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Abstract. We present a new wavelet software system, GM-Waves,
and illustrate some of its features in the context of the study of
methods for wavelet shrinkage and their application to curve and
surface fitting, smoothing and denoising by wavelets.

§1. Introduction

The purpose of this paper is to introduce for the first time the new wavelet
software system GM-Waves, and to illustrate its use on a model topic
concerning curve and surface fitting. This topic will be related to the
comparison of the performance of different rules for threshold and non-
threshold shrinking of the wavelet coefficients. The discussed results can
be formulated in a similar way for both deterministic and indeterministic
problems. Here we shall concentrate only on the latter type of problems.

§2. About GM-Waves

GM-Waves is a new software system developed as a wavelet library. It
consists of two parts: a computational library for wavelet algorithms and
a visualization library. Both libraries are written in template-based C++.
The visualization library is OpenGL-based and uses the display hierarchy
of GM-lib - an in-house geometric modelling library developed at Narvik
University College. The user interface of GM-Waves relies on QT, a com-
plete C++ application development framework.

Before the program development stage, a very comprehensive and de-
tailed 6-month study of existing wavelet general-purpose and specialized
software was carried out within 2 joint post-doctoral research projects
at Narvik University College, SINTEF and NUHAG Vienna, sponsored
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by the European project MINGLE and the Swedish Research Council.
Thanks to this thorough survey, the functionality of the present program
system envelopes and improves best performing algorithmic functional-
ity from currently available wavelet software in Matlab, C++, C, R, S+,
Mathematica, Maple, and others.

The current version of GM-Waves features most of the wavelets and
algorithms described in [12], including also the lifting scheme, fast lifted
wavelet transforms, the Daubechies-Lagarias algorithm, wavelet packets
and best basis selection algorithms, filter calculation functions, pursuit
methods and others. Among the new features are a new algorithm for N-
dimensional discrete wavelet transform (DWT) using recursive templates
in C++, a 2-dimensional discrete wavelet transform for processing of large
data sets using a Graphics Processing Unit (GPU) shading algorithm,
advanced methods for wavelet shrinkage and 3D animated visualization.

Forthcoming updates currently envisage among others: boundary wavelets,
multiwavelets (including expo-rational multiwavelets), N-dimensional wavelets
for nonlinear operator equations, interpolatory, vector-valued and matrix-
valued expo-rational multiwavelets, NURBS form of interpolatory expo-
rational multiwavelets.

§3. Curve and Surface Fitting by Wavelet Shrinkage

We consider the following two statistical models: 1. Non-parametric re-
gression; 2. Density estimation. For the non-parametric regression, the
model is:

Y i = f(Xi) + εi, i = 1, 2, ..., n, (1)

where Xi are independent, uniformly distributed on [0, 1]n random vari-
ables. For the independent identically distributed (i.i.d.) errors εi we
assume Eε1 = 0, Eε21 = δ2 . In the case of density estimation, the
sample consists of n i.i.d. observations Zi, i = 1, 2, ..., n, with unknown
density f(x), x ∈ Rn. We shall address the problem of estimating f in the
above two problems by using orthonormal wavelets.

Let
•
B s

pq(Rn) and Bs
pq(Rn) be respectively the homogeneous and inho-

mogeneous Besov spaces with metric indices p, q and smoothness index s.
For f ∈ Bs

pq, 0 < p ≤ ∞, 0 < q ≤ ∞, n( 1
p − 1)+ < s < r,

f(x) =
∑

k∈Zn

α0kφ
[0]
0k(x) +

∞∑
j=0

∑
k∈Zn

2n−1∑
l=1

β
[l]
jkφ

[l]
jk(x), a.e. x ∈ Rn (2)

holds, where α0k =
〈
φ

[0]
0k, f

〉
=
∫

Rn φ
[0]
0k(x)f(x)dx, β[l]

jk =
〈
ψ

[l]
jk, f

〉
and z is

the conjugate of z ∈ C. Convergence in (2) is in the quasi-norm topology
of the inhomogeneous Besov space Bs

pq(Rn).
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For the homogenous space
•
B s

pq(Rn) it can be shown that

f(x) =
∞∑

j=−∞

∑
k∈Zn

2n−1∑
i=1

β
[l]
jkψ

[l]
jk(x), a.e. x ∈ Rn (3)

holds modulo polynomials of total degree less than r. An equivalent
(quasi)-norm of f in Bs

pq(Rn) is

||f ||Bs
pq(Rn) =


(∑

k∈Zn

|α0k|p
)q/p

+
∞∑

j=0

2j[s+n( 1
2−

1
p )]

(∑
k∈Zn

2n−1∑
l=1

|β[l]
jk|

p

) 1
p

q


1
q

.

(4)

Analogously, for the homogenous space
•
B s

pq(Rn) we have:

||f || •
B s

pq(Rn)
=


∞∑

j=−∞

2j[s+n( 1
2−

1
p )]

(∑
k∈Zn

2n−1∑
l=1

|β[l]
jk|

p

) 1
p

q


1
q

. (5)

The tensor-product basis {ϕjk, ψjk} is defined in [3] and [4]. The empirical
wavelet estimator f̂(x) is defined via:

f̂(x) =
∑

k∈Zn

α̂0kφ
[0]
0k(x) +

∞∑
j=0

∑
k∈Zn

2n−1∑
l=1

β̂
[l]
jkφ

[l]
jk(x), a.e. x ∈ Rn, (6)

where in the case of non-parametric regression (1):

α̂j0k =
1
n

n∑
i=1

ϕ[0]
j0k

(Xi)Yi, β̂
[l]
jk =

1
n

n∑
i=1

ψ
[l]
jk (Xi)Yi, (7)

and, in the case of density estimation:

α̂j0k =
1
n

n∑
i=1

ϕ
[0]
j0k (Xi), β̂

[l]
jk =

1
n

n∑
i=1

ψ
[l]
jk (Xi). (8)

In both the case of non-parametric regression and density estimation
the estimator f̂ can be obtained simply by replacing the coefficients in (2)
and (3) by their empirical versions, but this procedure is not as fast as the
discrete wavelet transform.

In the case of non-parametric regression this shrinkage can be obtained
for sample sizes n which are an exact power of 2, by the fast discrete
wavelet transform in the following way:



4 T. N. Moguchaya, J. Gundersen, N. Grip, L. T. Dechevsky,...

(a) Transform data y into the wavelet domain.

(b) Shrink the empirical wavelet coefficients towards zero.

(c) Transform the shrunken coefficients back to the data domain.

The methodology to estimate f is based on the principle of shrinking
wavelet coefficients towards zero to remove noise, which means reducing
the absolute value of the empirical coefficients.

Wavelet coefficients having small absolute value contain mostly noise.
The important information at every resolution level is encoded in the
coefficients on that level which have large absolute value.

One of the most important applications of wavelets - denoising - began
after observing that shrinking wavelet coefficients towards zero and then
reconstructing the signal has the effect of denoising and smoothing. We are
informed that Donoho and Johnstone made this observation for the first
time simply as a result of empirical numerical experiments. Once made,
this observation found an immediate heuristic and theoretical justification
in the parallel with the classical James-Stein estimator for the parametric
case (see [11] and [13]). The transition from the non-parametric case (when
a finite-dimensional vector parameter is being estimated) to the parametric
case (when a function, generally belonging to an infinite dimensional space,
is being estimated) was immediate, thanks to the atomic decomposition
of the Besov space scale by biorthonormal and orthonormal wavelets ( see
(2-5)). Indeed, if in (2-5) a compactly supported function f is considered,
for every j the sums in k are finite; if, additionally, the sums in j in (2-5)
are truncated (corresponding to a bounded frequency spectrum) then the
non-parametric estimation problem is reduced to parametric in a natural
way.

§4. Types of Wavelet Shrinkage

A thresholding shrinkage rule sets to zero all coefficients with absolute val-
ues below a certain threshold level, λ ≥ 0 , whilst a non-thresholding rule
shrinks the non-zero wavelet coefficients towards zero, without actually
setting to zero any of them.

In general, shrinkage methods of threshold type are appropriate for
estimating of relatively regular functions, while those of non-threshold
type fit best for estimating of spatially inhomogeneous functions.

A problem when estimating functions with low regularity and fractals
is that thresholding methods tend to oversmooth the curve since they
are well adapted for functions which gather their value on relatively few
large wavelet coefficients. Continuous fractals and functions with jumps
do not fall into this case, but rather gather their value from many wavelet
coefficients on infinitely many levels. Due to these facts, for such types of
functions non-threshold shrinkage is appropriate.
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The shrinkage estimator f̃ is obtained by replacing the empirical β̂jk

in (7) and (8) with their shrunken analogues β̃jk.

§5. Thresholding

The hard and soft thresholding rules (see Figure 1, the (1) and (2) line, re-
spectively) proposed by Donoho and Johnstone [7-9] for smooth functions
are given respectively by:

δ (x;λ) =
{
x if |x| > λ
0 if |x| ≤ λ

and

δ (x;λ) =
{
|x| − λ if |x| > λ

0 if |x| ≤ λ

(9)

where λ ∈ [0,∞) is the threshold.
The soft thresholding rule (a continuous function) is a ’shrink’ or ’kill’

rule, while the hard thresholding rule (a discontinuous function) is a ’keep’
or ’kill’ rule. Due to the discontinuity of the hard threshold rule, the hard
shrinkage estimates tend to have bigger variance and can be sensitive to
small changes in the data. The soft thresholding estimates tend to have
bigger bias, due to the shrinkage of large coefficients.

Non-negative garrote shrinkage remedies to some extent the drawbacks
of the hard and the soft shrinkage. The function was first introduced by
Breiman [2], and is defined as follows:

δ (x;λ) =
{
x− λ2

x if |x| > λ
0 if |x| ≤ λ (10)

(see Figure 1, the (3) line). Since the non-negative garrote shrinkage
function is continuous and approaches the identity line as |x| gets large, it
is less sensitive than the hard shrinkage to small fluctuations in the data,
and less biased than the soft shrinkage.

Gao and Bruce [10] introduced the 2-parameter firm shrinkage rule:

δ (x;λ) =


sgn(x)

λ2·(|x|−λ1)
λ2−λ1

if |x|∈(λ1,λ2]

x if |x|>λ2

0 if |x|≤λ1

(11)

Firm shrinkage (see figure 1, the (4) line) was specially designed to improve
upon both hard and soft thresholding. By choosing appropriate thresholds
(λ1, λ2), firm thresholding outperforms both hard and soft thresholding
which are now simply two limiting cases of firm thresholding; it has all
the benefits of the best of the hard and soft without the drawbacks of
either. The only disadvantage of the firm shrinkage is that it requires two
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Fig. 1.

thresholds. This makes threshold selection problems harder and computa-
tionally more expensive for adaptive threshold selection procedures such
as cross-validation.

§6. Non-thresholding Shrinkage

Increasing interest to the study of fractals and singularity points of func-
tions (discontinuities of the function or its derivatives, cusps, chirps, etc.)
raises the necessity of non-threshold wavelet shrinkage.

At this point, while threshold rules can be considered as well studied,
non-threshold rules, on the contrary, are fairly new and the corresponding
theory is so far in an initial stage. This can be explained by the fact that
traditionally only very smooth functions were being estimated.

We shall consider a new family of wavelet-shrinkage estimators of non-
threshold type which are particularly well adapted for functions belonging
to Besov spaces and have a full, non-sparse, vector of wavelet coefficients.
The approach, proposed by Dechevsky, Ramsay and Penev in [6], parallels
Wahba’s spline smoothing technique (see [15]) for the case of fitting less
regular curves. The purpose of the research done on [6] was to study
penalized wavelet estimation in Besov spaces, proposed first by Amato
and Vuza [1] in the deeper context of the theory of interpolation spaces
by using Peetre’s K-functional as a penalty criterion.

The regularity of the curve is discussed in terms of the size of its semi-
norm in the homogenous Besov spaces, with a relatively small value of the
smoothness index s > 0. The optimal solution of the penalization problem
is in the form of a wavelet expansion whose coefficients are obtained by
appropriate level- and space- dependent shrinking of the empirical wavelet
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coefficients. Thanks to the use of wavelets, both density and regression
estimation can be treated in a somehow unified way.

The penalization model in [6] is defined via:

L(v, f̂ ;Bs1
p1p1

,
•
B

s
pp) := K1(v, f̂ ; (Bs1

p1p1
)p1 , (

•
B

s
pp))

p)), (12)

where Kη(t, g;A,B) is the Peetre K-functional between the quasisemi-
normed abelian groups A and B of g ∈ (A + B), with step t > 0 and
parameter η ∈ (0,∞] and p,p1,s,s1 are such that Bs1

p1p1
←↩ Bs

pp. Here η
corresponds to the norm (quasinorm for η < 1 ) (|·|η+|·|η)1/η, 0 < η ≤ ∞.
The risk of the estimator is the expected value of the quasi-norm of the
difference between the function and the estimator in a certain Besov space,
||f − f̃ ||p1,q1,s1 .

The general function for shrinking in Besov spaces is given by
β̃jk = µjkβ̂jk, µjk = µjk(v) ∈ [0, 1], and can be numerically computed
(see [6]) from the following equation:

p
1
η

1 · (1− µ)p1− 1
η · |β̂jk|(p1−p) = vj · 2

j·ε
2 · p

1
η · µp− 1

η (13)

Here vj is a smoothing factor [6] and the parameters in (13) are:

0 < p ≤ p1 <∞, max
{

1
p ,

1
p1

}
< η <∞

ε = 2ps− 2p1s1 + n(p− p1) (critical− regularity index)
(14)

In general, the equation (13) can not be solved explicitly. However, for
any (j, k) the solution can be found by very quickly convergent iterations of
the dyadic or Fibonacci bisection method. Moreover, in many important
partial cases (13) can be solved explicitly. This is due to the fact that for

the constants A =
(
p

1
η

1 |β̂jk|p1−p

) 1
p1−1/η

and B =
(
vj · 2

j·ε
2 · p

1
η

) 1
p1−1/η

(13) gets the form:

A (1− µ) = Bµ
p−1/η

p1−1/η , (15)

and for p1 = p <∞, s > s1, v = tp, p, t ∈ [0,∞), becomes linear with the
unique solution:

µjk = µj =
1

1 +
(
t · 2j(s−s1)

) p
p−1/η

(16)

(see Figure 3 for the graph of this shrinkage rule for different levels j).
It is seen from (13-16) that, the closer p is to 1/η, the more sensitive

the model is to variations of s, s1 and choice of vj .
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Fig. 2.
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Fig. 3.

Analogously, for p1−1/η
p−1/η = 2 we obtain a quadratic equation A(1 −

µ)2 = Bµ. It can be shown that both roots µ1 and µ2 are positive and
µ2 ≤ 1 ≤ µ1:

µ = µ2 =
(2A+B)−

√
4AB +B2

2A
∈ [0, 1]. (17)

There is a number of other explicit formulae obtained from (13).
On Figure 2 are given the graphs of Besov shrinkage rules for two

representative sets of parameters (the dual pairs p = 3
2 , p1 = 3 and p = 16

15 ,
p1 = 16 (in both cases 1

p + 1
p1

= 1) each for the case ε = −1, ε = 0 and
ε = +1 and different values of j: j = 100, 15, 10, 0 ((1), (2), (3) and
(4) line, respectively). It can be seen from these cases, and some others,
not shown here, that for particular cases of the metric and smoothness
parameters, the Besov rules include both the non-threshold shrinkage rules
and soft and hard thresholding rules. The garrote and firm thresholding
are included in certain classes of Besov composite estimators (see next
section). The particular combination of Besov parameters, for which the
classical shrinkage estimators occur, provide additional insight into some
fine properties of functions of one and several variables. For example, soft
thresholding occurs in cases where p1 is much larger than p, while ε has
small to moderate values; if ε is large, then the perspective Besov rule
(with p1 much larger than p) approximates the hard threshold rule.
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Fig. 4.
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Fig. 5.
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In contrast, non-threshold shrinkage occurs when p = p1 or p1p.
On Figures 4 and 5 is compared the distribution of approximation/ es-

timation error for a typical threshold shrinkage method (soft thresholding
- left column) and non-threshold (Besov for p = p1 - right column) for the
same set of noisy observations (the non-parametric regression case) for the
four functional curves considered as test examples in [6]. It is seen from
these two figures that the non-adaptive threshold method oversmooths
in singular points, while the non-adaptive non-threshold method overfits
in regular points; an adaptive composite estimator is needed (see next
section). In terms of absolute error (plotted centered around 0), the non-
threshold estimator fares better. In the case of the Weierstass function
which is non-smooth everywhere, the non-threshold estimator performs
much better everywhere (see Figure 5).

Let us note also the important Lorentz-type thresholding (see [[14]) in
the general context of Besov spaces which was discovered in [6], where it
was shown that this type of thresholding is closely related to the concept
of decreasing rearrangement and the respective representation of Peetre’s
K-functional.

§7. Composite estimators

By the well known Riemann-Lebesgue lemma in the study of trigonometric
series, applied in the case of wavelets, a very smooth function without
singularity points gathers its value in (2,3) and its (semi)-norm in (4,5)
from relatively few, relatively large coefficients, or in other words, when
the vector of wavelet coefficients of f in (2-5) looks sparse. In this case,
non-adaptive threshold shrinkage suffices.

Another extreme case, again according to the Riemann-Lebesgue lemma,
is provided by fractal functions which are continuous but non-smooth
everywhere (e.g., the Weierstrass function in Figure 5). In this case, the
vector of wavelet coefficients in (2-5) looks locally full everywhere, and
non-adaptive non-threshold shrinkage suffices (see Figure 5).

Figure 4 provides three typical examples of function curves containing
both regular and singular points, and it is clearly seen that non-adaptive
threshold and non-threshold estimators perform well only in a neighbor-
hood of a regular, respectively singular point. Creating data-driven adap-
tive composite estimators which tend to have thresholding effect near reg-
ular points, and non-threshold shrinkage effect near singular points is, in
our opinion, one main strategic task in the design of the next generation
of wavelet approximants for deterministic and indeterministic curve and
surface fitting.

One first example of such composite shrinking strategies is firm thresh-
olding. It is, indeed, still a rather primitive example, but even so, it
consistently outperforms soft and hard thresholding, as shown in Figures
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Fig. 6.
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Fig. 7.
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Fig. 8.
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6-8. On these figures the 1st and 3rd rows correspond to 3D images of
the estimated surface and the respective error; the 2nd and 4th rows are
colour maps of the respective images in the 1st and 3rd rows. Column 1
corresponds to the original image, column 2 and column 3- to soft thresh-
olding and firm thresholding, respectively. Colour maps are of ”mode 1”,
according to the classification introduced in [5]. (The surfaces are the
tensor-square products of the curves in Figure 4 with themselves.) It is
clearly seen that firm thresholding outperforms soft thresholding.
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