
Chapter 4

System Level Aspects for Single Cell
Scenarios

4.1 Efficient Analysis of OFDM Channels

Niklas Grip, Lule̊a University of Technology, Sweden
Götz E. Pfander, Jacobs University Bremen, Germany

4.1.1 Introduction

Narrowband finite lifelength systems such as wireless communications can be well modeled by smooth and
compactly supported spreading functions. We show how to exploit this fact to derive a fast algorithm for
computing the matrix representation of such operators with respect to well time-frequency localized Gabor
bases (such as pulse shaped OFDM bases). Hereby we use a minimum of approximations, simplifications,
and assumptions on the channel.

The derived algorithm and software can be used, for example, for comparing how different system
settings and pulse shapes affect the diagonalization properties of an OFDM system acting on a given
channel.

4.1.2 The Channel Matrix 𝑮

A Gabor (or Weyl-Heisenberg) system with window 𝑔 and lattice constants 𝑎 and 𝑏 is the sequence
(𝑔𝑞,𝑟)𝑞,𝑟∈ℤ of translated and modulated functions

𝑔𝑞,𝑟
def
= 𝑇𝑟𝑎𝑀𝑞𝑏𝑔

def
= ei2𝜋𝑞𝑏(𝑥−𝑟𝑎)𝑔(𝑥− 𝑟𝑎).

For OFDM communications applications, information is stored in the coefficients of the transmitted signal
𝑠 =

∑
𝑞,𝑟∈ℤ 𝑐𝑞,𝑟𝑔𝑞,𝑟. In order to guarantee that the coefficients can be recovered from 𝑠 in a numerically

stable way, 𝑠 and its coefficients should be equivalent in the sense that for some nonzero and finite 𝐴,𝐵

independent of 𝑠, 𝐴 ∥𝑠∥2 ≤ ∥𝑐∥2 ≤ 𝐵 ∥𝑠∥2 with ∥𝑐∥2 def
=

∑
𝑞,𝑟 ∣𝑐𝑞,𝑟∣2 and ∥𝑠∥2 def

=
∫
ℝ ∣𝑠(𝑡)∣2 𝑑𝑡. This means

that the sequence of functions (𝑔𝑞,𝑟)𝑞,𝑟∈ℤ is a Riesz basis for the function space 𝐿2(ℝ) of square integrable
functions. This guarantees the existence of a dual basis (𝑔𝑞,𝑟) that also is a Gabor basis. Such bases are
also called biorthogonal , or, in the special case 𝑔 = 𝑔 (or equivalently 𝐴 = 𝐵 = 1 [4]), orthonormal.

In communications applications, 𝑠 is sent through a channel with linear channel operator 𝐻. With
∗ notation for complex conjugate, the receiver typically tries to reconstruct the transmitted coefficients

𝑐𝑞,𝑟 = ⟨𝑠, 𝑔𝑞,𝑟⟩ def
=

∫
ℝ 𝑠(𝑡)𝑔

∗
𝑞,𝑟(𝑡) from the received signal 𝐻𝑠 using some (possibly other) Gabor Riesz

basis (𝛾𝑞′,𝑟′). A standard Riesz basis series expansion [4, 6] with this basis gives

𝐻𝑠 =
∑

𝑞′,𝑟′∈ℤ
⟨𝐻𝑠, 𝛾𝑞′,𝑟′⟩ 𝛾𝑞′,𝑟′ =

∑
𝑞′,𝑟′∈ℤ

〈
𝐻

∑
𝑞,𝑟∈ℤ

𝑐𝑞,𝑟𝑔𝑞,𝑟 , 𝛾𝑞′,𝑟′

〉
𝛾𝑞′,𝑟′

=
∑

𝑞′,𝑟′∈ℤ

⎛⎝ ∑
𝑞,𝑟∈ℤ

𝑐𝑞,𝑟 ⟨𝐻𝑔𝑞,𝑟, 𝛾𝑞′,𝑟′⟩
⎞⎠ 𝛾𝑞′,𝑟′ ,=

∑
𝑞′,𝑟′∈ℤ

(𝐺𝑐)𝑞′,𝑟′𝛾𝑞′,𝑟′ ,
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where 𝐺 is the coefficient mapping (𝑐𝑞,𝑟)𝑞,𝑟 7→
(∑

𝑞,𝑟∈ℤ 𝑐𝑞,𝑟 ⟨𝐻𝑔𝑞,𝑟, 𝛾𝑞′,𝑟′⟩
)
𝑞′,𝑟′

with biinfinite matrix

representation (the channel matrix )

G𝑞′,𝑟′;𝑞,𝑟 = ⟨𝐻𝑔𝑞,𝑟, 𝛾𝑞′,𝑟′⟩ ,

and with indices (𝑞′, 𝑟′) and (𝑞, 𝑟) for rows and columns respectively. The matrix elements are usually
called intercarrier interference (ICI) for 𝑝 = 𝑝′ and 𝑞 ∕= 𝑞′. Similarly, the matrix elements are called
intersymbol interference (ISI) when 𝑝 ∕= 𝑝′. Recovering the transmitted coefficients corresponds to in-
verting 𝐺, which is unreasonably time-consuming unless 𝑔 and 𝛾 can be chosen so that 𝐺 is diagonal or
at least has fast off-diagonal decay.

We call 𝐻 time-invariant if it commutes with the time-shift operator 𝑇𝑡0𝑓(𝑡) = 𝑓(𝑡 − 𝑡0) for any
𝑡0, that is, if 𝑇𝑡0𝐻 = 𝐻𝑇𝑡0 . Linear and time-invariant 𝐻 are convolution operators, for which it is
well-known that the family of complex exponentials e𝑖2𝜋𝜉𝑡 are “eigenfunctions” in the sense that for the
restriction of such functions to an interval [0, 𝐿], that is, 𝑠(⋅) = e𝑖2𝜋⟨𝜉,⋅⟩𝜒[0,𝐿](⋅), there is some complex
scalar 𝜆𝜉 such that if ℎ lives on [0, 𝐿ℎ], then 𝐻𝑠 = 𝜆𝜉𝑠 in the interval [𝐿ℎ, 𝐿]. Thus 𝐺 can easily be
diagonalized by using Gabor windows 𝑔 = 𝜒[0,𝐿], 𝛾 = 𝜒[𝐿ℎ,𝐿] and lattice constants such that the resulting
Gabor systems (𝑔𝑘,𝑙) and (𝛾𝑘,𝑙) are biorthogonal bases [6]. This trick is used in wireline communications,
where the smaller support of 𝛾 is obtained by removing a guard interval (often called cyclic prefix) from
𝑔. See, for example, [4, Section 2.3] for more details and further references.

In wireless communications, due to reflections on different structures in the environment, the trans-
mitted signal reaches the receiver via a possibly infinite number of different wave propagation paths.
Because of the highly time varying nature of this setup of paths and the corresponding channel operator,
we can at most hope for approximate diagonalization of the channel operator. In fact, two different
time-varying operators do in general not commute, so both cannot be diagonalized with the same choice
of bases. Thus, diagonalization is usually only possible in the following sense: Typically, (𝐻𝑔𝑞,𝑟) is a

finite and linearly independent sequence, and thus a Riesz basis with some dual basis
(
𝐻𝑔𝑞,𝑟

)
, so for true

diagonalization of 𝐺, we would have to set 𝛾𝑞′,𝑟′ = 𝐻𝑔𝑞,𝑟, but then 𝛾𝑞′,𝑟′ would typically not be a Gabor
basis or have any other simple structure that enables efficient computation of all 𝛾𝑞′,𝑟′ and all the diagonal
elements ⟨𝐻𝑔𝑞,𝑟, 𝛾𝑞′,𝑟′⟩. Hence, for computational complexity to meet practical restrictions we have to
settle for “almost dual” Gabor bases (𝑔𝑞,𝑟) and (𝛾𝑞′,𝑟′), such as the Gabor bases proposed in [7]. We are
primarily interested in bases that are good candidates for providing low intersymbol and interchannel
interference (ISI and ICI). As proposed in [7], we expect excellent joint time-frequency concentration of
𝑔 and 𝛾 to be the most important requirement for achieving that goal.

For such 𝑔 and 𝛾 we propose a fast algorithm for computing 𝐺 in Section 4.1.4, based on a channel
operator model described in Section 4.1.3. Our model is deterministic, so a typical example use is in
coverage predictions for radio network planning [1, Section 3.1.3]. The algorithm computes the ISI
and ICI dependence on, for example, pulse shaping and threshold choices from input data. It depends
on describing a particular channel, that we assume to be known, for example, from measurements or
computed from ray tracing, finite element or finite difference methods (described with more references
in [1]). Moreover, the performance of a communication system is usually evaluated by means of extensive
Monte-Carlo simulations [1], which also might be a potential future application where fast algorithms
are required.

4.1.3 Common Channel Operator Models

The channel operator 𝐻 maps an input signal 𝑠 to a weighted superposition of time and frequency shifts
of 𝑠:

𝐻𝑠(⋅) =
∫
𝐾×[𝐴,∞)

𝑆𝐻(𝜈, 𝑡) e𝑖2𝜋𝜈(𝑡−𝑡0)𝑠( ⋅ − 𝑡) 𝑑(𝜈, 𝑡) , 𝐾 compact.

This standard model is usually formulated for so-called Hilbert–Schmidt operators with the spreading
function 𝑆𝐻 in the space 𝐿2 of square integrable functions (e.g., in [8, 9]) or for 𝑆𝐻 in some subspace of
the tempered distributions 𝑆′ (e.g., in [10, 12]). The weakest such assumption is that 𝑆𝐻 ∈ 𝑆′, which
restricts the input signal 𝑠 to be a Schwartz class function.

Alternatively, one can assume 𝑠 to be in the Wiener amalgam space 𝑊 (𝐴, 𝑙1) = 𝑆0 (also named the

Feichtinger algebra), which consists of all continuous 𝑓 : ℝ → ℂ for which (with ∥𝑔∥1 def
=

∫
ℝ ∣𝑔(𝑥)∣ 𝑑𝑥 andˆ denoting Fourier transform) ∑

𝑛∈ℤ
∥(𝑓(⋅)𝜓(⋅ − 𝑛))ˆ∥1 <∞
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for some compactly supporteda 𝜓 having integrable Fourier transform and satisfying
∑

𝑛∈ℤ 𝜓(𝑥−𝑛) = 1.
We write 𝑆′

0 for the space of linear bounded functionals on 𝑆0. 𝑆0 is also a so-called modulation space,
described at more depth and with notation 𝑆0 =𝑀1,1 =𝑀1 and 𝑆′

0 =𝑀∞,∞ =𝑀∞ in [6, 3].

Since the space 𝑆′
0(ℝ×ℝ) includes Dirac delta distributions, this model includes important idealized

borderline cases such as the following:

Line-of-sight path transmission: 𝑆𝐻 = 𝑎𝛿𝜈0,𝑡0 , a Dirac distribution at (𝜈0, 𝑡0) representing a time-
and Doppler-shift with attenuation 𝑎.

Time-invariant systems: 𝑆𝐻(𝜈, 𝑡) = ℎ(𝑡)𝛿0(𝜈).

Moreover, 𝑆′
0 excludes derivatives of Dirac distributions, corresponding to complex-valued 𝐻𝑠 with no

physical meaning [11, Sec. 3.1.1]. Further, 𝑆0 is the smallest Banach space of test functions with some
useful properties like invariance under time-frequency shifts [6, p. 253], thus allowing for time-frequency
analysis on its dual 𝑆′

0 which is, in that particular sense, the largest possible Banach space of tempered
distributions that is useful for time-frequency analysis. One more motivation for considering spreading
functions in 𝑆′

0 is that Hilbert–Schmidt operators are compact, hence, they exclude both invertible
operators (including line-of-sight channels) and small perturbations of invertible operators, which are
useful in the theory of radar identification and in some mobile communication applications. For results
using a Banach space setup, see for example [9, 12].

Nevertheless, for narrowband finite lifelength channels such as those typical for radio communications,
all analysis can be restricted to the time window and frequency band of interest. We show in [5] that the
full system behavior within this time-frequency window can be modeled with an infinitely many times
differentiable spreading function 𝑆𝐻(𝜈, 𝑡) that vanishes for frequencies 𝜈 outside some finite interval and
which has subexponential decay as a function of 𝑡. That a function 𝑓 has subexponential decay means
that for 0 < 𝜀 < 1 there is some 𝐶𝜀 > 0 such that

∣𝑓(𝑥)∣ ≤ 𝐶𝜀e
−∣𝑥∣1−𝜀

for all 𝑥 ∈ ℝ.

Hence we can with negligible errors also do a smooth cutoff to a compactly supported and infinitely many
times differentiable spreading function. A big advantage of this Hilbert–Schmidt model is that Fourier
analysis can be applied without the need of deviating into distribution theory.

4.1.4 Computing the Channel Matrix 𝑮

For 𝜖 > 0 we define the 𝜖-essential support of a bounded continuous function 𝑓 : ℝ → ℂ to be the closure
of the set {𝑥 ∣∣𝑓(𝑥)∣ ≥ 𝜖 ⋅max𝑥 ∣𝑓(𝑥)∣ }. For communications applications with 𝑄 carrier frequencies, at
least 𝑄 samples of every received symbol are needed in the receiver. Thus a hasty and naive approach to
computing the matrix elements could start with a 𝑄×𝑄 matrix representation of 𝐻 for computing the
samples of 𝐻𝑔𝑞,𝑟. If up to 𝑅 neighboring transmission symbols have overlapping 𝜖-essential support, then
we need to compute (𝑅𝑄)2 matrix elements ⟨𝐻𝑔𝑞,𝑟, 𝛾𝑞′,𝑟′⟩, which, with this approach, would require 𝑅2 ⋅
𝑂(𝑄5) arithmetic operations with 𝑄 typically being at least of the size 256–1024 in radio communications,
and with 𝑅 = 4 for 𝜖 = 10−6 and the optimally well-localized Gaussian windows that we have used for
the applications described in [5]. This is a quite demanding task, so therefore more efficient formulas
and algorithms were derived in [5] for the Hilbert–Schmidt channel models described in last section.

With notation 𝐼𝐶,𝐵
def
=

[
𝐶 − 𝐵

2 , 𝐶 + 𝐵
2

]
, the resulting model is based on the following assumptions about

compact supports and index sets for the involved functions:

supp 𝑔 ⊆𝐼Ωc,Ω, 𝑇𝑔
def
= 1

Ω , 𝑇𝛾
def
= 1

Ω+𝜔 ,

supp𝑆𝐻 ⊆𝐼𝜔c,𝜔 × 𝐼𝐶,𝐿, supp𝐻𝑔 ⊆ supp 𝛾 ⊆ 𝐼Ωc+𝜔c,Ω+𝜔,

𝒦,ℳ ⊂ℤ, ∣𝒦∣ <∞, ∣ℳ∣ <∞ and

𝑔(𝑚𝑇𝑔) =𝛾(𝑘𝑇𝛾) = (𝐻𝑔)(𝑘𝑇𝛾) = 0 for 𝑘 ∈ ℤ ∖ 𝒦 and 𝑚 ∈ ℤ ∖ℳ.

The analysis takes place in an interval 𝐼𝐶0+𝑡0,𝐿0 containing the support of all perturbed basis functions

𝐻𝑔𝑞,𝑟. We refer to [5] for details, but in short, the algorithm is based on a smooth truncation of ˆ𝑆𝐻(𝝂, ⋅)
to a band of width 1/𝑇 ′′ containing the full transmission frequency band, in which 𝑆𝐻(𝝂, ⋅) can be fully
represented by sample values 𝑆𝑛,𝑝, from which the spreading function 𝑆𝑞

𝐻 experienced by the functions

aA function is said to have compact support if it vanishes outside some finite length interval.
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(𝑔𝑞,𝑟)𝑟 can be computed:

𝑆𝑞
𝐻(⋅, 𝑡)(𝑡0) = 𝝎0𝑇

′′𝜒𝐼𝐶0,𝐿0
(𝑡− 𝑡0)

∑
𝑝∈𝒫

ei2𝜋Ωc,𝑞(𝑡−𝑝𝑇 ′′) sincΩ(𝑡− 𝑝𝑇 ′′)×

×
∑
𝑛∈𝒩

𝑆𝑛,𝑝e
i2𝜋

𝑡−𝑡0−𝑝𝑇 ′′
𝐿0 , (4.2)

with Ωc,𝑞 being the centerpoint of the support of 𝑔𝑞,𝑟 and sincΩ(𝑥)
def
= sin(𝜋Ω𝑥)

𝜋𝑥 extended continuously to ℝ.
Using (4.2), we can compute the samples (𝐻𝑔𝑞,𝑟)(𝑘𝑇𝛾) = 𝑇𝑔

∑
𝑚∈ℤ 𝑓(𝑚𝑇𝑔) (𝑆

𝑞
𝐻(⋅, 𝑘𝑇𝛾 −𝑚𝑇𝑔)) (̂−𝑚𝑇𝑔)

and finally the matrix element
⟨𝐻𝑔𝑞,𝑟, 𝛾𝑞′,𝑟′⟩ using the formula

⟨𝑢, 𝑣⟩𝐿2(ℝ) = 𝑇
∑
𝑘∈ℐ𝑢

𝑢(𝑘𝑇 )𝑣bpf(𝑘𝑇 )

for functions with supports

supp𝑢 ⊆ 𝐼𝐶𝑢,𝐵 , supp 𝑣 ⊆ 𝐼𝐶𝑣,𝐵 , 𝐼𝐶𝑢𝑣,𝐵𝑢𝑣

def
= 𝐼𝐶𝑢,𝐵 ∩ 𝐼𝐶𝑣,𝐵 ∕= ∅, 𝑇 = 1

𝐵

and with 𝑣bpf being defined by its Fourier transform 𝑣bpf(𝜉)
def
= 𝑣(𝜉)𝜒𝐼𝐶𝑢𝑣,𝐵𝑢𝑣

(𝜉).
As explained in [5], this way the full matrix 𝐺 can be computed in 𝑅2 ⋅ 𝑂(𝑀2 ⋅ 𝑄2) arithmetic

operations with 𝑀
def
= ∣ℳ∣, which can be compared to the 𝑅2 ⋅𝑂(𝑄5) operations of the more naive and

straightforward matrix computation approach described above.
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6 Index

Index

The list of symbols is sorted alphabetically by the names of the defined symbols. For example, all kinds
of brackets are sorted under “b”, 𝐴∗ under “s” (as in star), 𝑎 under “o” (as in overline) and 𝑔 under
“t” (as in tilde). Bold page numbers are used to indicate pages with important information about the
entry, e.g., a precise definition or the most detailed explanation found in this thesis, while page numbers
in normal type indicate a textual reference.

𝜖-essential support, 3

basis
biorthogonal, 1, 2
dual, 1
orthonormal, 1
Riesz, 1, 2

biorthogonal, see basis, biorthogonal

channel
matrix, 2–4
operator, 1, 2
time varying, 2–4
time-invariant, 2, 3

compact support, 3
cyclic prefix, 2

dual, see basis, dual

Feichtinger algebra, 2

Gabor system, 1

interference
intercarrier (ICI), 2
intersymbol (ISI), 2

lattice constants, 1
line-of-sight propagation, 3

orthonormal, 1, see basis, orthonormal

pulse shaping, 1, 2

Riesz, see basis, Riesz

spreading
function, 2

time varying, see channel, time varying
time-invariant, see channel, time-invariant

Weyl-Heisenberg system, 1


