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Summarv 

Summary 

Arch structures are very sensitive to changes in the distribution of the load because they are 
designed to carry mainly compressive internal forces for a certain applied load. A slight 
change of the load distribution may imply internal forces for which the arch is not designed to 
withstand. This happened to the Nordic Hall in Sundsvall, Sweden during the winter 1993-
1994. The hall was close to a collapse because of an extremely non-uniform distribution of 
the snow load, caused by a few days of strong wind. The glulam arches in the Nordic Hall are 
manufactured in 4 parts which are rigidly connected by nailed steel plates. Because of the 
non-uniform snow load splitting failures occurred in the timber close to the steel plates at the 
apex splice of two of the arches. In the same way as arches are sensitive to changes in the load 
distribution they are also sensitive to changes in their shape. A little change in the shape may 
also give rise to bending moments and shear forces which the arch may not withstand. These 
characteristic properties for arch structures give rise to two main questions which are 
addressed in this thesis: 

1. Is the reliability sufficient and as expected if common deterministic methods are used when 
designing arch structures, without taking into consideration the large influence of the 

uncertainties in the distribution of the load? 

2. How is the arch to be designed to best utilise the timber material with a prescribed 
reliability? 

The first question is a reliability problem and the other an optimisation problem. Together 
they wil l lead to a reliability-based optimisation problem. This thesis can be divided into three 
parts concerning glulam arches; reliability, strength of splices and reliability-based 
optimisation. 
The reliability has been analysed by calculation of the reliability indices for different failure 
modes. The method used to calculate the reliability index is based on the linear regression of 
the basic variables on a linearised safety margin. The influence of the assumed statistical 
distributions of the basic variables on the reliability index has been studied. 
No method is provided in existing codes to calculate the splitting resistance of this type of 
splices used for the arches in the Nordic Hall. A number of splices have been tested and a 
method based on linear elastic fracture mechanics to calculate the resistance has been 
proposed in this thesis. Good agreement was reached between the test results and the 
predictions of the model. 
A method for reliability-based optimisation of glulam arches has been developed. An 
optimisation routine in a commercial software package has been used for the optimisation and 
requirements on safety indices have been set as constraints. The above mentioned method, 
based on the linear regression of the basic variables on a linearised safety margin, has been 
used to calculate the reliability index and this method has been connected to the optimisation 
program. 
The calculated values of the reliability indices are strongly dependent on which statistical 
functions have been assumed for the basic variables. The influence of a basic variable on the 
reliability index is different for different failure modes. The efficiency of using optimisation 
methods when designing arch structures was clearly demonstrated. However, also here the 
result was strongly dependent on the type of statistical distributions chosen for the basic 
variables. 
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Sammanfattning 

Sammanfattning 

Bågkonstruktioner är mycket känsliga for förändringar av lastens fördelning eftersom de är 
konstruerade för att i huvudsak uppta tryckkrafter för en viss yttre last. En liten förändring av 
lastens fördelning kan ge upphov till snittkrafter för vilka bågen ej är dimensionerad. Detta 
inträffade för Nordichallen i Sundsvall vintern 1993-94. Denna hall var då nära kollaps p.g.a. 
en extremt ojämn fördelning av snölasten orsakad av några dagars hård vind. Limträbågarna 
ti l l Nordichallen är tillverkade i fyra delar, vilka är skarvade med förband bestående av 
hålplåtar och ankarspik. P.g.a. den ojämna snölasten uppstod spjälkningsbrott i virket intill 
skarvförbanden i hjässan for två av bågarna. På samma sätt som bågar är känsliga för 
förändringar av lastens fördelning är de också känsliga för förändringar av formen. En liten 
förändring av bågens form ger också upphov ti l l snittkrafter i form av böjande moment och 
tvärkrafter för vilka den kanske ej är dimensionerad. Dessa karakteristiska egenskaper för 
bågkonstruktioner ger upphov ti l l två frågor som denna avhandling försöker besvara: 

1. Ar säkerheten för en båge tillräcklig och som förväntat om man använder konventionella 
deterministiska metoder vid dimensioneringen, utan att ta hänsyn till den stora inverkan 

som osäkerheter i lastens placering och fördelning har? 

2. Hur skall bågen vara utformad för att trämaterialet skall nyttjas på bästa sätt vid ett givet 
krav på säkerhet? 

Den första frågan är ett säkerhetsproblem, vilket kan analyseras med sannolikhetsteoretiska 
metoder och den andra frågan är ett optimeringsproblem. Tillsammans bildar de ett 
tillförlitlighetsbaserat optimeringsproblem. Denna avhandling omfattar i huvudsak tre delar, 
säkerhet hos limträbågar, skarvning av limträ med spikningsplåtförband samt tillförlitlighets-
baserad optimering av limträbågar. 
Säkerheten för limträbågar har analyserats genom att säkerhetsindex beräknats för olika 
möjliga brottmoder. Säkerhetsindex har beräknats med en metod som baseras på linjär 
regression av de primära variablerna på en linjäriserad brottyta. Inverkan på säkerhetsindex av 
olika statistiska fördelningar för de primära variablerna har studerats. 
För den brottmod som inträffade för Nordichallen, nämligen spjälkningsbrott i virket intill 
spikningsplåtarna, finns inga beräkningsanvisningar i gällande normer. Försök har utförts för 
limträskarvar med spikningsplåtförband för att bestämma bärförmågan for denna typ av 
förband och ett förslag t i l l beräkningsmodell har utvecklats, vilket bygger på linjärelastisk 
brottmekanik. Den föreslagna beräkningsmodellen för skarvförbanden visade god 
överensstämmelse med försöksresultaten. 
En metod för säkerhetsbaserad optimering av limträbågar har utvecklats. För optimeringen 
har en standardrutin från kommersiell programvara använts, varvid krav på säkerhetsindex har 
ställts som bivillkor. Säkerhetsindex har beräknats med den ovan nämnda metoden som 
baseras på linjär regression av de primära variablerna på en linjäriserad brottyta och denna 
metod har kopplats ihop med optimeringsprogrammet. 
Säkerhetsberäkningarna visade att det beräknade värdet på säkerhetsindex är starkt beroende 
av vilka statistiska fördelningar som antagits gälla för de primära variablerna. Beräkningarna 
visade också att de olika primära variablerna har olika stor inverkan på säkerhetsindex för 
olika brottmoder. Optimeringsberäkningarna visade att användning av sådana metoder ger ett 
betydligt effektivare nyttjande av trämaterialet. Även här var resultatet starkt beroende av 
vilka statistiska fördelningar som antagits för de primära variablerna. 
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1 Introduction 

1 Introduction 

1.1 Background 

The Nordic Hall is a building intended for exhibitions, congresses, concerts, soccer, and other 
sports events. The hall is situated in Sundsvall on Sweden's eastern coast, at approximately 
62.5° N. It has an open floor area of 11,000 m 2 and accommodates up to 10,000 visitors. 
During the winter season a soccer pitch of international standard, 108x65 m 2, is housed in the 
hall. The structural system for this hall consists of two-hinged arches with a theoretical span 
of 89.64 m and an apex height of 17.50 m, see fig. 1.1. The arches are composed of glulam 
beams. The cross section is a hollow section with a total width of 495 mm and a total depth of 
1,800 mm. Each web has a width of 140 mm and each flange a thickness of 180 mm, see 
fig. 1.1. 

180 i 

140 

Figure 1.1 Elevation of and cross section through an arch. 
: 49. 

180 
140 

1800 

Each arch is composed of four nearly equal parts, which are rigidly connected to each other 
by nailed steel plates at the apex and at the quarter points of the arch. Drawings of the arches 
and the splices are shown in Appendix A. A photo of the erecting of the arches is shown in 
fig. 1.2. 

Figure 1.2 Photo of the erecting of the arches to the Nordic Hall. 
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1 Introduction 

The Nordic Hall was designed in accordance with the Swedish code NR [1989], valid prior to 
1994. In this code arches were to be designed for two different load cases: one with a uniform 
distribution and one with a non-uniform triangular distribution of the snow load, see fig. 1.3. 

Figure 1.3. Snow-load cases for arches as specified in the Swedish code NR [1989]. Load 
values in kN/m2 including loadfactors Jq = 1.3. 

In the winter of 1993-94 a large quantity of snow fell in the northern half of Sweden's east 
coastal region. A few days of strong winds redistributed the snow to an excessively non
uniform distribution, not foreseen in the code. This, in turn, implied large internal forces in 
the timber arches and the building was very close to collapsing. Very large cracks, about 200 
mm wide and more than 10 meters long, appeared at the apex splice, close to the steel plates, 
see fig. 1.4. 

• 
***** 

I, ''' 

• w s Ä ^ * > -~ 

- mm- 

..• • • 
sat. 

Figure 1.4 Splitting failure at the apex splices. Photo by Walldin [1994]. 
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1 Introduction 

The snow load was measured at the time and the values are shown in fig. 1.5. The extremely 
non-uniform snow load gave large bending moments and shear forces at the joints, which was 
unfavourable. The total snow load was approximately equal to the total design load. 

5.50 
4.60 I  

3.70 I 
2.30 

0.83 0.65 0.65 0.65 I 

i : d  

Figure 1.5 Measured snow load at the time of the failure in the winter of1993-94 (KN/m2). 

This situation and the ensuing damage gave rise to some essential questions about safety 
philosophy and the reliability of arch structures, which are described below. 

1.2 Objectives and Limitations 

Arch structures wil l always be very sensitive to changes in the distribution of the loads 
because their shape is designed to carry mainly compressive forces in relation to a certain load 
distribution. A slight redistribution of the load wil l give rise to internal bending moments and 
shear forces that the arch may not be designed to withstand. This was very clearly 
demonstrated by the arches in the Nordic Hall, as described in 1.1. In normal/standard design 
codes deterministic strength and load values are used, and the snow load has been allocated 
fixed locations. The first question is: 

Is the reliability sufficient and as expected if common deterministic methods are used when 
designing arch structures, without taking into consideration the large influence of the 
uncertainties in the distribution of the load? 

This leads to a reliability problem, which can be examined by applying reliability analysis 
methods and taking into consideration the uncertainties of load and strength values and of the 
snow load distribution. 

In the same way as an arch is sensitive to the load location, it is also sensitive to changes in 
shape, because a small change in the shape of the arch wil l give rise to bending moments and 
shear forces as well. The other question is: 

How is the arch to be designed to best utilise the timber with a prescribed reliability? 

This is an optimisation problem. These two main questions, which are treated in this thesis, 
are summarised in fig. 1.6 and together they lead to a reliability-based optimisation problem. 

3 



1 Introduction 

Is the reliability as 
expected when using 
deterministic methods? 

Is the reliability as 
expected when using 
deterministic methods? 

Reliability 
Problem 

Is the reliability as 
expected when using 
deterministic methods? 

Reliability 
Problem 

Is the reliability as 
expected when using 
deterministic methods? 

How is the arch to be 
designed to best utilise 
the timber material? 

Optimisation 
Problem 

How is the arch to be 
designed to best utilise 
the timber material? 

Optimisation 
Problem 

How is the arch to be 
designed to best utilise 
the timber material? 

Reliability-Based 
Optimisation 

Figure 1.6 Problem formulation. 

The failure mode which occurred in the arches of the Nordic Hall was the splitting of the 
wood close to the steel plates at the apex joints. In existing codes there are no hints and 
directives for calculating the resistance with respect to this failure mode. Therefore, one goal 
with this thesis has been to establish a model for calculating the bending moment and shear 
resistances of timber beam splices consisting of nailed steel plate connections with respect to 
splitting failure. In order to realise this, a number of beam splices were tested and the 
appearance of fracture was studied and the resistances were measured. The objectives of this 
thesis can be summarised as: 

• To calculate the probability offailure of spliced glulam timber arches with regard to 
different failure modes and to study the influence of different parameters on their 
structural reliability. 

• To study the influence of different types of statistical distributions of the basic 
variables on the calculated probability of failure. 

• To develop a model for reliability-based optimisation of glulam timber arches by 
combining a standard optimisation routine with modern matrix methods for 
calculating the reliability index. 

• To study the failure appearance and measure the resistance of timber beam splices 
consisting of nailed steel plate connections which are subjected to bending moments 
and shear. 

• To develop a model for calculating the resistance of these type of splices. 
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The following limitations have been made: 

• Only failure modes regarding the timber have been considered. Failure in the steel 
plates or the nails have not been considered in the analyses. 

• All failure modes have not been analysed in detail. In the case of failure caused by 
tensile stresses perpendicular to the grain due to changes in the slope of the arch, the 
reliability index has been calculated in accordance with available advice and 
directives to calculate these stresses without analysing the background to the rules. 

• All uncertainties, e.g. model uncertainties, have not been regarded when calculating 
the reliability indices. 

• All effects which have an influence on the resistance values and on the calculated 
reliability have not been analysed in detail. As an example, the long-term effect on 
the modulus of elasticity has not been considered because of a lack of statistical 
data. 

In order to analyse the reliability of glulam timber arches and to demonstrate the efficiency of 
optimisation methods, the arches of the Nordic Hall have been used as case study throughout 
this thesis. 
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2 Previous Work 

This chapter comprises a short survey of previous work in the fields touched on in this thesis; 
fracture mechanic of wood, mainly mode 1, tension perpendicular to grain; reliability of 
structures, especially timber structures; and reliability-based optimisation. The review is not 
intended to be complete but covers mainly works containing methods or results used in this 
thesis. 

Fracture mechanics of wood 

In the conventional design of timber structures some type of stress criterion is used. However, 
this approach is not suitable at sharp notches or at the root of a crack where the stress will be 
singular when linear elastic theory is used, which means that the calculated stress value 
approaches infinity even when small loads are applied. The unsuitability of such a method is 
obvious for the splitting of timber structures because the tensile strength perpendicular to 
grain is very low and the risk of cracks in the grain direction is large. The structural 
performance during fracture and the propagation of a crack cannot be analysed with 
conventional methods based on stress criteria. Instead methods based on fracture mechanics 
have to be used and research about such methods applied on timber structures is needed. 

Much research into fracture mechanics methods concerning wood and timber structures was 
performed in the years around 1990 and some of the reports are presented briefly below. 
Several of them have been presented at CIB-W18 meetings. Quite a lot of research on the 
strength of end-notched beams has been performed at the Lund Institute of Technology and a 
report was presented by Gustafsson [1988]. A more comprehensive report in Swedish was 
presented by Gustafsson and Enquist [1988]. In the reports a review is given of regulations 
and the rules in when existing codes. There is also a review of results from tests described in 
earlier literature. In the research project described in these reports tests of a number of end-
notched beams were performed and relevant material properties were measured, including the 
fracture energy of wood in tension perpendicular to the grain. A model, based on fracture 
mechanics, for the strength of end-notched beams was developed and the results from the 
tests were in good agreement with the model. One conclusion based on the model and verified 
by the tests was that the decisive material parameters for the resistance are stiffness values in 
the form of the modulus of elasticity and the shear modulus, and the fracture energy in tension 
perpendicular to the grain. The tensile strength perpendicular to grain is on the other hand of 
less importance. A significant size-effect was obtained in the tests, which is also predicted by 
the model. 

In the model proposed by Gustafsson the influence of the length of the fracture region was not 
considered. A proposal for a design model for end-notched beams was presented by Larsen 
and Gustafsson [1989], where the influence of the length of the fracture region was also 
considered. This influence is more pronounced i f the length of the notch is small compared 
with the depth of the beam. 

A design method for beams with cracks, notches and holes was presented by Rilpola [1990]. 
In this report a failure criterion for mixed modes, mode I and mode n, was established and the 
criterion was based on stress intensities and fracture toughness. 
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A state-of-the-art report on design using fracture mechanics including recommendations about 
further research was presented by Ranta-Maunus [1990]. At the same CIB-W18 meeting van 
der Put [1990] presented a report in which a fracture mechanics method was applied to joints 
where the timber was loaded in tension perpendicular to grain. 

One of the most important material parameters when using fracture mechanics methods is the 
fracture energy. In a report by Larsen and Gustafsson [1990] results from different tests of the 
fracture energy in tension perpendicular to grain are presented. The results are from a joint 
project in which a number of CIB-W18A members were to determine the fracture energy for a 
variety of timber species with the purposes of evaluating the test method and to determine the 
fracture energy and its variation with density, moisture content, etc. The tests concern 
European softwoods. The conclusion reached was that the fracture energy increases linearly 
with the density. There was not enough data to indicate whether the fracture energy is 
dependent on the moisture content. A marked depth effect was found from these tests. The 
influence of the moisture content on the fracture energy has been studied in tests by Rug and 
Schöne [1990]. They found a decrease in the fracture energy with increasing moisture content 
for a moisture content up to 18%. The decrease was more pronounced at the 5%-fractile level 
than at the mean value level. 

The strength of end-notched beams has also been studied in a report by Riberholt et al. 
[1992]. In the report there is a description of test methods to estimate the shear resistance of 
end-notched beams. The fracture energy values for mode I and mode I I have also been 
determined and all material parameters, required to calculate the shear resistance by using 
fracture mechanics methods, are presented. It was also found that the shear resistance is 
overestimated in the model previously proposed by Gustafsson [1988]. This is also the case in 
a finite element model used in the report, which is based on non-linear fracture mechanics. 
However, these two methods give a reasonable agreement between measured and calculated 
shear resistances. 

A RILEM state-of-the-art report on application of fracture mechanics to timber structures was 
presented by Valentin et al. [1991]. The report includes different fracture mechanics model, 
fracture properties of wood, and application of fracture mechanics to wooden structures. The 
two last chapters on design by fracture mechanics and recommendations were also presented 
in the previously mentioned report by Ranta-Maunus. The report ends with a review over 
literature on fracture mechanics with regard to wood and timber structures. 

Much of the work about fracture mechanics for timber structures in the years around 1990 
concentrated on end-notched beams. In the years around 1995 the research also focused on 
other types of stress concentrations such as those for beams with holes. A report about the 
design of timber beams with holes using fracture mechanics was presented by Aicher, 
Schmidt and Branold [1995]. In this report results from finite element analyses are compared 
with test results and a proposal for the reinforcement of holes with plywood sheets was also 
given. 

Other methods, not based on linear elastic fracture mechanics, have also been presented, see 
e.g. Daudeville, Yasumura and Lanvin [1995], who presented a method based on a damage 
mechanics approach for the fracture analysis of wood. In this model the decrease of stiffness 
is used as a damage indicator. 
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Fracture design analysis of wooden beams with holes and notches using finite element 
analysis based on energy release rate is presented in Petersson [1995]. In this report the 
influence of the length of an initial crack has been studied. Six different types of notches and 
holes were analysed for two different beam dimensions for each type. The analyses were 
performed considering partly only mode I , tension perpendicular to grain, and partly mixed 
modes I + I I , tension perpendicular to grain and shear. The influence of mode n seemed to be 
modest in all cases studied. A dependency of the resistance on the initial crack length as well 
as a size effect was shown to exist. The results from these calculations have also been 
presented in a report by Gustafsson, Petersson and Stefansson [1996]. In this report it is stated 
that for making a prediction of the resistance of a body that has no pre-existing sharp crack, 
the conventional linear elastic fracture mechanics is not sufficient. Three methods to predict 
the resistance are described in the report. In the first method it is assumed to be an initial 
crack, the length of which is estimated on sound engineering judgements based on the risk of 
drying cracks, etc. The two other methods are referred to as the "initial crack method" and the 
"mean stress method" and they can be derived from a mixed-mode criterion combined with a 
stress criterion. In the "initial crack method" the resistance is calculated for a fictitious crack, 
the length of which is derived theoretically in the report. In the "mean stress method" a stress 
criterion is used for the mean stress calculated on a certain distance which is also derived in 
the report. The "initial crack method" and the "mean stress method" were also used in a report 
by Morris, Gustafsson and Serrano [1995] where the shear strength of light-weight I-shaped 
beams, with web made of a board material and with flanges made of solid wood, was studied. 

A review of fracture mechanics in timber engineering concerning methods and their 
applications was presented by Gustafsson and Serrano [1999]. 

The method presented by Gustafsson in several of the reports is also the background to the 
method provided in Eurocode 5 to predict the shear resistance of end-notched beams. This is 
described in Gustafsson [1995]. 

Reliability of Timber Structures 

The work of preparing International Standards is normally carried out through ISO (the 
International Organisation for Standardisation) technical committees. ISO 2394 [1998] is 
intended to serve as a basis for committees responsible for preparing International Standards 
or national codes dealing with load-bearing structures. The CEN (European Committee for 
Standardisation) Technical Committee CEN/TC250 is responsible for the standardisation of 
Structural Eurocodes. Most of the codes present today are based on the concept of limit states 
and that the fulfilment of the requirements shall be verified by the Partial Factor Method, see 
JCSS [1996]. In this method, design values of material properties and actions on the structure 
are calculated by multiplying characteristic values by partial safety factors. The partial safety 
factors are calibrated on a probabilistic background to achieve a certain level of reliability, see 
for example NKB [1996]. However, when using codes based on the Partial Factor Method the 
desired level of reliability is achieved only under the same conditions with respect to different 
types of loads, etc., as was used when the factors were calibrated. In reality the failure 
probabilities obtained can show a fairly wide scatter. To achieve a more uniform reliability of 
different structures, probabilistic methods can be used directly when designing the structures. 
A lot of interest has been shown in and research work performed on the reliability-based 
design of timber structures in the last decade. 
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When a limit state code was published in Canada in 1984, it was found that the background 
work concerning partial coefficients of wood was not sufficient. This resulted in a three-year 
research project started in the Civil Engineering Department of the University of British 
Columbia. The result of this project was presented in a book titled "Reliability-Based Design 
of Wood Structures" by Foschi, Folz and Yau [1989]. The main objective of the work was to 
systematically study the reliability of wood structures, using new developments from testing 
programs, and a better understanding of long-term behaviour, which could then be used as a 
background to the new issue of the code. In the report results from analyses of a number of 
different structural elements were presented and reliability analysis methods provided. A 
damage accumulation model taking into account duration of load effects was also presented in 
the report. A background to the limit state design code in Canada published in 1989 is also 
given in Foschi, Folz and Yau [1993]. 

In 1991 the NATO Advanced Research Group held an international workshop in Florence on 
Reliability-Based Design of Engineered Wood Structures, see Bodig [1992]. Some 
conclusions from this workshop were that special focus needed to be given to the long-term 
reliability of timber structures and that material characterisation was a critical component 
when using reliability methods. Therefore, there was a need for the harmonisation of test 
methods concerning material properties. 

Until recent times reliability methods have mostly been used to calibrate partial coefficients 
and not in the daily structural design work. It is then important that the calibration is 
performed in a proper way giving timber the same level of safety as for other structural 
materials. During recent years the level of reliability and the calibration of partial coefficients 
concerning timber structures have been subject to research and discussion in Sweden as well 
as in the rest of Europe. The safety factors of different structural materials have been 
compared in studies in Denmark, see Dalsgaard-Sörensen [1997], and in the Nordic countries, 
see SAKO [1999]. In 1997 the National Board of Housing, Building and Planning in Sweden 
presented a proposal to design regulations which would imply increasing requirements on the 
safety level of timber structures. The proposal was based on a report on the calibration of 
partial coefficients for timber structures, se Albrektsson [1996]. This proposal implied that a 
research project should be started in Lund about the reliability of timber structures, which has 
been reported in Thelandersson et al. [1999]. This project included analyses of proper partial 
coefficients for wood and the calibration of the reduction factor for duration of load and 
climate class. Some conclusions in the report are that the material partial coefficients in the 
present Swedish code, BKR 1999 [1998], are appropriate and need not to be changed, and that 
the reduction factor due to duration of load and climate class can be harmonised with 
Eurocode 5, which is a simplification of the Swedish code. The report also contains a 
probabilistic calculation of the reduction factor for load duration for snow load. The method 
used and results are also presented in a paper by Svensson, Thelandersson and Larsen [1999]. 
The determination of partial coefficients and modification factors has also been studied in 
Denmark, see Larsen, Svensson and Thelandersson [1999]. 
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When using reliability methods, the calculated probability of failure is dependent on which 
statistical distributions have been assumed for the basic variables, e.g. loads, material 
parameters, etc. The influence of the assumed statistical distributions on the calculated 
probability of failure is analysed in a report by Svensson and Thelandersson [2000]. To obtain 
reliability methods usable in daily structural design and to get the reliability levels 
comparable between different structures, the statistical distribution functions of loads, 
strengths, etc. must be prescribed in codes. The job of writing an operational Probabilistic 
Model Code is in progress under the Joint Committee on Structural Safety (JCSS). A part of 
the code concerning loads has been published, see JCSS Probabilistic Model Code, Part 2, 
Load Models [1999]. Statistical models for the materials are also needed. A characteristic of 
timber structures is the dependence of the strength values on the duration of the load. A 
probabilistic resistance model for bending in timber based on damage accumulation is 
discussed in Larsen, Thelandersson and Isaksson [1996]. 

Statistical models for the strength of timber structures are usually established with respect to 
the variability between timber elements. However, timber also exhibits a great variability in 
the strength parameters within the elements. In recent times models of this variation have 
been studied and proposed, see e.g. Ditlevsen and Källsner [1998], Czmoch [1998] and 
Isaksson [1999]. These models are based on statistical descriptions of weak sections in the 
timber elements. Such a model has been used to analyse the system reliability of timber 
trusses, see Hansson and Thelandersson [1999]. 

When probabilistic methods are used in structural design the calculation process is usually by 
trial and error. The structure is analysed by some forward reliability method such as FORM 
(see e.g. Thoft-Christensen and Baker [1982]) and the design parameters are interpolated until 
the desired level of reliability is reached. An inverse reliability method where the design 
parameters are more directly determined from the limit state functions and target reliability 
levels was presented in L i and Foschi [1998], see also Foschi and Li [2000]. Then, in a multi-
variable problem, a number of reliability-related or geometrical constraints equal to the 
number of design variables were a necessary, but not sufficient, condition for a unique 
solution of the design variables. 

Reliability-Based Optimisation 

The mathematical background to optimisation methods can be traced back to the great 
mathematicians Newton, Lagrange and Cauchy. The use of optimisation techniques in 
engineering problems has increased rapidly during the past decades as numerical methods and 
computer programmes have been developed. Classical mathematical programming techniques 
to solve optimisation problems are described in several books, see e.g. Arora [1989], Haftka 
and Gürdal [1992], Rau [1996]. The historical development of optimisation methods is 
summarised in Rau, in which also more modern methods such as genetic algorithms, 
simulated annealing, neural-network-methods, etc. are briefly described. A probabilistic 
search algorithm for finding optimally directed solutions has been presented by Raphael and 
Smith [2000]. Routines for optimisation are nowadays available in many commercial software 
packages. 
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Traditional design is, as mentioned above, based on a deterministic approach. Sufficient 
safety against failure is obtained by using partial safety factors given in codes, which have 
been calibrated by using probabilistic methods. Probabilistic methods in structural design 
have so far mostly been used for special complex structures, where the common codes are not 
directly applicable, or for the analysis of existing structures exposed to deterioration or new 
purposes not taken into account in the original design. Methods for reliability analysis in 
structural design, such as FORM, SORM, simulation methods, etc., are presented in several 
books, see e.g. Thoft-Christensen and Baker [1982], Ditlevsen and Madsen [1996], and 
Melchers [1999]. During the past 10 years there has been an increasing interest in using 
probabilistic methods and commercial computer programs have been developed for this 
purpose as well; some examples are given by Ditlevsen and Madsen [1996]. 

Both optimisation and reliability-based design are extremely calculation intensive procedures, 
which demand a large computer capacity. When optimisation and reliability-based design 
methods are combined, such as by giving minimum values on the reliability indices as 
constraints in the optimisation problem, the problem will be even more computational 
intensive. However, the very rapid development of computer capacity has increased the 
possibility of solving this type of problem and an increasing interest in research in this area 
has been shown during the past decade. A review of work before 1990, on reliability-based 
structural optimisation is given in Enevoldsen [1991]. Methods and techniques of reliability-
based optimisation are given in a paper by Enevoldsen and Sörensen [1994]. A paper on the 
fundamentals of reliability assessments including reliability-based optimal design was 
presented by Madsen at the NATO Workshop about Reliability-Based Design of Engineered 
Wood Structures, see Bodig [1992]. 

Because of the extensive computer calculations needed for reliability-based optimisation 
problems, a lot of research has been performed recently to develop efficient procedures to 
reduce the computer time. A paper about such techniques has been presented by Grandhi and 
Wang [1998] in which a review is also given over works in this field. In normal structural 
design work the failure modes are analysed one by one and often one failure mode is 
predominant. This then also governs the reliability of the system. When optimisation methods 
are used there is a risk that several failure modes wil l occur with nearly the same probability 
and this wil l then influence the reliability of the system. The total reliability of the structure 
may then be less when using optimisation methods, because today's codes are calibrated such 
that each failure mode has a certain probability to occur (anyway that is the intention). A 
structure with only one likely failure mode wil l then be ten times safer than one with ten 
equally possible failure modes. The first mentioned may be the outcome of a manual, 
traditional design and the latter of an optimised design. Grandhi and Young have reached the 
conclusion that there is an increasing necessity for research into system reliability to develop 
reliability-based optimisation methods usable in the future. 
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3 Structural Reliability 

3.1 Safety Philosophy 

Safety and reliability are essential concepts in structural engineering. Safety in this context 
means the safety of the people inside or in the vicinity of the buildings. The risk of personal 
injury due to failures in or the collapse of the building must be acceptably low. However, the 
risk of failure cannot be totally eliminated and safety cannot be absolute because several types 
of uncertainties wil l occur during the design and construction process. There are, for example, 
physical uncertainties due to the random nature of the loads acting on the structure and 
because of variations in the material strength values. These uncertainties can be described by 
probabilistic density functions for the variables used. Other uncertainties are those arising in 
the models used and uncertainties due to human errors or ignorance. 

How safe is then 'safe enough'? The safety problem can be seen as an optimisation problem, 
where the total cost of the building during its lifetime is to be minimised within certain 
constraints. This problem can then be formulated as, see for example Schneider [1997]. 

minimise CT = CP + CE +CU +CR+^Pft-CFi (3.1) 

subject to constraints as functions of design parameters 

where Cr = total life-cycle time cost 
Cp = cost of planning 
CE = cost of execution 
CM = present value of cost of operation and maintenance 
CR = present value of cost of demolition and restoration to original state 
Pfi = probability of failure no. i 
CFi = present value of cost of failure no. i . 

This formulation cannot be used in the daily practice of design, as the assessment of failure 
probabilities and costs including the value of human life cannot be left to the practising 
engineers. These types of judgement and the estimation of the level of safety or the level of 
the probability of failure for different types of structures are questions for the society as a 
whole. To this end, countries have code writing organisations which formulate rules for the 
actions and material strengths to be used when designing structures. Code writing is the result 
of international co-operation. The International Organisation for Standardisation constitutes a 
basis from which the rules can be formulated for designs relevant to the construction and use 
of all buildings and civil engineering works, whatever the nature or combination of the 
materials used. In the International Standard ISO 2394 [1998] general principles for the 
verification of the reliability of structures subjected to known or foreseeable actions are 
specified. According to this standard, structures should, with appropriate degrees of 
reliability, fulf i l the following performance requirements: 
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a) They shall perform adequately under all expected actions (serviceability limit state 
requirement). 

b) They shall withstand extreme and/or frequently repeated actions occurring during 
their construction and anticipated use (ultimate limit state requirement). 

c) They shall not be damaged by events like flood, land slip, fire, impact or 
consequences of human errors, to an extent disproportionate to the original cause 
(structural integrity requirement). 

These requirements should be met throughout the intended life of the structures. 
To guarantee sufficient reliability in this respect, assurance must be given that the probability 
of failure is less than the levels specified in national or international codes. The methods used 
to verify the reliability of a structure are classified in three levels in accordance with their 
degree of complexity, namely: 

Level I : methods using deterministic values of strength and material parameters, i.e. 
the basic variables are described by single values, which are most often referred 
to as characteristic values, and partial safety factors are used to guarantee 
reliability; 

Level I I : methods using probabilistic distributions, i.e. the basic variables are described 
by two moments, the mean value and variance; 

Level HI: methods using the exact probabilistic joint distributions of the basic variables. 

However, Level I I and Level HI methods are by the European Committee for Standardisation 
(CEN) only accepted for calibration of partial safety factors. 

The basic variables are the parameters relevant to the safety of the structure, which can be 
geometrical quantities, material strengths, and external loads. 

When using Level I I and Level HI methods, the reliability index, which is defined later, is 
usually used as a measure of the probability of failure. In some literature Level IV methods 
are mentioned. These are based directly on the optimisation formulation in eq. (3.1). 

3.2 Design Codes 

A country's requirements for the reliability of structures are stated in national and 
international design regulations and codes. In Europe, the European Committee for 
Standardisation (CEN) draws up common European design regulations, Eurocodes (EC). 
They may, in the long run, replace the corresponding national regulations. In the Background 
Documentation to Eurocode 1, JCSS [1996], structural reliability is defined as: 

The ability in probabilistic terms of a structure or a structural element to fulfil the specified 
requirements for the prevention offailures during a conventional duration. 
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It is noted that reliability is an aspect of quality and that probabilities of failure are conditional 
upon the assumptions of quality control, maintenance and workmanship incorporated in the 
design. The requirement for structural reliability is defined as: 

An expression of the admissible probabilities or levels of structural failures or their 
translation into a set of quantitatively stated requirements for the characteristics of the 
structure to enable its realisation and examination. 

It is also noted that the requirements for structural reliability may involve the prevention of 
hazards, protection against the effects of hazards and the structural performances for given 
conditions for the prevention of hazards and protection against hazards. 

In order to fulf i l these requirements in Eurocode 1 [1994] or in national codes, such as the 
Swedish code BKR 1999 [1998] verification should be given that certain limit states, 
ultimate limit states and serviceability limit states are not exceeded when design values for 
actions, material properties and geometrical data are used in the design models. A limit state 
is defined as a state beyond which the structure no longer satisfies the design performance 
requirements. Ultimate limit states are associated with collapses or other types of structural 
failure and they concern the safety of the structure and its contents and the safety of people. 
Serviceability limit states correspond to conditions beyond which specified service 
requirements are no longer fulfilled and they concern the functioning of the construction, user 
comfort, and the appearance of the structure. Of the performance requirements given in 3.1 
above, b) and c) wil l be verified for ultimate limit states and a) for serviceability limit states. 
Codes differentiate the requirements of the levels of reliability for ultimate limit states and 
serviceability limit states. There may also be a differentiation for different classes of 
structures due to possible consequences of failure in terms of risk to life, of injury, potential 
economic losses and the level of social inconvenience. 

3.3 Partial Safety Factor Method 

In the codes commonly used in structural engineering, for example the Eurocodes, the partial 
factor method is mentioned as a method for the verification of reliability. This method verifies 
that the limit states not are exceeded when design values for actions, material properties and 
geometrical data are used in the design models. 

The ultimate limit state requires verification that the structure has sufficient reliability 
concerning rupture, loss of stability, and failure through excessive deformations. The 
serviceability limit state includes requirements concerning deformations, cracks, vibrations, 
and so on during the normal use of the building. Normally, the structure is designed to fulf i l 
the requirements of the ultimate limit state and the serviceability limit state is subsequently 
checked. 

The partial safety factor method is a Level I method and consequently deterministic values are 
used as design values for loads and material strengths. The design values are determined from 
characteristic values obtained from the stochastic distributions of the variables. The 
characteristic values Sk for loads and load effects are usually determined as the upper 98 
percentile of the yearly maximum and the characteristic values Rk for resistance as the lower 5 
percentile from their statistical distributions respectively, see fig. 3.1. 
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Figure 3.1. Statistical distributions for load effects (S) and resistance (R) (from Larsen 
[1995]. 

The design values are then calculated from the characteristic values. The design values Sd for 
loads and load effects are calculated by multiplying the characteristic value by the partial 
coefficients j$ and the design values Rd for the resistances are given by dividing the 
characteristic values by the partial coefficients yR. The design criterion in the ultimate limit 
states is then given from the codes as: 

Sd<Rd. 
(3.2) 

where Sd is the design value of the effect of actions such as internal force, moment or a vector 
representing several internal forces or moments and Rd is the corresponding design resistance 
expressed in the same quantity. The load effect is usually the result of a combination of 
permanent and variable loads such as self weight of structures for the former, and imposed 
loads, wind loads or snow loads for the latter. These loads are then multiplied by different 
partial coefficients regarding the various uncertainties for different types of loads and by load 
combination factors dependent mainly on the duration of the load. The value of the partial 
safety factor for a load with a small uncertainty is lower than that for a load with larger 
uncertainty. In some national codes the partial safety factor $ for resistance includes a factor 
for the classification of structures into safety classes as a result of the consequences of a 
failure. The partial coefficients given in the codes are calibrated to ensure sufficient safety of 
the structures. The aim of the calibration is to achieve a uniform reliability level within 
different safety classes of structures. The calibration is performed for given or assumed 
statistical distributions for loads and resistances and for a certain ratio between different kinds 
of loads such as permanent and variable loads. Thus the reliability level in the codes is 
guaranteed only i f the assumptions used when calibrating the partial safety factors are 
fulfilled. 

3.4 Probabilistic Methods 

3.4.1 Uncertainties 

The probability of failure for a structure is dependent on the existence of a number of 
uncertainties during the planning and construction of a structure. According to Ditlevsen and 
Madsen [1996], these uncertainties can be classified as physical fluctuations, statistical 
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uncertainties, and model uncertainties. The physical uncertainties are due to the random 
nature of load actions, material strengths and imperfections in geometrical data. These 
fluctuations can be described by probabilistic distributions. For this purpose measurements of 
the physical quantities are needed. Statistical uncertainties are due to limited information 
being gathered from these measurements and can be reduced by collecting more data. Model 
uncertainties are due to the idealisation of the behaviour of the structure and of the actions 
when establishing the mathematical model. In probabilistic methods all these uncertainties 
can be modelled by suitable stochastic distributions. 

Other types of uncertainties are those due to human factors resulting from human involvement 
in the design, construction, and use of the structures. According to Melchers [1999] and 
Schneider [1997], the conclusion drawn from different surveys is that human errors are 
involved in the majority of cases of recorded failure. Human errors can be due to errors of 
judgement, insufficient knowledge, lack of know-how and so on. It is impossible to eliminate 
entirely those risks, because nobody is free from error. The way to reduce these residual risks 
is to apply good quality assurance programs (QA) during the various phases of planning, 
design, construction, use and maintenance of the structures. 

When using Level I methods, such as the partial safety factor method, the partial safety 
factors are given in the codes, and the probability of failure for which they are calibrated is 
then valid for the structure in question only i f the statistical distributions used in the codes are 
accurate. A more accurate estimation of the reliability is guaranteed by using probabilistic 
methods, Level I I methods, where the uncertainty for each variable is taken into account. 
Today, Level I I methods are mostly used for very special structures, e.g. for bridges with very 
large spans (and for calibration of partial coefficients for the common Level I method). As 
computer and software capacity is increasing, there is an increasing use of probabilistic 
methods also for more common types of structures. 

The uncertainty variables (basic variables) which have an influence on the reliability of 
structures are of three types: dimension variables, load variables and strength variables. Of 
these the dimension variables generally have the smallest influence on the probability of 
failure of a structure. That is due to the fact that deviations in the dimension variables are 
normally much smaller than the deviations in the load and strength parameters and hence the 
dimensions are most often treated as deterministic values. The stochastic variables, which are 
mostly used in reliability analysis, are load and material strength values. I f second order 
methods are used in the structural analysis, imperfections have to be considered and in this 
case the statistical variations of the dimension variables are also of interest. 

When the partial safety factor method is used the partial safety factors are calibrated for a 
certain level of safety given in the codes. This calibration is performed for a particular 
problem formulation and with a particular set of loads and model of resistance. When these 
partial safety factors are used for other load combinations and other resistance models it is not 
certain that the level of safety wil l be that intended in the code. Accordingly, the safety level 
is not invariant with respect to the problem formulation, while the opposite would strongly be 
desirable. This can be achieved when using Level I I methods, where the stochastic 
distribution for each basic variable is considered. The safety measure which is used for this 
purpose is the reliability or safety index which is denoted as ß. 
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3.4.2 Reliability index 

The load effect S on a stractural element is assumed to be described by a probability density 
function fs(s) dependent on the basic load variables s, and the resistance R is described by 
the probability density function fR(r) dependent on the resistance variables r. The load effect 
may be the bending moment or the shear force for a beam and is calculated by structural 
analysis. The safety margin M may be defined as, see Thoft-Christensen and Baker [1982] or 
Melchers [1999]: 

Failure wil l occur i f M < 0 , and for M > 0 the structure is safe. M = 0 corresponds to the 
limit state. Thus the probability of failure can be written as: 

I f for simplicity R and S are assumed to be dependent on only one variable each, r and s 
respectively, the joint density function for R and S can be denoted asfRs(r,s). Then fs(s) and 
fR(r) are the marginal density functions for the load effect and the resistance, and the 
probability of failure can be calculated as the volume under the joint distribution surface in 
the failure domain (R < S), see fig. 3.2 

M = R-S (3.3) 

Pf = P(R-S<0) = P(M<0) (3.4) 

Figure 3.2 Two-dimensional joint probability density. (From Schneider [1997]). 

The probability of failure can then be written as 

(3.5) 

I f R and S are statistically independent then fi>s =fiifs and 

(3.6) 
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It can be shown that this is equivalent to, see Melchers [1999] 

Pf = j F R ( x ) f s ( x ) d x (3.7) 

where Fr is the cumulative distribution function 

r 

FR(r)= jfR(x)dx=Pf{R<r)) (3.8) 

I f both R and S have a standard normal distribution and are statistically independent, i.e. 

ReN(mR,oR) 

SGN(ms,crs) 

then M is also normally distributed M e N(mM,aM) 

with mean value mM = mR-ms 

and standard deviation value a u = ->Jo~R +o~. 

mM M 

Figure 3.3 Probabilistic distribution for safety margin M (from Melchers [1999]). 

Failure wil l occur i f M < 0 and the probability of failure is given as, see fig. 3.3. 

o 

Pf = P(M < 0) = f f M ( x ) • dx = 0 ( - ^ ) 

where ø is the Standard Normal Distribution function. 

(3.9) 
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I f the reliability index ß is defined as 

ß = 
m 

o 
(3.10) 

M 

then from (3.9) 

Pf=<t>(-ß) (3.11) 

It can be shown, see e.g. Ditlevsen and Madsen [1996] that the reliability index ß is uniquely 
defined by (3.10) i f the safety margin M is a linear function in the basic variables, i.e. the 
limit state surface is an n-dimensional hyperplane where n is the number of basic variables. 
For non-linear safety margins the reliability index can be defined, in accordance with (3.11), 
as: 

The reliability index ß is used as a degree of safety of a structure and is used as a reliability 
measurement when calibrating the partial safety factors given in the codes. When constraints 
are placed on the reliability index it is important to bear in mind which reference period is 
under consideration. In the Swedish code the reliability index is related to the yearly 
probability of failure, in some other codes it is related to a reference period of 50 years. 

3.4.3 Monte Carlo simulation 

It can be difficult to estimate the reliability index because both R and S are usually non-linear 
in several variables and the integral (3.5) then has no analytical solution. This calculation wil l 
be even more complex for a whole structure; the failure can occur in different parts of the 
structure. It is then impossible to express explicitly the safety margin for the whole structure 
in the basic variables. I f the structure is statically undetermined then, in addition to the loads, 
the internal forces are also dependent on the stiffness of the structure, i.e. the dimensions and 
the Young's modulus, where at least the statistical variation in Young's modulus ought to be 
considered for timber structures. For timber the modulus of elasticity and its bending strength 
are usually strongly correlated. 

A solution is to choose a simulation method using a computer program, the Monte Carlo 
Method for instance. In this method the computer's random-number generator is used to 
assign values to the basic variables with respect to their probabilistic distributions, see fig. 
(3.4). From a uniform distribution a random number r, (0 < ^ < 1) is generated and a value 
Xj is assigned to the basic variable from its cumulative distribution according to 

(3.12) 

(3.13) 
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r. Fx(x) 
Uniformly k 
distributed 
random numbers I 

Figure 3.4. Inverse transform methodfor generation of variables. (From Melchers [1999]). 

A large number of cases, calculated with these assigned values for the variables, are examined 
to determine which cases will lead to failure. The probability of failure can then be written as 

p = ^ W ( 3 1 4 ) 

where n/miure - number of failure cases 
titot = total number of cases 

and the reliability index ß can then be estimated from the definition (3.12). 

The probability of failure for which the partial safety factors in the codes are calibrated are of 
the order 10"4 to 10"6 per year, depending on the type of structure. Therefore, a very large 
number of simulations are required to obtain a trustworthy value of the reliability index and 
the calculations can be very time-consuming. Other numerical methods to calculate the 
reliability index are presented in chapter 8. 

3.4.4 JCSS Probabilistic Code 

When using probabilistic methods the reliability index defined in (3.10) is used as a 
measurement of reliability. However, this reliability index is uniquely defined only for linear 
limit state functions. Only for this bounded type of problem can the reliability index be 
uniquely calculated solely by knowing the first two statistical moments, i.e. mean value and 
variance, for the basic variables. For all other types of problem, the joint distribution density 
functions for the variables must also be known in order to calculate the probability of failure 
and a unique value for ß from (3.12). The partial safety factors in currently used codes, such 
as the Eurocodes, are calibrated according to specified density distribution functions. 
According to NKB [1996] permanent loads may be assumed to be normally distributed, 
whereas the distribution of variable loads must be based on the physical nature of the 
individual loads. Material properties such as strength values and values for the modulus of 
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elasticity are usually assumed to be log-normally distributed. The partial safety factors are 
calibrated for the target reliability given in the codes. This target reliability index can refer 
either to the yearly probability of failure or to the probability of failure during the designed 
working life of the structure. When using probabilistic methods it is important to define the 
time for which the target reliability index refers. 

The reliability index is accordingly sensitive to the type of probabilistic distributions which 
are assigned to the basic variables. The reliability index is especially sensitive to the shape of 
the tails of the distribution curves, because in the limit state the values of the strength 
variables are at the lower tails and the values of the load variables are at the upper tails of the 
probability density curves. This is called the 'tail sensitivity problem'. Therefore the integral 
(3.5) cannot be seen as an absolute measurement of the probability of failure unless /rs is the 
exact multivariate joint distribution function of all basic variables. 

If reliability indices calculated for different structures are to be comparable, the calculations 
must be based on the same assumptions with regard to probabilistic distributions for load and 
strength values of a similar nature. Thus, for probabilistic methods to be usable in engineering 
design, statistical distributions for different types of basic variables and target reliabilities 
must be standardised. This job is being carried out by the Joint Committee on Structural 
Safety (JCSS), which is a committee that co-ordinates and promotes matters within the field 
of safety and reliability for five international associations in Civil Engineering, fib, ECSS, 
IABSE, CIB, and RILEM. The committee is writing the JCSS - Probabilistic Model Code 
which is intended to be an operational Probabilistic Model Code. 
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4 Optimisation 

4.1 Introduction 

In the traditional design process the designer first conceives a design for the structure. The 
structure is then analysed to examine i f the performance is according to the requirements with 
respect to strength and deformations. In the first analysis the result wil l probably be that either 
the structure does not fulf i l the requirements or that the safety margin is unnecessarily large. 
The designer then has to make new assumptions and a new calculation and this procedure can 
be repeated several times, until an acceptable solution is reached. Thus, the design process is a 
procedure of trial and error. The goal is to achieve a structure which fulfils the requirements 
and which is cost effective. In the traditional design procedure the number of trials is limited 
because, even i f computers are used for the analysis, the design assumptions, i.e. the input to 
the program, must be made manually. 

With the use of an optimisation procedure the design process can in some sense be considered 
as an inverse process compared with conventional design. The requirements are as usual first 
stated and then a calculation is made to produce the best design of a structure that fulfils 
these requirements. This calculation is a seeking process where many alternative designs are 
tested and compared. Here the calculation itself is very extensive, even when computers are 
used. With today's rapid evolution of computers and software this technique will be 
increasingly viable in the future, even for conventional structures. The optimisation procedure 
is briefly described below. 

Optimisation can be defined as the act of obtaining the best result under given circumstances, 
see Rao [1996]. In many engineering applications the designer has to make decisions with the 
goal of minimising the required effort or maximising the desired benefit. The effort or benefit 
can usually be expressed as a function of the decision variables. Therefore, optimisation can 
be defined as finding the minimum or the maximum value of a function. I f the maximum 
value of a function f(x) is given for a point x*, then the negative of the function -f(x) has a 
minimum value at the same point x*. Optimisation can then be generalised to mean the 
minimising of a function. I f the goal is to maximise a function the problem can always be 
reversed by seeking the minimum for the negative of the same function. Hence the standard 
formulation for the optimisation problem can be written as 

x 

Find X = which minimises flX) (4.1) 

subject to the constraints 

g , (X)<0 , j = l,2,...,m 

Aj(X) = 0, j = l,2,...,p (4.2) 
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where X is an n-dimensional vector, the design vector, flX) is the objective function, and 
gj(K) and hj{X) are inequality and equality constraints respectively. This problem is called a 
constrained optimisation problem. If the problem has no constraints gj(X) or fy(X), then it is 
known as an unconstrained optimisation problem. The vector X is called the design vector 
and includes the design variables, i.e. variables which are subject to the designer's decisions 
during the design process. In structural design the design variables are usually dimensions and 
other geometric variables. A set of design variables (xj, X2, ...,x„) is said to be a design point 
in the n-dimensional design space. 

The restrictions that must be satisfied for an acceptable design are called design constraints. 
These can be of two different types, behavioural and geometric constraints. The behavioural 
or functional constraints represent the demands on the behaviour or the performance of the 
structure, e.g. design criteria for strength and deformations. The geometric or side constraints 
represent physical limitations on design variables, e.g. restrictions in dimensions due to 
manufacturing and transportation conditions. The set of values for the design vector X that 
satisfy the equation g/(X) = 0 represent an (n-l)-dimensional hypersurface in the n-
dimensional design space and this hypersurface is called a constraint surface. Points in the 
design space for which gy(X) > 0 are said to be unfeasible or unacceptable and points for 
which gj(X) < 0 are said to be feasible or acceptable. I f a point lies exactly on a constraint 
surface, i.e. i f gj(X) = 0, that constraint is said to be an active constraint. Figure 4.1 shows a 
two-dimensional design space where the constraint surfaces are represented by lines. 

Figure 4.1 Two-dimensional design space with constraint surfaces (from Rao [1996]). 

The function that is to be minimised is called the cost or the objective function. The choice of 
objective function is dependent upon the type of problem. In structural engineering the 
objective function is often chosen to be the weight or the total cost including material and 
labour costs. In the future, the total cost for the structure will probably also include the cost of 
environmental effects. The points satisfying flX) = c = constant represent an (n-^-dimen
sional hypersurface in the n-dimensional design space. Figure 4.2 shows a two-dimensional 

Behaviour constraint e = 0 
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design space with constraint surfaces and objective function surfaces represented by curves 
for different values, c, of the objective function. 

*2 

Figure 4.2 Two-dimensional design space with objective function surfaces (from Rao 
[1996]). 

The optimisation problem is to find the optimum point X* giving the lowest value for c and 
at the same time satisfying the constraints. Many methods have been developed for solving 
optimisation problems, see e.g. Arora [1989] and Rao [1996]. These optimum seeking 
methods are also called Mathematical Programming Techniques. 

4.2 Optimisation with Equality Constraints 

An optimisation problem with solely equality constraints can be formulated as 

Minimise f ( X ) 

(4.3) 
subject to hjOQ = 0 j = l,2,...,p 

These types of problems can be solved analytically by introducing the Lagrange function 
defined as 

Z,(X,A.) = / ( X ) + £ v * y ( X ) <4'4) 
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where A, is a vector of Lagrange multipliers Xj, one for each constraint hj.. The necessary 
conditions for the extreme value of L can be written as 

dx, dxt ~[ dXj 
0 i = l,2,...,n (4.5) 

| ^ = A,(X) = 0 J-1.2.....P (4.6) 

This gives an equation system with (n+p) equations with the solution 

and A* 

A ; 

where X is the optimum point in the n-dimensional design space and X is the vector of 
Langrange multipliers. It can be shown, see e.g. Arora [1989] or Rao [1996] that the physical 
meaning of these multipliers is that they represent the sensitivity of the objective function f 
with respect to small changes in the values of the constraints h. 

4.3 Optimisation with Inequality Constraints 

An optimisation problem with inequality constraints can be formulated as 

Minimise f(X) 

(4.7) 
subject to gjO^) - 0 j = 1,2,...,m 

This problem can be transformed to an equality constraint problem by introducing slack 
variables y j 2 so that 

gj(X)+y/=0 j = l,2,..,m (4.8) 

This gives the equality optimisation problem 

Minimise f(X.) 

(4.9) 
subject to Gj(XJ[) = gj(X) + yf = 0 j = 1,2,...,m 

where Y is the vector of slack variables yj. This problem can then be solved by using 
Lagrange multipliers as shown in 4.2. The Lagrange function is written as 
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L(X,Y,X) = f ( X ) + £ x j -G,(X,Y) ( 4 1 0 ) 

The necessary conditions for the extreme value of the Lagrange function can then be written 

^ ( X , V , X ) = | ( X ) + i . , . ^ ( X ) = 0 i = l,2,...,n (4 ,1) 

^ ( X , Y , X ) = G.(X,Y) = g . ( X ) + v y

2 = 0 j = U,...,m (4.12) 

^ ( X , Y , A ) = 2 a j 7 / = 0 7 = 7,2,...,m ( 4 .13) 

This gives (n+2m) equations and the solution comprises the vector of coordinates for the 
optimum point X , the vector of Lagrange multipliers X , and the vector of slack variables 
Y*. It can be shown, see e.g. Arora [1989] or Rao [1996] that the Langrange multipliers X, 
must be nonnegative, i.e. Xj > 0 for active constraints, and that they must be equal to zero, 
i.e. Xj = 0 for inactive constraints. Equation (4.11) can be written as 

V / = -{Å, • Vg, +A2 • V g 2 + . . . + A M • V g J (4.14) 
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Together with the zero condition for inactive constraint the Lagrange multipliers equation 
(4.14) points out that at the optimum point, the gradient of the cost function is a linear 
combination of the gradients of the active constraint functions. The non-negative condition of 
the active constraint multipliers means that the gradient of the cost function and the gradients 
of the active constraint functions point in opposite directions. This means that any further 
reduction in the cost function at the optimum point leads to a movement out of the feasible 
region, see fig. 4.3. Equations (4.11) - (4.13) together with A, > 0 for active constraints and 
Xj = 0 for inactive constraints are called the Kuhn-Tucker conditions and these are necessary 
conditions to be satisfied at a minimum point for the optimisation problem stated in (4.7). 
This point is not necessarily a global minimum but it can be shown (Arora [1989]) that i f the 
optimisation problem is convex then the Kuhn-Tucker conditions also are sufficient 
conditions for a global minimum. 

4.4 Numerical Methods 

4.4.1 Introduction 

The analytical methods described in 4.2 and 4.3 are seldom useful for engineering optimi
sation problems for several reasons. Engineering problems, in most cases, contain a large 
number of design variables and constraints so that the necessary conditions give a large 
number of equations to be solved. The objective function and the constraint functions often 
have a large degree of non-linearity and consequently the problem is difficult to handle 
analytically. A third reason is that in many engineering problems the objective function and 
the constraint functions cannot be expressed explicitly in the design variables, so numerical 
methods such as FEM-analysis must be used to evaluate the objective and constraint 
functions. For these reasons numerical methods are needed for optimisation in engineering 
applications. Although engineering problems are mostly constrained, numerical methods for 
unconstrained optimisation wil l also be described briefly, because these methods provide an 
understanding of optimisation techniques and are also used in methods for solving constrained 
problems. 

4.4.2 Optimisation without constraints 

In numerical methods an iteration process is used by starting with an initial guess x ( 0 ) for the 
optimum point. Using a given search method an improvement of this point is obtained and 
this procedure is repeated until convergence is reached. The iteration process can be described 
as 

X(k+D = x <
k ' + A x ( k ) ' 

where x 0 1 ' is the value of the design point in iteration number k and Ax*' is a small change 
of the design. The objective function flx) is calculated in each step and the iteration process 
is continued until convergence criteria are satisfied. The change in design Ax*' can be 
broken down into two parts, the finding of a suitable search direction and the estimation of the 
step length in this search direction. This can be written as 
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AxW =«<*). d ( k ) C 4 - 1 6 ) 

where d ( k ) is the search direction and dF is the step length in iteration number k. When the 
search direction is chosen the step length or' is obtained by minimising the objective 
function X x < k ) + a ( k ' d ( k ) ) and this is, consequently, a one-dimensional minimising problem for 
the variable cc0c\ The search direction is to be chosen in such a way that the objective function 
/ decreases. The maximum decrease in / is in the negative gradient direction at a point x. 
The method when setting d^ = -Vf(x ( k ) ) is called the steepest descent method, see fig. 4.4. 

x2 

Figure 4.4 The steepest descent method. 

An advantage with the steepest descent method is that only first order derivatives of the 
objective function with respect to the design variables are needed in the numerical 
calculations. A disadvantage is that this method converges slowly because two consecutive 
search directions can be shown to be ortogonal to each other, see Arora [1989]. A faster 
convergence can be achieved i f the search direction is modified. A search direction between 
the steepest descent direction and the search direction in the previous step is chosen, i.e. 

d w = _ v / ( x w ) + ^ ) . d ( - ) ( 4 1 7 ) 

This method is called the conjugate gradient method. For an appropriate choice of the modi
fication factor , see Arora [1989]. 

In both the steepest descent and the conjugate gradient method only first-order derivative 
information of the objective function is used to determine the search direction. A better rate of 
convergence can be achieved i f second-order information is included as in Newton's method. 
Then a second-order Taylor series expansion is performed for the objective function giving 
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/ ( x + Ax )= / (x ) + c T -Ax4-^-Ax T -H-Ax (4.18) 

where Ax is a small change in design, c is the gradient vector, and H is the Hessian matrix 
with second-order derivatives for / at the point x. I f H is positive definite there exists a Ax 
that gives a minimum value for the function / in Eq. (4.18). I f the problem is convex, this 
minimum is a global minimum point. The necessary conditions are 

= c + H Ax = 0 (4-19) 
3(Ax) 

which gives the change Ax in the iteration step as 

Ax = - H ' c ( 4 " 2 °) 

and the new design point is given according to the iteration scheme in (4.15). 

I f the step size is set to 1 in the direction Ax convergence is not guaranteed in Newton's 
method because flx+Ax) is not certainly smaller than fix). To guarantee convergence the 
modified Newton's method can be used, where the search direction d w is set according to 
(4.20) and the step length a 0 0 is estimated by minimising flx(k)+ a w d 0 0). 

Newton's methods are time-consuming because the Hessian matrix has to be calculated in 
each iteration step. Other disadvantages are that the Hessian matrix can be singular in some 
iterations and that information from previous steps is not used in the iteration process. 
Convergence is not guaranteed i f not the Hessian matrix is positive definite, otherwise the 
method converges quickly. In order to combine the advantages of the steepest descent 
method, where only first-order derivatives have to be calculated, and the good convergence 
properties of Newton's method, quasi-Newton methods can be used. In these methods only 
first-order derivatives are calculated and the second-order derivatives in the Hessian matrix 
are approximated by using only first-order derivatives. 

4.4.3 Optimisation with constraints 

Numerical solutions of constrained non-linear optimisation problems can be classified into 
two broad categories, direct methods and indirect methods (Rao [1996]). In indirect methods 
the problem is in some way transformed and solved as a sequence of unconstrained problems. 
For example, this can be done by the transformation of variables or by establishing a new 
objective function including the constraint functions multiplied by penalty factors. In direct 
methods, the constraints are handled explicitly and the same iteration procedure as described 
in 4.4.2 can also be used for these methods, but the constraints must be checked at each 
iteration step. This means that the constraints wi l l influence the choice of the improvement Ax 
in each iteration step. Two useful and popular approximation methods are the sequential 
linear programming (SLP) method and the sequential quadratic programming (SQP) method. 
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In the SLP-method the original non-linear problem is solved by the optimisation of a 
sequence of linearised problems. The original optimisation problem as stated in Eq. (4.7) is, in 
iteration step k+1, replaced by linear approximations of the objective and constraint functions 
obtained by Taylor series expansion about the design point x*̂  from the previous step k, see 
e.g. Haftka and Giirdal [1992]. The new linear problem is formulated as 

Minimise f(X) = / ( x ( t ) ) + V/(x ( i> f • ( x - x ( t ) ) 

subject to f ( X ) = g(x(*») + Vg(x ( t ») r -(x-x< t )) ( 4 - 2 1 ) 

and / * + ' < x * + 1 - x * < w * + 1 7 = 7,2,...,« 
J J J J J 

This problem can be solved by any linear programming (LP) method, such as the standard 
Simplex method. The solution to (4.21) gives the new point x ( k + 1 ) in the iteration process. I f 
the problem is convex, the linearised constraints always lie outside the feasible region 
(Rao[1996]). The last set of constraints in (4.21) are included to guarantee that x ( k + 1 ) wi l l be 
closer to the optimum point than x ( k ) and these constraints are called move limits, where 
l f + l > and are the lower and upper limits for acceptable change in xp The move limits 
are required to guarantee convergence and, generally, they should be gradually reduced 
during the iteration process. This is because the accuracy of approximation needs to be higher 
when the solution of the linearised problem approaches the optimum of the original problem. 
The move limits must be small enough to guarantee the linear problem to be a good 
approximation within these move limits and they are usually chosen as some fracture of the 
current design variable values. The SLP method is illustrated in Fig. (4.5). 

Figure 4.5. The SLP method. Iteration step k+1. 
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The optimum design point x ( k + 1 ) of the linearised problem (4.21) is used to formulate a new 
LP problem with linearisation of the objective and constraint functions about this new point. 
This new problem is solved for a new design point x*4"2' and the process is continued until 
convergence is reached. There are some disadvantages with the SLP method; one is the lack 
of robustness and another is that the convergence properties depend, to a large extent, on the 
choice of move limits. 

Better robustness and convergence properties can be achieved by using the sequential 
quadratic programming (SQP) method. The SQP-method is derived by applying the Kuhn-
Tucker necessary conditions to the optimisation problem as stated in (4.3) giving Eq. (4.5) 
and (4.6). It can be shown, see e.g. Fletcher [1987] or Rao [1996], that solving those 
equations by using Newton's method, the calculation of the improvement step Ax is 
equivalent to solving the following quadratic programming problem: 

Find Ax that minimise the quadratic objective junction 

ö = V / r . A x + i - A x . [ H ] i - A x (4.22) 

subject to the linearised equivalent constraints 

hj+VhJ Ax = 0 j = l,2,.-,p ( 4 - 2 3 ) 

where [H]£ is the Hessian matrix of the Lagrangian function (4.4). This sub-problem can be 
solved by any quadratic programming method giving the change in design Ax ( k ) and updated 
values A ( k + 1 ) of the Lagrange multipliers. The Hessian Matrix [H]L is updated for the new 
design point x ( k + 1 ) = x ( k ) + Ax ( k ) by using a quasi-Newton method and a new quadratic sub-
problem is formulated for this new point. In reality the change in design Ax*' is divided into 
an estimation of a search direction and a step length as described in 4.4.2. The solution of the 
sequence of sub-problems is repeated until convergence is achieved. The method works i f 
inequality constraints are added to the original problem as well. The sequential programming 
approach has been found to be useful and efficient for a variety of engineering optimisation 
problems. 
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5 Wood Structures 

5.1 Wood as a Structural Material 

5.1.1 Introduction 

Wood is one of the oldest structural materials and has been used in the construction of 
buildings, bridges, boats and engines etc. since mankind first learned the use of tools. Wood is 
a biological material that is available nearly all over the world and can be said to be an 
ecological building material. It is a renewable resource that demands a relatively small 
amount of energy to produce. Timber can also be recycled as building material or at least in 
the end be used to produce energy by burning. New trees are propagated through seeds 
growing to plants, which in turn grow into trees. The tree wil l , i f not damaged by human 
beings, live for some hundred years and then die, decay and in this way provide nutritive 
substances for the propagation of new trees. Thus, the whole process forms a natural cycle. 
This natural process is disturbed by the felling of trees, and the use of timber in the 
construction industry, for example. However, the encroachment on the environment is limited 
because new trees are planted, and waste products of the timber from building and from the 
construction site can be made use of, and do have not to be deposited as waste or destroyed. 
The growing tree has a positive influence on the environment, because it absorbs carbon 
dioxide from the atmosphere and converts this, together with water and solar energy, to 
oxygen, which in turn is emitted to the atmosphere. The structure and the properties of wood 
are described in several handbooks, see for example Kollman/Coté [1984]. 

Because of its biological and chemical structure, wood has certain properties that characterise 
timber as a structural material. Wood is a heterogeneous material, i.e. different parts of the 
wood have different properties, e.g., earlywood and latewood, sapwood and heartwood, 
tension wood and compression wood, knots, etc. Wood is anisotropic, i.e. it has different 
properties in different directions. Wood is hygroscopic, i.e. the moisture content is dependent 
on the humidity of the surroundings. Wood is also reologic, i.e the relationship between 
strains and stresses is dependent on time. 

5.1.2 Anisotropy 

The anisotropic properties of wood are mainly due to the elongated shape of wood cells and 
the way in which the structure of the cell walls is oriented. Anisotropy is also a result of the 
differentiation of cell sizes throughout the growing season. In softwoods the elongated cells 
consist of tracheids, which are responsible for both the load bearing function and for the 
transportation of water. In hardwoods these functions are separated; the tracheids are 
responsible for the load bearing function and the transportation of water takes place in special 
pipe-formed cells, known as vessels. There are also ray cells, oriented in the radial direction 
of the trunk, which are responsible for the transportation of nutrients. In regions with seasonal 
variation the cells wil l be of different sizes depending on in which season they have grown. 
At the beginning of the growing season new wood cells are formed very rapidly, resulting in 
thin-walled fibres called earlywood. At the end of the growing season the cells will have 
thicker walls and these fibres form what is known as latewood. The variation in cell wall 
thickness creates the familiar annual ring pattern, see fig. 5.1. 
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Figure 5.1 Structural pattern of cells and annual rings of wood (from Rowell [1984]). 

Wood is a composite made out of a chemical complex of about 40-50 % cellulose, 20-35 % 
hemicellulose, 15-35 % lignin and 2-10 % extractives. The percentages of the different 
components vary in different tree species. The cell walls consist mainly of cellulose and they 
are structured in several layers, see fig. 5.2. 

Figure 5.2 Structure of the cell wall (from Rowell [1984]). 
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The cellulose chains are aggregated into bundles called elementary fibrils, which in turn are 
arranged in threadlike entities called microfibrils. These microfibrils are oriented in different 
directions in the different layers of the cell wall. In the outermost part, the primary wall P, the 
cellulose microfibrils are arranged in a random, irregular network. Inside the primary wall is 
the secondary wall, which consists of three layers, Si, S2 and S3. In the outermost layer, Si, 
which is relatively thin, the angle between the microfibrils and the fibre axis is about 50° to 
70°. The main part of the secondary wall is the S2 layer with a microfibril angle of about 5° 
to 20°. In the innermost, thin layer, S3, the microfibrils are not oriented in a strict order but 
have an average angle of about 50° to 90° to the fibre axis. Between the cells there is a layer, 
the middle lamella ML, which consists mainly of lignin, and which glues the cells together. 
The dominant S2 layer, with the microfibrils oriented almost parallel to the fibre axis, is very 
efficient at resisting tensile forces. The transverse microfibrils in the Si and S3 layer prevent 
buckling when the fibres are exposed to compressive forces. Thus, the structure of the cell 
walls is the reason why timber structures are very efficient at resisting forces in the fibre 
direction. For the same reason, the strength properties perpendicular to grain are much less. 
This anisotropy concerning strength properties is because of the fibre orientation and the 
structure of the cell walls. 

5.1.3 Heterogeneity 

The transportation of water and nutrients from the root to the crown of the growing tree takes 
place in the outer, young part of the trunk, the sapwood. As the cells grow older, the passages 
for transporting fluids are closed by extractives and the sap flow ceases. The moisture content 
in the inner part of the trunk, the heartwood, wil l then be considerably lower. The differences 
between sapwood and heartwood will primarily influence the moisture properties of the 
wood. Juvenile wood, from the first 5 to 20 years of the tree's growth, exhibits lower strength 
and stiffness and greater longitudinal shrinkage than mature wood. This is because in juvenile 
wood, the cell walls are rather thin and the microfibrils in the S2 layer have a larger angle to 
the fibre axis than in mature wood. Trees that are subjected to side force, due to leaning or a 
prevailing wind direction, wil l form special cells to compensate for these forces. In softwood, 
compression wood is formed, while hardwood trees form tension wood. These types of 
reaction wood have different properties from normal wood. Compression wood in particular 
can cause problems because it exhibits considerably greater longitudinal shrinkage and 
distortion than normal wood. Knots are the parts of branches that are embedded in the tree 
trunk. The knots and their nearest surroundings are regions where the normal wood structure 
is disturbed, and the occurrence of knots therefore has a great influence on the mechanical 
properties of wood. Another heterogeneity is grain deviation, which means that the fibre 
orientation is not along the tree axis, and this wil l also have a negative influence on the 
mechanical properties of the wood. 

5.1.4 Hygroscopicity 

The growing tree contains a large amount of water, most of it in the sapwood and to a lesser 
degree also in the heartwood. This water is partly bound water in the cell walls, and partly 
free water in the cell lumens. When wood is dried, water is first lost from the cell lumens. The 
moisture content co is defined as the ratio of the mass of the water to the dry mass of the 
wood. The moisture content when the cell wall is saturated with water, but there is no water in 
the cell lumens, is called the fibre saturation point and is usual about 30 %. The amount of 
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bound water in the cell walls depends on the humidity of the surroundings, and thus wood is a 
hygroscopic material. The relationship between the equilibrium moisture content and the 
relative humidity can be represented by a sorption curve, see fig. 5.3. 

Figure 5.3 Sorption curves for wood (A. Adsorption; D. Desorption; O. Oscillating 
sorption). (From Hoffmeyer [1995]). 

This curve shows a hysteresis effect, i.e. the equilibrium moisture content is lower for 
adsorption than for desorption of water. Water, bound in the cell walls, settles between the 
microfibrils and thus weakens the hydrogen bonds between the cellulose chains. This wil l 
influence the strength and stiffness properties of the wood and also cause swelling and 
shrinkage of the wood when the moisture content changes. 

5.1.5 Rheology 

The relationship between the stresses and strains in wood is time dependent. There are two 
characteristic effects which are significant for timber structures: the load duration effect 
which means that the strength of the structure wil l decrease with the length of time it is 
exposed to the load, and the creep effect which means that the deformations wil l increase with 
the load duration. 

5.2 Material Properties 

5.2.1 Density 

Of all the physical properties of wood, density has the largest influence on the strength and 
stiffness properties. For Swedish structural timber of spruce or pine, the dry density is about 
450 kg/m 3 for both species at a moisture content of 12 %. Therefore, when classifying 
structural timber, pine and spruce are not separated into different classes, but the classifying is 
based on other properties such as the frequency of knots, the distance between annual rings, 
etc. When mechanical grading is used, the modulus of elasticity is measured, which in turn is 
correlated to the density and to the strength properties. 
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5.2.2 Strength and stiffness 

Wood is an anisotropic material which, due to the structure of the stem, can be considered as 
a cylindric ortotropic material. The main directions are, as shown in fig. 5.4, along the tree 
stem (along the grain) (L), and in radial (R) and tangential (T) directions with respect to the 
annual rings. The two latter directions are both perpendicular to the grain. 

Figure 5.4 Principle axis and planes in wood (from Kollman/Coté [1984]). 

The strength and stiffness are much greater along the grain than perpendicular to the grain. 
For clear wood , i.e. wood without knots or other defects, the tensile strength along the grain 
is about 100 Mpa and the compressive strength about 50 Mpa, see Carling et al. [1992]. The 
bending strength for clear wood is somewhere between these two values. The strength values 
for structural timber are considerably less, because of the influence of knots, grain deviation 
and other defects. The moisture content also has an important influence on the strength 
values, and to differing degrees depending on the different types of stresses, see fig. 5.5. 

0 A ' 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ' 1 1 1 — ' 1 
0 20 40 60 SO K 100 20 40 60 80 K 100 20 40 60 80 X 100 

Figure 5.5 The influence of moisture content on a) compressive strength, b) tensile 
strength and c) bending strength (Cumulative distributions from Hoffmeyer 
[1995]). 
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The compressive strength is to a large extent influenced by the moisture content, independent 
of the grade of the timber, while the tensile strength is not affected so much, and in lower 
grades of timber hardly at all. A bending failure wil l start either in the tension zone or in the 
compressive zone. From figure 5.5 it can be seen that, with a moisture content of 12 %, the 
bending failure starts as a tensile failure in low quality timber, while it starts as a compressive 
failure in high quality timber. In timber with a moisture content near the fibre saturation point, 
the bending failure starts as a compressive failure in all qualities, because the moisture 
content has a larger influence on the compressive strength than on the tensile strength. Tensile 
failure is brittle, while compressive failure has a ductile behaviour. This can be seen from the 
stress-strain relationship for wood, see fig. 5.6. 

Figure 5.6 Stress-strain relationship for wood (from Carling et al. [1992]). 

The modulus of elasticity in clear wood is about 15,000 Mpa and for structural timber about 
10,000-13,000 Mpa. The lowest strength value in timber is the tensile strength perpendicular 
to the grain. This is to a large extent influenced by defects such as cracks, knots, grain 
deviation, etc. Because this failure is very brittle, the strength value is strongly dependent on 
the size of the stressed volume, the so-called size or volume effect, see Rouger [1995]. The 
tensile strength perpendicular to the grain is about 1-2 Mpa in clear wood. When exposed to 
compression perpendicular to the grain there wil l not be a total collapse, but the deformations 
will increase markedly when the stresses have reached a certain level. I f failure is defined as 
the stress level when the strains have reached 1%, the corresponding compressive strength 
value is about 2-4 MPa. Shear stresses can occur in pairs in three directions, along the grain, 
either in a radial direction(rr/) or in a tangential direction (r,/), and perpendicular to grain (r r t ) , 
see fig. 5.7. When a beam is subjected to bending either the shear stresses Tri or tti wi l l occur, 
dependent on the bending direction. Of those usually Tri is the lowest, which is why this value 
is used as the shear strength for timber. In clear wood the shear strength is about 8 Mpa, but 
this is strongly dependent on the amount of defects, such as cracks, grain deviation, etc. The 
strength values given are taken from Carling et al. [1992] where the shear modulus is given to 
be about 700 Mpa. 
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perpendicular 

Figure 5.7 Shear stress directions in wood (from Carling et al. [1992]). 

5.2.3 Duration of load 

The timber strength decreases with the time it is exposed to loading. In the case of a constant 
long-term load the strength wil l be reduced to about 60% of the short-term strength values. 
The most well known relationship between strength and time of loading is the so-called 
"Madison curve", see fig. 5.8, which is based on tests of specimens subjected to bending, 
carried out at the Forest Product Laboratory in Madison, Wisconsin, U.S. A.. According to 
this curve, the bending strength decreases in linearly progression with the logarithmic of time, 
and the value after 10 years is about 60% of the short-term value. 

Figure 5.8 The "Madison Curve" (from Maasen [1992]). 
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In later tests it has been found that the strength is adequately predicted by the Madison curve 
in regard to timber with a moisture content of 20%, while the relationship is conservative 
regarding timber with a lower moisture content, see Hoffmeyer [1995]. In timber design 
codes, the duration of load and the influence of the moisture content is taken into account by 
multiplying the design strength values by a reduction factor, which in Eurocode 5 is 
designated kmod. 

5.2.4 Creep 

Creep means that the deformations increase with time, under a constant applied load. Wood 
can be considered as a viscoelastic material, where the creep deformation starts after a 
momentary elastic deformation, see fig. 5.9. 

! 

'0 'inst 'fin 

Figure 5.9 Viscoelastic behaviour of a material. F is the load, u the deformation and t the 
time (from Andriamitantsoa [1995]). 

The creep deformation consists of two phases; a rapid increase of the deformations at the 
beginning, and then a second phase with a nearly constant creep rate. When the load is 
removed, the deformations wil l disappear totally or partially. Any remaining deformation 
after the removal of the load corresponds to a plastic behaviour. The most important 
parameters that have an influence on the creep are: load duration, moisture content, 
temperature and stress level. With normal use of structural timber at temperatures less than 
50° C, the influence of the temperature is insignificant. The creep effect increases with the 
load duration and is strongly dependent on the stress level; the higher the stress level the 
higher the rate of creep. The creep deformation wil l increase with increasing moisture content. 
Variation of the moisture content under stress will also increase the creep. I f wood is 
subjected to repeated cycles of drying and wetting, this wil l have a particularly large influence 
on the creep, see fig. 5.10. This effect is called mechano-sorptive creep and is an advantage in 
the drying of wood, because it reduces the frequency of drying cracks. 
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mrs 

Figure 5.10 Creep curves for timber subjected to constant and varying climate conditions 
(from Madsen [1992]). 

In Eurocode 5, the influence of creep is regarded by a factor k^f and the final deformation is 
calculated as 

« jh= s ( l+*iv) -«W ( 5 J ) 

where uimt is the elastic short-term deformation. 

5.2.5 Size effects 

In brittle materials, the dependence of the tensile strength on the stressed volume is usually 
explained by the weakest link theory, which means that a chain is as strong as its weakest 
link. This theory is also called the Weibull theory, after Weibull, who developed a 
mathematical model for brittle materials, see Rouger [1995]. In accordance with this theory 
the relationship between the tensile strengths and the stressed volumes of brittle materials can 
be written 

(5.2) 

In wood subjected to tension perpendicular to the grain, the value of the exponent factor has 
been found by Colling [1986] to k = 5. 

5.2.6 Moisture content 

Fluctuations in the moisture content of wood wil l have an influence not only on the strength 
and stiffness properties, but wil l also give rise to shape distortions. The deformations are 
caused by the fact that when wood is wetted, the water molecules are bound between the 
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microfibrils in the cell walls, which leads to an increase of the volume of the cell wall. When 
water evaporates during the drying of the wood, its volume decreases. Because the S2-layer is 
the dominant part in the cell wall, the deformations wil l be largest perpendicular to the grain. 
The deformations are almost proportional to the changes in the moisture content. The 
magnitudes of the deformations are shown in fig. 5.11. 

Figure 5.11 Deformations in different directions at changes of the moisture content between 
10% and 20% (from Carling et al. [1992]). 

The influence of ray cells and the different properties for earlywood and latewood will give 
rise to larger deformations in the tangential direction than in the radial direction. This can 
cause shape distortions when drying the wood. As described in 5.22, the strength and stiffness 
values for wood decrease with increasing moisture content. In Eurocode 5 [1993] this is 
represented by the factors k m o j and k d e f which are related to the load duration and the 
climate class of the structure (the humidity of the surroundings). 

5.3 Glued Laminated Timber 

5.3.1 General 

The first laminated timber structures used mechanical connections such as bolts and dowels to 
join the individual laminations together. In the United Kingdom arches were manufactured 
with this technique during the 19 century. At the rum of the century, 19 th to the 20 t h, the 
gluing technique started to be used in Germany and has since then been developed during the 
20 t h century. With the use of this technique it is possible to manufacture very large structural 
elements, even with a curved shape. Glulam arches are usually used in structures with large 
spans, such as sport halls, hangars, etc. For arches with small spans solid cross sections are 
usually used, while for larger spans the cross section can be constructed as a hollow section of 
glulam beams, or the arch may be designed as a truss with members of solid glulam cross 
sections. 

100 mm 
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5.3.2 The lamination effect 

Glulam timber elements are manufactured from strength graded timber. In Sweden boards of 
pine or spruce with a thickness of 45 mm are usually used, and for curved elements boards of 
33 mm. The boards are joined lengthwise by finger joints, giving continuous laminations, 
which are glued together to the desired cross sectional dimensions. The cross section is 
constructed with the best grade at the outer parts, where the stresses are largest when the cross 
section is subjected to bending. In the middle part of the section boards of lower grade are 
used. The glulam strength class L40, which is common in Sweden, is made up as shown in 
fig. 5.12. 
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Figure 5.12 Cross section of glulam beams (from Carling et al. [1992]). 

Structural elements of glulam have a higher mean strength and a lower variability than 
structural timber, see fig. 5.13. 

frequency 

strength 

Figure 5.13 Probabilistic density distributions of glulam (L40) and structural timber (K30), 
respectively (from Carling et al. [1992]). 
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In a timber beam the resistance is usually dependent on weak sections, which can be sections 
where defects, such as knots or grain deviation, are located. In a glulam beam, boards with 
differently located weak sections are glued together and these effects are thus distributed, 
giving a more homogeneous material. Another positive effect is that laminations with defects 
wil l be reinforced by adjacent laminations, which wil l then carry a larger part of the load, and 
the stresses are redistributed around the defects. These positive effects are called the 
lamination effect, which is defined as 

klam * 
fm,l 

fu, 
(5.3) 

where fmMam — bending strength of the beam 
ft,iam

 = tensile strength of the laminations 

The lamination effect has been examined in tests by Colling &Falk [1993]. According to this 
analysis the lamination effect is more pronounced at the characteristic strength level than at 
the mean strength level. Numerical investigations of the lamination effect have been 
performed in finite-element calculations by Serrano & Larsen [1999]. In these calculations a 
weak zone was assumed in the outermost lamination of the tension zone, in a beam subjected 
to a bending moment. The conclusion was that the stress redistribution around this weak zone 
was less than predicted by conventional beam theory, and that the stresses are closer to the 
strength of the material than expected. 

5.3.3 Size effects 

The dependency of the tensile strength on the stressed volume in brittle materials is explained 
by the Weibull theory, which has been mentioned in 5.2.5. For a more detailed description, 
see Rouger [1995]. The size effect can also be explained by fracture mechanics theory. In 
Eurocode 5 it is stated that the size effect has to be considered regarding tensile stresses along 
and perpendicular to the grain and regarding bending stresses. For tensile stresses 
perpendicular to the grain the condition is written as 

where Oi,9o.d = design value for the tensile stress perpendicular to the grain for a 
a stressed volume V 

ft,90,d = design value for the tensile strength perpendicular to the grain for 
a stressed reference volume Vo (0.01 m ) 

In Eurocode 5 the characteristic values of bending and tension perpendicular to the grain are 
related to a depth and width of the cross section of 600 mm respectively. The size effect is 
taken into account by multiplying the characteristic strength values fm,k and fio.k by a factor 

^ = m i n { ( 6 0 % ) ° 2 , U 5 j ( 5 5 ) 
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where h is the depth in mm at bending and the width at tension. According to this equation 
the factor kh = 1.15 at a depth of 300 mm. In several tests it has been proved that the size 
factor is less at the level of the characteristic values than at the mean strength values. Aasheim 
and Solli [1995] found with a beam depth of 300 mm the size factor to be kh ~ 1.07 at the 
characteristic values (5%-fractile) and to be kh = 1.12 at the mean values, in both cases with a 
reference depth of 600 mm. Källsner, Carling and Johansson [1998] have suggested 
eliminating the size factor at bending in the codes. This is based on results from different tests 
made in Austria, Norway and Sweden, which show that the size factor in Eurocode 5 is too 
large at the characteristic strength level and that the variation coefficient for the bending 
strength decreases with an increasing beam depth. Carling [1999] has investigated i f the size 
factor is dependent on the load duration. The tests he has made have not shown any evidence 
of such a relationship.. His results show the same tendency as short-term tests; a small size 
effect was observed for the mean values, while no significant effect was found at the 
characteristic strength level. The results from the tests indicate that the size factor, concerning 
bending, given in Eurocode 5 can strongly be questioned. 

5.3.4 Load duration effects 

The influence of the load duration on the strength values described in 5.2.3 is also valid for 
glulam structures. The Madison curve that is referred to in 5.2.3 is based on tests on small 
species of clear wood. It has been discussed whether or not the load duration effect is 
influenced by the quality of the timber. In the Swedish code the strength value is reduced 
more for higher grades than for lower grades of timber. Later research has not indicated any 
support for this position. 

A presentation of the historical development of the duration of load concept is given by 
Fridley, Hunt and Senft [1995]. Different approaches have been used to describe the duration 
of load effect as damage accumulation and fracture mechanics for viscoelastic materials, see 
Madsen [1992]. In the damage accumulation model, the damage is graded on a scale from 
zero to one, where - zero corresponds to a structure which not has been exposed to any loads 
at all, and - one corresponds to collapse. In the fracture mechanics model the failure is 
measured as a slow crack growth in the material. In Madsen [1992] examples of both these 
models are described, e.g. the Canadian model which is a damage accumulation model 
developed by Fochsi et. al [1989], and a fracture mechanics model developed by Fuglsang 
Nielsen, which is also described in Madsen [1992]. Madsen compares these models with the 
Madison curve, see fig. 5.14. 

This comparison is made regarding a constant load over a long time and shows that the 
Madison curve is non-conservative for very long load durations. Probabilistic calculations of 
the load duration effect with variable loads have been carried out by Svensson, Thelandersson 
and Larsen [1999]. The reduction factor kmod was calculated regarding snow loads in both 
northern and southern Sweden. In both cases the factor obtained was kmoj ~ 0.8, i.e. the 
reduction factor is independent of the magnitude of the snow load. This value is in agreement 
with the Eurocode 5 for climate classes 1 and 2. 
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Figure 5.14 Comparisons between different damage models (from Madsen [1992]). 

5.3.5 Influence of moisture content 

The timber strength is dependent on the moisture content, as described in 5.2.2. The strength 
wil l decrease with a high moisture content and the type of failure can change, as when 
bending occurs when the failure starts in the tension zone at low moisture content, and in the 
compressive zone at high moisture content. In the codes, the influence of the moisture content 
is taken into account by a reduction of the strength values at high levels of moisture. In 
Eurocode 5 this is signified by the reduction factor kmod, which is related to the climate class 
of the structure as well as to the load duration. Changes of the moisture content will also give 
rise to changes in the dimensions of the timber, as described in 5.2.6. Variations in the 
humidity of the surroundings imply variations in the moisture content. This in turn wil l give 
rise to internal stresses in the timber. These stresses wil l have most influence on stress types 
with low strength values, such as the tensile strength perpendicular to the grain. Tests have 
been performed in Finland to examine the influence of load duration on the tensile strength 
perpendicular to the grain in curved beams, see Ranta-Maunus [1998]. From the tests it was 
shown that changes in the moisture content are of greater importance than the load duration 
for this type of stress. The maximum internal stresses were reached after a long period of low 
humidity followed by a long period of high humidity. The failure started in the middle of the 
cross section where the internal stresses had the greatest values. Stresses of about 0.15 to 0.35 
Mpa were reached due to variation in the moisture content, while the tensile stresses 
perpendicular to the grain, due to the load, were about 0.2 Mpa. This means that the internal 
stresses due to variations of the moisture content are of the same magnitude as the stresses 
due to the load. These values were reached in unprotected timber. A good surface treatment 
resulted in a reduction of the internal stresses by about 70%. At ideal constant conditions the 
load duration effect was somewhat less than predicted by the Madison curve. This indicates 
that variations in the moisture content have a larger influence than the load duration on the 
tensile stresses perpendicular to grain, and the importance of taking these internal stresses into 
consideration is obvious. Internal stresses in wood caused by climate variations have been 
studied by Svensson [1997]. At present a research project on internal stresses due to climate 
variations is being carried out at the University of Lund, see Thelandersson and Svensson 
[1999]. 
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5.4 Strength Models and Statistical Data 

5.4.1 General 

The variations of the strength properties within a structural element, e.g. a timber beam 
subjected to bending, have been studied in several research projects. Isaksson [1999] has 
developed a model of the variation of the bending strength in structural timber and has 
examined load and length configuration effects. Czmoch [1998] has studied the influence of 
structural timber variability on reliability and damage tolerance of timber beams. In both these 
theses a weak zone model has been used to describe the variation of the strength properties. 
The weak zone model is based on the following assumptions (Czmoch): 

the timber beam is modelled as a composite of short weak zones connected by longer 
sections of clear wood 

weak zones correspond to knots or group of knots and are randomly distributed 

failure can only occur in weak zones 

the bending strength of a weak zone is random 

A probabilistic two-level hierarchical model to describe the bending strength of structural 
timber has been devised by Ditlevsen and Källsner [1998]. The bending strength is then 
described as the sum of two statistical variables X + Yk , where the variable X is a random 
variable across the population of timber beams, and Yk is a random variable of zero mean 
value which describes the variation of the strength of the weak zone, k. Statistical models 
have also been devised to model the bending strength of glulam beams, see for example 
Colling [1990]. In this model glulam beams are considered to consist of two materials, wood 
and finger joints respectively. The material wood corresponds to beams that fail in the weak 
zones of the wood, and the material finger joints stands for beams that fail due to a finger 
joint failure. The calculations based on this model demonstrate that the strength of the beams 
is mainly governed by the weaker material. 

The distance between weak zones is of the order of about 0.5 m in structural timber beams, 
according to the investigations by Isaksson and Czmoch, respectively. The distance between 
weak zones in glulam beams is estimated to be of the same order, i f the weak zones are 
assumed to be located at knots or finger joints in the outermost lamella of the tensile zone. In 
the calculations in this thesis, strength values are based on tests made in a research project 
performed by Johansson [1990]. In this project the bending strength of glulam beams with 
cross sectional dimensions of 115x270 mm 2 were tested. The beams were subjected to a 
bending test in accordance with the standard ISO 8375 [1985], implying that they were 
subjected to a constant bending moment over a distance of 1.6 m. The result from the test will 
then be the bending strength at the weakest section within this distance. 
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5.4.2 The Nordic Hall 

The distance between weak zones as described above is small compared to the scale of the 
bending moment distribution of the arches of the Nordic Hall. It can then be assumed that a 
weak zone wil l be located close enough to the section of the arch under most stress. Because 
of this, the strength values from the afore-mentioned tests have been used to calculate the 
resistance at the section of the arch under most stress. The strength values have not been 
corrected with regard to size effects. This is because the influence of the size effect as given 
in the codes can be questioned, especially at the tails of the statistical distribution curves, see 
5.3.3. 

The influence of load duration in the calculations in this thesis has been taken into account by 
multiplying the strength values by the reduction factor kmod =0.8 which is derived from the 
probabilistic calculations performed by Svensson, Thelandersson and Larsen [1999]. The 
same value of k m o d has been used for all types of stresses. This is not in accordance with the 
codes that show a lower value of k m o d in tensile stresses perpendicular to the grain than in 
other strength values. The duration of load effect in tension perpendicular to the grain in 
curved glulam has been studied by Ranta-Maunus [1998]. He has found that under ideal 
constant conditions the duration of load effect in tension perpendicular to grain is slightly less 
severe than suggested by the Madison curve. Concerning the tensile strength perpendicular to 
grain it has been shown that changes in humidity are of more importance, as they can give rise 
to stresses of the same order as the stresses perpendicular to the grain caused by external 
loads. The load duration effect on the stiffness modulus has not been included in the 
calculations, because of lack of statistical data concerning load duration effect on stiffness 
properties. 
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6 Arches 

6.1 Introduction 

Arch structures have always fascinated architects and structural designers. The arch is an 
aesthetically attractive as well as efficient structure. Large spans can be covered since the arch 
can be so shaped that the loads wil l mainly be transmitted to the supports as compressive 
forces. The Romans constructed aqueducts and bridges as arch structures as early as the last 

centuries before Christ. The Ponte de'Quattro Cabi bridge across the river Tiber in Rome, see 
fig. 6.1, is a well-known arch structure which was built in the decades before Christ and the 
bridge spans are 20-30 m. These arches were built as masonry structures of stone. The arch is 
a very appropriate shape for such structures because the masonry has a small tensile and large 
compression strength and in the arch the principal forces are those of compression. 

Figure 6.1. Ponte de 'Quattro Capi. 

Timber has been used in the construction of buildings, bridges, machinery, and boats since 
mankind first learnt to use tools. Arch structures of timber have also been used for centuries 
for example as roof structures in churches and as bridge structures. In these cases, the arch 
shape has then been constructed from straight beams, see for example fig. 6.2, which is from 
an 18 t h century book on bridge structures, see Jacob [1726, 1982]. 

Figure 6.2 Timber bridge. 
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The first laminated timber structures used mechanical methods, bolts, dowels etc., to join the 
laminations. Arches with this lamination technique were constructed in the United Kingdom 
in the nineteenth century. A technique using glued laminated timber started in Germany 
around the turn of the 19 th to 20 t h centuries and has been further developed during the past 
century. With this technique it is possible to manufacture large structural elements of timber 
with an arch shape i f so is desired. Glulam timber arches are commonly used for structures 
with large spans such as sports halls, hangars, industrial and farming buildings. Span 
dimensions vary from 20 m to 100 m. The apex height is normally chosen in the interval 0,13 
to 0,20 times the span but greater heights can be used when required. For structures with 
smaller spans, solid cross-sections of glued laminated timber are usually used and for larger 
spans built-up cross-sections of glulam or arches constructed as a truss. 

Arch structures are very sensitive to changes in loads and in shape, as discussed in the 
introduction, because they are designed principally to carry compressive forces for a given 
load. A little redistribution of the load wil l give rise to internal bending moments and shear 
which the arch is perhaps not designed to withstand. Therefore, reliability methods and 
optimisation will be useful in designing efficient arch structures with guaranteed reliability, a 
matter which is analysed in chapters 8 and 9 in this thesis. 

6.2 Structural Systems 

The main purpose with arches is to adjust the shape of the structure to the load in such a way 
that essentially compressive forces wil l occur. I f no bending moments appear the arch is said 
to follow the thrust line. For a uniform horizontal load the thrust line will be parabolic and 
this shape is often chosen. The load for which no bending moments occur is called the form 
load. For a uniform form load the shape of the thrust line can be determined in accordance 
with fig. 6.3. 

Figure 6.3 Thrust line of an uniformly distributed load. 

The condition that the bending moment shall be zero in every section of the arch can be 
expressed as 
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which is the equation for the thrust line for a uniformly distributed load. For every other load, 
bending moments and shear will occur in this arch. Since the arch should be designed to 
withstand different load combinations, the optimal shape can be difficult to determine. The 
parabolic shape or a shape which closely follows the thrust line of the dominating load, is 
usually chosen. Sometimes a more elliptic shape is used in order to increase the free height 
near the supports. 

Arches can be designed with hinges at the supports and at the apex. Depending on the number 
of hinges, arches are named fixed-supported and two- or three-hinged respectively, see 
fig. 6.4. 
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Arches with only one hinge at the apex are hardly ever used. For timber structures two- and 
three-hinged arches are most common. The three-hinged arch, with hinges at apex and 
supports, is statically determined. It has a less efficient distribution of internal moments than 
the two-hinged arch and is less rigid. The advantage when compared with the two-hinged arch 
is that the first order distribution of internal forces in the statically determined structure is 
independent of the displacement of supports and deformations due to changes in moisture 
content. The connection of the joints will also be simpler and less costly for the three-hinged 
arch because they are not subjected to bending moments. For larger spans, more than 60-70 
m, two-hinged arches are usually used. For transportation reasons, the arch must then be 
manufactured in elements, which can be rigidly connected to each other on the construction 
site. The two- and three-hinged arch can even be used with a tension bar between the 
supports; this bar, not the supports wil l then carry the horizontal force. This method is used 
when the arches are supported by columns giving a specified free height near the supports. 
Structures with fixed supports are very seldom used: they are more difficult to assemble and 
they transmit bending moments to the foundations. 

6.3 Examples of Timber Arches 

6.3.1 The Olympic Hall, Hamar 

For the Olympic Games in Lillehammer in 1994 three halls with timber structures were 
constructed, see Jerström [1992]. The construction of those halls, with spans of almost 100 m, 
posed a new challenge for timber structures. The maximum span for glulam timber structures 
had previously been between 80 m and 90 m, with some exception as the Tacoma Dome, see 
Bulleit [1989]. The largest of the three halls is the Olympic Hall in Hamar, see fig. 6.5. This 
hall is also called the Viking Ship because it is shaped like an inverted Viking boat. The hall 
has impressive dimensions: a length of 265 m, maximum width of 110 m and height of 37 m, 
and an area of about 22,000 m 2 . During the Winter Olympic Games this hall was used for the 
skating competitions. The hall was also designed to accommodate other sports events and 
concerts, with audiences of approx. 10,000 and 20,000 respectively. 

Figure 6. 5 The Olympic Hall, Hamar. From Torp [1994]. 
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The main structural system for this hall consists of three-hinged arches with an equidistance 
of 12 m. The span of the arches in the central part of the building is 96.4 m and they have a 
free height at their apexes of 24.5 m, see fig. 6.6. 

Figure 6.6 Section through the Olympic Hall. From Torp [1994]. 

Each arch is constructed as a truss with members consisting of glulam beams. The upper 
chord has a width of 420 mm and a depth of 566 mm, the lower chord a width of 570 mm and 
a depth of 566 mm. The diagonals have widths of 420 mm and depths of 300 mm. 

With such large dimensions, one new challenge was to manage the transmission of forces at 
joints and connections in both a constructional and an aesthetic way. The solution was to 
develop a system with a hidden transmission of forces. The joints are designed with slots in 
the ends of the truss members and with 6 mm steel plates fitted in those slots. Then there are 
dowels <pl 2 mm of high-tensile steel through the timber and the steel plates. 

For the roof structure of the Olympic Hall 1,800 m 3 glulam timber and 40,000 steel dowels 
have been used. 

6.3.2 The Nordic Hall, Sundsvall 

The Nordic Hall in Sundsvall, on Sweden's east coast at approx. 62.5° N , is a hall for soccer 
and other sports. The structural system consists of two-hinged arches with a span of 89.64 m 
and a height of 17.50 m, see fig. 6.7. The distance between the arches is 12 m and the cross-
section of the arches consists of glulam beams, forming a hollow section with a total width of 
495 mm and a total depth of 1,800 mm. Each web has a width of 140 mm and each flange a 
depth of 180 mm, see fig. 6.7. 

96.4 m 
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1800 
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Figure 6.7 Elevation of and cross section through an arch. 
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Each arch is composed of four elements which are rigidly connected to each other at the apex 
and in the middle of each half of the arch. The connections consist of nailed steel plates and 
are designed to resist tension and shear. 

Although the arches for this hall were designed to conform to the Swedish Code NR [1989], 
valid prior to 1994, the hall very nearly collapsed in the winter of 1993-1994. This was due to 
an excessively non-uniform distribution of the snow on the roof, which is described in 
chapter 1. This hall has been used as case study throughout this thesis, when analysing 
reliability and optimisation methods for designing arch structures. 

6.4 Design 

6.4.1 Design procedure 

Before the introduction of computer methods, the traditional design procedure for an arch 
structure was usually carried out in following steps, see Lorentsen and Sundquist [1995]: 

1. Choice of type of arch 
2. Estimation of loads and geometry 
3. Rough calculation of forces and bending moment 
4. Rough design calculation and adjustment of loads and geometry 
5. Estimation of the shape of the arch 
6. Calculation of influence lines (for moveable concentrated loads) 
7. Buckling analysis, calculation of second order bending moment 
8. Final calculation of forces and bending moment 
9. Final design check 

The geometry of the structure is normally decided on the basis of functional and architectural 
considerations. The cross-sectional dimensions are then estimated and the design will show i f 
they are adequate. Even i f the use of computer methods has simplified the design procedure 
and all the above steps are no longer necessary, the process is still essentially one of trial-and-
error. However, by using optimisation methods this trial-and-error process can be executed 
entirely by computers. 

For smaller arches a first order linear analysis would be sufficient, where in-plane and lateral-
torsional buckling are considered by multiplying strength values by reduction factors. For 
larger spans, a second order analysis has to be used. The deformations wil l have a major 
influence on the internal forces requiring equilibrium equations to be established for the 
deformed state. 

6.4.2 First order linear analysis 

Arches are designed in such a way that the geometry is fitted closely to the thrust line of the 
applied load. Ideally the geometry should follow the thrust line in order to avoid internal 
bending moments. However, this is not possible because different load combinations wil l 
produce different thrust lines. For a uniformly distributed load the thrust line wil l be parabolic 
and this is the shape often chosen. 
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Internal bending moments wil l also occur due to the deformations but this contribution is 
ignored in the first-order linear analysis method. The calculations of stresses due to external 
design loads are based on considerations of equilibrium of the non-deformed static system. 
Stresses caused by geometrical and structural in-plane and lateral imperfections are taken into 
account by multiplying the compression and bending strength values by reduction factors for 
in-plane and lateral-torsional buckling, see Mortensen [1995]. These factors can be 
determined from the corresponding critical loads. 

I f lateral-torsional buckling is prevented, only in-plane buckling is possible. In order to 
estimate the reduction factor kc for in-plane buckling, the critical length lc must be estimated. 
For three and two-hinged arches with a ratio h/1 between 0.15 and 0.5 and an essentially 
uniform cross-section, an approximate value is proposed in Kessel [1995]; the effective length 
for buckling in the plane may be assumed to be 

le = 1.25 s 

i - I 

Figure 6.8 Buckling length for two-hinged arch. 

The length s, see figure 6.8, is equal to half the arch length. The axial force at the quarter 
point should be used in the buckling verification. 

I f lateral-torsional buckling is not prevented even the reduction factor kcr must be estimated. 
For this the critical bending moment Mcrit has to be calculated, which can be done using a 
method for a curved beam, see Timoshenko and Gere [1961]. 

6.4.3 Second order linear analysis 

For large arches the deformations will be of such a magnitude that they must be considered 
when calculating the internal forces; a second order analysis has to be used. The geometric 
nonlinear theory used for the calculation of stresses is based on the consideration of the 
equilibrium of the deformed, imperfect static system. The contribution of joint slips to 
flexibility should also be taken into account. The material behavior is assumed to be linear 
elastic. 

With the nonlinear analysis the limit states of compression failure or excessive deformation of 
the structure can be calculated. Usually these calculations are carried out by finite element 
computer programs and usually the two-dimensional finite rod elements are used. These 
elements are able to take into account imperfections and induced deformations in the plane of 

55 



6 Arches 

the frame. I f a two-dimensional second order analysis is used, lateral-torsional buckling must 
be checked in the same way as in the first order analysis. 

The advantages of a second order linear analysis over the first order are that there is no need 
to estimate critical stresses in determining the factors kc and kcr and there is no need to 
estimate bracing forces i f a three-dimensional simulation of a set of arches is carried out. 

6.4.4 Design check criteria 

The resistance in the ultimate limit state shall be verified according to the relevant code. I f 
the first order analysis has been used to calculate the internal forces, the design criterion for 
bending moment + axial force in the Swedish code BKR 1999 [1998] is expressed by an 
interaction formula as 

- + -
N, 

<1 (6.4) 

where M$d = bending moment of loads 
Nsd — compressive axial force of loads 
Miid = resistance to bending moment 
Ngj = resistance to compressive force 
Kcr = reduction factor for lateral-torsional buckling 
Kc = reduction factor for in-plane buckling 

I f a second order method is used, the stresses due to bending moment + axial forces are 
calculated and compared with the strength values. 

In both first and second order analyses the maximum shear stress is calculated as 

S *V 
— max _ max , ^ c ^ 

— I~*b ( 6 " 5 ) 

where S m a r = maximal statical moment of the cross section 
Vmax = maximal shear of the arch 
I = moment of inertia of the cross section 
b = width of the cross section. 

The maximum shear stress is then compared with the strength value for shear. 

I f the design criteria are not met, new cross-sectional dimensions must be assumed and the 
calculations repeated until all design criteria are fulfilled. Thus the normal design procedure is 
essentially by trial-and-error. 

A verification of the resistance of joints with respect to actual internal forces and design must 
also be carried out. Also the tensile stresses perpendicular to the grain, due to the curvature of 
the arch, must be checked. 
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7 Joints 

7.1 Mechanical Timber Joints - General 

Timber is one of the oldest construction materials in use. From the beginning it was the size 
of the tree or log which determined the size of the timber elements and thereby the shape and 
the size of the building. An increased use of tools for working timber made it possible to join 
together timber elements and logs into larger structures. In the earliest timber structures only 
direct contact pressure was used to carry the forces between the elements. Dowels (of wood or 
steel) were used only in order to keep the elements fixed to each other. These types of 
connections are called "Carpentry joints" and some examples are shown in fig. 7.1. 

(a) 

(b) 

Figure 7.1 Examples of Carpentry joints: (a) half-lap joint, (b) cogging joint. From 
Ehlbeck and Kromer. [1995]. 

By using industrial techniques it has been possible to produce timber elements where the size 
of the log does not govern the cross-sectional dimensions and the lengths of the elements. 
Typical examples are glulam beams and finger-jointed joists. Joining together components 
into larger units of this type is done in factories where gluing is carried out under strictly 
controlled conditions. Prefabrication of roof trusses is another example of timber elements 
being joined together to form a complete structural element. In this case, the components used 
for joining consist of punched metal plates. The size of the elements that are manufactured is 
limited by problems of transport. For buildings with large spans, the structural elements have 
to be manufactured in sections which have to be joined together with connections of some 
sort, and also for other types of buildings structural elements have to be connected, e.g. beams 
onto columns and so on. For this purpose, mechanical connections of various sorts are used. 
These can be divided in two groups with respect to how the forces are transmitted in the joint, 
see Racher [1995]. The main group consists of connections where the forces are transmitted 
by dowel-action; e.g. nail, screw, bolt, and dowel connections. For the other group the forces 
are transmitted by elements at the surfaces of the joints; examples of which are split-rings, 
shear-plates, punched metal plates, etc. A third type, glued-in-bolts, is sometimes used for 
fixed columns and as reinforcements in frame comers. 

For timber structures to be competitive compared to other structural materials, it is necessary 
to design the connections in such a way that they will be simple to produce and be easily 
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applied to the elements on the construction site and also in such a way that splitting of the 
timber is avoided. The concept of " Connection design for Buildability" is introduced by 
Engström [1997]. In Rächer [1995], it is also stated that the ease of maintenance and 
durability of a structure is influenced to a great extent by the design of the connections 
between the elements. When designing connections it is also important to bear in mind that 
different types have different load-displacement properties, see fig. 7.2. Glued connections 
have, for example, a much greater stiffness than nailed connections. 
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Figure 7.2 Experimental load-slips curves for joints in tension parallel to the grain: 
(a) gluedjoints, (b) split-ring, (c) double sided toothed-plate, (d) dowel, (e) bolt, 
( f ) punched plate, (g) nail. (From Racher [1995]). 

Special considerations must be taken i f the connections are of types which wil l introduce 
tensile stresses perpendicular to the grain in the timber elements, see fig. 7.3. The design of 
the connection must in these cases be made in such a way that the stresses are within specified 
acceptable values. However, some of the examples in the figure can relatively easy be 
improved. 

Figure 7.3. Examples of tension perpendicular to the grain in joints with probable crack 
propagation path. (From Ehlbeck and Görlacher [1995]). 
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7.2 Splice Connections for Timber Arches 

7.2.1 Joints with nailed steel plate connectors 

Glulam stractural elements can be manufactured in very large sizes and in a variety of shapes. 
The transport feasibility is a limiting factor for the size of the prefabricated elements. Large 
structural components have to be manufactured in units which wil l be assembled and 
connected on the construction site, as in the case of arches with large spans. The splice 
connections have to be designed for the actual forces at the joint, whose magnitude depends 
on the splice location and the structural system of the arch. Localising a splice at the apex is 
often most suitable for arches. I f the arch is designed as two-hinged, then the splice 
connection has to be designed for bending moment, axial force and shear force. For a three-
hinged arch the splice connection at the apex has to be designed to withstand axial forces and 
shear forces. For arches with very large spans more than one splice is needed, and then the 
splice connections not localised at structural hinges have to also withstand all section forces, 
i.e. bending moment, axial force and shear force. In addition to withstanding actual section 
forces there is a great need for the assembling and connecting work to be easily executed at 
the construction site. These requirements are fulfilled by using nailed, steel plate connectors. 
The steel plates have usually a thickness of about 1.5-5 mm and are provided with punched 
holes. The plates can be cold-formed to a desired shape, see fig. 7.4. 

Figure 7.4 Examples of cold-formed steel fasteners. (From Gehri [1995]). 

These types of connectors have a relatively large load-bearing capacity per unit area and can 
be constructed with a small amount of equipment. The plates are fixed to the timber elements 
using anchor nails, see fig. 7.5, and a pneumatic hammer may be used. 
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Figure 7.5 Anchor nail. (From Gehri [1995]). 

7.2.2 Splice connectors for the Nordic Hall 

The arches for the Nordic Hall are designed as two-hinged arches and have moment-resisting 
splices at the apex and at the quarter-points, see fig. 7.6. 

Figure 7.6 Arches with splices at apex and quarter-points. 

The splice connectors consist of steel plates with punched holes and anchor nails. The plane 
connections on the vertical sides of the arch are designed to carry the shear force at the joint, 
and the U-formed plate connections on the upper and the lower sides are designed to carry 
resulting tensile force due to bending moment and axial force at the joint. Resulting 
compressive forces are assumed to be transmitted by direct contact pressure between the 
timber elements. The connection type used at the apex splice is shown in figure 7.7. The 
splices at the quarter-points are reinforced by a timber element inside the hollow-section 
which is nailed to the glulam by wire nails, see fig.7.8. 

Figure 7.7 Splice connection at the apex. 
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Figure 7.8 Splices at quarter-points. 

7.3 Tests 

7.3.1 Background 

In February 1994 the Nordic Hall came very near to collapsing, as has been described in 1.1. 
Due to a very uneven distribution of the snow load, large shear forces, which the arches were 
not designed to withstand, occurred at the apex splices. This led to splitting failures in the 
wood close to the steel plates, see fig. 7.9. 

Figure 7.9 Splitting failures at the apex splices. (Photo: Walldin [1994]). 
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The splitting failure wi l l arise because of tensile stresses perpendicular to the grain in the 
wood, close to the steel plates. These stresses are due to the section forces, i.e. bending 
moment and shear force, that are transmitted through the splice. I f the bending moment causes 
tensile stresses parallel to the grain at the lower side of the cross section, these stresses wil l , 
due to the change of the slope of the arch, give rise to tensile stresses perpendicular to the 
grain, see fig. 7.10. 

I — q = i — I 

Figure 7.10 Probable crack due to tension perpendicular to the grain caused by bending 
moment. 

The shear force will also give rise to tensile stresses perpendicular to the grain, which wil l be 
greatest near the side steel plates because the main part of the shear force will be transmitted 
by them, see fig. 7.11. 

Figure 7.11 Probable cracks due to tension perpendicular to the grain caused by shear 
force. 

The stress distribution near the splice connectors is complicated and it is not easy to calculate 
these stresses. In this thesis, a model is established for the calculation of these stresses and a 
test program is carried out to verify the validity of the model. The model is based on theories 
relating to the shear resistance of notched beams derived by Gustafsson and Enquist [1988] 
and also described by Riberholt et al. [1992]. The test program comprised 5 series of splice 
connections with different loads and shapes and in each series 5 specimens have been tested, 
i.e. a total of 25 splice connection tests have been performed. 
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7.3.2 Proposal for a model 

Gustafsson and Enquist [1988] have derived an equation for the calculation of the shear 
resistance of notched beams and for beams with an initial crack. In their research project they 
also performed a test program for end-notched beams and the relevant mechanical properties 
were measured. These were then used in the mathematical model to compare the calculated 
resistance from the model with the measured resistance in the test. The model is based on 
linear elastic fracture mechanics. I f the stress at the tip of a sharp notch or a crack is 
calculated according to linear elastic stress analysis it approaches infinity close to the tip, due 
to a singularity in the linear elastic solution. In reality, the stress at the tip cannot approach 
infinity and hence the magnitude of the stress at the tip is not a suitable failure criterion. 
Instead a linear elastic fracture mechanics model can be used. Such a model is based on the 
fact that the elastic energy which wil l be released when a crack propagates corresponds to the 
work required to get this crack propagating. The method is also described in Gustafsson 
[1995]. Herein, it states that the method wil l be applicable to calculating the shear resistance 
at such notches and holes as shown in figure 7.12 

(a) * j (b) 1 i P ) (c) I) 

Figure 7.12 Examples of notched beams and beams with a hole. (From Gustafsson [1995]). 

Figure 7.13 Initial crack and end notches. (From Gustafsson [1995]). 
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I f the method is applied for a notch or initial crack as in fig. 7.13 the critical shear force at 
crack propagation is given by Gustafsson [1995] as 

where a and ß are geometric ratios for the size of the notch or the crack, see fig. 7.13, Eg is 
the modulus of elasticity parallel to the grain and Gv is the shear modulus parallel-
perpendicular to the grain. GJC is the fracture energy for the splitting failure (tension 
perpendicular to the grain, mode I in fracture mechanics). 

Two general and important principles are noted in Gustafsson [1995] from equation (7.1): 

a) The material properties that are decisive for the resistance to crack propagation are the 
stiffness moduli, here denoted by E0 and Gv, and the fracture energy, here denoted by 
Gic- The tensile strength of the material perpendicular to the grain is not expected to 
influence the shear resistance. 

b) The shear resistance is strongly size-dependent in the sense that the magnitude of a 
formal stress at failure, e.g. V/(bh), decreases i f the size of the specimen is increased. 

When equation (7.1) is derived the fracture process zone has been assumed to have zero size. 
A corresponding expression in which none-zero fracture region size is considered gives a 
lower shear capacity, especially for small beams, see Larsen and Gustafsson [1989]. 

As described in Gustafsson [1995], equation (7.1) is also the background to the criterion used 
in Eurocode 5 [1993] for the shear force resistance of end-notched beams. The ratio E Q / G V is 
then set to 16 throughout. Instead of using the failure energy G/c as a strength parameter it 
has been assumed that (Eo-Gjc)0'5 is proportional to the shear strength of the material. The 
constant of proportionality was determined from test results which gave different values for 
solid wood and glulam. In the criterion given in Eurocode 5, consideration is also taken of 
inclined notches. The influence of the inclination has been determined from tests presented by 
Riberholt et al. [1992]. The EC5 equation implies that the design value of the shear stress Td, 
calculated for the net cross section area, must be less than a reduced value of the design value 
of the shear strength according to 

where the reduction factor kv is given as 

b-a-h-^G,c Ih 
(7.1) 

<1.0 (7.3) 
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The factor k„ is set to 5.0 for solid wood and to 6.5 for glulam. The beam depth h is to be 
expressedin mm and i is the notch inclination according to fig. 7.13. An advantage with 
the shear resistance as expressed in equation (7.2) is that at the same time as the risk of a 
splitting failure is checked, the maximum shear stress is also checked by setting the maximum 
value of the factor kv to 1.0. 

The model proposed in this thesis for the calculation of the load bearing resistance of splice 
connections with nailed steel plates is the original model as expressed by Enquist-Gustafsson 
in eq. (7.1). That the analogy with the fracture mechanics model for end-notched beams can 
also be applicable for connections where tensile stresses perpendicular to the grain are 
induced, has been shown in other research reports, see van der Put [1990] among others. The 
proposed models for transmitting shear force and bending moment respectively through a 
splice are shown below. The splitting failure described above, which is caused by tensile 
stresses perpendicular to the grain, is called mode I in fracture mechanics. The resistance of 
the splice connection for bending moment is also dependent on mode I I , the shear mode. An 
expression for the critical load for the actual load case for this failure mode is derived below. 

Splice connection for shear force 

For the part of the shear force assumed to be transmitted by the nailed steel plates at the 
vertical sides of the timber elements, the load case in fig. 7.14 is obtained for the left side of 
the splice connection. 

V 

Figure 7.14 Load case for shear force at the splice. 

The fracture mechanics model by Gustafsson [1995] is applied and with an assumed initial 
crack at the lowest row of nails the load case wil l be as shown in fig. 7.15. 

V 
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h V, 

VSD-cos9 

sp 

Figure 7.15 Load case with an initial crack at the lowest row of nails. 

Using the notations as in figure 7.15 and by applying equation (7.1), the shear force 
resistance at the splice will be obtained from 

The distance ßh in fig. 7.15 is the length of an initial crack at the level of the lowest row of 
nails. This length can be estimated by the "initial crack method" described in Gustafsson, 
Petersson and Stefansson [1996]. This method can be used to calculate the load-bearing 
capacity for wooden beams containing notches, holes, or initial cracks by using linear elastic 
fracture mechanics analysis. The load capacity is predicted for a fictitious crack with a 
specific length a0. This length can be derived theoretically. The condition is that, the same 
strength shall be predicted for an infinite plate in a homogenous stress field when linear 
elastic fracture mechanics is applied on this fictitious crack, as a stress criterion wil l do for 
this infinite body without a crack. For pure mode I the length of the fictitious crack can be 
calculated as 

where f is the tensile strength perpendicular to the grain and Er is a fictitious modulus of 
elasticity which can be derived from 

(7.4) 

ic (7.5) 

(7.6) 

where = modulus of elasticity along the grain 
= modulus of elasticity perpendicular to the grain 

= Poisson 's ratio v 

66 



7 Joints 

Eq. (7.4) is derived on the assumption that a concentrated load is applied at a distance ßh 
from the tip of a notch or an initial crack. This expression for the resistance is applicable also 
to other geometries and load cases i f ßh is substituted by M/V where M is the bending 
moment and V is the shear force in the beam section at the tip of the crack, see Gustafsson 
[1988]. I f it is assumed that the spring stiffness for the anchoring of the nails to the timber is 
uniformly distributed along the connection and that the stiffness of the steel plates is large 
compared to the stiffness of the nails, the load distribution from the nails to the timber can be 
approximated as in fig. 7.16. 

Figure 7.16 Load distribution from the nails. 

For an initial crack length a which is less than the connection length / the bending moment 
M(a) and the shear force V(a) at the crack tip wil l be given as 

M(a) = q-a2-(2-a/l) 

V(a) = qa(4-3a/l) 
(7.7) 

and ßh is given in accordance with Gustafsson [1988] as 

V (4-3-a/l) 
(7.8) 
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Splice connection for bending moment 

The bending moment causes a tensile force in the nailed, steel plate on the lower side of the 
splice and a compression force transmitted by contact pressure on the upper side, see fig. 
7.17. 

Figure 7.17 Load case for bending moment at the splice. 

The tensile force on the lower side wil l have a component perpendicular to the grain direction 
which will give rise to a risk of a splitting failure. As in the case of the pure shear an initial 
crack is assumed, this time through the uppermost row of nails. The critical force 
perpendicular to the grain is calculated from eq. (7.1) as the force initiating the propagating of 
the crack. The tensile force due to the bending moment at the splice section wi l l have a 
component parallel to the grain as well, which wil l give the risk of shear failure in mode U. 

Figure 7.18 Load case with an initial crack along the uppermost row of nails. 
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The tensile force Fspl can be calculated from a moment equilibrium equation, see fig. 7.18, as 

M M 

d-x/3 
(7.9) 

where d = distance from the upper side to the tensile force 
x = distance from upper side to the neutral axis 

The location of the neutral axis is calculated by the assumption that the lengthwise 
deformation of the lower part of the glulam beam at the splice section is caused by the slip 
between the wood and the steel plate due to the deformation of the nails, see fig. 7.19. 

Atp x 

Figure 7.19 Deformations of the mid section. 

The following expression to calculate the level of the neutral axis is a rough approximation 
but this wil l have a rather small influence on the calculated bending moment resistance. I f 
assuming linear elastic conditions for the timber and ignoring that the compressive force also 
has a component perpendicular to grain, the compressive stress at the upper edge is given as 

htp-x 
(7.10) 

and the compressive force is obtained as 

_ _ bx En-b-x2 

F cosB = cr = — Aq> 
spe m 2 2 . / v 

(7.11) 

The tensile force can be expressed as a function of the nail stiffness and the displacement as 
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FsplcosQ = nKnail(d-x)-A<p (7.12) 

where n = number of nails 
Knau

 = nail stiffness due to their anchorage in the timber 

An equilibrium equation Fspt = Fspc gives 

x =• 
ln-Kna 

E0-b InK 
(7.13) 

I f x is small the assumption about linear elastic behaviour is not valid with any certainty for 
the whole compressive zone, plastic deformation can be reached at the upper edge. Because 
this eventually wil l occur for small values of x, it wil l have a relatively small influence on the 
value of z, see eq. (7.9), and wil l be ignored in this analysis. 

Failure mode I, tension perpendicular to the grain 

For this failure mode, the critical force F s p t i C is obtained in accordance with eq. (7.4) as 

b a-h *jGIC I h 
' sptIC 

( s i n 6 > ) ^ 0 . 6 - ( « - a 2 ) / G v + ß^6-{\la-a2)/E0 

where ß is given from eq. (7.8). 

(7.14) 

Failure mode II, shear 

An expression for the critical load is derived by assuming that the load will be uniformly 
transmitted from the steel plate to the timber along the connection, see fig. 7.20 

C M 

ah 

1 

ah 

q = P/l 
- > • • 

ah/3 

ah/2 
• > P * 

Figure 7.20 Load case for failure mode II. 
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The method used by Gustafsson and Enquist [1988] to derive the critical load for mode I 
above is based upon the "energy release method", see e.g. Hellan [1984]. Due to this method 
the crack will propagate when the release of the elastic energy during the crack propagation is 
equal to the fracture energy. The energy release rate can be written, see Gustafsson and 
Serrano [1999], as 

G = - § (7.15) 
OA 

where JT is the potential energy of the system and A is the crack area. The potential energy 
can be written as 

n = C/ + Q (7.16) 

where U is the elastic strain energy 

U = \oiieijdV (7.17) 

V 

and £2 is the potential energy of the external loads 

a = -\qwdT (7.18) 

where w is the displacement due to the load q and r is the region of the applied load q. For 
linear elastic material and i f no initial stresses are assumed the following relationship between 
the potential of the external loads and the elastic strain energy is valid 

a = -2U (7.19) 

which gives 

Tl = U-2U = -U (7.20) 

and then from eq. (7.15) 

G = ̂ = * L (7.21) 
dA bda 

where b = crack width (beam width) 
a = crack length. 
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The compressive force at the splice section is assumed located at a distance ah/3 from the 
upper edge (the compressive zone is assumed to have a depth of ah with a linear stress 
distribution) and the tensile force at a distance ah/2 from the lower edge. The forces are 
assumed to have the same level within the whole length 1 of the connection plate. The strain 
energy of the timber within this length 1 can be expressed, i f disregarding shear deformations, 
as 

I ' * 2 E 0 { { A I ) 

The calculation of the strain energy below is divided into three parts. 

£ < a, below the crack: 

(7.22) 

Nx=q-^P- M, = 0 (7.23) 

U, - J 
rb a h { 

P 2 -<f 

2 E 0 b a h J

0 I 

P2a3 

6 E 0 b a h f 

The derivative of Ui with respect to a is 

(7.24) 

dU, _ P2 

da 2 E n b a h \ l 
(7.25) 

£ < a, above the crack: 

M2 = P 
(l-a)h ah Ph 

u2=-
P2a P2(3-5-af a 

2 E 0 b ( l - a ) h 6 -£ 0 b-(\-af h 

The derivative of U2 with respect to a is 

(3-5-a) (7.26) 

(7.27) 

P2-(3-5-af 

da 2-E0 b-(\-a) h 6 E0 b (\-af h 

a<$<l 

N,=-P- i - i 
/ 

n ( h a-h} ,(h ah) Ph 
3 - 2 - a + 3 ( l - a ) - | 

(7.28) 

(7.29) 

72 



7 Joints 

— f /> 2 - l - i 

' [ — . [ 3 - 2 - a + 3 - ( l - a ) - i 

2-E, 
bh* J 36 

12 

P1! 
1-^1 + -

6 E0 b h { l ) 5A E0 b-h-(\-a) 

The derivative of C/? with respect to a is 

( 6 - 5 a ) 3 -

(7.30) 

3 - 2 - « + 3 ( l - a ) - -

dU3_ P1 ( l aX 

da 2-E0 b-h y I ) 6 E0 b h 
3 - 2 o r + 3 ( l - a ) - (7.31) 

Then eq. (7.21), (7.25), (7.28) and (7.31) give the energy release rate as 

[3-5-a)1 

1 

b 2 E„ b h 

a \ l ) (1-a) 
1 + -

3 ( l - a ) 2 

3-2or+3- ( l -a ) -

(7.32) 

The critical load Pnc for this load case is reached when the energy release rate is equal to the 
fracture energy GUc for the shear failure mode, i.e. 

2GllcE0h 

L H ' - « f \ - H H - 3 -2o r+3 ( l - a )y 
2 

(7.33) 

or in accordance with fig. 7.18 with Pen = Fsptnc COs9 

F =• 
rspMC 

b 2-GIIC •E0-h 

(cose) 

1 i V « ) 
i+p-5">; 

3 ( l - a ) ' _ 
- H • - i 

3 - 2 a + 3(l-a)y 
2 

(7.34) 

The value of a can also in this case be estimated by the "initial crack method" and for pure 
mode I I , the value is given as, see Gustafsson, Petersson and Stefansson [1996] 
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(7.35) 

where fv is the shear strength and En is a fictitious modulus of elasticity which can be 
derived from 

E„ ^2~TQÜEX 2-G, 
— v. 

Ex 
(7.36) 

with the same denominations as in eq. (7.6). 

Mixed modes (Mode I + Mode II) 

For load cases which wil l produce both tensile stresses perpendicular to the grain and shear 
stresses, a failure criterion for mixed modes should be used. A commonly used criterion is 
Wu's failure criterion, see e.g. Valentin et al. [1991], which has been empirically established 
and can be expressed in stress intensities as 

(7.37) 

where Kj and Kn are the stress intensities for mode I and mode I I respectively and K!C and 
Kuc are the corresponding critical values. The stress intensities are proportional to the square 
root of the corresponding energy release rates whereby the criterion can instead be written 

(7.38) 

According to eq. (7.14) and (7.33) the energy release rates are proportional to the 
corresponding loads squared and, expressed in loads, the criterion then wil l be given as 

Pi 
c p V 

—JL 

\PucJ 

(7.39) 

With PI = Fsp,-sin8 and PJJ = Fspt cos6 in accordance with fig. 7.18 and Fspt = Msp/z the 
critical moment can be calculated from 

M. spC 

z-F. 

M, spC 

sptic y z-F, 
= 1 (7.40) 

splIIC J 

where z = d—x/3 according to fig. 7.18 and x calculated from eq. 7.13. The critical 
values Fsp,ic and FsptUc are calculated from eq. (7.14) and (7.34) respectively. 
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7.3.3 Test arrangement 

The test program comprised 5 series with 5 specimens in each series. The test specimens 
were constructed of two glulam elements with a cross section of 115 x 630 mm and a length 
of 1800 mm. The two beam elements were joined together by nailed, steel plates to form a 
pitched beam with a length of about 3600 mm. The glulam beams were manufactured of 
Norwegian Spruce grown in northern Sweden. The splice connections were varied for the 
different test series and were designed in such a way that failure would not be expected to 
occur in the nails or the steel plates. The load was applied by two hydraulic loading devices 
(one for test series number 2 ) with a maximal load of 270 kN each. At the load points, load 
distribution steel plates were placed between the concentrated load and the timber, limiting 
the compressive stresses perpendicular to grain within acceptable values. The test beams were 
simply supported and at the supports load distribution steel plates with a length of 400 mm 
were also placed. The theoretical length of the span was 3200 mm. The test rig is shown m the 
photo in fig. 7.21. 

Figure 7.21 The test rig. (Test specimen number 4 in test series number 5). 

The compressive distribution plates at the load points and at the supports are illustrated in 

fig. 7.22. 

Figure 7.22 Compressive stress distribution plates at load applying point and at support. 
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The strains perpendicular to grain, close to the corners of the steel plates where cracks were 
expected to arise, were measured by applying displacement transducers. The measurement 
length varied between 60-80 mm and those measurements were performed in order to 
estimate when failure happened. The load of interest was the load when cracks throughout the 
whole thickness of the beam propagated, why this load has been defined as the failure load 
although the load could be further increased before the beam collapsed.. Also the vertical 
deflection of the midpoint was measured by measuring the difference between the 
displacements at the midpoint and at the supports. For test series with pure shear force at the 
splice, the vertical displacement between the beam elements on each side of the joint was 
measured. The transducers for strain and deflection measurements are illustrated in fig. 7.23. 

Figure 7.23 Displacement transducers for strain and deflection measurements. 

In applying the load an attempt was made to follow the schedule in the ISO 6891, 
International Standard [1983], see fig. 7.24. In reality the ultimate load was reached in about 8 
to 12 minutes which according to the figure should have been about 10-15 minutes. The load 
cases for the different test series are shown below. 

Figure 7.24 Load schedule for tests according to ISO 6891. 
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Test series 1, specimens 11-15 

In this test series the beams were loaded with two symmetrical concentrated loads giving only 
bending moment in the splice section, see fig. 7.25. The splice connection was made by a 
nailed U-formed steel plate on the lower side (tension side) of the splice. 

Figure 7.25 Load case test series 1. 

Test series 2, specimens 21-25 

In this test series the beams were loaded with one concentrated load giving both bending 
moment and shear force in the splice section, see fig. 7.26. The splice connection was made 
by a nailed U-formed steel plate on the lower side (tension side) of the splice and plane steel 
plates on the vertical sides of the beams, see fig. 7.26. 

T T 3 = Ü 

Figure 7.26 Load case test series 2. 

Test series 3, specimens 31-35 

In this test series the beams were loaded with one concentrated load directed downwards and 
one concentrated load directed upwards giving only shear force in the splice section, see fig. 
7.27. The splice connection was made by nailed plane steel plates on the vertical sides of the 
beams and a U-formed nailed steel plate on the lower side of the splice, see fig. 7.27. 
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Figure 7.27 Load case test series 3 

Test series 4, specimens 41-45 

The load case for this test series was the same as for test series 3. The difference is that in this 
series only nailed steel plates at the vertical sides of the beam elements were used, see 
fig. 7.28. 

Figure 7.28 Load case test series 4. 

The test rig arrangement for test series 3 and 4 is illustrated in fig. 7.29. 

Figure 7.29 The test rig arrangement for test series 3 and 4. 
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Test series 5, specimens 51-55 

In this test series the load case was the same as in test series 1, i.e. two symmetrical 
concentrated loads, giving only bending moment in the splice section. The difference is a 
larger slope of the beam elements, 10 ° in this series in comparison with 5 0 in series 1-4, see 
fig. 7.30. 

Figure 7.30 Load case test series 5. 

Following delivery from factory, the glulam elements were stored in the test laboratory for 
1-2 weeks before they were assembled as test specimens. They were then stored a further 4-6 
weeks before the tests were performed. The temperature in the laboratory was about 20 °C, 
the humidity was not measured. 

The only material properties measured were the density and the moisture content. Stiffness 
properties and fracture energy values required for the calculation of resistance values have 
been taken from other research reports considering the density of the specimens. For 
determining the density and moisture content two kinds of test samples were taken from the 
test beams. The smaller samples were extracted to meet the ISO 3130 International Standard 
[1975], having a cross-section of 20 mm square and a length along the grain of 25-30 mm. 
The samples were taken from laminations where a splitting failure had occurred. The larger 
samples were extracted as cubes with a side of approximately 80 mm and cut in such a way 
that they comprised a lamination where a splitting failure had occurred. For determining their 
moisture content the samples were dried in a kiln at a temperature of approximately 105 °C 
for about 6 days. For calculating the density only the wet volume of samples was measured. 
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7.3.4 Test results 

Test series 1, specimens 11-15 

The concentrated loads were applied symmetrically and the load rate was governed by giving 
the vertical deflection rates at the load points fixed values. Because of this a difference 
between the magnitude of the two loads could arise. The section forces at the splice are 
obtained as in fig. 7.31. 

5 = — ^=u 

j LQ J L L _ 4 UL4 

Figure 7.31 Splice section forces in test series 1. 

The shear force at the splice is ignored in the following calculations because the difference 
between the magnitudes of the two loads is small. 

The strains perpendicular to grain close to the comers of the nailed steel plates were 
measured, as was the vertical deflection at the midpoint of the beam. Failure occurred due to a 
splitting at the uppermost row of nails of the connection, giving a sharp decrease in the loads 
and a sharp increase in the vertical deflection. The ultimate load was accordingly defined as 
the maximum applied load and the ultimate bending moment as the corresponding bending 
moment. A typical failure in test series 1 is illustrated in fig. 7.32. The failures in all test 
specimens are given in Appendix B. 
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The bending moment at the splice and the deflection at the midpoint during the test are shown 

in fig. 7.33. 

Beam 12 

Time (sec) 

Figure 7.33 Bending moment and deflection on test beam no. 12. 

In most of the test beams in this series small cracks also occurred in the upper part 
beam, see fig. 7.34. The cracks are marked with black lines in the picture. 

Figure 7.34. Cracks in upper part of test beam no. 12. 
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Those cracks are caused by tensile stresses perpendicular to grain. They did not lead to a 
collapse and they are usually stopped by the load applied to the upper side of the beam. The 
small steel plate seen on the picture at the upper part of the splice is only a mounting plate to 
ease the handling of the beam during assembly. The vertical bar in front of the splice is a 
lateral bracing. 

The results of the specimens in test series 1 are shown in table 7.1 in terms of ultimate 
bendmg moment, density, and moisture content. The density and the moisture content are 
shown for the both sizes of test pieces described in 7.3.3. 

Table 7.1 Results of test series no. 1. 

Test 
beam 

Bending 
moment kNm 

Density po,ø) kg/m3 Moisture content oo % Test 
beam 

Bending 
moment kNm Small Large Small Large 

11 187.6 427 453 10.7 9.8 

12 175.2 461 465 11.7 10.1 

13 194.7 472 456 13.0 10.0 

14 180.9 450 456 11.0 9.9 

15 195.0 470 488 11.0 9.8 

Mean 186.7 456 464 11.5 9.9 

Std.dev. 8.65 18,3 14,5 0.94 0.15 

C.o.v. 0.046 0.040 0.031 0.082 0.015 

Test series 2, specimens 21-25 

To the specimens in this test series only one load was applied. The section forces at the splice 
are obtained as in fig. 7.35. 

Shear Vsp = P/3.2 

Bending moment Msp = 0.5P 

J L ° J ^ i 
Figure 7.35 Splice section forces in test series 2. 

The section forces and the midpoint deflection during the test on specimen no. 23 are shown 
in fig. 7.36. 
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Beam 23 

Time (sec) 

Figure 7.36 Bending moment and deflection on test beam no. 23. 

The strains (the relative displacement measured on the distance between the fixed points of 
the transducers) perpendicular to grain were measured close to the nailed steel plates at those 
corners where cracks were expected to occur; the location of the displacement transducers can 
be seen on the picture, fig. 7.38. The strains measured on test beam 23 are shown in fig. 7.37. 

Beam 23 

-20 0 20 40 60 80 100 120 140 160 

Strain x 1000 

Figure 7.37 Strains perpendicular to grain on test beam no. 23. 
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The ultimate load is also in this case set to the maximum applied load and it corresponds to a 
large increase in the vertical deflection as can be seen in fig. 7.36. It also corresponds to a 
growing crack at the corner marked (1), 3 in fig. 7.37. The number in brackets refers to the 
strains measured on the reverse side of the beam. A typical failure in test senes 2 is shown in 
the picture of beam 23 in fig. 7.38. Photos of other specimens in test series 2 are given in 
Appendix B. 

Figure 7.38 Failure in test beam no. 23. 

On the beams in this series, cracks also occurred in the upper part at the splice due to tensile 
stresses perpendicular to grain. On one test beam, no. 22, this led to a split from the splice all 
the way to the support on the right half of the beam. This failure could arise because there was 
no load applied to this half of the beam to counteract the tensile stresses perpendicular to 
grain and thereby preventing the splitting. The splitting failure is shown in fig. 7.39. 

Figure 7.39 Splitting failure in test beam no. 22. 
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The results of the specimens in test series 2 are given in table 7.2 in terms of ultimate bending 
moment, shear force, density, and moisture content. 

Table 7.2 Results of test series no. 2. 

Test 
beam 

Bending 
moment 

kNm 

Shear 
force kN 

Density po.o kg/m3 Moisture content oo % Test 
beam 

Bending 
moment 

kNm 

Shear 
force kN Small Large Small Large 

21 98.1 61.3 436 438 10.9 11.2 

22 85.6 53.5 585* 434 8.8 8.6 

23 86.7 54.2 472 427 10.7 9.1 

24 99.0 61.9 428 448 10.4 9.6 

25 97.8 61.2 421 450 10.0 9.4 

Mean 93.4 58.4 468 440 10.2 9.6 

Std.dev. 6.68 4.19 68.2 9.7 0.83 0.98 

C.o.v. 0.071 0.072 0.145 0.022 0.081 0.102 

* This test piece included a knot. 

Test series 3, specimens 31-35 

The loads were applied with one downwards and one upwards, which would only result in 
shear in the splice section. The load rate was governed by a fixed displacement rate at the load 
points which led to the two loads possible having different values. The section forces at the 
splice are obtained as in fig. 7.40. 

2 

J 1 0 J 1 2 L ° J 

Figure 7.40 Splice section forces in test series 3. 

Because the difference between the magnitudes of the two loads is small, the bending moment 
at the splice section is also small and is ignored in the following calculations. In this test 
series the strains perpendicular to grain were also measured close to the comers of the steel 
plates where cracks were expected to occur. The load history of beam no. 33 and the 
corresponding shear force and strains where cracks were expected are shown in figure 7.41. 
A l l measured strains on this beam are shown in figure 7.42. 
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-40 -20 0 20 40 60 80 100 120 140 160 

Strain x 1000 

Figure 7.42 Strains perpendicular to grain on test beam no. 33. 

The failure has, in this case, been defined as occurring when the first crack throughout the 
beam thickness was propagating. On beam no. 23 the first crack arose at the upper right 
corner of the web steel plates, as can be seen from fig. 7.42 and fig. 7.43. The corresponding 
shear force derived from fig. 7.41 is given to be 109.1 kN. However, the load could be 
increased considerably before the maximum load was reached and a collapse of the beam 
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occurred. The ultimate load has yet been set to the load giving the first crack throughout the 
beam thickness because of such a crack is not acceptable. This situation can be compared to 
what happened to the arches of the Nordic Hall; large unacceptable cracks occurred but the 
arches did not collapse totally. The maximum load is reached just before further splitting 
cracks occur. That the load could be increased to this extent after the first crack arose can 
partly be explained by a partial clamping of the splitting-off-part of the beam, because of the 
length of the support, which prevents the propagating of the crack. Another possible 
explanation is the influence of knots which can work as a reinforcement of the crack. The 
appearance oftest beam no. 33 after loading to total collapse point is shown in fig. 7.43. 
Photos of all test beams in series 3 are given in Appendix B. 

Fig. 7.43 Failure in test beam no. 33. 

On some test beams a local compression perpendicular to grain occurred under the load plates 
when the maximum load was reached, see fig 7.44. This happened with a compressive stress 
perpendicular to grain of just over 5 MPa calculated on the area of the load plate 

Figure 7.44 Local compression perpendicular to grain. 
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The results of the specimens in test series 3 are given in table 7.3 in terms of ultimate shear 
force, density, and moisture content. 

Table 7.3 Results of test series no. 3. 

Test 
beam 

Shear 
force kN 

Density po,a>kg/m3 Moisture content co % Test 
beam 

Shear 
force kN Small Large Small Large 

31 103.4 458 480 13.8 13.3 

32 97.6 434 450 9.0 10.9 

33 109.1 447 453 10.2 10.7 

34 138.9 399 438 9.5 10.3 

35 90.2 410 407 9.8 10.3 

Mean 107.8 430 446 10.5 11.1 

Std.dev. 18.7 25.0 26.3 1.92 1.29 

C.o.v. 0.173 0.058 0.059 0.183 0.116 

Test series 4, specimens 41-45 

The load case of the beams in this test series was the same as in test series 3. However the 
beams in this series are only furnished with steel plates on the vertical sides. The section 
forces at the splice are given as in fig. 7.40. The difference between the vertical deflections on 
each side of the splice was measured in addition to the strains perpendicular to grain where 
cracks were expected. In this case the ultimate load was also defined as the load giving the 
first crack throughout the beam thickness. The appearance a typical of a failure in this series is 
shown on test beam no. 42 in fig. 7.45. 

Figure 7.45 Failure in test beam no. 42. 
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The load history in the shape of the shear force at the splice and the deflection difference of 
test beam no. 42 are shown in fig. 7.46. The strains measured perpendicular to grain on this 
beam are shown in fig. 7.47. 

Beam 42 

Time (sec) 

Figure 7.46 Shear force and vertical deflection difference on test beam no. 42. 

25 £ 

60 80 100 

Strain % 1000 

Figure 7.47 Strains perpendicular to grain on test beam no. 42. 
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It can be seen from fig. 7.45 and 7.47 that in this test cracks occurred in the beam almost at 
the same time at both the upper right and the lower left corners of the steel plate. Also on the 
beams in this series the load could be increased considerably after the appearance of the first 
crack. After the maximum load was reached, the load decreased smoothly due to local 
compression perpendicular to grain at the load plates. However, the ultimate shear force has 
been chosen as that corresponding to the first crack throughout the beam thickness. The 
results of the specimens in test series 3 are given in table 7.4 in terms of ultimate shear force, 
density, and moisture content. 

Table 7.4 Results of test series no. 4. 

Test 
beam 

Shear 
force kN 

Density po,o>kg/m3 Moisture content co % Test 
beam 

Shear 
force kN Small Large Small Large 

41 88.3 391 393 9.9 10.2 

42 102.5 417 395 9.5 9.6 

43 81.7 399 421 9.6 9.9 

44 75.6 356 460 9.0 9.7 

45 73.4 421 440 8.9 9.8 

Mean 84.3 397 422 9.4 9.8 

Std.dev. 11.7 25.8 28.8 0.44 0.22 

C.o.v. 0.139 0.065 0.068 0.047 0.022 

Test series 5, specimens 51-55 

The load case in this test series was the same as in test series 1, i.e. two symmetrical 
concentrated loads giving only bending moment in the splice section. The difference in 
comparison with test series 1 is the slope of the beam elements which was 10° in this series 
but 5° in all the other series. The type of failure is also the same as in test series 1, but with a 
lower value for the ultimate load. The failure in beam no. 52 is shown in figure 7.48. 

Figure 7.48. Failure in test beam no. 52. 
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The bendmg moment and the vertical deflection during the loading is shown in fig. 7.49. 

Beam 52 

200 300 400 500 600 

Time (sec) 

700 800 900 1000 

Figure 7.49 Bending moment and vertical deflection in test beam no. 52. 

Photos of the failures in the other beams in test series 5 are given in Appendix B. The results 
of the specimens in test series 5 are shown in table 7.5 in terms of ultimate bending moment, 
density, and moisture content. 

Table 7.5 Results of test series no. 5. 

Test 
beam 

Bending 
moment kNm 

Density po,ojkg/m3 Moisture content co % Test 
beam 

Bending 
moment kNm Small Large Small Large 

51 120.4 470 483 9.5 10.2 

52 123.2 453 485 10.0 9.8 

53 125.8 522 486 10.6 10.4 

54 128.6 495 514 11.6 11.5 

55 116.1 474 459 11.6 10.7 

Mean 122.8 483 485 10.6 10.5 

Std.dev. 4.83 26.7 19.5 0.96 0.62 

C.o.v. 0.039 0.055 0.040 0.091 0.059 
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7.3.5 Comparison between test results and the model 

In order to establish the applicability of the suggested model, a comparison between the 
resistances according to the model and the measured values was made. The material 
parameters used in the model, the fracture energy in tension perpendicular to the grain, the 
modulus of elasticity, and the shear modulus, were estimated from the density and moisture 
content measured in the test specimens. The splitting failures occurred over a relatively large 
area and for that reason the density and moisture content values of the large samples, see 
7.3.4, have been used when estimating the material parameters. The calculations are based on 
the mean values in each series and the results of the calculations are compared with the mean 
values of the measured resistances from the corresponding tests. 

The fracture energy value of mode I , tension perpendicular to the grain, is taken from a report 
by Larsen and Gustafsson [1990] on a joint project in which a number of CIB-W18A 
members determined the fracture energy of a variety of timber species. In this report the 
relationship between fracture energy and density of European softwoods is given as 

GK = -146 + 1 . 0 4 ^ (7.41) 

where Gic = fracture energy in Nm/m2 in tension perpendicular to the grain 
Pmco = density in kg/m3 determined from mass and volume at moisture content co 

The correlation factor obtained was 0.78 indicating a relatively strong dependence of the 
fracture energy on the density. There is not enough data to indicate whether the fracture 
energy is dependent on the moisture content, and consequently the values of the fracture 
energy used in these calculations are determined from the densities i.e. calculated for the 
wet mass and the wet volume. When equation (7.41) is applied to the test results in 
Gustafsson and Enquist [1988] it gives a value for the fracture energy about 15 % higher than 
the mean value from the tests. 

For mode IT, the shear mode, there is not the same amount of data. Some test results are 
reported in Riberholt et al. [1992]. For glulam the fracture energy value was found to be about 
1000 Nm/m 2. Aicher, Schmidt and Brunold [1995] have developed a method to estimate the 
fracture energy for mode IT. The results in this report show that the value of the fracture 
energy is strongly dependent on the method used to evaluate the fracture energy from the test. 
For the method which is recommended in the report values of about 1000 Nm/m 2 were 
obtained for spruce. In the tests which are referred to here, no correlation between fracture 
energy and density has been found. In other reports where numerical calculations have been 
carried out, Gnc has been set to 3.5-Gic , see e.g. Peterson [1995]. This value has also been 
chosen for the calculations in this thesis although it implies a correlation to the density. 

For the modulus of elasticity a relationship to the density given by Johansson [1990] has been 
used. According to this the modulus of elasticity at the moisture content co is determined as 

E0=Po™ (7.42) 

where EQ = the modulus of elasticity along grain in Mpa. 
Po.a = the density in kg/m3 determined from the dry mass and the volume at 

moisture content co. 
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Good agreement is also obtained when this formula is applied to the mean values of the test 
results in Gustafsson and Enquist [1988]. The shear modulus, Gv, is set as Eo /l 6 where EQ is 
the modulus of elasticity parallel to the grain, and this relationship is the one used in codes, 
see e.g. Eurocode 5 [1993]. 

The values of the strength parameters which are based on the expressions above are valid for 
the actual moisture content co when the tests were performed. I f the strength parameters are to 
be used for calculations at other moisture contents, the values have to be corrected with 
respect to the influence of the variation of the moisture contents on the parameters. 

In test series 1-4 finite element analyses have been performed. These analyses have been 
performed mainly to estimate stress distributions and the likely locations of the most 
unfavourable stresses. They have not been used to estimate in detail the magnitude of the 
stresses. The results of those calculations have been used as a support to and a comparison 
with the proposed models. For the finite element analysis IDEAS, the FEM-software, has 
been used. The timber beams and the steel plates were modelled by using parabolic thin shell 
elements and the nails by linear beam elements. The beam elements were given elastic 
properties corresponding to the stiffness of the nails' anchorage in the timber. The orthotropic 
material properties of the timber were set according to test series 1 and the same values were 
used in all calculations. The modulus of elasticity perpendicular to grain, E± , was set to 
Eo /30, the shear modulus, Gv, to EQ /16, and Poisson's ratio, Vjn , to 0.015. The contact 
between the glulam beams at the splice section was modelled by putting in contact gap 
elements between adjacent nodes on the two beams. The calculations were performed for the 
measured mean value of the ultimate loads of each test series. 

Shear force, test series 4 

In this test series the loads were applied to give only shear force in the splice section and the 
connection consisted of nailed steel plates only on the vertical sides. The maximum load was 
reached just before splitting occurred both at the lower left and the upper right comer, see fig. 
7.45. The ultimate load is still defined as the load giving the first crack throughout the beam 
thickness in either of the corners, as been described in 7.3.4. The load was increased to a 
relatively large extent after the first crack appeared, see e.g. fig. 7.46. One explanation for this 
is that the propagating of the crack is counteracted by the fact that the part of the beam which 
is in the process of splitting is partly restrained by the length of the support. Another 
explanation is the effect of knots which act as reinforcements to the splitting area. 

In test series 4 the mean density of the large samples was po,m = 422 kg/m 3 and the mean 
moisture content 9.8 % which 463 kg/m3. This gives from (7.41) and (7.42) the 
fracture energy and the modulus of elasticity 

GK = -146 + 1.04-463 = 335 Nm/m2 and 

Eo = 4221'577 = 13800 MPa 

From the finite element analysis the stresses perpendicular to grain at the uppermost right and 
the lowermost left row of nails are shown in fig. 7.50 - 7.51. The shear stress distribution at a 
vertical section close to the right side of the steel plate is also shown in fig. 7.52. 
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Test series 4 
Stresses perpendicular to grain at the uppermost right row of nails 

1,4, 

Distance from mid section mm 

Figure 7.50 Stresses perpendicular to the grain at the uppermost right row of nails. 

Test series 4 
Stresses perpendicular to grain below the lowermost left row of nails 

1 , 6 0 

0,20 

i 1 1 1- 0,00 

250 200 150 100 50 0 

Distance from mid section mm 

Figure 7.51 Stresses perpendicular to the grain at the lowermost left row of nails. 
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Test series 4 
Shear stresses at a vertical section to the right of the side plate 

Shear stress MPa 
•0,10 0,40 0,90 1.40 1,90 2,40 

Figure 7.52 Shear stress distribution to the right of the side plate. 

a = 440/630 = 0.70 

Figure 7.53 Dimensions for splice connection in test series 4. 

The shear modulus is set to Gv = E0116 = 863 MN/m2 and with the values for the material 
parameters and dimensions according to fig. 7.53 the shear capacity is calculated from (7.4). 
The value of ßh is calculated from eq. (7.8) with an initial crack length a0 from eq. (7.5). 
This value for ao is strongly dependent on the tensile strength perpendicular to the grain for 
which, in turn, an essential size effect is obvious. This dependence on size can be described 
as, see e.g. Rouger [1995] 
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v Y'2 

f , v = f m - \ y j (7.43) 

where fiv = tensile strength perpendicular to the grain for a volume V 
ftvo = tensile strength perpendicular to the grain for a reference volume Vo 

In accordance with the results of the finite element, the volume with large stresses 
perpendicular to the grain (where the region with large stresses is assumed to have a width 
equal to the length of the row of nails and a height equal to a quarter of the height of the 
connection) is estimated as approximately 

r~0.115-0.13-— = 9.7210-4 m 3  

4 

The tensile strength is then calculated from eq. (7.43) and with strength values from Carling 
etal. [1992] as 

' 25 10~3 A 

9.72 10" 
1.0-1.2 MPa 

where the strength value 1.0 MPa is given for a volume 2.5-10"3 m 3 . The initial crack length 
can then be estimated by first calculating the fictitious modulus of elasticity Ej from eq. (7.6) 

Ü3Ö + -^-0.015.30: 
E, 13800 \ 2 V 2 987 

which from eq. (7.5) gives the initial crack length a0 

1 987 0.335 „„ 
a„= = 73 mm 

and this in turn gives the value of ß from eq. (7.8) 

73 2-73/130 
ß=—• 1 J =0.075 

630 4-3-77/130 

Finally the shear force capacity can be calculated from eq. (7.4) 

V =• 
spc 

0.115 • 0.70 • 0.630 • ^ 3 3 % 6 3 0 

, „, , 0.6-(0.70-0.70 2)/ ^ - ( l ^ - O J O 2 ) / 
( C 0 S 5HV 1

 % 6 3 . 1 0 ' + H V 0 J 0 / W l * > 

= 86.3 10 3 N = 86.3kN 
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This value should be compared with the mean value of the shear resistance for the tests in 
series 4 which was 84.3 kN, thus giving a measured resistance of about 98 % of the calculated 
resistance derived from the model. 

Shear force, test series 3 

Also in this test series, the loads were applied to give only shear force in the splice section, 
but in this series, in addition to the nailed steel plates on the vertical sides, the connection also 
consisted of a U-shaped nailed steel plate on the bottom surface, see fig. 7.40. This type of 
splice connection gives rise to two possible failure modes, see fig. 7.54. 

Figure 7.54 Possible failure modes. 

The failure mode A is the same as in test series 4 and the shear capacity for the side plates is 
given from eq. (7.4). In test series no. 3 the mean density of the large samples was po,m = 446 
kg/m 3 and the mean moisture content 11.1 % which gives = 495 kg/m3. From (7.41) and 
(7.42) this gives the fracture energy and the modulus of elasticity and then also the shear 
modulus 

G/c = -146 + 1.04-495 = 369 Nm/m2 

E0 = 446U7? = 15000 MPa 

Gv = E0/16 = 937MPa 

The fictitious modulus of elasticity for calculating the initial crack length wil l in this case be 

g i v i n g 

J_ 1073 0.369  

n' 1.22 
= 88 mm 

and 
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_88_, 2-88/130 

630 4-3-88/130 

The shear force capacity is then calculated as 

0.115 • 0.70 • 0.630 • • N / 3 6 % 6 3 0 

V = 

spe i \ r Io.6-(0.70-0.702) / | 6 - ( l^ 7 n -0 .70 2 ) / 

= 91.810 3N = 91.8kN 

This value should be compared with the mean value of the shear resistance from the tests in 
series 3, which was 107.8 kN, thus giving a measured resistance of about 117 % of the 
calculated resistance on the basis of the model. 

A splitting at the lower left corner of the web plate in accordance with the failure mode B in 
fig. 7.54 requires that also a split is occurring at the bottom plate on the right side of the 
splice. This is because the U-plate implies that the bottom level must be equal on both sides of 
the splice. This implies in turn that the ultimate load for failure mode B must be higher than 
for mode A. Mode B has not been the primary failure mode in any of the tests. In some cases 
splitting cracks occurred in accordance with this mode when the load was increased after 
failure mode A had been reached. The splitting at the bottom plate is also partly counteracted 
by the upwardly directed load to the right of the splice. 

I f the connection had consisted of a U-shaped plate on the upper side of the splice as well, 
failure mode A could not have occurred because this plate would have prevented a difference 
in the vertical deflection between the two sides. The failure, in this case, would have been 
restricted to mode B or its equivalent on the upper side of the splice. This should then have 
given a larger shear capacity than that reached in the actual test series. A possible way to 
calculate the capacity in this case would be to add the capacity values from each side of the 
splice in accordance with the failure in mode B in fig. 7.54. 

The result for test series 3 was a larger capacity than the calculated value based on the model 
but for test series 4 the calculated value was slightly above the mean derived from the tests. 
The main reason for this higher capacity for test series 3 is that the bottom plate wi l l also 
transmit a part of the shear force at the splice section. This contribution to the shear resistance 
can be estimated by studying the stress distributions in the timber around the bottom plate. 
The stress distributions from the FEM-analysis for test series 3 are shown in fig. 7.55 - 7.59. 
The shear force transmitted by the bottom plate connection is calculated by integrating the 
stresses perpendicular to grain just above and the shear stresses close to the side of the bottom 
plate, see fig 7.60. 
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Test series 3 
Stresses perpendicular to grain at the Lppermost row of nails of the 

bottom plate 

Distance from mid section mm 

Figure 7.55 Stresses perpendicular to grain at the upper side of the bottom plate. 

Test series 3 
Stresses perpendicular to grain at the uppermost right row of nails of the 

side plate 

-0 4 i 

Distance from mid section mm 

Figure 7.56 Stresses perpendicular to grain at the uppermost right row of nails. 
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Test series 3 
Stresses perpendicular to grain at the lowermost left row of nails of the 

side plate 

Distance from mid section m 

Figure 7.57 Stresses perpendicular to grain at the lowermost left row of nails. 

Test series 3 

Shear stresses at a vertical section to the right of the bottom plate 

Shear stress MPa 

Figure 7.58 Shear stresses to the right of the bottom plate. 
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Test series 3 

Shear stresses at a vertical section to the left of the bottom plate 

Shear stress MPa 

Figure 7.59 Shear stresses to the left of the bottom plate. 

The stresses perpendicular to the grain integrated over the right half of the bottom plate from 
fig. 7.55 will be approximately 13.7 kN and the shear stresses integrated over the depth of the 
bottom plate from fig. 7.58 approximately 10.1 kN. This means that the shear force 
transmitted by the bottom plate according to fig. 7.60 can be calculated as 

Vbpi = (13.7 + 10.1)cos5° = 23.7kN 

Figure 7.60 Shear force transmitted by the bottom plate. 
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Thus the shear force transmitted by the side plates is 107.8 - 23.7 = 84.1 kN which 
corresponds to about 92 % of the calculated resistance. 

Bending moment, test series 1 

In this test series the loads were symmetrically applied in order to give only bending moment 
in the splice section. The connection consisted of a U-shaped nailed steel plate at the bottom 
of the splice. The ultimate load was in this case defined as the maximum load reached during 
the loading process, see also 7.3.4. 

In test series 1 the mean density of the large pieces was p0,a> = 464 kg/m3 and the mean 
moisture content 9.9 % which gives p^o = 510 kg/m3. This gives from (7.41) and (7.42) the 
fracture energy, the modulus of elasticity and the shear modulus 

G J C = - 1 4 6 + 1 . 0 4 - 5 1 0 = 3 8 4 Nm/m2 

E o = 4 6 4 ' 5 7 7 = 1 6 0 0 0 M P a 

G V = E 0 / 1 6 = 1 0 0 0 MPa 

To calculate the tensile force at the splice section, the location of the neutral axis has first to 
be calculated, see fig. 7.61. 

h = 630 

ah H 145 

a = 145/630 = 0.23 

630/cos5° - 55 = 
577 

Figure 7.61 Dimensions for splice connection in test series 1. 

For calculating x due to eq. (7. 13) the nail stiffness is set to K„aii = 5 5 0 kN/m which is 
taken from a Master's thesis by Bark and Martinsson [1991]. The number of nails is n = 201 
giving 

0.300-201-550 103 

16000 10s 0.115 
l t 2 16000 106 0.115 0.577 1  

0.300 • 201-550 103 
0.126 m 
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This value agrees well with the results from the FEM-analysis, see fig. 7.62, where the 
bending stresses are shown. The stresses perpendicular to the grain at the uppermost row of 
nails were also calculated and are shown in fig. 7.63. 

Test series 1 

Bending stresses at mid section MPa 

Stress MPa 
-70 -60 -50 -40 -30 -20 -10 0 10 20 

! 1 1 ' — < 1 1 8 ' i 

Figure 7.62 Bending stresses at the splice section. 

Test series 1 
Stresses perpedlcular to grain at the uppermost right row of nails 

0,8 — — • — — — 

Distance from mid section mm 

Figure 7.63 Stresses perpendicular to grain at the uppermost row of nails. 
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Failure mode I, tension perpendicular to the grain 

The critical value is calculated from eq. (7.14) assuming an initial crack. For determining the 
tensile strength perpendicular to grain, the volume with large stresses is set to approximately 
half the length and half the depth of the connection, in accordance with the finite element 
calculations, see fig. 7.63, giving 

^ 0 . 1 1 5 . ^ . ^ = 1.25.10-
2 2 

and the tensile strength from eq. (7.39) 

2.5 ^ 2 

.1.0-1.15 MPa 

The fictitious modulus of elasticity is obtained from eq (7.6) 

, 3 ° V 3 0 + ^ - 0 . 0 1 5 . 3 0 : 1 

E, 16000 V 2 V 2 1145 

which gives the initial crack length from eq. (7.5) 

1 1145 0.384 
0 n 1.152 

• 106 mm 

and ß from eq. (7.8) 

106 2-106/300 

630 4-3-106/300 

The critical value for the tensile force at the bottom plate is then calculated from eq. (7.14) 

F 0.115.Q.23.Q.630 ^ 3 8 4 ^ 6 3 o 

, „, r 0.6• (0 .23-0 .23 2 ) / 6 - ( l ^ - , - 0 . 2 3 2 ) / 
( S m 5 ) M 1 > i 0 0 0 . 1 0 ^ a 0 W / 0 - 2 3 / 1 6 0 0 0 . 1 0 « ) 

= 33 5.2 1 0 3 N = 335.2 kN 

Failure mode II, shear 

For this failure mode, the value of the fictitious modulus of elasticity for estimating the initial 
crack length is calculated from eq. (7.36) 

L/3Ö + —0.015-30=- 1 

E„ 4l 16000 V 2 6269 
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To calculate the initial crack length the shear strength is also needed. In tests described in 
Riberholt et al. [1992] a mean value fv = 8.8 Mpa was found for glulam. These tests were 
carried out on quite small specimens. In Johansson [1990] the shear strength of glulam beams 
of structural size was shown to be 4.1 Mpa. In Carling et al. [1992] a value of 
f v = 8 Mpa is reported for clear wood. I f the value of the shear strength is set to approximately 
6 Mpa and with the fracture energy in mode I I set to Gnc = 3.5 Glc the initial crack length is 
given from eq. (7.35) as 

1 6269-3.5 0.384 „„ 
a0 = = 74 mm 

n 6 

This value is smaller than that reached for mode I above. According to Gustafsson, Petersson 
and Stefansson [1996], the initial crack length is governed by mode I for approximately 
a± / t > 0.25. For this reason and because the value which was obtained for mode I is already 
larger than the value for mode I I , this first value for mode I is used even in the calculation of 
the capacity for mode U. Then with a = 106 mm the critical tensile force for mode I I is given 
from eq. (7.34) as 

1 sptnc 

0.115 2-35-384 16000106 a630 

(cos^) 

\ 
1466103 

1 (Q106^ 

023 \0300J 

= 1466 kN 

(1-023) 3-(l-u23)2 -

( 0106̂  

v 0300; 'i 3-2-023+3-(1-023)-—T 
1 ; 0300. 

Mixed modes I + II, tension perpendicular to the grain + shear 

With the distance between the internal compressive and tensile forces being given as 

z = d-x/3 = 0.577 - 0.126/3 = 0535 

the failure criterion according to eq. (7.36) becomes 

M 
spC 

0.535-3352 

M. 
- T 

0.535-1466 1 

spC 

Solving this equation gives M s p C = 170.8 kNm. The mean of the bending moment resistance 
value from the tests was 186.7 kNm, which is about 109 % of the calculated resistance. I f 
only mode I is considered in the calculation the resistance value M s p i C = 179.2 kNm which 
gives the measured value as approximately 104 % of the calculated value. 

Bending moment, test series 5 

In this test series the loads were also symmetrically applied giving only bending moment in 
the splice section as in series 1. The difference is the slope angle of the beam elements which 
in this series was 10° compared with 5° in series 1. No finite element calculations have been 
performed for this test series. The bending moment resistance is calculated in the same way as 
in test series 1. 
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In test series 5 the mean density for the large pieces was p0,o> = 485 kg/m 3 and the mean 
moisture content 10.5 % which gives pm, r a = 536 kg/m3. This gives from (7.41) and (7.42) the 
fracture energy, the modulus of elasticity and the shear modulus 

Gic = -146 + 1.04-536 = 411 Nm/m2 

E0 = 485U7? = 17200 MPa 

Gv = Eo/16 = 1075 MPa. 

The location of the neutral axis is calculated according to fig. 7.61 and eq. (7.13) and in this 
case with d = 630/cosl0° -55 = 585 mm giving 

_0.300-201-550-103 ' 
X ~ 17200-106-0.115 

2 17200 106-0.115-0.585 
1 + 

0.300-201-550 103 
= 0.124 m 

which gives z = 0.585 -0.124/3 = 0.544 

Failure mode I, tension perpendicular to grain 

The fictitious modulus of elasticity is obtained from eq (7.6) 

' 1 ' 3 ° ' /3Ö + ^ -0 .015-30: 1 

E, 17200 V 2 V 2 1230 

which gives the initial crack length from eq. (7.5) 

1 1230-0.411 
aa= = 122 mm 

0 n 1.152 

and ß from eq. (7.8) 

122 2-122/300 

630 4-3-122/300 

The critical value for the tensile force at the bottom plate is then calculated from eq. (7.14) 

1 splIC 

0.115 0 . 2 3 - 0 . 6 3 0 - j ^ 6 3 0 

, . . r lo.6-f0.23-0.232) / | 6 - ( l / - , - 0 . 2 3 2 ) 7 
( S m l ° ) - M 1 / 1 0 7 5 - 1 0 ^ 0 - 1 U V / 0 - 2 3 /T7200.10« > 

= 172.1-103N= 172.1 kN 
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Failure mode II, shear 

For this failure model, the value of the fictitious modulus of elasticity for estimating the initial 
crack length is calculated from eq. (7.36) 

— = - t = - J J V 3 Ö + — - 0 . 0 1 5 - 3 0 = — ! — 
En V2-17200 V 2 6739 

and the corresponding value on the initial crack length becomes 

1 6739-3.5 0.411 A , 
an = - = 86 mm 

71 6 2 

As in test series 1 the value on the crack length for mode I is chosen and with a = 722 mm 
the critical force for mode I I is given from eq. (7.34) as 

0115 2-3i-411-17200-106-Q630 

(coslOP) 

\ 023 

0̂122̂  \ , (3-5 023)2' 
-

( Q122> 

'i 
0122T2 

3-2-023+3-(l-023)-— 
. v ; 0300. 

(coslOP) 

\ 023 v0300v (1-023) 3-(l-023)2 -V 0300; 'i 
0122T2 

3-2-023+3-(l-023)-— 
. v ; 0300. 

=1808-10?= 1808 

Mixed modes I + II, tension perpendicular to the grain + shear 

With z = 0.544 the failure criterion due to eq. (7.36) becomes 

M spC 

0.544 172.1 

M 
spC 

0.544 1808 
1 

Solving this equation gives M s p c = 92.8 kNm. The mean of the bending moment resistance 
from the tests was 122.8 kNm, which is about 132 % of the calculated resistance. I f only 
mode I is considered in the calculation the resistance M s p ic = 93.6 kNm, which gives a 
measured value of about 131 % of the calculated value. 

Bending moment and shear, test series 2 

In this test series only one concentrated load was applied in order to give both bending 
moment and shear at the splice section. The connection consisted of nailed steel plates on the 
vertical sides and a U-shaped nailed steel plate at the bottom of the splice, see fig. 7.35. In this 
case the failure started with splitting cracks at the upper right corner of the side plate. 
Although the load was not further increased cracks also appeared at the comers of the bottom 
plate as the beam became increasingly deformed. Therefore the maximum load is taken as the 
ultimate load and the shear resistance is calculated from eq. (7.4) and the bending moment 
resistance from eq. (7.40). 
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In test series 2 the mean density of the large pieces was po,m = 440 kg/m3 and the mean 
moisture content 9.6 % which gives p^® = 482 kg/m 3. This gives from (7.11) and (7.12) the 
fracture energy, the modulus of elasticity and the shear modulus 

G/c = -146 + 1.04- 482 = 355 Nm/m2 

E0 = 440'577 = 14700 MPa 

Gv = E0/16 = 919MPa. 

Shear: 
a = 400/630 = 0.63 

Bending moment: 
a = 85/630 = 0.135 

Figure 7.64 Dimensions for splice connection in test series 2. 

Shear resistance 

The shear resistance is calculated for the side plates connection in accordance with the 
calculations for test series 4. Using the result from the finite element analysis, the distribution 
of the stresses perpendicular to the grain, at the uppermost right row of nails on the side 
plates, is shown in fig. 7.65. The region with large stresses is also, in this case, assumed to 
have a width equal to the length of the row of nails and a height equal to one quarter of the 
height of the connection giving 

F~0.115-0.10-— = 6.3210"4 m 3  

4 

Which leads to the tensile strength perpendicular to 

f 2.5-10"3 A  

6.32-10" 
•1.0=1.3 M N / m 2 
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The fictitious modulus of elasticity Ej is given from eq. (7.6) 

± = - ^ . ^ . 1 7 3 0 ^ - 0 . 0 1 5 . 3 0 = - ^ -
E, 14700 V 2 V 2 1052 

Test series 2 
Stresses perpendicular to grain at the uppermost right row of nails of the 

side plate 

JBÉBIL 

Q. 

E 
» 1.5 J 

Distance from mid section mm 

Figure 7.65 Stresses perpendicular to grain at the uppermost right row of nails. 

The initial crack length a0 from eq. (7.5) is then 

1 1052 0.355 
0" n 1.32 

70 mm 

which gives the value on ß from eq. (7.8) 

J70_. 2 - 7 0 / 1 0 0 
H 630 4 - 3 - 7 0 / 1 0 0 

Finally the shear resistance can be calculated from eq. (7.4) 
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0.115 0.63 0.630 
V = -

spe 

630 

(cos5°){ 
0.6 • (0.63 - 0 . 6 3 2 ) / 

/91910 ' 
+ 0.076 6 -0 0.63 -0.632) 

14700-106 

= 77.6-103N = 77.6 kN 

The mean value of the shear force for the measured ultimate load in the tests was 58.4 kN 
which is about 75 % of the calculated value based on the model. 

Bendins moment resistance 

The location of the neutral axis is calculated according to fig. 7.64 and eq. (7.13), in this case 
with d = 630/cos5"' — 28 = 604 mm and the number of nails n = 95 giving 

_ 0.240 • 95- 550 103  

X ~ 14700-106-0.115 ' 

which gives z = 0.604 - 0.088/3 = 0.575. 

This value for the location of the neutral axis is somewhat smaller than the value from the 
finite element analysis, see fig. 7.66. 

1 + 
2-14700-106-0.115-0.604  

0.240-95-550-103 
= 0.088 m 

Test series 2 
Bending stresses at mid section MPa 

Stråas MPa 

-to -35 -30 -25 -20 -15 -10 -5 0 5 10 

Figure 7.66 Bending stresses at the splice section. 
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Failure mode I, tension perpendicular to the grain 

The stress distribution perpendicular to the grain at the uppermost row of nails of the bottom 
plate is shown in fig. 7.67. The volume with large stresses is, as in test series 1 and 5, set to 
half the length and half the height of the connection giving 

^ 0 . 1 1 5 . ^ . ^ = 5.87.10- m 3  

2 2 

Test series 2 
Stresses perpendicular to grain at the uppermost row of nails of the 

bottom plate 

Distanse from mid section mm 

Figure 7.67 Stresses perpendicular to the grain at the uppermost row of nails the bottom 
plate. 

The tensile strength is then from eq. (7.43) 

f 2 5 Y ' 2 

f,**\—=-\ -1.0 = 1.35 MPa 
' 10.587 J 

which gives the initial crack length 

1 1052 0.355 
a„ = — 

7i 1.352 

and ß from eq. (7.8) 

• = 65 mm 
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65_ 2-65/300 

630 4-3-65/300 

The critical value for the tensile force is then calculated from eq. (7.14) 

0.115 • 0.135 • 0.630 • ^ 3 5 % 6 3 0 

7 Joints 

sptlC 
. , _ 0.6-(0.135-0.135 2)/ 
( s m 5 ° ) - { V 1 / 9 1 9 . 1 0 < + ° - 0 5 6 

6 - ( % 1 3 5 - 0 . 1 3 5 2 ) / 
/14700 106 

= 225.5- 10 3 N = 225.5 kN 

Failure mode II, shear 

For this failure mode the value of the fictitious modulus of elasticity for estimating the initial 
crack length is calculated from eq. (7.36) 

- L = _ _ J J1/3Ö+—-0.015-30 = — 
E„ 4l -14700 V 2 5760 

and the corresponding value on the initial crack length becomes 

1 5760-3.5-0.355 „ 
a0= 5 = 63 mm 

n 6 

As in test series 1 and 5, the value for mode I is chosen and with a = 65mm the critical load 
for mode II is given from eq. (7.30) as 

1 

F 
0115 2-35-355-14700-106-0630 

- L . 
0135 

Q̂065> 

^0240; 
\ 1 ^(3-5-0135)2" 

-f 0065^ 'i 
-a 

3-2-0135+3-(l-0135)-— 
v ' 0240. 

- L . 
0135 

Q̂065> 

^0240; " (1-0135) 
L 3(1-0135)2 -v 0240; 'i 

-a 

3-2-0135+3-(l-0135)-— 
v ' 0240. 

(cos5°) 

3604 103 = 3604 kN 

Mixed modes I + II, tension perpendicular to the grain + shear 

With z = 0.575 the failure criterion due to eq. (7.36) becomes 

M. spC 

0.575-225.5 

M. spC 

0.575-3604 ) 
• 1 
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Solving this equation gives M s p C = 129.2 kNm. The mean value of the bending moment 
resiatance for the tests in series 2 was 93.4 kNm, which gives a measured capacity of about 72 
% of the calculated bending moment resistance based on the model. I f only mode I is 
considered in the calculation the resistance value M s p i C = 129.7 kNm, which means that mode 
I I has a very small influence on the bending moment resistance in this case. 

The calculated values based on the model have not been reached either for shear or bending 
moment in this series. However, it has been assumed that the shear force causes splitting only 
at the side plates and that the bending moment causes splitting only at the bottom plate. In 
reality the compressive force due to bending moment has a component perpendicular to the 
grain which increases the risk of splitting at the upper corners of the side plates. In the same 
way the shear force increases the risk of splitting at the right corner of the bottom plate. 
Therefore, some type of interaction relationship seems to be justified. A simple interaction 
formula is to add the ratios between actual force and resistance regarding shear and bending 
moment, respectively. This gives 

V M 584 034 
_B_ + = + Z£±_ = 0.75 + 0.72 = 1.47 
Kpc Kc 77-6 129-2 

A summary of the comparisons between the measured and the calculated resistances for the 
different test series is given in table 7.6. 

Table 7.6 Comparisons between measured and calculated resistances. 

Test 
series 

Measured resistance Calculated resistance Test 
series V s p kN M s p kNm Vgpc kN M s p c kNm 

1 186.7 170.8 1.09 

2 58.4 93.4 77.6 129.2 1.47 

3 107.8 91.8 1.17 

4 84.3 86.3 0.98 

5 122.8 92.8 1.32 

For the comparison the interaction formula above has been used. This formula wil l then also 
include the pure shear and pure bending moment load cases. The resistance value for test 
series 3 concerns only the side plates and in the comparison no consideration is taken of the 
fact that a part of the shear force is carried by the bottom plate. 
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7.4 Application of the Model on the Nordic Hall 

In the Nordic Hall, splitting failures occurred at the apex splice on two of the arches, which 
has been described previously, see fig. 7.9. The design of the connection is shown in fig. 7.7. 
In order to examine the applicability of the assumed model to the splice connections for the 
Nordic Hall, the capacity of the connection is calculated according to the model and then 
compared with the actual forces caused by the failure load measured. The internal section 
forces close to the splice section resulting from this load, as well as the forces resulting at the 
splice section, are shown in fig. 7.68. 

1885 I 

295 

V s n 

4.6° Msp = 246 kNm 
Vsp = 444 kN 
Nsp = 1860 kN 

Figure 7.68 Internal forces at the splice section 

For the calculations of the resistance values of the splice connection with regard to the 
splitting failure of the timber, the following material parameters, found in tests of glulam 
timber, have been used: 

E0 = 13700 MPa (Johansson [1990]) 

Gv = Eo 716 = 856 MPa 
GJC = 300 Nm/m2 (The value 294 Nm/m2 is given in Gustafsson 

and Enquist [1988] and 314 Nm/m2 in Riberholt et al. 
[1992] for glulam beams) 

Bending moment 

A bending moment with the direction shown in fig. 7.68 will give rise to the risk of a splitting 
failure at the upper edge of the bottom plate i f it implies a tensile force in this plate as a result 
of the bending moment and the axial force. The upper edge of the bottom plate coincides with 
the upper side of the lower flange of the glulam section and this is a critical level for the 
splitting failure. A resulting tensile force in the bottom plate is calculated from the bending 
moment and the axial force at the splice section, see fig. 7.69. 
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7* 

H 

t w t-
> A 

B 

spcM 

N„ 

fsptM 

e = 4.6° 

Figure 7.69 Splice forces due to bending moment and axial force. 

If, for simplicity, it is assumed that the tensile and the compressive forces at the splice section 
resulting from the bending moment work at the centres of the flanges, the distance between 
the forces will be 

H-tf 

C O S f J 

1.80-0.18 

cos 4.6° 
= 1.62 m 

This gives the tensile force due to the bending moment at the lower flange 

^ , 246 

*"M z 1.62 1 5 2 ™ 

This tensile force is counteracted by the axial force, which is assumed to give uniformly 
distributed stresses over the whole cross section. The force working on the lower flange is 
then 

Btf 0495 018 
F«N = -l*m = -1860 ^ 1 ^ 1 „ _285 kN 

spm sP B . H _ b . h 0.495 1.8-0.215 1.44 

and the resulting force at the bottom plate is obtained as 

Fspt =152-285 = -133 kN 

This means that the force resulting at the lower flange is a compressive force and that tensile 
stresses perpendicular to the grain, which cause a risk of splitting failure, wil l not occur at the 
bottom plate connection. At the upper flange the forces due to bending moment and axial 
force work together and will give rise to tensile stresses perpendicular to the grain. However, 
these stresses wil l be counteracted by the external downward directed loads (snow load and -
weight of the roof) which are applied at the upper flange, wherefore a splitting failure at the 
upper plate connection is not assumed to be a possible failure mode. 
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Shear 

The splitting failure which occurred in the arches of the Nordic Hall is similar to that 
described as failure mode B in test series 3, compare fig. 7.9 with fig. 7.54. The shear 
resistance is calculated for the side plates connection and the bottom plate connection in 
accordance with the model established, see also fig. 7.70. 

Figure 7.70 Calculation of the shear resistance. 

Side plates 

As with the test series the volume with large tensile stresses perpendicular to the grain is 
assumed to be equal to the width and a quarter of the height of the splice connection giving 

V = 0.150- — -0.140= 3.15 10-3 m 3  

4 

and then the tensile strength from eq. (7.39) 

25 ^ 
/ = -1.0 = 0.95 M N / m 

',3.15 1 

The fictitious modulus of elasticity is obtained from eq. (7.6) 

1 , 3 ° ' ß + ^ - 0 . 0 1 5 - 3 0 = - 1 

Ei 13700 V 2 n 2 2 980 

which gives the initial crack length from eq. (7.5) 

1 980 0.300 
0 n 0.952 

103 mm 
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and ß from eq. (7.8) 

J M . 2-103/150 

1800 4 - 3 103/150 

The shear resistance of the side plates connection is then calculated from eq. (7.4) 

2-0.140-0.66-1.800-^00^ 

/ x r /o.6-(0.66-0.66 2)/ /6-( l ^ , ; , -0 .66 2 ) 7 

( C 0 S 4 - 6 ° H V 1 % 6 0 - 1 0 ' + 0 - 0 9 4 V / 0 ' 6 6 /13700-10«> 

= 322.5-103N = 322.5 kN 

Bottom plate 

In this case the volume with large tensile stresses perpendicular to grain is assumed to be half 
the length and half the height of the splice connection giving 

F = a 4 0 0 . W 8 0 . 0 . 1 4 0 = 2 . 5 7 . 1 0 - 3 m a 

and then the tensile strength from eq. (7.39) 

/ , = ( — ! -1.0=1.0 M N / m 2 

This gives the initial crack length from eq. (7.5) 

1 980 0.300 „„ 
a„= : = 94 mm 

0 n 1.02 

and ß from eq. (7.8) 

94 2-94/400 
ß = ^—- 1 =0.028 

1800 4-3-94/400 

The shear resistance of the bottom plate connection is then calculated from eq. (7.4) 

v 
' bplC 

2 • 0.140 • 0.10 • 1.800 • ^ 3 0 % g o o 

, „. r /o.6-(0.10-0.102) / l 6 - ( l / , n - 0 . 1 0 2 ) / . 

( « " « ' ) • { V 1 % 6 0 . 1 0 ^ ° - 0 2 8 V / 0 - 1 0 /13700-10^ 

66.8-103N = 66.8 kN 
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Thus, the total shear force resistance of the side plates and bottom plate connections will then 
be obtained from 

KPc = KP,c + Vbplc = 3225 + 66.8 = 389.3 kN 

This value can then be compared with the calculated actual shear force for the failure load 
case, which was 443 kN. However, the upper plate connection wil l also transmit a part of the 
shear force. Because the failure did not occur at the upper flange this part of the shear force 
must be less than the corresponding splitting failure force. This splitting failure force of the 
upper plate connection ought to be approximately equal to the splitting failure force of the 
bottom plate connection and the maximum shear resistance for the whole splice would then be 

VspC = Vsplc + Vbplc + Vuplc = 3225 + 2 • 66.8 - 456 kN 

which is very close to the calculated actual shear force at the failure. 

When calculating the splitting risk at the bottom plate due to bending moment, the result was 
that the lower flange was subjected to a compressive force, which in turn implies compressive 
stresses perpendicular to the grain at the upper edge of the bottom plate. These stresses will 
counteract the tensile stresses from the shear force and are thus favourable to the shear force 
capacity, but this has not been considered when calculating the shear force capacity. 

7.5 Discussion and Proposal for a Design Model 

The results from the model established agree rather well with the test results. This agreement 
is better in the test series with a pure shear force at the splice section than in the series with a 
bending moment. One reason for this is that the value of the initial crack length has a larger 
influence when the splitting force for the bottom plate connection is calculated than for the 
side plate connections, because the influence of ß is larger for small values of a, see eq. 
(7.4). The value of the initial crack length used in the calculations is relatively uncertain 
because it is inversely proportional to the tensile strength perpendicular to the grain squared, 
see eq. (7.5). This strength value is in itself uncertain inasmuch as it is strongly dependent on 
the stressed volume, which has to be estimated in some way. The method using an initial 
fictitious crack length has been described by Gustafsson, Petersson and Stefansson [1996] as 
suitable for predicting the load carrying capacity of a body that has no pre-existing sharp 
crack. The fictitious crack length can be derived theoretically. The condition is that for an 
infinite plate in a homogeneous state of stress, the same load carrying capacity shall be 
predicted when linear elastic fracture mechanics is applied to this fictitious crack, as wil l be 
the case using a stress criterion based on linear theory of elasticity for this infinite plate 
without a crack, see Gustafsson and Serrano [1999]. Another way is to assume an initial crack 
length by using sound engineering judgement. The risk of drying cracks can be taken into 
account in order to estimate the length of the initial crack. To estimate the influence of the 
initial crack length, the resistances of the splices in the test series are also calculated for an 
assumed crack length of 40 mm and the results are compared with the values obtained by 
using the established model, see table 7.7. 
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Table 7.7 Comparisons between measured and calculated resistance values for different 
values on the initial crack length. 

Test 
series 

Measured resistance 
Calculated resistance 

initial crack due to 
the model 

Calculated resistance 
initial crack 
a = 40 mm 

Test 
series 

V s p kN M s p kNm Vgpc kN MSpc kNm Vspc kN MSpc kNm 

1 186.7 170.8 172.6 

2 58.4 93.4 77.6 129.2 79.2 123.1 

3 107.8 91.8 96.1 

4 84.3 86.3 87.8 

5 122.8 92.8 103.7 

The values given in table 7.7 for an assumed real crack with a length of 40 mm are calculated 
without a reduction of ß according to eq. (7.8) regarding the load distribution, i.e. the 
resistance is calculated for a concentrated load acting at the splice section which is more 
unfavourable than i f the load is distributed as assumed in the model, see fig. 7.16. When using 
an assumed real crack length, a maximum difference of the resistance values of about 12 % 
were obtained for only bending moment at the splice section, compared with the values from 
the model with a calculated fictitious crack. For shear force only, i.e. in test series 3 and 4, the 
influence of the crack length is less; the differences here were only 2-5 %. The influence of 
failure mode n on the bending moment resistance is relatively small. I f only mode I is 
considered, the bending moment resistance will be about 2 % higher for test series 1 and only 
0,5 % higher for test series 5 compared with the values in the table which concern the mixed 
modes I+n. The established model to calculate the critical load of mode I I , shear failure, is 
probably more rough than the model for mode I , splitting failure. This is of less importance 
because mode I is the governing failure mode. 

A major requirement for a design model in use in the daily work of a structural engineer is 
that it shall be handy and easy to use. Fracture mechanics methods are not commonly used or 
well known to all structural engineers. This is the reason why, in the method provided to 
calculate the bearing capacity of end-notched beams in Eurocode 5 [1993], the fracture 
mechanics problem has been transformed to a problem of calculating the shear resistance of 
the reduced section and where the shear strength is reduced with respect to the geometry of 
the notch, see eq. (7.2) and (7.3). The method used when calculating the resistances of the 
splice connections in this thesis is based on the background to the method for end-notched 
beams in Eurocode 5. In order to obtain a more straight-forward method for the designer, it 
seems reasonable to perform the same simplifying modifications as used for the criterion in 
EC5 for end-notched beams also when designing splice connections. The simplifications are 
that the ratio E0/Gv throughout is set to 16 and, instead of using the fracture energy value, 
(Eo-Gic)0'5 is assumed to be proportional to the shear strength fv where the constant of 
proportionality was found in tests. 
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Figure 7.71 Splice connection for shear force. 

From eq. (7.2) the shear resistance of the splice connection according to fig. 7.71 then can be 
written as 

2 b a h kv fv 

3 cos 6 
F - C = T (7-44) 

The reduction factor kv is obtained as 

K = = = = = = — , (7 45) 
4h-{4a-a2 +0.8-/?- A / l /a-a 2 ) 

where h = depth given in mm 
k„ = 6.5 for glulam (5.0 for solid wood) 

The value of ß = a/h is calculated from an assumed initial maximum crack length a, which 
can be estimated from engineering experience. One way is to set a minimum design value for 
the crack length with regard to the risk for drying cracks, etc., e.g. a = 30 - 40 mm. I f eq. 
(7.44) is applied on test series 3 and 4 and the shear strength is assumed to be 5 MN/m 2 , the 
resulting shear capacity is 86.6 kN, i.e. approximately the same value as in test series 4, see 
table 7.7. 

When calculating the bending moment resistances in the test series one conclusion was that 
failure mode I I had a relatively small influence on the capacity. I f only failure mode I is 
considered the bending moment resistance can be calculated as, see eq. (7.40) 

KPc = FspIC-z (7.46) 
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Figure 7.72 Splice connection for bendmg moment. 

With F s p I C in accordance with eq. (7.14) but with the same simplifications as for the shear 
resistance in eq. (7.44), the bending moment resistance of the splice connection in fig. 7.72 is 

2 b a h k v f v  

M S P C = v — ^ - z 

3 sin 6 
(7.47) 

where kv is obtained from eq. (7.45) 
z is the moment arm for the internal bending moment 

I f eq. (7.47) is applied on the test series the bending moment resistance is obtained as 168 
kNm for series 1, and 85 kNm for series 5, which are approximately the same as for the 
calculations according to the proposed model with a calculated fictitious crack length, see 
table 7.7. 

In test series 2 the shear resistance of the side plates connection is 73.5 kN according to eq. 
(7.44) and the bending moment resistance of the bottom plate connection is 116 kNm, i.e. 
somewhat under the values reached when using the model. The interaction formula discussed 
in 7.3.5 for shear and bending moment gives 

M„ 

58.4 93.4 

715 116 
: 0.79+ 0.80 = 1.59 

' spC lvlspC 

It seems reasonable that a design criterion could be written in the form of 

M 
2 <1.0 (7.48) 

where Vsp and Msp are the splice section forces due to external loads 
Vspc and Mspc are the corresponding resistance values 

p and q are exponents 
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If, for example, the exponents p and q both are set to 2, eq. (7.48) gives for test series 2 

f jr \ 

\JspCj \ M V C J 

58.4 V f93.4 N 2 

73.5 J + U 1 6 
= 0.63 + 0.65 = 1.28 

In order to estimate reliable values of the exponents more tests and calculations are needed. 
However, from the tests and calculations performed in this thesis it seems to be safe to use the 
values p = q = 2. I f there is an internal compressive force in the splice section the bending 
moment M s p can be reduced in accordance with the calculations for the Nordic Hall, see page 
115 and fig. 7.69. 

The tests and calculations performed concern rectangular cross sections. When the proposed 
model was applied on the Nordic Hall the calculations of the splitting forces were performed 
as for a rectangular cross section with a width equal to the total width of the web sides of the 
hollow section. One way to reduce the risk of a splitting failure is to reinforce the hollow 
section locally at the splices. This had also been realised at the splices of the quarter-points 
where no splitting failures occurred. The reinforcements consisted of timber elements inside 
the hollow section which were nailed to the glulam web sides, see fig. 7.8. These timber 
elements have a grain direction approximately perpendicular to the grain direction of the 
glulam. This can be a disadvantage because it wi l l result in different deformation properties 
over the cross section due to variation of the moisture content, which in rum implies a risk of 
cracks. Another and possibly better design of a local reinforcement at the splices is to glue 
elements inside the hollow section thus forming a rectangular section at the ends of the 
elements when manufacturing the arch sections. As a suggestion, the length of the 
reinforcement can be about twice the length of the connection plates, see fig. 7.73. 

Glulam elements 
inside the hollow 
section 

\ 2 L \ 

Figure 7.73 Reinforcement at the splice section. 

Reinforcement at the splice in accordance with fig. 7.73 implies a considerable reduction in 
the risk of a splitting failure at a relatively low cost. The shear and bending moment 
resistances can then be calculated as for a rectangular cross section with a width equal to the 
total width of the arch section. 
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8 Reliability of Timber Arches 

8.1 Introduction 

Arch structures wil l always be very sensitive to changes in the distribution of the loads 
because they are designed with a shape to carry mainly compressive forces for a certain load 
distribution. A slight redistribution of the load wil l give rise to internal bending moments and 
shears which the arch may not be designed to withstand. The influence of the snow-load 
distribution on the internal forces of arch structures has been demonstrated very realistically 
in the case of the Nordic Hall, which was very close to collapse due to an extremely non
uniform distribution of the snow-load, as described in chapter 1. When using Level-I 
methods, such as the common partial safety factor method, according to design codes, the 
snow load has been given a fixed location. The question is then whether the reliability of an 
arch is sufficient and as expected i f the arch is designed for a fixed snow-load distribution. To 
guarantee sufficient reliability, probabilistic analysis methods regarding uncertainties in load 
values, load distributions, and strength values ought to be used for the design of this type of 
structure. 

In this chapter the probability of failure of timber arches is estimated by calculating the 
reliability index. The influence of uncertainties for the different variables are treated, as well 
as the influence of the types of the statistical distributions of the basic variables. When 
calculating the reliability index in this chapter a method based on the linear regression of the 
basic variables on the linearised safety margin is used. The method has been developed by O. 
Ditlevsen and is fully described in Ditlevsen and Madsen [1996]. 

8.2 Methods for Calculating the Reliability Index 

8.2.1 The simple reliability index 

In chapter 3 the safety margin was defined as M = R - S where S is the load effect on a 
structure and R is the corresponding resistance. It was also shown that the definitions of the 
reliability index derived from (3.10) and (3.11) are equivalent, i f the safety margin Mhas a 
normal distribution. Here, it is assumed instead that the types of statistical distributions of the 
random variables are unknown, and that the only known statistical information consists of the 
mean values, the variances, and the covariances between the random variables. Thus the sole 
information about the random variables consists of their first two moments. I f then the safety 
margin M is assumed to be linear in the random variables X, it is, in its turn, a random 
variable, which can be written as 

M = ai-X1+a2-X2+...+an-XM+b=a,-X+b (8.1) 

where a' is the transpose of a coefficient vector and X is a vector of the basic variables. 
According to the definition of the safety margin, failure will occur i f M < 0 and M = 0 
corresponds to a limit state. The mean value and the variance of the safety margin M can be 
written as 
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E[M] = a'-E[X] + b 

Var[M] = a'-Cov[X,X']-a 

(8.2) 

(8.3) 

I f the definition according to eq. (3.10) is used, the following expression for the reliability 
index ß is obtained 

ß 
E[M] _ a'-E[X] + b 

D[M] ^Ja'-Cov[X,X']-a 
(8.4) 

It can be shown, see Ditlevsen and Madsen [1996], that this expression for ß is invariant 
with respect to an arbitrary linear mapping of the random variables X. Thus eq. (8.4) is also 
valid for a vector of variables with E[X] = 0 and Cov[X,X'] = I (the unit matrix) which 
gives 

ß- (8.5) 

This special space where E[X] = 0 and Cov[X,X'] = I is called the normalised space. The 
distance from the origin to the hyperplane M = 0 following eq. (8.1) is equal to the scalar 
product between an arbitrary vector from the origin to a point on this hyperplane and the unit 
normal vector to the plane, see fig. 8.1. This means that the distance is 
- a' x/-\/a'-a = ö/Va'-a which is equal to the expression (8.5). 

Figure 8.1 Geometrical interpretation of the reliability index in the case of a linear safety 
margin. 

Thus, for a linear safety margin, the reliability index is equal to the distance from the origin to 
the limit-state hyperplane M = 0 in the normalised space. The definition of ß based on eq. 
(8.4) and (8.5) is called the simple reliability index. In the case of a linear safety margin, the 
simple reliability index is a unique value independent of the types of distributions of the 
stochastic variables. 

The linear regression É[Y|X] of a vector of stochastic variables, Y, on another vector of 
stochastic variables, X, can, according to Ditlevsen and Madsen [1996], be written as 

É[Y\X] = E[Y] + Cov[Y, X' ] • Cov[X, X ] " 1 (X - E[X]) (8.6) 
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The linear regression E[X|M] of the stochastic variables X on the linear safety margin M 
can then be written as 

É[x\M] = E[X] + Cov[X,M}-Var[MY \M~E[M}) (8-7) 

and for the limit state M = 0 this gives 

É[X\M = 0] = E[X) - Cov[X, M] • Var[M]~S • SIM] (8.8) 

which together with eq. (8.2), (8.3), and (8.4) substituted in eq.(8.8) and taking into 
consideration that Cov[X,M] = Cov[X,X']a gives 

É[X\M = 0] = E[X] - Cov[X,X'] • (a'-Cov[X,X'] • a)""2 • a • ß (8-9) 

In the normalised space this leads to 

E[x\M = 0] = - ß - - ~ = (8.10) 

This is, see eq. (8.5) and fig. 8.1, the point on the limit-state hyperplane which is closest to the 
origin, i.e. the projection point of origin on M = 0. This point is called the most central point 
on the limit-state hyperplane. It can be shown, see Ditlevsen and Madsen [1996], that the 
most central point determined by eq. (8.9) is not limited to the normalised space. Thus, in the 
case of linear safety margins the most central point is given as the linear regression of the 
vector of basic variables on the limit-state hyperplane M = 0. 

8.2.2 The geometric reliability index 

In the case of realistic structures the limit-state surfaces are seldom linear. The safety margin 
can instead be written as a function of the basic random variables: 

M=g(XuX2,....Xn) ( 8 > 1 1 ) 

and the limit state corresponds to M = 0. In this case the reliability index defined according 
to eq. (3.10) is not a unique value but is dependent on the formulation of the limit-state 
function. This is called the formulation-invariance problem and was pointed out by Ditlevsen 
[1973]. With linear safety margins, the simple reliability index is the distance from the origin 
to the limit state surface in the normalised space. I f this definition is extended also to non
linear limit state functions, a value which is invariant with respect to the problem formulation 
is also achieved for this type of problem. This method was first proposed by Hasofer and Lind 
[1974] and the corresponding reliability index is called the Hasofer-Lind reliability index, see 
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Thoft-Christensen and Baker [1982], or the geometric reliability index, see Dilevsen and 
Madsen [1996]. Thus, the geometric reliability index is independent of the curvature of the 
limit-state surface and is equal to the minimum distance from the origin to a hyperplane 
tangential to the limit state surface in the normalised space. This means that the geometric 
reliability index has the same value for a convex as for a concave limit-state surface at the 
same distance from the origin, see fig. 8.2. 

convex surface 

failure region 

. concave surface 

^nJv failure region 
\ x * 

/ \ 

Figure 8.2 The geometric reliability index. 

The limit-state surface can consequently be said to be approximated by the tangent hyper-
plane through the most central point on the limit-state surface. Such methods based on linear 
approximation of the failure function are called first order reliability methods (FORM). 

I f the failure function is written as g(x) the limit-state surface C, is described by 

g(x) = 0 (8.12) 

I f then x* is the most central point on the limit-state surface C, the tangent hyper plane to £ 
at x* can be written as 

Vg(x*) ' (x-x*) = 0 (8.13) 

where Vg(x*) is the gradient vector to £ at x*. I f the variables x are the basic random 
variables X, then the linearised safety margin at x* can be written as 

Mx, = g(x *) + Vg(x *)'.(X - x*) (8.14) 

This is called the linearly associated safety margin to the limit-state surface £ at x*. The 
most central limit-state point can then be determined by using linear regression based on a 
theorem by Ditleven and Madsen [1996]: 
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"The point x* is a locally most central point on the limit-state surface £ only if 

x* = É[X\Mx,=o] (8.15) 

where M%* is the linearly associated safety margin to £ at x*. The corresponding geometric 
reliability index is 

This condition for the most central point provides a suitable iteration scheme for calculating 
the reliability index as follows: 

1. Choose a starting point x 0 at, or close to, the limit state surface 

2. Linearise the safety margin at this point by using first order Taylor expansion 
following eq. (8.14) 

MM = g(x 0 ) + Vg(x 0 ) ' - (X-x 0 ) 

3. Calculate a new point xi by using the linear regression of the random variables on 
the linearised safety margin following eq. (8.15) and (8.8) 

* ! = 4 X K =0] = E[X]-Cov[x,Mz}Var[MxJ
1-E[MI,} 

4. Perform a convergence check. I f convergence is not achieved update the starting 
point by setting x 0 = xi and repeat from step 2. 

5. When convergence is reached for x*, beta is calculated as the mean divided by the 
standard deviation of the linearly associated safety margin following eq. (8.16) 

The principle is shown in fig. 8.3 for a limit-state function of two variables. 
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g(x), M l 0 ( X ) 

Figure 8.3 Principle for the iteration using linear regression. 

For the calculation of the new point xi in step 3 the following relationships are used: 

Cov[x,MH] = C O v[X,X']-Vg(x 0 ) (8.17) 

Var[Mx>] = Cov[MM, M J = Vg(x 0) '-C Ov[X,X']-Vg(x 0) (8.18) 

£ [ M I o ] = g(x 0 ) + Vg(x 0 ) ' . ( £ [x ] -x 0 ) (8.19) 

This method which is described here is the method used when calculating the reliability index 
in this thesis and, as mentioned above, it is a FORM-method. Other methods which take into 
account the curvature of the limit-state surface are called second order reliability methods 
(SORM). In some literature, e.g. Ditlevsen and Madsen [1996], the corresponding reliability 
index is called the generalised reliability index. 

8.2.3 The normal tail approximation 

The methods described in 8.2.1 and 8.2.2 for calculating the reliability index require only the 
first two moments of the random variables to be known and the statistical distributions to be 
rotationally symmetric in the normalised space. Then the reliability index is uniquely defined 
as the distance from the origin to the limit state surface in the normalised space. However, for 
realistic structures the inherent, natural scattering of the variables is usually such that the 
requirement of symmetry cannot be fulfilled. For example, the snow load on a structure or the 
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tensile strength of a material cannot obtain negative values, and thus the normal distribution is 
not the most suitable distribution for this type of variables. In order to use the previous 
methods in such cases, a transformation of the random variables to a symmetric space must 
first be performed. It can be shown that i f a physical random variable X has a density 
function f(X) and a distribution function F(X), it is possible to transform this variable into 
a normal-distributed random variable Y with the density function fk(Y) and the distribution 
function F N (Y) in such a way that for a certain x = Xj, F(xj) = FN(yj) and f(x;) = fN(yO, see 
Melchers [1999]. This transformation is called the normal-tail approximation because it is 
usually the tails of the statistical distributions which are of interest when calculating the 
probability of failure for a structure. This normal-distributed variable Y can in turn be 
transformed to the normalised space and the whole transformation from the physical space x 
to the standard Gaussian (normalised) space u can be written as 

u = T(x); x = 7 ,-1(u) ( 8 - 2 0 ) 

I f the limit state surface £ x in the physical space is described by G(x) = 0 then the 
corresponding limit state surface £ u in the normalised space can be written as 

g(u) = G(r" 1 (u)) = 0 ( 8 - 2 1 ) 

I f x* is the most central point on the limit state surface £ x then u* = T(x*) is the most 
central point on the limit state surface £ u. A linear mapping at u* back to the physical space 
can then be performed by the transformation 

Z x . = r 1 (u *) + A x , • (U - u *) = x * + A X . • (U - u *) = A , . • U + j i x . ( 8 - 2 2 ) 

Zj* is then a normal-distributed random vector with the vector of mean values 

E[Zx.] = \iI,=x*-AI.-u* ( 8 - 2 3 ) 

and the covariance matrix 

C 0 v [ Z I . , Z I . ] = A I , - A I , (8.24) 

It can be shown, see e.g. Ditlevsen and Madsen [1996], that the transformation matrix Ax« is 
the inverse matrix of the Jacobian matrix for the transformation u =T(x) at x* i.e. 

129 



8 Reliability of Timber Arches 

It can also be shown that the tangent hyperplane to £ u at u* by the transformation (8.22) 
is mapped on the tangent hyperplane to £ x at x*. This means that the most central point x* 
on the limit state surface £ x can be given as the linear regression of the random variable 
vector Z x* on the tangent hyper plane to £ x at x* or as stated in the following theorem by 
Ditlevsen and Madsen [1996]: 

'The point u* = 7Tx*) is a locally most central point on £u only if 

x=É[Zx. | M x . =0] (8.26) 

where Mx* is the linearly associated safety margin that corresponds to the tangent hyper-
plane to £x at x*, however with Z x* substituted in the place for X. The corresponding 
local geometric reliability index is 

P~D[MX.] 
(8.27) 

Thus, by using the transformations due to (8.20) and (8.22), the limit state surface is 
mapped onto a corresponding limit-state surface in the physical Gaussian space (not standard 
Gaussian) where the linear regression method can be applied. The principle for the mappings 
is shown in fig. 8.4. 

u = T(x) 

Standard 
Gaussian u-space 

zx* = x*+Ax* (u-u*) A 

Gaussian z-space 

Figure 8.4 Principle for mappings using normal tail-approximation. 

The following iteration scheme can then be applied for calculating the most central point and 
the reliability index: 

1. Choose a starting point xo at the limit state surface 

2. Calculate at point Xo the Jacobian matrix Jxo, its inverse Axo = J*o and 
Uxo = x 0 - A x 0 uo where u 0 = T(x 0). 
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3. Approximate X as 

X = Z I o = x 0 + A I o - ( U - u 0 ) 

4. Linearise the safety margin at this point by using first order Taylor expansion from 
eq. (8.14) 

M I o = G ( X o ) + V G ( x 0 ) ' - ( Z I o - x 0 ) 

5. Calculate a new point xi by using the linear regression of the random variables on 
the linearised safety margin following eq. (8.15) and (8.8) 

*, = E[ZM\MM = o] = E[ZH]-Cov[z^ ,M%} Var[MXAf' • e[MXO] 

6. Perform a convergence check. I f convergence is not achieved update the starting 
point by setting xo = Xi and repeat from step 2. 

7. When convergence is reached for x*, beta is calculated as the mean divided by the 
standard deviation of the linearly associated safety margin based on eq. (8.16) 

D[MX.} 

Eq. (8.17)-(8.19) are in this case substituted by 

Cov[ZXa ,MXt] = Cov[zXo , Z I o ' ] - VG(x 0 ) = A „ • A ^ • VG(x 0) (8.28) 

Var[Mx] = VG(x0)'Cov[ZXt,ZXt']-VG(x0) = VG(x 0 ) ' .A I t -A'x> • VG(x 0) (8-29) 

£ [ M I J = G(x 0) + VG(x 0 ) ' . (4z i i ] -x 0 ) ( 8 - 3 ° ) 

The principle for the transformation of the variable Xi with the cumulative distribution 
function F(x) into a random variable Uj with the standard normal distribution <&(u) can be 
demonstrated as in fig. 8.5. 
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F(x) <£(u) 
Å i. i \ 

P». 1 — 1 • 

X x u 

Figure 8.5. Principle for the normal tail-transformation. 

The transformation is given by the cumulative distributions having the same values for 
corresponding values of x and u, i.e. 

<r{u) = F{x) 

This gives 

(8.31) 

u = f\F{x)) (8.32) 

The Jacobian matrix wil l in this case be a diagonal matrix and the element on row i can be 
obtained by differentiating eq. (8.31): 

d4_ du _ dF 

du dx dx 
(8.33) 

which gives the Jacobian matrix element 

du _ f ( x ) 

dx cp(u) 
(8.34) 

where f(x) is the probability density function of the physical random variable Xj and tp(u) 
is the standard normal density function of the transformed variable Ui. 
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8.2.4 System reliability 

When deterministic methods are used in common structural design each failure mode is 
treated separately and the part of the structure under most stress is analysed. The variation in 
the strength of and the risk of failure in the sections other than those under most stress is not 
considered when using methods based on codes, e.g. the partial coefficient method. The 
partial coefficients are calibrated for a certain value of ß corresponding to a certain 
probability of failure, which then becomes the probability of failure in the section under study 
and for the failure mode under consideration. To acquire a better knowledge of the total 
probability of failure of the whole structure it must be recognised that a failure can occur in 
different parts of the structure and for different failure modes, e.g. bending failure, shear 
failure, etc. In other words, the safety of the whole structure must be analysed. It is then 
possible to distinguish between two principal types of structural systems; series systems and 
parallel systems, see e.g. Thoft-Christensen and Baker [1982]. 

In a series system a failure in one single element leads to a collapse of the whole structure 
and, since such a system can be compared to a chain, it is also called a weakest-link system. A 
typical example of a series system is a statically determined truss because a failure in one of 
its members implies the collapse of the whole structure. The total probability of failure Pf for 
a series system can, i f the probabilities of failures Pf, for the individual elements are 
statistically independent, be written as 

where the approximation is valid for small probabilities Pf,. I f Fm (r) is the cumulative 
distribution function for the strength of element i, then the cumulative distribution function 
FR (r) for the strength of the whole system is in accordance with eq. (8.35) 

When the limit state in one or more of the elements is reached and does not lead to the 
collapse of the whole structure, the system is said to be a parallel system. This can be the 
case for statically indeterminate structures i f the elements are ductile. I f the elements are 
brittle, reaching the limit state for one element implies that this element cannot carry a load 
any longer. The load will be redistributed and other elements may become overloaded which 
in turn wil l lead to the limit state being reached in these elements and so on. This will lead to 
a collapse of the whole structure. This type of system can be compared to series systems 
because a failure in one element may imply the failure of the whole structure. I f the elements 
are ductile they wil l continue carrying a load after the limit state has been reached and a 
collapse will not occur until the limit states have been reached for all elements in the 
structure. This is then a truly parallel system. Structures can often be considered as a 
combination of series and parallel systems. A failure mode for a statically indeterminate 
structure may be modelled as a parallel system and the whole structure as a series system of 
parallel subsystems. 

The system reliability of the arches in the Nordic Hall, the case study, is only discussed 
generally in this thesis and is not analysed in detail. Each failure mode is analysed separately 
and the reliability index and probability of failure of the part of the structure under most stress 
are calculated. This is in accordance with the methods provided in existing codes. 

(8.35) 

FR{r) = Pf(R<r) = \-l\{l-FRt(r)) (8.36) 
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8.2.5 Sensitivity analysis 

The influences of the different basic variables on the reliability index can be obtained by a 
kind of sensitivity analysis. The linearised safety margin can, in the standardised Gaussian 
space, be written in accordance with eq. (8.1) and (8.5) as 

M = - f = = - U + - 7 = = = = -ot '-U +P (8.37) 
Va' a Va'-a 

where U is a standard Gaussian vector and a is the normal unit vector to the limit-state 
surface at the most central point. Then the variation of M can be written as 

Var[M] = a\+ a\=\ (8.38) 

The factor cq2 is the fraction of the variance of the safety margin which is caused by the 
variable Uj. I f the transformation Ax* in 8.22 is a diagonal matrix, then the variables Xj in the 
physical space are uncorrelated and then the factor oCj2 is a measure of the influence of the 
uncertainties in the variable Xi on the safety margin. The factors et; are called sensitivity 
factors. 

Another measurement of the influence of the uncertainty of a basic variable on the reliability 
index is the omission sensitivity factor, see e.g. Ditlevsen and Madsen [1996]. This factor 
expresses the relative error in the reliability index i f a basic variable is replaced by a 
deterministic value. I f the random variable Uj is replaced by a fixed value then the safety 
margin in eq. (8.37) becomes 

M(v\Ut =u,) = -a, • - X U j + ß ( 8 - 3 9 )  

]*• 

and the simple reliability index is then defined as 

_E[M\Ui=ui]_ß-grUi 

The omission sensitivity factor is then defined as 

Q l , - i , ~ r . - g - J - - j — , / , = 0 (8.4.) 

The sensitivity factors can be used to estimate i f any of the random variables can be replaced 
by a fixed value, for example when the reliability analysis shall be repeated several times as 
in reliability-based optimisation. 
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8.3 Case Study: The Nordic Hall 

8.3.1 Introduction 

The Nordic Hall which was described in chapter 1 is used as a case study for calculating the 
reliability index and studying the influence of statistical distributions and uncertainties of the 
basic variables on the probability of failure of glulam arches. The reliability index is 
calculated on the one hand by assuming normal distributions of all basic variables and on the 
other hand by using more accurate distributions. With regard to load variables these 
distributions have been chosen in accordance with the recommendations in the JCSS 
Probabilistic Model Code [1999]. For strength and stiffness variables lognormal distributions 
are usually used when calibrating partial coefficients in codes, and they have also been used 
in these calculations. 

The reliability index is calculated for four different failure modes and the reliability of the 
system is discussed. The failure modes which are studied are: 

1. Failure due to bending moment + axial force 
2. Shear failure 
3. Splitting failure at the splices 
4. Failure due to tension perpendicular to grain 

The basic variables which are assumed to be relevant for the probability of failure and which 
are used in the analysis are: 

Load variables: Snow load on the ground 
Snow load, shape coefficient 
Snow load, redistribution coefficient 

Strength and stiffness variables: Modulus of elasticity 
Bending strength 
Compressive strength 
Shear strength 
Tensile strength perpendicular to grain 

Statistical variations of the self weights are not considered; the self weights of the roof and 
arches are treated as deterministic values in this analysis. The variations of the cross-sectional 
dimensions have also been assumed to have little influence on the reliability and have also 
been considered as deterministic values. 

The initial deformations must be considered when calculating the internal section forces due 
to a second order linear analysis. The uncertainties of the initial deformations will have an 
influence on the reliability. However, in this analysis the value given in Eurocode 5 for the 
initial deformations have been assumed as a deterministic value when using second order 
analysis. This is also because of a lack of statistical data for the initial deformations. 

Variations in the stiffness of the nails have not been taken into account either. These wil l have 
an influence on the rotational spring stiffness at the splices, but the analyses in this thesis have 
been performed for a given number of nails with a given stiffness at the splices. 
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8.3.2 Methods of analysis 

FEM-analysis 

The internal forces are calculated by using finite-element (FEM) analysis. The arches are 
manufactured in four pieces which are joined together at the apex and at the quarter points. 
Each piece is designed as a pitched cambered beam with a curved bottom at the vertex, see 
Appendix A. This implies that the arch can be divided naturally into eight beam elements. 
The splices are modelled by elastic rotational springs concerning the stiffness of the nails. The 
FEM software package Calfem [1995], developed at Lund University has been used for these 
calculations. The elements and nodes are shown in fig. 8.6. 

Figure 8.6 Node (1-12) and element (1-11) numbers. 

The element type beam2g for second-order analysis in Calfem is used for the beam elements. 
The element stiffness matrix for the spring elements at the splices, see fig 8.7, can be written 
as 

(8.42) 

Figure 8.7 Element forces and displacements for rotational spring elements. 

The spring stiffness, S, is obtained by assuming that the bending moment at the splice 
sections is transmitted by the flange plates and by taking into consideration the stiffness, 
K„aii, of the nail connections to the timber. I f the number of nails between the steel plate and 
the outer edge of the arch is denoted as ni and at the vertical plates m the corresponding 
flange forces are obtained as, see fig. 8.8: 
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cp-H 

F = _<P{H~{f) 

(8.43) 

H 

> 1 
tp-H/2 

Figure 8.8 Spring stiffness for rotational spring elements. 

The compressive force is in reality transmitted by contact pressure between the timber 
elements. However, in order to estimate the rotational spring stiffness the compressive force 
is assumed to be transmitted by the nails and the bending moment at the splice is given from 
figure 8.8 as 

H H-tf 

M=2-\ F — + F2  

2 2 2 
(8.44) 

which with Fi and F2 substituted from (8.43) gives 

M=mK 
n,H2 n 1 \ H - t f ) 

2\ 

2 2 

and the spring stiffness, S, is obtained as 

= S<p (8.45) 

S = ^-(n,-H2+n2-(H-tf)
2) (8.46) 

Reliability analysis 

The reliability index is calculated by using the linear regression method described in 8.2. The 
calculation scheme is shown in fig. 8.9. In the calculation scheme the value and the gradient 
of the limit-state function have to be calculated at the current iteration point. The derivatives 
in the gradient are calculated by finite differences. Each time the value and the gradient of the 
limit-state function are calculated finite element analyses are performed. 
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Reliability 
index 

ß 

FEM 
analysis 

Figure 8.9 Calculation scheme for the linear regression method. 

8.3.3 Load cases 

The reliability of the arches is calculated both for the snow load distribution in accordance 
with the Swedish code NR [1989], which was valid when the Nordic Hall was built, and in 
accordance with the recommendations in the JCSS Probabilistic Model Code [1999]. Only the 
non-uniform distributions have been taken into consideration because these are the governing 
load cases. The value of the snow load on the ground is taken from meteorological data and is 
treated as a basic variable, see 8.3.5. The distribution of the snow load on a roof is dependent 
on the shape of the roof and is given by shape coefficients in the codes. For the NR load case 
the shape coefficients have been treated as deterministic in this analysis; the only statistical 
variation in the snow load is then due to the statistical distribution of the snow load on the 
ground value. For the JCSS case, also the shape coefficients have been assigned statistical 
variations in accordance with the recommendations. The non-uniform load case is here 
considered by using a redistribution coefficient for the snow. In this case the shape coefficient 
is chosen with respect to the recommendations in the currently valid Swedish Code, BKR 
1999 [1998]. The self weight of the roof is assumed to be 0.7 kN/m 2 including the self weight 
of the arches and is treated as a deterministic value. The distance between the arches is 12 m 
giving the dead load on one arch as 

g = 120.7 = 8.4 k N / m . 
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The load cases due to NR and JCSS are shown in fig . 8.10, where s0 is the value of the 
snow load on the ground. 

Load case NR 
qi = L5-12-s0 

Load case JCSS 

qi = (l+Cr)--na-12-s0 

qi = (l-Cr)-T|a-12-so I  

Figure 8.10 Load cases due to NR and JCSS (so — snow load on ground in kN/m2). 

With t]a = 0.9 and Cr = 1/3 the JSCC load case is in agreement with the snow-load case in 
the currently valid Swedish code BKR 1999. 

8.3.4 Basic variables 

Snow load on the ground 

Statistical data of the value of the snow load on the ground are taken from Swedish 
meteorological data, see Taesler [1972]. According to this the mean and the standard 
deviation of the yearly maximum of the snow load on the ground at the weather station closest 
to the Nordic Hall is 

EfsoJ = 1.21 kN/m2 

DfsoJ = 0.54 kN/m2 

In JCSS the Gamma distribution is recommended for the snow load on the ground and the 
probability density function is given as 
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f r ^ = f [ p ) ' X P , ' e ' i X <8-47) 

and the cumulative distribution function as 

1 be 
FT(x) = —--]z>"x e z dz ( 8 4 8 ) 

\P) o 

where r(p) is the gamma function. The two first statistical moments are given as 

P 

(8.49) 

m-
b 

4p 

which in this case implies 

m2 1.212 

s2 0.542 = 5.02 

b- — = 7 = 4.15 
s 054 2 

The probability density and the cumulative distribution functions for the snow load on ground 
will then be as shown in fig. 8.11 

4.15 
/ r W r(5.02) J° 

F r ( i ° ) = r p 2 ) ' ! 

4.02 _ -4.15-So 
s„ e 

4 . 1 5 i 0 

z401-e-*-dz 

Snow load, base value (Gamma), pdf Snow load, base value (Gamma), cdf 

Snow load kN/m2 Snow load kN/m2 

Figure 8.11 Probability density and cumulative distribution functions of the snow load 
on the ground. 
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The transformation to the standard Gaussian space following eq. (8.32) and the value of the 
Jacobian matrix element following eq. (8.34) are shown in fig. 8.12. 

Transformation for snow load, base value Jacobian element for transformation of the snow load, base value 

Physical space kN/m2 x-space 

Figure 8.12 Transformation to the standard Gaussian space and the Jacobian matrix 
element for the snow load on the ground. 

Snow load, shape coefficient 

The shape coefficient for the JCSS snow-load case is assumed to have a beta distribution in 
accordance with the JCSS Probabilistic Model Code [1999]. In this code the coefficient of 
variation is set to 0.15 and with the mean value set to 0.9, corresponding to the Swedish code 
BKR 1999 [1998], the mean and standard deviation values are obtained as 

EfrjJ = 0.9 
D[f]a] = 0.135 

The probability density function is given as 

f°^tar^ (8-50) 

(b-a) B(r,t) 

and the cumulative distribution function as i-i 

F*(x)-W7)'l {b-ar* (8-51) 

where B(r,t) is the beta function and [a, b] is the definition interval of the variable x. The 
two first statistical moments are given as 
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m = a + (b-a)-
r + t 

b-a rt 

r + t \r+t+\ 

(8.52) 

I f the definition interval [a, b] is set to [0,2 m] the following values of r and t are obtained 

r = f . 
V* J 

= 21.72 

The probability density and the cumulative distribution functions of the shape coefficient of 
the snow load wil l then be, as shown in fig. 8.13, 

/ -.20.72 _ n20.72 

f ( „ ) = fa) fej/J  
M " a ) (1.8)4244.B(21.72,21.72) 

n'(zf12-(\&-zy 1 f i f i J 
B(21.72,21.72) { ( L 8) 

-dz 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 

Coeffecient value Coeffecient value 

Figure 8.13 Probability density and cumulative distribution functions of the shape coefficient 
of the snow load. 

The transformation to the standard Gaussian space derived from eq. (8.32) and the value of 
the Jacobian matrix element derived from eq. (8.34) are shown in fig. 8.14. 
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Transformation for shape coeffecient Jacobian for transformation of the shape coeffecint 

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.1 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 
Physical space x-space 

Figure 8.14 Transformation to the standard Gaussian space and the Jacobian matrix 
element for the shape coefficient of the snow load. 

Snow load, redistribution coefficient 

Also the redistribution coefficient is assumed to have a beta-distribution in the JCSS 
Probabilistic Model Code [1999]. It is recommended that when using numerical values from 
other codes that these values correspond to the mean value plus one standard deviation and 
that the coefficient of variation is 1.0. Using the values from the Swedish Code BKR 1999 
[1998] this implies that the mean value and the standard deviation are 

EfCJ = 0.767 
DfCr] = 0.167 

The definition interval [a, b] is set to [-0.67, 1.00] which gives a symmetric beta-
distribution with the upper boundary corresponding to all the snow load being redistributed. 
This gives from eq. (8.52) 

The probability density and the cumulative distribution functions of the shape coefficient of 
the snow load wil l then be, as shown in fig. 8.15, 

f(c)_(Cr+0.6l)n(W0-x)n  

r ) (1.67)23 B(12,12) 

1 | ( z + 0.67)".(l.00-z)"  
W ) B(12,12)J (1.67)23 * 
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Redistribution coeffecient (Beta), pdf Redistribution coeffecient (Beta), cdf 

-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 

Coeffecient value Coeffecient value 

Figure 8.15 Probability density and cumulative distribution functions of the redistribution 
coefficient of the snow load. 

The transformation to the standard Gaussian space derived from eq. (8.32) and the value of 
the Jacobian matrix element derived from eq. (8.34) are shown in fig. 8.16. 

Transformation for redistribution coeffecient distribution Jacobian for transformation of the snow load redistribution coeffecint 

-10l ' i i i 1 ' ' ' 1 0 I > > 1 1 i i i I 
-0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 

Physical space x-space 

Figure 8.16 Transformation to the standard Gaussian space and the Jacobian matrix 
element for the redistribution coefficient of the snow load. 

Modulus of elasticity 

Strength and stiffness values are assumed to have lognormal distributions and the values from 
a Swedish report, see Johansson [1990], have been used thereby giving for the modulus of 
elasticity 

EfEJ = 13700 MPa 
D[E] = 7000 MPa 
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The probability density function of the lognormal distribution is given as 

n i J 

and the cumulative distribution function as 

(1 flnz-A 

^ w = 7 ^ - f r l j - * ( 8 - 5 4 ) 

where / I and f are obtained from the two first statistical moments as 

A = In m - 0.5 • ln( l+ («/>«)2) and 
V W ' I (8.55) 

f = ^ ln ( l + (s/m)2) 

The probability density and the cumulative distribution functions are shown in fig. 8.17. 

Figure 8.17 Probability density and cumulative distribution functions of the modulus of 
elasticity. 

The transformation to the standard Gaussian space derived from eq. (8.32) and the value of 
the Jacobian matrix element derived from eq. (8.34) are shown in fig. 8.18. 
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Transformation for Modulus of elasticity x nfäJacobian for transformation of the Modulus of elasticity 

Physical space x -io* x-space x 10
4 

Figure 8.18 Transformation to the standard Gaussian space and the Jacobian matrix 
element for the modulus of elasticity. 

Bending strength and compressive strength 

The bending strength and compressive strength values are also assumed to have lognormal 
distributions and the mean and standard deviation values from the Swedish research report are 
for the bending strength and the compressive strength, respectively 

Ef/J = 49.3 MPa 
DffJ = 7.6 MPa 

Wc] = 41.9 MPa 
D[fcJ = 2.3 MPa 

The probability density functions are shown in fig. 8.19. The transformations to the standard 
Gaussian space have not been performed for the bending and compressive strengths because 
the ultimate strains have been used in the calculations instead, see 8.3.5. 

Bending strength (logN), pdf Compressive strength (logN), pdf 

40 50 60 70 
Bending strength MPa 

40 45 50 

Compressive strength MPa 

Figure 8.19 Probability density functions of the bending strength and the compressive 
strength. 

146 



8 Reliability of Timber Arches 

Shear strength 

The mean and standard deviation values are obtained from the Swedish research report as 

EffyJ = 4.34 MPa 
D[fv] = 0.55 MPa 

The probability density and the cumulative distribution functions are shown in fig. 8.20. 

Shear strength (logN), pdf Shear strength (logN), cdf 

2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7 2 2.5 3 3.5 4 4,5 5 5.5 6 6.5 7 
Shear strength MPa Shear strength MPa 

Figure 8.20 Probability density and cumulative distribution functions of the shear strength. 

The transformation to the standard Gaussian space derived from eq. (8.32) and the value of 
the Jacobian matrix element derived from eq. (8.34) are shown in fig. 8.21. 

Transformation for Shear strength Jacobianfortransfbrmationofthe Shear strength 

2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7 2 2.5 3 3.5 4 4.5 5 5.5 6 6.5 7 
Physical space x-space 

Figure 8.21 Transformation to the standard Gaussian space and the Jacobian matrix 
element for the shear strength. 
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Tensile strength perpendicular to grain 

The tensile strength perpendicular to the grain is strongly dependent on the size of the stressed 
volume and the relationship commonly used is the one given in eq. (7.43). To compare results 
from different tests the values have to be transformed to correspond to a reference volume. 
The reference volume used in the calculations in this thesis is V0 = 0.07 m3. In Carling et al. 
[1992] the tensile strength is given as 1.0 Mpa for a volume of 2.5TO"3 m 3 corresponding to 
0.76 Mpa for the volume V 0 . In Riberholt et.al. [1992] the values of 1.69 Mpa and 1.32 Mpa 
were obtained for the volumes 4.810"4 m 3 and 6.7510"5 m 3 , respectively, which correspond 
to 0.92 Mpa and 1.32 Mpa for a volume Vo. The coefficients of variation in this test were 
0.089 and 0.19, respectively. In the tests of notched beams which are reported in Gustafsson 
and Enquist [1988] the tensile strength of 4.04 Mpa was reached for the test volume 4.8-10"6 

m 3 and the coefficient of variation was obtained as 0.19. This implies that the strength value 
wil l be 0.88 Mpa for the volume Vo. The mean of the three tests referred to here is 1.04 Mpa. 
On the basis of the reported values from these tests, the following mean and standard 
deviation values have been used in the calculations in this thesis: 

EffJ = 1.00 MPa 
DffJ = 0.20 MPa 

and with assumed lognormal distribution the probability density and cumulative distribution 
functions will be as shown in fig. 8.22. The transformation to the standard Gaussian space 
derived from eq. (8.31) and the value of the Jacobian matrix element derived from eq. (8.34) 
for the assumed tensile strength are shown in fig. 8.23 . 

Tensile strength perpendicular to grain (togN), pdf Tensile strength perpendicular to grain (logN). cdf 

0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 

Strength MPa Strength MPa 

Figure 8.22 Probability density and cumulative distribution functions of the tensile 
strength perpendicular to grain. 
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Figure 8.23 Transformation to the standard Gaussian space and the Jacobian matrix 
element for the tensile strength perpendicular to the grain. 

Correlations between the basic variables 

The strength values above (except the tensile strength perpendicular to grain) are taken from a 
Swedish test of 42 glulam beams from 3 glulam manufactures. The only correlation which 
can be determined from the tests is between the modulus of elasticity and the bending 
strength. This has been calculated as 0.80, 0.24, and 0.15 for the beams from the three 
manufacturers or 0.33 in total for all beams. In a Norwegian test, see Solli [1994] of the size 
effect for glulam beams, the correlation coefficient between the modulus of elasticity and the 
bending strength was found to be 0.57 for beams with a depth of 300 mm and 0.35 for beams 
with a depth of 600 mm. Following the results from those tests, an approximate value of the 
correlation coefficient between the modulus of elasticity and the bendmg strength has been set 
at 0.5, and this is the only correlation used in the calculations in this thesis. 

8.3.5 Failure modes 

/ . Failure due to bending moment + axial force 

For this failure mode the design criterion in the Swedish code BKR 1999 [1998] is used 
which implies the failure function 

g = 1 - max - + 

^ 2 ^ 

(8.56) 

where Ms = second-order bending moment due to loads 
Mr = bending moment resistance 
Ns = axial force due to loads 
Nr = axial force resistance 
Kcr = reduction factor due to lateral-torsional buckling 
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In-plane buckling is considered by using second order linear analysis when calculating the 
internal forces M s and Ns at which imperfections in the form of initial deformations are taken 
into consideration in the analysis. The failure criterion derived from eq. (8.56) is in principle 
the same as that used in EC5 but the exponent 2 for the axial force term is given in the 
Swedish Code when in-plane-buckling not is accounted for by a reduction coefficient. The 
reduction factor x^. for lateral-torsional buckling is set according to the Swedish code BKR 
1999 [1998] as 

Kcr=\ for Am< 0.75 

Kcr = 1.56 - 0.75 • Xm for 0.75 < km < 1.4 (8.57) 

* „ = V £ for An>\A 

where Am is the relative slenderness in bending and is defined by 

K={fJ<?mS (8.58) 

In eq. (8.58) f m is the bending strength and o m , c r is the critical bending stress calculated 
according to the classical theory of stability. The arches are assumed to be braced by the roof 
elements and lateral buckling is prevented in regions where the bending moment results in a 
compressive force in the upper flange. In cases where the bending moment produces a 
compressive force in the lower flange, lateral buckling can occur and the tension flange wil l 
then be braced by the roof. The critical bending moment is calculated using a method for 
curved beams, see Timoshenko and Gere [1961] and Axhag and Johansson [1999]. The 
critical moment is given as 

2- - + -
2 2 R-7V2 j 

2R 

where H = depth of the cross section 
L = length of the unbraced arch 
R = curvature radius of the arch 
C = GKV = St Venant torsional stiffness 
By = EIy = flexural stiffness around the y-axis 

The radius of curvature is approximated to the value for a parabolic arch 

I2 

R = — (8.60) 

where / is the span and / is the height of the arch. L is the length of the curved beam 
between bracing points. Eq. (8.59) is valid for the case of a constant bending moment between 
the bracing points. Assuming the upper flange is braced by the roof elements, L is in this case 
set to the distance between moment zero points. For the load case with non-uniform snow 
load L will then be approximated to half the total length of the arch. 
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When calculating the internal forces and the capacity values it has been assumed that the cross 
section is constructed as a hollow section of 4 beam sections. The test results for the bending 
strength which have been used are obtained for 4-point loaded test beams giving a constant 
bending moment within a distance of about 1.6 m. The result from the test will then give the 
weakest section within this distance. The bending stress at failure is calculated assuming a 
homogenous cross section with a linear distribution of the stresses. Thus, it is not taken into 
consideration that the laminations in the section may have different modulus of elasticity, 
instead the stresses are calculated for the assumed average value of the modulus. This 
fictitious modulus of elasticity is calculated from the curvature of the test beam within the 
length of constant bending moment. The cross section of the arches is constituted by 4 glulam 
beams, each of them having statistical distributions of the modulus of elasticity and of the 
bending strength as measured for the test beams. Then, when calculating the internal forces by 
using FEM-analysis it is assumed that the deformations of the arch are dependent on the 
average stiffness of the whole arch. The mean value of the modulus of elasticity for the cross 
section is then set to the mean value of the individual parts and the variance of the whole 
section is set to one quarter of the variance of the individual parts. This is because the cross 
section is constructed of 4 parts with the same statistical distributions. 

The capacity value of the bending moment is calculated on the assumption that the failure will 
occur in a weak section of the arch. This weak section wil l then in turn consist of weak 
sections in the different parts of the cross section and these wil l probably have different 
strength values and modulus of elasticity. Even though these weak sections of the different 
parts do not exactly coincide, weak sections can be assumed to exist close to the bending 
moment maximum for the arch. This assumption can be made because of the appearance of 
the bending moment distribution and because the distance between weak sections can be 
assumed to be about 0.5 m, see e.g. Isaksson [1999]. Since the edges of the different parts of 
the cross section are at the same distance from the centre of gravity of the whole section, the 
bending moment capacity can be written as 

^ < = 2 > - - ^ = l 3 -e^W, (8-61) 

where <7m, = bending stress of part i 
IV/ = the contribution to the section modulus from part i, see fig. 8.24 
Ej = modulus of elasticity ofpart i 
Smu = ultimate bending strain 

The contributions to the section modulus from the different parts of the cross section are 

t H2 

WX = W2= and 

f , ,\ ( 8 - 6 2 ) 
W3=W,=^ '-

3 4 12/7 
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H 

tw tw 

B 
• 

CTml Om2 CSmi C T m 4 

Figure 8.24 Strains and stresses at bending failure. 

Failure is assumed to occur when the bending strength is reached in one of the parts i.e. 

£ ™ = r n i n ( e m i ) = m i n [ ^ L (8.63) 

where = ultimate strain of part i 
fmt = bending strength of part i 
Ej = modulus of elasticity of part i 

I f fmi and Et are assumed to be lognormally distributed, then is also lognorrnally 
distributed with the following mean and standard deviations values 

, , E[memi]+lvar[ineml\ 

E[£mi\ = e 2  

D[emi] = E[emi]-V£mi 

where Vemi is the coefficient of variation for £^ which can be obtained as 

(8.64) 

(8.65) 

(8.66) 

In eq. (8.64) - (8.66) the following relationships are also used 

E[\nem] = E[\nfm]-E[\nE] 

Var[\nemi] = Var[ln fmi} + Var [in E.]-2 • C o v [ l n / „ > £ , . ] 

(8.67) 

(8.68) 
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E[lnfmi] = \n(E[fmi])-0.5-\n(\ + V l ) (8.69) 

E[\a.Ei ] = ln( E[E, ]) - 0.5 • ln(l + F | ) (8.70) 

Var[\nfm] = \n(\ + V}m) 
(8.71) 

F a r [ l n £ j = ln(l + F j ) (8.72) 

C 0 v [ l n / m i , l n £ j = ln(l + p / m ( Æ - V ^ - V E ) (8.73) 

In the equations above Vx denotes the coefficient of variation of the variable X and pxy 
denotes the correlation coefficient between the variables X and Y. The new variable 
introduced is emi and the correlation between this and Et has to be determined. This can be 
obtained from 

Cov[lnemiMEt] = ln(l + pemiA-V^-VE) ( 8 - 7 4 ) 

giving 

= e ° " f a W i - l ( 8 . 7 5 ) 

Ptmi-K, y . y 

where 

C o v [ l n £ m > £ , ] = Cov[ln/ m i - l n £ , . , l n £ j = C m { l n / m > £ j - F a r [ l n £ \ ] (8-76) 

The ultimate bending strain Em, for the whole section is obtained as the minimum of the four 
strains with identical lognormal distributions which are assumed to be independent of 
themselves. Hence, the cumulative distribution function for £^„ wil l be 

^mta41ogAr(£»iii) = 1 ~~ {} ~ F\ogN {£mi )) 

and the probability density function is then obtained as 

/min41ogtf (£nra) = 4 > ( l — ^l 0 gw( £ ni/)) ' AogN^mi) (8.78) 

where FtogN (E„i) is the lognormal cumulative distribution function and fiogN (£md is the 
probability density function of the ultimate strain £̂ ,,. The probability density and the 
cumulative distribution functions for £^„ as well as for are shown in fig. 8.25. 
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Bending strain at failure (min of 4 lognorm), pdf Bending strain at failure (min of 4 lognorm), cdf 

1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 

Figure 8.25 Probability density and cumulative distribution functions of the bending 
strains, for the whole section (solid line), and Emi for the individual parts 
(dashed line). 

Following eq. (8.32) and (8.34) the transformation to the standard Gaussian space and the 
contribution to the Jacobian matrix wil l be 

« = * _ I ( ^ „ 4 t o g * {em)) = <*>"' ( l - ( l - FlogN {emi ))4) (8.79) 

du _ /mia41ogw(£

mu) _ FlogN { £ mi)) ' /log iV (£mi ) 

dx <p(u) <p(u) 
(8.80) 

The relationships derived from eq. (8.79) and (8.80) are shown in fig. 8.26. 

Transformation for bending strain at failure Jacobian for transformation of bending strain at failure 

Figure 8.26 Transformation to the standard Gaussian space and the Jacobian matrix 
element for the bending strain at failure. 
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The compressive resistance can be determined in a similar way as the bending resistance. The 
compressive resistance can be written as 

where ct c ; = compressive stress of part i 
Aj = cross section area of part i, see fig. 8.24 
Ei = modulus of elasticity ofpart i 
Ecu = ultimate compressive strain 

The cross section areas of the different parts are 

Ax = A2 = tw • H and 

A3=A4=b-tf ( 8 - 8 2 ) 

Failure is assumed to occur when the compressive strength is reached in one of the parts i.e. 

J a (8.83) 

where f^, = ultimate strain of part no i 
f t = compressive strength ofpart no i 
Ei = modulus of elasticity ofpart no i 

The ultimate compressive strain ecu for the whole section is obtained in the same way as the 
ultimate bending strain and the cumulative distribution function can be written as 

F ( £ ) = i-h-F (e ))* <8'84) 
1 min41ogMcca./ 1

 \ L rlogN\c-ci)j 

and the probability density function 

/ m i n 4 1 o g W ( ^ ) = 4 - ( l - ^ o g j V ( f c i ) ) 3 -flogN(£ci) (8-85) 

where FiogN (Eci) is the lognormal cumulative distribution function and fiogN (£m) is the 
probability density function of the ultimate compressive strain The functions for £ r a as 
well as for e„ are shown in fig. 8.27. The transformation to the standard Gaussian space and 
the contribution to the Jacobian matrix which are shown in fig. 8.28 are 

u = fc-^^CO) = " I 1 " Fw(e«))4) (8.86) 

du _ /min41ogfy(gcu) _ U ~ l̂ogW {£ci)) ' AogN^ci) 

dx tp(u) <p(u) (8.87) 
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Compressive strain at failure (min of 4 lognorm), pdf Compressive strain at failure (min of 4 lognorm), cdf 

Figure 8.27 Probability density and cumulative distribution functions of the compressive 
strains, EmU for the whole section (solid line), and for the individual parts 
(dashed line). 

Transformation for compressive strain at failure Jacobian for transformation of compressive strain at failure 

Physical space x m - 3 x-space x io J 

Figure 8.28 Transformation to the standard Gaussian space and the Jacobian matrix 
element for the compressive strain at failure. 

2. Shear failure 

For the shear failure mode the maximum shear stress is checked and the failure function is 
consequently given as 

g 2 = l - ^ m a x / / v (8.88) 

where = maximum shear stress due to loads 
fv = shear strength 

156 



8 Reliability of Timber Arehes 

The maximum shear stress, with notations as in fig. 8.29, is obtained from 

s ^ . _ 3 - [ / » - t f + 2 - > - , / - ( g - > / ) K -
I-2t 2{B-H3-b-h3)tv 

(8.89) 

where V m a x = maximum shear force due to loads 
Sx = areal moment around the x-axis 
Ix = moment of inertia around the x-axis 

7 • 7-

<-

• 7-

<-

h H 

B 

Figure 8.29 Cross-sectional dimensions 

3. Splitting failure 

The splitting failure which occurred at the Nordic Hall was that classified as type B in fig. 
7.54. Because of the influence of the compressive force, the interaction between the failure 
modes for bending moment and the shear wil l be less unfavourable than that obtained in the 
tests and which is suggested in eq. (7.48). The compressive force wil l counteract the tensile 
stresses perpendicular to grain at the lower left edge of the side plate and at the upper right 
edge of the bottom plate, see fig. 7.54. Therefore, it is assumed that the failure modes due to 
bending moment and shear force at the splice can be treated separately, and the failure 
function be written as 

g 3 = 1 - max 
Msp Vsp 

V MspC VspC J 

(8.90) 

where Msp = bending moment at the splice section due to loads 
Mspc = bending moment resistance derived from eq. (7.47) 
Vsp = shear force at the splice section due to loads 
VspC — shear resistance derivedfrom eq. (7.44) 

157 



8 Reliability of Timber Arches 

4. Failure due to tension perpendicular to grain 

The arch elements between the splices can be considered as pitched cambered beams, see 
Appendix A. Bending moment in curved beams causes radial stresses perpendicular to grain, 
see Ehlbeck and Kurth [1995]. I f the bending moment increases the radius of curvature, the 
radial stresses are in tension. The stresses perpendicular to grain can be calculated following 
the model given by Ehlbeck and Kurth, which is also proposed in EC5. The stresses for a 
pitched cambered beam as in fig. 8.30 are then calculated as 

ap 

where 
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Map is the bending moment at the apex section and b-hap

2/6 is the elastic section modulus at 
the apex section. Eq. (8.91), which is given in Ehlbeck and Kurth [1995], concerns 
rectangular cross sections. When it is used in this analysis for arches with a hollow section 
the value of the width b is set to the total web width. 

The tensile strength perpendicular to grain is dependent on the size of the volume under stress 
(the size effect) and using the criterion in Ehlbeck and Kurth the limit state function can be 
written as 

,90 

where = factor which takes into account the stress distribution and is set to 1.7 
for pitched cambered beams 

f,_90 = tensile strength perpendicular to grain of the reference volume 
Vo = 0.01 m3 

V = the stressed volume derived from fig. 8.30 

The curvature also implies that the distribution of the bending stresses is non-linear over the 
depth of the beam. This has not been considered in this analysis. 

8.3.6 Results 

The calculations have been performed for the two load cases shown in fig. 8.10. These are the 
load case in the Swedish code NR [1989] which was valid when the Nordic Hall was built, 
here denoted as load case NR, and the load case recommended in the JCSS Probabilistic 
Model Code [1999], here denoted as load case JCSS. For these two load cases, the reliability 
index has been calculated both with an assumption of normal distributions for all basic 
variables, and with statistical distributions in accordance with recommendations in the JCSS 
Probabilistic Model Code, see also 8.3.4. The load duration effect has been considered by 
multiplying the strength values by a reduction factor kmod. This factor has been determined 
from probabilistic calculations by Svensson, Thelandersson and Larsen [1999] and has been 
found to be approximately 0.8 for a combination of dead load and snow load and for a 
lifetime of 50 years for the structure. The reliability index has in this thesis been calculated 
both with the snow load treated as a short-term load without considering previous load history 
by reduction of strength values, and with the snow load treated as a long-term load by 
multiplying the short-term strength values with a factor 0.8. The values of the basic variables 
at the failure point have also been calculated. In the probabilistic analysis the ultimate strains 
(bending and compressive, respectively) Eu = min(fi /Ei) were used as basic variables. In the 
tables below the corresponding strength values f = Et £u are shown. The sensitivity factors, 
(fy, squared, and the omission sensitivity factors, $ , have also been calculated and the results 
from all calculations are presented in the tables 8.1 - 8.20 below. 

159 



8 Reliability of Timber Arches 

Load case accordins to NR. Normal distributed variables 

Table 8.1 Reliability indices for load case NR, normal distributions. 

Failure mode 
Short term (k m o d =1 .0 ) Long term ( k m o d = 0.8) 

Failure mode 
ß(i) P f (D ß(S0) p/SO) 

1. Bending + compression 6.43 6.210"11 6.06 6.6-10-10 

2. Shear 6.86 3.410"12 6.54 3.110 1 1 

3. Splitting 3.26 5.5-KT4 2.62 4.5 10"3 

4. Tension perp.-to-grain 2.96 1.510"3 2.48 6.5-10"3 

Table 8.2 Failure values and sensitivity factors for load case NR, normal distributions, 
failure mode 1. 

Basic variable 
Short term (k m 0 d = 1.0) Long term ( k m o d = 0 . 8 ) 

Basic variable 
Xi* CCi2 Xi* a 2 

Snow load (kN/m2) 2.51 0.135 1.08 2.71 0.198 1.12 

Modulus of elasticity (Gpa) 13.7 0.000 1.00 13.7 0.000 1.00 

Bending strength (Mpa) 9.9 0.823 2.38 13.5 0.739 1.96 

Compressive strength (Mpa) 45.0 0.030 1.02 45.7 0.047 1.02 

Table 8.3 Failure values and sensitivity factors for load case NR, normal distributions, 
failure mode 2. 

Basic variable 
Short term (kmod = 1.0) Long term ( ^ „ 0 = 0 . 8 ) 

Basic variable 
X,* CCi2 <5 Xi* O i 2 9 

Snow load (kN/m2) 2.27 0.081 1.04 2.42 0.116 1.06 

Modulus of elasticity (Gpa) 13.7 0.000 1.00 13.7 0.000 1.00 

Shear strength (Mpa) 0.72 0.919 3.50 0.96 0.884 2.93 

Table 8.4 Failure values and sensitivity factors for load case NR, normal distributions, 
failure mode 3. 

Basic variable 
Short term ( k m o d = 1.0) Long term ( k m o d = 0.8) 

Basic variable 
Xi* Oi 2 Xi* CCi2 

Snow load (kN/m2) 2.76 0.779 2.13 2.50 0.840 2.50 

Modulus of elasticity (Gpa) 13.7 0.001 1.00 13.7 0.000 1.00 

Shear strength (Mpa) 3.50 0.220 1.13 3.77 0.160 1.09 

160 



8 Reliability of Timber Arches 

Table 8.5 Failure values and sensitivity factors for load case NR, normal distributions, 
failure mode 4. 

Basic variable 
Short term ( k m o d = 1.0) Long term ( k m o d = 0.8) 

Basic variable 
X i * O i 2 

9 Xi* a,2 

9 
Snow load (kN/m2) 2.32 0.468 1.37 2.25 0.591 1.56 

Modulus of elasticity (Gpa) 13.7 0.000 1.00 13.7 0.000 1.00 

Tensile strength p.t.g. (Mpa) 0.56 0.531 1.46 0.68 0.409 1.30 

Load case according to NR. Statistical distributions according to JCSS 

Table 8.6 Reliability indices for load case NR, JCSS distributions. 

Failure mode 
Short term ( k m o d = 1.0) Long term (kmod-0.8) 

Failure mode 
Øø) 

P f ( « ß(50) pf(50) 

1. Bending + compression 5.89 2.0-10"9 5.21 9.710"8 

2. Shear 6.81 4.9-10-12 

3. Splitting 2.63 4.3-10"3 2.19 1.4-10"2 

4. Tension perp.-to-grain 2.65 4.110"3 2.22 1.310"2 

Table 8.7 Failure values and sensitivity factors for load case NR, JCSS distributions, 
failure mode 1. 

Basic variable 
Short term ( k m o d = 1.0) Long term ( k m o d = 0.8) 

Basic variable 
Xi* O i 2 

9 Xi* a,2 

9 
Snow load (kN/m2) 6.81 0.882 2.91 5.88 0.892 3.04 

Modulus of elasticity (Gpa) 13.6 0.001 1.00 13.6 0.001 1.00 

Bending strength (Mpa) 34.1 0.102 1.06 35.4 0.092 1.05 

Compressive strength (Mpa) 36.9 0.000 1.00 37.0 0.000 1.00 

Table 8.8 Failure values and sensitivity factors for load case NR, JCSS distributions, 
failure mode 2. 

Basic variable 
Short term ( k m o d = 1.0) Long term ( k m o d = 0.8) 

Basic variable 
Xi* O i 2 

9 Xi* CCi2 

9 
Snow load (kN/m2) 7.39 0.739 1.96 

Modulus of elasticity (Gpa) 13.7 0.000 1.00 

Shear strength (Mpa) 2.77 0.261 1.16 
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Table 8.9 Failure values and sensitivity factors for load case NR, JCSS distributions, 
failure mode 3. 

Basic variable 
Short term (km Od=1.0) Long term ( k m o d = 0.8) 

Basic variable 
OCi2 

9 Xi* a,2 

<5 
Snow load (kN/m2) 3.00 0.935 3.92 2.61 0.945 4.24 

Modulus of elasticity (Gpa) 13.7 0.000 1.00 13.7 0.000 1.00 

Shear strength (Mpa) 3.96 0.065 1.03 4.03 0.055 1.03 

Table 8.10 Failure values and sensitivity factors for load case NR, JCSS distributions, 
failure mode 4. 

Basic variable 
Short term (km Od=1.0) Long term (k m o d=0.8) 

Basic variable 
Xi* Oi 2 Xi* « i 2 

& 
Snow load (kN/m2) 2.92 0.835 2.46 2.57 0.852 2.60 

Modulus of elasticity (Gpa) 13.7 0.000 1.00 13.7 0.000 1.00 

Tensile strength p.t.g. (Mpa) 0.79 0.165 1.09 0.83 0.148 1.08 

Load case according to JCSS. Normal distributed variables 

Table 8.11 Reliability indices for load case JCSS, normal distributions. 

Failure mode 
Short term (k m o d =1 .0 ) Long term (k m o d=0.8) 

Failure mode ß(D P f ( i ) ß(50) pf(50) 

1. Bending + compression 3.82 6.810 s 3.39 3.4-104 

2. Shear 6.35 1.0-10"10 5.88 2.110"9 

3. Splitting 3.46 2.7-10"4 2.65 4.110' 3 

4. Tension perp.-to-grain 1.57 5.810 2 1.16 1.210"1 

Table 8.12 Failure values and sensitivity factors for load case JCSS, normal distributions, 
failure mode 1. 

Basic variable 
Short term (km Od=1.0) Long term (k m o d=0.8) 

Basic variable 
X i * oc 2 

Q Xi* O i 2 

Q 

Snow load (kN/m2) 2.66 0.473 1.38 2.49 0.467 1.37 

Snow load, shape factor 0.996 0.033 1.02 0.980 0.030 1.02 

Snow load, redistr. factor 0.504 0.368 1.26 0.467 0.371 1.26 

Modulus of elasticity (Gpa) 13.6 0.004 1.00 13.6 0.003 1.00 

Bending strength (Mpa) 41.4 0.079 1.04 42.0 0.084 1.04 

Compressive strength (Mpa) 44.1 0.033 1.02 44.0 0.036 1.02 
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Table 8.13 Failure values and sensitivity factors for load case JCSS, normal distributions, 
failure mode 2. 

Basic variable 
Short term (k m o d = 1.0) Long term (km 0d = 0.8) 

Basic variable 
Xi* a 2 

Xi* a,2 

9 
Snow load (kN/m 2) 2.37 0.115 1.06 2.53 0.172 1.10 

Snow load, shape factor 1.062 0.036 1.02 1.091 0.058 1.03 

Snow load, redistr. factor 0.146 0.000 1.00 0.147 0.000 1.00 

Modulus of elasticity (Gpa) 13.7 0.000 1.00 13.7 0.000 1.00 

Shear strength (Mpa) 1.12 0.850 2.58 1.50 0.774 2.09 

Table 8.14 Failure values and sensitivity factors for load case JCSS, normal distributions, 
failure mode 3. 

Basic variable 
Short term (k m o d = 1.0) Long term (km Od=0.8) 

Basic variable 
Xi* a,2 

Xi* a 2 

Snow load (kN/m 2) 2.57 0.533 1.46 2.22 0.495 1.41 

Snow load, shape factor 1.098 0.180 1.10 1.034 0.140 1.08 

Snow load, redistr. factor 0.161 0.001 1.00 0.158 0.000 1.00 

Modulus of elasticity (Gpa) 13.6 0.001 1.00 13.7 0.000 1.00 

Shear strength (Mpa) 3.32 0.285 1.18 3.46 0.365 1.25 

Table 8.15 Failure values and sensitivity factors for load case JCSS, normal distributions, 
failure mode 4. 

Basic variable 
Short term (k m o d = 1.0) Long term (km o d=0.8) 

Basic variable 
Xi* a,2 

Xi* O i 2 

Snow load (kN/m 2) 1.73 0.375 1.26 1.60 0.380 1.27 

Snow load, shape factor 0.920 0.009 1.00 0.914 0.008 1.00 

Snow load, redistr. factor 0.304 0.426 1.32 0.268 0.456 1.36 

Modulus of elasticity (Gpa) 13.7 0.000 1.00 13.7 0.000 1.00 

Tensile strength p.t.g. (Mpa) 0.86 0.190 1.11 0.91 0.156 1.09 
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Load case according to JCSS, Statistical distributions according to JCSS 

Table 8.16 Reliability indices for load case JCSS, JCSS distributions. 

Failure mode 
Short term (k m 0 d = 1.0) Long term (k m o d =0 .8 ) 

Failure mode 
P f (D p(so) pf(S0) 

1. Bending + compression 3.14 8.4-10" 2.82 2.4-10"3 

2. Shear 6.32 1.3-10"10 5.60 l .HO" 8 

3. Splitting 2.97 1.510"3 2.42 7.710 3 

4. Tension perp.-to-grain 1.55 6.0-10"2 1.18 1.2-10"1 

Table 8.17 Failure values and sensitivity factors for load case JCSS, JCSS distributions, 
failure mode 1. 

Basic variable 
Short term ( k m o d = 1.0) Long term ( k m o d = 0.8) 

Basic variable 
Xi* « i 2 Xi* a 2 

Snow load (kN/m 2) 3.07 0.689 1.79 2.79 0.675 1.75 

Snow load, shape factor 0.971 0.027 1.01 0.961 0.025 1.01 

Snow load, redistr. factor 0.394 0.267 1.17 0.376 0.282 1.18 

Modulus of elasticity (Gpa) 13.6 0.003 1.00 13.6 0.002 1.00 

Bending strength (Mpa) 41.1 0.011 1.01 41.1 0.013 1.01 

Compressive strength (Mpa) 38.0 0.000 1.00 38.0 0.000 1.00 

Table 8.18 Failure values and sensitivity factors for load case JCSS, JCSS distributions, 
failure mode 2. 

Basic variable 
Short term ( k m o d = 1 . 0 ) Long term (k m o d =0 .8 ) 

Basic variable 
Xi* O i 2 

Q Xi* a 2 

9 
Snow load (kN/m 2) 6.52 0.712 1.86 5.54 0.697 1.81 

Snow load, shape factor 1.199 0.126 1.07 1.165 0.124 1.07 

Snow load, redistr. factor 0.250 0.011 1.01 0.200 0.004 1.00 

Modulus of elasticity (Gpa) 13.6 0.001 1.00 13.7 0.000 1.00 

Shear strength (Mpa) 3.16 0.151 1.09 3.20 0.175 1.10 
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Table 8.19 Failure values and sensitivity factors for load case JCSS, JCSS distributions, 
failure mode 3. 

Basic variable 
Short term ( k m o d = 1.0) Long term ( k m o d = 0.8) 

Basic variable 
x,* a? 9 Xi* a,2 

9 
Snow load (kN/m 2) 3.08 0.777 2.12 2.56 0.727 1.92 

Snow load, shape factor 1.042 0.124 1.07 1.009 0.110 1.06 

Snow load, redistr. factor 0.158 0.000 1.00 0.155 0.000 1.00 

Modulus of elasticity (Gpa) 13.7 0.001 1.00 13.7 0.000 1.00 

Shear strength (Mpa) 3.83 0.098 1.05 3.81 0.163 1.09 

Table 8.20 Failure values and sensitivity factors for load case JCSS, JCSS distributions, 
failure mode 4. 

Basic variable 
Short term (k m o d =1 .0) Long term (k m o d =0 .8 ) 

Basic variable 
Xi* a,2 

9 Xi* a,2 

9 
Snow load (kN/m 2) 1.79 0.498 1.41 1.59 0.470 1.37 

Snow load, shape factor 0.919 0.008 1.00 0.914 0.007 1.04 

Snow load, redistr. factor 0.296 0.380 1.27 0.265 0.418 1.31 

Modulus of elasticity (Gpa) 13.7 0.000 1.00 13.7 0.000 1.00 

Tensile strength p.t.g. (Mpa) 0.88 0.115 1.06 0.91 0.105 1.06 

8.4 Discussion and Conclusions 

The levels of the reliability indices given in the Swedish Code, BKR 1999 [1998] refer to a 
period of one year, i.e. they concern the yearly risk of failure. In international codes a 
reference period of 50 years is normal and the corresponding probability of failure can then be 
assumed to concern the risk of failure of the structure during its life-time. I f the yearly 
probability of failure, Pp, is assumed to be the same for every year and that the yearly failure 
risks are statistically independent, the total probability of failure, Pp0, during the life-time of 
the structure can be written as 

P / 5 0 = l - ( l - P / 1 ) 5 ° = 5 0 P / 1 i f P f l is small (8.97) 

The error in the approximation in eq. (8.97) is about 0,25% i f Pn = 10"4. However, for 
timber structures the assumption that the yearly probabilities of failure are equal is not valid 
because of the load duration effect, which means that the strength of the timber is reduced 
under sustained load. In a probabilistic analysis of the failure risk during the life-time of the 
structure, the load duration effect has to be considered. This can be performed by some types 
of damage accumulation models, see 5.3.4. In the standard codes where deterministic values 
are used for strength values and loads, the load duration effect is taken into consideration by 
multiplying the strength values by a reduction factor kmod. The results in tables 8.1-8.20 are 
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presented both for kmod = 1, and for a factor kmod = 0.8. The values calculated wil l then 
approximately represent the probabilities of failure during the first year of the life time of the 
structure and during the whole life time of the structure, respectively. However , in both cases 
the values concern the yearly risk of failure. In reality the strength values wil l be reduced also 
during the first year of the life time of the structure. 

It can be seen from the tables of results that the calculations with normal distribution of 
variables have mostly given larger values for the reliability indices, and consequently lower 
probabilities of failure, than the calculations with stochastic distributions in accordance with 
the JCSS Probabilistic Model Code. (The only exceptions are for load case NR, shear failure 
and for load case JCSS, tension-perpendicular-to-grain-failure). A possible explanation is that 
the probability density curve for the value of the snow load on the ground is more extended at 
the upper tail for the gamma distribution compared to the normal distribution, see fig. 8.11. It 
is also obvious that lower values for the reliability indices and higher probabilities of failure 
have been obtained for the JCSS load case compared with the NR load case. The exception 
here concerns the splitting failure where nearly the same probabilities of failure were reached 
for the two load cases. The following conclusion can also be drawn for the different failure 
modes: 

1. Failure due to bendins moment + axial force 

This is usually the governing failure mode for which arches are designed and the other failure 
modes are then checked for the design developed. The Nordic Hall was designed for the load 
case denoted NR. The reliability analyses have given larger values for the reliability indices 
both for normal distribution variables and distributions in accordance with JCSS, than the 
requirement in the Swedish Code, which is ß = 4.8 for safety class 3. The characteristic 
snow-load value for which the Nordic Hall was designed is 2.5 kN/m 2 and this is higher than 
the 98% percentile for the statistical value used for the snow load which, with assumed 
normal distribution, is so k = E[s0] + 2.05 D[s 0] = 1.21 + 2.05 0.54 = 2.35 kN/m 2. The NR load 
case has given a considerably higher reliability index than the JCSS load case which 
consequently is more unfavourable. Shape coefficients similar to the JCSS load case were 
introduced into the Swedish code as a result of the close-to-collapse situation of the arches in 
the Nordic Hall. The sensitivity factors point out that the variables with the largest influences 
on the reliability of this load case are the snow load on ground value and, for the JCSS load 
case the redistribution coefficient, and for the NR load case the bending strength. 

2. Shear failure 

The probability of failure for this mode has in all cases been considerably lower than the 
requirement in the codes, and this failure mode is presumably not critical for glulam arches. 
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3. Splittins failure 

For this mode, the probability of failure obtained was of the same magnitude in both load 
cases. The variables with the largest influences on the reliability index were the value of the 
snow load on the ground and the shear strength (due to the approximation in the model that 
(Eo-Gic)0'5 is proportional to the shear strength) and the shape coefficient of the snow load for 
the JCSS load case. Surprising results are the low influence of the redistribution coefficient 
and that the reliability index is not lower for the JCSS load case than for the NR load case. A 
possible explanation is the criterion chosen for the failure function. Here it is not 
distinguished whether the splitting failure is caused by the bending moment or the shear force 
at the splice; neither is it determined which is most critical, the apex-splice or the quarter-
point-splice. 

4. Failure due to tension perpendicular to grain 

Very low values for the reliability indices and then high probabilities of failure were obtained 
for this failure mode. The model of this failure function has been taken from Ehlbeck and 
Kiirth [1995]. The background to the model has not been analysed in this thesis. In order to 
avoid this failure mode in an economical way, the cross section must be reinforced in some 
way at those points of the arch where the slope changes and where splices are not located. The 
reinforcements can, as an example, consist of plywood panels glued to the web sides inside 
the hollow section within the regions where tensile stresses perpendicular to grain can occur, 
see fig. 8.30. 

Discussion 

The failure which occurred to the arches in the Nordic Hall was mode 3, the splitting failure. 
From the tables it can be seen that this is the failure mode with the lowest calculated value on 
the reliability index, disregarding failure mode 4. However, for the JCSS load case the value 
obtained on the reliability index for failure mode 1, bending moment + axial force, was close 
to that for failure mode 3. 

The variables with low values on the sensitivity factors can, in a reliability analysis, be 
replaced by their mean values with no essential error in the value of the reliability index. This 
is the case for the modulus of elasticity for which very low values of the sensitivity factors 
have been obtained in all the calculations in this thesis, which can be explained by the low 
coefficient of variation, about 7%, from the statistical data used. From the results it is also 
obvious that the type of statistical distribution has a large influence on the value of the 
reliability index. In order to compare the safety level of different structures by using 
probabilistic methods, it is of greatest importance that the types of distributions are prescribed 
in the codes for the different basic variables. In the JCSS Probabilistic Model Code the use of 
beta-distributions for the shape and redistribution factors for the snow load are recommended. 
However, the upper and lower boundaries for the definition region of the variables, which 
have a large influence on the shape of the distribution functions, are not stated. Thus, the 
definition regions for these types of variables have also to be codified to obtain applicable 
probabilistic methods giving comparable results. 
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The probabilities of failure have in this analysis been calculated for each failure mode 
separately and the failure functions have been established for the section of the arch under 
most stress for each failure mode. I f the total probability of failure of the arch is to be 
analysed, the structure has to be divided in a series of subsystems. The probability of failure 
of each of these has to be calculated separately and then the total probability of failure 
obtained by summarising the probabilities of the subsystems using the approximation in eq. 
(8.35). However, when using the standard codes with given values for reliability indices, each 
failure mode is treated separately and the structure is analysed at the section under most stress 
which is in accordance with the reliability calculations in this chapter. When using 
optimisation methods there wil l be a risk of several failure modes occurring with almost equal 
probabilities. This may lead to an increasing need for studying the reliability of the whole 
system which also is discussed in chapters 2 and 10. 
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9 Reliability-based Optimisation of Timber Arches 

9.1 Introduction 

In chapter 8 the reliability of glulam arches was analysed, where the arches of the Nordic Hall 
were used as case study. The analyses were performed with regard to two different load 
combinations and four different failure modes were considered. For the load combination in 
accordance with JCSS, as shown in fig. 8.10, the value of the snow load on the ground and the 
redistribution coefficient had the largest influence on the reliability of the arch, with respect to 
failure mode 1 (bending moment + axial force) and the snow load on the ground, the shape 
coefficient and the shear strength, with respect to failure mode 3 (splitting). In this chapter the 
best design of the arch will be considered regarding timber utilisation, yet still guaranteeing 
sufficient reliability. This is realised by using optimisation calculations with constraints set on 
the reliability indices of failure modes 1 and 3. The reliability index of failure mode 2, shear, 
was shown to be not critical in the calculations in chapter 8 and it has therefore been assumed 
to be not critical in the optimisation calculations. However, the reliability index concerning 
this mode can be checked afterwards. In failure mode 4, tension perpendicular to the grain, 
very low values of the reliability index were obtained. The sections of the arch where this 
failure mode is critical have to be reinforced, as discussed in chapter 8. In the optimisation 
calculations it has been assumed that these reinforcements have been done and failure mode 4 
has not been included in the constraints. When the constraint of failure mode 3 was checked, 
it was assumed that the cross section was reinforced at the joints, as described in chapter 7.5. 
A l l the basic variables which were used in the analyses in chapter 8 have also been treated as 
stochastic variables in the optimisation calculations. Variables with low sensitivity factors 
could probably be replaced by their mean values with only an insignificant influence on the 
result. The influence of load duration has in the optimisation calculations in this chapter been 
considered by multiplying the short-term strength values by a factor 0.8 as described in 
chapter 8. 

9.2 Methods 

The optimisation calculations have been performed using the standard routine 'constr' in 
Matlab's Optimisation Toolbox [1996]. This routine is based on a SQP (Sequential 
Programming Method) which has been briefly described in chapter 4. The constraints 
regarding reliability indices were checked by using the methods described in chapter 8, which 
are based on the linear regression of the random variable vector on the linearised safety 
margin at the most central point on the limit-state surface. The calculations were carried out, 
both with the assumption of normally distributed basic variables and with distributions in 
accordance with the recommendations given by JCSS, where, in the latter case, normal tail-
approximation was used. The optimisation calculations were performed only regarding the 
load combination with respect to JCSS, see fig. 8.10. The calculation scheme used in the 
reliability-based optimisation procedure is shown in fig. 9.1. 
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Reliability-based Optimisation 

Figure 9.1 Calculation scheme for the Reliability-based Optimisation Method used. 
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9.3 Case study: The Nordic Hall 

9.3.1 Analysis 

The optimisation design variables were set to the coordinates of the nodes in the non-
deformed state, and the cross-sectional dimensions, see fig. 9.2. The objective function was 
chosen as the timber volume of the arch, i.e. the costs of splices and erecting have been 
considered as constant, which is close to reality. 

Figure 9.2 Optimisation variables, node coordinates and cross-sectional dimensions. 

Objective function 

The objective function was chosen as the timber volume for the arch and the function that 
should be minimised will then be 

/ M = ^ X ' i (9.1) 

where A = cross-sectional area, constant for the whole arch 
1, = length of element no. i 

Design variables 

There are 11 design variables in total in the vector x namely 

x-coordinates of nodes no 2, 3, 4 
y-coordinates of nodes no 2, 3, 4, 5 
cross-sectional dimensions total width B 

total depth H 
web thickness tw 

flange thickness t/ 

The shape of the arch was determined to be symmetrical around the y-axis. 
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Design constraints 

The design constraints, i.e. restrictions that must be satisfied to produce an acceptable design, 
are of two principally different types, as previously described in chapter 4, namely 
behavioural or functional constraints and geometric or side constraints. The behavioural 
constraints represent limitations on the behaviour or performance of the structure and the side 
constraints represent limitations on design variables due to such factors as transportation and 
manufacture. 

Equality constraints 

The equality constraints are those constraints that must be fulfilled exactly. For the actual arch 
it is necessary that the upper outer length of the elements should fit the width of the roof 
elements. This gives geometric equality constraints for element 2, 3, and 4. I f the lengths are 
set to 12 m, the constraints can then be written 

» = ^ - - 1 = 0 1 = 1,2,3 (9.2) 

Inequality constraints 

The inequality constraints mean some restrictions on the design variables, for instance that the 
dimensions must be chosen so that the stresses will be less than the strength values of the 
material. The inequality constraints are of both behavioural and geometric types. The 
behavioural constraints are partly an upper limit for the displacements and the fulfilment of 
the design criteria. An inequality constraint which is fulfilled exactly is known as an active 
constraint. In order to have a limit on the deformations of the arch, an upper boundary on the 
nodal displacements is set to one hundredth of the span of the arch, which gives the constraint 

g 4 = ^ - l < 0 (9.3) 

The failure modes, which are assumed to govern the design of the arch, are mode 1, bending 
moment + axial force, and mode 3, splitting at the joints, see 9.1. The lower limit on the 
reliability index has been set to 4.8 with respect to failure mode 1, and 4.3 with respect to 
failure mode 3, which wil l be discussed later. This gives the constraints 

g 5 = l - ^ < 0 and (9.4) 

g 6 = 1 ~ 4 3 - ° ( 9 - 5 ) 

The shape of the arch should follow a convex curve, and the slope of the roof has been set to a 
minimum value of 1:40, and the change of the slope at the nodes has been set to a minimum 
value of 1:20. These geometrical constraints can be expressed as 
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_ t a n a i ^ 0  

7 0.025 

t a n a , - t a n a , , , ,„ „ 
gM = 1 — ^0 j = 1, 2, 3 (9.7) 

; 0.05 

For the shape of the arch a lower and an upper limit of the height of the arch is also set, giving 
the geometric constraints 

Limits are also set on the cross-sectional dimensions, see fig. 9.2, and the slendemess of the 
web sides with the following geometric constraints 

ga = \-H< 0 (9.10) 

g 1 4 = y - l < 0 (9.11) 

g l 5 = l - A < 0 (9.12) 

g 1 6 = 5 - l < 0 (9.13) 

g I 7 = l - ^ ^ 0 (9.14) 

g l 8 = ^ - 1 ^ 0 (9.15) 

^ " o f e ( 9 - 1 6 ) 

_ 7 / -2 r 
g 2 1 " l 5 T 

/ _ 1 < 0 (9.18) 
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9.3.2 Results 

The optimisation calculations have been carried out in four different cases, two with normal 
distributions of all the basic variables and two with distributions in accordance with 
recommendations given by JSCC, see 8.3.4. The constraint on the apex height was set to both 
a fixed value of 17.5 m (the height of the real arch) and within the limits 15 - 20 m in both 
types of statistical distributions of the basic variables. The results of the calculations are 
presented in figures 9.3 - 9.6 below. The reliability indices of the failure modes 1 - 3, as 
defined in 8.3.5, are also shown in the figures. Minimum values of the reliability indices 
concerning failure mode 1 and failure mode 3 were set as constraints in the optimisation 
procedure, while the reliability index of failure mode 2 was checked after the optimisation. 
The initial values of the reliability indices are from the calculations in chapter 8. 

Normal distributed variables, fixed apex height. 

Optimised arch 

Real arch 

495 

1800 

V = 57.5 ms 

tw = 140 mm 
tf = 180 mm 
ßt = 3.39 
ß2 = 5.88 
ß3 = 2.65 

794 

1951 

V = 56.73 m3 

tw = 115 mm 
t/ = 113 mm 
ßi = 4.80 
ßi = 5.54 
ßi = 4.30 

Active constraints: gi, g2, gi, gs, g6, gu, gu, gi9, gn 

Figure 9.3 Optimised arch. Normal distributed variables, fixed apex height. 

The active constraints were in this case: the equality constraints, the minimum values set on 
the reliability indices of failure modes 1 and 3, the fixed apex height, the minimum value set 
on the web thickness, and the maximum slendemess of the webs. 
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Normal distributed variables, free apex height. 

Optimised arch 

Real arch 

495 

1800 

V = 57.5 m3 

tw = 140 mm 
tf = 180 mm 
ßi = 3.39 
ß2 = 5.88 
ßi = 2.65 

758 

1962 

V = 56.70 m3 

tw = 115 mm 
t/ = 119 mm 
ßi = 4.80 
ßi = 5.45 
ßi = 4.30 

Active constraints: gh g2, g3, gs, ge, g9, gw, g2i 

Figure 9.4 Optimised arch. Normal distributed variables, free apex height. 

The active constraints were in this case: the equality constraints, the minimum values set on 
the reliability indices of failure modes 1 and 3, the change of the slopes between the elements 
no. 2 and 3, the minimum value set on the web thickness, and the maximum slendemess of 
the webs. 
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Distributions according to JCSS. fixed apex height. 

Optimised arch 

Real arch 

495 

1800 

V = 57.5 m3 

tw = 140 mm 
tf = 180 mm 
ß, = 2.82 
ß2 = 5.60 
ßi = 2.42 

737 

2146 

V = 69.8 m3 

tw = 115 mm 
tf = 219 mm 
ßi = 4.80 
ß2 = 4.83 
ß} = 5.89 

Active constraints: gi, g2, gi, gs, gu, gn,gi9 

Figure 9.5 Optimised arch. Distributions according to JCSS, fixed apex height. 

The active constraints were in this case: the equality constraints, the minimum values set on 
the reliability index of failure mode 1, the fixed apex height, and the minimum value set on 
the web thickness. 
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Distributions according to JCSS, free apex height. 

V = 57.5 m3 

tw = 140 mm 
tf = 180 mm 
ßi = 2.82 
ß2 = 5.60 
ßi = 2.42 

V 

tf 
ßi 
ßi 
ßs 

= 65.9 m3  

= 115 mm 
= 206 mm 
= 4.80 
= 5.39 
= 4.30 

Active constraints: gh g2, g3, gs, g6, gi9. gzi 

Figure 9.6 Optimised arch. Distributions according to JCSS, free apex height. 

The active constraints were in this case: the equality constraints, the minimum values set on 
the reliability indices of failure modes 1 and 3, the minimum value set on the web thickness, 
and the maximum slendemess of the webs. 

9.4 Discussion and conclusions 

In the optimisation calculations constraints were set on the reliability indices with respect to 
failure modes 1 and 3. In the analyses in chapter 8, the reliability index of failure mode 2, 
shear, was not critical in any case and this failure mode has not been included as a constraint 
in the optimisation process. However, this reliability index has been checked after the 
optimisation, which has shown that the assumption was valid; the reliability index of failure 
mode 2 was also larger than the required value for the optimised arch. The requirements of 
the reliability indices have been set to ßi > 4.8 regarding failure mode 1 and ß3 > 4.3 
regarding failure mode 3. These values correspond to the yearly probabilities of failure of 
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about 10"6 and 10"5, respectively, which is in accordance with the values of the safety classes 3 
and 2 in the Swedish code BKR 1999 [1998]. It is not in accordance with the code to set 
different safety classes on different failure modes, concerning the same structural element. 
However, it can be motivated in this case, with regard to the background to the safety classes 
in the code. The safety class of a structure or a structural element is set regarding the 
consequences of a failure. The splitting at the joints at the apex of the arches of the Nordic 
Hall did not imply a collapse of the whole arch, and because of this the splitting mode has not 
been considered to be as serious as failure mode 1. Of course, it would have been possible to 
set the same requirements on the reliability index of failure mode 3 as of failure mode 1, 
which would then have increased the required cross-sectional dimensions. It is of course also 
possible to include failure mode 2 and other failure modes in the constraints in the 
optimisation process. However, this would increase the computer time and it is presumably 
time efficient to first estimate critical failure modes, include these in the optimisation 
calculation, and then check the others afterwards. 

The calculations point out that with relatively small changes of the shape and cross-sectional 
dimensions of the arch, a considerable increase in reliability can be achieved. In the case of 
normal distributed variables, an increase from 3.39 to 4.80 in the reliability index of mode 1 
was reached without increasing the timber volume. This corresponds to a decrease of the 
yearly probability of failure from about 3.510"4 to about 810"7 for this failure mode. In the 
case of a free apex height, the required timber volume was very close to the value reached 
when the apex height was set to a fixed value. The fixed height, 17.5 m, was already close to 
the optimum free height, 17.28 m, giving the optimum solutions close to each other. 

With the basic variables being assumed to have statistical distributions in accordance with 
JCSS, the required timber volume was larger than in the case of normal distributed variables. 
A difference was also obtained between the cases of a free and a fixed apex height; the 
required volumes were 65.9 m 3 and 69.8 m 3 , respectively. The efficiency of the optimisation 
is also obvious here; an increase in the timber volume from 57.5 m 3 to 65.9 m 3 , i.e. an 
increased volume of about 15 %, resulted in an increased value of the reliability index from 
2.82 to 4.80, which in turn corresponds to a reduction of the yearly probability of failure from 
about 2.4-10"4 to about 810"7 regarding failure mode 1. 

The solutions obtained are local minima. There is no guarantee that the minimum values 
found wil l be global minima. This can be explained by the fact that the optimisation method 
used is a SQP (Sequential Quadratic Programming) method, which is a gradient method. Such 
methods wil l usually find the local minimum point closest to the starting point. To get as good 
a solution as possible the optimisation calculation can be executed from different starting 
points. For problems with numerous local minima, it might be more suitable to use a non-
gradient method, such as genetic algorithms or simulated annealing, see e.g. Rau [1996]. 

The results of the optimisation calculations have shown a clear dependence on the statistical 
distribution of the basic variables chosen. The distributions in accordance with JCSS are more 
unfavourable than a normal distribution, which wi l l result in the need for a larger timber 
volume in the first-mentioned case. This is also in agreement with the reliability analyses in 
chapter 8, where lower values of the reliability indices were reached in the cases of 
distributions in accordance with JCSS than in the cases of normally distributed variables. This 
indicates again the importance of specifying the statistical distributions of the basic variables 
on which these required values are based, when the requirement of the reliability index is 
stated in the codes. 
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10 Discussion and Conclusions 

One of the aims of this thesis was to analyse the reliability of glulam timber arches with splice 
connections of nailed steel plates and to develop a design model for the splice connections. 
Another aim was to develop a reliability-based optimisation model for glulam arches with 
regard to different failure modes, where the design model for the splices would be a criterion 
for the failure mode concerning splitting failure at the splices. The results of the different 
analyses have been discussed in previous chapters. The most important conclusions are 
summarised below. The results of the reliability analyses concerning failure modes other than 
the splitting failure at the splices are also valid for arches without splices. The conclusions are 
divided into the three main parts that are covered by this thesis, namely joints, reliability, and 
reliability-based optimisation concerning glulam timber arches. 

Joints 

In order to calculate the resistance with regard to splitting failure in the timber, a model based 
on fracture mechanics was established. This model was formulated analogously to the model 
underlying the method used in Eurocode 5 to calculate the resistance of end-notched beams. 
A test programme was carried out to verify the assumed model. The conclusions are the 
following: 

• Good agreement was reached between the predictions of the model and the test 
results, however, the agreement was better for splices subjected to shear than for 
splices subjected to bending moments. 

• The model is based on the assumption of an initial crack. The length of this crack can 
be derived theoretically or estimated by engineering judgements. The length of the 
crack is not crucial but has a larger influence on the bending moment resistance than 
on the shear resistance. 

• In Eurocode 5 the fracture mechanics model for calculating the resistance of end-
notched beams is transferred to a new model to calculate the shear resistance of the 
reduced section, where the shear strength is reduced depending on the geometry of the 
notch. In the daily design of timber structures it would be appropriate to use a similar 
transferal to calculate the resistance of splices with nailed steel plates. This is because 
the method for end-notched beams is well-known to all structural engineers, which is 
not the case with fracture mechanics methods. In this respect it would also be 
appropriate to give a design value for the length of the initial crack, e.g. 30-40 mm. 

• The interaction between shear and bending moment at the splice is dependent on the 
design of the joint. For the type of joints used in the tests it seems that the exponents 
in the interaction formula eq. (7.48) could be set to approximately 2. 
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Further research and development concerning splices with connections of nailed steel plates is 
needed concerning: 

• the interaction between bending moment and shear with regard to the design of the 
connection. 

• recommendations about a design value of the length of the initial crack. 

• initial tensile stresses perpendicular to the grain which are likely to occur because of 
variation of the moisture content The used fracture mechanics model is established 
with the assumption that there are no initial stresses in the timber in the vicinity of the 
splice for the unloaded structure. To what extent will variations in the moisture 
content influence the resistance values? 

Reliability 

The reliability of glulam timber arches was analysed in respect of 4 different failure modes; 
bending moment + axial force, shear, splitting at the splices, and tensile stresses perpendicular 
to the grain due to changes in the slope of the arch. In conventional structural design the first 
failure mode is usually used for designing the arch and then the other modes are checked 
afterwards. From the analyses made the conclusions below can be drawn. These conclusions 
are mainly based on the calculations where non-uniform snow load is modelled by a 
redistribution factor, i.e. the load case denoted JCSS. Some of the conclusions are as 
expected, others are more unexpected. 

• The calculated values of the reliability indices are dependent on the statistical 
distribution functions which have been assumed for the basic variables. 

• Throughout, lower values of the reliability indices have been obtained when statistical 
distributions in accordance with the recommendations of JCSS have been assumed, 
than when using normal distributions. 

• From the sensitivity factors it is obvious that the influence of a basic variable on the 
reliability index is different for different failure modes. 

• Regarding failure mode 1, bending moment + axial force, the value of the snow load 
on the ground and the redistribution coefficient are the variables with the largest 
influence on the structural reliability. 

• The shear failure outside the splices is not a critical failure mode for the glulam 
arches. 

• Regarding failure mode 3, splitting, the value of the snow load on the ground, the 
shape coefficient, and the shear strength are the variables which influence the 
structural reliability. Of these the snow load value has the largest influence. A 
somewhat unexpected result is the small influence of the redistribution coefficient of 
the snow load. One explanation may be that the stated failure mode comprises failure 
in any of the three splices. The influence on the failure in one of the splices, e.g. the 
apex splice may be larger. 
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• In all calculations the influence of the uncertainties in the modulus of elasticity had a 
very small influence on the structural reliability. The variation coefficient of the data 
used for the modulus of elasticity is small and the mean value could then have been 
used as a deterministic value with an insignificant influence on the reliability index. 

• The value of the modulus of elasticity has not been reduced with regard to load 
duration because of the lack of statistical data. This wil l have an influence on the 
calculated internal forces and then also on the reliability index. It is of course easy to 
include a reduction factor in the calculation; one way would have been to apply the 
same reduction as for strength values, which has also been applied in Swedish codes. 
However, it is questionable to assume a long duration of a critical load situation. 

Further research and development is needed: 

• In order to obtain reliability methods applicable in every-day structural design, the 
requirements of reliability indices and the statistical distributions on which these 
requirements are based must be given in the codes. In this thesis the recommendations 
given by JCSS [1999] have been used. However, these recommendations are not 
sufficient. For some variables, such as the shape coefficient and the redistribution 
coefficient of the snow load, the distribution is given as a ß-distribution, but in order 
to define the distribution completely, the lower and upper boundaries of the variables 
must be also prescribed. Thus, more work is needed to produce an applicable 
probabilistic model code. 

• Regarding a reliability analysis of this type of glulam arch also comprising failure 
mode 4, tensile stresses perpendicular to grain outside the splices, this failure mode 
must be analysed further with regard to the interaction between all occurring stresses. 

• A statistical model concerning the load duration effect on the modulus of elasticity is 
needed, similar to the model for strength values. How is the modulus of elasticity 
during a relatively short critical load situation influenced of the previous load history? 

Reliability-Based Optimisation 

A model was developed for reliability-based optimisation of glulam timber arches by 
combining a standard optimisation routine with a method for calculating the reliability index, 
which is based on the linear regression of the random variables on the linearised safety 
margin. In addition to the conclusions above from the reliability analyses the following could 
be noticed from the reliability-based optimisation: 

• Also here the result was strongly dependent on the type of statistical distribution 
chosen for the basic variables. 

• The efficiency of the method was clearly demonstrated. In the case of normal 
distributions of the random variables the required reliability could be reached without 
increasing the timber volume. Also in the case of the more unfavourable distributions 
(denoted JCSS) the probability of failure decreased to an order of 1/5000 of the initial 
value for a relatively small increase (15%) in the timber volume. 
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Further research and development are needed in the following respect: 

• When deterministic methods are used in conventional structural design each failure 
mode is usually treated separately. The probability of failure corresponding to the 
reliability index, which the codes are based on, in the form of partial coefficients and 
so on, is then allowed for each failure mode. The total probability of failure, 
summarised for all failure modes, is normally not considered. The stress levels 
allowed may be reached in only a few cross sections of the structure. When 
optimisation methods are used the structure wil l be utilised more efficiently and the 
maximum resistance wil l be reached in several parts of the structure. This may lead to 
reduced safety, as well as reduced damage tolerance. Therefore, there is a need for 
research into how the reliability of the system is to be regarded when reliability-based 
optimisation methods are used. 
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Figure A2 Splice at the 
apex. 

Figure A3 Splices 
a t *e quarterpoints 
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Test beam no. 15. 

Test beam no. 21. 
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Test beam no. 22. 

Test beam no. 23. 
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Test beam no. 33. 
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Test beam no. 51. 

Test beam no. 52. 
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Test beam no. 55. 
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