leading idea behind our proposed index is to first transform the original variables 
to obtain new variables on a common scale and then apply PCA on the transformed 
data. The suggested transformation implies that the variables with largest variability 
relative to its specification interval will contribute substantially in the first PC. As a re-
sult we base our index, ,p TVC , on the first principal component only. A consequence of 
this is that we can use well-known statistical theory from univariate capability indices 
to form confidence intervals or tests. The essential idea behind our suggested MPCI is 
illustrated in Figure 6.

Figure 6: An illustration of the leading idea behind our proposed index.

We show that for the two-dimensional case it is possible to obtain threshold values 

0k such that if , 0p TVC k� then ( ) 0.0027P NC � . We also find that this threshold value 

0k can vary a lot and depends on the correlation coefficient, especially when the vari-
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ances of the two individual variables are equal or close to each other. This makes it dif-
ficult to suggest a common threshold value to use. Hence, we suggest the threshold 
value to be estimated in our decision rule to deem a process capable. We evaluate the 
properties of our decision rule through a simulation study for the two-dimensional case 
and show that our decision rule have an actual significance level of approximate 0.05 or 
smaller, when the nominal level is 0.05. This means that the nominal significance level 
can be trusted. Furthermore, the power values obtained are quite large.

In the comparison with the decision procedure based on the MPCI by Pan & Lee5 we 
find that our proposed decision rule in Equation (18) performs better than the decision 
rule in Equation (27) based on the index by Pan & Lee5, both with regard to actual sig-
nificance level and power for the chosen parameter values. Furthermore, the index by 
Pan & Lee5 has the drawback that the probability of non-conformance can be quite 
large although their index exceeds 1. 

A limitation with our proposed index, which is shared with many of the existing 
MPCIs, is that it requires that the tolerance region is a hyper-rectangular region. The 
initial transformation is based on this assumption. With a more general tolerance region 
some other approach is needed.

So far we have only studied the two-dimensional case, i.e. 2v � , in detail. More 
work is needed to obtain threshold values to define a process capable based on our in-
dex when 2v � and simulation studies need to be done when 2v � . Furthermore, we 
have restricted our attention to the simplest form of a MPCI, pMC , measuring the po-
tential capability only. Future work need to include MPCIs taking location as well as 
closeness to target into consideration, i.e. generalizations of the univariate indices pkC
and pmC .

Although the simulation studies performed are quite limited they indicate that our 
proposed MPCI with accompanying decision procedure is worth to study further. Espe-
cially in the view of the lack of MPCIs, with confidence intervals and tests, such that 
the knowledge that the process capability index exceeds a stated number implies that 
the probability of non-conformance, or an upper bound of it, is known.
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Appendix 1

Here we derive the results in Equations (10)-(12) in Section 3. First we determine the 
eigenvalues and eigenvectors of �TV , where 

11 11 22 22 22

11 22 22 22 22

TV

c c

c

� ' � � � ' �

' � � � ' � �

� � � �
� �� � � �� �� � � �� �

� , (A1)

where 11 220 / 1c � �� � � and we assume 0' / . By solving the equation 0)� �� �
we get the eigenvalues 

� 	2 2
11 22 11 2211 22 4

2 4
� � ' � �� �)

� 


� � (A2)

Now let 11 22c� �� , where 0 1� �c , and � 	2 21 4 '� � 
B c c . Then we get

� 	22
1 1

2
�) � 
 
c B and � 	22

2 1 .
2
�) � 
 �c B (A3)

Since 1 2) )� the first eigenvalue is

� 	22
1 1

2
�) � 
 
c B . (A4)

To obtain the corresponding eigenvector � 	1 11 12,u u *�u we solve the equation 

1 1 1TV )�� � � under the condition that 2 2
11 12 1u u
 � . We then find

� 	
11 22

1

4 1

c Bu
c c B'

� 

�


 � 

(A5)

and 

� 	
12 2

2

1 .
1

1
4

u
c B

c'

�
� 





(A6)

When 0 1c� � we find that 12 11u u� giving 1 12max i u�u . Hence, according to Equa-
tion (9) we get, when 0' / ,
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u
. (A7)

When 0' � we have 

22

22

0
0TV

c�
�

� �
� � �
� �

� (A8)

With the same reasoning as above we obtain

1 22) �� and 2 22c) �� (A9)

and then

11 120 and 1u u� � . (A10)

Hence, we have

,
1 1 22

1 1 .
max 3 3p TV

i

C
) �

� �
u

(A11)
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Appendix 2
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Figure A1. ( )P NC as a function of � 22 for ' � 0.3,0.5,0.9,0.95 and � 0.5,0.6,...,1c . In each 
figure the topmost curve corresponds to � 1c , the next one to � 0.9c and so on to � 0.5c .The 
horizontal line shows �( ) 0.0027P NC

Table A1. The values of � 22 for given values of ' and c for which � 	 � 0.0027P NC .

c
' 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.10 0.3333 0.3333 0.3333 0.3333 0.3331 0.3321 0.3296 0.3253 0.3193 0.3129
0.20 0.3333 0.3333 0.3333 0.3333 0.3331 0.3321 0.3296 0.3254 0.3194 0.3129
0.30 0.3333 0.3333 0.3333 0.3333 0.3331 0.3321 0.3297 0.3254 0.3195 0.3129
0.40 0.3333 0.3333 0.3333 0.3333 0.3331 0.3321 0.3298 0.3256 0.3196 0.3129
0.50 0.3333 0.3333 0.3333 0.3333 0.3331 0.3322 0.3300 0.3258 0.3200 0.3129
0.60 0.3333 0.3333 0.3333 0.3333 0.3332 0.3324 0.3303 0.3263 0.3205 0.3132
0.70 0.3333 0.3333 0.3333 0.3333 0.3332 0.3326 0.3307 0.3270 0.3214 0.3142
0.80 0.3333 0.3333 0.3333 0.3333 0.3333 0.3329 0.3315 0.3283 0.3230 0.3159
0.90 0.3333 0.3333 0.3333 0.3333 0.3333 0.3333 0.3326 0.3305 0.3260 0.3191
0.95 0.3333 0.3333 0.3333 0.3333 0.3333 0.3333 0.3332 0.3321 0.3288 0.3222
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Table A2. The values of � 22 for given values of ' and c for which � 	 � 0.0003182P NC .

c
' 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.30 0.2778 0.2778 0.2778 0.2778 0.2778 0.2776 0.2768 0.2747 0.2707 0.2648 
0.50 0.2778 0.2778 0.2778 0.2778 0.2778 0.2776 0.2768 0.2748 0.2708 0.2650 
0.70 0.2778 0.2778 0.2778 0.2778 0.2778 0.2777 0.2770 0.2752 0.2714 0.2657 
0.90 0.2778 0.2778 0.2778 0.2778 0.2778 0.2778 0.2776 0.2767 0.2738 0.2684 
0.95 0.2778 0.2778 0.2778 0.2778 0.2778 0.2778 0.2778 0.2774 0.2754 0.2703 

Table A3. The values of � 22 for given values of ' and c for which � 	 � 0.0000634P NC .

c
' 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.30 0.2501 0.2501 0.2501 0.2501 0.2501 0.2500 0.2497 0.2484 0.2454 0.2404 
0.50 0.2501 0.2501 0.2501 0.2501 0.2501 0.2500 0.2497 0.2485 0.2455 0.2405 
0.70 0.2501 0.2501 0.2501 0.2501 0.2501 0.2500 0.2498 0.2487 0.2458 0.2408 
0.90 0.2501 0.2501 0.2501 0.2501 0.2501 0.2501 0.2500 0.2495 0.2474 0.2427 
0.95 0.2501 0.2501 0.2501 0.2501 0.2501 0.2501 0.2501 0.2499 0.2485 0.2442 

Table A4. The values of � 22 for given values of ' and c for which � 	 � 0.0000034P NC .

c
' 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0.30 0.2153 0.2153 0.2153 0.2153 0.2153 0.2153 0.2153 0.2148 0.2130 0.2090 
0.50 0.2153 0.2153 0.2153 0.2153 0.2153 0.2153 0.2153 0.2148 0.2130 0.2090 
0.70 0.2153 0.2153 0.2153 0.2153 0.2153 0.2153 0.2153 0.2148 0.2131 0.2092 
0.90 0.2153 0.2153 0.2153 0.2153 0.2153 0.2153 0.2153 0.2151 0.2139 0.2102 
0.95 0.2153 0.2153 0.2153 0.2153 0.2153 0.2153 0.2153 0.2153 0.2145 0.2111 
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Appendix 3
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Figure A2. Histogram of �� 0LCB k for c = 0.3, 0.5 and ' =0.1, 0.5, 0.9, where LCB is given in 
Equation (21).
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0.7c � 0.9c �
0.1' �
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Figure A3. Histogram of �� 0LCB k for c = 0.7, 0.9 and ' = 0.1, 0.5, 0.9, where LCB is given in 
Equation (21).
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Appendix 4

Here we show that, when 2v � , the index, ,p PLMC , by Pan & Lee5 is not depending on 
the correlation coefficient 12' . From Equation (23) we get

*
2
,0.9973

.
'
 

� ij i j
ij

v

d d
A (A12)

Hence

1

1

2
12 21

2 2
2,0.9973 2,0.9973*
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12 2 2
2 2
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2 3
2 3� 2 3
2 3
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and

� 	
� 	

2 2
* 21 2

1222
2,0.9973

1 .'
 

� � �A d d
(A14)

Let

1 1 2

1 2 2

2
12

2
12

� ' � �

' � � �

� �
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� �

� X X X

X X X

. (A15)

Then we have

� 	
1 2

2 2 2
121� � '� � �� X X . (A16)

We then get from Equation (22) that

� 	 1 21 2

* 2 2
1 2 1 2

, 2 22 2 2
2,0.99732,0.9973

p PL
X XX X

d d d dMC
 � � � �

� � �
A
�

. (A17)

Hence, ,p PLMC does not depend on the correlation coefficient 12' .
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Appendix 5

Table A6. The original data by Sultan7 and the transformed data used in Section 7 

BH (kg/mm2) TS (kg/mm2) Transformed BH Transformed TS
143 34.2 –0.528771 –0.926108
200 57.0 0.357698 0.197044
160 47.5 –0.264386 –0.270936
181 53.4 0.062208 0.019704
148 47.8 –0.451011 –0.256158
178 51.5 0.015552 –0.073892
162 45.9 –0.233281 –0.349754
215 59.1 0.590980 0.300493
161 48.4 –0.248834 –0.226601
141 47.3 –0.559876 –0.280788
175 57.3 –0.031104 0.211823
187 58.5 0.155521 0.270936
187 58.2 0.155521 0.256158
186 57.0 0.139969 0.197044
172 49.4 –0.077760 –0.177340
182 57.2 0.077760 0.206897
177 50.6 0.000000 –0.118227
204 55.1 0.419907 0.103448
178 50.9 0.015552 –0.103448
196 57.9 0.295490 0.241379
160 45.5 –0.264386 –0.369458
183 53.9 0.093313 0.044335
179 51.2 0.031104 –0.088670
194 57.5 0.264386 0.221675
181 55.6 0.062208 0.128079
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