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Abstract

This thesis focus on the complex natural phenomena of hydraulic jumps

using the numerical method Smoothed Particle Hydrodynamics (SPH).

A hydraulic jump is highly turbulent and associated with turbulent en-

ergy dissipation, air entrainment, surface waves and spray and strong

dissipative processes. It can be found not only in natural streams and

in engineered open channels, but also in your kitchen sink at home.

The dissipative features are utilized in hydropower spillways and stilling

basins to reduce high velocity flows. Potentially, such flow can cause

erosion and reduce the lifetime and increase maintenance costs of spill-

ways and related structures which must be avoided. Usually, spillways

are engaged to safely pass extreme flooding events and redirect the flow

during maintenance shutdown of the production units, i.e. turbines and

generators. It is hence vital to understand and be able to predict the

involved processes in a hydraulic jump.

The Lagrangian, meshless particle based numerical method SPH has

been considered as the main computational method throughout this the-

sis. The ability of the SPH method to capture complex free-surfaces with

large deformation and fragmentation, found in hydraulic jumps, makes

it a strong modelling tool. However, the SPH method is less developed

compared to the established Finite Volume- (FVM) and Finite Element

(FEM) methods.

Initially, focus was on reproducing the results of previous studies

where the geometrical aspect of hydraulic jumps was the main consider-

ation (Paper A). Several modelling parameters were re-evaluated using
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a dam-break test case in Paper B and later applied in Paper C. Paper

C, focused not only on the geometrical aspect of the hydraulic jump but

also on the internal flow field and its relation to the free-surface. Later

in Paper D, a new strategy on how to perform SPH hydraulic jump

simulations based on periodic open boundaries was developed. Finally,

the method developed was applied in two separate studies. In Paper E,

the SPH method was compared with experiments performed at Vatten-

fall Research & Development in Älvkarleby, Sweden. The SPH model,

comprised of a channel and a scaled spillway outlet chute, not only cap-

tured the jump position but also large scale flow features. The final

Paper F, was a continuation of Paper C where the internal flow field

and its dynamical relationship with the free surface was reinvestigated

using the more sophisticated SPH model.
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Summary





Chapter 1

Introduction

Det man inte gör idag, behöver man inte göra om imorron

(What you don’t do today, you don’t have to redo tomorrow)

- Simon Johansson

The water cycle, or the hydrological cycle, describes the continuous

movement of water in and around the Earth and is driven by the sun.

When the sun heats water in oceans and lakes, the water evaporates and

rises into the atmosphere where it cools and condensates into clouds.

Clouds and water vapour alike are transported in the atmosphere until

the water precipitates as rain, hail or snow depending on foremost the

temperature but also on other conditions. Some of the precipitation

evaporates back into the atmosphere while the rest provides runoff on

land surfaces and concentrate as discharge of creeks and rivers. Ulti-

mately, the water flows back to the oceans and lakes and the process

repeats itself. This cycle has been utilized to aid the development of

mankind since the dawn of civilization until today and beyond.

1.1 Hydropower

Some of the earliest innovations to facilitate labour coupled to hydropower

dates back to China and the Han Dynasty between 202 BC and 9 AD
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[1]. The power produced was mainly used in the grinding of wheat and

other grains but also breaking of ore into manageable sizes during this

time period. Apart from China, other noticeable and distinguishable

hydraulic waterworks can be found throughout history where Imperial

Rome, Greece, India and Egypt are some key examples. However, it

was not until the late 1870’s the hydroelectric era commenced. The first

power plant produced, barely enough, electricity for a single lamp in

Cragside, Northumberland in England 1878. However, development was

fast and in less than 4 years, the first power plant to support several con-

sumers was opened in Wisconsin, USA. In Sweden, hydropower plants

have been constructed since the early 20th century and construction

peaked between 1950-1970. Since then, only a few new large hydropower

projects has been initiated. Instead, focus has been on upgrade and

maintenance to meet new demands regarding efficiency, power output,

environment and dam safety of an ageing fleet.

Hydropower is usually considered as a renewable, reliable and highly

efficient (can extract almost 96 % of the available energy) energy source.

Since no carbon dioxide is produced, it does not contribute to climate

change. Compared to other energy sources, advantages of hydropower

are low operating and maintenance costs and a long service life, typically

40 years or more before any major refurbishment is required. However,

initial costs are substantial and the payback time is long. Furthermore,

social and environmental issues including the displacement of popula-

tion, landscape modification, changes in water quality and impact on

fish migration and flooding must be addressed to implement hydropower

projects in a sustainable manner.

In 2014, hydropower production generated 64.2 TWh in Sweden,

which represents approximately 42 % of the total electricity produced

[2]. This can be compared with 3229 TWh corresponding to only 14.5 %

of the total electricity production worldwide in 2011 [3]. Swedish hy-

dropower is not only considered as a source of base load production but
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serves also as a regulating source to balance rapid frequency fluctuations

in time on the electric grid. These fluctuations have increased in recent

years, coinciding with the introduction of more volatile renewable power

but also the deregulation of the electric market. The increased use of

hydropower as a regulatory mechanism to stabilize the energy grid has

created an environment where hydropower plants are regularly operated

at off-design conditions where starts and stops are frequent. The overall

impact of this strategy is still under active research but must be taken

into consideration during upgrade and refurbishment projects.

Figure 1.1: Schematic of a hydropower plant [4].

A conventional hydropower site include a dam, usually an embank-

ment dam or a concrete dam, see Figure (1.1). These structures collects

run-off water to form a reservoir which creates the pressure head, i.e.

the potential energy based on the height difference between upstream
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and downstream water levels of the power plant. The water is conveyed

through a conduit and a penstock to the turbine. Several turbine types

can be found, where the most common are Pelton, Francis and Kaplan

turbines. Depending on the available head and discharge either one

or two types of the turbines may be appropriate. In Sweden, the low

head and high discharge Francis and Kaplan turbines are mostly used.

Thus, the flow from the penstock enters the spiral casing designed to

distribute the flow evenly to the so called runner, see Figure (1.2). The

Figure 1.2: Schematic of a Kaplan turbine [5].

fixed stay vanes acts as support structure and the movable guide vanes

controls discharge and guides the flow with a proper angle to the runner.

The runner transfers the mechanical energy via a shaft to the generator

where the electrical energy is produced. Past the runner a draft tube
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transforms the remaining kinetic energy back to pressure energy, thus

increasing the available head over the runner. Another key component

at a hydropower sites are the spillways, see Figure (1.3), which will be

discussed below.

Figure 1.3: Spillways at Ligga Hydropower station located in the northern

part of Sweden in the river Lule älv. c© Vattenfall AB

1.2 Spillways

The physical dimensions of the flow domain and flow rates in hydropower

applications are usually very large, especially in spillways, see Figure

(1.3). Spillways convey excess flow through a man-made structure in

which the, otherwise exploited, hydraulic head accelerates the flow con-

siderably. As a result, violent and chaotic behaviours with large scale

turbulence, complex free surfaces with waves and spray and consider-

able air entrainment occurs when the flow encounter obstacles or are

deflected, see Figure (1.4). In this process, part of the kinetic energy is

converted back to potential energy, although a considerable amount is
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dissipated as heat. Potentially, high velocity flow can cause erosion and

reduce the life-time and increase maintenance of spillways and related

structures. Spillways are designed and operated to ensure the safety

and integrity of the dam body. Critically high reservoir levels could

be reached during maintenance shut-down of power production units or

during extreme flooding events which must be avoided. Consequences of

an over-topping and a subsequent catastrophic dam failure could cause

loss of life or personal injury, serious damage to infrastructure, property

or environment or other large economic damages.

Figure 1.4: Spillways at Porjus Hydropower station, located in the northern

part of Sweden in the river Lule älv, during spilling. c© Hans Blomberg

Since 1990, new and revised Swedish guidelines for design flood have

been established [6]. These guidelines are based on hydrological mod-

elling [7, 8] and as of the latest revision include climate change effects

also. Design flood determination is based on a dam classification sys-

tem depending on the potential consequence of a dam failure during

flood conditions [6]. For many of the high consequence dams, these new
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requirements have implied that higher flow rates must be handled dur-

ing peak flooding events. Several strategies to tackle this new scenario

have been proposed where refurbishment of spillways to increase capac-

ity could be one possible solution or part thereof. In such refurbishment

projects, great care must be taken to ensure that the upgraded spill-

way meets the new demands. Still today, no computational method is

able to predict the full complexity of spillway channel flows [9]. Thus,

a combination of computational and physical modelling are used during

design and validation to ensure that the new design can handle the flow

in a safe and controlled manner.

1.3 Thesis Aim and Scope

Despite the last decades development of powerful numerical capabilities

with focus on aerated flows, many hydraulic engineering problems are

still out of reach [9]. Established Computational Fluid Dynamics (CFD)

methods such as Finite Volume Method (FVM) with Volume-Of-Fluid

(VOF) are difficult to apply to highly complex free surface flow prob-

lems [10]. However, the Lagrangian meshless particle method Smoothed

Particle Hydrodynamic (SPH), has turned out to be a promising tool

when applied to hydraulic engineering applications [11]. The inherent

ability of the SPH method to capture complex free surfaces with large

deformation and fragmentation makes it an interesting alternative to

already established methods. Hence, the main aim of this thesis is to

increase knowledge regarding SPH modelling of spillway channel flows.

However, a key aspect is to maintain a quality and trust perspective as

the method, in the hydraulic engineering community, is relatively un-

known. The complex but common phenomena of a hydraulic jump will

serve as a test case for the applicability of the SPH method to spillway

channel flows. A vision for the future is that SPH will be used as an

engineering tool for complex free surface problems in spillway design.
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Chapter 2

Hydraulic Jump

Banana banana banana terracotta banana terracotta terracotta pie!

- System of a Down

This chapter aims to briefly introduce the complex phenomena of hy-

draulic jumps and some fundamental concepts. A complete literature

review would be a formidable undertaking as hydraulic jumps have been

studied for a long time due to its practical applicability in hydraulic en-

gineering. First to describe a hydraulic jump was the Italian polymath

Leonardo da Vinci (1452-1519) almost half a millennia ago [12]. Some

three hundred years later, the Italian engineer Bidone [13] performed

the first experiments and roughly in the same era the French hydraulic

engineer Bélanger [14] proposed his theory of conjugate depths. Despite

the long history of hydraulic jump research, many aspects are still today

not fully understood.

2.1 Fundamentals

As described in the Spillways Section (1.2), the processes found in spill-

ways are usually violent and highly energetic. The high kinetic energy

levels or high velocity zones just downstream of the spillway gates must

be dissipated in order to avoid potential damage by erosion or cavitation.
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This is commonly done in a so called stilling basin where a hydraulic

jump is triggered. However, hydraulic jumps are not only found in man-

made structures such as spillways but occur naturally in many other

flow situations as well. Other industrial applications of hydraulic jumps

include mixing and gas transfer in chemical processes, desalination of

seawater and aeration of waste-water [12]. A classic example is the cir-

cular hydraulic jump, which can be seen in the kitchen sink at home, see

Figure (2.1).

Figure 2.1: Circular hydraulic jump in a kitchen sink (Courtesy of Ulrika

Grönlund).

A hydraulic jump is, the often abrupt and chaotic, transition from

a flow characterized by high velocity and shallow depth to a flow with

lower velocity and an increased depth. The transition zone is commonly

known to as the roller and its most upstream position the jump toe. This

zone is highly turbulent and is associated with air entrainment, surface

waves and spray and is characterized by strong dissipative mechanisms,

see Figure (2.2).
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(a) (b)

Figure 2.2: Turbulent roller in a hydraulic jump looking downstream towards

the jump toe, from a distance (a) and up close (b). The main flow direction is

from the foreground to the background. d1 = 27 mm, Q = 4.96 ∗ 10−2 m3/s

and Fr1 = 4.6.

The geometrical aspects, e.g. the up- and downstream depth (con-

jugate depth), of a hydraulic jump has been studied for a long time and

some recent works related to this topic include [15] and [16]. The in-

stantaneous free surface is far from smooth, see Figure (2.2), but show a

wavy structure with droplet projections above the free surface in a broad

range of length scales. It has been shown that the free surface fluctu-

ates in the vertical direction with dominant frequencies in the range of

1−4 Hz [17, 18]. Similarly, the horizontal or jump toe fluctuation show

dominant frequencies also, but in a lower range of 0−2 Hz [19, 20]. The

behaviour of the free surface could be linked to the internal flow field
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[17, 21]. However, internal flow structures have been difficult to study

due to the multiphase nature of the hydraulic jump, especially when op-

tical measurement techniques such as Particle Image Velocimetry (PIV)

has been used [22, 23]. Instead, the Bubble Image Velocimetry (BIV)

technique has shown to be a better alternative in the bubbly roller region

and has confirmed that different zones and mechanisms are active inside

the jump [24, 25]. These zones include for a steady jump, starting from

the bottom, a boundary layer, a jet core, a mixing layer and a recirculat-

ing zone. Inside the mixing layer, large coherent vortical structures are

observed which effects the free surface [26, 27, 24, 25]. These vortices

are also, to some extent, responsible for the air entrainment which has

been studied extensively, e.g. [28, 29]

2.2 General Equations

A schematic figure, showing a cross-section, of a classical hydraulic jump

can be seen in Figure (2.3). By applying a control volume at the up-

Figure 2.3: Schematic of a hydraulic jump.

and downstream end of the jump in Figure (2.3), the continuity equation

may, for a steady flow in a horizontal channel with constant width B be

written as,

Q = v1d1B = v2d2B (2.1)
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where subscripts indicate positions, Q the discharge, v the velocity and

d the depth. For the same control volume, the momentum equation can

be written as,(
1

2
ρgd21 −

1

2
ρgd22

)
B − Ffric = ρQ (v2 − v1) (2.2)

where ρ is the density, g is the acceleration due to gravity and Ffric is

the drag force due to bottom friction. If neglecting the friction force,

Equation (2.1) and (2.2) can be rearranged to yield the dimensionless

ratio of conjugate or sequent depths first proposed by Bélanger [14], i.e.

d2
d1

=
1

2

(√
1 + 8Fr21 − 1

)
(2.3)

where Fr is the dimensionless Froude number defined for a rectangular

channel as,

Fr1 =
v1√
gd1

. (2.4)

The Froude number is a key parameter regarding hydraulic jumps and

could be interpreted as proportional to the square root of the ratio of

internal forces and the weight of the fluid. Furthermore, Fr is coupled

to critical flow conditions which are obtained when the mean specific

energy assumes a minimum value. For an incompressible, frictionless

and a steady flow (Bernoulli equation assumptions) in a horizontal and

rectangular channel the mean specific energy could be written as,

E = d+
Q2

2gd2B2
, (2.5)

if combined with the continuity equation. For a constant Q and a given

cross-section the minimum specific energy Emin is obtained by solving,(
∂E

∂d

)
Q=constant

= 0, (2.6)

which has the following solution,

Emin =
3

2
dc (2.7)
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where the critical depth is

dc =
3

√
Q2

gB2
. (2.8)

The specific energy could then be rewritten in dimensionless form ac-

cording to,
E

dc
=

d

dc
+

1

2

(
dc
d

)2

(2.9)

which is valid for any Q and is plotted in Figure (2.4). In open chan-

Figure 2.4: Dimensionless specific energy.

nels, the Fr is defined to be unity for critical flow conditions. With

Figure (2.4) in mind, the following flow regimes could be defined. If

d < dc (d/dc < 1) an increase of the discharge Q and in turn the specific

energy E, implies that a minor decrease of d would occur only. This

state is referred to as supercritical flow conditions and are found in the

high velocity jet upstream the jump toe where Fr is by definition above

unity. If however, d > dc (d/dc > 1), the opposite will occur, where an

increase of E results in a much larger increase of d. This is referred to

16



as subcritical conditions where Fr is below unity and could be observed

downstream the roller region. An analogy between the sub- and super-

critical conditions together with the Fr and compressible flow and the

Mach number (Ma) are usually made [30].

Based on the inflow Froude number Fr1, different types of hydraulic

jumps can be defined. However, these should be seen as rough guidelines

only, since different types of jumps can be obtained depending on the

inflow conditions [30]. The commonly used classification by Chow [31]

for horizontal and rectangular channels are summarized in Table (2.1).

Table 2.1: Hydraulic jump classification by Chow [31] [30].

Type Fr1 Characteristics

Critical flow 1 No hydraulic jump.

Undular jump 1-1.7 Free surface undulations downstream of

jump with low energy losses.

Weak jump 1.7-2.5 Low energy losses.

Oscillating jump 2.5-4.5 Unstable oscillating jump with wavy free

surface and production of large waves of

irregular period. To be avoided.

Steady jump 4.5-9 Steady jump with 45 − 70 % energy

loss. Low sensitivity to downstream con-

ditions. Best economical design.

Strong jump > 9 Rough jump with up to 85 % energy dis-

sipation. To be avoided due to risk of

channel bed erosion.

Another key aspect of a hydraulic jump is the longitudinal length

scale. Hager et al. [32] proposed that the characteristic longitudinal

scaling length for a hydraulic jump should be equal to the roller length.

This length begins at the upstream location of the jump toe and ends

at the surface stagnation point, i.e. the limit between backward and
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forward flow. Hager et al. [32] reviewed a broad range of data and

correlations and proposed a empirical relationship for the roller length

Lr according to,

Lr

d1
= 160tanh

(
Fr1
20

)
− 12 2 < Fr1 < 16 (2.10)

in wide (d1/B > 0.1), horizontal and rectangular channels.
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Chapter 3

Smoothed Particle

Hydrodynamic

If you thought that science was certain - well, that is just an error on

your part.

- Richard P. Feynman

The SPH method will be presented in this chapter. Focus is on the mod-

els and concepts used in this thesis and should not be seen as a complete

description of the method. If a more thorough and detailed description

is requested the reader is referred to the textbooks by Liu et al. [33] and

Violeau [34], the numerous works by Monaghan [35, 36, 37] but also the

work of Gomez-Gesteira et al. [11]. Furthermore, the growing number

of Ph.D. thesis’s coupled to SPH are a good source of information as

well. These thesis’s together with validation test cases and other useful

information can be found at the SPH European Research Interest Com-

munity (SPHERIC), an ERCOFTAC special interest group, homepage

https://wiki.manchester.ac.uk/spheric/.
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3.1 Fundamentals

SPH is a meshless, Lagrangian numerical method proposed indepen-

dently by Gingold and Monaghan [38] and Lucy [39]. Initially, the

method was applied to astrophysical problems in three-dimensional open

space. The method did not attract much attention in the research com-

munity until it was successfully applied to other fields. Especially, the

paper by Monaghan [40] focusing on free surface flows opened up the

field of fluid mechanics. Later, the hydropower community was broadly

introduced to SPH with the paper by Gomez-Gesteira et al. [11].

The dynamics of fluids are governed by a set of partial differential

equations (PDE), better known as the Navier-Stokes equations, of field

variables, i.e. density, velocity and energy. Analytical solutions can

only be obtained for a few simple cases. Instead, a numerical solution of

the PDE:s describing the problem are often the only possible strategy.

For the numerical approach, the problem domain is discretized into a

set of points or nodes. Next, a method approximating the values and

derivatives of the PDE:s at the nodes is required. Such method, reduces

the PDE:s to a set of ordinary differential equations (ODE) with respect

to time only which could be solved with standard integration techniques.

The SPH method employs the following steps [33]:

1. The problem domain is represented by a set of non-connected par-

ticles arbitrarily scattered in space.

2. The kernel approximation is applied for field functions, see Section

(3.1.1).

3. The continuous integrals is approximated with summations over

neighbouring particles known as the particle approximation, see

Section (3.1.2).

4. The particle approximation is performed at every time step and

depends on the local neighbouring particle distribution.

5. The particle approximations are performed to all field functions,

20



reducing the PDE:s to ODE:s with respect to time only.

6. The ODE:s are solved with explicit integration techniques.

3.1.1 Kernel Approximation

The first key step in the SPH method is the kernel approximation which

start with the following identity,

f(r) =

∫
Ω

f(r′)δ(r− r′)dr′ (3.1)

where f is a function of the position vector r, δ(r−r′) is the Dirac delta

function,

δ(r− r′) =

⎧⎨
⎩1 if r = r′

0 if r �= r′
(3.2)

and Ω is the volume that contains r. If the Dirac delta function is

approximated with the kernel function W (r− r′, h), the kernel approx-

imation operator is obtained, i.e.

< f(r) >=

∫
Ω

f(r′)W (r− r′, h)dr′ (3.3)

where h is the smoothing length determining the size of the kernel sup-

port domain. For more information regarding the kernel function, see

Section (3.1.3). The approximation of the spatial derivative ∇ · f(r) is
obtained by substituting f(r) with ∇ · f(r) in Equation (3.3), i.e.

< ∇ · f(r) >=

∫
Ω

[∇ · f(r′)]W (r− r′, h)dr′. (3.4)

By applying the divergence theorem and assuming that kernel support

domain is within the problem domain, Equation (3.4) can be simplified

accordingly,

< ∇ · f(r) >= −
∫
Ω

f(r′) · ∇W (r− r′, h)dr′. (3.5)
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3.1.2 Particle Approximation

The second key step is the particle approximation that converts the

continuous integrals in Equation (3.3) and (3.5) to discretized forms

of summation of the neighbouring particles. The infinitesimal volume

Figure 3.1: The kernel support domain Ω for particle a and neighbouring

particles.

dr′ in Equation (3.3) and (3.5) is replaced by the volume ΔVb of the

neighbouring particle b, which is related to the particle mass according

to,

mb = ΔVbρb (3.6)

where ρb is the density. The continuous form can then be written with

the discretized particle approximation for a function at particle a as,

< f(ra) >∼=
N∑
b=1

mb

ρb
f(rb)Wab (3.7)

where

Wab = W (rab, h), (3.8)
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and the derivative as,

< ∇ · f(r) >∼=
N∑
b=1

mb

ρb
f(rb) · ∇Wab (3.9)

where

∇Wab =
rab
rab

∂Wab

∂rab
, (3.10)

rab = ra−rb, rab = |rab| is the distance between particle a and b and N is

the number of neighbouring particles within the kernel support domain,

see Figure (3.1).

3.1.3 Kernel Function

In general, the accuracy of the SPH interpolation increases with the

order of the polynomial used to define the kernel function. Furthermore,

the choice of kernel function significantly effects the overall performance

of the SPH algorithm. Several kernel functions can be found in the

literature but all satisfy the following conditions [33],

Unity:

∫
Ω

W (r− r′, h)dr′ = 1 (3.11)

Compact support: W (r− r′, h) = 0 for |r− r′| > κh (3.12)

Positivity: W (r− r′, h) ≥ 0 inside the domain Ω (3.13)

Decay: Monotonically decreasing behavior of W (r− r′, h) (3.14)

Delta function property: lim
h→0

W (r− r′, h) = δ(r− r′) (3.15)

Symmetric: W (r− r′, h) should be an even function (3.16)

Smoothness: W (r− r′, h) should be sufficiently smooth (3.17)

where κ is a scaling factor dependent on the kernel function considered,

see Figure (3.1). The kernel function can be expressed as a function of

the non-dimensional distance s between particle a and b, i.e. s = rab/h.

Where the smoothing length h determines the area (2D) and volume

(3D) where neighbouring particles are considered, see Figure (3.1).
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Figure 3.2: Kernel functions (solid lines) and its derivatives (dashed lines)

scaled with the dimensional factor αD

The following kernels functions has been used in thesis:

a, the widely used Cubic B-spline kernel [41] given by,

W (rab, h) = αD

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
1− 3

2s
2 + 3

4s
3 if 0 ≤ s < 1

1
4(2− s)3 if 1 ≤ s < 2

0 if s ≥ 2

(3.18)

where αD is equal to 10/
(
7πh2

)
(2D) and 1/

(
πh3

)
(3D), see Figure

(3.2). The cubic B-spline kernel resembles the Gaussian function while

having a narrower compact support.

b, the Wendland Quintic kernel [42] given by,

W (rab, h) = αD

(
1− s

2

)4
(2s+ 1) if 0 ≤ s ≤ 2 (3.19)

where αD is equal to 7/
(
4πh2

)
(2D) and 21/

(
16πh3

)
(3D), see Figure
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(3.2). The Wendland kernel provides a higher interpolation order at

the same time reducing the computational time compared to the Cubic

B-spline kernel [11].

3.2 Continuity Equation

The continuity equation is based on the fundamental principal of conser-

vation of mass. This principal states that the rate of change of matter

inside a system is in balance with the in- and outflow of matter through

the system boundaries. Matter can not, under normal conditions, be

created nor destroyed inside the system. The continuity equation can

consequently be formulated accordingly,

1

ρ

Dρ

Dt
+∇ · u = 0, (3.20)

where u is the velocity vector. In weakly-compressible SPH the particle

mass is constant and density fluctuates only according to the continuity

equation which can be rewritten in SPH-notation as,

dρa
dt

=
∑
b

mbuab · ∇aWab. (3.21)

Other possible forms of the continuity equation can be found in the

literature [33].

3.3 Momentum Equation and Viscosity Treat-

ment

Newton’s Second Law of Motion states that the rate of change of mo-

mentum is equal to the sum of the forces. For fluids, the forces can be

divided into body forces (e.g. gravity, centrifugal and Coriolis force)

and surface forces such as pressure force and forces coupled to material

properties. The balanced momentum equation in vectorial notation then
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reads,
Du

Dt
= −1

ρ
∇P + g + Γ, (3.22)

where P is pressure, g is acceleration due to gravity and Γ are the viscous

and dissipative terms. Two different approaches on how to model the Γ

term has bee used in this thesis, see below.

3.3.1 Artificial Viscosity

The artificial viscosity approach proposed by Monaghan [35] has been

used extensively in the SPH community due to its simplicity and robust-

ness. As described by Monaghan [36], the artificial viscosity has limited

relation to real viscosities, but allows shock waves to be simulated by

smoothing the wave over several neighbouring particles and hence sta-

bilize the numerical solution. Furthermore, the artificial viscosity for-

mulation prevents particles from interpenetrating. In SPH notation,

Equation (3.22) can be written as,

dua

dt
= −

∑
b

mb

(
Pb

ρ2b
+

Pa

ρ2a
+Πab

)
∇aWab + g (3.23)

where

Πab =

⎧⎨
⎩−αcabμab

ρab
if vab · rab < 0

0 otherwise
(3.24)

with

μab =
hvab · rab
r2ab + η2

(3.25)

where ρab = (ρa+ ρb)/2 and cab = (ca+ cb)/2 is the average density and

speed of sound respectively. The term η2 = 0.01h2 is added to keep the

denominator from vanishing and α is a problem dependent parameter.

3.3.2 Laminar Viscosity and SPS Turbulence

The artificial-viscosity model can be too dissipative [43] and can affect

shear and possibly fluid propagation if the flow is not driven by gravity
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[11]. Furthermore, the value of the problem dependent parameter α is

usually difficult to set. An alternative approach to the artificial viscos-

ity model is the laminar viscosity and Sub-Particle Scale (SPS) model,

which is more appropriate to use when turbulent terms are involved

[11]. For this approach, the Γ term in Equation (3.22) is divided into

two parts, i.e.

Γ = ν0∇2u+
1

ρ
∇· →

τ . (3.26)

The first term in Equation (3.26) is the laminar viscous stresses which

can be expressed in SPH notation as [44],

ν0∇2u =
∑
b

mb

(
4ν0rab · ∇aWab

(ρa + ρa)
(
r2ab + η2

)
)
uab (3.27)

where ν0 = 10−6 [m2/s] is the kinematic viscosity of water. The second

term in Equation (3.26) is the SPS stress tensor and represents the effects

of turbulence. The model is based on the Large Eddy Simulation (LES)

approach and was for particle methods first proposed by Gotoh et al. [45]

for the incompressibleMoving Particle Semi-implicit (MPS) method. Lo

and Shao [46] implemented the same model for incompressible SPH. By

using Favre averaging, to account for compressibility, Dalrymple and

Rogers [43] introduced the SPS model into weakly-compressible SPH by

rewriting the second term in Equation (3.26) as,

1

ρ
∇· →

τ=
∑
b

mb

(
τb
ρ2b

+
τa
ρ2a

)
∇aWab. (3.28)

In Einstein notation, the shear stress component in i and j direction can

be approximated as

→
τ ij

ρ
= νt

(
2Sij − 2

3
kδij

)
− 2

3
ClΔ

2δij |Sij |2 (3.29)

where
→
τ ij is the sub-particle stress tensor, νt = [(CsΔl)]2 |S| is the tur-

bulent eddy viscosity, k the SPS turbulence kinetic energy, Cs = 0.12 the
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Smagorinsky constant, Cl = 0.0066, Δl the particle to particle spacing

and |S| = 0.5(2SijSij) where Sij is an element of the SPS strain tensor.

The final momentum equation when including the laminar viscosity and

SPS model can be written in SPH notation as,

dua

dt
=−

∑
b

mb

(
Pb

ρ2b
+

Pa

ρ2a

)
∇aWab + g

+
∑
b

mb

(
4ν0rab · ∇aWab

(ρa + ρa)
(
r2ab + η2

)
)
uab

+
∑
b

mb

(
τb
ρ2b

+
τa
ρ2a

)
∇aWab.

(3.30)

3.4 Equation of State

To avoid an expensive computation of the Poisson’s equation and to

keep the explicit nature of the SPH method, an equation-of-state (EOS)

is used to relate the fluid pressure to local particle density [40]. A

handful of EOSs has been used throughout this thesis. However, the

most common, used primarily in the later works, is the Tait’s equation

where the pressure is related to the particle density according to the

following expression,

P = B

[(
ρ

ρ0

)γ

− 1

]
(3.31)

where B = c20ρ0/γ, γ = 7, ρ0 = 1000 kg/m3 is the reference density of

water and c0 = c(ρ0) =
√

(∂P/∂ρ) is the speed of sound at the reference

density [47]. Monaghan [40] suggested that the speed of sound c0 could

be artificially lowered without effecting the motion of the fluid. However,

a minimum value of at least 10 times the expected maximum velocity

should be chosen for c0 in order to keep the density variation within 1 %.

The lowered c0, also effects the time step considerably as the size of the

time step is restricted by the Courant-Fredrich-Levy (CFL) condition,

see Section (3.6) for further details.
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3.5 Corrections

In literature, various methods can be found on how to increase the ac-

curacy of SPH solutions. One problem that has been highlighted is the

oscillation of the pressure field. Efforts to overcome this has focused on

correcting the density field, the kernel and kernel gradient. Also, efforts

has been made on developing an incompressible SPH solver [48]. Den-

sity fields are usually corrected by applying a filter over the density and

then re-assigning a new density to each particle at fixed time steps. Ker-

nel and kernel gradient corrections compensate for the truncated kernel

domain close to boundaries and free-surfaces where the consistency and

normalization conditions fail, see [49] for further details.

A fast and simple approach to correct the density field is the zeroth-

order Shepard filter [50]. At a fixed number of time steps (≈ 30) the

density of a particle is re-assigned according to,

ρnewa =
∑
b

ρbW̃ab
mb

ρb
=
∑
b

mbW̃ab (3.32)

where

W̃ab =
Wab∑

b

Wab
mb
ρb

. (3.33)

A higher ordered density correction method is the first-order Moving

Least Square (MLS) approach [51, 50].

Apart from the Shepard filter, a second correction methods has been

used in this thesis. The velocity field has been smoothed according to the

XSPH method proposed by Monaghan [52]. By applying this method,

particles are moved according to,

dra
dt

= ua + ε
∑
b

mb

ρ̄ab
uabWab (3.34)

where ε = 0.5 and ρ̄ab = (ρa + ρb)/2 to obtain a more ordered flow and

to prevent particle penetration.
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3.6 Time Integration and Time Step

Due to particle interactions, the magnitude of the dependent variables,

i.e. density, velocity and position, are changed at each time step. To

obtain the new state of a particle the governing equations must be in-

tegrated in time with, preferably, a second order accurate scheme. For

clarity only, the continuity (3.21), momentum (3.23 or 3.30) and the

position (3.34) equations can be simplified in the following form,

dρa
dt

= Da, (3.35)

dua

dt
= Fa, (3.36)

dra
dt

= Ua. (3.37)

The explicit, second-order (in time), predictor-corrector based Symplec-

tic algorithm [53] is one of the time integration schemes used and is

given only. The Symplectic integration algorithm is time reversible in

the absence of friction and viscous effect and improve long term solu-

tion behaviour. During the predictor step, the position and density is

estimated at the middle of the time step as,

r
n+ 1

2
a = rna +

Δt

2
un
a , (3.38)

ρ
n+ 1

2
a = ρna +

Δt

2
Dn

a (3.39)

where the superscript n denotes the time step and t = nΔt. During the

corrector step, the corrected velocity and position is obtained accord-

ingly,

un+1
a = u

n+ 1
2

a +
Δt

2
F
n+ 1

2
a , (3.40)

rn+1
a = r

n+ 1
2

a +
Δt

2
un+1
a . (3.41)

Finally, the corrected density can be obtained based on the updated

values of un+1
a and rn+1

a [36].
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For explicit time integration scheme the time step Δt is dependent

on the CFL-number mentioned above. However, further restrictions is

put on the time step which is determined according to

Δt = Ct ·min (Δtf ,Δtcv) (3.42)

where Ct = 0.2 is a constant,

Δtf = min
(√

h/|fa|
)

(3.43)

is based on the force per unit mass |fa| and

Δtcv = mina

⎛
⎜⎜⎝ h

cs +maxb

∣∣∣∣ huab·rab
(r2ab+η2)

∣∣∣∣

⎞
⎟⎟⎠ (3.44)

which combines the CFL and a viscous condition [54].

3.7 Boundary Conditions

To properly define and implement boundary conditions has been recog-

nized as a difficult task as it does not appear in a natural way in SPH. A

brief discussion of the methods used and refereed to is included below.

3.7.1 Solid Wall Boundary Condition

Numerous approaches on how to implement solid wall boundary condi-

tions can be found in the literature, e.g. ghost particle [55], repulsive

particle [40], dynamic particle [56] and semi-analytical [57]. In the early

works, solid wall boundaries was modelled as rigid shell finite elements

where the coupling between the SPH particles and the boundaries was

governed by a penalty based node-to-surface contact algorithm. If the

SPH particles penetrated the boundaries a spring force was applied in

the normal direction of the finite element. This mechanism can be com-

pared to that of the repulsive particle method. In later works, the dy-

namic particle method proposed by Crespo et al. [56] was used. For
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this method, wall particles satisfy the same equations as fluid particles

but are fixed in space. Thus, when a fluid particle approaches a fixed

wall, the density of the particle increases and by the EOS the pressure

increases as well. Due to the pressure term in the momentum equation,

the pressure increase results in a repulsive force between the particles.

To ensure a complete coverage of the kernel and that fluid particles

do not penetrate the boundaries, three layers of non-staggered particles

populated the boundaries.

3.7.2 Periodic Open Boundary Condition

The periodic open boundary is a classic condition in fluid mechanics. In

SPH, several variations of the periodic approach has been applied to a

range of problems, e.g. Couette and Poiseuille flow [44, 58].

Figure 3.3: The truncated kernel domain for particle a using the periodic open

boundary condition. Periodic boundaries (dashed red lines), solid wall (solid

black lines), free surface (dashed blue line) and SPH neighbouring particles

(black dots).

Figure (3.3) shows the basic function of the periodic open boundary

condition which works in both ways but is demonstrated for particle

a only. The kernel support domain of particle a is truncated by the

right periodic boundary. The truncated part is artificially filled with

neighbouring particles close to the left periodic boundary. It can also
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be seen as the truncated part is ”moved” to the left side. Furthermore,

if particle a leaves the right periodic boundary it is reintroduced at the

left periodic boundary. Apart from changing the particle coordinates

during the reintroduction step other variables can be changed too, e.g.

velocity components.

3.7.3 Inlet and Outlet Boundary Condition

The inlet and outlet boundary conditions are, as the periodic condition,

fundamental in fluid mechanics as well. However, only a few studies

focusing on this problem can be found in the literature. The problem

is not only coupled to how to apply such conditions but also how to

efficiently handle a varying number of particles during the simulation.

The inlet and outlet approach by Federico et al. [59], partly based on

the paper by Lastiwka et al. [60], will be introduced.

Figure 3.4: A schematic figure of the Inlet and Outlet boundary condition

with the four different types of zones.

Federico et al. [59] defined four different types of particles, i.e. fluid-,

inlet-, outlet-, and wall-particles, coupled to different zones, see Figure

(3.4). Inlet particles, are distributed on a regular grid and are trans-

lated forward in time with fixed values of e.g. velocity. Moreover, inlet

particles effects fluid particles but not vice versa. When inlet particles

enter the fluid zone, they become fluid particles and evolve in accordance
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with the SPH equations. At the downstream end of the fluid zone a out-

let zone is situated. In this zone, fluid particles become outlet particles

where the physical variables are frozen in time except for their positions.

Federico et al. [59] showed that different tactics could be applied on how

to treat both inlet and outlet particles.
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Chapter 4

Summary of Appended

Papers

Open to everything happy and sad

Seeing the good when it’s all going bad

Seeing the sun when I can’t really see

Hoping the sun will at least look at me

- Moby

The outcomes of a Ph.D. project are not only research in the form of

papers but also the development of the person enrolled. Thus, this

chapter aims to answer the questions how, why and what and highlight

some of the key advancements in my own development. Three distinct

periods can be identified during my Ph.D. studies which are the early

works (Paper A-C), the transition period and the later works (Paper

D-F) all of which will be discussed below.

4.1 Early Works

The early works started in the autumn of 2010 with my Master’s the-

sis, Smoothed Particle Hydrodynamics Modeling of Hydraulic Jumps,

and can be seen as a pre-study for my subsequent Ph.D. studies. The
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Master’s thesis is not included in this thesis but is important to discuss.

The choice to go for the relatively unexplored SPH method was inspired

by the paper by Gomez-Gesteira et al. [11] published in an Extra Is-

sue of Journal of Hydraulic Research. The work in the Master’s thesis

was of trial-and-error character in the software LSTC LS-DYNA which

Jonsén had previous experience of and was at the time the only com-

mercial alternative available. However, the implementation was rather

unstable and many of the features was underdeveloped. Nevertheless,

LS-DYNA was used exclusively throughout the early works. The aim

of the Master’s thesis was to try to reproduce some of the findings in

previous studies, particularly how to perform 2D SPH hydraulic jump

simulations. Thus, the Tank approach by López et al. [61] and a version

of the Inlet & Outlet approach by Federico et al. [59] was implemented

and tested in LS-DYNA. Depths and velocities was in good agreement

with theory and experiments for the Tank approach but no comparison

was done for the other case due to implementation errors in LS-DYNA.

As for many other studies, this study generated more questions than

answers which were coupled to pressure oscillation and overestimation,

smoothness of boundaries, particle refinement, multi-phase issues, etc.

With these questions in mind, Paper A aimed to answer the ques-

tion on how the outcomes are affected by the number of particles that

represent the system. However, such a question is quite intricate and

the only conclusion made was that a more refined case is able to resolve

more flow features. Furthermore, to tackle issues coupled to boundary

smoothness, rigid shell finite elements were applied as solid walls com-

pared to the Master’s thesis where SPH particles fixed in space and time

were used. Some of the issues regarding the Inlet & Outlet approach had

been solved and was applied. However, it is important to notice that

this approach differed to the one described in [59] and Section (3.7.3).

Specifically, all particles entering the computational domain throughout

the simulation had to be placed outside the domain initially. Further-
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more, particles that left the domain through the outlet were not deleted

and no conditions could be applied to these particles. To compensate

for the inability to change the state of an outlet particle a weir was

placed close to the outlet. This version of the Inlet & Outlet condi-

tion together with load-balancing issues rendered an computationally

inefficient approach, as large computational times for a relative small

number of particles were obtained. Nevertheless, good agreement with

theory was obtained regarding various depths and the jump toe seemed

to stabilize in time. However, just as in the Master’s thesis the pressure

behaved non-physically and use of the Gruneisen EOS was questionable.

To increase the trustworthiness of the SPH-model used in Paper A,

several parameters were tested and re-evaluated in Paper B. The Dam

Break problem, considered as a validation test case within the SPH com-

munity, was chosen to validate the model and calibrate the parameters.

Just as in Paper A, particle resolution had a major impact on the results

and the pressure was generally overestimated even though three different

EOSs were tested. Another parameter of importance were the artificial

viscosity constants. These were, due to an assumed interdependency

with the refinement level, difficult and cumbersome to calibrate. The

analysis method by overlapping experimental and numerical outcomes

was inaccurate and should not be adopted. The new post-processing

method, described in the paper, was developed by myself only and was a

key advancement in my own development. Upon finishing the method,

I thought it was too cumbersome and unnecessarily complex and not

worthy of publication. Later however, I discovered that another group

had published a similar algorithm after I finished mine.

In Paper C, the 2D SPH-model used in Paper A was updated based

on the findings in Paper B in order to primarily study the fluctuating

behaviour of the free surface in the turbulent hydraulic jump roller. Yet

again, the spatial resolution was altered with similar outcomes as in Pa-

per A and B. The jump toe did not stabilize until it reached the inlet
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and it was concluded that this was an effect of the boundary condition

used and the lack of bottom friction. However, this behaviour was more

likely to be coupled to an unbalance of the up- and downstream condi-

tions where presumingly the weir was too high. The propagation speed

was lowered with increasing spatial resolution and the coarsest case was

chosen for further studies due to time considerations. Time averaged

velocity fields and the free surface profiles was in good agreement with

experimental findings. The instantaneous velocity field showed large

coherent vortical structures close to the free surface which induced os-

cillation with dominant frequencies of approximately 3.5 Hz. This fre-

quency was comparable to experimental findings in the hydraulic jump

roller. However, the inability of the SPH-model to accurately capture

the position of large scaled oscillation and the decay in the downstream

direction created some concerns. More specifically, was the artificial vis-

cosity model adequate or should a more sophisticated turbulence model

be used? Furthermore, was the single phase approach, where the impact

of air entrainment is not taken care of, a too simple model?

4.2 Transition Period

No papers was published during this period but it was an important part

of my Ph.D. studies where my general understanding of the SPH-method

was significantly improved. I find this period very interesting and cre-

ative and it laid the foundation for the later works, hence, important to

discuss.

A number of deficiencies were identified during the work with the

SPH-solver implemented in LS-DYNA. These deficiencies were coupled

to the inability to change and modify the code and if the implemented

methods were applicable to fluid flows in general and hydraulic jumps

in particular. To wait for these deficiencies to be handled was never

an option. Thus, with a lust to know more and strengthened by the
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post-processing project during Paper B, I initiated the work of my own

SPH-solver. Initially, the code was written in MatLab but was later,

during my visit to Monash University in Melbourne, Australia, ported

to Python. With the open source project Cython [62], the serial code

reached ”compiled speed” and some of the code features were,

• Kernel: Wendland [42],

• Viscosity treatment:

– Artificial Viscosity [35]

– Physical Viscosity [58]

• EOS: Tait’s [40, 47],

• Boundary Conditions:

– Solid Wall [58]

– Periodic Open

– Inlet & Outlet [59]

• Time Integration:

– Predictor-Corrector (2nd order)

– Beeman (4th order)

– Variable Time Step [54]

• Corrections:

– Shepard filter [50]

– XSPH [52]

• Efficiency: Domain Decomposition.

In order to verify the code the following cases were studied,

• Dam Break,

• Hydrostatic Tank,

• Poiseuille and Couette flow with periodic open boundaries and

• Pipe flow with Inlet & Outlet boundaries.

In spite of the efforts put into the SPH-solver it was terminated due to

primarily speed issues. At that time, the work to enhance the code to

operate in a massively parallel CPU or a GPGPU environment was too

daunting. Instead, inspired by the 2014 SPHERIC Workshop in Paris,
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France, the open source project DualSPHysics [63] was chosen as main

computational tool and marked the end of the transition period.

4.3 Later Works

It is inspiring to see the efforts put into DualSPHysics project and its

predecessor SPHysics and, above all, the strategy to keep them as open

source projects where anyone can use and enhance the code free of

charge. In my personal opinion, I believe this is the future for most

computational software.

The Inlet & Outlet boundary condition was not implemented in Du-

alSPHysics. Instead, the periodic open boundary condition was applied

and tested in the proof of concept styled Paper D. The aim of Paper D

was to validate the periodic approach when applied to hydraulic jumps.

The new 2D SPH-model included not only the more sophisticated lam-

inar viscosity and Sub-particle-Scale viscosity model but also the 2nd

order accurate Symplectic time integration algorithm, in contrast to the

early works. The geometrical set-up was a combination of the Tank and

Inlet & Outlet approaches. A tank was used to provide a hydraulic head

and in turn a specific flow rate through a gate but also functioned as a

downstream condition for the hydraulic jump. Just as in the work by

Federico et al. [59], an initial guess of the position of the free surface was

also required. The effective gate opening was lowered as a result of pre-

sumingly the dynamic boundary particle method used as solid walls. To

ensure accurate flow rates and jump toe positions, quasi-stable in time,

the gate opening had to be calibrated. Once calibrated, the spatial res-

olution and a doubled simulation time was investigated but showed no

major impact. If however, the initial guess of the position of the hy-

draulic jump was altered the results improved. The periodic approach

lacked the stability and efficiency of the Inlet & Outlet approach but

was an improvement compared to the Tank approach.
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The 2D model used in Paper D was later extended to 3D inPaper E.

The aim of Paper E was to investigate 3D hydraulic jumps downstream

of a downscaled hydropower overshot chute in a laboratory sized channel.

The SPH results was validated with experiments focusing on flow rates

and free surface profiles. Two stable modes, one detached and the other

submerged, were observed during experiments. Good agreement with

experiments was obtained for the detached mode after calibration of the

upstream depth and the flow rate. Furthermore, the SPH-model was

able to capture a well defined shear layer with large coherent structures

within the roller region comparable to experimental findings found in

literature. No calibration was required for the submerged mode as the

flow rate and free surface profiles was within the experimental range

from the beginning. A large recirculating zone close to one of the channel

side-walls was observed for this mode in experiments. This zone was not

only captured by the SPH-model but the initialisation processes could

be studied also.

In the final work, Paper F, the 3D SPH-model used in Paper E was

applied to a classic bottom outlet test case in order to continue the work

in Paper C. Thus, the aim of Paper F was to investigate the dynamical

relationship between the free surface and the internal flow structures.

Based on the findings in Paper D and E, both the gate opening and

tank depth were corrected and eventually 4 cases with different Fr were

studied. As a general result, cases with lower Fr showed better results

compared to the higher numbered cases. Similarly, as in Paper C, the

SPH-model was unable to capture the decay in the downstream direc-

tion even though a more sophisticated turbulence model was used. This,

together with the less accurate results of the higher cases might indi-

cate that the single-phase model was too simple and not adequate for

multi-phase hydraulic jump flows. The instantaneous velocity field for

the lower cases showed large vortical structures in a shear layer at the

roller region. For the lowest case, vortices were observed close to the free

41



surface comparable to those in Paper C and in-line with experimental

findings for similar Fr. The shear layer, for the slightly higher Fr, was

more embedded within the jump and showed clear signs of a recirculat-

ing zone above. It was shown that the vortices affected the free surface

as approximately the same dominant frequencies for the velocity compo-

nents and vertical free surface oscillations was obtained. However, both

the jump toe and velocity components in the horizontal direction was

difficult to quantify and agreed poorly with experiments. As a final re-

mark, the convective velocity determined by a cross-correlation analysis

was well within the experimental range.
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Chapter 5

Conclusions

Det här gör sig inte av sig självt

(This won’t workout by itself)

- Sassa, Grandpa

The main aim of this thesis was to increase knowledge regarding the

applicability of the SPH method to spillway channel flows. The complex

hydraulic jump served as a test case for validation as it is a utilized

feature in spillway stilling basins to reduce high kinetic energy flows.

A major part of this project has focused on different strategies on how

to perform efficient and trustworthy SPH simulations of hydraulic jumps.

The two existing tactics, the Tank and Inlet & Outlet approaches, have

been scrutinized where the later is in many aspects superior. In spite

of this, only one version of Inlet & Outlet approach was tested initially.

Instead, a third strategy based on the periodic open boundary condition

was developed and validated.

It was shown in the early works, that the SPH method was able to

capture many of the basic, yet important, geometrical aspects of a hy-

draulic jump. This include the crucial conjugate depth ratio which was

in good agreement with theory and confirmed the results of previous

studies. However, great care had to be taken when choosing the up- and

downstream conditions in order to stabilize the jump toe, which oth-
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erwise, assumed a different position than expected. It was also shown,

that the SPH model was able to capture the free surface fluctuations

induced by large coherent structures close to free surface. Furthermore,

the spatial resolution of the SPH particles impacted the outcomes sig-

nificantly.

Even though, no papers was published during the transition period,

one of the most important conclusions in this work could be made. If,

in-depth knowledge of a computational method is required, one have to

write the code by themselves.

In the later works, the new strategy on how to perform SPH hy-

draulic jump simulations was developed. This enabled the use of the

highly efficient DualSPHysics code and hence three dimensional and

more realistic problems could be handled. The new concept was applied

to a downscaled hydropower overshot outlet chute in a laboratory sized

channel. The SPH model captured not only the free surface profile and

flow rates but also vortical structures within the hydraulic jump and

a large scaled recirculating zone downstream the model. Later, special

attention was given to the large coherent structures found within the

jump and its complex relationship with the fluctuating free surface. It

was shown that the SPH model was able to capture, to some extent,

the dynamics between the vortices produced in the mixing layer and the

impact on the free surface.

Hopefully, this work has increased the knowledge of SPH modelling

of spillway channel flow in general and more specifically the modelling

of hydraulic jumps. However, more research is still needed in order

for the SPH method to reach a broad recognition within the hydraulic

engineering community. Some improvements of present work will be

discussed in the following chapter.
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Chapter 6

Future Work

Äntligen m̊andag, äntligen, å livet blir kul igen!

(Finally Monday, finally, and life becomes fun again!)

- Jävlar Anamma

Coming to the end of the road, you realize that many of the ideas that

has come to mind will not be realized, at least not by yourself. Thus,

some of those ideas that I think would enhance the present work will be

discussed below.

Two of those, which are quite obvious from the discussion in the

Summary of Appended Papers Chapter (4) are the implementation of a

multi-phase model and the Inlet & Outlet boundary conditions. The

multi-phase model, including a secondary air phase, would enable a

study of the air entrainment process, not possible in the present work.

The Inlet & Outlet boundary conditions, would as discussed, increase the

efficiency of a future study and quite possibly also stabilize the jump toe

more quickly. Hence, reducing the overall computational time require-

ments.

As described in this thesis, hydraulic jumps are in many aspects

transient in their nature and display large oscillations of both the free

surface and the velocity field. This could potentially cause pressure

oscillations close to the bottom and, as a consequence, lead to crack
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formations and erosion of the bedrock or concrete. A SPH study of

such processes, would be appropriate, if the incompressible version of

the SPH method where pressure prediction is enhanced compared to

the standard approach was implemented.

Another interesting approach is to increase the geometrical com-

plexity to include a more realistic terrain and spillway. Such study

would require, even on a model scale, large computational resources and

highly efficient codes in either massively parallel CPU or GPGPU envi-

ronments. The short-term goal could involve a correct discharge only.

However, the long term goal would be to develop an alternative to to-

day’s validation procedures involving downscaled physical models with

high manufacturing costs and low practical finite lifetimes.

As a final remark, in order to focus research efforts and to show the

benefits, it is important to understand the drawbacks of SPH. This could

be done in multiple studies or in a workshop environment where several

methods are compared when applied to the same specific problem.

Many of the ideas presented above as future work could be linked

to the so called Grand Challenges proposed by the SPHERIC organisa-

tion, https://wiki.manchester.ac.uk/spheric/. The Grand Chal-

lenges include Convergence, Numerical Stability, Boundary Conditions

and Adaptivity and are aimed to increase quality and trust in SPH sim-

ulations. These topics would not only improve the present work but will

most certainly dominate SPH research in the future.
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Abstract. This study focus on Smoothed Particle Hydrodynamics (SPH) modeling of two-
dimensional hydraulic jumps in horizontal open channel flows. Insights to the complex 
dynamics of hydraulic jumps in a generalized test case serves as a knowledgebase for real 
world applications such as spillway channel flows in hydropower systems. In spillways, the 
strong energy dissipative mechanism associated with hydraulic jumps is a utilized feature to 
reduce negative effects of erosion to spillway channel banks and in the old river bed. 

The SPH-method with its mesh-free Lagrangian formulation and adaptive nature results in 
a method that handles extremely large deformations and numerous publications using the 
SPH-method for free-surface flow computations can be found in the literature. 

Hence, the main objectives with this work are to explore the SPH-methods capabilities to 
accurately capture the main features of a hydraulic jump and to investigate the influence of 
the number of particles that represent the system.  

The geometrical setup consists of an inlet which discharges to a horizontal plane with an 
attached weir close to the outlet. To investigate the influence of the number of particles that 
represents the system, three initial interparticle distances were studied, coarse, mid and fine. 

For all cases it is shown that the SPH-method accurately captures the main features of a 
hydraulic jump such as the transition between supercritical- and subcritical flow and the 
dynamics of the highly turbulent roller and the air entrapment process. The latter was captured 
even though a single phase was modeled only. Comparison of theoretically derived values and 
numerical results show good agreement for the coarse and mid cases. However, the fine case 
show oscillating tendencies which might be due to inherent numerical instabilities of the 
SPH-method or it might show a more physically correct solution. Further validation with 
experimental results is needed to clarify these issues. 
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1 INTRODUCTION 
The main components of a large scale hydropower station are a large reservoir dam where 

rain and melt water is stored and the turbine/generator assembly which converts the potential 
energy stored in the water into electricity1. The hydropower sector contributes to almost half 
of the total power production in Sweden2. However, the overall contribution from the 
hydropower sector varies throughout the year due to variation in energy demand from the 
consumers which in turn is due to seasonal variation in temperature and maintenance 
shutdown of industrial processes. As production varies throughout the year and the amount of 
precipitation is uncontrollable the need to find ways to handle the water head in the reservoir 
is crucial to obtain optimal working conditions. If the inherent flow regulation by generation 
is insufficient, spillways are engaged. When spillways are used the potential energy of the 
water is converted to kinetic energy potentially causing erosion problems to structures in the 
spillway channel as well as in other water-ways downstream the spillway like old river beds. 
An effective way to reduce the high kinetic energy levels is to design the spillway channels to 
trigger a hydraulic jump which is a natural occurring phenomenon in free flowing fluids 
characterized by large energy dissipation mechanisms3. The main feature of a hydraulic jump 
is a sudden transition of shallow and fast moving flow into a relatively slow moving flow with 
rise of the fluid surface to keep continuity. The transition phase is known as the roller where 
the free surface is highly disturbed and air entrapment occurs. 

Modeling of highly disturbed free surface flows such as the hydraulic jump is complex 
when grid based method is used. Severe problems with mesh entanglement and determination 
of the free surface have been encountered4. Meshfree methods such as the Smooth Particle 
Hydrodynamic (SPH) method have been shown to be a good alternative to grid based 
methods to overcome the above stated problems5,6. The SPH-method has matured rapidly 
during the last decade or even years and was thus chosen as the computational method. 

The aim with this work is thus to explore the capability of the SPH-methods to accurately 
capture the main features of a hydraulic jump and to investigate the influence of the number 
of particles that represent the system. 

2 METHOD 

2.1 Smoothed particle hydrodynamics 
Smoothed Particle Hydrodynamics (SPH) is a meshfree, adaptive, Lagrangian particle 

method for modeling fluid flow. The technique was first invented independently by Lucy7 and 
Gingold and Monaghan8 in the late seventies to solve astrophysical problems in three-
dimensional open space. Movement of astronomical particles resembles the motion of fluids, 
thus it can be modeled by the governing equations of classical Newtonian hydrodynamics. 
The method did not attract much consideration in the research community until the beginning 
of the 1990 when the method was successfully applied to other areas than astrophysics. 
Today, the SPH-method has matured even further and is applied in a wide range of fields such 
as solid mechanics (e.g. high velocity impact and granular flow problems) and fluid dynamics 
(e.g. free-surface flows, incompressible and compressible flows). 

In the SPH-method, the fluid domain is represented by a set of non-connected particles 
which possess individual material properties such as mass, density, velocity, position and 
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pressure9. Besides representing the problem domain and acting as information carriers the 
particles also act as the computational frame for the field function approximations. As the 
particles move with the fluid the material properties changes over time due to interaction with 
neighboring particles, hence making the technique a pure adaptive, mesh-free Lagrangian 
method. With adaptive is meant that at each time step the field approximation is done based 
on the local distribution of neighboring particles. The adaptive nature of the SPH-method 
together with the non-connectivity between the particles results in a method that is able to 
handle very large deformations as is the case for highly disordered free-surface flows such as 
hydraulic jumps. 

To further clarify the methodology of the SPH-method, the following key steps is 
employed to reduce the partial differential equation (PDEs) governing the problem at hand to 
a set of ordinary differential equations (ODEs). 

1. The problem domain is represented by a set of non-connected particles. 
2. The integral representation method is used for field function approximation, known as 

the kernel approximation.
3. The kernel approximation is then further approximated using particles, i.e. the particle

approximation. The particle approximation replaces the integral in the kernel 
approximation by summations over all neighboring particles in the so called support
domain.

4. The summations or the particle approximation are performed at each time step, hence 
the adaptive nature of the SPH-method as particle position and the magnitude of the 
individual properties varies with time. 

5. The particle approximation is employed to all terms of the field functions and reduces 
the PDEs to discretized ODEs with respect to time only.

6. The ODEs are solved using standard explicit integration algorithms. 

A more detailed description of the methodology and the kernel- and particle 
approximations can be found in the textbook by Liu and Liu9.

As concluded in previous work10,11 the SPH-method do not necessarily behave in the same 
manner as mesh-based computational methods where refinement of the mesh is anticipated to 
yield better solutions of the PDEs. Instead, further refinement or more particles in the SPH-
method might lead to deterioration of solutions or even divergent behaviour. This may be 
caused by inherent numerical instabilities of the SPH-method. 

2.2 Hydraulic jump 
The main characteristic of a hydraulic jump is the sudden transition of rapid shallow flow 

to slow moving flow with rise of the fluid surface also known as a transition from 
supercritical to subcritical flow3. The transition is strongly dissipative which is favourable 
when energy should be consumed as when kinetic energy levels should be reduced in spillway 
flows. Further characteristics of hydraulic jumps is the development of a large-scale highly 
turbulent zone known as the “roller” with surface waves and spray, energy dissipation and air 
entrapment. 
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As stated above the hydraulic jump is characterized by a supercritical and a subcritical 
region where the depths are significantly different. These depths  and  are referred to as 
conjugate depths and can be seen in the schematic Figure 1. 

Figure 1: Schematic figure of the hydraulic jump showing the conjugate depths  and  and the depth  past 
the weir. 

A dimensionless relation between the conjugate depths can easily be derived from 
continuity, momentum and energy equations for a rectangular channel by assuming 
hydrostatic pressure distribution and uniform velocity distribution at the up- and downstream 
end of the control volume. Furthermore, the friction between the bottom and the fluid and the 
slope of the bottom is both assumed to be zero. With these assumptions the conservations 
equations yield the dimensionless relation between the conjugate depths for a rectangular 
channel as, 

(1)

where  is the upstream Froude number, 

(2)

which by definition must be greater than one. The upstream Froude number is also used as an 
indicator of the general characteristics of the jump in a rectangular horizontal channel as 
different upstream Froude numbers produce different types of hydraulic jumps3.

Furthermore, the depth  is derived in a similar manner with the same assumptions as 
above, further details can be found in the textbook by Chanson3.

Roller

Fluid surface
Wall boundary



P. Jonsson, P. Jonsén, P. Andreasson, T.S. Lundström and J.G.I. Hellström 

5

2.3 Numerical setup 
To reduce the complexity of modeling a three dimensional spillway channel with adherent 

hydraulic jump a two dimensional, horizontal and single phase (water) model is studied here. 
Following previous work12,13 the material model MAT_NULL is used to model water with 
density  and dynamic viscosity . The null material has no 
shear stiffness or yield strength and behaves in a fluid-like manner14. As the dynamic 
viscosity  is nonzero, a deviatoric viscous stress of the form, 

(3)

is computed where  is the deviatoric strain rate15. Furthermore, the null material must also 
be used together with an equation of state (EOS) defining the pressure in the material. Varas 
et al.13 used the Gruneisen equation of state which employs the cubic shock velocity-particle 
velocity, which also was used in this work. The wall boundaries were modeled as rigid shell 
finite elements and the interaction between the boundaries and the SPH-particles was 
governed by a penalty based node to surface contact-algorithm. 

The geometrical setup of the problem can be seen in Figure 2 where the fluid enters the 
domain using the BOUNDARY_SPH_FLOW inlet condition with an prescribed inlet velocity 
of  and depth . The horizontal plane situated between the inlet and 
the weir measures  and is prefilled to a depth equal to weir height, i.e. . Both the 
prefill of the horizontal plane and the weir assembly was introduced to trigger the hydraulic 
jump faster. Furthermore, at  downstream of the inlet the outlet is situated. 

Figure 2: Geometrical setup at .

Initial results indicated that after an initial transient phase of roughly  the hydraulic 
jump was fully developed. However, the roller region was non-stationary even after the initial 
transient phase and traveled upstream toward the gate with very low velocity, hence all 
subsequent simulation were run for five seconds to include such phenomena. Three different 
initial interparticle spacing  of , , and 

 were used to investigate the influence of the number of particles that 
represent the system. The total number of particles and the overall computational time for 
each case is summarized in Table 1. 

Weir

Fluid surface
Wall boundary

Horizontal plane
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Table 1: The total number of particles and the overall computational time for each case. 

Case Total number of particles Computational time

All simulations where done using the commercial available software package LSTC LS-
DYNA v. 971 R5.1.1 on HP Z600 Linux machines with eight to twelve cores.

3 RESULTS AND DISCUSSION 
This part will start with a qualitative comparison of the three cases at successive time steps 

and end with a quantitative comparison of theoretically derived values and results from the 
simulations.  

At  the fast incoming fluid begins to flow into the initially stationary fluid which 
starts to move together downstream, i.e. in the positive x-direction. A wave forms and breaks 
as more water flows onto the horizontal plane and at roughly  it reaches the weir and 
starts to spill over. The fluid reaches the outlet at roughly  and in the meantime the roller 
region has moved closer to the weir. The roller continues to move downstream towards the 
weir until roughly  when the velocity of the roller declines rapidly and change direction. 
Past  a quasi-stationary state is attained as the velocity of roller upstream is very low. 
Figures 3-5 shows the three cases using the above stated number of particles with color coded 
velocities in the positive x-direction. 
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Figure 3: Visualization of the coarse case at successive time steps with color coded velocities 
in the positive x-direction.
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Figure 4: Visualization of the mid  case at successive time steps with color coded velocities in 
the positive x-direction. 
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Figure 5: Visualization of the fine  case at successive time steps with color coded velocities in 
the positive x-direction.

Comparing the results in Figures 3-5 in a qualitative manner both the coarser cases 
produces smooth hydraulic jumps with well-defined free-surfaces especially past the roller 
region. The fine case behaves in a more chaotic manner with large oscillation of the free-
surface which is clearly seen in the subcritical region past the roller. However, all three cases 
capture the main features of a hydraulic jump such as the high velocity small depth 
supercritical- and low velocity large depth subcritical region. Furthermore, the highly 
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turbulent roller where air entrapment occurs is clearly visible in all cases even though a single 
phase has been modeled only.  

As stated above, the hydraulic jump is fully developed at roughly  hence all data from 
the simulations was obtained past this time at intervals of . In this work, the depth  in 
the subcritical section and the depth  in the contraction past the weir have been evaluated 
only. However, as can be seen in Figures 3-5 the velocity field can be obtained as well as 
other quantities such as pressure distribution and acceleration of individual particles. To 
determine the position of the free-surface and hence the depths  and , the average value 
of the y-coordinate of particles located at the assumed free-surface with half the initial 
interparticle distance added was used. Particles in the interval of  and  in the 
x-direction was used to determine  and  respectively. 

With the present inlet condition   and depth ,  and 
consequently  and . Results obtained from the simulations of the 
depths  and  are summarized in Tables 2-3. 

Table 2: The theoretically derived depth  and numerical results obtained for the three cases coarse, mid and 
fine.

Table 3: The theoretically derived depth  and numerical results obtained for the three cases coarse, mid and 
fine.

As derived from Tables 2-3 both the coarse and mid cases agrees well with the 
theoretically derived values of both depths. However, the depths for the fine case oscillates 
heavily compared to other two. This chaotic behavior might be due to inherent numerical 
instabilities of the SPH-method satisfying the conclusions of previous works10,11. However, it 
might be the most physically correct solution implying that the threshold of refinement when 
a divergent behavior is obtained is not reached or it might not be applicable to the current 
problem. Further validation through experiments is needed in order to confirm which of the 
above statements is correct. Experiments of current or similar geometrical setup can be found 
in the literature16 hence such analysis has great potential for future work efforts. 

As mentioned above, the pressure distribution is easily obtained from simulation data. 
However, as the pressure was greatly over predicted by the Gruneisen EOS no such figures is 
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shown. This behavior is at this stage not known to the authors but the validity of the 
Gruneisen EOS and the parameters used for current problem might be questionable. 

5 CONCLUSIONS 
The capabilities of the SPH-method to accurately capture the main features of a hydraulic 

jump such as the transition between supercritical- and subcritical flow has been demonstrated. 
Furthermore, the dynamics of the highly turbulent roller and the air entrapment process has 
been visualized even though a single phase has been modeled only. Comparison of 
theoretically derived values and numerical results of the depth  in the subcritical section 
and the depth  in the contraction past the weir show good agreement for the coarse and mid 
cases. The fine case show oscillating tendencies which might be due to inherent numerical 
instabilities of the SPH-method or it might show a more physically correct solution. Further 
validation through experiment is needed to clarify these issues. 
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Abstract
When investigating water flow in spillways and energy dissipation, it is important to know the 
behavior of the free surfaces. To capture the real dynamic behavior of the free surfaces is there-
fore crucial when performing simulations. Today, there is a lack in the possibility to model such 
phenomenon with traditional methods. Hence, this work focuses on a parameter study for one al-
ternative simulation tool available, namely the meshfree, Lagrangian particle method Smoothed 
Particle Hydrodynamics (SPH). The parameter study includes the choice of equation-of-state (EOS), 
the artificial viscosity constants, using a dynamic versus a static smoothing length, SPH particle 
spatial resolution and the finite element method (FEM) mesh scaling of the boundaries. The two 
dimensional SPHERIC Benchmark test case of dam break evolution over a wet bed was used for 
comparison and validation. The numerical results generally showed a tendency of the wave front 
to be ahead of the experimental results, i.e. to have a greater wave front velocity. The choice of EOS, 
FEM mesh scaling as well as using a dynamic or a static smoothing length showed little or no sig-
nificant effect on the outcome, though the SPH particle resolution and the choice of artificial vis-
cosity constants had a major impact. A high particle resolution increased the number of flow fea-
tures resolved for both choices of artificial viscosity constants, but at the expense of increasing the 
mean error. Furthermore, setting the artificial viscosity constants equal to unity for the coarser 
cases resulted in a highly viscous and unphysical solution, and thus the relation between the ar-
tificial viscosity constants and the particle resolution and its impact on the behavior of the fluid 
needed to be further investigated.
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1. Introduction
In Sweden, hydropower plays a significant role in the supply of energy and it generates roughly 45% (66.0 TWh 
in 2011) of the total electricity power production [1]. The first larger hydropower plant in Sweden commenced 
its operation for almost 100 years ago and the latest was put into service in the 1970s. Hence, most of the hy-
dropower plants in Sweden are old, which has initiated a number of projects on refurbishments. Due to the de-
regulated energy market, hydropower plants are more and more run at off design conditions. Consequently, to 
have an optimal hydropower that, for instance, can run at the best efficiency point when the winnings are high, 
the plants must be modernized and adapted to the energy market. Other key aspects are new requirements on 
renewable and “green” energy sources. This makes the prospect of redesigning old hydropower stations even
higher. Finally, the demand on hydropower as a short term regulating source is increasing to take care of more 
frequent and larger fluctuations in the energy system, mostly due to the on-going expansion of wind power. Re-
garding the Swedish hydropower sector as a whole focus is set on the service and administration as well as re-
furbishments of existing plants, to meet the new demands. To assess hydraulic properties in these projects, physical 
scale models are often used. Performance, accuracy and reliability of mathematical models are in these cases 
considered to be too poor. Hydropower hydraulics is characterized by large scales and flow rates. The geometry 
is usually partly formed by nature, i.e. to some extent chaotic at a scale of roughness. Furthermore, highly ae-
rated and disturbed free surface flows are frequently encountered, for instance, in spillway channel flows and in 
energy dissipaters. This constitutes significant mathematical simulation challenges. Thus, there is a need of com-
putationally robust and reliable numerical methods to handle these fundamentally complex problems. Modelling 
of highly disturbed aerated free surface flows is complex when grid based method is used [2]. Severe problems 
with mesh entanglement and determination of the free surface have been encountered [3]. The meshfree, La-
grangian particle based method Smooth Particle Hydrodynamic (SPH), has shown to be a good alternative to 
grid based methods to overcome such problems [4] [5]. The technique was first proposed independently by [6]
[7] in the late seventies to solve astrophysical problems in a three-dimensional open space. Today, the SPH me-
thod has been applied to a number of fields and problems [5] and the maturity of the method has increased sig-
nificantly. Thus, SPH was chosen as the computational method in the present work. In the SPH method, the flu-
id domain is represented by a set of non-connected particles which possess individual material properties such as 
density, velocity and pressure [8]. Besides representing the problem domain and acting as information carriers,
the particles also act as the computational frame for the field function approximations. As the particles move 
with the fluid, their material properties change as a function of time and spatial co-ordinate due to interactions 
with neighboring particles. A major advantage of SPH is that the method is mesh-free, and thus considerable 
time is saved as compared with methods that need a predefined mesh. However, as the SPH is relatively unex-
plored as compared with traditional finite volume method (FVM) and finite element method (FEM) methods,
there are some areas that still need considerable attention. For instance, wall boundary conditions are generally 
difficult to set in SPH as they do not appear in a natural way within the SPH formalism. Furthermore, the SPH 
method is typically slower computational wise since the time step depends on the speed of sound and the expli-
cit integration techniques used. The idealized dam break problem, where a given volume of initially stationary 
water is released onto a dry channel bed by a sudden removal of a gate, is a well-studied problem (e.g. [9]-[11]). 
After the gate has been removed, a negative surge propagates upstream and a dam break wave moves rapidly 
downstream. If, however, the dam break wave propagates over a wet bed (an initial fluid layer at rest), the flow 
field will become considerably different, see for instance [12] and [13]. Reference [13] studied the influence of 
adding a polymer in order to reduce the turbulence drag using a dam break setup. However, clean water test was 
conducted as well and the experimental results had been used by many authors as a validation test case such as 
[14]-[16]. The SPH European Research Interest Community (SPHERIC) has adopted the work by [13], and di-
gitized wave profiles, wave velocity data and snapshots are available at wiki.manchester.ac.uk/spheric. The aim 
of this paper is to study the effects of several test parameters when applied to the SPHERIC test case based on 
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the work by [13] of dam break evolution over a wet bed. The test parameters are the equation-of-state, the artifi-
cial viscosity constants, using a dynamic or a static smoothing length, the SPH particle resolution and the FEM 
mesh scaling as thin finite shell elements are used as solid wall boundaries.

2. Method
2.1. Governing Equations
The superscripts and are used to denote coordinate directions and the subscripts i and j denotes particle in-
dices. The continuity and momentum equations can be written in the SPH formalism according to,
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                                   (3)

In Equation (3), dim is the number of space dimensions and R is the derivative of the function used to 
define the kernel function W, i.e.

1, dimW h
h

Rx                                   (4)

and h is the smoothing length. The commonly used cubic B-spline kernel is obtained by choosing as,
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where C is a constant of normalization defined for one-, two- and three-dimensional spaces as: C1D = 3/2, C2D =
and C3D = s (3)-(5), R is the normalized distance between two particles, i.e.

i jR hx x . The total stress tensor , in the momentum equation (Equation (2)) is made up from two 
parts, the isotropic pressure p and the deviatoric viscous stress , , according to

, , ,p                                  (6)

The NULL material model will be applied that defines the deviatoric viscous stress as [17],
, ,                                      (7)

where , is deviatoric strain rate. By setting the dynamics viscosity to zero the total stress tensor reduc-
es to the isotropic pressure which is defined by an equation-of-state (EOS). In literature, several EOSs can be 
found but in the present work the Gruneisen, Linear Polynomial and the Morris EOS are considered only. The 
Gruneisen EOS employs the cubic shock velocity-particle velocity and defines the pressure for compressed ma-
terials as [17]
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and for expanded materials as,
2

0 0 0 0i D Dp c a E                                 (9)

where S1, S2 and S3 are coefficients of the slope of the us-up curve, us and up are the chock and particle velocity 
respectively. The variable c0 is the intercept of the curve corresponding to the adiabatic speed of sound, 0 is the 
Gruneisen gamma, is the first volume correction to 0, E0 is the initial internal energy and 0 1D i
where 0 is the initial density. Properties and constants for water given by [18] are applied, see Table 1. The 
Linear Polynomial EOS is defined as [17],

2 3 2
1 2 3 4 5 6 7 .i D D D D Dp C C C C C C C E                      (10)

References [19] and [20] used the following expressions for the constants in Equation (10),
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where c0 in Equation (11) is the adibatic speed of sound and 0 1D i , where 0 is the initial density.
Reference [20] used k = 2 and 5 6 7 0C C C . The Morris EOS [21] defines the pressure as,

2
0 0i ip c                                     (12)

which can be obtained by setting the constants 1 3 4 5 6 7 0C C C C C C and 2
2 0 0C c in the Linear 

Polynomial EOS. The artificial viscosity proposed by [22] is implemented as,
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q1 and q2 are constants and ij i jr r r and ij i jv v v are the distance and velocity vector, respectively. Over 
bars denote average values. If the smoothing length h is dynamic an average value is used, i.e. 2i jh h h . 
The 2 20.01h is used to avoid the denominator to go to zero. According to [22], the linear term associated 
with q1in the artificial viscosity expression produces both bulk and shear viscosity. The second quadratic term is 
incorporated to handle high Mach number shocks and is intended to suppress particle penetrations [22] and [8]. 
Furthermore, the values of the constants q1 and q2 are according to [14] problem dependent. In literature, many 
authors suggest setting q2 to zero and q1 between 0.01 and 0.1 [23] and [24]. However, [8] states that the values 
of q1 and q2 are usually set around unity. The impact of the choice of the constants will be another parameter to 
be studied in the present work. With the reduction of the total stress tensor, the inclusion of the artificial viscos-
ity term together with the symmetric properties of the ij ij jiA A A term, the momentum equation (Equation 
(2)) reduces to the familiar expression,
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A first order time integration scheme is applied and the time step is determined according to [25] as,

Table 1. Gruneisen EOS properties and constants for water [18].

S1 S2 S3 c0 [m/s] 0 E0 [J/kg] 0 [kg/m3]

1979 0 0 1484 0.11 3.0 3.072 × 105 1000
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where CCFL is the Courant number usually set to unity. The smoothing length h is either static or dynamic. For 
the dynamic case h is obtained from,

d 1 .
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                                   (17)

For numerical reasons, a minimum and maximum value is imposed on the smoothing length, i.e. Hminh0 < h <
Hmaxh0. In the present study, Hmin and Hmax were set equal to 0.5 and 1.5 respectively while h0 is the initial 
smoothing length given by 0 01.2h d , where d0 is the initial distance between particles. The impact on the re-
sults from using a static or dynamic smoothing length will also be studied in the current study.

2.2. Boundary Conditions
Solid wall boundaries are modelled as rigid shell finite elements and the coupling between the boundaries and 
the SPH-particles are governed by a penalty based “node to surface” contact-algorithm [26]. This is a so-called 
one-way contact where the SPH particles are defined as the “slave side” and the FEM elements as the “master 
side”. In applying the penalty method, the slave nodes are checked for penetration through the master surface. If 
a slave node has penetrated, an interface spring is placed between the master surface and the node. The spring 
stiffness is chosen approximately in the order of magnitude of the stiffness of the interface element normal to the 
interface. The resultant force applied to the SPH particle in the normal direction of the FEM element is propor-
tional to the amount of penetration. The wall boundaries used here can be compared with the Lennard-Jones-
type boundary condition [24] where a central force is applied to a fluid particle. However, the normal compo-
nent is considered only. Hence, the boundary condition used here is truly frictionless. For more information re-
garding the contact algorithm see [17].

2.3. Geometrical Setup
To validate the SPH model experiment, the SPHERIC Benchmark test case of dam break evolution over a wet 
bed is used. Numerous authors have adopted this test case for validation proposes, e.g. [14]-[16]. The test case is 
based on the experimental work by [13] where water initially stored in a tank is released through a gate into a 
prefilled rectangular channel. The schematic arrangement and geometry is illustrated in Figure 1.

In the experiment by [13], several tank and channel depths were investigated. However, in the present work 
only one combination of tank and channel depth were considered, namely the tank depth LTD = 0.15 m and 
channel depth LCD = 0.018 m. The tank length LTL = 0.38 m was set as in the experiment and the channel length
LCL = 1.62 m was smaller than in the experiment (LCL = 9.55 m) in order to reduce the overall number of particle 
and hence computational time. According to [13], a propagating bore develops after the removal of the gate. The 
stationary water in the channel resists the oncoming water and, as a consequence, a unstable “mushroom-like” 
wave forms and breaks in both forward and backward directions. In the experiment, the kinetic energy was 
usually enough to build up several breaking events until a smooth propagating bore was formed. Two CCD-
cameras recorded the events, thus digitized snapshots, wave profile data and average wave front velocities is
available for comparison. Here, wave profile is compared only. According to [2], a general difference of approx-
imately 0.043 s is observed between experiments and SPH simulations, thus this time shift is accounted for in

Figure 1. Schemetic arrangement and geometry for the dam break 
test case.
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the result section. The gate velocity was constant and measured to 1.5 m/s. According to the Benchmark test 
case instruction, it is vital to include the gate movement in simulations.

2.3. Numerical Setup
As stated above, the three EOSs including different values of the artificial viscosity constants q1 and q2 are to be 
tested and compared with experimental results. Thus, six cases is set up, see Table 2. Furthermore, for each case 
additional parameters were considered. Firstly, the spatial resolution of the SPH particles which was defined by 
dividing the channel depth LCD, here defined as the characteristic length scale of the problem, by 4, 5, 6 and 10. 
All SPH particles were initially placed on a structured grid with zero initial velocity. Secondly, the scaling of the 
FEM boundaries was tested where the side of a FEM element was set equal to 2x, 1x and 0.5x the initial inter-
particle spacing. Finally, the dynamic (D) and static (S) smoothing length was compared. All parameters are 
summarized in Table 3.

The initial density 0 of the SPH particles was set equal to 1000 kg/m3 and all simulations were stopped at 
0.488 s due to the time shift proposed by [2]. As the tank and channel depths was fixed at 0.15 m and 0.018 m 
respectively, the total number of SPH particles depend on the resolution only and ranges from about 4550 to 
28600. A total of 144 simulations were conducted using the nonlinear finite element code LSTC LS-DYNA v. 
971 R7.0.0 on multicore Linux workstations.

2.4. Post Processing
The post processing method used in this work incorporates the detection of the free surface as well as interpola-
tion of data. The method is divided into two steps. Firstly, all nodes representing the boundary must be detected 
and secondly a Delaunay triangulation and Barycentric interpolation is performed, for a detailed description of 
Delaunay triangulation and Barycentric interpolation see [27] [28] and [29]. The boundary node identification 
technique is based on the “ARC” method presented in [30]. Thus, a boundary node is defined as a node with a 
non-overlapped part of its circumference. For these nodes the non-overlapped circumference is seeded with 
“dummy” which can be considered as the free-surface. The boundary node identification and especially the seeding 
of “dummy” nodes is crucial when arbitrary free-surfaces are to be detected. This is due to the Delaunay trian-
gulation method which impose that the outer boundary is always convex, better known as the convex hull. The 
dummy nodes and the triangulation can be seen in Figure 2. Finally, the Barycentric interpolation using the tri-
angulation onto a structured grid is performed. Where Barycentric interpolation f for an arbitrary interpolation 
point is defined as

1 1 2 2 3 3interpolation point ,f b f b f b f                          (18)

where bx is the barycentric coordinate and fx are the function values such as velocity at the triangle vertices. As

Table 2. Test case setup, EOS and artificial viscosity constants.

EOS Artificial viscosity constants

Gruneisen (q1 = 0.1; q2 = 0) and (q1 = 1; q2 = 1)

Linear polynomial (q1 = 0.1; q2 = 0) and (q1 = 1; q2 = 1)

Morris (q1 = 0.1; q2 = 0) and (q1 = 1; q2 = 1)

Table 3. Additional parameters tested for each case, SPH resolution, FEM scaling and smoothing length behavior, static (S) 
and dynamic (D).

SPH resolution
LCD/4

SPH resolution
LCD/5

SPH resolution
LCD/6

SPH resolution
LCD/10

FEM scaling: 2x S1 and D1 S2 and D2 S3 and D3 S4 and D4

FEM scaling: 1x S5 and D5 S6 and D6 S7 and D7 S8 and D8

FEM scaling: 0.5x S9 and D9 S10 and D10 S11 and D11 S12 and D12
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Figure 2. Delaunay triangulation (black lines) with SPH particles 
(red circles) and dummy nodes (blue +).

data is mapped to a structured grid, traditional techniques for data visualization such as streamline plotting can
then be used. Apart from data visualization, the post processing method can be used to statistically quantify the 
difference between numerical and experimental results. By imposing both the numerical and experimental re-
sults on the same grid the non-overlapped grid points can be identified. The error is here defined as number of 
non-overlapped grid points divided by the total number of points in the experiment for each time step. The mean 
error is then the average of all time step errors. Non-overlapped grid points can be seen as an area and hence 
when the non-overlapped area goes to zero the mean error goes to zero as well.

3. Results and Discussion
The post processing method described in the section above was used to visualize the results. To the left in Fig-
ure 3, the absolute velocity field from one SPH case together with the digitized experimental data points (red) of 
the wave profile for the successive time steps is shown. Note that the time step given includes the time shift 
proposed by [2]. To the right in Figure 3, the dummy nodes (red) representing the free surface together with 35 
randomly distributed streamlines (blue) are shown. The data is taken from the D12 case using the Gruneisen 
EOS with artificial viscosity constants q1 and q2 set equal to unity. One of the most significant discrepancies
when comparing the experimental and numerical results is that the wave front obtained from the SPH simulation 
is ahead of the experimental wave front, see Figure 3. This is evident for all studied cases and especially evident 
in the early stages when the “mushroom” jet mentioned by [13] starts to form and break. The numerical over 
prediction of the speed of the wave front is not isolated to the early stages as the predicted secondary splash in 
the later stages is ahead of the experimental results and the splash height is over predicted. The secondary splash 
is resolved in LCD/10 and to some extent in the LCD/6 cases only. One possible explanation that the SPH wave 
front is ahead of the experiments is due to the frictionless contact between the SPH particles and the FEM mesh, 
i.e. the free-slip boundary condition. There is a possibility to include a friction force in the contact formulation. 
However, the proposed friction formulation available is not applicable for these types of problems [17]. Howev-
er it may be possible to implement the dynamic particle boundary condition without major alteration to the code 
(LS-DYNA). Crespo et al. (2008) used the dynamic particle boundary condition and obtained good results with 
no tendency of the SPH wave front to be ahead of the experimental results. No tests using the dynamic particle 
in LS-DYNA has been conducted in present work. All boundary conditions suffer from one or several draw-
backs and further research is needed. In order to better refer to the different flow features in the later stages of 
the dam break evolution, the domain is divided into four zones, see Figure 4.

Having these zones in mind, Figures 5-8 show the effects of particle resolution on the outcome for the three 
EOSs and artificial constants q1 and q2. Dummy nodes are used to visualize the free surface and the 
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Absolute Velocity Field [m/s] and Streamlines—Gruneisen q1 = 1 q2 = 1 D12

Figure 3. Absolute velocity field [m/s] together with experimental data (left) and dummy 
nodes and streamlines (right).

Figure 4. The later stages of the dam break evolution divided into four zones.

Figure 5. Comparison of experimental (grey) and numerical results. Case D1 (LCD/4), Gru-
neisen, Linear Polynomial and Morris EOS and artificial viscosity constants; q1 = 1, q2 = 1
(blue) and q1 = 0.1, q2 = 0 (red).



P. Jonsson et al.

256

Figure 6. Comparison of experimental (grey) and numerical results. Case D2 (LCD/5), Gru-
neisen, Linear Polynomial and Morris EOS and artificial viscosity constants; q1 = 1, q2 = 1
(blue) and q1 = 0.1, q2 = 0 (red).

Figure 7. Comparison of experimental (grey) and numerical results. Case D2 (LCD/6), Gru-
neisen, Linear Polynomial and Morris EOS and artificial viscosity constants; q1 = 1, q2 = 1
(blue) and q1 = 0.1, q2 = 0 (red).

Figure 8. Comparison of experimental (grey) and numerical results. Case D2 (LCD/10), Gru-
neisen, Linear Polynomial and Morris EOS and artificial viscosity constants; q1 = 1, q2 = 1
(blue) and q1 = 0.1, q2 = 0 (red).
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shaded grey area is the experimental results. Furthermore, the choice of setting q1 = 1 and q2 = 1 is shown in 
blue and q1 = 0.1 and q2 = 0 in red respectively. Few flow features are visible for the case with lowest resolution
(LCD/4), see Figure 5. The mushroom jet is almost not detected and zone four is not resolved at all. The simula-
tions seem to behave too stiff to capture the significant flow features, regarding both the combinations of the ar-
tificial constants q1 and q2. When increasing the resolution to LCD/5 (Figure 6), few flow features are seen for 
cases with artificial viscosity constants sett equal to unity. For the other choice, more features are visible such as 
a minor breaking wave. However, neither the secondary splash nor zone four is detectible with this resolution. 
Regarding the cases with resolution LCD/6 the mushroom jet is more pronounced than in the cases with lower 
resolution, see Figure 7. Breaking wave and secondary splash as well as the initial stages of zone four are visi-
ble for all EOSs using artificial constants set equal to q1 = 0.1 and q2 = 0. For the cases with finest resolution 
(LCD/10) most of the flow features shown in the experiment are now visible in the numerical results for both 
choices of the artificial viscosity constants, see Figure 8. Thus, the resolution of the SPH particles has a major 
impact on the outcome. Generally, a good agreement between simulations and experimental data for zone one 
being closest to the dam is shown, see Figures 5-8. The bump in the second zone stems from the mushroom jet 
that broke down in the upstream direction. Although the bump often appears in the simulations the horizontal 
position of the bump is generally poorly predicted. Cases with low resolution of the SPH particles and artificial 
constants set equal to unity seems to be unable to resolve the bump as exemplified in Figure 5. The third zone 
or the secondary splash zone show large differences between the different cases, compare Figure 5 and Figure 
8. The final zone, zone four, is resolved for LCD/10 and to some extent in the LCD/6 cases, see Figure 7 and Fig-
ure 8. The dynamic versus a static smoothing length as well as the scaling of the FEM mesh showed no signifi-
cant effects on the results.

As shown above there is a qualitative agreement between simulations and experiments if the set-up is fine 
enough. Using the method proposed in the post-processing section a quantitative comparison can also be carried 
out in the form of the mean error that is summarized for all cases in Figure 9. The error for all cases is within 5%
of each other and showing a total of roughly 15% to 20% discrepancy between experimental and numerical re-
sults. Three significant trends are evident in Figure 9. Firstly, the major difference between the six cases is the 
choice of artificial viscosity coefficients q1 and q2 not the EOS. Selecting q1 and q2 equal to unity seems to pro-
duce the better result. However, as can be seen in Figure 5 and Figure 6 for the two lower resolutions, this 
choice of constants results in a highly viscous and unphysical solution, i.e. the artificial viscosity term is greatly 
over predicted. For the two finest resolutions, the contrary seems to be true, i.e. a more dynamic and fluid like 
behavior is obtained. In the authors opinion, the lower error obtained by setting q1 and q2 equal to unity is due to 

Figure 9. The calculated mean error for each EOS and artificial viscosity constant setup.
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the highly viscous solution which reduces the wave front velocity and hence lowering the mean error. This 
makes it cumbersome to find a good relation of spatial resolution and artificial viscosity constants to obtain a 
trustworthy solution. Secondly, the results connected to the LCD/10 cases or the case with the highest resolution 
seems to produce the worst results. This is in sharp contrast to the expected outcome, as generally more nodes in 
any numerical method should produce a better result and also the qualitative investigation indicated this. One 
plausible explanation to this behavior is that more features are resolved using more particles such as the break-
ing wave and zone four. Also, the height of the secondary splash produced mainly in the LCD/10 cases are gener-
ally over predicted thus increasing the number of none overlapping grid points, i.e. increasing the mean error, as 
can be seen in Figure 8. Thirdly, all EOSs produce similar results which are expected as the density differences 
seen in the simulations are very small. However, the density differences are not small enough and unphysical 
pressure overestimation and large pressure oscillations are obtained ( 610∓ Pa), especially close to wall bounda-
ries as well as near the free-surface. It is likely that the over prediction of pressure is due to the speed of sound c0

which was set equal to the physical speed of sound of 1484 m/s. Usually, c0 is set equal to at least 10 times the 
expected maximum velocity in the flow [24] [31]. Initial tests with reduced speed of sound

1 2
0 10 refc gH

were performed, where Href is the maximum water height in the tank (Href = 0.15 m) as according to [14]. How-
ever, severe particle collapse and contact instabilities were obtained and, hence, the physical speed of sound was 
used. Generally, the pressure oscillations near wall boundaries and free surfaces can be avoided by use of either 
density filters or correction of the kernel and/or kernel gradient. Considerable efforts have been devoted to over-
come these problems in the SPH research community [4]. Several corrections and filtering techniques have been 
proposed and are available in literature, see for instance [32].

In the zeroth order Shepard density filter, the simplest and quickest type of density filter, oscillations are 
smoothed out by filtering density and then re-assigning a new density to each particle [33]-[35]. Kernel and 
kernel gradient correction techniques are generally included to handle the truncated kernel function close to free-
surfaces and boundaries where conditions of consistency and normalization fail [32] [34] [36] [37]. Furthermore, 
the development of a truly incompressible SPH (ISPH) solver have shown great promise in estimation of pres-
sure and show less oscillations, see for instance [16]. As with boundary conditions no filtering or correction 
techniques are currently implemented in LS-DYNA and the effects of such methods are not possible to test at
this point.

4. Conclusion
The two dimensional (2D) SPHERIC Benchmark test case of dam break evolution over a wet bed has been used 
to investigate the impact of several parameters when performing free surface flow simulations. The choice of 
EOS, the artificial viscosity constants, a dynamic versus a static smoothing length, SPH particle resolution and 
the FEM mesh scaling of the boundaries were investigated. The numerical results showed generally a tendency 
to be ahead of the experimental results, i.e. to have a greater wave front velocity. This was argued to be an effect 
of using a frictionless contact algorithm between the SPH particles and the FEM boundaries. The choice of EOS, 
FEM mesh scaling as well as using a dynamic or a static smoothing length showed little or no significant im-
provement to the result. However, all EOSs showed larger than physical pressure levels in the order of 106 Pa 
and large pressure oscillations. This is believed to be an effect of not reducing the speed of sound in the calcula-
tions, which is usually done. The SPH particle resolution and the choice of artificial viscosity constants had a 
major impact. The method used for comparing numerical and experimental results showed increased mean error 
for both highly resolved cases and artificial viscosity constants set equal to 0.1 and 0. However, by visual ob-
servation, it was noted that increasing the number of particles representing the system increased the number of 
flow features resolved and that a highly viscous solution was obtained by setting the artificial viscosity constant 
to unity. Thus, the relation between the artificial viscosity constants and the particle resolution and its impact on 
the behavior of the fluid needed to be further investigated.
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ABSTRACT

A hydraulic jump is a rapid transition from supercritical flow to subcritical flow characterized by the devel-
opment of large scale turbulence, surface waves, spray, energy dissipation and considerable air entrainment.
Hydraulic jumps can be found in waterways such as spillways connected to hydropower plants and are an
effective way to eliminate problems caused by high velocity flow, e.g. erosion. Due to the importance of the
hydropower sector as a major contributor to the Swedish electricity production, the present study focuses
on Smoothed Particle Hydrodynamic (SPH) modelling of 2D hydraulic jumps in horizontal open channels.
Four cases with different spatial resolution of the SPH particles were investigated by comparing the con-
jugate depth in the subcritical section with theoretical results. These showed generally good agreement
with theory. The coarsest case was run for a longer time and a quasi-stationary state was achieved, which
facilitated an extended study of additional variables. The mean vertical velocity distribution in the hori-
zontal direction compared favourably with experiments and the maximum velocity for the SPH-simulations
indicated a too rapid decrease in the horizontal direction and poor agreement to experiments was obtained.
Furthermore, the mean and the standard deviation of the free surface fluctuation showed generally good
agreement with experimental results even though some discrepancies were found regarding the peak in the
maximum standard deviation. The free surface fluctuation frequencies were over predicted and the model
could not capture the decay of the fluctuations in the horizontal direction.

Keywords: SPH, Hydraulic jump, Conjugate depth, Free surface fluctuation, Vertical velocity distribution.

NOMENCLATURE

Ai j Gradient of kernel function
A,P Statistical variables
Cc f l Courant coefficient
d1 Depth in supercritical section
d2 Depth in subcritical section
ρ Density
δt Time step
ε Deviatoric strain rate
E Internal energy
Fr Froude number
f Frequency
g Gravitational acceleration
η,η′ Average and standard deviation of

free surface fluctuation
h Smoothing length

Lr Length of roller
m Mass
μ Dynamic viscosity
ν Kinematic viscosity
σ Total stress tensor
Π Artificial viscosity
q1,q2 Artificial viscosity constants
Re Reynolds number
R Normalized distance between particles
St Strouhal number
τ Deviatoric viscous stress
v1 Velocity in supercritical section
Vmax Horizontal maximum velocity
W Kernel function

1. INTRODUCTION

Fluid mechanics of large hydropower plants are
characterized by very high flow rates and large
physical dimensions both in production and spill
waterways. The hydraulic head harvested in pro-
duction needs to be handled when spillways are en-
gaged. In open spillways, this is done by accelerat-

ing the flow and then using the dissipative features
of a hydraulic jump. Hydraulic jumps are an ef-
fective way to eliminate problems caused by high
velocity flow, e.g. erosion. The lower velocities
past the jump, may also create beneficial flow con-
ditions for migrating species such as salmonoids
Lundström et al. (2015). A hydraulic jump is
a rapid transition from high velocity supercritical



Fig. 1. Schematic figure of a hydraulic jump.

flow to low velocity subcritical flow with rise of the
free surface to keep continuity. The hydraulic jump
is characterized by the development of large scale
turbulence, surface waves, spray, energy dissipa-
tion and considerable air entrainment. The highly
turbulent transition zone is usually referred to as
the roller and the start of the roller the jump toe or
the impingement point. A hydraulic jump is typ-
ically characterised by its inflow Froude number
Fr1 = v1/

√
gd1, where v1 is the depth average up-

stream flow velocity, d1 is the upstream depth and g
is the acceleration of gravity, see Fig. 1. Based on
the Fr, the jump may be classified into five types:
undular Fr1 = 1.0−1.7, weak Fr1 = 1.7−2.5, os-
cillating Fr1 = 2.5−4.5, steady Fr1 = 4.5−9.0 and
strong Fr1 > 9.0, each with its own distinct charac-
teristics Chanson (2004). By applying the continu-
ity and momentum equation in integral form, a di-
mensionless relationship of the upstream depth d1
and downstream depth d2 can be obtained. For a
horizontal and rectangular channel this procedure
yields the Bélanger equation,

d2

d1
=

1
2

(√
1+8Fr2

1 −1
)
. (1)

Hager et al. (1990) reviewed a broad range of data
and correlations and proposed a semiempirical re-
lationship for the length of the roller Lr as,

Lr

d1
= 160tanh

(
Fr1

20

)
−12, (2)

in the range 2 < Fr1 < 16.

The external geometry of hydraulic jumps has been
studied for a long time and only recently, the in-
ternal flow structures have been considered. De-
pending on the type of jump, a number of regions in
the roller can be identified Chanson and Brattberg
(2000) and Lin et al. (2012), see Fig. 1. For steady
jumps, a boundary layer is seen close to the bot-
tom which transitions in the vertical direction into
a high velocity jet or core region. Continuing in the
vertical direction from the bottom, a highly turbu-
lent air-water shear layer is observed where bubble
break up and coalescences occurs and momentum is
transferred to the region above. The final region is a

highly aerated recirculation region with significant
free surface wave and splash production.

Several authors have investigated the velocity field
in the above-mentioned regions using different ex-
perimental techniques, e.g. Rajaratnam (1965),
Hornung et al. (1995), Lennon and Hill (2006),
Chanson and Brattberg (2000) and Lin et al. (2012).
Chanson (2010) showed that the velocity profiles
in the developing shear layer followed a wall jet
pattern proposed earlier by Rajaratnam (1965) and
Chanson and Brattberg (2000). The maximum ve-
locity Vmax in the horizontal direction had a longitu-
dinal decay with increasing distance from the jump
toe and the following empirical function

Vmax

v1
= exp

(
−0.028

(x− x1)

d1

)
, (3)

where x is the distance downstream of the inlet and
x1 is the location of the jump toe, revealed the best
correlation based on the data of Chanson (2010),
Chanson and Brattberg (2000), Kucukali and Chan-
son (2008) and Murzyn and Chanson (2008).

Long et al. (1991) investigated hydraulic jumps
with inflow 4 < Fr1 < 9 using a high speed video
camera in a horizontal rectangular channel. Long
et al. (1991) postulated that at any given time when
the roller is at its most upstream location, the max-
imum number of vortices exists and their size in-
crease in the downstream direction. The vortices
showed an anticlockwise rotational tendency and
vortex-pairing of smaller vortex structures was ob-
served. Eventually, the smaller vortices merged
with a semi-stationary larger vortex at the end of
the roller causing a forward spill of water enabling
further vortex production at the impingement point.
At this stage, the jump toe was at the most down-
stream location observed and Long et al. (1991)
argued that the vortex production is linked with
the jump toe fluctuations. Mossa (1999) investi-
gated the oscillating behaviour of several different
hydraulic jump using point gauge and concluded
that a correlation between jump toe fluctuations and
vortex structures in the roller is evident.

Besides affecting the jump toe, the vortex structures
influence the free surface. Mouaze et al. (2005) in-
vestigated the behaviour of the free surfaces using
resistivity probes for four different hydraulic jumps
(1.98 < Fr1 < 4.82) with partially developed in-
flow conditions. At the jump toe, where bubbles
were generated and entrained, there was a slight in-
crease in the free surface elevation while a sudden
large gradient in fluctuation was seen. Downstream
the jump toe, a maximum in free surface fluctu-
ations was observed indicating strong turbulence.
Mouaze et al. (2005) argued that the fluctuations
were caused by large coherent structures reaching
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the free surface generated in the shear and roller
regions, generally characterized by large recircula-
tion vortices and bubbles. Further downstream, a
large dissipative zone emerged as fluctuations de-
creased significantly and the free surface became
almost horizontal. Murzyn et al. (2007) contin-
ued the work of Mouaze et al. (2005) but with
a different experimental technique (wire gauges)
and came to a similar conclusion. Kucukali and
Chanson (2008) investigated free surface fluctua-
tions in hydraulic jumps with slightly larger in-
flow Froude number (4.7 < Fr1 < 8.5) than pre-
vious studies using ultrasonic displacement me-
ters, see the extended report Kucukali and Chanson
(2007). Yet again, data of the mean free surface
elevation showed a gradual increase towards the
theoretical value in the downstream direction and
the peak in standard deviation was typically found
at 10 ≤ (x− x1)/d1 ≤ 15. Murzyn and Chanson
(2009) (see extended report Murzyn and Chanson
(2007)) used the same set-up and measuring appa-
ratus as Kucukali and Chanson (2008) and showed
that the maximum standard deviation of free sur-
face fluctuations was best correlated by the function

(
η′

d1

)
max

= 0.116(Fr1 −1)1.235 , (4)

where η′ is the standard deviation of free sur-
face fluctuations. Fast Fourier Transform (FFT)
analysis of the displacement meter output sig-
nal indicated dominant frequencies in the range
of 1 − 4 Hz and a minor tendency of the fre-
quency to decrease in the downstream direction
was noted. Murzyn and Chanson (2009) showed
also that the dimensionless Strouhal number St =
( f d1)/v1, where f is the frequency, decreased
rapidly with increasing Reynolds number Re =
(v1d1)/ν. More recently, Chachereau and Chan-
son (2011) (see extended report Chachereau and
Chanson (2010)) investigate hydraulic jumps with
relatively small Fr (2.4 < Fr1 < 5.1) and large
Re
(
6.6∗104 < Re < 1.3∗105

)
with acoustic dis-

placement meters as the previously two studies.
Similar conclusions were made as for the above
studies regarding the mean and standard deviation
of the free surface elevation as well as the free sur-
face fluctuation frequencies. However, the St f s for
the free surface showed a minor decrease with in-
creasing Fr and data was best correlated by

St f s = 0.143exp(−0.27Fr1) (5)

in the range 2.4 < Fr1 < 6.5.

Modelling of highly disturbed aerated free surface
flows such as hydraulic jumps, is complex when

grid based method is used Violeau (2012). Se-
vere problems with mesh entanglement and deter-
mination of the free surface have been encoun-
tered Scardovelli and Zaleski (1999). The mesh-
free, Lagrangian particle based method Smooth
Particle Hydrodynamic (SPH) has shown to be a
good alternative to grid based methods to over-
come such problems Gomez-Gesteira et al. (2010)
and Monaghan (2012). The technique was first
proposed independently by Lucy (1977) and Gin-
gold and Monaghan (1977) in the late seventies to
solve astrophysical problems in three-dimensional
open spaces. Today, the SPH method has been
applied to a number of fields and problems Mon-
aghan (2012) and the maturity of the method has
increased significantly. A major advantage of SPH
is that the method is mesh-free, thus considerable
time is saved as compared to methods that need
a predefined mesh. However, as the SPH is rela-
tively unexplored as compared to traditional finite
volume methods (FVM) or finite element method
(FEM) methods there are some areas that still need
considerable attention. For instance, wall bound-
ary conditions are generally difficult to set in SPH
as they do not appear in a natural way within the
SPH formalism. Furthermore, the SPH method is
typically slower computational wise since the time
step depends on the speed of sound and the explicit
integration techniques used.

A few papers have been devoted to SPH modelling
of hydraulic jumps. López et al. (2010) investi-
gated the capability of the SPH method to repro-
duce mobile hydraulic jumps with different inflow
Fr. The 2D geometrical set-up composed of a tank
and a gate, through which water discharged into
a stilling basin where a weir triggered the jumps.
Good agreement with experimental and theoretical
results was shown for Fr less than five. Jonsson
et al. (2011) investigated the effects of altering the
spatial resolution of the SPH particles and its im-
pact on hydraulic jump behaviour. Good agreement
for the conjugate depth d2 when comparing with the
theoretical value was obtained for all cases. Fed-
erico et al. (2012) developed a 2D SPH model to
enforce inlet and outlet boundary conditions and
demonstrated through three cases, one being a hy-
draulic jump test case, the general ability of the
SPH method to handle uniform, non-uniform and
unsteady flows. By implementing inlet and outlet
boundary conditions, the use of a tank and gate as
well as a weir was no longer necessary hence im-
proving the efficiency of the computation. Several
jumps with different Fr were investigated and good
agreement when compared with theoretical values
was found for the conjugate depth d2. Furthermore,
good agreement was obtained for the internal ve-
locity field when compared with the experimental
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work by Hornung et al. (1995) although the size of
the vortex structures was generally over predicted.
Chern and Syamsuri (2013) displayed the possibil-
ity to investigate the effects of a corrugated bed
on the hydraulic jump characteristics using SPH.
The geometrical setup was similar to the one used
by López et al. (2010) but a more sophisticated
method to model turbulence was employed, namely
the laminar and subparticle scale (SPS) technique.
Several corrugated bed types were investigated and
evaluated using the conjugate depth ratio, jump
length, bottom shear stress distribution and the en-
ergy dissipation. Padova et al. (2013) investigated
3D undular hydraulic jumps influenced by waves
generated at the channel walls. The results showed
a reasonable agreement in terms of time-average
water depths and longitudinal velocity components.
However, poor agreement was found for the predic-
tion of the inclination of the oblique wave front and
Padova et al. (2013) argued that this is possibly an
effect of the wall boundary conditions used.

Based on the previous studies presented above, this
paper focus on the impact of the spatial resolution
of the SPH particles to accurately reproduce the
conjugate depth d2. Furthermore, the internal ve-
locity field as well as free surface fluctuations will
be investigated and compared with experimental re-
sults using the SPH method.

2. METHOD

2.1 Governing Equations

In the SPH-method, the fluid domain is represented
by a set of non-connected particles which possess
individual material properties, e.g. density, veloc-
ity and pressure Liu and Liu (2003). Besides repre-
senting the problem domain and acting as informa-
tion carriers the particles also act as the computa-
tional frame for the field function approximations.
As the particles move with the fluid their material
properties changes as a function of time and spatial
co-ordinate due to interactions with neighbouring
particles. In the following text, the superscripts α
and β are used to denote coordinate directions and
the subscripts i and j denotes particle indices. The
continuity and momentum equations can be written
in the SPH formalism according to,

dρi

dt
= ρi

N

∑
j=1

m j

ρ j
vi jAi j (6)

dvα

dt
(xi) =

N

∑
j=1

m j

(
σα,β(xi)

ρiρ j
Ai j − σα,β(x j)

ρiρ j
A ji

)
+g (7)

where ρ is the density, m is the particle mass, g
is the acceleration due to gravity and xi and vi j =
vi − v j is the position and the velocity vector re-
spectively. The Ai j term in Eq. (7) is the gradient
of the kernel function, i.e.

Ai j =
1

hdim+1 θ′ (R) (8)

where the kernel function is

W (R) =
1

hdim θ(R). (9)

In both Eq. (8) and (9), h is the smoothing length,
R= ||xi−x j||/h is the normalized distance between
two particles, dim is the number of space dimen-
sions and θ′ is the derivative of

θ(R) =Cdim

⎧⎨
⎩

1− 3
2 R2 + 3

4 R3 R < 1
1
4 (2−R)3 1 ≤ R < 2

0 R ≥ 2
(10)

where Cdim is a constant of normalization defined
for one-, two- and three dimensional spaces as;
C1D = 3/2, C2D = 45/(14π) and C3D = 9/(4π). By
choosing θ according to Eq. (10) the the commonly
used cubic B-spline kernel is obtained. The total
stress tensor σα,β in Eq. (7) is made up from two
parts, the isotropic pressure p and the deviatoric
viscous stress τα,β according to

σα,β =−pδα,β + τα,β. (11)

The NULL material model implemented in software
package LS-DYNA defines the deviatoric viscous
stress as

τα,β = μεα,β (12)

where εα,β is the deviatoric strain rate. By setting
the dynamics viscosity μ to zero the total stress ten-
sor reduces to −pδα,β, where p is defined by an
equation-of-state (EOS). The EOS relates density
variation to pressure as

p = c2
0 (ρi −ρ0) (13)

where c0 is the adiabatic speed of sound and ρ0 is
the initial density. By using the Linear Polynomial
EOS implemented in LS-DYNA as,

pi =C1 +C2μD +C3μ2
D +C4μ3

D+(
C5 +C6μD +C7μ2

D
)

E
(14)

where μD = ρi/ρ0−1 and setting C2 = c2
0ρ0 and the

other constants Cx to zero Eq. (13) is obtained.
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The artificial viscosity proposed by Monaghan
(1992) is implemented as

Πi j =

{ −q1ci jφi j+q2φ2
i j

ρi j
vi jri j < 0

0 vi jri j > 0
(15)

where

φi j =
hvi jri j

r2
i j +0.01h2

, (16)

q1 and q2 are constants, ri j = ri − r j is the distance
vector and ci j = (ci + c j)/2 and ρi j = (ρi +ρ j)/2
are the mean speed of sound and density, respec-
tively. If the smoothing length h is dynamic, h =
hi j = (hi +h j)/2. The term 0.01h2 is used to avoid
the denominator to go to zero. In literature, many
authors suggest setting q1 in the range [0.01,0.1]
and q2 = 0 Dalrymple and Rogers (2006) and Mon-
aghan (1994). Following Jonsson et al. (2015), the
artificial viscosity constants are set to q1 = 0.1 and
q2 = 0. With the reduction of the total stress ten-
sor, the inclusion of the artificial viscosity term to-
gether with the symmetric properties of the Ai j term
(Ai j =−A ji), the momentum equation reduces to
the familiar expression,

dvα

dt
(xi) =

−
N

∑
j=1

m j

(
pi

ρiρ j
+

p j

ρiρ j
+Πi j

)
Ai j +g (17)

A first order time integration scheme is used and the
time step is determined according to,

δt =Cc f l min
(

hi

ci + vi

)
(18)

where Cc f l is the Courant coefficient usually set
equal to unity.

2.2 Boundary Conditions

Wall boundaries were modelled as rigid shell finite
elements and the coupling between the boundaries
and the SPH-particles are governed by a penalty
based “node-to-surface” contact-algorithm Jonsén
et al. (2012) and Jonsson et al. (2015). This is a
so-called one-way contact where the SPH particles
are defined as the slave side and the FEM elements
as master side. In applying the penalty method, the
slave nodes are checked for penetration through the
master surface. If a slave node has penetrated, an
interface spring is placed between the master sur-
face and the node. The spring stiffness is chosen
approximately in the order of magnitude as the stiff-
ness of the interface element normal to the inter-
face. The resultant force applied to the SPH par-
ticle in the normal direction of the FEM element

Fig. 2. Geometrical setup.

is proportional to the amount of penetration. As
the normal component is considered only the wall
boundaries are frictionless. This approach can be
compared with the Lennard-Jones-type boundary
condition where a central force is applied to fluid
particles Monaghan (1994).

2.3 Geometrical and Numerical setup

A two dimensional horizontal spillway channel and
hydraulic jump is investigated in present work with
a single phase (water) model. The geometrical
setup is shown in Fig. 2, where the water en-
ters the domain with an prescribed inlet velocity
of v1 = 1.5 m/s. All particles entering the domain
throughout the entire simulation are placed in an
ordered configuration outside the point of entry, i.e.
the inlet. The depth d1 of the incoming jet is set
equal to 2∗10−2 m, thus generating a supercritical
flow with Froude number Fr1 ≈ 3.4. Furthermore,
above the inlet a gate is placed to hinder particles
from leaving the computational domain in the up-
stream direction. The stilling basin located between
the inlet and the weir measures 1.1 m and is ini-
tially filled to a depth equal to the weir height, i.e.
d1. Both the pre-filled zone and the weir are intro-
duced in order to trigger the hydraulic jump faster.
The computational box illustrated in Fig. 2 (dotted
line) is included to determine which SPH particles
are activated and deactivated. Nodes located inside
the box are activated and the governing equations
are solved. Deactivated particles or nodes outside
the box maintain the state from previous active time
step or the externally imposed state and hence the
governing equations are not solved for these parti-
cles. Thus the boundary of the computational box
can be used as an outlet if placed properly. Here,
the computational box dimensions was set accord-
ing to 0 ≤ x ≤ 1.9 and −0.1 ≤ y ≤ 0.5.

Table 1 Properties of the simulation cases.
Cases Nr. of Nr. of Compute

(sim. time) Particles Cores Time [h]
d1/4 (30s) 36879 8 114
d1/5 (5s) 10749 8 9
d1/6 (5s) 15479 16 26

d1/10 (5s) 42999 12 114
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All SPH particles were initially placed on a struc-
tured grid and the initial density ρ0 was set equal to
1000 kg/m3. Usually, c0 is reduced to 10 times the
maximum flow velocity Monaghan (1994). How-
ever, initial results showed severe compressible ef-
fects and contact instabilities, hence c0 was set
equal to the adiabatic speed of sound of 1484 m/s.
In order to investigate the influence of altering
the number of nodes representing the system, four
cases with different spatial resolution was set up.
Here, the characteristic length scale was chosen to
the incoming jet depth d1 and consequently, the
SPH spatial resolution was set equal to d1/4, d1/5,
d1/6 and d1/10. The length of the rigid shell finite
elements is set equal to half the initial SPH spatial
resolution and thus varies for each case. A static
smoothing length of 1.2 times the initial interparti-
cal spacing was used for all cases, see Jonsson et al.
(2015). All cases was run for 5 s except the coarsest
which was run for 30 s, see Table 1. Furthermore,
data was saved at each 0.01 s.

All simulations were conducted using the nonlinear
finite element code LSTC LS-DYNA v. 971 R7.0.0
on multicore Linux workstations. The post process-
ing method proposed by Jonsson et al. (2015) was
used to visualize and interpolate the SPH data. Sta-
tistical measurements of the deviations of conjugate
depth d2 were determined by the following formu-
las,

A =

√√√√√√ ∑N
i=1

(
dSPH

2,i

)2

∑N
i=1

(
dT HEORY

2,i

)2 (19)

and

P =

√√√√√√∑N
i=1

(
dSPH

2,i −dT HEORY
2,i

)2

∑N
i=1

(
dT HEORY

2,i

)2 (20)

A perfect agreement of numerical and theoretical
results implies that A → 1 and P → 0 Crespo et al.
(2008).

3. RESULT AND DISCUSSION

In Fig. 3 and Fig. 4, the absolute velocity field
for the coarsest (d1/4) and the finest (d1/10) case
is presented. As an expected result, the number of
detectable flow features increased with resolution,
compare Fig. 3 and Fig. 4. All cases showed a
similar overall behaviour which can be described
as follows. During the initial time steps, the station-
ary fluid in the stilling basin resist the fast incoming
jet thus creating a “mushroom-like” wave similar to
the wave created in dam break flows over a wet bed,

Fig. 3. Absolute velocity field [m/s] for case d1/4,
0 s to 5 s.

Fig. 4. Absolute velocity field [m/s] for case
d1/10, 0 s to 5 s.

see Stansby et al. (1998) and Jánosi et al. (2004).
The wave breaks in both up- and downstream di-
rections and forms a moving hydraulic jump. The
jump propagates in the downstream direction un-
til it reaches the weir, see Fig. 3-4 at 2 s. Dur-
ing this phase a minor difference the position of the
jump toe is seen among the cases. At the weir, a
bulking effect with linear increase of the free sur-
face is observed and the jump toe shifts propaga-
tion direction, compare Fig. 3-4 and Fig. 5. As
the jump shift to an upstream propagation direc-
tion the difference of the position of the jump toe
increases. The more refined cases show a lower
upstream propagation rate compared to the less re-
fined. It is assumed, however, that the propaga-
tion rate is not zero and thus the more refined cases
would have reached the gate eventually if the sim-
ulation time was increased. The coarsest case d1/4
which was set up to run until 30 s, continues to
propagate upstream until approximately 11 s when
it reaches the gate and inlet. Past 11 s, a quasi-
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Fig. 5. Dimensionless conjugate depth
d2,SPH/d2,T HEORY as a function of time. Above (A)
all cases 0 s to 5 s and below (B) case d1/4, 0 s to
30 s.

stationary state is obtained. Generally, for experi-
mental studies (e.g. Kucukali and Chanson (2008)
and Murzyn and Chanson (2009)) the jump toe be-
comes quasi-stationary at a certain distance down-
stream the inlet after an initial transient phase and
not at the inlet itself. The continuing propagation
of the jump toe in the upstream direction shown
for the numerical results might be explained by the
frictionless contact algorithm used in the model. In
all cases, especially the coarser ones, a “artificial”
boundary layer close to the bottom seems to affect
the jet behaviour, see Fig. 3 at 1 s and Fig. 6.
However, this should not be interpreted as an ac-
tual boundary layer. It is more likely an effect of
the truncated kernel domain due to the lack of SPH
nodes outside the boundary. Considerable research
has been devoted to this topic and a possible so-
lution is the use of a different boundary condition
such as the ghost particle Randles and Libersky
(1996), the repulsive particle Monaghan (1994) or
the dynamic particle method Crespo et al. (2007).
Furthermore, the various density filters and kernel
and kernel gradient correction methods proposed in
literature (e.g. Bonet and Lok (1999)) may also be
applied to reduce these unwanted effects. In Fig. 5,
the dimensionless conjugate depth d2,sph/d2,theory
as a function of time is shown. The position were
the depth was sampled (x = 1 m) was chosen to not
include the effects from the weir as the flow depth
is reduced to meet continuity, see for instance Fig.
4. Good agreement is obtained for the conjugate
depth which is comparable to the results of López
et al. (2010), Jonsson et al. (2011) and Federico
et al. (2012). At roughly 0.8 s, d2 increases rapidly
followed by the linear increase, see Fig. 5 A. The
maximum depth is also visible followed by the re-
lease of water in the upstream direction. Beyond
2.5 s, there is an oscillatory behaviour of the nu-
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Vertical velocity distribution x=[0,1]
First non−negative vertical velocity at x=0.2235 m
Maximum velocity V

max

Fig. 6. Dimensionless average vertical velocity
distribution vx/v1 as a function of y/d1.

merical depth for all cases around the theoretical
value, determined by Eq. (1).

In Fig. 5 B, the dimensionless conjugate depth
d2,sph/d2,theory for the d1/4 case is shown only. As
mentioned above, the jump toe reaches the gate and
the inlet at approximately 11 s which is indicated
by a slight increase of the depth. Statistical mea-
sures, A and P, of the behaviour of the dimension-
less conjugate depth for the four cases is obtained
by applying Eq. (19) and Eq. (20), see Table 2.

Table 2 Statistical measures A and P (Eq. (19)
and Eq. (20)) of the conjugate depth d2 at

location x = 1 m.
Case (interval) A P

d1/4 (2.5s−5s) 0.969 0.049
d1/5 (2.5s−5s) 0.986 0.041
d1/6 (2.5s−5s) 0.968 0.077

d1/10 (2.5s−5s) 0.936 0.119
d1/4 (15s−30s) 1.041 0.045

To exclude the initial transient phase, data was col-
lected in the time interval 2.5 s to 5.0 s for all cases
and in the interval 15 s to 30 s for the d1/4 case.
Generally, good agreement is obtained. Otherwise,
higher resolution seems to increase the error which
yet again is likely to be coupled with the number of
flow features resolved. Jonsson et al. (2011) and
Jonsson et al. (2015) reported similar behaviours.
Henceforth, data from the coarsest case d1/4 in the
time interval 15 s to 30 s (the quasi-stationary state)
will be discussed. In Fig 6, the dimensionless time
average vertical velocity distribution in the down-
stream direction is shown where black lines repre-
sents data each 0.025 m in the interval 0 < x < 1 m.
The incoming jet together with the recirculation
zone represented by the negative values for the first
steps in the downstream direction is visible. These
results compare favourably with experimental re-
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Fig. 7. Longitudinal distribution of dimensionless
average maximum velocity Vmax/v1 as function of
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toe.

sults, see for instance Lin et al. (2012) and Chanson
(2010). Further downstream, the jet weakens and
the velocity profile becomes almost uniform. How-
ever, two significant discrepancies are seen. Firstly,
the effects of the “boundary layer” discussed above
are seen close to the bottom. This was assumed to
be an effect of the truncated kernel and not an ac-
tual boundary layer. Secondly, the velocity profiles
collapse to zero velocity close to the free surface.
This is an effect of the interpolation and averaging
process as interpolation points outside the water are
given a value of zero.

The red line in Fig. 6 represent the first position
downstream the jump toe with non-negative aver-
age velocity in the downstream direction. Hence,
this position is interpreted as the end of the roller
section and the length of the jump. Comparing
the numerical value of the jump length Lr,SPH =
0.2235 m with theoretical value Lr,T HEORY =
0.2988 m by using Eq. (2) a −25 % discrepancy is
obtained. The blue star markers in Fig. 6 represent
the average maximum velocity Vmax in the down-
stream direction which can be compared with the
empirical function (Eq. (3)) obtained by Chanson
(2010), see Fig. 7. The jump toe position x1 for the
SPH results was assumed to be zero, i.e. x1 = 0. As
can be seen in Fig. 7, Vmax decreases rapidly down-
stream indicating a too dissipative zone as com-
pared with the empirical function. A lower value
of the artificial viscosity constant q1 or a more so-
phisticated viscosity model might improve this be-
haviour. Beyond (x− x1)/d1 = 20, Vmax stabilizes
and a more uniform velocity field is achieved. A
minor tendency of Vmax to increase is also observed
which can be explained by the influence of the weir,
as discussed above.

As mentioned in the introductory section, several
authors have commented on the existence and the
implication of large vortex structures and its effect

0 0.1 0.2 0.3 0.4 0.5 0.6
X [m]

Fig. 8. Snapshot of vortices in the roller region
downstream of the inlet (inlet position at x = 0 m)
visualized by streamlines (blue) and free surface
waves caused by active vortex (red) and decaying
vortex (green).
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Fig. 9. A comparison of numerical and exper-
imental results of the dimensionless timeaverage
free surface profile η/d1 as function of dimension-
less distance (x− x1)/d1 from the jump toe. Ref 1
Kucukali and Chanson (2007), ref 2 Murzyn and
Chanson (2007), ref 3 Chachereau and Chanson
(2010) and ref 4 (present study).

on the free surface in the roller region. The vor-
tex paring mechanism and the merging with the
stationary vortex reported in Long et al. (1991)
was not observed in present results. However, in-
dividual vortices translated with increasing size in
the downstream direction in agreement with Long
et al. (1991). Figure 8 present a snapshot of the
flow structures found for the d1/4 case. The blue
lines represents streamlines and an active vortex
are seen close to the jump toe which is translat-
ing downstream as well as a decaying vortex fur-
ther downstream. The effects on the free surface
of the vortices are marked in red and green. In
Fig. 9, the dimensionless average free surface pro-
file η/d1 is shown and good agreement between
numerical and experimental results are seen, Ku-
cukali and Chanson (2007), Murzyn and Chanson
(2007) and Chachereau and Chanson (2010). A
minor over prediction of the average free surface
profile is however noted which can be coupled to
the jump toe reaching the inlet and the gate, hence,
increasing the depth as discussed above, compare
Fig. 5 B and Fig. 9. Figure 10 presents the
dimensionless standard deviation of the free sur-
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Fig. 11. Numerical and experimental re-
sults of maximum dimensionless standard deviation
(η′/d1)max as a function of the Froude number Fr1.

face fluctuations η′/d1 which indicate a minor un-
der prediction as compared to the experimental re-
sults. Also, the peak is shifted in the downstream
direction. A plausible explanation is that a single
phase model is used where the dissipative contribu-
tion from the air bubbles and turbulence is not ac-
curately included and thus vortex breakup and dif-
fusion occurs further downstream. However, when
investigating the dimensionless maximum standard
deviation (η′/d1)max as function of Froude num-
ber Fr1 a good agreement with experimental results
and the empirical function Eq. (4) is observed, see
Fig 11. A Fast Fourier Transform (FFT) analysis
of the numerical depth at several positions down-
stream the jump toe was conducted. Figure 12
presents a typical output which can be compared
with outcomes from similar analysis of experimen-
tal data, see for instance Chachereau and Chanson
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Fig. 12. Typical output of the FFT analysis based
on the SPH data. Here, case d1/4 at (x− x1)/d1 =
8.75.
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Fig. 13. Numerical and experimental results of free
surface fluctuation frequency Ff s Hz as function of
the dimensionless distance downstream of the jump
toe (x− x1)/d1.

(2010). The spectral analysis showed dominant fre-
quencies in the range 2 − 5 Hz and a significant
peak at approximately 3.5 Hz which is in agree-
ment with experimental observations, see Kucukali
and Chanson (2007), Murzyn and Chanson (2007)
and Chachereau and Chanson (2010). Figure 13
presents the characteristic free surface fluctuation
frequency Ff s as function of the dimensionless dis-
tance downstream the jump toe (x − x1)/d1. In
the experiments, the FFT analysis indicated several
characteristic frequencies which here are shown as
both individual dots and lines. For the numerical
results, the characteristic frequency is shown only.
Two trends are observed in Fig. 13. Firstly, the
numerical result over-predicts the significant fre-
quency. Still it should be noted, that the intensity
or amplitude was greatly reduced in the horizontal
direction for the FFT outcome but the most signif-
icant frequency was still at approximately 3.5 Hz.
Secondly, the general trend of decreasing frequency
in the downstream direction observed for the exper-
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Fig. 14. Numerical and experimental results of free
surface fluctuation Strouhal number St f s as function
of Froude number Fr1.

imental data is not captured by the SPH model. Yet
again, the single phase model could be a plausible
explanation to this behaviour causing elevated vor-
tex generation rates and as a consequence too high
free surface fluctuation frequencies.

Figure 14 presents the dimensionless Strouhal num-
ber St f s as function of the inflow Froude number
Fr1. A minor under prediction of St f s is observed
when comparing with the empirical function Eq.
(5) proposed by Chachereau and Chanson (2010),
however, numerical results are within the experi-
mental range.

4. CONCLUSION

Two dimensional hydraulic jumps have been in-
vestigated in present work using the meshfree, La-
grangian particle based method Smoothed Particle
Hydrodynamics. Four cases with different spatial
resolution of the SPH particles was set up and as a
general result more flow features was observed for
the highly resolved cases. All cases showed a ten-
dency to propagate in the upstream direction, which
was assumed to be a consequence of the frictionless
boundary condition used. Furthermore, a “artifi-
cial” boundary layer was observed close to the bot-
tom which affected the incoming jet and was likely
caused by the truncated kernel due to the lack of
SPH nodes outside the boundary. The conjugate
depth d2 was compared with the theoretical value
for the various spatial resolutions and good agree-
ment was achieved. For the coarsest case which
was run for 30 s, additional features was investi-
gated as a quasi-stationary state was reached past
11 s. The vertical velocity distribution compared
fairly good with experimental results even though
the length of the jump was under predicted by
roughly 25 %. The maximum velocity in horizon-
tal direction indicated a too dissipative zone past

the roller which is likely caused by the viscosity
model used. The investigation of vortex structures
and its effect on the free surface showed generally
good agreement for the mean and the standard de-
viation, even though the peak in the standard de-
viation occurred further downstream as compared
to the experimental results. However, when com-
paring the maximum standard deviation as function
of the Froude number a favourable result was ob-
tained. The investigation of free surface fluctua-
tion frequencies indicated a general over prediction
of frequencies and that the longitudinal decay was
not captured by the SPH model. Also, a minor un-
der estimation of the Strouhal number was obtained
even though the outcome was within the range of
experiments.

This work has shown that it is possible to inves-
tigate the dynamics of the internal velocity field
and its impact on the free surface in a hydraulic
jump using a relative simple and coarse SPH model.
However, a future study focusing on highly refined
cases and a more sophisticated viscosity model
would be interesting.
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Abstract

The natural phenomena hydraulic jump that is commonly used in

spillways as an energy dissipater coupled to hydropower applica-

tions has been investigated with Smoothed Particle Hydrodynam-

ics. A new approach is applied based on a periodic open boundary

condition. The geometrical setup consists of a horizontal stilling

basin and a tank. The tank provides a hydraulic head and in turn

a specific flow through the gate, and a downstream condition in

terms of a depth for the jump. The gate elevation has a major im-

pact and was calibrated to ensure a correct flow, when compared

to experiments. With the proper flow rate, the position of the

jump toe was significantly improved. However, for high Froude

number cases the position was still too close to the gate but could

be improved by including a correction based on the length of the

jump. The depths in both the super- and subcritical zones was in

1



good agreement with experiments and previous numerical studies.

Furthermore, the Froude number was in-line with the definition of

super- and subcritical flows.

Keywords: smoothed particles hydrodynamics, sph, hydraulic jump,

hydraulic design, periodic open boundary

1 Introduction

Hydraulic jumps denotes the transition from supercritical to subcritical

conditions in open channel flow. High kinetic supercritical flow trans-

forms to a high head, low velocity flow in an abrupt and often chaotic

manner. For large Reynolds (Re) numbers, this transition is highly tur-

bulent where the air-water interface becomes a violent mixture of bub-

bles and splashing. In hydropower spillways the Re is usually very high.

Still hydraulic jumps are frequently used to dissipate the large amounts

of kinetic energy released when spillways are engaged. Obviously, such

dissipaters must be design with care to keep the violent energy tran-

sition within a designated space and still be strong enough to handle

the flow. Therefore, a physical scaled model is often used to validate

the design of these structures. However, manufacturing difficulties and

costs related to the validation can be significant. Mathematical models

and simulations of spillway flows might simplify the validation process.

The common Eulerian and mesh-based Finite Volume- (FVM) or Finite

Element (FEM) methods coupled with either Volume-of-Fluid (VoF) or

Level-Set (LS) methods can be difficult to use for highly disturbed free-

surface flows such in hydraulic jumps [1, 2]. Instead, the Lagrangian

and meshless method Smoothed Particle Hydrodynamics (SPH) is con-

sidered in this study. The SPH method has shown great potential when

studying highly disturbed free-surface flows, as no specific condition for

the free surface or a computational mesh is needed. However, less efforts

has been focused on the method compared to the common FVM/FEM
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and some areas need to be improved. One such area is how bound-

ary conditions are implemented and applied, especially inlet and outlet

conditions.

Two main approaches have ben used to study hydraulic jumps using

SPH. The first is the Tank approach [3, 4] and the second is the Inlet

and Outlet approach [5, 6]. Both methods impose their own benefits and

drawbacks. For the Tank method, the computational domain is usually

divided into three zones. Namely, the upstream tank, the stilling basin

and the downstream reservoir. A trade off between a stable inlet velocity

and the size of the tank and thus the number of particles is necessary. If

a reasonable computational time is to be obtained the upstream reser-

voir must be limited, imposing a continuously decreasing inlet velocity

and in turn a non-stationary hydraulic jump. A major benefit of us-

ing this method is that the number of particles is fixed throughout the

entire simulation and simple code-structures can be applied. Further-

more, open source codes is available when employing this technique, e.g.

[7],[8], [9] or [10]. The second approach is the Inlet and Outlet pre-

sented in [5] and partly based on the boundary condition introduced in

[11]. In this approach, the computational domain can be focused to the

stilling basin as the upstream and downstream reservoir are no longer

necessary. Instead, a narrow inlet and outlet zone is placed upstream

and downstream of the computational domain. Different alternatives

are available of how to impose inlet and outlet conditions in these zones.

Federico et al. [5] specified both a velocity and depth for both the inlet

and outlet to generate super- and sub-critical flow conditions. This ap-

proach proved to be more efficient as particles are focused to a specific

region and the inlet velocity is fixed and stable throughout the entire

simulation. However, a more complicated code structure is needed to

handle the varying number of particles throughout the simulation which

currently is not available in open source codes.

A new alternative approach to the two mentioned above is the use
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of periodic open boundaries. Essentially, particles close to a periodic

boundary interacts with particles near a complimentary periodic bound-

ary. Also, if a particle leaves the computational domain, it is reintro-

duced at the complementary boundary. Potentially, more particles can

be focused to the stilling basin as the upstream and downstream tank

could be reduced or merged when using the periodic open boundary

condition. Also, the inlet velocity is presumed to become more stable

compared to the Tank approach but the efficiency and stability of the

Inlet and Outlet approach will not be obtained. An advantage is still

that, there is no need for a complex code-structure as the number of par-

ticle is fixed and periodic open boundaries are available in open source

codes, e.g. [7].

The aim of this paper is to investigate the use of periodic open bound-

aries when performing hydraulic jump simulations using SPH as an al-

ternative to the Tank and Inlet and Outlet methods. Focus will be on

stability of the hydraulic jump in terms of flow rates, jump toe positions,

depths and Froude numbers up- and downstream of the jump.

2 Method

2.1 Fundamentals of SPH

SPH is a meshless Lagrangian numerical method proposed indepen-

dently by [12] and [13]. The continuous fluid domain is discretized with a

set of non-connected nodal points or particles scattered in space with no

need of a underlying grid structure, hence the term meshless. Particles

follow the fluid and interact according to the discrete Lagrangian Navier-

Stokes equations. Besides representing the fluid domain, particles carry

individual information determined by a distance based function usually

referred to as the kernel function. The fundamental principle in SPH is
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to approximate an arbitrary function f(r) by,

f(r) =

∫
f(r′)W (r− r′, h)dr′ (1)

where W (r−r′, h) is the kernel function, h is the smoothing length and r

is the position vector. The integral interpolation is further approximated

by summation interpolation,

F (ra) =
∑
b

mb

ρb
F (rb)Wab (2)

where the summation is over all neighbouring particles b. ρb and mb is

the mass and density of particle b respectively. Wab = W (rab, h) and

rab = ra − rb is the distance between particle a and b. The contribution

of each neighbouring particle b to particle a is hence weighted according

to the distance between the two particles.

2.1.1 The Kernel

The kernel function is expressed as a function of the non-dimensional

distance s between particle a and b, i.e. s = |rab|/h. Where the smooth-

ing length h determines the size of the area (in 2D) or volume (in 3D)

around particle a where neighbouring particles is considered. The Wend-

land Quintic kernel [14] is considered in this work,

Wab = αD(1− s2)4(2s+ 1) 0 ≤ s ≤ 2 (3)

where αD is equal to 7/(4πh2) in 2D and 21/(16πh3) in 3D.

2.1.2 Governing equation in SPH notation

The governing equations for viscous fluids are the continuity and mo-

mentum equation,
1

ρ

Dρ

Dt
+∇ · u = 0 (4)

Du

Dt
= −1

ρ
∇P + g + Γ (5)
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where u is the velocity vector, P is the pressure pressure, g is the ac-

celeration due to gravity and Γ are the dissipative terms. In weakly-

compressible SPH simulations, the particle mass is constant and the

density fluctuates according to the continuity Equation (4) which can

be rewritten in SPH-notations as,

dρa
dt

=
∑
b

mbuab · ∇aWab. (6)

To keep the density fluctuations from diverging, a shepard filter is ap-

plied every 40th time step to correct the density field according to,

ρnewa =
∑
b

ρbW̃ab
mb

ρb
=
∑
b

mbW̃ab (7)

where

W̃ab =
Wab∑

b

Wab
mb
ρb

(8)

which is known as a zeroth-order correction. The momentum Equation

(5) can be written in SPH-notation as,

Du

Dt
= −

∑
b

mb

(
Pb

ρ2b
+

Pa

ρ2a

)
∇aWab + g + Γ (9)

where the dissipative term Γ is usually represented by the artificial-

viscosity proposed by [15]. However, this approach can be too dissipa-

tive and effect the shear stresses in fluids [16]. Due to the shear flow

characteristics of the hydraulic jump [17, 18], the laminar viscosity and

Sub-Particle Scale (SPS) model is considered instead to handle the dis-

sipative terms [4]. Therefore, Γ in Equation (9) is divided into two

parts,

Γ = ν0∇2u+
1

ρ
∇· →

τ . (10)

The first term in Equation (10) is the laminar viscous stresses which can

be expressed in SPH notation as [19],

ν0∇2u =
∑
b

mb

(
4ν0rab · ∇aWab

(ρa + ρa)
(
r2ab + η2

)
)
uab (11)
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where ν0 = 10−6 [m2/s] is the kinematic viscosity of water and η2 =

0.01h2. The second term in Equation (10) is the SPS stress tensor and

represents the effects of turbulence. The model is based on the Large

Eddy Simulation (LES) approach and was for particle methods first

proposed by [20] for the incompressible Moving Particle Semi-implicit

(MPS) method. Lo and Shao [21] implemented the same model for in-

compressible SPH. By using Favre averaging to account for compressibil-

ity, Dalrymple and Rogers [16] introduced the SPS model into weakly-

compressible SPH by rewriting the second term in Equation (10) as,

1

ρ
∇· →

τ=
∑
b

mb

⎛
⎝→

τ
b

ij

ρ2b
+

→
τ
a

ij

ρ2a

⎞
⎠∇aWab. (12)

In Einstein notation, the shear stress component in i and j direction can

be approximated as

→
τ ij

ρ
= νt

(
2Sij − 2

3
kδij

)
− 2

3
ClΔ

2δij |Sij |2 (13)

where
→
τ ij is the sub-particle stress tensor, νt = [(CsΔl)]2 |S| is the

turbulent eddy viscosity, k the SPS turbulence kinetic energy, Cs =

0.12 the Smagorinsky constant, Cl = 0.0066, Δl the particle to particle

spacing and |S| = 0.5(2SijSij) where Sij is an element of the SPS strain

tensor. The final momentum equation can be rewritten as,

Du

Dt
=−

∑
b

mb

(
Pb

ρ2b
+

Pa

ρ2a

)
∇aWab + g

+
∑
b

mb

(
4ν0rab · ∇aWab

(ρa + ρa)
(
r2ab + η2

)
)
uab

+
∑
b

mb

⎛
⎝→

τ
b

ij

ρ2b
+

→
τ
a

ij

ρ2a

⎞
⎠∇aWab

(14)
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2.1.3 Equation of State

To avoid an expensive computation of the Poisson’s equation and to

keep the explicit nature of the method, an equation-of-state (EOS) is

used to relate the fluid pressure to local particle density [22]. Also,

the compressibility is altered implying that the speed of sound can be

artificially lowered. Therefore, a larger time step determined partly

by the Courant-Fredrich-Levy (CFL) condition can be applied. The

pressure is determined by,

P = B

[(
ρ

ρ0

)γ

− 1

]
(15)

where B = c20ρ0/γ, γ = 7, ρ0 = 1000 kg/m3 is the reference density of

water and c0 = c(ρ0) =
√

(∂P/∂ρ) is the speed of sound at the reference

density [23]. The reference speed of sound c0 was set to ten times the

maximum fluid velocity based on the depth in the tank in order to keep

the density variation within 1%.

2.1.4 Time stepping

The explicit, second-order (in time), predictor-corrector based Symplec-

tic algorithm is used for time integration [7]. For explicit time integra-

tion scheme the time step is dependent on the CFL-number mentioned

above. However, further restrictions is put on the time step which is

determined according to

Δt = Ct ·min (Δtf ,Δtcv) (16)

where Ct = 0.2 is a constant,

Δtf = min
(√

h/|fa|
)

(17)

is based on the force per unit mass |fa| and

Δtcv = mina

⎛
⎜⎜⎝ h

cs +maxb

∣∣∣∣ huab·rab
(r2ab+η2)

∣∣∣∣

⎞
⎟⎟⎠ (18)
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which combines the CFL and a viscous condition [24].

2.1.5 Particle motion

In order to obtain a more ordered flow and to prevent particle penetra-

tion, the XSPH method proposed by [25] is used for moving the particles,

i.e.
dra
dt

= ua + ε
∑
b

mb

ρ̄ab
uabWab (19)

where ε = 0.5 and ρ̄ab = (ρa + ρb)/2.

2.1.6 Wall boundary condition

The Dynamic Boundary Condition (DBC) proposed by [26] is applied

for impermeable solid walls. The boundary is populated by particles in

three non-staggered rows to insure that fluid particles is not penetrating

the boundaries and a complete coverage of the kernel compact support.

Wall particles satisfy the same equations as fluid particles but are fixed

in space. The fundamental principal of the method is that when a fluid

particle approaches a fixed wall particle density increases and by the

EOS the pressure increase. Due to the pressure term in the momentum

equation, the pressure increase results in a repulsive force between the

particles.

2.1.7 Periodic open boundary condition

Several variates of the periodic boundary condition are available. How-

ever, the essence is that particles close to a periodic boundary interacts

with particles near a complimentary boundary. Thus, information is

spreading both ways. Furthermore, if a particle leaves the computa-

tional domain through an open boundary the particle is reintroduced

at the complementary boundary. During the reintroduction step, par-

ticle coordinates are changed with fixed values and other variables e.g.

velocity are kept unchanged.
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Table 1: Experimental data by [27]. Qexp flow rate, d1,exp water depth im-

mediately upstream of the jump toe, Fr1,exp upstream Fr, d2,exp water depth

immediately downstream of the jump toe.

Qexp d1,exp Fr1,exp d2,exp

CASE [m3/s] [m] [−] [m]

1 0.033 0.042 2.4 0.1247

2 0.0365 0.0425 2.7 0.1414

3 0.04 0.0438 2.8 0.1576

4 0.0446 0.0454 2.9 0.1785

5 0.0468 0.0444 3.2 0.187

6 0.049 0.0442 3.4 0.1963

7 0.0515 0.0412 3.9 0.2068

8 0.0545 0.043 4.4 0.219

9 0.0573 0.0378 5 0.235

10 0.0627 0.0395 5.1 0.257

2.2 Geometrical- and Numerical-model

The geometrical setup is based on the experimental study by [28] and

the extended report [27]. Several hydraulic jumps with Froude number

(Fr = u/
√
gd) ranging between 2.4 to 5.1 were investigated in a rect-

angular channel. The flume used in the experiments had a width of

Bexp = 0.5 m, a flume length of 3.2 m and the height of the side walls

measured 0.45 m. The gate elevation above the flume bottom was fixed

at hexp = 0.036 m and the jump toe was positioned at x1,exp = 1.5 m

downstream of the gate for all cases. Chachereau and Chanson [28, 27]

focused on turbulent fluctuations and air-water flow measurements but

included bulk features of the jumps, e.g. jump toe position and conju-

gate depth. See Table (1) for experimental data.
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Figure 1: Schematic figure of the geometrical setup. Solid black lines indicates

solid walls, dashed blue lines the initial free surface and dashed red lines show

the position of the periodic open boundaries. The right periodic boundary is

offset slightly for clarity.

Two dimensional hydraulic jump simulations is considered only. There-

fore, the flume geometry could be simplified but the flume length was

kept as in experiments. A schematic figure of the problem setup can be

seen in Figure (1).

Compared to the Tank approach, the domain has been rearranged

to focus on the hydraulic jump. The flow enters the domain from the

left periodic boundary and a hydraulic jump forms in the horizontal

stilling basin. Past the stilling basin, the flow enters the tank which

has been merged with the downstream reservoir. The tank not only

provides a hydraulic head and in turn a specific flow through the gate

but also specifies a downstream condition in terms of a depth for the

jump. As the flow passes the gate and the right periodic boundary, it

is reintroduced at the left periodic boundary and the process repeats.

Federico et al. [5], initialised the jump using a step of the free surface to

stabilize the jump faster and we follow a similar approach. The initial
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values of the variables in Figure (1) are summarized in Table (2).

The depth d3 in the tank is based on an ideal Bernoulli assumption

and can be rewritten in experimental notations as,

d3 =
Q2

exp

2gB2
exph

2
exp

+ hexp. (20)

The height difference between the stilling basin and the tank bottom is

then Lstep = d3 − d2. The gate elevation hexp is as in the experiments

fixed for all cases and is considered as a narrow yet important section.

It is crucial to model this section as accurately as possible due to the

overall impact on flow characteristics. The initial spacing between SPH

particles dp is therefore based on the gate opening, i.e. dp = hexp/5.

Furthermore, the smoothing length h = 1.2dp, the gravitational acceler-

ation g = 9.81 m/s2 and each simulation was run until 100 s and saved

every 0.1 s. The number of particles ranged between 13000 and 32000

for case 1 to 10. All simulation was performed using DualSPHysics v.

3.0 (http://www.dual.sphysics.org/) [7] on several Cuda-devices (GTX

TITAN, Quadro K4000 and Quadro 4000).

Table 2: Initial values of geometrical parameters given in Figure (1).

Variable Lbasin[m] Ltank[m] Lopen[m] Ljump[m] d1[m] d2[m]

Value 3.2 Lbasin/2 hexp x1,exp hexp d2,exp

2.3 Postprocessing

Two main post-processing methods was considered. Firstly, the flow

rate is obtained by counting the number of particles that are reintro-

duced at the inlet by the periodic open boundary condition between two

consecutive saved time steps. By scaling this value with the initial SPH

particle volume Va the flow rate q [m3/(s,m)] can be obtained, i.e.

q =
Number of particles

Δt
Va (21)
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where Va = ma/ρa = (ρadp
2)/ρa = dp2 and Δt = 0.1 s. Secondly, the

SPH particle mass is interpolated to points on multiple lines for the free

surface position. For each interpolation point the mass mint is given by,

mint =

∑
bmbWab∑
bWab

(22)

where Wab is the Wendland kernel Equation (3) and the smoothing

length h = 1.0dp. The position of the free surface is considered to

be where the interpolated mass is half of the SPH particle mass, i.e.

mint = msph/2. The considered validation parameters are the flow rate

q, the position of the jump toe x1 and the depth d in the super- and

sub-critical zone, see Figure (2).

Figure 2: The black lines show the positions were the validation parameters

was calculated. Here, case 5 is shown where particles color indicate velocity

magnitudes between 0 and 2 m/s.

By combining the obtained flow and depth the Fr in each zone can be

calculated and is considered as a validation parameter as well. The vali-

dation parameters, the positions and scaling parameters are summarized

in Table (3). For each parameter a mean (time average), a standard de-

viation (std) and a linear fit (linear least square) was calculated after
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an initial transient period. Several open source projects, e.g. [29], [30],

[31] and [32], was used in post-processing the SPH-data.

Table 3: Validation parameters, the position of calculation and non-

dimensional scaling parameters.

Variable Position Scaling

qsim [m3/(s,m)] domain boundaries qexp = Qexp/Bexp

x1,sim [m] z = Lstep + 1.5 Lopen x1,exp

d1,sim [m] x = 0.1 (supercritical zone) d1,exp

d2,sim [m] x = 0.9 Lbasin (subcritical zone) d2,exp

Fr1,sim [m] x = 0.1 (supercritical zone) no scaling

Fr2,sim [m] x = 0.9 Lbasin (subcritical zone) no scaling

3 Result and Discussion

Initial results with the setup discussed above showed non-satisfactory

outcomes for all cases and validation parameters. The jump toe prop-

agated upstream to the gate and the flow rate was generally underpre-

dicted by 50 %. This behaviour was assumed to be a consequence of the

wall boundary condition applied, which is known to produce unphysi-

cally larger boundary layers [33]. The overpredicted boundary layer has

a squeezing effect on the flow through the gate and as a consequence

reduces the flow rate. As the system is highly coupled, the lowered

flow rate generates an unbalance between the upstream and downstream

states. As the upstream supercritical jet is weakened, showing a lower Fr

than expected, the jump propagates upstream as the downstream con-

dition is pre-imposed at the beginning of the simulation. To overcome

this non-satisfactory behaviour other wall boundary conditions can be

applied that more accurately predict the boundary layer thickness, e.g.

[34] or [35]. However, instead of implementing a different boundary con-
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dition the simpler approach suggested in [3] is followed. The tactic is to

increase the gate opening to counteract the effects of the overpredicted

boundary layer. López et al. [3], increased the gate opening by 10 %

and obtained better results. In the present study, a 10 % increase is less

than the initial length between two SPH-particles dp and has no effect.

Instead, the new gate opening Lopen,new was increased in steps according

to Lopen,new = Lopen,initial+Copen ∗dp. Where the initial gate opening is

as above Lopen,initial = hexp and the constant Copen was altered between

zero and five, see Table (4).

Table 4: Gate elevation constant and the opening ratio.

Copen Lopen,new/Lopen,initial

0 1.0

1 1.2

2 1.4

3 1.6

4 1.8

5 2.0

All experimental cases given in Table (1) was combined with each of

the gate opening ratios in Table (4) to investigate and calibrate the flow

rate. Such simulations yields that the mean or time average value of the

flow rate increase almost linearly with opening ratio regardless of which

case that is studied, see circular marks in Figure (3).
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Figure 3: Time average (left-axis) and standard deviation (right-axis)

of non-dimensional flow qsim/qexp as function of the gate opening ratio

Lopen,new/Lopen,initial. Color indicating case number, see Table (1).

A minor increase in the spread among the cases are noticed. The std

has a tendency to increase with opening ratio and flow rate which is

expected as a more violent process is obtained. Case 1, 5 and 10 with

gate opening ratio of 1.6 are shown in Figure (4).
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Figure 4: Case 1, 5 and 10 with gate opening ratio of 1.6 after 80 s. Color

indicate velocity magnitude between 0 and 2 m/s.

The time average non-dimensional jump toe position in Figure (5)

show a similar tendency as for the flow rate, i.e. an almost linear in-

crease with opening ratio. However, a larger spread among the cases

are observed and higher numbered cases is closer to the gate then the

lower numbered ones. The std values increase just as for the flow rate

with opening ratio and higher numbered cases oscillates with a larger

amplitude compared to the lower. It should be noted that this increased

tendency for oscillations is in-line with the theory of hydraulic jumps

[17, 18] as higher case numbers is coupled with higher experimental Fr.
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Figure 5: Time average (left-axis) and standard deviation (right-axis) of non-

dimensional jump toe position x1,sim/x1,exp as function of the gate opening

ratio Lopen,new/Lopen,initial. Color indicating case number, see Table (1).

Gate opening ratios of 1.6 and 1.8 showed the most promising results

in terms of flow rates and jump toe positions and was chosen for further

studies. Firstly, the stability in time was of interest and hence the

simulation time was increased from 100 s to 200 s. Secondly, the impact

of the SPH refinement was investigated by increasing the number of

particles used, i.e. dp = hexp/10. The impact of these alterations are

compared with the initial setup for the flow rate in Figure (6) and the

jump toe position in Figure (7). Please note, SETUP A corresponds to

the initial setup, SETUP B is the increased simulation time and SETUP

C is the increased refinement.
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Figure 6: Time average (left-axis) and standard deviation (right-axis)

of non-dimensional flow qsim/qexp as function of the gate opening ratio

Lopen,new/Lopen,initial. A: initial setup compare Figure (3), B: increased simu-

lation time (200 s) and C: increased refinement (dp = hexp/10). Color indicat-

ing case number, see Table (1).

The time average values for the flow rate agree well between the

setups highlighting a stable approach. The std increases slightly for

setup B and C, when compared to setup A. Similar tendencies as in

Figure (5) are seen for the jump toe position. Higher case numbers are

closer to the gate and oscillates with a larger amplitude as the std is

larger. For the higher resolved setup C there is a minor tendency of a

larger spread in the time average and the std values. This behaviour

might be explained by the increased number of flow features resolved

which is also reported in [36, 37].
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Figure 7: Time average (left-axis) and standard deviation (right-axis) of non-

dimensional jump toe position x1,sim/x1,exp as function of the gate opening

ratio Lopen,new/Lopen,initial. A: initial setup compare Figure (5), B: increased

simulation time (200 s) and C: increased refinement (dp = hexp/10). Color

indicating case number, see Table (1).

Figure (8) shows the flow rate for Case 5 with a gate opening ratio

of 1.6 during 200 s. In addition to the time average and std values a

linear fit is represented as a red line in Figure (8). It obvious that the

value of the slope is low indicating an stable flow rate in time. The low

values of the slope is also obtained for the other cases with gate opening

ratios of 1.6 and 1.8, see Figure (9). Similar tendencies where lower case

numbers show higher slope values and vice versa was seen for the other

setups as well.
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Figure 8: Non-dimensional flow qsim/qexp as function of time. Case 5, gate

opening ratio of 1.6 and increased simulation time (200 s).

Figure 9: The linear slope of the non-dimensional flow qsim/qexp for each case

obtained from the increased simulation time setup (B).
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The behaviour of the jump toe position for case 1 and 10 is shown in

Figure (10) where the dashed lines represent the end of initial transient

period. Case 1 show a marked transient period that develops into a

quasi-stationary state in contrast to case 10. For case 10, the period is

shorter and a more violent process is observed. As mentioned above,

this behaviour is in-line with the physics of hydraulic jumps. The initial

transient time for each case is depicted in Figure (11) where the decrease

in initial transient time is clearly seen. Other setups showed similar

tendencies as the ones in Figure (10) and Figure (11).

Figure 10: Non-dimensional jump toe position x1,sim/x1,exp as function of

time. Case 1 and 10, gate opening ratio of 1.8 and increased refinement (C).

Dashed lines represent the end of initial transient period.
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Figure 11: Initial transient time for each case. Gate opening ratio of 1.6 and

1.8 with increased refinement (C).

As discussed above, the jump toe position is further upstream for

higher numbered cases, compare Figure (5) and Figure (7). In an effort

to improve this result and to test the robustness of the periodic approach

the initial position of the step of the free surface was modified, i.e. Ljump.

Since Fr and the depth in the supercritical section are known a priori

Ljump is corrected with the length of the jump. For wide (d1/B < 0.1),

horizontal and rectangular channels, the following correlation is valid,

Lr

d1
= 160 tanh

(
Fr1
20

)
− 12 2 < Fr1 < 16 (23)

where Lr is the length of the jump [38]. The initial position of the free

surface step can then be rewritten as Ljump = x1,exp + Lr/2, with the

assumption of a linear increase of the free surface from d1 to d2 over the
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distance Lr. The impact of this correction for the jump toe position is

shown in Figure (12). As can be seen, the correction primarily affects

the higher numbered cases by as much as 40 %.

Figure 12: Impact of Lr correction on the time average non-dimensional

jump toe position x1,sim/x1,exp as function of the gate opening ratio

Lopen,new/Lopen,initial. A: initial setup compare Figure (5), B: increased simu-

lation time (200 s) and C: increased refinement (dp = hexp/10). Color indicat-

ing case number, see Table (1).

The conjugate depth or the depth downstream of the jump (d2)

is a vital validation parameter and has been studied previously with

good results [3, 5, 4, 6, 36]. The depth d2 is in good agreement with

experimental values (±10 %) while the depth in the supercritical zone
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d1 is slightly overpredicted for lower SPH resolutions which probably

is an effect of the interpolation process, see Figure (13). As discussed

above, the jump toe is closer to the gate for higher numbered cases

which negatively affect the calculation of the depth in the supercritical

zone. This leads to highly over predicted depths which is especially seen

for low gate opening ratios but is also observed in Figure (13), see gate

opening ratio 1.6 and setup C.

Figure 13: Time average non-dimensional depth dsim/dexp as function of

the gate opening ratio Lopen,new/Lopen,initial. A: initial setup compare Figure

(5), B: increased simulation time (200 s) and C: increased refinement (dp =

hexp/10). Color indicating case number, see Table (1).

Figure (14) shows Fr for both the supercritical and subcritical zones.

It should be noted, that the SPH method and the periodic approach
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presented is able to produce hydraulic jumps that comply to the basic

definition. That means that the Fr is above unity in the supercritical

zone and below in the subcritical zone. This is a unique result which

has not been shown before that increase the general validity of the SPH

method. Furthermore, the lower case number agree better with exper-

imental data than the higher numbered cases. The deviation for the

higher number cases might be explained by negative effects of the jump

toe being too close the gate.

Figure 14: Time average Fr as function of the gate opening ratio

Lopen,new/Lopen,initial. A: initial setup compare Figure (5), B: increased simu-

lation time (200 s) and C: increased refinement (dp = hexp/10). Color indicat-

ing case number, see Table (1).
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To further improve the results other periodic techniques can be im-

plemented. For the present work, coordinates has been changed only

when particles are reintroduced at a complementary boundary. How-

ever, other variables can be changed too, i.e. velocity. An interesting

technique is the Translating Periodic Boundary Condition [39] which

change both coordinates and velocities and thus approaches the Inlet

and Outlet technique. However, such technique may imply a major re-

vision of the code which is out of scope for present work.

4 Conclusion

We have investigated an alternative approach to hydraulic jump SPH

simulations by applying periodic open boundaries. It is shown that

after an initial transient period the hydraulic jump move into a quasi-

stationary state being stable in time. The gate elevation has a major

impact of the behaviour of the jump as the system is highly coupled.

A calibration of the opening is essential to obtain a correct flow rate to

ensure the development of a stable hydraulic jump. With a proper flow

rate, the position of the jump toe is significantly improved. The jump

toe oscillate with a larger amplitude for higher Fr which is in-line with

the theory of hydraulic jumps and is not seen as an numerical error.

The position of the jump was further improved by introducing a correc-

tion based on the empirical correlation of the jump length. To further

investigate the robustness of the periodic approach the simulation time

and SPH resolution was increased. However, both alteration show little

impact on the overall behaviour. Both the depth in the super- and sub-

critical section show good agreement with experiments found in previous

studies. The Fr is less than unity in the subcritical region and above

unity in the supercritical being in agreement with the definition. As a

final remark, the periodic approach lacks the efficiency of the Inlet and

Outlet approach but is better than the Tank approach in terms of flow

27



rate accuracy and jump toe stability.
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[26] A. J. Crespo, M. Gómez-Gesteira, and R. A. Dalrymple. Boundary con-

ditions generated by dynamic particles in sph methods. Computers, ma-

terials and continua, 5(3):173–184, 2007. doi: 10.3970/cmc.2007.005.173.

[27] Yann Chachereau and Hubert Chanson. Free surface turbulence fluctu-

ations and air-water flow measurements in hydraulic jumps with small

inflow froude numbers. Technical Report CH78/10, Division of Civil En-

gineering, The University of Queensland, 2010.

[28] Yann Chachereau and Hubert Chanson. Free-surface fluctuations and

turbulence in hydraulic jumps. Experimental Thermal and Fluid Science,

35(6):896–909, sep 2011. doi: 10.1016/j.expthermflusci.2011.01.009.

30



[29] Fernando Perez and Brian E. Granger. IPython: A system for interactive

scientific computing. Computing in Science & Engineering, 9(3):21–29,

2007. doi: 10.1109/mcse.2007.53.

[30] John D. Hunter. Matplotlib: A 2d graphics environment. Computing in

Science & Engineering, 9(3):90–95, 2007. doi: 10.1109/mcse.2007.55.

[31] Stefan Behnel, Robert Bradshaw, Craig Citro, Lisandro Dalcin,

Dag Sverre Seljebotn, and Kurt Smith. Cython: The best of both

worlds. Computing in Science & Engineering, 13(2):31–39, mar 2011. doi:

10.1109/mcse.2010.118.

[32] S. van der Walt, S.C. Colbert, and G. Varoquaux. The NumPy array: A

structure for efficient numerical computation. Comput. Sci. Eng., 13(2):

22–30, mar 2011. doi: 10.1109/mcse.2011.37. URL http://dx.doi.org/

10.1109/mcse.2011.37.

[33] Moncho Gomez-Gesteira, Benedict D. Rogers, Robert A. Dalrymple, and

Alex J.C. Crespo. State-of-the-art of classical SPH for free-surface flows.

Journal of Hydraulic Research, 48(sup1):6–27, jan 2010. doi: 10.1080/

00221686.2010.9641242.

[34] S. Adami, X.Y. Hu, and N.A. Adams. A generalized wall boundary con-

dition for smoothed particle hydrodynamics. Journal of Computational

Physics, 231(21):7057–7075, aug 2012. doi: 10.1016/j.jcp.2012.05.005.

[35] M. Ferrand, D. R. Laurence, B. D. Rogers, D. Violeau, and C. Kassiotis.

Unified semi-analytical wall boundary conditions for inviscid, laminar or

turbulent flows in the meshless SPH method. Int. J. Numer. Meth. Fluids,

71(4):446–472, mar 2012. doi: 10.1002/fld.3666.

[36] P. Jonsson, P. Jonsén, P. Andreasson, T.S. Lundström, and J.G.I. Hell-

ström. Smoothed particle hydrodynamics modeling of hydraulic jumps.

In Proceedings of Particle-Based Methods II - Fundamentals and Applica-

tions, pages 490–501, Barcelona, Spain, 2011.

[37] Patrick Jonsson, Pär Jonsén, Patrik Andreasson, T. Staffan Lundström,

and J. Gunnar I. Hellström. Modelling dam break evolution over a wet bed

with smoothed particle hydrodynamics: A parameter study. Engineering,

07(05):248–260, 2015. doi: 10.4236/eng.2015.75022.

31



[38] W. H. Hager, R. Bremen, and N. Kawagoshi. Classical hydraulic jump:

length of roller. Journal of Hydraulic Research, 28(5):591–608, sep 1990.

doi: 10.1080/00221689009499048.

[39] M. H. Siemann and P. H. Groenenboom. Modeling and validation of

guided ditching tests using a coupled sph-fe approach. In Proceedings of

9th International SPHERIC workshop, Paris, France, 2014.

32



Paper E

A Three-Dimensional Smoothed

Particle Hydrodynamic Study of a

Spillway Chute and Hydraulic Jumps





A Three-Dimensional Smoothed

Particle Hydrodynamic Study of a

Spillway Chute and Hydraulic Jumps

Patrick Jonsson1, Patrik Andreasson1, J. Gunnar I. Hellström1, Pär

Jonsén2 and T. Staffan Lundström1

1Division of Fluid and Experimental Mechanics, Lule̊a University of

Technology (LTU), Lule̊a, SE-971 87, Sweden
2Division of Mechanics of Solid Materials, Lule̊a University of Technology

(LTU), Lule̊a, SE-971 87, Sweden

Submitted to Applied Mathematical Modelling

Abstract

This study focus on 3D Smoothed Particle Hydrodynamics (SPH)

simulation of hydraulic jumps. Experiments in a channel with a

downscaled physical model of a hydropower spillway chute served

as a validation test case. Two stable modes was observed and flow

rates and free surface profiles was measured. Based on the exper-

iment, two SPH set-ups corresponding to each mode was created.

For the first mode which detached from the model, the initial set-

up had to be calibrated to achieve a flow rate and free-surface

position comparable to the experiment. The internal flow field

showed several large scaled coherent vortical structures in a well

defined shear layer in the roller region. The second mode did not

detach and no alteration of the initial set-up was needed to obtain

a flow rate and free-surface position as in the experiment. A large

recirculating zone close to one of the side-walls which effected the
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jet direction was observed in the experiment and captured by the

SPH-model.

Keywords: smoothed particles hydrodynamics, sph, hydraulic jump,

hydraulic design, spillway chute

1 Introduction

Hydropower sites generally consists of a reservoir and a dam, a gener-

ating part (penstock, turbine-generator assembly, draft tube etc.) and

spillways. The reservoir and dam enables the build-up of a hydraulic

head utilized for production in the turbine-generator. Spillways are en-

gaged to safely pass extreme flooding events or redirect the flow during

maintenance shut-down of the turbine/generator. The physical dimen-

sions and flow rates and hence the Reynolds number (Re = uL/ν) in hy-

dropower applications are usually very large especially in spillway flows.

High kinetic energy flows can cause problems for structures located in

spillways in terms of erosion and must be avoided. Hydraulic jumps are

usually used to dissipate these high kinetic or super-critical flows where

the Froude number (Fr = u/
√
gd) by definition is above unity. The

transition from a low depth, high velocity super-critical flow to a large

depth, low velocity sub-critical flow is often abrupt and chaotic. Char-

acteristics of a hydraulic jump include large scale turbulence, surface

waves and spray, energy dissipation and considerable air entrainment.

The turbulent zone is commonly known as the “roller” or “jump toe”.

A substantial amount of experimental research has focused on hydraulic

jumps, e.g. [1, 2, 3]. The internal processes and flow structures in

a hydraulic jump are still under active research due to limitations in

experimental methods considering multi-phase flows. However, several

studies suggest that a shear layer with large scale vortical structures is

present in the roller region and at least partly responsible for jump toe

oscillation and air entrainment, i.e. [4, 5, 6, 7, 8, 9].
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The violent behaviour of spillway-sized hydraulic jumps suggests that

special attention should be given to the design of such dissipaters. To

validate that the flow is kept within the design criteria, physical scale

models is often used. However, time and costs can be significant and

the reproducibility low for physical tests. Computational models can

provide a time and cost efficient alternative. The common Eulerian and

mesh-based Finite Volume- (FVM) or Finite Element (FEM) methods

coupled with either Volume-of-Fluid (VoF) or Level-Set (LS) methods

can be difficult to use for highly disturbed free-surface flows such in

hydraulic jumps [10, 11]. However, the work of [12] and [13] are notable

exceptions.

In the current study, the Lagrangian mesh-less method Smoothed

Particle Hydrodynamics (SPH) is considered. The SPH method was

first applied to astrophysical problems [14, 15] but has later successfully

been applied to other fields, e.g. [16, 17, 10]. The ability of the SPH

method to capture complex free-surfaces with large deformations and

fragmentation, makes it a strong tool for modelling hydraulic jumps.

Several previous studies has focused on SPH modelling of hydraulic

jumps. López et al. [18] investigated a 2D mobile hydraulic jump and

showed good agreement with experiments regarding the conjugate depth,

i.e. the relation of the super- and sub-critical depth, for Fr less than

five. Jonsson et al. [19] investigated the effects of altering the spatial

resolution of the SPH particles and its impact on 2D hydraulic jumps.

Good agreement with theory for the conjugate depth was obtained. Fed-

erico et al. [20] developed a 2D SPH-model partly based on [21] which

incorporated inlet and outlet boundary condition. Several jumps with

different Fr were studied and good agreement with experiments regard-

ing the conjugate depth and the internal flow field was demonstrated.

Chern and Syamsuri [22] displayed the possibility to investigate the ef-

fects of a corrugated bed on the hydraulic jump characteristics using a

2D SPH-model. The geometrical set-up was similar to the one used by
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[18] but a more sophisticated turbulence model was employed. Several

corrugated bed types were investigated and evaluated using the conju-

gate depth ratio, jump length, bottom shear stress distribution and the

energy dissipation. De Padova et al. [23] investigated 3D undular hy-

draulic jumps influenced by waves generated at the channel walls. The

free-surface elevation and velocity profiles showed satisfactory agreement

with measurements and most flow features were reproduced. Jonsson et

al. [24] showed that an alternative modelling approach based on peri-

odic open boundary condition can be used when simulating hydraulic

jumps. Good agreement with experiments was obtain in terms of flow

rates, jump toe positions and conjugate depths. Other SPH studies cou-

pled to hydraulic design and spillway flows can be found in literature,

i.e. sharp-crested weir [25], broad-crested weir and stepped spillway [26],

gate discharge measurements [27] and ski-jump spillway [28].

The aim of this paper is to show the applicability of the SPH-method

when performing 3D hydraulic jump simulations. An experiment with

a downscaled physical model of a hydropower outlet chute installed in

a channel serves as the validation test case. Focus will be on flow rates,

free-surface positions and major flow features downstream the chute.

2 Experimental setup

Experiments were performed in a horizontal rectangular channel at Vat-

tenfall Research & Development in Älvkarleby, Sweden. The channel

was connected to a shared water recirculation system with a capacity

of > 200 l/s. Flow rates will be given in litre/second (l/s) throughout

the text. A common high mounted overflow tank supplied the chan-

nel with water and the discharge was measured with a magnetic flow

meter with an accuracy of ± 0.4 % mounted on a 150 mm diameter

inlet-pipe. The water was allowed to flow through a smoothing section

in the upstream-part of the channel which reduced the large scaled flow
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features and directed the flow to the test section. The length of test

section is 16.0 ± 0.1 m with a width of 0.77 ± 0.005 m and a height of

0.87±0.005 m. At the end of the test section, a movable gate controlled

the downstream condition and directed the flow downwards to several

underground storage tanks which fed the shared water recirculation sys-

tem. The total length of the channel including smoothing-, test- and

outlet-section was roughly 23 m.

(a) (b)

Figure 1: The stainless steel model (a) and the scanned computer model (b) of

the outlet chute of B̊atfors installed in the test channel at Vattenfall Reasearch

& Development in Älvkarleby, Sweden. Global coordinate system shown in (b).

A 1 : 35 scaled stainless steel model of one the outlet chutes at

B̊atfors hydropower station was mounted in the channel at 10.7± 0.1 m

downstream of the inlet of the test section. B̊atfors hydropower sta-

tion has three outlet chutes and is located 50 km upstream of the town
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of Skellefte̊a in the river Skellefte älv and is owned by Skellefte̊a Kraft

AB. The physical model and the computer model, created from a laser

scan to facilitate the numerical setup, is shown in Figure (1). All sub-

sequent hydraulic jump and geometrical measurements were calibrated

to a global coordinate system depicted in Figure (1) and (2).

Figure 2: Schematic figure of the scaled B̊atfors model seen from above.

Dashed lines are the channel side-walls and the plus-sign (+) show the posi-

tion of the global coordinate system 305 mm above the channel bottom. All

geometrical scales are in millimetres with an accuracy of ±2 mm.

Two distinct stable modes of the hydraulic jump was observed. The

first mode (mode 1 ), detached from the chute-model and a classic hy-

draulic jump developed at roughly x = 2 m, see Figure (3a). The second

mode (mode 2 ), did not detach and a submerged hydraulic jump was

observed just downstream of the chute, see Figure (3b). It was noticed

that the second mode could be triggered, with the downstream gate un-

altered, by manually perturbing the flow of mode 1. Thus, the hydraulic

jump transitioned from the detached mode 1 to the submerged mode

2 if the jump toe translated upstream to the model. To reverse from

mode 2 to mode 1, the downstream gate had to be changed consider-

ably, otherwise the jump remained at the chute. The flow showed a clear

meandering tendency for mode 2 where the jet randomly diverged to ei-
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ther the right or left side-wall. A large recirculating zone with back-flow

was observed at the opposite side-walls. This behaviour is illustrated in

Figure (3b) with black arrows.

(a) Mode 1. (b) Mode 2.

Figure 3: Mode 1 and 2 as observed in the experimental channel. Black

arrows highlights the flow patterns observed in the channel for mode 2.

The free surface profile downstream of the model was measured at

several locations at the centreline of the channel for both modes and

repeated twice. For mode 1, the free surface profile across the channel

at x = 1.2 m was measured also. A movable point gage with an accuracy

of ± 1 mm was used. In the sub-critical section and especially in the

roller region the free surface oscillated considerably and it was difficult

to determine the position of the free surface. Hence, in these locations

the free surface profile is given as an interval instead of a fixed value.

If, however, more accurate measurements are required other measuring
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techniques need to be considered, e.g. ultrasonic displacement meters

or conductivity probes [29].

3 Smoothed Particle Hydrodynamic

SPH is a meshless Lagrangian numerical method proposed indepen-

dently by [14] and [15]. The continuous fluid domain is discretized with

a set of non-connected nodal points or particles scattered in space with

no underlying grid structure. Particles follow the fluid and interact ac-

cording to the discrete Lagrangian Navier-Stokes equations. Besides

representing the fluid domain, particles carry individual information de-

termined by a distance based function usually referred to as the kernel

function. The fundamental principle in SPH is to approximate an arbi-

trary function f(r) by,

f(r) =

∫
f(r′)W (r− r′, h)dr′ (1)

where W (r−r′, h) is the kernel function, h is the smoothing length and r

is the distance vector. The integral interpolation is further approximated

by summation interpolation according to,

F (ra) =
∑
b

mb

ρb
F (rb)Wab (2)

where the summation is over all neighbouring particles b and ρb and mb

is the density and mass of particle b, respectively. The kernel function,

Wab, is expressed as a function of the non-dimensional distance s between

particles a and b, i.e. s = |ra−rb|/h. The smoothing length h determines

the size of the volume around particle a where neighbouring particles

are considered. The Wendland Quintic kernel [30] is considered in this

work and is given by,

Wab = αD(1− s2)4(2s+ 1) 0 ≤ s ≤ 2 (3)

where αD = 21/(16πh3) in 3D.
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3.1 Governing equations

In weakly-compressible SPH the particle mass is constant and density

fluctuates only according to the continuity equation,

1

ρ

Dρ

Dt
+∇ · u = 0 (4)

which can be rewritten in SPH-notation as,

dρa
dt

=
∑
b

mbuab · ∇aWab (5)

where u is the velocity vector. The momentum equation, which describe

the motion of viscous fluids, can be written as,

Du

Dt
= −1

ρ
∇P + g + Γ (6)

where P is pressure, g is acceleration due to gravity and Γ are the

dissipative terms. Usually, Γ is represented by the artificial-viscosity

proposed by [31]. However, this approach can be too dissipative and ef-

fect the shear stresses in fluids [32]. Due to the shear flow characteristics

of hydraulic jumps the laminar viscosity and Sub-Particle Scale (SPS)

model is considered instead [22, 24]. The SPS-model is based on the

Large Eddy Simulation (LES) approach [33, 34, 32]. Equation (6) can

then be rewritten in SPH notation as,

Du

Dt
=−

∑
b

mb

(
Pb

ρ2b
+

Pa

ρ2a

)
∇aWab + g

+
∑
b

mb

(
4ν0rab · ∇aWab

(ρa + ρa)
(
r2ab + η2

)
)
uab

+
∑
b

mb

⎛
⎝→

τ
b

ij

ρ2b
+

→
τ
a

ij

ρ2a

⎞
⎠∇aWab

(7)

where ν0 = 10−6 [m2/s] is the kinematic viscosity of water and η2 =

0.01h2 [35]. In Einstein notation, the shear stress component in i and j
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direction can be approximated as

→
τ ij

ρ
= νt

(
2Sij − 2

3
kδij

)
− 2

3
ClΔ

2δij |Sij |2 (8)

where
→
τ ij is the sub-particle stress tensor, νt = [(CsΔl)]2 |S| is the

turbulent eddy viscosity, k the SPS turbulence kinetic energy, Cs =

0.12 the Smagorinsky constant, Cl = 0.0066, Δl the particle to particle

spacing and |S| = 0.5(2SijSij) where Sij is an element of the SPS strain

tensor [36].

3.2 Equation of State

To avoid an expensive computation of the Poisson’s equation and to

keep the explicit nature of the SPH method, an equation-of-state (EOS)

is used to relate the fluid pressure to local particle density [37]. The

pressure is determined by,

P = B

[(
ρ

ρ0

)γ

− 1

]
(9)

where B = c20ρ0/γ, γ = 7, ρ0 = 1000 kg/m3 is the reference density and

c0 = c(ρ0) =
√

(∂P/∂ρ) is the speed of sound at the reference density

[38]. To keep the density variation within 1%, the reference speed of

sound c0 was set to 10 times the maximum fluid velocity based on the

initial depth in the upstream tank.

3.3 Time stepping

The explicit, second-order (in time), predictor-corrector based Symplec-

tic algorithm is used for time integration [36] and the time step is de-

termined according to

Δt = Ct ·min (Δtf ,Δtcv) (10)

where Ct = 0.4 is a constant.

Δtf = min
(√

h/|fa|
)

(11)
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is based on the force per unit mass |fa| and

Δtcv = mina

⎛
⎜⎜⎝ h

cs +maxb

∣∣∣∣ huab·rab
(r2ab+η2)

∣∣∣∣

⎞
⎟⎟⎠ (12)

which combines the Courant-Fredrich-Levy (CFL) and a viscous condi-

tion [39].

3.4 Corrections

Two types of corrections are applied. Firstly, the density field are

smoothed every 40th time step with a zeroth-order Shepard filter,

ρnewa =
∑
b

ρbW̃ab
mb

ρb
=
∑
b

mbW̃ab (13)

where

W̃ab =
Wab∑

b

Wab
mb
ρb

(14)

to keep the density fluctuations from diverging. Secondly, the SPH-

particles are moved according to the XSPH method proposed by [40]

in order to obtain a more ordered flow and to prevent particles from

penetrating. The change in position is given by,

dra
dt

= ua + ε
∑
b

mb

ρ̄ab
uabWab (15)

where ε = 0.5 and ρ̄ab = (ρa + ρb)/2.

3.5 Boundary condition

Solid walls are modelled as fluid particles fixed in space known as the

Dynamic Boundary Condition (DBC) proposed by [41]. Boundary par-

ticles satisfy the same equations as the fluid particles. Hence, a repulsive

force is applied when a fluid particle approach the wall. The boundary is

11



populated by particles in three non-staggered rows to ensure that fluid

particles do not penetrate the boundaries and a complete coverage of

the kernel compact support.

Periodic open boundaries are applied in the up- and downstream end

of the computational model. Particles that leave trough the downstream

end are reintroduced at the upstream end of the computational model

and vice versa. In this study, particle coordinates are changed with fixed

values only.

4 Numerical-model

The geometrical setup of the SPH-model corresponds to the experimen-

tal channel described in the Experimental Section (2). However, due to

computational time considerations the channel length was considerably

shorten. The periodic approach introduced in [24] was adopted, where

the outlet flow is reintroduced in the upstream part of the channel. An

initial guess of where the hydraulic jump is positioned is required for

this method. Hence, two separate models were created for mode 1 and

mode 2 based on the experiments. The dimensions of the SPH-model

and the initial free surface can be seen in Figure (4) and summarized in

Table (1).

The initial spacing between SPH particles was set to dp = 0.01 m

and the smoothing length to h = 1.2∗dp. The gravitational acceleration
g = 9.81 m/s2 was set in the negative z-direction (Figure (1,2)) and each

simulation was run until 100 s and saved every 1.0 s. The total number of

particles was 1.2 and 1.4 millions for mode 1 and 2, respectively, and the

total simulation time for both modes was roughly 30 h. All simulation

were performed using DualSPHysics v. 3.0 (http://www.dual.sphysics.org/)

[36] on a single GPU (NVIDIA GeForce GTX TITAN Black).
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Figure 4: Simplified schematic figure of the geometrical setup. Solid lines

are the solid walls, dotted lines are the initial free surface and dashed lines are

the periodic open boundaries. The black dot shows the position of the global

coordinate system. The figure is not to scale.

Table 1: Model dimensions based on experiments. Lstep is given by Lstep =

dup − dsub.

Mode 1 Mode 2

dup [mm] 452 452

dsuper [mm] 27 0

dsub [mm] 165 172

Lstep [mm] 287 281

Ljump [m] 2.25 0

Lup [m] 1.5 1.5

Ldown [m] 5.0 5.0

5 Postprocessing

The flow rate was determined by counting the number of particles that

was reintroduced at the inlet by the periodic open boundary condition

between two consecutive saved time steps. By scaling this value with the

initial SPH particle volume Va the flow rate Q [m3/s] can be obtained,

13



i.e.

Q =
Number of particles

Δt
Va (16)

where Va = ma/ρa = (ρadp
3)/ρa = dp3 and Δt = 1.0 s. The SPH-

particle mass was interpolated to points on multiple lines in order to

determine the free surface profiles. For each interpolation point, the

mass mint was given by,

mint =

∑
bmbWab∑
bWab

(17)

where Wab is the Wendland kernel Equation (3). The position of the free

surface was considered to be were the interpolated mass was half of the

SPH particle mass, i.e. mint = msph/2. Several open source projects, i.e.

[36], [42], [43], [44] and [45], were used for the analysis of the SPH-data.

6 Result and Discussion

The result section is divided into two parts as the two modes where

initiated and analysed differently.

6.1 Mode 1

As described in the Experimental Section (2), mode 1 detached from

the physical model which can be seen in Figure (3a). Based on the

experimental values of Q = 49.6 l/s and dsuper = 27 mm, a hydraulic

jump with Fr1 ≈ 4.6 was produced during the experiments.

The simulation of mode 1 was initiated according to Table (1) but

showed less than satisfactory results. After an initial transient period

of approximately 20 s Q stabilized but was under predicted with more

than 30%, 33.2 l/s compared to 49.6 l/s during the experiments. This

resulted in a too weak jet enabling a motion of the hydraulic jump

upstream all the way to the model and mode 2 was obtained. With

this in mind, a similar behaviour as in the experiments was observed
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since the flow showed no tendency to increase in time and the jump was

locked in the upstream position. A possible explanation to the under-

predicted Q might be the solid-wall boundary condition used which is

known to produce thicker than physical numerical boundary layers [46].

The numerical boundary layers lowers the effective chute cross-sectional

area, see Figure (5), and hence Q which was reported in a similar study

[24].

Figure 5: Mode 1, cross-sectional particle distribution at x = 0 ± 0.01 m,

t = 40 s. Filled circles are boundary particles and non-filled circles are water

particles.

Several attempts to overcome this behaviour was tested in order to

achieve a detached jump. The initial position of the jump, i.e. Ljump,

was both increased and decreased but showed minor impact on the flow

rate only. Furthermore, the length of the upstream section was increased

but yielded no major effect. Also, the water particles was initiated with a

velocity based on the experimental flow rate and depth in each zone (up-
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stream, super-critical and sub-critical). However, just as for the other

attempts no lasting effect was obtained. Other possible solutions to the

under-predicted flow could be to change the boundary condition or alter

the geometrical setup of the chute but both approaches could possibly

imply major difficulties. Instead, dup was increased in steps 1−5 % and

the result can be seen in Figure (6). The results shown in Figure (6) are

based on simulations run until 50 s. An increase of 3 % of dup seems to

produce a flow rate within 1 % of the experiments. However, when the

simulation time was increased to 100 s there was a general decrease in

Q past 50 s. Thus, an increase of the upstream depth dup with 3.5 %

was considered instead, see Figure (7). The flow rate is slightly over-

predicted but still within 5 % of the experiments and show no tendency

to deviate in time. With this flow rate, the jump detached from the

model, which can be seen in Figure (8).

Figure 6: Mode 1, time averaged Q [l/s] as function of the percental increase

of dup. The results are based on simulations run until 50 s.
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Figure 7: Mode 1, Q [l/s] as function of time [s]. Comparison between SPH

modelling and experiments.

Figure 8: Overview of mode 1 at t = 90 s with colors indicating particle

velocity magnitudes, blue (0 m/s) and red (3 m/s).
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There is now a very good agreement between SPH and experiments

regarding the jump toe and free-surface position, see Figure (9). The

numerical depth obtained in the simulations was non-dimensionalized

with the experimental depth which can be seen in Figure (10). The

relative large deviation seen close to zero and in the roller region was

assumed to be the result of the free-surface detection process. For non-

horizontal surfaces, small deviation in horizontal position is magnified

considerably in the horizontal direction, compare Figure (9) and (10).

Figure 9: Mode 1, SPH (dashed and dotted) centreline free-surface position

compared with experiments (filled and non-filed circles).
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Figure 10: Mode 1, non-dimensional centreline depth. Filled circles is when

compared with the maximum or upper limit of the experimental interval and

non-filled the minimum or lower limit.

As mentioned in the Experimental Section (2), the free-surface po-

sition was measured across the channel for mode 1 at x = 1.2 m in the

super-critical zone. In Figure (11) the free-surface position is compared

with experiments and the depth is non-dimensionalized in Figure (12).

The SPH-model captures the “hump” seen in the center of the channel

which is an effect of cross-waves generated at the chute side-walls. Also,

the SPH-model captures the minor increase of the free-surface close the

channel side-walls but completely fails to predict the free-surface posi-

tion in-between. This is shown even more clearer in Figure (12).
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Figure 11: Mode 1, SPH (dashed and dotted lines) free-surface position across

the channel compared with experiments (filled circles) at x = 1.2 m.

Figure 12: Mode 1, non-dimensional depth across the channel.
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Figure 13: Mode 1, streamlines (black) and the free-surface (gray) plotted on

four horizontal planes downstream the model at t = 90 s. All planes span the

interval x = [0.0, 5.0] and y = [,−0.4,−0.4] but on different z-levels indicated

in the figure, i.e. z = −0.185, −0.215, −0.245 and −0.275. The main flow is

from the left to the right.

No large scale recirculating zone was observed during the experi-

ments of mode 1 as it was for mode 2. Interesting enough, no major

recirculating zone appeared in the SPH-model for mode 1 as shown in

Figure (13). The figure shows a snapshot of streamlines at t = 90 s for

4 horizontal planes. The major flow direction was in the downstream

direction but a minor back-flow is noticeable at the uppermost plane in

Figure (13). The back-flow corresponds to the hydraulic jump roller re-

gion and is shown in greater detail by the 2D streamlines in the vertical

planes in Figure (14).
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Figure 14: Mode 1, streamlines (black) and the free-surface (gray) plotted

on four vertical planes downstream the model at t = 90 s. All planes span

the interval x = [1.75, 3.0] and z = [,−0.31,−0.12] but on different y-levels

indicated in the figure, y = 0.3, 0.2, 0.1 and 0.0. The main flow is from the

left to the right.

Due to symmetry, the planes are located from the centreline towards

the left side-wall. A well defined shear layer with large coherent vorti-

cal structures can be seen at all levels in Figure (14). This shear layer

was present throughout the entire simulation past the initial transient

period. Close to the centreline, y = 0, the shear layer was positioned

deeper within the jump and the flow direction was reversed above the

shear layer. Two tendencies was noticed when the observation plane was

moved towards the side-wall. Firstly, the shear layer moved closer to the

free-surface and secondly the shear layer was considerably shortened in
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the downstream direction. The combined effect was that the vortices

bend in a “horseshoe”-type vortex slightly tilted downwards. This be-

haviour was assumed to be an effect of the side-wall boundary layers.

The shear layer and the vortex structures is in-line with experimental

findings [4, 5, 6, 7, 8, 9].

Figure (15) show the secondary-flow at several cross-sections. The

secondary-flow-field was generally chaotic but stabilized towards the end

and two counter-rotating vortices developed downstream the roller re-

gion as can be seen in the lower part of Figure (15).

Figure 15: Mode 1, streamlines (black) and the free-surface (gray) plotted

on four vertical planes downstream the model at t = 90 s. All planes span

the interval y = [−0.4, 0.4] and z = [,−0.31,−0.12] but on different x-levels

indicated in the figure, i.e. x = 1.5, 2.5, 3.5 and 4.5. The main flow is out

from the page.
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6.2 Mode 2

The second mode did not detach from the model and was initiated ac-

cording to the dimensions given in Table (1). After an initial transient

period of roughly 60 s the flow rate stabilized at Q = 47.8± 0.8 l/s, see

Figure (16). The obtained flow rate was within 5 % of the experimental

and showed no tendency to deviate from this value. Thus, the result

was considered as good enough and no alteration of the initial setup

was done in contrast to mode 1. An overview of mode 2 can be seen in

Figure (17).

Figure 16: Mode 2, Q [l/s] as function of time [s]. Comparison between SPH

modelling and experiments.
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Figure 17: Overview of mode 2 at t = 90 s with colors indicating particle

velocity magnitudes, blue (0 m/s) and red (3 m/s).

The free-surface in the channel centreline was compared with experi-

ments and good agreement was obtained, see Figure (18). The numerical

free-surface position was within the relative larger experimental inter-

val in the roller region close to the model. It should be noted that the

free-surface was difficult to measure during the experiments in this re-

gion. Further downstream, the free-surface position followed the upper

or maximum position more closely. This behaviour can also be seen

in Figure (19) where the numerical depth is non-dimensionalized with

the experimental depth. Just as for mode 1, the free-surface detection

process generate relative large deviations close to zero, compare Figure

(18) and (19).
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Figure 18: Mode 2, SPH (dashed and dotted) centreline free-surface position

compared with experiments (filled and non-filed circles).

Figure 19: Mode 2, non-dimensional centreline depth. Filled circles is when

compared with the maximum or upper limit of the experimental interval and

non-filled the minimum or lower limit.
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A larger recirculating zone was observed for mode 2 during the ex-

periment, see the Experimental Section (2) and Figure (3b). Similar flow

patterns were observed in the SPH simulations. During the initial time

steps, two counter-rotating vortices were seen on both sides of the chute

outlet. These vortices destabilize independently and started to trans-

late in the downstream direction close to the channel side walls. More

large-scaled vortices emerged and a peak state with a clear meandering

behaviour of the jet was observed around 20 s, see Figure (20).

Figure 20: Mode 2, streamlines (black) and the free-surface (gray) plotted on

four horizontal planes downstream the model at t = 20 s. All planes span the

interval x = [0.0, 5.0] and y = [,−0.4 − 0.4] but on different z-levels indicated

in the figure, i.e. z = −0.185, −0.215, −0.245 and −0.275. The main flow is

from the left to the right.
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This state quickly destabilize and was washed downstream. Left was

a more stable state where a large vortex and recirculating zone was

observed at one of the side-walls, see Figure (21). Figure (21) shows

the flow behaviour at 80 s where the recirculating zone was close to

the left side-wall and diverted the jet toward the right side-wall. The

opposite was seen in Figure (3b) for the experimental case. However, mi-

nor changes to the inflow conditions for both experiments and numerics

changed the preferred side of the recirculating zone.

Figure 21: Mode 2, streamlines (black) and the free-surface (gray) plotted on

four horizontal planes downstream the model at t = 80 s. All planes span the

interval x = [0.0, 5.0] and y = [,−0.4 − 0.4] but on different z-levels indicated

in the figure, i.e. z = −0.185, −0.215, −0.245 and −0.275. The main flow is

from the left to the right.
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7 Conclusion

The aim of this study was to investigate the applicability of the SPH

method when conducting 3D hydraulic jump simulations. We have

shown, based on experiments in a channel with a downscaled physi-

cal model that the SPH-method is able to capture several flow features.

Two SPH set-ups were created to investigate the two stable modes ob-

served in the experiment.

For the detached mode 1, initial results was non-satisfactory in terms

of flow rate and jump toe positions. However, the SPH-model showed

that it could capture the transitional behaviour between mode 1 and

mode 2. An increase of 3.5 % of the upstream depth generated the

correct behaviour of mode 1 as the jump toe detached and the flow

rate was within 5 % of the experiments. The free-surface position in

the centreline as wells as across the channel was in good agreement

with experiments. Even small scale features in the super-critical zone,

i.e. the “hump” generated by cross-waves at the chute side-walls was

captured. However, the lowered depth closer to the channel side-walls

was not obtained. It was also shown that the SPH-model was able

to capture the internal flow structures of a hydraulic jump as several

vortical structures was seen in a well defined shear layer in the roller

region.

The second mode required no alteration of the initial set-up and the

flow rate was within 5 % of the experiments. The free-surface position

was well within the experimental interval. The large scale recirculation

zone observed close to one of the channel side-walls was also captured

by the SPH-model.

Overall, the SPH-model is able to capture the major features ob-

served in experiments which strengthen the general validity of the SPH-

mehod. However, further studies focusing on the internal flow structures

and the dynamics would be beneficial to the understanding of hydraulic

jumps.
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Abstract

This study focus on the ability of Smoothed Particle Hydrody-

namics to capture the dynamic relationship of the free surface and

the internal flow field in hydraulic jumps. A hydraulic jump is

a sudden and turbulent transition from supercirtical to subcriti-

cal flow and is a utilized feature to dissipate high kinetic flow in

spillways connected to hydropower dams. In this study a 3D,

laboratory scaled SPH-model of a classical bottom outlet with

periodic boundaries was used. Four cases with different Froude

number was investigated and, in general, cases with lower Froude

numbers showed better results than higher. The flow fields of the

lower Froude cases displayed a clear shear layer with large vor-

tical structures in good agreement with experiments. The free
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surface behaviour was in good agreement in the roller region but

the fluctuations was damped significantly further downstream. Al-

most the same frequencies was found for the vertical free surface

and velocity component fluctuation which agreed well with exper-

iment. However, poor agreement was found for the jump toe and

horizontal velocity component. Finally, the convective velocity of

the large vortical structures was determined by two point cross-

correlation and was well within the experimental variation.

Keywords: Smoothed Particles Hydrodynamics, SPH, hydraulic jump,

free surface fluctuations

1 Introduction

In an open channel, a hydraulic jump is the sudden and rapid transition

from supercritical to subcritical flow. The transition is extremely turbu-

lent and associated with turbulent energy dissipation, air entrainment,

surface waves and spray and it is characterized by strong dissipative pro-

cesses. Hydraulic jumps occur both in natural streams and in engineered

open channels. Spillways connected to hydropower dams utilize the dis-

sipative processes in hydraulic jumps to reduce high kinetic energy flow.

Usually, spillways are engaged to safely pass extreme flooding events and

redirect the flow during maintenance shut-down of the production units,

i.e. turbines and generators. Furthermore, the physical dimensions and

flow rate considering hydropower applications are commonly very large

especially in spillway flow. Potentially, high velocity flow can cause ero-

sion and reduce the life-time and increase maintenance of spillways and

related structures. Hence, it is vital to understand and have the ability

to predict the involved processes present in a hydraulic jump.

Based on the approaching Froude number (Fr1 = u1/
√
gd1) where g

are the acceleration due to gravity and u1 and d1 are the supercritical jet

velocity and depth respectively, hydraulic jumps can be classified into

five types: undular Fr1 = 1.0 − 1.7, weak Fr1 = 1.7 − 2.5, oscillating

2



Fr1 = 2.5− 4.5, steady Fr1 = 4.5− 9.0 and strong Fr1 => 9.0 [1]. The

location were the jump initiate is usually referred to as the jump toe and

is the most upstream position of the turbulent and bubbly region known

as the roller. The hydraulic jump has been studied for a long time, but

the internal processes in the roller have been difficult to measure due

the high concentration of entrapped air.

However, first to study the velocity field in hydraulic jump was Rouse

et al. [2], who performed hot-wire measurements in an air duct shaped

to resemble a typical hydraulic jump. Rajaratnam [3] measured with

a pitot-tube the mean velocity field away from the roller in an actual

hydraulic jump. Hoyt and Sellin [4], suggested that a hydraulic jump

could be described as a mixing layer and showed the similarity with a

gas-mixing layer. The authors also described a periodic shedding of large

vortices at a given frequency and a merging processes where vortices

tend to braid around each other. Long et al. [5] argued that the roller

was made up of several anti-clockwise rotating vortices which increased

in size as they moved in the downstream direction by a vortex pairing

mechanism. The growth of vortices eventually caused a upstream spill of

water and the vortex behaviour was linked with jump toe fluctuations.

Long et al. [5] showed also by a Fourier analysis that the dominant

jump toe frequencies was roughly 0.5 Hz for Fr1 = 4 − 9. Hornung

et al. [6] investigated the flow field in the roller using Particle Imaging

Velocimetry (PIV) and showed that a strong but unstable shear layer

with distinct vortical structures were present. The authors discussed also

several vorticity generating mechanism where one being a breaking wave

example and the difficulties of data acquisition in a highly disturbed

multiphase flows. Lennon & Hill [7] measured, using PIV, both the

mean and turbulent velocity field in low Froude number jumps Fr1 =

1.37 − 2.99 and discussed as Hornung et al. [6] the limitations of the

optical technique in highly aerated flows.

Due to the multiphase nature of the hydraulic jump, few experimen-
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tal studies has been able to show the instantaneous flow field of the roller.

However, the work of Rodŕıguez-Rodŕıguez et al. [8] and Lin et al. [9]

where the Bubble Image Velocimetry (BIV) technique was used disclosed

large instantaneous coherent structures within the roller region. Lin et

al. [9] showed that different types of zones inside the roller was present

for different types of jumps, i.e. different Fr1. Starting from the bot-

tom, both weak and steady jumps are divided into a boundary layer, a

jet core and a mixing layer. On top of the mixing layer, a recirculating

zone was observed for steady jumps only. Rodŕıguez-Rodŕıguez et al. [8]

studied hydraulic jumps with Fr1 = 1.44 − 2.29. Their results showed

that the dimensionless convective velocity uvort/u1 of the vortices was

nearly constant in time but decreased with increasing Froude number

uvort/u1 = 0.46 − 0.29. This was significantly slower compared to a

free turbulent mixing layer where uvort/u1 was expected to be 0.5 which

in turn influence the shear layer growth rate. However, Chanson [10]

showed for strong hydraulic jumps Fr1 = 5.1− 11.2 that the recirculat-

ing velocity above the shear layer urecirc/umax = −0.4 and argued that

a hydraulic jump could be compared with a free turbulent mixing layer.

The lower convective velocity was confirmed by Zhang et al. [11] who

obtained uvort/u1 ≈ 0.4 but reported no correlation with Fr1. Chanson

[10] concluded, in agreement with the findings of Long et al. [5], that

the jump toe fluctuations was caused by the large coherent structures

in the shear layer as their respective frequencies was almost equal.

Several authors has focused on characterizing the behaviour of the

free surface in the roller region, see especially [12, 13, 10, 14] and the

extended reports [15, 16, 17, 18]. Two basic statistical characteristics

of the free surface are the time averaged longitudinal profile or depth

dmean and the standard deviation dstd [19, 12, 13]. The dmean increased

at the jump toe and obtained the conjugate depth further downstream.

The dstd displayed a rapid increase at the jump toe and peaked in the

roller region [12, 13]. The rapid increase, highlighted the unsteady and
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dynamic nature of the hydraulic jump with large vertical fluctuations in

space and time. The maximum dstd downstream of the jump toe showed

a dependency on the approaching Fr1. Past the turbulent roller, the dstd

decreased significantly indicating a dissipative zone [13]. The longitu-

dinal distribution of maximum velocity umax/u1 displayed a weakening

tendency in the downstream direction also [20, 12, 16, 21, 18, 11]. The

dissipative features seemed to be stronger for lower Fr1 close to the jump

toe when compared to higher Fr1. The vertical free-surface fluctuations

showed dominant frequencies Ffs in the range of 1−4Hz, when analysed

with Fast Fourier Transform (FFT) [22, 13]. The Ffs were many times

given as the dimensionless the Strouhal number Stfs = (Ffsd1)/u1 in-

stead. Murzyn & Chanson [13] suggested that the dominant frequency

decreased in the downstream direction from the jump toe. The hor-

izontal free surface fluctuations or the jump toe fluctuations showed

dominant frequencies Ftoe when analysed with FFT-analysis also. How-

ever, a lower range of 0 − 2 Hz with corresponding Strouhal number

Sttoe = 0.004− 0.01 are usually reported [23, 22, 24, 13, 10, 11]. Mossa

[22] showed a positive correlation between both jump toe fluctuations

and the horizontal velocity component and free-surface fluctuations and

the vertical velocity component. Liu et al. [25] reported a similar fre-

quency range for the velocity components. The behaviour of the free-

surface could hence be linked to the internal velocity field.

Although, the gain in both computational power and the develop-

ment of computational models has increased significantly, modelling of

highly aerated flows in hydraulic application has been proven difficult

due its turbulent and multiphase nature [26]. The common Eulerian

and mesh-based Finite Volume Method (FVM) coupled with for instance

Volume-of-Fluid (VoF) can be both difficult and too simple to use in

highly disturbed free-surface flows [26, 27, 28]. However, the work of

Witt et al. [29] is one exception but showed the high computational re-

quirements for hydraulic jump simulations using FVM. The Lagrangian
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mesh-less method Smoothed Particle Hydrodynamic (SPH) is an alter-

native to the established FVM and is considered in present study. The

ability of the SPH method to capture complex free-surfaces with large

deformations and fragmentation, makes it an promising tool for mod-

elling hydraulic jumps.

Several previous studies has focused on SPH modelling of hydraulic

jumps. However, most works are focused on various geometrical aspects

of the hydraulic jump, i.e. the subcritical depth past the roller known

as the conjugate depth and/or the position of the jump toe [30, 31,

32, 33]. Some details of the internal velocity field was given by [34,

35, 36, 37]. Jonsson et al. [36] investigated, with a 2D SPH-model,

the free-surface fluctuations in a hydraulic jump with Fr1 = 3.4 and

obtained a dominant frequency in the same range as in experiments, i.e.

≈ 3 Hz. Results from 3D SPH model by the same authors [37] revealed

the presence of large vortical structures in a shear layer in the roller

region.

In light of the introduction above, this study will continue the work

of Jonsson et al. [36] but in a 3D set up at a typical laboratory scale.

The aim was to investigate if the the dynamics between the internal

flow field and the free surface could be captured with SPH. The present

work include several jumps with different Fr and the main aim was to

compare and validate the SPH results with the experimental findings

discussed above.

2 The SPH Method

Smoothed Particle Hydrodynamic is a meshless Lagrangian numerical

method proposed independently by [38] and [39]. The SPH-method was

first applied to astrophysical problems [38, 39], but was later successfully

applied in different fields [40, 41, 27]. The continuous fluid domain is

discretized by a set of non-connected nodal points or particles scattered
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in space with no underlying grid structure. Particles follow the fluid and

interact according to the discrete Lagrangian Navier-Stokes equations.

Besides representing the fluid domain, particles carry individual infor-

mation determined by a distance based function usually referred to as

the kernel function. The fundamental principle in SPH is to approximate

an arbitrary function f(r) by,

f(r) =

∫
f(r′)W (r− r′, h)dr′ (1)

where W (r−r′, h) is the kernel function, h is the smoothing length and r

is the distance vector. The integral interpolation is further approximated

by summation interpolation,

F (ra) =
∑
b

mb

ρb
F (rb)Wab (2)

where the summation is over all neighbouring particles b and ρb and mb

are the density and mass of particle b, respectively. The kernel function,

Wab, is expressed as a function of the non-dimensional distance s between

particle a and b, i.e. s = |ra−rb|/h. The smoothing length h determines

the size of the volume around particle a where neighbouring particles

are considered. The Wendland Quintic kernel [42] is considered in this

work,

Wab = αD(1− s2)4(2s+ 1) 0 ≤ s ≤ 2 (3)

where αD = 21/(16πh3) in 3D due to efficiency and the higher order

interpolation [43].

2.1 Governing equations

The governing equations for viscous fluids are the continuity and mo-

mentum equation,
1

ρ

Dρ

Dt
+∇ · u = 0 (4)

Du

Dt
= −1

ρ
∇P + g + Γ (5)
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where ρ = density, u = velocity vector, P = pressure and Γ = dissipative

terms.

In weakly-compressible SPH the particle mass is constant and density

fluctuates only according to Equation (4) which can be rewritten in SPH-

notation as,
dρa
dt

=
∑
b

mbuab · ∇aWab. (6)

To keep the density fluctuations from diverging, a shepard filter was

applied every 40th time step to correct the density field according to,

ρnewa =
∑
b

ρbW̃ab
mb

ρb
=
∑
b

mbW̃ab (7)

where

W̃ab =
Wab∑

b

Wab
mb
ρb

(8)

which is known as a zeroth-order correction.

Usually, Γ in Equation (5) are represented by the artificial-viscosity

proposed by [44]. However, this approach can be too dissipative and ef-

fect the shear stresses in fluids [45]. Due to the shear flow characteristics

of the hydraulic jump the laminar viscosity and Sub-Particle Scale (SPS)

model was considered instead [32, 33, 37]. The SPS-model is based on

the Large Eddy Simulation (LES) approach [46, 47, 45]. Equation (5)

can hence be rewritten in SPH-notation as,

Du

Dt
=−

∑
b

mb

(
Pb

ρ2b
+

Pa

ρ2a

)
∇aWab + g

+
∑
b

mb

(
4ν0rab · ∇aWab

(ρa + ρa)
(
r2ab + η2

)
)
uab

+
∑
b

mb

⎛
⎝→

τ
b

ij

ρ2b
+

→
τ
a

ij

ρ2a

⎞
⎠∇aWab

(9)

where ν0 = 10−6 [m2/s] is the kinematic viscosity of water and η2 =

0.01h2 [48]. In Einstein notation, the shear stress component in i and j
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direction can be approximated as

→
τ ij

ρ
= νt

(
2Sij − 2

3
kδij

)
− 2

3
ClΔl2δij |Sij |2 (10)

where
→
τ ij is the sub-particle stress tensor, νt = [(CsΔl)]2 |S| is the

turbulent eddy viscosity, k the SPS turbulence kinetic energy, Cs =

0.12 the Smagorinsky constant, Cl = 0.0066, Δl the particle to particle

spacing and |S| = 0.5(2SijSij) where Sij is an element of the SPS strain

tensor [43].

2.2 Equation of State

To avoid an expensive computation of the Poisson’s equation and to

keep the explicit nature of the SPH method, an equation-of-state (EOS)

was used to relate the fluid pressure to local particle density [49]. The

pressure was determined by the Tait’s equation, i.e.

P = B

[(
ρ

ρ0

)γ

− 1

]
(11)

where B = c20ρ0/γ, γ = 7, ρ0 = 1000 kg/m3 is the reference density and

c0 = c(ρ0) =
√

(∂P/∂ρ) is the speed of sound at the reference density

[50]. To keep the density variation within 1 %, c0 was set equal to

10 times the maximum fluid velocity based on the initial depth in the

upstream tank.

2.3 Time stepping

The explicit, second-order (in time), predictor-corrector based Symplec-

tic algorithm was used for time integration [43] and the time step was

determined according to

Δt = Ct ·min (Δtf ,Δtcv) (12)

where Ct = 0.4 is a constant.

Δtf = min
(√

h/|fa|
)

(13)
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is based on the force per unit mass |fa| and

Δtcv = mina

⎛
⎜⎜⎝ h

cs +maxb

∣∣∣∣ huab·rab
(r2ab+η2)

∣∣∣∣

⎞
⎟⎟⎠ (14)

which combines the Courant-Fredrich-Levy (CFL) condition and a vis-

cous condition [51].

2.4 Particle motion

In order to obtain a more ordered flow and to prevent particle pene-

tration, the XSPH method proposed by [52] was used for moving the

particles, i.e.
dra
dt

= ua + ε
∑
b

mb

ρ̄ab
uabWab (15)

where ε = 0.5 and ρ̄ab = (ρa + ρb)/2.

2.5 Boundary conditions

Solid walls were modelled as fluid particles fixed in space known as the

Dynamic Boundary Condition (DBC) proposed by [53]. Boundary parti-

cles satisfied the same equations as the fluid particles. Hence, a repulsive

force was applied when a fluid particle approach the wall. The boundary

was populated by particles in three non-staggered rows to ensure that

fluid particles do not penetrate the boundaries and a complete coverage

of the kernel compact support.

Periodic open boundaries were applied in the up- and downstream

end of the computational domain. Particles that leave trough the down-

stream end were reintroduced at the upstream end of the domain and

vice versa. In this study, particle coordinates were changed with fixed

values only.
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Figure 1: Schematic figure of the geometrical setup where solid lines show

the position of solid walls, dotted lines the initial position of the free surface

and dashed lines are the periodic open boundaries.

3 Geometrical and Numerical model

The geometrical set up was a classical bottom outlet problem where

a upstream tank provides a hydraulic head and consequently a specific

flow through the gate. Downstream of the gate a hydraulic jump formed

in the horizontal stilling basin. The periodic approach by Jonsson et al.

[33, 37] was used where the subcritical flow of the hydraulic jump is

reintroduced in upstream tank. The tank not only provided a hydraulic

head but also a downstream condition for the hydraulic jump. An initial

guess of the position of the free surface was also needed. The schematic

geometrical set up can be seen in Figure (1) and the problem indepen-

dent variables in Table (1).
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Table 1: Initial values of the problem independent variables given in Figure

(1).

Variable Value

Lup [m] 1.5

Ldown [m] 5.0

Lopen [m] 0.05

x1 [m] 0.6 ∗ Ldown

The aim was to parametrizes the model so a desired Fr could deter-

mine the problem dependent variables. If the supercitical depth d1 was

assumed to be equal to the gate opening Lopen, i.e. d1 = Lopen = 0.05 m,

the problem dependent variables could be derived. The upstream depth

dup in the tank was based on an ideal Bernoulli assumption and can be

rewritten with the Fr as,

dup = d1

(
Fr21
2

+ 1

)
. (16)

The subcritical depth d2 can then be determined by the Bélanger equa-

tion [54],
d2
d1

=
1

2

(√(
1 + 8Fr21

)− 1

)
. (17)

The final variable was the step height Lstep = dup − d2 which ensured

a correct downstream condition. The geometrical model was three-

dimensional where the width B = 0.8 m and the side-wall height was

set equal to 1.5 ∗ dup. Jonsson et al. [33], showed that the effective

gate opening and the flow rate was reduced by the DBC solid wall

boundary condition. However, the gate opening could artificially be

increased to compensate for the wall boundary effect. Without altering

dup, d1, d2 and Lstep, the corrected gate opening Lopen,corr was given by

Lopen,corr = Lopen + 3 ∗ dp following [33]. The initial particle distance

dp = Lopen/5 was based on the non-corrected gate opening and the

smoothing length was set equal to h = 1.2 ∗ dp. Initially, Fr1 = 5 and
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8 were considered. However, the jump toe position propagated too far

upstream which lowered Fr1 and altered the up- and downstream condi-

tions. Similar setbacks were described in [37] where the upstream tank

depth dup was increased to stabilize the jump. For both Fr initially con-

sidered, the tank depth was increased by 30 %, i.e. dup,corr = 1.3 ∗ dup.
Thus, four cases were defined and can be found in Table (2).

The gravitational acceleration g = 9.81 m/s2 was set in the negative

z-direction and each simulation was run for 100 s. To be able to analyse

the free surface oscillations and the vortical structures, SPH-data was

saved every 0.01 s between 80 and 100 s. The total number of particles

ranged from 1.9 to 4.9 millions and the total simulation time ranged

from 60 h to 270 h for case A-D. All simulations were performed using

DualSPHysics v. 3.0 (http://www.dual.sphysics.org/) [43] on a single

GPU (NVIDIA GeForce GTX TITAN Black).

Table 2: Computational cases considered in this study.

Case Initial Fr1 Initial dup

A 5 dup

B 5 1.3 ∗ dup
C 8 dup

D 8 1.3 ∗ dup

4 Postprocessing

The main post-processing method used in this work was the interpola-

tion of the scattered SPH-particle data to a structured grid. For each

grid point, the value of the considered variable fa was obtained according

to

fa =

∑
b fbWab∑
bWab

, (18)
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Table 3: Dimensions of the interpolation grid positioned in the centreline of

the channel (y = B/2).

Direction Min [m] Max [m] Resolution [m]

x 1.5 6.5 dp/4

z 0 0.8 dp/4

where Wab is the Wendland kernel Equation (3). A 2D plane, located

along the channel centreline (y = B/2) with dimensions according to

Table (3) was used as interpolation grid, see Figure (2). By interpolating

to the structured grid for each saved time step, both time averaged

and instantaneous variables was obtained. The analysis was conducted

primarily with MeasureTool, an application included with DualSPHysics

[43], and several open source projects, e.g. [55], [56], [57] and [58].

Figure 2: Overview of Case B at t = 90 s showing the interpolation plane

(grey) at the centreline of the channel. SPH-particles are coloured according to

the absolute velocity ranging from 0 (blue) to 3 m/s (red). Flow left to right.
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5 Result and Discussion

5.1 Time averaged and instantaneous velocity field

The time averaged and the instantaneous velocity field at t = 80 s for

all cases are shown in Figure (3)-(6). However, we focus initially on

case A and B where the initial Fr1 = 5 only. The time averaged ve-

locity field showed basically the same tendencies for case A and B but

with some notable differences. The jet was deflected upwards, for both

cases, as it entered through the gate. This was possibly an effect of the

solid wall boundary condition as a high velocity would generate a large

upward force due the the EOS and momentum equation. Both case A

and B showed similar free surface profiles but the position of the jump

toe differed significantly. The time averaged velocity field showed that

the incoming jet was dissipated and deflected upwards past the roller

region. It is expected that the high velocity core is closer to the bottom

which was highlighted in the experimental work by Lin et al. [9]. This

behaviour could possibly be explained by the over estimated bound-

ary layer thickness usually observed with the DBC solid wall boundary

condition. Lennon & Hill [7] showed time averaged velocity fields but

investigate lower Fr which makes the comparison more difficult. An-

other notable difference was the size of the roller region, see the white

dashed line in Figure (3,4) which marks the zero velocity line. In case

A, the zone with reversed velocity was shallow and positioned close to

the free surface and roughly 20d1 long. The roller region considering

case B was much more dominant and the zero velocity line was deeper

within the jump and the length was roughly 30d1. An explanation for

this behaviour could be found when the instantaneous velocity field was

studied, see the lower parts of Figure (3) and (4). Case A showed large

vortical structures close to the free surface without any clear recirculat-

ing zone. In case B, the vortices were generally smaller except for the

one close to the jump toe and was located deeper within the jump.
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Case B showed also a clear recirculating zone in contrast to Case A in

line with the findings of [9]. The vortices rotated in a counter-clockwise

manner but showed no merging or braiding behaviour as described in

[4, 5].

The time averaged and instantaneous velocity field of case C and

D is shown in Figure (5) and (6). The deflection of supercritical jet

was enhanced for these cases and disrupted the jump toe. Both cases

showed also more similarity to case A than case B and the reasons for

this behaviour is unclear but could possibly be linked to the missing

secondary air-phase.
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Figure 7: Froude number as function of the non-dimensional downstream

position. The horizontal dotted lines show the average Froude number of the

supercritical jet for each case.

In Figure (7), the Fr is shown along the channel centreline. The Fr

was based on time averaged values of the depth d̄ and the u-component

of the depth averaged velocity ū for each position downstream the gate.

The position of the free surface was a key aspect and defined as the

position were the interpolated mass was half the SPH-particle mass.

The d̄ was then defined as the length between the lowest (z0) and the

highest (z1) position of the free surface. The ū was then obtained by

integrating (Simpson’s rule) the velocity field at the same location, i.e.

ū =
1

d̄

z1∫
z0

udz. (19)
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All four cases behaved similarly in terms of Fr, see Figure (7). Cases

initiated with an extra 30% of dup, i.e. case B and D, achieved the target

Fr of 5 and 8 at the peak observed close to the gate. Case A and C

peaked roughly one unit below, i.e. Fr = 4 and 7. The zone between

the peak and the more stable plateau region, clearly seen for case B in

Figure (7), could be explained by the behaviour of the jet which deflected

and reconnected with the bottom in this zone, compare Figure (4) and

(7). Case A and B showed clear plateau regions which could be used as

the definition of the characteristic inflow Fr1. However, case C and D

showed no marked or a minor plateau region only which was an affect

of the highly deflected jet and the position of the jump toe, mentioned

above. This complicated a unified definition of the characteristic inflow

Fr1. Thus, the mean value of Fr in the entire supercritical zone was

used as Fr1 instead. This is shown in Figure (7) as dashed lines. For

case A and B, Fr1 coincided with the plateau which was favourable. For

case C and D, a higher Fr1 than case A and B was obtained which was

seen as good enough. The mean value of d̄ and ū in the supercritical

zones was used to define d1 and u1 used as scaling parameters in Figure

(3)-(6). Past the jump toe, Fr decreased rapidly and all cases stabilized

at roughly Fr = 0.5. The characteristic Fr2, d2 and u2 was determined

in a similar manner as above but in a region further downstream close

to the boundary.

The black dashed line in Figure (3)-(6) marked the maximum ve-

locity position along the channel centreline and was compared with

experimental data in Figure (8). All cases compared favourably with

experimental data between (x−x1)/d1 = 0−20 except for case D where

the dissipation was underestimated. Case B was too dissipative between

(x − x1)/d1 = 20 − 50 but the results were within the experimental

variation further downstream. Overall, the SPH model handled the dis-

sipation in a satisfactory manner.
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Figure 8: Dimensionless maximum velocity umax/u1 in the downstream di-

rection as function of dimensionless downstream position. Non-filled markers

indicate different studies but multiple Fr1,⊗ [20],◦ [12],� [13], [17],∪ [18] and∧
[11].

5.2 Free surface position

The dimensionless time averaged free surface profile compared favourably

with experimental data, see Figure (9). Both experimental and numeri-

cal data collapsed to a self-similar profile except for case C at a distance

downstream the jump toe. The self-similarity could be compared to the

experimental findings of [59].
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Figure 9: Dimensionless free surface profile (dmean−d1)/(d2−d1) as function

of dimensionless downstream position. Non-filled markers indicate different

studies but multiple Fr1,∧ [15],◦ [16],∪ [19] and [18].

The dimensionless free surface standard deviation was scaled in a

similar manner as the free surface profile, see Figure (10). The exper-

imental data showed more scatter but collapsed to a weak self-similar

profile past a peak value close to the jump toe. The SPH cases were

slightly offset but captured the peak value although it was too high for

case D. Further downstream, the free surface oscillations were damped

more rapidly for the numerical data compared to experiments. A pos-

sible explanation could be found if investigating the time averaged and

instantaneous velocity field in Figure (3)-(6). All cases showed relative

smooth surfaces compared to what is usually found in experiments [60].

In reality, the high concentration of air found in hydraulic jumps alters
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the properties of the mixture and could possibly facilitate the oscillatory

behaviour of the free surface further downstream. No secondary phase

was included in the numerical model which could explain the behaviour

observed in Figure (10). Multi-phase SPHmodelling is an active research

area, see for instance [61] and [62], but the inclusion of a secondary phase

was out of scope for present work.

Figure 10: Dimensionless free surface standard deviation dstd/(d2 − d1) as

function of dimensionless downstream position. Non-filled markers indicate

different studies but multiple Fr1,∧ [15],◦ [16] and [18].

The peak value of the free surface standard deviation is compared

with experimental data in Figure (11). As was shown above, case A-

C captured the peak value in a satisfactory manner. However, case D

overpredicted the value significantly as already mentioned. One possible

explanation could be that the jump toe oscillated with large amplitude
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for case D resulting in large vertical fluctuations. However, no significant

difference was observed regarding the fluctuation amplitude when case

C and D was compared.

Figure 11: Maximum of dimensionless free surface standard deviation

max(dstd)/d1 as function of the inflow Froude number. Non-filled markers

indicate different studies,∧ [15],◦ [16],∪ [19] and [18].

5.3 Free surface and velocity fluctuations

In this section, the behaviour of both the free surface and the internal

velocity fields will be studied. Both the free surface and velocity compo-

nent fluctuation frequencies was determined by FFT-analysis. A typical

power spectra is shown in Figure (12), where the five strongest frequen-

cies are identified. Highly energetic frequencies were usually obtained

close the smallest frequency detectable and was assumed to be coupled
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to large scale behaviours and not to vortex shedding. Thus, for vertical

free surface and velocity component a cut-off frequency of 0.5 Hz was

applied. The jump toe and the horizontal velocity component were more

difficult to analyse and no cut-off frequency was applied.

Figure 12: Free surface fluctuation power spectra of case A at (x−x1)/d1 = 10

obtained by FFT-analysis. Red circles show the five strongest frequencies.

The vertical free surface fluctuation frequency downstream the chan-

nel is shown in Figure (13). The strongest frequency for each dp/4 posi-

tion were identified and then smoothed every 50(dp/4). All cases showed

roughly the same behaviour, where similar frequencies as in experiments

between (x − x1)/d1 = 0 − 20 was obtained. Further downstream, the

dominant frequencies decreased too rapidly compared to experiments.

This behaviour could possibly be linked, as before, to the single-phase

model used where voids collapse too quickly due to the missing air-

phase. Past (x − x1)/d1 = 50, the dominant frequencies reached the
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cut-off frequency which was assumed to indicating that the free surface

was no longer affected by vortex structures. The five most energetic

frequencies between (x− x1)/d1 = 0− 20 were identified and averaged,

resulting in five characteristic frequencies for each case. Based on these,

the free surface Strouhal number Stfs were determined and can be seen

in Figure (14). Furthermore, the Strouhal number Stw based in the

vertical velocity component (w) sampled at the left position shown in

Figure (3)-(6) is also shown in Figure (14). Both the free surface and

the velocity compared well with each other and experiments indicating

a strong coupling of the two.

Figure 13: Free surface fluctuation frequency Ffs [Hz] as function of dimen-

sionless downstream position. Frequency data was averaged in 50(dp/4) section

and a cut-off frequency of 0.5 Hz was applied. Non-filled markers indicate dif-

ferent studies but multiple Fr1,∧ [22],∪ [13] and◦ [14].
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Figure 14: Strouhal number as function of Froude number. Large filled circles

and diamonds show the Strouhal number of the strongest free surface Stfs and

vertical velocity component Stw fluctuation frequency respectively. Smaller

filled circles and diamonds are the five strongest frequencies. The velocity

component was sampled at the left red point shown in Figure (3)-(6). Non-

filled markers indicate different studies,∧ [22],∪ [13] and◦ [14].

The Strouhal number of the jump toe Sttoe and the horizontal veloc-

ity component Stu were determined in a similar manner as for the free

surface and vertical component, see Figure (15). The numerical data

compared poorly with experiments and showed a consistent underpre-

diction of the Sttoe and Stu. The interpretation of the FFT-analysis

was generally difficult and no distinct peak except for very low frequen-

cies were obtained only. Potentially, a longer sampling time could have

improved the results as frequency resolution would increase. Another

possible improvement could have been to consider the Inlet & Outlet
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approach by [63] and [34] instead. Potentially, this approach could have

stabilized the jump and thus reduced the high energy, low frequency

and large scaled oscillations. However, such implementation would po-

tentially have required major code reconfiguration and was out of scope

for this work.

Figure 15: Strouhal number as function of Froude number. Large filled circles

and diamonds show the Strouhal number of the strongest jump toe Sttoe and

horizontal velocity component Stu fluctuation frequency respectively. Smaller

filled circles and diamonds are the five strongest frequencies. The velocity

component was sampled at the left red point shown in Figure (3)-(6). Non-

filled markers indicate different studies,∩ [22],∪ [13],∧ [24],� [23],◦ [10],� [14]

and [11].

Finally, the convective velocity of the large scale vortical structures

were obtained by a two-point cross-correlation analysis. Both the hor-

izontal and vertical velocity components were sampled at the two po-
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sitions shown in Figure (3)-(6). The aim was to sample, if possible,

within the shear layer or were vortices were present. A time lag tlag

between the signals were obtained by identifying the peak in the cross-

correlation outcomes. As the distance Δx between the sampling position

was known, the convective velocity was defined as uvort = Δx/tlag. The

dimensionless convective velocity of each case compared favourably with

experiments as can be seen in Figure (16). Thus, the SPH-model cap-

tured the vortex dynamics in a good manner.

Figure 16: Dimensionless convective velocity uvort/u1 of the large vortical

structures as function of Froude number. Correlation based on u velocity com-

ponent (filled diamonds) and w velocity component (filled circles). Non-filled

markers indicate different studies, [10],∧ [8] and◦ [11].
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6 Conclusion

This paper has focused on the dynamic relationship between the free

surface and the internal flow structures found in hydraulic jumps. The

single-phase SPH-model considered was able to capture some key fea-

tures. Generally, jumps characterized with lower Fr (case A and B)

compared more favourably with experiments than higher (case C and

D). This behaviour could possibly be linked to the missing secondary

air phase in the numerical model as more air is entrained in higher Fr

jumps. In terms of velocity fields, case A and B showed the presence of a

shear layer with large vortical structures. In line with experimental find-

ings, case A developed a shear layer close to the free surface in contrast

to case B where the shear layer was more embedded within the jump

and showed clear signs of a recirculating zone above. The higher Fr,

developed no clear shear layer but vortices was present close to the free

surface similarly to case A. The upward deflected jet and the position of

the jump toe affected the determination of the characteristic inflow Fr1

negatively, especially for case C and D. Good agreement was obtained

for the free surface profile and for the peak in standard deviation except

for case D. All SPH-simulations showed a too dissipative zone past the

roller region in terms of free surface standard deviation, the fluctuation

frequencies and, to some extent, for the maximum velocity distribution.

Potentially, this could be traced to the single phase model approach or

possibly that the SPH refinement was too low and too few flow fea-

tures were resolved. However, for the roller region the Strouhal number

of the vertical free surface and velocity component fluctuations showed

similar values and was well within the experimental variation. Both

the jump toe and the horizontal velocity component fluctuations agreed

poorly with experiments. The large scale fluctuations could possibly be

damped if a Inlet & Outlet boundary condition was applied instead of

the periodic used in this work. Finally, good agreement was found for

the convective velocity of the large scale vortical structures obtained by
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a cross-correlation based on both velocity components.

It is highly recommended, as a future work, to investigate the impact

of the inclusion of the secondary air phase and to implement and develop

proper inlet and outlet boundary conditions.
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[8] Javier Rodŕıguez-Rodŕıguez, Carolina Marugán-Cruz, Alberto Aliseda,

and Juan Carlos Lasheras. Dynamics of large turbulent structures in a

steady breaker. Experimental Thermal and Fluid Science, 35(2):301–310,

feb 2011. doi: 10.1016/j.expthermflusci.2010.09.012.

[9] Chang Lin, Shih-Chun Hsieh, I-Ju Lin, Kuang-An Chang, and Ra-

jkumar V. Raikar. Flow property and self-similarity in steady

hydraulic jumps. Exp Fluids, 53(5):1591–1616, sep 2012. doi:

10.1007/s00348-012-1377-2. URL http://dx.doi.org/10.1007/

s00348-012-1377-2.

[10] Hubert Chanson. Convective transport of air bubbles in strong hydraulic

jumps. International Journal of Multiphase Flow, 36(10):798–814, oct

2010. doi: 10.1016/j.ijmultiphaseflow.2010.05.006. URL http://dx.doi.

org/10.1016/j.ijmultiphaseflow.2010.05.006.

[11] Gangfu Zhang, Hang Wang, and Hubert Chanson. Turbulence and aer-

ation in hydraulic jumps: free-surface fluctuation and integral turbulent

scale measurements. Environmental Fluid Mechanics, 13(2):189–204, sep

2012. doi: 10.1007/s10652-012-9254-3.

[12] Serhat Kucukali and Hubert Chanson. Turbulence measurements in the

bubbly flow region of hydraulic jumps. Experimental Thermal and Fluid

Science, 33(1):41–53, oct 2008. doi: 10.1016/j.expthermflusci.2008.06.012.

URL http://dx.doi.org/10.1016/j.expthermflusci.2008.06.012.

[13] Frédéric Murzyn and Hubert Chanson. Free-surface fluctuations in hy-

draulic jumps: Experimental observations. Experimental Thermal and

Fluid Science, 33(7):1055–1064, oct 2009. doi: 10.1016/j.expthermflusci.

2009.06.003. URL http://dx.doi.org/10.1016/j.expthermflusci.

2009.06.003.

[14] Yann Chachereau and Hubert Chanson. Free-surface fluctuations and

turbulence in hydraulic jumps. Experimental Thermal and Fluid Science,

34



35(6):896–909, sep 2011. doi: 10.1016/j.expthermflusci.2011.01.009. URL

http://dx.doi.org/10.1016/j.expthermflusci.2011.01.009.

[15] Serhat Kucukali and Hubert Chanson. Turbulence in hydraulic jumps:

Experimental measurements. Technical Report CH62/07, Division of Civil

Engineering, The University of Queensland, July 2007.

[16] Frédéric Murzyn and Hubert Chanson. Free surface, bubbly flow and

turbulence measurements in hydraulic jumps. Technical Report CH63/07,

Division of Civil Engineering, The University of Queensland, July 2007.

[17] Hubert Chanson. Advective diffusion of air bubbles in hydraulic jumps

with large froude numbers: an experimental study. Technical Report

CH75/09, Division of Civil Engineering, The University of Queensland,

2009.

[18] Yann Chachereau and Hubert Chanson. Free surface turbulence fluctu-

ations and air-water flow measurements in hydraulic jumps with small

inflow froude numbers. Technical Report CH78/10, Division of Civil En-

gineering, The University of Queensland, 2010.

[19] D. Mouaze, F. Murzyn, and J. R. Chaplin. Free surface length scale

estimation in hydraulic jumps. Journal of Fluids Engineering, 127(6):

1191, 2005. doi: 10.1115/1.2060736. URL http://dx.doi.org/10.1115/

1.2060736.

[20] H. Chanson and T. Brattberg. Experimental study of the air–water shear

flow in a hydraulic jump. International Journal of Multiphase Flow, 26

(4):583–607, apr 2000. doi: 10.1016/s0301-9322(99)00016-6. URL http:

//dx.doi.org/10.1016/S0301-9322(99)00016-6.

[21] F. Murzyn and H. Chanson. Two-phase flow measurements in turbulent

hydraulic jumps. Chemical Engineering Research and Design, 87(6):789–

797, jun 2009. doi: 10.1016/j.cherd.2008.12.003. URL http://dx.doi.

org/10.1016/j.cherd.2008.12.003.

[22] Michele Mossa. On the oscillating characteristics of hydraulic jumps.

Journal of Hydraulic Research, 37(4):541–558, jul 1999. doi: 10.1080/

00221686.1999.9628267. URL http://dx.doi.org/10.1080/00221686.

1999.9628267.

35



[23] Michele Mossa and Umberto Tolve. Flow visualization in bubbly two-

phase hydraulic jump. Journal of Fluids Engineering, 120(1):160, 1998.

doi: 10.1115/1.2819641.

[24] Hubert Chanson and Carlo Gualtieri. Similitude and scale effects of air en-

trainment in hydraulic jumps. TJHR, 46(1):35–44, jan 2008. doi: 10.1080/

00221686.2008.9521841. URL http://dx.doi.org/10.1080/00221686.

2008.9521841.

[25] Minnan Liu, Nallamuthu Rajaratnam, and David Z. Zhu. Turbulence

structure of hydraulic jumps of low froude numbers. Journal of Hy-

draulic Engineering, 130(6):511–520, jun 2004. doi: 10.1061/(asce)

0733-9429(2004)130:6(511). URL http://dx.doi.org/10.1061/(ASCE)

0733-9429(2004)130:6(511).

[26] Hubert Chanson. Hydraulics of aerated flows: qui pro quo ? Journal of

Hydraulic Research, 51(3):223–243, jun 2013. doi: 10.1080/00221686.2013.

795917. URL http://dx.doi.org/10.1080/00221686.2013.795917.

[27] Damien Violeau. Fluid Mechanics and the SPH Method. Oxford University

Press, may 2012. doi: 10.1093/acprof:oso/9780199655526.001.0001.
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DualSPHysics: Open-source parallel CFD solver based on smoothed parti-

cle hydrodynamics (SPH). Computer Physics Communications, 187:204–

216, feb 2015. doi: 10.1016/j.cpc.2014.10.004.

[44] J. J. Monaghan. Smoothed particle hydrodynamics. Annual Review of As-

tronomy and Astrophysics, 30(1):543–574, sep 1992. doi: 10.1146/annurev.

aa.30.090192.002551.

[45] R.A. Dalrymple and B.D. Rogers. Numerical modeling of water waves

with the SPH method. Coastal Engineering, 53(2-3):141–147, feb 2006.

doi: 10.1016/j.coastaleng.2005.10.004.

[46] H. Gotoh, T. Shibihara, and M. Hayashii. Subparticle-scale model for the

MPS method-lagrangian flow model for hydraulic engineering. Comput.

Fluid Dynam. J., 09:339–347, 2001.

[47] Edmond Y.M. Lo and Songdong Shao. Simulation of near-shore solitary

wave mechanics by an incompressible SPH method. Applied Ocean Re-

search, 24(5):275–286, oct 2002. doi: 10.1016/s0141-1187(03)00002-6.

[48] Joseph P. Morris, Patrick J. Fox, and Yi Zhu. Modeling low reynolds num-

ber incompressible flows using SPH. Journal of Computational Physics,

136(1):214–226, sep 1997. doi: 10.1006/jcph.1997.5776.

[49] J.J. Monaghan. Simulating free surface flows with SPH. Journal of Com-

putational Physics, 110(2):399–406, feb 1994. doi: 10.1006/jcph.1994.1034.

[50] George Keith Batchelor. An introduction to fluid dynamics. Cambridge

University Press, London, 1967.

[51] J. J. Monaghan and A. Kos. Solitary waves on a cretan beach. J.

Waterway, Port, Coastal, Ocean Eng., 125(3):145–155, may 1999. doi:

10.1061/(asce)0733-950x(1999)125:3(145).

[52] J.J. Monaghan. On the problem of penetration in particle methods.

Journal of Computational Physics, 82(1):1–15, may 1989. doi: 10.1016/

0021-9991(89)90032-6.

38
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