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Abstract 

The current design procedures prescribed by the codes for design of steel 
beams at elevated temperatures require that the ultimate flexural resistance of 
the beam should be checked against the applied loading. This approach does 
not take into account the redistribution of bending moment due to fire exposure 
that takes place in a redundant frame. The axial and rotational restraints at the 
beam to column connections in such a frame play an important role as to how 
the beam behaves in restrained conditions when exposed to fire. This is 
particularly important at relatively high temperatures when the beam has 
undergone significant deflections and as the catenary action in the beam 
gradually takes over as the resisting mechanism beyond the limiting 
temperature prescribed by the codes. 

Simplified design procedures that satisfactorily describe the restrained beam 
behaviour should be used to avoid the high cost and complexity of finite 
element analysis and fire tests. A proposed simplified design procedure has 
been used to analyse axially and rotationally restrained beams in sub-frames in 
this study and the results are compared to the results from their finite element 
models. The finite element models of the sub-frames were validated against 
fire tests conducted on sub-frames. 

The proposed method was shown to have satisfactorily predicted the restrained 
beam behaviour under different load levels and temperature distributions.  

The validated finite element models were also used to investigate the effect of 
changing different parameters of the sub-frame, such as temperature 
distribution, boundary conditions and fire protection on the connection region. 
The distribution of strains in the connection components were shown to have 
been significantly affected by changing these parameters. 
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Abbreviations 

Latin capital letters 
A Cross section area [mm2] 

   
Aeff Effective cross section area [mm2] 
   
E Modulus of elasticity [GPa] 
   
Eθ Modulus of elasticity at temperature θ [GPa] 
   
Efi,d Design fire load [-] 
   
FT Beam axial force [kN] 
   
FPl Axial force capacity of beam [kN] 
   
I Moment of inertia [mm4] 

   
Ieff Effective moment of inertia [mm4] 

   
KA΄ Effective axial restraint stiffness [kN/m] 
   
KR΄ Effective rotational restraint stiffness [kNm/rad] 
   
L Beam span length [m] 
   
M Bending moment [kNm] 
   



Restrained Behaviour of Beams in a Steel Frame Exposed to Fire 

XII 

MT Midspan bending moment [kNm] 
   
MR Support bending moment [kNm] 
   
MP Bending moment due to imposed loads [kNm] 
   
MPl Bending moment capacity of the beam [kNm] 
   
P Axial resistance force at supports [kN] 
   
Rfi,d,t Resistance at limiting temperature [-] 
 

Latin small letters 

b Width of beam cross section [mm] 
   
cf Ratio between effective rotational stiffness and 

the bending stiffness of the beam 
[-] 

   
fy Yield strength [MPa] 
   
fp,θ Proportional limit stress [MPa] 
   
fp,θ Proportional limit stress [MPa] 
   
h Height of beam cross section [mm] 
   
ka Axial restraint stiffness at support [-] 
   
kr Rotational restraint stiffness at support [-] 
   
l Effective beam length [m] 
   
r Radius of gyration [mm] 
   
t Time of fire exposure [min] 
   
tfi,d Time at limiting temperature [min] 
   
tf Flange thickness [mm] 



 Abbreviations 

  XIII 

   
tw Web thickness [mm] 
   
x Distance along the beam span [m] 
   
z Deflection profile of the beam [m] 
   
zflexible Deflection profile for flexible rotational 

restraint 
[m] 

   
zzero Deflection profile for zero rotational restraint [m] 
   
zfixed Deflection profile for fixed rotational restraint [m] 
 

Greek capital letters 

Θd,t Temperature at time t [°C] 
   
Θcr,d Critical temperature [°C] 
   
ΔΤ Change in temperature [°C] 
   
ΔΤy Yield temperature increment [°C] 
   
ΔΤcr Critical buckling temperature [°C] 
 

Greek small letters 

ηfi Fire load reduction factor [-] 
   
εtotal Total strains [-] 
   
εthermal Thermal straints [-] 
   
εmechanical Mechanical strains [-] 
   
εp,θ Proportional limit strain [-] 
   
εy,θ Yield limit strain [-] 
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εu,θ Ultimate limit strain [-] 
   
α Coefficient of thermal expansion [°C-1] 
   
σ Normal stress [MPa] 
   
φ Beam curvature [-] 
   
δy Deflection due to thermal gradient without 

rotational restraints 
[mm] 

   
δx Axial shortening without restraints [mm] 
   
δm Midspan deflection due to mechanical load [mm] 
   
δt Midspan deflection due to temperature gradient [mm] 
   
α΄ Ratio of web area to the total flange area [-] 
   
β Ratio of flange thickness to web height [-] 
   
γ Ratio of the web area to the total cross section 

area 
[-] 
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1 INTRODUCTION 

 

1.1 Background 

Structural fire engineering is a relatively new research domain in the field of 
structural engineering and has gained a lot of importance in the last couple of 
decades. The way structures respond to fire action depends on the material they 
are made up of but the one thing common to all is that high temperatures will 
cause the degradation of the material properties. The degradation of the 
material properties plays a very important role which distinguishes structural 
fire design from ambient temperature design of structures. Indirect actions 
generated due to restrained thermal deformation in redundant structural frames 
are an additional aspect associated with fire action. Steel structures due to their 
excellent heat conduction are more susceptible to effect of fire than other, 
relatively fire resistant, construction materials such as concrete. 

The conventional design procedure prescribed by the codes require that the 
structural members should be able to resist the design load in fire situation, 
taking into account the degradation of material properties such as strength and 
stiffness. Tests conducted on real structures such as the Cardington tests [26] 
and observations made from fire accidents such as the collapse of world trade 
centre (WTC) [24], [25] buildings have shown that the interaction of a 
structural member exposed to fire with its surroundings can have a very 
significant impact on its response. The new approach to design of structures in 
fire should, therefore include this aspect of interaction between the structural 
member and its surroundings. This requires an extensive study of how this 
interaction takes place, which signifies the importance of the connections 
between the structural member and the supporting members. Another 
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important aspect relates to the way the structural member will affect the 
surrounding structure due to the restrained thermal expansion and the resultant 
deformation and forces that are produced at elevated temperatures. 

The focus of this thesis is to study the response of a steel beam to fire action 
that is restrained by the surrounding structure through the connections. The aim 
is to study the level of forces and deformations produced in the beam as a 
result of the surrounding restraints. 

The study presented in this thesis is part of a joint European project 
“COMPFIRE-Design of composite joints for improved fire robustness”, 
RFSR-CT-2009-00021 which ran from 2009 to 2012. The overall objective of 
the project was to develop a comprehensive component based design 
methodology for joints to composite columns for improved fire robustness. 
The part of the project presented here relates to the fire testing and simulation 
of sub-frames in order to study the global behaviour of structures in fire. 

1.2 Objectives and research questions 

The main objective of the thesis is to study the fire response of a steel beam, 
with an I-profile cross section, restrained by the surrounding structure through 
the connections. The results are then compared to proposed design calculation 
methods in order to confirm their validity for carrying out design of restrained 
steel beams. 

The other somewhat minor objective was to see how changing different 
parameters such as boundary conditions and protection against fire will affect 
the interaction between the steel beam and the connection components. 

Following key research questions have been tried to answer in the thesis: 

1. How is the response of a restrained beam in a redundant frame different than 
an isolated beam and why? 
 

2. Is finite element modeling suitable to carry out analysis of a restrained steel 
beam subjected to constant design load in fire situation? 

 
 

3. Are the proposed simplified design procedures able to predict the restrained 
beam behaviour in fire? 
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4. How much is the restrained beam response impacted by the restraint 
conditions? 

 
5. What is the difference between the response of temperature gradient through 

the depth of the beam cross section and uniform temperature? 
 

6. How does the level of fire protection impact the interaction between the steel 
beam and the connection components? 

 

1.3 Limitations 

The thesis presented here is not proposing any new calculation procedure or 
any modifications to the existing procedures for design of restrained steel 
beams. The only task presented here has been to study a proposed simplified 
design method and validate its prediction by comparison to finite element 
results.  

The connection between the steel beam and the composite column used in the 
models for comparison is a special type of connection consisting of a reverse 
channel whose web is bolted to the end plate of the beam and whose legs are 
welded to the column face. This connection type was a particular focus of the 
project described above. Although the study was restricted only to this type of 
connection, there is no reason for its invalidity for any other type of 
connection. 

1.4 Methodology 

To achieve the objectives identified for this thesis and arrive at suitable 
answers to the research questions, the following research methodology has 
been adopted. 

Step 1:  

A literature review has been performed to determine the status of existing 
research work done related to performance of restrained beam behaviour in 
fire. 
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Step2:  

A particular focus was on identifying analytical procedures, predicting 
restrained beam behaviour in fire, in the existing literature. A general 
simplified analytical method, proposed in the literature, was used for 
comparison to finite element results. 

Step3:  

Data from the fire tests conducted on sub-frames were used for validation of 
the finite element models of the sub-frames. 

Step4:  

The same finite element models are then used for comparison to the results 
from the hand calculation procedure. 

Step5:  

The validated finite element models are then used to perform a small 
parametric study. 

1.5 Structure of the thesis 

The thesis consists of 8 chapters in total, the contents of each has been briefly 
described below: 

Chapter 1 provides a brief introduction of the subject covered in the report. 
The objectives, research questions, research methodology, limitations and 
structure of the thesis are described in short. 

Chapter 2 covers the state of the art in the relevant field of research. The 
chapter starts with introduction to certain basic concepts related to structural 
fire engineering. It then moves on to discuss the studies from literature on the 
relevant topic and ends on some real life examples of fire accidents and tests. 

Chapter 3 discusses the details of the finite element models used in the study. 
It describes details about the mesh type, material properties, boundary 
conditions, analysis procedures and application of temperature field. 

Chapter 4 describes the details of the tests conducted on sub-frames in the 
laboratory and their results compared to their respective finite element models. 
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The models are described briefly in relation to the actual tests with regards to 
the way loading boundary conditions and heating mechanisms have been 
adopted in them. 

Chapter 5 provides the details of the hand calculation procedure used in the 
study. The description is very detailed covering the assumptions, analytical 
equations and approximations. The loading model used in the study and 
relevant calculations have also been provided. 

Chapter 6 shows details of the comparison between the results from the finite 
element modeling and the hand calculation procedure. It also provides details 
of the calculation of restraint stiffness for use in the hand calculation 
procedure. 

Chapter 7 discusses a short study carried out on the finite element models to 
determine the impact of changing different parameters such as temperature 
distribution, fire protection of different parts of the model and the impact of 
cooling on the connection region. 

Chapter 8 is the last chapter of the thesis and it covers the conclusions drawn 
from the research presented and also provides some suggestions for any future 
research. 

Annex A provides all the detailed results for the comparison between tests and 
finite element models covered in chapter 4. 

Annex B provides the detailed calculation of the axial shortening of the beam 
during exposure to uniform temperature described in chapter 5. 

Annex C provides the detailed calculation of the axial shortening of the beam 
during exposure to temperature gradient through the cross section depth 
described in chapter 5. 

Annex D provides the details of the Mathcad file used to perform the hand 
calculations based on the procedure described in chapter 5. 

Annex E provides the detailed results of the comparison between the hand 
calculation procedure and the finite element modeling covered in chapter 6. 
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2 STATE OF THE ART 

The design procedures prescribed by the current codes and standards require 
that the assessment of resistance of steel structures in fire be based on the 
critical temperature or the strength limit state. This assumes that the structural 
members are statically determinate. In reality, however, structural systems are 
highly indeterminate and the response of individual structural members to fire 
exposure is much different. It is the interaction of the structural member to the 
surrounding structure, which introduces forces and deformations due to fire 
exposure that would be otherwise absent. The main objective of this thesis is to 
precisely study the behaviour of restrained structural members and validate 
the existing theoretical models which explain them. This chapter is divided into 
two main parts, where the first one will present a detailed account of the 
existing theoretical models for understanding the behaviour of structural 
members exposed to fire. The second part will describe in detail the existing 
literature which deals with fire exposed structural steel members in redundant 
frames. 

2.1 Structural analysis in fire 

The method used to analyse a structure in fire depends on the scale at which 
the structure is being analysed. Following are the three different levels at 
which a structure could be analysed in fire: 

 Member analysis 
 Sub-structure analysis 
 Global structural analysis 

The three different calculation models used to perform analysis of a structure 
consist of tabulated data, simple calculation models and advanced calculation 
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models. The tabulated data are based on results from empirical observations of 
experimental tests or from more refined model calculations. Tabulated data are 
mostly applicable to concrete and steel-concrete composite structural elements 
available through Eurocode-2 and Eurocode-4 respectively [5]. The remaining 
two models are based on equilibrium equations and will be described in detail 
in the following sections. The relationship between the calculation model and 
the level of the structural analysis performed is summarised by Table 2.1-1 [3]. 

Table 2.1-1: Relation between calculation model and structural division [3] 

 Structural 
element Sub-structure Complete 

structure 
Tabulated data ++ - -- 

Simple 
calculation model ++ + - 

Advanced 
calculation model + ++ ++ 

 

2.2 Conventional design models 

It is assumed that the structural member is essentially isolated in its response to 
fire exposure and any interaction with the surrounding parts of the structural 
frame is not taken into account. The basic principles for single member 
analysis and design are based on Eurocode-3 part 1-2 [4]. The design 
requirement prescribed here is that the structure should be able to maintain its 
load bearing capability for the whole duration of the relevant fire exposure. 
The member resistance in fire should be verified in one of the following 
domains [5]. 

 Time domain    

 fi,dt t   

 Strength domain 

 fi,d,t fi,d,tE R   

 Temperature domain 

 d,t cr,d   
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Where 

fi,dt  time at which member strength is equal to design fire load 

fi,dE  design fire load 

fi,d,tR  structural fire resistance at fire exposure time t 

d,t  structural temperature at time t 

cr,d  critical temperature 

 

Figure 2.2-1 shows the three different domains for an exposure to nominal fire. 
The temperature is assumed to be constant throughout the member cross 
section. The required time for the structure to be able to resist the applied design fire 
load is prescribed in the national fire safety regulations. According to the fire safety 
regulations R60 structural fire resistance denotes a structure that should be able to 
resist the design fire load for at least 60 minutes of fire exposure time. The criterion 
depends on a number of factors such as the occupancy of the building, its purpose and 
floor height etc. [5].  
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Figure 2.2-1: Time (1), strength (2), and temperature (3) domain for a nominal 
fire [5] 

The design effect of actions in fire situation  could be determined by 
multiplying the design effect of actions at room temperature  with a 
reduction factor as shown below [4]. 

 

 fi,d fi dE E   [2-1] 

Where 

fi  reduction factor for design fire load 
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The recommended value of fi  is 0.65 for most cases according to Eurocode-3 
part 1-2 [4]. 

The design resistance of a structural member  at fire exposure time  is 
determined by taking into account the degradation in the mechanical properties 
of the material at elevated temperature and using design equations slightly 
modified from those at ambient temperature [4]. 

2.3 Redundant structure response 

The design assumption of simple calculation models that structural members 
are isolated in their response to fire is not true for real structural frames. The 
structural member inevitably interacts with its surrounding structure when 
exposed to fire and this interaction can completely alter its response than if it is 
isolated. A structural frame is a redundant system and the internal forces and 
stresses in any structural element of the frame cannot be computed from the 
equilibrium equations alone but also depend on the relative stiffness of the 
adjacent parts. The difference between the determinate system of an isolated 
structural member and the indeterminate system of a highly redundant 
structural frame is determined from the collapse conditions for each. Isolated 
structural member will collapse when the limit is reach in any of the domains 
as discussed in earlier. In a redundant structure, however, alternative paths will 
enable the structural frame to resist the load after a single structural member 
has collapsed. Large deformations may be produced in a redundant structure 
but still be able to carry the imposed loads, which implies that the failure 
criterion must be defined in a different way in such a case.  

Rotter J. M. et al have discussed the response of structural elements under fire 
in a highly redundant structure [1]. It has been shown that the response of the 
structural element is affected by its thermal expansion, loss strength at high 
temperature, relative stiffness of the adjacent parts, large deflections, buckling 
and temperature gradients. Some important phenomena observed in their study 
have been presented in the sections below. 

2.3.1 Fundamental concept 

At ambient temperatures it is intuitively understood that stresses are related to 
deflections and deflections are in turn related to material properties. These 
relationships hold true for high temperature analysis of structural elements that 
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are determinate, however, the same cannot be said about indeterminate 
structural systems. It is possible for a structural member in a highly redundant 
structural frame to exhibit a counter intuitive response in terms of the 
relationships between stresses and deformations [1].  

The most fundamental relationship for describing the deformed shape of the 
structural member at elevated temperature is given by equation [2-2]. 

 

 total thermal mechanical   [2-2] 

 

The deformed shape of the structure in fire is described by the total 
strain . Mechanical strains are responsible for generating stresses in a fire 
exposed structure whereas thermal strains are only produced due to 
unrestrained thermal expansion of the structural member. There is a possibility, 
according to equation [2-2], that a structural member could have very high 
mechanical strains and zero or very low total strains. In such situations the 
observed displacements, which depend on the total strains, are very small but 
the mechanical strains are very high sometimes leading to cross section 
yielding. An example of this is a stocky beam restrained from expansion in the 
longitudinal direction, in such a case the thermal strains are equal and opposite 
to the mechanical strains applied by the supports. This indicates that in a fire 
situation lower displacement of the structure are not necessarily associated 
with lower mechanical stresses as they normally would be at ambient 
temperature [1]. 

The response of an indeterminate structural member to increasing temperature 
depends on a number of factors such as loading, temperature distribution, 
material properties and extent of restraint against its thermal expansion. The 
following sections will cover a variety of responses of a restrained steel beam 
depending on the temperature regimes, the extent of restraint, material 
degradation and slenderness. 

2.3.2 Uniform temperature 

An unrestrained structural member when exposed to uniform temperature 
increase will undergo thermal expansion, Figure 2.3-1. The thermal expansion 
is the most pronounced in the length direction, which could be termed as linear 
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thermal expansion. The extent of this expansion depends on the coefficient of 
thermal expansion  whose value for steel is 612 10 C . The thermal strain 
produced by this expansion is given by equation [2-3]. 

 

 T T   [2-3] 

 

Under no restrains mechanical strains are produced since the beam is free to 
expand and therefore no stresses are generated in the beam. A practical 
example of such a structure could be a beam girder in a bridge, which is 
provided with expansion joints at the supports. These expansion joints allow 
for the expansion of the beam girders at higher temperatures therefore 
preventing generation of thermal stresses. 

 

 

 

Figure 2.3-1: Free expansion of structural member under uniform temperature 
increase 

 

In framed structures the thermal expansion of a structural member is restrained 
by the surrounding cooler parts of the structure. The restraint offered by the 
surrounding structure produces mechanical strains in the structural member, 
whose magnitude depends on the extent of the restraint stiffness. 

Ideally rigid supports will not allow any thermal expansion, which means that 
the total strains of equation [2-2] will be zero.  Thus all thermal strains are 
converted into mechanical strains as shown below. 
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 thermal mechanical0   [2-4] 

 

 thermal mechanical   [2-5] 

 

Cross section yielding 

The response of a structural member will depend upon its slenderness. The 
cross section of stocky beam with very low slenderness will yield at a 
temperature increment given by the following equation.  

 

 
y

y

f
T

E
  [2-6] 

Where 

yf  is the yield strength of the material 

E  is the modulus of elasticity 

 

Figure 2.3-2 shows a beam which is restraint from expansion at the supports.  
The restraint against thermal expansion can be expressed as a force P, which is 
derived as follows. 
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Figure 2.3-2: Restrained uniform heating of beam 

 

 

 m T T   [2-7] 

 

 

Where 

   

 is the mechanical strain due to axial force P 

 

 

 

Therefore 

 E T   [2-8] 
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 P EA T   [2-9] 

 

Thermal buckling 

A very slender beam will buckle before the cross section can reach its yield 
stress. The temperature at which the beam buckles is called its critical buckling 
temperature shown by equation [2-10] and it is derived by equating the load P 
from equation [2-9] to the Euler’s critical elastic buckling load. 
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The real restraint against thermal expansion of a structural member will always 
be finite that can be represented by translational spring stiffness . When this 
spring stiffness is introduced, equations [2-8] and [2-10] can be modified as 
shown below [1]. 
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The relationships shown above have so far not considered the degradation of 
the elastic modulus with increasing temperature, which happens at certain 
temperatures. However, it is apparent from these relationships that the buckling 
and post buckling phenomena should be observable at moderate fire 
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temperatures in the range up to 300°C in structural members with axial 
restraints comparable to the axial stiffness of the member [1]. 

A very important distinction has been pointed out by Rotter J. M. et al, in their 
study, between the post-buckling response of a structural member at ambient 
temperature and at high temperatures. Large deflections in a beam-column are 
associated with instability at ambient conditions and the axial force responsible 
for these deflections are not affected by the member response. At elevated 
temperatures the axial forces in the structural member are developed due to the 
restraints against its expansion and the increasing deflections in the post-
buckling state will allow for the beam to shorten due to curvature. Thus 
increasing deflections compensates for some of the thermal expansions and 
therefore reduce the axial force acting on the structural member and its 
surroundings. This indicates that in fire situations large deflections could be 
beneficial for the stability of the structural frame [1].  

2.3.3 Temperature gradient 

In real fires the probability that the structural member will have uniform 
temperature throughout its span and depth are very low. This is particularly 
true for composite structural frames due to the slow heat conduction of 
concrete. Structural steel has very good head conduction properties, which 
enables it to have relatively uniform temperature throughout in compartment 
fires, however, in composite beams the concrete slab acts like a heat sink, 
which causes the top flange of the steel beam to be at a lower temperature than 
the bottom flange and web.  

Temperature gradients through a structural member produce differential 
expansion. For example the bottom flange of the steel beam in a composite 
beam expands more than the top flange due to its higher temperature. This 
differential expansion induces deflection of the beam and this phenomenon is 
called thermal bowing shown here in Figure 2.3-3. Thermal gradient through 
the depth  of a member cross section is given below. 
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y
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  [2-13] 

 



Restrained Behaviour of Beams in a Steel Frame Exposed to Fire 

32 

The uniform curvature along the member span due to the thermal gradient 
through the beam depth is given below. 

 

 yT   [2-14] 

 

 

Figure 2.3-3: Thermal bowing in a simply supported beam 

For rigidly fixed supports, a uniform temperature gradient through the depth of 
the beam section would produce a uniform bending moment along the length 
of the beam given below. 

 

 

 M EI   [2-15] 

 

 

For real situations the finite rotational resistance at the supports can be 
expressed by a rotational spring with a rotational stiffness . The modified 
equation for the bending moment in this case is given below [1]. 
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The deflection produced in a rotationally unrestrained beam due to the thermal 
bowing caused by a uniform temperature gradient is given below [1]. 
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  [2-17] 

 

For large deflections of the beam shortening of distance between the supports 
will happen if no axial restrain is present, which is given below [1]. 
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  [2-18] 

 

In the presence of axial restraints at the supports, axial tensile force will be 
produced in the beam. Uniform temperature increase produces compression in 
the beam and produce deflection at certain critical temperature as discussed in 
section 2.3.2. It is therefore difficult to know, only from the deformed shape, if 
the beam is in axial tension or axial compression. In real fires there is always a 
complex mix of temperature gradients and centroid temperature increase which 
can lead to either net axial tension or net axial compression [1]. 

2.4 Thermal degradation of material 

Material properties such as the yield strength and modulus of elasticity of 
structural materials progressively degrade with increasing temperature. 
Thermal degradation of material properties has not been taken into account in 
the discussion of restrained structural response to increasing temperature 
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presented in section 2.3. In real structures the degradation of material has an 
impact on how a restrained structural member responds to increasing 
temperature, especially at relatively high temperatures. 

At high temperatures Eurocode recommends two different stress-strain models 
for steel i.e. one which considers some hardening upto 400°C and another 
which disregards any post yield hardening of the carbon steel. The stress-strain 
model without post yield hardening for carbon steel at elevated temperature 
suggested by Eurocode is shown in Figure 2.4-1 [4]. This model consist of 
three parts i.e. linear, elliptic and perfectly plastic and a linear descending 
branch. The different parameters which characterize this stress-strain model are 
as follows: 

 

p,f  proportionality limit stress 

y,f  yield strength of material 

E  modulus of elasticity 

p,  proportionality limit strain 

y,  yield strain 

u,  ultimate strain 

 

The yield strength corresponds to 2% total strain in a fire situation. The 
exception to this is for a cross section belonging to class 4 for which the yield 
strength is based on a 0.2% proof strain. 

 The values of proportionality limit stress, yield strength and modulus of 
elasticity at any given temperature are obtained by multiplying their ambient 
temperature values with a corresponding reduction factor. Eurocode provides 
the temperature reduction factors for certain tabulated values of temperature 
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[4]. Linear interpolation is used to calculate the reduction factors for 
temperature values other than the tabulated values. 

 

Figure 2.4-1: Stress-strain relationship for carbon steel at elevated 
temperatures [4] 

 

 

Figure 2.4-2: Reduction factors for stress-strain relationship of carbon steel at 
elevated temperature [4] 



Restrained Behaviour of Beams in a Steel Frame Exposed to Fire 

36 

2.5 Restrained beam analysis in fire 

In a structural frame a beam is both axially and rotationally restrained at the 
supports. These restraints are of finite magnitudes and play a very important 
role with regards to how the beam will behave when exposed to fire. In 
compartment fires the beams inside the compartment are exposed to higher 
temperatures than its surroundings, thus their interaction with their surrounding 
determines their behaviour. The interaction of a beam with its surrounding 
through the axial and rotational restraints and the thermal degradation of the 
material properties together determine the beams behaviour to elevated 
temperatures. 

The response of a steel beam can broadly be divided into three main stages 
based on how the axial force changes with temperature as shown below, Figure 
2.5-1: 

 Stage I: Elastic stage 
 Stage II: Elasto-plastic stage 
 Stage III: Catenary stage 

 

 

Figure 2.5-1: Variation of axial force in restrained beam with increasing 
temperature 



State of the art 
 

  37 

 

Stage-I 

Initially as the temperature increases the beam undergoes thermal expansion, 
which will be restrained to some extent depending on the axial restraint 
stiffness offered by the surrounding structure. The restraint against beam 
expansion creates compressive axial force in the beam while the beam material 
is still behaving elastically during stage-I.  

Stage-II 

At certain temperature the beam cross section will reach the compressive yield 
limit under the combined action of the compressive axial force and the bending 
moment applied by the imposed loading. The yielding of the cross section 
indicates the end of stage-I and start of stage-II i.e. the elasto-plastic stage. 
During stage-II the beam undergoes extensive vertical deflections, which 
produce shortening of the distance between the supports due to beam 
curvature. This shortening of distance between supports compensates for some 
of the thermal expansion thus reducing the axial compressive force in the 
beam. Stage-II continues until the shortening imposed by the beam curvature 
becomes equal to the thermal expansion and the axial force becomes zero in 
the beam. The temperature at which this happens is the same critical 
temperature from conventional fire design of isolated beam i.e. the temperature 
at which the bending moment resistance of the beam is equal to the bending 
moment applied by the imposed loads.  

Stage-III 

In stage-III of the beam response to fire the shortening of the beam exceeds its 
expansion and the axial force changes from compressive to tensile. This stage 
of the beam response is called the catenary stage since the imposed load is now 
partially resisted through the catenary action in the beam. The beam is 
considered to have failed once the cross section has reached the tensile yield 
limit of the cross section. 

In a redundant structure such as multi-storey farmed building these axial forces 
in the beam due to restrained thermal expansion cannot be ignored. These 
forces can in some instances be extremely critical to the structural stability [2]. 
Table 2.1-1 recommends advanced calculation models for sub-structure and 
complete structure analyses, where the indirect thermal actions are taken into 
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account. Eurocode recommends that these advanced calculation models should 
closely represent the response of real structures exposed to fire. The 
fundamental aspects of physical behaviour of structures exposed to fire should 
be incorporated such that they can reliably be used for approximating the 
expected behaviour. The thermal and mechanical response models should be 
based on the acknowledged principles of theories of heat transfer and structural 
mechanics respectively [4]. 

The Finite Element method is extensively used for performing both heat 
transfer and mechanical analyses of structural frames. There are various 
strategies through which these could be carried out such as [7]. 

 Specification of temperaturers 
o A straightforward specification of temperatures of the structure 

obtained from design codes or fire tests 
 Simplified fire curves and heat transfer 

o A suitable approach for small compartments and open hot-rolled steel 
sections where uniform temperatures could be expected 

 Un-coupled heat transfer analysis 
o Heat transfer analysis is performed independent of the mechanical 

analysis and the results are then used in the mechanical model 
 Coupled heat transfer analysis 

o Both heat transfer and mechanical analysis are performed 
simultaneously with full coupling between the two 

There are various computer programs available for performing advanced 
calculations on structures in fire. The choice of software depends on the scope 
of the analysis. Some computer programs such as Vulcan [8], developed at the 
University of Sheffield have been specifically developed for structural analysis 
in fire. Other computer programs belonging to this genre include SAFIR [9], 
developed at University of Liege and Adaptic [10], developed at the Imperial 
College London. Commercially available general purpose computer programs 
such as Ansys [11] and ABAQUS [12] have also been used for analysis of 
structures in fire. ABAQUS has been used as the analysis tool in this study. 

There is a need for simple design approaches to describe the beam behaviour at 
elevated temperatures in redundant structural frames to avoid the complexity 
associated with finite element analysis. The designer is interested in two 
important quantities, which determine the beam behaviour i.e. the axial force 
and the vertical deflection of the beam at different temperatures. Axial force is 
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important to know in order to ensure the stability of the surrounding structure 
in resisting this force [16]. The vertical deflection of the beam is important 
with regards to the limitations imposed to maintain the functionality of the 
structure i.e. loss of compartmentation, malfunction of access doors and exit 
routes etc. [22]. 

2.6 Reliability of advanced calculation models 

The reliability of an advanced calculation model can be ensured through 
validating its results against data obtained from relevant fire tests. EN 1993-1-2 
proposes that these results may refer to temperature, deformation and fire 
resistance times of the structure. It also recommends that critical parameters 
such as buckling length, elements size and the load level should be checked 
through sensitivity studies in order to ensure that the model is based on sound 
engineering principles [4]. 

2.7 Numerical studies from literature 

It has been established from the discussion in the previous sections that the 
behaviour of a structural member in fire is quite different when it is studied in 
isolation than when it is studied as being part of structural frame. In the former 
case the failure of the member occurs once the critical temperature is reached 
and the member is no longer able to sustain the load in bending. In the latter 
case, however, the response of the structural member is more complex due to 
its interaction with the surrounding structure. This section will present, as 
follows, a detailed study of the existing research work on the response of 
structural members in structural frames exposed to fire. 

One of the first experimental investigations on the effect of restraints on beams 
in fire situation was performed at the University of Manchester by Liu et al 
[14]. A series of tests were performed on sub-frame assemblies in the form of a 
‘Rugby goalpost’ as shown in Figure 2.7-1. The particular concern of the test 
program was to study the effect of axial restraint on the catenary action 
produced at higher temperatures in the steel beams and the extent to which it 
could delay the run-away deflection. Two types of connections were used in 
these tests i.e. flush end-plate and double web-cleats. These two different types 
of connections represent two different levels of rotational restraints i.e. flush 
end-plate connections are stiffer than web-cleat connections.  

The beam was subjected to different load levels during heating. Hogging 
moments are produced initially due to temperature gradient from non-uniform 
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heating, which keep increasing with the increasing temperature for the end-
plate connections. This happens until the formation of plastic hinges at or near 
the supports, and the resultant redistribution of bending moment to the mid-
span moment. At high temperatures as the material strength and stiffness is 
considerably reduced the compressive axial force starts to decrease rapidly and 
at some point changes to tensile force. This corresponds to the catenary stage 
when the applied load is partially resisted by catenary action through the beam. 
The catenary action also reduces the rate at which the run-away of the beam 
deflection takes place. The research concluded that in the absence of any 
intrinsic need to limit the deflections the failure criterion for fire limit state 
should be formulated. The catenary action is active at very high deflections and 
could still maintain the structural integrity at higher temperatures than the 
conventional critical temperature for structural members [14]. 

 

Figure 2.7-1: Sub-frame testing assembly setup [14] 

Fire tests, though an important requirement to fully understand the restrained 
thermal response of structural members, are very expensive and therefore not 
feasible to be extensively used. Numerical simulation is an alternative which 
has been adopted for extensive studies in this regards. Yin and Wang 
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performed a numerical study of large deflection behaviour of restrained steel 
beams at elevated temperature using ABAQUS [15]. The focus of their 
research was to study the effect of variation of different parameters such as 
axial and rotational restraints, beam spans, temperature distributions, load 
levels and lateral torsional buckling on the catenary force developed in the 
beam at high temperatures. In order to validate their numerical models they 
used the data from the tests conducted by Liu et al [14]. From their simulations 
they established the importance of catenary action in the beam at very high 
temperatures to resist the applied loads. They observed that different beam 
spans showed similar deflections for the same applied load. The reason for this 
has been attributed to the fact that at high temperatures the axial force in the 
beam approaches the axial capacity of the beam and in order to remain in 
equilibrium, in the absence of any bending moment resistance, the product of 
mid-span deflection and the axial catenary force should be equal to the applied 
bending moment as shown below. 

 

 eF M   [2-19] 

 

It was further established that for temperature gradient through the beam cross 
section, a beam would require less vertical deflection to produce the same 
catenary force due to the higher axial stiffness of the beam compared to a beam 
under uniform temperature distribution [15].  

An important aspect of catenary action in a structure is the extent of the 
demand it puts on the adjacent structure. It was determined that higher 
flexibility of the axial restraint reduces the catenary force and decreases the 
vertical mid-span deflection and vice versa. It was suggested that an optimum 
value for axial stiffness is important which could give acceptable levels of mid-
span deflections as well as not over burden the adjacent structure with 
excessive catenary force. The rotational restraints at the supports, on the other 
hand, were shown to have very little effect on the beam behaviour at high 
temperatures during the catenary action. Similarly it was observed that in the 
absence of any lateral restraint, the beam would undergo lateral torsional 
buckling at lower temperatures, but its impact on the catenary action is only up 
to the extent that it causes the beam to go into catenary action at a lower 
temperature than a laterally restrained beam [15]. 
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In an experimental investigation by Li and Guo [18], the performance of 
restrained steel beam under both heating and cooling was studied. The 
response of the steel beam to heating was observed to be very similar to what 
has been discussed in the previous studies. One particularly interesting 
observation was the increasing tensile force during the cooling phase. The axial 
tensile force increases during cooling due to the restrained contraction of the 
beam, which was observed to be higher for higher axial stiffness. 

Gillie, M. [19] has presented an example problem of a single beam subjected to 
increasing temperature and uniform loading. Simplified material models and 
temperature-time relationships, shown here in Figure 2.7-2, were used to 
simplify the interpretation of the results. The basic aim of the study was to 
demonstrate the complexity of the response of a structural member exposed to 
fire in a real structure and how different it is from the assumptions made in 
standard fire tests of single isolated members. 

  

Figure 2.7-2: Example problem from Gillie, M. [19] 

The standard fire tests consider the structural member to be statically 
determinate whereas in reality there is high degree of redundancy. This in 
combination with the time variation of stresses and material properties, thermal 
expansion and second order effects due to large deflections produce a highly 
complex response. It was observed that the axial forces increase rapidly in the 
beginning under increasing temperature and against restraining supports, 
proportional to the axial restraints stiffnesses. As the beam undergoes buckling 
it starts to increasingly deflect laterally and the compressive force is released. 
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At further higher temperatures the beam starts to lose its strength and stiffness 
which produces large deflections in the beam. Large deflections produce 
permanent deformations in the beam due to the plastic straining and as the 
beam starts to cool down it contracts and produces residual tensile stresses 
which are almost half the tensile capacity of the beam. This is observed even 
for small axial restraints. The consideration of these forces is important for the 
design of connections since the connection failure could be a serious issue as it 
could lead to a sudden collapse. This questions the assumptions of the standard 
fire tests of ignoring the axial restraint to the structural member, as it could 
prove to be very unsafe for design of members in redundant frames [19]. 

2.8 Full scale building fires 

Many studies have been done on fires in multi-storey steel framed buildings to 
analyse the structural fire behaviour. In the after math of the 9-11 incidents in 
2001, the National Institute of Standards and Technology (NIST) carried out 
detailed studies to determine the probable cause of collapse of the World Trade 
Center (WTC) buildings [24], [25]. The outcome of these studies shed light on 
how structural members in multi-storey behave when exposed to fire and what 
sort of failure mechanism could be expected. Fire tests conducted on full scale 
buildings by the Building Research Establishment (BRE) at Cardington in the 
UK also provided very important information regarding the fire behaviour of 
multi-storey framed buildings [26]. Findings from the studies on real fires and 
fire tests on multi-storey frames have been briefly presented below. 

2.8.1 WTC Towers 

The initial aircraft impact on both WTC 1 and WTC 2 resulted in loss of 
insulation on the trusses supporting the floors. Exposure to high temperature 
caused the buckling of diagonals of the floor trusses near the supports, which 
eventually led to sagging of the floors. The sagging of the floor produced 
tensile forces which then pulled the exterior walls inward thus redistributing 
the loads from the exterior walls to other parts such as the core columns. This 
redistribution of loads to the already heated core columns led to their buckling 
and eventual collapse [25]. It is therefore, crucially important to estimate the 
tensile catenary forces produced in floor trusses or beams at very high 
temperature to determine if the structural stability will be at risk. 
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2.8.2 WTC Building 7 

The collapse hypothesis presented by NIST for the WTC 7 collapse, blamed 
local failure in the lower floors of the building, which led to the buckling of a 
critical column. This eventually led to the progressive collapse of the building 
[24]. It was observed in the NIST report that other multi-storey buildings in the 
past had been able to survived similar or even severe fires. The reason for the 
collapse of WTC 7 was attributed to some differences with regards to other 
buildings that had survived in the past. These differences include the simple 
framing connections of the core of WTC 7, longer beam spans, asymmetric 
framing, non-composite girders etc. A particular girder in the floor plan had 
secondary beams framing into it from only one side; therefore as the beams 
expanded due to high temperature they pushed and unseated the girder at its 
connections. The situation was worsened by the fact that the girder was non-
composite and the only lateral restraint it had was its own lateral stiffness. The 
same situation happening over a couple of floors led to the floor collapsing and 
increase in the critical length of a critical column which eventually buckled 
[24]. This shows how indirect actions induced by the thermal expansion in a 
building frame could lead to sudden collapse of a building regardless if the 
structural members have reached their conventional design limit in fire. 

2.8.3 Broadgate Buidling Fire 

The Broadgate building fire was a major fire in an under construction multi-
storey steel framed building in London, UK. The impact of the fire on the 
building was investigated by the Steel Construction Institute (SCI) of UK and 
the findings were presented in a report [27]. It was observed that the fire had 
caused damage to the main area where the fire had originated. The beams were 
observed to have fairly even bowing along the length and local buckling of the 
bottom flange at the supports along with some cases of lateral distortion of the 
web [27]. This local buckling of the beam bottom flange at the supports is 
expected as the compressive stresses due to restrained expansion act together 
with the compressive stresses from the negative bending moment at the bottom 
flange at the supports. This results in the formation of a hinge at the support 
and releases some of the compressive force acting on the surrounding structure. 
It was observed that the despite the extensive damage, the structure was able to 
survive the fire and effectively redistribute the loads from the damaged 
components to other parts of the structural frame. 
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2.8.4 Cardington fire tests 

The Cardington fire tests were a series of tests carried out on an 8-storey frame 
built at the BRE test facility in Cardington UK. These tests were part of a 
collaborative European research programme aimed at understanding and 
developing numerical analysis procedures to better describe the response of 
structural steel frames to fire attacks [26]. The building was designed as a 
modern office building and a series of different tests were conducted on it to 
determine the different aspects of its response to fire. The tests were designed 
to study the response in 1D (restrained beams), 2D (plane frames) and 3D 
(corner test) to characterise the different aspect of the structural response to 
fire. The structure was allowed to deform considerable more than would be 
allowed in standard fire tests. The reason for doing so was to determine the 
ability of the structure to redistribute the load when one or more member loses 
their strength and stiffness [26].  

In one of the tests a beam supported by columns at the two ends was heated 
with a furnace at temperatures up to 800-900°C. It was observed that the 
deflections produced in the beam were at the same level as would be produced 
in a standard fire tests at a lower temperature of around 700°C. This indicated 
that the ‘runaway’ of the beam had been considerably delayed due to the 
restrains offered by the supports and a catenary force was produced in the 
beam [26].In another test a 2D plane frame was heated over a period of 2.5 
hours which heated the unprotected beams up to maximum of 850°C. The 
column heads had been lightly protected and achieved up to 700°C. It was 
observed that the beams had considerably deflected and the columns had 
undergone considerable distortion but overall the structure was able to 
redistribute the load and remain stable [26]. A demonstration test performed in 
a big compartment consisting of standard office equipment to simulate a 
realistic fire scenario. A severe fire with gas temperature reaching 1150°C and 
steel temperature reaching 1100°C was observed. The beams and slabs were 
observed to have undergone considerable deflections but the structural frame 
was still able to maintain its integrity [26]. 
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3 FINITE ELEMENT MODELLING OF SUB-
FRAMES 

Finite Element (FE) modelling is a very useful tool when it comes to analysing 
the behaviour of structural components in fire. The reasons for this are many 
but the foremost is the fact that fire tests at the scale of a sub-frame are very 
costly and time consuming. It is therefore more feasible to create a finite 
element model of the structural element and calibrate it against the test data in 
order that it represents the behaviour of the real structural element as closely 
as possible. The FE-model can also be used to perform large number of 
parametric studies to determine the effect of variation of different parameters 
on the performance of the structural component. The importance of accurate 
model data such as dimensions, material properties and temperature 
measurements obtained from the tests cannot be overstated. This chapter gives 
a detailed account of the sub-frame FE-models created in this study.  

3.1 Desicription of the sub-frame models 

The sub-frames tested in the laboratory consisted of an I-Profile steel beam 
supported by columns at each end through connections consisting of a reverse 
channel, end-plate and bolts, shown here in Figure 3.1-1. The test setup is 
symmetric about a vertical axis through the mid-span of the beam therefore 
modelling only half of the setup and using a symmetry boundary condition at 
the beam mid-span will save valuable computation time. Figure 3.1-2 shows an 
example of a three dimensional model of a sub-frame used in the study. The 
model assembly consists of six parts: steel tube, concrete core, reverse channel, 
bolt, end-plate and steel beam. All parts are modelled using realistic 
dimensions except that the fillet at the corners of the steel tube are neglected 
and therefore modelled as a perfect square. The bolt head and nuts are 
modelled as cylinders whose diameter is equal to the distance across the flats 
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of the bolt head, which is done in order to obtain a smooth mesh. Abaqus 
(version 6.11), a commercial computer software, was used to create and 
analyse all the models presented in this study. 

 

Figure 3.1-1: Test setup in the laboratory [20] 
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Figure 3.1-2: Finite element model of the sub-frame and connection close-up 
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3.1.1 Mesh 

Figure 3.1-3 shows how the different parts and regions of the model are 
meshed. The region round the holes is partitioned in such a manner that 
facilitates the refinement of the mesh in this region. This is done in order to 
evenly distribute the contact pressure in the area around the hole between the 
bolt head and reverse channel on one side and the nut and the end-plate on the 
other. The ‘Structured’ meshing technique is used where ever possible with 
Hex shaped elements. In certain areas such as the bolts and the regions around 
the holes, structured meshing is not possible and therefore ‘Sweep’ meshing 
technique is then used instead. This technique creates mesh on one side of a 
region and then duplicates this mesh until the target is reached. The algorithm 
used is ‘Medial axis’ with the option to minimize the mesh transition to help 
reduce mesh distortion. However, this might cause the mesh to deviate from 
the specified seeds [12]. 

 
 

Steel beam Column 

  
Bolt hole Bolt 

Figure 3.1-3: Meshing of the different parts and regions of the model 
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3.1.2 Material properties 

The tensile strength of steel is conventionally determined from the coupon test. 
The stress strain data obtained from a coupon test is based on the nominal 
dimensions, whereas in reality as the coupon undergoes extensive tensile 
straining, the cross sectional dimensions will be reduced due to Poisson effect. 
This implies that the true stress is always greater than the nominal stress 
measured using the nominal cross sectional dimensions. To define non-linear 
material properties for steel in Abaqus, true stress and true strain need to be 
input. Following equations relate nominal stresses and nominal strains to true 
stresses and true strains, respectively up to the point where necking starts. 

 

true nomln 1   [3-1] 

 

true nom nom1   [3-2] 

 

Where 

true  are the true strain, 

nom  are the nominal strains, 

true  are the true stresses, 

nom  are the nominal stresses, 

 

The relationship between true stress and nominal stress shown by eq [3-2] is 
established through the consideration of incompressibility of metal plasticity 
and on the assumption that the elastic response is also incompressible [12]. 

All parts have been assigned with nominal material properties. The stress strain 
diagram of carbon steel at elevated temperature as suggested by EN 1993-1-2 
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and discussed here in section 2.1 has been used as the material model for the 
steel tube, steel beam, end-plate and the reverse channel. The different 
parameters associated with this stress strain model have been reduced with 
regards to increasing temperature using the reduction factors according to EN 
1993-1-2 [4].The stress strain date is converted to their true values using eq. 
[3-1] and [3-2] for each temperature and then inserted. 

The concrete core of the concrete filled tubular column is modelled using only 
elastic material properties.  This is a valid assumption give that concrete will 
have very little effect on the results. Since the concrete is not directly exposed 
to higher temperatures and also due to the fact that concrete has excellent heat 
resistant properties, therefore the temperature dependent variation in its 
properties has been neglected in the models presented here. 

3.1.3 Contact interactions 

The standard solver of Abaqus provides three different approaches to define 
contact interaction between two surfaces i.e. general contact, contact pairs and 
contact elements. Out of these three formulations only ‘general contact’ and 
‘contact pairs’ are surface based interactions. In the ‘contact pairs’ formulation 
there is a requirement to specifically define all the contact surfaces as ‘master’ 
and ‘slave’ pairs. For ‘general contact’ formulation there is no need for any 
specific definition of contact surfaces. The contact interaction properties are 
then assigned to these contact interaction formulations with certain limitations, 
which exists in case of the ‘general contact’ formulation. General contact 
formulations can only be used with ‘finite sliding’ and ‘surface to surface’ 
formulations whereas ‘contact pairs’ simulations allows for ‘small sliding’ and 
‘node to surface’ formulations in addition. 

In the current study ‘contact pairs’ formulation has been used to define the 
different contact interactions in the model. The different contact pairs that have 
been defined using these formulations are: Bolt head – reverse channel, reverse 
channel – end-plate, Nut – end-plate and Bolt shank – Bolt holes. The 
Coulomb friction model is used to define the tangential behaviour between the 
contact surfaces with a friction coefficient equal to 0.3. The normal contact 
behaviour is defined using ‘had contact’ formulations which allows for 
separation between the contact surfaces and transfer of contact pressure once 
the surfaces are in contact with each other. 

Application of small contact pressure for initializing contact between the 
contact surfaces can prevent any problems of convergence of the solutions. The 
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reason for this is the fact that the contact has not been established as long as 
there is no contact pressure between contact surfaces and this may result in 
rigid body motion depending on the boundary conditions. In the sub-frame 
models this is done by introducing a small amount of bolt load, which may 
represent the tightening of the bolts. It can either be done by introducing small 
‘bolt load’ as a ‘bolt force’ or by ‘adjusting the length’ of the bolt. In the sub-
frame model small gap of 0.01 mm was introduced between the contact 
surfaces of the reverse channel and the end-plate as shown in Figure 3.1-4. 

In the absence of any gap between these surfaces, the initial step of applying 
the bolt load to initialize the contacts was running into numerical problems. 
The bolt load is then applied by ‘adjusting the length’ of the bolt by a 
magnitude of 0.02 mm. 0.01 mm of the bolt length is used up to overcome the 
gap between the contact surfaces of the reverse channel and the end-plate and 
the remaining 0.01 mm length of the bolt is used to exert pressure and thus 
initialize the contact pressure between the various contact surfaces. The length 
of the bolt is kept 0.01 mm greater than the sum of the thicknesses of the 
reverse channel and the end-plate. This pretensioning produces around 11 kN 
force in each bolt. 

  
Before Pretensioning of Bolts After Pretensioning of Bolts 

 

Figure 3.1-4: Gap between reverse channel and end-plate and its closure due 
to bolt load 
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In ‘contact pair’ formulation of contact interaction it is important to 
appropriately identify the master and slave surfaces. In general the master 
surface should always belong to the stiffer body and should have a coarser 
mesh than the slave surface. ‘General contact’ formulation performs this 
calculation itself by appropriately assigning master and slave surfaces. 

3.1.4 Element type 

All parts of the assembly have been modelled using solid (continuum) element 
C3D8R, which is a first order reduced integration 8 node brick element. In first 
order elements the strain operator provides a constant volumetric strain 
throughout the element and prevents ‘mesh locking’ when the material can be 
assumed to be approximately incompressible. Reduced integration elements 
use lower order integration to calculate element stiffness matrix, which reduces 
the computation time. The drawback associated with first order reduced 
integration element like C3D8R is that they are prone to ‘Hourglassing’. The 
reason for this drawback is due to the fact that these elements have only one 
integration point and the deformation of these elements can be in such a 
manner that the strain calculated at these integration points is zero. This could 
lead to uncontrolled distortion of the mesh. However, in Abaqus first order 
reduced integration elements have ‘hourglass controls’, which if used with 
finer mesh can solve the problem of hourglassing. The other solution could be 
to use fully integrated solid (continuum) elements such as C3D8, which do not 
have any problem of hourglassing. These elements, however, may develop 
shear locking when subjected to bending, which is due to the so called 
‘parasitic shear’. The response of these elements can become very stiff 
especially if their thickness is of the same order as of the wall thickness. This 
problem can be overcome by using incompatibility mode elements such as 
C3D8I which, in addition to the standard displacement degrees of freedom, 
also have incompatible deformation modes added internally. This eliminates 
the parasitic shear responsible for the stiff response of the first order fully 
integrated elements in bending [12]. 

3.1.5 Simulation steps 

The simulation is performed in a number of sequential steps discussed below: 

Pretensioning of Bolts 

The bolts are pretensioned as the first step in the simulation in order to 
initialize the contact interactions and prevent any rigid body motions later in 
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the analysis. The force is applied as a self-equilibrating force applied across a 
cross section of the bolt shank shown here in the Figure 3.1-5. The section 
chosen for the bolt force as at the middle of the bolt shank. 

 

Figure 3.1-5: Bolt load applied across the middle section of the bolt shank 

 

Load application 

In the laboratory tests the concentrated loads are applied on the top surface of 
the top flange of the steel beam. The load is either applied through loading 
devices clamped to the top flange of the beam through a plate and bolts or 
through a profile steel beam in the transverse direction welded to the top flange 
surface and loaded at both ends. In either case the load is applied on a 
particular area of the top surface of the top flange. 

In the FE-model the load is applied as a pressure load on the top surface of the 
top flange on an area which corresponds to the loading area discussed 
previously as shown in Figure 3.1-6. The magnitude of the pressure load is 
such that the resultant load is the same as that in the laboratory tests. The 
position of the load is also exactly the same as it is in the tests. 
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Figure 3.1-6: Load applied as pressure to the top flange of the steel beam 

 

Application of heat 

In the last step of the simulation procedure heat is applied as increasing 
temperature in the model. This is done by applying the temperature as a 
predefined field and the relation to time is considered by defining amplitude 
curves. 

3.1.6 Boundary conditions 

Two reference points are defined at the centre of the cross section of the 
concrete filled tubular column each at the top and bottom. These reference 
points are coupled to their respective column cross sections by using the 
coupling constraint as shown in Figure 3.1-7. The boundary conditions are then 
applied at these reference points as shown in Figure 3.1-8. 

The reference point at the bottom of the column is restrained from translations 
in all three degrees of freedom whereas the reference point at the top of the 
column is restrained from translation in the two transverse directions but free 
to translate in the longitudinal direction. Rotation about longitudinal axis is 
restrained at both ends of the column. 
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Figure 3.1-7: Reference point at the centre of cross section coupled to the 
whole section 

 

Colum top Column bottom 
 

Figure 3.1-8: Boundary conditions at the top and bottom of the column 
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The symmetry of the test setup is utilized such that only half of the sub-frame 
setup is modelled as shown in Figure 3.1-2. At the mid-span of the beam a 
symmetry boundary condition is defined with respect to the z-axis as shown in 

 

Figure 3.1-9: Symmetry boundary condition at the mid-span of the beam 

 

3.1.7 Temperature as predefined field 

In the fire tests of the sub-frames the heating of the setup is carried out by two 
different methods. In the first method the steel beam, connection region and 
part of the columns are enclosed inside a furnace whereas in the second method 
the heat is applied through ceramic heating pads attached to the different parts 
of the sub-frame. In either case the temperature is measured by the various 
thermocouples fixed at different positions along the span of the steel beam, 
connection components and the concrete filled tubular column. The 
temperature data is measured at certain intervals of time and then saved thus 
obtaining the temperature – time relationship. 

In the FE-model of the sub-frame, temperature is applied as a predefined field. 
The temperature measured in the tests varies along the length of the beam as 
well as through the depth of the beam cross section. The beam is therefore 
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divided along the span into a number of segments as shown in Figure 3.1-10. 
Through the depth it is divided into three segments i.e. top flange, web and 
bottom flange. Temperature is then applied to each of these segments as 
predefined field and the temperature – time variation is taken into account by 
using an amplitude curve. For the segments where there is no direct 
temperature measurement in the tests, linear interpolation is used to calculate 
temperature from the know temperature points. For the reverse channel, the 
end-plate and bolts average temperature is applied as pre-defined field. The 
temperature is obtained as the average of the temperature measured at the 
different points of these parts. 

 

Figure 3.1-10: Segments along the beam span to apply temperature as 
predefined field 
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4 VALIDATION OF NUMERICAL MODELS 

Availability of computers with high computation powers has by many times 
increased the use of finite element analysis for analysing structural behaviour 
in fire. This has reduced both time and costs associated with fire tests 
conducted on large structures or sub-structures. For confidence in the results 
from finite element analysis it is, however, important that the finite element 
models used in the study have been validated against either laboratory tests or 
some hand calculation procedure. The model should match the actual test to 
such a degree as possible in terms of dimensions, material properties and 
boundary conditions. The previous chapter described the details of the finite 
element models used in the study whereas this chapter will focus on 
comparison between the results from finite element analysis and those from 
fire tests conducted in the laboratories. 

4.1 Test program 

The fire tests presented here were conducted as part of the COMPFIRE project 
funded by the Research Fund for Coal and Steel (RFCS) [28]. The objective of 
this project was to study to develop a comprehensive component-based 
methodology for composite joints in fire. Fire tests were conducted on 
composite joint components, isolated composite joints, composite structural 
sub-assemblies and demonstration structures. 

The objective of the tests conducted on structural sub-assemblies was to 
provide experimental data on the interaction between the composite joint and 
the surrounding structural components such as beams and columns during the 
entire fire exposure duration [28]. It was intended to observe how the 
connection will respond to the different phases of the beam behaviour such as 
bending, axial compression due to restrained thermal expansion, yielding and 
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buckling and catenary action. The tests on sub-assemblies were carried out at 
the University of Coimbra and the University of Manchester, both of whom 
were partners in the project. Following sections will describe the details of the 
tests conducted at these two places. 

4.1.1 Coimbra tests 

Table 4.1-1 provides the details of the tests conducted at Coimbra. The tests 
were conducted at both ambient temperature and elevated temperatures with 
two different temperature-time relationships including a cooling phase. 

Table 4.1-1: Sub-frame tests conducted at Coimbra 

Test no Temperature Column 
section Beam section Reverse 

channel 

TC-1 Ambient CHS 
244.5x10 IPE 300 U 200x135x8 

TC-2 Ambient SHS 250x10 IPE 300 U 200x90x8 
TC-3 Ambient SHS 250x10 IPE 300 U 200x90x10 

TC-4 Fire1 + 
cooling SHS 250x10 IPE 300 U 200x90x10 

TC-5 Fire 2 + 
cooling SHS 250x10 IPE 300 U 200x90x10 

TC-6 Fire 1 + 
cooling SHS 250x10 IPE 300 U 200x90x8 

TC-7 Fire 1+ 
cooling SHS 250x10 IPE 300 U 200x90x12 

 

The sub-frame is composed of two concrete filled tubular (CFT) columns 
supporting a steel beam with an IPE profile. The connections between the 
beam and columns formed using a reverse channel. The columns are 3525 mm 
tall and the beam has a 5000 mm long span shown in figure [29]. 

The reverse channel connections are formed by bolting the web of the reverse 
channel cut from a hollow tubular section to the end-plate of the steel beam 
and welding the legs to the face of the column as shown in figure. 
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Figure 4.1-1: Outline of the experimental setup [29] 

 

Figure 4.1-2: Reverse channel joint to a square CFT column [29] 
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The lateral translation of the beam was restrained at three points along the 
span; the midspan and two points at 1000 mm from the midspan in either 
direction. At the supports the columns lateral stiffness provides the lateral 
restraint.  

The hollow steel tubular section, the steel beam and the reverse channel are of 
steel grade S355. The end-plates at both ends of the beam are of steel grade 
S275. The concrete filling in the hollow steel tube is of grade C30\37. The 
bolts connecting the reverse channel to the end-plate are M24 grade 10.9 [29]. 

Loading mechanism 

The load on the beam was applied through a pair of reinforced concrete blocks 
(700 mm x 700 mm x 900 mm) fixed at the two ends of a steel beam of cross 
section profile HEA 100 and grade S275. The beam is placed transversally on 
the top flange of the beam in the sub-frame at one third the beam span distance 
from the support. Exactly identical pair of concrete blocks are also used to 
apply the load at the one third distance from the other support. The total weight 
of each pair of concrete blocks and the steel beam was 21.5 kN [29]. These 
loads represented the applied fire load on the sub-frame and were maintained 
for the whole duration of heating and cooling. 

Heating mechanism 

Heat was applied to the beam by flexible ceramic pad heaters which are 
capable of 1050°C working temperatures. The ceramic pads were applied to 
the web and lower flange of the beam and the connection components i.e. the 
end plates and the reverse channel. The beam top flange and the columns were 
not heated directly. The beam and connection region was wrapped in ceramic 
fibre blanket and the top flange was left without insulation to simulate the heat 
sink effect of concrete slab [29]. 

Test Measurements 

The measurements during the tests were carried out by a number of 
displacement transducers, load cells and thermocouples fixed at different 
location of the sub-frame. The load cells fixed the top and bottom support of 
each column measures the horizontal force exerted by the beam on the column 
through the connection. The sum of these forces gives the total axial force in 
the beam during heating. A displacement transducer at the midspan measures 
the midspan deflection of the beam. The temperature variation during the 
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heating is recorded at different locations along the beam span through a 
number of thermocouples. At each measurement point along the beam span the 
temperature is measured through the depth of the beam cross section by fixing 
thermocouples at the top flange, the middle of the web and the bottom flange. 
The temperature of the connection region is measure by fixing a number of 
thermocouples at different locations on the reverse channel, end-plates and the 
bolts. 

The results obtained from these measurements are used to create the finite 
element model and also to make comparison between the tests and the finite 
element analysis. The temperatures measured at the different locations of the 
beam span are applied in the finite element model at their respective locations 
as a predefined temperature field in the finite element model. The variation of 
the temperature with time measured from the thermocouples is also adopted by 
using it as an amplitude curve in Abaqus and then associating it with the 
predefined temperature field as discussed in section 3.1.7 of chapter 2. The 
following sections discuss the comparison between the results obtained from 
the fire tests and the finite element analysis. 

4.1.2 Manchester tests 

Table 4.1-2 lists the sub-frame tests conducted at Manchester. All the tests 
were conducted at elevated temperatures in furnace conditions. 

Table 4.1-2: Sub-frame tests conducted at Manchester 

Test no Temperature Column 
section Beam section Connection 

TM-1 ISO 824 CHS 244.5x8 UB 
178x102x19 

Channel/UK 
SHS 

180x180x42.7 

TM-2 ISO 824 SHS 250x8 UB 
178x102x19 

Channel/UK 
SHS 

180x180x42.7 

TM-3 ISO 824 SHS 250x8 UB 
178x102x19 

Channel/UK 
SHS 

180x180x42.7 

TM-4 ISO 824 SHS 250x8 UB 
178x102x19 End-plate 
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Figure 4.1-3 shows the layout of the test setup used which shows a furnace 
enclosing the beam, the connection regions and parts of the columns 
supporting the beam. The columns were concrete filled hollow steel tubes 
supporting a beam with a standard Universal beam profile. The connection 
between the column face and the beam consisted of a reverse channel and an 
end-plate. The web of the reverse channel was bolted to the end-plate of the 
beam and the legs were welded to the column face. The beam had a span 
length of 2000 mm and the columns were 3070 mm tall. The hollow steel 
tubes, the steel beam and the reverse channels are all of steel grade S355 
whereas the end-plates are of grade S275. The concrete filling in the hollow 
steel tube was of grade C30. 

 

 

Figure 4.1-3: Test setup for the sub-frame tests [29] 

 

The columns were laterally restrained at the top and bottom support but 
allowed to translate in the longitudinal direction at the top. This is done to 
ensure that the column will not develop thermal stresses due to restrained 
thermal expansion. The beam is restrained from translation in the lateral 
direction by the loading jacks that had been clamped to the top flange using 
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loading plates.  At the supports it is the lateral stiffness of the columns which 
prevent the beam from any lateral translation [29]. 

Loading mechanism 

The load was applied on the beam through a pair of loading jacks, each applied 
at a distance of 600 mm from either support. To prevent the jacks from 
displacement from their positions, they were clamped to the top flange of the 
beam using steel plates. The displacement of the jacks was expected at high 
temperatures as the beam deflections became very large. These clamps also 
provide the lateral restraint to the top flange of the beam, which prevent their 
lateral torsional buckling. Each jack applied a load of 40 kN representing the 
design fire load on the beam that was maintained for the whole duration of fire 
exposure [29]. 

Heating mechanism 

A rectangular furnace having internal dimensions 3000x1600x900 mm with 
two gas burners was used to apply heat in the tests. The internal walls of the 
furnace were lined with 200 mm thick layer of ceramic fibre for insulation. The 
steel beam, the connection region and parts of the column were enclosed inside 
the furnace as shown in Figure 4.1-3. The specimens were left unprotected 
except the top flange of the beam, which was protected by a 20 mm think layer 
of ceramic fibre to simulate the effect of heat sink of a concrete slab in contact 
with the top flange of the beam [29]. 

Test measurements 

The temperature-time relationship for the fire inside the furnace was 
maintained according to the standard fire curve ISO 834. The temperatures in 
the different parts of the sub-frame were measured by thermocouples 
connected to these parts. The beam temperature was measured at the midspan 
at three points across the section i.e. the bottom flange, the web and the top 
flange. The temperatures at the connections were measured by thermocouples 
fixed at different points on the reverse channel, the end-plates and the bolts. 
Two load cells one each at the top support and the bottom support of the 
columns were used to measure the axial force exerted by the beam on the 
column as it is exposed to increasing temperature. The vertical displacement of 
the beam is measured by displacement transducers fixed at different locations 
along the span including the midspan of the beam [29]. 
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The temperature data measure from the thermocouples is used as the input 
temperature data in the finite element models. The temperature measured at the 
midspan position of the bottom flange was applied as a predefined temperature 
field to the whole span of the bottom flange in the finite element model. The 
temperature-time relationship as measured in the test was adopted as the 
amplitude associated with the predefined temperature field. The same was done 
for the web and the top flange of the beam. For the connection region an 
average of all the temperatures measured on the different components of the 
connection i.e. reverse channel, end-plate and bolts was used as the predefined 
temperature field in the finite element model. The temperature-time 
relationship was also taken as the average for the whole connection region and 
used as amplitude curve in the finite element model. 

4.2 Comparison between FE-Analysis and experiments 

The tests setups with reverse channel connections described in section 4.1 have 
all been modelled in the study presented here. The data that have been used 
here for the purpose of comparison between the tests and the finite element 
analysis include the failure mode observed, the variation of axial force in the 
beam against the bottom flange temperature and the variation in the midspan 
deflection against the bottom flange temperature. 

4.2.1 Failure modes 

In the tests conducted in the furnace conditions it was not possible to continue 
the tests until the structural collapse could be observed. The restriction was 
imposed by the size of the furnace and some of the tests had to be terminated at 
certain value of the midspan deflection as the beam was already touching the 
bottom of the furnace. It would be, however, instructive to see how the 
deformations comparatively look like between the tests and the finite element 
analysis. Figure 4.2-1 shows the deformed shape of the finite element model of 
test TM-1. At this stage the beam is in the catenary action and pulling the 
supporting columns inwards through an axial tensile force. The beam 
temperature at this stage is already beyond the conventional limiting 
temperature and the applied load is being resisted partially through the catenary 
action in the beam. 
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Figure 4.2-1: Deformed shape of the beam at elevated temperature 
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A similar behaviour is observed in the furnace test at the catenary stage as 
shown in Figure 4.2-2. 

 

Figure 4.2-2: The deformed shape of the beam after cooling [29] 

The failure mode observed in laboratory for test 1 involved stripping of the 
bolts as shown in the Figure 4.2-3. This however is not observed in the finite 
element model since the model does not take bolt stripping into account. 
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Figure 4.2-3: Comparison between test and finite element model for test 1[29] 

 

Figure 4.2-4 shows the deformation of the beam to column connection region 
of test TC-4. The finite element model and the test show very similar 
deformation behaviour. The beam’s bottom flange undergoes local buckling at 
very high temperatures due to high compressive stresses and also the web of 
the beam undergoes shear buckling due to loss of strength a high temperatures. 
A small gap is observed between the end-plate and the reverse channel at the 
bottom both in the finite element model and the test. This small gap is due to 
the contraction of the beam during the cooling phase. The top of the end plate 
is also showing identical permanent deformation. 
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Left support Right support 

 
Finite element model 

Figure 4.2-4: Connection region deformation in test TC-4 [29] 

 

Figure 4.2-5 shows the deformed shape of the beam at the end of the cooling 
phase with permanent deformation and midspan deflection in the beam. The 
shapes of permanent deformation are observed to be very identical in the fire 
test and the finite element analysis. 
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Test TC-4 

 
Finite element model 

Figure 4.2-5: Permanent global deformation (midspan deflection) of the beam 
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4.2.2 Axial force 

Test TC-4 has been chosen here as an example to show how the test results 
compare to the finite element analysis. Figure 4.2-6 shows how the variation of 
axial force in the beam with respect to the bottom flange temperature measured 
at the left and right supports of the beam, compares to the same obtained from 
the finite element analysis. The finite element result for the maximum 
compressive axial force and the maximum tensile axial force in the beam after 
cooling are slightly higher than the test results. However, the temperature at 
which the compressive axial force of the beam changes to tensile axial force 
i.e. the catenary stage is very closely captured by the finite element simulation. 

The level of axial tensile force will also depend on the level of axial restraint 
stiffness as it has been shown through analysis done in chapter 6. The 
difference between the finite element model and the test in the cooling phase 
could be attributed to the fact that in the finite element model the column is at 
the ambient temperature; hence the axial restraint stiffness is constant and 
higher than the test.

 

Figure 4.2-6: Axial force vs. temperature (Test TC-3) 

-200

-150

-100

-50

0

50

100

150

200

0 200 400 600 800 1000 1200

Ax
ia

l F
or

ce
 [k

N
]

Temperature [°C]

Test (Left) Test (Right) FEM



 Validation of numerical models 
 

  75 

Figure 4.2-7 and Figure 4.2-8 shows the variation of beam axial force with 
temperature for the tests listed in Table 4.1-1 and Table 4.1-2 respectively. The 
axial restraint stiffness to the beam expansion in all the finite element models 
shown in Figure 4.2-7 are almost identical, which is due to the fact that the 
columns are all of the same cross sectional dimensions and length. On the other 
hand Figure 4.2-8 shows that TM-1 has a smaller axial stiffness than TM-2 and 
TM-3. This difference is due to the fact that TM-1 has circular concrete filled 
tubular columns supporting the beam whereas TM-2 and TM-3 are supported 
by square concrete filled tubular columns. This shows that different cross 
sectional shape of the columns can impact the extent of axial stiffness offered 
to the thermal expansion of the beam and hence the axial force generated in the 
beam. 

It can be seen from Figure 4.2-7 that most models exhibit very identical 
behaviours as initially in all the tests the beam undergoes compression due to 
expansion against the axial restraint offered by the columns. At certain 
temperature the beam in each case undergoes significant loss in both strength 
and stiffness and undergoes considerable deflection at an increased pace. At 
this point the beam enters the catenary stage and starts to exert tensile force on 
the supporting columns through the connections. The reason for the different 
behaviour observed in TC-5 is due to the fact that the temperature applied is 
lower than the other models and therefore the beam starts to cool before it 
could reach its critical temperature and move into the catenary stage. TC-5 also 
exhibits some tensile force eventually at a lower temperature due to the 
contraction taking place in it during cooling, which is resisted at the supports. 
TC-4 is observed to have the highest tensile force in the catenary stage before 
the cooling begins this is due to the highest temperature applied to this model. 

Models TC-4, TC-6 and TC-7 consist of reverse channels whose thicknesses 
are 10 mm, 8 mm and 12 mm respectively. It can be seen from Figure that 
model TC-6, although starts cooling just before the beam could enter catenary 
stage, could be observed to have the highest transition temperature followed by 
TC-4 and TC-7 in that order. TC-6 has the lowest rotational stiffness at the 
beam to column supports due to the smallest thickness of the connecting 
reverse channel. This indicates that the rotational stiffness of the support plays 
an important role in determining the transition temperature of the beam from 
compressive behaviour to the catenary stage.  
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Figure 4.2-7: Axial force vs. temperature in FE Models (TC-4 to TC-7) 
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Figure 4.2-8: Axial force vs. temperature in FE models (TM-1 to TM-3) 

 

Table 4.2-1 gives details of the comparison between the tests and the finite 
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each. The results show that the finite element models are very good at 
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analysis is in most cases below 20%. The difference between tensile force 
acting on the connections after cooling has occurred in tests TC-4 to TC-7 is 
shown by Figure 4.2-7. These differences between test results and finite 
element results are much more pronounced in this case, which might be due to 
the difference in column stiffness between the tests and the finite element 
analysis as the heating of the column is not taken into consideration in the 
finite element models. 
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Table 4.2-1: Maximum compressive axial force in the beam 

Model Test Result [kN] FE Result [kN]  Difference [%] 
TC-4 117 144 23.0 
TC-5 134 132 1.5 
TC-6 116 122 5.1 
TC-7 122 131 7.3 
TM-1 52 52 0.0 
TM-2 75 86 14.6 

TM-3 73 86 17.8 
 

Table 4.2-2: Maximum tensile force on connection after cooling 

Model Test Result [kN] FEM Result [kN] Difference [%] 
TC-4 127 172 35.4 
TC-5 15 60 300 
TC-6 137 115 16 
TC-7 191 152 20.4 

 

Figure 4.2-9 shows the ratio between the maximum axial compressive forces to 
the beam resistance in compression at ambient temperature for both Tests and 
FE-models. Figure 4.2-10 shows the same for the maximum tensile force in the 
beam after cooling has taken place. The maximum compressive forces in the 
finite element model of the tests are very close to the test result. The tensile 
force comparison, however, shows some scatter as many tests results do not 
closely match the finite element results. 
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Figure 4.2-9: Ratio of the maximum compressive axial force to the resistance 
of the cross section (compression) according to EC-3 at 20°C 

 

Figure 4.2-10: Ratio of the maximum tensile axial force to the resistance of the 
cross section (tension) according to EC-3 at 20°C 
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4.2.3 Midspan deflection 

The variation of the midspan deflection of the beam with respect to the 
temperature variation in test TC-4 has been shown in Figure 4.2-11. The 
observed behaviour is very identical between the test results and the finite 
element analysis. The deflection of the beam starts to show a ‘runaway’ 
behaviour at temperature which is very closely matched between the test and 
the finite element model. This is precisely the temperature at which the axial 
force in the beam changes from compressive to tensile force as the beam starts 
to transit into the catenary stage and resists the applied load partially through 
the catenary action in the beam. 

The maximum deflection observed in the finite element model is about 10% 
lower than the test result, which could also be attributed to the reduced 
stiffness in the column during the tests at high temperature. The beam contracts 
during cooling phase which causes the midspan deflection to reduce from its 
maximum value at the highest temperature. This is due to the ‘reverse bowing’ 
of the beam as the beam cools down with the hottest parts contracting the most. 

 

Figure 4.2-11: Midspan deflection vs. Temperature (Test TC-4) 
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Figure 4.2-12 and Figure 4.2-13 shows the midspan deflection variation with 
respect to the changing temperature for the models listed in Table 4.1-1 and 
Table 4.1-2 respectively. TC-5 is shown to have a comparatively very small 
deflection before the cooling phase starts, which is due to the fact that the 
beam has not reached the temperature in this case to transit into the catenary 
stage. All other models have shown considerable deflections as the beam enters 
into the catenary stage.  All the models in Figure 4.2-12 show that during the 
cooling phase the midspan deflection starts to decrease from its maximum 
value, which is expected due to the ‘reverse bowing’ effect during cooling. 
TM-1, TM-2 and TM-3 show very similar midspan deflection behaviour as 
shown in Figure 4.2-13. These models were subjected to cooling but 
measurements were not documented. 

 

 

Figure 4.2-12: Midspan deflection vs. temperature (TC-4 to TC-7)
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Figure 4.2-13: Midspan deflection vs. temperature (TM-1 to TM-3) 
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compared to the corresponding test result. It shows that the test results for the 
midspan deflection are higher than the corresponding result for the finite 
element models. 

-350

-300

-250

-200

-150

-100

-50

0
0 100 200 300 400 500 600 700 800 900

D
ef

le
ct

io
n 

[m
m

]

Temperature [°C]

TM-1 TM-2 TM-3



 Validation of numerical models 
 

  83 

 

Figure 4.2-14: Maximum midspan deflection in the tests and FE Models 

Annex A contains the comparison between the tests and finite element analysis 
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5 DESCRIPTION OF HAND CALCULATION 
PROCEDURE 

It is imperative to develop simplified design procedures, which accurately 
describes the restrained behaviour of steel beams at elevated temperatures. 
Simple hand calculation procedures have been proposed by several authors 
that can be adopted as the simplified design procedures. This chapter presents 
a detailed description of the one of the proposed hand calculation procedure. 
The purpose of this chapter is to describe in detail how the hand calculation 
procedure has been used by the author to analyse different sub-frame setups, 
which have then been used for comparison with finite element results presented 
in the next chapter. 

5.1 Simplified hand calculation method (Yin & Wang) 

A simplified hand calculation procedure has been proposed by Yin and Wang 
to describe the catenary action in beam at elevated temperatures [16], [17]. 
Although the method, as presented in [16] and [17], was primarily intended to 
describe the behaviour of a restrained steel beam at the catenary stage, it could 
as well be applied throughout the temperature range. The behaviour of a 
restrained steel beam at elevated temperatures has been briefly discussed in 
section 2.5 of chapter 2, which will not be repeated here. The original method 
presented in [16] and [17] uses an iterative approach to describe the behaviour 
of the beam in the second (elasto-plastic) and third (catenary) stage. An 
alternative approach has also been proposed by Wang et al that further 
simplifies the calculation in the second and third stage [20]. The hand 
calculation procedure adopted here in this study has also taken into account 
this simplification and will be discussed in detail in the following sections. 
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5.2 Axial force in beam 

Figure 5.2-1 shows a beam with a general loading case of uniformly distributed 
load and concentrated loads acting simultaneously. At the supports the beam is 
restrained by axial and rotational restraints of finite stiffness magnitudes. The 
beam is also subjected to a temperature gradient through the depth of its cross 
section. Under the action of the applied loads the beam is in equilibrium shown 
by equation. 
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Figure 5.2-1: Beam deflection and equilibrium diagrams [16] 

 

 T m t T R PF ( ) M M M 0   [5-1] 

 

Where 

 

TF axial force in the beam 
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TM  midspan bending moment in the beam 

RM  resisting bending moment at the support  

PM  bending moment due to imposed loads 

m  midspan deflection due to mechanical loads 

t  midspan deflection due to thermal bowing 

 

The axial force and bending moment produced in the beam are related to the 
beam’s deflection. Yin and Wang have proposed a set of equations to calculate 
these quantities based on the deflection profile of the beam as discussed below 
[16]. 

The elastic axial force in the beam depends on the effective axial restraint 
stiffness offered to the beam at the supports and the longitudinal strain as 
shown below. 

 

 m
T A m A

LF K K
L

  [5-2] 

 

Where 

AK  is the effective axial restraint 

mL  is the change in length of the beam 

The net expansion or net contraction of the beam against the axial restraint will 
determine if the force in the beam will be axial compression or axial tension, 
respectively. The contraction at the supports will be both due to the vertical 
deflection from imposed loads as well as from the thermal bowing in the beam 
as discussed below. 
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5.2.1 Deflection profile due to load 

The deflection profile due to imposed loads on a beam with complete end 
rotational restraints at the supports should fit a fourth order polynomial given 
below [16]. 

 

 
4 3

m,max 2
2 2

16 x 2xz x
L L L

  [5-3] 

Where 

 

,maxm  is the maximum midspan deflection due to imposed loads 

 

For zero rotational restraints the deflection profile of the beam for concentrated 
loads should mirror the shape of its free bending moment diagram. For flexible 
rotational restraints the deflection profile is obtained from linear interpolation 
between full rotational restraints and zero rotational restraints as shown below 
[16]. 

 

 flexible f zero f fixedz 1 c z c z   [5-4] 

 

Where 

 

R
f

Kc
EI L

 is the ratio between effective rotational restraint stiffness and 

bending stiffness of the beam 
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5.2.2 Deflection profile due to temperature gradient 

If the beam has zero rotational restraints at the supports then a temperature 
gradient through the depth of the beam cross section will produce thermal 
curvature of the beam given by the following equation [17]. 

 

 2
t

Tz x Lx
2h

  [5-5] 

 

Where 

T  is the temperature difference between the top and bottom of the 
beam cross section 

h  is the height of the beam cross section 

 

For full rotational restraints at the supports the thermal curvature due to any 
temperature gradient is zero, instead there is hogging moment at the supports 
given by the following equation. 

 

 T
t

E I TM
h

  [5-6] 

 

Where 

TE  is the Young’s modulus as temperature T of the support 

For a uniform temperature distribution the deflection profile is only due to the 
imposed mechanical loads whereas for temperature gradient through the cross 
section depth, it should be equal to the sum of the profiles due to imposed 
mechanical loads and due thermal curvature as shown below. 
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 m tz z z   [5-7] 

 

The shortening of the distance between the supports due to curvature imposed 
by the lateral deflection of the beam is calculated from the following equation 
[16]. 

 

 
1 22L

0

dzL 1 dx L
dx

  [5-8] 

 

Opposing the contraction of the beam is its thermal expansion given below. 

 

 tL TL   [5-9] 

 

The difference between the expansion and contraction will determine if there 
will either be compression or tension in the beam. Net expansion corresponds 
to axial compression in the beam and net contraction corresponds to axial 
tension. 

 

 m tL L L   [5-10] 

 

5.2.3 Midspan bending moment 

The elastic midspan bending moment can be obtained from the curvature of the 
beam according to beam theory as shown below [16]. 
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2

m
T T 2

Lx
2

d zM E I
dx

  [5-11] 

Where 

mz  is the deflection profile due to imposed loads 

 

5.2.4 Support bending moment 

The resisting bending moment at the support depends on the stiffness of the 
rotational restraint and the rotation angle of the beam at the support as shown 
below [16]. 

 

 R R
x 0

dzM K
dx

  [5-12] 

Where 

RK  is the rotational stiffness of the support 

 

5.2.5 Axial force and bending moment Interaction 

Under combined axial compressive force and bending moment, the beam will 
reach the capacity of the cross section in compression. This is characterized by 
the reduction in the compressive axial force in the beam of stage-II as shown in 
Figure 2.5-1. The interaction equation between the axial compressive force in 
the beam and the bending moment at any section if the neutral axis lies in the 
web of the section is given below [16]. 
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22

P P

1M F 1
M F2 1

  [5-13] 

 

Where 

PM  is the plastic bending moment capacity of the beam cross section 

PF  is the axial force capacity of the beam cross section 

 is the ratio of web area to the total flange area of the beam 

 is the ratio of the flange thickness to the web height 

 

If the plastic neutral axis lies in the flange of the beam then the interaction 
equation is as shown below [16]. 

 

 2 2
P P

1 M F 1
M F1

1
2 1

  [5-14] 

 

Where 

 is the ratio of the web area to the total area of cross section of the 
beam 

In stage-II the compressive axial force gradually decreases from its maximum 
value due to increasing deflection of the beam and the shortening induced by 
this deflection, which compensates for part of the thermal expansion of the 
beam against the axial restraints. 
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5.2.6 Approximation of beam axial force in stage-II and III 

The compressive force in the beam decreases with increasing temperature until 
it reaches zero. The temperature at which the axial force is zero is the same as 
the conventional limiting temperature based on the bending resistance of the 
beam. At this point the applied load is only resisted by the beam bending 
resistance only. As the temperature increase further the beam starts 
increasingly deflect more and the shortening of the distance between the beam 
ends due to curvature, exceeds the thermal expansion for the first time. This 
leads to axial tensile force in the beam which partially resists the applied load 
through catenary action. The axial tensile force continues to increase until it 
reaches the axial tensile force capacity of the cross section. Wang et al has 
proposed a simplified linear relationship to describe the axial force-temperature 
relationship in a restrained beam [20] shown as the broken line in Figure 2.5-1. 

The proposed linear relationship is obtained by determining the three points 
identified in Figure 2.5-1. The first point corresponds to the point of maximum 
axial compressive force in the beam discussed above. The second point 
corresponds to the conventional limiting temperature of the beam and zero 
axial force. These two points are joined together by a straight line, which is 
then extended up to the axial force yield limit line to obtain the third point. 
This approximation is based on the extensive numerical simulations performed 
by Yin and Wang [16], [17]. 

5.3 Beam midspan deflection 

The midspan deflection of the beam is calculated using the elastic deflection 
formulation for stage-I and elasto-plastic deflection formulation for stage-II 
and III according to Dwaikat and Kodur [22]. 

5.3.1 Elastic deflection 

The midspan deflection of the beam during the elastic phase can be obtained 
using the conventional elastic formulations for different type of loadings. The 
modulus of elasticity should be reduced according to the increasing 
temperature by multiplying it with the relevant temperature reduction factor. 
The effect of thermal gradient if any should also be included to obtain the total 
elastic midspan deflection of the beam [22]. 
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5.3.2 Elasto-plastic deflection 

A conservative estimation of the midspan deflection of the beam in the elasto-
plastic stage can be made by linear interpolation between the deflection at the 
end of elastic phase and the deflection at the point of start of catenary action in 
the beam [22]. The deflection at the end of elastic phase in obtained from 
elastic formulation of midspan deflections as discussed above. 

 

 

Figure 5.3-1: Approximate deflection profile at catenary point [22] 

 

Figure 5.3-1 shows a deflection profile of a beam loaded with a uniformly 
distributed load. The deflection profile at catenary stage has been approximated 
with a straight line. The deflection at the midspan, the half span length and the 
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half span length of the deflected beam respectively form the three sides of a 
right angled triangle which implies the following relationship [22]. 

 
2 2

2
c

L L
2 2

  [5-15] 

 

 c
L L L T 20
2 2 2

  [5-16] 

Where 

cT  is the temperature at the catenary stage 

L
2

 is the deformed length of the beam 

0  the net change in length is zero at the catenary point as the 
contraction due to vertical deflection is equal to thermal expansion 

 

Inserting these values into equation [5-15] and solving for c  (neglecting 
higher order terms) will give the following equation [22]. 

 

 c c
L 2 T 20
2

  [5-17] 

 

Deflection at the temperature values between yield temperature and 
temperature at the catenary point are calculated using linear interpolation as 
shown below [22]. 
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c y

T T
T T

  [5-18] 

5.4 Description of the loading setup 

A beam loaded with a four point concentrated point load setup, shown here in 
Figure 5.4-1, has been used for comparison between the hand calculation 
procedure described in this chapter and the finite element analysis discussed in 
chapter 6. The beam spans and cross section dimensions chosen for 
comparison are the same as discussed in chapter 4 and their details are 
provided in Table 6.2-2 of chapter 5. 

 

Figure 5.4-1: Four point load setup 

 

5.4.1 Uniform temperature 

The deflection profile for the given concentrated four-point loading setup 
subjected to a uniform temperature distribution according to equation [5-4] is 
given here in equation [5-19]. 

m,max

4 3
m,max 2

f m,max f 2 2

m,max

L3 0 xx 3L 16L 2L x 2xz (1 c ) x c x
3 3 L L L

3 2L(L x) x LL 3

  [5-19] 
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The beam shortening given in equation [5-8] has been calculated for equation 
[5-19] and has been presented in Annex B in detail. The result from this 
calculation is presented here as shown below. 

2
m,max2

f f
53251 34L c c 3
76545 27 L

  [5-20] 

 

5.4.2 Temperature gradient 

The deflection profile of a beam subjected to temperature gradient through the 
cross section depth due to the mechanical loading imposed by concentrated 
point loads and zero rotational restraint at the supports is as shown below [16].  

 

UDL CPL
m

z zz
2

  [5-21] 

 

Where 

UDLz  is the deflection profile due to uniformly distributed load  

CPLz  is the free bending moment profile due to concentrated loads 

 

The total deflection profile is obtained by adding to equation [5-21], the 
deflection caused by the curvature due to temperature gradient as shown by 
equation [5-7]. 

The deflection profile of a beam subjected to concentrated point loads, fixed 
rotational restraints at supports and temperature gradient through the depth of 
the cross section is the same as shown in equation [5-3].For flexible end 
rotational restraints the deflection profile is obtained from equation [5-4]. 



Restrained Behaviour of Beams in a Steel Frame Exposed to Fire 

98 

The beam shortening is calculated for the beam with flexible end rotational 
restraint and the concentrated four point loading the details of which are 
presented in Annex C and the result presented below. 

 

2 2 2 3
m,max m,max

2

TLT LL A B C
L h h

  [5-22] 

 

Where 

2
f f

1A (20218763 3941003c 5497366c )
7654500

 

2
f f

1B (1 c 2c )
24

 

2
f f

1C (3881 641c 4522c )
6075
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6 COMPARISON BETWEEN NUMERICAL AND 
HAND CALCULATION MODELS 

Finite element analysis may not be suitable for application in practical design 
due to their complexity and cost in terms of time. It is therefore necessary to 
develop simple hand calculation procedures, which can be applied in design 
calculations with greater confidence. A number of attempts have been made by 
various researchers to develop hand calculation procedures which describe 
the behaviour of restrained steel beams in structural sub-assemblies as 
discussed in chapter 5. This chapter discusses the results obtained from these 
hand calculation procedures and compares them to the finite element results. 
The purpose in doing so is to validate the hand calculation model through 
comparison to the already validated finite element models 

6.1 Hand Calculation Method 

The conventional design procedure prescribed in codes and standards such as 
Eurocode calls for the assessment of fire resistance based on critical 
temperature or strength limit state [4]. In a structural assembly or sub-assembly 
steel beams are not isolated but in fact restrained by the surrounding structure. 
Fire tests conducted on structural assemblies and real fire incidents have 
indicated that strength limit state might not be a realistic design limit state for 
restrained steel beams [23]. The other important criteria that are of interest for 
restrained beams at elevated temperatures are the axial force in the beam and 
the deflection of the beam. The axial force is important due to the fact that the 
stability of the surrounding structure might be at risk due to high axial catenary 
forces acting on it at elevated temperatures. Large deflections in restrained 
beams at elevated temperatures can cause problems such as malfunction of 
access doors and exit routes and also lead to loss of compartmentation and thus 
spread of fire [22].   
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A design procedure based on a simple hand calculation model should be able 
to provide these two important criteria for design of restrained steel beams at 
elevated temperatures. The details of the available hand calculation procedures 
have been provided in chapter 5 and will not be repeated here. 

6.2 Comparison between HCM and FE-Models 

The finite element models discussed in chapter 4 have been shown to have 
matched the real sub-frame behaviour in fire to a great extent. The same 
models have been used here in this chapter to make comparison between finite 
element analysis and the results from hand calculation procedures for the same 
sub-frame models. The purpose in doing so is to see how well the hand 
calculation procedure can match the results from finite element models which 
have been validated against real fire tests on sub-frames. 

6.2.1 Details of FE-models used for comparison 

The two different Sub-frame test setups discussed in chapter three have also 
been used here as to make comparison between the FE-Analysis and the hand 
calculation procedure described in chapter 5. The different test setups with 
their dimensions have been summarised here in Table 6.2-1. A concentrated 
four point loading has been applied on all the models. The load levels applied 
on the beam 0.4 and 0.6 times the bending resistance of the beam at ambient 
temperature considering simple supports. Both uniform temperature 
distribution and temperature gradient through the beam cross section depth 
have been considered.  

 

Table 6.2-1: Dimensions of the different Sub-frame components 

Sub-frame 
setup Column Beam Connection Beam span 

[m] 

Setup 1 SHS 250x8 UB 178x102 
x19 

UK SHS 
180x42.7 2 

Setup 2 SHS 
250x10 IPE300 U200x90x10 5 

Setup 3 SHS 
250x10 IPE300 U200x90x8 5 

Setup 4 SHS 
250x10 IPE300 U200x90x12 5 
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Table shows the list of all the example FE models that will be used for 
comparison between FE-analysis and hand calculation method. 

 

Table 6.2-2: List of all the example FE models used for comparison to HCM 

Example Sub-frame Setup Load level Temperature 
distribution 

Model 1 Setup 1 0.4 Uniform 
Model 2 Setup 1 0.4 Gradient 
Model 3 Setup 1 0.6 Uniform 
Model 4 Setup 1 0.6 Gradient 
Model 5 Setup 2 0.4 Uniform 
Model 6 Setup 2 0.4 Gradient 
Model 7 Setup 2 0.6 Uniform 
Model 8 Setup 2 0.6 Gradient 
Model 9 Setup 3 0.4 Uniform 
Model 10 Setup 3 0.4 Gradient 
Model 11 Setup 3 0.6 Uniform 
Model 12 Setup 3 0.6 Gradient 
Model 13 Setup 4 0.4 Uniform 
Model 14 Setup 4 0.4 Gradient 
Model 15 Setup 4 0.6 Uniform 
Model 16 Setup 4 0.6 Gradient 

 

The temperature is applied as a predefined field based on a temperature-time 
relationship from ISO 834 standard fire curve. The temperature gradient 
through the depth of the beam cross section is applied by dividing the cross 
section longitudinally though the depth into many segments as shown in the 
Figure 6.2-22. A constant temperature field is then applied to each segment and 
the variation of this temperature from one segment to the other, from top to 
bottom, will depend on the temperature gradient applied through the depth of 
the beam. 
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The beam is connected at each end to square hollow composite concrete filled 
tubular (CFT) columns through reverse channel connections shown in Figure 
6.2-1 and Figure 6.2-2. The connection between the beams and the columns 
offer finite resistance against both axial displacement and rotation. The 
magnitude of the axial and rotational stiffness of the connection region is 
determined from finite element calculations at ambient temperature presented 
as follows. 

6.2.2 Axial stiffness at supports 

A load is applied on the column at the connection region by applying a 
pressure load on the beam cross section at its free end. The horizontal reaction 
force measured at the column supports is plotted against the horizontal 
displacement measured at the midspan of the column. The initial slope of the 
load vs. displacement plot will give approximately the axial stiffness of the 
beam to column support. As the beam expands during its exposure to high 
temperatures it pushes the supporting columns outwards. The compressive 
force in the beam generated during this stage depends on the extent of the 
stiffness offered by the columns to the beams thermal expansion. Later at high 
temperatures when the beam enters the catenary stage the columns will resist 
the tensile forces exerted by the beam through the connections. 

The test setups discussed above have two different columns with different 
cross sectional dimensions and heights. Axial stiffness offered by these two 
different columns to their supported beams have been calculated from the load 
vs. displacement graph for each as discussed above and shown in Figure 6.2-4. 
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Figure 6.2-1: beam to column connection for setup 1 

 

Figure 6.2-2: beam to column connection for setup 2 
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Undeformed Deformed 
Figure 6.2-3: calculation of column bending stiffness 
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Figure 6.2-4: Force-displacement curve for column in setup 1 and setup 2 

The midspan displacement of the column, due to the push exerted by thermal 
expansion of the beam and later on the pull exerted beam due to its excessive 
deflections, is within the elastic limits of the force-displacement graphs for 
both columns shown in Figure 6.2-4. This is confirmed from the contour plots 
shown in Figure 6.2-5 for maximum outward push force (beam in 
compression) acting on the column and Figure 6.2-6 for maximum inward pull 
force (beam in catenary tension) acting on the column. The limits imposed on 
the maximum and minimum displacement value in the legend of the contour 
plot are within the elastic range. The linear part of the curve is therefore used 
to calculate the axial restraint stiffness offered by the column to the beam 
expansion and contraction as shown in Figure 6.2-7 and Figure 6.2-8. 
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Setup 1 Setup 2 

Figure 6.2-5: Displacement [mm] at maximum compressive force in beam 
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Setup 1 Setup 2 

Figure 6.2-6: Displacement [mm] at maximum tensile force in beam 
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Figure 6.2-7: Trend line showing the linear part of force-displacement curve 
for setup 1 

 

Figure 6.2-8: Trend line showing the linear part of the force-displacement 
curve for setup 2 to 4 
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The stiffness of the linear part of the force-displacement curve is determined 
from the trend line shown in the Figure 6.2-7 and Figure 6.2-8 and given below 
in Table 6.2-3. 

Table 6.2-3: Axial restraint stiffness offered by the supporting columns 

Column type Axial restraint stiffness [kN/mm] 

Column in Setup 1 18.75 

Column in Setup 2 to 4 23.33 
 

The stiffness curves shown in Figure 6.2-4 and can be approximated as an 
elasto-plastic bilinear curve if the non-linear behaviour of the axial restraint is 
desired. However, in this study the non-linear behaviour of the axial support 
stiffness will not be considered as discussed above. 

6.2.3 Rotational stiffness at supports 

The conventional method for calculating the rotational stiffness of a connection 
is based on the component method provided in EN 1993-1-8 [31]. The reverse 
channel component is currently not covered in the existing method therefore 
instead of performing any hand calculation procedure; finite element modelling 
has been used to calculate the connections rotational stiffness. In the same 
manner as for calculating the axial restraint stiffness, the rotational stiffness is 
calculated by applying a transverse load to the cantilever beam shown in 
Figure 6.2-9. The applied moment is plotted against the rotation angle in this 
case as shown in figure and figure. The bending moment is calculated by 
multiplying the applied transverse force with the moment arm measure from 
the centre of the loading plate to the interface between the endplate and the 
reverse channel. The rotation angle is obtained from the vertical displacement 
of two points marked on the beam upper flange near the connection region as 
shown in figure.  A bending moment is applied to the connection through 
applying a transverse load on the cantilever beam discussed in the previous 
section. The deformed shape of the connection is shown in Figure 6.2-9. 
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Undeformed Deformed 

Figure 6.2-9: Rotational deformation of the connection region 

 

 

Figure 6.2-10: Moment vs. Rotation for connection in setup 1 
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Figure 6.2-11: Moment vs. Rotation for connection in setup 2 

The elastic part of the moment-rotation curves in both, Figure 6.2-10 and 
Figure 6.2-11 will be considered to calculate the rotational stiffness of the 
support. The slope of the trend line through the elasto part gives the rotational 
stiffness of the supports as shown in Figure 6.2-12 to Figure 6.2-15. 
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Figure 6.2-12: Trend line showing the elasto-plastic part of the moment-
rotation curve for setup-1 

 

Figure 6.2-13: Trend line showing the elasto-plastic part of the moment-
rotation curve for setup 2 

y = 1 436x

0

2

4

6

8

10

12

14

16

18

0.000 0.002 0.004 0.006 0.008 0.010 0.012

M
om

en
t [

kN
m

]

Rotation [radians]

y = 4 130x

0

10

20

30

40

0.000 0.002 0.004 0.006 0.008 0.010

M
om

en
t [

kN
m

]

Rotatioan [radians]



 Comparison between numerical and hand calculation models 

  113 

 

Figure 6.2-14: Trend line showing the elasto-plastic part of the moment-
rotation curve for setup 3 

 

Figure 6.2-15: Trend line showing the elasto-plastic part of the moment-
rotation curve for setup 4 
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The trend line equation for each moment-rotation curve gives the stiffness of 
the elastic part as shown in Figure 6.2-12 and Figure 6.2-13 summarized in 
Table 6.2-4. 

Table 6.2-4: Rotational restraint stiffness 

Connection type Rotational restraint stiffness 
[kNm/radian] 

Setup 1 1436 

Setup 2 4130 

Setup 3 2458 

Setup 4 3256 
 

6.2.4 Uniform temperature distribution 

The beam in the sub-frame model is subjected to increasing temperature by 
applying temperature uniformly as a predefined field through the span and 
across the depth of the beam cross. A maximum temperature of 900°C is 
applied using the default amplitude curve ‘ramp’, which applies the 
temperature at a uniform rate through the analysis step. The connection region 
is subjected 0.6 times the maximum beam temperature based on the 
assumption that the connection is at a relatively lower temperature during fire 
exposure due to fire protection and concentration of mass. The comparison 
between the hand calculation result and the finite element modelling results are 
presented as follows. 

Axial force 

Figure 6.2-16 shows the comparison between the variation of axial force with 
increasing temperature obtained from the hand calculation model and the finite 
element model for Model-1 of Table 6.2-2. The result shows that the hand 
calculation procedure is fairly accurate in predicting the axial stiffness at the 
supports and maximum compressive force produced due to the beams 
restrained thermal expansion. The maximum tensile force predicted by the 
hand calculation model is higher than the finite element result, which is 
expected since the hand calculation model does not consider any bending 
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stiffness in the beam at the maximum catenary stage. In the finite element 
model, however, there is still some bending stiffness which accounts for some 
of the reduction in the beams axial catenary force at the catenary stage. 

 

Figure 6.2-16: Axial force vs temperature in Model 1 

Figure 6.2-17 shows the ratio of the maximum compressive force from the 
hand calculation procedure to the maximum compressive force from the finite 
element analysis for the corresponding models. Similarly Figure 6.2-24 shows 
the same for the maximum tensile force. It can be seen that the hand 
calculation model is quite accurate in its prediction of the maximum 
compressive force but slightly more conservative in predicting the maximum 
tensile force in all the models as discussed above. Figure 6.2-17 and Figure 
6.2-18 shows the comparison between maximum compressive forces for the 
different models and load levels. Figure 6.2-19 and Figure 6.2-20 shows the 
same for the maximum tensile force. 
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Figure 6.2-17: Maximum compressive force as fraction of member resistance 
(compression) at 20° at uniform temperature and load level 0.4 

 

Figure 6.2-18: Maximum compressive force as fraction of member resistance 
(compression) at 20° at uniform temperature and load level 0.6 
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Figure 6.2-19: Maximum tensile force as fraction of cross section resistance 
(tension) at 20° at uniform temperature and load level 0.4 

 

Figure 6.2-20: Maximum tensile force as fraction of cross section resistance 
(tension) at 20° at uniform temperature and load level 0.6 
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Midspan deflection 

Figure shows the variation of the midspan deflection of the beam with 
increasing temperature for the hand calculation procedure as well as for the 
finite element modelling. The comparison shows that the hand calculation 
method gives a good approximation of the variation of the midspan deflection 
with temperature particularly at relatively lower temperatures. At very high 
temperatures when the beam is in the catenary stage the results are observed to 
be diverging. 

 

Figure 6.2-21: Variation of midspan deflection with temperature (HCM vs 
FEM) 
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6.2.5 Temperature gradient 

The beam is subjected to temperature gradient by applying the temperature in 
the model as predefined field. The temperature gradient used for this purpose is 
shown in the Figure 6.2-22. A constant temperature of 720°C is applied to the 
top flange and 900°C to the bottom flange. The temperature variation through 
the width of the beam web is implemented by partitioning the web into 
horizontal strips, as shown in Figure 6.2-22, and then applying different 
temperature field to each strip depending on the distance from the top. 

  
Temperature gradient Partitioning of the web 

Figure 6.2-22: Temperature gradient across the beam depth 

Axial force 

Figure 6.2-23 shows the variation of the axial force with increasing 
temperature for the hand calculation model and the finite element model. It can 
be seen that the hand calculation procedure makes good prediction of the 
maximum compressive force and the axial restraint stiffness. The prediction of 
the maximum tensile force in the catenary stage by the hand calculation 
procedure is relatively conservative, which is due to the fact that in the FE-
model the cross section will have some bending stiffness at the point of 
maximum catenary stage. The hand calculation procedure is simplified by 
assuming that the only resisting mechanism at this stage is the catenary action 
in the beam.  
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Figure 6.2-23: Axial force vs Temperature in Model -04 

-150

-100

-50

0

50

100

150

200

250

0 100 200 300 400 500 600 700 800 900 1000

Ax
ia

l F
or

ce
 [k

N
]

Temperature [°C]

HCM FEM



 Comparison between numerical and hand calculation models 
 

  121 

 

Figure 6.2-24: Maximum compressive force as fraction of member resistance 
(compression) at 20° at temperature gradient and load level 0.4 

 

Figure 6.2-25: Maximum compressive force as fraction of member resistance 
(compression) at 20° at temperature gradient and load level 0.6 
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Figure 6.2-26: Maximum tensile force as fraction of cross section resistance 
(tension) at 20° at temperature gradient and load level 0.4 

 

Figure 6.2-27: Maximum tensile force as fraction of cross section resistance 
(tension) at 20° at temperature gradient and load level 0.6 
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Midspan deflection 

Figure shows the variation of the midspan deflection with temperature both for 
the hand calculation procedure and the finite element model. The comparison 
shows good prediction by the hand calculation model at relatively lower 
temperatures and divergence from the finite element model at high 
temperatures. 

 

Figure 6.2-28: Variation of midspan deflection with temperature (HCM vs 
FEM) 

Annex D provides the details of the results for the comparison between the 
proposed hand calculation procedure and finite element analysis. 
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7 INFLUENCE OF DIFFERENT PARAMETERS ON 
RESTRAINED BEAM BEHAVIOUR 

The behaviour of a restrained beam is highly dependent upon restraint 
conditions provided by the surrounding structure and the connection 
components connecting a structural member to its surrounding. In this chapter 
a small parametric study is performed on the already bench marked models 
discussed in chapter 4 to see the influence of different parameters on the 
behaviour of restrained steel beams. 

7.1 Boundary conditions 

The bench marked models, discussed in chapter 4, have been used here to 
perform the parametric study. The column length has been change to 5.4 meter 
in total to represent realistic floor height. The beam is subjected to increasing 
temperature in the model as a predefined temperature field varying according 
to the ISO 834 standard fire curve and then cooled down from 880°C to 
ambient temperature. The temperature time relationship is used as the 
amplitude curve associated with the predefined temperature field shown here in 
Figure 7.2-1. The connection components are heated only up to 600°C and then 
cooled down, simulating certain level of fire protection. 

7.2 Uniform temperature distribution 

In a framed structure the primary beams are always supported at each end by 
supporting columns. These columns provide the axial restraint against the 
thermal expansion of the beam at elevated temperatures. The axial stiffness 
provided by these columns to the thermal expansion of the beams will 
determine the extent of axial force produced in the restrained beam. This 
restraint stiffness offered by the column depends on the restraint conditions at 
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the boundaries of the column and the position of the fire compartment. Four 
different possible scenarios have been considered, shown in Figure 7.2-2, 
which might correspond to realistic scenarios in real structural frames. 

 

Figure 7.2-1: Temperature vs. time (step time) relationship used as amplitude 
in Abaqus 
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Figure 7.2-2: Different boundary conditions considered 

Figure 7.2-3 shows the variation of axial force in the beam with changing 
temperature. It can be seen that maximum compressive force produced in a 
beam in an interior compartment (case C and D) is many times higher than that 
produced in the beam in an exterior compartment (case A and B). This is due 
to the high axial restraint stiffness offered to the thermal expansion of the beam 
by the adjacent structure. The boundary conditions of the column have almost 
no effect on the behaviour of the beam in the interior compartments since the 
axial restraint is mostly from the beam in the adjacent compartment. In an 
exterior compartment, however the boundary conditions of the supporting 
column will determine the extent of axial force produced in the beam. It can be 
seen that the axial compressive force produced for fixed column boundaries 
(case A) results in more than twice the axial compressive force for pinned 
column boundaries (case B). The axial tensile force in the beam after cooling 
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has taken place shows similarity to the behaviour of the axial compressive 
force, for the different boundary conditions. The difference between the 
maximum tensile force in the beam in interior and exterior compartments is, 
however not as big as it was for the maximum compressive force. 

 

Figure 7.2-3: Axial force vs. temperature (Case A, B, C and D) 

Figure shows the variation of the midspan deflection of the beam with 
changing temperature. It can be seen that fore interior compartments (case C 
and D) the beam exhibits significant midspan deflections and relatively lower 
temperatures, which happens due to the yielding of the cross section due to 
compression (in this case just above 200°C) and the resulting lateral deflection. 
At a certain temperature the axial force in the beam becomes equal to zero 
which corresponds to the conventional limiting temperature of the beam and 
does not depend on the boundary conditions as such. The midspan deflection at 
this temperature (around 760°C for the given beam) is the same for all 
boundary conditions as the beam transits into the catenary stage. During 
cooling the beam contracts and pulls the supporting structure inwards and the 
midspan deflection reduces from its maximum value at the elevated 
temperature. 
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Figure 7.2-4: Midspan deflection vs. temperature (case A, B, C and D) 

7.2.1 Temperature gradient 

In composite frames a concrete deck is supported by steel beams on its top 
flange. At elevated temperatures the concrete deck acts as a heat sink and 
causes reduction of the top flange temperature compared to the beam web and 
the bottom flange. This difference in temperature between the top flange and 
the bottom flange produces a temperature gradient that might cause additional 
thermally induced deflection in the beam and also produce bending moments at 
the supports. To see how the beam will behave differently if the top flange is at 
a lower temperature than the web and the bottom flange a temperature gradient 
shown in figure is applied to the model. The web and bottom flange 
temperatures are kept the same as before and only the top flange temperature is 
reduced to 500°C. 
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Figure 7.2-5: Temperature gradient through the beam cross section depth 

Figure shows the variation of the axial force in the beam with changing 
temperature. The behaviour of the beam with respect to the axial force 
variation with temperature is much the same way as it was for the uniform 
temperature. The yielding of the cross section in compression happens at a 
later stage and at a relatively higher temperature for each case.  

 

Figure 7.2-6: Axial force vs. temperature (temperature gradient) 
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Figure 7.2-7 shows the variation of the midspan deflection of the beam with 
changing temperature. The deflection behaviour is observed to be different 
than the corresponding cases in uniform temperature distribution. It can be 
observed that the midspan deflection magnitude is relatively higher at 
temperatures below the critical temperature of the exterior compartment 
beams, compared to the corresponding case in uniform temperature 
distribution. This is due to the additional thermally induced deflections in the 
beam due to temperature gradient. In the catenary stage the beam in interior 
compartments (case C and D) will show less deflection than the exterior 
compartment beams, which could be attributed to the higher axial and 
rotational restraints that prevents the deflection due to temperature gradient. 
The midspan deflection reduction during the cooling phase for exterior 
compartments (case A and B) are more (around 50 mm) than cooling from 
uniform temperature distribution in the same cases, which is due to the 
‘cooling gradient’ through the cross section depth of the beam. 

 

Figure 7.2-7: Midspan deflection vs. temperature (temperature gradient) 
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7.3 Effect of temperature distribution 

The temperature distribution through the depth of the beam cross section can 
significantly affect the distribution strain level in the connection components 
and also the deflection profile of the beam. Figure 7.3-1 shows that for a beam 
subjected to uniform temperature distribution a plastic hinge is formed within 
the beam near the support thus releasing the hogging moment. The connection 
components are not subjected to large strains in such a scenario as shown in 
Figure 7.3-2. On the other hand if there is a temperature gradient through the 
depth of the beam cross section as shown in Figure 7.4-1 then a hinge is 
formed by the buckling of the bottom flange of the beam near the support and 
also the plastic deformation of the lower part of the web. The top row of bolts 
in the connection will be subjected to relatively higher strains as shown by the 
plastic strain distribution of the bolts in Figure 7.4-2  

 

Figure 7.3-1: Plastic hinge formed near connection region in a beam subjected 
to uniform temperature distribution 
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Figure 7.3-2: plastic strain distribution in the bolts (Uniform temperature 
distribution) 

7.4 Effect of fire protection 

The connection region between the steel beam and the supporting columns are 
always provided with some fire protection to prevent any prevent sudden 
collapse of the structure due to connection failure in fire. It is important to see 
how the connection region behaves during its exposure to fire and then the 
subsequent cooling phase with different level of fire protection. Two different 
cases have been discussed below; first case shows the results from a model 
with protection applied to the connection components whereas the second case 
shows the results from a model which simulates the fire protection of the 
connection region and the adjacent part of the steel beam. 

7.4.1 Fire protection of adjacent beam 

The connection components are assumed to be fire protected in the finite 
element model during the fire exposure, which is implemented by applying a 
maximum temperature of around 600°C to the connection components before 
cooling phase. The maximum temperature of the steel beam is 880°C before 
the cooling phase starts. Figure 7.4-1 shows the principal plastic strain 
distribution in the connection region at maximum midspan deflection for 
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interior compartment (case C or D) with fire protection only applied to the 
connection region and temperature gradient through the depth of the beam 
cross section. The bottom flange of the beam has undergone local buckling 
near the connection, which effectively releases the hogging bending moment 
and creates a plastic hinge at the support. The beam from here onwards 
behaves much like a simply supported beam. Figure 7.4-2 shows the plastic 
strain distribution in the bolts connecting the beam endplate to the reverse 
channel, which shows that the top row of bolts has undergone some plastic 
straining (around 10%). 

 

 

Figure 7.4-1: Maximum principal plastic strain distribution (connection fire 
protected) 
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Figure 7.4-2: Plastic strain distribution in bolts (connection fire protected) 

Figure shows the connection region for the model where part of the steel beam 
adjacent to the connection has been assumed to be fire protected. This is 
achieved by applying same temperature, to 300 mm adjacent length of the 
beam, as that of the connection components. Adjacent to this length, another 
300 mm is subjected to temperature which is an average between the 
connection temperature and the beam midspan temperature simulating a 
gradual change in temperature from the connection region to the steel beam. 

Figure 7.4-3 shows that the plastic hinge is not formed and therefore the 
hogging moment will not be released as it did for an unprotected beam case. 
The hogging moment will cause deformation of the connection components as 
illustrated by Figure 7.4-4 that shows the plastic strain distribution of bolts. It 
can be seen that the top row of bolts has undergone significant plastic straining 
(more than 20%). 

Comparison between these two cases shows that the fire protection of the beam 
near the connection will produce significant plastic deformation of the 
connection components instead of plastic hinge formation due to the local 
buckling of the bottom flange of the beam, which releases the hogging 
moment. 
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Figure 7.4-3: Maximum principal plastic strains distribution (connection + 
adjacent part of beam fire protected) 

 

Figure 7.4-4: Plastic strain distribution in the bolts 
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7.5 Effect of cooling on bolts 

Cooling down of the beam from its highest temperature causes contraction of 
the beam which then pulls in the supported columns. This contraction of the 
beam can exert significant forces on the connections as it can be seen from 
Figure 7.2-6. The level of the force can be almost the same as the compressive 
force exerted by the beam during its expansion. The other important aspect that 
needs to be considered is that bolts lose significant amount of their strength in 
the post heating period especially if the heating temperature is equal to or more 
than the temperature at which it has been tempered during manufacturing 
process. The high strength giving properties are lost due to heating and the bolt 
is strength is reduced to its base material [32]. 

The axial force through one of the bottom row bolt was measured to be equal 
to 182 kN which would produce a normal stress for an M 26 cross section bolt 
(used in the models) equal to 402 MPa. Bolt belonging to grade 8.8 has yield 
strength equal to 640 MPa which after cooling will lose some of that strength. 
This indicates that 402 MPa could be of significant magnitude and may cause 
failure depending on the level of heat to which the connection region may have 
been subjected. 
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8 DISCUSSION AND CONCLUSIONS 

8.1 Finite element modelling of sub-frames 

The sub-frame setups that have been modelled were subject to very large 
global deflections at elevated temperatures and also changing of the axial force 
of the beam from compression to tension in a very rapid manner. This 
particular behaviour was challenging in terms of numerical convergence and 
although it is essentially a static problem, it was susceptible to unstable 
behaviour. This was successfully overcome by using automatic stabilization in 
Abaqus, which uses ‘artificial damping’ to prevent local instability of the 
model. The ‘dissipated energy fraction’ option was chosen in Abaqus to 
calculate the damping factor and the value was chosen on trial and error basis. 
An appropriate value of the ‘dissipated energy fraction’ is selected by keeping 
the ratio between dissipated energy and the total strain energy below 5%. The 
other check on the appropriateness of the level of damping is done by 
comparing the applied loads to the reaction forces at the supports.  

Figure 8.1-1 shows how the reaction force measured at the support varies with 
respect to the applied load. The applied load in this case is 21.5 kN on the sub-
frame model TC-6 of Table 4.1-1. The ‘dissipated energy fraction’ value used 
was 0.0002. The difference between the measured reaction force and the 
applied load is less than 5% for most of the temperature range except at 
temperature higher than 900°C where it becomes higher than 10 %. The close 
proximity between the results from the tests and the finite element modelling 
discussed in chapter 4 and provided in detail in Annex A shows that success of 
this approach. 
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Figure 8.1-1: Ratio of Reaction force at support to the applied load 

8.2 Validation of hand calculation procedure 

The thesis presents a validation of the hand calculation procedure proposed by 
Yin and Wang in their publications [16], [17]. This is done by using the finite 
element models validated against test data as the validation examples. Each 
model is subjected to uniform temperature and temperature gradient through 
the depth of the cross section each separately loaded with 0.4 and 0.6 times the 
cross sectional bending moment capacity of the beam at ambient temperature, 
which is applied as concentrated four point load. The supports consisting of the 
reverse channel connection and supporting columns provide finite axial and 
rotational restraint stiffness to the beam. 

The authors had covered the uniformly distributed load and a concentrated 
loading at midspan for their validation examples. The study presented here 
covers a third loading case of a beam with four point concentrated loading. 

The assumption regarding the deflection profile of a beam loaded with 
concentrated loads for both uniform temperature distribution and temperature 
gradients was used to calculate the axial shortening of the beam. The axial 
shortening determines the level of axial force in the beam especially at large 
deflection values. The comparison between the finite element results and hand 
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calculation for the axial force at large deflections provided in Annex E show 
that the assumption regarding the deflection profile is sufficiently accurate. 

The rotational and axial stiffness of the restraints to the beam measured from 
the finite element model at elevated temperature and then used in the hand 
calculation procedure as input. These could also be calculated using available 
hand calculation procedure or any other tool but the results from the 
comparison with finite element models show this to be valid. 

The maximum axial tensile force proposed by the hand calculation procedure 
is higher than the finite element result at the catenary stage. This is due to the 
fact that the beam will still have some bending moment resistance in the finite 
element model whereas the assumption in the hand calculation procedure is 
that the only resistance mechanism is due to catenary action in the beam. 

In their validation examples the authors used either full axial restraint with 
different levels of rotational restraint or different levels of axial restraint with 
no rotational restraints for their comparison. It must be emphasised here that 
the study presented here has used a sub-frame model in which the beam has 
flexible, rotational and axial restraints at the supports. This has shown that the 
proposed method is equally applicable to the general case of flexible rotational 
and axial restraints acting simultaneously. In this way in addition to verifying 
the proposed method, the study presented here also adds further in terms of its 
applicability to general case of simultaneous axial and rotational restraints. 

8.3 Effect of restraint conditions 

The level of axial force produced in the beam depends on the level of axial 
restraint offered to its thermally induced expansion. The surrounding structure 
which is at much lower temperature than the structural components in the fire 
compartment offers this resistance. It has been shown that the level of 
compressive axial force produced in a beam connected to an interior column 
(case C and D) will be higher by 200% than a beam connected to an exterior 
column with fixed supports (case A) and 500 % than a beam connected to an 
exterior column with pin supports (case B). 

8.4 Effect of temperature distribution 

Temperature distribution has been shown to affect the strain distribution in the 
connection components. If a beam is subjected to uniform temperature 
distribution, at high temperatures the beam will form plastic hinge near the 
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support which releases the hogging moment and the strains produced in the 
connection bolts are within the elastic range.  

For temperature gradient through the depth of the beam cross section it has 
been observed that the hinge is formed near the support due to the local 
buckling of the bottom flange of the beam and the lower part of the web. The 
top row of the bolts in the connections in this case is shown to have plastic 
straining in the range of 10%. 

8.5 Effect of fire protection 

The fire protection of the beam close to the support has been shown to have a 
effect on the failure mode at the support. An unprotected beam subjected to 
temperature gradient will develop a hinge through the local buckling of the 
bottom flange and the lower part of the web near the connection at around 
870°C. This hinge formation significantly reduces the hogging moment 
through redistribution of bending moment to midspan. The top bolt row has 
plastic strains in the range of 10% which is still significant. If for the same 
temperature distribution, the beam is protected in the region adjacent to the 
connection, it will cause significant plastic deformation of the connection 
components and the top bolt row will now exhibit plastic strains in excess of 
20% which indicates their failure at the same temperature of around 870°C. 
This indicates that the beam protection near the support can be detrimental to 
the beam to column connection. 

8.6 Effect of cooling 

The bottom row of bolt is subjected to high tensile stresses during cooling 
phase. The level of stresses could reach up to 60% of the ambient temperature 
strength of the bolt material for grade 8.8. Since the bolt loses significant 
amount of strength in the post heat cooling phase, this stress level is very 
significant and can cause their rupture. From fire tests it has been observed that 
the bolts in the bottom row are indeed subject to high tensile stresses and could 
either strip loose or be ruptured as shown in Figure 4.2-3. 
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Annex 

 
A. Tests and FE-Models comparison 

B. Axial shortening (Uniform temperature distribution) 

C. Axial shortening (temperature gradient) 

D. Mathcad Sheet for hand calculation 

E. Hand Calculation Model comparison with FEM 
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A TESTS AND FE-MODELS COMPARISON 

All the fire tests listed in Table 4.1-1 and Table 4.1-2 have been modelled 
using the commercial software Abaqus version 6.12. The variation of the beam 
axial force and the midspan deflection of the beam, with respect to the 
changing temperature, have been compared using results from tests and the 
finite element analysis shown as follows: 
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B AXIAL SHORTENING (UNIFROM 
TEMPERATURE DISTRIBUTION) 

Deflection profile of the beam with concentrated four point loading, flexible 
end rotational restraints and subjected to temperature gradient through the 
depth of the cross section is given below: 

    

m,max

4 3
m,max 2

f m,max f 2 2

m,max

L3 0 xx 3L 16L 2L x 2xz (1 c ) x c x
3 3 L L L

3 2L(L x) x LL 3

 

The axial force produced in the beam due to increasing temperature depends on 
the axial deformation which depends on the shortening of the beam due to 
lateral deflection given by the following equation: 

1 22L

0

dzL 1 dx L
dx  

Simplifying above equation will give: 

2L

0

1 dzL dx
2 dx  
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The integral given in above equation is calculated as follows: 

Let 

m,max

1 m,max

m,max

L3 0 xx 3L L 2Lz x
3 3

3 2L(L x) x LL 3

 

 

And 

 

4 3
m,max 2

2 2 2

16 x 2xz x
L L L

 

 

Then 

 

f 1 f 2z (1 c ) z c z  

 

1 2
f f

dz dzdz (1 c ) c
dx dx dx

 

 

2 22
2 21 2 1 2

f f f f
dz dz dz dzdz (1 c ) c 2c (1 c )
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m,max

1

m,max

L3 0 x
3Ldz L 2L0 x

dx 3 3
3 2L x LL 3

 

 

3 2
m,max2
2 2

16dz 4x 6x 2x
dx L L L

 

 

2
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2
m,max
2

L9 0 x
3Ldz L 2L0 x

dx 3 3
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22 2 3 2
m,max2

4 2

256dz 4x 6x 2x
dx L L L

 

 

Simplifying further 

 

2 2 6 5 4 3
m,max 22

4 4 3 2

256dz 16x 48x 52x 24x 4x
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m,max

3 2
m,max1 2
2 2

m,max

L3 0 x
3L 16dz dz L 2L 4x 6x0 x 2x

dx dx 3 3 L L L
3 2L x LL 3

` 

 

Simplifying further 

 

2 3 2
m,max
3 2

1 2

2 3 2
m,max

3 2

L48 4x 6x 0 x2x 3L L L
dz dz L 2L0 x
dx dx 3 3

48 4x 6x 2L2x x LL L L 3

 

 

Inserting all terms into the equation for 
2dz

dx
and integrating with respect to 

‘x” and then inserting in the equation for ΔL will give: 

 

2
m,max2

f f
53251 34L c c 3
76545 27 L
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C AXIAL SHORTENING (TEMPERATURE 
GRADIENT) 

Deflection profile of the beam with concentrated four point loading, flexible 
end rotational restraints and subjected to a uniform temperature distribution is 
given below: 

 

f s f fz (1 c ) z c z  

Where 

sz  is the deflection profile of beam with zero end rotational restraints 

fz  is the deflection profile of beam with fixed end rotational restraints 

differentiating above equation with respect to ‘x’ gives: 

 

s f
f f

dz dzdz (1 c ) c
dx dx dx

 

 

Squaring both sides of above equation 
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2 22
2 2s sf f

f f f f
dz dzdz dzdz (1 c ) c 2c (1 c )

dx dx dx dx dx
 

 

Integrating above equation with respect to ‘x’ 

 

2 22L L L L
2 2s sf f

f f f f
0 0 0 0

dz dzdz dzdz dx (1 c ) dx c dx 2c (1 c ) dx
dx dx dx dx dx

 

 

Multiplying both sides of above equation by ‘½’ 

 

2 22L L L L
2 2s sf f

f f f f
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Substituting terms in above equation as follows: 
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which will result in the following equation: 

 

L
2 2 s f

f s f f f f
0

dz dz1 L (1 c ) L c L c (1 c ) dx
2 dx dx

 

 

Where 

sL  is the shortening in the beam with zero rotational restraints 

fL  is the shortening in the beam with fixed rotational restraints 

 

Each of these terms is calculated as follows: 
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2

m,max

2 3 2
m,maxs

3 2

m,max

L3 0 x
32L 8dz L 2L 4x 6x T0 x 1 (2x L)

dx 3 3 5L L L 2h
3 2L x L2L 3

 

 

Integrating with respect to ‘x’ 
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2L L 3 2
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3 2
0 0
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L3 0 x
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Expanding the square and performing the integration operation gives the 
following result 

 

2 2L 2 2 3
m,max m,maxs

s 2
0
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For the beam with fixed rotational restraints 
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Differentiating with respect to ‘x’ 

 

3 2
m,maxf
2 2

16dz 4x 6x 2x
dx L L L

 

 

22 3 2
m,maxf
2 2

16dz 4x 6x 2x
dx L L L

 

 

Integrating both sides with respect to ‘x’ 

 

22L L 3 2
m,maxf
2 2

0 0

16dz 4x 6xdx 2x dx
dx L L L

 

 

Expanding the square on the right side and then applying the integration 
operation will give the following result: 

 

2 2L
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f
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dz1 256L dx
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 And finally 

2L
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Inserting all the calculated terms into the equation for L  will give the 
following result: 

 

2 2 2 3
m,max m,max

2

TLT LL A B C
L h h

 

 

Where 

2
f f

1A (20218763 3941003c 5497366c )
7654500

 

2
f f
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D MATHCAD SHEET FOR HAND CALCULATION 

Following is the Mathcad sheet used to perform the Hand calculation 
procedure: 

Hand Calculation Procedure to Calculate axial forces and 
deflection in an axially restrained beam: 

A Restrained Beam supported by two concrete filled hollow tubes (SHS 
250x8): 

Beam Length: 

 

Cross sectional dimensions: UB178x102x19 

Section height:  

Section width:  

flange thickness:  

web thickness:  

root radius:  

L 2m

h 177.8mm

b 101.2mm

tf 7.9 mm

tw 4.8 mm

r 7.6mm
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Area of cross section:  

Moment of inertia:  

Plastic section modulus:  

Elastic Section modulus:  

Material properties: 

yield strength:  

Modulus of Elasticity:  

Coeffcient of thermal expansion:  

Cross section class: 

Flange [outstand part] 

 

 

 

A 2426mm2

I 1356104mm4

Wpl 171.3103mm3

Wel 152.5103mm3

fy 355 MPa

E 210GPa

0.00001

235MPa
fy

0.814

cf
b 2r tw

2
40.6mm

cf
tf

5.139
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Web [internal compression part] 

 

 

 

 

 

flange_class 1
cf
tf

9if

2
cf
tf

10if

3
cf
tf

14if

4 otherwise

otherwise

otherwise

flange_class 1

cw h 2r 2tf 146.8mm

cw
tw

30.583

web_class 1
cw
tw

33if

2
cw
tw

38if

3
cw
tw

42if

4 otherwise

otherwise

otherwise

web_class 2
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Effective cross section properties: 

Stress distribution ratio: 

 

 

Plate buckling factor: 

 

[EN 1993-1-5] 

Non dimensional plate slenderness: 

Reduction factor: 

 

[EN 1993-1-5] 

 

 

Effective width of the plate: 

 

Part of the web removed: 

1

k 4

p

cw

tw

28.4 k
0.662

1 p 0.673if

p 0.055 3( )

p
2

otherwise

1

beff cw 146.8mm

br cw beff 0 mm
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Area of effective cross section:  

Moment of intertia: 

 

Plastic section modulus: 

 

Elastic section modulus: 

 

Temperature reduction factors for carbon steel: 

 

Aeff A br tw 2426 mm2

Ieff I
br

3 tw
12

13560000mm4

Wpl.eff Wpl
br

2 tw
4

171300mm3

Wel.eff
2Ieff

h
152531mm3

T

20

100

200

300

400

500

600

700

800

900

1000

1100

1200

kE

1

1

0.9

0.8

0.7

0.6

0.31

0.13

0.09

0.0675

0.0450

0.0225

0.00001

kp

1

1

0.807

0.613

0.420

0.360

0.180

0.075

0.05

0.0375

0.0250

0.0125

0.00001

ky

1

1

1

1

1

0.78

0.47

0.23

0.11

0.06

0.04

0.02

0.00001
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Cross sectional resistance at ambient temperature: 

Partial safety factor:            [EN 1993-1-1] 

Axial force:
 

 

Bending moment:
 

[EN 1993-1-1] 

Applied Load in fire situation: 

Load ratio:  

Applied Bending moment: 

 

Axial Support Stiffness: 

 

Rotational support Stiffness: 

 

Axial Force in the elastic stage: 

Index variable:  

Temperature variable:
 

 

 

M.0 1

Npl
Aeff fy

M.0
861 kN

Mpl
Wpl.eff fy

M.0
61 kN m

0.4

Mfi Mpl 24.325 kN m

Ka 18.75
kN
mm

K.r 1436 kN m

t 0 900

t t 20
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Web area:  

flange area:  

 

 

 

 

Yield strength at temperature θ : 

 

Partial safety factor in fire situation: 

 

Axial resistance at temperature θ : 

 

Bending moment resistance at temperature θ : 

 

Modulus of Elasticity at temperature θ : 

Aw h 2tf tw

Af b tf

1
Aw
2Af

0.486

tf
h 2tf

0.049

Aw
2 Af Aw

fy. t
linterp T ky t fy

M.fi 1

Npl. t

Aeff fy. t

M.fi

Mpl. t

Wpl.eff fy. t

M.fi



Restrained Behaviour of Beams in a Steel Frame Exposed to Fire 

174 

 

Effective axial stiffness at supports: 

 

 

Effective rotational stiffness at supports: 

 

 

Ratio of effective rotational stiffness to bending stiffness: 

 

 

first increment midspan deflection: 

 

factor to be used in axial force: 

 

 

E
t

linterp T kE t E

Kt
2

Ka

L
E

t
A

Ka.eff t

1
Kt

K1t

2
Kr

L
E

t
I

Kr.eff t

1
K1t

cf t

Kr.eff t

E
I
L

m 0.01mm

Cft

53251
76545

cf t
2 34

27
cf t

3
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Axial force:
 

 

midspan bending moment:
 

 

Support moment:
 

 

Equilibrium:
 

 

Axial force:

 

 

Mid-span deflection: 

FTt
Ka.eff t

Cf t

m
2

L t L

MTt
E

t
I cf t

16 m

L2

MRt
E

t
I cf t

32 m

L2

M t FTt m MTt
MRt

Mfi

FTt

iter m

FTn
Ka.eff n

Cf n

iter
2

L n L

MTn
E

n
I cf t

16 iter

L2

MRn
E

n
I cf t

32 iter

L2

M n FTn iter MTn
MRn

Mfi

m iter 0.00001mm

FTn

M n 0while

n tfor
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Mid-span bending moment: 

 

t

iter m

FTn
Ka.eff n

Cf n

iter
2

L n L

MTn
E

n
I cf t

16 iter

L2

MRn
E

n
I cf t

32 iter

L2

M n FTn iter MTn
MRn

Mfi

m iter 0.00001mm

m

M n 0while

n tfor

MTt

iter m

FTn
Ka.eff n

Cf n

iter
2

L n L

MTn
E

n
I cf t

16 iter

L2

MRn
E

n
I cf t

32 iter

L2

M n FTn iter MTn
MRn

Mfi

m iter 0.00001mm

MTn

M n 0while

n tfor
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M-N interaction: Interaction between the Axial force and bending moment at 
midspan 

 

 

Limit where the cross section yields: 

 

 

 

 

Elastic range: 

Mlimt
1

1 1
2

1 2 1( ) 1

FTt

Npl. t

2

Mpl. t
Npl. t

FTt
2Af fy. t

if

1
FTt

Npl. t

1
1 1

2 2

1 2 1( ) 1
1

Mpl. t
otherwise

Y max FT

i

Mlimn

MTn

n

break MTn
Mlimn

if

n tfor

q

FTn

n

break FTn
Yif

n tfor

j 0 q
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Axial force: 

 

midspan deflection: 

 

Temperature range: 

 

Midspan bending moment 

 

Elasto-plastic range: 

Note:Temperature reduction factors for yield strength of the steel entered here 
in reverse order in order to determine the limiting temperature through 
interpolation 

q 609

Fel j
FTn

n jfor

el j
1( )n

n jfor

el j
n

n jfor

Mel j
MTn

n jfor
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Limiting temperature at which applied bending moment is equal to the 
resisting bending moment (zero axial force): 

Yield strength at limiting temperature: 

 

Temperature reduction factor at limit temperature: 

 

Limiting temperature: 

 

Matrices used to linearly interpolate axial force values from their known 
values at the yield temperture and the limiting temperature. 

ky.rev

0.00001

0.02

0.04

0.06

0.11

0.23

0.47

0.78

1

1.000001

1.000002

1.000003

1.000004

rev

1200

1100

1000

900

800

700

600

500

400

300

200

100

20

fy. .lim
Mfi

2Wpl
71 MPa

ky.
fy. .lim

fy
0.2

lim linterp ky.rev rev ky. 725
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Axial force in the elastp-plastic range: 

 

Catenary stage: 

Slope of the axial force vs temperature at catenary stage: 

 

temperature at full catenary action: 

 

 

 

 

Axial force at full catenary stage: 

FNL
Felq

0
NL

elq

lim

Fep linterp NL FNL

Felq

lim elq

start 1

c

start

fy. linterp T ky fy

Fc

f lim

Fy A linterp T ky f fy

start 1

f

break Fc Fyif

n tfor

c 801
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Matrices used to linearly interpolate axial force values from their known 
values at the limiting temperture and the temperature at full catenary action: 

 

 

Axial force in the catenary stage: 

 

Full yielding stage: 

Plastic axial force capacity: 

 

Variation of axial force in the beam with temperature: 

 

 

Fc_full A linterp T ky c fy

C
lim

c

FC
0

Fc_full

Fc linterp C FC

Fpl. A fy.

Faxialt
Feln

n qif

Fepn
n lim 20if

Fcn
n c 20if

Fpl. n
otherwise

otherwise

otherwise

n tfor
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Variation of midspan deflection with temperature: 

midspand deflection at end of elastic stage: 

 

midspan defleciton at the end of elasto-plastic stage: 

 

Matrices used to make linear interpolation to calculate midspan deflection for 
the points between above two points: 

 

0 200 400 600 800 1000
200000

0

200000

Faxial

Fpl.

elq
17.595mm

c
L
2

2 c 20 136.909mm

ep
elq

c



 Annex 
 

  183 

 

Deflection for the temperature range beyond yield temperature: 

 

 

 

 
 

 

 

 

ep
elq

c

ep linterp ep ep

midt
eln

n qif

ep n
otherwise

n tfor

0 200 400 600 800 1000
0.2

0.15

0.1

0.05

mid
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E HAND CALCULATION MODEL COMPARISON 
WITH FEM 

All the models listed in Table 6.2-2 have been modelled using the commercial 
software Abaqus version 6.12. The variation of the beam axial force and the 
midspan deflection of the beam, with respect to the changing temperature, have 
been compared using results from the hand calculation model and the finite 
element analysis shown as follows: 
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Figure E1: UB 178x102x19 – UKSHS 180 x42.7 – load level 0.4 (Uniform) 

  
Figure E2: UB 178x102x19 – UKSHS 180 x42.7 – load level 0.4 (Gradient)

  
Figure E3: UB 178x102x19 – UKSHS 180 x42.7 – load level 0.6 (Uniform) 
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Figure E4: UB 178x102x19 – UKSHS 180 x42.7 – load level 0.6 (Gradient) 

  
Figure E5: IPE 300 – U 200x90x10– load level 0.4 (Uniform) 

  
Figure E6: IPE 300 – U 200x90x10– load level 0.4 (Gradient) 
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Figure E7: IPE 300 – U 200x90x10– load level 0.6 (Uniform) 

  
Figure E8: IPE 300 – U 200x90x10– load level 0.6 (Gradient) 

  
Figure E9: IPE 300 – U 200x90x8– load level 0.4 (Uniform) 
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Figure E10: IPE 300 – U 200x90x8– load level 0.4 (Gradient)

  
Figure E11: IPE 300 – U 200x90x8– load level 0.6 (Uniform) 

  
Figure E12: IPE 300 – U 200x90x8– load level 0.6 (Gradient)
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Figure E13: IPE 300 – U 200x90x12– load level 0.4 (Uniform) 

  
Figure E14: IPE 300 – U 200x90x12– load level 0.4 (Gradient) 

  
Figure E15: IPE 300 – U 200x90x12– load level 0.6 (Uniform) 
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Figure E16: IPE 300 – U 200x90x12– load level 0.6 (Gradient)
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