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Abstract
This thesis contributes to the ﬁeld of machine vision and the theory of the sampling
of particulate material on conveyor belts. The objective is to address sources of error relevant to surface-analysis techniques when estimating the sieve-size distribution
of particulate material using machine vision. The relevant sources of error are segregation and grouping error, capturing error, proﬁle error, overlapping-particle error and
weight-transformation error. Segregation and grouping error describes the tendency of
a pile to separate into groups of similarly sized particles, which may bias the results
of surface-analysis techniques. Capturing error describes the varying probability, based
on size, that a particle will appear on the surface of the pile, which may also bias the
results of surface-analysis techniques. Proﬁle error is related to the fact that only one
side of an entirely visible particle can be seen, which may bias the estimation of particle
size. Overlapping-particle error occurs when many particles are only partially visible,
which may bias the estimation of particle size because large particles may be treated
as smaller particles. Weight-transformation error arises because the weight of particles
in a speciﬁc sieve-size class might signiﬁcantly vary, resulting in incorrect estimates of
particle weights. The focus of the thesis is mainly on solutions for minimizing proﬁle
error, overlapping-particle error and weight-transformation error.
In the aggregates and mining industries, suppliers of particulate materials, such as
crushed rock and pelletised iron ore, produce materials for which the particle size is a
key diﬀerentiating factor in the quality of the material. Manual sampling and sieving
techniques are the industry-standard methods for estimating the size distribution of these
particles. However, as manual sampling is time consuming, there are long response times
before an estimate of the sieve-size distributions is available.
Machine-vision techniques promise a non-invasive, frequent and consistent solution for
determining the size distribution of particles. Machine-vision techniques capture images
of the surfaces of piles, which are analyzed by identifying each particle on the surface
of the pile and estimating its size. Sampling particulate material being transported on
conveyor belts using machine vision has been an area of active research for over 25 years.
However, there are still a number of sources of error in this type of sampling that are not
fully understood. To achieve a high accuracy and robustness in the analysis of captured
surfaces, detailed experiments were performed in the course of this thesis work, towards
the development and validation of techniques for minimizing overlapping-particle error,
proﬁle error and weight-transformation error.
To minimise overlapping-particle error and proﬁle error, classiﬁcation algorithms
based on logistic regression were proposed. Logistic regression is a statistical classiﬁv

cation method that is used for visibility classiﬁcation to minimize overlapping-particle
error and in particle-size classiﬁcation to minimize proﬁle error. Commonly used sizeand shape-measurement methods were evaluated using feature-selection techniques, to
ﬁnd sets of statistically signiﬁcant features that should be used for the abovementioned
classiﬁcation tasks. Validation using data not used for training showed that these errors
can be overcome.
The existence of an eﬀect that causes weight-transformation error was identiﬁed using
statistical analysis of variance (ANOVA). Methods to minimize weight-transformation
error are presented herein, and one implementation showed a good correlation between
the results using the machine-vision system and manual sieving results.
The results presented in this thesis show that by addressing the relevant sources of
error, machine vision techniques allow for robust and accurate analysis of particulate material. An industrial prototype was developed that estimates the sieve-size distribution
of iron-ore pellets in a pellet plant and crushed limestone in a quarry during ship loading. The industrial prototype also enables product identiﬁcation of crushed limestone to
prevent the loading of incorrectly sized products.
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Chapter 1
Thesis Introduction
This introduction provides a background highlighting the importance of this research
and a motivation for the work in this thesis. The scope and limitations of the thesis are
set to clearly deﬁne the context in which this work was done. Finally, an outline of the
thesis is presented.

1.1

Background

During production in the mining and aggregate industries, material is excavated by blasting or digging. The rocks excavated in this way are of sizes in the meter range. This
material cannot be sold to customers without further reﬁnement. The rocks are crushed
to produce particles of speciﬁc sizes suitable for further reﬁnement or for direct shipment
to customers. In the mining industry, the rocks containing ore are usually ground to a
ﬁne powder that is further reﬁned in chemical processes to extract the various minerals.
The size of the rocks or particles throughout this production chain is important.
To describe these particle sizes, the industries have agreed on a standard that allows
analysis of the particles to produce particle-size distributions. Following the industry
standard, manual sampling of particulate material involves the collection of particles
followed by sieving with either square meshes or plates with circular holes and registering
the weights of the particles retained on each sieve frame. This procedure for estimating
the size distribution has response times ranging from approximately 1 hour up to even 48
hours, is performed infrequently and may be inconsistent because of mechanical faults in
sieving frames or variation in handling of the analytic equipment by diﬀerent personnel.

1.2

Motivation

The current trend in process industries is to optimize complete chains of production to be
more energy eﬃcient, to improve quality and to reduce wear on mechanical parts. One
important factor when optimising processes is to have information available that describes
1
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the process. One key aspect that aﬀects the eﬃciency of blast furnaces, crushers, grinders
etc. is the size of the material going in and out of these processes. Manual sieving has
response times that are simply too long to facilitate process control.
Machine-vision techniques promise a non-invasive, frequent and consistent solution to
determining the size distribution of particles in a pile. Such techniques capture information of the surface of a pile that is then used to infer the pile size distribution. Estimating
particle size using machine vision has been a subject of research for over 25 years [1].
However, the implementation of an imaging system that is accurate and robust is not
a trivial and rapid process. Assuming that a robust and accurate surface-data capturing
system with insigniﬁcant error is available, there are a number of sources of error relevant
to surface-analysis techniques that require consideration and investigation. It may be
tempting to use multivariate calibration techniques to transfer surface data to known
size distributions; however, it is important to consider the following sources of error and
separately minimise them to obtain a general solution that is known to be robust to all
errors.

1.2.1

Sources of error relevant to surface-analysis techniques

There are a number of sources of error known to be relevant to surface-analysis techniques.
• Segregation and grouping error [2], more generally known as the “Brazil-nut effect” [3], arises from the tendency of the pile to separate into groups of similarly
sized particles. This is caused by vibration or motion (for example, as rocks are
transported by truck or conveyor), where large particles move to the surface.
• Capturing error [4],[5, Chap. 4] describes the varying probability that a particle
will appear on the surface of the pile based on its size.
• Proﬁle error is related to the fact that only one side of an entirely visible particle
can be seen, which may bias the estimation of particle size.
• Overlapping-particle error [6] is due to the fact that many particles are only partially
visible, and a large bias toward the smaller size classes results if they are treated
as small, entirely visible particles and sized using only their visible proﬁles.
• Weight-transformation error occurs when the weight of particles in a speciﬁc sievesize class varies signiﬁcantly. As a sieve-size class is deﬁned by the upper and lower
boundaries at which particles pass, elongated particles may have signiﬁcantly larger
volumes than more spherical particles.

1.3

Research problems

The objective of this thesis is to address the abovementioned sources of error when
analysing particle piles based on machine vision. The research problem is formulated as

1.4. Scope and limitations

3

the following broad question:
How can the particle-size distribution be estimated based on machine vision?
To answer this broad question, four subsidiary questions are formulated and each is
addressed separately. In combination, these questions provide an answer to the main
research problem.
Q1: Can the overlapping-particle error be minimised by combining shape measurements
with the visibility ratio?
Q2: Can diﬀerent size and shape measurements be combined to minimise the proﬁle
error?
Q3: Does an eﬀect that causes weight-transformation errors exist?
Q4: Can the weight-transformation error be minimised by modelling the weight, depending on size estimates or by other strategies?

1.4

Scope and limitations

The focus of this thesis is on estimating the particle-size distribution based on machine
vision. Machine-vision systems may capture information with diﬀerent camera techniques, laser rangers, radar or X-rays. In this work, an imaging system implemented by
MBV Systems [7], was used to capture 3D surface data for particles being transported
on conveyor belts based on a projected laser line and camera triangulation. Additionally,
experiments were performed on data collected using the Monash Shape Measurement
system developed by Alexander and Ng [8]. Thus, the work in this thesis is limited only
to estimating the size of particles on the surface of piles.
Particles of three diﬀerent types were used in this study: green and baked iron-ore
pellets, crushed basalt rock fragments and crushed limestone rock fragments. In pellet
manufacturing, green pellets are produced primarily from crushed iron ore in a rotating
pelletising disk or tumbling drum, after which they are baked in a furnace to produce
hardened black pellets. Crushed limestone is a product typically excavated in open pit
mines through blasting. Limestone producers crush and sieve the blasted limestone into
products with speciﬁc size properties. As with limestone, basalt rock is a hard type
of rock that is excavated by blasting and crushing. Here, the machine-vision system
analysed iron-ore pellets of sizes typically in the range of 6.3–14 mm, crushed basalt rock
fragments of 11.2–31.5 mm and crushed limestone rock fragments of 10–100 mm.
The experiments were conducted in a laboratory, and industrial prototypes were also
installed at LKAB’s pellet plant in Malmberget and Nordkalk’s limestone quarry in
Storugns. The laboratory work provided detailed and quantiﬁable results when analysing

4
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the sources of error and developing techniques to minimise them. The industrial prototypes were used to both develop techniques to minimise the sources of error and to
demonstrate the robustness of the machine-vision system.
A summary of the abovementioned limitations are listed below, to clearly delineate
the scope of this thesis:
• Only techniques for estimating the size of particles on the surface of piles were
considered.
• Segregation and grouping errors were assumed to be insigniﬁcant for iron-ore pellets.
• Segregation and grouping errors were not studied for rock fragments, that is, the
dynamics of the pile were not considered.
• The size of the studied particles ranged from 6.3 mm (for the iron-ore pellets) to
100 mm (for the crushed limestone rock fragments).
• The experiments were conducted in a controlled laboratory environment and in
industry during normal production.

1.5

Thesis outline

This thesis consists of two parts: Part I provides the general background, summary and
conclusions of the thesis work and Part II contains a collection of papers that have either
been published or been submitted for publication. This chapter presents background
and motivation for the research problem, and the thesis scope and limitations are given.
The rest of Part I should be read as an introduction to machine vision applied to the
estimation of particle-size distributions in materials being transported on conveyor belts.
The remaining chapters of Part I are summarised below:
• Chapter 2 begins with an introduction to the sampling and analysis of particulate
materials on conveyor belts. Parts of Pierre Gy’s theory of sampling applicable to
this thesis are outlined herein. Descriptions of how the sampling and analysis of
particulate material are conducted in industry are also given. Finally, sampling
and analysis using machine vision is described.
• Chapter 3 is an introduction to machine-vision systems used for estimating particlesize distributions. Systems based on 2D and 3D surface data are outlined. A
number of commercial systems that perform size estimation of particles are also
outlined. Finally, details of the imaging system used in this study are presented.
• Chapter 4 provides an overview of the shape and size measurements that are commonly used when describing regions in an image. When analysing images that

1.5. Thesis outline
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represent surface data for a pile, segmentation of the surface into regions is performed. These regions are then described by shape and size measurements to
provide information that can be interpreted by the machine-vision system.
• In Chapter 5, applications of an industrial machine-vision system are described.
The machine-vision system is installed at a pellet plant and a limestone quarry
operating during normal production runs.
• Chapter 6 provides a summary of the appended papers; the personal contributions
to each paper are speciﬁed here. There remain possibilities for improving knowledge
in this research ﬁeld, and possible future research problems are discussed here.
• Finally, conclusions of the work are given in Chapter 7 by revisiting the stated
research questions.

6
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Chapter 2
Sampling and analysis of
particulate material on
conveyor belts

This chapter introduces the theory of sampling (TOS) ﬁrst presented by Gy [2]. The
theory includes a thorough description of how to correctly take representative samples of
particulate materials, covering how sampling should be performed to minimise sources
of error in various situations, e.g., where particles are lying in piles, being transported
by conveyor belt, truck or train. The theory is also applicable for ﬂuid sampling. In
this study, the particles being sampled were transported on conveyor belts. Thus, the
applicable parts of Gy’s theory of sampling are outlined in this chapter. The theory has
been expanded upon and clariﬁed in subsequent publications [9, 10] and has also been
partly translated from French into English and extended by Pitard [11]; this study follows
Pitard’s notation.
The sampling of particles being transported on conveyor belts is performed in industry
using transverse samplers is described in detail along with the possibilities for using
machine vision to sample particles and the sources of error related to such sampling
techniques.
Finally, an outline of how collected samples can be analysed to estimate the size
distribution of particles is described using example analyses of samples taken by both
mechanical and machine-vision techniques.

2.1

Pierre Gy’s theory of sampling

When analysing properties of materials, Gy distinguished between sources of error due
to sampling and analysis. Speciﬁcally, the overall estimation error (OE) is composed
of a total sampling error (TE) and a total analytical error (AE), as given by Equation
2.1. The theory of sampling is limited to how sampling shall be performed to generate
7
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Figure 2.1: Materialization of point increments

representative samples. Thus, the total sampling error is examined in detail and the
analytical error is outside the scope of the theory.
OE = TE + AE

2.1.1

(2.1)

Concepts in particle sampling on conveyor belts

Gy describes three diﬀerent concepts when sampling particles being transported on conveyor belts. Gy explains the concepts using an integration model that comprises groups of
fragments at diﬀerent locations on a conveyor belt. The three concepts are illustrated in
Figure 2.1, where the shaded areas represent the volumes seen from above that constitute
the samples.
The ﬁrst concept is a static concept, wherein the conveyor belt is stopped before a
sample is taken. This concept of sampling is called stopped-belt sampling and is the most
accurate way to sample particles transported on a conveyor belt. As the conveyor belt
is stopped, careful delimitation of particles with parallel metal sheets is possible using
a frame that completely separates particles that constitutes the sample depicted by the
shaded area.

2.1. Pierre Gy’s theory of sampling
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The two other concepts are dynamic concepts that describe samples that are taken
from moving conveyor belts using transverse samplers. Transverse samplers can be either
bidirectional or unidirectional, as shown in Figure 2.1. These samplers can be positioned
either directly over a conveyor belt or at the end of a conveyor belt where particles fall
oﬀ the conveyor.

2.1.2

Relating errors for transverse sample cutters

At each stage of sampling, the total error TE is the sum of two errors called the sampling
error (SE) and the preparation error (PE). Thus, the total error is given by Equation 2.2.
The sampling error is introduced when particles in a pile are reduced by the sample taken.
The preparation error is caused by improper handling of collected samples, resulting in
contamination, alteration of the chemical composition, loss of particles or even sample
alteration by fraud. Note that Gy and Pitard treat PE diﬀerently. Gy includes the
preparation error within the sampling error but Pitard argues that the preparation error
is not actually a part of the sampling process and should be treated separately. This
thesis follows Pitard’s argument and therefore the total sampling error is deﬁned as in
Equation 2.2.
TE = SE + PE

(2.2)

The SE is in turn the sum of two errors called the continuous-selection error (CE) and
the materialisation error (ME). Thus, SE is given by Equation 2.3. CE can further be
separated into three types of errors denoted CE1 , CE2 and CE3 , as seen in Equation 2.4,
comprising the errors due to the heterogeneity of the material when considering local,
long-term and periodic eﬀects, respectively. CE1 , the errors on a local basis, can likewise
be divided into the fundamental error (FE) and the segregation and grouping error (GE).
CE2 , the errors on a long-term basis, incorporates variations in the heterogeneity of the
material over time. CE3 consists of errors due to periodic diﬀerences in the heterogeneity.
SE = CE + ME

(2.3)

CE = CE1 + CE2 + CE3 = FE + GE + CE2 + CE3

(2.4)

The ME is composed of three types of errors that may occur if incorrect sampling
techniques are used. These are delimitation errors (DE), extraction errors (EE) and
preparation errors (PE), whose sum results in the materialisation error as shown in
Equation 2.5.
ME = DE + EE + PE

(2.5)

To summarise, the total sampling error is given by 2.6.
TE = FE + GE + CE2 + CE3 + DE + EE + PE

(2.6)
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Figure 2.2: Correct (I”1 ) and incorrect (I”2 ) delimitation of samples.

2.1.3

Correct conditions for transverse sample cutters

To be certain that a sample has been taken correctly, two groups of conditions must be
met:
1. Conditions for correct delimitation
2. Conditions for correct extraction
Correct delimitation of particles in a sample is achieved by extracting all and no other
particles in the volume to be sampled. That is, samples should be taken so that areas
seen in Figure 2.1 are either rectangles for stopped-belt sampling or parallelograms for
transverse samplers. Incorrect sampling can arises due to the variable speed of the cutter
during sampling, as the sampled area will no longer be a parallelogram. Examples of
how variable speed aﬀects the area of sampling are shown in Figure 2.2. The sides of the
cut must also always be parallel to extract a complete volume.
Correct extraction of particles of a sample is achieved by assuring that particles fall
into the sample based on their centres of gravity. If cutter speeds are too high, particles
may bounce of the edges of the cutter and not be sampled. Additionally, particles that
should not be in a sample may also be extracted. Graphical examples of correct and
incorrect particle extraction are shown in Figure 2.3 where correct extraction of particles
extracts all grey particles and does not extract any white particles.. Incorrect extraction
of particles can be eliminated by operating the cutter at speed levels below 0.6 m/s and
using cutters with width over three times the diameter of the largest fragment [10, p.
49].
Finally, when samples are collected correctly, the materialisation error and the preparation error are eliminated. Thus, the total sampling error is simpliﬁed to Equation 2.7.
The continuous selection error can be mathematically modelled [10, p.54], but this is
outside the scope of this review.
TE = CE = FE + GE + CE2 + CE3

(2.7)

2.2. Sampling process in industry
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Figure 2.3: Correct and incorrect extraction of particles belonging to of sample with correct
delimitation. Correct extraction of particles extracts all grey particles and does not extract any
white particles.

2.2

Sampling process in industry

The most accurate sampling method in practice is to perform stopped-belt sampling,
thereby the conveyor belt is stopped during production to allow the complete stream of
particles to be sampled at an increment around a point in time. The sample is taken by
forcing a frame to cut through the material on the conveyor belt to delimit the particles
on the conveyor belt in the sample from the rest of the material.
The materialisation error can be eliminated by using a frame of parallel metal sheets
that perfectly ﬁts the proﬁle of the conveyor belt. During production, in large-scale
industries, stopped-belt sampling has many drawbacks that make this technique impractical. One key factor is that some processes in industry cannot be stopped easily and
without cost. For example, stopping pellet production, in a plant with six pelletising
drums that continuously feed a conveyor belt, to take a sample would involve serious
costs and cause disturbances in other parts of the processing chain. Another key factor
that makes stopped-belt sampling unrealistic is that the total mass that conveyor belts
transport can be signiﬁcant. Stopping a conveyor belt with a heavy load is easy, but
starting it again can be problematic. Motors driving the conveyor belt will run with high
loads causing high wear on equipment. In cold climates, ice can form on the conveyor belt
during stops, causing expensive delays in production as production stops for the time it
takes for operators to remove ice manually. To summarise, stopped-belt sampling is not
a practical method in industry but is still recommended by several standard committees
as a “reference sampling method” [10, p. 45].
Figure 2.4 shows a transverse sampler used at Nordkalk’s limestone quarry at Storugns.
The sampler positioned over the conveyor belt is automatically triggered based on the
amount of particles that have been transported under the sampler. The sampler cuts
through the material being transported on the conveyor belt following the sampling concept of unidirectional sampling as shown in Figure 2.1. All particles in the sampling
increment are pushed into the bins underneath the conveyor. These bins can later be
collected by laboratory personnel for further analysis. At LKAB’s pellet plant in Malmberget, sampling is performed using a bucket that is manually directed through a stream
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Figure 2.4: Transverse sampler position over a conveyor belt.

of particles as they fall from one conveyor to another. Here, care is taken when collecting the sample to keep the bucket at constant speed throughout the motion to get a
representative sample. The sample is later analysed in a laboratory environment.
In paper C, wherein an industrial prototype is described that measures the size distribution of pellets being transported on conveyor belts, transverse sampling is performed
at the point where particles fall from one conveyor to another. In Papers F and G,
wherein an industrial prototype is described that identiﬁes products and estimates the
size distribution of particles being loaded onto ships, transverse sampling is performed
using the automatic sampling machine shown in Figure 2.4.

2.3

Sampling process using machine vision

Sampling particles being transported on conveyor belts using machine vision is ultimately
a process of acquiring information that represents the surface of the stream of particles
passing an imaging system. A depiction of sampling using an ordinary camera that
collect photographs of the pile of particles being transported on a conveyor belt is shown
in Figure 2.5. The side view that depicts an intersection of the pile clearly shows that only
the surface of the pile is visible from the point of view of the imaging system. Particles
that lie underneath the surface of the pile cannot be seen from the camera’s point of
view.
Chavez et al. [4] recognised that capturing surface data is not a correct method to
sample material according to Gy’s theory of sampling. Chavez et al. state that “taking
only images, which are surfaces, is a non-correct cutting and therefore involves a noncorrect sampling”. More speciﬁcally, when capturing images of particles that lie in a pile,
only the visible particles are collected, and this is a serious violation of the condition of
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Figure 2.5: Sampling particles being transported on conveyor belts using machine vision based
on 2D camera for capturing images.

correct delimitation according to the sampling theory.
Chavez et al. described what implications the violation of sampling correctness have
when only the surface of a pile is sampled using machine-vision techniques. They concluded that there exist two sources of error that can cause the surface to not be representative of the whole pile, namely:
1. Segregation and grouping error
2. Capturing error
The segregation and grouping error, also called the “Brazil-nut eﬀect” [3], “describes
the tendency of the pile to separate into groups of similarly sized fragments, caused by the
vibration or motion of the rock pile, such as in moving trucks or on conveyor belts” [5, p.
7]. Surface-analysis techniques based on machine vision are sensitive to segregation and
grouping error and could introduce large sampling errors, if the aim is to report the size
distribution for the whole pile. Three possibilities exist for minimising this error. The
ﬁrst solution is to place camera equipment directly after some homogenising equipment.
However, installation of homogenising equipment may be impractical for existing plants,
as this would require a redesign of the conveyor-belt systems. This solution may only
be appropriate for plants that are to be built in the future. The second solution is to
develop models that can describe the dynamics in a pile of particles when particles are
transported on conveyor belts; however, modelling the dynamics of the pile appears to be
a diﬃcult problem and may even be unsolvable. The most practical solution to minimise
the segregation and grouping error is to place the sampling equipment at a place where
limited segregation and grouping error exists. For instance, directly after crushers for
rock fragments and pelletising drums for green iron-ore pellets.
The capturing error relates to the fact that particles of a larger size than most other
particles have higher probability of being visible on the surface of a pile. Chavez et al.
[4] proposed a probabilistic model that can be used to correct for the capturing error.
Thurley [5, Ch. 4] further improved the modelling of the capturing error and validated
the model in a series of laboratory experiments.
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To summarise, sampling particles in piles using machine vision is a process of acquiring
information that represents the surface of the stream of particles that passes an imaging
system. This sampling method does not follow the theory of sampling founded by Gy,
as an incorrect cutting of samples is taken. The work of Chavez et al. [4] identiﬁed two
sources of error that occur when only capturing the surface of a pile. Although these
errors will always be present in practical situations, their results show that the capturing
error and the segregation and grouping error can be minimised. Capturing errors can
be modelled, and segregation and grouping errors can be limited by sampling at places
where minimal segregation and grouping of particles are present.
Even where capturing error and segregation and grouping errors are present, machine vision may be useful for monitoring processes. In relation to mechanical sampling
techniques, machine vision provides rapid, non-destructive and consistent measurements.
Assuming the measurements are accurate and robust, machine vision enables frequent
quality control based on the size distribution of particles. Furthermore, the analysis of
the samples can be processed within 30 seconds, enabling high sampling rates in comparison to mechanical sampling techniques that involve analysis times in the range of
hours.
Machine vision can also be inexpensive if the imaging system can be built using
standard components at low costs. Low maintenance costs are also a beneﬁt because the
equipment does not need to be in contact with the particles being sampled, resulting in
limited mechanical wear.

2.4

Particle-size estimation using manual sieving

Mechanical sieving in industry is an established procedure for estimating the size distribution of particles, a method known to generate analytical errors. However, Pitard
states that “it is much easier to detect, correct, and minimize analytical errors than sampling errors” [11, p. 125]. Moreover, the procedure for estimating size distributions by
mechanical sieving has been industry-standardised to yield accurate estimates.
Mechanical sieving is used to separate the particles into sieve-size fractions with an
analysis based on the principle that particle sizes can be estimated using sieve frames of
diﬀerent sizes. Examples of sieve frames with openings sized at 20.0, 31.5 and 45.0 mm
are shown in Figure 2.6. The size of the sieve frame is the length of the side of the square
opening. Other sieve frames are also used in industry, in which the openings are circular
holes in a steel sheet. All mechanical sieving performed in this study used sieve frames
with square openings.
Either manual or mechanical sieving can be performed on a particle sample. Using
manual sieving, all particles are poured onto the largest sieve frame and all particles of
sizes smaller than the openings fall through the frame. The smaller particles are collected
underneath the sieve frame for further sieving. Care must be taken to shake the sieveframe thoroughly to ensure that all particles that should fall through the sieves actually
do. Once all particles that are of smaller size than the sieve frame openings have fallen
through, the remaining particles are weighed using a digital balance and constitute the

2.5. Particle-size estimation using machine vision

15

Figure 2.6: Sieve frames of diﬀerent sizes with rocks that do not ﬁt the openings and sized
accordingly.

weight of particles of a particular size of a sample. The sieving is repeated with the
remaining particles using a smaller sieve frame. This iterative sieving is performed until
all remaining particles are considered to be ﬁnes or undersized.
Mechanical sieving is commonly performed using automatic sieving machines, as
shown in Figure 2.7. The machine is equipped with sieve frames selected for the measurement of speciﬁc properties of a sample of a given material. As shown in Figure 2.7,
the number of available sieve frames is many times the number of sieve frames that can
ﬁt into the sieving machine. When analysing each sample, certain properties of a material are the most important, for example, the 50th percentile of the particle size, that
is, the size of particles that divides the sample into two halves. Additionally, the total
percentage of undersized and oversized material may be of interest depending on desired
use of the analytic results. To determine these properties, only a few sieve frames are
needed to estimate the size distribution of a sample. A sieve distribution is determined
by inserting a stack of sequentially sized sieving frames into the sieving machine and
pouring the sample on top of the stack. The sieving machine is operated for one minute
to allow the complete stack to be shaken to ensure that particles do not become stuck
in a sieve frame due to their elongated shapes. If a particle ﬁts through the openings in
any one orientation, the particle should fall through. After the machine has been shaken
for one minute, the sieve frames are extracted from the machine and particles of each
speciﬁc size are weighed. The total size distribution of the sample is calculated by the
speciﬁc weights for each sieve frame knowing the total mass of the sample.

2.5

Particle-size estimation using machine vision

In this work, the estimation of particle size was performed using a machine-vision system
and involving a number of important steps, as depicted in the ﬂow chart in Figure
2.8. A brief description of these steps is given here; a longer introduction to machinevision systems is found in Chapter 3. As described in Section 2.3, the sample image
taken contains information about the surface of a pile, i.e., information about the visible
particles in the pile when looking at the pile from above. This information must be
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Figure 2.7: Automatic sieving machine with available sieve frames.

analysed in such a way that each particle is segmented into a speciﬁc region. This
process is called segmentation and is a critical processing step for further analysis of
the sample. For a more detailed description, see Section 3.2. When the particles have
been segmented, it is critical to identify every particle that is visible but overlapped by
other particles because overlapping particles cannot be sized correctly in general, as not
enough information is available for these overlapping particles to estimate their sizes.
Finally, every identiﬁed non-overlapping particle is sized and a size distribution, based
on number of rocks in the sample, can be generated. Note that a size distribution based
on the number of particles is not directly comparable with a size distribution estimated
by mechanical analysis, because the latter is based on particle weights. To produce size
distributions based on particle weights, an additional step is needed in the analysis to
translate the number of particles into a weight.
Apart from the sources of error relating to sampling using machine vision, there are
also a number of sources of error relevant to the subsequent analysis of the surface data.
The notation used in this thesis follows the work by Thurley (see Paper C) regarding
these sources of errors.

2.5.1

Overlapping-particle error

The existence of an overlapping eﬀect that occurs when the fragments lie in a pile with
some fragments overlapping others was originally noted in 1983 by Carlsson and Nyberg
[1], in the ﬁrst publication reporting the use of machine vision to estimate the size
of blasted and crushed rocks, stating that the eﬀect “causes many fragments to seem
smaller than they really are” [1, p. 335]. Thus, a large bias towards the smaller size
classes results if overlapping particles are treated as small, non-overlapping particles and
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Figure 2.8: Procedure of analysis of surface data

sized using only their visible proﬁles. Since this ﬁrst report of an overlapping eﬀect, only
Frydendal and Jones [12], in estimating the size of sugar beets, and Thurley and Ng [6],
when estimating the size of blasted and crushed basalt rocks, have presented methods to
minimise this error. Other studies published in this area have suggested the installation
of mechanical devices to enable sampling of separated rocks that lie ﬂat on a surface to
prevent particles from overlapping each other.

2.5.2

Proﬁle error

Proﬁle error arises because only one side of a non-overlapping particle can be seen, which
may bias the estimation of particle size. Previous work has been published on the size
estimation of iron-ore pellets, assuming that the pellets are spherical [13, 14]; other reports have been presented on the size and shape analysis of rock fragments. Comparisons
of manual sampling and estimates of rock-fragment size using 2D imaging analysis have
been reported [15, 16, 17, 18]. Wang and Stephansson [18] reported ﬁnding “a systematic error compared to sieving analysis”. Furthermore, a comparison of six commonly
used particle size-and-shape measurements was published by Wang [19], showing how the
best-ﬁt rectangle is more useful than traditional measurements. Outal et al. presented
a method to connect 2D raw data to 3D sieving measurements. The 3D surface measurement of rocks has been applied to segmentation where rocks have little or no overlap
[20], to shape measurements of individual rock fragments [21], or to rock fragments in
piles [5, 22]. Kim [20] used a volumetric measurement method to grade fragments into
diﬀerent size classes, and Thurley [5, 22] used the best-ﬁt rectangle as a measurement
method to categorise fragments into diﬀerent size classes.
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Weight-transformation error

Weight-transformation error derives from the fact that the weight of particles in a speciﬁc
sieve-size class might signiﬁcantly vary among diﬀerent products consisting of the same
type of material but with diﬀerent size distributions. In this study, the existence of an
eﬀect causing this error was identiﬁed using a statistical analysis of variance (ANOVA)
[23, Ch. 3].

Chapter 3
Introduction to machine vision
systems

This chapter provides an introduction to machine vision systems that are used for estimation of the particle size distribution. Figure 2.8 in Chapter 2 depicts a ﬂow chart of a
complete machine vision system that collect samples of particles laying in a pile by capturing the surface with imaging techniques. A simpliﬁed version of Figure 2.8 that show
the fundamental steps in a machine vision system is seen in Figure 3.1. The notation
used for these fundamental steps follows the book Digital Image Processing by Gonzalez
and Woods [24]. That book can also serve as a detailed introduction to machine vision
systems and image processing.
The ﬁrst publication where a machine vision system is used to estimate the size of
rocks was published by Carlsson and Nyberg 1983 at the First International Symposium
on Rock Fragmentation by Blasting (FRAGBLAST) [1]. Carlsson and Nyberg states
that “One way to measure the size is to estimate the area of each fragment by following
their contours”. With that statement, Carlsson and Nyberg describes that given an
image, the fragment can be identiﬁed by segmentation and the area of that fragment
described by the contour of that fragment. But, Carlsson and Nyberg continues to
state that “such an algorithm is very time consuming and demands a lot of memory
and is therefore not suitable in our application”. Instead of segmenting aquired images,
a method based on chord-length was used to simplify the analysis to meet speed and
memory limitations that computers had in 1983. Today, limitations in computational
speed and memory availability is not a problem and the complete scheme seen in Figure
3.1 can be implemented on ordinary personal computers to process data close to realtime.




 



  



 
  

Figure 3.1: Fundamental steps of a machine vision system.
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Introduction to machine vision systems

Image acquisition

The ﬁrst fundamental step using machine vision systems is image acquisition. This step
is the actual sampling process described in Chapter 2.3. That is, images that represent
the surface of a pile are taken for further analysis in subsequent fundamental steps. As
image acquisition is the ﬁrst fundamental step of a machine vision system, all remaining
steps are aﬀected by the quality of which the images are acquired. Up until today, 2D
camera systems have mainly been used in implementation of machine vision systems
that are used in industry. A number of commercial machine vision systems are available;
VisioRock [25], WipFrag [26], FragScan [27], Split [28] and Lynxx. According to Leighton
[29] Lynxx “was developed for Anglo Platinum by Stone Three Signal Processing Limited
due to problems experienced with similar units which were commercially available”.
There are signiﬁcant problems with 2D imaging systems as Thurley [30] summarizes
“Photographic based 2D imaging systems are subject to bias due to uneven lighting
conditions, excessive shadowing, color and texture variation in the material, and lack
of distinction between overlapped and non-overlapped fragments.” Further Thurley [30]
states that “In their review of a commercial photographic based 2D system a report
by Potts and Ouchterlony [31, pg. vi, viii] report that for their application the system
erroneously assumes the resultant size distribution is unimodal and they conclude by
expressing strong reservations saying 2D ’imaging has a certain but limited usefulness
when measuring the fragment size distribution in a muckpile or from a belt in an accurate
way. It could probably detect rough tendencies in fragmentation variations, if the lighting
conditions do not vary too much, and if cover glasses for camera lenses are kept clean’”.
Today, computers and camera systems have been developed to a point that makes
machine vision systems capable of acquiring 3D surface data. 3D imaging allows measurements of the surface of piles with height information that may be used to achieve
robust and accurate analysis. The only work that has been presented using 3D imaging
that performs automated on-line analysis of rock fragments transported on conveyor belts
are based on active laser triangulation [30], laser scanning [32] or stereo imaging [33].
In this thesis a measurement system based on active triangulation to capture 3D
surface data of the ﬂow of material on a conveyor belt is used. The system consists of a
laser with line-generating optics and one camera mounted at an angle of approximately
24 degrees between the camera line of sight and the laser line. The system collects images,
extracts the laser line and converts the images into 3D surface data. An illustration of
the imaging system is shown in Figure 3.2 and a close-up of the captured 3D surface data
is seen in Figure 3.3(a) where the height of the surface is color coded.
Also, a pulse encoder is mounted to the conveyor belt to synchronize the camera to
capture 3D proﬁles of the laser line for every 1 mm movement of the conveyor belt. The
data captured with this technique are highly accurate and provides high density 3D point
data.
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Figure 3.2: Conceptual image of the imaging system that captures 3D surface data.

 

 

  

  

Figure 3.3: Collected 3D surface data (a), segmentation (b) and identiﬁcation of non-overlapped
particles (c).
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Segmentation

Collected images represent all visibile particles in a pile. More speciﬁcally, all particles
that can be seen from above are also represented in the images. To be able to analyze
properties, as size, of each particle the next fundametal step is segmentation where the
image is segmented into objects or regions. There are many strategies to achieve accurate
and robust segmenation.
In this thesis the 3D surface data is segmented by a series of operations based on
mathematical morphology [34] and the watershed transform [34, watershed transform]
implemented by Thurley [22] for 3D surface data. There is a major advantage of using 3D
surface data over 2D surface data when identifying particles in an image by segmentation.
Thurley concludes that the high density 3D surface data “allows us to detect small sliver
regions or crescent-like regions of overlapped particles and ensure that they are not
merged into other regions”. Figure 3.3(b) shows the segmentation result.

3.3

Representation & description

Assuming correct and accuarate image acquisition and segmentation, each region in the
image can be analyzed to describe speciﬁc properties. In this thesis, experiments are
presented in Paper A, B, D and E that evaluate diﬀerent measurement methods used
to describe regions that represent particles. A more detailed discussion of how these
measurement methods are calculated and used is found in Chapter 4.

3.4

Object recognition

The desciptions of each region can be used to recognize what they mean using prior
knowledge. An example is seen in Figure 3.3(c) were a measure called visibilty ratio has
been used to describe how visible each region is, to identify every overlapped particle,
and exclude them from the image. Chapter 4.4 gives a summary of how measurements
that describe regions may be used to recognize attributes, speciﬁcally visibilty and size
of particles.

3.5

Analysis summary

Finally, the analysis perfomed by the machine vision system is summarized to report some
meaningful data that can be used by other automatic systems to perfom automatic control
or by humans to monitor relevant information and act according to that information. For
images containing particulate material summaries that describe the size distribution of
particles or mass ﬂow of particles are mostly of interest. Chapter 5 describes machine
vision systems that estimate the size distribution of particles that are being transported
on conveyor belts. Also, a system that identify and report what product is being loaded
onto ships is described.

Chapter 4
Shape and Size Analysis
of Particulate Material
This chapter explains how the shape and size of particles can be measured assuming that
accurate surface data have been acquired and segmented. Each segment (or region) of
the surface data represents a particle but without any measure that describes the region
further analysis of the particle cannot be made. This chapter details a number of shape
and size measurements that are evaluated in Papers A, B, D and E. A distinction is made
between measurements that are scale-less and measurements that provide some measure
of scale.

4.1

Conversion from 3D surface data to 2D binary
images

In the work presented in Papers B, D and E, the segmented 3D surface data representR
[35] where diﬀerent measures based on the
ing paricles are imported into MATLAB
measurement methods described below are extracted for each particle.
A note is needed because our measurement system collects 3D surface data, and many
of the measurement methods are based on 2D binary image data. Figure 4.1 (a) depicts
a segmented region that represents an iron ore pellet viewed at an angle from the Z-axis.
Note that the surface is interpolated for display purposes only. In Figure 4.1 (b) the iron
ore pellet is viewed from above. This is a view that only displays height information by
color. Removing the interpolated surface and color information allows display of only
the 3D point data as seen in Figure 4.1 (c). This is basically a projection of 3D surface
data to the XY-plane, thus the iron ore pellets is represented by 2D point data as no
height information is longer available. When applicable for use by measurement methods
described below, the 3D surface data are projected to the XY-plane for analysis.
Some measurement methods described below only work on 2D binary images. As the
3D surface data is comprised of irregular 3D point data, conversion to discretized binary
23
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Figure 4.1: The captured 3D surface data representing an iron ore pellet. Three alternative
displays are shown; interpolated surface viewed at an angle from the iron ore pellet (a), interpolated surface viewed from above the iron ore pellet (b) and 2D point representaion of the 3D
surface data (c).

(a)

(b)

(c)

Figure 4.2: Conversion from 3D surface data to 2D binary image depicted as consequtive steps;
2D point representation of the 3D surface (a), binary image representing each point (b) and 2D
binary image of an iron ore pellet (c).

images are nescessary before using those methods. Conversion from 3D point data to
2D binary data is perfomed by projecting the 3D point data to the XY-plane, as seen in
Figures 4.1 (c) and 4.2 (a). The irregular 2D point data is discretized to a binary image,
seen in Figure 4.2 (b). Morphological closing [34, Ch. 2] connects the binary point data
to construct the 2D binary image of an iron ore pellet as seen in Figure 4.2 (c).

4.2

Size measurements

Estimating the particle size has previously been studied by a number of research groups.
Diﬀerent measures of a particle’s size have been used with promising results. The most
recent and interesting work has been published by Wang [19], Al-Thybat et al. [16, 36]

4.2. Size measurements

25

and Outal et al. [15]. Earlier work by Wang compared six measurement methods:
chord-sizing, Feret-box, maximum diameter, equivalent-area circle, equivalent-area ellipse
and multiple Feret-box. The multiple Feret-box was further improved by Wang who
proposed a new measurement called the best-ﬁt rectangle. It was concluded that the
best-ﬁt rectangle is more reasonable and useful than the traditional measurements. In
this thesis, chord-sizing measurement method is omitted because it is argued by Wang to
be less eﬃcient than the simple Feret-box. The Multiple Feret-box is also omitted, as the
best-ﬁt rectangle was shown by Wang to be an improved multiple Feret-box. Al-Thybat
et al. combined the mean Feret’s diameter and equivalent-area diameter to estimate the
size of particles. In this thesis the mean Feret’s diameter is not explicitly calculated, as it
is a measure that is derived from the multiple Feret-box, which is not used in this thesis.
Outal et al. proposed a measure based on the maximum inscribed disc and the total area
of a particle to estimate the size of particles and on reconstructing volumes to estimate
particle weights. Based on a√presentation of their work, a good estimate of the volume
of a particle may be V = dA A where d is the diameter of the maximum inscribed disc
and A is the total area of a particle.
The strategy to answer research question Q2 in Chapter 1 was to evaluate commonly
used size measurements’ ability to discriminate among diﬀerent sieve-size classes. In
Paper D, this is evaluated by using feature selection techniques when designing classiﬁers that perform size classiﬁcation of particles. The feature selection techniques select
features that signiﬁcantly improve the classiﬁer’s ﬁt to the data.
To summarize, from the abovementioned work, the Feret-box, best-ﬁt rectangle, maximum diameter, equivalent circle, equivalent-area ellipse and maximum inscribed disc are
used in this thesis. In addition, the non-perpendicular axes method is also included in
this thesis. All size measurement methods mentioned above have the potential to describe the size of particles by themselves or in combination. In Paper D six measurement
methods depicted in ﬁgure 4.3 are evaluated and descriptions of the methods are given
below.
• Feret-box The Feret-box [19] is the smallest rectangle with sides perpendicular
to the x- and y-axes that the region ﬁts into. Unlike the implementation used
by Wang, which calculates the Feret-box from 2D binary images, the Feret-box is
calculated in this thesis from the 2D point representation of the 3D surface data
by ﬁnding the maximum and minimum value of the particle’s x or y values. The
four measurements; length, width, diagonal of the rectangle (maximum length) and
area of the rectangle, are extracted from the Feret-box.
• Best-ﬁt rectangle The best-ﬁt rectangle [19] is deﬁned as the rectangle with
smallest area that ﬁts around the region of interest at any rotation. As with the
Feret-box, the best-ﬁt rectangle is calculated in this theisis from the 2D point
representation of the 3D surface data. It is approximated by simply determining
the area of a rectangle that ﬁts around the region for every 1 degree rotation and
ﬁnding the rectangle with the smallest area. The seven measurements; length,
width, diagonal, area, angle (orientation), elongation (length divided by width)
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 4.3: The diﬀerent size and shape measurement methods; (a) Feret-box; (b) Best-ﬁt
rectangle; (c) Equivalent-area diameter; (d) Equivalent-area ellipse; (e) Non-perpendicular axes;
(f ) Maximum inscibed disk. The XY-projection of a pellet is depicted in white. The diﬀerent
measurement methods are depicted in grey.

and rectangularity (area divided by actual particle area), are extracted from the
best-ﬁt rectangle to describe the size and shape of the particle.
• Equivalent-area circle The equivalent-area circle [19, 35] is the circle with the
same area as the particle. The diameter of the equivalent-area circle describes the
size of the particle. In this thesis, the area of the particle is calculated from the
2D binary image obtained by projecting the 3D surface data of the particle onto a
regular 2D grid as described in Section 4.1. The area is the number of pixels in the
2D binary image. Knowing the area of the circle, the diameter of the circle with
equivalent area is calculated to represent the equivalent-area circle. The function
regionprops, which is a part of the Image Processing ToolboxTM , is used to calculate
the equivalent-area circle in this thesis.
• Equivalent-area ellipse The equivalent-area ellipse [19, 35] is the ellipse that has
the same area and orientation as the particle, where the centre of the ellipse equals
the centre of the particle. As with the equivalent-area circle, the area of the particle
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is calculated from the 2D binary image. The equivalent-area ellipse is calculated
using the function regionprops, which is a part of the Image Processing ToolboxTM .
To describe the size and shape of the particle of interest, the major and minor
axes are extracted from the equivalent ellipse. As with the equivalent-area circle,
we project the 3D surface data of the particle to a regular 2D grid to allow area
calculation.
• Non-perpendicular axes The non-perpendicular axes [35] are deﬁned as the
longest and shortest radius of a particle that intersects the centre of the particle.
The non-perpendicular axes is calculated from the 2D binary image in this thesis
using the function regionprops, which is a part of the Image Processing ToolboxTM .
These two measures, longest (major) and shortest (minor), are used to describe the
size and shape of the particle of interest.
• Maximum inscribed disc The maximum inscribed disc is the radius of the largest
circle that ﬁts inside a particle. In this thesis, the maximum inscribed disc is
calculated using a brute force method that based on the mathematical morphology
operator opening [34, Ch. 2]. That is, erosion followed by dilation using ﬂat diskshaped structuring elements with increasing radius. The implementation starts
with a disk of radius 1 pixel, and as long the disk ﬁts inside the particle, the result
of the opening is an image with at least one region larger than that disk. Any
structuring element with a disk that does not ﬁt inside the particle results in an
empty image. This is when the iterative process stops. This measure is used to
describe the size of particles in the range between√50 μm and 2 mm by Pirard et
al. [37] and is also used to calculate the value dA A used by Outal et al. [15].

4.3

Shape measurements

In image analysis, shape analysis is a common approach to describe and classify speciﬁc
objects, or regions, in an image. 2D shape features have been used to detect broad-leaved
weeds in cereal crops [38], to investigate the suitability of an imaging system to measure
shape of particles [39] and for detection and classiﬁcation of rocks [40].
The strategy to answer research question Q1 in Chapter 1 was to evaluate commonly
used shape measurements’ ability to discriminate between non-overlapping and overlapping particles. This is evaluated by using feature selection techniques when designing
classiﬁers. The feature selection techniques select features that signiﬁcantly improve the
classiﬁer’s ﬁt to the data.
Methods to detect non-overlapped and overlapped particles have been presented before by Frydendal and Jones [12] and Thurley and Ng [6]. In a recent publication Thurley states that “Frydendal and Jones (1998), and the presenting author Thurley and Ng
(2008) are the only publications (2D or 3D) to remove the bias resulting from overlapped
particles” [30]. And further continues to clarify that “Frydendal and Jones (1998) used
graph theory and average region height to determine the entirely visible sugar beets but
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this relied on the regular shape and size of the beets” [30] making that method unsuitable for particles as blasted and crushed rocks. Thurley and Ng proposed a measurement
for 3D surface data called visibility ratio that is a region boundary following algorithm
that measures how visible a particle is. The visibility ratio has been successfully used to
identify non-overlapped iron ore pellets [41] and blasted and crushed rocks [6, 30].
A statistical evaluation of how well the visibility ratio performs in relation to other
shape measurements is not seen in literature. This is presented for iron ore pellets in
Paper B and crushed basalt rock in Paper E. In paper E, only scale-less features are used
and 11 features are extracted from the 2D binary image representation of particles to
describe each rock. The 11 features are described below:
• Visibility ratio [6] is a boundary following algorithm that accommodates 3D
coordinate data to allow the determination of entirely visible and partially visible
rocks.
• Aspect ratio [39] is calculated by Equation 4.1 and is the ratio between the
minor and major axis length of the region. The minor and major axis is the nonperpendicular shortest and longest axis across the region.
AR =

M ajor
M inor

(4.1)

• Circularity [42] of a region is calculated by equation 4.2. This technique to calculate the circularity of regions is popular but was shown to give incorrect results
by Bottema [42], due to fact that the perimeter is not a quantity which can be
approximated well in digital images. However, for completeness this measure is
included.
C=

P erimeter2
4πArea

(4.2)

• Ratio1 [38] is a measure of the region’s “compactness” and is calculated by Equation 4.3. That is, the measure is the major axis squared divided by the area.
Ratio1 =

M ajor2
Area

(4.3)

• Ratio2 [38] is also a measure of the region’s “compactness” and is calculated by
Equation 4.4.
Ratio2 =

M inor2
Area

(4.4)

• Ratio3 [38, 43] (or called perimeter by Niekum) is yet another measure of the
region’s “compactness” and is calculated by Equation 4.5. Note that the quantity
perimeter is in the equation and therefore the feature should be treated carefully.
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Ratio3 =

P erimeter2
Area
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(4.5)

• Eccentricity [35] is the ratio between the foci of an ellipse and its major axis
length. The ellipse has the same second-moments as the region, which simply
means that the ellipse has the same orientation as the region. The value range
between 0 for a circular region and 1 for a line segment.
• Solidity [35] is the proportion of the pixels in the convex hull that are also in the
region. The convex hull is the smallest convex polygon that can contain the region
[44, Ch. 1].
• Extent [35] is the proportion of the pixels in a Feret-box that are also in the region.
A description of the Feret-box is given in Section 4.2.
• Elongation [19] is the ratio between the minor and major axis of the best-ﬁt
rectangle. A description of the best-ﬁt rectangle is given in Section 4.2.
• Rectangularity [19] is the ratio between the region area divided by the best-ﬁt
rectangle area. A description of the best-ﬁt rectangle is given in Section 4.2.

4.4

Evaluation of measurements’ eﬀectiveness

In this section a summary of evaluations of measurements’ eﬀectiveness for either visibilty
classiﬁcation or sieve-size classiﬁcation presented in Paper A, B, D and E is provided.
In Papers B and E, experiments were performed to evaluate if the overlapping-particle
error could be minimized by combining shape measurements to the visibility ratio. In
Paper A, evaluation of spherical ﬁtting as a technique for sizing iron ore pellets were
performed and in Paper D experiments on synthesized piles comprised of iron ore pellets
were performed to evaluate how the proﬁle error can be minimized by combining size
and shape measurements. Finally, clariﬁcation is also provided on what measurement
methods are used in the machine vision systems presented in Papers C, F and G that
perform fully automated sampling and analysis in industry environment.

4.4.1

Minimizing proﬁle error

The size measurement methods mentioned above have the potential to describe the size
of particles by themselves or in combination. A key problem in developing a machine
vision system that estimates particle size is to choose a set of eﬀective measurements that
can be used by a classiﬁer that determines what particular sieve-size a particle belongs
to. For the classiﬁer to make correct decisions, features that discriminate among size
classes have to be used.
In Paper D experiments on synthesized piles comprised of iron ore pellets were performed to evaluate how the proﬁle error can be minimized by selecting the most eﬀective

30

Shape and Size Analysis of Particulate Material

features for discrimination among sieve-size classes. Backward and forward selection [45,
Ch. 7.5] of features was used to provide guidance to how features can be eﬀectively selected for or eliminated from a feature set. The procedure of selection features by using
forward selection is used in Paper D, where it is shown that the most eﬀective feature for
discriminating among sieve-size classes of iron ore pellets was the equivalent-area circle
and adding other features could not signiﬁcantly improve the model used for classiﬁcation. Thus, the equivalent-area circle was found to be the most eﬀective feature for
estimating
the size of iron ore pellets. However, the best-ﬁt rectangle and the measure
√
dA A are eﬀectively tied for second most signiﬁcant feature, when a single feature is selected. Using the procedure of selection features by backward elimination is also shown in
Paper D, where a feature set based on 5 features was selected. The performance of using
equivalent-area circle and the feature set comprised of 5 features was equal and due to
simplicity the equivalent-area circle would
√ be best suited for a practical implementation.
However, the best-ﬁt rectangle or dA A would also be good features.

4.4.2

Minimizing overlapping-particle error

In Paper B and E experiments were performed to evaluate if the overlapping-particle error
could be minimized by combining shape measurements to the visibility ratio. In Paper
B, when experiments were performed on iron ore pellets, forward selection [45, Ch. 7.5]
of features added 3 size measurements to the visibility ratio to improve classiﬁcation
accuarcy when performing visibility classiﬁcation. The visibility classiﬁer’s accuracy was
estimated to predict 89.7 % of the non-overlapped and 96.1 % of the overlapped pellets
correctly.
In Paper E, when experiments were performed on crushed basalt rocks, forward selection of features added the shape measurements solidity, rectangularity, circularity and
ratio1 in that order based on what feature improved the model the most to the visibility
ratio. As it is critical to identify and exclude overlapped particles from further analysis a classiﬁer based on the minimum-risk decision rule [46, p. 25] was implemented
to maximize the ratio of accurately classiﬁed non-overlapped particles to misclassiﬁed
overlapped particles. The accuracy of a visibility classiﬁer using the minimum-risk decision rule based on only the visibility ratio was estimated to predict 66.6 % of the
non-overlapped and 91.7 % of the overlapped rocks correctly. The ratio of accurately
classiﬁed non-overlapped rocks to misclassiﬁed overlapped rocks for the visibility classiﬁer based on the visibility ratio was estimated to be 8.37 to 1 and no clear improvement
could be seen by adding shape measurements to the visibility ratio to improve identiﬁcation of non-overlapped particles. A comparison was also made with classiﬁers only based
on 2D shape measurements where it was seen that identifying non-overlapped particles
using the 3D visibility measure outperforms classiﬁers based on 2D measurements as the
best ratio of accurately classiﬁed non-overlapped rocks to misclassiﬁed overlapped rocks
for 2D-based classiﬁers were 6.67 to 1.

Chapter 5
Applications of Machine Vision
Systems in Industry

In Paper C, F and G applications of machine vision systems used in industry during
normal production are presented. The machine vision systems estimate the particle size
distribution of iron ore pellets in a pellet plant in Paper C, identiﬁes products comprised
by limestone of diﬀerent sizes being loaded onto ships in Paper F and estimates the particle size distribution of limestone in Paper G. The machine vision systems perform all
fundamental steps seen in Figure 3.1, which are image acquisition, segmentation, representation and description, object recognition and ﬁnally producing an analysis summary.
This chapter details parts of the papers that are relevant to the thesis. Common to all
applications is that image acquisition is perfomed by an imaging system implemented by
MBV-systems that utilize laser triangulation to aquire high resolution 3D surface data.
The 3D surface data is segmented based on the work by Thurley and Ng [22].

5.1

Estimating the size distribution of green iron ore
pellets

To overcome the overlappeing-particle error a classiﬁer was developed to perform visibility classiﬁcation. In contrast to Paper B, the visibility of iron ore pellets is described by
the visibility ratio and the aspect ratio. This is not the optimal feature set found in Paper
B but it has advantages to the feature set proposed in Paper B. First, the aspect ratio is
scale-less in comparison to the size measurements that are included in the selected feature
set proposed in Paper B. This makes the classiﬁer’s decision unbiased when considering
particles of diﬀerent sizes. Further, a classiﬁer that is based only on 2 features is easier
to conceptually understand and implement in practice. The aspect ratio is selected to
compose a feature set combined with the visibility ratio to perform visibility classiﬁcation based on observations of iron ore pellets’ typical shape and a statistical evaluation
of the aspect ratio’s ability to discriminate between non-overlapped and overlapped iron
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Figure 5.1: Visibility ratio as a feature for discriminating between entirely and partially visible
pellets.
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Figure 5.2: Aspect ratio (non-perpendicular) as a feature for discriminating between entirely
and partially visible pellets.

ore pellets. Iron ore pellets are consistently blob like in shape and non-overlapped pellets
typically appear circular in shape when viewed from above. Overlapped pellets deviate from the circular shape and appear to have convex and sharp corners when viewed
from above. A 2D shape measurement that is likely to describe the overlapping eﬀect
is the aspect ratio and a statistical evaluation using box-plots is presented in Paper C.
Figures 5.1 and 5.2 show this evaluation, where it is clear that the majority of values
of both the visibility ratio and aspect-ratio is can be separated by some value. Finally,
a classiﬁer based on the Fisher linear discriminant [46, p. 117] was developed for discriminating between non-overlapped and overlapped iron ore pellts. In Figure 5.3, the
decision boundary that separates new measures of iron ore pellets into non-overlapped
or overlapped is displayed for measures used to develop the classiﬁer.
All non-overlapped iron ore pellets are further analysed to describe, or estimate, their
size. In paper D an experiment was performed to select features to minimize the proﬁle
error. The equivalent-area circle was found to be the most eﬀective feature for estimating
√
the size of iron ore pellets. However, the best-ﬁt rectangle and the measure dA A are
eﬀectively tied for second most signiﬁcant feature, when a single feature is selected. When
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Figure 5.3: Aspect ratio (non-perpendicular) vs Visibility ratio as a 2D feature space for discriminating between entirely and partially visible pellets.

developing the industrial prototype for estimating the size of iron ore pellets a comparison
was made between the best-ﬁt rectangle and the spherical ﬁtting model. This comparison
resulted in that the best-ﬁt rectangle was more eﬃcient than the spherical ﬁtting to
discriminate among diﬀerent sieve-size classes. This can be seen in Figure 5.4 where
box-plots depicts the distribution of calculated best-ﬁt rectangle areas and the diameter
of spheres ﬁtted to each region. It is clear that if one looks at the overlap of the box part
of the box-plots (the interquartile range) the boxes are signiﬁcantly more separable for
some sieve-size classes using the best-ﬁt rectangle whereas this is not possible using the
diameter of the ﬁtted spheres.
Finally, an analysis summary of the whole machine vision system that reports the
size distribution based on weight of particles is generated. This is performed by using
one hour of production data for training a classiﬁer that divides the range of possible
best-ﬁt rectangle values, representing particle sizes, into intervals that correspond to
diﬀerent sieve-size classes. During the training period six manual samples were collected
and manually sieved by our industry partners. Decision boundaries could then be found
for the imaging samples collected at the time for each manual sample. As a ﬁnal step to
ﬁnd correct decision boundaries, the Nelder and Mead [47] iterative error minimization
process was used to produce generic decision boundaries. The ﬁnal decision boundaries
are then used to estimate the size distribution based on the weight of particles for each
sample collected by the machine vision system. The estimated size distributions and
manual sieving results for 5 12 hour of production data is seen in Figure 5.5.
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Figure 5.4: Box-plots of estimated diameter of the ﬁtted sphere (a) and area of the best-ﬁt
rectangle (b) for diﬀerent sieve-size classes.
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Figure 5.5: Imaging and sieving results for 5 12 hours of production where the speed of the
pelletising disk was being changed.
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Enabling product identiﬁcation of limestone

In Paper F the machine vision system is installed at Nordkalk’s quarry in Storugns at the
conveyor belt used for loading of limestone onto ships. Limestone is shipped to customers
that demand diﬀerent quality depending on their speciﬁc use. One key diﬀerentiating
factor in the quality of the material is the size of the material. The material is classiﬁed
by size using sieving or screening to produce various products, such as crushed limestone
in the sieve-size range 20–40 mm. In Paper F a method to perform automatic product
identiﬁcation using a machine vision system is presented to prevent loading, shipping
and delivery of the wrong sized product.
The segmented data is described by identifying each non-overlapped limestone fragment using a single feature classiﬁer based on the visibility ratio. Implementing a classiﬁer
to perform object recognition using only the visibility ratio is based on the results provided in Paper E, where no clear improvement in classiﬁcation accuracy could be seen
by adding additional features to the classiﬁer. Each non-overlapped fragment is further
described by estimating its size by calculating the best-ﬁt rectangle area. The estimated
size for all non-overlapped rocks in a sample is representative of the rocks on the surface
of the pile.
To identify products that are being loaded, the distribution of the estimated sizes is
then used to discriminate among diﬀerent products of rocks. The distribution of best-ﬁt
rectangle values for each sample is summarized by the median and inter-quartile range
(IQR) [48]. The median and IQR are robust measures that are not sensitive to outliers
and describe the middle value and spread of a distribution. The descriptive features,
median and IQR, were used to train classiﬁers to discriminate amongst diﬀerent products.
In ﬁgure 5.6, distributions of the best-ﬁt rectangle area values for two samples representing the products 20–40 and 40–70 mm are shown. The median is depicted with
a vertical line in ﬁgures and the IQR is depicted as the range around the median. We
can note that the distribution is skewed to lower values for both products. There are a
few rocks in the samples that are signiﬁcantly larger than the majority of rocks but the
median value is not aﬀected much by best-ﬁt rectangle values of these rocks. For the
product with smaller rocks, 20–40 mm, the median value is 1260 mm2 . The median for
the product with larger rocks, 40–70 mm, is larger with a value of 3440 mm2 .
It is also clear in the ﬁgures that the IQR is larger for the 40–70 mm product. For
the 20–40 mm product the IQR is 1014 mm2 (between 782 and 1796 mm2 ) and for the
40–70 mm product the IQR is 3361 mm2 (between 2249 and 5610 mm2 ). The diﬀerence of
the IQR for the two products may partially be explained by the fact that the majority of
rocks in the 20–40 and 40–70 mm products should range between sieve-sizes 20 to 40 mm
and 40 to 70 mm, which are ranges of 20 and 30 mm respectively. Thus, the IQR should
be larger for the product composed of rocks that belong to a larger range of sieve-size
classes.
Classiﬁers based on discriminant analysis, see [45, Ch. 7] and [46, Ch. 2.6], and
nominal logistic regression, see [45, Ch. 8.4] and [49], were implemented based on the
median and IQR of the best-ﬁt rectangle values for each sample acquired by the imaging
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Figure 5.6: Distribution of best-ﬁt rectangle area values for the products ”20–40” (a) and ”40–
70” mm (b).

system. Half an hour of production data for each product is used to train the classiﬁers to
predict what product a sample belong to based on the calculated median and IQR values.
An analysis summary is then provided for new samples by the classiﬁers by calculating
the probability that a sample belong to a speciﬁc product.
Figure 5.7 shows the probabilities estimated by the classiﬁer based on nominal logistic
regression for product identiﬁcation during three days of production. There are three
training periods visible in the ﬁgure where each training period lasted for half an hour
eﬀective loading time. The ﬁrst training period is at the beginning of day 1 when loading
of the product 60–90 mm began. The 60–90 mm product continued to be loaded until
15:30 when loading changed to the 40–70 mm product and the second training period is
seen. The third training period containing samples from the product 20–40 mm is seen
in the beginning of day 3.
The estimated probabilities for the smallest product, 20–40 mm, loaded during day
3 are close to 1 for predictions that the samples belong to the product 20–40 mm, i.e.
p̂1 ≈ 1 for all samples. This means that the classiﬁer makes a clear distinction between
the correct product and the others. It is interesting to note that during day 1, when the
product 60–90 mm is loaded, the estimated probabilities for the correct product are close
to 1 for the majority of samples, i.e. p̂0 ≈ 1. But there are samples where the estimated
probability is closer to 0.5 and at the same time as the estimated probability for the
sample to be product 40–70 mm is close to 0.5. These are samples where the rocks are
closer to the lower bound of the allowed range for the 60–90 mm product.
Other interesting information can be seen by looking at the estimated probabilities for
loading during day 2. During the entire day the classiﬁer predicts the majority of samples
correct but the estimated probabilities that the samples belong to any of the other two
products indicate variation of rocks sizes during the loading process. Between 09:00 and
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Figure 5.7: The result from the classiﬁcation for three days of production.

12:00 the estimated probability that the samples belong to the smaller product 20–40
are higher than the larger product 60–90. And between 12:30 and 13:20 the estimated
probability that the samples belong to the larger product 60–90 are higher than the
smaller product 20–40. Even though the products are identiﬁed correctly trends can be
seen in this data.

Finally, we note that the validated accuracy for the classiﬁers based on both nominal logistic regression and discriminant analysis indicate that both classiﬁers can be
used in a practical implementation. The accuracy is considered high and the estimated
probabilities for classiﬁcation follow expected trends.

5.3. Estimating the size distribution of crushed limestone

5.3

39
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Paper G is based on the same machine vision system as in Paper F. In Paper G, a
method that enable estimation of the particle size distribution based on weight of crushed
limestone is presented. The system measures the size distribution of crushed limestone
into 13 sieve size classes between 16 mm and 100+ mm. To enable accurate estimation of
size distributions based on the weight of particles it is especially important to minimize
the proﬁle error and weight-transformation error.
As in Paper F, the segmented data are described by identifying each non-overlapped
limestone fragment using a single feature classiﬁer based on the visibility ratio. And
each non-overlapped fragment is further described by estimating its size by calculating
the best-ﬁt rectangle area. The estimated size for all non-overlapped rocks in a sample
is representative of the rocks on the surface of the pile.
To minimize proﬁle error, a new method to ﬁnd decision boundaries for a classiﬁer
that divides the range of possible best-ﬁt rectangle values into regions that represent
speciﬁc sieve-size classes were presented in Paper G. The classiﬁer was trained using three
manual samples combined with representative imaging samples that are collected for three
diﬀerent products. Finding decision boundaries for the complete range of possible best-ﬁt
rectangle values is complex as the majority of rocks for the three diﬀerent products are
very diﬀerent. In Paper G, the method to ﬁnd decision boundaries uses information from
the diﬀerent products to accurately ﬁnd decision boundaries for parts of the possible
range of best-ﬁt rectangle values were the sieve-sizes are most important.
Finally, to convert the estimated sieve-size distribution by number of particles to a
sieve-size distribution by weight and provide an analysis summary, weight-transformation
error needs to be minimized. In Paper G the existence of an eﬀect causing weighttransformation error was identiﬁed using a statistical analysis of variance (ANOVA).
Weight-transformation error derives from the fact that the weight of particles in a speciﬁc sieve-size class might signiﬁcantly vary among diﬀerent products consisting of the
same type of material but with diﬀerent size distributions as seen in Figure 5.8. Specifically, these three products are produced by sieving or screening blasted and crushed
material into products where the majority of rocks are of size 20–40, 40–70 and 60–
90 mm. This results in that rocks of size that are on the upper interval of a distribution
tend to be lighter than rocks from other products. This can be seen in Figure 5.8, where
rocks that belong to the 20-40 mm product have lower average weight per rock for sievesize classes above 31.5 mm. This is also clear for the rocks that belong to the 40-70 mm
product for sieve-size classes 63 and 75 mm. To perform conversion from sieve-size distributions by number of particles to sieve-size distributions by weight of particles, product
identiﬁcation detailed in Paper D is used to identify what product a sample represents.
This information is then used to enable correct weight transformation and results are
presented as seen in Figure 5.9.

40

Applications of Machine Vision Systems in Industry

Weight/Rock (kg)

1.5

60−90
40−70
20−40

1

0.5

0
0

20

40

60

Sieve Size

80

Figure 5.8: Average weight per rock for diﬀerent products

100

41

5.3. Estimating the size distribution of crushed limestone

100

Cumulative percent passing

90
80
70
60
50
40
30
20
10
0
10

20

30

40

50

60

70

80

Sieve size lower limit (mm)

90

100

Figure 5.9: Known (solid line) and estimated (dashed line) size distribution based on weight for
validation data.

42

Applications of Machine Vision Systems in Industry

Chapter 6
Thesis Summary
This chapter summarizes the research contributions by shortly summarizing the papers
included in Part II of this thesis. A description is given in this chapter to clarify were
speciﬁc papers contribute to the research area. Also, personal contributions and work
performed by co-authors are detailed for each paper. During the time of writing these
papers I have had three supervisors. Matthew Thurley has been my supervisor during
the whole period. He has provided valuable discussions, comments and input to the the
writing of all papers. Olov Marklund was also my supervisor at the time when paper
A and B were written and provided suggestions and comments to those papers. Johan
Carlson has been my supervisor during the time when paper C to G were written and
has provided important and valuable discussion, comments and inputs to the writing of
paper D to G.
At the end of the chapter, topics for future work are presented.

6.1

Summary of Appended Papers

All work in this thesis relates to the main research question presented in Chapter 1. The
research problem was formulated as follows:
How can the particle size distribution be estimated based on machine vision?
Apart from Paper E, all experiments have been performed on two diﬀerent types of
particles. In Papers A - D, experiments were performed on iron ore pellets. The iron ore
pellets used in Papers A, B and D were hardened baked pellets suitable for experiments
in a laboratory environment. Paper C presents an industrial prototype that estimates
the size distribution of green iron ore pellets during production. Green iron ore pellets
are fragile pellets that have not been hardened by the baking process. The data used in
Paper E are composed of crushed basalt rocks acquired by Matthew Thurley in earlier
work [5]. In Papers F and G, the particles are crushed limestone collected during loading
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Figure 6.1: Illustration of where in the procedure of analysis of surface data the papers contribute.

of ships at a limestone quarry. In Figure 6.1 an illustration is given to clearly show
where each paper contributes to the research area. Speciﬁcally, Papers A and D contribute to the understanding of how the proﬁle error may be minimized. How to minimize
overlapping-particle error is investigated in Papers B and E. An industrial prototype is
presented that is able to estimate the size distribution of green iron ore pellets on-line
during pellet production. In Paper F, methods are presented that allows the industrial
prototype to perform on-line product identiﬁcation when ships are loaded with crushed
limestone for transportation to customers. Finally, Paper G presents methods that by
adressing relevant sources of errors allows estimation of the size distribution of crushed
limestone being transported on conveyor belts.

6.1. Summary of Appended Papers

6.1.1
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Paper A - Pellet Size Estimation Using Spherical Fitting

Authors: Tobias Andersson, Matthew J. Thurley and Olov Marklund
Reproduced from: Proceedings of the IEEE Instrumentation and Measurement Technology Conference, pp 1-5, (Warsaw, Poland), 2007
Summary
Previous work on size estimation of iron ore pellets have used an assumption that pellets
are spherical to estimate pellet sizes. In this Paper, an evaluation of the spherical ﬁtting
as a technique for sizing iron ore pellets is presented. An imaging system based on active
triangulation was used in a laboratory environment to capture 3D surface data of iron ore
pellets and steel balls. The true size of the iron ore pellets were determined by mechanical
sieving. The steel balls have known diameters and was used as a reference to validate
the imaging system’s accuracy by analyzing if the 3D surface data representing perfect
steel balls deviated from a spherical model.
Validation of the 3D data representing iron ore pellets against a spherical model was
performed that demonstrated that pellets are not spherical and have physical structures
that a spherical model cannot capture. Validation of the 3D data representing steel balls
used for reference demonstrated that the imaging system produce accurate 3D surface
data and that the spherical model ﬁts well to perfect steel balls.
Personal contribution
The general idea together with the co-authors. Theoretical work, implementations and
writing together with Matthew J. Thurley.

6.1.2

Paper B - Visibility Classiﬁcation of Pellets in Piles for
Sizing Without Overlapped Particle Error

Authors: Tobias Andersson, Matthew J. Thurley and Olov Marklund
Reproduced from: Proceedings of the Digital Image Computing: Techniques and Applications Conference, (Adelaide, Austraila), 2007
Summary
In this paper, experiments were performed to evaluate if the overlapping-particle error
could be minimized by combining shape measurements to the visibility ratio when discriminating between non-overlapped and overlapped iron ore pellets. Baked iron ore
pellets was sieved into six size gradings. Each sieve-size was painted and color coded to
allow manual identiﬁcation of pellet sizes in mixed pellet piles. The sample was divided
into two separate sets. The ﬁrst set was used to develop alogorithm for visibility and size
classiﬁcation and the second set was held out during development of the visibility and size
classiﬁers. Thus, the second set was only used to validate the classiﬁers’ performance.
The two sets were loaded onto a laboratory conveyor belt and the stream of pellets
were collected by a 3D imaging sytem based on laser triangulation with an additional
color camera to acquire 3D surface data with overlayed color information. The two
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imaging samples were manually interogated to specify each pellet’s size and visibility
class.
Best-ﬁt rectangle was used to estimate the size of pellets. As the imaging samples
were manually interogated to specify each pellets size and visibility class an evaluation of
how the best-ﬁt rectangle discriminates among sieve-size classes for non-overlapped and
overlapped particles. It was clear that non-overlapped particles cannot be sized correctly
and concluded that it is critical to identify overlapped particles and remove them in any
further analysis when estimating size of particles laying on the surface of a pile.
A visibility classiﬁer were proposed based on binary logistic regression. Using backward elimination of features, statistically insigniﬁcant features were removed and a fourfeature classiﬁer were proposed. The four-feature classifer were composed of the visibility
ratio, equivalent-area diameter, minor axis and major axis. The accuracy of the classiﬁer
were validated using the holdout method resulting in that 89.7 % of the non-overlapped
particles and 96.1 % of the overlapped particles were classiﬁed correct. Finally, the pellet’s size were estimated using a classifer based on ordinal logistic regression and it was
shown the the estimated size distribution followed the known size distribution.
Personal contribution
The general idea together with the co-authors. Experimental work, that is painting and
color coding iron ore pellets, theoretical work and writing together with Matthew J.
Thurley. Theoretical work and implementation of binary and ordinal logistic regression
and validation techniques by the author. Matthew J. Thurley contributed with manual
interogation of imaging samples and implementation of the visibility ratio and the best-ﬁt
rectangle.

6.1.3

Paper C - An industrial 3D vision system for size measurement of iron ore green pellets using morphological
image segmentation

Authors: Matthew J. Thurley and Tobias Andersson
Reproduced from: Minerals Engineering, October 2007
Summary
In this paper an industrial prototype using 3D imaging based on laser triangulation is
presented. The system measures the size distribution of iron ore pellets into 9 sieve size
classes between 5 mm and 16+ mm. The system was installed and operational at a pellet
production plant capturing and analysing 3D surface data of piled pellets on the conveyor
belt.
The automated segmentation was based on mathematical morphology that are applied to the 3D surface data to identify individual pellets. The identiﬁed pellets were
then described by the visibility ratio and aspect ratio that are suitable for visibility classiﬁcation. The classiﬁer was based on Fisher Linear Discriminant, which basically ﬁnds
the projection that maximises the distance between the mean of the two classes while
minimizing the class variances.

6.1. Summary of Appended Papers
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Sizing is performed based on best-ﬁt-rectangle, classiﬁed into size classes based on
one quarter of the measured sieving samples, and then compared against the remaining
sieve samples.
Personal contribution
General idea, theoretical work and implementation by Matthew J. Thurley. The author
contributed mainly to the theoretical work of visibility classiﬁcation, with comments to
the general idea, and with demonstration of the suitability of morphological laplacian as
a complimentary edge detection strategy.

6.1.4

Paper D - Minimizing proﬁle error when estimating the
sieve-size distribution of iron ore pellets using ordinal logistic regression

Authors: Tobias Andersson and Matthew J. Thurley
Reproduced from: Powder Technology, 2010
Summary
In this paper an evaluation of the statistical signiﬁcance of the ability of commonly used
size and shape measurement methods to discriminate among diﬀerent sieve-size classes
using multivariate techniques. To perform this evaluation, the experimental data used
in Paper A is also used in this paper. Literature review indicates that earlier works did
not perform this analysis and selected a sizing method without evaluating its statistical
signiﬁcance.
Backward elimination and forward selection of features are used to select two feature
sets that are statistically signiﬁcant for discriminating among diﬀerent sieve-size classes
of pellets. The diameter of a circle of equivalent area is shown to be the most eﬀective
feature based on the forward
√ selection strategy. It was also shown that the area of the
best-ﬁt rectangle and dA A were eﬀectively tied for second most signiﬁcant feature. An
unexpected ﬁve-feature classiﬁer is the result using the backward elimination strategy.
The discrepancy between the two selected feature sets can be explained by how the
selection procedures calculate a feature’s signiﬁcance and that the property of the 3D
data provides an orientational bias that favours combination of Feret-box measurements.
Finally, size estimates of the surface of a pellet pile using the two feature sets show
that the estimated sieve-size distribution follows the known sieve-size distribution. No
signiﬁcant diﬀerence could be seen by either using the one-feature classiﬁer or the ﬁvefeature classiﬁer.
Personal contribution
The general idea together with the co-authors. Experimental work, that is painting and
color coding iron ore pellets, theoretical work and writing together with Matthew J.
Thurley. Theoretical work and implementation of ordinal logistic regression, feature extraction, feature selection techniques and validation techniques by the author. Matthew
J. Thurley also contributed with manual interogation of imaging samples.
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Paper E - Visibility Classiﬁcation of Rocks in Piles

Authors: Tobias Andersson and Matthew J. Thurley
Reproduced from: Proceedings of the Digital Image Computing: Techniques and Applications Conference, (Canberra, Austraila), 2008
Summary
In this paper, experiments were performed to evaluate if the overlapping-particle error
could be minimized by combining shape measurements to the visibility ratio when discriminating between non-overlapped and overlapped crushed basalt rocks. The crushed
basalt rocks was sieved into three size gradings. The rocks were color coded to allow
manual identiﬁcation of rock sizes in mixed rock piles.
3D surface data of 10 rock piles was collected and divided into two separate sets. The
ﬁrst set was used to develop alogorithms for visibility classiﬁcation and the second set
was held out during development of the visibility classiﬁers. Thus, the second set was
only used as a hold out set to validate the classiﬁers’ performance. The two sets were
manually interogated to specify each rocks visibility class.
A number of visibility classiﬁers were proposed based on binary logistic regression.
Using forward selection statistically signiﬁcant features were selected to compose feature
sets that the classiﬁer could be based on. The visibility ratio, solidity, rectangularity,
circularity and ratio1 was selected in that order based on what feature improved the
model the most to the visibility ratio. Validation of classiﬁcation accuracy showed that
no clear improvement could be seen by adding shape measurements to the visibility ratio
to improve identiﬁcation of non-overlapped particles. A comparison was also made with
classiﬁers only based on 2D shape measurements where it was clear that identifying nonoverlapped particles using the 3D visibility measure outperforms 2D based measures.
Personal contribution
The general idea, implementation, theoretical work and writing together with Matthew
J. Thurley. Theoretical work and implementation of binary logistic regression, feature
extraction, feature selection and validation technique by the author. Matthew J. Thurley
also contributed with collection and preparation of samples.

6.1.6

Paper F - On-line Product Identiﬁcation during Ship Loading of Limestone based on Machine Vision

Authors: Tobias Andersson, Matthew J. Thurley and Johan E. Carlson
Submitted to: Machine Vision and Applications
Summary
In this paper a technique to enable product identiﬁcation is presented. In the aggregates
and mining industries suppliers of particulate material, such as crushed rock and pelletised iron ore, produce material where the particle size is a key diﬀerentiating factor
in the quality of the material. Material is classiﬁed by size using sieving or screening to
produce various products, such as crushed limestone in the sieve-size range 20 - 40 mm.

6.1. Summary of Appended Papers
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Quality control of particulate material size in industry is usually performed by manual
sampling and sieving techniques. These techniques are typically infrequent and have long
response times making them unsuitable for online quality control even during the loading
of ships. Automatic on-line analysis of rock size based on image analysis techniques would
allow non-invasive, frequent and consistent measurement that enables on-line product
identiﬁcation, and prevent loading, shipping and delivery of the wrong sized product.
Classiﬁers based on nominal logistic regression and discriminant analysis to automatically identify products being loaded onto ships were described in this paper. A
measurement campaign was conducted during three days of normal production when
three diﬀerent products were loaded onto ships. The size ranges for the majority of rocks
being loaded onto the ships were 20 - 40 mm, 40 - 70 mm and 60 - 90 mm for the three
products. Half an hour of production data for each product was used to train the classiﬁers. Validation of both classiﬁers’ performance shows that the overall accuracy was 98.8
%. It was concluded that on-line automatic product identiﬁcation was achieved using
classiﬁers based on both nominal logistic regression and discriminant analysis.
Personal contribution
The general idea, implementation, theoretical work and writing together with co-authors.
Experimental plan and execution of measurement campaign was performed by the author. Theoretical work and implementation of nominal logistic regression, discriminant
analysis and validation technique by the author. Matthew J. Thurley contributed with
the segmentation of collected image samples.

6.1.7

Paper G - A Machine Vision System for Estimation of Size
Distributions by Weight of Limestone Particles During
Ship Loading

Authors: Tobias Andersson, Matthew J. Thurley and Johan E. Carlson
Submitted to: Minerals Engineering
Summary
In this paper methods to enable estimation of the particle size distribution of crushed
limestone are presented. The system measures the size distribution of crushed limestone
into 13 sieve size classes between 16 mm and 100+ mm. The system was installed and
operational at a loading station in a limestone quarry capturing and analysing 3D surface
data of piled limestone fragments on the conveyor belt.
The automated segmentation was based on mathematical morphology applied to the
3D surface data to identify individual limestone fragments. The identiﬁed limestone
fragments were then described by the visibility ratio to identify what fragments are nonoverlapping and the best-ﬁt rectangle to estimate the fragments’ size.
Sizing is performed based on a classiﬁer that divides the range of possible best-ﬁt
rectangle areas into speciﬁc sieve-size classes, which produce a sieve-size distribution by
number of particles. The classiﬁer is trained using three manual samples combined with
representative imaging samples that are collected for three diﬀerent products.
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Finally, to convert the estimated sieve-size distribution by number of particles to a
sieve-size distribution by weight, weight-transformation error needs to be minimized. In
this paper the existence of an eﬀect causing weight-transformation error was identiﬁed
using a statistical analysis of variance (ANOVA). Weight-transformation error derives
from the fact that the weight of particles in a speciﬁc sieve-size class might signiﬁcantly
vary among diﬀerent products consisting of the same type of material but with diﬀerent
size distributions. To perform conversion from sieve-size distributions by number of
particles to sieve-size distributions by weight of particles, product identiﬁcation detailed
in Paper D is used to identify what product a sample represents. This information is
then used to enable correct weight transformation.
Personal contribution
The main idea and all analysis by the author. Writing together with co-authors. Matthew
J. Thurley contributed with the segmentation of collected image samples.

6.2

Topics for future work

The work presented in this thesis shows that proﬁle error, overlapping-particle error and
weight-transformation error can be overcome. Also, the methods presented in this thesis
demonstrate that estimating the particle size distributions based on machine vision is
possible to perform on-line in industry, as seen in papers C, F and G where an industrial prototype is presented. There are however still sources of errors that are not fully
understood, as segregation and grouping error and capturing error. Further work to understand these errors is diﬃcult, yet possible. Furthermore the weight transformation is
also not fully understood. The weight-transformation error is identiﬁed in this thesis but
the source of the error is not modelled and totally understood. Finally, the results in
paper C, F and G open up possibilities for eﬃcient process control, which is work suited
for researchers with expert knowledge in mining processes and control theory. Below,
possible research for better understanding of sources of errors not adressed in this thesis
are outlined. Ideas of possible uses of the industrial prototype are also given.
• Understanding the segregation and grouping error
The segregation and grouping error is ignored in this thesis. There is theory that
explains how particles segragate and group in piles [3],[11, Ch. 12]. For example, at
falls between conveyor belts large and heavy particles tend to end up at one side of
the conveyor belt were particles fall to. And during transportation, large particles
tends to move up to the surface based on vibration. Pitard [11, p. 189] states
that “attempts to calculate the moments of this error are the perfect exercise in
futility and would not aid in our quest to perform precise and accurate sampling
(i.e., representative sampling)”. Applying this theory to the analysis of particle
size distributions based on machine vision systems might be useful and possibly
further minimize the overall analysis error. However, this source of error might be
very diﬃcult to minimize by modelling segregation and grouping eﬀects.

6.2. Topics for future work
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• Understanding the capturing error
Theory and experiments to extend the work by Chavez et al. [4] and Thurley [5,
Ch. 4] may be performed to develop models that minimize the capturing error for
particles in piles on conveyor belts.
• Understanding the weight-transfomation error
In this thesis, the existence of an eﬀect causing weight-transformation error was
identiﬁed using a statistical analysis of variance. Further studies are nescessary
to gain knowledge of the source of this eﬀect. Also, further studies that may be
valuable to improve the accuracy of particle size estimation is ﬁnd measurable
diﬀerences in the shape of particles that can be used to develop a generic weight
transformation function.
• Controlling the pelletizing process in pellet production
In Paper C, an industrial prototype capabale to estimate the size distribution of
green iron ore pellets was presented. That machine vision system provides continuous information of what size produced pellets have. An interesting problem
is obviously to use the information about produced pellets to control the speed
of pelletizing drums and the chemical composition used to form pellets of higher
quality.
• Controlling the blast furnace process in steel production
Using the industrial prototype in a steel mill would enable feedback of the size of
pellets being fed to the blast furnace. If pellet sizes deviate from an optimal value,
feedback from a machine vision system would enable controll of the blast furnace
process to maintain an eﬃcient process.
• Controlling crushers, grinding mills and other processes
Product identiﬁcation presented in Paper F could be used in industry to develop
routines for quality control to prevent shipping of wrongly sized products to customers. Size estimation presented in Paper G could be used as an assesment of the
quality of the products. This could be used for experimentation to understand how
to control crushers to produce rocks of speciﬁc sizes and how to control grinding
mills for eﬃcient usage depending on the size of particles that are fed into the mill.
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Chapter 7
Conclusions
In Chapter 1 the main research problem was divided into 4 research questions. Experiments to answer these questions are conducted and presented in the thesis. All the
appended papers contribute to the main research problem that was formulated as:
How can the particle size distribution be estimated based on machine vision?
Basically, experiments have been performed on two types of material; iron ore pellets
and crushed limestone. The main research problem is best answered by dividing the
problem into more speciﬁc research questions. This division of the main problem enables
speciﬁc experimentation that can provide results and answers to each research question.
Below each question is answered by summarizing the results of the appended Papers.

Q1: Can the overlapping-particle error be minimised by combining shape measurements
with the visibility ratio?
When collecting a sample using machine vision based on camera techniques, only
the surface of a pile is accessible. Consequently, some particles are visible but overlapped by particles. This means that the overlapped particle’s proﬁle is aﬀected
by the particle or particles that lie on top, causing size estimates of these overlapped particles to be inaccurate. Examples that show how the size estimates are
aﬀected by this source of error is found in paper B. In Figures 3 and 4 in paper B
size estimates based on the best-ﬁt rectangle area are presented using box-plots for
non-overlapped and overlapped particles. It is clear that it is critical to identify the
non-overlapping particles and only base any size estimate on these non-overlapping
particles.
The overlapping-particle error has been studied by Thurley [5], where a measure
called visibility ratio is proposed. It is basically a boundary following algorithm
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for 3D surface data that measures the visibility of a particle. This measure can be
used to decide what particles are non-overlapping and suitable for size estimation.
Papers B and E, extend the work of Thurley and describes algorithms to minimize
overlapping-particle error by combining commonly used 2D shape measurements
with the visibility ratio to improve classiﬁcation accuracy. Feature selection techniques are used to ﬁnd statistically signiﬁcant measures that discriminate between
non-overlapped and overlapped particles. In Paper B a classiﬁer is proposed, based
on the visibility ratio and three additional 2D shape measurements, that performs
visibility classiﬁcation of iron ore pellets. The proposed visibility classiﬁer’s estimated classiﬁcation accuracy predicts 89.7% of the non-overlapping particles and
96.1% of the overlapping particles correctly. In Paper E classiﬁers are proposed
for visibility classiﬁcation of rocks. A minimum-risk classiﬁcation strategy was detailed that penalizes misclassiﬁcation of non-overlapped particles. This ensured
that 91.7% of the non-overlapped particles were identiﬁed using only the visibility
ratio. For visibility classiﬁcation of rocks, no clear improvement could be seen by
adding 2D shape measurements. In Paper E, a comparison is also given between
classiﬁers that comprise the 3D visibility ratio and classiﬁers that do not. This
comparison shows that using only the 3D visibility ratio for classiﬁcation the ratio
of accurately classiﬁed non-overlapped particles to misclassiﬁed overlapped particles is 8.37 to 1. This ratio can be compared with the result when the classiﬁer is
based only on 2D shape measurements, which is 6.67 to 1 when four 2D features
are used. Finally, the presented work in Papers B and E show that the visibility
ratio is a robust measure with an ability to discriminate between non-overlapped
and overlapped particles. Some improvement can be achieved by combining the
visibility ratio with 2D shape measurements but the visibility ratio proves to effectively discriminate between non-overlapped and overlapped particles when used
alone.
To conclude, although combinations of the visibility ratio and 2D shape measurements can improve classiﬁcation accuracy, the visibility ratio is such a robust and
eﬀective measure that for practical implementations this measure can be used alone.
In Paper F and G where an industrial prototype is used for product identiﬁcation
and estimation of size distributions of limestone, the visibility classiﬁcation is only
based on the visibility ratio. The implementation of the industrial prototype found
in Paper C, uses the visibility ratio and an additional 2D shape measure called
the aspect ratio. The aspect ratio is especially eﬃcient in this application as the
particles being sampled are iron ore pellets that are relatively circular in shape.

Q2: Can diﬀerent size and shape measurements be combined to minimise the proﬁle error?
The ﬁrst paper that was published, Paper A, only touches upon this question but is
totally referring to the source of error called proﬁle error. In Paper A, spherical ﬁtting was used as a measure to estimate the size of iron ore pellets. It was found that
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the physical structure of iron ore pellets deviate from a spherical model. Based on
this result and the knowledge that the best-ﬁt rectangle is a robust measure when
sizing irregularly shaped particles as rocks, best-ﬁt rectangle is used in Paper C
where the industrial prototype that estimates the particle size distribution of iron
ore pellets is described. The best-ﬁt rectangle is also used for sizing of crushed
limestone in Papers F and G.
In Paper D a thorough evaluation of the statistical signiﬁcance of the ability of
commonly used 2D shape and size measurement methods to discriminate among
diﬀerent sieve-size classes is presented. A literature review indicates that earlier
works did not perform this analysis and selected a sizing method without evaluating
its statistical signiﬁcance. Forward selection and backward elimination of features
are used to select two feature sets that are statistically signiﬁcant for discriminating
among diﬀerent sieve-size classes of pellets. The diameter of a circle of equivalent
area is shown to be the most eﬀective feature based on the forward selection strategy. Two other
√ eﬀective features were found to be the best-ﬁt rectangle and the
measure dA A where d is the diameter of the maximum inscribed disc and A is
the total area of a particle.
Q3: Does an eﬀect that causes weight-transformation errors exist?
As mentioned before, machine vision systems can be used to count the number
of particles that belong to speciﬁc sieve-size classes. As the industry standard
sieving measures the sieve-size distribution based on the weight of particles, all
knowledge accumulated during years of research and development in industry is
related to sieve-size distribution based on weight of particles. To ease acceptance
and usage of machine vision systems, the sieve-size distribution based on number of
particles must be converted to a sieve-size distribution based on weight of particles.
Thurley [50] describes a method that estimates a polynomial that ﬁts to manually sieved data that estimtes the average weight of particles for diﬀerent products
of limestone. The data was unfortunately sieved in an inconsistent way making
comparisons of average weight of particles for between the two products diﬃcult.
Thurley [50] concludes that “an average weight by size class will work ﬁne if the
fragments are always uniformly distributed across that size class.”
In Paper G a measurement campaign during three days was performed in order
to collect high resolution sieving data of limestone being loaded onto ships for
transportation to customers. During the measurement campaign three products
were loaded. The size range of the majority of rocks for the three products were
20–40, 40–70 and 60–90 mm. Four manual samples were collected of the 20–40
and 60–90 mm product and seven manual samples were collected of the 40–70 mm
product. When analyzing the manual samples, trends that the average weight of
particles in a size class is smaller than other products could be seen at the upper part
of the interval for the smaller products 20–40 and 40–70 mm. Further experiments
using the manual samples were performed were each fragment was weighed using
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a digital balance. The experiment was set up to allow using analysis of variance
(ANOVA) to determine if there is a diﬀerence of the average weight of fragments
of the same sieve-size class but belong to diﬀerent products. It was concluded in
Paper G that there exists an eﬀect that causes weight tranformation error.

Q4: Can the weight-transformation error be minimised by modelling the weight, depending on size estimates or by other strategies?
Further work is required to model the relationship of particles size and shape and
weight. In Paper G a method to enable accurate estimation of the size distribution
of particles is presented. The method basically minimizes the weight-transformation
error by using known average weights per rock for speciﬁc products that are being
measured. This is performed by ﬁrst measuring the average weight per rock for
diﬀerent products by manual sampling and sieving were the weight and number of
rocks are recorded. When estimating the size distribution with machine vision, the
product identiﬁcation method presented in Paper F enables the use of known average weight per rock for speciﬁc products. Thus, weight information that speciﬁcally
describes the weight of rocks for a product is used to perform weight transformation
from number of rocks to weight of rocks.
The main conclusion is that by considering sources of errors relevant to surface sampling of particulate material being transported on conveyor belts, accurate estimates of
size distributions may be developed. The results in this thesis show that estimating the
particle size distribution based on machine vision is robust and accurate when particles
being transported on conveyor belts are sampled. As the machine vision system presented
in this thesis is robust, accurate and performs analysis in near real-time, the application
of this system allows the development of eﬃcient process and quality control.

References
[1] O. Carlsson and L. Nyberg, “A method for estimation of fragment size distribution
with automatic image processing,” Proceedings of the First International Symposium
on Rock Fragmentation by Blasting (FRAGBLAST), vol. 1, pp. 333 – 345, Aug. 1983.
[2] P. Gy, Sampling of particulate materials : theory and practice.
1979.

Elsevier scientiﬁc,

[3] A. Rosato, K. J. Strandburg, F. Prinz, and R. H. Swendsen, “Why the brazil nuts
are on top: Size segregation of particulate matter by shaking,” Physical Review
Letter, vol. 58, pp. 1038 – 1040, 1987.
[4] R. Chavez, N. Cheimanoﬀ, and J. Schleifer, “Sampling problems during grain size
distribution measurements,” Proceedings of the Fifth International Symposium on
Rock Fragmentation by Blasting - FRAGBLAST 5, pp. 245–252, Aug 1996.
[5] M. J. Thurley, “Three dimensional data analysis for the separation and sizing of rock
piles in mining,” Ph.D. dissertation, Monash University, December 2002, download
from http://image3d6.eng.monash.edu.au/thesis.html.
[6] M. J. Thurley and K. C. Ng, “Identiﬁcation and sizing of the entirely visible rocks
from a 3d surface data segmentation of laboratory rock piles,” Computer Vision and
Image Understanding, vol. 111, no. 2, pp. 170–178, Aug. 2008.
[7] www.mbvsystems.se.
[8] B. F. Alexander and K. C. Ng, “3-D shape measurement by active triangulation
using an array of coded light stripes,” SPIE Optics, Illumination and Image Sensing
for Machine Vision II, vol. 850, pp. 199–209, 1987.
[9] E. by: Pierre Gy, Sampling of Heterogeneous and Dynamic Material Systems - Theories of Heterogeneity, Sampling and Homogenizing. Elsevier Ltd., 1992.
[10] P. Gy, Sampling for analytical purposes. John Wiley & Sons, 1998.
[11] F. F. Pitard, Pierre Gy’s sampling theory and sampling practice: heterogeneity,
sampling correctness and statistical process control. CRC Press, 1993.
57

58

References

[12] I. Frydendal and R. Jones, “Segmentation of sugar beets using image and graph
processing,” in ICPR 98 Proceedings – 14th International Conference on Pattern
Recognition, vol. II, Brisbane, Australia, August 1998, pp. 16–20.
[13] M. Blomquist and A. Wernerson, “Range camera on conveyor belts: Estimating the
size distribution and systematic errors due to occlusion,” in Proceedings of the SPIE
– The International Society for Optical Engineering, September 1999, pp. 118–126.
[14] A. Bouajila, M. Bourassa, J. Boivin, G. Ouellet, and T. Martinovic, “On-line nonintrusive measurement of green pellet diameter,” in Ironmaking Conference Proceedings, 1999, pp. 1009–1020.
[15] S. Outal, J. Schleifer, and E. Pirard, “Evaluating a calibration method for the estimation of fragmented rock 3d-size-distribution out of 2d images,” Rock Fragmentation
by Blasting: Proceedings of the 9th Int. Symp. on Rock Fragmentation by Blasting Fragblast 9, Sept. 2009, Granada Spain, 2009.
[16] S. Al-Thyabat and N. Miles, “An improved estimation of size distribution from
particle proﬁle measurements,” Powder Technolgy, vol. 166, no. 3, pp. 152–160, Jun
2006.
[17] J. Fernlund, “The eﬀect of particle form on sieve analysis: a test by image analysis,”
Engineering Geology, vol. 50, pp. 111–124, 1998.
[18] W. Wang and O. Stephansson, “Comparison between sieving and image analysis of
aggregates,” in Measurement of Blast Fragmentation – Proceedings of the FRAGBLAST 5 Workshop, J. Franklin and T. Katsabanis, Eds. Balkema, 1996, pp.
141–148.
[19] W. Wang, “Image analysis of particles by modiﬁed ferret method - best-ﬁt rectangle,” Powder Technolgy, vol. 165, no. 1, pp. 1–10, Jun 2006.
[20] H. Kim, A. Rauch, and C. Haas, “Automated quality assessment of stone aggregates based on laser imaging and a neural network,” Journal of Computing in Civil
Engineering, pp. 58–64, January 2004.
[21] J. Lee, M. Smith, L. Smith, and P. Midha, “A mathematical morphology approach
to image based 3d particle shape analysis,” in Machine Vision and Applications, vol.
16(5). Springer–Verlag, 2005, pp. 282–288.
[22] M. Thurley and K. Ng, “Identifying, visualizing, and comparing regions in irregularly
spaced 3d surface data,” Computer Vision and Image Understanding, vol. 98, no. 2,
pp. 239–270, February 2005.
[23] D. C. Montgomery, Design and Analysis of Experiments. John Wiley & Sons, 2009,
ISBN: 978-0-470-39882-1.

59

References
[24] R. C. Gonzalez and R. E. Woods, Digital Image Processing.
N.J.: Pearson Prentice Hall, 2008, ISBN: 0-13-168728-X.

Upper Saddle River,

[25] O. Guyot, T. Monredon, D. LaRosa, and A. Broussaud, “Visiorock, an integrated
vision technology for advanced control of comminution circuits,” Minerals Engineering, vol. 17, 2004, dOI: 10.1016/j.mineng.2004.05.017.
[26] N. Maerz, T. Palangio, and J. Franklin, “Wipfrag image based granulometry system,” in Measurement of Blast Fragmentation – Proceedings of the FRAGBLAST 5
Workshop, J. Franklin and T. Katsabanis, Eds. Balkema, 1996, pp. 91–99.
[27] J. Schleifer and B. Tessier, “Fragmentation assessment using the Fragscan system:
Quality of a blast,” 2001, pp. 365–372.
[28] K. Girdner, J. Kemeny, A. Srikant, and R. McGill, “The split system for analyzing
the size distribution of fragmented rock,” Franklin and Katsabanis, pp. 101–108,
1996.
[29] R. G. Leighton, “The eﬀects of feed size distribution on a run-of-mine ball mill,”
Master’s thesis, University of the Witwatersrand, Johannesburg, 2009.
[30] M. J. Thurley, “Automated online measurement of particle size distribution using
3d range data,” IFACMMM 2009 Workshop on Automation in Mining, Mineral and
Metal Industry, Oct. 2009.
[31] G. Potts and F. Ouchterlony, “The capacity of image analysis to measure fragmenR
Swebrec - Swedish Blasting Research
tation, an evaluation using split desktop,”
Centre, Swebrec Report 2, 2005, ISSN: 1653-5006.
[32] J. Kaartinen and A. Tolonen, “Utilizing 3d height measurement in particle size
analysis,” Proceedings of the 17th IFAC World Congress (IFAC 2008), vol. 17, no. 1,
2008, dOI: 10.3182/20080706-5-KR-1001.2475.
[33] M. J. Noy, “The latest in on-line fragmentation measurement - stereo imaging over
a conveyor,” Proceedings of the Eighth International Symposium on Rock Fragmentation by Blasting - FRAGBLAST, vol. 8, pp. 61 – 66, Feb. 2006.
[34] E. R. Dougherty and R. A. Lotufo, Hands-On Morphological Image Processing.
SPIE – The International Society for Optical Engineering, 2003, vol. TT59.
[35] The Mathworks, Inc., “MATLAB,” http://www.mathworks.com, 2010.
[36] S. Al-Thyabat, N. Miles, and T. Koh, “Estimation of the size distribution of particles
moving on a conveyor belt,” Minerals Engineering, vol. 20, pp. 72–83, Jan 2007.
[37] E. Pirard, N. Vergara, and V. Chapeau, “Direct estimation of sieve size distributions
from 2-d image analysis of sand particles,” Proceedings of PARTEC, 2004.

60

References

[38] A. Perez, F. Lopez, J. Benlloch, and S. Christensen, “Colour and shape analysis
techniques for weed detection in cereal ﬁelds,” in Proceedings of 1st European Conference for Information Technology in Agriculture. Elsevier, February 2000.
[39] R. Carter and Y. Yan, “Measurement of particle shape using digital imaging techniques,” Journal of Physics: Conference Series, vol. 15, pp. 177–182, 2005.
[40] D. Thompson, S. Niekum, T. Smith, and D. Wettergreen, “Automatic detection and
classiﬁcation of features of geologic interest,” Proceedings of the IEEE Aerospace
Conference, pp. 366–377, March 2005.
[41] M. J. Thurley, “On-line 3d surface measurement of iron ore green pellets,” in Proceedings of the International Conference on Computational Intelligence for Modelling,
Control and Automation. IEEE, November 2006.
[42] M. J. Bottema, “Circularity of objects in images,” Proceedings of IEEE International
Conference on Acoustics, Speech, and Signal Processing, vol. 4, no. 6, pp. 2247–2250,
June 2000.
[43] S. Niekum, “Reliable rock detection and classiﬁcation for autonomous science,”
Ph.D. dissertation, Carnegie Mellon Univeristy, December 2005.
[44] M. de Berg, O. Cheong, M. van Kreveld, and M. Overmars, Computational Geometry: Algorithms and Applications, 3rd ed. Berlin: Springer-Verlag, 2008, ISBN:
3-540-77973-6.
[45] D. E. Johnson, Applied Multivariate Methods for Data Analysts.
1998, iSBN: 0-534-23796-7.

Duxbury Press,

[46] R. O. Duda, P. E. Hart, and D. G. Stork, Pattern classiﬁcation, 2nd ed.
2001, iSBN: 0-471-05669-3.

Wiley,

[47] J. Nelder and R. Mead, “A simplex method for function minimisation,” The Computer Journal, vol. 7, pp. 308–313, 1965.
[48] R. McGill, J. W. Tukey, and W. A. Larsen, “Variations of box plots,” The American
Statistician, vol. 32, no. 1, pp. 12 – 16, Feb. 1978.
[49] D. W. Hosmer and S. Lemeshow, Applied logistic regression, 2nd ed.
ISBN: 9780471673804.

Wiley, 2000,

[50] M. J. Thurley, “Automated online measurement of particle size distribution using
3d range data,” Proceedings of the IFACMMM 2009 Workshop on Automation in
Mining, Mineral and Metal Industry, 2009.
[51] J. Franklin and T. Katsabanis, Eds., Measurement of Blast Fragmentation – Proceedings of the FRAGBLAST 5 Workshop. Balkema, 1996.

Part II

61

62

Paper A
Pellet Size Estimation Using
Spherical Fitting

Authors:
Tobias Andersson, Matthew J. Thurley and Olov Marklund

Reformatted version of paper originally published in:
Proceedings of the IEEE Instrumentation and Measurement Technology Conference, pp
1-5, (Warsaw, Poland), 2007

c 2007, IEEE, Reprinted with permission.


63

64

Pellet Size Estimation Using Spherical Fitting
Tobias Andersson, Matthew Thurley and Olov Marklund

Abstract

Evaluation of Spherical Fitting as a technique for sizing iron ore pellets is performed. Size
measurement of pellets in industry is usually performed by manual sampling and sieving
techniques. Automatic on-line analysis of pellet size would allow non-invasive, frequent
and consistent measurement. Previous work has used an assumption that pellets are
spherical to estimate pellet sizes. In this research we use a 3D laser camera system in a
laboratory environment to capture 3D surface data of pellets and steel balls. Validation of
the 3D data against a spherical model has been performed and demonstrates that pellets
are not spherical and have physical structures that a spherical model cannot capture.

1

Introduction

Pellet’s sizes are critical to the eﬃciency of the blast furnace process in production of
steel. Ökvist et al. [1] shows how diﬀerent pellet size distributions eﬀect the blast
furnace process. Overly coarse pellets eﬀect the blast furnace process negatively and
Ökvist et al. [1] reports on how to minimize the eﬀect by operating the furnace with
diﬀerent parameters. An on-line system for measurement of pellet sizes would improve
productivity through fast feedback and eﬃcient control of the blast furnace.
In pellet manufacturing, manual sampling followed by sieving with a square mesh is
used for quality control. The manual sampling is performed infrequently and is timeconsuming. Fast feedback of pellets sizes is desirable.
Blomquist and Wernerson [2] use a statistical model that assumes pellets are spherical
to measure diameter and diameter deviation of pellets from chord lengths.
Bouajila et al. [3] estimate size of green pellets with a 3D laser camera. Based on
the assumption that pellets are spherical, they apply a spherical smoothing method to
obtain a complete size distribution of the produced pellets. Bouajila et al. [3] report
that the estimated size distribution correlates well with the reference values.
In the presented research we use an industrial prototype 3D imaging system to capture
3D surface data of pellet piles on a conveyor. Estimation of pellet sizes is made based on
the assumption that pellets are spherical. An evaluation of the suitability of the spherical
assumption is made.
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Methods

In this section we outline the methods used to capture the 3D surface data, segment it,
determine segmented regions sizes and evaluate the spherical model.

2.1

Imaging System

An imaging system that captures 3D surface data has been implemented by MBV Systems [4]. The system is based on a projected laser line and camera triangulation [5,
triangulation, structured light]. It has a continuous wave diode laser with line generating
optics and a high speed digital camera capable of 4000 frames per second. The angle
between the line of sight and the laser is approximately 30 degrees.

2.2

Collection of Data

Pellets
Mechanical sieving is the accepted industry technique for sizing pellets. A sample of
baked pellets was sieved into 6 size gradings and is shown in table 1.
Sieve size (mm) † Weight (kg) % Cum. %
6.3
4.089
12.9
12.9
9
4.755
14.9
27.8
10
12.613
39.6
67.4
11.2
7.493
23.5
91.0
12.5
2.445
7.68
98.7
14
0.4233
1.33
100
† The lower bound of each sieve size increment
Table 1: Sieve size distribution of the sample of baked pellets.

Each size class is captured individually with the imaging system in a laboratory setup.
The pellets are spread out on a conveyor belt to make sure that the surface of each pellet
is not occluded by other pellets.
Steel Balls
The steel balls have a known diameter and have been painted with a thin layer of mat
grey paint to allow data capture with the imaging system. The steel balls are positioned
separately on a tray. The imaging system captures a sample of 45 balls each of size 5,
10, 12.7 and 16 mm, 30 balls of 17.5 mm and 15 balls each of 20 and 25 mm.
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2.3

Segmentation Algorithm

Pellet segmentation has been performed by Thurley [6] using a mathematical morpholgy
implementation [7] for sparse, irregularly spaced 3D surface data.
This technique [6] applies a variety of algorithms including morphological and linear
edge detection, distance transform, local maxima detection and watershed segmentation.

2.4

Estimation of Size

Using the segmented data each pellet is identiﬁed and its size may be estimated. To
evaluate the assumption that pellets are spherical, pellet size is estimated by ﬁtting a
spherical model to the segmented data of each pellet.
To do this consider the equation of a sphere, which can be written as seen in equation
1 where x0 , y0 and z0 are the coordinates for the center of the sphere and R is the radius
of the sphere.
f (x0 , y0 , z0 , R) = (x − x0 )2 + (y − y0 )2 + (z − z0 )2 − R2 = 0

(1)

By using the partial derivatives as seen in equation 2 it is possible to construct a
linear least-squares problem with m coordinate points (xy , y1 , z1 ), (x2 , y2 , z1 ), ..., (xm , ym
, zm ).
∂f
∂f
∂f
∂f
= 0,
= 0,
= 0,
=0
∂xo
∂yo
∂zo
∂R

(2)

The linear system Ma = v is shown in equation 3 where M is a m-by-4 matrix and
v is a m long column vector.
⎤
⎤⎡ ⎤ ⎡
⎡
−x21 − y12 − z12
x1 y1 z 1 1
a
⎢ x2 y2 z2 1 ⎥ ⎢ ⎥ ⎢ −x2 − y 2 − z 2 ⎥
2
2
2 ⎥
⎥ b ⎥ ⎢
⎢
(3)
=⎢
⎥
⎢ ..
.. .. ⎥ ⎢
..
..
⎣
⎦
c
⎦
⎣
⎦
⎣ .
.
. .
.
2
2
d
− zm
xm y m z m 1
−x2m − ym
The solution is given by a = (Mt M)− 1(Mt v) where vector a is given by equation 4
from which x0 , y0 , z0 and R can be determined.
⎤
⎡ ⎤ ⎡
a
−2x0
⎥
⎢ b ⎥ ⎢
−2y0
⎥
⎢ ⎥=⎢
(4)
⎦
⎣ c ⎦ ⎣
−2z0
2
2
2
2
x0 + y 0 + z 0 − R
d

2.5

Model Evaluation

To validate the model we compare estimated values with measured values of steel ball’s
and pellet’s size. The estimated values should clearly correlate with measured physical
parameters if the spherical model is valid.

68

Paper A

Residuals, which is the part of the data that the model could not reproduce, may
also indicate how well the model describes the data. A spherical model’s residuals are
calculated by equation 5, where xi , yi and zi is the coordinates for point i.
i =



(xi − x0 )2 + (yi − y0 )2 + (zi − z0 )2 − R

(5)

Ljung [8] suggest analysis of basic statistics for residuals and we will use root-meansquare error as shown in equation 6 in this analysis where i is the residual for point i
and m is the number of points.
RMS Error =

1
m

m

2i

(6)

i=1

The comparison of estimated values with known data and the residual analysis give
a good indication of how well the model captures the data.

3

Performance of spherical ﬁtting

The accuracy of the imaging system and the spherical model as a measurement method
is evaluated by sizing perfect steel balls and sieved pellets.

3.1

Steel Balls

The model is ﬁtted to each steel ball and the result of estimated sizes and residual
statistics is shown in table 2.
The median of the estimated sizes is close to the known values of the steel balls
diameter. The residual analysis indicate some deviation between data and the model.
The median of RMS Error range from 0.107 to 0.128 for all size classes.
For perfect steel balls the model and measurement system seems to give good results.
The physical comparison to known sizes of the balls is very good. The residual analysis
indicate that there is some deviation from the model but it is small.

3.2

Pellets

To evaluate if a spherical assumption of pellets shape is adequate the spherical model
is ﬁtted to each pellet. The estimated diameters and statistics for the residuals for the
diﬀerent classes are calculated. We present the distribution of the estimated diameters
and RMS error for the diﬀerent classes in Table 3. The result is also shown graphically
in ﬁgures 1 and 2 using the graphical convention of horizontal box-plots.
The central portion of a box-plot contains a rectangular box. In the center of this box
is a short thick vertical black line, this marks the median value (or 50th percentile) of the
data. The left edge of the rectangular box marks the 25th percentile, and the right edge
marks the 75th percentile. The diﬀerence between the 75th and 25th percentile is the

3. Performance of spherical fitting

Size∗
(mm)
5
10
12.7
16
17.5
20
25
∗


†
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Size est. (mm)
RMS Error†
Median IQR Median IQR
45
5.432
0.308
0.107 0.0133
45
10.35
0.165
0.107 0.0073
45
12.95
0.108
0.106 0.0048
45
16.18
0.106
0.119 0.0054
30
17.63
0.081
0.117 0.0059
15
20.03
0.073
0.118 0.0059
15
24.95
0.169
0.128 0.0099
Known diameter of steel ball
Estimated size. Diameter of ﬁtted sphere
Root-mean-square error. Equation 6
Interquartile range. Range between 25th
and 75th percentile
Nbr

Table 2: Result for spherical ﬁt to measured steel balls. Estimated sizes correlate well with
known sizes and the RMS Error estimate is small. The interquartile range is small for both
estimated diameter and RMS Error.

Size∗
Nbr Size est. (mm)
RMS Error†
(mm)
Median IQR Median IQR
6.3
1010 10.34
1.777
0.261 0.134
9
755
11.34
1.553
0.266 0.117
10
867
12.12
1.504
0.274 0.110
11.2
677
13.58
1.794
0.299 0.124
12.5
477
15.02
1.887
0.329 0.133
14
61
16.00
1.690
0.350 0.127
∗ The lower bound of each sieve size increment
 Estimated size. Diameter of ﬁtted sphere
† Root-mean-square error. Equation 6
 Interquartile range. Range between 25th
and 75th percentile
Table 3: Result for spherical ﬁt to measured pellets. The estimated size is constantly overestimated and the interquartile range is relatively large. The RMS Error is large.
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interquartile range (IQR). The IQR is a robust estimate of the spread of the data. The
circular dots to the left and right of each box-plot indicate values that are statistically
determined to be outliers. Values are deﬁned to be outliers when they are less than
the 25th percentile - 1.5IQR or greater than the 75th percentile + 1.5IQR. These values
correspond to pellets that are particularly non-spherical. The dashed lines extending to
the left and right of the rectangular box extend to the statistically valid min and max.
The graphs and determination of outliers were calculated using the R statistical analysis
package [9].
In ﬁgure 1, it is clear that the size estimate for pellets is constantly overestimated.
Also, it is important to notice that the interquartile range of the size estimates is generally larger than the intervals between the diﬀerent classes. The classes are not clearly
separable and will not be suitable for determining pellet size that corresponds to square
mesh sieving techniques.
The median value of the RMS Error, shown in table 3, range from 0.261 for the
smallest size class to 0.366 for the biggest size class. The interquartile range is above 0.1
for all size classes. The RMS Error clearly indicates that pellets are not spherical and
the distribution of the RMS error for the diﬀerent classes can be seen in ﬁgure 2.
The physical comparison to known sizes of pellets combined with the residual analysis indicate that pellets are not spherical. It is important to notice that the physical
comparison of the calculated size and the known sieve sizes show that the estimated sizes
are wrong and sensitive to input data.
For comparison we show the box-plots for steel balls in ﬁgures 3 and 4 drawn at the
same scale as ﬁgure 1 and 2. Analyzing ﬁgure 3 and 1, it is clear that the distributions
for the estimated sizes are very narrow and close to the known sizes for steel balls. For
pellets the distributions are broad and the size estimates are constantly overestimated.
Analyzing ﬁgure 4 and 2, it is clear that the RMS Errors are comparatively large for
pellets.
In addition, the residuals are shown in ﬁgure 5 for pellets in size class 10 mm. For
comparison we show the residuals for steel balls with a diameter of 10 mm in ﬁgure 6.
It is obvious that the model does not capture certain areas of pellets that deviate from
a spherical model. The ﬁgures show a signiﬁcantly greater variation of the residuals
for pellets than for steel balls and this indicate that the spherical model works well for
perfect steel balls but do not account for all variations in pellet’s structure.
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Sphere Fitting Diameter for Pellets of Various Sizes

14mm

12.5mm

11.2mm

10mm

9mm

6.3mm

5

10

15

20

Calculated Sphere Diameter (mm)

Figure 1: Distribution of estimated sphere diameters for diﬀerent size classes. The dashed lines
corresponds to the lower bound of each size class.

Sphere Fitting RMS Error for Pellets of Various Sizes

14mm

12.5mm

11.2mm

10mm

9mm

6.3mm

0.5

1.0

1.5

Figure 2: Distribution of estimated error of ﬁt for diﬀerent size classes.
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Sphere Fitting Diameter for Steel Balls of Various Diameters

25mm
20mm
17.4mm
16mm
12.7mm
10mm
5mm

5

10

15

20

25

Calculated Sphere Diameter (mm)

Figure 3: Distribution of estimated sphere diameters for diﬀerent size classes. The dashed lines
corresponds to known diameters for the balls.

Sphere Fitting RMS Error for Steel Balls of Various Diameter

25mm
20mm
17.4mm
16mm
12.7mm
10mm
5mm

0.5

1.0

1.5

Figure 4: Distribution of estimated error of ﬁt for diﬀerent size classes.
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Figure 5: Sample of residuals for pellets in class 10 mm. That is pellets of size between 10 and
11.2 mm.

Figure 6: Sample of residuals for balls with a diameter of 10 mm.
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Conclusions

A study of the adequacy of the assumption that pellets are spherical is made. Pellets are
collected and mechanically sieved into diﬀerent classes. Also perfect steel balls with well
known properties are collected. The two samples are captured by an imaging system that
produces 3D surface data. The surface is segmented and a spherical model ﬁtted to each
pellet and steel ball. Model evaluation based on physical properties and residual analysis
show that the spherical model works well for perfect steel balls but not for pellets.
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Visibility Classiﬁcation of Pellets in Piles for Sizing
Without Overlapped Particle Error
Tobias Andersson, Matthew J. Thurley and Olov Marklund

Abstract
Size measurement of pellets in industry is usually performed by manual sampling and
sieving techniques. Automatic on-line analysis of pellet size based on image analysis
techniques would allow non-invasive, frequent and consistent measurement. We make
a distinction between entirely visible and partially visible pellets. This is a signiﬁcant
distinction as the size of partially visible pellets cannot be correctly estimated with
existing size measures and would bias any size estimate. Literature review indicates that
other image analysis techniques fail to make this distinction. Statistical classiﬁcation
methods are used to discriminate pellets on the surface of a pile between entirely visible
and partially visible pellets. Size estimates of the surface of a pellet pile show that
overlapped particle error can be overcome by estimating the surface size distribution
using only the entirely visible pellets.

1

Introduction

Iron ore pellet’s sizes are critical to the eﬃciency of the blast furnace process in production
of steel. Overly coarse pellets eﬀect the blast furnace process negatively, however this
eﬀect can be minimized by operating the furnace with diﬀerent parameters [1]. An online system for measurement of the pellet size distribution would improve productivity
through fast feedback and eﬃcient control of the blast furnace.
In pellet manufacturing, manual sampling followed by sieving with a square mesh is
used for quality control. The manual sampling is performed infrequently and is timeconsuming. Fast feedback of the pellet size distribution is desirable.
Thurley [2] present progress on a now completed online imaging and analysis system
for non-contact measurement of the size of iron ore green pellets on conveyor belts. A
3D surface data capturing system based on active triangulation is used to collect data.
Segmentation of the data is achieved with algorithms based on mathematical morphology
for sparse, irregular 3D surface data. It is also shown that sizing of identiﬁed pellets gives
promising results using the best-ﬁt rectangle [3] measure.
Image analysis techniques promise a quick, inexpensive and non-contact solution to
determining the size distribution of a pellet pile. Such techniques capture information of
the surface of the pellet pile which is then used to infer the pile size distribution.
However, there are a number of sources of error relevant to surface analysis techniques
as follows;
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• Segregation and grouping error, more generally known as the brazil nut eﬀect [4],
describes the tendency of the pile to separate into groups of similarly sized particles.
It is caused by vibration or motion (for example as rocks are transported by truck
or conveyor) with large particles being moved to the surface.
• Capturing error [5, 6], describes the varying probability based on size, that a particle
will appear on the surface of the pile.
• Proﬁle error, describes the fact that only a proﬁle of surface particles can be seen
making it diﬃcult to estimate size. However, best-ﬁt rectangle [3] has been successfully used as a feature for determining the sieve size of rocks [7] and pellets [2]
based on the visible proﬁle.
• Overlapped particle error, describes the fact that many particles are only partially
visible and a large bias to the smaller size classes results if they are treated as small
entirely visible particles and sized using only their visible proﬁle.

We eliminate both segregation and capturing error from the presented study by comparing the results against the pellets on the surface and not the overall pile size distribution.
Work has been published on size estimation of iron ore pellets that assumes pellets
are spherical [8, 9]. However, we have previously shown that spherical ﬁtting is a poor
measure of pellet size [10]. More work have been presented on size and shape analysis
of rock fragments, and we extend our literature review to include presented work in that
ﬁeld. Comparison of manual sampling and estimates of rock fragment’s size using 2D
imaging analysis has been published [11, 12]. It is reported by Wang and Stephansson [11]
that ”a systematic error compared to sieving analysis” is found. With the exception of
Thurley [7, 13], 3D surface measurement of rocks has only been applied to segmentation
where rocks had little or no overlap [14], or to shape measurements of individual rock
fragments [15]. Both Kim et al. [14] and Lee et al [15] propose a mechanical solution
to ensure that aggregate particles are not overlapped. However, a mechanical solution is
not practical to consider in an operating mine, as it would demand redesign of existing
conveyor belt systems.
The presented research extends the work of Thurley [7] and describes an algorithm
to overcome overlapped particle error by classifying the pellets on the surface of the pile
between entirely visible and partially visible pellets. Once identiﬁed, partially visible
pellets can be excluded from any surface size estimate.

2

Sample of Pellet Pile

Mechanical sieving is the accepted industry technique for sizing pellets. A sample of
baked iron ore pellets was sieved into 6 size gradings. Each sieve size was painted and
color coded to allow manual identiﬁcation of pellet sizes in mixed pellet piles. The sample
was divided into two separate sets. The ﬁrst set will be used to develop algorithms for

3. Estimating Pellet Size
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Figure 1: Close up of the ﬁrst set of pellets captured by 3D imaging system viewed from above.
The data is comprised of sparse irregularly spaced 3D coordinate points with overlayed color
information.

visibility and size classiﬁcation. The second set will be held out during development of
the visibility and size classiﬁers. Thus, the second set will only be used to validate the
classiﬁers performance.
The two sets were loaded onto a laboratory conveyor belt and the stream of pellets
was scanned with a 3D imaging system based on laser triangulation. An additional color
camera is used to collect color information to overlay on the 3D surface data. A portion
of the collected data for the two sets of pellets is shown in ﬁgure 1 and 2.
We deﬁne the two visibility classes; entirely visible and partially visible. A pellets
visibility depend on how much of a pellet is visible from above.
The two sets were manually interrogated to specify each pellet’s size and visibility
class. The ﬁrst set has a total number of 842 pellets on the surface of the pile. 292 pellets
are labelled as entirely visible and the remaining 550 pellets are partially visible. The
sieve size distribution of the pellet pile surface and of entirely visible pellets on the surface
for the ﬁrst set is shown in table 1. The second set has a total number of 792 pellets on
the surface of the pile. 301 pellets are labelled as entirely visible and the remaining 491
pellets are partially visible. The sieve size distribution of the complete surface and of the
entirely visible pellets on the surface for the second set is shown in table 2.

3

Estimating Pellet Size

As best-ﬁt rectangle [3] has been shown to be a feature with a capacity for discriminating
pellets into diﬀerent sieve sizes [2] we calculate the best-ﬁt rectangle for each pellet in
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Figure 2: Close up of the second set of pellets.

Paint color
Orange
Pink
Grey
Red
Yellow
Green

∗

Size †
6.3
9
10
11.2
12.5
14

All 
15.68
16.27
40.74
21.14
4.04
2.14

Entirely visible
11.64
18.84
41.44
20.21
5.48
2.40



∗ Sieve class color.
† The lower bound of each sieve size increment (mm)
 Size distribution of all pellets on the
surface (%)
 Size distribution of only entirely visible
pellets on the surface (%)

Table 1: Known size distribution of pellets on the surface for ﬁrst set. Size distributions of all
pellets and only visible pellets are shown.

our sample. We visualize the distribution of best-ﬁt rectangle values for entirely visible
and partially visible pellets on the surface of a pile using the graphical convention of
box-plots in ﬁgure 3 and 4.
The central portion of a box-plot [16, 17] contains a rectangular box. In the center
of this box is a dashed vertical line, this marks the median value (or 50th percentile) of
the data. The left edge of the rectangular box marks the 25th percentile, and the right
edge marks the 75th percentile.
In ﬁgure 3 box-plots of best-ﬁt rectangle values for the entirely visible pellets are
shown. It is clear that an increase of the best-ﬁt rectangle values correlate with an
increase of sieve size. It is noticeable that the distributions slightly overlap, although
more signiﬁcantly for the smaller size classes 9 mm and 10 mm. Perfect discrimination
into diﬀerent sieve sized cannot be expected but a majority of the pellets should be
possible to discriminate correctly.
In ﬁgure 4 box-plots of best-ﬁt rectangle values for the partially visible pellets are
shown. As expected, the best-ﬁt rectangle values are shifted to smaller values compared
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Paint color
Orange
Pink
Grey
Red
Yellow
Green

∗

Size †
6.3
9
10
11.2
12.5
14

All 
15.03
16.67
41.29
17.93
6.57
2.53

Entirely visible
11.63
15.95
45.18
19.27
6.31
1.66



∗ Sieve class color.
† The lower bound of each sieve size increment (mm)
 Size distribution of all pellets on the
surface (%)
 Size distribution of only entirely visible
pellets on the surface (%)

Table 2: Known size distribution of pellets on the surface for second set. Size distributions of
all pellets and visible pellets are shown.

Best−Fit−Rectangle Area for Entirely Visible Pellets
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Figure 3: Distributions of calculated best-ﬁt rectangle for entirely visible pellets. The distribution
of the best-ﬁt rectangle values do not overlap

with the values for visible pellets. It is important to notice that these distributions
overlap signiﬁcantly, such that they cannot be discriminated between. This emphasises
the unsuitability for sizing partially visible pellets based only on their visible proﬁle.
It is clear that best-ﬁt rectangle values for partially visible pellets cannot be used to
estimate sieve size. It is critical to identify these pellets so they can be excluded from
any size estimate of pellet piles.

4

Classiﬁcation

Generally all classiﬁers try to predict a response, here denoted y, from a set of feature
values, here denoted x. Detailed information can be found in the books [18] and [19].
In this research, we propose a method to overcome overlapped particle error when
estimating the surface size distribution of a pellet pile. Logistic regression is used to
classify pellets on the surface of a pile between two visibility classes; entirely visible and
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Best−Fit−Rectangle Area for Partially Visible Pellets
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Figure 4: Distributions of calculated best-ﬁt rectangle for partially visible pellets. The distribution of the best-ﬁt rectangle values overlap.

partially visible. As partially visible pellets cannot be sized correctly with the calculated
best-ﬁt rectangle area, partially visible pellets must be excluded from any estimate of
the surface size distribution of a pellet pile.
We then apply logistic regression to classify visible pellets into diﬀerent sieve size
classes based on the calculated best-ﬁt rectangle area.

4.1

Feature Extraction

In image analysis, shape analysis is a common approach to describe and classify speciﬁc
objects, or regions, in an image.
2D shape features have been used to detect broad-leaved weeds in cereal crops [20],
to allow a rover to classify the shape and other geologic characteristics of rocks [21], to
investigate the suitability of an imaging system to measure shape of particles [22] and for
detection and classiﬁcation of rocks [23]. A 3D feature called visibility ratio have been
used to classify the visibility of rocks in piles [7].
In this work we extract 25 diﬀerent features to describe each pellet. These are a
collection of shape features used by the above authors. There is no room for a description
of all features here, a brief description of the selected features will be given later in this
text.

4.2

Classiﬁcation methods

The distribution of feature values in a data set is important to investigate in order to
choose the right classiﬁcation method. Inspection of our data set shows that the feature
values are not multivariate normally distributed. The type of the response value also
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need to be considered when classiﬁcation method is chosen. The response variable’s type
is binary for the visibility classiﬁcation as the visibility class of a pellet is either entirely
visible or partially visible. The response variable’s type for size classiﬁcation is ordinal
as a pellet’s size class range from sieve size 6.3 mm to 14 mm.
Johnson [19] suggests to use logistic regression as a classiﬁcation method when the
features values distribution are not multivariate normal. A rigorous description of logistic
regression can be found in An Introduction to Generalized Linear Models [24].
Logistic regression can be used when the response variable are binary, ordinal or
nominal. In the case when the response variable can only take two values, the method
is called binary logistic regression. The form of the logistic regression model is shown in
equation 1 where y is the response variable, x is a feature vector, β0 is a constant and
β1 is a vector of parameters. P (y = 1|x) denotes the probability that y = 1 given the
observed feature vector x. The model, or more speciﬁcally, β0 and β1 is ﬁt to the known
data via the use of maximum likelihood estimation.


P (y = 1|x) =

eβ0 +β1 x

1 + eβ0 +β1 x

(1)

For response variables that have a natural order, the order can be used to form an
expression for the cumulative probability using ordinal logistic regression. In equation 2
the cumulative probability is shown, where the possible response values is i = 1, 2, ..., J
and J is the number of possible response values.


i

P (y ≤ i) =

P (y = j|x) =
j=1

eβ0j +β x
1 + eβ0j +β  x

(2)

From equation 2 the probability for each category given a feature set is easily derived
knowing that P (y ≤ J) = 1.
Logically, the response of the classiﬁers are y = j where P (y = j|x) > P (y = k|x)1
for all k = j.

4.3

Feature Selection

As stated before, 25 features are extracted to describe each pellet on the surface of the
pile. Some features are strongly correlated and some do not contribute with information
that can be used to discriminate between the two visibility classes. An important step
when designing a classiﬁer is to select a set of features that can be used to discriminate
between desired classes eﬃciently. We use backward elimination to ﬁnd a set of features
that are statistically signiﬁcant for discriminating between diﬀerent size classes of pellets.
Backward elimination of features is an iterative technique that includes all features in
the model as an initial step. The technique tests whether there are features in the model
that are statistically insigniﬁcant and remove the least signiﬁcant one. It is important
to not remove multiple features in each iteration even though they are determined to
be statistically insigniﬁcant. Features may be insigniﬁcant in combination with other
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features but signiﬁcant when those features are removed. The iterative process stops when
a set of features is obtained where all features are found to be statistically signiﬁcant.
To test whether a feature is statistically insigniﬁcant the parameters β0j and β are ﬁt
to the data using maximum likelihood estimation, then Wald statistics for each feature
are calculated. Wald statistics are calculated by equation 3 where Z is Walds chi-square
value, b is the parameter estimated for a feature and σb is the estimated variance of b. Z
is then compared against a chi-square distribution to obtain a p-value that will indicate
whether a feature is statistically insigniﬁcant. If the p-value for a feature is larger than
the predetermined signiﬁcance level, then the feature is deemed insigniﬁcant and may be
removed. In every iteration the feature with the largest p-value above the predetermined
signiﬁcance level is removed.
Z=

b2
σb

(3)

Using backward elimination with a signiﬁcance level of 2%, 4 statistically signiﬁcant features are selected for discriminating between entirely visible and partially visible
pellets. The ﬁnal set of features are:
• Equivalent area diameter [3] is the diameter of a circle with equal area as the
region of interest. The equivalent area diameter is calculated by equation 4.

ED = 2 ∗

Area
π

(4)

• Visibility ratio [7] is a boundary following algorithm that accommodates sparse,
irregularly spaced 3D coordinate data to allow the determination of entirely visible
and partially visible rocks.
• Minor axis [25] is the length of the minor axis of the ellipse that has the same
normalized second central moments as the region.
• Major axis [25] is the length of the major axis of the ellipse that has the same
normalized second central moments as the region.

4.4

Validation

How well the visibility and sizing classiﬁers perform are validated using the holdout
method. The holdout method is a technique where a classiﬁer is developed on a speciﬁc
training set. A test set, separate from the training set, is used to estimate how well the
classiﬁer performs on new data. This method gives an unbiased estimate of classiﬁers
performance. As our data consist of two separate piles of pellets collected in the same
conditions, we use the ﬁrst pile as the training set and the second pile as the test set.
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Entirely visible
Partially visible

Predicted
Entirely visible Partially visible
89.7
10.3
3.87
96.13

Known size class

Table 3: Confusion matrix that show how entirely visible and partially visible pellets in the
second pile are classiﬁed.

(mm)
6.3
9
10
11.2
12.5
14

6.3
84.21
18.18
0
0
0
0

Predicted size class (mm)
9
10
11.2
12.5
15.78
0
0
0
24.64 57.57
0
0
12.77 82.98
4.26
0
0
19.05 73.81
7.14
0
7.14
21.43 14.28
0
0
0
0

14
0
0
0
0
57.14
100

Table 4: Confusion matrix (percentages) that show the sizing classiﬁcation results for entirely
visible pellets. The table show how pellets of each size class is classiﬁed.

5

Validation of Visibility Classiﬁcation

In table 3 a confusion matrix is presented for the visibility classiﬁcation results of the
second pile. Binary logistic regression with a feature set composed by eﬀective diameter,
major axis, minor axis and visibility ratio is used. 89.7 % of the visible pellets and 96.13%
of the partially visible pellets are classiﬁed correctly.

6

Overcoming Overlapped Particle Error

To show how the identiﬁcation of partially visible pellets may overcome overlapped particle error, ordinal logistic regression is used to classify each entirely visible pellet into
a sieve size class. Best-ﬁt rectangle area is used by itself to discriminate between the
diﬀerent size classes.
The sizing classiﬁcation results for the entirely visible pellets can be seen in table 4.
The confusion matrix shows the classiﬁcation accuracy for pellets of size class 6.3 mm,
10 mm, 11.2 mm and 14 mm is above 73 %. The classiﬁcation accuracy is low for the
two size classes 9 mm and 12.5 mm. However, we note that pellets that are misclassiﬁed
are classiﬁed to a size class close to the known size class.
Even though perfect classiﬁcation of pellet’s size class is not achieved, an estimate of
the surface size distribution is achieved for the entirely visible pellets. In ﬁgure 5 known
and estimated surface size distribution is shown for the entirely visible pellets on the
surface of the pile. The dashed line, which is the estimated surface size distribution,
follow the solid line, which is the known surface size distribution.
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0.7
0.6
0.5
0.4
0.3
0.2
0.1
0
6.3

9

10

11.2

12

14

Figure 5: Known and estimated surface size distribution for the entirely visible pellets. The
solid line is the known and the dashed line is the estimated surface size distribution of entirely
visible pellets.

7

Conclusion

Visibility classiﬁcation of pellets in a pile have been presented to overcome overlapped
particle error. Pellets were collected and manually sieved into diﬀerent sieve size classes.
The pellets were mixed in a pile and scanned with a 3D camera system. We deﬁne two
visibility classes; entirely visible and partially visible. This is a signiﬁcant distinction as
partially visible pellet’s size cannot be correctly estimated with existing size measures and
would bias any size estimate. We overcome overlapped particle error by only estimating
the surface size distribution with entirely visible pellets. Binary logistic regression is used
with 4 optimal features to describe a pellet selected from a total of 25 features. Holdout
method is used to estimate the visibility classiﬁer’s accuracy to predict 89.7 % of the
entirely visible and 96.13 % of the partially visible pellets correctly. It is shown that the
surface size distribution of the visible pellets can be estimated correctly using best-ﬁt
rectangle.

8
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An industrial 3D vision system for size measurement
of iron ore green pellets using morphological image
segmentation
Matthew J. Thurley and Tobias Andersson

Abstract
An industrial prototype 3D imaging and analysis system has been developed that
measures the pellet sieve size distribution into 9 sieve size classes between 5 mm and
16+ mm. The system is installed and operational at a pellet production plant capturing
and analysing 3D surface data of piled pellets on the conveyor belt. It provides fast,
frequent, non-contact, consistent measurement of the pellet sieve size distribution and
opens the door to autonomous closed loop control of the pellet balling disk or drum in
the future. Segmentation methods based on mathematical morphology are applied to
the 3D surface data to identify individual pellets. Determination of the entirely visible
pellets is made using a new two feature classiﬁcation, the advantage being that this
system eliminates the resulting bias due to sizing partially visible (overlapped) particles
based on their limited visible proﬁle. Literature review highlights that in the area of size
measurement of pellets and rocks, no other researchers make this distinction between
entirely and partially visible particles. Sizing is performed based on best-ﬁt-rectangle,
classiﬁed into size classes based on one quarter of the measured sieving samples, and then
compared against the remaining sieve samples.

1

Introduction

Iron ore mining companies often further reﬁne the extracted ore to produce iron ore pellets
which have a uniformly high grade of iron oxide. Iron ore pellets are particularly useful to
steel manufacturers as they provide a consistent and high quality iron input to the blast
furnace. Variations in pellet size distributions aﬀect the blast furnace process negatively
but this aﬀect can be minimised by operating the furnace with diﬀerent parameters [1]
if the variation in pellet size distribution can be detected.
For iron ore pellet producers adherence to the target pellet size range is one of the
major measures of quality. Green pellets are produced primarily from crushed iron ore
in a rotating pelletising disk or tumbling drum after which they are baked in a furnace
to produce hardened black pellets.
Existing measurement of green pellet size is a manual sampling and sieving process
which is invasive, infrequent, and overly time consuming preventing rapid response to
size variation.
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The development of an industrial prototype 3D imaging and analysis system is presented for non-contact measurement of the size of green pellets on the conveyor belt.
The advantages are frequent sampling and fast generation of sizing results providing
rapid feedback to the manufacturing process.
An imaging system that captures 3D surface data has been implemented based on
a projected laser line and camera triangulation [2]. It has a high speed digital camera
capable of 4000 frames per second and a continuous wave diode laser with line generating
optics. The angle between the camera line of sight and the laser is approximately 24
degrees. The imaging system is installed and operational at a local pellet plant above a
conveyor belt moving at two metres per second and collects 3D surface coordinate data
at an irregular density of approximately 0.5mm2 .
We note however, that there are a number of sources of error relevant to techniques
that measure only what is visible on the surface of a pile;
• Segregation and grouping error, more generally known as the brazil nut eﬀect [3, 4],
describes the tendency of the pile to separate into groups of similarly sized particles.
It is caused by vibration or motion (for example as rocks are transported by truck
or conveyor) with large particles being moved to the surface. Interestingly, iron ore
green pellets appear not to be susceptible to this error. Green pellets are wet and
relatively sticky and as they travel along they conveyor belt they remain almost
entirely ﬁxed in place, with no observable segregation taking place.
• Capturing error [5], describes the varying probability based on size, that a particle
will appear on the surface of the pile, [6] has explored capturing error in laboratory
rock piles but it remains a source of error in this application. Further research is
necessary to understand the eﬀect of capturing error for green pellets.
• Proﬁle error, describes the fact that only one side (a proﬁle) of an entirely visible
particle can be seen making if diﬃcult to estimate the particles size. However,
best-ﬁt-rectangle has been demonstrated as a suitable feature for size classiﬁcation
based on the visible proﬁle [7, 8] that correlates to sieve size.
• Overlapped particle error, describes the fact that many particles are only partially
visible and a large bias to the smaller size classes results if they are treated as small
entirely visible particles and sized using only their visible proﬁle. This error can
be overcome in piles of particulate material using visibility classiﬁcation [6] and an
extended two feature classiﬁcation strategy is presented here.
Literature review indicates numerous publications relating to sizing of particulate
material (typically crushed or blasted rock) using imaging. These are predominantly
2D photographic based systems with some of the more prominent being; [9, 10, 11, 12].
There are a few publications relating to 3D size measurement; [13, 14, iron ore pellets],
[15, sugar beets], and [16, river rock]. However, with the exception of [15], none of these
systems (2D or 3D) removes the bias resulting from overlapped particle error, with [16]
and [17] recommending a mechanical vibration system to separate rocks and prevent
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particle overlap. [15] used graph theory and average region height to determine the
entirely visible sugar beets but this approach is insuﬃcient for application to rock piles
[6, 5.5.12] or pellet piles. For pellet sizing, both [13] and [14] assume that pellets are
spherical in order to estimate pellet diameter from their measured data. However, we
have previously shown that pellets deviate in shape from a sphere such that spherical
ﬁtting produces a poor measure of pellet size [18].
In the presented work we apply 3D surface data analysis based on the work of [19]
to the segmentation and sizing of the data, two feature classiﬁcation to isolate nonoverlapped pellets, sizing based on best-ﬁt-rectangle [7, 8] to generate a size measure
that correlates with sieving, and [20] minimisation to determine decision boundaries for
size classes that correlate to a high resolution sieve analysis encompassing 9 size classes
between 5 mm and 16+ mm.

2

Segmentation of 3D Surface Data

2.1

Background

The data collected by this system comprises sparse, irregularly spaced 3D coordinate
points describing the surface of the pellet pile on the conveyor belt. Data covering
approximately one meter of the belt is collected and then analysed. After analysis is
completed the process is repeated. Figure 1 shows an enhanced photograph of the laser
line on the moving conveyor pellet pile and ﬁgure 3 on page 101 shows a portion of the
3D surface of a pellet pile.
There are some inherent complications when it comes to processing 3D surface data
collected by laser triangulation, as follows;
• There are numerous locations where the laser line is not visible from the point of
view of the camera. This results in sparse areas in the 3D surface where there are

Figure 1: Laser line across green pellets (enhanced image)
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no data points.
• The data is irregularly spaced in the (x,y) coordinate plane. That is, it is not
deﬁned in a regular image space like pixels in a digital camera image.

As a result of these two features of the data we cannot apply image based mathematical morphology operations without ﬁrst resampling to a regular grid and interpolating
to ﬁll in sparse areas.
We note that mathematical morphology is a powerful image processing technique for
analysing geometric structure with particular relevance to this problem. Mathematical
morphology has applications in edge detection, enhancement, segmentation, reconstruction, texture analysis, particle analysis and shape analysis to name a few areas. The
reader is referred to the book Hands-on Morphological Image Processing [21] for an extremely accessible and applied text on mathematical morphology and its applications.
The presented data is suﬃciently regular such that it can easily be resampled to a
regular grid without the introduction of any noticeable artifacts, however, interpolating
the raw data to ﬁll sparse regions is not desirable as it can introduce erroneous artifacts
[22] into the data resulting in bias in the analysis.
We therefore present a segmentation and analysis solution based on the mathematical
morphology implementation for sparse, irregularly spaced 3D surface data by Thurely and
Ng [19]. As shown by [6] the application of this implementation can identify individual
rocks on the surface of laboratory rock piles with suﬃcient accuracy to estimate the pile
size distribution. Therefore, we shall use this mathematical morphology implementation
as a framework for segmenting pellets.
Morphological image processing is a ﬁltering technique based on neighborhood operations. Such an operation analyses each point of a set within a speciﬁed neighbourhood
of that point in order to produce a result. The elementary operations of mathematical
morphology are two operations called erosion and dilation. Erosion is an neighbourhood
operation that erodes the objects in the image based on the speciﬁed neighbourhood,
and dilation is an operation that grows (dilates) the objects in the image based on the
speciﬁed neighbourhood. These neighborhoods are deﬁned by a user deﬁned shape called
a structuring element.

2.2

Segmentation Method

We apply the following process to identify all the individual pellets in the 3D surface
data.
Collect Input Data: Sparse, and irregularly spaced 3D surface data of a stream of
piled pellets on the conveyor belt.
Edge Detection 1: Find under-lapping edges and remove under-lapping data.
As a feature of the laser triangulation data capture system, some (x,y,z) coordinate
points are under-lapping along the z axis. This occurs at the center facing edge of some
pellets that are typically located towards the edge of the conveyor belt. We use this
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under-lapping information to ﬁnd a few pellet edges and then we remove the underlapping data as it is not suitable for the greyscale-based mathematical morphology [19]
that we apply here.
Edge Detection 2: Edges of occluded areas
Sparse or occluded areas where there are no data points occur at the edges of pellets.
By detecting discontinuities in the column pixel count from the camera we detect some
edges of occluded areas.
Resample existing data sets to a regular grid.
After exploiting the raw data structure to remove under-lapping edges and identify
occluded areas, we resample the data to a regular grid to improve computational eﬃciency
in the subsequent processes.
Crop the width of the data to reduce bias due to increasing occlusion and diminishing
data per pellet at the extremities of the laser line.
Edge Detection 3: Morphological laplacian
To deﬁne the morphological laplacian we ﬁrst provide the mathematical functional
notation of erosion of an image A by structuring element B by B (A) [21, pp. 5] and
dilation by δB (A) [21, pp. 8].
We deﬁne the morphological laplacian as (δB (A) − A) − (A − B (A)) where the edges
are deﬁned by zero crossings. We incorporate this method as it performs well for detecting edges between overlapping pellets. We performed a morphological laplacian using
a 0.8mm radius spherical structuring element, took the absolute z value, performed a
morphological closing [21, pp. 27] using a 0.8mm spherical closing to ﬁll gaps, and then
a 10% threshold on z depth.
Edge Detection 4: Closing top hat
The morphological closing top hat is a good general edge detector for particles. We
performed the closing top hat [21, pp. 27] operation using a 1.6mm radius spherical
structuring element, followed by a 1.5% threshold on z depth.
Edge Detection 5: Neighbourhood count
We detect edges of sparse areas in the data by calculating the neighbour count for
all data points using a 0.8mm radius. Points with a low number of neighbours in the
speciﬁed radius are likely edges of sparse areas in the data. We applied a threshold to
retain only the smallest 40% of values from the neighbour count operation.
Combine Edges: Add all 5 edge detection methods together. Figure 2 shows a
portion of the results of this operation.
Distance Transform on the edge set.
Using the combined edge set shown in ﬁgure 2 we calculate, for each 3d point, the
distance to the nearest edge point.
Find Local Maxima in the Distance Transform
We process the result of the distance transform and ﬁnd local maxima using the
morphological operation, opening by reconstruction [21, pp. 136] with a 1.6mm radius
spherical structuring element for the opening, and a 0.8mm radius ﬂat circular disk for
the reconstruction.
Seed Growing from Local Maxima
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Figure 2: A portion of the detected pellet edges combining 5 techniques

We use a seed growing [19] technique that expands the local maxima based on their
height in the distance transform, merging spatially close maxima and creating seed regions for the watershed segmentation.
Watershed Segmentation
A seeded watershed [21, ch. 7] segmentation is performed to identify the individual
pellet regions. This is a well established segmentation technique which is typically performed on the gradient representation of the input data. In this case we use the closing
top hat edge set as the detected region boundaries are more accurate for this data than
when the morphological gradient [21, pp. 48] edge set is used.
Post-ﬁltering to remove tiny regions.
A sample segmentation is presented in ﬁgure 4 for the 3D data shown in ﬁgure 3. The
segmentation is of a pile of baked pellets collected in the laboratory as green pellets are
prohibitively fragile for laboratory experimentation.
Segmentation Results
The segmentation identiﬁes 1092 regions and after a region by region 3D visual analysis of the segmentation, 3d data, and overlapping photograph of the pile, we provide
the following qualitative assessment.
• Over-segmentation occurred in 5 pellets that were reported as 10 regions.
• Under-segmentation occurred in 34 pellets that were reported as 17 regions.
• A segmentation shift occurred in 4 pellets that were reported as 4 regions but
the region was shifted signiﬁcantly oﬀ the pellet. These regions corresponded to
partially visible (overlapped) pellets.
• The 1092 detected regions represented 1104 pellets.

3. Overcoming Overlapped Particle Error
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Figure 3: 3D surface data of a portion of the pellet pile

Figure 4: Segmentation of a portion of the pellet pile

3
3.1

Overcoming Overlapped Particle Error
Pellet Visibility

Before we can accurately size the pellets detected by the segmentation we must make a
determination of the pellets surface visibility for each region. That is, we must determine
if a pellet is entirely visible, or it is overlapped by other pellets and is only partially visible.
This distinction between entirely and partially visible rock fragments has been per-
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formed for laboratory rock piles by [6]. This distinction is very powerful as it allows
accurate size determination of entirely visible particles for which the entire proﬁle is visible, and for partially visible particles to be ignored as their proﬁle indicates little about
the size of the entire rock, analogous to the tip of an iceberg. As a result we can overcome
bias due to overlapped particle error.
By manually interrogating the 3D surface data of the laboratory pellet pile we deﬁne
each region as either entirely or partially visible so as to deﬁne the “ground truth” for
the purposes of creating an automatic classiﬁcation algorithm.
We note that as pellets are consistently blob like in shape, we expect that 2D shape
factors will oﬀer additional features for classiﬁcation of pellet visibility. Entirely visible
pellets will typically appear approximately circular in shape when projected into the x-y
plane, whereas partially visible pellets should have regions with odd, convex, crescent-like
and/or angular 2D shapes.
For the developed industrial system we used a combination of visibility ratio [6]
and a 2D non-perpendicular aspect ratio for pellet visibility classiﬁcation. The nonperpendicular aspect ratio is equal to the major axis divided by the minor axis where
the major and minor axes do not have to be perpendicular. A subsequent more rigorous
investigation of visibility classiﬁcation using a range of features is presented by [23].
Using box-plots [24, 25] we depict the spread of the visibility ratio and aspect ratio
distributions and consider their capacity for discriminating between entirely and partially
visible pellets (ﬁgures 5 and 6).
A boxplot is a useful way of depicting a population of data without any assumptions
of the statistical distribution. The central portion of a box-plot contains a rectangular
box. In the center of this box is a short thick vertical black line which marks the median
value (or 50 percentile) of the data. The left edge of the rectangular box marks the 25
percentile, and the right edge of the box marks the 75 percentile. The circular dots to
the left and right of each box-plot indicate values that are statistically determined to be
outliers. The graphs and determination of outliers were calculated using the R statistical
analysis package [26].

Entirely
Partially

Manual Visibility Classification

Region Visibility Ratio by Manual Visibility Classification

0.0

0.2

0.4

0.6

0.8

1.0

Visibility Ratio

Figure 5: Visibility ratio as a feature for discriminating between entirely and partially visible
pellets.
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Entirely
Partially

Manual Visibility Classification

Region Aspect Ratio by Manual Visibility Classification

1.0

1.5

2.0

2.5

3.0

Aspect Ratio

Figure 6: Aspect ratio (non-perpendicular) as a feature for discriminating between entirely and
partially visible pellets.

3.2

Visibility Classiﬁcation

Both the visibility ratio (ﬁgure 5) and aspect ratio (ﬁgure 6) demonstrate a clear separation in the central box portion of the distributions for the entirely and partially visible
pellets which suggests they are promising features for classiﬁcation. We now plot both
of these features in a 2D scatter plot (ﬁgure 7) and deﬁne a linear discriminant function
to separate partially and entirely visible pellets.
The ﬁsher linear discriminant [27, pp. 117] is one method for determining a linear
discriminant function between two classes. We can use Fisher linear discriminant if “one
is willing to sacriﬁce some of the theoretically attainable performance for the advantages
of working in one dimension” [27, pp. 120]. It projects a high dimension problem onto
a line, reducing it to one dimension. In a two class problem, the projection maximises
the distance between the mean of the two classes, while minimising the class variances.
The resultant classiﬁcation is a matter of selecting a threshold between the two classes in
the one dimensional projection space. The resultant linear discriminant, is the line perpendicular to the one dimensional projection intersecting this threshold. Furthermore,
we apply a weighted cost function to the determination of the threshold such that misclassiﬁcation of partially visible pellets is 3 times more costly than misclassiﬁcation of
entirely visible pellets. We apply this weighted cost as it has little impact on our results
to misclassify some entirely visible pellets for the beneﬁt of preventing partially visible
pellets being mistakenly classiﬁed and sized as entirely visible pellets. The resultant linear discriminant has a gradient of 0.4286, a vertical axis intercept of 0.1844 and is shown
ﬁgure 7.
You will note in ﬁgure 7 that very few points corresponding to partially visible pellets
are placed above the linear discriminant. When we come to sizing pellets, we will size
only those pellets above the discriminant line, as we can be highly conﬁdent that regions
above this line will correspond to entirely visible pellets for which we can conﬁdently
estimate size without bias due to overlapped particle error.
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Region Visibility vs Aspect Ratio for Manual Visibility classifications
1.0
entirely visible
partially visible

Visibility Ratio

0.8
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2.5
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Figure 7: Aspect ratio (non-perpendicular) vs Visibility ratio as a 2D feature space for discriminating between entirely and partially visible pellets.

3.3

Visibility Validation

Three validation techniques are typically considered when estimating the performance of
classiﬁers;
• Re-substitution method is a simple method where a classiﬁer is tested on the
same data upon which it was developed. This gives better results than if the classiﬁer was tested on new data and provides an overestimate (sometimes an extreme
overestimate) of the performance of the classiﬁer.
• Holdout method is a method where a set of data is held out when developing
the classiﬁer. The classiﬁer is developed on a separate set and may be tested on a
new set of data to produce an unbiased estimate of classiﬁers performance. This is
the most robust method but it is also requires the most data.
• Cross-validation is especially useful for providing a ”nearly unbiased estimate of
the true probabilities of correct and incorrect classiﬁcations” [28, pg. 221 pa. 2]
when the data available is limited.
As we did not have a second data set, we used 10-fold cross-validation to get an
estimate of how well the the visibility and sizing classiﬁcation works. The method is an
iterative process of developing a classiﬁer and estimating the classiﬁer’s performance. At
each iteration one part of the data set is held out to be a test set and the rest of the
data is used to train the classiﬁer. A 10-fold cross-validation performs the train-and-test
iteration process 10 times. In each iteration, 10% of the data is is held out to be a
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testing set. An average of the classiﬁer accuracy is then calculated for the 10 diﬀerent
classiﬁcation results.
As shown in table 1 the expected performance of the classiﬁcation strategy ensures
that 98.57% of partially visible pellets are excluded, and 69.04% of entirely visible pellets
are included. Using this classiﬁcation strategy we will identify the entirely visible pellets
that we will size in the absence in overlapped particle error.
“Ground truth”
classiﬁcation
Entirely visible
Partially visible

Predicted classiﬁcation
Entirely vis. Partially vis.
69.04
30.96
1.43
98.57

Table 1: Confusion matrix generated with 10-fold cross validation for classiﬁcation with a ﬁsher
linear discriminant based on a weighted cost function

3.4

Sizing

We deﬁne region size by using a measure of area calculated from the encompassing
best-ﬁt-rectangle [7, 8] of a region. The best-ﬁt-rectangle is calculated in the x-y plane
projection of each region and is the rectangle of minimum area that can completely
encompass the region. We show the distributions of best-ﬁt-rectangle area by size class
for the surface pellets in our laboratory pile in ﬁgure 8. We note that best-ﬁt-rectangle
provides a reasonable separation in the central portion of each boxplot with the signiﬁcant
exception being the close size classes 9 mm and 10 mm which show a stronger overlap. In
all cases, the median value is clearly separable and the ﬁnal results will demonstrate that
best-ﬁt-rectangle is a suﬃcient sizing feature. Further research work into complimentary
size measurement features is ongoing.

4
4.1

Industrial System
Training

Using the described segmentation, visibility classiﬁcation, and sizing methods developed
on the laboratory pellet pile we process data from the industrial system and determine
the best-ﬁt-rectangle area for the pellets we consider to be entirely visible. What remains
in order to produce a pellet size distribution is to determine a series of decision boundaries
that classify best-ﬁt-rectangle area into the various sieve size classes.
To obtain the necessary data our industry partner collected a frequent and high
resolution sieving, obtaining 23 samples over a 5 12 hour period, of a portion of the pellet
stream feeding onto the conveyor belt (table 2).

106

Paper C
Region Best−Fit−Rectangle of Entirely Visible Pellets

Entirely Visible Pellet Size Class (mm)

14−16
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Figure 8: Distributions of best-ﬁt-rectangle area by size class for the “ground truth” manually
deﬁned entirely visible pellets.

The sieving results used 10 size classes with lower bounds at 0, 5, 8, 9, 10, 11, 12.5,
13, 14 and 16+ mm. The material collected at size class 0–5 mm comprised only of small
fragments of broken pellets and is not signiﬁcant for the pellet size measurement system.
Therefore we leave this size class out of the ﬁnal results. This is convenient for the vision
system as one of the limitations of vision systems is the lower limit on resolution. In this
case we have data points at approximately a 0.5 mm spacing and a smallest sieve size at
5 mm is at a size where we are completely conﬁdent we can detect pellets.
The measurements in table 2 are percentage by weight and it is necessary for us to
convert this distribution to percentage by number to correspond with the pellet counts
from our analysis. Once we have trained our decision boundaries on the percentage
by number sieve distribution, we will convert our analysis result back to percentage by
weight for the ﬁnal presentation of results. In order to convert to percentage by number
our industry partner measured some average weights per pellet using some of the sieving
samples. We use weights for green pellets by size class as shown in table 3.
Once we have converted the sieve size class distributions to percentage by number we
train our decision boundaries to these size classes. For a single sieving result it is a simple
counting process to select decision boundaries that convert the distribution of best-ﬁtrectangle area values at that time into a near perfect result with the correct number of
pellets in each size class. Calculating these decision boundaries for each of the ﬁrst 6 sets
of sieving data produces the results shown in table 4. The purpose of presenting these
decision boundaries is to show that decision boundaries that produce near perfect results
at one time interval, are not necessarily similar as at another time interval.
In order to produce generic decision boundaries we need a method that can select the
boundaries such that the resultant error is minimised. To achieve this we use the [20]
iterative error minimisation process. This optimisation method is available in the popular
numerical computing package Matlab using function fminsearch, or in the statistical
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Time
9:01
9:10
9:25
9:35
9:45
9:55
11:24
11:34
11:44
11:55
12:05
12:15
12:34
12:51
13:01
13:11
13:21
13:31
13:43
13:53
14:03
14:13
14:23

0
0.51
0.00
0.21
0.45
0.55
0.41
0.29
1.10
0.58
0.34
0.51
0.47
0.38
0.53
0.58
0.29
0.67
0.48
0.80
0.33
0.95
0.69
0.36

5
0.63
0.55
0.32
0.90
0.84
0.99
0.42
1.71
1.77
0.73
0.97
0.47
0.67
0.92
0.42
0.33
0.55
0.42
1.45
0.24
0.73
0.61
0.93

Sieve Size
8
9
0.74 3.93
1.53 6.66
0.74 3.81
1.88 10.60
0.79 5.21
1.61 5.94
1.38 4.86
2.08 9.44
3.62 12.11
2.17 8.66
1.18 7.76
0.94 3.89
0.78 3.61
0.71 3.77
0.11 2.10
0.33 2.00
0.33 1.59
0.19 1.49
3.19 9.87
0.91 6.60
0.75 4.70
1.38 6.93
1.41 5.54

Class Lower Bound
10
11
12.5
24.75 45.06 12.24
39.52 30.81 11.07
26.02 40.68 10.57
36.21 36.56 5.28
34.04 39.75 8.35
34.86 37.85 7.50
29.51 40.68 8.73
34.61 36.90 5.34
40.54 29.92 7.21
39.32 34.35 6.69
34.88 35.95 9.12
32.61 41.12 10.65
25.80 34.85 15.95
25.83 35.05 12.40
16.85 44.25 13.64
21.65 43.07 16.35
16.39 41.06 15.92
16.81 34.75 19.98
38.28 32.34 7.41
33.08 40.93 10.92
30.29 40.19 12.39
27.98 42.98 8.96
29.98 39.51 10.33

(mm)
13
8.31
7.67
13.50
4.94
7.57
6.58
10.86
6.00
3.58
5.62
8.57
6.65
13.59
13.21
15.19
11.92
14.93
18.77
5.36
4.98
9.29
7.51
9.07

14
3.60
2.18
3.79
2.75
2.58
4.27
3.27
2.83
0.68
2.12
1.06
2.92
3.57
6.20
6.11
2.70
7.93
5.94
1.31
1.99
0.71
2.97
2.86

16+
0.24
0.00
0.36
0.43
0.32
0.00
0.00
0.00
0.00
0.00
0.00
0.29
0.79
1.38
0.76
1.36
0.65
1.17
0.00
0.00
0.00
0.00
0.00

Table 2: Sieving results (% by weight) of iron ore green pellets during production

0
0.26

Sieve Size Class Lower Bound (mm)
5
8
9
10
11 12.5 13
14
0.71 1.7 2.35 2.98 3.83 5.19 6.35 7.33

16+
9.5

Table 3: Average weight (g) for iron ore green pellets

package R [26] using function optim which we use here. Given an initial estimate of the
decision boundaries we use Nelder-Mead minimisation to produce a ﬁnal set of boundaries
that has minimum error. We note however, that the Nelder-Mead algorithm is sensitive
to the initial estimate and can lead to inappropriate termination at non-optimal points”
[29]. However, given a suﬃcient initial estimate we achieve suitable decision boundaries.
The Nelder-Mead optimisation takes an estimate of the decision boundaries and calculates the error at that estimate. It then modiﬁes the decision boundaries slightly
following a range of internal rules before repeating the process. Changes that reduce the
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Time

5
9:01
74.00
9:10
15.75
9:25
59.38
9:35
56.13
9:45
70.44
9:55
59.89
Median 59.64
Nelder 60.17

8
79.13
59.50
69.07
68.00
76.50
71.03
70.05
68.66

Sieve
9
80.75
67.83
72.00
72.25
78.39
75.87
74.06
74.03

Size Class Lower Bound (mm)
10
11
12.5
13
14
87.50 109.92 146.98 167.90 195.64
83.82 117.76 146.32 165.07 195.16
82.31 108.66 143.00 156.00 190.56
86.90 115.00 154.34 168.25 188.47
85.53 110.35 148.55 162.00 185.02
83.87 112.62 147.73 160.99 181.69
84.70 111.48 147.36 163.54 189.52
84.55 111.91 147.94 164.73 197.17

16+
278.72
–
248.69
224.86
239.30
–
244.00
255.16

Table 4: Decision boundaries (mm2 ) for best-ﬁt-rectangle that generate near-perfect sieving
results at each time interval, the Median values, and the optimised result from Nelder-Mead
minimisation

error are kept, while changes that increase the error are typically discarded. We use the
median of the decision boundaries in table 4 as the initial estimates for the Nelder-Mead
and generate the optimised result, also shown at the bottom of table 4.
One of the complications with the error minimisation is that it is being performed on
the percentage by number distributions, but what we actually want to minimise is the
error in the ﬁnal results, which will be percentage by weight distributions. As a result
we scale the error calculations during the Nelder-Mead minimisation by the size class
weights from table 3. We express the error function as a sum of squares as shown in
equation 1.


[(Ci,t − Si,t ) Wi ]

=
t

t
i
N
Ci,t
Si,t
Wi



N
2

(1)

i=1

Time of day
Sieve size class
Number of sieve size classes
Calculated value of the size class i at time t
Sieving result for size class i at time t
Average pellet weight of size class i

Using the optimised Nelder-Mead decision boundaries from table 4 we produce estimates of the sieve size distributions across the 5 21 hour period for which we have measured
sieve data. The results are presented in ﬁgure 9. The left block of the graph is shaded gray
to show the portion of the sieving data that was used to train the decision boundaries,
with the remaining 17 sieve results illustrating the capacity of the system to estimate the

109

4. Industrial System

Iron Ore Green Pellet Size Distribution
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Figure 9: Imaging and sieving results for 5 12 hours of production where the speed of the pelletising
disk was being changed.

sieve size.
The results show a strong capacity to estimate sieve size (with some error) even at the
presented high resolution sieve analysis where 5 size classes have a spacing of only 1 mm
and the 12.5–13 mm size class only a 0.5 mm spacing. The imaging results are calculated
for every minute between 9:00 and 14:30 and total 331 calculations. The plots of the
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imaging results are running averages across a 3 minute interval.
We note also that the image processing results show interesting variation between
each sieving measurement across the day which is one of the advantages of a continuous
online measurement system. In the future this will allow for a previously unattainable
high resolution examination of pellet size variation during production and lead to a much
better understanding and control of the pellet balling disk/drum.

5

Future research

The presented research provides fast feedback to the pelletising process with high resolution sieving results. This opens the door to autonomous closed loop control of the pellet
balling disk/drum and we expect advances in this area in the near future.
Application of the presented system to measurement of baked pellets prior to charging
the blast furnace in steel production is an immediately applicable application. Some
additional research may be necessary to investigate the varying conditions produced by
baked pellets speciﬁcally due to segregation error / brazil nut eﬀect [3, 4].
Extending the presented system to rocks on conveyor belt is also planned based on
the existing research of [6] on laboratory rock piles.
Further research into features for size measurement and classiﬁcation is also of interest,
speciﬁcally to establish sizing features that can complement best-ﬁt-rectangle [8].

6

Comments

The high speed camera ensures that we have a high density of 3D points at approximately
a spacing of 0.5mm in the plane of the conveyor belt. Having a data density at this high
resolution has at least two advantages. Firstly it allows us to detect small sliver or
crescent like regions of overlapped particles and ensure that they are not merged into
other regions. And secondly it ensured that we had a high resolution when it came to
measuring the size of each pellet, and allowed us to produce a size distribution with very
ﬁne spacing, speciﬁcally, 5, 8, 9, 10, 11, 12.5, 13, 14 and 16 mm size classes. Notably
there are 4 size classes that are only 1mm wide, and one size class (12.5 – 13 mm) that is
only 0.5mm wide. Without the high speed camera generating this high resolution data
it is the authors opinion that we could not have identiﬁed these size classes so eﬀectively.
Furthermore, we can say that the system achieves what a number of commercial
2D fragmentation measurement systems could not satisfactorily achieve for the pellet
producer, that is, accurate sizing of the green pellets.
Equivalent vision hardware can now be purchased oﬀ-the-shelf for about 15,000 Euros,
and the current system has been running for 14 months without the need for maintenance.
The product is now in a commercialisation phase and commercial enquiries can be
directed to the primary author 1 for forwarding to our commercial partner.
1

Matthew J. Thurley. E-mail: matthew.thurley@ltu.se

7. Conclusion
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Conclusion

An industrial prototype 3D imaging system for sizing of iron ore green pellets on conveyor
belt has been developed with the pellet sieve size distribution determined into 9 sieve size
classes between 5 mm and 16+ mm. The advantages for the pellet production plant are
fast, frequent, non-contact, consistent, high resolution measurement, and the potential
for closed loop control of the pellet balling disk/drum. Pellet identiﬁcation in the 3D
surface data has been performed using morphological segmentation and a new two feature
classiﬁcation applied to identify entirely visible and partially visible (overlapped) pellets.
Visibility classiﬁcation is an important distinction of this work as it allows entirely visible
pellets to be sized accurately, partially visible (overlapped) pellets to be ignored, and
prevents bias due to the sizing of partially visible pellets based on their limited visible
proﬁle. Literature review indicates that no other researchers in particle size measurement
for pellets or rocks make this distinction between entirely and partially visible particles.
Sizing of the entirely visible pellets is performed using best-ﬁt-rectangle which is classiﬁed
into 9 sieve size classes from 5 mm up to and including 16+ mm. This classiﬁcation is
trained on approximately one quarter of the sieving data using [20] error minimisation
with the resulting graphs of pellet size class illustrating a strong correlation between the
imaging results and the sieving samples.
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Abstract
Size measurement of pellets in industry is usually performed by manual sampling and
sieving techniques. Automatic on-line analysis of pellet size based on image analysis
techniques would allow non-invasive, frequent and consistent measurement. We evaluate
the statistical signiﬁcance of the ability of commonly used size and shape measurement
methods to discriminate among diﬀerent sieve-size classes using multivariate techniques.
Literature review indicates that earlier works did not perform this analysis and selected
a sizing method without evaluating its statistical signiﬁcance. Backward elimination
and forward selection of features are used to select two feature sets that are statistically
signiﬁcant for discriminating among diﬀerent sieve-size classes of pellets. The diameter
of a circle of equivalent area is shown to be the most eﬀective feature based on the
forward selection strategy, but an unexpected ﬁve-feature classiﬁer is the result using the
backward elimination strategy. The discrepancy between the two selected feature sets
can be explained by how the selection procedures calculate a feature’s signiﬁcance and
that the property of the 3D data provides an orientational bias that favours combination
of Feret-box measurements. Size estimates of the surface of a pellet pile using the two
feature sets show that the estimated sieve-size distribution follows the known sieve-size
distribution.

1

Introduction

Iron ore pellet sizes are a factor in the eﬃciency of the blast furnace process in the
production of steel. Overly coarse pellets aﬀect the blast furnace process negatively, but
this eﬀect can be minimised by operating the furnace with diﬀerent parameters [1]. An
on-line system for the measurement of pellet sizes could improve productivity through
fast feedback and eﬃcient control of the blast furnace.
In pellet manufacturing, green pellets are produced primarily from crushed iron ore
in a rotating pelletising disk or tumbling drum, after which they are baked in a furnace
to produce hardened black pellets. For quality control, manual sampling of the green
and black pellets is conducted. Green pellets are fragile and cannot withstand rough
treatment. Hence, limited sample sizes can be obtained, as green pellets have to be
measured manually. Larger samples can be taken of black pellets, as they are hard and
119
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withstand sieving with square meshes. Manual sampling and sieving techniques are the
industry standard, and the size distribution of particles is presented as a cumulative
percentage by weight for diﬀerent size classes. However, as the manual sampling is
performed infrequently and is time-consuming, there are long response times before an
estimate of the sieve-size distribution is available for operators in a pellet plant. The
response times can be as long as 12-48 hours from a taken sample to sieve-size analysis
in the laboratory environment. This makes manual sampling unsuitable for the eﬃcient
control of the pelletising process.
Thurley et al. [2] present an industrial prototype that measures the pellet sieve-size
distribution among nine sieve size classes between 5 mm and 16+ mm. A 3D surface data
capturing system based on active triangulation is used to collect the data. Segmentation
of the data is achieved using algorithms based on mathematical morphology of 3D surface
data. It is also shown that sizing of identiﬁed pellets gives promising results using the
best-ﬁt rectangle [3] measure.
Image analysis techniques promise a quick, inexpensive and non-contact solution to
determining the size distribution of a pellet pile. Such techniques capture information
about the surface of the pellet pile that is then used to infer the pile size distribution.
If image analysis techniques are to be adopted by industry, these techniques need to be
able to report the sieve-size distribution as it is reported by industry standards. That
is, the size distribution of particles must be presented by image analysis techniques as a
cumulative percentage by weight for diﬀerent size classes.
However, the implementation of an imaging system that is accurate and robust is
not a trivial and quick process. Assuming a robust and accurate surface data capturing
system with insigniﬁcant error is used, there are a number of sources of error relevant
to surface analysis techniques that need consideration and investigation. It may be
tempting to use multivariate calibration techniques to transfer surface data to known
sieve-size distributions. However, it is important to consider the following sources of
error and minimise them separately to get a general solution that is known to be robust
to all errors:
• Segregation and grouping error, more generally known as the Brazil nut eﬀect [4],
describes the tendency of the pile to separate into groups of similarly sized particles.
It is caused by vibration or motion (for example. as rocks are transported by truck
or conveyor), with large particles being moved to the surface.
• Capturing error [5],[6, Chap. 4] describes the varying probability based on size that
a particle will appear on the surface of the pile.
• Proﬁle error describes the fact that only one side of an entirely visible particle can
be seen, which may bias the estimate of particle size.
• Overlapped particle error describes the fact that many particles are only partially
visible, and a large bias to the smaller size classes results if they are treated as
small, entirely visible particles and sized using only their visible proﬁle.
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• Weight transformation error describes the fact that the weight of particles in a
speciﬁc sieve-size class may vary signiﬁcantly. As a sieve-size class is deﬁned by its
upper and lower bound where particles fall though, elongated particles may have
signiﬁcantly larger volumes than other particles.
The main aim of this research is to minimise proﬁle error by evaluating what size
and shape measurements are most eﬃcient at discriminating between diﬀerent sieve-size
classes. To allow this evaluation, we eliminate both segregation and capturing error from
the presented study by comparing the results against the actual pellets on the surface of
the pile rather than the overall pile size distribution. The weight transformation error
is eliminated by comparing only the number of particles of speciﬁc sieve-size classes on
the surface of the pile and not estimating their weights. We have previously shown that
visibility classiﬁcation can overcome overlapped particle error [7, 8]. In short, it is critical
to identify and exclude any partially visible particles before any size estimates of particles
in piles are made. This is possible with classiﬁcation algorithms that use a 3D visibility
measure and combine it with measures of particle shape. In the presented study, we
eliminate overlapped particle error by exclusion of the partially visible pellets from our
data.
Work has been published on the size estimation of iron ore pellets assuming that the
pellets are spherical [9, 10]. However, we have previously shown that spherical ﬁtting
is a poor measure of pellet size [11]. More work has been presented on size and shape
analysis of rock fragments, and we extend our literature review to include work presented
in that ﬁeld. A comparison of manual sampling and estimates of rock fragment size using
2D imaging analysis has been published [12, 13, 14, 15]. It has been reported by Wang
and Stephansson [15] that ”a systematic error compared to sieving analysis” is found.
Furthermore, a comparison of six commonly used particle size and shape measurements
was published by Wang [3], showing how the best-ﬁt rectangle is more useful than traditional measurements. Outal et al. present a method to connect 2D raw data to 3D
sieving measurements. The 3D surface measurement of rocks has been applied to segmentation where rocks had little or no overlap [16], to shape measurements of individual
rock fragments [17], or to rock fragments that lay in piles [6, 18]. Kim [16] used a volumetric measurement method to grade fragments into diﬀerent size classes, and Thurley
[6, 18] used the best-ﬁt rectangle as a measurement method to categorise fragments into
diﬀerent size classes. With the exception of Al-Thybat et al. [13], previously published
works have only used one single measurement when categorising fragments into diﬀerent
size classes. Al-Thybat et al. measured two parameters from 2D images and constructed
a joint conditional probability function to accurately determine fragment size.
In the presented research, samples synthesised in a controlled laboratory environment
were used to evaluate the signiﬁcance of commonly used size and shape measurement
methods for discrimination among pellet sieve-size classes. For clariﬁcation, we note that
in industry, manual sampling techniques result in a discretised sieve-size distribution
where each sieve-size class is reported as a percentage by weight of the whole sample.
We stress that in this study, we only observed the number of entirely visible pellets on
the surface of a pile and evaluated how to accurately estimate their size. Therefore, we
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estimated the discrete sieve-size distribution of the surface, where the sieve-size class
percentage by number of particles of the whole sample is reported. We also note that
this research does not relate to the choice of classiﬁcation method, and we used ordinal
logistic regression for discrimination among diﬀerent classes. Other classiﬁcation methods
may be used in practice, but in this research, we used logistic regression because it is
based on a theory that does not assume speciﬁc distributions for the feature values.
Backward elimination and forward selection of features using likelihood ratio to test
feature’s signiﬁcance were used to obtain two diﬀerent feature sets. These feature sets
were used to traing classiﬁers and evaluation of the classiﬁers’ performance were made
using the hold out method. Finally, size estimates of the surface of a pellet pile were
compared with the known surface sieve-size distribution of the pellet pile.

2

Samples of Pellet Piles

The primary location where an imaging system would be used in a pelletisation plant is
directly after the pellets have been formed. That is, right after the rotating pelletising
disk or tumbling drum. At this location, the pellets are called green pellets and are, as
mentioned in the introduction, fragile. Green pellets are unsuitable for any extensive
use in laboratory work. After the pellets are baked, they are hardened black pellets
that withstand rough treatment. Baked iron ore pellets are the product iron ore that
pellet producers ship to customers. They are hard and withstand long transportation
and falls between conveyor belts. These baked pellets are suitable for laboratory experiments where the pellets may be mixed, dumped and remixed several times. To enable
quantiﬁable analysis, a sample of baked iron ore pellets of around 30 kg was provided by
LKAB’s pellet plant in Malmberget, Sweden.
Mechanical sieving was used to separate the pellets into individual sieve-size fractions.
Mechanical sieving is the accepted industry technique for sizing pellets, where pellets fall
through a stack of sieves of diﬀerent sizes. Sieving is either performed manually using
sieve frames that are shaken individually or by automatic sieving machines where a stack
of sieve frames can be shaken together. The sample was sieved by a manual process
where the pellets are sieved through one frame at a time. For each sieve-size frame, the
pellets were spread across the sieve mesh with a hand brush, and the frame was shaken
to resolve individual pellets that stuck in the sieve mesh. The sample of baked iron ore
pellets was sieved into six size gradings. Sieve-size frames of 6.3, 9, 10, 11.2, 12.5 and 14
mms were used.
Each sieve-size class was painted and colour coded to allow manual identiﬁcation of
pellet sizes in mixed pellet piles. The pellets were painted with aerosol paint to create
a thin and evenly coated surface. Care was taken to prevent the pellet surface from
being aﬀected by excessive use of paint. In addition, colours that are easily separable by
manual observation were used.
In addition, to overcome overlapped particle error, we deﬁne two visibility classes:
entirely visible and partially visible. A pellet’s visibility depends on how much of a pellet
in a pile is visible when viewed from above. We deﬁne the class ”entirely visible” as
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particles whose xy-proﬁle is entirely visible or predominantly visible. That is, particles
whose xy-proﬁle is not occluded by other particles beyond a minor part of an edge. In
more detail, the ratio of data points that are missing because of occlusion to data points
that are visible may be around 1 to 10. A note is needed to clarify that this ratio is an
approximation by us as we cannot see the occluded part of the particle and therefore the
number of missing data points is not known. But this ratio can give an understanding
to how large portion is visible of an entirely and a partially visible particle. Partially
visible particles are occluded by another particle or other particles, depending on how
the particles are stacked on top of each other. For partially visible particles, a major
part of an edge is occluded by another particle so that the ratio between data points that
are missing and data points that are visible may be over 1 to 10. Also, partially visible
particles may have more than one edge occluded if several particles lay on top of the
partially visible particle. In this case, there may be several minor parts of the partially
visible particle that are occluded by other particles and the ratio of missing and visible
data points sum to over 1 to 10.
The coloured pellets were mixed and divided into two separate sets. The ﬁrst set
was used for evaluation of the signiﬁcance of each size and shape measurement method’s
ability to discriminate among pellet sieve-size classes. The resulting signiﬁcance measures
were then used to train classiﬁers for size classiﬁcation. Thus, the ﬁrst set is called the
training set. The second set was held out during development of the size classiﬁers.
Thus, the second set was only used to validate the classiﬁers’ performance and is called
the validation set. This method to evaluate classiﬁers’ performance is called the holdout
method, and Johnson states that ”this method has been shown to produce unbiased
estimates of the probabilities of correct classiﬁcation” [19, Ch. 7, p.220].
The two sets were loaded onto a laboratory conveyor belt, and the pile of pellets was
scanned with a 3D imaging system implemented by MBV Systems. The imaging system
is based on a projected laser plane and camera triangulation, which is depicted in Figure
1. The imaging system used in the laboratory consists of a laser with line-generating
optics, one camera mounted at an approximately 24-degree angle between the camera
line of sight and the laser line, one colour camera and two ﬂuorescent lamps. In addition,
a conveyor belt is controlled with a pulse generator, and a pulse encoder is mounted to
the axis of the conveyor belt to allow synchronisation of the cameras.
The collected sets of surface data were automatically segmented using mathematical
morphology algorithms, as detailed in [20]. The automatically segmented data were then
manually interrogated. The manual interrogation allowed the automatic segmentation
to be corrected where apparent errors existed. This way any segmentation errors were
removed from our data set. In addition, the manual interrogation allowed speciﬁcation
of each pellet’s size and visibility class. The training set had a total of 842 pellets on the
surface of the pile. Of these, 292 pellets were labelled as entirely visible, and the remaining
549 pellets were partially visible. The sieve-size distribution by number of pellets on the
pellet pile surface and of entirely visible pellets on the surface for the training set is
shown in Table 1. The validation set had a total of 794 pellets on the surface of the
pile. Of these, 301 pellets were labelled as entirely visible, and the remaining 493 pellets
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Figure 1: Conceptual image of a 3D imaging system based on laser triangulation with an example
of real 3D surface data of pellets (coloured by depth).

Table 1: Known size distribution of pellets on the surface for the training set.
All
Paint color
Orange
Pink
Grey
Red
Yellow
Green
∗
†



∗

Size

†

6.3
9.0
10.0
11.2
12.5
14.0



Entirely visible

%

#

%

15.70
16.39
40.50
21.28
4.04
2.02

132
138
341
179
34
17

11.64
18.84
41.44
20.21
5.48
2.40



#
34
55
121
59
16
7

Sieve class color.
The lower bound of each sieve size increment (mm)
Size distribution of all pellets on the surface
Size distribution of only entirely visible pellets on the surface

were partially visible. The sieve-size distribution by number of pellets on the pellet pile
surface and of the entirely visible pellets on the surface for the validation set is shown in
Table 2.

3

Size and Shape Measurement Methods

In the presented research, we extracted a total of 18 diﬀerent measures of a particle’s
size and shape. The measures are derived from six measurement methods previously
used by Wang [3], Al-Thybat et al. [13, 21] and Outal et al. [12]. Earlier work by
Wang compared six measurement methods: chord-sizing, Feret-box, maximum diameter,
equivalent-area circle, equivalent-area ellipse and multiple Feret-box. The multiple Feret-
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3. Size and Shape Measurement Methods
Table 2: Known size distribution of pellets on the surface for the validation set.
All
Paint color

∗

Orange
Pink
Grey
Red
Yellow
Green
∗
†



Size

†

6.3
9
10
11.2
12.5
14



Entirely visible

%

#

%

15.24
16.62
41.18
17.76
6.55
2.64

121
132
327
141
52
21

11.63
15.95
45.18
19.27
6.31
1.66



#
35
48
136
58
19
5

Sieve class color.
The lower bound of each sieve size increment (mm)
Size distribution of all pellets on the surface
Size distribution of only entirely visible pellets on the surface

box was further improved by Wang to be the best-ﬁt rectangle. It was concluded that
the best-ﬁt rectangle is more reasonable and useful than the traditional measurements.
In this study, we omitted the chord-sizing measurement method because it is less eﬃcient
than the simple Feret-box. Multiple Feret-box was also omitted, as the best-ﬁt rectangle
was shown by Wang to be an improved multiple Feret-box. Al-Thybat et al. combined
the mean Feret’s diameter and equivalent-area diameter to estimate the size of particles.
We did not explicitly calculate the mean Feret’s diameter, as it is a measure that is
derived from the multiple Feret-box, which we excluded from this analysis. Outal et
al. proposed a measure based on the maximum inscribed disc and the total area of
a particle to estimate the size of particles and on reconstructing volumes to estimate
particle weights. Based on a√presentation of their work, a good estimate of the volume
of a particle may be V = dA A where d is the diameter of the maximum inscribed disc
and A is the total area of a particle. To summarise, from the abovementioned work,
we used the Feret-box, maximum diameter, equivalent circle, equivalent-area ellipse and
maximum inscribed disc. In addition, we included the non-perpendicular axes method
in this analysis.
All measures have the potential to describe the size of pellets by themselves or in
R where we
combination. We imported the segmented 3D surface data into MATLAB,
implemented functions to extract the 18 diﬀerent measures. Equivalent area ellipse and
non-perpendicular axes were calculated using the function regionprops, which is a part
of the Image Processing ToolboxTM . A note is needed because our measurement system
collects 3D surface data, and many of the measurement methods are based on 2D image
data. We project the 3D surface data onto a regular 2D grid to allow analysis with
regular image analysis algorithms for certain methods. The six measurement methods
are depicted in ﬁgure 2.

3.1

Feret-box

The Feret-box is calculated by ﬁnding the maximum and minimum value of the particle’s
x or y values. The four measures length, width, diagonal of the rectangle (maximum
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 2: The diﬀerent size and shape measurement methods; (a) Feret-box; (b) Best-ﬁt rectangle; (c) Equivalent-area diameter; (d) Equivalent-area ellipse; (e) Non-perpendicular axes;
(f ) Maximum inscibed disk. The XY-projection of a pellet is depicted in white. The diﬀerent
measurement methods are depicted in grey.

length) and area of the rectangle are extracted from the Feret-box.

3.2

Best-ﬁt rectangle

The best-ﬁt rectangle is deﬁned as the rectangle with smallest area that ﬁts around
the region of interest at any rotation. We calculate the best-ﬁt rectangle by simply
determining the area of a rectangle that ﬁts around the region for every 1 degree rotation
and ﬁnding the rectangle with the smallest area. Seven measures are extracted from the
best-ﬁt rectangle to describe the size and shape of the particle: length, width, diagonal,
area, angle (orientation), elongation (length divided by width) and rectangularity (area
divided by particle area).

3.3

Equivalent-area circle

The equivalent-area circle is the circle with the same area as the particle. The diameter
of the equivalent-area circle describes the size of the particle. We calculate the area of
the particle by projecting the 3D surface data of the particle onto a regular 2D grid. The
area is the number of pixels in the image of the XY-projected data.

4. Evaluation of the Statistical Significance of Measurements

3.4
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Equivalent-area ellipse

The equivalent-area ellipse is the ellipse that has the same area and orientation as the
particle, where the centre of the ellipse equals the centre of the particle. To describe the
size and shape of the particle of interest, the major and minor axes are extracted from
the equivalent ellipse. As with the equivalent-area circle, we project the 3D surface data
of the particle to a regular 2D grid to allow area calculation.

3.5

Non-perpendicular axes

The non-perpendicular axes are deﬁned as the longest and shortest radius of a particle
that intersects the centre of the particle. These two measures, longest (major) and
shortest (minor), are used to describe the size and shape of the particle of interest.

3.6

Maximum inscribed disc

The maximum inscribed disc is the radius of the largest disc that ﬁts inside a particle.
We calculated it using a simple brute force method using the mathematical morphology
operator opening. That is, erosion followed by dilation using ﬂat disk-shaped structuring
elements with increasing radius. Our implementation starts with a disk of radius 1, and
as long the disk ﬁts inside the particle, there is an image with at least one region larger
than that disk. Any structuring element with a disk that does not ﬁt inside the particle
results in an empty image. This is when the iterative process stops. This measure
√ is used
to describe the size of the particle and is also used to calculate the value dA A used by
Outal et al. [12].

4

Evaluation of the Statistical Signiﬁcance of Measurements

In general, classiﬁers predict a response from a set of feature values. For size classiﬁcation of pellets, the response is the predicted size class of a pellet given a selected set
of the above mentioned measures of the pellet’s size and shape. More information on
classiﬁcation can be found in the books by Johnson [19], Dobson [22] and Hosmer and
Lemeshow [23].
Classiﬁers can be implemented based on diﬀerent methods. Common statistical methods include discriminant analysis, logistic regression and support vector machines. The
choice of classiﬁcation method may aﬀect the overall classiﬁcation accuracy, depending
on the distribution of the feature values. However, this research does not relate to the
choice of classiﬁcation method for the highest classiﬁcation accuracy and only notes that
the distribution of feature values in a data set may be important for investigation to
choose the right classiﬁcation method. Inspection of our data set shows that the feature
values are not multivariate normally distributed. The theory for discriminant analysis is
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based on feature values that have a multivariate normal distribution. For logistic regression, there is no assumption that feature values have a multivariate normal distribution.
The type of the response value also needs to be considered when a classiﬁcation method
is chosen. The response variable’s type for size classiﬁcation is ordinal, as there are six
size classes of pellets that range from sieve size 6.3 mm to 14 mm. Johnson [19] suggests
using logistic regression as a classiﬁcation method when the features’ values distributions
are not multivariate normal. Thus, we used ordinal logistic regression as the classiﬁcation
method in this research, but we note that other classiﬁcation methods may be equally
eﬃcient. Rigorous descriptions of logistic regression can be found in [22] and [23].
In this research, we evaluated the statistical signiﬁcance of diﬀerent size and shape
measurements to discriminate among pellet sieve-size classes. It is important to ﬁnd
a set of features that eﬀectively discriminate among diﬀerent classes to achieve high
classiﬁcation accuracy for a classiﬁer. If features that, in combination, do not discriminate
well between diﬀerent classes are used, the classiﬁer’s ability to discriminate among classes
can be expected to be low. It is important to select a set of features that, in combination,
contain information that can discriminate based on a speciﬁc property that separates
classes of interest. We selected two feature sets that are statistically signiﬁcant for
discrimination among pellet sieve-size classes using backward elimination and forward
selection of features.
We used the Statistics ToolboxTM in MATLAB to train the classiﬁers in this research.
That is, we used the function mnrﬁt to estimate parameters for the ordinal logistic
regression model. We also used the function chi2cdf, which also is a part of the Statistics
Toolbox in Matlab to look up chi-square statistics.

4.1

Ordinal Logistic Regression

Logistic regression is a statistical classiﬁcation method that can be used when the response variables are binary, ordinal or nominal. For response variables with a natural
order, the order can be used to form an expression for the cumulative probability using
ordinal logistic regression. The form of the ordinal logistic regression model is shown
in equation 1 where y is the response variable, x is a feature vector, β0i is a parameter
that depends on i, and β is a vector of parameters that is constant for all i. To clarify,
y is the response variable that the classiﬁer predicts. In our case, the response variable
was the sieve-size class of the pellet. The classiﬁer predicted a sieve-size class based on
the feature values in feature vector x, which could be composed by diﬀerent shape and
size measurements of pellets. The classiﬁer was trained to classify correctly by ﬁtting
the model, or more speciﬁcally, the parameters in β0i and β, via the use of maximum
likelihood estimation to a training set with known response values and feature values.


P (y ≤ i|x) =

eβ0i +β x
1 + eβ0i +β  x

(1)

In equation 1, the cumulative probability is shown, where the possible response values
are i = 1, 2, ..., J −1 and J, is the number of possible response values. P (y ≤ i|x) denotes

4. Evaluation of the Statistical Significance of Measurements

129

the probability that y ≤ i given the observed feature vector x. The probability for each
size class given a feature vector x is easily derived knowing that P (y ≤ J) = 1 and
P (y = i) = P (y ≤ i) − P (y ≤ i − 1). Finally, the predicted response of the classiﬁer is
the size class with highest probability. That is, the responses of the classiﬁers are y = k
where P (y = k|x) > P (y = l|x) for all l = k.

4.2

Feature’s signiﬁcance to pellet’s size

As stated before, 18 features were extracted to describe each visible pellet on the surface
of the pile. An important step when designing a classiﬁer is to select a set of features
that eﬃciently discriminate among desired classes. Exhaustive searches where all combinations of features are used to train a classiﬁer might be used to ﬁnd a set of features
that give the highest classiﬁcation accuracy. However, an exhaustive search might be
computationally expensive and might also result in a feature set that is overﬁtted to the
training data. That is, a feature set that does not perform well on unseen data.
There exist feature selection procedures that provide guidance to how features can be
eﬀectively selected for or eliminated from a feature set. Backward elimination, forward
selection and step-wise methods are common procedures. For simplicity, we used backward elimination and forward selection of features in this research even though step-wise
methods typically are preferred. We note that in our data, the step-wise methods give
the same results. The details of the procedures are described below. Common to the two
procedures are the criteria by which the procedures determine if a feature is signiﬁcant
for discriminating among diﬀerent classes. Diﬀerent criteria may be used, and for logistic
regression, the likelihood ratio test is recommended.
Likelihood ratio test
To test whether a feature is statistically signiﬁcant, it is recommended to use the likelihood ratio test [23]. The likelihood ratio test is used to compare the goodness-of-ﬁt
between nested models. That is, to test a simpler model against a more complex model
where the more complex model comprises the simpler model and additional features. The
likelihood ratio statistic is calculated by equation 2, where L0 and L1 are the maximised
values of the log-likelihood function for the simpler model and the more complex model.
The notation varies among diﬀerent authors but we follow the notation by Hosmer and
Lemeshow that use the notation G for the likelihood ratio statistic.
G = −2(L0 − L1 )

(2)

The sampling distribution of the likelihood ratio statistic is approximately a chisquare distribution. The degrees of freedom of the distribution are equal to the diﬀerence
in the number of parameters between the two models. In feature selection procedures
where only one feature is eliminated or selected at consecutive steps, the degrees of
freedom of the chi-square distribution are equal to 1. The chi-square distribution with
one degree of freedom at a signiﬁcance level of 0.02 is equal to 5.4119. Hence, if the
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G is greater than 5.4119, the diﬀerence between the models is statistically signiﬁcant,
and the diﬀerentiating feature is said to be statistically signiﬁcant. Similarly, if the G is
less than 5.4119, the diﬀerence between the models is statistically insigniﬁcant, and the
diﬀerentiating feature is said to be statistically insigniﬁcant.
Backward elimination
Backward elimination of features that are statistically insigniﬁcant for discriminating
between diﬀerent size classes of pellets is suggested by Johnson [19] when the number
of features is less than 16. As the number of features was close to the value Johnson
suggests, we proceeded with this process. Backward elimination of features is an iterative
technique that includes all features in the model as an initial step. The technique tests
whether there are features in the model that are statistically insigniﬁcant and removes
the least signiﬁcant one. It is important not to remove multiple features in each iteration,
even if they are determined to be statistically insigniﬁcant. Features may be insigniﬁcant
in combination with other features but signiﬁcant when those features are removed. The
iterative process stops when a set of features is obtained where all features are found to
be statistically signiﬁcant.
In Tables 3, the corresponding p-value of the likelihood ratio test for each feature in
the backward elimination process is shown. Each column is an iteration in the elimination
process, and the feature with the highest p-value is highlighted in bold. The feature with
the highest p-value is said to be statistically insigniﬁcant, and this indicates that the size
does not depend on that particular feature. Thus, the feature with the highest p-value
is removed from the model. With a signiﬁcance level of 0.02, a ﬁnal set of ﬁve features
was composed. The selected features were length, width and diagonal of the Feret-box
and the major and minor axes of the equivalent-area ellipse.
Forward Selection
An alternative to backward elimination of statistically insigniﬁcant features is forward
selection of statistically signiﬁcant features. Forward selection is a procedure that, in
contrast to backward elimination, begins with an empty model. The forward selection
procedure begins by testing if any feature is statistically signiﬁcant enough to add to the
model. If several features are statistically signiﬁcant, the feature that is most signiﬁcant
is added to the model. It is important that only one feature is added to the model at
each step in the forward selection procedure. In the next iteration, all remaining features
are tested for inclusion in the model. The procedure stops when no new features meet
the criteria of inclusion in the model.
The results of the forward selection can be seen in Table 4. It is interesting to
note that in the ﬁrst step, all features except the angle of the best-ﬁt rectangle were
statistically signiﬁcant (G ≥ 5.4119). However, the diameter of the equivalent-area circle
stands out as most eﬀective for discrimination among√size classes of pellets. It is worth
noting that the area of the best-ﬁt rectangle and dA A were eﬀectively tied for second
most signiﬁcant feature. In the second step of the procedure, no further features should

Feret length
Feret width
Feret diagonal
Feret area
BFR length
BFR width
BFR diagonal
BFR area
BFR angle
BFR elongation
BFR rectangularity
Equivalent diameter
Major (ellipse)
Minor (ellipse)
Major
Minor
Maximum inscribed
disk
√
dA A

Feature

0.079
0.242

0.080
0.243

0.081
0.239

0.079
0.077
0.040
0.507
0.282
0.270
0.540
0.629
0.084
0.050
0.622

0.080
0.078
0.040
0.507
0.278
0.277
0.536
0.742
0.172
0.087
0.629
0.828

Step 3
< 0.001
< 0.001
< 0.001

Step 2
< 0.001
< 0.001
< 0.001

0.060
0.054
0.003
0.88
0.201
0.146
0.063
0.772
0.277
0.274
0.540
0.739
0.171
0.868
0.641
0.819

Step 1

Step 5

0.074
0.148

< 0.001
0.001

0.003
0.001
0.547

0.074
0.153

0.035
0.041
0.021
0.361
0.260
0.270
0.344

< 0.001
< 0.001
< 0.001

0.037
0.042
0.022
0.372
0.261
0.255
0.360

< 0.001
< 0.001
< 0.001

Step 4

Step 7

0.099
0.182

< 0.001
< 0.001

0.261

0.261
0.421
0.325

0.110
0.238

< 0.001
< 0.001

0.280

0.051
0.074
0.047

< 0.001
< 0.001
< 0.001

0.043
0.053
0.032

< 0.001
< 0.001
< 0.001

Step 6

0.165
0.209

< 0.001
0.001

0.22

0.070
0.100
0.058

< 0.001
< 0.001
< 0.001

Step 8

0.171
0.249

0.001
0.002

0.070
0.098
0.060

< 0.001
< 0.001
< 0.001

Step 9

0.722

0.001
0.004

0.062
0.089
0.054

< 0.001
< 0.001
< 0.001

Step 10

< 0.001
< 0.001

0.068
0.097
0.059

< 0.001
< 0.001
< 0.001

Step 11

0.002
< 0.001

0.011

0.080

< 0.001
< 0.001
< 0.001

Step 12

< 0.001
< 0.001

0.041

0.002
0.002
< 0.001

Step 13

< 0.001
< 0.001

0.010
0.009
0.007

Step 14

Table 3: Backward elimination of features to remove statistically insigniﬁcant features. p-values for each feature in steps 1 to 14 of
the backward elimination process are shown. The likelihood ratio test was used to compare goodness-of-ﬁt between nested models. At
each step, the feature with the highest p-value is highlighted, as it was considered as statistically insigniﬁcant and removed from the
model.
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Table 4: Forward selection of statistically signiﬁcant features for inclusion. The likelihood ratio
test was used to compare goodness-of-ﬁt between nested models. At each step, the feature with
the highest p-value is highlighted, as it considered as statistically signiﬁcant and included in the
model. When no feature was statistically signiﬁcant, the selection procedure was stopped.
Feature

Step 1
G

Feret length
Feret width
Feret diagonal
Feret area
BFR length
BFR width
BFR diagonal
BFR area
BFR angle
BFR elongation
BFR rectangularity
Equivalent diameter
Major (ellipse)
Minor (ellipse)
Major
Minor
Maximum
inscribed disk
√
dA A

247.124
249.746
341.726
347.392
286.624
342.642
375.940
378.200
0.332
5.494
8.526
408.748
302.516
349.806
292.478
306.776
295.214
379.571

Step 2
p-value
0
0
0
0
0
0
0
0
0.5645
0.0191
0.0035
0
0
0
0
0
0
0

G

p-value

0.456
0.004
0.964
0.352
0.224
0.322
0.034
0.026
0.952
0.184
2.178

0.4995
0.9496
0.3262
0.5530
0.6360
0.5704
0.8537
0.8719
0.3292
0.6680
0.1400

0.160
1.340
1.064
0
0.212
0.040

0.3460
0.2470
0.3023
1
0.6452
0.8415

be added, as any improvement from additional features was statistically insigniﬁcant
(G < 5.4119). This result showed that the diameter of the equivalent-area circle was the
most eﬀective feature for size determination of pellets.
Comments about the two selected feature sets
The two diﬀerent feature selection procedures resulted in completely diﬀerent feature
sets. By use of forward selection, a feature set was selected that consisted only of the
diameter of the equivalent-area circle. An unexpected feature set was selected using the
backward elimination procedure, where ﬁve features were kept from the two size and
shape measurement methods Feret-box and equivalent-area ellipse.
The resulting diﬀerence between the two feature selection procedures can be explained
by how the procedures calculate a feature’s signiﬁcance. The procedure using forward
selection begins with an empty model and adds one feature at a time to the model. This
promotes a ﬁnal feature set with fewer features relative to backward elimination, which
often is preferred due to simplicity. Backward elimination starts with a full feature set
and eliminates one feature at a time. This promotes combinations of features that a
forward selection procedure does not take into account. Therefore, backward elimination
can result in a feature set where a speciﬁc combination of features might be important
for the speciﬁc feature’s signiﬁcance.
It is surprising that the three measures of length, width and diagonal of the Feretbox were selected. Wang [3] argued that the best-ﬁt rectangle is more useful than the
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Feret-box. Intuitively, this makes sense because the Feret-box has a ﬁxed orientation,
and particles in images cannot be expected to orient in certain directions. However,
the imaging system uses a projected laser line with camera triangulation to capture 3D
surface data, which results in some occlusion at a ﬁxed orientation for all imaged pellets.
In our application, the occlusion will be present at one side of the pellet along the y-axis.
In summary, that property of the 3D data provides an orientational bias that favours the
Feret-box measurement.
Finally, the diameter of the equivalent-area
circle stands out as the most eﬀective fea√
ture, and the best-ﬁt rectangle and dA A are eﬀectively tied for second most signiﬁcant
feature, when a single feature is selected. Our initial belief was that a combination of
features would be useful to improve classiﬁcation accuracy. However, for sizing of pellets,
no additional features were selected using the forward selection procedure.

4.3

Implementation of classiﬁer

During feature selection, multiple classiﬁers were trained at each step of the backward
elimination and forward selection procedures using equation 1. As mentioned before, the
classiﬁers were trained using the function mnrﬁt in Statistics Toolbox in MATLAB. Using
maximum likelihood estimation, mnrﬁt can estimate parameters to ordinal, nominal or
hierarchical logistic regression models. It also returns the deviance of the ﬁt of the model,
which was used to compare nested models during the feature selection process.
The two selected sets of features can be implemented in any program for practical
use. For the feature set selected using forward selection the estimated β0i and β were
⎡
⎤
27.927
⎢ 30.409 ⎥
⎢
⎥


⎥
β0i = ⎢
⎢ 35.041 ⎥ and β = 1.404
⎣ 38.898 ⎦
41.551
and the estimated β0i and β for the feature set selected using backward elimination
were
⎡
⎤
⎡
⎤
29.204
5.523
⎢ 31.773 ⎥
⎢ 5.770 ⎥
⎢
⎥
⎢
⎥
⎥ and β = ⎢ −8.031 ⎥
36.554
β0i = ⎢
⎢
⎥
⎢
⎥
⎣ 40.577 ⎦
⎣ 0.717 ⎦
43.315
0.776
As we have six sieve-size classes, equation 1 resulted in ﬁve functions that compose
the classiﬁer. We implemented the classiﬁer in MATLAB for the two feature sets. For
clariﬁcation, we detail below all functions that compose the classiﬁer and that are based
on the equivalent-area circle.
P (y=1)=P (y≤1)=

e27.927+1.404x
1+e27.927+1.404x
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P (y=2)=P (y≤2)−P (y≤1)=

27.927+1.404x
e30.409+1.404x
− e 27.927+1.404x
1+e30.409+1.404x
1+e

P (y=3)=P (y≤3)−P (y≤2)=

30.409+1.404x
e35.041+1.404x
− e 30.409+1.404x
1+e35.041+1.404x
1+e

P (y=4)=P (y≤4)−P (y≤3)=

35.041+1.404x
e38.898+1.404x
− e 35.041+1.404x
1+e38.898+1.404x
1+e

P (y=5)=P (y≤5)−P (y≤4)=

38.898+1.404x
e41.551+1.404x
− e 38.898+1.404x
1+e41.551+1.404x
1+e

P (y=6)=P (y≤6)−P (y≤5)=1−

e41.551+1.404x
1+e41.551+1.404x

It is easy to depict the class probabilities for one feature classiﬁer. By varying the
value of the equivalent-area circle, it is possible to compute the probabilities for the six
diﬀerent classes to generate the class probability plot shown in Figure 3. In the case
where only one feature is used, thresholds can be found and used for classiﬁcation. This
is not the case with feature sets composed of multiple features.

4.4

Validation

How well the sizing classiﬁer performed was validated using the holdout method. The
holdout method is a technique where the classiﬁer is developed on a speciﬁc training set.
A test set, separate from the training set, is used to estimate how the classiﬁer performs
on new data. This method gives an unbiased estimate of the classiﬁer’s performance. As
our data consisted of two separate piles of pellets collected under the same conditions,
we used the ﬁrst pile as the training set and the second pile as the test set.
The sizing classiﬁcation results for the entirely visible pellets are shown by the use
of confusion matrices. This is to allow the reader to see the classiﬁcation accuracy for
each size class. In a confusion matrix, the known class is shown in the left column. The
percentage and the number of correct and misclassiﬁed pellets is presented at each row
in the table. For comparison, the confusion matrices of the classiﬁers with the features
sets selected by backward elimination are shown in Table 5 and by forward selection
in Table 6. The confusion matrices show that the classiﬁcation accuracies for the two
diﬀerent feature sets were similar. Size classes 6.3 mm, 10 mm, 11.2 mm and 14 mm
were classiﬁed correctly with more than 68 % accuracy. The classiﬁcation accuracy was
lower for the two size classes 9 mm and 12.5 mm. However, we note that a majority of
misclassiﬁed pellets were classiﬁed to a size class close to the known size class.
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Figure 3: Probability plots for (a) cumulative probabilities, P (y ≤ i), and (b) class probabilities,
P (y = i), for diﬀerent values of the feature equivalent-area circle. At any point along x, the
class probabilities sum to 1.
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Table 5: Confusion matrix that shows how pellets of each size class are classiﬁed with the
feature set selected using backward elimination. The ﬁve selected features are the length, width
and diagonal of the Feret-box and the major and minor axes of the equivalent ellipse. The
ﬁgures are the percentage of a known size class classiﬁed as a speciﬁc size class, and the ﬁgures
in brackets are the number of pellets of a known size class classiﬁed as a speciﬁc size class.
Known
size class
6.3
9
10
11.2
12.5
14

Predicted size class
6.3

9

10

11.2

12.5

14

85.71(30)
10.42(4)
2.21(3)
0
0
0

8.57(3)
35.42(17)
8.09(11)
0
0
0

5.71(2)
54.17(26)
85.29(116)
22.41(13)
0
0

0
0
4.41(6)
68.97(40)
26.32(5)
20(1)

0
0
0
8.62(5)
31.58(6)
0

0
0
0
0
42.11(8)
80(4)
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Table 6: Confusion matrix that shows how pellets of each size class are classiﬁed with the feature
set selected using forward selection. The only feature selected is the diameter of the equivalentarea circle. The ﬁgures are the percentage of a known size class classiﬁed as a speciﬁc size class,
and the ﬁgures in brackets are the number of pellets of a known size class classiﬁed as a speciﬁc
size class.
Known
size class
6.3
9
10
11.2
12.5
14

Predicted size class
6.3

9

10

11.2

12.5

14

85.71(30)
8.33(4)
1.47(2)
0
0
0

11.42(4)
33.33(16)
8.09(11)
0
0
0

2.85(1)
58.22(28)
85.29(116)
20.69(12)
5.26(1)
0

0
0
5.14(7)
70.69(41)
15.79(3)
20(1)

0
0
0
8.62(5)
36.84(7)
20(1)

0
0
0
0
42.10(8)
60(3)

An estimate of the surface size distribution was achieved for the entirely visible pellets
for each of the two selected feature sets. In Figure 4, the known and estimated surface
size distributions are shown for the entirely visible pellets on the surface of the pile. The
dashed line is the estimated surface size distribution; it follows the solid line, which is
the known surface size distribution. It is clear that the estimated size distributions for
the two diﬀerent feature sets are similar. The estimated size distribution followed the
known size distribution, with the most signiﬁcant deviations for size class 9 mm, which
was underestimated, and size class 10 mm, which was overestimated.

5

Conclusions

We evaluated the statistical signiﬁcance of the ability of commonly used size and shape
measurement methods to discriminate among diﬀerent sieve-size classes of pellets using
multivariate techniques. A sample of baked iron ore pellets of around 30 kg was used.
The sample was manually prepared in a controlled laboratory environment to allow quantiﬁable analysis. We used the statistical method ordinal logistic regression to estimate
pellet size. Ordinal logistic regression allows classiﬁcation among classes that have natural order, as sieve-size classes have. Also, ordinal logistic regression allows the use of
multiple features in combination to achieve higher classiﬁcation accuracy when sizing
pellets. The most important ﬁndings were:
• Backward elimination and forward selection procedures were used to ﬁnd statistically signiﬁcant feature sets with the ability to discriminate among diﬀerent sievesize classes. The procedures resulted in two diﬀerent feature sets that eﬃciently
discriminated among the sieve-size classes of pellets.
• An unexpected feature set consisting of three measures from the simple Feretbox and two measures of the equivalent-area ellipse was selected using backward
elimination. The resulting feature set using forward selection was comprised only
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Figure 4: Known and estimated sieve-size distribution of the pellets on the surface for the
entirely visible pellets when feature sets based on (a) backward elimination and (b) forward
selection are used. The solid line is the known and the dashed line is the estimated surface-size
distribution of entirely visible pellets.

of the diameter of the equivalent-area circle. The discrepancy between the two
selected feature sets can be explained by how the selection procedures calculate a
feature’s signiﬁcance and that the propery of the 3D data provides an orientational
bias that favours combination of Feret-box measurements.
• Classiﬁers were implemented using the selected feature sets and validated using
the hold out method. Both feature sets gave similar results, where the estimated
sieve-size distribution followed the known sieve-size distribution.
• For size estimation of pellets, the equivalent-area circle stands out as the most
eﬃcient feature for discrimination among sieve-size classes. No additional features
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can signiﬁcantly improve the classiﬁcation accuracy. This can be explained by the
fact that pellets are relatively circular in shape.
As the two selected feature sets gave similar classiﬁcation accuracy, the simpler feature
set with one feature is preferred when constructing a ﬁnal classiﬁer. However, we believe
that this approach of combining features to discriminate among diﬀerent sieve-size classes
may be more useful in size estimation of rocks. We expect to apply these techniques to
rocks in the near future.
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Visibility Classiﬁcation of Rocks in Piles
Tobias Andersson and Matthew J. Thurley

Abstract
Size measurement of rocks is usually performed by manual sampling and sieving techniques. Automatic on-line analysis of rock size based on image analysis techniques would
allow non-invasive, frequent and consistent measurement. In practical measurement systems based on image analysis techniques, the surface of rock piles will be sampled and
therefore contain overlapping rock fragments. It is critical to identify partially visible
rock fragments for accurate size measurements. In this research, statistical classiﬁcation
methods are used to discriminate rocks on the surface of a pile between entirely visible and partially visible rocks. The feature visibility ratio is combined with commonly
used 2D shape features to evaluate whether 2D shape features can improve classiﬁcation
accuracies to minimize overlapped particle error.

1

Introduction

In the mining and aggregate industry, measurements of the size of rocks are important.
Measurements of the size of rocks can be used for quality control before delivery to
customers. Also, accurate measurement of fragments size can be used for process control
to allow eﬃcient handling of the material.
Manual sampling followed by sieving with a square mesh is often used for quality
control. The manual sampling is performed infrequently and is time-consuming. For
eﬃcient process control fast feedback of a measurement technique is required.
Image analysis techniques promise a quick, inexpensive and non-contact solution to
determining the size distribution of a rock pile. Such techniques capture information
of the surface of the rock pile which is then used to infer the pile size distribution.
Work has been published on size and shape analysis of rock fragments. Comparison
of manual sampling and estimates of rock fragment’s size using 2D imaging analysis
has been published [1, 2, 3, 4, 5]. 3D surface measurement of rocks has been applied
to segmentation where rocks had little or no overlap [6], or to shape measurements of
individual rock fragments [7]. However, in practice, rocks are not loaded and transported
individually. Rocks are often transported on conveyor belt systems where the rocks lie
in a pile. So, overlapping rock fragments will be present in a practical measurement
system. Therefore, the system must minimize overlapping particle error. Overlapping
particle error describes the fact that many particles are only partially visible and a large
bias to the smaller size classes results if they are treated as small entirely visible particles
and sized using only their visible proﬁle. To minimize overlapped particle error, Thurley
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and Ng have presented work where a 3D feature called visibility ratio have been used to
classify the visibility of rocks [8]. In earlier work we have classiﬁed pellets on a surface of
a pile into entirely and partially visible pellets to overcome overlapped particle error [9].
In the presented research, the 3D visibility ratio is combined with commonly used
2D shape features to evaluate whether 2D shape features can improve classiﬁcation performance. As it is critical to identify partially visible rocks and exclude them from any
size estimates, not only minimum error rate decision rule is used. Minimum risk decision
rule is used in this research to further increase the identiﬁcation rate of partially visible
pellets.

2

3D Surface Data

A sample of crushed basalt rock fragments was manually sieved into the three size classes
11.2–16.0, 16.0–22.4 and 22.4–31.5 mm. The rocks where color coded to allow manual
identiﬁcation of rock sizes in mixed rock piles. 3D surface data of 10 rock piles was
collected using the Monash Shape Measurement system developed by Alexander and Ng
[10]. Thurley and Ng [11] details the collection of the rock piles used in this research.
The 10 rock piles was divided into two separate sets. The ﬁrst set, called training set,
will be used to develop algorithms for visibility classiﬁcation. The second set, called hold
out set, will be held out during development of visibility classiﬁers. Thus, the second set
will only be used to validate the classiﬁers performance.
The 3D surface data of the training and hold out set was manually interrogated to
segment the data. A sample of one rock pile is shown in ﬁgure 1 where the manual
segmentation is shown. Each rock was also labelled with its visibility class based on how
much of the rock that was visible. The training set has a total number of 1069 rocks
on the surface of the piles. 568 rocks are labelled as entirely visible and the remaining
501 rocks are partially visible. The hold out set has a total number of 1010 rocks on the
surface of the piles. 515 rocks are labelled as entirely visible and the remaining 495 rocks
are partially visible.

3

Classiﬁcation

Estimating the size of entirely visible rocks have been successful using the best-ﬁt rectangle [8]. However, best-ﬁt rectangle do not discriminate eﬀectively between size classes
of partially visible rocks. It is critical to identify partially visible rocks and exclude them
from any size estimates.
In this research we extract features to describe each rock, select a set of feature using
binary logistic regression, use classiﬁers based on minimum error rate and minimum risk
decision rules and validate the classiﬁers performance using the hold out method.

3. Classification
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Figure 1: 3D surface model viewed from above. The sample is color coded to display the manual
segmentation.

3.1

Feature Extraction

A 3D feature called visibility ratio have been used by Thurley and Ng to classify the
visibility of rocks in piles [8]. In image analysis, shape analysis is a common approach
to describe and classify regions, that comprise speciﬁc objects, in an image. 2D shape
features have been used to detect broad-leaved weeds in cereal crops [12], to investigate
the suitability of an imaging system to measure shape of particles [13] and for detection
and classiﬁcation of rocks [14].
In earlier work [9], where we presented methods for visibility classiﬁcation of pellets
in piles, features with scale were used. The features visibility ratio, equivalent area
diameter, minor axis and major axis were eﬀective to discriminate between entirely and
partially visible pellets. The intended application, an industrial prototype, used the same
measurement setup as in the laboratory. So, any classiﬁer that worked would be suitable
for the industrial prototype.
This rock data do not consist of the same type of rocks, the same kind of range of
sizes, or the same kind of 3D data that might be used in an industrial system. Thus, it
is very important to intelligently choose classiﬁers that will be suﬃciently generic. For
example, as the rocks in the sample range from sieve size classes of 11.2 mm to 31.5 mm
and the resolution of the laboratory imaging system makes it possible to detect smaller
sizes than that, it is important to not use features with scales. That is, measures like the
area or length of the minor axis of the region would bias a classiﬁer so that small regions
are more likely to be partially visible. Therefore, in this research we only use scale less
features and the 11 features that are extracted to describe each rock are described below:
• Visibility ratio [8] is a boundary following algorithm that accommodates sparse,
irregularly spaced 3D coordinate data to allow the determination of entirely visible
and partially visible rocks.
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• Aspect ratio [13] is calculated by equation 1 and is the ratio between the minor and
major axis length of the region. The minor and major axis is the non-perpendicular
shortest and longest axis across the region.
AR =

M ajor
M inor

(1)

• Circularity of an region is commonly calculated by equation 2. This technique to
calculate the circularity of regions is popular but is shown to give incorrect results
[15] due to fact that the perimeter is not a quantity which can be approximated
well in digital images. However, we include this measure in the analysis.
C=

P erimeter2
4πArea

(2)

• Ratio 1 [12] is a measure of the region’s ”compactness” and is calculated by equation 3. That is, the measure is the major axis squared divided by the area.
Ratio1 =

M ajor2
Area

(3)

• Ratio 2 [12] is also a measure of the region’s ”compactness” and is calculated by
equation 4.
Ratio2 =

M inor2
Area

(4)

• Ratio 3 [12, 16] (or called perimeter by Niekum) is yet another measure of the
region’s ”compactness” and is calculated by equation 5. Note that the quantity
perimeter is in the equation and therefore the feature should be treated carefully.
Ratio3 =

P erimeter2
Area

(5)

• Eccentricity [17] is the ratio between the foci of an ellipse and its major axis
length. The ellipse has the same second-moments as the region. The value range
between 0 for a circular region and 1 for a line segment.
• Solidity [17] is the proportion of the pixels in the convex hull that are also in the
region. The convex hull is the smallest convex polygon that can contain the region.
• Extent [17] is the proportion of the pixels in a Feret-box that are also in the
region. A Feret-box is calculated by ﬁnding the maximum and minimum value of
the regions i- and j-coordinates.
• Elongation [5] is the ratio between the minor and major axis of the Best-Fit
rectangle.
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• Rectangularity [5] is the ratio between the region area divided by the Best-Fit
rectangle area.

3.2

Classiﬁcation methods

The distribution of feature values in a data set is important to investigate in order to
choose the right classiﬁcation method. Inspection of our data set shows that the feature
values are not multivariate normally distributed. The type of the response value also
need to be considered when classiﬁcation method is chosen. The response variable’s type
is binary for the visibility classiﬁcation as the visibility class of a rock is either entirely
visible or partially visible.
Johnson [18] suggests to use logistic regression as a classiﬁcation method when the
features values distribution are not multivariate normal. A rigorous description of logistic
regression can be found in An Introduction to Generalized Linear Models [19].
Logistic regression can be used when the response variable are binary, ordinal or
nominal. In the case when the response variable can only take two values, the method
is called binary logistic regression. The form of the logistic regression model is shown in
equation 6 where y is the response variable, x is a feature vector, β0 is a constant and
β1 is a vector of parameters. P (y = 1|x) denotes the probability that y = 1 given the
observed feature vector x. The model, or more speciﬁcally, β0 and β1 is ﬁt to the known
data via the use of maximum likelihood estimation.


eβ0 +β1 x
(6)

1 + eβ0 +β1 x
When the model is ﬁtted to the known data, the conditional probabilities P (y = 0|x)
and P (y = 1|x) can be calculated for new data and a decision be made by the classiﬁer
to what class the new data most probable belong. Following the notation in the book
Pattern Recognition [20], a decision rule that minimizes the average probability of error
is the minimum error rate decision rule. The minimum error rate decision rule is to
decide y = 0 when
P (y = 1|x) =

P (y = 0|x) > P (y = 1|x)
As it is critical to identify the partially visible rocks and exclude them from any
further analysis, a minimization of the error rate may result in too many partially visible
rocks being classiﬁed as entirely visible. An alternative to the above classiﬁcation rule is
the minimum-risk decision rule. One way to deﬁne the minimum-risk decision rule is to
decide y = 0 when
R(y = 0|x) < R(y = 1|x)
The conditional risks R(y = 0|x) and R(y = 1|x) is deﬁned by equation 7 and 8,
where λij is the loss incurred for deciding i when the true class is j. This will be used in
our experiment to penalize misclassiﬁcation of partially visible rocks as entirely visible
rocks.
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R(y = 0|x) = λ00 P (y = 0|x) + λ01 P (y = 1|x)

(7)

R(y = 1|x) = λ10 P (y = 0|x) + λ11 P (y = 1|x)

(8)

Feature Selection

We extract 11 features to describe each visible rock on the surface of the pile. An
important step when designing a classiﬁer is to select a set of features that can be used
to discriminate between classes eﬃciently. Diﬀerent procedures for selection of features
have been proposed to guide researchers to select an eﬃcient set of features. In this
research, we use forward selection of features. Forward selection is an iterative technique
that begin with an empty model. If some features are calculated to be statistically
signiﬁcant to include in the model, the feature that is most signiﬁcant is added to the
model. It is important that only one feature is added to the model at each step in the
forward selection procedure. In the next iteration all remaining features are tested for
inclusion to the model. The procedure stops when no new features meet the criteria of
inclusion in the model.
To test whether a feature is statistical signiﬁcant we use the likelihood ratio test. The
likelihood ratio test is used to compare the goodness-of-ﬁt between nested models. That
is, to test a simpler model against a more complex model. The likelihood ratio statistic
is calculated by equation 9, where L0 and L1 is the maximized value of the log-likelihood
function for the full model and the reduced model.
LR = −2(L0 − L1 )

(9)

The sampling distribution of the likelihood ratio statistic is approximately a chi-square
distribution. The degrees of freedom of the distribution are equal to the diﬀerence in
the number of parameters between the two models. In a forward selection procedure for
binary logistic regression the degrees of freedom of the chi-square distribution is equal
to 1 when LR is considered between consecutive steps. The chi-square distribution with
one degree of freedom at a signiﬁcance level of 0.01 equal to 6.63. This result in that
the LR between two models have to be larger than 6.63 for a feature to be determined
statistically signiﬁcant and included in the model.
The results of the forward selection can be seen in table 1. In the ﬁrst step, it is
interesting to note that all features are statistically signiﬁcant. With a likelihood ratio
of 674.1, the visibility ratio stands out to be the most eﬀective feature for discrimination
between entirely and partially visible rocks. This was expected as the visibility ratio is
designed to measure the visibility of fragments in a pile based on the 3D data. Solidity is
the second most eﬀective feature with a likelihood ratio of 436.2. This is also expected.
Our belief before we did this experiment was that if any feature would improve the
classiﬁcation of visibility of rocks, solidity would contribute with most information about
the visibility of rocks. This is because when a rock is partially occluded by other rocks,
the rock will probably have concave parts that are occluded and the solidity measure
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Feature
Visibility ratio
Aspect ratio
Circularity
Ratio 1
Ratio 2
Ratio 3
Eccentricity
Solidity
Extent
Elongation
Rectangularity

Step 1
LR
p∗
674.1
0
79.5
0
195.2
0
196.6
0
193.7
0
195.2
0
74.7
0
436.2
0
297.1
0
53.8
0
185.7
0

Step 2
LR
p∗
25.3
60.2
64.4
68.2
60.2
23.6
136.6
91.6
19.0
44.0

0
0
0
0
0
0
0
0
0
0

Step 3
LR
p∗

Step 4
LR
p∗

Step 5
LR
p∗

Step 6
LR
p∗

0.8
11.2
2.9
3.4
11.2
1.8

0.36
0.00
0.09
0.07
0.00
0.18

1.0
9.3
4.8
2.5
9.3
3.6

0.32
0
0.03
0.11
0
0.06

3.0

0.08

5.5

0.02

10.4
4.1
0.0
5.9

0
0.04
0.83
0.01

0
0
0

0.84
0.88
0.88

2.5
0.3
15.9

0.11
0.56
0.00

5.8
0.5

0.02
0.48

6.6
1.9

0.01
0.17

2.4
2.9

0.12
0.09

Table 1: Forward selection of features where a signiﬁcance level of 0.01 is used for inclusion of
new features to the model. The likelihood ratio, LR, and its corresponding p-value is shown for
each feature.

is a measure of this eﬀect. The other features are statistically signiﬁcant but do not
improve the model as much as the features visibility ratio and solidity. And in the second
step solidity is selected with a likelihood ratio of 136.6. In steps 3 to 5 Rectangularity,
Circularity and ratio 1 are selected with likelihood ratios 15.9, 9.3 and 10.4 respectively.
In the sixth step of the procedure no further features are selected as any improvement of
additional features are statistically insigniﬁcant (LR < 6.63).

3.4

Estimating the classiﬁers performance

The estimated classiﬁcation accuracy for the model at each step is shown in a confusion
matrix, where the number of entirely or partially visible rocks classiﬁed as entirely or
partially visible is shown. Note that this estimated performance is generated with the
resubstitution method. That is, the same data that was used to train the classiﬁer is used
to estimate the how the classiﬁer works on the same data. It has to be emphasized that
the use of resubstitution to estimate a classiﬁer’s performance will generate overoptimistic
results.
A confusion matrix is shown in table 2 for the estimated classiﬁcation accuracies that
use the minimum error rate decision rule. Note that with only the visibility ratio, an
overall classiﬁcation accuracy of 83.8 % is achieved. The overall classiﬁcation accuracy
increase as features are added to the model. At the ﬁfth and ﬁnal step the overall classiﬁcation accuracy reaches 88.4 %. Interesting to note is that the classiﬁcation accuracy
for partially visible rocks are consistently worse than for entirely visible rocks. The consequence being that further analysis of the classiﬁed entirely visible rocks will contain a
high degree of partially visible rocks.

4

Validation of Visibility Classiﬁcation

As the resubstitution method give overoptimistic results, the classiﬁers performance are
validated using the holdout method. The holdout method is a technique where a classiﬁer
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Known
Ent. visible
Part. visible
Overall %
Ent. visible
Part. visible
Overall %
Ent. visible
Part. visible
Overall %
Ent. visible
Part. visible
Overall %
Ent. visible
Part. visible
Overall %

Predicted
Entirely visible
Partially visible
482
86
87
414
498
82

70
419

500
79

68
422

506
73

62
428

512
68

56
433

% Correct
84.9
82.6
83.8
87.7
83.6
85.8
88.0
84.2
86.2
89.1
85.4
87.4
90.1
86.4
88.4

Table 2: Classiﬁcation accuracy estimated on the training set for each step of the feature selection.

is developed on a speciﬁc training set. A hold out set, separate from the training set,
is used to validate how well the classiﬁers perform on new data. This method gives an
unbiased estimate of classiﬁers performance. As our data is divided into two separate
sets of rocks we use the ﬁrst set as the training set and the second set as the test set.
First, the new data in the hold out set is used to validate the performance of the
5 diﬀerent classiﬁers using the minimum error rate decision rule. A confusion matrix
of the classiﬁcation accuracies is shown in table 3. Note that the classiﬁer with only
the visibility ratio have an overall performance of 81.9 %. The overall performance is
best for the classiﬁer with 4 features with a classiﬁcation accuracy of 84.0 % and the
classiﬁer with 5 features is close to that with 83.9 %. Most interestingly is that the
classiﬁer with only the visibility ratio misclassiﬁes partially visible rocks best with 82.6%
classiﬁed correctly. When more features are added to the classiﬁer, the classiﬁer do
perform better in classifying the entirely visible rocks correct but not the important to
identify partially visible rocks. Our belief is that the eﬀect of occlusion aﬀect the rocks
visible shape randomly and that 2D shape features do measure these eﬀect eﬃciently.
Classiﬁcation accuracy is not the only important factor in this application. The ratio
of accurately classiﬁed entirely visible rocks to misclassiﬁed partially visible rocks is an
important criteria in the statistical signiﬁcance of the result. For the simple classiﬁer that
only consists of the visibility ratio, a ratio of 4.86 to 1 is achieved. That is, the accurately
classiﬁed entirely visible rocks occur at a rate of 4.86 the misclassiﬁed partially visible
rocks. From table 3 we observe that there is no clear advantage to adding more features
to the model as the one feature ratio is 4.86 and the multiple feature ratios range between
4.22 and 4.92.
To maximize the ratio of accurately classiﬁed entirely visible rocks to misclassiﬁed
partially visible the minimum-risk decision rule is used. The loss function is set to make
misclassiﬁcation of partially visible rocks 3 times more costly than misclassiﬁcation of
entirely visible rocks. The classiﬁcation accuracies is shown in table 4. As expected the
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Step 5 Step 4 Step 3 Step 2 Step 1

Known

Predicted
Entirely visible
Partially visible
Number Ratio ∗
Number
418
4.86
97
86
1
409

Ent. visible
Part. visible
Overall
Ent. visible
444
4.11
Part. visible
105
1
Overall
Ent. visible
438
4.38
Part. visible
100
1
Overall
Ent. visible
443
4.92
Part. visible
90
1
Overall
Ent. visible
445
4.78
Part. visible
93
1
Overall
∗ The ratio of accurately classiﬁed entirely
classiﬁed
partially visible rocks.

% Correct
81.2
82.6
81.9
71
86.2
390
78.8
82.6
77
85.0
395
79.8
82.5
72
86.0
405
81.8
84.0
70
86.4
402
81.2
83.9
visible rocks to mis-

Table 3: Classiﬁcation accuracy estimated on the hold out set for each step of the feature
selection.

Step 5 Step 4 Step 3 Step 2 Step 1

Known

Predicted
Entirely visible
Partially visible
Number Ratio ∗
Number
343
8.37
172
41
1
454

Ent. visible
Part. visible
Overall
Ent. visible
385
7.40
Part. visible
52
1
Overall
Ent. visible
392
8.34
Part. visible
47
1
Overall
Ent. visible
399
8.31
Part. visible
48
1
Overall
Ent. visible
401
8.53
Part. visible
47
1
Overall
∗ The ratio of accurately classiﬁed entirely
classiﬁed
partially visible rocks.

% Correct
66.6
91.7
78.9
130
74.8
443
89.5
83.2
123
76.1
448
90.5
83.2
116
77.5
447
90.3
84.0
114
77.9
448
90.5
83.9
visible rocks to mis-

Table 4: Classiﬁcation accuracy estimated on the hold out set for each step of the feature
selection. The minimum-risk decision rule is used were misclassiﬁcation of partially visible
rocks is 3 times more costly.

classiﬁcation accuracy of partially visible rocks increase for the 5 classiﬁers. Again, we
observe that the simple classiﬁer that only consists of the visibility ratio is eﬀective with
a ratio 8.37 to 1 and that no clear improvement of the ratio could be seen by adding 2D
shape features.
For comparison, a classiﬁer is composed using the same procedure as before but
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Step 4 Step 3 Step 2 Step 1

Known

Predicted
Entirely visible
Partially visible
Number
Ratio ∗
Number
306
4.78
209
64
1
431

Ent. visible
Part. visible
Overall
Ent. visible
320
6.03
Part. visible
53
1
Overall
Ent. visible
335
6.20
Part. visible
54
1
Overall
Ent. visible
347
6.67
Part. visible
52
1
Overall
∗ The ratio of accurately classiﬁed entirely
classiﬁed
partially visible rocks.

% Correct
59.4
87.1
73.0
195
62.1
442
89.3
83.2
180
65.0
441
89.1
76.8
168
67.4
443
89.5
78.2
visible rocks to mis-

Table 5: Confusion matrix for each classiﬁer when 2D shape features are used for visibility
classiﬁcation. Classiﬁcation accuracies are validated on the hold out set.

leaving out the 3D visibility ratio. This will give an example of how eﬀective the visibility
ratio is and what is possible with only 2D shape features. The features selected are
solidity, ratio 3, ratio 1, and rectangularity in that order. The confusion matrix when
the classiﬁers performance are validated with the hold out data using the minimum-risk
decision rule is shown in table 5. The best classiﬁer, when only 2D features is used, is
achieved when all four selected features are used. The ratio is 6.67 to 1 for the four
feature classiﬁer.

5

Comments on the results

Finally, we comment on the somewhat contradicting result that features are said to
signiﬁcantly improve the model but validation shows no improvement of classiﬁcation
performance. This is discussed by Johnson [18], where he emphasized that feature selection give guidance to eﬀectively select a few possible subsets to consider to be used for
classiﬁcation. For example, in our experiment we have a total number of 11 features. If
we would consider all possible subsets, a total number of subsets would be 211 −1 = 2047.
In our experiment we only need to consider the ﬁve subsets that where selected in table
1. Even as features are tested to signiﬁcantly improve the model, all features may not
actually be required to eﬃciently discriminate between diﬀerent classes. This is exempliﬁed by Johnson in ﬁgure 2, where the ellipsoids of concentration for distinct bivariate
normal populations. In ﬁgure 2 it is clear that both variables X1 and X2 are statistically
signiﬁcant and either or both may be included in a feature selection procedure. However,
when it comes to validating a classiﬁers performance it is clear that only feature X1 is
actually needed to accurately discriminate between the populations.

6. Conclusion
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Figure 2: An example where both X1 and X2 are statistically signiﬁcant. However, for classiﬁcation between the populations only the variable X1 is needed.

6

Conclusion

Visibility classiﬁcation of rocks in piles have been presented. The 3D visibility ratio,
with the capacity of discriminating particles between visibility classes have been used
in combination with other commonly used 2D shape features. The classiﬁers are based
on binary logistic regression and discriminate between rocks that are entirely visible and
partially visible.
Using forward selection of features with a signiﬁcance level of 99 %, four of the
additional 2D shape features are selected and can be said to improve the classiﬁer. The
estimated classiﬁcation accuracies on the training data also indicate that the performance
of the classiﬁer with the additional features are higher than for a classiﬁer that only use
the 3D visibility ratio. But when validation is performed using the hold out set, there
is no clear improvement in classiﬁcation accuracy when additional features are used.
Interestingly the misclassiﬁcation of partially visible rocks increase as additional features
are used.
As it is critical to identify the partially visible rocks, a minimum-risk decision rule
is used to increase the ratio of accurately classiﬁed entirely visible rocks to misclassiﬁed
partially visible rocks. Using the simple classiﬁer that only consist of the visibility ratio
an ratio of 8.37 accurately classiﬁed visible rocks to 1 misclassiﬁed partially visible rock
is achieved. And no clear advantage to adding additional features is seen.
For comparison, we have also shown what is possible when the visibility ratio is not
used and only 2D shape features are used. The ratio of accurately classiﬁed entirely visible
rocks to misclassiﬁed partially visible rocks is 6.67 to 1 when four 2D shape features is
used.
Finally, in practice a simple classiﬁer is preferred and as no clear advantage have been
seen by adding additional features we conclude that the visibility ratio is eﬀective alone
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On-line Product Identiﬁcation during Ship Loading
of Limestone based on Machine Vision
Tobias Andersson, Matthew J. Thurley and Johan E. Carlson

Abstract
In the aggregates and mining industries suppliers of particulate material, such as
crushed rock and pelletised iron ore, produce material where the particle size is a key
diﬀerentiating factor in the quality of the material. Material is classiﬁed by size using
sieving or screening to produce various products, such as crushed limestone in the sievesize range 20 - 40 mm. Quality control of particulate material size in industry is usually
performed by manual sampling and sieving techniques. These techniques are typically
infrequent and have long response times making them unsuitable for online quality control
even during the loading of ships. Automatic on-line analysis of rock size based on image
analysis techniques would allow non-invasive, frequent and consistent measurement that
enables on-line product identiﬁcation, and prevent loading, shipping and delivery of the
wrong sized product. In this research, we present classiﬁcation algorithms based on
nominal logistic regression and discriminant analysis to automatically identify products
being loaded onto ships. A measurement campaign has been conducted during three
days of normal production when three diﬀerent products were loaded onto ships. The
size ranges for the majority of rocks being loaded onto the ships were 20 - 40 mm, 40
- 70 mm and 60 - 90 mm for the three products. Half an hour of production data for
each product was used to train the classiﬁers. Validation of both classiﬁers’ performance
shows that the overall accuracy was 98.8 %. We conclude that on-line automatic product
identiﬁcation is achieved using classiﬁers based on both nominal logistic regression and
discriminant analysis.

1

Introduction

In the aggregates and mining industries suppliers of particulate material, such as crushed
rock and pelletised iron ore, produce material where the particle size is a key diﬀerentiating factor in the quality of the material. Material is classiﬁed by size using sieving
or screening to produce various products, such as crushed limestone in the sieve-size
range 20 - 40 mm. The ﬁnal products are stored at diﬀerent locations at the production
area until they are loaded onto ships and delivered to buyers. During the loading of
ships operators at the plant direct personnel to load material of a speciﬁc product onto
a conveyor belt that transport the rocks to the ships.
Suppliers are paid to deliver rocks of particular sizes that buyers can use. For quality
control, manual sampling and sieving of rocks that are loaded is conducted. Manual
163
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sampling and sieving techniques are the industry standard, and the size distribution
of particles is presented as a cumulative percentage by weight for diﬀerent size classes.
However, as the manual sampling is performed infrequently and is time-consuming, there
are long response times before an estimate of the sieve-size distribution is available for
operators at a quarry. The response times can be as long as 12-48 hours from when
a sample is taken for sieve-size analysis until the result is measured in the laboratory.
During this time the loading of ships is ﬁnished and the result from sieve-size analysis
is only useful for quality control and monitoring of what has been shipped. Sampling,
sieving, and material handling times coupled with delays between steps make manual
sampling and sieving unsuitable for eﬃcient control of the loading of ships. During
loading, operators have to assume that the products have been correctly produced and
organized accordingly in the production area.
Image analysis techniques promise a non-invasive, frequent and consistent solution to
determining the size distribution of particles in a pile and would be suitable for on-line
product identiﬁcation, and prevent loading, shipping and delivery of the wrong sized
product. Such techniques capture information about the surface of the pile that is then
used to infer the particle size distribution.
However, the implementation of an imaging system that is accurate and robust is
not a trivial and quick process. Assuming a robust and accurate surface data capturing
system with insigniﬁcant error, there are a number of sources of error relevant to surface
analysis techniques that need consideration and investigation. It may be tempting to use
multivariate calibration techniques to transfer surface data to known sieve-size distributions, however, it is important to consider the following sources of error and minimise
them separately to get a general solution that is known to be robust to all errors:
• Segregation and grouping error, more generally known as the Brazil nut eﬀect [1],
describes the tendency of the pile to separate into groups of similarly sized particles.
It is caused by vibration or motion (for example. as rocks are transported by truck
or conveyor), with large particles being moved to the surface.
• Capturing error [2],[3, Chap. 4] describes the varying probability based on size that
a particle will appear on the surface of the pile.
• Proﬁle error describes the fact that only one side of an entirely visible particle can
be seen, which may bias the estimate of particle size.
• Overlapped particle error [4] describes the fact that many particles are only partially
visible, and a large bias to the smaller size classes results if they are treated as small,
entirely visible particles and sized using only their visible proﬁle.
• Weight transformation error describes the fact that the weight of particles in a
speciﬁc sieve-size class may vary signiﬁcantly. As a sieve-size class is deﬁned by its
upper and lower bound where particles fall though, elongated particles may have
signiﬁcantly larger volumes than other particles.

1. Introduction
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The main aim of this research is develop techniques for quality control where the size
distribution based on weight has limited importance. Thus, the surface analysis does not
need to estimate the size distribution and weight transformation error is ignored in study.
Segregation and capturing errors are present in our data but for an application that needs
to discriminate among diﬀerent products, these errors can be ignored. We have previously
shown that visibility classiﬁcation can overcome the overlapped particle error [5, 6]. In
short, it is critical to identify and exclude any partially visible particles before any size
estimates of particles in piles are made. This is possible with classiﬁcation algorithms that
use a 3D visibility measure proposed by Thurley and Ng [4]. In the presented study, we
eliminate overlapped particle error by classiﬁcation using this 3D visibility measure. And
ﬁnally, proﬁle error is considered to not be signiﬁcant when using the best-ﬁt rectangle
[7] to estimate the size of non-overlapped particles.
Limited work has been published on product identiﬁcation of particulate material.
More work has been presented on size and shape analysis of rock fragments using imaging with the aim of estimating sieve-size distributions, and we extend our literature
review to include work presented in that ﬁeld. Particle size measurement using imaging
has been the subject of research and development for over 25 years [8] with a legacy of
predominantly photographic based systems with widely varying degrees of success and
no general solution available on the market. Photographic based 2D imaging systems are
subject to bias due to uneven lighting conditions, excessive shadowing, color and texture
variation in the material, and lack of distinction between overlapped and non-overlapped
fragments. In their review of a commercial photographic based 2D system Potts and
Ouchterlony [9, pg. vi, viii] report that for their application the system erroneously assumes the resultant size distribution is unimodal and they conclude by expressing strong
reservations saying 2D ’imaging has a certain but limited usefulness when measuring the
fragment size distribution in a muckpile or from a belt in an accurate way. It could
probably detect rough tendencies in fragmentation variations, if the lighting conditions
do not vary too much, and if cover glasses for camera lenses are kept clean’. 3D imaging
allows measurements of the surface of piles with height information that may be used
to achieve robust and accurate analysis. The only work that has been presented using
3D imaging that performs automated on-line analysis of rock fragments transported on
conveyor belts are based on active laser triangulation [10] and stereo imaging [11].
In this paper, classiﬁers were trained to discriminate among diﬀerent products being
loaded onto ships via conveyor belt systems. Samples were collected during three days of
normal production at a limestone quarry when three diﬀerent products were loaded onto
ships. The size range for the majority of rocks being loaded was 20 - 40, 40 - 70 and 60 - 90
mm for the three products. Half an hour of production data for each product was used to
train classiﬁers that were based on discriminant analysis and nominal logistic regression.
We note that this research does not relate to the choice of classiﬁcation method. It is
however interesting to present classiﬁers based on both methods as they are widely used
in practice. The classiﬁers were trained and validated using the hold out method [12,
Ch. 7].
The paper is organized as follows. In section 2, a background to this research is
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given summarizing the measurement system used and required analysis of collected data
that result in size information of samples that is used in this research. In section 3,
theory of how size estimates of rocks is used to form features used in the classiﬁcation
is given. Descriptions of classiﬁcation methods are also presented in section 3. The
measurement campaign conducted during three days of production to collect data is
detailed in section 4.1. Analysis of training data, training of classiﬁers and validation
of classiﬁers’ performance is given in section 4.2 to 4.4. Finally, the conclusions are
presented in section 5.

2

Research background

We [13] have previously implemented an industrial prototype that measures the pellet
sieve-size distribution among nine sieve-size classes between 5 mm and 16+ mm. A 3D
surface data capturing system based on active triangulation is used to collect the data.
Segmentation of the data is achieved using algorithms based on mathematical morphology
of 3D surface data. It was also shown that sizing of identiﬁed pellets gives promising
results using the best-ﬁt rectangle [7] measure.
The techniques have been further developed and implemented in an industrial prototype that measures the size distribution on limestone fragments on conveyor belts [10].
We refer to previous publications for a more detailed discussion on how 3D surface data
are analyzed. However, we will give a short description of the analysis in this section.

2.1

Hardware setup

We use an industrial measurement system based on active triangulation to capture 3D
surface data of the ﬂow of rock material on the conveyor belt. The system consists of a
laser with line-generating optics and one camera mounted at an approximately 24-degree
angle between the camera line of sight and the laser line. The laser and camera is built
into a protective case as seen in ﬁgure 1, which is a photograph of the protective case
viewed from below the conveyor belt. The system collects images extract the laser line,
convert the images to 3D surface data and perform analysis of the captured 3D surface
data.
Also, a pulse encoder is mounted to the conveyor belt to allow synchronization of the
camera to take 3D proﬁles of the laser line for every 1 mm movement of the conveyor belt.
The data captured with this technique are highly accurate and provides high density 3D
point data. A close-up of the captured 3D data is seen in Fig. 2(a). The computational
speed of the collection of data, conversion to 3D surface data and analysis of data allows
samples to be taken at intervals of approximately 30 seconds.

2.2

Segmentation of 3D Range Data

The ﬁrst step of the analysis of the 3D surface data is to identify the individual rock
fragments. Thurley [10] developed a technique to segment 3D range data to identify
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Figure 1: View of laser generating optics and camera mounted into a protective case. Photograph
is taken from below the conveyor belt.

 

 

  

  

Figure 2: Collected 3D surface data (a), segmentation (b) and identiﬁcation of non-overlapped
particles (c).
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Figure 3: Identiﬁed non-overlapped rock (a) and calculated best-ﬁt rectangle (b).

rock fragments by a series of operations predominantly based on morphological image
processing. The technique detects edges that are used to facilitate seed formation for
the watershed segmentation algorithm [14, watershed transform]. Fig. 2(b) shows the
segmentation result.

2.3

Overcoming Overlapped Particle Error

In order to minimize the overlapped particle error, it is critical to identify and exclude
any partially visible particles from the analysis before size estimates are made. Using
an automatic measure of the visibility of rocks [10, 4], overlapped particles are identiﬁed
and excluded from any further analysis. In Fig. 2(c) overlapped particles are identiﬁed
and removed from previous ﬁgures.

2.4

Sizing

For each non-overlapped rock, the measure best-ﬁt rectangle [7] is calculated. The bestﬁt rectangle is the rectangle of minimum area that ﬁts around the 2D projection of
each region. The 3D surface data contain X-, Y- and Z-data where the Z-data contain
height information. The height information is not used to calculate the best-ﬁt rectangle
measure. In Fig. 3(a) a close up of all regions is shown. The regions enclosed by the
white rectangle is determined to be a non-overlapped rock and therefore valid for size
estimation. The 2D projection of the region and the calculated best-ﬁt rectangle is shown
in Fig. 3(b).
Each non-overlapping rock in a sample may be determined to belong to a speciﬁc sievesize class based on the calculated area of the best-ﬁt rectangle measure. By determining
what sieve-size class each rock in a sample belongs to a sieve-size distribution by number
of rocks can be estimated for the surface of a pile.

3. Theory

2.5
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Weight transformation

If an imaging system is going to report a sieve-size distribution following the industrial
standard, then the system needs to be able to transform number of rocks to weight of
rocks. Weight transformation may be found by collecting manual sieving results and
counting the number of particles in each size class in order to determine an average
weight of a fragment by size class. This transformation is still a source of error when
estimating the sieve-size distribution based on weight of rocks as we have found deviation
in the average weight of fragments of similar sieve-size classes [10]. We note that the size
distribution does not need to be estimated for the purpose of product identiﬁcation.
Thus, weight transformation to estimate the sieve-size distribution based on weight is
not used in this research.

3

Theory

As product identiﬁcation may be implemented based only on the size estimates of nonoverlapped particles we detail how the size estimates are used to describe products in
this section. We also outline the classiﬁcation methods used in this research and discuss
how to validate the classiﬁer’s performance.

3.1

Sizing

For each sample collected by the imaging system, the non-overlapped rocks are identiﬁed
and their size are estimated by calculating the area of the best-ﬁt rectangle. The estimated size for all non-overlapped rocks in a sample is representative of the rocks on the
surface of the pile. The distribution of the estimated sizes is then used to discriminate
among diﬀerent products of rocks.
The distribution of best-ﬁt rectangle values for each sample is summarized by the median and inter-quartile range (IQR) [15]. The median and IQR are robust measures that
are not sensitive to outliers and describe the middle value and spread of a distribution.
The descriptive features median and IQR will be used to train classiﬁers to discriminate
among diﬀerent products.
In ﬁgure 4, distributions of the best-ﬁt rectangle area values for two samples representing the products 20–40 and 40–70 mm are shown. The median is depicted with a
vertical line in ﬁgures and the IQR is depicted as the range around the median. We
can note that the distribution is skewed to lower values for both products. There are a
few rocks in the samples that are signiﬁcantly larger than the majority of rocks but the
median value is not aﬀected much by best-ﬁt rectangle values of these rocks. For the
product with smaller rocks, 20–40 mm, the median value is 1260 mm2 . The median for
the product with larger rocks, 40–70 mm, is larger with a value of 3440 mm2 .
It is also clear in the ﬁgures that the IQR is larger for the 40–70 mm product. For
the 20–40 mm product the IQR is 1014 mm2 (between 782 and 1796 mm2 ) and for the
40–70 mm product the IQR is 3361 mm2 (between 2249 and 5610 mm2 ). The diﬀerence of
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Figure 4: Distribution of best-ﬁt rectangle area values for the products ”20–40” (a) and ”40–
70” mm (b).

the IQR for the two products may partially be explained by the fact that the majority of
rocks in the 20–40 and 40–70 mm products should range between sieve-sizes 20 to 40 mm
and 40 to 70 mm, which are ranges of 20 and 30 mm respectively. Thus, the IQR should
be larger for the product composed of rocks that belong to a larger range of sieve-size
classes.

3.2

Classiﬁcation

In general, classiﬁers predict a response from a set of feature values. For product identiﬁcation, the response is the predicted product category given a set of feature values that
describe a sample. Features that discriminate among products are the median and the
IQR of the estimated size of rocks in a sample. More information on classiﬁcation can
be found in the following books: [16] and [12].
Classiﬁers can be implemented based on diﬀerent methods. Common statistical methods include discriminant analysis and logistic regression. The choice of classiﬁcation
method may aﬀect the overall classiﬁcation accuracy, depending on the distribution of
the feature values. However, this research does not relate to the choice of classiﬁcation
method for the highest classiﬁcation accuracy and only notes that the distribution of
feature values in a data set may be important in order to choose a proper classiﬁcation
method. The choice of which of discriminant analysis and logistic regression to use has
previously been studied [17], usually selecting one of the two methods. The theory for
discriminant analysis is based on feature values that belong to a multivariate normal
distribution, and complete equality of the populations’ covariance matrices. The ﬁrst
criterion is rarely fulﬁlled in practice but can sometimes be enforced by some variable
transformation. The assumption of equal covariance matrices is, however, typically not
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valid. Evaluating the performance of discriminant analysis is still relevant because of its
computational simplicity compared to logistic regression. For logistic regression, there is
no assumption that feature values belong to a multivariate normal distribution.
R
perform all analysis in this research. Also, the function mnrﬁt
We used MATLABto
in the Statistics ToolboxTM was used to train the nominal logistic regression model.

Nominal Logistic Regression
Logistic regression is a statistical classiﬁcation method that can be used when the response variables are binary, ordinal or nominal. When the response variable is a set
of categories without natural order and consists of more than two categories, nominal
logistic regression should be used [12].
The basic idea with logistic regression is to estimate the probability p̂j of a measurement point belonging to each category j. Basically, for three categories, three probabilities are estimated and the category with highest probability is chosen. The probabilities,
p̂0 , p̂1 , ..., p̂J−1 , where J is the number of categories, are estimated using the vector of estimated model parameters x and the estimated regression coeﬃcients βj , ..., βJ−1 . When
there are more than two categories, one of them is chosen as the comparison category,
hence only J − 1 regression coeﬃcient vectors are required.
The form of the nominal logistic regression model is shown in Eqs. 1 and 2, where y
is the response variable, x is a feature vector, βj are parameters that depend on j. To
clarify, y is the response variable that the classiﬁer predicts. In our case, the product
being transported on a conveyor belt. The classiﬁer predicted the product being loaded
based on the feature values in feature vector x, which was composed of measures of the
distribution of best-ﬁt rectangle values. The classiﬁer was trained to classify correctly
by ﬁtting the model, or more speciﬁcally, the parameters in βj , via the use of maximum
likelihood estimation to a training set with known response values and feature values.
1

p̂0 = P (y = 0|x) =

(1)

J−1

1+

e

βjT [1,x]

j=1

T [1,x]

eβ i

p̂i = P (y = i|x) =

for i = 2, ..., J

J−1

1+

e

(2)

βjT [1,x]

j=1

Eqs. 1 and 2 are used to calculate the estimated probability p̂i of a new sample
belonging to a category i = 0, 1, ..., J − 1 where J is the number of possible response
values. The response of the classiﬁer for a sample is the category with highest predicted
probability. That is, the responses of the classiﬁers are y = k where pk > pl for all l = k.
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Discriminant Analysis
The basic idea with discriminant analysis is to estimate the distances from a sample to a
number of predeﬁned reference categories and classify the sample to the closest category.
The actual distance metric has a wide range of appearances [12], and in this study a
quadratic distance metric seen in equation 3 is used. In a quadratic discriminant rule,
the minimum squared distance from the estimated parameters at a new measurement
point to each reference category is calculated. The response of the classiﬁers are y = k
where dˆk < dˆj for all j = k.
The quadratic distance from a point to the reference categories is calculated by Eq.
3, for the categories i = 0, 1, ..., J − 1 where J is the number of possible response values.
The parameters μ̂j and Ĉj are estimated by assuming that each reference category have
a multivariate normal distribution, i.e xj ∼ N (μj , Cj ), where xj is the vector of feature
values belonging to category j.
1
1
−1
dˆj = (x − μ̂j )T Ĉ−1
j (x − μ̂j ) + log10 |Ĉj | + log10 (rj )
2
2

3.3

(3)

Validation

The purpose of validation of classiﬁer performance is to get an estimate of how well
classiﬁers discriminate among classes. Three diﬀerent validation methods are outlined
below:
• The resubstitution method estimates the classiﬁer performance on the same data
that were used to train the classiﬁer. It has to be emphasized that the use of
resubstitution to estimate a classiﬁer’s performance will generate overoptimistic
results. Hence, the resubstitution method is not recommended.
• The holdout method is a technique where the classiﬁer is developed on a speciﬁc
training set. A test set (or validation set), separate from the training set, is used to
estimate how the classiﬁer performs on new data. The test set is held out during
all analysis and design of the classiﬁer. This limit the bias that the resubstitution
method has and this method gives an unbiased estimate of the classiﬁer’s performance. It has to be mentioned that using the holdout method might result in a
classiﬁcation rule that is not the best possible as all available data is not used to
train the classiﬁer.
• The cross-validation method estimates classiﬁers performance by dividing the data
into k blocks. The classiﬁer’s performance is estimated by holding out one block
at a time, training the classiﬁer using the available k − 1 blocks and estimating the
classiﬁer’s performance on the held out fold. This procedure is performed so that all
k blocks are used as the test set once. In each iteration during the cross-validation,
the classiﬁers decision boundaries will vary slightly from a classiﬁer that is built on
all available data. But most importantly, the classiﬁer is evaluated on data that
has not been part of the training set, which results in an unbiased estimate of the
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Table 1: Loading scheme of ships during the measurement campaign spanning over 3 days.

Day
1
1
2
3

Loading time
07:00
17:00
07:00
08:00

-

16:00
19:00
15:00
15:00

Product (mm)

Manual samples

Imaging samples

60–90
40–70
40–70
20–40

4
2
5
4

345
174
561
469

classiﬁer’s performance. This method is particularly useful when the amount of
available data is small.
How well the classiﬁers performed in this research was validated using the holdout
method. We use the holdout method since the number of samples available for training
the classiﬁers in a practical situation might be half an hour of production data, which
corresponds to approximately 60 samples. As our data consisted of data collected during
normal production when three diﬀerent products were loaded, we used the 60 ﬁrst samples acquired with the imaging system for each product to create the training set. All
remaining samples were used for validation.

4
4.1

Measurement results
Measurement campaign

A measurement campaign was conducted at Nordkalk’s limestone quarry in Storugns
during three days when two ships were loaded with three diﬀerent products. Typically,
one ship is loaded with one product. During the measurement campaign one larger ship
was loaded with two diﬀerent products, speciﬁcally 40–70 and 60–90 mm. In addition,
a smaller ship was loaded with the product 20–40 mm. The loading of rocks began on
day 1 with the product 60–90 mm and at 15:22 the product being loaded were changed
to 40–70 mm. During day 2 only 40–70 mm were loaded and the ﬁrst ship departed. The
smaller ship was loaded with the product 20–40 mm during day 3. The loading scheme
is summarized in Table 1.
The conveyor belt that transports rocks to ships is equipped with a balance to monitor
the amount of rocks that have been loaded. During normal production this is used to
synchronize an automatic sampling machine to collect 3 manual samples for every product
being loaded. The manual samples are later analyzed in the laboratory to produce
sieve-size distributions and chemical analysis of the material. During the measurement
campaign we used the cumulative weight of rocks being loaded onto the ships to collect
manual samples of rocks that where loaded onto ships every 1000 tons. This resulted in
4, 7 and 4 manual samples of the 20–40, 40–70 and 60–90 mm products respectively. At
the same time, the measurement system based on image analysis collected and analyzed
469, 735 and 345 samples.
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The samples collected with the imaging system were divided into two sets of data.
The ﬁrst set is the training set and is used for graphical examination and training of
classiﬁers. The training set is composed of the ﬁrst 60 samples for each product. The
second set is the validation set and is held out during graphical examination and training
of classiﬁers. The validation set is used to estimate the classiﬁer performance and is
composed of remaining samples collected by the imaging system during loading of the
ships.

4.2

Graphical examination of descriptive data

Graphical examination of the descriptive features provides information about how features are related and may also indicate if features are multivariate normally distributed.
This information is important when considering the use of discriminant analysis as this
assumes that the features are multivariate normally distributed. We note that even if
the features violate this assumption, discriminant analysis may still produce practically
useful classiﬁcation results.
In Figure 5 the descriptive features for samples in the training set are depicted using
scatter plots. Feature values from the three diﬀerent categories are depicted with square-,
circle- and diamond-shapes to clarify the discriminant ability of the features. It is clear
that the three products are completely separated. That is, it is possible to divide the
feature space into regions that completely separates points belonging to one category
from other categories. We note that the features appears to be multivariate normally
distributed and both logistic regression and discriminant analyisis should be valid to use
for classiﬁcation.

4.3

Training of classiﬁers

The training set consists of the descriptive features, median and IQR, for the ﬁrst 60
samples of the three products. The two features of each sample in the training set
represent one row in the feature matrix, X. The known product for each sample is
represented in the response variable y. In total, we have 180 training samples with two
descriptive features with the ability to discriminate among three categories that are used
to train the classiﬁers.
The classiﬁer based on logistic regression was trained by ﬁtting the model, or more
speciﬁcally, the parameters in βj in Eqs. 1 and 2, via the use of maximum likelihood
estimation to the training set. Since we have three categories, the 60–90 mm product is
chosen as the comparison category labelled j = 0. The 20–40 and 40–70 mm products
are labelled j = 1 and 2 respectively. The classiﬁer is composed of two parameter vectors
seen in Table 2. The ﬁrst vector is estimted using the calculated median and IQR for
samples from category 1 and the reference category 0 (Logit 1, in table 2) and the second
using the median and IQR for samples from category 2 and the reference category 0
(Logit 2, in table 2). The regression coeﬃcients βi and the corresponding standard error
se
ˆ βi are presented. Also given in the table are p-values for each parameter, for which a
value less than 0.05 indicates that the coeﬃcient cannot be excluded. A p-value less than
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Figure 5: Scatter plot of the descriptive features median and IQR for samples in the training
set. It is clear that the features are suitable for discrimination among products as the three
products are completely separable.

0.05 indicates that we can reject the null hypothesis, which is that the parameter is not
signiﬁcant, when a signiﬁcance level of 95 % is used. The p-value relating to IQR is 0.05
for the second parameter vector, which is on the limit for rejecting the null hypothesis.
However, we conclude by previous graphical observations, see Fig. 4 and 5, and the
ˆ β2 and p-value, that the coeﬃcient relating to IQR is signiﬁcant and
values for β̂2 , see se
cannot be excluded from the model.
Training the classiﬁer based on discriminant analysis is basically estimating the means
μ̂j and covariance matrices Ĉj for each category in the training data. The estimated parameters can be seen in Table 3, where the means μ̂j for both median and IQR values
clearly diﬀer among the three categories. One can see that both the means μ̂j of median and IQR increase as the categories represent larger sized products. The diagonal
elements in the covariance matrices Ĉj represent the variances of the median and IQR
for each category. One can see that for the smallest product, when j = 1, the variances
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Table 2: Properties of the classiﬁer based on nominal logistic regression.

Predictor
Logit 1: (1/0)
Constant
Median
IQR
Logit 2: (2/0)
Constant
Median
IQR

β̂i

se
ˆ βi

p-value

26.44
-7.58
-0.0407

2.55
0.112
0.121

< 0.001
< 0.001
0.740

18.21
-0.271
-0.0782

2.35
0.0429
0.0399

< 0.001
< 0.001
0.050

Table 3: Properties of the classiﬁer based on discriminant analysis.

Ĉj
Category

Feature

μ̂j

Median

IQR

Median
IQR

1201.4
1149.4

16150
7532

7532
12345

Median
IQR

3659.0
3152.5

561836
539457

539457
853550

Median
IQR

6954.7
5471.5

568310
-212423

-212423
1399767

j=1

j=2

j=0

(diagonal elements in the covariance matrix Ĉ1 ) of the median and IQR are smaller in
comparison with larger products. This means that the spread of the values is smaller for
the smaller product, which also have been seen in Figure 5. One can also conclude that
the assumption of equal covariance matrices is violated as Ĉ0 clearly diﬀers from Ĉ1 and
Ĉ2 .

4.4

Validation of classiﬁers performance

The classiﬁers’ performance were validated on the data that was held out during graphical examination and training. This gives an unbiased estimate of how well the classiﬁers
perform on new data. The number of samples in the validation set for each product is 409,
675 and 285 samples for the products 20–40, 40–70 and 60–90 mm respectively. These
samples are classiﬁed with the trained classiﬁers and the overall classiﬁcation accuracy
is calculated from the number of misclassiﬁcations. Also, category-speciﬁc classiﬁca-
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Table 4: Confusion matrix that shows the category-speciﬁc classiﬁcation accuracies of the classiﬁer based on logistic regression. The ﬁgures in parentheses are the number of samples of a
known product classiﬁed as a speciﬁc product.

Predicted product
Known product
20–40
40–70
60–90

20–40

40–70

60–90

100(409)
0
0

0
99.7(673)
5.3(15)

0
0.3(2)
94.7(270)

Table 5: Confusion matrix that shows the category-speciﬁc classiﬁcation accuracies of the classiﬁer based on discriminant analysis. The ﬁgures in parentheses are the number of samples of
a known product classiﬁed as a speciﬁc product.

Predicted product
Known product
20–40
40–70
60–90

20 - 40
(407)

99.5
0
0

40 - 70
(2)

0.5
99.4(671)
3.9(11)

60 - 90
0
0.6(4)
96.1(274)

tion accuracies will be presented to show how well the classiﬁers discriminate particular
products. Finally, we present the estimated probabilities for the classiﬁer based on nominal logistic regression for product identiﬁcation during 3 days of production. Analyzing
the estimated probabilities provides information on how conﬁdent the predictions of the
classiﬁer are.
The number of misclassiﬁed samples for both classiﬁers was 17 of a total number of
1369 samples. That is, the overall classiﬁcation accuracy was approximately 98.8 %. We
note that the overall classiﬁcation accuracies indicate that both methods are useful for a
practical implementation of product identiﬁcation.
A more detailed analysis of the performance of the classiﬁers is shown in Tables 4
and 5 where category-speciﬁc classiﬁcation accuracies are shown. We note that categoryspeciﬁc classiﬁcation accuracies deviate slightly between the two classiﬁers. The classiﬁer
based on nominal logistic regression classiﬁes all samples from the 20–40 mm product
correctly. The classiﬁer based on discriminant analysis misclassiﬁes 2 samples of the 20–
40 mm product as a 40–70 mm product. However, both classiﬁers have high classiﬁcation
accuracies for the product 20–40 mm and this is expected as the size range of the rocks in
that product does not overlap any other product. As expected there are more misclassiﬁcations between the products 40–70 and 60–90 mm but the amount of misclassiﬁcations
are still small when a practical implementation of product identiﬁcation is considered.
The probabilities estimated by the classiﬁer based on nominal logistic regression for
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product identiﬁcation during three days of production is shown in Figure 6. There are
three training periods visible in the ﬁgure where each training period lasted for half an
hour eﬀective loading time. The ﬁrst training period is at the beginning of day 1 when
loading of the product 60–90 mm began. The 60–90 mm product continued to be loaded
until 15:30 when loading changed to the 40–70 mm product and the second training
period is seen. The third training period containing samples from the product 20–40 mm
is seen in the beginning of day 3.
The estimated probabilities for the smallest product, 20–40 mm, loaded during day
3 are close to 1 for predictions that the samples belong to the product 20–40 mm, i.e.
p̂1 ≈ 1 for all samples. This means that the classiﬁer makes a clear distinction between
the correct product and the others. It is interesting to note that during day 1, when the
product 60–90 mm is loaded, the estimated probabilities for the correct product are close
to 1 for the majority of samples, i.e. p̂0 ≈ 1. But there are samples where the estimated
probability is closer to 0.5 and at the same time as the estimated probability for the
sample to be product 40–70 mm is close to 0.5. These are samples where the rocks are
closer to the lower bound of the allowed range for the 60–90 mm product.
Other interesting information can be seen by looking at the estimated probabilities for
loading during day 2. During the entire day the classiﬁer predicts the majority of samples
correct but the estimated probabilities that the samples belong to any of the other two
products indicate variation of rocks sizes during the loading process. Between 09:00 and
12:00 the estimated probability that the samples belong to the smaller product 20–40
are higher than the larger product 60–90. And between 12:30 and 13:20 the estimated
probability that the samples belong to the larger product 60–90 are higher than the
smaller product 20–40. Even though the products are identiﬁed correctly trends can be
seen in this data.
Finally, we note that the validated accuracy for the classiﬁers based on both nominal logistic regression and discriminant analysis indicate that both classiﬁers can be
used in a practical implementation. The accuracy is considered high and the estimated
probabilities for classiﬁcation follow expected trends.

5

Conclusions

We have shown how sizing results from an industrial prototype that captures the 3D surface of conveyor belts may be used to enable product identiﬁcation. Data collected during a measurement campaign over three days of production when loading three diﬀerent
products onto ships was used in this research. Training data for classiﬁcation algorithms
were taken from the ﬁrst half an hour of loading of each product. The remaining data
collected during loading of ships was used to validate the classiﬁers performance. The
most important ﬁndings were:
• The industrial prototype produce size estimates based on the best-ﬁt rectangle area
ﬁtted to each non-overlapped rock in a sample. The measures median and IQR of
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Calculated probabilities for product classification.
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Figure 6: The result from the classiﬁcation for three days of production.

the distribution of size estimates are suitable for product identiﬁcation as complete
separation among products is seen in the training data.
• Two classiﬁers were trained using half an hour of production data for each product.
The classiﬁers were based on nominal logistic regression and discriminant analysis.
Training classiﬁers using half an hour of production data is a practical time if this
technique shall be used at other sites with other material. Also, limited training
time is beneﬁcial if new products are to be added to the system.
• Validation of the classiﬁers on data not used for training shows that both classiﬁcation methods produce overall classiﬁcation accuracies of 98.8 %. The categoryspeciﬁc classiﬁcation accuracies are perfect for the product (20–40 mm) where the
size of the majority of rocks do not overlap with other products when using nominal
logistic regression but a few misclassiﬁcations occur when discriminant analysis is
used. For products where the size of the majority of rocks slightly overlaps (40–
70 mm and 60–90 mm), a few miss-classiﬁcations occur using both classiﬁcation
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methods. However, this is expected and might be correct as the distribution of size
estimates for rocks in these products might overlap because of the actual properties
of those samples.

• The classiﬁcation accuracy combined with the limited sample size used for training
the classiﬁers show that this technique is suitable for product identiﬁcation. Once
the classiﬁer has been trained, the analysis produce quick, robust and accurate
product identiﬁcation that can be used to aid operators loading ships to track
what actually is being loaded and stop loading when the product deviates out of
the expected range.
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A Machine Vision System for Estimation of Size
Distributions by Weight of Limestone Particles
During Ship Loading
Tobias Andersson, Matthew J. Thurley and Johan E. Carlson

Abstract
The size distribution as a function of weight of particles is an important measure of
product quality in the mining and aggregates industries. When using manual sampling
and sieving, the weight of particles is readily available. However, when using a machine
vision system, the particle size distributions are determined as a function of the number of
particles. In this paper we ﬁrst show that there can be a signiﬁcant weight-transformation
error when transforming from one type of size distribution to another. We also show how
the problem can be overcome by training a classiﬁer and scaling the results according to
calibrated average weights of rocks. The performance of the algorithm is demonstrated
with results of measurements of limestone particles on conveyor belts.

1

Introduction

In the aggregates and mining industries suppliers of particulate material, such as crushed
rock and palletized iron ore, produce material where the particle size is a key diﬀerentiating factor in the quality of the material. Material is classiﬁed by size using sieving or
screening to produce various products, such as crushed limestone in the sieve-size ranges
of 20–40, 40–70 and 60–90 mm. The ﬁnal products are stored at diﬀerent locations at
the production area until they are loaded onto ships and delivered to buyers.
Suppliers are paid to deliver rocks of particular sizes that buyers can use. For quality
control, manual sampling and sieving of rocks that are loaded is conducted. Manual
sampling and sieving techniques is the industry standard, and the size distribution of
particles is presented as a cumulative percentage by weight for diﬀerent size classes. The
manual sampling and sieving techniques can have long response times (even up to 48
hours), is performed infrequently, and may be inconsistent because of mechanical faults
in sieving frames or variation in handling of the analysis equipment by diﬀerent personnel.
Sampling, sieving, and material handling times coupled with delays between steps make
manual sampling and sieving unsuitable for eﬃcient quality control of the particles being
transported on the conveyor belt.
Image analysis techniques promise a non-invasive, frequent and consistent solution for
determining the size distribution of particles in a pile and would be suitable for on-line
quality control that enables eﬃcient process control. Such techniques capture information
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about the surface of the pile which is then used to infer the particle size distribution.
However, the implementation of an imaging system that is accurate and robust is
not a trivial task. Assuming there exists a robust and accurate surface data capturing
system with insigniﬁcant errors, there are still a number of sources of error relevant to
surface analysis techniques that need to be addressed:
• Segregation and grouping errors, more generally known as the “Brazil-nut eﬀect”
[1]. These errors arise from the tendency of the pile to separate into groups of
similarly sized particles. This is caused by vibration or motion (e.g. as rocks are
transported by truck or on a conveyor belt), where large particles tend to move to
the surface.
• Capturing errors [2],[3, Ch. 4] caused by the varying probability of a particle to
appear on the surface of the pile based on its size.
• Proﬁle errors originate from the fact that only one side of an entirely visible particle
can be seen, which may bias the estimation of particle size.
• Overlapping-particle errors [4] are due to the fact that many particles are only
partially visible, which results in a large bias toward the smaller size classes if they
are treated as small, entirely visible particles.
• Weight-transformation errors occur when the weight of particles in a speciﬁc sievesize class varies signiﬁcantly. As a sieve-size class is deﬁned by the upper and lower
boundaries at which particles pass, elongated particles may have signiﬁcantly larger
volumes than more spherical particles. This error is relevant when using machine
vision as transformation from number of particles in speciﬁc sieve-size classes to
weight of particles is necessary to estimate the size distribution based on weight of
particles.
The long-term objective of this research is to develop techniques for eﬃcient quality
control by estimating the particle size distribution based on machine vision. Thus, the
abovementioned sources of errors need to be addressed to minimize the overall estimation
error.
We have previously shown that visibility classiﬁcation can be used in order to overcome the overlapped particle error [5, 6], by identifying and excluding any partially visible
particles prior to size estimation. This is made possible with classiﬁcation algorithms that
use a 3D visibility measure, as proposed by Thurley and Ng [4].
The proﬁle error is considered to be insigniﬁcant when using the best-ﬁt rectangle
measure to estimate the size of non-overlapped particles [7]. We have previously used the
best-ﬁt rectangle to estimate the size distribution of iron ore pellets [8], to enable product identiﬁcation/classiﬁcation [9], and to estimate the size distribution [10] of crushed
limestone.
Finally we note that capturing errors and the segregation and grouping errors are
present in this application and that more research is necessary to fully understand how
to minimize these. This is, however, not considered in this paper.

2. Measurement setup
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The focus of this paper is to:
• Show how the product identiﬁcation method presented in [9] can be used to extend
and improve the estimation of particle size distribution (by weight of particles)
previously presented in [10].
• Show the existence of the weight-transformation error.
• Demonstrate how particle size distributions by number of particles can be converted
to a size distribution by weight, given that the type of product has been identiﬁed.
The remainder of the paper is organized as follows. Section 2 gives a description of the
measurement system. How manual and imaging samples are collected during the measurement campaign is described in section 3. The existence of the weight-transformation
error is identiﬁed in section 4, along with a proposed strategy for reducing it. Details on
how the machine vision system is trained and validated are given in sections 5 and 6.

2

Measurement setup

We use an industrial measurement system based on active triangulation to capture 3D
surface data of the ﬂow of rock material on a conveyor belt. The system consists of a
laser with line-generating optics and one camera mounted at an angle of approximately
24 degrees between the camera line of sight and the laser line. The system collects images,
extracts the laser line, converts the images into 3D surface data, and performs analysis of
the captured 3D surface data. An illustration of the imaging system is shown in Figure 1.
Also, a pulse encoder is mounted to the conveyor belt to synchronize the camera to
capture 3D proﬁles of the laser line for every 1 mm movement of the conveyor belt. The
data captured with this technique are highly accurate and provides high density 3D point
data. Analysis of the data involves segmenting the 3D surface data to identify each rock
fragment on the surface of the pile, identifying the non-overlapped particles by visibility
classiﬁcation, and estimating the size of each rock. For a complete description of these
steps, see the work by Thurley [10]. The computational speed of the collection of data,
conversion to 3D surface data, and analysis of data allows samples to be taken at intervals
of approximately 30 seconds.

3

Measurement campaign

A measurement campaign was conducted at Nordkalk’s limestone quarry in Storugns
during three days when two ships were loaded with three diﬀerent products. Typically,
each ship is loaded with one of the products. During the measurement campaign one
larger ship was loaded with two diﬀerent products, speciﬁcally 40–70 and 60–90 mm. In
addition, a smaller ship was loaded with the product 20–40 mm. The loading of rocks
began on day one with the product 60–90 mm and at 15:22 the product being loaded
was changed to 40–70 mm. During day 2 only the 40–70 mm product was loaded and
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Figure 1: Conceptual image of the imaging system that captures 3D surface data.

Table 1: Loading scheme of ships during the measurement campaign spanning over 3 days.

Day
1
1
2
3

Loading time
07:00
16:30
07:00
08:00

-

15:22
19:00
15:00
15:00

Product (mm)

Manual samples

Imaging samples

60–90
40–70
40–70
20–40

4
2
5
4

345
174
561
469

the ﬁrst ship departed. The smaller ship was then loaded with the 20–40 mm product
during day 3. The loading scheme is summarized in Table 1.
During the loading, samples were extracted for oﬀ-line analysis. The samples were
divided into a training set consisting of three manual samples of each product and a hold
out set, used to validate the proposed techniques using the hold out method, as described
in [11, p. 220]. The training set was used to investigate the presence of a signiﬁcant
weight-transformation error. Furthermore, one of the three samples of each product
in the training set was studied in detail to enable using statistical analysis of variance
(ANOVA) [12]. The training set was also used to develop techniques for automated
estimation of particle size distributions.
The time when manual samples was collected was also logged in order to allow extraction of imaging data corresponding to each of the manual samples.
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Figure 2: Identiﬁed non-overlapped rock (a) and calculated best-ﬁt rectangle (b).

3.1

Collecting manual samples

The conveyor belt that transports rocks to ships was equipped with a balance to monitor
the amount of rocks that have been loaded. During normal production this was used to
trigger an automatic sampling machine to collect three manual samples for every product
being loaded. The manual samples were later analyzed in the laboratory to estimate
the size distribution and chemical composition of the material. During the measurement
campaign we used the cumulative weight of rocks being loaded to trigger manual samples
of rocks to be taken every 1000 tons. This resulted in 4, 7 and 4 manual samples of the
20–40, 40–70 and 60–90 mm products, respectively.

3.2

Collecting imaging samples

At the same time, the image analysis system collected and analyzed 469, 735 and 345
samples, respectively. The image data collection was synchronized such that the images
should, to the best extent possible, be of the same samples as those collected for oﬀ-line
analysis by the manual sampling procedure described above.
For each non-overlapped rock in a sample, the best-ﬁt rectangle measure [7] was
calculated. This measure is the rectangle of minimum area that ﬁts around the 2D
projection of each region. The 3D surface data contain X, Y and Z data where the Z data
contain height information. The height information was used only in the segmentation
and visibility classiﬁcation steps, and not to calculate the best-ﬁt rectangle measure. In
Fig. 2(a) a close-up of all regions is shown. The region enclosed by the white rectangle is
determined to be a non-overlapped rock and therefore valid for size estimation. Fig. 2(b)
shows the 2D projection of the region and the corresponding best-ﬁt rectangle.
The sieve-size class of each non-overlapped rock is then determined according to the
classiﬁcation scheme described in Section 5.1.
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Table 2: Number of particles and total weight of rocks by size class

Sieve size
20–40 mm
> 100
90–100
75–90
63–75
50–63
45–50
40–45
37.5–40
31.5–37.5
25–31.5
20–25
16–20
12.5–16
10–12.5

4

7
44
40
151
206
524
291
204
97

Number of particles
40–70 mm
60–90 mm
4
26
77
35
40
8
10
13
13
7
13
17

11
25
6
4
3
1
5
3
6
2
8
11

20–40 mm
1.0497
5.5192
3.9637
10.7429
8.5686
11.2890
3.2401
1.1052
0.2457

Weight of particles
40–70 mm
60–90 mm
2.3693
14.2053
22.5161
6.3218
5.8721
0.9612
0.8521
0.5800
0.2781
0.0696
0.0535
0.0367

16.0702
25.9672
4.8364
1.1958
0.5447
0.1438
0.3788
0.1341
0.1087
0.0170
0.0409
0.0236

Analysis of the average weights of rocks

The presence of a weight-transformation error would mean that samples of diﬀerent
products belonging to the same sieve size class would have a diﬀerent average weight.
Since the source of this error is not fully understood, ANOVA was performed in order to
determine if this error was statistically signiﬁcant.
One manual sample of each of the three products was manually analyzed in detail
to conduct ANOVA. First, the manual sample was sieved in the laboratory at Nordkalk
using all available sieve decks between 10 mm and 100 mm. Then the three samples, with
the rocks divided into diﬀerent sieve-size classes, were transported to Luleå for further
analysis. In the laboratory in Luleå, the weight of each rock was measured using a digital
balance. Table 2 shows the number of rocks and the total weight at each sieve deck for
the three diﬀerent products.
Using the total number and the total weight of the rocks at each sieve deck an estimate
of the average weight per rock was calculated, seen in Fig. 3. The ﬁgure shows that the
average weight per rock for the three diﬀerent product is relatively close for sieve decks
up to 31.5 mm or 37.5 mm. For sieve decks larger than 31.5 mm, rocks belonging to the
20–40 mm product have an estimated weight per rock that is lower than for the other
products. Also, for the 40–70 product, the estimated average weight per rock follows the
60-90 product up to sieve deck 50 mm. However, from sieve deck 63 mm and larger,
rocks that come from the 40–70 product weigh less than rocks from the 60–90 product.
To conclude, it appears as if rocks in the upper part of a product’s size interval weigh
less than rocks from other (larger) products.
Fig. 3 only shows information about the average weight per rock and does not take
variation in the weight of the rocks into account. If the variance of the weights is analyzed,
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Weight/Rock (kg)

1.5

60−90
40−70
20−40

1

0.5

0
0

20

40

60

Sieve Size

80

100

Figure 3: Average weight of rocks for diﬀerent products.

it is possible to determine if the mean diﬀerences are signiﬁcant. This is done by using
ANOVA to test the null hypothesis (H0: all means are equal) against the alternative
hypothesis (H1: some means are diﬀerent) [12]. Table 3 shows the calculated p-values
when comparing means between 20–40, 40–70 and 60–90 mm products. Low p-values
indicate that we should reject the null hypothesis (all average weights are equal) and
conclude that there is in fact a statistically signiﬁcant diﬀerence in average weight for
that speciﬁc sieve deck. As seen, the p-values are low for sieve decks 31.5 mm and up.
This means that there is a signiﬁcant diﬀerence of the average weight of rocks for sieve
deck 31.5 mm between the 20–40 mm and 40–70 mm product. We also see that there
is a signiﬁcant diﬀerence between the 40–70 mm and the 60–90 mm product for larger
sieve decks as the p-value is low for sieve deck 63 and up.

5

Training of the classiﬁer

During the measurement campaign high resolution sieving was performed on the manual
samples, registering the weight and number of particles for each size class. The weight was
measured using a digital balance and the number of particles was counted by hand. The
number of particles for each sample in the training set is shown in Table 4. This training
data was used to ﬁnd decision boundaries that separate the best-ﬁt rectangle values
into intervals that correspond to sieve-size classes. Using these decision boundaries, size
distributions based on the number of particles can be estimated on new samples acquired
by the imaging system.
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Table 3: Number and total weight of particles by size class

Sieve size

F0

P −value

10.6243
10.0198
0.0221
3.2871
3.6457
6.3744
2.0793
0.4823
0.6874
0.8367
3.2677
2.6054

0.0030
0.0035
0.8823
0.0472
0.0304
0.0151
0.1283
0.6180
0.5033
0.4341
0.0399
0.0780

Average weight of particles (kg)
20–40 mm
40–70 mm
60–90 mm

> 100
90–100
75–90
63–75
50–63
45–50
40–45
37.5–40
31.5–37.5
25–31.5
20–25
16–20
12.5–16
10–12.5

0.1500
0.1254
0.0991
0.0711
0.0416
0.0215
0.0111
0.0054
0.0025

0.5923
0.5464
0.2924
0.1806
0.1468
0.1201
0.0852
0.0446
0.0214
0.0099
0.0041
0.0022

1.4609
1.0387
0.8061
0.2989
0.1816
0.1438
0.0758
0.0447
0.0181
0.0085
0.0051
0.0021

Table 4: Number of particles by size class for training samples
Sieve size
08 : 39
> 100
90–100
75–90
63–75
50–63
45–50
40–45
37.5–40
31.5–37.5
25–31.5
20–25
16–20
12.5–16
10–12.5

5.1

7
44
40
151
206
524
291
204
97

20–40 mm
10 : 51
1
9
78
51
166
265
410
92
67
29

11 : 52
1
6
55
37
167
263
696
328
249
53

Number of particles
40–70 mm
17 : 20
18 : 11
10
27
69
40
33
8
12
4
11
11
20
21

4
26
77
35
40
8
10
13
13
7
13
17

07 : 46

11 : 00

2
30
58
68
44
6
33
20
47
35
37
18

1
16
28
9
11
1
3
3
8
6
37
25
25
24

60–90 mm
12 : 48
9
41
17
4
1
3
2
5
5
11
3
12
24

13 : 53
11
25
6
4
3
1
5
3
6
2
8
11

Finding decision boundaries for sieve-size classiﬁcation

When all best-ﬁt rectangle areas have been determined from the image data, the task is
to ﬁnd decision boundaries that group these areas into classes that match the sieve-sizes.
The same training data set as earlier is used for this.
The problem of determining the decision boundaries must be solved by some numerical optimization technique. In this paper, we used the Nelder and Mead [13] iterative
error minimization process. This optimization method is available both in the statistical
R
[15] as the function fminsearch.
package R [14] as the function optim, or in MATLAB
R

In this work, the MATLAB version was used. Given an initial estimate of the deci-
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sion boundaries the numerical optimization technique will iteratively determine the ﬁnal
boundaries, so that some predeﬁned error function is minimized. Section 5.1 describes the
procedure of ﬁnding initial decision boundary values, and the error function is described
in detail in Section 5.1.
To train a machine vision system to estimate the size distribution accurately, it is
important to consider sources of error that aﬀect the overall estimation error. We note
that:
• The dynamics of the pile that causes segregation and grouping errors are not known
for particles being transported on conveyor belts.
• Chavez et al. [2] proposed a probabilistic model that can be used to correct for the
capturing error and Thurley [3, Ch. 4] further improved the modelling of the capturing error when measuring rocks in buckets. However, there is no method available
for modeling the capturing error for particles being transported on conveyor belts.
Hence, this remains a source of error in this application.
• When performing weight transformation from number of particles to weight of
particles, we note that larger particles inﬂuence the resulting size distribution more
than smaller particles. This is due to the weight diﬀerence of particles that can be
seen in Table 3 and Figure 3. Thus, to minimize the overall estimation error it is
more important to estimate the size of larger particles correctly. Also, the weight
transformation should be accurate for the upper part of the size interval of particles
being measured.
Finding initial decision boundaries
As all numerical optimization techniques, the Nelder-Mead algorithm requires good initial
guesses of the parameters to be estimated, i.e. the decision boundaries for the diﬀerent
sieve-size classes.
From the training data, we ﬁrst calculate the ideal decision boundaries for each set of
sieving data, i.e. the boundaries for the image-based method that would lead to the same
partitioning as the manual sieving. This is done separately for each of the three samples
for each product. The median values of these are then used as the initial estimates for
the Nelder-Mead algorithm.
Based on the observations in the previous section, however, we reﬁne the calculation
of the decision boundaries so that undersized particles are ignored. To clarify, we deﬁne
window functions that are used when calculating the decision boundaries to ignore all
particles smaller than a speciﬁc sieve-size (S) as seen in Equations 1,2 and 3 for the
diﬀerent products. The reason for this is that larger particles have greater inﬂuence on
the size distribution, and thus the algorithm should put more emphasis on these particles.

1 if S ≥ 16,
(1)
Cl20−40 =
0 if S < 16.
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Cl40−70 =

Cl60−90 =

1 if S ≥ 40,
0 if S < 40.

(2)

1 if S ≥ 75,
0 if S < 75.

(3)

A series of steps are now performed to reﬁne the estimates of the decision boundaries
for each product, with the aim of ﬁnding good initial guesses of the decision boundaries
for the largest particles for each product. The strategy is outlined below:
1. As an initial step, “too small” sieve sizes are considered to be non-visible in the
imaging samples and BFR-values below a threshold of 1.5S 2 are therefore removed
from the data. S is set to 16 in this analysis. The threshold was determined
experimentally.
2. Using the imaging results (BFR-values) corresponding to the three manual samples
of the 20–40 mm product:
(a) Calculate the ideal decision boundaries for each of the three samples (based
on the manual sieving).
(b) Find the median value of these.
3. Using the imaging results (BFR-values) corresponding to the three manual samples
of the 40–70 mm product:
(a) Use the median decision boundary for sieve size 40 from the 20–40 mm product
to discard lower BFR-values.
(b) Calculate the ideal decision boundaries for each of the three samples (based
on the manual sieving).
(c) Find the median value of these.
4. Using the imaging results (BFR-values) corresponding to the three manual samples
of the 60–90 mm product:
(a) Use the median decision boundary for sieve size 75 from the 40–70 mm product
to discard lower BFR-values.
(b) Calculate the ideal decision boundaries for each of the three samples (based
on the manual sieving).
(c) Find the median value of these.
5. Finally, combine decision boundaries of the three products by using the median
decision boundaries calculated for the corresponding sieves, i.e.
(a) 20–40 mm product: Use sieves up to 40
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Table 5: Initial and optimized decision boundaries of best-ﬁt rectangle (mm2 )
Method
Initial
Optimized

16

20

25

31.5

37.5

384
409

703
688

1578
1471

2088
1988

2729
2640

Sieve size
40
45
3031
2959

3716
4068

50

63

75

90

> 100

4832
5281

7270
7094

9714
9864

13025
12940

17218
18100

(b) 40–70 mm product: Use sieves from 45 up to 75
(c) 60–90 mm product: Use sieves from 75 and up
These initial decision boundaries are now used as initial guesses in the Nelder-Mead
optimization to ﬁnd decision boundaries that work well for each of the training samples.
Error function
The Nelder-Mead optimization will iteratively update the decision boundaries in order
to minimize the error function deﬁned in Equation 4 where the denominator is diﬀerent
for diﬀerent cases, as seen in Equation 5.

=
t

⎧
1
⎪
⎪
⎪
⎨C
x,t
d=
⎪
S
x,t
⎪
⎪
⎩
Cx,t Sx,t

x

(Cx,t − Sx,t )2 Clp
d



if Cx,t = Sx,t = 0,
if Cx,t = 0 and Sx,t =
 0,
if Sx,t = 0 and Cx,t =
 0,
otherwise.

(4)

(5)

where Cx,t and Sx,t are the fractions of particles in sieve-size class x for sample t for the
imaging method and the manual sieving, respectively.
The resulting initial and ﬁnal decision boundaries are shown in Table 5.

5.2

Finding correct weight transformation by product identiﬁcation

To estimate the size distribution based on the weight of particles, the number of particles
in each sieve-size class has to be transformed to weight of particles. As we have just seen
that the average weight per rock for a given sieve size diﬀers among the products, the
transformation must take this diﬀerence into account. The transformation is a simple
scaling, where the average weight of rocks in a speciﬁc sieve class is multiplied by the
number of rocks found using the imaging system. This scaling is determined from the
training data set. However, to use the correct scaling the current product type must
be known. As shown in [9], the training data can be used to calibrate a classiﬁer that,
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Table 6: Number and total weight of particles by size class

Sieve size
20–40 mm
> 100
90–100
75–90
63–75
50–63
45–50
40–45
37.5–40
31.5–37.5
25–31.5
20–25
16–20
12.5–16
10–12.5

206
206
206
206
206
172.5
129.6
101.9
72.24
42.18
22.20
11.72
6.033
2.475

Average weight of particles (g)
40–70 mm
684.2
684.2
684.2
554.2
300.4
201.1
152.8
121.7
72.60
45.46
21.80
10.23
4.786
2.054

60–90 mm
2016.0
1148
979.1
656.5
285.1
190.0
143.8
121.5
76.00
35.88
20.34
10.17
4.822
1.814

based on the imaging data, determine which product is present on the conveyor belt.
Altogether this means that the size distribution by weight can be estimated following
these steps:
1. Use a training data set to calibrate a classiﬁer that determines which product is
present, following the steps in [9].
2. Based on the training set, determine the average weight per rock in each sieve size
class. The results of this are shown in Table 6.
3. Estimate the sieve-size distribution based on the number of rocks, following the
procedure described in Section 5.1.
4. Scale the sieve-size distribution using the average weight per rock determined in 2.

6

Final result

To evaluate the performance of the proposed method, the size distributions by weight were
estimated for the three products, using data that were withheld during the training of
the classiﬁer. The results are shown in Fig. 4. The solid lines mark the true distributions
by weight, which were determined oﬀ-line. The dashed lines mark the estimates by the
proposed algorithm. As the ﬁgure shows, the algorithm performs well, also on data not
used in the calibration.
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Figure 4: Known (solid line) and estimated (dashed line) size distribution based on weight for
validation data.

7

Conclusions

In this paper we proposed a machine vision method for determining the size distribution
based on weight, for crushed limestone rocks on conveyor belts. It was also shown that
the weight of particles in a certain sieve-size class diﬀer signiﬁcantly from one product
to another, implying that diﬀerent transformations between the number of particles and
the weight of particles must be used. The particle sizes were ﬁrst estimated by number
of particles based on high-resolution 3D imaging data. The transforming function to a
size distribution by weight was then determined by calibrating the system based on a
small training data set. Results on new data shows that, provided the type of product is
known, good estimates of the particle size distribution by weight can be obtained.
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