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ABSTRACT

The research interest in this licentiate thesis is the development of school 
algebra in the Swedish upper-secondary school. To be more precise, the 
notion of school algebra, in the period 1960 2000, is described and analyzed 
through the study of mathematics textbooks and their revisions as a 
consequence of curricular reforms. Thus, a historical-epistemological 
perspective on the teaching of mathematics is taken. The methodological 
approach taken in this study is inspired by phenomenography and 
hermeneutics. The focus is on the treatment of algebra for Natural Science 
students in their first year of the upper-secondary school in Sweden.
 An analysis of two sets of textbooks is presented. The analysis is 
concentrated on the algebraic content as it was presented by the textbook 
authors, including definitions, descriptions, worked examples and exercises 
for students. The results constitute a characterization of algebra in school 
mathematics over time. Three periods were identified, called the ‘pre-New 
Math’, ‘New Math’ and ‘post-New Math’ periods. In the pre-New Math 
period (until the early 60s), algebra was a separate school subject which 
focused on skills in the manipulation of algebraic expressions. The New Math 
reforms started a gradual integration of algebra with other mathematical 
subjects, science and everyday life. The New Math algebra can be 
characterized as ‘abstract algebra’ where, for example, numbers were studied 
as ‘number structures’ or sets closed under certain operations (groups, rings, 
fields). This ‘abstract-algebraic’ approach was abandoned in the post-New 
Math period in favor of a stronger integration of the study of numbers with 
geometry and applications; especially, applications in everyday life, using 
algebraic tools such as literal expressions, equations and their formal 
manipulation, emerged.
 The significance of this research work is in its contribution to the 
existing knowledge on the teaching and learning of algebra. The study can 
serve as a profound background for teachers to plan their teaching of algebra. 
Moreover, since the study highlights the role of algebra in different 
mathematics curricula, it points to aspects of importance for reform work in 
the future. The research in this thesis is inspired and motivated by some 
preliminary studies on algebraic thinking by the same author (see the preface).

Keywords: School algebra, algebra curriculum, algebraic content, algebraic 
skills, mathematics textbooks, upper-secondary mathematics, historical-
epistemological perspective. 
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PREFACE

Algebra is a topic of great interest in the mathematics education community. 
However, the meaning of ‘algebra’ varies, depending on the focus; for 
instance, whether it is a matter of upper-secondary or university level algebra. 
At the upper-secondary school, often, algebra is concerned with formulating 
and solving equations. In some curricula, algebra is restricted to formal 
solutions of given equations while others involve, also, the ability to 
formulate equations as models of various kinds of situations.  
 In this licentiate thesis, I examine the variation of algebra as an element 
of curriculum in the period 1960 2000 through the study of mathematics 
textbooks. My work is related to two research areas; research on school 
algebra, and also, research of the development of mathematics curricula.  
 In the first period of my doctoral studies, I focused on algebraic ways of 
thinking in upper-secondary mathematics. In particular, I wrote the following 
papers as part of this work: 

[1] Jakobsson-Åhl, T. (2002). Algebraic thinking in mathematics at upper 
secondary school (6 pages). 

  Presented at the YERME Summer School, in Klagenfurt, Austria, in 
August, 2002.

 (http://yerme2002.uni-klu.ac.at/papers/participants/tja_algthink.pdf ) 

[2] Jakobsson-Åhl, T. (2003). Analyzing algebraic thinking in written 
solutions (8 pages).

 Presented at the conference CERME 3, in Bellaria, Italy, in March 
2003.

 A two-page abstract can be found in the proceedings of the conference: 
(http://www.dm.unipi.it/~didattica/CERME3/proceedings/Groups/TG6/
TG6_jakobsson_cerme3.pdf ) 

[3] Jakobsson-Åhl, T. (2003). Developing a framework for analyzing 
algebraic thinking (11 pages).

 Presented at the conference PICME 10, in Växjö, Sweden May 2003. 
 (http://www.msi.vxu.se/picme10/F4JT.pdf ) 

[4] Jakobsson-Åhl, T. (2004). Ways of mathematical thinking promoted by 
Swedish national tests in two different epochs (5 pages). 
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 Available in the documentation from the congress ICME 10: 
 (http://www.icme-organisers.dk/dg12/Jakobsson-Ahl.pdf )   

 [4]* A Swedish version of paper [4] was published as:  
 Jakobsson-Åhl, T. (2006). Gamla och nya gymnasieprov. Nämnaren,

33(1), 54–57. 

This work made it clear to me that an analysis of algebraic thinking in school 
mathematics, in a historical perspective, needs to be related to various trends 
in mathematics education. Thus, I needed a profound understanding of the 
development of school algebra in Sweden over a reasonable long period of 
time. Therefore, I decided to continue my research by investigating the topic 
which ended up with the research presented in this thesis.  
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CHAPTER 1 

INTRODUCTION

This thesis is a contribution to research on changes in the content of school 
algebra at the upper-secondary level in various countries. The particular 
country studied here is Sweden, and the time period is 1960 2000.  The study 
is conducted from a historical-epistemological perspective. The sources of 
data for the study include a selection of school mathematics textbooks.  
 This chapter details the aim and the rationale of the study and formulates 
the research question. The outline of the thesis then follows.

1.1  THE RATIONALE OF THE STUDY 

Algebraic competence is commonly considered an absolute prerequisite for 
further studies not only in mathematics, but also in other disciplines, primarily 
in science and engineering (see, e.g., Filloy and Sutherland, 1996; Sutherland, 
1999; Elliott, Oty, McArthur, and Clark, 2001; Britton, New, Sharma and 
Yardley, 2005). Algebra is required also for admission into programs such as 
psychology, nursing or commerce, where its usefulness is not obvious and 
therefore it is seen by students as a questionable gatekeeper. The Discussion
Document for the 12th ICMI study on the teaching and learning of algebra 
expresses this issue in the following statement:

As the language of higher mathematics, algebra is a gateway to future 
study and mathematically significant ideas, but it is often a wall that 
blocks the paths of many. Should algebra be made more accessible to 
more students by changing the amount or nature of what is taught? 
(ICMI, 2001, p. 1)

Such questions have also been posed in the last decade in Sweden, where the 
concern with algebra teaching and learning has been expressed in several 
reports. These reports highlighted the poor mathematical knowledge of 
university entrants (Högskoleverket, 1999, 2002, 2005; Brandell, 2002). 
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Considering algebra, a group of assessors, who have evaluated mathematics 
teaching and learning at Swedish higher education institutions emphasized: 

It has become clear that the majority of beginner students are 
inadequately trained in elementary algebra. Knowledge and skills in this 
area are an absolute requirement for advanced studies in mathematics. It 
is unacceptable for students who are formally qualified for higher 
education programmes in mathematics to lack confidence in such a 
central area, which properly belongs to syllabus for the final years of 
compulsory schooling. (National Agency for Higher Education, (2002), 
report 2002:5 R, p. 18, official translation) 

These reports may give the impression that poor mathematical preparation of 
university entrants is a recent phenomenon. However, it is quite an old 
problem, as a look at historical documents can show. In the early 1970s, a 
working group, MATEK1, concluded that there were bad results concerning 
elementary skills in mathematics, such as algebraic simplification and solving 
quadratic equations (MATEK, 1972, 1973, 1975).  But lack of skills in 
algebraic simplification and solving quadratic equations is no longer 
highlighted in the more recent complaints. And so the question arises: does 
‘algebra’ in the 1990s mean the same as ‘algebra’ in the 1970s? Do the 
various reports complain about the same thing? These questions lie at the 
basis of the present research, whose aim is to put the notion of school algebra 
in Sweden in historical perspective.  
 Information about the changes in what was considered as the important 
and useful algebraic knowledge for secondary school students can be gleaned 
from many sources and historical documents. Among these, the most 
accessible are curricula and textbooks and it is these sources that will be used 
in the present study.
 One can reasonably assume that the ideological statements found in 
school programs and textbooks allow drawing conclusions about the desired 
nature of the mathematics content and algebraic content in particular. The 
emphases chosen in the algebra curriculum reflect the designer’s intentions 
and ideas about the nature of mathematics and algebra (Filloy and Sutherland, 
1996; Pepin, Haggarty and Keynes, 2001). Mathematics textbooks, as a 
realization of a given curriculum, additionally reflect their authors’ experience 

                                          
1 In 1971, a working group was appointed by the Chancellor of the University and Colleges 
in Sweden (UKÄ) in order to make a review of the Faculty of Technology. 
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of algebra and their intentions of what this experience should be for the 
students.

Anyone involved in the development of a new algebra curriculum will 
inevitably have a conscious or unconscious view of what mathematics 
and more specifically what algebra is. This will be reflected in the type 
of curriculum which is produced, which in its turn will be reflected in the 
different practices in the classroom. (Filloy and Sutherland, 1996, p. 
139)

To speak of these ideas of school algebra one needs a language, and certain 
categories of approaches to algebra have been suggested in research on the 
teaching and learning of algebra. These categories comprise seeing algebra as: 

… generalization of numerical and geometric patterns and of the laws 
governing numerical relations, problem solving, equation-solving aided 
by the use of concrete models, introduction of functional situations, and 
the modeling of physical  and mathematical phenomena. (Bednarz, 
Kieran and Lee, 1996, p. 3) 

 The usefulness, for our understanding of mathematics education, of 
looking at its history has been recognized in many publications (e.g. Howson, 
Keitel and Kilpatrick, 1981; Chevallard, 1985; Stanic and Kilpatrick, 2003). 
In particular, it was considered fruitful to study the period of 1960s and 1970s 
since this was a time of intense change in school mathematics. These ‘New 
Math’ reforms were widely criticized and then quickly revised, so a lot of 
variation can be observed over a relatively short historical period. Howson et 
al., (1981) believed that understanding the history of school mathematics is 
necessary in order not to repeat the same mistakes all over again; they 
emphasize, “How can success be attained and mistakes be avoided in the 
future?” (Howson et al., 1981, p. vii). Some authors have studied the history 
of, specifically, school algebra from the perspective of the educational system 
(Chevallard, 1985; Bolea, Bosch and Gascón, 2003) and their work is 
particularly relevant to this thesis.
 Chevallard studied the history of school algebra in France. He provided a 
thorough analysis of what happened to traditional school algebra as the 
reforms of the so-called ‘Mathématique Moderne’ were implemented in 
France in the 1960s and 70s. This work can be seen as a reference for my 
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study, which also looks at the historical development of algebraic curricula, 
but is focused on the upper secondary school level in Sweden.

1.2  THE AIM OF THE STUDY AND THE RESEARCH QUESTION 

My study has been conceived and conducted using a theoretical perspective 
which is inspired by phenomenography (Marton and Booth, 1997). In terms 
of this perspective, the aim of the study is to study and describe potential 
variation in people's experience of ‘algebra’ (Marton and Booth, 1997, p. 
110). My thesis studies diachronic variation, across a time-span of forty 
years, of people’s intended experience of algebra, as it can be construed based 
not on interviews with live people (as is often the case in phenomenographic 
research), but on the study of Swedish mathematics textbooks2.
 Thus, the overall aim of this thesis is to improve our insight into the 
variation of algebra in the period 1960 2000 through the study of 
mathematics textbooks and their revisions in the wake of curricular reforms. 
The research question addressed by the study can be formulated as: 

 How has the teachers’ and students’ intended experience of ‘algebra’, as 
an element of secondary school curriculum, changed in the consecutive 
school reforms in Sweden in the years 1960–2000? 

The results of this thesis are categories that can be used to describe what 
upper secondary students were supposed to experience as school algebra, 
according to authors of series of textbooks and their revisions. This is the kind 
of results expected to be obtained in a phenomenographical study: categories 
for describing a phenomenon.

                                          
2 It is true that the written data do not tell the whole story; but then neither would the 
interviews, where people tend to rationalize their experience rather than share their actual 
experience. This is especially the case if these people were to talk about their experience of 
studying mathematics at school 30 or 40 years ago. 
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1.3  OUTLINE OF THE THESIS

The thesis consists of eight chapters and is outlined in the following way: The 
present Chapter 1 provides an introduction to the thesis. Chapters 2 and 3
constitute a literature survey, where the intention is to explore different 
perspectives on algebra. Chapter 2 includes some views on what is considered 
to be the essential features of algebra. In addition, Chapter 3 reports on 
various approaches to school algebra, found in different mathematics 
curricula. To fulfil the aim of the study, a specific theoretical perspective was 
assumed, described in Chapter 4. The methods used in the study are described 
in Chapter 5. The empirical study is presented in Chapters 6 and 7. The 
description of algebra in the individual textbooks is detailed in Chapter 6. The 
results of the study, i.e., the variation of algebra in textbooks approaches are 
reported in Chapter 7. Finally, Chapter 8 discusses the quality of the study, 
the contributions of the study and offers some suggestions for further 
research.

5



CHAPTER 2 

DIFFERENT VIEWS ON THE ESSENCE OF ALGEBRA   

In my study, ‘algebra’ refers to a school subject, not the domain of research 
mathematics. But school algebra has been influenced and inspired by 
mathematicians’ algebra. This explains many mathematics educators’ interest 
in the historical evolution of algebra as a domain of mathematics. Their 
interpretations of this evolution provide certain classifications of algebra, 
which can be useful in distinguishing and describing various approaches to 
algebra in textbooks. Interpretations of the history of algebra have led authors 
to different views of what constitutes the ‘essence’ of algebra. Different 
essential features of algebra are presented in this chapter.
 This chapter is structured as follows: the view addressed in section 2.1 
considers the use of an operational symbolism as the core of algebra. Section 
2.2 characterizes algebra as ways of thinking; this view covers various 
aspects, or components, of algebraic thinking. Section 2.3 is concerned with 
the connection between arithmetic and algebra where algebra is referred to as 
generalized arithmetic. Finally, section 2.4 includes definitions, which 
emphasize the idea of algebraic structures and so an abstract algebraic point 
of view. 

2.1  OPERATIONAL SYMBOLISM AS AN  ESSENTIAL FEATURE  

OF ALGEBRA 

Often, algebra is strongly tied to various uses of the algebraic symbolism. The 
use of operational symbolism is one of the main characteristic of the historical 
development of algebra; different uses of the algebraic symbolism have 
emerged in various times.  
 The progression of algebra as a symbol system can be divided into three 
stages: the ‘rhetorical’, the ‘syncopated’ and the ‘symbolic’ algebra. 
According to Lins (1990), these stages definitely correspond to the 
development of algebra as a subject matter. A summary of the stages follows 
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(see further, e.g., Boyer, 1989; Harper, 1987; Kieran, 1992; Puig and Rojano, 
2004):

 The rhetorical stage
Before the time of Diophantus (ca 250 A.D.), all algebra was rhetorical; 
the ordinary language was used to describe computational procedures in 
solving certain kinds of problems. No symbols were used to represent 
unknowns.

 The syncopated stage
Syncopated algebra was introduced by Diophantus and is characterized 
by the idea of using letters for unknown quantities. Diophantus was able 
to solve equations with one or two unknowns, using only a single 
symbol; the second unknown was expressed in terms of the first 
unknown. As time went by, quadratic and cubic equations could be 
solved. The letters were used to describe numerical solutions to certain 
types of problems, and, so, no ‘general solutions’ occurred. Syncopated 
algebra was prominent until the end of the sixteenth century. 

 The symbolic stage
By the introduction of symbolic algebra in the sixteenth century, letters 
were also used for given quantities. Viète used a new numerical concept, 
what could be called a symbolic number concept; letters represented 
general quantities and general numbers in equations. Take the expression 
x + y = a. The letter ‘a’ is regarded as a ’given’ quantity and can 
represent any numeral. The letters ‘x’ and ‘y’ are linked to variables or 
unknowns. The nature of mental activity differs from the case where one 
is concerned with finding the numerical values that satisfy particular 
equations, such as x + z = 7 and x + y = 6 in the way of Diophantus. 
However, it is possible to express a general solution to this latter 
equation, namely x = t and y = 6 – t. This kind of solutions is a part of 
Viète’s conceptions and is an illustration of the introduction of a new 
concept. The meaning of ‘unknowns’ developed. 

Thus, Viète used letters to denote not only the unknown, but also 
indeterminate magnitudes, and made the symbolism truly operational; one 
could perform formal operations on expressions, according to clearly defined 
rules and obtain general results about the relations between arbitrary 
magnitudes, and not just solutions to concrete problems (see further 
Freudenthal, 1983; Mahoney, 1980). So, an operational symbolism was 
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developed in the sixteenth and seventeenth century (e.g., Bochner, 1966; 
Kaput, 1994). 
 Operational symbolism is not only concerned with abbreviations, but 
also with a symbolism with which one operates (Mahoney, 1980). Thus a 
crucial idea in using symbolism is that one needs to “know how to "operate" 
with mathematical objects, that is how to produce new objects out of given 
ones” (Bochner, 1966, p. 313). Many authors highlight the role of operational 
symbolism in the characterization of algebra; people’s ways of conceiving the 
symbols play a crucial role for their view on algebra as a whole. 

2.2  A FOCUS ON ALGEBRAIC WAYS OF THINKING 

There is no consensus on a definition of algebraic thinking; many authors 
recognize the difficulty in defining what algebraic thinking really means (see 
Lee, 2001; Kieran 1996; Charbonneau, 1996). Kieran (1996) views ‘algebraic 
thinking’ as a broader term than ‘algebra’. She defines algebra as “the use of 
any of a variety of representations in order to handle quantitative situations in 
a relational way” (p. 3). Nevertheless, some authors avoid explicit definitions, 
but emphasize certain aspects, which they view as important for algebraic 
thinking. As an example, Mason (1989, 1996) underlines the importance of 
generalization for algebraic thinking.
 Charbonneau (1996), who looked at algebraic thinking as its conceptions 
changed over time, decided to highlight the following aspects. First of all, he 
rejected the view of algebra as only a generalization of the numerical domain.  
In studying the history of algebraic thinking he found that its roots were as 
much in geometric reasoning as in a generalization from arithmetic operations 
and problems. Second, he stressed the view of algebra as a way to manipulate 
relations among variables (representing quantities of any kind). Third, he 
followed Descartes in his understanding of analytical approach to solving 
problems. He assumed that this manipulation of relations among variables 
was analytic, that is, no distinction is made between known and unknown 
quantities: all are treated as variables satisfying certain assumed relations and 
manipulated according to the rules of operations on these variables and 
axioms of equality. Fourth, while he did not identify algebra with the 
operational symbolism used to represent the above-mentioned relations, he 
admitted that operational symbolism is central to algebra as an important tool 
in the analytical approach to problems. 
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 Also Unguru (1975) relates algebraic thinking to geometry. As an 
example, the diagrams of geometry can be viewed as the symbols of 
geometry; however, these undertake a totally different characteristic than 
symbols in algebra. Indeed, ‘true’ geometry, i.e., non-analytical geometry, 
cannot be understood without diagrams and geometrical constructions. The 
symbolism of geometry, then, is not used in an operational manner as the 
operational symbolism in algebra. Then, the author contrasts algebraic and 
geometric thinking as follows:

 It seems, therefore, that the algebraic way of reasoning is different from 
the geometric one. It is completely abstract, free from dependency on 
perceptional, spatial consideration, it is manipulative, the entities it 
manipulates are themselves completely abstract, mere signs, it is 
analytical, functional, it possesses a universality of application missing 
in geometrical reasoning, and it is, at least to a certain extent, mechanical 
in the rules of manipulation of its symbols. (Unguru, 1975, p. 77)  

Here, certain central components of algebraic thinking, as opposed to 
geometric thinking, are revealed.
 Another definition of algebraic ways of thinking is structured around 
solutions for lower-secondary mathematics (see Lins, 1990, 1992), and thus, 
take up algebraic ideas in yet another way. The focus is on the solver, who is 
confronted with a situation that consists of elements, which include numbers, 
operations, arithmetical and algebraic symbolism and all kinds of imagery. 
The solver attaches certain meanings, or interpretations, to these elements, 
which constitute the field of reference for the situation. The assumption is that 
different people construct meanings based on different fields of reference. 
Lins (1990) distinguishes two main classes of reference fields, ‘numerical 
field of reference’ and the ‘analogical field of reference’. Thinking in the 
‘analogical field of reference’ is based on manipulation of features of the 
situation per se. Lins gives examples of a few analogical fields of reference, 
such as the ‘undo’ models, the geometric models, or the part-whole models 
(Lins, 1990, 1992). Algebraic thinking, on the other hand, is assumed to take 
place when the meanings are based on a numerical field of reference. 
Thinking within the numerical field of reference has three main 
characteristics: arithmeticity (abstract and finite character), internalism
(operating on numerical relationships) and analyticity (analytic thinking as 
opposed to synthetic thinking). These, then, become the defining features of 
algebraic thinking (see further Lins, 1992).  
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2.3  A FOCUS ON ALGEBRA AS GENERALIZED ARITHMETIC 

Some views of algebra are mainly concerned with the relationship between 
algebra and arithmetic where algebra is described as generalized arithmetic. 
The treatment of algebra is then based on different properties of numbers. 
However, the notion of algebra as generalized arithmetic may connote various 
aspects, as revealed in the literature. Lee (2001) identifies the following 
conceptions:

letter arithmetic or pre-algebra, algebra of number pattern 
generalizations, a study of the structure of arithmetic, and occasionally, 
the study of letter symbolic expressions without regard to the meaning of 
symbols. (Lee, 2001, p. 396) 

The author maintains, by reference to Gascón (1993 1994), that algebra as 
generalized arithmetic still dominates research in mathematics education and 
in particular the teaching and learning of ‘early algebra’. 
 In his description of algebra as generalized arithmetic, Wu (2001) views 
algebra as “a more abstract and more general version of arithmetic operations 
with whole numbers, fractions and decimals” (p. 10). Thus, generalized 
arithmetic covers two aspects, generality and abstraction, which differentiates 
algebra from arithmetic. The author specifically underlines the necessity of 
good symbolic computational abilities in fractions as a prerequisite for the 
development of algebra. Both generality and abstraction are expressed by the 
use of symbolism.  
 Correspondingly, according to Wagner and Kieran (1989), algebra as 
generalized arithmetic can be conceived in two different ways: firstly with a 
focus on the connections between algebra and the arithmetical referents 
(generalized arithmetic) where the structural aspects of the number system are 
not directly expressed or deduced and secondly, a stress on the structural 
aspects, (generalized arithmetic) with a reference to the operations that are 
carried out.
 Elementary algebra, according to Sfard and Linchevski (1994), can be 
described as generalized arithmetic in terms of an operational and structural 
duality in the sense of Sfard (1991). As an example, Sfard (1991) claims that 
an algebraic expression such as y = 3x4 “can easily be interpreted both ways: 
it may be explained operationally, as a concise description of some 
computation, or structurally, as a static relation between two magnitudes” (p. 
6). These two interpretations are of a complementary nature. An operational 
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conception (arithmetic) focuses on computational processes. A structural 
conception (algebra), on the other hand, considers mathematical objects and 
their properties.  
 Sfard and Linchevski (1994) clarify the operational and structural 
distinction by   looking at different interpretations of the expression 3(x + 5) + 
1. First, if this expression is viewed as a computational process with 
instructions: add 5 to a given number, multiply the result by 3, add 1, the 
focus is on the numerical processes: an operational conception. In contrast, if 
the expression is conceived structurally, the expression could be interpreted in 
three different ways: (1) as the product of the computation; the product, 
involving a literal symbol, represents a number. (2) as a mapping which 
translates every number into another. If so, it is a matter of seeing the 
expression as a function. (3) as an object in itself, and thus as a string of 
symbols.    

2.4  ALGEBRAIC STRUCTURES  

AS AN ESSENTIAL FEATURE OF ALGEBRA 

A definition of algebra can be organized around the idea of algebraic 
structures. An algebraic structure is a set in which some operations are 
defined, satisfying certain axioms. The study of algebraic structures such as 
groups, rings and fields is called abstract algebra.
 The general idea of abstract algebra builds on the idea of properties of 
operations. Operations in a structure, i.e., addition, multiplication, can 
combine two of its elements to yield another element of the structure 
(Sethuraman, 1997). Thus, algebraic structures mainly are concerned with: 

 the elements in the structure, 

 the number and type of operations used on those elements (e.g., two 
binary operations, one unary operation, and so on), and 

 the essential properties of the operations (e.g., the axioms governing the 
operations). (Lakoff, G. and Núñez, R. E., 2000, p. 111) 

Abstract algebra can be presented from a historical perspective starting with 
equation solving or with an axiomatic approach first introducing the concept 
of group, etc. (Stahl, 1997). 
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 The study of structures constitutes a central part in the historical 
development of abstract algebra; first the study of numerical realms (e.g., 
algebraic numbers, complex numbers) and then the study of structures of 
‘untraditional’ realms (e.g., Hamilton’s quartenions) (see further, Nový 
(1973). The notion of group, and group theory, were developed in the context 
of the study of solvability of equations (see, e.g., Stahl, 1997). In the early 
nineteenth century, new approaches to algebra, based on two fundamentally 
different types of problems, were developed. The problems were, according to 
Nový (1973): 

 The solvability of algebraic equations of degree five and higher; 

 The conceptual foundations of the theory of equations, such as the 
concept and definitions of various types of numbers, e.g., real, complex, 
algebraic, etc. 

These problems, then, initiated new ideas, or trends, which were to 
revolutionize algebra, and led to its liberation from arithmetic (see further, 
Nový, 1973). Generalization and abstraction became central characteristics of 
algebra. There was a need to arrange the new discoveries in general 
structures, and the result was some axioms of arithmetic at the turn of the 
twentieth century (Sjöberg, 1996).
 The axiomatic approach to abstract algebra begins with a systematic 
study of algebraic structures such as groups and vector spaces. Here, concepts 
are described rigorously by considering axioms, definitions etc. (see e.g., 
Fraleigh, 1994; Vinberg, 2003).  The links to the history of the solvability of 
equations is of less importance. The approach is organized around the idea of 
properties of operations in a structure. 
 Take number systems as an illustration of an algebraic structure. The set 
of natural numbers, N, is closed under addition and multiplication while the 
set of integers Z is closed under subtraction as the negative natural numbers 
are included, but not under division as the quotient of two integers does not 
necessarily yield an integer. The elements in Z constitute numbers; the 
identity element is 0 and the inverse element is the negative of a positive 
number (or the positive of a negative number).  
 Algebraic structures are not only generalizations of the known number 
structures such as the integers or real numbers. Abstraction leads further to 
thinking about structures whose elements are real functions and all kinds of 
other mappings.
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2.5  SUMMARY AND CONCLUSION 

Algebra is a vast and complex domain, as revealed in its history. The 
literature covers numerous descriptions with different foci; these are 
concerned with various algebraic ideas. The purpose of this chapter was to 
depict some views of algebra, which attend to different algebraic features.
 The categorization of algebra into rhetorical, syncopated and symbolic 
algebra addresses the use of letters. For some authors, the introduction of an 
operational symbolism was essential for the development of algebra; the use 
of an operational symbolism is the core of algebra.
 In another perspective, an operational symbolism triggers other key 
ingredients, such as analysis (as opposed to synthesis); these are important for 
algebraic thinking.  A focus on algebraic ways of thinking may cover 
different aspects, or components. The description of algebra depends on the 
purpose of the description.  Charbonneau (1996), for example, thinks about 
the historical development and relates algebraic thinking to geometrical 
thinking. Lins (1990, 1992), on the other hand, is interested in students’ 
solutions to word problems and therefore arrives at a slightly different 
definition, although certain aspects are the same.
 A widespread conception of algebra relates algebra to arithmetic. For 
some authors, whether they assumed an essential role of an operational 
symbolism or not, algebra is generalized arithmetic. For Sfard and Linchevski 
(1994) for example, it was mainly the structural (as opposed to operational) 
perspective on arithmetical expressions that characterized the development of 
algebra.
 From yet another point of view, focused more on the nineteenth and 
twentieth century developments in mathematics, algebra has become mainly a 
study of properties of sets closed under certain operations and satisfying 
certain axioms (algebraic structures such as groups, rings, fields, vector 
spaces, etc.). Subsequently, the notion of algebra as structures is of paramount 
importance. 
 Indeed, algebra is a complicated domain as many aspects can be 
included characterizing the nature of algebra (cf., Wheeler, 1996). However, 
it is important to remember that there is no sharp distinction between these 
definitions, or descriptions. Consequently, an aspect, or component, may be 
involved in all the definitions. Rather, the prominence given to the various 
aspects, or components, varies.  
 As an example, the role of letters is significant in many descriptions of 
elementary algebra. In the first view, mentioned above (section 2.1), this 
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particular aspect is absolutely dominant; the idea of an operational symbolism 
appears as primary while other aspects are secondary. But also algebra as 
generalized arithmetic builds on the use of letters where the emergence of an 
operational symbolism marks a crucial step towards generality and 
abstraction. A theoretical account of algebra as ways of thinking may include 
a number of aspects, being equally important, see e.g., Charbonneau (1996) 
and Lins (1990, 1992). Here, attention is given to other mathematical domains 
such as geometry as well. Several authors (Lins, 1990, 1992; Mason, 1989, 
1996) refuse to grant so much importance to the operational symbolism, with 
its related focus on algebra as a literal calculus. For them, algebra is a certain 
way of thinking. There is no agreement on a characterization of this way of 
thinking and several, only partly overlapping definitions, have been proposed. 
 I devote the next chapter to some approaches to algebra in school 
mathematics.  
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CHAPTER 3 

DIFFERENT VIEWS ON SCHOOL ALGEBRA 

Conceptions of algebra as a school subject have varied over time and 
curricular changes as documented in, e.g., international comparisons of 
algebra curricula, such as Sutherland (2002), Kendel and Stacey (2004) or 
Cai, Lew, Morris, Moyer, Ng and Schmittau (2005). This chapter gives an 
overview of some of the various approaches to school algebra found in the 
literature.
 The chapter is organized as follows. Section 3.1 looks at algebra as a 
separate school subject, in an approach which could be classified as 
‘traditional school algebra’. In contrast, the view in section 3.2 points to the 
‘modern’ approach, which prevailed in the ‘New Math’ reforms, where 
algebraic notions and language were seen as a way to unify school 
mathematics. The center of attention in the view in section 3.3 is on applied 
mathematics or problem solving. In section 3.4, I present a view of algebra as 
a competence.  

3.1 THE FIRST TEXTBOOKS OF ALGEBRA:  

ALGEBRA AS A DISTINCT SCHOOL SUBJECT

An extensive study of the changes in conceptions of algebra represented in 
textbooks for the case of France can be found in Chevallard (1985). This work 
focuses on textbooks used in the years 1950 1970, but there is also 
information about the historically first textbooks of algebra. This information 
shows how dramatically the conception of algebra has changed since these 
first textbooks. For example, the signs that, today, we call the signs of 
arithmetical operations (i.e., +, ,  and /), were first labeled ‘algebraic signs’ 
and constituted an introduction to algebra. At the same time, the letter x was 
not considered a trademark of algebra, contrary to what is the case today in 
schools. It is only in the nineteenth century that the signs of operations started 
being considered as belonging to arithmetic.  

15



 Euler’s Eléments d´Algèbre (1774) introduced, beyond the signs for 
operations on numbers, calculations on positive and negative numbers (called 
relative numbers), fractional numbers, calculations on literal symbols, ratios 
and proportions, and equations. In the nineteenth century, some of these 
topics were moved to chapters on ‘arithmetic’, and were consistently treated 
as such in the twentieth century schoolbooks. As an illustration, a textbook on 
arithmetic published in 1934 for grades 3 to 8, or 9, included topics such as 
the number system, the four operations, word problems where the unknown 
was to be found by a sequence of such operations from the given quantities, 
divisibility, fractions and ratios (Chevallard, 1985).
 In the first half of the twentieth century in France, algebra was, 
according to Chevallard (1985), introduced in textbooks as a tool to solve the 
same kind of problems as those previously solved with arithmetic, but in a 
more efficient fashion. This more efficient approach was based on an analytic 
(as opposed to synthetic) view of the quantities involved in the problem: the 
unknown was to be treated as if it were known, represented by a letter, and 
then treated on a par with all other quantities appearing in the problem. The 
relations among quantities could then be written in the form of equations, 
which could be solved in a formal way, regardless of the meaning of the 
quantities in the problem. This abstraction opened the way to a generalization: 
the formalization allowed classifying problems into types and producing 
methods for solving all problems of the same type. Algebra was thus 
introduced as generalized arithmetic:  

Elementary algebra is nothing but generalized arithmetic, i.e., 
arithmetics extended from particular numbers to arbitrary numbers, and, 
consequently, from actual operations that were executed, to operations 
only indicated by signs; so that in this first speculation of the mind, one 
thinks less about establishing the result of the consecutive operations 
than about drawing a picture of these operations and thus discovering the 
formula for the solutions of all problems of the same kind. (Chevallard, 
1985, p. 57 58, my translation from the quote) 

I could not find such detailed studies of early algebra textbooks in other 
countries. But it seems that, in the first half of the twentieth century in many 
countries, ‘algebra’ was treated as an individual school subject, published as a 
separate textbook (this was certainly the case in the US, see, Donoghue, 2003; 
Clements, 2003). The algebra textbooks of the period in question, discussed 
by Donoghue (2003), as an example, basically involve the same topics where 

16



algebra is conceived as an extension of arithmetic. Additionally, according to 
Clements (2003), “during the first half of the twentieth century, most 
secondary schools in the United States offered forms of algebra that 
emphasized standard symbol manipulation in algebraic expressions, 
equations, formulas, polynomials, rational expressions, and powers and roots” 
(Clements, 2003, p. 1521).
 Chevallard’s article (1985) contains examples of problem pages from 
textbooks published in different times. These examples illustrate the 
enormous emphasis, in older textbooks, on formal manipulation of literal 
expressions. This emphasis was decreased in newer textbooks. For example, 
in a 1961 textbook (Chevallard, 1985, p. 87), the chapter on multiplication of 
polynomials contained exercises such as  

)76523( 432243 xxaxaaax )43(15 322 xxaax

In a 1971 textbook (Chevallard, 1985, p. 89), such exercises would not get 
more complicated than the following:  

)1)(1( 23 xxxx

As an illustration, in a textbook of the time (see Donoghue, 2003), formulas 
were presented by first stating a formula and describing how to substitute 
values into this formula to find the unknown. Then, typical exercises 
included:

P = .433h gives the water pressure in ponds per square inch for the 
height of water in feet. What is the water pressure per square inch at the 
bottom of a standpipe when the water column is 92 feet high? (Welchons 
and Krickenberger, 1949, p. 45, according to Donoghue, 2003, p. 355) 

The pedagogy of ‘drill and practice’ (Clements, 2003) was strongly criticized 
by the proponents of the reforms that came to be known as ‘New Math’3 (in 
the Anglophone countries) or ‘mathématiques modernes’ (in France or 
Belgium). These reforms were taking place mostly in the 1960s.  

                                          
3 In Sweden, den nya matematiken 
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3.2 ‘MODERN’ CONCEPTIONS OF ALGEBRA:
A THEORETICALLY UNIFIED VIEW OF MATHEMATICS  

One of the slogans of the New Math movement was the unification or 
integration of school mathematics. In many countries, algebra was to be 
integrated into mathematics courses. The language of sets, to be used 
throughout the curriculum, together with such ‘unifying themes’ as algebraic 
structures and functions, were supposed to guarantee this integration 
(Clements, 2003). This program was implemented to various degrees in 
different countries. In the US, the traditional divisions of school mathematics 
into courses of arithmetic, algebra and geometry, was largely maintained, 
with only an addition of some unifying topics (Clements, 2003). The reforms 
were more radical in France, where, according to Chevallard (1985), the term 
‘algebra’ disappeared from the mathematics textbooks. 

3.2.1 Algebraic perspective on the domain of numbers 

The disappearance of the term ‘algebra’ did not mean the disappearance of the 
thing itself. In fact, in line with Chevallard (1985), there was more algebra 
than ever everywhere in the curriculum. There was algebra already in the 
study of fractions, previously a standard topic of arithmetic. The study of 
fractions was preceded by the study of the algebraic properties of integers, 
positive and negative. In some textbooks, fractions were introduced as 
equivalence classes of a relation in the set of pairs of integers. Even decimals, 
traditionally studied in the context of measurement and units, started to be 
treated as an algebraic structure, as illustrated in Figure 3.1 (from a 1978 
textbook, Chevallard, 1985), containing a definition of subtraction of 
decimals. 
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z = x y
z + y = x

(x + y) + ( y) = x + ( y)
x + [y + ( y)] = x + ( y)

z + 0 = x + ( y)
z = x + ( y)

z = 13 ( 7)
z + ( 7) = 13

[z + ( 7)] + 7 = 13 + 7
z + [( 7) + 7] = 13 + 7

z + 0 = 13 + 7
z = 13 + 7

III. DIFFERENCE OF TWO DECIMALS

x D, y D , z D. z = x y means that z + y = x
What is z, for x and y called in this order?
Observe: 

For all x of D, for all y of D, x y is a decimal and x y = x + ( y).
Examples: 8 ( 7) = 8 + 7 = 15; 9 14 = 9 + ( 14) = 5.
The operation for which each (x; y), x D, y D is assigned to 
the decimal x y, is a subtraction in D.

z = x y
z + y = x

(x + y) + ( y) = x + ( y)
x + [y + ( y)] = x + ( y)

z + 0 = x + ( y)
z = x + ( y)

z = 13 ( 7)
z + ( 7) = 13

[z + ( 7)] + 7 = 13 + 7
z + [( 7) + 7] = 13 + 7

z + 0 = 13 + 7
z = 13 + 7

III. DIFFERENCE OF TWO DECIMALSIII. DIFFERENCE OF TWO DECIMALS

x D, y D , z D. z = x y means that z + y = x
What is z, for x and y called in this order?
Observe: 

For all x of D, for all y of D, x y is a decimal and x y = x + ( y).
Examples: 8 ( 7) = 8 + 7 = 15; 9 14 = 9 + ( 14) = 5.
The operation for which each (x; y), x D, y D is assigned to 
the decimal x y, is a subtraction in D.

Figure 3.1 The relation between a numerical and an algebraic field
(Chevallard, 1985, p. 77, my translation from the quote) 

3.2.2  Functions as a unifying concept for mathematics 

The idea of using the theme of functions as a unifying concept for school 
mathematics is quite old, and can be derived from the mathematical and 
pedagogical ideas of the German mathematician Felix Klein (1849 1925),
well-known in Europe and the US (Clements, 2003). Functions integrated 
mathematics internally and connected it with other sciences, as models of 
changes in phenomena.
 As far as I know, a consistently ‘functional’ approach to the organization 
of mathematical content has never been implemented on a large scale, 
although there exist examples of more integrated curricula (e.g. in the 
Canadian provinces, Clements, 2003). The functional approach remained, 
however, an attractive idea for researchers in mathematics education who 
continue experimenting with it (see e.g., Kieran and Yerushalmy, 2004). 
 However, authors connote different meanings to the concept of a 
‘functional approach’; some may not put an emphasis on the functions per se 
but, rather, at the central role of numerical variables. Kieran (Kieran, 1996; 
see also Kieran, Boileau and Garançon, 1996) explains that the study of 
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functions as such may not be that crucial, but that the use of letters as 
representing variables – as opposed to the unknown – is. Kieran (1997) 
identifies certain aspects that characterize a functional approach with multiple 
representations:

 A functional relation includes two or more, variables, and not only an 
unknown, as in equation solving. The solution often involves substitution 
of numbers for letter variables. Alternatively, it could be a matter of 
formulating two functional expressions and substitution, often using a 
table of values, until finding the x-value for which the two functional 
values are the same.

 The computational nature of functions is less important: the idea is to set 
up functions and represent them graphically to identify their intersection 
points.

Today, new technology creates new possibilities within functional approaches 
(Kieran, 1994, 1997). A functional approach to algebra can make use of the 
new technology and so may treat key concepts in another order than in 
traditional school algebra. Intrinsically, in this view, the function concept 
strongly affects the nature of school algebra (see, e.g., Yerushalmy, 2000). 
 Standard and functional approaches can be contrasted in high-school 
algebra (Chazan, 1999, 2000). Take the following task: “to find numbers 
which would make x2 – 8x = 5 a true statement” (Chazan, 1999, p. 131). This 
kind of task is rare in a standard approach to high school algebra, where a 
student would probably be asked to solve quadratic equations with integer or 
at most rational roots. However, in a functional approach to algebra, such as 
Chazan’s, students would have met questions such as “here is a function, say 
f(x) = 3x – 2, find the input for which the output is 0” (Chazan, 1999, p. 133). 
By using technology, these students experienced the idea of finding decimal 
approximations. Thus, students’ prior experience of multiple forms of 
representation: graphs, tables, algebraic expressions etc., could influence their 
solution method. Therefore, it is probable that these students, contrary to 
students in a standard approach, could come up with a solution between 8 and 
9 by looking at a tabular representation (see Table 3.1).  
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Table 3.1 A representation of the outputs of two functions (Chazan, 1999, p. 132). 

Value of variable (x) f(x) = x2 – 8x g(x) = 5 

5 15 5
6 12 5
7 7 5
8  0 5
9  9 5

 Moreover, Yerushalmy and Gilead (1999) point to the fact that many 
constant rate word problems, traditionally expressed in a single variable, can 
instead be modeled by two linear time functions. The use of two linear 
functions would lead to a change in the problem solving process. The relation 
between the structure of the original situation and symbolism used remain 
important. Letters are used as numerical variables, not as unknowns. The 
authors emphasize: 

This approach does not at all diminish the importance of symbolic 
manipulations. Symbolic manipulations, usually taken in the abstract, 
offer here a way to alter among equivalent expressions, each supports a 
different but equivalent situation. (Yerushalmy and Gilead, 1999, p. 186) 

In actual school programs, functions tend to occupy a domain of study on 
their own, sometimes treated as part of algebra, and sometimes as part of a 
‘precalculus’ course. According to Kendal and Stacey (2004), a notion of 
algebra as a study of functions and their transformations can be found in 
recent curricula in France, Hungary, Israel, Japan, The Netherlands and the 
US.

3.3  FOCUS ON APPLIED MATHEMATICS: ALGEBRA AS ONE TOOL  

AMONG OTHERS IN PROBLEM SOLVING 

After the rather unsuccessful attempts of teaching abstract algebra to school 
children in the 1960s and 1970s, many mathematicians and mathematics 
educators called for more focus on problem solving. Algebra was just one tool 
among others in these activities. According to Kendel and Stacey (2004), the 
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teaching of algebra as a way to interpret the world through modeling real 
situations, precisely or approximately, can be found in Quebec, England, The 
Netherlands, Victoria4.
 Even if a curriculum is not entirely organized around problem solving, 
word problems are found to be playing an important role in school 
mathematics nowadays, contrary to the ‘mathématique moderne’ textbooks, 
which focused on the study of formal systems. The characteristics of word 
problems differ; it could be traditional word problems (in Italy, Hungary, 
France and Hong Kong) or realistic problems (Canada, Australia and 
England) (Sutherland, 2002). In Israel, both kinds of problems occur. 
Sutherland points out the interesting fact that in countries where the curricula 
focus on more realistic problems, there is less stress on symbolic 
manipulation.
 Algebra as a problem-solving tool allows students to study real-life 
situations and to express these by multiple representations (equations, graphs, 
tables etc.). Huntley, Rasmussen, Villarubi, Sangyong and Fey (2000) 
underscores that multiple representations are important for a modeling 
perspective on algebra.
 Burkhardt (1989) characterizes modeling as a subset of applications that 
involves non-routine tasks, where the solver needs to find or design an 
appropriate model him/herself. He points out that an application can be 
introduced (1) as a representation of a powerful mathematical technique to 
exemplify standard models which students are supposed to use or (2) with a 
focus on a model of a practical situation; the situation is interpreted by the use 
of a model. The author claims that it is important for students to know 
whether they are expected to work in either an illustrative or a situational 
way, e.g., if the aim is for students to show their mathematical abilities or to 
argue for the design of a model. 
 Some authors put more emphasis on modeling as a process (see e.g., 
Blum and Niss, 1991; Pollak, 2003; Janvier, 1996: Huntley et al., 2000). 
According to Janvier (1996), for example, a modeling process includes a 
formulation and a validation phase. First, the formulation phase includes the 
study of a phenomenon, or situation with the aim of formulating relationships 
between the variables. In doing so, observation, measurements or guessing are 
used. The validation phase looks into the validity of the model by relating it to 
the real-world context. Also, Huntley et al. (2000) view modeling as a process 
consisting of a “mathematical formulation of an applied-problem situation, 

                                          
4 Victoria, Australia 
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mathematical activity within and among representations, and interpretation of 
the results in terms of the original situation” (Huntley et al., 2000, p. 332). In 
the case of students’ written work, the ‘formulation’ can be described as 
moving from an applied problem to a model while ‘interpretation’ is moving 
in the opposite direction.
 Algebra can be approached through modeling, by using dynamic 
physical models (see, e.g., Izsák, 2000, 2003; Hines, 2002). In his research, 
Izsák (2000, 2003) uses a physical device, namely a winch, in order to 
develop students’ knowledge for modeling a practical situation.  
 Modeling can be strongly tied to functional approaches (see Janvier, 
1996; Huntley et al., 2000; Bardini, Pierce, and Stacey, 2004). As an 
illustration, Bardini et al. (2004) presents a study, which introduces algebra 
through real-world problems; the objects of study are linear functions. The 
approach could be described as a functional-modeling approach. As functions 
are considered from the point of view of relationships between two quantities, 
the approach is related to functional approaches. Furthermore, the approach 
“focused on the creation, use and evaluation of mathematical models for 
relationships derived from realistic contexts” (Bardini et al., 2004, p. 366). 
Thus, the approach covers aspects of a modeling approach as well.

3.4  DEVELOPING COMPETENCIES: ALGEBRA AS A COMPETENCE

Nowadays, proposals of the content of school algebra tend to be expressed in 
terms of competences, rather than in terms of topics to be covered (see, e.g., 
Crawford, 2001; MacGregor, 2004; Kieran, 2004; Persson, 2005).  As an 
example, Kissane (2001b) distinguishes three central competencies to be 
learned as ‘algebra’ at the secondary level: “representing situations and 
objects using algebraic symbols, dealing with functions and their graphs, and 
solving equations and inequalities” (Kissane, 2001b, p. 127). These aspects 
largely correspond to the substrands ‘Expressing generality’, ‘Functions’, and 
‘Equations’, in A National Statement in Australian Schools and the National
Mathematics Profile (see, Kissane, 2001a), although the language does not 
stress the ‘competencies’ as directly as in the previous formulation. 
 Generalization is a frequently mentioned competence in the context of 
algebra learning. In some jurisdictions, according to Kendel and Stacey 
(2004), the conception of algebra as a way to express generality and pattern is 
very strongly present: British Columbia, England, Victoria, Singapore. This 
observation is confirmed in Bell (1995) and Sutherland (2002, 2004).  

23



What needs to be learned about generalizing is the process of exploring a 
given situation for patterns and relationships, organizing the data 
systematically, recognizing the relations and expressing them verbally 
and symbolically, and seeking explanation and appropriate kinds of 
justification or proof according to level. (Bell, 1995, p. 50) 

The working-group on Approaches to Algebra in the 12th ICMI Study stresses 
that the generalization approach has been reinterpreted over the years and has 
become linked to different kinds of problems (Sutherland, 2004).  
 In the rest of this subsection I give examples of different kinds of 
generalization problems. 

3.4.1   Generalization of numbers
Carpenter and Franke (2001) point out that a student may have various 
implicit thoughts on operations and properties of numbers. When they make 
generalizations about these properties, students learn to explicitly express 
their mathematical thinking.
 As an illustration, take Example 1 presented below; this example 
concerns the use of algebra to express properties of numbers and operations 
and to establish generalization on numbers: 

Example 1: 
(a) Show that the sum of a number of four digits and the number formed 

by reversing the digits is always divisible by 11. 
(b) The greatest and least of four consecutive numbers are multiplied 

together; so also are the middle pair. Show that the difference of the 
two products is always 2. (Bell, 1995, p. 41)

3.4.2 Pattern-based problems
Generalizing is often connected to the process of organizing data 
systematically, noticing and identifying a pattern and then formulating the 
relationships. The idea of a pattern-based approach is not only about the 
notational features of the algebraic symbolism, but rather, first there is an 
attention on generalization and then on functional relationships. Thereafter, it 
is time for the formulation and solving of equations (Stacey and MacGregor, 
2001).
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 The following example illustrates a type of problems where the main 
focus is to find a general rule. In this example, the solver is asked to first 
express the number of paving slabs in words and then in letter variables 
(Swan, 1985): 

Pond borders 
Joe works in a garden centre that sells square ponds and paving slabs to 
surround them. The paving slabs used are all 1 foot squares. 
The customers tell Joe the dimensions of the pond, and Joe has to work 
out how many paving slabs they need. 
* How many slabs are needed in order to surround a pond 115 feet by 
 115 feet? 
* Find a rule that Joe can use to work out the correct number of slabs 
 for any square pond. (Swan, 1985, p. 72) 

Here is a summary of two different types of solution methods. See Swan, 
(1985):

Method 1.  Analysis by looking at the pattern of numbers 
Find the number of slabs needed for some small ponds. Write the data in a 
table.

Length of side  (n) 1 2 3 4 5

Number of slabs needed (s) 8 12 16 20 24

Identify a pattern. 

8 12 16 20 …

+ 4 + 4 + 4

8 12 16 20 …

+ 4 + 4 + 4

Find and express a formula which describes the relation between the length of 
side (s) and the number of slabs (n).

The general formula is s = 4n + 4. 

For a pond of the size 115 115 , the customer needs 4  115 + 4 = 464 slabs. 
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Method 2.  Analysis by looking at the pattern in the shapes 
Visualize the problem by drawing diagrams for slabs needed for some small 
ponds.

n = 1 n = 3n = 2n = 1 n = 3n = 2

From the diagrams it is obvious that the sequence of number of slabs grows in 
a regular way. To the shape where n = 2 there are 2 slabs attached to each side 
and in addition 4 slabs (in the corners). That is 4 · 2 + 4 = 8. The generalized 
formula is s = 4n + 4. 

3.5  SUMMARY AND CONCLUSION 

Several international comparisons of curricula show a wide variety of 
different approaches to school algebra. It is evident that those aspects of 
algebra, which are in focus in a specific algebra curriculum, vary depending 
on the approach taken. The primary aim of this chapter was to present some 
central aspects in some approaches to algebra relevant for my study. 
 The chapter begins with a view on algebra as a separate subject. Here, 
the fundamental idea is the fact that algebra is an extension of arithmetic and 
noticeable in textbooks from the first half of the twentieth century. In these 
textbooks, algebra was used as a tool for introducing a new way of solving 
problems, previously solved by arithmetical methods. Manipulating algebraic 
expressions played a central role in the algebra course.
 The criticism against the focus on drill and practice in the mid-twentieth 
century led to stressing unifying concepts such as sets, structures and 
functions; the idea of organizing school mathematics around algebraic 
structures emerged. Functional approaches to algebra gained attention in 
various school projects, as this approach highlights letters as representing 
variables.
 Yet another view on school mathematics focused on problem solving 
with algebra as a problem-solving tool. In this perspective, the characteristic 
of problems vary; some have traditional word problems and others realistic 
problems. In this context, a modeling perspective to algebra emerged. 
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Modeling is a process, which is part of applications, or applied mathematics. 
Principal ideas of the approach were interpreting a realistic situation, and 
translating it into a mathematical form and being able to interpret the yielded 
results in terms of the original situation.  
 More recently, it has been common to describe algebra as a competence. 
At the secondary level, these competences are concerned with abilities of 
dealing with generality, functions and equations. Generalization is an example 
of an algebraic competence and could incorporate a number of ideas such as 
generalizations about number properties and patterns.
 My overview of the different approaches represent the trends in school 
algebra in the second half of the twentieth century. However, it is important to 
remember that it is not a question of contrasting views. Rather, the views 
attend to different aspects, in various ways, and thus are complementary. 
Considering the complementary nature of different approaches, Wheeler 
(1996), recognizes that the presentation of algebra covers various aspects: 

…we want students of algebra to come to know how to use it to solve 
problems, to model situations, to handle functions, and to make 
generalizations. Choosing one of these as a starting point affects how the 
others can be reached.  (Wheeler, 1996, p. 325) 

This statement is also relevant for the views on school algebra presented in 
this chapter. Problem solving, for example, appears in all the approaches 
presented. Its role in the introduction to algebra differs, though. The first 
textbooks of algebra (section 3.1) put emphasis on algebraic manipulation. 
Also, the presentation of formulas, for example, first treats substitution and 
then problems. Other approaches, on the other hand, can initially be more 
concerned with problems where algebra is one tool among others (section 
3.3), or pattern-based based approaches (section 3.4.2) where the problems 
focus on generalization and functional relationships before describing the 
problem situation in terms of equations or functions.
  Moreover, letters are mainly interpreted as unknowns in the first 
textbooks of algebra (section 3.1) or mainly numerical variables in functional 
approaches (section 3.2.2). The interpretation of letters varies in other 
approaches depending on the particular situation. As an illustration, a 
modeling approach to algebra may result in equations, with a focus on 
unknowns or functions with letters as variables instead.
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 Also, it is not necessarily so that a whole course, or textbook, is 
structured around one approach only. In fact, it is often the other way around, 
i.e., mathematics curricula involve different approaches to algebra.
 My study is presented in the following chapters. I will show that the 
views on school algebra, identified in this chapter, are present, to various 
extent, in Swedish textbooks of the period 1960 2000.
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CHAPTER 4 

THEORETICAL PERSPECTIVE 

The primary concern of my study is the variation, over time, of algebra in 
school mathematics, and in particular the ways school algebra is presented in 
mathematics textbooks. In studying the variation in time of school algebra, 
my theoretical perspective is inspired by phenomenography (e.g., Marton and 
Booth, 1997) and hermeneutics (e.g., Gallangher, 1992; Alvesson and 
Sköldberg, 1994). This chapter addresses selected features of these 
perspectives, which have an effect on the theoretical assumptions in my study.  
 This chapter is organized as follows: In section 4.1, I present the basic 
ideas of phenomenography in general. In section 4.2, I consider the 
phenomenographical point of view on studying the content of learning. In 
section 4.3, I discuss data sources in phenomenographical research. Finally, in 
section 4.4, I look at some elements of hermeneutics, always important in 
research involving interpretation of texts, as is the case in my study.  

4.1  SOME BASIC IDEAS OF PHENOMENOGRAPHY 

Research conducted from a phenomenographic perspective has been 
described as follows: 

Phenomenography is not a method in itself, although there are 
methodical elements associated with it, nor is it a theory of experience, 
although there are theoretical elements to be derived from it. Also, 
phenomenography is not merely an opportune player that can assume the 
role needed for the moment. Phenomenography is rather a way of—an 
approach to—identifying, formulating and tackling certain sorts of 
research questions, a specialization that is particularly aimed at questions 
of relevance to learning and understanding in an educational setting. 
(Marton and Booth, 1997, p. 111) 
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The ideas of phenomenography, as a research approach, influence my study. 
The characterization of this approach is discussed in this section.

4.1.1 Object of research 

One is seldom aware of the fact that one’s conception of a phenomenon may 
not correspond to other people’s ways of understanding it or that those 
conceptions vary over time and cultures. One may not even be aware of the 
fact that one’s ‘experience’ of the surrounding world is quite unique.  Rather, 
one commonly takes for granted that others view the world in exactly the 
same way (Marton, 1997). Phenomenographic studies are interested in 
describing the variety of experience people may have of something. By 
describing this experience, the phenomenon of this something, as it appears to 
people, is being described; by categorizing the experience, the critical features 
of the phenomenon are identified (Marton and Booth, 1997). 
 Three directions of phenomenographic research, with different foci, can 
be distinguished (see Marton, 1986): 

 variation in people’s understanding of general aspects of learning, e.g., 
the relation between approaches to learning and qualitative differences in 
its outcome; 

 variation in people’s experiences of central concepts, e.g., the interest in 
the teaching and learning of a specific content, or concept; 

 variation in people’s experience of reality with a focus on the 
conceptions themselves and not on their conditions or origins. 

My study is related to the second direction of study, since I am concerned 
with qualitatively different ways in experiencing the algebraic content. 
However, my study includes neither teachers’ nor students’ experience as 
such. Rather, the aim is to describe qualitative differences in what is proposed 
for teachers and students as algebra. So, the focus is on texts to be considered 
in education—mathematics textbooks—and qualitative differences that occur 
in these. 
 It is true that many, such as Hasselgren (1996), view phenomenography 
as a method of research, but Marton (1996; see also Marton and Booth, 1997), 
on the other hand, is of the opinion that phenomenography has a distinct 
object of research and should be described by this object of research. From 
the point of view of phenomenography as a methodology, my study would not 
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be classified as belonging to phenomenography. However, if the point of 
departure for defining a research approach instead is the object of research, 
then this work is connected to phenomenography and its knowledge interest 
(cf. Marton, 1986).

4.1.2  The main features of phenomenography 

In considering people’s experience, the focus is on neither mental nor 
physical entities, since it is not a question of describing phenomena as such. 
Rather, the object of study is the relationship between the subject and the 
world—i.e., the subject’s experience of the world—is of great importance. 
Marton and Booth (1997) do not separate between the ‘outer’ and ‘inner’ i.e., 
what could be described as a world ‘out there’ and a subjective world ‘in 
here‘. Rather they talk about one world that people experience in their own 
way. Thus, a non-dualistic view of knowledge or learning is assumed. The 
study of experience is conducted from two complementary points of view, 
namely, one looks at both the “ways in which persons experience a given 
phenomenon and ways in which a phenomenon is experienced by persons” 
(Marton and Booth, 1997, p. 122).
 One of the main features of the phenomenographical research is its 
‘second-order perspective’ (Marton, 1981; Marton and Booth, 1997). The 
questions are not about what X ‘really’ is, but, rather, what people think or 
feel X is. ‘X’ could be knowledge, learning, reasons for academic success, 
matter, motion, number (or algebra). While perhaps it makes sense to ask, 
what ‘matter’ really is, anything that is said about matter is already someone’s 
conception of matter.  So, when judging of someone’s conception of matter, it 
is not a question of comparing it with ‘reality’; we can only compare it with 
another conception of matter. However, one could still claim that matter 
exists independently of anybody’s conception of it.
 The fundamental idea of phenomenography is the possibility in 
identifying distinct ways in experiencing phenomenona. In turn, these distinct 
ways are described in terms of a limited number of categories (Marton and 
Booth, 1997). Ways of experiencing something is normally related to an 
individual’s experience, while at the collective level, the organization of the 
categories appears (Carlsson, 1999). The systems of categories can be of 
different kinds. Uljens (1989) distinguishes: 

horizontal systems, where all the categories are at the same level, at a 
specific time; 
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vertical systems, which look at the ways conceptions are changing; 

hierarchic systems where the idea is that some conceptions are more 
advanced than others—by qualitatively different ways in experiencing 
the phenomenon. 

My study aims at describing the changes of algebra in upper-secondary 
mathematics textbooks across time.  When I scrutinize textbooks published in 
different years over a certain extended period of time, I consider a vertical 
variation. Further, when I analyze two sets of textbooks from the same epoch, 
I reflect on a horizontal variation. 

4.2  PHENOMENOGRAPHY AS A RESEARCH TOOL 

Phenomenography is concerned with ‘experience’ or ‘ways of experiencing’ 
in a broad sense. Marton and Booth (1997) explore ways of experiencing 
phenomena in the learning process. They describe learning as follows:

We prefer to describe learning in terms of the experience of learning, or 
learning as coming to experience the world in one way or another. Such 
learning inevitably and inextricably involves a way of going about 
learning (learning’s how aspect) and an object of learning (learning’s 
what aspect). (Marton and Booth, 1997, p. 33) 

A framework for analyzing the experience of learning about a phenomenon is 
described by Marton and Booth (1997). This framework undertakes two 
aspects of a conception, the ‘what’ and ‘how’ aspect. The ‘what’ aspect 
relates to the content as such, while the ‘how’ aspect, on the other hand, 
considers ways in learning (or teaching) the phenomenon (Kroksmark, 1989).  
The point of departure for approaches to learning is the relation between the 
individual and the material being learned. This approach, then, often 
considers different qualitative aspects of learning, and how people experience 
and organize a specific topic (Ramsden, 1992).  
 The main interest in Runesson (1999) is the content which students meet 
in the teaching-learning process. She looks at the expressed and potential 
ways of experiencing fraction and percentage, not at people’s actual 
experience. The author describes variation in these two different foci as 
follows:
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In this context, variation may partly concern an offered variation, i.e., 
through the teacher, students and textbook and/or in another way 
expressed variation. Partly it can concern an experienced variation, thus, 
what students actually experience. (Runesson, 1999, p. 42, my 
translation)

As the content of learning algebra is the focus of my thesis, possible 
outcomes, with respect to the content of this learning, will be considered. 

4.3 DATA SOURCES ACCORDING TO A PHENOMENOGRAPHICAL 
APPROACH

To study the variation of a certain phenomenon, different sources of 
information can be used, such as interviews, archival texts from certain 
historical times and long sessions on video. In phenomenographical research, 
data have been most often collected through interviews (Marton and Booth, 
1997). Nevertheless, interviews were not the only method used.
 Interviews may not be appropriate in a particular situation. It is not 
always possible, and it does not always make sense to ask people directly, 
“What do you mean by X?” or “What do you think X means?”  For example, 
when ways of experiencing phenomena in very young children are studied, 
interviews are not possible. In this case, videotaping of children's behavior in 
specially chosen or designed situations can be used. The major data in 
Runesson’s (1999) study, for example, were recordings from mathematics 
classrooms. As early as in the mid-1980s, Marton (1986) emphasized, “The 
products of people’s work can be studied as sediments of the ways they think 
about their world” (p. 42). Although Ahlberg (1994) was studying an 
educational setting, her most important data were also ‘products’ of children’s 
actions and communication in mathematical problem solving. Also, students’ 
written assignments have been used; Tynjälä (1997) analyzed essays written 
by students. In fact, Marton and Booth (1997) suggest that written documents 
can be used as sources of data. 
  My study follows the phenomenographical adage that “the way 
mathematics curricula are designed, textbooks are written, teaching is 
organized, evaluated, responded to, may tell us a great deal about how 
particular societies or those in power as well as students conceive of algebra” 
(a paraphrase of Marton and Booth, 1997, p. 116). Subsequently, this study 
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comprises the more indirect sources of data about people’s conceptions of 
algebra: mathematics textbooks.  People may declare certain views and 
opinions about algebra in words, but their actual deeds may not always be 
consistent with these views and opinions.  

4.4  HERMENEUTICAL ELEMENTS IN INTERPRETING TEXTS 

Hermeneutical ideas are essential in the interpretation of texts. In this section, 
I take up a few aspects of relevance for my textual interpretation concerning 
both scholarly ideas of algebra and of mathematics textbooks written for an 
educational setting. 
 Several authors recognize, according to Gallagher (1992), understanding 
or interpretation of language and texts as central features for hermeneutics. 
The meaning of a text depends on (1) the reader, e.g., aspects such as his/her 
cultural and educational background, and (2) the text, e.g., aspects such as 
where and when the text was produced and the way it was formulated. These 
two factors are interrelated, in the interpretation of a text. Gallagher writes: 

In the process of interpretation no one element reader, text, meaning 
and so on exist in itself, in an isolated manner. Understanding a text 
involves building a complex series of bridges between reader and text, 
text and author, present and past, one society or social circumstances and 
another. (Gallagher, 1992, p. 5) 

Language is important for interpreting a text and, according to the author, in 
particular, the ways language operates.
 In interpreting a text, an interpreter may conceive the phenomenon in 
relation to him/herself and his/her situation. Thus, knowledge of social 
circumstances, from the epoch in question, affects the interpretation of a text; 
the interpreter puts him/herself into the views of others and how they interpret 
the world (cf, Hartman, 1999).
 The process of interpretation can be described in terms of the 
‘hermeneutical circle’: The hermeneutical circle comprises the fact that the 
interpreter repeatedly returns to the text and derives a new interpretation; the 
interpreter relates the parts of the object of study to the whole which at that 
occasion is highlighted and then goes back to study parts (see further e.g., 
Alvesson and Sköldberg, 1994). 
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4.5  CONCLUSION 

The overall approach taken in my study is inspired by phenomenography and 
hermeneutics.  
 My theoretical perspective assumes a qualitative, second-order 
perspective. Thus, my intention is to describe the variation of school algebra 
at the upper-secondary level, and not concentrate on individual textbooks. The 
idea is to study the intended experience as it is indirectly represented in 
mathematics textbooks. I do not look at the experience-of-the-learner but at 
the experience-of-the-learner-as-intended-by-the-author-of-textbook. If 
students are expected to become aware of something, certain aspects of this 
‘something’ are pinpointed in the textbooks through the ways the terminology 
is introduced, the characteristics of the tasks, etc. In the teaching of algebra, 
normally, techniques of solving certain types of equations are emphasized, 
while the notion of equation is not an explicit object of teaching. Further, as I 
analyze the algebraic content, I consider the ‘what’ aspect in the sense of 
phenomenography.  
 There is a hermeneutical element in my analysis of mathematics 
textbooks; I interpret excerpts in isolation as well as in their relation to the 
whole. The study of phenomena of which the researcher has prior knowledge, 
may have both positive and negative effects on the process of interpretation. 
The starting point is pre-conceptions, which the researcher may perceive as 
objective. This study aims at getting a deeper understanding of school 
algebra. My research process is characterized by moving between the data and 
the interpretation of the data. My pre-conceptions of school algebra influence 
the analysis of textbooks. 
 I present the methods of my study in the next chapter. 
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CHAPTER 5 

METHODS

This thesis is concerned with the variation in upper-secondary school 
teachers’ and students’ experience of school algebra in Sweden, in the period 
1960 2000, as intended by textbook authors. From the methodological point 
of view, the research undertaken comprised an empirical study.    
 In this empirical study, the data were drawn from a selection of 
textbooks. The results of the study were hypotheses about the possible 
teachers’ and students’ conceptions of school algebra, i.e. their hypothetical 
answers to the question ‘what is (school) algebra’.
 My empirical study involved analyses of texts. I studied textbooks which 
covered the notion of school algebra as proposed for teachers and students. 
The results of my empirical study were a characterization of algebra in school 
mathematics; this description is expressed in terms of categories which are 
based on the empirical data.  
 This chapter is organized as follows. In section 5.1, I deal with the 
methodological issues related to the study; in section 5.2, I discuss the quality 
of the study.    

5.1 DATA SOURCES OF THE STUDY: MATHEMATICS TEXTBOOKS  

As mentioned above, the data of the empirical study have been drawn from 
textbooks from the period 1960 2000. These written materials provide useful 
information on the official view on school algebra. The selection of 
mathematics textbooks was guided by the goal of covering the changes that 
affected the teaching of algebra in the Swedish upper secondary school over 
the years.
 In my study, I analyzed eleven books textbooks for grade 15 of the 
upper-secondary school  or courses called Mathematics A and Mathematics 

                                          
5 Grade 1 in the Swedish upper-secondary school corresponds to the tenth grade in 
organizing the school into grade 1–12. 
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B6 for the natural science program in Sweden between the years 1960 2000. I 
selected two commonly used sets of mathematics textbooks from the period. I 
used two criteria for selecting the textbooks, namely 

 The same author group with approximately the same authors over the 
years;

 Commonly used mathematics textbooks.  

The following textbooks were eventually selected: 

Pre-New Math era 
 1961 Algebra för gymnasiet, del 1  (Nyman, 1961). 

New Math Era 
 1966 Matematik för gymnasiet: Naturvetenskapliga och tekniska 

 lärokursen, del 1 (Nyman, 1966). 
 1966 NT1 Matematik för gymnasiet, NT-kursen, Åk 1
  (Brolin, Sjöstedt, Thörnqvist and Vejde 1966).7

 1968 Matematik för gymnasiet: Naturvetenskapliga och tekniska 
 lärokursen, del 1  (Nyman and Emanuelsson, 1968).

Post-New Math era 
 1978 Matematik för gymnasieskolan: NT1 (Nyman, Emanuelsson, 

Bergman and Bergström, 1978). 

 1978 Matematik: gymnasieskolans treåriga linjer. NT 1 A (Björk, 
Brolin, Eliasson and Ljungström, 1978a);
Matematik: gymnasieskolans treåriga linjer. NT, 1 B (Björk,
Brolin, Eliasson and Ljungström, 1978b).

 1982 Studium matematik NT1  (Nyman, Emanuelsson, Bergman and 
Bergström, 1982).

 1982 Matematik: Gymnasieskolan NT 1 (Björk, Brolin and 
Ljungström, 1982). 

                                          
6 From the time of the 1994 curricula, and onward, natural science students, in general, 
take Mathematics A and Mathematics B in the first grade of the upper-secondary school. 
7 A new version of this textbook was published in 1971 (Brolin, Sjöstedt, Thörnqvist and 
Vejde, 1971).
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 1994 Matematik 2000: Naturvetenskapsprogrammet, kurs AB lärobok
 (Björk, Borg and Brolin, 1994). 

 1999 Matematik 3000: Kurs A och B, lärobok Naturvetenskap och 
 teknik  (Björk and Brolin, 1999).

I did not analyze the whole books in detail. After a look at the general 
organization of the material, I selected and analyzed excerpts which included 
presentations of two central areas within the realm of school algebra—literal 
calculi and algebraic theory. I also looked at explicit descriptions of the 
concept of algebra in general, if included.

5.2 ANALYSIS OF ALGEBRA IN MATHEMATICS TEXTBOOKS 

I analyzed the notion of algebra as an element of curriculum, as it was used in 
the selected textbooks. 
 In this section, I first report on ideas of phenomenography that 
influenced my methodological considerations. Then, I bring up the research 
procedures; these include first looking at how each textbook defined or 
introduced literal calculi and algebraic theory, and then  comparing and 
contrasting the results ‘horizontally’, i.e. between the books published in the 
same period, and ‘vertically’, i.e. between books published in different time 
periods.

5.2.1  General principles for practice of phenomenographic research 

The way I went about analyzing the data was inspired by certain general 
principles of phenomenographic research. I summarize these principles in this 
section.
 At the start of a study, the researcher defines the phenomenon of interest. 
Then, he/she surveys the phenomenon under discussion and relates its 
structure to the situation where it occurs (Marton and Booth, 1997). Marton 
and Booth explain the difference between a phenomenon and a situation. A 
situation depends on a context, a time and a place while a phenomenon is 
abstracted from its source. Accordingly, situation and phenomenon are 
interconnected; it is, for example, impossible to experience a phenomenon 
without a situation and vice versa.
 In order for the researcher to discern the variation of experiencing a 
phenomenon, he/she needs to be aware of possible critical differences. A 
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researcher cannot be blocked in his/her approach to data collection and 
analysis. Subsequently, the way the phenomenon is dealt with in other 
research areas, in the literature, etc., needs to be explored (Marton and Booth, 
1997).
 The result of a phenomenographic research is a description, based on 
empirical data, of a limited number of ways, or ‘categories‘, in which a 
phenomenon has been experienced; in my case, the proposed experience of 
school algebra for teachers and students. The set of the categories describing 
ways of experiencing a phenomenon is called the ‘outcome space’ of the 
phenomenographic research. As Marton expressed it, 

the phenomenographer must discover and classify previously unspecified 
ways in which people think about certain aspects of reality. Because the 
different forms of thought are usually described in terms of categories, 
categories and organized systems of categories are the most important 
component of phenomenographic research. (Marton, 1986, p. 35) 

These ‘categories of description’ are not to be confused with the actual, real 
persons’ ways of experiencing the phenomenon. They are part of a theory of 
how the phenomenon has been experienced (Åkerlind, 2002). But the 
categories of description must be grounded (cf. grounded theory, Glaser and 
Strauss, 1967), as much as possible, in the empirical data rather than 
formulated in advance by the researcher. In other words, an analysis should 
not presuppose, at the outset, a system of categories ready for use, as in 
cognitive science (Neuman, 1987; Uljens, 1989). 
 However, the different categories as such do not exist in the data 
independently of an interpretation of the data, or before the analysis. Rather, 
the categories are created at the moment the researcher discerns them. As a 
consequence, the system of categories can be regarded as the researcher’s 
conceptions of a phenomenon (Uljens, 1989). Selected expressions, or quotes, 
constitute a pool of data, where the meanings of the quotes are considered 
(Marton, 1986).  A researcher should formulate his/her categories by viewing 
the categories of description as a set, and not by considering individual 
transcripts or texts too closely. The definitions of the individual categories are 
based on classifying similarities and differences amongst the data as such. It 
is important to note that the final set of categories obtained as a result of a 
phenomenographic study is not the only possible one. The researcher’s ways 
of defining depends on his/her priorities and epistemological assumptions 
(Åkerlind, 2002).  
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5.2.2   Procedures used in my analysis of textbooks 

My first step was to identify what counted as ‘algebra’ for the authors of the 
textbooks in terms of concepts or skills that the textbooks appeared to 
promote. The result was, for each textbook, a description of the ‘content of 
school algebra’ as proposed by the document in question. A second step was 
to describe this ‘algebra’ in terms of certain special categories of description. 
These categories were derived from the nature of algebra as described in the 
literature.  I give some more details of these steps below.

(1) Descriptions of the content of school algebra 
In my description of the content of school algebra in textbooks, I took into 
account the following aspects:

 The textbook authors’ definition of algebra; 

   The algebraic content as it was presented by the textbook authors, 
including definitions, descriptions, worked examples and exercises and 
problems for students. 

The algebraic content comprised literal calculi and algebraic theory. Literal 
calculi were defined by the domain of reference of letters and the permissible 
operations on these letters. Here, literal calculi not only refer to literal 
calculus in the traditional sense but also to domains such as subsets of a given 
fixed set (for algebra of sets). Algebraic theory includes the notions of 
equation and of algebraic structure.
 In my analysis, I looked at what students were asked to do in exercises. I 
did not take into account quantitative measures such as the number of 
exercises of a kind; I analyzed the main books in the mathematics courses and 
not exercise books. 

(2) Categories of description
The main outcome of a phenomenographic research is a set of categories of 
description; in my case – categories of description of the proposed experience 
of ‘school algebra’. If my data were interview transcripts, I would be 
identifying expressions referring to what the interviewee considered as part or 
not part of school algebra. I would then be grouping together these 
expressions into categories, in relation to similarities or differences. The 
‘variation’ in this case would be a synchronic variation of meanings attributed 
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to ‘school algebra’ in a population. But I am studying textbooks and variation 
over time. However, textbooks do not always explicitly say what the authors 
meant by ‘school algebra’. The variation of meanings of school algebra is 
most often implicit in, for example, the changes of the organization of the 
mathematical content; in the ways concepts are defined; or in the role and 
importance awarded to the algebraic operational symbolism. My analysis of 
the changes is based on a classification of the approaches used in the 
textbooks and a description of these by means of concepts or ‘categories’. The 
identification of these categories, in my case, as in the case of interview 
studies, has not been purely empirical, but necessarily inspired by the existing 
culture (language) and scientific research.
 In elaborating my description of the algebraic content, I identified 
distinct different ways in seeing algebra. My criteria for identifying these 
categories were:  

 The ‘nature’ of the literal calculi involved in the textbooks; 

 The presentation of the notions of equation and algebraic structure, e.g., 
what definitions and examples were used.  

The results of the study were an organization of qualitatively different aspects 
of algebra, as represented in the examined textbooks, into categories. Those 
expressions that indicated an algebraic feature were compared across 
documents to discern whether these represented different conceptions of 
algebra or if it was a matter of different aspects of the same conception only. 
Both text segments and whole paragraphs were considered. Aspects such as 
the style of wording were not considered; the focus was on the concepts under 
discussion. Then, critical features of the categories were formulated. The 
relations between and among the categories were identified. 
 The empirical study was performed in three phases, each representing 
important elements in analyzing the data.  

Phase 1. A tentative analysis of algebra in textbooks 
To become familiar with my data, I first conducted a tentative analysis of six 
mathematics textbooks from different epochs. The aim of this analysis was to 
develop an initial outcome space, consisting of a hierarchy of categories and 
the way these categories were related. At the most general level, the 
categories referred to ‘conceptions of school algebra’ conveyed by a textbook. 
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 At this stage, I considered algebra both as an element of curriculum and 
ways of thinking. Each general category was defined by a number of 
subcategories, referring to particular features of algebra represented in the 
textbooks. In this initial stage, I aimed at identifying these particular 
subcategories. I looked at certain definitions and excerpts from the textbooks 
involving various aspects related to the notion of school algebra. Here, the 
objects of study were algebraic expressions, equations, functions and number
structures. As an example, I looked at how letters were used in a given 
excerpt: as names, as unknowns, or as variables representing an arbitrary 
element of a set. These were then some of the particular subcategories used to 
describe the excerpt. Then, these definitions and excerpts were grouped 
together from the point of view of the particular categories of description they 
represented. At this point, I tried to define a more general category of 
conception of algebra each group of excerpts represented. A single textbook 
could involve different conceptions; as a consequence, ideas from the same 
book may belong to several categories. It must be stressed that the identified 
categories were inspired by my knowledge of the existing research literature 
on the teaching and learning of algebra and its history. They constituted a first 
tentative approach to building up a categorization of conceptions of algebra 
represented in textbooks.

Phase 2.  Revision of categories  
The results of the tentative textbook analyses were reanalyzed to determine 
whether the focus of my study and the categorization were incomplete or 
incorrect in terms of qualitatively different ways in experiencing school 
algebra.
 I decided to study literal calculi and algebraic theory (equations and 
algebraic structures) in scrutinizing school algebra. I excluded the function 
concept as such because, in Sweden, functions are treated within the theory of 
functions8, considered as pre-calculus. Moreover, I restricted my study to 
analyze algebra as an element of curriculum only  not as ways of thinking.
 The categories were reformulated by considering all data of the study. I 
identified the categories and expressed them in words. The description of the 
categories formulated the critical features of the categories.

                                          
8 In Swedish ‘funktionslära‘ i.e., mathematical analysis for the school level.
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Phase 3.  Identifying relations between the categories 
The categories and their relations form an outcome space and thus make up an 
overall image of qualitatively different intended experiences of school 
algebra. The relations between the categories were identified and described. I 
organized the categories into main strands and their sub-strands or sub-
categories. Each strand considered various aspects or components of 
importance for school algebra. At a global level, an individual textbook 
belongs to one sub-category of each strand.
 The outcome space, i.e., the final categorization of the analysis is 
presented in chapter 7. This is the result of my analysis of the data. 

5.3  THE QUALITY OF THE STUDY 

The quality of a study depends to a great extent on the methods used in the 
study. In this section, I first discuss aspects of concern within 
phenomenography on methodological matters. Then, I focus on the quality of 
my empirical study. 

5.3.1 The issue of reliability and validity in phenomenography 

It is worth noting that reliability in phenomenographic studies is somewhat 
different in comparison to other qualitative studies; the replicability of results 
implies the consistency among the outcome spaces rather than the probability 
of reaching the same result. A different researcher may come up with a 
different set of categories. However, if the sets of categories obtained should 
not completely contradict each other, one may be more detailed, or take a 
different perspective than another (see further, Sandberg, 1996; Cope, 2002).
 It is important to remember that, as a researcher analyzes ways of 
experiencing a phenomenon, the result is always only a partial description, 
dependent on the data available or chosen (Marton and Booth, 1997). The 
intention of the categorization is to determine a set of qualitative distinct 
categories of description that shed light on the phenomenon of learning under 
discussion. Marton and Booth (1997) identify three criteria for determining 
the quality of the categorization: 

– each category describes distinct aspects about the experience in question; 

43



– the relationship between the categories needs to be considered; often the 
question is whether the relationship is hierarchical; 

– the outcomes are parsimonious; the number of experiences is limited and 
so a few categories can be found. 

If these criteria are considered in identifying categories, the analysis is more 
likely to be methodologically sound. 
 Cope (2002) presents different aspects which are important in justifying 
the validity of phenomenographic studies. The aspects of interest for the 
present study include: 

1. The researcher’s background should be acknowledged according to 
Burns (1994). Despite the best intentions of approaching data analysis 
with an open mind, a researcher’s prior experiences are part of the 
process. Describing the researcher’s scholarly knowledge of 
phenomenon is a means of providing a reader with the context within 
which the analysis took place; 

 … 
5. Attempts to approach data analysis with an open mind rather than 

imposing an existing structure should be acknowledged; 

6. The data analysis method should be described; 
7. The researcher should account for the process used to control and 

check interpretations made throughout the analysis process 
(Sandberg, 1997); 

 …  

 (Cope, 2002, p. 2). 

To be able to judge the trustworthiness of a study, it is important to 
thoroughly discuss its quality. In doing so, certain criteria as those of Marton 
and Booth (1997) and of Cope (2002), mentioned above, can be useful 
guidelines for a critical examination of the data analysis. 

5.3.2   Considering the quality of my study 

The research process needs to be considered to explain my interpretation of 
the data. Therefore, I describe the process of analyzing my data to provide an 
account of the methods used in the study.

44



 An empirical study of the kind used in this research raises questions such 
as: does the analysis produce what it intended to produce? Is the analysis of 
textbooks well-grounded, reasonable and logically correct?  How do the 
identified categories match the intended experience of school algebra in the 
data?
 It is true that my data may yield other interpretations due to the 
background of the researcher(s). As a researcher, I bring my own experience 
of algebra into the study. I have no lived experience of teaching mathematics 
in the periods I have studied. All I know about mathematics education in these 
periods comes from surveying literature. The literature survey influenced the 
identification of categories although there were no predetermined categories. 
Nevertheless, the identification of categories is based on my data. 
 My pre-conceptions of algebra in school mathematics such as I 
experienced as a student surely influenced my interpretation. I may have 
scrutinized those elements I myself regarded as important, instead of what 
was intended as important by textbook authors. Thus, I may have ignored 
crucial elements. It is impossible to completely forget one’s own experience. 
Thus, at the very outset of the study I had certain ideas of school algebra. But 
these ideas developed as time went by. By reading research papers and 
looking at the textbooks, I have come to widen my own understanding of 
school algebra.
 I followed the principal ideas of the phenomenography as a research 
tool, although I did not apply a phenomenographic approach 
straightforwardly. As a consequence, I tried to thoroughly describe the 
methods I used to clarify my interpretations for the reader. Further, I tried to 
formulate the categories systematically as regards the three above-mentioned 
criteria for the quality of determining categories. In particular, the third 
criterion on identifying a number of categories needs attention because the 
categories contrast various conceptions; the label of a category and its critical 
features convey the characteristics of the category in question; my description 
of categories of description9  comprises the critical features of each category. 
 As the approach of the study is interpretive, the study should give a 
logical picture of the variation of school algebra. The outcome space consists 
of a limited number of qualitatively different ways of discerning school 
algebra. The categories are based on my analysis of data.  
 I describe the conception of algebra as it appears in the books, including 
the authors’ definition. This description involves excerpts from the books and 

                                          
9 In section 7.1
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occasionally whole pages as appendices; these were selected to represent the 
content of school algebra in books. The quotations are illustrative at the same 
time as they provide an opportunity for readers to form an opinion on the 
reasonableness of the identification of categories and their relations. 
 Experienced researchers were contacted in order to identify an 
appropriate or sensible selection of quotations. Moreover, the remarks from 
the audience at a conference and a seminar10 where I presented my tentative 
analysis were useful and assisted the process of analyzing the data.

                                          
10 I presented my tentative study of textbooks at a conference which was arranged by the 
Swedish Graduate School in Mathematics Education in Umeå and at a seminar at the Luleå 
University of Technology.
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CHAPTER 6 

DATA: ALGEBRAIC CONTENT IN THE TEXTBOOKS 

In this chapter, I present the data of my empirical study: the algebraic content 
in individual textbooks.
 Algebra in the mathematics textbooks considered here appears to consist 
of two broad ‘themes’, namely:  

(1) Literal calculi 
 Letters representing real numbers 
 Algebra of sets 
 Algebra of vectors 

(2) Algebraic theory  
 Equations  
 Algebraic structures 

Textbooks differ in the relative importance of these themes and in what they 
include and stress in them. According to these aspects, three periods can be 
distinguished in the years 1960 2000: Pre-New Math, New Math and Post-
New Math era.

6.1  PRE-NEW MATH ERA 

In the pre-New Math period, school mathematics in Sweden consisted of 
several separate courses. I analyze Algebra för gymnasiet, del 1 (Nyman, 
1961), which is a textbook for grade 1. 

Algebra för gymnasiet, del 1 (Nyman, 1961)

In this textbook algebra is related to its history. Nyman (1961) writes: 

The use of letters as symbols for numbers had their breakthrough in the 
16th century. However, even the Babylonians had used signs 2000 BC for 
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denoting mathematical concepts and the Greek mathematician 
Diophantus (ca 250 A.D.) had systematically used mathematical 
symbols, yet more as abbreviations than as algebraic signs in our sense 
(Nyman, 1961, p. 14, my translation). [Användandet av bokstäver som 
symboler för tal slog igenom på 1500-talet. Dock hade redan 
babylonierna omkring år 2000 f. Kr. använt tecken för att ange 
matematiska begrepp, och den grekiske matematikern Diofantus 
(omkring år 250 e. Kr.) hade systematiskt använt matematiska symboler, 
dock snarare förkortningar än algebraiska tecken i vår mening.] 

The textbook defines algebra as a literal calculus (bokstavsräkning):

The algebra course consists, to a large extent, of so-called literal 
calculus. For this not to be reduced to meaningless operations on letters, 
one, of course, needs to realize that letters stand for numbers. 
Consequently, calculations with letters should be suitably preceded by 
the study of the number concept (Nyman, 1961, preface, my translation). 
[Algebrakursen består till icke ringa del av s. k. bokstavsräkning. För att 
denna inte skall bli ett innehållslöst opererande med bokstäver, måste 
man givetvis ha klart för sig, att bokstäverna står som symboler för tal. 
Följaktligen bör räknandet med bokstäver lämpligen föregås av en 
utredning om talbegreppet.] 

The technical skills in processing (expanding, simplifying) complicated 
expressions play an important role. However, there is a deliberate attempt to 
avoid reducing algebra to ‘the manipulation of meaningless symbols’. This is 
achieved, according to the authors, by making the letters and formulas to 
represent numbers and properties of operations on numbers. The letters such 
as a, b, c, or x, are thus first used to represent arbitrary but fixed numbers. 
 Algebra is presented as a tool for understanding numbers. Students have 
previously worked with e.g., concrete fractions in elementary school and 
learned to add and multiply them. Now, the notion of fraction is generalized 
to ‘rational number’, and both positive and negative numbers are considered. 
They are represented by symbols such as ‘a/b’ and rules of operations on 
fractions are expressed formally, for example, the addition of two fractions is 
described like this:

bd
bcad

bd
bc

bd
ad

d
c

b
a  (Nyman, 1961, p. 4) 
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Basic properties of operations on numbers are then applied for the purposes of 
a literal calculus, whereby more complicated algebraic expressions (algebraic 
sums, powers, proportions) can be processed for the purposes of comparison 
and simplification. The algebra course does not only include literal calculus.  
Nyman (1961) writes: 

Algebra, however, comprises much more, e.g. a theory of equations and 
system of equations (Nyman, 1961, p. 14, my translation). [Algebran 
omfattar dock även mycket annat, t. ex. teorin för ekvationer och  
ekvationssystem.] 

(1) Literal calculi 

In this textbook, the only literal calculus studied is the one where letters are 
taken from the domain of real numbers. 

Letters representing numbers
The letters are first introduced in the context of natural numbers. This, then, 
allows to introduce and explain negative numbers. It is the idea of subtraction 
that shows the need for extending natural numbers; it is for example 
impossible to perform  7  11 in natural numbers. The subtraction a b where
a b is expressed as a b = (b a) and is illustrated on the number line in 
Figure 6.1. 

Figure 6.1 An illustration of a subtraction (Nyman, 1961, p. 9). 

Subsequently, solving equations of the type bx = a (a, b natural) motivates the 
introduction of rational numbers. Then, the equation x2 = 2 motivates further 
extension of the domain of numbers: it generates a root which is an irrational 
real number. The irrationality of 2  is formally proved, by contradiction. 
Thus, literal calculus is introduced for representing and studying the nature of 
real numbers and the properties of the arithmetic operations on real numbers. 
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In particular, the rules for removing brackets are introduced and explained 
like this: 

In accordance with one of the fundamental basic rules  
a + (b + c) = a + b + c
This formula is applicable if a, b and c are replaced by arbitrary rational 
numbers. Therefore, we can replace c by –c, thus obtaining a new 
formula: 

a + (b c) = a + b c    (Nyman, 1961, p. 16, my translation) 

Then, students are told, for example, that if there is a ‘+’ sign before the 
bracket, it can simply be removed. Further, rules and laws of powers are 
treated in a similar way. Both explanations of concepts and corresponding 
exercises for students involve letters, which stand for arbitrary but fixed 
numbers.  
 The exercises comprise calculations with expressions where literal 
symbols and concrete numbers are involved, e.g., (x  2)(x2 + 2x + 3) (p. 28). 
Moreover, operations on expressions with the ‘square root sign’ and other 
powers are introduced. Student exercises include simplifying expressions 
such as: 

5 234 3

3 2

baab
baab   (Nyman, 1961, p. 156) 

An extension of real numbers to complex numbers is motivated by solving the 
equation x2 = 1. Powers and the operations of addition, subtraction, 
multiplication and division on complex numbers are introduced and discussed 
using literal calculus. Students are expected to determine i2, i3 …, and the like, 
to simplify expressions such as (4 + 3i) + ( 4 + 2i), and solve equations  such 
as x2 x + 1 = 0. 
 Algebraic expressions, in various numbers of variables and of different 
degrees are introduced as part of the literal calculus theme. The focus is on 
the application of previously learned properties of addition, subtraction, 
multiplication and division and on powers to operations on polynomials. In 
particular, polynomial identities such as (a + b)(a – b) = a2 – b2 , (a + b)2 = a2

+ 2ab + b2 and (a + b)3 = a3 + 3a2b + 3ab2 + a3 (p. 29–31) are applied in 
exercises. Polynomials play an important role in the book, in practicing 
manipulation of literal symbols in expressions.  
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 Division of polynomials leads to rational expressions and the 
manipulation of these (simplification, addition, subtraction, multiplication and 
division) receives a lot of attention in the exercises. For instance, how to carry 
out division is illustrated with the following worked example: 

xx
1

1
1  : xx 14  = 

xx
xx

14

1
1

1
 = 

xxxx

xxxx

14)1(

1
1

1)1(
 = 

)14)(1(
1

2xx
xx  = 

)12)(1(
1

xx     (after Nyman, 1961, p.  62) 

For the context where this example appears, see appendix A. 
 These skills are then used in the work on functions, which are 
represented as y = [algebraic expression]. The study of functions focuses on 
manipulating the right hand side of the function rule. 

(2) Algebraic theory 

Equations
The notion of algebraic equation is introduced as a question about a 
polynomial: “We can, e.g., ask if there is any x-value, for which the 
polynomial 3x  7 has the value 5, i.e., 3x  7 = 5” (Nyman, 1961, p. 33). It is 
further explained that the equality 3x – 7 = 5 is equivalent to 3x  12 = 0, and 
then generalized to expressions such as Ax + B = 0, Ax2 + Bx + C = 0, Ax3 + 
Bx2 + Cx + D = 0 (A  0), etc. (p. 34). The author points out that the x in this 
equality represents a specific value, and that an equality of this type is called 
an algebraic equation, of degree equal to the degree of the polynomial in 
question.
 This topic is a prelude to studying functions, which, in this book, are 
closely related to graphs of relations between independent and dependent 
variables in a rectangular coordinate system. 
 A function is described as a set of ordered pairs (x, y), where each 
element x, is associated, according to a certain rule, with a unique element y.
The author exemplifies the concept on polynomial functions, e.g., y = 3x  2, 
y = x2 x + 1, y = 1 x3, … (Nyman, 1961, p. 47) and rational functions, e.g., 

xy 1
23
12

x
xy

21 x
xy     (Nyman, 1961, p.  47) 
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Polynomial functions are considered a special case of rational functions, 
defined as ratios of polynomials.  
 Subsequently, graphs of polynomials of, firstly, first degree and then of 
the second degree as well as of higher degrees, are treated. The exercises 
include questions on constructing graphs of different functions in a coordinate 
system, e.g.  

Construct the following straight lines 
220. a)  y = 3 b)  y = 1   (Nyman, 1961, p. 49, my translation) 

The word problems in this chapter of the book contain mathematical and 
physical applications; the mathematical models are not given, but have to be 
constructed by the solver.
 It is worth mentioning that, in the Swedish tradition, the study of 
functions did not belong to Algebra properly speaking but to an introduction 
to Calculus (the theory of functions). 
 An equation of the first degree comprises equations where the 
coefficients are numbers, or letters. Equation solving is introduced as follows: 

An algebraic equation of the first degree ... is of the form (or can be 
simplified to the form) 
Ax + B = 0,   A  0
If there is a number x which satisfies the equation, subtraction of B from 
both sides gives x = A

B . Conversely, substitution shows that x = A
B

satisfies the equation. Every equation of this type thus has a single root.

(Nyman, 1961, p. 64, my translation) 

In this section, examples of algebraic equations include rational expressions, 
such as: 

0
8

12
422

1
32 xxx

x
x   (Nyman, 1961, p. 64) 

The use of algebraic equations is demonstrated using examples from physics 
(Nyman, 1961, p. 66 67). This prepares the students for solving applied 
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problems; these are concerned with relations among pure numbers, but also 
with chemistry, physics and with financial situations. Firstly, the introductory 
physics-related problems include formulas. Then the equations representing 
the relations in the problems are not given, but students are informed that the 
problem can be reduced to solving equations of degree one (see appendix B).
 The book then moves on to a study of linear equations. Linear equations 
are introduced as follows: 

An equality of the form
(1)   ax + by = c,
where a, b and c are constants (where a and b are not both equal to zero) 
is called an equation of the first degree or a linear equation in x and y.
a, b and c are called the coefficients of the equation.
As an example of that kind of equation we chose: 

(2)   2x + 3y = 6 
This equation is satisfied by an infinite number of ordered pairs (x, y).
Thus we can give x an arbitrary value, e.g., x = 6, and (2) determines a 
corresponding y-value, in this case y = 2.

(Nyman, 1961, p. 73, my translation) 

The graph of equation (2) in the excerpt above is a straight line. The authors 
point out that if b = 0 and a  0 in equation (1), then x = c/a. A graph of this 
type of equation is a straight line through the origin.
 Systems of linear equations, in two, three or more variables, are then 
introduced. Different methods for solving systems of linear equations are 
discussed: first the addition and subtraction method, but also graphical 
solutions. In practice, graphical methods are useful, especially for higher-
degrees equations. Moreover, word problems on pure numbers and velocity 
are included. Models are not given. 
 Quadratic equations in one variable are generalized to the expression: 
Ax2 + Bx + C = 0,  A  0 (p. 104). Examples are given, such as 1  6x  3x2 = 
0 which can be written as x2 + 2x – 1/3 = 0. The quadratic formula is 
introduced and justified by carrying out the process of ‘completing the 
square’ in two worked examples.  
 Equations of higher degrees are then presented and different kinds of 
solutions are discussed. In the subsequent section, there are application 
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problems; in the problems the equations are not given and students have to 
construct them on their own.  
 An equation with square roots such as 063 xx  is described as 
being an equation where “the unknown appears under the square root sign” 
(p. 110).
 Exponential and logarithmic equations are introduced by, first, defining 
the power ax for rational exponents and then for irrational exponents. For 
every a this power determines a function y = ax. The properties of the 
equation ax = b are then examined and the base a logarithm of b is defined as 
the solution of the equation ax = b, where a and b are positive numbers and a

 1. Properties of logarithms are then presented and applied in solving 
exponential equations, which are defined as follows: 

An equation, in which the unknown appears in one or several exponents 
is called an exponential function. Such an equation sometimes can be 
solved by the use of logarithms. (Nyman, 1961, p. 174, my translation) 

Students’ exercises include solving equations such as 23x + 1 = 32x  1 (Nyman, 
1961, p. 174).

6.2  NEW MATH ERA 

In Sweden, New Math ideas entered the upper-secondary school as a new 
curricular document was launched in 1965 (Skolöversstyrelsen, 1965). At the 
time, topics such as set theory and algebraic structures entered school 
mathematics. What is of interest for this study is that, at the secondary level, 
literal calculus was extended to domains other than numbers (sets, vectors) 
and algebraic theory started to include ‘modern algebra’ with its focus on 
algebraic structures.  

Matematik för gymnasiet: Naturvetenskapliga och tekniska lärokursen  del 1 
(Nyman, 1966)

Similarly as in Nyman (1961), literal calculus (bokstavsräkning) with letters 
representing arbitrary but fixed numbers constitutes a good part of the 
textbook.
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Calculations with expressions in which letters denote arbitrary numbers 
is a part of the field of mathematics which is called algebra (Nyman, 
1966, p. 33, my translation). [Räkning med uttryck, i vilka bokstäver 
betecknar godtyckliga tal, är en del av den gren av matematiken, som 
kallas algebra.]  

Thus, algebraic manipulation, where literal symbols represent arbitrary but 
fixed numbers, constitutes a part of mathematics. The author underlines the 
usefulness of this kind of literal calculus:

In this chapter, starting from fundamental laws, we shall derive 
additional laws for calculation with real numbers; in the formulation of 
these laws letters denote numbers. The value of such a “calculation with 
letters” lies in the universal applicability of the results; the obtained 
equalities hold for any real number which replaces a letter (Nyman, 
1966, p. 33, my translation). [Utgående från de grundläggande lagarna 
skall vi i detta kapitel härleda ytterligare lagar för räkning med reella tal, 
och vid formulering av dessa lagar skall bokstäver få beteckna tal. 
Värdet av en sådan ”räkning med bokstäver” ligger i resultatens 
allmängiltighet; de erhållna likheterna gäller vilka reella tal man än 
utbyter bokstäverna mot.] 

For a long time, a common view on algebra was to see it as ‘literal calculus’, 
and the practice of this calculus was contained in a special course. But, in this 
textbook, the author broadens the view of algebra and sees no sharp 
distinction between algebra and other areas in mathematics; school 
mathematics is an integrated course in this textbook. Nyman (1966) writes: 

Algebra comprises much more, for example literal calculus, theory of 
equations, systems of equations, inequalities, roots, powers and 
logarithms. … From a more modern viewpoint, algebra can be described 
as the part of mathematics which treats properties of composition rules in 
arbitrary sets (Nyman, 1966, p. 124, my translation). [Algebran omfattar 
nämligen mycket mera, t.ex. teori för ekvationer, ekvationssystem, 
olikheter, rötter, potenser och logaritmer. … Från en mera modern 
synpunkt sett kan algebran beskrivas som den del av matematiken, som 
behandlar egenskaper hos kompositionsregler i godtyckliga mängder.] 
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In this textbook the author provides examples of composition rules such as 
addition and multiplication in R, vector addition and multiplication in R2.

(1) Literal calculi 

In this textbook, literal calculus is studied not only in the domain of real 
numbers but also in the domains of sets and vectors.   

Letters representing real numbers 
In the domain of real numbers, the main idea of the operations of addition, 
subtraction, multiplication, division, taking square roots and taking to the 
power, is the same as in Nyman (1961). Also, the extension to irrational 
numbers is done similarly as in Nyman (1961). However, certain topics in this 
textbook receive less attention than in Nyman (1961). For example, division 
of algebraic expressions is presented but is not in focus. There are fewer 
exercises and they are less complicated. For example, simplification exercises 
do not get more complicated than the following: 

42
1

8 23 xxx
x   (Nyman, 1966, p. 68) 

                                                                           
 The stress on manipulative skills is now replaced by additional topics. 
New types of literal calculi are introduced, where letters stand for objects 
other than numbers: sets, vectors. Algebraic theory is extended to include not 
only the theory of equations but also the concepts of number structure as a set 
closed under certain operations and the notions of vector space and group. 
Moreover, while, in Nyman 1961, the notion of equation was introduced in 
the context of polynomials, now the context is the comparison of functions, 
understood in a general way. A letter can represent an arbitrary function (‘f ’),
not just a number. The notion of function gains importance and priority over 
the notion of equation.

The ‘algebra of sets’ 
The textbook has a section on sets and operations on them (union, intersection 
and complement). Letters (A, B, C, …) are used to represent sets, which are 
subsets of a given fixed set called the fundamental set (G). A set is described 
as any collection of individual elements in the fundamental set. While, in the 
domain of numbers, the algebraic formulas were made meaningful by 
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reference to corresponding numerical calculations, in the context of sets, the 
concretization makes use of Venn diagrams, see Figure 6.2. The stretched 
areas, in the Venn diagrams illustrate the intersection of the two sets A and B
where G is the fundamental set. 

A

G GG

B

A
A

B

B

BA

A

G GGGG

B

A
A

B

B

BA BA

Figure 6.2  An intersection of the two sets A and B (Nyman, 1966, p. 116). 

Students are expected to represent the diagrams by symbolic expressions such 
as: A  B = , A  B  and A  B = B. Different symbols, such as , ,

, , ,  are used to express set relations and belonging. Sets are described 
using curly brackets, e.g., a set of the natural numbers 1, 2, 3 and 4 is denoted 
by A = {1, 2, 3, 4} or {x 1 x  4}. Students are expected to do exercises 
such as: 

A and B are subsets of the fundamental set G. Show that
a) A  (A  B)   b) A  B  A … 
…
Let A, B and C be the following subsets of the set R of all real numbers: 
A = {x 0  x  3},   B = {x x > 2} C = {x x < 1} Determine the 
following sets:  A  B,  A  C,  B  C,  A  B,  …
(Nyman, 1966, p. 118, my translation) 

Operations on sets are introduced at this stage, but student exercises involve 
mainly the calculation of the results of operations on sets, not processing 
expressions, for example, in the aim of simplifying them.  Thus, little pratice 
in the ‘algebra of sets’ is involved. 

The algebra of vectors 
Vectors are represented by letters in the domain of the vector space R2. There 
are two algebraic operations defined for vectors: addition and scalar 
multiplication. Initially vectors are denoted by single boldface letters, with 
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normal style lower case letters reserved for real numbers: e.g., a = (a1, a1) and 
b = (b1, b2). Addition and scalar multiplication of two given vectors, a and b
are defined as: a + b = (a1 + b1, a2 + b2) and ka = (ka1, kb2) (p. 95). These 
operations in R2 are exemplified with the following worked example:  

If, for example, a = (3, 2) and b = ( 4, 8) then

a + b = ( 1, 6), 2a = (6, 4),
( 3)a = ( 9, 6), 

4
1 b = ( 1, 2).   (Nyman, 1966, p. 95, my translation) 

A few exercises concern tasks such as 

Suppose, a = (1,2), b = (3, 4) and c = ( 5,6). Calculate 
…
c) 2a + 3b
d) 4a b 2c   (Nyman, 1966, p. 96)

 Later on vectors are represented by arrows; addition is illustrated by the 
’head to tail’ method (Figure 6.3):

Figure 6.3  The ‘head to tail’ addition method (Nyman, 1966, p. 99). 

Moreover, student exercises are of the type ‘draw a vector’ or ‘interpret the 
commutative law geometrically’. Here, students are primarily supposed to 
find the results of operations on vectors but there is only little training of 
using the algebraic properties of these operations to manipulate expressions 
with letters representing vectors in the aim of simplifying them. 
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(2) Algebraic theory 

Equations
In this textbook, equations appear as questions about the corresponding 
functions; set terminology and notation are used and, in the case of linear 
functions, a link is made with vectors; the graph of a linear equation ax + by = 
c is seen as a straight line parallel to the vector ( b, a). In the section on linear 
functions, equations arise in the context of finding intersection points of 
straight lines. Linear functions are then seen as a special case of polynomial 
functions and further, of rational functions. Student exercises are the same as 
the corresponding part in Nyman (1961) on rational expressions. Therefore, 
mathematical models are not given but have to be constructed by the student. 
 The idea of equation is related to functions; an equation is introduced as 
a comparison between two functions as follows: 

One often meets the problem of determining the real numbers x, for 
which a function assumes a given value a, or has the same value as 
another function g(x); find those x for which
f(x) = a  or   f(x) = g(x)

Such equality is called an equation in one unknown. The set of those x,
for which both sides of the equation are equal is called the solution set 
and every number in this set is said to satisfy the equation, or to be a root 
of the equation. To solve the equation means to determine its solution 
set. (Nyman 1966, p. 84, my translation) 

Thus, the theory of equations is worded in terms of sets. Additionally, 
equivalent equations are defined as equations whose solution sets are the 
same. To solve an equation is “to set up a simpler equivalent equation from 
the equation given” (Nyman, 1966, p. 84).  A worked example presents the 
procedure for the solution method: 

Example 1. Solve the equation 2x + 5 = 3 x.

Solution: For real numbers the following rule holds   
a = b a + c = b + c
The use of this rule yields: 2x + 5 = 3 x   2x + 5 + (x  5) = 3 x + 
(x  5) 
 …
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2x + 5 + (x  5) = 3 x + (x  5)    3x = 2. If c  0, then a = b ac
= bc. The use of this rule eventually yields

3x = 2 x = 3
2    

(Nyman, 1966, p. 84 85, my translation) 

Students are supposed to practice equation solving. The applied problems 
cover the same word problems as in Nyman (1961). However, this textbook 
includes fewer problems where students need to formulate the models 
themselves.  Physical applications are emphasized.  
 Systems of linear equations are introduced in two, three or more 
variables. The algebraic solution methods are prominent; the graphical 
solution is mentioned, but the authors stress the fact that, in general, graphical 
methods do not yield an exact solution. Students are supposed to practice 
solving systems of equations. 
 The basic idea of dealing with quadratic equations is the same as for 
Nyman (1961). Nevertheless the quadratic formula is presented through a 
numerical example, before the use of literal symbols. Students are asked to 
apply the quadratic formula on given equations. Further, physical and 
geometrical applications are included; here, models are not given. 
 The general idea behind the introduction of roots is the same as in 
Nyman (1961).  
 The section on exponential functions and logarithms comprises mostly 
the same kind of exercises as in the corresponding part in Nyman (1961). 
However, the section on logarithms ends with a word problem in chemistry 
(on pH values); a type of problem not found in Nyman (1961).

Algebraic structures 

The key ingredient of ‘modern algebra’ in the New Math period is the idea of 
an algebraic structure, i.e. a set closed under one or more operations, 
satisfying certain properties.
 The known number sets, such as natural numbers, integers, rational 
numbers, etc., are now considered as examples of such structures. Properties 
of operations in real numbers, for example, are listed as a set of axioms. The 
four operations are defined; here R represents real numbers and a, b, c and x

R:
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(A1) a + b R
(A2) a + b = b + a
(A3) (a + b) + c = a + (b + c) = a + b + c
(A4) There is a unique x so that a + x = b; this x is denoted b a.
(M1) ab R
(M2) ab = ba
(M3) (ab)c = a(bc) = abc
(M4) If a  0, there is unique x so that ax = b: this x is denoted a

b .

(D) a(b + c) = ab + ac    (Nyman 1966, p. 20 21, my translation) 

In this example, A1 and M1 are the closure properties; A2, A3 and M2, M2, are 
the commutative and associative laws for addition and multiplication, 
respectively. D stands for the distributive law. 
 But students are expected to develop a general idea of an algebraic 
structure by solving exercises such as:  

Suppose that you have a rule, which for each pair of natural numbers a
and b yields a third natural number, denoted a * b (The operations of 
addition and multiplication are such rules, where a * b = a + b and ab
respectively). Below, different possibilities of defining a * b follow. In 
each of these cases, investigate if  

a * b = b * a and (a * b) * c = a * (b * a)
for all a, b, and c, that is whether the commutative and the associative 
laws hold for the operation  ‘*’:
 a) a * b = 2a + b b) a * b = ab + 1

(Nyman 1966, p. 5 6, my translation)  

The notion of group is briefly introduced through the axiomatic definition 
(Nyman, 1966). The students are supposed to show that sets (e.g., Z, Q and 
Q+) are groups, and to give identity elements and inverse elements. 
 Algebraic structures are exemplified also by the presentation of R2 as a 
two dimensional vector space. By an example, the author shows that R2 is 
closed both under addition and scalar multiplication. These two operations 
satisfy certain properties concerning commutativity, associativity, identity, 
which are given. Student exercises include:

Prove the following statements: 
a) If a  0, then ka = 0 k = 0 
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b) If  k  0, then ka = 0 a = 0
(Nyman, 1966, p. 96, my translation) 

Students have to prove statements based on the axioms of the vector space. 
Also, students are asked to interpret properties geometrically. 

NT1 Matematik för gymnasiet, NT-kursen,  Åk 1 (Brolin et al., 1966) 

It is worth noting that the term 'algebra' is not used in this textbook. 
Nonetheless, elements of elementary and modern algebra appear. 

(1) Literal calculi 

In this textbook, the domains of literal calculi comprise real numbers, sets and 
vectors.

Letters representing real numbers 
The use of literal symbols representing arbitrary but fixed unknowns is 
introduced within each number set: N, Z, Q and R respectively. The properties 
of operations are presented explicitly. Firstly, in the domain of natural 
numbers, the properties are presented by means of numerical examples, and 
then stated by literal symbols, to indicate their generality.  
 The corresponding properties of operations for the other number sets are 
presented in a similar way. For Z, as an example, the starting point for the rule 
of multiplication is what was done in N+. Then, the corresponding rules for Z
are shown by the use of numerical examples, such as “We apply the 
commutative rule for multiplication and get ( 5)  3 = 3  ( 5) = (3  5) = 
(5  3)” (p. 54). And then, a general statement where letters represent arbitrary 
but fixed numbers is formulated: “If a Z and b  Z, then … ( a) b = (a
b)” (p. 54). Student exercises on simplification of expressions are included; 
e.g. to simplify (a + 2b)2 – (a – 3b)2 + (a + 4b) (a – 4b) (Brolin et al., 1966, p. 
55), where a, b,  Z . Moreover, students are asked to calculate the value of 
algebraic expressions by substitution, where the operation of taking to the 
power is involved, e.g., 

Calculate the value of  
2

23

b
a

b
a  if a = 3, b = 1.

(Brolin et al., 1966, p. 56) 
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 The presentation of literal calculus in the domains of Q and R is similar 
as the one in N.  Extension of N to larger domains of numbers is motivated by 
the solution of equations. As an example, the equation x2 = a generates the 
introduction of irrational numbers.  
 Square roots are considered, and interpolation is used to evaluate them. 
Various laws and simplification of expressions where square roots are 
involved is studied as well. 

The ‘algebra of sets’ 
Certain set-theoretical notations are discussed to create the possibility for 
students to become familiar with basic set-theoretical concepts. The general 
idea of set-theoretical concepts is presented similarly as in Nyman (1966). 
Students are supposed to identify elements or subsets of sets of different 
kinds. Exercises include:

Let M be the set of all equilateral quadrilaterals and let N be the set of all 
rectangles. Find M N. (Brolin et al., 1966, p. 21, my translation)

Students are asked to find the results of operations and not to process 
expressions with the operations.
 A worked example including a solution to an equation ends like this: 
“The solution set is the empty set. We write L = Ø ” (Brolin et al., 1966, p. 
42, my translation). The letter ‘L’ is the first letter of the Swedish word 
‘lösningsmängd’ (solution set).   So the choice of the letter is not arbitrary; it 
is guided by a concern of making its reference more explicit. Also the symbol 
‘=’ in ’L = Ø’ means ‘is’; verbalized as: ‘the solution set is Ø’; it does not 
refer to an equality of two sets. On the other hand, the equals sign in an 
equation constitutes a part of a literal calculus. In the following worked 
example the letter ‘L’ is used in different ways: 

Determine the solution set to 
(x + 2)(x  2.5)  0 x(x + 4)  0. We assume x Q.
(x + 2)(x  2.5)  0 has the solution set 
L1 = { x Q: 2 x 2.5}
x(x + 4)  0 has the solution set 
L2 = { x Q: x 4 x  0} 
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The sought-for solution set, is L3 = L1 L2, and it is easy to determine it 
graphically, in accordance with the following presentation. 

L1

L2

L3

x –4 –2 0 2.5

L1

L2

L3

L1

L2

L3

L1

L2

L3

x –4 –2 0 2.5

(Brolin, 1966, p. 74, my translation) 

In the expression ‘L3 = L1 L2’ the letters L1 and L2  become part of a literal 
calculus, namely the algebra of sets while ‘L3 =’ means ’the solution set is’. 
On the other hand, in the presentation of the solution, L3 represents a specific 
‘solution set’.                                                                                 

The algebra of vectors 
The algebra of vectors is developed in two domains: (a) (geometric) the 
coordinate-free plane, where vectors are represented by arrows defined by 
their direction, orientation and length, and (b) (arithmetic) the coordinate 
plane or a set of ordered pairs of real numbers R2. Addition and scalar 
multiplication of vectors are treated differently in each domain. In (a), the 
idea that two or more arrow vectors, pointing in various directions, can be 
added is introduced using the parallelogram method. Students are asked to 
draw the results of vector operations on arrows as well as prove statements 
such as: “Show that the relation 0CABCAB  holds” (Brolin et al., p. 
159, my translation). 
 The vector addition and scalar multiplication in R2 are defined 
coordinate-wise. For example, addition of vectors is introduced as: 

Let 1v  = (x1, y1) and 2v  = (x2, y2) then 1v  + 2v  = (x1, y1) + (x2, y2) = x1 xe
+ y1 ye  + x2 xe  + y2 ye  = ( x1 + x2) xe  + ( y1 + y2) ye  = ( x1 + x2, y1 + y2)

 (Brolin et al., 1966, p. 179, my translation)   

 Student exercises are about finding parallel vectors to a given vector and 
determining coordinates for vectors. For example: 

The vectors )3,4(
1

v , )1,3(
2

v  and )2,6(
3

v  are given. 
Determine the coordinates for 
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…
d) 321

2
13 vvv  (Brolin et al., 1966, p. 182, my translation) 

(2) Algebraic theory 

Equations
The notion of equations is introduced in the set of natural numbers; equations
and inequalities are presented simultaneously as open statements in the 
following way: 

We assume x to be a positive natural number and write two open 
statements,
 “x + 8 = 13” and “x + 8 < 13” 
The first statement is an equation and the second an inequality.

(Brolin et al., 1966, p. 41, my translation) 

The same kind of method for solving equations as in Nyman (1966) appears. 
Students are expected to solve equations by using this method. 
 The notion of quadratic equations is introduced similarly as in Nyman 
(1961) with an equation expressed in a general form, and the proof for the 
quadratic formula by completing the square. Students are supposed to 
reformulate expressions such as x(x – 3)/5 – 4x/3 = 4 in the form of x2 + px + 
q = 0 and solve quadratic equations applying the quadratic formula.  
 In this textbook, the following types of equations appear in the treatment 
of corresponding functions: exponential functions, logarithm functions and 
linear functions.
 The starting point for describing exponential functions of the form x
ax in Q, is the function x y  in N, Z, Q and R respectively. The idea of a 
graphical representation of x ax, a R is discussed through an example, x

 2x, x Q. Students are asked to draw graphs of exponential functions. The 
definition of exponential functions leads to logarithms. If a > 0 and a  1, 
there is, for each real number y > 0, exactly one number x, such that y = ax..
The logarithmic laws and tables are treated. Student exercises comprise the 
use of these logarithmic laws and tables as well as equation solving. 
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 In introducing solutions to systems of equations, graphical representation 
is used to illustrate solutions of systems of equations in two variables. Then, 
systems in two and three variables are solved algebraically.    
 A linear function is viewed as an equation that describes the function of 
the first degree (with respect to x). The general form is formulated as 

y = f(x) = kx + l, where k and l are numbers. 
Vectors are used in representing a linear function in the plane in a coordinate 
system. Students are supposed to determine linear functions that satisfy 
certain conditions, e.g., that f(3) = 0 and f(2) = 1, find the slopes for linear 
functions, tell whether lines are parallel. Word problems, in mathematical 
(geometry) and non-mathematical (physics, finance) situations are included; 
models are given or suggested. 

Algebraic structures 
A variety of number structures are thoroughly presented as examples of 
algebraic structures. Each number set is seen as a set where certain 
composition rules are defined. 
 In the introduction to natural numbers, the authors discriminate between 
the sets N = {0, 1, 2, 3, …} and N+ = {1, 2, 3, …}. The term ‘ordered pairs’ is 
introduced and the fact that, e.g., (3, 5) and (5, 3) are two different ordered 
pairs is stressed. The operations on natural numbers are defined in the set of 
N+. The notion of composition rules is introduced like this: If the sides of a 
rectangle are a and b units then the circumference is 2a + 2b units. This 
information can be expressed as a composition rule: For each ordered pair (a,
b) a number t can be determined according to the rule t = 2 a + 2 b. The 
operations of addition and multiplication are introduced as composition rules: 

According to the law of composition of addition, to each ordered pair   
(a, b), there is, according to the composition rule of addition, assigned a 
number denoted as a + b, and according to the composition rule of 
multiplication another number denoted as a  b.  (Brolin et al., 1966, p. 
27, my translation) 

By using the compositions rules, calculations in the set of positive natural 
numbers are explained by providing numerical examples. Subsequently, these 
laws are then formulated by the use of literal symbols. The properties of 
natural numbers are expressed through rules; commutative, associative, 
distributive and cancellation rules. 
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 The authors point out that subtraction and division are not laws of 
composition in N since an ordered pair such as (3, 7) yields 3  7 and 3/7 
neither of which belongs to the set of natural numbers. This example points to 
the need to extend to new kinds of numbers. The extension to Z is discussed 
by the idea of subtraction. By representing a subtraction (5  7) on a number 
line, the authors highlight the necessity in considering intervals left of zero 
and thus the extension of natural numbers to negative integers. 
 Starting from the number line, the ordering of natural numbers is 
discussed. If a and b are two natural numbers, one of these conditions must be 
true: a < b, a = b, a > b. Students are supposed to determine subsets of various 
given sets.
 Another aspect treated is addition and multiplication of the subsets of 
odd and even numbers, labeled U = {1, 3, 5, 7, …} and J = {2, 4, 6, 8, …}11.
The authors discuss the question. “Can addition and multiplication be used as 
composition rules in these sets?” (Brolin et al., 1966, p. 31, my translation). 
They point out that as the sum of two odd numbers is even, addition is not a 
composition rule in U. Both addition and multiplication can be carried out in 
J; therefore, they are composition rules. 
 The authors point out the fact that other composition rules can be defined 
in J. Let us keep addition as a composition rule, but replace multiplication by 
another rule denoted by the symbol . As a consequence, a new definition is 
formulated: 

If a, b J, then a b = 2
ba . Notice that 2

ba  is an even number since 

both a and b include the factor 2. We can show that the distributive law 
holds:
a  (b + c) = 2

)( cba
22
acab  = a b + a c

(Brolin et al., 1966, p.  31, my translation) 

The notion of vector space appears as an example of another algebraic 
structure. Addition and scalar multiplication are composition rules satisfying 
certain axioms, which are proved to be true for the geometric, coordinate-free 
vectors and the R2 tuples. The commutative law is presented as follows: 

                                          
11 The choice of the letters U and J is not arbitrary. U and J are the first letters in the 
Swedish words ‘udda’ (odd) and ‘jämn’ (even). 
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Let ABv1  and BCv2 . Then
ACBCABvv 21

       (1) 
Then choose a point D, so that ABCD  will be a parallelogram. Then

ADv
2

 and DCv
1

 so 

ACDCADvv
12

       (2) 

(1) and (2) leads to 
1221

vvvv .

(Brolin, 1966, p. 155, my translation) 

 In the introductory part to vectors, line segments representing physical 
magnitudes are mentioned, although the arrow vectors as geometric entities, 
in the text, as a whole, are given prominence.  
 The idea of the basis of a vector space is discussed. The focus is on the 
geometrical properties of arrow vectors and on calculations on tuples in R2.
 Students are supposed to apply geometrical theorems by the use of 
vectors. Formulas such as the distance and midpoint formulas are presented 
by means of vectors. 

Matematik för gymnasiet: Naturvetenskapliga och tekniska lärokursen, del 1 
(Nyman and Emanuelsson, 1968) 

The definition of algebra in this textbook is fundamentally the same as the 
definition of traditional school algebra in Nyman (1966); the term ‘modern 
algebra’ is neither defined nor used. Still, the book contains aspects of 
algebraic structures, algebra of sets, and of vector algebra.
 One significant difference between Nyman and Emanuelsson (1968) and 
the previous textbooks of this study, is the fact that numerical examples are 
more prominent in the presentation of the algebraic content, even though 
letters are used in the introduction of new concepts, as illustrated in appendix 
C.
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(1) Literal calculi 

In this textbook, the domains of literal calculi include real numbers, sets and 
vectors.

Letters representing real numbers 
In this textbook, the outline of real numbers is the same as in Nyman (1966). 
A closer look at the content indicates a somewhat different approach to the 
use of literal symbols. A new concept is introduced by a general statement 
with letters representing arbitrary but fixed numbers, followed by worked 
examples and exercises, which consist of, mainly, numerical calculations (see 
appendix C).

The ‘algebra of sets’ 
Letters are used to represent sets and operations in a similar way as in Nyman 
(1966).

The algebra of vectors 
The development of algebra of vectors includes, as in Brolin et al. (1966), two 
domains: geometric and arithmetic. Contrary to Brolin et al. (1966), in this 
book, the geometric domain is strongly linked to the physical domain where 
arrows represent magnitudes. Further, in this book, there is less emphasis on 
vectors defined coordinate-wise in comparison to Brolin et al.,(1966).  
 Vector addition and scalar multiplication are treated separately for the 
two domains. Student exercises are comparable to those in Nyman (1966) and 
Brolin et al. (1966).

(2) Algebraic theory

Equations

This book assumes the same overall structure in presenting the algebraic 
content as Nyman (1966); the function concept is treated prior to equations 
and so also certain types of functions: linear functions, polynomial functions 
and rational functions. Before I look at the notion of equation I briefly 
describe these types of functions.
 In this textbook more attention is given to tabular and graphical 
representations of the functions than in Nyman (1966). The worked examples 
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include tables and graphs, aimed at stressing the idea of dependency: how the 
value of the function depends on the value of the independent variable. In 
mathematical contexts, the independent variable is usually represented by the 
letter x. In physical applications, letters such as t and s are used. The 
subsequent exercises include drawing graphs of functions and straight lines 
and calculating function values and solving equations of the type f(x) = a.
 Linear, polynomial and rational functions are defined similarly as in 
Nyman (1966). In this book, the authors put more emphasis on the work with 
these functions. As regards polynomial functions, for example, worked 
examples and exercises involve polynomials of various degrees: second, third 
and higher in that order.  The characteristics of word problems are the same as 
in Nyman (1966).
 The idea of equations is related to the function concept. An equation is 
characterized as an open statement about “an equality between two sides” 
(Nyman and Emanuelsson, 1968, p. 149). In the introductory worked 
examples, set theoretic notations are used for expressing solutions: 

d) x2 = 1 L =   (the empty set) 

 There exists no real number whose square is a negative number. 

e) (x + 1)(x  1) = x2  1 L = R
 This statement holds for every real number x.
 (Nyman and Emanuelsson, 1968, p. 149)  

As in Brolin et al., (1966), the letter ‘L’ is not used arbitrarily12.
 An equation of the form ax2 + bx + c = 0 is a quadratic equation; the 
quadratic formula is presented by ‘completing the square method’, similar to 
what was done in 1966. The general idea behind the treatment of quadratic 
equations, including the quadratic formula, is the same as in Nyman (1966).
 Further, a linear equation is written in the form ax + by + c = 0 The 
authors explain that the equations of the form y = kx + l and x = m, previously 
treated, can be expressed as kx – y + l = 0 and x – m = 0 and conclude that 
“The equation of a straight line therefore is a linear equation” (Nyman and 
Emanuelsson, 1968, p. 192). Students are asked to draw graphs, determine 
slopes and tell whether lines are parallel, identical, or perpendicular. 

                                          
12  ‘L’ is the first letter in the Swedish word ‘lösning’ (solution)
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 In this textbook, the study of the equation of a straight line includes tasks 
of finding the slope of the straight line which passes by two points; the line is 
illustrated by a graph. Students are supposed to find equations of straight lines 
(where for instance two points are given) or determine if e.g., three points lie 
on a single straight line (i.e. are collinear). 
 The fundamental idea for systems of equations is the same as in Nyman 
(1966); algebraic methods are preferred. Additionally, the introduction 
considers graphical representation of systems of equations similarly as Brolin 
et al. (1966).
 Just as in Nyman (1966), tabular and graphical representations of 
exponential equations are considered. In this textbook, worked examples 
involve numerical examples: the functions y  2x and y  0.5x, are 
illustrated in two graphs and related as reflections about the y-axis. Students 
are asked to relate the curves of the equations y = (1/3)x and y = 3x, which is a 
focus not found in exercises in Nyman (1966). Also, exercises cover drawing 
of graphs such as

Show that the graph to the exponential function x ax, for every a,
passes through (0, 1).  (Nyman and Emanuelsson, 1968, p. 266)

The treatment of the logarithmic functions starts from considering the 
equation y = 2x before turning to more general equations of the type ax = b.
 Student exercises include equations solving, the use of tables (for finding 
approximate values), and the use of the slide rule. As students are asked to 
determine function values for x-values, the varied values of x and their 
corresponding function values are plotted. In this way, students became 
familiar with the shape of a logarithmic function.  

Algebraic structures
The overall structure in presenting new number sets is the same as in Nyman 
(1966). The striking difference is the stress on numerical examples. Take 
commutativity for addition as an illustration: first numerical calculations 8 + 3 
= 3 + 8, and then a more general statement (by literal symbols). Also, the 
exercises are more concerned with numerical calculations than previous 
textbooks.
 The notion of vector space builds on vectors as ‘directed line segments’, 
which are represented by arrows. Thus, the notion of magnitude forms a basis 
for the treatment of vectors; the line segments represent physical magnitudes, 
like forces. Properties of operations (addition and scalar multiplication) are 
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studied by means of arrow vectors.  Students are expected to solve word 
problems, mainly from physics (non-mathematical situations) but also from 
mathematical situations. 

6.3  POST-NEW MATH ERA 

In the late 1970s, new textbooks were launched prior to the new official 
curricular document of 1981 (Skolverket, 1981). These books considered 
trends in mathematics education, especially the debate of new technical tools; 
numerical calculations and calculators were an important part of the books. 
That is why I place the 1978 textbooks under the post-New Math era although 
the books actually follow the old official curricular document. 

Matematik för gymnasieskolan: NT1 (Nyman et el., 1978) 

The term ‘algebra’ is not defined in this textbook. 

(1) Literal calculi 

In this textbook, the domains of the literal calculi include real numbers and 
vectors. (Note the absence of the domain of sets).

Letters representing real numbers
In describing arithmetic operations in the domain of real numbers, numerical 
examples, word problems and links to geometry dominate the whole 
presentation.
 Square roots are treated first as numerical exercises, and then square 
roots appear in word problems where the given formulas involve square roots. 
Literal symbols are introduced in these word problems. Here is an example:
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d

a

d

a

One side of a square is a and the diagonal is d.
a) Prove the formulas 2ad  and

2
da

b) Calculate the diagonal of a square if  the 
 side is 23.4 cm 
c) Calculate the side of a square if the  
 diagonal is 175 mm. 

  (after Nyman et al., 1978, p. 41, my translation) 

The presentation of operations on real numbers is based on numerical 
examples. General statements are formulated by the use literal symbols (see 
appendix D).
 The idea of manipulation of algebraic expressions is introduced in the 
context of a ‘real-life’ problem: 

x 40  0.8x

0 40
5 36

10 32
15 28
20 24
25 20
30 16

Assume that there are 40 liters of gasoline in the tank 
of a car and that the car needs 0.8 liters per Swedish 
mile13 driving a main country road. After x Swedish 
miles of driving you have used 0.8x liters and there 
still is  40  0.8x liters left. This is an expression with 
a variable x. If x = 15 the expression has the value: 

40  0.8  15 = 40  12 = 28 

After 15 Swedish miles of highway driving there are
28 liters left in the tank. 

In the table, we denoted the value of the expression 
for some values of x. Such a table is called a table of
values for the expression.

   (Nyman et al., 1978; p. 87, my translation). 

In the subsequent exercises, word problems refer to non-mathematical 
(physics) and mathematical (geometrical) contexts where the mathematical 
models are given.    

                                          
13 1 Swedish mile = 10 km
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 Algebraic rules are explained using geometrical representations. As an 
example, take the following exercise: 

Is it possible by using the figures, to realize that the ‘difference of 
squares formula’ holds, if a and b are positive numbers and a > b?

(a + b) (a – b) = a2 – b2

a

a – b

a

b

a
a – b

b

b

a

a – b

a

b

a
a – b

b

b

 (Nyman et al., 1978, p. 97, my translation) 

Irrational numbers are presented by numerical examples. The point of 
departure is not the equation x2 = 2 as in the earlier books. 

The algebra of vectors 
The use of letters representing vectors and the presentation of the operations 
on vectors are the same as in Nyman and Emanuelsson (1968).  

(2) Algebraic theory 

Equations
The notion of function precedes the notion of equations; linear and non-linear 
functions are discussed here. 
 In this textbook, a function is defined as a set of ordered pairs (x,y) 
where for any x-value, there is only one y-value. A function is described in 
terms of graphs, or as a rule, e.g.  x  2x  1. After that, the same type of 
linear functions with both tabular and graphical representations, as in Nyman 
and Emanuelsson (1968) is included. Exercises include the drawing of graphs 
and physical applications. Some physics-related problems include ready-made 
mathematical models.  
 The idea of equations is introduced through an example, which views 
equations as a statement about equality: 
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This is an equation x + 2 = 3x – 4.
If we replace the variable x with a number, then we will get an equality, 
which either is true (T) or false (F): 

x x + 2 = 3x  4 
1 1 + 2 = 3  1  4 3 = 1 F 
2 2 + 2 = 3  2  4 4 = 2 F 
3 3 + 2 = 3  3  4 5 = 5 T 
4 4 + 2 = 3  4  4 6 = 8 F 
5 5 + 2 = 3  5  4 7 = 11 F 

 Etc. 

We realize that we will get a true equality if x = 3. This can be expressed 
in any of the following ways.
The number 3 satisfies the equation.
The number 3 is a root or a solution to the equation. 
(Nyman, et al., 1978, p. 58, my translation). 

Equation solving is introduced. Yet, there is a difference in comparison to 
previous books; the solution is shown by numerical examples. Besides, 
worked examples illustrate how to apply the given instruction. The first 
exercise is to solve the equation 6x = 42 (Nyman et al., 1978, p. 59). Word 
problems cover physical and geometrical applications. In general, 
mathematical models are given.  
 Systems of equations are dealt with in the same way as in Nyman and 
Emanuelsson (1968). 
 Quadratic equations are presented similarly as in Nyman and 
Emanuelsson (1968). Further, quadratic functions are treated as an example of 
non-linear functions. Student exercises include physical applications. 
 The overall presentation of polynomial functions is similar to Nyman and 
Emanuelsson (1968). In addition, though, graphical representations of 
polynomial functions are displayed. Students are supposed to draw graphs. 
Also, word problems in non-mathematical and mathematical situations are 
included; here, models are given. 
 In comparison to Nyman and Emanuelsson (1968), the treatment of 
exponential functions and logarithms is not as extensive. Exponential 
functions of base 10 are the only type to be explored. The subsequent section 
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on logarithms primarily concerns base 10 logarithms. The principles of using 
slide rules are mentioned briefly. Students are asked to determine 
approximative values from looking at graphs, solve equations, use the 
logarithmic laws. Word problems are included, in non mathematical context 
(physics, chemistry). 

Algebraic structures 
The chapter on vectors is basically the same as in Nyman and Emanuelsson 
(1968). The presentation of vectors can be regarded as an example of an 
algebraic structure; the only algebraic structure to be pinpointed in this 
textbook.

Matematik: gymnasieskolans treåriga linjer. NT, 1 A (Björk et al., 1978a) and 
Matematik: gymnasieskolans treåriga linjer. NT, 1 B (Björk et al., 1978b) 

In Björk et al., (1978b), students are told that the word ‘algebra’ comes from a 
book on solving equations (Hisab al-jabr w’al-muqabalah) written by al-
Kowarizmi14. The book was translated into Latin in the twelfth century, and 
was titled Algebra. The authors write: “With the help of algebra many 
problems and conclusions can be formulated briefly and clearly. Therefore 
algebra is, for scientists and technicians, a necessary tool (Björk et al., 1978b, 
p. 238, my translation). [Med algebrans hjälp kan många problem och 
slutsatser ges en kortfattad och klar formulering. För naturvetaren och 
teknikern är därför algebran ett nödvändigt redskap.] 

(1) Literal calculi

In this textbook, the domains of literal calculi include real numbers and 
vectors. (Note the absence of the domain of sets). 

Letters representing numbers 
In this textbook, the students are primarily supposed to process the arithmetic 
operations on numerical expressions. The treatment of numerical calculations 

                                          
14 The term Hisab al-jabr w’al-muqabalah and al-Kowarizmi respectively are spelled as in 
the book
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and the use of literal symbols become obvious through the notion of 
multiplication and division by powers. First a numerical example is given: 

Write as a power of 2.  a)  23  24    b)  (23)4

23 24 = (2 2 2) (2 2 2 2) = 2 2 2 2 2 2 2 = 27

3 factors 4 factors 7 factors

23 24 = (2 2 2) (2 2 2 2) = 2 2 2 2 2 2 2 = 27

3 factors 4 factors 7 factors

We can write directly 23  24 = 23+4 = 27

 (Björk et al., 1978a, p. 22, my translation)  

After this presentation which includes numbers only, literal symbols appear. 
“If m and n are positive integers we evidently can formulate the subsequent 
general rules xm  xn = xm+n ; (xm)n = xm  n = xmn” (Björk et al., 1978a, p. 22, 
my translation). Thus, the algebraic rules of powers appear as an inductive 
generalization from concrete examples on numbers. Subsequent exercises 
include tasks of rewriting expressions such as (5  52  53)4 and t4 t6 in terms 
of the power of a single expression.
 In this textbook, the notion of roots is introduced by an extra-
mathematical worked example. The answer to the question in this example is 
given by numerical approximation. Then, a definition follows: 

 If r is a positive number and r2 = s, r is called the square root of s.
The square root of s is denoted  as s
r = s
(Björk et al., 1978a, p. 38, my translation) 

Students are asked to determine square roots, for example, for 400  and 
2)7( ,  x2 = 49, and to show by using an example that the equality 2x  = x

is not true for all x.
 The idea of irrational numbers is introduced in the context of discussing 
non-periodical decimal expansions. Irrational numbers such as   are non 
periodical, and cannot be written as a ratio. Then, a proof by contradiction for 
the fact that there is no rational number x for which x2 = 2 is given, similarly 
as in Nyman (1961)
 The introduction to manipulation of algebraic expressions differs
compared to earlier books. The presentation starts with worked examples 
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from non-mathematical situations. In particular, the notion of polynomial is 
discussed via a specific problem: 

From the top of a 325 m high tower a 
body is tossed upward with the velocity 
of 25 m/s. After x s its height above the 
ground is y m, and is calculated by the 
formula  
y = 325 + 25x  4.9x2

(Björk et al., 1978b, p. 238, my 
translation)

y  my  m

The expression y = 325 + 25x  4.9x2 is described as a polynomial, 325 is a 
constant, 25x and 4.9x2 are labeled ‘variable terms’ where the value of the 
variable term depends on the value of the variable. Here, the letter x
represents a non-negative real numbers and y  a real number. Thus, the value 
of y depends on the values of x. A polynomial is defined as a sum of terms. 
The terms are real numbers or products of real numbers and one or several 
variables. Examples of polynomials and non-polynomials are given to 
explicitly illustrate the definition: 5, 7x3y, 2x + y and x6 + 2x3 + 1 (Björk et al., 
1978b, p. 238).
 Operations on polynomials are treated; students are asked to solve 
equations, simplify and factorize expressions. Exercises on operations on 
polynomials are included: how to substitute numbers for letter variables, 
factorization, simplifying, rules for operations and binomial formulas.  
 The idea of rational expressions is presented via a physical problem. A 
rational expression is described as an algebraic expression which can be 
formulated as a quotient of two polynomials, P/Q, where Q  0 such as

52
132

x
xx

y
yx2

1
5xy

yx
11

b
a 25

(Björk et al., 1978b, p. 281)

Students are supposed to do different kinds of symbolic manipulations, such 
as simplification of algebraic expressions. In addition, they are asked to solve 
equations where the unknowns are placed in the denominator. Moreover, 
word problems consider non-mathematical situations such as physics, 
chemistry, and the real world. 
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The algebra of vectors 

A vector is denoted by letters as Fuv ,,  and represented by arrows. Vector 
addition and scalar multiplication are treated; operations on vectors are 
presented by ‘moving arrows’ and the parallelogram method similarly as 
Nyman and Emanuelsson (1968).

(2) Algebraic theory 

Equations
The notion of equation is described as: 

An equation is an equality which includes one or several variables. 
3q = 12 
a + 5 = 2a + 4 
r + s = 7 r
2x + y = 11 
(Björk et al., 1978a, p. 55, my translation) 

In this textbook, then, equations are described with respect to variables only 
and not related to algebraic expressions or functions. Formulas are related to 
equations: “A formula is an equation expressing a relationship between two or 
several variables” (Björk et al. 1978a, p. 56, my translation). This statement is 
linked to a worked example on a physical application illustrated with a 
geometrical figure. The authors point out that in transforming a formula one 
uses the same methods as solving an equation.
 Student exercises include both equations and formulas. Among these 
exercises, several worked examples focus on formulas and applications in 
physics.
 Quadratic equations are treated and introduced via a problem in a non-
mathematical situation. Various types of quadratic equations are considered. 
The quadratic formula is formulated. The formula is explained by completing 
the square by a numerical example and, in parallel, by literal symbols.  
Students are supposed to solve equations and applied word problems on 
geometry, physics etc.
 A linear function can be represented by the equation y = kx + m (k and m
are constants), and by tabular or graphical representation. For example, 
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 “… this straight line has the equation y = 2x + 3. 

x

y

y =
2x

+
3

The line has 
the equation y = 2x + 3

x

y

y =
2x

+
3

x

y

y =
2x

+
3

The line has 
the equation y = 2x + 3

 (Björk et al., 1978b, p. 331, my translation) 

Students are expected to determine the slope and the y-intercept of straight 
lines. Word problems link linear functions to mathematics (geometry) and 
physical applications in a real world context. The mathematical models for the 
relationships in these contexts are given and the students only have to apply 
them in calculations.  
 Various ways of solving systems of linear equations are considered, first 
graphical solutions and then algebraic methods. The tasks cover word 
problems; these concern geometry and non-mathematical situations on 
velocity.
 Quadratic equations arise in the context of quadratic functions, in the 
form f(x) = ax2 + bx + c (a, b and c are constants, a  0). This expression is 
also-called an equation: the equation of the quadratic function. Worked 
examples look at mathematical situations. Students are supposed to draw 
graphs, and to determine extrema of functions. Word problems cover 
mathematical situations (geometry). One of the exercises is situated in a ‘real-
life situation’. 
 The point of departure for introducing exponential functions is a problem 
on growth of bacteria and the idea of powers. Then, exponential functions are 
introduced by looking at a specific function, y = 2x and its tabular and 
graphical representations. The subsequent presentation of equations of the 
type 2x = 3 leads to the idea of base 10 logarithms. As in Nyman et al. (1978), 
only base 10 logarithms are treated.
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 Students are supposed to solve equations. Word problems consider non-
mathematical situations from physics, biology and reality on population in 
countries, with ready-made models.  

Algebraic structures 
In the domain of R2, letters are introduced for representing vectors. A vector 
is defined as a set of all oriented segments which have the same direction, 
orientation and length.
 Properties of operations, addition and scalar multiplication are described 
graphically by arrows only. The verification of these properties is done by 
means of representing vectors by arrows.
 The physical world is described by means of vectors as is evident from 
worked examples and exercises. Word problems mainly consist of physical 
applications.  Word problems, where students are supposed to apply addition 
and scalar multiplication, are included; the applied problems are placed in 
physics and real life. 

Studium matematik NT1 (Nyman et al., 1982) 

From the point of view of algebraic content, this textbook very much 
resembles Nyman et al., (1978). However, some differences are noteworthy: 

 The introductory part on manipulation of algebraic expressions does not 
involve a non-mathematical problem. Instead, students are told that 
“Expressions with variables occur everywhere in mathematics and its 
applications. You use them in, e.g., formulating laws and in geometrical 
and physical connections. When you are to prove general properties for 
numbers or geometrical figures, you need to "calculate with letters."” 
(Nyman et al., 1982, p. 144, my translation) Starting from a numerical 
example, an explanation, where letters represents arbitrary numbers 
appears, is provided.

 The notion of equations is introduced by comparing two expressions (or 
functions). Here, though, the idea of an equality being a true or false 
statement is not considered. Instead students are told that a number x
yields that the left-hand side and right-hand side of the equations are 
equal.
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 The chapter on vectors is removed. Thus, the domain of the literal 
calculus includes the domain of real numbers exclusively. 

 Slide rules are not mentioned. 

Matematik Gymnasieskolan NT 1 (Björk et al., 1982) 

This textbook is basically the same as Björk et al., (1978a, 1978b) concerning 
literal calculi and algebraic theory. However, in this textbook, there is no 
chapter on vectors. Consequently, in this textbook, the domain of the literal 
calculus includes the domain of real numbers exclusively. 

Matematik 2000 Naturvetenskapsprogrammet, kurs AB lärobok (Björk et al., 
1994)

In my presentation of school algebra in this textbook, I refer to what was done 
in Björk et al. (1978a, 1978b; 1982). 
 In describing algebra, the authors state, as in Björk et al., (1978b; 1982), 
that the origin of the word algebra is dated to al-Kowarizimi’s book. 
Additionally they state that the word ‘Al-jabr’ means ‘transference of terms’.  
 In this textbook, the authors discuss accounts on the evolution of 
mathematics in special historical notes. As an example, ways of combining 
algebra and geometry by Descartes and Fermat are mentioned. See appendix 
E.
 The overall structure of the algebraic content in this textbook is similar 
to Björk et al.  (1978a, 1978b; 1982). Also, the treatment of the concepts and 
the ways they are related to one another is basically the same. In this section, I 
only point to some differences concerning literal calculi and algebraic theory 
that I identified. 

(1) Literal calculi 

In this textbook, the domain of the literal calculus includes the domain of real 
numbers. 

Letters representing numbers 
The notions of powers, roots and irrational numbers are introduced similarly 
as in Björk et al.  (1978a; 1982). 
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 The section on numerical calculations mainly involves introductions, 
explanations, worked examples and student exercises with ‘actual’ numbers. 
Nevertheless, isolated tasks or explanations cover the use of letters as 
arbitrary but fixed numbers, such as:  

Write a rational number in the form of a/b, which is 
a) 3 more than 7/9 
b) 1 less than 8/5  
(Björk et al., 1994, p. 31, my translation)  

However, students are supposed to do numerical calculations where the literal 
symbols (a and b) indicate arbitrary numbers. 
 Also, polynomials as expressions of the type 5x3 – 4x2 + 3x + 1 and as a 
sum of terms where a term is a product of a number (a coefficient) and of one 
or several variables, is basically the same as in Björk et al.  (1982).

(2) Algebraic theory 

Equations
The point of departure for the notion of equations is the same as in Björk et al. 
(1978a; 1982). The new feature of this textbook is the fact that variables are 
introduced by two non-mathematical problems; one of these follows:  

A ship velocity is often measured in knots. Of course you can denote it 
in kilometers per hour. The following relationship is valid: 

You can obtain the velocity in kilometers per hour by multiplying the 
velocity in knots by 1.852. 
Denote the velocity in knots by x and the velocity in km/h by y. The 
relationship can be written as 
y = 1.852 · x
You can notice that this expression is shorter and clearer. The letters x
and y are called variables.
 (Björk et al. 1994, p. 75, my translation) 
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Then the authors point out that 10.0 knots is the same as 18.5 km/h (y = 1.852 
 10.0). To transform 50 km/h into knots, the equation 50 = 1.852 x needs to 
be solved.
 After a few exercises which are concerned with simple manipulations of 
algebraic expressions, the fundamental idea of dealing with equations is the 
same. Exercises on equations (and formulas) are included. However, in this 
textbook, equations and formulas are first treated and then geometry and 
formulas in contrast to Björk et al.  (1978a; 1982) where the concepts were 
intermixed.  
 The treatment of different types of equations/functions is fundamentally 
the same as in Björk et al. (1978a, 1978b; 1982). 

Matematik 3000: Kurs A och B, lärobok Naturvetenskap och teknik (Björk 
and Brolin, 1999) 

The term algebra is related to the history of algebra as in Björk et al. (1982; 
1994); al-Khwarizmi15 and the term ‘algebra’ as such is described as in Björk 
et al. (1994), with references to Descartes and Fermat. In addition, algebra 
and geometry also are related in considering a proof to the Pythagorean 
Theorem from a Chinese source. Another historical note, inserted in this book 
considers The Nine Chapters on the Mathematical Art by the Chinese 
mathematician Liu Hui (ca. AD 260). This is the first time historical 
references to Chinese mathematics appear in the textbooks.
 In comparison to Björk et al. (1978a, 1978b; 1982; 1994), the structure 
of the algebraic content follows a different outline even though specific 
concepts are presented similarly. Thus, in a broader perspective, the concepts 
are not related in the same way. In Björk et al. (1978a, 1978b; 1982; 1994) the 
algebraic content starts with basic skills of algebraic expressions and 
equations and then is organized as: algebraic expressions, equations and 
functions. In contrast, after the basic skills, this textbook considers multiple 
representations, first patterns and formulas and then the notion of function; 
linear and exponential functions (including logarithms). Then, rules for 
manipulating polynomials appear prior to the treatment of functions including 
equation solving.

                                          
15 al-Khwarizmi is spelled as in the book
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(1) Literal calculi 

In this textbook, literal calculus is studied in the domain of real numbers only.  

Letters representing numbers 
The use of literal symbols is introduced through the following worked 
example:

In the figure 3 the number of squares is  4 (3 1) + 1 = 9
In the figure 10 the number of squares is  4 (10 1) + 1 = 37
In general: number of squares =  4 (the number of the figure 1) + 1

1 2 3

3 1

How many squares are there in figure number 10 if the pattern
is going on in the same way

In the figure 3 the number of squares is  4 (3 1) + 1 = 9
In the figure 10 the number of squares is  4 (10 1) + 1 = 37
In general: number of squares =  4 (the number of the figure 1) + 1

1 2 31 2 3

3 1

How many squares are there in figure number 10 if the pattern
is going on in the same way

(Björk and Brolin , 1999, p. 20, my translation) 

The succeeding descriptions of certain basic concepts are connected to this 
example:

Algebraic expression: let n be the number of the figure, then the 
algebraic expression is 4(n – 1) + 1, which can be simplified as 4n – 4 +1 
= 4n – 3 

Variable: the letter n stands for one of the numbers 1, 2, 3, 4, …

The value of the expression: the value of the expression 4n – 3 for n = 20 
is found as follows. Replace 20 for n and perform the calculation 4n – 3 
= 4 . 20 – 3 = 80 – 3 = 77. So figure number 20 has 77 squares.  

The presentation of roots and powers is similar to Björk et al. (1978a; 1982; 
1994). Here, a letter stands for an arbitrary but fixed number. Also, numerical 
calculations dominate the exercises involved.
 The treatment of algebraic expressions is fundamentally the same as in
Björk et al. (1978b; 1982; 1994). However, introductory examples and 
illustrations are not exactly the same. Prior to the treatment of manipulation of 
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algebraic expressions, the meaning of polynomials, in the sense of polynomial 
functions, appears. Many situations can be expressed in terms of polynomial 
functions as a mathematical model. Examples are provided, such as  

A ball is thrown straight 
up with the velocity of
30 m/s. What is the 
velocity after x s? 

We get the velocity y
m/s with the first-
degree polynomial 

y = 30  9.8x

 (Björk and Brolin, 1999, p. 199, my translation) 

In general, this book puts more emphasis on pictorial illustrations to tasks 
than previous textbooks. In the example above the picture gives no extra 
information to the narrative statement and the formula.  
 Properties of operations on numbers, rules for multiplying polynomials 
and factorizations are considered similarly as in Björk et al. (1978b; 1982; 
1994).
 Rational expressions and irrational numbers are presented as Björk et al. 
(1978b; 1982; 1994). 

(2) Algebraic theory 

Equations
Just as in Björk et al. (1978a; 1982; 1994), the term variable is important in 
the description of equations. The notion of equation is presented as follows: 

An equation is an equality with one or several variables

+ 2     = 12

Here the variables are     and     . We often use x and y

y + 2x = 12

An equation is an equality with one or several variables

+ 2     = 12

Here the variables are     and     . We often use x and y

y + 2x = 12

 (Björk et.el., 1999, p. 24, my translation) 

Equation solving is discussed on the example: 2x + 1 = 51. It is explained that 
the aim of solving an equation is to find all values of the variable x for which 
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the left-hand side (2x + 1) is equal to the right-hand side (51).  The authors 
emphasize the idea of ‘number sense’ for equation solving and so equations 
are introduced by ‘the covering up’ method but more general methods are 
needed as well. The subsequent exercises focus on relations between numbers 
and variables. Another type of exercises in training equations concerns 
relations such as: 

 Viktor is thinking of a number … 

 He multiplies the number by 3 and adds 4. 
Then he divides the result by 5. He then 
gets the number 11. What number was he 
thinking of? 

 (Björk et.el., 1999, p. 25, my translation) 

Here, the relation between the input and output value is considered. The 
picture indicates that the number Viktor is thinking of is expressed as x; so, it 
is a question of relating this x with numbers. In addition, exercises on solving 
equations and word problems as in Björk et al. (1978a; 1982; 1994) are 
included.
 Relationships in formulas by coordinates and the use of patterns are 
presented. A coordinate in a plane is introduced to attend to the relationship 
between two points. The formulation of relationships by looking at patterns is 
highlighted. Different patterns are exemplified by matches, squares and 
circles. Students are trained to interpret and use different representations such 
as symbols tables, graphs, pictures etc. As an example, patterns and formulas 
are used to focus on relations as in this exercise:  

1 2 31 31 2 31 3

a) How many squares K are there in figure number n?
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b) Calculate the squares in figure number 100? 
c) What is the number of the figure with 49 squares?    

 (Björk and Brolin, 1999, p. 65, my translation) 

In this case, students are expected to consider the relation between the number 
of squares and the corresponding figure. Students are required to consider the 
nth term.  
 The introduction to exponential functions is not the same as in Björk et 
al. (1978b; 1982 and 1994). In this textbook, the point of departure for dealing 
with exponential functions is the idea of linear and exponential growth where 
students are supposed to become familiar with ‘taking to the power’. 
Furthermore, there is a focus on setting up expressions and equations from 
looking at a worked example which involves a graphical solution to a specific 
equation, e.g., 2x = 105.  Word problems include various authentic problems, 
such as the value of a car, growth of bacteria, etc. 
 The notion of quadratic equations (or functions) is related to graphs. In
contrast to earlier textbooks, in this textbook, the quadratic formula is 
introduced only after dealing with the notion of quadratic functions and their 
graphical representations using graphing calculators. Then, first the graphs of 
the roots of quadratic equations are considered. Then, the quadratic formula is 
presented, first by completing the square in geometrical representation as in 
Nyman et al. (1978), and then by numerical examples. The formula is derived 
from a worked example x2 + 5x + 6 = 0 and a more general procedure with 
literal symbols only.
 The treatment of linear functions and rational expressions is similar to 
what was done in Björk et al. (1978b, 1982; 1994). 
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CHAPTER 7 

RESULTS:  THE VARIATION OF ALGEBRA  
IN UPPER SECONDARY MATHEMATICS TEXTBOOKS 

In this chapter, I report on the results of my analysis of textbooks from the 
point of view of the variation of what has been considered as school algebra 
in Sweden in the second half of the twentieth century.
 The chapter is organized as follows. Section 7.1 presents the set of the 
categories of description. These categories are then applied to characterize the 
individual textbooks in section 7.2. Section 7.3 looks at the textbooks 
collectively, and describes globally the variation of algebra in textbook 
approaches in the period 1960 2000.  Section 7.4 summarizes the results and 
puts them in a broader perspective of changes in the Swedish school system in 
the considered period.

7.1  CATEGORIES OF DESCRIPTION 

In this section, I present those categories of description I identified in my 
data.
 My outcome space covers 19 categories. These are grouped into five 
main strands of reflection, each of which looks at a different aspect of the 
contents of the intended teaching and learning:

 Strand A:  Objects of study (What is supposed to be taught and 
learned?)

 Strand  B:  Introduction of the objects of study (How are the objects of 
study introduced, motivated?) 

 Strand C: The tasks for practice of algebraic skills (What tasks are 
given for practicing algebraic skills?)

 Strand  D: The characteristics of word problems (What tasks are given 
for application of the learned concepts and skills?) 
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 Strand  E: Literal symbols versus numerical examples (What language 
is used in the presentation of the material?) 

Each strand is thus related to a certain question about the contents of teaching 
and learning. Textbooks respond in different ways to these questions, and 
these answers have been grouped into categories labeled A1, A2, etc., B1, B2, 
etc., etc. 
 The presentation of the categories consists in highlighting the critical 
features which distinguish each category from the other categories in the same 
strand.

7.1.1   Strand A: Objects of study 

The studied textbooks contained such objects of study as algebraic 
expressions and equations, and, sometimes, algebraic structures. However, 
textbooks differed in the emphasis, order and logical relations among these 
objects of study. Thus, in some textbooks, algebraic expressions were the 
main object of study and point of entry into other subjects (Category A1). In 
other textbooks, equations played this role (A4). Some textbooks put 
equations and algebraic expressions on an equal footing (A3). And, in the 
New Math era, algebraic content was organized on the foundation of the idea 
of an algebraic structure (A2). There is no hierarchy in this categorization and 
the order of their presentation is rather arbitrary. I present the ‘algebraic 
structures’ category right after the ‘algebraic expressions’ category because 
they are the most extremely different categories. The other two appear to have 
been some sort of compromises between these two extremes.   

Category A1: Algebraic expressions approach 
In this category, the main objects of study are algebraic expressions; the 
secondary objects are equations. 

Algebraic expressions are introduced through examples of, mainly, 
algebraic sums whose components are called ‘terms’. A term is a number or a 
product of a number and letter variables. Then the focus is on polynomials, 
understood as algebraic sums of terms or a single term. Many rules for 
manipulating polynomials such as removal of parentheses, differences of 
squares, the square of the sum and difference and factorization, are treated.  
 Functions are introduced through the example of polynomial functions in 
one variable; rational functions are presented as a ratio of two polynomials. 
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Thus, functions are, in a way, identified with algebraic expressions, and the 
topic of functions serves for further practicing the manipulation of algebraic 
expressions.
 Equations are introduced firstly through the example of polynomials 
equal to zero. Further, equations with non-zero polynomials on both sides of 
the equals sign may appear. To solve an equation is thus mainly to find the 
value of the variable for which the polynomial assumes a particular value. In 
equation solving students are supposed to practice manipulation of algebraic 
expressions according to those laws and rules they previously learned about. 

Category A2: Algebraic structures approach
The main objects of study are algebraic structures. The presentation of the 
mathematical content is organized around the examples of different algebraic 
structures; first the extensions of natural numbers to integers, rational and real 
numbers, and then the notion of vector space.  
 The number structures are described using the language of sets. They are 
presented as sets of objects closed under operations satisfying certain 
properties, expressed using literal symbols. The point of departure, for the 
mathematics course as a whole, is the set of natural numbers (N), which is 
then extended to integers (Z), rational numbers (Q) and real numbers (R).
 The study of vector spaces is reduced to a single example, namely that of 
the vector space R2. Here, geometric and arithmetic properties of operations 
on vectors are combined.  
 Equations are introduced either as comparisons of functions or as open 
statements. Equation solving is introduced by examples; the solution is 
presented using logic and set-theoretical symbols.  
 The emphasis given to calculations in real numbers or to number 
structures may vary. Therefore, I formulate two subcategories.  

Category A2a: Focus on calculations in real numbers 
First, the numbers are extended to real numbers and then the axioms 
governing the permissible operations are treated. After this treatment, there is 
a focus on rules for operations on algebraic expressions where letters, a, b, c, 
…, represent real numbers. Subsequently, equations are discussed.

Category A2b: Focus on number structures as a foundation for mathematics 
Algebraic expressions and equations serve as tools for the study of number 
structures. In doing so, the properties of operations on numbers are introduced 
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for each number set explicitly. Each number structure is studied by means of 
algebraic expressions, equations and functions.

Category A3: Equations and algebraic expressions approach 
The main objects of study are equations and algebraic expressions.   
Algebraic expressions and equations are treated on ‘equal level’ and are 
related to functions.
 Equations are described as comparisons of expressions, or functions, 
where an algebraic expression (or function) is equal to another expression. 
The equation is true for some values and false for others.
 Multiplication rules for algebraic expressions are explained using 
geometrical representations, where, for example, the product is seen as the 
area of a rectangle. Algebraic expressions also are used in formulating rules, 
which constitute a part of a function. 

Category A4: Equations-based approach
The main object of study is equations where algebraic expressions are 
secondary objects of study and related to equations. 
 In this category, the focus is on the notion of equation. An equation is 
described in terms of equality where variables are included. A formula is 
described as an equation that involves several variables. So, 3x + 5 = 26 is an 
equation but not a formula, while 2x + y = 11 is both an equation and a 
formula. Equations are used to express relations amongst numbers and one, or 
several, variables. Worked examples introduce how to solve equations and 
transform formulas to isolate one of the variables. 
 The idea of algebraic expressions is related to formulas. Polynomial 
equations are the main examples studied. A polynomial is introduced as a sum 
of terms where terms consist of real numbers or products of real numbers and 
one, or more, variables. Rules for manipulating polynomials, and other kinds 
of algebraic expressions, are treated.  
 I distinguish two subcategories. 

Category A4a: Focus on formulas 
This category puts an emphasis on formulas. The study of equations is done in 
the context of formulas. In particular, applying formulas is of importance. 
There is a focus on working with explicit formulas. In order to be able to 
transform formulas, students are expected to simplify algebraic expressions, 
remove brackets in these expressions, etc. 
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Category A4b: Focus on relations and patterns 
In contrast to category A4a, equations arise in the context of the study of 
patterns in numbers. The relation between variables and either numbers or 
variables is in focus. Students need to figure out possible explicit formulas for 
patterns which are more naturally described by recursive formulas.  
 This focus on relations and patterns can be seen as a preparation for 
studying functions; functions in turn are represented in multiple ways and are 
presented as models of relationships between variable quantities. Students are 
supposed to interpret tables, graphs, formulas and verbal descriptions, and 
translate from one representation to another. Special types of functions are 
then successively treated, for instance, linear and exponential functions. Rules 
for manipulating polynomials are treated subsequent to functions (and are not 
as dominant as in approach A1). They are described by providing a number of 
examples.  

7.1.2 Strand B: Introduction of the objects of study

This strand focuses on the moment of study which has been called the 
“moment of first encounter” by Chevallard (2002; see also Barbé, Bosch, 
Espinoza and Gascón, 2005). At this moment, the textbook may connect the 
object of study to other subjects, or areas. It may relate it to a mathematical 
problem and express it in terms of the situation connected to the problem. The 
categories of strand B identify different kinds of such introductions, 
distinguishing mainly between extra- and intra-mathematical contexts for 
introducing the objects of study. 

Category B1: Application 
The objects of study are introduced mainly from an intra-mathematical point 
of view. The mathematical material is first developed with concerns of 
developing interesting mathematics and connections with previously learned 
mathematics. At the end of the chapter, word problems, selected from 
different contexts, illustrate how the knowledge can be applied.

Category B2: Problem solving 
The objects of study first appear through a mathematical discussion of a 
problem related to a non-mathematical situation.  
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The discussion of the extra-mathematical situation leads to a mathematical 
formula or concept which is then treated from an intra-mathematical point of 
view.

Category B3: Modeling
The features of this category are the same as those of category B2, except that 
much more importance is awarded to modeling problems where students have 
to construct a model from a narrative statement. This model is not suggested 
and several models are possible.  
 Students need to express the given situation in mathematical terms. 
Thus, students are supposed to identify the constants, the variables and the 
parameters of the situation and relations between them, not only recognize a 
given rule or formula.  

7.1.3   Strand C: The tasks for practice of algebraic skills 

This strand considers various kinds of tasks where more, or less, priority is 
given to different algebraic skills. Tasks are classified into (1) manipulation of 
algebraic expressions, (2) finding the results of operations and (3) using 
different forms of representation. One of these appears as primary and the 
others as secondary.

Category C1: Manipulation of algebraic expressions 
The major concern in approaches of this category is applying various rules for 
manipulating algebraic expressions. Students are expected to be aware and 
make use of the ‘inner structures’ or patterns within algebraic expressions. 
This awareness is trained from considering algebraic manipulation, which is 
in focus.
 The tasks categorized as finding the results of operations and using
different forms of representation play a secondary role.

Category C2: Finding the result of operations 
In contrast to category C1, the tasks of this category exclude lengthy 
manipulation of algebraic expressions. Rather, computational exercises on 
algebraic expressions and substituting values are in focus. Further, in the 
domain of sets, the idea of finding intersections, unions or complements of 
two sets are focused on as well.  
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 The kinds of tasks which are manipulation of algebraic expressions and 
using different forms of representation are secondary in this category.

Category C3: Using different forms of representation
In this category, the general idea behind the tasks is the practice of various 
forms of representation. It could be a matter of graphical and tabular 
representations of equations (or functions) as a support for representing the 
equations by algebraic expressions; here, the representation by algebraic 
expression is privileged. In contrast, it could be a matter of looking at 
multiple representations. Students are supposed to interpret and move 
between various forms of representation; they are expected to use an 
appropriate representation for the particular problem.
 The tasks classified as manipulation of algebraic expressions and finding
the results of operations appear as secondary. 

7.1.4 Strand D: The characteristics of word problems 

Strand D categorizes the kinds of word problems and the way they are used 
for developing algebraic knowledge and skills.

Category D1: Problems with a focus on applications in mathematics or other 
school subjects 
The word problems of this category constitute applied problems within 
different areas, both mathematical situations (mainly geometry) and other 
school subjects (physics, chemistry).  
 However, the use of mathematical models differs, and, therefore, I 
formulate two subcategories. 

Category D1a: The mathematical model is given 
The problems in this category make explicit the mathematical model to be 
applied. Mathematical formulas and rules to be used are either given or it is 
clear which ones have to be used in solving the problem.  

Category D1b: The mathematical model has to be found 
Initially, student exercises include given models. However, after this 
introductory stage no model may be given and students need to construct the 
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mathematical model themselves from the information given in the word 
problem.  

Category D2: Problems with a focus on societal or everyday situations 
This category contains extra-mathematical connections to what is conceived 
as part of students’ everyday experience. Problems attend to aspects in society 
or everyday situations. There is a contrast within this category between 
considering either societal activities or real-life (authentic) situations.
 Similarly as in category D1, word problems could involve two ways 
concerning mathematical models. That is why I identify the same 
subcategories within category D2. 

Category D2a: The mathematical model is given 
Just as in category, D1a, the mathematical problems that students are 
expected to solve on their own, normally, makes it clear which mathematical 
model to use.  

Category D2b: The mathematical model has to be found 
Following category D1b, students primarily are expected to formulate models 
themselves. Nonetheless, initial word problems include formulas.  

7.1.5 Strand E: Literal symbols versus numerical examples 

Strand E is concerned with the ways in which the properties of operations and 
rules for manipulating algebraic expressions are presented. In particular, with 
the various ways in which literal symbols appear in the introduction of these 
rules and in student exercises. 

Category E1: Literal symbols are privileged 
In this category, the literal symbols are used in the presentation of new objects 
of study; a, b, c,… generally stand for arbitrary numbers and x, y, z for 
variables. The fundamental idea behind the use of literal symbols is to 
declare, from the very start, the generality of the definitions, or theorems. No, 
or few, numerical examples are used in clarifying the idea behind the 
concepts.
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Category E2: A mix of literal symbols representing numbers and ‘actual 
numbers’
This category covers two ways of combining the use of literal symbols and 
numbers. In one of these ways, the introduction first presents properties or 
rules by algebraic expressions with literal symbols and no numbers 
whatsoever. After the general statements, worked examples which contain 
specific cases with numbers are included. The order is reversed in the other 
way, where first numerical examples are presented and then general 
formulations by means of literal symbols are given. 

Category E3: The use of numerical examples is prominent
The new objects of study are described in terms of numerical examples. In the 
initial stage of dealing with a new object of study, numerical examples only 
point to the fundamental idea of the concept in question. Also, properties of 
operations are exemplified by numerical calculations. A more general 
formulation where literal symbols are involved only sporadically appears. 
Furthermore, actual numbers are used in worked examples and exercises.
 Indeed, numerical examples dominate the whole presentation of the 
content in the mathematics course, both in worked examples and in student 
exercises.  

7.2  DESCRIPTION OF INDIVIDUAL TEXTBOOKS

IN TERMS OF THE IDENTIFIED CATEGORIES 

In this section, I describe the approaches to algebra in the mathematics 
textbooks of my study in terms of the categories defined above. I will justify 
my claims for classifying a textbook under particular categories by reference 
to the information about the textbooks contained in Chapter 6.

7.2.1 Pre-New Math era 

Algebra för gymnasiet, del 1 (Nyman, 1961) 

This book can be described as representing the following categories:

  A1: The main objects of study are algebraic expressions. 
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  B1:  The objects of study are explained mainly through intra-
mathematical connections with extra-mathematical motivation 
given through application problems in special sections of the book. 

  C1: The fundamental idea behind doing tasks is manipulation of 
algebraic expressions.

 D1b: The situations in the word problems are varied; primarily physics 
and finance; students are generally supposed to construct the 
mathematical models representing the situations to solve the 
problems.   

  E1: Literal symbols are used extensively and are in focus.   

Literal symbols mark the introduction to algebra; letters are first used to 
represent arbitrary numbers in symbolic representations of properties of 
operations on numbers. The general properties of arithmetic operations are 
used in the manipulation of these expressions. Thus, in fact, algebra starts 
with literal calculus. The notion of equations is related to the notion of 
algebraic expressions. Therefore, I have classified the book as belonging to 
category A1.
 The introductions of algebraic expressions and equations assume an 
intra-mathematical perspective where the concepts are described in terms of 
relations amongst the mathematical ideas themselves. Word problems are 
confined to particular small sections. So, it is not a matter of a ‘global use’ of 
applied problems. Thus, I interpret this book as belonging to category B1.
 Numerous rules or laws for working with algebraic expressions 
constitute an important part of worked examples and exercises proposed to 
students. The idea is for students to develop manipulative skills. Therefore I 
recognize that this textbook belongs to category C1. 
 The word problems included cover both intra- and extra-mathematical 
connections. The problems are applications in various areas such as physics, 
chemistry, finance, etc. Formulas are given or suggested in some problems, 
while in others students are supposed to formulate the model themselves; the 
latter is prominent.  I count the book as belonging to category D1b.
 Literal calculus and equation solving are essential ingredients in this 
book.  The presentation of these topics is based on the use of literal symbols 
which are in focus in both explanations and tasks. As a consequence, I 
identify this book as belonging to category E1. 
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7.2.2   New Math era

Matematik för gymnasiet: Naturvetenskapliga och tekniska lärokursen, del 1 
(Nyman, 1966) 

This book can be described as representing the following categories: 

 A2a: The main objects of study are algebraic structures: for example, 
first a presentation of the extension of numbers and then the 
properties of operations and rules for multiplying algebraic 
expressions.

 B1: The objects of study are explained mainly in relation to previously 
acquired mathematics.

 C1: An important essence of tasks is the manipulation of algebraic 
expressions.

 D1b: The word problems are related to other mathematical domains and 
other school subjects. The applied problems do not normally give 
the model.  

 E1: Literal symbols are used extensively and are in focus. 

The presentation of the algebraic content evolves around various algebraic 
structures; number structures, the notion of groups, and vector space are 
discussed, through looking at their elements and the closure properties under 
the operations. Manipulation of algebraic expressions appears as part of the 
broader view on examples of number structures. An equation is described as 
an equality where a function assumes the same value as another function (or a 
certain value of the independent variable). Thus, I classify this book as 
belonging to category A2a.
 The work with the objects of study is introduced by means of an intra-
mathematical perspective where the objects of study are connected by 
applications to previously learned mathematics. Thus, I classify this book as 
belonging to category B1. 
 Manipulation of algebraic expressions constitutes an important part of 
the algebra course, in particular in student exercises. That is why I categorize 
this book as belonging to category C1.
 The word problems mainly cover applications in geometry and other 
school subjects. In the initial problems, the models are given or suggested, 
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and then students need to construct the models themselves. Therefore, the 
book belongs to category D1a. 
 Even though other forms of representations appear, the focus is on 
representing functions and equations ‘by algebraic expressions’. Thus, literal 
symbols are used extensively in discussing the algebraic content. I identify the 
book as belonging to category E1. 

NT1 Matematik för gymnasiet, NT-kursen,  Åk 1, (Brolin et al., 1966)

This book can be described as representing the following categories: 

 A2b: The presentation of the algebraic content is formed by examples of 
various algebraic structures. The main objects of study are 
algebraic structures; the properties of the operations are treated 
specifically for each structure. 

 B1: Initially, new mathematical concepts are presented by intra-
mathematical motivation and are related to prior mathematical 
knowledge.

 C2: Many tasks aim at developing computational skills and 
substitution of numerical values for variables.  

 D1a: The applied problems cover geometrical and physical applications 
where the model is given or suggested. 

 E2:  A combination of literal symbols and numerical examples 
characterizes the presentation of the algebraic content.  

The organization of the book is related to different number systems (N, Z, Q
and R); the number structures are in focus and expressed by the language of 
sets. Equations are, for instance, introduced as open statements by an example 
in natural numbers. Equations are further exemplified in the subsequent 
number systems as well. Algebraic expressions play a minor role in the 
presentation of number structures. Moreover, the properties of the permissible 
operations are treated separately for each structure. I characterize the book as 
belonging to category A2b.
 The objects of study are introduced by relating to mathematical ideas, so 
it is an intra-mathematical motivation. Word problems constitute a section at 
the end of the block on algebra. The book represents category B1. 
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  The exercises are concerned mainly with computations and substitution. 
Therefore, the book belongs to category C2.
 The word problems (on equations) are mainly related to geometrical 
ideas. In general, in word problems, models are given or suggested. I identify 
the book as representing category D1a. 
  The explanations in introducing new concepts involve both the use of 
literal symbols and numerical examples. However, representation with literal 
symbols and algebraic expressions is predominant in student exercises. Thus, 
all in all, literal symbols play a central role for the presentation of algebra. 
Thus, the book belongs to category E1. 

Matematik för gymnasiet: Naturvetenskapliga och tekniska lärokursen, del 1 
(Nyman and Emanuelsson, 1968) 

This book can be described as representing the following categories: 

 A2a: The main objects of study are algebraic structures: for example, 
first a presentation of the extension of numbers and then the 
properties of operations and rules for multiplying algebraic 
expressions.

 B1: The objects of study are explained mainly through first intra-
mathematical arguments relating to previous mathematical ideas. 
After this introduction word problem are included. 

 C3: Students meet different forms representation, tables, and graphs, 
besides the representation by algebraic expressions. 

 D1a: Word problems are application problems, mainly in physics. In 
initial problems the models are given, but then students need to 
construct the models.  

 E2: A combination of numerical examples and literal expressions 
prevails in the presentation of the algebraic content.  

The overall structure for this book is fundamentally the same as for Nyman 
(1966), but the presentation of groups is left out here. Calculations in real 
numbers, including manipulation rules, are included under the more global 
view of number structures. Equations, in turn, are described as open 
statements where there is equality between the sides. I interpret this book as 
belonging to category A2.
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 The introductions of the objects of study are related to prior 
mathematical knowledge through worked examples; it is a matter of intra-
mathematical connections. I classify this book as belonging to category B1. 
 In comparison to Nyman (1961, 1966) the representation by algebraic 
expressions is not as important here. The tasks consider tabular and graphical 
representations as well, especially for the ‘mathematical ideas’ treated within 
the realm of functions. So, this book belongs to category C3. 
 Word problems provide links to intra- and extra-mathematical situations; 
it is a question of applied problems in mathematical (geometry) and non-
mathematical (physics etc.) situations. In general, models are not given: 
models are given, or suggested, in some first problems and then students need 
to construct the models themselves.  Therefore, I put this book under category 
D1a.
 Not only literal symbols are used to describe multiplying rules etc. but 
also numerical examples are of significance. Initially, statements with literal 
symbols indicate the generality of the statements. Then, numbers are used to 
shed light on the rules, etc. I classify the book as belonging to category E2.

7.2.3   Post-New Math era 

The textbooks Nyman et al. (1978) and Nyman et al. (1982) are similar and 
differ mainly on only one specific aspect. In addition, although Björk et al. 
(1978a, 1978b) and Björk et al. (1982) are not identical, the parts on the 
algebraic content are very similar.  That is why I explain the motivation for 
the 1978 version of respective textbook, and only pinpoint the differences 
found.

Matematik för gymnasieskolan: NT1 (Nyman et el., 1978) and Studium
matematik NT 1 (Nyman et al., 1982) 

These books can be described as representing the following categories: 

 A3: Equations are considered as just as essential as algebraic 
expressions.

 B1: The objects of study are explained primarily through intra-
mathematical arguments. Numerous applied problems are included 
throughout the book.
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 C3: The tasks cover various forms of representation.  

 D1a: The situations of the word problems are both intra-mathematical 
(geometry) and extra-mathematical (mostly physics); models are 
given.

 E3: Numerical examples constitute a significant part of the 
mathematics course.

Equations are described in terms of algebraic expressions or functions; an 
equation is a comparison between two expressions (or functions). Algebraic 
expressions are used for describing various rules. The book belongs to 
category A3.
 The objects of study are generally introduced by an intra-mathematical 
connection; the new concepts are initially described with respect to previously 
acquired mathematical concepts. However, there is one exception to this 
rule—the introductory problem in Nyman et al. (1978) in presenting algebraic 
expressions is placed in a ‘real-life’ situation. After this kind of introduction, 
word problems follow. I recognize the books as belonging to category B1 at 
the global level. However, at a local level, the two books differ; Nyman 
(1978) contains elements of a problem-solving approach locally whereas 
Nyman et al. (1982) does not and only has an application approach locally.
 The tasks consider various forms of representation, particularly tables 
and graphs. This fact is especially true for those ideas that are presented as 
part of the study of functions.  Also, a visual (or geometrical) image may be 
inserted to shed light on various rules and formulas. Therefore I classify this 
book as belonging to category C3.
 Word problems are included both with intra-mathematical (especially 
geometry) and extra-mathematical (especially physics) connections and are 
present as applications throughout the book. Models are generally given, or 
suggested. At level D, then, I characterize the book as category D1a. 
 Numerical examples and exercises dominate the presentation of many 
concepts or ideas previously (in the pre-New Math and New Math periods) 
looked at from the standpoint of using literal symbols, or literal calculus. 
Here, on the other hand, rules are discussed through numerical examples. 
Literal symbols are used rarely in the margin as in appendix D. Therefore I 
interpret these books as belonging to category E3.
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Matematik: gymnasieskolans treåriga linjer. NT, 1 A (Björk et al., 1978a)
Matematik: gymnasieskolans treåriga linjer. NT 1 B (Björk et al., 1978b) and
Matematik Gymnasieskolan NT 1 (Björk et al., 1982)

These books can be described as representing the following categories: 

 A4a: The main objects of study are equations with an emphasis on 
formulas. 

 B2: The objects of study are introduced through extra-mathematical 
problems and explained by intra-mathematical arguments. After 
that, various word problems are included.  

 C3:  Tabular and graphical representations are of concern here.

 D1:  The word problems look mainly at extra-mathematical links, 
physics-related applications but also intra-mathematical problems 
in terms of geometrical concepts.  

 E3: Numerical examples constitute a significant part of the 
mathematics course.

The main objects of study are equations. An equation is expressed as an 
equality describing relations between variables. A formula is viewed as a kind 
of equation, consisting of two or several variables. Algebraic expressions are 
introduced by a problem where formulas are needed in solving the problem. I 
classify these books as belonging to category A4.
  Algebraic expressions are introduced through problems in an extra-
mathematical context and explained by intra-mathematical discussions. The 
introduction of equations is motivated from an intra-mathematical 
perspective. Quadratic equations, on the other hand, are introduced through an 
extra-mathematical problem. Word problems pervade both books; thus, an 
extra-mathematical motivation identifies the importance of the new object of 
study; the passage to mathematical ideas is described by using mathematical 
formulas. I classify the books as belonging to category B2 globally with an 
element of an application approach.
 Tables and graphs are important for the ideas to be treated within the 
realm of functions, as in the case of linear equations, or linear functions. I 
interpret the books as belonging to category C3. 
 Word problems connect to both intra- and extra-mathematical situations. 
It is a matter of applications in geometry and in other subject areas, physics 
and chemistry. Mathematical models are given or suggested in these 
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problems. As a consequence, it is clear which model the students are 
supposed to use.  I classify these books as belonging to category D2a. 
 As a whole, numerical examples are prominent in the presentation of 
new objects of study; literal symbols play a minor role. I classify the books as 
belonging to category E3.

Matematik 2000 Naturvetenskapsprogrammet, kurs AB lärobok, (Björk et al., 
1994)

This book can be described as representing the following categories: 

 A4a: The main objects of study are equations with an emphasis on 
formulas. 

 B2: The objects of study are motivated via extra-mathematical 
problems and explained by intra-mathematical arguments. 

 C3:  Various forms in representing the objects of study appear. 

 D2a:  The exercises include intra- and extra-mathematical situations. 

 E3: Numerical examples are important in introducing new concepts.

Equations constitute the main object of study. Algebraic expressions are 
related to equations in the same way as in Björk et al. (1982). As a result, I 
identify the book as belonging to category A3.
 The objects of study are introduced from an extra-mathematical 
perspective where the passage from the extra-mathematical situations to 
mathematical ideas is expressed by means of mathematical formulas. The 
notion of algebraic expression is introduced via intra-mathematical 
connections to previously learned mathematics and examples which illustrate 
various polynomials. Worked examples and exercises which provide intra- 
and extra-mathematical links pervade the whole book. I have classified this 
book as belonging to category B2 globally with elements of an application 
approach due to the way of introduction of algebraic expressions. 
 Different forms of representations are used; especially those aspects 
treated as functions, as in Björk et al. (1978a, 1978b; 1982). For that reason, 
this book belongs to the same category, category C3. 
 Word problems give extra-mathematical links to different school 
subjects, such as physics. However, the majority of problems are related to 
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everyday life; for example, cars etc. The models are given or suggested. The 
book belongs to category D2a. 
 Numerical examples are important in introducing new concepts or rules. 
That is why I recognize that the book belongs to category E3.

Matematik 3000: Kurs A och B, lärobok Naturvetenskap och teknik (Brolin et 
al., 1999) 

This book can be described as representing the following categories: 

 A4b: The main objects of study are equations with a focus on relations.  

 B2: The objects of study are introduced via extra-mathematical 
connections and explained by intra-mathematical arguments.  

 C3:  Multiple representations are important.  

 D2a: The word problems are real-life (authentic) problems. Mainly, the 
models are given, but some problems where students are supposed 
to construct the models are included. 

 E3: Numerical examples are central for many aspects of calculations.  

There is a focus on relations and patterns, which are described in terms of 
numbers and variables. Polynomial functions are seen as a type of function; 
manipulation rules appear subsequent to an extensive treatment of functions. 
Multiple representations are actualized in worked examples and exercises. I 
identify this book as belonging to category A4b.
 The objects of study are introduced by problems placed in intra- and 
extra-mathematical situations. Then, the passage from these problem 
situations to mathematical ideas is expressed by mathematical formulas. As a 
result, I classify the motivation as belonging to category B2 with a few 
elements of ‘modeling exercises’.
 Multiple ways in representing the relations are highlighted; it could be 
done by tables, graphs, algebraic expressions or verbally. The notion of 
relation influences the presentation of equations. Therefore I interpret that the 
book belongs to category C3. 
 The word problems refer mainly to extra-mathematical situations, often 
to real-life situations.  In general, formulas and rules are given in word 
problems. Still, in a small number of isolated problems, students are supposed 
to construct a model. Therefore, I categorize the book as part of category D2a 
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on a global level with elements of the idea of students constructing models 
themselves.  
 Numerical examples play an important role in presenting rules. Thus, the 
book belongs to category E3. 

7.3  VARIATION OF ALGEBRA ACROSS TIME  

IN TEXTBOOK APPROACHES  

In this section, my intention is to obtain an overall picture of the variation of 
algebra in upper-secondary mathematics across time. A look at the ways the 
categories of description are distributed reveals the variation of algebra from 
both a diachronic and a synchronic perspective. First, I present a synthesis of 
the identified categories, as represented in the textbooks. Then, I describe the 
different trends that emerge from the data as revealed in this synthesis. 

7.3.1 A synthesis of the identified categories 

In order to get an overall picture of my results, I summarize the categories, of 
the five strands, into a ‘graphical’ representation (see Figure 7.1).  It is worth 
noting that this representation shows the identified categories at a global 
level; minor differences may not emerge. The categories are named in order 
of time of appearance.  
 A look at the categories of each strand, as displayed in Figure 7.1., 
reveals the changes over time for each set of textbooks. 

Strand A: The objects of study 
In the early 1960s, prior to the New Math reforms, the approach to algebra 
can be characterized as focused on algebraic expressions (category A1). 
Explanations and exercises stress an understanding of the structures within 
algebraic expressions.
 In the New Math era, textbooks organize the subject matter around the 
notion of algebraic structures exemplified by the number structures N, Z, Q, R 
and the two-dimensional vector space R2. In the new textbooks, published in 
1966, two concurrent approaches can be found: one of these (category A2a) 
first extends natural numbers to real numbers, then considers the axioms that   
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Figure 7.1 The distribution of the identified categories over the years 1960 2000.
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govern numbers and applies them to justify rules of operations on algebraic 
expressions. In the other (category A2b), the number structures N, Z, Q and R
are studied one by one, looking at the properties on operations in them, 
solving equations in them, and studying functions on them. These activities 
are meant to highlight the important features of each number structure. Here, 
algebra is conceived as the study of mathematical structures where equations 
are used to justify the extension of a number structure to a larger one.  
 In 1978, two new approaches to algebra emerge. Common to these two 
approaches is the importance of equations. In one approach (category A3), 
algebraic expressions and equations are treated as equally important and both 
are related to functions from the very start. In the other, the focus is on 
equations which include what is called ‘formulas’ (category A4a).  
 Another change happened in the textbooks from 1999 as the focus on 
equations moved from formulas to patterns (category A4b); by using 
equations students are supposed to train relational thinking. This new focus 
highlights the importance of inductive reasoning in mathematics, related to 
generalization.

Strand B: Introduction of the objects of study 
In the 1960s and 1970s, algebra is introduced by intra-mathematical 
arguments which are tied to previously acquired mathematics (category B1).  
One of the textbooks, published in 1978, represents a new introduction of the 
objects of study (category B2). Here, the introduction is organized around 
mathematical problems; these problems are linked to intra- or extra-
mathematical situations.  The other textbook continues in the same way as 
before (category B1). 

Strand C: The tasks for practice of algebraic skills 
The primary skills required in doing tasks of the early 1960s are manipulation 
of algebraic expressions (category C1). The level of complexity is decreased 
in 1966. As an example, expressions, where literal symbols only are involved, 
appear less frequent.
 An alternative route is found in 1966 (category C2). Here, substitution of 
values and computational skills are more dominant. Within ‘algebra of sets’, 
students are asked, for example, to find the intersection of two sets.  
 In comparison to previous books, more tabular and graphical 
representations are used in one approach in 1968 (category C3). Students are 
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supposed to draw graphs where they need to consider different forms of 
representing different types of equations (or functions).
 The focus on computational skills (category C2) is abandoned in 1978. 
From now on, there is only one identified approach (category C3). The 
emphasis on tabular and graphical representation remains an essential part in 
dealing with these aspects. Still, all along, the representation by algebraic 
expressions is privileged. This aspect changes in 1999. Algebraic expressions, 
equations and functions are supposed to be represented in a variety of forms, 
with no one more privileged than others.  

Strand D: The characteristics of word problems 
In 1961, the textbook approach (category D1b) focuses on applied problems 
in mathematics and other school subjects where generally there is no model 
explicitly given. In 1966, another application approach emerges (category 
D1a), where the mathematical model is given. Category D1b vanishes in 
1978; the two textbooks focus on applied problems, where the models are 
given. A new category emerges (category D2a) in 1994; the problems are 
situated in everyday activities where the mathematical models are mostly 
given or suggested.
 In 1994 and 1999, there is a focus on societal and everyday contexts. In 
1994, the textbook approach is concerned with situations in society while, in 
1999, the approach covers situations closer to students’ own experience or 
real-life (authentic) problems. In 1999, problems where students need to 
construct a model themselves are included. 

Strand E: Literal symbols versus numerical examples
The use of literal symbols dominates the presentation of the algebraic content 
in the textbooks in the 1960s (category E1). Another approach emerges in 
1966 (category E2): the focus is on a mixture of literal symbols and numerical 
examples. Category E1 disappears in 1968. In the textbooks from 1978 and 
onward, numerical examples are prominent (category E3).  

7.3.2   Trends of changes across time 

The changes, over time, in the representation of categories in textbook 
approaches appear to have been the greatest in the late 1960s and 1970s, a 
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period connected to the New Math era. At this time, there were also important 
changes in the curricular documents16.
 The pre-New Math era is characterized by a focus on algebraic 
expressions which constituted the main theme of school algebra. As a 
consequence, the use of literal symbols and algebraic manipulation played an 
essential role. These aspects influenced the characteristics of school algebra 
which could be conceived as generalized arithmetic. Word problems were 
related to physics, finance etc; students were expected to be able to construct 
models themselves. This approach vanished by the mid 1960s and did not 
come back in the period of concern in this study. 
 In the New Math era, two approaches coexisted, one less and one more 
radically ‘structural’: 

 Algebraic manipulation and rules governing it, are initially still an 
essential part of school algebra. However, the complexity of 
manipulative skills needed is decreased in comparison to pre-New Math 
skills.  The focus on algebraic manipulation vanishes in 1968, as more 
prominence is given to numerical calculations in the treatment of rules of 
operations on algebraic expressions. Tasks, which involve tabular and 
graphical representations, become dominant. Also, the presentation of 
the algebraic content, in 1968, is characterized by the use of literal 
symbols and numerical examples. Throughout the New Math period, the 
textbooks assume an application approach and so introduce new 
concepts by referring to previously acquired mathematical knowledge. 
The problems are related to geometry and physics; the goal is for 
students to construct the mathematical models themselves. 

 Number structures are viewed as a foundation for mathematics. New 
concepts are introduced by intra-mathematical connections. This 
approach emphasizes the mixture of literal symbols and numerical 
examples from the start, in 1966. The tasks focus on training 
computational skills and substitution of values. Word problems are 
mainly geometrical and physical applications where the model generally 
is given or suggested.

It is noteworthy that in spite of the differences in these two approaches, both 
take up similar kinds of introductions of algebra and start from previously 
acquired mathematics. In principle, it would have been possible to do it 
                                          
16 In Swedish, ‘kursplaner’.
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differently. As an illustration, if the approach would start from an historical 
account on the development of equations, then it might be possible to 
introduce algebraic structures through problems that consider equations.   
 The shift from a focus on algebraic expressions to a focus on algebraic 
structures is the fundamental difference between the pre-New Math and the 
New Math periods. Thus, certain components, or concepts, whose 
introduction was previously considered in relation to algebraic expressions as 
the primary notion, now appear within the structuring of algebraic structures. 
Take the rule (a + b) + c = a + b + c, given in Nyman (1961) as an example. 
This rule is introduced as part of the literal calculus theme in 1961; the rule is 
conceived as formula for algebraic manipulation. In contrast, the 
corresponding rule, in Nyman (1966), is expressed, in the domain of real 
numbers, (a + b) + c = a + (b + c) = a + b + c, as an axiom in the algebraic-
structures theme. The notion of commutative group is introduced 
axiomatically and used to axiomatize the structure of real numbers. To sum 
up, components or concepts were moved from literal calculus into the 
arrangement of algebraic structures.  
 The algebraic-structures approach vanishes in the late 1970s; the 
textbooks do not come back to this approach later. 
 Two textbook approaches in presenting the algebraic content can be 
discerned in the post-New Math era. The differences between the two 
approaches, in the years 1978 1994 are: 

 The notions of equations and algebraic expressions are strongly tied to 
the function concept. The introduction of algebraic concepts is done 
through intra-mathematical links.

 Equations are the leading concept in the presentation of the algebraic 
content. Here, the algebraic content is introduced through extra-
mathematical problems and intra-mathematical explanations. 

Then, the characteristics of tasks, including word problems, are alike in the 
two textbook approaches in the post-New Math era until 1994. Following one 
of the approaches in the New Math, tables and graphs continue being an 
essential part for the algebraic content. Similarly, word problems are dealt 
with in the same way, i.e., applied problems in geometry and other school 
subjects (physics) are central. Nevertheless, the use of numerical examples is 
increased in the post-New Math period in comparison to the New Math.  
 It is clear that the importance of algebraic structures diminished in 1978. 
Nyman et al. (1978) treat the notion of vectors similarly as Nyman and 
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Emanuelsson (1968); this could be interpreted as a remnant of the New Math. 
Björk et al. (1978a), on the other hand, consider mainly physical application 
of vectors. The notion of vector space is more ‘hidden’ in the presentation. 
The notion of vectors is excluded from the 1982 books. The elements, 
operations and properties of operations for numerical structures are no longer 
treated. Algebraic expressions and equations assume new roles, not seen 
before.
 In 1994, the change compared to the years 1978 1994 is concerned 
mainly with the characteristics of word problems; in 1994, the word problems 
are put in societal and everyday situations, something not seen before.
 In 1999, equations are important but are linked to the idea of relations 
and patterns. Recursive formulas play a greater role in the course. Thus, more 
attention is now given to inductive reasoning. Students are supposed to 
become familiar in recognizing relations and patterns of different kinds. Just 
as in 1994, it is a matter of word problems in everyday situations, but in 
contrast, it is here a matter of real-life (authentic) problems. In general, 
mathematical models are given, or suggested. However, isolated tasks, where 
students need to design models, are included. Apart from these differences, 
the textbook approach is the same as in 1994.  
 Until 1978, all books in my study assumed an application approach, 
meaning that they introduced the objects of study by relating them to 
previously acquired knowledge in mathematics and word problems were 
‘end-of-the-chapter’ problems where students had to apply the newly 
introduced mathematics. In 1978, an alternative approach appeared, i.e., what 
I call a problem-solving approach. Yet another approach, labeled Modeling
(category B3), is identified although in reality it was not used in my sets of 
textbooks. Indeed, it is unlikely that this approach would ever occur at the 
upper secondary level since the approach would imply that a new concept 
would be introduced through a mathematical problem where students 
themselves are supposed to formulate the models of the content they are about 
to acquire.  Nevertheless, instances of modeling may exist in textbooks in 
word problems as in category D1b and category D2b. 
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7.4  A SYNTHESIS OF THE RESULTS 

I set out to study the nature of school algebra in mathematics textbooks, over 
the years 1960 2000. My data is categorized in three periods: Pre-New Math,
New Math and Post-New Math era. From looking at the results, it is evident 
that textbook approaches attend to different aspects of algebra in these three 
epochs.
 I identified three main reasons that might explain this variation in school 
algebra:

 Changes in curricular documents; 

 Definition of algebra; 

 Implementation of mass education. 

In this section, I reflect on these explanations to shed light on their influence 
on algebra in upper-secondary school mathematics.  

7.4.1 Changes in curricular documents 

The variation of school algebra found in the textbook approaches is related to 
changes in the corresponding curricular documents; the various documents 
center on different aspects. In this section, I briefly take up the main objects 
of study assumed over time, and then a closer look at certain significant 
topics.

Different main objects of study across time
As a point of departure for the discussion on objects of study, I use the 
textbook approach in the pre-New Math period as a frame of reference.
 In the pre-New Math era, it was natural to spend a long time with 
algebraic expressions and lengthy computations; this aspect is obvious in 
category A1 and category C1. The curricular document of 1960 emphasizes 
the importance of basic skills concerning, for instance, literal calculus and 
systems of equations (Kungliga Skolöverstyrelsen, 1960).   
 The two identified textbook approaches in the New Math assume distinct 
ways in presenting the objects of study.  One approach, category A2b, focuses 
on number structures and the notion of equation is treated for each number 
system. This idea occurs in the curricular document of 1965 as “Equations 
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with the solution set being the whole Q, a subset of Q or the empty set  are 
to be treated” (Skolöverstyrelsen, 1965, p. 261, my translation).  It is 
recommended that equations be treated simultaneously with the extension of 
numbers from N to R, including properties of operations.
 Also, the other approach, category A2a, has support in the curricular 
documents for dealing with various rules required for algebraic simplification; 
algebraic reductions are listed as one component to be treated under the 
notion of rational numbers (Skolöverstyrelsen, 1965, 1971).  
 In the post-New Math period, the three textbook approaches, category 
A3, category A4a and category A4b, focus on equations. This fact is 
supported in the curricular document of 1981 as equation solving is one of 
main components in the mathematics course: “Algebraic solutions of 
equations of first and second degrees and linear systems of equations” 
(Skolöverstyrelsen, 1981, p. 6, my translation). It is worth noting that 
equations did not appear as a main component in 1965 and 1970 
(Skolöverstyrelsen, 1965, 1971).  Further, equation solving is also mentioned 
in the curricular documents of 1994 and 1999. (Skolverket, 1994, 2000).  The 
altered context for dealing with equations, i.e., from formulas to relations and 
patterns (category A4b), is linked to one of the aims of school mathematics in 
the curricular document of 1994: students should be encouraged “… to 
discover patterns and relations…” (Skolverket, 1994, p. 46, my translation).

A closer look at changes in specific topics 
In this section, I address topics of particular interest for describing the 
variation of algebra in school mathematics.
 Both the textbooks approaches in the New Math have set-theoretical
notations and concepts as part of their presentation of algebra (category A2). 
The curricular document of 1965 highlights the idea of set theory which is 
supposed to be an integral part of school mathematics. Set-theoretic notations 
“are to be used whenever appropriate” (Skolöverstyrelsen, 1965, p. 260, my 
translation). Nevertheless, the textbook approaches of the New Math 
incorporate set-theoretical notations to various degrees. Set-theoretical 
notations continue to exist in the post New Math epoch, but are not stressed.
 The introduction to algebra is done in two qualitatively different ways 
over the years: (1) one approach begins with intra-mathematical links, 
category B1, and (2) one approach introduces algebraic concepts through 
extra-mathematical problems, category B2. Ways of introducing new 
concepts are not expressed in the curricular documents until 1999:
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New concepts are introduced as a consequence of trying to find solutions
in subjects using mathematics, or from ideas within mathematics itself. 
(National Agency for Education, 2001, p. 61, official translation)17

It is interesting to note that the introduction to the objects of study now is 
mentioned in the curricular document. The statement suggests that both 
category B1 and category B2 are potential introductions. 
 Concerning word problems, category D1 prevails in the period covered 
by my study. The focus is on applications in mathematics and in other school 
subjects and is supported by the curricular documents from the period in 
question. As an example, the curricular document of 1965 stresses the fact 
that mathematics is supposed to “satisfy the demands of mathematical 
knowledge in other subjects” (Skolöverstyrelsen, 1965, p. 274, my 
translation). Further, the significance of applied problems pervades the 
description of school mathematics in the curricular document of 1981 as well. 
It is, for instance, underscored that

Mathematics should also be a tool in other subjects. Therefore it is 
important that the mathematical applications within these subjects be 
illustrated by meaningful examples. (Skolöverstyrelsen, 1981, p. 6, my 
translation).

Applications in word problems continue being important well into the 1990s. 
The curricular document of 1994 relates to another focus of word problems. 
Students are supposed to: “Be able to formulate, interpret and use simple 
algebraic expressions and formulas and be able to apply these in practical 
problem solving” (Skolverket, 1994, p. 48, my translation). Thus, applied 
problems in physics etc, no longer are the primary focus in this curricular 
document. This is also true for the remaining textbook approach, category D2. 
Rather, in 1994, word problems are situated in society. Later on, in 1999, the 
approach assumes problems as a natural part in the life of young people, i.e., 
real-life (authentic) problems.  
 In 1999, the textbook approach, category D2a, comprises isolated tasks 
where students need to construct the mathematical model themselves. This 
idea is stressed in one of the goals in the curricular documents of 1994 and of 
2000. In 2000, as an example, students are supposed to:  

                                          
17 In quotes from the curricular document of 2000, I follow the English version of the text, 
published in 2001.
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develop their ability to design, fine-tune and use mathematical models, 
as well as critically assess the conditions, opportunities and limitations of 
different models (National Agency for Education, 2001, p. 61, official 
translation)

 The results of my study show that the first decades consider the use of 
literal symbols (category E1), or a mixture of literal symbols and numbers as 
such (category E2).  In 1978 yet another textbook approach, category E3, 
emerges, with a focus on numerical examples and calculations. The curricular 
document of 1981 highlights numerical calculations since numerical methods 
are important for the use of computers (Skolöverstyrelsen, 1981). Moreover, 
in providing examples on numerical calculations in the document, numbers as 
such are used, not literal symbols representing rational numbers 
(Skolöverstyrelsen, 1981, p. 16). In line with this document numerical 
calculations include areas such as the four operations, powers, substituting in 
formulas; these areas belonged to algebra in the pre-New Math period (see, 
Kungliga Skolöverstyrelsen, 1960).

7.4.2   Definition of algebra in textbooks 

Textbook authors’ conceptions of what constitutes algebra influence the 
nature of school algebra as it appears in the mathematics textbooks. I 
therefore relate certain aspects of algebra pinpointed in my results to the 
definition of algebra given in the mathematics textbooks of my study18.

A focus on literal calculus in pre-New Math era 
Certainly, the textbook approach, identified in the pre-New Math period, is 
characterized by literal calculus and thus algebraic manipulation and the use 
of literal symbols. This attention to literal symbols is also found in Nyman’s 
(1961) description of algebra. He refers to the history of algebraic notations: 
Babylonians’ uses of signs, the abbreviation notation of Diophantus and the 
use of letters as symbols for numbers in the sixteenth century. Moreover, 
Nyman emphasizes that it is not a question of meaningless operations of these 
literal symbols as they represent numbers. This focus on algebraic notation is 

                                          
18 In Chapter 6, I present the explicit definitions of algebra, if any, given in the 
mathematics textbooks. 
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mirrored in the textbook approach, which considers literal symbols as a key 
ingredient in the algebra course. Often algebraic expressions involve letters 
only, i.e., mainly x, y or z  for variables and a, b, c etc. for arbitrary but fixed 
numbers. This use of a, b and c diminish over the years in the textbooks and, 
in fact, in the post-New Math era, numerical coefficients are absolutely 
predominant.  

Modern algebra as part of school algebra
The textbook approaches of the New Math period are largely different from 
the approach of the previous period (see Figure 7.1). At the time, the 
approaches focus on algebraic structures (category A2). Also, algebra of sets 
and vector algebra extend the range of literal calculi studied at school 
(category C2). Yet, there are certain similarities with respect to the 
introduction of the algebra content (category B1) and, in the focus on 
algebraic manipulation (category C1). These features are found in the 
definition of algebra (school algebra) in Nyman (1966). This definition does 
not only cover traditional algebraic content, but modern mathematics as well; 
modern mathematics includes properties of composition rules in arbitrary sets.  

Algebra related to historical vignettes
The two textbook approaches in the post-New Math period put an emphasis 
on mathematics as a process, not on mathematics as a finished body of 
knowledge to be acquired once and for all. This view of mathematics was 
strongly stressed already by Freudenthal (1973) and many other mathematics 
educators after him.  Knowledge of history of mathematics and of the fact that 
mathematics developed differently in different cultures justifies this view. 
This may explain the appearance of historical and cultural vignettes in the 
more recent textbooks. Here are some examples:  

 The word algebra is referred to its origin, i.e., the book on equation 
solving Hisab al-jabr w’al-muqabalah by al-Kowarizmi (see, Björk et 
al., 1978b; 1982; 1994; Björk and Brolin, 1999); 

 Historical accounts such as the combinations of algebra and geometry 
are presented in Björk et al. (1994; see appendix F); 

 In Björk and Brolin (1999); a geometrical and algebraic proof of the 
Pythagorean Theorem in Chinese mathematics is given.
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Besides, the inclusion of references to the Nine Chapters, in Chinese 
mathematics suggests implicitly that not only literal symbolism but other 
aspects of algebra are of importance. The book explains methods of equation 
solving with Gaussian elimination without any operational symbolism (see 
Kangshen, Crossley, and Lun, 1999).

7.4.3 Implementation of mass education 

The introduction of algebra in mathematics textbooks is, according to 
Sutherland (2002), influenced by the nature of the educational systems. 
School algebra had to be adapted to a situation where all students went to the 
same school (Håstad, 1978). In this section, I consider two main changes, in 
school reforms, concerning mass education: (1) the implementation of the 
comprehensive school and (2) all students study the same course in the upper-
secondary school. 

The implementation of the comprehensive school
The comprehensive school was put into practice in 1962 (Skolöverstyrelsen,
1962) and as a consequence all students in Sweden joined the same primary 
and secondary schools. Thus, all students went to the lower secondary school 
where algebra was introduced. In line with the curricular document of 1962, 
students went to different streams in grade nine, which included various 
mathematics courses. From 1969, students could choose between two optional 
streams. From 1994, students took the same mathematics course in the 
comprehensive school (see, e.g., Marklund, 1984, 1987; Richardson, 2004) 
 The New Math was introduced with the aim of a less specialized school 
mathematics and was regarded as a new method for solving the complexity in 
mass education of mathematics (Håstad, 1978). Thus, the mathematical 
content was changed as reflected in the debate on mathematics education: 

The introduction of the New Math in the upper-secondary school implies 
that certain components in previous upper-secondary courses were 
replaced by new ones at the same time as the language of set theory 
would be used as a pedagogical tool. (Brolin and Pleijel, 1972, p. 121, 
my translation) 

The general view, among curriculum designers, of the time was that set theory 
would lead to a more profound mathematical understanding. Further, set 
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theory would, at an early stage, facilitate a concrete presentation of 
mathematics in an educational setting (Nordic Committee for the 
Modernization of School Mathematics, 1967). At the time, the idea of set 
theoretical concepts and notations were described as a method for mass 
education (see Håstad, 1978). This was, for example, not the case for the New 
Math movement in the US (see Fey and Graeber, 2003; Gjone, 1983). 
 The Swedish New Math curricula for the upper-secondary school 
highlight algebraic structures (category A2). This idea is based on Bruner’s 
theory of structures of disciplines. The main idea of the learning process, 
then, is for students to get a general insight into the structure of the subject-
matter. For example, mathematics learning focuses on the logic structures of 
mathematics and an understanding of its fundamental ideas. (Bruner, 1960; 
Howson et al., 1981).  
 The impact of these ideas is reflected in the results of my study. The 
textbook approaches in the New Math era, to a large degree, take set 
theoretical considerations and algebraic structures into account.
 The revision of the New Math curricula led to the passage from literal 
calculus to numerical examples in presenting algebraic topics. This could be 
explained again from the point of view of mass education; in general it is 
considered that numerical calculations are easier to grasp.  

All upper-secondary students study Mathematics A
From 1994 and onwards, all students at the upper-secondary school are 
required to take the same course, Mathematics A (Skolverket, 1994, 2000).
 Not only the shift from a focus on literal symbols (and literal calculus) to 
numerical examples (see strand E), affected school algebra over the years. 
Moreover, multiple representations are put into the textbook approaches in 
1999, (an aspect within category C3). This means yet another step away from 
literal calculus, as the representation by algebraic expressions is no longer 
privileged.
 Another component of algebra, not really treated previously appears in 
1999, relations and patterns. In fact, the introduction of equations is placed in 
the context of a consideration of relations and patterns, instead of being the 
leading concept as earlier in the same textbook approach.
 Björk and Brolin (1999) use non-literal symbols (little squares or 
rectangles) for variables in equations; they would like to help students to 
understand the notion of variables.  It is the first time this kind of use of non-
literal calculus appears in the textbooks.
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CHAPTER 8 

DISCUSSION AND CONCLUSION 

The overall aim of my study was to investigate the variation of algebra as a 
school subject in upper-secondary mathematics in Sweden in the second half 
of the twentieth century. My study was restricted to algebra as an element of 
curriculum and focused on its textbook presentations. In Chapter 7, I 
identified qualitatively different ways of seeing algebra in my data and 
presented these in categories of description. I then organized the categories 
into five strands of reflection.  Each strand focuses on a particular idea, or 
aspect, of algebra in the mathematics textbooks. In this chapter, I discuss the 
outcomes of my study and formulate some general conclusions.
 The chapter is organized as follows. In section 8.1, I address certain 
general aspects of the quality of my study. In section 8.2, I elaborate on some 
more specific results of my study in relation to earlier research. Section 8.3, 
considers suggestions for the teaching of algebra and for developing curricula, 
or curricular documents.  Section 8.4 presents suggestions for further research 
that arouse from my study. 

8.1  THE QUALITY OF MY STUDY—GENERAL CONSIDERATIONS 

Various general criteria for quality of research are formulated in research on 
mathematics education (e.g., Kilpatrick, 1993; Sierpinska, 1993; Lester and 
Lambdin, 1998). I use Lester and Lambdin’s (1998) criteria as a reference for 
evaluating the general quality of this study: worthwhileness, coherence, 
competence, openness and credibility. Since my study was grounded in 
phenomenography, I will also use Marton and Booth’s (1997) criteria for 
evaluation of the quality of phenomenographic research.  
 The fundamental idea of worthwhileness lies in the potential of the 
study; is the study of significance for mathematics education. Lester and 
Lambdin (1998) emphasize that a study which makes contributions in 
developing the research field in a new way, usually, assumes a higher degree 
of worthwileness. 
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 The algebraic content constitutes an important part of mathematics 
education practice. Teachers and researchers alike need to reflect on the 
algebraic content as such. It is timely to address the algebraic content in 
mathematics education research. Different possibilities in presenting the 
algebraic content need to be considered; in their action plan for improving 
Swedish mathematics education, the Delegation19 writes: “Research and 
development regarding the analysis and improvement of the mathematical 
content of various educational programmes has been neglected and needs to 
be strengthened” (SOU, 2004, p. 33, official translation). The outcome of my 
study provides an insight into this area and generates new research questions. 
 The criterion of coherence is concerned, among others, with the link 
between the research methods and the research questions. For example, the 
methods and techniques, used in the study, need to be constructed and 
formulated to correspond to the research questions (Lester and Lambdin, 
1998).
 My theoretical perspective constitutes a basis for the research questions, 
methods, and analysis of data and thus contributes to a focused and coherent 
study. The separate parts of the thesis are structured and formulated in a way 
that they constitute a consistent whole. Further, the methods used in this study 
are selected to provide answers to the research question.  
 In describing the procedures of my analysis, I detailed the different 
phases taken, explained how I performed my tentative analysis and identified 
categories and their relations. As I got comments on various versions of my 
categorization from researchers and doctoral students, I reanalyzed the 
textbooks and focused on aspects which I had excluded in previous analyses. 
Thus, my categorization of algebra was strengthened, as I reconsidered the 
categories and their relations. 
 The final organization of categories into five strands of reflection on 
school algebra, proposed in this thesis, is based on some simple, natural 
questions about teaching any subject matter in mathematics. Thus, the first 
strand corresponds to the question of what is it that students are supposed to 
learn in the ‘algebra chapter’: this is the question about the ‘object of study’. 
The second strand asks how students are first introduced to the new object of 
study. The third and the fourth ask how students’ knowledge of this object is 
developed further: what tasks (practice exercises, theoretical problems and 

                                          
19 In 2003, the Swedish Government appointed a working group, Matematikdelegationen
(the Delegation) with the assignment to strengthen mathematics and its teaching in 
Sweden.
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application problems) are given to students. The last strand focuses on the 
language used in developing the object of study: what are the relative roles of 
the natural language, numerical examples and the operational symbolism of 
literal calculus. Algebra is often considered to be the language of 
mathematics, so the last question is very important.  
 For the justification of the validation of a phenomenographic study, a 
number of aspects can be considered. As an example, Cope (2002) 
underscores the significance of describing the researcher’s background. 
Therefore, it is essential to take my own understanding of algebra into 
account. Just as mentioned before, my notion, or experience, of algebra has its 
roots in my experience as a secondary school and university student, but it 
was further developed in my work with the literature survey which looks into 
algebraic aspects of weight for my empirical study, as well as through the 
feedback I was getting from other graduate students and researchers about my 
work. This modified understanding influenced my way of analyzing the 
textbooks; hopefully, my analysis became refined. As a consequence, my 
categorization of algebra was improved. I excluded unnecessary explanations 
that would, perhaps, mislead the reader.  
 This long process could explain my categorizations of how the textbooks 
I studied ‘answered’ the five main questions (the strands of reflection), 
mentioned above, about the teaching of algebra. I was focusing mainly on the 
differences between the textbooks:  my presentation of a specific category of 
description would take up those features that distinguished it from the others 
in the same strand. 
 To make the categories more understandable for the reader, I decided to 
precede their detailed presentation by a general overview of the changes of 
the algebraic content in the second half of the twentieth century.
 The study was based on limited data: two sets of textbooks used in the 
period 1960 2000. It is reasonable to question what conclusions can actually 
be drawn from studying two sets of books only. In the chapter on study 
methods, I explained the reasons for selecting these textbooks. My main 
intention was to qualitatively describe the changes in school algebra over the 
years, and point to certain trends and tendencies. In dong so, it may not be so 
important to include all mathematics textbooks used in the studied period. 
More textbooks would lead to a more detailed description of school algebra, 
but these may not necessarily add substantial insights to the analysis. Still, 
other textbooks could involve aspects of algebra not found in my data. These 
aspects possibly could lead to other categories, both identified and 
hypothetical categories.
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 As I considered two author groups I did not need to concern myself with 
changes due to the fundamental views of different authors. I followed changes 
across time in respective set of textbooks. 
 Competence relates to the conduction of the study. Here, the principles 
for research procedures or research tools guide the researcher in conducting a 
study. The study should be designed, reported and carried out in a competent 
way (Lester and Lambdin, 1998). 
 My methods and analysis was inspired by phenomenography: the 
phenomenon described was that of algebra as a school subject; the data on 
which this description was based were historical documents—in this case, 
textbooks. I studied not the actual experience of algebra in present-day 
students, but the intended experience of algebra, by considering what was 
made explicit in mathematics textbooks.  
 The criterion of Openness contains two aspects: (1) the conduction of the 
study needs to be explained explicitly including the underpinning biases and 
assumptions of the researcher and (2) the methods of the study should be 
explicit for readers to judge data collection, methods and analysis (Lester and 
Lambdin, 1998).  
 I tried to be as open as possible in describing the choice of data and the 
procedures used in analyzing the data. My analysis depended on my own 
understanding of algebra which gradually was modified during the research 
process. This new understanding certainly made contributions to my analysis 
of data. 
 In describing the procedures of my analysis, I detailed the different 
phases taken and explained how I performed my tentative analysis and 
identified categories and their relations. The data is made visible through my 
description of algebra in the individual textbooks of my study. Thus, I give 
the reader an insight into the analyzing process. Moreover, the structure of the 
thesis and the way its various parts are meant to make it possible for the 
readers to scrutinize the study. 
 Justifiable claims and grounded data are important for the findings; these 
aspects constitute part of Credibility. The intended reader should believe in 
the conclusions of the study (Lester and Lambdin, 1998).  
 My analysis of school algebra in textbooks is not separated from my own 
subjective interpretation. That is why I described the data, the procedures of 
the study etc. to allow the reader to evaluate my justifications.  
 Hence, the phenomenographical approach inspired and guided me 
throughout the research process. I considered the criteria for the quality of the 
categorization (see Marton and Booth, 1997) and aspects of the validity of 
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phenomenographical studies (see Cope, 2002).  Consequently, readers have 
the possibility to verify the categories of description and tell whether my 
claims and conclusions are believable.    

8.2 ALGEBRA IN SCHOOL MATHEMATICS— 
IN THE LIGHT OF PREVIOUS RESEARCH 

In this section, I relate the results of my study to the literature survey, i.e. to 
different views on algebra and school algebra. The presentation is arranged 
thematically.   

8.2.1   The notion of algebra in different textbooks 

Globally, algebra involves two different algebras: elementary and abstract 
algebra. By ‘elementary algebra’, I mean literal calculus mainly, and ‘abstract 
algebra’ means the algebra of structures (i.e. set closed under certain 
operations). While the textbooks of the early 60s and 80s and 90s were 
restricted to elementary algebra, teaching of aspects of abstract algebra 
constituted a characteristic feature of the ‘New Math’ period.
 The underlying idea of the pre-New Math textbook approaches in my 
study is algebraic manipulation. An important ingredient is the use of literal 
symbols. The definition of algebra in the textbook by Nyman (1961) covered 
historical references to literal symbols and their use. For some authors (e.g., 
Mahoney, 1980; Kaput, 1994), operational symbolism is the central feature of 
algebra. In addition, the development of symbolism in the sixteenth century is 
mentioned in the textbooks. This indicates a focus on literal symbols. 
Consequently, the stages of the historical development of algebra as a symbol 
system (see e.g., Harper, 1987; Kieran, 1992) and especially the breakthrough 
of operational symbolism (see Kaput, 1994) are reflected or highlighted in the 
algebra course in the early 1960s. 
 The notion of modern algebra entered the description of school algebra 
in the New Math textbooks. Properties of composition rules were, for 
example, considered as part of algebra in a definition given in one of the 
textbooks (Nyman, 1966). This is consistent with the view of algebra as study 
of algebraic structures.
  In the post-New Math textbooks, the notion of algebra is explained 
through historical vignettes where aspects such as the etymology of algebra 
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are given. In 1994 historical notes on the combination of algebra and 
geometry entered the textbooks (appendix E). Also, proofs to the Pythagorean 
Theorem are included in Björk and Brolin (1999). Thus algebraic and 
geometric ideas are related; this relation is highlighted by, for example, 
Charbonneau (1996). 

8.2.2   The notion of school algebra in different trends 

Based on the mathematics education literature, four different views of school 
algebra can be identified: algebra as a distinct school subject; algebra 
distributed in various aspects of a theoretically unified view of mathematics; 
algebra as one tool among others in problem solving; algebra as a competence 
developed through number and pattern generalization.  Ways of structuring 
algebraic content in textbooks in my study have been related to the view, or 
views of algebra taken.
 In my study, school algebra in Sweden in the pre-New Math period
consisted of algebra as a separate course, but from the New Math and 
onwards, algebra was integrated into school mathematics. This is consistent 
with statements about school algebra in other countries, found in the literature 
(e.g., Clements, 2003).
 However, algebra was treated from different perspectives in the New
Math and post-New Math textbook approaches. The reforms in mathematics 
education of the 1960s and onwards changed the nature of school algebra and 
algebra was approached in different ways, often presenting a mixture of 
views. But the Swedish textbooks that I studied never chose the radically 
‘modern’ approach, even in the 1960s, as was the case, for example, in France 
(Chevallard, 1985).
 The role of literal symbols and algebraic manipulation in the textbook 
approaches of the pre-New Math era could be depicted as generalized 
arithmetic where the starting-point for a discussion of algebra is arithmetic. 
The difference is the presence of literal symbols. In the literature, algebra as 
generalized arithmetic relates algebra to arithmetic The distinction between 
the two can be considered in terms of two aspects: abstraction and generality 
(e.g., Wu, 2001). Numbers are represented by literal symbols in the 
introductory sections of the textbooks. This means that the new topic is 
described in general terms, as opposed to the case when numbers only would 
be used for presenting rules. Students train to work on arbitrary quantities. 
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 The view on algebra, reflected in the textbook approach from the pre-
New Math era in my study corresponds quite well to Chevallard’s (1985) 
description of what constituted the traditional school algebra in France. 
 The implementation of the New Math initiated a drastic change in 
mathematics education. As an example, one set of the New Math textbooks in 
my study did not use the word algebra similarly to what was done in the 
French curricula, where the term algebra was excluded (Chevallard, 1985). 
Nevertheless, this did not mean that algebra was removed from the curricula. 
This is true both for my study and, according to Chevallard (1985), for 
France.
 At the time, another view on algebra entered the school level: abstract 
algebra. The textbook approaches in my study were organized around the idea 
of algebraic structures; the extension of numbers and properties of numbers 
played a crucial role in the mathematics course.  Thus, this approach builds on 
algebra as structures and algebraic structures as a unifying theme (Clements, 
2003). Abstract algebraic ideas influenced the whole mathematics curriculum 
although the implementation of the New Math in Sweden differed from its 
counterpart in France (Chevallard, 1985). As an example, algebraic 
manipulation continued being central in one of the textbook approaches. 
 The apparent failure of the New Math reforms is believed to have led to 
an emphasis on problem solving. Indeed, my study shows a greater 
prominence of problem solving in the post-New Math era. Firstly, problems 
focus on geometry and other school subjects and subsequently, on societal 
and everyday situations.  The idea of relating algebra to the real world 
appeared, including a number of problem-solving activities, as in the 
perspective of algebra as a problem solving tool. Also, a modeling approach 
to the teaching of algebra appeared.
 Not long ago, it has become fashionable to talk about mathematical 
competencies (Niss, 2004). Accordingly; algebra is viewed in terms of 
competences (e.g., Crawford, 2001; Kissane, 2001b). In line with the 
literature, the idea of generalization as a competence in school algebra has 
pervaded school mathematics for quite some time by now (e.g., Sutherland, 
2004). Similarly, in my study, ideas of generalization gained attention in 
different trends over the years. However, generalization was most prominent 
at the end of the period of concern (in Björk and Brolin, 1999).
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8.2.3  The role of algebraic manipulation in various approaches 

Algebraic manipulation plays a central part in the pre-New Math textbook 
approach while, in the post-New Math period, the attention to literal symbols 
is less important. The level of complexity of algebraic expressions for 
manipulation in exercises has decreased in the latter period.
 A look at the Swedish textbooks over the period 1960 2000 shows a 
passage from literal calculus to a focus on multiple representations. My study 
reveals that the use of literal symbols diminishes and instead topics treated 
under ‘algebra’ are discussed by the use of numerical examples As an 
example, in the post-New Math period, the formulation of manipulation rules, 
comprise geometrical representations of the rules, see e.g., Nyman et al. 
(1978). Here, algebra is related to geometry; a relation considered, for 
example, by Charbonneau (1996).  
 Furthermore, algebraic rules of powers are, in the post-New Math 
textbooks, introduced through inductive generalization from concrete 
examples on numbers; in 1961, inductive generalization was not used to 
justify the rules of powers, which were either introduced by definitions or 
derived algebraically from such definitions. This changed focus is highlighted 
in the literature as well.
 Nowadays, the attention given to patterns precedes the treatment of 
functions: linear, exponential and quadratic functions. It is noteworthy that 
quadratic equations including the quadratic formula are introduced only after 
the treatment of quadratic functions and their graphical representation.  Thus, 
just as Stacey and MacGregor (2001) recognize, the idea of patterns leads to 
functional relationships. 
 I found that the shift from a focus on algebraic manipulation to a focus 
on multiple representations resulted in the fact that certain topics, previously 
treated in algebra, later on appeared in the context of functions. In fact, the 
conception of algebra as a study of functions could bring about functional 
approaches to algebra, which attend to numerical variables by using 
technology (e.g., Kieran, 1996, 1997). Take the example from Chazan’s 
(1999) study. Functional approaches could point to multiple representations 
(see further, e.g., Kieran and Yerushalmy, 2004).  

8.2.4   Different approaches attend to different tasks 

With regard to trends in mathematics education, the characteristics of 
algebraic tasks varied in different trends. In my study, I focused on the 
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context of word problems and on tasks where the priority is given to algebraic 
skills.
 I found that the pre-New Math students are supposed to solve word 
problems where the mathematical models are equations (see appendix B). 
These problems required the use of ready-made formulas, as in the tasks 
given in Welchons and Krickenberger (1949, according to Donoghue, 2003). 
Although, this approach dominates the presentation of algebra of the time 
instances of other approaches appear; some of the problems in appendix B are 
similar to the type of problems which require generalization of relations 
among numbers, discussed in Bell (1995).  The idea of generalization of 
numbers appears in the New Math, but in another context (see appendix C).  
 One of the categories in the strand A (What is the object of study?) 
identifies the object of study as modeling relations or patterns using equations 
(category A4b). This category emerged in a textbook published in 1999, 
perhaps as a result of the attention that this approach to algebra teaching and 
learning has received in the mathematics education literature (see a review in 
Stacey and MacGregor, 2001).  Some solutions to pattern-based problems in 
Björk and Brolin (1999) are visualized as patterns in the same way as in Swan 
(1985). On the whole, in 1999, various solution methods are possible; 
students are familiarized with multiple representations and are expected to 
select the appropriate form for the mathematical problem in question.  

8.2.5  A modeling perspective to algebra 

Indeed, a whole mathematics course, at the secondary level, cannot be built 
on a modeling perspective only; it is true that “modeling is certainly a rare 
activity in school algebra” (Janvier, 1996, p. 228). None of the textbook 
approaches, in my study had a consistently modeling approach to the 
introduction of algebra (strand B). However, in tasks for further knowledge 
development, students were sometimes asked to construct models themselves 
from information given in word problems (Category D1b). In addition, an 
individual textbook (Björk and Brolin, 1999) proposed isolated tasks of a 
modeling character.  
 One of the two approaches to applications, identified by Burkhardt 
(1989), appears in the modeling tasks, included in my study. Here, the aim is 
for students to show their mathematical ability, by setting up equations from 
given data.

129



8.3  PRACTICAL CONTRIBUTIONS 

In this section, I reflect on the possible contributions of this thesis for the role 
of algebra in mathematics teaching, teacher education and curriculum 
development.

8.3.1  The role of algebra in the teaching of mathematics 

For designing an appropriate education in algebra, mathematics teachers and 
teacher educators need to consider not only issues such as cognition and 
social interaction but also the algebraic (mathematical) content as such. Thus, 
an insight into the nature of school algebra is an important starting point for 
planning the approach to algebra in schools. Addressing relevant parts of the 
algebraic content is important because the quality of classroom instructions in 
algebra has an impact on students’ mathematical performance as a whole. 
 My study does not lead to clear recommendations for the teaching of 
algebra since the results of my study may not be applicable unquestionably in 
the mathematics classroom. It is not just for teachers to read the thesis and 
then do ‘something’ in their daily work with students. Rather, my empirical 
study can be a profound background for teachers to plan their teaching of 
algebra. The variation of algebra, described in terms of categories of 
descriptions, can be a tool for choosing relevant aspects for algebra education. 
Thus, the categories in themselves can also be a source of inspiration for 
selecting suitable algebraic content for the teaching of mathematics.

8.3.2  Algebra in developing mathematics curricula 

What is referred to as ‘algebra’ in school mathematics has varied over time 
and curricular changes, as highlighted in my empirical study. The definition 
of school algebra is dependent on the school level, the country, and the time 
under discussion. Kendal and Stacey (2004) emphasize: 

don’t take your country’s curriculum and approach to teaching algebra 
for granted and don’t assume all other educational jurisdictions operate 
in a similar way they conspicuously do not. Algebra is a large content 
area, too large to fit entirely within any one school curriculum, and so 
choices must be made. (Kendal and Stacey, 2004, p. 345) 
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A look at school algebra in different countries, or regions, shows numerous 
approaches to algebra (see, Sutherland, 2002; Kendal and Stacey, 2004; Cai, 
et al., 2005). Different kinds of algebra curricula could be a source of 
inspiration for curriculum designers, although it is important to adapt these 
different ways to the school culture of one’s own country, or region (cf, Park, 
2004). In order for curriculum designers to design curricular documents, they 
need, first of all, to be aware of the variety of aspects that possibly could be 
treated in algebra and reflect on appropriate components of algebra to include 
in the documents (cf., Filloy and Sutherland, 1996).
 My study makes contributions to the development of the role of algebra 
in mathematics curricula. 
 It is true that the treatment of functions does not really belong to the 
realm of algebra in Sweden, but to the “theory of functions” (pre-calculus). 
My study shows that certain aspects that traditionally belonged to algebra 
now are treated in the theory of functions instead. Thus, it is necessary to 
reflect on the difference in placing these aspects under algebra as opposed to 
the theory of functions. What mathematical ideas should be treated in 
connection to equations and in connection to functions respectively?
 If topics are presented by the use of literal symbols and literal calculus, 
students get accustomed to working with an operational symbolism; in 
contrast, they do not in case the same topic is discussed by using numerical 
examples only.  Thus, removing literal symbols takes away the opportunity in 
doing algebraic manipulation. Is it satisfactory that natural science students 
have no, or little, training in working with literal symbols prior to the upper-
secondary level? In their upper-secondary schooling?
 Thus, in formulating an algebra curriculum, curriculum designers need to 
consider algebra education as it was implemented in the past. In doing so, 
they need to consider what was conceived central in different times. This 
insight stimulates their reflection on what to include in the new curriculum.  
Indeed, it is central to reflect on the objects of study in the algebra curriculum 
of yesterday in order to formulate goals for the future. Which objects of 
algebra should be primary?
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8.4  SUGGESTIONS FOR FURTHER RESEARCH 

The contributions of the study, described in the previous section, point to a 
number of suggestions for future research. I identified some directions of 
relevance for further studies. Thus, in addition to the studies on the teaching 
and learning of algebra up till now it would be enriching to explore various 
aspects. Some suggestions for further studies are discussed here. Topics that 
need to be addressed include: algebraic content at different levels, algebraic 
thinking, assessing algebra and formal algebra.  

8.4.1 The algebraic content at different school and university levels 

My study focuses on the variation of algebra in mathematics textbooks for 
first-grade students in the natural science program in the Swedish upper-
secondary school. It would be enriching to scrutinize the algebraic content at 
other levels of mathematics education as well. From the point of view of my 
study it would be interesting to analyze the algebraic content the natural 
science students actually meet at the lower-secondary level. Also, it would be 
fruitful to look into the requirements of universities.  

8.4.2   An analysis of algebraic thinking required in school mathematics

In my study, I analyzed algebra as an element of curriculum. In addition, it is 
central to consider algebra as ways of thinking as well. Crawford (2001), for 
example, pinpoints the necessity of reflecting on algebraic thinking in 
considering algebra reforms.  
 I put forward two ideas or foci on algebraic thinking that could be 
addressed in further studies: 

 How has the teachers’ and students’ intended experience of ‘algebra’, as 
ways of thinking changed in the consecutive school reforms over a 
period of time? 

 Algebraic thinking is a key ingredient in mathematics curricula. What 
algebraic ways of thinking should be required in mathematics education?

A response to these proposed issues could be sought in the study of different 
contexts such as textbooks, tests, teaching practice and cooperative learning.

132



 According to Lee (2001), few successful descriptions or definitions are 
published. Indeed, a theoretical framework for analyzing algebraic thinking 
would be useful for further research on what is experienced as algebra in 
school mathematics. This framework would be a frame of reference to 
analyze the experience of algebra apparent through a certain number of 
curricula, textbooks, tests, classroom situations, etc.   

8.4.3 Assessing algebra in school mathematics 

The assessment of students’ knowledge in algebra, both as an element and as 
ways of thinking, is often done through tests. However, solutions to 
mathematical problems, at upper secondary level, cannot be classified as 
being algebraic and non-algebraic, because they are often related to the theory 
of functions (pre-calculus). In calculus, solutions can be partly algebraic and 
partly non-algebraic; therefore, it is important to relate algebraic thinking to 
other ways of mathematical thinking.  
 I put forward two ideas or foci on assessing algebra that could be 
addressed in further studies: 

 What goals and aims of algebra in school mathematics are reflected in 
assessment modes and instruments?  

 The formulation of national test items reveals the intended experience of 
algebra. What kinds of algebraic thinking are required, or sufficient, in 
exemplary solutions to national test questions? 

8.4.4   Formal algebra 

In general, students become accustomed to using literal symbols gradually in 
the mathematics classroom. However, this habituation process can look very 
differently depending on the group of students taking algebra and if it is a 
question of algebra as a separate course or integrated into a mathematics 
course. A central factor for natural science students’ performance in 
mathematics is their familiarity with formal algebra. 
 If mass education is a reality, all students are expected to study algebra. 
Yet, algebra education needs to provide rigor especially for natural science 
students who are eligible to continue studying mathematics at the university 
level. At what stage should natural science students encounter formal algebra?  
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8.5 CLOSING REMARKS 

My thesis is a contribution to research on the teaching and learning of algebra. 
I explored the content of algebra in a selection of mathematics textbooks, 
used at the upper-secondary level, in the period 1960 2000 in Sweden. In 
particular, I looked at the kinds of content and skills that were referred to as 
‘algebra’ at different times. I obtained information about conceptions 
proposed by textbook authors, of what students should learn in mathematics 
courses.
 In my study, I found that the nature of school algebra is dependent on the 
trends which, at a specific time, pervade mathematics education. This 
awareness of different kinds of school algebra can help to stimulate the 
teaching practice, the development of mathematics curricula and further 
research.
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