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Abstract

One of the most common methods for making images with ultrasound is to use the pulse-
echo method. The basic idea is to determine the time delay between different echoes from
different points on the object. This method assumes that the echoes only differ in arrival
time. If the shape of the echo is dependent on where on the surface it is reflected, this
method can yield an inaccurate image. To be able to compensate for this or to extract
information from the shape of the echo, it is crucial to know the characteristics of the
transducer. One such characteristic is the single point echo (SPE), i.e. the echo from
a point reflector. In this report, we propose a method to experimentally determine the
SPE. The direct measurement of this echo is not possible due to practical problems and
diffraction effects. We use a tomographic approach where we can determine the SPE
from a series of measured echoes from sliding halfplanes.
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1 Introduction

The most common and straightforward way to use ultrasound in nondestructive evalu-
ation (NDE) and medical imaging is the pulse-echo method [15]. The basic idea of this
method is to get a 3-dimensional (3D) image of an object by comparing the echoes from
different positions on the surface. Points closer to the ultrasonic transducer will yield
an echo that returns earlier than echoes from points further away. From this difference
in time-of-flight (TOF) and knowledge of the acoustic speed in the medium, it is possi-
ble to calculate the height of the surface and thus get a 3D image of the object. One
problem with this approach is that different echoes may not have the same shape and
thus the TOF is not simple to estimate or even to define. On the other hand, the fact
that echoes may not have the same shape may give us additional information, such as
the slope of the neighbourhood of the measured point. Knowing the characteristics of
the ultrasonic transducer it is possible to extract this information or to perform a better
TOF-estimation. Ultrasonic reflection is nonlinear but a good approximation is to model
the echo from a point r in the acoustic field as the output of a linear system [10]:

Figure 1: Ultrasonic echoes modelled as a linear system.

The transfer function T (t) denotes the acoustoelectric relationship of the transducer
and h(r, t) is the spatial impulse response which relates the transducer geometry to the
acoustic field [10]. The indices T and R denote transmitting and receiving modes. For
many geometries of the transducer, hT (r, t) has been calculated analytically. The solution
for a spherical focused transducer is found in [1, 13]. Since the transmitting transducer
is also used to receive the echoes, we can use a reciprocal relationship to simplify the
above system. For a given transducer in reception, the output voltage waveform due to
a pulse emitted at a point is identical to the pressure waveform at that point resulting
from transmission of the same pulse by the transducer [17]. If we denote the input and
output voltages by ei(t) and eo(r, t), we will get the following relationship:

eo(r, t) = TR(t) ∗ hR(r, t) ∗ hT (r, t) ∗ TT (t) ∗ ei(t) (1)

where ∗ denotes convolution in the time domain. If we merge all the individual transfer
functions into just one, f(r, t), we will get
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eo(r, t) = f(r, t) ∗ ei(t) (2)

There are practical problems in measuring the single point echo. To be considered
as point reflector, the size of the reflector has to be less than a wavelength. Since the
wavelength in our experiments is λ = 0.32 mm, this is very difficult in practice. The echo
from a reflector of such a size would be completely drowned in the background noise. If
the size of the reflector is increased there will be the phenomenon of spatial smoothing,
i.e. several points will contribute to the total echo. The goal of this report is to show how
the single point echo f(r, t) can be experimentally determined by an indirect method. By
measuring the echoes from sliding half-planes, which have a much larger SNR than point
echoes, and using an inversion algorithm similar to those in tomography, it is possible to
find the point echoes [6]. Although our method works for all types of circular symmetrical
ultrasonic transducers and media, our research and experiments have been carried out in
air. The description of a transducer in this report is therefore made under the condition
that the medium is air.
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2 The transducer

2.1 Geometry of the transducer

When ultrasonic transducers are to be used in air, it is better to use a focused transducer
than an unfocused one since the attenuation of the ultrasonic pulses is much larger in
air than in water. The intensity would become too low if we used a plane transducer.
Almost all focused transducers have a spherical shape. As in optics, there is a tendency
to think of spherical as being the most ’natural’ form for an acoustical focusing surface,
and it is important to bear in mind that the common use of the spherical surface generally
comes about because it is often easier to produce, rather than because it is in any way
inherently better than alternative surfaces [9]. The geometry of a focused transducer is
shown in Fig. 2. R is the radius of curvature and a is the radius of the transducer.

Figure 2: Cross section of a focused transducer.

The aim of the curvature of the surface is to make all waves coincide at one point,
the focus point. Although this is not completely accomplished, the curvature does bring
about a narrow beam at the focal distance. In the focal point we have constructive
interference, but off the symmetry axis, the waves interfere destructively and thus give
less intensity. The width of the ultrasonic beam is usually defined as the distance between
the first off-axis intensity minima in the focal plane. Mathematically, the width is given
by [9] as

D = 1.22
λR

a
(3)

where λ is the wavelength. As this width decreases, the more focused the transducer
becomes. The strength of the focus is defined as [9]
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γ =
a2

λR
(4)

Three situations are defined by Kossoff [12]

weak focusing 0 < γ ≤ 2
medium focusing 2 < γ ≤ 2π
strong focusing γ > 2π

The definition of focus point is not unambiguous. Other possible points are the axial
position corresponding to ’minimum beam width’ according to one of several definitions
or the position of maximum axial intensity. The latter is always closer to the transducer
than the centre of curvature. As the focusing strength increases, the point of maximum
intensity approaches the geometric focus point. In this report we shall use the centre of
curvature as the focus point.

2.2 Radial displacements

The transducer used in the experiments has the following measurements: a radius of
curvature R of 45 mm, a transducer radius a of 10 mm and a center frequency of 1.04
MHz which gives a wavelength λ ≈ 0.32 mm. It was designed by Hans W. Persson, Lund
Institute of Technology, for the investigation presented in [15] and is acoustically adapted
for air. Calculating the focus strength according to (4), we have γ=6.9. With Kossoff’s
definition, this is a strongly focused transducer. The beam width is equal to D=1.76 mm
and is given by (3). The theoretical intensity in focal plane as a function of the distance
r from the symmetry axis is shown in Fig. 3.

2.3 Depth of focus

Besides the width of focus, there is also a depth in the axial direction. There are several
definitions here, e.g. Kino [11] uses the 3 dB range to determine the depth of focus.
We define the depth as the distance between the points where the intensity is 3 dB less
than at the focal point. The acoustical potential Φ varies along the symmetry axis and
assuming that the beam intensity is proportional to |Φ|2, a simple approximation for this
distance is [11]

dz(3dB) =
1.8R2λ

a2
(5)

In Fig. 4, the intensity (or more correctly, |Φ|2) is shown as a function of the distance z
along the symmetry axis, between the observed point and the transducer. The scale on
the ordinate is normalized with the intensity at the focal point. The maximum intensity
is achieved not at the focal point but at a point closer to the transducer. As a comparison,
the reflected energy of the echo, i.e.

∫
s2(t)dt, from perpendicular planes is also plotted
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Figure 3: Off-axis intensity in the focal plane.

in the same figure. The scale is normalized with the energy at the focal plane and the
maximum is again achieved not at the focal plane but closer to the transducer. Here
we must emphasize the fact that the solid line in Fig. 4 is the reflected energy of planes
while the dashed line (the theoretical intensity) is at a field point. They are therefore not
comparable but as we can see they have a resemblance which is quite natural.

2.4 Axial displacements

The reflected energy plot is quite flat at its maximum, see Fig. 4. If we make an axial
displacement of ± 0.5 mm of the reflecting surface from the geometrical focus, the re-
turning energy will only change by approximately ± 1 %. In Fig. 5, two echoes from
plane surfaces with different axial distances are shown. The distance in (a) is R − 0.5
mm and in (b) R+ 0.5 mm. They differ only in the time delay while the signal shape is
approximately the same. This leads us to make an important approximation: Close to
the geometrical focus, an axial displacement does not affect the signal shape but merely
gives a time delay. This is not surprising if we look at the definition of focal depth in
(5). Using the actual value of the transducer we will get a 3 dB-depth of dz(3dB)=11.7
mm. Thus a movement of 0.5 mm should not affect the echo in any major way.
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3 Theory

3.1 Ultrasonic echoes

We can make a simple model of the ultrasonic echo from an arbitrary object by using
some commonplace approximations. First of all we assume the reflector to be rigid and
that there are no internal penetration of radiation. We further assume the propagating
medium to be homogeneous and nondissipative. Consider the case when the reflector
is pointlike. Under the assumption that the incident ultrasonic pulse is locally plane in
the neighbourhood of the point, we may treat the reflector as an equivalent point source
[17]. Although this assumption can not be strictly true, at least not in the nearfield of
the transducer, it serves to create a simple reflection model. Since a reflector can be
thought of as being made up of points on its surface, we can model the reflector to be
a collection of point sources. We now apply Rayleigh’s equation which expresses the
velocity potential at a field point as the sum of contributions from elementary Huyghens’
sources, each radiating a hemispherical wave into the medium [14]. Thus, the velocity
potential at a point on the transducer’s surface at reception is the sum of the contribution
of the point sources on the reflector. Assuming that the total response of the transducer
is the integrated field over its surface, we find that the pulse-echo system is linear. The
ultrasonic echo from an arbitrary object can be thought of as a sum (or an integral) of
echoes from all the points on the reflecting surface. Furthermore, we shall assume the
transducer to be circular symmetrical around its axis in the propagating direction. If
it is carefully produced this should be the case. With this model of the reflection of
ultrasonic pulses, we can, for instance, formulate the echo from a infinitesimal thin line
with infinite length. If the line L is placed as Fig. 6 shows, the returning echo, fλ(x, t)
can be written as an integral of the single point echoes along the line L.

fλ(x, t) =
∫ ∞
−∞

f(x, y, t)dy (6)

Here f(x, y, t) is the echo from a single point at coordinates (x, y). The line is parallel
to the y-axis with a distance of x. Since the transducer is taken to be axisymmetrical,
it does not matter in which direction the line lies as long as its perpendicular distance
to the vertical axis of the transducer is the same. It is parallel to the y-axis for reasons
of simplicity. Note that the echo is also time-dependent. Since the time t is fixed in
our calculations, we shall from now on drop it for the sake of clarity. Using the radial
symmetry, f(x, y) can be written as f(r). Rewriting (6) with polar coordinates

x2 + y2 = r2

2ydy = 2rdr

gives
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fλ(x) = 2
∫ ∞
x

f(r)
r√

r2 − x2
dr (7)

Using the assumption that the echo from a plane surface is equal to the sum of echoes
from parallel lines or bands that make up the surface, we can integrate (7) over all x and
get the reflection from a semi-infinite plane as Fig. 7 shows. The half-plane echo g(p)
can in this case be written as

Sπ(p) = 2
∫ ∞
p

∫ ∞
x

f(r)
r√

r2 − x2
drdx (8)

The function g(p) can be measured if we have a coordinate table which can move
the transducer in a controlled way. We place the transducer over an edge and scan the
half-plane in the x-direction. This is a spatial sampling of the function g(p). The single-
point echo, f(r), is a fundamental characteristic of the transducer and thus we want to
’inverse’ (8) to obtain it.

3.2 Abel transform

For an number of areas such as optical-image formation, television-raster display and
mapping by radar, a very useful tool is the Abel transform [2]. These fields contain
projections from distributions in two dimensions into one dimension. A typical example
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is the electrical response of a television camera as it scans across a narrow line. The Abel
transform fA(x) of the function f(r) is defined as

fA(x) = 2
∫ ∞
x

f(r)
r√

r2 − x2
dr (9)

The choice of the symbols x and r is suggested by the many applications in which they
represent an abscissa and a radius, respectively, in the same plane. From the Abel
transform the original function can be obtained,

f(r) = − 1

π

∫ ∞
r

f ′A(x)√
x2 − r2

dx (10)

A proof of this inversion is given in [2]. Using this inversion formula, we can obtain the
single-point echo f(r) from the echo from semi-infinite, perpendicular half-planes, g(p).

3.3 Single point echo

Examining the relation between the line echo fλ(x) and the single point echo f(r), it is
obvious that (7) is the Abel transform of f(r). Using the inversion formula (10) we get

f(r) = − 1

π

∫ ∞
r

dfλ(x)

dx

1√
x2 − r2

dx (11)
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Further, according to our assumption, the half-plane echo g(p) is the integral of the line
echo fλ(x). Knowing the relationship

g(p) =
∫ ∞
p

fλ(x)dx (12)

we can substitute fλ(x) to get the closed form of the connection between f(r) and g(p).
Taking the derivatives on both sides of (12) yields

dg(p)

dp
= −fλ(p) (13)

Combining (11) and (13) results in

f(r) =
1

π

∫ ∞
r

g′′(p)√
p2 − r2

dp (14)

3.4 Integration kernel

To calculate the single-point echo f(r) we must evaluate the integral (14). Since g(p) is
a measured signal which will contain noise, it is not a very good idea to differentiate it
twice numerically. Instead we rewrite (14) using a kernel defined as

K(p, r) =


− 1√

p2−r2
p < r

0 −r ≤ p ≤ r
1√
p2−r2

r < p
(15)

fλ(p) is the echo from a line with a perpendicular distance of p from the focal point.
Under the assumption of a circular symmetrical transducer, this is an even function and
thus f ′λ(p) is an odd function. Then g′′(p) = −f ′λ(p) is an odd function and since the
kernel is also an odd function we can write the single-point echo as

f(r) =
1

2π

∫ ∞
−∞

g′′(p)K(p, r)dp (16)

In Appendix A, we show how we can remove the differentiation of g(p) through integrating
by parts. Equation (16) can then be rewritten as

f(r) =
1

2π

∫ ∞
−∞

g(p)K ′′(p, r)dp (17)

This integral contains a singularity at p = ±r. Since this will cause us great numeri-
cal problems we introduce the approximated kernel Kε(p, r) as proposed in [8]. Since
K(p, r) = K(p, r) ∗ δ(p), we write the approximated kernel Kε(p, r) = K(p, r) ∗ Ψε(p),
where Ψε(p) is an approximation to the Dirac function δ(p). Using Kε(p, r) instead of
K(p, r) will result in a ”smoothing” of the integrand. This will eliminate the singulari-
ties. The approximation we used is described in Appendix B. Now we can formulate the
single point echo as
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f(r) ≈ fε(r) =
1

2π

∫ ∞
−∞

g(p)K ′′ε (p, r)dp (18)

Now there is a final problem.We only know approximations of g(p) for certain values of
p. If we make the approximation that g(p) is constant over a sample interval, since it
can be assumed to vary less than Kε(p, r), we can write (18) as a sum

fε(r) =
1

2π

∞∑
k=−∞

g(k∆p)C(k, r) (19)

where C(k, r) = K ′ε((k + 1
2
)∆p, r) − K ′ε((k − 1

2
)∆p, r) and ∆p is the step length in x-

direction. This is shown in Appendix A.
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4 Error estimates

4.1 Error model

There are two dominating types of error that will affect the accuracy of our calculations.
The first one originates from the fact that we modify the integration kernel in order to
remove the singularities. The other error is the measurement noise that will be present
in the half-plane echoes g(p). If the measurements are g(p) = g0(p) + n(p), where g0(p)
is the actual half-plane echo and n(p) is additive noise, we can write the approximated
point echoes as

fε(r) =
∫ ∞
−∞

K ′′ε (p, r)g(p)dp =
∫ ∞
−∞

K ′′ε (p, r)g0(p)dp︸ ︷︷ ︸
f(r) + bε(r)

+
∫ ∞
−∞

K ′′ε (p, r)n(p)dp︸ ︷︷ ︸
nε(r)

(20)

where f(r) is the actual point echo, bε(r) is the approximation error due to Ψε(p) and
nε(r) stems from the measurement noise.

4.2 Noise error

The resulting noise variance E {n2
ε(r)} may be calculated numerically. We choose the

approximative Dirac-function Ψε(p) to look the following way, as proposed in Appendix
B.

Ψ′′ε(p) =



0 p < −2ε
1/2ε3 −2ε ≤ p < −ε
−1/2ε3 −ε ≤ p < ε
1/2ε3 ε ≤ p < 2ε
0 2ε ≤ p

(21)

In Fig. 8, Ψ′′ε(p) and Ψε(p) are plotted. Since we have a finite number of measurements,
(19) can be written in matrix form:

fε =


fε(∆r)
fε(2∆r)

...
fε(N∆r)

 =


C(−M,∆r) . . . C(M,∆r)
C(−M, 2∆r) . . . C(M, 2∆r)

...
. . .

...
C(−M,N∆r) . . . C(M,N∆r)




g(−M∆p)
g((−M + 1)∆p)

...
g(M∆p)

 = Cg

(22)
The function C(·, ·) is defined in (19) and we calculate N samples of the point echoes
from 2M + 1 samples of the half-plane echo. If the sampled additive measurement noise
is white with a variance of σ2, the covariance matrix of the noise nε in the point echoes
is
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E{fεfTε } = E{CnεnTεCT} = σ2CCT (23)

The variance of fε(r) is plotted as a function of radius r in Fig. 9a and as a function of
design parameter ε in Fig. 9b. We see from these figures that the noise error increases
for decreasing values of r and ε.
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(b).

4.3 Approximation error

The error that is made due to the approximation by using Kε(p, r) = K(p, r) ∗ Ψε(p)
instead of the original kernel can be expressed as
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bε(r) = f(r)− fε(r) =
∫ ∞
−∞

(K(p, r)−Kε(p, r)) g
′′
0(p)dp (24)

As we can see, this error depends heavily on the half-plane echo g0(p). A simple estimate
of the integral in (24) can be made as

|bε(r)| ≤ max
p
|g′′0(p)|

∫ ∞
−∞
|K(p, r)−Kε(p, r)|dp (25)

This integral can be numerically evaluated. In Fig. 10a, the error is plotted as a func-
tion of r and in Fig. 10b, as a function of ε. As can be seen, the error increases as r
decreases. This is a known phenomenon from tomography since the larger r is, the more
measurements will depend on f(r). This results in a reduced accuracy for small r. From
the figure, it is obvious that the error decreases as ε decreases. This is quite natural since
Ψε(p)→ δ(p) as ε→ 0.
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4.4 Choosing the design parameter ε

From the previous calculation we see that there is a trade-off between approximation
error and noise variance. Choosing a small ε results in a small approximation error and
large noise variance and vice versa. There is also the effect of numerical stability to
consider. The smaller ε becomes, the more Kε(p, r) resembles the singular kernel K(p, r)
and thus creates numerical problems. Experiments have shown that it is best to choose
a relatively large ε and thus making it a priority to keep the noise variance small.
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5 Equipment

In Fig. 11, the equipment used in the experiments to produce, measure and process the
ultrasonic signals is shown. The following equipment was used:

Figure 11: Equipment used in experiments.

• PC. The equipment is controlled by a PC. It is a Victor 386T/33 equipped with:

– A digital signal processor (DSP) card. This card processes the digital sig-
nals using its own fast processor. In our experiments, it was used to average
echoes, see Section 6. It has on-board memory and runs parallel with the
PC-processor. The DSP-card is from Loughborough Sound Images Limited
and the signal processor is a TMSC320C30 from Texas Instruments.

– A transient capture card (TCC). This card is controlled by the DSP-card and
contains an analog-digital converter. It obtains an analog signal, samples it
and stores the sample values in DSP-memory. Possible sample frequencies
range from 8 MHz to 20 MHz. This card also comes from Loughborough
Sound Images Limited.

• Pulse generator. It generates a short electrical excitation pulse for the ultrason-
ics transducer. The pulse duration is less than 2 µs. The pulse generator is a
Panametrics 5052PR.
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• Focused ultrasonic transducer. Due to the excitation by an electrical pulse, it
generates an ultrasonic pulse. It is also used as a receiver and converts the in-
coming sound pulse to an electrical signal. It was designed by Hans W. Persson,
Lund Institute of Technology, Sweden, for the investigation presented in [15] and
is acoustically adapted for air.

• XYZ-coordinate table. Equipped with three step motors to move the transducer.
The smallest step it can move is 1/80 mm, i.e. 12.5 µm. The model of the table is
Solectro E2273.

• A step motor control device. It converts digital control words received from the PC
to a control signal for the XYZ-table. The step motor controller also comes from
Solectro and is called E3380.

Equipped with a digital signal processor card (DSP-card) and a transient capture
card (TCC), the PC controls two tasks:

• The movement of the transducer via the step motor control device.

• The acquisition of the sound echoes via the TCC.

The XYZ-table moves the transducer over the surface to be scanned. It is supplied
with three step motors. Therefore, the transducer can be moved in three dimensions.
These step motors are controlled by a step motor control device, which is directly linked to
the PC. The pulse generator generates a short electrical pulse with which the transducer
is excited. The transducer transforms this electrical pulse into an ultrasonic pulse, which
is transmitted through the medium in the direction of the surface. The pulse will reflect
against the surface and the reflected signal will come back to the transducer. This signal
is converted to an electrical signal and is sent back to the pulse generator, which is
supplied with an output plug. The total electrical signal acts as the input to the TCC.
The incoming signal is converted by the A/D-converter and the echoes are averaged
with a special method described in [7] in order to improve the SNR, see Section 6. The
sample array is then directly stored in the on-board memory of the DSP-card. The
synchronizing of the sampling and the excitation of the transducer is done by the DSP-
card. As described in the preceding section, the PC controls and synchronizes all the
activities performed by the peripherals. The software for the PC is written in Microsoft
C and for the DSP, a special C-compiler from Texas Instruments was used. A thorough
description of the software can be found in [16] where a user manual and an explanation
of the C-code is provided.
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6 Experiments

We have done our experiments on a brass block using the above mentioned transducer
with R = 45 mm, a = 10 mm and λ ≈ 0.32 mm. In order to measure g(p) we placed the
transducer just above the edge of the brass block. We moved the transducer over the edge
using the XYZ-table and for each position we measured the echo 100 times. These echoes
can not be averaged in the usual way because they all contain a small random time shift.
This time shift is caused by small inhomogeneities in the medium (temperature gradients
and air turbulence in our case) and the inaccuracy of the pulse generator. The electric
pulse that excites the transducer is produced by charging a capacitor and this process is
probably not repeatable with the accuracy that we require. An investigation performed
by us show that there are small random time shifts in the size range of 20 − 30 ns in
the echoes. The same problems have been reported in [5]. Averaging the echoes in the
normal way will both distort the shape and the arrival time of the echo. Instead, an
averaging process described in [7] was used instead. This process estimates all the time
shifts between the 100 echoes, interpolates the echoes so that they are aligned in time and
then averages them. An average of these echoes was then stored in the computer. The
sample frequency was 20 MHz and we took 1024 samples which makes the sweep length
51.2 µs. This time is sufficient for the echo to disappear almost completely. Between each
measurement of a single echo, we moved the transducer 12.5 µm. The perspex was placed
perpendicular to the transducer’s movement. The spatial range in the p-direction was
5 mm, i.e. 2.5 mm on each side of the symmetry axis since we can neglect points further
away than this distance. One problem with the measurements is to determine where the
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Figure 12: The half-plane echoes g(p, t) for certain fixed points in time.
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origin of coordinates is. We define it as where the edge is (i.e. p=0 is precisely over the
edge) but in practice it is almost impossible to determine the position of the edge with an
accuracy of 12.5 µm or less. When the measurements are done we can determine where
the origin of coordinates is from g(p). Fig. 12 shows g(p, t) as a function of p for certain
fixed points in time. Under the assumption of circular symmetry we know that the sum
of g(p) and g(−p) is constant. In fact it should equal limp→−∞ g(p) since this is an echo
from a infinite plane. The simplest and most straightforward way to determine the origin
of coordinates is to test which value of k makes the sum g(k) + g(N − k) look most like
a line, e.g. with a least square criterion. Here we let k be the index of the measurement
and N the total number of measurements. This method gives us the position of the edge
with an accuracy of ±∆p/2, where ∆p is the step size in the x-direction.
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7 Results

7.1 Single point echoes

The calculation of the single-point echoes has been carried out as described in Section 3.4.
For the approximated Dirac-function we used the piecewise constant function described
in Appendix B. The parameter ε was chosen to be 16∆p, where ∆p is the step length
of the XYZ-table in x-direction, i.e. the spatial sample interval. This was chosen to be
12.5 µm. Below in Fig. 13, f(r, t) is shown as a function of time for certain r:s.

t  (ms)

Normalized amplitude

r=0 mm

r=0.5 mm

r=1 mm

-3

-2

-1

0

1

2

3

0 5 10 15 20 25 30

Figure 13: Calculated single point echoes (SPE) for different radial distances.

The ultrasonic path lengths for the focal point echo are all equal to R, the radius of
curvature of the transducer. An off-axis point will have a shortest path length of slightly
less than R and a longest slightly larger than R. This means that the echo will ’begin’
earlier for points further away from the axis of symmetry. The path length distribution
also results in an echo with longer duration for distant points. This can be seen in Fig.
13 where the echo for r = 1 mm begins earlier and has a longer duration than the echo
from the focal point. Another interesting feature of the single point echoes is that they
seem to consist of two identical ’sub-echoes’ with different amplitudes and separated in
time. These parts are almost completely separated for r = 1 mm but integrated for r = 0
mm. It should be noted that amplitudes in Fig. 13 have been normalized in order to
better see the signal shape. The reflected energy of the point reflector as a function of
radial distance r is shown in Fig. 14.
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Figure 14: Reflected energy of the single point reflectors, cf Fig. 3.
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Figure 15: The focal point echo for different values of ε.

As discussed in Section 4, a smaller ε will decrease the approximation error but
increase the noise variance. Since the only error we can observe is the noise, we found
by inspection that ε = 16∆p was a good choice. The echo from the focal point is shown
in Fig. 15 for three different values of ε.
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7.2 Simulating echoes from sloping planes

Using these calculated SPE:s we can simulate the echoes from different reflectors with
known shapes using the superposition assumption. A simple shape is a sloping plane
with its surface at the focal point of the transducer. If the tilting angle of the plane is
small, no points with a substantial contribution to the total echo (i.e. points within a
radial distance of approximately 1 mm) will be displaced very far from the focal plane.
This means that we can assume that these points yield an echo that has the same shape
as if the point had been in the focal plane at the same radial distance. The validity of
this assumption is justified by the arguments in section 2.4.

Figure 16: Contribution from points at a distance of r

Using the above mentioned assumptions and the geometry in Fig. 16, we can integrate
the contribution of all points at a distance r from the axis of symmetry:

Sα(t) = 2
∫ ∞

0

∫ 2π

0
rf(r, t− 2 tanα

c
r cosφ)dφdr (26)

The axial displacement due to the tilting of the plane is ∆z = r cosφ tanα and the
corresponding time delay ∆t = 2∆z/c. Fourier transforming Sα(t) results in

Gα(ω) = 2
∫ ∞

0

∫ 2π

0
rF (r, ω)e−jω

2 tanα
c

r cosφdφdr =

4
∫ ∞

0
rF (r, ω)J0(ω

2 tanα

c
r)dr (27)

where J0(·) is the zeroth order Bessel function of the first kind. This means that we can
calculate the echo from a sloping plane by Fourier transforming the single point echoes,
with respect to t, calculate the integral in (27) and perform the inverse Fourier transform.
The echo from a sloping plane with a tilting angle of 5o has been both simulated and
measured. The results are shown in Fig. 17. As can be seen, the resemblance is fairly
good for the first part of the echo, while the trailing parts differ. The duration of the
simulated echo is also not accurate, which may be due to factors discussed in section 8.

21



   

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2

0 5 10 15 20 25 30

t  (ms)

Normalized amplitude

Measured

Simulated

Figure 17: Measured and simulated echo from a 5o tilted plane.
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8 Conclusion and discussion

In this report we have presented a method to extract an essential parameter for ultrasonic
transducers, namely the single point echo (SPE). It is possible to measure the SPE
directly by using a point reflector. However, this causes some practical problems. The
reflector must be of such a size that it can be considered a point reflector. This will result
in very weak echoes, especially if one is to use airborne ultrasound. It will also put very
high demands on the reflector, such as the smoothness of the surface. If the size of the
reflector increases there will be a spatial smoothing of the reflected echo.

As for the experiments, there are of course a number of sources of error. One has been
mentioned earlier in this report. It is crucial to find where the origin of coordinates is in
order for the calculations to be accurate. We used the simple fact that g(p) + g(−p) =
2S(0) but there are other methods as well. Another problem is the fact that there are
small random time shifts in the echoes. They are caused by temperature fluctuations, air
movement and inaccuracies in the pulse transducer. Normally they do not constitute a
major problem but since we are interested in a cross-section, i.e. the echoes as a function
of spatial distance p instead of time t, this will affect the accuracy of the calculations. A
small misalignment in time direction can result in a drastic change in spatial direction.
This means that we have to be very careful about the position in time of the echoes. We
have designed a special averaging algorithm that deals with this problem, see [7]. This
algorithm decreases the misalignment distortion and thus improves the measurements of
g(p).

One other thing that could give erroneous results is that the transducer is not circular
symmetric. If this is the case, one should use the Radon transform instead of the Abel
transform [4]. The latter assumes circular symmetry while the former is a more general
form of tomography. The measurements should be extended to also record the angular
dependency of the echo. This means that the measured echo g(p, t) should not only be
a function of the distance p from the focal point to the half-plane, but also of the angle
β between the x-axis and the half-plane’s normal.
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Appendix A Partial integration of ∫
g′′(p)Kε(p, r)

The single-point echo is found to be

f(r) =
1

2π

∫ ∞
−∞

g′′(p)K(p, r)dp (28)

Since this contains the second derivative of g(p), we must rewrite this formula. It is not
possible, for an accurate calculation, to numerically differentiate the signal g(p) twice,
since it is a noisy measurement. Also, the kernel K(p, r) is singular for p = ±r. These
two problems can be eliminated if we rewrite (28). We replace the kernel K(p, r) with
Kε(p, r) = K(p, r) ∗ Ψε(p) in the integral. The symbol * denotes convolution and Ψε(p)
is a twice differentiable function such that Ψε(p) → δ(p) when ε → 0. Kε(p, r) will be
differentiable and K(n)

ε (p, r)→ 0 when |p| → ∞ for n = 0, 1, 2. We have

f(r) = lim
ε→0

fε(r) = lim
ε→0

1

2π

∫ ∞
−∞

g′′(p)Kε(p, r)dp (29)

We can use partial integration to rewrite fε(r) as

fε(r) =
1

2π
[g′(p)Kε(p, r)]

∞
−∞ −

1

2π

∫ ∞
−∞

g′(p)K ′ε(p, r)dp (30)

To obtain limp→±∞ g
′(p), we can reason from a physical point of view. Since g′(p) =

−fλ(p), it is the echo from a line surface (apart from the sign change). When p→ ±∞,
g′(p) will be an echo from a empty room, since the reflecting line is at an infinite distance.
As |p| increases we find that both g′(p) and Kε(p, r) move towards zero. Thus the first
term of (30) will be zero. Using partial integration on the remaining term, we will get

− 1

2π

∫ ∞
−∞

g′(p)K ′ε(p, r)dp =
1

2π
[g(p)K ′ε(p, r)]

∞
−∞ +

1

2π

∫ ∞
−∞

g(p)K ′′ε (p, r)dp (31)

Using the same reasoning as before we see that limp→∞ g(p) = 0 since this is an echo
from an empty room. When p→ −∞, g(p) will be the echo from a infinite surface. This
makes g(p) bounded as p → −∞. Since K ′ε(p, r) → 0 as | p |→ ∞, the first term will
disappear and we can write fε(r) in a form which does not contain any derivatives of
g(p).

fε(r) =
1

2π

∫ ∞
−∞

g(p)K ′′ε (p, r)dp (32)

This rewriting and introduction of an approximated kernel has eliminated the problems
of numerical differentiation and the singularities of the original kernel. One more thing
needs to be done before we can calculate fε(r). The half-plane echo g(p) is a sampled
signal since it is only measured in a finite number of points. By dividing (32) into a sum
of integrals we can express it as
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∫ ∞
−∞

g(p)K ′′ε (p, r)dp =
∞∑

k=−∞

∫ pk+1

pk

g(p)K ′′ε (p, r)dp (33)

If we make the approximation that g(p, t) is constant over a sample interval in x-direction,
we can choose the pk:s to be just between two samples. The advantage of putting pk =
(k − 1

2
)∆p, where k∆p are the sample positions, is that we can place g(p, t) outside the

integral because it is constant in that integration interval. We can rewrite (33) as

∞∑
k=−∞

∫ pk+1

pk

g(p)K ′′ε (p, r)dp ≈
∞∑

k=−∞
g(k∆)

∫ pk+1

pk

K ′′ε (p, r)dp (34)

The integrals in this sum can now easily be calculated and we can express the single
point echo as a sum

fε(r) =
1

2π

∞∑
k=−∞

g(k∆)[K ′ε(p, r)]
pk+1
pk

=

1

2π

∞∑
k=−∞

g(k∆)(K ′ε((k +
1

2
)∆, r)−K ′ε((k −

1

2
)∆, r)) (35)
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Appendix B Approximation of δ(p)

The approximate Dirac function Ψε(p) must satisfy two primary conditions:

• It must be twice differentiable.

• limε→0 Ψε(p) = δ(p)

To be a good approximation we add two more conditions,
∫∞
−∞Ψ′ε(p)dp = 0 and

∫∞
−∞Ψ′′ε(p)dp =

0. It is obvious that there are many possible choices of Ψε(p) and we choose one of the
simplest. By calculating ’backwards’, we start by defining

Ψ′′ε(p) =



0 p ≤ −2ε
1/2ε3 −2ε < p ≤ −ε
−1/2ε3 −ε < p ≤ ε

1/2ε3 ε < p ≤ 2ε
0 2ε < p

(36)

The reason that we use a scaling factor is that we want
∫∞
−∞Ψε(p, r) = 1. Integrating

twice gives Ψε(p) as

Ψε(p) =



0 p ≤ −2ε
p2/2+2εp+2ε2

2ε3
−2ε < p ≤ −ε

−p2/2+ε2

2ε3
ε < p ≤ ε

p2/2−2εp+2ε2

2ε3
ε < p ≤ 2ε

0 2ε < p

(37)

Because we started with the second derivative of Ψε(p) we know that it is twice differ-
entiable. As we can see from Fig. 18, where ε = 0.05, the symmetry of Ψ′ε(p) and Ψ′′ε(p)
fulfil the two additional conditions that we mentioned.
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Figure 18: (a) Ψ′′ε(p) (b) Ψ′ε(p) (c) Ψε(p)
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Now we can calculate K ′′ε (p, r) = K(p, r) ∗Ψ′′ε(p). Using the odd property of K(p, r),
we can write it as

K(p, r) = κ(p, r)− κ(−p, r) (38)

where

κ(p, r) =

 0 p ≤ r
1√
p2−r2

p > r (39)

The convolution with Ψ′′ε(p) then gives us

K ′′ε (p, r) = κ′′ε(p, r)− κ′′ε(−p, r) (40)

where, of course, κ′′ε(p, r) = κ(p, r) ∗Ψ′′ε(p). Since Ψ′′ε(p) is piecewise constant, the calcu-
lations are fairly simple. We find

κ′′ε(p, r) =



0 p ≤ r − 2ε

k2(p+ 2ε, r)− k2(r, r) r − 2ε < p ≤ r − ε

k2(p+ 2ε, r)− 2k2(p+ ε, r) + k2(r, r) r − ε < p ≤ r + ε

k2(p+ 2ε, r)− 2k2(p+ ε, r) + k2(p− ε, r)−
k2(r, r) r + ε < p ≤ r + 2ε

k2(p+ 2ε, r)− 2k2(p+ ε, r) + 2k2(p− ε, r)−
k2(p− 2ε, r) r + 2ε < p

(41)
where k2(x, r) is defined as k2(x, r) = log(x+

√
x2 − r2). To find K ′ε(p, r) we can integrate

K ′′ε (p, r) and using the same terminology as before we find K ′ε(p, r) = κ′ε(p, r)+κ′ε(−p, r).
The change of sign is due to the inner derivative. We find
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κ′ε(p, r) =



0 p ≤ r − 2ε

k1(p+ 2ε, r)− (p+ 2ε) log r r − 2ε < p ≤ r − ε

k1(p+ 2ε, r)− 2k1(p+ ε, r) + p log r r − ε < p ≤ r + ε

k1(p+ 2ε, r)− 2k1(p+ ε, r) + 2k1(p− ε, r)
−(p− 2ε) log r r + ε < p ≤ r + 2ε

k1(p+ 2ε, r)− 2k1(p+ ε, r) + 2k1(p− ε, r)−
k1(p− 2ε, r) r + 2ε < p

(42)
where k1(x, r) =

∫
k2(x, r)dx = x log(x+

√
x2 − r2)−

√
x2 − r2. Finally, we can calculate

Kε(p, r) as κε(p, r)− κε(−p, r).

κε(p, r) =



0 p ≤ r − 2ε

k0(p+ 2ε, r)−
(

(p+2ε)2

2
+ r2

4

)
log r r − 2ε < p ≤ r − ε

k0(p+ 2ε, r)− 2k0(p+ ε, r) +
(
p2

2
+ r2

4
− ε2

)
log r r − ε < p ≤ r + ε

k0(p+ 2ε, r)− 2k0(p+ ε, r) + 2k0(p− ε, r)−(
(p−2ε)2

2
+ r2

4

)
log r r + ε < p ≤ r + 2ε

k0(p+ 2ε, r)− 2k0(p+ ε, r) + 2k0(p− ε, r)−
k0(p− 2ε, r) r + 2ε < p

(43)

where k0(x, r) =
(
x2

2
+ r2

4

)
log |x +

√
x2 − r2| − 3

4
x
√
x2 − r2. Below in Fig. 19, the func-

tions Kε(p, r) and K(p, r) are plotted for ε = 16∆p = 0.2 mm and r = 0.5 mm. The
smaller ε we use, the more accurate the approximation becomes. But in practice this can
not be made arbitrary small because the singularities will not be sufficiently smoothed
out. We found the best choice to be ε = 16∆p, where ∆p is the steplength in the
x-direction, i.e. the spatial sample interval.
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Figure 19: The original and approximated kernel with r = 0.5 mm and ε = 16∆p = 0.2
mm.
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