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The aim of the work presented here is to describe the appearance of force curves from atomic force
microscopy measurements between two interacting magnetic particles. A model treating particles as
points is first presented. This model is found to accurately describe interactions involving spherical
particles, but is not equally successful in describing interactions between particles of cylindrical and
conical geometries at short surface separations. Effects from particle geometries are introduced in
the dimensional model through dimensional analysis. A characteristic length describing the vertical
extent of the particles is defined. An example calculation of the characteristic length for a spherical
particle of known radius is presented. The same computational method is then applied to several
experimental force curves from atomic force microscopy measurements. The calculated characteristic
lengths are of comparable size to the known vertical extent of the particles. Reconstruction of the
experimental force curves using the calculated characteristic lengths in the dimensional model gives
good agreement between theory and experiment.
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I. INTRODUCTION

Magnetic particles of microsize and sub-microsize are
used in different areas of applied science. In medicine,
magnetic particles control targeted drug delivery inside
the human body and are applied as contrast agents for
magnetic resonance imaging1–3. In environmental sci-
ence, magnetic nano- and microparticles can be applied
for lake restoration, separating hazardous contamina-
tions from water4. Magnetic particles also find appli-
cations in industry. LKAB uses agglomerated magnetite
particles in the production of iron ore pellets which in
turn is used in the production of steel12. For every ap-
plication, it is important to understand the fundamental
interaction between magnetic particles. In this work, a
model describing the interaction is presented.

Apart from a magnetic interaction between microsize
and sub-microsize magnetic particles, other interactions
may participate. These include van der Waals forces,
electrostatic forces and capillary forces5 depending on
the details of the interaction. In a well controlled ex-
periment the contribution of these interactions can be
kept negligible compared to the magnetic force.

To derive and test a model of the interaction between
magnetic particles we use theoretical considerations, nu-
merical simulations and experiments with real microsized
magnetic particles. Much can be learned from theoret-
ical considerations, starting with a model of interacting
pointlike magnetic dipole moments and then introducing
geometric effects through dimensional analysis. Numeri-
cal implementation of the models provide a chance to test
different scenarios of interest, these tests are performed
simultaneously with independent numerical simulations
based on the finite element method (FEM) in the sim-
ulation environment COMSOL Multiphysics13. Finally,
two experiments using the experimental technique atomic
force microscopy (AFM) were performed to test the va-
lidity of the theoretical models and the numerical simu-
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lations.
This work is based from the licentiate thesis work by

Illia Dobryden at Lule̊a University of Technology6. Illia
uses AFM for force measurements and surface character-
ization applied to industrial materials.

II. METHOD

Three main methods have been applied in the study of
interacting magnetic particles. First of all we present
a theoretical approach where a few models of the inter-
action are derived, these models are then implemented
numerically in Matlab14 and COMSOL Multiphysics.
Two experiments using AFM were performed for quali-
tative comparisons with the theoretical models.

A. Theory

1. Pointlike magnetic dipoles

If the separation of two interacting magnetic particles is
much greater than the size of the particles, then the mag-
netic dipole moments can be treated as pointlike. Con-
sider shrinking a bar magnet down to a point, while keep-
ing the magnetic dipole moment of the magnet constant
in magnitude and direction. In this approximation, all
shape-related effects of the particle are ignored.

Consider a pointlike magnetic dipole moment ma =
mam̂a located at the origin of a spherical coordinate sys-
tem. The magnetic scalar potential due to this magnetic
dipole moment at a position radially displaced by s = sŝ
from the origin is

ψ(s) =
ma · s
4πs3

. (1)

A second magnetic dipole moment mb = mbm̂b located
at s experiences a B-field due to the presence of ma given
by

Bab = −µ0∇ψ(s) = −µ0

4π
∇
(ma · s

4πs3

)
, (2)

where µ0 is the vacuum permeability and the expression
for the magnetic scalar potential from (1) has been used.
The force Fab acting on mb is then

Fab = ∇(Bab ·mb) = −µ0

4π
∇
[(
∇ma · s

s3

)
·mb

]
=

3µ0mamb

4πs4

(
ŝ(m̂a · m̂b) + m̂a(ŝ · m̂b)

+ m̂b(ŝ · m̂a)− 5ŝ(ŝ · m̂a)(ŝ · m̂b)

)
,

(3)

where the B-field from (2) has been used. The expres-
sion for Fab given in (3) is the model equation for the
interaction between two pointlike magnetic dipole mo-
ments. Using a current loop as the model for a magnetic

dipole moment instead of a bar magnet results in the
same expression7.

To further simplify the expression given in (3) we con-
sider two pointlike particles having equal magnetic dipole
moments oriented parallel to the z-axis as in Figure 1. We
also let the particles approach each other parallel to the
z-axis. In this case the resulting force from (3) acting on
mb is Fab = (0, 0, Fz), where

Fz = −3µ0m
2
z

2πs4
. (4)

mb = (0, 0,mz)

ma = (0, 0,mz)

z

s

Figure 1: Simplified interaction between two pointlike magnetic
particles. The magnetic dipole moments for each particle are of
equal magnitude and orientation.

If the two magnetic dipole moments are not aligned
with each other there will also be a torque acting on
both particles, tending to align them. This expression
can be derived8 as

τ ab =
µ0mamb

4πs3

[
3(m̂a · ŝ)(m̂b × ŝ) + (m̂a × m̂b)

]
.

In our model we do not take the contribution from the
torque between the two particles into account. Instead,
the magnetic dipole moments are treated as fixed during
the interaction.

2. Particles of finite volume

The interaction between particles of finite volume is ex-
pected to have a different behavior for short particle sep-
arations, compared to the interaction between pointlike
particles. The center of the particles can no longer come
arbitrarily close to each other, but will be separated by
a minimum distance depending on the geometry of the
particles. As an example, consider two spherical particles
each with radius r. The minimum center separation for
these spheres is then 2r, see Figure 2.
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2r

z

Figure 2: The minimum center separation for two identical
spherical particles of radius r is 2r, in this case the surface sepa-
ration distance is 0.

When considering particles of finite volume, the magni-
tude of the magnetic dipole moment is another parameter
of importance. This will be proportional to the volume of
the particle. However, particles of equal volume but dif-
ferent geometries will give rise to different force curves, as
simulations of spherical, cylindrical and conical particles
show.

In the pointlike dipole case the magnetic dipole mo-
ments are localized at one point. For real particles in
experimental situations this approximation might be to
optimistic. It is probable that a magnetic particle above
a certain volume could possess domains of different mag-
netic dipole moment, causing the interaction with an-
other particle to behave differently depending on the
point of contact. It is also possible that a particle be-
low a certain volume would be in a superparamagnetic
state, possessing no fixed magnetic dipole moment.

3. Arbitrary particle geometry

A method called the general magnetostatic shape-shape
interaction developed by M. Beleggia and M. De Graef9

can be used to describe the interaction between magnetic
particles of arbitrary geometry. The interaction energy
between the two particles is derived as the convolution
between a cross-correlation function, C, related to the
shape of the particles and the dipolar tensor field, D, de-
scribing the interaction between the two dipole moments.

As an example of the use of this method, consider two
identical cylinders of height L and radius r. The cross-
correlation function for two cylinders expressed in polar
coordinates (ρ, z), ignoring the polar angle θ due to sym-
metry, is

C(ρ, z) =
2V

π

(
1− |z|

L

)
×

[
arccos

( ρ
2r

)
− ρ

2r

√
1−

( ρ
2r

)2
]
,

(5)

where |z| < L and 0 < ρ < 2r. The cross-correlation
function is defined to be equal to the volume V of the
cylinder if the overlap of the two particles is complete
(ρ = z = 0) and equal to zero when there is no overlap
(|z| ≥ L or ρ ≥ 2r).

The dipolar tensor field is defined as

Dαβ(r) ≡ 1

4πr5

(
r2δαβ − 3rαrβ

)
. (6)

The interaction energy between two identical cylindrical
particles with magnetization M is then

E(ρ) = µ0M
2mα

1m
β
2

∫
d3r C(r)Dαβ(ρ− r), (7)

where summation over the indices α and β is implied.
The force acting between the two cylinders is derived
from the interaction energy (7) according to

F = −∇E(ρ).

For the case of two identical cylindrical particles ap-
proaching each other parallel to the z-axis, with equal
magnetic dipole moments aligned parallel to the separa-
tion as in Figure 3, an analytic solution for the force can
be derived10 as

Fz = −4πµ0M
2r2

∫ ∞
0

J2
1 (q)

q
sinh2

(
q · L
2r

)
e−

q·z
r dq,

(8)
where J1(q) is a modified Bessel function of the first kind.

m

m

z

Figure 3: Two identical magnetic particles of cylindrical geome-
try approaching each other parallel to the z-axis.

This method can be generalized to particles of arbi-
trary geometry but the derivation of the force has to be
done numerically due to the difficulty of deriving analytic
expressions for the cross-correlation function, C, for such
geometries.

A simple example is to derive the force between two
pointlike particles. The cross-correlation function for
pointlike particles can be expressed as

C = V 2 · δ(s), (9)

where δ(s) is the Dirac delta function and s denotes the
separation of the two particles. Considering again two
particles separated along the z-axis, with magnetic dipole
moments aligned along the same axis in the positive z-
direction (m1 = m2 = (0, 0,mz)) and using (6) along
with (7) it can be shown that the interaction energy is10

E = −µ0m
2
z

2πs3
. (10)
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The force is calculated as the negative gradient of the
interaction energy, this gives the familiar result (compare
with (4))

F = −∇E = −−3µ0m
2
z

2πs4
. (11)

4. Dimensional analysis

To characterize a magnetic particle of arbitrary shape,
we define a characteristic length lc as in Figure 4. For a
spherical particle this length correspond to 2r, where r is
the radius of the sphere. For an arbitrary shape there are
several ways to define the characteristic length. One pos-
sibility is to define the characteristic length as the height
of the particle measured at the center of the contact area
with another particle in an experiment. The area A of the
particle is also of importance. It is possible to consider
the volume as an important parameter, but numerical
simulations of the interaction between particles of the
same volume but different geometries give different force
curves. By separating the volume into an area A and a
characteristic length lc it is possible to better describe
different geometries.

m

lcA

z

x

Figure 4: An arbitrarily shaped magnetic particle with mag-
netic dipole moment m, surface area A and characteristic length
lc. The particle is viewed in the xz-plane. The area A is to be
understood as the total surface area of the three-dimensional par-
ticle.

A list of the important parameters in an interaction
between two magnetic particles is given in Table I.

Table I: Parameters and constants necessary to characterize the
interaction between magnetic particles. Note the different uses
of A as the symbol for the surface area and as the dimension for
current (Ampere).

Parameter Symbol Dimension

Particle area A L2

Magnetization M AL−1

Characteristic length lc L

Force F MLT−2

Center separation distance s L

Vacuum permeability µ0 MLT−2A−2

From the listed parameters two nondimensional vari-
ables are constructed

π1 =
F

µ0M2A
, π2 =

lc
s
. (12)

The two nondimensional variables in (12) are, by the
Buckingham pi-theorem, related according to

f(π1, π2) = 0,

where f is an unknown function. This relation can be
expressed as

π1 = g(π2) or
F

µ0M2A
= g

(
lc
s

)
,

where g is a different unknown function which could be
found by fitting a curve to data from a real or synthetic
experiment. By using the expression for the z-component
of the force between two pointlike magnetic dipoles from
Equation (4) we can draw the conclusion that the func-
tional dependence on the separation lc/s is (lc/s)

4. This
gives the expression

F = a · µ0M
2A

(
lc
s

)4

+ c · µ0M
2A,

where a is an unknown constant which will depend on
the properties of the interaction under consideration. It
is reasonable to include a bias term c for completeness,
but since the contribution of this term is proportional to
µ0M

2A it will in general be a very small number.
The derived equations must be modified when describ-

ing the interaction between two particles of different ge-
ometry, as in Figure 5.

s d

l2

m2

A2

l1

m1

A1

z

Figure 5: Interaction between two arbitrarily shaped particles.

The different particle areas A1 and A2, as well as
the different characteristic lengths l1 and l2, have to be
weighed together appropriately. We propose the follow-
ing model

F = a · µ0M
2(A1 +A2)

(
lc

d+ lc

)4

+ c, (13)

where we have chosen a mean value of the characteris-
tic lengths, lc = 1

2 (l1 + l2). From an experimental curve
it will be difficult to extract the individual characteris-
tic lengths, instead we can determine the mean value of
the two different characteristic lengths. In (13) we have
replaced the center separation distance s with the sum
of the surface separation distance d and the mean value
characteristic length lc. We have also replaced the area
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term with the sum of the two particle areas A1 and A2.
The choice of including lc in the nominator of (13) is
arbitrary since it could be absorbed by the unknown co-
efficient a. The constant c has been redefined to include
all multiplicative terms. As mentioned before, the c term
will in general be small and for an analytic magnetic in-
teraction it would be equal or very close to zero (magnetic
force should be zero at an infinite distance). However,
one should be aware of its possible contributions when
analyzing experimental data.

5. Particle magnetization

For quantitative analysis of the interaction between mag-
netic particles it is necessary to calculate the magni-
tude of the magnetic dipole moments for the particles
involved. This will depend on the magnetic properties of
the mineral used and on the volume of the particles. All
simulations and experiments were performed with mag-
netite particles.

Magnetite, FeO·Fe2O3, is a naturally magnetic min-
eral. The number of lattice sites per unit cell of length
a = 8.397 Å are Z = 8. The magnetic contribution
from the Fe3+ ions cancel out, leaving only the contri-
bution from Fe2+. Each Fe2+ ion contributes 4µb to the
magnetization11, where µb = 9.274 · 10−24 J·T−1 is the
Bohr magneton. The resulting net contribution per lat-
tice site is 32µb (4µb · Z). The total magnetization is

M =
32µb
a3

= 5.1949 · 103 A/m.

For a particle of volume V , the magnitude of the mag-
netic dipole moment is |m| = M · V . A typical value of
|m| used in the following simulations is

|m| = 2.1 · 10−9 A ·m2, (14)

which is calculated for a spherical particle of radius r =
10 µm.

B. Simulations

The different models described in the theory section were
implemented in Matlab. A method for determining the
characteristic length lc from a given force curve was also
implemented. As a first validation of the models de-
scribed in the theory section, some representative cases
were implemented in COMSOL Multiphysics. These
cases were the interaction between pairs of spherical,
cylindrical and conical particles.

1. Matlab

Matlab was used to do numerical calculations for the
different models described in the theory section. The

implemented models were the pointlike magnetic dipole
interaction model as described by Equation (3) and the
general magnetostatic shape-shape interaction model de-
scribed by Equation (7). The general shape-shape inter-
action model was only implemented for particle geome-
tries where an analytic cross-correlation function could
be found, which was the case for all of the geometries
simulated in COMSOL Multiphysics.

The dimensional analysis described in section II A 4
was also implemented. This model was used in an al-
gorithm for determining the characteristic length lc and
other parameters (a and c) from a given force curve.
These parameters could then be used to reconstruct the
force curve, and provided a way for analyzing experi-
mental data where the particle geometries are largely un-
known. The algorithm uses the dimensionless parameter
π1 shown in Equation (12) (henceforth known as DM),
this dimensionless parameter can also be represented us-
ing Equation (13) as follows

F

µ0M2(A1 +A2)
= a

(
lc

d+ lc

)4

+ c.

Assuming a particle area of A1 + A2 = 2Ac and using
Ac = πl2c we get

F

2πµ0M2l2c
= a

(
lc

d+ lc

)4

+ c.

We can also replace the sum of the surface separation and
the characteristic length, d+ lc, by the center separation
distance s to get

DM =
F

2πµ0M2l2c
= a

(
lc
s

)4

+ c (15)

In Equation (15) we have the following two expressions
representing the same dimensionless parameter DM

DManalytical =
F

2πµ0M2l2c
(16)

DMstraight-line = a

(
lc
s

)4

+ c. (17)

By plotting both (16) and (17) against (lc/s)
4 we will

have two different curves. If the correct value for the
characteristic length lc is used, Equation (17) will be the
best straight line approximation to Equation (16) and
the two curves will coincide. However, if an incorrect
value for lc is used the curve corresponding to (16) will
divert from the straight line given by (17). Examples of
this diverting behaviour for both a too small and a too
large characteristic length is shown in Figure 6.

The method developed is based on minimizing the dif-
ference between Equation (16) and Equation (17). This
is done by first giving a (small) initial guess for the value
of the characteristic length lc then calculate DM using
Equation (16) and determine the parameters (a and c) for
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(a) 20% to small characteristic length.
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(b) 20% to large characteristic length.

Figure 6: An example showing DM (Equation (16),(17)) for different values of the characteristic length lc, when the correct value for
lc is used the blue and the red line will coincide into one straight line.

the straight line approximation given by (17). The value
of lc is continually increased until the difference between
(16) and (17) starts to increase (the curve corresponding
to (16) starts to bend away in the other direction form
(17) as shown in Figure 6). When this happens the dif-
ference between the two curves has reach its minimum.

This method for determining the characteristic length
works well if the given force curve is smooth (small
amount of noise in the data) This is usually the case for
simulated interactions, but not always for an experimen-
tal curve. If the data contains a lot of noise, a low-pass
filter has to be applied before the characteristic length
can be determined.

The way we treat noisy data (e.g experimental data)
is to apply a Chebyshev Type II low-pass filter to reduce
the noise, which allows our algorithm described above to
work even if the data has some noise. This filter can
be applied in Matlab by using the built in functions
cheby2 and filtfilt. In our case the exact parameters
used was:

[B, A] = cheby2(3, 30, 0.05);
filtered_F = filtfilt(B, A, F);

The result of applying this filter can be seen in Fig-
ure 7.
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Figure 7: The result of applying a Chebyshev Type II low-pass
filter to a noisy data set.

All of the Matlab scrips and functions used in this
project are available for download. The download link
can be found in Appendix A. This download also contains
all of the data needed to execute the Matlab files.
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2. COMSOL Multiphysics

As a first validation of our methods COMSOL Multi-
physics (version 4.3a) was used to solve the magnetic
field generated by the interacting particles and to cal-
culate the force curve. COMSOL Multiphysics is a fi-
nite element based numerical solver (FEM) developed by
COMSOL.

The representative cases implemented in COMSOL
Multiphysics were the interaction between spherical,
cylindrical and conical particles. In all the different cases
the particles had the same volume and thus the same
magnetic dipole moment. The physics module named
Magnetic Fields, No Currents (mfnc) was used in the
simulations, and to reduce the simulation time a 2D ax-
isymmetric geometry was chosen.

The solver was configured to be stationary. To gener-
ate force curves a parametric sweep over the separation
distance d was preformed. The geometry and mesh for
the interacting pair of spherical particles can be found in
Figure 8.

(a) (b)

Figure 8: (a) Geometry and (b) mesh for the interacting pair of
spherical particles implemented in COMSOL Multiphysics using
2D axisymmetric rotation around r = 0. The mesh consists of
48739 elements.

The geometry in Figure 8 (a) is divided into three do-
mains, probe particle (green half sphere), sample parti-
cle (blue half sphere) and the surrounding vacuum (large
grey half sphere). The radius of the probe/sample par-
ticles were set to rparticle = 10 µm. To prevent any
boundary effects from interfering with the force measure-
ments the radius of the surrounding vacuum were set to
rvacuum = 150 µm.

To generate the force curve, particle surface separation

were decreased from d = 50 µm down to d = 0 µm in
steps of 0.5 µm. This was achieved by moving the probe
particle and keeping the sample particle fixed. A fine
particle mesh had to be used to get a stable measurement
of the force. For the interacting pair of spherical particles
the mesh consists of 48739 elements and as can be seen
in Figure 8 (b) most of the elements are concentrated at
the particles and close to the outer boundary.

Next follows a description of the equations solved by
COMSOL Multiphysics when using the mfnc module.
For all three domains the following equations are solved

∇ · (µ0µrH) = 0

H = −∇Vm + Hb,

where H is the magnetic H-field produced by the parti-
cles, Vm is the magnetic scalar potential, µ0 is the vac-
uum permeability and µr is the relative permeability of
the material.

The following specific equations were solved for the
vacuum domain

∇ · (µ0µrH) = 0

H = −∇Vm
B = µ0µrH, µr = 1,

here, the relative permeability µr is set equal to one to
give a vacuum solution. The modification vacuum do-
main equations for the probe/sample particles were the
specification of a magnetization field M

∇ · (µ0µrH) = 0

H = −∇Vm
B = µ0(H + M)

M = Mz = 5.1949 · 103 A/m,

here both the probe and sample particle are given iden-
tical magnetization (same size and direction). The value
of the magnetization is the saturation magnetization of
magnetite as derived in section II A 5.

The magnetic force is calculated on the probe particle,
once for every surface separation to give a force curve.
COMSOL Multiphysics uses these equation to calculate
the force F and torque τ according to

F = 2πr

∫
∂Ω

nT dS

τ = 2πr

∫
∂Ω

(r− r0)× (nT ) dS

τax =
rax
rax
· τ .

Initial values and boundary conditions are needed to
be able to solve the equations for the magnetic field. In
all three domains the initial value for the magnetic scalar
potential is set to zero

Vm = 0.



8

The boundary condition at r = 0 is set to axial symmetry,
and at the outer boundary of the vacuum domain the
boundary condition is set to magnetic insulation

n ·B = 0.

Two points of zero magnetic scalar potential had to be
added to get the solution to converge, these points where
added at the locations (0 µm,−150 µm) and (0 µm,150
µm)

Vm = 0.

The final result from our COMSOL Multiphysics sim-
ulation will generate a full 3D representation of the mag-
netic field generated by the interacting magnetic parti-
cles. In Figure 9 a 2D-slice of the result from the sphere-
sphere interaction can be found, here the color plot rep-
resents the logarithm of the H-field, the black arrows
represent the B-field and the blue arrow represents the
force acting on the probe particle.

−80 −60 −40 −20 0 20 40 60 80

−60

−40

−20

0

20

40

60

80

Figure 9: A 2D-slice showing two spherical particles interacting
with each other. The color plot represents the logarithm of the
H-field, the small black arrows represents the B-field and the
blue arrow represents the force acting on the probe particle.

The geometry, mesh (Figure 24) and 2D-slice of the
result (Figure 25) for the other implemented cases (pairs
of interacting cylindrical and conical particles) can be
found in Appendix B. The COMSOL Multiphysics files
(.mph) are, however, not available for download because
of their relatively large file size (≈ 1 GB).

C. Experiment

To further test the derived models it is important to do
comparisons with real experiments.

Two experiments were performed using a NT-
MDT NTEGRA atomic force microscope at the SPM-
laboratory at Lule̊a University of Technology, see Fig-
ure 10 (a).

Atomic force microscopy (AFM) is an experimental
technique which can be used to measure forces between
particles. A conceptual layout of the AFM apparatus
during an experiment is seen in Figure 11. The sample
to be studied is placed on the piezo-scanner. The sample
could be a continuous surface or consist of a number of
individual particles. For the experiments presented here
the sample consisted of a collection of magnetite particles
of different shapes and sizes. A probe particle used to in-
teract with the sample particles is attached on the tip of
the cantilever. In these experiments the probe particle
was a single magnetite particle. The cantilever is lowered
towards the sample surface and at a certain separation
distance the sample and probe particles will interact and
cause the cantilever to deflect. The cantilever deflection
is detected by reflecting a laser from the reflective surface
on the back of the cantilever. The variation of the laser
light measured by the photodiode gives the cantilever de-
flection distance as a function of the probe height above
the sample surface.

Sample surface

xyz piezo-scanner

x

z
y

Cantilever

Tip

LaserLaser
Photodetector

Figure 11: Conceptual arrangement of the AFM-equipment
during an experiment.

The cantilever spring constant can then be used as
a conversion factor to convert the measured cantilever
deflection to a force. The spring constant of the cantilever
used in these experiments was k = 0.17 N/m.

The AFM equipment can be run with or without using
a feedback system. The basic difference is that with feed-
back on, a mechanism for keeping the probe at a constant
short height above the surface is active. This mechanism
has the advantage that the cantilever and sample surface
avoids unnecessary contact damage. There is no such
mechanism when not using the feedback system.

A typical cantilever deflection versus probe-sample
separation curve is shown in Figure 12. The contact
region, where the probe particle is in contact with the
sample particles, is clearly visible as the linear section of
the curve to the left. The magnitude of the slope of this
contact region curve is set equal to 1, which can then be
used to convert from the measured cantilever deflection
to the force acting on the probe particle.
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(a) (b)

Figure 10: (a) The NT-MDT NTEGRA atomic force microscope used for the experiments at the SPM-laboratory at Lule̊a University
of Technology and (b) The probe holder for liquid measurements used since the probe is in water during the experiment.

Deflection

Separation

Contact region

Figure 12: A conceptual curve from an AFM-experiment show-
ing the cantilever deflection versus the probe/surface separation
distance.

All the particles involved in the experiments were
microsized with an average horizontal extent of about
15 µm. The sample and probe particles used in experi-
ment 1 can be seen in Appendix D. The vertical extent
of the particles, which is referred to as the characteristic
length in the theory section, was unknown.

1. In-plane magnetic moments

In the first experiment the force between two magnetite
particles was measured. The purpose of this experiment
was to qualitatively compare the magnitude of the force
to that obtained in simulations.

The magnetite particles were completely demagnetized
to remove any existing magnetic dipole moment. A mag-
netic field of 0.25 T was then applied to magnetize the
particles and they were kept in the magnetic field for ap-
proximately 20 seconds. The probe particle and the sam-
ple particles were magnetized with their resulting mag-
netic dipole moments laying in the same plane, perpen-

dicular to the separation of the probe and the sample
particles. The relative orientation of the magnetic dipole
moment of the probe and the sample particles in this
plane was unknown. See Figure 13 for a conceptual ar-
rangement of the experiment.

Sample surface

x

z

y

Probe Particle
y

x

msample

mprobe

θ

Figure 13: Conceptual arrangement of the first experiment.
The magnetic dipole moments of both the probe and the sample
particles lie in the same horizontal xy-plane. The relative angle θ
between the probe and the sample magnetic dipole moments was
unknown.

The probe and sample particles were kept in liquid
(H2O) during the experiment to remove effects of the cap-
illary force which would otherwise overwhelm the weaker
magnetic interaction, see Figure 10 (b).

The maximum separation of the probe and the sample
in this experiment was approximately 3 µm.

2. Parallel magnetic moments

The second experiment was very similar to the first ex-
periment. The purpose of this experiment was to have
a situation closer to simulated interactions and also to
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avoid contributions from torque acting on the particles.
The same cantilever and probe particle, as well as the
same set of sample particles as in the first experiment
were used in this experiment.

The magnetite particles were completely demagnetized
to remove any existing magnetic dipole moment. The
probe particle and the sample particles were magnetized
parallel to the axis of separation. A magnetic field of
0.5 T was applied during the magnetization procedure
and the particles were kept in the magnetic field for ap-
proximately 20 seconds. See Figure 14 for a conceptual
arrangement of the experiment.

Sample surface

x

z

y

Probe Particle

Figure 14: Conceptual arrangement of the second experiment.
The magnetic dipole moments are oriented parallel to the z-axis.

Due to some technicalities with the magnets it was
possible to achieve the stronger magnetic field strength
in this experiment during the magnetization procedure.
The probe and sample particle were kept in plastic boxes
which determined how close together the magnets could
be arranged.

As in the first experiment, the probe and sample parti-
cles were kept in liquid (H2O) to remove the effect of cap-
illary forces which would otherwise overwhelm the weaker
magnetic interaction.

The maximum separation of the probe and the sample
in this experiment was approximately 9 µm.

III. RESULTS

Synthetic data generated using COMSOL Multiphysics
for a few different particle geometries is compared to the
analytic models implemented in Matlab to see how they
compare. Similar analysis is then performed to the ex-
perimental data to obtain characteristic lengths of the
particles involved in the interactions. Magnetite parti-
cles were used in all simulations and experiments.

A. Synthetic results

As a first test of the theoretical models three different
cases were simulated in COMSOL Multiphysics. Each
case consisted of two identical particles interacting, where
the geometry was different for each case, the three differ-
ent geometries being sphere, cylinder and cone. The vol-
ume of each particle for each geometry was identical, and
thus also the magnitude of the magnetic dipole moments
as can be seen from Equation (14). The dipole moments
were oriented parallel to the separation axis and were
pointing in the same direction for both particles, giving
an attractive force. The results of these three simula-
tions are presented in Figure 15, showing the logarithmic
absolute value of the force.

For the spherical geometry, the radius of the particles
was set to 10 µm. This case was compared to the point-
like magnetic dipole model from Equation (3), where the
magnitude of the magnetic dipole moments of the point-
like particles was set equal to that for the spherical par-
ticles in COMSOL Multiphysics. For both the case with
cylinder-shaped particles and cone-shaped particles the
simulation results are compared to the general magneto-
static shape-shape interaction model from Equation (7).
For the case with cylinders, the explicit expression for
the force from Equation (8) was used.
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Figure 15: Comparison of synthetic data generated with COM-
SOL and the analytic models. The pointlike dipole-dipole model
was used for the spherical particles, while the general magneto-
static shape-shape model was used for the cylindrical and conical
particles.
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(a) The parameters used to reconstruct the force curve: lc = 20.0
µm, a = −2.08 · 10−2 and c = −6.63 · 10−7.
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(b) The relative error.

Figure 16: (a) Synthetic force curve and reconstructed force curve by the dimensional model and (b) the relative error between the
two curves.

To further investigate our dimensional model the case
with two interacting spherical particles was used since
the characteristic length was known. For a spherical par-
ticle this length should be equal to 2r, where r is the
radius of the sphere. In this case the spherical particles
were known to have a radius of r = 10 µm, and thus a
characteristic length of lc = 20 µm. The result of apply-
ing the method described in section II B 1 is presented
in Figure 17. For the cylinder and cone particle geome-
tries, the results of applying our dimensional model can
be found in Appendix C.

The value of the parameter a calculated with the di-
mensional model was a = −2.08 · 10−2 and the value for
c was calculated to c = −6.63 · 10−7.
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Figure 17: Result of the method for determining the character-
istic length for the spherical particles, this fit is obtained using a
characteristic length of lc = 20 µm which corresponds well to the
expected value of 2r, where r = 10 µm, for two spheres.

Referring back to (13) it can be seen that the bias
term including the constant c will be much smaller than
the term multiplying the constant a for small particle
separations, since a� c and lc � s. It is then possible to
reconstruct the force curve by using this value along with
the characteristic length in Equation (13). The result is
presented in Figure 16.
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(a) The parameters used to reconstruct the force curve: lc = 4.85
µm, a = −3.65 · 10−3 and c = −1.41 · 10−3.
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Figure 18: (a) Experimental force curve from the first experiment and the reconstructed force curve by the dimensional model and (b)
the relative error between the two curves.

B. Experimental results

It is possible to perform a similar analysis of the experi-
mental force curves as was done with the synthetic force
curves above. For the first experiment we consider a
force curve obtained from a measurement of the first of
two particles. The resulting characteristic length is cal-
culated to lc = 4.8 µm, and the parameters a is found to
be a = −3.66 · 10−3. The resulting fit with these values
is presented in Figure 19.
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Figure 19: Result of the method for determining the charac-
teristic length for one of the experimental curves from the first
experiment, this fit is obtained using a characteristic length of
lc = 4.8 µm and the parameter a = −3.66 · 10−3.

Reconstructing the force curve with these parameters
using Equation (13) gives the results in Figure 18.

A summary of the calculated characteristic lengths
from the different force curves obtained in the first exper-
iment is presented in Figure 20, the corresponding force
curves can be found in Appendix D.
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Figure 20: Characteristic lengths obtained for two different
particles in the first experiment. For particle b, measurements
using feedback and no feedback were performed.
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(a) The parameters used to reconstruct the force curve: lc = 6.96
µm, a = −6.52 · 10−5 and c = −1.41 · 10−4.
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Figure 21: (a) Experimental force curve from the second experiment and the reconstructed force curve by the dimensional model and
(b) the relative error between the two curves.

Similarly we consider one experimental force curve ob-
tained in the second experiment. The resulting charac-
teristic length is calculated to lc = 7.0 µm, and the pa-
rameter a is found to be a = −6.52 · 10−5. The resulting
fit with these values is presented in Figure 22.
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Figure 22: Result of the method for determining the character-
istic length for one of the experimental curves from the second
experiment, this fit is obtained using a characteristic length of
lc = 7.0 µm and the parameter a = −6.52 · 10−5.

Reconstructing the force curve with these parameters
using Equation (13) gives the results in Figure 21.

A summary of the calculated characteristic lengths
from the different force curves obtained in the second
experiment is presented in Figure 23, the corresponding
force curves can be found in Appendix E.
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Figure 23: Characteristic lengths obtained for three different
particles in the second experiment. For particle e, measurements
using feedback and no feedback were performed.



14

IV. DISCUSSION AND CONCLUSIONS

We began by assuming that the pointlike magnetic dipole
model could be used to approximate the interaction be-
tween arbitrarily shaped particles as long as the separa-
tion distance is much larger than the size of the particles.
It is a simple model to derive but still captures a lot of
the features of the interaction between real particles. In
the comparison between the pointlike magnetic dipole
model with the synthetic data generated by COMSOL
Multiphysics for two interacting spherical particles of ra-
dius r = 10 µm show in Figure 15 we see that the model
equation is a good fit. In the simulation the surface sep-
aration distance between the two spheres is at most 50
µm, which is only five times as great as the particle ra-
dius. The pointlike dipole model still performs well, even
though one initial key assumption was that the separa-
tion distance of the particles had to be much greater than
the particle size. This same good fit is found in all situ-
ations where spherical particles are used.

The pointlike dipole model does not perform equally
well for cylindrical and conical particles using the same
surface separation distances as for the two spheres. The
force curves for these two particle geometries were in-
stead implemented with the general shape-shape interac-
tion model which proved to give a good fit. This model
also gave good fit for the case of spherical particles, al-
though this result is not included in this report.

In experiments involving microsized and sub-
microsized magnetic particles it is difficult to know the
exact shape of the particles involved and the orienta-
tion and magnitude of the magnetic dipole moments.
The general shape-shape interaction model, although
promising, is of limited use to analyze real experiments
involving such particles. This model is probably more
suitable for larger magnetic particles for which the geom-
etry and dipole moments can more easily be controlled.
Another drawback with this model is in the complexity
of deriving analytic cross-correlation functions needed
in the calculations of the interaction energy. One have
to use more sophisticated numerical algorithms, one of
which is suggested in the article9.

The dimensional model of Equation (13) worked well in
describing synthetic data, as described in section II B 1.
This gave us confidence in applying the same method for
the experimental data, and through this model calculate
the characteristic length of real particles. It was also
possible to reconstruct the force curves, showing a good
fit with the experimental data.

The COMSOL-simulations were initially used as a vir-
tual laboratory due to the lack of data from real interac-
tions. We were able to confirm the validity of the Mat-
lab-implemented models with data obtained from COM-
SOL. The first COMSOL-simulations were implemented
as full 3D-simulations which took a long time to perform.
This was later changed to 2D-axisymmetric geometries

which drastically decreased the simulation times. The
benefit of using models implemented in Matlab com-
pared to the simulations in COMSOL Multiphysics is
that calculations can be performed even faster.

The results from the experiments performed using
AFM shows that the both qualitative and quantitative
agreement can be obtained with the model derived using
the dimensional model approach. The most prominent
sources of error in the experiments are (i) the particle
geometry is largely unknown, especially the character-
istic length of the particles and (ii) the orientation and
magnitude of the magnetic dipole moments are not com-
pletely known. The magnetization procedure limits the
uncertainty of the orientation of the dipole moment, but
the magnitude is still difficult to estimate without doing
specific measurements.

It was possible to calculate characteristic lengths from
the experimental curves. The calculated lengths are of
reasonable size compared to the horizontal extent of the
particles. It is also reasonable to assume that the parti-
cles should have characteristic lengths shorter than the
horizontal extents of the particle. The sample surface
used in the experiments consists of a small piece of glass
with a large number of magnetite particles attached (ran-
domly distributed). These particles should then in gen-
eral be placed in such a way as to lower the gravitational
potential energy. This is why we assume the particles to
have their shortest length perpendicular to the surface,
which is the length we have defined as the characteristic
length.

The measurements using the feedback system resulted
in characteristic lengths which deviated from measure-
ments without feedback. For the measurements on par-
ticle e shown in Figure 23 this deviation was approxi-
mately 10 µm. This deviation stems from problems with
the AFM-equipment, which is beyond the scope of this
project to solve.

We draw a few final conclusions from the above dis-
cussion. The pointlike dipole interaction model works
surprisingly well for spherical particles, which could also
be tested in a real experiment if spherical particles of
known dimension can be obtained. The characteristic
lengths obtained using the dimensional model are of rea-
sonable size compared to the horizontal extents of the
particles. This leads us to believe the model works well,
and should be tested in a situation where the actual char-
acteristic lengths are known.
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Appendix A: MATLAB FILES AND DATA DOWNLOAD

The Matlab scrips and functions created during this project and the data gathered form experiments/COMSOL
Multiphysics can be downloaded directly by clicking here or scanning the QR code below.

Appendix B: COMSOL MULTIPHYSICS

(a) Geometry for the pair of
interacting cylindrical particles
using 2D axisymmetric rotation
around r = 0.

(b) The mesh used for the pair
of interacting cylindrical parti-
cles, the mesh consists of 48900
elements.

(c) Geometry for the pair of
interacting conical particles
using 2D axisymmetric rotation
around r = 0.

(d) The mesh used for the pair
of interacting conical particles,
the mesh consists of 130738
elements.

Figure 24: The mesh and geometry used in COMSOL Multiphysics.

http://dl.dropbox.com/u/19545316/ltu/F7033T/Modeling%20the%20interactions%20between%20magnetic%20particles.rar
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Figure 25: A 2D-slice showing (a) two cylindrical particles interacting with each other and (b) two conical particles interacting with
each other. The color plot represents the logarithm of the H-field, the small black arrows represents the B-field and the blue arrow rep-
resents the force acting on the probe particle.

Appendix C: SYNTHETIC FORCE CURVES
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(a) The parameters used to reconstruct the force curve: lc = 13.3 µm,
a = −1.06 · 10−1 and c = −1.90 · 10−3.
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Figure 26: (a) The synthetic force curve for two cylinders interacting and the reconstructed force curve by the dimensional model and
(b) the relative error between the two curves.
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(a) The parameters used to reconstruct the force curve: lc = 40.0 µm,
a = −1.05 · 10−4 and c = −1.32 · 10−6.
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Figure 27: (a) The synthetic force curve for two cones interacting and the reconstructed force curve by the dimensional model and (b)
the relative error between the two curves.
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Appendix D: EXPERIMENT 1

(a) Particle 1 in experiment 1 with horizontal dimensions of 13.55
µm and 11.90 µm.

(b) Particle 2 in experiment 1 with horizontal dimensions of 14.56
µm and 18.48 µm.

(c) Probe particle used in experiment 1 and 2 with horizontal di-
mensions of 22.74 µm and 16.98 µm.

Figure 28: Magnetite sample and probe particles used in the first experiment. The same probe particle was also used in experiment 2.
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(a) The parameters used to reconstruct the force curve: lc = 5.01 µm,
a = −3.06 · 10−3 and c = −1.22 · 10−3.
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Figure 29: (a) The second experimental force curve for particle a and the reconstructed force curve by the dimensional model and (b)
the relative error between the two curves.
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(a) The parameters used to reconstruct the force curve: lc = 3.38 µm,
a = −3.35 · 10−3 and c = −1.58 · 10−3.
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Figure 30: (a) The first experimental force curve for particle b and the reconstructed force curve by the dimensional model and (b) the
relative error between the two curves.
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(a) The parameters used to reconstruct the force curve: lc = 2.71 µm,
a = −3.57 · 10−3 and c = −8.63 · 10−4.
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Figure 31: (a) The second experimental force curve for particle b and the reconstructed force curve by the dimensional model and (b)
the relative error between the two curves.

Appendix E: EXPERIMENT 2
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(a) The parameters used to reconstruct the force curve: lc = 7.36 µm,
a = −6.45 · 10−5 and c = −1.59 · 10−4.
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Figure 32: (a) The second experimental force curve for particle c and the reconstructed force curve by the dimensional model and (b)
the relative error between the two curves.
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(a) The parameters used to reconstruct the force curve: lc = 7.00 µm,
a = −7.31 · 10−5 and c = −1.92 · 10−4.
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Figure 33: (a) The third experimental force curve for particle c and the reconstructed force curve by the dimensional model and (b)
the relative error between the two curves.
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(a) The parameters used to reconstruct the force curve: lc = 6.91 µm,
a = −7.24 · 10−5 and c = −1.83 · 10−4.
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Figure 34: (a) The fourth experimental force curve for particle c and the reconstructed force curve by the dimensional model and (b)
the relative error between the two curves.
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(a) The parameters used to reconstruct the force curve: lc = 6.97 µm,
a = −6.28 · 10−5 and c = −1.50 · 10−4.
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Figure 35: (a) The fifth experimental force curve for particle c and the reconstructed force curve by the dimensional model and (b) the
relative error between the two curves.
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(a) The parameters used to reconstruct the force curve: lc = 4.50 µm,
a = −3.28 · 10−4 and c = −3.36 · 10−4.
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Figure 36: (a) The first experimental force curve for particle d and the reconstructed force curve by the dimensional model and (b) the
relative error between the two curves.
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(a) The parameters used to reconstruct the force curve: lc = 2.56 µm,
a = −5.37 · 10−4 and c = −1.10 · 10−3.
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Figure 37: (a) The first experimental force curve for particle e and the reconstructed force curve by the dimensional model and (b) the
relative error between the two curves.
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(a) The parameters used to reconstruct the force curve: lc = 2.52 µm,
a = −4.48 · 10−4 and c = −8.82 · 10−4.

0.5 1 1.5 2 2.5 3 3.5

0

1

2

3

4

·10−2

Surface separation (µm)

E
rr
or

(b) The relative error.

Figure 38: (a) The second experimental force curve for particle e and the reconstructed force curve by the dimensional model and (b)
the relative error between the two curves.
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(a) The parameters used to reconstruct the force curve: lc = 12.8 µm,
a = −2.96 · 10−5 and c = −1.99 · 10−5.
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Figure 39: (a) The third experimental force curve for particle e and the reconstructed force curve by the dimensional model and (b)
the relative error between the two curves.
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