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ABSTRACT 
One of the widespread issues in concrete structures is cracks occurring at early age. Cracks that 
appear in the young concrete may cause early start of corrosion of rebars or early penetration of 
harmful liquids or gases into the concrete body. These situations could result in reduced service 
life and in significantly increased maintenance cost of structures. Therefore it is important for 
construction companies to avoid these cracks. 

Volumetric deformations in early age concrete are caused by changes in temperature and/or the 
moisture state. If such movements are restrained, stresses will occur. If the tensile stresses are 
high enough, there will be a damage failure in tension and visible cracks arise. These stresses 
are always resulting from a self-balancing of forces, either within the young concrete body 
alone, i.e. without structural joints to other structures, or from the young concrete in 
combination with adjacent structures through structural joints.  

The decisive situation within a young concrete body alone is typically high stresses at the 
surface when the temperature is near the peak temperature within the body. This situation occur 
rather early for ordinary structures, say within a few days after casting for structures up to about 
some meters thickness, but for very massive structures like large concrete dams, it might take 
months and even years to reach the maximum tensile stresses at the surface. Usually this type of 
cracks is denoted "surface cracks", and in some cases only a temperature calculation may give a 
good perception to make decisions of the risk of surface cracking. 

On the other hand, the decisive situation within a young concrete body connected to adjacent 
structures, might include both risk of surface cracking at some distance away from the structural 
joint and risk of through cracking starting in the neighborhood of the structural joint. If the 
young concrete body is small in accordance to the adjacent structure, or, in other words, if there 
is an overall high restraint situation in the young concrete, the risk of early surface cracking 
might be out of question. So, restraint from adjacent structures represents one of the main 
sources of thermal and shrinkage stresses in a young concrete body.  

This study is mainly concentrated on establishing the restraint inside the young concrete body 
counteracted by adjacent structures, and how to estimate the risk of through cracking based on 
such restraint distributions. The restraint values in the young concrete are calculated with use of 
the finite element method, FEM. Any spatial structure may be analyzed with respect to the level 
of restraint. Calculations of risk of cracking are demonstrated with use of existing compensation 
plane methods, and a novel method denoted equivalent restraint method, ERM, is developed for 
the use of restraint curves. ERM enables the use of both heating of the adjacent structure and/or 
cooling of the young concrete, which are the most common measures used on site to reduce the 
risk of early cracking.  

In a design situation many parameters are to be considered, like type of cement, different 
concrete mixes, temperature in the fresh concrete, surrounding temperatures, temperature in the 
adjacent structure, measures on site (heating/cooling/insulation), sequence order of casting. 
Therefore, in general a lot of estimations concerning risks of cracking are to be performed. The 
main objective with the present study is to develop methods speeding up and shorten the design 
process. 

Furthermore, established restraint curves have been applied to the method of artificial neural 
networks (ANN) to model restraint in the slab, wall, and roof for the typical structures wall-on-
slab and tunnel. It has been shown that ANN is capable of modeling the restraint with good 
accuracy. The usage of the neural network has been demonstrated to give a clear picture of the 
relative importance of the input parameters. Further, results from the neural network can be 
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represented by a series of basic weight and response functions, which enables that the restraint 
curves easily can be made available to any engineer without use of complicated software.  

A new casting technique is proposed to reduce restraint in the newly cast concrete with a new 
arrangement of the structural joint to the existing old concrete. The proposed technique is valid 
for the typical structure wall-on-slab using one structural joint. This casting method means that 
the lower part of the wall is cast together with the slab, and that part is called a kicker. It has 
been proven by the beam theory and demonstrated by numerical calculations that there is a clear 
reduction in the restraint from the slab to the wall using kickers.  

Restraint is affected by casting sequence as well as boundary conditions and joint position 
between old and new concrete elements. This study discusses the influence of different possible 
casting sequences for the typical structure wall-on-slab and slab-on-ground. The aim is to 
identify the sequence with the lowest restraint to reduce the risk of cracking. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

V 

 

 CONTENTS  

 PREFACE  I 

 ABSTRACT III 

 CONTENTS V 

1   INTRODUCTION …………………………………………………... 1 

 1.1  General Background ………………………………………………..... 1 

 1.2  Objectives and Research Questions ………………………………….. 2 

 1.3  Outline of the Thesis ………………………………………………..... 4 

 1.4  List of Relevant Publications by the Author ……………………….… 5 

2   ORIGINATION OF STRESSES AND CRACKING IN EARLY 
AGE CONCRETE STRUCTURES ………………………….…..... 

7 

 2.1  Definitions of Typical Surface Cracks and Through Cracks ………… 7 

 2.2  Formation of Through Cracks During the Contraction Phase  .……… 10 

 2.3  Temperature Rises at Early Ages ...…………………………………... 11 

  2.3.1 Concrete Placing Temperature and Ambient Conditions ……………. 12 

  2.3.2 Formwork and Insulation …………………………………………….. 12 

 2.4  Coefficient of Thermal Expansion …………………………………… 13 

 2.5  Autogenous Shrinkage ……………………………………………...... 13 

 2.6  Stress Ratio …………………………………………………………... 14 

 2.7  Mechanical Properties ………………………………………………... 14 

  2.7.1 Compressive Strength ………………………………………………... 15 

  2.7.2 Tensile Strength ……………………………………………………… 16 

  2.7.3 Modulus of Elasticity ……………………………………………….... 16 

 2.8  Restraint from Adjacent Structures …………………………………... 17 

  2.8.1 Degree of Restraint in the Young Concrete …………………………. 17 

  2.8.2 Examples of Restraint Situations …………………………….............. 18 

  2.8.3 Effects of First and Second Casting on Restraint Distributions ……… 19 

  2.8.4 Type of Restraint ……………………………………………………... 21 

   2.8.4.1  One Edge Base Restraint …………………………………….. 21 

   2.8.4.2  Two Perpendicular Edge Restraint …………………………... 22 

   2.8.4.3  Three Edge Restraint ………………………………………… 23 

  2.8.5 Reducing the Restraint ……………………………………………….. 24 

 

 

 



 

VI 

 

3   MODELS AND METHODS CONCERNING STRESSES IN 
YOUNG CONCRETE ……………………………………………… 

27 

 3.1  General Overview ……………………………………………………. 27 

 3.2  Area of Interest in this Thesis ...…………………………………….... 28 

 3.3  Stress Calculation During the Contraction Phase ……………….…… 28 

 3.4  Temperature and Moisture State ……………………………………... 29 

 3.5  Restraint Calculations ………………………………………………... 30 

 3.6  Neural Network Applications ………………………………………... 31 

 3.7  Development of Equivalent Restraint Method ERM ………………… 32 

 3.8  Reduced Restraint Using a Kicker …………………………………… 32 

4   CONCLUSIONS…………………………………………………….. 35 

 4.1  Overall Results ……………………………………………………….. 35 

 4.2  Answer to the Research Questions ………………………………….... 36 

 4.3  Future Research ……………………………………………………… 36 

5   REFERENCES ……………………………………………………… 39 

 



Ch 1                                                                                                                  Introduction 

1 

 CHAPTER 1 

INTRODUCTION 

1.1. General Background 

Restrained volume changes associated with heat of hydration and shrinkage are 
major sources of cracking in early age concrete. The resulting cracks may permit 
penetration of harmful liquids or gases into the concrete body, so it is important to 
prevent or control them (ACI 207.2R-95, 2002; JSCE, 2010; EN1992-3, 2006). 
Moreover, they may lead to serviceability problems, such as increases in 
permeability followed by corrosion of rebars and hence reductions in durability 
and increases in maintenance costs, see some examples in Figure 1.1. Therefore, it 
is important to understand factors that affect risks of cracking in order to improve 
construction processes and raise the durability of concrete structures while 
optimizing costs. Thermal and shrinkage cracks have been intensively studied, but 
since many factors influence the complex processes involved they are still not 
completely understood (Emborg, 1989; Bernander & Emborg, 1994; ACI 224R-
01, 2001; Nilsson, 2003; Mihashi & Leite, 2004; Marani, et al., 2010). 

If the thermal movements of a segment are free, concrete can expand and contract 
without any risk of cracking. However, in practice all inelastic movements of 
structural elements are restrained to some degree: either internally by self-
balancing in the young concrete body due to thermal and moisture gradients, or by 
adjoining structures. Furthermore, several researchers (e.g. Emborg, 1989; 
Bernander, 1998; Nilsson, 2003; Bofang, 2014) have shown that temperature 
related movement is not solely responsible for early age cracking. Other important 
factors affecting cracks include autogenous shrinkage and changes in concrete’s 
mechanical properties and restraints. Figure 1.2 illustrates the main influential 
factors and how their interactions cause cracks in young concrete. As shown in the 
figure, there are three main aspects (highlighted in red) that must be considered 
when modelling stresses and crack risks in early age concrete: its mechanical 
behaviour; temperature & moisture changes; and restraint. 

Cracking risks can be reduced in several ways, notably by increasing the tensile 
strain capacity and/or reducing: thermal loading (temperature peaks and 
gradients), moisture gradients and/or restraints. However, many other parameters 
significantly affect cracking risks, including mix parameters, concrete placing 
temperature and formwork material (RILEM TC 42-CEA, 1981; Bernander & 
Emborg, 1994; Bernander, 1998; Utsi & Jonasson, 2012; Klemczak & Knoppik, 
2015). 
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Figure 1.1 Examples of through cracks in concrete walls at early ages.  
Sources of the images, clockwise from top left, are:  Bamforth et al. 
(2010), Bjøntegaard (2011), Mohammed & Benmokrane (2014) and 
Seruga & Zych (2014). 

The most general approach for modeling early age concrete structures (including 
both newly cast concrete and adjacent structures) is 3D FE (Finite Element) 
analysis. Various software packages have been developed for this purpose, 
including the widely applied DIANA system 
(http://tnodiana.com/SolutionsConcrete). However, compiling appropriate input 
data for these type of programs to simulate a particular application is in general 
complex and time consuming, especially in design phases when risks of early 
cracking (among many other aspects) associated with numerous options may be 
explored to identify key parameters. So, in design there is a need for methods that 
can be used to calculate cracking risks quickly and reliably, even for complex 
structures. 

1.2. Objectives and Research Questions 

The main objective of the research, that this thesis is based upon, is to focus on 
the area of restraint in concrete structures, which is one of the key aspects 
highlighted in red in Figure 1.2. More specifically, the main goal is to establish 
restraint curves that could be applied when designing various structural elements 
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like slabs, walls, and roofs (i.e. mathematically rigorous descriptions of the 
restraints acting on the young concrete shortly after casting). The research and 
established methods in this thesis concerning rapid calculation of risks of through 
cracking are presented in the appended papers. 

 
 

Figure 1.2  General “flow” of crack-free planning (Jonasson et al., 2009; 
slightly modified from Emborg & Bernander, 1994a). 

The expectations concerning the outcome from the research in this thesis can be 
formulated as follows:  

• Provide a robust theoretical base to understand early age cracking and the origin 
of restraint imposed by adjacent structures. 

• Establish engineering approaches for crack risk analyses using restraint 
curves for concrete structures capable of simulating key processes in both 
natural conditions and commonly used site measures of heating and cooling. 
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• Apply and verify the use of artificial neural network (ANN) analysis for 
generating restraint curves concerning typical structural elements and 
clarifying effects of geometrical dimensions on them.  

• Propose a new casting technique for reducing risks of concrete cracking in 
typical wall-on-slab cases and assess the feasibility of combining it with 
traditional measures to avoid cracking. 

• Identify optimal casting sequences in typical wall-on-slab and slab-on-
ground cases to minimize restraints in the newly cast concrete without 
additional measures. 

Two general research questions may be addressed: 

RQ1: Is the local restraint method (LRM) using restraint curves from 3D elastic 
calculations an acceptable engineering method performing crack risk 
analyses? 

RQ2: Is it possible to theoretically verify that the use of kickers for typical 
structure wall-on-slab, i.e. casting the lower part of the wall together with 
the slab, reduces the restraint significantly in the wall? 

1.3. Outline of the Thesis 

This thesis consists of four chapters, and the contents are briefly summarized 
below: 

Chapter 1 introduces the subject matter, provides general background information 
concerning crack-free planning for early age concrete castings, and outlines the 
overall objectives of the underlying research. 

Chapter 2 provides an overview of the formation of stresses and cracking in early 
age concrete, introducing and discussing key variables that influence through 
cracking during the contraction phase (volume changes, mechanical behavior and 
restraint). Examples of restraint analyses in various situations when casting a 
tunnel structure are also presented. 

Chapter 3 gives a short background to the new models and methods presented in 
the appended papers. Some pre-conditions and limitations are also given as a 
frame-work to the research performed in this thesis. 

Chapter 4 provides conclusions and answer to the research questions, and 
suggestions for future works connected to this field of research are presented. 
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1.4 List of Relevant Publications by the Author 

Papers 1 – 8 below are appended to this doctoral thesis (and referred to in the 
following text by the paper numbers), while the licentiate thesis and Technical 
Reports 1-3 are available from the Luleå University of Technology archives. 

There are several authors in all the papers, but I (Majid Al-Gburi) am the first 
author of all of them because I was responsible for the major part of the literature 
review, as well as all of the calculations, drawings, illustrations, and writing of the 
preliminary text. My co-authors contributed with improvements of the text and 
discussions concerning the ‘papers’ contents and limitations. 

List of publications: 
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Structural Engineering International, Vol. 25, No. 3, August, 2015, 
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Networks”, submitted to European Journal of Environmental and Civil 
Engineering, 4-1-2015. 

Paper 5: Al-Gburi, M., Jonasson, J.E., Nilsson, M. “Reduce the Crack Risk at 
Early Age Concrete by Using a New Casting Sequence” (submitted to 
Computer and Concrete, 26-6-2014). 

Paper 6: Al-Gburi, M., Jonasson, J.E., Nilsson, M. “Reduction of the Crack Risk 
due to Restraint in Early Age Concrete - A case study on Walls of 
Water Tanks” (submitted to European Journal of Environmental and 
Civil Engineering, 10-3-2015. 



Ch 1                                                                                                                  Introduction 

6 

Paper 7: Al-Gburi, M., Jonasson, J.E. Nilsson, M., “Effect of Casting Sequences 
on The Restraint in Slab-on-Ground”, Published in Proceedings of the 
Concrete Innovation Conference, CIC 2014, Oslo, Norway, 11-13-June, 
2014. 
http://www.coinweb.no/HCB_Program_CIC2014_10juni_m-
chairmen_abstract.pdf 

Paper 8: Al-Gburi, M., Jonasson, J.E., Nilsson, M., “Effect of the Boundary 
Conditions on the Crack Distribution in Early Age Concrete”, published 
in Proceedings of the XXII Concrete Research symposium, Reykjavik, 
Iceland.            
https://www.tekna.no/ikbViewer/Content/918168/Proceeding%20XXII
%20-%20FINAL_2014-08-04.pdf 

 
Licentiate Thesis: 

Al-Gburi, M. (2014), Restraint in Structures with Young Concrete — Tools and 
Estimations for Practical Use, Division of Structural Engineering, Lulea 
University of Technology, Licentiate Thesis, ISSN 1402-1757, ISBN 978-91-
7439-976-9, 2014. 

http://www.dissertations.se/dissertation/3d425de30d/ 

Technical Reports: 

Technical Report 1: Al-Gburi, M. (2012), “Restraint formulation for wall on slab 
at early age concrete structures by using ANN”, LTU Technical Report, 
ISSN 1402-1536, ISBN 978-91-7439-5488, Lulea 2012, 33pp. 

          http://pure.ltu.se/portal/en/publications/restraint-formulation-for-wall-on-
slab-at-early-age-concrete-structures-by-using-ann(5f251504-0bea-4a39-
9437-172e4de56444).html 

Technical Report 2: Al-Gburi, M. (2014), “Restraint Calculation in Concrete 
Culvert-First Casting”, LTU Technical Report, ISSN 1402-1536, ISBN 978-
91-7439-882-3, Lulea 2014, 68 pp..  

http://pure.ltu.se/portal/en/publications/restraint-calculation-in-concrete-
culvert-first-casting(119f46d6-711a-4264-bae4-2bbe16498c49).html 

Technical Report 3: Al-Gburi, M. (2014), “Restraint Calculation in Concrete 
Culvert-Second Casting”, LTU Technical Report in ISSN 1402-1536, ISBN 
978-91-7583-075-9, Lulea 2014, 156 pp.. 
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CHAPTER 2 
 

ORIGINATION OF STRESSES AND CRACKING IN 
EARLY AGE CONCRETE STRUCTURES 

 
2.1. Definitions of Typical Surface Cracks and Through Cracks 

There are no rigorous, widely accepted definitions of types of cracks that may 
occur in early age concrete. However, three loosely defined types that often occur 
in structures like concrete slabs, walls, roofs, tunnels and bridges are listed below 
and illustrated in Figure 2.1 (Bernander, 1998): 

• Type I: Surface cracks that develop in young concrete during the 
expansion phase. 

• Type II: Through cracks that develop in old concrete during the expansion 
phase. 

• Type III: Through cracks in young concrete that develop during the 
contraction phase. 

 
Figure 2.1 Examples of early age expansion and contraction cracks in a wall 

cast on older concrete (Bernander, 1982). 

The main mechanisms involved in formation of these cracks can be summarized 
as follows: 

• Type I: During hardening of concrete the temperature will rise due to the 
hydration process until the peak temperature is reached. Heat losses to the 
surroundings will cause a temperature difference between the relatively cool 
surface and relatively warmer core of the cross-section. In Figure 2.2 the 
temperature difference, stress development in the center and at the surfaces 
as well as the tensile strength development in the analyzed concrete cross-
section is shown. Since the free (inelastic) deformations within the structure 
are uneven, and the restraint from adjacent structures is close to zero (“far” 

Older
concrete

Young
concrete

Contraction phase
Expansion phase

Temperature

Time

Surface

cracks

Through
cracks

Peak temperature is commonly
in the range of 30-60 °C, 15-72
hour after the casting begun.
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away from the joint section), self-induced stresses are formed. This self-
balancing of the section causes tension near the surface and compression in 
the core of the section during the expansion phase. During the contraction 
phase, the stresses are redistributed and the surface stresses shift into 
compression. Finally, there will be some residual compression stresses at 
the surface due to creep and relaxation (Emborg, 1989; Bernander, 1998; 
Nilsson et al., 1999). 

• Type II. During the expansion phase increases in the young concrete’s mean 
temperature will cause expansion in the old concrete. Moreover, the balance 
of forces between the young and older elements might cause tensile failure 
resulting in through cracks in existing concrete. During the contraction 
phase, the stresses in the old concrete will be gradually redistributed into 
compression. 

• Type III. Through cracking in the young concrete occurs during the 
contraction phase, if the mean tension stress over the cross-section reaches 
the tensile strength. The distribution of stresses is caused by the total 
structural equilibrium between the new and old concrete. These through 
cracks occur, when the temperature is more or less in conformity in the 
young and adjacent concrete. If no cracks are formed, the stresses in the 
decisive parts of the fresh concrete will remain in tension, and culminate in 
some lower residual tensile stress due to creep and relaxation, as discussed 
in more detail by, for instance, Bernander (1998), Emborg (1989) and 
Nilsson et al. (1999). 

 

Figure 2.2 Changes with time in stresses due to the temperature difference (ΔT) 
over a 2 m thick concrete wall section, and tensile strength at the 
surfaces (Bernander, 1998). 

The times when cracks of types I – III are likely to occur strongly depend on the 
spatial dimensions of the members of the structure. However, for most “ordinary” 
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civil engineering structures (bridges, tunnels, water storage tanks, purification 
plants etc.): 

• Type I. 1 – 2 days after casting. 

• Type II. 1 - 2 days after casting. 

• Type III. 1 –3 weeks after casting. 

The main drivers of the above mentioned mechanisms are temperature differences 
within the young concrete and between new and old concrete. However, shrinkage 
due to changes in the concrete’s moisture state may also play a significant role, 
and drying and autogenous shrinkage affect cracking risks in different ways. 

Drying shrinkage results from a slow diffusion process. Following the casting 
considerable moisture gradients may be gradually formed in the cross-section of 
an element, and may take months (or more) to reach the inner part of the structure. 
Tensile stresses generated in the near-surface regions arise as a result of these 
gradients and may cause the commonly observed surface cracking (CEB FIP, 
Bulletin 70, 2013). Drying shrinkage may form through racks in very thin 
structures, but for most civil engineering structures it only causes superficial 
effects that can be neglected in overall considerations of through cracks formed at 
early ages. 

Autogenous shrinkage occurs as a result of self-desiccation without moisture 
exchange with the surroundings, and its magnitude is mainly dependent on the 
water-to-binder ratio of the newly cast concrete. Autogenous shrinkage has 
different effects in the three listed types of cracking, which can be summarized as 
follows: 

• Type I. Autogenous shrinkage is almost homogeneous within the body of 
young concrete, i.e. the whole section will shrink nearly homogeneously 
and contribute very little to surface cracking. 

• Type II. As implied by the name, in the expansion phase thermal 
deformation leads to expansion, but autogenous shrinkage leads to 
contraction of newly cast concrete and thus counteracts, to some degree, 
the risk of this early source of tensile cracking in the old concrete. 

• Type III. Here both the thermal deformation and autogenous shrinkage 
contribute to contraction of the young concrete. Thus, the difference in 
inelastic deformation between the young and old concrete increases. 
Autogenous shrinkage may significantly contribute to risks of through 
cracking during the contraction phase of concretes with low water-to-
cement or low water-to-binder ratios. 

This thesis focuses on type III cracks. Crack types I and II are not further 
discussed. 
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2.2.Formation of Through Cracks During the Contraction Phase 

To clarify the development of through cracks during the contraction phase, the 
concrete element in Figure 2.3 is considered. The element is partly or fully 
restrained in a uniaxial stress state. In massive structures, the hardening concrete 
generates a considerable amount of heat during the hydration phase, which is 
illustrated in Figure 2.3a showing the mean temperature development in the 
section of the young concrete. The temperature rise in a concrete mass depends on 
numerous variables, including cement mix parameters, geometric dimensions, 
level of insulation, and boundary (ambient) conditions, see also Figure 1.2. 
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Figure 2.3 Illustrative changes in average temperature and tensile strength of 
young concrete with time, and the timing of possible through 
cracking during the contraction phase under 100% and partial 
restraint (Bernander and Emborg, 1994). 

Time 2t  in Figure 2.3 is when the stress in the concrete element is zero, shortly 
after the expansion phase ends. From this “time of zero stress” the young concrete 
only contracts. The resulting deformation is counteracted by the adjacent 
structures and thus tensile stresses arise in the young concrete element. The 
degree of counteraction may be described by a restraint factor,  0 ≤ R ≤ 1, where R 
= 1 equates to 100% restraint in Figure 2.3, and so-called “fix stress” is created in 
the concrete element. If R  = 0 (0 % restraint) the young concrete element is 
stress-free, while in all intermediate situations the restraint is partial and 0 < R  < 
1. 
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Time 3t  in Figure 2.3 is the time when the stress ratio (tensile stress to strength 
ratio) is highest, which normally defines the design state. After time 3t  the tensile 
stress is decreased gradually due to creep and relaxation effects. Definitions and 
uses of restraint coefficients are discussed in more detail in section 2.8. 

The restraint, temperature, and stress distributions along the height of a young 
concrete wall in a typical wall-on-slab case are shown in Figure 2.4. The 
maximum restraint is typically at the position of the contact area between new and 
old concrete, and it decreases upwards along the wall. However, the most 
important restraint in this case is not the highest, but the restraint at some distance 
above the contact area, where the stress ratio peaks, denoted the decisive restraint 
in Figure 2.4. The temperature distribution is almost uniform along the wall 
except at its top, due to losses of heat to the air, and near the slab, where the wall 
is naturally cooled by the older concrete (slab). 

The distribution of stress along the wall may be formally described by multiplying 
the restraint factor by the effective Young’s modulus and the free deformation 
originating from the temperature (including any on-site measures like cooling 
and/or heating) and shrinkage. The temperature distribution can be easily 
calculated with many available computer programs, in most cases the effective 
modulus of the young concrete can be estimated (Larson, 2003), and in typical 
wall-on-slab cases the stress ratio is commonly highest about one wall thickness 
above the contact area between the wall and the slab (Nilsson, 2003). This thesis 
focuses on the restraint factor, and both the definition of restraint and the factors 
affecting it are discussed in more detail in Section 2.8. 

 
Figure 2.4 Distributions of restraint, temperature and stress ratio along a 

young concrete wall cast on an older concrete slab when the stress 
ratio is highest. 

2.3. Temperature Rises at Early Ages 

The increases in temperature depend on the differences between rates of heat 
evolution and heat loss. Once the rate of heat loss exceeds the rate of heat 
generation, concrete starts to cool and contract (Tajik, 2011). The temperature rise 
is mainly affected by the temperature of the concrete at placement, curing period 
and temperature, type and quantity of the cement and additive materials, solar 
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radiation intensity and thermal boundary conditions (Schindler & McCullough, 
2002). 
Generally, the major concerns related to the temperature rise in mass concrete are 
concrete degradation and cracking at early age. If the temperature of some young 
concretes exceeds about 55 to 70 oC their long-term durability can be affected by 
delayed ettringite formation (DEF) (Gajda and Vangeem, 2002; Newman and 
Choo, 2003; Jeon, 2008 and Bamforth, 2007). Most codes counter the possibility 
of DEF occurring by limiting the maximal allowable concrete temperatures in 
relevant cases. 

The measures included in most international codes to avoid or decrease risks of 
early thermal cracking are simple, traditionally recommended temperature 
requirements, but codes in Sweden are based on stress calculations and maximum 
recommended stress ratios under various environmental conditions. The Swedish 
philosophy may be essentially described as “planning to ensure crack-free 
concrete”, and the focus in this thesis (and the appended papers) on restraint 
calculations reflects this philosophy. 

The hydration of cement and cementitious materials is the source of endogenous 
heat, and the temperature rise in concrete can be reduced by minimizing the 
cement content by using supplementary cementitious materials such as fly ash, 
slag or silica fume, see for instance Mindess et al. (2003), Bentz & Jensen (2004), 
Mehta & Monteiro (2006), Hossain et al. (2007) and Byard et al. (2010).  

2.3.1 Concrete Placing Temperature and Ambient Conditions 

Lowering the placing temperature reduces the maximum temperature rise, thus 
directly affecting the temperature difference between new and older concrete 
(Bernander, 1998). The ambient conditions will also influence the thermal 
gradients within the new concrete. The placing temperature might sometimes be 
increased to accelerate production, and a 5°C increase may reduce the striking 
time by up to 8 hours under some conditions (Tajik, 2011). However, risks of 
early thermal cracking are generally lower at cooler temperatures, although 
ambient temperatures close to freezing will impair hydration of the concrete and 
associated complications should be considered (PSA Specialist Services, 1992). 

2.3.2. Formwork and Insulation 

The type and duration of formwork have important effects on the temperature 
peak and temperature gradient during the concrete casting. For thin sections, use 
of formwork with low insulation values may be advantageous as it allows quick 
heat dissipation, which may reduce the peak core temperature. In contrast, high 
insulation is beneficial for thick sections (including their top surfaces) as it helps 
to minimize temperature differences or gradients and (thus) surface cracking (PSA 
special services, 1992). However, formwork providing high thermal insulation 
also prolongs the time required to reach ambient temperature, which also delays 
its removal. If either steel and plywood formwork is used the peak temperature of 
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a 500 mm thick section will typically be reached 20 to 48 hours after casting (IB 
73, 2010), but leaving the formwork in place for say 3-4 days is beneficial as it 
significantly reduces thermal gradients within the section (Bernander, 1998; 
Bamforth, 2007). 

2.4. Coefficient of Thermal Expansion 

The coefficient of thermal expansion (CTE) of a material is defined as the unit 
change in length per degree of temperature change. The two main constituents of 
concrete, cement paste and aggregates, have different CTEs (Bamforth & Price, 
1995; Naik et al., 2011). The CTE of fresh concrete is 8 to 10 times higher than 
that of hardened concrete, and it decreases rapidly during the first 10 hours of 
hydration (Schoppel & Springenschmid, 1994). According to experimental results 
reported by many researchers, e.g. Yang et al. (2003), the CTE of concrete is 
affected by mixture parameters such as aggregate types, volume of constituents, 
and relative humidity. It is also influenced by cooling and warming cycles, 
temperature ranges and specimen shapes. 

Typical CTEs for concrete are in the range of about 8-13×10-6 m/(m °C) 
depending primarily on the aggregate used. As coarse aggregates normally 
constitute approximately 45% of the volume of concrete (and fine aggregates 
about 30%) they affect its CTE most strongly. Bjøntegaard (2011) has shown 
experimentally that a constant CTE may provide good practical approximations 
for estimating risks of thermal cracking in young concrete. 

2.5. Autogenous Shrinkage 
 

The traditional definition of autogenous shrinkage of a concrete body is its free 
contraction during hydration in moist sealed, isothermal conditions due to internal 
self-drying driven by chemical reactions (Fjellström, 2013). If the water-to-
cement ratio is less than approximately 0.5 there will not be enough water in the 
mixture to fulfil the hydration "potential" (Hedlund, 1996; Holt, 2002). 

The hydration products occupy less volume than the sum of the original water and 
un-hydrated cement. Cement paste hydrating under sealed conditions will be self-
desiccated (creating empty pores within the hydrating paste structure). If external 
water is not available to fill these ‘‘empty’’ pores, considerable shrinkage can 
result (Bentz, 2008). More specifically, the autogenous shrinkage is quite minor 
(less than approximately 300 micro strains) in normal strength concrete 
(Fjellström, 2013), but in high-strength concrete or concrete with a low water-to-
binder ratio it may be similar to or even exceed the drying shrinkage (Forth & 
Martin, 2014). 

The autogenous shrinkage SH e (t ) ε  can be modelled, according to Hedlund 
(1996), as:  
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   (2.1) 

where  
refε  is the reference ultimate shrinkage [m/m]; 

SHθ  is an empirical time parameter representing the development of shrinkage 
[h]; 

et  is equivalent time [h]; 

otε  is the concrete’s age when the measurement starts [h]; 

shη  is an empirical constant influencing the curvature [-]. 

Use of a shrinkage-reducing admixture (SRA) decreases the autogenous 
shrinkage, which can also be achieved by a combination of internal curing via pre-
wetted lightweight aggregates and use of expansive cements (Nagataki & Gomi, 
1998). Each of these strategies reduces autogenous shrinkage and may even result 
in autogenous expansion in the fresh stage, but none of them influences early age 
cracking significantly (Bentz & Jensen, 2004).  

2.6. Stress Ratio 

The risk of cracking is usually expressed as the relation between generated 
concrete tension stress and tensile strength. This ratio is here denoted the “stress 
ratio” ( )i tξ , see Eq. 2.2. The critical stress ratio for through cracking is normally 
highest late in the cooling phase, as shown for instance by Ji (2008). Cracking will 
probably only occur theoretically if the calculated stress ratio exceeds 1.0. Thus, 
in cases where calculated stress ratios are required in the pre-documentation 
analysis they should generally be less than 1.0 (Bjøntegaard, 2011).  

( )
( )

( )
( )

 c
i

t

Concrete stress t t
Stress ratio (t)

Tensil  strength t f t
σ

ξ= = =   (2.2) 

Bjøntegaard (2011) also mentioned that the stress ratio ( )i tξ  should not exceed 
0.65–0.79 to ensure a less than 5% probability of through cracking (corresponding 
to a confidence level of 90%). Similarly, the Swedish Transport Administration 
requires pre-calculated stress ratios ≤ 0.5 to 0.95 for different environmental 
classes (Handbook Bro, 2004). 

2.7. Mechanical Properties 

Mechanical properties, the E-modulus, creep/relaxation and strength are all 
important for analysis of hardened concrete. In young concrete, changes in these 
properties as functions of time are major concerns. The realistic assessment of 
stresses and crack risks not only requires mechanical modeling and numerical 
analysis, but also reliable empirical data on the young concrete’s properties 
(Rostásy et al., 1998). Hence, there are many expressions in the literature and 
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codes concerning the mechanical properties of hardening and mature concrete. 
This sub-section presents some of the common expressions for the compressive 
and tensile strength, and E-modulus, which are used at LTU. They are all suitable 
for young concrete and are modifications of formulas in the CEB-FIP Model Code 
90 (1993), see also Fjellström (2013). For more information on creep models used 
in crack risk analyses at LTU, see Westman (1999) and Larson (2003). 

2.7.1. Compressive Strength 

When modeling mature concrete, one of the key properties is its compressive 
strength 28 days after casting (28d)cf . In analysis of concrete at early ages, the 
critical feature is the risk of cracking, which occurs due to high tensile stresses. 
However, compressive strength is also important because it is strongly correlated 
with other mechanical properties; hence it is widely used as a representative 
parameter. Changes with time of compressive strength ( )c ef t  may be expressed 
as:  

0 5
2828 1

.
S

c e c
e S

tf ( t ) f ( d ) exp s -
t t

   −  = ⋅ ⋅  −     
  (2.3) 

where  
28cf ( d )  is the compressive strength at 28 days equivalent age [Pa]; 

et  is equivalent time [days], see Eq. 2.4 below; 

St  is the time when the concrete shifts from liquid to solid state [days], 
also denoted time of “initial setting”; 

s  is an empirical parameter [-] determined by fitting test results to 
compressive strength at different ages. 

The equivalent time, et , or more correctly the temperature-related equivalent 
time, may be described in diverse ways, see for instance Fjällström (2013). One 
flexible option is to use the following expression presented by Jonasson (1984): 
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= ⋅  + 
 for 3 0.25κ ≥    (2.4b) 

where 
( )cT t  is the concrete temperature [oC]; 

t  is the time after casting [s], [h] or [d]; 
refθ [K] and 3κ [-] are fitting parameters, determined from empirical results.  
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2.7.2. Tensile Strength 

The tensile strength of concrete ctf  is a very important parameter for early age 
cracking predictions. It may be determined directly by uniaxial tensile tests or 
indirectly by either splitting tensile strength tests or bending tests. Uniaxial tensile 
tests are more difficult to perform, but provide direct rather than inferred 
indications of the true tensile strength of concrete. Generally, ctf  of mature 
concrete is defined by simple equations relating it to cf  of concrete. However, 
changes with time of ctf  are not as clear as those of cf . Furthermore, cf to ctf  
ratios do not generally remain constant, and depend on the concrete mix. Curing 
and drying conditions as well as dimensions of the structure also significantly 
affect the changes in ctf  as concrete matures, which can be estimated in relation 
to ( )c ef t , typically as follows: 

0.667
( )( ) .ref c e

ct e t ref
c

f tf t f
f

 
=  

 
   (2.5) 

where  

)( ect tf  is the tensile strength [Pa]; 
ref

tf  is a references specimen’s  tensile strength [Pa]; 
ref

cf  is a references specimen’s compressive strength [Pa]. 

In tests at LTU the parameters ref
tf  and ref

cf  are determined using a Stress 
Testing Machine (STM) (Westman, 1999) under realistic conditions in pure 
tension. 

2.7.3. Modulus of Elasticity 

Changes with time of concrete’s modulus of elasticity ( )c eE t  are commonly 
expressed as a function of the concrete’s compressive strength, ( )c ef t . A typical 
expression is: 

0.5
( )( ) (28 )

(28 )
c e

c e c
c

f tE t E d
f d

 
= ⋅ 

 
   (2.6) 

where (28d)cE  is the value at 28 days, determined by fitting test data. 

The relation between the modulus of elasticity of young concrete and adjacent 
structures directly affects restraint calculations in FE-analysis. Figure 2.5, from 
Larson (2003), shows the relation ( ) ( )28c ecE d / E t  for a type of concrete 
commonly used in civil engineering structures in Sweden. It can be seen that 

( ) ( )28c ecE d / E t  as an average value from 2et   ≈ 7d at zero stress point to a 
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maximum stress ratio when 3et  ≈ 28d equals about 1.07. Note that the temperature 
of the young concrete is typically high, and the equivalent time is significantly 
higher than the real time. Thus, if the adjoining structure is cast with the same 
concrete, a representative value for the ratio of the E-modulus between young and 
old concrete may be taken as 1/1.07 = 0.93 when calculating the maximum stress 
ratio for through cracking. Under other circumstances this ratio might be different. 

 

Figure 2.5 Changes with time in the modulus of elasticity in equivalent time 
divided by the value at 28 days equivalent age (Larson, 2003). 

2.8. Restraint from Adjacent Structures 

2.8.1. Degree of Restraint in Young Concrete 

A restraint factor is commonly used to describe the level of restraint in young 
concrete imposed by adjoining structures. In the literature this restraint is 
sometimes denoted “external restraint”. The degree of restraint, R , is generally 
defined as the ratio between the actual stress in a contracting body and the stress 
imposed under full restraint: 

=
Actual imposed stress

Degree of restraint = R
Imposed stress at full restraint

 (2.7) 

It might be difficult to determine the degree of restraint correctly, but obtaining 
restraint values that are as accurate as possible for a certain application is very 
important. The degree of restraint depends primarily on the relative dimensions 
and modulus of elasticity of the young concrete and surrounding restraining 
materials. Furthermore, restraint is not constant but decreases with distance from 
maxima near contact edges with adjoining structures (Kheder et al., 1994; Kheder, 
1997b; Emborg & Bernander, 1994b; Olofsson, 1999). This can be seen in the 
example shown in Figure 2.6, where the upper part of a member is almost entirely 
free to move ( 0R ≈  ), while areas close to the fixed edge at the bottom are close 
to fully restrained ( 1R ≈ ). 
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Figure 2.6 Illustrative variation in the degree of restraint in a young concrete 

element restrained by continuous old concrete. S33 (= R33) denotes 
the restraint in the z direction, which here is the longitudinal 
direction of the structural member parallel to the direction of the 
edge. The restraint ranges from zero (deep blue) to full (deep red). 

2.8.2. Examples of Restraint Situations 

It is always beneficial to reduce restraint, when possible (Bjøntegaard, 2011), as 
through cracks remain open and grow over time (Bernander, 1998; Newman & 
Choo, 2003; Amin et al., 2010). Restraint occurs in several forms depending on 
the number and locations of adjoining structures, as shown in Figure 2.7. 
Generally, however, the degree of restraint in a structural element increases with 
increases in the number of fixed boundaries (Engström, 2011). 

The sub-figures of Figure 2.7 can be interpreted as similar to different typical 
cases of first and second casting sequences concerning risks of through cracking 
of tunnels, see also Figure 2.8. One edge restraint is similar to the case first 
casting wall-on-slab or the second casting of slab-to-slab, see Figure 2.7b. Two 
perpendicular edges restraint is similar to the second casting of walls that are 
restrained at base and one existing wall, see Figure 2.7c. Restraining by two edges 
in parallel is similar to first casting roof-on-walls, see Figure 2.7d. Restraining by 
three edges is similar to the second casting of roof-on walls, see Figure 2.7e. The 
last case shown in Figure 2.7f is restrained by all four edges and this situation 
might occur at infill castings of slabs or walls using the so called “chess board 
method”. 
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 Figure 2.7 Typical distributions of restraint, based on Bernander (1998) with 

modification by new FE calculations. Degrees of restraint range 
from zero (deep blue) to full (deep red). The crosses indicate 
adjoining structures, as described in the text. 

2.8.3. Effects of First and Second Casting on Restraint Distributions 

Through cracks due to restraint typically start perpendicular to the direction of 
the restraining edge. Cracks of this kind are usually initiated some distance away 
from the contact surface because the adjoining structure acts as a local cooling 
element (see also Figure 2.4). 

Figure 2.8 presents illustrative restraint distributions generated by FE 
calculations in wall and roof elements cast during the first and second stages of 
tunnel building. The position of the decisive cross-section, where the restraint is 
maximal in the analysed structure, is indicated by black arrows on the surface of 
the contracting body. Figures 2.8a and 2.8b show restraint distributions in wall 
and roof sections cast during the first phase of the tunnel construction, 
respectively. For the wall elements of the first tunnel section, the decisive 
horizontal restraint 33R  (i.e. in the z direction) is located midway along the wall’s 
length, as shown in Figure 2.8a. Crack formation usually begins about one wall 
thickness away from the base (Bernander, 1998; Nilsson, 2003; Ma & Wu, 2004; 
Xiang et al., 2005; Zhou et al., 2012; Klemczak & Knoppik, 2014). 
For the roof element of the first tunnel section, the maximum restraint occurs 
halfway along its length near the supporting walls, as shown in Figure 2.8b. This 
prediction is consistent with observations in laboratory tests and various 
simulations (Krauss & Rogalla, 1996; Saadeghvaziri & Hadidi, 2005). 
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Figure 2.8  FE analysis-generated distributions of restraint at indicated stages 
when casting slabs, walls and roofs forming a tunnel. The colors 
indicate the degree of restraint, from deep blue for compression 
restraint, through green for zero restraint to deep red for full 
restraint in tension. 11R , 22R and 33R  denote restraint in the x, y, 
and z directions, respectively. In each panel the black arrow shows 
the position of the cross-section where the tensile restraint is 
maximal for the contraction member in question. BF denotes the slab 
width, TF the slab thickness, HW the wall height, TW the wall 
thickness, BR the roof width, TR the roof thickness, and L the length 
of the structures. 

In the second slab element, the decisive vertical restraint 11R  (i.e. in the x  
direction) occurs near the contact surface between the first and second slabs, as 
shown in Figure 2.8c. 

The distribution of restraint in the second wall elements is influenced by the 
presence of the walls of the first tunnel section. Consequently, the decisive 
horizontal restraint 33R  does not occur halfway along the wall’s length, but 
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approximately 20% of the wall’s length away from the contact surface between 
the first and second walls (Bamforth, 2007), as shown in Figure 2.8d. In addition 
to this horizontal restraint, a vertical restraint 22R   (i.e. in the y  direction) acts 
parallel to the contact surface with the existing wall, as shown in Figure 2.8e. 
The horizontal restraint 33R  is usually higher and covers a larger area than the 
vertical restraint 22R   and thus may be more important.  

The decisive restraint (see also Figure 2.4) acting on the second roof element 
along the contact area with the existing roof ( 11R ) is located in the middle of the 
roof, as shown in Figure 2.8f. The second roof is also subjected to another 
restraint, 33R , imposed by the walls. In contrast to the situation for the first roof 
section, this restraint occurs approximately 20% of the section’s length away from 
the free edge of the roof section, as shown in Figure 2.8g. Thus, the restraints 
acting on the structural elements of the first and second tunnel sections clearly 
differ in magnitude, position, and orientation. 

2.8.4. Type of Restraint  

The casting sequence, geometry and joint positions strongly influence the degree 
of restraint acting on horizontal cast elements (slabs, roofs, etc.) and vertical cast 
elements (walls, etc.). Generally, ‘sequential’ or continuous casting results in less 
restraint than ‘alternate bay’ or jumped casting. The following sections consider 
three typical cases of restraint from adjacent structures when constructing 
concrete wall-on-slab structures to illustrate casting sequence effects on restraint. 
The geometry of structures influence restraint, so in all of these cases the cross-
sectional dimensions of the slab and wall are 3×1 m and 0.5×5 m, respectively, 
and the structures are 10 m long. The three cases are: 

 One edge base restraint. 
 Two perpendicular edge restraint. 
 Three edge restraint. 

2.8.4.1 One-Edge Base Restraint  

When casting a wall on an older slab as shown in Figure 2.9, the wall is free to 
move along three edges and restrained along the base. The wall will contract 
homogeneously, and the slab denoted older concrete will cause restraint during 
self-balancing of the total wall-on-slab structure. If the wall has a small height/ 
length ratio, the restraint might be negligible. However, if the restrained edge 
length exceeds about 5 m, the horizontal restraint in the wall must be considered 
(Tajik, 2011). 
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Figure 2.9 Distribution of restraint in a one-edge restraint situation showing 
33R  in parallel with the horizontal edge. 

At the base, the horizontal restraint in this example ( 33R  = 0.758 in the z 
direction) is maximal midway along the wall’s length. As mentioned earlier the 
critical restraint for design is about one wall thickness above the base in this case. 
The blue coloration at the top of the wall indicates compression in this area in the 
z direction.  

2.8.4.2 Two Perpendicular Edge Restraint  

In two perpendicular edge restraint cases, the young wall is restrained at the base 
and one edge (see Figure 2.10). The horizontal restraint in the young concrete 
wall is not maximal at the middle of the wall, but at about 25 % of the wall’s 
horizontal length closer to the vertical joint, in agreement with published findings 
(Bamforth, 2007). The decisive horizontal restraint is 33R = 0.795 in the z 
direction near the base and the maximal vertical restraint is 22R = 0.51 in the y 
direction near the vertical edge. 

 

Figure 2.10  Restraint distribution in a two perpendicular edge restraint case 
(generated from two FE simulations, with the same color schemes) 
showing both 33R  in parallel with the horizontal edge and 22R  in 
parallel with the vertical edge. The vertical white line indicates the 
boundary between the two simulations. 
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2.8.4.3  Three Edge Restraint  

A typical example of three edge restraint occurs when a new wall is “jump-cast” 
on an existing concrete base between two existing concrete wall sections, as 
shown in Figure 2.11. This restraint situation may also be denoted a jumping 
casting of walls. The maximum horizontal restraint in the z direction is 33R  = 
0.793 close to the base, and the maximum vertical restraint is 22R  = 0.51 near the 
vertical edges. Thus, the maximum restraints in cases with two perpendicular edge 
restraints and jump-casting of walls are similar, except that the high restraint areas 
are more extensive in jump-casting. In addition, when cracking occurs the cracks 
are reportedly significantly wider in three-edge restraint cases than in one- and 
two-edges restraint cases (Beeby & Forth, 2005).  

Patterns of cracks caused by thermal movements that develop in walls under given 
restraint parameters may be clearly modeled by FE simulations (see Paper 6 for 
further details). Generally, cracks are initiated in high restraint zones and 
propagate toward lower restraint zones. In three-edge restraint cases, cracks are 
usually initiated in the weakest section of the element and immediately extend 
through the whole section (Al-Rawi & Kheder, 1990; Klemczak & Knoppik, 
2015). According to Bamforth et al. (2010) in one edge restraint, increases in 
restrained contraction will increase the number of cracks, but have no significant 
effect on individual crack widths. 

 
Figure 2.11 Restraint distribution in a three-edge restraint case (generated from 

two FE simulations with the same color schemes) showing both 33R  
in parallel with the horizontal edge and 22R  in parallel with the 
vertical edge. The vertical white lines indicate the boundaries 
between the two simulations. 

In practice, it might be impossible to avoid some casts in a casting sequence being 
completely or partially restrained by structural parts that have been already cast. 
In such situations, other crack reduction measures need to be taken. Therefore, a 
general recommendation is to avoid intermediate segments as far as practically 
possible. In some situations three-edge restraints might be beneficial, for instance, 
when relatively small joint volumes are used, as illustrated for 1.5 m thick joints 
in Figure 2.12. The vertical restraint (i.e. in the y  direction) 22R  = 0.717 covers a 

0.793
Old concrete

Young concrete
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large area of the joints, but a small area of the total wall. Measures to mitigate the 
crack risks (e.g. cooling) may be needed in these small volumes. This technique of 
using small intermediate joints is far from new, being applied for example when 
casting concrete for the Tingstad tunnel in Gothenburg in the early 1970s 
(Bernander & Emborg, 1994). 

 
Figure 2.12  Restraint distribution, generated from FE simulation, in small 

intermediate joints in a three-edge restraint case. 

2.8.5. Reducing the Restraint 

Many ways have been suggested in the literature for reducing restraint from 
adjacent structures, involving for instance the use of suitable casting sequences 
and/or arrangements of construction joints, shortening casting lengths, and 
reducing the strength of relevant outer boundary variables (friction and fixation) 
(Emborg & Bernander 1994b; Kheder, 1997a; Olofsson et al., 2000). 
Furthermore, both early age surface cracking and through cracking can be 
mitigated by optimizing the concrete mix to keep temperature rises due to 
hydration low and casting at relatively low temperatures (ACI 207.4R-93, 
1994).The most commonly applied measures to counter through cracking on site 
are cooling of the newly cast concrete and/or heating of adjoining elements 
(Jonasson et al., 2001; IB 73, 2010; Lu et al., 2011).  

To summarize, Figure 2.13 illustrates the main factors influencing the loading and 
restraint imposed by adjacent structures.  
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Figure 2.13 Main factors influencing loading and restraint. 
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CHAPTER 3 
 

MODELS AND METHODS CONCERNING  
STRESSES IN YOUNG CONCRETE 

3.1. General Overview 

In the literature, there are many approaches adopted for estimation of stresses in 
young concrete members. The compilation of numerical descriptions in this 
section will not be complete, but should be regarded as a simplified background 
for placing and general conditions of the new models and methods presented in 
this thesis.  

Three levels, I, II and III, will here be denoted with respect to the analyses of 
concrete stresses in young concrete:  

I. 3D stress calculations. Now and then a statement may be heard that “as 
reality always is geometrical 3D, 3D FE (Finite Element) calculations 
are to prefer”. This is of course true, but there might be some 
difficulties to struggle with, like extensive input and output data 
processes, difficulties to apply boundary conditions, long execution 
times, and sometimes oversimplified material behavior. The outermost 
advantage with this level is that the structure to be analyzed can have 
any spatial configuration both for the young concrete member and the 
adjacent structures. 

II. 2D stress calculations, where 2D FE plane stress calculations are 
inviting for flat and thin structures like slabs, walls, and roofs in 
different combinations. These systems are relatively easy to handle, but 
still they are regarded as somewhat complex in pre- and post-processing 
for repeated calculations.  

III. “Out of plane” stress calculations, where we regard an area, a line or 
one or several points. The stress state is formally uni-axial, and we can 
identify three different sub-levels: 

a) CPM (Compensated Plane Method) 
b) CLM (Compensated Line Method) 
c) PPC (Point-by-Point Calculation) 
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The denotation “out of plane” has its origin in CPM, where a concrete section is 
analyzed (similar to a cross-section in the engineering beam theory). The 
investigated stresses are perpendicular to the studied area. i.e. the stresses are 
directed “out of the plane”, see also Figure 1 in paper 1. 

Now and then different models established are mentioned in this thesis, but in 
general there exist a lot more models and computer programs that also contribute 
significantly to the current status for calculation of stresses in young concrete.  

As known, many research groups dealing with young concrete stresses have 
examined different aspects from all these three levels above. However, the main 
interest in this thesis is to develop and improve methods within level III. 

3.2. Area of Interest in This Thesis  

The areas of interest are to develop 

1. description of restraint conditions for two common typical structures in 
civil engineering, wall-on–slab and tunnels,  

2. CPM and CLM analyses to use restraints curves for the three most 
frequent behaviors on site for building constructers, namely i) no 
measures taken, ii) cooling of the young concrete, and iii) heating of 
the existing structure, 

3. and analyze a new technique casting the bottom of the wall as a part of 
the slab for typical structure wall-on-slab. 

For a more comprehensive background to the analyses presented here, also some 
comments will be given concerning temperature and moisture state as well as 
some important aspects of stress calculation in the young concrete. 

3.3. Stress Calculation during the Contraction Phase 

In Sweden crack risk analyses have, since more than 20 years, to be performed for 
civil engineering concrete structures, and the safety factors (relation tensile 
strength to tensile stress = S  > 1) in the codes are dependent on the durability 
conditions for the structure. This design process might be denoted planning for 
“crack-free concrete structures”. In general, this is not the case in most other 
countries, if there is no unilateral liquid or gas pressure. The general requirements 
in other countries are usually expressed by allowable temperature conditions.  

For a uni-axial stress state the young concrete stress related to the issue of through 
cracking can simplified be expressed by 

c T sh c,effR ( ) Eσ ε ε= ⋅ ∆ +∆ ⋅    (3.1) 

where 
cσ  is the young concrete stress [Pa]; 

R  is the restraint factor [-]; 
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Tε∆  is the temperature related strain [-]; 

shε∆  is the moisture related strain [-]; 

c,effE  is the Young’s modulus including creep effects [Pa].  

For the case of self-balancing for the total structure of a young concrete member 
and the adjacent structure when R  < 1, Tε∆  consists of two individual parts:  

T T cast adj T c,ref cast(T T ) (T T )ε α α∆ = ⋅ − + ⋅ −   (3.2) 

where 
Tα  is the thermal dilation coefficient in the young concrete [1/°C]; 

castT  is the casting temperature in the young concrete [°C]; 

adjT  is the average temperature in the adjacent structure within the heated area at 
time of casting [°C]; 

c,refT  is the young concrete temperature at “time of zero stress”, see Figure 2.3 

[°C]. Note that using CPM or CLM means that c,refT  denotes the average 
temperature over the thickness of the young concrete member see also 
section 3.5. 

Eqs. 3.1 and 3.2 are here given in order to clearly distinguish the origin of the 
effects of cooling in the young concrete and of heating in the adjacent structure: 

- cooling of the young concrete means that c,refT  is lowered, and 

- heating of the adjacent structure means that adjT  is raised. 

Cooling and heating can be applied as alternatives or be used simultaneously for 
the one and the same casting sequence.  

3.4. Temperature and Moisture State 

Calculation of the temperature state in young concrete is from a fundamental point 
of view relatively simple, as the temperature state is defined by a scalar value in 
each point. In many cases the decisive section is simple to define, and a two 
dimensional temperature calculation is often used as a good approximation of the 
real situation. 

Typically until about year 1995, most stress and crack risk analyses in young 
concrete were based on pure temperature calculations, and the term shε∆  in Eq. 
3.1 was regarded as zero. For about two decades ago the use of more high strength 
or high performance concrete became more common in civil engineering 
structures and in general structures exposed to severe environmental conditions. A 
consequence was that the water-to-cement ratio or the water-to-powder ratio was 
decreased, from which follows that the concrete self-desiccates and an autogenous 
shrinkage (or basic shrinkage according to the denotation in current Eurocode 2) 
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will occur without loss of water to the environment. So, most modern analyses of 
stresses in young concrete take autogenous shrinkage into account in crack risk 
analyses for through cracking, see also section 2.5. The shrinkage to be used in 
Eq. 3.1 is the shrinkage from time 2t  to 3t , see section 2.2. 

The effects of autogenous shrinkage is of minor importance for stress calculation 
concerning the issue of surface cracking, as autogenous shrinkage is more or less 
homogenous in the young concrete. 

The temperature and the moisture state are strongly connected from material point 
of view, and there is a general global tendency to use more and more 
supplementary cementitious material for environmental reasons. These 
circumstances probably call for future need of improved models concerning 
calculation of temperature and moisture state. 

3.5. Restraint Calculations 

The main task is to determine the parameter R  in Eq. 3.1 for calculation of 
stresses estimating the risk of through cracking in young concrete, see also Figure 
2.4. 

Here the finite element (FE) is chosen applying a 3D linear elastic stress 
calculation. The “loading” consists of a homogenous contraction in the young 
concrete, and the adjacent structure is in complete contact with the young concrete 
simulating a “non-damaged” structural joint. The FE calculations are performed 
without external forces, and the total structure will be self-balanced. The stresses 
in the young concrete represent the restraint situation, and the basis of this 
technique is a well established way estimating restraints. 

The FE method may be used for arbitrary shaped structures, but the application in 
this thesis is, for the young concrete member, chosen for plate liked structures as 
slabs, walls and roofs with uniform thickness. The reason is that the overall 
objective with the restraint values presented in this thesis is to produce easy and 
fast tools, that are needed estimating stresses for evaluation of crack risks for 
some common civil engineering structures, where 3D effects from the adjacent 
structure on the restraint is essential. 

From many follow up procedures in civil engineering structures in Sweden, the 
average situation in direction of the thickness of typical structures is significant 
for assessment of simplified risks of through cracking. Therefore, the restraint 
values from the FE calculations are averaged over the thickness of the young 
concrete member, which coincide with the basis of CLM. 

For the typical structures analyzed in this thesis, the restraint in the direction of 
the structural joint is decisive for cracking perpendicular to the direction of the 
joint section. The position of the decisive section for one-edge restraint is located, 
for symmetric reasons, in the middle of the casting length of the young concrete 
member. For all other restraint cases the decisive section for design is determined 
where the restraint in question has its highest value, see further papers 1-6. 
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The restraint factor R can be expressed by: 

ui ui
o

fix C

R
E

σ σ
σ ε

= =
−∆

    (3.3) 

where 
uiσ  is the calculated average stress from an elastic FE-analysis in the newly 

cast part of the structure in a chosen direction i [Pa]; 
fixσ  is the calculated stress in the newly cast part of the structure at total 

fixation [Pa]; 
oε∆  is the contraction to which the newly cast element is subjected [-]; 

CE  is the modulus of elasticity of the newly cast element [Pa]. 

In order to simplify the post-processing from the FE calculations the 
multiplication of - oε∆  and CE  is chosen to be unity expressed by 

1o
CEε−∆ ≡      (3.4) 

The consequence of introducing Eq. 3.3 is that the calculated stresses from the FE 
calculation directly represent the restraint factors, formally expressed by 

uiR σ=      (3.5) 

Restraint calculation’s within this thesis have been performed for 324 different 
wall elements, 972 roof elements, and 108 variants of slabs, see further papers 2, 3 
and 4.  

3.6. Neural Network Applications 

Based on results from parametric variations, either by measurements or theoretical 
calculations, the application of an artificial neural network (ANN) means that we 
are able to create an “intelligent” interpolation technique by systematic training 
and testing an ANN system, see further paper 2.  

The main reason doing this is that calculated restraint values are made available 
for arbitrary parameter values and combinations. This will increase the value of 
developed discrete results, and there is also a possibility to compare the relative 
importance of different input parameters.  

But, still there is a need of special computer tools associated with ANN. To 
overcome this, the ANN model is used to train a relative simple closed formula 
that is suitable for easy calculation for instance using an Excel spread sheet. 
Hereby, “general” restraint curves for the analysed typical cases are available in 
easy estimations; see further papers 2, 3 and 4. 
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3.7. Development of Equivalent Restraint Method ERM 

When a restraint curve exists, see for example Figure 2.4, a point-by-point 
calculation can be performed “manually” or in Excel spread sheets, if the inelastic 
deformation, T shε ε∆ +∆  in Eq. 3.1, is known. This is not a common procedure, 
and it is easier using for example repeated calculations point-by-point using a 
computerized model including the same material data as for higher order of 
calculations. One advantage using this later technique is that the temperature state 
and the associated inelastic deformations are calculated simultaneously with the 
stress calculations. Such procedures are possible to perform as long as the 
restraint value is “positive” (R > 0). A summarized denotation for these 
calculations is LRM (Local Restraint Method), and the restraint created from 
homogenous contraction has been shown to work satisfactory for the situation 
without any measures on site, see further paper 1. 

When cooling is used on site, the contraction is reduced in the cooled part of the 
young concrete, and depending on both the size of the cooled area and the amount 
of cooling work the restraint situation is changed more or less. As shown in the 
example in paper 1, cooling using LRM might anyway work satisfactory, but this 
issue is not fully investigated in this thesis. 

It is obvious that the crack risk reducing measure by heating of the adjacent 
structure by definition cannot be applied to the LRM technique. The reason is that 
the heating technique implies calculation of the total structure of the young 
concrete together with the adjacent structure, and the equilibrium situation is 
dependent both on the size of the heated area and amount of the heating. 

With the aim of expanding the use of restraint curves also for the in situ measure 
of heating, a new method denoted ERM (Equivalent Restraint Method) is 
developed, see paper 1. The basis of the method is to analyze the young concrete 
and a “reasonable part” of the adjacent structure using CPM or CLM. By using 
LRM without measures and adjusting the available boundary conditions for the 
CPM or CLM until the stresses or strains coincide satisfactory with the LRM 
result, an “equivalent structure” is created. This equivalent structure can now be 
analyzed for both cooling and heating measures in an ordinary way. 
Unfortunately, any investigation concerning proper conditions and 
recommendations how to create satisfactory ERM systems are not performed in 
this thesis. 

3.8. Reduced Restraint Using a Kicker 

In paper 5 it is shown theoretically, both using the engineering beam theory and 
by FE calculations of restraint, that the restraint in the wall for typical structure 
wall-on-slab is reduced using a kicker. The definition of a kicker is the lower part 
of the wall cast together with the slab. In general, there is a small kicker used 
(height from 0.2 to 0.5 m) as a support for the correct placing of the wall 
formwork. Here, the word kicker is used when casting the lower part of the wall 
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simultaneously with the slab as a measure to obtain as low restraint as possible in 
the upper part of the wall for the subsequent casting. 

Calculations show that there is an optimum kicker height for every structure, 
where the restraint has a minimum value. Some interesting consequences using 
optimum kicker heights are: 

• Site measures needed to reduce the crack risks are decreased compared 
with no use of kickers  

• Casting lengths can be increased significantly 

Using kickers might also cause practical problems, as the hydrostatic pressure in 
the concrete increases at the level of the upper surface of the slab, and some parts 
of the slab might be raised in the fresh state. This has to be considered using 
kickers, and possible solutions could be 1) use of locked formwork on the slab for 
very flow able concretes, or 2) introduce a special concrete mix design resulting in 
lower hydrostatic pressure, or 3) using a short break before filling the formwork 
from the slab and upwards but still cast wet-on-wet with ordinary technique, but 
the issue of increased hydrostatic pressure is not discussed in the paper. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Ch 3                                             Models and Methods Concerning Stresses in Young Concrete 
 

34 

 

 

 

 

 

 

 

 



Ch4                                                                                                                                    Conclusions 
  

35 

CHAPTER 4  
 

CONCLUSIONS 

4.1. Overall Results 

The overall results from the research in the thesis are compiled as follows: 

• The developed method calculating restraint from adjacent structures based on 
elastic 3D FE calculations works satisfactory. 

 

• The system of using calculated restraints in simplified crack risk analyses is 
straightforward for the situation without measures using the LRM (Local 
Restraint Method). 

  

• A few examples using LRM and cooling of the young concrete gave 
acceptable results, but the issue has not been fully investigated in the thesis. 

 

• The developed system ERM (Equivalent Restraint Method) using calculated 
restraints turned out to work functionally satisfactory both for cooling in the 
young concrete and heating in the old concrete. However, any investigation 
concerning proper conditions and recommendations how to create ERM 
systems for different applications are not performed in this thesis.  

 

• The use of ANN (Artificial Neural Network) for estimation of restraints for 
typical structures wall-on-slab and tunnel elements is shown to give 
acceptable results both for the first and the second casting using continued 
casting sequences of the typical structures. Furthermore, the ANN results are 
transformed into closed expressions easy to use in design process analyzing 
stresses and crack risks in young concrete. 

 

• The use of the kicker technique, i.e. casting the lower part of the wall together 
with the slab for typical case wall-on-slab, can decrease the restraint 
significantly compared without using kickers. Thereby, the casting lengths 
can be increased, which probably is interesting from economical point of 
view. However, the issue of increased hydrostatic pressure casting a kicker is 
not investigated in the thesis. 

 

• It has been shown in the thesis that the technique using kickers can be 
combined with other measures, like cooling of the new concrete and/or 
heating of the old concrete. 
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4.2. Answer to the Research Questions 
Initially in the thesis two general research questions were stated in section 1.2, 
and the answering is: 

RQ1: Is the local restraint method (LRM) using restraint curves from 3D 
elastic calculations an acceptable engineering method performing crack 
risk analyses? 

Calculations in paper 1 show that for the typical case wall-on-slab CPM and LRM 
roughly give the same strain ratios. This is very interesting since CPM and LRM 
are based on simplifications of different types. In CPM the non-plane sectional 
analyses are accounted for by the reduction of the load using restraint factors for 
walls on stiff foundations. In LRM the restraint factors originates from 3D elastic 
calculations, and they are formally applied from the very beginning, i.e. from the 
time of casting. So, most probably LRM is an acceptable solution also for more 
general applications, as the restraint factors established in this thesis always are 
reflecting the 3D influence from the adjacent structure. Hereby, LRM using the 
established restraint curves may be regarded as “a fast and acceptable way” of 
analyzing complex restraint situations. 

RQ2: Is it possible to theoretically verify that the use of kickers for typical 
structure wall-on-slab, i.e. casting the lower part of the wall together with 
the slab, reduces the restraint significantly in the wall? 

From theoretical derivation of the restraint in paper 5, applying the beam theory, it 
is proven that the use of a kicker significantly reduces the restraint for the 
subsequent casting of the upper part of the wall. The numerical results using the 
3D FE technique verified the theoretical derivation. As discussed in papers 5 and 
6, the use of kickers is a very inviting theoretical way of lowering the risk of 
through cracking from many aspects, but from practical point of view the effects 
of increased hydraulic pressure in the bottom of the kicker has to be solved when 
introducing the kicker technique in practice. 

4.3 Future Research 

The present study covers aspects about the restraint as an important factor 
affecting the crack risk in concrete at early ages. It is essential to continue the 
research concerning restraint, and how to apply the restraint by well working 
methods estimating crack risks. Based on results in this thesis, some interesting 
topics for future research are: 

- Continuation with both theoretical (numerical) investigations and field 
implementations using the equivalent restraint method ERM, and hereby 
develop ERM to a more general way estimating crack risks based on pre-
calculated restraint factors. 
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- Improve the method of using the kicker technique both with respect to the 
increased hydraulic pressure and with verification by field tests that kickers work 
in practice as expected from theoretical calculations. 
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ABSTRACT

The present study deals with both the compensation plane method, CPM, 
and local restraint method, LRM, as alternative methods studying crack 
risks for early age concrete. It is shown that CPM can be used both for 
cooling and heating, but basic LRM cannot be applied to heating. This
paper presents an improved equivalent restraint method, ERM, which 
easily can be applied both for usage of heating and cooling for general 
structures. Restraint curves are given for two different infrastructures, one 
founded on frictional materials and another on rock. Such curves might be 
directly applied in design using LRM and ERM. 

Key words: Local restraint methods, compensation plane method,
equivalent restraint method, crack risk, early age concrete.
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1. BACKGROUND

Over the past few decades, a continuous progress in the research and understanding of the effect 
of the early mechanical and visco-elastic behavior of concrete has been presented, see e.g. [1],
[2], [3], [4] and [5]. The main phenomenon causing early age cracking is volume change due to 
the variable moisture and temperature state in the concrete. With the use of high-performance 
concrete (low water cement ratio, high cement content) the volume changes increase because of 
the elevated heat of hydration and high autogenous shrinkage. Early-age thermal cracking is a
result of the heat produced during hydration of the binder. Cracking originates either from
different expansions (due to temperature gradients inside the young concrete during heating, 
which may result in surface cracking) or by restraint from the adjacent structure during the 
contraction phase, (the result of which may cause through cracking). For ordinary concrete 
structures, like tunnels, bridges, etc., surface cracking occurs within a few days, and through 
cracking occurs within a few weeks. Pre-calculation of stresses in young concrete is performed 
with the aim of analyzing the risk of these cracks occurring. If the crack risk is too high, actions 
are needed to prevent the cracking. Common actions on site are cooling of the young concrete
and/or heating of the adjacent structure. Restraint from the adjoining structures is the main cause 
of through cracking. Unfortunately, for complex structures, it is an uncertain factor because it is 
hard to estimate [6].

The most general approach of modeling early age structures is 3D FEM analyses. This entails
realistic modeling of young concrete and the bond between different parts of the structure. The 
method is very complex and therefore, in practice, it is replaced by different simplified methods, 
such as: the three-step engineering method, the compensation plane method, one-point 
calculation. These methods are described amongst others in [6], [7] and [8].

The focus of this study is devoted to establishing and applying restraint curves. To simplify 
crack risk calculations based on restraint curves, an improved method, denoted equivalent 
restraint method, is presented in the paper. 

2. AIMS AND PURPOSE

The aims and purpose of this paper are to:
- Clarify the difference between the CPM (compensated plane method) and the LRM 

(local restraint method).
- Estimate and compare stresses using CPM and LRM for cases where the CPM 

conditions are fulfilled.
- Establish an engineering approach to crack risk analyses using local restraint curves for 

general structures and to be able to incorporate actions taken on site (heating/cooling).
- Analyze restraint situations for some typical infrastructures.

3. THE COMPENSATION PLANE METHOD

3.1 Classical Japanese method

The compensation plane method (CPM) was developed in 1985 as a calculation program that 
can be widely applied for thermal stress analyses of massive concrete structures, [9] and [10].
This method is based on the assumption of linear strain distribution, which is equivalent to the 
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statement that plane sections remain plane after deformations [11]. The cross-section is divided 
into discrete elements with individual temperature and level of maturity. The initial stress in the 
cross section is shown in the left part of figure 1. The sum of internally hindered stress, that is 
derived from the difference between the compensation plane and temperature distribution curve,
is shown in the right part of figure 1. The externally restrained stresses are equivalent to the 
stresses caused by the forces, i.e. axial force NR, and bending moment MR, required to return the 
plane after deformation to the original restrained position, [9] and [10]. NR and MR are given by 
the following equations using external restraining coefficients RN and RM, respectively.= (1)= (2)

where , and I are cross-section parameters; is the Young’s modulus; I is the moment of 
inertia; is the cross-section area; is axial strain increment; and is the gradient as curvature 
increment.

Figure 1 - Illustration of compensation plane method [10].

Different levels of maturity and stiffness can be taken care of in varies parts of the cross-section, 
where the stress distribution is displayed and the compensation plane is considered [6]. The 
external restrained coefficients were derived from numerical calculation by the three 
dimensional finite-element method. Finally, the initial stress (x, y) at a position with 
coordinates (x, y) is given by the following equation, [9] and [10].( , ) =  {  ( , ) ( )} +  + ( ) (3)

where is the Young’s modulus at position (x, y);  is the initial strain; y is center of gravity 
for the whole cross-section.

The advantage of CPM compared to full 3D early age analysis is clear, as the number of the 
unknowns is strongly reduced, [6] and [10]. If CPM is formulated in the simplest way, the 
number of unknowns is only 3: one translation and two curvatures. Besides, both computational 
time and time spent on the modeling and surveying of the results are largely decreased using 
CPM.

3.2 Non-plane section analyses

The classical compensation plane method, assumes that plane sections remain plane after 
deformation, which is only theoretically valid for high length to height ratios (L/H), 
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approximately 5 or more (this is comparable to classical beam theory). However, in many real 
cases for thermal cracking, the length to height ratios is lower. In these cases, the assumption of 
plane sections is no longer valid. One way of taking this into account is to define restraint 
factors at different heights for various L/H ratios, see figure 2 from [12]. The restraint factors in 
figure 2 can be used directly in cases where we have a small volume of newly cast concrete on 
very large or very stiff foundations. For a finite foundation and pure translation, a multiplier, f,
can be applied together with restraint factors [1] as: = 1/(1 + / ) (4)

where and are cross section areas of new concrete and old foundation respectively;
and are modulus of elasticity for new concrete and old foundation. 

Furthermore, for the case of massive concrete on rock, the effective restraining rock area AF can 
be assumed to be 2.5 AC [1].

Implementation of the restraint factors to the compensated plane method has been performed in 
the following steps [2]:

a. Reduction of the initial strains according to the restraint factors for the L/H ratio in 
question for fixed strains (RN = RM = 1).

b. Adding the axial deformation, if RN 1.
c. Adding the rotational deformation, if RM 1.

One way of performing stress calculations in young concrete is to assume full adhesion in the 
joint between the newly cast concrete and the adjoining structure. Based on this assumption, an 
elastic calculation, where the wall is homogenously contracting, will show results of maximum 
and minimum principal stresses like those shown in figure 3 from [13]. From the figure, it is 
seen that the principal stresses are, not unexpectedly, highest in the corner portion at the end of 
the construction joint (point A). However, generally speaking, cracking actually occurs as 
almost vertical cracks in the central part of the wall, see figure 3b. The overall conclusion from 
this discrepancy between theory and practice is that full addition cannot be present and slip 
failure occurs, initiating from the end of the joint (point A), see figure 4.

Assuming full adhesion is correspondingly too conservative, in particular for moderate 
structural lengths (L 6m) [13]. Usually macro cracks are not observed at the joint, which can 

Figure 2 – Restraint factors for walls on stiff foundation [12].



21 
 

 
 

be interpreted as an occurrence of micro cracks at the end corner of the wall. This may be 
denoted joint "slip failure"or "micro cracking" at the end of the wall. Based on the conclusions 
in [13], a slip factor has been introduced into the compensation plane method, [14], [15] and 
[16], see figure 5. The use of restraint factors together with slip factors for the compensation
plane method, for a constant initial strain in the young concrete, is illustrated in figure 6 [14].

Figures 5 - Slip factor as function of free length (L), height (H) and width (W) of the wall, 
[14], [15] and [16].

Figure 3 - Calculated maximum and minimum principle stresses for structure wall-on-
slab using 2D elastic FEM [13].

Figure 4 - Illustration of progressive joint failure starting at the end of the joint [13].
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The introduction of restraint factors in step “a)Fix” reducing the initial strain, see the term" (y) = ( ) " in figure 6, shows a simplified method to take into account a 
non-plane section (factor ( ), see figure 2) and, if any, effects of local micro cracking ( ,
see figure 5). An alternative approach may be to introduce the local restraint method together 
with, if any, the slip factor ( ), see further chapter 4.

4. THE LOCAL RESTRAINT METHOD

The method presented here is a point wise calculation denoted LRM (local restraint method).
The LRM is primarily used for the evaluation of the restraint effect for a homogenous 
contraction in the newly cast concrete. If the new concrete is free to move, there will be no 
stresses in the concrete. But, if the young concrete is cast on an adjoining existing structure, 
stresses will arise in the concrete due to the restraining actions from the adjacent structure. The 
uniaxial restraint effect, Ri, is defined as:= ( ) (5)

where = resulting stress from the elastic calculation, where i = a chosen direction in the 
concrete body; u = uniaxial coordinate in i direction; = the homogenous contraction in the 
concrete; and EC = Young’s modulus in the early age concrete.

If the temperature caused by hydration of the new concrete is uniform, LRM is theoretically
correct. In real cases, the temperature in young concrete is more or less non-uniform.
Fortunately, in most civil engineering structures, the temperature is symmetric in the direction of 
the smallest dimension as well as constant in the perpendicular direction. In such cases, the 
average temperature through the thickness is representing a homogenous contraction with 
respect to the risk of through cracking. For cases where the temperature distribution in the 
young concrete neither is symmetric in direction of the smallest dimension nor constant in the 
perpendicular direction, the assumption of homogenous contraction is no longer valid. 

The basic LRM formulation is a good engineering model provided no heating/cooling measures 
are taken on site. LRM might also be applicable for calculation of stresses when cooling is used, 
provided the changes in restraint caused from cooling can be neglected. Unfortunately the basic 
LRM is not applicable in cases where heating is used because the structural balance between the 
concrete and the adjoining structure caused from heating give rise to a more complicated strain 
situation.

a)Fix b)Transl.

ucen
z

c)Rotation

Hy y u

)Fi
(y) = ( )  

 

dx

Figures 6 – Illustration of compensated plane method for non-plane section analyses [14].
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In this study, restraint curves are created by 3D elastic calculations using Eq. 5. For the cases 
presented here, the direction i is parallel with the direction of the joint, which is in agreement 
with the findings in Bernander [13], see figures 3 and 4. This simplification is the typical 
situation for many civil engineering structures like bridges, tunnels, harbors, etc. In more 
complicated cases the direction of maximum principal stress might be relevant, and the actual 
situation has to be evaluated by the user.

5. CRACK RISK ESTIMATIONS AT EARLY AGES

5.1 General background 

The estimation of the risk of cracking of early age concrete structures can be based on five steps,
[1], [8], [9], [13], [17], [18], [19], [20], [21] and [22]:

The first step: When no measures are taken on site, certain principle factors can be chosen to avoid or 
reduce the risk of thermal cracking at early ages. The most important principal factors are the choice of 
the structure with respect to dimensions and casting sequences as well as selection of mix design.

The second step: Estimation of thermal temperature development during the hydration phase. This can be 
done either by calculations or from measurements in real structures. From the temperature development, 
the strength growth is obtained. The temperature calculation also includes factors such as insulation, 
cooling and/or heating or other measures possible to perform on site.   

The third step: Estimation of the structural interaction between the early age concrete and its 
surroundings. This can typically be done in two different ways: either starting with an estimation of the 
boundary conditions for a structure including early age concrete and adjoining structures.
Alternatively this can be achieved by an estimation of restraint factors, such as LRM in chapter 
4, for direct calculation of different positions in the early age concrete.

The fourth step: Structural calculations resulting in stresses and strains in the young concrete.
These are usually presented as stress/strength or strain/ultimate-strain ratios as a function of 
time.

The final step: Comprises of crack risk design using partial coefficients - or crack safety factors 
– as design conditions in different codes and standards. 

The present study shows the application of LRM to estimate the crack risk in concrete at early 
age, primarily aimed for the situation without measures taken on site. For cases using cooling 
pipes or heating cables, an additional method denoted ERM (equivalent restraint method) is 
evaluated in the paper.

5.2 Application of local restraint method 

Application of the local restraint method can be performed in two different ways, either by using 
an equivalent material block simulating the actual restraint factor in any position in the young 
concrete, or by direct use of the restraint factor for the position in question within the new
concrete. The former procedure may be used in most computer programs for fresh concrete, see 
for instance [15], [17], [23] and [24] and in the present study the latter procedure is applied with
the ConTeSt program [15].

In this paper two cases for typical wall-on-slab structures are studied. Comparison are made 
between calculated strain ratios using compensation plane method (CPM) and local restraint 
method (LRM), see examples 1 and 2. The restraint curves in this study are calculated using a 



24 
 

 
 

similar method to that presented in [16] using uniform contraction in the young concrete, and 
the Young’s modulus is 7 percent lower than in the adjoining concrete [25].

5.2.1 Example 1

Three wall-on-slab structures with different casting situations are considered with the 
dimensions according to [26]. The cross-section of the wall was constant, with the width of the 
wall 0.4m, and the height of the wall 2.25m. Different restraint conditions for the wall are
applied in the three situations, all with free translation and free bending of the total structures, as 
follows:

a) Wall 1 cast on slab 1, casting length (Lcast) = 6m.

b) Wall 2 cast on slab 2, the wall cast against existing slab 2 and existing wall 1, Lcast = 6m.

c) Wall 3 cast on slab 3, Lcast = 12m.

The free casting length, Lfree, is defined as the length of a monolithic structure with two free 
ends. This means that Lfree = Lcast for cases a and c. For the case b, we have to imagine a free
monolithic length that is twice the real casting length, i.e. Lfree= 2 · Lcast=12m. The denotation L
has the meaning Lfree in the subsequent figures and text. The restraint is calculated using Eq. 5, 
and the resulting distributions in the walls for cases a-c are shown in figure 7, where y is the 
vertical coordinate, and y =2.5m at the joint between the slab and the wall. The figure shows that 
the distribution of restraint with height is approximately linear and roughly the same for all three 
cases. These restraints have been applied to both LRM and CPM for non-plane section analyses, 
and the maximum strain ratios are presented in table 1, where t is the time after casting.

Table 1 - CPM and LRM Results for example 1. 
Case Method y, m t, h. Strain ratio, -

Case a

CPM 2.789 126 1.0500
LRM 2.843 124 1.0143
CPM-C 2.817 126 0.8051
LRM-C 2.843 124 0.7363

Case b

CPM 2.873 116 0.9714
LRM 2.843 130 1.0893
CPM-C 2.873 116 0.9714
LRM-C 2.843 130 1.0893

Case c

CPM 2.873 116 0.9714
LRM 2.941 130 1.0369
CPM-C 2.873 116 0.9714
LRM-C 2.941 130 1.0369

The denotation ‘-C’, see CPM-C and LRM-C, means that the slip factor according to figure 5 is 
taken into account. For the case a, the slip factor is 0.725, while in the other cases, b and c, there
is no reduction due to slip effects, i.e. the slip factor is 1.0. The distributions of strain ratios at 
the time of maximum strain ratio are shown in figure 8. The strain ratio developments with time 
for the critical point are shown in figure 9. As can be seen in figure 8, the maximum strain ratios 
are approximately the same for case a using LRM and CPM, while the distribution in the wall is 
somewhat different. For cases b and c, the distribution is roughly the same, but the maximum 

Figure 7 - Distribution of restraint
with height in case a, b and c.
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 Case c

strain ratio differs by about ten percent. These deviations might be dependent on the L/H ratio. 
In figure 9, it can be seen that the curve shapes for the strain ratio vs. time in the critical
positions are very similar using LRM and CPM.

5.2.2 Example 2.

For a wall-on-slab structure, three walls with different length to height ratios are analyzed. The 
cross-section of the structure was constant; the width of the slab is 4m; the thickness of the slab 
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Figure 8 - Distribution of strain ratio with height at critical time using CPM and LRM.
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Figure 9 - Variation of strain ratio with time at the critical point in different casting situations,
using CPM and LRM.
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is 1m; the width of the wall is 1m; the height of the wall is 4m; and the length of the wall is 5m 
(L/H 1.25), 10m (L/H 2.5), and 15m (L/H 3.75), respectively. Different restraint conditions in
the walls occur, which is seen in figure 10. As can be seen from the figure the distribution is 
highly non-linear in the short wall, L= 5m, while the distribution is approximately linear for 
10m.

The maximum strain ratios for the LRM and CPM are presented in table 2. For L= 5m and 
L=10m the resulting strain ratio using CPM is larger than that using LRM. However, for L= 15m 
the strain ratio using CPM is smaller than that using LRM. Considering the results from both 
table 1 and table 2, it seems that both LRM and CPM results in approximately the same 
maximum strain ratio for L/H in the region of about 2-4. As the restraint curves are constructed 
with a uniform contraction in the young concrete, the calculations presented here correspond to 
the ‘‘natural’’ situation, i.e. without measures taken on site. 

Further, for short structures (L/H less than about 2) CPM yields higher strain ratios than LRM, 
but for longer structures (L/H greater than about 4) the opposite applies. According to figure 5, 
all cases in example 2 have slip factors less than 1, which also can be seen in figures 11-16.
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Figure 11 - Distribution of strain ratio with
height at the critical time using CPM and LRM 
for 5m length. 

Figure 12 - Variation of strain ratio with time at the 
critical point for 5m length using CPM and LRM.

Figure 10 - Restraint variation with height
for length 5, 10, and 15m.

Table 2 - CPM and LRM results for example 2. 
Case Method y, m t, h Strain ratio, -

5m CPM 3.325 272 1.3054
LRM 3.25 272 1.0046
CPM-C 3.325 272 0.7372
LRM-C 3.25 272 0.5565

10 m CPM 3.375 280 1.33
LRM 3.5 272 1.2296
CPM-C 3.375 280 1.0725
LRM-C 3.5 272 0.97138

15 m CPM 3.475 256 1.2428
LRM 3.5 264 1.2719
CPM-C 3.475 256 1.121
LRM-C 3.5 264 1.157
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Examples 1 and 2 show that CPM and LRM roughly give the same strain ratio distribution for
L/H range approximately between 2 and 4. This is very interesting since CPM and LRM are 
based on simplifications of different types. In CPM the non-plane sectional analyses are 
accounted for by the reduction of the load using restraint factors for walls on stiff foundations 
(figure 2). In LRM the same restraint factor is applied from the very beginning, i.e. from the 
time of casting. 

Tests and estimations in [26] showed a good agreement using CPM for L/H = 2.7 to 5.3 and in
[27] for L/H = 2.5 to 5.1. From figures 8a and 8b with L/H = 5.3 it seems that LRM gives about 
10% higher strain ratios than CPM. This indicates that LRM might give results on the safe side 
for L/H greater than about 4. In [25] it was shown that LRM agreed with observations for L/H =
3.

5.3 Development of equivalent restraint method ERM

The LRM can be used for analyzing the risk of through cracking when no measures are taken on 
site for situations where restraint curves have been established. The most common measures on
site to reduce the crack risk are cooling of the newly cast concrete, [28] and [29], and heating of 
the adjacent structure [27]. CPM, when applicable, can be used for analysis and can 
accommodate both cooling and heating situations. As mentioned in chapter 4, basic LRM can 
only be used for cooling, if the estimated restraint is not changed significantly. In this chapter

Figure 13 - Distribution of strain ratio with height,
CPM and LRM using CPM and LRM for 10m 

Figure 14 - Variation of strain ratio with time at 
the critical point using CPM and LRM for 10m 

Figure 15 - Distribution of strain ratio with 
height, CPM and LRM for 15m length.

 

Figure 16 - Variation of strain ratio with time at 
the critical point using CPM and LRM for 15m.
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the outline for an equivalent restraint method (ERM) is established. The aim of this method is 
that it may be applied to both cooling and heating situations. The main steps to outline the ERM 
are: 

1) Establish a stress or strain curve in the young concrete taking into account the 
restraining from the adjoining structure without measures (cooling/heating) by using
LRM.

2) Choose relevant parts of the young concrete and adjoining structures to be used in 
CPM. In most cases this means the use of the same cross-section as in LRM and a part 
of the adjacent structures. 

3) Create an equivalent restraint model, ERM, by the use of CPM matching the stress or 
strain curves in step 1 for the critical part of the young concrete by adjustments of 
boundary conditions for the chosen structure in step 2. This is performed by adjusting 
the parameters RM, RN, res in Figure 2 and slip in figure 5.

4) ERM from step 3 can be applied to both cooling and heating with relevant interaction 
between old and young concrete in a similar way as in basic CPM.

In the outline of ERM above steps 2 and 3 are connected. This means that using a smaller part of 
the adjoining structure demands adjustments to higher restraint in step 3 than using a larger part 
of the adjoining structure. Reasonable choices of ERM structures for one example of a pillar on 
foundation slab are shown in section 5.4 below.

5.4 Example on application of ERM

The ERM is applied here to the second and third casting of the hollow pillar in figure 17. The 
first casting sequence could also be applied to ERM as well as basic CPM using the typical wall-
on-slab structure, but this is not shown here. The dimensions of the slab are 1·7·10m founded on 
frictional material. The outer dimension of the pillar is 3·8 m; the thickness of pillar walls is 
0.5m, and the height of each casting sequence of the pillar is 5m. 

.

Restraint curves from 3D calculations using Eq. 5 for homogeneous contraction in the new 
concrete are shown in Figure 18a for the first casting sequence of the pillar using different 
finite-element mesh from 0.05·0.05m – 0.5·0.5m. Based on these results the restraint curves in 
figure 18b are calculated using the mesh 0.25·0.25m. As can be seen in the figure, the restraint 
curve is practically the same for sequences two and three, and the restraint for the first casting is 
somewhat higher.

Figure 17 – Three casting sequence of a pillar.

1 

0.5

5

5

7 10

8
3

Fi 17
1st Casting 

f
2nd Casting 3rd Casting 



29 
 

 
 

0

0.5

1

1.5

2

2.5

3

3.5

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Restraint 3D
 LRM No Measurement
EQM No Measurment
EQM  Heating
EQM  Cooling
 LRM Cooling

Restraint, R33
or Strain Ratio

y, m

The ERM is configured using CPM, where the new concrete and a chosen part of the adjacent 
old concrete is analyzed; see figure 19 for areas marked dark and light gray, respectively. For 
the ERM structure the boundary conditions are adjusted in such a way that the resulting stress-
strain curve is in satisfactory agreement with the stress-strain ratios from LRM in the critical 
part of the young concrete, see LRM No measurement and EQM No measurement curves in 
figure 20. The construction of the ERM in figure 20 is created by the use of the ConTeSt 
program [15] with the following adjustments values: RM = 0, RN = 0, res for L=22m, and 

slip=0.95.

As can be seen in figure 20, the reduction of the strain ratio in the newly cast concrete can be 
estimated either by the LRM or the ERM for cooling in the young concrete or by the ERM when 
heating the adjacent structure before casting the new concrete .  
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Figure 18b - Variation of restraint in
three casting sequences of a pillar.

Figure 20 – Calibration of equivalent restraint method without measures, and 
effect of cooling pipes using LRM and ERM, and effect of heating using ERM.

Figure 19 – Choice of equivalent models for three casting sequences of a pillar.
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Figure 18a - Effect of mesh on restraint.
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6. RESTRAINT BY LRM FOR SOME COMMONLY USED INFRASTRUCTURES 

6.1 General parameters 

The restraint in the young concrete using Eq. 5 has been estimated in the 3D FEM calculations 
by the use of the following parameters:

Elastic modulus in young concrete is 27.9 GPa.
Elastic modulus in old (existing) concrete is 30 GPA.
Poisons ratio in both young and old concrete is 0.2.
Elastic modulus in rock is 20 GPA.
Poisons ratio in rock is 0.35.

In the following, two specific infrastructures are used to show restraint curves for
A double tunnel founded on frictional material
A single tunnel  founded on rock material

For the double tunnel the decisive restraints in different directions for consecutive casting 
sequences are calculated. For the single tunnel, the effect of different sizes of adjacent rock on
the restraints in the length direction of the tunnel is presented.

6.2 Typical structure 1 - double tunnel founded on frictional material

The dimension and shape of the cross-section (in the xy plane) in the double tunnel is shown in 
figure 21. The length of each casting sequence is 15m (in the z direction).

The restraint for typical structure 1 is estimated for three casting sequences for both walls and
roofs, see figure 22. No restraint is estimated for the slabs as the dimensions are small and they
are founded on frictional material. This means there is no significant risk of through cracking in 
the slabs.

All restraint curves are evaluated as uniaxial restraint parallel with the direction of the joint to 
the adjacent structure, see Ri in eq. 5. This means that for the walls (Ry) and ( ) have 
been estimated depending on the direction of the restraining joint. For the roofs the 
corresponding restraints are ( ) and ( ) respectively. 

Figure 21- Cross-sectional dimensions of typical structure 1.
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The location of the maximum restraint in the horizontal joint between wall and slab for the 1st

casting is at the middle of the joint, [13] and [16]. The resulting in the critical point for 
typical structure1 is shown in figure 23. For the 2nd and 3rd casting sequence of the wall, the 
critical point occurs at a distance of about 0.2L from the joint, [21] and [25]. The evaluated 
critical results are shown in figure 23. As can be seen in the figure, the restraints for the 2nd and 
3rd castings are roughly the same. In the tensile region, from y/H to about 0.6, the restraint 
for the 1st casting is somewhat lower than the restraints in the subsequent castings.

The location of the largest restraint in the vertical joint between wall and wall is about 0.2H
from the joint. The resulting in the critical point is shown in figure 24. The critical part, as 
regards cracking, is the tensile restraint region, in this case from z/L =0 to about 0.2. From figure 
24 it is seen that the critical restraint is somewhat higher for the 3rd wall than in the 2nd wall 
casting.

For the 1st casting of the roof slab, the location of the largest restraint, as regards the horizontal 
joint between the roof and the wall, occurs in the middle of the roof in respect to the z-direction. 
The resulting ( ) at the critical point is shown in figure 25. For the 2nd and 3rd castings of 
the wall, the critical point occurs near the outer walls at a distance of about 0.2L from the free 
edge (in the z-direction). The resulting ( ) for 0,2L is shown in figure 25 and are denoted 
2nd and 3rd roof. For the mid-section of the slab (0.5L) the largest restraints, , occur near the 
inner walls and are higher than the corresponding restraints at 0.2L (compare the lines denoted 
2nd and 3rd mid roof with those denoted 2nd and 3rd roof in figure 25). As can be seen in figure 
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Figure 24 - Restraint R22 in wall.Figure 23- Restraint R33 in wall.

Figure 22 - Casting sequences for typical structure 1.Dark gray color means young concrete 
and light gray means old concrete.
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25, the restraints in z-direction are different for all the casting sequences, and that the restraints
are higher near the outer walls compared with the inner wall.

As regards the vertical joints between the different casting sequences of the roof, the location of 
the largest restraint occurs about 0.2B from the inner wall. The resulting ( ) at the critical
point is shown in figure 26 for the 2nd and 3rd casting sequences. The rather small restraints for 
the 1st part of the roof are located at the position z/L = 0.5 and originate from the horizontal 
joints between the roof and the walls. The tensile restraint region for the 2nd and 3rd castings are 
rather large, from joint and up to about 0.7L, and the restraints are roughly the same. 

 

6.3 Typical structure 2 - single tunnel founded on rock material

All restraint curves are evaluated as ( ) with respect to horizontal joints. The aim here is to 
evaluate the effect of rock dimensions on restraint in slabs, walls, and roof. The analyzed block 
of rock is shown in figure 29, where the side-length of the block, LRock, has been varied between 
36 and 120m. The center yz-cross-section is the same for the rock block and the concrete 
structure.
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Figure 26 – Restraint R11 in the roofs.Figure 25 - Restraint R33 in the roofs.

The shape of the cross-section (in the xy
plane) for the single tunnel founded on rock 
and attached on two sides of the slabs 
(bottom and outer side), is shown in figure 
27. Neither walls nor roof are connected to 
the rock. The length of each casting 
sequence is 17.5m (in the z direction). The 
restraint for typical structure 2 is estimated 
for two casting sequences for the slabs, walls 
and roofs, see figure 28.  

Figure 27- Cross-section of typical structure2. 
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For both the 1st and 2nd slab casting, the location of the largest is in the middle of the slab.
This result for the 1st slab is as expected, while this result for the 2nd slab is probably due to the 
effect of high restraint from the rock. As can be seen in figures 30 and 31, the restraint is higher 
in the 2nd slab, which probably originates from the horizontal joint between the slabs. The 
highest restraint is reached for rock blocks larger than 100m for the 1st slab casting, while for the 
2nd slab casting it is already reached at Lrock equal to 50m.  

Figure 30 – Restraint R33 in 1stslab. Figure 31 - Restraint R33 in 2ndslab.

Figure 28 – Casting sequence of typical structure 2. Dark gray is young concrete, light gray 
is old.

Figure 29 - Rock dimensions 
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The walls are not in contact with the rock at any position. The location of the largest restraint is 
in the middle of the wall for the 1st casting, and at about 0.25L from joint for the 2nd wall 
casting. For both the 1st and 2nd roof casting the highest restraint effect is reached at a rock 
dimension of 50m, see figures 32 and 33. As can be seen in the figures, the restraint for the 1st

roof casting is slightly lower than the 2nd roof casting. 

For the 1st roof casting, the location of the largest restraint is about 0.66L from the free 
edge, while the location of largest in the 2nd roof casting is about 0.3L from the joint. The 
resulting in the critical section is shown in figures 34 and 35. As can be seen from the 
figures, the highest restraint for both 1st and 2nd roof castings are reached at 50m. Figure 34
shows that the highest restraint is concentrated near the wall, while, on average, figure 35 shows 
somewhat higher restraint all over the roof in the critical section.

The results for typical structures 1 and 2 might be applied directly in design (using LRM and 
ERM). It would be beneficial to study the effect of parameter variations to aid the 
implementation in practice.

Furthermore, it would be of interest to study other typical cases. In the second part [30] 
connected to this paper restraint factors for typical case wall-on-slab are presented in a 
simplified model using artificial neural network (ANN). 

7. CONCLUSIONS

The CPM is primarily constructed to be used for structures with cross-sections simulated by 
axial deformation together with one or two rotations. This is not the case in more complicated
structures, but LRM might be used in any type of structure at least as a basis for the estimation 

Figure 34 - Restraint R33 in 1stroof. Figure 35 - Restraint R33 in 2ndroof.

Figure 32 - Restraint R33 in 1stwall. Figure 33 - Restraint R33 in 2ndwall.
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of risk for through cracking. Both CPM and LRM can be used when analyzing situations where 
no measures are taken on site. For walls-on-slabs CPM and LRM have shown to give resulting 
stresses for young concrete in the same order of size, especially for length to height ratios of 
about 2-4.

When CPM is applicable, measures taken on site, such as cooling and heating, are easy to 
examine, however when using basic LRM only cooling may be analyzed. In this paper an 
improved method, ERM (equivalent restraint method), has been developed. ERM is calibrated 
using LRM without measures, and it can easily be applied to accommodate both heating and 
cooling.

The restraint situations for two typical infrastructures are presented, and such restraint curves 
might be applied directly in design using LRM and ERM. For practical implementation it would 
be beneficial to perform further studies as regards the effects of parameter variation for a 
number of typical cases.

8. REFERENCES

1. ACI Committee 207, “Effect of Restraint, Volume Change, and Reinforcement 
on Cracking of Massive Concrete”, ACI Committee 207.ACI207.2R-95. Reapproved 
2002, 26 pp.

2. Emborg, M & Bernander, S., “Assessment of the Risk of Thermal Cracking in Hardening 
Concrete”, Journal of Structural Engineering, ASCE, Vol.120, No 10, October 1994. pp. 
2893-2912.

3.    Mihashi, H., & Leite, J.P., “State of The Art Report on Control of Cracking in Early Age
Concrete”, J. Advanced Concrete Technology, 2004, 2 (2) pp. 141–154.

4. Kianousha, M.R., Acarcanb, M, Ziari, A., “Behavior of base restrained reinforced concrete 
walls under volumetric change”, Engineering Structures, 30, 2008, pp. 1526–1534.

5. Cusson, D. & Repette, W., “Early-Age Cracking in Reconstructed Concrete Bridge Barrier 
Walls”, ACI Materials Journal, 97(4), July/August, 2000, pp. 438-446.

6. Bosnjak, D., “Self-Induced Cracking Problems in Hardening Concrete Structures”,
Department of Structural Engineering, Norwegian University of Science and Technology
Doctoral Thesis 2000, 171 pp.

7. Rostásy, F S, Tanabe, T., Laube, M., “Assessment of External Restraint. In: Prevention of 
Thermal Cracking in Concrete at Early Ages”, Ed. by Springenschmid. London, England: 
E& FNSpon. RILEM Report 15. State of- the Art Report by RILEM Technical Committee 
119, prevention of Thermal Cracking in Concrete at Early Ages.1998, pp. 149-177.

8. Emborg, M., “Development of Mechanical Behavior at Early Age”, Ed. by R.
Springenschmid. London, England: E & FNSpon. RILEM Report 15. State of- the Art 
Report by RILEM Technical Committee 119, Prevention of Thermal Cracking in Concrete
at EarlyAges.1998, pp. 77-148.

9.    JSCE, “English Version of Standard Specification for Concrete Structures 2007”, Japan 
Society of Civil Engineer, JSCE, December, 2010, 503 pp.

10. Sato, R., Shimomura, T., Maruyama, I., Nakarai, K., “Durability Mechanics of Concrete
and Concrete Structures Re-Definition and a New Approach”, Committee Reports of JCI, 
8th International Conference on Creep, Shrinkage and Durability of Concrete and Concrete 
Structures (CONCREEP8), Ise-Shima, Japan, 2008.10.1.



36 
 

 
 

11. JCI., “A Proposal of a Method of Calculating Crack Width due to Thermal Stress”, Tokyo, 
Japan: Japan Concrete Institute, Committee on Thermal Stress of Massive Concrete 
Structures, JCI Committee Report.1992, 106 pp.

12. Emborg, M., “Thermal Stresses in Concrete at Early Ages”, Doctoral Thesis, Division of 
Structural Engineering, Lulea University of Technology, 1989, 172 pp.

13. Bernander, S., “Practical Measurement to Avoiding Early Age Thermal Cracking in
Concrete Structures”, Prevention of Thermal Cracking in Concrete at Early Ages. Ed.by R.
Springenschmid. London, England: E & FNSpon. RILEM Report 15. State of- the Art 
Report by RILEM Technical Committee 119, prevention of Thermal Cracking in Concrete 
at Early Ages.1998, pp. 255-315.

14. Jonasson, J.E., Wallin, K., Emborg, M., Gram, A., Saleh, I., Nilsson, M., Larsson, M., 
Hedlund, H., “Temperature Cracks in Concrete: Manual With Diagrams Sprick risk
bedömning Including Measures for Some Common Scenarios”, Part D and E., Technical 
report / Lulea University of Technology, 2001:14. Lulea: Lulea University of Technology, 
2001, 110 pp. (in Swedish).

15. ConTeSt Pro., “User’s Manual - Program for Temperature and Stress Calculations in 
Concrete”, Developed by JEJMS Concrete AB in co-operation with Lulea University of 
Technology, Cementa AB and Peab AB. Lulea, Sweden, 2003, 198 pp.

16. Nilsson, M., “Restraint Factors and Partial Coefficients for Crack Risk Analyses of 
Early Age Concrete Structures”, Lulea, Sweden, Division of Structural Engineering, 
Lulea University of Technology. Doctoral Thesis 2003, 170 pp.

17. Olofsson, J., “3D Structural Analyses of Crack Risk In Hardening Concrete Structures
Verification of Three Steps Method Methods”, Lulea University of Technology, Division 
of Structural Engineering, IPACS Report, ISBN 91-89580-53-2, 1999, 52 pp.

18. Kheder, R., Al-Rawi, J., Al-Dhahi, K., “A Study of the Behavior of Volume Change
Cracking in Base Restrained Concrete Walls”, Materials and Structures, 27, 1994, 
pp. 383-392.

19. Klemczak, B., & Knoppik, A., “Early Age Thermal and Shrinkage Cracks in Concrete
Structures Influence of Geometry and Dimensions of Structure”, Architecture Civil 
Engineer Environment, the Silesian University of Technology, No.3, 2011, pp. 55-62.

20. Schiessl, P., Beckhaus, K., Schachinger, I., Rucker, P., “New Results on Early-Age
Cracking Risk of Special Concrete”, Cement, Concrete and Aggregates, Volume: 26, Issue 
Number: 2, 2004, ID CCA12304.

21. Bamforth, P. B., “Early Age Thermal Crack Control in Concrete”, CIRIA 2007,
Construction Industry Research and Information Association, London, CIRIA 2007,
RP722 ISBN 978-8-86107-660-2, 112 pp.

22. Sule, M., & Van Breugel, K., “Cracking Behavior of Reinforced Concrete Subjected to
Early-Age Shrinkage”, Materials and Structures, Vol. 34, June 2001, pp. 284-292.

23. 4C-Temp & Stress for concrete - Description. (n.d.), Retrieved from Danish Technological
Institute: http://www.dti.dk/1265.

24. B4cast ver. 3.0, User guide Available from ConTech Analysis ApS, program analyses
http://www.b4cast.com/default.htm.

25. Larson, M., “Thermal Crack Estimation in Early Age Concrete Models and Methods for 
Practical Application”, Lulea, Sweden, Division of Structural Engineering, Lulea 
University of Technology, Doctoral Thesis 2003.

26. Jonasson, J.E., Wallin, K., Nilsson, M., “Casting of Concrete Wall on Slabs, Study of Risk
of Cracking Duo to Temperatures Changes during the Hardening Process”, Lulea, Sweden,
Division of Structural Engineering, Lulea University of Technology, 2009, 73 pp.



37 
 

 
 

27. Wallin, K., Emborg, M., Jonasson, J.E., “Heating Alternative to Cooling”, Technical 
report, Lulea University of Technology, 1997:15.Lulea: Lulea University of Technology, 
1997, 168 pp. (in Swedish).

28. Emborg, M., & Bernander, S., “Avoiding of Early Age Thermal Cracking in Concrete
Structures Predesign, Measures, Follow-Up”, in “Thermal Cracking in Concrete at Early
Ages”, Proc. of the RILEM International Symposium, Edited by R. Springenschmid, E 
&FNSpon, London, 1994, pp. 409-416.

29. COIN Project report no 31,Bjøntegaard, O., “Basis for Practical Approaches to Stress 
Calculations and Crack Risk Estimation in Hardening Concrete Structures, State of the 
Art”, (Norwegian Public Roads Administration), FA., 3, Technical performance, S.P., 3.1 
Crack Free Concrete Structures, 2010, 142 pp.

30. Al-Gburi, M., Jonasson, J.E., Yousif, S., T., and Nilsson, M., “Simplified Methods for 
Crack Risk Analyses of Early Age Concrete Part 2: Restraint Factors for Typical Case 
Wall-on-Slab”, aim to be published in the Nordic Concrete Research as part 2 in 
connection to the present paper.



38 
 

 
 



Paper # 2

Simplified Methods for Crack Risk Analyses of 
Early Age Concrete Part 2: Restraint Factors 

For Typical Case Wall-on-Slab

Al-Gburi, M., Jonasson, J.E., Yousif, S.T., Nilsson, M.

NORDIC CONCRETE RESEARCH PUBLICATION
NO.46, 2/2012, 39-56.

http://www.tekna.no/ikbViewer/Content/870575/Abstract%20NCR%2
046-3%20-%20Kopi.pdf
 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



39 
 

 
 

ABSTRACT

Existing restraint curves have been applied to the method of artificial neural networks (ANN) 
to model restraint in the wall for the typical structure wall-on-slab. It has been proven that 
ANN is capable of modeling the restraint with good accuracy. The usage of the neural network 
has been demonstrated to give a clear picture of the relative importance of the input 
parameters. Further, it is shown that the results from the neural network can be represented by 
a series of basic weight and response functions. Thus, the results can easily be made available 
to any engineer without use of complicated software.
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Figure 1 –Illustration of average temperature in young concrete and possible through cracking 
for different restraint conditions [1].

1. INTRODUCTION

The main reason of stresses in young concrete is restraining of volume deformations caused by 
temperature and moisture changes at early ages [1]. Through cracking of the newly cast concrete 
is the most severe situation, as it occurs during the temperature contraction phase and as the 
crack remains open, see the position of the vertical dashed-dotted line in figure 1. To be able to 
realize estimations of through cracking the external restraint from adjacent structures needs to be 
known. Examples of calculation of restraint curves and how they are applied into estimations of 
risks for through cracking are shown in [2].

External restraint includes effects from adjacent structures like earlier casting sequences, 
foundations and subsoil. The degree of external restraint depends primarily on the relative 
dimensions and modulus of elasticity in the young concrete as well as in the surrounding 
restraining materials.    The distribution of restraint varies at different positions of a concrete 
member [2].

The restraint in a section may be reduced in several ways, as for instance by favorable casting 
sequences or shortening the length of the section and suitable arrangements of construction 
joints. It is also possible to mitigate early age through cracking by the choice of a concrete mix 
with low temperature rise due to hydration or lower the casting temperature [3]. Most common 
measures on site is to cool the newly cast concrete or to heat the adjacent structure, [1] and [3].

When analyzing early age stresses in concrete based on restraint curves, we might use the local 
restraint method (LRM) or the equivalent restraint method (ERM) [2]. Without measures on site 
the application of LRM is obvious, and the measure cooling can be applied with both LRM and 
ERM, but heating can only be analyzed with ERM [2].

2. AIMS AND PURPOSES 

The aims and purposes of this paper are to 

Apply and verify the use of artificial neural network for restraint curves concerning the 
typical structure wall-on-slab. 
Clarify the influences of geometrical dimensions on restraint in the wall.
Develop a simplified method for practical application of the neural network for the
typical case wall-on-slab. 
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3. ESTIMATION OF RESTRAINT IN EARLY AGE CONCRETE

In the literature there are many methods adopted to estimate and calculate the value of restraint 
in young concrete, see for example [4], [5], [6], [7] and [8]. Some of these methods need the use
of a complex software, which usually is expensive and need experienced people.

In this study, an artificial neural network (ANN) is presented to calculate the amount of restraint
in the wall for typical structure wall-on-slab. The analyzes are based on results from 2920 elastic 
finite element calculations of the restraint in the wall founded on a slab [1], where the 
geometrical dimensions of the wall and the slab are varied systematically within reasonable 
values. The resulting restraints are fed and verified by an ANN, and the outcome from ANN are 
transformed to an Excel spread sheet to make the estimation of restraints quick and easy to 
apply for any engineer. This saves both time and money at estimation of the restraint curve for 
walls founded on a slab.

3.1 Geometric effects on restraint for early age concrete

The degree of restraint depends on several factors, including geometry of structures, casting 
sequences, number and position of joints, and mechanical properties of materials. The effects 
from restraint are illustrated in the upper right part of figure 2 [3] as one essential part of a crack 
risk estimation for early age concrete.

 
 
 
 
 

The restraint is reflected as a balance between the new concrete volume and the existing 
adjacent structure. In general, a larger volume of the new concrete results in a lower restraint 
while a small volume results in a high restraint, [9], [10] and [11].

Figure 2 - Factors influencing stresses and cracking in early age concrete [3].
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The next chapter includes calculation of restraint in walls using the method of an artificial neural 
network based on geometric dimensions of the typical structure wall-on-slab.

4. APPLICATION OF THE ARTIFICIAL NEURAL NETWORK METHOD (ANN)

4.1 General overview

One form of artificial intelligence is the ANN, which attempts to mimic the function of the 
human brain and nerve system, but a simple unit of a neural network is much simpler than the 
biological cell [12].

A typical structure of ANN consists of a number of processing elements (PEs), or neurons, that 
usually are arranged in an input layer, an output layer and one or more hidden layers between, 
see figure 3 [13]. Each PE in a specific layer is fully or partially joined to many other PEs via 
weighted connections. The input from each PE in the previous layer (xi) is multiplied by an 
adjustable connection weight (wji).

At each PE, the weighted input signals are summed and a threshold value or bias ( j) is added. 
This combined input (Ij) is then passed through a nonlinear transfer function, e.g. a sigmoid 
transfer function, to produce the output of the PEs (yj). The output of one PE provides the input 
to the PEs in the next layer. This process is illustrated in figure 3, and explains in the next 
paragraph.

To determine the number of hidden neurons a network should have to perform its best, and one 
is often left out to the method of trial and error [14]. If the numbers of neurons are increased too 
much, over fit will occur, i.e. the net will have a problem to generalize. Each connection has a 
strength or weight that is used to modify the output of the neurons. The weights can be positive, 
which will tend to make the neuron go high, or negative, which will tend to make the neuron go 
low. The training process changes these weights to get the correct answers.

Figure 3 - Structure and operation of an ANN [13].
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4.2 Learning an ANN

4.2.1 Artificial neural network models

Always we divide the data collected from field data or finite element programs in two groups.
The first group is used in the training of the neural network (NN), and the other data group is
used to test the obtained networks, Perceptron Multilayer (PML) networks, with a back-
propagation algorithm used for the training. The multi-layer feed forward back-propagation 
technique is implemented to develop and train the neural network of current research, where the 
sigmoid transform function is adopted.

The Levenberg-Marquardt (LM) technique’s built in MATLAB proved to be efficient training 
functions, and therefore, it is used to construct the NN model, [15] and [16]. This training 
function is one of the conjugate gradient algorithms that started the training by searching in the 
steepest descent direction (negative of the gradient) on the first iteration. The LM algorithm is 
known to be significantly faster than the more traditional gradient descent type algorithms for 
training neural networks. It is, in fact, mentioned as the fastest method for training moderately 
sized feed-forward neural network [14]. While each iteration of the LM algorithm tends to take 
longer time than each repetition of the other gradient descent algorithms, the LM algorithm 
yields far better results using little iteration, leading to a net saving in computer processor time. 
One concern, however, is that it may over fit the data. The network should be trained to 
recognize general characteristics rather than variations specific to the data set used for training.

4.2.2 Network data preparation

Preprocessing of data by scaling was carried out to improve the training of the neural network.
To avoid the slow rate of learning near end points specifically of the output range due to the
property of the sigmoid function, which is asymptotic to values 0 and 1, the input and output
data were scaled between the interval 0.1 and 0.9. The linear scaling equation is expressed by:

= ( . ) + ( 0.9  .  ) (1)

Eq. 1 was used in this study for a variable limited to minimum (Xmin) and maximum (Xmax)
values given in table 1, with:           =   (2)

It should be noted that any new input data should be scaled before being presented to the
network, and the corresponding predicted values should be un-scaled before use, [12] and [14].

4.2.3 Back propagation algorithm

The back propagation algorithm is used to train the BPNN (Back Propagation Neural Network). 
This algorithm looks for the minimum error function in weight space using the method of
gradient descent. The combination of weights that minimizes the error function is considered to 
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be a solution to the learning problem. The algorithm can be described in the following steps,
[15] and [16]:

1. Once the input vector is presented to the input layer it calculates the input to the hidden 
layer, , as:              =  +  (3)

where xi represents the input parameter;  represents the bias function of hidden layer;
NI represent the number of neuron in the input layer; and wji represents the weight factor 
between input and hidden layer.

Each neuron of the hidden layer takes its input, , and uses it as the argument for a 
function and produces an output, , given by:             = ( ) (4)

2. Now the input to the neurons of the output layer, , is calculated as:                = +  (5)

where represents the bias function of output layer; wkj represents the weight factor 
between hidden and output layer; and NH represents the number of neuron in the hidden 
layer.

3. The network output, , is then given by:              = ( ) (6)

where f represents the activation function.

4.3.4 Training and testing of the neural networks

In [1] the geometry of 2920 wall-on-slab cases has been varied as shown in table 1. 2803 of 
them were used in the training of the neural network, as shown in figure 5a, and 117 were used 
for tests with the obtained network, as shown in figure 5b. Perception Multilayer (PML) 
networks, with a back-propagation algorithm, were used for the training. The multi-layer feed 
forward back-propagation technique is implemented to develop and train the neural network of 
current research, where the sigmoid transform function is adopted.

The training and testing results are given in figure 5 at the position y/Hc = 0.1, where y is the 
vertical co-ordinate above the upper surface of the slab. This height position is usually near the 
critical point at design with respect to the risk of through cracking in walls for typical structure 
wall-on-slab, [1] and [3]. As can be seen in the figure the coefficient of correlation, R, is 0.989 
at training and 0.992 at verification, which indicates that the resulting model is very good.
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Table 1 - List of parameters and their values used in the finite element method calculations 
of the elastic restraint variations in the walls of wall-on-slab structures [1].

Parameter Sample Maximum Minimum Unit
Slab width Ba 8 2 m
Wall width Bc 1.4 0.3 m
Slab thickness Ha 1.8 0.4 m
Wall height Hc 8 0.5 m
Length of the 
structure

L 18 3 m

External rotational
restraint

1 0 -

Relative location*
of the wall on slab

1 0 -

*) = 0 means a wall placed in the middle of the slab;
= 1 means a wall placed along the edge of the slab.

5. STUDY OF IMPORTANCE GEOMETRY FACTORS MODEL 

The method of the partitioning weights, proposed by Garson [17] and adopted by Goh [18], was 
used within this study in order to determine the relative importance of the various input
parameters, see table 2. The major important parameter influencing the restraint is the wall 
height (Hc) at all levels of the wall (y/Hc) following by the external rotational restraint ( ). The 
same indication is shown in [1]. Thereafter follow the wall thickness (Bc), and the length (L) of
the structure. The relative location of the wall on the slab ( ) has a high impact in the lower part 
of the wall, and the effect decreases upward the wall. The thickness of the slab (Ha) has a little
effect, and smallest influence has the width of the slab (Ba).

 

Figure 5a - Training results of ANN
model at 0.1 wall height.

Figure 5b - Comparison between FEM-
calculation and ANN model at 0.1 wall height.
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Table 2 - Relative importance on restraint of input parameters for wall-on-slab.
y/Hc Ba Ha Bc Hc L rr

0.0 4.65   12.61   19.62   18.63   5.85   17.85   20.76
0.1 6.97 11.84 17.7 20.11 11.24 20.44 11.66
0.2 7.3 13.6 14.14 21 11.68 15.65 16.63
0.3 6.8 11.0 11.6 26.2 12.4 16.8 15.2
0.4 8.89 12.87 12.47 21.47 12 16.6 15.68
0.5 7.68 10.15 12.9 25.57 15.36 13.37 14.56
0.6 6.66 8.04 11.36 29.84 16.46 21.15 6.47
0.7 5.99 9.75 10.9 30.97 16.41 19.12 6.82
0.8 6.73 7.44 9.61 32.1 14.95 23.16 5.98
0.9 6.36 5.36 8.01 42.23 13.67 18.9 5.43
1.0 4.13 4.42 8.01 41.6 23.15 14.67 3.97

 
 
6. STUDY OF PARAMETERS INFLUENCING THE RESTRAINT 

In this chapter the restraints effects from different parameters are presented for the height y = 
0.1Hc. Weight and threshold values for all heights, from y =0 to y = Hc, are shown in appendix 
A. In figures 6-11, the following symbols are used: Ba = Ba, Ha = Ha, Bc = Bc,
Hc = Hc, Grr = rr and w = .

6.1 Effect of wall height (Hc)

The wall height is the most important factor affecting the degree of restraint in the case 
wall-on-slab, as shown in table 2. Generally, the degree of restraint decreases with an increase in
wall height, which is compatible with the results shown in [1], [19], [20] and [21]. On the other 
hand, the restraint became bigger with increased wall length, as shown in figure 6, up to about 
10m. Thereafter the restraint is no longer increasing with increased wall length.

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 6 - Variation of restraint with length and wall height as predicted by ANN model
at height 0.1 Hc.
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Figure 7 - Variation of the restraint with structural length and external rotational restraint as 
predicted by ANN model at height 0.1 Hc.

Figure 8 - Variation of the restraint with structural length and wall width as predicted by 
ANN model at height 0.1 Hc.
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6.2 Effect of external rotational restraint ( rr)

As shown in table 2, the second parameter of influence on restraint is the external rotational 
restraint. The bending moment during a contraction in a wall rotates the ends of the structure 
upward and the center downward. If the material under the foundation is stiff, the resistance on
the structure is high, which at total rotational stiff ground reflects by rr equal to 1. If the 
material under the foundations is very soft, the value of rr is zero. The results of the ANN with

rr =1 showed high restraint, which is in line with results in [22]. The restraint is about 40% 
lower when rr is equal to zero. For both rr = 1 and rr = 0 the restraint increases with length of 
the structures up to about 10m (for L/Hc 5), see figure 7.

6.3 Effect of wall thickness (Bc)

Increase of the size of the new concrete means higher possibility of counteracting the external 
constraints (from old concrete, i.e the slab in this case), which is reflected in figure 8 as the 
restraint will decrease with increased wall thickness. Besides, up to a structural length of 10m 
(for L/Hc 5) the restraint increases with increased structure length, which is in agreement with 
results in [4], [23] and [24]. 
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6.4 Effect of the relative position of the wall on the slab ( )

When a wall is placed in the middle of the slab ( = 0), it has the highest restraint from the slab, 
and other more eccentric positions become successively less and less restraint as shown in figure 
9. An increase of the length of the structures results in increased restraint up to the length of 
about 10m (for L/Hc 5).

6.5 Effect of slab thickness (Ha)

An increase in slab thickness (Ha) results in an increased value of restraint. The effect of 
increasing the length of the wall is also increasing the value of restraint up to a length of about 
10m (for L/Hc 5), see figure 10. This is in agreement with findings in [4], [20], and [23].

Figure 10 - Variation of the restraint with length and slab thickness as predicted by ANN 
model at height 0.1 Hc.

Figure 9 - Variation of the restraint with structural length and wall position on slab as 
predicted by ANN model at height 0.1 Hc.
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6.6 Effect of slab width (Ba)

Generally, the value of restraint increases with the increase of the slab width for all levels of the
wall height. A smaller increase in the value of restraint is observed with the increase in 
structural length beyond 10m (for L/Hc > 5), see figure 11. The same indication is found in [4], 
[21], [25], and [26].

7. ANN MODEL DEVELOPMENTS FOR RESTRAINT PREDICTION

The ANN model is used to derive a design formula to calculate the restraint by using multi-layer 
perceptions (MLP) for training the model with the back-propagation training algorithm.
The model has seven inputs representing the width of the slab (Ba), the height of a slab (Ha), the 
width of the wall (Bc), the height of the wall (Hc) , the length of the structure (L), the rotational 
boundary restraint ( rr), and the relative location of the wall on the slab ( ). All the parameters 
and their values are listed in table 1.

The structure of the optimal ANN model is shown in figure 12, while its connection weights and 
threshold levels are summarized in Appendix A, tables A1-A11. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

 

 

Figure 12 - Structure of the optimal ANN.
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Figure 11 - Variation of the restraint with length and slab width as predicted by ANN model
at height 0.1 Hc.
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7.1 The design formula    
 
The equation length depends on the number of nodes in the hidden layer. To shorten the length 
of the equation, an adoption of the number of nodes by four is introduced with a correctness of 
95%. An adoption of 17 nodes gives an accuracy of 99%. The small number of connection 
weights of the neural network enables the ANN model to be translated into a relatively simple 
formula, in which the predicted restraint can be expressed as follows: 
 
     1

1
12 12:8

1

1 1
12:9

1

1 2
12:10

1

1 3
12:11

1

1 4

  

 
    where           (7) 

 
x1=		 : ∙ : ∙ : ∙ : ∙ : ∙
																			 : ∙  : ∙  		               (8) 

 
 

x2=		 : ∙ : ∙ : ∙ : ∙ : ∙
																			 : ∙  : ∙  		       (9) 
 
x3 : ∙ : ∙ : ∙ : ∙ : ∙
																			 	 : ∙  : ∙  		     (10) 
 
x4=		 : ∙ : ∙ : ∙ : ∙ : ∙
																			 : ∙  : ∙  		     (11) 
 
 

It should be noted that, before using Eqs. 7, 8, 9, 10, and 11, that all input variables need to be 
scaled between 0.1 and 0.9 using Eq. 1 for the data ranges in table 1. It should also be noted that 
predicted restraint obtained from Eq. 7 is scaled between 0.1 and 0.9 and in order to obtain the 
actual value, this restraint has to be re-un-scaled using Eq. 1. ANN should be used only for 
interpolation and not extrapolation [13]. 
 
 
7.2 Numerical example 
 
A numerical example is provided to present the implementation of the restraint formula.  
Input parameters are: Ba =2m, Ha = 0.4m, Bc = 0.3m, Hc = 4m, L= 18m, rr = 1, and  = 0. As 
shown in figure 13, the convergence in results from finite-element (FE) calculations [1] and 
results using the Excel spread sheet is very good. Therefore, the Excel spread sheet can be used 
as a substitute for fast and accurate calculation of restraints in the wall. 
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Figure 13- Comparison between finite-element restraints and results using the Excel spread 
sheet.

8. CONCLUSIONS

Existing research concerning restraint curves has been applied to the method of artificial neural 
networks to model restraint in the wall for the typical structure wall-on-slab. Seven input 
parameters have been used, and it has been proven that the neural network is capable of 
modeling the restraint with good accuracy.

The usage of the neural network has been demonstrated to give a clear picture of the relative 
importance of the input parameters. The dimension of the wall (height and width) as well as the 
external rotational restraint turned out to give the highest importance on restraint in the wall. On 
the opposite, the width of the slab was found to be of least significance in this respect. 

Further, it is shown that the results from the neural network can be represented by a series of 
basic weight and response functions. Resulting functions can easily be implemented to simple 
computer tools. Thus, the results can easily be made available to any engineer without use of 
complicated software. 
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Appendix A  
 
Weights and threshold levels for the ANN-model 
 
    
Table A1: Weights and threshold levels for the ANN- model at 0.0 Hc  
 

Hidden 
layer 
nodes 

 (weight from node at hidden layer i in the input layer 
to node j in the hidden layer ) 

Hidden 
threshold  

 ( ) i=1 i=2 i=3 i=4 i=5 i=6 i=7 
j=8 -2.44 -0.133 1.92 1.56 1.75 -0.33 0.962 3.968 
j=9 0.0448   0.4451 -3.90 0.805 0.386 -1.33 -8.569 -2.429 

j=10 0.1464 4.28 -2.27 -1.08 -1.099 -2.75 -2.29 2.505 
j=11 1.742 0.099 -1.800 -1.172 -0.813 0.4078 -0.738 5.5439 

Output 
layer 
nodes 

  (weight from node i in the hidden layer to node j in the output layer ) Output 
Threshold 

 ( ) 
i=8 i=9 i=10 i=11 - -   - 

j=12 0.455      10.73      6.24     -0.4758    -4.88 
 
 
Table A2: Weights and threshold levels for the ANN- model at 0.1 Hc  
 

Hidden 
layer 
nodes 

 (weight from node hidden layer i in the input layer 
to node j in the hidden layer ) 

Hidden 
threshold  

 ( ) i=1 i=2 i=3 i=4 i=5 i=6 i=7 
j=8 0.0228  0.21462 0.3629 -18.48 0.9613 1.122 0.212 -2.271 
j=9 0.422025 -0.06176 1.98924 -0.6882 0.30437 -0.26 -0.417 -1.2636 
j=10 0.456249 

 

0.983905 
 

0.64158 0.13169 0.3093 -0.68 -0.168 -0.3123 
j=11 0.238852 0.70202 -0.7221 0.60450 0.18516 -0.41 0.0307 -0.334 

Output 
layer 
nodes 

  (weight from node i in the hidden layer to node j in the output layer ) Output 
Threshold 

 ( ) 
i=8 i=9 i=10 i=11 - -   - 

j=12 9.014351 -12.8866 15.6198 -21.768    5.60494 
 
 
Table A3: Weights and threshold levels for the ANN - model at 0.2 Hc 
Hidden 
layer 
nodes 

 (weight from node hidden layer i in the input layer 
to node j in the hidden layer ) 

Hidden 
threshold  

( ) i=1 i=2 i=3 i=4 i=5 i=6 i=7 
j=8 0.023445 0.21469 0.361232 -18.5183 0.96787 1.12751 0.21163 -2.24292 
j=9 -0.42725 -0.2689 0.31187 -0.70018 2.02201 -0.06425 0.431046 -1.28285 
j=10 -0.1732 -0.7011 0.317028 0.129956 0.66889 1.008782 0.469116 -0.32013 
j=11 0.03241 -0.4146 0.18831 0.61946 -0.7446 0.71167 0.24299 -0.33843 

Output 
layer 
nodes 

  (weight from node i in the hidden layer to node j in the output layer ) Output 
threshold 

( ) 
i=8 i=9 i=10 i=11 - - - 

j=12 8.7721 -12.329 14.5275 -20.611    5.428395 
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Table A4: Weights and threshold levels for the ANN- model at 0.3 Hc  
Hidden 
layer 
nodes 

 (weight from node hidden layer i in the input layer 
to node j in the hidden layer ) 

Hidden 
threshold  

( ) i=1 i=2 i=3 i=4 i=5 i=6 i=7 
j=8 0.02282 0.2146 0.36293 -18.4809 0.96137 1.122909 0.212814 -2.27106 
j=9 -0.41754 -0.2642 0.30437 -0.68824 1.98924 -0.06176 0.42202 -1.26363 
j=10 -0.16823 -0.6808 0.30936 0.13169 0.64158 0.98390 0.45624 -0.31232 
j=11 0.030785 -0.4095 0.185169 0.604506 -0.7221 0.707202 0.23885 -0.33428 

Output 
layer 
nodes 

  (weight from node i in the hidden layer to node j in the output layer ) Output 
threshold 

( ) 
i=8 i=9 i=10 i=11 - - - 

j=12 9.014351 -12.886 15.61978 -21.7685    5.60494 
 
 
Table A5: Weights and threshold levels for the ANN - model at 0.4 Hc 
Hidden 
layer 
nodes 

 (weight from node hidden layer i in the input layer 
to node j in the hidden layer ) 

Hidden 
threshold  

( ) i=1 i=2 i=3 i=4 i=5 i=6 i=7 
j=8 2.08677 1.89426 -13.088 -1.1256 -0.8407 41.17545 -32.701 -6.50761 
j=9 0.377159 0.839513 -0.18151 -20.125 -0.3396 1.031952 -0.6816 1.04641 

j=10 0.562324 0.737864 -0.90535 -1.2830 -0.6673 0.518905 -0.4199 -1.09078 
j=11 0.579971 0.730745 -0.7001 -0.1999 -2.6483 0.734031 -0.4312 -2.35647 

Output 
layer 
nodes 

  (weight from node i in the hidden layer to node j in the output layer ) Output  
threshold 

( ) 
i=8 i=9 i=10 i=11 - - - 

j=12 0.419494 2.097828 9.638326 -18.157    -1.666 
 
 
Table A6: Weights and threshold levels for the ANN - model at 0.5 Hc 
Hidden 
layer 
nodes 

 (weight from node hidden layer i in the input layer 
to node j in the hidden layer ) 

Hidden 
threshold  

( ) i=1 i=2 i=3 i=4 i=5 i=6 i=7 
j=8 -1.45824 -2.32771 0.962872 -8.541 17.20482 22.46012 0.418163 -19.6627 
j=9 0.756076 1.319794 -1.30934 -15.31 1.05319 0.74600 -0.42114 0.208142 
j=10 -0.76824 0.25679 -0.64332 -8.505 9.60673 -4.05398 -0.69526 1.556513 
j=11 1.10672 1.1844 -1.2012 0.3616 -2.586 -1.3277 -1.460 4.105541 

Output 
layer 
nodes 

  (weight from node i in the hidden layer to node j in the output layer ) Output  
threshold 

( ) 
i=8 i=9 i=10 i=11 - - - 

j=12 1.38328 2.76767 0.91604 2.4217    -4.05196 
 
 
Table A7: Weights and threshold levels for the ANN -model at 0.6 Hc 
Hidden 
layer 
nodes 

 (weight from node hidden layer i in the input layer 
to node j in the hidden layer ) 

Hidden  
threshold  

( ) i=1 i=2 i=3 i=4 i=5 i=6 i=7 
j=8 0.62026 0.47351 0.08976 5.18154 -3.78167 0.3101 -0.35249 1.50859 
j=9 0.164556 1.471751 0.243077 23.6184 -24.3285 -32.39 1.23612 27.6750 

j=10 -0.3054 -0.06287 -0.51847 -5.7015 3.504167 -0.065 0.054154 -1.11537 
j=11 0.3387 1.058383 -0.44985 -27.486 0.912928 -0.366 -0.07223 1.450579 

Output 
layer 
nodes 

  (weight from node i in the hidden layer to node j in the output layer ) Output  
threshold 

( ) 
i=8 i=9 i=10 i=11 - - - 

j=12 10.75089 -0.92821 11.19475 2.29642    -11.3610 
 
 
 



56 
 

 
 

Table A8: Weights and threshold levels for the ANN -model at 0.7 Hc 
Hidden 
layer 
nodes 

 (weight from node hidden layer i in the input layer 
to node j in the hidden layer ) 

Hidden  
threshold  

( ) i=1 i=2 i=3 i=4 i=5 i=6 i=7 
j=8 0.42400 0.46559 -0.1034 5.27938 -4.29611 0.05693 -0.223 1.94446 
j=9 0.20791 0.18420 0.20273 5.76087 -4.2182 -0.5358 -0.031 1.80288 

j=10 0.65041 2.65318 -1.61066 -38.5765 1.52342 -7.6225 0.2018 3.22180 
j=11 0.111222 0.213763 -0.64653 -38.1758 2.497382 9.53468 -0.973 -4.43226 

Output 
layer 
nodes 

  (weight from node i in the hidden layer to node j in the output layer ) Output  
threshold 

( ) 
i=8 i=9 i=10 i=11 - - - 

j=12 14.2932 -14.2761 1.782392 1.422751    -1.32971 
 
 
Table A9: Weights and threshold levels for the ANN -model at 0.8 Hc 
Hidden 
layer 
nodes 

 (weight from node hidden layer i in the input layer 
to node j in the hidden layer ) 

Hidden  
threshold  

( ) i=1 i=2 i=3 i=4 i=5 i=6 i=7 
j=8 0.482716 1.208346 -0.4909 5.799786 -4.74126 2.507117 -0.529 0.186043 
j=9 0.715349 0.563623 0.37424 38.31441 -19.5478 -1.05955 -0.063 -1.96305 
j=10 0.757585 1.53234 -1.3743 -17.3411 2.203233 -3.26635 -0.051 -0.26653 
j=11 0.579219 0.284736 -1.1736 -11.4707 4.159462 7.178042 -0.853 -6.87323 

Output 
layer 
nodes 

  (weight from node i in the hidden layer to node j in the output layer ) Output  
threshold 

( ) 
i=8 i=9 i=10 i=11 - - - 

j=12 2.574084 -1.41622 4.10681 2.846912    -2.155 
 
 
Table A10: Weights and threshold levels for the ANN- model at 0.9 Hc 
Hidden 
layer 
nodes 

 (weight from node hidden layer i in the input layer 
to node j in the hidden layer ) 

Hidden  
Threshold 

 ( ) i=1 i=2 i=3 i=4 i=5 i=6 i=7 
j=8 0.23413 0.39783 -0.1258 4.48423 -2.73151 0.31317 -0.11 0.838376 
j=9 -0.72798 -2.68067 1.4830 30.1924 -0.56191 4.97414 -0.445 -2.30485 
j=10 0.117852 0.00236 -0.2931 -7.23425 1.47341 0.96875 -0.165 0.709421 
j=11 -0.01498 -0.12181 -0.1528 -5.9498 2.101039 0.556965 -0.072 -0.16348 

Output 
layer 
nodes 

  (weight from node i in the hidden layer to node j in the output layer )  
i=8 i=9 i=10 i=11 - - - Output  

Threshold 
 ( ) 

j=12 19.49644 -1.96336 -16.522 36.35604    -18.3594 
 
 
Table A11: Weights and threshold levels for the ANN- model at 1 Hc 
Hidden 
layer 
nodes 

 (weight from node hidden layer i in the input layer 
to node j in the hidden layer ) 

Hidden 
layer 

threshold  
( ) 

i=1 i=2 i=3 i=4 i=5 i=6 i=7 

j=8 0.10182 0.66933 -9.45E- 4.53729 -3.77808 3.23152 -0.0659 0.35271 
j=9 0.206039 0.070818 0.26018 21.02211 -6.83813 -0.35579 0.14037 -2.78455 
j=10 -0.10211 0.271457 -0.1774 -26.613 4.154443 0.310213 -0.0372 5.312146 
j=11 0.422038 0.611063 -0.7748 -8.54489 1.897913 -0.74841 -0.1359 -1.07541 

Output 
layer 
nodes 

  (weight from node i in the hidden layer to node j in the output layer ) Output  
threshold 

( ) 
i=8 i=9 i=10 i=11 - - - 

j=12 4.860535 -4.40516 -3.2183 8.698041    -1.1289 
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Abstract

Estimation of restraint is very important for accurate prediction of the risk of con-
crete cracking at early age. This study predicts the restraint in 324 walls and 972 
roofs of concrete culverts. A parametric study included the thickness and width 
of the roofs, thickness and height of the walls, thickness and width of the slab and 
length of the structures. Each parameter increased or decreased the restraint in the 
walls and the roofs. The calculation of the restraint was done elastically by the finite 
element (FE) method. The results were used by an artificial neural network (ANN) 
tool, where, first, an influential percentage was investigated as input parameter on 
the restraint prediction. Equations were derived by the ANN model to calculate the 
restraint in the walls and the roofs. It was then used in a spreadsheet to calculate 
the restraint and compare the result with the result from the FE calculations, which 
showed a good agreement between the ANN model and the FE calculations.

Keywords: restraint; early age concrete; artificial neural networks, culverts, 
through cracking.

and tunnels, the decisive restraint value 
is typically in the range of 0.3 to 0.7 (see 
Ref. [2]) leading to the assumption of 
an average value of 0.5. Other studies3 
refer typically to the degree of restraint 
in the range of 0.5 to 0.7. Equations and 
diagrams are available to estimate the 
externl restraint in the walls and roofs 
of tunnels4. Some of these methods (see 
Ref. [5]) need complex software, which 
is usually expensive and needs experi-
enced people, while others2–4 are too 
simple, leading to loss of accuracy.     

  This study proposes a new approach 
to estimate the restraint in walls and 
roofs by using an artificial neural net-
work (ANN) tool, which differs funda-
mentally from the traditional methods. 
In recent years, ANN has been widely 
used to solve complex nonlinear prob-
lems in civil engineering.6–8 It has the 
significant ability to derive meaning 
from complicated data, and can be used 
to extract patterns and identify trends 
that are too complex to be noticed by 
humans or other computer techniques. 
The results of elastic FE calculations of 
restraint can be fed into and verified by 
ANN. The outcome is then transferred 
to a spreadsheet to make the estima-
tion of restraints quick and easy for 
any engineer. This saves both time and 
money at the estimation of the restraint. 

A parametric study of the influence 
of different dimensions of walls and 

roofs in culverts was carried out to 
clarify their effects on the restraint 
calculations.

Aims and Purposes

The aims and purposes of this paper 
are to:

• ap    ply and verify the use of ANN for 
restraint estimations for the walls 
and roofs in culvert structures;

• clarify the infl uences of geometrical 
dimensions on the restraint;

• develop a simplifi ed method for 
practical application by the use of 
ANN.

Artificial Neural Networks

Many authors have described the 
structure and operation of ANNs9,10. 
ANN consists of a number of artifi-
cial neurons variously known as pro-
cessing elements, nodes or units. For 
multilayer perceptrons, which are the 
most commonly used ANNs in struc-
tural engineering, processing elements 
are usually arranged in layers: an input 
layer, an output layer and one or more 
intermediate layers called hidden lay-
ers, which are shown in Figs. 2 and 3. 
There are numerous algorithms that 
can be used for training ANN; one of 
the most popular neural network algo-
rithms is the back propagation (BP) 
algorithm. The advantage of the BP 
algorithm is that it is very easy to use 
and it can provide a high accuracy.

Back Propagation Algorithm

The BP algorithm is used in layered 
feed-forward ANNs. The artificial neu-
rons are organized in layers, and send 
their signals “forward”, and then the 
errors are propagated backwards. The 
network receives inputs from neurons 
in the input layer, and the output of 
the network is given by the neurons on 
an output layer. There may be one or 
more intermediate hidden layers. The 
BP algorithm uses supervised learning, 
which means that the algorithm is pro-
vided with examples of the inputs and 

Introduction

    Restrained volume change associated 
with heat of hydration and shrinkage 
in early age concrete is one of the main 
sources of cracking. Such cracks may 
trigger an early start of corrosion of 
rebars or penetration of harmful liq-
uids or gases into the concrete body. 
Such situations can result in a signifi-
cantly increased maintenance cost and 
loss of durability.     Therefore, it is impor-
tant to prevent or control these cracks.

If the concrete is free, it can expand 
and contract during the heating and 
cooling without inducing stress. In 
practice, the concrete is nearly always 
restrained to some degree, both exter-
nally by adjoining structures and inter-
nally by different temperatures and 
moisture in the structure itself.1

To estimate the risk of cracking at 
early age, it is important to predict the 
restraint in the newly cast concrete. 
In the literature, many methods have 
been adopted to calculate the value of 
restraint in young concrete. For ordi-
nary structures such as wall-on-slab 
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gation algorithm, while the  remaining 
ten percent were used for testing the 
model. The testing of the ANN shows 
a good relative correlation with the 
results from the FE calculations: R2 of 
the regression ≈99% as shown in Fig. 1a 
and b for the walls and roof of the cul-
vert, respectively. The sensitivity anal-
ysis is an important aspect of model 
development to know the input–out-
put dependency. The method of weight 
partitioning, proposed by Ref. [12] and 
adopted by Ref. [13] was used in this 
study to determine the relative impor-
tance of the various input parameters, 
that is the connection weight between 
the ANN layers was used to determine 
which input parameters have the maxi-
mum influence on the output.

The ANN Model for Prediction of 
Restraint in the Walls

The ANN model was used to derive 
a design formula for restraint calcula-
tions in the walls. The derivation was 
done by the back-propagation training 
algorithm, as above, to learn the ANN. 
There is no unified approach for deter-
mination of an optimal ANN architec-
ture. It is generally achieved by fixing 
the number of layers and choosing the 
number of nodes in each layer. A trial-
and-error procedure, which is gener-
ally used in structural engineering to 
determine the number of nodes in the 
hidden layer, was used. The network 
used consisted of three layers: the input 
layer consisting of five neurons (one 
for each input variable) representing 
the width of the slab (BR), the thick-
ness of the slab (TF), the wall thickness 
(TW), the wall height (BW), and the 
lengths of the structure (L); one hid-
den layer consisting of seven neurons 
(the number of neurons that gives the 
best prediction result); and one output 
layer consisting of one neuron, which 
was the output variable (restraint). 
The structure of the  optimal number 

restraint in the walls and 972 cases 
have been used in the calculation of 
the restraint in the roofs (Table 1). 
Each of these calculations was ana-
lysed by elastic three-dimensional 
finite-elements (3D FE).5 Estimation 
of the restraint situation was nor-
malized to get the restraint factors 
directly by using the stresses resulting 
from the FE-analysis by the following 
equation:

 (5)

where the applied fixation stress  
is set equal to unity by introducing:

 (6)

where  = the resulting stress from 
the elastic FE calculation [Pa], i = a 
chosen direction in the concrete body 
[], u = the uniaxial coordinate in i 
direction,  = the homogenous con-
traction in the young concrete [–], and 
Ec = the Young’s modulus in the newly 
cast concrete [Pa].

Equation (6) shows that the stresses 
from the FE calculation directly simu-
late the restraint factors. The system 
is set to be statically determined in 
order to simulate a self-balancing 
system, where the ground consists of 
frictional materials not causing any 
restraint. Results were take  n at the 
mid-length of the structure when cal-
culating the average restraint through 
the walls, while for the roofs, the 
restraint value was taken at the bot-
tom level.

Results

Training and Testing of the ANN 
Model

The result from   the FE calculations 
was treated with an ANN tool.11 Ninety 
percent of the results were used for 
training the ANN with the back propa-

outputs that the network is required to 
compute, and then the error ( difference 
between actual and expected results) is 
calculated. The idea of the BP algorithm 
is to reduce this error, until the ANN 
learns the training data. The training 
begins with random weights, and the 
goal is to adjust them so that the error 
will be minimal. The algorithm can be 
described in the following steps9,10.

Once the input vector is presented to 
the input layer, it calculates the input 
to the hidden layer, , as:

 (1)

where pi represents the input param-
eter, qj represents the bias function 
of the hidden layer, NI represents the 
number of neurons in the input layer 
and wji represents the weight factor 
between input and hidden layer.

Each neuron of the hidden layer takes 
its input, , and uses it as the argu-
ment for a function and produces an 
output, , given by:

 (2)

Now the input to the neurons of the 
output layer, , is calculated as:

 (3)

where q k represents the bias function 
of the output layer, wkj represents the 
weight factor between hidden and 
 output layer, and NH represents the 
number of neurons in the hidden layer.

The network output yk, is then given by:

 (4)

where f represents the activation 
function.

Input Data

For a concre     te culvert, 324 cases have 
been used in the calculation of the 

Parameter Value (m)
No. of cases

BF

TF

BW

TR

TW

BR

L

y

x

Wall Roof
Roof width
Slab width

BR
BF

10; 15; 20 3 3

Slab thickness TF 0.5; 1; 1.5; 2 4 4

Wall thickness TW 0.3; 0.8; 1.2 3 3

Wall height BW 3; 6; 9 3 3

Roof thickness TR 0.5; 1; 1.5 – 3

Length L 8; 16; 24 3 3

Total number of calculations 324 972

Table 1: List of parameters and their values used in FE calculations
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Applied Example for the Restraint 
Calculation in the Wall

As an example to explain how the 
equations are used for calculating 
restraint values, a structure with input 
parameters WF = 15 m, TF = 1 m, BW = 
6 m, TW = 0.8 m and L = 16 m was stud-
ied. Equation (9) gives the parameters 
as shown in Table 2. Figure 3 shows the 
comparison between the results from 
FE and the results from Eq. (9) in a 

 (14)

 (15)

 (16)

The connection weights wij a   nd thresh-
old levels q j are shown in Ref. [14]. 
It should be noted that before using 
Eq. (9), all the input variables need to 
be within the data ranges in Table 1. This 
is because ANN should be used only 
in interpolation and not in extrapola-
tion.15 It should also be noted that the 
predicted restraint obtained from Eq. 
(9) is between 0.1 and 0.9. In order to 
obtain the actual restraint value γR,act, 
the normalized (scaled) restraint value 
γR,norm has to be rescaled by Eq. (17).

 (17)

where γR max and γR min represent the 
m  aximum and minimum values of 
restraint that were obtained from FE 
calculations.

the unscaled value of the input varia-
bles. The small number of connection 
weights between the layers of the neu-
ral network enables the ANN model to 
be translated into a relatively simple 
formula in which the predicted 
restraint g R can be expressed by 
Eq. (9).

 (9)

of neurons in each layer in the ANN 
model is shown in Fig. 2.

The Design Formula for Estimation 
of Restraint in the Walls

Pre-processing the data by scaling was 
carried out to improve the training of 
the neural network. To avoid the slow 
rate of learning near end points, spe-
cifically the output range that is due to 
the property of the sigmoid function 
(logistic function ), which is asymptotic 
to values 0 and 1, the input and output 
data were scaled between the interval 
0.1 and 0.9. The linear scaling equation 
is expressed by Eq. (7), which was used 
in this study in a variable limited to 
minimum (Xmin) and maximum (Xmax) 
of input values given in Table 1.

 (7)

 (8)

where Xs represents the scaled value 
of the input variables and X represents 
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where:

 (10)

 (11)
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The connection wij and threshold lev-
els qj are shown in Re  f. [14]. The same 
conditions that are applied in Eq. (9) 
apply to Eq. (18).

Application Example for Roof 
Calculation

To explain how the equations are 
used to find the restraint value, input 

The Design Formula for Estimation 
of Restraint in the Roofs

The small number of connection 
weights of the neural network enables 
the ANN model to be translated into a 
relatively simple formula in which the 
predicted restraint can be expressed as 
follows (see Eq. (18)).

 (18)
spreadsheet, which shows a very good 
agreement.

The ANN Model for Prediction of 
Restraint in t  he Roofs

In the same way as for the walls, the 
ANN model was used to derive a 
design formula for restraint calcula-
tions in the roof, using the BP algo-
rithm to train (learn) the ANN. The 
model had six inputs representing the 
width of the foundation (BR), the thick-
ness of the foundation (TF), the thick-
ness of the wall (TW), the height of the 
wall (BW), the roof thickness (TR), and 
the lengths of the structure (L). All the 
parameters and their values are listed 
in Table 1: one hidden layer of seven 
neurons (the number of neurons that 
gives the best prediction result) and 
one output layer of one neuron, which 
is the output variable (restraint).

0.0Bw 0.1Bw 0.2Bw 0.3Bw 0.4Bw 0.5Bw 0.6Bw 0.7Bw 0.8Bw 0.9Bw Bw

x1 0.06 –1.07 –14.2 –14.2 –14.0 –13.9 –14.1 –14.2 8.90 8.73 8.74
x2 3.97 –5.83 4.12 1.60 0.33 0.71 –8.34 –9.23 12.58 9.89 0.65
x3 –3.00 –3.39 3.58 2.16 0.55 7.14 5.84 0.58 15.63 –17.4 –4.30
x4 22.7 –10.6 –13.0 –6.92 –9.39 –15.9 –12.9 –0.90 –14.8 1.03 –14.8
x5 –4.10 1.92 –3.97 –5.48 –2.95 –4.5 –2.94 –6.39 –10.0 5.36 7.92
x6 –17.00 3.77 3.61 –3.22 7.72 0.84 –2.45 –4.84 –6.39 13.38 –7.9
x7 –2.50 8.73 1.68 5.27 8.95 7.27 4.97 7.89 1.352 –6.69 7.3
x8 2.61

γR ANN 0.72 0.55 0.45 0.34 0.24 0.14 0.04 –0.06 –0.14 –0.25 –0.3
FE 0.71 0.56 0.46 0.35 0.24 0.14 0.04 –0.04 –0.14 –0.25 –0.3

Table 2: List of parameters and results from an ANN model in a spreadsheet
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Fig. 3: Comparison of restraint in the 
wall from finite element and ANN model 
(Units: [–])

0WR 0.1WR 0.2WR 0.3WR 0.4WR 0.5WR 0.6WR 0.7WR 0.8WR 0.9WR 1WR

x1 –2.26 –3.03 –3.83 –5.27 –3.14 –3.42 9.88 –4.20 –4.48 –0.95 0.411
x2 –12.3 –12.17 –12.26 –11.95 –9.87 –12.07 –14.85 –12.04 –11.81 –12.68 –12.3
x3 –7.3 –3.81 –4.55 –3.27 –2.94 –2.02 3.06 0.37 0.71 –1.80 0.73
x4 2.29 1.34 1.90 3.11 2.27 5.13 –42.45 4.05 4.43 5.36 –5.34
x5 –1.2 –5.30 –2.11 –1.87 –1.21 0.97 0.58 –2.44 –2.77 –2.52 3.51

x6 –6.9 –3.01 –6.07 –2.71 –7.05 –10.14 2.82 –10.92 –11.04 –11.13 –4.91
x7 2.40 5.29 4.36 3.66 6.24 5.26 54.49 16.89 22.44 20.78 5.37

γR ANN 0.35 0.34 0.26 0.22 0.18 0.15 0.10 0.096 0.07 0.06 0.05
FE 0.36 0.34 0.27 0.22 0.18 0.14 0.11 0.089 0.07 0.06 0.05

Table 3: List of parameters and results from an ANN model in a spreadsheet

parameters TR = 1.0 m, WR = 15 m, 
TF = 1 m, BW = 6 m, TW = 0.8 m, L = 
16 m were taken for the application of 
Eq. (18). The parameters are shown in 
Table 3. Figure 4 shows the comparison 
between the results obtained from the 
FE analysis and the results obtained 
from the ANN in a spreadsheet; the 
percentage reaches an accuracy of up 
to 99%.

Restraint in Walls

The restraint in a newly cast concrete 
part is reflected in a balance of forces 
between the fresh volume of concrete 
and the existing adjacent structure. In 
general, the influence of old concrete 
on a young casting depends on the 
strength, stiffness and the dimensions 
of the existing part. A larger volume 

where

 (19)

 (20)

 (21)

 (22)

 (23)

 (24)

 (25)
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Effect of Wall Height (BW)

An increased wall height means a 
larger volume of young concrete, 
which reduces the effect of the exter-
nal restraint (the slab in this case). As 
shown in Fig. 6, the restraint decreases 
with increasing wall height. On the 
other hand, it can be seen that the 
restraint increases with an increased 

of the new casting results in a lower 
restraint, while a small volume gives a 
higher restraint. 

It has been observed16 that the geo-
metrical properties of the wall have 
a great influence on the restraint that 
generates stresses in the wall. There 
is a relation between the geometrical 
properties and possible crack forma-
tion, which indicates an effect of the 
degree of the restraint. The next para-
graph clarifies the effects of structural 
design on restraint estimation in the 
walls.

The location of the decisive restraint in 
the wall varies from (0.0y/BW) to (0.3y/
BW); therefore, one may take the aver-
age values of the first four rows as shown 
in Table 4 to estimate the influence of 
the input parameters. According to the 
partitioning weight method,12,13 the 
major important parameters influenc-
ing the restraint are the wall thickness 
TW (average 35.12), the thickness TF 
(19.82), the length of the structure L 
(19.50) and the wall height BW (18.98) 
(see Table 4). The width of the slab BF 
(6.57) has the smallest influence.

Effect of Wall Thickness (TW)

The        wall thickness shows the big-
gest influence on the restraint   of the 
walls. The effect of the wall thickness 
is highlighted at different heights of 
the wall, y/BW = 0.0 to y/BW = 1, as 
shown in Table 4. Increased wall thick-
ness reduces the restraint (see Fig. 5). 
A larger size of the young concrete 
means         an increased possibility to coun-
teract outer restraint (old concrete, i.e. 
the slab in this case). This behaviour 
agrees with previous results.17–19

On the other hand, an increased length 
of the structures increases the contact 
area between an old concrete and 
a new one. Therefore, the restraint 
increases with a larger length of the 
structure, and vice versa. The same per-
formance was shown in Refs. [16,20].

length of the structures; this behav-
iour is compatible with the results in 
Refs. [21–23].

Effect of the Slab Thickness (TF)

         An increased slab thickness means an 
increased stiffness, which raises the 
value of the external restraint in the 
wall, as shown in Fig. 7. The effect of 
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Fig. 4: Comparison of restraint in the 
roof from finite element and ANN model 
(Units: [–]) y/BW BF TF BW TW L

0.0 8.82 25.66 26.87 15.43 23.19
0.1 8.69 14.14 15.80 37.21 24.14
0.2 5.48 23.97 16.33 35.85 18.35
0.3 3.29 15.51 16.90 51.97 12.31

Average 6.57 19.82 18.98 35.12 19.50
0.4 5.42 18.89 23.80 26.38 24.49
0.5 13.72 12.56 26.82 18.82 28.06
0.6 8.11 18.60 30.36 29.16 13.75
0.7 2.84 19.96 17.72 27.09 32.37
0.8 6.04 25.28 25.34 25.24 18.08
0.9 5.31 39.66 17.40 23.41 14.19
1.0 8.61 23.26 22.46 24.94 20.69

Table 4: Importance of geometrical dimensions in relation to restraint in the walls of culverts
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Fig. 5:  Variation of the restraint at 0.1 m wall height with the wall thickness and the length, 
as predicted by ANN
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an increasing length of the wall is also 
an increase in the restraint. This result 
is well matched with the experimental 
observation in wall casting.16–18

Effect of Slab Width (BF)

The smallest effect on the restraint 
is the effect of the slab width. This 
parame  ter did not have a significant 
role in the restraint calculation in the 
walls, as shown in Fig. 8. Only a part 
of the width of the slab influences the 
wall. Thus, it has the smallest effect on 
the restraint value.

Restraint in Roofs

It has been note        d that the biggest 
restraint (between roof and walls) is 
not alwa      ys at the edge of the roofs 
where BR = 0, but it is sometimes at 
0.1 BR from the edge of the roofs, and 
decreases progressively when reaching 
the middle of the roofs.

As for the restraint in the walls, the 
location of the decisive restraint in the 
r   oof varies from (0.0x/BR) to (0.3x/
BR). Therefore, in the same way, the 
average values of the first four rows 
are calculated in Table 5 to estimate 
the influence of the input parameters. 
The most important parameters are 
the roof thickness TR (27.34), the wall 
thickness TW (26.99) and the length 
of the structure L (13.20). The height 
of the wall BW (11.98) has little effect, 
and the roof width BF (11.93) and the 
slab thickness TF (8.54) have the small-
est influence.

Effect of Roof Thickness (TR)

It is          expected that an increased roof 
thickness will raise the heat gener-
ated inside the roof. Still, this influence 
(rise in the temperature) has less of an 
effect compared to the reduction of 
restraint because of an increase in the 
moment of inertia of the roof. It will 
enable it to counteract the effects of 
an old casting (the slab and the wall 
in this case). Therefore, a decreased 
restraint is noticed with an increased 
roof thickness, as shown in Fig. 9. This 
result is compatible with the experi-
mental observation in roof casting; an 
increased roof thickness reduces the 
risk of cracking.24–29

Effect of Wall Thickness (TW)

Increasing the wall thickness means an 
enlarged contact area betw   een the old 
and new parts. In addition, it means 
more area transferring the restraint of 
the wall restricting the roof, as shown 
in Fig. 10.
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Fig. 7: Variation of the restraint with the slab thickness and the length as predicted by 
ANN at 0.1 m wall height
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Fig. 8: Variation of the restraint with the slab width and the length as predicted by ANN at 
0.1 m wall height

x/BR TR BF TF BW TW L
0.0 32.98 3.19 11.26 12.03 30.46 10.06
0.1 30.15 12.97 6.05 8.61 30.91 11.27
0.2 22.99 14.35 11.26 14.94 24.21 12.21
0.3 23.23 17.21 5.57 12.34 22.37 19.26

Average 27.34 11.93 8.54 11.98 26.99 13.20
0.4 34.13 9.09 9.42 11.92 21.24 14.17
0.5 26.52 8.81 8.95 9.39 31.81 14.49
0.6 25.73 12.20 19.41 11.99 14.29 16.36
0.7 21.44 15.28 11.33 7.57 15.50 28.85
0.8 21.47 16.85 11.09 7.69 13.47 29.39
0.9 16.96 21.47 10.33 6.43 16.87 27.92
1.0 17.21 19.30 5.25 9.31 18.95 29.95

Table 5: Importance of geometrical dimensions in relation to restraint in the roofs of culverts
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Fig. 9: Variation of the restraint with the roof thickness and the length as predicted by 
ANN at 0.1 m roof width
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It has been found30 that reducing the 
ratio of cross-sectional area of girder 
to deck (roof) (which can be related to 
flexibility) reduces the risk of cracking. 
It has been mentioned24 that girder 
size and the spacing between girders 
also affect the restraint; larger girders 
provide more restraint and, therefore, 
induce more cracking in the deck.

Effect of Roof Width (BR)

Increasin       g the roof width means a 
larger distance from the contact area 
between the roof and the wall, which is 
caused to move away from the source 
of external influence. Therefore, it has 
been observed that increasing the roof 
width decreases the restraint in the 
roof, as shown in Fig. 11.

Effect of Wall Height (BW)

The wall height affects the restraint 
in the roof; increasing the wall height 
means an increased moment of inertia, 
that is the outer restraint. This is not 
clear in shorter structures, but becomes 
obvious in longer structures, as shown 
in Fig. 12. This result is compatible 
with the field observations.31

Effect of Slab Thickness (TF)

The    effect of the slab thickness might 
not play a major role in the restraint in 
the roofs, because of its moving away 
from the area of transmission of exter-
nal influence to the roof (contact area). 
In general, the restraint increases with 
an increased slab thickness, but this 
effect is not relevant here as shown in 
Fig. 13.

Conclusions

This study demonstrated the possibil-
ity of using ANN tools to clarify the 
behaviour of concrete at early age. 
In addition, it has tried to clarify the 
effect of adjoining structures on the 
external restraint. It is possible to ben-
efit greatly from such a tool in scien-
tific research related to many aspects 
including the study of influential input 
parameters.

ANN-based models were developed to 
predict the restraint occurring during 
the casting of the wall, and roof ele-
ments in typical concrete culverts. Five 
input variables were considered in the 
modelling of restraint in walls, and six 
for roofs. In all the cases, comparisons 
with finite-element calculations dem-
onstrated that the ANN-based models 
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St ruct. 1994; 27: 383–392.

[22] Emborg M. Thermal stresses in concrete 
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Sweden, 1989. 
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Sweden, 2003.
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2(3): 118–124.

[29] Meyers C. Survey of Cracking on Underside 
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composite bridge: effect of concrete hydra-
tion. Proceedings of an Engineering Foundation 
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[31] Saadeghvaziri MA, Hadidi R. Cause and 
Control of Transverse Cracking in Concrete 
Bridge Decks. New Jersey Department 
of Transportation, Federal Highway 
Administration: New Jerse y Institute of 
Technology, 2002.

 shrinkage of concrete. Mater. J. 2012; 109(3): 
353–362.

[9] Hagan MT, Demuth HB, Beale MH. Neural 
Network Design. PWS Publishing: Boston, M A, 
1996.

[10] Hudson B, Hagan M, Demuth H.. Neural 
Network Toolbox for Use with MATLAB, User ’s 
Guide, the Math Works. 2012.

[11] Al-Gburi MA, Jonasson J-E, Yousif ST, 
Nilsson M. Simplified methods for crack  risk 
analyses of early age concrete part 2: restraint 
factors for typical case wall-on-slab, Nord. Concr. 
Res. 2012; 46(2): 39–58.

[12] Garson GD. Interpreting neural network 
connection weights. Artif. Intell. Expert. 1991; 6: 
47–51.

[13] Goh ATC. Back-propagation neural net-
works for modeling complex systems. Artif. 
Intell. Eng. 1995; 9(3): 143–151.

[14] Al-Gburi MA. Restraint Calcula tion in 
C oncrete Culvert First Casting. Technical Report, 
Lulea, Sweden, 2014.

[15] Shahin MA, Jaksa MB, Maier HR. Artificial 
neural network-based settlement prediction for-
mula for shallow foundations on granular soils. 
Aust. Geomech. 2002; 37(4): 45–52.

[16] Kheder GF. A new look at the control of 
volume change cracking of base restrain ed con-
crete walls. ACI Struct. J. 1997; 94(3): 262–271.

[17] ACI Committee. 207 Effect of Restraint, 
Volume Change, and Reinforcement on Cra cking 
of Massive Concrete, ACI Committee, 207, ACI, 
207.2R-95 (Reapproved 2002).

[18] Sang-Chel K. Effects of a lift height on the 
thermal crackin g in wall structures. KCI Concr. 
J. 2000; 12(1): 47–56. 

[19] Weiss WJ, Yang W, Shah SP. Influence of 
specimen size and geometry on shrinkage  crack-
ing. J. Eng. Mech.-ASCE. 2000; 26(1): 93–110.

[20] Kianousha MR, Acarcanb M, Ziari A. 
Behaviour of base restrained reinforced con-
crete walls under volumetric change. Eng. Struct. 
2008; 30: 1526–534.

[21] Kheder GF, Al-Rawi RS, Al-Dhahi JK. 
A study of the behaviour of volume change 

predicted the restraint occurring in the 
structures accurately.

The ANN-based models were ana-
lysed to determine which input vari-
ables had the greatest effect on the 
predicted restraint. In addition, it was 
demonstrated that the models’ output 
could be represented using a series of 
simple weight and response functions 
that were incorporated into a spread-
sheet to facilitate their practical appli-
cation. The results presented herein 
can thus be used by any engineer with-
out requiring the usage of complex 
software.
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Prediction of Restraint in Second Cast Sections of Concrete 
Culverts using Artificial Neural Networks

Majid Al-Gburia,b, Jan-Erik Jonassona, Martin Nilssona

a Structural Engineering, Luleå University of Technology, Sweden
b College of Engineering, University of Mosul, Iraq

Abstract— Estimation of restraint is very important for accurately predicting the risk of early 
thermal and shrinkage cracking in concrete structures. The stress in young concrete is affected
by changes in its dimensions during hydration and the restraint imposed by adjoining 
structures. In concrete culverts, the restraints from existing structures acting upon the first and 
second casting sections to be cast are different, causing them to exhibit different early 
cracking behavior. This work presents a new method for predicting restraint in complex 
concrete structures using artificial neural networks (ANNs). Finite element calculations were 
performed to predict restraint in 108 slabs, 324 walls and 972 roofs from second sections of 
concrete culverts, and the results obtained were used to train and validate ANN models. The 
ANN models were then used to study the effects of varying selected parameters (the thickness 
and width of the roof and slab, the thickness and height of the walls, and the length of the 
culvert section) on the predicted restraint. Mathematical expressions for predicting restraint 
values in slabs, walls, and roofs were derived based on the ANN models’ output and 
implemented in an Excel spreadsheet that provides a simple way of predicting restraint in 
practical applications. Restraint values predicted in this way agree well with the results of 
finite element calculations.

Keywords—Restraint cracks, through cracking, early age concrete, culvert, ANN. 

1. Introduction
It is very important to control the thermal or shrinkage cracking of hardening concrete in 
order to ensure that concrete structures achieve their designed service life and exhibit desired 
functionality. The sizes of thermal cracks in concrete structures are very sensitive to the 
restraint imposed by adjoining structures or the base slab, furthermore, the development of 
the structure’s mechanical properties, the temperature, and changes in the concrete’s 
moisture. The degree of restraint in particular is considered to have very important effects on 
the early cracking of concrete (Emborg and Bernander, 1994; Bamforth, 2007; Briffaut et al., 
2011).

Several studies have examined the effects of restraint in simple cases such as a wall on a 
slab. These investigations have typically focused on the first section to be cast, so only the 
base restraint imposed by the slab need be considered (Emborg, 1989; Emborg and 
Bernander, 1994; Rostasy et al., 1998; ACI, 2002; Nilsson, 2003; EN1992-3, 2006; JSCE,
2010). Other forms of restraint have been neglected, such as two edge restraint caused by
adjoining walls and roofs, which differs from base restraint in terms of magnitude, position 
and orientation. In second sections of culverts, the wall is restrained by the base slab but also 
by the previously cast wall. Similarly, the restraint of new roof sections is affected by the 
existing walls and roof sections (Larson, 2003; Choktaweekarn and Tangtermsirikul, 2010).
New methods for accurately predicting restraint under diverse conditions are required to 
improve the estimation of thermal cracking risks in cases such as these, which do not closely 
resemble the simple situations examined in previous studies on restraint.
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This work describes a new approach based on artificial neural networks (ANNs) for 
estimating restraint in the second casting of slabs, walls and roofs. ANNs are powerful tools 
for extracting useful information from complex data sets, and can identify patterns or trends 
that would be invisible to alternative analyses. 

Elastic finite element (FE) calculations performed using programs such as the Abaqus 
software package reliably predict restraint in structures, but are not readily accessible. FE 
calculations were therefore used to support the development of ANN-based models for 
predicting restraint, and to verify their predictions. The output of the ANN models was then 
analyzed to develop simple equations for predicting restraint that were implemented in an 
Excel spreadsheet. This spreadsheet can be used by engineers with limited computational 
resources to predict restraint in different sections of concrete culverts in a cost- and time-
efficient manner. Thus, the results can easily be made available to any engineer without use of 
complicated software. The ANN models were also used to study the influence of various 
geometrical parameters on the restraint acting on different structural elements of concrete 
culverts.

1.1. Aims 
This work had three main objectives: 

To develop and verify a method for estimating restraint using ANNs.
To clarify the impact of selected geometrical parameters on restraint. 
To develop a simplified practical method for restraint estimation based on the results 
of the ANN modeling.

2. The effects of 1st and 2nd castings on restraint distributions
Through cracking in the young concrete occurs during the contraction phase of concrete 
hardening, if the mean tensile stress over the cross-section reaches the tensile strength. The 
restraint is defined as the relation between the actual stress, i.e. stress caused by restraint, and the 
imposed stress in case of full restraint. The decisive restraint for through cracking for a contact 
area is typically perpendicular to the direction of the restraint (see Figure 1a). Cracks of this 
kind are typically initiated some distance away from the contact surface because the adjoining 
structure acts as a kind of local cooling element.

Figure 1 presents the results of FE calculations on the distribution of restraint in wall and 
roof elements cast during the first and second stages of culvert construction, together with 
the typical deformations observed in concrete structures of this sort. Where the distribution 
of the restraint along the decisive cross-section (indicated by black arrows in Figure 1) is 
known, the restraint values can be used in simplified crack risk analyses based on the 
“correct” 3D restraint. Figures 1a and 1b show the distribution of restraint in wall and roof 
sections cast during the first phase of culvert construction. BF denotes the slab width, TF the 
slab thickness, HW the wall height, TW the wall thickness, BR the roof width, TR the roof 
thickness, and L the length of the structures.

For the wall elements of the first culvert section, the decisive horizontal restraint R33 is 
located midway along the wall’s length, as shown in Figure 1a. Both field observations and 
the results of multiple simulations indicate that the most severe restraint occurs in this 
position. Crack formation usually begins at a distance from the base equal to about one wall 
thickness (Bernander, 1998; Nilsson, 2003; Ma and Wu, 2004; Xiang, et al. 2005; Zhou, et 
al. 2012).

For the roof element of the first culvert section, the maximum stress occurs halfway along its 
length near the supporting walls, as shown in Figure 1b. This prediction is again consistent 
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with field observations and various simulations (Krauss and Rogalla, 1996; Saadeghvaziri 
and Hadidi, 2002).

In the second slab element, the decisive vertical restraint R11 occurs near the contact surface 
between the second and first slabs, as shown in Figure 1c.

The distribution of restraint in the second wall elements is influenced by the presence of the 
walls of the first culvert section. Consequently, the decisive horizontal restraint R33 does not 
occur halfway along the wall’s length; instead, it occurs approximately 20% of the wall’s 
length away from the contact surface between the first and second walls (Bamforth, 2007; 
Al-Gburi et al., 2012a), as shown in Figure 1d. In addition to this horizontal restraint, there is 
a vertical restraint R22 that acts in vertical directions, and parallel to the contact surface with
the existing wall, as shown in Figure 1e. This horizontal restraint may be more important
than the vertical restraint. 

The decisive restraint acting on the second roof element along the contact area with the 
existing roof (R11) is located in the middle of the roof, as shown in Figure 1f. The second 
roof is also subject to another restraint, R33 that is imposed by the walls. In contrast to the 
situation for the first roof section, this restraint occurs approximately 20% of the section’s 
length away from the free edge of the roof section, as shown in Figure 1g. It is thus clear that 
the restraints acting on the structural elements of the first and second culvert sections differ 
in magnitude, position, and orientation. 

Figure 1. The distribution of restraint in the slab, wall, and roof elements of the first and second sections of a 
                concrete culvert, as predicted by FE calculations.

TR

x

y

z

HW

TF

b) 1st roof section R33a) 1st wall section R33 c) 2nd slab section R11
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g) 2ndroof section R33
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3. Artificial Neural Networks
Many authors have described the structure and operation of Artificial Neural Networks ANN 
(Hagan et al., 1996; Hudson et al., 2012). ANN consists of a number of artificial neurons 
variously known as processing elements, nodes or units. For multilayer perceptrons, which is 
the most commonly used ANN in  structural engineering, processing elements PEs in are 
usually arranged in layers: an input layer, an output layer and one or more intermediate layers 
called hidden layers, which are shown later in Figure 4. There are numerous algorithms, 
which can be used for training ANN, one of the most popular neural network algorithms is the 
back propagation algorithm BP. The advantage of BP algorithm is that is very easy to use and 
it can achieve high accuracy. 

3.1 Back propagation algorithm 

The BP algorithm is used in layered feed-forward ANNs. The artificial neurons are organized 
in layers, and send their signals “forward”, and then the errors are propagated backwards. The 
network receives inputs by neurons in the input layer, and the output of the network is given 
by the neurons on an output layer. There may be one or more intermediate hidden layers. The 
BP algorithm uses supervised learning, which means that we provide the algorithm with 
examples of the inputs and outputs we want the network to compute, and then the error 
(difference between actual and expected results) is calculated. The idea of the BP algorithm is 
to reduce this error, until the ANN learns the training data. The training begins with random 
weights, and the goal is to adjust them so that the error will be minimal. The algorithm can be 
described in the following steps (Hagan et al., 1996; Hudson et al., 2012). The output of one 
PE provides the input to the PEs in the next layer.
Once the input vector is presented to the input layer it calculates the input to the hidden layer,

H
jh , as:

NI

1

H
j ji

i
j ih w p [1]

where pi represents the input parameter, 
j represents the bias function of hidden layer,

NI represents the number of neuron in the input layer and 
wji represents the weight factor between input and hidden layer.

Each neuron of the hidden layer takes its input, H
jh , and uses it as the argument for a function

and produces an output, H
jY , given by:

( )H H
j jY f h [2]

Now the input to the neurons of the output layer, o
kh , is calculated as:

1

NH
o H

kk kj j
j

h w Y [3]

Where k represents the bias function of output layer,
wkj represents the weight factor between hidden and output layer, and 
NH represents the number of neuron in the hidden layer.

The network output yk, is then given by: 
o

k ky f h [4]

where f represents the activation function.
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4. Data gathering
Elastic three-dimensional FE calculations (Emborg, 1989; Nilsson, 2003), were performed 
using the Abaqus software package to obtain reference values for the restraint acting on the 
concrete walls and roofs of second culvert sections (Al-Gburi et al., 2012a).  Calculations 
were performed for 324 different wall elements, 972 roof elements, and 108 different slabs 
(Table 1). While some combinations of these roofs, walls, and slabs might represent poor 
designs in practice, each one was analyzed to generate a diverse reference data set with which 
to optimize ANN models. The structures studied are modeled with 3D solid 8-node elements 
with use of the mesh size 0.25×0.25 m (Al-Gburi et al., 2012a). All casting joints in the analysis 
are treated as there is a full bond between the previously and the newly cast concrete. This will
lead to some overestimation of the restraint in cases where slip in the joint is significant; see for 
example (Nilsson 2003).The temperature change in the member representing the newly cast 
concrete is here only used as a simulation of a homogeneous contraction to determine the restraint 
from adjacent structures. The results of these calculations were used to generate decisive 
restraint coefficients as shown in Figure 1 based on the calculated average restraint for the 
slabs and walls (through the thickness), and the basal restraint (between roof and walls) in the 
case of roofs. 

Estimation of the restraint situation is normalized to get restraint factors directly by using the 
stresses resulting from the FE-analysis by the following equation:

ui
R o

CE
[5]

where the applied fixation stress 0Ec is set equal to unity by introducing: 
0 1cE [6]

where ui = resulting stress from the elastic FE calculation [Pa], 
i = a chosen direction in the concrete body [], 
u = uniaxial coordinate in i direction,

0 = the homogenous contraction in the young concrete [-], and 
Ec = Young’s modulus in the newly cast concrete [Pa].

Equation [6] gives that the stresses from the FE calculation are directly simulating the 
restraint factors. The system is set to be statically determined in order to simulate a self-
balancing system, where the ground consists of frictional materials not causing any restraint.

The restraint values obtained in the FE calculations were analyzed using ANN tools (Al-Gburi 
et al., 2012b). ANN models were trained using 90% of the FE results and the remaining 10% 
were used to test and validate the developed models. These tests demonstrated that the
restraint from ANN models ‘output’ was in excellent agreement with the restraint from
the FE calculations ‘Target’; regression analysis of their correlation yielded R-squared values 
of up to 99%, as shown for culvert walls in Figure 2 and roofs in Figure 3. If the relationship 
between input and output is non-linear, regression analysis can only be performed if the 
nature of the non-linearity is known in advance. No such prior knowledge is required for 
ANN modeling, however, because the nature of the non-linearity can be adjusted by changing 
the number of hidden layers in the network and the number of nodes in each layer, and by 
altering the transfer function (Shahin, et al., 2008). One of the most useful aspects of ANN-
based models is that they facilitate assessment of the relative importance of their input 
variables by sensitivity analysis (Kim and Ahna, 2009). Sensitivity analysis is important in 
model development because it provides insights into input-output dependencies, i.e. the 
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relative influence of different input variables on the model’s output. The method of 
partitioning weights proposed by Garson (1991) and subsequently adapted by Goh (1995) is 
used in this study to determine the relative importance of the input parameters. This method 
uses the weights of the connections between ANN layers to determine the maximum change 
of output resulting from changes in specific input variables.

Table 1. Geometrical parameters varied in the FE calculations and 
the values considered in each case
Parameter Value, m Wall Roof
Roof width &
Slab width

BR
BF 10, 15, 20 3 3

Slab thickness TF 0.5, 1, 1.5, 2 4 4
Wall thickness TW 0.3, 0.8, 1.2 3 3
Wall high BW 3 ,6, 9 3 3
Roof thickness TR 0.5, 1, 1.5 - 3
Length L 8, 16, 24 3 3

Total calculations 324 972

(a) Results obtained during ANN training (b) Comparison of FE results excluded from the 
training set to ANN predictions

Figure 2. Training and testing of an ANN model at a wall height of 0.0(bottom)

(a) Results obtained during ANN training
 

(b) Comparison of FE results excluded from the 
training set to ANN predictions

Figure 3. Training and testing of an ANN model at a roof width of 0.0.(edge of roof) 

5. Constructing ANN models for restraint prediction
ANN models were developed for each case of restraint value (slab, R11, wall, R33,  R22 and 
roof, R33,  R11) of interest and used to derive simple expressions for predicting restraint in the 
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slabs, walls, and roofs of concrete culvert sections. The networks were trained using the FE 
datasets in conjunction with the back-propagation algorithm. There is no unified approach for 
determination of an optimal ANN architecture. It is generally achieved by fixing the number 
of layers and choosing the number of nodes in each layer. A trial-and-error procedure, which 
is generally used in structural engineering to determine the number of the nodes in the hidden 
layer, was used. The structure of the optimized network used to model the slab restraint R11 is
presented in Figure 4 to illustrate the process of ANN development. It consists of three layers: 
an input layer of three neurons (one for each input variable), representing the slab width (BR), 
slab thickness (TF) and the length of the structure (L); a hidden layer of five neurons (which 
was the number of nodes that yielded the most accurate predictions); and an output layer of
one neuron corresponding to the output variable (restraint R11). Table 2 shows the structures 
of the optimal ANN models for predicting restraint in slabs, walls and roofs.

Table 2. Optimized structures of the ANN 
               models for selected restraints

Restraint Number of 
input layers

Number of 
hidden layers

Slab R11 3 5

Wall R33 5 17

Wall R22 5 17

Roof R33 6 17

Roof R11 6 17

Figure 4. Structure of the optimal ANN model for the 
               slab restraint R11

5.1. Estimating restraints in walls  

The results of the FE calculations were preprocessed by scaling to improve the training of the 
neural networks. To avoid the typical slow rate of learning near end points due to the nature 
of the sigmoid function (logistic function), which asymptotes towards values of 0 and 1, the 
input and output data were scaled within the interval 0.1 – 0.9. Linear scaling was performed 
according to Equation [7], which was used to define a variable with minimum (Xmin) and 
maximum (Xmax) values as specified in Table 1. 

maxX8.09.0X8.0Y [7]

minmax XX [8]

The connection weights between the layers of the neural network enables the ANN models to 
be translated into relatively simple expressions that can be used to predict the restraint 
coefficient R as shown in Equations [9-8] for the R11 restraint. 

11
9 9:4 9:5 9:6 9:7 9:831 2 4 5

1 1 1 1 1
11 1 1 1

1

1
x x x x x

R
w w w w w

ee e e ee

[9]

1 4 4:1 4:2 4:3R Fx w B w T w L [10]

2 5 5:1 5:2 5:3R Fx w B w T w L [11]

BR

TF

L

Restraint
1

2

3

4

5

6

7

8

9

Output layer

Hidden layer
Input layer
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3 6 6:1 6:2 6:3R Fx w B w T w L                                                                                                                                                                                                                                           [12]

4 7 7:1 7:2 7:3R Fx w B w T w L [13]

5 8 8:1 8:2 8:3R Fx w B w T w L [14]

The connection weights jiw and threshold levels j are as reported previously (Al-Gburi, 
2014). It should be noted that before using Equation [9], all of the input variables should be 
scaled so that they are within the ranges listed in Table 1. This is because ANNs should only 
be used for interpolation, not extrapolation, (Shahin, et al., 2008). It should also be noted that 
predicted restraint values obtained using Equation [9] are scaled such that they lie between 0.1 
and 0.9. In order to obtain the actual values, these results must be re-scaled using Equation 
[15].

max
minmaxminmax

)normlize()actual( y
8.0

yy9.0
8.0

yyyy [15]

Here, ymax and ymin represent the maximum and minimum restraint values obtained from the 
FE calculations. It is good to mention that, it is divided the structural element slab, wall and 
roof to ten sections, for each section, e.g. y/BW, a new network must be trained. Mathematical 
expressions for predicting restraint values in each section of slabs, walls, and roofs were 
derived based on the ANN models’ output and implemented in an Excel spreadsheet that 
provides a simple way of predicting restraint in practical applications. The same approach was 
used to estimate the wall restraints R22 and R33, which has five inputs see Table 3 and Table 4; 
and the roof restraints R11 and R33, which has six inputs, see Table 5 and Table 6.

5.2. Example application
A numerical example is provided to demonstrate the implementation of the restraint formula. 
Input parameters of TR=0.5 m, BR = BF =15 m, TF =1 m, BW = 6 m, TW = 0.8 m, L = 12 m are 
assumed. Figure 5 compares the values for the slab restraint R11 obtained from FE calculations 
to those achieved using an Excel sheet containing the equations discussed in the preceding 
section. The correlation between the two curves is excellent (R2 = 0.99). 

Figures 6a and b similarly compare values for the wall restraints R22 and R33 obtained from FE 
calculations and using the Excel sheet; again, correlations of up to 99% are achieved.

Figures 7a and b compare the results of FE calculations and the ANN models for the roof 
restraints R22 and R33. Yet again, correlations of 99% are achieved.

Figures 5-7 clearly show that the results of the FE calculations are in excellent agreement with 
the output of the ANN models obtained using the Excel spreadsheet. The spread sheet can 
thus be used to quickly and accurately estimate the restraint acting on various structural 
elements in concrete culverts without requiring complex software or computations. 

Figure 5. Values of the R11 restraint in the slab of the second culvert section obtained from FE calculations 
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and using the ANN model

(a) Variation of R22 (b) Variation of R33 
Figure 6. Values of the R22 and R33 restraints in the wall elements of the second culvert section obtained from 

FE calculations and using the ANN model

(a) Variation of R11 (b) Variation of R33 
Figure 7. Values of the R11 and R33 restraints in the roof element of the second culvert section obtained from FE 

calculations and using the ANN model

6. Influence of geometrical parameters on the restraint

6.1. Restraint in slabs

The degree of restraint imposed by previously cast sections depends primarily on the contact 
area, relative dimensions and modulus of elasticity of the young concrete and the adjoining 
restraining materials (Al-Gburi et al., 2014). The restraint on the second slab section was 
found to be independent of variation in the dimensions of the walls and roofs of the first 
section; it was only affected by changes in the dimensions of the contact surface with the first 
slab. 

In order of decreasing importance, the variables with the greatest influence on the R11 restraint 
acting on the second slab are the slab thickness TF, the slab length L, and the slab with (see 
Table 3).

Increasing the thickness or width of the slab increases the contact area between the old and 
new slabs, which increases the magnitude of the restraint as shown in Figures 8 a and b. These 
results are consistent with previous findings (Al-Gburi et al., 2014).
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Table 3. Influence of selected geometrical 
parameters on the restraint acting on slabs
z/L BF TF           L
0.0 15.34 72.72 11.93
0.1 13.94 39.62 46.43
0.2 23.82 38.53 37.64
0.3 30.16 34.80 35.03
0.4 19.16 31.67 49.15
0.5 33.81 23.17 43.00
0.6 27.19 28.56 44.23
0.7 22.41 40.60 36.98
0.8 24.84 33.37 41.77
0.9 15.57 46.57 37.85
1.0 17.20 32.30 50.48

(a) Effect of slab thickness (b) Effect of slab width

Figure 8. Effect of slab dimensions on R11 in the second slab based on the ANN model at 0.0 slab length 

6.2. Restraint in walls

According to the method of partitioning weights, the variable with the greatest effect on the 
R33 restraint in walls of all heights was the slab thickness, followed by the wall thickness and
then the wall height (see Table 3). The length of the structure had relatively little effect and 
the slab width less still. 
A similar pattern was observed for the R22 restraint save that the wall thickness was slightly 
more influential than the slab thickness (see Table 4). The following sections discuss the 
effects of individual parameters in more detail.
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Table 4. Influence of different geometrical 
parameters on the R22 restraint in walls 

z/L WF TF HW TW L
0.0 11.1 24.6 14.9 36.9 12.5
0.1 7.5 29.5 21.0 32.5 9.6
0.2 5.3 27.1 21.9 31.3 14.4
0.3 6.5 29.5 14.0 36.4 13.7
0.4 8.1 26.2 15.6 38.4 11.8
0.5 9.8 29.9 12.0 34.0 14.4
0.6 8.7 28.0 11.9 37.6 13.7
0.7 7.5 28.1 15.6 36.8 12.1
0.8 10.4 25.0 16.5 36.0 12.1
0.9 5.2 28.9 15.4 35.6 14.9

Table 3. Influence of different geometrical 
parameters on the R33 restraint in walls

y/H WF TF HW TW L
0.0 12.9 36.1 14.6 26.5 9.9
0.1 8.4 29.9 16.5 31.6 13.6
0.2 12.5 30.1 11.9 28.3 17.2
0.3 12.8 31.9 13.6 28.4 13.3
0.4 8.5 34.3 11.2 34.9 11.1
0.5 11.2 32.5 18.2 28.7 9.3
0.6 13.3 31.3 16.2 27.1 12.1
0.7 16.8 30.3 17.4 24.6 10.9
0.8 7.9 31.1 17.0 27.4 16.6
0.9 9.2 27.5 15.3 39.1 8.9
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6.2.1. Effect of slab thickness 

For the horizontal restraint R33, increasing the slab thickness increases the stiffness, which in 
turn increases the external restraint on the wall as shown in Figure 9a. The magnitude of 
restraint is also increased by increasing the slab length. These results are consistent with 
previous findings (Emborg, 1989; Kim, 2000; Amin et al., 2009).

Increasing the slab thickness has less effect on the vertical restraint R22, as shown in Figure
9b. However, increasing the length of the structure reduces the magnitude of this restraint.
Because the restraint acts in parallel to the direction of the joint, increasing the quantity of 
young concrete in the direction perpendicular to the joint decreases the magnitude of the 
restraint.

(a) Variation of restraint R33 (b) Variation of restraint R22
Figure 9. Effect of second slab thickness and length on the restraints predicted by the ANN model for a wall 

height of 0.1 

6.2.2. Effects of wall height 

The magnitude of the horizontal restraint R33 is reduced by increasing the wall height as 
shown in Figure 10a. This indicates that greater quantities of young concrete are more able to 
resist the effects of external restraint imposed by adjoining old concrete structures (in this 
case, the slab). This behavior is consistent with previous findings relating to first sections 
(Emborg, 1989; Kheder et al., 1994). Furthermore, increasing the length of the structures 
increases the contact area between old and new concrete. Therefore, the magnitude of restraint 
increases with the length of the structure. Similar results were reported by Kheder (1997) and 
Kianousha et al. (2008).

For the vertical restraint R22, increasing the wall thickness increases the contact area with the 
existing wall, increasing the magnitude of the restraint as shown in Figure 10b. Conversely, 
increasing the structure’s length decreases R22.

(a) Variation of restraint R33 (b) Variation of restraint R22

Figure 10. Effect of wall height and length on the restraints predicted by the ANN model at a wall
height of 0.1
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6.2.3. Effects of wall thickness 

For the horizontal restraint R33, increasing the size of the new concrete structure increases the 
resistance to the external constraint imposed by adjoining structures (the slab, in this case),
which is reflected in Figure 11a. The magnitude of the restraint also decreases with increasing
wall thickness. This behavior is consistent with previous findings (ACI, 2002; Kim, 2000;
Weiss et al., 2000). On the other hand, increasing the structure’s length increases the contact 
area between the old (slab) and new (wall) concrete. Therefore, the restraint increases with the 
structure’s length. Similar results were reported previously (Kheder, 1997; Kianousha et al,.
2008).

Increasing the wall thickness also increases the contact area with the existing wall, causing the 
restraint R22 to increase as shown in Figure 11b. However, increasing the length of the 
structures in this case does not affect the contact area with the existing wall. Therefore, the 
restraint R22 does not change greatly with the length of the structure.

(a) Variation of restraint R33 (b) Variation of restraint R22
Figure 11. Effect of wall thickness and length on the restraints predicted by the ANN model at a wall 

height of 0.0

6.2.4. Effects of slab width

The slab width, BF, had no significant effects on the calculated restraint acting on the walls, as 
shown in Figures 12a and 12b. Only a part of the width of the slab influences the wall
restraint. Thus, it has the lowest effect on the restraint values.

(a) Variation of restraint R33 (b) Variation of restraint R22

Figure 12. Effect of slab width and length in 2nd wall as predict by ANN at 0.1 wall height

6.3. Restraint in roofs

It has been noted that the restraint is not always greatest at the edge of the roof where BR = 0;
in some cases, it is maximized at a distance of 0.1 BR from the edge of the roof and gradually 
decreases on moving towards the center of the roof section. 
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According to the method of partitioning weights, the parameter with the greatest influence on 
the roof restraint R33 is the roof thickness TR, followed by the wall thickness TW and the slab 
thickness TF. The roof width BR and height of the wall BW have minor effects and the length of 
the structure L has the smallest influence, as shown in Table 5.

The parameters with the greatest influence over the restraint R11 are the wall thickness TW,
followed by the roof thickness TR and the length of the structure L. The slab thickness TF, and
roof width BR have little effect and the wall height BW has smallest influence, as shown in 
Table 6. The following section describes the effect of each parameter separately.

6.3.1. Effect of roof thickness

Although increasing roof thickness increases the generation of heat inside the roof, this effect 
is less important than the greater resistance to restraint achieved by a thicker structure. Greater 
thickness increases the roof element’s ability to resist the restraint imposed by the adjoining 
older concrete structures (the roof element of the first culvert section and the wall elements of 
the second culvert section in this case), reducing the risk of cracking. This decrease in 
restraint with increasing roof thickness is shown in Figures 13a and b, and is consistent with 
experimental observations during deck (roof) casting (Krauss and Rogalla, 1996; Ramey 
et al., 1997; French et al., 1999).

(a) Variation of restraint R33 (b) Variation of restraint R22

Figure 13. Effects of the thickness and length of the second roof element on the restraints acting on this 
element as predicted by the ANN model for a roof element with a width of 0.1 

8 10 12 14 16 18 20 22 240.32

0.34

0.36

0.38

0.4

0.42

0.44

0.46

R
es

tr
ai

nt

Length of Wall, m

TR = 0.5
TR = 0.75
TR = 1
TR = 1.25
TR = 1.5

BF = 15
TF = 1.5
BW = 6
TW = 0.8

9 11 13 15 17 19 21 230.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

R
es

tr
ai

nt
  

Length of Wall, m

TR = 0.5
TR = 0.75
TR = 1
TR =1.25
TR = 1.5

BF = 15
TF = 1.5
BW = 6
TW = 0.8

Table 5. Influence of different geometrical 
parameters on the R33 restraint in roofs

y/BW TR BF TF BW TW L
0.0 41.07 4.80 10.77 7.27 31.25 4.81
0.1 37.27 8.76 12.22 5.34 33.03 3.35
0.2 33.39 15.47 12.41 9.71 22.43 6.64
0.3 39.22 14.87 12.13 8.27 21.30 4.18
0.4 34.52 12.59 14.44 9.23 20.27 8.92
0.5 37.77 15.33 19.12 4.53 17.42 5.8
0.6 34.52 12.59 14.44 9.23 20.27 8.92
0.7 31.49 18.29 15.15 7.47 16.66 10.9
0.8 34.52 12.59 14.44 9.23 20.27 8.92
0.9 34.69 13.49 15.83 9.36 18.09 8.51
1.0 34.52 12.59 14.44 9.23 20.27 8.92

Table 6. Influence of different geometrical 
parameters on the R11 restraint in roofs

z/L T R BF T F BW T W L
0.0 25.45 7.67 9.47 9.15 35.32 12.9
0.1 30.64 12.14 11.18 6.02 29.25 10.8
0.2 27.31 13.96 11.73 7.09 27.22 12.7
0.3 29.68 8.83 10.97 9.34 27.10 14.1
0.4 27.05 10.89 11.45 9.90 24.97 15.7
0.5 24.93 11.67 11.47 11.06 27.99 12.9
0.6 26.64 12.34 10.14 10.53 31.38 8.94
0.7 25.01 13.52 10.33 14.17 23.87 13.1
0.8 27.05 10.89 11.45 9.90 24.97 15.7
0.9 25.00 11.30 12.15 14.02 24.07 13.4
1.0 25.10 7.20 11.20 15.04 27.16 14.3
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6.3.2. Effect of wall thickness

Increasing the wall thickness enlarges the contact area between the old elements (walls) and 
the new part (the roof). This increases the magnitude of the restraint imposed on the roof by 
the wall, as shown in Figure 14a. Ducret et al. (1997) have reported that reducing the ratio of 
the cross-sectional area of the girder to the deck reduces the risk of cracking. Brown et al.,
(2001) have similarly noted that girder size and spacing also affect the restraint; larger girders 
provide more restraint and thus induce more cracking in the deck.      
Increasing the structure’s length has a small effect on the restraint R33, as shown in Figure
14a, largely because the effect of the increased length of the restraining element (the walls in 
this case) is counterbalanced by that of the young element (the new roof). On the other hand, 
increasing the structure’s length reduces the restraint R22, as shown in Figure 14b.

(a) Variation of restraint R33 (b) Variation of restraint R22

Figure 14. Effect of wall thickness and length on the restraint of the second roof element as predicted by the 
ANN model for a roof with a width of 0.1 

6.3.3. Effect of slab thickness
The slab thickness does not contribute greatly to the restraint in the roofs because it is a long 
way away from the contact surface between the walls and the roof, via which forces are 
transmitted. In general, the restraint increases with the slab thickness, but this effect is so 
weak as to be irrelevant (see Figure 15a and b).

6.3.4. Effect of roof width

For the restraint R33, increasing the roof width increases the distance between the site of 
restraint and the contact area between the roof and the wall. Therefore, enlarging the concrete
decreased the restraint acting on the roof as shown in Figure 16a. For the restraint R22,
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(a) Variation of restraint R33                     (b) Variation of restraint R22

Figure 15. Effect of slab thickness and length on the restraint of the second roof element as predicted   
by the ANN model for a roof with a width of 0.1
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increasing the roof width increases the contact area with the old concrete slab, increasing the 
possibility of restraint. Therefore, increasing the roof width increases the restraint in the roof,
as shown in Figure16b.

(a) Variation of restraint R33 (b) Variation of restraint R22

Figure 16. Effect of slab width and length i on the restraint of the second roof element as predicted by the 
ANN model for a roof with a width of 0.1

6.3.5. Effect of wall height

The wall height affected the R33 restraint acting on the second wall element because increasing 
the wall height increases the moment of inertia for the outer restraint, as shown in Figure 17a. 
This result is compatible with the field observations of Saadeghvaziri and Hadidi (2002). The 
wall height had no significant effect on the restraint R22, as shown in Figure 17b.

(a) Variation of restraint R33 (b) Variation of restraint R22

Figure 17. Effect of wall height and length on the restraint of the second roof element as predicted by the    
ANN model for a roof with a width of 0.1

7. Conclusions
ANN-based models have been developed to predict the restraint occurring during the casting 
of slab, wall, and roof elements in the second (and subsequent) sections of typical concrete 
culverts. Three input variables were considered in the modeling of restraint in slabs, five for 
walls, and six for roofs. In all cases, comparisons with finite element calculations 
demonstrated that the ANN-based models accurately predicted the restraint occurring in the 
structures. The usage of the neural network has been demonstrated to give a clear picture of 
the relative importance of the input parameters. The slab thickness and wall thickness give the 
highest importance on restraint in the wall. Furthermore, the roof thickness gives the highest 
importance on restraint in the roof. In addition, it was demonstrated that the models’ output 
could be represented using a series of simple weight and response functions that were 
implemented into an Excel spreadsheet to facilitate their practical application. The results 
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presented herein can thus be used by any engineer without requiring the use of complex 
software. 

In addition, some important findings concerning restraint behavior were obtained:

Because restraints typically act parallel to the joint between the newly cast concrete and the 
restraining structure, increasing the quantity of young concrete perpendicular to the joint
generally reduces the magnitude of the restraint. 
The magnitude of restraint increases with the contact area between the old and new 
concrete members.
Larger young concrete members are better able to resist external restraints.
Larger old concrete members exert stronger external restraints. 
The magnitude of the restraint decreases as the distance between the old and young 
members increases.
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Abstract. Volumetric changes in early age concrete that are restrained might lead to cracks. The degree of restraint 
is influenced by the casting sequence and the dimensions of the castings. In the current study a new casting technique 
is proposed to reduce restraint in the newly cast concrete with a new arrangement of the structural joint to the existing 
old concrete. The proposed technique is valid for the typical structure wall-on-slab using one structural joint. This 
casting method means that lower part of the wall is cast together with the slab, and that part is called a kicker. Hereby, 
the behavior of the structure changes from a typical case wall-on-slab to a typical case wall-on-wall. It has been 
proven by the beam theory and demonstrated by numerical calculations that there is a clear reduction in the restraint 
from the slab to the wall using kickers. In the paper different kicker heights are studied with the aim of determining 
the minimum restraint in the upper part of the wall cast in contact with the kicker. The technique using kickers is 
compared with common measures used in the field to avoid cracking, such as cooling pipes in the new casting and/or 
heating cables in the adjoining old concrete. The presented method is both cost and time effective, as it opens the 
possibility to use larger structural length of each casting sequence.

Keywords: Restraint, early age concrete, wall-on-slab, sequence casting, kickers.

1. Introduction

One important issue in newly cast concrete structures is tensile stresses leading to cracking when 
temperature and shrinkage induced volumetric changes are restrained (ACI-207 2002, Emborg and
Bernander 1994, Mihashi and Leite 2004). Such cracks may cause too early start of corrosion of 
rebars or penetration of harmful liquids or gases into the concrete body. These situations could 
result in significantly increased maintenance cost. The cracking originates either from uneven 
deformations due to temperature and/or moisture gradients inside the young concrete during the 
temperature expansion phase, which is the source of surface cracking, or by restraint from adjacent 
structures during the contraction phase, which might cause through cracking (Al-Gburi et al. 
2012a, Sato et al. 2008). This is reflected harmfully on the service live, durability and maintenance 
costs. Therefore, it is very important to avoid such cracks.
The most common measures on site reducing the risk of cracking is cooling of the newly cast 
concrete and/or heating of the adjacent structure (Emborg and Bernander 1994, ACI 207 1994,
Uuckfeldt et al. 1994). Both these measures need consultants, materials, special tools and 
equipment, which may not be available for all building sites.
Reducing restraint is one of the most economical methods to decrease the risk of cracking at early 
ages. A lot of ways are suggested to reduce the restraint in the fresh members, for instance suitable 
casting sequences, shortening of the section being cast and by arrangements of construction joints 
(JSCE 2010, Bamforth 2007, Wu et al 2001, ACI 224 1992, Kheder 1997). Reducing the length of 
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the casting member to control the crack risk delays the construction work and increases the cost. It 
is also possible to decrease the crack risk by choosing a concrete mix with low temperature 
development due to hydration (Utsi and Jonasson 2012, Schindler and McCullough 2002, Bentz
2008).

The present study is aimed to decrease the restraint in walls cast on slabs by studying the effects 
of casting a part of the wall together with the slab, where the wall part is called a kicker. In general, 
there is a small kicker used (height from 0.2 to 0.5 m) as a support for the correct placing of the 
wall formwork. Here, the word kicker is used when casting the lower part of the wall 
simultaneously with the slab as a measure to obtain as low restraint as possible in the upper part of 
the wall for the subsequent casting. So, the investigation of potential height of the kicker in this 
study is from almost zero up to nearly full height of the wall. The kicker height that gives 
minimum restraint in the upper part of the wall is here denoted the optimum kicker height. The 
only reference found in the literature about kickers is Bamforth (2007), where it is mentioned that a 
kicker height of about 1.5 m reduces the restraint in the upper wall. But, neither any background 
nor explanation is given in the reference.
This new technique is theoretically applicable on any building site. It can imply using longer 
casting lengths, which usually is beneficial for the contractor, and there is no need of additional 
materials or special equipment.

2. Aims and purposes

The objectives of this study are to:

propose and present a new casting technique to reduce the restraint in the newly cast concrete, 
which will lower the crack risk for through cracking.
evaluate the technique how to determine the optimum kicker height. 
investigate the influence of the slab and wall dimensions that significantly influence the 
height of the kicker.
compare the kicker method with traditional site measures, and in addition discuss the 
possibility of combining it with the existing methods to obtain less restraint in the structure. 

The research questions for this study are:
Does the use of a kicker decrease the restraint and thereby the risk of through cracking 
compared without using kickers?
Can the use of kickers be combined with other measures for reducing crack risks, like cooling 
of the new concrete or heating of the old concrete?
Does the use of kicker affect the casting length?

3. Stress due to concrete sequence casting

The casting sequence has an effect on the degree of restraint (Harrison 1992). Reducing 
restraint is one of the most effective ways to decrease the risk of thermal cracking at early ages. 
When casting a concrete wall on an older slab, volume changes occur in the wall. Coupled with the 
temperature development and moisture changes, the restraint from the slab induces stresses in the 
wall. As well known, both the degree of heat generated in the fresh concrete and the restraint are 
influenced by the shape and size of the structure. The casting sequence has also an effect on the 
tensile stresses in the concrete (Lin et al. 2012, Lebet, and Ducret 2000). The degree of restraint in 
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a concrete wall depends mainly on the vertical distance from the slab/wall interface and the length-
to-height ratio, L/H, of the wall (Zhou et al. 2012, Cusson and Repette 2000).

When contraction of concrete is considered in areas of high restraint from adjoining members, 
internal axial forces occur (Kwak et al 2000). So, both the axial (translation) restraint and the 
rotational restraint affect the decisive restraint in the wall; see further the equations derived 
according to the beam theory in section 4.

4. Theoretical derivation of restraint formulas with the kicker

For simple structures, analytical formulation can be derived (Nilsson 2000) for a restraint 
coefficient in young concrete in terms of the translational and rotational boundary conditions for a 
length coordinate (x) at the decisive cross section, where x is denoted (xd). The young concrete part 
(Wy×Hy) is here assumed to be rectangular shaped, while the old concrete part is assumed to 
consist of two rectangular shaped areas including the slab (Wa×Ha) and the kicker (Wy×Hk), see 
Fig. 1. Htot denotes the total height of the wall (Htot = Hk+Hy). 

Fig. 1 Definition of parameters for the decisive cross section (x=xd) containing a young concrete part cast on 
an older concrete part consisting of a slab and a kicker

The present derivation is based on section analyses according to the beam theory, like in 
(Collinsand Mitchell 1991, JCI 1992, Nilsson 2000). Plane sections are assumed remaining plane 
implying the strains over the height of the structures varying linearly. The derivation of the 
restraint equation for the case wall-on-kicker is shown in Appendix A. The plane-section restraint 
coefficient R

o can be separated into one translational part T
R

o and one rotational part R
o ,
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             (3)

where z1 is the coordinate from the centroid of the transformed section to the contact area; E28y,
E28old are the modulus of elasticity for the young concrete and old concrete respectively; is the 
time factor for modulus of elasticity = 0.93 (Larson 2003); Aa, Ak and Ay are the areas of slab, 
kicker and young concrete respectively; RT is the translational boundary restraint coefficient; and

RR is the rotational boundary restraint coefficient for the studied case of self-balancing the 
structural member. In this case, wall-on-slab cast on frictional ground gives RT = RR = 0.
The derivative of Eq. (1),

k
o
R H/ equals zero leads to the optimum kicker height. This can be 

derived analytically, but such a procedure will create very long formulas, and it is easier to apply 
Eqs. (1)-(3) and draw the restraint curve depending on the kicker height variation, and hereby 
obtain the optimum kicker height for the minimum restraint value. 

An application using Eqs. (1)- (3) is shown in Figs. 2-4. The studied structure is a wall (0.4 m 
thick and 6 m height) cast on an existing slab (4 m wide and 1 m thick). As can be seen in Fig. 2,
the translation restraint at the contact area between young concrete (upper part of the wall) and the 
older concrete (the kicker) is almost linear dependent on the kicker height. On the other hand, see 
Fig. 3, the rotational restraint at the contact area is non-linear dependent on the kicker height. The 
real restraint is a combined effect of translation and rotational restraint, see Eq. (1) and Figs. 2 and 
3. The combined effect has a minimum value for a certain kicker height, here denoted the optimum 
kicker height, see the curve for Eq. (1) in Fig. 4.

Fig. 2 Translation restraint variation with kicker height, 
see Eq. 2

Fig. 3 Rotational restraint variation with kicker 
height, see Eq. 3
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The beam theory is compared with Finite Element (FE) calculations for a structure with total 
length equal to 40 m and L/H equal to 6.67. The beam theory is usually regarded as applicable for 
L/H > 5. The restraint curves in Fig. 4 seem to be different, but the FE results only show a mesh 
dependent effect for the restraint at the contact area. This can be seen in Fig. 5 for wall height 
equals 6 m using the optimum kicker height of 3 m. The decisive position for crack risk design is 
located approximately one wall thickness above the construction joint (Nilsson 2000), in this case 
0.4 m.

From Fig. 5 using the optimum kicker height of 3 m it is evident that the beam theory (Eqs. 4, 
20 and 21 in Appendix A) and FE calculations with different element meshes give practically the 
same decisive restraint and restraint distribution. So, here it is acceptable to use FE results with 
mesh 0.25×0.25 m to save calculation time. 

As can be seen in Fig. 4, the use of kickers significantly reduces the restraint, from about 0.85 
without using kickers (kicker height = 0) to 0.5 for the optimum kicker height of approximately
3 m.

Fig. 4 Restraint variation at contact area with different 
kicker heights

Fig. 5 Restraint variation with mesh element 
using optimum kicker height 3 m

5. Numerical estimation of the restraint for different kicker heights

Here, the structure and the numerical estimations are the same as in section 4, and the addition is 
to investigate the distribution of restraint values for the whole structure for both horizontal and 
vertical restraint values. The total structure is analyzed elastically by the FE software Abaqus. The 
restraint values in Table 1 are calculated using the C3D8R element with mesh size 0.25×0.25 m. 
The kickers are varied between 0 m and 4 m, see Table 1. The restraint R is evaluated from FE 
calculations defined as (Al-Gburi et al. 2012a):

C
o

ui
R E

                                                                          (4)

where ui = resulting stress from the elastic calculation; i = a chosen direction in the concrete body; 
u = uniaxial coordinate in i direction; 0 = the homogenous contraction in the concrete; and EC =
Young’s modulus in the newly cast concrete.

As shown in Table 1, the horizontal restraint R33 in the newly cast concrete wall is decreased 
with 21 % (from 0.88 to 0.69) when using a 1 m high kicker compared with no use of kicker, and 
for a kicker equals 2 m the reduction is 36 % ( R33 about 0.56). The lowest restraint equals 0.53 at 
kicker height 3 m, i.e. the optimum kicker height is 3 m. In Fig. 6 the distribution of horizontal 
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(S33) and vertical stresses (S22) (here stresses mean restraint values, R33 and R22) are presented for 
case 1-4 in Table 1.

Table 1. Example of effects on the restraint in typical case wall-on-slab using kickers
R22R33Newly cast wall height, mKicker height, mCase

0.190.88601
0.270.69512
0.330.56423
0.450.53334
0.520.54245

It is also interesting to examine the vertical restraint R22 in the kicker, which gives an increased 
local risk of horizontal cracking near the ends of the kickers. As can be seen in Fig. 6b, there are 
very small vertical restraints without kickers, but it has been shown (Bernander 1998) that very 
high local vertical restraints exist in the wall near the ends. These local restraints have to be 
counteracted by the use of reinforcement bars, but the local vertical restraint values are rather small 
in Fig. 6, about 0.45. It is well known that for the case wall-on-slab without using kickers that 
increased height of the wall always leads to smaller restraint and vice versa (Nilsson 2000, Kheder
et al. 1994, Al-Gburi et al. 2012b). From Fig. 6 and Table 1 it is clear that an increase of the kicker 
height from zero up to the optimum height, i.e. a decrease of the upper part of the wall, the restraint 
will decrease monotonically. It is important not to mix the decrease of the upper wall with the 
decrease of the total wall height, as the effects on the restraint are reversed. 

The reduction of the restraint with increased kicker height up to the optimum kicker height, i.e. 
the decrease with lower height of the upper part of the wall, implies that the kicker changes the 
situation from a wall-on-slab to a wall-on-wall behavior. The restraint is reflecting a balance 
between the new concrete volume and the existing adjacent structure (Al-Gburi et al. 2012b).
These effects are interesting searching for the optimum height of the kicker in the next section.
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Fig. 6 Resulting restraints horizontally ( R33) and vertically ( R22) for different kicker heights, see 
numbers in Table 1.

6. Comparative estimations using optimum kicker heights and other site measures

High-strength concrete (with low water to cement ratio) increases the volumetric changes of
concrete at early age (Mihashi and Leite 2004, Sato et al. 2008). Several methods are proposed to 
reduce the crack risk such as control of material mixtures decreasing the generated temperature, 
using higher water to cement ratios, optimizing the construction methods, control the highest 
temperature reached and the temperature differences between and within the concrete members 
(Kevin et al. 2008).

Although using some material related actions, the risk of cracking is still present ((Al-Gburi et al. 
2012b), and therefore site measures are needed in many situations. For example, the use of cooling 
pipes and/or heating cables has provided a high efficiency in reducing risk of cracking.
In the present study the software ConTeSt Pro (2003) and the equivalent restraint method, EQM 
(Al-Gburi et al. 2012a) are used to compare some of these measures with the proposed technique 
of using kickers. The study comprises a slab with dimensions (width × thickness) 4×1 m and a wall 
with dimensions (thickness × height) 0.4×6 m. The length of the structure is 6 m. The resulting 
restraint curves in Fig. 6 are calculated using FE calculation with the mesh size 0.25×0.25 m. 

Fig. 7 shows that the restraint in the new wall-on-slab cast without a kicker is 0.77, and that the 
restraint decreases with increased kicker height. The optimum kicker height is 1.5 m with the 
restraint equals 0.54. Kicker heights bigger than and smaller than 1.5 m increase the restraint.

2

1

3

a- Case1 
- stress33

b- Case1 
- stress22

c- Case2 
- stress33

d- Case2 
- stress22

e- Case3 
- stress33

f- Case3 
- stress22

g- Case4 
- stress33

h- Case4 
- stress22
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Fig. 8 shows that the crack risk (strain ratio) in the newly cast wall-on-slab without a kicker is 
1.24, and that the crack risk decreases with increased kicker height. The optimum kicker height is 
1.5 m with crack risk equal to 0.93.

Fig. 7 Effect of kicker height on restraint. Fig. 8 Effect of kicker height on crack for 
casting length = 6 m.

Fig. 9 shows the crack risk when using kickers with and without usage of cooling pipes in the 
wall or heating cables in the slab. Using three cooling pipes of steel (Ø 25 mm), reduces the crack 
risk to 0.85 from 1.24. When using twelve heating cables the crack risk decreases to 1.08. The 
combination of three cooling pipes with 1.5 m kicker height reduces the crack risk to 0.72, while a 
combination of six heating cables with a 1.5 m kicker reduces the crack risk to 0.90. These results 
demonstrate the efficiency using the kicker technique to reduce the crack risk at early ages. The 
next section presents effects of structural dimensions of the wall and slab on the optimum kicker 
height.
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Fig. 9 Comparison between using the kicker technique and common site measures.
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7. Effects of wall and slab dimensions on the optimum height of the kicker

324 cases have been used in calculations of the restraint in the walls, see Table 2. The chosen 
spatial dimensions are in accordance with typical dimensions in real structures, although some 
combinations might not be good design in practice. Each of these calculations has been analyzed 
elastically applying the three-dimensional FE method (3D FE) using the Abaqus software.

Table 2 List of parameters and their values used in the FE calculations. 
Parameter Denotation Values No. of 

values
Unit

Slab width Ba 2, 4, 8 3 m
Slab thickness Ha 0.4, 1, 1.4 3 m
Wall thickness Bc 0.3, 0.6, 1 3 m
Wall height Hc 3, 6, 8 3 m
Length of the 
structure

L 3, 5, 10, 18 4 m

Summary of cases 324 After reviewing the calculations, significant results were obtained 
concerning variation both of the structural length and the optimum kicker height. Most studies in 
the literature recommend to decrease the casting length to reduce the restraint (JSCE 2010, 
Bamforth 2007, Wu et al 2001, Choktaweekarn and Tangtermsirikul 2010), which results in more 
casting joints and increase of the construction cost. 

In Fig. 10, a wall with dimensions 0.6×6 m is cast on a slab with dimensions 1×4 m. The lengths 
of the castings are 3, 5, 10 and 18 m, and the corresponding optimum kicker heights are 1, 1.75, 
3.25 and 3.25 m respectively. The restraint is almost the same, about 0.63, for all cases. This means 
that, by using the kicker technique, the restraint level can be maintained while the length of the 
casting is increased. 

Fig. 10 Restraint variations for different casting lengths using the optimum kicker height.
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In the study behind Fig. 10 the restraint has been examined by changing the kicker height until 
the lowest restraint is reached in each case, i.e. using the optimum kicker height for each casting 
length. The restraint is calculated as the average through the wall thickness, which is regarded to be 
valid for analyses of the risks of through cracking. The outcome has been processed using an 
Artificial Neural Network (ANN) tools, see e.g. (Al-Gburi et al. 2012b). 90% of the results were 
used for the training of ANN in two steps. The first step used data in the database to estimate the 
optimum kicker height, see Fig. 11. The second step comprised calculations of the restraint at the 
base of the upper part of the wall using optimum kicker height, see Fig. 12.
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Fig. 11 Training results of ANN for optimum kicker 
height calculation.

Fig. 12 Training results of ANN.

The remained data was 10 %, which was used for the testing of the ANN after training. The test 
of ANN showed good accuracy compatible with the FE calculations. This compatibility reached up 
to 93% for the kicker heights and 96 % for restraint calculations; see Fig. 13 and Fig. 14, 
respectively. 
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8. Study of parameters influencing the optimum kicker height 

The method of the partitioning weights, proposed by Garson (1991) and adopted by Goh (1995), is 
used in this study in order to determine the relative importance of the various input parameters. As 
shown in Fig. 15 the major parameter influencing the kicker height is the length (L) followed by 
the wall height (Hc). Then the wall thickness (Bc) and slab thickness (Ha) follow. The width of the 
slab (Ba) has the smallest influence. The ANN tool is used in the parametric study below. 
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Fig. 15 Relative importance of input parameters using optimum kicker heights.

8.1 Effect of wall height

The major factors affecting the kicker height are the length and height of the wall. In the typical 
case wall-on-slab it is well known that the increase in the length-to-height ratio of the wall leads to 
bigger restraint (ACI -207 2002, Larson 2003, Kim 2000). In addition, increased wall height 
reduces the restraint (Kheder et al. 1994, Emborg 1989, Al-Gburi et al. 2012b). Therefore, 
increased kicker height helps to force the balance between old and new concrete. As shown in Fig.
16, a bigger wall height will raise the optimum kicker height. When varying the wall height (Hc)
between 3 and 7 m, the optimum kicker height is practically constant from a certain casting length 
of the structure. After some side calculations, it is concluded that the optimum kicker height is 
about (0.54-0.58) × Hc, for length to height ratios L/Hc
structure increases the optimum kicker height for L/Hc

29.00
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Fig. 16 Effects of wall height and length on optimum kicker height, see Table 2 for definition and 
units of the parameters.

8.2 Effect of wall thickness

Increased wall thickness reduces the restraint in the wall for typical case wall-on-slab (Al-
Gburi et al. 2012b). Hence, this may lead to a conflict of the balance between old and new concrete. 
The wall thickness in Fig. 17 was varied between 0.3 and 1.0 m, and the wall height is 5 m for all 
cases. As can be seen in the Fig., the optimum kicker height is almost constant, about 3 m, for L/Hc

L 10 m in the Fig.), and the optimum kicker height is increasing with the length of 
structures for L/Hc
increasing the wall thickness. 

Fig. 17 Effects of wall thickness and length on optimum kicker height see Table 2 for definition and 
units of the parameters.

8.3 Effect of slab thickness 

Increased slab thickness, i.e. growth of stiffness of the structure, raises the restraint in a wall of 
typical case wall-on-slab (Al-Gburi et al. 2012b). The degree of restraint in a concrete wall 
depends mainly on the vertical distance from the slab/wall interface and the length-to-height ratio 
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L/H of the wall (Zhou et al. 2012, Cusson and Repette]. A comparison between Fig. 17 and Fig. 18
shows that the optimum kicker height is quite similar in both Figures. This shows that the thickness 
of the slab has no influence on the optimum kicker height.

Fig. 18 Effects of slab thickness and length on optimum kicker height; see Table 2 for definition and 
units of the parameters.

8.4 Effect of slab width

The results in Fig. 15 show that the width of the slab has a small influence on the optimum 
kicker height. Generally, increasing the slab width means bigger restraint (Mihashi and Leite 2004,
Nagy 2001, Kwak et al. 2006). Increasing the width of the slab increases the optimum kicker 
height for all cases of structural lengths, see Fig. 19.

Fig. 19 Effects of slab width and length on optimum kicker height; see Table 2 for definition and 
units of the parameters.

9. Answers to research questions

Based on the study in this paper the answers of the research questions are:
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The use of the kicker technique can decrease the restraint compared without using kickers 
as shown in section 5, especially in Table 1. Thereby, the risk of through cracking can be 
deceased as shown in Figs 7 and 8. 
Yes, the use of kickers can be combined with other measures, like cooling of the new 
concrete and/or heating of the old concrete, for reduction of crack risks, as shown in 
section 6 and Fig. 9.
For the same casting length the use of the optimum kicker height always reduce the 
restraint, see Figs 7 and 8. The answer to the research question is yes, which is seen in 
Fig. 10, where approximately the same restraint can be reached for casting lengths between 
3 and 18 m using optimum kicker heights depending on the casting length.

10. Conclusion 

In general, the restraint is affected by the dimensions of both the new casting and the adjoining 
structure. The proposed technique of casting the bottom part of the wall together with the slab, i.e. 
using the kicker technique, can change the situation significantly, from a typical case wall-on-slab 
to a typical case wall-on-wall behavior. This change is accompanied by a decrease in the restraint 
and reduces the risk of cracking in the upper part of the wall. Using the kicker technique can 
increase the casting length while controlling the restraint to smallest possible value. By comparing 
estimations using the kicker technique with estimations using more common measures, such as 
cooling pipes and/or heating cables, the use of kickers are as sufficient as the more common 
actions to reduce the crack risks at early ages. Therefore, the proposed method is useful to reduce 
the risk of cracking and to minimize the cost. 
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Appendix A. Derivation of formulas for application tools for determination of plane-
section restraint coefficient

A.1. Restraint in decisive points 
In the following, the total structural member to be considered, consists of three parts, see Fig 
A.1: 

1) a newly cast young concrete member (subscript y) cast on an older existing structure
consisting of both 

2) a slab (subscript a) and part of the wall called 
3) a kicker (subscript k).

The present derivation is based on formulas for concrete beams (Collins and Mitchell 1991), a 
proposed method for calculation of crack widths due to thermal stresses (JCI 1992), and 
derivations for a new wall cast on existing slab (Nilsson 2000). Plane-sections are assumed to 
remain plane implying the strains over the height of the structures varying linearly, i.e. what 
usually is called the engineering beam theory. No slip failure between members is assumed.
Furthermore, adjacent members are regarded to give no external restraint to the studied 
structure, which is common in practice for many cases, for instance structures founded on 
frictional materials like gravel and sand. This free deformation situation is denoted by 
superscript o in the subsequent formulations.

Under the assumption of plane-sections remaining plane, the restraint coefficient is 
denoted  ( , ), where is the length coordinate of the structural member, and is the height 
coordinate for the cross section, see Fig A.1. The restraint coefficient in a point in a young 
concrete member is generally defined as the ratio between the actual stress in the point and the 
stress at fixation of the free volume changes of the young concrete, . The volume 
changes are regarded as the combined strain from homogeneous moisture shrinkage and thermal 
contraction in the young concrete. The restraint coefficient is defined as( , ) =  ( , ) (1)

where ( , ) is the actual stress in a point of the cross section expressed as( , ) =  ( ( ) + ( , ) ) (2)
which inserted into Eq. 1 gives

( , ) = ( ) + ( , ) (3)

where is the translational (normal) strain and is the rotational strain.

The plane-section restraint coefficient using Eq. 3 can be separated into one translational part 
and one rotational part expressed by( , ) =  1 ( ) ( , ) (4)
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The translational strain in the decisive point is determined from the requirement of 
translational equilibrium for the cross section. The integral of stresses over the area implies+ + = 0( ) + ( ( ) ) + ( ( )) = 0
For simplification we assumed to cast the same concrete type in the slab and in the kicker. The 
inelastic volume changes in the adjoining concrete are expressed as the factor times the 
inelastic volume changes in the young concrete, i.e.  = = . Introducing the same 
old concrete type in the slab and in the kicker gives :  = =  .

Casting the kicker together with the slab may push the concrete of the slab upwards, especially
when using high-water cement ratio or vibrating the concrete in the kicker relatively hard. To
solve this issue there is a need to use concrete with low water cement ratio or wait a while after 
casting the slab to get some hardening for the slab concrete, and then cast the kicker. Another 
practical solution might be to use upper formwork to prevent the slab concrete being pushed 
upwards. ( ) + ( ) + ( )= 0
Collection of terms gives

28 ( ) + 2828 + 28 + 2828 +
= 0

where the normal strain is solved( ) = + ( + ) = (5)

is the transformed area = + 2828 + (6)

and is the force required to produce zero strain in the concrete, i.e. normal force of internal 
loading =   28 + 28 + 28
The rotation of the cross section is determined from the requirement of rotational equilibrium in 
the section. The integral of stresses times the distance from the centroid axis over the area imply( )  + ( )  + ( )  = 0
where once again the volume changes of the adjoining structure are expressed in relation to 
volume changes of the young part.
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Collection of terms gives 

2 2 2

	 ∆  0  

where the rotation is solved as  

 

Itrans is the transformed moment of inertia 

      (7) 

and Mo is the moment required to produce zero strain in the concrete   

                   ∆   (8) 

      				   
A.1.1. Translation plane-section restraint coefficient  
 
The translation plane-section restraint coefficient is generally defined as   

∆
  

By including the expression for translation strain, the normal force of internal loading and 
transformed area of the section, the translation plane-section restraint coefficient is  

∆
  

 

∆ 	 28 28

28
28

∆
  

 
28
28

28
28

1   (9) 

 
A.1.2. Rotational plane-section restraint coefficient  
 
The rotational plane-section restraint coefficient is generally defined as  

,
∆

  

By including the expression for the curvature, the moment of internal loading and the moment 
of inertia of the transformed cross section, the rotational plane-section restraint coefficient is  

,
∆
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( , ) = ( ( )) (10)

( , ) = ( ( ))

( , ) = (1 ( )) (11)

A.2. Formulas for applications tools

For simple structures, analytical formulation can be derived for rotational plane-section restraint 
coefficient in young concrete part in term of the translational and rotational boundary 
conditions. Both the young and the old concrete part here assumed rectangular shape. The 
modulus of elasticity as well as the temperature is presumed equal over the area of the young 
part and the old one respectively, see Fig. 1  

Defining the areas of rectangular shaped surfaces with a reference axis at the bottom of the 
structure, the translational plane-section restraint coefficient is ( ) =  1 ( ) (12)

Defining the area of wall surface with a reference axis at the bottom of the structure, the 
rotational plan-section restraint coefficient is ( , ) =  (1 ( ))  (13)

Under the stated assumptions, the transformed section properties will be as follows if the 
modulus of elasticity of the young part is set as reference.

, ,
, ,, ,

Fig. A.1. Section property of a structure containing a young part cast on an older kicker.

Wy

Wa
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Ha Centroid axis of slab part

Centroid axis of kicker part

Centroid axis of wall part

Centroid axis of transformed 

Hk 
Hy

  xy

z
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The centroid of the transformed section, from a reference axis at the bottom of the structures, is = (14)

where = + += +==
zy= + +

that, with use of distances from the bottom of the structure to the centroid axes of the young and 
the old parts respectively, gives= (15)

The moment of inertia of the transformed section is  = + + ( + ( ) ) + ( + () ) (16)

Using Eq. 14, the moment of inertia of rectangular shape surface around their own centroid axes 
and the distance to the centroid axes of the distance to the centroid axes of the young part from 
the bottom of the structure, together with Eq. 16, give  =  + + + ( ) + +( )
and further

=  + + + +
+ + +

+
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=  + ( + + ) + +
+ +

+
=  12 + + + +1 + + 12

+ + + + +1 + + 12
+ + +1 +

=
 + + +

+ +
= 1 + + + 2 +

1 + + 1 + + + 2 + +
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+ 1 + 1 + + 1 + +
1
The final equation for moment of inertia is:

= + + + 2 +
1 + + 1 + + + 2 + + +

1 + 1 + + 1 + + 1 (17)

For one special case studying the lower part of the wall for instance z1= -Ha-Hk being at the 
joint between the young and the old part of a structure, Eq. (13) put into Eq. (15) gives:

( , ) =

( )

( ) ( ) ( )  (1 ( ))

( , ) =  (1 ( ))
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( , ) =
( ( )) ( )

( )( ( ) ( ))
(18)

+ 2 + + + ( + 2 ) + ( )
=+ 2 + + + ++ 2 + + + +2 + 2 2 + 2 +2 + 2 + + 2 + + +

Put the  in the adjoining structures =0, i.e. no non-elastic strain in the old concrete, gives+ 2 + + + + 2 ++ + +  2 + 4 + 2 +2 + 2 + + 2 + + +
2 + +2 + + + + 2 + 4 + 2 +2 + 2 + + 2 + + +
2 + +4 + + 2 + + 4 + 2 +4 + 3 + +

2 + + 4 ++ 2 + + 4 + 2 + 4 +3 + +
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( + 2 + ) ( + ) +( + 4 + + 4 + 2 ) + ( + )(2 + + 4 + 3 ) + (19)

Substitute Eq.17 and Eq.19 into Eq. 18 leads to

( , ) =
( ) ( )( ) ( )( )

( )
( )

(1 ( ))

(20)( ) = (1 ( )) (21)
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Abstract

Concrete cracks in structures such as water tanks and nuclear power stations cause anxiety to 
owners, contractors and engineers. These cracks may significantly increase the structure’s 
permeability and thus increase leakage, reduce durability, and eventually lead to loss of structural 
functionality. Therefore it is important to minimize their occurrence and size. To identify 
effective ways of minimizing cracking in young concrete segments, a parametric study was 
conducted using the finite element method (FEM). Parameters considered include casting 
sequence, joint position, wall height, and cooling. The study examined continuous and jumped 
casting approaches to the casting of a cylindrical reinforced concrete tank for a sewage-treatment 
plant, with and without the application of the ‘kicker’ technique in which the lower part of the 
wall is cast with the slab. The main cause of cracking is restraint imposed by adjacent older 
structures, and the FEM predictions agree well with experimental observations. Continuous 
casting is most effective at minimizing cracking because it creates only two contact edges 
between newly cast and existing structures producing the lowest level of restraint. The kicker 
technique is shown to be very effective at reducing restraint and more potent than cooling.

Keywords—Restraint cracks, early age, casting sequence, water tank walls.

1. Introduction
1.1. General overview 

Cracking in young concrete due to volume changes during the hydration process is a major cause 
of initial defects in concrete structures (ACI, 2002; JSCE, 2010). Such cracks are caused by 
restraints imposed by adjoining structures and can lead to penetration of water, resulting in 
corrosion of the reinforcing steel and passage of liquids through the concrete (JSCE, 2010; Ji, 
2008). Cracks due to external restraints are among the most important types of cracks observed in 
young concrete. If the concrete is free to move, the member expands and contracts without 
cracking. However, all structural members are restrained to some degree (Emborg, 1989). The 
combination of shrinkage and restraint creates stresses. If the magnitude of these stresses exceeds 
the concrete’s strength, cracks will appear. Accurately predicting and controlling the negative 
effects of these structures is vital for ensuring that new structures achieve their designed service 
lives and functional capabilities. It is particularly important in structures such as water tanks, 
which require solid concrete that prevents water leakage. To prevent thermal cracking, it is 
necessary to control the volumetric change that the concrete undergoes and/or to reduce the 
degree of restraint (Kanazu, et al., 2012). The degree of restraint is a critical factor in 
determining both the risk of early thermal cracking and the resulting crack width. The degree of 
restraint depends primarily on the contact area, relative dimensions and modulus of elasticity of 
the young concrete as well as the surrounding restraining materials, (Bamforth, 2007; ACI 224R-
01, 2001; Al-Gburi, et al., 2012a).
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Basically, to avoid or control early cracking, it is necessary to reduce the member’s thermal 
movement (temperature peak and differences) and/or reduce the degree of restraint and/or to 
increase the member’s tensile strain capacity. Factors that influence early cracking include the 
composition of the concrete mix (i.e. the type and content of cement, and the type and content of 
aggregate), temperature at casting, form work material, degree of restraint, construction sequence
and possible movement joints (Al-Gburi, et al., 2012a; Utsi and Jonasson, 2012). 

Restraint can be reduced in various ways, for example by using appropriate casting sequences, 
shortening the section being cast, and applying an appropriate arrangement of construction joints 
(Emborg, 1989; Al-Gburi, et al., 2012b; Kheder, 1997). Unfortunately, these methods do not 
always prevent crack formation. An alternative approach is thus necessary to prevent or control 
early age cracks. 
The present study does not examine reinforcement even though it is well known that appropriate 
reinforcement can reduce crack widths. In part this is because reinforcement is known to be 
ineffectual in concrete that has not yet cracked (Sule, 2003; Nagy, 1994); Swedish construction 
strategies aim to avoid early cracking altogether, which can be achieved by taking measures such 
as cooling the new concrete and/or heating the old concrete. 

1.2. Research Significance 

The purpose of this study is to characterize the distribution of stresses in the reinforced concrete 
walls of water tanks constructed using two different casting sequences: a continuous sequence 
with two contact edges (one at the base and the other with an existing wall) and a jumped casting 
sequence with three contact edges (one with the base and two with existing walls), with or 
without the kicker technique, whereby part of the wall is cast with the slab. The different 
sequences are compared with respect to their ability to reduce early cracking. The study also 
examines the influence of the length to the height ratio (L/H) on the restraint level and the risk of 
wall cracking. The risk of cracking is examined for each casting sequence separately, and the 
effects of cooling the young concrete with cooling pipes are estimated. 

1.3. Restraint 

The degree of restraint acting on the walls depends on the dimensions of the young concrete and 
the adjacent old member as well as their relative dimensions (length/height). The risk of cracking 
in the fresh member is not constant; it is highest near the contact edges with adjoining structures 
and decreases on moving towards the free edges (the top and sides) (Kheder, 1997). When 
casting a new element against an old structure, thermal volumetric changes will have profound 
effects on the tensile stresses and risk of cracking (Bernander, 1998). The degree of restraint can 
be expressed as a percentage, where 100 % denotes full restraint and 0 % corresponds to a 
complete absence of restraint. 

The restraint imposed by adjacent structures depends on the number and location of adjoining 
members. The simplest case is single-edge restraint such as occurs in a wall that is cast on a slab 
in one stage (see Figure 1b). A more complex case is two-edged restraint, such as occurs during 
the continuous casting of walls that are restrained at their base and along one edge (see Figure 
1c), or in a roof that is cast on walls or columns (see Figure 1d). A still more complex case is 
three-edge restraint, which occurs when a new wall is restrained at its base and along two edges 
(sees Figure 1e). Finally, a slab or roof may be bonded along four edges, as shown in Figure 1f 
(Bernander, 1998).
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Figure 1.Different types of external restraint. Areas colored in shades ranging from red to green 
are subject to considerable risk of through cracking. Modified from Bernander (1998).

1.4. Reduction of the restraint

Reduction of restraint is one of the most economical ways for reducing the risk of cracking in 
young concrete (Al-Gburi, et al., 2015). The casting sequence, length of casting and joint 
positioning all influence the degree of restraint experienced by a newly cast member.
‘Sequential’ or continuous casting produces less restraint than ‘alternate bay’ or jumped casting.
In a ‘true’ continuous system, each newly cast section has only one restrained edge (see Figure 
1b), minimizing its restraint. Conversely, jumped casting generates considerable tensions 
between the relatively rigid adjoining edges (compare Figures 1b and 1e). Therefore, continuous 
casting is better at for limiting restraint cracking at edges (Al-Gburi, et al., 2014). The length-to-
height ratio of the walls also affects the degree of restraint. Newly cast long walls experience a 
greater degree of restraint than walls with lower length-to-height ratios (Bernander, 1998).
Numerical simulations and theoretically suggest that casting using the kicker technique is 
effective at reducing restraint and crack risk. The use of kickers changes the structural behavior 
of the newly cast member, replacing a wall-on-slab edge with a wall-on-wall edge (Al-Gburi, 
et al., 2015). This manuscript discusses the usage of these tools and compares them to field data 
on the walls of concrete water tanks.

2. Method of calculation 
2.1. Description of the structure under investigation

A cylindrical reinforced concrete tank was constructed to serve a large sewage-treatment plant in 
Cracow, Poland 2004. The tank’s cylindrical wall is 5.5 m high (Zych, 2008; Andrzej, et al., 2005; 
Andrzej and Zych 2014; Zych, 2014) and its total circumference of 140 meters was divided into 10 
segments. A cross-section of the tank’s wall and the location of construction joints are shown in 
Figure 2. It was cast using a jumping sequence (Zych, 2008) in which segments 2 and 10 were 
cast first, followed by segments 8 and 6. Each of these four segments was cast with a single 
restrained edge at the base. Next segments 5 and 3 were cast, with two restrained edges each: one 
at the base and one from the adjoining wall. The remaining segments (1, 9, 7 and 4) were cast by 
infill bay casting and were restrained on three edges: at the base and by their two adjoining wall 
segments. One day before the tank wall’s completion, vertical cracks were found in almost all of 
its segments. The cracks occurred at a previously predicted distance (1.1 m) from the wall’s 
lower edge (Andrzej and Zych 2014).

a b
c

fed
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This work considers two alternative sequences of casting. The first is a continuous sequence in 
which the lower 1.5 m of the wall is cast with the slab (we refer to this protruding element of the 
slab as a ‘kicker’) and the length of the cast wall segments is allowed to vary so as to minimize 
the incidence of cracking as shown in Figure 3. The second sequence differs in that all of the wall 
segments are 13.8m long; the kicker technique is used again, but the newly cast segments are also 
cooled using water pipes to further reduce the risk of cracking. In both sequences, newly cast 
segments have two contact areas, one with the base and one with the edge of the adjoining wall 
segment.

Figure 3.Proposed new casting sequence for the cylindrical reinforced wall showing the 
arrangement of the wall segments and the kicker.
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Figure 2.Geometry of the cylindrical reinforced concrete tank and layout of its construction 
joints (Zych, 2008).
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2.2. Computational methods

Restraint reduction is one of the most economical methods for reducing thermal cracking in 
young concrete. The casting sequence has an effect on the degree of restraint. The uniaxial 
restraint R is defined as shown below in the Abaqus program (Al-Gburi, et al., 2012a):

C
o

ui
R E

[1]

Here, ui = resulting stress from the elastic calculation, where i = a chosen direction in the 
concrete body; u = uniaxial coordinate in the i direction; o = the homogenous contraction in 
the concrete; and EC = Young’s modulus of the newly cast concrete. The crack risk (strain ratio) 
is calculated using the ConTeSt software package (ConTeSt Pro, 2003).

Crack prediction was performed using the FE-based program Abaqus/6.12. This software can 
model concrete cracking using its “Cracking Model for Concrete” (CMC), which is only 
available in Abaqus/Explicit. CMC employs a special purpose analytical technique that uses an 
explicit dynamic FE formulation. Although developed for dynamic problems, the explicit version 
is very effective at describing highly non-linear problems under static loading (Kianousha, et al.,
2008). In this work, CMC was used to simulate the non-linear behavior of concrete during and 
after cracking. The model assumes that the primary forces in the structure are tensile and that the 
compressive forces are relatively small. For this reason, the non-linearity of concrete in 
compression is ignored. As volumetric induced strains in concrete are mostly tensile and the 
tensile strength is low, it is very likely that cracking will occur in the concrete. The model 
accounts for variations in the concrete’s temperature, tension stiffening and shear retention. It 
assumes that cracks start forming when the principal stress exceeds the concrete’s tensile 
capacity.

3. Results and discussions
The results of the numerical simulations of the different casting sequences are shown in Figures 
4-8; individual simulations and key findings are described in more detail below.

3.1. Estimating the optimal kicker height

To begin with, the effect of kicker height on restraint was investigated by imposing a fixed 
segment length of 13.8 m and conducting simulations assuming a range of different kicker 
heights. Figure 4 shows the variation in the restraint as a function of kicker height (Al-Gburi, 
et al., 2015). The restraint is minimized at a kicker height of around 3.0 m. It would be quite 
difficult to cast a slab with such a tall kicker in a single casting, but our experience suggests that 
it should be possible to cast a 1.5m tall kicker with the slab. Experimental studies on the real-
world tank revealed that the maximum circumferential tensile stresses in the walls occur at a 
height of 1.1m (Andrzej, and Zych, 2014). Therefore, a kicker height of 1.5m and a continuous
casting sequence were proposed.
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Figure 4.Variation of restraint with kicker height for the water tank walls.

3.2. The first casting 

The first segment will always have only one edge restraint. As shown in Figure 5, the degree of 
restraint will be 0.67. The kicker technique reduces this restraint to 0.58. The crack risk is also 
affected by the kicker, which reduces the strain ratio from 0.955 to 0.852 as shown in Figure 6.
According to Swedish national road standard (Handbook Bro, 2004), the crack index Ci should 
be 0.7 or less to be on the safe side. Reducing the casting length changes the L/H ratio and thus 
the crack index. A casting length of 6m together with the application of the kicker technique 
reduces the restraint to 0.5 as shown in Figure 5. Restraint minimization is central to reducing 
crack risk; this reduction in restraint lowers the crack risk to 0.665 as shown in Figure 6.

3.3. The second casting

When casting the second segment, the proposed sequence generates two restraint edges, one at 
the base and one at the side edge. The presence of two contact areas reduces the restraint on the 
segment from 0.758 to 0.69 (see Figure 7). The kicker technique reduces the restraint further, to 
0.61 for a casting length of 13.8m. Another decrease to 0.58 is possible if the casting length is 
reduced to 6m, as shown in Figure 7. The kicker also affects the crack risk, reducing the strain 
ratio (or crack risk, Ci) from 1.03 to 0.9 as shown in Figure 8.

Figure 7 shows that while reducing the cast segment length to 6m (L/H=1.5) reduces the restraint 
to 0.58 the crack index Ci = 0.84 is unacceptably high. Therefore, further shortening is needed.

Figure 5.Variation of restraint with casting 
sequence .

Figure 6.Variation of crack risk with 
casting sequence.
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A casting length of 4 m (L/H=1) reduces the restraint to 0.53. Figure 8 shows that the predicted 
crack risk for a casting length of 4m with a kicker is Ci = 0.7. The proposed casting length is 
compatible with the recommendations of Euro code 2 (CEN. EN 1992-4), which recommends a 
maximum casting length of 5 m for 1.5 m wall heights, whereas ACI 224.3R-95 (2001) states 
that joint spacing should not exceed 7.6 m. 
Although the codes’ specifications were consistent with the numerical results in this case, crack 
risks should always be evaluated using appropriate dimensions and boundary conditions for the 
member of interest rather than simply relying on codes. For the single restrained edge case, the 
crack width depends on the imposed restraining strain rather than the concrete’s tensile strength 
(Al-Rawi and Kheder, 1990). Furthermore, if the restraint increases, contraction will cause individual 
crack widths to increase but have no effect on the number of cracks, which are assumed to be 
independent. On the other hand, in three edge restraint, cracks usually initiate at the weakest section 
of the element and immediately propagate through the whole section (Al-Rawi and Kheder, 1990). If 
the restraint is increased in such cases, contraction will increase the number of cracks but have no 
effect on individual crack widths, which are determined by the load transferred from the concrete to 
the steel when a crack forms (Bamforth, et al., 2010).

In practice it may be impossible to avoid having some newly cast element that is completely or 
partially enclosed by previously cast structural members. In such situations, other fracture 
reduction measures must be taken. Therefore, a general recommendation is to avoid intermediate 
or jumped segments as far as practically possible. 

In some situations a jumped sequence might be beneficial, for instance when smaller joint 
volumes (1.5m or less) are used. It is well known that the main parameters governing crack risk 
in young concrete are the degree of restraint, temperature change and the concrete’s properties. 
Therefore, in cases of three-edge restraint where additional restraint reduction is required to 
mitigate crack risk, additional reinforcement or cooling can be applied to the triply-restrained 
intermediate segments (Bernander, et al., 1994).

3.4. The crack distribution

Figure 9 shows the crack risk (strain) distribution for a sequentially cast 13.8m-long water tank 
wall segment, as calculated using dynamic explicit FE methods in Abaqus. In general, the 
distance between cracks and the mapped strain distribution are in good agreement with
experimental findings (Zych, 2008), as shown in Figure 10. In the real segment, stress is 

Figure 7.Restraint variation with casting 
sequence.

Figure 8.Crack risk variation with casting 
sequence.
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concentrated on the cracks, increasing their width and the distance between them. The first cracks 
that form as the concrete cools following the hydration peak tend to be wider than subsequent 
cracks due to the loss of restraint in the regions adjacent to the first cracks (Ji, 2008).

The use of a kicker replaces the wall-on-slab restraint with a wall-on-wall restraint. For a casting 
length of 13.8 m, the use of a kicker reduces the crack index (see Figure 6), and changes the 
stress distribution as shown in Figure 11. In the first casting, the strain is highest in the middle of 
the wall and near the base, decreasing on moving towards the free edges. It should be noted that
cracks do not start at the base but higher in the wall because the cooling effect of the adjoining 
member lowers the concrete’s temperature near the base.

For the jumped sequence, the predicted strain in the second cast walls is greater than in those cast 
first, as shown in Figure 12. The predicted distribution of strains in the vertical direction is
similar to the experimental results as shown in Figure 13. The crack patterns and sequence of 
crack development in the walls clearly illustrates the effects of the restraint on shrinkage cracking
because cracks initially formed in the high restraint zone and propagated towards the lower 
restraint zones. In contrast, cracking of end-restrained members usually begins in the member’s 
weakest section and rapidly propagates through the whole section (Al-Gburi, et al., 2012a;
Kheder, 1997).

The use of a kicker technique together with a reduced casting length of 4 m in the continuous 
sequence generates two contact areas for the second-cast segments, one with the base and one 
with the edge of the adjoining wall segment. This arrangement is predicted to reduce the risk of 
cracking relative to that for the jumped sequence with longer segments and no kicker, as shown 
in Figure 14. Tension cracking typically occurs in infill wall segments cast between two existing 
segments with continuous horizontal reinforcement throughout. Cracks will occur at the 
construction joints at either end of the segments and may also form within the segments
depending on their length and other factors (Ji, 2008), namely the contact area between adjacent 
walls and the transfer of stress. A thicker adjoining wall will restrain the new casting more than a

Figure 11.Predicted strain distribution for a 13.8m-
long first casting with a kicker. 

Figure 9.Predicted strain distribution for the 
first casting.

Figure 10.Experimentally observed crack 
distribution for the first casting (Zych, 2008).
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thinner wall with a smaller contact area. On the other hand, a thicker new wall is more able to 
withstand restraint from the adjoining walls. The restraint conditions have important effects on 
crack development, and changing the nature of the edge restraints can change the resulting crack 
widths (Beeby and Scott, 2005). Under the studied conditions, the restrained strain is only 
significant in relation to whether or not cracking occurs and how many cracks form.

3.5. Effect of cooling pipes on crack risk

Another way to reduce the crack risk in a young concrete member is to cool it with water pipes. 
Figure 15 compares the predicted crack risk for three wall segments. The first is 13.8 m long and 
cast sequentially, giving a crack index of Ci = 1. The second case is cast using the kicker 
technique and is 4 m long resulting in a Ci of 0.7. The third case uses three cooling pipes 
(Ø=25mm) with no kicker, and achieves a predicted Ci of 0.85. These results suggest that the 
kicker technique together with a reduced casting length have the potential to greatly reduce crack 
formation in the field. 

Figure 15.The effect of cooling pipes on crack risk.
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4. Conclusion

In general, the development of optimized casting sequences is an effective way of reducing 
restraint and crack risk in young concrete wall segments. Continuous casting sequences with two 
contact edges (one between the new segment and the basal slab, and the other between the new 
wall segment and an existing one) produce less restraint than alternative three-edge restraint 
jumped sequences. Moreover, the kicker technique is predicted to be very effective at reducing 
restraint in newly cast wall segments, as is the use of shorter casting lengths. Although the 
predictions obtained in this work are broadly consistent with the recommendations outlined in 
existing building codes, there are no robust and general rules for determining the optimal location 
of contraction joints between wall segments. All new structures should therefore be examined 
individual in order to determine its optimal joint locations.
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ABSTRACT
One of the widespread issues in concrete structures is cracks occurring at early age. Cracks that appear in 
the young concrete may cause early start of corrosion of rebars or early penetration of harmful liquids or 
gases into the concrete body. These situations could result in reduced service life and in significantly 
increased maintenance cost of structures. Therefore it is important for construction companies to avoid
these cracks. Restraint represents one of the main sources of thermal and shrinkage stresses at early age 
concrete. The casting sequence is affected by the restraint from adjacent structures. The present study 
discusses the influence of five casting sequences for the typical structure slab-on-ground. The aim is to 
map restraints for a number of possible casting sequences, and to identify the sequence with the lowest 
restraint. The study covers both continuous and jumped casting sequences, which include one, two and 
three contact edges. The result shows that the best casting sequence is the continuous technique with one 
contact edge.

KEYWORDS — Restraint cracks, through cracking, early age concrete, casting sequence, slab-on-
ground.

1. INTRODUCTION

One of the most widespread issues in concrete structures is the cracks occurring at early age [1]-[3]. Such 
cracks may cause too early start of corrosion of rebars or penetration of harmful liquids or gases into the 
concrete body. These situations could result in significantly increased maintenance cost.

Cracking in concrete means that tensile stresses in the concrete have reached the tensile strength [4].
When casting slabs, roofs or walls, thermal and moisture induced cracks are usually defined as either 
surface or through cracks. For structures with normal thicknesses surface cracks occur within a few days 
after casting due to thermal and/or moisture gradients for a self-balancing system, where the young 
concrete is not restraint from adjacent constructions. This case is not treated in this paper. 

Movements that are externally restrained may cause through cracking near the joint to an adjacent 
structure, which could be earlier cast sequences, existing older concrete or rock. In this paper restraint 
caused by earlier cast sequences of slab-on-ground is analyzed. The general requirement is that the 
ground consists of frictional materials, which is not causing any restraint. The degree of external restraint 
from earlier cast sequences depends primarily on the contact area, relative dimensions and modulus of 
elasticity in the young concrete as well as in the surrounding restraining materials. The first casting 
sequence of a slab-on-ground is free to expand and contract without any risk of through cracking.

The distribution of restraint varies at different positions in a concrete member. Cracking due to restraint
may take several weeks to develop [4]-[6]. The decisive (or design) through cracking in a section newly 
cast against an existing one is typically perpendicular to the direction of the joint. In practice the through 
cracks start some distance from the joint, as the existing adjoining structures acts like local cooling 
elements.

Basically, the avoidance or control of cracking lies in decreasing the thermal movement (peak 
temperature) and/or autogenous shrinkage and/or the restraint and/or increasing the tensile strain 
capacity. Influencing factors include the mix design (e.g. type and content of cement, water cement ratio, 
type and content of aggregate), placing temperature, formwork material, degree of restraint, construction 
sequence and movement joints [7], [8]. A lot of ways are suggested to reduce the restraint in the new 



2

concrete, for instance suitable casting sequences, shortening of the section being cast and by 
arrangements of construction joints [9]-[11].

The present study discusses the influence of five casting sequences for the typical structure slab-on-
ground. The aim is to map restraints for a number of possible casting sequences, and to identify the 
sequence with the lowest restraint. The study covers both continuous and jumped casting sequences, 
which include one, two and three contact edges.

2. EFFECT OF SEQUENCE CASTING ON RESTRAINT

The sequence of casting has a large influence on the degree of restraint and applies to the case of 
horizontal (slabs, roofs) and vertical (walls) castings. In general, ‘sequential’ or continuous casting 
produces less restraint than ‘alternate bay’ or jumped casting. Therefore, continuous casting is usually 
better than jumped casting to control cracking near the edges due to external restraint [12]-[14]. The time 
between castings also affects the loading when casting large parts such as bridges and columns. It is 
preferable to reduce the time between castings so that the first part is still warm. If the time gap is 
increased, the loading of the newly cast concrete is also increased [15]-[17].

3. METHOD OF CALCULATION

Reducing restraint is one of the most economical methods to decrease through cracking at early ages.
The uniaxial restraint, denoted R, is obtained from 3D elastic finite element calculations using Abaqus 
software with brick elements with mesh size 0.25×0.25 m [6]. The evaluated restraint is defined by

C
o

ui
R E

= (1)

where = resulting stress from the elastic calculation, where i = a chosen direction in the concrete 
body and u = uniaxial coordinate in i direction; = the homogenous contraction in the concrete; and 
EC = Young’s modulus in the newly cast concrete. 

The chosen direction for the restraint in this study is in parallel to the direction of the joint, as the 
decisive crack direction is perpendicular to the direction of the joint [10]. Near the end of the joints the 
maximum principal restraint is usually higher, but these local concentrations are not decisive, as they are 
taken care of with local rebars and micro-cracking in the concrete [10].

Figure 1 illustrates five casting sequences, A–E, with the same area 30×10 m with thickness 0.3 m for all 
individual segments. Continuous casting sequences are performed in case A, C and D with different 
contact areas. The following denotation is used: one long contact edge (30 m) = 1LE, one short edge 
(10 m) = 1SE. The jumping casting sequences in cases B and E have two long contact edges = 2LE. 
Some of the contact sequences have one long contact edge and one short = 1LE+1SE. One casting 
sequence has two long contact edges and one short = 2LE+1SE.
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Figure 1- Different ways of casting sequences. The numbers within each segment denote the casting 
sequence starting with No.1, then following by 2, 3, etc.

4. RESULTS

4.1. Case A
For the continuous casting with one long contact edge (1LE) the edge is 30 m in case A for all segments. 
The decisive restraint is 0.511, as shown in Figure 2. The same restraint value is repeated in all segments 
3 to 9. Using this casting technique with one contact area per segment means that only one restraint value 
is needed when analysing each casting.

The time between casting adjacent strips could be minimized, as the decisive restraint acts along the 
direction of the joint between an existing segment and the newly cast segment. If the previous pour is 
still warm, temperature and autogenous shrinkage differentials between new and old concrete will be 
decreased and the two pours contract together [16].
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Figure 2- Restraint distribution according to casting sequence denoted A.



4

4.2. Case B
A jumping casting technique is used in case B with two long contact edges of 30 m (2LE), as illustrated 
in Figure 3. When casting the segments 1, 2, 4, 6 and 8, there is no restraint from adjoining slabs. When 
casting the segments 3, 5, 7 and 9, the design restraint is about 0.562 in a large area, as shown in Figure 
3.

The jumping sequence illustrated in case B is sometimes recommended in the literature, see for instance 
ACI Committee 302 [18]. The main reason might be that casting segments 1, 2, 4, 6 and 8 have no 
restraint from adjacent slabs. On the other hand, the intermediate segments have a relatively large 
restraint (0.562) and the restrained volume is high, about half the volume of the newly cast segment. In 
case A, see Figure 2, both the size of the restrained volume and the maximum restraint are reduced. 
Therefore, a general recommendation is to avoid intermediate segments as far as it is practically possible.

In some situations case B might be beneficial, for instance when smaller joint volumes (i.e. segments 3, 
5, 7 and 9) are used, and the needed measures, if any, to mitigate the crack risks (e.g. additional 
reinforcing or cooling) can be concentrated to the intermediate segments [19].

Figure 3- Restraint distribution according to casting sequence denoted B.

4.3. Case C
A continuous casting is used in case C with three restraint cases denoted C1, C2 and C3. The restraint 
case C1 in segments 2 and 3 with one short contact edge of 10 m (1SE) shows a decisive restraint of 
0.496, see Figure 4.

In restraint case C2, the first casting with one long contact edge of 30 m (1LE) takes place when casting 
segment 4 with decisive restraint of 0.502 close to segment 1. For segment 7 the corresponding restraint 
is 0.552, as shown in Figure 4. The higher restraint in segment 7 is an effect of the larger existing slab 
area.

The restraint case C3 consists of segments 5, 6, 8 and 9 with one short and one long contact edge 
(1SE+1LE). Along the short edge of 10 m the decisive restraint is 0.508, while the decisive restraint in 
the long edge of 30 m is 0.549 in segments 5, 6 and 8. The somewhat smaller restraint (0.528) along the 
longer edge for segment 9 is probably an effect of that there is no existing slab to the right of segment 9.

In general, the design restraint using a sequence technique C is smaller than using technique B.
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Figure 4- Restraint distribution according to casting sequence denoted C.
4.4. Case D

A continuous technique is used in case D with three cases of restraint denoted D1, D2 and D3, illustrated 
in Figure 5. The restraint case D1 consists of segments 2 and 3. The contact edge between old and new 
segment is one long edge of 30 m (1LE). The restraint is 0.501 and 0.511, respectively. The higher 
restraint in segment 3 reflects that the existing slab is larger for segment 3.

For restraint case D2, segments 4 and 7, the contact edge between old and new segment is one short edge 
of 10 m (1SE). The restraint value reaches 0.550 in the middle of the contact edge.

For restraint case D3, segments 5, 6, 8 and 9, the design restraint reaches 0.544 in the long edge and 
0.550 in the short edge. The somewhat smaller restraints in segments 6 and 9 are probably an effect of 
that no slab exists above segments 6 and 9. It appears that sequence technique D is quite similar to 
technique C.

Figure 5- Restraint distribution according to casting sequence denoted D.

4.5. Case E

A jumped technique is used in sequence casting E, which consists of three cases of restraint denoted E1, 
E2, and E3. 

For restraint case E1 with segments 2 and 3 the contact edge between old and new segments is one short 
edge of 10 m (1SE). The design restraint is 0.496, as shown in Figure 6.

A restraint case E2 with segment 4 the contact edge is along two long edges of 30 m (2LE), and the 
design restraint is 0.550. The long edge restraint from only 1 edge (1LE) is about ten percent lower.
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Segment 4 with two long contact areas is affected from two adjoining slabs. The existing segment 2 in 
case E2 gives a small decrease in the restraint compared with segments 3, 5 and 7 in case B, see Figure 2 
for casting segment 2. 

For restraint case E3 with segments 5 and 6 (2LE+1SE) the design restraint reaches 0.650 in the middle 
of two long edges and the design restraint in the short edge is 0.540. So, the restraint along the long 
edges is increased about eighteen percent, from 0.550 to 0.650, caused by the additional restraint effect 
from the short edge. 

Figure 6- Restraint distribution according to casting sequence denoted E.

5. DISCUSSION

The casting sequence has an effect on the restraint and thereby also on the occurence of early age cracks.
In general, cracks are always a source of anxiety to owners, contractors and engineers, as it influences the 
service life and maintenance cost of the structures.

The degree of restraint depends primarily on the contact area between the young concrete and the 
adjacent old member as well as the relative dimensions (length/height). The influence of the casting 
sequence on the degree of restraint has been calculated using the finite element method for the typical 
structure slab-on-ground. The results show that the best casting sequence is the continuous technique 
with one long contact edge (1LE), case A, followed by the sequence of casting with the contact area of 
one long and one short edge (1LE+1SE), cases C and D. The worst casting sequences are the alternative 
technique when casting new concrete between two older ones (2LE or 2LE+1SE), cases B and E.

Table 1 presents the calculated values of the design restraints for all cases. It can be seen that casting 
sequence E, with three contact edges, is the worst sequence, and the continuous casting sequence A with
one long contact edge is the sequence to prefer. The smallest restraint is shown using one short contact 
area (1SE), but the whole slab, 30 m × 90 m, cannot be cast only using short edges as contact areas.
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Table 1 Summary of all design restraint calculations 
Sequence 
technique 

Restraint  
edge  

Design restraint 
RL [-] RS [-] 

A 1LE 0.511 - 
B 2LE 0.562 - 
C1 1SE - 0.496 
C2 1LE 0.552 - 
C3 1LE+1SE 0.549 0.508 
D1 1LE 0.511 - 
D2 1SE - 0.550 
D3 1LE+1SE 0.544 0.550 
E1 1SE - 0.496 
E2 2LE 0.550 - 
E3 2LE+1SE 0.650 0.540 

LE = Long Edge                        RL = restraint along long edge 
  SE = Short Edge                        RS = restraint along short edge 
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ABSTRACT
Restrained movement in early age concrete may cause cracking. The boundary conditions –
restraint – influence the possible crack distribution. This study aims at highlighting the effect of 
such restraint on the crack distribution. This is done by using the “Cracking Model for 
Concrete” in ABAQUS/Explicit simulating the non-linear behaviour under and after cracking. 
In the study the typical case wall-on-slab was in focus using a structure previously been tested in 
laboratory with both fixed and free bottom slab. The result of the modelling shows fairly good 
agreement with the cracks observed in the tests.

KEY WORDS – Restraint, through cracking, early age concrete, wall-on-slab.
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1. INTRODUCTION
Cracking in concrete due to volume changes at early age during the hydration process is one of 
the major causes of initial defects and structural performance weakening during the service life 
of concrete structures. Thermal stresses are the result of temperature and moisture strains that 
are restrained during the hardening process. Cracking originates either from different expansions 
(due to temperature gradients inside the young concrete) during expansion phase or by restraint 
from the adjacent structure during the contraction phase. Prevention and limitation of early age 
cracking is of big importance /Al Gburi et al. 2012/.

To control and limit undesirable effects on the durability and performance of concrete 
structures, possible cracking due to thermal stress have to be evaluated accurately in the design 
stage. The analysis helps engineers modify the constructional procedures, arrange construction 
joints and change the concrete mix design, which can decrease the thermal movement (peak and 
different temperature), autogenous shrinkage and the restraint; increase the tensile strain 
capacity, to ensure proper confinement of concrete structures under the environmental 
conditions at a particular site /Emborg and Bernander, 1994/.

The purpose of the present work is to evaluate the crack distribution at early age and give ideas
to designers and the engineers about the concrete behaviour and cracks that might appear in
early age concrete due to changes of the boundary conditions. This can then be considered as a 
relevant help in the process of choosing appropriate concrete and construction techniques in 
addition to site measures like cooling pipes and reinforcement distribution to prevent or limit 
cracking. The work includes the effect of temperature variation and restraint from the ground by 
studying the typical case wall-on slab. The results are compared with previous experimental 
works, which showed huge influence of boundary conditions on the development of early age 
cracks /Nilsson, 2000/.

2. STRESS DEVELOPMENT AT EARLY AGE
The development of early-age thermal stresses can be described by studying the concrete 
element in Figure 1a), which is fully restrained in a uniaxial stress state and with heat 
development similar to the temperature profile shown. During the temperature raise, the 
stiffness of the concrete increases coupled with increasing compressive stresses. When the 
maximum temperature is reached, the hydrating concrete paste is still developing, and the
strength of the concrete is relatively low /Nilsson 2003/.
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Figure 1 – Illustration of average temperature in young concrete and possible through cracking 
for different restraint conditions /Nilsson 2003/.

Figure 1-b shows, that during the cooling phase tensile stresses are generated if the movement of 
the concrete is restrained. These stresses may cause cracking if they exceed the tensile strength 
of the concrete. The magnitude of the thermal stresses depends on the temperature development 
and the ambient temperature, the restraint conditions, the moisture content as well as the 
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concrete properties such as the coefficient of thermal expansion, the shrinkage, and the creep-
adjusted modulus of elasticity.

3. METHOD OF CALCULATION
The computer program ABAQUS/6.12, which is an FE based program, is used in this study. 
This software offers an option to model concrete called “Cracking Model for Concrete” (CMC), 
which is only available in ABAQUS/Explicit. This is a special purpose analysis technique that 
uses an explicit dynamic FE formulation. Although developed for dynamic problems, the 
explicit version is very effective in highly non-linear problems under static loading /Kianousha 
et al. 2008/. In this study, CMC is used to simulate the non-linear behaviour of concrete under 
and after cracking. The model assumes that the primary forces in the structure are tensile and 
that the compressive forces are relatively small. For this reason, the non-linearity of concrete in 
compression is ignored. Since volumetric induced strains in concrete are mostly tensile and the 
tensile strength is low, it is very likely that cracking occurs in the concrete. The model includes 
the temperature variations, tension stiffening and shear retention in the concrete. The weak point 
in this model is that it assumes that the cracks start when the principle stress reaches the tensile 
capacity.

4. RESULTS AND DISCUSSION
In /Nilsson 2000/ a laboratory study was reported of walls on slabs under different boundary 
conditions. On a pre-cast slab (8 m long, 1.4 m wide and 0.2 m high) a concrete wall was cast 
(5.8 m long, 0.15 m thick and 1.15 m high). In the wall, steel pipes 25 mm were cast 
horizontally in where hot and cool water later were used to simulate the hydration of the 
concrete. After the concrete wall was cast and its hydration was finished the formwork was 
removed. Then the steel pipes were used and the temperature was risen to 43 °C and then 
lowered to 15 °C. By removing the formwork and using hot and cool water to simulate the 
hydration in the concrete it was possible to see when cracks appeared in the wall.

Two boundary conditions were used; in the first case the slab was fixed to the floor by bolts, in 
the second the slab was free. In the first wall being tested /Nilsson 2000/ five through cracks 
were found in the wall and two in the joint between the wall and the footing, see Figure 2. The 
similar cracking was observed by the modelling. Two of the cracks went all the way from near 
the joint at the bottom to the top of the wall. Two cracks were visible at the base of the wall 
reaching half height of the wall. The second through crack was found after the end of the test.

In the second wall being tested /Nilsson 2000/ one through crack was found in the wall, see 
Figure 3. No cracks were found in the prediction model. The stress level was changed compared 
to the first case it was close to the tensile strength of the concrete.
Cracking during the contraction phase of a young concrete member cast on an older one very 
much depends on the boundary conditions; see Figures 2 and 3, but also the joint between the 
members. If the joint is very strong and contains a lot of through reinforcement, it is capable to 
transfer the counteraction (restraint) of the free movements from older members to younger 
ones. On the other hand, if there is a slip in the joint, the restraint stresses are reduced as well as 
the risk of cracking /Nilsson 2000/. One possible measure to decrease the boundary restraint is 
to use a bitumen or thin (10 mm) sand layer under the slab to allow movements and reduce the 
crack risk.
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Figure 2 – Results from tests and modeling of cracking in joint and wall at fixed boundary 
below the slab.

Figure 3 – Results from tests and modelling of cracking in joint and wall at free boundary below 
the slab.
5. CONCLUSIONS
This study shows that the prediction of cracking in the typical case wall-on-slab subjected to 
volumetric deformation can be predicted numerically with a reasonable accuracy. The effect of 
different boundary conditions on the crack development is investigated using the proposed 
modelling. The main objective of this study was to evaluate the crack distribution at early age 
and discussion how can avoid appears this cracks.
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