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Vibro-Impact Dynamics of Fretting Wear 
Jakob Knudsen 

Abstract 

The dynamics and wear of non-linear impact oscillators, comprising a single-degree 
of freedom system as well as continuous beam systems are analysed. The considered 
beams are of cantilever type with the lateral motion of the free end constrained by elastic 
supports. They are modelled as Bernoulli beams with Rayleigh damping. A finite-
element method is used for discretisation in space and Newmark's method for time 
integration. Wear is quantified using the work-rate concept. The model calculations are 
compared with measurements of contact forces and displacements made on a loosely 
supported nuclear fuel rod span subject to both harmonic and random excitation. Details 
of the vibro-impact dynamics in the time domain are well reproduced in the digital 
simulations. Work-rates computed from measured and simulated quantities are also in 
good agreement. 
Furthermore, the dynamics of vibro-impacts are characterised through global and local 
stability and bifurcation analysis. Global analysis is made by extensive time integration 
for both harmonic and stochastic excitation. The local analysis is made by way of a 
Poincar6 mapping method relating the states at subsequent impacts at the elastic sup-
ports for harmonically excited systems. The domains of stability are mapped out and 
the work-rate at stable periodic orbits is examined. 

Keywords: Non-linear dynamics, vibro-impact dynamics, wear, work-rate, finite ele-
ment method, nuclear fuel rod, bifurcation, stability. 
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wise. 
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1 Introduction 

The study of vibro-impact dynamics and wear of non-linear impact oscillators requires 
knowledge and input from two separate fields of science; wear of materials (section 1.1) 
and non-linear dynamics (section 1.2). Section 1.3 describes the recent development in 
the particular field of vibro-impact dynamics and wear relevant for this thesis. 

1.1 	Surface Damage 

For two contacting bodies with certain relative motion with respect to each other, we 
can identify two specific situations — total slip and partial slip (Mindlin 1949). The 
latter is associated with fretting fatigue, in which damage occurs by the initiation and 
propagation of cracks at the rim of the contact surface (Johnson 1961). Total (or gross) 
slip on the other hand, is associated with wear, i.e. the removal of material from the 
surfaces. On a microscopic scale (jum) we see the formation of a structure of layers 
due to the extensive plastic shearing. These layers will eventually delaminate and de-
tach (Vingsbo and  Söderberg  1988). On a macroscopic scale this may be modelled by 
Archard's wear relationship (Archard 1953), which states: 

V = KFS 	 (1) 

where V is the volume worn off,  K  is the wear coefficient, F is the normal contact 
force and S is the sliding distance. 

In cases of complex loading where the normal force oscillates to the degree that the 
surfaces loose contact we have what is called impact fatigue or impact sliding wear. 
To relate wear volume to non-linear quantities, such as the contact forces and relative 
sliding motion, Frick et al. (Frick et al. 1984) introduced the concept of work-rate, in 
the form 

V = KWT 	 (2) 

whereW is the work-rate and T is the wear process time. The work-rate defined in this 
way is denoted as the normal work-rate. 

Recently, the notion of the shear work-rate was proposed (Pettigrew et al. 1999). 
It is defined as the integral of the shear or sliding force times the sliding distance per 
unit time. Hence, the shear work-rate is identical to the mechanical energy dissipated 
at contact points. 

1.2 Non-linear Dynamics 

A dynamic system with two (or more) surfaces, which can be either in contact or not 
in contact, is said to have a geometric non-linearity. Such a system can display all the 
features of non-linear dynamic dissipative systems, e.g. fixed points, limit cycles and 
chaos. 
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What is currently known as chaos was first discovered by Poincait in his study 
of stability of celestial bodies (Poincait 1890). Although the dynamical instabilities 
have been known for a long time, the seminal work of Lorenz (Lorenz 1963) is com-
monly regarded as the starting point for investigations of deterministic systems display-
ing random-like behaviour. He derived and studied the following third-order system of 
equations to simulate thermally induced fluid convection in the atmosphere: 

= o-  (y  —  x)  
= px —  y  — xz 	 (3)  

i 	+ xy 

where o-,  p  and ,3 are parameters. 
Lorenz found that it was not possible to restart integration from a saved state and get 

the same evolution, i.e. the truncation error was enough to disturb the system. Hence, 
a strong dependence on initial conditions, which is a hallmark of chaos, was found. 
This is also known as the butterfly effect: "A small perturbation created by the wings 
of a butterfly in Beijing, can produce a torrential rainstorm in California" (Nayfeh and 
Balachandran 1995 and Lorenz 1979). 

After Lorenz, chaos has been found in many systems of physical interest. However, 
this survey is restricted to systems of type "impact hammers", i.e. geometric non-
linearities in vibrating systems. 

The existence and stability of periodic motion of an idealised soil plow was investi-
gated analytically by Senator (Senator 1970). Impacts of a translating rigid body against 
a solid wall were modelled by a coefficient of restitution. The possibility and the ne-
cessity of checking for mathematical orbits penetrating the wall ("penetrating orbits") 
were discussed by Senator. 

Masri investigated a system with two-sided constraints in the form of a vibration 
neutraliser with motion limiting stops (Masri 1972). The exact solution for the steady-
state motion is given in terms of a coefficient of restitution. The effect of adding stops 
to a number of different vibration neutralisers were analysed and discussed. 

Forced vibrations of a cantilever beam with non-linear boundary conditions was 
solved by Watanabe using an approximate analytical method (Watanabe 1978). The 
non-linear supports were modelled as piecewise linear springs and introduced in the 
equations of motion as an added force. The results of the first order continuous system 
was compared with a single-degree of freedom system which showed good agreement 
at low forcing frequencies. 

Stable single and multi-periodic orbits as well as chaotic motion have been found 
experimentally for a harmonically excited cantilever beam constrained at one side by 
an aluminium stop (Moon and Shaw 1983). In the experiment chaos appeared after a 
sequence of period doublings similar to the scheme discussed by Feigenbaum (Feigen-
baum 1978). Furthermore, Moon and Shaw numerically evaluated the experiment using 
a single-degree of freedom (SDOF) oscillator with a bilinear spring which showed qual-
itative agreement in the lower frequency region. 
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The harmonically forced SDOF oscillator equation of motion, constrained by a 
single-sided linear elastic constraint, was solved by Shaw and Holmes exploiting the 
piecewise linear nature of the system (Shaw and Holmes 1983c). Numerically it was 
shown that this system exhibits harmonic, subharmonic and chaotic motions. Analyti-
cal solutions were found when the analysis was limited to a support with infinite stiff-
ness. A  Smalel  horseshoe was found for the dissipationless case. For perfectly plastic 
impacts, i.e. when the coefficient of restitution is equal to zero, Shaw and Holmes 
found that the motion is represented by a discontinuous one-dimensional map, with flat 
regions, defined on a circle (Shaw and Holmes 1983a). Due to these discontinuities 
arbitrarily long superstable periodic orbits can occur. The system was then extended to 
include large dissipation, i.e. the coefficient of restitution is: 0 <  e  << 1 (Shaw and 
Holmes 1983b). 

Shaw extended the SDOF oscillator with single-sided amplitude constraint to a 
SDOF oscillator with two-sided symmetric rigid amplitude constraints (Shaw 1985a). 
The equations of motion were solved utilising the fact that the oscillator is linear be-
tween the supports. The study comprised subharmonic motion and local bifurcations 
for the coefficient of restitution in the range:  e E  [0.5, 0.0]. The existence and stability 
of symmetric double impact motion was found explicitly. In a follow-up paper (Shaw 
1985b), chaos and global bifurcations of the same system were explored. Stable and 
unstable manifolds were successfully mapped out. 

The SDOF oscillator with two-sided linear elastic supports was studied by de  Lan-
gre  et al. (de  Langre  et al. 1990). They used a negative viscous damping to simulate 
fluid elastic instabilty of heat exchanger tubes. The equations of motion were solved 
analytically and they showed that, in the absence of external forcing, only periodic 
solutions can be obtained. Furthermore, the case of forced excitation was solved ana-
lytically with perturbation technique for low forcing and numerically otherwise. The 
transitions between periodic and chaotic regimes were discussed. 

More recently, de  Langre  and Lebreton conducted an experiment simulating a spring-
mass system with two-sided elastic amplitude constraints (de  Langre  and Lebreton 
1996). Numerical investigations were also made using an explicit time stepping al-
gorithm. They mapped out regions of chaotic motion using the frequency content of the 
response as a criteria for chaos. 

1.3 	Vibro-Impact dynamics of Loosely Supported Rods 

The vibro-impact dynamics of loosely supported tubular structures is studied to under-
stand and  asess  the role of dynamics in long term failure due to wear and/or fatigue of 
these structures. Over the last two decades or so various computation methods have 
been applied to predict and analyse the impact dynamics of tubes in heat exchangers. 

'According to the Smale—Birkoff homoclinic theorem there exists a complicated invariant set for some 
iterate of mapping  P  called a  Smale  horseshoe  (Smale  1967) 
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In the now classic paper, Rogers and Pick simulated the dynamic response of cylin-
drical cantilever beam with circular support clearance in two and three dimensions 
(Rogers and Pick 1976). Their work is based on the finite element method  (FEM)  using 
modal superposition technique to solve the equations of motion. The contact condition 
at the clearance was modelled with linear spring stiffness and friction according to a 
viscous friction model: 

Ff  =  
Vt  

for lvt  > vo 	 (4)  

and  
Ff 	 for  lvt  I  < vo  (5) 

where  Ff  is the friction force, pc the coefficient of friction, Fn  the normal contact force,  
vt  the tangential velocity and vtl  is a cut-off velocity, which is introduced to give a 
continous friction force as the tangential velocity changes sign. 

The system considered by Rogers and Pick was subjected to harmonic loading with 
frequencies from 15 to 35 Hz. The simulated results were compared with measurements 
which showed satisfactory agreement. 

Axisa et al. made further comparisons between numerical simulations, using the 
Rogers and Pick model, and measurements (Axisa et al. 1984). They studied the in-
fluence of forcing amplitude and clearance gap on the dynamic response of loosely 
supported tubular structures. The harmonic forcing frequency was chosen to coincide 
with the first flexural mode of the beam, which had an anti-node of vibration at the 
interacting support. They found good agreement between calculations and measure-
ments concerning general trends. However, the details of the impact force time history 
were poorly reproduced. Axisa and Izquierdo (Axisa and Izquierdo 1992) suggested 
experimental reasons for this, noting that, the experimental difficulty of measuring the 
short lived impules caused by the impacts is considerable and that tube sliding cannot 
be measured at the point of impact. 

The dynamics of heat exchanger tubes and annular supports was analysed with 
clearances using  FEM  and an unconditionally stable Newmark scheme to solve the 
non-linear equations of motion (Sauv6 and Teper 1987). The contact condition was 
modelled using piecewise linear springs and dampers to account for loss of kinetic en-
ergy during impact. The coefficient of friction, it, was introduced to account for the 
sliding force vector, µF,„ where Fn  represents the normal force. 

The concept of tangential stiffness and wear of contact sites in a  FE  framework was 
introduced by  Johansson,  using Newmark' s algorithm to solve the equations of motion  
(Johansson  1997). The contact algorithm used, was a "node-to-node" algorithm, in 
which all contact sites are approximated with points. These points can have linear 
and/or non-linear spring stiffnesses in three dimensions and the curvature of the tube 
surface is accounted for. The  Johansson  model was further elaborated by Knudsen et 
al. (Knudsen et al. 1997). They studied the dynamic response of a cantilever beam 
with loose supports. Comparisons between measurements, made by de  Langre  and 
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Phalippou at  CEA  (de  Langre  and Phalippou 1996), and numerical simulations were 
made. The agreement was good concerning time averaged properties, however, details 
in the impact history still were poorly reproduced. 

Very recently,  Johansson  investigated the influences of stochastic loading on wear  
(Johansson  2000). Furthermore, the accuracy of the Newmark scheme was analysed. 
The effects were exemplified and verified with a single-degree of freedom oscillator 
and a planar cantilever beam. 

The  Johansson  model was applied to evaluate measured data for a three dimensional 
cantilever beam with loose supports (Knudsen and Massih 1999). It was found that a de-
tailed knowledge of the beam boundary conditions and support conditions improved the 
estimation of details in the response dynamics relative to measurements. Furthermore, 
the characteristics of non-linear impact dynamics were studied using two idealisations 
of the cantilever beam involved in the test. 
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2 The Thesis 

The methods and results discussed in this thesis are applicable to nuclear fuel rods in 
a pressure water reactor (PWR). However, they are easily extended to cover any long 
slender structure with possible interstructural gaps at the length-wise supports. 

2.1 Engineering System 

The core of a standard PWR contains about 200 fuel assemblies. Each assembly com-
prises fuel rods and control rods ordered in 16x 16, or 17x 17, or 18x 18 arrays depend-
ing on the PWR design. Of the 289 spaces available in a 17  x  17 fuel assembly, 264 are 
occupied by fuel rods, the remaining spaces contain guide tubes for control rods with a 
central tube available for instrumentation. About one third of the assemblies in the core 
include control rods, in the other assemblies the guide tubes are partially blocked. 

The fuel rods comprise a metallic tube, the cladding which is made of a zirconium 
alloy, containing ceramic pellets of fuel (such as UO2)2. The fuel rods in an assembly 
are supported and separated by grid assemblies at intervals along the length, see figure 1. 
The guide tubes are connected to the top and bottom "nozzles". The nozzles control the 
flow of coolant water through the fuel assembly. Since the fuel assemblies are open at 
sides in a PWR, lateral flow between neighbouring fuel assemblies is possible. Nuclear 
fuel assemblies are subjected to random excitation forces due to the turbulent coolant 
flow and also cross-flow (lateral flow) from neighbouring assemblies. The cross-flow 
may lead to fluid-elastic excitation at a certain flow velocity. Moreover, recent PWR 
grid assemblies are designed with flow mixers (mixing vanes) which induce internal 
rotating flow within fuel assemblies or pressure pulsations. This type of flow can induce 
excitation and resonance of the whole fuel assembly (Haslinger et al. 2001). 

2.2 Experimental 

To study the details of the vibro-impact dynamics of a PWR fuel rod, an experiment on 
grid-rod dynamic interaction was designed by  ABB  Atom (Massih 1994) and later con-
ducted by the nuclear research facility CEA/Saclay, France (de  Langre  and Phalippou 
1996). 

Gaps between fuel rod and support grid (grid assembly) springs may develop due 
to creep down of the cladding tube and relaxation of the support cell springs during 
irradiation. The presence of gaps makes the system strongly non-linear and leads to 
sliding-impact wear during reactor service, where the fuel rods are exited by the sur-
rounding coolant flow. To summarise the problem, we have a highly non-linear system 
with varying geometry excited by flow-induced vibration. 

2A fuel rod (17  x  17 array) has a fuel pellet diameter of 8.19 mm, cladding wall thickness of 0.57 mm 
and a cladding outer diameter of 9.5 mm. The length of the fuel rod is about 3.85 m, about 3.66 m of which 
contains fuel pellets. 
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To simplify, only a part of a fuel rod was considered in the experiment (de  Langre  
and Phalippou 1996). In the experiment a cladding tube was filled with lead pellets. 
Lead has a density very close to the uranium-dioxide used in real fuel rods, and has the 
advantage of not being a nuclear material. The fuel rod was fitted vertically in a test rig 
by screws, with a hanging part of a fuel rod (640 mm) with almost cantilever boundary 
conditions. Lateral motion was constrained by a support cell, which was fixed so that 
its mid position is 492 mm from the clamped end and force transducers were placed on 
all four sides of the support cell to measure impact forces. The rod displacements were 
measured with eddy current displacement probes in two directions 50 mm above and 
below the cell. A sketch of the experimental setup is given in figure 2. The rod was 
excited by two shakers, one in each coordinate direction, situated close to the supported 
end. Force and displacement data were recorded in blocks of 6.56 s with a sampling 
frequency of 14993 Hz. To remove noise effects around zero values of measured forces, 
a threshold value of 0.075  N  was used. Below this threshold, forces were regarded as 
being equal to zero. The measured displacements were numerically filtered by applying 
an eighth order low-pass digital Butterworth filter with a cut-off frequency of 300 Hz. 
This facilitates derivation of velocities without over-estimation. The velocities, neces-
sary for wear work-rate computations, were found numerically with a simple forward 
difference scheme using the sampling time step. To get a valid wear work-rate for the 
grid cell, the rate was computed independently using displacements measured above 
and below the grid cell and the average was taken as the true work-rate for the grid cell. 
The concept of wear work-rate is elaborated further, later in this thesis. 

2.3 Modelling 

In the simulations the fuel rod is modelled assuming small deformation theory within 
a finite element framework using cubic hermitian beam elements. The geometry of the 
problem, constrains the fuel rod deflection to remain well within the range of validity for 
small deformation theory. This is because large deflections are limited by the grid cells 
and the neighbouring fuel rods (cf. figure 1). The algorithm adopted here is a  pseudo-
force  algorithm, i.e. the influence of the support cell is included as forces applied to the 
beam. This formulation has been found to be numerically advantageous compared to 
incorporating the support cell stiffness in the stiffness matrix. In the  FE  framework we 
write the equations of motion as: 

Mü + Cü + Ku = + f p(u) 	 (6) 

where M,  C  and  K  are the consistent mass, damping and stiffness matrices, respectively, 
u is the nodal beam displacement vector, f a  is the applied force vector and  f p  the 
pseudo contact force vector, which depends on the displacements in a non-trivial way. 

To improve numerical stability the contact forces are approximated in the current 
iteration by considering a first-order Taylor expansion of the contact force according to 
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Johansson  (1997):  

fp  (t  +  At)  f p(t) +  Kt  [u(t)] [u(t +  At)  — u(t)] 	 (7)  

where Kt  is the tangent stiffness matrix. 
There are numerous ways to approximate the tangent stiffness Kt  . Two different 

methods are selected for the work presented here: a frictionless contact algorithm and 
a Coulomb friction algorithm including stick-slip motion and sliding along the curved 
surface of the tube. If friction is included, the contact forces, corresponding to the com-
pression of the contact springs, are calculated from the beam displacement u, at each 
time step, assuming stick condition. If the Coulomb forces are sufficient to maintain 
equilibrium the calculation proceeds, otherwise the contact springs are relaxed through 
slip until force balance is obtained. 

Rayleigh damping is used. The choice of Rayleigh damping is based on it's sim-
plicity, added numerical stability and computational efficiency, i.e. damping is applied 
in the following form:  

C  = cniM + ckK 	 (8) 

where cm  and  ck  are mass proportional and stiffness proportional damping constants, 
respectively. 

The use of stiffness proportional damping has the effect of increasing damping at 
higher frequencies. Hence, it is necessary to consider the possibility of disproportion-
ate truncation of the high frequency content induced by the impacts. This is done by 
comparing spectra for simulated and measured response. 

The most widely spread technique to solve the equations of motion is the modal 
superposition technique (e.g. Rogers and Pick 1976, Axisa et al. 1988 and Delaune 
et al. 1999). However, there is no exact way of determining how many modes to 
include in the solution to accurately represent the response. Usually, this is done by 
trial and error. Furthermore, damping is usually measured for the first two to three 
modes and the measured value (or an average of the measured values) is then applied 
to all subsequent modes. To avoid these problems, the equations of motion are solved 
directly using an unconditionally stable Newmark's implicit integration scheme, with 
the two Newmark variables, (5 and ß,  set to: (5 = 0.5 and )3 = 0.25 (Bathe 1996). 

Since the beam deflections will remain small, the choice of a node-to-node con-
tact algorithm is well motivated. The contact sites are assigned spring stiffnesses in 
axial, circumferential and axial direction. Hence, the corresponding contact forces  
P  = (Pn,Pc,Pa) are computed from the compression of the contact site from its original 
position, where  n, c  and a denote normal, circumferential and axial directions, respec-
tively. Expressing the gap vector extending from the contact site as  g  = (gn, 9,, 0) 
(n.b. ga  = 0 as a consequence of the node-to-node contact algorithm), the classical 
(Signorini) contact conditions are written in the form: 

gn > 0; Pn < 0; Pngn = 0 
	

(9) 
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where the first inequality from the left represents the impenetrability condition, the 
second one is the compression condition, and the third equation describes the zero work 
or the complementarity condition. 

Using the same local variables we write the friction law: 

IPti 	len;  Peljel = 	 cl(IPti + ppr,) = 0 	(10) 

where pt  = (pc , pa ) is the tangential force vector. In equation (10) the first inequality 
from the left is Coulomb's law of friction, t is the coefficient of friction; the middle 
equation is the collinear slip rule (with superimposed dot denoting the time derivative) 
and the last equation describes the energy dissipation during contact. 

Three different models are used to evaluate the experimental system described in 
section 2.2;  

i). A full three dimensional model with a detailed realisation of the influence of the 
support cell, see figure 3. The properties of the individual springs and arches in 
the cell are found through a detailed  FE  analysis (Knudsen and Massih 1999). 
Two stiff springs are used to model the nearly clamped end conditions. The 
beam flexural rigidity and stiffness coefficients of the support springs are found 
by matching the three lowest eigenfrequencies and two lowest eigenmodes to 
measured values. 

ii). Figure 4, a two dimensional model. Two stiff springs with the same stiffness 
coefficients as in  i)  support the beam. The support cell is approximated by two 
equal linear springs with an average stiffness coefficient adapted from the three-
dimensional model. 

iii). A single degree of freedom oscillator (figure 5). The support cell is modelled by 
two linear symmetric springs as in ii). The stiffness of the oscillator is found by 
matching the eigenfrequency of the oscillator to the lowest measured eigenfre-
quency. 

Two types of loading are used in this work, harmonic and band limited white noise. 
For harmonic excitation of the three dimensional model we used two sine loads of equal 
amplitude with a phase difference of 7r/2 forcing the beam in a circular motion. In two, 
or less, dimensions, only one of them is used. Random excitation is simulated with a 
finite series of harmonic loads. Two independently generated random loads are used to 
excite the three dimensional system. 

Wear is quantified in terms of a work-rate. The work-rate is defined in three dif-
ferent ways (normal, shear and impact). The normal work-rate equals the sliding ve-
locity times the normal contact force and is derived from Archard's wear law (Archard 
1953). Shear work-rate is derived from energy considerations (Pettigrew et al. 1999) 
and equals the shear contact force times the sliding velocity. It is related to the normal 
work-rate through the coefficient of friction. In one-dimensional or planar problems 
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Figure 4: Two-dimensional simplified model of fuel rod vibration experiment 
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we have no macro sliding between the impacting bodies. Hence, we define the impact 
work-rate as the normal contact force times the deformation velocity. It is a measure 
of energy exchange between the bodies or, phrased differently, the energy available for 
surface damage. 

2.4 Papers 

Paper I deals with vibro-impact dynamics of harmonically exited systems. It contains 
numerical simulations of the wear test described in section 2.2. The general agreement 
between model calculations and measurements is satisfactory. However, the simulations 
resulted in an over estimation of the work-rate. Parametric studies were made to explore 
the reason for this discrepancy. It is shown that an accurate value of the coefficient 
of friction is important to obtain accurate values on the work-rate. Furthermore, it is 
confirmed that the dimensions of the support cell, i.e. the gap size, have significant 
influence on work-rate computations. On the other hand, results show that the stiffness 
properties of the support cell can contain a twenty percent error without influencing the 
work-rate computations significantly. 

A global bifurcation analysis is also included in Paper I. The analysis was made us-
ing the two simplified systems previously defined (Figures 4 and 5). The analysis iden-
tified regions of aperiodic as well as periodic motion for both oscillators. The periodic 
motion comprises symmetric and asymmetric double impact motion. The existence of 
multiperiodic orbits is also numerically verified. 

In Paper II random loads are applied to the systems under consideration. The loads 
applied, approximate a band-limited white noise in the frequency interval [ 0, 50] Hz, 
relevant for the conditions in a PWR. The work-rate was computed for a wide range of 
forcing amplitudes. Forcing amplitude refers to the root-mean-square (RMS) amplitude 
of the applied load. The same trend as found in the measurements was reproduced 
numerically. However, an overestimation of work-rates is still present even after tuning 
the model according to the findings in Paper I. 

Two hypothesis are proposed to explain the overestimation:  i)  higher damping is 
necessary and ii) inaccuracy in reproducing the input power spectral density (PSD) 
used in the experiment. Results show that both hypothesis can be used to explain the 
overestimation. The level of damping used is, however, based on measurements of the 
modal damping coefficient at the three lowest eigenfrequencies for the fuel rod. Hence, 
the second hypothesis is deemed more likely to cause the overestimation. Numerically 
it is possible to generate an applied load with a PSD that almost perfectly mimics the 
rectangular PSD of a theoretical band-limited white noise. This is hard to accomplish 
in an experimental situation. Simulations show that by varying the highest frequency in 
the band-limited white noise so that the second eigenfrequency is either directly excited 
or not excited by the applied load results in a significant jump in the work-rate. 

The underlying dynamics of a stochastically forced fuel rod is explored using the 
simplest representation of the fuel rod (figure 5). The response, in the form of contact 
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velocities, is studied as a function of a control parameter representing a dimension-
less forcing amplitude. The parameter comprises the most important properties of the 
system, i.e forcing amplitude, gap size and contact stiffness. 

In Paper III it is shown that the contact velocity is closely related to the impact 
work-rate. A linear relationship is found to be valid for the major part of the studied 
region. For extraordinary values of the control parameter there is a deviation from the 
linear relationship. The reasons behind this behaviour are elaborated in Paper II. 

The time scale of wear is much longer than the time scale of the dynamics involved 
in the impacting system studied here. Hence, the study of existence and stability of 
periodic orbits in connection with wear is worthwhile and meaningful. That is, if the 
system possess a stable periodic attractor and the disturbances are small enough, the 
motion will settle down on this attractor after a finite length of time. This topic is anal-
ysed in Paper HI for harmonic excitation. To emphasis that stable periodic orbits are not 
just a numerical artifact, figure 6 displays a periodic orbit measured in the experiment, 
described in section 2.2, in the form of a Lissajous plot. 
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Figure 6: Measured periodic orbit at a forcing frequency of 30 Hz 

The numerical simulations are performed on the two simplified structures delineated 
above (figures 4 and 5). Stability is analysed by introducing a Poincar6 section at the 
place of structural contact. The single-degree of freedom oscillator, or simple damped 
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harmonic oscillator (SDHO), is solved analytically by exploiting the piecewise linear 
nature of the problem. The purpose of the SDHO is not only to gain insight of the 
dynamics but also to provide the means for validation of the numerical methods used 
for beams. Furthermore, the literature concerning this type of oscillator is plentiful  (eg.  
Shaw 1985a and 1985b), which simplifies verification considerably. The domains of 
stability for symmetric and asymmetric orbits are outlined and presented in the form of 
frequency response diagrams, i.e impact velocity vs. frequency of the applied harmonic 
load. The impact work-rate is evaluated along branches of stable period one solutions. 
A close relationship between impact velocity and work-rate is found, i.e. higher impact 
velocity leads to higher work-rate and vice versa. Close to certain bifurcation points this 
is not always the case. Furthermore, it is shown that asymmetric orbits are associated 
with a higher work-rate compared to a symmetric orbit at or close to the same forcing 
frequency. Another feature of the asymmetric orbits is that it may lead to asymmetric 
wear of the symmetrically placed contact sites. 

The numerical methods used for beams, are verified by remodelling the SDHO 
using beam elements with artificial stiffness. This resulted in virtually identical results. 
The analysis of the SDHO is repeated for the planar beam (figure 4). As expected 
the response of the planar beam displays similar dynamic phenomena compared to the 
SDHO. Further, impact velocities and work-rates are of the same magnitude, especially 
in the lower frequency range. On the differing side, we find that phase portraits of stable 
periodic orbits are more wrinkled than corresponding orbits for the SDHO and patterns 
of stable and unstable solutions are far more complex. Furthermore, the work-rate 
differences between the symmetric constraints, indicating asymmetric wear, associated 
with stable periodic asymmetric solutions exist also for the planar beam. However, they 
are less pronounced than that predicted using the SDHO. 

Finally, Paper Ill contains an attempt to evaluate an experiment made by Moon and 
Shaw (Moon and Shaw 1983). In that experiment a cantilever beam was harmonically 
excited through prescribed displacements. The motion of the free end of the beam 
is constrained on one side by an aluminum stop. Due to the nature of the  FE-code 
used, some modelling assumptions concerning boundary conditions were necessary, cf. 
Paper III for details. At a forcing frequency of 10.5 Hz, it was possible to numerically 
reproduce a period doubling bifurcation from a stable period one subharmonic two 
orbit to a stable period two subharmonic four orbit. Other and longer period doubling 
sequences were also found, but a chaotic attractor could not be found. 

To conclude, it should be noted that periodic orbits can appear as a result of com-
bined harmonic and stochastic load (Roy 1999) and the conditions for this to happen 
in the system considered here deserves further attention. Moreover, the methods de-
scribed in this thesis can be used to predict the life time of the components. This will 
be explored in a forthcoming work. 
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Abstract 

The vibration and impact dynamics of a periodically forced loosely supported 
beam are analyzed. The wear work rates at impact points are evaluated. The con-
sidered beam is clamped at one end, and constrained against unilateral contact at 
contact sites, with or without friction, near the other end. In this work the struc-
ture is modeled by a Bernoulli-type beam supported by springs using finite element 
method. Our model calculations are compared with measurements of contact forces 
and displacements made on a loosely supported rod that was subjected to harmonic 
loading. Furthermore, the dynamics of vibro-impacts are characterized by evalu-
ating the impact velocity as a function of harmonic excitation frequency for two 
idealizations of the above mentioned structure. 

1 Introduction 

Dynamic response analysis is an important part of the design of various components in 
nuclear power reactors, such as nuclear fuel rods, the control rods, the in-core instru-
mentation, and the steam generator tubes. Dynamic excitation is present both during 
normal steady state operation, such as turbulent flow-induced vibrations, and faulty 
conditions, such as fluid-elastic instability and self-excitations due to vortex shedding, 
or in transient events, such as earthquakes and/or loss of coolant accidents in case of 
the fuel assemblies. Some of the equipment, like heat exchanger tubes, are designed 
to have certain clearances at support points to allow for thermal expansion, or in case 
of fuel rods in pressurized water reactors (PWR), gaps might develop due to relaxation 
of the support springs (in spacer grid cell) and creep-down of the cladding tubes dur-
ing service. The presence of inter-structural gaps leads to sliding-impact interaction 
between neighboring structures and/or loose supports, which exhibit highly non-linear 
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response dynamics. As has been indicated by several recent studies, for example, Moon 
[1], Shaw and Holmes [2], Axisa et al. [3], de  Langre  et al. [4], such non-linear systems 
can have a large variety of dynamical behaviors, which can be sensitive even to very 
small changes in the initial conditions of system parameters. 
In the past two decades various computational methods have been devised to predict 
or to deal with some aspects of vibro-impact dynamics. Rogers and Pick [5] devel-
oped a numerical scheme to study tube dynamics in the presence of impact sliding. 
Rogers and Pick's work was based on the finite element (1-1.) method where the tech-
nique of modal superposition was used to solve the equations of motion. Axisa et al. 
[6], [3] further elaborated on Rogers-Pick's method to compute displacements and im-
pact forces in tubular structures using a non-linear tube-support contact force. Axisa 
and Izquierdo [7] later utilized this method to evaluate experiments on vibro-impact 
dynamics of loosely supported tubes under harmonic excitations. Sauv6 and Teper [8] 
analyzed the vibro-impact tube dynamics by using  FE  method and an unconditionally 
stable numerical scheme to solve the non-linear equations of motion. They employed 
Rayleigh proportional damping for the damping matrix in the equations of motion. 
In this note the dynamic response of a cantilever beam having loose supports with a 
prescribed clearance subjected to harmonic excitation is analyzed and the results are 
compared with experiments. Moreover, the dynamics of vibro-impacts are character-
ized by evaluating the contact velocity as a function of excitation frequency for two 
kinds of structures, namely a two-sided single-degree-of-freedom impact oscillator, and 
a two-dimensional cantilever beam with a double-sided support clearance. In Section 
2, the contact-friction model used is presented. The computational method is described 
in Section 3. In Section 4, we evaluate a vibro-impact experiment. The vibro-impact 
dynamics of simplified structures are presented in Section 5. 

2 The Model 

We consider a spring-supported cantilever beam constrained by loose supports at its 
free end. It is assumed that there exists a prescribed clearance between the beam and the 
supports, which leads to contact between the two bodies under excitation. The contacts 
are assumed to be unilateral where each contact site has a force displacement relation 
in normal, tangential, and axial directions. Stick-slip motion along the curved surfaces 
is allowed. The contact force is resolved into three components,  p  = (n,„„,p,,pa ), where  
p  denotes the force vector and the indices  n, c  and a represent normal, circumferential 
and axial directions, respectively. Similarly, the gap size,  g,  is a vector consisting of 
three components, normal, circumferential and axial components,  g  = (ga, gc, ga), 

with ga  =0. The contact force vector,  p.  and the gap vector,  g,  refer to the local contact 
geometry, see Fig. 1. The classical contact condition is assumed to be  

g. > 0; (la) 
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Pn < 0; 

Pngn = 0  

where the first inequality from the top represents the impenetrability condition, the 
second one is the compression condition, and the third equation describes the zero work 
or the complementarity condition. The contact model also allows for friction between 
the two bodies. The friction law may be formulated as 

liptil 5 Fen; 
	 (2a) 

Pcigei = 
	 (2b) 

liPn) = 0 
	

(2c) 

\ 1/2 
where pt  = (pc, pa) is the tangential force vector and Ix = 	

T 
 x) 	denotes 

the Euclidean norm of  x.  In (2a-c)  the first inequality from the top is Coulomb's law 
of friction, it is the coefficient of friction; the middle equation is the collinear slip rule 
(with superimposed dot denoting the time derivative) and the last equation describes the 
energy dissipation during contact. 

Tube 

Figure 1: Contact point geometry and definitions. 

3 Method of Calculation 

The numerical method adopted here rests on the method proposed by  Johansson  [9] 
and elaborated by Knudsen et al. [10] in which the concept of tangential stiffness to-
gether with the wear contact sites were introduced into a  FE  framework. In the  FE  
framework, the equations of motion for the system are written as: Mü +  C  it+ Ku =f, 
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where M,  C  and  K  are the consistent mass, damping and stiffness matrices, respec-
tively, u is the nodal beam displacement vector and! is the nodal force vector. The 
force vector comprises the applied force,  lapp'  and the contact force, f r cant • The beam 
is discretised in space using two-node Hermitian cubic elements. The influence of the 
grid cell is idealized as six contact points, three each in the  x-y  and the  x-z plane, re-
spectively. For the purpose of these calculations, each contact site is modeled with 
three linear springs, in normal, tangential and axial directions, respectively. The tem-
poral discretisation is made following Newmark's implicit integration scheme (Bathe 
[11]). The two Newmark variables (5 and 13 are set to: (5 = 0.5 and 13 = 0.25 for uncon-
ditional stability. All damping in the structure is modeled through Rayleigh damping 
in the form:  C  = cm,M + ck K where cm  and  ck  are mass proportional and stiffness 
proportional damping constants, respectively. The contact forces f cont (u) depend on u 
and its history in a complicated fashion. A direct numerical scheme is utilized to solve 
the non-linear equations of motion. The contact forces are approximated in the current 
iteration by considering a first-order Taylor expansion of the contact force 

feont(t + At)gl t (t)+Kcorit[u(t)][u(t + At) — n(t)] 	(3) 

where Kcont  [u(t)] = econt/au is the tangent stiffness matrix. There are various ways 
to compute the tangent stiffness Kcent . Two different methods are used in the calcu-
lations presented here: a frictionless contact method and a Coulomb friction algorithm 
including stick-slip motion and sliding along the curved surface of tube. The contact 
forces corresponding to the compression of the contact springs are calculated from the 
beam displacement u, in each time step, assuming stick condition. If the Coulomb 
forces are sufficient to maintain equilibrium the calculation proceeds, otherwise the 
contact springs are relaxed through slip until force balance is obtained. 

4 	Analysis of a vibro-impact experiment 

We consider here a beam supported at one end with stiff springs and constrained by 
loose supports at the other end as illustrated in Fig. 2. In both  x-  and  y-directions 
one of the support springs prevents rotation while the other hinders translation. Their 
stiffnesses are denoted by  krot  and ktra, respectively. The support cell comprising the 
springs is placed close to the free end of the beam. The support cell consists of soft 
springs and arches, two arches are placed diametrically opposite to the soft spring, in 
the  x-z and  y-z planes, respectively, as shown in Fig. 3. The beam is excited with 
harmonic loads, acting at some distance from the supported end. Our objective here 
is to analyze a vibro-impact experiment performed on this structure by de  Langre  and 
Phalippou [12]. The considered structure consists of a zirconium alloy tube filled with 
lead pellets (in nuclear fuel rod dimensions), see Table 1. The loose supports simulate, 
for example, the situation that a gap has been developed due to deformations of fuel rod 
and support cell. 
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Figure 2: Sketch of the cantilever beam with loose supports at one end subject to a time 
varying force. 

4.1 Beam Boundary Conditions 

Let us first consider the two-dimensional beam in Fig. 2 without its loose supports 
(i.e. free at one end). For the purpose of this note the first three eigenfrequencies 
and first two eigenmodes are calculated. The properties of the studied structure are 
listed in Table 1. The measured frequencies are for a beam without the loose supports. 
Three additional quantities, namely the support stiffnesses ktra  (tra = translation) and  
krot  (rot = rotation) and the flexural rigidity of the beam  D  are necessary to describe 
the dynamics of the structure. These three quantities are identified through an iterative 
process outlined in Knudsen and Massih (1999). The identification is done by matching 

, 
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Support cell 
	

Deformed cell 

Figure 3: Schematic view of the rod-support cell system, showing also the deformed 
support cell with gaps. 

the calculated three lowest eigenfrequencies and the first two eigenmode shapes with 
the corresponding measured values. The calculated eigenfrequencies are listed in Table 
2 which can be compared with corresponding measured values given in Table 1. 

4.2 Support Properties 

The stiffnesses of the springs in the support cell have been determined by three di-
mensional  FE  calculations reported in Knudsen and Massih [131 The calculated linear 
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N/m 
N/m-rad 
Nm2  
Hz 
Hz 
Hz 
es  —I. 

S 

1.48 x 105  
5.35 x 102  
24.90 
7.351 
46.15 
125.7 
0.3984 
2.97510 x 10-5  

ktra  

krot  
D  

J1 
J2  
fi"  

Cm  

Ck 

N/mm 
N/mm 
N/mm 
N/mm 
N/mm 
N/mm 
N/mm 
N/mm 
N/mm  

213 
3830 
1960 
64.8 
1410 
1140 
42.2 
262 
1240 

A 
L 

f  i  
f2 

f3 

kg/m3  
m2 

m 
Hz 
Hz 
Hz 
% 

Tube material 
Pellet material 
Beam density 
Cross section area 
Beam length 
Measured eigenfrequency 1 
Measured eigenfrequency 2 
Measured eigenfrequency 3 
Damping ratio for mode 1 & 2 

Zircaloy-4 
Lead 
9347.51 
7.088  x  10-5  
0.64 
7.5 ± 0.20 
46 ± 0.40 
126 ± 1 
0.2 — 0.5 

Table 1: Properties of the structure 

Table 2: Boundary conditions for the spring-supported cantilever beam  
Support stiffness 
Support stiffness 
Flexural rigidity 
Calculated eigenfrequency 1 
Calculated eigenfrequency 2 
Calculated eigenfrequency 3 
Mass proportional damping 
Stiffness proportional damping 

spring stiffness coefficients in normal  (n),  circumferential (t) and axial (a) directions 
are listed in Table 3. 

Table 3:  Support cell linear spring stiffness coefficients 
Arch B1  

kt  
k a  

Arch B2 	ka  

kt  
ka  

Soft spring S  kn  

kt 
ka  
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4.3 The Beam 

The beam is modeled by two node Hermitian cubic elements of length Pei.1" . Some 
of the elements are split into two or more parts to place nodes at the contact points 
corresponding to the arches and the soft spring of the support cell, see Fig. 3, and at 
the point of the load application. Figure 4 shows the position of the nodes within the 
support cell. The values, for the distances defined in Fig. 4, are listed in Table 4. 
In measurements it was found that, for the first two eigenmodes, the damping ratio 
varied between 0.2% and 0.5%, see Table 1. Here, it is assumed that the damping 
ratio is, ( = 0.005, for the first two modes. The damping constants are then calculated 
according to: cm  = 2 w1  u/2/( wi + w2 ) and  ck  = 2( /( w1 + w2) , where w1  and w2 
are then first and second angular eigenfrequencies of the free beam, respectively, see 
Bathe [11]. Small initial clearances are modeled between the beam and its supports, 
Table 4. The indices used in the gap variables denote directions in the global Cartesian 
coordinate system. 

B2  

Bl 

Bl  

B2 

492 mm from 
supported end 

Figure 4:  FE  representation of portion of beam crossing the support cell, where S iden-
tifies a soft spring and  Bl  and B2 identify the arches. 

4.4 Results 

The results of our calculations for the wear work rate are presented in this section. The 
calculations are made according to the method discussed previously in Section 3 and 
under the conditions described in Sections 4.1-4.3. As in our earlier work, Knudsen et 
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Table 4: Certain sizes in the model 
Distance a 	 mm 6.985 
Distance  b 	 mm 16.51 
Distance  c 	 mm 9.32 
Gap size in x—direction, 2gx(t=0) mm 0.25 
Gap size in y—direction, 2gu(t=0) mm 0.20 

al. [10], the structure is excited at a distance 0.059 m from the supported end. Here, the 
applied load consists of two sinusoidal loads, each with amplitude of 6  N,  which are 
ir/2 out of phase with respect to each other; hence forcing the beam in circular motion. 
A forcing frequency of 20 Hz is utilized. The wear work can be defined as the work 
done when two bodies slide against each other leading to removal of certain material 
volume and dissipation of heat. The wear work, based on Archard's law, Archard [14], 
is equal to the contact normal force times the tangential contact displacement (in our 
case the circumferential component) ue. Incrementally we may write, dW = —pi, due, 

and hence the total wear work done in time interval te[0,l] is W = 	f 	du, -= 

- f Nil,  dt.  Since in case of fretting wear v(t)  E  due! dt is oscillating we write ii,  

ly,  I , where v, is the sliding velocity. Here the mean wear work rate is evaluated at each 
individual contact point. We define the time-averaged wear work rate (WWR) in the 
local contact geometry according to Frick et al. [15] 

(13' 	f  IN(t) je (t)1 dt  (4) 

where T is the wear process time and superscript  j  is an integer identifying the contact 
point, and j,(t) = 

	

	The mean WWR for the support cell is then calculated through 
6 

summation over the six contact points, i.e.: (P)T  =  EK  PI) T . The experimental 

WWR 
— 

WWR data are obtained by measuring the contact forces at the support cell and the 
displacements (in  x  and  y  directions) measured at two points close to the support cell. 
The velocities are deduced from the displacments (using a prescribed time step). Then, 
the WWR values are evaluated in  x  and  y  directions utilizing Eq. (4). Finally, the total 
value of WWR is found by adding its components. 

To ensure convergence in space and time discretisations, we have tested four differ-
ent spatial meshings using two different time steps, At = 50 its and At = 25 its. The 
four meshes are based on maximum element lengths of tern" 0.08 m, tern" = 0.04 
m  /emax = 0.0267 m and 	= 0.02 m , respectively. The simulation is initiated 
from rest at t = 0 s with the rod centered between the gaps. The mean wear work rate 
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is evaluated over two periods of 5 s, between 10-15 s and 20-25 s. Table 5 shows the 
mean WWR for the support cell, (P)T, calculated using the simple contact algorithm 
with zero friction. The corresponding measured value is 2.89 mW. Evidently, WWR 
is overestimated by more than a factor of three. All the four meshes used give similar 
results. The results for the mesh using /max = 0.08 m and At = 50ps are presented 
in Figs. 5(a)—(d). Figures 5(a) and 5(b) show the impact forces versus time in  x-  and  
y-direction, respectively. The coordinate directions are defined in Fig. 3, i.e. a posi-
tive force in the  x-direction represents a force acting on the arches and a negative force 
in the  x-direction is a force acting on the opposing soft spring. In the  y-direction the 
situation is vice versa. The magnitude of the impact forces acting on the arches are over-
estimated, especially in the  y-direction. However, the forces acting on the soft springs 
correspond well with the measurements. The impact-duration and impact-frequency 
are predicted satisfactorily. Figure 5(c) shows Lissajous plots of the beam deflections 
at a distance of 0.492 m from the supported end, i.e. at a point placed in the middle of 
the support cell (Fig. 4). The measured values shown in Fig. 5(c) are the arithmetic 
average of deflections measured at locations 0.492 0.05 m from the supported end. 
The computed displacements in the  y-direction are overestimated by a factor of about 
two. Figure 5(d) displays the phase plane trajectory of the  x-displacement. As can be 
seen, the simulated motion has similar features as the measured one. Here the measured 
values are taken from a distance 0.442 m from the supported end. The plots in Figs. 
5 and 6 display values for a duration of 1 s, taken from the time interval of simulation 
between 20 to 21 s. Points are recorded with a spacing of 1 ms. 

Table 5: Wear work rate for support cell computed with simplified contact algorithm 
WWR [ mW ] 
t = 50  [ps]  t = 25  [ps]  

Penax  [In] 10-15 [s] 20-25 [s] 10-15 [s] 20-25 [s] 
0.08 9.36 9.36 10.0 9.59 
0.04 9.88 9.25 9.60 9.70 
0.0267 9.68 9.36 9.70 9.70 
0.02 9.76 9.57 9.67 9.47 

Calculations have also been performed using the full Coulomb friction contact algo-
rithm with  p  = 0.27. By "full" Coulomb friction we mean that the friction force vector 
has an axial and a circumferential component. Results are presented in Table 6 and 
Figs. 6(a)—(d) with the mesh using / ern" = 0.0267 m and a time step At = 50 its. 

The dynamic behavior of the system (Figs. 6(a)—(d)) is similar to the case where 
friction is neglected (Figs. 5(a)—(d)). However, a tendency to larger variation between 
the magnitudes of the force peaks can be seen. This complies with the findings in mea-
surements. Thus, in vibro-impact problems, the effect of friction needs to be considered 
in order to obtain an accurate assessment of contact dynamic response. 

10 



4.0 — 

2.0 

0.0 

I!  

-2.0 

2102 	 20.4 	 20.6 
	 20.8 

time [s) 

(a)  

4.0 

2.0 

0.0 

-2.0 

-4.0 

-6.0 
20.0 	 20.2 	 20.4 	 20.6 	 20.8 	 21.0 

time [s] 

(b)  

Figure 5: Vibro-impact dynamic behavior of a loosely supported rod under harmonic 
excitations with a clearance of 0.25 mm and 0.20 mm in  x-  and  y-directions respec-
tively. The driving frequency is 20 Hz. Computations utilize the simple contact algo-
rithm, neglecting friction. (a) Impact force in  x-direction;  (b)  Force in  y-direction;  (c)  
Lissajous plots for displacements;  (d)  Phase plane trajectories. The solid line shows 
measured values while the broken line indicates calculated values. 
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Figure 5: (Continued) 
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Figure 6: Vibro-impact dynamic behavior of a loosely supported rod under harmonic 
excitations with full Coulomb friction contact algorithm, with pc = 0.27. Other input 
parameters are described in the caption of Fig. 5. (a) Impact force in  x-direction.  (b)  
Force in  y-direction.  (c)  Lissajous plots for displacements.  (d)  Phase plane trajectories. 
The solid line shows measured values while the broken line shows calculated values. 
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The mean wear work rate, (P)7„ is still overestimated when friction is accounted 
for, here, by a factor of about 2 (see Table 6). As we have previously shown, Knudsen 
et al. [10], WWR is dependent on the friction coefficient. Thus, it is deemed likely 
that part of this overestimation is due to uncertainties in the coefficient of friction  p.  
Furthermore, the fact that the measured displacements in the  y-direction (Figs. 5(c) 
and 6(c) are less than the nominal (measured) gap size (cf. Table 4) suggest that the 
latter value is somewhat inaccurate. Nevertheless, we should also consider possible 
uncertainties in the  FE-analysis which was carried out to determine the support stiffness 
properties, Knudsen and Massih [13]. 

Parametric studies are made to verify or reject the two above stated hypothesis. In 
the studies a mesh with lemax  = 0.08 m and a time step At = 50 its is used. First 
we vary the friction coefficient in the interval  p e  [ 0.20, 0.60 ]. As before, WWR is 
evaluated over two intervals of 5 s each. The results are compiled in Fig. 7. As can 
be seen the WWR span is around 4 mW for the specified friction interval, decreasing 
with increasing friction, cf. Antunes et al. [16] and Knudsen et al. [10]. The second 
study deals with the assumed uncertainty in support cell dimensions. The gap size in 
the  y-direction, 2gy, is varied in the interval [ 0.05, 0.20 mm ]. The calculated WWR 
increases from 3.8 to 6.0 mW with increasing gap size, Fig. 8. In order to visualize 
possible errors in the dimensions of the support cell we plot extreme deflections against 
gap size in the  y-direction, Fig. 9, where solid and broken lines denote measurements 
at 0.492 ± 0.05 m from the supported end respectively. Note that the lines coincide on 
the side of the support cell where the two arches are placed (cf. Fig. 3). In the third 
and final parametric study, the influence of possible inaccuracies in the  FE-model of 
the support cell wall on WWR are analyzed. The spring stiffnesses listed in Table 3 are 
increased and decreased by 10 and 20%, respectively, i.e. the tabulated stiffnesses are 
multiplied with a factor a={ 0.80; 0.90; 1.00; 1.10; 1.20} and the WWR is recalculated. 
In our experience this corresponds to the expected errors in a  FE-analysis of this kind. 
The results of the calculations are compiled in Fig. 10 and show a slightly decreasing 
trend with increasing stiffness. 

Table 6: Wear work rate for support cell computed with full Coulomb friction contact 
algorithm 

WWR [ mW ]  
t  =  50 [as] t  =  25  [bts] 

Venax  [m] 10-15 [s] 20-25 [s] 10-15 [s] 20-25 [s] 
0.08 6.07 5.79 6.11 5.98 
0.04 6.26 6.10 5.85 5.94 
0.0267 6.07 6.09 5.77 6.24 
0.02 5.94 6.18 6.01 6.03 
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Figure 7: WWR versus friction coefficient it. Other input parameters are described in 
the caption of Fig. 5. 

5 	Characterization of Vibro-Impact Dynamics 

The structure described in Section 4 is simplified to suit for further numerical investiga-
tions and verification against the exact analytical solution. The system is modeled,  (i)  
by a single-degree-of-freedom (SDOF) harmonic forced two sided elastic impact oscil-
lator, Fig. 11 (ii) by a two-dimensional beam with two diametrically opposed identical 
loose supports. The method described in Section 3 is utilized to calculate the con-
tact velocities as a function of forcing frequency for the beam. Contact velocities are 
recorded at impact and at the subsequent release, i.e. each contact phase will be char-
acterized with two points in the bifurcation diagrams, one with positive and one with 
negative velocity or vice versa. Furthermore, we assume that all contacts are friction-
less. The results for the two dimensional beam are compared with those obtained from 
the analytical SDOF solution. 

5.1 	SDOF Harmonic Forced Two-Sided Contact Oscillator 

Consider an SDOF system shown in Fig. 11. A mass m is attached to two linear 
springs of stiffness k1, and two linear dashpots each with damping c/2. The system is 
constrained by two symmetrical springs each with stiffness k2 . The equation of motion 
for a single-degree-of-freedom system, two-sided contact oscillator when excited with 
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Figure 8: WWR versus gap size in  y-direction 2gy  with a friction coefficient of  p  = 
0.27 and a clearance in the  x-direction of 0.25 mm. The forcing frequency is 20 Hz. 

a harmonic force of amplitude A and frequency 9, shown in Fig. 11, can be expressed 
in non-dimensional form as  

x  ,„ + 2(  x,,  + h(x) =  B  cos(wr) 	 (5) 

where h(x) =  x  for lx1 < 1 and h(x) = w2  x  — (w2  — 1)sgn(x) for lx1 > 1. Also 
w2  = (k1+k2)/k1,  x  =  X  I X0, T = Wit, z = aXlaT, CAd = kiln?, 2( = X/wi, 
A =  c/m,  w = 91w1,  B  -=- Al (rnwi X0, and other variables are defined in Fig. 11. 

Exact analytical solutions of the equation of motion are presented in the Appendix. 
The considered SDOF system is a simplification of the beam system studied in earlier 
sections, thus the mass is set tom = pAL, k1  = 2mco21, and  c  = mwi where = 0.005. 
The SDOF system is excited with a cosine load of frequency 9 and amplitude A = 6  
N.  The excitation brings the mass into contact with the loose supports. These supports 
have a stiffness k2  = 123750 N/m. The system is initiated from  x  = 1 and .X ,T = 1 at 
T = 0, i.e. the mass is in contact with the right hand support and is moving towards 
the support with a non-dimensional velocity of magnitude 1. The system is excited 
with frequencies which are integer multiples of the unconstrained eigenfrequency of 
the system. The evolution of the system is studied during 1000 consecutive impacts for 
each applied frequency. 

In Fig. 12 we have depicted the non-dimensional contact velocity as a function of 
= 9/w1. It shows the impact and release velocities at 200 consecutive impacts for 
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for a description of other input parameters. Solid and broken lines denote measurements 
at 0.492 ± 0.05 m from the supported end respectively. 

each value of the forcing frequency. The points are recorded for impacts 800-1000. 
As can be seen, the system shows a multitude of complex impact patterns, exhibiting 
chaotic features. For frequencies w = {1, 2, 3} the system displays aperiodic behavior in 
the studied time interval. In the interval 4 < w <7, we observe periodic solutions with 
one or more impacts per support per forcing cycle. For frequencies above ü.) > 8, it can 
be seen from Fig. 12 that the contact velocity displays a periodic motion which has not 
been fully settled. This will be discussed further in Section 5.3. Note also the asymmet-
ric behavior for co = 6 and 7. The overall increase in contact velocity with increase in 
forcing frequency, corresponds well with the response of a SDOF oscillator with spring 
stiffness  k  = (k1  + k2) subjected to harmonic excitation approaching resonance. 

5.2 Simplified Two-dimensional Cantilever Beam with Loose Sup-
ports 

The  FE  model of the beam described in Section 4, Fig. 2, is further simplified by re-
moving all DOF in the  y-direction. The corresponding rotational DOFs are also locked 
down leaving us with a two-dimensional beam, supported by stiff springs, ktra  and  krat,  
at one end and constrained by loose supports at the other. The support cell is modeled 
by two diametrically opposing springs with stiffness k2  placed at a point 0.492 m from 
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Figure 11: Non-dimensional contact velocities of the single-degree-of-freedom har-
monic forced two-sided impact oscillator versus frequencies  bi e  {1, 2, ... 10}. 
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Figure 12: Non-dimensional contact velocities of the single-degree-of-freedom har-
monic forced two-sided impact oscillator versus frequencies w  e  {1, 2,. . . 10}. 

the supported end. We have used the same value for the damping as in section 4. The 
system is initiated from rest, placed symmetrically between the supports. A cosine load 
with frequency 9 and amplitude A = 6  N  applied at 0.492 m from the supported end 
excites the system, i.e. the beam is excited with a load positioned at the loose support, 
as opposed to the beam studied in earlier sections. This is done to get results compara-
ble to the SDOF system, cf. section 5.1. The system is evolved in time using a time step 
size AT =  i  X  10-5w1  . The impact and release velocities are recorded for 200 con-
secutive impacts and plotted in Fig. 13. An impact is identified when 1/3,(j At)I > 0 
and  p,  [(i  — 1) At] -= 0, where  j  is an integer identifying the current iteration step. 
The impact velocity,  vi,  is defined as  y/  = jr,(jAt), where  j  = --an  is the normal 
component of the displacement vector u and pn  is the normal component of the contact 
force. The cessation of contact is correspondingly identified with pn(j At) = 0 and 
PnRi — 1)At] > 0. Recording starts after 800 impacts to allow transient solutions to 
be damped out. Calculations are made for forcing frequencies corresponding to integer 
multiples of the first free beam eigenfrequency (Ps,' 7.5 Hz) and half way between these, 
i.e. w  E  1 1, 1.5, 2, 2.5,... , 10 1. 

At forcing frequencies of w < 4 and 7 < w < 8 , the beam experiences aperiodic 
motion. Periodic solutions, with one impact per contact site, per forcing cycle, are found 
between these intervals. As in the SDOF case asymmetric multiperiodic behavior can 
be observed, e.g. at w = 6.5. Note that the single periodic solutions manifest themselves 
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Figure 13: Non-dimensional contact velocity of the simplified cantilever beam with 
constrained two-sided open supports subjected to harmonic excitation in the non-
dimensional frequency range w  E  [1, 10] 

as four lines in the bifurcation diagram (Fig. 13, e.g. for (.4 = 10). 

5.3 Discussion: SDOF oscillator versus beam 

We intended to make the SDOF oscillator and the cantilever beam dynamically compa-
rable. The extent of agreement between of the behavior of the two systems can be seen 
in Figs. 12 and 13. For low frequencies the two systems show similar features, the ve-
locities are somewhat higher in the beam case. The differences increase with increasing 
applied frequency as the higher modes of the beam are excited. These differences will 
always be present and cannot be avoided when comparing SDOF and beam solutions. 
There are, however, modeling differences between the two cases which can influence 
the response, i.e. initial conditions and damping. In the modeling of the beam we have 
utilized Rayleigh damping. The fact that the two systems are not dynamically identical 
concerning damping is visualized in Fig. 14; in which, time evolution of the contact 
velocity at an applied frequency of  c,.)  = 10 is plotted, for both the SDOF oscillator de-
scribed in section 5.1, (denoted by `-'), and the beam described in section 5.2, (denoted 
by `+'). Clearly, the beam solution approaches steady state condition much faster than 
the corresponding SDOF solution. We note that the exact values of the contact velocity 
at steady state depends on initial conditions, e.g., the phase angle of the applied load. 
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6 Conclusion 

Numerical simulations of vibro-impact dynamics of a beam with loose supports at one 
end subjected to a harmonic load have been made and the results; impact forces, dis-
placements, and wear work rates have been compared with measurements. Our com-
putations indicate that, neglecting friction at contact sites leads to an overestimation 
of the mean wear work rate. Introducing friction into our model reduces the overes-
timation at the expense of computational efficiency. Part of the discrepancy between 
measurement and computation is due to uncertainties in the initial gap measurement of 
the supports. Furthermore, it is thought that some of the observed differences between 
measured and calculated peak forces arise from the fact the force transducers used to 
measure impact forces were calibrated to correctly reproduce the impulse and not the 
peak force. Another possible source of the observed differences between measured and 
calculated data may be attributed to the modeling of the beam. In the experiment the 
tube was filled with lead pellets, which were held in place by an axial spring, supplying 
a compressive force. These pellets have a smaller diameter than the tube; i.e. a clear-
ance exists between the pellets and the tube. However, no evidence of the pellet rattling 
within the tube can be distinguished through signal analysis and the influence of pellet 
motion on beam response is therefore thought to be negligible. The fact that the  dissi- 
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pation (damping) is low indicates that the model for the beam is adequate. The tensile 
stresses induced in the tube by the axial spring does influence the tube motion, primar-
ily at high frequencies and this accounts for some of the observed differences. From 
the parametric studies the following conclusions are drawn:  (i)  The measured support 
cell dimensions are somewhat inaccurate and (ii) an accurate value of the coefficient of 
friction is needed for accurate calculation of WWR, and (iii) a large error in the support 
stiffness is necessary to significantly influence our WWR calculations. 

We have also attempted to characterize the dynamics involved in vibro-impacts of 
tubular structures by evaluating the contact velocity as a function of excitation fre-
quency. Two simple structures have been evaluated: (a) a single degree-of-freedom 
harmonic forced two-sided contact oscillator and  (b)  a two-dimensional cantilever beam 
with loose supports. Both structures feature aperiodic as well as periodic solutions. The 
two structures exhibit similar behavior, both with one another and with other vibro-
impact studies, e.g. the work of Aidanpää and Gupta (1171), who studied a 2-degree-of-
freedom impact hammer. 

Nomenclature 

A 	= 	amplitude of cosine load  
B 	= 	non-dimensional amplitude of cosine load 
A 	= 	cross section area of beam  
C 	= 	consistent damping matrix  
c 	= 	damping constant of SDOF forced impact oscillator  

C, 	= amplitude of steady-state solution 
Cm,  Ck  = mass and stiffness proportional damping constants  

D 	= 	beam flexural rigidity  

	

D 	= 	amplitude of transient solution 
f 	= 	nodal force vector  

lapp  = applied force vector 
I coat = contact force vector 

I • z = measured i-th eigenfrequency 
fi*= calculated i-th eigenfrequency of free beam  
g 	= 	gap vector 

	

gn, ga,  g 	= normal, circumferential and axial components of gap 
vector 

gx, gy = radial gap sizes in  x  and  y  directions  
K 	= 	consistent stiffness matrix 
k1 	= spring stiffness of the SDOF system 
k2 	= stiffness of loose support spring of the SDOF system 

kc,ka  = grid cell spring stiffness coefficients in normal, circum-
ferential and axial directions 
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krot  = stiffness coefficient of support spring preventing rotation 
at end of beam 

= 	tangent stiffness matrix Kcont 
ktra = stiffness coefficient of support spring preventing transla- 

tion at end of beam 

	

L 	= 	beam length 
/ e max = maximum length of beam elements 

	

M 	= 	consistent mass matrix 
• mass of the SDOF system  

	

p 	= 	contact force vector 

Pn,  Pc, Pa = normal, circumferential and axial components of contact 
force vector 

	

Pt 	= tangential contact force vector 
T = process time 
t = time 

(P)T = WVVR averaged over time T for support cell 

(133T = wear work rate averaged over time T for contact point  j  
displacement vector 

= 	sliding (circumferential) velocity 

	

V I 	= impact velocity  

	

vi 	= non-dimensional velocity  i  in the SDOF system 
• wear work 

non-dimensional combined stiffness for the SDOF sys- 
tem  

	

x 	= 	non-dimensional x-coordinate 

	

X0 	= initial gap in the SDOF system  
x„= 	steady state solution of the SDOF system 

	

Xtr 	= transient solution of the SDOF system 
= 	support stiffness proportionality constant 

	

At 	= time step in integration scheme 
AT= 	non-dimensional time step 

(5, 	= variables in Newmark's integration scheme 
= 	damping ratio 

▪ coefficient of friction  

	

p 	= 	density of the beam 
T = Wit = non-dimensional time  

	

cp 	= phase shift of applied load 
= 	angular forcing frequency 
= 	non-dimensional forcing frequency 

wi = /k1  /m = angular frequency of the SDOF  systern  
= 	i-th angular eigenfrequency 
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A 	Analytical Solutions for a Two-Sided SDOF Harmonic 
Forced Contact Oscillator 

A single degree of freedom oscillator with one-sided constraint subjected to harmonic 
excitations was studied by Shaw and Holmes [18]. They found harmonic, subharmonic, 
and chaotic motions and analyzed the bifurcations leading to them. Subsequently Shaw 
[19] considered the dynamics of SDOF with two-sided rigid constraints (i.e. when 
k2 	oo). Encounters with the constraints were modeled by a simple impact rule using 
a coefficient of restitution. Again harmonic, subharmonic and bifurcations, and chaotic 
motions were found and local and global bifurcations were analyzed. The general so-
lution of Eq. (5) can be written as 

x(T) = xtr (T) + x(r) + sgn(vi)(1/1L1 — 1);  i  = {0, 1} 	(6)  

where 

xir (T) = Cie—‘(r —ri )  cos [9(T — Ti) — zpi] 
x(T) = Di  cos(wr — (pi) 

= Ai/ cos ; 	= arct an(Bi /Ai); 
Di  = -yi/ cos (,oi ; 	(pi  = arctan(8i/-y)  

wo  = w; w1 = 1  vi  = dx/drir=ri 	 (7) 
Ai  = --yici  — Sisi + (-1)isgn(vi)/w2  

Bi  =  [vi  + (-1)isgn(vi)(/wi2 + 	— Si() — 	+ diu.))] /9i  
= (wi w2)0/Ai.; Si = 2(w)3/Ai; Ai = (wi — 2)2  + (2(42  

= 	— 	= cos(wri); s = sin(wri) 

For  i  = 0, the above expressions yield the motion under contact, lx1 > 1, while for  i  = 1 
the free flight solution is attained, !xi< 1. 

The method of computation is as follows: Let ix) and (xi denote the solutions of Eq. 
(6) for 'xi > 1 and ix' < 1, respectively. The times at which these two solutions join are 
roots of the equations ix) = 1 and (xi = 1. Consider an orbit starting at point (To, vo). 
From point 0 to point (Ti  vi)  the motion is described by Ix). The crossing time 71 is 
obtained by solving x(ri ; TO,  Vo))  = 1 where Ti is the first root larger than 7-0 . Once 
Ti is determined the contact velocity is calculated v1  -= 1 xo-(Ti ; To vo)), with  x,,  = 
dx/dr. Subsequently, (xi is used in similar manner to determine the next crossing time 
72; i.e.,  (X(T2; 71, V1)1 = 1, then calculate the velocity v2  =  (x,,  (72; ,  vi  )1, and so 
on. The crossing times are calculated by a Newton-Raphson method. 

References 

[1] F.  C.  Moon. Chaotic and Fractal Dynamics: an Introduction for Applied Scientists 
and Engineers. John Wiley & Sons, New York., 1992. 

25 



[2] S. W. Shaw and  P. J.  Holmes. A periodically forced piecewise linear oscillator. 
Journal of Sound and Vibration, 90(1):129-155,1983. 

[3] F. Axisa,  J.  Antunes, and  B.  Villard. Overview of numerical methods for pre-
dicting flow-induced vibration. Journal of Pressure Vessel Technology, 110:6-14, 
February 1988. 

[4] E.  de  Langre,  F. Doveil,  G.  Porcher, and F. Axisa. Chaotic and periodic motion of a 
non-linear oscillator in relation with flow-induced vibrations of loosely supported 
tubes. In S. S. Chen,  K.  Fujita, and M.  K.  Au-Yang, editors, Flow-Induce Vibration 
— 1990 —, volume 189 of PVP, pages 119-125. ASME, June 1990. 

[5] R. J.  Rogers and  R. J.  Pick. On the dynamic spatial response of a heat exchanger 
tube with intermittent baffle contacts. Nuclear Engineering and Design, 36(1):81-
90,1976. 

[6] F. Axisa, A. Desseaux, and  R. J.  Gibert. Experimental study of tube/support im-
pact forces in multi-span pwr steam generator tubes. In ASME Symposium on 
Flow-Induced Vibration, volume 3. ASME, 1984. 

[7] F Axisa and  P  Izquierdo. Experiments on vibro-impact dynamics of loosely sup-
ported tubes under harmonic excitation. In Symposium on Flow-Induced Vibration 
and Noise; Volume 2, volume 242 of PVP, pages 281-299. ASME, 1992. 

[8] R. G.  Sauv6 and W. W. Teper. Impact simulation of process equipment and support 
plates a numerical algorithm. Journal of Pressure Vessel Technology, 109:70-79, 
1987. 

[9] L.  Johansson.  Beam motion with unilateral contact constraints and wear of contact 
sites. Journal of Pressure Vessel Technology, 119:105-110,1997. 

[10] J.  Knudsen, A.  R.  Massih, and L.  Johansson.  Calculation of vibro-impact dynam-
ics of loosely supported rods. In Fluid Structure Interaction, Aeroelasticity, Flow 
Induced Vibration and Noise AD-Vol 53-1, volume I. ASME, 1997. 

[11] K. J.  Bathe. Finite Element Procedures. Prentice Hall, Englewood Cliffs, New 
Jersey, 1996. 

[12] E.  de  Langre  and  C.  Phalippou. Personal communication, 1996. 

[13] J.  Knudsen and A.  R.  Massih. Analysis of a loosely supported beam under har-
monic excitation. In M.P. Pettigrew, editor, PVP-Vol. 389, Flow-induced vibration 
— 1999, pages 265-272. ASME, August 1999. 

[14] J.F. Archard. Contact and rubbing of flat surfaces. Journal of Applied Physics, 
24:981-988,1953. 

26 



[15] T. M. Frick,  E.  Sobek, and  J. R. Reavis.  Overview on the development and im-
plementation of methodologies to compute vibration and wear of steam generator 
tubes. In M.P Paidoussis, J.M. Chenoweth, and M.D. Bernstein, editors, ASME 
Special Publication, Symposium on flow-induced vibrations in heat exchangers, 
New Orleans, Louisiana, pages 149-160, December 1984. 

[16] J.  Antunes, F. Axisa F,  B.  Beaufils, and  D.  Guilbaud. Coulomb friction mod-
elling in numerical simulations of vibration and wear work rate of multispan tube 
bundles. In M.  P.  Paidoussis et al, editor, International symposium ASME win-
ter annual meeting Chicago, Flow-induced vibration in heat transfer equipment, 
volume 5, pages 157-176. ASME, 1988. 

[17] J.  0. Aidanpää and  R. B.  Gupta. Periodic and chaotic behaviour of a threshold-
limited two-degree-of-freedom system. Journal of Sound and Vibration, 165:305-
327, 1993. 

[18] S. W. Shaw and  P.  Holmes. Periodically forced linear oscillator with impacts: 
Chaos and long-period motions. Physical Review Letters, 51(8):623-626, August 
1983. 

[19] S. W. Shaw. The dynamics of a harmonically excited system having rigid am-
plitude constraints. Journal of Applied Mechanics, 52:453-458, 1985. Part 1: 
Subharmonic motions and local bifurcations. 

27 



Analysis of a loosely supported beam under 
random excitations  

J.  Knudsen  
Malmö University, Malmö,  SE 205 06,  Sweden  

A.R. Massih  
ABB  Atom AB,  Västerås,  SE 721 63, Sweden,  

Luleå  University of Technology,  Luleå,  SE 971 87, Sweden  

R.  Gupta 
Uppsala University, Uppsala, SE 751 21, Sweden 

Abstract 

The vibration and impact dynamics of a loosely supported cantilever beam sub-
ject to random forces are evaluated and the wear rates at impact points are analysed. 
The response of the structure, i.e. displacements and velocities are calculated and 
compared with experimental results. Furthermore, the wear work rates of the beam 
due to impacts against loose supports are evaluated and compared with measured 
values. Finally, the dynamics of vibro-impacts is analysed by evaluating the re-
sponse of an equivalent single degree of freedom structure with two-sided damped 
elastic constraints subjected to random loads. The equations of motion for this 
system is solved exactly by a numerical scheme, and the dynamic response of the 
system as a function of the clearance, contact stiffness and the forcing amplitude is 
evaluated and discussed. 

1 INTRODUCTION 

Dynamic response analysis is an important part of the design of various components in 
nuclear power reactors, such as nuclear fuel rods, the control rods, the in-core instru-
mentation, and the steam generator tubes. Some of the equipment, like heat exchanger 
tubes, is designed to have certain clearances at support points to allow for thermal ex-
pansion. In case of fuel rods in pressurised water reactors (PWR), gaps might develop 
due to relaxation of the support springs (in spacer grid cell) and creep-down of the 
cladding tubes during service. The presence of inter-structural gaps leads to sliding- 
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impact interaction between neighbouring structures and/or loose supports, which ex-
hibit highly nonlinear response dynamics and may cause fretting wear of the compo-
nents. 

In the past two decades, various computational methods have been devised to pre-
dict or to deal with some aspects of vibro-impact dynamics. Rogers and Pick (1976) 
developed a numerical scheme to study tube dynamics in the presence of impact slid-
ing. Rogers and Pick's work was based on the finite element  (FE)  method where the 
technique of modal superposition was used to solve the equations of motion. Axisa 
and Izquierdo (1992) later utilised this method to evaluate experiments on vibro-impact 
dynamics of loosely supported tubes under harmonic excitations. 

In the present paper, the dynamic response of a cantilever beam having loose sup-
ports with a prescribed clearance subjected to random excitation is analysed and the 
results are compared with experiments. The random load is simulated by a finite series 
of cosine functions. The frequencies and phase angles of these functions are chosen 
randomly in order to match the power spectral density (PSD) of a band limited white 
noise with frequencies in the range of 0 to 50 Hz. This comprises a spectrum of frequen-
cies common in turbulent flow-induced excitations in PWR. Moreover, the dynamics of 
vibro-impacts is characterised by evaluating the contact velocity as a function of forcing 
amplitude for a single-degree-of-freedom impact oscillator with two-sided constraints 
subjected to random loads. In Section 2, the contact-friction model and the computa-
tional method used are presented. In Section 3, we evaluate a vibro-impact experiment. 
The vibro-impact dynamics of a simplified structure is presented in Section 4. 

2 METHOD OF CALCULATION FOR THE BEAM 

2.1 The Model 

We consider a spring-supported cantilever beam constrained by loose supports at its free 
end, Figure 1. The beam consists of a zirconium-base alloy tube, containing 16 cylin-
drical lead pellets with a density close to that of UO2  nuclear fuel for PWR, Table 1. We 
suppose that there exists a prescribed gap between the beam and the supports, which re-
sults into impacts between the two bodies during beam vibration. The contacts between 
the beam and the supports are assumed to be unilateral at sites along the beam. Each 
contact site has a force displacement relationship in normal, tangential, and axial direc-
tions. Stick-slip motion along the curved surface of the beam is allowed. The contact 
force vector  p  is resolved into  p  = (pa, Pc, Pa), where indices  n, c  and a denote nor-
mal, circumferential and axial directions, respectively. Correspondingly the gap vector  
g  = (gn , 9,, 0). Classical contact laws (Signorini plus Coulomb) are assumed, see e.g.  
(Strömberg  et al. 1996). The model for the beam vibration and contact were developed 
within a finite element framework  (Johansson  1997) and was presented in our earlier 
papers (Knudsen & Massih 1999 & 2000). Here we only mention that in the equation of 
motion for the beam all damping in the structure is modelled through Rayleigh damping 
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in the form:  C  =-- cm  M + ckK. Here M,  C  and  K  are the consistent mass, damping 
and stiffness matrices, respectively; and cm  and  ck  are damping constants. 

Table 1: Properties of the Beam 

Tube material 
Pellet material 

Zircaloy-4 
Lead 

Beam density kg/m3  9347,51 
Cross section area A m2 7,088  x  10-5  
Beam length Tn 0,64 
Measured eigenfrequency 1 vi  Hz 7, 5 ± 0, 20 
Measured eigenfrequency 1 vi Hz 7,5 ± 0,20 
Measured eigenfrequency 1 vi  Hz 7,5 ± 0,20 
Damping ratio for modes 1 & 2 0,2 - 0,5 

2.2 Applied Loads 

We simulate the applied random loads by expressing the forcing function F(t) as a 
series of cosine functions with random frequencies and phase angles. Following the 
method prescribed by Shinozuka (1971) we write  

\/N12  k=i 
Ecospkt+00 
	

(1) 

Here it is assumed that F is a weakly stationary, ergodic process having a Gaussian 
probability density distribution with a zero mean. In (1) wk  and cbk  are the k-th ran-
dom frquency and phase angle, respectively. The random frequencies are distributed 
according to the joint density function g(wk )  E  g(w) = S (w) I a-2  , where 

2 
-=" 	S(W)dW 
	 (2) 

Note that the power spectral density (PSD), S  (c,.)),  is related to the auto correlation 
function for F (t), R(7) = F (t)F (t+ 7) >, through the Wiener-Khintchine relations: 

R(T) 	8(w) cos(w 7) dw; (w) = 	
.
1 R(7) cos(w7)d7 

h71-  _T 

We represent the PSD, by a rectangular function with frequencies in the range of 0 
to wmax,  where wmax  is the highest angular frequency. The phase angles, Okk, are se-
lected randomly in the interval [0, 27r]. The frequency range is divided into  N  equidis-
tant intervals Aw, then a random value for wk is assigned within the interval Ac,./k . 

N 

F() = 

3 



	). Y  
Deformed cell 

z A 

S 
-7-- Spring 

	1>  
Y  

F 	applied force  
Y  

-- - -- -- -- 
Fuel Rod 
(Beam)  

C---- ,___  

Arch  

x 

Figure 1: Sketch of the cantilever beam with loose supports at one end subject to a time 
varying force. 

Moreover, we ensure the consistency of our scheme by checking that the selected PSD, 
random frequencies and phase angles, satisfy the Wiener-Khintchine relations. 

3 ANALYSIS OF A VIBRO-IMPACT EXPERIMENT 

3.1 	Simulation Procedure 

Our objective is to analyse a vibro-impact experiment performed on the structure il-
lustrated in Figure 1 by de  Langre  and Phalippou (1996). This figure shows a beam 
supported at one end with stiff springs and constrained by a support (grid) cell near the 
other end. In both  X-  and  Y-directions one of the springs with stiffness  krot  prevents 

4 



Table 2: Certain sizes in the model 

Distance a 	 mm 6,985 
Distance  b 	 mm 16,51 
Distance  c 	 mm 9,32 
Gap size in  X-direction, 2gx (t = 0) mm 	0,25 
Gap size in  Y-direction,  2gy(t  = 0) mm 	0,125  

rotation while the other with stiffness  kt,  hinders translation. The support cell was 
placed close to the free end of the beam, comprises soft springs, S, and arches, B1  and 
B2. Two arches were placed diametrically opposite to a soft spring, in the  X  — Z and  
Y  — Z planes, respectively, as shown in Figure 1. In the experiment the diametral gaps 
were 2gx = 0, 25 mm and 2gy = 0, 125 mm in the  X  — Z and  Y  — Z planes, respec-
tively, see Table 2. The beam was excited with two independent random loads, acting 
at 59 mm from the supported end, in the  X-  and  Y-directions, respectively. The beam 
boundary conditions, i.e.  krot,  kt,  and the beam flexural rigidity  D,  are evaluated by 
matching the calculated first three eigenfrequencies and the first two eigenmodes for 
the free beam (beam without the support cell) with their corresponding measured val-
ues through an iterative process (Knudsen & Massih 1999). The results are compiled in 
Table 3. 

We model the beam with elements of length /ern" = 0, 08, some of the elements 
are split into two or more parts to place nodes at the position of the arches and the soft 
springs within the grid cell, see Figure 1, and at the point of the load application. The 
position of the nodes within the support cell is shown in Figure 2 and the associated 
values are listed in Table 2. In measurements it was found that, for the first two  eigen-
modes, the damping ratio varied between 0,2% and 0,5%, see Table 1. Here we adopt 
Rayleigh damping with a damping ratio of, = 0, 005, for the first two eigenmodes 
(Knudsen & Massih 1999). We neglect damping at contact points, i.e. all damping in 
the system is introduced as Rayleigh damping. Furthermore, the coefficient of friction 
is set pc = 0, 50. 

The soft springs and arches within the support cell are simulated by replacing them 
with point like contact sites, each consisting of three individual linear springs acting 
in normal,  (n)  circumferential  (c)  and axial directions (a), respectively. The stiffness 
coefficients of the springs are found by three-dimensional  FE  analysis of the grid cell 
wall (Knudsen & Massih 1999), Table 4. 

In both measurements and calculations a band-limited white noise with frequencies 
in the range of 0 to 50 Hz was used to represent an excitation relevant to turbulent-
induced vibration of rods in the core of a PWR. In the measurements, the random load 
was realised with a noise generator and in the calculations we have used the method 
described in Section 2.2. 
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Table 3: Boundary conditions for the spring supported cantilever beam 

Support stiffness ktra  Nim 1,48 x 105 
Support stiffness krot  N/mrad 5,35 x 102 
Flexural rigidity D  Nm2  24,90 
Calculated eigenfrequency 1 t4 Hz 7,351 
Calculated eigenfrequency 2 17` Hz 46,15 
Calculated eigenfrequency 3 14 Hz 125,7 
Mass proportional damping Cm  

8-1 0,3984 
Stiffness proportional damping Ck  S 2,975 x i0- 

Table 4: Support cell linear spring stiffness coefficients in normal  (n),  circumferential  
(c)  and axial (a) directions 

Arch  B1  4, N/mm 213 
k,  N/mm 3830 
ka  N/mm 1960 

Arch  B2  kr,  N/mm 64,8 
k,  N/mm 1410 
ka  N/mm 1140 

Soft spring S  kr,  N/mm 42,2 
k,  N/mm 262 
kt,  N/mm 1240 
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3.2 Results 

The calculations are made according to the method discussed in Section 2 and under 
the conditions described in Section 3.1. As in our earlier work, (Knudsen et al. 1997 & 
Knudsen & Massih 1999) we evaluate the time-averaged wear work rate over a period 
T, (W)T (Frick et al. 1984). 

We choose a time step of size At = 50ps and T =5s for the calculations presented 
here (Knudsen & Massih 1999). The stochastic excitation is defined by two numbers:  
N  which is the number of cosine loads used to approximate the applied random load 
with frequencies in the interval [0; 50 Hz], (cf Sec. 2.2) and FRms  which is the RMS 
(root-mean-square) value of the applied force. The RMS value of the applied load is 
defined as: 

FRms _ [Row/2i f [F(t)]2  dt  
T 0T 

	11/2 

where F denotes either the component of the applied load in the  X-  or  Y-direction. 
The corresponding RMS values are denoted by ems  and ems, respectively. Fur-
thermore, for each individual load used in our calculations, we generate twelve sets 
of random frequencies, wk, and phase angles,  Ok.  Then the set, rendering a PSD that 
agrees best with the PSD of the input band- limited white noise, is chosen for further 
analysis. Note that the random number generator is seeded differently for each case, 
and that we record three separate values of (147)T  corresponding to time interval [5, 
10 s], [11, 16 s] and [17, 23 s], for each run. To ensure that we have used a sufficient 
number cosine loads,  N,  to calculate stable (W)T values we evaluated the dependence 
of (W)T  on by gradually increasing  N  from 50 to 125. 

Based on these calculations we impose the restriction that 110 <  N  < 1000 in our 
subsequent calculations. Table 5 lists the applied loads used for calculations of (W)T. 
The results are plotted in Figure 3, where we also include linear fits to the data. Both cal-
culations and measurements show similar trends, however, an over estimation of (W)T 
is present. In Figure 4 we plot time histories for duration of 1 s, taken from the case: 
FMS = niVI S = 2, 8N. The points are recorded with a spacing of 1 ms in the time 
interval of simulation, [21, 22 s]. In Figures 4a-b  we plot the impact forces, acting on 
the support cell, versus time in  X-  and  Y-direction, respectively. The co-ordinate direc-
tions are defined in Figure 1, i.e. a positive force in the  X-direction represents a force 
acting on the arches B1  and B2  and a negative force in the  X-direction is a force acting 
on the opposing soft spring S. In the  Y-direction the situation is vice versa. The mag-
nitude of the impact forces acting on the support cell and the frequency of impacts are 
well estimated, especially in the  X-direction. However, in the  Y-direction we observe 
that the calculated impact forces are higher than the corresponding measured ones. Fig-
ures 4c-d  show calculated beam deflections at a distance of 0,492 m from the supported 
end, i.e. at a point placed in the middle of the support cell (Figure 1), in the  X  and  
Y-directions, respectively. The measured values shown in the plots are the arithmetic 

(3) 
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average of deflections measured at locations 0, 492 ± 0, 05m from the supported end, 
i.e. at points just above and just below the support cell. The simulated motions have 
similar behaviour as the measured ones, see Figure 4a-b.  However, in the  Y-direction 
the calculated oscillations are more regular than indicated by measurements. 

A Fast Fourier Transform analysis of the calculated displacement signal in the  Y-
direction revealed clear peaks at the second and third eigenfrequency of the free beam. 
These peaks could not be found in the corresponding measured signal, which suggests 
that the Rayleigh damping utilised is too simplistic. Furthermore, in the numerical 
simulation the highest frequency of the applied load is very well defined, however, in 
experiments there is a smooth spectrum of frequencies and this might lead to differences 
in estimated and measured (W)7,.  

B2 

• B  

is  

e s 

• B  

• B2 

Figure 2: Finite element representation of the portion of the beam, passing through the 
support cell. 

Calculations are done to check the validity of the above considerations taking, 
FPS = Fr's' = 2, 8N. First we evaluated (W)T for three damping ratios, ("  E  
{0, 5; 1,0; 1, 5}/100. The results are presented in Figure 5, where the measure value is 

492 mm from 
supported end 
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Figure 3: (W)T versus applied load. The applied load is represented by the RMS value 
of the excitation FRms  = nms = nms. Other input parameters are described 
in Table 1. Filled circles indicate calculated values, crosses are measured data points 
and the solid and broken lines show the result of linear curve fitting to measured and 
calculated data sets, respectively. 

shown by a solid line. The calculations indicate a linear relationship, between (W)T 
and damping ratio. Thus a relatively small error in the measured damping ratio could 
explain the observed differences between measured and calculated (W)T. 

In the second calculation we assumed an uncertainty in the maximum excitation 
frequency Wra ax • The applied stochastic load is generated from a band-limited white 
noise with frequencies in the interval [0, wmax]. In the preceding calculations we have 
assumed a value of wmax  = 100z 1/s. Here this value is increased and decreased 
by 10% and 20%, respectively, and the calculated (W)T  is plotted in Figure 6. As 
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Figure 4: Vibro-impact dynamic behaviour of a loosely supported rod subjected to 
random excitation. The RMS value of the applied load is ells  = FPS  = 2, 8N 
and the coefficient of friction is  p  = 0, 50 other input parameters are described in the 
tables. The solid lines show calculated values while the broken line indicates measured 
values. (a) Impact force acting on the support cell in the  X-direction.  (b)  Impact force 
in the  Y-direction.  (c)  Beam displacements at point in the middle of the support cell in 
the  X-direction.  (d)  Beam displacements in the  Y-direction. 
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before, a solid horizontal line indicates measured (W)T . The calculations show a strong 
dependence of (147)T  on the frequency content of the applied load. We observe a jump 
in (W)T , from 2 to above 8 mW, as the applied load covers the second eigenfrequency 
of the free beam. 

From these calculations the following conclusions are drawn. Accurate value for 
damping is necessary to reasonably predict (W)T . In measurements of (IflT we sug-
gest that the maximum frequency of the applied random load is raised sufficiently to 
avoid interference with the second eigenfrequency of the beam. For example, in our 
case a band-limited white noise with frequencies between [0, 60 Hz], instead of [0, 50 
Hz], should be applied. 
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normalised with L.) max = 1007r 1/s. The damping ratio = 0,005 is utilised and a 
RMS force level of  Frs  = ems  = 2, 8./V. 

4 IMPACT DYNAMICS OF RANDOMLY EXCITED 
OSCILLATOR 

4.1 The Model 

Consider a single-degree-of-freedom oscillator, constrained symmetrically by springs 
and dampers, subject to inertial, random excitation, Figure 7. A mass m is attached to 
two linear springs each with stiffness k1  /2 and two dampers each with damping coeffi-
cient el  /2. The stiffness and the damping coefficient of the constraints are designated as 
k2  and c2 , respectively. The differential equations describing the motion of the system 
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Table 5: Specification of applied load 

RMS load  (N) 	 Number of cosine loads 
FRms 	F ms _ ems Nx  Ny  
2,80 453 345 
3,00 955 222 
3,25 843 210 
3,50 585 583 
3,75 243 221 
4,00 658 712 
4,25 429 444 
4,50 738 805 
4,75 952 404 
5,00 432 335 
5,25 131 236 
5,60 954 411 

in non-dimensional form are  

x  = 
v:„- + 2 v + k[x] = f (T) 

with initial conditions x(70) = 1, v(70) = 1. In Eq (4),  x  =  X  I Xo, T  
X=  dX C1T, omega  i  = 	f(T) = F(t)/(mw? X0 ) and 

	

( =:- (1; 	k[x] =  x 	 f orizi <1 1 

+ 	
(5) 

( 
= w2  x  (w2 _ 

	

1)sgn(x) f orlx1?1  i  =--- (1 	G; k[x] 

with  (i  = ci/(2mw1) and w2  = (k1  + k2 )/k1  . Equations in (4) are solved numerically 
using the Euler method, viz. 

x(Ti+i) = x(Ti ) + v(Ti)AT 
v(Ti+i ) = v(ri) + {f(Ti) - 2v(r) - k[x()]} AT 

	
(6) 

Ti+1 = rj ± Lr 

where the constraints are defined in (5), with AT -= -VT r I (k1  k2)• 

4.2 Computation Procedure & Results 

The SDOF oscillator presented in Section 4.1 is the simplest mechanical system simu-
lating vibro-impact dynamics for the cantilever beam discussed in Section 2. It allows 
us to assess the role of different parameters of the impact response. It is also a tool 
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for exploration of the underlying features of nonlinear dynamics (Shaw 1985). Thus, 
the SDOF system is subjected to the same random loads as the beam in Section 3. 
More specifically we use the  Y-component of the applied loads, see Table 5. To remain 
compliant with the beam calculations we set the SDOF mass equal to the beam mass, 
i.e. m = pAL, the stiffness is given by the fundamental eigenfrequency of the beam 
through k1  = m(27rv1 )2  and the damping is  G  = 0,005. Furthermore, the stiffness 
of the constraints is expressed as k2  = (k.p. ± 432 , 

 n
s  ) /2, see Table 4. In the cal-

culations performed here we neglect energy dissipation at contact points, i.e. we set  
G  = 0. 

We evaluate the velocity at contact between the mass and the constraints. A con-
tact at time  (i  is numerically identified when the following conditions are fulfilled: 

=- 0 and Ipn  (ii) I > 0, where pn  denotes the normal contact force between 
the mass and constraint, cf. Section 2.1. For loss of contact the situation is vice versa. 

Let us introduce the control parameter 0 = FRms /(X0k2), representing a dimen-
sionless forcing amplitude. In the following calculations we record contact velocities 
for 1000 consecutive impacts, for each value of 0, from which we present the last 200 
values to make sure that any initial transients are damped out. 

In Figure 8 we have plotted dimensionless contact velocity against 0, when FRms  
in ,3 is varied within the interval studied in Section 3.2, i.e. from 2.8 to 5.6  N.  The 
results imply a linear relationship between contact velocity and 0. To verify this state-
ment we have studied how the minimum and maximum contact velocities depend on ,3. 
We varied 0 over two orders of magnitude by changing FRms, X0  and k2  separately. 
The results are shown in Figure 9 where we have grouped them according to the pa-
rameter varied in 0. In this figure each point represents the extreme value over contact 
velocities for 200 consecutive impacts. Note that identical loads have been employed in 
the calculations where X0  and k2  are varied. Based on the results shown in Figure 9 we 
can separate the studied control parameter interval into three regions, the low ,3 region 

< 0, 1, the mid-region and the high region, 0 > 0, 8. In the mid-region the system 
exhibits similar response independent of how the parameter 0 is changed. Furthermore, 
the response varies linearly with 0 in this region. For ,3 > 0,8, we observe a dramatic 
increase in the spread of contact velocities. Note that all the results depicted in Figure 8 
fall into the mid-region. In the low region the system displays very different behaviour 
depending on which parameter is varied in /3, i.e. decreasing FRms  and/or increasing 
X0  will ultimately lead to a situation where no contacts will occur. On the other hand, 
increasing k2  leads to a situation where the constraints mimic solid walls and the con- 
tact velocities are described by 	, evii (v/  is velocity at impact,  vil  is velocity at 
loss-of-contact and  e  is a constant 0 <  e  < 1), i.e. we have an instant rebound from the 
wall. At high 73, increasing FRms  and/or decreasing Xo  will lead to a system which 
can be described by: rn.X.  + c_X + (k1  + k2)X = F (t), i.e. the system is no longer 
dominated by the geometric nonlinearity. 
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Figure 7: The single-degree-of-freedom system. 

5 DISCUSSION 

In analogy with our earlier work (Knudsen & Massih 2000) we approximate a cantilever 
beam, constrained by loose supports, with a SDOF impact oscillator. There we showed 
that, for moderate harmonic forcing frequencies, the SDOF impact oscillator has simi-
lar features as that of the impacting cantilever beam. We assume that this simplification 
is valid also for stochastically forced systems, as expected, no periodic solutions where 
computed for the stochastically forced SDOF oscillator. On the other hand, for a har-
monically forced equivalent system, periodic solutions are frequent (Knudsen & Massih 
2000). Thus, explaining why it is easier to get reasonable agreement between measure-
ments and calculations using stochastic loads, in regard to wear work, than harmonic 
loads. A periodic response might lead to wear rate prediction, which is not  represen- 
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Figure 8: Dimensionless contact velocity vs. /3 for the system shown in Figure 7 with 
Xo  = 0,625  x  10-4m and k2  = 160  x  103/Vm. 

tative of the real system, except at a specific frequency. When the system displays 
aperiodic response, we have noted similar features using harmonic and random loads, 
although the stochastically forced system shows a more varied response (Knudsen & 
Massih 1999). 

6 CONCLUSION 

In this paper we have presented numerical simulations of vibro-impact dynamics of a 
cantilever type beam with loose supports subject to random excitation. More specifi-
cally, we have used a band-limited white noise to excite the beam. The results, impact 
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Figure 9: Minimum and maximum dimensionless contact velocity vs. )3 for the system 
shown in Figure 7. The solid line represents results with X0  = 0, 625  x  10-4  m and 
k2  = 160  x  103  Nim,  broken lines FRms = 2,8  N  and k2  = 160  x  103  N/m and 
dotted lines FRms  = 2,8  N  and X0  = 0,625  x  10-4  m, respectively. 

forces, displacements and wear work rates, are compared with corresponding measure-
ments with reasonable agreement. Nevertheless, the calculated wear work rates are 
somewhat overestimated. Our evaluation shows that the overestimation can be due to 
Rayleigh damping and/or an uncertainty in the highest frequency in the band-limited 
white noise. Furthermore, we have attempted to evaluate the nonlinear dynamics of a 
randomly forced loosely supported cantilever beam by studying an equivalent SDOF 
impact oscillator. Our computations indicate that the dynamic response is linearly cor-
related, within distinct limits, to a dimensionless control parameter representing the 
forcing amplitude. To draw further conclusions on vibro-impact dynamical behaviour 
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of the beam based on the analysis of an equivalent SDOF system, it is necessary to 
identify and quantify the information lost when the vibrating beam (which has infinite 
DOF) is simulated by a SDOF oscillator. This issue will be discussed in a future paper, 
in which we also further characterise the vibro-impact behaviour of a SDOF system 
excited harmonically versus randomly. 
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Abstract 

The dynamics of non-linear oscillators comprising a single-degree of freedom 
system and beams with elastic two-sided amplitude constraints subject to harmonic 
loads is analysed. The beams are clamped at one end, and constrained against 
unilateral contact sites near the other end. The beams are modelled by a Bernoulli-
type beam supported by springs using finite element method. Rayleigh damping is 
assumed. Symmetric and elastic double-impact motions, both harmonic and sub-
harmonic, are studied by way of a Poincar6 mapping that relates the states at subse-
quent impacts. Stability and bifurcation analyses are performed for these motions 
and domains of instability are delineated. Impact work-rate, which is the rate of en-
ergy dissipation to the impacting surfaces, is evaluated and discussed. In addition, 
an experiment conducted by Moon and Shaw on vibration of a cantilevered beam 
with one-sided amplitude constraining stop is modelled. Bifurcation observed in 
the experiment could be captured. 

1 Introduction 

Oscillating mechanical systems confined within barriers exhibit highly nonlinear be-
haviour due to impacting. These oscillators are frequently encountered in many indus-
trial equipment such as steam generator tubes and fuel rods in nuclear power plants 
[1], impacting hammers [2], hopping robots [3] and gear transmissions [4], to name a 
few. Commonly, impacting is associated with increase wear of the components of the 
oscillator, which is related to the dynamical behaviour of the system. Hence, study of 
the vibro-impact dynamics is important for understanding and analysing wear of com-
ponents that are under such motions. The simplest model for vibro-impacting system 
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is a spring-mass system with amplitude constraint. A single degree of freedom oscil-
lator (SDOF) with one-sided elastic constraint has been studied by Shaw and Holmes 
[5]. They found harmonic, sub-harmonic, and chaotic motions and analysed the bifur-
cations leading to them. Shaw [6] considered the dynamics of SDOF with two sided 
rigid constraints. The vibro-impact dynamics of multi-DOF has been the topic of sev-
eral investigations. Aidanpää and Gupta [7] analysed the one-sided impact motion of 
two-DOF impact vibrator. They studied the influence of system parameters and com-
pared the dynamic response behaviour of two-DOF with that of SDOF. Pun et al. [8] 
investigated the dynamics of a multi-DOF impact vibrator subject to harmonic loading 
bound by rigid walls. 

The impetus for the present study stems from applications in nuclear reactor com-
ponents such as fuel rods and steam generator tubes, which are subject to flow induced 
vibrations. Steam generator tubes are designed to have gaps at support points to allow 
for thermal expansion and in nuclear fuel systems gaps may develop during service due 
to relaxation of support springs and creep down of cladding tubes. In these systems the 
rods vibrate in many modes and are subjected to a random, turbulent forcing. The wear 
of these tubes is a major technical issue in the industry ([1],[9]). In our previous studies 
we have analysed the vibro-impact dynamics of beams subject to harmonic loads [10] 
and random loads [111 The results of our analyses were compared with measurements 
of contact forces and displacements made on a loosely supported rod in experiments. To 
characterise the system dynamics we evaluated an SDOF system with two-sided elas-
tic constraints subject to both harmonic and random loads ([10],[11]). For the sake of 
comparison we also modelled a two-dimensional beam by finite element method with 
two-diametrically opposed identical supports. Both systems exhibit aperiodic as well 
as periodic solutions when subjected to harmonic forces. But when the systems were 
subjected to random forces no periodic solutions were found. 

In this paper we study the details of dynamic stability of damped impact oscillators 
with elastic constraints subject to harmonic loads. We consider a beam oscillator and 
its equivalent SDOF system. The beam oscillator geometry and configuration are the 
same as that we studied in our earlier papers ([10],[11]) where we also compared the 
results of our computations with measurements. Furthermore, we evaluate the energy 
dissipated under impacting which is an important measure of wear for such systems. 
We have also attempted to numerically simulate, using our method, an experiment on 
vibration of a cantilevered beam with non-linear boundary condition made by Moon 
and Shaw [12]. 

The organisation of this paper is as follows. A forced simple damped harmonic os-
cillator with two-sided elastic constraints is considered in section 2 where its dynamics 
is described and the method we utilised for stability analysis is delineated. Section 3 
treats dynamics of vibrating beams comprising a beam with fuel rod dimensions and 
the Moon and Shaw cantilever beam used in their experiment. In section 4 we detail 
the common methods used for analysis of the beams and our SDOF system, including 
a calculation of the work-rate and a method for finding the periodic orbits and the  bi- 
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furcation points of the system studied. The results of our computations are presented in 
section 5 for the considered mechanical systems. 

2 Simple damped harmonic oscillator 

2.1 Oscillator 

A single degree of freedom system consisting of a simple damped harmonic oscillator 
(SDHO) with symmetric elastic constraints is considered here. The oscillator consists 
of a point mass suspended horizontally by a linear spring and a linear damper. An 
applied force brings the mass into contact with one of two elastic contact sites, which 
are linear springs as shown in figure 1. 

Figure 1: A two-sided simple damped harmonic oscillator with elastic supports. 

The dynamics for this system is described by the following second order differential 
equation ([10], [11]):  

x,„  +2(x,, + h(x) = ß cos(wr) 	 (1) 

where h(x) =  x  for I xl < 1 and h(x) = w2  x  — (w2  — 1)sgn(x) for !xi > 1. 
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Further, w2  = (k1  + k2)/k1,  x  =  X  I Xo, T W0t, 	— a(  )/ar,  w 	ki /m, 
2( = c/(mwo), (.42 = 9/wo and ß = Al (m4X0). Figure 1 defines the remaining 
variables. 

Hence, the dynamical system is characterised by the following variable quadruple 
(w, 0,(,w2), i.e. the forcing frequency, the forcing amplitude, the damping ratio and 
the stiffness ratio, respectively. Moreover, the state of the system is determined by the 
vector  (x,  v, T). The analytic solution of equation (1) is presented in appendix A. 

2.2 Dynamics 

Let us rewrite the second-order equation (1) as first order system in three dimensions: 

x,T = V 

	

V,T = —2(v h(x) + cos(cur) 	 (2) 
To- -= 1 

Hence, the state of the system is determined by  (x,  v, r). 
The three dimensional vector field defined in (2) is periodic in T with period 27r/w. 

We reduce the vector field dimension by defining a one-sided Poincar6 section at the 
place of structural contact, i.e. at ix I = 1, which gives two possibilities:  

E — 	{(x,v,r)Ix —1,v < 0} 

	

{(x,  v, r)lx = +1, v > 0} 	
(3)  

Next we define a Poincar6 return map  P.  as a mapping of points in  E  into them-
selves: 

P  = 	-->  E  or (TN, vN) = P(ro, vo) 	 (4) 

where  E  denotes either of the two sections defined in (3), which are selected depending 
on the sign of the initial velocity v0, and  N  is an even integer number. We assume 
that the iteration (in forward time) begins with a non-linear contact phase (i.e. when a 
contact spring is compressed) and then followed by a linear free-flight phase. 

2.3 Periodic orbits 

Periodic motion of the SDHO is studied by using the Poincar6 map  P.  A motion that 
repeats itself after  k  encounters with the Poincar6 section must fulfil the following con-
dition: 

+ 
271-n 

, 	-= Pk  (-7= , 	 (5) 

where Pk denotes the k-th iterated map and  n  is the order of sub-harmonic. The point 
(T-, is called periodic in  P.  Note that relation (5) holds for both symmetric (2k impact 
motion) and non-symmetric periodic motion after impacts at  x  ±1. 
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The stability of a periodic motion can be found by evaluating the eigenvalues of the 
Jacobian matrix of the return map at 	ü). In Shaw's fashion [6], we write the Jacobian 
in the form 

[0(7-2, 	v2)1 [0(71,  vi  )1  J 	 (6) 
0(7N-1, vN—i)] • • • I_ a(ri vi)J L5(70, vo)  J  

where the chain rule was utilised. The components of the 4  x  4 matrices are listed in 
appendix  B.  We note that, due to the transcendental nature of the solution (equation 
(18), appendix A),  P  is not known in closed form and hence in order to evaluate it we 
have to resort to numerical methods. 

2.4 Method of computation 

The method of computation of trajectories and intersections with the Poincar6 sections 
is as follows: Evaluate equation (18) in appendix A for the time ri±i at the next struc-
tural discontinuity, i.e. solve 

	

IX(Ti±i Ti, Vi)I -  i  = 0 	Ti+1 > sgn(r)ri 	 (7) 

where  (ri, vi)  denotes the initial state. 

	

Given the triple (T+1, r,  vi),  the variables vi+1  and ai±i = v,,- 	are explicitly 
found through: 

vi+1 -= 	 {(—(Ai + eiBi) cos 	"Ti)] 
+  (Bi )  sin [Sli(Ti+i —  ri)]}  — 

-yiw sin(um+i) + Sic.) cos(wri+i) (8) 

= e—(( 7—k1— T) ((2 24.i  — 2(StiBi  — ei2iii ) cos [9i(ri+i — Ti)] + 

(CB, + 2(12iAi  — 97Bi) sin [Ili(T +i  — Ti)]} — 

-yiw2  cos(wri+i) — Siw2  sin(wri+i) (9) 

where Ai,  Bi,  12i, and di  are defined in relations in (19) in appendix A. 
The root of equation (18) in appendix A is calculated by first bracketing the root and 

then applying a Newton-Raphson (NR) iteration scheme. The NR iteration scheme that 
we have utilised is very robust and fast, once the root is bracketed. However, bracketing 
the correct root is a non-trivial task, since the duration of contact and free-flight phases 
can vary greatly. The scheme of the computation is outlined in Box 2.1. 
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1. Initial interval guess [T1, 72 ], where 71  > sgn(T)Ti and T2  = 	sgn(r)27rn/w 

2. Divide the interval into inndi, sub-intervals 

3. Loop through the sub-intervals to find sign change of Ix! — 1. If no sign change is 
found, set in  := in  + 1 and go to step 2, else set  [i-bl,  Tb2] to bracket the change 
of sign. 

4. Run NR iteration to find root T.'  E  [Tbi Tb2] 

5. Verify the root Tr in 

• Contact phase  

x  (T ; Ti ,vi)sgn(r)sgn(vi) > 1 for 7-  E 	Tr  [ 

• Free-flight phase 

11(T; Ti, V i)1 <1 for T  E 	rr  [ 

If the root is not valid, set in  := in  + land if ( in  > 8) set T1  := (Ti + T1)/2 go 
to step 2 

6. Set Ti+]  = Tr  and 71  = rb2  and proceed with next phase 

Box 2.1: SDHO computational scheme 

The algorithm outlined in Box 2.1 has been found to be very robust and efficient. 

3 Vibrating beams 

3.1 Beam oscillators 

Three different types of impact oscillators involving beams are studied in this paper:  i)  
a beam representation of an SDHO, section 3.1.1, ii) an experiment by Moon and Shaw 
[12], section 3.1.2 and iii) vibration of a nuclear fuel rod ([13], [14] and [10]), section 
3.1.3. The main purpose of the first two oscillators is to gain understanding for details 
of the dynamics of the system and also to validate the numerical methods utilised. The 
third oscillator illustrates an application of the methods to an engineered structure. 

The structures are considered to be Bernoulli beams with Rayleigh damping [15]. 
The beam is discretised in space with finite elements with cubic interpolation functions 
and in time using Newmark's integration method [16]. The program uses a node-to-
node  contact algorithm, hence each contact sites is connected to a specific node. Each 
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contact site can be given individual force-displacement relationship in normal, tangen-
tial, and axial directions. Stick-slip motion along the curved surface of the beam is 
allowed. The contact force vector  p  is resolved into  p  =- (pa, Pc, Pa), where indices  
n, c  and a denote normal, circumferential and axial directions, respectively. Corre-
spondingly the gap vector is decomposed as  g  = (gn, gc , 0). Classical contact laws 
(Signorini plus Coulomb) are assumed, see e.g. [10], [17]. Since the present work deals 
with planar beams only, the circumferential components are set equal to zero. Further-
more, because the deflections are small, we set pa  = 0. Hence friction force does not 
enter our calculations here. The model has been used to analyse beam vibrations in our 
earlier works [13], [14], [10] & [11] with and without friction. 

3.1.1 Beam representation of the SDHO 

We revisit the SDHO described in section 2. However, this time the point mass is 
considered as cylinder beam of unit length and radius with a high bending stiffness. 
Damping is introduced through a potential damper according to figure 1. 

The beam is modelled with two finite elements of length 0.5, whose rotational de-
grees of freedom (DOF) have been locked. Hence, we have a system consisting of three 
DOF. This system is excited with a harmonic force at a point halfway along the beam, 
where the contact sites are also placed. 

The purpose of this fictitious beam is to facilitate the verification of the numerical 
methods, to be described later in this section, used to compute fixed points and local 
bifuractions of vibrating beams through direct comparison with the SDHO. 

3.1.2 Moon and Shaw experiment 

We consider an experiment conducted by Moon and Shaw [12], where a cantilever beam 
was excited by prescribing the displacement at the fixed end. The motion of the free 
end was constrained by an aluminium stop, limiting the amplitude of the free end in one 
direction as shown on the left hand side of figure 2. 

Sine our code is currently not equipped to handle prescribed displacement boundary 
conditions, we translate the displacement load to a distributed load along the beam as 
indicated on the right side of figure 2. 

The reason for considering this beam oscillator here is not only to show that our 
method can be used to evaluate such an experiment, but also to verify that the applied 
numerical method is capable of producing features observed in the real world. However, 
in order to evaluate the experiment accurately it is necessary to pay more attention to 
details of damping and the boundary conditions. This will be discussed more in the 
computation and conclusion sections of this paper (sections 5 and 6). 
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Figure 2: Moon and Shaw experiment [12]. 

3.1.3 Fuel rod oscillator 

We consider a long slender beam supported at one end by a pair of stiff springs, namely 
a torsion spring suppressing rotation and a spring suppressing translation. Also, the 
beam is constrained by symmetric contact sites situated near the other end, see figure 
3. The beam is modelled with finite elements  (FE)  and the contact sites with linear 
elastic springs. The beam is excited with a harmonic force applied in the same plane as 
the contact sites. The case considered was an object of an experiment, performed on a 
portion of nuclear fuel rod, which was analysed in our previous papers ([10],[11]). 

3.2 Dynamics 

The dynamics of the  FE  system of the type described in the previous section (section 
3.1), in non-dimensional form, can be written as a system of first order differential 
equations  

X,  , = 
v,, = M-1  [fa  + f — Cv — Kx] 	 (10) 

= 1 

where M,  C  and  K  are the consistent mass, damping and stiffness matrices, respec-
tively,  x  and v are the displacement and velocity vectors, respectively, fa  is the applied 
force and f, is the contact force. Consequently we define the state vector for the system 
by  (x,  v, 7). The vector field defined in (10) has dimension 2nd0 f 1, where  n  do  f iS 

the degrees of freedom (DOF) of the system. For a harmonic load with forcing period 
9, the field is periodic in 7 with period 271-4). 

As for the SDHO, we define a one-sided Poincari section. Since we are using a 
node-to-node contact algorithm, we identify the node  x,  where structural contact will 
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occur and define the section by  

E  = Ix, v, 	= +1,v, > 0} 	 (11) 

and the corresponding return map  P  by  

P 	E  —›  E  or ( f , 	= P(T, xr , v) 	 (12) 

where xr is the reduced displacement vector, i.e. we exclude the contact node xe  = +1, 
and use the hat symbol " to denote the quantities at the subsequent structural contact. 

3.3 Periodic orbits 

For a beam oscillator a fixed point of the return map  P  (12), i.e. harmonic motion of 
the system in (10), satisfies the following condition 

27rn 
	 3-Cr,17) = pk ( ,

r )  (13) 

where  n  denotes the sub-harmonic of the  k  iterated map. 
The local stability of the periodic point is given by the eigenvalues of the Jacobian 

matrix evaluated at the periodic point. The Jacobian is calculated with a forward dif-
ference approximation and the eigenvalues thereof are computed using a  Hessenberg  
reduction of the Jacobian and then applying a QR algorithm [18]. The QR algorithm is 
an iterative procedure which converges to a form where the eigenvalues are isolated on 
the diagonal or are eigenvalues of a 2  x  2 submatrix. It is called QR because in each 
iteration the QR decomposition of a matrix Ai = QR is computed, where QQT  =- 1 
and  R  is upper triangular. 

3.4 	Method of computation 

The procedure of computing one or more iterates of the Foincar6 return map, given by 
equation (12), is to start from the initial state ( , 	with xe  = +1, then step forward 
in time until &,(f) = +1 for f > f, where f-  denotes the time at the subsequent impact 
at the same contact site. 

The efficiency of following vibro-impact dynamics in the time domain using a  FE-
code is well documented, where the pseudo-force formulation with an implicit New-
mark integration scheme enables the use of a relatively large time step [16]. However, 
the incremental formulation can only approximate f in the closed interval [Ti Tj 4- AT] 
(subscript  i  is used to number the increments). 

We should remark that an error in the computation of the final state (f, 	/V) will 
propagate into the evaluation of the Jacobian. Therefore, it is necessary to select a suf-
ficiently small time-step to obtain the desired accuracy of the Jacobian. However, it is 
not feasible to use the "small" time-step for the entire time integration. We have there-
fore opted for an adaptive technique or used an interpolation scheme in our analysis. 
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The simple "micro-shooting" algorithm, outlined in Box 3.1, has been found to be very 
robust and reliable. 

1. Proceed time stepping until an impact is detected. Impacts are identified by pni  = 
0 and p 1  > 0, where  i  denotes the increments. 

2. If the number of impacts equals the number of map iterations  k  and xci+1  — 1 >  
tol  > 0, where predefined  tol  is a tolerance, proceed to step 3, otherwise report 
the state and end. 

3. Increase m with one, where m is the number of iterations needed to find the 
impact time. 

4. If this is the first time (m = 1), set 

Aro = AT 

= T i+1  — 12 

and go to step 6. f is an estimate of the impact time. 

5. Update the impact time estimate according to: 
If 7-i+1  >  i- 

f = f + Ar0 /2"1  

otherwise 

f = 	— Aro 12m 

6. Re-instate the state for  i  — 1, set AT = 	—  ri-1)/2 and reduce the impact 
number (counter) by 1, then re-enter the time stepping at 1. 

Box 3.1: Micro-shooting algorithm 

The major drawback of the algorithm, outlined in Box 3.1, is its efficiency. Com-
pared to an interpolation scheme this algorithm needs far more operations and it is nec-
essary to make sure that the time increment used to improve the impact time estimate 
stays above the machine accuracy. Here this is implemented using the FORTRAN90 
"EPSILON" function, e.g. [19]. The drawbacks are, however, considered to be minor, 
due to the simplicity and reliability of the algorithm. Furthermore, the extra operations 
used are small compared to the total number of steps needed in the time integration and 
the Newton iteration. We should mention that a scheme using linear interpolation was 
implemented and later discarded, since it failed to produce the necessary accuracy for 
the calculation of the Jacobian, which lead to slow convergence, if any, and frequently 
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gave incorrect eigenvalues. 

4 Common methods 

We have purposefully used the same formalism for the oscillators described in the pre-
ceding sections 2 and 3. This enables us to make use of the same methods to perform 
separate desirable computations. These methods are outlined below. 

4.1 Impact work-rate 

Impact wear damage is quantified with the impact work-rate [20] parameter, which es-
sentially is a measure of available power to produce damage at the supports. Following 
[10] we define the incremental normal work-rate to be dU = pds, where  p  and s de-
note contact force acting on the support and its displacement, respectively. Returning 
to the global variables, defined in sections 2 and 3, we write 

dU 	=  k2  (IXI —  X0 )  d (IXI —  X0 )  
= 	k2  (WI  —  X0) IX  (dt  

(14) 

which is rewritten in non-dimensional form as 

du= 	— llividr 	 (15) 

where du = dUn  I (k2  X(1). Note that we account for impacts occurring at  x  = 1 by 
taking the absolute of  x.  The time averaged work-rate is consequently 

(u)= 
[TN 

TN - 70 fro 
[IiI —  1]  Iv' dr 	 (16)  

We also mark that the change of sign in v is accounted for in the integrand. 

4.2 	Fixed point searches 

Fixed points of the maps defined by equations (4) and (12) are sought using a globally 
convergent Newton iteration method for finding the roots of the system of equations 

pk(
f, 
 _ T+ e, 

) = 0  (17) 

where  d  stands for a vector consisting of displacements and velocities and the bar sym-
bol 0 indicates the fixed point. By the term global we refer to a method which con-
verges to a solution for almost any starting point. The particular algorithm used here 
has been adapted from [18]. 
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4.3 	Continuation of Fixed Points and Bifurcation points 

We use sequential continuation to map out branches of fixed points solutions. Let a 
be the control parameter. We divide the interval of interest into closely spaced grid 
points ao, al , • • aN • The solution (fj  , di) at  aj  is used as a prediction for the 
next solution (j+ i, d+1) at a j±i . The predicted value is then corrected with the NR 
scheme presented in section 4.2. 

The sequential continuation scheme will obviously fail at bifurcation points where 
two or more branches meet, e.g. symmetry breaking bifurcations. In practice, however, 
we can choose sufficiently small increments in the control parameter to prevent the fixed 
point from jumping from one branch to another [21]. 

Cyclic fold bifurcations present another problem for the sequential continuation 
scheme as the solution vanishes when the control parameter passes through its critical 
value. This can be avoided by using one the variables di  as the control parameter instead 
of a. 

5 	Results of computations 

In this section we present some results of our computations for the SDHO and the beam 
oscillators. In all the computations, except for the Moon and Shaw experiment, we have 
chosen the structural data given in Table 1, which are representative for pressurised 
water reactor fuel rod with a presupposed gap. 

Table 1: Structural properties 

k1  
C 

k2 
A 
Xo  

Mass per unit length 
Span length 
Oscillator stiffness 
Damping coefficient 
Spring stiffness 
Amplitude 
Gap  

0.663 kg/m 
0.64 m 
939.34 N/m 
0.099667 kg/s 
123750 N/m 
6N 
1.25 x10-4  m 

5.1 	Simple damped harmonic oscillator 

The results our computations for the SDHO are presented in the form of bifurcation 
diagrams (figures 4, 5 and 6) and phase portraits. 

We start by searching for fixed points for the first iterated map according to relations 
(4). The bifurcation diagrams, figures 4, 5 and 6, display response of the system in terms 
of the impact velocity v versus forcing frequency  b.)  for w2  = 132.7415, = 0.005 and 

-= 51.0997 for the first, second and third sub-harmonics, respectively. The diagrams 
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are obtained by using the method described in sections 2, 4.2 and 4.3. Note that these 
figures are cut outs from the full bifurcation diagrams in order to highlight specific 
features. 

Let us consider the first sub-harmonic of motion with the bifurcation diagram shown 
in figure 4 and phase portraits in figure 7. From figure 7a we can see that for w > 
4.625, we have a stable periodic symmetric attractor, since (r-  + rn I u) , —f))1 1  = 
(i-,f))1x=±1. This branch of stable periodic solutions will remain stable until the bifur-
cation point w Rs-,' 11.5 (not shown in figure) at which it coalesces and gets destroyed 
by a branch of unstable periodic symmetric solutions. This type of bifurcation is called 
a cyclic-fold or saddle point bifurcation and it is characterised by a Floquet multiplier 
leaving the unit circle at +1 (Appendix  C).  Increasing w beyond this point causes the 
motion to jump to a remote attractor. The position of the bifurcation point corresponds 
to resonant peak of the zero gap linear system (w1  -,-..,- 11.52). Furthermore, the low 
level of damping in the system leads to very high velocities close to the bifurcation 
point f)  E  [3000, 5000], which causes a numerical problem for the present method, 
since the time spent during the contact phase gets much longer than the time spent dur-
ing free-flight and consequently the algorithm fails to bracket the subsequent root, cf. 
section 2.4. 

At w = [4.621,4.622] the motion undergoes a supercritical symmetry breaking 
bifurcation, giving birth to two branches of stable anti-symmetric periodic solutions (cf. 
figures 7b and 7c). This is associated with a Floquet multiplier leaving the unit circle 
at +1 (appendix  C).  These two branches are eventually destroyed in period doubling 
bifurcations at w  E  [4.270, 4.275], where they continue as unstable branches of periodic 
solutions. This type of bifurcation is related to a Floquet multiplier leaving the unit 
circle at —1. 

For lower c4) < 4.11 we find stable and unstable asymmetric periodic solutions, 
e.g. figure 7d. Note that each asymmetric solution has a antisymmetric counterpart 
due to the geometric symmetry of the system, e.g. for the solution shown in figure 7d 
(w = 3.125, f, = 10.877), there exists a antisymmetric stable solution for (w --= 3.125, 
f, -,-- 2.7639), figure 7e. 

In the interval w  E  [3.975,4.105] periodic solutions appear, e.g. figure 7f, whose 
antisymmetric counterpart is no-longer a fixed point to the first iterated map. Instead it 
appears as a fixed point to the second iterated map for the first sub-harmonic. In Table 
2 we have compiled data for the foregoing cases, shown in figure 7, concerning stable 
solutions for the first sub-harmonic of the one iterated map. 

Due to to the geometric symmetry of the system, symmetric periodic solutions can-
not exist for the second sub-harmonic. However, both stable and unstable antisymmetric 
solutions do exist. Also due to geometric symmetry, the antisymmetric solution must 
come in pairs, hence resulting the double solution branches shown in figure 5. 

The results for the third sub-harmonic show similar features as for the first sub-
harmonic. However, the fixed points for the third sub-harmonic are shifted to higher 
frequencies and span a narrower range of velocity. This complies with the analytical 
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results of Shaw [6] for an SDHO with rigid amplitude constraints. In figure 6 we see 
a branch of stable symmetric solutions undergoing a supercritical symmetry breaking 
bifurcation at w 	15.275, giving birth to two branches of stable antisymmetric fixed 
solutions, which are then destroyed in flip bifurcations as the forcing frequency is low-
ered. 

Figure 4: Period one solutions for the SDHO for the first sub-harmonic (w2  
132.7415, -= 0.0050 and [1 = 51.0997), solid and broken lines denote stable and 
unstable solutions, respectively. Bifurcation points are denoted as: Fl = Flip, Fo = 
Cyclic fold and Sy = Symmetry breaking. 

5.1.1 Impact work-rate of the SDHO 

We have calculated the impact work-rate for the considered SDHO. The results for 
work-rate versus frequency along the stable branches, shown in figure 4, are depicted 
in figure 8. The dependence of work-rate on the impact velocity is clearly visible. 

For the stable branch of symmetric points üi  E  [4.622, 11.0001, we see that the work-
rate increases rapidly as the forcing frequency approaches the resonance frequency. 
The work-rate of the two stable branches  G.) e  [4.275, 4.621]) created in the symmetry 
breaking bifurcation does not branch at the bifurcation point. This is exemplified with 
cases 2 and 3 listed in Table 2. Instead the bifurcation manifests itself as an discontinu-
ity. 

At the asymmetric periodic solutions, ü.)  E  [3.026,3.364], ü.)  e  [3.874,4.1001, we 
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Figure 5: Period one solutions for the SDHO for the second sub-harmonic (w2  = 
132.7415, = 0.0050 and /3 -= 51.0997), solid and broken lines denote stable and 
unstable solutions, respectively. Bifurcation points are denoted as: Fl = Flip and Fo = 
Cyclic fold. 
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Figure 6: Period one solutions for the SDHO for the third sub-harmonic (w2  = 
132.7415,  C  = 0.0050 and 73 ,-- 51.0997), solid and broken lines denote stable and 
unstable solutions, respectively. Bifurcation points are denoted as: Fl = Flip, Fo = 
Cyclic fold and Sy = Symmetry breaking. 
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Table 2: The SDHO test cases 
Test case 
w 
t 
V 
total average work-rate 
right* average work-rate 
left** average work-rate 
max displacement amplitude 
max velocity amplitude 

1 2 3 4 
5.000 4.375 4.375 3.125 

-0.17555 -0.25785 -8.2160 10-2  -0.17446 
8.7454 10.629 8.4687 10.877 
2.0510 1.9780 1.9780 1.0830 
1.0255 0.9884 0.9896 0.9176 
1.0255 0.9896 0.9884 0.1654 
2.1354 2.1922 2.1922 2.3584 
9.2400 10.809 10.809 11.521 

Test case 5 6 
w 3.125 4.000 
T -0.42697 -0.16374 
V 2.7639 12.566 
total average work-rate 1.0830 2.0475 
right* average work-rate 0.1654 1.4005 
left** average work-rate 0.9176 0.6470 
max displacement amplitude 2.3584 2.4834 
max velocity amplitude 11.521 13.055 
* right contact spring at  x  = +1 
** left contact spring at  x  = -1 
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(f) Case 6 (e) Case 5 

Figure 7: Phase portraits for the first sub-harmonic of the stable period one solutions 
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and V 	10.63 (c)w = 4.375,  i  —0.0847 and V 8.469  (d)  w = 3.125,  i  —0.174 
and 'ü 	10.88  (e)  w = 3.125,  i  —0.427 and V 2.764 (f) w = 4.000,  i  —0.164 
and fi 	12.57. 
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observe significant differences in work-rate between the right and left contact sites (at  
x  = +1 and  x  = —1, respectively), e.g. cases 4, 5 and 6 in Table 2 and figures 7d, 
7e and 7f. Hence, a symmetric impact-oscillator described by equation (1) may give 
asymmetric wear damage depending on its initial conditions. 

Figure 8: Impact work-rate along stable branches of the bifurcation diagram for the 
SDHO as depicted in figure 4. 

5.2 Beam oscillators 

Here we present computations concerning the beam oscillators presented in section 
3. Sections 5.2.1 and 5.2.2 serve as validation of the numerical method described in 
section 3. Section 5.2.3 deals with the beam oscillator, representing a vibrating fuel 
rod, presented in section 3.1.3. 

5.2.1 Beam representation of SDHO 

In this section we validate the methods for finding periodic solutions and computing 
work-rate in a  FE-frame work, described in section 3, with a beam representation of the 
SDHO. We replace the point mass in figure 1 with a beam of unit length and unit radius 
and high flexural rigidity  (D  = 105  Nm2). The beam is modelled by two elements, 
whose rotational DOF have been locked. All other properties are set according to the 
data listed in Table 1. 
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The six test cases listed in Table 2 are re-calculated using the two element beam 
oscillator and comparable results are displayed in Table 3 and figure 9. Note that all 
values given in Table 3 have been rounded to five significant figures. 

The data presented in Tables 2 and 3, and in figures 7 and 9 agree well. Typically, 
the values differ in the third or fourth significant figure. This deviation is due to the fact 
the beam is not infinitely stiff. 

Table 3: Test cases with beam representation of SDHO. The displayed data are taken 
from the node at the contact sites 

Test case 1 2 3 4 
5.000 4.375 4.375 3.125  

-0.17547 -0.25746 -8.2462 10-2  -0.17779 
8.7692 10.627 8.4897 10.942 
2.0497 1.9727 1.9727 1.0934 
1.0249 0.98514 0.98753 0.91802 
1.0249 0.98753 0.98514 0.17542 
2.1349 2.1909 2.1909 2.3586 
9.2506 10.795 10.795 11.558 

5 6 
3.125 4.000 

-0.41419 -0.16287 
2.7681 12.605 
1.0934 2.0501 

0.17541 1.4016 
0.91803 0.64850 
2.3586 2.4838 
11.558 13.065 

co 
i  
f), 
total average work-rate 
right* average work-rate 
left** average work-rate 
max displacement amplitude 
max velocity amplitude 

Test case 
co 
t 
'I), 
total average work-rate 
right* average work-rate 
left** average work-rate 
max displacement amplitude 
max velocity amplitude 
* right contact spring at  x  = +1 
** left contact spring at  x  = -1 

5.2.2 Moon and Shaw experiment [12] 

In this section we present computational results for an experiment conducted by Moon 
and Shaw [121. The results are presented as phase portraits and bifurcation diagrams, 
in terms of velocity v versus forcing amplitude ao  = Ao  / A, where cto and Ao are the 
non-dimensional and dimensional forcing amplitudes, respectively and A is the one-
sided gap in the experiment. We have limited our computations to a forcing frequency 
of  li  = 10.5 Hz. 

The experimental setup is depicted in figure 2. The beam is modelled as a cantilever 
beam and is excited by a distributed load. In order to simulate the experiment we 
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Figure 9: Phase portraits for the first sub-harmonic of the stable period one solutions for 
the beam representation of the SDHO, cf with figure 7. The displayed data are taken 
from the node at the contact sites. 

22 



are forced to make some assumptions regarding the structural properties. The flexural 
rigidity  D  =  EI  (where  E  is Young's modulus and I is the moment of inertia of the 
cross section of the beam with respect to the neutral axis) was adjusted by matching 
the three lowest natural frequencies to those reported (4.3, 26 and 73 Hz). Proportional 
damping is utilised. The structural properties used in the calculations are compiled in 
Table 4. The aluminium stop is simulated by a spring with a stiffness based on Young's 
modulus of aluminium. 

This selection of material properties gives rise to considerable numerical chattering 
at the structural interface, which propagates to uncertainty in Jacobian evaluation and 
poor convergence in the fixed point iteration. The solution is twofold  i)  reduce the time 
step and ii) choose another Poincar6 section. 

As pointed out by  Johansson  [16], reducing the time step reveals the finer structure 
of the contact force variation while the global motion changes only slightly. Conse-
quently, we set the time step short enough to accurately predict motion away from the 
structural interface and define the Poincar6 section,  E,  in this region of phase space. 
This is indicated in figure 10a, which shows a stable one periodic attractor for the first 
sub-harmonic. 

Figure 10b shows a stable period two attractor, which is born in a flip bifurcation 
at ao 	0.47, from a one period second sub-harmonic solution. This is shown in 
the bifurcation diagram (figure 11). This complies with the experimental findings by 
Moon and Shaw [12]. However, no period doubling cascade was found in the numerical 
simulations. Instead we find reformation of a stable period one second sub-harmonic 
attractor through flip bifurcation as the amplitude is increased. Consequently, no chaotic 
solutions were found in the simulations. 

Table 4: Structural properties for the Moon and Shaw experiment 
Thickness 0.23  x  10-3  
Width B 9.5  x  10-3  
Length 0.188 
Density p kg/m3  7850 
Flexural rigidity D  N/m2  0.00126533 
Mass proportional damping Cm  0.5752 
Stiffness proportional damping Ck 5.024  x  10-4  
Impact spring stiffness kAl  Nim  6.65  x  108  
One sided gap  A  ffi  3  x  10-3  

5.2.3 Fuel rod oscillator 

This section comprises the results of computations made for the beam oscillator (figure 
3) representing a portion of a vibrating fuel rod. In [10] stable periodic cycles were 
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Figure 10: Phase portraits for the Moon and Shaw experiment for 9 	10.5 Hz.  E  
denotes the chosen Poincar6 section. Displayed data are from the structural properties 
according to Table 4. (a) For forcing amplitude, Ao = 0.7  x  10-3  [m], first sub-
harmonic, stable periodic attractor.  (b)  Ao = 1.5  x  10-3  [m], period doubled attractor. 
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Figure 11: Fixed point solutions for the Moon and Shaw experiment [12] (9 = 10.5 
Hz). Solid and broken lines denote stable and unstable solutions, respectively. 
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identified for w  E  [5,6.5] and w  e  [9, 10] by performing extensive time integrations. 
Here we use the Poincard map method to directly determine the stable periodic solu-
tions. From these fixed points we can then follow the solution branches by sequential 
continuation, according to the methods described in sections 3 and 4.3, to produce a bi-
furcation diagram in the form of frequency-response curves as presented for the SDHO 
in section 5.1. Furthermore, we present phase portraits to highlight some features of the 
dynamics. Note that the dynamics of the beam oscillator is represented by the motion 
at the contact node throughout this section. 

The structural properties specific to the fuel rod oscillator are given in Table 5, [10]. 
Other properties are set according to data in Table 1. 

Table 5: Properties specific for the beam oscillator with fuel rod dimensions 
Beam density  p  kg/m3  9347.51 
Cross section area A m2 7.088  x  10-5  
Beam length 0.64 
Mass proportional damping Cm 

5-1 0.3984 
Stiffness proportional damping  ck  2.975  x  10-5  
Flexural rigidity  D  Nm2  24.90 
Support stiffness ktra  N/m 1.48  x  105  
Support stiffness  krot  N/m 5.35  x  102  
Contact spring stiffness  kz  N/m 123750 

Figures 12a and 12b show phase portraits at the contact node for co = 5.1 and 
w = 9.6, respectively, and display two stable symmetric solutions, i.e. 

+ 7rn I w, 	 = 	V)Ix=_Fi . The phase portraits were generated 
by initiating the time integration from the fixed point and continuing it over 100 forcing 
cycles, of which approximately the last ten cycles are shown in the figures. 

By computing the continuation from the periodic fixed points, displayed in figure 
12, we find stable and unstable branches of period one solutions. These are displayed 
in figure 13. As expected, the branches follow more complex paths compared to the 
SDHO (section 5.1). However, similar features are not hard to find. 

Below w = 5 almost no stable period one solutions are found. This behaviour is 
in line with previously published results [101 However, two short intervals with stable 
solutions are identified, w  E  [3.575, 3.582] and w  E  [3.643,3.664]. Figures 14a and 14b 
show examples of phase portraits taken from respective region (Example 1: w = 3.58 
and Example 2: co = 3.65). These orbits are clearly asymmetric, however, they have 
antisymmetric counterparts for the first sub-harmonic of the second iterated map. 

Above w = 5 stable solutions become more frequent. First we find a region of 
stable symmetric orbits in the interval L,)  e  [5.02, 5.28] (e.g. Example 3: w = 5.1 in 
figure 12a). 

As for the SDHO system (section 5.1) we can identify a supercritical symmetry 
breaking bifurcation. Here we find the bifurcation in the vicinity of w = 5.629, which 
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is somewhat higher than for the SDHO. Phase-plane orbits are shown just before (Ex-
ample 4: w = 5.70 in figure 15a) and just after (Examples 5 and 6: w 5.61 in figures 
15b and 15c, respectively) the bifurcation point. The stable branches of antisymmet-
ric solutions created are quickly destroyed in what appears to be secondary  Hopf  or 
Neimark bifurcations, i.e. when two complex conjugate Floquet multipliers leave the 
unit circle away from the real axis. Beyond w = 6.506 we were unable to follow the 
stable branch of symmetric solutions as the solution switches from being a period one 
point to a period two point on the Poincar6 map without bifurcating. This discontinuity 
in the Poincar6 map is associated with "i5 = 0 at  x,  = +1. 

At w = 7.343 we pick up a branch of symmetric period one solutions. The first 
region of stable solutions is found in the interval w  e  [8.04, 8.90]. The interval is started 
and ended by Neimark bifurcations. The phase portrait in figure 16a shows an orbit for 
w = 8.50 (Example 7). The second and third stable regions along the symmetric branch 
are found in intervals  c.,) E  [9.33,9.93] and [10.28, 11.35], respectively. Phase portraits 
from these regions are shown in figures 12b (Example 8: w = 9.60) and 16b (Example 
9: w = 11.0), respectively. 

The last two branches of stable period one orbits, identified in the fixed point 
search (figure 13), are found to lie in the frequency intervals c4.,  E  [9.75, 10.18] and  
c.,.; E  [9.71, 10.17]. They consist of corresponding antisymmetric orbits. This exempli-
fied in figures 17a and 17b (Example 10 and 11: w = 9.9). 

Data for the examples, discussed above and shown in figures 12 and 14 — 17, are 
listed in Table 6. 

Figure 12: Phase portraits for the first sub-harmonic of the stable period one solutions 
for the beam oscillator. The displayed data are taken from the node at the contact sites. 

26 



20 20 

2 
x  [-]  

(b)  Example 2: w = 3.65 

10 

0  

-10 

-202  
x  [-] 

(a) Example 1: w = 3.58 

200 

150 

50 

8 	10 	12 
[—] 

Figure 13: Stable (solid lines) and unstable (broken lines) period one solutions for the 
first sub-harmonic of the fuel rod oscillator. The displayed data are taken from the node 
at the contact sites. 
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Figure 14: Phase portraits for the stable periodic solutions for the first sub-harmonic at 
low forcing frequencies applied to the fuel rod oscillator. 
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Figure 15: Phase portraits of the stable period one solutions close to the supercritical 
symmetry breaking bifurcation for the first sub- harmonic of the fuel rod oscillator. The 
displayed data are taken from the node at the contact sites. 
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Figure 16: Phase portraits for the stable period one solutions along symmetric branch 
for the first sub-harmonic of the fuel rod oscillator. The displayed data are taken from 
the node at the contact sites. 

Figure 17: Phase portraits for the stable asymmetric period one solutions for the first 
sub-harmonic of the the fuel rod oscillator. The displayed data are taken from the node 
at the contact sites. 
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Table 6: Examples for the fuel rod oscillator. The listed data are taken from the node at 
the contact sites 

Example 1 2 3 4 
3.580 3.650 5.100 5.700 

-0.16669 -0.18328 -0.20243 -0.20292 
10.329 13.148 8.4025 14.309 
0.97779 0.83658 0.73765 0.78435 
0.48521 0.41801 0.36882 0.39218 
0.49258 0.41857 0.36883 0.39218 
1.9228 1.8483 1.6608 1.6334 
15.034 15.321 12.277 16.599 

5 6 7 8 
5.610 5.610 8.500 9.600 

-0.21847 -0.16549 -0.12967 -0.12668 
18.629 9.5478 20.817 35.526 
1.9514 1.9514 6.0622 14.645 
0.94702 1.0044 3.0311 7.3226 
1.0043 0.94705 3.0311 7.3229 
2.0472 2.0468 2.4969 3.1893 
20.556 20.553 21.082 35.527 

9 10 11 
11.00 9.900 9.900  

-0.096098 -0.10420 -0.63197 
103.34 61.365 50.941 
168.07 37.074 37.074 
84.034 18.092 18.982 
84.034 18.982 18.092 
7.9277 4.4709 4.4710 
110.01 62.170 62.172 

w 
t 
fic  
total average work-rate 
right* average work-rate 
left** average work-rate 
max displacement amplitude 
max velocity amplitude 

Example 
w 
t 
Tie  
total average work-rate 
right* average work-rate 
left** average work-rate 
max displacement amplitude 
max velocity amplitude 

Example 
w 
i  
f), 
total average work-rate 
right* average work-rate 
left** average work-rate 
max displacement amplitude 
max velocity amplitude 
* right contact spring at  x  = +1 
** left contact spring at  x  = -1 

30 



5.2.4 Impact work-rate of the fuel rod oscillator 

Here we present the results from the work-rate calculations for the fuel rod oscilla-
tor considered in section 5.2.3. The impact work-rate was calculated according to the 
methods described in section 4.1 along the stable branches shown in figure 13. 

Figures 18a and 18b show work-rate evaluated at fixed points along the stable 
branches for w < 7.0 and w > 7.0, respectively. As for the SDHO, we note the over-
all dependence of work-rate on the impact velocity, i.e., higher impact velocity gives 
higher work-rate. Exceptions to this rule are, however, clearly visible. Another general 
observation is that stable asymmetric orbits render higher average work-rate than the 
symmetric orbits at or close to the same forcing frequency. This can be seen both in 
figure 18a, where a sharp increase in work-rate is visible as the forcing frequency is 
lowered below the symmetry breaking bifurcation at w ••-2,  5.629 (cf. also Examples 4, 5 
and 6 in table 6) and in figure 18b, where the line corresponding to the work-rate at the 
two stable branches of mutually antisymmetric orbits lie well above the lines showing 
the work-rate at stable symmetric orbits (cf. Examples 8, 10 and 11 in table 6). 

In the interval w  e  [5.018, 5.284] we also see an increasing work-rate for decreasing 
C4J . This seems to be connected to the development of loops in the phase-plane, which is 
shown in the portraits in figure 19. The loop formation is accompanied by an increasing 
peak contact force. 

Comparing the results of the SDHO and the fuel rod oscillator we see that the dif-
ference in the work-rate between the left and right contact sites for an asymmetric orbit 
is far less for the fuel rod oscillator than for the SDHO. Despite that the SDHO used 
here is regarded as a one-dimensional representation of the fuel rod oscillator. Thus, 
indicating that we can study some aspects of the fuel rod vibro-impact dynamics using 
an SDHO simplification. 

6 Conclusion 

The dynamics of interaction of four different impact oscillators subject to harmonic 
excitation has been analysed. More specifically, the existence and stability of periodic 
orbits and the local bifurcation thereof are numerically evaluated. Impact work-rate, 
which is the rate of energy dissipated to the impacting surfaces, is evaluated. This 
property is a measure of the available energy for surface damage and is calculated along 
stable branches of period one orbits. 

Firstly, we have studied the dynamics of an impact oscillator in its simplest form, i.e. 
a mass, spring, damper system with two-sided elastic amplitude constraints (SDHO). 
The system was assigned properties relevant to a vibrating nuclear fuel rod. The re-
sulting dynamics is well in line with what has been found for an oscillator with rigid 
amplitude constraints [6]. However, in our analysis we have also included the asym-
metric orbits. We have shown that asymmetric orbits render asymmetric work-rates on 
the symmetrically placed constraints. Furthermore, these orbits have higher work-rates 
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Figure 18: Impact work-rate for the fuel rod oscillator evaluated along the stable 
branches shown in figure 13 for (a)  c,..)  <7.0 and  (b)  w > 7.0, respectively. 

than symmetric orbits at or near the same forcing frequency. From [10] we learned that 
aperiodic or chaotic solutions do exist for lower forcing frequencies. Our current anal-
ysis shows that the route to chaos is initiated with a supercritical symmetry breaking 
bifurcation followed by a sequence of flip bifurcations. This is also in agreement with 
results for oscillators with rigid constraints (cf. [22]). 

Secondly, to validate our numerical methods, we re-modelled the simplest two-
sided impact oscillator using a cylindrical beam with unit length and radius. To enable 
direct comparison with the SDHO, the beam is given an artificial flexural rigidity and 
all the rotational degrees of freedom are locked down. The numerical method used to 
find periodic orbits of the vibrating beam converged to practically the same values as 
found for the SDHO. Furthermore, phase portraits for the two systems were virtually 
identical and work-rates were found to have negligible deviation. 

Thirdly, we turned our attention towards an experiment conducted by Moon and 
Shaw [12]. To analyse the experiment some assumptions regarding the structural prop-
erties of the cantilevered beam were made. The flexural rigidity of the beam was set 
by matching the first three natural eigenfrequencies to measurements. The associated 
Young's modulus,  E,  was checked against tabulated data for steel and found to be rea-
sonable. In the experiment, constrained layer damping was added by taping a shim 
steel on both sides of the beam. In our evaluation the Rayleigh damping coefficients 
were set to give correct damping at the first eigenfrequency. Computations for a forcing 
frequency of 10.5 Hz could reproduce the bifurcation from a stable period one sub-
harmonic two-orbit solution to a period two sub-harmonic four-orbit solution. Other 
forcing frequencies were explored and longer period-doubling cascades were identi-
fied. However, a chaotic attractor could not be found. Two sources of the discrepancy 
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Figure 19: Phase portraits for the fuel rod oscillator at (a) w -= 5.05,  (b)  w = 5.10,  (c)  
w = 5.15 and  (d)  w = 5.20, respectively. 
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between reality and simulation can immediately be identified;  i)  load application and 
ii) Rayleigh damping. For the applied load we have made use of a distributed load 
rather than a displacement load as employed in the experiment. In regard to damping, 
the stiffness-proportional part of the Rayleigh damping will supply higher damping at 
higher frequencies. This feature, although attractive numerically, is not necessarily a 
correct one. To further evaluate the results of the Moon and Shaw experiment these 
issues need to be resolved. 

Finally, we have applied our methodology to a two-dimensional representation of 
a vibrating fuel rod. For lower frequencies the beam shows similar dynamic response 
compared to the SDHO, i.e. similar phenomena are found in both cases. However, the 
similarities must not be exaggerated. Impact velocities and work-rates are of the same 
magnitude as the corresponding values for the SDHO, whereas phase portraits of orbits 
are more "wrinkled" and the patterns of stable and unstable branches are more complex 
in the fuel rod oscillator. The results for the SDHO showed significant differences in 
work-rate between the symmetric constraints, i.e. between the right and the left contact 
sites. For the fuel rod oscillator, this difference is there, but it is not as pronounced. 
Moreover, work-rate for asymmetric orbits is significantly higher than for symmetric 
orbits at or near the same frequency, as predicted using the SDHO. 

Wear is a slow process in any well designed engineering system. Further, harmonic 
excitation is a feature of many of these systems (e.g. turbines). Hence, the study of 
periodic orbits in a harmonically vibrating system with wear is relevant. We note that 
systems with combined loading (harmonic and stochastic) can also behave as periodic 
attractors, see e.g. [23]. The method described in this paper can be used to assess the 
wear susceptibility of beam-like structures that are subject to impact vibrations. 
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A 	Solution to the simple damped harmonic oscillator 

For the sake of completeness we include the analytic solution of the simple damped 
harmonic oscillator with symmetric elastic constraints presented in section 2, equation 
(1). This solution originates from [5], which has been adapted to include double impact 
motion [10] and here time reversal property. It is written as 

x(r) = xt, (7) + xst (r) + sgn(r)sgn(vz )(1/w2 — 1);  i  = {0, 	, N} 	(18) 
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with  

xt, (7) = e—((r — Ti)  {Ai  cos Pi (T — ri,)] + Bi  sin [1(r — T)]} 

	

xst (T) 	cos(wr) + 6i sin(wr) 
= 	— äisi + (-1)isgn(r)sgn(vi)/4 

	

Bi 	= [vi + (-1)isgner)sgn(vi)(7w? + si(-yiw — (Si() — 	+ öiw)] /Sti 
(w -w2)ß/ 

= 2(w/3/Ai 
— W2) 2  + (2(w)2 

wi (2 

	

Ci 	-= COS (w7) 
si  = sin(wr) 

(19)  
where even and odd  i  yields motion during contact and free-flight, respectively and 
sgn(r) defines the direction of the time flow.  

B 	Evaluation of Jacobian  

The Jacobian for the SDHO system with symmetric elastic constraints is 

[
a(Ti+11Vi+1)  

Oeri, vi)  

where 

_ [ 
ari+i  
ari  

avi+i  
ari 

  

avi  
avi+i  
avi 

(20)  

 

   

ari+i   	vi  cos pi  (Ti+i — Ti)] — 
,073 	74+1 

1  
[(vi + (-1)isgn(vi) —  /3  cos(wri)]  sin [52i 	—  701}  

eTi±i 	—e —(( ri+l —ri )  sin Pi  (Ti+3.  ri)]  
avi  

(21)  

(22)  

	

avi+1 	aTi+1  
a+1+ ari 	OTi 

[2(vi + (-1)isgn(vi) — /3 cos(wri)] cos [fti(Ti-ki — Ti)] 

	

vi 	 + 	( 1)isgn(vi) + cos(wri)}] sin [9i 	— ri)] 	(23) 
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avi+i 	ari+i  
	= 	 + 
avi 	avi  

{cos 	—  ri)]  — —(  sin 	— 	(24)  
ei  

C 	Bifurcations of periodic orbits 

Periodic motion of a constrained oscillating system can be studied by a Poincar6 map  
P,  see for example [24]. Each iteration of  P  corresponds to a contact of mass m with 
the constraints at  x  = ±1 and relates the time and velocity at the previous encounter 
to those of the subsequent one. A motion that repeats after  k  contacts must satisfy the 
following condition: 

2irn 
	, 	= Pk  (7f, (25) 

where Pk  denotes that  P  has been applied  k  times. According to condition (25) the 
motion repeats itself after  k  encounters with the Poincar6 section at  x  = ±1 after  n  
cycles. Such a motion is referred to as a sub-harmonic of order  n.  The point (f, 17) is 
called a periodic point of  P.  

The stability of periodic motion can be investigated by examining whether the mo-
tion near the periodic motion is attracted toward or repelled from the periodic solution. 
A small disturbance in proximity of (If,  i))  allows us to express condition (25), after 
expansion in Taylor series and linearising, in the manner: 

((i+1, 71J+1) = Pk 	 (26) 

where (<-, 7j) is the disturbance around 	i))  and DPk  is the first derivative (Jacobian 
matrix of 2k-dimension) of P k  evaluated at the periodic point. We note that the stability 
analysis is local since the disturbance is localised. 

The stability criterion is established in terms of the eigenvalues  Aj  of the Jacobian 
matrix DPk. For the linear system (26) the periodic orbit is asymtotically stable if 
and only if the spectrum of  D- Pk lies within a unit circle in the complex A plane, i.e., 

I  X  i<  1. When Ai leaves the unit circle three situations can be envisaged.  (i)  An 
eigenvalue leaves the unit circle through A=+1, resulting the following three bifurca-
tions: transcritical, symmetry-breaking, and cyclic-fold bifurcations. (ii) An eigenvalue 
leaves the unit circle through Ai  = —1, resulting a period-doubling bifurcation. (iii) 
Two complex conjugate eigenvalues leave the unit circle away from the real axis, re-
sulting a  Hopf  bifurcation. 
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