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Abstract

This thesis presents contributions within the fields of ultrasonic modeling and measure-
ment technology, with focus on solutions to difficult modeling and measurement problems.
The work is divided into two categories: 1) processing of measurements obtained under
non-ideal conditions, such as unsynchronized, distorted, and superimposed signals; 2)
estimating acoustic models and parameters from materials, fluids, fluid mixtures, and
thin-layered structures.

The ultrasonic research field has traditionally been focused on either physical models
to describe acoustic properties based on wave propagation experiments, or on statis-
tical/empirical models to describe more complex systems. Physical models have the
advantage that the parameters are directly connected to physical properties of the me-
dia, enabling an understanding of the underlying dynamics and simplifying the inverse
problem. However, their disadvantage is that the derivations are often based on crude
approximations and ideal conditions; limitations often leading to correlated residuals,
biased parameter estimates, and the necessity of calibration measurements to solve the
inverse problem. Conversely, statistical or empirical models often describe the measured
data well with uncorrelated residuals, but have the disadvantage that the parameters (or
models) are not directly connected to the physical properties of the material or fluid. In
this case this connection is often retrieved through calibration.

A key ingredient in the work presented in this thesis, is the use of a combination of
physical and empirical models. This allows for a description of dynamic elements with
both known and unknown structures, and the ability to have both uncorrelated residu-
als and unbiased parameter estimates related to the physical properties of the media. If
sufficient prior knowledge exists of the physical structure and the location of possible non-
ideal effects, calibration steps may be avoided or reduced significantly. This combination
of hard physical structures with the variability of empirical models inherits advantages
and disadvantages from both models. The benefits and limitations of the proposed solu-
tions are analyzed and discussed, and the presented results are supported and validated
with real experiments or with combinations of real experiments and simulations.

iii



iv



Contents

Chapter 1 – Thesis Introduction 1
1.1 Thesis Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

Chapter 2 – Introduction to ultrasonic measurement techniques 3
2.1 Measurement and modeling techniques . . . . . . . . . . . . . . . . . . . 3
2.2 Ultrasonic techniques . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.3 Ultrasonic measurement system . . . . . . . . . . . . . . . . . . . . . . . 8

Chapter 3 – Acoustic models 11
3.1 Material and fluid models . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3.2 Layered structures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20
3.3 Diffraction and alignment effects . . . . . . . . . . . . . . . . . . . . . . . 25
3.4 Mixed models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
3A Mechanical approximation . . . . . . . . . . . . . . . . . . . . . . . . . . 31
3B The multi-layer transfer function . . . . . . . . . . . . . . . . . . . . . . 34
3C Lommel diffraction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

Chapter 4 – Estimating acoustic models and parameters from noisy

measurements 45
4.1 Frequency domain benefits in ultrasonic applications . . . . . . . . . . . 45
4.2 Measurement noise and cost functions . . . . . . . . . . . . . . . . . . . . 48
4A Asymptotic diagonality . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53
4B Asymptotic normality . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

Chapter 5 – Thesis summary 63
5.1 Processing of measurements . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.2 Estimating acoustic models and parameters . . . . . . . . . . . . . . . . 66
5.3 Other work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

Chapter 6 – Conclusions 71

Paper A 81
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 83
2 The effect of unsynchronized measurements . . . . . . . . . . . . . . . . . 86
3 The Maximum Likelihood Estimator . . . . . . . . . . . . . . . . . . . . 89
4 Theoretical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
5 Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
6 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

v



vi

7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
8 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102
A Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

Paper B 109
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
2 Separation Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
3 Parameter Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
4 Signal Separation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
5 Experimental Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
6 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123
7 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
8 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140
A Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

Paper C 149
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 151
2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
3 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 160
4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 168
5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
A Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171

Paper D 179
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 181
2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182
3 Experimental Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185
4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186
5 Conclusions and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . 186

Paper E 191
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193
2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 194
3 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 198
4 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 202
5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 206
6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208
A Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 208

Paper F 213
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215
2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 216
3 Experimental Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220
4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 220
5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 222



vii

6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 224

Paper G 227
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 229
2 Signal Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 230
3 Parameter Estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 233
4 Flaw Detector . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 234
5 Simulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235
6 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 235
7 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 237

Paper H 241
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 243
2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 244
3 Experiment Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 247
4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 248
5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 251

Paper I 255
1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 257
2 Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 258
3 Experiments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 260
4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 261
5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 262
6 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 264



viii



Acknowledgements

There are a number of people I would like to thank for making this thesis possible and
the work enjoyable. First, I would like to thank my supervisor, Johan Carlson, for his
guidance and support throughout this work, especially for helping me during weekends
and late hours near deadlines. I would also like to thank my colleague and friend Fredrik
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Chapter 1

Thesis Introduction

Mathematical models of relationships between measured data are often required in order
to retrieve information of the current state of a system, or to estimate the properties
of a medium under investigation. As more computer resources become available, more
computationally-intensive models and estimation methods can be used; some even ap-
plicable under real-time constraints directly in the production chain to, for example,
detect flaws, characterize materials and fluids, or for process control purposes.

This thesis focuses on ultrasonic measurement, modeling, and estimation methods
which are commonly used in nondestructive evaluation (NDE) situations. The work
presented herein is devoted to material and fluid characterization in difficult measurement
situations, and processing of measurements retrieved under non-ideal conditions.

1.1 Thesis Outline

This thesis is divided into two parts. Part I provides a brief introduction to a few selected
areas of interest within the ultrasonic measurement and modeling field, and complements
the appended papers provided in Part II. The aim is to give a short overview of models
and estimation methods considered in this thesis, motivate their use and validity, and
discuss benefits and limitations associated with different choices. Throughout Part I,
references to relevant work in the literature are included, together with references to
relevant papers in Part II where the current subject has been addressed.

The remaining chapters in Part I are organized as follows:

• Chapter 2 begins with a short overview of measurement and modeling techniques. It
continues with an introduction to ultrasonic measurement techniques and describes
typical measurement configurations, with emphasis on the pulse-echo measurement
setup consistently used throughout Part II.

• Chapter 3 is devoted to acoustic models. Basic material and fluid models are re-
viewed, followed by further descriptions of general model structures for the bulk
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2 Thesis Introduction

modulus, and approximate models for wave propagation. Models for normal inci-
dence measurements on layered structures are described and expressed recursively
for an arbitrary number of layers. The chapter’s appendices include a complete set
of derivations and inductive proofs, which have been omitted in the papers due to
space limitations. Diffraction and misalignment effects are described briefly, and
finally, mixed model structures are addressed.

• Chapter 4 gives a short introduction to the parameter estimation part of this thesis.
Frequency-domain descriptions are in focus and benefits, limitations and asymp-
totic properties are addressed and shown through simple examples and derivations.
The chapter also describes a few common cost functions that have been used in this
thesis to estimate models, parameters, and signals, and includes their associated
assumptions and measurement conditions.

• Chapter 5 provides a short summary of each paper included in Part II.

• Chapter 6 contains the conclusions.

The papers included in Part II in this thesis can be divided into two categories (with
exception for some overlap):

• Processing of measurements (Papers A–C). Solutions are presented to common
non-ideal measurement conditions, which are often encountered in acoustic mea-
surement situations. These situations include unsynchronized repeated measure-
ments, measurements containing superimposed signals, and repeated measurements
under non-stationary conditions.

• Estimating acoustic models and parameters (Papers D–I). Solutions are presented
to a few selected characterization, modeling, and estimation problems. The contri-
butions include parametric estimation of acoustic properties, parametric modeling
of fluid mixtures, and parametric modeling and flaw detection in layered structures.



Chapter 2

Introduction to ultrasonic
measurement techniques

This chapter starts with a brief overview in Section 2.1 of measurement and modeling
techniques in general, addressing the basic steps and choices in the measurement and
modeling chain. The chapter continues in Section 2.2 with a short introduction to ultra-
sonic techniques, illustrating typical measurement configurations and setups used. Sec-
tion 2.3 describes a simple ultrasonic pulse-echo measurement system, and the research
papers in Part II are connected to different parts of this system to provide concrete
examples behind the research motives.

2.1 Measurement and modeling techniques

The natural behavior when exploring a new environment or examining an unknown ob-
ject, is to act on it and use our senses to obtain information or responses from our actions.
For example, imagine that you are given a birthday present (a sealed container) and your
objective is to discover what you can of its content without opening it (nondestructive
evaluation). You might feel the content’s weight by lifting it, and estimate its size com-
pared to the container’s boundaries by shaking it. Shaking it also allows you to perceive
additional characteristics based on the vibrations and sounds of the content hitting the
walls of the container. Questions you might be able to answer are: Is the content solid
or liquid? Is it hard or soft? Is it heavy? Is it composed of many parts?

These same concepts are used in the design of a measurement system. However, in
this situation we are not restricted to our five senses, but can choose from a variety
of different sensors and actuators. The choice obviously depends on our objective, but
it also depends on physical and realizable constraints related to the object or medium
under investigation. In general, we cannot find a specific sensor that can directly measure
the desired quantity defined by our objective, and we have to find one (or a few) that
can measure something that depends on or is related to it in some way. To design a
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4 Introduction to ultrasonic measurement techniques

measurement system around an object or a medium, and connect a model or explanation
to the acquired data is often referred to as the forward problem. To find the relationship
between a model and a desired quantity is called the inverse problem.

Relating the forward and inverse problem to the example above; assume for instance
that the container is half full of liquid, and the objective is to estimate whether the
content is lightly fluent or syrup like (estimating the viscosity). The actuator could be
your hand as it holds the container and slightly tilts it back and forth. The sensor might
be your arm as it senses the mass displacement of the content and the subsequent forces
generated when the fluid hits the boundaries of the container, illustrated in Fig. 2.1. To
find out anything about the content, you have to relate the tilting movement (excitation)
to the sensed mass displacement (response). This is what is meant by connecting a model
or explanation to the observed data. A simple model could be based on the time it takes
from a tilt until the liquid appears to hit the side of the container and settle down; the
system’s response time. This is an example of the forward problem. The inverse problem
is to estimate the characteristics of the content based on the model. If the response time
is short and the mass displacement feels erratic (Fig. 2.1), it is probably a lightly fluent
liquid (low viscosity).

Figure 2.1: The behavior of a low viscous fluid (left) and high viscous fluid (right).

In Fig. 2.2, a schematic of the forward problem is shown. The actuator acts on the
object or medium and a sensor measures the response. The retrieved data are often
synchronized and preprocessed prior to the analysis to reduce: timing jitter [1, 2, 3, 4]
considered in Paper A; non-stationary effects addressed in Paper C; reverberation and
overlaps [5, 6, 7] considered in Paper B; and trends and disturbances [8, 9] discussed in
Paper C. Extensive preprocessing is often in itself described as a forward problem.

A model of the object is built and adjusted to the measured data using a criterion
of fit. This model could be based on prior physical knowledge of the object’s behavior
when affected by the actuator, it could be a pure statistical/empirical model based only
on the relationship between the measured sensor data, or it could be a hybrid approach
combining features of the two. The model could be built on a model structure capturing
the relationship between measurements with a few parameters (a parametric model),
or the model can be based directly on the measurements without any parameters (a
nonparametric model).

The criterion of fit may be built from deterministic reasoning, often by minimizing
some norm of the equation error, or from prior knowledge of the statistical properties of



2.1. Measurement and modeling techniques 5

the measurement noise [10] (and the model parameters [11]). For practical applications,
complexity and real-time constraints may also affect this choice.

Once a model and a criterion of fit are selected, the model parameters are adjusted to
fit the measurements. This adjustment often involves optimization of nonlinear functions
with respect to the parameters, and numerical optimization techniques must be consid-
ered [12, 13]. Issues concerning local critical points, ill-conditioned and singular matrices,
and under- and over-parameterization may arise and must be addressed [14, 15, 16], Pa-
pers A-C. If the model is strictly based on physical concepts and ideas, the number of
parameters are fixed as in Papers A, G, H. Otherwise, the model order should be esti-
mated using some model selection procedure [17, 18, 19, 20]. Whether or not the model
is based on pure physics, it should be validated by examining the residuals which the
model could not reproduce [21, 22, 23]. The validation criteria depend on the model’s
application and our objective(s). If the model fails the validation step, it is necessary to
return to the earlier steps and make improvements; increasing the model order, changing
the model structure, or changing the sensor(s) and actuator(s).

Figure 2.2: The forward problem.

Once a good model is obtained and approved by the validation step, the forward
problem is completed, and the inverse problem of finding a relationship between the
estimated model (or model parameters) and our desired quantity begins.

If we are lucky, the model, or one parameter in the model, is an estimate of this
quantity and the inverse problem is not a problem anymore, e.g. as in Papers A–C. In
general we are not so lucky, and the relationship between the model/parameters and the
quantity must be found by physical reasoning Papers G, H; by statistical tools Paper I;
or by a combination of both.

Continuing the example above, with the simple time model, the inverse problem is to
find the correlation between the response time and the fluid’s viscosity. This relationship
can be described either with a physical model based on the fluid’s behavior, its viscosity,
and the surrounding boundaries when affected by the excitation movement; or it can
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be based on an empirical or statistical model obtained from experiments on fluids with
different viscosities; or from a combination of both methods.

2.2 Ultrasonic techniques

Using ultrasonic measurement techniques, the actuator and the sensor are often combined
in a single ultrasonic transducer, a device capable of both exciting the medium and
listening to the response; in analogy with the hand in the simple fluid viscosity example
discussed in Section 2.1. The work presented in this thesis is confined to unfocused
ultrasonic (bulk) transducer excitations and measurements of longitudinal pressure waves
[24]. The observable information is in this case limited to the changes in amplitude
(attenuation) and phase (phase velocity) between measured signals, and depending on the
measurement configuration used and the medium under investigation, different acoustic
models (parametric or nonparametric) are applied and adjusted to the measured data.

The most commonly used transducer configurations are pulse-echo, through-trans-
mission, and a combination of these techniques, illustrated in Figs. 2.3-2.5. This thesis
focuses solely on pulse-echo configurations, limited to investigate the medium from a
single location using a single transducer. However, the use of a single transducer configu-
ration do not only simplify sensor alignments and hardware demands considerably, it also
increases the validity to use reciprocity on consecutive echoes to reduce receiver dynamics
from interfering with estimates of models and parameters [25]. Without reciprocity this
interference is commonly reduced through calibration measurements [26, 27].

Figure 2.3: Illustration of a pulse-echo configuration at normal incidence, where d denotes the
distance between the transducer and the reflective boundary, and τ represents the time-of-flight.
The dashed signal v0(t) represents the emitted signal generated by the excitation, and is generally
not retrievable from the measured sequence due to the corruption caused by the excitation. The
analysis is often restricted to the consecutive echoes vm(t) for m ≥ 1, represented by the solid
line. The transducer (or reflector) could be either submerged in a (fluid) medium, attached to
a container surrounding a medium, or attached to a surface of a (solid) medium.
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Figure 2.4: Illustration of a combined through-transmission and pulse-echo configuration using
two parallel transducers.

Figure 2.5: Illustration of a non-interfering through-transmission configuration, using a trans-
ducer as a transmitter and a small hydrophone as a receiver. Due to the design and size of
the hydrophone, any reflections or interference of the pressure wave at the receiver side can be
neglected, thereby preventing overlapping waveforms at small distances d.
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However, the use of a single transducer configuration often requires the ability to
separate the excitation signal from the measured response. This can be problematic over
small distances in combination with low frequency (or narrowband) transducers, i.e.,
when the time-of-flight through the medium is shorter than the signal’s time-support.
This situation could be compared to the fluid viscosity example in Section 2.1, in which
it would be difficulty to estimate the response time in small containers using slow move-
ments. Intuitively, the problem is solved with more rapid movements for the container
excitation, which would make it easier to distinguish the faster response time from the
excitation. In ultrasonic pulse-echo measurements, a similar strategy can be applied by
changing the excitation signal and transducer center frequency to generate pulses with
more compact time-support. However, for very small distances or in highly attenuating
media, this approach is either inadequate or results in unusable (noisy) measurements;
and other techniques should be considered, see e.g. Paper B and [5, 6].

Despite the increased configuration complexity and hardware demands involved in
a through-transmission setup, it has several apparent advantages: it doubles the mea-
surable propagation depth (in homogenous media and linear acoustics); it eliminates
excitation and response overlaps over small distances with non-interfering1 transducers
(excluding thin layers); it is independent of reflectors or reflective boundaries; it enables
simple oblique propagation and mode-conversion analysis of materials and boundaries;
and it allows the combination of pulse-echo and through-transmission analysis [26, 27].

2.3 Ultrasonic measurement system

A simplified schematic of the pulse-echo measurement chain is shown in Fig. 2.6. The
measurement chain includes the actuator, the sensor, and the measured data from Fig. 2.2.
The retrieval of a pulse-echo measurement can be simplified into the following four steps,
color coded from red to purple in Fig. 2.6:

1. System excitation (red). The pulser/receiver sends an excitation pulse δ(t− τ0) at
time τ0 to the transducer, and synchronization information to the data acquisition
(DAQ) unit where wτ represents the added trigger uncertainty.

2. System response (green). The transducer emits an ultrasonic pulse v0(t) (the exci-
tation signal convolved with the transducer impulse response) through the medium.
Consecutive echoes from the reflections v(t) =

∑∞
m=1 vm(t) are sensed by the trans-

ducer, as illustrated in Fig. 2.3. The waveforms in v(t) could also be affected by
non-stationary environmental conditions, e.g. temperature and pressure variations,
that change the characteristics of the transducer and the medium. These changes
are represented by the impulse response β(t). The resulting waveform u(t) is sensed
by the pulser/receiver.

1The term non-interfering refers to transducers that either due to their size or location produce
negligible reflections or interferences with the wave as it is being measured, e.g. the hydrophone setup
shown in Fig. 2.5. This is explained further in Section 3.2 and Appendix 3B.
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3. Signal conditioning (blue). The signal u(t) is often conditioned using an amplifier
(represented by the gain A) to decrease the influence of additive measurement noise
ws(t), prior to the DAQ.

4. Data acquisition (purple). The DAQ unit is triggered at time τ and samples a
finite sequence of the waveform y[n] = s(nTs + τ), for n = 0, 1, · · · , N − 1, where
Ts denotes the sampling period. The signal is also preferably anti-aliasing filtered,
either at the pulser/receiver end (often incorporated into the amplification stage)
or by the DAQ unit prior to sampling.

Figure 2.6: Schematic of the pulse-echo measurement chain.

System excitations

With acoustic measurement techniques, the objective is to retrieve information about
the system based on how it propagates pressure waves. Thus, the emitted pressure wave
v0(t) should be as informative as possible in order to retrieve as much information of the
medium’s acoustic properties as possible.

However, limited to standard pulser/receiver excitations, the excitation signal can be
idealized as an impulse (Fig. 2.6), and the emitted ultrasonic signal is the transducer
impulse response. Consequently, the emitted pressure wave can be assumed to be time-
limited and no additional information from the system can be obtained after the transient
response has died out. The retrievable information from a single impulse excitation is
then limited by the transducer impulse response, and the Fisher information matrix [10]
is independent of the total number of samples N , for N larger than the response length
(see also the persistence of excitation condition in system identification [21, 22, 23]). This
invalidates the large-sample asymptotic properties of estimators of parameters [10], and
for them to apply, either repeated excitations are required or the type of excitation has
to be changed.
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The work presented in Part II is confined to impulse excitations using standard
pulser/receivers, hence, no effort is made in changing or designing optimal excitations
[28, 23] for the presented situations, with an exception for the variable excitation energy.
For impulse excitations, the excitation energy is directly proportional to the amplitude of
the emitted signal (i.e. the amplitude of the transducer impulse response). If the analysis
is restricted to linear models, the excitation energy is an important parameter to tune in
order to achieve an adequate signal-to-noise ratio (SNR) while keeping the amplitude low
enough to reduce the influence of non-linearities. Under fixed amplitude limitations the
SNR is often increased through repetition and averaging, directly applicable for synchro-
nized measurements (wτ = 0) under stationary measurement conditions (β(t) = δ(t)).
For unsynchronized data or under non-stationary conditions other techniques must be
used, which are addressed in Papers A and C.

For other types of excitations (other than impulses), the energy can be increased
without affecting the amplitude if the signal’s time-support is allowed to expand. How-
ever, as mentioned in Section 2.2, non-compact excitations can be problematic over small
distances and with interfering transducers. Therefor compact separable pulses are often
considered to avoid the increased complexity of explicit separation techniques, described
in Paper B.

System response

Information of the medium and its structure is commonly obtained from the relationships
between signals, e.g. between v1(t) and v2(t) in Fig. 2.3.

These relationships are described using models that are either based on physical
relationships, Papers A, F–H; on statistical/empirical relationships, Papers D, E, I; or on
a combination of physical and empirical models, Papers B, C. Relationships, models, and
parameterizations are described further in Chapter 3, and methods on how to retrieve
estimates of these are addressed in Chapter 4.



Chapter 3

Acoustic models

In ultrasonic measurement systems, the observable properties are limited to frequency-
dependent attenuation and phase velocity, which in turn are related to the material or
fluid properties of the investigated medium. Thus, information about the medium is
retrieved through its acoustic properties, i.e. how medium disperses, attenuates, reflects,
and transmits sound.

This chapter starts with a short overview in Fig. 3.1 of the main dispersion and at-
tenuation mechanisms involved in wave propagation. In Section 3.1, simple material and
fluid models are reviewed (yellow in Fig. 3.1), followed by a description of general model
structures for the bulk modulus considered in Paper F. It continues with approximate
models used in Papers C–E, beneficial in situations when the waveforms are subjected
to additional distortion effects that are excluded by the bulk modulus or wavenumber
models, e.g. diffraction, misalignment, and nonreciprocal effects.

Section 3.2 addresses reflection and transmission through boundaries (green in Fig. 3.1),
propagation through thin layers and multi-layered media; and covers models that are
used in Papers B, G, H. Diffraction and misalignment effects are described briefly in
Section 3.3 (blue in Fig. 3.1); either reduced through measurement design and/or cali-
brations, or included in the model as in Paper B. Finally, mixed model structures are
addressed in Section 3.4, using a combination of physical and empirical models to capture
both known and unknown effects, considered in Papers B and C.

3.1 Material and fluid models

Material and fluid models describe the absorption and dispersion effects associated with
wave propagation through a medium. These effects are characterized by the frequency-
dependent bulk modulus (or by the complex wavenumber or complex phase velocity) for
longitudinal/bulk waves, and are in this context disconnected from the specific boundary
conditions that might be present. The bulk modulus describes how the medium affects
the pressure wave, and is a key piece of the puzzle in material and fluid characterization.

11
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Figure 3.1: Sound dispersion and attenuation mechanisms [29, 30, 31].

In ultrasonic measurements of homogenous fluids; viscosity, heat conduction and
molecular mechanisms are the main three contributors for dissipation of acoustic energy
[29, 30, 31]. To physically describe or model these mechanisms, we turn our attention to
the wave equation for a description of sound propagation, and to thermodynamics for a
model of the acoustic absorption and dispersion.

The linear model for acoustic waves in a fluid is derived using the linearized continuity
equation and the linearized force equation [31]

∂s

∂t
+ ∇Tu = 0, (3.1)

ρ0
∂u

∂t
+ ∇p = f , (3.2)

where ρ0, s, u, p, and f are the equilibrium density, condensation, particle velocity,
acoustic pressure, and body force, respectively, omitting spatial and time dependency
notations. The condensation and acoustic pressure are defined as s = (ρ − ρ0)/ρ0 and
p = P − P0, where P ,P0 and ρ, ρ0 are the instantaneous and equilibrium pressures and
densities, respectively.

Differentiating (3.1) with respect to t and taking the divergence of (3.2) they will
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together form the linear wave equation needed to explain propagation of acoustic energy

∇2p = ρ0
∂2s

∂t2
+ ∇T f , (3.3)

where ∇2 = ∇T∇ is the Laplace operator. For a one-dimensional model, the Laplace
operator is simply ∇2 = ∂2/∂x2.

The missing component in completing the description, is the relationship between
the acoustic pressure and the condensation. This relationship is the key component (to-
gether with ρ0) in characterizing the medium, as it is directly connected to the medium’s
thermodynamic properties.

3.1.1 Lossless wave

The lossless (non-dispersive) wave equation is obtained from (3.3) together with a sta-
tic relationship between the acoustic pressure and the condensation p = B0s. Here
B0 = ρ0(∂P/∂ρ)|ρ=ρ0 is the adiabatic bulk modulus [31], derived from equilibrium ther-
modynamics using a first order Taylor expansion of the equation of state around the
equilibrium density. Equation (3.3) can be expressed using the acoustic pressure (or,
alternatively, the condensation) as

∇2p =
1

c2
0

∂2p

∂t2
, (3.4)

where c0 =
√

B0/ρ0 is the thermodynamic speed of sound [31].
A simple finite-dimensional analogy of the wave equation in (3.4) is shown in Fig. 3.2,

using a spring-mass approximation. To relate the spring-mass system to (3.4), set k =
B0/Δx and m = ρ0Δx, and let the number of mass and spring elements approach infinity,
see Appendix 3A. Note that this mechanical analogy is only presented here to give a
simple alternative picture of wave motion, and is not used to model wave propagation. To
model propagation and estimate acoustic parameters and signals, the reader is referred
to Chapter 4.

k k k

m m m m

Figure 3.2: Finite-dimensional mechanical approximation of the lossless one-dimensional wave
equation, with Dirichlet boundary conditions with respect to the pressure (or force), see Appen-
dix 3A.

3.1.2 Absorption from viscosity

To model a fluid with viscous losses, we turn from equilibrium thermodynamics to non-
equilibrium thermodynamics. For a Newtonian fluid [32] (excluding vorticity and turbu-
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lence, i.e. ∇× u = 0), a ‘resistive’ element is added to the bulk modulus

p = B0s + ηṡ, (3.5)

where B0 = ρ0c
2
0 is the bulk modulus for the lossless wave, and η = 4ηS/3 + ηB is the

combined viscosity from the shear and bulk viscosity coefficients, ηS and ηB, respectively
[29]. The equivalent frequency-domain representation is B̃(ω) = B0(1 + τ0jω), where
τ0 = η/B0 is the relaxation time, and a tilde (̃ ) is used to denote frequency-domain
quantities. Combining (3.5) with (3.1) and (3.2) gives the linear viscous wave equation

(B0 + η
∂

∂t
)∇2p = ρ0

∂2p

∂t2
. (3.6)

Continuing with mechanical analogies, a finite-order approximation of the viscous
wave equation is illustrated in Fig. 3.3. The relationship to (3.6) is obtained for k =
B0/Δx, m = ρ0Δx, and r = η/Δx, and by letting the number of elements approach
infinity.

k

r

m

k

r

m

k

r

m m

Figure 3.3: Finite-dimensional mechanical approximation of the viscous one-dimensional wave
equation, with Dirichlet boundary conditions with respect to the pressure (or force).

3.1.3 Absorption from heat conduction

A local compression associated with a sound wave produces an increase in temperature in
that region. The molecules in this region have higher kinetic energies and diffuse into the
surrounding cooler areas, resulting in an energy flow away from this region and thereby a
loss of acoustic energy. The corresponding bulk modulus for this process can be modeled
as [31, 29]

p = B0s +
κ(γ − 1)

CP

ṡ, (3.7)

where B0 = ρ0c
2
0, κ is the thermal conductivity, and γ = CP /CV is the ratio of the specific

heat capacities at constant pressure and constant volume, respectively.
The absorption model gives the same finite-order approximation as in Fig. 3.3, for

k = B0/Δx, m = ρ0Δx, but with r = κ(γ − 1)/(CP Δx).

Example: Classical absorption and dispersion for CO2 Fig. 3.4 presents an
example of absorption per wavelength and phase velocity for CO2 from the classical com-
ponents, using (3.5) and (3.7) and where the effects are assumed to be additive [31]. �
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Figure 3.4: Classical absorption per wavelength and phase velocity, using the models in (3.5)
and (3.7) and typical parameter values for CO2 [31].

3.1.4 Absorption from molecular relaxation

Under equilibrium conditions, the total energy of a polyatomic fluid is distributed partly
as translational (external) degrees of freedom and partly as rotational and vibrational
(internal) degrees of freedom, illustrated in Fig. 3.5. Under non-equilibrium conditions,
the distribution of the energy is dynamic and involves energy flow between the external
and internal degrees, [33, 29, 34, 35, 36]. The energy exchange from the internal to the
external degrees is slow, and is associated with a specific relaxation time τM . If the
period of sound is close to this relaxation time, a phase lag between the acoustic pressure
p and the condensation s appears, and acoustic energy is converted into thermal energy.
For a medium that exhibits a molecular relaxation, the relationship between the acoustic
pressure and the condensation is modeled as

p + τpṗ = B0s + B0τsṡ, (3.8)

where B0 = ρ0c
2
0, τs = τM(Ce + R)/CP , and τp = τMCe/CV . Here CV and CP are the

equilibrium specific heats at constant volume and constant pressure, respectively. Ce the
heat capacity of the fully excited degrees of freedom, and R is the universal gas constant.
The corresponding frequency-domain representation of the bulk modulus is

B̃(ω) = B0
1 + τsjω

1 + τpjω
, (3.9)

which exhibits a relaxation peak at ω0 = (τsτp)
−1/2.

Using the mechanical analogy, a finite-order approximation is illustrated in Fig. 3.6,
and is related to (3.8) through k1k2/(k1 + k2) = B0/Δx, r/k2 = τs, r/(k1 + k2) = τp, and
m = ρ0Δx.
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Figure 3.5: Distribution of energy to translational (external) degrees of freedom (left), and to
vibrational and rotational (internal) degrees of freedom (right).
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Figure 3.6: Finite-dimensional mechanical approximation of the one-dimensional wave equation
with a molecular relaxation (Dirichlet boundary conditions).

Example: Relaxation absorption and dispersion for CO2 Fig. 3.7 presents an
example of absorption per wavelength and phase velocity from molecular relaxation, using
(3.9) and typical parameter values for CO2 [31], resulting in a relaxation peak around 30
kHz. �

3.1.5 Combined absorption

Each absorption mechanism contributes to a dissipation behavior with a corresponding
relaxation time (or frequency). In fluid mixtures, the behavior and relaxation time
depend in a complex manner on; the molar fraction and molecular structure of each fluid
component in the mixture, the temperature, the pressure, and the ultrasound frequency,
[37, 38, 34]. Several molecular relaxation mechanisms might be present together with
absorption from the classical components. In this situation, the absorption has to be
explained using a distribution of relaxation peaks.

In Paper F, this behavior is modeled by considering a series of M sub-models con-
nected in parallel (assuming that these effects are additive [34, 30, 35]), where each
sub-model contributes with one relaxation peak. A sub-model similar to (3.9) can rep-
resent viscosity, heat conduction, or molecular relaxation. The combined bulk modulus
for this type of model can be written as

B̃(ω) =
B0

M

M∑
m=1

1 + τsmjω

1 + τpmjω
, (3.10)
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Figure 3.7: Molecular relaxation absorption per wavelength and relaxation phase velocity, using
the model in (3.9) and typical parameter values for CO2 [31].

where the corresponding relaxation frequency for the m-th sub-model is ω0m = (τsmτpm)−1/2.
Similar model structures have been successfully used in describing complicated material
functions for solids, see e.g. [39, 40, 41].

A finite-dimensional approximation for the combined absorption mechanisms can be
seen in Fig. 3.8, for τsm = ηm/k2m and τpm = rm/(k1m + k2m).
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Example: Combined absorption and dispersion An example of absorption per
wavelength and phase velocity from the combined effect of all components is shown in
Fig. 3.9, using the model in (3.10) and typical parameter values for CO2 [31]. To describe the
gas, two sub-models (M = 2) are needed; one to handle classical absorption from viscosity
and heat conduction, and one to describe absorption from molecular relaxation, assuming
that these effects are additive [34, 30, 35]. Fig. 3.10 shows an example of absorption per
wavelength and phase velocity for a fictive fluid exhibiting two relaxation peaks (M = 3).
�
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Figure 3.9: Combined absorption per wavelength and phase velocity, using the model in (3.10)
and typical parameter values for CO2 [31].

The bulk model can be generalized even more [42, 43], by relaxing the mechanical
spring-dashpot constraints and consider a parameterization based on a general rational
transfer function structure

B̃(ω) =

∑nb

r=0 br(jω)r∑na

r=0 ar(jω)r
, (3.11)

where bq and aq are the corresponding numerator and denominator coefficients, respec-
tively. As opposed to the spring-dashpot structure, the variability of these models must
be constrained to ensure not only stability and causality, but also additional constraints
resulting in positive absorption and phase velocity over the frequency range [44].
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Figure 3.10: Example of the combined absorption per wavelength and phase velocity, for a fluid
with two relaxation peaks and absorption from classical components (M = 3), using the model
in (3.10).

3.1.6 Frequency-domain description

The corresponding frequency-domain representation of (3.3) is given by

∇2p̃(ω, r) + k̃2(ω)p̃(ω, r) = ∇T f̃(ω, r), (3.12)

using the relationships k̃2(ω) = ω2ρ0/B̃(ω) and p̃(ω, r) = B̃(ω)s̃(ω, r), where k̃(ω) and
B̃(ω) represent the frequency-dependent wavenumber and bulk modulus, respectively.
Here the angular frequency ω and the spatial coordinate vector r = [x, y, z]T depen-
dencies are introduced for clarity. Homogenizing (3.12), and focusing on one-dimensional
one-way solutions in the positive x direction, a solution to (3.12) can be written as

p̃(ω, x) = p̃(ω, x0)e
−jk̃(ω)(x−x0), (3.13)

where p̃(ω, x0) is an observation at position x = x0, see Paper E. Not surprisingly, a direct
result of assuming linear acoustics is that propagating a distance d = x1 − x0 through a
medium can be described using a linear systems representation

ỹ(ω) = M̃(ω)ũ(ω), (3.14)

where ũ(ω) = p̃(ω, x0) represents the input signal, ỹ(ω) = p̃(ω, x1) represents the output
signal, and M̃(ω) = exp(−jk̃(ω)d) is the corresponding the linear system. This is a
description frequently used in the work presented in Part II.
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From the following relationship between M̃(ω) and k̃(ω)

M̃(ω) = e−jk̃(ω)d = e�{k̃(ω)}de−j�{k̃(ω)}d = e−α(ω)de−jωd/cp(ω) (3.15)

= |M̃(ω)|ej arg{M̃(ω)}, (3.16)

expressions for the attenuation and phase velocity can be retrieved

α(ω) = −�{k̃(ω)} = − ln |M̃(ω)|}
d

, (3.17)

cp(ω) = ω/�{k̃(ω)} = − ω · d
arg{M̃(ω)} , (3.18)

respectively, useful in combination with a suitable parameterization of M̃(ω) to obtain
noise robust estimates of the attenuation and phase velocity, Papers D and E. Here �{·}
and �{·} denotes the real and imaginary part, respectively.

3.1.7 Approximate models

Different media and measurement configurations results in different bulk modulus models
and boundary conditions, respectively, and the physical model structure will vary and
depend on these conditions. In addition to these variations, the observed data will also
be affected by dynamics related to non-ideal measurement conditions, such as diffraction,
misalignment, and nonreciprocal effects, described in Section 3.3. At best these effects
can be reduced using calibration measurements in combination with well designed and
aligned measurement configurations [45, 27], discussed in Paper E. In situations where
calibrations are difficult or the measurement conditions are non-stationary, the model
M̃(ω) could, depending on our objective, either be expanded with additional structures
describing these effects, Paper B and [46, 47], or the existing structure could be changed
in favor of a general linear system capable of describing a broad class of linear effects,
Papers C–E.

3.2 Layered structures

A targeted problem area within the ultrasonic field is measurements of thin layers or
measurements at short distances, addressed in Papers B, G and H. The problem is that
the received response contains superimposed signals, complicating the analysis of the
medium (or the layered media); information which is normally retrieved through the
relationship between separable consecutive signals using (3.13) and depicted in Fig. 2.3.
If a complete separation cannot be achieved through either reconfiguration of the mea-
surement setup or through a change of transducers and excitations [48], other techniques
must be used to separate the signals embedded in the response.

The separation problem can be divided into two categories: when there is no knowl-
edge of the measured structure (e.g. the number of layers is unknown) and when there
is knowledge of the structure.
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If there is no or very limited knowledge of the measured structure a useful approach
is to parameterize the signal waveforms (for a known number of overlapping waveforms)
using a signal model of the ultrasonic echo [5, 6]. However, to find an appropriate signal
model one must have accurate a priori information of the shape of the emitted ultrasonic
signal and how it is affected by the media and the surrounding structure. This is often
a difficult and crucial step, and if not done properly, the retrieved information is either
biased or not valid. Also nonparametric approaches have been considered in this category,
using spectrogram techniques [49], split-spectrum processing [50], or methods based on
higher-order statistics (blind deconvolution [51] and cepstrum [52]). These techniques
are often applied when the focus is on estimating the presence of an echo and its location
(or phase) in the measured data sequence, and are of limited use when the objective is
to retrieve acoustic properties of specific layers within a structure.

The second category is when information of the measured structure is available, which
is the category to which Papers B, G and H belong. The required information is often
limited to knowledge of the number of layers within the structure, and the possibility
to measure a reference signal (e.g. using a buffer rod as in Paper B, or from a separate
reference experiment as in Paper H). A number of different approaches, based on both
parametric and nonparametric techniques, have been proposed in the literature [53, 54,
55, 56, 57] to cope with the overlapping problem for known structures. However, the main
objective in these references has been to retrieve estimates of a few physical parameters
(thickness, phase velocity, density, attenuation) related to the investigated structure,
rather than to describe the entire structure and the systematic variations observed in the
data; limitations often leading to correlated residuals, biased parameter estimates, and
the necessity for extensive calibration.

A promising method is proposed in [26], which investigates sediment layers using
a layered structure described by reflection and transmission coefficients [58] in combi-
nation with general bulk modulus models of the media [42, 43, 44] (briefly addressed in
Section 3.1), where non-ideal effects are reduced through a few calibration measurements.

A similar approach is considered in Papers G and H, using simple (few parameters)
wave propagation models for the media in combination with a layered structure containing
reflection and transmission coefficients; for flaw detection and characterization purposes.
The presented models are also expressed recursively for an arbitrary number of layers.

In Paper B, the entire measurement structure is described using frequency-dependent
reflection and transmission coefficients together with dynamic elements describing prop-
agation and non-ideal misalignment and diffraction effects. The objective in Paper B is
to separate dispersive superimposed signals and layer dynamics from measurements of
thin-layered media, without calibration.

In contrast to the methods in the first category, the derived models here are based on
an underlying physical structure (hard structure) describing reflections and transmissions
of signals at boundaries. The benefits of incorporating this knowledge are: a reduction
of the number of parameters needed to describe the measurement, since the parameters
are connected to each layer rather than each waveform in the measured sequence; a
physical description of parameters and elements within the structure; the possibility to
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separate signals, parameters, and dynamic elements within the structure; the necessity
of calibration measurements is reduced or eliminated (if descriptions of non-ideal effects
are included in the model).

3.2.1 The multi-layered structure

To include this a priori knowledge, a description of the reflection and the transmission
of signals between layers is needed [58]. In Appendix 3B, the complete transfer function
is derived for measurements at normal incidence on a layered structure consisting of
Q parallel layers. The resulting models are summarized and evaluated below. The
effects of diffraction and misalignment are neglected here for simplicity reasons; the
interested reader is referred to the derivations in Paper B. For normal incidence pulse-
echo measurements on a Q-layered structure, the transfer functions are given by

h̃Q(ω) = M̃2
0 (ω)R̃0,1(ω) + M̃2

0 (ω)ẼQ,1(ω), (3.19)

h̃Q(ω) =
1

1 − R̃2
0,1(ω)

ẼQ+1,1(ω), (3.20)

for distant/non-interfering and close/interfering transducer settings, respectively, using
the recursive relationship{

ẼQ,q(ω) = Ãq(ω) +
B̃q(ω)C̃q(ω)ẼQ,q+1(ω)

1−D̃q(ω)ẼQ,q+1(ω)
, for q < Q

ẼQ,q(ω) = Ãq(ω), for q = Q
, (3.21)

and the collected terms

Ãq(ω) =

(
1 − R̃2

q−1,q(ω)
)

R̃q,q+1(ω)M̃2
q (ω)

1 + R̃q,q+1(ω)R̃q−1,q(ω)M̃2
q (ω)

, (3.22)

B̃q(ω) =

(
1 − R̃q−1,q(ω)

)
M̃q(ω)

1 + R̃q,q+1(ω)R̃q−1,q(ω)M̃2
q (ω)

, (3.23)

C̃q(ω) =

(
1 + R̃q−1,q(ω)

)
M̃q(ω)

1 + R̃q,q+1(ω)R̃q−1,q(ω)M̃2
q (ω)

, (3.24)

D̃q(ω) =
−R̃q−1,q(ω)M̃2

q (ω)

1 + R̃q,q+1(ω)R̃q−1,q(ω)M̃2
q (ω)

. (3.25)

Here M̃q(ω) represents the transfer function associated with wave propagation through
the q-th medium (3.14), and R̃q,l(ω) denotes the frequency-dependent pressure reflection
coefficient corresponding to the (q, l)-th boundary. The reader is referred to Appendix 3B
for a complete set of derivations and an inductive proof of (3.21).
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There exist a natural connection under ideal conditions between the transfer function
M̃q(ω) and the reflection coefficients R̃q,l(ω), through the speed of sound. This con-
nection can be incorporated as constraints in the models, but is in practice difficult to
take advantage of due to additional losses and non-ideal conditions included in M̃q(ω)
(Section 3.1.7), and is therefore not included here.

A distant transducer setting means that sequential interactions between the trans-
ducers and the structure can be separated from the primary response, simplifying the
model. By non-interfering we mean transducers that either due to its location or size
introduces negligible sequential interactions between itself and the measured structure,
e.g. the small hydrophone receiver configuration illustrated in Fig. 2.5.

Conversely, close and interfering configuration implies that sequential interactions
must be accounted for, e.g. short distance measurements using the configurations illus-
trated in Fig. 2.3 and 2.4. These two different situations and their limitations are further
explained in the following two examples.

Example: Pulse-echo measurement of a single thin layer An illustration of
reflections and transmissions building up the impulse response in a single layer is shown in
Fig. 3.11, assuming ideal conditions and lossless propagation through layers and boundaries
(i.e. R̃q,l(ω) = Rq,l and M̃q(ω) = exp(−jωτq), where τq = dq/cq = dqkq/ω represents the
time-of-flight through the distance dq (3.14)). The red propagation paths and impulses
represent the total impulse response, including sequential interactions (multiple bounces)
between the transducer and the thin layer, and are modeled by the transfer function in
(3.20). The black dashed lines and impulses, partly coinciding with the red, represent the
first interaction between the transducer and the layer and corresponds to the less complex
transfer function in (3.19), applicable if the first interaction can be either separated from
the sequential (distant) or if sequential interactions are negligible (non-interfering).

Fig. 3.12 shows simulated impulse responses using the models in (3.19) and (3.20), for
the pulse-echo setup shown in Fig. 3.11, using tabulated values [31] at 20◦C for a 2 mm thin
glass plate (Pyrex) with surrounding water at different transducer distances d0. Fig. 3.12 (a)
simulates a water distance of d0 = 1 cm between the transducer and the glass plate, showing
separable first and second interactions, validating the use of (3.19). Fig. 3.12 (b) simulates
a water distance of d0 = 1/3 cm, showing inseparable interactions indicating the use of the
full model (3.20).

The transducer impedance (needed to calculate R̃0,1(ω)) is simulated as PMMA acrylic
glass and is retrieved from [59]. The magnitude of this reflection coefficient is related to the
decrease in magnitudes of the sequential interactions; this can be seen by decoupling the
terms in (3.20) into equivalent geometric series, see Appendix 3B. �

Example: Pulse-echo measurement of multi-layered structures In Fig. 3.13,
impulse response simulations are shown for a two- and a three-layered structure using both
distant/non-interfering (3.19) (dashed black), and close/interfering (3.20) (red) transducer
models. Fig. 3.13 (a) represents the response from: a 1 cm water distance, a 2 mm glass
layer directly attached on top of a 2 mm PMMA acrylic glass layer, followed by an infinite
water region. Compared to Fig. 3.12 (a), a slightly different response is noticeable, except
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Figure 3.11: Illustration of the pulse-echo impulse response on a thin layer: the red propagation
paths and impulses represent the total response described by (3.20), where multiple interac-
tions between the transducer and the layer are included; black dashed lines and impulses, partly
coinciding with the red, represent the first interaction using the less complex model (3.19).

for the first impulse which is identical in both cases and corresponds to the first interaction
between the water and the glass layer. Fig. 3.13 (b) shows a simulation where a third 1
mm stainless steel layer is attached directly below the PMMA layer. The reverberation
length is significantly increased due to the difference in impedances between the stainless
steel layer and the surrounding layers. The magnitudes of the reflection coefficients, lo-
cated in the denominators in (3.22)–(3.25), are close to one and decoupling the expressions
back into the equivalent geometric series (Appendix 3B) introduces more terms with signif-
icant amplitudes. In Paper B, a discussion follows on how to deal with truncated response
measurements for highly reverberant material or fluid samples. �

The choice between (3.19) and (3.20) depends primarily on: the reverberation length;
the distance, size and location of the transducer(s); the impedance differences between
the transducer(s) and the surrounding media. The research contributions presented in
Part II are all designed in favor of the less complex model in (3.19), avoiding overlaps
between the primary and sequential interactions. However, if overlaps cannot be avoided
through design, or if they are caused by other constraints, e.g. unmatched or highly
attenuating surrounding media, the ideas and the developed methods in Part II are still
valid using (3.20).

In the examples presented above, the impulse responses are simulated under ideal con-
ditions and with lossless propagation, thereby resulting in series of perfect impulses. If in-
stead the reflection coefficients are frequency-dependent and the medium’s transfer func-
tion M̃q(ω) includes propagation losses, the response would lose its ‘spiky’ appearance as
the impulses, previously retrieved through the lossless assumption M̃q(ω) = exp(−jωτq),
are ‘smeared’ out and additionally convolved with the (frequency-dependent) reflection
coefficients. This effect can be seen by decomposing the expressions in (3.22)–(3.25), into
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Figure 3.12: Simulated pulse-echo impulse responses from a 2 mm thin layer of Pyrex glass
surrounded by water, using the model in (3.19) represented by the black dashed impulses and
(3.20) represented by the solid red impulses: (a) a single-layered impulse response using a water
distance of 1 cm between the transducer and the plate; (b) the impulse response using a water
distance of 1/3 cm.

their equivalent geometric sums, and then applying the inverse Fourier transform (shown
in Paper B for the case Q = 1).

In the case of diffraction or alignment errors, the transfer functions in (3.19) and (3.20)
are inadequate, and additional model elements are needed to describe these effects. This
will be explained briefly in the next two sections.

3.3 Diffraction and alignment effects

Additional sources of attenuation and dispersion are diffraction [45], misalignment, and
nonreciprocal effects [25]. These effects are, compared with fluid and material models,
much more difficult to model. One reason is that no analytical expression in general can
be found to describe these effects, and the model must be retrieved through numerical
integration [31]. Another difficulty is that the model structure changes with respect to
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Figure 3.13: Simulated pulse-echo impulse responses from multi-layered structures, using the
model in (3.19) represented by the black dashed impulses and (3.20) represented by the solid
red impulses: (a) a two-layered impulse response using a water distance of 1 cm, a 2 mm glass
layer, a 2 mm PMMA layer, followed by an infinite water region; (b) a three-layered impulse
response, where an additional 2 mm stainless steel layer is added behind the PMMA layer.

the acoustic-path-length1, meaning that, e.g., diffraction and misalignment effects at a
distance d cannot be factored into two equivalent models at distance d/2; a factorization
that is valid and frequently used for linear material and fluid models, see Appendix 3B.

A direct consequence of this is that when reciprocity is assumed and used together
with calibration measurements to neglect errors originating from the measurement setup
(discussed in Paper E), the validity is questionable unless the calibration data is retrieved
using the same acoustic-path-length. This criterion is often difficult to achieve, especially
since the acoustic-path-length in general is frequency-dependent and connected to the
phase velocity of the investigated medium.

A similar complication arises in the pulse-echo case when comparing two different or
consecutive echoes, as in Papers F–H. The linear dynamic effects from the transducer
can at least theoretically be eliminated (assuming no spectral nulls), but nonreciprocal
effects originating from diffraction and misalignment can at best only be partly reduced.

1The described effects depends on the total number of propagated wavenumbers through the media,
denoted by ξ(ω) in Paper B, and is proportional to the frequency-dependent acoustic-path-length times
the frequency.
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Fortunately, there exist analytical closed form approximate solutions to the diffraction
correction integrals [46] between two identical transducers, valid in the far field and
under ideal conditions [47], i.e., baffled planar circular pistons and perfect alignment.
In the far field and under ideal conditions, these expressions can be incorporated in
the acoustic model to describe the diffraction effects [27]. In Fig. 3.14, the frequency-
dependent diffraction effects, represented by the linear system D̃(ω, d), are shown at
different distances d between the transducers. The figures are retrieved using the closed
form approximation in [46], and presented for transducers with an effective radius of 6.3
mm (similar to the 5 MHz (10π Mrad/s) transducers used in Paper B), and a constant
phase velocity of cp = 1500 (m/s). A numerical investigation of the validity of this
expression is provided in Appendix 3C.
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Figure 3.14: Magnitude and phase representation of the Lommel diffraction correction integral,
using the closed form expression in [46].
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However, in near field situations, or in cases of non-ideal conditions or misalignments,
the diffraction correction models in Fig. 3.14 are not valid and other techniques must be
used to describe these effects. An approach exploited in Paper B is to use the variability
of general linear systems to describe these effects, discussed in the next section.

Since models of diffraction and misalignment effects can be described as integrations
over transducer surfaces, the corresponding impulse response should be finite, for finite
transducer surfaces, favoring a finite impulse response (FIR) description. The length of
the response should be in proportion to the difference between the longest and shortest
distance between two points on each transducer surface, illustrated in Fig. 3.15.

Figure 3.15: Illustration of the finite impulse response describing misalignment and diffraction,
where d represents the distance and τ the corresponding time-of-flight.

3.4 Mixed models

The model structures described by (3.19) and (3.20), are limited to ideal conditions
(neglecting diffraction and alignment effects). If dynamics from non-ideal conditions are
present in the data and not accounted for by the model, it would result in correlated
residuals and biased estimates of signals and model parameters. To obtain unbiased
estimates, the model must be expanded so it can describe both physical properties with
known structures, (3.19) and (3.20), and non-ideal effects with unknown structures.

In Paper B, diffraction and misalignment effects are included in the model, and in-
teracting dynamic elements within the known physical structure are pooled together and
described using simple FIR filters. This allows for a description of dynamic elements with
both known and unknown structure, and the ability to have both unbiased parameter
estimates related to physical properties of the medium and uncorrelated residuals.

However, incorporating general linear elements within known physical structures, gen-
erally increases the modeling complexity as it involves additional model order selection di-
mensions. Depending on the amount of physical knowledge incorporated into the model,
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the necessity to assign the right amount of freedom to the general elements can be very
important for some applications, Paper B, and less important for others, Paper C. In sit-
uations involving fragile structures and critical physical relationships, the variability of
the general elements within these structures must be constrained to preserve the validity
of the model. If these elements are assigned too much freedom, parameter ambiguities
within the model will emerge as the structures and relationships breaks down, explained
in Paper B. For less constrained situations, e.g. Papers C–F, the effect of overparame-
terization is not as destructive, since the main effect would be an increased variance of
the estimated parameters and signals due to the increased degrees of freedom.
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3A Mechanical approximation

In this section, derivations are provided of the finite-order ordinary differential equation
(ODE) approximation of the partial differential equation (PDE) in (3.4). The objective is
also to emphasize the important relationships between sinusoids and symmetric Toeplitz
matrices, described further in Chapter 4, and to highlight interesting analogies with
estimation problems involving singular matrices, considered in Papers A and C.

The ODE approximation can be viewed as the mechanical analogy shown in Fig. 3.2.
Let xl(t), el(t), f̌l(t), and fl(t), be the displacement of mass ml, the extension of spring
kl, the force acting on spring kl, and an external body force acting on mass element ml,
respectively, depicted in Figs. 3.16 and 3.17.

Figure 3.16: Mechanical analogy of the ODE in (3.4).

Figure 3.17: Forces acting on the l-th elements.

Applying Newton’s second law to the l-th mass and spring element in Fig. 3.17, gives
fl(t) + f̌l(t) − f̌l−1(t) = mld

2xl(t)/dt2. Using vector notations it can be expressed for all
the elements as

f(t) + Df̌(t) = M
d2x(t)

dt2
, (3A.26)

where

D =

⎡⎢⎢⎢⎢⎢⎣
1
−1 1

. . . . . .

−1 1
−1

⎤⎥⎥⎥⎥⎥⎦ (3A.27)
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is a difference matrix of dimension (N × N − 1), M = diag([m1,m2, . . . , mN ]T ) is a
diagonal mass matrix, f̌(t) = [f̌1(t), f̌2(t), . . . , f̌N−1(t)]

T is the force vector acting on the
springs, f(t) = [f1(t), f2(t), . . . , fN(t)]T is the external body force vector acting on the
mass elements, and x(t) = [x1(t), x2(t), . . . , xN(t)]T is the mass displacement vector.

The extension or lengthening of spring kl is given by el(t) = xl+1(t) − xl(t) and can
be expressed in vector notation as

e(t) = −DTx(t), (3A.28)

where e(t) = [e1(t), e2(t), . . . , eN−1(t)]
T is the extension vector. The force needed to

extend the springs (assumed linear) by an amount e(t) is

f̌(t) = Ke(t), (3A.29)

where K = diag([k1, k2, . . . , kN−1]
T ) is a diagonal matrix containing the spring constants.

Using spring tension p(t) = −f̌(t) and spring compression s(t) = −e(t) (instead of force
and expansion), the Eqs. (3A.26), (3A.28) and (3A.29) can be rewritten as

M
d2x(t)

dt2
+ Dp(t) = f(t), (3A.30)

s(t) − DTx(t) = 0, (3A.31)

p(t) = Ks(t), (3A.32)

and are the finite-dimensional counterparts of Eqs. (3.2), (3.1), and p(t) = B0s(t), re-
spectively. Inserting (3A.31) in (3A.32), and differentiating twice with respect to t gives

d2p(t)

dt2
= KDT d2x(t)

dt2

= KDTM−1f(t) − KDTM−1Dp(t), (3A.33)

where (3A.30) has been used in the last equality. Assuming homogenous media, i.e.
ml = m and kl = k for all l, (3A.33) simplifies to

m

k

d2p(t)

dt2
= DT f(t) − DTDp(t). (3A.34)

By neglecting external body forces f(t) = 0, and letting k = B0/Δx and m = ρ0Δx,
where Δx is the distance between two equilibrium positions in Fig. 3.16, the resulting
ODE can be expressed as

Ap =
1

c2
0

d2p

dt2
, (3A.35)

where

A = − 1

Δx2
DTD =

1

Δx2

⎡⎢⎢⎢⎢⎢⎣
−2 1
1 −2 1

1 −2
. . .

. . . . . . 1
1 −2

⎤⎥⎥⎥⎥⎥⎦ , (3A.36)
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and c2
0 = B0/ρ0. As the number of elements N goes to infinity, the matrix A approaches

the (one-dimensional) Laplace operator, and (3A.35) approaches (3.4) (pl(t) → p(lΔx, t)).
Not surprisingly, the eigenvectors of A coincide with the eigenfunctions of the Laplace
operator (for Dirichlet boundary conditions p(0, t) = p(1, t) = 0, i.e. loose ends) up to
order N at the discrete spatial points, see Fig. 3.18. Since both the Laplace operator
and the matrix are symmetric, the eigenfunctions and eigenvectors form an orthogonal
basis in the infinite- and N -dimensional space, respectively (spectral theorem, [60, 61]).
In the N -dimensional space, a linear combination of the eigenvectors of A can represent
signals fulfilling the spatial Nyquist sampling theorem, i.e. ω < πc0/Δx. This means that
finite-order systems can represent infinite-dimensional problems excited with bandlimited
signals, an observation that coincides with conclusions drawn in Paper E, using the
Mittag-Leffler theorem [23, 62].

An additional observation is the relationship between sinusoids and the eigenvectors
of Toeplitz matrices (Fig. 3.18), exploited further in Chapter 4 and Appendix 4A.
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Figure 3.18: A comparison between the eigenvectors ϕl[n] of A, plotted at the spatial points
xn = nΔx, and the eigenfunctions ϕl(x) = sin((l − 1)πx) of the Laplace operator. The curves
are shown for l = 1, ..., N and N = 8.

A third observation, not shown by the derivations here, is that expressing the equa-
tions in terms of the displacement x(t) instead of the pressure p(t), the matrix in (3A.36)
is replaced by A = −DDT /Δx2, and this matrix is singular. The singularity is the result
of not knowing a reference point (loose ends), and shifting all masses an equal distance
does not affect the relationships between the elements. This is in perfect analogy with
the estimation problems encountered in Papers A and C, having singular Fisher infor-
mation matrices, where the reference point is unknown and the objective is to find the
relationships between the measurements. Despite this rank deficiency, solutions can be
found with respect to the displacement of one element or with respect to the average
displacement, see Papers A and C.
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Figure 3.19: Reflections within a single layer: ṽq,0 represents the input signal from the layer
above, located just above the (q − 1, q)-th boundary; w̃q,0 represents the input signal from the
layer below, located just above the (q, q + 1)-th boundary. The signals are assumed to propagate
at normal angles with respect to the boundaries and are separated by the time axis t for clarity.

3B The multi-layer transfer function

In this section, derivations are provided for the complete transfer functions describing
propagation through multi-layered structures at normal incidence, where diffraction and
misalignment are neglected. We start by investigating interactions within a single thin
layer, using pressure reflection R̃q,l(ω) and transmission T̃q,l(ω) coefficients (assumed
frequency-dependent) to describe interaction with boundaries. The transfer function
M̃q(ω) is used to denote wave propagation (3.14) through the q-th medium.

Note that in the following analysis, the ω dependency embedded in all the ˜ quantities
has been omitted for notational simplicity.

3B.1 Reflections within a single layer

In a single layer within a multi-layered structure, the input pressure waves arrive from
the two boundaries, i.e., from the top and from the bottom layer as shown in Fig. 3.19.
Throughout this section, propagations are assumed to be at normal incidence, neglecting
mode conversion at oblique angles. Let R̃q,q+1 and T̃q,q+1 denote the frequency-dependent
reflection and transmission pressure coefficients, respectively, between the q-th and the
(q + 1)-th layer. Then, according to Fig. 3.19, the following relationships can be stated

ṽq,p = R̃q,q+1T̃q,q−1M̃qw̃q,p−1, (3B.37)

w̃q,p =
R̃q,q−1

T̃q,q−1

M̃qṽq,p−1, (3B.38)
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valid for p ≥ 2. If p is an even number, then (3B.37) and (3B.38) can be rewritten as

ṽq,p =
(
R̃q,q+1R̃q,q−1M̃

2
q

)(p−2)/2

T̃q−1,qR̃q,q+1T̃q,q−1M̃
2
q ṽq,0, (3B.39)

w̃q,p =
(
R̃q,q+1R̃q,q−1M̃

2
q

)(p−2)/2

R̃q,q−1M̃
2
q w̃q,0, (3B.40)

and, if p is an odd number, then (3B.37) and (3B.38) can be rewritten as

ṽq,p =
(
R̃q,q+1R̃q,q−1M̃

2
q

)(p−1)/2

T̃q,q−1M̃qw̃q,0, (3B.41)

w̃q,p =
(
R̃q,q+1R̃q,q−1M̃

2
q

)(p−1)/2

T̃q−1,qM̃qṽq,0. (3B.42)

The upward output signal is the sum of all pressure waves leaving the q-th layer and
entering the (q−1)-th layer. This means that this output is the lower input signal w̃q−1,0

to the (q − 1)-th layer. Using the even and odd expressions in (3B.39) and (3B.41), the
output can be expressed as

w̃q−1,0 =
∞∑

p=1

ṽq,p =
∞∑

r=0

(ṽq,2r+2 + ṽq,2r+1)

=
∞∑

r=0

((
R̃q,q+1R̃q,q−1M̃

2
q

)r

T̃q−1,qR̃q,q+1T̃q,q−1M̃
2
q ṽq,0

+
(
R̃q,q+1R̃q,q−1M̃

2
q

)r

T̃q,q−1M̃qw̃q,0

)
= Ãqṽq,0 + B̃qw̃q,0, (3B.43)

where

Ãq =
T̃q−1,qR̃q,q+1T̃q,q−1M̃

2
q

1 − R̃q,q+1R̃q,q−1M̃2
q

, (3B.44)

B̃q =
T̃q,q−1M̃q

1 − R̃q,q+1R̃q,q−1M̃2
q

, (3B.45)

are obtained using the geometric series relationship

∞∑
r=0

xr = (1 − x)−1, for |x| < 1. (3B.46)

The condition |R̃q,q+1R̃q,q−1M̃
2
q | < 1 is fulfilled by the physical restrictions associated

with reflections and propagation through the q-th medium.
The downward output signal is the sum of all pressure waves leaving the q-th layer

and entering the (q + 1)-th layer, and the downwards output is the upper input signal
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ṽq+1,0 to the (q +1)-th layer. From the even and odd expressions in (3B.40) and (3B.42),
the output can be expressed as

ṽq+1,0 =
∞∑

p=1

w̃q,p =
∞∑

r=0

(w̃q,2r+2 + w̃q,2r+1)

=
∞∑

r=0

((
R̃q,q+1R̃q,q−1M̃

2
q

)r

R̃q,q−1M̃
2
q w̃q,0

+
(
R̃q,q+1R̃q,q−1M̃

2
q

)r

T̃q−1,qM̃qṽq,0

)
= C̃qṽq,0 + D̃qw̃q,0, (3B.47)

where

C̃q =
T̃q−1,qM̃q

1 − R̃q,q+1R̃q,q−1M̃2
q

, (3B.48)

D̃q =
R̃q,q−1M̃

2
q

1 − R̃q,q+1R̃q,q−1M̃2
q

. (3B.49)

If no acoustic losses are associated with propagation through boundaries between
the layers, i.e. the transmission and reflection coefficients are real-valued and frequency-
dependent quantities, Paper B; then the following relationships T̃q,q+1 = 1 + R̃q,q+1 and
R̃q,q+1 = −R̃q+1,q hold, and the expressions (3B.44), (3B.45), (3B.48), and (3B.49) can
be simplified as

Ãq =
T̃q−1,qR̃q,q+1T̃q,q−1M̃

2
q

1 − R̃q,q+1R̃q,q−1M̃2
q

=

(
1 − R̃2

q−1,q

)
R̃q,q+1M̃

2
q

1 + R̃q,q+1R̃q−1,qM̃2
q

, (3B.50)

B̃q =
T̃q,q−1M̃q

1 − R̃q,q+1R̃q,q−1M̃2
q

=

(
1 − R̃q−1,q

)
M̃q

1 + R̃q,q+1R̃q−1,qM̃2
q

, (3B.51)

C̃q =
T̃q−1,qM̃q

1 − R̃q,q+1R̃q,q−1M̃2
q

=

(
1 + R̃q−1,q

)
M̃q

1 + R̃q,q+1R̃q−1,qM̃2
q

, (3B.52)

D̃q =
R̃q,q−1M̃

2
q

1 − R̃q,q+1R̃q,q−1M̃2
q

=
−R̃q−1,qM̃

2
q

1 + R̃q,q+1R̃q−1,qM̃2
q

, (3B.53)

using only reflection coefficients with increasing layer orders. Additionally, no boundary
losses also imply that no phase shifts other than ±π are associated with reflection and
transmission. If losses are present, or if there are incomplete or partially contacting
interfaces [63, 64], the simplifications above are not valid and the phase restriction should
be relaxed allowing for complex-valued coefficients.
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3B.2 Finding the multi-layered transfer function

Using the derived relationships

w̃q−1,0 = Ãqṽq,0 + B̃qw̃q,0, (3B.54)

ṽq+1,0 = C̃qũq,0 + D̃qw̃q,0, (3B.55)

the interaction within a q = 1, 2, ..., Q layered structure can be written as⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w̃0,0

ṽ2,0

w̃1,0

ṽ3,0
...

w̃Q−1,0

ṽQ+1,0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ã1 B̃1

C̃1 D̃1

Ã2 B̃2

C̃2 D̃2

. . .

ÃQ B̃Q

C̃Q D̃Q

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ṽ1,0

w̃1,0

ṽ2,0

w̃2,0
...

ṽQ,0

w̃Q,0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (3B.56)

Distant or non-interfering transducer configuration

If the measurement setup is designed in a way that the transducers are either distant
enough from the layered structure or non-interfering, so that sequential interactions be-
tween the transducers and the structure can be separated or neglected from the measured
response, then the sequential interactions can be discarded in the multi-layered model
simplifying the analysis. This is illustrated in Fig. 3.11 using a pulse-echo setup, where
the first interaction (dashed black lines) is separable from the second interaction (red
lines). If the first interaction can be separated, then the analysis can be simplified to
model this part alone.

Let the input signals ũ0 and ũQ+1, and the output signals ỹ0 and ỹQ+1, be located
above and below the multi-layered structure, illustrated in Fig. 3.20, allowing excita-
tions and measurements on both sides. From this figure, the following relationships are
retrieved

ỹ0 = M̃2
0 R̃0,1ũ0 + M̃0w̃0,0 (3B.57)

ỹQ+1 = M̃2
Q+1R̃Q+1,QũQ+1 + M̃Q+1T̃Q,Q+1ṽQ+1,0

= −M̃2
Q+1R̃Q,Q+1ũQ+1 + M̃Q+1

(
1 + R̃Q,Q+1

)
ṽQ+1,0 (3B.58)

ṽ1,0 = M̃0ũ0 (3B.59)

w̃Q,0 = M̃Q+1T̃Q+1,QũQ+1 = M̃Q+1

(
1 − R̃Q,Q+1

)
ũQ+1, (3B.60)

and they can be used in combination with the linear system in (3B.56) to find the
complete transfer function that describes the relationship between the input and output
signals corresponding to the first interaction.
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Figure 3.20: Illustration of a distant or non-interfering transducer configuration.

Close and interfering transducer configurations

If the transducers are placed close to the structure’s surface, so that the sequential
interactions between the surfaces and the transducers overlap (i.e. the time-of-flight
within the 0-th or the (Q+1)-th layer is shorter than the reverberation length, illustrated
in Fig. 3.12 (b) and 3.13 (b)), then the regions between the transducers and the structure
should be modeled as additional layers shown in Fig. 3.21. In these cases the model is
expanded with additional layers to include these regions and to describe the sequential
interactions. The signal relationships are given by

ỹ0 = T̃−1
1,0 w̃0,0 =

(
1 − R̃0,1

)−1

w̃0,0 (3B.61)

ỹQ+1 = ṽQ+1,0 (3B.62)

ṽ1,0 = T̃−1
0,1 ũ0 =

(
1 + R̃0,1

)−1

ũ0 (3B.63)

w̃Q,0 = ũQ+1. (3B.64)

3B.3 Solutions to pulse-echo configurations

Examining the pulse-echo configuration from above, which is the measurement config-
uration used throughout Part II; the input and output signals from below (Q + 1) are
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Figure 3.21: Illustration of a close and interfering transducer configuration.

canceled, and the linear system in (3B.56) is reduced to⎡⎢⎢⎢⎢⎢⎢⎢⎣

w̃0,0

ṽ2,0

w̃1,0

ṽ3,0
...

w̃Q−1,0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Ã1 B̃1

C̃1 D̃1

Ã2 B̃2

C̃2 D̃2

. . .

ÃQ

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ṽ1,0

w̃1,0

ṽ2,0

w̃2,0
...

ṽQ,0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (3B.65)

together with the previously derived pulse-echo relationships

ỹ0 = M̃2
0 R̃0,1ũ0 + M̃0w̃0,0 (3B.66)

ṽ1,0 = M̃0ũ0, (3B.67)

or

ỹ0 =
(
1 − R̃0,1

)−1

w̃0,0 (3B.68)

ṽ1,0 =
(
1 + R̃0,1

)−1

ũ0, (3B.69)

for distant/non-interfering or close/interfering configuration, respectively.
The objective is to find an expression for the complete transfer function h̃Q that

describes the relationship between the input and output signal

ỹ0 = h̃Qũ0, (3B.70)

for Q layers. h̃Q is retrieved using the expressions in (3B.66)-(3B.67) or (3B.68)-(3B.69),
where the signal w̃0,0 needs to be solved and expressed in terms of ṽ1,0 using the rela-
tionship in (3B.65). Fortunately, due to the block diagonal structure in (3B.65), the
solution can be expressed in a recursive manner as the number of layers increases, and is
illustrated in the examples presented below.
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Example: A single layer For a single layer using a distant or non-interfering trans-
ducer configuration, the linear system in (3B.65) reduces to a single element

w̃0,0 = Ã1ṽ1,0, (3B.71)

and, in combination with (3B.66) and (3B.67), the transfer function in (3B.70) is given by

h̃1 = M̃2
0 R̃0,1 + M̃2

0 Ã1 = M̃2
0

⎛⎝R̃0,1 +

(
1 − R̃2

0,1

)
R̃1,2M̃

2
1

1 + R̃1,2R̃0,1M̃2
1

⎞⎠ . (3B.72)

To obtain the transfer function for a single layer using a close and interactive transducer
configuration, the structure needs to be expanded with an additional layer to handle the
sequential interactions, and is treated in the next example. �

Example: A two-layered structure For two layers, the linear system in (3B.65) is
reduced to ⎡⎣w̃0,0

ṽ2,0

w̃1,0

⎤⎦ =

⎡⎣Ã1 B̃1

C̃1 D̃1

Ã2

⎤⎦⎡⎣ ṽ1,0

w̃1,0

ṽ2,0

⎤⎦ . (3B.73)

As mentioned previously, to find the transfer function in (3B.70) the signal w̃0,0 must be
expressed in terms of ṽ1,0. Inserting the third equation in both the second and the first
equation; yields

ṽ2,0 = C̃1ṽ1,0 + D̃1Ã2ṽ2,0 =
C̃1

1 − D̃1Ã2

ṽ1,0, for D̃1Ã2 �= 1 (3B.74)

w̃0,0 = Ã1ṽ1,0 + B̃1Ã2ṽ2,0, (3B.75)

respectively, and combining these two gives

w̃0,0 =

(
Ã1 +

B̃1C̃1Ã2

1 − D̃1Ã2

)
ṽ1,0. (3B.76)

The condition D̃1Ã2 �= 1 is fulfilled, since the magnitudes of the reflection coefficients and
the wave propagation models are bounded below one (similar to the conditions in (3B.46)).

The complete transfer function for distant measurements on a two-layered structure is
given by

h̃2 = M̃2
0 R̃0,1 + M̃2

0

(
Ã1 +

B̃1C̃1Ã2

1 − D̃1Ã2

)
, (3B.77)

and for close and interfering measurements on a single layer

h̃1 =
1

1 − R̃2
0,1

(
Ã1 +

B̃1C̃1Ã2

1 − D̃1Ã2

)
, (3B.78)

using (3B.68) and (3B.69). �
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Example: A Q-layered structure The following inductive hypothesis for Q ≥ 1
layers is assumed

w̃0,0 = ẼQ,1ṽ1,0, (3B.79)

where {
ẼQ,q = Ãq + B̃qC̃qẼQ,q+1

1−D̃qẼQ,q+1
, for q < Q

ẼQ,q = Ãq, for q = Q
. (3B.80)

To prove the inductive relationship, first replace the last diagonal element ÃQ in (3B.65)
with ẼQ,Q which corresponds to the last recursion step q = Q in (3B.80)⎡⎢⎢⎢⎢⎢⎢⎢⎣

w̃0,0

ṽ2,0
...

w̃Q−2,0

ṽQ,0

w̃Q−1,0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Ã1 B̃1

C̃1 D̃1

. . .
ÃQ−1 B̃Q−1

C̃Q−1 D̃Q−1

ẼQ,Q

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ṽ1,0

w̃1,0
...

ṽQ−1,0

w̃Q−1,0

ṽQ,0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (3B.81)

Further assume that the recursion is valid for Q − 1 layers. A solution to the last three
equations in (3B.81) is given by

w̃Q−2,0 =

(
ÃQ−1 +

B̃Q−1C̃Q−1ẼQ,Q

1 − D̃Q−1ẼQ,Q

)
ṽQ−1,0 (3B.82)

and is retrieved analogously as with the example for two layers in (3B.76). This expression
is equal to the last two recursive steps, i.e. q = Q − 1 in (3B.80), and can rewritten as

w̃Q−2,0 = ẼQ,Q−1ṽQ−1,0. (3B.83)

The last two equations in (3B.81) can now be canceled, meaning that the solution for Q
layers can be reduced to a solution for Q − 1 layers,⎡⎢⎢⎢⎢⎢⎢⎢⎣

w̃0,0

ṽ2,0
...

w̃Q−3,0

ṽQ−1,0

w̃Q−2,0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Ã1 B̃1

C̃1 D̃1

. . .
ÃQ−2 B̃Q−2

C̃Q−2 D̃Q−2

ẼQ,Q−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ṽ1,0

w̃1,0
...

ṽQ−2,0

w̃Q−2,0

ṽQ−1,0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (3B.84)

by replacing the last diagonal element ÃQ−1 with ẼQ,Q−1. This Q − 1 solution can anal-
ogously be reduced to a solution for Q − 2 layers, by replacing the last diagonal element
ÃQ−2 with ẼQ,Q−2. Following these steps recursively back to the first row in (3B.65), the
solution can be expressed using (3B.79) and (3B.80). The final step is to show that it also
holds for Q = 1, which is easy to see from the single layer example presented previously.
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The complete transfer function for Q layers is given by

h̃Q = M̃2
0 R̃0,1 + M̃2

0 ẼQ,1, (3B.85)

h̃Q =
1

1 − R̃2
0,1

ẼQ+1,1, (3B.86)

for distant and close measurements, respectively. In Figs. 3.12 and 3.13, impulse response
examples can be seen for Q = 1, 2, 3 under ideal conditions. �

3C Lommel diffraction

In this section, the validity of the Lommel diffraction correction integral [46, 47] is inves-
tigated and compared to the result from numerical integrations with increasing number
of Riemann elements (in cylindrical coordinates).

Fig. 3.22 (a-b) depicts this comparison for a far field situation, using a transducer
distance of d = 0.05 m and the same transducer properties described in Section 3.3
(Fig. 3.14). Good agreement is observed between the Lommel diffraction model and the
numerical integration as the number of Riemann elements increases. For a small number
of elements, the numerical integration result is corrupted at higher frequencies due to
spatial aliasing effects, but these errors decrease as the number of elements increase and
the element size decreases.

Fig. 3.22 (c-d) shows the comparison for a near field situation, using a transducer
distance of d = 0.005 m. Attention is drawn towards the mismatch at low frequencies,
independent of the number of elements, invalidating the Lommel diffraction model at close
distances and low frequencies (notice the change in frequency scale). This mismatch is
also clearly visible in the phase representation shown in Fig. 3.14 (and in Fig. 3.22 (d)),
as the phase should ideally start at π due to the opposite directions of the pistons
(transducers).
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Figure 3.22: Lommel diffraction approximation (black) versus numerical integration with an
increasing number of Riemann elements {400, 625, 900, 1600} (red): (a), (b) magnitude and
phase representation, respectively, of D̃(ω, d) for d = 0.05 m (far field); (c), (d) magnitude and
phase representation, respectively, of D̃(ω, d) for d = 0.005 m (near field). Note the change in
frequency scale.
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Chapter 4

Estimating acoustic models and
parameters from noisy

measurements

Chapter 3 was devoted to different acoustic models of materials, fluids, and layered struc-
tures; outlining a few important models and model structures that have been considered
in the appended papers in Part II. In this chapter, the focus is on how to adjust (or
estimate) the unknown parameters in these models, in order to describe the observed
data. How well the model describes the data is commonly defined by some criterion of
fit, briefly addressed in Section 2.1, and is in this thesis almost consistently determined
using the maximum likelihood principle [10] in combination with a frequency-domain
description [23].

In Section 4.1, the main benefits of using a frequency-domain description in ultrasonic
applications are highlighted. These benefits and properties are only shown and motivated
through derivations and examples under simplified conditions; however, the results are
often valid under much weaker conditions (which require a more extensive analysis) to
which references are included. Section 4.2 contains a short summary of a few common
cost functions (criteria of fit) that have been considered in this thesis and derived using
the maximum likelihood principle, together with brief discussions of their associated
assumptions and measurement conditions.

4.1 Frequency domain benefits in ultrasonic

applications

Ultrasonic measurements are often connected with time-limited pulse-shaped signals,
commonly generated using a pulser/receiver, described in Section 2.3. Although other
techniques exist, pulsed (time-limited) excitation is still the main excitation technique
applied, and the type suitable for single transducer pulse-echo measurements.

45
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Consequently, data processing is often conducted on a measured batch of samples con-
taining an entire ultrasonic pulse (or wavelet), or on batches of repeated measurements;
thus, real-time constraints are not imposed on consecutive samples but on consecutive
batches. If the length of the measurement window and the sampling frequency are appro-
priately chosen the measured batch can, in practice, be considered both band- and time-
limited, Paper A. Under these conditions, a periodic extension of the signals would not
introduce any observable artifacts, and the discrete Fourier transform (DFT) coefficients
of the sampled sequence would match the Fourier series coefficients of the periodically
extended continuous counterpart [65]. The DFT coefficients ũ[k] will provide a good rep-
resentation of the true spectral content ũ(ω) at the discrete frequencies ωk as shown in
the example below. The mapping between the DFT indexes k = 0, ..., N −1 and the cor-
responding angular frequencies ωk is given by ωk = (2πk/N +π mod 2π)Fs −πFs; where
N represents the number of samples in the batch, Fs denotes the sampling frequency,
and mod represents the modulus after division and compensates for the frequency shift.

Example: Modulated Gaussian pulse In Fig. 4.1, a modulated Gaussian pulse
is used to illustrate the relationship between the DFT coefficients ũ[k] and the Fourier
transform ũ(ω). Except for the natural interaction between the Nyquist (k = N/2) and DC
(k = 0) DFT coefficients for even values of N , the DFT will describe the spectrum at the
discrete frequencies ωk if the sampling frequency and measurement window are appropriately
chosen. A good design implies that aliasing and truncation/leakage effects can be neglected
(blue). If the measurement window cannot capture the entire pulse, due to its position or
length, the truncation of the signal generates leakage in the frequency-domain (red). The
goal is to design a measurement window so that this effect is at least beneath the noise
floor.

When using the DFT, it is also important to detect and reduce any effects of the induced
periodicity by the DFT basis, affecting computations (circular convolution [65]) of signals
and models. This is especially important when analyzing measurements that correspond
to models with long or infinite impulse responses, discussed in Paper B, e.g. the response
shown in Fig. 3.13 (b). �

From a modeling and estimation point of view, a frequency-domain representation
(3.14) is favorable under these conditions, enabling not only a simple mapping of batches
and models between continuous- and discrete-domain using the DFT [66], but also ben-
eficial asymptotic statistical properties of the measurement noise [67, 68] useful in the
estimation step [10, 66].

4.1.1 Asymptotic properties

Sinusoids are not only eigenfunctions of the Laplace operator (for rectangular geometries),
or to linear systems in general, their discrete counterparts are also eigenvectors of cyclic
Toeplitz matrices, shown in Appendix 4A. This is an observation previously made in
Appendix 3A and Fig. 3.18, showing how the eigenvectors of the symmetric Toeplitz
matrix in (3A.36) coincides with the sinusoidal eigenfunctions of the Laplace operator.
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Figure 4.1: Time- and frequency-domain representation of a sampled and a continuous version
of a modulated Gaussian pulse u(t) = exp(−a2(t−μt)2) cos(ω0(t−μt)+φ0), using the parameter
values μt = (N − 1)Ts/2, a = Fs/4, ω0 = 2πFs/3.7 and φ0 = −π/3: (a) true continuous pulse
u(t) and sampled pulse u1[n] = u(nTs) using a centered rectangular measurement window of
N = 32 samples (blue); (b) sampled pulse u2[n] = u(nTs) retrieved using a poorly aligned
rectangular measurement window (red); (c) comparison in linear scale of the magnitudes of the
DFT coefficients ũ[k], plotted at ωk, with the true Fourier transform ũ(ω); (d) comparison in
logarithmic scale. The seemingly odd parameter values ω0 = 2πFs/3.7 and φ0 = −π/3 are
chosen to resemble a more realistic situation and introduce asymmetry for the pulse-shape and
sample points.

If the measurement noise sequence is assumed additive and wide-sense stationary,
the corresponding time-domain covariance matrix will be a symmetric Toeplitz matrix
[10]. Based on the Toeplitz structure and the closeness to its cyclic counterpart, the
DFT vectors are asymptotic (as the number of time samples grow) eigenvectors to the
covariance matrix [10]. This property is briefly investigated in Appendix 4A, by analyzing
matrix norms and presenting a few numerical results.
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Another useful property of discrete Fourier transformed noise, given by the central
limit theorem, is that of asymptotic complex normality [67]. This is a result of projecting
the noise sequence onto the DFT basis vectors, thereby creating linear combinations of
stochastic variables and convolved underlying distributions. This property is also valid
for correlated time sequences, if the sequence length (the batch length) is larger than the
correlation length, briefly described in Appendix 4B.

The implication of these two properties is that maximizing the log-likelihood func-
tion in the discrete Fourier domain asymptotically results in a weighted (non-linear) least
squares problem [13, 23], where the weighting matrix (the discrete frequency-domain co-
variance matrix) is diagonal [67, 68]. The DFT basis vectors diagonalize the time-domain
optimization problem as they produce asymptotically uncorrelated complex normal dis-
tributed DFT coefficients. This simplifies the estimation step considerably by allowing
fast convolution computations and simple covariance matrix inversions.

Another closely related frequency-domain technique, not addressed here, is the as-
ymptotic maximum likelihood estimator [10]. This approach is based on the discrete
time Fourier transform (DTFT), where the log-likelihood function is expressed asymp-
totically as integrations of terms containing the data’s periodogram (truncated DTFT)
and the power spectral density (PSD) with respect to the frequency. This method has
a connection to the DFT approach mentioned above, through the relationship between
the DTFT and the DFT in combination with Parseval’s theorem, see [10].

4.2 Measurement noise and cost functions

Throughout this thesis, the classical maximum likelihood estimator (MLE) [10] has al-
most consistently been used in one way or another to estimate parameters, signals and
noise properties. The motivations for its use is primary its simplicity in combination with
its nice large sample and high SNR (asymptotic) properties [10], conditions often fulfilled
by the measured data. Also, the separability property of the MLE has frequently been
applied to separate the estimation problem and reducing the dimensionality, Papers A,
C, B, and E.

Assuming that the asymptotic frequency-domain properties apply, i.e. uncorrelated
and complex normal distributed DFT coefficients (Section 4.1), the frequency-domain log-
likelihood function results in a weighted nonlinear least squares term and an additional
logarithmic term involving the determinant of the covariance matrix. Depending on
how and under what conditions the measurements are conducted, different optimization
complexities are encountered in estimation step.

4.2.1 Known reference signal and measured response signal

This is perhaps the most common measurement assumption encountered in the literature,
where the reference (input) signal is considered known and the response (output) signal is
measured. The prior knowledge of the reference signal/data is obtained through known
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excitations [10, 21, 22], or through a set of predesigned experiments [69], or through
reference measurement(s) with significantly lower uncertainty than the response signal.

For a single response measurement with known noise covariance, the MLE results in
the optimization of a (nonlinear) weighted least squares cost function with respect to the
model parameters. Following the notations in Paper B; let ỹ′ = ỹ + w̃ỹ denote the DFT
of the measured (denoted with prime) response vector, where ỹ = [ỹ[0], ..., ỹ[N − 1]]T

represents the noise-free unknown response, w̃ỹ = [w̃ỹ[0], ..., w̃ỹ[N − 1]]T represents the
added response noise, and N is the number of samples within the measurement window.
Let ũ = [ũ[0], ..., ũ[N − 1]]T represent the DFT of the noise-free reference signal, which
is assumed known.

If the data are appropriately retrieved so that leakage and aliasing effects can be
neglected (Section 4.1), then the DFT coefficients will provide a close to perfect rep-
resentation of the true signal spectrum, i.e., Tsỹ[k] = ỹ(ωk) and Tsũ[k] = ũ(ωk). The
assumption of linear acoustics provides a linear dynamic relationship between the refer-
ence and the response signal ỹ(ω) = h̃(ω)ũ(ω) (Section 3.1.6), where h̃(ω) represents a
linear model describing the propagation. If the relationship between the DFT and the
Fourier transform holds, the DFT coefficients can be connected under the same expression
ỹ[k] = h̃(ωk)ũ[k] for the discrete frequencies ωk.

If the asymptotic frequency-domain properties of the noise apply (i.e. uncorrelated
and complex normal distributed coefficients), then w̃ỹ ∼ CN (0,Cw̃ỹ

), with a diagonal
covariance matrix Cw̃ỹ

= diag([σ2
w̃ỹ

[0], ..., σ2
w̃ỹ

[N − 1]]T ). The MLE of a parameter vector
θ is given by maximizing the log-likelihood function

θ̂ = arg max
θ

ln (p (ỹ′; θ)) , (4.1)

where ̂ denotes estimate. Due to a diagonal covariance matrix in combination with
a complex normal distribution (uncorrelated implies independent), the likelihood func-
tion can be factorized into its independent distributions, and the log-likelihood can be
expanded as

ln (p (ỹ′; θ)) =
N−1∑
k=0

ln (p (ỹ′[k]; θ)) , (4.2)

where

ln (p(ỹ′[k]; θ)) = − ln(π) − ln(σ2
w̃ỹ

[k]) −

∣∣∣ỹ′[k] − h̃(ωk, θ)ũ[k]
∣∣∣2

σ2
w̃ỹ

[k]
(4.3)

is the k-th (independent) log-likelihood function. For a known (co)variance σ2
w̃ỹ

[k], the
unknown parameters represented by the vector θ are the model parameters. The term
σ2

w̃ỹ
[k] will be referred to as a (co)variance, since it represents both a variance in the

frequency-domain and a covariance in the time-domain. If the (co)variance is considered
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unknown, it should be included in the maximization step as in Papers A and C, or
retrieved through repeated measurements or through a separate calibration measurement,
discussed in Section 4.2.3.

For a known (co)variance the first two terms in (4.3) can be ignored in the optimization
step, and the MLE in (4.1) reduces to optimizing a nonlinear weighted least squares
problem.

If the complex-valued DFT vectors are transforms of real-valued time-domain se-
quences, then the conjugated frequency-domain symmetry [65] can be used, and the
summation in (4.2) can be confined to either vector half [23]. Another advantage, com-
pared to a time-domain approach, is that frequencies of no interest can easily be ignored
in (4.2), used in Paper B.

4.2.2 Measured reference and response signal

In many measurement situations, the reference signal is measured with approximately
the same order of accuracy as the response signal, and uncertainties in both signals
should be accounted for in the estimation procedure; sometimes referred to as the error-
in-variables problem [21, 22, 23]. In these situations, the true underlying reference ũ[k]
is also unknown and hidden in measurement noise, similarly as the response. Let ũ′ =
ũ+ w̃ũ represent the DFT of the measured reference sequence, where w̃ũ is the reference
measurement noise. The measured DFT vectors ỹ′ and ũ′ are also related by the linear
relationship ỹ[k] = h̃(ωk, θ)ũ[k] connecting the noise-free underlying signals.

The objective is to maximize the likelihood, with respect to θ, of retrieving the
measured DFT vectors ũ′ and ỹ′ under the constraint ỹ = H̃(θ)ũ, where H̃(θ) =
diag([h̃(ω0, θ), ..., h̃(ωN−1, θ)]T ).

This is a constrained optimization problem, often nonlinear with respect to θ, and
can be transformed to an unconstrained problem using (complex) Lagrange multipliers
[12].

Fortunately, closed-form expressions can be found for the estimates of the underlying

signals ̂̃u, ̂̃y, and the multiplier ̂̃λ, due to the linearity of these terms [23, 10], Paper B,
and the problem can be reduced in dimension to optimize a weighted nonlinear least
square surface with respect to θ. For known (co)variances σ2

w̃ũ
[k], σ2

w̃ỹ
[k], σ2

w̃ũw̃ỹ
[k], the

MLE is given by minimizing the dimensionally-reduced Lagrangian (also known as the
constrained Markov cost function [70, 23])

θ̂ = arg min
θ

L (ũ, ỹ; θ) = arg min
θ

N−1∑
k=0

l (ũ′[k], ỹ′[k]; θ) , (4.4)
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where

l (ũ′[k], ỹ′[k]; θ) = 2 ln(π) + ln
(
σ2

w̃ũ
[k]σ2

w̃ỹ
[k] − |σ2

w̃ũw̃ỹ
[k]|2

)

+

∣∣∣ỹ′[k] − h̃(ωk, θ)ũ′[k]
∣∣∣2

σ2
w̃ỹ

[k] − 2�{σ2
w̃ũw̃ỹ

[k]h̃(ωk, θ)} + σ2
w̃ũ

[k]|h̃(ωk, θ)|2 (4.5)

is the k-th (independent) Lagrangian, Paper B, and �{·} denotes the real part. Notice
the relationship with the log-likelihood in (4.3) for σ2

w̃ũw̃ỹ
[k] = 0 and σ2

w̃ũ
[k]/σ2

w̃ỹ
[k] → 0.

4.2.3 Repeated or periodic measurements

If repeated (or periodic) measurements of the reference and the response signals are
available, then estimates of the waveforms and their (co)variances can be obtained from
the repeated redundancy, and the estimation of θ can be conducted on these estimates.
This approach is also known as the sample MLE [23] or the adaptive MLE [71].

With M repetitions (or periods), ũ′[k] and ỹ′[k] in (4.5) are replaced by the sample
means over M , and the corresponding noise (co)variances σ2

w̃ũ
[k], σ2

w̃ỹ
[k], and σ2

w̃ũw̃ỹ
[k]

are replaced by the sample variances over M , scaled by M−1 [23].
In practice, the number of repeated measurements M is often much smaller than

the number of samples N in each batch, to keep the measurement time small enough
to reduce effects originating from non-stationary measurement conditions. For M < N ,
the general unconstrained sample covariance matrix is singular and either some type of
regularization method is needed in the estimation step or a prior density is designed
to condition the estimate, see [72] and the references therein. A second option, used
throughout this thesis, is to restrict the problem to the class of stationary noise, i.e.
constraining the matrix by imposing a symmetric Toeplitz structure in the time-domain
or a diagonal structure in the frequency-domain, Appendix 4A.

A third alternative is to impose a parametric structure onto the covariance matrix
[21, 22] to restrict the variability further, e.g. a coloration filter h[k] as in (4A.6). This
will also simplify estimation of the covariance using arbitrary excitation signals, i.e. not
restricted to periodic or repeated excitations, at the expense of increasing the parameter
vector and introduce additional dimensions in model order selection search space. This
alternative also simplifies real-time processing based on consecutive samples, rather than
whole batches. However, arbitrary excitations and sample based real-time processing
are often not useful properties in pulse-echo situations, and not worth the increased
complexity in the parameter estimation and model order selection process, favoring a
nonparametric diagonal frequency-domain structure.

Choosing a nonparametric diagonal structure, we have to either resort to separate cal-
ibration measurements or to repeated (or periodic) measurements to retrieve information
of the diagonal elements (not considering shrinkage or Bayesian techniques), unless the
estimator is restricted to the class of white noise as in Paper B. To retrieve this informa-
tion using sample mean and sample variance techniques, it is important that the repeated
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measurements are appropriately collected. Even if stationary measurement noise can be
assumed during the measurement time (symmetric Toeplitz structure), estimates of sig-
nals and (co)variances from the M repeated measurements can still be corrupted by
poor synchronization or non-stationary measurement conditions, problems addressed in
Papers A and C.

4.2.4 Unknown reference signal and repeated response mea-
surements

If the underlying reference signal is unknown and unmeasurable, it can in some situ-
ations be estimated along with the model parameters from repeated measurements of
the response signal; an approach considered in Papers A and C to obtain estimates of
signals and (co)variances from measurements collected under non-ideal conditions. Un-
fortunately, this modeling technique often introduces parameter ambiguities, singular
information and Hessian matrices, due to the absence of a reference point (analogous
with the observations made at the end of Appendix 3A using the mechanical approxima-
tion). These ambiguities needs to be addressed either by restricting the parameter space
(fixating parameters), or by conditioning the problem using regularization or pseudo-
inverse techniques [15, 14]. The choice of technique used to cope with the rank deficiency
has implications on the convergence of the optimization algorithms, on the covariance
and bounds of the estimated parameters, and on the appropriate model order necessary
to describe the data; exploited further in Papers A and C.
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4A Asymptotic diagonality

The objective is to illustrate the asymptotic diagonal properties of the covariance matrix
of discrete Fourier transformed colored stationary noise, by evaluating matrix norms and
presenting a few numerical examples as the sample size increases. The derivations are
based on a simple FIR filter coloration and a separation of the covariance matrix into
two matrices: a cyclic covariance matrix (for which the DFT basis vectors are shown to
be eigenvectors) and a residual matrix with bounded norm. A more rigorous approach
can be found in [67, 68], investigating the norm of the truncation error, applicable to
sequences colored by any LTI, causal and strictly stable filter.

Let w[n] be a colored sequence obtained as

w[n] =

nh−1∑
l=0

h[l]e[n − l], (4A.6)

where h[l] is a finite impulse response (FIR) of length nh, assumed time invariant, and e[n]
is a wide-sense stationary zero mean white noise sequence with autocorrelation function

re[k] = σ2
eδ[k], (4A.7)

where δ[n] represents Kronecker’s delta function. The autocorrelation function of the
colored sequence w[n] is given by

rw[k] = E{w[n]w[n + k]} =

nh−1∑
l=0

h[l]

nh−1∑
m=0

h[m]E{e[n − l]e[n + k − m]}

=

nh−1∑
l=0

h[l]

nh−1∑
m=0

h[m]σ2
eδ[l + k − m] = σ2

e

nh−1∑
l=0

h[l]h[l + k], (4A.8)

where E{·} denotes the expected value. Assume that we can observe only a finite sequence
of w[n], using a measurement window of N samples where N is large enough to capture
the response, i.e., N > nh. The finite sequence can be written in vector notation as

w = He, (4A.9)

where

w = [w[0], · · · , w[N − 1]]T , (4A.10)

e = [e[−nh + 1], · · · , e[0], · · · , e[N − 1]]T , (4A.11)

H =

⎡⎢⎣h[nh − 1] · · · h[0]
. . . . . .

h[nh − 1] · · · h[0]

⎤⎥⎦ . (4A.12)
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Note that the matrix H is a rectangular convolution matrix of dimension (N×N+nh−1),
where the first nh − 1 columns in H are used to handle the non-zero initial conditions,
and operates on the first nh − 1 rows in e corresponding to n < 0.

The elements of the N × N covariance (or autocorrelation) matrix of w is given by
(Cw)k,l = rw[k − l] in (4A.8), and can be written in matrix notation using (4A.9) as

Cw = E{wwT} = HE{eeT}HT = HCeH
T = σ2

eHHT = (4A.13)

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

rw[0] · · · rw[nh − 1]
. . . . . .

rw[1 − nh] · · · rw[0] · · · rw[nh − 1]
. . . . . . . . .

. . . . . . . . .

rw[1 − nh] · · · rw[0] · · · rw[nh − 1]
. . . . . .

rw[1 − nh] · · · rw[0]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(4A.14)

where Ce = σ2
eI in (4A.13) follows from (4A.7).

For a large number of samples N in relation to nh, the initial condition associated
with the first nh − 1 columns and rows in H and e, respectively, will have only minor
impact if the autocorrelation function (or covariance matrix) is to be estimated from
observed data. For large samples, covariance matrices to sequences with other initial
conditions can be studied and used as approximations. This can be seen by decomposing
the covariance matrix Cw into two matrices, a covariance matrix with different initial
conditions and a residual matrix; and investigate the matrix norms of these matrices
as the number of samples increases. Covariance matrices to periodic or cyclic initial
conditions are of special interest, since the column vectors of the DFT matrix are shown
to be the corresponding eigenvectors.

4A.1 Cyclic initial conditions

For cyclic initial conditions with period N , i.e. ec[n] = e[n mod N ], the convolution can
be expressed as

wc = Hec, (4A.15)

with ec = [e[N − nh + 1], · · · , e[N − 1], e[0], · · · , e[N − 1]]T . Moving the periodicity to
the convolution matrix, (4A.15) can be expressed as

wc = Hec = Hce (4A.16)
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where

wc = [wc[0], · · · , wc[N − 1]]T , (4A.17)

e = [e[0], · · · , e[N − 1]]T , (4A.18)

Hc =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

h[0] h[nh − 1] · · · h[1]
...

. . . . . .
...

h[nh − 1]
h[nh − 1]

. . .

. . . . . .

h[nh − 1] · · · h[0]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (4A.19)

and Hc is a cyclic convolution matrix of dimension N ×N . The covariance matrix of wc

is given by

Cwc = E{wcw
T
c } = HcE{eeT}HT

c = σ2
eHcH

T
c =

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

rw[0] · · · rw[nh − 1] rw[1 − nh] · · · rw[1]
. . . . . . . . .

rw[1 − nh] · · · rw[0] · · · rw[nh − 1]
rw[1 − nh]

. . . . . . . . .

. . . . . . . . .

rw[nh − 1]
rw[1 − nh] · · · rw[0] · · · rw[nh − 1]

. . . . . . . . .

rw[1] · · · rw[nh − 1] rw[1 − nh] · · · rw[0]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(4A.20)

and is identical to Cw in (4A.14), except for the cyclic contributions in the upper right
and lower left corners. Let w̃c = WNwc be the DFT of wc in (4A.16), where WN denotes
the N × N DFT matrix. The covariance matrix of w̃c is

Cw̃c = E{w̃cw̃
H
c } = σ2

eWNHc (WNHc)
H = σ2

eH̃cH̃
H
c , (4A.21)
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where the matrix H̃c = WNHc represent the DFT of the columns of Hc and H is used
to denote Hermitian transpose. The (k, l)-th element in H̃c can be written as(

H̃c

)
kl

=
N∑

n=1

(Hc)nl e
−j2π(k−1)(n−1)/N = {(Hc)nl = h[n − l mod N ]}

=
N∑

n=1

h[n − l mod N ]e−j2π(k−1)(n−1)/N

=
N∑

n=1

h[n − l mod N ]e−j2π(k−1)(n−l)/Ne−j2π(k−1)(l−1)/N

= h̃[k]e−j2π(k−1)(l−1)/N , (4A.22)

where the last equality is given by the periodicity of both h[n−l mod N ] and exp(−j2π(k−
1)(n − l)/N). Here h̃ = [h̃[0], · · · , h̃[N − 1]]T represent the DFT of the zero-padded im-
pulse response h = [h[0], · · · , h[nh − 1], 0, · · · , 0]T (zero-padded to length N).

The k-th row in H̃c can be expressed as(
H̃c

)
k:

= h̃[k − 1]
[
1, e−j2π(k−1)/N , · · · , e−j2π(k−1)(N−1)/N

]
, (4A.23)

and the (k, l)-th element of the covariance matrix in (4A.21) is given by

(Cw̃c)kl = σ2
e

(
H̃c

)
k:

((
H̃c

)
l:

)H

= σ2
eNh̃[k − 1]h̃∗[l − 1]δ[k − l], (4A.24)

where ∗ is used to denote complex conjugate. The column vectors of the DFT matrix WN

are eigenvectors of the cyclic covariance matrix. This means that the covariance matrix
of w̃c is a diagonal matrix with diagonal elements (eigenvalues of Cwc) corresponding to
the squared magnitude of the DFT of h, i.e. the PSD of the sequence w[n] at the discrete
frequencies.

4A.2 Decomposing the covariance matrix

The covariance matrix Cw can be decomposed into a cyclic part and a residual part as

Cw = Cwc − E, (4A.25)

where the residual part

E =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

rw[1 − nh] · · · rw[1]
. . .

rw[1 − nh]

rw[nh − 1]
. . .

rw[1] · · · rw[nh − 1]

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(4A.26)
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is the difference between the matrices, i.e., it contains the elements in the upper right
and lower left corners of Cwc in (4A.20) which describe the periodicity. If the window
size is twice as large as the length of the impulse response, N ≥ 2nh, the inner product

〈Cw,E〉 = Tr
(
CT

wE
)

= 0 (4A.27)

is zero, due to the diagonal dominant properties of Cw in (4A.14) and the off-diagonal
properties of E in (4A.26). Using the orthogonality in (4A.27), Pythagoras’ theorem

‖Cw‖2
F = ‖Cwc‖2

F − ‖E‖2
F (4A.28)

applies to (4A.25) [73] and an investigation of the Frobenius matrix norms on the right
side

‖E‖2
F = Tr

(
ETE

)
=

N∑
k=1

N∑
l=1

|(E)kl|2 = 2

nh−1∑
q=1

q |rw[q]|2 = C1 (4A.29)

‖Cwc‖2
F =

N∑
k=1

N∑
l=1

|(Cwc)kl|2 = 2N

nh−1∑
q=0

|rw[q]|2 = NC2 (4A.30)

gives an indication of how these norms behave under increasing N . From (4A.26) it is
easy to see that (4A.29) is constant for a finite sequence rw[q] and increasing N (assuming
N ≥ 2nh). The second and third equality in (4A.30) are given by the periodicity of the
covariance matrix Cwc in (4A.20) and the finite sequence rw[q], respectively.

The squared Frobenius norm of the residual matrix E vanishes at a rate O(N−1),
compared with the squared norm of the cyclic covariance matrix Cwc , where O represents
the big O notation [74]. As N grows, the energy contribution from E decreases, and the
discrete frequency domain covariance matrix Cw̃ can be approximated with the diagonal
Cw̃c , containing the PSD across the diagonal. This is illustrated in the numerical example
below.

Allowing a diagonal approximation, significantly reduces both the analytical and com-
putational complexity in estimation step, at the cost of introducing correlations between
the first and the last elements in the noise sequence, i.e. correlations represented by the
residual covariance matrix in (4A.26). However, since the introduced correlation depends
on the correlation length and not the number of samples, its impact can be neglected for
large data sets.

An alternative derivation approach to be used when orthogonality does not apply,
e.g., for long or infinite responses, is to replace Pythagoras theorem in (4A.28) with the
triangular matrix inequality.

Example: Numerical results The three matrices in the expansion in (4A.25) are
shown in Figs. 4.2-4.4 for an increasing number of samples N , using σ2

e = 1 and a simple
low-pass FIR filter h = [0.1965, 0.3041, 0.3041, 0.1965]T . The first row shows the time-
domain descriptions, and the second and third rows present the real and imaginary parts,
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Figure 4.2: Time- and frequency-domain description of the matrices in the expansion (4A.25)
for N = 8: The first row (in black) depicts the time-domain matrices Cw, Cwc, and E; The sec-
ond and third rows show the real (blue) and imaginary (red) parts, respectively, of the frequency-
domain matrices Cw̃ = WNCwWH

N , Cw̃c = WNCwcW
H
N , and Ẽ = WNEWH

N . Note the
change in scales.

respectively, of the frequency-domain descriptions (note the difference in scale for Ẽ and
for all imaginary parts). The diagonal dominant behavior is visible for Cw̃, and is present
even for small sample sizes. Attention is also drawn towards the amplitude increase of the
diagonal elements, directly proportional to N . As N increases, the residual matrix E gets
more zero-padded, explaining the interpolation behavior and constant amplitude shown for
Ẽ.

In Fig. 4.5, the squared Frobenius norms for these matrices are presented for an increas-
ing number of samples N , illustrating both the Pythagoras relationship in (4A.28) and the
predicted behavior of the Frobenius norms expressed in (4A.29) and (4A.30). �

4B Asymptotic normality

This section provides some brief notes and examples on asymptotic normality, a more
rigorous approach is found in [67]. Assume that the sequence w̃[n] is correlated according
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Figure 4.3: Time- and frequency-domain description of the matrices in (4A.25) for N = 16.

to (4A.6). Let the batch length N be much larger than the correlation length nh. The
DFT of the samples n = 0, ..., N − 1 in the batch is given by

w̃[k] =
N−1∑
n=0

w[n]e−j2πkn/N , (4B.31)

which can be expanded into a summation of independent elements, spaced nh elements
apart, as

w̃[k] =

{ ∑nh−1
l=0 ã[k, l], for N mod nh = 0(∑nh−1

l=0 ã[k, l]
)

+ b̃[k], for N mod nh �= 0
(4B.32)

where

ã[k, l] =

Q−1∑
q=0

w[qnh + l]e−j2πk(qnh+l)/N , (4B.33)

b̃[k] =
N−1∑

n=Qnh

w[n]e−j2πkn/N , (4B.34)
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Figure 4.4: Time- and frequency-domain description of the matrices in (4A.25) for N = 32.
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Figure 4.5: The Frobenius norm of the matrices in the expansion (4A.25) for increasing N .
The circles represent the cases N = 8, 16, 32, in Figs. 4.2-4.4.

and Q = floor(N/nh) rounds the argument N/nh to the nearest integer towards −∞.
b̃[k] is a truncation term containing the last remainder elements n ≥ Qnh, for N not a
multiple of nh.
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Each term ã[k, l] is a summation of q = 0, ..., Q− 1 independent elements w[qnh + l],
and for large Q the central limit theorem will make the distribution of ã[k, l] move toward
a complex normal distribution. The last summation over l in (4B.32) is over dependent
but normally distributed elements ã[k, l], which makes the result normal.

Example: Asymptotic normality In Fig. 4.6, histograms from 20000 realizations of
ã[k, l] are shown using a Monte Carlo simulation with the same low-pass correlation filter
h = [0.1965, 0.3041, 0.3041, 0.1965]T as in the example from Appendix 4A. The histograms
are presented for the batch sizes N = 4, 8, 16, 32. The underlying white sequence e[n] in
(4A.6) was chosen to be independent and uniformly distributed on the interval [−1/2, 1/2],
to emphasize the asymptotic normality property for increasing N . Except for the noticeable
spikes in the histograms, which were caused by projection onto a strictly real or strictly
imaginary DFT basis vectors (i.e., when k corresponds to a multiple of π/2), the figures
shows how the histograms approach a normal distribution as N increases. The figures in
the first row are presented for N = 4, nh = 4, and Q = floor(N/nh) = 1, and shows the
histograms for a single element w[qnh + l]e−j2πk(qnh+l)/N in the summation in (4B.33). The
probability density function of each single element is the result of nh = 4 convolutions of
uniform distributions (with varying intervals), corresponding to (4A.6). Notice also the
slightly truncated tails. As the sample size increases, more independent terms are added in
(4B.33), i.e. Q > 1, and the result approaches a normal distribution.

For white sequences (nh = 1, Q = N), (4B.32) reduces to the DFT (4B.31), and the
distribution of each w̃[k] is a convolution of the n = 0, ..., N − 1 independent distributions
of w[n]e−j2πkn/N . �
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Figure 4.6: Histograms from 20000 realizations of ã[k, l], with increasing sample sizes N =
4, 8, 16, 32 corresponding to the four figure rows. The first column shows the real part and the
second column shows the imaginary part. For each frequency index k, the histograms of ã[k, l]
for l = 1, ..., nh are plotted on top of each other using the same color.



Chapter 5

Thesis summary

This chapter provides a short summary of the papers included in Part II of this thesis. It
includes comments regarding my personal contributions to the work, and the involvement
of coauthors. Johan E. Carlson has been my supervisor during this work, providing
valuable knowledge, guidance, and support during the writing of the papers. I would also
like to acknowledge my colleague Fredrik Hägglund, coauthor of many of the appended
papers, for a successful collaboration and valuable discussions.

The included contributions can be sorted into two (related) categories: processing
of measurements in Section 5.1, and estimating acoustic models and parameters in Sec-
tion 5.2; with exception for some overlap. The papers are presented in chronological
order (based on the submission date), in each respective category. Section 5.3 includes
a list of additional papers published by the author and related to the work presented in
this thesis.

5.1 Processing of measurements

The papers included in this category presents solutions to common non-ideal measure-
ment conditions often encountered in acoustic measurement situations.

5.1.1 Paper A - Estimating the underlying signal waveform,
noise covariance and synchronization jitter from unsyn-
chronized measurements

Author: Jesper Martinsson
Reproduced from: Measurement Science and Technology, vol. 19, no. 2, 2008.

Summary
In many measurement situations, the strategy of performing either repeated or periodic
measurements is often used to obtain noise-reduced estimates of the underlying signal
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(or period) and the covariance of the measurement noise. In ultrasonic situations using
standard pulser/receiver excitations under fixed amplitude limitations, repeated measure-
ments are often the only available means of increasing the signal-to-noise ratio (SNR),
discussed in Section 2.3.

However, to obtain accurate estimates using standard averaging techniques, the mea-
surements need to be synchronized, i.e., the variance σ2

wτ
of the trigger uncertainty wτ

in Fig. 2.6 should be considerably smaller than a sample period. If this is not the case
then other estimation techniques need to be considered.

In this paper, a maximum likelihood estimator (MLE) is derived for the underlying
signal waveform, the covariance matrix, and the synchronization jitter. The estimator
applies to repeated unsynchronized measurements, or to unsynchronized measurements
of periodically excited signals. The effect of poor synchronization on the estimated signal
and covariance is studied, and it is shown that even a small sub-sample misalignment
produces unwanted filtering effects. The estimator is compared with other sub-sample
synchronization techniques, using wideband signals in the presence of white and colored
noise. It is demonstrated with simulations that the mean square error (MSE) of the
estimates is significantly lower using the proposed method, than for related techniques.
The estimator’s MSE is also compared with the theoretical lower bound (CRLB), and
shows asymptotic efficiency for large data size or SNR conditions. Estimation results
are presented for repeated ultrasonic measurements, to validate the estimator on real
measurements, and to experimentally support the theoretical results.

This paper is an extension of previous work [3] presented at the IEEE Int. Ultrasonics
Symposium (Vancouver, Canada) in 2006, and this previous contribution is not included
in Part II for redundancy reasons. The extension in Paper A includes: an extensive the-
oretical analysis of the effect of unsynchronized measurements; derivations of the Fisher
information matrix (FIM) and the Cramér-Rao lower bound (CRLB) for the estimated
parameters resulting in explicit closed form expressions for the jitter parameters under
different choices of reference points; experimental results that support the theoretical
analysis and validates the proposed technique with real measurements; and, a reference
to an open source synchronization package for MATLAB R©, which contains the derived
estimators and synchronization examples from real experiments.

5.1.2 Paper B - Complete post-separation of overlapping ultra-
sonic signals by combining hard and soft modeling

Authors: Jesper Martinsson, Fredrik Hägglund and Johan E. Carlson
To appear in: Elsevier Ultrasonics.

Summary
In ultrasonic measurements of thin media, or over short distances, it is often difficult to
achieve an adequate signal separation, as illustrated in Figs. 2.3 and 2.4, to enable simple
analysis of consecutive signals using (3.13). The problem arises when the time-of-flight
through the media is shorter than the emitted signal’s time support.
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In this paper, a new method is proposed that enables complete post-separation of
measured coinciding signals. This method is based on a combination of hard physical
and soft empirical models, which allows for a description of both known and unknown
properties. A hard model structure is derived from the physical properties of the mea-
surement setup, and contains the basic structure which enables separation. The hard
structure is expanded with empirical models, in the form of FIR filters, providing a
general structure to cope with dispersion, attenuation, diffraction and alignment errors
from the measurement setup, making a complete separation possible. The validity and
limitations of the model and the separation results are thoroughly addressed. The pro-
posed model’s ability to separate coinciding signals is demonstrated for measurements
on thin dispersive samples and is validated using residual analysis. The experimental
results show that a complete separation is achieved, with uncorrelated and normally dis-
tributed residuals. The method enables characterization and/or flow analysis in difficult
overlapping situations.

Paper B is an extension of previous work [7], presented at the International Congress
on Ultrasonics (Vienna, Austria) in 2007 (not included in this thesis). The extended
work in Paper B includes: a theoretical analysis of the validity of the separation results
and the estimated model(s); a replacement of the response error (output error) approach
with the more appropriate error-in-variables approach, where both the reference and the
response uncertainties are included in the estimation step; a derivation of a finite reflec-
tive model that describes the finite responses observed within the measurement window,
and that has an inherited ability to preserve stability without adding explicit optimiza-
tion constraints; additional experimental results that validate the separation method for
dispersive layers and different reverberation lengths; a presentation of the estimated soft
models for the experiments; a reference to documented open source MATLAB R© files,
used to reproduce all the figures in Paper B.

Personal contributions
The general idea, measurements, and implementation. Theoretical work in collaboration
with the coauthors.

5.1.3 Paper C - Compensating distortion effects in repeated
measurements under non-stationary conditions

Author: Jesper Martinsson
Submitted to: Measurement Science and Technology.

Summary
This paper presents a compensation technique that corrects for the effects of non-stationary
measurement conditions (e.g., pressure or temperature variations or drifts) on repeated
measurements. Standard averaging techniques are only valid under stationary measure-
ment conditions (and for synchronized data), conditions which in many situations are
difficult to achieve, e.g., during long measurement times or in rapidly changing environ-
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ments. The proposed method compensates for any linear dynamical changes during the
measurement time (represented by β(t) in Fig. 2.6), where the dynamical changes, the
underlying signal waveform, and the noise covariance are considered unknown. A maxi-
mum likelihood estimator (MLE) is derived for the repeated signals, the noise covariance,
and the parameters that describe the non-stationary dynamical changes.

The theoretical effects of non-stationary conditions on repeated measurements are
studied, and relationships are derived that connect the dynamical variations to the dis-
tortions of the estimated signals and noise properties. Estimation results are presented
for repeated ultrasonic measurements in non-stationary temperature conditions, validat-
ing the presented compensation technique and the derived theoretical results. Compared
with the standard synchronization methods considered in Paper A, the proposed method
compensates for non-stationary effects, and accurate signal and noise covariance esti-
mates can be observed with uncorrelated and normally distributed residuals. The noise
reduction capabilities are shown, and an expression for the estimated increase in SNR is
derived.

5.2 Estimating acoustic models and parameters

The papers included in this category presents solutions to a few selected characterization,
modeling, and estimation problems, with a focus on pulse-echo or through-transmission
configurations at normal incidence, as illustrated in Figs. 2.3–2.5.

5.2.1 Paper D - Parametric Estimation of Ultrasonic Phase Ve-
locity and Attenuation in Dispersive Media

Authors: Jesper Martinsson and Johan E. Carlson
Reproduced from: Elsevier Ultrasonics, vol. 44, sup. 1, pp. e991–e994, 2006.

Summary
A parametric approach is proposed to estimate the phase velocity and attenuation. This
method is based on a parameterization of the linear dispersion system that describes the
relationship between two ultrasound echoes. The parameterization is built on a discrete
rational transfer function, and the parameters are estimated using system identifica-
tion techniques. The proposed parametric method enables accurate estimation of the
frequency-dependent attenuation and phase velocity, with considerably lower variance
than the standard nonparametric methods. Robust phase velocity estimation is ensured,
since the phase unwrapping problem is avoided and replaced with a calculation of the
phase from an analytical expression.

Personal contributions
The general idea, theoretical work, and implementation. Valuable input and theoretical
knowledge provided by Johan E. Carlson. Measurements by Pär-Erik Martinsson.
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5.2.2 Paper E - Model-Based Phase Velocity and Attenuation
Estimation in Wideband Ultrasonic Measurement Sys-
tems

Authors: Jesper Martinsson, Johan E. Carlson, and Jan Niemi
Reproduced from: IEEE Transactions on Ultrasonics, Ferroelectrics, and Frequency Con-
trol, vol. 54, no. 1, pp. 138–146, 2007.

Summary
In this paper the idea of using a parametric approach to estimate the attenuation and
phase velocity, as in Paper D, is thoroughly analyzed. The main purposes of the analysis
are:

• To find a good model structure, capable of describing the dynamics with as few
independent parameters as possible, while still keeping the structure as general as
possible, i.e. independent of the media under investigation.

• To find an estimation method best suited for the specific measurement procedure,
i.e. repeated identical experiments.

• To find expressions of the confidence or uncertainty of the estimated attenuation
and phase velocity.

A continuous rational transfer function replaces the discrete-time model to reduce the
number of parameters. A frequency-domain maximum likelihood method was used to
estimate the parameters, ideal for measurement setups with repeated ultrasonic excita-
tions. The parametric method is compared with standard nonparametric Fourier analysis
techniques using numerical simulations as well as real pulse-echo experiments. Approxi-
mate expressions for the standard deviations are derived for both methods and validated
with numerical simulations.

Compared with standard Fourier analysis, the parametric model gives considerably
lower variance when estimating attenuation and phase velocity, in both simulations and
real experiments. Also in contrast to nonparametric techniques, the proposed estimator
avoids the phase unwrapping problem, since an analytic expression for the continuous
phase velocity and attenuation can be derived.

Personal contributions
The general idea, theoretical work, simulations and implementation. Valuable input and
theoretical knowledge provided by the coauthors. Measurements provided by Jan Niemi.
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5.2.3 Paper F - Parametric Modeling of Wave Propagation in
Gas Mixtures - A System Identification Approach

Authors: Jesper Martinsson and Johan E. Carlson
Reproduced from: Proceedings of IEEE Int. Ultrasonics Symposium, pp. 2288-2292,
(Rotterdam, Holland), 2005.

Summary
The standard approach for describing the dynamics of the bulk modulus is to parameter-
ize it, given the complete physical knowledge of the gas properties under investigation.
However, for a gas or gas mixture with complex dynamic behavior and/or unknown com-
ponents, a complete physical description of the complex bulk modulus is generally not
available.

This paper presents a parametric model of the bulk modulus, which is composed of
the basic physical building blocks of absorption (relaxation blocks). The model’s abil-
ity to describe pulse-echo measurements in oxygen, ethane, and mixtures of the two, is
validated using residual analysis and cross-validation. Compared with nonparametric
methods, the proposed structure does not only gives higher accuracy when modeling
wave propagation in complex fluids, but it also contributes to the understanding of the
underlying dissipation mechanisms present in fluids.

Personal contributions
The general idea, theoretical work, and implementation. Valuable input and knowledge
provided by Johan E. Carlson. Measurements by Pär-Erik Martinsson.

5.2.4 Paper G - Flaw Detection in Layered Media Based on
Parametric Modeling of Overlapping Ultrasonic Echoes

Authors: Fredrik Hägglund, Jesper Martinsson and Johan E. Carlson
Reproduced from: Proceedings of IEEE Int. Ultrasonics Symposium, pp. 136-139, (Van-
couver, Canada), 2006.

Summary
In this paper, a parametric model is proposed to describe unfocused normal incidence
ultrasonic pulse-echo measurements of thin multi-layered media under ideal conditions,
described in Section 3.2 and Appendix 3B. The model is expressed recursively for an
arbitrary number of layers, and a maximum likelihood estimator is derived for the model
parameters. The model’s layer detection capabilities are explored using the generalized
likelihood ratio test (GLRT) in combination with simulations at different signal-to-noise
ratios.

Personal contributions
The general idea together with the coauthors. Theoretical work in collaboration with
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Fredrik Hägglund. Implementation and simulations by Fredrik Hägglund.

5.2.5 Paper H - Model-Based Characterization of Thin Layers
Using Pulse-Echo Ultrasound

Authors: Fredrik Hägglund, Jesper Martinsson and Johan E. Carlson
Reproduced from: Proceedings of the International Congress on Ultrasonics, (Vienna,
Austria), 2007.

Summary
In this paper, the layered model structure from Paper G is expanded with simple fluid
models that describe the frequency-dependent attenuation. The extended model is eval-
uated using real measurements on a thin three-layered structure, where two glass layers
are bonded together using a thin bonding layer. We show that the measured signal
waveforms can be reconstructed using the estimated parameters, and that physical prop-
erties related to each layer can be extracted from the estimated model parameters. An
investigation is conducted using simulations in similar measurement conditions as the
real experiments, and shows that physical parameters can be estimated for thicknesses of
the bonding layer down to 50 μm, using an ultrasonic pulse with a wavelength of 200 μm.

Personal contributions
Joint theoretical work together with Fredrik Hägglund. Measurements and implementa-
tion by Fredrik Hägglund.

5.2.6 Paper I - Measurement of Methane Content in Upgraded
Biogas Using Pulse-Echo Ultrasound

Authors: Johan E. Carlson, Jesper Martinsson, and Magnus Lundberg Nordenvaad
Reproduced from: Proceedings of the International Congress on Ultrasonics, (Vienna,
Austria), 2007.

Summary
This paper applies the parametric tools developed in Paper E, combined with partial
least squares regression, to estimate the composition of upgraded biogas. The results
show that the methane content, and hence also the heat value, can be accurately esti-
mated with high repeatability from information of the attenuation and phase velocity
properties of the gas.

Personal contributions
Measurements provided by the author. The general idea and implementation in collab-
oration with Johan E. Carlson. Statistical knowledge provided by Magnus Lundberg
Nordenvaad.
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5.3 Other work

This section provides references to additional work published by the author that is not
included in this thesis:

1. Estimating the underlying signal waveform and synchronization jitter from
repeated measurements
Authors: Jesper Martinsson, Fredrik Hägglund, and Johan E. Carlson
Published: Proceedings of IEEE Int. Ultrasonics Symposium, (Vancouver, Canada),
2006.

2. Separation of dispersive coinciding signals by combining hard and soft
modeling
Authors: Jesper Martinsson, Fredrik Hägglund, and Johan E. Carlson
Published: Proceedings of the International Congress on Ultrasonics, (Vienna, Austria),
2007.

Extended versions of these two conference contributions are presented as the journal
Papers A and B, respectively (included in Part II of this thesis). A list of the extended
materials can be found in Section 5.1 under each paper’s summary.



Chapter 6

Conclusions

The work presented in this thesis focuses on solutions to a few selected measurement and
modeling problems within the ultrasonics field. The contributions are grouped into the
following two categories:

• Processing of measurements (Papers A–C). In this category, solutions are pro-
posed to common non-ideal measurement conditions, that are often encountered in
acoustic measurement situations.

A synchronization solution to unsynchronized repeated or periodic measurements
is presented, and it shows enhanced performance and efficiency compared with
standard synchronization methods. A post-separation technique is presented for
dispersive overlapping signals obtained through measurements of thin media. The
experimental results show that a complete separation is achieved, with uncorre-
lated and normal distributed residuals. A compensation technique is proposed for
applications using repeated measurements under moderate non-stationary measure-
ment conditions. Experimental results under non-stationary measurement condi-
tions show accurate signal estimation and noise characterization with uncorrelated,
normally-distributed residuals, in contrast to standard synchronization techniques.

• Estimating acoustic models and parameters (Papers D–I). This category contains
solutions to a few selected characterization, modeling, and estimation problems
that are applicable for pulse-echo or through-transmission configurations.

A noise robust parametric estimation methods is proposed, to estimate the atten-
uation and phase-velocity from noisy measurements. The results show significant
improvements compared with standard nonparametric techniques. A semi-physical
model structure is presented to model the bulk modulus. It is applicable to com-
plex media and fluid mixtures, and is evaluated for gas mixtures of carbon-dioxide
and methane. Parametric model structures for flaw detection and characteriza-
tion of thin-layered materials are derived and expressed for an arbitrary number of
layers. Given the model and its parameters, it is shown that material properties
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of the individual layers can be extracted from pulse-echo measurements of three-
layered structures. It is also shown that it is possible to estimate the composition
of upgraded biogas, by combining parametric models and regression techniques.

The results presented in this thesis show that significant advantages are achieved
regarding correctness and interpretations of estimated models and parameters, if com-
binations of physical and empirical models are used. Descriptions of both known and
unknown dynamics gives the ability to have both uncorrelated residuals and unbiased
parameter estimates related to physical properties of the media; reducing the necessity of
explicit calibration measurements, and separates dynamical elements within the model
structure. The introduction of elements that describe effects with unknown structures
are shown to be a necessity in many modeling situations, allowing valid solutions to be
found. This approach leads to an understanding of where non-ideal effects are located
in the combined structure, and what influence the effects have on the other estimated
parameters and models within this structure. This understanding is beneficial in the
experimental design step (e.g., during the design of measurement setups and excitation
signals).

However, the combination of empirical and physical models increases the complexity
of the model order selection and validation step. It also requires that the incorporated a
priori knowledge is correct, and that the imposed assumptions are valid for the current
measurement situation. Extra care must be taken in assigning the appropriate degrees
of freedom to the empirical elements, so that important and fragile physical relationships
within the structure are preserved.
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Estimating the underlying signal waveform, noise

covariance and synchronization jitter from

unsynchronized measurements

Jesper Martinsson

Abstract

In this paper a new synchronization technique is presented for applications using repeated
measurements or experiments with periodically excited signals. The objective with re-
peated or periodic measurements is often to retrieve an estimate of the (noise reduced)
signal and its uncertainties. However, these measurements need to be synchronized to ob-
tain accurate estimates. Existing synchronization techniques are limited to specific signal
and noise conditions, such as white Gaussian noise or narrowband signals, to achieve good
performance. The proposed method, not limited by these conditions, extracts statistical
information regarding the underlying signal and the noise contained in the measurements,
to obtain good synchronization (asymptotically optimal). The Cramér-Rao lower bound
(CRLB) is derived for the synchronization problem, including bounds for the underlying
signal waveform and the covariance of the measurement noise, both considered unknown.
The method, which is shown to be the maximum-likelihood estimator (MLE) in both
white and colored Gaussian noise, is compared with the CRLB along with standard sub-
sample estimation and aligning techniques using Monte Carlo simulations. The results
show significant mean square error (MSE) improvements compared to standard synchro-
nization techniques. Synchronization results using the proposed technique are presented
for repeated ultrasonic measurements, to validate the method in a real measurement
situation, and to experimentally support theoretical results.

1 Introduction

In many measurement situations, and in particular ultrasonics, it is possible to conduct
either repeated measurements of the same underlying signal, or to design experiments
using periodic excitation. In both cases the objective is often to obtain repeated or
periodic redundancy so that information regarding the underlying signal and the noise
can be extracted from the data.

Given that the measurements are perfectly synchronized, an estimate of the under-
lying signal waveform is easily obtained by averaging over the repeated measurements
or over the measured periods. By subtracting this average from each measurement or
each period, an estimate of the measurement noise and its statistical properties can be
obtained.
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However, perfect synchronization is often difficult to obtain in practice. In the case
of repeated measurements, the problem is generated by trigger variations, resulting in a
slight misalignment of the measurement window. In the case of periodic excitation, the
problem occurs if the signal generation part is unsynchronized with the data collection
part, creating a small drift between generation and sampling.

Assume that the retrieved data is a collection of M unsynchronized repeated mea-
surements or periods of a signal. The signal model can be written as

ym[n] = x(n · Ts − τm) + wm[n], (1)

for m = 1, 2, · · · , M repeated measurements or periods, and n = 1, 2, · · · , N time sam-
ples. In Equation (1):

ym[n] − represent the m-th measurement.

x(n · Ts) − is the unknown underlying signal (bandlimited).

Ts − is the sampling time.

τm − is the unknown synchronization jitter.

wm[n] − is the m-th measurement noise.

Consider the synchronization jitter, τ , to be a random variable, independent of the
measurement noise, described by its probability density function (PDF) pτ (τ). The
expected value of y[n], with respect to τ and w, is

Eτ,w{y[n]} = Eτ{x(n · Ts − τ)} + Ew{w[n]}

=

∫ ∞

−∞
x(n · Ts − τ)pτ (τ)dτ, (2)

assuming zero mean measurement noise. For unsynchronized measurements, the ex-
pected value (the usual estimate of the underlying signal) results in a convolution of the
underlying signal with the PDF of the synchronization jitter, destroying the estimated
signal’s shape and the covariance estimate of the measurement noise. A more detailed
study of these effects can be found in Section 2.

Accurate estimates of the measured data’s first and second order statistics are impor-
tant and often required in many applications. The filtering effect described above usually
results in low-pass filtered first moment (the underlying signal). This aggravates the pos-
sibility to retrieve information from high frequency regions and it also destroys second
order estimates. The second order statistics (covariance matrices) are needed to: opti-
mally weight objective functions when fitting models or parameters to measured data;
obtaining uncertainty bounds for estimated models and parameters; detecting model
errors; and for experimental design [1].

The problem of compensating for synchronization jitter is often solved by estimating
the sub-sample time delay with respect to one of the received signals, and then pre-
aligning the whole set before estimating the underlying signal and the noise covariance.
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The aligning usually involves interpolation in the time-domain, and the sub-sample time
delay estimation often involves some interpolation of the cross-correlation function [2].
Currently available methods assume either white noise or narrowband signals, see e.g.
[3, 4, 2].

In this paper, a different procedure is proposed1, that takes advantage of the infor-
mation contained in the entire set of unsynchronized measurements. Instead of using one
noisy measurement as reference (under limited signal and noise conditions), the proce-
dure simultaneously estimates the underlying signal waveform, the covariance matrix of
the noise, and the sub-sample synchronization jitters from the available data. In addition
to these, the proposed method also yields asymptotic estimates of their corresponding
uncertainties. The proposed estimator is shown to be the maximum likelihood estima-
tor (MLE) for the underlying signal, the covariance and the jitter, in white or colored
Gaussian noise, independent of the signal bandwidth. This paper is an extension of
previous work, presented in [5].

The estimator is derived and implemented using a frequency-domain approach, which
means that time-domain interpolation and finite difference approximations of derivatives
are avoided.

The Fisher information matrix (FIM) and the Cramér-Rao lower bound (CRLB) [6]
are derived for the synchronization problem, including bounds on the underlying signal
waveform, the covariance matrix, and the corresponding synchronization jitter. A closed-
form expression for the CRLB of the synchronization jitter is found, providing a useful
insight on how the shape of the signal waveform and how the strength and colour of
the noise influence the estimation result. A close-form expression is also valuable from
an optimization point of view, as it increases the stability and reduces the numerical
complexity of the maximization algorithm.

The proposed estimator is compared with the CRLB along with standard sub-sample
estimation and aligning techniques using Monte Carlo simulations, under different: noise
colour, signal-to-noise ratio, and data size conditions. The results show that the mean
square error (MSE) of the estimates is considerably smaller using the proposed method
compared to standard synchronization techniques, already for a fairly small number of
repeated measurements.

The remainder of the paper is organized as follows: In Section 2, a detailed study of the
convolution effect, caused by unsynchronized measurements, is presented. In Section 3,
the log-likelihood function is given, the estimators are derived and optimization issues are
addressed. In Section 4, theoretical results are presented and interpreted. The estimator’s
MSE performance is evaluated in Section 5. Estimation results from repeated ultrasonic
measurements are presented in Section 6. A discussion is found in Section 7, covering
aspects concerning experiments and signal model extensions. Finally conclusions are
drawn in Section 8.

1An open source synchronization package for MATLAB R©, containing the derived estimators, is avail-
able at: http://www.ltu.se/csee/research/eislab/areas/sensorsystems/toolboxes (or upon re-
quest).

http://www.ltu.se/csee/research/eislab/areas/sensorsystems/toolboxes
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2 The effect of unsynchronized measurements

The importance of accurate estimates of the measured data’s first and second order
statistics was briefly discussed in Section 1. The expected effect, if synchronization is
ignored, was given by the convolution in (2).

An informative way to investigate how the convolution affects the estimates, is to
express it in the frequency-domain and visualize it for a given PDF. In the frequency-
domain, the expected value and the covariance of the measurements are given by

Eτ,w̃{ỹ(ω)} = p̃τ (ω)x̃(ω), (3)

and

covτ,w̃{ỹ(ω), ỹ(ξ)} = (p̃τ (ω − ξ) − p̃τ (ω)p̃τ (−ξ)) x̃(ω)x̃(−ξ)

+Ew̃ {w̃(ω)w̃(−ξ))} , (4)

were ω and ξ represents angular frequencies. A complete derivation of (3) and (4) can
be found in Appendix A.1. In this paper, tilde˜will be used to denote frequency-domain
description.

The convolution in the time-domain (2) results in a multiplication (3) of the Fourier
transformed signal x̃(ω) with the characteristic function p̃τ (ω) for the PDF (the Fourier
transform of pτ (τ)). The characteristic function of the jitter acts as linear filter on the
estimated signal. The covariance function in (4) is also affected by the characteristic func-
tion, where autocorrelation components of the signal x̃(ω)x̃(−ξ) leaks into the covariance
function by the factor (p̃τ (ω − ξ) − p̃τ (ω)p̃τ (−ξ)). For synchronized measurements, the
characteristic function is equal to one for all ω and no filtering effect is present, i.e.
pτ (τ) = δ(τ) ↔ p̃τ (ω) = 1, where δ(τ) represents the Dirac’s delta function.

2.1 Jitter distributions

In the case of periodic excitation, the convolution occurs if there is a small drift between
signal generation and sampling. This drift is normally lagging behind or sampling slightly
faster than the signal generation part, meaning that each estimated period contains a bit
more or a bit less than the generated period. For this type of cumulative drifts, each τm

is either greater or less than the previous one. A good model to describe this behaviour,
is to represent τ as dependent and uniformly distributed over the total cumulative drift
occurred during the measurement time.

In the case of repeated measurement, the convolution effect is obtained due to trigger
variations. This can be modelled either as uniform or Gaussian distributed, depending on
the trigger design and the measurement situation. Note that neither the convolution effect
described here, nor the estimators derived in this paper, are affected by the dependency
between each τm.

Unsynchronized measurements can also be generated by small non-stationary envi-
ronmental effects, such as temperature or pressure fluctuations, during the measurement
time. These effects are common in acoustic measurements, as the speed of sound (time-
of-flight) is very sensitive to non-stationary fluctuations.
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2.2 The convolution effect

In Fig. 1, the effect of using unsynchronized measurements is shown for different jitter
distributions. The left column represent the effect if the jitter is uniformly distributed as
τ ∼ U [−αTs, αTs], for the varying distribution intervals α = 1, 1/2, 1/4, 1/8. The right
column represents the effect if the jitter is normally distributed as τ ∼ N (0, (αTs)

2), for
the varying standard deviations αTs where α = 1, 1/2, 1/4, 1/8.

In the first row, Fig. 1(a)–1(b), we can see the different distributions of the syn-
chronization jitter. Here τ̆ = τ/Ts is shown instead of τ to exclude the dependency on
Ts.

The second row shows the characteristic functions for the uniform distributed jitter
in Fig. 1(c), and for the Gaussian distributed jitter in Fig. 1(d). The curves show the
suppression of high frequency information of the underlying signal in (3), if standard
averaging is applied to estimate the signal. For the ideal synchronized case, α is very
small, no filtering effect is present, i.e., the characteristic function is equal to one for
all ω. For increasing α the high frequency suppression becomes visible, destroying the
underlying signal’s shape. For a jitter between ±Ts or α = 1, most high frequencies
components in the signal are lost.

The covariance function of the measurement, given by the expression in (4), indicates
that signal components which normally should not exist, are present in both the diag-
onal elements (ωk = ξk) and off diagonal elements (ωk �= ξk) in the covariance matrix.
These components are introduced by the factor (p̃τ (ω − ξ) − p̃τ (ω)p̃τ (−ξ)), which for
synchronized measurements is zero (p̃τ (ω) = 1). Assuming that the asymptotic diagonal
property of the covariance matrix applies, discussed in Section 3.1, the covariance ma-
trix is diagonal and an expression for the effect can be investigated along the diagonal
elements (ωk = ξk). The diagonal effect is given by the variance of the measurement as

varτ,w̃{ỹ(ω)} =
(
p̃τ (0) − |p̃τ (ω)|2) |x̃(ω)|2 + Ew̃

{|w̃(ω)|2} . (5)

In the third row, the error factor (p̃τ (0) − |p̃τ (ω)|2) is shown for the uniform distribu-
tion in Fig. 1(e) and for the Gaussian distribution in Fig. 1(f). As mentioned earlier, and
given by (5), this factor should be equal to zero for all ω to obtain an accurate estimate
of the covariance matrix. If synchronization is ignored the high frequency components
of the signal, which were suppressed earlier, leaks into the covariance estimate in the
error formation step, ỹ(ω)−Eτ,w̃{ỹ(ω)}, A.1, destroying the covariance estimate in high
frequency regions.

If this covariance matrix is used to weight objective functions, create uncertainty
bounds, or detect model errors, it will damage the estimates and create false bounds and
errors.

Note that averaging over the measurements is an observation of the expected value,
and hence (2) or (3) describes the average effect, or the effect when M is very large.
For a small number of measurements M , the effect varies with each realization around
the expected effect. By the central limit theorem (and also by the asymptotic properties



88 Paper A

−1 −0.5 0 0.5 1
0
1
2
3
4
5
6
7
8
9

↓ α = 1
α = 1

2 ↓
←α = 1

4

α = 1
8 →

←α = 1
16

τ̆

U
[−

α
,α

]

(a)

−1 −0.5 0 0.5 1
0
1
2
3
4
5
6
7

← α = 1
α = 1

2 →

← α = 1
4

α = 1
8 →

← α = 1
16

τ̆

N
(0

,α
2
)

(b)

0 1 2 3
0

0.2

0.4

0.6

0.8

1

α = 1 →

α = 1
2 →

α = 1
4 →

ωTs

p̃
τ̆
(ω

)

(c)

0 1 2 3
0

0.2

0.4

0.6

0.8

1

α = 1 →

α = 1
2 →

α = 1
4 →

ωTs

p̃
τ̆
(ω

)

(d)

0 1 2 3
0

0.2

0.4

0.6

0.8

1

α = 1 →

α = 1
2 →

α = 1
4 →

ωTs

p̃
τ̆
(0

)
−

|p̃
τ̆
(ω

)|
2 (e)

0 1 2 3
0

0.2

0.4

0.6

0.8

1
α = 1 →

α = 1
2 →

α = 1
4 →

ωTs

p̃
τ̆
(0

)
−

|p̃
τ̆
(ω

)|
2 (f)

Figure 1: The effect of using unsynchronized measurements, where τ̆ = τ/Ts is represented to
obtain independency of Ts: (a) uniform distribution, τ̆ ∼ U [−α, α], for the varying intervals α =
1, 1/2, 1/4, 1/8; (b) Gaussian distribution, τ̆ ∼ N (0, α2), for the varying standard deviations
α = 1, 1/2, 1/4, 1/8; (c) characteristic function p̃τ̆ (ω) for the uniform PDF, approaches one for
small α; (d) characteristic function p̃τ̆ (ω) for the Gaussian PDF, approaches one for small α;
(e) the error factor

(
p̃τ̆ (0) − |p̃τ̆ (ω)|2) in (5) for the uniform PDF, approaches zero for small α;

(d) the error factor
(
p̃τ̆ (0) − |p̃τ̆ (ω)|2) in (5) for the Gaussian PDF, approaches zero for small

α.

discussed in Section 3.1), the average estimator

ˆ̃x(ω) =
1

M

M∑
m=1

ỹm(ω) (6)

is asymptotically complex Gaussian distributed with the expected value given by (3) and
with a covariance given in (4) scaled with the factor M−1.
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3 The Maximum Likelihood Estimator

This section begins with a short summary of the main benefits obtained by using a
frequency-domain approach to address the synchronization problem. The problem is
rewritten in the discrete frequency-domain, and then the log-likelihood function is stated,
required to form the maximum likelihood estimator (MLE). The MLE is derived for two
cases, one where the covariance matrix is known a priori, and one where it is unknown
and needs to be estimated. Also, an additional iterative procedure for the second case
is presented, that reduces the computational complexity and the sensitivity against local
maxima. Finally, comments concerning the numerical optimization, required to estimate
the parameters, are given for the derived methods.

3.1 Frequency-domain representation

Transferring the problem into the discrete frequency-domain results in a number of ad-
vantages compared to standard time-domain techniques:

1. The covariance matrix of the discrete Fourier transformed noise is asymptotically
(as the number of data points goes to infinity) diagonal, [7, 8, 9], making it easily
invertible and mathematically tractable for large data sets.

2. If the measurement noise is non-Gaussian distributed in the time-domain, the dis-
crete Fourier transformed noise is asymptotically complex Gaussian distributed
[7, 10], and the asymptotic MLE results in minimizing a weighted least squares
(WLS) cost-function (identical to the Gaussian case).

3. Operations using derivatives of the cost-function, e.g. to find critical points or theo-
retical bounds, are easily implemented in the frequency-domain (discrete difference
approximations or sub-sample interpolation is avoided).

In the discrete frequency-domain, (1) can be written as

ỹm[k] = exp{−jωkτm}x̃[k] + w̃m[k], (7)

for k = 1, 2, · · · , N frequency points, where ỹm[k], x̃[k], and w̃m[k] represents the discrete
Fourier transform (DFT) of the sequences ym[n], x[n], and wm[n], respectively, and ωk is
the k-th corresponding angular frequency. Here j =

√−1.
For aperiodic burst type of signals or pulses, the continuous signal x(t) can be con-

sidered in practice both band- and time limited, if the sampling frequency and window
size are correctly chosen. For the right choice, the effect of leakage- and aliasing errors
occurring when truncating and sampling it can be neglected. This means that the signal
can be periodically extended, with practically negligible artifacts, at the transition from
one period to another. For periodic (bandlimited) signals the DFT coefficients gives a
perfect representation of the true spectrum of the signal at the discrete frequencies.

Note that for unsynchronized measurements of a periodic signal, each estimated pe-
riod contains either slightly more or slightly less than one period, due to sampling drifts.
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In theory, this introduces artifacts if the estimated period is periodically extended. How-
ever, if the drift is moderate, i.e. a fraction of a sample over an estimated period, this
effect can be neglected. For moderate drifts, the DFT coefficients gives a close to perfect
representation of the underlying periodic signal and the model in (7) is applicable.

3.2 The log-likelihood function

The log-likelihood function for M repeated measurements, assuming that w̃m is complex
Gaussian distributed, i.e. w̃m ∼ CN (0,Cw̃), and w̃m is independent of w̃l for m �= l, is

ln(p(Ỹ; x̃, τ )) = A −
M∑

m=1

ẽH
mC−1

w̃ ẽm, (8)

where

Ỹ = [ỹ1, · · · , ỹM ],

ỹm = [ỹm[1], · · · , ỹm[N ]]T ,

ẽm = ỹm − G(τm)x̃,

G(τm) = diag([exp{−jω1τm}, · · · , exp{−jωNτm}]T ),

τ = [τ1, · · · , τM ]T ,

x̃ = [x̃[1], · · · , x̃[N ]]T ,

A = −M (N ln(π) + ln(det(Cw̃))) ,

where T denotes transposed, and H represents transposed and complex conjugated (Her-
mitian). CN (0,Cw̃) denotes a multivariate complex Gaussian distribution with mean 0
and covariance matrix Cw̃. diag{v} represents a diagonal matrix with diagonal elements
given by the elements in the vector v.

3.3 The MLE with known covariance matrix

Assuming that the covariance matrix Cw̃ is known a priori, the unknown quantities that
need to be estimated are the vectors τ and x̃. Maximizing (8) with respect to τ and x̃,
is a separable nonlinear weighted least squares problem. The problem is linear in x̃ but
nonlinear in the synchronization jitter τ . For a given τ a closed form solution exist for
maximizing (8) with respect to x̃. Setting the derivative

∂ ln(p(Ỹ; x̃, τ ))

∂x̃
=

M∑
m=1

(
GH(τm)C−1

w̃ (ỹm − G(τm)x̃)
)∗

, (9)

to zero, the maximum is given by

ˆ̃x =

(
M∑

m=1

GH(τm)C−1
w̃ G(τm)

)−1 M∑
m=1

GH(τm)C−1
w̃ ỹm, (10)
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where ˆ denotes estimate and ∗ complex conjugate. By inserting the closed-form expres-
sion for ˆ̃x into (8), the dimensionality of the optimization problem is reduced significantly
to a maximization of

ln(p(Ỹ; ˆ̃x, τ )) = A −
M∑

m=1

ε̃H
mC−1

w̃ ε̃m (11)

with respect to τ only, where

ε̃m = ỹm − G(τm)ˆ̃x. (12)

3.4 The MLE with unknown covariance matrix

The derivations in Section 3.3 relies on a priori knowledge of the covariance matrix of the
noise. If this information is unknown a priori, which is often the case, it can be estimated
from the repeated measurements. The unknown quantities that need to be estimated are
τ , x̃, and Cw̃.

Assuming that the diagonal properties of the (frequency domain) covariance matrix
applies, Section 3.1, i.e. Cw̃ = diag([σ2

w̃[1], · · · , σ2
w̃[N ]]T ), the log-likelihood function in

(11) can be simplified to a maximization of

ln(p(Ỹ; ˆ̃x, σ2
w̃, τ )) = −

M∑
m=1

N∑
k=1

ε̃∗m[k]ε̃m[k]

σ2
w̃[k]

+ ln(σ2
w̃[k]) + ln(π), (13)

with respect to σ2
w̃ and τ . Setting the partial derivative of (13) with respect to σ2

w̃[k]

∂ ln(p(Ỹ; ˆ̃x, σ2
w̃, τ ))

∂σ2
w̃[k]

=
M∑

m=1

ε̃∗m[k]ε̃m[k]

σ4
w̃[k]

− 1

σ2
w̃[k]

(14)

to zero, the maximum is given by

σ̂2
w̃[k] =

1

M

M∑
m=1

ε̃∗m[k]ε̃m[k], (15)

assuming that σ2
w̃[k] �= 0,∀k. Inserting this closed-form expression into (13), the dimen-

sionality reduces, analogous as before, to maximization of

ln(p(Ỹ; ˆ̃x, σ̂2
w̃, τ )) = −

M∑
m=1

N∑
k=1

ε̃∗m[k]ε̃m[k]

σ̂2
w̃[k]

+ ln(σ̂2
w̃[k]) + ln(π) (16)

with respect to τ only. Note that for a diagonal covariance matrix, the signal estimate
in (10) reduces to

ˆ̃x =
1

M

M∑
m=1

GH(τm)ỹm, (17)

from the diagonal and unitary property of G(τm).
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3.5 The iterative maximum likelihood estimator (IMLE)

In noisy measurement situations with few repetitions or periods M , the log-likelihood
function in (16) is very sensitive to small changes in the parameters, and a good initial
guess is necessary to avoid local maxima. Another problem is encountered for the opposite
situation with a large number of repetitions or periods M . The Jacobian matrices,
necessary for the optimization algorithm in Section 3.6, are of dimension CM×NM and
for large data records these matrices becomes unmanageable.

For these situations we can resort to sub-optimal methods, where the dependence of
the parameter is less nonlinear and the log-likelihood surface more tractable. The idea
with an iterative approximation is to reduce the parameter dependence, by replacing the
unknown underlying signal waveform and covariance matrix, with estimates obtained
from the previous iteration step. This reduces sensitivity of the log-likelihood function
with respect to the parameter, and it reduces the dimension of the Jacobian matrices by
a factor M to a more manageable size.

The IMLE can be summarized as follows:

1) Start with an initial guess of τ .

2) Estimate the covariance matrix Ĉw̃ and the underlying waveform ˆ̃x, using (15),
(17), and the current τ .

3) Maximize (11) with respect to τ , considering Ĉw̃ and ˆ̃x as known quantities (ob-
tained from the previous step).

4) If not converged, go back to step 2.

This method produces a more malleable likelihood surface around its global maximum
and it reduces the computational complexity of the optimization procedure by a factor
M , compared to (16). Another advantage is that the full sample covariance matrix
can be used (without any complications) if N is small and the assumption of diagonal
covariance, discussed in Section 3.1, is questionable. However, the benefits of an iterative
approximation generally comes at the cost of losing some efficiency [10].

3.6 Optimization aspects

Estimating the synchronization jitter results in a nonlinear maximization problem with
respect to the parameter τ , and numerical optimization methods must be used to find the
maximum. Most numerical methods use local information, such as a truncated Taylor
series expansion of the log-likelihood function, around a point to find the next step. If the
initial starting point is well chosen and the function is well-behaved in the neighborhood
of its global maxima, the iteration will converge.

In this paper, the Gauss-Newton method is used to maximize log-likelihood functions.
This choice is based on the method’s simplicity and local performance in solving least
squares problems. The method can be summarized by the following steps:
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1) Create the measurement matrix Ỹ in (8).

2) Find τ̂ , ˆ̃x and σ̂2
w̃ by maximizing the log-likelihood function, i.e. maximize (11) or

(16) with respect to τ . The Newton maximization steps are:

2.1) Find an initial guess τ {p} for p = 0.

2.2) Form the Hessian and gradient of the log-likelihood function, with respect to
τ {p}.

2.3) Find τ {p+1} using (A.27) and (A.28) in A.2.

2.4) If ||Δτ {p}|| in (A.28) and |L(Ỹ; τ {p+1}) − L(Ỹ; τ {p})| are large then increase
p, i.e. p = p + 1, and go back to step 2.2, otherwise continue.

3) The maximum likelihood is found and the estimates are given by (15), (17) and
τ̂ = τ {p+1}.

If the measurements are highly unsynchronized, i.e. |τm| > Ts, a useful step is to pre-
align the measurements to the closest whole sample using standard cross-correlation
techniques, to avoid local likelihood maxima.

Note that the complex valued vectors in (8) originate from a DFT of real valued
sequences. This means that the same information can be found in both halves of the
vectors due to the symmetry property ũ[k] = ũ∗[N+2−k], for 1 < k ≤ N , if ũ = DFT{u}
and u ∼ RN . Hence, the estimation problem can be confined to one half of the vectors,
e.g. to k = 1, · · · , K, where K = N/2 + 1 if N is even, or K = (N + 1)/2 if N is odd.

4 Theoretical Results

In this section the main theoretical results, obtained from the derivations of the estimators
and bounds, are presented and interpreted.

4.1 Estimation with singular matrices

The Fisher information matrix (FIM) [6] in A.3, and the Hessian matrix in A.2 does not
have full rank, if τ ∼ RM . The reason for this is that τ and τ +a for any scalar a produces
the same likelihood. In other words the Hessian and the FIM have a null space. This
is not a surprise since the perfect reference point is unknown, and the objective is only
to minimize the synchronization jitter differences relative to each other. Hence, adding
an arbitrary constant to all the jitters (shifting all measurements by an equal amount)
does not change the synchronization problem and thereby not the likelihood. This rank
deficiency is common in estimation problems with over-parameterized structures [11] and
can be solved using various approaches.

One alternative is to reduce the model size by excluding parameters, in our case one
parameter. This can be achieved by “grounding” one synchronization jitter, i.e., set
τk = 0 for some k and make this the reference point (similar to an electric circuit). This
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approach excludes a column and a row in the FIM and the Hessian which produces full
rank, i.e. τ ∼ RM−1.

However, if the particular realization τk lies far from its expected value (far from the
average of all others), it will slow down the convergence process, since the other mea-
surements or periods have to be aligned iteratively to this unlucky fixed reference point.
To fasten up the convergence, an alternative is to choose a reference close the average,
which brings us to the next approach. To solve this with respect to an average reference
point, the system of equations can be solved using the Moore-Penrose pseudoinverse [11]
to cope with the rank deficiency and produce the minimum norm solution.

4.2 Interpreting the CRLB for τ

In A.4, expressions for the CRLB for τ are given. Assuming that grounding is applied
(Section 4.1) and τ ∼ RM−1, the variance of the estimated parameter is bounded by

var(τ̂ ) ≥
(

K∑
k=1

DNR[k]

)−1

, (18)

where

DNR[k] =
|jωkx̃[k]|2

σ2
w̃[k]

, (19)

given that τ̂ is obtained using an unbiased estimator. Equation (19) can be interpreted
as the signal’s derivative-to-noise ratio (DNR) (at frequency ωk), and the bound in (18)
is given by the inverse of the sum of the DNR over all frequencies. The performance of
an estimator is limited by the frequency content of the signal’s derivative, in comparison
to the frequency content of the noise.

The bound reveals some of the differences between the two implementation approaches
described in Section 4.1. An approximate expression for the CRLB using the pseudoin-
verse approach, is given by (A.50). Comparing the diagonal (the variance) of this ex-
pression with the diagonal of (A.48) obtained using grounding, it differs with a factor
(1−1/M) compared to (1+1). The pseudoinverse approach can be interpreted as aligning
with respect to the average displacement (minimum norm solution), thus decreasing the
variance of the parameter vector with 1/M (losing one degree of freedom). Grounding on
the other hand, aligns with respect to one synchronization jitter assumed known (which
of course it is not), increasing the variance twice as much. Note that, even though the
CRLB differs between the approaches, similar synchronization results are obtained. This
means that given an estimate τ̂ obtained using one approach it can be converted to the
other, either by subtracting its mean value (pseudoinverse) or by subtracting τ̂k for some
k (grounding).

5 Simulation Results

Four different methods are compared using computer simulations:
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SE The ‘simple’ estimator, which is the most commonly used method to synchronize
measurements. The measurements are aligned against one of the measured signals
(used as reference). Neither the underlying signal waveform nor the noise covariance
are estimated or used. The time complexity is of the order O(NM), where O
represents the Big O notation [12].

LSE The (nonlinear) least square estimator, which is the MLE in additive white Gaussian
noise or if the covariance is known a priori, described in Section 3.3. The under-
lying signal waveform is estimated and used. The time complexity is of the order
O(NM2).

MLE The maximum likelihood estimator, described in Section 3.4. The underlying sig-
nal waveform and the noise covariance are estimated and used. The time complexity
is of the order O(NM2).

IMLE The iterative maximum likelihood estimator, described in Section 3.5, which is
an iterative approximation of the MLE. Both the underlying signal waveform and
the noise covariance are estimated and used. The time complexity is of the order
O(NM), the same as for the SE.

All methods are implemented in the frequency-domain. To obtain fast convergence,
the pseudoinverse approach discussed in Section 4.1 is used. However, grounding is still
applied (after the algorithm has converged, see last part of Section 4.2), to give a fair
comparison with the SE.

5.1 The simulated signal

In the simulations, a measured ultrasonic echo is used to represent the underlying signal
waveform, see Fig. 2(a). The signal is retrieved from a low-noise measurement of a
broadband ultrasonic pulse, see Section 6.

Since signals of this type have a close to finite support, the calculation of the signal-
to-noise ratio (SNR) in this paper involves the energy of the signal (ignoring Ts), instead
of the power (or variance). The SNR is defined here as

SNR =

∑K
k=1 |x̃[k]|2∑K
k=1 σ2

w̃[k]
. (20)

5.2 The noise model

The additive noise wm[n] is modelled as Gaussian and colored using discrete ARMA
filters as

w̃m[k] = H[k]ε̃m[k] + Bε̃m[k], (21)

where

H[k] =

∑Nb

l=1 bl exp{−j2π(k − 1)(l − 1)/N}∑Na

l=1 al exp{−j2π(k − 1)(l − 1)/N} , (22)
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is the ARMA filter, B represents a white noise floor, and ε̃m[k] is the DFT of a white
Gaussian noise sequence. The ARMA filter H[k] is used to model:

• Applied pre-filters before sampling that affect the noise characteristics. Common
pre-filters are high-pass, band-pass, and low-pass filters to remove trends, distur-
bances, and aliasing effects respectively.

• Additive (nonwhite) disturbances from the surrounding.

The noise floor B is used to model additive white noise at the analog-to-digital converter.
For the model in (21), the (co)variance is calculated as σ2

w̃[k] = |H[k] + B|2.

5.3 Additive colored Gaussian noise

In Fig. 2(a), the signal waveform is seen together with a realization of a colored noise
sequence, using the signal and noise models described earlier. The noise is colored using
(21), with a third order Chebyshev type I filter with filter coefficients b = [0.1059, 0.3177,
0.3177, 0.1059]T , a = [1.0000,−0.5620, 0.7194,−0.3102]T , a white noise floor at B = 0.2
(-10 dB), and a total SNR of 0 dB. The specific parameters are chosen to resemble the
experimental situation encountered in Section 6, where the build in low-pass pre-filter in
the pulser/receiver is used to reduce aliasing effects.
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Figure 2: Time- and frequency-domain representation of the signal and noise, with a SNR of
0 dB: (a) discrete-time domain representation of the simulated signal x[n] (solid line) and a real-
ization of one noise sequence wm[n] (dashed line); (b) discrete frequency-domain representation
of the signal (solid line), noise (dashed line) and variance (dotted line).

In the simulations, the synchronization jitter τ is modelled using independent real-
izations from a uniform distribution within the interval [−Ts, Ts], i.e. τm ∼ U [−Ts, Ts].
In Fig. 3(a), the mean square error (MSE) for the different methods can be seen together
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with the Cramér-Rao lower bound (CRLB), versus the number of measurements M , for
a constant SNR of 0 dB.

For a small number of measurements, the MSEs are comparable between the methods.
As M increases a big improvement can be seen as the IMLE and the MLE approaches
the CRLB. A small difference is visible between the SE and the LSE for this particular
SNR. To observe larger differences, the SNR has to be decreased further.

In Fig. 3(b), the MSE versus the SNR is shown for M = 20 measurements. As the
SNR drops below 2 dB, a significant difference is observable between the SE and the
LSE. The visible improvement is the result of estimating the underlying signal waveform
(LSE), compared to using one noisy measurement as reference (SE). Nevertheless, the
maximum-likelihood based methods are consistently much better, due to the use of second
order statistics.

Note that the CRLB is constant for increasing number of measurements M . The
reason for this is that the parameter vector τ is increased proportionally. A necessary
condition for the CRLB to decrease is that the dimension of parameter vector remains
constant while the amount of data is increased [6].
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Figure 3: Mean square error (MSE) comparison of τ̂m using 500 realizations. The vertical lines
mark the 99% confidence intervals. (a) MSE versus the number of measurements M , with the
noise conditions described in Fig. 2; (b) MSE/CRLB versus SNR, with M = 20 and noise
colored as in Fig. 2. To get a better view of the closeness to the CRLB, the ratio between the
MSE and the CRLB is investigated in (b), to avoid the otherwise strong dependency on the
SNR.
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5.4 Additive white Gaussian noise

For white Gaussian noise the MSE for the LSE coincides with the IMLE, the MLE and
the CRLB for large M . However, a small improvement can be observed for the LSE
for small M , in Fig. 4(a). The improvement is due to the a priori information (white
Gaussian noise) used in the LSE, and not considered by the IMLE or the MLE. Note
that the LSE for this situation is the true MLE given this a priori information. For
this particular situation, the LSE correctly guesses the noise colour as white, hence the
increase in performance.

For a small number of measurements, M < 5, the IMLE and the MLE give poor
performance, due to the high uncertainties added by estimating the covariance in (15)
from a small number of observations (M).
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Figure 4: Mean square error (MSE) comparison of τ̂m using 500 realizations. The vertical lines
mark the 99% confidence intervals. (a) MSE versus the number of measurements M , with the
white Gaussian noise, i.e. a = 1, b = 1, B = 0 and SNR=0dB; (b) MSE/CRLB versus SNR,
with M = 20 and white noise. To get a better view of the closeness to the CRLB, the ratio
between the MSE and the CRLB is investigated in (b), to avoid the otherwise strong dependency
on the SNR.
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6 Experimental Results

In this section, synchronization and estimation results are presented using the MLE
(Section 3) on repeated pulse-echo measurements.

6.1 Experimental setup

The experimental setup consists of an ultrasonic transducer mounted on a custom built
measurement cell consisting of a water region and plexiglass plate. A pulser/receiver
5073PR from Panametrics was used to excite the transducer and amplify the received
signal. A built-in low-pass filter, with cutoff frequency of 20 MHz, was used to avoid
high frequency signal and noise components from folding down during sampling. The
signal was then digitized using a CompuScope 12400 oscilloscope card, by Gage Ap-
plied Technologies Inc., Lachine, QC Canada, at 12-bit resolution, using a sampling rate
of 100 MHz. The oscilloscope was triggered using the synchronization output of the
pulser/receiver.

Repeated pulse-echo tests were performed using a broadband piezoelectric transducer
V317, manufactured by Panametrics, Waltham, MA, USA.

6.2 Synchronization and estimation results

A possible way to detect poor synchronization from experimental data, is to investigate
the variance where the derivative of the signal is large (e.g. zero crossings) and compared
it against the variance where the derivative is smaller, [3]. Fig. 5 shows a comparison
between measured (unsynchronized) pulse-echo signals and synchronized signals using
the MLE. The figure shows 20 measurements with an estimated SNR of 14 dB, using the
experimental setup described in Section 6.1. Notice the decrease in horizontal variation
for the synchronized signals.

In Fig. 6, the mean value x̂[n] and the estimated standard deviation σ̂x̂[n] of the 20
measurements are shown. In Fig. 6(a) we can see that the estimated signals (the mean
values) differ between the unsynchronized and synchronized case in both shape and size.
This is a consequence of the convolution effect given by (2) in Section 1, indicating that
the signal shape is affected if standard averaging is applied to estimate the signal. The
standard deviation curves in Fig. 6(b), clearly shows the increase in standard deviation
for the unsynchronized case at regions where the derivative is large. For the synchronized
case, no significant change is visible.

The theoretical investigation in Section 2 showed that high frequency information of
the underlying signal was suppressed. In Fig. 7(a), the (scaled) periodogram of the mean
value |ˆ̃x[k]|2 is visible for the unsynchronized and synchronized case together with the
periodogram of one single measurement |ỹm[k]|2. A good agreement is visible between
the synchronized mean value and one single measurement, indicating that a good syn-
chronization is obtained. However, comparing the unsynchronized periodogram with the
synchronized and measured one, we can observe that high frequency information of the
estimated signal is suppressed. The difference is approximately −2.3 dB at 20 Mhz (or
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0.4 · Fs/2), which agrees with the calculated effect of |p̃τ (ω)|2 = −2.5 dB at ω = 0.4πFs

for a uniform distribution with α = 1, see (3) and Fig. 1(c). Assuming a uniform distri-
bution for this experiment, with α = 1, is validated by the histogram of the estimated
jitters in Fig. 8.

For unsynchronized measurements, the variance is also higher at areas where the
signal has high frequency components. This conclusion is given by the error factor
(p̃τ (0) − |p̃τ (ω)|2) in (5), and visible in Fig. 1(e)–1(f). In Fig. 7(b), estimates of the
variance (noise colour) are shown for both cases. The estimated variance obtained from
the unsynchronized case clearly shows the presence of signal components destroying the
variance estimate. This agrees with the conclusions drawn in Section 2. The estimated
variance using the MLE indicates no signal components, and the shape of the peri-
odogram agrees with the effect introduced by the applied low-pass anti-aliasing filter,
see Section 6.1. The calculated effect of (p̃τ (0) − |p̃τ (ω)|2) = −3.7 dB at 20 MHz (or
0.4 · Fs/2), agrees with an estimated effect of (σ̂2

ỹ [k] − σ̂2
w̃[k])/|ˆ̃x[k]|2 = −3.5 dB, using

the relationship in (5), where σ̂2
ỹ [k] and σ̂2

w̃[k] represents the estimated unsynchronized
and synchronized variance, respectively, in Fig. 7(b).
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Figure 5: Time-domain plot: (a) 20 measured ultrasonic signals; (b) the same signals as in (a)
but synchronized using the MLE.

7 Discussion

7.1 Real experiments

The proposed estimator has been used on real experiments of repeated measurements
of ultrasonic signals. However, for real experiments, the problem of not knowing the
truth, i.e. not knowing the underlying signal waveform, the covariance, nor the true
synchronization jitter, prevent us from comparing the true performance. Higher variance



Paper A 101

110 115 120 125 130 135 140 145 150
−0.02

0

0.02

n

vo
lt
ag

e (a) x̂[n] unsync.
x̂[n] sync.

110 115 120 125 130 135 140 145 150
0

0.01

n

vo
lt
ag

e (b) σ̂x̂[n] unsync.
σ̂x̂[n] sync.

Figure 6: Time-domain plot: (a) estimated mean values of the measured signals in Fig. 5; (b)
estimated standard deviations of the measured signals in Fig. 5.
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Figure 7: Frequency-domain plot: (a) periodogram the mean values in Fig. 6(a), shown together
with a periodogram of a single measurement; (b) (co)variance comparison of raw measurements
versus synchronized measurements.

at high frequencies or at areas where the signal has a large derivative, is an indication of
poor synchronization and could be used as measure of the performance. This is, however,
only an indication of poor synchronization, since other factors such as sample jitter [13]
and noise colour produce similar effects.
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Figure 8: Estimated jitter distribution: (a) estimated jitter, normalized as in Fig. 1(a); (b)
histogram.

7.2 Asymptotic properties

The asymptotic properties of the MLE (the estimated parameter is asymptotically un-
biased, normally distributed and with a covariance given by the CRLB), are only valid
if the errors are small. Small errors means either that the data size is large enough,
compared to the dimension of the estimated parameters, or that the SNR is so high that
statistical linearity applies [6].

Note also that the CRLB is a lower bound for unbiased estimators, which none of
the estimators in this paper are. However, the LSE, IMLE and MLE are asymptotically
unbiased, which means that a comparison is valid against the bound for a sufficiently
large data size or SNR.

7.3 Extensions

The truncation effect on aperiodic signals that do not have finite support in the time-
domain, is not investigated in this paper. Simulations using truncated signals in moderate
synchronization jitter, indicate similar results as for those with finite support. For sit-
uations with highly unsynchronized measurements, adequate windowing centered at τ
should be included in the signal model, to preserve similarity between the measurements.
This prevents signal components, obtained from the non-overlapping regions, from de-
stroying the estimates.

The estimators derived in this paper are applicable to other types of repeated or
periodically excited signals. An interesting extension would be to expand the model in
dimension to cope with image processing applications, e.g. synchronization of repeated
unsynchronized (shaky) image sequences.

8 Conclusions

In this paper a maximum likelihood estimator (MLE) is derived for the underlying signal
waveform, the covariance matrix, and the synchronization jitter. The estimator applies
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for repeated unsynchronized measurements, or unsynchronized measurements of period-
ically excited signals. The effect of poor synchronization on the estimated signal and
covariance is studied, indicating that even a small sub-sample misalignment produces
unwanted filtering effects.

The estimator is compared with other sub-sample synchronization techniques, for
wideband signals in the presence of white and colored noise. We demonstrated with
simulations that the mean square error (MSE) of the estimates is significantly lower
using the proposed method, than for related techniques. The estimator’s MSE was
also compared with the theoretical lower bound (CRLB), showing asymptotic efficiency
for large data size or signal-to-noise ratio conditions. Estimation results are presented
for repeated measurements, to validate the estimator for real measurements, and to
experimentally support the theoretical results.

A Appendix

A.1 Derivation of the effect of unsynchronized measurements

Assuming that the synchronization jitter τ is independent of the measurement noise w̃,
then the expected value of the measurements can be expressed in the frequency-domain
as

Eτ,w̃{ỹ(ω)} = Eτ,w̃{exp{−jωτ}x̃(ω) + w̃(ω)}
= Eτ{exp{−jωτ}x̃(ω)} + Ew̃{w̃(ω)}
= p̃τ (ω)x̃(ω), (A.23)

where p̃τ (ω) =
∫∞
−∞ pτ (τ) exp{−jωτ}dτ is the characteristic function, i.e. the Fourier

transform of the PDF for τ .
The covariance function of the measurements in the frequency-domain can be ex-

pressed as

covτ,w̃{ỹ(ω), ỹ(ξ)} = Eτ,w̃ {(ỹ(ω) − Eτ,w̃{ỹ(ω)})(ỹ(ξ) − Eτ,w̃{ỹ(ξ)})∗}
= Eτ,w̃ {ỹ(ω)ỹ(−ξ)} − Eτ,w̃ {ỹ(ω)}Eτ,w̃ {ỹ(−ξ)} , (A.24)

where the property ỹ∗(ξ) = ỹ(−ξ) for y(t) ∼ R has been used. The last two expressions
in (A.24) can be expanded as

Eτ,w̃ {ỹ(ω)ỹ(−ξ)} = Eτ,w̃ {(exp{−jωτ}x̃(ω) + w̃(ω))(exp{jξτ}x̃(−ξ) + w̃(−ξ))}
= Eτ {exp{−j(ω − ξ)τ}} x̃(ω)x̃(−ξ) + Ew̃ {w̃(ω)w̃(−ξ))}
= p̃τ (ω − ξ)x̃(ω)x̃(−ξ) + Ew̃ {w̃(ω)w̃(−ξ))} , (A.25)

and
Eτ,w̃ {ỹ(ω)}Eτ,w̃ {ỹ(−ξ)} = p̃τ (ω)p̃τ (−ξ)x̃(ω)x̃(−ξ). (A.26)

Inserting (A.25) and (A.26) into (A.24) gives (4).
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A.2 Newton maximization

The optimization problem is to numerically maximize the log-likelihood function in
Eq.(11) or Eq.(16) with respect to τ . The (p + 1)-th iteration step is

τ {p+1} = τ {p} + Δτ {p}, (A.27)

where

Δτ {p} = −
(

∂2L(Ỹ; τ )

∂τ∂τ T

∣∣∣∣∣
τ=τ {p}

)†
∂L(Ỹ; τ )

∂τ

∣∣∣∣∣
τ=τ {p}

, (A.28)

and L(Ỹ; τ ) is the short hand notation for the log-likelihood function. Note that the
inverse is replaced by the pseudoinverse [14], denoted †, to cope with possible singularities,
discussed in Section 4.1.

To increase the stability and decrease the computational cost of the iteration in (A.28),
the method of scoring is applied [6]. Scoring improves the stability by taking the ex-
pected value of the Hessian in (A.28), i.e., the Hessian is replaced by the negative of
the Fisher information matrix (FIM) [6]. Since analytical expressions for the FIM and
its (pseudo)inverse can be derived, see A.3, the computational cost of solving the linear
system in (A.28) is reduced significantly. By applying the method of scoring, the Hessian
is approximated using (A.46) as

∂2L(Ỹ; τ )

∂τ∂τ T

∣∣∣∣∣
τ=τ {p}

≈ −2
K∑

k=1

|jωk
ˆ̃x[k]|2

σ̂2
w̃[k]

(
I − 1

M

)
, (A.29)

where ˆ̃x[k] and σ̂2
w̃[k] are obtained using (17) and (15) with τ = τ {p}. The (pseudo)inverse

is given by (A.48) or (A.50).

A.3 Calculation of Cramér-Rao lower bound (CRLB)

When deriving the CRLB in this section, the approach of setting one τk to zero (ground-
ing) is assumed to be applied (discussed in Section 4.1) unless otherwise stated. The
expression for the Fisher information matrix (FIM) using complex valued signals and ad-
ditive complex Gaussian noise is given in [6]. Applied to the measurements in Ỹ, where
ỹm ∼ CN (s̃m, diag(σ2

w̃)) and w̃m is independent of w̃l for m �= l, the FIM is given by

[F(θ)]a,b =
M∑

m=1

K∑
k=1

2�
{

∂s̃∗m[k]

∂θa

1

σ2
w̃[k]

∂s̃m[k]

∂θb

}
+

∂σ2
w̃[k]

∂θa

∂σ2
w̃[k]

∂θb

σ−4
w̃ [k], (A.30)

where

s̃m[k] = exp{−jωkτm}x̃[k], (A.31)

θ =
[
�{x̃}T ,�{x̃}T , σ2

w̃
T
, τ T

]T

. (A.32)



Paper A 105

Inserting the derivatives

∂s̃m[k]

∂θ
=

⎧⎪⎪⎨⎪⎪⎩
exp{−jωkτm}δk,a, θ = �{x̃[a]}
j exp{−jωkτm}δk,a, θ = �{x̃[a]}
0, θ = σ2

w̃[a]
−jωk exp{−jωkτm}x̃[k]δm,a, θ = τa

, (A.33)

and

∂σ2
w̃[k]

∂θ
=

⎧⎪⎪⎨⎪⎪⎩
0, θ = �{x̃[a]}
0, θ = �{x̃[a]}
δk,a, θ = σ2

w̃[a]
0, θ = τa

, (A.34)

in (A.30), the FIM can be expressed as

F(θ) =

⎡⎢⎢⎣
A 0 0 D
0 A 0 E
0 0 B 0

DT ET 0 C

⎤⎥⎥⎦ , (A.35)

where

Aa,b = δa,b
2M

σ2
w̃[a]

(K × K), (A.36)

Ba,b = δa,b
M

σ4
w̃[a]

(K × K), (A.37)

Ca,b = δa,b2
K∑

k=1

|jωkx̃[k]|2
σ2

w̃[k]
(M − 1 × M − 1), (A.38)

Da,b = 2
ωa�{x̃[a]}

σ2
w̃[a]

(K × M − 1), (A.39)

Ea,b = −2
ωa�{x̃[a]}

σ2
w̃[a]

(K × M − 1). (A.40)

The CRLB is given by the inverse of the FIM [6] as

CRLB(θ) = F−1(θ). (A.41)

The lower bound for the covariance matrix of any unbiased estimate of θ [6] is

cov(θ̂) ≥ CRLB(θ). (A.42)

Note that if σ2
w̃ is known a priori, the FIM is obtained by excluding the third block row

and the third block column (those intersecting the matrix B) in (A.35).
If the pseudoinverse approach is applied, discussed in Section 4.1, the FIM for this

situation is obtained by expanding (A.38–A.40) in dimension to include all M jitters.
The CRLB for this case is given by the pseudoinverse [11] as

CRLB(θ) = F†(θ). (A.43)
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A.4 The Cramér-Rao lower bound for τ

Let

F(θ) =

[
Á B́

B́T C

]
, Á =

⎡⎣ A 0 0
0 A 0
0 0 B

⎤⎦ , B́ =

⎡⎣ D
E
0

⎤⎦ . (A.44)

If the grounding approach is applied, discussed in Section 4.1, to produce nonsingular
matrices then F(θ) is nonsingular and the inverse can be expressed as

F−1(θ) =

[
(Á − B́C−1B́T )−1 −Á−1B́(C − B́T Á−1B́)−1

−(C − B́T Á−1B́)−1B́T Á−1 (C − B́T Á−1B́)−1

]
, (A.45)

where the last block diagonal entity represent the CRLB for τ . Using (A.36–A.40), the
Schur complement [14] of C can be expressed as

C − B́T Á−1B́ = c

(
I − 1

M

)
, (A.46)

where

c = 2
K∑

k=1

|jωkx̃[k]|2
σ2

w̃[k]
, (A.47)

and CRLB for τ is given by

CRLB(τ ) =
1

c
(I + 1) . (A.48)

If τ̂ is obtained from an unbiased estimator, then

var(τ̂ ) ≥ 2

c
=

(
K∑

k=1

|jωkx̃[k]|2
σ2

w̃[k]

)−1

. (A.49)

If the pseudoinverse approach is applied, discussed in Section 4.1, the matrix in (A.46)
is singular, and an approximation of CRLB for τ is given by

CRLB(τ ) ≈
(
C − B́T Á−1B́−1

)†
=

1

c

(
I − 1

M

)
. (A.50)
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Complete Post-Separation of Overlapping Ultrasonic

Signals by Combining Hard and Soft Modeling

Jesper Martinsson, Fredirk Hägglund and Johan E. Carlson

Abstract

In some ultrasonic measurement situations, an adequate signal separation is difficult to
achieve. A typical situation is material characterization of thin media using pulse-echo
or through-transmission techniques, when the time-of-flight in the media is shorter than
the emitted signal’s time support. Separated signals are necessary to obtain accurate es-
timates of material properties and transit times. In this paper a new method is proposed
that enables complete post separation of measured coinciding signals. The method is
based on a combination of hard physical and soft empirical models, which allows for a
description of both known and unknown properties making a complete separation possi-
ble. The validity and limitations of the model and the separation results are thoroughly
addressed. The proposed technique is verified using real measurements on thin dispersive
samples and validated using residual analysis. The experimental results show a complete
separation with uncorrelated and normally distributed residuals. The method enables
characterization and/or flow analysis in difficult overlapping situations.

1 Introduction

When designing ultrasonic measurement systems based on pulse-echo or through-trans-
mission techniques, adequate signal separation is often a requirement for the analysis step.
In material characterization, separable signals are necessary to obtain accurate estimates
of transit times and material properties. However, there are a number of factors which
can prevent a complete separation. If the propagation distance in the medium is short
(due to fixed dimensions, or deliberately kept short for highly attenuative materials), or
if the signal’s time support is long (due to low-frequency transducers or if high-energy
and low-amplitude excitations are required), a complete separation can be difficult to
achieve.

The problem can be divided into two categories: when there is no knowledge of the
measured structure (e.g. the number of layers are unknown) and when there is knowledge
of the structure.

For the case when there is no knowledge of the structure, a promising approach is
to parameterize the signal waveforms (for a known number of waveforms) using a signal
model of the ultrasonic echo [1, 2]. However, to find an appropriate signal model one
must have an accurate a priori information of the shape of the emitted ultrasonic signal
and how it is affected by the media and the surrounding structure. A difficult and crucial
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step in using this approach is to find a valid signal model, that can capture the observed
waveforms entirely and leave white residuals (uncorrelated errors). If the signal model
is not general enough and the residuals contain any signal components which the model
can not reproduce, a complete separation can not be achieved. A chosen signal model is
often restricted to a certain type of signal waveform. This means that a large collection
of signal models must be available to cope with different waveforms and measurement
situations.

The second category is when information of the measured structure is available, for
example, a material sample consisting of several layers. The required information is often
limited to knowledge of the number layers within the structure, and the possibility to
measure a reference signal (using a buffer rod or from a reference experiment). Several
different approaches, based on both parametric and non-parametric techniques, have
been proposed in the literature, [3, 4, 5, 6, 7], to cope with the overlapping problem
for known structures. However, the main objective has been to retrieve estimates of a
few physical parameters (thickness, phase velocity, density, attenuation) related to the
investigated structure, rather than to capture all the systematic variations observed in
the data. The result is that neglected effects, such as frequency dependent attenuation,
dispersion, diffraction and alignment errors, are un-captured by the models, and the
residuals contain variation originating from the neglected effects.

A necessary condition for a model to be able to accurately separate superimposed
signals, is that all the observed dynamics can be described. This is, in general, also a
necessary condition in order to obtain unbiased estimates of physical parameters from
the observed data.

To separate the signals we must find a model that can describe the known structure
and is general enough to capture both known and unknown effects. In this paper we use a
combination of hard and soft modeling to solve this problem1. A hard model structure is
applied to describe multiple reflections and overlaps related to the specific measurement
setup. A soft model structure is used to capture unknown dispersion and attenuation
effects from the layers, and to handle unwanted diffraction and misalignment effects from
the measurement setup.

The proposed method achieves complete signal separation in dispersive experimental
situations (with no visible leftovers from the emitted signal). The method avails for
characterization and flow analysis in overlapping situations. This paper is an extension
of previous work, presented in [8].

The remaining part of the paper is organized as follows: In Section 2, the separa-
tion model is derived, the idea of combining hard and soft models is presented, and
the soft model parameterization used in this study is stated. In Section 3, aspects con-
cerning parameter estimation, model validation, and stability constraints are addressed.
Section 4 presents the key equations to separate overlapping signals, and it is shown
how acoustic properties connected to layers within the measurement structure can be

1Open source MATLAB R© files, containing the derived separation method that produces the experi-
mental results presented in this paper, is available at:
http://www.sm.luth.se/∼jesper/matlab/separation/example.zip (or upon request).

http://www.sm.luth.se/%E2%88%BCjesper/matlab/separation/example.zip
http://www.sm.luth.se/%E2%88%BCjesper/matlab/separation/example.zip
http://www.sm.luth.se/%E2%88%BCjesper/matlab/separation/example.zip
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retrieved, followed by a thoroughly explanation of the validity of the separated signals.
Section 5 contains a description of the measurement setup and the equipments used in
the experimental study. In Section 6, estimation, model validation, and separation re-
sults are presented for two different experiments: long dispersive reverberation, and short
dispersive reverberation. Section 7, contains a discussion addressing: sign invariance of
parameters, characterization of layer properties, model extensions, soft model parame-
terizations, colored measurement noise, and how to deal with truncated measurements.
Finally, conclusions can be found in Section 8, followed by an Appendix.

2 Separation Model

This section begins with a derivation of the hard model structure for the specific measure-
ment setup shown in Fig. 1, (designed for normal incidence pulse-echo measurements of
thin samples). The hard structure describes the ideal case when attenuation, dispersion,
diffraction, and misalignment effects are neglected and the structure contains only pure
delays, reflection and transmission coefficients. This structure describes how the signals
overlap and is essential to obtain separation. The hard structure is then expanded with
soft structures to cope with a more realistic case when the above effects are included.
Finally, details concerning parameterization of the soft models are presented.

Assuming that linear acoustic applies, there exist a linear system h̃(ω, θ) that de-
scribes the relationship between the reference signal ũ3(ω) and the response signal ỹ(ω)
as

ỹ(ω) = h̃(ω, θ)ũ3(ω). (1)

The reference signal is defined as the received reflection ũ3(ω) from the water-buffer
boundary, see Fig. 1. The response signal is defined as the summation of all the measured
contributions obtained from the sample space

ỹ(ω) =
∞∑

p=1

ỹp(ω). (2)

Here ˜ denotes Fourier transformed quantities and ω represents the angular frequency.
In (1), θ represents a vector containing the model parameters.

2.1 Hard Model

Assume further that there are no attenuation and dispersion effects present, and that
the measurement setup is perfectly aligned. Then the hard structure for h̃(ω, θ) in (1)
can be found by deriving the expressions for the measured contributions ỹp(ω) from the
sample space, using reflection and transmission coefficients related to each layer. The
first two contributions

ỹ1(ω) = R12T10e
−jω(2τ1+τ0)ũ2(ω), (3)

ỹ2(ω) = T12R23T21T10e
−jω(2(τ1+τ2)+τ0)ũ2(ω), (4)
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are unique but the sequential contributions can be expressed in a recursive manner as

ỹp(ω) = R21R23e
−jω2τ2 ỹp−1(ω), for p ≥ 3. (5)

Here Rlm and Tlm denote the (pressure) reflection and transmission coefficients, respec-
tively, between the l−th and the m−th medium. The phase delay (time-of-flight) for the
wave through the m−th material is represented by τm and ũ2(ω) is defined as the pulse
just inside the buffer rod, see Fig. 1.

The response signal, ỹ(ω), can now be simplified as

ỹ(ω) =
∞∑

p=1

ỹp(ω) = ỹ1(ω) +
∞∑

p=2

ỹp(ω)

= ỹ1(ω) +
∞∑

p=2

(
R21R23e

−jω2τ2
)p−2

ỹ2(ω)

= ỹ1(ω) +
1

1 − R21R23e−jω2τ2
ỹ2(ω), (6)

where the relationship
∞∑

p=0

xp =
1

1 − x
, for |x| < 1, (7)

has been used in the last equality.
The last step in completing the path between the response signal ỹ(ω) and the ref-

erence signal ũ3(ω), is to find the relationship between ũ2(ω) and ũ3(ω). Using their
mutual connection with the emitted pulse ũ1(ω)

ũ2(ω) = T01e
−jωτ0ũ1(ω), (8)

ũ3(ω) = R01e
−jω2τ0ũ1(ω), (9)

the relationship can be expressed as

ũ2(ω) =
T01

R01

ejωτ0ũ3(ω). (10)

Using the relationship in (10), equation (3) and (4) can be expressed as

ỹ1(ω) =
R12T10T01

R01

e−jω2τ1ũ3(ω), (11)

ỹ2(ω) =
T12R23T21T10T01

R01

e−jω2(τ1+τ2)ũ3(ω). (12)

Inserting the expressions (11) and (12) in (6), the hard model structure in (1) can be
expressed as

h̃(ω, θ) =

(
R12 +

T12R23T21e
−jω2τ2

1 − R21R23e−jω2τ2

)
T10T01

R01

e−jω2τ1

=

(
R12 +

(1 − R2
12) Be−jω2τ2

1 + R12Be−jω2τ2

)
Ae−jω2τ1 , (13)
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where A = (1 − R2
01)/R01, B = R23 and θ = [A,R12, B, τ1, τ2]

T . The last equality is ob-
tained using the relationships, Rlm = −Rml and Tlm = 1+Rlm, between the transmission
and reflection coefficients. The meaningless substitution B = R23 is done to emphasis
the connection with the combined model structure derived in Section 2.2.

2.2 Combining Hard and Soft Modeling

In cases of diffraction, alignment errors, and frequency dependent attenuation and dis-
persion, the model structure in (13) is inadequate. However, if linear acoustic applies,
the above effects can be described using linear systems and (1) is still valid. Assuming
that the wave propagation through the m−th medium can be described by two linear
systems:

• M̃m(ω) describing the attenuation and dispersion effects in the medium.

• D̃(ω, ξ̃m(ω)) describing diffraction and alignment effects that depends on the total
number of propagated wave numbers ξ̃m(ω) = dmk̃m(ω), where dm and k̃m(ω) are
the thickness and frequency dependent wave number, respectively.

Note that in the following analysis the ω dependency related to all the ˜ quantities
has been omitted for notational simplicity. The derivation steps follow analogously to
those in Section 2.1, with the addition of the linear models M̃m and D̃(ξ̃m).

Introducing the soft model structures M̃m and D̃(ξ̃m), (3), (4) and (5) are expanded
to

ỹ1 = M̃2
1 M̃0D̃(2ξ̃1 + ξ̃0)

×R̃12T̃10e
−jω(2τ1+τ0)ũ2, (14)

ỹ2 = M̃2
1 M̃2

2 M̃0D̃(2ξ̃1 + 2ξ̃2 + ξ̃0)

×T̃12R̃23T̃21T̃10e
−jω(2(τ1+τ2)+τ0)ũ2, (15)

ỹp = M̃2
2

D̃(2ξ̃1 + (p − 1)2ξ̃2 + ξ̃0)

D̃(2ξ̃1 + (p − 2)2ξ̃2 + ξ̃0)

×R̃21R̃23e
−jω2τ2 ỹp−1, for p ≥ 3. (16)

In this case the phase velocity and the phase delay are frequency dependent, which
means that the reflection and transmission coefficients are frequency dependent. Here τm

should be considered as the overall frequency independent phase delay (or dead-time).
Observe that the last terms in (14)-(16) are identical to those in (3)-(5) and corresponds
to lossless wave propagation. The additional terms are associated with the previously
neglected effects (attenuation, dispersion, diffraction, misalignment).

Using relatively high frequencies combined with a small sample space (small ξ̃2), the
diffraction/alignment ratio in (16) can be considered as independent of p and approxi-
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mated as

D̃(2ξ̃1 + (p − 1)2ξ̃2 + ξ̃0)

D̃(2ξ̃1 + (p − 2)2ξ̃2 + ξ̃0)
≈ D̃(2ξ̃1 + 2ξ̃2 + ξ̃0)

D̃(2ξ̃1 + ξ̃0)
= Ẽ. (17)

The above approximation does not mean that diffraction and alignment effects are negli-
gible for small sample spaces, even though they might be small, it means only that their
ratio can be considered independent of p, i.e., the ratio between the diffraction affecting
ỹp and ỹp+1 is approximated as the same as the ratio between the diffraction affecting
ỹp+1 and ỹp+2.

Using the approximation in (17), the response signal ỹ can be expressed, analogous
to (6), as

ỹ = ỹ1 +
1

1 − R̃21R̃23M̃2
2 Ẽe−jω2τ2

ỹ2. (18)

Equations (8) and (9) are rewritten as

ũ2 = M̃0D̃(ξ̃0)T̃01e
−jωτ0ũ1, (19)

ũ3 = M̃2
0 D̃(2ξ̃0)R̃01e

−jω2τ0ũ1, (20)

resulting in changing the relationship in (10) between ũ2 and ũ3 to

ũ2 =
D̃(ξ̃0)T̃01

M̃0D̃(2ξ̃0)R̃01

ejωτ0ũ3 (21)

Inserting the expressions (14), (15), and (21) in (18), the combined model structure in
(1) can be expressed as

h̃(θ) =

⎛⎝R̃12 +

(
1 − R̃2

12

)
B̃e−jω2τ2

1 + R̃12B̃e−jω2τ2

⎞⎠ Ãe−jω2τ1 , (22)

where

Ã = M̃2
1

D̃(2ξ̃1 + ξ̃0)D̃(ξ̃0)

D̃(2ξ̃0)

(1 − R̃2
01)

R̃01

, (23)

B̃ = M̃2
2 ẼR̃23, (24)

see Appendix A.1. Observe that the hard model in (13) is a special case of the combined
model in (22), when attenuation, dispersion, diffraction and misalignment are neglected
(M̃m = D̃(ξ̃m) = 1, for all layers m).

If the sample space is small relative to the time support of the pulse (discussed in
Section 1), then an overlapping waveform is measured (ỹp is unknown), and information
on how each layer is affecting each response is hidden. To separate the responses, ỹp, the
combined model in (22) must be applied, together with a suitable parameterization of Ã,
R̃12 and B̃.
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2.3 Parameterization of the Soft Models

Some of the effects described by the models Ã, R̃12 and B̃ have unknown physical struc-
tures, e.g., diffraction, misalignment, and acoustic properties of the investigated sample.
This means that a general structure is needed to parameterize these models. In this
paper a phase compensated finite impulse response (FIR) filter is used to parameterize
Ã, R̃12 and B̃ as

Ã(a) = ejωTs(na−1)/2

na∑
p=1

ape
−jωTs(p−1), (25)

R̃12(r) = ejωTs(nr−1)/2

nr∑
p=1

rpe
−jωTs(p−1), (26)

B̃(b) = ejωTs(nb−1)/2

nb∑
p=1

bpe
−jωTs(p−1), (27)

where na, nr and nb are the dimensions of the parameter vectors a, r and b respectively,
and Ts denotes the sampling period. The term ejωTs(n·−1)/2 represents the phase compen-
sation part and shifts the FIR so that the middle tap corresponds to zero delay (for odd
n·).

The FIR filter describing the reflection coefficient R̃12 in (26) is restricted to a type
I linear–phase FIR filter [9], i.e., the impulse response is symmetric rp = rnr−p+1. This
means that R̃12 is confined to be a real–valued frequency dependent quantity, i.e., no
phase shifts other than ±π are associated with reflection and transmission. The linear-
phase restriction in (26) can be relaxed, allowing for complex-valued reflection and trans-
mission coefficients, e.g., in case of incomplete or partially contacting interfaces [10, 11].

Using a FIR representation of the soft models, the parameter vector in (22) is ex-
panded to θ = [aT , řT ,bT , τ1, τ2]

T , where ř contains the first (nr +1)/2 elements of r due
to the imposed linear–phase symmetry.

Note that the hard model structure in (13) is equivalent to the combined model
structure in (22) using single tap FIR filters (na = nb = nr = 1).

3 Parameter Estimation

This section begins with a short description of the parameter estimation techniques used
to find the parameters to the separation model. Comments regarding stability constraints
and finite reflections are addressed. Finally, issues concerning model selection and model
validation are given.

Given data from a pulse-echo experiment, the unknown model parameters are es-
timated from discrete Fourier transformed data [12], using a weighted nonlinear least-
squares fit (A.73) in Appendix A.3. The Levenberg-Marquardt optimization method [13]
is used to maximize the likelihood function, expanding the search space and handling ill
conditioned Hessians.
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At the start of the optimization, all the FIR filter taps are set to zero except for the
center tap. This initial set allows for an inverse description of non-minimum phase filters.
To avoid local minima, the initial guess for the center taps are retrieved from optimized
values obtained using the hard model structure in (13) (equivalent to (22) with single
tap filters).

3.1 Stability Constraints and Finite Reflections

Preserving the stability of h̃(θ) in (22) during the optimization process is an issue. The
stability constraint is imposed by (7) and relates to the the physical properties of the
model. The problem is that (7) is valid only if |x| < 1, and if this constraint is not
included in the optimization, a better fit can in some cases be achieved for |x| > 1 when
(7) is invalid. The straightforward way to deal with this problem is to use a constrained
optimization subjected to |R̃12B̃| < 1, ∀ω ≤ πFs. However, to avoid the increased
complexity of a constrained optimization, the parameters can be estimated using a finite
number of elements in (2). This approach can be motivated since only a finite number
of reflections can be observed within the measurement window. This means that (2) and
(7) is replaced with

ỹ(ω) =

P0∑
p=1

ỹp(ω), (28)

P0∑
p=0

xp =
1 − xP0

1 − x
, for |x| �= 1, (29)

where P0 is the number of observed elements within the measurement window. Using a
finite number of elements a constrained optimization is avoided, since (29), in contrary
to (7), increases rapidly if |x| > 1 and P0 is large. The xP0 part in (29) will act as a
barrier function [13], enforcing the constraint.

For a finite number of observed elements, P0, the model structures in (13) and (22)
are replaced by

h̃(θ) =

⎛⎝R̃12(r) +

(
1 − R̃2

12(r)
)

B̃(b)e−jω2τ2

1 + R̃12(r)B̃(b)e−jω2τ2

×
(

1 −
(
−R̃12(r)B̃(b)e−jω2τ2

)P0
)⎞⎠ Ã(a)e−jω2τ1 , (30)

see Section 3.1. Note that if P0 → ∞, then and (30) → (22), if |R̃12(r)B̃(b)| ≤ 1,
otherwise |(30)| → ∞.
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3.2 Model Selection and Validation

To prevent over-parameterization, the minimum description length (MDL) is used [14,
15, 12], to find the appropriate number of FIR parameters. The number of filter taps na,
nr and nb are varied individually until the MDL is obtained.

To make sure that the model is capable of describing the true system we have to
validate its performance. The key concept here is to examine the residuals (the part of
the response y(t) that the model could not reproduce) to determine the model’s validity,
Appendix A.5, [15]. If the residuals contain components other than noise, a complete
separation can not be claimed. For time-limited signals (pulses), a visual examination of
the residuals for non-stationary variations can also detect inadequate modeling.

To preserve the linear-phase restriction on the reflection filter R̃12 in (26), and to
always allow a center tap for the initial guess (Section 3), the number of taps are restricted
to an odd number when searching for the MDL.

4 Signal Separation

This section begins by stating the key equations, essential to separate the coinciding
responses ỹp. Then it is shown how acoustic properties connected to the layers can be
retrieved from the soft models. Finally, a thoroughly explanation of the validity of the
signal separation is presented and limitations are discussed.

Once the correct model order is found and validated, and an estimate θ̂ = [âT , ˆ̌rT , b̂T ,
τ̂1, τ̂2]

T of the parameter vector is obtained, the coinciding signals can be separated by
returning to the basic equations in which the model were build upon.

The first separated signal can be retrieved by inserting (21) in (14), and using the
relationship in (23) as

ˆ̃y1 = R̃12(r̂)Ã(â)e−jω2τ̂1ũ′
3. (31)

Here ũ′
3 denotes the measured reference signal ũ3 in Fig. 1, and ˆ denotes estimate. The

sequential signals can be found using (31) together with

ˆ̃y2 =
(1 − R̃2

12(r̂))

R̃12(r̂)
B̃(b̂)e−jω2τ̂2 ˆ̃y1, (32)

ˆ̃yp = −R̃12(r̂)B̃(b̂)e−jω2τ̂2 ˆ̃yp−1, for p > 2, (33)

simply derived by combining (14)-(17), and using the relationship in (24). Using (31)-(33)
above, the overlapping signals can be separated.

4.1 Estimating Acoustic Properties from Soft Models

In addition to the separated waveforms, information of the acoustic properties of the
layers can be retrieved from the estimated soft models, since they contain information
of the medium (M̃m and τm). However, the soft models in (23) and (24) also contain



120 Paper B

elements related to diffraction, misalignment and reflections, needed to be known (or
negligible).

For example, the acoustic properties of the investigated sample can only be retrieved
from the soft models if the diffraction and misalignment effects described by Ẽ, and the
reflection term R̃23 are known. If these conditions are met, then M̃2

2 = B̃/ẼR̃23 from
(24), and the attenuation and the phase velocity related to the sample can be estimated
[16] as

ˆ̃α(ω) =
−ln(| ˆ̃M2

2 |)
2d̂2

=
ln(| ˆ̃E|) + ln(| ˆ̃R23|) − ln(| ˆ̃B|)

2d̂2

, (34)

ˆ̃cp(ω) =
−ω2d̂2

∠ ˆ̃M2
2 − ω2τ̂2

=
−ω2d̂2

∠ ˆ̃B − ∠ ˆ̃E − ∠ ˆ̃R23 − ω2τ̂2

, (35)

respectively. In (34) and (35), d̂2 represents the estimated thickness of the sample, see
Fig. 1.

4.2 Validating the Signal Separation Results

A question that naturally arises is how to validate the signal separation. Investigating
the residuals is one way to tell us that the applied model, at least, captures the total
response. Another test is to take the sum of the separated signals, and see that it builds
up the total response. However, it does not say so much about the validity of each
separated signal obtained using (31), (32), and (33). In other words we must answer the
question: is there another set of separated signals that produce the same total response
with white residuals?

For the ideal case, when the hard model structure applies, the answer is no, there exist
only one unique separation solution that produces white residuals, under the condition
that the reference and response signals are informative enough [15, 12, 17].

As mentioned in Section 2.1, the design of the hard model structure is based on the
specific measurement setup used and strictly depends on each layer within the measure-
ment setup. The hard structure describes the setup under ideal conditions using a total
amount of five parameters θ = [A,R12, B, τ1, τ2]

T . Remember that the structure is de-
rived from infinite/finite reflections (6) using the geometric sum in (7)/(29), and can
therefore be decoupled uniquely into each reflection using (3), (4) and (5) as in Section 4.

If ideal conditions are met, and the reference and response signals are informative
enough, there exist only two set of parameter values that will give the maximum likelihood
solution and produce white residuals, θ̂ = [Â, R̂12, B̂, τ̂1, τ̂2]

T and θ̂ = [−Â,−R̂12,−B̂, τ̂1,
τ̂2]

T . Two solutions with the same likelihood are the result of the sign invariance discussed
in Section 7.1, and the sign difference does not influence neither the separation nor the
total response. If any of these two solutions are found, they will produce the same unique
separation solution. A proof of this can be found by examining the eigenvalues of the
Fisher information matrix (FIM), [12, 17], of the hard model structure. For reasonable
values of θ, i.e., R01 �= {0, 1}, R12 �= {0, 1} and τm �= 0, and informative signals, the FIM
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has positive nonzero eigenvalues (full rank, positive definite matrix) and unique solutions
can be found.

Note that the FIM F(θ̂) is closely related to the Hessian of the cost-function in (A.76).
If an eigenvalue of the Hessian is zero for a given estimate θ̂, the cost-function is shaped
like an half-pipe, and a unique solution cannot be found.

For the combined model structure case, the answer to uniqueness depends on the
length of the FIR filters representing Ã, R̃12 and B̃. A way to investigate the dependency
between the physical structure and the soft models, is to investigate the total impulse
response of the combined model structure as the number of filter taps of the soft models
increases. Decoupling the geometric sum in (30) gives

h̃(θ, ω) = R̃12Ãe−jω2τ1 +
(
1 − R̃2

12

)
B̃Ã

×
P0∑

p=2

(
−R̃12B̃

)p−2

e−jω2(τ1+τ2(p−1)). (36)

The total impulse response of the model in (36) using single taps (hard model) is

h(θ, t) = β1δ−2τ1 + β2

P0∑
p=2

βp−2
3 δ−2τ1−2(p−1)τ2 , (37)

where

β1 = R12A, (38)

β2 = (1 − R2
12)BA, (39)

β3 = −R12B, (40)

and δ−τ = δ(t − τ) represents a Dirac impulse function located at time τ . We know
from the FIM, that using a model with single taps (the hard model) results in a unique
separation. The impulse response in (37) produces a series of impulses, originating from
the reflections within the thin layer. Notice that the relative distance between each
impulse is 2τ2/Ts samples.

Lets examine the total impulse response of (36), using an arbitrary number of taps.
The impulse response is given by

h(θ, t) = β1 ∗ δ−2τ1 + β2 ∗
P0∑

p=2

β(p − 2) ∗ δ−2τ1−2(p−1)τ2 , (41)
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where

β1 = r12 ∗ a,

β2 = (1 − r12 ∗ r12) ∗ b ∗ a,

β(p − 2) =

{
1 , p = 2,
β3 ∗ β3 ∗ · · · ∗ β3, (p-2) convs. , p > 2,

β3 = −r12 ∗ b,

and where a, r12 and b represents the finite impulse response of Ã, R̃12 and B̃, respectively,
and ∗ denotes convolution. From (41), we can at least conclude that a unique solution
(unique impulse response) is obtained if the length of the FIR in β1 is smaller than
2τ2/Ts samples. If this condition is satisfied then the FIR β1 ∗ δ−2τ1 , located at 2τ1, does
not interfere with the next term (p = 2) in the geometric sum β2 ∗ δ−2τ1−2τ2 , located at
2τ1 + 2τ2, and consequently the FIM has full set of positive nonzero eigenvalues.

However, for thin and dispersive layers (small τ2 and many taps), this condition is
often violated. It does not mean that a non-unique situation will emerge. The term
β1 ∗ δ−2τ1 will overlap with the next term β2 ∗ δ−2τ1−2τ2 , but the physical restriction on
how β1 and β2 are constructed, is still going to prevent its building components a, r12

and b from varying in an arbitrary way.

The question is then: how much overlap between these two terms is tolerable before
the physical restrictions break down? An examination of the eigenvalues of the FIM,
calculated using similar signal condition and parameter values as in the two experiments
conducted in this study, indicates that if τ2/Ts ≥ (na + (nr − 1)/2 + 1)/4 the FIM has
full set of positive nonzero eigenvalues and a unique solution (unique impulse response)
can be retrieved. A condition that is well met for both experiments in Section 6. If the
linear-phase restriction on R̃12 is relaxed, see Section 2.3, the condition is replaced by
τ2/Ts ≥ (na + nr)/4.

The problem of multiple solutions with white residuals, arises when the general soft
models get too much freedom and captures dynamics that the structure is suppose to
handle (the FIM is singular). For example, an extreme case would be if nr = nb = 1, and
na = N , where N is the number of samples. Then the FIR filter represented by the soft
model Ã would capture everything, independent of the values of the other parameters.
But this extreme case would certainly be prevented by the MDL criterion, due to the large
amount of parameters (degrees of freedom). The MDL criterion prevents a solution where
the soft models get too much freedom, since it searches for a solution with the minimum
amount of parameters and takes maximum advantage of the dynamics generated by the
physical structure incorporated into the combined model. If the soft models get too much
freedom, the separated signals would look very strange, since a correct separation results
depends on having a correct description of the physical structure.
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5 Experimental Setup

The experimental setup consists of a broadband piezoelectric transducer mounted on
custom built measurement cell consisting of a water region 23.3 ± 0.1 mm and a buffer
rod made of 10.03± 0.01 mm plexiglass. The sample space is located between the buffer
rod and a stainless steel reflector, see Fig. 1. A pulser/receiver (5073PR, Panametrics,
Waltham, MA, USA) was used to excite the transducer and amplify the received sig-
nal. The signal was then digitized using an oscilloscope card (CompuScope 12400, Gage
Applied Technologies Inc., Lachine, QC Canada) with 12-bit resolution and using a sam-
pling rate of 100 MHz. The measurements were made in a temperature controlled room,
at 20 ± 1 ◦C.

The transducer is mounted in the middle of an aluminium disc. The disc rests on the
buffer rod at three points, Fig. 1, in a tripod configuration. These points can be adjusted
in height independently and dependently, to adjust the angle and height to the buffer
(thickness of the water layer). Using this configuration, normal angles can be achieved
and the water region thickness can be varied to obtain a separate reference echo (ũ3

separate from ỹ).
Two different dispersive test samples were used in this study: high viscous marine

transmission fluid [18], and glycerin. The pulse-echo tests were performed using a broad-
band piezoelectric transducer with center frequency of 5 MHz (V3456, Panametrics,
Waltham, MA, USA). To obtain an adequate SNR (and overlapping echoes), a small
sample space was designed using a 0.15 ± 0.02 mm washer between the buffer rod and
the reflector. The washer is made of an elastic material to keep the fluid inside the sam-
ple space. The elasticity contributes to an estimated uncertainty ±0.02 mm in sample
distance.

6 Results

In this section the estimation, validation and separation results are presented for mea-
surements in a high viscous marine transmission fluid and in glycerin. The objective
is to show separability for two different overlapping waveforms: long dispersive rever-
beration, and short dispersive reverberation. The first fluid produce a long dispersive
response (longer reverberation), and the other fluid on the contrary results in a very
short dispersive reverberation (good impedance match to the buffer). These two situa-
tions complement each other by producing data with different separation and estimation
difficulties. Both fluids are quite dispersive (high viscosity), hence, ideal for evaluating
the combined structure when the hard structure assumptions are violated, see Section 2.1
and Section 2.2.

In the optimization process P0 = 30 reflections are used, see Section 3.1, which is
approximately the amount spanned by the measurement window and well above the
amount required to capture all reflections with significant amplitude. Due to the high
sampling frequency (20 times the center frequency of the transducer) the parameter
vector θ are identified from information contained in the first quarter of the available
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Figure 1: Schematic figure over the measurement setup and the pulse-echo principle. The
transducer emits an unknown sound wave ũ1(ω). The reflection from the buffer rod ũ3(ω) and
the multiple reflections from the sample space

∑∞
p=1 ỹp(ω) are then recorded. For this particular

experiment four different mediums has been used: M̃0(ω): water region, M̃1(ω): plexiglas buffer,
M̃2(ω): sample, and M̃3(ω): steel reflector.

frequency band, to reduce the time complexity of the estimation procedure. Note that
it is only the estimate of the parameter vector θ that are confined to this frequency
region, and not the measured, estimated or shown signals and residuals. To remove DC
components, trends and low frequency disturbances, the measured signals are high-pass
filtered using a discrete IIR filter, see Appendix A.2.

6.1 Long Dispersive Reverberation: Separation and Estimation
Results in Marine Transmission Fluid (SAE90)

Fig. 2 shows the measured reference signal u′
3[n] using the 5 MHz transducer. Here ′

denotes measured quantity, see Appendix A.3.
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Figure 2: The measured reference signal u′
3[n], defined in Section 2 as the echo from the buffer

rod, see Fig. 1.
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In Fig. 3, estimation results can be seen for the case where only the hard model
structure, (30) with na = nr = nb = 1, is used to estimate the response signal. A large
systematic variation is visible in the residuals, Fig. 3(a)–(b), indicating presence of un-
modeled dynamics originating from diffraction, dispersion, attenuation and alignment
effects neglected by the model, discussed in Section 2.1. This conclusion is supported
by the highly autocorrelated residual sequence in Fig. 3(c), where the tails (k �= 0)
clearly violates the confidence region. In Fig. 3(d), a normal probability plot can be
observed for the residuals. From this plot a large S-shaped deviation from the line
can be seen, indicating a non-normal distribution. The Anderson–Darling test [19] for
normality gives a test statistic of A2 = 103.47 which is well above the α = 0.01 threshold
of A2

critical = 0.7511. This concludes that (at a 1% significance level) the residuals does
not belong to a normal distribution.

Since the hard model structure can not describe the true system and an adequate sep-
aration using this structure can not be achieved. By the design of this model, the hard
structure ignores all frequency dependent information. It is the ignored frequency de-
pendent part that is visible as the non-stationary variation seen in the residual sequence.
This means that if this structure is used alone, all (frequency dependent) material atten-
uation and dispersion information is lost.

In Fig. 4, estimation results are presented for the combined model structure (30),
with P0 = 30. The results are presented for the case when na = 15, nr = 5 and nb = 3
given by the MDL criterion, Section 3. For this model a good fit can be seen in Fig. 4(a)
and only stationary variation is visible in the residuals in Fig. 4(b). The residual analysis
presented in Fig. 4(c) indicates a slight presence of high frequency correlation, as the
residual correlation slightly violates the confidence region close to k = 0. This violation
can be eliminated if the model order is allowed to increase further, however, the MDL
criterion indicates that the appropriate model order is found and the slightly observed
correlation is at a frequency range far from the ultrasonic signals.

Fig. 4(d) shows a normal probability plot of the residuals. From this plot no significant
deviation from the normal line can be observed, indicating a normal distribution. The
Anderson–Darling test [19] for normality gives a test statistic of A2 = 0.1813 which
is well below the α = 0.01 threshold of A2

critical = 0.7511. This concludes that (at a
1% significance level) it is very unlikely that the residuals does not belong to a normal
distribution.

In Fig. 5(a)-(b), estimation results of the soft models are presented. A slight frequency
dependency can be noticed in both B̃ and R̃12, and a magnitude below one. On the other
hand, a large frequency dependency can be observed in Ã and with a magnitude larger
than one. This is expected since the emitted signal ũ1 is unknown, Fig. 1, and a part
of Ã in (23) has to compensate for the reference signal’s propagation. The estimated
dead-time for the transmission fluid is τ̂2/Ts = 9.65 samples. The linear-phase restriction

of ˆ̃R12 is visible with a constant phase of π, i.e., the frequency response is a real and
negative. In Fig. 5(c), the magnitudes of the reference and response signals are shown,
to give an indication of the frequency area of interest.

Once the parameter vector is estimated and the model is validated, the coinciding
signals can be separated using the relationships derived in Section 4, see Fig. 6.
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Figure 3: Estimation results for the high viscous transmission fluid using the hard model struc-
ture in (30), with na = nb = nr = 1 and P0 = 30: (a) measured response signal y′[n] versus the
estimated response signal ŷ[n] (obtained using (1) and (30)); (b) the residuals; (c) whiteness
test of the weighted residuals, Appendix A.5, the dashed lines mark the 99% confidence region
for k �= 0; (d) Normal probability plot of the residuals in (b), where A2 is the Anderson–Darling
test statistic.

In Fig. 7, the sequential summation of first six separated signals,
∑P

p=1 ŷp[n] for
P = 1, 2, · · · , 6, is compared with the measured response signal y′[n]. By the definition
of the model in (30), the estimated response signal ŷ[n] is the summation of the first
P0 = 30 contributions estimated to be observed by the measurement window. However,
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Figure 4: Estimation results for the high viscous transmission fluid using the combined model
structure in (30), with na = 15, nr = 5, nb = 3 and P0 = 30: (a) measured response signal
y′[n] versus the estimated response signal ŷ[n] (obtained using (1) and (30)); (b) the residuals;
(c) whiteness test of the weighted residuals, Appendix A.5, the dashed lines mark the 99%
confidence region for k �= 0; (d) Normal probability plot of the residuals in (b), where A2 is the
Anderson–Darling test statistic.

as Fig. 7 reveals, only a fraction of these have significant amplitudes to contribute to
the summation in building the response. The rate at which the magnitudes decrease
depends on the values of |R̃12B̃|. For samples with low attenuation and significantly
different acoustic impedance than the surrounding media, e.g. a steel plate in water, the
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Figure 5: Estimation results for high viscous transmission fluid: (a) magnitude response of the
estimated soft models; (b) phase response of the estimated soft models; (c) magnitude of the
measured and estimated signals.

magnitude of the feedback term |R̃12B̃| is closer to 1 and more terms would be significant.
In Section 7.5, a discussion follows on how to deal with truncated response measurements
for highly reverberant samples.

Given θ̂, the estimated reference and response SNR for the transmission fluid exper-
iment are ˆSNRũ3 = 62.4 dB and ˆSNRỹ = 58.2 dB, respectively, see Appendix A.4.

6.2 Short Dispersive Reverberation: Separation and Estima-
tion Results in Glycerin

Fig. 8 shows the measured reference signal u′
3[n] for the glycerin experiment, using the

5 MHz transducer. There is a slight difference between this reference signal, and the
reference signal measured in the previous experiment, Fig. 2. The main two reasons for
this difference is alignment and temperature variations between the two experiments. See
Section 7.1, for a detailed discussion of these variations.
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ŷ4[n]
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Figure 6: Separation of the first six coinciding signals for high viscous transmission fluid, using
the estimated parameters from the combined model structure, see Section 4. The measured
response signal y′[n] is plotted as dots. The bold line depicts the estimated response signal ŷ[n]
in Fig. 4(a), defined as the summation of all the P0 = 30 coinciding signals fitted within the
measurement window (28). The thin lines represent the separated signals ŷp[n], using (31)
together with (32) and (33).

Fig. 9 shows the estimation results for glycerin when the hard model structure is used
to estimate the response signal. As in Fig. 3, the hard model structure can not describe
the true system and an adequate separation using this structure can not be achieved.
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Figure 7: Summation of the first six separated signals in Fig. 6. The measured response signal
y′[n] is plotted as dots. The thin lines represent the summation of the first P separated signals∑P

p=1 ŷp[n].

In Fig. 10, estimation results are presented for glycerin using the combined model
structure (30), with P0 = 30. The results are presented for the case when na = 13,
nr = 3 and nb = 3 given by the MDL criterion. For this model a good fit can be seen
in Fig. 10(a) and a examination and analysis of the residuals in Fig. 10(b)-(d) does not
indicate any components that might originate from the ultrasonic waveforms.
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Figure 8: The measured reference signal u′
3[n], defined in Section 2 as the echo from the buffer

rod, see Fig. 1.

In Fig. 11(a)-(b), estimation results of the soft models are presented for glycerin.
The magnitude of the reflection coefficient is small. This is why glycerin is often used
as a coupling fluid, especially for polymers. The estimated dead-time for glycerin is
τ̂2/Ts = 7.11 samples.

In Fig. 12, the coinciding signals are separated. As a consequence of the matching
impedances between the buffer rod and glycerin, the feedback term |R̃12B̃| is small, and
only a short reverberation is visible. Most of the energy is transmitted through the
sample and reflected at bottom boundary and propagated back as ŷ2[n].

The short reverberation is also visible in Fig. 13, as only the first few contributions
can describe most of the measured response.

Given θ̂, the estimated reference and response SNR for the experiment in glycerin
are ˆSNRũ3 = 65.7 dB and ˆSNRỹ = 62.3 dB, respectively, see Appendix A.4.

6.3 Estimating Acoustic Properties

In Fig. 14 and Fig. 15 estimates of the acoustic properties are shown for both samples,

using the equations in Section 4.1, with the rough assumption that ˆ̃R23 = 1 (steel) and
ˆ̃E = 1 (neglecting diffraction and misalignment effects).

7 Discussion

This section begins with a discussion of issues concerning the estimated soft models.
The discussion continues with comments on characterization of single layers within the
measurement structure. The problems with colored measurement are also addressed.
Possible model extensions and parameterizations are mentioned, followed by comments
on how to deal with truncated measurements.
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Figure 9: Estimation results for glycerin using the hard model structure in (30), with na =
nr = nb = 1 and P0 = 30: (a) measured response signal y′[n] versus the estimated response
signal ŷ[n] (obtained using (1) and (30)); (b) the residuals; (c) whiteness test of the weighted
residuals, Appendix A.5, the dashed lines mark the 99% confidence region for k �= 0; (d) Normal
probability plot of the residuals in (b), where A2 is the Anderson–Darling test statistic.

7.1 Parameter Estimation and Sign Invariance

Examining the terms in (23), one might expect that the estimated model for Ã should be
identical for both experiments, since Ã describes effects related only to the first two layers.
However, identical Ã is obtained only if both experiments have the same alignment error,
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Figure 10: Estimation results for glycerin using the combined model structure in (30), with
na = 13, nr = 3, nb = 3 and P0 = 30: (a) measured response signal y′[n] versus the estimated
response signal ŷ[n] (obtained using (1) and (30)); (b) the residuals; (c) whiteness test of the
weighted residuals, Appendix A.5, the dashed lines mark the 99% confidence region for k �= 0; (d)
Normal probability plot of the residuals in (b), where A2 is the Anderson–Darling test statistic.

measurement temperature, and no measurement noise. Since the SNR is reasonably high
within the exited frequency area, the difference in alignment and temperature is estimated
to be the main cause of the slightly observed difference in the frequency response of Ã.

When changing the sample fluid, the measurement cell in Fig. 1 is dismounted and
mounted back again. This might produce slightly different alignment (water thickness) for
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Figure 11: Estimation results for glycerin: (a) magnitude response of the estimated soft models;
(b) phase response of the estimated soft models; (c) magnitude of the measured and estimated
signals.

the experiments. The variation in water thickness due to the mounting/dismounting step
is estimated to be very small, less than ±0.1 mm. However, this variation corresponds
to a phase shift of ±13.5samples (±0.135μs) of the measured reference signal u′

3[n].
The variation in the surrounding temperature is estimated to be less than ±1 ◦C,

corresponding to a phase shift of ±7 samples (±0.07μs). This phase shift is the result of
a change in the speed of sound in water [20] (a change of 1 ◦C ≈ 5 m/s). Temperature
variations also change the acoustic impedance of the PMMA buffer rod [21], resulting in
a change of the reflection term R̃01 in Ã.

The difference in alignment and temperature generates a slightly different reference
signal, briefly mentioned in Section 6.2. In Fig. 16, a comparison can be seen between
the measured reference signals. The observed difference is a slight change in phase (≈ 1.5
samples) and magnitude, coherent with the the phase and magnitude changes observed in
Ã, see Fig. 5 and Fig. 11. It is difficult to say whether this difference is due to temperature
variations or mounting/dismounting effects (or both).
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ŷ2[n]
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ŷ4[n]
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Figure 12: Separation of the first six coinciding signals using the estimated parameters from the
combined model structure, see Section 4. The measured response signal y′[n] is plotted as dots.
The bold line depicts the estimated response signal ŷ[n] in Fig. 10(a), defined as the summation
of all the P0 = 30 coinciding signals, fitted within the measurement window. The thin lines
represent the separated signals ŷp[n], using (31) together with (32) and (33).

Worth mentioning is also the sign invariance for the soft models within the combined
model structure in (22) or (30). Changing the sign of all the soft models B̃, R̃12, and
Ã, does not change the frequency response of the combined model structure, nor the
separation results. This sign invariance is a consequence of not knowing the true emitted
signal ũ1. However, the signs can easily be compensated for afterwards, if the sign of
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Figure 13: Summation of the first six separated signals in Fig. 12. The measured response
signal y′[n] is plotted as dots. The thin lines represent the summation of the first P separated
signals

∑P
p=1 ŷp[n].

one soft model is known from a priori information. For example in the measurement
setup used in this study, the signs of both R̃01 and R̃23 are known in advance, resulting
in knowing the signs of Ã and B̃ from (23) and (24).
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Figure 14: Estimation results for the transmission fluid: (a) attenuation; (b) phase velocity.
Dashed lines represent the area related to the thickness uncertainty d2 = 0.15 ± 0.02 mm,
Section 5.
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Figure 15: Estimation results for glycerin: (a) attenuation; (b) phase velocity. Dashed lines
represent the area related to the thickness uncertainty d2 = 0.15 ± 0.02 mm, Section 5.

7.2 Characterization of Layer Properties

In this paper we focus on testing the separability of the proposed technique on dispersive
overlapping waveforms with different reverberation. When the objective is to charac-
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Figure 16: Comparison of the measured reference signal in Fig. 2 and in Fig. 8.

terize the material properties of the third layer only, changes in temperature and the
surrounding layers (alignments and/or reflector) are undesirable. The only information
of the third layer is embedded in the soft model B̃ = M̃2ẼR̃23, see (24). From the analysis
we can see that the diffraction and alignment part Ẽ in (17) depends on the total number
of propagated wave numbers ξ̃, hence, changes in temperature and propagation distance
(due to transducer alignment) will affect B̃ even though M̃2 are unchanged. However,
for thin layers and small changes we should expect only a minor change in Ẽ and good
characterization repeatability, but for large variations B̃ is affected as well. When focus
is only to characterize the third layer, the measurement setup should be designed for this
purpose so that the influence of Ẽ and R̃23 are very small (or known in advance from
calibration).

To perform a complete randomized experiment, where the all the layers (and experi-
mental conditions) are varied to look for independent and joint effects of the sub-elements
within the soft models, is of course very interesting, but very extensive and will be ad-
dressed in future studies.

7.3 Uncorrelated Residuals

As noticed by the visual examination of the residuals in Fig. 4 and Fig. 10, colored
components might be present. Even though the noticeable variation does not seem to
originate from the emitted signals, it could indicate that the assumed noise characteristics
of additive white Gaussian noise is too restrictive. However, one must remember that
the shown residuals e[n] should contain a natural correlation, since the reference noise
is colored by the model h̃(θ, ω). Assume that the correct model is found, i.e., ỹ(ω) =
h̃(θ, ω)ũ3(ω) then

ẽ(ω) = ỹ′(ω) − h̃(θ, ω)ũ′
3(ω)

= (ỹ(ω) + w̃ỹ(ω)) − h̃(θ, ω) (ũ3(ω) + w̃ũ3(ω))

= w̃ỹ(ω) − h̃(θ, ω)w̃ũ3(ω), (42)

where w̃ỹ(ω) and w̃ũ3(ω) represents the additive measurement noise on the response and
the reference, respectively, see Appendix A.3. In (42), the last noise term is colored by
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the model. This is the reason why the weighted residuals ε[n], in Appendix A.5, is tested
for correlation.

The assumption that the weighted residuals, is uncorrelated (white) is valid when the
noise assumption of additive white Gaussian noise in Appendix A.3 applies. In presence
of colored additive measurement noise, a correlation appears even though a good model is
used. Common sources of coloration are applied pre-filters before sampling, and additive
(nonwhite) disturbances from the surrounding. However, if it is possible to conduct
repeated experiments with the same excitation signal under stationary conditions, the
cost-function in (A.62) can be used, where block matrices in Cw̃w̃ are replaced with
estimates obtained from the repeated experiments [12]. For the residual analysis, the

weighted residuals in (A.77) is in this case replaced with ε̃ = Ĉ
−1/2
ẽẽ ẽ, where Ĉẽẽ is build

using (A.66).

7.4 Extensions and Parameterizations

The theory presented in this paper is derived for the specific measurement setup shown
in Fig. 1, but the ideas of combining hard and soft modeling can easily be rewritten
for other measurement setups and extended to apply for multi-layered samples. The
parameterization of the soft models can be changed to a more physical structure based on
the physical properties of the media, if the diffraction/alignment factor can be neglected.
If a more restrictive structure is used it is important to remember the model validation
step to justify a complete separation. However, as mentioned in Section 1, a necessary
condition to retrieve accurate estimates of physical parameters is that all the observed
dynamics can be captured by the model. An example of this can be seen when comparing
the experimental results using the inadequate hard model with the results obtained from
the combined model. For example, even though Ã does not model the sample layer,
neglecting its dynamical properties does however significantly influence the estimate of
R̃12 and B̃. Hence, to obtain accurate estimates of physical parameters in overlapping
situations, both known and unknown effects must be captured.

Instead of using a more restrictive model directly, a more suitable approach would
be to first use general soft models to obtain a complete separation, and then fit physical
structures to the frequency responses of the soft models. This would separate the problem
into the response of each soft model, and give an indication of were significant effects have
been neglected by the physical structures. An important advantage with this approach
is that neglected effects from one sub-model would not influence the estimation results
of other sub-models within the structure.

7.5 Truncated Response Measurements

If the measured response is truncated, i.e. the reverberant part is still present at the
end of the measurement window, errors will occur in the estimation procedure if the
truncation effect is ignored. The obvious way to avoid this problem is to expand the
length of the measurement window so it captures the observable transients (those above
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the noise floor). However, in some cases this alternative is not practical, for example,
in measurements of highly reverberant samples (|R̃12B̃| ≈ 1) or in situations where
unwanted reflections from the surrounding structure corrupts the response after a certain
point.

The second alternative is to zero pad the truncated sequence at the end, with a
number of zeros that is at least larger than the time support of the reference signal.
Chose the number of observed reflections P0 so that it is large enough to capture all the
reflections measured by the window, and is small enough so that the modeled response
dies out within the zero padded area. When estimating the model parameters, restrict
the estimation process to the samples spanned by the window.

The zero padded extension will prevent the modeled response from cyclically reappear
at the beginning of the sequence, a consequence of using the DFT, while still be able to
chose a P0 large enough to capture the end part of the truncated response.

8 Conclusions

In this paper we use a combination of hard and soft modeling to separate coinciding dis-
persive ultrasonic signals. A hard model structure is derived from the physical properties
of the measurement setup, and contains the basic structure which enables separation. The
hard structure is expanded with soft models, in the form of FIR filters, offering a general
structure to cope with dispersion, attenuation, diffraction and alignment errors from the
measurement setup, making a complete separation possible. Details regarding the valid-
ity and limitations of the model and the separation results are addressed. The proposed
model’s ability to separate coinciding signals is demonstrated for measurements on thin
dispersive samples and is validated using residual analysis. The experimental results
show that a complete separation is achieved, with uncorrelated and normal distributed
residuals.

A Appendix

A.1 Deriving the Combined Model Structure

The combined model structure in (22) is derived using the relationships in (1), (14),
(15), (21), and (18). Starting by inserting (14), (15), and (21), into (18), the following
expression is obtained

ỹ =

(
M̃2

1 M̃0D̃(2ξ̃1 + ξ̃0)R̃12T̃10e
−jω(2τ1+τ0)

+ M̃2
1 M̃2

2 M̃0D̃(2ξ̃1 + 2ξ̃2 + ξ̃0)

× T̃12R̃23T̃21T̃10e
−jω(2(τ1+τ2)+τ0)

1 − R̃21R̃23M̃2
2 Ẽe−jω2τ2

)
D̃(ξ̃0)T̃01

M̃0D̃(2ξ̃0)R̃01

ejωτ0ũ3. (A.43)
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The terms M̃0 and τ0 in (A.43) are canceled. Using the relationships, R̃lm = −R̃ml and
T̃lm = 1 + R̃lm, the linear system in (A.43), describing the relationship in (1), can be
expressed as

h̃(θ) =

(
R̃12 + M̃2

2

D̃(2ξ̃1 + 2ξ̃2 + ξ̃0)

D̃(2ξ̃1 + ξ̃0)

× (1 − R̃2
12)R̃23e

−jω2τ2

1 + R̃12R̃23M̃2
2 Ẽe−jω2τ2

)

×M̃2
1

D̃(2ξ̃1 + ξ̃0)D̃(ξ̃0)

D̃(2ξ̃0)

(1 − R̃2
01)

R̃01

ejω2τ1 . (A.44)

Inserting (17), equation (A.44) reduces to

h̃(θ) =

(
R̃12 +

(1 − R̃2
12)R̃23M̃

2
2 Ẽe−jω2τ2

1 + R̃12R̃23M̃2
2 Ẽe−jω2τ2

)

×M̃2
1

D̃(2ξ̃1 + ξ̃0)D̃(ξ̃0)

D̃(2ξ̃0)

(1 − R̃2
01)

R̃01

ejω2τ1 , (A.45)

which is the expression for the combined model structure in (22). Ignoring diffraction and
misalignment effects, material dispersion and attenuation, frequency dependent reflection
and transmission, equation (22) reduces to (13).

A.2 High-Pass Filtering

To remove DC components, trends and low frequency disturbances, the measured signals
have been highpass filtered using a discrete IIR filter with transfer function

H̃HP (ω) =
1 + γ

2

1 − e−jωTs

1 − γe−jωTs
, (A.46)

and γ = 0.95. This gives a (half magnitude) cutoff angular frequency of 3 Mrad/s.

A.3 The Maximum Likelihood Estimator (MLE)

Assume that linear acoustic applies and that the description in (1) is valid. Let

z̃′ = z̃ + w̃, (A.47)

represent the measurement vector (complex-valued), containing the discrete Fourier trans-
formed (DFTed) sampled reference and response signal

z̃ =

[
ũ3

ỹ

]
, (A.48)
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assumed unknown and of equal lengths (N frequency points each), and

w̃ =

[
w̃ũ3

w̃ỹ

]
. (A.49)

represent the corresponding DFTed measurement noise. The noise vector w̃ is assumed
to be zero mean complex Gaussian distributed with the covariance matrix

Cw̃w̃ = E{w̃w̃H} =

[
Cũ3ũ3 Cũ3ỹ

Cỹũ3 Cỹỹ

]
. (A.50)

The corresponding vector notation of (1) can be expressed as

G̃(θ)z̃ = 0, (A.51)

where

G̃(θ) =
[−H̃(θ) I

]
, (A.52)

H̃(θ) = diag([h̃(ω1, θ), · · · , h̃(ωN , θ)]T ), (A.53)

and ωk is the k−th corresponding angular frequency.
The log-likelihood function [17] can be expressed as

ln(p(z̃′; z̃, θ)) = − (z̃′ − z̃)
H

C−1
w̃w̃ (z̃′ − z̃) − A, (A.54)

where

A = 2N ln(π) + ln(det(Cw̃w̃)).

The log-likelihood function should be maximized under the constraint given in (A.51)
[12], resulting in a minimization of the Lagrangian, for complex multipliers

L(θ,Cw̃w̃, z̃, λ̃) = (z̃′ − z̃)
H

C−1
w̃w̃ (z̃′ − z̃) + A

+λ̃
H
G̃(θ)z̃ + λ̃

T
G̃∗(θ)z̃∗. (A.55)

Closed form expressions for the estimates of z̃ and λ̃ can be found by examining the crit-
ical points of (A.55), reducing the optimization problem to a minimization with respect
to θ and Cw̃w̃ only. At the critical points the following relationship holds

∂L

∂z̃∗
= −C−1

w̃w̃ (z̃′ − z̃) + G̃H(θ)λ̃ = 0, (A.56)

∂L

∂λ̃
∗ = G̃(θ)z̃ = 0. (A.57)

Solving λ̃ and z̃ in (A.56) and (A.57), the estimates are given by

ˆ̃z = z̃′ − Cw̃w̃G̃H(θ)λ̃, (A.58)

ˆ̃λ =
(
G̃(θ)Cw̃w̃G̃H(θ)

)−1

G̃(θ)z̃′, (A.59)
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and the combination gives

ˆ̃z = z̃′ − Cw̃w̃G̃H(θ)
(
G̃(θ)Cw̃w̃G̃H(θ)

)−1

G̃(θ)z̃′. (A.60)

Inserting (A.60) into (A.55) and using the relationship in (A.57), the cost-function reduces
to a minimization of

L(θ,Cw̃w̃, ˆ̃z, ˆ̃λ) = z̃′HG̃H(θ)
(
G̃(θ)Cw̃w̃G̃H(θ)

)−1

G̃(θ)z̃′ + A, (A.61)

with respect to θ and Cw̃w̃. Evaluating the matrices in (A.61) using (A.48), (A.50) and
(A.52), the cost-function can be simplified to minimizing the Markov cost function [12]

L(θ,Cw̃w̃) = ẽH(θ)C−1
ẽẽ ẽ(θ) + ln(det(Cw̃w̃)), (A.62)

where

ẽ(θ) = ỹ′ − H̃(θ)ũ′
3, (A.63)

ỹ′ = ỹ + w̃ỹ, (A.64)

ũ′
3 = ũ3 + w̃ũ3 , (A.65)

Cẽẽ = Cỹỹ − Cỹũ3H̃
H(θ) − H̃(θ)Cũ3ỹ + H̃(θ)Cũ3ũ3H̃

H(θ). (A.66)

If repeated measurements can be conducted, using the same excitation signal under
stationary conditions, an estimate of the covariance matrix can easily be obtained from
the repeated measurements [12] and the estimation problem reduces to a minimization of
(A.62) with respect to θ, where Cw̃w̃ is replaced by its estimate. For DFTed measurement
noise the block matrices in Cw̃w̃ (A.50) can also be approximated as diagonal [12, 22, 23]
for large data sets, resulting in a diagonal matrix Cẽẽ in (A.66), making it easily invertible
and mathematically tractable for large data sets.

However, if repeated measurements under stationary conditions can not be performed,
then estimating the full (unconstrained) covariance matrix from one measurement is
difficult. If the estimation problem is restricted to the class of white Gaussian noise,
assuming that w̃ỹ and w̃ũ3 are independent and has the same variance σ2

w̃ see Fig. 1,
then the covariance matrix reduces to

Cw̃w̃ = σ2
w̃

[
I 0
0 I

]
, (A.67)

and the optimization problem reduces to a minimization of

L(θ, σ2
w̃) = ẽH(θ)C−1

ẽẽ ẽ(θ) + 2N ln(σ2
w̃), (A.68)

where

ẽ(θ) = ỹ′ − H̃(θ)ũ′
3, (A.69)

Cẽẽ = σ2
w̃

(
I + H̃(θ)H̃H(θ)

)
. (A.70)
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Setting the partial derivative of (A.68) with respect to σ2
w̃ to zero, the minimum is given

by

σ̂2
w̃(θ) =

1

2N
ẽH(θ)

(
I + H̃(θ)H̃H(θ)

)−1

ẽ(θ), (A.71)

assuming that σ2
w̃ �= 0. Inserting this closed-form expression into (A.68), the dimension-

ality of the minimization problem reduces to minimization of

L(θ, σ̂2
w̃(θ)) = 2N + 2N ln(σ̂2

w̃(θ)) (A.72)

with respect to θ. The constant, scaling factor and logarithmic operation in (A.72) can
be ignored, without changing the location of the minimum point, and the optimization
problem can be rewritten to minimize a weighted nonlinear least square problem

L(θ) = ẽH(θ)
(
I + H̃(θ)H̃H(θ)

)−1

ẽ(θ), (A.73)

with respect to θ.

A.4 Signal-to-Noise Ratio (SNR)

Since the measured signals have (close to) finite time support, the calculation of the
signal-to-noise ratio (SNR) in this paper involves the energy of the signal (ignoring Ts),
instead of the power (or variance). The reference and response signal-to-noise ratio (SNR)
are estimated as

SNRũ3 =

∑N
k=1 |ũ′

3[k]|2
σ̂2

w̃

− N, (A.74)

SNRỹ =

∑N
k=1 |ỹ′[k]|2

σ̂2
w̃

− N, (A.75)

respectively. The −N term compensates for the noise contribution in the measurements
ũ′

3[k] and ỹ′[k], see (A.65) and (A.64). And σ̂2
w̃ is given by (A.71)

A.5 Residual Analysis

The cost-function in (A.73) can be rewritten as

L(θ) = ε̃H(θ)ε̃(θ), (A.76)

where

ε̃(θ) =
(
I + H̃(θ)H̃H(θ)

)−1/2

ẽ(θ), (A.77)

is the weighted residuals.
Because the reference signal ũ3 is corrupted with measurement noise, the residual

vector ẽ(θ) = ỹ′ − H̃(θ)ũ′
3 is not white, see Section 7.3. For this reason the residual
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analysis is performed on the weighted residuals ε̃(θ) in (A.77), which compensates for
the reference noise and the applied correlation by the model.

The residual analysis is based on the assumption that ε[n] is zero mean white noise.
If this is the case then the normalized test quantity

r̂ε[k]

r̂ε[0]
−−−→asym N (0, N), for k �= 0, (A.78)

is asymptotically Gaussian distributed as N grows large [24], where the estimated auto-
correlation sequence (biased) is given as

r̂ε[k] =
1

N

N−max(k,0)∑
n=1+max(−k,0)

ε∗[n]ε[n + k]. (A.79)

Based on these assumptions, a confidence region can be plotted for the tails (k �= 0)
of the normalized test quantity in (A.78).
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Compensating distortion effects in repeated

measurements under non-stationary conditions

Jesper Martinsson

Abstract

In this paper a compensation technique is presented for applications using repeated mea-
surements under moderate non-stationary measurement conditions. The objective with
repeated measurements is often to retrieve an estimate of the (noise reduced) signal and
its uncertainties. In order to obtain accurate estimates of these two quantities, stationary
measurement conditions must be guaranteed under the measurement time. A condition
that in many situations is difficult to achieve, e.g., during long measurement times or in
a rapidly changing environment. The proposed method compensates for linear dynamic
changes during the measurement time, where the dynamical changes, the underlying sig-
nal waveform and the noise covariance are considered unknown. The theoretical effect
of moderate non-stationary conditions on repeated measurements are thoroughly ana-
lyzed and experimentally validated. Estimation results using the proposed technique
are presented for repeated ultrasonic measurements under non-stationary temperature
conditions. The results show accurate signal estimation and noise characterization with
uncorrelated normally distributed residuals, in contrast to standard synchronization tech-
niques.

1 Introduction

In many measurement situations it is possible to conduct repeated measurements to
decrease the influence of noise. The objective is often to obtain repeated redundancy so
that information regarding the underlying signal waveform and the characteristics of the
noise can be extracted from the data.

Given that the measurements are collected under stationary conditions (no pressure
or temperature variations or drifts), and that they are perfectly synchronized (no timing
jitter), an estimate of the underlying signal waveform is easily obtained by averaging
over the repeated measurements. By subtracting this average from each measurement,
an estimate of the measurement noise and its statistical properties can be obtained.

However, the above conditions are difficult to obtain in some situations. Whether
non-stationarity effects can be neglected depends on the total measurement time and
the rate (and the amount) at which the environmental conditions change. Slow changes
means that the total measurement time can be increased and vise-versa. If stationary
conditions can not be assumed during the measurement time then averaging over the
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measurements, which is the usual estimate of the underlying signal, results in a filtered
version of the underlying signal, distorting the estimated signal’s shape and the corre-
sponding covariance estimate of the measurement noise. For example, repeated acoustic
or mechanic wave-propagation measurements under small pressure or temperature vari-
ations, the dominant effect is the change in time-of-flight (speed of sound), resulting
in phase shifted unsynchronized measurements. However, for large variations or drifts,
the visible effect is not restricted to pure phase delays that can be compensated using
standard synchronization techniques [1, 2], but also to changes in the signal’s spectral
content. A more detailed study of these effects can be found in Section 2.2.

A possible way to compensate for non-stationary effects is to parameterize the signal
waveforms using a model of the shape of the signals [3, 4, 5]. However, to find an appro-
priate parameterization one must have an accurate a priori information of the shape of
the emitted signal and how it is affected by the media and the non-stationary conditions.
A difficult and crucial step when using this approach is to find a valid parameteriza-
tion that can describe the shape of observed waveforms and leave only white residuals,
i.e. uncorrelated errors. If the parameterization is not general enough and the residuals
contain signal components which the model can not reproduce, the parameterization is
too restrictive and this approach can not be used to compensate for the observed non-
stationary effects. A chosen signal parameterization is often restricted to a certain type of
signal waveform, which means that a large collection of different signal parameterizations
must be available to cope with different waveforms and measurement situations.

In this paper we focus on modeling the dynamical changes affecting an underlying
common waveform during the measurement time, rather than modeling the signal shapes
directly. The assumption made here is that the observed dynamical changes can be de-
scribed by a linear system assumed time invariant during a single measurement, which
is a reasonable assumption under moderate non-stationary conditions and short excita-
tion times. The estimated signals and noise covariance are retrieved from the repeated
non-stationary measurements by undoing these dynamic effects. The advantage here is
that this approach is not restricted to a certain type of signal shape, with the result that
it can be applied to arbitrary waveforms and measurement situations without searching
for a valid parameterization of the shapes.

1.1 The signal model

Assume that the retrieved data is a collection of M repeated measurements under mod-
erate non-stationary conditions. The non-stationary signal model can be written as

ym(nTs) = γm(nTs) ∗ x(nTs − τm) + wm(nTs), (1)
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for m = 1, 2, · · · ,M repeated measurements and n = 1, 2, · · · , N time samples, where ∗
denotes discrete convolution, see also Fig. 1. In Equation (1):

ym(nTs) − represent the m-th measurement.

γm(nTs) − represent the (bandlimited) impulse response that represents the

dynamical changes of the waveforms, due to non-stationary variations.

τm − represent changes in constant phase delay (time-of-flight).

x(nTs) − is the unknown underlying common signal waveform (bandlimited).

Ts − is the sampling time.

wm(nTs) − is the m-th measurement noise.

The linear effects τm and γm are separated, to emphasize that variations in phase delay
(τm) can also be introduced in stationary conditions by non-environmental effects, e.g.,
synchronization trigger variations (jitter) from the measurement equipment addressed in
[1].

Figure 1: The signal model, using the associative property of convolution γm(nTs)∗x(nTs−τm) =
γm(nTs − τm) ∗ x(nTs).

To find reliable estimates of the underlying waveforms and noise properties, it is
necessary to compensate for the dynamical variations by deconvolving the repeated mea-
surements ym(nTs) in (1).

Except for repeated acoustic/mechanic wave-propagation measurements under tem-
perature and/or pressure variations, other applicable non-stationary measurement situa-
tions describable by (1) include: repeated flow measurements in turbulent conditions [6];
sedimentation measurements in suspensions or slurries in presence of flocs and bubbles
[7]; repeated GNSS/GPS measurements under varying ionospheric [8, 9] and/or multi-
path conditions [10] (where (1) can be used to describe either the correlation sequence
[11] or the measured waveforms directly [12], depending on the SNR conditions).

The remainder of the paper is organized as follows: In Section 2, a detailed study
of the effects caused by non-stationary conditions is given, the estimation problem is
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defined using the maximum likelihood principle, and optimization issues are addressed.
Estimation results from repeated ultrasonic measurements under non-stationary temper-
ature conditions are presented in Section 3. A discussion addressing issues concerning
order selection, parameterizations, and preprocessing of data is found in Section 4 and
finally conclusions are drawn in Section 5.

2 Theory

This section begins with a short summary of the main benefits obtained by using a
frequency-domain approach to address the estimation problem. The signal model is
rewritten in the (discrete) frequency-domain, the effects of non-stationary conditions are
analyzed from a theoretical perspective, and the model parameterization used in this
study is given. The log-likelihood function is stated, which is required to form the maxi-
mum likelihood estimator (MLE) for the unknown quantities: model parameters, under-
lying signals, and noise covariance. Finally issues regarding the numerical optimization
procedure, required to maximize the likelihood, are addressed.

2.1 Frequency-domain representation

To avoid confusion it is important to state that when the term non-stationary conditions
is used, it refers to changes in the environmental conditions (e.g. temperature, pressure),
and not the stochastic properties of the measurement noise sequences wm(nTs) which are
assumed stationary (and independent with respect to m).

Transferring the problem into the discrete frequency-domain results in a number of
advantages compared to standard time-domain techniques: 1) the covariance matrix of
the discrete Fourier transformed (DFTed) noise is asymptotically (N → ∞) diagonal,
[13, 14, 15, 16], making it easily invertible and mathematically tractable for large data
sets; 2) the distribution of DFTed non-gaussian noise is asymptotically complex Gaussian
distributed [13, 17], and the asymptotic MLE results in minimizing a weighted least
squares (WLS) cost-function which is identical to the Gaussian case; 3) operations using
derivatives of the cost-function, e.g. to find critical points or theoretical bounds, are
easily implemented in the frequency-domain since discrete difference approximations or
sub-sample interpolations are avoided.

For time limited excitations, e.g. ultrasonic pulses, the continuous signals ym(t) can
be considered in practice both band- and time limited, if the sampling frequency and
window size are correctly chosen. For the right choice, the effect of leakage- and aliasing
errors introduced from truncation and sampling, respectively, can be suppressed below
the noise floor. This means that the signal can be periodically extended, with practically
negligible artifacts, at the transition from one period to another. For periodic bandlimited
signals the DFT coefficients gives a perfect representation of the true spectrum (Fourier
series coefficients) of the signal at the discrete frequencies.

In the frequency domain, (1) can be written as

ỹm(ω) = β̃m(ω)x̃(ω) + w̃m(ω), (2)
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where

β̃m(ω) = γ̃m(ω)e−jωτm (3)

is the combined linear effect and ω represents the corresponding angular frequency. The
tilde ˜ notation will be used to denote frequency domain representation.

If the data is retrieved appropriately, the continuous relationship in ω can be dis-
cretized, and the continuous signal transforms x̃(ω) and ỹm(ω) can be replaced with the
corresponding DFTs x̃[k] and ỹm[k] as

ỹm[k] = β̃m(ωk)x̃[k] + w̃m[k], (4)

where ωk represents the discrete angular frequency corresponding to the k-th DFT coef-
ficient.

2.2 The effect of non-stationary conditions on measurements

Let the subscript index m in (2) denote the m-th realization of the stochastic model
equation

ỹ(ω) = β̃(ω)x̃(ω) + w̃(ω), (5)

assuming that both the linear system β̃(ω) and the measurement noise w̃(ω) are stochastic
variables and independent of each other.

The expected value and covariance of ỹ(ω) in (5) can be expressed as

Eβ̃,w̃{ỹ(ω)} = Eβ̃{β̃(ω)}x̃(ω), (6)

covβ̃,w̃{ỹ(ω), ỹ(ξ)} = covβ̃{β̃(ω), β̃(ξ)}x̃(ω)x̃(−ξ)

+Ew̃ {w̃(ω)w̃(−ξ))} , (7)

for zero mean measurement noise, Ew̃{w̃(ω)} = 0, where E{·} denotes the expected
value (see Appendix A.1 for a complete set of derivations). Assume that the asymptotic
properties addressed in Section 2.1 applies to the discrete Fourier transformed (DFTed)
sequence ỹ[k], i.e. asymptotic complex normality and independence between the discrete
frequencies, then

ỹ[k] ∼ CN (
μỹ[k], σ2

ỹ [k]
)
, (8)

where

μỹ[k] = μβ̃(ωk)x̃[k], (9)

σ2
ỹ [k] = σ2

β̃
(ωk) |x̃[k]|2 + σ2

w̃[k]. (10)

Here μ· and σ2
· are used as abbreviations for the expected value and (co)variance, respec-

tively, where the term (co)variance is used to emphasis that it represents a variance in
the discrete frequency domain and a covariance in the discrete time domain. Note that
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the linear system β̃(ωk) describe dynamical changes of the underlying signal x̃[k], and if
there are no variations σ2

β̃
(ωk) = 0, then this implies that there are no changes to the

waveform μβ̃(ωk) = 1.

As pointed out in the beginning of Section 1, under stationary conditions (σ2
β̃
(ωk) =

0 ⇒ μβ̃(ωk) = 1) an estimate of the underlying signal waveform is easily obtained by
averaging over the repeated measurements (μỹ[k] = x̃[k] in (9)). By subtracting this
average from each measurement, an estimate of the measurement noise and its statistical
properties can be obtained (σ2

ỹ [k] = σ2
w̃[k] in (10)).

The above derived expressions (9)-(10) provides an insight into how non-stationarity
affects the measurements. The expected value of ỹ[k], which is the usual estimate of
the underlying signal, results in a filtered version (9), distorting the original frequency
content. The (co)variance of ỹ[k], which is the usual estimate of the noise properties,
is also affected by the environmental variations. Here signal components |x̃[k]|2 are
introduced in (10), by the environmental variations σ2

β̃
(ωk), corrupting the estimated

properties of the measurement noise.

Accurate estimates of the signals’s first and second order statistics are important
and often required in many applications. The effect described above results in a filtered
first moment (the underlying signal), leading to information suppression in different fre-
quency regions and also a distortion of the second order estimates of the measurement
noise. Accurate second order statistics, i.e. (co)variances, are needed to: optimally
weight objective functions when fitting models or parameters to measured data; obtain-
ing uncertainty bounds for estimated models and parameters; detecting model errors;
and for experimental design [18]. In [1], the filtering effect was investigated in detail for
the special case of variations in time-of-flight only, β̃(ω) = exp(−jωτ), for different prob-
ability density functions of τ . The result showed a destructive low-pass filtering effect,
even for very small variations in time-of-flight (τ < Ts). In expression (1), where there is
variations both in phase and in amplitude, the distortion effect is even more destructive.

To find reliable estimates of the underlying waveform and the color of the measure-
ment noise, it is necessary to compensate for the dynamical variations by deconvolving
the measurements ỹm[k].

2.3 Parameterization of the dynamic model

The dynamical variation described by β̃m(ωk) in (2) represent changes of the measurement
conditions affecting the surrounding media, the actuator and sensor characteristics. In
acoustic measurements these include changes in diffraction, dispersion, acoustic proper-
ties and transducer characteristics. The complexity involved in describing and combining
all these effects prevents us from finding a model based on pure physical structures. This
means that a general structure is needed to parameterize these models. In this paper a
phase compensated finite impulse response (FIR) filter [19] is used to parameterize β̃(ωk).
The FIR filter parameterization can be expressed as

β̃m(ωk, bm) = γ̃m(ωk, gm)e−jωkτm , (11)
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where

γ̃m(ωk, gm) =

ng∑
p=1

gm[p]e−jωkTs(p−1) (12)

is the FIR filter, bm = [gT
m, τm]T represent the parameter vectors, ng is the number of FIR

taps, Ts denotes the sampling period, and τm should be considered the overall frequency
independent phase delay or time-of-flight.

The motivation for using this structure is mainly its generality in describing linear
systems but also its parameter simplicity, enabling a simple model order selection proce-
dure, compared to other type of structures, e.g. rational structures.

2.4 Model selection and validation

To prevent over-parameterization, the minimum description length (MDL) is used [20,
21, 17], to find the appropriate number ng of FIR parameters. The number of taps are
restricted to an odd number when searching for the MDL, to allow for a center tap. To
simplify the MDL search, the dimension ng of the FIR coefficients gm are restricted to
the same size. See Section 4 for a discussion of the advantages, risks and limitations
induced by these restrictions, when finding appropriate models.

To make sure that the model is capable of describing the true system it is important
to validate its performance. The technique used here is to examine the residuals (the
part of the response ym(t) that the model could not reproduce) to determine the model’s
validity, [17, 21]. If the residuals contain components other than measurement noise,
the model is not general enough and a complete compensation can not be achieved. In
addition to visually examine the residuals for signal components, the residuals are tested
for un-correlation and normality.

2.5 The MLE with unknown (co)variance

The log-likelihood function for M repeated measurements, assuming that the asymptotic
DFT properties applies addressed in Section 2.1, can be expressed as

ln(p(Ỹ; θ, x̃, σ2
w̃)) = −

M∑
m=1

N∑
k=1

( |ẽm[k, bm)|2
σ2

w̃[k]
+ ln(σ2

w̃[k]) + ln(π)

)
, (13)

where

ẽm[k, bm) = ỹm[k] − β̃m(ωk, bm)x̃[k] (14)

is the m-th residual, θ = [bT
1 , · · · , bT

M ]T represents the unknown model parameters. The
vector notation x̃ = [x̃[1], · · · , x̃[N ]]T represent the unknown DFT vector of the sam-
pled underlying signal waveform x = [x[1], · · · , x[N ]]T , and σ2

w̃ = [σ2
w̃[1], · · · , σ2

w̃[N ]]T

represents the unknown noise (co)variance vector. The data matrix Ỹ = [ỹ1, · · · , ỹM ]
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contains the measured DFT vectors ỹm = [ỹm[1], · · · , ỹm[N ]]T . The maximum likelihood
estimator (MLE) is obtained by maximizing (13) with respect to the unknown vectors
θ, x̃ and σ2

w̃.
For a given θ, closed form solutions exist for maximizing (13) with respect to the

unknown waveform x̃ and the noise (co)variance σ2
w̃

ˆ̃x[k, θ) =

(
M∑

m=1

|β̃m(ωk, bm)|2
)−1 M∑

m=1

β̃∗
m(ωk, bm)ỹm[k], (15)

σ̂2
w̃[k, θ) =

1

M

M∑
m=1

|ε̃m[k, θ)|2 , (16)

where

ε̃m[k, θ) = ỹm[k] − β̃m(ωk, bm)ˆ̃x[k, θ), (17)

and ˆ is used to denote estimate. See Appendix A.2 for a complete set of derivations.
Using the closed form expressions (15) and (16) in (13), the dimensionality of the opti-
mization problem is reduced significantly to a maximization of

ln(p(Ỹ; θ, ˆ̃x, σ̂2
w̃)) = B − M

N∑
k=1

ln

(
M∑

m=1

|ε̃m[k, bm)|2
)

(18)

with respect to θ, where B = NM(ln(M) − ln(π) − 1).
Once the correct model order is found and validated, described in Section 2.4, and an

estimate θ̂ = [b̂
T

1 , · · · , b̂
T

M ]T of the parameter vector is obtained, a noise reduced estimate
of each signal can be retrieved as

ˆ̃ym[k, θ̂) = ˆ̃βm(ωk, b̂m)ˆ̃x[k, θ̂), (19)

using (4), (11), (12) and (15).

2.6 The iterative maximum likelihood estimator (IMLE)

In noisy measurement situations with few repetitions or periods M , the log-likelihood
function in (18) is very sensitive to small changes in the parameters, and a good initial
guess is necessary to avoid local maxima. Another problem is encountered for the opposite
situation with a large number of repetitions M . In this case the Jacobian matrices,
necessary for the optimization algorithm, are of dimension C(ng+1)M×NM and for large
data records these matrices becomes unmanageable.

For both of these situations we can resort to sub-optimal methods, where the de-
pendence of the parameter is sparser. The idea with an iterative approximation is to
reduce the parameter dependence, by considering the estimated underlying signal wave-
form ˆ̃x[k, θ) in (17) as a known quantity independent of θ (using an estimate obtained
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from the previous iteration step). This reduces the dimension of the Jacobian matrices
by a factor M to a more manageable size, since the m-th residual in (17) now only de-
pends on bm. However, the benefits of an iterative approximation generally comes at the
cost of losing some efficiency [17] and increasing the total amount of iterations needed
for convergence.

The IMLE can be summarized as follows:

1) Start with an initial guess of θ{p}, for p = 0.

2) Estimate the underlying waveform ˆ̃x[k, θ), using (15) and θ = θ{p}.

3) Increase the iteration counter p = p + 1.

4) Estimate a new parameter vector θ{p} by maximizing (18) with respect to θ, con-
sidering ˆ̃x[k, θ{p−1}) in (17) as known.

5) If not converged, go back to step 2.

At the optimization step 4), the Levenberg-Marquardt method [22] is used to maximize
the log-likelihood function. This choice is based on the method’s simplicity, local perfor-
mance in solving least squares problems and its ability to expand the search space and
handle ill conditioned Hessians (discussed in Section 2.7).

At the initial step of the optimization, all the FIR filter taps are set to zero except for
the center tap. To avoid local minima, the initial guess for the center taps are retrieved
from optimized values obtained using single tap filters (ng = 1), i.e., pure amplitude and
constant phase variations. If the measurements are highly unsynchronized, i.e. |τm| > Ts,
a useful step is to pre-align the measurements to the closest whole sample using standard
cross-correlation techniques, to avoid local likelihood maxima [1].

Note that the complex valued vectors in (13) originate from a DFT of real valued
sequences. This means that the same information can be found in both halves of the
vectors due to the symmetry property, and the estimation problem can be confined to
one half of the vectors.

2.7 Estimation with singular matrices

A question of uniqueness of the estimated models β̃m(ωk, b̂m) and the underlying signal
ˆ̃x[k, θ̂) naturally arises when compensating for non-stationary effects. The Fisher infor-
mation matrix (FIM) [16], for this compensation problem does not have full rank [1]. The
reason for this is that the perfect reference point is unknown and the objective is only to
minimize the dynamical differences relative each other. For example, τ and τ +a for any
scalar a produces the same likelihood. Adding an arbitrary constant to the phase, i.e.
shifting all measurements an equal amount, does not change the compensation problem
and thereby not the likelihood in (18), since the reference signal x̃[k] is unknown. This
rank deficiency is common in estimation problems with over-parameterized structures
[23, 24] and can be solved using various approaches.
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As pointed out in [1], one alternative is to reduce the parameter dimension by ex-
cluding parameters. This can be achieved by “grounding” the phase and dynamic of
one measurement, i.e., set bk = [τk, g

T
k ]T = [0, 1]T for some k, and make this the refer-

ence point (similar to an electric circuit). However, if the particular realization of this
reference lies far from its expected value, i.e. far from the average of all others, it will
slow down the convergence process, since the other measurements has to be compensated
iteratively to this ill positioned reference point. A poorly chosen reference signal would
also increase the amount of parameters ng needed to describe the other observed signals,
since these are described as filtered versions of this reference.

To speed up the convergence and reduce the amount of parameters, an alternative
is to choose a reference close to an average reference point. To compensate against an
average reference, the parameter vector is subjected to the constraints

1

M

M∑
m=1

ĝm[p] = δ[p − (ng + 1)/2], (20)

1

M

M∑
m=1

τ̂m = 0, (21)

where δ[p] represents a Kronecker delta function, and the system of equations can be
solved using regularization techniques [22] or the Moore-Penrose pseudoinverse [23] to
cope with the rank deficiency.

3 Experimental Results

In this section the estimation and validation results are presented for repeated ultrasonic
pulse-echo measurements in water. The objective is to show the effects of non-stationary
measurement conditions on repeated measurements if stationary conditions are assumed,
and to compare the results to those obtained when non-stationary conditions are as-
sumed and compensated for. The noise reduction capabilities are also investigated and
expressions for the estimated increase in SNR are derived.

A simple ultrasonic pulse-echo measurement setup was designed for repeated mea-
surement in water. The whole measurement setup was submerged in water. To induce a
controlled non-stationary situation, the surrounding water temperature was initially set
higher than the surrounding room temperature. During the measurement time, the water
was gradually cooled towards room temperature, creating a non-stationary temperature
drift affecting the measured ultrasonic signals. The same measurement equipment and
experimental setup as in [1] is used in this study, to allow a simple and quick comparison
to the synchronization problem in stationary conditions described in [1].

3.1 Experimental setup

The experimental setup consists of a broadband ultrasonic transducer (V317, Panamet-
rics, Waltham, MA, USA) mounted on a custom built measurement cell consisting of a
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water region and plexiglass plate. A pulser/receiver (5073PR, Panametrics, Waltham,
MA, USA) was used to excite the transducer and amplify the received signal. A built-in
low-pass filter, with cutoff frequency of 20 MHz, was used to avoid high frequency signal
and noise components from folding down during sampling. The signal was then digi-
tized using an oscilloscope card (CompuScope 12400, Gage Applied Technologies Inc.,
Lachine, QC Canada) with 12-bit resolution and using a sampling rate of 100 MHz. The
oscilloscope was triggered using the synchronization output of the pulser/receiver. The
measurement cell, transducer and reflector was submerged in water. A digital thermome-
ter (F250, by Automatic Systems Laboratories LTD, England), was used to monitor the
change in water temperature. The measurements were made in a temperature controlled
room, at 22 ± 1 ◦C.

3.2 Repeated measurements

The DC component has been removed from all measurements, by subtracting the average.
A measurement window of N = 256 samples has been used when sampling the waveforms.
Since the measured ultrasonic pulses have a small time-support, the time-domain curves
here are displayed in the subinterval [75, 175] of the measurement window to visually
enhance the shape of the waveforms. For notational simplicity, discrete notations (y[n] =
y(nTs)) are used for the sampled sequences, omitting the sampling time Ts. In Fig. 2(b),
fifty (M = 50) repeated pulse-echo measurements can be seen during the (non-stationary)
temperature decrease. Except for the obvious changes in phase, attention is also drawn
to the slight decrease in amplitudes. The decrease in water temperature was measured
at each excitation time point (m = 1, · · · ,M) and is presented Fig. 2(a). To limit the
amount of presented data, the first m = 1 and the last m = M measurement, Fig. 2(c), is
chosen to represent the measured data set (located at the endpoints of the temperature
interval). A frequency domain representation (magnitude of the DFT) of the first and
last measurement can be observed in Fig. 2(d), also revealing the change in spectral
content predicted by (8).

3.3 Model validation results

To increase robustness and reduce the time complexity in the optimization step, the IMLE
approach discussed in Section 2.6 is used to maximize the log-likelihood function (18).
Fig. 3 shows the model validation results for the assumption of stationary conditions
and unsynchronized data [1], i.e., the measured signals are assumed to be only phase
shifted relative each other β̃m(ω) = exp(−jωτm). The parameter vector contains only
the constant phase shift θs = τ , where the subscript s is used to denote stationary
unsynchronized conditions. This means that the comparison is focused on the necessity
of γ̃m(ω) in (3) (or γm(nTs) in (1)) to describe the data, since synchronization is clearly
needed.

In Fig. 3(a), the measured versus the estimated signals can be observed, where the
estimated signals are retrieved using (19). In this figure, a slight deviation can be observed
between measured and estimated waveforms, especially at the areas where the ultrasonic
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Figure 2: Repeated pulse-echo measurements during non-stationary temperature conditions: (a)
measured temperature of the surrounding water at each excitation point; (b) fifty (M = 50)
repeated pulse-echo measurements; (c) time domain representation of the first and the last
pulse-echo measurement; (d) frequency domain representation (magnitude of the DFT) of the
first and last pulse-echo measurement.

pulses are dominant. The residuals (the difference between the measured and estimated
signals) are investigated in Fig. 3(b), revealing pulse-shaped residues at these areas,
indicating presence of un-modeled dynamics originating from the non-stationary effects
neglected by the model. This conclusion is supported by the autocorrelated residual
sequence in Fig. 3(c), where the tails (k �= 0) clearly violates the confidence region.
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However, the residual sequence also indicates that the measurement noise is slightly
colored (dominant low-frequency components), which contradicts the assumption of white
residuals. The estimated main source of coloration in this case is the applied anti-aliasing
filter before sampling.

In Fig. 3(d), a normal probability plot can be observed for the residuals related to
the first measurement m = 1. From this plot a large S-shaped deviation from the normal
line can be observed, indicating a non-normal distribution. The Anderson–Darling test
[25] for normality gives a test statistic of A2 = 7.1718 which is well above the α = 0.01
threshold of A2

critical = 1.035. This concludes that, at a 1% significance level, the residuals
does not belong to a normal distribution, i.e., we reject the null hypothesis of normality.
Fig. 3(e) shows a normal plot of the residuals for the last measurement m = 50. The
residuals connected with the last signal also shows a S-shaped deviation, indicating non-
normality. However, the Anderson–Darling test statistic for m = 50 is A2 = 0.6395,
which is just below the α = 0.01 threshold, and we can not reject the null hypothesis of
normality, at a 1% significance level. On the other hand, based on the evidence from the
visual examination of the residuals in Fig.3(b) and the residual correlation in Fig.3(c) for
m = 50, we draw the same conclusion as for m = 1. From the data presented in Fig. 3,
the assumption of unsynchronized signals in stationary conditions can not describe the
measured waveforms and an adequate compensation using this assumption can not be
achieved.

Fig. 4 shows the model validation results for the assumption of non-stationary condi-
tions and unsynchronized data, i.e., the measured signals are assumed filtered and phase
shifted relative each other β̃m(ω) = γm(ω) exp(−jωτm), where θns = [bT

1 , · · · , bT
M ]T is the

full parameter vector and ns denotes non-stationary conditions. The results are presented
for the case when ng = 7 given by the MDL criterion, Section 2.4. Contrary to Fig. 3,
a good fit can be observed between the measured and estimated signals and there is no
evidence of un-captured signal components present in the residuals. The residual cor-
relation sequences are improved, as the tails falls within the confidence region, even for
slightly colored measurement noise. The normal probability plot shows no significant
deviation from the normal line, indicating a normal distribution. The Anderson–Darling
tests for normality gives the test statistics A2 = 0.2571 and A2 = 0.1748 for m = 1 and
m = 50, respectively, which are well below the α = 0.01 threshold of A2

critical = 1.035.
This concludes that (at a 1% significance level) we can not reject the null hypothesis
that the residuals are normal distributed. The residuals passes the visual examination,
the autocorrelation sequences are improved, and we can not reject normal distributed
residuals. We conclude that the proposed model can describe the measured waveforms
and adequately compensates the non-stationary temperature effects.

3.4 The effect of non-stationary conditions

The effect of non-stationary temperature conditions on the repeated measurements can
be observed in Fig. 5. In Fig. 5(a-b), the measured signal ỹm[k] versus estimated signal
assuming stationary ˆ̃ym[k, θ̂s) and non-stationary ˆ̃ym[k, θ̂ns) conditions can be observed
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Figure 3: Model validation assuming stationary conditions and unsynchronized data [1]
(βm(ωk, τm) = exp(−jωkτm)): (a) measured ym[n] versus the estimated signal ŷm[n, θ̂s) using
(19), where θs = τ and the subscript s is used to denote stationary assumption; (b) the residu-
als; (c) whiteness test of the residuals, Appendix A.3, the dashed lines mark the 99% confidence
region for k �= 0; (d) normal probability plot of the residuals, where A2 is the Anderson–Darling
test statistic.

for m = {1, 50}. In these figures, a large deviation is observed between the measured
signal ỹm[k] and the estimated signal assuming stationary conditions ˆ̃ym[k, θ̂s). As pre-
dicted by (8) the estimated signal can not adjust for the spectral variation induced by
the temperature change, and the estimate is an average filtered version of the underlying
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−60 −40 −20 0 20 40 60

−0.5

0

0.5

1

am
pl

it
ud

e

k (samples)

(c) rε1
[k, θ̂ns)/rε1

[0, θ̂ns)
rε50

[k, θ̂ns)/rε50
[0, θ̂ns)

99% confidence

−2 0 2
0

0.5

1

pr
ob

ab
ili

ty

ε1[n, θ̂ns) sorted (mV)

(d)

A2 = 0.2571
ε1[n, θ̂ns)
Normal

−2 0 2
0

0.5

1

ε50[n, θ̂ns) sorted (mV)

(e)

A2 = 0.1748
ε50[n, θ̂ns)
Normal

Figure 4: Model validation assuming non-stationary conditions and unsynchronized data
(βm(ωk, bm) = γm(ωk, gm) exp(−jωkτm)): (a) measured ym[n] versus the estimated signal
ŷm[n, θ̂ns) using (19), where θns = [bT

1 , · · · , bT
M ]T is the full parameter vector and the sub-

script ns is used to denote non-stationary assumption; (b) the residuals; (c) whiteness test of
the residuals, Appendix A.3, the dashed lines mark the 99% confidence region for k �= 0; (d)
normal probability plot of the residuals, where A2 is the Anderson–Darling test statistic.

waveforms (9). The average filtering effect explains why the estimate under-estimates
the measured waveform for m = 1 and over-estimates it for m = 50.

The estimated signal assuming non-stationarity ˆ̃ym[k, θ̂ns), in Fig. 5(a-b), on the
contrary, coincide well with the measured signal ỹm[k]. Observe also the noise reduction
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effect as the estimated curves are smoother than the measured more erratic curves.
In Fig. 5(c), the estimated noise (co)variance can be seen (in linear scale) for the

assumption of stationarity σ̂2
w̃[k, θ̂s) and non-stationarity σ̂2

w̃[k, θ̂ns). As predicted by (8)
and (10), signal components in Fig. 5(a-b) leak into the (co)variance estimate (σ2

β̃
(ωk) �=

0), when the assumption of stationarity is applied. When non-stationarity is accounted
for, no signal components can be observed and the (co)variance is shaped according to
the applied anti-aliasing filter (see also Fig. 7 for a log-scale view, and [1] for a comparison
of noise characteristics using the same anti-aliasing filter).
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Figure 5: Investigates the effects of non-stationary conditions described by (9) and (10): (a-b)
measured signal ỹm[k] versus estimated signals assuming stationary ˆ̃ym[k, θ̂s) and non-stationary
ˆ̃ym[k, θ̂ns) conditions, for m = {1, 50}; (c) estimated noise (co)variance assuming stationary
σ̂2

w̃[k, θ̂s) and non-stationary σ̂2
w̃[k, θ̂ns) conditions.
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3.5 Estimation results

In Fig. 6, the estimated model parameters can be seen, embedded in the estimated

parameter vector θ̂ns = [b̂
T

1 , · · · , b̂
T

M ]T in (18). In the optimization process the parameter
vector is subjected to the constraints (20)-(21) given in Section 2.7, to compensate against
an average reference point. The drift in the estimated phase delays τ̂m, shown in Fig. 6(b),
correlates to the temperature decrease, depicted in Fig. 2(a), as the speed of sound
changes in media [26]. This phase shift alone can be compensated for using ordinary
synchronization techniques shown in Fig. 3 and [1], with the assumption of stationary
conditions, but synchronization can not compensate for the variation in spectral content
(8), shown in Fig. 6(c-d).
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Figure 6: The estimated models parameters: (a) the estimated FIR filter taps ĝm in (12); (b)
the estimated phase delay τ̂m in (11); (c-d) magnitude and phase of γm(ωk, bm) in (12).

To investigate the noise reduction gained by using this technique to estimate repeated
signals ˆ̃ym[k, θ̂ns) in (19), and the accuracy of the estimated noise properties σ̂2

w̃[k, θ̂ns) in
(16), the measured and estimated signals can be viewed in log-scale in Fig. 7 together with
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the estimated noise (co)variances. As in Fig. 5, a smooth estimated curve can be seen
passing through the measured points. Outside the excited frequency region the noise floor
in the estimated signals drops significantly, compared to the noise floor in measurements.
Notice that the estimated (co)variance for the measurement noise σ̂2

w̃[k, θ̂ns) coincides
with the measurements |ỹm[k]|2 outside the excited frequency region, and the shape also
agrees with the spectra of the applied anti-aliasing filter [1] (except for the missing DC
components due to subtracting the mean values from the measurements). To estimate
the increased signal-to-noise ratio, a rough estimate of the (co)variance for the estimated
signals can be retrieved as

σ̂2
ˆ̃ym

[k, θ̂ns) = | ˆ̃βm(ωk, b̂m)|2 σ̂2
w̃[k, θ̂ns)

M
, (22)

using (19) and (15) with the approximation σ̂2
ˆ̃x
[k, θ̂ns) = σ̂2

w̃[k, θ̂ns)/M . The estimated

(co)variance σ̂2
ˆ̃ym

[k, θ̂ns) for the estimated signals can also be observed in Fig. 7, agreeing

well with the estimated signals |ˆ̃ym[k, θ̂ns)|2 outside the excited frequency region.
Using (22), the increase in SNR is estimated to be

Δ̂SNRm[k] =
σ̂2

w̃[k, θ̂ns)

σ̂2
ˆ̃ym

[k, θ̂ns)
=

M

| ˆ̃βm(ωk, b̂m)|2
, (23)

and can be seen in Fig. 8.

4 Discussion

4.1 Model order selection

The model order selection procedure is based on the minimum description length (MDL),
shortly mentioned in Section 2.4. The search space was restricted to filters with an odd
number of taps ng to allow for a center tap, and with ng independent of m. With these
restrictions the search complexity is reduce from NgM

2 to (Ng + 1)/2 number of opti-
mizations, where Ng represents the maximum number of filter taps in the search space.
However, these restrictions come at the cost of not finding the appropriate number of
parameters for each specific measurement, and situations may occur where ng is too
generous for some measurements, such as those that are close to the reference point,
and too sparse for others that are far from the reference point, depending on how the
reference point is chosen, see Section 2.7. Using these restrictions, care must be taken
so that the waveforms can be adequately described and avoid under-parameterization,
particularly for signals that are far from the reference signal. These signals would corre-
sponding to the measurements m = 1 and m = 50 in the presented experimental study.
If some signals are under-parameterized it could mean that only partial compensation is
achieved and this would affect the estimated signals and (co)variance, high-lightning the
importance of residual analysis to detect model errors and under-parameterization. Over-
parameterizing, on the other hand, is not as destructive since the main effect would only
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Figure 7: The measured and noise reduced signals with corresponding estimated (co)variances
(assuming non-stationary conditions): (a) the squared-magnitude of the DFTed signals are
shown together with their corresponding estimated (co)variances, for m = 1; (b) for m = 50.
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Figure 8: The estimated increase in SNR derived in (23).

be a decrease in SNR for the estimated signals, due to the increased degrees of freedom.
As mentioned in Section 1, for measurements under minor non-stationary variations, the
extensive order selection procedure could be replaced with an educated guess in combi-
nation with residual analysis, e.g., for minor temperature variations the assumption of
pure amplitude and phase variations (ng = 1) might be adequate.
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4.2 Parameterization

Depending on if there exist any a priori knowledge of what type of non-stationary condi-
tions that might occur and if information on how they affect the waveforms is available,
the structure and parameterization of the linear models β̃m(ωk) in (11) can be changed to
other general linear structures more appropriate for the particular measurement situation.
A second alternative is to replace the general model to a more physical structure based
on this knowledge. For example, in non-stationary acoustic measurements assuming that
the changes are restricted to variations in the measured media, a parameterization of the
frequency dependent wave number or Bulk modulus [27, 28] might be more appropriate.

The advantage with a physical based structure (if one can be found) is that the number
of parameters needed to describe the data often is reduced, and as a consequence the
SNR in the estimated signals is increased due to the reduced degrees of freedom. The
parameters are in physical structures often directly connected to physical properties of
the media, enabling an insight into how the media is affected, which is not the case
when using general linear models. However, the disadvantages are that the structure is
restricted to the specific measurement situation and the assumptions made, and imposing
physical restrictions on the model also tend to increase the complexity both in the model
selection and the model validation step to make sure that the structure is general enough
to describe the observed data. In general, non-stationary conditions tend to involve
variations of many parts in the measurement chain, making it difficult to describe using
structures based solely on physical reasonings.

4.3 Transients, trends and disturbances

No preprocessing or pre-filtering of the data presented in Section 3 is performed, other
than removing the DC component by subtracting the average from the measurements.
However, in presence of low-frequency disturbances, trends or transient effects from the
excitation, then removing the average is not enough and other filtering and/or detrending
techniques should be considered. A simple extension of the signal model in (1) to describe
some of these effects, would be to add a disturbance model (assumed unknown) [29] to
the measurements in (1) as

zm(nTs) = ym(nTs) + dm(nTs), (24)

where

dm(nTs) =
P∑

p=1

am[p](nTs)
p−1, (25)

to separate these effects from the dynamical changes of the waveform (assumed lin-
ear). The choice of basis functions in (25) can naturally be replace from polynomi-
als to other more suitable functions based on a priori information of the disturbances
and trends encountered. For example, measurements of ultrasonic echoes often contains
exponentially decaying trends from discharging effects, and a simple exponential basis



Paper C 171

dm(nTs) = am[1] + am[2] exp{−am[3]nTs} might be adequate, or even using a simpler
basis dm(nTs) = am[1] corresponding to preprocessing by removing the average as in
Section 3. For complicated situations, a general basis should be considered and, if pos-
sible, the number of basis functions (P in (25)) included in the model order selection
and validation step. If trends or transient effects are present in the data and ignored (no
filtering, detrending, or disturbance models) they will appear in the residuals and affect
the residual analysis step, since β̃m(ω) alone is incapable of describing the observed data.

5 Conclusions

In this paper a compensation technique is presented to correct for the effects of non-
stationary conditions on repeated measurements. A maximum likelihood estimator (MLE)
is derived for the repeated signals, the noise covariance, and the parameters describing
the dynamical non-stationary changes. The theoretical effect of non-stationary condi-
tions on repeated measurements is studied, and relationships are derived connecting the
dynamical variations to distortions of the estimated signals and noise properties.

Estimation results are presented for repeated ultrasonic measurements in non-sta-
tionary temperature conditions, validating the presented compensation technique and
the derived theoretical results. Compared to standard synchronization methods, the
proposed method compensates for the non-stationary effects and accurate signal and
noise covariance estimates can be observed, with uncorrelated and normally distributed
residuals. The noise reduction capabilities are shown and expressions for the estimated
increase in SNR are derived.

A Appendix

A.1 Derivations of the first and second order statistics

The expected value of ỹ(ω) in (5) can be expressed as

Eβ̃,w̃{ỹ(ω)} = Eβ̃,w̃{β̃(ω)x̃(ω) + w̃(ω)}
= Eβ̃{β̃(ω)x̃(ω)} + Ew̃{w̃(ω)}
= Eβ̃{β̃(ω)}x̃(ω), (A.26)

for zero mean measurement noise Ew̃{w̃(ω)} = 0. The covariance function can be ex-
pressed as

covβ̃,w̃{ỹ(ω), ỹ(ξ)} =

= Eβ̃,w̃

{(
ỹ(ω) − Eβ̃,w̃{ỹ(ω)}) (ỹ(ξ) − Eβ̃,w̃{ỹ(ξ)})∗}

= Eβ̃,w̃ {ỹ(ω)ỹ(−ξ)} − Eβ̃,w̃ {ỹ(ω)}Eβ̃,w̃ {ỹ(−ξ)} , (A.27)



172 Paper C

where the property ỹ∗(ξ) = ỹ(−ξ) for y(t) ∼ R has been used and ∗ represents complex
conjugate. The last two expressions in (A.27) can be expanded as

Eβ̃,w̃ {ỹ(ω)ỹ(−ξ)} =

= Eβ̃,w̃

{(
β̃(ω)x̃(ω) + w̃(ω)

)(
β̃(−ξ)x̃(−ξ) + w̃(−ξ)

)}
= Eβ̃

{
β̃(ξ)β̃(−ξ)

}
x̃(ω)x̃(−ξ) + Ew̃ {w̃(ωk)w̃(−ξ))} , (A.28)

and

Eβ̃,w̃ {ỹ(ω)}Eβ̃,w̃ {ỹ(−ξ)} = Eβ̃

{
β̃(ω)

}
Eβ̃

{
β̃(−ξ)

}
x̃(ω)x̃(−ξ). (A.29)

Inserting (A.28) and (A.29) into (A.27) we get

covβ̃,w̃{ỹ(ω), ỹ(ξ)} =

= covβ̃{β̃(ω), β̃(ξ)}x̃(ω)x̃(−ξ) + Ew̃ {w̃(ωk)w̃(−ξ))} . (A.30)

A.2 Maximum likelihood solutions

The log-likelihood function for M repeated measurements, Section 2.1, can be expressed
as

ln(p(Ỹ; θ, x̃, σ2
w̃)) = −

M∑
m=1

N∑
k=1

( |ẽm[k, bm)|2
σ2

w̃[k]
+ ln(σ2

w̃[k]) + ln(π)

)
, (A.31)

where

ẽm[k, bm) = ỹm[k] − β̃m(ωk, bm)x̃[k], (A.32)

θ = [bT
1 , · · · , bT

M ]T , (A.33)

x̃ = [x̃[1], · · · , x̃[N ]]T , (A.34)

σ2
w̃ = [σ2

w̃[1], · · · , σ2
w̃[N ]]T . (A.35)

Maximizing (A.31) with respect to θ, x̃, and σ2
w̃ is a separable nonlinear weighted least

squares problem. For a given θ a closed form solution exist for maximizing (A.31) with
respect to x̃. Setting the partial derivative,

∂ ln(p(Ỹ; θ, x̃, σ2
w̃))

∂x̃[k]
=

M∑
m=1

(
β̃∗

m(ωk, bm)ẽm[k, bm)

σ2
w̃[k]

)∗

, (A.36)

to zero, the maximum is given by

ˆ̃x[k, θ) =

(
M∑

m=1

|β̃m(ωk, bm)|2
)−1 M∑

m=1

β̃∗
m(ωk, bm)ỹm[k], (A.37)
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for σ2
w̃[k] �= 0. Here ˆ denotes estimate and ∗ complex conjugate. By inserting the

closed-form expression for ˆ̃x into (A.31), the dimensionality of the optimization problem
is reduced to a maximization of

ln(p(Ỹ; θ, ˆ̃x, σ2
w̃)) = −

M∑
m=1

N∑
k=1

( |ε̃m[k, θ)|2
σ2

w̃[k]
+ ln(σ2

w̃[k]) + ln(π)

)
, (A.38)

with respect to θ and σ2
w̃, where

ε̃m[k, θ) = ỹm[k] − β̃m(ωk, bm)ˆ̃x[k, θ). (A.39)

The partial derivative of (A.38) with respect to σ2
w̃[k] is given by

∂ ln(p(Ỹ; θ, ˆ̃x, σ2
w̃))

∂σ2
w̃[k]

=
M∑

m=1

( |ε̃m[k, θ)|2
σ4

w̃[k]
− 1

σ2
w̃[k]

)

= −−Mσ2
w̃[k] +

∑M
m=1 |ε̃m[k, θ)|2

σ4
w̃[k]

, (A.40)

and a critical point to (A.38) is found when

σ̂2
w̃[k, θ) =

1

M

M∑
m=1

|ε̃m[k, θ)|2 . (A.41)

Using the close form estimates (A.37) and (A.41), the log-likelihood function in (A.38)
can be reduced to a maximization of

ln(p(Ỹ; θ, ˆ̃x, σ̂2
w̃)) = −

M∑
m=1

N∑
k=1

( |ε̃m[k, θ)|2
σ̂2

w̃[k]
+ ln(σ̂2

w̃[k]) + ln(π)

)

= −
N∑

k=1

( ∑M
m=1 |ε̃m[k, θ)|2

1
M

∑M
m=1 |ε̃m[k, θ)|2

+M ln

(
1

M

M∑
m=1

|ε̃m[k, θ)|2
)

+ M ln(π)

)

= B − M

N∑
k=1

ln

(
M∑

m=1

|ε̃m[k, θ)|2
)

, (A.42)

with respect to θ, where B = NM(ln(M) − ln(π) − 1).

A.3 Residual analysis

The correlation analysis is based on the assumption that ε[n] is zero mean white noise.
If this is the case then the normalized test quantity

r̂ε[k]

r̂ε[0]
−−−→asym N (0, N), for k �= 0, (A.43)
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is asymptotically Gaussian distributed as N grows large [30], where the estimated auto-
correlation sequence (biased) is given as

r̂ε[k] =
1

N

N−max(k,0)∑
n=1+max(−k,0)

ε∗[n]ε[n + k]. (A.44)

Based on these assumptions, a confidence region can be plotted for the tails (k �= 0)
of the normalized test quantity in (A.43).
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Parametric Estimation of Ultrasonic Phase Velocity

and Attenuation in Dispersive Media

Jesper Martinsson and Johan E. Carlson

Abstract

In ultrasonic characterization of liquids, gases, and solids, accurate estimation of fre-
quency dependent attenuation and phase velocity is of great importance. Non-parametric
methods, such as Fourier analysis, suffers from noise sensitivity, and the variance of the
estimated quantities is limited by the signal-to-noise ratio. In this paper we present a
parametric method for estimation of these properties. Pulse echo experiments in ethane,
oxygen and mixtures of the two show that the proposed method can estimate phase ve-
locity and attenuation with up to 50 times lower variance than standard non-parametric
methods.

1 Introduction

When attenuation and speed of sound is estimated using pulse-echo ultrasound, the
most common method is standard cross-correlation. In non-dispersive media, the cross-
correlation method [1] is the maximum likelihood estimator for both quantities in additive
white gaussian noise. In dispersive media, however, the cross-correlation method is biased
and frequency dependent estimation methods should be considered.

In this paper a parametric phase velocity and attenuation estimator is proposed. The
method is based on a parametrization of the linear dispersion system as a rational transfer
function that describes the relationship between two ultrasound echoes, which is then es-
timated using system identification techniques. In contrast to non-parametric techniques,
e.g. Fourier analysis, the proposed estimator method avoids the phase-unwrapping prob-
lem since an analytic expression for the continuous phase velocity and attenuation can
be derived.

The paper is organized as follows: In Section 2 we describe the theory of wave prop-
agation, parametric and non-parametric modeling. Section 3 describes the experimental
setup and ultrasonic pulse-echo measurements. In Section 4 the methods are evaluated
using measurements in ethane, oxygen, and mixtures of the two, followed by a discussion
and some concluding remarks.
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2 Theory

In the first part of this section the acoustic wave propagation model in dispersive media
is reviewed. The second part concerns modeling of dispersive wave propagation as linear
systems, and the connection to attenuation and phase velocity. The final two parts are
dedicated to non-parametric and parametric estimation methods for attenuation and
phase velocity.

2.1 The wave propagation model

The basic model for acoustic waves in a fluid is obtained using the linearized continuity
equation, the linearized force equation, and a relationship between the acoustic pressure
and condensation. For linearly dynamic fluids, this relationship is described with a linear
system, and a lossy wave equation is obtained

∂2P (x, ω)

∂x2
= −k2(ω)P (x, ω), (1)

where P (x, ω) is the Fourier transform of the acoustic pressure p(x, t) and k(ω) the
complex frequency dependent wave number. The ODE in Eq. (1) has the solution

P (x, ω) = A1(ω)e−jk(ω)x + A2(ω)ejk(ω)x, (2)

where j =
√−1. A1(ω) and A2(ω) are to be determined by the boundary conditions, i.e.

the amplitude of the wave at x = 0.

2.2 Linear system representation

To find the phase speed and attenuation we have to identify exp(±jk(ω)x) in Eq. (2)
and find A1(ω) and A2(ω) from the boundary conditions. For a pulse-echo system we can
simplify the solution to one wave moving in one direction, assuming near field, perfect
reflectivity and short pulses compared to traveling distance. In this case Eq. (2) can be
written as

P (x, ω) = H(x, ω)P (0, ω), (3)

where P (0, ω) = A1(ω) in Eq. (2) and H(x, ω) = exp(−jk(ω)x).

U( )ω Y( )ωH(2d, )ω

( )ω

ω

Figure 1: Linear system representation of the pulse echo system: U(ω) is the input signal; Y (ω)
is the output signal; ε(ω) represents unknown disturbances (measurement noise); H(2d, ω) the
linear system.
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Knowing the acoustic pressure at two different locations say at x = 0 from the first
echo and x = 2d from the second echo, where d is the distance between the transducer and
reflector, this can be interpreted as a linear system, see Fig. 1 and 2. In this interpretation
U(ω) = P (0, ω) is the input signal (Fourier transform of the first echo), Y (ω) = P (2d, ω)
is the output signal (Fourier transform of the second echo) and H(2d, ω) is the transfer
function connecting them.

Using Eq. (2) for x = 2d, the attenuation and the phase velocity are defined as

α(ω) = −�{k(ω)} = − log |H(2d, ω)|
2d

,

cp(ω) = ω/�{k(ω)} = − 2dω

arg{H(2d, ω)} , (4)

where �{·} and �{·} represents the real- and imaginary parts, respectively.
From Eq. (4) there are two possible ways to estimate absorption and phase speed.

The first one is based on calculating the phase speed cp(ω) only from estimates of the
absorption α(ω), using the Kramers-Kronig relationship between the real- and imaginary
parts of k2(ω), see [2]. This approach is valid under the assumption that the absorption
and phase speed are slowly varying functions of frequency.

The second approach, investigated in this paper, is to estimate the transfer function
H(2d, ω) in Eq. (3) and use this estimate together with Eq. (4), without any assumptions
made on the dispersion.

2.3 Non-parametric estimation method

In this paper we will focus on the Fourier transform (spectral analysis), often used for
this type of applications. Using the Fourier transform, the estimate of H(2d, ω) is (using
N samples)

Ĥ(Ω) =
YN(Ω)

UN(Ω)
, (5)

for ω = Ω/Ts and Ts is the sampling time. Here ·̂ denotes estimate, and YN(Ω) and
UN(Ω) are the Discrete Fourier Transforms (DFT) of the sampled sequences {y[n]}N

1 and
{u[n]}N

1 .
The accuracy of estimating H(2d, ω) in Eq. (3) using Eq. (5) is low and the result

is a very erratic function of Ωl, see [3]. If the estimate of H(2d, ω) is inaccurate, the
attenuation and phase velocity estimates in Eq. (4) will be inaccurate as well, see [3], [4].

2.4 Parametric estimation method

In general, a parametric method can be descried as a mapping from the measured data to
the estimated model parameters, θ̂, where θ̂ = [θ̂1, θ̂2, . . . , θ̂q], q being the model order.

In this paper, the linear system, H(2d, Ω), is modeled as a rational transfer function.
The motivation for this choice is primarily its non-complexity in terms of estimation and
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evaluation, but it will be shown also to be adequate for this application. This choice
leads to a model of the form

y[n] = −a1y[n − 1] − · · · − anay[n − na]

+b1u[n − nk] + · · · + bnbu[n − nk − nb + 1]

+ε[n], (6)

where u[n] = p(0, nTs) is the sampled first echo (input), y[n] = p(2d, nTs) is the sampled
second echo (output of the linear system), and ε[n] is the residual and representing
unmeasured inputs that influence the system (i.e. disturbances and measurement noise).

Given a collection of N samples, n = 1, · · · , N , Eq. (6) becomes a system of equations
and can be written in matrix notation as

y = Φθ + ε

θ = [a1, · · · , ana, b1, · · · , bnb]
T

Φ = [ϕ[1], · · · , ϕ[N ]]T

ϕ[n] = [−y[n − 1], · · · ,−y[n − na],

u[n − nk], · · · , u[n − nk − nb + 1]]T , (7)

where y = [y[1], · · · , y[N ]]T and ε = [ε[1], · · · , ε[N ]]T .
The parameter vector θ contains the coefficients ai and bi to be estimated. The pa-

rameters na, nb and nk are the structure parameters and describes the characteristics
and complexity of the model, i.e. its size. There are also other aspects such as complex-
ity, estimate quality, noise modeling and over-fitness to consider when choosing these
parameters, see [5], [6].

For θ ∈ Rq and N > q, Eq. (7) is over-determined and the least-squares (LS) estimate
is

θ̂LS = (ΦTΦ)−1ΦTy. (8)

A set of candidate models is obtained, using the LS estimate in Eq. (8) and the two
measured echoes (input and output), for different model sizes, i.e. different na, nb and
nk. The best model size is determined by cross-validation [7] and residual analysis.

The purpose of the residual analysis is to make sure that the residuals, ε[n], i.e.
the part of the data that the model could not estimate, are zero mean white noise,
uncorrelated (or independent) of the input u[n].

Once a proper model is estimated and validated, the estimate of H(2d, ω) in Eq. (3)
using Eq. (8) is simply

Ĥ(Ω, θ̂LS) =
b1e

−jΩnk + · · · + bnbe
−jΩ(nb+nk−1)

a1e−jΩ + · · · + anae−jΩna
, (9)

for ω = Ω/Ts.
The accuracy of Eq. (9) is high and the variance approaches zero as the sample size

grows, in contrast to Eq. (5), see [6].
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Figure 2: The measurement cell and the pulse-echo principle. The transducer emits an unknown
sound wave. The reflection from the bottom of the measurement cell is then recorded.

2.5 Magnitude and Phase response

The main two advantages for parameterizing the transfer function H(2d, ω) in Eq. (4),
compared to non-parametric methods, is the increase in accuracy for the estimates and
the elimination of the phase unwrapping problem. The first comes from the discussion
made in Sections 2.3 and 2.4. The latter is a direct result of that the obtained pa-
rameterized structure is a rational transfer function, which enables us to calculate the
attenuation and phase velocity from an analytical expression.

3 Experimental Setup

For all the experiments in this paper, the ultrasound echoes were measured in a pulse-
echo configuration (see Fig. 2). An ultrasound transducer was mounted in a measurement
cell, transmitting pulses through the gas towards a stainless steel reflector. The acoustic
properties of interest vary with frequency, f , and pressure, P , and were studied as a
function of the ratio f/P [8]. In this work, a 1 MHz air transducer with an effective
diameter of 15 mm was used while the static pressure was varied. For the propagation
distances in the present work, diffraction losses can be assumed to be negligible [9]

A custom-built pressure chamber was used to achieve different static pressures. The
pressure was varied between 1.54 to 7.4 bar in 12–18 steps. Since the attenuation in ethane
is extremely high at low pressures and high frequencies, we were limited to measurements
at higher pressure for ethane (above 1.86 bar).

The pressure in the chamber was measured with an ANDERSON TPP Pressure
Transmitter. The transducer was mounted on a stainless steel measurement cell (see
Fig. 2), immersed into the pressure chamber. The whole setup was then placed in a tem-
perature controlled chamber (Heraeus Vötsch HT4010 ). To excite and receive acoustic
pulses from the transducer, a Panametrics Pulser/Receiver Model 5072 was used. All
pulses were sampled at 100 MHz with an 8-bit Tektronix TDS 724, digitizing oscilloscope.
For each measurement, the temperature was recorded using a PT100 sensor.
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Figure 3: Cost-functions V (θ) plotted against the model size q = dim θ, for Ethane at T =
20.6◦C and P = 2.86 bar. The dashed line represents the cost-function evaluated with calibration
data, and the solid line with fresh data (cross-validation).

4 Results

4.1 Parametric Model Selection and Validation

To make sure that the parametric model is capable of describing the true system, we
have to find the best model size using the techniques described in the theory section.

Fig. 3 shows the least-squares cost-function V (θ) = εT ε evaluated with fresh data,
for Ethane at T = 20.6◦C and P = 2.86 bar. The best model size was obtained for
q = dim θ = 14 and the parameters: na = 4, nb = 10 and nk = 9.

Fig. 4 shows the measured and estimated echoes with corresponding residuals, using
the parametric model obtained from Fig. 3. Note that the residual does not show any
remaining systematic behavior.

The model was validated by analyzing the residuals in Fig. 4c, and were found to be
white and uncorrelated with the input signal, at a 99 % confidence level.

4.2 Estimation Results

This section presents a comparison of the non-parametric and parametric estimation of
attenuation and phase speed.

Fig. 5 shows phase speed estimates in Oxygen and Ethane, evaluated at the transducer
center-frequency for different pressures.

5 Conclusions and Discussion

In this paper we have showed how a rational transfer function can be used to describe
the wave propagation in dispersive media. The proposed parametric method enables
accurate estimation of frequency dependent attenuation and phase velocity with up to 50
times lower variance than the standard non-parametric methods. Robust phase velocity
estimation is ensured since the phase unwrapping problem is avoided and replaced by
calculation of the phase of an analytical expression.

Cross-correlation can not be used to estimate cp in dispersive media, since cp is fre-
quency dependent. For such media we need to use either parametric or non-parametric
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Figure 4: Measured and estimated echoes with corresponding residuals: (a) measured primary
echo; (b) two (coinciding) secondary echoes, solid line the true measured secondary echo, dashed
line are estimated from the measured primary echo using the parametric model; (c) the residual
(the difference between estimated and measured secondary echo).

spectral methods. In dispersive media the cross-correlation method will give biased re-
sults.
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Figure 5: Mean value ¯̂cp and estimated standard deviation sĉp of 49 phase velocity estimates
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Model-Based Phase Velocity and Attenuation

Estimation in Wideband Ultrasonic Measurement

Systems

Jesper Martinsson, Johan E. Carlson and Jan Niemi

Abstract

A parametric method to estimate frequency dependent phase velocity and attenuation
is presented in this paper. The parametric method is compared with standard nonpara-
metric Fourier analysis techniques using numerical simulations as well as real pulse-echo
experiments. Approximate standard deviations are derived for both methods and val-
idated with numerical simulations. Compared to standard Fourier analysis, the para-
metric model gives considerably lower variance when estimating attenuation and phase
velocity. In contrast to nonparametric techniques the proposed estimator avoids the
phase unwrapping problem since analytical expressions for the continuous phase velocity
and attenuation can be derived.

1 Introduction

In ultrasonic measurement systems, estimates of the frequency dependent attenuation
and phase velocity are often used to deduce the properties of interest. Accurate esti-
mates of these quantities are therefore important. However, estimating attenuation and
phase velocity from noisy measurements, using standard nonparametric techniques, often
results in biased estimates with high uncertainties. The bias occurs when the estimator
(a nonlinear function) is applied on the measured data, skewing the shape of the proba-
bility density function (PDF) of the measurement noise. The high uncertainties and the
erratic behavior of the estimates are drawbacks of using nonparametric methods, e.g. the
discrete Fourier transform (DFT), to estimate spectral densities [1]. For nonparametric
methods, the number of parameters are equal (or proportional) to the signal sample size
hence no averaging is done to reduce the variance of the estimated quantities. As a
consequence, the variance of the estimate will not tend to zero, as the signal sample size
grows, as in parametric methods, but to a constant level which is inversely proportional
to the signal-to-noise ratio (SNR) [2].

Using nonparametric techniques, additional uncertainties are introduced when esti-
mating the phase velocity from a wrapped phase. Although different approaches exist
to cope with wrapped phases [3, 4, 5, 6], they are all based on nonparametric spectral
estimates and hence suffer from bias and high uncertainties in low SNR frequency re-
gions. In [7], the authors investigate errors generated by nonlinearities when estimating
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phase velocity and attenuation, including also the timing jitter in a through-transmission
setup.

In this paper a parametric phase velocity and attenuation estimator is proposed. The
method is built on a parameterization of the linear dispersion system that describes the
relationship between two measured ultrasonic signals. The idea is to reduce the vari-
ance of this relationship, before it is applied to the nonlinear functions (for calculating
phase velocity and attenuation), to obtain lower uncertainties and to prevent bias, i.e.
not skewing the PDF (statistical linearity). The parameterization is based on the ideas
behind a common finite-order approximation [8] to the solutions of different measure-
ment setups. The result is a common model structure expressed as a continuous rational
transfer function, where the parameters are estimated using standard system identifi-
cation techniques. The main advantages of this parameterization are: higher accuracy,
lower uncertainties, control over the phase unwrapping ambiguity, and a large data re-
duction (since the system is completely described by the set of model parameters).

The paper is organized as follows: In Section 2, the wave propagation model is de-
scribed for dispersive media and its dependence on specific measurement setups and
boundary conditions is discussed. The models are generalized into a linear systems no-
tation from which attenuation and phase velocity are deduced. The nonparametric and
parametric estimation techniques are described and approximative expressions for the
standard deviations for the estimated attenuation and phase velocity are given for both
methods. In Section 3 computer simulations are used to compare the two techniques and
to validate the approximative uncertainty expressions. Finally, experimental results are
found in Section 4 followed by a discussion and some concluding remarks.

2 Theory

2.1 Physical Model

The basic model for acoustic waves in a fluid is obtained using the linearized continuity
equation, the linearized force equation, and a relationship between the acoustic pressure
and condensation. For linearly dynamic fluids, this relationship is described by a linear
system, and a lossy wave equation is obtained

∂2P (x, ω)

∂x2
= −k2(ω)P (x, ω), (1)

where P (x, ω) is the Fourier transform of the acoustic pressure p(x, t) and k(ω) is the
complex frequency dependent wave number. Here the arguments x, t and ω are spatial,
time and angular frequency variables, respectively. The ordinary differential equation
(ODE) in Eq. (1) has the solution

P (x, ω) = A1(ω)e−jk(ω)x + A2(ω)ejk(ω)x, (2)

where j =
√−1. A1(ω) and A2(ω) are to be determined by the boundary conditions.
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Different measurement setups result in different boundary conditions. For example,
in a through-transmission setup, assuming Neumann boundary conditions (perfect re-
flectivity), the following linear dynamic relationship is obtained between the transmitted
and the received signal

Y (ω) = cosh(jk(ω)d)U(ω), (3)

where U(ω) = P (0, ω) and Y (ω) = P (d, ω) are the Fourier transformed acoustic pres-
sures at distance x = 0 (transmitted signal) and at distance x = d (received signal),
respectively.

Using a pulse-echo setup, there is usually only one sensor that works both as a trans-
mitter and receiver. For this setup an additional criterion of separable echoes is needed
to use an input-output (first echo-second echo) description. For Neumann boundary
conditions, the relationship can be written as

Y (ω) = e−jk(ω)dU(ω), (4)

where U(ω) = P (0, ω) and Y (ω) = P (d, ω) are the Fourier transformed acoustic pressures
of the first- and second echo, respectively.

2.2 Linear System

The relationships in Eq. (3) and Eq. (4) can both be written in linear input-output
relationship as

Y (ω) = H(d, ω)U(ω), (5)

where d denotes the distance, and H(d, ω) is the transfer function connecting the signals.
This is the result of assuming linear acoustics.

Focusing on the pulse-echo setup, the transfer function can be rewritten in a magni-
tude and phase representation as

H(d, ω) = e−jk(ω)d = e�{k(ω)}de−j�{k(ω)}d

= |H(d, ω)|ej arg{H(d,ω)}, (6)

where �{·} and �{·} represents the real and imaginary parts.
Using Eq. (6), the attenuation α(ω) and the phase velocity cp(ω) are defined as

α(ω) = −�{k(ω)} = − log |H(d, ω)|
d

,

cp(ω) = ω/�{k(ω)} = − ωd

arg{H(d, ω)} . (7)

¿From Eq. (7) there are two possible ways to estimate attenuation and phase velocity.
The first one is based on calculating the phase velocity cp(ω) solely from estimates of the
attenuation α(ω), using the Kramers-Krönig relationship between the real- and imaginary
parts of k2(ω) [4]. This approach is valid under the assumption that the attenuation
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and phase velocity are slowly varying functions of frequency. The advantage with this
approach is that the phase unwrapping problem, arising when calculating the phase
velocity from a wrapped phase, is avoided. However, a good estimate of the attenuation
is still needed. The phase unwrapping problem is well known and has been addressed
using other approaches [3, 5, 6].

The second approach, investigated in this paper, is to estimate the transfer function
H(d, ω) in Eq. (5) and use this estimate together with Eq. (7), without any assumptions
made on the dispersion.

2.3 Nonparametric Techniques

The nonparametric technique is perhaps the most commonly used approach to estimate
attenuation and phase velocity. It is based on the linear relationship between the input-
and output signal in Eq. (5), the discrete Fourier transform (DFT), and the definitions
in Eq. (7).

The transfer function H(d, ω) is estimated using the ratio of the Fourier transformed
output and input signal. Since the measured signals are both truncated and sampled the
estimate is given by the DFT as

Ĥ(ωl) =
YN(ωl)

UN(ωl)
, (8)

for ωl = 2πl/N and l = 0, 1, · · · , N − 1. Here ·̂ denotes estimate, and YN(ωl) and UN(ωl)
are the DFTs of the sampled sequences {y[n]}N

1 and {u[n]}N
1 .

With the correct choice of sampling frequency and window size, the continuous ultra-
sonic pulse can be considered in practice both band and time limited, and the effect of
leakage and aliasing errors occurring when truncating and sampling it can be neglected.
In this case the DFT coefficients gives a close to perfect representation of the true spec-
trum of the pulse at the discrete frequencies (Y (ωl) 
 YN(ωl)). For this to be fulfilled,
the sample size (N) of the measurement window should be chosen so that the system re-
sponse becomes negligible at the end of the measurement (circular and linear convolution
is equivalent).

However due to additive noise in the measurements the uncertainty of estimating
H(d, ω) in Eq. (5) using Eq. (8) is high and the result is a very erratic function of ωl.
This behavior is one of the main drawbacks of using the DFT as estimate of the spectral
density [1, 2]. If the estimate of H(d, ω) is uncertain, the attenuation and phase velocity
estimates in Eq. (7) will be uncertain as well.

2.4 Parametric Techniques

In general, a parametric method can be descried as a mapping from the measured data
to the estimated parameter vector θ̂, where ·̂ denotes estimate. The parameter vector is
connected to a specific model structure M, where for a fixed parameter vector θ = θ∗,
M(θ∗) represents one model within the structure M. An important step is to select a
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model structure M that represents the true system S. One alternative is to choose a
model structure based on solutions to the partial differential equation (PDE), as in Eq. (3)
or Eq. (4), and model k(ω, θ) from physical characteristics of the media, such as viscosity,
heat conduction, and relaxation phenomena [9]. The drawback with this approach is that
these model structures are strictly dependent on the specific measurement setup, i.e. the
investigated media and the assumed boundary conditions.

An alternative approach is to find a common model structure based on the ideas
behind the Mittag-Leffler theorem [8], with an expansion of the transfer functions in
Eq. (3) and Eq. (4) as

H(x, ω) = cosh(jk(ω)x) =
∞∑

r=0

(jk(ω)x)2r

(2r)!
(9)

= ejk(ω)x =
∞∑

r=0

(jk(ω)x)r

r!
. (10)

For bandlimited signals the transfer functions can be approximated very well within the
signal’s bandwidth, using an expansion (or rational transfer function) of finite order.
This leads to a common model structure M of the form

H(ω, θ) = e−jωτ B(ω, θ)

A(ω, θ)
= e−jωτ

∑nb

q=0 bq(jω)q∑na

q=0 aq(jω)q
, (11)

where θ = [b0 · · · bnb
a0 · · · ana τ ]T . Here an additional parameter τ is introduced to

account for pure time delays.
The advantage with this structure is its independence of any prior knowledge con-

cerning the specific boundary conditions and physical properties of the media under
investigation. With this ability it is possible to apply the same structure to various ex-
perimental situations. A common drawback with this approximation is that the number
of model parameters is increased compared to an accurate physical parametric description
(if one exists).

To find the appropriate model order nb and na, a model selection and validation step
must be introduced. In the selection process a set of models with different orders are
tested and matched to the system S. The matching or estimation is done using the
measured data together with a criterion of fit. How consistent the mapping is depends
on: the experimental condition (the data), the model structure, and the criterion of
fit. Given a set of matched models, the models are validated using different statistical
techniques based on the assumptions made about the true system S.

In this paper the frequency domain sample maximum likelihood method is used
as the criterion of fit, see [10] and Appendix A.2. The motivation for this choice is
its well-behaved statistical properties with the ability to handle noisy input and noisy
output problems (error-in-variable) in measurement setups using repeated burst signals
(repeated ultrasonic excitations). For the model selection part, the minimum descrip-
tion length (MDL) criterion [10] is used to find the appropriate order and prevent over-
parameterization. Finally, the model is validated using residual analysis.
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2.5 Uncertainty Bounds

When estimating a parameter, an expression of the uncertainty of the estimate is very
important. Often in ultrasonic measurement setups it is possible to carry out many
repeated experiments or excitations under a short period of time under which the medium
under investigation can be assumed to be unchanged.

Given a set of M independent noisy but identically excited experiments, from which
a parameter can be estimated, there are different ways to estimate the parameter and
its uncertainty. The straightforward way is to estimate the parameter for each noisy
experiment, resulting in M estimated parameters, and use the mean value as the final es-
timate and the sample standard deviation as a measure of its uncertainty. However, this
approach is not recommended if the estimator is a nonlinear function of the noisy data,
since the nonlinearity in general destroys the consistency and efficiency of the estimate
[11]. When dealing with nonlinearities a better way is to first reduce the noise variance
by averaging techniques (averaging M experiments) and then estimate the parameter
by applying the nonlinearity. This approach reduces the bias effect introduced by the
nonlinear transformation and results in consistent (as M → ∞) estimates. The consis-
tency property comes at the cost of losing the normality, introduced by averaging the M
parameters using the first approach. The approximative uncertainty can be estimated
from the derivative of the nonlinearity and the estimated uncertainty of the data.

The expressions in Eq. (7) for the attenuation and phase velocity are nonlinear func-
tions of the linear system H in Eq. (5), and on top of that the estimates of H described
in sections 2.3 and 2.4 are nonlinear functions of the measured data. Given the estimated
uncertainty of the measurement noise, the approximate uncertainty of the attenuation
and phase velocity can be derived using a first order Taylor approximation as

σ2
α(ω) ≈ 2

∂α(H(ω))

∂H(ω)
σ2

H(ω)

[
∂α(H(ω))

∂H(ω)

]∗
,

σ2
cp(ω) ≈ 2

∂cp(H(ω))

∂H(ω)
σ2

H(ω)

[
∂cp(H(ω))

∂H(ω)

]∗
, (12)

where ·∗ denotes Hermitian transpose and σ2
H(ω) is estimated from Eq. (8) or Eq. (11)

using the estimated standard deviations of the noise and similar approximations as above,
see Appendix A.1. The expressions for the partial derivatives in Eq. (12) are found in
Appendix A.1.

3 Simulations

In this section the nonparametric and parametric techniques to estimate the attenua-
tion and phase velocity are compared using computer simulations. The validity of the
asymptotic expressions in Eq. (12) are examined together with the observed numerical
standard deviation using 500 independent simulations.
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3.1 The Simulation Model

To get a similar excitation of the simulated system, compared to the real experiments,
the simulated noise-free input signal (or first echo) was chosen as mean value of 100
measured first echoes from the real experiment, see Fig. 1.

0 0.8 1.6 2.4
−0.4

−0.2

0

0.2

0.4

vo
lta

ge

t (μs)
0 4 8 12 16

−80

−60

−40

−20

0

vo
lta

ge
 (

dB
)

f (MHz)

Figure 1: Mean value of 100 measured first echoes: (left) the sampled time signal; (right) the
power spectral density.

To validate the assumption in section 2.2, that the true model can be approximated
with a rational transfer function of finite order, the simulated model structure did not
belong to the rational transfer function family. The simulation model was constructed as

H(ω, θ, x) = e−jk(ω,θ)x = e−jωx/c(ω,θ), (13)

where x is the distance between the signals and c(ω, θ) is the complex speed of sound.
In the simulation the complex speed of sound was modeled as [9]

c(ω, θ) =
c0√
2

[
1 + jωη +

1 + jωτ1

1 + jωτ2

]1/2

, (14)

with θ = [c0 η τ1 τ2]
T as a parameter vector containing the thermodynamic speed of

sound (c0), viscosity (η), and two additional parameters (τ1,2) contributing to a simulated
relaxation phenomenon. In the simulations the parameters were set to θ = [1500, 1 ·
10−12, 3.75 · 10−8, 3.7125 · 10−8]T .

Before the estimation procedure was started, an equal amount of white Gaussian
measurement noise was added to the simulated input and output signal. The same
signal-to-noise ratio (SNR), 14 dB relative to the input signal, was used, as estimated in
the real experiments. Each simulation consists of 100 repeated noisy excitations, similar
to the real experiment.

3.2 Model Selection and Validation

For the parametric estimation technique, described in section 2.4, a model selection and
a validation step were added to find the appropriate model order. The model selection
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procedure, using the MDL [10], indicates that a model order of 3, or na = nb = 3 is enough
to capture the dynamics of the true simulated system within the excited frequency band.
The residual analysis in the model validation step can be seen in Fig. 2. The residual
is the difference between the modeled (parametric) transfer function and the measured
(nonparametric) transfer function weighted by its standard deviation. For a model order
of 3 the whiteness within the 95% bound might be questionable. However, the final
value of the cost function is within its 95% confidence interval, indicating no model
errors. Increasing the model with one order, gives higher confidence on the whiteness
test but the final value of the cost function exceeds its lower 95% bound, indicating over-
parameterization. For this reason the estimated model order of 3 given by MDL, was
chosen.
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Figure 2: Whiteness test of the residuals. The residuals are the difference between the modeled
and measured transfer functions weighted by its standard deviation [10]. The dots are the
amplitude of the cross correlation R of the residuals, and the line marks the 95% confidence
level, where |R|2 ∼ χ2(2).

3.3 Simulation Results

In Fig. 3 we can see the estimated attenuation and phase velocity from one simulation
using the nonparametric technique. Examining the attenuation estimate, we can see a
good fit in the area where there is a high SNR and poorer more erratic behavior in the
lower SNR regions. In these low SNR regions a large bias is present, which is the result of
trying to estimate the attenuation from just measurement noise on the input and output.
This effect shows the importance of uncertainty expressions for the estimates to find its
valid frequency region.

The phase velocity figure reveals a similar erratic behavior. Although the bias in this
case is a result of the noise sensitive phase unwrapping step, where the phase unwrapping
errors accumulate over the low SNR frequencies giving a “random walk” behavior. This
bias is however neither an over- nor underestimation, as in the attenuation case, but
fluctuates randomly from simulation to simulation.

In Fig. 4, the attenuation and phase velocity estimates are shown for the same sim-
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Figure 3: Nonparametric estimation of the attenuation and phase velocity from one simulation.
The bold solid line shows the true parameter, the bold dashed line shows the nonparametric
estimation, and the thin dashed line shows the theoretical standard deviation calculated using
the expressions in Eq. (12).

ulation as in Fig. 3, but using the proposed parametric technique. Compared to the
nonparametric estimates, both level of fit and uncertainties are highly improved for both
estimates. The improved fit in the low SNR regions is the fruit of weighting the cost
function with the inverse of the sample covariance matrix of the noise, in the maximum
likelihood estimation of the transfer function in Eq. (11), see Appendix A.2. The overall
decrease in standard deviation is the result of using a parameterized model structure
compared to a nonparametric estimation procedure. In Fig. 4 it is difficult to see the
shape of the standard deviations, since the graphs coincide with the plotted quantities
at the given scale. A better comparison between both methods standard deviations can
be seen in Fig. 5 and Fig. 7.

3.4 Validation of Approximate Uncertainties

To validate the approximate theoretical expressions of the uncertainties in Eq. (12), the
observed numerical standard deviation is compared with the mean and standard deviation
of theoretical expressions using 500 independent simulations.

In Fig. 5, the numerical and theoretical standard deviations are compared using the
nonparametric technique. Examining the attenuation plot, a good fit is obtained in
high SNR regions, while an overestimation can be observed in the lower SNR regions.
The overestimation is the result of when the statistical linearity fails, and higher order
derivatives in Eq. (12) must be used.
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Figure 4: Parametric estimation of the attenuation and phase velocity from one simulation.
The bold solid line is the true parameter, the bold dashed line is the nonparametric estimation,
and the thin dashed line shows the theoretical standard deviation calculated using Eq. (12).

In the phase velocity plot a large deviation can be observed between the theoretical
and numerical standard deviations. This is a consequence of the phase unwrapping step,
not taken into account in the theoretical expression. Since the simulated input signal is
of bandpass character, the phase unwrapping errors at the low frequencies (low SNR)
accumulates over the entire frequency band, giving high standard deviation even in the
high SNR region. To support this explanation, a comparison between the numerical and
theoretical standard deviations can be seen in Fig. 6 using simulations with a wideband
signal. In this plot only an underestimation can be observed in the highly attenuated
(low SNR region), where the statistical linearity fails.

In the parametric case a good fit is seen between the approximative theoretical ex-
pressions and the observed numerical standard deviation. The good fit is a consequence
of an overall low σ2

H(f) in the parametric case, so the statistical linearity applies over the
whole frequency range.

4 Experiments

To test the method experimentally, experiments were performed in weakly dispersive
pulp fibre suspensions. The experiments were carried out using the pulse-echo technique
in a custom designed test cell, shown in Fig. 8. A detailed description and specification
of the cell is found in [12].
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Figure 5: Nonparametric comparison between the observed numerical and the calculated theoret-
ical standard deviations, for attenuation and phase velocity. The bold solid line is the numerical
standard deviation estimated from 500 independent simulations. The bold and thin dashed lines
are the mean value and standard deviation of 500 theoretical calculations.
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Figure 6: The same comparison as in Fig. 5, but with a wideband signal (burst of white noise).

4.1 Measurement Setup

The experimental setup consists of a broadband piezoelectric transducer with a center
frequency of 10 MHz (V311), manufactured by Panametrics, Waltham, MA, USA. The
transducer is mounted on a buffer rod made of casted plexiglass, and the sample space is
located between the buffer rod and a stainless steel reflector, see Fig. 8. A pulser/receiver
5072PR from Panametrics was used to excite the transducer and amplify the received
signal. The signal was then digitized using a CompuScope 14100 oscilloscope card, by
Gage Applied Technologies Inc., Lachine, QC Canada, with 14-bit resolution and a sam-
pling rate of 100 MHz. All data were stored in a computer for off-line analysis. In the
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Figure 7: Parametric comparison between the observed numerical and the calculated theoretical
standard deviations, for attenuation and phase velocity. The bold solid line is the numerical
standard deviation estimated from 500 independent simulations. The bold and thin dashed lines
are the mean value and standard deviation of 500 theoretical calculations.
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Figure 8: Lattice diagram of the pulse-echo measurement system used in this study

experiment one hundred ultrasonic pulses were captured. A digital thermometer F250,
by Automatic Systems Laboratories LTD, England, monitored the temperature both in
the suspension under test and in the room. The temperature in the pulp suspension
under test was 19.93± 0.03 ◦C. To accurately determine the distance d2 in the cell, pure,
distilled water was used as a reference since it has a well known relationship between
speed of sound and temperature [13]. Using the temperature of the calibration fluid and
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a cross-correlation technique to determine the time-of-flight for an ultrasonic pulse, the
distance d2 was found to be 0.03010± 0.00004 m. The pulp suspension was carefully
poured into the measurement cell and thereafter stirred slowly to remove air bubbles and
break up flocs in the suspension.

The pulp samples used in this study were produced from thermo-mechanical pulp
(TMP). The pulp suspension is a 99.5% water and 0.5% fiber mixture, with fiber lengths
that vary between 1–3 mm and diameter of 20–50 μm. The fibre size distributions were
analyzed using a Kajaani Fiberlab instrument, Metso Corporation, Finland.

4.2 Model Selection and Validation

In Fig. 9, the result of the whiteness test is presented together with a 95% confidence
level. From this figure the residual analysis cannot detect any unmodeled dynamics.
However, the final value of the cost function (146.5) is larger than the expected value
(112.6) indicating presence of nonlinearities [10].
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Figure 9: Whiteness test of the residuals. The dots are the amplitudes of the cross correlation
R of the residuals, and the line marks the 95% confidence level, where |R|2 ∼ χ2(2).

In Fig. 10, the predicted and measured second echo are shown together with the
prediction error. The prediction is made using the estimated parametric model and the
measured first echo. Examining the figures, a good fit is obtained by the prediction and
no systematic variation from the pulse shape is visible in the prediction errors (note the
difference in scale).

4.3 Experimental Results

In Fig. 11, the estimation results of the attenuation and phase velocity are compared
using the nonparametric- and parametric techniques. Although the experimental system
is quite different from the simulated system, similar behavior of the different estimation
techniques is visible. The bias, or underestimation, of the attenuation in the low SNR
region is present using the nonparametric technique. Also the phase unwrapping problem
for the nonparametric technique is visible in the phase velocity plot, producing a large
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Figure 10: Comparison between the measured (dots) and predicted (line) second echo. The
second echo is predicted using the measured first echo and the estimated parametric model. The
lower plot shows the prediction error.

bias. To support this explanation, the speed of sound is estimated with standard cross-
correlation and added to the figure. For weakly dispersive fluids, the cross-correlation
method estimates an accurate average (over frequency) velocity. The dip in the frequency
range 0 < f < 0.1 MHz for the nonparametric attenuation estimate, is the result of both
pre-sampling and post-sampling processing, i.e. high-pass filtering and de-trending to
remove unwanted low frequency disturbance and trends. For this reason, constraints
are put on the parametric method to ignore this region in the identification process,
explaining its flatness within the region.

5 Discussion

The advantages with the proposed method are firstly, its ability to accurately estimate
the frequency dependent phase velocity and attenuation from noisy measurements, and
secondly, its independence of any prior knowledge concerning the measurement setup
and physical properties of the medium under investigation, under the condition that the
data can be related as in Eq. (5). Although its performance is shown under dispersive
conditions in simulations, the experimental results are presented from weakly disper-
sive measurements using only one measurement arrangement. However, as long as the
linearity is preserved, more complex dynamic media (including highly dispersive ones)
should only increase the model order in the selection and validation step. To further ex-
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Figure 11: Comparison between the nonparametric (bold dashed line) and parametric (bold solid
line) estimation of attenuation and phase velocity on the experimental data. The thin dashed
and solid lines mark the theoretical standard deviation (±σ). The circle is the speed of sound
estimated using standard cross correlation.

perimentally validate the method, measurements from dispersive media under different
experimental arrangements would be of interest. This will be considered in future work.
However, due to the generality of the proposed model structure, this should not cause
any problems.

When estimating the attenuation and phase velocity in suspensions it is common to
relate or calibrate these estimates to those of pure water, in order to reduce effects from
the measurement setup, reflection coefficients, and losses from diffraction. This type of
calibration was not applied to the estimation result presented in this paper, since the
intention was to compare two different estimation methods. However, if the suspension
estimates were to be calibrated to water, the uncertainties of the estimates in water
are often negligible in comparison to the suspensions, due to the high SNR difference.
The same principles of estimating the transfer function are applied, but with scaled or
calibrated input and output signals as U(ω) = Us(ω)/Uw(ω) and Y (ω) = Ys(ω)/Yw(ω),
where Us(ω), Ys(ω) are the measured first and second echoes in the suspension, and
Uw(ω), Yw(ω) are the corresponding measurements in distilled water.

On the other hand, if the water uncertainties are of the same magnitude as those for
the suspension, these uncertainties should be included when calculating the approximate
uncertainties in Eq. (12). For the non-parametric and parametric methods, the uncer-
tainties can be included using similar approximation as in Eq. (A.19) and Eq. (A.18) in
Appendix A.1.

For the parametric method, high calibration noise has an additional effect of destroy-
ing the efficiency of the weighted least squares (WLS) cost-function for the maximum
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likelihood (ML) method in Eq. (A.23). The WLS cost-function is a consequence of
identifying the transfer function in the frequency domain. Discrete fourier transformed
measurement noise tends towards normality, by the central limit theorem, resulting in
the WLS cost in the frequency domain. However, the calibration or scaling is applied
after the DFT, and the quotient changes the normality and thus the efficiency of the
cost-function. To compensate for the change in the probability densities by changing
the cost-function is difficult, hence it is still recommended to use the WLS due to its
favorable properties [11], at the cost of losing some efficiency.

Another approach in this case would be to estimate a separate parametric transfer
function for both suspension and water, and do the calibration afterwards to preserve
normality and efficiency, i.e. H(ω) = Hs(ω, θs)/Hw(ω, θv), or alternatively using a non-
parametric model for water H(ω) = Hs(ω, θs)/Hw(ω). The drawback compared with
pre-scaling the signals, is an increased complexity of the estimation problem and an
increased number of model parameters, since pre-scaling reduces the dynamical content
by capturing the differences in the media and ignoring possible linear dynamic effects
from the measurement setup.

6 Conclusions

A comparison between the proposed parametric estimator and the standard nonparamet-
ric Fourier analysis technique has been illustrated using both computer simulations and
real experiments. The proposed estimator enables accurate estimation of the frequency
dependent attenuation and phase velocity with considerably lower variance compare to
standard Fourier analysis methods. Robust phase velocity estimation is ensured since
the phase unwrapping problem is avoided and replaced by calculation of the phase of an
analytical expression. A data reduction with a factor 15 is observed for the present case.
This improvement comes at the cost of a model selection and validation step, not neces-
sary for nonparametric methods. Approximate expressions for the uncertainty for both
methods were derived, valid for high SNRs or a large number of repeated experiments.
The expressions were validated by numerical simulations, showing good accuracy under
similar SNR conditions as in the experiment.

A Appendix

A.1 Calculation of Approximate Uncertainties

The patrial derivatives in Eq. (7) w.r.t H(ω) are given by (omitting ω as an argument in
the expressions)

∂α(H)

∂H
= − 1

2xH
(A.15)

∂cp(H)

∂H
= − xjω

2 arg{H}2H
. (A.16)



Paper E 209

Here a complex derivative of a real scalar function f w.r.t a complex parameter z is
defined as

∂f(z)

∂z
=

1

2

[
∂f(z)

∂a
− j

∂f(z)

∂b

]
, (A.17)

where z = a + jb with a and b being the real and imaginary parts of z, respectively.
The estimated uncertainty for the input and output measurement noise is estimated

using the sample variance. Given a set of M independent noisy but identically excited
experiments, the input and output noise variances are estimated as

σ̂2
U =

1

M − 1

M∑
m=1

|Um − Ū |2

σ̂2
Y =

1

M − 1

M∑
m=1

|Ym − Ȳ |2

σ̂2
Y U =

1

M − 1

M∑
m=1

[Ym − Ȳ ][U∗
m − Ū∗] (A.18)

where Um and Ym represents the discrete fourier transforms of the p:th input and output
signal, and Ū , Ȳ denotes the sample mean (over M experiments).

The estimated uncertainty for the nonparametric transfer function is estimated us-
ing a first order Taylor series expansion of the transfer function in Eq. (8) including
measurement noise as

H =
Y

U
=

Y0 + NY

U0 + NU

=
Y0[1 + NY /Y0]

U0[1 + NU/U0]

≈ Y0

U0

[1 + NY /Y0 − NU/U0] , (A.19)

where U0, Y0 represents the noise free signals and NU , NY the measurement noise. An
approximative uncertainty for H can be expressed using Eq. (A.19) as

σ2
H = E{|H − E{H}|2}

≈
∣∣∣∣Y0

U0

∣∣∣∣2 [ σ2
Y

|Y0|2 +
σ2

U

|U0|2 − 2�
{

σ2
Y U

Y0U∗
0

}]
. (A.20)

where E{·} denotes expectation. The estimated uncertainty is obtained by dividing
Eq. (A.20) with M and replacing U0, Y0 with Ȳ , Ū and using the estimated measurement
uncertainties Eq. (A.18).

The parametric transfer function uncertainty is estimated from Eq. (11) using a first
order Taylor approximation as

σ2
H ≈ ∂H

∂θ
Cθ

[
∂H

∂θ

]∗
(A.21)
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where ·∗ denotes Hermitian transpose. An approximate expression for the covariance
matrix of θ can be obtained from an approximation of the Hessian (Fisher information
matrix) of the cost-function (in Eq. (A.23)) as

Cθ ≈ 1

2
�
{[

∂

∂θ

(
E(θ)

σe(θ)

)]∗ [
∂

∂θ

(
E(θ)

σe(θ)

)]}−1

. (A.22)

The expressions for E(θ) and σE(θ) can be found in the next section.

A.2 Maximum Likelihood Cost-function

The maximum likelihood cost function is expressed as

VML(θ) =
N−1∑
l=0

|E(ωl, θ)|2
σ2

E(ωl, θ)
(A.23)

where
E(ωl, θ) = A(ωl, θ)Y (ωl) − B(ωl, θ)e−jωlτU(ωl) (A.24)

is the equation error and

σ2
E(ωl, θ) = σ2

Y (ωl)|A(ωl, θ)|2 + σ2
U(ωl)|B(ωl, θ)|2

−2�{σ2
Y U(ωl)A(ωl, θ)B∗(ωl, θ)} (A.25)

its uncertainty. Estimations for σ2
U(ωl), σ2

Y (ωl) and σ2
Y U(ωl) are found in Appendix A.1.
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Parametric Modeling of Wave Propagation in Gas

Mixtures - A System Identification Approach

Jesper Martinsson and Johan E. Carlson

Abstract

In ultrasonic pulse-echo systems, the observable properties are restricted to frequency
dependent attenuation and phase velocity, which in turn are related to the material
properties of the investigated media. In this paper we present a parametric model of
the bulk modulus, composed of the basic physical building blocks of absorption (relax-
ation blocks). The parametric model is capable of handling the combined effect of the
absorption mechanisms present in a gas or gas mixture and captures the experimental
variation in the observation. The performance of the parametric model is demonstrated
with pulse-echo experiments in oxygen, ethane and mixtures of the two. Compared to
standard Fourier analysis techniques, the parametric model gives higher accuracy when
estimating attenuation and phase velocity, and physical parameters such as relaxation
strengths and relaxation frequencies can be extracted from it.

1 Introduction

Using ultrasonic techniques, the measurable properties of a gas are characterized by the
complex frequency dependent wave number. The wave number is directly related to
the bulk modulus, which for a non-dispersive and absorption free gas is a real-valued
constant containing the equilibrium density and the thermodynamic speed of sound. For
dispersive media (e.g. gases and gas mixtures), the relationship between the acoustic
pressure and the condensation is dynamic, and the bulk modulus connecting these two
quantities is both complex-valued and frequency dependent.

The standard approach to describe the dynamics of the bulk modulus is to parame-
terize it given the complete physical knowledge of the gas properties under investigation.
However, for a gas or gas mixture with complex dynamic behavior and/or unknown com-
ponents, a complete physical description of the complex bulk modulus is generally not
available. For these situations a common approach is to use non-parametric methods, to
describe the dynamics. Although non-parametric techniques are easy to apply, they give
only moderately accurate descriptions. To obtain higher accuracy, parametric models
must be used. When choosing the model structure, two things are desirable: First, the
model should capture the dynamics of the system and second, the model should give
information about the underlying physical properties.

In this paper, the bulk modulus is parameterized using a rational transfer function
(spring-dashpot model). This structure has a well-known connection to some physical
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properties, while still keeping the number of parameters reasonably low. We use system
identification techniques to estimate the parameters and cross-validation to prevent over-
parametrization. The model is validated by analyzing the prediction errors which show
that the prediction errors are uncorrelated with the measured echoes. This means that
the parametric model is able to capture the dynamics of the true system.

The proposed method is compared with standard non-parametric techniques using
pulse-echo measurements in ethane, oxygen, and mixtures of the two. The experimen-
tal results show that the variances of the estimates are considerably smaller using the
proposed method compared to non-parametric methods, especially for noisy data.

2 Theory

In this section we start by reviewing the main absorption mechanisms present in a gas,
and present them as equivalent spring-dashpot representations of the bulk modulus. A
more general model structure is also presented, which is capable of handling the combined
effect of all mechanisms. Next, the identification procedure is explained for pulse-echo
experiments, followed by a description of optimization and initial values.

2.1 Absorption

In any real acoustic wave there are losses, acoustic energy is dissipated and converted
into thermal energy. Sound absorption in a gas or gas mixture is described by several
mechanisms. On a macroscopic level there is the classical absorption component, due
to losses from viscosity and heat conduction. On a microscopic level, losses arise from
relaxation of vibrationally and rotationally excited molecules. Each absorption mech-
anism contributes to a dissipation behavior with a corresponding relaxation time (or
frequency). In gas mixtures, the behavior and relaxation time depend in a complex man-
ner on the: molar fraction and molecular structure of each gas component in the mixture,
temperature, pressure, and ultrasound frequency.

The absorption mechanisms are described by the frequency dependent bulk modulus,
a material function that describes the dynamic relationship between the acoustic pressure
and the condensation. In the frequency domain the relationship can be expressed as
(assuming linearity and time invariance)

P (ω) = B(ω)S(ω), (1)

where P (ω) and S(ω) are the Fourier transforms of the acoustic pressure p(t) and con-
densation s(t), respectively. B(ω) is the frequency dependent bulk modulus.

2.2 Spring-Dashpot Representation

In this paper, we represent the bulk modulus as a series of spring-dashpot sub-models
connected i parallel to capture the variety of absorption mechanisms present in a real
fluid.



Paper F 217

In this representation, the acoustic pressure p is considered the effort (force) variable,
and the time derivative of the condensation ṡ represents the flow (velocity) variable. Each
sub-model contributes to a single relaxation peak at a given relaxation frequency, and is
therefore an ideal building block to model the absorption mechanisms mentioned earlier.
To motivate the use of this type of interconnecting sub-models, we review some of the
absorption mechanisms present in a gas, in a spring-dashpot analogy.

For a lossless fluid, the bulk modulus is a real-valued constant composed of the equi-
librium density and the thermodynamic speed of sound B = ρ0c

2
0. The equivalent spring-

dashpot representation is a simple spring with k = ρ0c
2
0 = B, see Fig. 1(a).

To model a fluid with viscous losses, a resistive element (dashpot) is added in parallel
with the spring, see Fig. 1(b). For this spring-dashpot model the following dynamic
relationship is obtained

p(t) = ks(t) + ηṡ(t). (2)

The equivalent frequency domain representation is obtained using Eq. (1) and B(ω) =
B0(1 + τ0jω), where B0 = k = ρ0c

2
0 is the bulk modulus of the lossless wave, τ0 = η/k

is the relaxation time, η = 4/3ηS + ηB the dash-pot constant (viscosity), and k the
spring constant. The corresponding relaxation frequency is ω0 = τ−1

0 . Combining Eq. (2)
with Euler’s equation and the linear continuity equation, the result is the Navier-Stokes
equation (excluding turbulence and vorticity), see [1].

A fluid that exhibits absorption due to a molecular relaxation mode, can be repre-
sented as the spring-dashpot model in Fig. 1(c). The dynamic relationship between p
and s is

p(t)(1 +
k2

k1

) + ṗ(t)
η

k1

= k2s(t) + ηṡ(t) (3)

or using Eq. (1) and

B(ω) = B0
1 + τsjω

1 + τpjω
, (4)

where B0 = k1k2/(k1 + k2) = ρ0c
2
0, τs = η/k2 and τp = η/(k1 + k2). The corresponding

relaxation frequency is ω0 = (τsτp)
−1/2. Notice that the spring-dashpot model in Fig. 1(c)

is constructed by connecting the models in Fig. 1(b) and (a) in series, and can thus
represent both.

In a gas or gas mixture several molecular relaxation mechanisms might be present
together with absorption from the classical components. For this situation, the absorption
have to be explained by a distribution of relaxation peaks. This behavior is modeled by
considering a series of M sub-models connected in parallel, see Fig. 2, where each sub-
model contributes to one relaxation peak. The bulk modulus for this type of model
is

B(ω) =
B0

M

M∑
m=1

1 + τsmjω

1 + τpmjω
, (5)

where τsm = ηm/k2m and τpm = ηm/(k1m+k2m). The corresponding relaxation frequencies
are ω0m = (τsmτpm)−1/2.
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Figure 1: Spring-dashpot representation of: (a) no absorption; (b) absorption due to viscosity;
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Figure 2: Spring-dashpot model of the combined absorption mechanisms present in a gas or gas
mixture. The model is constructed of M sub-models connected in parallel.

2.3 Wave Propagation

In one-dimensional wave propagation experiments, Eq. (1) is combined with Euler’s equa-
tion and the linear continuity equation, and the following ordinary differential equation
(ODE) is obtained,

∂2P (x, ω)

∂x2
= − ρ0ω

2

B(ω)
P (x, ω), (6)

where x and ρ0 are the position and equilibrium density. The ODE has the solution

P (x, ω) = A1(ω)e−jβ(ω)x + A2(ω)ejβ(ω)x, (7)

where the complex wave number β(ω) =
√

ρ0ω2/B(ω). A1(ω) and A2(ω) are determined
by the boundary conditions, i.e the amplitude of the wave at x = 0. For a pulse-echo
system, see Fig. 3, we can simplify the solution to one wave moving in one direction
(assuming near field, perfect reflectivity and short pulses compared to the traveling dis-
tance). Knowing the acoustic pressure at two different locations, say at x = 0 from
the first echo and at x = 2d from the second echo, where d is the distance between the
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transducer and reflector, Eq. (7) can be written as

P (2d, ω) = P (0, ω)e−jβ(ω)2d, (8)

where P (0, ω) and P (2d, ω) are the Fourier transforms of the first- and second echoes,
respectively.

2.4 System Identification

In this paper the model in Eq. (5) (see Fig. 2) is used to describe the bulk modulus.
The unknown model parameters are estimated in the discrete frequency domain, using
Eq. (8) (pulse-echo experiments) and a least-squares (LS) fit given by

J(θ) =

N/2−1∑
l=−N/2

∣∣∣∣∣P (2d, Ωl) − P (0, Ωl)e
−jωl

√
ρ0

B(ωl,θ)
2d
∣∣∣∣∣
2

, (9)

for an even N . Here P (·, Ωl) is the discrete Fourier transform (DFT) of a sampled echo,
Ωl = ωl/Fs is the discrete angular frequency and Fs the sampling frequency. The para-
meter vector θ = [B0, τs1, τp1, · · · , τsM , τpM ]T represent the unknown model parameters
to be estimated by minimizing Eq. (9).

To estimate the appropriate number of sub-models M , cross-validation is used [2, 3].
Cross-validation evaluates the predictive performance when models of different sizes are
confronted with new data sequences (other than those used for model estimation). Eval-
uating models with fresh data prevents over-parametrization and finds the appropriate
model size within the chosen model structure.

To make sure that the model is capable of describing the true system, we have to
validate its performance. The key concept here is to examine the prediction errors or
“leftovers”, i.e. the part of the ultrasonic pulses that the model could not predict, to
determine the model’s validity, see [3] .

2.5 Optimization

Minimizing Eq. (9) with respect to θ results in a non-linear least-square (NLS) minimiza-
tion problem, and good initial values are important. In this paper the initial values for
the relaxation frequencies are obtained using the constant-Q model [4], where the (M)
relaxation peaks are equally distributed along the log(ω) axis covering the frequency
range of interest.

In the identification step, the equilibrium density ρ0 is treated as unknown and for
simplicity it is incorporated with B0 as a new parameter B̃0 = B0/ρ0, see Eq. (5) and
Eq. (9). The initial value for B̃0 is estimated with cross-correlation due to its relationship
with the phase velocity at DC (ω = 0). To minimize Eq. (9) the Nelder-Mead simplex
(direct search) method is used [5].
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Figure 3: The measurement cell and the pulse-echo principle. The transducer emits an un-
known sound wave. The reflection from the bottom of the measurement cell is then recorded.
Consecutive echoes can be recorded, as indicated in the figure.

3 Experimental Setup

For all the experiments in this paper, the ultrasound echoes were measured in a pulse-
echo configuration (see Fig. 3). An ultrasound transducer was mounted in a measurement
cell, transmitting pulses through the gas towards a stainless steel reflector. The mea-
surement cell was then immersed into the pressure chamber. The whole setup was then
placed in a temperature controlled chamber (Heraeus Vötsch HT4010 ), where keeping
the temperature constant at the desired temperature (20 ◦C).

A custom-built pressure chamber was used to achieve a static pressure. Since the
attenuation is extremely high at low pressures and high frequencies, we were limited to
make measurements at high pressures (around 6.6 bar). The pressure in the chamber
was measured with an ANDERSON TPP Pressure Transmitter.

A 1 MHz air transducer with a effective diameter of 15 mm was used. For this trans-
ducer and the propagation distance, diffraction losses were assumed to be negligible [6].
To excite and receive acoustic pulses from the transducer, a Panametrics Pulser/Receiver
Model 5072 was used.

All pulses were sampled at 100 MHz with an 8-bit Tektronix TDS 724, 1 GHz digitizing
oscilloscope. For each measurement, the temperature was recorded using a PT100 sensor.

4 Results

In this section modeling and estimation results are presented, using the ultrasonic pulse-
echo technique described in the previous section.

4.1 Model Selection and Validation

The model selection and validation results are presented for measurements in oxygen
(highest SNR). Similar results are obtained for ethane and mixtures of the two.

The appropriate number of sub-models is determined by comparing the value of the
criterion of fit in Eq. (9) using fresh data, for estimated models of different orders (cross-
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Figure 5: Measured and predicted echoes with corresponding residual, using M = 4 sub-models:
(a) measured primary echo; (b) two (coinciding) secondary echoes, dashed line is predicted from
the measured primary echo using the parametric model, solid line the true measured secondary
echo; (c) the residual (the difference between predicted and measured secondary echo).

validation). For models with M ≥ 4 no significant decrease can be observed, see Fig. 4.
For this reason a model order of M = 4 is chosen.

Once the appropriate model size is determined and the parameters are estimated,
the model is validated by analyzing its predictive performance. In Fig. 5 measured and
predicted echoes are shown together with the residual (their difference). Note the scale
differences i the figure.

In the residual plot, a slight systematic variation can be noticed. However, testing its
dependence with the first echo, by analyzing their cross-correlation, shows uncorrelation
(independence) within a 99% confidence region, see Fig. 6.
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Figure 6: Analysis of the residual in Fig. (5). Independence (correlation) test of the cross-
correlation function between the residual ε(n) and the first echo p(0, n). The horizontal lines
mark the 99% confidence region.

4.2 Accuracy of Modeling Wave Propagation

When a good model for the frequency dependent bulk modulus is obtained, quantities
describing the wave propagation such as phase velocity and attenuation can be computed.

In this section the phase velocity and attenuation are estimated using the bulk mod-
ulus model. The estimates obtained from the bulk modulus model are compared with
estimates obtained from a non-parametric spectral model. The non-parametric model
is based on computing the ratio between the discrete Fourier transformed second- and
first echoes, to obtain the spectra from which the attenuation and phase velocity are
estimated.

In Fig. 7 the mean value and the estimated standard deviation are shown for 50 atten-
uation estimates in oxygen, ethane and a mixture of 80% oxygen 20% ethane. Comparing
the attenuation estimates, obtained from both models, a good agrement can be observed
in the high SNR region. However, outside this region their similarities end, mostly due
to the erratic behavior of the non-parametric method at low SNR, see [7]. This behavior
can also be seen in the estimated standard deviation plots, as a decrease in accuracy
compared to the bulk modulus model.

The plots are shown in the frequency region [0.8, 1.2] MHz which corresponds to the
40 dB bounded spectrum bandwidth [8] of the first echo.

The phase velocity estimates are close to non-dispersive in the frequency region
[0.8, 1.2] MHz and the results are presented for f0 = 1 MHz (transducer center fre-
quency) in Table 6.1. In Table 6.1 the phase velocity estimates are compared using: the
parametric bulk modulus model (P ); the non-parametric spectral method (NP ); and
standard cross-correlation (X). The mean values and estimated standard deviations co-
incides using the parametric model and cross-correlation. For the non-parametric model,
a large mean value offset can be seen together with a 100 times higher standard deviation.
This high inaccuracy is mainly produced in the phase unwrapping step, when estimating
the phase velocity using a non-parametric technique.

5 Discussion

The assumption that the residual is uncorrelated with the first echo is only valid for
situations where the unknown input disturbance is negligible (here input and output
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Figure 7: Mean value ¯̂α(f) and estimated standard deviation sα̂(f) of 50 attenuation estimates
α̂(f), where ·̂ denotes estimate. The attenuation α(f) is estimated with the bulk modulus model
(solid lines) and the non-parametric model (dashed lines).

Table 6.1: Mean value ¯̂cp(f) and estimated standard deviation sĉp(f) of 50 phase velocity es-
timates ĉp(f) (evaluated at f0 = 1 MHz). The phase velocity cp(f) is estimated using: the
parametric model (P); standard cross-correlation (X); and the non-parametric model (NP).

method oxygen mixture ethane
¯̂cp(f0) ± sĉp

103 ¯̂cp(f0) ± sĉp
103 ¯̂cp(f0) ± sĉp

103

P : 323.4 ± 3.308 324.8 ± 3.222 296.3 ± 3.286
X : 323.4 ± 4.033 324.8 ± 4.000 296.4 ± 3.842

NP : 325.3 ± 679.3 326.1 ± 759.2 298.0 ± 463.6

refers to the first- and second echo). In presence of input disturbances or un-modeled
non-linearities, which is often the case in reality, a natural correlation appears even
though a good model is used.

Considering the criterion of fit, improvements can be achieved by weighting it with
the inverse covariance matrix of the noise or using an errors in variables approach, see
[9]. Since we are dealing with repeated experiments with the same excitation signal, it
is possible to get an estimate of the covariance matrix for the experimental noise.

In the minimization process, faster iteration can be achieved by deriving an analytical
expression for the gradient (and Hessian) of Eq. 9.
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6 Conclusions

In this paper we have showed how the combined effect of the absorption mechanisms
present in a fluid can be described by modeling the bulk modulus as a series of mechan-
ical sub-models. The model’s ability to describe pulse-echo measurements in oxygen,
ethane and mixtures of the two, is validated using residual analysis and cross-validation.
Compared to non-parametric methods the proposed structure gives, not only higher ac-
curacy when modeling wave propagation in complex fluids, but also contributes to the
understanding of the underlying dissipation mechanisms present in fluids.
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Flaw Detection in Layered Media Based on

Parametric Modeling of Overlapping Ultrasonic

Echoes

Fredrik Hägglund, Jesper Martinsson and Johan E. Carlson

Abstract

In materials consisting of several thin layers, multiple reflections within the structure
give rise to received ultrasonic signals composed of overlapping echoes. In this paper we
present a parametric model that can be used to decompose such signals into the individual
reflections. We derive a Maximum Likelihood Estimator for the the model parameters,
which are then used in a Generalized Likelihood Ratio Test (GLRT) to detect flaws in
multi-layered structures. We show with simulations how the presence of a thin bonding
layer in a three-layer structure can be detected. The probability of detection is shown to
be ≈ 96%, for a signal-to-noise ratio (SNR) of 15 dB and a probability of false alarm of
5%.

1 Introduction

Non-destructive testing of materials using ultrasound has a wide range of applications in
the area of process control, see for example [1], [2] and [3]. In this paper we propose a
detector, based on parametric modeling of the received ultrasound waveform, to be used
for flaw detection in layered media. The model structure is chosen so that all dynamics
of the waveform is captured by a small number of parameters. All subsequent analysis is
then done on the model parameters rather than on the entire waveform, which enables
cost-effective storage and fast processing.

The material is modeled using a continuous autoregressive (AR) model [4, 5] with
parameters connected to physical properties, related to the thicknesses of the material
layers and the reflection coefficients given by the layer boundaries. In this paper we
derive a general model structure for reflections from layered media. We then show with
simulations how the Maximum Likelihood Estimate (MLE) of the parameters can be
used to reconstruct the waveform.

The task of the detector is to determine whether a thin bonding layer in a three-layer
structure is present or not. The detection scheme is based on the Generalized Likelihood
Ratio Test (GLRT) which, given the MLEs of the model parameters, yields the detection
rule.

The detection scheme is verified using simulations on three-layered materials, where
two thin 0.5 − 5 mm layers are bonded together by a 20 − 50 μm layer. Results show
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the evaluation of the probability of detection vs the probability of false alarm for varying
signal-to-noise ratios and layer thicknesses. The evaluation of the detector threshold
gives the probability of detection for varying situations.

2 Signal Model

Sending an ultrasonic echo through a multi-layered material will produce a received
output signal waveform consisting of several overlapping, delayed and attenuated echoes.
The multi-layered structure is modeled using a continuous AR model, where the AR
coefficients are connected directly to the physical properties of the material. For a single
layer the AR model is relatively simple, but expands as the number of layers increases.
The effects of dispersion and diffraction are assumed to be negligible and the different
materials are considered to be lossless. Hence, the material attenuation is not included
in the model in this paper, but could be easily modeled using an additional parameter
for each layer.

2.1 Model for a Single Layer

Considering the ultrasonic wave to be a harmonic plane wave in the far field [6], equations
for waves in layered media can be used. If the incident wave is perpendicular to the
surface, the density and sound velocity forms the reflection and transmission coefficients
used to calculate the amplitude of the reflected waves. The time of arrival of an ultrasonic
echo traveling back and forward in a layer is represented by τ = 2dq

cq
, where cq is the speed

of sound and dq is the thickness of layer q, respectively.

Assume a model structure shown in Eq. (1), where U(ω) is the input signal in the
frequency domain and Y(ω) is the received output signal in the frequency domain. The
model of the transfer function is a reverberant multi-layered structure H(ω). The output
Y(ω) is then represented as

Y(ω) = H(ω)U(ω) (1)

where

H(ω) = (R01 + G(ω)) e−jωτ0 (2)

where ω = 2πf (f being the frequency of the sound wave) and R01 is the reflection
coefficient from the top layer and τ0 is the time delay for the ultrasonic pulse traveling
the distance d0 back and forward from the transducer to the material in the water buffer
region. The function G(ω) in Eq. (2) is the general model of the multi-layered structure
for q layers. An iterative model for the reflection from a multi-layered structure has been
derived by Brekhovskikh [7], but is here derived in a more convenient way for system
transfer function identification. In Fig. 1 the model is shown for a one-layer structure.
In [7] it is shown that for a one-layer structure, ignoring R01, the reflection from within
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the layer is

R = T01R12T10e
−jωτ1

∞∑
n=0

(
R10R12e

−jωτ1
)n

=
T01R12T10e

−jωτ1

1 − R10R12e−jωτ1
(3)

The first coefficient, R01, can be ignored because it is already in our model in Eq. (2).
The inequality |R10R12e

−jωτ1| < 1 must be fulfilled for the system to be stable. This
condition is assumed to hold for each sum of echoes following in the derivation of the
signal model. Using Eq. (3) in the transfer function H(ω) in Eq. (2) as G(ω) gives the
transfer function for a one-layer structure. This holds for an arbitrary number of layers
and hence, Gq(ω) is the model for the multi-layered structure of q layers in the transfer
function Hq(ω).

d0

d1

0

1

2

U Y1

Figure 1: A one-layer structure with the input U(ω) and the output signal waveform Y1(ω).

2.2 Model for an Arbitrary Number of Layers

Every single layer in the multi-layered structure can be viewed as the layer in Fig. 2 with
the summed inputs from both overlying and underlying layers.

The output signal at the boundary of the top of layer q is the sum of all the echoes
Vqi and V′

qi, i.e.
U′

q−1 = AqUq + BqU
′
q, (4)

where

Aq =
Tq−1,qRq,q+1Tq,q−1e

−jωτq

1 − Rq,q−1Rq,q+1e−jωτq
(5)

Bq =
Tq,q−1e

−jω 1
2
τq

1 − Rq,q−1Rq,q+1e−jωτq
. (6)
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Figure 2: The q:th layer with the inputs Uq(ω) and Uq(ω)′, and the echoes that contributes to
the outputs at the boundaries of the layer.

This signal, U′
q−1, is the input signal at the boundary to the overlying layers. The output

signal at the boundary of the bottom of the layer q is the sum of all the echoes Wqi and
W′

qi, i.e.

Uq+1 = CqUq + DqU
′
q, (7)

where

Cq =
Tq−1,qe

−jω 1
2
τq

1 − Rq,q−1Rq,q+1e−jωτq
(8)

Dq =
Rq,q−1e

−jωτq

1 − Rq,q−1Rq,q+1e−jωτq
. (9)

The output of this layer, Uq+1, is the input at the boundary to the underlying layers. If
we have q layers in a structure, Uq+1 is not needed since it is the output of the entire
structure and no further reflections will be possible.

2.3 The General Multi-Layered Structure

The model for an entire multi-layered structure can be derived as

Gq(ω) = Aq−1 +
Bq−1Cq−1Gq+1(ω)

1 − Dq−1Gq+1(ω)
, (10)

for q ≥ 2. The case when q = 1 was derived in Eq. (3) and with these notations it is
G1(ω) = A1. For q layers the model is extended using the formula in Eq. (10), and finally,
Gq+1(ω), is equal to Aq for q layers, where Aq is the amplitude of the q:th reflection.

2.4 Transfer Function Models for Two and Three Layers

Here we state the explicit expressions for the transfer functions for the cases of two and
three layers. The general model of the multi-layered structure Gq(ω) is derived for two
and three layers and inserted in the transfer function Hq(ω), in Eq. (2). For a two-layer
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structure the entire model is

H2(ω) = R01e
−jωτ0 + (1 − R2

01)e
−jω(τ0+τ1) ·(

R12 + R23e
−jωτ2

) ·(
1 + R01R12e

−jωτ1 + R12R23e
−jωτ2

+ R01R23e
−jω(τ1+τ2)

)−1
(11)

with θ1 = [R01 R12 R23 τ0 τ1 τ2]
T as the vector of parameters to be estimated. For a

three-layer structure the corresponding model is

H3(ω) = R01e
−jωτ0 + (1 − R2

01)e
−jω(τ0+τ1) ·(

R12 + R23e
−jωτ2 + R12R23R34e

−jωτ3

+R34e
−jω(τ2+τ3)

) ·(
1 + R01R12e

−jωτ1 + R12R23e
−jωτ2

+ R23R34e
−jωτ3 + R01R12R23R34e

−jω(τ1+τ3)

+ R12R34e
−jω(τ2+τ3) + R01R23e

−jω(τ1+τ2)

+ R01R34e
−jω(τ1+τ2+τ3)

)−1
(12)

with θ0 = [R01 R12 R23 R34 τ0 τ1 τ2 τ3]
T .

3 Parameter Estimation

Given the model structure described in Section 2, we here derive the frequency domain
Maximum Likelihood Estimator (MLE) for the model parameters. From Eq. (1) we have

Y(ω) = H(ω, θ)U(ω) (13)

where both the input signals U(ω) and the output signals Y(ω) are corrupted by mea-
surement noise and θ is the parameter vector. The input signals U(ω) and the output
signals Y(ω) are M × N matrices of M measurements with N samples each. The mea-
surement noise is assumed to be white and Gaussian. The scaled error of the model
is

ε(ω, θ) =
Y(ω) − H(ω, θ)U(ω)

σe(ω, θ)
(14)

where σ2
e(ω, θ) is the variance of the error [8], given by

σ2
e(ω, θ) = σ2

y + σ2
u|H(ω, θ)|2 − 2�{σ2

yuH(ω, θ)} (15)
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If θ is the unknown parameter vector and Ce is the covariance matrix of the error, the
multivariate complex Gaussian PDF becomes

p(ε; θ) = (πN det(Ce))
−1 e−ε(θ)Hε(θ). (16)

The derivative of the log-likelihood function being set to zero minimizes the error. The
Gauss-Newton method is then used to iteratively find the parameter vector [9], i.e.

θk+1 = θk −
(
�
{

∂εH

∂θk

∂ε

∂θk

})−1

· �
{

∂εH

∂θk

ε

}
. (17)

4 Flaw Detector

A detector may be thought of as a mapping from the data values into a decision, or
in our case from the parameters into a decision. A Generalized Likelihood Ratio Test
(GLRT) is a hypothesis test used in the detection algorithm, with the advantage that
the detection is performed on the MLEs of the parameters. The task for the detector is
to determine whether the modeled material has a two- or a three-layered structure, using
the estimated parameter vector θ̂. The hypothesis in the test can be stated as

H0 : H(θ̂) = H3(θ̂0),

H1 : H(θ̂) = H2(θ̂1), (18)

where the null hypothesis, H0, is the case when there are a three-layered structure. The
GLRT is not associated with any optimality criterion, but is nevertheless commonly used.
The GLRT decides hypothesis H1 if [9]

LG(ε) =
p(ε; θ̂1,H1)

p(ε; θ̂0,H0)
> γ (19)

where θ̂1 is the MLE of θ1 and θ̂0 is the MLE of θ0. The MLEs of θ1 and θ0 are found
by maximizing Eq. (16) with respect to θ1 and θ0, respectively, where the estimated
covariance matrix of the error Ĉe is used. Using the MLEs of θ1 and θ0 in Eq. (16) the
likelihood ratio in Eq. (19) is

LG(ε) =

1

πN det(Ĉe)
e−ε(

ˆθ1)Hε(
ˆθ1)

1

πN det(Ĉe)
e−ε(

ˆθ0)Hε(
ˆθ0)

. (20)

Simplifying and taking the logarithms on both sides we have

ln LG(ε) = V(θ̂0) − V(θ̂1) > ln γ = γ′ (21)

where V(θ̂) = ε(θ̂)Hε(θ̂) is the cost function. Hence, we decide H1 if

V(θ̂0) − V(θ̂1) > γ′. (22)
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The threshold γ is decided from

PFA =

∫
{ε;L(ε)>γ}

p(ε; θ̂0,H0) = α (23)

where PFA is the probability of false alarm and α is the level of significance of the test.

5 Simulations

The signal model and the detector are evaluated through a simulation procedure to be
able to show the precision in the parameter estimation and the efficiency in the detection
algorithm. The performance is evaluated in a simulation environment consisting of a
three-layer structure where the middle layer is a thin bonding layer. The task for the
detector is to determine when the bonding layer is missing. To simulate the signal model
a Gaussian echo [10] s(t) = βe−α(t−τ)2 cos(2πfc(t − τ) + φ), with β=1, α=1500 (MHz)2,
τ=1 μs, fc=35 MHz and φ=1 rad, is used as the input time domain reference signal. The
simulated data consists of 2048 points with a sampling rate fs of 400 MHz. AR models
with two and three layers were simulated to create output signals, and measurement
noise in the frequency domain with varying signal-to-noise ratio (SNR) were added to
the input and output signal. If Pnoise = σ2 is the variance of the noise in the frequency
domain, and Psignal = σ2

U is the variance of the input signal U, the SNR is defined as

SNR = 10 log
Psignal

Pnoise

(24)

The parameters used when creating the AR models were for two layers, θ = [0.7 −
0.3 −0.5 0 286 38]T and for three layers θ = [0.7 −0.4 0.1 −0.5 0 286 5 33]T . These
parameters are directly connected to physics. The first half in the parameter vectors are
the reflection coefficients between the layers and the second half are the sample times of
arrival, τs = fsτ , associated to the thickness of the layers. In the three-layer case the top
layer has the highest acoustic impedance and the middle bonding layer has the lowest
acoustic impedance. In the two-layer case the middle bonding layer is missing. The
thickness of the top layer is 2 mm, the middle layer 30 μm and the bottom layer 0.5 mm.
These choices of the layer thicknesses produces overlapping echoes in the simulated output
signal.

The estimation is performed with the starting values directly connected to the theo-
retical values of the reflection coefficients and the layer thickness. In the three-layer case
the starting values of the parameter vector is θ = [0.73 −0.39 0.08 −0.53 0 286 5 33]T

and in the two-layer case, θ = [0.73 − 0.32 − 0.53 0 286 38]T .

6 Results

The evaluation of the parameter estimation shows that a reverberant overlapping signal
waveform can be estimated using the parametric model described in this paper. In
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Fig. 3 the estimated signal waveform is plotted along with the simulated waveform. The
simulation environment produces overlapping echoes to test the parameter estimation.
Since the residuals are consisting of noise only, the signal waveform can be described by
the estimated parameter vector.
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Figure 3: a) The simulated output signal with added measurement noise ym, SNR=10. b) The
estimated output signal yp. c) The error of the estimation, e = ym − yp.

A way of summarizing the performance of the detector is to plot the probability of
detection, PD, versus the probability of false alarm, PFA. This type of evaluation is called
the Receiver Operating Characteristics (ROC) and for this detector it is shown in Fig. 4
for different SNRs. Choosing the desired level of significance of the test, α, will give the
value of the threshold γ that will be used in the detection algorithm. Calculating the
integral in Eq. (23) with a significance level (probability of false alarm) of α = 5% for
varying SNR gives the threshold γ. Table 7.1 shows the values of the estimated PD and
the threshold γ for varying SNR for α = PFA = 5%.

In Table 7.1 it is shown that for SNR around 15 dB the probability of detection, PD,
is very high, when the PFA is only 5%. In many NDE applications SNR around 15 dB is
not unusual, which implies that a γ close to zero can be considered in this case.
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Figure 4: Receiver operating characteristics for four different SNR, 0 dB, 5 dB, 10 dB and 15
dB. The dashed line show when there is equal probability for a correct detection and to get a
false alarm.

Table 7.1: In this table the estimated PD and the threshold γ for varying SNR for PFA = 5%
is presented

SNR [dB] PD [%] γ
20 100 2 · 10−29

15 96.9 4 · 10−8

10 46.1 0.063
5 13.0 0.422
0 7.0 3.32

7 Conclusions

The parametric model presented in this paper is able reconstruct the ultrasonic signal
waveform consisting of multiple overlapping echoes from within multi-layered structures,
by using the estimated parameter vector. Given the model it is possible to extract
material properties of the individual layers.

We also demonstrated that a detector based on the GLRT performed on the model
parameters is able to detect flaws in such structures.
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Model-Based Characterization of Thin Layers Using

Pulse-Echo Ultrasound

Fredrik Hägglund, Jesper Martinsson and Johan E. Carlson

Abstract

Measurements performed on a thin multi-layered structure will imply a received signal
waveform consisting of reverberant overlapping echoes. In this paper the multi-layered
structure is modeled by a physical model and the Maximum Likelihood Estimator (MLE)
is derived for the model parameters. A general recursive expression for the model is
given. The model is evaluated using measurements on a thin three-layered structure,
where two glass layers are bonded together. We show that measured signal waveforms
can be reconstructed using the estimated parameters, and that physical properties can
be extracted from the estimated model parameters. Simulations also show that physical
parameters can be estimated for thicknesses of the bonding layer down to 50 μm for a
wavelength of 200 μm of the ultrasonic pulse.

1 Introduction

Non-destructive testing of materials using ultrasound is considered a valuable tool to
characterize thin layers in a multi-layered material. In this paper we propose a method
to estimate material properties of the thin bonding layer in a multi-layered material using
a physical model. The thin-layered material structure gives rise to overlapping ultrasonic
echoes. The model structure is therefore chosen so that the variations in the received
ultrasonic signal waveform are captured by a small number of model parameters.

The material is modeled using a continuous autoregressive (AR) model with parame-
ters connected to physical properties, related to the thickness of the layers, the reflection
and the transmission coefficients given by the boundaries between the layers, and the
attenuation inside the layers. The paper derives the Maximum Likelihood Estimator
(MLE) for the model parameters.

We show with simulations how accurate estimates of the model parameters we get
when the thicknesses of the layers decreases. Material properties such as, speed of sound,
acoustic impedance, and density of the layers can be estimated from the parameters
with corresponding confidence interval for varying signal-to-noise ratio and material layer
properties.

The model is evaluated with real measurements on two glass layers bonded together
by a thin layer, where some properties of the layers are known. The measured signal
waveform consists of reverberant overlapping echoes, and using the proposed parametric
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model we show that reliable estimates of the bonding layer properties can be deduced
from the estimated parameters.

2 Theory

In this section, the signal model and the parameter estimation for the property extrac-
tion problem is stated in the frequency domain. The physical properties related to the
estimated parameters is stated and the parameter estimation is explained.

2.1 General Parametric Model

Sending an ultrasonic echo through a multi-layered material will produce a received signal
waveform consisting of several delayed and attenuated echoes. A structure consisting of
thin layers will produce reverberating echoes due to multiple reflections, resulting in an
overlapping signal waveform at the receiver. The modeling of a multi-layered structure
is performed by a physical model of the layers, using a continuous AR model. The
parameters in the model are the reflection coefficients, the time of flight of the pulse in
the layers, and a parameter directly related to the attenuation coefficient for each layer.
These parameters gives us the structure of the multi-layered material. From this physical
model of the multi-layered structure it is then possible to extract material properties.

An iterative model for the reflection from a multi-layered structure has been derived in
[1], but is in [2] derived in a more convenient way for system transfer function identifica-
tion. The model of the transfer function is a reverberant multi-layered structure Htf (ω).
The output Y(ω), by using U(ω) as the input signal and assuming linear acoustics, is
then represented as

Y(ω) = Htf (ω)U(ω), (1)

where

Htf (ω) = (R01 + H(ω)) e−jωτ0 , (2)

where j =
√−1, ω is the angular frequency, R01 is the reflection coefficient from the

top layer, and τ0 is the time delay for the ultrasonic pulse traveling the distance d0

back and forward from the transducer to the material in the water buffer region. The
expression H(ω) in Eq. (2) is the general parametric model for a multi-layered structure,
and H(ω) = Hq0(ω), where q0 is the total number of layers. The recursive expression
starting at q = q0 is then expressed as

{
Hq(ω) = Aq+1 + Bq+1Cq+1Hq−1(ω)

1−Dq+1Hq−1(ω) , q > 1
Hq(ω) = Aq+1 , q = 1

(3)
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where the expressions for A, B, C and D are;

Aq =
TQ−1,QRQ,Q+1TQ,Q−1e

−jωτQGQ(ω)

1 − RQ,Q−1RQ,Q+1e−jωτQGQ(ω)
, (4)

Bq =
TQ,Q−1

1 − RQ,Q−1RQ,Q+1e−jωτQGQ(ω)
, (5)

Cq =
TQ−1,Qe−jωτQGQ(ω)

1 − RQ,Q−1RQ,Q+1e−jωτQGQ(ω)
, (6)

Dq =
RQ,Q−1e

−jωτQGQ(ω)

1 − RQ,Q−1RQ,Q+1e−jωτQGQ(ω)
, (7)

where the subscript Q is connected to q as

Q = q0 − q + 2. (8)

The expression G(ω) is the frequency dependent attenuation in the material in the spe-
cific layer. The attenuation can be described as the pressure change of a wave due to
absorption and scattering and is expressed as,

Px = P0e
−αs(ω)x, (9)

where P0 is the pressure at some location and Px is the reduced pressure at distance
x from the initial location. The quantity αs(ω) is the frequency dependent attenuation
coefficient expressed in nepers/m. Given that x = 2d, where d is the thickness of the
specific layer, and that the attenuation coefficient is proportional to the square of the
sound frequency, αs(ω) = α̃ω2, the frequency dependent attenuation in the model is
defined as

G(ω) = e−α̃ω22d, (10)

where α̃ is a constant containing several attenuation effects, e.g. the classical absorption
[3]. Extending the parametric model with the attenuation inside the layers provide
possibilities to capture more of the signal waveform. Using Eq. (3) the model for an
arbitrary number of layers can be derived.

2.2 Model for Three Layers

The experimental setup shown in Fig. 1 motivates the selection of a three layer model. In
this specific experiment, two glass layers were bonded together by a thin bonding layer,
meaning that the first and the third layer should have the same properties. This implies
that the general model can be simplified before applied on this specific problem. In this
case we have;

R23 = −R12, (11)

R34 = −R01, (12)

α̃3 = α̃1, (13)
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and using the relationship between the reflection and transmission coefficients

Rl,k = −Rk,l, (14)

Tk,l = 1 + Rk,l, (15)

we can define an analytical expression for the transfer function in Eq. (2).
Our only received information about the layered material, in addition to some pre-

knowledge of the material properties, is the signal waveform, see Fig. 1. However, to
perform the parameter estimation and the system identification we require an input
signal. If the first echo in our received signal waveform is separable from the rest of the
waveform, we can use a scaled version of this echo as the input signal. The first echo is
then used to create the input signal as

U(ω) =
1

R01

ejωτ0Ỹ(ω). (16)

On the other hand, if the first echo isn’t separable from the waveform, the input signal
must be captured from a separate measurement on a thicker layer of the same medium,
see Fig. 4a, to get Ỹ(ω). The input signal is captured by windowing and by using Eq. (16)
after an appropriately scaling and a pre-alignment before the estimation is performed.

The parameterized transfer function Htf (ω, θ) in Eq. (2) (omitting ω for notational
simplicity) is then defined as

Htf (θ) =

(
R01 +

E

F
(1 − R2

01)e
−jωτ1G1

)
e−jωτ0 , (17)

where

E =
(
R12 − R12e

−jωτ2G2 + R01R
2
12e

−jωτ3G3

− R01e
−jω(τ2+τ3)G2G3

)
, (18)

F =
(
1 + R01R12e

−jωτ1G1 − R2
12e

−jωτ2G2

+ R01R12e
−jωτ3G3 + R2

01R
2
12e

−jω(τ1+τ3)G1G3

− R01R12e
−jω(τ2+τ3)G2G3

− R01R12e
−jω(τ1+τ2)G1G2

− R2
01e

−jω(τ1+τ2+τ3)G1G2G3

)
., (19)

and where θ = [R01 R12 τ1 τ2 τ3 α̃1 α̃2]
T is the parameter vector.

2.3 Parameter Estimation

Deriving the MLE for the parameters in the signal model described in the previous
sections is performed in the frequency domain. The noise on both the input signals and
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the output signals is assumed to be white and Gaussian, implying that the MLE ends
up in a Nonlinear Least Squares (NLS) problem. To achieve a faster iteration in the
minimization process, analytical expressions for the gradient and the Hessian is derived.
The Gauss-Newton (GN) linearization method is used [4]

θ̂k+1 = θ̂k −
(
�
{

∂εH

∂θk

∂ε

∂θk

})−1

· �
{

∂εH

∂θk

ε

}
, (20)

where ε(ω, θ) is the scaled error function given in [5]. In addition to the GN algorithm,
the Hessian in Eq. (20) is also regularized.

2.4 Physical Properties

The estimated parameter vector θ̂, given by the model, can be used to directly extract
several properties, such as speed of sound, acoustic impedance, and the density. Assuming
that the thicknesses of the layers are known, the speed of sound can be estimated as

ĉ =
2d

τ̂
, (21)

where τ̂ is the estimated time of flight taken from the parameter vector θ̂. The frequency
dependent part of the speed of sound is neglected due to the very short relaxation time.
The acoustic impedance can be estimated as,

ẑl = ẑl−1

(
1 + R̂l−1,l

1 − R̂l−1,l

)
, (22)

where R̂l−1,l is the estimated reflection coefficient from the boundaries between the layers,
ẑl−1 is the estimated impedance in the previous layer and finally for l = 0 the acoustic
impedance in the water buffer region is defined as

z0 = ρ0c0, (23)

where both the density in water, ρ0, and the speed of sound in water, c0, is assumed to
the known, see [3]. The density can be estimated as,

ρ̂ =
ẑ

ĉ
, (24)

by using Eq. (21) and Eq. (22).

3 Experiment Setup

All measurements were conducted with the ultrasound transducer immersed in water
and with the specimen surrounded by water. The measurements were performed in a
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pulse-echo configuration, see Fig. 1. The temperature in the water were kept constant at
19.85 ◦C to within ±0.05 ◦C.

The examined specimen consisted of two pyrex glass layers bonded together by a thin
bonding layer. The thickness of the top glass layer was 1.83 mm and the thickness of the
bottom glass layer was 3.78 mm. The thickness of the bonding layer was 0.53 mm and
two different materials were used as bonding material, construction silicone and epoxy.

layer 1

layer 3

layer 2

water

water

time

d0

d1

d2

d3

u y1 y

Figure 1: The experimental setup in a pulse-echo configuration. The waveforms and the nota-
tions are in the time domain, where u(t) represents the input signal, y(t) is the entire output
signal and y1(t) is the first echo in the output signal.

For all the experiments performed in this work, a 5 MHz unfocused piezoelectric
transducer (V3456) from Panametrics with an element size of 13 mm were used. To excite
and receive acoustic pulses, a Panametrics Pulser/Receiver Model 5073PR, operating in
pulse-echo mode were used. The acquired ultrasonic echoes were sampled using a Gage
CompuScope CS12400, at 200 MHz at 12-bit resolution.

4 Results

4.1 Simulation Results

In the simulations we can investigate how accurate estimates of the parameters we can get
for decreasing thickness of the bonding layer. All estimated parameters can be examined,
but in this paper we present the results for one parameter. In Fig. 2a the estimated time
of flight through the bonding layer, τ̂2, is plotted together with the true, τ , value for
decreasing thickness d2. A simulated output signal is used, where the initial values of
the parameters are up to 5% from the values used to create the output signal. In Fig. 2b
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the difference between the estimated and the true time of flight is plotted, and we get
very certain estimates for thicknesses down to about 50 μm. Below that thickness the
estimate is still quite accurate but somewhat more unstable, also seen in Fig. 2c, where
the estimated standard deviation of the estimated time of flight is plotted for decreasing
thickness. The standard deviation increases for thickness below 50 μm.
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Figure 2: In a) the estimated time of flight τ̂2 (solid) and the true value τ2 (dotted) are plotted.
In b) the difference τe = τ̂2−τ2 is plotted. In c) the estimated standard deviation of the estimated
time of flight σ̂τ̂2 is plotted. The x-axis is the thickness, d2.

4.2 Measurement Results

The physical model is able to recreate the measured signal waveform from the seven pa-
rameters. When the received ultrasonic signal waveform have a separable first echo, that
echo is also used as the echo creating the input signal, see Fig. 3. In this case the resid-
ual is approaching white noise. On the other hand, when the received ultrasonic signal
waveform contains nothing but overlapping echoes a separate measurement is required.
In Fig. 4 the results from a measurement where epoxy were used as the bonding material
is shown. In Fig. 4a, we have the separate measurement from where the input signal is
created, and in Fig. 4b the measured and the estimated signal waveform is shown. The
output signal and the estimated signal is apparently coinciding. When a separate mea-
surement is performed to capture the input signal, we usually have a slight variation in
the first echo, see Fig. 4c. This variation is usually due to distance and angle variations
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Figure 3: In a) both the measured ym(t) and the estimated ye(t) signal waveforms are plotted,
and in b) the residual e(t) = ym(t) − ye(t) is plotted.

in the different measurements, and can be covered by statistical tools. These effects are
neglected in this paper, thus we are strictly considering the hard physical model.
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Figure 4: In a) the separate measurement to extract the input echo is plotted. In b) the measured
ym(t) and the estimated ye(t) output signals are plotted, and in c) the residual e(t) = ym(t) −
ye(t) is plotted. Epoxy were used as bonding material.
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In the parameter estimation algorithm an accurate initial guess is essential. Since
this model is based on physical properties, we find the initial guess of the parameters
from the theoretical values calculated from our pre-knowledge about the material. The
mean of the estimated parameters is presented together with the estimated 2σ interval for
the parameters in Tab. 8.1. The estimated values of the parameters are very repeatable
indicated by the low 2σ intervals.

Table 8.1: The estimated parameters for two experiments.

Silicone Epoxy
mean ± 2σ mean ± 2σ

R̂01 0.811 ± 0.4 · 10−3 0.816 ± 0.6 · 10−3

R̂12 −0.862 ± 0.3 · 10−3 −0.710 ± 0.9 · 10−3

τ̂1 0.63 · 10−6 ± 40 · 10−12 0.63 ± 65 · 10−12

τ̂2 1.08 · 10−6 ± 86 · 10−12 0.46 ± 132 · 10−12

τ̂3 1.30 · 10−6 ± 129 · 10−12 1.30 ± 169 · 10−12

ˆ̃α1 177 · 10−15 ± 6.7 · 10−15 89 · 10−15 ± 13 · 10−15

ˆ̃α2 4778 · 10−15 ± 66 · 10−15 15460 · 10−15 ± 164 · 10−15

From the estimated parameters we can extract some physical properties. In Tab. 8.2,
the estimated speed of sound and the estimated density are presented for the two different
bonding materials and also for the first glass layer. The exact mixture of silicone and
epoxy are unknown and hence it is difficult to validate the results. However, the properties
for the glass layer indicates to agree with previous work, see e.g. [6].

Table 8.2: Properties extracted from the parameters.

Silicone Epoxy Glass pyrex
mean ± 2σ mean ± 2σ mean ± 2σ

ĉ (m/s) 984 ± 0.1 2314 ± 0.7 5798 ± 0.5
ρ̂ (kg/m3) 1073 ± 3.2 1066 ± 4.4 2478 ± 7.0

5 Conclusions

It has been shown with measurements that the parametric model presented in this paper
is able to reconstruct the ultrasonic signal waveform consisting of multiple overlapping
echoes from within multi-layered structures by using the estimated parameter vector.
Given the model and its parameters, it is possible to extract material properties of the
individual layers.
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Measurement of Methane Content in Upgraded

Biogas Using Pulse-Echo Ultrasound

Johan E. Carlson, Jesper Martinsson and Magnus Lundberg Nordenvaad

Abstract

In this paper we present an ultrasonic pulse-echo technique for estimating the methane
(CH4) content in binary mixtures of CH4 and carbon dioxide (CO2). The method is
based on parametric estimation of phase velocity and frequency dependent attenuation
in combination with Partial Least-Squares Regression (PLSR). The technique is verified
using experiments on mixtures with a volume fraction of CO2 in the range of 0 % –
10 %. The experiments show that the CH4 content can be accurately estimated with
high repeatability.

1 Introduction

Biogas manufactured from urban waste has been identified as a potential replacement of
fossil fuels in the transport sector. The biogas is upgraded to a high methane content and
then inserted into a natural gas grid. In order for this to work, the quality of the upgraded
gas must be guaranteed, which means it should essentially contain only methane (CH4)
with a small fraction of carbon dioxide (CO2), i.e. < 10 % by volume.

For natural gas, which is by far the most commonly available energy gas, several
measurement techniques are available, see for example [1, 2]. For other gas mixtures,
like biogas or synthesis gas (CO, H2 and CO2), there is a lack of non-invasive on-line
techniques. The long term goal of this project is to develop a method based on ultrasound
for combined volume flow measurement and gas composition analysis. The method should
be applicable to a wide variety of gas mixtures.

Previous work shows that the composition of a gas mixture significantly affects the
acoustic wave propagation through the gas [3, 4]. Some work has also suggested how to
extract these effects from experimental data using multivariate statistical tools, see [5, 6]
and references therein.

In [7], it was identified that Partial Least-Squares Regression (PLSR) can be used
to connect measured ultrasonic pulse spectra to the composition of mixtures of ethane
and oxygen. The paper used a non-parametric method to estimate pulse spectra, which
showed some limitations, mainly due to the high uncertainty of the spectral estimation,
and the inherent sensitivity to experimental noise in this procedure.

This paper extends the results of [7] by estimating the frequency dependent attenu-
ation and phase velocity of the gas mixtures using a parametric technique [8], and then
using PLSR to estimate the gas composition.
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2 Theory

When sound propagates through gases, two properties can be directly observed: speed
of sound and attenuation. Both of these are frequency dependent. They depend on
the details of underlying physics [3, 4, 9, 10]. Good physical models are crucial for the
understanding of the problem, so that proper instrumentation can be designed. However,
even if a good model of the underlying physics is available, the parameters of such a
model are not necessarily identifiable from bandlimited ultrasound data. Furthermore,
the end goal is not to describe the model, but to measure some implicit property (e.g.
energy content or volume fractions). The choice of model should therefore depend on the
objective of the study.

Using the pulse-echo setup described in Section 3 we obtain two echoes that have
traveled different distances through the gas mixture. Given these two echoes, we then
estimate the frequency dependent attenuation and the phase velocity. These two quanti-
ties serve as input to a multivariate statistical calibration technique called Partial Least
Squares Regression (PLSR) used to estimate the composition of the gas mixture.

2.1 Attenuation and phase velocity

Assuming linear acoustics, estimating the frequency dependent attenuation and phase
velocity from ultrasound pulses essentially concerns estimation of the spectrum of a
linear system H(ω), representing the gas mixture. Given the transfer function H(ω), we
can calculate the attenuation α(ω) and the phase velocity cp(ω), where ω is the frequency
(in rad/s). In the ultrasonic pulse-echo setup, the input and output signals p1(t) and
p2(t) needed to identify H(ω) are defined as in Fig. 1.

The estimation procedure for determining H(ω) is described in detail in [8]. In addi-
tion to the estimate of H(ω), the identification procedure also yields an estimate of the
covariance of the parameters of H(ω). This enables us to do the uncertainty analysis
described in Sec. 2.3.

From the estimate of H(ω) we calculate attenuation and phase velocity. Let each
row, xT

n , of the matrix X be the attenuation and phase velocity corresponding to a given
volume fraction of CO2, sampled at the frequencies ω = ωk, where ωk = 2πFsk/K,
k = 0 . . . K − 1, K is the number of samples, and Fs is the sampling frequency. The
volume fraction of CO2 is then the corresponding row, yn, of the response matrix Y.
That is

X =

⎡⎢⎢⎢⎣
αT

1 cT
1

αT
2 cT

2
...

...
αT

N cT
N

⎤⎥⎥⎥⎦ , Y =

⎡⎢⎢⎢⎣
y1

y2
...

yN

⎤⎥⎥⎥⎦ (1)

where αn = [ α(ω0) α(ω1) · · · α(ωK−1) ]T , cn = [ cp(ω0) cp(ω1) · · · cp(ωK−1) ]T .
Here, the subscript n denotes the n:th row of X and Y, corresponding to experiments
with different volume fractions of CH4.
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2.2 PLS Regression

The PLS method was developed by Herman Wold [11], and has been applied to many
areas in experimental sciences. The details of the PLS calculations can be found in [7]
and [12]. Here, only a brief summary is given.

The central idea of PLS, as opposed to principal component regression (PCR) and
ordinary least-squares (OLS) estimation [13], is that PLS determines a set of basis func-
tions (PLS components) for both the X block and the Y block, in such a way that they
best describe the cross-covariance between the blocks. In other words, instead of looking
at variations in phase velocity and attenuation alone (the X block), we look at variation
in X that correlates with variation in Y.

2.2.1 Predicting Y from X

Using Eqs. (3)–(11) in [7], the X block and Y block are first transformed into their PLS
component representation,

X = TPT + E, (2)

Y = TQT + F, (3)

where E and F are residual matrices of the X and Y blocks, respectively. Given an
existing set of PLS components, the estimate of Y is given by

Ŷ = XW̃QT , (4)

where W̃ and Q are given by Eqs. (15) and (11) in [7], respectively. Here, the matrix

W̃QT is determined from a calibration experiment, and later used to estimate Ŷ.

2.2.2 Determining PLS model order

As in all modeling, finding an appropriate model order is an important, and difficult,
problem. There are numerous criteria available for model order selection, some which
tend to overestimate the model-order, while others are overly conservative [14]. For PLS
modeling problems, cross-validation is the most commonly used method [15].

In this paper we have one training data set to estimate a PLS model and one validation
set. We evaluate the model by looking at the Q2 statistic [16] as a function of the
number of components in the PLS model. For our experiments, we found that two PLS
components is the best model order, which yields a Q2 value of 0.9998.

2.3 Uncertainty analysis

The phase velocity and attenuation for each gas composition are estimated using the
parametric model in [8]. Along with these estimates we also obtain a covariance matrix
for the parameters of H(ω). This enables us to generate a randomized distribution of the
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attenuation and phase velocity curves, and eventually also a randomized distribution of
the estimated gas compositions.

Given the covariance matrix for the model parameters, the following procedure is
applied in order to obtain a randomized distribution of the estimated gas compositions:

1. Randomize a large number of model parameter vectors, given the covariance matrix,
Cθ, where θ is a vector with the parameters of the model H(ω) (i.e. the prior
distribution).

2. Calculate the attenuation and phase velocity corresponding to each of the models.

3. For each randomized model, run the PLSR as described above, to obtain an em-
pirical (posterior) distribution of the estimated gas compositions.

4. Estimate the uncertainty from the empirical distributions obtained in step 4.

Note that this procedure incorporates both uncertainty due to the noise in the ultra-
sonic measurements, as well as estimation errors from the PLSR step.

3 Experiments

3.1 Experimental design

In order to evaluate the performance of the proposed method, a series of experiments
was designed. For all measurements, we used calibration gas mixtures from Air Liquide
Gas AB (Kungsängen, Sweden) with an analysis uncertainty of 1 % (relative to the CO2

content).
Experiments were made at a static pressure of 8 bar at room temperature (see details

in the next section), for volume fractions of CO2 of 0 %, 2 %, 4 %, 6 %, 8 %, and
10 %, respectively. The order of the experiments was randomized in order to avoid
misinterpretations due to systematic variations in any ambient variables beyond our
control.

3.2 Setup

For all the experiments in this paper, the ultrasound echoes were measured in a pulse-
echo configuration (see Fig. 1). A 300 kHz air transducer (D-Flow Technology AB,
Lule̊a, Sweden) was mounted in a measurement cell, transmitting pulses through the
gas towards a spherical stainless steel reflector. As input to the phase velocity and
attenuation estimation algorithm, the second and fourth echo, as indicated in Fig. 1,
were used. The reason for not using the first echo was that it contained some traces from
the excitation. The fourth echo was exploited instead of the third in order to maximize
the propagation path and thus amplify the effects of dispersion and attenuation in the
gas mixture.
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Figure 1: The measurement cell and the pulse-echo principle. The transducer emits an un-
known sound wave. The reflections from the bottom of the measurement cell is then recorded.
Consecutive echoes can be recorded, as indicated in the figure. In this paper, the second and the
fourth echo are used, denoted p1(t) and p2(t), respectively.

A custom-built pressure chamber was used to achieve the desired static pressures. For
the experiments presented here, the static pressure was set to 8.0 bar ±0.01 bar. The
pressure in the chamber was measured with an ANDERSON TPP Pressure Transmitter.

To excite and receive ultrasound pulses, a Panametrics Pulser/Receiver Model 5052
was used. In transmitting mode, the pulser/receiver was set to deliver maximum energy
to the transducer, which corresponds to a short voltage peak with 380 V amplitude with
an energy of 104 μJ. In the measurements presented here, the gain of the pulser’s receiver
input was set to 40 dB.

All pulses were sampled at 100 MHz using a 14-bit CompuScope 14100 oscilloscope
card (Gage Applied Technologies Inc., Lachine, QC Canada). The pulses where later
down-sampled 12 times off-line to reduce the amount of data to process.

For each measurement, the temperature was recorded using an encapsulated PT100
probe mounted through the wall of the pressure chamber. The average temperature of
the gas mixtures throughout the measurements was 20.4 ◦C ± 0.2 ◦C (± σ), where σ is
the standard deviation of all measured temperatures.

4 Results

Figures 2 and 3 show the results of from the parametric estimation of attenuation and
phase velocity, respectively. Fig. 2 shows the result for pure CH4 and for a mixture
containing 10 % CO2 and 90 % CH4. Fig. 2 also presents the corresponding ±2σ intervals,
estimated using the procedure described in Sec. 2.3. For the phase velocity, Fig. 3
illustrates all estimates. From the figure we see that there is a significant change in
phase velocity as the composition of the gas mixture changes. In Fig. 3 no uncertainty
intervals are shown, for the simple reason that they are much too narrow to be visible in
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Figure 2: Estimated attenuation coefficients α (in Np/m) as a function of the frequencies
present in the pulse, for 0 % and 10 % CO2. The error bars indicate the ±2σ uncertainties.
The corresponding curves for volume fractions of 2 %, 4 %, 6 %, and 8 % lie in between these
curves and have been left out for the sake of clarity.

the plot.
The attenuation and phase velocity estimates then served as input to the PLSR

step. The PLS model was built from one experiment series, and the estimates in Fig. 4
were obtained using a repeated experiment. Fig. 4 shows that accurate estimates of the
CO2 volume fractions were obtained. Studying the uncertainty intervals (±2σ) we also
note that the resolution is excellent, enabling the measurement of small changes in CO2

content.

5 Discussion

The use of a spherical reflector in the measurement cell (see Fig. 1) could cause bias errors
in the estimates of phase velocity and attenuation, since the distance from the transducer
surface to the reflector is not unambiguously known in the current setup. For this reason,
we can not claim that the measurements of phase velocity and attenuations are correct,
to an absolute value. However, since the PLS regression step explores variations in these
properties and not absolute values, the nature of the setup should not affect the final
estimate of the CO2 and CH4 content.

As in all ultrasound measurement systems, environmental factors such as pressure
and temperature fluctuations, will affect the measured ultrasound pulses. Pressure and
temperature can be measured and incorporated into the PLS regression model, or if
their effects are known, into the estimates of the attenuation and phase velocity. Even if
changes in pressure and temperature are monitored, they are likely to decrease the per-
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000 estimates. The uncertainties are too small to be shown in the plot.
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Figure 4: True vs. estimated volume fractions of CO2. The error bars indicate the ±2σ interval
for each estimated volume fraction.

formance of the estimator unless they are properly taken care of. This will be addressed
in future research. However, for the small changes observed in the experiments presented
in this paper, no significant effect on the estimated volume fractions should be expected.
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6 Conclusions

In this paper we have demonstrated how the principle of PLS regression (PLSR) can
be combined with parametric estimation of frequency dependent attenuation and phase
velocity to obtain accurate estimates of the quality of upgraded biogas. We show that
under constant pressure and temperature conditions, the volume fraction of CO2 can be
accurately estimated with high repeatability, using a technique based solely on ultrasonic
pulse-echo measurements. Since the gas is a binary mixture of CO2 and CH4, this also
gives an estimate of the CH4 content, which is the dominant factor when assessing the
quality of upgraded biogas.
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