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ABSTRACT

Process industries have to operate in a very competitive and globalized environment, requiring

efficient and sustainable production processes. Production targets need to be translated into

control objectives and are usually formulated as performance specifications of the process. The

controller design is a difficult task which involves assumptions and simplifications because of

the process complexity. Complexity arises often due to the large scale character of a process,

i.e. a pulp and paper mill which can be composed by thousands of control loops. A critical

step is the choice of the control configuration, which involves choosing a set of measurements

to be used to calculate the control action for each actuator.

Current methods for Control Configuration Selection (CCS) include Interaction Measures

(IMs). The probably most widely used IM dates back to 1966 when the Relative Gain Array

(RGA) was introduced by Bristol. However, these methods rarely become applied in industry,

where control structures are often designed based on previous experience or common sense in

interpreting process knowledge, but without the support of theoretical and systematic tools.

The work in this thesis is oriented towards the development of these tools for industry ap-

plication. Several topics on CCS are addressed to deal with this lack of practical use, including

the robustness to model uncertainty, the need of parametric process models of the complex

process, the lack of tools which present the information in connection to the process layout,

and the delay from research to education and finally industry application.

The main contribution of this thesis is on the consideration of model uncertainty in the CCS

problem. Since uncertainty is an intrinsic property of all process models, the validity of the

control configuration suggested by the IMs cannot be assessed by only analyzing the nominal

model. This thesis introduces methods for the computation of the uncertainty bounds of two

gramian-based IMs, which can be used to design robust control configurations.

The requirement of process models is an important limitation for the use of the IMs, and the

complexity of modeling increases with the number of process variables. This thesis presents

novel results in the estimation of IMs, which aim to remove the need of parametric process

models for the design of control configurations.

CCS using IMs is a heuristic approach, being interpretation needed to select the process

interconnections on which control will be based. The traditional IMs present information as

an array of real numbers which is disjoint from the process layout. This thesis describes new

methods for the interaction analysis of complex processes using weighted graphs, allowing

integrating the analysis with process visualization for an increased process understanding.

As final contribution, this thesis describes the development of the software tool ProMoVis

(Process Modeling and Visualization), which is a platform in which state-of-the-art research in

CCS is implemented for facilitating its use in industry applications.
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PREFACE

Most of the work conducted in this thesis has been done in the MeSTA project (Methods for

Structural Analysis in Pulping).

The project MeSTA was run by Process IT under the SCOPE industry programme for the

pulp and paper industry.

As a result of the project, a prototype of a software tool for Process Modeling and Visual-

ization (ProMoVis) has been created.

ProMoVis has been used in the paper mills of SCA Obbola AB and Billerud Karlsborg AB

since 2009. ProMoVis can visualize the mill processes and the control system. It has been

proved to be useful in obtaining and transferring process knowledge, and in helping control

engineers to synthesize feasible control structures.

At the end of MeSTA in 2011, a step of technology transfer was performed in the continua-

tion project PrOSPr (ProMoVis Open Source Project), which run until June 2012. During this

project, the association OProVAT EF was created for the distribution of ProMoVis. ProMoVis

is currently available at the open source platform SourceForge.
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Introduction

Control Structure Design (CSD) in industrial processes often requires extensive process

knowledge on how the process variables are interconnected. In practice, the CSD task is usually

grounded in acquired know-how. As an alternative, there are theoretical tools which support

the designer in the CSD task.

This thesis treats the Control Configuration Selection (CCS), which is a sub-task within

CSD. The considered theoretical tools for CCS are Interaction Measures (IMs). The complex-

ity of the CCS task increases with the complexity of the process. Process complexity can be

present in different aspects, like the number of process variables, or the presence of certain pro-

cess dynamics such as integrators, time delays, non-linearities or multidimensional dynamics.

The development of theoretical methods which are of practical use in industry processes is a

challenge on which many research efforts have been placed.

1.1 Motivation
Industrial plants like a pulp and paper mill (see Fig. 1.1) are composed by hundreds or even

thousands of variables resulting in large topological complexity. The design of control systems

for such production processes is a challenge which targets the achievement of certain produc-

tion goals like yield, quality, consumption or environmental impact. These control goals are

usually translated into requirements for the process variables, like allowed deviations of the

controlled variables from a chosen setpoint, or the minimization on the use of actuators in

order to optimize the consumption of expensive resources.

The complexity of the production processes hinders the task of achieving the control goals.

Since the CSD task has a combinatorial nature, its difficulty is mostly determined by the topo-

logical complexity. Topological complexity increases with the number of process variables,

and with the intricacy of the pattern of interconnections between them. An example is the

usual reuse of discarded material in long production processes which is often fed to other sub-

processes, or even fed back to the original process directly or after a recovering step.

Topological complexity can be quantified using different structural or functional criteria.

Structural complexity refers to the amount of variables and interconnections between them, and

3



4 INTRODUCTION

Figure 1.1: The Kraft process (source Metso). Simplification of a possible structure of a pulp and paper
mill.

can be quantified using graph theory concepts (see [1]). Functional complexity refers to the

pattern of correlations between variables, and its quantification comprises both the concept of

segregation in subsets which behave more or less independently and the concept of integration

of the segregated units in a coherent behavior (see [2]).

Often, control structures have to be selected in a largely complex system in which local

actions or decisions can derive in unexpected consequences and failures in other parts of this

interconnected structure. Therefore, even if it is possible to introduce hierarchies for decom-

posing, analyzing and structurally designing a complex control system, a holistic perspective

has to be always contemplated.

For the actual framework of process control, there exists a vast host of methods for control

structure selection. However, the large gap between research, education and industry applica-

tion (see [3]) implies that, control engineers in current process industry still make use of a

strongly empirical approach to control structure design, basing their decisions in know-how or

common sense principles and experience, which results in ad-hoc solutions (see [4]).

The work in this thesis is oriented towards the development of CCS tools for practical use

in industry applications, providing a systematic approach to control engineers. The addressed

topics to facilitate the practical use of CCS tools are: robustness to model uncertainty, estima-

tion of IMs from process data, visualization of analysis results, and finally the implementation

in software tools.
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Existing CCS tools are traditionally calculated using parametric models of the process.

However, an inherent property of all process models is uncertainty, since approximations and

simplifications are unavoidable during modeling. A large part of the contribution of this thesis

is on the consideration of model uncertainty in the CCS problem. This would enable the

possibility of taking robust decisions on the configuration to be used.

Nevertheless, the need of parametric models is an important limitation for the practical use

of IMs. Modeling is a time consuming task which is complicated by the number of intercon-

nections to be modeled, and therefore is related to the topological complexity of the process.

This thesis studies the adaptation of current CCS methods for its direct application on process

data. This is done by estimating CCS tools from a tailored experiment. Since this estimation is

also affected by uncertainty, the calculation of uncertainty bounds on the estimation allows the

robust design of control configurations.

In the realms of complexity which are modern industry processes, it is natural to use com-

munication tools. For example, diagrams as flow sheets are used by control and process engi-

neers for communicating process knowledge to other workers such as operators or to decision

boards. Visualization techniques are evolving and becoming more sophisticated, supporting

a good understanding and communication and deriving in a more efficient work. This thesis

targets the evolution of visualization techniques by integrating mathematical tools which can

produce diagrams for an increased understanding and communication of the process behavior

(see Fig. 1.2).

Finally, the development of a software application which includes state of the art research

in CCS is described in this thesis. The goal is to transfer recent results in CCS to industry

application.

Figure 1.2: Importance of the actuators for each measurement in the refining section of a stock prepa-
ration plant.
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1.2 Control design in topologically complex systems
The design of a control system for a multivariable process usually involves the following tasks

(see [5, 6]):

1. Formulation of control goals by relating process variables to production targets.

2. Modeling of the process.

3. Design of the control structure.

4. Synthesis of the controller parameters using an adequate control strategy (i.e. PID, MPC,

LQG, . . . ).

5. Evaluation of the closed-loop system by simulations or experiments.

6. Implementation of the controller in the real plant.

Iterations in this procedure are often required, since a simulation or plant experiment might

indicate unsatisfactory performance and the controller has to be redesigned.

The task of designing the control structure (CSD) is usually divided in two parts: the input-

output (IO) selection and the Control Configuration Selection (CCS)1. The IO selection has

been defined in [6] as selecting suitable variables to be manipulated by the controller and suit-

able variables to be supplied to the controller. The CCS consists of establishing the measure-

ments which are used in the calculation of each control action. These two steps are usually done

considering different criteria on the controllability and observability of the resulting structure

as well as its potential to achieve the previously formulated control goals.

The focus of this thesis is on the CCS problem where the IO set has already been selected.

The designed Control Configuration is preferred to be as simple as possible whilst resulting in

low loop interaction.

1.3 Loop interaction
The one-degree-of-freedom setup of a Single-Input-Single-Output (SISO) control loop is rep-

resented in Fig. 1.3. In this configuration, a measurement (y) is fed back in order to track a

reference (r), and a SISO controller calculates the control action on an actuator (u) based on

the deviation of the measurement from the reference value (e). Multiple-Input-Multiple-Output

(MIMO) controllers have a larger complexity, connecting more than one measurement and/or

more than one actuator. A set of SISO controllers can be implemented independently or in a

MIMO setup.

1Additionally, the term Control Structure Selection (CSS) is used by many authors. It is sometimes used as

synonym of CSD and sometimes used to refer to the last step in the CSD, that is, the CCS. The latter use is

occasionally adopted in this thesis. Other term used to refer to the CCS task is input-output pairing, which often

refers to the special case in which sensor-actuator pairs are selected for being later connected by Single-Input-

Single-Output controllers (decentralized structure).
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Figure 1.3: SISO loop with a one-degree-of-freedom-controller.

Interaction analysis plays an important role in the design of control configurations. The

design of a control configuration which is neglecting important process interconnections will

most likely lead to large loop interaction and significant performance degradation as direct

consequence.

The effect of loop interaction might be propagated through several control loops and even

revert to the original loop. To describe the effect of loop interaction, we consider the system

represented by the block diagram in Fig. 1.4. In this case, two independent SISO loops have

been designed for the multivariable process formed by the input-output channels Gij . The

existence and magnitude of interaction effects between the control loops is determined by the

terms G12 and G21.

Figure 1.4: System controlled by two SISO loops under loop interaction.

In a system without interaction (G12 = G21 = 0), both loops behave as independent sys-

tems. Two SISO controllers can be independently designed in this case to achieve the desired

response. In the resulting controlled process, the effect of changing one of the references will

only affect the operated loop (see in Fig. 1.5 the response to a step in r1 represented in dashed

lines). The interacting case in which G12 and G21 have low significance can be approximated

as a process without interaction. In this case, for a well tuned decentralized controller, the
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process behaves almost like SISO independent loops (see [7]).

The case for which both off-diagonal input-output channels (G12 and G21) are significant is

known as two-way interaction. A change in one of the references will produce a perturbation

on the other loop, which will react accordingly. This reaction will result in a perturbation in

the original loop (see in Fig. 1.5 the response to a step in r1 represented in continuous lines).

The latter case requires a control configuration more complex than the decentralized. The

control actions on both actuators should be computed using both measurements, which results

in a full MIMO controller.

Clearly, topological complexity increases the intricacy of the interaction effects. This

means an increase in the complexity of the CCS task. A large scale system is usually de-

composed in reduced subsystems with low reciprocal interaction. For each of the subsystems,

a control configuration is designed and the controller is synthesized. Possible loop interactions

between the resulting subsystems are often regarded as external disturbances to be rejected by

the segregated controllers.

Figure 1.5: Response of the system depicted in Fig. 1.4 for a step change in the reference r1 (solid line).
The dashed line represents the response of the free-of-interaction system.



2

Selection of control configurations

The CCS problem will now be defined, and a survey on methods for CCS is given.

2.1 Problem definition
Control configurations can be designed according to the importance of the input-output chan-

nels of the process. This is usually done by selecting a reduced model which is formed by

the elementary models of the most important input-output channels. If the elementary model

for the input-output channel connecting the plant input uj (actuator) to the plant output yi
(measurement) forms part of the reduced model, then the control configuration should use the

measurement of yi to compute the control action uj .

In a topologically complex system, simple configurations are preferred for being easier to

design, implement and maintain, as well as more robust to uncertainties and plant failures (see

[8]). We can quantify the complexity of a configuration by counting the number of intercon-

nections between measurements and actuators which exist in the controller. Or in other words,

by counting the number of times that any measurement is used in the calculation of the con-

Figure 2.1: Decentralized control configuration. The shaded elements in the controller matrix represent
SISO controllers. In a decentralized configuration, the inputs and outputs can always be permuted in
such a way that this matrix is diagonal. The considered input-output channels in the reduced model of
the plant are represented in dark grey.

9



10 SELECTION OF CONTROL CONFIGURATIONS

trol actions. For the configurations represented in Figures 2.1, 2.2, 2.3, this is equivalent to

counting the number of non-zero (shaded) elements in the controller matrix.

The simplest closed-loop configuration which can be derived for a process is the decen-

tralized configuration. In this configuration, inputs and outputs are grouped in pairs, being the

control action on each input calculated considering its corresponding output pair (see Fig. 2.1).

For the design of decentralized control structures, the RGA was introduced in [9], and is cur-

rently the most widely used method for CCS.

Decentralized configurations become unadvisable as the degree of segregation of the pro-

cess decreases. This led to the introduction of new CCS methods like the BRGA (see [10]),

which can be used to design control configurations in which multivariable controllers are de-

signed independently for segregated units composed by a reduced number of inputs and outputs

(see Fig. 2.2).

Figure 2.2: Block diagonal control structure. In this case, the process is assumed to be composed by
three segregated subsystems which are independently controlled by each of the blocks in the controller.

Therefore, the use of relative gains results in control configurations which decompose the

considered process in segregated subsystems for which controllers are designed independently.

Such a configuration presents potential problems when the significance is large for any of the

input-output channels which are not belonging to any of the segregated units. This implies

interactions between the segregated control units, with the consequent performance loss de-

pending on the level of interaction.

As an alternative to the use of relative gains, the more modern gramian-based IMs were

introduced. With these tools, the resulting reduced model is not restricted to be composed of

segregated units (see Fig. 2.3). The determination of the most important input-output channels

for process performance is done by applying a gramian-based operator to quantify their dy-

namic contribution. These contributions are then normalized in such a way that the sum of all

the contributions adds up to 1. By adding up the contribution of all the input-output channels

which form part of the reduced model, the designer can comprehend the amount of process dy-

namics which the reduced model is reflecting. The structure of the resulting controller matrix

is the transpose of the structure of the resulting reduced model.

As example, consider a 4 × 4 system for which a gramian-based IM has been applied,
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resulting in the following indicator φ:

φ =

⎛
⎜⎜⎜⎝

0.1287 0.0260 0.0614 0.0188

0.1186 0.1119 0.1011 0.0239

0.0239 0.0043 0.0789 0.0293

0.0155 0.1448 0.0111 0.1020

⎞
⎟⎟⎟⎠ (2.1)

The marked elements correspond to the input-output channels with larger significance. Con-

sidering these input-output channels results in a sum of their contributions of 0.7859, which

means that the reduced model considers 78.59% of the process dynamics. This is considered

to be a sufficient contribution for achieving an acceptable performance, as described later in

Section 3.3. The resulting configuration is depicted in Fig. 2.3.

Figure 2.3: Sparse control configuration designed using the indicator in Equation (2.1).

When IMs are used, the decision of the control configuration is taken by the designer with

the support of the indications given by the considered IMs. Heuristics are hard to apply to large

scale systems, and in these cases the CCS is usually preceded by a step where manipulated and

controlled variables are grouped into subsystems where the number of variables is reduced

to no more than approximately a couple of dozens. The resulting subsystems are composed

by variables with strong mutual interconnections. The control configurations are designed

within the subsystem boundaries, and the resulting controllers for the subsystems have to be

appropriately combined (see [5]). Methods for such a decomposition have been proposed in

[11, 12].

In addition to this decomposition, the design of control structures for complex systems

usually involves the use of hierarchies to represent different time scales of the process. As

interface between hierarchies, the output of a controller often becomes the setpoint for another

controller at a faster scale, deriving in a cascade structure. A possibility is to decompose the

system in different hierarchies to which IMs are applied (see [13]).
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2.2 Tools for the selection of control configurations

The traditional methods for the configuration of control structures are Interaction Measures

(IMs). The work on IMs was initiated in [14], where the interaction quotient was introduced for

the design of decentralized control configurations for 2×2 systems, and which was later applied

to distillation columns in [15]. A common property of the IMs is their heuristic nature, since

they require an interpretation by the control engineer for designing the control configuration.

Recently, many efforts have been placed in the development of methods which can design

control configurations based on an optimization scheme. The main difference of these methods

with the IMs is that their interpretation is more obscure, and the resulting control configuration

is presented as the result of an optimization criterion, being harder for the control engineer to

integrate acquired know-how in the design of the control configuration.

An alternative is the concept of plant wide control (PWC) which was initiated in 1964

by the work of Buckley (see [16]), and has received much more attention in recent years.

These methods target the complete design of control structures including the IO selection and

the CCS, and aim to be applied to large scale systems. A shortcoming of these methods in

comparison with the IMs is that, as it was pointed out in [17], the likelihood of a complex

plantwide strategy becoming unworkable is high. The reason is that control strategies must

often be changed from the original design, and these changes may need to be done by third

parties without the adequate training in plantwide strategies.

We discuss now the background in these three different kinds of tools for CCS.

2.2.1 Interaction Measures

A large amount of literature on IMs has been published since Bristol introduced the Relative

Gain Array (RGA) in 1966 (see [9]) as an indicator based on steady-state gains for choosing

input-output pairings in decentralized control structures. Later, several authors addressed some

of the limitations of the RGA, usually by introducing variants of this IM. Different extensions

of the RGA to consider process dynamics were introduced, including the straightforward ap-

proach of evaluating the RGA at different frequencies in [18], which was named Dynamic RGA

(DRGA). An alternative to consider the process dynamics is the Effective Relative Gain Array

(ERGA), which was introduced in [19] and uses the bandwidth of each of the input-output to

scale the value of its steady-state gain. The original definition of the RGA to squared systems

was expanded for its application on non-square plants in [20]. The use of relative gains was

extended in [19] for the design of block diagonal control structures, by introducing the Block

RGA (BRGA). Since it is not possible to directly apply the RGA to integrating processes due to

the infinite steady-state gain, and an approach for calculating the RGA for integrating processes

was introduced in [21].

The RGA can provide feasible candidates for decentralized control structures, and its in-

dications are usually combined with the later introduced Niederlinski Index (see [22]), which

provides a necessary condition for the stabilizability of the closed-loop system under integral

control and can be used to discard unstable configurations (see [23]).

Other tools for the design of decentralized control structures are: the μ Interaction Measure
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(see [24]) which can be used to predict the stability of diagonal or block diagonal structures and

reveal the performance loss associated to the structure, the Relative Interaction Array (see [25])

which is more robust to model uncertainty than the RGA, the Relative Disturbance Gain Array

(RDGA) for the design of control configurations for disturbance rejection, or the Directed

Nyquist Array (DNA) (see [26]) and the Gershgorin bands (see [27]) which are graphical

approaches to analyze the dominance of the diagonal input-output channels.

However, these tools give limited information on how to increase the controller complex-

ity in the case of having a process where a decentralized (or block diagonal) control structure

is likely to derive in large loop interaction. The gramian-based IMs where created to over-

come this limitation, exploiting the concept of overall used dynamics of a system (see [7]).

This means that the gramian-based IMs give information on the amount of the dynamics de-

scribed by the reduced model which is used in the controller design. Or in other words, if a

large amount of the dynamics are considered during the controller design, then there is a large

probability that the resulting control configuration is viable. The introduction of the gramian-

based IMs presented the novelty of determining sparse control structures. However, these IMs

are also subject to limitations which often arise from the definition of gramians. The classi-

cal definition of gramians requires stable processes without the presence of direct integration

terms. The extension of the gramian-based IMs to analyze a larger class of systems is the fo-

cus of current research, like the recent extension of the PM to descriptor systems in [28]. The

gramian-based IMs are the main subject of study of this thesis, and are discussed with detail in

the following chapter.

The heuristic nature of IMs involves the need of user interpretation. Since the different IMs

are based on different criteria, it is good practice to base control configuration design on the

indications given by several IMs. This motivates the work in the development of several IMs

instead of a single one.

2.2.2 Control Configuration Selection methods based on optimization
schemes

Several authors proposed methods using mixed integer programming for evaluating the achiev-

able performance of each of the possible configurations. This results in an NP-hard problem

with lack of practical use, since the number of alternative control configurations grows ex-

tremely rapidly as the topological complexity of the system to be controlled increases (see

[4]). An approach to reduce the computational complexity is the previous use of IMs to screen

the set of candidate structures (see [29]).

With the reckoning of approximations, the problem can be formulated in a convex form

by the Reduced Structure Control (RSC) method introduced in [30]. However, this method

is still to be developed for being automated (i.e. starts from a decentralized structure which

has to be previously designed). A shortcoming of the method is its obscure interpretation,

since the resulting configuration of the optimization scheme is directly presented to the de-

signer who has at this moment little insight on the reason for considering or neglecting the

input-output channels. This implies a large difficulty in its practical use, when increasing the

complexity of a candidate configuration. The RSC is subject to the paradox that the control
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configuration resulting from solving the problem for an increase of the controller complexity

does not necessarily contain the previous configuration.

2.2.3 Plantwide Control
Methodologies like the nine-step method proposed by Luyben et. al. [31] or the self-optimizing

control procedure by Skogestad [32] have been suggested and evaluated on realistic large scale

systems, see e.g. [33].

The latter method aims at creating a systematic method for CSD which is partially auto-

mated, providing a systematic tool for CSD with the advantage of producing tractable results

in contrast with the results provided by the RSC method. Another important advantage of this

method is the introduction of economic factors in the design of the control structure.



3

Gramian-based Interaction

Measures

The preliminaries on the gramian-based IMs are given below. In the sequel we assume that

the process to be analyzed has been already decomposed in simpler subsystems and in different

time scales, and the IO set has already been selected. Therefore, the included examples in this

thesis consider systems with a reduced number of inputs and outputs.

3.1 Gramians for linear systems
A time-invariant, linear, continuous dynamic system can be represented in a state space repre-

sentation of the form:

ẋ = Ax+Bu (3.1a)

y = Cx+Du (3.1b)

The process inputs, outputs and internal states are collected in the vectors u ∈ Rn, y ∈ Rm

and x ∈ Rp respectively, and the system is represented by the quadruple (A,B,C,D) with

A ∈ Rp×p, B ∈ Rp×n, C ∈ Rm×p and D ∈ Rm×n.

A dynamic system can also be represented by its transfer function matrix G(s), which can

be obtained from the state space representation as:

G(s) = C(sI − A)−1B +D

where s is the Laplace variable, and the size of the transfer function matrix is m×n. Each of the

elements Gij(s) of the matrix G(s) represents an input-output channel, that is, the elementary

subsystem which connects the jth input with the ith output. When the system is represented in

the frequency domain, the Frequency Response Function (FRF) is denoted as G(jω).
Given a continuous-time system in state space form as in Equation (3.1), the controllability

gramian (P) and observability gramian (Q) are obtained by solving the following continuous-

time Lyapunov equations (see [34]):

AP + PAT +BBT = 0

15
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ATQ+QA+ CTC = 0

The controllability gramian quantifies the ability to control the system states from the system

inputs, and the observability gramian quantifies the ability to observe the system states from

the system outputs. This is reflected by the following properties (see [35]):

- The minimal energy required to transfer the states of the system from 0 to xf is x∗fP
−1xf .

- The maximal energy of the output obtained by observing a system with initial state x0 is

x∗0Qx0.

- The states which are difficult to reach are in the span of the eigenvectors of P which

correspond to small eigenvalues, and the states which are difficult to observe are in the

span of the eigenvectors of Q which correspond to small eigenvalues.

Accordingly, the eigenvalues of P quantify the ability to control the system states from the

system inputs, and the eigenvalues of Q quantify the ability to observe a system state from the

system outputs.

Consequently, gramians can be used to quantify the significance of the input-output chan-

nels and select viable control structures which present an acceptable level of loop interaction.

The use of different gramian-based operators to quantify this significance gives raise to the

different gramian-based IMs.

3.2 Description of the gramian-based Interaction Measures
The gramian-based IMs use different gramian-based operators to quantify the significance of

the dynamics of the input-output channels in a multivariable process. They are defined as an

Index Array (IA) including the significance of each input-output channel divided by the total

sum of the significance of all the input-output channels.

IAij =
[Gij(s)]p

m,n∑
k,l=1

[Gkl(s)]p

where [·]p denotes the operator used by the gramian-based IM. The use of distinct operators

differentiates the various gramian-based IMs.

Note that, due to the normalization, all the elements of a gramian-based IM add up to 1.

Therefore the larger elements in the IM identify the input-output channels which have a larger

contribution in the process dynamics. The gramian-based IMs are used to derive a simplified

model formed by a reduced subset of the process interconnections. This model will be used

for the controller design and has to capture most of the process dynamics. The sum of the

contributions of all the considered input-output channels indicates the ratio of the total process

dynamics that the reduced model is considering.

An early contribution in the field of gramian-based IMs dates from 1996, where A. Khaki-

Sedigh and A.Shahmansourian presented in [36] an input-output pairing algorithm based on the
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cross-gramian matrix (see [37]). This algorithm used an indicator which was later classified as

an IM and named Dynamical Input-Output Pairing Matrix (DIOPM) in [38]. However, the term

gramian-based IMs became popular after the publication in 2000 of the work by A. Conley and

M. Salgado in [39], where the Participation Matrix (PM) was first introduced. Other gramian-

based IMs were later introduced. In 2002, B. Wittenmark and M. Salgado introduced the

Hankel Interaction Index Array (HIIA) [40], which is the same indicator as the DIOPM, but

reinvented using the largest Hankel Singular Value instead of the largest singular value of the

squared cross-gramian matrix to quantify the channel significance; being both values equal. In

2003, W. Birk and A. Medvedev suggested the use of other gramian-based operators for the

quantification of process dynamics, and introduced the IM denoted as Σ2 in [41].

We discuss below the two IMs which are the subject of study in this thesis: PM and Σ2.

3.2.1 Participation Matrix

The PM was defined as (see [39]):

φij =
trace(PjQi)∑

k,l

trace(PlQk)

where Pj denotes the controllability gramian related to the jth output and Qi denotes the ob-

servability gramian related to the ith input.

It has been mentioned in Section 3.1 that the eigenvalues of the gramians quantify the

ability to control and observe the states, however they depend on the state realization. To

overcome this dependence, the product of the gramians (PQ) can be used to quantify the

system dynamics, since it is a positive-semidefinite matrix whose eigenvalues are independent

of the state realization. These eigenvalues equal to the square of the Hankel Singular Values

(HSV), which quantify the combined abilities of the output and input to observe and control the

states. The sum of the eigenvalues of PjQi can therefore be used to quantify the importance

of the channel with input uj and output yi. Since the product of the gramians is a positive-

semidefinite matrix, the sum of its eigenvalues equals its trace.

There are two important relationships of trace(PQ) with the frequency domain and the

time domain which have been used in the results reported in this thesis.

Relationship of trace(PQ) with the frequency domain. The Nyquist diagram is a well-
known tool for the analysis of dynamic systems which was first introduced in [42]. It was
shown in [43] that trace(PQ) is equal to the area enclosed by the oriented Nyquist diagram
divided by π, with oriented meaning clockwise direction:

trace(PjQi) = π−1Ac(Γij(ω)) (3.3)

where Ac(.) means area enclosed by, and Γij(ω) = Gij(jω) with ω ∈ R evaluated from −∞ to

∞ in the continuous-time case.
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This suggests that depicting the Nyquist plot of the input-output channels of a multivari-

able system provides visual information on which input-output channels have the largest con-

tribution on the process dynamics, since the larger the area of the Nyquist plot of an input-

output channel, the larger its quantified contribution in the PM.

Relationship of trace(PQ) with the time domain. If a discrete impulse response for each

of the channels of a multivariable system is known, trace(PjQi) can be computed as (see

[44]):

trace(PjQi) =
N∑
k=0

k (hij(k))
2

(3.4)

were hij(k) are the coefficients of the impulse response, k is the order of the coefficients, and

N is the length of the impulse response.

It becomes clear from this relationship that trace(PQ) is sensitive to time delays, since

introducing a lag in the impulse response hij(k) will imply that each of the coefficients of the

original impulse response are now multiplied by a larger coefficient k. Since time-delays im-

pose important limitations in the achievable performance, it is important to study the sensitivity

of PM to time delays.

Sensitivity of trace(PQ) to time-delays Equation 3.4 indicates that an increase of the time

delay on an input-output channel will imply an increase of its associated value of trace(PjQi).

It is still a topic of study to determine if the sensitivity of the PM to time-delays is a

desirable property. There are indications against this property when PM is used to design

control structures, since a channel presenting very low gain and bandwidth but sufficiently

large time delay will be identified as an important interconnection to be used by the controller.

This scenario was studied in [45], where it was concluded that the presence of a time delay

by itself is not reason enough to say that a particular input-output pair should be included

in the controller when a decentralized controller structure is desired. However, we will see

in this thesis that the PM can be estimated from process data to select a subset of the input-

output channels with richer process dynamics and on which to place future modeling efforts.

It could be argued that at this moment the sensitivity to time-delays is beneficial, since the

designer is likely to be interested in determining the existence of large delays.

3.2.2 Σ2 Interaction Measure

The Σ2 was defined as (see [41]):

[Σ2]ij =
||Gij(s)||2∑

k,l

||Gkl(s)||2

where ||Gij(s)||2 is the H2-norm of the input-output channel represented by the model Gij(s).
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The H2 norm has a strong connection with the controllability and observability gramians.

In the case that the process is given by state space description (A,B,C, 0), and if the input-

output channel (A,Bj, Ci) is stable and strictly proper, its H2-norm can be computed as:

||Gij(s)||2 =
√
CiPjCT

i

where Pj is the controllability gramian of the SISO subsystem, and Ci the i-th row of C. This

relationship gives a first interpretation of the H2 as a measure of the output controllability of

the process (see [45]).

In addition, the H2-norm is suitable for quantifying the importance of the input-output chan-

nels due to its different interpretations as transmitted energy from the input to the output:

• It has been shown [45] that the squared H2-norm of each elemental SISO subsystem can

be interpreted as the coupling in terms of the energy transmission rate between the past

inputs and the current output.

• The squared H2-norm is the energy observed at the output when the input is excited with

a unitary impulse.

• The squared H2-norm is also from a stochastic perspective, the power conversion rate

between input and output when the input is excited with white noise.

Relationship of Σ2 with the frequency domain. The H2-norm can also be computed from

the frequency response of a system. For any of the Gij(s) SISO systems, if Gij(s) is stable and

strictly proper, ||Gij(s)||2 can be expressed as

||Gij(s)||2 =
√

1

2π

∫ ∞

−∞
|Gij(jω)|2dw (3.5)

3.3 Design of Control Configurations using gramian-based
Interaction Measures

Gramian-based IMs are sensitive to the scaling of the inputs and outputs, and therefore an

appropriate scaling has to be applied prior to their computation. Usual values for scaling are

the allowed or expected variation of the process variables [34]. An alternative approach to

compute a scaling invariant version of the gramian-based IMs which requires knowledge of the

variance of the signals has been introduced in [46].

After scaling, we can proceed to the calculation of the used gramian-based IM, and the

result has to be interpreted by the designer in order to select an appropriate control configura-

tion. The following heuristic rules have been formulated in [7] for the use of the PM, and are

currently applied for selecting the most significant input-output channels with the use of any

gramian-based IM:
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• Rule 1. The simplest control configuration whose total contribution exceeds an arbitrary

threshold τ is selected as candidate. This configuration considers the input-output channels

with largest significance while considering at least one input-output channel in each row.

Control configurations designed with τ ≤ 0.7 are likely to derive in satisfactory performance.

• Rule 2. In a hypothetical process with r input-output channels where all the channels have

the same contribution, this contribution will be equal to 1/r. This suggests that in a more

heterogeneous scenario there is no benefit from considering those input-output channels for

which IAij << 1/r. The converse is also true, and the those input-output channels with

IAij >> 1/r present a significant contribution in the process dynamics.

Procedure for the design of control configurations. The usual procedure for CCS using

gramian-based IMs is derived from these rules. First the simplest control configuration with a

contribution larger than τ is sought, and then the configuration is reviewed. We formulate this

procedure in the following steps:

Step 1. Select the decentralized controller with the largest contribution of its input-output chan-

nels.

Step 2. Incrementally add the input-output channel with the largest contribution to the set of

considered ones until the total contribution is larger than τ , where τ > 0.7 is advised.

Step 3. The resulting control configuration has to be reviewed using Rule 2. This is done by

adding or removing input-output channels which are suspected to present a significant

or insignificant contribution respectively. In both cases the designer has to judge if the

increase or decrease of the complexity of the configuration is justified by the increase or

decrease in the total dynamic contribution.

Step 4. To obtain additional support for the decisions in this review, it is recommended to use

the indication of more than one gramian-based IM. Often, in case of indecision between

configurations, a simple configuration is selected and tested, and the complexity of the

configuration is increased if the obtained performance is not satisfactory.

Example of CCS using gramian-based IMs. We want to design a control configuration for

the process described by the following transfer function matrix:

G(s) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

1.6
(s+ 1)(s+ 2)

−0.8s+ 0.55
(s+ 5)(s+ 2)

−0.5
(s+ 4)

2
(s2 + 3s+ 20)

2.4
(s2 + 2s+ 4)

−3.5s+ 1
(s+ 4)(s+ 5)

0.5
(s+ 2)

3
(s+ 3)2

9.5
(s+ 2)(s+ 5)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

The calculation of PM and Σ2 for this process results in:

PM =

⎛
⎝ 0.23 0.01 0.01

0.01 0.27 0.09
0.02 0.04 0.32

⎞
⎠ ; Σ2 =

⎛
⎝ 0.12 0.06 0.05

0.05 0.16 0.22
0.06 0.07 0.21

⎞
⎠ (3.6)
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We will use PM and Σ2 to derive a control configuration based on the previously described

procedure (with τ = 0.7). We start by following the four steps using one of the IMs. We

decided in this example to start using PM and later complement the analysis with the use of

Σ2:

Step 1. The best decentralized control configuration is clearly the one obtained by consid-

ering the input-output channels on the main diagonal. This derives in the following contribution

of the reduced model:

PM11 + PM22 + PM33 = 0.82

Step 2. The decentralized control configuration is able to derive a contribution larger than

the selected value of τ , and is therefore the candidate selected at the end of this step.

Step 3. The next input-output channel in importance is G23. This channel has a significance

of 0.09, which is close to the average contribution of 0.11. Even if PM indicates that the

decentralized control configuration is likely to achieve an acceptable performance, there is not

enough evidence to neglect the effect of G23. This means that, if a decentralized configuration

is used, we expect a certain amount of loop interaction from the third loop onto the second.

Adding G23 to the reduced model derives in the following contribution:

PM11 + PM22 + PM33 + PM23 = 0.91

This significant increase suggests the possible addition of G23 to the reduced model, at the

cost of an increase on the complexity of the configuration.

Step 4. To obtain additional support for the design of the configuration, we compare the

indication of PM with the one from Σ2. From the value of Σ2 in Equation (3.6), we first

observe that a decentralized configuration using the diagonal input-output channels derives in

the following contribution of the reduced model:

[Σ2]11 + [Σ2]22 + [Σ2]33 = 0.59

which is below the selected value for the threshold τ . Adding the input-output channel G23 to

the reduced model results in:

[Σ2]11 + [Σ2]22 + [Σ2]33 + [Σ]23 = 0.81

Therefore, Σ2 suggests to add G23 to the reduced model, which is the channel with larger

contribution.

It becomes clear from this example that the different gramian-based IMs might give differ-

ent indications, since they consider different criteria to quantify the significance of the input-

output channels. For this reason, it is recommended to use the indications of more than one IM

in the design procedure. In this example, the combination of both IMs gives strong indications

that the configuration to be used is the one considering the input-output channel G23 in addi-

tion to the diagonal ones. This is the simplest configuration with a contribution of the reduced

model larger than τ for both PM and Σ2.

If the simplicity of the structure has a much higher priority than its performance, then

the decentralized control configuration indicated by PM can be tested. Both IMs indicate
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that this configuration is likely to present significant loop interaction from the third loop onto

the second. If this interaction is revealed to be too large during experiments or simulations

with a well-tuned controller, then the complexity of the configuration should be increased by

considering the measurement y2 on the computation of u3.
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Developing practical tools for

Control Configuration Selection

The goal of this thesis is to develop the existing theory on the selection of control configu-

rations towards its practical application. In the previous chapter, a review of previous research

work was done. We discuss now a set of desirable properties for a practical CCS tool. These

properties could be used as guidelines to steer and evaluate the research results. Later in this

chapter we synthesize research questions to be addressed by selecting major problems to be

resolved from the formulated properties.

4.1 Desirable properties of a practical Control Configura-
tion Selection tool

Inspired by analyzing the strengths and weaknesses of the existing CCS methods, as well as by

the studies in [6], a set of desirable properties of a CCS method is discussed:

1. Well-founded. The method must have a strong and sound theoretical base, considering

concepts like controllability and observability. It must also consider the process dynamics and

therefore be based not only on steady-state gains, but also on dynamic information like e.g.

bandwidth.

2. Generally applicable. The method has to be applicable to a large class of systems. Usual

limitations of existing methods are:

- The applicability to only systems with a reduced number of process variables. Heuristic

rules are harder to apply to large scale systems, which makes difficult the use of some

CCS methods like the IMs. Besides, the complexity of the process is likely to increase the

effect of process uncertainty or the sensitivity of some CCS tools to input-output scaling.

23
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- The need of linear process models. When most of the existing CCS tools are applied to

non-linear processes, a prior calculation of a linearized model around the operating point

is required.

- The application to time-delayed systems might derive in inappropriate results. This is

due to the fact that some methods are either insensitive to time-delays or fail to address

time-delays in an appropriate way.

- The applicability only to stable systems without direct integration terms. This is the case

of the gramian-based IMs, since a system has to be stable and with no direct integration

terms for the existence of its gramians.

3. Computational efficiency. The computation is to be attained in a reasonable time lapse.

This is not fulfilled by some of the existing CCS tools, since they are based on evaluating

a performance criteria for all of the possible control configurations. This is not an efficient

approach, since the number of possible configurations increases enormously with the number

of process variables, as can be seen in Table 4.1.

Size of the system Number of configurations

2× 2 9
3× 3 343
4× 4 50625
5× 5 ∼ 29 · 106

Table 4.1: Number of candidate control configurations depending on the size of the system. Candidate
control configurations are restricted to consider at least one element in each row of the reduced model.

4. Quantitative. Qualitative methods for CCS analyze the interconnected system using con-

cepts like structural controllability and observability. These methods can be very useful when

limited model information is available, since they only require the knowledge of which inter-

connections between the process variables exist. However, assuming that a complete dynamic

model is available, the applied CCS method has to be quantitative in order to quantify the

strength of the process interconnections and not merely their existence.

5. Informative. An study of the current design environment in process industry was done

in [17]. The analysis concluded that the design environment drives the CSD question more

towards the use of heuristics than to rigorous approaches. The market requirements imply

that control decisions have to be taken in a short time horizon, and the control strategies will

frequently have to be adapted. For this reason, there might not be time to fully develop optimal

process conditions, being preferred to use strategies which are straightforward and easy to

understand. The support of a running control system can depend upon the simplicity of the

strategy and its understandability.
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Therefore, it is desirable to develop CCS tools which provide indications in an intuitive way,

by i.e. visualizing the strength of the process interconnections using graphs for an increased

comprehension.

6. Independent from pre-defined structures. Some tools assume a pre-defined structure of

the configuration, like the RGA which assumes that decentralized control is to be used. The

assumptions of the control structure to be used have to be as scarce as possible.

7. Incremental. This means that, incrementing the complexity of the controller does not

take out existing interconnections in the control system. When a configuration candidate is

evaluated, the designer often considers slight increases/decreases in its complexity. Often a

configuration is tested in experiments and/or simulations and its complexity is increased if the

achieved performance is not satisfactory.

For some CCS tools, increasing the achievable performance results in a configuration which

doesn’t necessary include the input-output interconnections of the original one. CCS tools with

this counterintuitive property hinder the design of configurations.

8. Robust. Traditional methods for CCS are evaluated on nominal process models. This

might result in inappropriate results as the process behavior deviates from the nominal condi-

tions. The CCS tools have to integrate tools to handle model uncertainty and allow the design

of robust control structures.

9. Data driven. The usual need of parametric process models for the computation of CCS

tools is an important limitation in its practical use. Since the complexity of the modeling task

increases largely with the number of inputs and outputs, it is of desire to be able to calculate

the tools for CCS from process data, thereby removing the need of parametric process models.

4.2 Addressed research topics
From the properties described above, the first seven can be understood as general properties

which have to be considered previous to the design of any CCS tool. However, properties 8 and

9 have traditionally been integrated into previously created CCS methods. These two properties

have inspired the first two research topics in this thesis, where two existing gramian-based IMs

(PM and Σ2) have been considered.

A property which was considered to be important for the acceptance of a CCS tool by

control engineers is Informative. This was pointed out in [17], where it was concluded that

the design environment drives the plantwide control question towards the use of heuristics

and guidelines and away from rigorous design methods. However, authors don’t seem to be

targeting this property extensively when developing a new CCS tool. This gave rise to the third

research topic, which is the development of new CCS tools which can present the results in

graphs. This increases process understanding and is expected to derive in a wider acceptance.
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Finally, it was considered that for distributing the CCS methods for its practical applica-

tion in industry, a step of technology transfer is needed. This motivated the fourth addressed

question, which is the development of software tools which integrate state-of-the-art research

in CCS.

The existing background on the selected research topics is now given.

4.2.1 Robust Control Configuration Selection
Uncertainty is an inherent property of all models. The most common sources of uncertainty

are:

- The calculation of process parameters is in many cases done by estimation. Noise in the

sensors as well as process disturbances increase the uncertainty in the estimation. It is

clear that the estimated parameters differ from the real ones, which may even vary with

time.

- Often the used models are an approximation of a process model for specific operating

conditions (i.e. a linearization). The accuracy of the simplified model depends on the

deviation from the operating conditions for which it was created.

- Often, the designer wants to keep the model as simple as possible, neglecting dynamics

like high frequency behavior or time delays and consider them as uncertainty in the

model.

- Occasionally, some dynamics of the system are just unknown and therefore not modeled.

These dynamics are called hidden dynamics.

These phenomena (with the exception of the hidden dynamics), can be captured by an un-

certainty description which complements the nominal model. A process model with a descrip-

tion of the model uncertainty can be understood as a set of models which includes the nominal

model. Therefore, the value of the IMs may differ for different models in the uncertainty set.

The computation of the worst-case bounds on the IMs is an approach to robust control struc-

ture selection which has recently received increasing attentions; like the computation of the

RGA (see [47]), the HIIA (see [48]) or the Gershgorin bands (see [49]) for uncertain process

models. It is clear that the computation of these bounds may validate the decision taken on

the nominal case, however the results in the computation of these bounds are often presented

without a clear procedure for the selection of a robust control structure when the solution for

the nominal case is refuted.

In this background there is a lack of work on the sensitivity of IMs to uncertainty described

in multiplicative form (see [50]), which will be the one considered in this thesis. This repre-

sentation is very general, simple and intuitive. Often the uncertainty description is generated

from first principle equations with uncertain parameters [34], or from Model Error Modeling

[51]. Besides, several representations of uncertainty can easily be translated to multiplicative

form (see [52]), with the requirement that independent sources of uncertainty are assumed to

affect each of the input-output channels.
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4.2.2 Estimation of Interaction Measures
By estimating IMs, the most important input-output interconnections for process performance

can be obtained from an experiment. This has two clear advantages. First the control configu-

ration can be determined without the need of parametric models. Additionally, the structure of

a simplified model can be determined and modeling efforts can be focused on the significant

input-output channels. This avoids the unnecessary work which is done when a model for an

input-output channel is first created and discarded when the reduced model is selected.

Despite the clear advantages of estimating IMs, the published results on this field are very

limited, for example the work on the estimation of the RGA in [53] and the PM in [44].

4.2.3 Visual analysis of complex processes using weighted graphs
As indicated in (see [54]), visualization techniques such as diagrams and flow sheets is impor-

tant both from a collaborative perspective as well as to provide a comprehensive understanding

of processes. Many authors have created and evolved visualization techniques for the analysis

and visualization of complex processes, which include the use of interactive learning envi-

ronments to aid users in learning to understand and control complex systems [55], the use

of Self-Organizing Maps (see [56]) for visualizing and exploring process dynamics [57, 58],

or the use of graph theory concepts for the structural analysis and visualization of complex

processes [59].

For the sub-problem of control configuration selection, the IMs provide the designer with

process knowledge on how the process variables are interconnected. Control configurations are

designed with the goal of minimizing the presence of loop interaction which is often unavoid-

able with the use of sparse configurations for the control of complex processes. This is done in

a heuristic approach, where interpretation is needed to select the process interconnections on

which control will be based. The traditional IMs present information as an array of real num-

bers which is disjoint from the process layout. A goal of this thesis is to create new methods

for the interaction analysis of complex processes using weighted graphs, allowing integrating

the analysis with process visualization for an increased process understanding.

Topologically complex processes are present in other engineering areas apart from the con-

trol of industry processes. An example of such a science is neuroimaging, where graph theory

is extensively used for the structural and functional analysis of the brain [60].

Both neuroimaging and CCS based on IMs share several common features. They try to de-

termine the importance of structural interconnections in the analyzed process in order to obtain

a proper understanding of its behavior. In the case of neuroimaging, measurements of the ac-

tivity of populations of neurons are acquired using techniques such as Electroencephalograpy

(EEG) [61] and functional Magnetic Resonance Imaging (fMRI) [62]. The neural activity is

then stimulated, for example by presenting visual stimuli to the subject or asking him or her to

perform certain tasks (see [63]). Using methods for analyzing the mutual relationships of the

acquired signals is equivalent to analyze the flow of information between populations of neu-

rons, and allows to understand the communication between different parts of the brain during

the stimulated brain process (see [64]). In the case of an industrial process, and in a similar

fashion, signals representing the process variables (as control actions, references and measured



28 DEVELOPING PRACTICAL TOOLS FOR CONTROL CONFIGURATION SELECTION

variables) could be acquired under the presence of certain stimuli (i.e. white noise) and an-

alyzing the mutual relationships of the acquired signals would be equivalent to analyzing the

propagation of effects in the process, and would allow to understand the structural properties

of a process.

In this thesis, different methods for the analysis of brain connectivity patterns have been

the source of inspiration for the development of new methods for the analysis of industrial

processes. From a conceptual perspective, the methods used in brain connectivity, like Partial

Directed Coherence (PDC) (see [64]) or Directed Transfer Function (DTF) (see [65]) are

very similar to the gramian-based IMS, since both aim to reveal the strength of the structural

interconnections of a modeled process.

In addition, some common practices in neuroimaging have been mimicked in this thesis,

like the approach used by the Generalized PDC (see [66]) to perform an analysis which is

independent of the scales used to represent the process variables.

4.2.4 Software tools for control structure selection
Despite the vast host of proposed methods for control structure selection, there are no up-

to-date toolboxes available that facilitate the use of the methods in a systematic manner and

that would enable the use in an industrial setting. Toolboxes for CCS have been reported in

[67] and [68], but do not seem to be widely available. Available software that can be used

for visualization focuses mainly on simulation of the process dynamics, such as ChemCAD,

Matlab/Simulink, Extend or Dymola. However, these is a lack of software aiming at CCS.
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Contribution

The contribution of the author in the previously discussed research topics is now clarified

in connection to the included papers. Additionally, the contribution of the author in these

publications is shortly summarized.

5.1 Design of robust control configurations from parametric
models or process data.

The following publications deal with the calculation of uncertainty boundaries for gramian-

based IMs from uncertain parametric models, but also with the estimation of uncertainty

bounds from process logged data.

Paper A. M. Castaño and W. Birk, “Bounds on a Gramian-Based Interaction Measure for

Robust Control Structure Selection,” 9th IEEE International Conference on Control and
Automation (ICCA) Santiago, Chile, December 19-21, 2011

Paper B. M. Castaño, W. Birk and B. Halvarsson, “Empirical approach to robust gramian-

based analysis of process interactions in control structure selection,” 2011 50th IEEE
Conference on Decision and Control and European Control Conference (CDC-ECC),
Orlando, FL, USA, December 12-15, 2011.

Paper C. M. Castaño and W. Birk, “On the selection of control configurations for uncertain

systems using gramian-based interaction measures,” Submitted to Automatica, November
2012.

A method to derive the uncertainty bounds on PM from parametric process models has

been derived and is discussed with detail in Paper A . The method is based on the use of

the relationship of PM with the frequency domain (see Equation (3.3)) to compute its bounds

from uncertainty in the area enclosed by the Nyquist diagram. In addition this method can be

applied to an estimation of the Frequency Response Function (FRF) of the system, which can
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be directly obtained from process data as a non-parametric model. This enables the estimation

of PM with uncertainty bounds.

As an alternative to the estimation in the frequency domain of PM, a method for its estima-

tion in the time domain with confidence bounds has been introduced in Paper B .

The derivation of uncertainty bounds for Σ2 has been dealt in Paper C . The uncertainty

bounds are calculated using the relationship of Σ2 with the frequency domain (see Equation

(3.5)) to compute its bounds from the uncertainty in the area under the magnitude of the Bode

diagram. This can be applied as well to an estimation of the (FRF) of the system, enabling the

estimation of Σ2 with uncertainty bounds.

The methods for the derivation of uncertainty bounds for gramian-based IMs are reviewed

and compared in Paper C , where a new procedure for the design of robust control configura-

tions using uncertainty bounds on gramian-based IMs is introduced.

As a final result, the methods for the estimation of PM and Σ2 are applied to weakly non-

linear systems with satisfactory results.

The author has a major contribution in these publications. The results on PM have been

created with the collaboration of Björn Halvarsson. The models of the bark boiler which were

used in Paper B for the estimation of PM were provided by Wolfgang Birk, who is to be

acknowledged for a significant written contribution on these publications.

It is in the interest of the author to develop the methods for the estimation of IMs for its

application on closed-loop data, since plant experiments have to be often performed in closed-

loop in order to minimize the impact of the experiments in production.

5.2 Visual analysis of complex processes using weighted graphs

The derivation of methods for CCS which can present the analysis results in graphs for an

increased comprehension of structural properties of the process is the goal of the following

publication.

Paper D. M. Castaño and W. Birk, “New methods for interaction analysis of complex pro-

cesses using weighted graphs,” Journal of Process Control, 22(1) : 280− 295, 2012.

The resulting methods can help designers to understand complex processes and carry out

decisions on the control configuration to be used. The results from applying the introduced

methods are displayed as a directed graphs which indicate the significance of process models

as thicknesses of the edges in the graph or as frequency plots displaying the significance over

a frequency range. The author has a major contribution in this publication.

It is the desire of the author to explore in the future the extraction of important process in-

formation by applying existing methods for the analysis of complex networks to the generated

weighted graphs, like the methods described in [2, 69].
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5.3 Software tools for control structure selection
During the work described in this thesis, the software tool ProMoVis (Process Modeling and

Visualization) was developed and is currently available as open source software under the

Apache licence. ProMoVis is introduced in the following publication.

Paper E. W. Birk, M. Castaño and A. Johansson “An application software for visualization

and control configuration selection of interconnected processes,” Second revision sub-
mitted to Control Engineering Practice, October 2012.

In ProMoVis, a set of selected CCS methods is implemented and can be used to analyze in-

terconnected processes. Thereby, even mathematically complex methods become available for

industrial use. It should be noted that ProMoVis is not limited to the selected set of methods,

and other analysis methods for interconnected systems can be added easily. The implementa-

tion of new research results, would make them quickly available for industrial evaluation.

The author worked together with Wolfgang Birk in the development and design of Pro-

MoVis and was the sole programmer of its computational core. The underlying mathematical

framework of ProMoVis for the representation of dynamic systems was created by Andreas

Johansson.
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Bounds on a gramian-based interaction measure for robust
control structure selection.

Miguel Castaño and Wolfgang Birk

Abstract

This paper reviews a method for approximating the bounds on a gramian-based Interaction

Measure (IM) for systems described by uncertain parametric models. The considered IM is the

Participation Matrix (PM). The reviewed method is based on analyzing the uncertainty in the

area enclosed by the Nyquist curve. Conditions for the exactitude of this method are derived,

and implementation issues are discussed.

It is shown that the reviewed method is applicable to nonparametric uncertain models of

the frequency response function. This enables the estimation of the PM from process data

including the uncertainty bounds.

Using these bounds, robust control structure selection can be performed.

1 Introduction

A critical step in the design of control loops in multivariable systems is the choice of the con-

troller structure. This is done by selecting a subset of the most significant input-output modeled

interconnections, which will form a reduced model on which the control design will be based.

Current methods for control structure selection include the gramian-based Interaction Mea-

sures (IMs), which quantify the significance of each of the input-output channels of a multi-

variable system by using different gramian-based system operators. The IM considered in this

paper is the Participation Matrix (PM) [1], which uses the squared Hilbert-Schmidt (HS) norm.

The IMs are traditionally evaluated using a nominal model of the process. However, all

process models are affected by uncertainties as simplifications and approximations are un-

avoidable during modeling. Thus, the validity of the control structure suggested by the IMs

cannot be assessed by only analyzing the nominal model.

A previous result in [2], introduces an inequality later used in [3] for the uncertain analysis

of the PM. However, simulation examples showed evidence that this approach is likely to

derive in very conservative results. To overcome this conservativeness, a preliminary method

was proposed to obtain a numerical approximation of the bounds on the PM. The method is

based on analyzing the uncertainty in the area enclosed by the Nyquist diagram, since this area

is closely related to the value of the squared HS norm (see [4]). The fact that the latter method

is an approximation of the analytical bounds in which no inequality is involved motivates its

further development and study. The method had the weakness of presenting inaccurate results

in simulations of systems with high order and large uncertainty. The aim of this paper is to

43
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explore the applied potential and weaknesses of this method, and to discuss implementation

issues.

The needed models for applying this approach are usually derived from first principle equa-

tions with uncertain parameters [5], or from model error modeling [6]. However, parametric

modeling is a time consuming task, and its complexity increases with the number of process

variables.

An application of the considered method is here presented to compute bounds on the es-

timation of PM. This estimation is performed in the frequency domain from a nonparametric

model of the Frequency Response Function (FRF). This will allow an empirical robust selec-

tion of a set of the most significant input-output interconnections on which the controller will

be based. In addition, in the case of requiring more sophisticated models for the controller syn-

thesis, the modeling effort only needs to be placed on this set of significant interconnections.

The layout of the paper is as follows. The preliminaries in Section 2 include information

on the PM and its relationship with the Nyquist diagram, as well as a description of how the

considered model uncertainty influences the Nyquist diagram. Section 3 reviews the method

described in [3] for approximating the bounds on the PM and discusses the cases in which this

method yields significant inaccuracies. Section 4 introduces an application of the method for

obtaining a robust estimation of the squared HS norm from process data. The conclusions are

derived in Section 5.

2 Preliminaries

The required preliminaries on PM and model uncertainty are given below.

2.1 System gramians

Given a continuous time system represented by the quadruple (A,B,C,0) in state-space repre-

sentation, the controllability (P) and observability (Q) gramians are obtained by solving the

following continuous-time Lyapunov equations (see [5]):

AP + PAT +BBT = 0

ATQ+QA+ CTC = 0

P quantifies how hard it is to control the system states from the inputs, and Q quantifies

how hard it is to observe the process states from the outputs.

Since P and Q depend on the state space realization, the product PQ is formed. PQ is a

matrix with non-negative eigenvalues which are independent of the state space realization, and

the sum of its eigenvalues equals its trace.

The trace of PQ quantifies the combined abilities of the inputs and outputs to control and

observe the process state, or in another words, it quantifies the connection of the input and

output spaces via the state space.
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2.2 Participation Matrix
PM was introduced in [1], and is defined calculated as:

φij =
trace(PjQi)

m,n∑
i=1
j=1

trace(PjQi)

where trace(PjQi) is the trace of the product of the controllability and observability gramians

of the (i, j) input-output channel.

The used normalization implies that all the elements in the PM add up to 1, and the element

φij quantifies the relative contribution of the (i, j) input-output channel in the process.

When the PM is used for control structure design, a subset of the input-output channels is

selected as the most significant. A total contribution of the selected channels larger than 0.7 is

expected to derive in a satisfactory performance.

The normalization in the computation of PM involves that a change in the value trace(PjQi)
for an unique input-output channel may influence all the elements in the PM. To avoid this de-

pendency, an index array containing the values trace(PjQi) will be analyzed, and denoted by

φ̃:

φ̃ij = trace(PjQi)

In this index array, as in its normalized version, the largest elements identify the most signifi-

cant input-output channels.

2.3 Relationship of Participation Matrix with the frequency domain.
The indicator trace(PQ) equals the squared Hilbert-Schmidt (HS) norm. This comes from

the fact that this norm is the square root of the sum of the squared singular values of the

Hankel operator, and the squared nonzero singular values of the Hankel operator are equal to

the eigenvalues of the product PQ.

||Gij||2HS = trace(PjQi)

Besides, it was shown in [4] that the squared HS norm is equal to the area enclosed by the
oriented Nyquist diagram divided by π, with oriented meaning clockwise direction:

trace(PjQi) = π−1Ac(Γij(ω))

where Ac(Γij(ω)) is area enclosed by Γij(ω) = Gij(j ω) with ω evaluated from −∞ to ∞ in

continuous-time systems.
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Figure 1: Nyquist diagram perturbed by uncertainty.

2.4 Representing model uncertainty
To represent model uncertainty in multiplicative form in a SISO system, the following notation

will be used:

Π : uncertainty set. Includes all the possible plants due to uncertainty.

G(s) ∈ Π : nominal plant.

Gp(s) ∈ Π : particular perturbed plant.

The uncertainty set is then described by:

Π : Gp(s) = G(s)(1 +W (s)Δ(s)); |Δ(j ω)| ≤ 1, ∀ω (1)

W (s) is an uncertainty weight designed to represent the uncertainty. Δ(s) is a random model

perturbation, and represents any stable transfer function with magnitude less or equal than one

at each frequency. G(s)
(
1 + W (s)Δ(s)

)
describes at each frequency ωk a circular region of

uncertainty centered in G(j ω) with radius equal to |G(j ω) ·W (j ω)|. As illustrated in Fig. 1,

W (s) has to be selected so that the uncertainty set Π includes the possible uncertainty at each

frequency ωk. In the sequel, the family of circumferences which include the uncertainty set

will be named as δ and can be parameterized as function of the frequency ω:

δ(ω, θ) = G(j ω) + |G(j ω)W (j ω)| · ej θ ; θ ∈ [0, 2π)

Usually uncertainty weights are designed as rational transfer functions, but other options

are possible, like defining the weight as a real valued function of ω (see [7]). For the results
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presented in this paper, the latter option is preferred, since it will involve in most cases less

computational complexity.

Here the uncertainty weights W are required to have continuous first derivatives, besides

the following typical condition for uncertainty weights:

lim
ω→∞

W �= ±∞

For MIMO systems, each of the input-output channels Gij(s) is assumed to be indepen-

dently perturbed by multiplicative uncertainty.

3 Participation Matrix for uncertain parametric models
We describe in this section a procedure to approximate the uncertainty bounds on trace(PQ)
from the uncertainty in the area enclosed by the Nyquist diagram and discuss its exactitude.

3.1 Approximating the bounds of Participation Matrix
For a SISO model affected by multiplicative uncertainty as in Equation (1), the uncertainty

region induced in the Nyquist diagram can be approximated by swiping along the Nyquist

curve the line segment [−|GW | · 	NG, |GW | · 	NG], which at each frequency goes in the direction

of the normal vector to the curve 	NG, and has as magnitude the diameter of δ (see Fig. 1). This

area has as boundaries:

Gmin(j ω) = G(j ω) + 	NG · |G(j ω)W (j ω)| (2a)

Gmax(j ω) = G(j ω)− 	NG · |G(j ω)W (j ω)| (2b)

being the normal vector to the Nyquist diagram:

	NG(j ω) =
G′(j ω)× (G′′(j ω)×G′(j ω))
|G′(j ω)| · |G′(j ω)×G′′(j ω)| (3)

where × denotes the vector product, and the differentiation is with respect to ω.

The minimum and maximum values of trace(PQ) can be approximated from the area

enclosed by Gmin and Gmax respectively.

Example 1. The following model will be used for a robust analysis of interactions based on

trace(PjQi).

G(s) =

⎛
⎜⎝

5
0.5s+ 1

2.4
0.25s+ 1

2.7
0.4s+ 1

2.5
0.25s+ 1

⎞
⎟⎠

Each of the input-output channels is independently perturbed by multiplicative uncertainty

with weight Wij = 0.15. The resulting uncertainty regions in the Nyquist diagram are depicted

in Fig. 2. The bounds on φ̃ have been computed using the integration method described in

Appendix A.2. The resulting bounds on φ̃ and the nominal value φ̃N are:
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Figure 2: Uncertain Nyquist diagram for the system in Equation (4) when each input-output channel is
affected by a multiplicative uncertainty of Wlij = 0.15.

φ̃ =

(
[4.14, 8.91] [0.96, 2.05]
[1.21, 2.60] [1.04, 2.23]

)
; φ̃N =

(
6.25 1.44
1.82 1.56

)

The sum of the diagonal elements of φ̃ is, in all cases, larger than the sum of the off-diagonal

ones, and therefore this indicator suggests that the best decentralized pairing is the diagonal

one. However, if φ̃ is normalized to obtain the PM, the sum of the main diagonal will vary

between 0.53 and 0.84, which means that such a decentralized structure will consider between

53% and 84% of the quantified process dynamics. An upper triangular controller will be the

result of discriminating only the subsystem G12, and it is the simplest structure which will most

likely yield an acceptable performance, since it will consider between 76% and 94% of the pro-

cess dynamics. However, in the worst case for such a triangular structure, the significance of

the neglected input-output channel is 24%, which is rather large considering that in a system

with four equal input-output channels the contribution of each channel is 25%. The final robust

decision to be taken is that a full MIMO controller should be used, since no input-output chan-

nel can be discriminated considering the variation of trace(PjQi) in the uncertainty set.

3.2 Exactitude of the approximation
The discussed approach was proposed in [3], where it was observed that significant errors were

committed for systems with large uncertainty and of high order. We derive in the remaining



3. PARTICIPATION MATRIX FOR UNCERTAIN PARAMETRIC MODELS 49

of this section two conditions which have to be satisfied to yield accurate results. If these

conditions are not satisfied, the inequality introduced in [2] and later tightened in [3] can al-

ternatively be used with the disadvantage that it is likely to derive in conservative confidence

bounds.

Condition 1

The presented approach is based on minimizing or maximizing the radius of the curve at

each frequency. Since the center of the curve is located in the direction of the normal vec-

tor and at a distance equal to the radius of curvature of G(j ω), adding or subtracting the value

|G(j ω)W (j ω)| in the direction of the center will locally minimize or maximize the radius of

the curve unless |G(j ω)W (j ω)| is larger than the radius of curvature of G(j ω). As a result,

the necessary condition for the validity of this approach is that the radius of curvature of G(j ω)
has to be larger than the radius of the circumference describing the uncertainty set.

Condition 2

It was observed in [3] that in some cases the generated boundaries intersect the circles which

describe the uncertainty set. This implies that part of the uncertainty set is disregarded. We

derive now the reason of this mismatch and describe how significant discrepancies can be

identified.

For the generated bounds to include the uncertainty set, it is necessary that they are tangent

to the family of curves δ. The tangency condition will then be checked, which is that the

tangent vectors to the considered curves at the shared point must go in the same direction.

For representing these tangent vectors, the orthogonal reference frame formed by 	NG(j ω)
and 	TG(j ω) will be used. 	NG(j ω) is given by Equation (3), and 	TG(j ω) is given by:

	TG(jω) = G′(j ω)/|G′(j ω)| (4)

The movement of this non-inertial reference frame is given by the Frenet-Serret (see [8, 9])

formulae simplified for a planar curve:(
(	TG)

′

( 	NG)
′

)
= |G′| ·

(
0 kG

−kG 0

)(
	TG

	NG

)
(5)

where kG(j ω) is the curvature of G(j ω):

kG(j ω) = |G′(j ω)×G′′(j ω)|/|G′(j ω)|3 (6)

At each frequency ωk, the shared points between δ(ωk, θ) and the boundaries are obtained

in the intersections between the circumference δ(ωk, θ) and the line determined by 	NG(j ωk).

This means that the tangents to δ(ωk, θ) go in the direction of 	TG(j ωk). The direction of

the tangent vectors to the boundaries is obtained by differentiating their parameterizations in

Equation (2). For the case of Gmax and using equations (4) and (5), this yields:

(Gmax)′ = (1 + kG)|G′|	TG − |GW |′ 	NG (7)
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Figure 3: Uncertainty in the Nyquist diagram for the uncertain system in Equation (10). Left: cir-
cles described by multiplicative uncertainty and the approximated boundaries. Right: intersection
angles between the approximated boundaries and the circles as function of frequency.

which indicates that at each frequency ωk, the boundary Gmax(j ωk) is tangent to δ(ωk, θ) only

if the term |G(j ωk)W (j ωk)|′ is 0, meaning that the radius of the circumferences describing

the uncertainty set has to remain constant. The angle between both tangent vectors is:

�̂TGGmax = atan

( −|GW |′
(1 + kG) · |G′|

)
(8)

and in a similar way, for the boundary Gmin we obtain:

̂�TGGmin = atan

( |GW |′
(1− kG) · |G′|

)
(9)

These intersection angles are expected to be small for slow variations of the radius of δ while

the Nyquist curve moves in the complex plane. In these cases the error committed in the

approximation is found to be negligible (see Fig. 3.2 (left)).

Example 2. The following nominal system and multiplicative uncertainty are considered:

G =
2

(0.45s+ 1)
;W =

0.312

(2s+ 1)
(10)

It can be observed in Fig. 3.2(left), that the radius of δ presents fast variations at low fre-

quencies. The intersection angles as a function of the frequency are depicted in Fig. 3.2(right).

At low frequencies it can be noticed that the intersection angle of Gmin is rather large, resulting

in a significant part of the circles δ being neglected. It has been observed that any of these an-

gles being larger than 45o will most likely derive in a significant part of the circles representing

the uncertainty being neglected.

The approximated bounds on trace(PQ) are given by the interval [0.7332, 1.3850]. Ran-

dom simulations were performed by choosing Δ as a complex number uniformly distributed

in the unit circle. For 150 realizations only 1 of them fell out of the approximated bounds.
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It can be concluded that the method gives in most cases an accurate approximation, since

only abrupt changes in the radius of δ which persist as the Nyquist curve moves in the complex

plane will derive in significant inaccuracies. Besides, multiplicative uncertainty is usually a

conservative way of representing uncertainty (see Fig. 1), and therefore it is not significant that

the described approach is not capturing a small part of the uncertainty set.

4 Empirical robust estimation of Participation Matrix
The approach previously described can also be used to obtain an estimation on the bounds of

trace(PQ) from process data. This is done by choosing an appropriate modeling scheme to

obtain an estimate for G(j ω) at a set of considered frequencies, as well as circular complex

regions of uncertainty determined by the variance of the estimators.

The optimal choice of the modeling scheme and the excitation signals is to be decided

depending on the process to be modeled and the scenario. However, for a complete illustration

of an example, a modeling scheme using the ML estimator for linear multivariable systems is

here included.

4.1 Estimation of the FRF for linear multivariable systems

Periodic signals have been selected as excitation due to the reduced variability of the obtained

FRF estimate compared with i.e. white gaussian noise.

To estimate G(j ωk) for a multivariable system with n inputs and m outputs, n sub-experiments

are needed. The Fourier transform of the inputs and outputs for each frequency ωk will then be

collected in the matrices U(k) ∈ Cn×n and Y(k) ∈ Cm×n respectively. In these matrices, the

entries Uij(k) or Yij(k) are the frequency content of the ith input or output at the frequency ωk

and in the jth sub-experiment.

Then the ML estimator GML(j ωk) is:

GML(j ωk) = Y(k)U−1(k) (11)

In order to guarantee that U(k) is regular and well-conditioned, the DFT spectrum of one of

the input signals will be tailored, and U(k) will be selected as U(k) = U(k)W, being W an

orthogonal matrix. I.e. for the case of a 2× 2 system:

W =

(
1 1
1 −1

)

These orthogonal input signals for TITO systems were introduced in [10] and later considered

for an arbitrary input dimension in [11]. They have been designed for attenuating the influence

of process noise in the FRF measurements.

In case of having several successive periods of the signals available, different averaging

techniques are possible (see [12]), being the one selected here to average the DFT spectrum

over the successive periods.
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For P measured periods, the estimated model for each period p is denoted as [Ĝ(j ωk)]
(p).

The averaged model is denoted as Ĝ(j ωk), and the sample variance of the estimator is denoted

as σ̂2
ij(k). They are calculated as:

Ĝ(j ωk) =
1

P

P∑
p=1

[Ĝ(j ωk)]
(p)

σ̂2
ij(k) =

1

P − 1

P∑
p=1

|Ĝij(j ωk)− [Ĝij(j ωk)]
(p)|2

4.2 Computing the robust estimation of PM
We will start from an estimation of G(j ωk) and the variance of the estimators at each excited

frequency.
For a given confidence ρ, circular complex confidence regions for the estimator have a ra-

dius of
√−log(1− ρ)σ̂ij(k). The confidence ρ will be arbitrary selected with a large value,

since in the sequel, the created confidence regions will be assumed to be reflecting the uncer-
tainty set. The curves enclosing the minimum and maximum areas in the Nyquist diagram can
be described as:

Gmin
ij (j ωk) = Ĝij(j ωk) + �NGij (j ωk)

√
−log(1− ρ)σ̂ij(k) (13a)

Gmax
ij (j ωk) = Ĝij(j ωk)− �NGij (j ωk)

√
−log(1− ρ)σ̂ij(k) (13b)

where 	NGij(j ωk) is the normal vector to the Nyquist curve which was computed using a

discrete version of the Frenet-Serret formulas, and ρ is 0.99 for a region of 99% confidence.

The area enclosed by the two discretized curves in Equation (13) can be computed using

triangulation as described in the appendix. The result is an estimation of trace(PjQi) with

uncertainty bounds created by allowing the estimates of the FRF to vary within a circular

complex region created from the variance of the estimates.

φ̃ =

(
[4.15, 6.32] [5.44, 8.12]
[4.23, 5.80] [3.41, 5.15]

)
; φ̃N =

(
5.49 6.97
5.22 4.45

)
Example 3. The quadruple-tank system is an interacting system in which two pumps deliver

their flow in four interconnected tanks (see [13]). It is of desire to determine a control structure

for controlling the level of the two tanks at the bottom of the construction (h1 and h2) for the

working point described in Table 1. The linearized model is:

G(s) =

⎛
⎜⎝

γ1c1
1 + sT1

(1− γ2)c1
(1 + sT3)(1 + sT1)

(1− γ1)c2
(1 + sT4)(1 + sT2)

γ2c2
1 + sT2

⎞
⎟⎠ (14)

where Ti =
Ai

ai

√
2h0

i /g are the time constants of the tanks, h0
i is the level of the tank i at the

considered working point and ci = Tiki/Ai. The considered process parameters are summa-

rized in Table 2. The inputs uj are the voltage applied to pump j (in Volts), and the outputs hi

are the level in tank i (in cm).
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Figure 4: Smoothed confidence regions in the Nyquist diagram for the magnitude of the estimated
nonparametric models for the quadruple-tank. The continuous line describes nominal model.

Random phase multisine signals (see [14, 12]) were used as excitation for a simulation. The

excited frequencies were logarithmically spaced in the interval [f0, fmax], with f0 = 10−4.2Hz
and fmax = 1585 · f0 = 10−1Hz. The RMS value of the excitation was 0.26. The sampling

rate was chosen to be Ts = (2 · fmax)
−1. The measurements were disturbed with additive

white gaussian noise of variance 0.01. The signals were logged during 5 successive periods,

considering 1 period as transient.

The estimated Nyquist curve presents ripples and abrupt variations, deriving in a large un-

certainty in the direction of the normal vector. This was solved using the smoothness property

of the Nyquist curve. The estimated Nyquist curve and the normal vector were smoothed with

a moving average filter, and equations 13 were used to create the uncertainty bounds. These

bounds were also smoothed to reduce the uncertainty region, and the result is depicted in Fig. 4.

The obtained robust estimation of φ̃ and the nominal value φ̃N are:

φ̃ =

(
[4.1512, 6.3226] [5.4430, 8.1185]
[4.2316, 5.7962] [3.4094, 5.1468]

)
; φ̃N =

(
5.4852 6.9683
5.2242 4.4498

)

Variable u0
1 u0

2 h0
1 h0

2 h0
3 h0

4

Value 3 V 3.2 V 14.1 cm 12.5 cm 3.5 cm 2.6 cm

Table 1: Selected working point for the quadruple-tank process.
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Parameter Value Description

A1, A3 28 cm2 Cross section of tanks 1 and 3

A2, A4 32 cm2 Cross section of tanks 2 and 4

a1, a3 0.071 cm2 Area of the bottom hole of tanks 1 and 3

a2, a4 0.057 cm2 Area of the bottom hole of tanks 1 and 3

g 981 cm/s2 Gravity acceleration

k1 3.33 Flow generated by pump 1 for a voltage unit

k2 3.35 Flow generated by pump 1 for a voltage unit

γ1 0.59 Fraction of flow from pump 1 into tank 1

γ2 0.45 Fraction of flow from pump 1 into tank 2

Table 2: Construction parameters of the quadruple-tank process.

5 Conclusions
A method for approximating the bounds on the squared HS norm of uncertain parametric mod-

els has been reviewed. The reasons for previously identified inaccuracies have been deter-

mined. It has been found that this approach is exact only under specific conditions, but is in

most cases a good approximation. Only models with large uncertainty and/or large number of

poles/zeros are likely to present significant discrepancies. In these cases, the inequality intro-

duced in [2] and later tightened in [3] can still be used with the disadvantage that it is likely to

derive in conservative confidence bounds.

As an application, robust decisions on control structure selection can be performed by

inspecting the possible variations of the squared HS norm in the uncertainty set. This is be

done by either analyzing an uncertain parametric model, which is traditionally obtained from

physical principles and grey-box modeling, or by analyzing an uncertain non-parametric model

of the FRF which can be empirically obtained from a tailored experiment.

A Computing the area enclosed by the Nyquist curve
For computing the area enclosed under a Nyquist curve, two numerical methods are discussed.

A.1 Computing the area using triangulation
The curve can be evaluated at a finite number of points, and triangulation techniques can be

used to compute the area enclosed by the resulting polygon. For a chosen set of increasing

positive frequencies ωk = {ω0, ω1, . . . , ωN} this area can be computed as:

Area = (re(G(j ω0)) · im(G(j ω0))− re(G(j ωN)) · im(G(j ωN)))+

+
N−1∑
k=0

(
re(G(j ωk)) · im(G(j ωk+1))− re(G(j ωk+1)) · im(G(j ωk))

) (A.15)
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This method is simple to implement and is fast to compute, and many software tools have

it in a built in function, like the function polyarea in Matlab. This method it is suitable in the

case of having a nonparametric model of the FRF, as derived in Section 4.

A clear disadvantage of this method is that its accuracy depends on the ability of the user

in selecting the set of frequencies at which G(j ω) is evaluated.

A.2 Computing the area using numerical integration
Equations 2 are parameterizations of curves in the complex plane with respect to the parameter

ω. The area can therefore be analytically computed by evaluating the following line integral in

the complex plane:

Area(γ) =
1

2

∮
γ

xdy − ydx

where γ denotes the considered curve, x denotes the abscissa (real part) and y denotes the ordi-

nate (imaginary part). However, solving this integral can be tedious, and therefore, a numerical

alternative is here discussed. The enclosed area can be computed as:

Area(γ) =

∫ ∞

−∞

∫ ∞

−∞
nγ(x+ j · y)dxdy

where nγ(x+ j · y) is the number of times that γ winds around the point x+ j · y. This integral

can numerically be solved using quadrature methods (i.e. the methods implemented in Matlab

in the function dblquad). For this purpose, an algorithm computing the winding number of a

point in the complex plane needs to be provided to the quadrature method.

Such algorithm is given in [15] as an application of general concepts in geometry applied

to the Nyquist diagram. Simplifying results in that paper, the following algorithm can be

formulated for computing the winding number for a given point z0 = x0 + j · y0:

1.- Denote as  the horizontal half-line which starts at the point z0 and goes in the positive

direction of the abscissa.

2.- Determine the number and sign of the crossings of γ and . A crossing is positive if the

cross product of the tangent vectors to the curves t� × tγ is also positive.

3.- The winding number is the number of positive crossings minus the number of negative

crossings.

There are two specials cases in this algorithm which have to be clarified. For ω → ∞
the Nyquist curve is not smooth. The same situation can occur at ω = 0, and therefore, the

tangent to the Nyquist curve is not well-defined. The sign of these crossings can be determined

by checking the sign of the first nonzero derivative of ∠G(j ω) for the case of ω = 0, and of

∠G(j/ω) for ω → ∞ (see [15]).
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Empirical approach to robust gramian-based analysis of
process interactions in control structure selection.

Miguel Castaño, Wolfgang Birk and Björn Halvarsson

Abstract

This paper deals with the estimation of a gramian-based interaction measure from logged pro-

cess data, and thereby removing the need of creating parametric models prior to the selection

of the significant input-output interconnections. Moreover, the resulting confidence regions of

the estimates can be used to perform a robust control structure selection.

The considered interaction measure is the Participation Matrix. Based on previous results,

a new unbiased statistic is proposed, and confidence bounds for the estimate are derived.

Examples and a case study are used to illustrate how the method can be applied.

1 Introduction
A critical step in the design of control systems in multivariable processes is the choice of the

structure of the controller. Current methods for control structure selection include the so called

Interaction Measures (IMs), being the most widely used IM the Relative Gain Array introduced

on 1966 by Bristol (see [1]). The IMs help the designer to select a subset of the most significant

input-output channels, which will form a reduced model on which the control design will be

based. The IM considered in this paper is the Participation Matrix (PM) (see [2]).

The IMs require prior process modeling, which is usually a time consuming task. The com-

plexity of the process modeling increases as the number of process variables increases. When

modeling a complex process, the designer usually models only the input-output channels which

he/she considers significant. When IMs are applied to such model, the analysis may be biased

by the judgment of the designer, since potential input-output interconnections may have been

neglected in the modeling step. However, it is not efficient to model the full interconnection

matrix since the significant input-output channels often form a sparse subset, and therefore

most of the created models are neglected thereafter. Estimating any of the IMs from process

data would give useful information on how to select the control structure, and the modeling

effort can be focused only on those interconnections which were found to be significant.

Despite the clear advantages of estimating IMs from input-output logged data, only a lim-

ited amount of work has been published in this field, i.e. the methods described in [3] and [4]

to estimate the RGA and the PM respectively.

Clearly, the estimation of process parameters is affected by process uncertainty. Thus, the

validity of the decisions based on control structure methods can not be assessed by only ana-

lyzing the nominal process parameters. Recently, the effect of model uncertainties on control

structure design methods has received increasingly attention, i.e. the different studies on the
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sensitivity of the RGA to model uncertainties published in [5] and [6], or the work on the

sensitivity on the PM also to model uncertainties in [7] and [8].

The goal of this paper is creating a method for estimating an indicator of the significance

of the input-output channels and obtaining confidence bounds on the estimation. The clear

benefit of this approach is to be able to take a robust decision on control structure selection

from a simple experiment.

The IM here considered is the PM, which uses a gramian-based indicator to quantify the

significance of the input-output channels. The work in this paper is based on previous results

in [4], where the mentioned indicator is estimated from an estimation of the impulse response

of each of the input-output channels. Matching each of the input/output channels with a FIR

filter provides non-parametric models which are easy and fast to create. The PM then provides

the required information for control structure selection, or in the case of requiring more sophis-

ticated models, the PM will pinpoint the input-output channels on which the designer should

focus during the modeling task.

The preliminaries on the PM and its estimation are given in Section 2. Section 3 shows

that the statistic used in [4] provides a biased estimation (but asymptotically unbiased), and

therefore the first step in the work is to derive an unbiased estimator, as described in Section 4.

The second step is to create confidence bounds on the estimation by finding the distribution of

the estimator, as described in Section 5. These confidence bounds on the estimation will be

used to perform a robust control structure selection. In Section 6, the method is applied to a

bark boiler and several numerical considerations are given. Finally, the conclusions are given

in Section 7. For further details on the conducted research the reader can refer to [9].

2 Preliminaries
The preliminaries on gramians and PM are now given.

2.1 Controllability and observability gramians
Given a sampled system represented by the quadruple (A,B,C,0) in state-space representation,

the controllability (P) and observability (Q) gramians are obtained by solving the following

discrete-time Lyapunov equations [10]:

APAT − P +BBT = 0 ; ATQA−Q+ CTC = 0

P quantifies how hard it is to control the system states from the inputs, and Q quantifies

how hard it is to observe the process states from the outputs.

Since P and Q depend on the state space realization, the product PQ is formed. PQ is a

matrix with non-negative eigenvalues which are independent of the state space realization, and

the sum of its eigenvalues equals its trace.

The trace of PQ quantifies the combined abilities of the inputs and outputs to control and

observe the process state, or in another words, it quantifies the connection of the input and

output spaces via the state space.
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2.2 Participation Matrix
For a system with n inputs and m outputs, the PM was introduced as [2]:

φij =
trace(PjQi)

m,n∑
i=1
j=1

trace(PjQi)

(1)

where trace(PjQi) is the trace of the product of the controllability and observability gramians

of the (i, j) input-output channel.

The used normalization implies that all the elements in the PM add up to 1, and the element

φij quantifies the relative contribution of the (i, j) input-output channel in the process.

When the PM is used for control structure design, a subset of the most significant input-

output channels is selected. A total contribution of the selected channels higher than 0.7 is

expected to derive in a satisfactory performance.

The normalization in the computation of the PM involves that a change in the value trace(PjQi)
for an unique input-output channel may influence all the elements in the PM. To avoid this de-

pendency, an index array containing the values trace(PjQi) will be analyzed, and denoted by

φ̃:

φ̃ij = trace(PjQi)

In this index array, as in its normalized version, the largest elements identify the most signifi-

cant input-output channels.

Besides, given a multivariable discrete time system G, the value trace(PjQi) can be com-

puted as [4] :

φ̃ij =

Nij∑
k=0

k(hij(k))
2 (2)

where hij(k) is the true impulse response of the channel (i, j) such that:

yi(τ · Ts) =

n∑
j=1

Nij∑
k=0

hij(k) · uj(τ · Ts − k · Ts), for τ = 1, 2, . . .

being Ts the sampling time, and Nij the number of coefficients of the true impulse response of

the channel (i, j) until it settles to 0.

3 Biased estimation of Participation Matrix
The method for the estimation of PM introduced in [4], uses Equation (2) to estimate trace(PjQi)
from an estimation of the impulse response of each input-output channel obtained using linear
regression to match FIR filters of selected orders. For selected orders of the FIR filters Nmax

ij

larger than the length Nij of the true impulse response, the true response of the output yi is
given by:

yi(τ · Ts) =

n∑
j=1

Nmax
ij∑
k=0

hij(k) · uj(τ · Ts − k · Ts), for τ = 1, 2, . . .
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with hij(k) = 0, ∀k > Nij .

When the process inputs of a linear system are excited with uncorrelated gaussian noise,

and in the presence of additive uncorrelated gaussian noise at the output, the estimated impulse

response ĥij(k) can be obtained using linear regression as described in the Appendix.

The following statistic was used in [4] to estimate φ̃ij

[φ̃ij]B =

Nmax
ij∑
k=0

k(ĥij(k))
2 (3)

Proposition. The statistic in Equation (3) provides a biased estimator for the indicator

trace(PjQi). However, the estimator is asymptotically unbiased.

Proof. The estimators for the impulse response can be expressed as ĥij(k) = hij(k)+νij(k),

where νij(jk) ∼ N(0, σ2
ij(k)), and being σ2

ij(k) the variance of ĥij(k).
The expected value of the estimator is:

E
(
[φ̃ij]B

)
= E

⎛
⎝Nmax

ij∑
k=0

k
(
hij(k) + νij(k)

)2⎞⎠ =

=

Nmax
ij∑
k=0

k(hij(k))
2 +

Nmax
ij∑
k=0

2kE (hij(k)νij(k)) +

Nmax
ij∑
k=0

kE
(
ν2
ij(k)

)
= φ̃ij +

Nmax
ij∑
k=0

k · σ2
ij(k)

(4)

And therefore is a biased estimator of φ̃ij . However, σ2
ij(k) tend to zero when the number

of logged samples tends to infinity. Therefore, the estimator is asymptotically unbiased, and it

will converge to the true value of φ̃ij for an infinite number of data samples.

�

4 Unbiased estimation of Participation Matrix
An unbiased statistic for φ̃ij is now introduced for linear systems with uncorrelated gaussian

noise both as excitation and additive output noise.

Proposition The statistic

[φ̃ij]UB =

Nmax
ij∑
k=0

k(ĥij(k))
2 −

Nmax
ij∑
k=0

k · σ2
ij(k) (5)

provides an unbiased estimator of φ̃ij .

Proof It follows from Equation (4).

�
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The variances of the estimators σ2
ij(k) are the diagonal elements of the covariance matrices

of the linear regressions. This covariance matrices can be determined knowing the variance of

the output disturbance noise, which can be unbiasedly estimated in case of being unknown (see

Appendix).

Example 1
The following process has been used in [4] to estimate the PM from the statistic [φ̃ij]B in

Equation (3).

G(s) =

⎛
⎜⎝

2.231
s+ 2.231

0.1189
s+ 3.567

0.5579
s+ 2.231

2.448s+ 2.567
s2 + 5.192s+ 5.797

⎞
⎟⎠ (6)

A sampling rate of 0.1 sec was selected. The continuous-time system was excited with a

discrete signal and hold by a ‘zoh’. The sampling rate of the system has an important impact

in the value of the PM of a linear system [11], and the nominal value of φ̃ij is that of the

discretized system.

Discrete uncorrelated gaussian noise sequences were used for both the excitation and the

output additive noise with variances of 4 and 0.04 respectively. The variance of the measure-

ment noise was assumed to be unknown.
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Figure 1: Estimation of trace(PjQi) for the system in Equation (6) sampled at a rate of 0.1 sec. Biased
estimator [φ̃ij ]B (solid), unbiased estimator [φ̃ij ]UB (dashed), and nominal values (solid horizontal
line).
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The chosen length of the FIR filters was 35 coefficients. Independent experiments with

different numbers of logged data samples logged were performed. For the selected length of

the FIR filters, at least 179 simulated samples are needed for the degrees of freedom of the

residual error in the MISO regressions to be larger than the number of estimated parameters.

From Fig. 1 it can be observed that for more than 179 samples, the new estimator [φ̃ij]UB

converges to the true value, whilst the estimator [φ̃ij]B needs more samples to converge. When

more samples are taken, the variance of both estimators is reduced.

Previous simulation work in in [4], observed an error in the estimation for the channels

with poor S/N. In this example, we identify a bias term contributing to this discrepancy, which

can be subtracted to obtain an unbiased estimation.

5 Confidence bounds on the estimation of Participation Ma-
trix

In this section we derive the distribution of the unbiased estimator [φ̃ij]UB introduced in the

previous section and apply it to generate confidence bounds on the estimation.

Proposition¨: The estimator in Equation (5) is distributed as a linear combination of non-

central chi-square random variables with one degree of freedom of the form:

[φ̃ij]UB =

Nmax
ij∑
k=0

k · σ2
ij(k) ·Hij(k)−

Nmax
ij∑
k=0

k · σ2
ij(k) ; Hij(k) ∼ χ2

1

(
μ2
ij(k)

σ2
ij(k)

)
(7)

where μ2
ij(k) and σ2

ij(k) are the means and variances of the estimators ĥij(k) of the impulse

response.

Proof : The independence of ĥij has been ensured by using an uncorrelated excitation sig-

nal. The coefficients of the estimated impulse response ĥij are independently normally dis-

tributed random variables with mean μij(k) and variance σ2
ij(k). The parameters μij(k) are

the coefficients estimated in the linear regressions and σ2
ij(k) are the diagonal elements of the

covariance matrices from the linear regressions (see Appendix).

Introducing the random variables h̃ij(k) = ĥij(k)/σij(k) in Equation (5) we obtain:

[φ̃ij]UB =

Nmax
ij∑
k=0

k · σ2
ij(k) · (h̃ij(k))

2 −
Nmax

ij∑
k=0

k · σ2
ij(k) ; h̃ij(k) ∼ N

(
μij(k)

σij(k)
, 1

)
(8)

The square of a normally distributed variable with mean μ and unit variance, follows a non-

central chi-square distribution χ2
1(λ) with one degree of freedom, and noncentrality parameter

λ = μ2. Therefore, the variables Hij(k) = h̃2
ij(k) are distributed as Hij(k) ∼ χ2

1

(
μ2
ij(k)

σ2
ij(k)

)
.

Substituting h̃2
ij by Hij(k) in Equation (8) we get Equation (7).

�
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Figure 2: Estimation of trace(PjQi) for the system in Equation (6) sampled at a rate of 0.1 sec. Biased
estimator [φ̃ij ]B (solid), unbiased estimator [φ̃ij ]UB (dashed). The 99% confidence regions are shaded,
and the nominal values are represented in horizontal solid lines.

To obtain the confidence bounds, the Cumulative Distribution Functions (CDFs) of linear

combinations of independent non-central chi-square random variables have to be computed.

For this purpose, the algorithm proposed in [12] was used. The author distributes the imple-

mented algorithm in FORTRAN and C++ versions. In the work described in this paper, the

algorithm was ported to Matlab code.

Example 2

The system in Equation (6) was excited as described in Example 1. The obtained data was used

to create asymmetric 99% confidence bounds (0.1% from the left, 0.9% from the right) on the

estimation of [φ̃ij]UB , and the result is depicted in Fig. 2.

This example shows how for a short number of logged samples, the uncertainty in the

estimation is too large, and the only robust conclusion that we can take is that the input-output

channel with larger significance is the channel (1, 1). The uncertainty is reduced as the number

of logged samples increases, and it becomes clear that the most important input-output channels

are the diagonal ones, being able to take the robust decision of using a decentralized controller.
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Figure 3: Sketch of a bark boiler with air system.

6 Case study: Bark boiler
A bark boiler is used in the pulp and paper industry to burn rest products from debarking of

wood in order to produce steam. If there is an over production of steam which is not used within

the production processes, electrical power is produced from remaining steam. Nowadays, these

boilers are operated with hard environmental constraints on the composition of the flue gases,

resulting in trade-off between optimal steam production at low cost while producing minimal

exhaust gases like CO, CO2 and NOx.

In this case study, the air control system of a bark boiler at SCA Obbola, Sweden is an-

alyzed. A simple sketch of the boiler is given in Fig. 3. There, the primary, secondary and

tertiary air ducts are indicated. The tertiary air is tapped from the primary air after the first

heater using an extra fan to achieve a desired flow. Subsequently, the air flow is split in an

upper and lower part to be supplied in the exhaust gas duct. A good control performance of the

air system is a prerequisite to achieve a stable operation of the bark boiler.

6.1 Process models
In order to acquire measurement data, experiments were performed at the bark boiler around

a specified working point. Thereafter, the logged data was used to estimate models using

the prediction error method for approximating parameters of first and second order processes

models with time delays. These models were derived as multiple-input single-output models

for each output.

The resulting process model for the complete air system is given as a 4×4 transfer function
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matrix:

G =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0.301e−0.838s
1.120s+ 1

−0.025e−0.527s
0.2283s+ 1

1.199e−27.8s
280.2s+ 1

0.076
2.542s+ 1

(0.258s+ 0.708)e−28.6s

48.2s2 + 280.4s+ 1
(0.016s+ 0.045)e−0.814s

0.438s2 + 2.714s+ 1

−0.035e−28.5s

602.3s2 + 282.3s+ 1
−0.002e−0.704s

5.465s2 + 4.692s+ 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

−0.014e−30s
68.69s+ 1

−0.004e−0.178s
0.2633s+ 1

0.004e−0.615s
16.31s+ 1

0.611
145.2s+ 1

(0.282s+ 0.022)e−4.48

11.97s2 + 14.57s+ 1
(−0.009s+ 0.002)e−0.814s

s+ 0.007

−0.003e−2.45
61.96s+ 1

−0.5476
2.689s+ 1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

6.2 Estimating PM for the bark boiler
The linear process models were simulated in order to obtain an estimate for trace(PjQi). The

variances of the input excitation and the output noise were 16 and 0.01 respectively. The

variance of the measurement noise was assumed to be unknown. A sampling rate of 3 sec was

considered appropriate to capture the process dynamics.

It has been observed from the step response that the settling time of the fastest channel is

around 20 sec whilst the slowest channel shows a settling time around 1500 sec.

For convenience to the final user of the algorithm, it was of desire to choose the same

length of the FIR filter used to match the impulse response for each of the channels. The

selected length of the filter was 500 coefficients, which allows to capture the impulse response

of the slowest channels.

This means that for the fastest channels, a large part of the coefficients of the estimated

impulse response which should be 0 are estimated as different to 0 due to the noise. This

effect increases the variance of the estimated value of trace(PjQi) (and the bias if the biased

estimator is used).
First attempts to create confidence bounds on the estimation gave incoherent results due to

numerical errors. The main source of these errors was found to be the algorithm for computing
the CDF of the linear combination of the non-central chi-square random variables. The author
of the function reports possible inaccurate results when a few random variables with few de-
grees of freedom are dominating in the linear combination. This is clearly the case when the
length of the FIR filters have been selected too large and then many of the estimated coeffi-
cients are distributed around 0. For dealing with this limitation, the coefficients of the impulse
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responses were separated in a set including the significant coefficients, and a set including the
not significant coefficients. Only the significant coefficients are then passed to the function for

computing the CDF. We therefore decompose [φ̃ij]UB as:

[φ̃ij ]UB =
∑

k∈ksig

k · σ2
ij(k) ·Hij(k)

︸ ︷︷ ︸
S1a

+
∑

k∈kunsig

k · (ĥij(k))2

︸ ︷︷ ︸
S1b

−
Nmax

ij∑
k=0

k · σ2
ij(k)︸ ︷︷ ︸

S2

;Hij(k) ∼ χ2
1

(
μ2
ij(k)

σ2
ij(k)

)

with

ksig = {k : hij(k) is a significant coefficient}
kunsig = {k : hij(k) is not a significant coefficient}

For computing the confidence bounds on the estimation of φ̃ij , it is then advised to first

compute the confidence bounds on S1a and then add the quantities S1b and S2.
The classification of the hij(k) coefficients, has been done by applying statistical t-tests

with the following hypothesis:

Ho : ĥij(k) comes from a normal distribution with 0 mean.

H1 : ĥij(k) comes from a normal distribution with mean different than 0.

For a P-value of the test lower than 0.05, the null hypothesis was rejected and the coefficients

were considered significant.

The confidence intervals were selected to be at 99.5% (0.01% from the left and 0.04% from

the right), and the result is depicted in Fig. 4.

6.3 Analysis of results on the bark boiler

In Fig. 4, it can be seen that the unbiased estimate of trace(PQ) is converging rapidly to the

nominal value and that it stays within the confidence region. Whereas the biased estimator

yields large deviations for most channels of the process, besides (u1, y2).
From inspection of nominal values the following control scheme could be suggested:

• Use u1 primarily to control the tertiary air flow y2.

• Use u2 to control the lower tertiary air flow y3.

• Use u4 to control the upper tertiary air flow y4

• Do not use u3 for control purposes.

Additionally, it can be seen that there is an effect from u1 to y1, which should be dealt with by

either a feedforward control or by integrating into the control loop for y2 using a cascade.
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Figure 4: Estimated trace(PjQi) for the air system of the bark boiler with respect to the number
of logged samples for a single experiment with a sampling rate of 3 sec. Biased estimation (solid),
unbiased estimation (dashed). The 99.5% confidence regions are shaded, and the nominal values are
represented in horizontal solid lines.

7 Conclusions

The benefit of estimating IMs from process data is to be able to identify a subset of the most

important input-output interconnections of a multivariable system. This subset will form a

reduced system on which future modeling efforts will be placed and control design will be

based.

However, the uncertainty in this estimation can lead to an erroneous selection, and being

able to create confidence bounds on the estimation will allow to take robust decisions on the

control structure to be selected.

The results in this paper start from an estimator for a gramian-based IM which was previ-

ously introduced in [4]. The estimator is proved to be biased (but asymptotically unbiased).

The bias is positive, and becomes significant in the channels with poor S/N. This channels may

then be erroneously considered as significant. This bias can be subtracted in order to create an

unbiased estimation.

The probability distribution of the unbiased estimator is found, allowing creating the sought
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confidence intervals in the estimation. These intervals can be used to perform a robust decision

on the control structure to be used.

Two examples have been used to illustrate the usefulness of the method, and some numeri-

cal issues are discussed in order to facilitate the implementation.

A Estimation of the impulse response of a linear system
This appendix describes some statistical properties of the estimation by linear regression of

the impulse response of a linear system under gaussian noise excitation and in the presence of

additive gaussian noise at the output (see [13]).

Denote by Ns the number of logged samples of the output y. Collect the input (u) and

output histories in vectors of the form:

Ui(kTs) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

u1(kTs)
u1(kTs−Ts)
u1(kTs−2Ts)

...
u1(kTs−Nmax

i1 Ts)

u2(kTs)
u2(kTs−Ts)

...
un(kTs−Nmax

in Ts)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

;

Φi =

⎛
⎝ Ui(Ts)T

Ui(2Ts)T

...
Ui(NsTs)T

⎞
⎠

Yi =

⎛
⎝ yi(Ts)

yi(2Ts)

...
yi(NsTs)

⎞
⎠

The impulse response of the output yi is then estimated as:

Ĥ i = (ΦT
i Φi)

−1ΦT
i Yi ; Cov(Ĥ i) = σ2

yi
(ΦT

i Φi)
−1

where

Ĥ i = (ĥi1(1), . . . , ĥi1(N
max
i1 ), ĥi2(1), . . . , ĥin(N

max
in ))T

and σ2
yi

is the noise variance at the output yi. If this variance is unknown, it can be estimated

using the following unbiased statistic:

σ̂2
yi
=

1

Ns − di
(Yi −ΦiĤ i)

2

where di is the dimension of Φi.
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On the selection of control configurations for uncertain

systems using gramian-based interaction measures.

Miguel Castaño, Wolfgang Birk

Abstract

A critical step in the control design of industrial processes is the Control Configuration Se-

lection (CCS), where each actuator is grouped with a set of measurements to be used in the

computation of its control action.

Tools for CCS include gramian-based IMs, which are traditionally calculated using the

nominal model. However, uncertainty is an inherent property of all process models, since sim-

plifications and approximations are unavoidable during modeling. The consideration of model

uncertainty might result in a different configuration from the designed for the nominal case.

We introduce in this paper a procedure for the control configuration design in the uncertain

case which requires the previous computation of the uncertainty bounds on a gramian-based

IM.

For the application of this procedure, we derive uncertainty bounds for two gramian-based

IMs from models with uncertainty described in multiplicative form. The considered IMs are

Σ2 and PM.

An alternative is presented where uncertainty bounds are derived from a tailored experi-

ment. For this purpose we introduce methods for the estimation in the frequency domain of the

bounds on the considered IMs, as well as a method in the time domain for PM.

Several examples are used to illustrate and qualitatively compare the described methods.

1 Introduction

The competitive environment of process industry requires efficient production processes with

well-maintained control systems. An industry process comprises a large number of actuators

and measurements, deriving in so called topological complexity, which can be quantified using

different methods (see [1, 2]). A critical task in the control design for such systems is the

Control Structure Selection (CSS).

The CSS task is divided in two steps: the I/O selection and the Control Configuration

Selection (CCS). In the I/O selection, the designer has to determine a set of actuators to be used

by the controller to affect the system and a set of measurements to be controlled in order to track

specified references. In the CCS, each actuator will be associated with a set of measurements

75
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to be used by the controller for its calculation. These two steps are usually done by considering

the potential of the resulting structure to achieve the proposed control goals.

Therefore, CSS is a problem of combinatorial nature, and the number of candidate control

structures increases rapidly with the number of process variables. There are recent results in

plantwide control which aim at creating methods for the design of control structures for large

scale systems (see [3, 4]). However, as pointed out in [5], these strategies are likely to become

unworkable since maintenance in the control system often comes with redesigning which may

need to be done by third parties without the adequate training in plantwide strategies.

The design environment in industrial plants favors the use of heuristic tools and guidelines

for CCS (see [5]). The IMs provide with the required heuristics. For their use, large scale

systems have to be decomposed into segregated subsystems for which the control configuration

is designed separately. This favors a high degree of the decentralization of the process, resulting

in a control system which is simpler to adapt to future requirements. Techniques for such

decomposition are reported in [6, 7].

The most widely used IM is the Relative Gain Array (RGA) which was introduced in 1966

by Bristol (see [8]). Despite the lapse of time, even the most popular IMs rarely become ap-

plied in industry, where control structures are usually designed based on previous experience

or common sense in interpreting process knowledge (see [9]). There has been a large research

effort in developing the IMs towards their practical use, mostly redefining them for being ap-

plicable to a larger class of systems (i.e. [10, 11]), but also addressing topics like robustness or

estimation from process data.

Robustness is an important property of control systems in industrial processes. The com-

plexity of industrial processes, and the usual limitations in performing experiments at the plant

are factors which are likely to increase model uncertainty. An uncertain model can be under-

stood as a set of models which describe possible plant behaviors, one of which is the nominal

model. Clearly, the validity of the control configuration suggested by the IMs cannot be as-

sessed by only analyzing the nominal model, and all the models in the uncertainty set should

be considered. The robustness of the CCS methods has recently received increasing attentions,

like the publications on the computation of the RGA ([12]), the HIIA ([13]) or the Gershgorin

bands ([14]) for uncertain process models. In this paper, the worst-case bounds for Σ2 and PM
are derived when uncertainty is represented in multiplicative form. This is a novelty in com-

parison with previous results, since there is a lack of methods which consider multiplicative

uncertainties in the CCS problem (see [15]). Previous work using multiplicative uncertainty

includes the analysis of the RGA for 2× 2 systems in [16].

The required uncertainty description can be generated from first principle equations with

uncertain parameters (see [17]) or with Model Error Modeling (see [17]). However, modeling

is a time consuming task, and its complexity increases with the number of input-output chan-

nels to be modeled, and therefore with the number of process variables.

This paper further presents novel results on the estimation of IMs, which aim at removing

the need of parametric process models for the analysis. The goal is to find out the most signif-

icant input-output channels from an experiment, and determine in this way the control config-

uration. In addition, subsequent modeling efforts can be focused on the input-output channels

which are found to be significant. This would clearly avoid superfluous work, since in the tradi-



2. PRELIMINARIES 77

tional approach to CCS, several input-output channels are first modeled and later disregarded.

Despite the clear advantages, there is little previous work concerting the estimation of IMs,

including the estimation of the RGA in [18] and PM in [19]. The estimation results presented

here include bounds on the estimation for robust CCS.

The structure of the paper is as follows. First the preliminaries on the gramian-based IMs

and model uncertainty are given in Section 2. Then Section 3 describes the computation of

the uncertainty bounds for Σ2 and PM . The use of these bounds is described in Section 4,

where a new procedure for robust CCS is introduced. The results on robustness are applied

in Section 5 to nonparametric models in the frequency domain for the robust estimation of

Σ2 and PM . Additionally, a method for estimating PM in the time domain is described in

Section 6. As last contribution, Section 7 shows that the methods for estimating Σ2 and PM
in the frequency domain can be applied to weakly nonlinear systems. Finally the conclusions

are given in Section 8.

2 Preliminaries
We describe now the mathematical background on the use of the gramian-based IMs, as well

as the representation of model uncertainty in multiplicative form.

2.1 Gramian-based Interaction Measures
The gramian-based IMs are Index Arrays (IAs) which are used to determine feasible control

configurations. For the calculation of these IAs, first a norm-based operator is applied to each

of the input-output channels in order to quantify its significance. The IA is then computed by

normalizing the significance of the input-output channels:

IAij =
[Gij(s)]p

m,n∑
k,l=1

[Gkl(s)]p

where [·]p denotes the used operator, and Gm×n(s) is the multivariable transfer function matrix.

The operator used by the Σ2 is the H2 norm (see [20]) and the operator used by the PM is the

trace of the product of the controllability and observability gramians (see [21]).

As a result of the normalization, all the elements of these IAs add up to 1. The control

configuration is designed by selecting a reduced model on which control will be based. The

reduced model is formed by the models of the most important input-output channels. The user

can comprehend the amount of the total process dynamics that the reduced model is reflecting

by evaluating the closeness of the total contribution of the selected channels to 1.

In the resulting control configuration, if the input-output channel Gij is forming part of the

reduced model, then the measurement yi has to be used in the computation of uj by the control

system.
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The results are based on analyzing the worst-case bounds of the used operator for each of

the input output channels. The arrays collecting the result of applying the used operator to each

of the input-output channels will be denoted as:

[Σ̃2]ij = ||Gij(s)||2 ; ˜PM ij = trace(PjQi)

As in their normalized version, the largest elements in these arrays indicate the most significant

input-output channels.

The following heuristic rules have been formulated in [21] for the use of PM , and are

currently applied for selecting the most significant input-output channels with the use of any

gramian-based IM:

• Rule 1. The simplest control configuration whose total contribution exceeds an arbitrary

threshold τ is selected as candidate. This configuration considers the input-output channels

with largest significance while considering at least one input-output channel in each row.

There is no general theory which describes which value of τ should be selected, being its

selection more of a heuristic nature. Previous work indicates that configurations designed

with τ = 0.7 are likely to derive in satisfactory performance (see [21, 22, 23]). However this

value has to be often reconsidered depending on the topological complexity the process (see

[21]).

• Rule 2. In a hypothetical process with r input-output channels where all the channels have

the same contribution, this contribution will be equal to 1/r. This suggests that in a more

heterogeneous scenario there is no benefit from considering those input-output channels for

which IAij << 1/r. The converse is also true, and those input-output channels with IAij >>
1/r present a significant contribution to the process dynamics.

Procedure for the design of control configurations. The usual procedure for the design of

control configurations using gramian-based IMs is derived from these rules. First the simplest

control configuration with a contribution larger than τ is sought, and then the configuration is

reviewed. The procedure is divided in the following steps:

Step 1. Select the decentralized controller with the largest contribution of its input-output chan-

nels.

Step 2. Incrementally add the input-output channel with the largest contribution to the set of

considered ones until the total contribution is larger than τ (see Rule 1).

Step 3. The resulting control configuration has to be review using Rule 2. This is done by con-

sidering adding or removing input-output channels which are suspected to present a sig-

nificant or insignificant contribution respectively. This often leads to different candidates

for the control configuration. In this case the designer has to judge if the simplification

or increase of the configuration complexity justifies the decrease or increase in the total

dynamic contribution. At this moment, additional support for deciding between different

configuration candidates can be obtained by comparing the indications of more than one

gramian-based IM.
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Step 4. The resulting control configuration is to be tested in simulations or experiments, and the

complexity of the configuration is increased if the obtained performance is not satisfactory.

2.2 Representing model uncertainty
The following standard notation will be used to represent model uncertainty (see [24]):

Π : uncertainty set. Includes all the possible plants due to uncertainty.

G(s) ∈ Π : nominal plant.

Gp(s) ∈ Π : particular perturbed plant. The uncertainty can be described in multiplica-

tive form as:

Π : Gp(s) = G(s)(1 +W (s)Δ(s)); |Δ(jω)| ≤ 1, ∀ω (1)

W (s) is the scaling factor, and is usually designed as a stable transfer function selected to rep-

resent the uncertainty. Δ(s) is a random model perturbation, and represents any stable transfer

function with magnitude less or equal than 1 at each frequency. G(s)
(
1+W (s)Δ(s)

)
describes

at each frequency ωk a circular region of uncertainty centered in G(jωk) with radius equal to

|G(jωk) ·W (jωk)|. As illustrated in Fig. 1, W (s) has to be selected so that the uncertainty set

Π includes the possible uncertainty at each frequency ωk.

Figure 1: Nyquist diagram perturbed by uncertainty.

.
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In the sequel, the family of circumferences which include the uncertainty set will be named

as δ and can be parameterized as function of the frequency ω:

δ(ω, θ) = G(j ω) + |G(j ω)W (j ω)| · ejθ ; θ ∈ [0, 2π)

Usually, uncertainty weights are designed as rational transfer functions, but other options

are possible, like defining the weight as a real valued function of ω: W (ω) (see [25]). For

the results here presented, the latter will in most cases involve less computational complexity,

since we will integrate expressions which are a function of the uncertainty weights.

Here the uncertainty weights W are required to have continuous first derivatives, to be

bounded, and to fulfill the following typical condition for uncertainty weights:

lim
ω→∞

W �= ±∞

In the case of a MIMO system, it will be considered that each of the input-output channels

Gij(s) is independently perturbed by multiplicative uncertainty Wij(s)Δij(s). The uncertainty

set is then defined as:

Π : Gp(s) = G(s)⊗ (1 +W (s)⊗Δ(s)); |Δij(jω)| ≤ 1, ∀ω (2)

where ⊗ denotes element by element multiplication.

3 Uncertainty bounds for gramian-based Interaction Mea-

sures
Using the uncertainty description, the worst-case bounds on Σ2 and PM can be derived as

described at the starting of this section. Later, a procedure for the control configuration design

which is applied using the generated bounds is introduced. An uncertain system is used as

example for the computation of the bounds on Σ2 and PM , and the described procedure for

the robust design of the control configuration is applied to the generated bounds on both IMs.

3.1 Uncertainty bounds on Σ2

The method here introduced for the computation of the uncertainty bounds on Σ2 uses the

following relationship of the H2-norm with the magnitude of the frequency response of the

system. If the input-output channel Gij(s) is stable and strictly proper, its H2-norm can be

expressed as:

[Σ̃2]ij =

√
1

2π

∫ ∞

−∞
|Gij(jω)|2dw (3)

This equation indicates that the bounds on the Σ2 can be computed if the bounds on the mag-

nitude of the frequency response are known.
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Figure 2: Uncertainty in the magnitude of the Bode diagram for the system in Equation (5) when affected

by multiplicative uncertainty of the form in Equation (2) with the weights in Equation (7). The ordinates

are in dB units.

For a MIMO system in which each of the SISO subsystems is affected by independent

multiplicative uncertainty |Wij(jω)|, the bounds on |Gij(jω)| are described by:

|Gij(jω)|min =

⎧⎪⎨
⎪⎩
|Gij(jω)|(1− |Wij(jω)|) ; |Wij(jω)| ≤ 1

0 ; otherwise
(4a)

|Gij(jω)|max = |Gij(jω)|(1 + |Wij(jω)|) (4b)

Substituting |Gij(jω)| in Equation (3) for |Gij(jω)|min and |Gij(jω)|max gives the minimum

and maximum values of [Σ̃2]ij due to uncertainty.

Example 1.
Consider a process described by the following nominal transfer function matrix:

G(s) =

⎛
⎜⎝

2.5
2.5s+ 1

0.5
5s+ 1

1.5
3s+ 1

3
4s+ 1

⎞
⎟⎠ (5)

which connects two inputs (u1,u2) with two outputs (y1,y2).
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The nominal values of Σ̃2 and Σ2 are:

Σ̃2 =

(
1.12 0.16
0.61 1.06

)
; Σ2 =

(
0.38 0.05
0.21 0.36

)
(6)

Assume that the uncertainty in the process parameters is represented by the following multi-

plicative weights:

W (s) =

⎛
⎜⎜⎜⎝

0.23(s+ 0.05)
(s+ 0.63)(s+ 0.1)

0.8 · (s+ 0.07)
(s+ 1)(s+ 0.3333)

0.2
(s+ 0.5)

0.75(s+ 0.04)
(s+ 1)(s+ 0.5)

⎞
⎟⎟⎟⎠ (7)

Applying Equation (4) results in the uncertainty in the Bode diagram depicted in Fig. 2,

and introducing these values in Equation (3) results in the following bounds for Σ̃2:

Σ̃2 ∈
(

[0.85, 1.38] [0.1, 0.22]
[0.44, 0.79] [0.77, 1.37]

)
(8)

These bounds include the nominal value in Equation (6), and will be used in Section 4 to

illustrate the robust CCS.

3.2 Uncertainty bounds on PM

The method here discussed for the computation of the uncertainty bounds on PM uses the

following relationship with the area enclosed by the Nyquist diagram. It was shown in [26]

that, for a SISO system, the value trace(PQ) is equal to the area enclosed by the oriented

Nyquist diagram divided by π, with oriented meaning clockwise direction:

˜PM ij = π−1Ac(Γij(ω))

where Ac(Γij(ω)) is the area enclosed by Γij(ω). For the continuous-time case: Γij(ω) =
Gij(jω) with ω ∈ R evaluated from −∞ to ∞.

For a SISO model affected by multiplicative uncertainty as in Equation (1), the uncertainty

region in the Nyquist diagram can be approximated by swiping along the Nyquist curve the

line segment [−|GW | · �NG, |GW | · �NG]. At each frequency, this segment goes in the direction

of the normal vector to the curve �NG, and has as magnitude the diameter of the uncertainty disc

(see Fig. 1). This area has as boundaries:

Gmin(j ω) = G(j ω) + �NG · |G(j ω)W (jω)| (9a)

Gmax(j ω) = G(j ω)− �NG · |G(j ω)W (jω)| (9b)
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being the normal vector to the Nyquist diagram:

�NG(j ω) =
G′(jω)× (G′′(jω)×G′(jω))
|G′(jω)| · |G′(jω)×G′′(jω)|

where × denotes the vector product, and the differentiation is with respect to ω.

The possible variations of ˜PM can be then approximated from the area enclosed by Gmin

and Gmax. Two methods are described in Appendix A for the integration of these areas.

This method was proposed in [27] together with an inequality derived from previous re-

sults in [13]. The former publication compares both methods, and the conclusions favor the

method described here, since the inequality is likely to derive in loose bounds. However, this

preferred method has the weakness of presenting inaccurate results in simulations with systems

of high order and large uncertainty. This motivated the further study of the method, together

with the fact that it is based on approximating the analytical bounds and therefore avoids the

conservativeness introduced by the alternative inequality.

Further studies on the method were reported in [28], and revealed the reasons of this mis-

match. The following conditions for the accuracy of the approach were formulated:

- Condition 1. The necessary condition for the validity of the approach is that, at any

frequency, the radius of curvature of G(jω) has to be larger than the radius of the circumference

describing the uncertainty set δ(ω). This is a consequence of the fact that adding the value

|G(jω)W (jω)| in the direction of �NG(j ω) will locally minimize the radius of the Nyquist

curve as long as the radius of curvature of G(jω) is not exceeded.

- Condition 2. This condition was derived from the observation that, in some cases, the

generated boundaries intersect the circles which describe the uncertainty set δ(ω), implying that

part of the uncertainty set is disregarded. The reason of this mismatch was found by checking

if the generated bounds are tangent to the circles δ(ω). The angles between the bounds and

δ(ω) were found to be:

̂δ(ω)Gmax(jω) = atan

( −|G(jω)W (jω)|′
(1 + kG(ω)) · |G′(jω)|

)

̂δ(ω)Gmin(jω) = atan

( |G(jω)W (jω)|′
(1− kG(ω)) · |G′(jω)|

)
where kG(j ω) is the curvature of G(j ω):

kG(j ω) = |G′(j ω)×G′′(j ω)|/|G′(j ω)|3

For the bounds to be tangent to the circles δ(ω), it is necessary that the term |G(jω)W (jω)|′ is

0, which means that the radius of the circles δ(ω) has to remain constant. These intersection

angles are expected to be small for slow variations of the radius of δ(ω) while the Nyquist

curve evolves in the complex plane. In these cases the error committed in the approximation is

found to be negligible.

Simulation work introduced in [28] lead to the observation that at thwose frequencies ωk

for which the magnitude of any of these angles is larger than 45◦, there will most likely be a

significant part of the uncertainty circle δ(ωk) being neglected. However, the final influence
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Figure 3: Intersection angles between the generated bounds and the disc-shaped regions describing

uncertainty. The dashed and continuous lines represent the respective angles of Gmax and Gmin with

the disc-shaped regions.

on the calculation of the bounds for the PM is unlikely to be significant unless this situation

persists in a large range of frequencies. If a large mismatch is suspected, a visual inspection will

help to decide on the exactitude of the approach. This can be done by plotting the generated

bounds together with a set of circles δ(ω) for selected frequencies (see Fig. 1).

Notice that, when a mismatch is detected, the approximated bounds will always be a subin-

terval of the real bounds. This is in most cases acceptable for moderate mismatches, since as

stated in [24], multiplicative uncertainty is usually a conservative way of expressing uncertainty

(see Fig. 1).

Cases of models with high order and large uncertainty can still present large mismatches

when this approach is applied, or even violate Condition 1. For these cases, the inequality

introduced in [13] and later tightened in [27] can still be used, with the limitation that it might

derive in largely conservative bounds.

Example 2.
Consider the nominal process described by Equation (5) and affected by the multiplicative

uncertainty in Equation (7).

The nominal values of ˜PM and PM are:

˜PM =

(
1.56 0.06
0.56 2.25

)
;PM =

(
0.35 0.01
0.13 0.51

)
(11)
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Figure 4: Uncertainty in the Nyquist diagram for the system in Equation (5) when affected by multi-

plicative uncertainty of the form in Equation (2) with the weights in Equation (7).

It can be shown that, the necessary Condition 1 for the application of the method holds for

all the input-output subsystems and at any frequency. The intersection angles of the bounds

with the uncertainty circles are depicted in Fig. 3. It can be observed that the absolute value of

these angles is always lower than 45◦, indicating that insignificant neglecting of the uncertainty

set is expected in the calculation. This conjecture can be verified by inspecting Fig. 4.

The result of computing the bounds on ˜PM from the areas enclosed by the curves in Equa-

tion (9) is:

˜PM ∈
(

[0.74, 2.87] [0.02, 0.13]
[0.22, 1.20] [1.14, 3.87]

)
(12)

These bounds include the nominal value in Equation (11), and will be used in Section 4 to

illustrate the derivation of robust control configurations.
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4 A robust method for Control Configuration Selection
In addition to the two rules in Subsection 2.1 for the design of control configurations, we

introduce the following rules for the uncertain case. Based on the introduced rules, a procedure

for the design of control configurations for uncertain systems will later be introduced.

• Rule 3. Obtaining the bounds on the contribution on each input-output channel allows to

choose a control configuration which exceeds the threshold τ for the worst-case scenario. By

denoting S the subset of selected input-output interconnections and Ŝ the set of disregarded

ones, the following formulas can be used to calculate the uncertainty in the contribution of a

control configuration.

⎡
⎣ ∑
(i,j)∈S

IAij

⎤
⎦min

=

∑
(i,j)∈S

[Gij]
min
p∑

(i,j)∈S
[Gij]

min
p +

∑
(i,j)∈Ŝ

[Gij]
max
p

⎡
⎣ ∑
(i,j)∈S

IAij

⎤
⎦max

=

∑
(i,j)∈S

[Gij]
max
p∑

(i,j)∈S
[Gij]

max
p +

∑
(i,j)∈Ŝ

[Gij]
min
p

The simplest model which can achieve a contribution larger than τ in the worst-case will be

considered to be a robust candidate for the control configuration.

• Rule 4. Obtaining the bounds on each element of the gramian-based IM can be used to deter-

mine the importance of the input-output channel when the full uncertainty set is considered.

The bounds on each element IAij of the gramian-based IM can be computed as:

IAmin
ij =

[Gij ]
min
p

[Gij ]
min
p +

m,n∑
k=1,l=i

(k,l) �=(i,j)

[Gkl]
max
p

(13a)

IAmax
ij =

[Gij ]
max
p

[Gij ]
max
p +

m,n∑
k=1,l=i

(k,l) �=(i,j)

[Gkl]
min
p

(13b)

With these bounds, robust decisions can be taken on the importance of an input-output chan-

nel. For a system with r input-output channels, those input-output channels with a maximum

contribution IAmax
ij << r can be disregarded as insignificant, whilst those input-output chan-

nels with IAmin
ij >> r present a significant contribution on the process dynamics.
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Procedure for the design of robust control configurations. This procedure starts by

finding the smallest subset of the input-output channels which will have a contribution larger

than an arbitrary threshold τ when the worst-case in the uncertainty set is considered. In the

nominal case, this is usually done by first finding the decentralized control configuration with

the largest contribution and gradually increase its complexity (see Subsection 2.1). However in

the uncertain case, there might be several candidates for the decentralized control configuration

with the largest contribution.

We propose here a procedure to find the simplest control configuration starting from a full

multivariable controller. As in the nominal case, the resulting configuration has to be reviewed.

This can lead to different configuration candidates to decide upon.

Initialization. Start with a full multivariable controller as configuration candidate.

Step 1. Select a potential configuration candidate by removing the input-output interconnection

with the lowest value of IAmax
ij with the condition that at least one element per row has to

remain.

Step 2. Check the value
[∑

(i,j)∈S IAij

]min

for the potential configuration candidate. If this

value is larger than τ , then select the potential candidate as new candidate and go back to

Step 1. If the value is smaller than τ then discard the new potential candidate and continue

to Step 3.

Step 3. At this point, the current candidate is the simplest configuration which can derive a

contribution above τ when the worst-case is considered. Large uncertainty might derive

in a configuration which is more complex than the one derived from the nominal case.

We can test at this moment if there is any simpler configuration which might derive in

a contribution larger than τ . This is done by checking the value of
[∑

(i,j)∈S IAij

]max

for the potential candidate discarded in the previous step. If this value is larger than τ ,

then reducing the uncertainty (i.e. acquiring more process data) might derive in a simpler

control configuration.

Step 4. As in the nominal case, this control configuration should be reviewed by considering

adding or removing additional input-output channels to the current configuration. Rule
3 can be used to select new configuration candidates while considering the uncertainty

set. Additional support for deciding between different configuration candidates can be

obtained by comparing the indications of more than one gramian-based IMs.

Step 5. The resulting control configuration is to be tested in simulations or experiments, and the

complexity of the configuration is increased if the obtained performance is not satisfactory.
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Example 3.
The described method for the design of control configurations for uncertain systems is now

illustrated for the uncertain process used in Examples 1 and 2.

From the nominal case, a decentralized control structure is expected to yield satisfactory

performance, since the sum of the diagonal elements is 0.74 for Σ2 , and 0.86 for PM . Besides,

it can be interpreted that the model G12 is insignificant due to [Σ2]12 << 0.25. This suggests

that with the use of a decentralized structure, the process will approximately behave as two

SISO loops with one-way interaction (see [20]) which produces a perturbation from the first

loop (u1 − y1) onto the second (u2 − y2). It is expected that an appropriate tuning of the

controller would rejecting this perturbation.

From the created bounds on Σ̃2 and P̃M in Equations (8) and (12), the individual variations

on the values of Σ2 and PM can be computed using Equation (13). This results in:

Σ2 ∈
(

[0.26, 0.51] [0.03, 0.10]
[0.13, 0.32] [0.24, 0.50]

)

PM ∈
(

[0.12, 0.68] [0.003, 0.06]
[0.03, 0.39] [0.21, 0.80]

)
Calculating the variation of the sum of the diagonal elements in Σ2 and PM (see Equation

(13b)) results in:

[Σ2]11 + [Σ2]22 ∈ [0.62, 0.84] (14a)

PM11 + PM22 ∈ [0.58, 0.97] (14b)

We can conclude that in the worst-case, the combined contribution of the diagonal input-

output channels is 62% when Σ2 is used and 58% when PM is used. Therefore, the diagonal

control structure previously designed for the nominal case is unlikely to derive in satisfactory

performance if we consider the worst-case in the uncertainty set.

We apply now the described procedure for the design of robust control configurations.

Starting from a full MIMO controller, we neglect the input-output channel G12 for being the

less significant connection and derive the total contribution of the input-output channels con-

sidered by the resulting triangular controller:

[Σ2]11 + [Σ2]22 + [Σ2]21 ∈ [0.90, 0.97]

PM11 + PM22 + PM21 ∈ [0.94, 0.997]

This is the resulting control configuration for the uncertain case, since removing the next input-

output interconnection derives in a worst-case contribution which is considered to be too low

for being likely to achieve an acceptable performance (see Equation (14)).

However, the uncertainty on the sum of the diagonal elements of both the Σ2 and the PM
indicates that a simple decentralized control structure might derive in a contribution of up

to 0.84 or 0.97 depending on the used indicator (see Equation (14)). This suggests that if

uncertainty is reduced, we might be able to find out that using a decentralized control structure

is appropriate.

This example shows how considering model uncertainty in the use of IMs can alter the

selection of the control configuration made for the nominal model towards a robust one.
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5 Robust estimation of gramian-based Interaction Measures

in the frequency domain
The described calculations of PM and Σ2 from the frequency response of the system can be

used to estimate them from process data. This is done through the prior estimation of the

Frequency Response Function (FRF) of the system at selected frequencies. The bounds on

the estimation of these IMs can be obtained from the circular complex regions of uncertainty

determined by the variance of the estimated FRF.

The optimal choice of the modeling scheme and excitation signals is to be decided depend-

ing on the process to be modeled and the noise properties. However, for a complete illustration

of an example, a modeling scheme using the Maximum Likelihood (ML) estimator for linear

multivariable systems is here included.

Later, this section describes the methods for estimating the considered IMs and illustrative

examples on the quadruple-tank system are included.

5.1 Estimation of the FRF for linear multivariable systems
An excitation design and a modeling scheme based on the ML estimator are here described as

possible approach to estimate the FRF of a multivariable system.

Gaussian white noise is an excitation signal which is simpler to design, however, periodic

signals have been selected since they reduce the variability of the estimated FRF, and therefore

the estimated bounds on the considered norms will in most cases be reduced (see [29]).

To estimate G(jωk) for a multivariable system with n inputs and m outputs, n sub-experiments

are needed. The Fourier transform of the inputs for each frequency ωk will then be collected in

a matrix:

U(k) =

⎛
⎜⎝ U

[1]
1 (k) . . . U

[n]
1 (k)

...
. . .

...

U
[1]
n (k) . . . U

[n]
n (k)

⎞
⎟⎠

where U
[i]
j (k) is the frequency content of the jth input at the frequency ωk and in the ith sub-

experiment. We collect in the same way the Fourier transform of the output:

Y(k) =

⎛
⎜⎝ Y

[1]
1 (k) . . . Y

[n]
1 (k)

...
. . .

...

Y
[1]
n (k) . . . Y

[n]
n (k)

⎞
⎟⎠

Then the ML estimator GML(jωk) at the frequency ωk can be computed as:

GML(jωk) = Y(k)U−1(k) (15)

In order to guarantee that U(k) is regular and well-conditioned, the Direct Fourier Transform

(DFT) spectrum of one of the input signals will be tailored, and U(k) will be selected as
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U(k) = U(k)W, being W an orthogonal matrix. I.e. for the case of a 2× 2 system:

W =

(
1 1
1 −1

)
These orthogonal input signals for TITO systems were introduced in [30] and later considered

for an arbitrary input dimension in [31]. They have been designed for attenuating the influence

of process noise in the FRF measurements.

In case of having several successive periods of the signals available, different averaging

techniques are possible (see [29]), being the one selected here to average the DFT spectrum

over the successive periods.

For P measured periods, the estimated model for each period p is denoted as [Ĝ(jωk)]
(p),

the averaged model is denoted as Ĝ(jωk), and the sample variance of the estimator is denoted

as σ̂2
ij(k). The averaged model and the variance are calculated as:

Ĝ(jωk) =
1

P

P∑
p=1

[Ĝ(jωk)]
(p) (16)

σ̂2
ij(k) =

1

P − 1

P∑
p=1

|Ĝij(jωk)− [Ĝij(jωk)]
(p)|2 (17)

5.2 Robust estimation of Σ2 in the frequency domain
We will start from an estimation of G(jωk) and the variance of the estimators at each excited

frequency. Since these estimators are circular complex distributed, the magnitude of G(jωk)
follows a Rice distribution of the form (see [32]):

|G(jωk)| ∼ Rice(|Ĝ(jωk)|, σ̂ij(k))

For a given confidence ρ, bounds for the estimator can be created by using the Cumulative

Distribution Function (CDF) of the Rice distribution. The confidence ρ will be arbitrary se-

lected with a large value, since in the next step, the created confidence bounds on the magnitude

of the FRF will be assumed to be reflecting the uncertainty set.

The resulting uncertainty region in the magnitude of the Bode diagram is delimited by two

discretized curves which take the minimum and maximum value of |Ĝ(jωk)|, as depicted in

Fig. 5. The integral in Equation (3) can then be computed for the upper and lower bounds of

|Ĝ(jωk)| using trapezoidal integration. The result will be the bounds of the Σ2 in the uncertainty

set created by considering an arbitrary confidence in the estimation of |G(jωk)|.
Example 4.

The quadruple-tank system is an interacting system in which two pumps deliver their flow in

four interconnected tanks (see [33]). The linearized model is:

G(s) =

⎛
⎜⎝

γ1c1
1 + sT1

(1− γ2)c1
(1 + sT3)(1 + sT1)

(1− γ1)c2
(1 + sT4)(1 + sT2)

γ2c2
1 + sT2

⎞
⎟⎠
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Parameter Value Description

A1, A3 28 cm2 Cross section of tanks 1 and 3

A2, A4 32 cm2 Cross section of tanks 2 and 4

a1, a3 0.071 cm2 Area of the bottom hole of Tanks 1, 3

a2, a4 0.057 cm2 Area of the bottom hole of Tanks 1, 3

g 981 cm/s2 Gravity acceleration

k1 3.33 Flow from Pump 1 for a voltage unit

k2 3.35 Flow from Pump 1 for a voltage unit

γ1 0.8 Flow fraction from Pump 1 into Tank 1

γ2 0.7 Flow fraction from Pump 1 into Tank 2

Table 1: Construction parameters of the quadruple-tank process.

Variable u0
1 u0

2 h0
1 h0

2 h0
3 h0

4

Value 3 V 3 V 12.25 cm 12.8 cm 1 cm 0.63 cm

Table 2: Working point for the quadruple-tank process in Example 4.

where Ti =
Ai

ai

√
2h0

i /g are the time constants of the tanks, h0
i is the level of the tank i at the

considered working point and ci = Tiki/Ai. The considered process parameters are summa-

rized in Table 1. It is of interest to determine a control configuration for controlling the level of

the two tanks at the bottom of the construction (h1 and h2) for the working point described in

Table 2. The inputs uj are the voltage applied to pump j (in Volts), and the outputs hi are the

level in tank i (in cm). The calculated value of Σ2 for the nominal model is:

Σ̃2 =

(
0.53 0.18
0.13 0.49

)
; Σ2 =

(
0.40 0.13
0.10 0.37

)

Random phase multisine signals (see [34, 29]) were used as excitation in a simulation. The

excited frequencies were logarithmically spaced in the interval [f0, fmax], with f0 = 10−4.2Hz
and fmax = 1585 · f0 = 10−1Hz. The RMS value of the excitation was 0.26. The sampling

rate was chosen to be Ts = (2 · fmax)
−1. The measurements were disturbed with additive

white Gaussian noise of variance 0.004. The signals were logged during 5 successive peri-

ods, considering 1 period as transient. The previously described estimation scheme and the

described method for generating confidence bounds on the magnitude of the FRF derive in the

uncertainty regions in Fig. 5.
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Figure 5: Regions with 99% confidence for the magnitude of the FRF estimation for the quadruple-

tank in Example 4. The continuous line describes the nominal model. The ordinates are represented in

absolute magnitude. The represented range of frequencies is [10−4.2Hz, 10−1Hz].

The bounds on Σ̃2 and Σ2 were calculated to be:

Σ̃2 ∈
(

[0.49, 0.57] [0.16, 0.20]
[0.11, 0.16] [0.46, 0.53]

)

We will apply to this result the procedure for CCS described in Section 4 using the threshold

τ = 0.7. After first removing the input-output channel G21 and then G12, we calculate the sum

of the diagonal elements of Σ2 to be bounded by:

[Σ2]11 + [Σ2]22 ∈ [0.73, 0.81]

Which indicates that the decentralized control structure is the simplest configuration which

yields a contribution above 0.7. when the worst-case is considered.

Therefore, the experiment concluded that a decentralized control structure with the pair-

ings u1-y1 and u2-y2 is likely to derive in satisfactory performance. No parametric models

have been derived for the design of the control configuration. Since two SISO loops will be



5. ROBUST ESTIMATION OF GRAMIAN-BASED INTERACTION MEASURES IN THE

FREQUENCY DOMAIN 93

designed, the designer can decide to focus subsequent modeling efforts only on the diagonal

input-output channels.

Notice that in this example the conclusion taken by the experiment coincides which the one

which would be taken by the nominal model.

5.3 Robust estimation of PM in the frequency domain
We will start from an estimation of G(jωk) and the variance of the estimators at each excited

frequency.

At each excited frequency ωk, a circular confidence region can be created for the estimator

Ĝij(jωk), and the uncertainty set can be described using additive uncertainty as:

Πij(jωk) :

[Gp(jωk)]ij = Ĝij(jωk) +
√
−log(1− ρ)σ̂Gij

(k) ·Δ(ω);

|Δ(ω)| ≤ 1, ∀ω

where Ĝij(jωk) is the estimated FRF, σ̂Gij
(k) is the estimated variance of the FRF estimators,

and ρ is the relative confidence of the region expressed in per-unit system.

For a given confidence ρ, circular complex confidence regions for the estimator will there-

fore have a radius of
√−log(1− ρ)σ̂ij(k). The confidence ρ will be arbitrary selected with a

large value, since in the following, the created confidence regions will be assumed to be reflect-

ing the uncertainty set. Based on the created uncertainty set, the curves enclosing the minimum

and maximum areas in the Nyquist diagram can be described as:

Gmin
ij (jωk) = Ĝij(jωk) + [ �NG(j ωk)]ij

√
−log(1− ρ)σ̂ij(k) (18a)

Gmax
ij (jωk) = Ĝij(jωk)− [ �NG(j ωk)]ij

√
−log(1− ρ)σ̂ij(k) (18b)

where �NGij(jωk) is the normal vector to the Nyquist curve which was computed using a

discrete version of the Frenet-Serret formulas and ρ is 0.99 for a region of 99% confidence.

The area enclosed by the discretized curves in Equation (18) can be computed using tri-

angulation as described in Appendix A. The result is an estimation of PM with uncertainty

bounds created by allowing the FRF estimates to vary within a circular complex region created

from their variance.

Example 5.
The quadruple-tank system described in the previous example is used here to estimate the PM
in the frequency domain.

The calculated value of PM and P̃M for the nominal model is:

˜PM =

(
8.45 1.64
1.13 10.44

)
;PM =

(
0.39 0.08
0.05 0.48

)
We use the same experimental data which was used in the previous example. The estimated

Nyquist curve presents ripples and abrupt variations, deriving in a large uncertainty in the
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Figure 6: Smoothed confidence regions in the Nyquist diagram for the estimated FRF of the quadruple-

tank in Example 4. The continuous line describes nominal model.

direction of the normal vector. This was solved using the smoothness property of the Nyquist

curve. The estimated Nyquist curve and the normal vector were smoothed with a moving

average filter, and equations (18) were used to create the uncertainty bounds. These bounds

were also smoothed to reduce the uncertainty region, and the result is depicted in Fig. 6. The

obtained robust estimation of ˜PM is:

˜PM ∈
(

[7.71, 9.18] [1.31, 1.99]
[0.87, 1.41] [9.59, 11.21]

)
Applying the procedure for CCS described in Subsection 4 using the value τ = 0.7 gives as

result a decentralized control structure. This configuration has as contribution:

PM11 + PM22 ∈ [0.84, 0.90]

Therefore, the conclusion from using the PM in this experiment is the same one as using Σ2

in the previous example. A decentralized control structure with the pairings u1-y1 and u2-y2
is likely to yield acceptable performance. Since SISO controllers will be designed for each

of the pairings, the designer can decide to focus future modeling efforts only on the diagonal

input-output channels.
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6 Estimation of Participation Matrix in the time domain with

confidence bounds

A method for the estimation of PM in the time domain with confidence bounds (see [35])

is now reviewed. The method has been derived from previous results in [19] where a biased

estimation of PM was introduced. In this section we describe how to remove the bias on the

estimation and derive confidence bounds for robust control configuration selection.

6.1 Estimation of PM in the time domain

Given a multivariable discrete time system G, the value P̃Mij can be computed as [19] :

P̃Mij =

Nij∑
k=0

k(hij(k))
2 (19)

where hij(k) is the true impulse response of the channel (i, j) such that:

yi(τ · Ts) =

n∑
j=1

Nij∑
k=0

hij(k) · uj(τ · Ts − k · Ts), for τ = 1, 2, . . .

being Ts the sampling time, and Nij the number of coefficients of the true impulse response of

the channel (i, j) until it settles to 0.

This relationship was used in [19] to estimate P̃Mij from an estimation of the impulse

response of each input-output channel obtained using linear regression to match FIR filters of

selected orders Nmax
ij larger than the length Nij .

It will be considered for all the results in this section that the experiment is run on a linear

system and in the presence of uncorrelated Gaussian noise both at the excitation of the inputs

and as additive output noise. The estimated impulse response ĥij can be obtained using linear

regression as described in Appendix B.

Inserting the obtained estimation of the impulse response in Equation (19) derives in the

following statistic used in [19]:

[ ˜PM ij]B =

Nmax
ij∑
k=0

k(ĥij(k))
2

However, it was proved in [35] that under the described conditions the obtained estimator
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is biased. This can be deduced from the computation of its expected value:

E
(
[ ˜PM ij]B

)
= E

⎛
⎝Nmax

ij∑
k=0

k
(
hij(k) + νij(k)

)2⎞⎠

=

Nmax
ij∑
k=0

k(hij(k))
2 +

Nmax
ij∑
k=0

2kE (hij(k)νij(k))

+

Nmax
ij∑
k=0

kE
(
ν2
ij(k)

)
= ˜PM ij +

Nmax
ij∑
k=0

k · σ2
ij(k)

The variances of the estimators σ2
ij(k) are the diagonal elements of the covariance matrices

of the linear regressions. This covariance matrices can be determined from the variance of the

output disturbance noise, which can be unbiasedly estimated in case of being unknown (see

Appendix B).

The bias factor is always positive, and increases as the variance of the estimators of the

impulse response increases.

An unbiased statistic for ˜PM ij can be obtained by removing the bias from the estimation:

[ ˜PM ij]UB =

Nmax
ij∑
k=0

k(ĥij(k))
2 −

Nmax
ij∑
k=0

k · σ2
ij(k) (20)

6.2 Confidence bounds on the estimation of PM in the time domain

We derive now the distribution of the unbiased estimator [ ˜PM ij]UB . This estimator is dis-

tributed as a linear combination of noncentral chi-square random variables with one degree of

freedom of the form:

[ ˜PM ij]UB =

Nmax
ij∑
k=0

k · σ2
ij(k) ·Hij(k)−

Nmax
ij∑
k=0

k · σ2
ij(k)

Hij(k) ∼ χ2
1

(
μ2
ij(k)

σ2
ij(k)

) (21)

where μij(k) are the coefficients estimated in the linear regressions and σ2
ij(k) their variances.

The independence of the coefficients ĥij(k) has been ensured by using an uncorrelated excita-

tion signal. These coefficients are independently normally distributed random variables with

mean μij(k) and variance σ2
ij(k). Introducing the random variables h̃ij(k) = ĥij(k)/σij(k) in
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Figure 7: Estimated tr(PjQi) for the model in Equation (23). Biased estimation (solid), unbiased

estimation (dashed), 90% confidence region (shaded area) and nominal value (horizontal solid line).

Equation (20) we obtain:

[ ˜PM ij]UB =

Nmax
ij∑
k=0

k · σ2
ij(k) · (h̃ij(k))

2 −
Nmax

ij∑
k=0

k · σ2
ij(k)

h̃ij(k) ∼ N

(
μij(k)

σij(k)
, 1

) (22)

The square of a normally distributed variable with mean μ and unit variance, follows a non-

central chi-square distribution χ2
1(λ) with one degree of freedom, and noncentrality parameter

λ = μ2. Therefore, the variables Hij(k) = h̃2
ij(k) are distributed as Hij(k) ∼ χ2

1

(
μ2
ij(k)

σ2
ij(k)

)
.

Substituting h̃2
ij by Hij(k) in Equation (22) we get Equation (21).

To apply this proposition, the CDFs of linear combinations of independent non-central
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chi-square random variables have to be computed. For this purpose, the algorithm proposed

in [36] can be used. This algorithm gives the probability to obtain a value of the random

variable less or equal than a given one, and therefore an iterative procedure has to be designed

for obtaining the value of the random variable for a given confidence. For this calculation, a

modified Newton-Raphson algorithm has been created, and is described in detail in [37].

The following example illustrates this estimation method and its application to the design

of robust control configurations.

Example 6.
PM will be estimated for the process described by the following transfer function matrix:

G(s) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

2
(s+ 1)(s+ 2)

2.8s+ 8.4
(s+ 5)(s+ 2)

−2.2
(s+ 4)

2
(s2 + 3s+ 20)

2.4
(s2 + 2s+ 4)

−6s+ 6
(s+ 4)(s+ 5)

1
(s+ 2)

4
(s+ 3)2

8
(s+ 2)(s+ 5)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(23)

The process was excited with uncorrelated Gaussian noise of variance equal to 3, and the

measurements were taken with a sampling rate of 0.1 sec in the presence of additive uncorre-

lated Gaussian noise of variance 0.03. The selected lengths for the FIR filters were 90 samples.

For a realization of the experiment, we calculate the estimation of ˜PM ij as a function of

the number of acquired samples, and the result is depicted in Fig. 7. The generated regions at

90% confidence are asymmetric (3% on the left and 7% on the right).

Using these confidence regions, we find the simplest control configuration with a total

contribution larger than τ = 0.7 in the worst-case. This is done by applying the first 3 steps of

the procedure described in Section 4 for different lengths of the acquired data. The structures

of the resulting reduced models are depicted in Fig. 8.

Samples = 520 Samples = 560 Samples = 580 Samples = 660 Samples = 680 Samples = 1600

Simplest
 Configuration

Figure 8: Robust selection of the reduced model structure on which control design will be based for

different lengths of the acquired data. For each number of samples, the structure of the resulting robust

control configuration corresponds to the transpose of the reduced model structure.

This example illustrates how for a low number of samples, the uncertainty is high, and

there is not enough evidence to disregard any of the input-output channels. However, as more
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process data is acquired, the resulting reduced model tends to be sparser. Finally, for the

designed structure using 1600 samples, the use of the 90% confidence bounds indicates that

there is no simpler control configuration which can yield a total contribution larger than 0.7.

This resulting configuration corresponds to the one which would be designed for the nominal

model.

Here, the lengths of the FIR filters were adequately selected to describe the time scales

of the process. Selecting lengths of the FIR filter which are very large in comparison with

the true impulse response is likely to introduce numerical errors. These numerical errors, are

originated in the algorithm to calculate the CDF as a consequence of having few dominating

random variables and a large set of insignificant ones. A method for resolving these numerical

errors was described in [35], with an application on a case study.

7 Applications on the estimation of Interaction Measures for

non-linear systems
In the case of facing a non-linear system, an appropriate excitation design can quantify the

contribution of the process non-linearities (see [29]). This facilitates deciding if it is reasonable

to analyze the process in the linear framework, or an approach for non-linear systems has to be

used.

If the process is found to be weakly non-linear, then it can be approximated as a linear

system with a low distortion from the non-linearities. By estimating the linear FRF and its

variance, the methods described in Section 3 can be applied to compute the bounds on IMs.

If the process is found to be strongly non-linear, then an IM for non-linear systems has to

be used. However there is a lack of methods for the selection of control configurations for non-

linear systems, being the main work based on non-linear versions of the RGA and therefore

restricted to decentralized control structures (see [38, 39]).

7.1 Excitation for nonlinear systems.

Consider the following Wiener system with an output nonlinearity y = a · z + b · z2 + c · z3:

Consider the excitation signal u(t) to be a sine wave with a frequency f0. In the case of

a �= 0, b = 0 and c = 0 the system is merely a linear system, and the output spectra has a

contribution only at the original frequency f0. On the other hand, nonlinear systems would

create additional harmonics at frequencies different than f0. A quadratic term (b �= 0) will
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create a contribution at 2f0 (and a DC term), and a cubic term (c �= 0) will create a contribution

at f0 (superposed to the linear contribution) and another contribution at 3f0.
The previous observations can be generalized using Volterra systems for a large class of

nonlinear systems (see [40, 29]). The implication is that, for a nonlinear system, and for peri-

odic signals exciting only a set of selected odd frequencies (i.e. ωk = f0, 3f0, 7f0, 11f0, . . . ),

the contribution of the even nonlinearities will appear at even frequencies and therefore they

will not disturb the estimation of G(jωk). At the same time the odd nonlinearities will generate

a contribution at the odd frequencies which are not excited (5f0, 9f0, . . . ), but also contribute

at the excited frequencies in superposition with the linear contribution.

From the obtained data, the Best Linear Approximation (BLA) GBLA(jωk) can be estimated

using the ML estimator, obtaining as result:

GBLA(jωk) = G0(jωk) +GB(jωk)

being G0(jωk) the underlying linear system and GB(jωk) the bias errors due to nonlinear con-

tributions, which depends only on the odd degree nonlinear distortions and the power spectrum

of the input (see [41, 29]).

If for each period of the excitation signal the FRF is estimated, and the result is averaged,

then the total variance of the linear estimator will be a composition of the variance induced

by the additive output noise and a zero mean stochastic nonlinear contribution from the odd

degree nonlinearities [41, 29].

Example 7. Excitation and FRF estimation of a weakly nonlinear system.
The quadruple-tank will be considered again in this example. The nonlinear differential equa-

tions describing the process behavior are [33]:

dh1

dt
= − a1

A1

√
2gh1 +

a3
A1

√
2gh3 +

γ1k1
A3

u1

dh2

dt
= − a2

A2

√
2gh2 +

a4
A2

√
2gh4 +

γ2k2
A2

u2

dh3

dt
= − a3

A3

√
2gh3 +

(1− γ2)k2
A3

v2

dh4

dt
= − a4

A4

√
2gh4 +

(1− γ1)k1
A4

v1

The considered process parameters are the same as the previously considered, with the ex-

ception of the split valves which have been tuned to the position described by γ1 = 0.59 and

γ2 = 0.45.

It is of desire to determine a configuration for controlling the level of the bottom tanks

(h1 and h2) for the working point described in Table 3. The first goal of this experiment is to

determine if the process can be considered as linear around the working point by measuring the

contribution in the frequency domain of the nonlinearities and determining if they are negligible

in comparison with the linear contribution.

Random phase multisine signals [34, 40, 29] were used as excitation for the nonlinear simu-

lation of the process. The lowest excited frequency was f0 = 0.5·10−4.2. Every 4 odd multiples
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Variable u1 u2 h1 h2 h3 h4

Value 3 V 3.2 V 14.1 cm 12.5 cm 3.5 cm 2.6 cm

Table 3: Working point for the quadruple-tank in Examples 7, 8 and 9.

of f0, 3 random frequencies where excited, giving as sequence: f0, 3f0, 5f0, 9f0, 11f0, 13f0,
17f0, 19f0, 21f0, 27f0, 29f0, 31f0 . . . , 3175f0. As it can be observed in Fig. 9, the RMS value

of these excitation signals was selected to create a significant deviation from the working point

(RMS(u1) = 0.8, RMS(u2) = 1.2) in order to assess whether the process can reasonably be

considered as linear for a wide working range.

The simulation outputs were disturbed with additive uncorrelated Gaussian noise of vari-

ance 0.03.

To determine the amount of non-linear contributions to the process dynamics, a first exper-

iment was performed with two periods of the excitation signal, considering the first period as

transient. The magnitude of the DFT of one period of the input signal u1 and the output signals

h1 and h2 is depicted in Fig. 10. The magnitude of the DFT for the input signal u2 has the same

profile as that of u1, but has a different magnitude. The contributions in the input signal with a

magnitude between −200dB and −300dB are just numerical residuals.

For the output signals, the circles represent the contribution at the excited frequencies (odd).

The light yellow dots represent frequencies which are not integer multiples of any excited

frequency, and its contribution corresponds to the additive Gaussian white noise disturbance at

the output. The triangles represent contributions at even multiples of excited frequencies. It can

be observed that there is a certain contribution of the even nonlinearities, but this contribution

is negligible in comparison with the linear contribution, and as previously mentioned, it will

not disturb the FRF measurements. The crosses represent frequencies which are not excited

and are odd multiples of excited frequencies. It can be observed that at these frequencies the
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Figure 9: Time section showing simulated levels for the tanks.
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Figure 10: Discrete Fourier Transform of one period of the excitation signal and the output signals.

level of the contribution is similar to that of the disturbing output noise. This suggests that

the odd nonlinearities are marginally contributing to the process dynamics. However, the odd

nonlinearities can perturb the FRF measurements, since they are also contributing at the excited

frequencies.

The conclusion is that a quadruple-tank process with the described parameters, and at a

wide range around the selected working point can be considered as a weakly nonlinear system

for a random phase multisine excitation signal. The BLA in Equation (24) is therefore a good

approximation of the underlying linear system, since only a marginal bias contribution from

the odd nonlinearities is expected.

Non-parametric linear models for the FRF response of the system will now be created. The

same multisine excitation signals will be used with the ML estimator in Equation (15). Three

realizations of an experiment like the one described in this section were performed. The input

spectra U(k) was tailored so the mentioned odd frequencies have the same magnitude contri-

bution and a random phase. Each of the realizations is then composed of two sub-experiments

with input excitation described by U(k) = U(k)W . However, matrix W was now selected to

be:

W =

(
RMS(u1) 0

0 RMS(u2)

)(
1 1 · ejθ
1 −1 · ejθ

)
with θ a uniform random number in the interval [0, 2π] which changes for each realization.
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Introducing this random phase shift makes the effect of the distortion from the odd nonlin-

earities become independent over the sub-experiments, creating an additional averaging effect

over the sub-experiments which will result in most cases in an additional reduction of the un-

certainty in GBLA(jωk) (see [42]). For each sub-experiment, one period of the random signal

was considered as transient, and three periods where observed.

Confidence regions on the estimation of the FRF were created from the variance of the

estimators as described in Section 5 (see Equations 16 and 17). The resulting regions in the

magnitude of the Bode diagram and in the Nyquist diagram are depicted in figures 11 and 12

respectively.

7.2 Estimation of Σ2 for weakly non-linear systems.
An example for determining the bounds on the estimation of Σ2 for a weakly non-linear system

is now included. These bounds are calculated by applying the method described in Subsec-

tion 5.2 to the BLA of the FRF of the system.

Example 8.
We determine in this example the bounds on the estimation of Σ2 from the experiment per-

formed in the previous example.

The nominal value of Σ̃2 and Σ2 are:

Σ̃2 =

(
0.41 0.31
0.24 0.32

)
; Σ2 =

(
0.32 0.24
0.19 0.25

)
(24)

The obtained regions in the magnitude of the Bode diagram using 99% confidence are

depicted in Fig. 11. The resulting estimation of the bounds on Σ̃2 is:

Σ̃2 ∈
(

[0.39, 0.42] [0.30, 0.32]
[0.23, 0.25] [0.30, 0.33]

)
which derives in the following individual variations on Σ2:

Σ2 ∈
(

[0.30, 0.34] [0.23, 0.26]
[0.18, 0.20] [0.24, 0.26]

)
Starting from a full MIMO controller and removing the input-output channel related with

G21 for being the less significant, we obtain the following contribution of the remaining trian-

gular configuration:

[Σ2]11 + [Σ2]22 + [Σ2]21 ∈ [0.80, 0.83]

Removing the element in the off-diagonal (G21) we obtain:

[Σ2]11 + [Σ2]22 ∈ [0.55, 0.59]

Selecting a configuration using the procedure described in Section 4 with a threshold of 0.7
derives in a triangular controller, since it is the simplest configuration which can yield a con-

tribution above 0.7. However, this will imply neglecting the input-output channel G21, which
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Figure 11: Confidence regions for the magnitude of the estimated nonparametric models for the

quadruple-tank. The continuous line describes the model obtained from a linearization of the process

equations around the working point.

has a contribution close to the average contribution of 25% and therefore this configuration is

likely to result in large loop interaction.

There is a strong indication that the most suitable configuration is a full MIMO controller

since there is not enough evidence to discriminate any of the input-output channels. The heuris-

tic nature of the IMs is specially revealed in this experiment, and it is recommended to com-

plement this analysis using other IMs. For this purpose, PM is used in the following example.

7.3 Estimation of PM for weakly non-linear systems.
An example for determining the bounds on the estimation of PM for a weakly non-linear

system is now included. These bounds are calculated by applying the method described in

Subsection 5.3 to the BLA of the FRF of the system.

Example 9.
We determine in this example the bounds on th e estimation of PM from the experiment

performed in the previous example.

The calculated values of P̃M and PM for a linearization around the working point are:

P̃M =

(
5.49 6.97
5.22 4.45

)
;PM =

(
0.25 0.31
0.24 0.20

)
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Figure 12: Smoothed confidence regions in the Nyquist diagram for the magnitude of the estimated

nonparametric models for the quadruple-tank. The continuous line describes the model obtained from

a linearization of the process equations around the working point.

The uncertainty on the Nyquist diagram using 99% confidence is depicted in Fig. 12. The

resulting estimation of the bounds on P̃M are:

P̃M ∈
(

[4.77, 5.81] [6.44, 7.09]
[4.65, 5.32] [4.07, 4.59]

)
which derives in the following individual variations of the elements of PM :

PM ∈
(

[0.22, 0.28] [0.29, 0.35]
[0.21, 0.26] [0.18, 0.22]

)
Sequentially neglecting the two input-output channels with lowest significance, we obtain the

following contributions:

PM12 + PM21 + PM11 = [0.78, 0.82]

PM12 + PM21 = [0.52, 0.58]

Selecting a control configuration using the procedure described in Section 4 with a threshold

of 0.7 derives in a different triangular configuration than the designed using Σ2. However,

combining the indications of PM and Σ2, it becomes clear that a full MIMO controller is to

be used, since all the input-output channels can present a contribution larger than the average

of 0.25 if we consider both IMs as well as the uncertainty on their estimation.
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8 Conclusions
A procedure for robust CCS has been introduced in Section 4. From the application examples,

it can be concluded that the consideration of uncertainty in the CCS problem might derive in a

configuration which is more complex than the one designed for the nominal case. Especially,

Example 6 reveals this fact, showing that large uncertainty derives in complex control config-

urations since there is not enough evidence to discriminate any of the input-output channels.

However, as uncertainty is reduced, the control configuration is simplified and converges to

that of the nominal case.

The introduced procedure for robust CCS requires the prior calculation of the uncertainty

bounds on a gramian-based IM. For this purpose, methods for the calculation of uncertainty

bounds on two-gramian-based IMs (Σ2 and PM ) have been introduced. These bounds can be

obtained either from a parametric process model with uncertainty description in multiplicative

form, or from process data obtained in a tailored experiment. We discuss now separately the

conclusions obtained in the model driven and data driven approaches.

8.1 Conclusions on model driven robust CCS
We include now a qualitative comparison of the methods introduced in Section 3 for computing

the bounds on Σ2 and PM :

- The method for Σ2 is simple and requires very low computational complexity, whilst the

method for PM is more difficult to implement and in most cases will derive in much

larger computational effort.

- The method for Σ2 is exact, whereas the method for PM is an approximation.

- The method for Σ2 is applicable to a large class of uncertain systems, while more restric-

tive conditions are imposed on the method for PM .

8.2 Conclusions on data driven robust CCS
Section 5 introduces methods to perform a robust estimation of Σ2 and PM from process data

in the frequency domain. An alternative for the estimation with confidence bounds of PM in

the time domain is given in Section 6. A qualitative comparison between time and frequency

domain estimations follows:

- Both Σ2 and PM can be estimated in the frequency domain from the same non-parametric

model of the FRF. In the time domain, only the estimation of PM has been introduced.

- For the methods in the time domain, the confidence for the estimation of PM can be arbi-

trarily chosen. On the other hand, for the method in the frequency domain the confidence

intervals of the FRF estimation are selected and the resulting regions are considered to

be the uncertainty set for which the bounds on the PM are computed.
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Regarding the excitation signal, the methods in the frequency domain can be applied to

data obtained with Gaussian white noise excitation, or periodic signals whereas the method in

the time domain is restricted to Gaussian white noise excitation. The difference of using these

excitation signals is:

- Gaussian white noise excitation signal is simpler to design.

- When Gaussian white noise is used, the logged data can be arbitrarily expanded for

reducing uncertainty. If periodic signals are used, a new experiment is needed.

- When the method in the frequency domain is used, periodic signals reduce the variability

of the estimated FRF, and therefore the estimated bounds on the considered norms will

in most cases be reduced.

- With the use of periodic signals, and by tailoring the spectra of the excitation signal, the

contribution of the process nonlinearities can also be quantified (see [29]). This gives

the designer an indication of the error committed when analyzing the process within the

linear framework.

At last, we have to point out that the described approaches for the estimation of IMs re-

quire data obtained from open-loop experiments. The estimation of IMs from closed-loop

experiments is part of future work.

A Computing the area enclosed by the Nyquist curve
Computing the bounds on PM involves the integration of the areas enclosed by the parame-

terized curves in Equation (9). For computing the area enclosed by these curves, two methods

are here proposed and discussed.

A.1 Computing the area using triangulation
The curves can be evaluated at a finite number of frequencies, and triangulation techniques can

be used to compute the area enclosed by the resulting polygon. For a chosen set of increasing

positive frequencies ωk = {ω0, ω1, . . . , ωN} this area can be computed as:

Area = (re(G(jω0)) · im(G(jω0))− re(G(jωN)) · im(G(jωN)))+

+
N−1∑
k=0

(
re(G(jωk)) · im(G(jωk+1))− re(G(jωk+1)) · im(G(jωk))

)
where G can be substituted by Ghigh or Glow for computing the maximum and minimum areas

induced by uncertainty. This triangulation technique gives the desired area, since it considers

the symmetry of the Nyquist curve as well as the multiplicities due to several windings (positive

or negative).
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This method is simple to implement and is fast to compute. However, a disadvantage of

this method is that the set of frequencies at which G(jω) is evaluated has to be selected, and

the accuracy of the result depends on this selection.

A.2 Computing the area using numerical integration

Equations 9 are parameterizations of curves in the complex plane with respect to the parameter

ω. The area can therefore be analytically solved by evaluating the following line integral in the

complex plane:

Area(γ) =
1

2

∮
γ

xdy − ydx

where γ denotes the considered Nyquist curve. However, depending on the number of zeros

and poles of the original transfer function and on the complexity of the functions W (jω) used to

describe uncertainty, this integral can be tedious to solve, and therefore, a numerical alternative

is presented here. The enclosed area can be computed as:

Area(γ) =

∫ ∞

−∞

∫ ∞

−∞
nυ(x+ j · y)dxdy

where nυ(x+ j · y) is the number of times that γ winds around the point x+ j · y. This integral

can numerically be solved using quadrature methods (i.e. the methods implemented in Matlab

in the function dblquad). For applying the quadrature method, we need to provide an algorithm

computing the winding number of a point in the complex plane.

Such an algorithm is given in [43] as an application of general concepts in geometry to the

Nyquist diagram. From the results in that paper, the following algorithm can be formulated for

computing the winding number for a given point z0 = x0 + j · y0 in the complex domain:

1.- Define the horizontal half-line which starts at the point z0 and goes in the positive direction

of the abscissa. Denote it as .

2.- Determine the number and the sign of the crossings of γ and . Being a crossing considered

positive if the cross product of the tangent vectors to the curves t� × tγ is also positive.

3.- The winding number is then the number of positive crossings minus the number of negative

crossings.

There are two specials cases in this algorithm which have to be clarified. For ω → ∞
the Nyquist curve is not smooth. The same situation can occur at ω = 0, and therefore, the

tangent to the Nyquist curve is not well-defined. The sign of these crossings can be determined

by checking the sign of the first nonzero derivative of ∠G(jω) for the case of ω = 0, and of

∠G(j/ω) for ω → ∞ (see [43]).

The disadvantages of this method are a more complicated implementation and large com-

putational complexity. An approach to reduce computational complexity is to represent the

uncertainty weights as a function of ω instead of the Laplace variable s, avoiding the use of

complex numbers. For polynomial uncertainty weights as in Equation (7), this can be done by

substituting the terms (s+ a) for
√
(a2 + ω2).
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B Estimation of the impulse response of a linear system
This appendix describes some statistical properties of the estimation by linear regression of

the impulse response of a linear system under Gaussian noise excitation and in the presence of

additive Gaussian noise at the output [44].

Denote by Ns the number of logged samples of the output y. Collect the input (u) and

output histories in vectors of the form:

Ui(kTs) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

u1(kTs)
u1(kTs−Ts)
u1(kTs−2Ts)

...
u1(kTs−Nmax

i1 Ts)

u2(kTs)
u2(kTs−Ts)

...
un(kTs−Nmax

in Ts)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

;

Φi =

⎛
⎝ Ui(Ts)T

Ui(2Ts)T

...
Ui(NsTs)T

⎞
⎠

Yi =

⎛
⎝ yi(Ts)

yi(2Ts)

...
yi(NsTs)

⎞
⎠

The impulse response of the output yi is then estimated as:

Ĥ i = (ΦT
i Φi)

−1ΦT
i Yi ; Cov(Ĥ i) = σ2

yi
(ΦT

i Φi)
−1

where

Ĥ i = (ĥi1(1), . . . , ĥi1(N
max
i1 ), ĥi2(1), . . . , ĥin(N

max
in ))T

and σ2
yi

is the noise variance at the output yi. If this variance is unknown, it can be estimated

using the following unbiased statistic:

σ̂2
yi
=

1

Ns − di
(Yi −ΦiĤ i)

2

where di is the dimension of Φi.
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Abstract

The selection of the structure of a controller in large scale industry processes usually re-

quires extensive process knowledge. The aim of this paper is to report new results on recently

suggested methods for the analysis of complex processes. These methods aid the designers in

comprehending a process by representing structural and functional relationships from actua-

tors and process disturbances to measured or estimated variables. The methods are formulated

in a flexible framework based on graph theory, which can also be used for closed-loop analy-

sis. Additionally, the sensitivity of the methods to scaling and time delays are discussed and

resolved. It is also proposed how filtering can be used to restrict the analysis to a frequency

region of interest.

The feasibility of the methods is shown by the use of three case studies. A quadruple-tank

process is used to exemplify the methods and their use. Then the methods are applied on a

real-life process, the stock preparation plant of a pulp and paper mill. The third study case

analyzes a previously published example in closed-loop.

It is shown that the methods can be used to take efficient decisions on decentralized and

sparse control structures, as well as assessing the channel interactions in a closed-loop system.

1 Introduction.
Large scale industrial process plants are characterized by a high degree of interaction between

process variables, where hundreds or even thousands of variables are connected through dy-

namic systems. Examples of such interconnections are material flows and reflows, the latter

e.g. due to discarded material being returned to previous process steps which gives rise to large

feedback loops. Other examples are connections through supply grids for e.g. pressurized air.

One process step consuming pressurized air may give rise to a pressure drop that propagates to

every other consumer in the plant. Adding control loops to the process on different levels of

hierarchy may result in a system with unintelligible causality and unpredictable dynamics.

For the control engineer, these very complex interconnected systems are a challenge. The

question is how to represent the complexity in a comprehensible way and how to analyze it re-

garding e.g. dynamic behavior and control structure design. Traditionally, interaction measures

are used for the control structure design, namely control structure selection and decision on the

controller configuration. Control structure selection is about determining which dynamic in-

terconnections should be used for the controller design; it is also referred to as input/output

selection, see e.g. [1]. When the structure is selected, the interconnections can be used to
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configure a controller, decisions on e.g. degree-of-freedom, feed-forwards, or cascaded config-

uration need to be taken. In this paper the focus will be on the controller structure selection.

One of the most widely spread control structures is the decentralized control structure in a

one degree of freedom setting, and the most well-known methods to determine the intercon-

nections that are used for the controller design are the relative gain array (RGA) [2], and the

dynamic RGA [3]. An extension of control structure selection to block diagonal control struc-

tures is discussed in [4], [5]. Generally, the methods are designed from the perspective that

all controlled and manipulated variables are considered during the structure selection and that

the control configuration is often set a-priori. In the survey [1], most of the available meth-

ods for the control structure design are reviewed, apart from gramian based methods which

were suggested more recently, [6, 7]. The latter have the advantage that no assumption on the

control configuration is used and virtually any control structure could be deduced. But their

interpretation becomes difficult when the number of variables becomes large.

For large scale systems, where the amount of variables can be in the magnitude of thou-

sands, usually the control structure selection need to be preceded by a step where manipulated

and controlled variables are grouped into sets where the number of variables is reduced to a

couple of dozens. Thus, making the above methods more applicable. Methods for such a de-

composition are proposed in [8, 9], where state space representations are used and produce

interconnected multivariable systems. It should also be noted that interconnected systems can

also be represented by signal flow graphs, which dates back to the work of Mason [10], and

provides a comprehensive visual interpretation at the same time.

An alternative to the above is the concept of plant wide control (PWC) which has received

much more attention in recent years. Methodologies like the nine-step method proposed by

Luyben et. al. [11] or the self-optimizing control procedure by Skogestad [12] are suggested

and are evaluated on realistic large scale system, see e.g. [13]. In this, a complete procedure to

address the control problem of a large scale system is provided.

A shortcoming of the mentioned methods is either their inability to scale to large scale

problems or that control structure and configuration are limited a-priori. The aim of this paper

is to suggest new methods for the control structure selection without imposing limitations on

the either structure or configuration. But for the time being, it is assumed that the large scale

problem is already decomposed in multivariable problems with a rather limited number of

manipulated and controlled variables. In order to demonstrate the usefulness of the suggested

methods, a 2 × 2 system with disturbances (Quadruple tank laboratory setup) and a 5 × 5
real-life process (Stock preparation plant at SCA Obbola AB, Sweden) are discussed.

The methods are inspired by the work within brain connectivity theory [14], where sig-

nal flow graphs can be analyzed from the perspective of the signal energy or power that is

transferred from a selected input/output set of nodes. In this context, structural and functional

properties are treated separately, where the structural properties capture the structural nature

of a signal flow graph, while the functional properties resolve all intermediate connections in

order to map the properties to the input/output set alone. Consequently, the analysis can be

adapted to the needs for the task at hand, which makes the methods more versatile.

As a result quantitative methods are combined with the signal flow graphs approach by

introducing weights on the edges. It will be shown that the H2-norm can be effectively used
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to assess the significance of edges in relation to each other, namely by the assessment of the

transfer of signal energy or power. It is the authors believe that the combination enables control

engineers to make better decisions on both control structure selection and controller configura-

tion. But, it still remains to prove the scalability to large scale systems and if the methods can

be used in the scope of the previously mentioned PWC procedures. In a preparatory step and to

facilitate applicability the methods have been integrated into a prototype tool called ProMoVis,

that can be used to both model, visualize and analyze industrial processes, [15].

The paper layout is as follows. First the preliminaries for the representation of linear sys-

tems as a signal flow graph is given in Section 2. Section 3 introduces a methodology for

obtaining a scaling independent representation of linear processes as a signal flow graph. Sec-

tion 4 describes the quadruple tank process and derives a scaling independent representation

for a selected working point. Section 5 describes the norms and normalizations which will

be used for quantifying and comparing the significance of the process interconnections. The

quadruple tank process is used in Section 6 as an illustrative example for introducing the meth-

ods for the structural and functional analysis of complex processes which are the subject of

this paper. Section 7 describes how to interpret the methods and use them for control structure

selection, comparing the results obtained in the analysis of the quadruple tank with those of

the RGA. Section 8 analyzes the scaling sensitivity of the methods for the cases in which a

scaling independent representation of the process is not used. The stock preparation plant at

SCA Obbola, Sweden is a real-life process which is analyzed in this section to illustrate how

the scaling issues present in the traditional gramian based IMs when analyzing industrial pro-

cess can be resolved by using the discussed methods. Section 9 introduces the usefulness of

the analysis methods for the evaluation of the interaction between control loops, and contains

examples which show the use of filters for selecting a range of frequencies subject to analysis.

The conclusions are finally given in Section 10.

2 Signal Flow Graphs for representing complex processes
A representation of complex systems in relation to graph representations was introduced in

[16]. The same representation will be used here dispensing with the output equation. When

representing an open-loop process, it will be considered that the input vector u is composed

by the exogenous inputs to the process (actions on actuators and process disturbances), and

x collects all the internal states and measurements which are subject to analysis, being both

related in an expression like:

xi = Φi1 · x1 + · · ·+Φin · xn + Γi1 · u1 + . . .Γip · up

where Φij and Γij are linear dynamic systems. The signal flow graph is then formulated as

x = Φx+ Γu (1)

Given a multivariable system H , the duple (Φ,Γ) is called a visualization of H . The input-

output matrix Ω of H can be computed as Ω = (I −Φ)−1Γ.
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This formulation will also be used in Section 9 for representing a closed-loop system. In

that case, the reference signals for the closed loops are aggregated to the input vector u, and

the control actions which are manipulated by a controller are now aggregated to the vector x
and removed from the input vector u.

The following transformations will be here used for obtaining process representations de-

scribing the nodes and interconnections which are of interest for the analysis.

Hiding of self-references A node depending on itself is known as a self-reference. For the

work described in this paper we will assume that the visualization representing the process has

no self-references, that is, the diagonal of matrix Φ is composed by zeros. If a visualization

with self references is to be analyzed, the user has to first make an operation which hides the

self-references and still preserves the physical structure of the plant. The details for such an

operation are discussed in [16].

Hiding arbitrary nodes Different levels of hierarchy are usually present when representing

and analyzing large scale interconnected systems, and the hiding of nodes allows to disregard

the variables which are not presently important while preserving the physical structure of the

plant.

Consider the partitioning of the interconnected system (Φ,Γ) as

(
x1

x2

)
=

(
Φ11 Φ12

Φ21 Φ22

)(
x1

x2

)
+

(
Γ1

Γ2

)
u

where x2 = [0m×(m−n)| Im] · x represents the last m of the total n nodes. Assuming that

x′ = Φ22x
′ + u′ is well-posed, then the visualization of the system when the last m nodes are

hidden, and which preserves the system structure is [16]:

x1 = Φ̂x1 + Γ̂u

with

Φ̂ = Φ11 +Φ12(I −Φ22)
−1Φ21 , Γ̂ = Γ1 +Φ12(I −Φ22)

−1Γ2

Which can be expressed as a function F of Γ, Φ, and Im, being m the number of nodes to be

hidden.

[Γ̂ Φ̂] = [Γ1 Φ11] +Φ12(1−Φ22)
−1[Γ2Φ12] = F([Γ Φ], Im)

To hide an arbitrary subset N of nodes, let us define the permutation matrix T T = [ET E ′T ]
such that x1 = Ex is now a vector containing the nodes to be retained and x2 = E ′x contains

now the nodes to be hidden. The operation HN of hiding an arbitrary set of nodes, is then:

HN [Γ Φ] = F (
T [Γ Φ · T T ], Im

)
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3 Scaling independent representation
Scaling is an important issue in many applications. The methods used in this paper are based

on comparing the signal power (or energy) that can be transferred through the process intercon-

nections. This power transfer is quantified as signal power transfer, and therefore it depends on

the scales used to represent the analyzed signals.

Usual methods for scaling signals involve dividing each variable by its maximum expected

or allowed change [17].

Let Q = (Φ,Γ) be a visualization of a system H . When the input vector u and the output

vector x are scaled by the diagonal scaling matrices Du and Dx respectively, then the new input

and output vectors are ū = D−1
u · u and x̄ = D−1

x · x. The scaled visualization Q̄ = (Φ̄, Γ̄) is

then:

Φ̄ = D−1
x ΦDx ; Γ̄ = D−1

x ΓDu

and the scaled input-output matrix Ω̄ is :

Ω̄ = D−1
x ΩDu

It can be tedious to find an appropriate scaling for each of the process variables. Therefore,

we present a representation of linear processes based on a visualization, which is independent

of the selected scaling. For obtaining such a representation, an estimation of the standard

deviation of the signals represented by the process variables is needed.

Let σu , σū, σx and σx̄ be diagonal matrices collecting the standard deviation of each of

the input or output signals and of their scaled version. Then, σū = σuD
−1
u and σx̄ = σxD

−1
x .

Lemma The pair (σ−1x Φσx,σ
−1
x Γσu) is scaling invariant.

Proof

σ−1x Φσx = σ−1x̄ D−1
x DxΦ̄D−1

x Dxσx̄ = σ−1x̄ Φ̄σx̄

σ−1x Γσu = σ−1x̄ D−1
x DxΓ̄D

−1
u Duσū = σ−1x̄ Γ̄σū

�

Given the visualization Q = (Φ,Γ) of a linear multivariable system H , the pair Q̃ =
(σ−1x σx,σ

−1
x Γσu) will be named scaling invariant representation of H .

Remark 1: The matrix Ω̃ = (I − σ−1x Φσx)
−1σ−1x Γσu = σ−1x Ωσu related to the scaling

invariant representation Q̃, is also scaling invariant. This follows from:

σ−1x Ωσu = σ−1x̄ D−1
x DxΩ̄D−1

u Duσū = σ−1x̄ Ω̄σū

Remark 2: The premultiplication of matrix Ω or Γ by σ−1x makes it invariant to output

scaling, and the postmultiplication by σu makes it invariant to input scaling. Matrix Φ is inde-

pendent of the selected input scaling, and the premultiplication by σ−1x with the postmultipli-

cation by σx makes it independent to output scaling. Therefore, applying any of the structural

or functional methods to the scaling invariant representation Q̃ = (σ−1x Φσx,σ
−1
x Γσu) with

input-output matrix Ω̃ = σ−1x Ωσu, always give the same result independently of the chosen

scaling.
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Remark 3: The gramian-based IMs are sensitive to the scaling of the process variables [7, 6,

18]. The scaling invariant representation is also useful for computing a scaling invariant version

of any of these IMs, by applying the corresponding method to the matrix Ω̃ = σ−1x Ωσu.

The following section presents the quadruple-tank process, and introduces an example of

how to create a scaling independent representation of the process. Later, this representation

will be used to apply the discussed structural and functional methods.

4 The quadruple-tank process

The quadruple-tank process has been introduced in [19], and is a well-known interacting pro-

cess which has been used by a large number of authors as a benchmark to test several control

and analysis methods. The process is depicted in Fig. 1. Two process disturbances have been

added to the process and modeled as flow disturbances in the upper tanks. The differential

equations of this modification were described in [20]. The process linear model can be formu-

lated as a visualization as follows:

⎛
⎜⎜⎝

Δh1

Δh2

Δh3

Δh4

⎞
⎟⎟⎠ =

⎛
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0 0 − 1
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T4
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where Ti are the time constants of the tanks

Ti =
Ai

ai

√
2ho

i

g
, i = {1, 2, 3, 4}

The values of the construction parameters are given in Table 1. The variables uj are associ-

ated with the two actuators and express the speed setting of the two pumps in %. The measured

variables hi are the level of the tanks expressed in cm. The two process disturbances d1 and d2
are flow perturbations in the top tanks, and are expressed in cm3/s. The range of values which

these variables can take is summarized in Table 2.

Figure 1: Interacting system with water tanks. Each of the red arrows represents a dynamic model
connecting two process variables. ProMoVis screenshot.
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The input-output relationship is given by

Ω =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

γ1k1

A1(s+
1

T1

)

(1− γ2)k2

A1T3(s+
1

T1

)(s+
1

T3

)

(1− γ1)k1

A2T4(s+
1

T2

)(s+
1

T4

)

γ2k2

A2(s+
1

T2

)

0
(1− γ2)k2

A3(s+
1

T3

)

(1− γ1)k1

A4(s+
1

T4

)
0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

− 1

A1T3(s+
1

T1

)(s+
1

T3

)
0

0 − 1

A2T4(s+
1

T2

)(s+
1

T4

)

− 1

A3(s+
1

T3

)
0

0 − 1

A4(s+
1

T4

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(3)

The working point selected for the analysis corresponds to an opening of 50% on both pumps,

and the process disturbances are assumed to be at half of their possible maximum value. The

values for the working point are summarized in Table 2.

Example 1.
The selection of the scaling factors for the process variables has an important impact on the

analysis of the process interconnections. This selection is not trivial, as the scaling factors have

to be chosen based on the expected variation of the process variables.

We proposed in the previous section a methodology for obtaining a system representation

which is invariant with respect to the scaling of the process variables.

In order to demonstrate the utility of using the scaling invariant representation, the original

system was first scaled so that the new input and output vectors, ū and ȳ are:

ū = D−1
u u with Du = diag(100, 1, 15.5, 15.5) (4a)

ȳ = D−1
y y with Dy = diag(12.6472, 1.9508, 5.57, 10.9376) (4b)

The inputs u1 and u2 are scaled so their values are in the intervals [0, 1] and [0%, 100%] re-

spectively. The output levels which are originally expressed in cm are scaled with a randomly
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Parameter Ai a1 a2 a3 a4 g k1 k2 γ1, γ2
Value 730 2.05 2.26 2.37 2.07 981 7.45 7.30 0.3

Units cm2 cm2 cm2 cm2 cm2 cm/s2 cm3/s · V cm3/s · V

Table 1: Construction parameters of the quadruple-tank process.

Variable u1 u2 d1 d2 h1 h2 h3 h4

Value 50% 50% 15.5 15.5 14.77 12.36 5.11 7
Range 0− 100 0− 100 0− 31 0− 31 0− 20 0− 20 0− 20 0− 20
Units % % cm3/s cm3/s cm cm cm cm

Table 2: Selected working point for the quadruple-tank process.

generated scaling matrix Dy. The process disturbances are scaled so that the allowed variation

around the working point remains in the interval [−1, 1].
An analysis of a system with such a scaling will surely be inconclusive, specially, since the

two similar manipulated inputs are scaled by very different values.

The described procedure to obtain a scaling independent representation involves that the

variance of the signals during operation of the system must be known. The inputs to the process

need to be excited with signals with selected variances. These excitation variances should be

selected according to the expected or allowed change in the process inputs. The process outputs

are then measured/simulated, and the variances of the output signals are estimated.

In the case of normally distributed variables, the standard deviation gives a 95% confidence

interval for its value. So a good rule when the inputs are excited with white noise is to select

the variance of the input excitation as the square of the maximum expected deviation from

the average value. In the case of the quadruple-tank, the analyzed working point has a 50%
opening as nominal value for both pumps. A variation of ±10% is considered, which gives a

variance of 100 in the case of u2, since it is expressed in %, and a variance of 0.01 in the case

of u1, since it is scaled by a factor of 100.

Since the scaled process disturbances are allowed to vary within the interval [−1, 1] around

the working point, the excitation of the process disturbances is selected to be white noise with

a variance of (1/3)2, which means that 99.7% of the randomly generated values will be within

the allowed interval, and outliers have been saturated. The variance of the scaled input signals

(manipulated inputs and process disturbances) is therefore

σ2
ū = diag(0.01, 100, (1/3)2, (1/3)2)

The output signals were measured after the scaling in Eq. (4b) was applied, and the variance

of the signals was collected in:

σ2
ȳ = diag(6.5780e− 004, 0.0298, 0.0036, 0.0011)

The scaling independent representation can therefore be created as

Q̃ = (σ−1ȳ D−1
y ΦDyσȳ,σ

−1
ȳ D−1

y ΓDuσū) (5)
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with input-output matrix Ω̃ = σ−1ȳ D−1
y ΩDuσū.

The methods for the analysis of complex processes introduced in this paper are applied

in the next section to the scaling independent visualization of the quadruple-tank. Even if

the method for creating the scaling independent visualization has originally been designed for

linear processes, the experiment previously described for measuring the variance of the input

and output signals was performed on a simulation of the non-linear quadruple-tank around the

selected working point with satisfactory results.

5 Norms and normalizations for quantifying the significance
of the process interconnections

Gramian based IMs are Index Arrays (IAs) and are largely used for determining feasible con-

trol structures. In these IAs, first a norm-based operator is applied to each of the input-output

subsystems in order to quantify the significance of the represented interconnection. Tradition-

ally used operators include the Hankel norm (see [21, 6]), the squared Hilbert-Schmidt norm

(see [7]), and the H2 norm (see [18]). The IA is then computed by normalizing the significance

of the input-output channels:

[IA]ij =
[Gij(s)]p

m,n∑
i,j=1

[Gij(s)]p

(6)

where [·]p denotes the selected operator, and Gm×n(s) is the multivariable transfer function

matrix. The term s used to represent the dependence on the Laplace variable for continuous

time systems will be dropped in the sequel for the sake of simplicity. The notation G(jω) will

be used in the sequel to specify the evaluation of the transfer function in the frequency domain.

As a result of the normalization, all the elements of any of these IAs add up to one. The

selection of the control structure is made by selecting a subset of the most important intercon-

nections, which will form a reduced model on which control will be based.

In the methods created in this paper, the squared H2-norm is used for quantifying the im-

portance of the process interconnections due to the reasons which will be discussed in Subsec-

tion 5.1. When the process is to be analyzed in frequency domain, the squared magnitude of

the transfer functions will be used to represent the importance of the process interconnections.

Besides, instead of using the traditional normalization in Eq. (6), row and column normal-

izations will be used in the analysis as later described in Subsection 5.2.
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5.1 The use of the H2-norm for quantifying the significance of the process
interconnections

For any of the Gij(s) SISO subsystems of a multivariable process described by a transfer

function Gm×n(s), if Gij(s) is stable and strictly proper, ||Gij(s)||2 can be expressed as

||Gij||2 =
√

1

2π

∫ ∞

−∞
|Gij(jω)|2dω (7)

The reasons why the H2-norm was selected over the Hilbert-Schmidt or the Hankel norms

to quantify the significance of the process interconnections are:

- The frequency dependent methods SDPT (ω) and FDPT (ω) to be here presented, de-

scribe the power conversion at the process interconnections for each frequency ω. Using

the H2-norm allows the compression of this information into real valued numbers which

can be used to create directed graphs, since it is obtained by integrating the power con-

version with respect to the frequency as it can be observed in Eq. (7). An interpretation is

that the squared H2-norm of a SISO system is the coupling in terms of the energy trans-

mission rate between the past inputs and the current output (see [22]). Therefore SISO

elementary subsystems in a multivariable system with larger value of the H2-norm iden-

tify the input-output channels which are able to exchange larger amounts of energy.

- It has been shown in [7] that the squared Hilbert-Schmidt norm of a system increases

with the presence of time-delays. The same fact can also be shown for the Hankel norm

(see Appendix A). This means that the larger the time delay in an input-output channel,

the larger the channel significance quantified by these two norms. This is not a conve-

nient property for a norm quantifying the channel significance, since previous simulation

work in [22] indicate that the presence of a time delay by itself is not a reason enough

to say that a particular input-output pair should be included in the controller when a de-

centralized controller structure is desired. It was therefore decided that the H2-norm is a

more convenient measure for the channel significance due to its insensitivity to channel

delays.

5.2 Normalizations used to compare the significance of the process inter-
connections

We will further use the row normalization Σ�(A) and the column normalization Σ�(A) on a

matrix A ∈ Rm×n:

[Σ�(A)]ij �

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 , if

n∑
l=1

Ail = 0

Aij
n∑

l=1

Ail

, otherwise
[Σ�(A)]ij �

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 , if

m∑
k=1

Akj = 0

Aij
m∑
k=1

Akj

, otherwise
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Note that these normalizations involve that the rows of Σ�(A) either add up to 1 or all the

elements of the row are 0, whereas the columns of Σ�(A) either add up to 1 or all the elements

of the column are 0.

We will denote by [|Gij(jω)|2] to the result of collecting in a matrix the squared magnitude

of each of the elementary transfer functions of a multivariable system Gm×n. The normaliza-

tions Σ�([|Gij(jω)|2]) and Σ�([|Gij(jω)|2]) will be used to obtain a relative measure of the

significance of the process interconnections in the frequency domain.

We will denote as [||Gij||22] to the real valued matrix result of collecting the squared H2-

norm of each of the elementary subsystems of the multivariable system Gm×n. The normaliza-

tions Σ�([||Gij||22]) and Σ�([||Gij||22]) will be used to obtain an overall measure of the relative

significance of the process interconnections.

This means that Σ�([|Gij(jω)|2]) compares the elements of the same row of [|Gij(jω)|2] in

frequency domain, whilst Σ�([||Gij||22]) compares the squared H2 norm of the elements in the

same row of G. In a similar way the comparisons of Σ�([|Gij(jω)|2]) and Σ�([||Gij||22]) are

performed through the columns.

6 Methods for structural and functional analysis
In this section, first an explanation of the difference between structural and functional analysis

is given in Subsection 6.1, and then the structural and functional methods introduced in [23]

are formulated from a visualization representation of the system in Subsection 6.2 and Subsec-

tion 6.3 respectively. Finally, in Subsection 6.4 the advantages of using the new formulation

are enumerated.

6.1 Structural properties vs. functional properties
Structural. The word structure in analysis of systems is related to the concept of causality.

When a model of each of the process interconnections (one on one interconnections) between

the considered inputs, outputs and internal states is described, then the representation of the

process is a structural realization. I.e. a structural realization of the quadruple-tanks process in

Fig. 1 would be the one described in equation Equation (2), where each of the internal one on

one interconnections represented in the figure by a red edge is modeled as a transfer function.

When a matrix relating process variables is filled with boolean elements representing whether

there is a causal dependence of the variables or not, it is named structural matrix [24]. The

structural matrix for the quadruple-tank process is represented in Fig. 2.

Structural matrices have been used in [24] as a tool to determine feasible control structures

based on the concept of controllability and observability. Visualization of the cause/effect

relationship of the process was also provided by associating structural matrices to digraphs.

Further work on structural matrices and digraphs is discussed in [25] and [26].

Structural matrices are used as a first stage tool to extract information of the plant which

helps to take decision on the control structure. In Subsection 6.2 we aim to substitute the

boolean types in the structural matrices by either a frequency domain description of the relative
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u1 u2 d1 d2 h1 h2 h3 h4

h1 1 0 0 0 0 0 1 0

h2 0 1 0 0 0 0 0 1

h3 0 1 1 0 0 0 0 0

h4 1 0 0 1 0 0 0 0

Figure 2: Structural matrix for the quadruple-
tank process in Fig. 1.

SET

u1

u2 h1

h2

h3

h4

d1

d2

Figure 3: Structural graph describing the
quadruple-tank process. The graph was gener-
ated with the method SET. ProMoVis screenshot.

effect between variables or a real valued weight describing this effect in order to associate the

structural matrix with a weighted digraph like the one depicted in Fig. 3.

Functional. The word functional is relating to function as opposed to structure. A struc-

tural realization of a process would collect all the one on one internal connections of the

process, whilst a functional realization directly expresses the input-output relationships. A

functional realization is therefore representing the total dynamic behavior connecting each of

process inputs with each of the process outputs. Each of these input/output connections can

be represented by a transfer function which doesn’t reflect the process structure, but is instead

the combined contribution of all the internal one on one connections including the possible

feedback paths. A functional realization of the quadruple-tank would be the one in Eq. (3).

Analyzing such a realization would be performing a functional analysis of the process. An

example of such an analysis can be observed in Fig. 5 (right), where the functional effect of

independent variations on the process inputs is analyzed.

6.2 Structural Methods
Structural Energy Transfer (SET)

SET was introduced in [23] as a normalization on a matrix which collects the squared H2-

norm of each of the transfer functions representing all the structural interconnections of the

process. From a visualization of a system Q = (Φ,Γ), in which all the self-references have

been hidden, SET can be expressed as:

SET � Σ�

( [ ∣∣∣∣[ Φ | Γ ]ij
∣∣∣∣2
2

] )
The element SETij describes the direct coupling (in terms of energy transmission rate) between

the past values of the variable represented in column j into the future values of xi compared
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to the coupling of the rest of the variables which are directly affecting xi. SET is a real valued

matrix, and can be associated with a weighted directed graph which expresses the process

causal relationships.

Example 2.
Consider the visualization of the quadruple-tank described in Eq. (2). Applying SET to its

scaling invariant representation yields:

SET =

u1 u2 d2 d2 h1 h2 h3 h4⎛
⎜⎝

⎞
⎟⎠

0.9244 0 0 0 0 0 0.0756 0 h1

0 0.9342 0 0 0 0 0 0.0658 h2

0 0.9898 0.0102 0 0 0 0 0 h3

0.9902 0 0 0.0098 0 0 0 0 h4

which determines the weights of the directed graph in Fig. 3. Note that the operation performed

is a normalization from the point of view of the sinks of the effect, implying that the weight of

all the edges entering a node add up to 1.

SET and its associated graph provide a structural description of the process, allowing

to visualize qualitative and quantitative information about the cause/effect relationship in the

plant. Inspecting the graph in Fig. 3 it can be concluded that:

- Pump 1 is directly affecting only to the level of tanks 1 and 4.

- Pump 2 is directly affecting only to the level of tanks 2 and 3.

- The variation of level in Tank 3 is only affecting to the variation of level in Tank 1.

- The variation of level in Tank 4 is only affecting to the variation of level in Tank 2.

- Process disturbance d1 is directly affecting only to the level of Tank 3, although this

effect is insignificant in comparison with the direct effect from Pump 2.

- Process disturbance d2 is directly affecting only to the level of Tank 4, although this

effect is insignificant in comparison with the direct effect from Pump 1.

Structural Dynamic Power Transfer (SDPT)

When a frequency domain description of the cause/effect relationships represented by SET
is required, then the method SDPT can be applied. Having a visualization of a system Q =
(Φ,Γ), SDPT can be expressed as:

SDPT (ω) � Σ�

( [ ∣∣[( I −Φ(jω)) | Γ(jω) ]ij
∣∣2] )

The element SDPTij represents the influence of the past values of the variable represented in

column j into the future values of xi compared to the influence of the rest of the variables which

are directly affecting xi. The element SDPTi(i+n), which is relating xi with itself represents
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SDPT

h 1

u1 u2 d1 d2 h1 h2 h3 h4

h 2
h 3

h 4

Figure 4: SDPT for the quadruple-tank process at the working point described by [20] for frequencies
between 10−3rad/sec and 100rad/sec (logarithmic scales). The ordinates axes are ranged between 0
and 1 (normalized). ProMoVis screenshot.

the own dynamics of the variable xi, that is, how the past values of xi couple to the future ones

compared to the coupling from the other variables which are directly affecting to xi.

Example 3.
Applying SDPT to the quadruple-tank process results in Fig. 4.

SET in Eq. (8) and its associated graph in Fig. 3 provide a structural description of the

process, allowing to visualize qualitative and quantitative information about the cause/effect

relationship in the plant. When information is required in frequency domain, the matrix SDPT
in Fig. 4 can be inspected. The conclusions drawn in the previous example can also be obtained

from Fig. 4. The disadvantage of SDPT over SET is that a graph representation is more

intuitive, and the advantage is that the effects are compared in the frequency domain, and

therefore additional conclusions can be extracted. An additional conclusion is for example

that at high frequencies it becomes hard to influence the level of the tanks. This fact is in

concordance with the concept of system bandwidth.

Hence by applying SET and FDPT the structure of the plant is described and direct

effects compared, giving a first intuitive analysis of the process.

6.3 Functional Methods
The previous methods are based on the direct causality of the plant, however, they give limited

information about the following questions:

- how is the effect in one of the inputs propagated through the rest of the process?

- how is an internal or controlled variable affected by the process inputs?
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The functional methods described in [23] can be used to obtain a numerical analysis and visual

representation of these effects.

Functional Energy Transfer (FET)

The name FET was introduced in [23] to designate two different methods for the analysis of

functional relationships between process inputs and outputs. Both methods are normalizations

on a matrix which collects the squared H2-norm of each of the transfer functions representing

all the input-output functional relationships. From a visualization of a system Q = (Φ,Γ),
with input-output matrix Ω the methods FETr and FETc can be formulated as:

FETr � Σ�

( [ ∣∣∣∣Ωij

∣∣∣∣2
2

] )
; FETc � Σ�

( [ ∣∣∣∣Ωij

∣∣∣∣2
2

] )
Each of the columns of FETc is associated with a process input, which in the case of

an open-loop process, can be a manipulated variable or a process disturbance. Each of the

columns of FETc associated with a manipulated variable represents the relative effect of the

manipulated variable onto the rest of the process, each of the columns associated with a pro-

cess disturbance represents how the process disturbance is propagated through the rest of the

process.

Each of the rows of FETr is associated to an internal or output variable, and represents

the relative effect of the process inputs (manipulated variables and process disturbances in

open-loop case) onto the corresponding internal or output variable.

In both cases, the effect is quantified in terms of energy transfer rate by using the squared

H2-norm .

Example 4.
The methods SET and SDPT were used in the previous section to describe the structure of

the plant and compare the direct effects. Nevertheless, it can be noticed for example that Pump

1 also affects the level of Tank 2, or that the process disturbance d2 also affects to the level of

Tank 2. The questions at the starting of Subsection 6.3 then arise.

Applying FETc to the quadruple-tank results in:

FETc =

u1 u2 d2 d2⎛
⎜⎝

⎞
⎟⎠

0.1180 0.3854 0.4364 0 h1

0.3854 0.1167 0 0.4369 h2

0 0.4979 0.5636 0 h3

0.4966 0 0 0.5631 h4

(8)

which can be translated in the weighted graph in Fig. 5 (right). Each of the columns describes

how the energy at the process inputs is propagated through the rest of the process. It can then

be concluded that:

- Manipulating u1 creates an impact in h1, h2 and h4. The impact on h1 being very low

compared with the two other.
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FETr FETc

u1

u2

h1

h2

h3

h4

d1

d2

u1

u2

h1

h2

h3

h4

d1

d2

Figure 5: Graphs associated with FETr (left) and FETc (right) for the quadruple-tank process. Pro-
MoVis screenshot.

- Manipulating u2 creates an impact in h1, h2 and h3. The impact on h2 being very low

compared with the two other.

- A variation in d1 creates similar impacts in h1 and h3. The impact on h3 being slightly

more significant.

- A variation in d2 creates similar impacts in h2 and h4. The impact on h4 being slightly

more significant.

Applying FETr to the quadruple-tank results in:

FETr =

u1 u2 d2 d2⎛
⎜⎝

⎞
⎟⎠

0.2222 0.7699 0.0079 0 h1

0.7512 0.2413 0 0.0074 h2

0 0.9898 0.0102 0 h3

0.9902 0 0 0.0098 h4

(9)

which can be translated in the weighted graph in Fig. 5 (left). Each of the rows of FETr

describes the relative effect into an internal or output variable from the process inputs. It can

then be concluded that:

- h1 is mainly affected by the pump action u2 with a slight effect from u1. The effect from

the process disturbance d1 is very low and can be neglected in comparison with the one

from u2.

- h2 is mainly affected by the pump action u1 with a slight effect from u2. The effect from

the process disturbance d2 is very low and can be neglected in comparison with the one

from u1.
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- h3 is affected by the pump action u2, and by the process disturbance d1. The effect of d1
is insignificant compared with the effect from u2.

- h4 is affected by the pump action u1, and by the process disturbance d2. The effect of d2
is insignificant compared with the effect from u1.

Functional Dynamic Power Transfer (FDPT)

When a frequency domain description of these effects is required, the method Functional Dy-

namic Power Transfer (FDPT) can be used.

FDPTr(ω) = Σ�
( [|Ωij(jω)|2

] )
; FDPTc(ω) = Σ�

( [|Ωij(jω)|2
] )

Example 5.
The result of applying FDPT to the quadruple-tank is depicted in Fig. 6.

Deeper insight is then obtained in the functional analysis of the quadruple-tank process.

It can be observed in the first row of FDPTr that, as noticed before, the main effect on h1

comes from u2, nevertheless, this effect is dominating at low frequencies. At high frequencies

(above the cross-over frequency) there is a higher contribution on h1 from u1 than from u2. In

a similar way, for h2 it is u1 dominating at low frequencies and u2 at high frequencies.

FDPTr FDPTc

h 1

u1 u2 d1 d2

h 2
h 3

h 4

h 1

u1 u2 d1 d2

h 2
h 3

h 4

Figure 6: FDPTr (left) and FDPTc (right) for the quadruple-tank process for frequencies between
10−3rad/sec and 100rad/sec (logarithmic scales). The ordinates axes are ranged between 0 and 1
(normalized). The dashed lines in FDPTr represent the largest bandwidth of all the channels in the
same row. The dashed lines in FDPTc represent the largest bandwidth of all the channels in the same
column. ProMoVis screenshots.

6.4 Advantages of the new formulation
- Simpler and more general. The new formulation uses a much more general representa-

tion of the process. The previous formulation required a representation of the process in
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an obscure realization which is sometimes hard to formulate.

- Based on signal flow graphs theory. This allowed a simpler and more versatile imple-

mentation in the software tool ProMoVis [15], where the process models are defined by

the user through a visual interface which allows to introduce dynamic models (edges)

connecting the process variables (nodes) like in Fig. 1. When the structural or functional

methods are applied, the result can be translated into weighted graphs like the ones in

Fig. 3 or Fig. 5.

- Operations are defined for hiding edges. This allows hiding the nodes representing in-

ternal or measured variables which are not of interest in the analysis.

- Process disturbances can be driven through filters. It is assumed that the process distur-

bances in this representation are white noise. Nevertheless, it is easy to describe colored

noise, for example, by creating an internal variable which is defined as the white noise

driven through a filter describing the frequency content of the colored noise. This inter-

nal variable (node) can afterwards be hidden, since it will not be a relevant variable in

the analysis.

- Analysis at a selected range of frequencies for the actuators excitation. Sometimes it is

of interest to obtain graphs which describe the relative contribution of the manipulated

inputs at a certain range of frequencies, for example, at frequencies around the crossover

frequency, since it is the frequencies at which control is active. This can easily be done

(like in the case of filtering the process disturbances) by pre-multiplying the process

inputs by a filter which passes the frequencies of interest and then applying the described

methods to the resulting representation of the process.

- Allows open-loop and closed-loop analysis. The high versatility of the formulation al-

lows easy computation of open-loop analysis, but also of closed-loop analysis as it is

described in Section 9. This is a clear improvement, since the original methods were

only described for open-loop analysis.

- The use of the operator z instead of s can be used to represent discrete time systems with

a given sample time. This is a clear improvement from the initial formulation, since the

methods where originally introduced only for continuous time systems.

7 Interpretation of the methods and applications in open-
loop analysis

When a linear model of the process is available, the structural analysis of the plant described in

Subsection 6.2 gives a qualitative and quantitative description of the cause/effect relationships

of the process around the working point.

If the propagation of the effects from the manipulated variables and process disturbances

is to be analyzed , the methods in Subsection 6.3 are applied. The columns of FDPTc and
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FETc show the distribution of the effects of a manipulated input or process disturbance in the

process. The rows of FDPTr and FETr compare the effects on a certain internal or output

variable from the manipulated inputs and process disturbances.

7.1 Applications in Control Structure Selection

The method FETr combined with its counterpart FDPTr in the frequency domain have been

previously used to successfully design control structures by considering only the input-output

connections which were found to be significant [23, 15].

Using FETr, a controlled variable should be associated with the minimum number of ac-

tuators that results in a large enough value of the sum of their contributions (edge widths).

In general, there is no theory stating which is the minimum sum of contributions which will

define a control structure able to derive in an acceptable performance. However, based on the

experience from [15] and with similar interaction measures [7], we will consider that a value

larger than 0.7 should be achieved to be on the safe side. Besides, it is of interest that the struc-

tural matrix obtained by considering only the channels between the manipulated inputs and the

controlled variables found to be significant, represents a structurally controllable system [27].

Process disturbances can be neglected as long as their contribution is minor in relation to the

contribution of the manipulated variables, which is a well-known fact. Thus, control structure

selection should combine interconnections to achieve this requirement. If process disturbances

are measurable then a large contribution could be circumvented by the incorporation of a feed-

forward action. Clearly, the achievable performance is limited when large contributions are

neglected. In this framework, the presence of process disturbances can be considered as ad-

ditional input variables which are contributing to the dynamics of each of the process output

variables. When using a row of FETr to select which input variables will be associated to a

controlled variable, only the columns corresponding to the manipulated variables can be se-

lected. The columns related to process disturbances will be considered as a contribution on

the dynamics of the controlled variable which is not possible to use in the control structure.

Therefore, the rules for the selection of the control structure remain valid, however, it might be

possible that more actuator-sensor channels have to be considered in a perturbed process in or-

der to be able to generate a combined contribution which is sufficient for satisfactory rejecting

the process disturbances whilst presenting low loop interaction.

This approach can be combined with the method FDPTr to analyze the effect on the

controller variables in the frequency domain. The decision on the control structure selection

can then be validated at the frequency rage in which control is active.

Example 6.
A decentralized control structure will be designed for the quadruple-tank process. The objec-

tive is therefore to pair each of the controlled variables (h1 and h2) with an actuator (u1 and u2).

It is clear from the graph obtained with FETr in Fig. 5 (left), that the preferred decentralized

pairing is u1 − h2, u2 − h1. This structure is likely to derive in a good rejection of process

disturbances, since as it was previously revealed, that the effect of the process disturbances in

the controlled variables is insignificant compared with that of the process inputs. A numerical

quantification of these effects can be observed in Eq. (9), where it is confirmed that the chan-
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Figure 7: DRGA for the quadruple-tank process.

nels u1−h2 and u2−h1 are weighted with values larger than 0.7. Inspecting FDPTr in Fig. 6

(left) it can be observed that for the decentralized pairing selected that, at low frequencies,

there will be a low amount of interaction between the control loops. This interaction effect

starts to increase at frequencies around the crossover frequency, where a large control effort

is expected. The fact that the dominating decentralized pairing switches at high frequencies is

not relevant, since these frequencies are larger than the crossover frequency.

The Relative Gain Array (RGA), which is probably the most widely used IM will now be

used as a comparison with the methodology here proposed. The RGA was introduced in [2],

and for a multivariable process with matrix transfer function G, it is defined as RGA(G) =
G(0) ⊗ G(0)−T , where ⊗ represents element by element multiplication, and G(0)−T is the

transpose of the inverse of the DC-gain matrix G(0). The RGA can only be used for the design

of decentralized control structures, being the preferred parings those with RGA values close to

1. Negative values of the RGA should not be selected for pairing due to potential instability

issues. The RGA for the subsystem formed by the inputs u1, u2 and the outputs y1, y2 in

Eq. (10) suggests the same decentralized pairing than the one selected using FETr, and since

the RGA values for that pairing are positive, there exists a stable decentralized controller with

integral action. By evaluating the value of the RGA in the frequency domain, the decisions

on the decentralized controller can be evaluated at any desired range of frequencies. This

generalization of the RGA in frequency domain is known as Dynamic RGA (DRGA) [28],

and was used in [20] to determine a decentralized control structure for the quadruple-tank

system. The magnitude of the DRGA for the quadruple-tank system is depicted in Fig. 7. In

this example, similar conclusions can be obtained from the FDPTr and the DRGA: at low

frequencies there exists a moderated amount of interaction between the control loops since

the diagonal elements of the DRGA are at the order of 0.225, the interaction starts to increase

around the crossover frequency, and at high frequencies the preferred decentralized pairing

switches.

The differences of FETr and FDPTr with the DRGA are:

- The RGA can only be used for designing decentralized control structures. FETr and

FDPTr can be used to design sparse control structures.

- The DRGA can only be evaluated as a function of the frequency. FETr compresses the
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information in the frequency domain into a real number by the use of the H2 norm.

- The RGA in combination with the Niederlinski Index [29] can be used to assess the fea-

sibility of designing a stable decentralized controller with a certain structure. FETr and

FDPTr only give information about the energy transfer in the process interconnections,

no conclusions about the stability of the closed-loop system can be derived.

- The RGA is not able to analyze the effect of the process disturbances. FETr and FDPTr

can quantify the importance of the impact of the process disturbances and have the po-

tential to be able to identify cases in which additional interconnections in the controller

structure will significantly increase the performance on disturbance rejection.

Example 7.
Assume that, in the previous example, the allowed variation of the process disturbance d1 is

multiplied by a factor of 6. The row in FETr associated to h1 is now:

u1 u2 d1 d2
( )[FETr]h1 = 0.1742 0.6036 0.2222 0 h1 (11)

The decentralized control structure selected in the previous example would only reflect around

60% of the dynamic contribution to the controlled variable h1. It is now unlikely to achieve

a good performance with the selected structure while keeping the control action u2 within an

expected variation of ±10%. It is therefore advised to consider the input-output channel u1−h1

in the control structure to obtain a dynamic contribution of around 78% on the controlled

variable h1. A second option is to increase the expected variation on the control action u2 to

±15%, this will be reflected in using a variance for u2 of 152 in Eq. (4a), and the resulting

value of the row in FETr associated to h1 is now:

u1 u2 d1 d2
( )[FETr]h1 = 0.0993 0.7741 0.1266 0 h1 (12)

And therefore if the allowed expected variation of u2 is increased to ±15% the original de-

centralized control structure considers around 77% of the dynamic contribution on h1 and the

achievable performance is very likely to be satisfactory.

8 Scaling sensitivity
An approach for obtaining a scaling independent representation of a system has been intro-

duced in Section 3 . This approach has been applied to create a scaling independent represen-

tation of the quadruple-tank system in Section 4. The introduced methods for the structural

and functional analysis of complex processes have successfully been applied to the scaling

invariant representation of the quadruple-tank system in Section 6.

However, it is of interest to study the scaling sensitivity of the proposed methods in order

to consider the cases in which other traditional scaling techniques are used. Lemma Let Dx
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and Du be the diagonal scaling matrices of a linear time-invariant MIMO system Ωm×n. Let T

be an operator on a SISO system subsystem Ωij such that T (K · Ωij) = K · T (Ωij), with K ∈
R. Representing by

[
T (Ωij)

2
]

the matrix resulting of squaring T (Ωij) for each of the SISO

subsystems of Ω, then Σ�

([
T (Ωij)

2
])

is invariant to output scaling of Ω, and the operation

Σ�

([
T (Ωij)

2
])

is invariant to input scaling of Ω.

Proof. Both statements are proved with the following identities:
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�

Corollary Note that both operators on linear systems || · ||2 and | · | have the same property

described for T ( · ). Therefore, from Eq. (13) and Eq. (14) it can be concluded that:

- FETr and FDPTr are insensitive to output scaling (scaling of vector x).

- FETc and FDPTc are insensitive to input scaling (scaling of vector u).

Example 8.

The stock preparation plant is a subprocess present in a paper mill mainly for the refining

treatment of chemical and semichemical pulps. The case study included here is an extension of

the analysis of the refining section of the stock preparation plant in SCA Obbola AB, Sweden

previously published in [15].

In conventional refining, the pulp is pumped through the gap between two grooved discs.

A moving disc can be rotated and displaced in the axial direction, and the friction of the fibers

with the discs and with each other creates the refining effects. Refining creates major changes

in pulp properties. External fibrillation is the most desired of the effects, improving the fibre
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Figure 8: Refining section of the stock preparation plant at SCA Obbola AB, Sweden. ProMoVis screen-
shot (source [15]).

bonds at the forming section. Refining also creates undesirable effects on the pulp, i.e. in-

ternal fibrillation, which has a large impact in the dewatering capacity of the paper web, the

shortening of the fibre flocs, which may have a negative impact in the paper forming, and the

formation of a large amount of fines, which has to be avoided since the fines have to be retained

by the paper web at the wire section.

For the refining section of the stock preparation plant in SCA Obbola AB, Sweden, the

process and the existing controller are depicted in Fig. 8. First the pulp is pumped from a

storage tank and the flow bifurcates towards two parallel refiners. Note that a fraction of the

pulp is recirculated again for an additional refining. This recirculation increases the complexity

of the process, requiring a deep analysis of the process interconnections in order to understand

the process and to design a control structure. The set of considered sensors and actuators after
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the IO selection is summarized in Table 3.

The refiners have internal controllers to track a setpoint for the energy delivered to the pulp.

Safety, quality, and production depend on well maintained setpoints for the considered flows

and the pressure at the entrance of the refiners. In the current control of the process, four

FETr

Figure 9: Connectivity matrix and related graph obtained by applying FETr to the stock preparation
plant. ProMoVis screenshot (source [15]).

Actuators

Tag Name Description Units

PA Pump Actuator Pumps the flow through the refiners %
VA1 Valve Actuator 1 Valve after refiner 1 %
VA2 Valve Actuator 2 Valve after refiner 2 %
VA3 Valve Actuator 3 Valve at the recirculation from refiner 2 %
VA4 Valve Actuator 4 Valve at the recirculation from refiner 1 %

Sensors

Tag Name Description Units

PI Pressure Indicator Pressure before the flow bifurcation kPa

FI1 Flow Indicator 1 Pulp flow though refiner 1 l/sec

FI2 Flow Indicator 2 Pulp flow through refiner 2 l/sec

FI3 Flow Indicator 3 Pulp flow recirculated from refiner 2 l/sec

FI4 Flow Indicator 4 Pulp flow recirculated from refiner 1 l/sec

Table 3: Considered sensors and actuators in the refining section.
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independent scalar PID controllers are used to maintain the flows at the desired setpoints. The

centrifugal pump is then used as actuator in another control loop to keep the pressure before

the refiners constant.

In order to collect significant process data for the modeling task, the process was excited

during normal operation by perturbing the actuators with additive white nose. In a first model-

ing step, a model structure was created by identifying which actuators generate an observable

impact on which measured variables. The actuator-sensor relationships corresponding to this

model structure were modeled as dynamic models using system identification techniques. Each

of the obtained actuator-sensor models is represented by an arrow in Fig. 8.

The resulting graph from applying FETr to the obtained models is depicted in Fig. 9. An

optional threshold of 0.1 on the significance of the edges determines their visibility; whilst

simplifying the graphical representation and analysis.

From inspection of Fig. 9, it is clear that pairing each of the measured variables with the

actuator connected with the most significant edge derives in the best decentralized control

structure. This structure is the one already in use in the process, and it is expected to achieve

a satisfactory performance. It is also clear at first sight that both recirculation branches can

be assumed to behave as independent scalar subprocesses, and simple PID controllers can be

independently designed for them in the presence of low loop interaction. Nevertheless, it is

suspected that there is a potential of improving the control performance by considering the

dynamic connection from VA2 to PI in the control system, since this will increase the sum of

contributions on PI from about 0.72 to 0.97.

To obtain a deeper insight on the effects on PI, FDPTr is applied, and the result is de-

picted in Fig. 10. It can be observed that the contribution from VA2 has an important impact at

frequencies around the maximum crossover frequency of the considered channels, causing in-

teraction between the control loops which may be translated into oscillations. This conclusion

is supported by the fact that the centrifugal pump has rotor dynamics which are slower than

the dynamics of the valve, and by the observations of the plant operators and engineers, which

confirm the existence of the mentioned oscillations. A potential of improving the existing con-
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Figure 10: The tool FDPTr describes the contributions on PI from the actuators in the frequency
domain. The largest crossover frequency of all the considered actuator-sensor channels is marked by a
dashed line. ProMoVis screenshot (source [15]).
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trol structure has therefore been identified. The suggestion is to consider the actuator-sensor

connection from VA2 to PI in the control structure, e.g. with a feed-forward action.

The indicators obtained by applying some of the traditional IMs to the stock preparation
plant are:

PA V A1 V A2 V A3 V A5⎛
⎜⎜⎜⎝

⎞
⎟⎟⎟⎠

1 0 0 0 0 PI
0 1.0515 −0.0515 0 0 FI1

RGA = 0 −0.0515 1.0515 0 0 FI2
0 0 0 1.0170 −0.0170 FI3
0 0 0 −0.0170 1.0170 FI4⎛

⎜⎜⎜⎝
⎞
⎟⎟⎟⎠

0.7244 0.0110 0.0288 0 0 PI
0 0.0876 0.0061 0 0 FI1

PM = 0 0.0046 0.1337 0 0 FI2
0 0 0 0.0023 1.45e− 005 FI3
0 0 0 6.7003e− 005 0.0015 FI4⎛

⎜⎜⎜⎝
⎞
⎟⎟⎟⎠

0.4076 0.0525 0.0851 0 0 PI
0 0.1485 0.0392 0 0 FI1

Σ2 = 0 0.0341 0.1835 0 0 FI2
0 0 0 0.0240 0.0019 FI3
0 0 0 0.0041 0.0195 FI4

(15)

It can be observed in Eq. (15) that the RGA suggests the same decentralized pairing as the

one selected with FETr, however this example illustrates the potential of FETr and FDPTr

for suggesting sparse control structures in interacting systems.

This example also shows the advantage of the FETr over two gramian-based IMs: the PM

and the Σ2. The advantage resides in its insensitivity to output scaling. The inputs to the process

are all scaled in % of actuator effect, which is the usual scaling present in the logged signals of

industrial process, and which will be considered to be an adequate scaling. The process outputs

are not properly scaled, since besides of being pressure and flow measurements combined, the

flows at the recirculation (FI3 and FI4) are only a fraction of the primary flows (FI1 and

FI2), and therefore they should be represented at different scales. While FETr was able to

suggest a sparse control structure, the PM and Σ2 could show inappropriate indications due

to its sensitivity to output scaling. From Eq. (15) it can be observed that both the PM and

the Σ2 give a large weight to the channels associated to the variable PI, whilst the channels

associated with the recirculation flows FI3 and FI4 receive a rather low weight. This problem

is not present in FETr and FDPTr, since only the input-output channels associated with

the same output variable are compared, being the sum of all the contributions on an output

variable equal to 1. Despite the inappropriate output scaling, both the PM and the Σ2 are able

to suggest the same decentralized paring than the one previously chosen, being the sum of all

the contributions for the decentralized pairing equal to 0.95 for the PM and to 0.64 for the Σ2.
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9 Closed-loop analysis
After control structure design and controller synthesis, the resulting interaction between the

control loops can be analyzed by using the functional methods described in this paper. An

usual requirement for a multivariable control system is the decoupling of the control loops,

which means that when a reference is modified, the effect should be mainly on the measured

variable which corresponds to that reference, whilst the effect on the rest of the measured

variables corresponding to other control loops should be kept low.

As it will be shown in this section, the introduced functional methods can also help to

comprehend the effect of changing the references onto the control actions.

Assume an open-loop process represented by a visualization of the form:

x = Φx+ (Γu | Γw)

(
u
w

)

where the vector x collects measured variables, estimated variables, and internal variables,

vector u collects the manipulated variables, and w collects the process disturbances.

Assume that the loop is closed with control action

u = Cr · r − Cx · x+ CFF · w

This control action allows a 2-DOF structure with Feed Forward action for the process distur-

bances.

The closed-loop system can then be expressed by a visualization of the form:(
x
u

)
=

(
Φ Γu

−Cx 0

)(
x
u

)
+

(
0 Γw

Cr CFF

)(
r
w

)
Example 9.

Consider an open-loop process represented by the following MIMO transfer function:

G =

(
1

10s+ 1
0.6

10s+ 1−0.6
s+ 1

1
10s+ 1

)

which can be represented by the open-loop visualization:

y = 0 · y +G · u

The system is controlled with a 1-DOF decentralized controller with PI controllers on the

diagonal. Both PI controllers have kc = 4 and Ti = 2.

The closed-loop system can now be represented by the visualization, QCL = (ΦCL,ΓCL) :(
y
u

)
︸ ︷︷ ︸

z

=

(
0 G

−C 0

)
︸ ︷︷ ︸

ΦCL

·
(

x
u

)
︸ ︷︷ ︸

z

+

(
0
C

)
︸ ︷︷ ︸

ΓCL

·r ; ΩCL = (I −ΦCL)
−1ΓCL
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where :

C =

⎛
⎝ kc(1 + Ti · s)

T i · s 0

0
kc(1 + Ti · s)

T i · s

⎞
⎠

Using the matrix Ey for performing a hiding operation on QCL hides the manipulated

variables u , and using the matrix Eu hides the controlled variables y.

Ey =

(
1 0 0 0
0 1 0 0

)
, Eu =

(
0 0 1 0
0 0 0 1

)

To analyze the effect of the references on the controlled variables (y), the functional methods

described in Section 6.3 are applied to the closed-loop visualization QCL after hiding the nodes

which correspond to the manipulated variables (u).

FETr(Ey ·ΩCL) =

r1 r2( )
0.9240 0.0760 y1
0.8228 0.1772 y2

, FETc(Ey ·ΩCL) =

r1 r2( )
0.1772 0.0760 y1
0.8228 0.9240 y2

(16)

By observing the first column of FETc(Ey · ΩCL) in Eq. (16), it can be concluded that

a change in r1 creates a perturbation on y2 which is more significant than the influence on

y1. FDPTc(Ey · ΩCL) in Fig. 11 (right) describes these effects in the frequency domain. By

inspecting the first column of FDPTc(Ey · ΩCL) it can be concluded that the perturbation

from the first control loop into y2 only exists at high frequencies. Since the interaction does not

exist at DC and low frequencies, then a step in any of the references will be tracked at steady

state, as it is expected since the decentralized controllers have integral action. Nevertheless,

the existing interaction at high frequencies means that a step in the reference r1 will largely

disturb y2 during the transient.

FDPTr(Ey · ΩCL) FDPTc(Ey · ΩCL)

100

y 1
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y 2
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Figure 11: FDPTr(Ey · ΩCL) (left) and FDPTc(Ey · ΩCL) (right) for frequencies between
10−3rad/sec and 102rad/sec (logarithmic scales). The ordinates axes are ranged between 0 and 1
(normalized). ProMoVis screenshot.
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Figure 12: Responses to setpoint changes for the closed-loop system in Example 8.

By inspecting the second column of FETc(Ey ·ΩCL) in Eq. (16), it can be concluded that

there is also an impact in y1 when the reference of the second control loop is manipulated.

Nevertheless, this impact is very low (0.076) compared with the effect on y2 (0.924), and

it is also existing only at high frequencies as it can be appreciated in the second column of

FDPTc(Ey ·ΩCL) in Fig. 11 (right).

The same conclusions were obtained in [30] using loop decomposition, and they were

validated by examining the responses to independent setpoint changes in both control loops.

These step responses are depicted in Fig. 12.

Furthermore, we will continue the analysis by inspecting FETr(Ey · ΩCL) in Eq. (16).

Each of the rows of FETr expresses the relative contribution on an output variable obtained

by changing the references. It can be concluded that for equivalent changes in both references,

y1 is mainly affected by the change in r1, being the interaction from manipulating on r2 very

low. Nevertheless, the second row of FETr suggests that when both references are subject

of equivalent changes, y2 receives higher impact from r1 than from r2. These contributions

can be analyzed in frequency domain by inspecting FDPTr(Ey · ΩCL), which is depicted in

Fig. 11 (left). There it can be observed that even if y2 is highly affected by r1, this contribution

is dominating at high frequencies, whilst at low frequencies and DC it is clear that y2 is mainly

affected by r2.

Therefore, this analysis suggests that, for a simultaneous step change in r1 and r2, the re-

sponse of y1 will not be much different from that one of only making a step change in r1, whilst

the response of y2 will be highly perturbed compared with the response from only making a

step change in r2.

These conclusions were validated with the simulations depicted in Fig. 13.

At this point, the effect of setpoint changes on the control actions will be analyzed. Since

the resulting closed-loop transfer functions from the references to the control actions have

the same number of poles and zeros, the H2 norm of these interconnections is not defined.
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Figure 13: Analysis of the loop interaction of the closed-loop in Example 8 by comparing the response
obtained when one reference is changed with that of changing both references simultaneously. ProMoVis
screenshot.

Nevertheless, a filter can be used in order to restrict the analysis to a range of frequencies

which are of interest. For this purpose, a second order Butterworth filter with passband between

10−1.9rad/sec and 100.7rad/sec is used. This frequency range has been selected to include the

crossover frequency of the open-loop and closed-loop processes, since that is the range of

frequencies at which the majority of the control action is expected. Denoting the obtained filter

as F , we calculate FETc as:

FETc(F · Eu ·ΩCL) =

r1 r2( )
0.3895 0.0323 u1

0.6105 0.9677 u2

This indicator suggests that a change either in r1 or r2 will produce a larger control effort

in u2 than in u1. This effect can be analyzed in frequency domain by inspecting FDPTc in

Fig. 14. By inspecting the first column in the figure we can conclude that a setpoint change in

r1 will require a larger dc variation in the control action of u1 than the variation in u2, however,

there is a peak dominating the effect on u2 around the crossover frequency, which means that

larger variations on the control action of u2 are expected during the transient. It also means

that, during steady operation of the plant around a working point, possible perturbations in y1
will require a larger control action from u2.

Example 10.
The second loop is now tuned in order to reduce the perturbation caused by the first loop due to

loop interaction. The new controller parameters of the second loop are kc2 = 12 and Ti2 = 2.
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Figure 14: FDPTc(Eu ·ΩCL) for the closed-
loop system in Example 8 for frequencies be-
tween 10−3rad/sec and 102rad/sec (loga-
rithmic scales). The ordinates axes are ranged
between 0 and 1 (normalized). ProMoVis
screenshot.
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Figure 15: FDPTc(Ey ·ΩCL) for the closed-
loop system in Example 9 for frequencies be-
tween 10−3rad/sec and 102rad/sec (loga-
rithmic scales). The ordinates axes are ranged
between 0 and 1 (normalized). The dashed
lines delimite designed ranges of frequen-
cies for each column which are including the
crossover frequencies of the open-loop and the
closed-loop systems. These range of frequen-
cies corresponds with the used for designing
the filter F2 in Eq. (17b). ProMoVis screen-
shot.

Comparing the new value of FETc in Eq. (17a) with the previous one from Eq. (16), it

can be concluded that the loop interaction is reduced but still large. Using a bandpass filter

which selects the frequencies between the open-loop and closed-loop crossover frequencies

results in Eq. (17b). FDPTc is depicted in Fig. 15. The bandpass filter is represented in

Eq. (17b) by F2 and it is a 2 × 2 transfer function with Butterworth filters of order 2 with

a bandpass of [0.0998 rad/sec, 2.0052 rad/sec] for the channels in the first column and a

bandpass of [0.0998 rad/sec, 2.5909 rad/sec] for the channels in the second column, and ⊗
represents element by element multiplication. It can therefore be concluded that like in the

previous controller, the loop interaction will be significant during the transient response in

case of a setpoint change, or during steady state in case of the presence of significant process

disturbances.

FETc(Ey ·ΩCL) =

r1 r2( )
0.3103 0.1304 y1
0.6897 0.8696 y2

(17a)

FETc

(
F2 ⊗ (Ey ·ΩCL)

)
=

r1 r2( )
0.4714 0.1062 y1
0.5286 0.8938 y2

(17b)
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10 Conclusions

The methods presented in [23] to describe the flow of energy in time-invariant processes lin-

earized around a working point have been reformulated in a more general and flexible notation.

The new notation is based in signal flow graphs and provides with the additional advantages

which include: same formulation for continuous time and discrete systems, possibility of hid-

ing process variables which are not of interest for the analysis, possibility of applying filters

in order to restrict the analysis into a desired range of frequencies, and possibility of perform-

ing closed-loop analysis. This notation also allowed a more efficient implementation of the

methods in the software tool ProMoVis: a tool for Process Modeling and Visualization [15].

An important fact is that the scaling of the signals affects the interpretation of the results

[23]. This issue has been solved in this paper by proposing an alternative computation of the

methods based on a scaling invariant representation of the linear system.

The validity and usefulness of these methods is reinforced with new examples which suc-

cessfully determine feasible control structures, and evaluate closed-loop behavior.

Applications of the methods in control structure selection have been demonstrated by de-

signing a decentralized control structure for a 2 × 2 system, and a sparse control structure for

a 5× 5 system. In both cases, the method FETr with its associated graph, and its counterpart

in the frequency domain FDPTr provided useful information for the selection of the con-

trol structure. From these analyzed examples and previous experience with similar interaction

measures, rules for control structure design using FETr and FDPTr have been derived.

Using examples, the suggested methods for control structure selection have been compared

with other traditional methods including the RGA, and two gramian-based IMs: the PM and

the Σ2. A clear advantage of FETr and SDPTr over the gramian-based interaction measures

is the insensitivity to output scaling. This is a clear benefit due to the different nature of the

process variables which is usually present in industrial processes. This difference involves that

the system needs to be properly scaled for the traditional gramian-based interaction measures in

order to provide trustworthy results. The variables related to the actuators are usually expressed

in % of actuator action, and can in most cases be considered an appropriate scaling.

An additional advantage over the existing interaction measures is that the suggested meth-

ods have the potential of being able to analyze if the selected control structure is likely to yield

a good rejection of process disturbances. This is done independently for each controlled vari-

able by selecting a set of actuators whose joint contribution on the controlled variable is much

larger than the contribution of the process disturbances. However, this proposition still has to

be validated with simulations in future research work.

Once that the controller is designed, the proposed methods can be used to test the perfor-

mance of the closed-loop system. The presented tools can evaluate the effect of changing the

references in the controlled variables. A usual requirement for multivariable control systems

is the decoupling of the control loops, meaning that for a well designed and well tuned con-

troller, the loop interaction should remain low. This implies that a change in a reference should

mainly influence in the response of the controlled variable associated with that reference, being

the effect on the other controlled variables low. The tools were also able to identify which of

the actuators will require a larger control action to track a change in the reference.
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The examples analyzed in this paper are 2× 2 and 5× 5 systems. The application of these

methods to large scale systems still needs to be explored. There are several problems which

might arise while increasing the number of process variables. A first limitation is a resource

limitation, since the methods are model based, and creating models for a process is a time

consuming task which increases in complexity when the number of process variables increases.

A second limitation is in the visualization of the results, since creating understandable graphs

becomes more complicated with the increase in the number of nodes and edges representing

the process variables and interconnections. A third limitation is an analysis limitation coming

from the fact that many large scale processes usually include transport delays. The insensitivity

to time delays of the methods here discussed means that it is not possible with these methods to

analyze the influence of time delays on the decision of the control structure to be used. These

limitations are subject of future research.

A Sensitivity of the Hankel-norm to time delays
Assume that a stable SISO system G(s) is excited with an input u(t) up to t = 0, and the output

u(t) is measured for t > 0. The Hankel norm is then obtained by finding the input u(t) which

maximizes:

||G(s)||H � max
u(t)

√∫ ∞

0

||y(τ)||22dτ√∫ 0

−∞
||u(τ)||22dτ

Theorem The Hankel norm of the time delayed system Gd(s) = G(s) · e−td is higher or equal

than that of G(s).
For the same input sequence u(t), G(s) will present an output y(t) and Gd(s) will present

as output y(t− td). And therefore:

||Gd(s)||H �max
u(t)

√∫ ∞

0

||y(τ − td)||22dτ√∫ 0

−∞
||u(τ)||22dτ

= max
u(t)

√∫ 0

−td

||y(τ)||22dτ +
∫ ∞

0

||y(τ)||22dτ√∫ 0

−∞
||u(τ)||22dτ

≤

≤ max
u(t)

√∫ ∞

0

||y(τ)||22dτ√∫ 0

−∞
||u(τ)||22dτ

(A.18)
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[8] M. E. Sezer and D. D. Šiljak, “Nested ε-decompositions and clustering of complex sys-

tems,” Automatica, vol. 22, no. 3, pp. 321–331, 1986.
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teractive Modeling and Visualization of Complex Processes in Pulp and Paper Making,”

Control Systems 2010, Stockholm (2010), September 2010.

[16] A. Johansson, “Commuting operations on signal-flow graphs for visualization of inter-

connected systems,” in Proceedings of the 4th IFAC Symposium on System, Structure and
Control in Ancona, Italy, Sept. 2010, 2010.



150

[17] S. Skogestad and I. Postlethwaite, Multivariable Feedback Control, 2nd ed. John Wiley

and Sons, 2005.

[18] W. Birk and A. Medvedev, “A note on gramian-based interaction measures,” in Proc. of
the European Control Conference 2003, University of Cambridge, UK, 2003.

[19] K. Johansson, “The quadruple-tank process: a multivariable laboratory process with an

adjustable zero,” pp. 456–465, May 2000.

[20] R. Vadigepalli, E. P. Gatzke, and F. J. Doyle, “Robust Control of a Multivariable Exper-

imental Four-Tank System,” in Industrial and Engineering Chemistry Research, vol. 40.

American Chemical Society, 04 2001, pp. 1916,1927.

[21] A. Khaki-Sedigh and A.Shahmansourian, “Input-output pairing using balanced realisa-

tions,” Electronic Letters, vol. 32, no. 21, pp. 2027–2028, October 1996.

[22] B. Halvarsson, “Comparison of some gramian based interaction measures,” in Computer-
Aided Control Systems, 2008. CACSD 2008. IEEE International Conference on, Sept.

2008, pp. 138–143.

[23] M. Castaño and W. Birk, “New Methods for Structural and Functional Analysis of Com-

plex Processes,” in Computer-Aided Control Systems, 2009. CACSD 2009. IEEE Interna-
tional Conference on, July 2009.

[24] M. Morari and G. Stephanopoulos, “Studies in the synthesis of control structures for

chemical processes. II. Structural aspects and the synthesis of alternative feasible control

schemes,” AIChE J., vol. 26, no. 2, pp. 232–246, 1980.

[25] T. Steffen, Control Reconfiguration of Dynamical Systems. Springer, 2005.

[26] M. Blanke et al., Diagnosis and Fault-Tolerant Control. Springer, 2003.

[27] C.-T. Lin, “Structural Controllability,” Automatic Control, IEEE Transactions on, vol. 19,

no. 3, pp. 201–208, Jun 1974.

[28] M. Witcher and T. McAvoy, “Interacting control systems: Steady-state and dynamic mea-

surement of interaction,” ISA Transactions, vol. 16, no. 3, pp. 35–41, 1977.

[29] A. Niederlinski, “A heuristic approach to the design of linear multivariable interacting

control systems,” Automatica, vol. 7, no. 6, pp. 691 – 701, 1971.

[30] Z.-X. Zhu and A. Jutan, “Loop decomposition and dynamic interaction analysis of de-

centralized control systems,” Chemical Engineering Science, vol. 51, no. 12, pp. 3325 –

3335, 1996.



PAPER E

An Application Software For

Visualization and Control Structure

Selection of Interconnected

Processes.

Authors:
Wolfgang Birk, Miguel Castaño and Andreas Johansson

Reformatted version of paper submitted to:
Control Engineering Practice

c© Copyright to be transferred to Elsevier Ltd after acceptance

151



152



An Application Software For Visualization and Control

Structure Selection of Interconnected Processes.

Wolfgang Birk, Miguel Castaño and Andreas Johansson

Abstract

This paper presents a new application software for visualization and control configuration se-

lection of interconnected industrial processes, called ProMoVis. Moreover, ProMoVis is able

to visualize process models and process layout at the physical level together with the control

system dynamics. The software consists of a builder part where the visual representation of

the interconnected process is created and an analyzer part where the process is analyzed using

different control configuration selection tools.

The conceptual idea of the software is presented and the subsequent design and imple-

mentation of ProMoVis is discussed. The implemented analysis methods are briefly described

including their usage and implementation aspects. The use of ProMoVis is demonstrated by an

application study on the stock preparation process at SCA Obbola AB, Sweden. The results of

that study are compared with the currently used control strategy.

The study indicates that ProMoVis introduces a systematic and comprehensive way to per-

form control configuration selection. ProMoVis has been released under the Apache Open

Source license.

1 Introduction

Continuity is an important aspect of industrial process plants. It means that the industrial plant

has a certain level of availability for production and evolves with maintenance and optimization

efforts. Nowadays, availability of production plants need to be very high and the production

quality needs to be well aligned with customers’ requirements, (see [1]). In turn, the require-

ments on performance of processes, their control and maintenance are high, and any changes

in hardware should lead to adaptations in the control systems more or less right away.

However, these industrial process plants are interconnected systems where hundreds or

even thousands of variables are connected through dynamic systems, resulting in a so-called

topological complexity, (see [2]). These connections can be physical connections between

components or the access of information on plant-wide scale within the control system. Ex-

amples of such interconnections are material flows and reflows, like discarded material which

is returned to a previous process step and thus gives rise to large feedback loops. Additionally,
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dynamic connections are created in the control system by controllers and observers, which

further increase the complexity.

A consequence of this topological complexity is that adding control loops to a process in

an ad-hoc manner may result in a system with obscure causality and unforeseen dynamics.

Understanding of such systems becomes a challenge which makes the control configuration

task very difficult. Control structure selection has been a topic in research for more than four

decades, principally initiated by the work published in [3] and [4]. Control structure selection

addresses the problem of finding a low complexity structure of a controller for an industrial

process that renders a control system with desirable performance, while not synthesizing the

controller.

Starting out from small scale multivariable problems, the host of methods has increased

largely and can now be used to determine feasible control structures for large scale intercon-

nected processes. This has also led to a decomposition of the control structure selection prob-

lem into sub-problems, i.e.the I/O selection problem and the control configuration selection

(CCS) problem. A good overview of the two topics and available methods is given in (see

[5]), (see [6]) and (see [7]).

Despite the vast host of proposed methods for CCS, there are no up-to-date toolboxes avail-

able for their industrial use of the methods. To the knowledge of the authors, the only toolboxes

reported in the literature are in [8] and [9], but do not seem to be widely available.

As indicated in (see [10]), visualization is important both from a collaborative perspec-

tive as well as to provide a comprehensive understanding of processes. Within the areas of

construction, manufacturing or production management, visualization is recognized as an im-

portant tool, see (see [11, 12]), but when it comes to the design and maintenance of control

systems in process industries, the use of visualization is still very limited. Available software

that can be used for visualization focuses mainly on simulation of the process dynamics, such

as ChemCAD, Matlab/Simulink, LabView, Extend or Dymola, the latter based on the generic

modeling language Modelica. However, there is a lack of user-friendly toolboxes or software

aiming at control configuration selection.

The aim of this paper is to propose a new application software, called ProMoVis, that

combines a graphical representation of a process plant and control system with analysis of the

dynamic interconnections for control configuration. The underlying mathematical framework

is the directed graph which is a highly abstract way of representing topological complexity in

various applications.

Based on this framework a set of selected control configuration methods is implemented

and can be used to analyze interconnected processes. Thereby, even mathematically complex

methods become available for industrial use. It is assumed that the I/O selection problem is

already solved by the user, which reduces the total number of variables considered in the CCS

to a few dozens. It should be noted that ProMoVis is not limited to the selected set of methods,

and other analysis methods for interconnected systems can be added. The software is currently

in use at several industry partners of the SCOPE consortium within ProcessIT Innovations,

(see [13]), and is made available by the open-source project ProMoVis at Sourceforge, (see

[14]).

The paper is arranged as follows. First the interface for modeling and visualization is dis-
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cussed and some necessary notations are introduced. Thereafter the implemented CCS meth-

ods are shortly summarized including their usage, properties and limitations. Then the stock

preparation process of SCA Obbola AB is introduced as a case study. It is shown how the

stock preparation process can be represented in ProMoVis and how the CCS task is performed.

Finally, the results from CCS are compared with the currently implemented control strategy

and are discussed. The paper is then concluded with some final remarks.

2 Application software ProMoVis

Selection of a control configuration for processes with many interconnections is facilitated by

a systematic approach. It is proposed that such an approach is based on process knowledge

in terms of dynamic models of the interconnected process. To the knowledge of the authors

there is no software available which can visualize process variables including their dynamic

interconnections and control configuration analysis results in a comprehensive way. For this

end, we now propose the software ProMoVis, (Process Modeling and Visualization).

From a practical perspective, selection and assessment of a control strategy would require

the following actions by a practitioner:

1. Derive a dynamic model for the process

2. Select a set of manipulated and controlled variables (I/O selection)

3. Determine a controller configuration

4. Design of the individual controllers according to the configuration

5. Implementation of the controllers

6. Assessment of the control performance

For all actions, beside action three, there exist software tools that support the control en-

gineer. For modeling of processes and control design, toolboxes in MATLAB, (see [15]), or

multivariate analysis and modeling tools from [16], are available. For the selection of I/O sets

with manipulated and controlled variables the tools from [16] can be used from a multivariate

perspective, whereas the methods proposed in (see [17]), address the problem from a feedback

control perspective. For implementation of controllers tools are proposed that can automat-

ically generate control system code (see [18]) and usually control systems provide standard

blocks for controllers, like for example the PID. Additionally, many industrial control systems

possess online tools to monitor the performance of control loops as part of the control systems.

The remaining gap is action three, where ProMoVis aims at providing support for the control

configuration selection.
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Figure 1: SFG for the quadruple-tank process which is extracted from the visualization in ProMoVis in

Fig. 3.

2.1 Software concept
In this section the needed mathematical framework and notation is introduced and based on

that the software concept is explained.

The signal flow graph (SFG) was proposed in [19] to represent interconnected dynamic

linear systems, where the nodes represent the signals and the edges linear dynamic systems,

and will be used as the basis for the application software. Thus, the modeling task in ProMoVis

reduces to the effort of collecting and combining information on the process plant and its

control system. We will now state the algebraic form of the signal flow graph as given in (see

[20]).

Let xi,i = 1, ..., p represent all exogenous signals, i.e. those variables that are not affected

by any other variables in the interconnected system and let zi, i = 1, ..., n be all other variables

of interest. The set of exogenous signals may include e.g. external disturbances and setpoints

but also manipulated variables, depending on whether open-loop or closed-loop is considered.

The models are assumed to be formulated as

zi = Φi1z1 + ...+ Φinzn + Γi1x1 + ...+ Γipxp (1)

for i = 1, ..., n where Φij and Γij are linear dynamic systems that may represent process model

interconnections as well as controllers. Now, let us associate each signal xi and zi with a

node, each Φij �= 0 with and edge from zj to zi, and each Γij �= 0 with and edge from xj

to zi. Then the SFG is obtained as a graphical representation of the model interconnections,

see Fig. 1. Moreover, by collecting the signals xi and zi into vectors x and z and defining the

multivariable, dynamic systems Φ and Γ whose i, jth element are Φij and Γij respectively, the

signal flow graph representation may now be formulated as (see [20])

z = Φz + Γx (2)

In the example in Fig. 1 the exogenous inputs x are the nodes d1, d2, u1 and u2 while the

other nodes h1 to h4 make up the vector z. Thus, the vertical arrows from nodes h3 and h4 into

h1 and h2 correspond to elements in Γ while all other arrows correspond to elements in Φ.
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Figure 2: Different layers in the modeling and visualization concept. Process design (top), Process

models (middle), Controllers (bottom). Manipulated variables (red), Measured or controlled variables

(green), Reference variables (blue).

In the SFG framework variables are the interface between dynamic models, and some of

them constitute the interface between process and control system. The process layout at the

physical level itself does not contribute to the dynamics of the plant directly, but provides

important information on the geographical location of the process variables and how they relate

to the process physics. All the entities that represent the process layout at the physical level

will be referred to as components.

In Fig. 2, this concept is captured. Naturally, one could think of three layers: components,

process models and controllers. In each of these layers, the process variables are visible and

represent the interface between the layers. This concept is very much in line with the industrial
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understanding of a plant where process variables and their properties are the central element.

Performance requirements for processes and product qualities are always related to variables

that are measured online, estimated or derived from laboratory assessments. In that way, both

components and process variables are the natural point to start modeling and visualizing a

process.

A visualization can become very complex when all elements are visible at the same time,

which might be of interest during composition or building, but unadvisable during analysis

and decision making. In the latter case it is of interest to select certain pieces of information

that should be visible, which can be achieved by the use of layers and their visibility. Such a

complete representation of a plant will be denoted a scenario.

2.2 Objects in ProMoVis
In ProMoVis a process plant including its control system is modeled using generic objects that

are connected and arranged in different layers. There are four classes of objects: Variables,

process models, controllers and components. Process models, components and controllers are

collected in separated layers, which enable a differentiation of the view based on the class of

the objects. Now a more detailed description of the object classes is given. All object classes

are later depicted in the example in Fig. 3.

Variables

The variables represent the signals (nodes) in the SFG and can be divided into categories based

on their character. For each category a color code is used in the interface in order to increase

clarity for the user. Here, the default color setting is used but the user can reconfigure it.

Measured variables represent the sensor input from the process into the control system. Color

code: green.

User reference variables represent set points for controllers and can be interpreted as a manual

setting by an operator. Color code: blue.

Manipulated variables represent the interface from control system to process. Usually, actu-

ator signals are manipulated variables. Color code: red.

Disturbance variables represent either exogenous signals or a connection to another part of

the process plant which is not considered in the scenario. Color code: yellow.

Estimated variables represent the result of a computation based on manipulated, controlled or

reference variables. Color code: orange.

Internal or state variables represent all variables which do not belong to any of the previous

categories. These represent internal variables of the process or the control system, which

are of importance for the control engineer. Color code: white.
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Range X X X X

Limit X X X X X

Variance X X X X

Sensor noise X

Operating point X X X X X

User set value X

Delay X X X X X

Table 1: Applicability of variable properties depending on the variable category

Intermediate variables are added automatically when two objects of the control system are

connected with no interface variable. They are needed for the implementation of the

SFG framework. They are considered as internal variables but have no user defined

properties. Color code: white.

These categories are of importance as they determine how variables can be interconnected

and how they interact with the information in the layers.

Variables have different process related properties that can be set by the user, see Table 1.

Some of these properties form part of all the dynamic models which connect a specific variable.

These properties are:

• Limit (Saturation), which determines the allowed operating range of a variable.

• Delay, which allows the user to define input or output delays.

The value of the delay is integrated into the process models during the analysis. The re-

maining properties allow the user to specify process operating conditions which can be used

for the scaling of the process variables during the analysis.

Process models

The process models correspond to the edges of the SFG and are the interconnections between

variables representing the dynamic behavior of the plant. Principally, process models can be de-

fined on a single-input-single-output basis, but multi-input-multi-output models are supported

as well. In both cases, a process model can be defined as a transfer function or state space

system in continuous or discrete time.
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In order to simplify adding process models, some model structures which are used within

system identification of process models are pre-defined, like for example

Γij =
K

Ts+ 1
eTds or Φij =

K

Ts+ 1
eTds

where the user only has to provide the parameters K, T and Td in order to define the dynamics.

Currently, only linear time invariant models are supported. Clearly, a dependency on the

operating points of the different variables arises, but most available CCS methods are only

applicable on linear models.

It has to be noted that ProMoVis is an offline tool and does not derive the process models

and their parameters. This has to be done in a previous step by the user.

Controllers

The controllers do not principally differ from process models in their implementation. Single-

input single-output controllers could be defined by two edges, from reference and controlled

variable to manipulated variable. Instead the controllers are defined as blocks with two inputs

(reference variable, controlled variable) and one output (manipulated variable), as shown in

the lower part of Fig. 2. The resulting edges are then automatically generated from the block

representation. The reason is to simplify for users to create and connect controllers properly

and to avoid incorrect connections. Similar to process models, some controller types are pre-

defined, such as PID controllers and filters. The user can choose between the block or edge

representation. Multivariable controllers can be defined with multiple input and output ports.

Components

The process layout of a plant at the physical level can usually be decomposed into smaller

building blocks which are components. These components can have a graphical representation

which can be used to create a visualization of the plant.

In ProMoVis, components have no functionality other than providing an understanding of

the layout and construction of the plant with a rather coarse level of detail and realism. An

effective representation of components can be created by using symbols according to industry

standards (see for example [21, 22]), or bitmap images of drawings or sketches.

For the design of symbols a simplistic script language is implemented that enables the user

to create new sets of symbols and libraries. At the moment, there are sets of symbols available

for the pulp and paper industry and mining industry.

2.3 Software implementation

Building a representation of an interconnected process does not require any intense computa-

tions. Additionally, the focus is on interactivity and a graphical user interface which is versatile
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Figure 3: ProMoVis screenshot. Tools selection in the upper left window. Symbol library in the lower

left window with tabs. Visualization of a quadruple-tank process in the working window on the right

(all layers visible). Process models (red edges), controllers (blue edges)

and easy to use on any computer platform. CCS methods depend on many mathematical oper-

ations that have to be performed on the SFG.

Therefore it was decided to implement the modeling and visualization in JAVA and the

computational engine in Matlab. All user interaction is done in the JAVA GUI and the CCS

tools are invoked in the GUI. Most analysis results are reported back to the GUI and handled

there, like display of an array of numbers or a weighted directed graph.

The interface between the JAVA GUI and the computational engine enables the porting of

the Matlab code onto other platforms without changing the JAVA GUI. For industrial use, the

Matlab part is combined with the JAVA GUI into a stand-alone software.

In Fig. 3, a screen shot of the resulting implementation of the software is given. In the upper

left corner there is a tool selector that determines the interpretation of the mouse activities. In

the lower left corner the libraries of objects are located which can be added to the scenario by

the user. On the right side there is the multi document interface that contains the currently open

scenarios as tabs. The menu bar contains only few commands that address file management,

views and invoking of the GUI for the CCS tools. Many of the commands in ProMoVis are

invoked through context dependent pop-up menus that the user can access from the objects

directly.

The presence of components in Fig. 3 compared to Fig. 1 now serves to illustrate the

physical meaning of the variables, in this example that u1 and u2 represent voltages to two

pumps, d1 and d2 are disturbance flows while h1 to h4 are the levels in the four water tanks.
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3 Analysis methods for the selection of control configura-

tions
The set of implemented Interaction Measures (IMs) is considered by the authors to be sufficient

to solve the CCS problem for most of the cases. This includes traditional IMs like relative gains

for the selection of input-output pairings, Niederlinski index for testing the stabilizability of the

resulting decentralized configurations, as well as more modern gramian-based IMs which are

used for the design of sparse control configurations.

We define now the selected CCS methods and discuss their implementation. A typical

procedure for CCS using IMs is described for the user of ProMoVis.

3.1 Implementation of the analysis tools
The implemented tools depend on the availability of accurate process models, which have to

be derived prior to the analysis.

A dialog box accessible through the menu item ”Analyzer” invokes the computation of the

CCS methods. Related tools are organized in groups in a drop-down list, i.e. the group Relative
Gain Array and variants is depicted in Fig. 4.

When the method to be used is selected (see Fig. 4), the user is required to choose an

input/output set for which the analysis is performed. In general, the inputs are restricted to

be manipulated variables, however future consideration of hierarchies will require including

controller references in order to select higher level structures like the outer loops of cascades. In

general, the outputs are restricted to be the controlled variables, which can be either measured

variables or estimated variables. Finally, for some of the methods, a set of options is available,

like the selection of the scaling performed on the process variables, or the range of frequencies

at which the process is analyzed.

The analysis is initiated by pressing the ”Analyze” button (see Fig. 4). All the information

in the scenario is then transferred to the computational engine, pre-processed and stored in a

data structure which is based on the SFG representation. The resulting model is stored as long

as the ”Analyzer” window is open, which avoids repeating the transfer and pre-processing of

the scenario information.

For the analysis methods described here, the transfer function matrix G(s) from the selected

subset u of the exogenous inputs into the selected subset y of the process outputs is required

and will be derived now from (2). Provided that (2) is well-posed (see [20] for details) we may

infer that the variables z are related to the exogenous inputs x as

z = (I − Φ)−1Γx (3)

Now, let B be a matrix selecting the variables u from x, i.e. u = Bx. Then ΓBT will contain

those columns from Γ that correspond to u. Similarly, let C be a matrix selecting the variables

y from z, i.e. y = Cz. Then, for the continuous-time case transfer function matrix from u to y
is



3. ANALYSIS METHODS FOR THE SELECTION OF CONTROL CONFIGURATIONS 163

Figure 4: Dialog box for invoking the computation of IMs based on relative gains. The interface for

selecting the input/output sets (left side) remains the same for the different IMs. However, the set of

additional options (right side) will differ.

G(s) = C(I − Φ(s))−1Γ(s)BT (4)

In ProMoVis, the calculation (I − Φ(s))−1Γ(s) = G0(s) is done only once in order to

reduce computational effort. Selecting different sets of inputs and outputs, i.e. multiplication

by different C and BT is then accomplished by picking out the appropriate rows and columns

from G0(s).

After this computation, the selected method is applied to G(s) and the result is appropri-

ately displayed.

3.2 Analysis tools based on relative gains

The most popular tool based on relative gains is the RGA, introduced in [3] to design decentral-

ized control structures based on steady-state gain information. Several authors addressed later

some of the limitations of the RGA, usually by introducing variants of this IM. This includes

different extensions of the RGA to consider process dynamics, like i.e. the straightforward

approach of evaluating the RGA at different frequencies in [23], which was named Dynamic

RGA (DRGA).

In the default set of CCS methods in ProMoVis, the RGA and DRGA methods have been

implemented for the design of decentralized control structures as well as the NI for discarding

unstable configurations. Other advanced techniques based on relative gains are candidates for

future versions of ProMoVis, like the Block RGA introduced in [24] for the design of block

diagonal control structures and the partial relative gains introduced in[25] for the selection of

sparse control configurations.
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Relative Gain Array (RGA)

The RGA of a continuous process described by Equation (2) and with input-output transfer

function G as in Equation (4) is:

RGA(G) = G(0)⊗G(0)−T (5)

where ⊗ denotes element by element multiplication, and G(0)−T is the transpose of the inverse

of the steady-state gain matrix. The normalization used in this calculation implies that the sum

of all the elements in the same row or column of the RGA add up to 1.

Each of the values of the RGA is the steady-state gain of the corresponding input-output chan-

nel when all the other loops are closed divided by the steady-state gain when the rest of the

process is in closed loop under tight control. Based on this definition, the following rules have

been formulated for the selection of a decentralized control structure:

• The preferred pairings are those with RGA values close to 1 (see [26]).

• The selection of positive values for the decentralized pairing is a necessary condition for

closed-loop integrity, provided that all subsystems are stable (see [27]).

• Large values should not be selected since they are related to ill-conditioned behavior of

the plant (see [28]).

Note that these properties imply that the RGA might not indicate any appropriate decentral-

ized control configuration, requiring other tools to design configurations with larger structural

complexity. Moreover, the RGA is insensitive to input and output scaling and to time delays.

However, it has certain limitations which need to be considered. Several of these limitations

have been resolved by different authors, and some of these solutions have been implemented

in ProMoVis, like the application to non-square plants with the use of the pseudo-inverse [29],

or the computation of the RGA for systems with pure integrators [30, 31].

An important limitation is that the RGA is originally evaluated only at steady state, and

therefore is not reflecting the dynamic properties of the process.

Dynamic RGA (DRGA)

The DRGA of a continuous process described by Equation (2) and with input-output transfer

function G as in Equation (4) is:

DRGA(ω) = G(jω)⊗G(jω)−T (6)

The DRGA is a complex number and has a more obscure interpretation than that of the

RGA: it is usually preferred to use its magnitude as indicator due to the gain interpretation,

however only the sums of the rows or columns of the resulting complex array (or its real part)

add up to 1. Moreover, by evaluating the magnitude alone, the sign of the DRGA is lost as an

indicator, which is often used to rule out certain input-output pairings.
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A shortcoming of the DRGA is that perfect control for all frequencies is assumed in its

computation. This assumption is only valid for a very low frequency range. Other dynamic

versions of the RGA have been defined to overcome this situation, like the Effective RGA

(ERGA) introduced in [32]. Nevertheless, the DRGA version implemented here has been

selected for its simplicity and widespread use.

The dialog box in Fig. 4 is used in ProMoVis to invoke the calculation of the DRGA, where

several options can be selected. Due to the sensitivity of the DRGA to time delays, the user

has to specify an integer value for the order of the Padé approximation for considering the time

delays in the computation in the continuous time case.

Niederlinski Index (NI)

For a system under decentralized control, and assuming that the process is described by Equa-

tion (2) and with input-output transfer function G as in Equation (4) which has been reordered

so the controller is a diagonal matrix, the Niederlinski Index (NI) can be computed as (see

[33]):

NI = det(G(0))/
n∏

i=1

Gii(0) (7)

This indicator is traditionally used to test the stability and/or integrity of a decentralized

configuration. Integrity is a desirable property of the decentralized control system, which

means that the closed-loop system should remain stable as each of the SISO controllers is

brought in and out of service (see [3]).

Under the assumptions of stability of all the elementary subsystems Gij(s), a value of

NI < 0 is a sufficient condition for the instability of the closed-loop system when all the

SISO loops are under integral action. This condition is widely used for discarding unstable

decentralized control structures prior to the design of the multi-loop controller.

Integrity can be verified by testing the stabilizability of the systems which result from

opening each of the SISO loops. This is done by computing the value of NI for any of the

principal sub-matrices Gii(0) resulting from removing the ith row and column from G(0). The

system will not possess integrity if NI < 0 for any of the principal sub-matrices.

More restrictive conditions for stability and/or integrity exist like the tighter conditions

derived in [34] for 2× 2 plants. However, these tests are more complicated, and the reader can

refer to the surveys in Chapter 10 in the book [6] or Chapter 2 in the book [7].

3.3 Gramian-based IMs
For the design of control configurations other than decentralized, the modern gramian-based

IMs can be used.

The gramian-based IMs are Index Arrays (IAs) in which a gramian-based operator is ap-

plied to each of the single-input single-output subsystems in order to quantify its significance.

The use of different operators results in different IMs. The Hankel Interaction Index Array
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Figure 5: Dialog box for invoking the computation of the gramian-based IMs. The interface for selecting

the input/output sets (left side) remains the same for the different IMs. The set of additional options

(right side) will also be the same with the exception of the option for considering time delays, which is

disabled for the case of the Σ2.

(HIIA) introduced in [35] uses the Hankel norm. The Participation Matrix (PM) introduced

in [36] uses the trace of the product of controllability and observability gramians, and the Σ2

introduced in [37] uses the H2 norm.

For a continuous process described by Equation (2) and with input-output transfer function

G as in Equation (4), the IAs are calculated as:

[IA]ij =
[Gij(s)]p

m,n∑
i,j=1

[Gij(s)]p

(8)

where [·]p denotes the corresponding operator of the used IA.

As a result of the normalization, all the elements of any of these IAs add up to one. The

selection of the control configuration is made by selecting a subset of the most important input-

output subsystems, which will form a reduced model on which control will be based. Choosing

a configuration with a total contribution of the selected input-output channels larger than 0.7 is

likely to result in satisfactory performance (see [36]).

An advantage of the gramian-based IMs over the RGA is their potential to be used for

designing sparse control configurations. A disadvantage is that the quantification of the sig-

nificance of the input-output subsystems depends on the scales used to represent the inputs

and outputs. Usual methods for scaling signals involve dividing each variable by its maximum

expected or allowed change (see [6]).

The dialog box for all the gramian-based interaction measures is depicted in Fig. 5, where

the user of ProMoVis can choose to scale the process variables by using the values entered in

either the Saturation field or the Range fields of the process variables, or manually introduce

input and output scaling matrices.

In ProMoVis, it is possible to restrict the analysis to a range of frequencies of interest, i.e.

around the crossover frequency, which is where most of the control action is usually present.



3. ANALYSIS METHODS FOR THE SELECTION OF CONTROL CONFIGURATIONS 167

This is done by filtering the input-output channels such that frequencies outside the selected

range are attenuated (see [37]).

At the moment there is no clear procedure for interpreting the gramian-based IMs in the

presence of time delays. For the case of the operators used by the HIIA and the PM, the

quantified significance of an input-output channel increases as the channel delay increases.

This might result in inadequate configurations, since channels presenting large time delays but

low gain and bandwidth might end up forming part of the reduced model. This was revealed in

[38], where simulation work indicated that the presence of a time delay itself is not sufficient

for saying that a particular input-output channel should be used in the controller. Due to this

property of the PM and HIIA, it was decided that the user can select if the time delays will be

neglected or not in the computation. No decision needs to be taken in the case of using Σ2 due

to its insensitivity to time delays.

3.4 Methods for structural analysis using weighted graphs

As a novelty, ProMoVis is able to visualize analysis results together with the process, i.e. as an

overlaid weighted directed graph that shows the significance of the connections as the thickness

of the edges. For this purpose, the analysis methods described in [39] have been implemented.

These methods use the squared H2 norm as operator for quantifying the significance of the

process interconnections in terms of signal energy transfer.

Structural graphs.

The method Structural Energy Transfer (SET) is applied to obtain a weighted structural graph

describing the importance of the direct process interconnections.

Structural graphs have been extensively used for the design of control structures, and the

work in [8] describes its importance for deriving properties such as decomposability (see [40])

and structural controllability and observability (see [41]).

The novelty of the method SET is adding weights to these structural graphs. This gives an

enhanced visual understanding of the process and allows application of advanced methods for

CCS which consider weighted graphs such as described in [42].

Functional graphs.

In Functional Energy Transfer (FET) a normalized weighted directed graph is derived for the

input-output channels, which quantifies their significance. Two different normalizations are

used such that either the weights of the edges entering an output node or the weights of the

edges leaving an input node add up to 1. These normalizations are denoted as FETr and

FETc respectively, and for a process described by Equation (2) and with input-output transfer
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function G as in Equation (4) they are calculated as:

[FETr]ij =
||Gij||22
n∑

l=1

||Gil||22
; [FETc]ij =

||Gij||22
m∑
k=1

||Gkj||22
(9)

For each output, the relative effect of the selected process inputs is described by FETr. For

each input, the relative effect on the selected outputs is described by FETc.

It should be noted that FETr is insensitive to output scaling, and FETc is insensitive to

input scaling.

The method FETr has been proven to be a useful tool in control structure selection. A

controlled variable should be associated with the minimum number of actuators which result

in a value of the sum of their contributions (edge widths) larger than a designed threshold.

Previous work indicates that a value larger than 0.7 should be achieved in order to expect a

well behaving closed-loop system (see [39]).

These measures can also be assessed in the frequency domain resulting in a function of

frequency instead of a scalar number for each edge. This is done by normalizing the squared

magnitude of each of the input-output interconnections so either all the edges entering a node

add up to one or all edges leaving a node add up to one. These operations result in the methods

named FDPTr and FDPTc respectively. For a process described by Equation (2) and with

input-output transfer function G as in Equation (4), FDPT is calculated as:

[FDPTr(ω)]ij =
|G(jω)ij|2
n∑

l=1

|G(jω)il|2
; [FDPTc(ω)]ij =

|G(jω)ij|2
m∑
k=1

|G(jω)kj|2
(10)

3.5 Tools for the reconfiguration of control structures

A control deficiency could be the consequence of a tuning deficiency or of a structural defi-

ciency in the controller. In the latter case, a redesign of the control structure should be done,

preferably by adding or removing a minimal amount of controller interconnections.

The development of tools which identify if there is a structural deficiency in the controller

and suggest a redesigning of the controller structure has only recently received attention. In

[43], a method that makes use of the factorization of the closed-loop sensitivity function matrix

is proposed and has been implemented in ProMoVis. This method quantifies the performance

loss due to neglected interconnections in the process and considers the currently used con-

troller.

An appropriate output scaling is required for the application of the method, which is limited

to control systems with decentralized or block diagonal control structures.

In ProMoVis, this method can be used if a 1-DOF controller is used and the parameters of

the controller are declared.
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3.6 Typical procedure for CCS using IMs

The following procedure can be used for selecting control configurations based on the IMs.

Step 1. Seek a decentralized control structure using methods based on relative gains. If a

decentralized structure is indicated by the use of the RGA as described below, then the

DRGA will help to determine if the structure is still feasible at other frequencies different

to steady-state. The value of the DRGA at the crossover frequency is of special interest,

since it is usually the range of frequencies at which control is more active.

Step 2. Check the stabilizability of candidate decentralized configurations. Decentralized struc-

tures with negative values of NI must be discarded for being unstable under integral

action in all the SISO loops. Several other tests for stability and/or integrity of the de-

centralized control structure using NI and the RGA can be used. The reader can refer to

Chapters 10 and 2 respectively in the books [6] and [7] for surveys on these tests.

Step 3. Design a sparse control structure if needed. It is recommended to contrast the indica-

tions obtained using relative gains with other CCS methods. One reason is that the RGA

might indicate severe loop interaction if a decentralized structure is to be used. Another

reason is that there might be severe loop interaction which is not captured by the RGA,

i.e. in triangular plants. These cases cannot be satisfactory resolved by a decentralized

configuration, and the gramian-based IMs can then be used to design a sparse control

structure. As an alternative to the gramian-based IMs, the method FETr can be used,

which provides a visual and intuitive analysis as well as being insensitive to the scaling

of controlled variables.

4 Case study: A stock preparation process.

The stock preparation process in SCA Obbola AB, Sweden is described below and will be

used as illustrative example for the typical work flow with ProMoVis. At the moment of the

described work, the plant was operating with a decentralized controller under stable conditions

but exhibiting significant disturbances on the controlled variables. The case study will there-

fore be considered a success if an analysis with ProMoVis indicates the same decentralized

configuration as feasible, and gives insight in potential modifications on the control structure

relating to the deficiencies.

Prior to the use of ProMoVis, process information has to be acquired in the form of math-

ematical models and/or process flow charts. First the process model is implemented in Pro-

MoVis by creating a visual representation of the flow charts and declaring the mathematical

process models. Then the control structure can be selected using the implemented methods.
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4.1 Description of the stock preparation process.

The stock preparation process is present in many paper plants for the refining of pulp and

chemical treatment. In conventional refining, the pulp is pumped through the gap between

two grooved discs. A moving disc can be rotated and displaced in the axial direction, and the

friction of the fibres with the discs and with each other creates the refining effects. Refining

creates major changes in pulp properties as described in [44]. Its goal is to improve web

strength, but also results in decreasing the dewatering capacity of the paper web and thus needs

to be tightly controlled for optimum results.

A schematic of the process is depicted in Fig. 6. First the pulp is pumped from a storage

tank and the flow bifurcates towards two parallel refiners. Note that a fraction of the pulp is

recirculated again for balancing the mechanical load in the refiners. The pulp is then diluted

to the required concentration for the chemical treatment, being finally discharged to a storage

tank, in which starch is added, and from where the pulp is pumped to subsequent tanks to

continue with the chemical treatment. The structural complexity of the process requires a deep

analysis of the process interconnections in order to design a control configuration. The sets of

considered actuators, sensor measurements, and estimated measurements are summarized in

Tables 2, 3 and 4 respectively.

The refiners have internal controllers to track a set point for the specific energy that is used

to affect the pulp. Safety, quality, and production depend on well-maintained set points for the

considered flows and the pressure at the entrance of the refiners. In the current control of the

process, four independent single-input single-output PID controllers are used to maintain the

flows at the desired operating points. The centrifugal pump is then used as actuator in another

control loop to keep the pressure before the refiners at the operating point. The dilution water

is delivered to each of the branches with the use of cascade structures, which have as outer

loops the desired concentration for the pulp, and as inner loops the needed flow of pulp to

achieve such concentration. In both branches, the pressure at which the pulp is discharged to

the storage tank is controlled by a valve with a PID controller.

Table 2: Considered actuators in the refining section.
Tag Name Description

PA Pump Actuator Pumps the flow through the refiners

VA1 Valve Actuator 1 Valve after refiner 1

VA2 Valve Actuator 2 Valve after refiner 2

VA3 Valve Actuator 3 Valve at the recirculation from refiner 2

VA4 Valve Actuator 4 Valve at the recirculation from refiner 1

VA5 Valve Actuator 5 Valve at the dilution for the pulp form refiner 1

VA6 Valve Actuator 6 Valve at the dilution for the pulp form refiner 2

VA7 Valve Actuator 7 Valve before discharge to the storage tank (branch from refiner 1)

VA8 Valve Actuator 8 Valve before discharge to the storage tank (branch from refiner 2)
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Figure 6: Schematics of the stock preparation process at SCA Obbola. Pipes with indicated flow direc-

tions are wide solid lines, component names are in italics, variables in capital letters. Symbols are in

accordance with the SSG standard.
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Table 3: Considered sensor measurements in the refining section.
Tag Name Description

PI1 Pressure Indicator Pressure before the flow bifurcation

PI2 Pressure Indicator Pressure at the entrance of refiner 1

PI3 Pressure Indicator Pressure at the output of refiner 1

PI4 Pressure Indicator Pressure at the entrance of refiner 2

PI5 Pressure Indicator Pressure at the output of refiner 2

PI6 Pressure Indicator Discharge pressure before the storage tank (branch from

refiner 1)

PI7 Pressure Indicator Discharge pressure before the storage tank (branch from

refiner 2)

FI1 Flow Indicator 1 Pulp flow though refiner 1

FI2 Flow Indicator 2 Pulp flow through refiner 2

FI3 Flow Indicator 3 Pulp flow recirculated from refiner 2

FI4 Flow Indicator 4 Pulp flow recirculated from refiner 1

FI5 Flow Indicator 5 Dilution water for pulp from refiner 1

FI6 Flow Indicator 6 Dilution water for pulp from refiner 2

CI1 Concentration Indicator 1 Concentration before the flow bifurcation

CI2 Concentration Indicator 2 Concentration before the flow bifurcation

Table 4: Considered estimated measurements in the refining section.
Tag Name Description

CE1 Concentration Estimation 1 Average of two redundant concentration sensors before

flow bifurcation.

CE2 Concentration Estimation 2 Concentration of pulp to be diluted after refiner 1

CE3 Concentration Estimation 3 Concentration of pulp to be diluted after refiner 2

FE1 Flow Estimation 1 Flow of pulp from refiner 1 which is not recirculated

FE2 Flow Estimation 2 Flow of pulp from refiner 2 which is not recirculated
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4.2 Implementation of the stock preparation process model in ProMoVis

The visual representation resulting from implementing the stock preparation process in Pro-

MoVis is depicted in Fig. 7. First, a visualization of the process layout at the physical level

was created by connecting components representing elements such as pipes, valves, pumps and

refiners. Secondly, the corresponding process variables were declared.

Figure 7: ProMoVis screenshot. Refining section of the stock preparation process at SCA Obbola.
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In order to collect significant process data for the modeling task, the process was excited

during normal operation by perturbing the actuators with additive white noise. In a first mod-

eling step, a model structure was created by selecting a subset of controlled variables and

actuators to be considered for control, and identifying which actuators generate an observable

impact on certain controlled variables. System identification techniques were used to model

the input-output channels reflected by the identified model structure, and the resulting models

are summarized in Table 5. Each of the obtained models was declared in ProMoVis and is

represented by a red edge in Fig. 7.

Finally, the controllers representing the current control of the process were defined in order

to visualize and maintain the information on the control system.

Notice that controlled variables can be either measured or estimated. The distinction is used

in order to make the user aware of the fact that estimated variables are the result of a calculation

in the control system, represented by observers. Therefore, measured variables may only be

connected to other process variables, while estimated variables may be connected to variables

in the control system as well.

CE1 is the average of two redundant concentration sensors. FE1 and FE2 are the flows

of pulp before adding the dilution water, and they are computed as the difference between the

flow through the refiners and the recirculation flow. CE2 and CE3 are the concentrations of

pulp before the dilution; they are the controlled variables of the outer loops in the cascades to

control the addition of dilution water, and they are estimated as being the concentration of pulp

Table 5: Model for the stock preparation process.

Input-Output Transfer function

PA - PI1 2.8961/(5.8279s2 + 2.965s+ 1)

VA1 - PI1 −0.54313/(2.9712s+ 1)

VA2 - PI1 −0.87994/(0.92472s+ 1)

VA1 - FI1 1.5359/(42.331s+ 1)

VA2 - FI1 0.40553/(20.046s+ 1)

VA1 - FI2 0.35223/(18.8525s+ 1)

VA2 - FI2 1.8979/(29.6601s+ 1)

VA3 - FI3 0.24843/(4.5058s+ 1)

VA4 - FI3 −0.019761/(2.1097s+ 1)

VA3 - FI4 −0.042479/(4.7492s+ 1)

VA4 - FI4 −0.20199/(2.018s+ 1)

VA5 - FI5 4.3294/(2.9661s+ 1)

VA6 - FI6 0.35864/(15.9248s+ 1)
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before the refiners with a transport delay which depends on the flow of pulp before adding the

dilution water.

References (blue) indicate variables whose values can be set by the operators. Note that

they can be part of a control loop referring to an operating point for a controlled variable, or

the manual setting of an actuator. As an example, in the pressure controllers at the bottom

of Fig. 7, the user can switch from manual to automatic mode. The position of the switches

determine different operational modes for the analysis.

4.3 Analysis of the stock preparation process with ProMoVis

A control configuration for the stock preparation process will now be selected using ProMoVis.

The existing controllers of the process for the pressures PI6 and PI7 were causing large

oscillations during the experiment. Therefore, the valves VA7 and VA8 were manually placed

at a certain opening during most of the experiments, and the collected data was not informative

enough to create models including these variables. Therefore further experiments need to be

conducted in order to include those variables in the CCS problem.

As for the dilution water, from the structure of the determined model, it is trivial the pairings

VA5-FI5 and VA6-FI6 have to be selected.

Our problem is now reduced to find a control configuration for the sensor/actuator set in

Table 6.

Table 6: Input-output set to be considered for analysis.

actuators PA VA1 VA2 VA3 VA4

sensors PI1 FI1 FI2 FI3 FI4

Applying the RGA to the selected input-output set yields the numbers in Table 7. Clearly,

the diagonal pairing of inputs and outputs is preferred for decentralized control.

Table 7: Result of the RGA analysis of the stock preparation process.
��������Output

Input

PA VA1 VA2 VA3 VA4

PI1 1 0 0 0 0

FI1 0 1.05 -0.05 0 0

FI2 0 -0.05 1.05 0 0

FI3 0 0 0 1.02 -0.02

FI4 0 0 0 -0.02 1.02
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Using ProMoVis, the value of NI for the selected pairing was calculated to be NI = 0.935.

This steady state analysis of the process indicates that a decentralized control structure is

likely to lead to acceptable performance.

To complement this information, one or several of the gramian-based IMs could be used.

The result of applying the PM to the stock preparation process is given in Table 8.

Table 8: Result of the analysis using the Participation Matrix of the stock preparation process.
���������

Output

Input

PA VA1 VA2 VA3 VA5

PI1 0.724 0.011 0.029 0 0

FI1 0 0.088 0.006 0 0

FI2 0 0.005 0.134 0 0

FI3 0 0 0 0.002 1.5 · 10−5

FI4 0 0 0 6.7 · 10−5 0.002

There, the sum of the diagonal elements in the PM is 0.950, which means that a decentral-

ized configuration will consider 95% of the system dynamics. However, the user should at this

stage be aware of the fact that the gramian-based IMs are sensitive to input-output scaling. The

manipulated variables are expressed in % of actuator opening. However, the measured vari-

ables are represented in different scales, since there are both pressure and flow measurements,

and also the recirculation flows (FI3 and FI4) are only a fraction of the primary flows (FI1 and

FI2). This is probably the reason why the input-output channels related to the pressure mea-

surement have a rather high significance, whilst the ones associated with the recirculated flows

have a rather low one. A possible remedy is to scale the process variables using their observed

range of variation.

Another possible approach is to use the recently introduced method FETr, which is inde-

pendent of output scaling. The result of applying FETr is depicted in Fig. 8. The most signif-

icant edges entering a measured variable identify the actuators which can deliver the highest

energy contribution on the measured variable. An optional threshold of 0.1 on the significance

of the edges determines their visibility; whilst simplifying the graphical representation and

analysis.

By inspecting Fig. 8, and pairing each of the measured variables with the actuator connected

with the most significant edge, it is clear that the best decentralized control structure suggested

by FETr, is the same as the one suggested by the RGA, and coincides with the one currently

used in the process. Nevertheless, it is suspected that there exist a potential for improving the

control performance by considering the dynamic connection from VA2 to PI1 in the control

system, since this will increase the sum of contributions on PI from 0.7153 to 0.9737.

To obtain a deeper insight on the effects on PI1, the tool FDPTr is applied using ProMo-

Vis, and the result is depicted in Fig. 9. This tool is a frequency domain description of the
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relative power contribution of the actuators on a given measured variable. At each frequency,

the sums of all the contributions on a measured variable add up to one. It can be observed

that the contribution from VA2 has a significant impact at frequencies around the maximum

crossover frequency of the considered channels, causing interaction between the control loops

which may result in oscillations. This conclusion is supported by the following facts: (i) the

centrifugal pump has rotor dynamics which are slower than the dynamics of the valve; (ii)

by the observations of the plant operators and engineers, which confirm the existence of the

mentioned oscillations.

Figure 8: ProMoVis screenshot. Analysis of the stock preparation process with the method FETr. Ei-

ther a graph, or the connectivity matrix related to the graph can be chosen as displayed result. The

layers including the components, the process models, and the controllers with their corresponding ref-

erences are selected as not displayed.
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Figure 9: ProMoVis screenshot. The tool FDPTr describes the contributions on PI1 from the actuators

in the frequency domain. The largest crossover frequency of all the considered actuator-sensor channels

is marked by a dashed line.
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A potential of improving the existing control configuration has therefore been identified.

The suggestion is to consider the actuator-sensor connection from VA2 to PI1 in the control

configuration, i.e. with a feed-forward action.

5 Conclusions

In this paper we have presented a new application software for visualization and control struc-

ture selection in interconnected systems. The software is designed to support control engineers

in the selection of control configuration for a process. At the same time, information on the

process and the control system can be maintained together which simplifies the effort to keep

process control systems updated with the processes. This is achieved by combining (i) a graphi-

cal representation of the process layout at the physical level, (ii) a directed graph that represents

the process dynamics and controllers and, (iii) control configuration analysis tools, into one and

the same user interface. Additionally, analysis results can be depicted in the same view as the

visualization of the process and control system.

The software concept has been described and many implementation aspects of the visual-

ization and the CCS tools are discussed. The architecture of ProMoVis has been chosen to

facilitate the implementation of additional analysis methods. ProMoVis features traditional

tools for CCS as well as methodologies for the selection of sparse control structures and the

visualization of them.

Moreover, a case study is presented where the refining stage in a stock preparation is vi-

sualized and the CCS task is performed using ProMoVis. It is demonstrated that ProMoVis

confirms the control configuration currently in use, which achieves a sufficient level of perfor-

mance and that it indicates modifications that could lead to further improvement of the process

performance.

It can be concluded that ProMoVis is useful in industry in its current version and can be

further enhanced by implementing new research results, which makes these new results quickly

available for industrial evaluation.

Finally, it should be mentioned that ProMoVis is now available under the Apache Open

Source license to keep the software updated with additional and new CCS tools.
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