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Abstract

Tools for numerical analysis is a prerequisite in product development.
Variations of the finite element method is widely used for simulation
of metal manufacturing processes, for example sheet metal forming and
hot stamping. However accurate the models are, there is still the issue of
parameter estimation for the constitutive models used in the simulations.

The increased use of high-strength steel in metal manufacturing pro-
cesses necessitates forming at elevated temperatures. Formblowing and
hardening (FH), where an austenitized profile blank is formed in a closed
tool by injection of pressurised gas followed by rapid water cooling, is a
recent development.

The objectives are to increase knowledge regarding: characterisation
methods for parameter estimation in constitutive models; numerical sim-
ulations of metal forming processes at elevated temperatures.

Experimental material characterisation tests have been performed for
deformation levels beyond plastic instability in standard tests. Methods
for field measurements of deformation have been applied. Measurements
were combined with inverse modelling for parameter estimation.

Thermomechanical simulation models of the FH process have been
developed. Complete process simulations were performed and compared
with experiments. A pre-bursting failure criteria were implemented and
compared with experimental burst tests.

iii



iv



Thesis

This thesis comprises a brief survey and the following appended papers:

Paper A: G. Lindkvist and T. Lindbäck. Estimate of material param-
eters using inverse modelling and their application to sheet metal
forming simulations. In S. Gosh, J. C. Castro, and J. K. Lee, edi-
tors, CP712, Materials Processing and Design: Modeling, Simula-
tion and Applications, NUMIFORM 2004, Columbus, Ohio, June
13-17 2004, pp. 869–874.

Paper B: J. Kajberg and G. Lindkvist. Characterisation of materials
subjected to large strains by inverse modelling based on in-plane
displacement fields. International Journal of Solids and Structures,
41:3439–3459, 2004.

Paper C: G. Lindkvist and P. Jonsén. TV-holography for strain field
measurements on green powder compacts subjected to in-plane
loading. In: International Powder Metallurgy Congress & Exhi-
bition, EURO PM2007, Toulouse, Oct. 15-17 2007, pp. 361–366.

Paper D: G. Lindkvist, H.-Å. Häggblad and M. Oldenburg. Thermo-
mechanical simulation of formblowing and hardening. In: Hot sheet
metal forming of high-performance steel (CHS2), 2nd International
conference, Luleå, June 15-17 2009, pp. 247–254.

Paper E: G. Lindkvist, H.-Å. Häggblad and M. Oldenburg. Numeri-
cal prediction of failure in formblowing and hardening by ductile
fracture criterion. To be submitted for journal publication.
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1 Introduction

1.1 Outline

The thesis consists of a brief survey and five appended papers. The
survey introduces a short background to the thesis, presents briefly the
metal forming processes addressed, directly or indirectly, in this work. A
short description of the main features of the experimental and numerical
methods described in the included papers follows. Next, a summary of
the appended papers is followed by some final notes.

1.2 Background

Metals and alloys of different types are the most wide spread materials
used in manufacturing processes. The combination of low cost and desir-
able mechanical properties has made steel alloys the leading choice and
it is produced about fifty times more tonnage than the next most widely
used material, aluminum [1, p. 4].

There are a number of processes available for metal manufacturing,
ranging from different types of casting to bulk deformation operations
such as forging, extrusion, drawing and rolling. Further, a number of
sheet forming processes, e.g. shearing, bending, stretch forming and
deep drawing, are widely used. The definition of sheet metal may vary,
but in general it is a piece of metal where the surface area to thickness
ratio is quite large. Often, the metal shaping processes are finalised with
some type of machining such as milling or cutting and some form of heat
treatment. See e.g. [2] for a comprehensive overview.

Tools possible to use for numerical simulations of manufacturing pro-
cesses such as sheet metal forming has been available for a relatively long
time. Perhaps the foremost used tool is the finite element method (FEM)
with roots back to the 1940’s [see e.g. 3, 4]. Other discretization meth-
ods are for example the boundary element method (BEM) and the finite
volume method (FVM). The rapid development in computer efficiency
and speed has made it possible to simulate most of the processes men-
tioned above, although with varying accuracy due to the highly nonlinear
physics involved. The precision in most commercial finite element (FE)
codes today regarding the solution of the mathematical model of the
physical process is high, though there are still some major obstacles and
uncertainties. For a thorough survey of computability in nonlinear solid
mechanics, see [5].
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The dramatically increased use of high- and ultra-high strength steel
in metal manufacturing processes, foremost in the automotive industry,
have added to the complexity of process simulations. In general it is nec-
essary to perform the sheet metal forming at elevated temperature due
to the poor low temperature formability of high-strength steels. Cold
forming of such steel grades are restrained; in fact, very high forming
forces, large springback and inordinate tool wear limits the forming op-
erations to parts with simple geometries. Various processes are used
for hot forming of sheet metal, but to achieve high efficiency, (almost)
simultaneous forming and quenching is necessary. Hot stamping [6] is
one such process. Others include: hydroforming with heated media; hot
metal gas forming, with induction heated sheet formed by gas pressure
in a die cavity, and subsequent quenching; formblowing and hardening,
where austenitized closed section blanks are formed with gas pressure,
followed by almost instantaneous quenching. A vast survey of the area
is done by Neugebauer et al. [7].

One of the obstacles mentioned above is the input of material data
to the simulation. There are a number of constitutive models available
to describe the material response to loading, from simple linear models
using one or a few parameters to describe material behaviour to very
complex nonlinear models taking into account the physical process of
deformation in the material. However simple or complex model there is
still the issue of determining the parameters in the model. This is done
by various means, but the common denominator is the use of experi-
mental methods. Also, even in the presence of very advanced models the
possibility to estimate the parameters in such models are limited. This
is especially problematic in industrial applications where lack of knowl-
edge on material modelling effects on simulation results, lack of suitable
material testing equipment and increased costs due to the use of more
advanced models can diminish results from simulations. It is likely that
this is why the majority of industrial sheet forming simulations are based
on very simple models using data from standard uniaxial tensile tests [8].

1.3 Objective and Scope

The objective of the thesis is twofold. The first part is to contribute
to efforts of increasing the knowledge regarding characterisation meth-
ods for parameter estimation in constitutive models. The main scope
of this part is the application of experimental methods, including field
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measurements of deformation, in combination with inverse methodology.
The second part is to contribute to increasing knowledge regarding

numerical simulations of metal forming processes at elevated tempera-
tures. The main scope of this part incorporates thermomechanical pro-
cess simulations of the formblowing and hardening process, including
failure prediction.
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2 Metal forming processes

2.1 Sheet metal forming

Forming of sheet metal can be done with a number of processes, such
as shearing, bending, stretching and drawing. Due to the sometimes
complex geometry of the final part the workpiece can be subjected to
simultaneous deformation by the processes mentioned above. For rela-
tively thick sheets a one-step or multi-step forming is very demanding
due to the high magnitudes of press-force needed. Problems with resid-
ual stresses, springback and localised necking (thinning of the material)
is not unusual in cold-forming of sheet metal.

Although sheet metal forming processes, whether regarding thick or
thin sheets, is not addressed directly in the thesis, the work in Paper
A and Paper B is aimed at providing means to improve the numerical
analysis of such processes.

An overview of metal manufacturing processes and the mechanics
and metallurgy of deformation in metals can be found in e.g. [1, 9, 2].

2.2 Formblowing and hardening

The formblowing and hardening (FH) process (Paper D and E ) is mainly
directed to forming of tubular/profile blanks. The process is charac-
terised by almost simultaneous forming and quenching and is beneficial
for high-strength steel forming. In Fig. 1 a schematic of the FH process
is shown. In preparation the blank is austenitized in a furnace at ap-
proximately 920 ◦C. Inert gas can be used to prevent forge scale. The
blank is transferred to the tool and material feeding cylinders seals the
tube (1). Compressed air is injected and forming pressure is increased
together with simultaneous displacement of cylinders (2). Next, the pres-
sure reaches a maximum and the part shape is finalised (3). Finally, the
pressure is released and water is forced through the formed part (4).

During the forming the part is cooling due to contact with the tool
and at the end of the process quenched to reach the martensite phase.
An estimate of the cooling rate, in the middle section of the formed part,
is in the order of 90K s−1. The total cycle time possible to achieve is
close to 10 s.

Buckling, wrinkling and bursting are possible failure modes in the
FH process, see Fig. 2. During forming a recovery from buckling and
wrinkling tendencies is possible to achieve when the forming pressure is

5



Figure 1: Schematic the formblowing and hardening process. (1)

increased. Bursting, however, is a catastrophic failure. Failure in ductile
metals is mainly governed by nucleation of microcavities (voids) in areas
of high stress concentration and the formation of micro cracks. Regions
between cavities fail by plastic instability [10, pp. 142–144].

Avoiding burst failure is essential and prediction of formability limits
for the process is a desirable feature. In sheet metal forming and hydro-
forming the forming limit diagram (FLD) is used for that purpose. In
the FLD an experimentally determined limit curve shows the boundary
between strain states that would give excessive thinning or necking in
the material, and strain-states were forming is safe with regard to failure.
See [11] for a review of the topic.

To predict failure in a ductile material a number of approaches can be
found in the literature. In general the path to fracture in the material
during forming is seen as a damage process. Many of the developed
criteria to predict fracture involves the triaxiality factor, i.e. the ratio

Bursting

Wrinkling

Buckling

Figure 2: Possible failure modes in the formblowing and hardening
process
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Figure 3: Illustration of a powder metallurgy (P/M) process: mix-
ing of metal powder, compaction of the powder in a die and sintering.
(Image courtesy Höganäs AB, www.hoganas.com, 2006.)

between hydrostatic stress and effective stress. Examples can be found
in [12, 13].

2.3 Metal powder forming

Figure 3 shows the basic steps in a powder metallurgy (P/M) process.
Metal powder, produced with the process of water atomising for example,
is first mixed with lubricants or other additives. Next the powder is
compacted in a die and finally sintered to achieve full strength of the
material. Secondary operations, e.g. machining and heat treatment, are
often performed on the sintered part to improve the component strength,
dimensional tolerances or other properties.

Before sintering the component is in a so-called green state or a green
body. With a powder mixture equivalent to a steel alloy the final density
after compaction is approximately 7300 kgm−3. In comparison, solid
steel has a density near 7800 kgm−3. Consequently, the green body
contains voids. Pores in the material and low adhesion between powder
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particles implies a green state with low strength. For a thorough review
of the P/M process, see [2, pp. 483–510]. See also Paper C.
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3 Characterisation methods and parameter esti-
mation

3.1 Background

The path from concept to finished product using metal forming usually
involves several steps in an iterative manner. Generally it involves a
number of prototypes, both of the tool and the product. Numerical sim-
ulations of the process can minimise the number of prototypes needed
and the time from concept to finished product, and thereby reduce the
overall cost. This is especially important for the tool construction be-
cause du to the large cost to manufacture several prototypes or change
one already built [14].

Regarding the most widely used numerical tool, finite element anal-
ysis (FEA), there a two major approaches for modelling purposes; the
(quasi-) static implicit formulation, mainly used to model relatively slow
processes or processes where inertia effects can be neglected; the dynamic
explicit formulation, primarily used for for modelling of fast processes or
where inertia effects must be accounted for. However, there is a ma-
jor trend towards the use of explicit methods in forming analysis, even
though the process itself in many cases essentially is static. This is ad-
dressed in [15, 16], where in the former a very good overview of simulation
of sheet forming processes is also given. An industrial or more applied
view are given in [15, 17] and in references therein.

Metal forming is in general a very nonlinear process. Therefore
when using nonlinear FEA, the approximate solution is only as accurate
as [18]: the quality of the model; the numerical approximation of loads
and boundary conditions; the solution algorithm; the material properties
used and the assumptions they are based on.

3.2 Stress-strain relations

There are a number of constitutive models available in the literature for
description of the nonlinear stress-strain relationship in an elastic-plastic
forming simulation. Both empirical models and physically based models.

Stress-strain relationships obtained by classical characterisation meth-
ods are mainly data from tensile or tensile-compression loading of the
material. If we disregard from strain-rate and temperature dependence
and consider isotropic materials then the stress-strain relationship can
be described by using models with e.g. piecewise linear hardening, power
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law hardening and parabolic hardening. The effective stress, σe, accord-
ing to von Mises for piecewise linear description is

σe = σ0 +H ′εp, (1)

where σ0 is the initial effective yield stress, εp is the equivalent plastic
strain and H ′ is a so-called strain hardening modulus. A piecewise linear
description can consist of arbitrary many hardening modulus initiated
at different values of plastic strain. Power law hardening is described by

σe = Cεn = C(ε0 + εp)
n, (2)

where C and n are parameters and ε0 is the elastic yield strain. The
parabolic hardening,

σe = A+Bεnp , (3)

where A, B and n are material parameters, is a rather common model. A
can be identified as the initial effective yield stress and B and n are called
strength hardening coefficient and hardening exponent respectively [19].

Physically based models are aimed at describing the microstructure
evolution in a material during thermal and mechanical handling. For ex-
ample, it is possible to describe the flow-stress curve at elevated tempera-
ture for a metal during hot rolling based on dislocation density evolution.
Another example is to account for deformation texture evolution dur-
ing metal forming, which affects the flow behaviour towards anisotropy.
See [20] for details. A well-known model describing recrystallisation in
metals is the so-called Avrami equation [see e.g. 21]:

X = 1− exp

(
− ln 2

(
t

t0.5

)k
)
, (4)

where X is the recrystallised volume fraction (state variable), t0.5 the
half recrystallisation time and k the Avrami exponent. The parameters
are typically estimated by isothermal experiments.

3.3 Mechanical testing

A variety of methods are available for estimation of parameter values in
chosen material models. Depending on the model and the purpose of the
characterisation, tests of different complexity are available e.g. various

10



Localized neck

Diffuse neck

Figure 4: Different types of plastic instability (necking) in flat
specimen.

types of tensile testing, hardness testing, formability testing, fracture
testing and so forth. A comprehensive description is found in [9, 22].

The most common way to evaluate the stress-strain relationship for a
material is by performing standardised tensile tests, e.g. ASTM Standard
E8M-96 [23]. These tests require specimens subjected to a homogeneous
state of uniaxial loading. Typically, the specimens are long round bars or
thin sheets with rectangular cross-section subjected to tension loading in
a common tension testing machine. According to the standard mentioned
above, uniaxial strain is determined by using a so-called extensometer
that measures the extension of a certain gauge length. The relative
extension, i.e. the fraction between the measured extension and the
gauge length, then gives a value of the uniaxial (engineering) strain.
The shortcoming of this testing procedure is that the assumption of
uniformity is valid only until the maximum load is achieved. Thereafter
plastic instability and strain localisation will occur and the so-called
diffuse necking starts. This phenomenon might cause the specimen to
terminate in fracture, but for a thin sheet it is often followed by a second
instability process, namely localised necking. The difference between
these two types of necking is shown in Fig. 4, where the onset of diffuse
necking occurs as a decrease of the width of the specimen. When the later
upcoming localised neck appears, the width of the specimen decreases
only slightly, but the thickness along the necking band shrinks rapidly
and soon thereafter fracture occurs.

If the strain is determined by using an extensometer according to
the ASTM standard, the resulting value beyond the onset of necking
will be an underestimation of the actual strain. Also, in metal forming
operations the strain can locally reach magnitudes significantly higher
than what is possible to obtain from a standard tensile test. Several
methods [24, 25, 26, 27] have been developed to correct and compensate

11
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Figure 5: Illustration of a diametral compression, or Brazilian disc,
test.

for the necking occurrence in order to extend the region of validity for
the standard testing procedure. Methods are developed for specimen
with circular and specimen with rectangular cross-section.

For a brittle and low strength material, e.g. a green body disc of
compacted metal powder, a direct tensile test is difficult to perform. An
indirect method, the bi-axial diametral compression test or Brazilian disc
test, is common for evaluation of the green body strength. In Fig. 5 an
illustration of the test is shown. A load, P , is applied along one diameter
(y-axis in this case). The compression induces tensile stresses perpen-
dicular to the loading direction in the middle section of the disc. The
load is applied until a crack is visible. Applied load and displacement
are measured and the tensile strength of the body is related to the maxi-
mum load, just before the crack is visible, via theory derived by e.g. [28].
See [29] for details.

3.4 Digital speckle photography

By using digital speckle photography (DSP) it is possible to detect the
complete in-plane displacement field of a specimen. Further, the strain
field can be evaluated by numerical differentiation of the displacement

12



50 100 150 200 250 300 350 400 450 500

50

100

150

200

250

300

350

400

450

500

(a)

20
40

60

20
40

60
−0.5

0

0.5

1

x−pixel
y−pixel

RΔI

(b)

Figure 6: Specimen with random pattern (speckle) in initial, un-
deformed configuration (a). Correlation peak for one sub-image (b).

field data.
A fundamental requirement for the DSP-method is that there exists a

random pattern on the object surface. If the object does not have a natu-
ral pattern it can be accomplished by using e.g. diffusely reflecting black
and white spray paint. In Fig. 6(a) an undeformed specimen with speckle
pattern on the surface is shown. The randomness ensures that any small
region of the object surface is unique. By capturing the object surface
with a digital camera before and after the object has been subjected to
some kind of displacement or deformation any small unique region can
be tracked by using a statistical cross-correlation procedure [30]. In or-
der to obtain field data, the object surface is divided into a large number
of small regions, so-called sub-images. See Fig. 6(b), where a correlation
peak for a midpoint in a sub-image is depicted. In this case (Paper B)
the entire image of the object surface consists of 512×512 pixels and the
chosen sizes of the sub-images are 16 × 16 or 32 × 32 pixels depending
on their positions. By tracking each sub-image over the range of defor-
mation a point-wise displacement field is obtained. For further details,
see [31, 32], Paper B and references therein.

3.5 TV-holography

The TV-holography technique can be used for measurements of in-plane
and out-of-plane deformation on a statically loaded or vibrating body.
It is a non-destructive and contact free method. In general the measure-
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ments are combined with some form of digital image processing in order
to quantify the actual deformation.

In Fig. 7 and Fig. 8 the optical and experimental setup for static
measurements of in-plane displacement are shown. The light source is a
green 100mW Nd-YAG laser with a wavelength 532 nm. A beamsplitter
(BS) divides the laser beam into two equally intense rays. The rays
are lead by optical fibers through collimator lenses (BCM) and onto the
object. The optically rough surface on the object scatters the reflected
light and the resulting independent speckle patterns are recorded by the
CCD-camera. With the configuration shown here, with two sources of
light, only deformation in the x-direction on the object can be measured.

The interference between the two speckle patterns changes when the
body is deformed, i.e. an optical phase change Ω. In-plane deformation
u(x) is related to the phase change according to

Ω =
2π

λ
2u(x) sin θ, (5)

where λ is the laser wavelength and θ is the illuminating angle. In Fig. 9
the resulting phase map for a vertically loaded metal powder disc is
shown. Vertical fringes correspond to deformation in the horizontal, or
x-direction. Horizontal fringes means that the object has rotated around
the z-axis. The fringes are comparable to iso-lines, where object points
of equal deformation are connected. It is possible to convert the phase
map to a continuous map of deformation, shown in Fig. 10. A strain
field can be derived by differentiation, which in this configuration gives
εxx = ∂u(x)

∂x . The deformation that is possible to measure between two
object states is approximately in the range 10 nm–1 μm. See Paper C
for further details and references.

3.6 Inverse modelling

The basic strategy used in Paper A and Paper B is the so-called inverse
modelling, thoroughly described in Tarantola [33] and with an overview
in Wikman [34]. Basically, the parameter estimation procedure is formu-
lated as an inverse problem by using predicted values of some quantity
from a mathematical model of a physical system (e.g. a FE model)
and measured values of the same quantities from the actual system. The
calculated output from the model is altered by using the material param-
eters as input. How parameters are changed are decided by formulating

14
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Figure 7: Schematic of optical setup for in-plane measurement of
deformation with TV-holography. PZM – piezo electric mounted
mirror, M – mirror, BS – beamsplitter, BCM – beam collimator.

Figure 8: Experimental setup for in-plane measurements of defor-
mation with TV-holography.
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Figure 9: A phase map
of the horizontal in-plane dis-
placement field of a vertically
loaded metal powder disc.

Figure 10: A continuous
phase map of the horizontal in-
plane displacement field of a
vertically loaded metal powder
disc.

an error function as the difference between measured and calculated val-
ues of the quantity in question. The error, or equivalently the objective
function, can be formulated as a least-square functional. That is, find
the i -dimensional parameter vector κi such that

f(κi) ≡ 1

2

N∑
n=1

(u(κi)n − vn)
2 → min

κi

(6)

where un are output from the mathematical model and vn are measured
(experimental) values of the same quantity. The number of evaluation
points are denoted n.

The objective function is minimised by using an optimisation algo-
rithm and the resulting vector of material model parameters are some-
times referred to as an ordinary least-square estimate. The relatively sim-
ple functional in Eq. (6) can be modified with weighting factors. This
is to account for different physical dimensions of the quantities in the
objective function, or to prescribe some measured quantities as more
reliable than others. See Mahnken and Stein [35] for details.

In general it is possible to categorise optimisation algorithms in zero-
order methods, where only objective function evaluations are necessary
(e.g. Simplex and Monte Carlo methods) and first-order methods, with

16



additional need for gradient evaluation of the least-square objective func-
tion (e.g. Gauss-Newton and Levenberg-Marquardt). The optimisation
procedures are performed with INVSYS [36], an in-house programming
system designed for analysis of inverse problems. The core of the system
is an optimisation algorithm, the unconstrained subspace-searching sim-
plex method (SUBPLEX) [37]. The method uses direct search to find
the minimum of the objective function, and only the function value is se-
quentially evaluated and compared to find optima (a zero-order method).
SUBPLEX is a generalisation of the well-known Nelder-Mead simplex
method which is an optimisation algorithm capable of minimising very
noisy objective functions.
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Figure 11: Stress-strain curves for material models with optimised
parameters compared to a curve extrapolated from standard tensile
test data (a). Calculated force response using different stress-strain
curves compared to force response in experiment (b). Paper A.

4 Summary of appended papers

4.1 Paper A

In Paper A a methodology to estimate parameters in constitutive mod-
els describing hot-rolled cold-forming steel is investigated. The main
goal is to obtain a stress-strain curve that is more accurate and valid
for a wider range of strain compared to a standard uniaxial tensile test.
Several 6mm× 45mm× 140mm blanks are subjected to a forming ex-
periment and experimental data in the form of punch force and punch
displacement are collected. These data are used, together with corre-
sponding data from a quasi-static implicit finite element analysis (FEA)
of the forming experiment, as input to an optimisation procedure. The
problem of estimating parameters in the chosen constitutive model is for-
mulated as an inverse problem and the error between experimental data
and calculated data from the FEA, formulated as an objective function,
is minimised by systematically altering the parameters in the model used
in numerical calculations.

The stress-strain relation for the chosen material models, with opti-
mised parameters, are shown in Fig. 11(a). An extrapolation of a stan-
dard tensile test curve is also shown for comparison. Figure 11(b) shows
the output from a comparative numerical simulation, where the opti-
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mised stress-strain curves and the extrapolated curve are used as input
in the finite element (FE) model of the experiment. The calculated force
response using these curves are compared to the force response from the
actual experiment. The difference is significant.

To determine if the best-fit material model is the optimum to use;
that is, investigate if the difference is still significant for a more com-
plex FE model, a full scale forming process (and accompanying FEA) is
necessary to perform.

One material model with optimised parameters is also utilised in a
numerical shape optimisation study of a doubly curved beam. The goal
of the study is to find the geometry of the beam with minimal equivalent
plastic strain in the material after forming.

Author contribution: The authors jointly planned the paper. The
present author performed all experimental work, all numerical simula-
tions and wrote the paper.

4.1.1 Errata

In Paper A, the values of equivalent plastic strain shown in contour plots
on page 9 and 10 are values from the outside (convex side) of the formed
part. However, values calculated and used in the optimisation procedure
(shown in Table 2) are from the inside of the part.

4.2 Paper B

In Paper B another methodology to estimate material parameters, based
on digital speckle photography (DSP) and inverse modelling, is investi-
gated. Thin sheet tensile test specimens with a curved gauge length are
used. The specimens are narrowed with the purpose of approximately
predict the area of initial strain localisation. The specimens, made from
two different grades of hot-rolled steel, are subjected to quasi-static
monotonic loading beyond the onset of plastic instability (i.e. necking)
until fracture occurs.

The local in-plane point-wise displacement field is measured with
DSP during loading and the equivalent plastic strain is determined. Due
to the large deformation in the specimen an updating DSP-algorithm
is implemented. This means that the reference image of the specimen
is updated to a new reference after each displacement evaluation. In
other words, the total displacements are calculated by adding incremen-
tal changes.
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Figure 12: Stress-strain curves based on estimated parameters for
each constitutive model compared to curves obtained by standard
tensile test. Stress-strain curves for Domex355 (a). Stress-strain
curves for Domex650 (b). Paper B.

Parameters in two empirical material models are estimated by us-
ing inverse modelling. One model with piecewise linear hardening and
one with parabolic hardening. An implicit finite element analysis of the
tensile test is used to provide calculated in-plane displacement and equiv-
alent plastic strain fields. The calculated field information together with
data from DSP are used in the objective function to be minimised.

Standard tensile tests [23] are performed for comparison (in the low
strain region) with the evaluated stress-strain relations. The curves eval-
uated with estimated parameters show good agreement with the tensile
test curves, as can be seen in Fig. 12.

In Fig. 13 the similarity between experimental and FE-calculated
field information is shown. The equivalent plastic strain is depicted just
before fracture in a specimen of Domex355. The maximum reached
equivalent plastic strain was approximately 0.8. Uncertainties in the
plastic strain were accumulated for every field evaluation and lay be-
tween 0.0015 and 0.0056.

Author contribution: The present author participated in the plan-
ning of the paper, performed part of the numerical simulations and evalu-
ations, took part in interpretation of results and wrote part of the paper.
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Figure 13: Equivalent plastic strain field for a Domex355 specimen.
Experimentally determined field (a). Field determined by FEA (b).
Paper B.

4.3 Paper C

In a diametral compression test, a so-called Brazilian-disc test, on a thin
disc of compacted metal powder the typical output is the applied load
versus displacement curve. To increase the accuracy of numerical simula-
tions of powder processes more detailed information regarding material
behaviour is necessary. In Paper C the possibility to measure the in-
plane displacement field with TV-holography is investigated.

TV-Holography is an optical setup where two laser light sources are
aimed at a specimen with an optically rough surface. The diffusively
reflected light is scattered and produces a speckle pattern. Interference
between the two speckle patterns are recorded before and after deforma-
tion of the specimen and the in-plane displacement field is determined
from the interference change. In the experimental setup used, with two
sources of light, it is only possible to measure deformation in one sensi-
tivity direction.

Thin circular disc specimens are obtained from a die with 25mm
diameter. The samples, made from a water atomised metal powder, are
compacted to a final thickness of 5mm and a density of 6.24 g cm−3. The
disc is mounted in an experimental tool and load is applied along a disc
diameter. The load is applied manually in small steps until a crack is

22



−1 −0.5 0 0.5 1

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Coordinate X Relative

D
is

p
la

ce
m

en
t 

X
 R

el
at

iv
e

Image 0−3
Image 0−4
Image 0−5
Image 0−6

(a)

−1 −0.5 0 0.5 1

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Coordinate X Relative

D
is

p
la

ce
m

en
t 

X
 R

el
at

iv
e

(b)

Figure 14: Relative displacement curves. Measured curves, four
load positions (a). Calculated curve, from FE analysis (b). Paper
C.

visible on the disc surface.
The interference pattern between the two reflected laser beams are

recorded for each load step. Next, the in-plane displacement field is eval-
uated from the recorded pattern. Strain field information is then possible
to obtain by numerical differentiation of the displacement information.

Measured field information is compared with calculated field infor-
mation from a FE analysis of a diametral compression test. Because no
recording of the force was possible in the experimental set-up, the com-
parison is between relative displacements along the non-loaded diameter
of the disc. In Fig. 14 the measured and calculated relative displace-
ments are shown. Measured results and results from FE simulations are
qualitatively in good agreement.

Author contribution: The authors jointly planned the paper. The
present author performed all experimental work, performed the major
part of the numerical calculations and evaluation of results and wrote
the paper.

4.4 Paper D

Forming of a high-strength steel component is preferably performed with
the blank initially in a hot state, followed by subsequent hardening by
rapid cooling. In Paper D thermomechanical forming simulations of the
hot forming process formblowing and hardening (FH) are investigated.
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Figure 15: Manually measured part thickness compared to calcu-
lated thickness along axial cut down and up. Paper D.

In the FH process an austenitized closed profile blank is formed in a
closed tool using high gas pressure, followed by rapid water cooling.

Blanks with circular cross sections are used in FH forming experi-
ments. During forming the temperature in the tool is monitored. Form-
ing pressure and displacement of material feeding cylinders are also mea-
sured during the FH process. The geometry of the formed part, including
thickness, is measured after forming.

Thermomechanical FE simulations of the experimental process are
performed and numerical results are compared with experimental results.
In Fig. 15 an example of measured and calculated thickness of the formed
part is shown. Thickness is compared along axial cuts in the specimen,
located against the bottom ant top part of the tool, respectively.

Author contribution: The present author and coauthors planned
the paper. The present author designed and supervised the major ex-
perimental work, performed part of the experimental work, performed
all numerical simulations and wrote the paper.
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Figure 16: Measured air pressure and cylinder displacement in
experiment. Time for first element to indicate failure in simulations,
calculated by failure criterion, is superimposed. Paper E.

4.5 Paper E

In Paper E the FH process is further studied. Bursting failure is an
irrecoverable failure mode in the formblowing and hardening process. A
possibility to predict such failure in numerical simulations of the process
is beneficial. In the paper it is investigated if the Oyane ductile fracture
criterion can be used as a failure indicator in FE analysis of FH.

The failure criterion incorporates the history of hydrostatic stress,
effective stress and effective plastic strain in the part during deformation.
Calibration of the criterion is carried out with the use of analytically
derived forming limit curves (FLC:s) based on theory of diffuse necking
and localised necking, respectively.

An experimental FH process, a burst test, is performed with different
loading curves (cylinder displacement and forming pressure). The time
of failure in the experimental forming is indicated by a sudden drop in
measured forming pressure.

Thermomechanical FE simulations of the experiments, in which the
implemented ductile failure (fracture) criterion is used, are performed.
Results from numerical simulations compared with experimental results
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show that the implemented failure criterion can be used as failure in-
dicator in simulations of the FH process. Figure 16 shows the time of
failure in simulations, indicated by the criterion, and the time of failure
in experiment. Failure points are superimposed on measured forming
pressure and cylinder displacement curves from an experiment.

Author contribution: The present author and coauthors planned
the paper. The present author designed and supervised the major exper-
imental work, performed all numerical simulations and wrote the paper.
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5 Scientific contribution

Experimental methods of varying complexity, including field measure-
ments of deformation with digital speckle photography, have been ap-
plied in combination with inverse modelling for parameter estimation
in constitutive models. The main contribution is the combination of
methods. The application of TV-holography for field measurements of
deformation on compacted powder specimen is unique, to the authors
knowledge, and can be a valuable contribution for determining material
properties of green bodies and to validate numerical simulations.

Thermomechanical simulations of the formblowing and hardening
process have been performed. Different aspects of the process have been
addressed, including failure prediction. The work can be a valuable
contribution to further development of the process and numerical simu-
lations thereof.
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6 Suggestions for future work

The complexity of metal forming processes at elevated temperatures is a
motivation for further research in a number of areas. For the formblowing
and hardening process some of them are:

• Investigate the physical state of friction during the process. De-
velop friction models that can take into account rapidly changing
process parameters, forming pressure, surface texture and temper-
ature, for example.

• Develop models able to describe the heat transfer in the tool-blank
interface and the fluid structure interaction during water cooling,
taking into account pressure, temperature, surface texture and the
transient nature of the process.
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Estimate of Material Parameters using Inverse Modelling
and their Application to Sheet Metal Forming Simulations

G. Lindkvist∗ and T. Lindbäck∗

∗Department of Applied Physics and Mechanical Engineering, Luleå University of Technology, SE-971 87
Luleå, Sweden

Abstract. In metal forming operations the stress and strain levels can locally reach much higher magnitudes than those
measurable in a standardised uniaxial tension test. Additionally, the stress and strain states are in many cases multi-axial.
In this paper an inverse method to obtain material data is proposed. The aim is to yield more accurate data for a wider
range of strain compared to a standard uniaxial tensile test. The outline of the work is that a forming experiment is designed
to reproduce tensile strains present in a full-scale cold forming process. The blanks used are made of relatively thick high
strength hot-rolled steel. Process data from experiments, i.e. punch force and punch displacement, are used as input to an
in-house optimisation software package. The direct problem solved in the inverse modelling and optimisation scheme is a
finite element analysis (FEA) of the experiment. The goal is to find parameters in a constitutive model of the material that
minimises the difference between experimental and FE-calculated data. The experiments are modelled in a commercial FE
software. Four different isotropic hardening laws are used in the FE-model. One of the optimised models is applied in a
forming simulation and geometric optimisation of a demonstrator part.

1. INTRODUCTION

The simulation of a metal forming process is a complex problem. The process involves highly non-linear parts such
as large material deformation, history dependent material behaviour and complex contact phenomena. In order to get
reliable results from a metal forming simulation, one important prerequisite is that the material model is accurate. Here
this means that the parameters in the chosen constitutive model are estimated in the best possible way.

In sheet forming (also called press working) operations the deformation of the material is generally carried out by
tensile forces in the plane of the sheet, i.e. stretching and bending mechanisms. One way to obtain material parameters
is to utilise a standardised uniaxial tension test in order to get the stress-strain relation. However, in press working the
strain can reach magnitudes many times higher than those measurable in a standard tensile test.

A possible solution to overcome this latter problem is proposed by Ghouati and Gelin [see 1, see 2], where the
finite element method (FEM) is combined with an optimisation algorithm. The general idea in those papers is to use
the forming operation which the material is subjected to in the parameter identification process. Adjustments of the
material parameters in the simulation are made in order to get the calculated response from the FEA to match the
measured response (in a least-square sense) from the forming operation.

The methodology from above is not applicable when a prototype of a forming tool is unavailable, i.e. there is
no physical large-scale or production forming process present for comparison. A similar idea, with a possibility to
overcome the lack of material data in the initial stages of a product development process, is described in this work.
The idea is to perform a simple and quick, yet representative, forming experiment on the material intended for use in the
real manufacturing process. The experiment should imitate some of the possible deformation of the sheet metal in the
production process, e.g. reach approximately the same expected magnitudes of strain in the material. The experimental
output is then used together with a finite element analysis of the experiment in an inverse modelling (see e.g. Tarantola
[3]) and optimisation procedure. Furthermore, in a standard tensile test the loading must be uniform, which is not a
requirement when using the combination FEM and inverse modelling. The resulting optimised material data can then
be used as input to a full-scale simulation of a production part, yielding more representative results early in a product
development process.
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2. OPTIMISATION METHOD

The optimisation procedures in this work was performed with INVSYS [4], an in-house programming system designed
for analysis of inverse problems. A finite element analysis is used to solve the direct problem and the input data
(material model parameters) is varied in an attempt to reach desired output data from the analysis. The output from
the analysis is compared with reference data and the discrepancy is the value of an objective function. The core of
the system is an optimisation algorithm, the unconstrained subspace-searching simplex method (SUBPLEX) [5]. The
method uses direct search to find the minimum of the objective function. The function value is sequentially evaluated
and compared to find optima, i.e. a zero-order method.

SUBPLEX is a generalisation of the Nelder-Mead simplex method (NMS) which is an optimisation algorithm
capable of minimising very noisy objective functions. NMS is computationally ineffective when the number of design
parameters is large, therefore SUBPLEX divides the N-dimensional parameter space into sub-spaces of maximum five
parameters and uses NMS with periodic restarts to reach the minimum value for the objective function.

3. ESTIMATE OF MATERIAL PARAMETERS

The aim is to calculate material parameters in four constitutive models describing a hot-rolled 6 mm thick steel sheet
(SSAB Domex 650 MCD), with a stated upper yield limit of minimum 650 MPa.

3.1. Material tests

The blanks are taken out at 0, 45 and 90 degrees angle with respect to the rolling direction of the sheet. Averaged
values of the experimental response from the specimen, response function Fexp, for a given load, sexp, (i.e. punch force
and punch displacement respectively) from samples in three directions are used as input to the inverse procedure.

The testing is carried out with a DARTEC M1000/RK [6] universal test frame and a rig of own construction to
hold the samples, see Fig. 1. A steel blank, with measures L = 140 mm (length), W = 45 mm (width) and T = 6
mm (thickness) is placed on lubricated roller supports (with R = 12.5 mm and Lc/c = 75 mm) in the testing rig. Then
a cylindrical hardened steel punch with radius r = 5 mm forms the specimen to an angle (α) of approximately 90
degrees.

The punch is displacement controlled and lowered 28 mm at a constant rate of 0.25 mm/s. During the forming
procedure the punch force, Fexp, and punch displacement, sexp, are measured with a built in load cell and extensometer
respectively.

3.2. Parameter calculation

The direct problem solved in the inverse procedure is a FE-simulation of the forming experiment. 600 bi-linear four-
node thick shell elements with 7 integration points through the thickness are used in the model. The punch and roller
supports are modelled as rigid surfaces. Symmetry is used and only a quarter of the blank is modelled (see Fig. 2).
The blank model is 40 mm shorter than the actual experimental specimen in order to reduce the number of elements.
To simulate the lubricated roller supports and avoid problems with rigid body motion in the analysis the contact is
assumed to be frictionless and the rollers are fixed. The solution procedure is quasi-static implicit and the commercial
FE-code MSC.Marc2003 [7] is used for the analysis.

Output from the FE-analysis in the form of punch force (F f em) and displacement (s f em) are compared with
experimental data at equally distributed displacement points, si, (i = 1, . . . ,100) in the punch displacement interval
[0,28] mm. An error measure is calculated and used as the objective function in the minimisation problem. The error
measure is a least square functional minimising the discrepancies between experimental and simulated data according
to

f (xk) =
100

∑
i=1

(Fexp
i −F f em

i (xk))
2, k = 1, . . . ,N (1)

where the xk are parameters in the material models and 2 � N � 6, depending on the model. The iterative identification
procedure; FEA, objective function calculation and parameter optimisation, is managed by user supplied interface and

2



����

����

��

�
	




�

���

Figure 1. Experimental setup.

Y

X

Z

blank model
punch

roller support

Figure 2. FE-model of forming experiment.

communication programs. Output from INVSYS after iteration is a new set of model parameters used for successive
analysis of the direct problem. When a global minimum is found for the objective function, the resulting parameters are
considered as a best-fit for the model in question. The minimisation procedure is terminated either when a maximum
number of (objective) function evaluations is reached or when the change in parameter values between two subsequent
function evaluations is less than a specified tolerance (in this case 10−3).
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3.3. Material models

The material properties in the FE-model are supplied directly in the input file to MSC.Marc and also via FORTRAN
user subroutines. Material properties common to all simulations (including forming simulations below) are Young’s
modulus, E = 210 GPa, and Poisson’s ratio ν = 0.3. Parameter optimisation is carried out with four different von
Mises elastic-plastic material models with isotropic hardening.

A linear model
σy = σy0 +H ′ε pl , (2)

where the parameter vector is x = [x1,x2] = [σy0,H ′]. σy is the current yield stress, σy0 the initial yield stress, H ′ the
hardening modulus and ε pl the effective (or equivalent) plastic strain.

A piecewise linear model with five different slopes (H ′
i ), which are initiated at the plastic strain values 0.0, 0.075

,0.15, 0.30, and 0.45 are used. The parameter vector is x = [x1,x2,x3,x4,x5,x6] = [σy0,H ′
1,H

′
2,H

′
3,H

′
4,H

′
5].

A power law model,
σy = σy0 +C(ε pl)n, (3)

where x = [x1,x2,x3] = [σy0,C,n]. C is the strength hardening coefficient and n is the hardening exponent.
A combined model which is a combination of a linear term and an exponential term (see [8]) according to

σy = σy0 +Q1ε pl +Q2(1− e−bε pl
), (4)

where x = [x1,x2,x3,x4] = [σy0,Q1,Q2,b] and Q1,Q2 are hardening coefficients and b a hardening exponent.
In addition to the models above a single (no inverse modelling) simulation of the experiment is also performed with

a linear material model using parameters derived from data supplied by the steel manufacturer, namely the tension
test curve in Fig. 3. The relevant parameters are initial yield stress σy0 = 670 MPa and hardening modulus H ′ = 1820
MPa.

4. FORMING SIMULATIONS

Simulation of press forming of a doubly curved beam has been performed. The beam geometry is shown in Fig. 4. The
simulation tool used consists of an optimisation code (INVSYS), a finite element program (MSC.Marc) and a program
for communication and geometry generation. The program structure is described in more detail in [9]. Main goal is to
find the beam cross section (b, h and r), within given boundaries, that minimises the accumulated plastic strain.

When a simulation is started the optimisation code suggests a set of parameters (b,h) and a geometry and FE-model
are automatically generated. A finite element analysis is then performed for this geometry. From the result an objective
function, in this case maximum accumulated equivalent plastic strain (ε pl

max), is calculated. The above steps are then
repeated until a minimum is found. The termination tolerance, i.e difference in parameter values between subsequent
objective function evaluations, is 10−2 in this case.

Four different sets of initial parameters (see Table 2) are used for the optimisation procedure. The parameters are
allowed to vary within some given constraints. With additional demand for an approximately constant weight and
torsional stiffness, leading to a constant length of the beam cross section, and a minimum length (S = 0.04 m) straight
section at the bottom and edges of the beam, the problem can be formulated as:

minε pl
max(b,h), (5)

subject to the constraints:

0.1 < b < 0.2

0.06 < h < 0.12

0.02 < r < 0.05

2r < b−S

r < h−S,

where r is derived from the expression for constant length of the cross section, i.e. b+2h+r(π −4) =C. All measures
for the beam are in metre. The other constants are C = 0.3 m and R = 0.2 m.
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Figure 5. FE-model for the forming simulation and geometry optimisation of a doubly curved beam.

The finite element model, see Fig. 5, consists of 600 4-node thick shell elements and three rigid tools. The thickness
of the steel sheet is 6 mm and a constant friction coefficient of 0.15 is assumed between sheet and tools. The initial
form and dimensions of the steel sheet are the same for each simulation. A 25 degree circular segment with inner radius
of 0.425 m and an outer radius of 0.725 m. The simulations are performed with the hardening rule and parameter set
from the best model calculated above, i.e. a piecewise linear model according to Table 1.

5. RESULTS

5.1. Material parameters

To ensure a physical behaviour of the material models and avoid numerical problems, e.g. avoid strain softening,
simple bounds on some of the parameters were used in the optimisation process. Initial and final values for model
parameters and initial and final (minimum) values for the objective function are presented in Table 1. The number of
iterations for finding the minimum are 157, 110, 442, and 504 respectively (corresponding to table order). Iterations
took approximately 10 to 15 minutes each on a fairly standard PC with 1 GB of RAM.

Figure 6 shows the material models with optimised parameters and a comparison with data from the standard tensile
test as reference (curve e). The models are plotted as true stress versus plastic strain, as given in the FE-models. Figure 7
shows the computed (punch-) force versus displacement curves for all the models with optimised material parameters.
Also, in this figure the experimental (averaged) curve and the force response when using parameters derived from
tension test data (see Fig. 3) are shown in curve a and f respectively.
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Table 1. Initial and final values for model parameters and objective function.

Model∗
abbrv.

σy0
(MPa)

H ′
(MPa)

C
(MPa)

n Q1
(MPa)

Q2
(MPa)

b H ′
1

(MPa)
H ′

2
(MPa)

H ′
3

(MPa)
H ′

4
(MPa)

H ′
5

(MPa)
f (xk)
(108)

Initial Ln 650 1500 2.53
Pw 650 500 0.50 1.61
Cm 650 500 50 100 0.59
Pl 650 500 500 500 500 500 2.89

Final Ln 666 854 0.50
Pw 623 491 0.54 0.41
Cm 621 757 61 76 0.41
Pl 615 2028 521 521 456 291 0.39

∗ Linear (Ln), power law (Pw), combined (Cm), and piecewise linear (Pl) model.

5.2. Forming simulations

In Table 2 results from forming simulations and geometry optimisation with four different sets of initial values
for the beam parameters (b, h) are listed. Figure 8 and Fig. 9 show the total equivalent plastic strain for the formed
beam geometry in the initial stage and final optimised stage respectively. The figures are plotted with data from the
calculation with parameter set no. 3, according to Table 2. The number of iterations for each parameter set (1-4) were
57, 70, 54, and 38 respectively. Each iteration, i.e. a FE-analysis, took approximately 45 minutes on the same hardware
as mentioned above.
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Table 2. Initial and final values for beam parameters and
maximum equivalent plastic strain (objective function) for
different parameter sets.

Param.
set no.

b
(10−3m)

h
(10−3m)

r∗
(10−3m)

ε pl
max

Initial 1 110.0 105.0 23.3 0.6759
2 130.0 100.0 34.9 0.6673
3 150.0 90.0 34.9 0.4828
4 170.0 80.0 34.9 0.4368

Final 1 181.9 73.1 32.8 0.3928
2 168.1 85.4 45.3 0.4197
3 183.6 71.8 31.8 0.3906
4 182.2 73.1 32.9 0.3900

∗ Calculated from the constraint of constant beam cross section
length.

6. DISCUSSION AND CONCLUSIONS

It is evident from results of the parameter calculation that the number of iterations increase significantly when a model
is expanded with more parameters. The increase is a consequence of the chosen optimisation method, but Rowan [5]
showed that SUBPLEX is still more effective than the standard NMS for medium and high number of parameters. Strict
termination tolerance settings for the optimisation also increase the number of objective function evaluations, as can
be seen when comparing the number of iterations performed in the estimate of parameters and the beam forming. The
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Figure 8. Initial value for equivalent plastic strain with parameter set no. 3.

possibility to minimise a very noisy objective function, easy and effective handling of constraints and non-converging
FEA by assigning a step- or barrier function to the objective function value, motivates the choice of optimisation
method.

All material models with optimised parameters show good agreement with experimental results according to Fig. 7.
In contrast, the linear hardening model (curve f ) based on uniaxial standard tension test data up to a total strain of 9%
(see Fig. 3) does not. This is, however, not a modelling issue only (compare with the optimised linear model, curve c).
It is not uncommon that the plastic properties of metals, e.g. the yield limit, show a 10% variation for material samples
from the same batch. All model curves also show a non smoothness compared to the experimental curve. This is most
likely due to the contact conditions in the FEA. In Table 1 it is evident that the optimised initial yield stress differs
between the models. This is expected due to the type of models used. The difference is at most 6% from the stated
value of 650 MPa for the yield limit of the material used. In Fig. 6 the linear model (curve e, based on tension test)
shows similar hardening modulus as the best (lowest objective function value, see Table 1) optimised model, piecewise
linear hardening, up to a limit of 9% (plastic) strain.

The finite element model used in the beam forming simulations might be slightly coarse, however this is a
compromise between accuracy and computational time. All four beam optimisation schemes used the best optimised
material model and the results in Table 2 show that a likely minimum is found. One exception is parameter set no. 2,
which probably is a local minima. This illustrates one general difficulty with optimisation, namely to determine if the
global minimum is found. The contour plots of the beam show a decrease in plastic strain which was the minimisation
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Figure 9. Final value for equivalent plastic strain with parameter set no. 3.

objective. The maximum value in Fig. 9 is slightly lower than for parameter set no. 3 in Table 2, but this is due to the
extrapolation in post-processing contour plots.

The aim in this work was to investigate a simple and quick experiment-FEM combination together with an
optimisation procedure. The experiment used was a free-forming operation with no tool holding the blank. It is possible
to use other types of experiments also, but it is important to keep it as simple as possible to benefit from the relatively
low complexity of the FE-model. To determine if the best-fit model really is the optimum necessitates the comparison
with a full-scale experiment. In conclusion it may be said that results show that early full-scale simulations can benefit
from the described parameter calculation method.
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Characterisation of materials subjected
to large strains by inverse modelling
based on in-plane displacement fields
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Abstract
A method for characterisation of materials subjected to large strains

beyond the levels when plastic instability occurs in standard tension tests
is presented. Thin sheets of two types of hot-rolled steel are subjected
to tension loading until fracture occurs. The deformation process is cap-
tured with a digital camera and by digital speckle photography (DSP)
in-plane point-wise displacement fields are obtained. By numerical dif-
ferentiation and assuming plastic incompressibility the equivalent plastic
strain is determined. The characterisation performed in this paper con-
sists of estimating material parameters in two constitutive models. These
models are a piecewise linear plasticity model and a parabolic harden-
ing model. By using inverse modelling including finite element analy-
ses (FEA) of the tension tests the material parameters are adjusted to
achieve a minimum in a so-called objective function. The objective func-
tion is basically a least square functional based on the difference between
the experimental and FE-calculated displacement and strain fields. Due
to the large deformations an adaptive meshing technique is used in order
to avoid highly distorted elements. The DSP-technique provided mea-
surements, where the uncertainty of the equivalent plastic strain varied
between 0.0015 and 0.0056. The maximum obtained strain was approxi-
mately 0.8. The true stress-strain curves based on the estimated param-
eters are validated in the low strain region by comparison with curves
from standard tension tests.

1 Introduction
Increased access to powerful computers at relatively low costs has made the
use of computer aided engineering (CAE) systems almost mandatory in the

∗Corresponding author, e-mail: jorgen.kajberg@ltu.se (JK)
†E-mail: goran.lindkvist@ltu.se (GL)
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manufacturing industry. The finite element method (FEM) is considered to be
the most powerful tool within the CAE systems because it can handle large
degree of freedom simulations with a wide range of working conditions [19].
FEM is a widely used numerical simulation instrument in the field of metal
forming processes.

The development of a new product in the metal forming industry is a process
involving several steps. Generally it involves design and manufacturing of a
number of prototypes, both of the detail intended for production and of the
forming tool to be used. The use of predictive engineering, or simulation,
is a way of reducing the number of prototypes needed and the time used for
testing of the product when going from concept to production. This is especially
important for the prototyping of the tool, because it is generally very expensive
to manufacture several prototypes or to refine one already built [1].

Simulation of a metal forming process is a complex problem because the
physical process involves highly non-linear parts such as large material deforma-
tion, history dependent material behaviour and complex contact phenomena.
Recalling that a finite element analysis (FEA) is the solution of a mathemati-
cal model of a structural behaviour, the implication must be that the solution
is never more accurate than the model permits. Using non-linear constitutive
equations in a simulation causes some difficulties. First of all, most non-linear
equations describing material behaviour, although varying in complexity, are
to some extent very simplified approximations (e.g. elastic-plastic models used
for modelling of metals during complex stress paths). Also, elastic-plastic mod-
els are often used beyond the range of available data [3]. Still, even if a very
complex model is used, the problem of determining the appropriate model
parameters exists and in order to get reliable results from a metal forming sim-
ulation, one important prerequisite is that the material model is accurate. Here
this means that the parameters in the chosen constitutive model are estimated
in the best possible way.

The most common way to evaluate the stress-strain relationship for a ma-
terial is by performing standardised tension tests [2]. These tests require spec-
imens subjected to a homogeneous state of uniaxial loading. Typically, the
specimens are long round bars or thin sheets with rectangular cross-section
subjected to tension loading in a common tension testing machine. Accord-
ing to the standard mentioned above uniaxial strain is determined by using a
so-called extensometer that measures the extension of a certain gauge length.
The relative extension, i.e. the fraction between the measured extension and
the gauge length, then gives a value of the uniaxial (engineering) strain. The
shortcoming of this testing procedure is that the assumption of uniformity is
valid only until the maximum load is achieved. Thereafter plastic instability
and strain localisation will occur and the so-called diffuse necking starts. This
phenomenon might cause the specimen to terminate in fracture, but for thin
sheet it is often followed by a second instability process, namely localised neck-
ing. The difference between these two types of necking is shown in Fig. 1, where
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Localized neck

Diffuse neck

Figure 1: Different types of necking.

the onset of diffuse necking occurs as a decrease of the width of the specimen.
When the later upcoming localised neck appears the width of the specimen
decrease only slightly, but the thickness along the necking band shrinks rapidly
and soon thereafter fracture occurs.

If the strain is determined by using an extensometer according to ASTM
Standard E8M-96 [2], the resulting value beyond the onset of necking will be
an underestimation of the actual strain. Also, in pressworking operations the
strain can locally reach magnitudes significantly higher than what is possible
to obtain from a standard tensile test. Several methods [6, 14, 27, 28] are
developed to correct and compensate for the necking occurrence in order to
extend the region of validity for the standard testing procedure.

Another possibility to extend the range of application for a material model
is proposed by Ghouati and Gelin [9, 10], where the FEM is combined with
an optimisation algorithm. The general idea in the papers is to use the form-
ing operation which the material is subjected to in the parameter estimation
process. Adjustments of the material parameters in the simulation are made
in order to get the calculated response from the FEA to match the measured
response (in a least-square sense) from the forming operation. However, this
methodology is not applicable when a prototype of a forming tool is unavail-
able, i.e. there is no physical large-scale or production forming process present
for comparison.

The purpose of this paper is to suggest a method for determination of the
stress-strain relationship that is valid for strains above the levels restricted
by the necking phenomenon in the standard testing procedure. The method
presented here is based on inverse modelling [25].

The basic approach in inverse modelling is to employ a so called objective
function that measures the agreement between some experimental data and a
numerical model, i.e. a finite element simulation. The model describes the
experimental response and is supplied with a particular choice of material pa-
rameters in a constitutive model. The parameters are then adjusted to achieve
a minimum in the objective function, yielding best-fit parameters. The ad-
justment process is thus a problem of optimisation in many dimensions. Using
this method will in most cases provide a set of optimal parameters. The ap-
plication of inverse modelling is presented in for example Mahnken and Stein
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[15], Faurholdt [8], Kajberg et al. [13].
In this paper, the experimental data is provided by tension tests of thin

sheet specimens. The state of deformation is quantified by an optical method,
digital speckle photography (DSP), providing field information for both in-
plane displacements and strains. The demand of uniformity no longer has
to be fulfilled and furthermore, no correction method to compensate for the
multiaxial stress-strain state in the necking region is necessary.

In this work, the chosen constitutive models are: a piecewise linear plasticity
model, and a parabolic hardening model. Both models are employed in an
implicit finite element (FE) code, MSC.Marc [17].

2 Experiments

2.1 Specimen design

The DSP-method, which so far is designed to measure in-plane displacements
implies that it is most suitable for measurement on thin sheets, where the
dominating displacement components are the in-plane ones. The DSP-method
is here used to capture the dramatically deforming region, where the necking
occurs, for thin sheet specimens. However, for specimens with uniform cross-
section it is difficult to predict where along the specimens the plastic instability
starts and in order to achieve a good spatial resolution the camera should be
focused on the necking region. The specimens (Fig. 2) are therefore machined
with a narrow part in the middle, where the plastic deformations and the
upcoming plastic instability are forced to appear. The captured narrow region
of a specimen is depicted as a shaded square in Fig. 2.
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The materials, which are chosen in the investigation, are two hot rolled
steels, Domex 355 and Domex 650, with yield stresses of at least 355 and
650 MPa, respectively. The tests are performed in a common tension testing
machine, where the specimens are subjected to controlled displacements at
rates of 0.025 and 0.0125 mm/s for Domex 355 and Domex 650, respectively.
The time to complete a tension test, i.e. to load the specimen until fracture,
varied between 70 to 110 s. The longer times were required for the specimens
made of Domex 650. The loading forces are measured by the tension testing
machine for further use in the parameter estimation.

In order to validate the estimated material parameters standard tension
tests [2] are performed. Here, the specimens consist of thin sheets with thickness
of 1 mm, width of 6 mm and a gauge length (part of the specimen with constant
cross-section) of 32 mm. Four specimens of each material, Domex 355 and
Domex 650, are used in the standard tests.

2.2 Displacement and strain measurement through speckle
photography

By using DSP it is possible to detect the complete in-plane displacement field
of a specimen. Further, the strain field can be evaluated by numerical differ-
entiation of the displacement field data.

The most fundamental requirement for the DSP-method, that there exists
a random pattern at the object surface, is accomplished by using diffusely
reflecting black and white spray paint. The randomness ensures that any small
region of the object surface is unique. By capturing the object surface with a
digital camera before and after the object has been subjected to some kind of
displacement or deformation any small unique region can be tracked by using
a cross correlation procedure [23]. In order to get field data the object surface
is divided into a large number of small regions, so-called subimages. In this
case the entire image of the object surface consists of 512 × 512 pixels and
the chosen sizes of the subimages are 16 × 16 or 32 × 32 pixels depending
on their positions. The relative positions of their midpoints are depicted in
Fig. 3(a), which represents the initial grid configuration of subimages. The
midpoints are separated by approximately half the size of the subimages they
are representing. The separation defines the spatial resolution of the evaluated
displacement field. Note that the subimages are placed tighter in the middle
of the specimen, where the neck, .i.e plastic instability is assumed to occur.

The cross correlation procedure does not take into account any deformation
or rotation of the subimages. This means that the subimages are not reshaped
in order to take care of any strains or rotations in the small regions they cover.
In this specific case, when large deformations (i.e. high strain values) take place,
a new grid configuration is created by updating the positions of the subimages in
the initial grid configuration. The subimages are thereby given new positions
for the next correlation by compensating for their evaluated displacements.
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Figure 3: Initial positions of the subimages (a). Final positions of the subimages (b).
The crosses indicate the midpoints of the subimages.

However, the speckle displacements and thereby the new coordinates for the
updated grid are not integer numbers, which is necessary in the correlation
procedure. Therefore, the nearest pixel locations are chosen as basis for the next
displacement evaluation. The introduced errors by using the nearest pixel as
basis are assumed to be negligibly small since the displacement field is smooth.

Up to 15 grid updates are used in the presented tests. The final grid con-
figuration is shown in Fig. 3(b). During the tension tests two pictures are
taken every second. However, not all of the images are used in the evaluation.
Instead an iterative search algorithm is used to find the image resulting in an
increment of 5 % of the maximum detected equivalent plastic strain. Therefore,
field information regarding displacements and strains is evaluated at equispaced
strain increments instead of fixed time intervals. Two features can be noted.
Firstly, the field information is uniformly spread across the interval of the mea-
sured strains. If field data instead is evaluated at fixed time intervals the strain
with lower values would dominate in the subsequent inverse modelling since the
strain values increase more rapidly towards the end of the test compared to the
beginning. Secondly, every speckle displacement contains small random errors,
which are added for every evaluation step. The errors are discussed later. The
choice of an increment of 5 % is thus a compromise between the decorrelation,
which appear when the subimages become strained or rotated, and the additive
error corresponding to the displacement increments.

The displacement field contains all the information needed to calculate the
in-plane strain and shear components εx, εy and εxy. By assuming plastic
incompressibility also the out-of-plane (normal) strain component εz is possible
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to deduce. The evaluation of the strain matrix is first described for a general
case.

Due to the large displacements the true (logarithmic) strain definition is
chosen for representation of the strain state. In order to derive the true strain
components the so-called deformation gradient matrix F has to be considered.
This matrix describes the relative spatial position of two neighbouring particles
after deformation in terms of their relative material position before deforma-
tion. The matrix takes the form

(1) F =
∂x′

∂x

where x refers to the initial (material) Cartesian coordinates and x′ describes
the current (spatial) Cartesian coordinates. Most of its components are directly
determined by considering the experimental displacement information.

In order to derive the true strain, F is decomposed into a rotation matrix
R and a stretch matrix V [4] according to

(2) F = V ·R
The stretch matrix V can be expressed in terms of F by multiplying Eq. (2)
with its transpose according to

(3) F · FT = V ·R ·RT ·VT = V ·V
where the relations RT = R−1 and VT = V are used. By solving the eigen-
problem for F · FT the following relationships are easily obtained

F · FT = V ·V = λ2
1n1n

T
1 + λ2

2n2n
T
2 + λ2

3n3n
T
3 ⇒

V = λ1n1n
T
1 + λ2n2n

T
2 + λ3n3n

T
3(4)

where λi (i = 1, 2, 3) is an eigenvalue of V and ni is the corresponding eigen-
vector. The true strain is then given by

(5) ε = lnV = lnλ1n1n
T
1 + lnλ2n2n

T
2 + lnλ3n3n

T
3

The deformation gradient matrix can be expressed in terms of the displace-
ments u, v and w (x, y and z-direction). The expression is given by

(6) F =

⎛
⎜⎝ 1 + ∂u

∂x
∂u
∂y

∂u
∂z

∂v
∂x 1 + ∂v

∂y
∂v
∂z

∂w
∂x

∂w
∂y 1 + ∂w

∂z

⎞
⎟⎠
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Figure 4: Displacement field (a). Local displacement field (b).

Only the in-plane components in the upper left 2 × 2 submatrix are detected
by the experiment technique (DSP). But by assuming that the in-plane dis-
placements u and v are constant through the thickness, i.e. ∂u

∂z = ∂v
∂z = 0, the

incompressibility condition detF = 1 is simplified to

(7)
(
1 +

∂w

∂z

)
· detF2D = 1, F2D =

(
1 + ∂u

∂x
∂u
∂y

∂v
∂x 1 + ∂v

∂y

)

The in-plane components of the strain matrix are obtained by solving the
eigenproblem according to Eq. (4) based on the two-dimensional description of
the deformation gradient matrix F2D. The out-of-plane strain component εz
is finally derived by from Eq. (7) as

(8) εz = ln

(
1 +

∂w

∂z

)
= ln

(
1

detF2D

)

The deformation gradients in Eq. (7) contain derivatives, which are ap-
proximated by differentials. Since noise tends to get magnified by numerical
differentiation, strains need to be calculated with some care. Therefore a first
order Savitsky-Golay filter [21, 12] is applied to the displacement components
u and v. This filter is basically a method to fit a plane to local data in a least
square sense. The local data chosen in this experiment consist of displace-
ment data for 3 × 3 square grids. An example of such a square grid is shown
in Fig. 4(a), where the 9 data points are marked with circles. The displace-
ment component v for these 9 points is marked with circles in Fig. 4(b), where
the fitted plane also is shown. The equations of the planes for each in-plane
displacement component are
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(9)
{

u′ = u+ u,xx+ u,yy
v′ = v + v,xx+ v,yy

where u,x = ∂u
∂x etc. u, u,x, u,y and v, v,x, v,y are fitted data for the planes and

these data are assigned to each of the midpoints of the 3×3 square grids. These
quantities inserted into F2D in Eq. (7) finally yields information necessary to
evaluate the strain components, εx, εy, εz and the shear component εxy. Finally
a slightly modified expression for the equivalent plastic strain is defined as

(10) εep =

√
2

3
(ε2x + ε2y + ε2z + 2ε2xy)

Note, that the two unknown shear components are not considered. Later FE-
analysis will show that this strain expression is a good approximation of the
common expression for the plastic equivalent strain since the two excluded
shear components are relatively small.

2.3 Uncertainties

As a measure of the reliability of the experimental results the uncertainties of
the evaluated quantities are used. These uncertainties are influenced by the
arising errors corresponding to the speckle displacement evaluation. Further,
the regression model for the filtered displacement values in Eq. (9) affects the
resulting uncertainties.

As mentioned in the previous subsection every displacement evaluation step
contains small errors. These errors are dependent on the correlation values from
the DSP-calculations and the size of the speckles and the subimages [24]. Since
the displacement state at a certain instant is determined by adding incremental
results from the DSP-evaluations the total error will be a consequence of errors
corresponding to all incremental displacement steps used. If the displacement
increment errors ei are random and independent the square of the total error at
a certain instant m can be expressed in terms of a cumulative sum of squared
errors as

(11) em =

√√√√ m∑
i=1

e2i

The relation between the total displacement error em and the uncertainties
of the filtered values of displacements and strains are presented in detail in
Appendix A. The resulting uncertainties are given by
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su = sv = 0.333em

0.023em � sεep � 0.045em(12)

where su and sv are uncertainties in evaluated displacements u and v, respec-
tively. The strain uncertainty sεep depends on the position for field data eval-
uation. The lower value corresponds to regions, where the subimages are most
separated and the higher value corresponds to the midpoint of the specimen.

3 Constitutive models
Two types of constitutive models, which both are based on isotropic hardening,
are chosen in order to describe the strain hardening. The first model is a
piecewise linear plasticity model based on five parameters, where the first one
is the initial effective yield stress σ0 and the other four define strain hardening
moduli (slopes) [H1, H2, H3, H4] initiated at different equivalent plastic strain
levels. The levels depend on the material studied and are 0, 0.1, 0.25 and 0.6
for Domex 355 and 0, 0.075, 0.2 and 0.4 for Domex 650. The second model is
a parabolic hardening description, in which the effective stress σe according to
von Mises is given by

(13) σe = A+Bεnep

where A,B and n are three material parameters. Finally, the elastic properties
are given by Young’s modulus E = 210 GPa and Poisson’s ratio ν = 0.3.

4 Finite element modelling
The numerical modelling of the experiments is based on finite element analysis
(FEA). Due to the low displacement rates inertia forces are neglected and the
analysis is performed under static conditions. The chosen FE-code MSC.Marc
[17] uses an implicit time integration scheme to solve the equilibrium equations.

4.1 FE-mesh
Since the specimens are designed to achieve strain localisation symmetric along
the horizontal (x−)axis and the vertical (y−)axis only one 8th of specimens are
modelled. In other words, the localised neck is assumed to appear perpendicular
to the loading direction and not inclined at an angle as in Fig. 1. The FE-mesh
consists of 3-D 8 node brick elements with 8 integration points. There are two
elements in the thickness direction and totally 512 elements are used in the
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entire mesh (see Fig. 5(a)). In order to model the symmetries with all three
coordinate planes, necessary boundary conditions are used. The controlled
displacement in the vertical direction, denoted v, is applied at the lower end of
the modelled part of the specimens (see Fig. 5(a)).

4.2 Adaptive meshing

The simulations of the experiments contain large deformation resulting in
highly distorted elements, which is associated to large errors. Therefore, some
kind of remeshing has to be performed. There are a couple of so-called adaptive
meshing techniques at hand [11]. The adaptive procedure is a tool for assessing
the error of the solution and an algorithm to define a new FE-discretisation.
Two different approaches may be used to assess the error: error estimators or
error indicators. The error estimators approximate a measure of the actual
error in a given norm. The norm can be based on the error criteria concerning
strain energy, effective stress, plastic strain etc. The other approach, namely
error indicators, are chosen in a more ad hoc manner. Typical error indica-
tors are for example that certain effective stress or plastic strain levels indicate
that a mesh refinement has to be performed. Note that the indicators do
not quantify the actual error, instead intuitive considerations control the mesh
adaptivity. For all approaches it is of importance to decide how frequently the
mesh refinement should be performed. For a 3-D FE-simulation one refinement
generates 8 new elements for every element that does not satisfy the chosen
error criterion. In practise the number of refinement steps has to be restricted
in order to limit the the number of elements and thereby achieving reasonable
computation times. For example, the error criterion do not have to be checked
for every increment, or only two or three refinement steps are allowed.

The computation time is of great importance for the suggested method
for parameter estimation since the inverse modelling procedure implies a large
number of simulations. Therefore the choice of adaptive method is a compro-
mise between the accuracy in the FE-results and the duration of the simula-
tions. Here, the error indicator approach is chosen and the number of refine-
ment steps is limited to two. The indicator is based on the equivalent plastic
strain and the elements are refined when their plastic strain reach any of two
prescribed strain levels. The levels depend on which material is studied. For
Domex 355 the levels are set to 0.25 and 0.5 strain. The corresponding levels
for Domex 650 are 0.2 and 0.4 strain. The lower values for Domex 650 are
chosen because fracture occurs earlier for that material than for Domex 355.
The mesh for the last increment, when all refinement steps are performed, is
shown in Fig. 5(b).
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Figure 5: FE-Mesh with applied boundary conditions and controlled vertical displace-
ment (a). The mesh at the end of the simulation with the adaptive refinements
performed (b).
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5 Inverse modelling
To describe the idea of inverse modelling the outline by Tarantola [25] is appro-
priate: The scientific study of a physical system M (e.g. the elastic properties
of an anisotropic material, see Fig. 6) can be divided into three steps. Firstly,
a parameterisation of the system, which is a complete description of M using
a minimal set P of model parameters. Secondly, so-called forward modelling,
which is finding the physical laws that, with a given set of model parameters,
predict measured quantities belonging to M. And finally, inverse modelling,
where measured quantities belonging to M are used for deducing the values of
the model parameters.

In the context of this work inverse modelling is used to estimate a set of
parameters in a mathematical model of a steel material, i.e. a constitutive
model describing the material response to loading. In general, the parameter
values for the material model are not known and have to be determined based
on experimental data, υ. If the model behaviour depends on a set of parameters
xk ∈ P, where k = 1, . . . , p and if an error measure is defined, formulated as
a least-square objective function, f(xk), describing the discrepancies between
the model approximation and the experimental data υ, then the parameter
estimation can be stated as an optimisation problem (see e.g. Mahnken and
Stein [16]). Hence, the objective is to minimise the error between data produced
by the mathematical model y(xk) and experimental data υ, according to

(14) min f(xk) = min
1

2

M∑
i=1

(υi − yi(xk))
2.

Now, real experimental data is mostly accessible at discrete intervals (e.g.
time or load steps) and the model generated data must be transformed to
the observation space of experimental data. Thus, the resulting least-square
function is discrete, as indicated above with i = 1 . . .M as the number of
experimental points.

5.1 Objective function
A crucial point in inverse modelling is the choice of objective function. In this
paper, the objective function is a least-square functional with residuals based
on the difference between experimental and FE-calculated data. The least-
square criterion is justified based on the hypothesis that the sum of several
different contributions will tend to be normally distributed, irrespective of the
probability distribution of the individual contributions. This is often the case
e.g. for measurement errors in the long run [5].

The experimental data consists of four quantities measured and evaluated at
time instants tm. These are the in-plane displacements uexp(tm) and vexp(tm),
the equivalent plastic strain εexpep (tm) and the loading force F exp(tm), which
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Physical system M: Elastic homogenous solid

�

Parameterisation: Model
with 21 parameters

P = {Cijkl}
(σij = Cijklεkl)

�
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Cijkl (and εkl)

⇓
Prediction of

σij

σij and εkl
⇓

Deduction of
Cijkl

Figure 6: Scientific study of a physical system (illustration) according to Tarantola
[25].
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all are used when the objective function is formed. However, the measured
quantities are of different physical dimensions and therefore some kind of nor-
malisation has to be performed before summing all squares. Further, the in-
fluence of each quantity has to be tuned in order to get sum of squares of the
same magnitude. Therefore, all residuals are normalised by basically scaling
them with the difference between the maximum and mean value of the actual
quantity. The sums of squares based on each individual quantity were studied
and mutually compared after the parameter estimations had been performed.
They were all of same magnitude. The objective function Φ is given by

Φ1 =
1

N − p

M∑
m=1

Nm∑
n=1

[(
uexp
n (tm)− uFE

n (tm)

|uexp(tm)|max − |uexp,mean(tm)|
)2

+

(
vexpn (tm)− vFE

n (tm)

|vexp(tm)|max − |vexp,mean(tm)|
)2

+

(
εep

exp
n (tm)− εep

FE
n (tm)

|εepexp(tm)|max − |εepexp,mean(tm)|
)2

]
, N =

M∑
m=1

Nm

Φ2 =
1

M − p

M∑
m=1

(
F exp(tm)− FFE(tm)

|F exp|max − |F exp,mean|
)2

Φ = Φ1 +Φ2

(15)

where p is the number of material parameters, Nm is the number of measure
points at a certain time instant tm and M is the number of instants. Typical
values of Nm and M are 627 to 703 and 11 to 15, respectively.

5.2 Interpolation of numerical field information
The DSP-algorithm used in the experiments for displacement and strain eval-
uation results in point-wise field information with measure points according to
the initial grid configuration shown in Fig. 3(a). However, the displacement
and strain data in the FE-calculation are associated to the node coordinates.
(MSC.Marc extrapolates the element strains from the integration points to the
element nodes). In order to compare numerical data with experimental data
the FE-results are interpolated to points that coincide with the points in the
initial grid configuration (experiment). The numerical values at the grid points
are determined by linear interpolation between the values of the three closest
nodes (FE-model). In other words, all grid points lie in triangular regions,
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where the nodes are the apex points. These triangular regions are determined
by the so called Delaunay triangulation [7], which creates a unique mesh of
triangles.

5.3 Optimisation method

Different algorithms can be used to solve the optimisation problem (14), or more
specific in this work, minimisation of the function in equation (15). In general
it is possible to categorise the algorithms in zero-order methods, where only
objective function evaluations are necessary (e.g. Simplex and Monte Carlo
methods) and first-order methods, with additional need for gradient evaluation
of the least-square objective function (e.g. Gauss-Newton and Levenberg-Mar-
quardt).

The optimisation procedures in this work are performed with INVSYS [26],
an in-house programming system designed for analysis of inverse problems.
A finite element analysis is used as the direct problem and the input data
(e.g. material parameters) are varied in an attempt to reach desired output
data from the analysis and thereby minimise the objective function value. The
core of the system is an optimisation algorithm, the unconstrained subspace-
searching simplex method (SUBPLEX) [22]. The method uses direct search
to find the minimum of the objective function, meaning that no numerical or
analytical estimate of the function derivative is necessary. Instead only the
function value is sequentially evaluated and compared to find optima (i.e. a
zero-order method).

SUBPLEX is a generalisation of the Nelder-Mead simplex method (NMS)
[20] which is an optimisation algorithm capable of minimising very noisy ob-
jective functions. However, NMS is not computationally effective when the
number of parameters is large. SUBPLEX therefore divides the p-dimensional
parameter space into sub-spaces of maximum five parameters and uses NMS
with periodic restarts to reach the optimum value for the objective function.

It is often necessary to infer some type of constraints to solve the optimi-
sation problem. Two types of constraints can be handled by INVSYS. Firstly,
side constraints that are direct limitations on the model parameters (e.g. lower
and upper bounds) or some fixed relative value of a group of parameters. Sec-
ondly, behaviour constraints on some solution variable in the direct problem
(e.g. maximum stress or displacement values in the direct problem FEA). Both
types of constraints are handled by converting the constrained problem to a
sequence of unconstrained problems. This is done by adding a penalty function
to the objective function [18].

Only the first type of constraints is used in the two chosen constitutive
models. The piecewise linear plasticity model is constrained to result in a
monotonously decreasing slope of the stress-strain curve. Hence, the strain
hardening moduli follow H1 � H2 � H3 � H4 � 0. Further, the initial yield
stress σ0 is given a lower and upper bound. The bounds are 300 and 450 MPa,
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and 600 and 750 MPa for Domex 355 and Domex 650, respectively. The second
constitutive model, the parabolic hardening description, is given the following
constraints

Material Domex 355 Domex 650
Parameters A [MPa] B [MPa] n A [MPa] B [MPa] n
Lower bound 300 200 0.4 600 300 0.4
Upper bound 450 600 0.7 750 700 0.7

5.4 Parameter estimation

The iterative estimation procedure; FEA, objective function calculation and
parameter optimisation is controlled by user supplied interface programs, man-
aging communication and interface between the utilised program applications.
Output from INVSYS after each iteration defines a new set of model parame-
ters used for successive analysis of the direct problem. When a global minimum
is found for the objective function, the resulting parameters are considered as
a best-fit for the model in question. The inverse analysis is terminated either
when a maximum number of (objective) function evaluations is reached or when
the change in parameter values during two subsequent function evaluations are
less than a specified tolerance (in this case 10−3). The scheme from start to
stop of an inverse problem is described in Fig. 7.

6 Results and discussion

The estimated parameters and the objective function values based on the two
chosen constitutive models are presented in Table 1 and 2 for Domex 355 and
Domex 650, respectively. As expected, the objective function values ΦPWL

corresponding to the piecewise linear plasticity model with five parameters
achieved somewhat lower values than the objective function ΦPH corresponding
to parabolic hardening model with its three parameters. The results of the
estimations are visualised as stress-strain curves in Figs. 8 and 9. Further,
stress-strain curves based on average values of the estimated parameters (last
row in Table 1 and 2) are depicted in Fig. 10. Note that the stress-strain
relationships determined by the standardised tension tests also are included in
these figures. The curves corresponding to the two chosen constitutive models
show a good agreement with the standardised stress-strain curves. Further,
the curves based on the piecewise linear plasticity model have almost no strain
hardening at high strain levels. An inspection in Fig. 10 show that the more
simple parabolic hardening model with less parameters could not cover this
lack of strain hardening.

The equivalent plastic strain presented in Figs. 8, 9 and 10 are limited
by the maximum measured strain, namely the strain at fracture. These strain
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Figure 7: Flow scheme for an inverse problem.

values are presented in the table below, where Domex 355 appears to be the
more ductile material.

Material Domex 355 Domex 650
Spec no. 1 2 3 4 5 1 2 3 4 5
εfractureep 0.76 0.76 0.70 0.75 0.78 0.55 0.60 0.55 0.55 0.60

The time to accomplish a parameter estimation depends on the time to
complete a FE-simulation and the number of iterative steps in the optimisa-
tion procedure. More iterative steps were necessary for convergence of the
parameters corresponding to the piecewise linear plasticity model. The com-
putation time was about 150 s and 356 − 808 steps and 118 − 191 steps were
needed for the piecewise linear plasticity model and the parabolic hardening
model, respectively. Thus, the average time to accomplish a parameter estima-
tion was approximately 6 and 23 hours, respectively. The FE-simulations was
performed on a PC with a 1.9 GHz processor.

As mentioned in the subsection 2.2 a modified equivalent plastic strain was
defined according to Eq. (10). It was implemented in MSC.Marc and the FE-
analyses showed only a small discrepancy between this strain measure and the
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Figure 8: Stress-strain curves for Domex 355. Curves for the piecewise linear plas-
ticity model (a). Curves for the parabolic hardening model (b).
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Figure 9: Stress-strain curves for Domex 650. Curves for the piecewise linear plas-
ticity model (a). Curves for the parabolic hardening model (b).

20



Table 1: Material parameters and objective function values for Domex 355

Spec. ΦPWL σ0 H1 H2 H3 H4 ΦPH A B n

no. [10−1] [MPa] [MPa] [MPa] [MPa] [MPa] [10−1] [MPa] [MPa] [10−1]
1 4.63 395 1190 541 289 103 5.91 356 434 4.56
2 2.69 386 1400 592 123 107 4.82 355 447 4.15
3 2.76 398 1320 518 269 0.01 3.97 368 432 4.49
4 3.30 422 1310 414 248 0.10 5.04 432 387 5.44
5 7.48 403 1270 459 297 0.04 9.30 379 403 4.36

Av. val. 401 1300 505 245 42 378 421 4.60

Table 2: Material parameters and objective function values for Domex 650

Spec. ΦPWL σ0 H1 H2 H3 H4 ΦPH A B n
no. [10−1] [MPa] [MPa] [MPa] [MPa] [MPa] [10−1] [MPa] [MPa] [10−1]
1 4.04 672 1640 546 338 1.62 6.08 717 436 6.79
2 3.96 666 2060 689 411 0.74 5.52 655 517 4.44
3 5.77 655 2070 785 366 0.09 9.21 651 554 5.27
4 4.96 671 1670 522 412 0.08 7.07 706 441 6.42
5 3.66 651 2090 738 217 0.13 6.22 678 491 5.35

Av. val. 664 1910 656 349 0.53 682 488 5.65

common equivalent plastic strain with all shear components included. The
largest relative discrepancy of 1 % appears in the necking region for the last
instant. For earlier times no significant difference is obtained. The modified
strain measure is concluded as a good approximation of the common measure
for equivalent plastic strain.

The uncertainty analysis resulted in displacement uncertainties increasing
with respect to the evaluation step as a square root function from approximately
0.47 to 1.7 μm. The same behaviour is obtained for the equivalent plastic strain
with uncertainties in the interval from approximately 0.0015 to 0.0056.

In order to illustrate the coincidence between the experimentally determined
quantities and FE-calculated quantities, the strain fields for some instants are
presented in Fig. 11. The fields correspond to specimen no. 1 of the Domex
355 steel, where the FE-calculated fields are based on the piecewise linear
plasticity model. The experimentally determined strain fields are placed to
the left, while the FE-calculated fields are shown to the right. By comparing
the fields corresponding to the different occasions the same general appearance
during the deformation process can be seen.

The presented parameter estimation is based on the objective function ac-
cording to Eq. (15), where all measured quantities are used. Other functions
were also tested. For example, an objective function without the force response,
i.e. Φ = Φ1, was tried. The subsequent optimisation resulted in parameters
that gave very incorrect stress-strain curves, where the initial strain hardening
was very high. Thus, the FE-calculated plastic strain never reached the levels
beyond the strain when necking occurs in standard tension tests. A comparison
between the measured force F exp and the calculated reaction force FFE also
showed that FFE achieved much higher values. However, constitutive mod-
elling without any force correlation is questionable and the discussion above
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Figure 10: Stress-strain curves for each constitutive model based on mean values
of the estimated parameters. Stress-strain curves for Domex 355 (a). Stress-strain
curves for Domex 650 (b).

demonstrates the weaknesses.
A more interesting objective function considering statistical foundations is

the so-called chi-square formulation, denoted χ2. Typical for χ2 is that the
residuals, i.e. difference between experimental data and numerical data, are
weighted with the variances corresponding to the experimental data. Thereby,
more accurate experimental data is given higher importance. An example of
a χ2-function, based on the quantities and parameters defined in Eq. (14), is
given by

χ2 =
1

M − p

M∑
i=1

[υi − yi(xk)]
2

s2υi

where s2υi is the variance of υi. Further, the χ2-function provides a statistical
measure of goodness-of-fit. As long as the squared residuals [υi− yi(xk)]

2 have
values below their variances s2υi the chosen model with corresponding parame-
ters describes the physical system well. A rule of thumb is that a "typical" value
of χ2 for a "moderately" good fit is approximately equal to one. The DSP-
algorithm provides the variances for the displacement and strain data. The
variances are namely the square of the uncertainties estimated in Appendix A
(Uncertainty analysis) and presented above. However, the χ2-formulation is not
implemented in this paper because the numerical data, i.e. the FE-calculated
quantities, are subjected to discretisation errors, which are difficult to estimate.
It is assumed that these errors are larger than the experimental errors and the
χ2-formulation is therefore rejected for the present.
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Figure 11: Strain fields for specimen no. 1 (Domex 355). The experimentally deter-
mined fields are placed to the left. The FE-calculated ones are placed to the right.
Note the different strain scales.
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7 Conclusions

A method for characterisation of materials subjected to large strains is pre-
sented. Material parameters in two types of constitutive models are estimated
by inverse modelling, where a least square functional is minimised. The least
square functional, denoted objective function, is based on the difference be-
tween experimentally and numerically determined field information provided
by the DSP-technique and FEA, respectively.

The implemented adaptive meshing conditions in MSC.Marc worked well
and a good compromise between a short computation time and a FE-mesh with
not highly distorted elements was fulfilled.

The choice of objective function gave a good balance between the influence
of the measured quantities. However, the rejected χ2-formulation discussed
in the previous section has advantages, e.g. the goodness-of-fit measure, that
attracts to further investigation and evaluation.

With the presented methodology for field measurement the development of
strain is tracked from initial plasticity to fracture. Since it is possible to detect
the strain state at fracture the full-field measurement might be of interest in for
example damage mechanics. Furthermore, when obtaining so-called forming
limit diagrams (FLD) by biaxial tension testing the DSP-method might be
useful in the determination of essential quantities, namely the principal strains.
A common technique for detecting strains for FLD is by etching a regular
texture on the surface of the specimen. However, the speckle method has the
advantage that it does not effect the material, which is the case when etching
is performed.

The presented method is here used for an isotropic material but it also
seems likely that characterisation of anisotropic materials would function well.
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A Uncertainty analysis

In order to estimate the uncertainties of the quantities u, v and εep, the re-
gression model for fitting displacement data to planes has to be studied. The
regression model for the second equation in Eq. (9) is shown in Eq. (16) below.
A similar model is used for the first equation in Eq. (9). However for simplicity
the following analysis is made for the vertical displacement component, v.

24



(16) v′ = Xβ + ε

v′ is a 9 × 1 vector of expected values for the displacement component v in
the 9 points of one of the 3 × 3 grids . X is the 9 × 3 matrix of the so called
independent variables given by

x ,y1 1

x ,y3 3

x ,y2 2 x ,y5 5

x ,y7 7

x ,y8 8

x ,y9 9

x ,y4 4

x ,y6 6

1

2

3

4

5

6

7

8

9

(17) X =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 Δx1 Δy1
1 Δx2 Δy2
1 Δx3 Δy3
1 Δx4 Δy4
1 0 0
1 Δx6 Δy6
1 Δx7 Δy7
1 Δx8 Δy8
1 Δx9 Δy9

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

where column 2 and 3 consist of the pixel coordinates relative the midpoint
(x5, y5), i.e. Δxi = xi − x5 and Δyi = yi − y5, where i = 1..9. Further, the
3× 1 vector, β, is a vector with the quantities (v, v,x, v,y) for the fitted plane.
Finally the 9×1 vector ε contains independent normal distributed experimental
errors. The quantities v, v,x and v,y are determined by taking the least square
estimate, b, of β [5] as shown in Eq. (18).

(18) b =

⎛
⎝ v

v,x
v,y

⎞
⎠ = [XTX]−1XTv′

One way to estimate the uncertainties is by setting them equal to the cor-
responding standard deviations of the quantities, v, v,x and v,y. Therefore, the
variances of the parameters are calculated. The variance-covariance matrix
used in least squares calculation is given by [5]

(19) V (b) = [XTX]−1e2m

where em is the displacement error at a certain instant m. Finally the standard
deviations of the quantities are calculated by taking the square root of the
diagonal elements of V (b).

(20) S(b) =
√

diag(V (b)) =

√
diag([XTX]−1)em ⇔

⎛
⎝ sv

sv,x

sv,y

⎞
⎠ =

⎛
⎝ S1

S2

S3

⎞
⎠ e
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Figure 12: Auto correlation surface (a). Level curves around the auto correlation
peak (b).

This uncertainty analysis is also performed for the displacement in the x-
direction. That gives the same values for the standard deviations as in Eq. (20).
However, the standard deviations su,x

and sv,y
are related to the engineering

strains u,x and v,y. For simplicity these standard deviations are also assumed
for the true strains εx and εy. In order to estimate the uncertainty for the
strain value of interest εep the mean value of the strain uncertainties above are
used. Hence the uncertainties of u, v and εep are

(21)
(

su = sv
sεep

)
=

(
S1

S2+S3

2

)
e

For an approximately Gaussian-shaped correlation peak the displacement
error em [24] is related to the radius of the peak σ by

(22) em = 0.7
σ2

B

√
1− c

c

where σ is the radius of the correlation peak, B is the size of the subimage
and c is the correlation values. The radius σ is possible to estimate without
deforming any specimen. A subimage is chosen arbitrarily for every frame and
by taking the auto correlation of the deviation of the intensity I the radius
of the auto correlation peak gives the σ-value. The deviation is determined
by ΔI = I− < I >, where < I > is the mean intensity. A typical auto
correlation surface RΔI and its correlation peak are shown in Fig. 12. Further,
the level curves for a region around the auto correlation peak is presented in
Fig. 12(b), where also the radius is marked. All frames from all experiments
gave approximately the same value of the radius, namely 4 pixels.
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TV-holography for strain field measurements on green powder compacts subjected to 
in-plane loading 

Göran Lindkvist and Pär Jonsén, 
Division of Solid Mechanics, Luleå University of Technology, SE-971 87 Luleå, Sweden 

Abstract
Numerical modelling, for example FE-analysis, of powder processes requires detailed 
material data from physical experiments. This work intends to show possibilities to retrieve 
such data by TV-holography. A small disc of pressed metal powder is subjected to diametral 
loading. In-plane displacement field information is measured by the change in interference 
pattern of two laser beams diffusively reflected on the powder disc surface. Strain fields can 
be obtained by numerical differentiation. Findings show that non-linear elastic behaviour in 
the material can be detected. 

Introduction
The diametral compression test, also called the Brazilian disc test or the diametrical tensile 
test, is considered to be a reliable and accurate method to determine strength of brittle and 
low strength material, see [1] and [2]. The test has been used to measure the tensile strength 
of concrete, rock, coal, polymers, cemented carbides, and ceramics. During the test a thin 
disc is loaded in compression across a diameter to failure. The compression induces a 
tensile stress, perpendicular to the compressed diameter, which is constant over a wide 
region around the centre of the disc. In [3] methods to characterise the fracturing process 
and estimate tensile strength f and fracture energy Gf during diametral compression test for 
green state metal powder are presented. In a typical diametral test the applied load versus 
displacement curve is measured. This is in a sense a global length scale and detailed 
information of the material behaviour is not possible to obtain. 

To gain advantage from increased use of numerical modelling (simulation) as a tool for 
analysis and development of powder processes, more detailed information regarding 
material behaviour is essential. In the present work displacement- and strain fields of 
diametrically loaded discs are investigated with TV-holography, a non-destructive full field 

measurement technique. The measurement length scale is much 
smaller compared to a standard diametral compression test and 
detailed local material behaviour is possible to measure. Results from 
measurements are compared with results from finite element (FE) 
analysis.

Powder 
The powder used in the experimental study is Distaloy AE added with 
C-UF4 0.5% and Kenolube 0.6% from Höganäs AB, Sweden. This is 
a water atomized powder with a particle size range of 20 - 180 μm 
and apparent density 3.10 g/cm3.  The theoretical full green density is 
7.48 g/cm3. Samples have been obtained from a 25 mm die, one-
sided compacted to a final thickness of 5 mm. Sample density in this 
study is 6.24 g/cm3.

Diametral compression test 
A sample powder disc is mounted in a loading tool, see Figure 1. The 
disc is lined up in the tool and load is applied manually in small steps 
until a crack on the disc surface is visible. No record is made of the 
applied load. Referring to Figure 1; the loading direction is along the 
y-axis, marker 1 is the powder disc with diameter (d) 25 mm and 
thickness (t) 5 mm and marker 2 is the manual load application 
mechanism, a screw is tighten at each load step to increase the load 
by moving the upper tool part in the negative y-direction. 

Figure 1. Experimental 
set-up. Marker one (1) 
indicates sample 
powder disc and 
marker two (2) 
indicates manual load 
control screw. 
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TV-holography 
The surface of a pressed powder disc is optically rough [4, p 5], meaning that reflections from 
the disc surface illuminated by a laser light source is scattered in random directions. When 
observing the disc surface a granular random pattern of light and dark spots, so called 

speckles, appears. In Figure 2 a typical speckle pattern is shown. This pattern is utilized in 
TV-holography measurements. Speckle patterns are unique for each illuminated area and 
therefore, if the object is moved or deformed, the speckle pattern will move also. When the 
disc surface is illuminated by two sources, creating two independent speckle patterns, the 
interference (phase difference) between these patterns can be measured. When the object is 
deformed the optical path length for the illuminating beams is altered and the interference (or 
phase difference) between the beams changes also. An interferogram, or in this case a 
digital image, of the speckle pattern from the two interfering waves of light, before and after 
deformation, is captured. Comparing speckle intensities numerically in these two images 
yields a pattern of dark and light fringes on the object surface, representing areas on the 
object with equal deformation or rigid body movement. When using two illuminating beams in 
a so called in-plane measurement set up, it is only possible to register deformation or 

movement in one sensitivity direction. Here the 
sensitivity direction is in the direction of image 
coordinate X, according to Figure 2. In the 
present measurements the recorded 
interference change is proportional to a 
deformation component in the surface plane of 
the measured object. 

In general it is not possible to quantify the 
phase change from a single image of fringes. 
Instead, one of the illuminating beams is used 
as a reference by modulating it with a known 
phase shift. By shifting the reference phase, 
equations describing the difference in speckle 
intensity distribution on the object surface 
before and after deformation (i.e. change in 
interference, see for example [5, p 102]) can be 
solved. Quantified values (modulo 2π) of the 

phase change is represented in a so called wrapped phase map (see Figure 3), where phase 
values are between 0 (black) and 2π (white). The discontinuous wrapped phase map can be 
unwrapped by a number of algorithms (see for example [6] and [7]) yielding a continuous 
function of the phase, often visualized as a grey-scale image. For detailed information, see 
for example [8], [9] and [4]. 

Figure 2. Typical speckle pattern on powder 
disc surface. 

Figure 3. Wrapped phase map. Phase values 
between 0 (black) and 2π (white). 

Figure 4. Optical set-up with mirrors (M), beam 
splitter (BS), piezo mounted mirror (PZM) and 
beam collimators (BCM). 

2



−1 −0.5 0 0.5 1

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Coordinate X Relative

D
is

p
la

ce
m

en
t 

X
 R

el
at

iv
e

In-plane measurements 
The optical set-up used in measurements on the diametral compression test (see above) is 
shown in Figure 4. A laser beam is deflected by mirrors (M) and divided in two equally 
intense rays by a beam splitter (BS). The reference beam is modulated by a movable mirror 
mounted on a piezoelectric crystal (PZM). Light beams are then lead by optical fibers to 
collimator lenses (BCM) and onto the object (powder disc) at equal angles θ (0 < θ < π/2). 
Interference between the reflected beams is detected by a CCD-camera. 

When modulating the reference beam a so called four-frame algorithm is used, yielding four 
images before and after deformation, with a phase shift of 0, π/2, π and 3π/2 respectively. 
One set of images are recorded before loading and after each load step a new set of four 
images are recorded. Combining sets of images (that is, solving the equations in [5]) yields 
an expression for the phase change ΔΦ as 

4 ( )sinu xπ θ
λ

ΔΦ = , (1) 

where u(x) is the displacement in the sensitivity direction, λ = 532 nm the laser wave length 
and θ = 42° (see Figure 4) the illuminating angle. By counting each 2π phase jump in Figure 
3 (or do a phase unwrapping to get a continuous deformation map) and using equation (1) 
the deformation can be quantified. An absolute deformation can be calculated by assuming 
zero displacement along a vertical diameter (vertical pixels with image coordinate X = 235 in 
Figure 3) of the powder disc. Adding the deformation after each load step yields a field of 
total displacement. 

Numerical analysis 
Diametral compression tests of pressed powder discs are virtually reproduced, validated and 
compared with experimental results. A three dimensional finite element model of the tool and 
disc is used in the simulations. The model consists of 8617 under-integrated elements. The 
mechanical response of the disc is controlled with a constitutive model for powder material 
and the tool is considered rigid. The constitutive behaviour of the powder material is 
governed by a Cap model presented in [10]. To control yielding the model utilizes a density 
dependent perfectly plastic failure envelope and a hardening cap. In the experimental work 
[3] elastic stiffness as a function of density were investigated and here used as input in the 
constitutive model. The model is linear elastic and parameters are bulk modulus K = 9.99 
GPa, and Poisson’s ratio ν = 0.25. In principle, the elastic model used gives the same elastic 
response as Hondros analytical solution described in [1], in a qualitatively sense. In the 

comparison with measurements a density of 6.24 g/cm3 is studied. Friction between the tool 
and the disc is assumed constant and set to μ = 0.10. Symmetry boundary conditions are 
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Image 0−3
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Image 0−6

Figure 5. Measured relative displacement 
curves. Four load positions, with image 0 as 
reference. 

Figure 6. Calculated relative displacement 
curve, from FE-analysis. 
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applied to facilitate computing. Only a quarter of the disc and half its thickness are modelled. 
In the performed analysis deformation- and strain fields before cracking are of major interest. 

Results and discussion 
Although TV-holography is a full field measurement technique, in the present work 
comparison between measured and numerical results are made along a line in the horizontal 
diameter of the sample powder disc, cutting through isolines of the measured quantity. 
Referring to Figure 2, the displacement field of the disc is evaluated along the horizontal pixel 
row with image coordinate Y = 225. Results from numerical simulations are evaluated along 
a horizontal symmetry boundary in the model, corresponding to the chosen diameter in 
measurements. In Figures 5 and 6 the measured and calculated displacement are shown. 
Measured and numerical displacement are normalised with maximum displacement and 
presented along a normalised coordinate. Evaluated data are in the elastic range of the 
material.

Four different curves corresponding to different 
added load steps are shown for measured 
displacement. Here, the displacement curve 
marked “Image 0-6” in Figure 5 most likely has 
an added rigid body motion not accounted for 
(based on evaluation of non-normalised 
displacement). Note the change in slope of the 
curves for increased displacement, indicating a 
non-linear stiffness in the material. In contrast, 
every displacement curve from different load 
steps in the simulation (one curve shown in 
Figure 6) has exactly the same form and slope, 
which is to expect from a linear elastic model. A 
typical (global) load-displacement curve from a 
diametral compression test is shown in Figure 
7 (from [3]), where the non-linear elastic part is 
marked with number 1. At present, constitutive models approximate the material as initially 
linear elastic. 

Strain field information is possible to obtain by numerical differentiation of the measured 
displacement field. In this case a polynomial is fitted to displacement data (marked “Image 0-

4” in Figure 5) along the diametral line. By using one polynomial from each boundary of the 
disc the more noisy data in the middle of the disc is smoothed. The fitted polynomial is then 
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Figure 7. Typical load-displacement curve 
(global) from diametral compression test. 

Figure 8. Calculated relative strain. 
Differentiation of polynomial fitted to measured 
displacement curve. 

Figure 9. Calculated relative strain curve. From 
FE-analysis. 
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differentiated to obtain strain values. Measured and calculated, normalised, strain along the 
horizontal diameter of the disc is presented in Figures 8 and 9, respectively. As a result of 
the steeper slopes in measured displacement, the strain increases more rapidly than in the 
numerical model. Non-zero strain values present in Figure 8 when approaching the disc 
boundary is faulty and due to the fact that the polynomials fitted to the displacement curve 
have non-zero slope, even though measured displacement is constant. In general, with an 
appropriate differentiation method, it is possible to obtain a full strain field for the powder 
disc. The assumption of zero displacement along a vertical diameter in the middle of the disc 
is valid as long as there is no crack, which induces rigid body motion. Much care must be 
taken to ensure that a valid reference point is chosen, with known deformation, when 
absolute displacement is to be calculated. 

To also obtain displacement components in the y-direction it is necessary to utilize two 
additional light sources, situated in the yz-plane. As the load increase on the disc and the 
deformation increase between each image recording, together with higher probability of rigid 
body motion, the present used method approaches a measurement limit. If the object moves 
or deforms more than a speckle diameter between recordings, the interference fringes are 
lost. To compensate for the larger movement, a high speed registration of images can be 
used. It is also possible to combine TV-holography with digital speckle photography (DSP), 
see for example [4], where individual speckles in the pattern are followed and used for 
calculating an absolute displacement. That calculated displacement can be used for 
compensating large deformation or rigid body motion, and the interference fringes can be 
recreated.

Even though it is possible to quantify displacement and strain in absolute numbers for the 
present measurements, it is not interesting at this stage, mainly because the experimental 
tool is not refined enough. However, results so far show that it is possible to utilize these 
types of measurements to evaluate for example the non-linear elastic properties of the 
compacted powder disc. This in turn can give much input to material modelling of green 
powder. Elastic properties can be especially important when modelling the ejection of a 
compacted powder part from a die.

Conclusions
The main goal with this work was to qualitatively evaluate the possibility to use TV-
holography for field measurement on compacted green bodies. Measurements are done on a 
sample disc, loaded in compression in a manually controlled loading rig. Results have been 
evaluated and compared to numerical analysis using constitutive model from [3]. It is 
concluded that it is possible to measure directly the in-plane displacement field on the 
sample disc with this method. Also, although experimental set-up is not optimal, it is possible 
to detect non-linear elastic behaviour in the material. It is also concluded that it is of vital 
importance to have automated control of load application and capturing of speckle images to 
gain more quantifiable results. In general we conclude that a combination of measurements 
on a global scale, load and displacement, with measurements on a local scale in the form of 
field measurements with TV-holography can improve numerical modelling and FE-analysis of 
powder compacts. 
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Thermomechanical simulation of high
temperature formblowing and hardening

G. Lindkvist∗, H.-Å. Häggblad, M. Oldenburg

Division of Solid Mechanics, Luleå University of Technology, SE-971 87 Luleå, Sweden

Abstract
Process parameter determination in hot forming of high-strength steel

by finite element (FE) simulations requires validated models. In this work
the modelling and simulation of a formblowing and hardening process is
performed and compared with an experiment.

A 22MnB5 boron steel tubular blank is first austenitized in a fur-
nace at a temperature of approximately 920 ◦C. Thereafter cylinders are
feeding material from each end of the tubular blank in a closed tool.
Compressed air is injected through one of the cylinders to form the part.
After pressure release the part is hardened by water injection. The form-
blowing operation, including cooling, takes less than 10 seconds.

A thermomechanical FE simulation of the forming process, includ-
ing cooling is validated against the experiment. Cylinder displacement
and pressure data from experiment are used as boundary condition and
loading in the simulation model. Part geometry, cylinder forces and tool
temperatures are compared with experiment. Findings show reasonable
agreement between experiment and simulation.

1 Introduction
Forming of a sheet or tubular blank at elevated temperature with the aid of
pressurized media can be performed in a number of diverse processes, see [1]
for a thorough overview. Heating of the blank can be performed in a furnace,
with induction or electrical current. In some processes the tool is heated also.
The pressurized media used for forming of the blank is a fluid or a gas, where a
gas can be advantageous due to high temperature resistance. Research in the
area has been established for some time and is continuously developing, see for
example [2, 3].

The experimental process in this work, formblowing and hardening (FH),
can be described as heating of a roll-formed boron steel tube and thereafter

∗Corresponding author, e-mail: goran.lindkvist@ltu.se
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forming and hardening by injection of high pressure gas (formblowing) followed
by rapid water cooling. The resulting structural component has yield strength
of about 1100MPa.

The FH technique makes it possible to produce high-strength structural
steel components with weight-performance ratio comparable to hydro-formed
aluminium components. Examples of suitable components for FH are: A-, B-
and C-pillars, roof bows, cross members, bumper beams etc. A reasonable goal
is to achieve a 20% weight reduction compared to existing steel components.

2 Aims and scope

The aim with the following work is to investigate the possibility to perform
a thermomechanical FE simulation of the formblowing and hardening process
yielding validated results. Part of the work is to investigate if available data
from literature can be used as is as input to the numerical model. Calculated
results are expected to be in reasonable agreement with experimental data,
yielding possibilities for the model data to be reusable with different tool and
blank geometries. The scope of the work does not include features such as ma-
terial micro structural evolution, temperature dependent friction and pressure
dependent heat transfer coefficients. Instead, focus is on a manageable model
coping with the FH process, within reasonable calculation times.

3 Experimental procedure

A 22MnB5 boron steel tubular blank, roll-formed and laser welded, is austeni-
tized in a furnace at approximately 920 ◦C. Blank initial length is 350mm, outer
diameter 48mm and thickness 1.9mm. After heating, the blank is placed in
a forming tool (see Figure 1), in which the main contact areas with the boron
steel are made of Impax Supreme tool steel and Mirrax ESR stainless steel.
The Impax tool part surfaces are Corr-I-Dur P treated to increase the wear
resistance. Next, the tool is closed and feeding cylinders seal the tube ends.
Elapsed time from furnace to closed tool is approximately 8 s.

The forming procedure starts with displacement of cylinders according to a
predefined scheme, equal for both, to feed material into the cavity of the tool,
followed by injection of compressed air to a maximum pressure of 30MPa,
expanding the tube to fit the tool geometry. After pressure release water is
forced through the formed part causing rapid cooling and transition of the
boron steel to martensite phase, i.e. hardening. Total time from start of
forming stage to a temperature where no more phase transformation occurs is
approximately 10 s.

Tool temperature is monitored in four locations, marked T1m to T4m in
Figure 1. A metal shielded thermocouple with a diameter of 3mm is mounted
in drilled holes, with the tip approximately 4mm from the tool surface. The
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Figure 1: CAD model lower tool (half)
with feeding cylinder and indication of
temperature probe position.

Figure 2: FE-model of lower and upper
tool, including blank. Two symmetry
planes are assumed.

temperature is sampled with a frequency of 20Hz. Pressure build up, cylinder
displacement and reaction forces are recorded with an interval of 0.048 s.

After forming and cooling the component dimensions are measured. The
component is cut in four pieces, with wire erosion cutting, according to Fig-
ure 3. Along cut down refers to location of cut against lower tool and vice
versa. Component thickness is measured manually, with a Käfler spring loaded
measuring device with rounded tips and an accuracy of 0.01mm, along the
cutting lines 5mm from edge and 10mm between each measuring point.

4 Forming simulation

The coupled thermal-mechanical problem of formblowing and hardening is
solved with LS-DYNA 971 [4]. Two symmetry planes are assumed, i.e. only a
quarter of the tool and tubular blank is modelled. The forming tool, including
feeding cylinder (see Figure 2) is modelled with 74,032 eight node solid ele-
ments with a preferred maximum side length of 2mm. Tool parts are modelled
as mechanically rigid and mechanical and thermal properties for the materials
used are extracted from data sheets supplied by the manufacturer [5]. All tool
parts shown in Figure 2, if not otherwise mentioned, are modelled with the
same properties as Impax Supreme. Initial nodal temperatures for the tool are
assumed to be 300 K and no thermal or mechanical contact is defined between
tool parts. Temperature readings corresponding to T1m to T4m in Figure 1
are extracted from the calculation as mean nodal temperatures for the elements
in the model containing the actual position of the thermocouples.
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Figure 3: Section cut directions in formed part.

For the tubular blank, 3420 four node Belytschko-Tsay shell elements with
five integration points through the thickness are used. Nominal shell side length
is approximately 2mm. For thermal calculations the shell elements are treated
as 12-node brick elements with quadratic temperature approximation through
the thickness [6]. To account for thermal expansion due to heating, the initial
dimensions of the tube are increased with 0.7%. An isotropic rate indepen-
dent constitutive model, with a von Mises yield surface, is used as mechanical
model. Temperature dependent mechanical material properties, i.e. hardening
curves, Young’s modulus, Poisson’s ratio and coefficient of thermal expansion,
are supplied to the model in tabular form for different temperatures [7]. Ther-
mal properties, i.e. specific heat capacity and thermal conductivity, for the
tube model are extracted from [8], in which data corresponds to fine-grained
steel. Latent heat release is included in the heat capacity data.

To get an estimate of initial tube temperature for use in the FE simulation, a
thermocouple was welded to the tube and temperature was logged from furnace
to closed tool in a separate experiment. Initial nodal temperature is assumed
homogenous and set to 1088K accordingly. A temperature dependent combined
radiation and convection heat transfer coefficient [9] is specified as boundary
condition for parts of the tube that is not in contact with the tool. Ambient air
temperature on the tube outside is assumed constant 298K. Inside the tube,
ambient air temperature is given in tabular form as a function of time, specified
with the aid of a simplified air heating curve (see Table 1) calculated with the
fluid dynamics software FLUENT. A simple model of air contained in a tube
with constant temperature 1073K was used.

Water cooling is modelled by switching convection boundary condition on
the tube inside to a surface heat transfer coefficient table adopted for rapid
cooling [10] and assuming ambient water temperature to 293K.
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Table 1: Air temperature as a function of time.

Time, s Temperature, K

0.0 300.0
0.5 524.1
1.0 644.1
2.0 839.8
3.0 959.7
4.0 1036.1
5.0 1083.6
6.0 1113.6
7.0 1132.9

For thermal contact a heat transfer coefficient of 8000Wm−2 K−1 is used
for the tube-tool interface. The critical gap between shell and tool, i.e. when
thermal contact is considered, is set to 0.04mm. If the distance is more than the
critical gap, but less than 9.0mm, heat transfer from tube to tool is modelled
with convection through a boundary layer of air and by radiation. Thermal
conductivity for the layer of air is set to 0.052Wm−1 K−1 and the surface
emissivities for radiation are assumed to a value of 1.0.

The velocities of the upper tool and feeding cylinders are increased by a
factor of 50 in the FE simulation. To compensate for the increased speed the
specific heat of the tool and tube materials are scaled with a factor 1/50. Total
simulation time is 0.4 s, corresponding to a physical time of 20 s.

A simple Coulomb friction model is utilized in the simulation and static
and dynamic coefficients of friction are assumed to be equal. Two simulations
are performed with coefficients of friction set to 0.1 and 0.2 respectively. The
relatively low values are chosen due to the use of a thin layer of temperature
resistant graphite lube in the experiments to prevent sticking.

5 Results from experiment and FE-simulation

The thermomechanical FE simulation is performed in two steps, forming and
cooling. The hardware used is a single CPU (AMD Opteron 2.4GHz) computer
and simulation times are approximately 18 and 30 hours respectively for the
two steps.

The final length of the experimentally formed tube is 332mm compared
to 331.2mm in the simulations, for both friction coefficients. In Figure 4 (a)
the thickness of the formed bulb is shown. The measurements are averaged
from each side of the cutting line (see Figure 3). Distance along cut starts in
position against lower tool. The thickness decrease in the direction towards
the upper tool is probably due to longer time in contact with the tool for
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the lower part of the tube, and thus higher cooling rate. A major outlier is
present in the measured data for mean value A1-A2, which is due to the welding
line in the tube. The measuring point is situated close to the weld, and the
measurement indicates localization due to geometric imperfections of the weld.
In the simulation the tube material is assumed homogenous and the calculated
thickness varies smoothly A thickness decrease in direction from lower tool to
upper tool is also present in the calculated thickness, even though it is not as
accentuated as in the measured data. Higher friction coefficient indicates more
thinning of the material, which is expected.

Measured and calculated thickness along the formed tube, Figure 4 (b), are
in agreement with results from the transversal cut. Measurement results are
averaged from both sides of the cutting line. For the section cut down, calcu-
lated thickness is higher than measured along the cutting line, whereas moving
towards the bulb calculated thickness is lower than measured. Section cut up
shows similar results along the tube but in the middle section thickness is pre-
dicted quite accurately. The probability of errors in the manual measurements
is higher in the bulb section, due to the curved surface.

It is also evident that a higher friction coefficient yields lower thickness in
the middle section and higher thickness at the tube ends. No measurements
were possible at the tube ends due to damage induced in the cutting opera-
tion. It should also be noted that the calculated results are extracted from a
symmetrical model.

Measured cylinder forces are compared with calculated forces in Figure 5.
Calculated cylinder forces, for both friction coefficients, are qualitatively in rea-
sonable agreement with measured cylinder force (average of the forces acting on
the two feeding cylinders). However, calculated forces are lower than measured
in the early stages of the forming process, including sealing of the tube and
initial feeding (approximately from time 2.2 s to 3.3 s). During major feeding
of material, including pressure build-up and release, peak values of calculated
force for friction coefficient 0.1 is in agreement with measured force. On the
other hand, for friction coefficient 0.2, the peak force is significantly higher.
It is evident that the calculations are rather sensitive to friction model used
and that a more advanced model, perhaps including temperature dependency,
could increase the accuracy.

Tool temperature for two selected measuring points from simulation with
friction coefficient 0.1 is shown in Figure 6. Temperature points T2 and T3
correspond to materials Mirrax and Impax respectively in Figure 1. Starting
point for calculated temperatures (T2s and T3s) is at time zero, where the
initial temperature for the tool was estimated to 300K, somewhat higher than
measured values (T2m and T3m).

With respect to initial difference, calculated temperature T2s (Mirrax) is in
reasonable agreement with measured temperature, T2m, up to start of water
cooling sequence (at approximately 7.5 s). The steeper slope of the measured
temperature thereafter indicate some discrepancy between thermal parameters
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Figure 4: Manually measured part thickness compared to calculated thickness along
circumferential cut (a) and along cut down and up (b)
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used in the model for the material (specific heat capacity and tube-tool heat
transfer coefficient) and actual values. It should be noted that the same tube-
tool heat transfer coefficient is used for both materials.

Contrasting with the above, calculated temperature T3s (Impax) shows a
significantly difference compared to measured value T3m. According to data
sheets, the Impax material has higher thermal conductivity than Mirrax, and
therefore the temperature T3m should be higher than T2m, as it is in the
calculated case. One likely explanation for this is the surface wear treatment
(see above) of the Impax tool parts, creating a surface layer with lower thermal
conductivity, i.e. the heat transfer is lower than in the calculated case where
the boundary layer is not taken into account.

6 Conclusions

There are many obstacles when performing a thermomechanical FE simulation
of a complicated forming process. For example, difficulties to obtain reasonable
accurate input data regarding material behaviour at different temperatures and
rates of deformation and simplifications, e.g. use of symmetry and rigid materi-
als to obtain a manageable model and so forth. Even so, with the simplifications
used, we conclude that:

• It is possible to perform a thermomechanical simulation of the FH process
and obtain reasonable accurate results.

• The input data used in the current model should be possible to use in pro-
cess parameter estimation, e.g. determine a pressure curve and cylinder
displacement curves, for other models utilizing the same tool and blank
materials.
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Abstract

Most metal forming processes are investigated numerically, with fi-
nite element (FE) analysis for example, before the physical production
process is performed. The process studied in this work, formblowing and
hardening (FH), can be described as: heating of a high-strength steel
tubular blank in a furnace; forming in a closed tool by injection of high
pressure gas combined with axial feeding of material; and finally rapid
cooling by water injection. Bursting failure is an irrecoverable failure
mode present in the FH process. The main objective was to determine if
a ductile fracture criterion would be possible to use as pre-bursting failure
indicator in FE simulations of the forming process. The failure criterion
was implemented in the utilised FE code. It was calibrated by the use of
analytical forming limit curves (FLC:s). The FLC:s were derived, with
theory for diffuse and localised necking, from experimentally obtained
stress-strain curves for different temperatures. Experiments with the FH
process in the form of burst tests were performed. Three different sets of
loading curves (forming pressure and feeding cylinder displacement) were
used. Experimental data and output from thermomechanical simulations
of the process were compared. Results indicated that the implemented
criterion predicted failure prior to irrecoverable experimental failure. It
is concluded that the implemented fracture criterion can be used as a
failure indicator in FE simulations of the FH process.

1 Introduction

In practice today, almost all metal forming processes in any larger industrial
scale are studied numerically before any actual physical processes take place.

∗Corresponding author, e-mail: goran.lindkvist@ltu.se
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Different numerical methods are used but calculations using the finite element
(FE) method are very common.

The forming process in this work, formblowing and hardening (FH), can be
described as follows: heating of a roll-formed tubular shaped blank, made of
high-strength steel; forming in a closed tool by axial feeding of material and
injection of high pressure gas; and finally, hardening by rapid water cooling. A
possible usage of the FH process is in production of structural components for
vehicles; A-, B- and C-pillars, roof bows, cross members and bumper beams [1].

FH itself have similarities with hydroforming in that a closed die is used
and a fluid is utilised as pressurising media. Some special considerations is
the rapidness of the process, the use of compressed air and the relatively high
forming temperature. In a recent work thermomechanical simulations of a
complete process cycle of FH are investigated by the present authors [2].

Possible failure modes for FH include buckling, wrinkling and bursting fail-
ure. Buckling and wrinkling occur mainly in the initial stages of the forming
when material feeding is large and because of the tubular shape of the blank.
These failure modes are often recoverable when the internal pressure increase
later on in the forming process. Bursting failure, on the other hand, is a catas-
trophic failure. A possibility to predict or indicate initiation of such failure is
highly desirable when using numerical simulations of FH.

A common way to evaluate formability or failure in sheet forming processes
is to use a forming limit diagram (FLD). In the diagram an experimentally
obtained forming limit curve (FLC) is outlining the limit of necking free strain-
states. The through the thickness neck, either diffuse with thinning stretched
over a relatively large area or local with a width in the order of the material
thickness, precedes fracture in a ductile metal. The FLC is usually combined
with a safety margin curve. A drawback of the strain-based FLD is that it is
only valid for linear loading paths, that is, paths where the plastic strain ratios
are constant during the forming process. A stress-based view of the FLD can
possibly circumvent this limitation [3].

Another approach, to be able to include sheet materials with lower ductility
than steel and no evident necking in formability prediction, is proposed by
Takuda et al. [4, 5]. The authors introduce ductile fracture criteria, originating
from bulk forming, into sheet metal forming processes. A number of criteria is
evaluated, most of them including the history of stress and strain in a relatively
simple form. All of them are combined with FE analysis to predict the forming
limit, or initiation of fracture. The ductile fracture criterion by Oyane [6]
is found to be especially suitable. In Takuda et al. [7] it is concluded that
the Oyane criterion combined with finite element calculations can be used to
predict both strains at fracture and strains at initiation of necking, with some
success.

Bursting is a common failure mode in tube hydroforming. To predict burst-
ing failure a number of approaches can be found in the literature. In [8, 9] the
Oyane ductile fracture criterion, calibrated with hydraulic bulge tests to ob-
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tain fracture strains, is used to predict fracture initiation position and forming
limit for hydroforming processes. Nefussi and Combescure [10] used the theory
of plastic instability of tubes (Swift’s diffuse necking criterion [11]) combined
with theory for buckling to predict failure in tube hydroforming. Kim et al. [12]
used Swift’s criterion to estimate the diffuse necking limit (FLC) and fracture
criterion by Oyane, together with stress and strain history from FE simula-
tions of the hydroforming process, to predict fracture initiation. Comparison
with experiments (hydraulic bulge tests) showed good agreement. Also, in Kim
et al. [13] the authors used theoretical FLC:s (Swift) to calibrate the Oyane
fracture criterion. In that work the welded seam and heat affected zone (HAZ)
of the tubular blank were taken into account in experiments and simulations of
the bulge hydroforming process. Results from simulations showed that initial
fracture occurred in the HAZ near the weld, in agreement with experiments.

The main difference of the forming process in the current work, prediction
of failure in the FH process, compared to standard hydroforming is the tem-
perature span. The forming occurs at an initially high temperature and during
continuous cooling of the formed part. A rapid increase of the forming pressure
and a relatively low maximum pressure, in the order of 1/10 of pressures used
in hydroforming, are other distinct features.

1.1 Aims and scope

Main goal of this paper is to investigate if the ductile fracture criterion proposed
by Oyane can be used as a failure indicator in FE analysis of the FH process.

Calibration of the failure criterion with destructive testing at different high
temperatures is feasible; but to simplify the procedure and minimise the cost,
calibration is instead performed using experimentally determined stress-strain
curves as a starting point. Analytical forming limit curves are derived from the
stress-strain curves according to bifurcation theory by Swift [11] and Hill [14]
(diffuse and localised necking respectively). The material constants necessary
for calibration of the ductile fracture criterion are then calculated using the
derived FLC:s.

FE calculations are performed with three different sets of loading curves,
that is, three sets of curves controlling axial feeding of material into the tool
and forming pressure. Numerical calculations are compared with experiments.
The scope of comparison is limited to the following: measured time of failure
for experiment, indicated by sudden forming pressure drop due to bursting of
the part; compared with calculated time of failure in simulation, indicated by
the failure criterion; and the measured and calculated magnitude of force acting
on feeding parts of the tool.

The plastic strain ratio at a point of fracture in a FH experiment can be
equivalent to a point on the Swift or Hill FLC curve, but need not to be.
Therefore, the ductile fracture criterion applied in this work, calibrated with
theoretical FLC:s, is considered a pre-bursting failure indicator. The path de-
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pendence of the strain-based FLC:s is a drawback. However, the approximately
constant strain ratios during deformation in the FH process, at least for the
tool geometry considered here, and the simplicity to use in combination with
chosen ductile fracture criterion motivates the usage.

The thermomechanical FE simulation models used in this work are as-
sumed to give an accurate enough solution to the problem at hand even though
there are always relatively large uncertainties when dealing with thermophysi-
cal properties of matter.

2 Analytical forming limit curves

In order to construct FLC:s analytically it is necessary to use a function to
describe the stress-strain relationship for the steel grade used. A boron steel
grade, 22MnB5, is used in the experiments described in this work. In Fig. 1
stress-strain curves for different temperatures, obtained by material testing, are
shown. These experimental curves are also used as input to the FE calculations
described later.

In sheet metal forming near room temperature it is common do describe the
material hardening behaviour with a power law function fitted to experimental
data. One simple form is σy = Kε̄np , where the yield stress, σy, is related to the
effective plastic strain, ε̄p, by a hardening modulus K and a hardening exponent
n. In the present case, with a relatively low hardening at high temperatures
according to Fig.1, a power law would yield a poor fit to the experimental data.

Instead, a saturation model is used to describe hardening in the material
(henceforth the terms model and function are used interchangeably). In general
in a function of that type, a maximum fixed level of stress is reached with
increasing strain. In other words, no apparent hardening is described by the
model above a certain value of strain. This is, however, not in accordance with
the stress-strain curves in Fig. 1 and usually not desirable in a FE analysis.
A typical saturation law, σy = σsat + (σ0 − σsat)e

−ε̄p/εc , is therefore modified
with a linear term to account for hardening throughout the range of strain.
Accordingly, this yields a function of the form

(1) σy = A+ (B −A)e−Cε̄p +Dε̄p,

where A is the saturation stress (σsat), B the initial yield stress (σ0), 1
C the

characteristic strain exponent (εc) and D is a scale factor for the linear term.
The stress-strain curves in Fig. 1 are somewhat idealised in the sense that

the curves are linearly extrapolated to the last data point when experimental
data are lacking. The factor D is therefore manually determined from the final
slope of the curves; in addition, the initial yield stress B is also predefined.
Values for saturation stress, A, and the scale factor C are found by fitting
eq. (1) to the stress-strain curves in a least square sense. In Tab. 1 the fitted
and predefined parameters for different temperatures are shown.
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Figure 1: Experimentally determined true stress versus effective plastic strain curves
for various temperatures. For boron steel grade 22MnB5.

2.1 Introductory theory

In the following sections expressions for the major and minor strain, neces-
sary for construction of analytical FLC:s, are derived. The derivation is partly
based on work by Stoughton and Zhu [3]. Some general assumptions regard-
ing deformation, common in classical plastic flow theory, are first introduced.
Furthermore, we follow the general practice in sheet metal forming theory and
neglect elastic strains. Consequently, the effective strain, ε̄, is assumed equal
to effective plastic strain ε̄p in the following.

First we assume that deformation occurs in a state of plane stress and that
the yield function, σ̄y, is an explicit function of the stress components (here
expressed in principal stresses), that is,

(2) σ̄y = σ̄y(σ1, σ2).

Further, we assume isotropic expansion of the yield surface and that the yield
stress, σy, is an explicit function of effective plastic strain; thus,

(3) σ̄y(σ1, σ2) = σy(ε̄p),

where in this case σy refers to the analytical description of the stress-strain
relationship for the boron steel used (eq. (1)).

From eq. (3) it follows that the rate of change of the yield function can be
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Table 1: Parameters for modified saturation law at different temperatures. Analyti-
cal function σy = A+(B−A)e−Cε̄p+Dε̄p, fitted against experimental stress-strain
curves in Fig.1. A and C are fitted parameters; B and D are predefined parameters.

Temp., K A, MPa B, MPa C D, MPa

1113 190.1 74 15.1 30.3
947 222.4 85 21.8 139.1
901 227.6 98 22.0 193.7
739 357.8 128 19.1 254.5
682 421.0 130 26.7 324.7
621 582.0 260 60.6 427.4
532 785.9 440 97.0 519.1
292 1615.0 1100 124.5 454.1

defined as

˙̄σy =
∂σ̄y

∂σ1
σ̇1 +

∂σ̄y

∂σ2
σ̇2 and(4a)

˙̄σy =
dσy

dε̄p
˙̄εp.(4b)

Moreover, plastic flow theory, with effective plastic strain as internal variable,
gives an expression for plastic strain increments as

(5) ε̇i = ˙̄εp
∂σ̄y

∂σi
, i = 1, 2,

assuming associated plasticity. We use a fairly standard yield function in the
calculations, the von Mises yield surface, expressed in principal stresses for
plane stress conditions as

(6) σ̄y =
√

σ2
1 + σ2

2 − σ1σ2.

Define further the ratio of principal stresses and the ratio of plastic strain
increments as

α =
σ2

σ1
(7)

and

β =
ε̇2
ε̇1

(8)

respectively.
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2.2 Forming limit curve based on Swift criterion

The so-called load bifurcation analysis by Swift [11] leads to a condition for
the formation of a diffuse neck in the material. A diffuse neck is possible
when the load reaches a maximum in both principal directions. Swift analysed
diffuse necking formation for different load cases and geometries of the blank
and the classical criterion for biaxial tensile load is mainly used in sheet metal
forming. Swift’s classical criterion is used on tubular blanks by Hillier [15], for
example. But as pointed out in the work on tube hydroforming by Nefussi and
Combescure [10], although the classical criterion is valid, the process conditions
at initiation of necking is hard to establish. Instead, Swift’s criterion for thin
cylinders is advocated.

Some assumptions regarding the tubular blank are necessary. The tube
is assumed to be thin enough for the plane stress hypothesis to be valid and
long enough to assume uniformly distributed stresses in the area of interest.
From equilibrium equations, when a tube with mean radius r and thickness t
is subjected to an internal pressure p and an independent longitudinal force F ,
the longitudinal and hoop stresses are

(9) σ1 =
F + πr2p

2πrt
and σ2 =

pr

t
,

respectively. Equation (9) is valid for F > πr2p, that is, a tensile load on the
tube ends.

In the current work we do not have a closed tube. Instead, hydraulic feeding
cylinders are sealing the tube ends in the forming tool. The case is compressive
forces acting on the tube ends and therefore F < πr2p. Note that when F is
negative the hoop stress exceeds the longitudinal stress; hence, the hoop stress
is the largest principal stress. With Swift’s additional assumption of constant
strain through the thickness and a load maximum in both principal directions,
dp = dF = 0, differentiation of eq. (9) with respect to r and t leads to the
concurrent constraints

(10) σ̇1 = σ1(2 ε̇1 + ε̇2) and σ̇2 = σ1ε̇1 + σ2ε̇2.

Inserting the above constraints in eq. (4), using eq. (5), eq. (7) and the von
Mises yield function (eq. (6)) gives, after some algebra,

(11)
dσy

dε̄p
=

4 + 3α− 6α2 + 4α3

4(1− α+ α2)
3
2

σ̄y = Ω(α)σ̄y.

Now, considering eq.(3) and the saturation law in eq.(1), differentiation of the
latter and insertion in eq. (11) renders an equation of the form

(12) Re−Cε̄p + Sε̄p = T,
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where,

R = Ω(B −A) + C(B −A),

S = ΩD,

T = D − ΩA,

and A to D are parameters from the saturation law and Ω is from eq.(11).
For now, we assume that we can solve for ε̄p in eq. (12). Then, with the

assumption of proportional loading and using the flow rule in eq. (5), we have
the major and minor strain for Swift’s diffuse necking instability as

ε1 =
ε̄p(2− α)

2
√
1− α+ α2

and(13)

ε2 =
ε̄p(2α− 1)

2
√
1− α+ α2

.(14)

2.3 Forming limit curve based on Hill criterion

In a work hardening material the constraint for formation of a localised neck
in the material according to the theory of Hill [14] is

σ̇1 = σ1(ε̇1 + ε̇2);(15)

furthermore, the stress ratios are assumed fixed during neck formation, so

σ̇1

σ1
=

σ̇2

σ2
⇔ σ2

σ1
=

σ̇2

σ̇1
= α.(16)

In essence, the Hill constraint states that the rate of hardening in the neck
balances the rate of change in thickness of the material.

Inserting eq.(15) in the expression for the yield function rate, eq. (4), gives

dσy

dε̄p
= (1 + β)

∂σ̄y

∂σ1
σ̄y;(17)

then, using a relation between α and β (shown later in eq. (24)) leads to

dσy

dε̄p
=

1 + α

2
√
1− α+ α2

σ̄y = η(α)σ̄y.(18)

It is important to note that in Hill’s derivation a condition for the inclination
of the neck in the material is present. As a consequence, the expressions above
are only valid for β < 0 ⇔ α < 1

2 .
Further, by using the same methodology as in the section on Swift’s criterion

above, an equation of the same form as eq. (12) is obtained. In this case,
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however,

R = η (B −A) + C(B −A),

S = η D,

T = D − η A,

where A to D, again, are parameters from the saturation law and η is from
eq.(18).

Finally, expressions for the major and minor strain for Hill’s localised neck-
ing instability, with the same assumptions as for the Swift criterion, have ex-
actly the same form as eq. (13) and eq. (14).

2.4 Solving for plastic strain
In the calculations for Swift and Hill FLC:s above, we assumed that we could
solve for ε̄p in eq. (12) in some way. With a power law function describing the
stress-strain relationship for the boron steel, the equivalent of eq.(12) is a simple
expression and the task is quite straightforward. But, with the saturation law
used, calculations above yield an algebraic transcendental equation. A possible
solution is to use the so called Lambert W function.1

From here on denoted W , the function is defined as the inverse to the
function f : C → C given by f(x) = xex, where ex is the natural exponential
function. This means that W (x) is a complex valued function and a solution
to the equation

(19) W (x)eW (x) = x, ∀x ∈ C.

It is important to note that because f is not injective in (−∞, 0), W is
multi-valued except for an argument of zero. In this application we are only
interested in real solutions and restricting the argument to real values x ≥ −1/e
the function is real-valued. However, W is double-valued for x in [−1/e, 0), but
further restricting W ≥ −1 yields a single-valued function (usually called the
principal branch of W (x)).

If we can write eq.(12) in the form γ = f(ε̄p)e
f(ε̄p), where γ is an expression

not containing ε̄p and f(ε̄p) is some function of the plastic strain, then we can
use W and solve for ε̄p. Now, rearranging terms and multiplying with −1 in
eq. (12) gives

(20a) −Re−Cε̄p = Sε̄p − T.

Multiplying both sides of eq.(20a) with CeCε̄p and dividing by S takes us closer
to the correct form,

(20b) −CR
S = (Cε̄p − CT

S )eCε̄p .

1Named after Johann Heinrich Lambert (1728–1777)
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Finally, multiplying both sides with e−CT/S , gives us the wanted form,

(20c) −CR
S e−CT/S = (Cε̄p − CT

S )eCε̄p−CT/S .

Solving eq. (20c) for ε̄p gives

(21) ε̄p =
W (−CR

S e−CT/S)S + CT

CS
,

where W is the Lambert function. Then ε̄p can be inserted in the above
expressions for major and minor strain in the calculations of Swift and Hill
FLC:s.

In Fig. 2 and Fig. 3 analytical FLC:s, derived with diffuse instability and
localised instability theory respectively, are shown. The forming limit curves
correspond to stress-strain curves for the three highest temperatures in Fig.1.

3 Ductile fracture criterion
Oyane’s ductile fracture criterion [6] has the form

(22)
∫ ε̄f

0

(
σh

σ̄
+ C1) dε̄ = C2,

where σh is the hydrostatic stress, ε̄ the effective strain, σ̄ the effective stress
and ε̄f the effective strain at fracture. C1 and C2 are material constants to be
determined.

In general, some form of destructive testing (at least two types) is necessary
to estimate material constants Ci above; for example, a plain-strain and a
uniaxial tensile test conducted to fracture of the specimen [7]. A complicating
fact though is the relatively large temperature span in the FH forming process,
from about 1200K to room temperature. One could argue that it is a fast
process and that the temperature can be approximated as constant during the
forming stage, but further deformation is possible in the fast water cooling
stage, even if this is not included in the present work. The purpose here is not
to evaluate exactly the point of fracture for the material; instead, it is to get
an estimate of necking initiation that can be used in forming simulations. A
viable solution proposed here is to use the analytical FLC:s derived above as
failure limits at different temperatures. Hence, ε̄f in eq.(22) is named effective
strain at failure in the following.

3.1 Estimation of material constants in ductile fracture
criterion

With the assumption of constant strain ratio β, see eq. (8), implying a linear
loading path to onset of necking, the constants in eq. (22) can be calculated.
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Figure 2: Theoretical forming limit curves (FLC:s) for three different temperatures,
derived from Swift’s diffuse necking criterion for tubes.
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Figure 3: Theoretical forming limit curves (FLC:s) for three different temperatures,
derived from Hills’s localised necking criterion.
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By choosing two arbitrary values of failure strain on the FLC:s mentioned
above, corresponding to different β-values, a linear system of equations can
be formulated. However, by doing so the analytical forming limit curves are
approximated as linear between the chosen points.

Now, to express Oyane’s ductile fracture criterion as a function of β, eq.(6)
is used together with the corresponding effective strain

(23) dε̄ =
√
2
3

√
(dε1 − dε2)2 + (dε2 − dε3)2 + (dε3 − dε1)2.

The flow rule, eq. (5), gives a relation between stress- and strain-ratios

(24) β =
2α− 1

2− α
,

and the ratio of hydrostatic stress to effective stress and the effective strain can
be expressed as

σh

σ̄
=

1 + β√
3(1 + β + β2)

= G(β)(25)

and

dε̄ =
√

4
3 (1 + β + β2) dε1 = H(β)dε1(26)

respectively.
Using eq. (25) and eq. (26) in eq. (22) yields∫ ε1f

0

G(β)H(β) dε1 + C1

∫ ε1f

0

G(β) dε1 = C2

and integrating and sorting terms gives

H(β) ε1f C1 − C2 = −G(β)H(β) ε1f .

By choosing failure strains ε1f (β1) and ε1f (β2) a system of linear equations can
be formulated as[

H(β1) ε1f (β1) −1
H(β2) ε1f (β2) −1

] [
C1

C2

]
=

[−G(β1)H(β1) ε1f (β1)
−G(β2)H(β2) ε1f (β2)

]
,(27)

from which C1 and C2 can be solved.
In Tab. 2 and Tab. 3 material constants for different temperatures can be

found. The values are calculated from the analytical FLC:s with chosen β-
values of approximately 0 and −0.7 to −0.5. In other words, for calibration
purpose and to simplify implementation at this stage, a straight line is chosen
as limit for each FLC between two β-values.
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Table 2: Ductile fracture criterion constants for different temperatures.Calculated
from Swift FLC:s.

Temp., K C1 C2

1113 −6.99× 10−2 6.24× 10−2

947 −1.51× 10−1 4.82× 10−2

901 −1.69× 10−1 4.74× 10−2

739 −1.51× 10−1 5.42× 10−2

682 −1.67× 10−1 4.42× 10−2

621 −1.87× 10−1 2.24× 10−2

532 −1.90× 10−1 1.46× 10−2

292 −1.52× 10−1 1.13× 10−2

Table 3: Ductile fracture criterion constants for different temperatures.Calculated
from Hill FLC:s.

Temp., K C1 C2

1113 3.16× 10−3 9.97× 10−2

947 −1.90× 10−1 6.63× 10−2

901 −2.39× 10−1 6.74× 10−2

739 −2.02× 10−1 7.53× 10−2

682 −2.32× 10−1 5.84× 10−2

621 −2.54× 10−1 2.78× 10−2

532 −2.47× 10−1 1.77× 10−2

292 −1.30× 10−1 1.51× 10−2

3.2 Implementation in FE code
A benefit of using the ductile failure criterion is the possibility to implement a
continuous calculation in the FE-code and keep track of the individual elements
in numerical simulations. Contrary to using some form of FLC curve where it
would be necessary to keep track on every combination of principal strains (or
stresses) and check, in every time step and for every integration point, if the
strain (stress-) point is feasible.

By slightly rewrite eq. (22),

(28) I =
1

C2

∫ ε̄f

0

(
σh

σ̄
+ C1) dε̄ = 1,

a suitable scalar quantity can be calculated. In essence, when implemented in
a user defined routine in the FE code, for every increment in time a summation
is made for every element based on the plastic strain increment. When the
scalar value I reaches one, an indication of failure in the material is available.
Material constants C1 and C2, estimated above, are supplied in tabular form
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to the FE solver according to Tab.2 and Tab.3. Linear interpolation is used to
determine values of the constants for intermediate temperatures.

4 Experimental procedure

The experimental FH process was designed as a burst test; internal pressure
was increased until the formed part ruptured. During the process a bulge was
formed in the middle of the tube as pressure increased. Hydraulic cylinders fed
the tube ends into the tool which resulted in compressive and tensile strain-
fields in the tube bulge.

The tool material was Impax Supreme steel. In Fig.4 the lower part of the
tool, with a non-heated blank in place for reference, is shown. The tool surfaces
were Corr-I-Dur P treated to increase the wear resistance. A 45mm gap was
set between left and right part of the tool.

Three different forming experiments were performed, Case 1 to Case 3, cor-
responding to three different sets of cylinder displacement and pressure curves.
The purpose was to yield different deformation histories in the tube bulge.
Nominal loading curves were programmed in the tool controller system. Addi-
tionally, a measurement of the actual pressure build up, cylinder displacement
and reaction forces that acted on the hydraulic cylinders were carried out for
each case. Data were recorded with an interval of 0.048 s. Data for pressure and
displacement were used as input in subsequent FE analysis of the experiments.
The measured curves for each case are shown in Fig.9 to Fig.11 in section 6.

At the process start a 22MnB5 boron steel tubular blank, roll-formed and
laser welded, was austenitized in a furnace at approximately 920 ◦C. Blank
initial length was 350mm, outer diameter 48mm and thickness 1.9mm.

After heating the blank was manually transferred to the forming tool. In
the first step of the automatic forming process the tool was closed and feeding
cylinders sealed the tube ends. Total time from furnace to closed tool was
approximately 7 s, including manual handling time.

Figure 4: Experimental tool, lower part, with undeformed tubular blank for reference.
Feeding cylinders are shown on each side of the blank.
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Following steps in the FH process included further displacement of cylin-
ders, equal for both, and injection of compressed air according to the prede-
fined scheme. After pressure release, water was forced through the formed part
which induced rapid cooling and transition of the boron steel to martensite
phase, that is, hardening. Total time from start of forming stage to a tempera-
ture where no more phase transformation occurred was approximately 10 s. In
the experiments, cylinder displacements continued according to loading curve
despite bursting failure of the tube.

An estimate of initial tube temperature, for later use in FE calculations, was
obtained from a dedicated experiment with pressure and displacement curves
according to Case 2. A thermocouple was welded to the middle section of the
tube and temperature was logged from the time when the heated tube was
moved from the furnace and through the forming process. Temperature was
sampled with a frequency of 20Hz.

5 Forming simulation

The coupled thermal-mechanical problem of formblowing and hardening was
solved with the explicit FE code LS-DYNA [16]. Two symmetry planes were
assumed, that is, only a quarter of the tool and tubular blank was modelled.
The forming tool, including feeding cylinder (see Fig. 5) was modelled with
69,720 eight node solid elements with a nominal maximum side length of 2mm.
All tool parts were modelled as mechanically rigid and thermal properties for
the tool steel (Impax Supreme) were extracted from data sheets supplied by
the manufacturer [17]. Initial nodal temperatures for the tool parts were set
to 295K (extracted from measurements in [2]) and no thermal or mechanical
contact was defined between tool parts.

For the seamed tubular blank, 3420 four node Belytschko-Tsay shell ele-
ments with five integration points through the thickness were used. Nominal
shell side length was 2mm. For thermal calculations the shell elements were
treated as 12-node brick elements with quadratic temperature approximation
through the thickness [18]. To account for thermal expansion due to heating,
the initial dimensions of the tube were increased with 0.7%. An isotropic rate
independent constitutive model, with a von Mises yield surface, was used as
mechanical model. Temperature dependent mechanical material properties:
hardening curves (see Fig.1), Young’s modulus, Poisson’s ratio and coefficient
of thermal expansion were supplied to the model in tabular form for different
temperatures [19]. Thermal properties, specific heat capacity and thermal con-
ductivity, were extracted from [20], in which data correspond to fine-grained
steel. Latent heat release was included in the heat capacity data.

For thermal contact a heat transfer coefficient of 4000Wm−2 K−1 was used
for the tube-tool interface. The coefficient was estimated from static press
hardening tests in Lechler [21, pp.72-80]. The critical gap between shell and
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Figure 5: Finite element model of experimental tool and tubular blank. Symmetry
is assumed and only a quarter of the tool and blank is modelled. The tool is shown
in closed position and the tube is partly formed.

solid elements, when thermal contact was assumed, was set to 0.04mm. For
distances greater than the critical gap, but less than 9.0mm, heat transfer
from tube to tool was modelled with convection through a boundary layer of
air and by radiation. Thermal conductivity for the layer of air was set to
0.052Wm−1 K−1 and the surface emissivity for radiation was assumed to a
value of 1.0. The latter assumption implies a radiation factor between contact
surfaces equal to the Stefan–Boltzmann constant; or, that the surfaces were
approximated with a black body with regard to heat exchange by radiation.

The initial tubular blank temperature used in FE simulations was calculated
from measured temperature data (see section 4). Time zero, that is, starting
point for the simulation was correlated with the time when the heated blank
was placed in the forming tool in the experiments. Nodal temperatures were
assumed homogenous throughout the blank and set to 1093K accordingly. A
temperature dependent combined radiation and convection heat transfer coef-
ficient [22] was specified as boundary condition for parts of the tube that was
not in contact with the tool. Ambient air temperature on the tube outside was
assumed constant 298K. Inside the tube, ambient air temperature was given
in tabular form as a function of time, specified with the aid of a simplified air
heating curve [2].

Input loading curves for the movable tool parts and forming pressure were
extracted from the experiments. The time scale of the loading curves were
changed in order to reduce calculation times. The rate of change of displace-
ment and pressure were increased 50 times in the FE simulations. To compen-
sate for the increased velocities the specific heat of the tool and tube materials
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were scaled with a factor 1/50. The water cooling phase of the experimen-
tal forming procedure was not included in the simulations. Termination time
for simulations of experiments in Case 1 to Case 3 was chosen based on the
experimental pressure curves to include the actual bursting of the tube.

A simple Coulomb friction model was utilised in the simulation models.
Static and dynamic coefficients of friction were assumed to be equal and set to
0.1. The relatively low value was chosen because a thin layer of temperature
resistant graphite lube was used on the tool surfaces in the experiments.

6 Results from experiments and FE-simulations
Due to difficulties to measure strain in a closed tool and at high temperatures,
the indicator of failure from the experiments were the specific point in time
when the measured forming pressure dropped abruptly. That is, when an actual
bursting of the formed part occurred. Shortly after bursting, the recorded forces
that acted on the hydraulic feeding cylinders dropped to nearly zero. In Fig.6
an example of a burst part is shown. The simulation models were not set up
to account for the actual bursting of the tube, even though the FE analysis in
most cases failed numerically due to excessive deformation at approximately
the experimental failure time. The tubular blanks used in the experiments
had a welded seam, whereas in the simulation models the tube material was
assumed homogenous.

In Fig. 7 a fringe plot from simulation of Case 2 is shown. The fringes
show the value of the calculated ductile failure criterion (I) calibrated with
Hill analytical FLC. The first element that reached I ≥ 1 is located on the
bulge.

Figure 8(a) to Fig.8(c) show the plotted strain path for the elements that
failed first according to the calculated criterion (I ≥ 1) in the FE analysis of
the three experiments, Case 1–3. The temperature of the formed part in the
bulge area (where there was indication of failing elements) was 1080K± 1K in
all simulations. All failing elements were located in the bulge area of the part,
only subjected to heat exchange with surrounding air (calculated by thermal
boundary conditions). As expected, the strain path was somewhat more ex-
tended for the simulations where the criterion was calibrated with Hill FLC:s.

Figure 6: Example of formed part ruptured close to laser welded seam.
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Figure 7: Fringe plot of formed part showing calculated ductile failure criterion
at time step where the first element has reached I ≥ 1. From simulation of
experiment in Case 2, with criterion calibrated with Hill analytical FLC. Failure
time, tfail = 4.2 s in non-scaled time.

In all simulations, the failing element was independent of FLC used for cali-
bration. In other words, the element that failed first in each case was the same
regardless if the failure criterion was calibrated with Swift or Hill forming limit
curves.

In Fig. 9 to Fig. 11 the measured forming pressure curves and cylinder dis-
placement curves for Case 1–3 are shown. The actual physical bursting of the
formed tube is indicated in the figures by the pressure falling to zero at a cer-
tain point in time. The calculated failure by FE simulations is indicated on
the time scale with vertical solid lines for failure criterion calibrated with Swift
(S) and Hill (H) analytical FLC:s respectively. The discrepancy in failure time
is small, when comparing simulations in each case. All indicated failure times
are rounded to two decimals in the figures.

Failure time indicated by simulations (both S and H) in Case 2 and Case 3
were closer to the actual tube bursting failure, compared to Case 1. In Case 1
the highest forming pressure was used, as can be seen in Fig.9. In this case the
feeding cylinder displacement was almost linearly increasing (constant velocity)
during pressure build up. In the other two cases there were a fairly rapid
increase in feeding during pressure increase.

Figure 12 shows the measured and calculated cylinder forces for Case 1–3.
In the experimental tool there were two feeding cylinders and the plotted curve
is the mean value of measured forces. The failure times for the experiments;
that is, when the forming pressure dropped, are superimposed on the curves.
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Figure 8: Strain path and limit strain for first element in Case 1-3 to reach I ≥ 1
calculated by the ductile failure criterion.

Time for first element in the simulations to indicate failure, calculated with the
ductile failure criterion is also superimposed on the curves, where (S) and (H)
mean calibration with Swift and Hill analytical FLC:s, respectively.

The cylinder forces calculated in simulations are in fairly good agreement
with measured forces. In Case 2 and Case 3 the calculated force is slightly
overestimated compared to measured force. In Case 1, the calculated force
starts to drop before the measured force, at approximately 3.2 s.

7 Discussion and conclusions
An experimental set up was used in an attempt to confirm the assumption that
Oyane’s ductile fracture criterion can be used as an early indicator of failure
in simulations of the FH process. In the experiments, handling time from
furnace to forming tool was kept approximately constant in all tests, although
minor differences might have been present due to the manual handling of the
blank. Three different sets of loading curves (forming pressure and cylinder
displacement as a function of time) were used, Case 1–3. The intention was
to generate different loading paths, with reference to major and minor strain,
in the formed part. However, the experimental process itself was limiting the
choice of loading curves and although the three sets of curves were different,
the resulting loading paths (as indicated in performed forming simulations, see
Fig.8) differed only slightly.

In Case 2 and Case 3 experiments the actual bursting of the tube occurred
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Figure 9: Measured air pressure and cylinder displacement in Case
1. Time for first element to indicate failure in simulations, cal-
culated by ductile failure criterion, is superimposed.
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Figure 10: Measured air pressure and cylinder displacement in
Case 2. Time for first element to indicate failure in simulations,
calculated by ductile failure criterion, is superimposed.
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Figure 11: Measured air pressure and cylinder displacement in Case 3. Time for first
element to indicate failure in simulations, calculated by ductile failure criterion, is
superimposed.

close to the laser welded seam, but always in the maximum expanded area of
the bulb. In Case 1 on the other hand, the bursting occurred further away
from the weld line after severe thinning in the material, but also here in the
maximum expanded area of the bulb. See Fig. 6 for an example of a formed
part ruptured close to the weld line.

In Case 2 and 3 it is likely that geometric imperfections, such as slightly
thinner material, due to the welding caused failure close to the weld line. It is
also possible that the mechanical properties of the material differs in the heat
affected zone (HAZ) close to the weld compared to other parts of the blank,
despite the heating of the tube. Failure close to the weld line agrees with re-
sults obtained by Kim et al. [13], even though the present experiments were
conducted with a much higher blank temperature. It could then be argued
that it is the weld strength that determines the actual material strength, but
as this work focuses on indication of pre-bursting failure by numerical simula-
tions, taking into account the onset of necking (thinning of the material), the
experiments are treated as valid.

With respect to calculated failure times superimposed on the curves for
measured air pressure and displacement (Fig.9 to Fig.11), results show that an
early indication of failure is possible to obtain with the presented method. In
Case 1 the difference between predicted and experimentally indicated failure
time was larger than in Case 2 and Case 3. This is probably due to the fact
that the formed part ruptured further away from the weld line; thus, the tube
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Figure 12: Measured and calculated cylinder forces for Case 1-3. Time of first
element to indicate failure in simulations, calculated by ductile failure criterion, is
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withstood more severe thinning before bursting. In Case 3 the discrepancy
between failure times for simulation with Swift and Hill calibrated failure cri-
terion is smaller than in the other two cases. This is due to the calibration
of the Oyane ductile fracture (failure) criterion. With the approximation of a
linear forming limit between chosen β-values in the FLC:s used for calibration
and with the strain path followed for the failing element (see Fig. 8 (c)), the
failing times almost coincided in the two simulations.

Measured and calculated cylinder forces, according to Fig. 12, are in good
agreement. In all cases there are a slight discrepancy in starting time, when the
force starts to increase, between measurements and calculation. This is due to
difficulties to deduce exactly from measurements when the tubular blank are
fully sealed and to transfer that point to the discretised simulation model. In
Case 2 and Case 3 the calculated forces are slightly overestimated. For Case 2
the calculated force coincides with the measured force again at approximately
3.5 s, at the time when the cylinder displacement increases according to Fig.10.
In general for these two cases, it appears the simulation model cannot capture
exactly the increased self-feeding of material from tube ends when the pressure
increases rapidly. This is also probably the cause of the drop in calculated force
in Case 1 and again, near calculated failure time, in Case 2 and 3. A possible
explanation could be that the conditions of friction in the experiments change
when the pressure increases and the bulge expands; that is, the friction is
underestimated in the simulation models for the latter part of the experiments.

Analytically constructed forming limit curves based on Swift´s diffuse neck-
ing criterion for tubes and Hill’s localised necking criterion are well known in
the literature. However, the construction of several FLC:s for different temper-
atures has not been found in the literature. The choice of a modified saturation
law for description of the stress-strain relationship for the boron steel mate-
rial was based on the experimental stress-strain curves at hand. The choice of
this function also yielded the non linear shape of the FLC:s in the quadrant
of negative minor and positive major strain, as is evident in Fig. 2 and Fig.
3. This is in contrast to the use of a power law function, which is common
in sheet metal forming theory, which would have given a linear shape of the
FLC:s in the same quadrant. A prerequisite to use strain-based FLC:s is that
the strain path during deformation can be approximated as linear. In Fig.8 it
can be noted that in Case 1 the largest deviation from a linear approximation is
present. The hoop-strain increases more rapidly than in Case 2 and 3 when the
bulge is expanding. Hence, the deformation in the element is changing towards
plain strain.

Estimation of material constants for the Oyane fracture (failure) criterion
involved an approximation of linearity between chosen ratios of principal strain
from the analytical FLC:s. Because of that, the failure limit used in the FE
simulations were slightly different than the limits described by the curves in
Fig. 2 and Fig. 3. However, the simplicity to use the chosen criterion in the
simulation models to get a direct indication of failure motivates the approxi-
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mation. The use of the theories of diffuse and localised necking in this work
limits the use of the failure criterion to paths of deformation with negative
minor strain in the formed parts.

To increase the accuracy of the forming simulations and gain more insight
in the forming process further experiments should be made. If the displacement
of the feeding cylinders were stopped when bursting occurs, that is, the forming
process is interrupted directly after failure, the the thinning of the part could
be measured and compared to simulations. Also, the complex and changing
state of friction in the forming process, involving relatively high pressure and
temperature, needs more investigation.

Finally, it can be concluded: the ductile fracture criterion proposed by
Oyane can be used as failure indicator in thermomechanical FE simulations
of the formblowing and hardening process; and it is possible to calibrate the
chosen criterion by using analytical FLC:s derived from experimental stress-
strain curves for the steel grade in question.
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