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ABSTRACT
This thesis deals with four areas of research: 

Economic lot scheduling problems (ELSP), 
Order quantities in a production line, 
Economic remanufacturing problems, and 
Performance-based logistics (PBL). 

The overall purpose of this thesis is to explore and develop methods to increase efficiency in 
supply chains. More specifically, the aims of this research are: [1] to develop a solution 
procedure that finds a feasible minimum cost production schedule for a ’single machine multi-
product process’, [2] to investigate how the order quantity affects the performance of a 
production line, [3] to investigate how the yield rate affects the economic remanufacturing 
quantity under different carbon emission regulations, and [4] to summarise previously 
reported benefits and drawbacks of performance-based logistics and to explore critical aspects 
of implementation. 

The results of the research on the first aim include a mapping of the ELSP field over 
100 years, a mathematical derivation of the inventory holding cost for solutions with unequal 
production periods, and a solution procedure that can be used to minimise production costs 
and thus enhance efficiency. 

The research on the second aim contributes to the understanding on how process 
parameters affect lead time and production rate in a production line. That knowledge can be 
used as a guideline for how to handle e.g. order quantity, setup time, work in progress 
restrictions and cycle time variations to improve the efficiency of a production line.

The results of the research on the third aim include a method to calculate the economic 
remanufacturing quantity under different carbon emission regulations, which remanufacturers 
can use to minimise costs and thus enhance efficiency. This research also contributes to the 
understanding of how the economic remanufacturing quantity is affected by varying yield 
rate. 

Finally, the research on the fourth aim contributes to the understanding of the driving 
forces and obstacles of PBL and clarifies relationships to other research fields. The research 
sheds light on ’hidden’ costs of PBL and emphasises the need for more evidence regarding the 
profitability of PBL, since there is an obvious risk that the cost of e.g. mitigating business 
risks exceeds the gains.

Keywords: Economic lot scheduling problems, ELSP, Order quantity, Production lot, EOQ, 
Production line, Lead time, Remanufacturing, Carbon emission regulation, Yield rate, 
Performance-based logistics, PBL, Performance contracting, Supply chain integration, 
Operations management.





SWEDISH ABSTRACT 
Denna avhandling behandlar fyra forskningsområden: 

Planering av ekonomiska orderkvantiteter, 
Orderkvantiteter i en produktionslinje, 
Ekonomiska återtillverkningskvantiteter, och 
Prestationsbaserad logistik (PBL). 

Det övergripande syftet med denna avhandling är att utforska och utveckla metoder för ökad 
inre effektivitet i försörjningskedjor. Mer specifikt är målen med forskningen: [1] att utveckla 
en lösningsmetod som finner ett praktiskt möjligt produktionsschema som minimerar 
kostnader för en ’en-maskin-flera-produkter-process’, [2] att undersöka hur orderkvantiteten 
påverkar en produktionslinjes prestanda, [3] att undersöka hur utbytesgraden påverkar den 
ekonomiska återtillverkningskvantiteten vid olika koldioxidsrestriktioner, och [4] att summera 
tidigare rapporterade fördelar och nackdelar med prestationsbaserad logistik och att utforska 
kritiska aspekter vid implementering. 

Resultaten av forskningen relaterad till det första målet innefattar en kartläggning av 
forskningsfältet om planering av ekonomiska orderkvantiteter över 100 år, en matematisk 
härledning av lagerhållningskostnaden för lösningar med olika långa produktionsperioder, och 
en lösningsmetod som kan användas för att minimera produktionskostnader och således 
förbättra den inre effektiviteten. 

Forskningen relaterad till det andra målet bidrar till förståelsen av hur 
processparametrar påverkar ledtid och produktionstakt i en produktionslinje. Den kunskapen 
kan användas som en riktlinje för hur t.ex. orderkvantitet, ställtid, restriktioner av produkter i 
arbete och cykeltidsvariationer ska hanteras för att förbättra effektiviteten i en 
produktionslinje.

Resultaten av forskningen relaterad till det tredje målet innefattar en metod för att 
beräkna den ekonomiska återtillverkningskvantiteten vid olika koldioxidsrestriktioner, vilken 
återtillverkare kan använda för att minimera kostnader och således förbättra den inre 
effektiviteten. Denna forskning bidrar också till förståelsen av hur den ekonomiska 
återtillverkningskvantiteten påverkas av utbytesgraden. 

Slutligen, forskningen relaterad till det fjärde målet bidrar till förståelsen av 
drivkrafterna och hindrena för PBL samt klargör förhållanden till andra forskningsområden. 
Forskningen belyser ’dolda’ kostnader för PBL och betonar behovet av ytterligare belägg 
gällande PBL:s lönsamhet, eftersom det finns en uppenbar risk för att kostnaden för att t.ex. 
mildra affärsrisker överstiger förtjänsterna. 

Nyckelord: Ekonomisk orderkvantitet, EOK, Produktionssats, Produktionslinje, Ledtid, 
Återtillverkning, Koldioxidsrestriktion, Utbytesgrad, Prestationsbaserad logistik, PBL, 
Prestationskontrakt, Verksamhetsstyrning.
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1. INTRODUCTION 
This chapter provides an introduction to the research. The purpose and aims of the research 

are presented at the end of the chapter. 

Doing business is essentially about finding opportunities to produce some value 
that customers are willing to pay for. Regardless if the value is based upon 
goods or services the producer must figure out a way to deliver this value to the 
customer in order to close the deal. However, delivering goods and services can 
be an expensive and complicated task that includes far more activities than 
merely transports. For example, customers expect deliveries to be cost effective 
which calls for high capacity utilisation, low inventory levels, suitable 
production plans and optimised transport routes. Customers also expect on-time 
deliveries and short delivery time, which in turn require high inventory service 
level, flexible production, accurate demand prognoses and short lead and 
throughput time. These and other closely related customer demands are 
normally compiled and dealt with under the term logistics.

Logistics can be defined as “the management of the flow of resources 
between the point of origin and the point of destination in order to meet some 
requirements” (Wikipedia). The term logistics is considered to have originated 
in the military’s need to supply themselves with arms, ammunition and rations 
as they moved from their bases to forward positions (Ballou, 2004). In fact, 
some still regard logistics to be a strictly military concern, for example the 
Oxford English Dictionary that describes logistics as “the branch of military
science related to procuring, maintaining and transporting material, personnel 
and facilities” (emphasis added). However, the need for logistics has grown in 
other contexts as well, and logistics is therefore commonly described in a 
broader sense. Ever since the industrial revolution in the late 18th century 
logistics has been important for manufacturing firms and for business in general 
(Nahmias, 2009). The Council of Logistics Management defines logistics in a 
business context as “…the part of the supply chain process that plans, 
implements, and controls the efficient, effective forward and reverse flow and 
storage of goods, services and related information between the point of origin 
and the point of consumption in order to meet customers' requirements.” I 
consider that definition as a suitable starting-point for this thesis. 
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The logistical challenge within a manufacturing firm is basically to achieve high 
delivery service, i.e. short delivery time and on-time delivery, at low cost 
(Starbek and Menart, 2000; Stevenson et al., 2005; Hopp and Spearman, 2008). 
However, in many production processes it is difficult to maximise delivery 
service and minimise cost concurrently, and thus manufacturing firms are often 
forced to find a balance between the objectives (Wiendahl and Breithaupt, 1999; 
Hopp and Spearman, 2008). Modig and Åhlström (2011) describe this as a 
balance between flow efficiency and resource efficiency. According to them, 
high flow efficiency means that a large portion of a product’s lead time 
corresponds to value-adding operation time, and high resource efficiency means 
that a large portion of the available production time in a machine is utilised for 
value-adding operations. Thus, flow efficient manufacturers focus on the 
product’s flow through the production processes, and resource efficient 
manufacturers focus on the utilisation of the production facilities, see 
Figure 1-1. Which kind of efficiency to focus on is a strategic question 
depending on, for example, customer demands and facility conditions (Wiendahl 
and Breithaupt, 1999; Modig and Åhlström, 2011). 

The trade-off between flow efficiency and resource efficiency is exemplified by 
the production process illustrated in Figure 1-2. The process consists of five 
machines and inventories in-between acting as buffers. The operation time in 
each machine is assumed to be normally distributed with mean μi and standard 
deviation i. A manufacturing firm aiming for high flow efficiency would 
probably gear the process toward having small buffers which generates little 

Figure 1-1. It is often difficult to achieve high flow efficiency and high resource efficiency 

concurrently. Therefore, manufacturers are often forced to find a balance between these 

objectives. (The figure is schematic.)
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work in progress3 and thus short lead time (Towill, 1997; Starbek and Menart, 
2000), see Figure 1-3a. 

But small buffers means that the machines occasionally will starve or be blocked 
due to the variance of the operation time and hence that the throughput will 
decrease (Conway et al., 1988; Dallery and Gershwin, 1992), see Figure 1-3b. 
Therefore, a manufacturing firm aiming for high resource efficiency probably 
would increase buffers to maintain a high machine utilisation and throughput. 
However, Conway et al. (1988) and Meissner (2010) point out that even 
resource efficient manufacturers must be cautious not using too high levels of 
work in progress as it ties up capital and increases inventory holding costs, see 
Figure 1-3c. To find a proper level of work in progress, resource efficient 
manufacturers could balance between the facility cost per product, which 
depends on the throughput, and the inventory holding cost per product, which 
depends on the average work in progress. Thus, manufacturers must not only 
balance between flow efficiency and resource efficiency to find the best 
combination from a strategic viewpoint, but also between different costs in order 
to be cost effective. 

Another example of ’cost-to-cost balancing’ is the problem of the 
economic order quantity, which is derived from production processes where 
products are produced in lots. The problem assumes that a setup is required 
between each lot and that finished products are stored in an inventory that must  

                                           

3 Work in progress (WIP) refers to partially finished goods in process or buffer (by some authors referred to as 
work in process). 

Figure 1-2. An example of a production process with five machines and buffers in-between. The 

operation time in each machine is assumed to be normally distributed. 
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cover the demand between replenishments, i.e. between two lots of the same 
product. Moreover, it is assumed that; [1] each setup generates a cost (setup 
cost); and [2] for each day a product is stored there is a cost (inventory holding 
cost) that depends on product value and interest rate. Thus, setup cost per day 
decreases with larger order quantity (i.e. lot size), but inventory holding cost per 
day increases, since the time between replenishments is prolonged and a larger 
stock is required to cover the demand. Consequently, it is possible to find an 
order quantity that corresponds to the minimum sum of setup cost and inventory 
holding cost. This economic order quantity (EOQ) can be calculated from the 
nowadays very well-known EOQ-formula derived by Harris (1913); 

2ADEOQ
vr

(1.1)

where A is the setup cost, D is the demand rate, v is the cost of the product (or 
value) and r is the interest rate. The economic order quantity is found in the 
minimum point of the total cost curve, which corresponds to the optimal balance 
between inventory holding cost and setup cost (Hopp and Spearman, 2008), see 
Figure 1-4. 

Figure 1-3. Average lead time, average throughput and average inventory holding cost increase with 

more work in progress. The lead time increases slowly at first, but accelerates when the 

bottleneck is fully utilised. The throughput increases dramatically with more work in 

progress at first, but levels off as the risks for starvation and blocking diminish. (Dallery 

and Gershwin, 1992; Silver et al., 1998; Hopp and Spearman, 2008)
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The logistical challenges within a manufacturing firm are important to address 
since they affect both efficiency and effectiveness and in the end the firm’s 
profitability. However, the prosperity of a firm also depends on how well other
firms in the same supply chain succeed in their missions to refine products and 
meet the end customers’ demands and requirements (Simchi-Levi et al., 2003). 
A supply chain can be described as a logistics network that consist of retailers, 
wholesalers, manufacturers, suppliers and customers (Hopp, 2008; Mattson, 
2012), as well as raw materials, buffers and finished products that flow between 
the processes (Simchi-Levi et al., 2003), see Figure 1-5. 

The revenue of all firms in a supply chain depends on the willingness of 
the customer to buy the finished product, since the customer contributes with 
external cash flow (Mattson, 2012). Therefore, it should be in all firm’s interest 
to maximise the overall value and minimise the overall cost of the supply chain 
as a whole (Christopher, 1998). Many firms have realised the importance of the 
supply chain and in some businesses the mind-set of competition has shifted 
from firm-to-firm competition to supply chain-to-supply chain competition, see 
for example Chandra et al. (2000) and Lambert and Cooper (2000). 

Figure 1-4. Inventory holding cost per product increases and setup cost per product decreases with 

larger order quantity. The economic order quantity corresponds to the minimum point of 

the total cost curve, which is where the inventory holding cost equals the setup cost.
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The optimisation of an entire supply chain is a difficult and complex task that 
requires efficiency improvements and system-wide reduction of costs due to, for 
example, transportation and distribution, raw material inventories, work in 
progress and finished products (Simchi-Levi et al., 2003). That kind of system-
wide approach for improvements is known as supply chain management.
According to Christopher (1998, p. 18), supply chain management is “the 
management of upstream and downstream relationships with suppliers and 
customers to deliver superior customer value at less cost to the supply chain as a 
whole.” Thus, supply chain management aims to achieve opportunities for cost 
or customer service improvements, commonly by focusing on coordination and 
collaboration between the firms (Ballou, 2004). 

Information technology is often regarded as a key issue for successful 
supply chain management, since information is crucial for the firms’ ability to 
take decisions that achieve performance close to the overall optimum, see 
Tummala et al. (2006), Chopra and Meindl (2010) and Meissner (2010). But 
decisions that improve the overall performance do not necessarily benefit the 
specific firm that is about to take the decision (Hopp, 2008). Therefore, another 
key issue is the alignment of goals and incentives in order to neutralise 
conflicting objectives between the firms (Simchi-Levi et al., 2003; Chopra and 

Figure 1-5. A supply chain is the network of processes and stock points necessary to transform 

materials and information to products and deliver them to customers. Adapted from 

Hopp (2008). 
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Meindl, 2010). To achieve such alignments it is common that firms make 
contractual agreements that stipulate the sharing of economic risks, with the aim 
to make each individual firm benefit from decisions that benefit the whole 
supply chain (Hopp, 2008). Such risk sharing contracts can for example 
stipulate: special prices for buying back unsold products from the buyer; sharing 
of revenue with the seller, in return for a discount on the wholesale price; or 
discounts on the wholesale price if the buyer (for example a retailer) manage to 
increase sales above a certain quantity (Simchi-Levi et al. 2003; Chopra and 
Meindl, 2010). 

Another way to align goals and incentives is through vertical integration. 
The implicit assumption is that if a single firm owns a larger part of the supply 
chain it can at least theoretically optimise it. In recent years such vertical 
integration has been common in the military equipment and aviation industry 
(Nowicki et al., 2010). The suppliers, which commonly are the manufacturers as 
well, integrate downstream and take over the responsibility for support and 
maintenance of the products from their customers. The expectation is that the 
suppliers can support and maintain the products more efficiently than their 
customers, since they have access to competence and skills required to support 
the often technically advanced products (Doerr et al., 2004). Furthermore, if the 
firm that designs and manufactures the product also is responsible for the 
support of the product during its life cycle there are strong incentives to make 
designs that are reliable and easy to maintain, which would reduce life cycle cost 
(Spring and Araujo, 2009). 
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1.1 Areas of research 
The research of this thesis concerns logistics on different levels in the supply 
chain, see Figure 1-6. The thesis focuses on manufacturing operations within
the production networks and support services that are provided to end customers 
during the product life cycle. The thesis explores: [1] procedures to schedule 
production in a single machine that produces multiple products, [2] impacts of 
different order quantities in a production line, [3] production decisions in 
remanufacturing industries under carbon emission constraints, and [4] 
downstream supply chain integration by manufacturers of complex products in 
military and aviation industries. These four areas of research are dealt with 
under the following headings: 

1. Economic lot scheduling problems (ELSP) 
2. Order quantities in a production line 
3. Economic remanufacturing quantities 
4. Performance-based logistics (PBL) 

Economic lot scheduling problems (ELSP) 
In many situations firms cannot afford to have dedicated machines and 
equipment for every product they manufacture. Therefore, it is common that 
multiple products or variants of a main product are manufactured in one 
machine, see Figure 1-7. In many of these processes it is necessary to perform a 
setup before switching from one product to another. The setups often require 

Figure 1-6. The four areas of research concern different levels of the supply chain.
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time and drives costs due to for example expendable material or defective 
products during warm up (Hopp and Spearman, 2008). In cases when the setup 
cost or the setup time is significant relative to a single product it is necessary to 
employ lot-wise production to reduce the setup cost per product to a reasonable 
level and make the throughput high enough to satisfy the demand (Silver et al., 
1998).

As shown earlier in this introduction, the production cost in lot-wise 
manufacturing processes depends on the order quantity. Therefore, it might 
seem straightforward to optimise a single machine multi-product process by 
calculating economic order quantities through Eq. 1.1. However, Eq. 1.1 does 
not consider setup time, operation time or machine capacity and hence it cannot 
be guaranteed that a feasible production schedule that satisfies the demand of all 
products at all time can be developed from Eq. 1.1. In fact, the problem of 
determining economic order quantities in single machine multi-product 
processes, commonly known as the Economic Lot Scheduling Problem (ELSP), 
is far more complicated and constitutes a separate research sub-field. 

Solving an ELSP is about determining a production schedule that [1] can 
be repeated in a cyclic pattern without shortages and [2] minimises costs, 
traditionally the sum of inventory holding cost and setup cost. To do that the 
inventory holding cost and setup cost of each product should have as similar 

Figure 1-7. An example of a process where five products are manufactured in a single machine 

(“single machine multi-product process”). The products are manufactured in lots and the 

finished products are stored in an inventory or buffer for instant delivery to the customer or 

the next production step. This general process description holds for many production 

processes such as stamping, bottling, molding and paper production (Sox et al., 1999).
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magnitude as possible (cf. Figure 1-4). Over the years several solution 
procedures have been proposed, for example Bomberger (1966), Doll and 
Whybark (1973), Goyal (1975), Elmaghraby (1978), Hsu (1983), 
Axsäter (1987), Zipkin (1991), Bourland and Yano (1997) and Segerstedt 
(1999). However, the inventory holding cost approximation used in these and 
other earlier publications is inadequate, since it underestimates the cost if the 
time between replenishments varies (Nilsson and Segerstedt, 2008), which is 
likely when the machine works close to its maximum capacity (i.e. utilisation is 
high). Varying time between replenishments entails additional inventory, since 
some replenishments will start before the inventory is consumed to zero, see 
Figure 1-8. 

The inability of the traditional inventory holding cost approximation to reflect 
the ’true’ cost has consequences for the existing solution procedures. If the 
inventory holding cost is underestimated the solutions obtained with these 
procedures may not be the best ones in practice and – since the timing and size 
of the production orders affect the process efficiency – that will in the end affect 
the profitability of the manufacturing firm. Thus, there is a need for a solution 
procedure that account for the total inventory holding cost, even in high 
utilisation facilities. 

Order quantities in a production line 
One of the perhaps most well-known practical recommendations of lean
manufacturing is that firms should try to reduce order quantities in their 

Figure 1-8. If the time between replenishment varies some replenishment starts before the inventory is 

consumed to zero. The common inventory holding cost approximation does not account for 

such “early starts” and the additional inventory that emerges.
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production lines to enhance flexibility, i.e. their ability to manufacture many 
different products during a short period of time. The implicit assumption is that 
smaller order quantities will reduce lead time, which both customer and 
manufacturer can benefit from. Therefore, lean proponents commonly suggest 
that the optimal order quantity is one, even though a ’one piece flow’ often is 
hard to implement due to time consuming setups that have a negative impact on 
production rate. But besides the presumed positive effect on lead time and 
negative effect on production rate the literature provide little evidence on how 
smaller order quantities affect the performance of a production line. The order 
quantity can, for example, affect variations in lead time or production rate. Such 
variations can occur if the process cycle time is dynamic due to disturbances or 
product designs. Lead time variation is undesired since it complicates material 
and production planning and control, and production rate variation makes it hard 
to fully use the capacity of the production line. 

Economic remanufacturing quantities 
Remanufacturing is the process of restoring used products or components to a 
’like new’ functional state. In comparison to traditional manufacturing, 
remanufacturing often provides benefits such as less environmental impact and 
savings in labour, energy and material costs (Guide et al., 1997; Gungor and 
Gupta; 1999; Ilgin and Gupta, 2010). These benefits have accelerated the 
interest for remanufacturing in, for example, the automotive, electronics and tire 
industry (Guide, 2000; Bulmus et al., 2013; Tian and Chen, 2014). However, 
even though remanufacturing provides environmental benefits, many 
remanufacturing processes and operations still affect the environment in terms 
of, for example, carbon emissions. Therefore, remanufacturing firms must, 
similar to traditional firms, adapt to different carbon emission regulations, which 
many governments have already adopted as a response to the increasing 
attention to global warming. These regulations imply additional manufacturing 
costs that firms must figure out how to handle. For example, extra cost for every 
part or for every kilogram carbon exceeding a predetermined emission cap 
affects the break-even point and the economically optimal quantity to produce. 

Several models for calculating the EOQ under carbon emission 
regulations has been proposed, for example; Hua et al. (2011) and Chen et al. 
(2013) that extend the EOQ-model (Eq. 1.1); Absi et al. (2013), Benjaafar et 
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al. (2013) and Jaber et al. (2013) that include carbon emission costs into lot 
sizing models; Letmathe and Balakrishnan (2005) that provide two analytical 
models and Penkuhn et al. (1997) that formulate a non-linear programming 
model. However, these publications deal with traditional manufacturing and 
none of them concern the specific characteristics of remanufacturing. Moreover, 
publications that are concerning remanufacturing and EOQ, for example, Guide 
(2000), Depuy et al. (2007) and Lage and Filho (2012) do not consider carbon 
emission regulations. 

In contrast to traditional manufacturers, remanufacturers commonly 
expect that a considerable fraction of the remanufactured parts cannot be 
restored to the desired functional state due to, for example, mechanical or 
electrical dysfunction or material fatigue, and therefore must be disposed. The 
fraction of usable items, i.e. the yield rate, is an important parameter for 
remanufacturers, since it affects the prerequisites of production. Based on the 
increasing interest for remanufacturing and the lack of knowledge on how 
carbon emission regulations affect the EOQ in remanufacturing industries, i.e. 
the economic remanufacturing quantity, there is a need to calculate the 
economic remanufacturing quantity for different yield rates and under different 
carbon emission regulations. 

Performance-based logistics (PBL) 
Many manufacturing firms of large-scale, capital-intensive and technically 
advanced products have recently started to integrate downstream in the supply 
chain and now offer more than merely a physical product – they sell the output 
of their products, i.e. the product performance. This is especially apparent 
among manufacturers of defence and aerospace equipment, which early became 
performance-orientated and now seem to have one of the most developed 
approaches for selling performance. In the defence and aerospace industry 
context, this way of making business is known as performance-based logistics
(PBL) (Hypko et al., 2010a). The supplier in a PBL arrangement offers a 
combination of the product, which is often a technical system, and related 
support services, such as maintenance, repair, and logistics. The supplier is then 
awarded according to the level of system performance, for example, according 
to the availability of an aircraft instead of the aircraft itself, and thus the 
responsibility for the system performance is shifted from the customer to the 
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supplier; see Figure 1-9. A pure PBL contract could be exemplified by a system 
owned by the supplier during its lifecycle and where the contract only stipulates 
the performance that should be reached and maintained. 

PBL is commonly presented as beneficial for both supplier and customer 
compared to traditional business contracts for buying and supporting capital-
intensive and complex systems, see for example Keating and Huff (2005), 
Beanum (2007), Sols et al. (2007), Dang et al. (2009), and Hypko et al. (2010a). 
However, even from a shallow study of the PBL research literature it is evident 
that the PBL field is small and that the scientific evidence seems weak. The 
benefits of PBL are often taken for granted and few propose criticism against 
PBL or recognise the existence of any drawbacks. Moreover, the publications 
reveal limited information on important aspects to consider when implementing 
PBL, which means that practitioners are left with few practical guidelines. The 
number of scientific publications seems to be small given the significant 
financial and organisational implications of PBL and the fact that PBL-contracts 
have been used for several years. Thus, there is a need for a critical review that 
summarises previously reported benefits and drawbacks of PBL and explores 
critical aspects of implementation, in order to bring clarity to practitioners and 
identify knowledge gaps. 

Figure 1-9. The difference between the traditional way of making businesses and performance-based 

logistics (PBL).
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1.2 Purpose and aims 
The purpose of this research is to explore and develop methods to increase 
efficiency in supply chains. More specifically, the aims of this research are: 

1. to develop a solution procedure that finds a feasible minimum cost 
production schedule for a single machine multi-product process, and 

2. to investigate how the order quantity affects the performance of a 
production line, and 

3. to investigate how the yield rate affects the economic remanufacturing 
quantity under different carbon emission regulations, and 

4. to summarise previously reported benefits and drawbacks of performance-
based logistics and to explore critical aspects of implementation. 
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2. RESEARCH METHOD 
This chapter provides a summary of the research method and process including descriptions 

of the methodological choices and data collection activities made during research. 

2.1 Summary of the research process 
The research presented in this thesis began in April 2010 when I started as a 
Ph. D. student at the Division of Quality Technology and Management at Luleå 
University of Technology (LTU). I became involved in a collaboration project 
with the Swedish aerospace and defence company SAAB Support and Services. 
The project aimed to explore a new business model for aircraft and defence 
equipment called performance based logistics (PBL). Since the business model 
was unfamiliar to me and my supervisors Bjarne Bergquist, Kerstin Vännman 
and Erik Vanhatalo, we decided that I initially would make a literature review to 
gain more knowledge. I soon realised that the literature on PBL was limited and 
that the literature lacked scientific evidence and therefore I expanded the review 
to related research fields that I had discovered. My understanding of PBL grew a 
long with my ability to search, analyse and compile written material. In the end 
of 2010 I managed to sort out the main areas covered by the literature. The 
findings, presented in Paper E, were compiled during the spring of 2011. The 
collaboration project with SAAB Support and Services ended in May 2011 and 
no further studies on PBL were made. 

My journey continued in December 2011 when I started as a Ph. D. 
student at the Division of Industrial Logistics at LTU. In this new position I 
came in contact with economic lot scheduling problems (ELSP) for the first 
time. I quickly felt quite comfortable with ELSP since I had some pre-
understanding of economic order quantities from courses in logistics that I had 
attended when I was an engineering student. The ELSP context also seemed 
familiar to me, since I previously had been working as a process operator at the 
Swedish truck manufacturer Scania from time to time during four years. My 
new supervisor Anders Segerstedt introduced me to the research on ELSP and 
during spring 2012 we developed and programmed a solution procedure for 
ELSP in Matlab®. This work is presented in Paper B.

In the autumn of 2012 I started working on my licentiate thesis, which I 
presented in March 2013. In the thesis I briefly describe the development of 
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solution procedures in the ELSP field over the last decades. I went through the 
ELSP literature and I found that it was hard to get a clear picture of the ELSP 
field and the relations between different solution procedures. That insight 
became a starting point for Paper A, which describes the development of 
economic order quantity calculations over 100 years. Paper A was written 
during the spring of 2013. 

In the autumn of 2013 I got to know my Chinese colleague Biyu Liu who 
visited LTU for one year to finish her Ph. D. thesis. She had developed a method 
to facilitate remanufacturing decision-making under carbon emission regulations 
and initiated an article based on her results. I became co-author to the article and 
helped Biyu to structure the results and finish the article. That work was carried 
out during the autumn of 2013 and resulted in Paper D.

In the end of 2013 Anders Segerstedt initiated a simulation study in 
cooperation with me and the former LTU researchers Jan-Arne Pettersen, 
Weizhuo Lu and Qinhong Zhang. The study was an extension of prior 
publications by Anders and Jan-Arne where they had investigated the effect of 
different work in progress restrictions in a production line. In our simulation 
study, presented in Paper C, we investigated how the order quantity affects the 
performance of a production line. 

In March 2014 I left LTU for a position as logistics engineer at Scania and 
my doctoral studies were therefore paused. In January 2015 I signed up for a 
20 % employment over one year at LTU to finish this thesis. 

Work allocation 
Paper A: Both authors were involved in structuring the paper, designing 

numerical examples and writing the paper. 
Paper B: The paper was mainly written by Martin Holmbom and Anders 

Segerstedt. Martin Holmbom developed the code and programmed it 
in Matlab. All authors were involved in analysing and discussing the 
results.

Paper C: The paper was mainly written by Martin Holmbom and Anders 
Segerstedt, who also planned the simulations. Jan-Arne Pettersen and 
Weizhuo Lu performed the simulations. All authors were involved in 
analysing and discussing the results. 
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Paper D: The paper was mainly written by Biyu Liu and Martin Holmbom. 
Biyu Liu reviewed literature and developed and programmed the 
mathematical model. All authors were involved in analysing and 
discussing the results. 

Paper E: The literature review was made by Martin Holmbom, who also 
compiled and analysed the findings and wrote the paper. Bjarne 
Bergquist and Erik Vanhatalo were involved in planning the study and 
discussing the results. They also made significant contributions to the 
structure of the paper and the presentation of the findings. 

2.2 Research purpose and approach 
Zikmund (2000), Marshall and Rossman (2011) and Saunders et al. (2012) argue 
that research can be classified on the basis of its purpose, and describe three 
categories: to explore, to describe, or to explain the phenomenon under study. 
An exploratory study clarifies the understanding of a problem. The initial 
research into a hypothetical or theoretical idea is often exploratory. This is 
where a researcher has an idea or has observed something and seeks to 
understand more about it. A descriptive study illustrates an accurate profile of 
persons, events or situations. Descriptive research is trying to describe what is 
happening in more detail, filling in the missing parts and expanding the 
understanding. An explanatory study investigates a situation or a problem in 
order to explain the relationship between variables, i.e. understand cause and 
effect. Table 2-1 shows how the aims of this thesis can be classified according to 
the three categories. 

The research approach can be described in terms of induction and 
deduction (Saunders et al., 2012). Deduction refers to the procedure of moving 
from premises to conclusions based on the truth value of the premises and the 
rules of logic. Deduction is to be distinguished from induction which moves 
from particular observations to empirical generalisations and on to theories. The 
research in this thesis has a deductive character, since it is based on previous 
research and theories. That body of knowledge serves as a starting point for the 
development of practical methods and models. However, the research on the 
second and third aim also has an inductive character, since simulated results are 
used to estimate causal relationships. This mixture of deduction and induction is 
sometimes called abduction (Alvesson and Sköldberg, 1994). 
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The research approach can also be classified as qualitative or quantitative. 
Qualitative research is about the meaning and understanding of a studied 
phenomenon, while quantitative research is about measurement and analysis of 
variables and their relations (Merriam, 2009). In that perspective the research in 
this thesis has a quantitative character except for the research under the fourth 
aim, which is purely qualitative. 

Table 2-1. The aims of this thesis divided into three categories.

Exploratory Descriptive Explanatory 

   
Aim 1: To develop a 
solution procedure that 
finds a feasible 
minimum cost 
production schedule for 
a single machine multi-
product process. 

Aim 2: To investigate 
how the order quantity 
affects the performance 
of a production line. 

Aim 4: To summarise 
previously reported 
benefits and drawbacks 
of performance-based 
logistics and to explore 
critical aspects of 
implementation. 

Aim 3: To investigate 
how the yield rate 
affects the economic 
remanufacturing 
quantity under different 
carbon emission 
regulations.

(Paper B & E) (Paper A) (Paper C & D) 

2.3 Data collection 
The sources used during data collection include books, articles, reports and 
electronic documents. Reviewing literature has been an ongoing continuous 
process throughout the work on the thesis and the appended papers. The 
literature has been accessed in different ways including keyword searches in 
academic databases such as Scopus, Web of Science and Google Scholar, and 
examining reference lists of articles and books. Supervisors, reviewers and 
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colleagues have been helpful suggesting references that they have been familiar 
to.

Data has also been collected through simulations. Matlab® was used to 
extract data for the research under the first and third aim, and Simio® and 
AutoMod® were used for the research under the second aim. Microsoft Excel® 
has been used to analyse the simulated data and to make graphical presentations 
of the results. 

2.4 Research quality 
Validity and reliability are two important criteria for assessing the quality of 
research (Bryman, 2001). Validity concerns the integrity of the conclusions 
generated from the research and reliability concerns the question if the results of 
a study are repeatable. Thus, the two criteria answer the questions: 

Do we measure what we intended to measure? (validity) 
Do we get the same results on repeated trials? (reliability) 

A strengthening of the validity of the conclusions based on the research in this 
thesis is provided by the use of multiple sources of evidence during data 
collection. The performed literature studies cover electronic sources, articles, 
books, reports etc. and the findings have been used to guide decisions 
concerning the simulations. The gathering of evidence from both literature and 
simulations makes triangulation possible, see Yin (2009). Furthermore, the 
simulations have been replicated with different software to ensure the quality of 
the results. 
 The reliability of research may be improved by carefully documenting all 
research activities. The collection of data from literature may be hard to fully 
repeat, since the literature studies have been ongoing processes during the work 
on this thesis and the appended papers. However, the collection of data from 
simulations is possible to repeat, since the simulations are described and results 
are documented in tables. 
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3. ECONOMIC LOT SCHEDULING PROBLEMS 
This chapter introduces the reader to the research on Economic Lot Scheduling Problems 

(ELSP) and summarises the results of the research related to Aim 1. Section 3.1 

summarises the results given in Paper A and section 3.2 summarises the results given in 

Paper B. 

3.1 Theory and approach 
The Economic Order Quantity (EOQ) has been a known concept in the 
manufacturing industry for more than 100 years. Over the years numerous 
methods for calculating economic order quantities have been developed and 
these methods have become increasingly advanced as their creators have aimed 
to solve more intricate problems. One of these problems is the Economic Lot 
Scheduling Problem (ELSP) which is about calculating economic order 
quantities and constructing a feasible production schedule for several products 
that are produced in the same machine or production facility. ELSPs are found 
in many practical applications: e.g. milling of gear houses, painting of metal 
rolls, moulding of brackets, paper production etc.; reaching from process 
industries with more or less continuous flow to work shops. 

In many cases it is financially beneficial for companies to purchase and 
run one flexible high-speed machine capable of processing many types of items, 
compared to purchasing and running many dedicated machines (Gallego and 
Roundy, 1992; Segerstedt, 1999). Thus, it is common that machines produce 
more than one item. Typically, such machines are capable of processing only 
one type of item at a time, and a setup is usually required between different 
items (Gallego and Roundy, 1992). 

Elmaghraby (1978) presents an overview of early contributions to ELSP. 
He divides the contributions into two categories: 

1. Analytical approaches that achieve the optimum of a restricted version of 
the problem. 

2. Heuristic approaches that achieve “good” solutions of the original 
problem. 
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The analytical approaches commonly use either dynamic programming 
(Bomberger, 1966; Axsäter, 1987) or integer nonlinear programming models 
(Davis, 1990). Yao and Elmaghraby (2001) state that analytical solutions require 
long run time and therefore tend to be inappropriate in practice, especially if the 
problem includes many products. Thus, heuristic approaches can be 
advantageous, even though the quality of their solutions cannot be guaranteed. 
The approaches for ELSP can also be divided into those that assume 
deterministic processes (Bomberger, 1966; Segerstedt, 1999) and those that 
assume stochastic processes (SELSP) (Qiu and Loulou, 1995). According to Sox 
et al. (1999) solution procedures that assumes stochastic processes are preferred 
in practice, since the demand rate for goods and services is often not 
deterministic and can vary substantially, which adds a great deal of complexity 
to the problem. However, Brander et al. (2005) show that deterministic 
procedures can be successfully used on practical applications where the demand 
is stationary stochastic if the procedures are complemented with decision rules 
to determine which item to produce and when to produce it. In fact, Brander et 
al. (2005) indicate that such decision rules are of greater importance for the 
performance than the actual procedure itself. Due to the practical advantages of 
a heuristic and deterministic approach the solution procedure that is developed 
in this thesis is heuristic and deterministic. 

The dominant characteristics of a deterministic single-machine multi-item 
ELSP system are the following: 

Multiple items are processed 
Only one item can be produced at a time 
The machine has limited but sufficient capacity 
A setup is required between the processing of different items 
Items may differ in cost structure and require different machine capacity 
Backorders are not allowed 
Demand rates are deterministic and constant over time 
Setup and operation times are deterministic and constant over time 
Setup costs and setup times are independent of production order 
Inventory holding costs are determined by the value of stocks held 
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The Economic Production Lot (EPL) 
In 1913, Ford Whitman Harris derived the EOQ formula (Eq. 1.1) in "Factory, 
The Magazine of Management". Five years later Taft (1918) extended the EOQ 
formula in "The Iron Age" by incorporating a finite production rate. Harris 
(1913) assumed that the production rate is infinite, which of course is a 
simplification of the real case, since it means that the products would be 
produced instantaneously. Similar to Harris, Taft (1918) points out that “…there
must be some one particular size of lot which is the most economical to 
produce” and that “This lot evidently is that one in which the cost per unit is the 
least”. Taft proposes that the cost per unit (here called ’item’) can be divided 
into three parts: [1] a constant cost not affected by the lot size (e.g. direct labor 
and direct material), [2] a variable cost caused by the adjusting of jigs, fixtures 
and tools (including e.g. the value of lost machine time and additional scrap 
produced), and [3] a variable cost caused by the interest on the surplus stocks. 
He then searches for the point where the sum of the two variable costs is a 
minimum. Taft uses the following notations: 

Table 3-1. The notations used by Taft (1918).

A Total adjusting cost 

c Item cost 

D The constant part of c

i Annual interest rate (%) 

m Safety stock (number of items) 

r Production rate (items per year) 

s Consumption rate (items per year) 

x The economical production lot 

z Number of items in stock when the processing of the lot is finished 

Based on these notations Taft derives the following formula for the inventory 
holding cost per item; 
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Average inventory Time between replenishments
Interest charge per item

                               
2 Inv.hold.cost per item

z m z m xci
s r

x

(3.1)

which through algebraic rearrangements and since ( / )z x m sx r  can be 
written:

( ) Inventory holding cost per item
2

cix r s
rs

(3.2)

Taft then constructs a function for the total cost per item according to his initial 
proposal: 

[2] Setup cost [3] Inventory holding cost
[1] Constant cost

( )                                
2

A cix r sc D
x rs

(3.3)

Through a series of substitutions and rearrangements, and by differentiating c
with respect to x, Taft shows that the global min of c is in the point where x is: 

2 2
( )

A A Arsx
D D iD r s

(3.4)

Therefore, Taft argues, this value of x “[…] is the one which gives the least cost 
per part […] and is the size of the most economical lot” (ibid.). However, Taft 
points out that even though this formula is mathematically exact it is somewhat 
complicated to solve. (Bear in mind that the computational tools in the 
beginning of the 20th century were limited.) He therefore suggests that an 
approximate formula can be derived by assuming that the value of c (i.e. the 
item cost) in the inventory holding cost formula (Eq. 3.2) is a constant denoted 
C. Then Eq. 3.3 becomes; 

( )
2

A Cix r sc D
x rs

, (3.5)

which has the global minimum in the point where x is: 
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2
( )
Arsx

Ci r s
(3.6)

Taft strongly promotes the use of this approximate formula to calculate the 
economical lot instead of Eq. 3.4. He argues that since both formulas depend on 
an estimate of the consumption rate per year which in itself is undoubtedly not 
exact, and since C easily can be assigned an arbitrary value based on the item 
cost for the last lot processed it is practically preferable to use the approximate 
formula. In textbooks of today this approximate formula is known as the 
Economic Production Lot (EPL). Today the cost function is commonly 
presented in [money units per day] instead of [money units per item] as Eq. 3.5 
and the constant cost, D, is excluded. Based on Eq. 3.5 the cost per day is; 

( ) ( )
2 2

A Cix r s sA Cix r sc s s s
x rs x r

(3.7)

and when introducing the notations used in this thesis; 

( )( )
2

dA q dC q h
q (3.8)

where q is the order quantity ( q x ), ( )C q  is the cost per day ( ( ) / 365C q c s )
d is the demand rate per day ( / 365d s ), h is the inventory holding cost per 
item and day ( / 365h Ci ) and  is the production rate per day ( / 365r ).
The order quantity corresponding to the minimum cost is then (c.f. Eq. 3.6): 

2 2 1
1 /

dA dAq EPL
h d h d

(3.9)

With this historical derivation in mind Eq. 3.9 will now be applied on the three-
item numerical problem presented in Table 3-2. 
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Table 3-2. A numerical Economic Production Lot Problem (for illustration only).

Item  A B C 

Demand rate (items/day) di 12.6 36 20.4 

Production rate (items/day) i 84 105 42 

Setup time (days) si 0.0357 0.0714 0.0357

Setup cost (money units/setup) Ai 500 500 1000 

Inventory holding cost 
(money units/day and item) 

hi 0.2174 0.6957 0.8696

EPL for item A, B and C are: 

However, suppose that these items are produced in a single machine that can 
only process one item at a time and that the customer requires small every-day 
deliveries. In that case the production of these items would have to be repeated 
in a cyclic pattern, for example, A – B – C – A – B – C – A – B – C etc. But, it is 
not certain that there is enough capacity to produce these items according to the 
calculated order quantities. In fact, a closer look reveals that the capacity is not 
enough in this case, since; 

* 2 12.6 500 1 261
0.2174 1 12.6 / 84Aq

* 2 36 500 1 281
0.6957 1 36 / 105Bq

* 2 20.4 1000 1 302
0.8696 1 20.4 / 42Cq

Setup time per day (days) Operation time per day (days)

                          0.04 0.98 1,02 1i i
i

i ii i

ds
q
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If the example is modified slightly and the demand rate is reduced by 20 %, such 
that; 10 .5Ad , 30Bd , 1 7Cd  and 235Aq , 2 4 6Bq , 2 5 6Cq , the total 
setup and operation time per day becomes 0.05 0.82 0.87 , which is < 1 and 
therefore the capacity is enough. However, it is possible to find feasible order 
quantities even with the original demand rates, since the operation time per day 
is < 1. The problem is that the calculated EPLs are too small in comparison to 
the capacity, which is a symptom of the main weakness of the EPL-formula; it
does not consider the capacity of the machine. Hence, to calculate economic 
order quantities in a single-machine multi-item system one must consider the 
capacity and handle the items jointly. Before proceeding to those calculations 
the numerical three-item problem is first modified in Table 3-3 (the reduced 
demand rates are from now on used). All notations used in the following 
calculations are gathered in Table 3-4. 

Table 3-3. Modification of the numerical problem in Table 3-2

Item  A B C 

Demand rate (items/day) id  10.5 30 17 

Production rate (items/day) i  84 105 42 

Operation time (days/item) 1/i io  0.0119 0.0095 0.0238 

Setup time (days) is  0.0357 0.0714 0.0357 

Setup cost (money units/setup) iA  500 500 1000 

Inventory holding cost 
(money units/day and item) ih  0.2174 0.6957 0.8696 

The common cycle solution 
Consider a machine where several items ( 1, 2, ,i N ) are produced and 
assume finite production rates and instant setups. Then, for a common time 
interval, T, during which all items are produced once, the cost per time unit is: 
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inventory holding costsetup cost

1 1

( ) (1 )
2 2

N N
i i i i i i

i i i i
i ii

A d T d A d TC T h h o d
T T

(3.10)

The optimal T that corresponds to the lowest cost is found by differentiating 
Eq. 3.10 with respect to T:

* 1

1

2

(1 )

N

i
i

N

i i i i
i

A
T

h d o d
(3.11)

Table 3-4. The notations used in this section.

Demand rate for item i, in items per day;  

i Production rate for item i, in items per day 

Operation time of item i, in days per item; i/1

Setup time of item i, in days per setup 

Setup cost for item i, in money units per setup  

Inventory holding cost of item i, in money units per item and day  

Order quantity for replenishment of item i, in items 

T
Production cycle time, in days (time interval in which all items i are 
produced at least once) 

Frequency, the number of times that item i is produced during a 
production cycle T

infT The shortest possible production cycle time in days, in which all 
items i can be produced once 

The shortest possible production cycle time in days, in which all 
items can be produced with the chosen frequencies if  ( mininf TT )

TC ,f Total cost per day, in money units (depending on chosen frequencies 
and time interval) 

Adjusted early start of item i in period j, in days 

id Ni ,,2,1

io

is

iA

ih

iq

if

minT

jit
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Eq. 3.10 and Eq. 3.11 are often presented in textbooks to introduce a discussion 
of cyclic policies (e.g. Segerstedt (2008) and Nahmias (2009). However, those 
equations only find a common cycle length that minimises the setup cost and 
inventory holding cost, and do not consider the possibility that the available 
capacity may be too small to satisfy the required demand. Capacity constraints 
are taken into account by assuming that the items are produced during a 
common cycle that is repeated successively. Each time the cycle is finished it 
immediately starts over again. Thus, the cycle time, T, must be large enough to 
cover the setup and operation times for all items of the demand during the cycle: 

TTdos
i

iii )( (3.12)

Eq. 3.12 can be rearranged to find the shortest possible cycle time: 

inf 1

i
i

i i
i

s
T

o d (3.13)

Eq. 3.12 and 3.13 are combined to find the cycle time that corresponds to the 
lowest cost: 

* 1
inf

1

2
max ,

(1 )

N

i
i

N

i i i i
i

A
T T

h d o d
(3.14)

and the optimal order quantities are calculated from i iq d T . This ELSP-
solution was showed by Hanssmann (1962) and is known as the common cycle 
solution. It guaranties feasible solutions in the sense that the machine capacity is 
sufficient. The common cycle solution to the numerical problem in Table 3-3 is

131Aq , 374Bq , 2 1 2Cq . The optimal cycle time is 12 .475T  days and 
the total cost is *( ) 320.64C T  money units per day. The solution is presented 
graphically in Figure 3-1. The aggregated operation and setup time during a 
cycle is 10.315 days and the machine is therefore idle during
12.475 10.315 2.16  days every cycle. The idle time is necessary since the 
output per day would exceed the demand rate if the machine would run non-stop 
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and the inventory would therefore increase with every cycle. However, from a 
practical point of view it seems strange to let the machine be idle for 
approximately 1/6 of the total time, since e.g. facilities and workforce costs 
money even during idle time (cf. Brander and Segerstedt (2009)). When there is 
much idle time it could be a good idea to reduce the available production time 
per day if that is possible. 

The basic period approach 
Hanssmann (1962) and his common cycle solution was followed by many 
articles on ELSPs. Probably the most well-known ELSP publication was made 
by, Earl E. Bomberger in 1966 when he presented his 10-item problem that has 
been cited extensively in the literature ever since. Bomberger (1966) uses 
dynamic programming to calculate order quantities, and he introduces an item-
specific cycle time, iT  , which is the time from one production start of the ith
item to the next production start of that item. Thus, the production of item i is 
repeated every iT  units of time. Bomberger constrains the cycle times iT  to be 
integer multiples ik  of a basic period, T, so that TkT ii , and he restricts the 
basic period to be large enough to accommodate production of all items once. 
Bomberger’s extension of the common cycle solution is called the basic period 
approach, and it allows the items to be produced with different frequencies.
Differences in demand, cost and production time can motivate more frequent 
production of some items and less frequent production of others. In a basic 

Figure 3-1. The common cycle solution to the numerical problem in Table 3-3 and a visualisation of 

the inventory of item B. All items are produced once every cycle and each order is preceded 

by a short setup.



ECONOMIC LOT SCHEDULING PROBLEMS 

31

period solution low volume items can be produced less frequently than high 
volume items. With different frequencies it is often possible to find a more even 
balance between setup cost and inventory holding cost of each item, which 
reduces the total cost. With different frequencies for the items the total cost 
function (Eq. 3.10) becomes; 

i
ii

i

i
i

ii do
f
Tdh

T
AfTC 1

2
,f , (3.15)

and the shortest possible time where the expected demand rates can be satisfied 
is:

min 1

i i
i

i i
i

f s
T

o d (3.16)

Consequently, the time corresponding to the lowest cost is: 

min

2
max ,

(1 ) /

i i
i

i i i i i
i

f A
T T

h d o d f
(3.17)

By looking at the demand rates and the costs (values) of the items in Table 3-3 
one could guess that it would be beneficial to produce item A less often than 
Item B and C. To verify that guess we calculate a basic period solution based on 
the frequencies (1, 2, 2), which means that item A is produced once every 
production cycle while item B and C are produced twice. According to Eq. 3.16 
and Eq. 3.17 the time corresponding to the lowest total cost are 22.48 days and 
the lowest cost is 311.37 money units per day for that set of frequencies, which 
is 9.27 money units less than the common cycle solution. The order quantities 

236Aq , 337Bq , 1 91Cq  are calculated from /i i iq d T f . The solution is 
presented graphically in Figure 3-2. 
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The extended basic period approach 
The restrictive constraint that the basic period must be long enough to 
accommodate production of all items inevitably leads to some waste of capacity 
in terms of idle time. Therefore, that constraint is removed in the next generation 
of ELSP solutions: the extended basic period approach. In that approach 
Bomberger’s restriction on the basic period is relaxed so that the period only 
must cover the average setup times and operation times of all items (Stankard 
and Gupta, 1969; Doll and Whybark, 1973; Haessler and Hogue, 1976; 
Elmaghraby, 1978). An extended basic period solution to our numerical problem 
would, for example, be the set of frequencies (1, 4, 2), which according to 
Eq. 3.16 and Eq. 3.17 give the cycle time 29.82 days and the total cost 301.85 
money units per day, which is 9.52 money units less than the basic period 
solution. The corresponding order quantities are 313Aq , 224Bq , 2 5 3Cq
and the solution is presented graphically in Figure 3-3. However, even from a 
visual estimation of the period length in Figure 3-3 it is obvious that the periods 
are not of equal length. In fact, it is not possible to schedule the solution such 
that the periods become equal; the cycle time is simply too short. Analysing the 
inventory of item B it is also obvious that the unequal periods has consequences 
for the inventory levels. The inventory is not emptied before every order start, 
which is a requirement for the cost function (Eq. 3.15). Therefore, the calculated 
cost of 301.85 money units per day is not exactly correct and, since these so 

Figure 3-2. A basic period solution to the numerical problem in Table 3-3 and a visualisation of the 

inventory of item B. The items are produced with different frequencies.
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called “early starts” creates some extra inventory, the actual cost is higher. 
Clearly, to calculate the real total cost of an extended basic period solution the 
early starts must be part of the total cost function, which means that the early 
starts have to be computed and that the solution must be scheduled. 

3.2 Results 
This section summarises the results of the research on Aim 1. 

The total inventory holding cost 
The traditional approximation for the total inventory holding cost per time unit 
is:

i
ii

i

i
i do

f
TdhC )1(

2inventory (3.18)

This approximation is correct when the time between replenishments is constant, 
i.e. when all production periods are equally long, see Figure 3-4. Eq. 3.18 is 
derived through Eq. 3.19 to Eq. 3.22. The term i io d  can be interpreted as ’the 
portion of a time interval during which the machine must operate in order to 
satisfy the demand during that time interval’. 

Figure 3-3. An extended basic period solution to the numerical problem in Table 3-3 and a 

visualisation of the inventory of item B. The periods are of different length and therefore 

the inventory of item B is not emptied before every order of B starts, which is the 

assumption that the traditional cost function is based on.
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Maximum inventory = )1( ii
i

i do
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Total area of all triangles during a cycle =
2
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However, when the time between replenishments varies the production of some 
items i in some periods j starts ti j time units earlier than if the periods would 
have been equal. Due to such early starts an additional inventory is created, see 
Figure 3-5. The additional inventory is a rhomboid with the area a b , where 
a = di ti j and b = T / fi. Thus, if the time between replenishments varies the 
production in some periods has to start with jii td items left in the inventory. 
Observe that for each i at least one ti j = 0, otherwise more items are produced 
than what is consumed during the production cycle ( )Tdqf iii .

Figure 3-4. Inventory level of item i when the time between replenishments is constant.
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The additional inventory holding cost per time unit for item i is; 

j i

jii
i

j i

jii
i f

td
h

f
Ttd

T
h 1

(3.23)

and consequently the total inventory holding cost per time unit for all items i is: 

i j i
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2
(3.24)

Combining Eq. 3.15 and Eq. 3.24 the total cost per time unit of an extended 
basic period solution is: 

, 1
2

i i ji i i
i i i

i ji i

d tf A d TC T h o d
T f f

f (3.25)

A new solution procedure 
A solution procedure for ELSPs based on Eq. 3.25 is presented in detail in 
Paper B. Briefly described the procedure follows seven steps: 

Figure 3-5. When the time between replenishments varies the production in some periods must start ti j

time units early. Such early starts cause additional inventories (the rhomboid in the graph).
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1. The common cycle solution is calculated according to Eq. 3.14. 
2. The setup cost per time unit and inventory holding cost per time unit is 

calculated for each item according to the two terms of Eq. 3.10. Then the 
ratio between these costs are calculated for each item. 

3. The frequency of the item with the largest absolute value of the ratio is 
changed. If [setup cost < inventory holding cost] the frequency is 
increased, and reduced if [setup cost > inventory holding cost]. An 
extended basic period solution for the new set of frequencies is then 
calculated according to Eq. 3.17. 

4. The extended basic period solution is scheduled. The scheduling 
procedure aims to schedule all periods as equally as possible to avoid 
early starts. 

5. The total cost of the extended basic period solution is calculated 
according to Eq. 3.25. 

If the total cost of the solution based on the new set of frequencies is lower 
than the cost of the previous solution, the new solution is accepted and the 
procedure continues on step 6. If that is not the case the new solution is 
rejected and the previous solution is once again considered on step 3 – this 
time changing the frequency of the item with the largest ratio among the 
items that has not yet been considered. When all items has been considered 
and no better solution can be found the procedure continues on step 7. 

6. The setup cost per time unit and inventory holding cost per time unit is 
calculated for each item according to the two terms of Eq. 3.25. Then the 
ratios between these costs are calculated for each item, and the procedure 
continuous on step 3. 

7. The order quantities of the best solution found is calculated from 
/i i iq d T f .

The solution presented in Figure 3-3 is the best extended basic period solution 
that can be found by this new solution procedure. According to Eq. 3.25 the total 
cost is 310.37 money units per day, which is 1.00 money units less than the 
basic period solution. 
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4. ORDER QUANTITIES IN A PRODUCTION LINE 
This chapter introduces the reader to the research on order quantities in production lines and 

summarises the results of the research related to Aim 2. The chapter summarises the results 

given in Paper C. 

4.1 Theory and approach 
The lead time in a production line depends on the order quantity, since the order 
quantity affects the amount of work in progress. The relationship between lead 
time and work in progress was proved by Little (1961) who developed the 
general queuing formula known as Little’s law, which applied to a production 
flow can be written; 

WIP PR LT (4.1)

where WIP is work in progress, PR is production rate and LT is lead time. 
According to Eq. 4.1 the lead time will decrease if work in progress is reduced 
while production rate is held constant. Thus, if a reduction of work in progress is 
made, for example, by reducing the order quantity, then lead time will decrease. 
Short lead time is preferable since it enables short delivery time and less costs 
of, for example, storages, material handling, planning and control. However, a 
smaller order quantity implies more frequent setups, which consumes time that 
otherwise could have been used for manufacturing, and thus the production rate 
drops. In other words, too small order quantities make it hard to achieve 
reasonable production efficiency or even manufacture the amount of products 
necessary to meet customer demand. Therefore, lead time and production rate 
are important performance parameters intimately connected to the order 
quantity. 

A simulation study has been performed to investigate how the order 
quantity affects the performance of a production line. The study, presented in 
Paper C, is based on a production line with five serially linked machines and 
buffers in between, see Figure 4-1. The production is done batch-wise and there 
is a fixed setup time in each machine between every batch. Each machine must 
complete the whole batch before it is passed on to the next machine. The total 
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work in progress in the production line is not allowed to exceed a predetermined 
level. If the total work in progress reaches that level a finished batch must first 
leave the production line before a new batch is allowed to enter. This type of 
work in progress restriction is called CONWIP (CONstant Work In Progress) 
(Pettersen and Segerstedt, 2009). The operation time, which is the same in all 
machines, is stochastic to reflect disturbances and variations. 

Figure 4-1. Visualisation of the simulated production line with five serially linked machines. There are 

buffer areas between the machines to handle cycle time variations.
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The parameters of the simulation study are presented in Table 4-1. Setup time, 
operation time and order quantity is varied on two levels (high or low), and the 
maximum WIP limit is varied between 20-136 items. 

Table 4-1. The simulation and result parameters used in the study.

Simulation parameters 

Setup time s fixed 15 min / 30 min 

Operation time per item o
uniformly 
distributed  

60±30 min / 60±50min 

Order quantity q fixed  4 items / 8 items 

Maximum WIP 
max
WIP

fixed  20 items – 136 items 

Result parameters 

Lead time (hours)

Lead time variation 
(standard deviation)

(hours)

Production rate 
(calculated from time-between-batches)

(items/hour) 

Time-between-batches variation 
(standard deviation)

(hours)

Different simulation sets were created by combining setup time, operation time 
and order quantity on different levels. For each set a number of simulations were 
made with different maximum WIP limits. 
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4.2 Results 
This section summarises the results of the research on Aim 2. 

Figure 4-2 shows the lead time over different maximum WIP limits for s = 30, 
o = 60 ± 30 and q = 8. 

A bit surprisingly the graph is not as straight as one might expect, especially 
considering the direct dependency between work in progress and lead time 
proved by Little (Eq. 4.1). The explanation to the non-linearity is twofold. First, 
the descending incline around max WIP = 85 is due to lower utilisation of the 
buffers. When max WIP > 85 the production line is close to its bottle neck rate,
i.e. its maximum possible production rate, and allowing more work in progress 
will therefore have small effects on production rate. This is evident when 
plotting the lead time over the work in progress, which eliminates the graphical 
decline, see Figure 4-3. However, the left end of the graph still deviates from the 
straight-line expectation. This deviation occurs since the work in progress fall 
below the critical work in progress limit, which corresponds to the least possible 
work in progress that is required to reach full capacity (in this case 
5 batches = 40 items). Below the critical work in progress the lead time 

Figure 4-2. Visualisation of the lead time corresponding to different maximum WIP limits when

s = 30, o = 60 ± 30 and q = 8.
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approaches the raw processing time, i.e. the shortest possible time required for 
producing one item that in this case is 5 (30 60 8) 2550  minutes = 42.5 
hours.

The raw processing time can be reduced by cutting the setup time, operation 
time or order quantity. The critical work in progress can only be reduced by 
cutting the order quantity. In Figure 4-4 the order quantity is reduced from 
8 to 4. Then the critical work in progress becomes 20 items (5 batches) and the 
raw processing time becomes 5 (30 60 4) 1350  minutes = 22.5 hours. 
 Figures 4-2 to 4-4 make it obvious that restricting work in progress is a 
key to reduced lead time. But the lead time can never fall below the raw 
processing time, which is highly dependent on the order quantity. Hence, if the 
raw processing time is large, which is the case if the order quantity is large, the 
lead time reduction potential is limited. Thus, a combined reduction of both 
order quantity and max WIP substantially impacts lead time, more than, for 
example, reducing operation time variations, which effects are negligible, see 
Figure 4-5. 

Figure 4-3. Visualisation of the lead time over the work in progress when s = 30, o = 60 ± 30 and 

q = 8. The dashed vertical line represents the critical work in progress and the horizontal 

line represents the raw processing time.

20

40

60

80

100

0 50 100 150

Le
ad

tim
e
(h
ou

rs
)

WIP (items)



ORDER QUANTITIES IN A PRODUCTION LINE 

42

Figure 4-4.  Visualisation of the lead time corresponding to different maximum WIP limits when s = 30, 

o = 60 ± 30 and q = 4. Both critical work in progress and raw processing time decrease when 

the order quantity is reduced.

Figure 4-5.  Operation time variations have small effects on lead time. However, the more operation 

time varies the more work in progress is needed to reach the bottle neck rate, where 

utilisation of the buffers declines. Therefore, the curves diverge at about max WIP = 85.

20

40

60

80

100

0 50 100 150

Le
ad

tim
e
(h
ou

rs
)

MaximumWIP (items)

q = 8

q = 4

Raw processing
time
Critical WIP

20

40

60

80

100

120

0 50 100 150

Le
ad

tim
e
(h
ou

rs
)

MaximumWIP (items)

o = 60 ± 30

o = 60 ± 50



ORDER QUANTITIES IN A PRODUCTION LINE 

43

Similar to lead time, the lead time variation also increases with higher WIP 
limits, see Figure 4-6. Thus, hard WIP restrictions facilitates both short lead 
time and low lead time variation. Figure 4-6 also reveals that the order quantity 
affects lead time variation. In fact, changing the order quantity from 8 to 4 
seems to affect lead time variation even more than changing operation time 
variation from 60 ± 50 to 60 ± 30. But an order quantity reduction is not 
favorable from a lead time variation point of view, on the contrary smaller order 
quantities leads to higher variation. Hence, an order quantity reduction must be 
followed up by a reduction of the maximum WIP limit to preserve lead time 
variation at the same level. 

Figure 4-6. Lead time variation of four different simulation sets. Lead time variation increases with 

higher maximum WIP and smaller order quantities. s = 30 in all four sets.
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The production rate grows logarithmically towards the bottle neck rate when the 
maximum WIP limit increases, see Figure 4-7. 

A reduction of the order quantity implies that the critical work in progress 
becomes smaller and thus that the production rate improves significantly over 
small maximum WIP limits. However, when smaller order quantities is used 
setups become more frequent and the bottle neck rate therefore decreases, see 
Figure 4-8. To prevent the bottle neck from dropping the capacity must be 
improved, for example, by reducing the setup time. The bottle neck rate is 
maintained at the same level if the setup time is reduced by the same magnitude 
as the order quantity, see Figure 4-9. The capacity can also be improved by 
reducing the operation time or its variation, see Figure 4-10. 

Production rate variation, here measured as variation in time between 
batches out from the production line, decreases with higher maximum WIP 
limits, lower operation time variation and lower order quantity, see Figure 4-11. 

Figure 4-7. The production rate increases towards the bottle neck rate (dashed horizontal line) when 

the maximum WIP limit increases. The production rate improves rapidly around the 

critical work in progress (dashed vertical line) and then levels off with higher max WIP

levels. In this case q = 8, s = 30, o = 60 ± 30, bottle neck rate =1 / (30 / 8 60) = 0.94 

items/hour, and critical work in progress = 5 batches = 40 items.
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Figure 4-8.  Production rate for q = 4. Bottle neck rate =1 / (30 / 4 60) = 0.89 items/hour and critical 

work in progress = 5 batches = 20 items.

Figure 4-9. If the setup time is reduced by the same magnitude as the order quantity, the bottle neck 

rate is maintained at the same level. q = 8, s = 30, o = 60 ± 30, bottle neck rate =

1 / (30 / 4 60) = 0.89 items/hour, and critical work in progress = 5 batches = 20 items.
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Figure 4-10. Operation time variation affects production rate negatively. In both cases q = 8, s = 30, 

bottle neck rate =1 / (30 / 8 60) = 0.94 items/hour, and critical work in progress = 

5 batches = 40 items.

Figure 4-11. The variation in time-between-batches decreases with higher maximum WIP limit, lower 

operation time variation and smaller order quantity.
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5. ECONOMIC REMANUFACTURING QUANTITIES 
This chapter introduces the reader to the research on economic remanufacturing quantities 

and summarises the results of the research related to Aim 3. The chapter summarises the 

results given in Paper D. 

5.1 Theory and approach 
The interest for remanufacturing has recently grown, since it provides benefits 
such as less environmental impact and savings in labour, energy and material 
costs. However, many products are not suitable for large-scale remanufacturing. 
Many durable products, for example, automobiles, laser printers and cell phones, 
are frequently redesigned while old designs are still in use, which means that 
even if a returned product can be restored to its original condition it might not be 
in demand. Therefore, remanufacturing commonly aims at restoring components 
rather than whole products (Kongar and Gupta, 2002). The number of 
components suitable for remanufacturing is constantly growing as the number of 
returned used products increases globally. Some original equipment 
manufacturers are not even capable of processing the products and components 
with their own capacity. Thus, more and more independent remanufacturers that 
collect used products and remanufacture their components are emerging in, for 
example, the automotive, industrial equipment, tire and electronics industry 
(Guide, 2000; Patel, 2006). 

During remanufacturing it is common that only a fraction of the 
remanufactured quantity, qr, can be restored to the desirable functional state due 
to, for example, mechanical or electrical failure or material fatigue. That fraction 
is called the yield rate, denoted  in this thesis. The yield rate affects the product 
cost significantly, since the products that become successfully remanufactured 
must carry the remanufacturing cost and disposal cost of the products that could 
not be restored. 

Carbon emission regulations are adopted by governments to limit the 
carbon emissions from e.g. industries. The regulations stipulate costs for 
emitting carbon, which makes it less profitable to produce carbon emission 
intensive products. The carbon emission cost can therefore be considered as an 
“extra” production cost that can change the possibilities to earn profit, especially 
for remanufacturers with low yield rate. Carbon emission regulations are 
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commonly set on a yearly basis and carbon emitting remanufacturers must 
therefore determine what yearly production quantity they should aim for, given a 
certain carbon emission regulation, yield rate and customer demand prognosis. 
The optimal yearly production quantity is here named the economic
remanufacturing quantity.

Model formulation 
The third aim of this thesis is to investigate how the yield rate affects the 
economic remanufacturing quantity under different carbon emission regulations. 
To do that a mathematical optimisation model is developed. In the model the 
customer demand is not a fixed variable but a stochastic variable with mean μ
and standard deviation , since the customer demand could be hard to predict 
particularly for emerging independent remanufacturers whose customers 
hypothetically could source components in many ways, see Figure 5-1. The 
optimisation problem is solved with the max-min approach, which aims to 
calculate the optimum under the most unfavourable distribution (cf. Scarf, 1958; 
Gallego and Moon, 1993; and Alfares and Elmorra, 2005). The max-min 
approach is also called the distribution-free approach, since no particular 
distribution is assumed. 

Figure 5-1. The customer of an independent remanufacturer (e.g. an assembly line) could 

hypothetically source components in many ways. For example, the customer could 

manufacture or remanufacture most components within its organisation, buying only a 

small amount from an independent remanufacturer to even out variable customer demand.
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Depending on condition, recycled disassembled components are [1] reused 
directly, [2] remanufactured or [3] disposed. This optimisation model only 
considers components that need to be remanufactured and the model further 
assumes that there is an unlimited quantity of such components available, see 
Figure 5-2. The model also assumes that all remanufactured components are 
sold to the customer if the customer demand equals or exceeds the quantity of 
successfully remanufactured components, qr. On the other hand, if qr exceeds 
the customer demand the surplus is stored in a finished goods inventory at some 
cost.

The model, which aims to maximize profit, accounts for [1] sales revenue, [2] 
remanufacturing cost, [3] disposal cost, [4] inventory holding cost [5] shortage 
cost and [6] carbon emission cost: 

1. The sales revenue depends on the selling price, p, and is earned for 
every item that is produced as long as the demand, D, is equal to or 
larger than the number of remanufactured usable items, qr.

2. The remanufacturing cost, cr, is the ’production cost’ per item, 
including material cost. 

3. The disposal cost, cw, is the cost for disposing an item that cannot 
be restored to the desired functional state. 

Figure 5-2. The optimisation model only considers the components that need to be remanufactured 

(i.e. only the sharp-coloured part of this figure). The recycled disassembled components 

can be re-used directly, remanufactured or disposed. The remanufacturing quantity is 

denoted qr. A subset of qr may not be possible to restore and is therefore disposed. The size 

of that subset depends on the yield rate .
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4. The inventory holding cost, h, is the cost of holding an item that 
cannot be sold, which happens when the number of remanufactured 
usable items, qr, is larger than the demand, D.

5. The shortage cost, c, is the cost per item for not being able to satisfy 
the demand, which happens when the demand, D, is larger than the 
number of remanufactured usable items, qr.

6. Finally, the carbon emission cost is the cost per item for emitting 
carbon. That cost depends on the amount of carbon emission per 
item, e, and the specific parameters of the carbon emission 
regulation. 

All notations used in this section are presented in Table 5-1. 

Table 5-1. The notations used in this section.

L Total profit 

qr Remanufacturing quantity 

D(μ, ) Customer demand with mean μ and standard deviation 

p Selling price 

 Yield rate 

cr Remanufacturing cost 

cw Disposal cost 

h Inventory holding cost 

c Shortage cost 

e Carbon emission per item 

M Carbon emission cap limit 

 Penalty fee per unit carbon 

 Tax per unit carbon 

1 Buying price per unit carbon emission credit 

2 Selling price per unit carbon emission credit 
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The model is first formulated without considering any carbon emission 
regulations. Then, the total profit, L, can be written: 

Inventory holding cost Shortage costDisposal costSales revenue Rem.cost

( , )

min( , ) (1 ) ( ) ( )

r

r r r r w r r

L q D

p q D c q q c h q D c D q
(5.1)

Three common carbon emission regulations are considered in this study: 

1. Mandatory carbon emission capacity 
2. Carbon emission tax 
3. Carbon emission cap and trade 

Under the mandatory carbon emission capacity regulation, the regulator 
stipulates a cap limit for the total emissions of a given year and issues 
allowances that match the cap. If the firm emits more than the cap, the firm must 
pay a penalty fee. Let M be the cap limitation, e be the carbon emission per item 
and  be the penalty fee per unit carbon that surpasses the cap. Then the model 
can be written as: 

2

Sales revenue

CO  costInventory holding cost Shortage costDisposal costRem.cost

( , ) min( , )

(1 ) ( ) ( ) ( )

r r

r r r w r r r

L q D p q D

c q q c h q D c D q eq M
(5.2)

The carbon tax regulation is a form of carbon pricing where the regulator 
stipulates a tax for every unit carbon emitted. Let  be the tax per unit carbon. 
Then the model can be written as: 

2

Sales revenue

Inventory holding cost Shortage costDisposal cost CO  costRem.cost

( , ) min( , )

(1 ) ( ) ( )

r r

r r r w r r r

L q D p q D

c q q c h q D c D q eq
(5.3)

Finally, the cap and trade regulation is a market-based regulation that lets the 
market decide the price on carbon emission credits. The regulator sets a cap, M,
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for the emissions allowed during a certain period and issues allowances that 
match that cap. Firms obtain allowances, either for free or by buying them at an 
auction. At the end of the period every firm must have enough allowances to 
meet its emissions. As a result, a trading market for allowances is established 
and the market determines the price for emissions. Let 1 and 2 be the buying 
and selling price per unit carbon emission credit, respectively. Then the model 
can be written as; 
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(5.4)

where, 1(eqr - M)+ denotes the cost for buying carbon emission credits when eqr

>M, and 2(M - eqr)+ denotes the revenue from selling carbon emission credits 
when eqr <M.

5.2 Results 
This section summarises the results of the research on Aim 3. 

The economic remanufacturing cost for each of the four cases (Eq. 5.1 to 
Eq. 5.4) is calculated in Paper D (see Eq. 24, Eq. 27, Eq. 32 and Eq. 36). To 
visualise the effects of the three carbon emission regulations under different 
yield rates, a numerical example is introduced: 500 , 5 , 20p , 2rc ,

0 .5wc , 1h , 3c , 2e , 1200M , 3 , 0.2 , 1 1 .5  and 2 1 .2 .
The economic remanufacturing quantity and profit for each case are presented in 
Figure 5-3. 
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Figure 5-3 shows that the economic remanufacturing quantities decrease and the 
profit increase with increasing yield rates, which intuitively seems logical. 
However, the regulations affect the profit differently. When no regulation is 
considered (Case 1) the critical yield rate, i.e. the minimum yield rate where a 
remanufacturing quantity qr > 0 is more profitably than qr = 0, is 0.10. The 
critical value of Case 2 is 0.29, Case 3 is 0.12 and Case 4 is 0.23, which 
indicates that the mandatory carbon emission capacity regulation (Case 2) is 
least tolerant to low yield rates in this particular example. Above the critical 
values the remanufacturing quantity is the same in all cases even though the 
profit differs significantly when  < 0.8. It is also worth noting that when  0 
the profit decreases faster for the mandatory carbon emission capacity regulation 
and the carbon emission cap and trade regulation (Case 2 & 4) compared to the 
non-regulation case (Case 1). However, that seems to be not valid for the carbon 
tax regulation (Case 3) for which the profit curve maintains a seemingly 
constant distance to the profit curve of Case 1. 

Figure 5-3. Case 1 corresponds to a scenario where no carbon emission regulation is present, Case 2 

corresponds to the mandatory carbon emission capacity regulation, Case 3 corresponds to 

the carbon emission tax regulation and Case 4 corresponds to the carbon emission cap and 

trade regulation.
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6. PERFORMANCE-BASED LOGISTICS 
This chapter introduces the reader to the research on Performance-Based Logistics (PBL) 

and summarises the results of the research related to Aim 4. The chapter summarises the 

results given in Paper E. 

6.1 Theory and approach 
PBL originated in the United States military in 2001 (Devries, 2004; GAO, 
2004; Berkowitz et al., 2005). Directed toward logistic support for systems such 
as aircrafts, vessels and vehicles (Doerr et al., 2004), PBL has become the 
primary approach for defense acquisition in the United States (Kleeman et al., 
2012). Despite its usage, defining PBL has been hard (Geary and Vitasek, 2008), 
since all PBL-agreements must be customized to meet the system’s specific 
operational demands (Sols et al., 2007; Nowicki et al., 2010). PBL is commonly 
mistaken for outsourcing of logistic support to commercial suppliers, known as 
Contractor Logistics Support, CLS. However, PBL does not require commercial 
suppliers (Doerr et al., 2004), even though commercial suppliers can be, and 
often are, contracted to provide performance-based support under a PBL-
agreement (Coryell, 2007). Thus, PBL answers the question how the support is 
provided, rather than who is providing it, which is the critical factor of 
outsourcing and CLS (DAU, 2005; Kobren, 2009). 

Performance contracting, servitization and product-service systems 
Driven by privatization, technology development and globalization, the trend 
toward selling the product’s output, or ’use’, has changed the prerequisites for 
manufacturers in many industries around the world (Vandermerwe and Rada, 
1988; Vargo and Lusch, 2004; Jacob and Ulaga, 2008; Baines et al., 2009a). As 
a result, the distinction between manufacturing firms and service providing 
firms has become blurry; physical products have been ’servitized’ and are used 
as platforms to deliver additional services rather than providing benefits 
themselves, and services have been standardized and ’productized’ to increase 
the total value of the offerings (Shostack, 1977; Spring and Mason, 2011). 

When delivering use to customers the different functions of products and 
services have been studied extensively within, for example, the research fields 
Performance contracting, Servitization and Product-Service Systems, PSS 
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(Spring and Araujo, 2009). Performance contracting has a broad meaning, 
describing many aspects of buying and selling performance in a large spectrum 
of industries (Cunic, 2003). Performance contracting is broader than PBL since 
it includes other services than logistic support. Servitization is the general 
occurrence of adding a service to a product, i.e. moving from selling a product 
to selling a PSS, see Vandermerwe and Rada (1988). A PSS can be described as 
an integrated product and service offering that delivers value in use (Baines et 
al., 2007). The literature propose three main categories of PSS (Baines et al., 
2007; Neely, 2009; Datta and Roy, 2011): product-oriented PSS, where the 
product is the main offering and the service is provided as an add-on; use-
oriented PSS, where the supplier sells use and offer all services necessary to 
support the product during its life cycle; and result-oriented PSS, where the 
supplier is rewarded according to the performance of the product. Product-
oriented services are traditional services such as maintenance, financing, and 
consultancy, but use-oriented and result-oriented services are more advanced 
and require new business concepts (Lay et al., 2009), i.e. the servitization level 
of use-oriented and result-oriented services is higher. PBL can be viewed as a 
result-oriented PSS (Datta and Roy, 2011), with high servitization level, 
implying that the supplier is free to decide how to produce the performance, see 
Tukker (2004) and Neely (2009). Moreover, PSS can be viewed as a subset of 
performance contracting and servitization in manufacturing industries (Baines et 
al., 2007). 

The interdependence between PBL, PSS, servitization and performance 
contracting is described in Figure 6-1. PBL is primarily implemented on 
advanced technical systems, and thus the product complexity is typically high. 
Due to the scarce number of scientific publications on PBL and the fact that 
PSS, servitization and performance contracting are more mature research fields, 
the literature study on PBL presented in this thesis covers literature from these 
fields.
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6.2 Results 
This section summarises the results of the research on Aim 4. 

The PBL transition 
In traditional business contracts for capital-intensive and complex systems the 
customer is responsible for all support services after the purchase. However, the 
original equipment manufacturer is often the only actor able to support and 
provide spare parts to complex systems, such as aircrafts (Keating and Huff, 
2005; Nowicki et al., 2010). The complexity thus limits the possible alternatives 
for the customers and consequently the customer often becomes dependent of 
one supplier. This dependency may favor the supplier since spare parts and 
support services usually constitute a great deal of the supplier’s revenues. In 
fact, the support cost of technically complicated systems with long lifecycles, 
such as aircrafts, is usually two to three times larger than the acquisition cost, 
i.e. the cost for R&D and production (Berkowitz et al., 2005; GAO, 2008; Geary 
and Vitasek, 2008; Randall et al., 2010). The customer’s limited freedom to 
choose service and maintenance supplier alternatives leads to small incentives 
for the supplier to improve the system availability and lowering lifecycle costs, 
since failures are profitable for the supplier (Sols et al., 2007). 

PBL transfers the service responsibility for a system from the customer to 
the supplier, i.e. the system manufacturer. This transfer is expected to increase 

Figure 6-1. Performance-Based Logistics (PBL) can be viewed as a Product-Service System (PSS) 

with a complex product and high servitization level. Servitization is the transformation of 

products to PSS:s by adding services.
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the driving forces for improving the efficiency of the value chain, i.e. reduce the 
cost of delivering a certain performance level, and the reduced costs are to be 
split between supplier and customer. PBL has the potential to create this win-
win situation, but the transfer of responsibilities is not without risk. 
Nevertheless, the view of PBL as a business concept that creates value more 
efficiently with less waste seems widely accepted. 

PBL gives the supplier full freedom to decide how to produce and 
improve the performance of the product, for example, to improve the repair 
processes, logistics processes, and product reliability (Smith, 2004; Kim et al., 
2007; Kumar et al., 2007), which would increase revenues as the performance 
increases. Such improvements would also likely improve the supplier’s long-
term competitiveness as the improvements may lead to technological boosts 
(Baines et al., 2009b; Hypko et al., 2010a) and likely strengthen customer 
loyalty (Hypko et al., 2010a). However, PBL exposes the supplier to increased 
financial risks since the supplier carries the cost if the cost to deliver the 
required system performance is underestimated (Jacopino, 2007; Kim et al., 
2007; Hypko et al., 2010a; Nowicki et al., 2010; Selviaridis, 2011). Therefore, 
predicting cost and performance during the bidding stage of a PBL-contract is 
important for the supplier (Tukker, 2004; Erkoyuncu et al., 2011). However, 
such predictions are often difficult due to the complexity of the systems and the 
length of the contracts which are usually long-term (Smith, 2004). Furthermore, 
the responsibility of the performance of the system during use requires 
organizational changes and investments in infrastructure and the training that 
may be required when shifting from selling products toward delivering 
performance. These organizational changes also induce business risks (Baines et 
al., 2009b; Kuo et al., 2010). 

The military connection common in PBL contracts also need 
consideration. PBL usually requires that the supplier can perform maintenance 
and service swiftly to reach contracted goals. For military operations, this may 
lead to situations where a civilian supplier may be forced to support the system 
at war at unsafe locations (Doerr et al., 2004). Apart from the difficulties 
associated with delivering performance at war, the supplier also risk the 
employees’ well-being (Gansler and Lucyshyn, 2006). 

From the customer’s perspective, PBL implies an increased focus on core 
activities (Martin, 1997), such as maintaining a country’s defensive ability or 
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defending a country, rather than supporting and maintaining the systems. The 
reduced responsibility for support will therefore likely reduce the customer’s 
financial risks (Dang et al., 2009). The customer will receive better performance 
if the supplier manages to improve the system and the support services during 
the system’s lifetime (Fino, 2006). Altogether, PBL aims to provide the 
customer with better performance to a fixed cost, or similarly, less cost to a 
fixed performance (Nowicki et al., 2010). However, the customer can become 
more dependent on the supplier since the control over the support services is 
transferred to the supplier, as the customer cuts unnecessary resources such as 
system support competence. Thus, the customer stands the risk of being locked 
to one supplier in a long-term contract that systematically delivers bad 
performance (Nowicki et al., 2010), and, as a consequence, not being able to 
enhance system performance (Jacopino, 2007). Should the supplier fail, another 
supplier might be difficult to find. Besides, the possibilities to transfer the risks 
to the suppliers are often limited in practice, since the customers often are held 
responsible for operative failures nonetheless (Doerr et al., 2004; Selviaridis, 
2011).

The organizational, operational and financial risks in PBL force both 
parties to put extensive efforts on: designing contracts and payment models, 
decide on how to measure performance, define performance indicators, specify 
system levels and set target values. 

PBL-contracts
The literature emphasizes that each PBL-contract has to be tailored (Sols et al., 
2007; Nowicki et al., 2010), and the contract types thus differ. In fact, authors 
do not even agree on how to separate PBL contracts from traditional contracts. 
The same contract type is considered traditional by one author and as a PBL-
contract by another, see for example the different interpretations by Kim et al. 
(2007) and Nowicki et al. (2010). Two contract types are more frequently 
mentioned in PBL-literature: the firm fixed price contract and the cost plus 
award fee contract (Cunic, 2003; Kim et al., 2007; Sols et al., 2007; Nowicki et 
al., 2010). 

In firm fixed price contracts the supplier agrees to deliver some level of 
performance (for example aircraft availability) based on some level of use (for 
example the amount of flying hours per month). The contract then states the 
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level of payment, for example price per flying hour, and an award fee may be 
added to stimulate performance improvements (Kim et al., 2007; Nowicki et al., 
2010); increasing payments if performance surpasses the contracted minimum 
level. The financial risks are thus concentrated to the supplier, whose income 
depends on the ability to deliver and improve performance. The risks are 
especially high for new systems, for which performance must be predicted based 
on little or no historic data (Smith, 2004; Kim et al., 2007; Sols et al., 2008; 
Erkoyuncu et al., 2011). 

In a cost plus award fee contract, the customer reimburses the supplier for 
their costs for the performed services, adding an award fee to stimulate 
performance improvements or cost reductions. Here, the financial risks are 
primarily held by the customer who is forced to pay the supplier despite the 
performance output (Cunic, 2003; Sols et al., 2007; Nowicki et al., 2010). Cost-
plus award fee contracts are often used in a transition phase when a non-PBL 
contract is being converted to a firm fixed price with award fee (Kim et al., 
2007; Liu et al., 2009; Nowicki et al., 2010; Sols and Johannesen, 2012). 

PBL-contracts are applied to complete systems, subsystems, major 
components, or certain support services, for example, spare parts provision 
(GAO, 2004; Griffin, 2008; Sols et al., 2008; Dang et al., 2009). Moreover, PBL 
can be applied to a system’s lifecycle as well as to parts of the lifecycle (Sols et 
al., 2007). A disadvantage of implementing PBL partly can be that opportunities 
due to economies of scale may be lost (Nowicki et al., 2010). Furthermore, it 
can be difficult to find appropriate performance indicators if the supplier is only 
responsible for the performance of a subsystem, (Fino, 2006). 

Like any other contract, the lengths of PBL-contracts vary. However, a 
common recommendation is that the contracts should be long-term, (Maples et 
al., 2000; Keating and Huff, 2005) and some authors even claim that PBL-
contracts are long-term by definition (Berkowitz et al., 2005; Nowicki et al., 
2010). The literature describes two main benefits of long-term contracting 
related to return on investments. First, setting up, negotiating and implementing 
PBL takes time and is costly while the benefits received are distributed over the 
contract period. The contracts have to be long enough for the benefits to exceed 
the costs (Berkowitz et al., 2005). Second, a long-term contract increases 
motivation for the supplier to make larger investments in the system that can 
improve system performance, even if the pay-off time is long (Nowicki et al., 
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2010). Such investments may be related to mitigating obsolescence and 
enhancing system reliability (Fino, 2006) which are especially important for 
systems with long product life cycles (Sols et al., 2007). For these reasons, it has 
been argued that a PBL-contract should not be shorter than about five years 
(Sols et al., 2007; Nowicki et al., 2010). 

Performance and payments 
Performance is a central part of PBL as performance reflects customer value and 
forms the basis for the supplier’s income. Consequently, it is important that the 
performance can be measured accurately (Devries, 2004; Sols et al., 2008; 
Hollick, 2009). The supplier and the customer must agree on: performance 
indicators, definitions of the indicators, target values and how to perform 
measurements and analyses (Forslund, 2009). 

The performance indicators should be specific, straightforward, 
measurable and relevant to the customer’s requirements (Fino, 2006; Dang et al., 
2009). However, to select performance indicators that reflect customer value is 
often difficult, since the customer’s needs often are formulated in abstract terms 
(Tukker, 2004; Spring and Araujo, 2009). Typically, several performance 
indicators are measured in a PBL-contract, for example: availability, reliability, 
maintainability, supportability, logistics response time, logistic footprint and 
cost of use (Fino, 2006; Sols et al., 2007; Nowicki et al., 2010). The indicators 
can be measured on different system levels and address different customer 
needs. For example, reliability can be related to a component (component 
reliability), a system (system reliability) or the system’s performance (mission 
reliability) (Dang et al., 2009). Although performance indicators often are 
objectively measured such as the up-time of the system, they can also be 
subjective, such as customer satisfaction (Dang et al., 2009). 

The availability of, for example, an aircraft is a highly aggregated 
performance indicator, dependent on many lower-level indicators. It is difficult 
to track problems and identify improvements by only observing the overall 
aircraft availability. Lower-level performance indicators are therefore required 
(Fino, 2006; Sols et al., 2008; Hollick, 2009). Moreover, the supplier cannot be 
held responsible for the availability on an aggregated level if the supplier only is 
responsible for the availability of some sub-components (Hollick, 2009). 
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Conversely, achieving performance goals on lower-level performance indicators 
does not, as such, guarantee good system performance. 

Defining performance indicators and corresponding measurements can be 
challenging if the definition must respect a certain equipment requirement. For 
example, whether a military aircraft should be considered available might 
depend on what kind of missions it is scheduled for (Jin and Wang, 2012). Such 
availability is commonly called operational availability or operational readiness 
(Dang et al., 2009; Hollick, 2009). Agreeing on a definition of an indicator can 
also be difficult. For example, the mean time between failures (MTBF) is 
commonly used to measure reliability, but MTBF requires a definition of a 
failure and determination of how many failures that are required to reach 
statistical significance (Richardson and Jacopino, 2006). 

Performance target values must represent the customer’s needs and form a 
realistic challenge for the supplier. A baseline forming the “normal” 
performance of the system must thus be identified to set target values. If the 
system has been used, the baseline could be drawn from historical performance 
(Sols et al., 2008). However, identifying a baseline from historical values might 
be difficult, such as when the measurements have been done differently and not 
according to a new indicator definition, or if the use of the system has changed 
(Sols et al., 2008). For new systems, the baseline must be built on the even more 
difficult predictions of future performance exclusively (Kim et al., 2007). 

A model must be established to transform the measured performance into 
supplier fees when the performance indicators are set. A good model includes 
incentives for the supplier to produce high performance (Dang et al., 2009), 
whereas a poor model could impose unwanted supplier actions (Nowicki et al., 
2008).

Payment models must often consider many performance indicators and 
this makes them complex (Sols et al., 2007). A conflict between performance 
criteria appears when one performance indicator is over-performing and another 
is under-performing. Consequently, the payment model must balance the results 
of several performance indicators and convert the result to a fair payment (Sols 
et al., 2008). 

Nowicki et al. (2008) propose a payment model consisting of a minimum 
performance limit, a penalty zone, a dead zone and a reward zone, as illustrated 
in Figure 6-2. 
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The minimum performance limit determines the performance level under which 
the supplier does not receive payment. If the supplier delivers performance just 
above this limit, the supplier enters the penalty zone and is paid according to the 
achieved performance. However, in the penalty zone the payment is smaller than 
the cost of delivering the performance. If the performance is within the limits of 
the dead zone, around normal system performance (Sols et al., 2007), the 
payment is comparable to the cost of delivering the performance. The supplier 
earns marginal or no profit in the dead-zone, but if the system performance is in 
the reward zone, the supplier receives payment exceeding the production cost 
(Nowicki et al., 2008). 

The frequency of measurements and performance reviews is also 
discussed in the literature. Sols et al. (2007) suggest that performance should be 
assessed over short periods, with long periods over which the payments are 
calculated, to even out possible shifts in payments to the supplier. 

Figure 6-2. Payment model. The supplier’s payment depends on the measured system performance 

(inspired by Nowicki et al., 2008).
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Cost and profitability 
If both parties are to benefit from PBL, the customer and the supplier must share 
the benefits of a more efficient value chain due to PBL, as illustrated in 
Figure 6-3. Many also report that PBL have resulted in reduced costs (Phillips, 
2005; Keating and Huff, 2005; Gansler and Lucyshyn, 2006; Mahon, 2007; Ott, 
2008). However, most reports are vague on how savings have been measured 
and the published empirical support for the profitability hypothesis is weak. 
Many studies base their conclusions on preconceived opinions rather than facts 
(Boyce and Banghart, 2012). A few studies regarding profitability are more 
thorough. Two works from the U.S. Government Accountability Office (GAO) 
are inconclusive whether PBL reduces, have no effect, or even increases the 
customer’s costs (GAO, 2005; GAO, 2008). An obvious risk is that the cost for 
mitigating the financial risks and rearranging organizations, equipment and 
attitudes from a traditional support structure exceeds the gains. 

The inconclusiveness also refers to performance contracting in general, 
since there is no consensus about the success of performance-based contracts 
(Selviaridis, 2011). Regarding the profitability of PSS, a large study including 
10 000 companies indicates that the company size matters for PSS profitability, 
where small firms seem to gain the most from moving to PSS (Neely, 2009). 

Figure 6-3. The intention of Performance-Based Logistics (PBL) is to reduce the customer’s cost and 

increase the supplier’s profit.
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7. CONCLUSIONS 
This chapter presents the conclusions of the thesis and outlines suggestions for further 

research.

7.1 Economic lot scheduling problems 
The iterative solution procedure briefly presented in section 3.2 and fully 
presented in Paper B is inspired by the heuristic and deterministic procedure of 
Nilsson and Segerstedt (2008) and Brander and Segerstedt (2009). The solution 
procedure allows varying time between replenishment of a product according to 
the loose restrictions of the extended basic period solution. The procedure tries 
to find an even balance between setup cost and inventory holding cost for each 
product in order to minimize the total cost, by changing the production 
frequency for one product at a time. 
 Due to the varying time between replenishments a solution must be 
scheduled before calculating the total cost. The total cost per time unit is 
calculated from Eq. 3.25 (notations are explained in Table 3-4): 
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The best solutions to the three-item numerical problem presented in Table 3-3 
that are found with the solution procedure are: 

Common cycle solution   C = 320.64 money units/day 
Basic period solution   C = 311.37 money units/day 
Extended basic period solution  C = 310.37 money units/day 

The traditional cost function (Eq. 3.15) underestimates the total cost of the 
extended basic period solution to 301.85 money units, since it does not consider 
the additional inventory holding cost due to varying time between 
replenishments (see Eq. 3.23). 
 The contributions of this research include [1] mapping of the ELSP field 
over 100 years, [2] mathematical derivation of the inventory holding cost for 



CONCLUSIONS 

66

solutions with unequal production periods, and [3] a solution procedure that can 
be used to minimise production costs and thus enhance efficiency. 

7.2 Order quantities in a production line 
The simulations on the five-machine CONWIP-controlled production line show 
that reducing the order quantity when max WIP > critical work in progress
implies: 

unchanged lead time, 
increased lead time variation, 
reduced production rate, and 
reduced time-between-batches variation. 

However, a smaller order quantity reduces raw processing time and critical work 
in progress. Hence, order quantity reductions enable significant lead time 
reductions through harder work in progress restrictions, see Figure 4-4. A large 
order quantity would limit such lead time reductions, since it amplifies the raw 
processing time. 
 Due to the reduced critical work in progress that a smaller order quantity 
brings about, it can be possible to restrict the work in progress further and still 
keep the production rate on a reasonable level, see Figure 4-8. However, 
reducing the order quantity (everything else equal) will slow up the production 
rate. To prevent that from happening a common suggestion is to improve the 
setup process and reduce setup time, but it could also be prevented by reducing 
operation time or its variation (Figure 4-10), or increasing the available time per 
day to maintain the daily production rate. Either way, reducing the order 
quantity is always associated with an alternative cost in terms of process 
productivity. The size of the order quantity is therefore a balance between 
resource efficiency (productivity) and flow efficiency (e.g. lead time), see 
Figure 1-1. 
 The simulation study shows that the order quantity and the maximum 
work in progress limit should be reduced concurrently to increase flow 
efficiency, or increased concurrently in order to increase resource efficiency. By 
doing so the lead time variation and time-between-batches variation will stay at 
approximately the same level, since the effects of these two simulation 
parameters point in opposite directions, see Figure 4-6 and 4-11. Thus, a 
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concurrent reduction of the order quantity, the maximum work in progress limit 
and the setup time implies: 

reduced lead time, 
approximately equal lead time variation, 
unchanged production rate, and 
approximately equal time-between-batches variation. 

This research contributes to the understanding on how process parameters affect 
lead time and production rate in a production line. That knowledge can be used 
as a guideline for how to handle e.g. order quantity, setup time, work in progress 
restrictions and cycle time variations to improve the efficiency of a production 
line.

7.3 Economic remanufacturing quantities 
The economic remanufacturing quantity for different yield rates under different 
carbon emission regulations is presented in Figure 5-3. The solution of the 
numerical example presented in section 5.2 shows that the remanufacturing 
quantity increases and the profit decreases when the yield rate  0. The 
remanufacturing quantity is approximately the same for all carbon emission 
regulations of concern. However, the profit varies significantly between the 
regulations. For the particular numerical example used in this study the 
mandatory carbon emission capacity regulation is least tolerant to low yield 
rates, i.e. the profit drops fastest when   0, followed by the carbon emission 
cap and trade regulation and the carbon emission tax regulation. For  < 0.8 the 
profit is approximately the same for all regulations, but when the yield rate 
approaches the critical value, corresponding to the lowest yield rate where 
manufacturing is still profitable, the profit diverges. 
 The contributions of this research include a method to calculate the 
economic remanufacturing quantity under different carbon emission regulations, 
which remanufacturers can use to minimise costs and thus enhance efficiency. 
The research also contributes to the understanding of how the economic 
remanufacturing quantity is affected by varying yield rate. 
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7.4 Performance-based logistics 
The view of PBL as a business concept that creates value more efficiently with 
less waste seems widely accepted. PBL transfers the service responsibility for a 
system from the customer to the supplier, i.e. the system manufacturer. This 
transfer is expected to increase the driving forces for improving the overall 
efficiency of the value chain, i.e. reduce the cost for delivering a certain 
performance level, and the reduced costs are to be split between supplier and 
customer. PBL has the potential to create this win-win situation, but the transfer 
of responsibilities is not without risk. 

The supplier is exposed to increased financial risks since the supplier 
carries the cost if the cost to deliver the required system performance is 
underestimated. Therefore, predicting cost and performance during the bidding 
stage of a PBL-contract is important for the supplier. However, such predictions 
are often difficult due to the complexity of the systems and the long-term 
contracts.

The customer becomes more dependent on the supplier since the control 
over the support services is transferred to the supplier, as the customer cuts 
unnecessary resources such as system support competence. Should the supplier 
fail, another supplier might be difficult to find. Besides, the possibilities to 
transfer the risks to the suppliers are often limited in practice, since the 
customers often are held responsible for operative failures nonetheless. 

The risks force both parties to put extensive efforts on: designing 
contracts and payment models, decide on how to measure performance, define 
performance indicators, specify system levels and set target values. 
 This research contributes to the understanding of the driving forces and 
obstacles of PBL and clarifies relationships to other research fields. The research 
sheds light on ’hidden’ costs of PBL and emphasises the need for more evidence 
regarding profitability, since there is an obvious risk that the cost for mitigating 
business risks, specifying and monitoring performance and payments, and 
rearranging organisations exceeds the gains. 
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7.5 Further research 
It has been said that a chain is only as strong as its weakest link and that is most 
certainly true even when calculating economic order quantities. A weak link of 
the solution procedure developed in this thesis (as in many other procedures) is 
the estimation of variables to reflect ’reality’, particularly the estimation of 
inventory holding cost and setup cost. The inventory holding cost, which just as 
well could have been called ’lead time cost’, is an aggregated cost with many 
elements, making it fuzzy and hard to define. More work in progress and longer 
lead times can, for example, induce: 

Tied up capital 
Occupied storage space and shelves 
Transports and movements 
More difficult production planning and control 
Long delivery time, ruling out make-to-order 
More defect products in case of quality issues 
More difficult root cause analysis 
Inefficient problem solving due to lower urgency 

What is the aggregated cost of this? In my opinion there is an obvious risk is that 
these costs will be underestimated. 

The setup cost is often rather straightforward to estimate, since it usually 
consists of scrap connected to setups and facility and labour costs during the 
setup time. However, the setup cost might be unacceptably high due to bad setup 
processes, and if the order quantity is based on the actual setup costs, the firm 
stands the risk of ’hiding’ setup problems. The firm might draw the conclusion 
that the costly setups should be made less frequently while the accurate 
conclusion would be to improve the setup process. Good estimations of 
inventory holding costs and setup costs are crucial for the performance of every 
solution procedure and therefore needs more attention of researches in the 
ELSP-field.
 The length of the production cycle in an ELSP-solution also needs 
attention. A long production cycle can potentially bring about two problems: 
First, the longer cycle the harder it will be to accurately estimate customer 
demand, and thus the solution will be more sensitive towards demand 
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fluctuations. Second and more important, a longer cycle with diversified 
production frequencies implies that the order quantities of some products 
increase (typically low-volume products) while others decrease (typically high-
volume products). That is not a problem when production is running according 
to plan, but it could be a problem in case of disturbances that temporary causes 
bad delivery precision. Then, the ability to manufacture many different products 
during a short period of time is advantageous, and short production cycles, such 
as the common cycle solution, could therefore be preferred even if the calculated 
total cost is not optimal. 

Due to the risks of unexpected demand fluctuations and production 
disruption it is hazardous and inflexible to ’lock’ the production schedule for 
quite some time ahead. A better and more flexible way of handling ELSP in 
practice would perhaps be to calculate economic order quantities and let the 
cover time (i.e. lead time) in the succeeding buffer decide what and when to 
produce. In that case the product with the least cover time would always be 
produced, regardless of disturbances or prior planning. This way of planning 
also needs to be investigated further. 

Given the significant financial and organisational implications of PBL one 
might expect to find the financial effect of PBL a well-researched area, but the 
literature is scarce, containing little support of claims. An obvious risk is that the 
cost of mitigating the financial risks and rearranging organisations, equipment 
and attitudes from a traditional support structure exceeds the gains. The risk is 
intensified since some of the worst drawbacks of performance-based contracts in 
general include: high costs for establishing and executing performance 
measurements, inability to convert operational and strategic targets to 
performance indicators, and use of wrong performance indicators that leads to 
undesired supplier behavior. Furthermore, it is unclear how the cost reduction is 
shared between the customer and the supplier. It is likely that the supplier will 
demand a price premium due to the increased financial risks and thus that the 
customer’s cost will remain the same or even increase. Hence, the profitability 
of PBL is an important knowledge gap to bridge. 
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a b s t r a c t

This article provides a short historical overview from Harris and his Economic Order Quantity (EOQ)
formula to the Economic Lot Scheduling Problem (ELSP). The aim is to describe the development of the
ELSP field from the EOQ formula to the advanced methods of today in a manner that suits master and
graduate students. The article shows the complexities, difficulties and possibilities of scheduling and
producing several different items in a single production facility with constrained capacity. The items
have different demand, cost, operation time and set-up time. Set-up time consumes capacity and makes
the scheduling more complicated. Idle time makes the scheduling easier but is bad from a practical point
of view since it creates unnecessary costs due to low utilisation of the facility. A heuristic solution
method is used on a small numerical example to illustrate different solution approaches. The solution
method creates a detailed schedule and estimates the correct set-up and inventory holding cost even if
the facility works close to its capacity.

& 2014 Elsevier B.V. All rights reserved.

1. Introduction

The Economic Order Quantity (EOQ) has been a known concept in
the manufacturing industry for 100 years. Over the years numerous
methods for calculating economic order quantities have been
developed and these methods have become increasingly advanced
as their creators have aimed to solve more intricate problems. One
of these problems is the Economic Lot Scheduling Problem (ELSP)
which is about calculating economic order quantities and construct-
ing a feasible production schedule for several products that are
produced in the same machine or production facility. This may
sound like a trivial problem but it is indeed intricate and even
classified as NP-hard (Gallego and Shaw, 1997). Due to the complex-
ity of the problem, the reader of ELSP literature must often be well-
read in mathematics to fully understand the solution methods and
apply them to real cases. Therefore, this article aims to describe the
development of the ELSP field from the EOQ formula to the
advanced methods of today in a manner that suits master and
graduate students. The article focuses on the development of the
EOQ formula and the three main approaches in previous literature
that most ELSP methods are based upon, the common cycle solution,
the basic period approach and the extended basic period approach. To
illustrate these approaches, we solve a small numerical example

with our own heuristic method. Using this example, we will show
and argue where the research frontier concerning deterministic
ELSP is. We will also show that the traditional inventory holding
cost approximation may not always hold.

The ELSP problem is found in countless practical applications,
e.g. milling of gear houses, painting of metal rolls, welding of rear
axles, painting of truck components, moulding of brackets, paper
production, etc.; reaching from process industries with more
or less continuous flow to work shops. In many cases it is
financially beneficial for companies to purchase and run one
flexible high-speed machine capable of processing many types of
items, compared to purchase and run many dedicated machines
(Gallego and Roundy, 1992; Segerstedt, 1999). Hence, many
machines produce more than one item. Typically, such machines
are capable only of processing one type of item at a time, and a
set-up is usually required each time the production switch from
one type to another (Gallego and Roundy, 1992). Thus, the
dominant characteristics of a single-machine multi-item ELSP
system are the following: multiple items are processed; only one
item can be produced at a time; the machine has limited but
sufficient capacity; a set-up is required between the processing of
different items; items may differ in cost structure and require
different machine capacity; backorders are not allowed; Item
demand rates are deterministic and constant over time; set-up
and operation times are deterministic and constant over time;
set-up costs and set-up times are independent of production
sequence; inventory holding costs are determined by the value
of stocks held.
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Bomberger (1966) presents a problem and a solution method
from the characteristics of a metal stamping facility producing
different stampings on the same press line. Bomberger's 10-items
problem became a “milestone” concerning ELSP; the problem has
been the test example(s) new suggestions and methods have tried
to solve and compete with. Because of that we present the
problem and a totally scheduled solution of it, to the best of our
knowledge not presented in the same way before.

The article has the following outline: Section 2 provides a short
resume on the early history of EOQ and the Economic Production
Lot (EPL). Section 3 introduces our small numerical example.
Sections 4–6 treat the common cycle solution, the basic period
approach and the extended basic period approach respectively. In
Section 7 we present the Bomberger problem and provide a
complete scheduled solution to it, followed by a short review of
the literature from Bomberger to present time. Finally, in Section 8
we summarise the article and discuss ELSP from a practical point
of view.

2. The early history of EOQ and Economic Production Lot (EPL)

In 1913, Ford Whitman Harris published the first ideas about
the EOQ in “Factory, The Magazine of Management”. Harris (1913)
uses the following notations: M¼the number of units used per
month; C¼the cost of a unit ($); S¼the set-up cost of an order ($);
T¼the manufacturing interval in months; I¼the unit charge for
interest and depreciation on stock; X¼the unknown order size, or
lot size, that is best from an economic perspective. Harris assumes
that the annual interest and depreciation cost is 10%, and he
formulates a total-cost function that, in contrast to most textbooks
of today, calculates the cost per unit instead of the cost per time
interval (day or year) and includes the set-up cost of the average
stock (S/2)

1
240M

ðCXþSÞþ S
X
þC: ð1Þ

Harris states that finding the order size X that minimises Eq. (1)
involves higher mathematics. Harris further continues that “suffice
it to say that the value for X that will give the minimum value […]
reduces to the square root of 240MS divided by C”; an equation
now known as the classic EOQ formulaffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
240MS

C

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2� 12MS

0:1C

r
: ð2Þ

Erlenkotter (1990) presents a compilation of early EOQ litera-
ture and describes Harris' complete career from a production
engineer to a patent lawyer and a founder of a law firm.
Erlenkotter (1990) explains why the EOQ formula also is known
as the Wilson lot size formula and Camp's formula. Wilson (1934)
made the EOQ formula famous when he created and sold an
inventory control scheme based on Harris' ideas. However, he
acted according to the old tradition and did not cite earlier work.
(In the early 1970s the formula was known as the Wilson-formula
in Sweden.) Moreover, in a handbook on cost and production,
Alford (1934) referenced Camp (1922) for a general formula to
determine the EOQ. In the first edition of the “Industrial Enginee-
ring Handbook” published by McGraw-Hill (Maynard, 1956, pp.
8–182), W.W. Hannon correctly identified Harris' work and Taft
(1918), who extends Harris EOQ formula by incorporating a finite
production rate. But in the next edition of the same handbook
another author attributed the EOQ formula to Camp (1922). For
further information about these confusing citations up to the
1970s the reader is referred to Erlenkotter (1990).

We now introduce our own notations that we will use in the
rest of the article d¼demand rate of the item, in units per day;

h¼ inventory holding cost of the item, in money units per unit and
day; A¼set-up cost or order cost, in money units (a fixed cost per
order or production lot); q¼order quantity of the item.

Then, the cost per time unit can be written as a function of q

CðqÞ ¼ dA
q
þh

q
2
: ð3Þ

From Eq. (3) we can see that the cost per unit is

CqðqÞ ¼
A
q
þh

q
2
1
d
: ð4Þ

The resemblances to Harris' equation are h¼0.1C, d¼12M and
A¼S. Grubbstrom̈ (1995) points out that Eq. (4), through algebraic
rearrangements, can be written as

CqðqÞ ¼
h

2dq
q�

ffiffiffiffiffiffiffiffiffi
2dA
h

r !2

þ
ffiffiffiffiffiffiffiffiffi
2Ah
d

r
: ð5Þ

In Eq. (5), the first term is always positive, except when the
expression inside the square is zero, which coincides with the
minimum point of the cost function. The second term, which is
independent of q and thus constant, corresponds to the lowest
possible cost per unit of the order quantity. Hence, both differ-
ential calculus on Eq. (3) and the algebraic expression in Eq. (5)
can be used to derive the EOQ formula

qn ¼ EOQ ¼
ffiffiffiffiffiffiffiffiffi
2dA
h

r
: ð6Þ

It is not known how Harris first derived the EOQ formula but it
is an interesting question due to the fact that Harris had limited
education in mathematics (cf. Erlenkotter (1990)).

Up to now we have assumed that all replenishments happen
instantly, i.e. the production rate is infinite. However, if the
production rate is finite, the assumption of the average inventory
(q/2) changes since the maximum inventory become less than the
order quantity. To handle this, we let κ be the production rate in
units per day and assume that the production is on-going during
the time t. Then, q¼ κt, and since the demand is constant at all
time (even during the production) the maximum inventory is
ðκ�dÞt, which is smaller than the order quantity. t ¼ q=κ so the
maximum inventory can be written q ðκ�dÞ=κ. The average
inventory is half the maximum inventory and hence the cost
function, in money units per time unit, is

CðqÞ ¼ dA
q
þh

q
2
ðκ�dÞ
κ

: ð7Þ

The order quantity corresponding to the minimum cost is
derived through differential calculus on Eq. (7)

qn ¼ EPL¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2dA
h

κ
κ�d

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2dA
h

1
1�d=κ

s
ð8Þ

This quantity is usually called the Economic Production Lot (EPL)
and the formula, Eq. (8), was according to Erlenkotter (1990) first
derived in Taft (1918). Like the EOQ formula, the EPL formula is
well-known and commonly described in textbooks for under-
graduate and graduate students in operations management and
logistics. Different terms for EPL are used by different authors; e.g.
Buffa (1969) uses minimum cost Production Order Quantity, and
Silver et al. (1998) use Economic Production Quantity.

3. A small numerical example

We will now introduce a small numerical example with a single
machine and multiple items that we will use throughout this article.
Suppose that we have a machine that produces three different items,
A, B and C, with production and demand data as in Table 1. The
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machine can only produce one item at a time and there is a set-up
time that precedes every start of a new item. The capacity of the
machine, i.e. the number of items that can be produced per day,
depends on the number of working hours available. In this example,
we assume that there are 14 working hours available per day, which
means that we can produce 84 pieces of A in one day if we do not
make any set-ups. (An index i is added to distinguish the items. An
operation time, oi, in production time (days) per produced item i, is
also added so that oi ¼ 1=κi.) All notations used in the following
calculations are gathered in Table 2.

To calculate the EPL of the items we apply Eq. (8) on the
data presented in Table 1; qn

A ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2� 10:5� 500=0:2174Þð1=1

p
� 0:0119� 10:5ð ÞÞ � 235, qn

B ¼ 246, and qn

C ¼ 256, and according to
Eq. (7) the total cost is ∑iððdiAi=qn

i Þþhiðqn

i =2Þð1�oidiÞÞ¼299.40
money units per day. This solution is a lower bound, i.e. the
cost cannot be reduced any further. But, as the set-up time is not
considered in the EPL formula, it is not certain that the order quantities
will cover the demand during the total time of both production and
set-up. However, in this particular example the demand for 230 days
can be produced during less than 192 days with set-ups included.

Rogers (1958) discusses the problem of inventory control in a
single-machine multi-item system and applies the EPL formula to the
items individually. According to his conclusions, it is usually impossible
to construct a feasible production schedule from these calculated
order quantities, since two or more items would have to be produced
at the same time to avoid demand shortages. The problem with such
interference between the items is also discussed and illustrated by
Brander (2006). Hadley and Whitin (1963, p. 54) state that “It is
permissible to study each item individually only as long as there are no

interactions among the items”, and that “There can be many sorts of
interactions among the items”. They mention items competing for
floor space and investments in inventory. Hence, the EOQ and EPL
formulas, which only consider one product at the time, are limited
from a practical point of view.

To calculate economic order quantities in a single-machine multi-
item system and avoid interferences between the items, we need to
handle the items jointly. Hence, consider a machine where several
items are produced ði¼ 1;2;…;NÞ and assume finite production
rates and instant set-ups. Then, for a common time interval, T, during
which all items are produced once, the cost per time unit is

CðTÞ ¼ ∑
N

i ¼ 1

Ai

T

z}|{set�up cost

þ hi
diT
2

ðκi�diÞ
κi

zfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflffl{inventory holding cost
0
BBB@

1
CCCA

¼ ∑
N

i ¼ 1

Ai

T
þhi

diT
2
ð1�oidiÞ

� �
: ð9Þ

The optimal T that corresponds to the lowest cost is found
through differential calculus on Eq. (9)

Tn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2∑N
i ¼ 1Ai

∑N
i ¼ 1hidið1�oidiÞ

s
: ð10Þ

Eqs. (8) and (9) are often presented in textbooks to introduce a
discussion of cyclic policies (e.g. Nahmias (2009) and Segerstedt
(2009)). However, those equations only find a common cycle
length that minimises the set-up cost and inventory holding cost,
and do not consider the possibility that the available capacity may
be too small to satisfy the required demand.

Table 1
Data for the numerical example.

A B C

Demand rate (units/day) di 10.5 30 17
Machine capacity (min/unit) o0i 10 8 20
Set-up time (min) s0i 30 60 30
Set-up cost (money units, for every set-up) Ai 500 500 1000
Cost/value (money units/unit) ci 500 1600 2000
(money units/day and unit) hi 0.2174 0.6957 0.8696
Shift factor (min/day) K 840
Interest rate (%/year) r 10
Production days (days/year) D 230
Production rate (units/day) κi ¼ K=o0i 84 105 42
Actual capacity (days/unit) oi ¼ 1=κi 0.0119 0.0095 0.0238
Set-up time (days) si ¼ s0i=K 0.0357 0.0714 0.0357
Inv. holding cost (money units/day and unit) hi ¼ cir=D 0.2174 0.6957 0.8696

Table 2
The notations used in this article.

di Demand rate for item i, in units per day; i¼1,2,…,N
hi Inventory holding cost of item i, in money units per unit and day
Ai Set-up cost for item i, in money units per production lot
qi Order quantity for replenishment of item i, in units
κi Production rate for item i, in units per day
si Set-up time of item i, in days per production lot
oi ¼ 1=κi , Operation time of item i, in days per unit
T Production cycle time, in days (time interval in which all items are produced at least once)
fi Frequency, the number of times that item i is produced during a production cycle T
Tinf The shortest possible production cycle time in days, in which all items can be produced with frequencies all equal to one
Tmin The shortest possible production cycle time in days, in which all items can be produced with the chosen frequencies f i (T inf rTmin)
C(f,T) Total cost per day, in money units (depending on chosen frequencies and time interval)
tij Adjusted early start of item i in period j, in days, before the inventory reaches zero
ii Current inventory of item i

f̂ The highest frequency used; maxi f i
� �
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4. The common cycle solution

To take both capacity constraints and interferences between
the items into account, we assume that the items A, B and C are
produced during a common cycle that is repeated successively.
Each time the cycle is finished it immediately starts over again.
Thus, the cycle time, T, must be large enough to cover the set-up
and operation times for all items of the demand during the cycle

∑
i
ðsiþoidiTÞrT : ð11Þ

Eq. (11) can be rearranged to find the shortest possible cycle
time

T inf ¼
∑isi

1�∑ioidi
: ð12Þ

Eqs. (10) and (12) are combined to find the cycle time that
corresponds to the lowest cost

Tn ¼ max

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2∑N

i ¼ 1Ai

∑N
i ¼ 1hidið1�oidiÞ

s
; T inf

 !
ð13Þ

and the optimal order quantities are calculated from qn

i ¼ diT
n. This

solution method was showed by Hanssmann (1962) and is known as
the common cycle solution. The solution method guaranties feasible
solutions in the sense that the production can be scheduled without
interferences and that the machine capacity is sufficient. The common
cycle solution to the numerical example is presented in Table 3 and
illustrated in Fig. 1. In Table 3 we have introduced a frequency, f i,
which is the number of times that the item is produced during T. We
will come back to the use of f i later in this article.

According to Eqs. (12) and (13) T inf ¼ 0:77 and Tn ¼ 12:475. The
total set-up cost per day is calculated from ∑if iAi=T

n and the total
inventory holding cost per day is calculated from ∑ihið1�oidiÞdiTn=

ð2f iÞ. The total cost is 320.64 money units per day. During each cycle
the machine is idle for 12.475�10.315¼2.16 days. The idle time is
necessary since the output per day would exceed the demand rate if
the machine would run non-stop, and the inventory would therefore
increase with every cycle. However, from a practical point of view it
seems strange to let the machine be idle for approximately 1/6 of the
total time, since facilities and workforce cost money even during idle
time (cf. Brander and Segerstedt (2009)). When there is much idle
time it could be a good idea to reduce the number of shifts per day and
thus reduce the available production time. But in this particular
example it is not possible to reduce the number of shifts from two
to one (K¼420), since the capacity would become too small to meet
the demand, and si and oi would increase to such extent that no
positive T could satisfy Eq. (11).

5. The basic period approach

Hanssmann's article about the common cycle solution from 1962
was followed by a large amount of articles that treated similar
problems, which we now know as ELSPs. Probably the most well-
known ELSP publicationwasmade by Earl E. Bomberger in 1966 when
he presented his 10-item problem instance that has been cited
extensively in the literature ever since. Bomberger (1966) uses
dynamic programming to calculate order quantities, and he introduces
an item-specific cycle time, Ti, which is the time from one production
start of the ith item to the next production start of that item. Thus,
the production of item i is repeated every Ti units of time. Bomberger
constrains the cycle times Ti to be integer multiples ki of a basic period,
Tb, so that Ti ¼ kiTb, and he restricts the basic period to be large
enough to accommodate production of all items once. Bomberger's
extension of the common cycle solution is called the basic period
approach, and it allows the items to be produced with different
frequencies.

To illustrate the basic period approach we return to our
numerical example (in Table 1). We use the method presented in
Holmbom et al. (2013). The main principle of that method was first
developed by Segerstedt (1999). The principle is to reduce the total
cost by finding an even balance between the set-up cost and the
inventory holding cost of each item. Thus, the ratio between set-
up cost and inventory holding cost of each item should be as close
to 1 as possible. By making the ratios close to “1” we can expect to
find a solution close to the lower bound solution (calculated from
Taft's EPL formula) in which the ratio is equal to 1 for all items.

The frequency, f i, was introduced in Table 3, where we defined it as
the number of times that an item is produced during the cycle time T.
If we look at the common cycle solution in Table 3 we can see that the
largest ratio or inverted ratio (lines 9 and 10 in Table 3) belongs to
item A. Since the ratio of item A is large, item Awould probably benefit
from less frequent production than items B and C, which would
increase the order quantity of item A and hence reduce its ratio.
However, the frequency of item A can hardly be reduced since it is
equal to 1, so instead we increase the frequency of items B and C to 2.
This new solution corresponding to a new set of frequencies (1, 2, 2)
and a new calculated cycle time Tn that minimises the total cost, it is
presented in Table 4 and illustrated in Fig. 2.

With different frequencies for different items the total cost
function (Eq. (9)) becomes

Cðf; TÞ ¼∑
i

f iAi

T
þhi

diT
2f i

ð1�oidiÞ
� �

: ð14Þ

Notice that qi ¼ diT=f i, and that the first part in Eq. (14) is the
total set-up cost and the second part is the total inventory holding
cost. We assume that the inventories are replenished immediately
after they become empty. With different frequencies for different
items the cycle time, T, must be large enough to cover the set-up
and operation times for all items of the demand during the cycle

∑
i
ðf isiþoidiTÞrT : ð15Þ

Therefore, the shortest possible time where the expected
demand rates can be satisfied is

Tmin ¼
∑if isi

1�∑ioidi
¼ 1:35 ð16Þ

and consequently the time corresponding to the lowest cost, with
given frequencies, is

Tn ¼ max
2∑if iAi

∑ihidið1�oidiÞ=f i
; Tmin

� �
¼ 22:48: ð17Þ

The total cost is 311.37 money units per day, which is 9.27
money units less than the total cost of the common cycle solution.
According to Bomberger's restriction, the basic period must be

Table 3
The common cycle solution of the numerical example.

A B C Σ

(1) Frequency: f i 1 1 1
(2) Set-up time: f isi 0.0357 0.0714 0.0357 0.1428
(3) Operation time: oidiT

n 1.559 3.564 5.049 10.172
(4) (2)þ(3) Σ 1.595 3.635 5.085 10.315
(5) Set-up cost/day 40.08 40.08 80.16 160.32
(6) Inv. holding cost/day 12.46 92.98 54.88 160.32
(7) (5)þ(6) Σ 320.64
(8) qn

i ¼ diT
n=f i 131.0 374.2 212.1

(9) Ratio: (5)/(6) 3.22 0.43 1.46
(10) 1/Ratio: 1/(9) 0.31 2.32 0.68
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large enough to accommodate production of all items once.
Therefore, the basic period, Tn=f̂ , must satisfy

Tn

f̂
Z∑

i
siþ

oidiT
n

f i

� �
ð18Þ

where f̂ ¼maxiðf iÞ. In this case the basic period is 22.48/2¼11.24,
and the time for producing all items once is 2.846þ6.566/2þ
9.171/2E10.71. Thus, all items can be produced during the basic
period and the restriction is fulfilled. Bomberger solved the
problem with dynamic programming; first finding a basic period
and then deciding the frequency of each item. Unlike Bomberger's
method, our method here first decides the frequency of each item
and then calculates the optimal cycle time. Hence, the basic period
is a result of the chosen frequencies and the calculated optimal
cycle time.

6. The extended basic period approach

According to Table 4 and to the largest ratio or inverted ratio, it
might be preferable to increase the frequency of item B. However,
if we increase the frequency of item B one step (i.e. fB¼4, using a
power-of-two policy justified in forthcoming Section 7) Tmin

becomes 2.13 (Eq. (16)) and Tn becomes 29.816 (Eq. (17)), and
the basic period, Tn=4� 7:46, will not fulfil Eq. (18). The solution in
Table 4 is the best basic period solution our method can find.

To find a better solution we need to consider another approach.
In the extended basic period approach Bomberger's restriction on
the basic period is relaxed so that the “period” only must cover the
average set-up times and operation times of all items (Stankard
and Gupta, 1969; Haessler and Hogue, 1976; Doll and Whybark,
1973; Elmaghraby, 1978). Thus

Tn

f̂
Z

∑iðf isiþoidiT
nÞ

f̂
: ð19Þ

By reworking Eq. (19) we end up with the same restriction on
the cycle time as we presented in Eq. (15). But Eq. (19) is, in
contrast to Eq. (18), satisfactory even if we increase the frequency
of item B to “4” as we discussed earlier. Hence, the solution that
was infeasible with the basic period approach is now feasible. The
extended basic period solution is presented in Table 5.

However, relaxing the period length restriction gives us a new
problem. The production of item A requires 3.763 days, item B requires
8.805/4¼2.201 days and item C requires 12.140/2¼6.070 days. In two
of the four periods both item B and item C needs to be scheduled and
therefore those periods must be at least 2.201þ6.070¼8.271 days,
which is longer than Tn=4� 7:45. Thus, all four periods cannot be
equally long. Whenwe cannot schedule the production in equally long
periods the traditional inventory holding cost approximation and the
cost calculations in Table 5 does not hold (cf. Nilsson and Segerstedt
(2008)). The inequalities force the production of item B and item C to
start before the inventories reach zero to avoid shortages. Therefore an
extra inventory holding cost is created, and hence the real total cost is
more than the 301.85 money units shown in Table 5.

How to calculate the extra cost is described in Holmbom et al.
(2013). First, a detailed production schedule is created. The schedul-
ing procedure aims to make the four periods as equal as possible. If
all periods have the same length there is no extra inventory and the
preliminary cost estimation in Table 5 is correct. Second, the potential
“early starts” are calculated. The early starts depend on the difference
between the actual period length and the theoretical period length if
all periods would have been equal. The schedule of the solution in
Table 5 is presented in Table 6 and illustrated in Fig. 3. Early starts are
necessary for item B in periods 1 and 3.

With the extra inventory the total cost becomes (cf. Holmbom
et al. (2013))

Cðf; TnÞ ¼∑
i

f iAi

Tn
þhi

diT
n

2f i
ð1�oidiÞþhi ∑

f̂

j ¼ 1

ditij
f i

 !
¼ 310:37: ð20Þ

The extra inventory cost is ∑ihi∑jðditij=f iÞ ¼ 8:53 money units
per day. Observe that the machine is idle during 5.109 days of the
total 29.816 days to keep the inventory levels stationary over time.
Hence, the machine is idle during 17% of the total time; the same
as for the common cycle solution. The total cost is 1.00 money
units less than the cost of the basic period solution, and 10.27
money units less than the cost of the common cycle solution. This
is the best extended basic period solution that can be found with
the current method.

The set-up times in the numerical example are relatively short.
If they are multiplied with a factor 4 to 2 h for item A and C and 4 h
for item B, the schedule would be like Table 7.

The “optimal” cycle time and the economical frequencies are
still the same, since the costs are unchanged. The idle time and early

Fig. 1. The common cycle solution; time schedule and the inventory of item B.

Table 4
The basic period solution to the numerical example.

A B C Σ

(1) Frequency: f i 1 2 2

(2) Set-up time: f i si 0.036 0.143 0.071 0.250

(3) Operation time: oidiT
n 2.810 6.423 9.100 18.333

(4) (2)þ(3) 2.846 6.566 9.171 18.583
(5) Set-up cost/day 22.24 44.48 88.96 155.69
(6) Inv. holding cost/day 22.45 83.78 49.45 155.69
(7) (5)þ(6) 311.37

(8) qn

i ¼ diT
n=f i 236.1 337.2 191.1

(9) Ratio: (5)/(6) 0.99 0.53 1.80
(10) 1/Ratio: 1/(9) 1.01 1.88 0.56
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starts have changed and the total cost is now 301.85þ2�0.696
(30�1.115/4)¼313.49. The machine is idle during 13% of the time,
and in the common cycle solution of this modified example the idle
time is 14%.

If we assume a complementary facility cost of 300 money units
per hour (5 MU/min, 4200 MU/day) independent of the machine
is idle or not, the overall total cost of the common cycle solution
increases to (12.475�4200þ12.475�4200þ12.475�320.64)/
12.475¼4200þ320.64¼4520.64 MU/day. For the extended basic
period solution the increase is 4200þ310.37¼4510.37 MU/day;
still a better solution than the common cycle solution. The shift
factor, K, is the variable that creates costs. Hence, a significant cost

reduction can be achieved if it is possible to produce the demand
in fewer hours and thus in fewer shifts per day. In cases where the
idle time is large, it is financially beneficial to produce the demand
with a minor K given that T inf is larger than zero but not too large
(approximately o15). The shift factor will not influence the
frequencies; the economical frequencies only depend on the set-up
costs and inventory holding costs.

7. The Bomberger problem

Due to the importance of the Bomberger problem instance in
this research field, we will here present a scheduled solution to it.
The Bomberger problem is presented in Table 8.

We have inverted the production rates in the Bomberger
problem to “capacity” ðoi ¼ 1=κiÞ. The holding cost per unit and
day, hi, is calculated from an original labour and material cost per
unit, ci, multiplied with 0.1 (inventory interest rate) and divided by
240 (days per year) (cf. Bomberger (1966)). Unfortunately, the
original article contains a printing mistake where c2 is presented
as 0.1175 instead of 0.1775. The common cycle solution that
Bomberger presents in the same article, T ¼ 41:17, can only be
replicated if c2 ¼ 0:1775, so it is surely a printing mistake. In the
early 1970s the printing mistake must have been known, but it
seems like no one commented upon it. The first comment may be
in Cooke et al. (2004) but unfortunately some earlier published
articles are based on the wrong numbers. (Segerstedt (1999)
contains another printing mistake concerning hi.)

Table 9 shows the best known solution to the Bomberger
problem found by Doll and Whybark (1973), Goyal (1975) and
Segerstedt (1999).

The Bomberger problem is possible to schedule in 8 equal
periods, see Table 10, and thus we do not need to consider any
early starts or extra inventory.

In the Bomberger problem the utilisation is high and the machine
is idle only during 4.6% of the time. In that respect it is quite surprising
that the production of all items fit into 8 equal periods. It can perhaps
partly be explained by the fact that there are many different items to
schedule, and hence many small pieces of the puzzle to put together.
High utilisation is preferred from a total cost perspective, but too high
utilisation will transform the process to a bottleneck (cf. Hopp (2011))
and create costs such as queuing, delays and more work in process
(WIP). Thus, too high utilisation must be avoided to facilitate short
delivery times, high delivery precision and short throughput times.

The schedule in Table 10 cannot be found if we apply the
scheduling rules of the Holmbom et al. (2013) method strictly. If
we follow that allocation method strictly, we end up with a

Table 5
The extended basic period solution to the numerical example.

A B C Σ

(1) Frequency: f i 1 4 2
(2) Set-up time: f i si 0.036 0.286 0.071 0.036
(3) Operation time: oidiT

n 3.727 8.519 12.069 24.315
(4) (2)þ(3) 3.763 8.805 12.140 24.708
(5) Set-up cost/day 29.78 55.56 65.59 150.92
(6) Inv. holding cost/day 16.77 67.08 67.08 150.92
(7) (5)þ(6) 301.85
(8) qn

i ¼ diT
n=f i 313.1 223.6 253.4

(9) Ratio: (5)/(6) 1.78 0.83 0.98
(10) 1/Ratio: 1/(9) 0.56 1.21 1.02

Table 6
The schedule of the extended basic period solution.

Period
1

Early
start

Period
2

Early
start

Period
3

Early
start

Period
4

Early
start

Production
B

2.201 0.817 2.201 – 2.201 0.817 2.201 –

Production
C

6.070 – 6.070 –

Production
A

3.763 –

Idle: 0.000 0.673 0.000 4.436
8.271 6.637 8.271 6.637

Cumulated:
Actual
length

8.271 14.908 23.179 29.816

Equal
length

7.454 14.908 22.362 29.816

Fig. 2. The basic period solution; time schedule and the inventory of item B. The items are scheduled in descending order according to (1) frequency and (2) production time;
beginning with the item that has highest frequency and longest production time.
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slightly different schedule where all periods are not equal. This is
because the method suggests that item 10 should be scheduled in
periods 1, 3, 5 and 7 instead of periods 2, 4, 6 and 8, which is
required to achieve period equality. The allocation method can be
modified with complementary scheduling rules to find the exact
schedule shown in Table 10. (From a practical point of view the
cost difference is negligible. If we put item 10 in periods 1, 3, 5 and
7, then period 4 contains 23.66 days of production, which in turn
force items 8 and 4 to start 0.24 days early. The total cost per day
increases from 32.07 to 32.10; þ0.09%.)

After Bomberger's publication many researchers and authors
have made different contributions to the ELSP area. Some
well-known references, some already mentioned, are Doll and
Whybark (1973), Goyal (1973, 1975), Haessler and Hogue (1976),
Elmaghraby (1978), Hsu (1983), Axsäter (1987), Zipkin (1991),
Gallego and Roundy (1992) and Bourland and Yano (1997). Among
the more recent publications are Khoury et al. (2001), Soman et al.
(2004), Cooke et al. (2004) and Yao (2005).

Elmaghraby (1978) presents an overview of earlier research.
Lopez and Kingsman (1991) make a review and compare different
solution methods. They argue that the “power-of-two policy”, of
the basic period, is a requirement for achieving schedule feasibility
in practice. Yao and Elmaghraby (2001) also show that the
power-of-two policy simplifies the construction of feasible cyclic

schedules. A recent review is made by Chan et al. (2013) who
summarise the ELSP research during the last 15 years (1997–2012).

Remanufacturing is a production and problem area where ELSP
is also applied; e.g. Tang and Teunter (2006), Teunter et al. (2009)
and Zanoni et al. (2012). Zanoni et al. (2012) use the same
principle as shown in this article; the ratio between the set-up
cost and the inventory holding cost of each item should be as close
as possible to “1”. Segerstedt (2004) shows that the same principle
can be extended to several machines and multi-level production.
The same principle has also been applied to other problems than
ELSP with good results, e.g. the Joint Replenishment Problem
(Nilsson et al., 2007) and the One Warehouse N-retailer Problem
(Abdul-Jalbar et al., 2010).

8. Summary and practical implications

The aim of this article was to describe the development of the
ELSP field from the EOQ formula to the solution methods of today.
We have discussed the early history of EOQ and EPL and showed
the related formulas. We have also discussed the limitations of
these formulas when many different items are produced in the
same machine. In such situations the EOQ and EPL formulas do not
guarantee that the order quantities will cover demand, or the

Fig. 3. The extended basic period solution; time schedule and the inventory of B.

Table 7
The extended basic period solution; with longer set-up times.

Period 1 Early start Period 2 Early start Period 3 Early start Period 4 Early start

Production B 2.392 1.115 2.392 – 2.392 1.115 2.392 –

Production C 6.177 – 6.177 –

Production A 3.870 –

Idle: 0.000 0.077 0.000 3.947
8.569 6.637 8.569 6.637

Cumulated:
Actual length 8.569 14.908 23.477 29.816
Equal length 7.454 14.908 22.362 29.816

Table 8
The Bomberger problem (time unit: days).

Item i 1 2 3 4 5 6 7 8 9 10

di 400 400 800 1600 80 80 24 340 340 400
κi 30,000 8000 9500 7500 2000 6000 2400 1300 2000 15,000
oi 3.333�10�5 1.250�10�4 1.053�10�4 1.333�10�4 5.000�10�4 1.667�10�4 4.167�10�4 7.692�10�4 5.000�10�4 6.667�10�5

Si 0.125 0.125 0.25 0.125 0.50 0.25 1 0.5 0.75 0.125
Ai 15 20 30 10 110 50 310 130 200 5
ci 0.0065 0.1775 0.1275 0.1000 2.7850 0.2675 1.5000 5.9000 0.9000 0.0400
hi 2.708�10�6 7.396�10�5 5.313�10�5 4.167�10�5 1.160�10�3 1.115�10�4 6.250�10�4 2.458�10�3 3.750�10�4 1.667�10�5
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capacity will be enough, during the total time of both production
and set-up. Therefore, we had to consider the items jointly and we
introduced the common cycle solution. With the common cycle
solution we computed a feasible production schedule for a small
numerical example with three items. This production schedule
was further improved when we used the basic period approach to
solve the example. The basic period approach allows the items to
be produced with different frequencies, which often can be cost-
effective. In our example the basic period approach reduced the
total cost per day from 320.64 (the common cycle solution) to
311.37 money units/day. This cost was even further reduced when
we applied the extended basic period approach. In the extended
basic period approach the restriction on the “period” is relaxed,
which can enable better utilisation of the capacity and less idle
time. However, with this relaxed restriction there is no guarantee
that the periods will be equally long and therefore the production
of some items must start before the inventory is empty, which will
lead to a higher average inventory. Hence, the cost calculation
depends on the scheduling and requires a solution method that
creates a detailed production schedule. The cost of the extended
basic period approach solution was shown to be 310.37 money
units, and not 301.85 as the traditional inventory holding cost
approximation suggested; a significant difference that previous
ELSP literature has paid little attention to. But despite that extra
inventory holding cost, the extended basic period solution came
closer to the lower bound solution on 299.40 (derived from the
EPL formula) then the common cycle solution and the basic period
solution.

In a practical situation it is sensible to have a production
schedule that is repeated at regular time intervals to create a
production pattern. In the solution of the Bomberger problem the
schedule would be repeated every 187.40 day, which is a bit
awkward and cumbersome time frame. The production of items
7 and 3 would almost cover the demand of a whole year, and if the
demand changes over time there is a risk for obsolete overstock.
Therefore a too long cycle time should be avoided. The method of

Holmbom et al. (2013) is easy to adapt to different time intervals.
In practical situations the scheduling may be done explicitly for
the items with the highest recommended frequencies, while items
with low demand and frequency (produced once per sixth month
or less) can be scheduled in a buffer every period.

The set-up time is sometimes dependent of the sequence of the
production; e.g. die-casting of plastic products (the set-up time is
shorter if the item has the same colour as the previous produced
item) or manufacturing of pinions and gears (the set-up time is
shorter if the item has the same module or the same size of
the gear tooth as the previous item). The model presented here
does not explicitly consider sequence dependent set-up times, but
it can be handled by creating a schedule based on the average
set-up time.

In a practical situation everything is not deterministic; set-up
times and operation times are often stable but expected demand
rates can change. Therefore the ELSP analysis and calculation must
be done regularly. Brander et al. (2005) show that deterministic
models can be used even if the demand is stochastic. They
emphasise the importance of rules to decide whether the produc-
tion should start or not. Levén and Segerstedt (2007), with
inspiration from Leachman and Gascon (1988), further develop
such decision rules. For example, a decision rule can be based on
the current inventory; if the inventory of an item does not cover
expected demand until the next possibility to produce the item, it
should be produced in the current period. The cover time, ii=di,
where ii is the current inventory of item i, can be used to prioritise
the items to avoid shortages.

Time-varying lot sizes have been studied and suggested by e.g.
Dobson (1987) and Moon et al. (2002). However, even though
time-varying lot sizes work satisfactory in theory there may be
considerable practical disadvantages such as variations in the
material supply and inventory floor space. Time-varying lot sizes
are not compatible with philosophies such as lean production that
strives to eliminate all kinds of variation and promotes standar-
dised working routines. This may be an explanation to the larger

Table 9
The best known solution to the Bomberger problem.

Item i 1 2 3 4 5 6 7 8 9 10

f i 1 4 4 8 4 2 1 8 4 4
Tn 187.40
siþoidiT

n=f i 2.623 2.468 4.197 5.121 2.374 1.500 2.874 6.626 8.715 1.374
f iAi=T

n 0.08 0.43 0.64 0.43 2.35 0.53 1.65 5.55 4.27 0.11 16.04
hið1�oidiÞdiTn=ð2f iÞ 0.10 0.66 0.91 0.61 2.09 0.41 1.39 7.23 2.48 0.15 16.03

32.07

Table 10
The extended basic period solution to the Bomberger problem.

Item Period

1 2 3 4 5 6 7 8

8 6.626 6.626 6.626 6.626 6.626 6.626 6.626 6.626
4 5.121 5.121 5.121 5.121 5.121 5.121 5.121 5.121
9 8.715 8.715 8.715 8.715
3 4.197 4.197 4.197 4.197
2 2.468 2.468 2.468 2.468
5 2.374 2.374 2.374 2.374
10 1.374 1.374 1.374 1.374
6 1.500 1.500
7 2.874
1 2.498
Σ 21.962 22.160 23.336 22.160 21.962 22.160 22.960 22.160 178.86
Idle 1.463 1.265 0.089 1.265 1.463 1.265 0.465 1.265 8.54
ΣΣ 23.425 23.425 23.425 23.425 23.425 23.425 23.425 23.425 187.40
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interest for fixed order quantities. In the literature review by Chan
et al. (2013) on recent research trends of ELSP only 11% of the
articles dealt with time-varying lot sizes.

Reports of ELSP implementations in practice are rare, but van
den Broecke et al. (2005, 2008) report about successful applica-
tions of a variant of the method presented by Doll and Whybark
(1973), and Taj et al. (2012) report about successful applications of
a model similar to Segerstedt (1999).

Hopefully this article can be used to quickly introduce master
and graduate students to the practical and theoretical problem
ELSP found in countless industrial processes.
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Economic lot scheduling problem (ELSP) handles the problem of deciding what order quantities to use when different
products/items are produced in the same capacity constrained production facility. It has previously been shown, and it is
shown in this article, that it is possible to find a feasible solution fulfilling true feasibility conditions. However, if the
utilisation of the production facility is high the production often has to start before the inventory reaches zero to avoid
future shortages. Such ‘early starts’ creates an extra inventory holding cost that the traditional approximation for the
inventory holding cost does not account for. This article presents an iterative solution procedure that computes the true
inventory holding cost and minimises the total costs. Contrary to previous solution procedures, this procedure requires
that the production is scheduled in detail. The heuristic solution procedure is illustrated by a numerical example, it is
programmed in MATLAB and variants of the problem are presented.

Keywords: economic lot scheduling problem (ELSP) cyclic planning; production cycle; production schedule; production
plan; single machine; capacity constrain

1. Introduction

It is often too costly for a company to have special machines and equipment for every product they produce. Therefore,
it is common that several products or variants of a main product are manufactured in one machine or production facility.
The determination of production quantities and their scheduling is called the Economic Lot Scheduling Problem (ELSP).
It sounds like a simple problem, but it is a complicated theoretical problem classified as NP-hard in the strong sense (cf.
Gallego and Shaw 1997). Moreover, it is a common practical problem existing in several types of industries, e.g. paper
mills and milling machines, reaching from process industries with more or less continuous flow to work shops. When
the production must be finished before the customer order arrives a forecasted constant demand rate, which is adjusted
in intervals, is a common assumption for the scheduling of the production facility. The timing and the size of the order
quantities will decide how efficient the processing will be; it determines the costs, the service to customers, and in the
end the profitability of the manufacturing company. Which order quantity to use for this item? – That is a question that
must be answered several times per day in a manufacturing company.

The objective of the ELSP is to determine a production schedule that minimises costs, traditionally the sum of
inventory holding costs and setup costs. However, constructing sensible and realistic schedules is difficult and several
methods have been developed to find the minimum cost production schedule. A schedule where each item is pro-
duced exactly once during a cycle is called a common cycle solution. Such solution is an upper bound on the opti-
mum cost that has capacity for the setup and the production of every item (showed by Hanssmann (1962)). Due to
differences in demand rate, product cost or setup cost the common cycle approach will often not present an optimal
solution to the original problem even though there are reported cases when the approach is successful, e.g. Galvin
(1987) investigating metal work applications. Differences in demand, costs and production times motivate more fre-
quent production of some items and less frequent production of others. In the popular ‘basic period approach’ the
items are allowed to have different cycle times, as long as the cycle times are integer multiples of a basic period.
High volume items are produced in every basic period and lower volume items are produced less frequently (every
second basic period, or every fourth basic period etc.). Bomberger (1966) introduced the restrictive constraint that all
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items must be produced in at least one basic period. Therefore, the sum of the setup time and operations time of all
items must be less than or equal to the basic period. However, this constraint is relaxed in the ‘extended basic period
approach’, stating that the basic period must be long enough to cover the average setup times and processing times
for all items. Bomberger (1966) presented a 10-item ELSP-problem which has been used extensively in the literature.
Doll and Whybark (1973) present an iterative procedure, which reaches the best known solution to the Bomberger
problem. Elmaghraby (1978) presented an overview of earlier research and own contribution to the problem. Goyal
(1973, 1975); Hsu (1983); Axsäter (1987); Zipkin (1991); Bourland and Yano (1997) are all well-known references
to this problem.

Lopez and Kingsman (1991) make a review and compare different solution methods. They argue that the ‘power-of-
two’, of the basic period, is a requirement for achieving schedule feasibility in practice. Yao and Elmaghraby (2001)
also mean that power-of-two solutions seem to be a way to derive easy and effective heuristics. Segerstedt (1999) pre-
sented a heuristic method for this problem that has no explicit common basic period, but during a common cycle (time
period) the different items are produced with different frequencies restricted to ‘power-of-two’. The heuristic consists of
an iterative procedure and the main idea is to find a balance between the setup costs (i.e. the replenishment costs) and
the inventory holding costs. Similarly to the economic order quantity model (EOQ) the solution becomes better as the
ratios between the setup costs and the inventory holding costs approach one. Segerstedt (2004) shows that this heuristic
is possible to extend to several machines and multi-level production.

Nilsson and Segerstedt (2008) compare the heuristic from Segerstedt (1999), but first modified and improved, with
the heuristic techniques of Doll and Whybark (1973) and Goyal (1975). All these heuristics find the best known solution
to the Bomberger problem, 32.07; a solution that many methods do not find. Nilsson and Segerstedt (2008) show that
feasible solutions can be found, both with their method and others, where the production can be scheduled during a time
interval, the initial inventory level is the same as the final and the schedule can be repeated in a cyclic pattern without
shortages. However, Nilsson and Segerstedt (2008) show that the common approximation for the inventory holding
costs does not fit. Therefore their definition of feasibility differs from the traditional. The ‘real’ inventory holding cost
often becomes larger than the common approximation, because the replenishment of some items starts before the inven-
tory is consumed to zero. Thus, the inventory holding costs depend on the production schedule.

In many companies production cost is almost constant per hour regardless of whether the facility is idle, under
setup, or under production. The cost per time unit of both production and setup in the production facility depend on
the availability of the facility. Each hour of production is connected to a cost due to, for example, direct labour costs,
indirect manufacturing costs, consumption of electricity and energy, and costs for tools, maintenance and necessities.
The facility cost affects the time (hours, shifts) that the facility should be operating from an economical point of
view. Thus, the facility cost affects the scheduling and lot sizing. The scheduling and lot sizing in its turn will affect
how many hours per working day the facility must produce to satisfy current demand. Therefore, Brander and Seger-
stedt (2009) treat the ELSP with an untraditional cost model: a cost per time unit of production and setup, traditional
inventory holding costs, and an out-of pocket cost for the setup independent of the setup time. (They assume that the
demand must be satisfied. Therefore, the setup cost does not include any lost sales or opportunity costs, but only
expenditures created by the setup.) Brander and Segerstedt (2009) modify the heuristic procedure in Nilsson and
Segerstedt (2008) to determine cyclic schedules. The examples in Brander and Segerstedt (2009) show that even a
small cost per time unit of production and setup, makes solutions with high utilisation and little idle time economi-
cally beneficial.

The main idea behind the heuristics of Nilsson and Segerstedt (2008) and Brander and Segerstedt (2009) is to find a
balance between the setup costs and the inventory holding costs that will minimise the total cost. These costs should
have as similar magnitudes as possible for all items. The principle has been applied to other problems than ELSP with
good results, for example the Joint Replenishment Problem (Nilsson, Segerstedt, and van der Sluis. 2007) and the One
Warehouse N-retailer Problem (Abdul-Jalbar et al. 2010).

This article presents an iterative solution procedure that finds the true inventory holding cost to the ELSP even in
high utilisation facilities. The article shows that it is possible to find a feasible solution (fulfilling feasibility conditions
from Eilon (1962); Goyal (1975); and Segerstedt (1999)), but the real inventory holding cost is larger than the com-
monly used approximation. The solution procedure schedules the production in detail (including frequencies, sequences,
start times etc.) to compute the additional inventory holding cost dependent on the production schedule.

The article has the following outlay: Section 2 presents the assumptions and notations used in the article. Section 3
shows that the inventory holding cost is underestimated by the traditional approximation and provides an equation for
the true inventory holding cost. Section 4 explains the solution procedure in detail. Section 5 presents a step-by-step
solution to a numerical example, and Section 6 provides a discussion about the findings.
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2. Assumptions and notations

The following assumptions are made for the solution procedure presented in this article:

• Only one product can be produced at a time.

• Product setup costs and setup times are independent of production order.

• Product demand rates are deterministic and constant over time.

• Production times are deterministic and constant over time.

• Inventory holding costs are determined on the value of stocks hold.

• Backorders are not allowed.

We consider N different items which are produced in a capacity constrained machine and introduce the notations in
Table 1.

3. The true inventory holding cost

The approximation for the total inventory holding cost traditionally used for ELSP is:

Cinventory ¼
X
i

hi
di T

2 � fið1� oi diÞ ð1Þ

The traditional approximation is correct when the time between replenishments is constant, i.e. if all production periods
are equally long, see Figure 1. When the time between replenishments is constant Equation (2) to (5) is ascertained (cf.
Segerstedt 1999):

Maximum inventory ¼ di T

fi
ð1� oi diÞ ð2Þ

Area of one triangle ¼ di T

fi
ð1� oi diÞ � Tfi �

1

2
ð3Þ

Total area of all triangles ¼ fi � di Tfi ð1� oi diÞ � Tfi �
1

2
ð4Þ

Table 1. The notations used in this article.

di Demand rate for item i, in units per day; i ¼ 1; 2; . . . ; N
si Setup time of item i, in days per production lot
oi Operation time of item i, in days per unit
Ai Setup cost for item i, in Swedish krona (SEK) per production lot
hi Inventory holding cost of item i, in SEK per unit and day
T Production cycle time, in days (time interval in which all items are produced at least once)
fi Frequency, the number of times that item i is produced during a production cycle T
f 0i Preliminary frequency; the frequency that is being tested
f̂ The highest frequency among the items i; maxð fiÞ
Tmin The shortest possible production cycle time in days, in which all items can be produced with the chosen frequencies fi
qi Order quantity for replenishment of item i, in units
pi Production time; setup time and operation time for qi
Ri Ratio; setup cost per day for item i divided by inventory holding cost per day for item i
HK A subset of K items from the total set of items f1; 2; . . . ;Ng
Cðf ; TÞ Total cost per day, in SEK (depending on chosen frequencies and time interval)
Sði; jÞ Scheduling matrix; production time for item i in period j, in days; j ¼ 1; 2; . . . ;maxffig
T 0j Start time of period j if all periods would be of equal length
Tj Real start time of period j
tij Adjusted early start of item i in period j, in days
Ij Scheduled idle time in period j
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Average inventory ¼ 1

T
� fi � di Tfi ð1� oi diÞ � Tfi �

1

2
¼ di T

2 � fi ð1� oi diÞ ð5Þ

However, sometimes the time between replenishments varies. That is especially apparent when the machine is working
close to its capacity limit and the idle time is too short to even out the production periods. When the time between
replenishments varies the production of some items i in some periods j must start tij time units earlier to prevent future
shortages. Due to such ‘early starts’ an additional inventory is created, see Figure 2. The additional inventory is a rhom-
boid with the area a � b, where a ¼ ditij and b ¼ T=fi. Thus, if the time between replenishments varies the production in
some periods has to start with ditij items left in the inventory. Observe that for each i at least one tij ¼ 0, otherwise more
items are produced than what is consumed during the production cycle (fi � qi[di � TÞ: The additional inventory holding
cost for item i is:

hi � 1T �
X
j

ditijT

fi
¼ hi �

X
j

ditij
fi

ð6Þ

Consequently, the true total inventory holding cost for all items is:

Cinventory ¼
X
i

hi
di T

2 � fið1� oi diÞ þ
X
j

ditij
fi

!" #
: ð7Þ

4. Solution procedure

The solution procedure is based on three steps. In STEP 0 a start solution is obtained. In STEP 1 an iterative procedure
searches for solutions with lower total cost. The iterative procedure includes scheduling. When the solution procedure
cannot find any better solution the order quantities are calculated in STEP 2.

STEP 0

In STEP 0 a start solution with the frequency fi ¼ 1 for all items is computed (known as the common cycle solution).

Set fi ¼ 1 8i:

a

b

tij

Time

In
ve
nt
or
y

Figure 2. When the time between replenishments varies the production in some periods must start tij time units earlier than normal.
Such early starts cause additional inventories (the rhomboid in the graph).

T  fiT  fi
Time

In
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nt
or
y

Figure 1. Inventory level when the time between replenishments is constant.
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Determine the shortest time interval, due to the capacity, in which all items can be produced with the chosen frequencies
(c.f. Segerstedt (1999) and in line with the feasibility conditions for the extended basic period approach presented in
Eilon (1962) and Haessler and Hogue (1976)):

Tmin ¼
P

i fi si
1�Pi oi di

ð8Þ

If Tmin\0 there is no feasible solution since the capacity does not cover the required demand. Thus;

If Tmin\0: Go to STOP.

The total cost per time unit according to the frequencies, f, and an arbitrary production cycle time, T, is:

Cðf ; TÞ ¼
XN
i¼1

fiAi

T

z}|{setup cost

þ hi
di T

2 � fið1� oi diÞ
zfflfflfflfflfflfflfflfflfflfflfflffl}|fflfflfflfflfflfflfflfflfflfflfflffl{inventory holding cost0

BBB@
1
CCCA ð9Þ

The lowest total cost according to T can be found by differentiating the cost function,Cðf ; TÞ; with respect to T. Com-
pute the lowest total cost according to T:

C0 ¼ Cðf ; T �Þ; where T � ¼ max

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
i fiAiP

i hið1� oi diÞdi = ð2fiÞ

s
; Tmin

!
ð10Þ

Compute the ratio between the setup cost per time unit and inventory holding cost per time unit, for all items:

RiðfÞ ¼ fi Ai =T �

hið1� oi diÞdi T �=ð2 fiÞ 8i ð11Þ

Let N ! K. (K is assigned the value of N.)

STEP 1

In STEP 1 an iterative procedure tests solutions with different frequencies to find the solution with lowest total cost.

Find the item with the maximum ratio or inverted ratio:

argmax
i2�K

ðRi; 1=RiÞ ! k ð12Þ

If Rk[1 then fk=2! f 0k else 2 � fk ! f 0k
The smallest allowed frequency in a solution that is feasible in practice is f 0i ¼ 1; therefore;

f 0i
min ðf 0i Þ

! f 0i ð13Þ

If C( f 0; T�) � C0 then [�Knfkg ! �K�1, and K � 1! K and If K � 1 Go to STEP 1 else Go to STEP 2].

/Scheduling part/

A new order of the items is established. In descending order the items are rearranged according to (1) frequency, f 0i ;
and (2) production time, pi, where;

pi ¼ si
z}|{setup time

þ oidiT

f 0i

zffl}|ffl{operation time

ð14Þ
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Consequently, item 1 has maxðf 0i Þ ¼ f̂ and longest pi of the items with f 0i ¼ f̂ , and item N has minðf 0i Þ ¼ 1 and shortest
pi of the items with f 0i ¼ 1:

Item 1 is scheduled to be produced every period, i.e. p1 ! Sð1; jÞ 8 j ¼ 1; 2; . . . ; f̂ .

If
Pi

m¼1 Sðm; kÞ ¼ minn
Pi

m¼1
Pf̂

n¼1 Sðm; nÞ
� 	

then item i + 1 is scheduled such that, piþ1 ! Sðiþ 1; kÞ, for the

periods l: piþ1 ! Sðiþ 1; lÞ where l ¼ k þ n f̂
f 0i

n ¼ 0; 1; 2; . . . ; f 0i . If l ¼ k þ n f̂
f 0i
[f̂ then l ¼ k þ n f̂

f 0i
� f̂ . This

procedure is repeated until all N items are scheduled.
When all N items are scheduled the idle time can be scheduled. The total idle time is:

I� ¼ T � �
XN
i¼1

si f
0
i þ oi di T

� ð15Þ

I� is scheduled such that Ij ! SðN þ 1; jÞ and Pf̂
j¼1 SðN þ 1; jÞ ¼Pf̂

j¼1 Ij ¼ I�. Moreover, I� is first scheduled in the

period minj ð
PN

i¼1 Sði; jÞÞ until the length of period j is equal to the length of the second shortest period. Then I� is
scheduled in both period j and the second shortest period until the length of these periods is equal to the length of the
third shortest period etc. The ambition is to achieve:

XNþ1
i¼1

Sði; jÞ ¼
XNþ1
i¼1

Sði; kÞ 8j; k ð16Þ

For each period j a point in time, T 0j , is calculated:

T 0j ¼ ðj� 1Þ T
�

f̂
j ¼ 1; 2; . . . ; f̂ ð17Þ

T 0j corresponds to the starting point of period j that would have been if Equation (16) would have been satisfied.

The actual starting point of period j, Tj, is:

T1 ¼ 0; Tj ¼
Xj�1
k¼1

XNþ1
i¼1

Sði; kÞ j ¼ 2; 3; . . . ; f̂ ð18Þ

For all items with production in period j such that Sði; jÞ– 0, a preliminary early start, t0ij, is set:

T 0j � Tj ! t0i j ð19Þ

The assumption T1 ¼ 0 might cause that all t0ij[0 for some i, or that some t0ij\0. Therefore an adjustment is done. The
adjusted early start of item i in period j, tij, is:

t0ij �min
j

t0ij
� 	

! tij 8 i; j ð20Þ

The total cost with the true inventory holding cost is calculated:

Cðf 0; T �Þ ¼
XN
i¼1

f 0i Ai

T �
þ hi

di T �

2 � f 0i
ð1� oi diÞ þ

Xf̂
j¼1

di tij
f 0i

!" #
ð21Þ

Return to original order and original index of items.

/Exit scheduling part/

If Cðf 0; T�Þ\C0 then (Cðf 0; T�Þ ! C0; f
0 ! f ; N ! K; Compute RiðfÞ 8i)

else (�Knfkg ! �K�1; K � 1! K)

If K � 1 Go to STEP 1, else Go to STEP 2.
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STEP 2

In STEP 2 the order quantity corresponding to the best solution that was found is calculated.

Compute the order quantity:

qi ¼ diT
�=fi 8i ð22Þ

STOP.

5. Numerical example

In this section the solution procedure is applied on a numerical example presented in Nilsson and Segerstedt (2008).
Five items A, B, C, D and E are produced in a machine. The items have individual demand rate, operation time, setup
time, setup cost and inventory holding cost, see Table 2.

The start solution is obtained according to STEP 0 in the solution procedure. The frequency is set to fi ¼ 1 for all
items i. The shortest possible cycle time Tmin is computed from Equation (8). The optimal cycle time, T� , and the
smallest total cost per day, C0; is computed from Equation (10), the ratio, RiðfÞ, is computed from Equation (11) and
the idle time is computed from Equation (15). The start solution is presented in Table 3.

After the start solution has been obtained the solution procedure starts searching for other solutions with lower cost
(STEP 1). In the start solution item A has the maximum value among the ratios and inverted ratios (i.e. item A= k in
Equation (12)). Moreover, it is reasonable to expect that the total cost can be reduced by adjusting the frequency so that
item A is produced less frequently than the other items, since the setup cost per day of item A is larger than the inven-
tory holding cost per day (RA[1). Thus, according to Equation (13) the frequency is changed to f 0A ¼ 1 and f 0i ¼ 2 for
i=B, C, D, and E. From this frequency the second solution is computed, see Table 4.

Table 2. The items A, B, C, D and E have individual demand rate, operation time, setup time, setup cost and inventory holding cost.

Variable Unit A B C D E

Demand rate, di Units/day 3.5 41 11 9.4 29
Operation time, oi Days/unit 0.005 0.006 0.024 0.013 0.011
Setup time, si Days/setup 0.167 0.054 0.071 0.107 0.071
Setup cost, Ai SEK/setup 300 300 300 600 300
Inventory holding cost, hi SEK/(unit·day) 0.192 0.615 0.769 0.462 0.269

Table 3. In the start solution fi= 1 for all items i. The shortest possible cycle time, Tmin, the optimal cycle time, T⁄, and the smallest
total cost per day, C0, have been computed according to STEP 0 in the solution procedure. To make the solution easier to understand
the table also presents setup time, operation time, production time, order quantity, setup cost and inventory holding cost for each
item.

1st solution: Item

Variable Unit A B C D E Total

Frequency (fi) Setups/cycle 1 1 1 1 1

Setup time/cycle Days 0.167 0.054 0.071 0.107 0.071 0.470
Operation time/cycle Days 0.213 2.766 2.969 1.395 3.522 10.864
Production time/cycle Days 0.379 2.820 3.040 1.502 3.593 11.334
Order quantity (qi) Units 39.7 464.7 124.7 106.5 328.7

Setup cost/day SEK 26.47 26.47 26.47 52.94 26.47 158.81
Inventory holding cost/day SEK 3.74 108.09 35.39 21.56 30.50 199.29
Ratio (Ri) 7.07 0.24 0.75 2.46 0.87
Inverted ratio (1/Ri) 0.14 4.08 1.34 0.41 1.15

Minimum cycle time (Tmin) Days 11.334
Cycle time (T⁄) Days 11.334
Idle time/cycle (I⁄) Days 0

Total cost/day (C0) SEK 358.10
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The second solution seems to generate a smaller total cost than the first solution. However, to find the true total cost
the solution must be scheduled, see Table 5. The schedule is made according to the ‘scheduling part’ in STEP 1. T 0j and
Tj, are calculated from Equation (17) and (18) and the early start, t0ij and tij, are calculated from Equations (19) and

(20). The true total cost per day in the second solution is 349.61 SEK according to Equation (21).
The true total cost in the second solution is less than the total cost in the first solution. Therefore, the solution proce-

dure moves on with the second solution at STEP 1, this time searching for a solution with lower cost than 349.61 SEK.
In Table 4 item D has the maximum value among the ratios and inverted ratios. Moreover, RD[1 which implies that
the frequency of item D should be reduced in the next solution. The third solution is presented in Table 6.

The calculated total cost in the third solution is less than the total cost of the second solution. Therefore, the third
solution is scheduled, see Table 7.

The true total cost in the third solution is less than the total cost in the second solution. Thus, the solution procedure
moves on with the third solution at STEP 1. According to Table 6 item A has the maximum value among the ratios and
inverted ratios. Moreover, RA[1 which implies that the frequency of item A should be reduced in the fourth solution.
The fourth, fifth and sixth solution are presented in short format in Table 8.

The calculated total cost in the fourth solution is less than the total cost in the third solution. However, after
scheduling it is discovered that the true total cost in the fourth solution is higher than the total cost in the third solution.

Table 4. In the second solution the frequencies are f 0A ¼ 1 and f 0i ¼ 2 for i = B,C,D, and E. The calculated total cost per day is
343.84 SEK, which is less than 358.10 SEK in the start solution.

2nd solution: Item

Variable Unit A B C D E Total

Frequency (fi) Setups/cycle 1 2 2 2 2

Setup time/cycle Days 0.167 0.107 0.143 0.214 0.143 0.774
Operation time/cycle Days 0.360 4.685 5.027 2.363 5.964 18.399
Production time/cycle Days 0.527 4.792 5.170 2.577 6.107 19.172
Order quantity (qi) Units 67.2 393.5 105.6 90.2 278.3

Setup cost/day SEK 15.63 31.26 31.26 62.52 31.26 171.92
Inventory holding cost/day SEK 6.34 91.53 29.97 18.26 25.83 171.92
Ratio (Ri) 2.47 0.34 1.04 3.42 1.21
Inverted ratio (1/Ri) 0.41 2.93 0.96 0.29 0.83

Minimum cycle time (Tmin) Days 18.651
Cycle time (T⁄) Days 19.195
Idle time/cycle (I⁄) Days 0.023

Total cost/day (C0) SEK 343.84

Table 5. Production schedule for the second solution. The cycle time, T⁄, has been divided into two periods. All items except item A
are produced in both periods. The idle time is scheduled last in the second period. The true total cost per day in the second solution
is 349.61 SEK.

Period 1 Period 2

Item Production time
Early start

Item Production time
Early start

i Sij t0ij tij i Sij t0ij tij

E 3.054 0 0.252 E 3.054 �0.252 0
C 2.585 0 0.252 C 2.585 �0.252 0
B 2.396 0 0.252 B 2.396 �0.252 0
D 1.289 0 0.252 D 1.289 �0.252 0
A 0.527 0 0 A 0
Idle 0 Idle 0.023

T 0j 0 T 0j 9.598
Tj 0 Tj 9.850
Total cost/day (C0) SEK 349.61
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Therefore, the fourth solution is rejected and the solution procedure once again moves on with the third solution at
STEP 1, this time identifying the item k corresponding to the second highest value among the ratios and inverted ratios,
which turns out to be item B. The frequency of item B is increased in the fifth solution since RB\1: The fifth solution
is accepted since the true total cost in the fifth solution is less than the total cost in the third solution. Thus, the solution
procedure moves on with the fifth solution at STEP 1. In the fifth solution, item A has the maximum value among the
ratios and inverted ratios and since RA[1 the frequency of item A should be reduced. After scheduling it is discovered
that the true total cost of the sixth solution is higher than the total cost in the fifth solution. Therefore, the sixth solution
is rejected and the solution procedure once again moves on with the fifth solution at STEP 1, this time identifying the

Table 6. In the third solution the calculated total cost per day is 327.11 SEK, which is less than 349.61 SEK in the second solution.

3rd solution: Item

Variable Unit A B C D E Total

Frequency (fi) Setups/cycle 1 2 2 1 2

Setup time/cycle Days 0.167 0.107 0.143 0.107 0.143 0.667
Operation time/cycle Days 0.310 4.029 4.324 2.032 5.129 15.823
Production time/cycle Days 0.476 4.136 4.466 2.139 5.272 16.490
Order quantity (qi) Units 57.8 338.4 90.8 155.2 239.4

Setup cost/day SEK 18.17 36.35 36.35 36.35 36.35 163.56
Inventory holding cost/day SEK 5.45 78.72 25.78 31.40 22.21 163.56
Ratio (Ri) 3.33 0.46 1.41 1.16 1.64
Inverted ratio (1/Ri) 0.30 2.17 0.71 0.86 0.61

Minimum cycle time (Tmin) Days 16.069
Cycle time (T⁄) Days 16.508
Idle time/cycle (I⁄) Days 0.018

Total cost/day (C0) SEK 327.11

Table 7. Production schedule for the third solution. The true total cost per day is 344.18 SEK, which is less than 349.61 SEK in the
second solution.

Period 1 Period 2

Item Production time
Early start

Item Production time
Early start

i Sij t0ij tij i Sij t0ij tij

E 2.636 0 0.822 E 2.636 �0.822 0
C 2.233 0 0.822 C 2.233 �0.822 0
B 2.068 0 0.822 B 2.068 �0.822 0
D 2.139 0 0 D 0
A 0 A 0.476 �0.822 0
Idle 0 Idle 0.018

T 0j 0 T 0j 8.254
Tj 0 Tj 9.076

Total cost/day (C0) SEK 344.18

Table 8. The results of the fourth, fifth and sixth solution.

Results: Frequency (fi) Cycle time (T⁄) Idle time/cycle (I⁄)
Total cost/day (C0)
(before scheduling)

Total cost/day (C0)
(after scheduling)

4th solution (1, 4, 4, 2, 4) 31.564 0.143 323.15 346.80
5th solution (1, 4, 2, 1, 2) 20.944 0.095 315.13 343.90
6th solution (1, 8, 4, 2, 4) 40.054 0.281 314.57 349.26
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item k corresponding to the second highest value among the ratios and inverted ratios, which turns out to be item D.
The frequency of item D is increased in the seventh solution since RD\1: The seventh solution is presented in Table 9.

The calculated total cost in the seventh solution is less than the total cost in the fifth solution. Therefore the seventh
solution is scheduled, see Table 10.

Table 9. In the seventh solution the calculated total cost per day is 320.20 SEK, which is less than 343.90 SEK in the fifth solution.

7th solution: Item

Variable Unit A B C D E Total

Frequency (fi) Setups/cycle 1 4 2 2 2

Setup time/cycle Days 0.167 0.214 0.143 0.214 0.143 0.881
Operation time/cycle Days 0.457 5.945 6.380 2.999 7.569 23.349
Production time/cycle Days 0.623 6.159 6.523 3.213 7.712 24.230
Order quantity (qi) Units 85.3 249.7 134.0 114.5 353.2

Setup cost/day SEK 12.32 49.26 24.63 49.26 24.63 160.10
Inventory holding cost/day SEK 8.04 58.08 38.03 23.17 32.77 160.10
Ratio (Ri) 1.53 0.85 0.65 2.13 0.75
Inverted ratio (1/Ri) 0.65 1.18 1.54 0.47 1.33

Minimum cycle time (Tmin) Days 21.234
Cycle time (T⁄) Days 24.360
Idle time/cycle (I⁄) Days 0.130

Total cost/day (C0) SEK 320.20

Table 10. Production schedule for the seventh solution. The true total cost per day is 329.86 SEK, which is less than 343.90 SEK in
the fifth solution.

Period 1 Period 2

Item Production time
Early start

Item Production time
Early start

i Sij t0ij tij i Sij t0ij tij

B 1.540 0 0.247 B 1.540 0.071 0.318
E 3.856 0 0.247 E 0.000
C 0 C 3.261 0.071 0
D 0 D 1.606 0.071 0
A 0.623 0 0 A 0
Idle 0 Idle 0

T 0j 0 T 0j 6.090
Tj 0 Tj 6.019

Period 3 Period 4

Item Production time Early start Item Production time Early start

i Sij t0ij tij i Sij t0ij tij

B 1.540 �0.247 0 B 1.540 0.318 0.565
E 3.856 �0.247 0 E 0
C 0 C 3.261 0.318 0.247
D 0 D 1.606 0.318 0.247
A 0 A 0
Idle 0.130 Idle 0

T 0j 12.180 T 0j 18.270
Tj 12.427 Tj 17.952

Total cost/day (C0) SEK 329.86
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The true total cost in the seventh solution is 329.86 SEK. This is the best solution that can be found by the current
solution procedure. Changing the frequencies one at a time in the seventh solution does not generate any solutions with
lower total cost. In the last step of the solution procedure the order quantities are calculated from Equation (22). These
are presented in Table 9.

We have programmed the solution procedure in Matlab to easily generate solutions to various production settings.
The settings and results of 10 different examples are presented in Table 11 and Table 12. The examples are variants of
the example presented in Table 2. In each example one variable has been modified and the others are identical with the
original settings. Only the modified variables are presented in Table 11.

6. Discussion, conclusions and extensions

We have also tried to find a more guaranteed optimal solution by a mixed integer programming formulation and solution
(similar to Cooke, Rohleder, and Silver. 2004); but even for this small problem the time of computation is very long.
Therefore we believe that such a solution is very difficult to apply in any practical application; a heuristic solution like
what we suggest here is necessary. We have also made some experiments by changing the chosen production sequence
not according to our search procedure; e.g. disobeying ‘longest operation times first’, etc. Sometimes, with sequences
different to our solution procedure lower cost solutions are found, but in most cases our suggested solution procedure
seems to find the solution with lowest cost.

van den Broecke, van Landeghem, and Aghezzaf (2005, 2008) report successful practical applications of a variant
of the calculation method of Doll and Whybark (1973); Taj et al. (2012) report successful practical applications of a

Table 11. The examples are based on the original settings. One variable has been modified at a time. Only the modified variable in
each example is presented.

Settings:
Item

A B C D E

Original settings
Demand rate, di 3.5 41 11 9.4 29
Operation time, oi 0.005 0.006 0.024 0.013 0.011
Setup time, si 0.167 0.054 0.071 0.107 0.071
Setup cost, Ai 300 300 300 600 300
Inventory holding cost, hi 0.192 0.615 0.769 0.462 0.269

Example 1 Demand rate, di 2 30 5 33 20
Example 2 Demand rate, di 2 115 5 9.4 2
Example 3 Operation time, oi 0.005 0.006 0.048 0.013 0.002
Example 4 Operation time, oi 0.095 0.006 0.012 0.013 0.002
Example 5 Setup time, si 0.476 0.476 0.476 0.107 0.107
Example 6 Setup time, si 0.476 0.476 0.012 0.107 0.107
Example 7 Setup cost, Ai 2000 2000 20 2000 4000
Example 8 Setup cost, Ai 100 500 150 200 300
Example 9 Inventory holding cost, hi 0.038 0.192 0.058 0.769 0.115
Example 10 Inventory holding cost, hi 0.038 0.192 0.058 0.008 0.115

Table 12. The final solutions to each example. The frequency is presented in the order A,B,C,D,E.

Results: Frequency ( fi) Cycle time (T⁄) Min cycle time (Tmin) Idle time/cycle (I⁄) Total cost/day (C0)

Example 1 (1, 4, 2, 2, 2) 25.177 19.474 0.258 315.70
Example 2 (1, 4, 2, 2, 1) 26.719 19.653 0.291 278.78
Example 3 (1, 4, 4, 2, 2) 48.179 48.179 0 400.84
Example 4 (1, 2, 1, 1, 1) 12.158 5.263 0.727 345.44
Example 5 (1, 2, 1, 1, 2) 53.659 53.659 0 712.46
Example 6 (1, 2, 4, 2, 2) 45.911 45.911 0 477.96
Example 7 (1, 4, 2, 4, 2) 104.046 26.399 6.182 1268.70
Example 8 (1, 2, 1, 1, 1) 12.626 12.626 0 304.44
Example 9 (1, 4, 2, 4, 2) 47.116 26.399 0.860 218.13
Example 10 (1, 8, 2, 2, 4) 81.420 29.942 5.496 153.54

International Journal of Production Research 3775



variant more similar to Segerstedt (1999). Brander, Levén, and Segerstedt (2005) also demonstrate by simulation that it
is possible to use a deterministic model, like ours, to calculate order quantities even if the demand and the reality are
stochastic. However, the calculated order quantities should be combined with complementary decision rules to decide
when and when not to produce a quantity of an item. Levén and Segerstedt (2007) suggest and discuss such rules in
detail. In a practical situation with stochastic variations, high utilisation and similar magnitudes for: demand rates, setup
times, operation times, setup costs etc.; the best solution may in many cases be the common cycle solution. Then, com-
bined with a decision rule saying that if there is enough inventory on hand to cover the expected demand, the produc-
tion of the item is skipped and postponed to the next cycle. However, we do not undervalue the contribution of our
solution procedure to find differentiated production frequencies, which should be investigated when there are irregular
and dispersed demand rates, setup times, etc. In our small example we found a costs decrease of almost 8% from the
common cycle solution; other cases with increased number of items will perhaps present even more. That could lead to
significant cost improvements, and make the company more successful and competitive.

We could have included a time varying facility cost in the solution procedure; but Brander and Segerstedt (2009)
show that such cost does not influence the preferred frequencies. However, such cost increases the utilisation and
influences what Tmin to start from. Even a small time variable cost makes high usage economically beneficial; if the pro-
duction facility has a small Tmin for the common cycle solution (� 1) it may a sign of over capacity. Increasing the idle
time creates costs, for example since it could mean that instead of one shift (7–8 hours working time per day); we have
to use two shifts (14–16 hours working time per day), which may cost too much to be sensible solution.

We have treated the time interval from Step 1, T �, as fixed. If we would have prolonged T the setup cost would
decrease, but the inventory holding cost would increase even more and if the working hours per day increases, that also
generates costs. However, a prolonged T may sometimes ease the scheduling so that the early starts decrease and there-
fore the inventory holding costs decrease instead of increase. This may be a possible theoretical extension to investigate
further, but probably it has small practical implications. Variants of the procedure are left for further studies. Zanoni
et al. (2012) study recycling problems which continued will be an extension to this paper. Ideas for other possible exten-
sions may be found in research related to pure ELSP-literature: e.g. Quadt and Kuhn (2008) present a review about
capacitated lot-sizing, Bollapragada, Della, and Ghirardi. (2011) study non-identical production lines and Haksöz and
Pinedo (2011) study recourses in parallel.
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Abstract
This article tests the effect of different order quantities and setup times and its dependence of maximum WIP. 
The main studied supply chain consists of five linked machines with a fixed setup time for every batch in every 
machine, and stochastic operation times for every item in the batch. Complementary is studied three linked 
machines with a clear bottleneck. Production management can only control maximum WIP and not average 
WIP. A number of test cases are made where the number of units in the machines and the buffer areas are 
restricted. Previous studies have shown the dominance of CONWIP over Kanban, so only situations where 
maximum WIP is restricted in the total production line is studied. – The results show that increased WIP leads to 
longer average lead-time but also that its coefficient of variation increases, independent of setup time and order 
quantity. Smaller order quantities leads to lower production rate if not the setup time is decreased proportionally. 
A reduce of the order quantity can also increase the lead-time and its variation. A decrease of the order quantity 
also requires a reduction of maximum WIP to implement its advantages. A reduce of setup times is always 
favourable.

Keywords: order quantity, production batch, variation, setup time, lead-time, production rate

1. Introduction and background

The world is full of supply chain systems where items pass a sequence of processes and stock 
points to deliver a product or service to customers. In manufacturing processes the items pass 
different processes and machines. A hospital contains many sequences of operations 
(admission, in room-care, medical testing, X-ray). In an insurance company different cases 
are treated in different steps. Understanding the flow in production and supply chain systems 
is fundamental when designing and managing effective operations systems (Hopp, 2008). 
Pettersen and Segerstedt (2009) presented a simulation study consisting of five linked 
machines with stochastic operation times. A number of test cases were made where the 
amount of work-in-process (WIP) was restricted, i.e. the number of jobs/items in the 
machines and the buffer areas. With stochastic operation times the downstream machine
sometimes consumes the jobs in a rate that the upstream machine does not catch up with, and 
therefore the available storage between the two machines may be temporarily empty, then the 
downstream machine can only wait; it is starving. Likewise the downstream machine 
sometimes work slower than the upstream machine, and therefore the available storage 
between the two machines may be totally filled; then the upstream machine must wait, it 
cannot move further the item just produced; it is blocked. The restrictions in Pettersen and 
Segerstedt’ s study were designed both in the Kanban way, linked to every machine; and in 
the CONWIP way, connected only to the total production line. Kanban- and CONWIP-control 
result in the same amount of average outflow per time unit given the same variation in 
operation times and with the same amount of real average WIP (Little’s formula holds).

But given the same amount of maximum WIP the production rate or throughput from a 
CONWIP-controlled line is larger than from a Kanban-controlled. Kanban-control causes 



lower utilisation of the available storages and storage equipment than CONWIP. The user of 
Kanban and CONWIP can only control maximum WIP and not average WIP; average WIP is 
a consequence of existing variations, so the difference is important. Therefore it is argued that 
CONWIP-control is to prefer over Kanban-control; also supported from e.g. Spearman et al 
(1990), Tayur (1993), Yang (2000). Pettersen and Segerstedt (2009) did not study any 
influences of setup times and different order quantities, and to the best of our knowledge such 
studies are rare so far in literature. This article will continue their study with such 
complements using CONWIP-control. 

Lean consultants stress the advantages of reducing order quantities. This because 
manufacturing companies traditionally have operated with large order quantities to maximize 
machine utilization and to reduce (believed) cost per produced item, but meanwhile neglected 
the growing lead time. Lean calls for the production of parts to customer demand and the ideal 
order quantity is said to be one. But due to organisational, technical and/or financial 
constraints an order quantity of one is not always possible, so the goal is often to reduce the 
order size as low as possible by practicing continuous improvement. By reducing the size, the 
expectation is that the amount of work-in-process inventory (WIP) will fall, which would
reduce inventory-carrying costs and lead time as it is considered approximately directly 
proportional to the amount of WIP. Therefore, smaller order quantities will shorten the overall 
production cycle, enabling companies to deliver more quickly and to invoice sooner (for 
improved cash flow). Shorter production cycles increases inventory turns and allows the 
company to make profit at lower margins, which enables price reductions and thus increases 
sales and market share (cf. e.g. Lean Principles by Jerry Kilpatrick). But reducing only order 
quantities if there is a setup time not reduced will decrease the production rate. Therefore this 
article studies the influences of setup times and order quantities on lead-time and production 
rate when variations in operation times are stochastic. 

Hopp and Spearman (2008), Hopp (2008) have for a production flow pointed to general 
magnitudes and between them fundamental relations (eq. (1) to eq. (6)). Our notations are 
here a bit redesigned compared to theirs:

PR = Production rate, the number of items that are produced per time unit
LT = Lead time, the time it takes for an item between entering the production system and leaving it
WIP = Work-in-Process, the number of items that are available in the production system; in machines 

and buffers
BNR = Bottleneck rate, the maximum possible production rate
RPT = Raw processing time, the total time an items spend being processed in the flow (i. e. the 

average time it will take for an item to pass through an empty flow)
CWIP = Critical WIP; the minimum amount of WIP needed to achieve full capacity of a line operating 

under best case (=BNR RPT)

The production rate can sometimes also be called throughput. Lead time can sometimes be 
called cycle time, we use the term lead time since cycle time can also be interpreted as the 
time between jobs out as the term is used when it comes to line balancing. 

The production rate can never exceed the bottleneck rate. If WIP is small, less than CWIP,
some of the machines will be idle, and then the bottleneck rate cannot be reached. Lead time 
can never be less than the raw processing time and the current WIP cannot be consumed, 
passed, in a larger rate than the bottleneck rate. Therefore “best case” for the production rate 
and the lead time is: 



BNRRPTWIPPRPR ,/minbest (1)

BNRWIPRPTLTLT /,maxbest (2)

“Worst case” concerning lead time is that the WIP is stuck in the first machine/operation and
the next batch, or item, cannot be started until the WIP one by one has passed through the 
production line and the last item of the WIP has left the last machine/operation. “Worst case” 
for the production rate is equal to the worst case for the lead time, then the time from one item 
is leaving the system until the next item is living the system is equal to the raw processing 
time.

RPTWIPLTLT worst (3)

RPTPRPR /1worst (4)

By “traveling round” in a production flow on a pallet Hopp and Spearman (2008) derive 
formulas for “practical worst cases”. They assume the production flow is balanced, i.e. all 
stations have the same processing times; all stations consist of single machines and process 
times are exponential distributed (coefficient of variation, CV = 1). From these assumptions 
they derive the following “practical worst cases” concerning lead time and production rate: 

RPT
BNR

WIPLT 1
pwc

(5)

BNR
WIPCWIP

WIPPR
1pwc

(6)

Little (1961) proved the general queuing formula WL ; therefore this very general 
relationship is often called Little´s law. Applied to production flow circumstances Little’s law 
becomes:

LTPRWIP (7)

For a stationary process average work-in-process (WIP), average production rate (PR) and 
average lead-time (LT) are related according to eq. (7). If any two of the quantities WIP, PR
and LT are known, the third can be calculated (cf. e.g. Hopp (2008). 

The article has the following outlay: First this introduction with a background to our study. 
Section 2 contains a short literature review and historical overview related to our study. In 
section 3 the first studied production line is presented and its simulations, with its number of 
machines, capacity and different variations. Section 4 presents the simulations of a 
complementary production line with a clear bottleneck. Section 5 presents observations from 
the different simulations. Section 6 presents a summary, conclusions and proposed practical 
guidelines.



2. Our study related to previous literature

How do different order quantities and setup times with different constrained work-in-process 
influence production rate and lead-time and its variations? We have a preconceived idea that 
large variations in lead-times are worse than long lead-times; can literature prove or disprove 
our hypothesis? These are the questions we wanted to study and look for in previous 
literature.

Dallery and Gershwin (1992) present a comprehensive review of previous manufacturing flow 
line research. Their compilation starts from early 1950s with Russian work of Vladzievskii 
and Erpsher. First English reference is from 1956. Dallery and Gershwin state that in the 
literature it is almost always assumed that the first machine is never starved and the last never 
blocked; such models they call saturated models. Such models are of interest because a 
saturated model is appropriate for addressing the most important performance issue of a flow 
line, the maximal (average) number of parts that can be produced per unit of time; the 
production rate of the flow line (Dallery and Gershwin, 1992). We study achieved production 
so our model is saturated model.

Hunt (1956) studied processing time variability and the utilisation in two stage systems using 
Markov chain analysis. Hillier and Boling (1966, 1967) continued the Hunt studies and noted 
the “bowl phenomenon”, they demonstrated that an unbalanced production line increases the 
production rate if the centre workstations are given less workload. The improvements were 
about 1 % with exponential processing times. Carnall and Wild (1976) addressed unequal 
variability of processing times; their study supported the existence of a bowl-shaped 
phenomenon, the production capacity of a line is maximised when the most variable processes 
are placed at the ends of the line. They meant that a coefficient of variation (CV) of 0.27 is a 
reasonable representation of published work time distributions, referring to Slack (1972).

Conway et al (1988) reviewed and extended much of previous literature. Conway et al (1988) 
summarised their findings as follows: the loss of capacity due to interference, starving and 
blocking, between workstations occurs in the first few stations, long lines are only a little 
worse than short ones; the interference loss is reduced by placing buffers between workstation 
but the improvement diminishes rapidly with increased buffer size; centre-placement is 
significantly better than end-placement (the bowl phenomenon); in an unbalanced line buffers 
provide less increase in capacity, the preferable position for buffers is toward the bottleneck 
workstation. They believed that the study of the role of WIP in production systems had just 
begun; the difficulty will be to create simple models that can be interpreted to show general 
findings and thereby increase the knowledge and create applicable results. 

Pike and Martin (1994) explained the reason for the bowl phenomenon. In a stochastic 
unpaced line there are coupling effects, a workstation is idle when it is starved for available 
work or blocked from passing completed work to the next station. A traditional assumption in 
studies is that the first workstation is never starved and the final station is never blocked from 
passing finished goods. “Thus, despite typically small interstation buffers, which aggravate 
coupling effects, the pre- and post-system buffers are effectively infinite, diminishing 
coupling effects near the ends of the line; hence the bowl phenomenon”. The study of 
Pettersen and Segerstedt (2009) showed the same phenomenon but in a different way. Given 
that all production stations have the same capacity and variation; when allocating a very few 
possible buffer places (less or equal to 3 between 5 machines) a middle placement created a 
larger production rate, or less time between jobs out, than a different placement. But this 



effect was diminishing in their study when the buffer places increased. The reason is the same 
as Pike and Martin (1994) explain.

Baker et al (1993) made an analytic treatment of a simple assembly system, containing two 
component stations and one assembly station; using a Markov model with exponential
processing times at the three stations. This model allowed them to determine the optimal 
allocation of work among the three stations subject to a total average processing time of three 
time units per part. Since they wanted to maximize throughput they required the two feeder
stations to have identical mean processing rates. They showed that the optimal allocation is 
unbalanced with 0.7 time units of the workload allocated to the assembly station and 1.15 
time units to each feeder station. Powell and Pyke (1996) showed that a bottleneck station 
draws buffers toward it; the optimal allocation depends on the location and severity of the 
bottleneck, as well as the numbers of buffers available; relative large imbalances in mean 
processing times are required to shift the optimal buffer allocation away from an equal 
allocation; and the line length has relative little impact on the extent of imbalances required to 
shift the allocations. Shaaban et al (2013) studied deliberately unbalanced production lines in 
terms of their CV. The best unbalanced CV patterns in terms of production rate are those 
where the steadiest workstations are concentrated near the centre of the line or close to the 
end.

A reduction of LT average or a reduction of LT variation; what is believed or experienced to 
be more important? Our literature search gave the almost unanimous answer that a reduction 
of lead time variation is the most important. Heydari et al. (2009) study the impact of lead 
time variation on supply chain performance through a simulation study. Their results show 
that by increasing the lead time variance, order variances increase uniformly throughout the 
entire supply chain. Furthermore, their results show that an increase in the lead time variance 
will lead to inventory fluctuations. Increasing lead time variance can simultaneously increase 
both stock-outs and amounts of inventory. Fang et al. (2013) study the marginal values of 
demand variance, lead time mean and lead time variance. They argue that firms cannot expect 
increasing returns from reductions in lead time mean or lead time variance under all 
conditions; decreasing or even negative returns may happen (when lead time mean and lead 
time variance are negatively correlated). He et al. (2011) oppose and argue against Chopra et 
al (2004) that it is lead time variability that is important to reduce and not only lead time 
mean. He et al. (2011) use a truncated lead time (z, Q) model to demonstrate that it is lead 
time variability, not mean lead time, that affects the inventory policy and total supply chain 
cost. Chaharsooghi and Heydari (2009) use a simulation model to show that the effect of lead 
time variance on supply chain performance is greater than the effect of the lead time mean. 
The supply chain performance measures they use include bullwhip effect, inventory hold, 
stock-out size and number of stock-outs. Christensen et al. (2007) investigate the impact of 
supply chain average lead times and variability on an organisation’s financial performance. 
From surveys answered by 210 firms they conclude managing the variance in a supply chain 
system may be more important to an organisation’s financial performance than managing 
averages.

To the best of our knowledge our study is novel; something similar we cannot find in previous 
literature despite it has many practical implications.



3. Case 1: Studied production flow
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Figure 1. Case 1: Studied production flow

Figure 1 shows the production flow in Case 1. We assume that a batch or order quantity is 
always available when needed in the first workstation, Machine 1, and that space is always 
available after the last workstation, Machine 5, to dispose the completed batch which is 
assumed to be consumed immediately. When Machine 1 is idle, and the total items in the flow 
are less than the maximum allowed WIP, a setup for a new batch starts immediately and 
thereafter the production of the first item in the batch starts. Setup time for every batch in 
every machine is 30 minutes; operation time for every item in the batch is on average 60
minutes. The lead time (LT) for a batch is the time from when the setup of the batch starts in 
Machine 1 until the last item of the batch is finished in Machine 5. The setup for a batch in 
Machine 2 can only start after the last item in the batch is finished in Machine 1 etc.

Order quantity = 8
With an order quantity of 8 items the following raw processing time, bottleneck rate and 
critical work in process can be calculated:

RPT = raw processing time (RPT) for one batch, or one item, passing all machines = 
5 (30+60 8)= 2550 min
BNR = bottleneck rate = one item/ (30/8+60) min= 0.941 units/hour =
one batch/(30+60 8) min= 0.118 batch/hour 
CWIP = Critical WIP = 2550/60 0.941 = 40 items =2550/60 0.118 = 5 batches

Making the calculation of BNR more general we introduce the following notations:

is setup time in machine i

io operation time for one item in machine i
q order quantity or batch passing all machines 

ii oqs total production time of the order quantity in machine i

The capacity of machine i is:

1/( ii oqs ) batches/time unit = )//(1 ii oqs units/ time unit (8)



With several machines in a joined production flow with different setup times and operation 
times the machine with the lowest capacity, and therefore also the machine with the highest 
utilisation, is the bottleneck:

)//(1min ii
i

oqsBNR (9)

The production flow, in Figure 1, is simulated with a uniform variation in operation times 
between 30 and 90 minutes, 60+- 30 (coefficient of variation (CV) = 0.29); and also with 
operations time between 10 and 120 minutes, 60+- 50 (coefficient of variation (CV) = 0.48).
Tests are also done with setup times 15 minutes. The result with different maximum allowed 
WIP is presented in Table 1, 3 and 4; the achieved production rates are presented in figure3.

Table 1. Case 1: The simulation and result parameters used in the study.
Simulation parameters
Setup time s fixed 15 min / 30 min
Operation time per item o Uniformly 60±30 min / 60±50min
Order quantity q fixed 4 items / 8 items
Maximum WIP max WIP fixed 20 items – 136 items
Result parameters
Lead time hours
Lead time variation (standard deviation) hours
Production rate (calculated from time-between-batches) items/hour
Time-between-batches variation (standard deviation) minutes

The simulation model is constructed with the simulation program Simio, but also with the 
simulation programme AutoMod; with different authors and programmers, this for verifying 
the results. With Simio every test was simulated during 49,000 hours with a warm up time of 
1000 hours. With AutoMod during 9,600 hours, the monitoring of data started after the 10 
first batches had left the system, but the tests were repeated 10 times with different random 
streams. The two simulation studies show similar results and tendencies.

We tracked the times between batches out of the system )(TB instead of production rate, 
since it is easy to calculate mean and standard deviations. In Table 2 the mean )(LT and 
standard deviation ( LT ) of lead-time from the simulation tests are presented in hours and
time between batches out )(TB in minutes, the achieved production rate )(PR is established in 
units per hour )60/1( QTB and average WIP in units calculated using Little´s formula 

)( PRLT .



Table 2. Case 1: Simulation results: Q = 8; setup time: 30 min; operation time: 60+-30 min

Table 3 shows best cases and practical worst cases that are calculated from WIP, not max 
WIP, and eq. (1), (2), (5) and (6). (The reader may by herself verify that the worst cases are 
much worse than the practical worst cases.)

Table 3. Case 1:Comparing with “best” and “pwc”: Q = 8; setup time: 30 min; operation time 60+-30 min
Max 
WIP WIP PR bestPR pwcPR LT bestLT pwcLT

32 31.5 0.738 0.741 0.420 42.7 42.5 74.9
40 39.1 0.877 0.919 0.471 44.6 42.5 82.9
56 52.5 0.926 0.941 0.540 56.7 55.8 97.3
72 64.3 0.932 0.941 0.586 69.0 68.3 109.8
88 77.6 0.935 0.941 0.626 82.9 82.4 123.8
100 81.4 0.936 0.941 0.636 87.0 86.5 128.0
136 89.1 0.936 0.941 0.655 95.2 94.7 136.1

bestPR for max WIP equal to CWIP does not reach the bottleneck 0.941 because bestPR is 
based on average real WIP. LT (= mean lead-time from simulation test) is surprisingly quite 
close to bestLT . With moderate max WIP pwcLT is much worse than LT but with increasing 
max WIP LT comes closer to pwcLT .

The setup time is 30 minutes and the production of the total batch in one machine takes 
480608 minutes. That means that the setup time is ( 0588.0)60830/(30 ) about 6% 

of total production time in one machine, and also in average for the whole production flow.

Table 4. Case 1: Simulation results: Q = 8; setup time: 30 min; operation time 60+-50

Max WIP LT LT CV LT TB TB CV TB PR
(u/h) WIP

32 43.8 2.89 0.066 671 191 0.285 0.716 31.3
40 46.2 2.86 0.062 573 123 0.214 0.838 38.7
56 57.7 4.60 0.079 529 94.7 0.178 0.907 52.3
72 71.0 7.29 0.103 522 91.7 0.175 0.919 65.2
88 85.5 9.16 0.107 520 89.7 0.172 0.924 79.0
100 94.3 13.2 0.140 517 88.2 0.171 0.928 87.5
136 129.5 23.6 0.182 514 85.5 0.166 0.933 120.8

Max WIP LT LT CV LT TB TB CV TB PR (u/h) WIP
32 42.7 1.76 0.041 650.8 149.3 0.229 0.738 31.5
40 44.6 1.77 0.040 547.6 73.5 0.134 0.877 39.1
56 56.7 3.74 0.066 518.1 55.3 0.107 0.926 52.5
72 69.0 7.17 0.104 514.9 53.1 0.103 0.932 64.3
88 82.9 8.92 0.108 513.1 51.1 0.100 0.935 77.6
100 87.0 11.1 0.128 512.9 51.1 0.100 0.936 81.4
136 95.23 15.16 0.159 513.1 51.7 0.101 0.936 89.1



Order quantity = 4
With the same production flow, Figure 1, the same setup time and operation time but with an 
order quantity of 4 items the following raw processing time, bottleneck rate and critical work 
in process can be calculated:

RPT = raw processing time (RPT) for one batch, or one item, passing all machines = 5 
(30+60 4)= 1350 min
BNR = bottleneck rate = one item/ (30/4+60) min= 0.889 units/hour = one batch/(30+60 8) 
min= 0.222 batch/hour 
CWIP = Critical WIP = 1350/60 0.889 = 20 items =1350/60 0.222 = 5 batches

With a batch size of 4, the time for passing the last machine (Machine 5) has a mean of 
27060430 minutes, and when the operation times varies between 90 and 30 minutes 

(uniformly) the variance for one item is 300)3090(12/1 2 . The variance for the whole 
batch is 12003004 so the coefficient of variation (CV) is 128.0270/1200 . That means 
that the measured CV for time between jobs out cannot be less than 0.128 with an order 
quantity of 4. 

Variability in a production or supply chain must be buffered by some combination of 
inventory, capacity and/or time (cf. Hopp, 2008). Pooling is a strategy to handle variation by 
combining sources of variability so that they can share a common buffer and thereby reduce 
the total amount of buffering. When we increase the order quantity we achieve a pooling 
effect. To increase the order quantity from 4 to 8 makes the minimum CV for time between 
jobs out decrease from 0.128 to 0961.0510/2400 .

A decrease of the order quantity from 8 to 4 reduces the BNR from 0.941 to 0.889 units/hour. 
This decrease also changes bestLT ; eq. (2) and eq. (9) present:

)/(,maxbest ii oqsWIPRPTLT (10)

Holding both s and WIP constant, a reduction of q will increase bestLT . To decrease bestLT
the WIP must be reduced.

bWIP WIP before a reduction of order quantity q

aWIP WIP after a reduction of order quantity to q ( 10 )

Thus, to reduce bestLT then must:

ii

ii
ba oqs

oqsWIPWIP
/

/ (11)

To keep the same bestLT with a reduction of order quantity from 8 to 4 in our example WIP 
should also be reduced to about 94 % ( 944.0)604/30/()608/30( ). Our simulation 
study show that LT is close to bestLT and also that LT increase if the order quantity decrease 
from 8 to 4. The larger the part of the total production time that is setup time the more the 



WIP should be decreased according to eq. (11). However, eq. (11) models a deterministic 
world, with stochastic operation times and a control of the system with max WIP, the 
maximum WIP should often be reduced even more. Eq. (10) points to that even if the setup 
time is decreased proportionally to the order quantity there will be no improvements of lead 
time until WIP is also decreased.

Table 5. Case 1: Simulation results: Q = 4; setup time: 30 min; operation time: 60+-30 min

4. Case 2: Studied production flow

Machine 1

Machine 2

Machine 3

Figure 2. Case 2: Studied production flow

A product is produced in a production line, Figure 2. The items are produced in order 
quantities. Similar as before we assume that an order quantity is always available when 
needed in the first workstation, Machine 1 (M1), and that space is always available after the 
last workstation, Machine 3 (M3). When M1 is idle, and the total items in the flow are less 
than the maximum allowed WIP, a setup for a new batch starts immediately and thereafter the 
production of the first item starts. In M1 the setup time is 40 minutes and every item requires
10 minutes of operation time. In Machine 2 (M2) the setup time is 20 minutes and every item 
requires 15 minutes of operation time; M3 has 30 minutes setup time and 15 minutes 
operation time. 

Max WIP LT LT CV LT TB TB CV TB PR (u/h) WIP
20 23.8 1.23 0.052 297 52.6 0.177 0.809 19.2
28 29.9 2.26 0.075 277 40.0 0.144 0.866 25.9
36 36.7 3.63 0.099 274 40.0 0.138 0.875 32.1
44 44.6 4.33 0.097 273 36.7 0.135 0.880 39.3
68 63.0 10.8 0.172 272 36.4 0.134 0.884 55.6
84 77.7 13.6 0.175 271 35.6 0.131 0.884 68.8



Order quantity = 8
RPT = raw processing time (RPT) for one batch, or one item, passing all machines = 

158301582010840 = 410 min = 6.833 h
)//(1min ii

i
oqsBNR = )158/30/(1),158/20/(1),108/40/(1min =

0533.0,0571.0,0667.0min = 0.0533 units/min = 3.2 units/hour. M3 is the bottleneck in this 
production flow.
CWIP = 22833.62.3 units.

Table 6 presents that the production flow, in Figure 2, is simulated with fixed setup times and 
uniformly distributed operations times.

Order quantity = 4
RPT = raw processing time (RPT) for one batch, or one item, passing all machines = 

154301542010440 = 250 min = 4.167 h
)154/30/(1),154/20/(1),104/40/(1minBNR = 0444.0,05.0,05.0min = 0.0444

units/min = 2.67 units/hour. M3 is still the bottleneck in the production flow. (Due to different 
setup times and a smaller order quantity the bottleneck could have moved to another 
machine.)
CWIP = 11167.467.2 units.

Table 6. Case 2:The simulation and result parameters used in the study.
Simulation parameters
Setup time s fixed M1: 40 min

M2: 15 min
M3: 30 min

Operation time per item o Uniformly M1: 10±5 min
M2: 15±10 min
M3: 15±5 min

Order quantity q fixed 4 items / 8 items
Maximum WIP max WIP fixed 16 items – 56 items
Result parameters
Lead time hours
Lead time variation (standard deviation) hours
Production rate (calculated from time-between-batches) items/hour
Time-between-batches variation (standard deviation) minutes

A complementing test has been done where Machine 1 and Machine 3 change places, the 
bottleneck is the first machine, see table 7 (Q = 8) and table 8 (Q = 4).

To keep the same LT with a reduction of order quantity from 8 to 4 in Case 2 eq.(10) hint that 
WIP should also be reduced to about 83 % ( )154/30/()158/30( = 0.833) of the primary 
WIP. The same result for max WIP= 32 and max WIP= 36 in table 5 is a check of the model. 
36 is not a mutiple of 8 so the same max WIP is in action as for max WIP= 32.



Table 7. Case 2: Q = 8, Example 2: M1 M2 M3
Max WIP LT LT CV LT TB TB CV TB PR (u/h) WIP

16 6.90 0.432 0.063 207 47.2 0.228 2.32 16.0
24 7.57 0.443 0.059 151 17.2 0.114 3.17 24.0
32 10.0 0.545 0.054 150 16.3 0.109 3.20 32.0
36 10.0 0.545 0.054 150 16.3 0.109 3.20 32.0
40 12.5 0.585 0.047 150 16.2 0.108 3.20 40.0
48 15.0 0.693 0.046 150 16.2 0.108 3.20 48.0
56 17.5 0.728 0.042 150 16.3 0.109 3.20 56.0

Table 8. Case 2: Q = 4, Example 2: M1 M2 M3
Max WIP LT LT CV LT TB TB CV TB PR (u/h) WIP

16 5.98 0.199 0.033 89.91 5.89 0.065 2.67 16.0
24 8.98 0.281 0.031 89.96 5.68 0.063 2.67 24.0
32 12.0 0.438 0.037 89.95 5.76 0.064 2.67 32.0
36 13.5 0.528 0.039 89.96 5.66 0.063 2.67 36.0
40 14.9 0.640 0.043 89.92 5.88 0.065 2.67 40.0
48 17.9 0.883 0.049 89.96 5.66 0.063 2.67 48.0
56 20.9 1.18 0.056 89.96 5.75 0.064 2.67 56.0

Table 9. Case 2: Q = 8, Example 2: M3 M2 M1
Max WIP LT LT CV LT TB TB CV TB PR (u/h) WIP

16 6.84 20.17 0.336 206 47.1 0.228 2.33 15.9
24 6.96 21.29 0.355 151 22.2 0.148 3.19 22.2
32 7.00 22.52 0.375 150 22.18 0.147 3.20 22.4
36 7.00 22.52 0.375 150 22.1 0.147 3.20 22.4
40 7.00 22.52 0.375 150 22.1 0.147 3.20 22.4
48 7.00 22.52 0.375 150 22.1 0.147 3.20 22.4
56 7.00 22.52 0.375 150 22.1 0.147 3.20 22.4

Table 10. Case 2: Q = 4, Example 2: M3 M2 M1
Max WIP LT LT CV LT TB TB CV TB PR (u/h) WIP

16 4.28 0.235 0.055 89.98 13.0 0.144 2.67 11.4
24 4.28 0.235 0.055 89.98 13.0 0.144 2.67 11.4
32 4.28 0.235 0.055 89.98 13.0 0.144 2.67 11.4
36 4.28 0.235 0.055 89.98 13.0 0.144 2.67 11.4
40 4.28 0.235 0.055 89.98 13.0 0.144 2.67 11.4
48 4.28 0.235 0.055 89.98 13.0 0.144 2.67 11.4
56 4.28 0.235 0.055 89.98 13.0 0.144 2.67 11.4



Figure 3. Case 1: Achived production rate with different order quantities, setup time and variation in 
operation times

Figure 4. Case 1: Average lead-time with order quantity 8 and 4 and different variations in operation 
times



Figure 5. Case 1: Average lead-time with order quantity 8 and 4 and different variations in operation 
times

Figure 6. Case 1: Utilisation of max WIP (Automod)



Figure 7. Case 2: Achieved production rate with order quantity 8 and 4 and different placement of 
bottleneck M3

Figure 8. Case 2: Average lead-time with order quantity 8 and 4 and different placement of bottleneck 
M3



Figure 9. Case 2: Utilisation of max WIP with different placement of bottleneck M3

5. Observations

Observation I
The maximum production rate (PR) or minimum time between jobs out, from a given total 
maximum WIP comes from a situation where there is only a total restriction of WIP 
(CONWIP-control) and not a restriction on every inventory in the supply chain (Kanban-
control) cf. Pettersen and Segerstedt (2009), Tayur (1993).

Observation II
With an existing constant setup time, a decrease of the order quantity decreases the production 
rate. If the order quantity is reduced with a certain percentage the setup time must also be 
reduced with the same percentage, otherwise the production rate will decrease. (See: figure 4,
eq. (9))

Observation III
A decrease of order quantity, with the same setup time, the same variation in operation time 
for every item and with the same maximum WIP, will prolong the lead time and also increase 
the variation of the lead times. (See: table 2 and 5, figure 4)

Observation IV
The variations in lead-time and its coefficient of variation (CV LT), increase with rising 
maximum WIP (and thus rising average WIP) independent of order quantity in a balanced 
production line. In an unbalanced production line the bottleneck may control and limit the 
variation. (See: table 2, 5 and 7, figure 5)

Observation V
The variation in production rate, the relative variation in time between jobs out (CV TB), 
decreases with increasing maximum WIP. But it reaches a limit; and it cannot be less than the 
relative variation in production times for the last machine. (See: table 2, 5 and 7)



Observation VI
One might expected that a higher variation in operation times would create more starving and 
blocking and therefore a lower utilisation of available max WIP. Instead max WIP is on an 
average used more or less to the same extent independent of the variation in operation times
to a certain limited value of max WIP; a value larger then calculated CWIP. Above this value 
of max WIP a higher variation (in operation times) uses more of available maximum WIP 
than a lower variation. So the opposite of suspected reign; a higher utilisation of available 
max WIP with a higher variation. (See: table 2 and 5 based on Simio, figure 6 based on 
Automod)

Observation VII
With a variation in operation times, an increase of order quantity will decrease the variation of 
the production rate. The increased number of items has a pooling effect on the production 
rate. (See: table 2, 4, 5 and 7)

Observation VIII
The location of the bottleneck in a production flow does not influence the production rate, but 
lead time and average WIP. (See: figure 7, 8 and 9)

Observation IX
With a bottleneck in the production line and if it is placed in the end of the line; average WIP 
will be equal to maximum WIP. (Given that an order quantity is always available when 
needed in the first workstation.) (See: table 7 and 8, figure 9)

Observation X
With a bottleneck in the production line it should, if possible, be placed first in line. Then 
independent of maximum WIP lead time and average WIP will be restricted and not exceed a 
limit dependent on the bottleneck rate and the variations in the flow downstream the 
bottleneck. (See: figure 8 and 9)

Observation XI
A decrease of the operation time variations increases the production rate. With the same max
WIP then the lead-time will also decrease. With a high and the same max WIP the average 
WIP will also decrease (the utilisation of max WIP will decrease). What is according to 
Little´s law or not is questionable, because decreased variations create a new equilibrium 
position. (See: table 2 and 4, figure 6,)

Observation XII
A decrease of setup time increases the production rate and with the same max WIP it will 
decrease the lead-time. It will always improve the production flow, and open up the 
possibility to decrease max WIP and thereby shorten the lead-time even further. (See: figure 
4, eq. (9))



6. Summary and Conclusions

PR CV PR LT CV LT
Order quantity (-) (-) neg (+) neg (+) neg (+) neg
Order quantity (+) (+) pos (-) pos (-) pos (-) pos

Variation (-) (+) pos (-) pos +- (-) pos
Variation (+) (-) neg (+) neg +- (+,-) neg

Our study depends on that the variation in the production flow depends on a variation in 
operation times; we believe this is a realistic assumption applicable to many practical 
situations. From this assumption we can draw the following conclusions: - A decrease of the 
order quantity has also negative consequences, if the setup time is not also reduced to the 
same extent the production rate will decrease. If not the maximum WIP is also reduced the 
lead time will not decrease with a reduced order quantity, in any circumstances the variation 
of the lead time will increase. A decreased order quantity will also increase the variation of 
the production rate. The increase in variation of the production rate can be avoided by an 
increase of max WIP, but increases of max WIP prolongs the lead time and also its variation. 
–

With less or little max WIP the same amount of max WIP is used independent of the variation 
in operation times. With large or more max WIP a larger amount is used if variations in 
operation times are high. With a high variation in operation times, it requires more WIP to 
establish the same production rate, that in its turn increase the lead time and also the variance 
of the lead time; but the coefficient of variation for the lead time may not be increased on the 
contrary it may be decreased, compared to a situation with less variations in operation times.
Our study points to the importance of reducing variance; less variance create higher 
production rates with less necessary WIP.

Nicolin (1963), a Swedish industrialist, advocated that the capacity should be greater in the 
end of the production flow than in the beginning. This is verified by our studies. In a practical 
situation if possible the bottleneck machine or operation should be placed first in the 
production flow, to avoid build-up of excess WIP. But this is often not possible due to 
different circumstances, then a CONWIP restriction of the flow is to prefer compared to a 
Kanban restriction where every buffer must be decided. But a CONWIP restriction may not 
always be possible, e.g. in an automatic production flow producing solar cells; then it very 
crucial how the buffers are restricted (cf. Pettersen and Segerstedt, 2008). The bottleneck 
operation must never starve or be blocked. If an input machine is slower than the other 
machines in a production flow then the buffers would tend to become useless during normal 
operation. This would make the utility of buffers somewhat suspect, since the reason for 
providing the buffers is to shield the last machine, and the total output, from disturbances and 
variations from the other machines. 

In literature in 1980s and 1990s there were discussions about push and pull production 
systems; eexcessively can be said that the discussion was that push was bad and pull was 
good. Many attempts to define push and pull existed and therefore still exist, good ones e.g.
Pyke and Cohen (1990), Bonney et al. (1999). Bonney et al. (1999) showed that the 
definitions of push and pull were inconsistent between different researchers and arguments 
about performance were sometimes circular, if the performance of a pull system was poor



then it may be suggested that this was because the fundamentals of just-in-time were not 
being observed, whereas, if the performance of a push system was poor, then that was a
consequence of it being a push system. Hopp (2008) defines following “A pull system is one 
in which work is released based on the status of the system and thereby places inherent limit 
on WIP. A push system is one which work is released without consideration of system status 
and hence does not inherently limit WIP.” Our study verifies the importance of limiting WIP, 
a production system not limiting WIP should be avoided.

A reduction of setup times is always favourable. Therefore our study points to the importance 
of reducing setup times and applying the general SMED-method (Single Minute Exchange 
Die) (Shingo, 1982). But to reduce the order quantity without a similar substantial reduction 
of the setup time is a risky business. The production rate will be decreased; it must be checked 
so current demand can be satisfied, furthermore WIP must be restricted and reduced, 
otherwise the lead-time will increase.

How to think and act in a practical situation? Reduce the setup time as far as practicable, then 
reduce the order quantity but not more than demand still can be satisfied; then it is important 
to reduce max WIP. If max WIP is kept on the old large level the improvements will be less 
and instead the changes can even create a worsening with longer lead-times. Max WIP must 
be larger than CWIP; the more variations in operations time the larger max WIP should be 
compared to CWIP. In many practical situations it is easier to determine RPT compared to 
BNR, so it is not certain that CWIP can totally adequately be determined; but max WIP should 
always be larger than estimated CWIP.

A reduction of order quantities creates conditions to decrease max WIP. It is important not to 
forget to decrease max WIP, because it is less max WIP that in practice can improve the lead-
time, not the reduced order quantity. With a setup time the reduced order quantity itself 
increase the lead-time. Reducing order quantities but still use the same parameters in the 
companies’ computer system will prevent improvements. Max WIP in a production facility or 
production section is clearly determined when management uses a CONWIP or Kanban 
working. In an application of Materials Requirements Planning (MRP) it is not clear what 
max WIP is. But, if the order quantity, iQ , is reduced to iQ ; then the lead-time for item i
should be reduced to iiii QQLL / if not more. Why? It is plausible that the necessary WIP 
to avoid starving and blocking is more dependent of n, the number order quantities, than the 
size of the order quantities. If in a practical situation Cover-Time Planning is used, WIP is 
restrained for item i such that iii QnWIPQn )1( ( ,2,1n , ); this despite that the main 
calculation and estimation is how long current already decided supply will cover estimated 
demand (cf. Segerstedt (2006). The restriction on WIP depends on an estimated demand and 
production rate, lead-time ( iL ) for the item and an estimated necessary buffer time. This rule 
should also be applicable to MRP.
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Policy-makers are developing regulation policies to drive down carbon emissions from industries. Independent remanu-
facturers (IRs), which remanufacture recycled products/components/parts, must manage and evaluate economic costs gen-
erated by the production under future carbon emission regulations. We present three optimisation models to determine
the remanufacturing quantity that maximises the total profits under three common carbon emission regulation policies:
(a) mandatory carbon emissions capacity, (b) carbon tax and (c) cap and trade. These models include sales revenue,
remanufacturing cost, disposal cost, inventory holding cost, shortage cost and carbon emission cost. The max–min
approach is used to solve the models, which assume limited information on demand distribution. We investigate how the
three regulation policies affect remanufacturing decision-making for IRs and we also solve some numerical examples
where we vary the magnitudes of incentives, penalties and stringency of constraints to provide implications to policy-
makers. The results indicate that remanufacturers should aim to improve yield rate to maximise the profit irrespective of
the implemented carbon emissions policy. Policy-makers should prefer the carbon tax policy, if any of the other two
policies must be performed, a remanufacturing discount such as a higher carbon emission cap or lower penalty should
be implemented to better promote the development of remanufacturers.

Keywords: independent remanufacturers (IRs); remanufacturing decisions; carbon emission policies; limited distribution
information

1. Introduction

Remanufacturing is the process of restoring used products to a ‘like-new’ functional state. It provides many benefits for
original equipment manufacturers (OEMs), such as savings in labour and material costs and energy consumption (Guide,
Srivastava, and Spencer 1997). For example, in the 2008/2009 financial year, Fuji Xerox Australia remanufactured more
than 230,000 equipment parts, which led to a cost saving of $6 million compared to sourcing new parts (Bulmuş, Zhu,
and Teunter 2013).

But despite these advantages, only a few products are remanufactured, since many products are not suitable for
large-scale remanufacturing. Most durable products, e.g. automobiles, laser printers and cell phones, are frequently rede-
signed while old designs are still in use, and even if one returned product can be restored to its original condition, that
old product might not be demanded any more. Therefore, a remanufacturing strategy for such products should not aim
at the whole product, but at the parts that the products are assembled from (Kongar and Gupta 2002).

Owning to dramatically increased volume, for example, in automotive industry, the global number of end-of-life
vehicles will easily exceed 100 million by 2020 (Tian and Chen 2014), OEMs are no longer capable of processing the
huge number of the returned used products effectively and efficiently with their own capacity. Therefore, more and more
independent remanufacturers (IRs), who collect the used products/components/parts to remanufacture and sell them to
special market, are developed in some countries. Automotive remanufacturers, industrial equipment remanufacturers and
tyre retreaders are some of the numerous examples (Guide 2000). In North America, some OEMs, such as Dell, Hew-
lett-Packard and IBM have outsourced their remanufacturing operations to third-party remanufacturers (Patel 2006). Also
in China, the National Development and Reform Committee (NDRC) published 14 enterprises as pilot automotive com-
ponents remanufacturers to promote the development of remanufacturing industry in 2008 (Zhang et al. 2011).

Remanufacturing is usually more environmentally friendly than traditional manufacturing since it is based on the
restoring and recycling of old used products (Gungor and Gupta 1999; Ilgin and Gupta 2010). Even so, operations and
processes of remanufacturing, as in forward manufacturing, affect the environment, for example, through carbon
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emissions. Therefore, remanufacturers must, similar to traditional manufacturers, figure out how to trade-off economic
costs generated in the process of production, as well as environmental costs under carbon emission regulations.

Over the last few decades, global warming has received increasing attention and, for the purpose of environmental
protection, many governments and organisations have agreed to adopt regulation policies to reduce carbon emissions by
at least half by 2050 (the International Energy Agency 2008). However, many major carbon-emitting nations, such as
the United States, China and Japan, still debate which regulatory policy they should adopt and hence many manufactur-
ers and remanufacturers are unaware of which future policy they must adapt to. Moreover, many firms do not know
how to adapt to the policies and how to handle different magnitudes of incentives, penalties and stringency of con-
straints, which can fluctuate over time. For example, carbon emission permit prices have exhibited considerable volatil-
ity. In the European Union, the permit price increased from around 7 Euros in January 2005 to more than 30 Euros in
April 2006 and then crashed to below 10 Euros within three days. After that, it rose again and stabilised above 15 Euros
for about four months before decreasing to nearly zero by mid-2007 (Benz and Trück 2009). These uncertainties would
significantly influence a firm’s production decisions.

Thus, both firms and policy-makers must figure out how to trade-off environmental and financial benefits from car-
bon emission regulations, which nowadays play an important role in production decision-making. The purpose of this
paper is, hence, twofold: on the one hand, for remanufacturers, to determine the economically optimal remanufacturing
quantity and the corresponding maximum expected profit under different carbon emission policies; and to decide which
used products are profitable to the remanufacture, depending on different quality conditions (i.e. yield rate). On the other
hand, for policy-makers, to formulate policies and decide magnitudes of incentives, penalties and stringency of con-
straints; and to investigate which policy is most conducive for promoting the development of remanufacturers.

We will now briefly relate our paper to the previous literature on remanufacturing, production planning and inventory
control under carbon emission constraints. Many researchers have studied production decisions in remanufacturing sys-
tems (e.g. Guide 2000; Depuy et al. 2007; Lage and Filho 2012; Ilgin and Gupta 2012). However, most of the previous
studies consider the closed loop of producing, recycling and remanufacturing the whole product with the combined model,
in which remanufacturing is performed by OEMs. Also, numerous literature on remanufacturing focuses on the competi-
tion between OEMs and IRs (e.g. Majumder and Groenevelt 2001; Debo, Toktay, and Van Wassenhove 2005; Ferguson
and Toktay 2006; Kapetanopoulou and Tagaras 2010). Only some literature consider remanufacturing plan for IRs. Guide
and Van Wassenhove (2001) describe the case of ReCellular, a typical example of a successful IR of mobile telephones;
Li, Gonzalez, and Zhu (2009) present a general simulation model to investigate the impact of production planning and
control policy on the performance of the dedicated remanufacturing of electronic products. Based on the present research,
but contrary to the above literature, in which only economic costs generated in the process of production are considered,
we studied the effects of different carbon emission policies on the remanufacturing decision-making for IRs.

Some researchers have studied operational and strategic impacts of supply chain decisions on carbon emissions.
Bonney and Jaber (2011) study the impact of including vehicle emissions cost into the EOQ model. Emissions from
transportation are taken into account in the form of a fixed emissions cost per shipment. Hoen et al. (2014) examine the
effect of a two-regulation mechanism on the transport mode selection decision when a single mode must be selected for
all transports of a single item. Rosič and Jammernegg (2013) extend the dual sourcing model based on the newsvendor
framework by considering the environmental impact of transportation. These papers consider carbon emissions from
transportation but not from production.

Several papers related to production planning, inventory control and carbon emissions have recently been proposed.
As a seminal publication, Penkuhn et al. (1997) consider the emission taxes and develop a non-linear programming
model for a production planning problem. Letmathe and Balakrishnan (2005) construct two analytical models to deter-
mine a firm’s production quantities under different environmental constraints. Hua, Cheng, and Wang (2011) study how
the carbon emissions trading mechanism influences the optimal ordering quantity in the EOQ framework and analyti-
cally examines the impact of carbon trade, carbon price and carbon capacity on order decisions, carbon emissions and
total cost. Jaber, Glock, and El Saadany (2013) include carbon emissions into a joint economic lot-size problem by con-
sidering different emissions trading schemes. Chen, Benjaafar, and Elomri (2013) study the EOQ model with a carbon
constraint and provide analytical results and discuss the conditions under which the cost increase is relatively lesser than
the carbon emission decrease. Benjaafar, Li, and Daskin (2013) and Absi et al. (2013) present an extension of the lot-
sizing model that accounts for carbon emissions from production, transport and inventory under four regulatory policies.
These papers focus on general manufacturing systems, and do not cover remanufacturing systems which are different
from general manufacturing systems and bring specific characteristics to the problem; for example, in terms of different
yield rates and different magnitudes of incentives, penalties and stringency of constraints.

The customer can choose between remanufactured items and new items (products/components/parts) therefore, the
demand for remanufactured items probably fluctuates widely. With no true knowledge of the demand distribution, we
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use the max–min approach (cf. Scarf 1958; Gallego and Moon 1993; Alfares and Elmorra 2005). The max–min
approach requires only the first and second moments to deal with the random demand. This approach is different from
the common approach, which assumes that the demand obeys a special distribution. With the max–min approach, more
robust results can be obtained against the worst-case distribution. In addition, we make two other important contribu-
tions to the existing literature. First, we formulate remanufacturing quantity optimisation models under different carbon
emission policies, which analyse the trade-off between remanufacturing cost, inventory cost and carbon emission cost.
Second, we investigate the effect of the three different types of regulations with respect to their parameters such as pen-
alty, carbon tax, and selling or purchasing price for carbon emission credits vs. yield rate on remanufacturing quantity
and the corresponding total profit.

The rest of the paper is organised as follows: In Section 2, we discuss the problem and present some definitions and
notations. In Section 3, we first formulate the basic model without considering carbon emission and then extend it to three
different carbon emission policies. In Section 4, we solve these three models by the max–min approach. To visualise the
effect of the carbon emission policies on remanufacturing decisions, some numerical examples are presented in Section 5.
We compare the optimal remanufacturing quantity and total profit under different carbon emission policies (and with no
carbon emission policy), and we calculate and analyse how different magnitudes of incentives, penalties and stringency of
constraints affect the total profit. In Section 6, we present our conclusions and provide future research directions.

2. Problem description and parameters definition

Used products, components and parts can be remanufactured by IRs. The purpose of this paper is to investigate the
effects of different carbon emission policies on remanufacturing decision-making. The process of parts remanufacturing
is chosen to show this considered problem in this paper.

In a used-parts remanufacturing supply chain, recycled used products are disassembled first; after that, some of them
will be reused directly or disposed or remanufactured according to their different quality conditions. Only those parts
which are needed to be remanufactured are studied in this paper. There is a wide range of quality levels among the dis-
assembled parts. Yield rate (α), which is defined as the fraction of usable parts remanufactured from the total remanufac-
tured parts, describes the disassembled parts’ quality conditions in this paper. The higher the yield rate is, the better the
quality is. And only the usable remanufactured parts can be used to satisfy market demand. Unusable parts are disposed
at some cost. Figure 1 shows the flow process in a parts remanufacturing supply chain.

Traditionally, the decision for remanufacturing has been based on the remanufacturing, holding and shortage cost
trade-offs. We extend this trade-off by including carbon emissions. Our setting only considers one part and a single
period since we focus on the interactions and trade-offs between the costs and carbon emissions.

The following parameters and notations will be used in our model formulation:

qr remanufacturing quantity, a decision variable
α yield rate, i.e. the fraction of usable parts remanufactured from the total remanufactured parts
D demand, a random variable
F(D) the probability distribution function (cdf) of demand D
f(D) the probability density function (pdf) of demand D
μ the first moment of demand D
μ2 + σ2 the second moment of demand D, where σ2 is the variance
cr remanufacturing cost per unit part including acquiring cost for disassembled parts
cw disposal cost per unit unusable parts
p selling price per unit part on the market
h holding cost per unit part
c shortage cost per unit part, without loss of generality, c > h
M cap of carbon emission limitation
e carbon emission per unit part, generated by remanufacturing
ξ penalty per unit carbon emission that surpasses the cap of carbon emission limitation
δ tax per unit carbon emission
ε1 buying price per unit carbon emission credit
ε2 selling price per unit carbon emission credit, where ε1 > ε2;
Пiw total profit, where i = w, x, s, j, denoting four cases: (w) no carbon emission policy is considered, (x) mandatory

carbon emission capacity, (s) carbon tax and ( j) cap and trade
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3. Model formulations

We formulate optimisation models for two different scenarios: (i) no carbon emission policy is considered and (ii) car-
bon emission policies are considered. The second scenario can be further divided into three sub-scenarios corresponding
to different carbon emission policies. For these three scenarios, we determine the optimum remanufacturing quantities
for remanufacturers.

3.1 Optimisation model not considering carbon emission policies

In practice, some of the disassembled parts cannot be remanufactured due to, for example, mechanical and electrical
dysfunction or material fatigue. Therefore, the quantity of the parts remanufactured successfully is αqr. If we assume
that there is an unlimited quantity of the used disassembled parts available to the firm, the total profit is

Lðqr;DÞ ¼ pminðaqr;DÞ � ½crqr þ ð1� aÞqrcw þ hðaqr � DÞþ þ cðD� aqrÞþ� (1)

For the random demand D with probability density f and cumulative distribution F, the expected total profit can be
written as

Pww
f ðqrÞ ¼

Z
Lðqr;DÞdFðDÞ (2)

The common approach to deal with demand in most literature is to assume that the actual demand obeys a particular
distribution. However, it would result in great deviation compared to actual situation when the assumed distribution is
not the real distribution. Because the distribution of the demand for remanufactured parts fluctuates widely, it is very
difficult to get the particular distribution but, partial information such as the first and second moments can be known
easily. Therefore, a benchmark model that does not consider any carbon emission policy and maximises the expected
total profit, can be formulated as

max
qr

Pww
f ðqrÞ ¼ max

qr

pEF minðaqr;DÞ � ½crqr þ ð1� aÞqrcwþ
hEFðaqr � DÞþ þ cEFðD� aqrÞþ�


 �
s:t:

EðDÞ ¼ l
EðD2Þ ¼ l2 þ r2


 (3)

where the first term, pEF min(αqr, D) is the expected revenue from selling usable remanufactured parts, which depends
on the minimum values of αqr and D. crqr is the total remanufacturing cost. (1 − α)qrcw is the disposal cost for the
parts that are not remanufactured successfully. The last two terms correspond to the possible holding cost or shortage
cost, due to over or under demand. The notation (a − b)+ denotes that we use a − b if a > b and zero otherwise. Thus,
if αqr > D, the expected holding cost is hEF (αqr−D), and if D > αqr, the expected shortage cost is cEF (D − αqr).
The constraint condition means that the first and second moments of stochastic variable D are μ and μ2 + σ2,
respectively, i.e. the demand distribution is a set of all possible distributions with first moment of μ and second
moment of (μ2 + σ2). The following constraint conditions for Equations (4)–(6) have the same meaning.

3.2 Optimisation models considering carbon emission policies

Four major carbon emissions policies are discussed by the Congressional Budget Office of the United States Congress:
(i) a mandatory capacity on the amount of carbon emitted by each firm; (ii) a tax imposed to each firm on the amount
of carbon emissions; (iii) a cap-and-trade system implemented to allow emission trading; and (iv) an investment made

Figure 1. Material and Information flow in a parts remanufacturing supply chain.
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by each firm in the carbon offsets to meet its carbon capacity requirement (Song and Leng 2012). The first three policies
are independent, but the fourth policy can be regarded as a special case of the third one, and it seems to be discussed
less in the literature. Therefore, we do not investigate the fourth policy further in this paper.

3.2.1 Policy 1: mandatory carbon emission capacity

The mandatory carbon emission capacity policy is a rigid command-and-control policy. Under this policy, the regulator
stipulates a cap limit for the total emissions of a given year and issues allowances that match that cap. If the firm emits
more than the cap, the firm must pay a penalty fee. Let M be the cap limitation and ξ be the penalty fee per unit
emission that surpass the cap. Then the optimisation model can be written as

max
qr

Pxw
f ðqrÞ ¼ max

qr

pEF minðaqr;DÞ � ½crqr þ ð1� aÞqrcwþ
hEFðaqr � DÞþ þ cEFðD� aqrÞþ þ nðeqr �MÞþ�


 �
s:t:

EðDÞ ¼ l
EðD2Þ ¼ l2 þ r2


 (4)

where ξ(eqr−M)+ denotes the penalty fee, which is >0 if the carbon emissions surpass the cap limitation.
Compared to mandatory carbon emission capacity policy, carbon tax policy and cap-and-trade policy are usually

favoured because they provide incentives for emissions reduction.

3.2.2 Policy 2: carbon tax

Carbon tax is a form of carbon pricing. From an economic perspective, it is a type of Pigovian tax (Bashmakov et al.
2001), that offers a potentially cost-effective means of reducing carbon emissions (Gupta et al. 2007). A number of
countries, e.g. Australia, have implemented carbon taxes or taxes on energy generated from carbon combustion (Helm
2005; Bennett 2011). Let δ be the carbon price per unit carbon emission. Then the optimisation model can be written as

max
qr

Psw
f ðqrÞ ¼ max

qr

pEF minðaqr;DÞ � ½crqr þ ð1� aÞqrcwþ
hEFðaqr � DÞþ þ cEFðD� aqrÞþ þ deqr�


 �
s:t:

EðDÞ ¼ l
EðD2Þ ¼ l2 þ r2


 (5)

where the last term, δeqr, denotes the carbon emission cost.

3.2.3 Policy 3: carbon emission cap and trade

The carbon emission cap-and-trade policy is a market-based environmental policy that lets the market decide the price
on carbon emission credits. This policy has been adopted by many countries. For example, New Zealand introduced
their Emissions Trading Scheme in 2009 (Jiang, Sharp, and Sheng 2009), and the European Union introduced their
Emission Trading Scheme (EU ETS) in 2005. In 2008, EU ETS accounted for almost 50% of Europe’s carbon emis-
sions (European Commission 2008), and in early 2012, it covered 27 EU member states and Iceland, Liechtenstein and
Norway (European Commission 2012). In an ETS, the regulator sets the cap of emissions for a given year and issues
allowances that match that cap. Firms obtain allowances, either for free or by buying them at an auction, and they
should have enough allowances at the end of the period to meet its emissions. As a result, a trading market for allow-
ances is established and the market determines the price for emissions. Let ε1 and ε2 be the buying or selling price per
unit carbon emission credit, respectively. Then the optimisation model can be written as

max
qr

Pjw
f ðqrÞ ¼ max

qr

pEF minðaqr;DÞ � ½crqr þ ð1� aÞqrcwþ
hEFðaqr � DÞþ þ cEFðD� aqrÞþþ
e1ðeqr �MÞþ� þ e2ðM � eqrÞþ

8<
:

9=
;

s:t:
EðDÞ ¼ l
EðD2Þ ¼ l2 þ r2


 (6)

where ε1(eqr−M)+ denotes the cost for buying carbon emission credits when eqr > M, and ε2(M − eqr)
+ denotes the

revenue from selling carbon emission credits when eqr < M.
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4. Solutions to the model

The structure of Equations (3)–(6) is similar to a classical newsvendor model. With no true knowledge of the demand
distribution, we use the max–min approach, which is also called the distribution-free approach, to solve these models.
The max–min approach was first proposed by Scarf (1958); Gallego and Moon (1993), Moon and Choi (1997), Ouyang
and Wu (1998), Gallego, Ryan, and Simchi-Levi (2001), and Alfares and Elmorra (2005) then extended this research
and it has been applied in some areas in the following years because of its robustness and being much more close to
the actual situation (Mostard, Koster, and Teunter 2005; Liao, Banerjee, and Yan 2011; Pal, Sana, and Chaudhuri 2013).

4.1 Solution to the model without considering carbon emission

The distribution-free approach for this model is to find the most unfavourable distribution in F for qr and then maximise
over qr. Therefore, Equation (3) is equivalent to the following max–min model.

max
qr � 0

min
f �Hðl;ðl2þr2ÞÞ

Pww
f ðqrÞ ¼ max

qr � 0
min

f �Hðl;ðl2þr2ÞÞ
fpEF minðaqr;DÞ�

½crqr þ ð1� aÞqrcw þ hEFðaqr � DÞþ þ cEFðD� aqrÞþ�g
(7)

The object of this model is to find an optimal qr such that

min
f �Hðl;ðl2þr2ÞÞ

Pww
f ðqrÞ (8)

is maximised, where H(μ, (μ2 + σ2)) is the set of all possible distributions with first moment of μ and second moment
of (μ2 + σ2).

In order to solve this model, a two-step process is designed. First, for any given qr, we show the minimum object
(i.e. Equation (8)) is achieved by a two-point pdf among distribution set H (μ, (μ2 + σ2)). Second, we locate the worst-
case pdf by searching among the subset of H (μ, (μ2 + σ2)) and find the optimal qr that maximises Equation (8).

We denote

PðqrÞ ¼ min
f �Hðl;ðl2þr2ÞÞ

Pww
f ðqrÞ (9)

According to Equations (2) and (9) which can be rewritten as

PðqrÞ ¼ min
FðDÞ

Pww
f ðqrÞ ¼

R
Lðqr;DÞdFðDÞ

s:t: Eð~DÞ ¼ l
Eð~D2Þ ¼ l2 þ r2


 (10)

The variable of this step optimisation problem is the cumulative distribution function F(D) (so implicitly dF(D) ≥ 0),
then Equation (10) is equivalent to

ZP ¼ PðqrÞ ¼ min
FðDÞ

Pww
f ðqrÞ ¼

R
Lðqr;DÞdFðDÞ

s:t:

R
dFðDÞ ¼1R
DdFðDÞ ¼ lR
D2dFðDÞ ¼ l2 þ r2

dFðDÞ� 0

8>><
>>:

(11)

This model is a moment problem with known first and second moments of random variable D. Based on the follow-
ing Lemma 1 and Lemma 2, this moment problem can be solved by its dual problem.

Lemma 1 (Weak duality theory) ZP ≤ ZD.

Lemma 2 If the dual problem has a strictly or interior feasible solution and its optimal value ZD is finite, then the
primal problem (11) is feasible and has the same optimal value.

To this end, we need the following proposition.
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Proposition 1.
When the primal problem is

min
R
BðDÞdFðDÞ

s:t:

R
dFðDÞ ¼1R
DdFðDÞ ¼ lR
D2dFðDÞ ¼l2 þ r2

dFðDÞ� 0

8>><
>>:

(12)

The dual problem is

max aþ lbþ ðl2 þ r2Þc
s:t:

aþ Dbþ D2c�BðDÞ
8D



(13)

Proof. See Appendix 1
According to proposition 1, the dual problem of the considered problem is

ZD ¼ maxa;b;c½aþ lbþ ðl2 þ r2Þc�
s:t:

aþ Dbþ D2c� Lðqr;DÞ
8D



(14)

Obviously, the dual problem (14) satisfies both conditions in Lemma 2, so there is no duality gap and we have
ZP = ZD.

where α, β and γ are decision variables. And using the relationship min(αqr, D) = αqr− (αqr−D)+, we obtain

Lðqr;DÞ ¼ ½pa� cr � ð1� aÞcw�qr � ðpþ hÞðaqr � DÞþ � cðD� aqrÞþ (15)

It has the following representation

Lðqr;DÞ ¼ ½pa� cr � ð1� aÞcw�qr � ðpþ hÞðaqr � DÞ if D� aqr
½pa� cr � ð1� aÞcw�qr � cðD� aqrÞ if D� aqr



(16)

which is a piecewise linear function with two line segments. Let L1 and L2 represent those line segments from right to
left, and their slopes are k1 = −h, k2 = p + c, respectively.

For every given qr, let T(D) = α +Dβ +D2γ and assuming qr, μ and σ are known, for every D ≥ 0, there are only two
points A and B to make T(D) ≥ L(qr, D). Thereof, the random variable D which maximises the object function follows
two-point distribution, as shown in Figure 2.

Hence, the optimal solution to the dual problem should be found among all of the two-point distribution sets, which
satisfy the above constraints, to maximise the object function of the dual problem.

Denote the values in A and B as Da and Db with weights p1 and p2, respectively. The following Equation (17) can
be obtained based on the theorem of complementary slackness.

p1 þ p2 ¼ 1
p1Da þ p2Db ¼ l
p1D2

a þ p2D2
b ¼ l2 þ r2

8<
: (17)

Figure 2. The distribution of solution which satisfies constraints of the dual problem.
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The two-point distribution assigns weights p1 to Da and p2 to Db. where

p1ðcÞ ¼ c� c
pþ hþ c

; p2ðcÞ ¼ pþ hþ c
pþ hþ c

(18)

Da ¼ q1ðcÞ ¼ l� r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ hþ c
c� c

s
;Db ¼ q2ðcÞ ¼ lþ r

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c� c

pþ hþ c

r
(19)

Therefore, according to Lemma 1 and Lemma 2，the optimal solution of the dual problem (Da, Db, p1, p2) is also
that of the primal problem.

Define q as a decision variable and D as the same meaning as the above. According to the relationship
(D − q)+ = [|D − q| + (D − q)]/2 and the Cauchy–Schwarz inequality E|D − q| ≤ [E(D − q)2]1/2 = [σ2 + (q − μ)2]1/2, We can
obtain Lemma 3 which is also proved in Gallego and Moon (1993).

Lemma 3

EðD� qÞþ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ðq� lÞ2

q
� ðq� lÞ

2

Clearly, for every q, the above two-point distribution belongs to H (μ, (μ2+σ2)) and makes Lemma 3 hold with
equality. That is, the bound of Lemma 3 is tight.

According to min(αqr, D) = αqr− (αqr−D)+ and (αqr−D)+ = (αqr−D) + (D − αqr)
+, we have

PwwðqrÞ ¼ �ðpþ hþ cÞEFðD� aqrÞþ � ½haþ cr þ ð1� aÞcw�qr þ ðpþ hÞl (20)

By Lemma 3, then

�ðpþ hþ cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ðaqr � lÞ2

q
� ðaqr � lÞ

2

2
4

3
5�

½haþ cr þ ð1� aÞcw�qr þ ðpþ hÞl�PwwðqrÞ
(21)

Therefore, the considered problem is equivalent to maximise the lower bound, i.e. max min (Пww(qr)). We can easily
check min Пww(qr) is strictly convex in qr (See Appendix 2 for proof ), upon setting the first-order optimality condition
d(min(Пww(qr)))/dqr = 0. We obtain a closed-form optimal remanufacturing quantity against the worst distribution:

q�r ¼
l
a
þ r
2a

ffiffiffi
A

B

r
�

ffiffiffi
B

A

r !
(22)

Based on Equations (21) and (22), we obtain Equation (23). The left hand is the lower bound of the total expected
profit. While the right hand is the upper bound, which is obtained when demand is deterministic, that is, σ = 0.

pþ h� B

a

� �
l 1� r

l

ffiffiffiffiffiffi
AB
p

aðpþ h� B
aÞ

" #
�Pwwðq�

r
Þ� pþ h� B

a

� �
l (23)

So far, we did not consider the fact that the remanufacturing quantity qr should be non-negative. Because of non-
negative random variable ED+ = μ, remanufacturing zero used product/component/part leads to an expected profit −cμ.
Thus, we prefer to remanufacture zero units whenever remanufacturing may lead to less profit than −cμ, i.e. if and only
if the left hand of Equation (23) is larger than −cμ, qr can be calculated by Equation (22). Otherwise, qr= 0. Then the
remanufacturing rule is modified as follows (See Appendix 2 for proof ).

q�r ¼
l
a þ r

2a

ffiffiffi
A
B

q
�

ffiffiffi
B
A

q� 	
if A[ 0 and Al� r

ffiffiffiffiffiffi
AB
p � 0

0 otherwise

(
(24)

where A = (p+h+c)α − [hα+cr+(1 − α)cw], B = hα+cr+(1 − α)cw.
According to Equation (24), we notice that the remanufacturing quantity is more than μ/α if and only if

α > 2(cr+ cw)/(p − h + c + 2cw), otherwise less than μ/α.
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4.2 Considering three different carbon emission policies

The structures of the extended models with three different carbon emission policies are similar to the basic model. So
these models can be solved in the same approach as in Section 4.1.

4.2.1 Policy 1: Mandatory carbon emissions capacity

The solution to Equation (4) is equivalent to

max
qr � 0

min
f �Hðl;ðl2þr2ÞÞ

Pxw
f ðqrÞ ¼ max

qr � 0
min

f �Hðl;ðl2þr2ÞÞ
fpEF minðaqr;DÞ � ½crqr

þð1� aÞqrcw þ hEFðaqr � DÞþ þ cEFðD� aqrÞþ þ nðeqr �MÞþ�g
(25)

By the same way of 4.1，it is to say, to find the optimal remanufacturing quantity qx�r to max (Пxw(qr)), where

Pxwðqx�
r
Þ ¼ �ðpþ hþ cÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ðaqx�

r
� lÞ2

q
� ðaqx�

r
� lÞ

2
� ½haþ cr þ ð1� aÞcw�qx�r þ ðpþ hÞl� nðeqx�

r
�MÞþ

(26)

Then, the optimal remanufacturing quantity against the worst distribution is shown in Equation (27).

qx�r ¼
l
a þ r

2a

ffiffiffiffi
A1
B1

q
�

ffiffiffiffi
B1
A1

q� 	
if eqr �M and A1 [ 0 and A1l� r

ffiffiffiffiffiffiffiffiffiffi
A1B1
p � 0

l
a þ r

2a

ffiffiffi
A
B

q
�

ffiffiffi
B
A

q� 	
if eqr\M and A[ 0 and Al� r

ffiffiffiffiffiffi
AB
p � 0

0 otherwise

8>><
>>: (27)

where A1 = (p + h + c)α − [hα + cr+ (1 − α)cw+ ξe], B1 = hα + cr+ (1 − α)cw+ ξe.
According to Equation (27), we notice

(1) When eqr>M, the remanufacturing quantity is more than μ/α if and only if α > 2(cr+ cw+ ξe)/(p − h +
c + 2cw), otherwise less than μ/α;

(2) When eqr≤M, the remanufacturing quantity is the same as that case of not considering carbon emission
policy.

and

minfPLX1
;PLX2g�Pxwðqx�

r
Þ� maxfPUX1

;PUX2
g (28)

where

PXL1
¼ pþ h� B1

a

� �
l 1� r

l

ffiffiffiffiffiffiffiffiffiffi
A1B1
p

aðpþ h� B1
a Þ

" #
; PUX1

¼ pþ h� B1

a

� �
l

PXL2
¼ pþ h� B

a

� �
l 1� r

l

ffiffiffiffiffiffi
AB
p

aðpþ h� B
aÞ

" #
; PUX2

¼ pþ h� B

a

� �
l

(29)

4.2.2 Policy 2: carbon tax

The solution to Equation (5) is equivalent to

max
qr � 0

min
f �Hðl;ðl2þr2ÞÞ

Psw
f ðqrÞ ¼ max

qr � 0
min

f �Hðl;ðl2þr2ÞÞ
fpEF minðaqr;DÞ�

½crqr þ ð1� aÞqrcw þ hEFðaqr � DÞþ þ cEFðD� aqrÞþ þ deqr�g
(30)

By the same way of 4.1, it is to say, to find the optimal remanufacturing quantity qs�r to max (Пsw(qr)) where

Pswðqs�r Þ ¼ �ðpþ hþ cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ðaqs�r � lÞ2

q
� ðaqs�r � lÞ

2
� ½haþ cr þ ð1� aÞcw�qs�r þ ðpþ hÞl� deqs�r

(31)
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Then, we obtain a closed-form optimal remanufacturing quantity against the worst distribution as shown in
Equation (32).

qs�r ¼
l
a þ r

2a

ffiffiffiffi
A2
B2

q
�

ffiffiffiffi
B2
A2

q� 	
if A2 [ 0 and A2l� r

ffiffiffiffiffiffiffiffiffiffi
A2B2
p � 0

0 otherwise

(
(32)

where A2 = (p + h + c)α − [hα + cr+ (1 − α)cw+ δe], B1 = hα + cr+ (1 − α)cw+ δe.
According to Equation (32), we notice that the remanufacturing quantity is more than μ/α if and only if

α > 2(cr+ cw+ δe)/(p − h + c + 2cw), otherwise less than μ/α. And

pþ h� B2

a

� �
l 1� r

l

ffiffiffiffiffiffiffiffiffiffi
A2B2
p

aðpþ h� B2
a Þ

" #
�Pswðqs�

r
Þ� ðpþ h� B2

a
Þl (33)

4.2.3 Policy 3: carbon cap and trade

The solution to Equation (6) is equivalent to

max
qr � 0

min
f �Hðl;ðl2þr2ÞÞ

Pjw
f ðqrÞ ¼ max

qr � 0
min

f �Hðl;ðl2þr2ÞÞ
fpEF minðaqr;DÞ � crqrþ½

ð1� aÞqrcw þ hEFðaqr � DÞþ þ cEFðD� aqrÞþ þ e1ðeqr �MÞþ�þ e2ðM � eqrÞþg
(34)

By the same way of 4.1，it is to say, to find the optimal remanufacturing quantity qj�r to max (Пjw(qr)) where

Pjwðqj�r Þ� � ðpþ hþ cÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ðaqj�r � lÞ2

q
� ðaqj�r � lÞ

2
� ½haþ crþ

ð1� aÞcw�qj�r þ ðpþ hÞl� e1ðeqj�r �MÞþ þ e2ðM � eqj�r Þþ
(35)

Then, the optimal remanufacturing quantity against the worst distribution as shown in Equation (36)

qj�r ¼
l
a þ r

2a

ffiffiffiffi
A3
B3

q
�

ffiffiffiffi
B3
A3

q� 	
if eqr �M and A3 [ 0 and A3l� r

ffiffiffiffiffiffiffiffiffiffi
A3B3
p � 0

l
a þ r

2a

ffiffiffiffi
A4
B4

q
�

ffiffiffiffi
B4
A4

q� 	
if eqr\M and A4 [ 0 and A4l� r

ffiffiffiffiffiffiffiffiffiffi
A4B4
p � 0

0 otherwise

8>><
>>: (36)

where A3 = (p + h + c)α − [hα + cr+ (1 − α)cw+ ε1e], A4 = (p + h + c)α − [hα + cr+ (1 − α)cw+ ε2e], B3 = hα + cr+ (1 − α)cw+
ε1e, B4 = hα + cr+ (1 − α)cw+ ε2e.

According to Equation (36), we notice

(1) When eqr>M, the remanufacturing quantity is more than μ/α if and only if α > 2(cr+ cw+ ε1e)/(p − h +
c + 2cw) otherwise less than μ/α;

(2) When eqr≤M, the remanufacturing quantity is more than μ/α if and only if α > 2(cr+ cw+ ε2e)/(p − h +
c + 2cw) otherwise less than μ/α.

And

minfPLJ1
;PLJ2g�Pxwðqx�

r
Þ� maxfPUJ1

;PUJ2
g (37)

where

PLJ1
¼ pþ h� B3

a

� �
l 1� r

l

ffiffiffiffiffiffiffi
A3B3
p

aðpþh�B3
a Þ

 �
; PUJ1

¼ pþ h� B3
a

� �
l

PLJ2 ¼ pþ h� B4
a

� �
l 1� r

l

ffiffiffiffiffiffiffi
A4B4
p

aðpþh�B4
a Þ

 �
; PUJ2

¼ pþ h� B4
a

� �
l

(38)

5. Numerical examples

In this section, numerical examples are provided to examine the comparison results on the remanufacturing quantity and
total profit considering carbon emission policy or not considering carbon emission policy; And illustrate the impact of
parameters of three different carbon emission policies such as penalty, carbon tax and the selling or purchasing price for
carbon emission credits. Based on data by investigating some remanufacturing companies in Sweden and China and com-
bining with actual situation in practice, we set the base parameters as follows. p = 20, cr= 2, cw= 0.5, h = 1, c = 3, μ = 500,
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σ = 5, M = 1200, e = 2, ξ = 3, δ = 0.2, ε1 = 1.5, ε2 = 1.2. Substituting these values into the above expression of the solutions,
the optimal remanufacturing quantity and the expected total profit can be obtained. For easier exposition, the impacts that
each policy would bring in on the remanufacturing quantity and expected total cost, are elaborated in a series of figures.

5.1 Analysis to the effect on remanufacturing decision-making with or without considering carbon emission
constraint

We denote case 1 as without considering carbon emission, case 2 as with mandatory carbon emissions capacity policy,
case 3 as with carbon tax policy and case 4 as with carbon cap-and-trade policy.

According to Equations (24), (32) and (36), the maximum critical value of yield rate for remanufacturing under four
cases can be obtained in Table 1.

As shown in Table 1, different carbon emission policies will affect the IRs to decide which kind of quality level of
used products/components/parts is profitable to remanufacture or dispose. The maximum critical values under these four
cases are increasing in this order: case 1 < case 3 < case 4 < case 2. It indicates that under case 2, i.e. Mandatory carbon
emissions capacity policy is the strictest policy. The quality level of used products/components/parts, which the remanu-
facturers choose to remanufacture, is the highest; then Carbon cap-and-trade policy. It is apparent that Carbon tax policy
can be performed to promote remanufacturers to remanufacture more used products/components/parts than the other two
policies. This result is also shown in Figure 3, which indicates how the optimal remanufacturing quantity and total profit
change with respect to the yield rate under these four cases.

As can be seen from Figure 3: (1) The critical values of yield rate for remanufacturing depend on different carbon
emission policies. The results coincide with that shown in Table 1. Only when the yield rate is more than the maximum
critical value, it is profitable for remanufacturers to remanufacture. And the optimal remanufacturing quantity under all
of the four cases almost remain at the same level and decreases with the increase of yield rate α, i.e. remanufacturing
quantity and yield rate are negative correlations, which is consistent with the practical case; it indicates that the carbon
emission policy impacts the maximum critical value of yield rate because the total profit is sensitive to carbon emission
policy which results in different extra carbon emissions cost under different policies compared to the circumstance of

Table 1. Critical value of yield rate for remanufacturing.

Case 1 Case 2 Case 3 Case 4

qr = 0 α ≤ 0.10 α ≤ 0.29 α ≤ 0.12 α ≤ 0.23

Figure 3. Total profit and remanufacturing quantity vs. yield rate.
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remanufacturing zero, but when the yield rate is higher than the maximum critical value, there is almost no impact on
remanufacturing quantity because yield rate affects remanufacturing quantity more; (2) When the yield rate is low, the
maximum total profit of four cases vary greatly because in order to satisfy the customer demand, a larger amount recy-
cled products needs to be remanufactured because of the low yield rate. Thus, much more carbon emissions are emitted
by remanufacturing more recycled products. Corresponding to different carbon emission policies the carbon emission
cost is greatly different. They are ranked as: case 1> case 3> case 4> case 2. And the profit difference between case 1
and case 3 (Carbon tax policy) is negligible. It indicates that Carbon tax policy is the optimal policy to trade-off finan-
cial and environmental benefits among these three policies; When yield rate α→1, namely, the quality of used products/
components/parts are in a high level, the maximum total profit of the four cases are closer, it means at the moment, car-
bon emission policies have little influence on remanufacturer’s decision-making because with high yield rate, the smaller
remanufacturing quantity causes less carbon emissions. Then the carbon emission cost is very negligible compared to
the total profit, which leads to almost the same profit under the four cases. Therefore, yield rate affects remanufacturing
quantity more than carbon emission policies when yield rate is larger than the critical value for remanufacturing. But
the critical value (shown in Table 1) depends on the carbon emission policies. The total profit is affected by
remanufacturing quantity, yield and carbon emission policy.

5.2 Analysis to the effect on remanufacturing decision-making with different carbon emission policies

The magnitudes of incentives, penalties and stringency of constraints of different carbon emissions regulation policies
also affect remanufacturers’ decision-making. We analyse these one by one to observe how the total profit changes and
how the policy-makers do to promote the development of remanufacturing industry by the following figures.

5.2.1 The effects on the total profit caused by penalty ξ

With Policy 1, penalty for every unit carbon emission which surpasses the cap quoted by government (ξ) is the critical
parameter to affect remanufacturers’ decision-making. Figure 4 shows the effects on the total profit.

According to Figure 4(a), the critical value of yield rate for remanufacturing is increased with the increase of penalty
ξ. It indicates that the higher the magnitudes of the penalties are, the higher is the quality level that the remanufacturers
choose to remanufacture, i.e. the more the used products/components/parts will be disposed; Figure 4(b) shows that the
maximum total profit is decreased with the increase of ξ, which is consistent with the practical case. And with the
increase of yield rate, the effects on the total profit caused by ξ becomes smaller and smaller; when yield rate α→1,
the effects on the total profit caused by ξ almost can be eliminated. The reason is the higher the yield rate, the lesser
the remanufacturing quantity and the total carbon emissions, for which carbon emissions surpassing the cap are reduced.
Therefore, in order to promote the development of remanufacturing industry, if mandatory carbon emissions capacity

Figure 4. The effects on (a) the remanufacturing quantity and (b) the total profit caused by ξ varying from 2.0 to 9.5.
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policy is implemented, policy-makers should give remanufacturers higher cap or less penalty; on the contrary, for more
profit, remanufacturers should improve the quality of the recycled products or make a reasonable classification.

5.2.2 The effects on the total profit caused by carbon tax δ

Tax (δ) is the critical parameter of Policy 2. Figure 5 shows the effects on the total profit caused by tax.
As can be seen from Figure 5(a), the effects on the critical values of yield rate for remanufacturing caused by carbon

tax δ, have the same change trend as caused by penalty ξ. Namely, the critical values are also increased with the
increase of carbon tax δ, but the magnitudes of the effects are smaller than that by penalty ξ. Figure 5(b) shows that the
total profit is decreased with the increase of carbon tax (δ), and the effects caused by carbon tax (δ) are decreased with
the increase of yield rate, but the gradient of reducing the total profit with this policy is less than that with mandatory
carbon emissions capacity policy. The reason is that carbon emission cost generated in case 1 only by carbon emissions
exceeds the quota, while in case 2, carbon emissions cost caused by remanufacturing all parts should be paid.

5.2.3 The effects on the total profit caused by ε1 and ε2
Buying price and selling price are the parameters of Policy 3, which distinguish the former two policies. Figures 6 and
7 show the effects on the remanufacturing quantity and total profit caused by ε1 and ε2, respectively.

The figures can be explained in this way. From Figures 6(a) and 7(a), it is apparent that the critical values of yield
rate for remanufacturing are increased with the increase in buying price ε1, while when selling price changes, there is
almost no effect on the critical values. The reason is the lower the yield rate is, the more the remanufacturing quantity
is, which results in more carbon emissions generated and no extra carbon emission credits left for selling. Figure 6(b)
indicates that the total profits are decreased with the increase in price for buying carbon emission credit (ε1) and the
higher the yield rate, the less the gradient of reducing the total profit. Figure 7(b) shows when the yield rate is lower
than the critical values, the total profit equals (–cμ + ε2) with qr= 0 as shown in Figure 7(a). The price for selling carbon
emission credit (ε2) almost does not affect the total profit when yield rates are among [0.21, 0.80], with which carbon
emissions generated by remanufacturing are less than the quotas. While when the yield rate is increased to about 0.80,
the total profits are increased with the increase in selling price since there are some extra carbon emission credits for
sale with high yield rate.

Figure 5. The effects on (a) the remanufacturing quantity and (b) the total profit when δ varies from 0.5 to 2.0.
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6. Conclusions and future research

With the increased number of end-of-life products, a number of IRs have emerged. These remanufacturers collect used
products/components/parts and remanufacture them, as traditional manufacturing processes, operations and processes of
remanufacturing also affect the environment, for example, through carbon emissions. Nowadays, carbon emission credits
are becoming a kind of more and more important resources and production factors for companies. It has been one of
the critical factors of production decision-making. Hence, IRs must, similar to traditional manufacturers, figure out how
to trade-off economic costs generated in the process of production and environmental costs under carbon emission regu-
lation policies. Also, policy-makers must figure out how to formulate carbon emission policies to promote the develop-
ment of the environmentally friendly remanufacturing industry.

We considered three common regulation policies; mandatory carbon emissions capacity, carbon tax and cap-and-
trade, and presented three corresponding optimisation models to determine the remanufacturing quantity that maximises
the total profits. The max–min approach is used to solve the optimisation models. Our numerical results show that: (1)
Different carbon emission policies do affect the critical values of yield for remanufacturing, but only have minor effects
on the optimal remanufacturing quantity when the yield rate is higher than the critical values. And there are significant
effects on the total profits. These effects drop off with the increase of yield rate. (2) The mandatory carbon emissions
capacity policy is the most sensitive policy to yield rate, i.e. the effect on the total profit caused by this policy varies

Figure 6. The effects on (a) the remanufacturing quantity and (b) the total profit caused by ε1 varying from 1.2 to 4.9 when ε2 = 1.2.

Figure 7. The effects on the remanufacturing quantity and the total profit caused by ε2 varying from 0.2 to 1.4 when ε1 = 1.5.
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drastically between different yield rates. The carbon tax policy varies least with different yield rates, and is, hence, the
most stable policy to promote the development of the remanufacturing industry. (3) Based on the above analysis, we
recommend that remanufacturers should aim to improve yield rate to maximise the profit irrespective of the imple-
mented carbon emissions policy, and we suggest that policy-makers should give preference to carbon tax policy among
these three policies; but if either of the other two policies is performed, a remanufacturing discount such as a higher
carbon emission cap or lower penalty should be implemented, to better promote the development of remanufacturers.

Our work, however, has some limitations. First, we did not consider the disassembling cost. It is probably
worthwhile to extend the current work and investigate how to coordinate disassembling and remanufacturing efficiently.
Second, we use a deterministic yield rate based on the assumption that the parts have been classified according to their
quality conditions before being remanufactured. More practical implications can perhaps be obtained using stochastic
yield rate and different remanufacturing cost and carbon emissions due to different quality conditions. Finally, we only
consider a single part in a single period; extending to multi parts in multi periods is another future research direction.
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Appendix 1
Proof of proposition 1.

The primal problem is equivalent to

min
R
BðDÞdFðDÞ

s:t:

R
dFðDÞ� 1
� R dFðDÞ� � 1R
DdFðDÞ� l
� R DdFðDÞ� � lR
D2dFðDÞ� l2þr2
� R D2dFðDÞ� � r2 � l2

dFðDÞ� 0

8>>>>>>>><
>>>>>>>>:

(A1)

where dF(D) is regarded as a decision variable, then the dual problem is

max ða1 � a2Þ þ lðb1 � b2Þ þ ½r2 þ l2�ðc1 � c2Þ
s:t:

ða1 � a2Þ þ Dðb1 � b2Þ þ D2ðc1 � c2Þ�BðDÞ
8D



(A2)

Let α1− α2 = α, β1− β2 = β, γ1− γ2 = γ, then we obtain Equation (13).

Appendix 2

dminPwwðqrÞ
dqr

¼ �Aþ B

2a
aqr � lffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

r2 þ ðaqr � lÞ2
q � 1

0
B@

1
CA� B

a
¼ A� B

2a
� ðAþ BÞðaqr � lÞ
2a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ðaqr � lÞ2

q (A3)

d2 minPwwðqrÞ
d2qr

¼ �ðAþ BÞ
2a

�
a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ðaqr � lÞ2

q
� ðaqr�lÞ�2aðaqr�lÞ

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2þðaqr�lÞ2
p

r2 þ ðaqr � lÞ2 ¼ � ðAþ BÞr2

2ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ ðaqr � lÞ2

q
Þ3
\0 (A4)

Therefore, min Пww(qr) is a convex function in qr.

(1) When A < 0, then @PwwðqrÞ
@qr

\0, which means that min Пww(qr) is a decreasing function over qr, i.e. max min
Пww(qr) = min Пww(0).

(2) When A>0 and the lower bound of the total profit ðpþ h� B
aÞl½1� r

l

ffiffiffiffiffi
AB
p

aðpþh�B
aÞ
� � � cl, upon setting the

first-order optimality condition d(min(Пww(qr)))/dqr= 0, we obtain the following closed-form optimal remanu-
facturing quantity against the worst distribution:

q�r ¼
l
a
þ r
2a

ffiffiffi
A

B

r
�

ffiffiffi
B

A

r !
(A5)

Otherwise, q�r ¼ 0. Thus,

q�r ¼
l
a þ r

2a

ffiffiffi
A
B

q
�

ffiffiffi
B
A

q� 	
if A[ 0 and Al� r

ffiffiffiffiffiffi
AB
p � 0

0 otherwise

(
(A6)
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Abstract

Purpose – The purpose of this paper is to summarize previously reported benefits, drawbacks and
important aspects for implementation of performance-based logistics (PBL), and to identify knowledge
gaps.
Design/methodology/approach – This is a literature review based on 101 articles. The reviewed
articles are relevant to PBL in particular, but also to performance contracting, product-service systems
(PSS) and servitization in general. The research method involved database searches, filtering results
and reviewing publications.
Findings – PBL is a business concept that aims to reduce the customer’s total costs for capital-intensive
products and increase the supplier’s profit. The design of the contract, performance measurements and
payment models are important aspects for successful implementation. However, the authors find
a reason for concern to be the lack of empirical evidence of the profitability of PBL for the customer and
the supplier.
Originality/value – This literature review of PBL also includes publications from the related
research areas: performance contracting, PSS and servitization. Developing PBL can benefit from
results in these research areas.

Keywords Servitization, Performance-based logistics, Product service systems, Logistic support,
Performance contracting

Paper type Literature review

1. Introduction
Today many manufacturing firms’ offers contain more than physical products – they
sell the output of their products, i.e. the product performance. The trend toward selling
performance is especially apparent among manufacturers of defense and aerospace
equipment where the products are large-scale, capital-intensive technical systems; in
this paper referred to as “systems”. Manufacturers within the defense and aerospace
industries became performance-orientated early on and now seem to have the most
developed approaches for selling performance. In the defense and aerospace industry
context, these contracts are known as performance-based logistics (PBL) (Hypko et al.,
2010a; Wesley et al., 2011).

The supplier in a PBL arrangement offers an integrated combination of the
system and related support services, such as maintenance, repair and overhaul.
The supplier is then awarded according to the level of system performance, for
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example the availability of an aircraft instead of the aircraft itself, and thus the
responsibility for the system’s performance is shifted from the customer to the supplier
(Randall et al., 2010) (see Figure 1). A pure PBL contract could be exemplified by
a system owned by the supplier during its lifecycle and where the contract only
stipulates the performance that should be reached and maintained. The implicit
assumption of PBL is that when the producer is given the responsibility to deliver
a certain performance level and the freedom to design the product and production
process accordingly, the cost will decrease (Nowicki et al., 2010). A more efficient
process will result in advantages that can be shared by the supplier and the customer.

PBL originated in the US military in 2001 (Devries, 2004; GAO, 2004; Berkowitz et al.,
2005). Directed toward logistic support for systems such as aircrafts, vessels and vehicles
(Doerr et al., 2004), PBL has recently become the primary approach for defense acquisition
in the USA (Kleeman et al., 2012). Despite its usage, defining PBL has been hard (Geary
and Vitasek, 2008), since all PBL-agreements must be customized to meet the system’s
specific operational demands (Sols et al., 2007; Nowicki et al., 2010). PBL is commonly
mistaken as outsourcing of logistic support to commercial suppliers, known as contractor
logistics support (CLS). However, PBL does not require commercial suppliers (Doerr et al.,
2004), even though commercial suppliers can be contracted to provide performance-based
support under a PBL-agreement (Coryell, 2007) (see Figure 2). Thus, PBL answers the
question how the system’s support is provided, rather than who is providing it, which
is the concern of outsourcing and CLS (DAU, 2005; Kobren, 2009).
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Driven by privatization, technology development and globalization, the trend toward
selling the product’s output, or “use,” has changed the prerequisites for manufacturers
in almost all industries around the world (Vandermerwe and Rada, 1988; Vargo and
Lusch, 2004; Jacob and Ulaga, 2008; Baines et al., 2009a) As a result, the distinction
between manufacturing firms and service providing firms has become blurry; physical
products have been “servitized” and are used as platforms to deliver additional
services rather than providing benefits themselves, and services have been
standardized and “productized” to increase the total value of the offerings (Shostack,
1977; Spring and Mason, 2011).

When delivering use to customers the different functions of products and
services have been studied extensively in, for example, the emerging research areas
performance contracting, servitization and product-service systems (PSS) (Spring and
Araujo, 2009). Performance contracting has a broad meaning, describing many aspects of
buying and selling performance in a large spectrum of industries (Cunic, 2003).
Performance contracting is broader than PBL since it includes other services than logistic
support and addresses both commercial and non-commercial suppliers (see Figure 2).
Servitization is the occurrence of adding a service to a product, i.e. moving from selling
a product to selling a PSS (see Vandermerwe and Rada, 1988). A PSS can be described as
an integrated product and service offering that delivers value in use (Baines et al., 2007).
The literature propose three main categories of PSS (Baines et al., 2007; Neely, 2009; Datta
and Roy, 2011): product-oriented PSS, where the product is the main offering and the
service is provided as an add-on; use-oriented PSS, where the supplier sells use and offer
all services necessary to support the product during its life cycle; and result-oriented
PSS, where the supplier is rewarded according to the performance of the product.
Product-oriented services are traditional services such as maintenance, financing, and
consultancy, but use-oriented and result-oriented services are more advanced and require
new business concepts (Lay et al., 2009), i.e. the servitization level of use-oriented and
result-oriented services is higher. PBL can be viewed as a result-oriented PSS (Datta
and Roy, 2011), with high servitization level, implying that the supplier is free to decide
how to produce the performance (see Tukker, 2004 and Neely, 2009). Moreover, PSS can
be viewed as a subset of performance contracting and servitization in manufacturing
industries (Baines et al., 2007).

The interdependence between PBL, PSS, servitization and performance contracting
is described in Figure 3. PBL is primarily implemented on advanced technical systems,
and thus the product complexity is typically high.
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Despite its practical and financial implications, research on PBL is scarce (Hypko
et al., 2010b; Selviaridis, 2011). The existing literature covers many questions, but few
attempts have been made to connect them into a context. A conclusion from even
a shallow study of the PBL research literature is that the PBL field is less developed
than PSS, performance contracting and servitization. This paper therefore uses
literature from those research fields to complement the PBL research literature to
create an overview of existing PBL research and summarize the main findings.

The purpose of this paper is to summarize previously reported benefits, drawbacks
and important aspects for implementation of PBL, and to identify knowledge gaps.

Section 2 outlines the method and explains how the literature review was
performed. Section 3 presents the findings, focussing on benefits and drawbacks of
PBL and critical aspects of implementation. In Section 4 we present our conclusions,
identify knowledge gaps and provide directions for future research.

2. Methodology
This paper is based on a review of literature about PBL, PSS, servitization and
performance contracting. The search was conducted in Web of Science and Scopus.
These databases were selected since they cover technical and management journals as
well as conference proceedings where the research on servitization and related
concepts primarily has been published.

Initially, all articles having “performance-based logistics,” “product-service
system,” “servitization” or “performance contract” in the title, abstract or keywords
were selected. In total, 434 articles were identified through the search in this first step.
Each article was classified as “relevant” or “not relevant” based on reviews of the
abstracts. Relevant articles focussed on PBL, or a topic closely related such as
performance contracts, leaving 65 articles. In the second step, these articles were
studied in more detail. Additional publications were found through the reference lists
of selected articles, and these new articles were also added. In this step another 36
articles were added for a sum of 101 (Table I).

3. Findings
3.1 Benefits and drawbacks of PBL
Switching to PBL is commonly presented as beneficial for both the supplier and the
customer compared to traditional business contracts for buying and supporting
capital-intensive and complex systems (see e.g. Keating and Huff, 2005; Beanum, 2007;
Sols et al., 2007 and Dang et al., 2009). Traditionally, the customer is responsible for all
support services after the purchase. However, the original equipment manufacturer is
often the only actor able to support and provide spare parts to complex systems, such
as aircrafts (Keating and Huff, 2005; Nowicki et al., 2010). The complexity thus limits
the possible alternatives for the customers and consequently the customer often
becomes dependent of one supplier. This dependency may favor the supplier since
spare parts and support services usually constitute a great deal of the supplier’s
revenues. In fact, the support cost of technically complicated systems with long
lifecycles, such as aircrafts, is usually two to three times larger than the acquisition
cost, i.e. the cost for R&D and production (Berkowitz et al., 2005; GAO, 2008; Geary and
Vitasek, 2008; Randall et al., 2010). The customer’s limited freedom to choose service
and maintenance supplier alternatives for such complicated systems leads to small
incentives for the supplier to improve the system availability and lowering lifecycle
costs, since failures are profitable for the supplier (Sols et al., 2007).
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PBL from the supplier’s perspective. In PBL, the supplier is free to decide how to
produce and improve the performance of the product, for example, to improve the
repair processes, logistics processes, and product reliability (Smith, 2004; Kim et al.,
2007; Kumar et al., 2007), which would increase revenues as the performance increases.
Such improvements would also likely improve the supplier’s long-term
competitiveness as the improvements may lead to technological boosts (Baines et al.,
2009b; Hypko et al., 2010a) and likely strengthen customer loyalty (Hypko et al., 2010a).
Nowicki et al. (2010) claim that although the supplier’s financial risk increases in PBL,
so does the opportunities to make profit.

The transferal of responsibility for the system performance from the customer to
the supplier increases the supplier’s financial risks due to low system performance
( Jacopino, 2007; Hypko et al., 2010a; Selviaridis, 2011), or due to higher than expected
costs to deliver the required performance (Kim et al., 2007; Nowicki et al., 2010).
The size of the supplier’s risk therefore depends on its ability to predict costs and
performance in the contract bidding stage (Tukker, 2004; Erkoyuncu et al., 2011).
The complexity of the systems and performance uncertainties makes predictions hard,
and the long-term contracting common in PBL aggravates the consequences of
miscalculations (Smith, 2004). Furthermore, the responsibility of the performance
of the system during use requires organizational changes and investments in
infrastructure and the training that may be required when shifting from selling
products toward delivering performance. These organizational changes also induce
business risks (Baines et al., 2009b; Kuo et al., 2010). Other challenges include the need
to improve the understanding of customer value, and managing close and long-term
customer relations (Baines et al., 2009c; Martinez et al., 2010).

The military connection common in PBL contracts also need consideration. PBL
usually requires that the supplier can perform maintenance and service swiftly to
reach contracted goals. For military operations, this may lead to situations where
a civilian supplier may be forced to support the system at war at unsafe locations
(Doerr et al., 2004). Apart from the difficulties associated with delivering performance
at war, the supplier also risk the employees’ well-being (Gansler and Lucyshyn, 2006).

PBL from the customer’s perspective. From a customer’s perspective, PBL implies an
increased focus on core activities (Martin, 1997), such as maintaining a country’s defensive
ability or defending a country, rather than supporting and maintaining the systems.
The reduced responsibility for support will therefore likely reduce the customer’s financial
risks (Dang et al., 2009). The customer will receive better performance if the supplier
manages to improve the system and the support services during the system’s lifetime
(Fino, 2006). Altogether, PBL aims to provide the customer with better performance to
a fixed cost, or similarly, less cost to a fixed performance (Nowicki et al., 2010).

However, the customer stands the risk of being locked to one supplier in a long-term
contract that systematically delivers bad performance (Nowicki et al., 2010), and,
as a consequence, not being able to enhance system performance ( Jacopino, 2007).
Moreover, the customer will have difficulties to introduce a new supplier to support the
system if the supplier breaks the contract, since both the customer and any new
supplier likely lacks access to all vital system data (Kim et al., 2007; Dang et al., 2009).
Full insights into military operations is a normal customer prerequisite, but such
insights may become restricted if the supplier is responsible for the support services
(Tegtmeier, 2010). Besides, the possibility to hand over the risks to the supplier is
limited in practice (Selviaridis, 2011), since the customer, for example in the public
sector, is held responsible for operative failures anyway (Doerr et al., 2004).
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Cost and profitability. If both parties are to benefit from PBL, the customer and the
supplier must share the benefits of a more efficient value chain due to PBL as
illustrated in Figure 4.

Many also report that PBL have resulted in reduced costs (Phillips, 2005; Keating
and Huff, 2005; Gansler and Lucyshyn, 2006; Mahon, 2007; Ott, 2008). However, most
reports are vague on how savings have been measured and the published empirical
support for the profitability hypothesis is weak. Many studies base their conclusions
on preconceived opinions rather than facts (Boyce and Banghart, 2012). A few studies
regarding profitability are more thorough. Two works from the US Government
Accountability Office are inconclusive whether PBL reduces, have no effect, or even
increases the customer’s costs (GAO, 2005; GAO, 2008). The inconclusiveness also
refers to performance contracting in general, since there is no consensus about the
success of performance-based contracts (Selviaridis, 2011). Regarding the profitability
of PSS, a large study including 10,000 companies indicates that the company size
matters for PSS profitability, where small firms seem to gain the most from moving to
PSS (Neely, 2009). Since the latter three studies provide mixed conclusions regarding
the profitability hypothesis, we argue that more empirical support is needed.

3.2 Important aspects of implementation
Here we present the findings related to implementation of PBL: commonly used
contracts in PBL, the scope and the typical arrangement of PBL-contracts,
performance measurements and payment models.

PBL-contracts. The literature emphasizes that each PBL-contract has to be tailored
(Sols et al., 2007; Nowicki et al., 2010), and the contract types thus differ. In fact, authors
do not even agree on how to separate PBL contracts from traditional contracts.
The same contract type is considered traditional by one author and as a PBL-contract
by another (see e.g. the different interpretations by Kim et al., 2007 and Nowicki et al.,
2010). Two contract types are more frequently mentioned in PBL-literature: the
firm-fixed price contract and the cost plus award fee contract (Cunic, 2003; Kim et al.,
2007; Sols et al., 2007; Nowicki et al., 2010).

In firm-fixed price contracts the supplier agrees to deliver some level of
performance (e.g. aircraft availability) based on some level of use (e.g. the amount of
flying hours per month). The contract then states the level of payment, for example
price per flying hour, and an award fee may be added to stimulate performance
improvements (Kim et al., 2007; Nowicki et al., 2010); increasing payments if
performance surpasses the contracted minimum level. The financial risks are thus
concentrated to the supplier, whose income depends on the ability to deliver and
improve performance. The risks are especially high for new systems, for which
performance must be predicted based on little or no historic data (Smith, 2004; Kim
et al., 2007; Sols et al., 2008; Erkoyuncu et al., 2011).

Manufacturing cost Support cost
Supplier’s

profit

Manufacturing cost Support cost
Supplier’s

profit

Cost of a certain performance level

Traditional support

PBL

Savings for
the customer

Figure 4.
The intention of

performance-based
logistics (PBL) is to

reduce the customer’s
cost and increase the

supplier’s profit
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In a cost plus award fee contract, the customer reimburses the supplier for their costs
for the performed services, adding an award fee to stimulate performance
improvements or cost reductions. Here, the financial risks are primarily held by the
customer who is forced to pay the supplier despite the performance output (Cunic,
2003; Sols et al., 2007; Nowicki et al., 2010). Cost-plus award fee contracts are often used
in a transition phase when a non-PBL contract is being converted to a firm-fixed price
with award fee (Kim et al., 2007; Liu et al., 2009; Nowicki et al., 2010; Sols and
Johannesen, 2013).

Scope of PBL-contracts. PBL-contracts are applied to complete systems,
subsystems, major components, or certain support services, for example, spare parts
provision (GAO, 2004; Griffin, 2008; Sols et al., 2008; Dang et al., 2009). Moreover, PBL
can be applied to a system’s lifecycle as well as to parts of the lifecycle (Sols et al.,
2007). A disadvantage of implementing PBL partly can be that opportunities due to
economies of scale may be lost (Nowicki et al., 2010). Furthermore, it can be difficult
to find appropriate performance indicators if the supplier is only responsible for the
performance of a subsystem, (Fino, 2006).

Like any other contract, the lengths of PBL-contracts vary. However, a common
recommendation is that the contracts should be long term (Maples et al., 2000; Keating
and Huff, 2005) and some authors even claim that PBL-contracts are long term by
definition (Berkowitz et al., 2005; Nowicki et al., 2010). The literature describes two
main benefits of long-term contracting related to return on investments. First, setting
up, negotiating and implementing PBL takes time and is costly while the benefits
received are distributed over the contract period. The contracts have to be long enough
for the benefits to exceed the costs (Berkowitz et al., 2005). Second, a long-term contract
increases motivation for the supplier to make larger investments in the system that can
improve system performance, even if the pay-off time is long (Nowicki et al., 2010).
Such investments may be related to mitigating obsolescence and enhancing system
reliability (Fino, 2006) which are especially important for systems with long product
life cycles (Sols et al., 2007). For these reasons, it has been argued that a PBL-contract
should not be shorter than about five years (Sols et al., 2007; Nowicki et al., 2010).

Performance measurements. Performance is a central part of PBL as performance
reflects customer value and forms the basis for the supplier’s income. Consequently,
it is important that the performance can be measured accurately (Devries, 2004;
Sols et al., 2008; Hollick, 2009). The supplier and the customer must agree on:
performance indicators, definitions of the indicators, target values and how to perform
measurements and analyses (Forslund, 2009).

The performance indicators should be specific, straightforward, measurable and
relevant to the customer’s requirements (Fino, 2006; Dang et al., 2009). However, to
select performance indicators that reflect customer value is often difficult, since
the customer’s needs often are formulated in abstract terms (Tukker, 2004; Spring
and Araujo, 2009). Typically, several performance indicators are measured in
a PBL-contract, for example: availability, reliability, maintainability, supportability,
logistics response time, logistic footprint and cost of use (Fino, 2006; Sols et al., 2007;
Nowicki et al., 2010). The indicators can be measured on different system levels
and address different customer needs. For example, reliability can be related to
a component (component reliability), a system (system reliability) or the system’s
performance (mission reliability) (Dang et al., 2009). Although performance indicators
often are objectively measured such as the up-time of the system, they can also be
subjective, such as customer satisfaction (Dang et al., 2009).

968

JMTM
25,7



The availability of, for example, an aircraft is a highly aggregated performance
indicator, dependent on many lower-level indicators. It is difficult to track problems and
identify improvements by only observing the overall aircraft availability. Lower-level
performance indicators are therefore required (Fino, 2006; Sols et al., 2008; Hollick, 2009).
Moreover, the supplier cannot be held responsible for the availability on an aggregated
level if the supplier only is responsible for the availability of some sub-components
(Hollick, 2009). Conversely, achieving performance goals on lower-level performance
indicators does not, as such, guarantee good system performance.

Defining performance indicators and corresponding measurements can be
challenging if the definition must respect a certain equipment requirement. For
example, whether a military aircraft should be considered available might depend
on what kind of missions it is scheduled for ( Jin and Wang, 2012). Such availability is
commonly called operational availability or operational readiness (Dang et al., 2009;
Hollick, 2009). Agreeing on a definition of an indicator can also be difficult. For
example, the mean time between failures (MTBF) is commonly used to measure
reliability, but MTBF requires a definition of a failure and determination of how many
failures that are required to reach statistical significance (Richardson and Jacopino,
2006).

Performance target values must represent the customer’s needs and form
a realistic challenge for the supplier. A baseline forming the “normal” performance of
the system must thus be identified to set target values. If the system has been used, the
baseline could be drawn from historical performance (Sols et al., 2008). However,
identifying a baseline from historical values might be difficult, such as when the
measurements have been done differently and not according to a new indicator
definition, or if the use of the system has changed (Sols et al., 2008). For new systems,
the baseline must be built on the even more difficult predictions of future performance
exclusively (Kim et al., 2007).

Payment models. A model must be established to transform the measured
performance into supplier fees when the performance indicators are set. A good
model includes incentives for the supplier to produce high performance (Dang et al.,
2009), whereas a poor model could impose unwanted supplier actions (Nowicki
et al., 2008).

Payment models must often consider many performance indicators and this makes
them complex (Sols et al., 2007). A conflict between performance criteria appears when
one performance indicator is over-performing and another is under-performing.
Consequently, the payment model must balance the results of several performance
indicators and convert the result to a fair payment (Sols et al., 2008).

Nowicki et al. (2008) propose a payment model consisting of a minimum
performance limit, a penalty zone, a dead zone and a reward zone, as illustrated in
Figure 5.

The minimum performance limit determines the performance level under which the
supplier does not receive payment. If the supplier delivers performance just above this
limit, the supplier enters the penalty zone and is paid according to the achieved
performance. However, in the penalty zone the payment is smaller than the cost of
delivering the performance. If the performance is within the limits of the dead zone,
around normal system performance (Sols et al., 2007), the payment is comparable to the
cost of delivering the performance. The supplier earns marginal or no profit in the
dead-zone, but if the system performance is in the reward zone, the supplier receives
payment exceeding the production cost (Nowicki et al., 2008).
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The frequency of measurements and performance reviews is also discussed in the
literature. Sols et al. (2007) suggest that performance should be assessed over short
periods, with long periods over which the payments are calculated, to even out possible
shifts in payments to the supplier.

4. Conclusions and discussion
The view of PBL as a business concept that creates value more efficiently with less
waste seems widely accepted. PBL transfers the service responsibility for a system
from the customer to the supplier, i.e. the system manufacturer. This transfer is
expected to increase the driving forces for improving the efficiency of the value chain,
i.e. reduce the cost for delivering a certain performance level, and the reduced costs are
to be split between supplier and customer. PBL has the potential to create this win-win
situation, but the transfer of responsibilities is not without risk.

The supplier is exposed to increased financial risks since the supplier carries the
cost if the cost to deliver the required system performance is underestimated.
Therefore, predicting cost and performance during the bidding stage of a PBL-contract
is important for the supplier. However, such predictions are often difficult due to the
complexity of the systems and the long-term contracts.

The customer becomes more dependent on the supplier since the control over the
support services is transferred to the supplier, as the customer cuts unnecessary
resources such as system support competence. Should the supplier fail, another
supplier might be difficult to find. Besides, the possibilities to transfer the risks to the
suppliers are often limited in practice, since the customers often are held responsible
for operative failures nonetheless.

The risks force both parties to put extensive efforts on: designing contracts and
payment models, decide on how to measure performance, define performance
indicators, specify system levels and set target values.

Dead
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Penalty
Zone

Measured system performance

P
ay
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t

NormalMin Max

Note: The supplier’s payment depends on the measured system
performance
Source: Inspired by Nowicki et al. (2008)

Figure 5.
Payment model
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Given the significant financial and organizational implications of PBL we expected to
find the financial effect of PBL a well-researched area, but the literature is scarce,
containing little support of claims. We therefore believe that the profitability of PBL is an
important knowledge gap to bridge. An obvious risk is that the cost for mitigating the
financial risks and rearranging organizations, equipment and attitudes from a traditional
support structure exceeds the gains. The risk is intensified since some of the worst
drawbacks of performance-based contracts in general include: high costs for establishing
and executing performance measurements, inability to convert operational and strategic
targets to performance indicators, and use of wrong performance indicators that leads
to undesired supplier behavior (Selviaridis, 2011). Furthermore, it is unclear how the cost
reduction is shared between the customer and the supplier. It is likely that the supplier
will demand a price premium due to the increased financial risks and thus that the
customer’s cost will remain the same or even increase.

We also expected to find the supplier-customer relations and the issue of trust in the
PBL-partnerships to be identified as an important aspect of implementation, especially
since the cooperation between supplier and customer is considered important for
performance contracting in general (McLellan et al., 2008; McBeath and Meezan, 2010).
But apart from some exceptions that describe the establishment of trust and
communicating with suppliers as a key factor for PBL (Wesley et al., 2011; Edison and
Murphy, 2012), the literature seems to pay little attention to this. Much of the research
in the PBL field focusses on the adaptation of contract types and payment models
to create incentives for the supplier. However, according to Arnold et al. (2009),
several studies have, in contrast to expectations, shown weak correlation between
contract type and system performance. Naturally, other factors affect the performance.
Personal relations may be more important for contract performance than contractual
paragraphs (Berkowitz, 2003). Even so, the question how much contract effectiveness
builds on trust and supplier-customer relationships, and how these relationships
should be managed, is unanswered.

We believe that the servitization level, i.e. how much the system is owned by the
supplier, can impact the opportunities to achieve cost reductions and effectiveness
from a PBL-agreement. Moreover, we suggest that a PBL-agreement with a high
servitization level is more likely to result in cost reductions. As previous literature
state, one of the main obstacles of the traditional business model is that the customer
of a complex system often depends on the original system manufacturer to provide
support services. We suggest that the customer’s position cannot be empowered if the
ownership of the system, and perhaps even the utilization, stays with the customer.
Thus, we propose that trading the outcome of the system rather than the output is
advantageous (see Figure 6). Our proposition implies that the supplier is fully
responsible for the system and the customer strictly purchases a service. The customer
would neither own nor operate the system, but simply concentrate on specifying
requirements and following up results of the delivered service. We see three possible
advantages from trading the outcome:

(1) The customer’s bargaining power is improved and competition is facilitated.
It is easier for the customer to switch supplier which strengthens the
customer’s position in negotiations concerning performance and cost.

(2) The interface between the customer’s and the supplier’s responsibilities is
distinct. Thus, the cost for specifying and follow up contracts, conduct
measurement and ensure fair payments is reduced.
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(3) Customers with limited financial strength can use the outcome of complex
systems. For example, a customer unable to buy the whole system could
choose to buy the outcome of the system over a limited time.

However, note that delivering outcome is sometimes difficult. For example, delivering
the outcome of a military system is in many cases equivalent to delivering death.
Trading such an outcome definitely requires a change in mindsets not just for the
supplier but for countries, governments and people in general, and the implications of
military actions conducted by civilians would need to be explored by international law
scholars. Certainly, it might be a development that changes the prerequisites of war in
a way that does not serve humanity well.

In the light of our findings from the literature review, we suggest four areas
for further research that we argue are needed to provide an even better understanding
of PBL:

. empirical research is needed to bridge the knowledge gap concerning
profitability of PBL;

. empirical research on contract effectiveness contra trust and supplier-customer
relationships, and the management of these relationships;

. studies on the correlation between servitization level and contract effectiveness;
and

. the combat implications of military and civilian PBL contracts on public
international law.

Product

Supplier

Customer

Output

Outcome

Use Payment

Note: The customer’s bargaining
power is therefore improved

Figure 6.
Trading the outcome
makes it easier for the
customer to switch
supplier
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This literature review has been limited to articles in the PBL research area and topics
closely related to PBL. For further studies on PBL we recommend that more literature
from other research areas is included, possibly covering topics and results relevant for
PBL but not yet considered in the PBL research area. Such an approach would enable
results and insights to be spread between PBL and other research areas. For example,
it is probably relevant to compare PBL with knowledge about how other technically
advanced products or systems are managed, such as medical equipment or laboratory
instruments.
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