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Abstract 

The main problem of steel-reinforced concrete structures is corrosion of steel reinforcements 

which leads to premature failure of the concrete structures. This problem costs a lot annually 

to rehabilitate and repair these structures. In order to improve the long-term performance of 

reinforced concrete structures and for preventing this corrosion problem, Fiber Reinforced 

Polymer (FRP) bars can be substituted of conventional steel bars for reinforcing concrete 

structures. 

This study is a numerical study to evaluate structural behavior of the simply supported 

concrete beams reinforced with FRP bars in comparison with steel-reinforced concrete beams. 

The commercial Finite Element Modeling program, ABAQUS, has been used for this purpose 

and the ability of aforementioned program has been investigated to model non-linear behavior 

of the concrete material. 

In order to evaluate the structural behavior of FRP-reinforced concrete beams in this study, 

two different aspects have been considered; effect of different types and ratios of reinforcements 

and effect of different concrete qualities. For the first case, different types and ratios of 

reinforcements, four types of reinforcing bars; CFRP, GFRP, AFRP and steel, have been 

considered. In addition, the concrete material assumed to be of normal strength quality. For 

verifying the modeling results, all models for this case have been modeled based on an 

experimental study carried out by Kassem et al. (2011). For the second case, it is assumed that 

all the models contain high strength concrete (HSC) and the mechanical properties of concrete 

material in this case are based on an experimental study performed by Hallgren (1996). Hence, 

for comparing the results of the HSC and NSC models, mechanical properties of reinforcements 

used for the second case are the same as the first case. 

Furthermore, a detailed study of the non-linear behavior of concrete material and FE modeling 

of reinforced concrete structures has been presented.  

The results of modeling have been presented in terms of; moment vs. mid-span deflection 

curves, compressive strain in the outer fiber of concrete, tensile strain in the lower tensile 

reinforcement, cracking and ultimate moments, service and ultimate deflections, deformability 

factor and mode of failure.  

Finally, the results of modeling have been compared with predictions of several codes and 

standards such as; ACI 440-H, CSA S806-02 and ISIS Canada Model. 

Keywords:  

Corrosion, FRP bars, Finite Element Modeling, Normal Strength Concrete, High Strength 
Concrete, Design Code 
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Sammanfattning 

Det största problemet med stålarmerade betongkonstruktioner är korrosion av 

stålarmeringen vilket leder till tidiga skador i betongkonstruktionen. Årligen åtgår 

stora summor till reparation och ombyggnad av konstruktioner som drabbas av detta 

problem. För att förbättra den långsiktiga prestandan hos armerade 

betongkonstruktioner, och för att förhindra korrosionsproblemet, kan konventionella 

stålstänger ersättas av FRP-stänger (fiberarmerade polymerkompositer) för armering 

av betongkonstruktioner. 

Detta arbete är en numerisk undersökning för att uppskatta det strukturella beteendet 

av fritt upplagda betongbalkar, förstärkta med FRP-stänger i jämförelse med 

stålarmerade betongbalkar. Det kommersiella finita element modelleringsprogrammet 

ABAQUS, har använts för detta ändamål. Även programmets förmåga när det gäller 

att modellera icke-linjära beteenden av betongmaterial har undersökts. 

För att uppskatta det strukturella beteendet av FRP-armerade betongbalkar har 

hänsyn tagits till två olika aspekter, effekten av olika armeringstyper och deras 

proportioner samt effekten av olika betongkvaliteter. I det första fallet har olika 

armeringstyper och deras proportioner, fyra typer av armeringsstänger; CFRP, GFRP, 

AFRP och stål betraktats. Dessutom antas att betongen har normal hållfasthet. För 

att kontrollera resultatet av modelleringen, har i detta fall räkneexemplen baserats på 

experimentella studier utförda av Kassem et al. (2011). I det andra fallet har antagits 

att alla modeller innehåller höghållfast betong (HSC) och även de mekaniska 

egenskaperna hos betongmaterialet bygger i detta fall på en experimentell studie utförd 

av Hallgren (1996). För att jämföra resultatet av HSC- och NSC-modeller, är 

armeringens mekaniska egenskaper de samma som används för det andra fallet. 

Vidare har en detaljerad undersökning av betongmaterialets icke-linjära beteende och 

FE-modellering av armerade betongkonstruktioner presenterats. 

Resultaten av modelleringen har presenterats i form av; kurvor för sambandet mellan 

moment och mittspannets nedböjning, krympning i betongens översida, förlängningen 

av den lägre dragarmeringen, sprickmoment och maximalt moment, service- och 

maximal nedböjning, formfaktor samt typ av brott.  

Slutligen har resultaten från modellberäkningar jämförts med förutsägelser baserade på 

flera regler och standarder såsom; ACI 440-H, CSA S806-02 och ISIS Canada Model. 

Sökord: 

Korrosion, FRP-stänger, Finita element modellering, Normalhållfast betong, 

Höghållfast betong, Riktlinjer och konstruktionsregler
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1  
 
Introduction 

1.1  Background 

 

One of the significant problems of the reinforced concrete (RC) structures with steel bars is 

premature fracture of members due to corrosion of the steel reinforcements and consequently 

high cost of rehabilitation and strengthening of infrastructures for nations. Since the annual 

cost of repair and maintenance of infrastructures in the US is almost $50 billion and in the UK 

and the Europe Union is around £20 billion, therefore there is a serious need of a substitute 

material for reinforcing the concrete [1]. 

For the years, researchers have carried out numerous investigations and experiments to find an 

appropriate alternative material instead of the traditional steel reinforcements and finally they 

present a rather new composite material, Fiber-Reinforced Polymer (FRP). 

Development of FRP materials was in 1950s, after finishing World War II and in automotive 

and aerospace industry because of its lightweight and acceptable strength. 

Glass Fiber Polymer reinforcements as a substitute for steel reinforcements emerged in late 

1950s with some beam tests but the first tries were not successful because GFRP bars at that 

time did not have adequate bond performance with concrete [2]. In 1960s, FRP materials were 

considered more serious as the steel bars substitute. During 1960s and 1970s the idea of using 

FRP bars developed in Germany, Japan and some other countries and lots of research started 

in that field and finally it became commercially available late 1970s [2, 3, 4]. At that time 

Marshall Vega Corporation, who began manufacturing FRP Rebar in 1974, and International 

Grating Inc., who was a leader in the corrosion resistant industry, led an extensive study on 

FRP bars and their development into the 1980s. Concurrently some researches about FRP 

bars started in Europe and Japan [3, 4]. The first usage of pre-stressed FRP bars in bridges in 

Europe was in 1986 in Germany.  From 1991 to 1996, a big European project (Fiber Composite 

Elements and Techniques as Non-metallic Reinforcement) about FRP materials conducted by 

BRITE-EURAM (Basic Research in Industrial Technologies for Europe; European Research on 

Advanced Materials). 

Also in Japan more than 100 commercial projects about FRP bars led until mid of 1990s [4]. In 

Canada, civil Engineers and researchers have done extensive research and projects to develop 
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rules and regulations related to FRP reinforcements in Canadian Highway Bridge Design 

Code. The Headingley Bridge in Manitoba-Canada has been constructed with reinforcements 

of CFRP and GFRP. 

Early, GFRP bars were considered as a substitute for steel bars because the thermal expansion 

characteristics of steel were incompatible with polymer concrete [3].  Later, in 1980s, the non-

electrical conductivity property of FRP bars made them a standard material for medical 

structures including advanced technology of MRI (Magnetic Resonance Imager) [3]. 

Significant corrosion resistance and light weight of FRP bars against steel bars, especially in 

long term performances, in addition to those advantages, encouraged investors and researchers 

spend more and more money and time to research and to produce more qualified productions 

and so, many studies have been done since 1970s till now [5]. 

FRP-bars are commonly presented in three different types: Glass Fiber Reinforced Polymer 

(GFRP), Carbon Fiber Reinforced Polymer (CFRP) and Aramid Fiber Reinforced Polymer 

(AFRP). In addition, they have square or round shape of cross section. 

Beside corrosion resistance, the most important property of FRPs is their high tensile strength. 

Some other advantages are; excellent fatigue strength, electromagnetic neutrality and a low 

axial coefficient of thermal expansion [2, 5]. CFRP bars are alkaline resistant in whole of their 

life but AFRP bars are alkaline resistant just in their service life [2]. 

They have some disadvantages that included; high cost, low Young‟s modulus (except 

CFRPs), low failure strain compare with steel bars and lack of ductility. Their transversal 

coefficient of thermal expansion is much larger than longitudinal coefficient. Also in long-term 

performance, their strength could be 30% lower than short-term strength. Ultra-violet 

radiation can damage them and they cannot stand compressive force [5]. 

Despite of their disadvantages, using of FRP reinforcements in bridges have been recently 

increased in the whole world. With increasing the usage of this material and development of 

information and experiences about FRPs, more price reduction of them is expected [2]. 

Although In the last three decades many experimental and modeling studies have been done 

about the structural behavior of FRPs, there are still some ambiguous points, which need more 

experiments and researches. Some investigations similar to this work have been done in the 

past, which can be instrumental for this study, but in this research, it would be tried to have a 

new point of view to the use of FRP bars with analyzing their behavior with results of 

ABAQUS FE modeling.  Wide range of subjects related to this field should be studied in the 

future about FRPs fire resistance, FRPs long term performance and etc., but the most 

interesting and maybe the more effective part of them is improving ductility of FRP RC beams 

with adding some steel bars companion with FRP bars. This new subject-Hybrid FRP RC 

beams - is being studied in recent years and can be considered more in the future researches. 

However, because the rules and regulations about the FRPs are not still completed, more exact 

studies and experiments in different aspects of using this material are essentially required to 

modify present rules. 

In brief, FRP bars are suitable substitutes for steel bars and they can work even better with 

carrying out further studies about FRPs and their improvements in the future. 
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1.2  Aim and Scope 

The aim of this research is to study the structural behavior of the simply supported FRP-

reinforced concrete beams in comparison with the concrete beams reinforced with conventional 

steel bars through the numerical analysis. The commercial Finite Element Modeling software, 

ABAQUS, has been used for this purpose. Also, the ability of aforementioned software to 

model non-linear behavior of concrete material has been investigated. 

This study has been carried out, based on an experimental study by Kassem et al. [6], by 

modeling of Normal Strength Concrete (NSC) beams reinforced with three different types of 

FRP bars; GFRP, CFRP and AFRP. In order to evaluate the structural behavior of FRP-

reinforced concrete beams, two different aspects have been studied in this thesis:  The effects of 

different types and ratios of reinforcements and the effects of different qualities of concrete 

material. Also, for comparison reasons, steel-reinforced concrete beams have been modeled 

with the same reinforcement area as those for the FRP-RC beams. 

To study the effects of different types and ratios of FRP-reinforcements, balanced-reinforced 

condition and over-reinforced condition, which is recommended in ACI guideline to govern 

concrete crushing mode of failure, has been considered for each FRP-RC beam. In addition, to 

investigate the effects of different concrete qualities, beams with a High Strength Concrete 

(HSC) have been modeled to be compared with the NSC beams.  

Furthermore, a detailed study on the FE modeling of concrete structures in ABAQUS has been 

presented with application of two available concrete constitutive material models; Concrete 

smeared cracking and Concrete damaged plasticity. 

The results of FE modeling have been presented in terms of; moment vs. mid-span deflection 

curve, compressive strain in concrete and tensile strain in reinforcement, cracking and ultimate 

moments, service and ultimate deflections, deformability factor and mode of failure. Also, the 

results have been compared with calculation according to design codes. 

1.3  Outline of Thesis 

In the first chapter, a general background about the application and development of FRP 

materials has been presented. Also, the aim and scope of this project has been described. 

The second chapter is an introduction to different types of FRP materials. In addition, a brief 

description about the physical and mechanical properties of different FRPs has been presented. 

In the third chapter, non-linear behavior of concrete material has been explained which 

includes uniaxial and multi-axial behavior of concrete material. 

Chapter forth is an introduction to FEM software, ABAQUS. In this chapter, different 

constitutive models for concrete material and definition of reinforcements have been presented. 



CHAPTER 1. INTRODUCTION  

 4 

Also, some convergence difficulties which can be encountered during a numerical study and 

some solutions for them have been explained. 

In chapter five, modeling properties, geometry and variety of models and mechanical properties 

of materials have been introduced. Furthermore, verification of modeling process for different 

aspects of this study has been presented. 

Chapter six includes the results of modeling and discussions about the behavior of different 

models in this study. In this chapter, the modeling results are compared with the results of 

predictions by different codes and standards.  

In the last chapter, chapter seven, conclusions of the thesis and recommendations for future 

studies have been presented. 
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2  
 
FRP Composite Bars 

2.1  Types of FRPs 

Usage of Fiber Reinforced Polymer (FRP) materials have significantly increased in 

construction industry for retrofitting, reinforcing and there are even structures made totally 

with FRP material. FRP reinforcements are composite materials consist of fibers surrounded 

by a rigid polymeric resin. Composite material is a combination of different form of materials, 

which is not completely dissolved or merged into each other, and fibers are natural or synthetic 

thread-like material, i.e. with a length that is at least 100 times its diameter, with mineral or 

organic origin. FRP bars have commonly rectangular or circular cross section shape and for 

increasing the bonding with concrete, they are manufactured with deformed or rough surface 

as shown in Figs. 2.1 and 2.2. Shear strength, bonding to concrete and dowel action of FRPs 

are affected by their anisotropy. These materials have high tensile strength in their 

longitudinal direction but they cannot bear compressive forces.  Furthermore, FRPs stay 

elastic until failure and there would not be any yielding point so in FRP reinforced concrete 

(RC) beams design procedures should take into consideration the lack of ductility [4]. In 

addition, FRP reinforced concrete element needs larger minimum concrete cover requirement 

than steel reinforced concrete to protect FRP bars in elevated temperatures in the case of fire 

and also to avoid splitting concrete due to load transferring between concrete and FRP bars [4, 

11]. 

There are three different types of FRP bars, which are commercially produced and used in the 

markets. According to the types of applied fibers in the FRP composite bar, they are referred 

to as Carbon Fiber Reinforced Polymer (CFRP), Aramid Fiber Reinforced Polymer (AFRP) 

and Glass Fiber Reinforced Polymer (GFRP), respectively. They can be found in different 

forms and different fiber volumes, resin matrix and dimensions. GFRP is the cheapest and 

CFRP has the highest tensile strength of these types. 

In most cases, FRP bars are used in bridge decks as these often are subjected to extreme 

environmental conditions, for which a high corrosion resistance is needed. 
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Figure 2.1: FRP bars with rough surface (Sand-coated FRP bars) from [48] 

 

 

Figure 2.2: Rectangular and circular cross section of FRP bars with different surface configurations [48] 

2.1.1 Glass Fibers 

Glass FRP bar has a widespread use in the construction industry because of its lower price in 

comparison with other FRP types and adequate strength in comparison with steel. Glass fibers 

are available in four different types: E-Glass, Z-Glass, A-Glass and S-Glass. 

E-Glass is suitable for electrical usage. Since 80 to 90% of the total GFRP productions are from 

E-Glass, these bars are the most common GFRPs in the market. It is made of calcium 

aluminum silicate and a relatively low amount of alkaline material is used. 

Mechanical properties of E-Glass fiber are: 

 Elastic modulus= 70 GPa 

 Ultimate strength= (1500 to 2500) MPa 
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 Ultimate strain= (1.8 to 3)% 

High strength fiber S2 and ECR Glass are modified E-Glass with a high resistant in acidic 

environments. 

Z-Glass has very high resistance to alkaline environments and is used to make GFRP bars for 

reinforcing concrete. 

A-Glass has a high percentage of alkaline material and has recently been taken out of the 

production cycle. 

S-Glass is made of magnetic aluminum silicate and has high strength and adequate thermal 

application. It is the more expensive type of GFRPs which needs specific quality control during 

manufacturing and is usually used for military purposes. 

Long term strength of GFRP bars is about 70% of their short term strength and because of its 

low transverse shear strength, which makes it difficult to form pre-stressing anchorage, it is 

suggested to use the material as non-pre-stressed reinforcement only [11]. 

2.1.2 Carbon Fibers 

Carbon fiber is made from cheap pitch, which is obtained from distillation of coal. It has the 

highest tensile modulus of elasticity and highest strength of the FRP types [11]. Carbon fibers 

are found in three different types: 

Type 1: With high modulus of elasticity   

Type 2: With high strength 

Type 3: With strength and modulus of elasticity between type 1 and type 2 

Mechanical properties of different types of CFRP are shown in Table 2.1. 

 

Table 2.1: Mechanical properties of different types of carbon fibers 

Elastic modulus, GPa Ultimate strength, MPa Ultimate strength, % 

Type 1 100 600 0.5 

Type 2 580 3700 1.9 

Type 3 100<E<580 600<fu<3700 0.5<εu<1.9 

2.1.3 Aramid Fibers 

The tensile strength of aramid fibers are 85% of that for carbon fibers and their price is about 

half of those. Also, Aramid fibers have higher failure strain than carbon fibers [11]. 
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AFRPs are alkaline and acid resistant but they are sensitive to ultra violet rays and water 

ingress also damages aramid fibers [11]. 

Most important types of them that are commonly available are Kevlar, made by French 

company, Dupont, and Twaron, by Dutch company Akzo Nobel. Mechanical properties of bars 

made with Kevlar fiber are: 

 Elastic modulus=  (41.5 to 147) GPa 

 Ultimate strength= (660 to 3000) MPa 

 Ultimate strain= (1.3 to 3.6)% 

 

Pre-stressed AFRP bars presented elastic behavior even in loading close to ultimate load but it 

is estimated that in the structures with pre-stressed AFRP bars the total initial cost of 

construction is about thirty percent higher than steel reinforced concrete structures. However, 

in many cases this extra cost is justified because of many advantages of FRP bars [11]. 

2.2  Physical Properties 

2.2.1 Density 

The density of FRP bars is between 15 to 25% of steel density so it makes handling of them 

easier and reduces the transportation costs [4]. In Table 2.2 typical densities for steel and 

different FRP types are shown. 

Table 2.2: Typical densities for different types of reinforcing bars 

Reinforcing bar Steel GFRP CFRP AFRP 

Density [kg/m3] 7900 1250 to 2100 1500 to 1600 1250 to 1400 

 

2.2.2 Coefficient of Thermal Expansion 

Coefficient of thermal expansion (CTE) differs in the longitudinal and transversal directions of 

FRPs and depends on types of resin, fiber and volume fraction of fiber. Fiber properties control 

longitudinal CTE and resin properties control transversal CTE [4]. CTE in the longitudinal 

and transverse direction for steel and FRP bars are shown in Table 2.3. 

Table 2.3: Coefficient of thermal expansion (CTE) for different reinforcing bars 

CTE,  10-6/C 

Direction Steel GFRP CFRP AFRP 

Longitudinal, L 11.7 6 to 10 -9 to 0 -6 to -2 

Transverse, T 11.7 21 to 23 74 to 104 60 to 80 
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Negative CTE indicates that the material would expand with decreasing temperature and 

would be constricted by increasing temperature [4]. 

2.2.3 Effects of High Temperature 

As mentioned earlier, FRPs are anisotropic composite materials, thus they have different 

properties in different directions. In the longitudinal direction of the bars, fibers gives the bar 

properties and in transversal direction, polymer gives bar properties such as shear in a plane 

parallel to the fiber‟s direction. Despite that the concrete cover prevents FRP reinforcements 

to burn in case of a fire, the high temperature softens the polymer in FRPs. This temperature 

is called glass-transition temperature (Tg) and beyond that, elastic modulus of polymer would 

be decreased substantially. The Tg is between 65 to 120C and depends on the type of resin. 

With softening of resin in high temperatures, reduction of shear strength is expected due to the 

polymer‟s influence on the bars transversal properties. Also, the flexural strength that relies on 

shear strength transfer through polymer would be decreased. As the load transferring between 

fiber and resin reduces, the overall tensile strength of the bars decreases. In addition, the bond 

between concrete and bars decreases because the surface mechanical properties of bars and 

polymer are reduced in temperatures close to Tg. So, transferring stresses from concrete to the 

fibers through the polymer becomes problematic. Softening can cause complete loss of 

anchorage and this, together with exceeding temperatures can lead to a structural collapse. 

Temperature threshold for glass fibers is about 980C and 175C for aramid fibers while carbon 

fibers can resist more than 1600C [4]. Wang and Evans reported 75% reduction in flexural 

strength of FRP RC beams in temperatures about 300C [12]. Also, Katz, Berman and Bank 

reported the bond strength reduction 80% for FRP RC beams and 40% for Steel RC beams 

in temperatures about 200C [13]. 

2.3  Mechanical Properties 

2.3.1 Tensile Behavior 

In the tensile range, FRP bars have a linear stress-strain curve until failure and there is not a 

plastic part before rupture. The ratio of fiber volume to the overall volume of FRP composite 

(fiber-volume fraction) is significantly important for the tensile properties of FRP bars because 

the fiber is the main part that carries tensile load. Manufacturing process, quality control 

during manufacturing and curing rate also affect the mechanical properties of FRP bars [4]. 

Exact tensile properties of FRP bars should be given by bar manufacturers. 

2.3.2 Compressive Behavior 

FRP bars are not reliable in compressive loading. For GFRP, CFRP and AFRP, compressive 

strength has been estimated to 55, 78 and 20% of their tensile strengths, respectively [4]. In 

longitudinal compressive loading, the modes of failure for FRP bars depend on fiber and resin 

type and fiber volume fraction. The critical mode can be transverse tensile failure, shear failure 

or buckling. The compressive modulus of elasticity of FRP bars is smaller than their tensile 
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modulus. Testing methods for evaluation of compressive behavior of FRP bars has still many 

complexities, so bar manufacturers that gives compressive properties of FRP bars, should 

provide a test method description. 

2.3.3 Shear Behavior 

FRP bars are very weak in inter-laminar shear loading because of unreinforced layers of resin 

that can occur between fiber layers. The polymer matrix thus controls the inter-laminar shear 

strength of FRP composites. For increasing inter-laminar shear strength of FRP bars, fibers 

should be oriented in an off-axis direction across the layers. There is not any standard test 

method to evaluate shear behavior of FRP bars yet, so manufacturers should provide shear 

properties of each particular product and describe testing method [4]. 

2.3.4 Bond Behavior 

In concrete with anchored reinforcement bars the bond force between concrete and bars is 

transferred by chemical bond-adhesion, and mechanical bond-friction resistance of interface 

against slip due to interlocking of two faces. Also bond force is transferred through the resin to 

fibers in FRP bars, so a bond-shear failure may happen in the resin. Unlike steel, in FRP bars 

bonding properties are not considerably affected by compressive strength of the concrete cover 

to prohibit longitudinal splitting. The longitudinal force component in the direction of bars 

gives bond stress between bar and the concrete at the surface of bar. Different investigations 

on bond properties of FRP bars have been done and different testing methods, pullout tests or 

splice tests have been used to define an empirical equation to calculate the required embedded 

length [4]. Bonding properties of FRP bars should be presented by manufacturers. 

2.3.5 Ultimate Strength-Ultimate Strain 

FRP bars have very high tensile strength but due to their linear and non-ductile behavior, 

there are many limitations in their usage. Also, their ultimate strain is too low, about 0.5% to 

4.5% depending on the type of bar. 

 

Table 2.4: Comparison of Mechanical properties of FRP materials and Steel [14] 

 

Steel GFRP CFRP AFRP 

Nominal yield stress [MPa] 276-517 NA NA NA 

Tensile Strength [MPa] 482-689 482-1585 600-3688 700-3000 

Elastic modulus [GPa] 200 35-51 103-579 41-145 

Yield strain % 1.4-2.5 NA NA NA 

Ultimate strain % 6-12 1.2-3.1 0.5-1.9 1.9-4.4 

 

As presented in Table 2.4, the elastic modulus of steel is in most cases higher than that of FRP 

bars. It means that for the same load, FRP bars deflect, elongate or compress more than steel 

bars. 
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2.4  Time Dependent Properties 

2.4.1 Corrosion Resistance 

The most important advantage of FRP bars are their corrosion resistance. Resistance of FRP 

bars against different environmental conditions depends on the chemical composition and the 

bonding in their monomer [15]. They can degrade in two main categories: 

 Physical corrosion is modification without any chemical alteration. Interaction of the 

polymers with their environment may change some of the physical properties in surface 

structure. 

 Chemical corrosion is when polymers bonds breaks due to a chemical reaction with the 

surrounding environment that caused some irreversible changes in polymers, such as 

becoming brittle, softening, discoloring and charring. FRP bars are also sensitive 

against sulphuric and nitric acidic environments [15].  

2.4.2 Creep-Rupture Characteristics 

When a constant load acts on FRP reinforcement for a long time the phenomenon creep-

rupture (or static fatigue) occurs and this period is called the endurance time. In steel 

reinforced concretes, this phenomenon occurs at very high temperatures. Endurance time 

depends on different factors and decreases with increasing ratio of sustained tensile stress to 

the short-term strength, adequately adverse environmental condition, ultraviolet radiation, 

high alkalinity and freezing-thawing or wet-dry cycles [4]. Glass fiber is the most sensitive 

types of FRPs to creep rupture and carbon fiber is the least sensitive. Results from an 

extensive experiment test series by Yamaguchi et al. showed a linear relationship between 

creep rupture strength and time logarithm for times up to about 100 hrs [16]. Many other test 

have been done to evaluate the endurance time and the ratio of stress at creep rupture to 

initial strength of FRPs for time periods longer than 50 years. All of those used a linear 

relationship extrapolated from data available to 100 hrs [4]. 

2.4.3 Fatigue 

Many studies have been performed on fatigue behavior and life prediction of FRP materials 

during the last 40 years. Results showed that CFRP have the least tendency to fail due to 

fatigue compared to other FRP types. According to Mandell, individual glass fibers do not 

have a tendency to fail due to fatigue but when many of them are mixed with resin to make a 

GFRP composite, fatigue can cause a 10% loss in initial static capacity per decade of 

logarithmic life time [17]. For CFRP this effect is usually about 5 to 8%. Aramid fibers have a 

poor durability in compression but impregnated AFRP bars behave remarkably well in 

tension-tension fatigue with about 5 to 6% strength degradation per decade of logarithmic 

lifetime. 
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Environmental conditions significantly affect the fatigue behavior of FRP bars due to their 

sensitivity to elevated temperatures, moisture, alkaline and acidic solutions. Type of fiber and 

resin and preconditioning methods are important for the fatigue behavior as well [4]. 

2.4.4 Durability 

The capability of materials to resist cracking, oxidation, chemical decay or any other 

environmental damages under proper load in specified periods of time and environmental 

conditions is called durability [18]. FRP bars are sensitive to environmental conditions, 

including moisture, ultraviolet radiation exposure, high temperature and alkaline, acidic or 

saline solutions. Depending on the specific material and conditions of exposure, strength and 

stiffness of the bars may increase, decrease or remain constant prior to, during and after 

construction. Being continuously subjected to moisture and ultra violet rays before placement 

in concrete elements would degrade constituents of polymer that leads to reduction in the 

FRP‟s tensile strength [4]. 

In studies about the durability of FRP RC structures, the effect of moist and alkaline 

environment of concrete on the bond between concrete and FRP bars should also be 

considered. This bond relies on the transfer of shear at FRP bars and concrete interface and 

also between individual fibers of the bar where resin properties have a great effect. Thus, 

environmental conditions that cause degradation in the interface between either fiber-resin or 

concrete-fiber would degrade the bond strength of FRP bars and consequently decrease the 

durability of the structure [4, 18]. 

According to experimental results reduction of tensile strength and stiffness of GFRP, CFRP 

and AFRP bars in different environmental condition, i.e. exposure to alkali or moist 

environments and subjected to ultra violet rays, are as given in Table 2.5. 

 

Table 2.5:  Reduction of tensile strength and stiffness of FRP bars 

 Tensile Strength Reduction (%) Tensile Stiffness Reduction (%) 

AFRP 10-50 0-20 

CFRP 0-20 0-20 

GFRP 0-75 0-20 

 

2.5  Cost of FRPs 

One of the main disadvantages of FRP bars is their high cost. In comparison with steel bars, 

the primary cost seems rather high, but when considering the whole life cost of the structure, 

FRP bars can perhaps be a good alternative for steel bars that may need repairs due to 

corrosion or other problems. 

The primary cost of FRP bars are about 2 or 3 times that of steel bars, which for example is 

about 8-10% of the cost for a common highway bridge. However, there are other important 
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factors, which should be considered such as requirement of fewer amounts of FRP bars in 

comparison with steel bars, due to their higher tensile strength, and their lower weight. Also, 

less concrete would be needed, so the total weight of a structure would be decreased. About 

15% reduction in total weight of a structure has been estimated due to reduction in the 

required concrete. Reduction in weight also decreases the total construction time and reduces 

the number of required workers and thereby to a lower cost for the construction. However, 

according to previous studies and investigations in this matter, considering the initial cost and 

the whole life cost of the structure, usage of FRP bars would be economical in special 

conditions like exposure to extremely corrosive environments [19]. 
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3  
 
Non-linear Behavior of Concrete 

3.1  Introduction 

 

Reinforced concrete consists of concrete and reinforcing bars, either steel or FRPs, which have 

different characteristics and behavior. Concrete is an isotropic heterogeneous composite 

material, which is considered as homogeneous in a macroscopic sense, made with cement, water 

and aggregates. Concrete has high compressive strength and low tensile strength, according to 

Johnson about 510% of its compressive strength and its properties cannot be defined easily 

[20]. Steel is a homogeneous material with rather clear and defined properties while FRPs are 

anisotropic, made through combination of different material, polymeric matrix and continuous 

fiber reinforcements of carbon, glass or aramid with a linear behavior until rupture. 

In a reinforced concrete beam, bars are embedded in tensile regions of concrete and after 

concrete cracking, reinforcing bars bear the tension forces and satisfy the moment equilibrium 

equation. Behavior of a simply supported FRP-RC beam and steel-RC beam are shown in Fig. 

3.1. The structural behavior of a RC-beam can be divided in three steps: 

1. Elastic: Linear stresses in un-cracked section (Zone OA) 

2. Elastic-plastic: Linear stresses in cracked section (Zone AB) 

3. Plastic: Non-linear stresses in ultimate limit state (Zone BC) 

 

The non-linear response of RC beams is due to tensile cracking of concrete and yielding of steel 

bars, rupture of FRP bars, or compressive crushing of concrete. Also, non-linearities can be 

increased with bond-slip between reinforcements and concrete, interlocking of aggregates in 

cracks or dowel action of reinforcements crossing a crack. Since the concrete definition and 

modeling significantly affects a finite element (FE) analysis and consequently the results, it is 

very important to acquire enough knowledge about concrete behavior in different stages and 

the basic theories of FE modeling of concrete. In this chapter, some necessary information 

about concrete behavior has been summarized. 

Chapter 
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Figure 3.1: Load-deflection curve for FRP and steel-reinforced concrete beam 

3.2 Uniaxial Behavior 

3.2.1 Compressive Stress 

Concrete exhibits many micro-cracks during loading due to different stiffness of aggregates and 

mortar, which significantly affects its mechanical behavior. It shows a linear elastic behavior 

up to 3040% of its compressive strength (fcu) and beyond that, bond cracks are formed [21]. 

Then until stresses about 7090% of the compressive strength, micro-cracks opens and join to 

the bond cracks which makes continuous cracks. After reaching the peak stress (fcu), strain 

softening occurs, which according to Kaufmann, depends on the size of specimen and the 

strength of the concrete [22]. As shown in Fig. 3.2, the softening part of the stress-strain curve 

for long specimens are sharper than for short specimens which is due to deformation 

localization in some regions during unloading of other parts. 

 

Figure 3.2: Uniaxial compressive behavior of concrete. Reproduction from [22]
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3.2.2 Tensile Stress 

Concrete exhibits a linear response in uniaxial tension up to stresses about 6080% of the 

tensile strength when micro-cracks form and then concrete behaves softer and highly non-linear 

[21]. As shown in Fig. 3.3, beyond the tensile strength, the tensile stress does not suddenly 

drop to zero due to the quasi brittle nature of concrete. On the contrary, in the weakest regions 

damage initiates during unloading of the other parts. Due to interlocking of aggregates, stress 

can be transferred in the fracture zone across the crack opening direction, until a complete 

crack is formed which cannot transfer any stress and then complete tensile failure occurs. The 

concrete during this process undergoes tension softening.  

 

Figure 3.3: 

 

The strain in the specimen increases from the effect of the fracture zone and decreases in the 

rest of specimen that are under elastic unloading. Thus, to evaluate the accurate cracking 

pattern in concrete, in addition to the strength criterion, energy dissipation in concrete 

cracking should also be taken into consideration using of fracture mechanics.  

3.3  Biaxial Behavior 

Biaxial behavior of concrete is completely different compared to its uniaxial behavior. Different 

studies have been carried out in this subject, e.g. Kupfer et al. found that the biaxial strength 

envelope is enclosed by the proportion of the orthogonally applied stress and the compressive 

strength, as shown in Fig. 3.4. Biaxial stress can be achieved through three different loading 

forms, biaxial tension, biaxial compression and tension-compression [24]. 

Under biaxial compression, the stress-strain curve is the same as under uniaxial tension, but 

compressive strength is up to 25% greater due to the lateral compressive stress. Eq. (3.1) is 

ft

 t

w

Fracture process zone

Crack

Uniaxial tensile behavior and macro crack development in concrete, Reproduction from 
[23] 
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suggested by Kupfer and Gerstle to calculate the maximum biaxial compressive strength (2c) 

[25]. 
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Here   
  is the compressive strength of concrete and  is calculated according to 
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where 1 and 2 are the principal major and minor stresses, respectively.  

Under tension-compression, compressive strength significantly decreases with a slight increase 

in transverse tension, as can be seen in the second and fourth quadrant of Fig. 3.4. Kupfer and 

Gerstle proposed Eq. (3.3) to calculate reduced tensile strength (1t) as a linear function of 

compressive strength [25]. 
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where     is the tensile strength of concrete. Under biaxial tension, Kupfer and Gerstle 

proposed that a constant uniaxial tensile strength is used [25]. 

 

Figure 3.4: Biaxial concrete strength envelope. Reproduction from [24] 
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3.4  Tension Stiffening 

The conventional models for concrete behavior presents a higher value for deformation due to 

assuming reinforcements as the only parts to carry the tensile stresses and so underestimating 

the stiffness of the reinforced concrete member. However, due to the bond between reinforcing 

bars and concrete, stresses can be transferred  and concrete can carry tensile stress, so the 

stiffness of the cracked reinforced concrete is higher than bare steel and this phenomenon is 

called „„tension stiffening‟‟.  

3.5  Non-linear Modeling of Concrete 

Reinforced concrete exhibits a highly non-linear behavior due to the non-linear relationship of 

stress-strain in plain concrete. Non-linear response, as well as redistribution of stresses due to 

concrete cracking and stress transferring from concrete to reinforcement, causes many 

difficulties in structural modeling and analysis of RC structures. 

3.5.1 Cracking Models for Concrete 

The Finite Element Method is one reliable numerical tool to simulate non-linear behavior of 

RC structures. To accurately evaluate the structural behavior of concrete structures, the FE 

method should be coupled with precise representation of concrete cracking. For modeling of 

concrete cracking, the two major methods are the discrete crack approach and the smeared 

crack approach. 

Discrete crack model 

This model is based on propagation of discontinuities in the structure with either an inter-

element crack approach or an intra-element crack approach. 

The inter-element crack approach, as shown in Fig. 3.5, means modeling of cracks by 

disjunction of element edges. This approach has two drawbacks; crack path is limited because 

it has to follow the predefined boundaries of inter-elements and also, when cracks open, 

separated nodes make extra degree of freedom, which increases the computation time and cost 

and decreases the efficiency. 

In the intra-element crack approach the cracks can propagate through the finite elements, as 

shown in Fig. 3.5. This approach has two available types. First type is embedded discontinuity 

model which early was used for strain localization problems like shear band in metal and then 

developed for cohesive material like concrete, and the second type based on partition-of-unity 

concept which uses discontinuous shape function and with adding degrees of freedom in nodes 

represents the displacement appears across the crack. The discrete crack method is useful in 

structures which suffer large localized cracking but in other cases the smeared crack method is 

more efficient [21]. 
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Figure 3.5:  

 

Smeared crack model 

To overcome the drawbacks of the early discrete crack model, Rashid presented the smeared 

crack method which assumes cracks smeared in a certain volume of the material, as shown in 

Fig. 3.6, which reduces the average material stiffness in the direction of the major principal 

stresses [26]. The advantage of this method is that when cracks are developed and propagated, 

it does not need a new mesh which simplifies numerical implementation. 

 

Figure 3.6: Smeared crack model 

Nevertheless, this model has its deficiencies especially for localized cracking. In fracture 

problems, the smeared crack model localizes the cracks into a single row of elements, which 

causes mesh sensitivity and leads to inappropriate results beyond the ultimate tensile strength. 

In addition, the smeared crack approach predicts the cracks propagation in alignment with 

mesh direction due to its mesh directional bias [21]. Three approaches are available for 

smeared cracking depending on the development of the crack planes; fixed crack model, 

rotating crack model and multi-directional fixed crack model. In the fixed crack model the 

crack forms in the direction normal to the major principal stresses and keeps its fixed direction 

during the loading process. In the rotating crack model the crack forms normal to the major 

principal stress, but its direction rotates if the principal stress direction changes during the 

loading process and it always coincides with the principal stress direction. Multi-directional 

fixed crack model is an improved version of the fixed crack model which that assumes the crack 

forms normal to the major principal stress and is not allowed to rotate. But, if the angle 

between two sequent cracks exceeds a threshold angle, new cracks can form at different 

directions [21]. 

(a) (b)

q q

q

Concrete cracking model: (a) Discrete inter-element crack approach, (b) Discrete intra-
element crack approach. 
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3.5.2 Constitutive Models for Concrete 

Constitutive models for concrete are elasticity based models, plasticity based models, the 

continuous damage model and the micro plane. In this section a brief description on plasticity 

of the plasticity based models is given. 

Plasticity-based model 

Early plasticity theory was developed for expressing the behavior of ductile materials such as 

metal and later it got considerably modified to also represent the non-linear behavior of 

concrete by defining dense micro-cracks in the material. A standard plasticity model is based 

on three conditions, a yield surface, a hardening rule and a flow rule. When stresses in the 

material reach the yield surface plastic deformation starts and then the hardening rule govern 

the loading surface evolution. During this step, a flow rule with a plastic function controls the 

strain evolution rate.  According to the plasticity theory, total strain rate consists of elastic 

and plastic components as shown in Eq. (3.4). 

 e pε ε ε  (3.4) 

Here  ̇  and  ̇  are the elastic and plastic strain rate vectors respectively and the dots mean the 

first derivative of time. Eq. (3.5) presents the relation between stress rate and elastic strain 

rate by a symmetrical linear elastic constitutive matrix, De. 

 ( )e pε εσ D  (3.5) 

The yield surface in the stress space for the isotropic hardening or softening plasticity is 

presented as a function of , which is a scalar parameter for hardening or softening and 

depends on the strain history. During the plastic flow, the stress points should stand into the 

yield surface, thus, Eq. (3.6) presents the Prager‟s consistency condition ( ̇(   )   ) as:
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where ̇ is a scalar value which indicates the magnitude of the plastic flow and is calculated 

according to 
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where m is a vector which presents the direction of the plastic flow. 

Elasto-plastic stiffness matrix is calculated according to Eq. (3.9). This non-symmetrical 

elasto-plastic stiffness matrix, which is a reduced elastic stiffness matrix, is based on a non-

associated flow rule. Associated flow rule gives a symmetric elasto-plastic stiffness matrix 

because the yield and potential functions would be the same (    ). 
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Many attempts have been done to fit the plasticity theory in concrete modeling. The earliest 

study was performed by Chen and Chen‟s which was criticized because it assumed that 

concrete behaves linear elastic at high stress levels [27]. Later, Han and Chen developed a non-

uniform hardening plasticity model, based on associated flow rule, which assumed an 

unchanged failure surface during the loading process [28]. The loading surface which encloses 

all loading surfaces expands during the hardening stage to its final shape which coincides with 

the failure surface. Thereafter, the model was developed based on the non-associated flow rule. 

In addition, an energy based composite plasticity model was introduced by Feenstra and de 

Borst [29]. This model was designed for plain and reinforced concrete structures subjected to 

monotonic loading conditions according to two criteria, a Rankine yield criterion and a 

Drucker-Prager yield criterion, based on the incremental plasticity. Then, the energy model 

based on the crack band theory was incorporated with the plasticity model and a model was 

developed for concrete structures subjected to tension-compression biaxial stresses [21]. 

3.5.3 Fracture Models for Concrete 

Linear elastic fracture mechanics is applicable for materials with small inelastic regions in the 

neighborhood of a crack tip. While brittle materials like glass have a concentrated fracture 

zone at the crack tip, quasi-brittle materials like concrete have a rather extensive zone which 

leads to tension softening phenomenon, as shown in Fig. 3.7. Thus, linear elastic fracture 

mechanics is perfectly compatible for brittle material. 

 

Figure 3.7: 

 

(a) (b) (c)

Linear-elastic zone Softening zone Non-linear hardening zone

Fracture process zone in: a) Brittle material, b) Ductile material, c) Quasi-brittle 

material, Reproduced from [30] 
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Amongst efforts made to model the non-linear behavior of the fracture process zone of quasi-

brittle material, the fictitious crack model by Hillerborg et al. and the crack band model by 

Bazant and Oh are the most commonly adopted theories [21, 31, 32]. 

Fictitious Crack Model is based on the cohesive crack concept which was developed to model 

various non-linearity at the crack front. Tensile behavior of concrete in this model is the same 

as uniaxial tension which was described before.  

Hillerborg assumed that after ultimate load, while other parts of the concrete undergo 

unloading, micro-cracks in the fracture zone extend to a single fictitious line crack which has a 

finite opening and transfer stresses [31]. A single stress-crack opening displacement 

relationship defines non-linear fracture in concrete. As shown in Fig. 3.8, the area under stress-

crack opening displacement curve represents fracture energy Gf which is the consumed energy 

in a unit area of crack opening and can be calculated as Eq. (3.10). 

 

Figure 3.8: Post-peak stress-crack opening displacement curve 
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where,  is the cohesive stress in the fictitious crack and wu is the crack opening when 

transferred stresses in the  fictitious crack vanishes. Deformation of concrete members under 

tension with defined fracture energy and tensile strength and an assumed stress-crack opening 

displacement softening function can be calculated as 

 Δ unld crl ε L w  (3.11) 

where, εunld is the strain during unloading of undamaged concrete, L is the total length of the 

concrete member and wcr is crack opening displacement. 

Crack Band Model is based on the same concept as fictitious crack but models the fracture 

process zone by a finite width crack band. Current engineering designs are widely based on the 
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crack band model which was initially introduced by Bazant and later modified by Bazant and 

Oh to represent the concrete strain softening phenomenon [32]. This model assumes dense 

distribution of micro-cracks in a certain width over the fracture process zone which is called 

characteristic length (hc). The crack band model represents the concrete fracture with a tensile 

stress-strain relationship and for various crack band widths the strain softening tail curve 

should be modified to have a constant rate for energy dissipation in the fracture zone. 
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4  
 
ABAQUS 

4.1  Introduction to ABAQUS 

The most reliable method to evaluate accurate behavior of concrete structural elements is to 

experimentally study on actual structures, but because of being expensive and time consuming, 

usually experiments are not always possible to perform. Therefore, other methods, which take 

into account the anisotropic behavior of concrete including the effect from tensile cracks are 

required. One method is Finite Element Modeling (FEM), which needs less cost and time to be 

implemented. Different commercial FEM software has been developed during years and one of 

them is ABAQUS, which was used in this study [33]. 

ABAQUS is a finite element program to evaluate the behavior of structures and solids under 

external loads. This program can analyze both static and dynamic problems and it is capable 

of modeling a wide range of 2D and 3D shapes and contacts between solids. It has an advanced 

and extensive library for elements and materials. ABAQUS is one of the most trustworthy 

FEM programs and different industries including the aircraft and automobile manufacturing 

industry, microelectronics, oil industry and many research universities and institutes are using 

this program. ABAQUS has been developed by Hibbitt, Karlsson and Sorensen, Inc (HKS) 

through their company established in 1978 [34].  

In this chapter, a brief description has been given about different constitutive material models 

available in ABAQUS as well as definition of reinforcement for reinforced concrete structures. 

In addition, some appropriate solutions to solve convergence difficulties during the modeling 

process have been mentioned. Some examples are presented in order to verify the accuracy of 

different types of constitutive concrete material models. 

4.2  Constitutive Concrete Material Model 

There are three material models for analyzing concrete at low confining pressures in ABAQUS; 

Concrete smeared cracking model in ABAQUS/Standard, Concrete damaged plasticity model 

in both ABAQUS/Standard and ABAQUS/Explicit and Brittle cracking model in 

ABAQUS/Explicit.  

Chapter 
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The concrete smeared cracking model is suitable for cases that are supposed to describe tensile 

cracking or compressive crushing. In fact, cracking is the most important aspect of this model 

[34]. The concrete damage plasticity model considers the stiffness degradation of material as 

well as stiffness recovery effects under cyclic loading. Therefore, this model is capable to 

analyze problems with either monotonic or cyclic loading conditions [34]. The brittle cracking 

model is applicable for modeling which require high consideration for tensile cracking. In other 

words, this model considers anisotropy due to cracking of the material [34]. In this study the 

focus is on concrete smeared cracking and concrete damage plasticity models which are based 

on non-linear fracture mechanics and coupled damaged plasticity theory, respectively. 

4.2.1 Concrete Smeared Cracking 

Concrete smeared cracking is used to model static problems for both reinforced and 

unreinforced concrete structures subjected to monotonic loads. Elastic-plastic theory for 

compressive behavior and non-linear fracture mechanics for tensile behavior are used in this 

model. Instead of a large discrete macro crack a number of micro cracks are assumed to make a 

concrete crack [34]. The first crack appears when the principal stress reaches the ultimate 

tensile strength of the concrete and the principal stress direction defines the crack direction. 

The material is softened orthogonal to the crack direction in a smeared crack and the material 

stiffness decreases gradually. Reduction of stiffness causes to reduction of stress transfer and 

with more development of cracks, the material stiffness and the stress transferred reach zero. 

Then the cracks propagate further without any stress [34]. With the cracks opening and the 

stiffness reduction, the shear stiffness degrades as well. Shear stress is transferred as long as 

there is still interlocking between aggregates but when the crack width exceeds the average 

aggregate size, shear stresses are no longer transferred [33]. 

Uniaxial and Multi-axial behavior 

Concrete behaves linearly elastic in the first stage of its tensile behavior and then tension 

softening starts where micro cracks grows to macro cracks and stiffness significantly decreases 

to zero. In concrete smeared cracking in ABAQUS tension softening is defined by stress-strain 

or stress-displacement relationships. These show the required value of fracture energy to open 

a stress free unit area of a crack. With complete loss of stiffness, the last stage starts and cracks 

open without stresses formed. Compressive behavior of concrete is linearly elastic until 

reaching the yield stress and plastic strain occurs. Then, in stress levels about 70-75% of the 

ultimate concrete strength, the concrete behaves non-linear due to bond failure between 

aggregate and cement paste [33, 35]. 

A yielding surface fitted to experimental data with an exponential associated flow rule in the 

deviatoric plane, defines multi-axial behavior of concrete. The most common failure criteria 

which are used for the concrete are the Drucker-Prager and the Mohr-Coulomb criteria, as 

shown in Fig. 4.1. These two criteria are suitable for materials such as concrete, rock or soil 

that have volumetric plastic deformation. These criteria should be modified to present 

experimental results, for example with using Drucker-Prager criterion for biaxial compression 

and Mohr-Coulomb for other cases [34]. 
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Figure 4.1: Drucker-Prager and Mohr-Coulomb yielding surfaces 

 

Material model properties   

To define a concrete material model, depending on the type, some concrete properties as input 

parameters should be defined in ABAQUS. Table 4.1 shows different parameters and 

corresponding formulas to calculate these for a normal concrete according to CEB-FIP Model 

Code and based on this model, the only necessary parameter is the cubic compressive strength 

of concrete (fc, cubic). However, it is more accurate to use experimental data [37]. 

Table 4.1: Input concrete properties in ABAQUS and related formulas [32] 

Parameter Equation Unit 

Initial elastic modulus  c cu cuE f f6000 15.5   MPa 

Poisson‟s ratio ν 0.2  - 

Compressive cylinder strength c cuf f0.85  MPa 

Strain at fc 
c

c

c

f
ε

E
0

2
  - 

Plastic softening compression dw 45.10  m 

Tensile strength 
t cuf f

2
30.24  MPa 

Fracture energy Gf f tG f625.10  N.m/m2 

Crack opening displacement 
f

c

t

G
w

f

5.14
  m 
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The elastic behavior of concrete should be defined with a linear elastic model in ABAQUS with 

Young‟s modulus (Ec) and Poisson‟s ratio () according to Table 4.1. The linear elastic model 

is different from the concrete smeared cracking definition and it should be determined 

separately if the analyst uses the concrete smeared cracking or concrete damage plasticity 

models. 

 

Concrete Smeared Cracking definition 

In the concrete smeared cracking model, to define the compressive behavior of concrete, two 

input values should be defined, yield stress as a function of plastic strain, given in a tabular 

form. In the first row, the first point has plastic strain equal to zero and is where the first non-

linear behavior of concrete has been observed with equivalent stress of approximately 30% of 

the ultimate compressive strength fc according to Malm [35]. 

Other points up to fc should be calculated according to the Eq. (4.1) and (4.2) and the number 

of defined points is arbitrary and describes the accuracy of compressive behavior of concrete 

material model. 

 



 

2

1 2
c c

kx x
σ f

k x
 (4.1) 


0c

ε
x

ε
 (4.2) 

Here,    is the compressive stress of concrete, fc is the compressive strength of concrete, x is the 

normalized strain, ε is the strain,c0 is the strain at peak stress and k is a shape parameter 

depending on the initial elastic modulus and the secant elastic modulus at peak stress, so that 

if     a quadratic function appears and the shape is parabolic and for     the shape is 

linear. Plastic strain pl at each points can be calculated according to Eq. (4.3), where  is the 

strain and Ec is young‟s modulus of concrete. 

  c
pl

c

σ
ε ε

E
 (4.3) 

The compressive behavior of concrete after reaching the ultimate strength can be considered 

linear until zero stress where its strain calculated according to Eq. (4.4). 

 0
d

c c

w
ε ε

L
 (4.4) 

where wd is the plastic softening compression and L is the finite element length. According to 

Eq. (4.4), it is evident that the compressive strain depends on the finite element size (L) so this 

should be taken into account if the size of element is changed, the new values for compressive 

strain should be substituted. For defining tensile behavior of concrete, tension stiffening sub-

option in concrete smeared cracking should be defined. The tension stiffening can either be 
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defined as stress-strain or stress-displacement. In the stress-strain alternative, the post-failure 

stress-strain relationship should be defined by entering the ratio between current stress and 

cracking stress (ft) and the absolute value of difference between direct strain and strain at 

cracking. For this reason, the following exponential function, Eq. (4.5), derived by Cornelissen 

et al. can be used to modify tension-stiffening behavior [38]. It should be noted that, to present 

the input value of strain in ABAQUS, the crack opening displacement should be divided by the 

length of finite element. 

   ( )c

t c

σ w
f w f w

f w
 (4.5) 

 

Here f(w) is a displacement function and can be given according to 

 
c c

c w c w
f w

w w

3

1 2(1 )exp( )  
 
 
 

 (4.6) 

where w is the crack opening displacement, c1 and c2 are material constants which are 3 and 

6.93 for normal density concrete respectively, wc is the crack opening displacement at which 

stresses can no longer be transferred and can be given according to Eq. (4.7). 

 5.14
f

c

t

G
w

f
 (4.7) 

where Gf is fracture energy of the concrete. 

According to Hibbit et al. concrete elements in regions where sufficient reinforcement is not 

applied, strain-stress tensile stiffening shows unreasonable mesh sensitivity in results [34]. 

Furthermore, when the element mesh size is changed, the tensile stiffening function should be 

redefined. Thus, it is recommended to use a stress-displacement approach. In the stress-

displacement alternative, a linear tension stiffening function can be used. Therefore, only one 

displacement point needs to be defined. In this regard, wc is the point at which stress no longer 

can be transferred. A linear stiffening function can be calculated according to Eq. (4.8). 


2 f

c

t

G
w

f
 (4.8) 

Here ft is the maximum tensile strength and Gf is the fracture energy of concrete.  

Fracture energy is energy required to open a unit area of a stress free crack, which is defined by 

Hillerborg with using brittle fracture concept [31, 34]. This energy is equal to the area under 

the tension-softening curve and according to Hilleborg bilinear tension stiffening curve, as can 

be seen in Fig. 4.2 (a), would be implemented to model the tension softening behavior of 

concrete [39]. Furthermore, an exponential tension softening function was derived by 

Cornelissen et al. and according to Karihaloo this model is by far the most precise [38, 40]. The 
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Cornelissen tension softening model is shown in Fig. 4.2 (b). The fracture energy Gf depends on 

the concrete quality and aggregate size can be obtained from Table 4.2. 

 

 

Figure 4.2:  

 

Table 4.2: Fracture energy for different concrete qualities and aggregate sizes [37] 

  Gf (N/m) 

Dmax(mm) C12 C20 C30 C40 C50 C60 C70 C80 

8 40 50 65 70 85 95 105 115 

16 50 60 75 90 105 115 125 135 

32 60 80 95 115 130 145 160 175 

To define a yield surface, the following four failure ratios should be defined in the failure ratio 

sub-option: 

Failure ratio 1 the fraction of the ultimate biaxial compressive stress and the ultimate uniaxial 

compressive stress, (
   

   
). 

Failure ratio 2 the absolute value of fraction of uniaxial tensile strength to the uniaxial 

compressive strength, (
  

  
). 

Failure ratio 3 the fraction of principal plastic strain at ultimate biaxial compression and the 

plastic strain at ultimate uniaxial compression, (
   

 
). 

Failure ratio 4 the fraction of tensile principal stress at cracking in plane stress when the 

compressive principal stress is at its ultimate value and the tensile cracking is stress under the 

uniaxial tension. 

If the aforementioned input parameters are not defined, the default values of failure ratios, 

which are 1.16, 0.09, 1.28 and 1/3, respectively, should be considered. Cracking of the concrete 

tt
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(a) Bilinear tension softening (b) Cornelissen tension softening

Different tension softening functions, Reproduction from [38, 39] 
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has a deleterious effect on the shear stiffness. With opening of the crack, shear modulus 

decreases linearly until zero. To define this effect appropriately in ABAQUS, a shear retention 

factor should be defined. Input variables are close which presents shear retention value when 

crack closes and εmax which presents strain in loss of all shear capacity by concrete cracking. 

These variables can be defined dependent to the temperature or predefined field variables and 

according to Hibbit et al. an appropriate value for εmax is 10-3 and for close is 1.0 [34]. 

4.2.2 Concrete Damaged Plasticity 

Concrete damaged plasticity is capable of modeling all structural types of reinforced or 

unreinforced concrete or other quasi-brittle materials subjected to monotonic, cyclic or 

dynamic loads. This model is based on a coupled damage plasticity theory and the multi-axial 

behavior of concrete in damaged plasticity model governs by a yield surface which proposed by 

Lubliner et al. and was modified later by Lee and Fenves [35, 41, 42]. Tensile cracking and 

compressive crushing of concrete are two assumed main failure mechanisms in this model. 

Furthermore, the degradation of material for both tension and compression behavior have been 

considered in this model. 

Uniaxial and Multi-axial Behavior  

Under uniaxial tension, as can be seen in Fig. 4.3, the stress increases with a linear elastic 

relationship with strain up to the ultimate tensile strength,    and then micro-cracks form 

microscopically with a tension softening response. There are three different methods to define 

tension softening response in ABAQUS; stress-strain, stress-displacement or by use of fracture 

energy, Gf [34]. 

 

Figure 4.3: Uniaxial tensile behavior of concrete. Reproduction from [34] 

In addition, under uniaxial compression, there is a linear elastic relationship between stress-

strain until initial yield,    . After losing stiffness due to bond failure between the aggregates 

and the cement paste, the behavior becomes non-linear. In stresses greater than ultimate 

strength, plastic response is defined by stress hardening and strain softening. In other words, 

compressive stress decreases while the corresponding strain increases [34]. The uniaxial 

compressive behavior of concrete is depicted in Fig. 4.4. 
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Figure 4.4: Uniaxial compressive behavior of concrete. Reproduction from [34] 

 

Cyclic and Dynamic Behavior  

Degradation of concrete in cyclic and dynamic loadings is taken into account by defining two 

scalar parameters; tensile damage parameter (dt) and compressive damage parameter (dc). 

According to Hibbit et al. Eqs. (4.9) and (4.10) are used to consider the damage effects along 

with plastic strain of concrete material during unloading due to micro-cracks, to calculate 

equivalent tensile and compressive strengths after each load cycle [34].  

   1 ( )
pl

t t c t t
σ d E ε ε  (4.9) 

  (1 ) ( )
pl

c c c c c
σ d E ε ε  (4.10) 

where dt is tension damage parameter, dc is compression damage parameter, ε is the strain and 

εpl is equivalent plastic strains. Also, the yield surface in plain stress is shown in Fig. 4.5. 
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Figure 4.5: Yield surface in plane stress. Reproduction from [34] 

Material Model Properties   

Material properties of concrete can be defined according to Table 4.1. Density of concrete 

should be separately defined for a dynamic or ABAQUS/Explicit analysis. A reasonable value 

is 2400 kg/m3. Also, as for concrete smeared cracking model, elastic behavior of concrete 

should be determined by specifying input data Young‟s modulus Ec and the Poisson‟s ratio . 

Concrete Damaged Plasticity Definition 

Different input data, which should be defined in concrete damaged plasticity, are: 

 is the dilation angle, measured in p-q plane and should be defined to calculate the inclination 

of the plastic flow potential in high confining pressures (Fig. 4.4). The dilation angle is equal to 

the friction angle in low stresses. In higher level of confinement stress and plastic strain, 

dilation angle is decreased. Maximum value of is max=56.3 and minimum value is close to 0. 

Upper values represent a more ductile behavior and lower values show a more brittle behavior. 

According to Malm the effect of the dilation angle in values between 30≤≤40 in some cases 

can be neglected and for normal concrete =30 is acceptable [35]. 

  is the flow potential eccentricity. It is a small positive number, which defines the range that 

the plastic potential function closes to the asymptote as shown in Fig. 4.6. The default value in 

ABAQUS is 0.1 and indicates that the dilation angle is almost constant in a wide range of 

confining pressure. In higher value of  , with reduction of confining pressure, the dilation angle 

increases more rapidly. Very small values of   in comparison with the default value make cause 

convergence problems in cases with low confining pressure, due to very tight flow-potential 

curvature at the point of intersection with the p-axis [34]. 
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Figure 4.6: Hyperbolic plastic flow rule. Reproduction from [34] 

 

fb0/fc0 is the proportion of initial equibiaxial compressive yield stress and initial uniaxial 

compressive yield stress. The default value in ABAQUS is 1.16. 

Kc is the ratio of the second stress invariant in the tensile meridian to compressive meridian for 

any defined value of the pressure invariant at initial yield. It is used to define the multi-axial 

behavior of concrete and is 0.5˂Kc≤1. The default value in ABAQUS is  
 

 
. 

  is the viscosity parameter. It does not affect the ABAQUS/Explicit analysis but contribute 

to converge in an ABAQUS/Standard analysis. According to Malm        is recommended 

because in comparison with characteristic time increment it should be small [35]. 

To define concrete compressive behavior, inelastic strains are used. Due to the similarity with 

plastic strain in concrete smeared cracking, Eqs. 3.1 and 3.2 are used to calculate inelastic 

strain. Permanent strain after unloading is defined by plastic strain, which depends on the 

damage parameter. If a damage parameter is not defined, the model behaves like a plasticity 

model and plastic and inelastic strain would be equal,   
   

   
   and   

   
   

   , [34, 35]. To 

take into consideration the degradation of concrete after cracking, damage parameters should 

also be defined. 

dc is a compressive damage parameter and should, due to its critical effect on the convergence 

rate in excessive damages, be defined highly precise. In the range 0˂dc≤0.99 it can be 

determined linearly dependent on the inelastic strain. Damage variables above 0.99 represent a 

99% stiffness reduction. The maximum value depends on the mesh size and recommended 

value is 0.9. If cyclic or dynamic loads do not act, it can be neglected. A tension stiffness 

recovery factor presents the remained tensile strength after crushing, when loads change to 

tension and its default value is 0 [34, 35]. 

Tensile behavior can be defined with stress-strain, stress-displacement or stress-fracture 

energy. For fine meshes, Eqs. (4.5) and (4.6) are used to define tension softening linearly but 

for describing crack opening sufficiently accurate in coarse mesh, developed version of Eqs. 

(4.5) and (4.6) by Cornelissen et al. should be used [33, 38]. 
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dt is a tension damage parameter with the range of 0˂dt≤0.99. The recommended maximum 

value is 0.9, as for the compression damage parameter. In order to visualize the crack pattern 

and its propagation it is recommended to define the tension damage parameter also for static 

analysis. A compression stiffness recovery factor presents recovered compressive strength after 

closing of the cracks when load changes from tension to compression and default value is 1.0 

[34]. 

4.3  Reinforcement 

In ABAQUS reinforcement can be modeled with different methods including smeared 

reinforcement in the concrete, cohesive element method, discrete truss or beam elements with 

the embedded region constraint or built-in rebar layers [34]. Rebar defines the uniaxial 

reinforcement levels in membrane, shell and surface elements. One or multiple layers of 

reinforcements can be defined and for each layer the rebar layer name, the cross sectional area 

of each reinforcement layer and the rebar spacing in the plane of definition should be 

determined [34]. In this part, just embedded region modeling, which is used for reinforcement 

modeling in this study, will be explained. Truss element is a common way of reinforcement 

modeling of which the only required input is the cross sectional area of bars. Beam element 

modeling is another common way, which takes into account the dowel effect and increases 

slightly the load bearing capacity of structures but its use is not recommended because it 

require a large number of input parameters to be defined and consequently a high 

computational effort [33, 34, 35]. According to Hibbit et al. the effect of bond slip is not 

considered in the embedded region modeling method but this effect is considered somewhat by 

definition of the tension stiffening behavior of concrete [35]. 

Material Model Properties   

The required input parameters for material definition of steel bars, includes density, elastic and 

plastic behavior. Elastic behavior of steel material is defined by specifying Young‟s modulus 

(Es) and Poisson‟s ratio () of which typical values are 200 GPa and 0.3, respectively. Plastic 

behavior is defined in a tabular form, included yield stress and corresponding plastic strain. 

According to Hibbit et al. true stress and logarithmic strain should be defined [34]. Input 

values of stress in each point for an isotropic material are calculated according to Eqs. (4.11) 

and (4.12). A higher number of input points lead to more accurate results. Fig. 3.5 shows the 

nominal and true stress-strain curves of Grade 60 steel bars. The linear part of the curve is 

neglected. 

 (1 )true nominal nominalσ σ ε  (4.11) 

   1 ( )
pl true

in nominal
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σ
σ ln ε
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Figure 4.7: Nominal and true stress-strain curve for Steel Grade 60 

4.4  Convergence Difficulties 

Different convergence problems may occur during modeling and analyzing reinforced concrete 

structures. In addition, there are several methods to solve the problems considering the 

definition of mesh, boundary condition and loads.  Some common solutions for convergence 

problem are mentioned in this part. Sometimes ABAQUS cannot analyze the problem in some 

points and it is required to divide the increments into smaller steps. In these cases, in the time 

step definition in ABAQUS, the minimum time increment should be defined lower than the 

default values and thus, the maximum number of increments should be increased. Apart from 

solving the convergence problem, it also leads to more accurate results. However, it needs high 

computational capacity and is time consuming. 

In parts where reinforcement and concrete nodes coincide, convergence problems occur due to 

distortion of elements with less stiff material because of high reinforcement stress. Thus, 

coinciding reinforcement and concrete element nodes should be avoided. In some cases due to 

local instabilities such as surface wrinkling, material instability or local buckling, the results 

cannot converge in aforementioned zones. Therefore, it is recommended to specify automatic 

stabilization, which can be introduced in time steps. Automatic stabilization can be defined by 

either specifying a dissipated energy fraction or specifying a damping factor. According to 

Malm and Ansell, this stabilization, if a relatively small amount is used, does not interfere with 

the concrete behavior and thus, it is an appropriate manner to overcome such this problem 

[43].    

According to Malm, the most effective way of handling convergence problems is to increase the 

tolerances and the number of iterations [35]. Parameters, which are recommended to change in 

step module, are: 
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 , which is a convergence criterion for the ratio of the largest residual to the corresponding 

average flux norm for convergence [34]. The default value is 0.005 and it should be increased to 

solve convergence problem. 

I0, which is the number of equilibrium iterations without severe discontinuities after which the 

check is made whether the residuals are increasing in two consecutive iterations [34]. Default 

value is 4 and it can be increased up to 3-4 times the default value. 

IR, which is the number of consecutive equilibrium iteration without severe discontinuities at 

which the logarithmic rate of convergence check begins [34]. The default value is 8 and it can 

be increased up to 3-4 times the default value. 

IA, which is the maximum number of cutbacks, allowed for an increment [34]. The default 

value is 4 and it can be increased up to 3-4 times the default value. 

In addition, there are many other methods to avoid convergence problems, e.g. if the input 

value of fracture energy is smaller than the actual value, the analysis would be aborted due to 

unstable material behavior and the solution will be to increase the fracture energy, setting it 

higher than its real value in the concrete properties. Nevertheless, it changes the concrete 

quality and therefore it seems not to be an appropriate solution. 

In concrete smeared cracking, an inappropriate value of shear retention factor leads to an 

unrealistic crack pattern and leads to convergence problems. A solution is to define precise 

values of retention factor with the use of an exponential function instead of a linear function 

dependent on the strains.  

In concrete damaged plasticity, the viscosity parameter can affect the convergence problem. 

For static problems, if there are still convergence difficulties, it is recommended to use the 

concrete damage plasticity model in ABAQUS/Explicit. Since ABAQUS/Explicit is a dynamic 

solver, in order to eliminate the dynamic effects of loading, the load should be applied as 

velocity with very low speed. Therefore, after analysis, the kinetic energy of the whole model 

has to be very small in comparison with the strain energy. 





 

 39 

5  
 
Analysis of FRP-RC Beams 

5.1  Introduction 

In this chapter, detailed information about the different aspects of this study, include the 

geometry of models, mechanical properties of materials and modeling details are presented.  

Also, since this study is a numerical study, it is highly essential to ensure the accuracy of 

modeling results. Therefore, before modeling all the models for this study, three different 

reinforced concrete beams are modeled based on two available experiments. 

In the following sections, the modeling and verification process for these three beams are 

presented. Finally, the results of these verification modeling are compared with their 

corresponding experimental results. 

Modeling Geometry 

A simply supported reinforced concrete beam with a total length of 3300 mm and a free span of 

2750 mm has been modeled. The beam has rectangular cross section with 200 mm width and 

300 mm height and a concrete cover of 40 mm was assumed constant for all models. The beam 

subjected to two concentrated static loads, spaced 1000 mm giving a shear span of 875 mm as 

shown in Fig. 5.1. 

 

Figure 5.1: Longitudinal view of simply supported reinforced concrete model 
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Figure 5.2: Different cross sections of reinforced concrete beams 

As can be seen from Fig. 5.2, the concrete beam has three different categories for reinforcement 

configuration. The compressive reinforcements and stirrups for all models are identically steel 

M10 and the distance between stirrups is 80 mm constant, while the ratios and types of the 

tensile reinforcement are varying. It should be noted that, the bar sizes in this study are based 

on the Canadian standard sizes.  

5.2  Modeling Aspects 

In order to evaluate the structural behavior of FRP-reinforced concrete beams, two different 

aspects have been considered in this study; the effect of different types and ratios of 

reinforcement and effect of different concrete qualities. For the first case, different types and 

ratios of reinforcement, four types of reinforcing bars; CFRP, GFRP, AFRP and steel, have 

been considered. For this case, the concrete material assumed to be of normal strength. For 

verifying the accuracy of models of this aspect, two different normal strength reinforced 

concrete beams are modeled based on an experimental study carried out by Kassem et al. [6].  

For the second case, it is assumed that all the models contain high strength concrete and that 

its properties of concrete in this case are based on an experimental study performed by 

Hallgren [44]. Also, for comparison, the types of reinforcements used in the second case are the 

same as in the first case. Hence, for verifying the behavior of the high strength concrete 

material, beam B1 of Hallgren experiments is modeled. After verifying this modeling, the 

properties of high strength concrete material of beam B1 is used for modeling the high strength 

reinforced concrete beams of this study.   

Mechanical Properties of Materials 

The concrete material in this study consists of two types; Normal Strength Concrete (NSC) 

and High Strength Concrete (HSC) with the compressive strengths of 40.4 and 91.3 MPa and 

the modulus of elasticity of 31.6 GPa and 42.9 GPa, respectively. In addition, the Poisson‟s 

ratio, the ultimate strain and the tensile strength of both aforementioned concrete materials 

are represented in Table 5.1. 

Table 5.1: Mechanical properties of the concrete material 

Concrete Type ν εcu [µs] ft [Mpa] 

NSC 0.2 3000 3.50 

HSC 0.2 3000 6.21 
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The mechanical properties of CFRP, GFRP, AFRP and steel bars are presented in Table 5.2.  

Table 5.2: Mechanical properties of FRP and steel reinforcement  

Type db(mm) Af (mm2) Ef (Gpa) ffu (MPa) fu (%) Surface texture 

CFRP 9.5 71 114±11 1506±99 1.2±0.12 Sand-Coated 

GFRP 9.5 71 46±1 827±16 1.79±0.06 Sand-Coated 

AFRP 9.5 71 52±2 1800±36 3.3±0.03 Sand-Coated 

Steel 11.3 100 200 fy = 420 y = 0.2 Ribbed 

 

5.2.1 Effect of Types and Ratios of Reinforcement 

In order to study the effect of different types and ratios of reinforcement, eleven concrete 

beams with normal concrete material and different types and ratios of reinforcements have 

been modeled. 

Since the rupture of FRP-reinforcements is an unfavorable mode of failure, which causes 

sudden collapses, it is recommended to design FRP-reinforced concrete beams in over 

reinforced condition to ensure that FRP-RC beams collapse due to concrete crushing in the 

compression zone. In this regard, according to Vijay and Gangarao the minimum reinforcement 

required to ensure the crushing of concrete is limited to min as shown in Eq. (5.1) [45]. 
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f min
1 3σ
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ρ

 (5.1) 

 

where fb is the balanced reinforcement ratio of FRP-reinforced concrete beams and σ = 8.88% 

which indicates the standard deviation of published test result of 64 GFRP-reinforced concrete 

beams that failed due to concrete crushing as reported in Vijay and Gangarao [45]. In 

addition, the ACI 440 states for the nominal flexural capacity of FRP-reinforced beams; when 

(f > 1.4 fb) the failure of the member initiated by crushing of the concrete [4]. Also, it is 

evident that if the reinforcement ratio is below the balanced ratio (f < fb), FRP rupture 

failure mode is dominant. 

Therefore, FRP-reinforced concrete beams have here been modeled according to three 

categories; the first category is the rather balanced-reinforced condition of each type of FRP 

bars and the other two categories are the over-reinforced condition of each type of FRP bars. 

For steel-reinforced concrete beams two models with rather the same reinforcement area as the 

FRP-reinforced concrete beams were used. The variety of models for normal concrete beams is 

presented in Table 5.3.  
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Table 5.3: Specification of different models for the normal strength concrete category  

Beam Category Reinforcement n Af (Total) (mm2) fb % f /fb Bar configuration 

CFRP-N4 CFRP 4 284 0.50 1.2 4 No 9.5 in 2 rows 

CFRP-N6 CFRP 6 426 0.50 1.9 6 No 9.5 in 2 rows 

CFRP-N8 CFRP 8 568 0.50 2.5 8 No 9.5 in 2 rows 

GFRP-N4 GFRP 4 284 0.64 1.0 4 No 9.5 in 2 rows 

GFRP-N6 GFRP 6 426 0.64 1.5 6 No 9.5 in 2 rows 

GFRP-N8 GFRP 8 568 0.64 2.0 8 No 9.5 in 2 rows 

AFRP-N4 AFRP 4 284 0.31 2.0 4 No 9.5 in 2 rows 

AFRP-N6 AFRP 6 426 0.31 3.0 6 No 9.5 in 2 rows 

AFRP-N8 AFRP 8 568 0.31 4.0 8 No 9.5 in 2 rows 

STEEL-N4 Steel 4 401 5.17 0.2 4 M10 in 2 rows 

STEEL-N6 Steel 6 602 5.17 0.3 6 M10 in 2 rows 

5.2.2 Effect of Concrete Quality 

In this part, the effect of the aforementioned high strength concrete has been studied by 

changing the material properties of concrete in the modeling. Since the quality of concrete has 

been changed, the variety of modeling is in this part limited to those cases, which have the 

balanced-reinforced and over-reinforced condition. Table 5.4 indicates the variety of modeling 

with the high strength concrete. 

Table 5.4: Specification of different models for high strength concrete category 

Beam Category Reinforcement n Af (Total) (mm2) fb % f /fb Bar configuration 

CFRP-H6 CFRP 6 426 0.81 1.2 6 No 9.5 in 2 rows 

CFRP-H8 CFRP 8 568 0.81 1.6 8 No 9.5 in 2 rows 

GFRP-H6 GFRP 6 426 1.11 0.9 6 No 9.5 in 2 rows 

GFRP-H8 GFRP 8 568 1.11 1.2 8 No 9.5 in 2 rows 

AFRP-H6 AFRP 6 426 0.45 2.1 6 No 9.5 in 2 rows 

AFRP-H8 AFRP 8 568 0.45 2.8 8 No 9.5 in 2 rows 

Steel-H4 Steel 4 401 8.93 0.1 4 M10 in 2 rows 

Steel-H6 Steel 6 602 8.93 0.15 6 M10 in 2 rows 

5.3  Modeling and Verification 

Before creating all the models of this study, it is required to ensure the accuracy of the 

modeling procedure as well as the behavior of materials such as concrete and reinforcements. 

In this part, the verification aspect is divided into three cases; first, to examine the ability of 

the concrete damaged plasticity model as the constitutive model for concrete in ABAQUS to 

describe the complex behavior of concrete and second, to check the accuracy of the explicit 
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solver in ABAQUS in comparison with the static solver to perform a quasi-static analysis due 

to some convergence difficulties of the static analysis and the last, to calibrate the models with 

the available experimental results. Due to the high variety of modeling in this study, it is 

essential to calibrate the behavior of concrete which has a big role in all models and thus 

evaluate the behavior of the steel and FRP reinforcements to ensure they are in good 

agreement with their behavior in reality. Therefore two beams, Steel-N4 and CFRP-N6, are 

selected among all the normal strength concrete models for verifying and calibrating the 

behavior of the NSC materials as well as steel and FRP reinforcements. In addition, for 

verifying the properties of the high strength concrete material, beam B1 from experimental 

study of Hallgren is modeled [44]. After verifying the aforementioned models, all the reinforced 

concrete beams are modeled based on the definition of the materials for these three verified 

beams. In the following parts, the modeling and verification results of NSC and HSC beams are 

described. 

5.3.1 Verification of NSC beams 

In this section, the details of modeling verifications of two normal strength concrete beams, 
reinforced with six CFRP and four steel bars are presented. 

Mechanical Properties of Materials 

According to the experimental study of Kassem et al., the material properties of the normal 

strength concrete for beams Steel-N4 and CFRP-N6 are given in Table 5.5 [6]. 

Table 5.5: Mechanical properties of Normal Strength Concrete for modeling 

Density  ρ 2400 kg/m3 

Elastic modulus  E 31.6 GPa 

Poisson's ratio  ν 0.2 - 

Compressive strength fc 40.4 MPa 

Tensile strength  ft 3.5 MPa 

Strain at fc 2.5 ‰ 

Ultimate strain 3.0 ‰ 

Fracture Energy Gf 105.0 Nm/m2 

 

As it can be seen from Fig. 5.3, the compressive behavior of concrete in the damaged plasticity 

model has been defined as tabular stress-strain relationship according to section 3.1.5 of Euro-

code 2 which has a linear elastic behavior up to 40% of compressive strength of concrete and 

then the non-linear behavior of concrete initiates and continues up to the ultimate compressive 

strain of the concrete material [46]. After reaching the ultimate compressive strain of the 

concrete, the compressive behavior of concrete can be considered linear until zero where its 

strain can be defined by Eq. (4.4) from chapter 4. 
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Figure 5.3: Compressive stress-strain behavior of NSC according to Eurocode 2 [46] 

 

In addition, three different functions of softening have been considered in convergence study in 

order to evaluate the best choice for modeling all other models. As mentioned in section 4.2, 

these three tension-softening functions are; Linear, Bilinear and Exponential functions which 

are presented in Fig. 5.4 for the aforementioned concrete material.  

 

Figure 5.4: Three different concrete tension softening functions of NSC for verification models 

The mechanical properties of steel and CFRP bars for Steel-N4 and CFRP-N6 are given in 

Table 5.2. 

As it is described in section 4.2.2, for definition of the damaged plasticity model, some specific 

parameters which have to be defined to describe the non-linear behavior of concrete. Table 5.6 

describes the values which are chosen in this study for the damage parameters. 
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Table 5.6: Concrete damaged plasticity parameters of NS for verification models 

Dilation angle Eccentricity fb0 / fc0 K Viscosity parameter 

45 0.1 1.16 0.667 1.00E-07 

 

The dilation angle is highly dependent on the shear resistance of the concrete which is directly 

related to the age of the concrete and shape and maximum size of aggregates in the concrete 

mixture. Since there is not precise information about the specifications of the aggregates and 

age of the concrete in the experiment of Kassem et al., therefore the dilation angle should be 

investigated for this study to calibrate the concrete behavior of modeling according to the 

experiment. According to Malm, the dilation angle can vary from 0≤≤56.3 and a dilation 

angle between 30 and 40 is often a reasonable value for normal concrete materials. But for 

each concrete mixture depends on the age of the concrete and specification of ingredients, it 

can be varied [35]. In this study, a parametric study has been performed for different dilation 

angles and tension softening functions to select an appropriate value for each of them in 

comparison with the experimental results. Hence, the effects of different dilation angles and 

tension softening functions have been described further in verification results of NSC models.  

Boundary Condition and Limitations 

The actual beam is a three-dimensional, but modeling in 2D space gives in this case the same 

results with high accuracy and less required time and computational capacity. In order to save 

the CPU and time of analysis, only half of the beam has been modeled because of symmetrical 

condition by introducing a symmetry boundary condition along the vertical symmetric-axis of 

the beam. A steel loading plate and a support plate have been tied up with the concrete beam 

to remove the stress concentrations around the points of loading and support. All the 

reinforcements have been modeled with truss elements according to their respective yield or 

rupture strengths and they are constrained in the concrete by use of embedded region 

constraint in ABAQUS, which allows each reinforcement element node to connect properly to 

the nearest concrete node. This type of bonding does not include the slip effects of 

reinforcements from concrete beam and instead, these effects were partly considered through 

the definition of the concrete tension softening.  

The beams are modeled based on quadrilateral plane stress elements. Mesh elements consist of 

a four node element with reduced integration function known as CPS4R with an element mesh 

size of 15 mm. Fig. 5.5 shows the geometry and boundary conditions of the concrete beam 

model, meshed as above. 

 

Figure 5.5: 

 

Geometry of half of the model by defining a symmetry boundary condition along the 

vertical symmetric- axe of the beam and meshed with CPS4R element in ABAQUS 
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In the static analysis with ABAQUS/Standard the loading system is chosen as displacement- 

controlled loading to capture the post failure behavior of the concrete. In order to eliminate the 

convergence problems, the ABAQUS/Explicit solver has been used to perform a quasi-static 

analysis and in this kind of analysis, the load was applied as a very slow velocity to make the 

dynamic effects negligible and get more accurate results. Therefore the time step is set to be 10 

seconds for both verification models. Hence, for beam Steel-N4 to reach the deflection of 0.045 

m under the loading point, the velocity is defined as 0.0045 m/s and for beam CFRP-N6 to 

reach the deflection of 0.04 m under the loading point, the velocity is assumed as 0.004 m/s. 

Results of verifying NSC beams 

Since the CFRP-N6 model is supposed to fail due to crushing, it seems that the different 

tension softening functions would not be able to show any big differences in behavior when the 

concrete crushes in the compressive part. Therefore the effect of different tension softening 

functions is evaluated for the model Steel-N4 which failed due to steel yielding. Instead the 

effect of different dilation angles is evaluated for the beam CFRP-N6. 

The result of moment vs. mid-span deflection of the beam Steel-N4 for different tension 

softening function has been presented in Fig. 5.6. As it can be seen from the figure, the finite 

element results correspond very well with the experiment. All three models have a cracking 

plateau and the modes of failure for all of them are yielding of the reinforcement and 

subsequently crushing of concrete. Regardless of small differences in the amount of moment at 

failure, there are differences in deformation at the failure point for three kinds of softening 

functions. The linear softening function shows lower deflection while the bilinear and 

exponential tension softening functions exhibit deflections somewhat closer to the point of 

failure.  

 

Figure 5.6: Moment-deflection graph with different tension softening functions for beam Steel-N4 

The results of deflection at the peak load for all three tension softening models for beam Steel-

N4 have been presented in Table 5.7. Based on deflection at the peak load from experimental 

result, the exponential and bilinear functions show the lowest differences with only 4% and 5%, 
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respectively, and the linear softening function shows the largest difference with 28%. Thus, the 

linear function underestimates the result of deflection at the peak load. 

Table 5.7: Comparison of deflection at failure of different tension softening functions for beam Steel-N4 

 

Deflection at the Peak load [mm] for Steel-N4 

Softening function Modeling Experiment Mu (Exp) / Mu (Model)  

Linear  37.0 47.5 1.28 

Bilinear 50.2 47.5 0.95 

Exponential 49.6 47.5 0.96 

 

As mentioned before, the effect of different dilation angle is studied for beam CFRP-N6 and it 

is illustrated in Fig. 5.7. As can be seen from the figure, lower values of dilation angle show 

more brittle behavior and corresponding models are failed due to concrete cracking while the 

higher values show more ductile behavior, with failure due to concrete crushing.  

 

Figure 5.7: Parametric study of the dilation angle for beam CFRP-N6 

In general, the dilation angle for each concrete specimen can vary depending on age of the 

concrete, degree of concrete confinement and specially the specification of aggregates in the 

mixture. Therefore selecting an appropriate value for the dilation angle in the concrete 

damaged plasticity model is highly recommended to achieve higher degree of accuracy in 

comparison with the experimental results. In this study the dilation angle is selected to be 45 

for all models which show the same modes of failure as experiments and lower differences in 

moment at failure. In addition for the tensile behavior of concrete, the exponential tension 

softening function proposed by Cornelissen is applied for all models [38].  

As mentioned before, to solve some convergence difficulties and also save the CPU and time of 

analysis, a quasi-static analysis has been performed for both verification models to ensure the 

accuracy of modeling with explicit solver in comparison with the Static one. Fig. 5.8 shows the 

0.0

10.0

20.0

30.0

40.0

50.0

60.0

70.0

80.0

90.0

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08

M
o

m
e

n
t 

[K
N

.m
] 

Midspan deflection [m] 

D=5

D=10

D=20

D=30

D=40

D=45

D=50

D=55

Experiment



CHAPTER 5. ANALYSIS OF FRP-RC BEAMS 

 48 

moment vs. mid-span deflection graphs of the static and explicit analyses for both Steel-N4 and 

CFRP-N6 models. 

 

Figure 5.8: Moment-deflection graph of Static and Explicit analyses for beams CFRP-N6 and Steel-N4 

As can be seen from the figure, due to dynamic effect of the quasi-static analysis, the explicit 

solver shows small oscillations which should be smoothed. Regardless of small oscillations in 

the moment vs. mid-span deflection graphs of explicit results, both static and explicit solvers 

have the same mode of failure and exhibit the same moment vs. deflection graphs. So, the 

explicit solver can be a great alternative to analyze the concrete beams even under the static 

loads. 

At the beginning of this study, it was tried to use the static solver to analyze all models and 

since analysis of some models are encountered with convergence difficulties, instead of the 

static solver, the explicit solver has been used to perform the quasi-static analysis for the 

remaining models.  

Based on the aforementioned settings and parameters, the verification models have been 

finalized. Table 5.8 shows the comparison of the moment at cracking and failure stages for both 

verification models and their corresponding experimental results. 

Table 5.8: Comparison of cracking moment and moment at failure of verification models and experiment 

 
Cracking Moment Mcr [kNm] Ultimate Moment Mu [kNm] 

Beam Modelin
g 

Experimen
t 

Mcr(Exp)/Mcr(Mode

l)  
Modeling Experimen

t 
Mu(Exp)/Mu(Model

)  CFRP-N6 12.3 11.8 0.96 70.4 83 1.18 

Steel-N4 12.8 - - 40.4 41 1.01 

 

As can be seen from the table, the moment at the failure for steel and CFRP beams have 1% 

and 18% differences, respectively, with the corresponding values in the experiment. Also, the 

moment difference at cracking for CFRP-N6 is limited to 4%. For Steel-N4, since there is no 

experimental result for cracking moment of the steel-RC beams, this comparison is not possible 

to perform.  
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In order to ensure the mode of failure, tensile strain in reinforcement and compressive strain in 

concrete for both models have been studied from modeling results. Table 5.9 presents the 

strain in concrete and reinforcement in comparison with their corresponding values from 

experiment. 

Table 5.9: Comparison of strain in concrete and reinforcements of verification models and experiment 

 

Concrete Strain at Failure [µε] Reinforcement Strain at Failure [µε] 

Beam Modeling Experiment εu (Exp) /εu (Model)  Modeling Experiment εu (Exp) / εu (Model)  

CFRP-N6 3734 3424 0.92 8659 8764 1.01 

Steel-N4 3720 3584 0.96 15842 14000 0.88 

 

The compressive strain at the outer fiber of the concrete for both models exceeds the ultimate 

concrete compressive strain which shows that the concrete is crushed in this region. Also, as 

can be seen from the table, the modeling strains for concrete are slightly higher than the 

experimental results.  

Furthermore, the yielding strain of steel bars in this study is 2100 µε and the tensile strain at 

rupture for CFRP bars is 13210 µε. As mentioned in the table, the tensile strain for steel bars 

in this modeling exceeds its yielding strain while for CFRP bars the tensile strain is lower than 

its strain at rupture. Therefore, the mode of failure for Steel-N4 is due to yielding of the 

reinforcement and for CFRP-N6 it is crushing, which are in good agreement with the result 

from the experiments.  

It should be noted that, all the NSC-beams were modeled based on these two verification 

models and results of the modeling have been presented in the following chapter. Also, 

comparisons of results the other CFRP and steel-RC beams with the experiments are 

represented in the Appendix A. 

5.3.2 Verification of HSC beams 

As mentioned before, in order to verify the accuracy of high strength concrete beams in this 

study, the properties of concrete material have been selected from an experimental study 

carried out by Hallgren [44]. This experiment is about the punching shear capacity of 

reinforced high strength concrete slabs. In this experimental study, several reference high 

strength concrete beams have been tested to obtain the flexural and shear capacity of one-way 

slabs.  

In this part, the geometry and mechanical properties of materials of beam B1 from the 

Hallgren experiments are introduced and in the following part, the results of this verification 

modeling are presented. 

Geometry of Beam B1 

This beam is a simply supported reinforced concrete beam with a total length of 2600 mm and 

a free span of 2400 mm. The cross section of the beam is rectangular with 262 mm width and 

240 mm height. The beam is subjected to two concentrated static loads with distance of 250 
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mm gives a shear span of 1075 mm. The beam has 2ø16 tensile steel reinforcement and the 

concrete cover is 32 mm. The geometry of the beam and its cross section are shown in Fig.  5.9. 

 

Figure 5.9: Geometry and cross section view of high strength concrete beam B1, Reproduction from [44] 

Mechanical Properties of Materials 

According to the experimental study of Hallgren, the mechanical properties of the high 

strength concrete for beam B1 are given in Table 5.10 [44]. 

Table 5.10: Mechanical properties of High Strength Concrete for modeling 

Density  ρ 2400 kg/m3 

Elastic modulus  E 42.9 GPa 

Poisson's ratio  ν 0.2 - 

Compressive strength fc 91.3 MPa 

Tensile strength  ft 6.21 MPa 

Strain at fc 2.8 ‰ 

Ultimate strain 3.0 ‰ 

Fracture Energy Gf 179.0 Nm/m2 

The same as the normal strength concrete material, the compressive behavior of the high 

strength concrete material in the damaged plasticity model has been defined as tabular stress-

strain relationship according to section 3.1.5 of Eurocode 2 [46]. As shown in Fig. 5.10, it is 

assumed that the high strength concrete material has a linear elastic behavior up to 40% of its 

compressive strength and then its non-linear behavior initiates due to appearance of the bond 

cracks. After reaching the ultimate compressive strain of the concrete, the compressive 

behavior of concrete can be considered linear until zero where its strain can be defined by Eq. 

(4.4) from chapter 4. 
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Figure 5.10: Compressive stress-strain behavior of HSC material according to Eurocode 2 [46] 

For the tensile behavior of high strength concrete material, only exponential tension softening 

function is defined as shown in Fig. 5.11.  

 

Figure 5.11: Tension softening behavior of high strength concrete material for verifying HSC model 

For defining the non-linear behavior of the high strength concrete material, the damage 

parameters are defined as presented in Table 5.11 for the damaged plasticity constitutive 

concrete model. 

Table 5.11: Damage parameters for high strength concrete material 

Dilation angle Eccentricity fb0 / fc0 K Viscosity parameter 
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The steel reinforcements of beam B1 are from steel grade Ks60S. As can be seen, Table 5.12 
shows the mechanical properties of steel reinforcements of aforementioned beam. 

 Table 5.12: Properties of steel bars for verifying beam B1 according to Hallgren experiment [44] 

db(mm) Es (GPa) fy (MPa) y (%) Surface texture 

16 220 627 0.28 Ribbed 

 

Results of verifying HSC beam 

The load vs. mid-span deflection graphs of beam B1 for both experimental and modeling are 
presented in Fig. 5.12.  

 

 

        Figure 5.12: Moment vs. mid-span graph of high strength concrete beam B1 

As it can be seen in this figure, the result of modeling is in good agreement with the 

experimental result. Both experiment and modeling results have the same moment capacity 

and deflection at failure. As it was expected, the mode of failure for this beam is yielding of 

steel bars which is due to the under reinforced condition of the beam. As it is shown, after 

cracking both modeling and experimental graphs have rather the same inclinations until 

yielding of steel bars and then they show the same cracking plateau until failure.  

Based on aforementioned comparisons, it can be concluded that the modeling procedure and 

definition of material in modeling of the high strength concrete beam B1, have required 

accuracy and precision to present the non-linear behavior of the concrete material as well as 

structural behavior of high strength concrete beams of this study. 
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6  

Results and Discussions 

6.1  Introduction 

In this chapter, before presenting the results of FE modeling, a brief description of calculation 

based on four different codes; ACI 440-H, ACI 318, CSA S806-02 and ISIS Canadian model, 

are presented [7, 8, 9, 10]. 

As mentioned in previous chapter, this study is divided into two aspects: effect of different 

types and ratios of reinforcement and effect of different concrete qualities. For the first case, all 

models are supposed to have normal strength concrete and the effect of different types and 

ratios of reinforcements have been evaluated. For the second case, high strength concrete has 

been used instead of normal strength concrete. Therefore, the results of each case are presented 

separately based on NSC and HSC as well as in comparison with each other.  

The results of finite element modeling have been presented in terms of flexural capacity, 

cracking moment, moment vs. mid-span deflection graphs, tensile strain in the middle of lower 

reinforcements, compressive strain in the outer fiber of the concrete, deflection at different 

points in service stage, deflection at the peak load, deformability factor and mode of failure.  

In addition, ultimate moments and deflections, cracking moments, the deflection at different 

points in the service stage and strain in the reinforcements have been calculated according to 

the aforementioned design codes. In the following sections the FE modeling results have been 

compared with the calculation results of the design codes.  

6.2  Design Codes 

Before presenting the results, a brief description about design codes and formulas, used in this 

study is given. The codes ACI 440-H, ACI 318, CSA S806 and the draft of ISIS (Intelligent 

Sensing for Innovative Structures) Canada model have been used in this study for comparing 

the results calculated according to design codes and results of FE modeling of FRP-RC beams. 

All the presented formulas are in SI units [7, 8, 9, 10]. 

Chapter 
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6.2.1 ACI 440-H and ACI 318 

ACI 440-H is reported by American Concrete Institute committee 440 as a guide for the design 

and construction of concrete reinforced with FRP bars and ACI 318 is reported for steel 

reinforced concrete structures [7, 10]. 

Calculation of Flexural Capacity 

For calculating bal in FRP-RC beams and Steel-RC beams, Eqs.(6.1) and (6.2) are used, 

giving. 
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where fc is the concrete compressive strength, ffu is the ultimate tensile strength of FRP bars, 

cu is concrete ultimate strain, fu is FRP ultimate strain, fy is yielding stress of steel bars, and β 

is calculated according to Eq. (6.3) depending on concrete compressive strength. 
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For the cases with compressive reinforcements, b is calculated according to 
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where Af is the FRP-reinforcement area, b is the width of concrete beam cross section and d is 

the effective depth of the concrete beam. 

For calculating the nominal flexural capacity of the FRP-RC beams Eq. (6.6) is used. 
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where cb and ff are calculated according to Eq. (6.7) and (6.8), respectively. 
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According to ACI 318, for calculating the flexural capacity of steel-RC beams Eqs. (6.9) and 

(6.10) are used. 
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Calculation of Cracking Moment 

According to ACI 440, Eq. (6.11) is used to calculate the cracking moment of RC beams. 


r g

cr

t

f I
M

y
   

(6.11) 

where fr is the modulus of rupture of concrete and is calculated according to Eq. (6.12). yt is the 

distance from centroid to extreme tension fiber, Ig is the moment of inertia of the gross cross 

section which is calculated with     ̅   (    )
 . 
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 0.62 'r cf f  
  

(6.12) 

Calculation of Deflection 

Maximum deflection in reinforced concrete beams with two concentrated loads is shown in Fig. 

(6.1), calculated according to Eq. (6.13). 

 

 

Figure 6.1: Simply supported beam under two concentrated loads with schematic deformation 
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Here a is the shear span and L is the free span of the beam as shown in Fig. (5.3). P is the 

applied load and I is moment of inertia which is I=Ig for un-cracked section and I=Ie for 

cracked section. Ie is calculated according to ACI 318 by Eq. (6.14) for steel-RC beams and 

based on ACI 440-H by Eq. (6.15) for FRP-RC beams. Also, Ec is the modulus of elasticity of 

concrete which can be calculated as        √    . 
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where Mcr is cracking moment, Ma is the maximum moment in the member when deflection is 

calculated. According to ACI 440-H, ƞ and  are coefficients calculated as in Eqs. (6.16) and 

(6.17), respectively. 
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6.2.2 CSA S806 

CSA S806 is reported by Canadian Standards Association as a guide for design and 

construction of building components with fiber-reinforced polymers. Calculation of deflection 

and cracking moment according to this standard are presented below. 

Calculation of Cracking Moment 

According to CSA S806 Eq. (6.18) is used to calculate the modulus of rupture for concrete. 

r cf f0.6 '  
  

(6.18) 

The cracking moment can be calculated by Eq. (6.11) with substitution of modulus of rupture 

based on CSA standard.  

 

Calculation of Deflection 

For calculating maximum deformation of a simply supported beam under two point loads, 

CSA suggests 
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where a is the shear span as shown in Fig. (6.1) and ƞ can be calculated according to Eq. 

(6.20). 
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6.2.3 ISIS Canada Model 

The draft of ISIS (Intelligent Sensing for Innovative Structures) Canada network design 

manual suggests Eq. (6.21) for calculation of Ie in FRP-RC beams to evaluate the post-

cracking deflection. 

g cr
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cr g cr

a

I I
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M
I I I

M

2

1 0.5 ( )


  
    
   

 
  

(6.21) 

 

Maximum deflection of concrete beam under two concentrated loads can be calculated by 

substituting of the moment of inertia for the cracked section, Ie, from Eq. (6.21), in Eq. (6.13). 

6.2.4 Calculation of Strain 

Considering the stress distribution in Fig. 6.2 and writing the equilibrium equation using 

similarity of triangles in figure of strain distribution, Eqs. (6.22), (6.23) and (6.24) are gained. 

 

Figure 6.2: Concrete cross section and distribution of tensile and compressive strain and stress 
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ε ε

d c c



 (6.22) 

Here cu is ultimate strain of concrete, f is ultimate strain of FRP bars, d as depth of cross 

section and c is the depth of neutral axis. 
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where ff is stress at FRP bars calculated as         due to their linear behavior, fs and fcu are 

stress at compressive bars and concrete, respectively, and Ac is the area of concrete section 
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which is under compression, calculated as 
c

A ab cβb  . When solving the equation above, a 

quadratic function is attained and with solving the mentioned function, the neutral axis depth 

(c) can be calculated. 

6.2.5 Calculation of Deformability Factor  

Ductility Factor 

All construction materials deform under loading, a deformation that can be elastic or plastic, 

small or large. Depending on the deformation type, materials are classified into two major 

groups; Ductile and Brittle. Generally ductile materials are capable of large plastic deformation 

before reaching their failure load. Example of this kind of material is structural steel which is 

used as either profiles or bars in structures. On the other hand, brittle materials cannot 

plastically deform or may show small plastic deformations before rupture. Regarding the linear 

elastic behavior of FRP materials until failure they are classified as brittle materials.  

Ductility is an important feature for materials exposed to high level of loading leading to 

failure. Since ductile material can show visible deformation when the load increases too much, 

thus it can provide an opportunity to take a remedy for structure before occurring failure and 

preventing any disaster.  Also, it can be considered for structures in seismic region which their 

performances are important under large cyclic loadings. The term ductility can describe the 

ability of a material to show satisfactory structural response under high level of loading or 

through several cycles of loading and unloading without a significant degradation of the 

material. Due to its significance, usually ductility is represented by a ductility index or a 

ductility factor. According to Pristley et al. based on displacement, the ductility factor can be 

calculated with Eq. (6.25) [47]. 

 
Δ

Δ

Δ

m

y

   
(6.25) 

where    is the ductility factor (based on displacement),    is the maximum displacement 

(inelastic response) and     is the displacement at yielding. 

For concrete structures, the displacement at the ultimate load level,   , can be substitute for 

maximum displacement. In addition, measure of ductility can be expressed as either 

displacement ductility or curvature ductility. Since displacement and curvature are both 

proportional to the moment, the ductility factor for steel reinforced concrete structure can be 

expressed as a proportion of any of these two quantities. Therefore, the ductility factor can be 

calculated from Eq. (6.26). 

 

 

Deflection  or curvature at ultimate
Ductility factor =

Deflection  or curvature at steel yield  

  
(6.26) 
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Deformability Factor 

Since the FRP reinforcements behave linearly elastic until rupture, the concept of ductility is 

not relevant for these materials. Thus, the concept of deformability rather than deformability 

was developed to measure the energy absorbing capacity. These two concepts are similar in the 

sense that both relate to the energy absorbing capacities of structure at the ultimate loads. 

The deformability factor (DF) of FRP-reinforced concrete elements structure can be calculated 

by Eq. (6.27). 

DF
Energy absorption at ultimate load

=
Energy absorption at a limiting curvature  

  
(6.27) 

 

The energy absorption in Eq. (6.28) can be substituted by the area under the moment 

curvature curve. The concept of the limiting curvature is based on the serviceability criteria in 

ACI guideline [10] for both crack width and deflection which are limited to: 

 A crack-width of 1.524 mm. 

 A serviceability deflection of Span/180. 

Based on moment-curvature of FRP-reinforced concrete beams, the maximum unified 

curvature limit at the service load, considering those two aforementioned criteria, is limited to 

0.005
φ

d
  

where the curvature at this state can be calculated from one of expressions in Eq. (6.28). 
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(6.28) 

Here    is the tensile strain in FRP reinforcement,    the strain in extreme concrete fiber in 

compression,   is the depth of neutral axis from the extreme compression fibers and   is the 

effective depth of the beam. The deformability factor for FRP-reinforced concrete beams that 

fail in compression were observed to be in the range of 7 to 14 and for cases which fail in 

tension, in the range of 6 to7. Furthermore these values can vary with extremely low to high 

reinforcement ratios. DF shows the deformability of FRP-RC beams and is a design check to 

demonstrate that structures can absorb large deformation near ultimate moments. It ensures 

that a brittle failure will not happen without sufficient warning. According to Canadian 

Highway Bridge Design Code, CSA, for FRP-RC beams with rectangular cross section DF 

should be larger than 4 [8]. 
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6.3  Results for NSC Beams 

As mentioned before, the first aspect of this study is modeling of the beams with normal 

strength concrete and in the following part the results of FE modeling and design codes for RC 

beams with NSC are presented and compared. 

6.3.1 Moment-Deflection 

Two STEEL-RC beam models are used as the base for comparing modeling results of FRP-RC 

beams with STEEL-RC beams. STEEL-N4 and STEEL-N6 are equivalent with FRP-RC 

beams reinforced with six and eight FRP bars, respectively. The ultimate moment (Mu) and 

deflection at failure (∆u) for all beams with different types and ratios of FRP reinforcements, as 

well as steel reinforcements, are presented in Table 6.1. 

 

Table 6.1: Modeling results of ultimate moment and deflection of different NSC-RC beams  

 
Bars area (mm2) Mu (kNm) ∆u (m) 

CFRP-N4 284 54 0.046 

CFRP-N6 426 70 0.041 

CFRP-N8 568 76 0.035 

GFRP-N4 284 36 0.059 

GFRP-N6 426 43 0.050 

GFRP-N8 568 53 0.051 

AFRP-N4 284 39 0.057 

AFRP-N6 426 48 0.052 

AFRP-N8 568 57 0.048 

STEEL-N4 401 40 0.049 

STEEL-N6 602 56 0.044 

 

CFRP-RC Beams 

As can be seen from Fig 6.3, all CFRP-RC beams have significantly better performance in 

comparison with STEEL-RC beam but there is, however, a large difference in stiffness directly 

after cracking, i.e. higher deformations in the serviceability state is to be expected for FRP-RC 

beams. Also, this lower modulus of elasticity leads to wider cracks which caused to reduction of 

aggregate locking and smaller depth to neutral axis based on cracked-elastic behavior which 

caused to less transfer of shear across compression zone.   
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Figure 6.3: Moment deflection curves for CFRP-RC and STEEL-RC beams with NSC 

According to Table 6.2, CFRP-N6 and CFRP-N8 exhibit about 74% and 37% higher ultimate 

moment and 17% and 20% lower deflection at failure than STEEL-N4 and STEEL-N6, 

respectively. Also, beam CFRP-N4, which has almost 50% less reinforcement area than 

STEEL-N6, has the same moment capacity and deflection as STEEL-N6. Results show that 

CFRP-RC beams have excellent behavior in comparison with STEEL-RC beams. Obviously, 

having the same moment capacity as CFRP-RC beams for STEEL-RC beams requires about 2-

4 times more steel reinforcement area. 

Table 6.2: Comparison based on STEEL-RC beams with same reinforcement area as CFRP-RC beams 

 

Mu,CFRP/Mu,STEEL ∆u,CFRP/∆u,STEEL 

CFRP-N6 1.74 0.83 

CFRP-N8 1.37 0.80 

 

Also, as Tables 6.2 and 6.3 show, for CFRP-RC beams increasing reinforcement ratio more 

than 2fb is not as effective as increasing from fb up to 2fb to improve the moment capacity of 

RC beams. Thus, with increasing reinforcement ratio more than 2fb the efficiency of extra 

reinforcement would be decreased. In fact, due to governing concrete crushing, increasing of 

reinforcement ratio more than 2fb would not increase flexural capacity of the RC beam. 

 

Table 6.3: Comparison of CFRP-RC beams based on CFRP-N4 beam 

 

Comparison with CFRP-N4(f /fb =1.2) 

 
f/fb Increase in f (%) Increase in Mu (%) Decrease in ∆u (%) 

CFRP-N6 1.9 50 30 11 

CFRP-N8 2.5 100 41 24 
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GFRP-RC Beams 

As can be seen in Fig 6.4, GFRP-RC beams have rather the same moment capacity and almost 

greater deflection at failure in comparison with STEEL-RC beams, with the same 

reinforcement area.  

 

Figure 6.4: Moment deflection curves of GFRP-RC and STEEL-RC beams with NSC  

As shown in Table 6.4, GFRP-N6 exhibits 8% and 2% higher ultimate moment and deflection, 

respectively, in comparison with STEEL-N4 while GFRP-N8 has about 5% less moment 

capacity, but 16% more deflection at failure in comparison with STEEL-N6. Also, Table 6.5 

shows a comparison between GFRP-N6, GFRP- N8 and GFRP-N4. These results demonstrate 

that increasing reinforcement ratio from about fb in a beam with four GFRP bar to 2fb in a 

beam with eight GFRP bars significantly increases the moment capacity. 

Table 6.4: Comparison based on STEEL-RC beams with same reinforcement area as GFRP-RC beams 

 

Mu,CFRP/Mu,STEEL ∆u,CFRP/∆u,STEEL 

GFRP-N6 1.08 1.02 

GFRP-N8 0.95 1.16 

 

Table 6.5: Comparison of GFRP-RC beams based on GFRP-N4 beam 

 

Comparison based on GFRP-N4(f /fb =1.0) 

 

f fb Increase in f (%) Increase in Mu (%) Decrease in ∆u (%) 

GFRP-N6 1.5 50 19 15 

GFRP-N8 2.0 100 47 14 
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AFRP-RC Beams 

According to Fig 6.5, in all cases AFRP-RC beams exhibit higher moment capacity and greater 

deflection at the failure in comparison with the STEEL-RC beams with the same reinforcement 

area. 

 

Figure 6.5: Moment deflection curves of AFRP-RC and STEEL-RC beams with NSC 

As Tables 6.6 shows, AFRP-N6 and AFRP-N8 have about 20% and 2%, more moment 

capacity than the STEEL-RC beams with the same reinforcement area, respectively. Also, 

according to results shown in Table 6.7, for AFRP-RC beams, increasing the reinforcement 

area can be an effective way to increase the ultimate moment but as can be seen in Table 6.6, 

in comparison with steel-RC beams, AFRP-RC beams with f/fb ˂ 3 exhibit more reasonable 

behavior than for f/fb 3. 

Table 6.6: Comparison based on STEEL-RC beams with same reinforcement area as AFRP-RC beams 

 

Mu,CFRP/Mu,STEEL ∆u,CFRP/∆u,STEEL 

AFRP-N6 1.20 1.06 

AFRP-N8 1.02 1.09 

 

Table 6.7: Comparison of AFRP-RC beams based on AFRP-N4 beam 

 

Comparison based on AFRP-N4(f/fb =2.0) 

 

f/fb Increase in f (%) Increase in Mu (%) Decrease in ∆u (%) 

AFRP-N6 3.0 50 23 9 

AFRP-N8 4.0 100 46 16 
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Comparison of Different FRPs and Discussion 

Fig. 6.6 represents the moment-deflection graphs for different types of reinforcements. As can 

be seen from figure, CFRP-RC beams not only have considerably a greater moment capacity 

than STEEL-RC beams with the same reinforcement area but they also perform better than 

the other FRPs. For instance, as can be seen from Table 6.1 that CFRP-N4 has about the 

same moment capacity as STEEL-N6, GFRP-N8 and AFRP-N8 and approximately the same 

deflection at failure. Therefore, CFRP reinforcements are the best alternative for structures, 

such as bridges and dams, which require high moment capacity besides being corrosion 

resistant. However, there is a large risk at serviceability limit state, i.e. too large displacements 

and cracks. 

AFRP-RC beams have higher moment capacity than STEEL-RC beams but GFRP-RC beams 

show the same moment capacity as STEEL-RC beams but with greater deflection. Even 

though, the GFRP-RC beams are weaker than other kinds of FRP-RC beams, considering 

their lower price in comparison with AFRP and CFRP bars and also their advantages, such as 

corrosion resistance and light weight, in comparison with steel bars, they can be a reasonable 

substitute for steel reinforcements in RC structures subjected to unfavorable weather condition 

and placed in corrosive environments. AFRP bars have high tensile strength and very high 

strain in comparison with CFRP and GFRP bars but since they have low modulus of 

elasticity, AFRP-RC beams exhibit weaker behavior than CFRP-RC beams, so, they can be 

suitable for use in pre-stressed concrete structures. 

 

Figure 6.6: Moment deflection curves of FRP-N6 and N8 and STEEL N4 and N6 

As can be seen from the Tables 6.8 and 6.9, it should be noted that, with increasing FRP 

reinforcement ratio more than 2fb the efficiency of extra reinforcement would decrease because 

of concrete crushing in all models. Increasing the reinforcement ratio of FRP bars up to 2fb is 

more effective in increasing moment capacity of CFRP-RC beams than GFRP-RC and AFRP-

RC beams. 
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Table 6.8: Comparison of FRP-N6 RC beams based on STEEL-N4 RC beam 

 

Comparison based on STEEL-N4 

 

f fb Mu,FRP-N6/Mu,STEEL-N4 ∆u,FRP-N6/∆u,STEEL-N4 

CFRP-N6 1.9 1.75 0.84 

GFRP-N6 1.5 1.08 1.02 

AFRP-N6 3.0 1.20 1.06 

 

Table 6.9: Comparison of FRP-N8 RC beams based on STEEL-N6 RC beam 

 

Comparison based on STEEL-N6 

 

f fb Mu,FRP-N8/Mu,STEEL-N6 ∆u,FRP-N8/∆u,STEEL-N6 

CFRP-N8 2.5 1.36 0.79 

GFRP-N8 2.0 0.95 1.16 

AFRP-N8 4.0 1.02 1.09 

6.3.2 Strain in Reinforcement and Concrete 

Table 6.10 represents mid-span strain at lower tensile reinforcements and extreme compressive 

concrete element and failure mode of all beams. As can be seen, from table, the concrete 

compressive strain for all models exceeds the ultimate concrete compressive strain. Also, 

regardless of GFRP-N4 and steel-RC beams, tensile strain in the reinforcements is lower than 

the corresponding rupture strains. Therefore, except for GFRP-N4 which collapses due to 

simultaneously concrete crushing and rupture of GFRP bars, the mode of failure for all FRP 

RC beams are concrete crushing while for steel-RC beams, due to the under reinforced 

condition, the mode of failure is steel yielding. Graphs of moment vs. mid-span strain of 

CFRP-RC, GFRP-RC and AFRP-RC beams are presented in Figs 6.7, 6.8 and 6.9, 

respectively. As graphs show, after cracking, during unloading in a very short period of time 

there is a high increase in reinforcement strain, especially in beams with lower reinforcement 

ratios and lower modulus of elasticity, while for concrete, strain is not increased too much. 

This part of bar strain graph is called cracking plateau. After loading, graphs of reinforcement 

strain show again a reasonable inclination. 

Table 6.10: Mid-span strain in concrete and reinforcement for different NSC-RC beams  

 
Bar Strain at Failure [με] Concrete Strain at Failure [με] 

 
 Beam Model Ultimate εfu(model)/εfu(Ult)  Model Ultimate εc(model)/εc(Ult)  Mode of failure 

CFRP-N4 10306 13210 0.78 3339 3000 1.11 Concrete Crushing 

CFRP-N6 8659 13210 0.66 3734 3000 1.24 Concrete Crushing 

CFRP-N8 6603 13210 0.50 3677 3000 1.23 Concrete Crushing 

GFRP-N4 17611 17978 0.98 3449 3000 1.15 Concrete Crushing 

GFRP-N6 12075 17978 0.67 3821 3000 1.27 Concrete Crushing 

GFRP-N8 11408 17978 0.63 3504 3000 1.17 Concrete Crushing 

AFRP-N4 13931 34615 0.40 3477 3000 1.16 Concrete Crushing 

AFRP-N6 12002 34615 0.35 3405 3000 1.14 Concrete Crushing 

AFRP-N8 11674 34615 0.34 3489 3000 1.16 Concrete Crushing 

STEEL-N4 15842 2100 7.54 3720 3000 1.24 Steel Yielding 

STEEL-N6 14978 2100 7.13 3569 3000 1.19 Steel Yielding 
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Figure 6.7: Moment-mid span strain curves of normal strength concrete and CFRP bars 

 

 

Figure 6.8: Moment-mid span strain curves of normal strength concrete and GFRP bars 
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Figure 6.9: Moment-mid span strain curves of normal strength concrete and AFRP bars 

 

6.3.3 Deformability Factor 

Deformability factor of FRP-RC beams are shown in Table 6.11. As can be seen, in all cases 

DF is greater than 4, as recommended in CSA S6-10. Also, according to the results, GFRP-RC 

beams show higher deformability factor in comparison with AFRP-RC and CFRP-RC beams. 

Table 6.11: Deformability Factor for different NSC-RC beams  

 

DF 

CFRP-N4 6.7 

CFRP-N6 7.0 

CFRP-N8 7.9 

GFRP-N4 8.9 

GFRP-N6 10.1 

GFRP-N8 10.8 

AFRP-N4 7.4 

AFRP-N6 8.6 

AFRP-N8 8.4 

6.3.4 Results of Design Codes 

Different results of FE modeling and analyses are compared with results calculated according 

to design codes, together with discussions. 
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Moment-Deflection Curves 

In this part moment-deflection curves from the modeling are compared with results from ACI-

318 for STEEL-RC beams and from ACI 440-H, CSA S806-02 and ISIS Canadian model for 

FRP-RC beams. 

  

STEEL-RC Beams 

Comparison of modeling results with ACI-318 results is presented in Fig 6.10. The graph shows 

that after cracking Steel-4 shows a better fit to the results from ACI-318 than Steel-6. In both 

cases ACI-318 gives well predicted deflections indeed but only up to yielding. 

 

 

 
 

Figure 6.10: Moment deflection curve of STEEL-N4 and STEEL-N6 for modeling and ACI 318 results 

 

CFRP-RC Beams 

As Fig. 6.11 shows, for all CFRP-RC beams the moment-deflection curves of ACI 440-H is best 
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deflection in comparison with modeling results. With increasing moment, ACI 440-H, ISIS 

model and CSA S806-02 have underestimated the deflection, but CSA S806-02 has the closest 

deflection at failure to the modeling result in comparison with the other two design codes. 
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Figure 6.11: Moment deflection curve of CFRP-N4, N6 and N8 for modeling and design codes results 

 

GFRP-RC Beams 

Fig. 6.12 shows the moment-deflection curves of GFRP-RC beams according to modeling 

results and design codes. The deflection from ACI 440-H for all GFRP-RC beams is very close 

to the results from modeling up to the cracking moment. At low moments the ISIS model 

overestimates deflection and at higher moments, when CSA S806-02 has reasonable prediction 

of deflection, the ISIS model and ACI 440-H underestimate the maximum deflection. 
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Figure 6.12: Moment deflection curve of GFRP-N4, N6 and N8 for modeling and design codes results 

 

AFRP-RC Beams 

Fig. 6.13 shows that ACI 440-H underestimates the deflection for all AFRP-RC beams after 

cracking moment. At lower moments the ISIS model and at higher moments the CSA S806-02 

give the best fit to the modeling results. Also, the predicted maximum moments and 

deflections by the design codes converge towards the modeling results with increasing 

reinforcement ratios. 
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Figure 6.13: Moment deflection curve of AFRP-N4, N6 and N8 for modeling and design codes results 

Deflection at Service Moment 

Two points with 30% and 67% of ultimate moment, Mu, are assumed for studying deflections 

at serviceability limit state. Figs. 6.14 and 6.15 present the scatter graph of ratio of predicted 

service deflection by design codes to the modeling results. As Fig. 6.14 shows, for deflections 

correspond with 30% of the ultimate moment, ACI 440-H gives the best fit to the modeling 

results for all FRP-RC beams and CSA S806-02 and ISIS model have overestimated deflections 

for this case. With increasing moment to 0.67Mu, as can be seen in Fig. 6.15, the ISIS Canada 

model and CSA S806-02 have predicted the service deflections with close approximation to the 

modeling results, while in this case the ACI 440-H has underestimated the service deflections. 

However, it seems all three design codes, require to be modified. 
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Figure 6.14:  

 

 

Figure 6.15:  

 

Deflection at Ultimate Moment 

Ratios of predicted ultimate deflection by design codes and modeling results has been 

presented in Fig. 6.16. For the ultimate deflection of CFRP-RC beams, CSA S806-02 is 

suitable for greater reinforcement ratios while the ACI 440-H and ISIS model have predicted 

very accurate ultimate deflection for smaller reinforcement ratios. For AFRP-RC beams with 

increasing reinforcement area, CSA S806-02 results for ultimate moment converge to modeling 

results while the ISIS model and ACI 440-H results for ultimate moment diverge from 
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modeling results. As can be seen, for GFRP-RC beams the ISIS model gives the best results in 

comparison with ACI 440-H and CSA S806-02. Also, in all FRP-RC models with increasing the 

reinforcement area the CSA S806-02 and the ISIS model from overestimated ultimate 

deflections go to underestimated ultimate deflections. 

 
Figure 6.16: Variety of ratios of ultimate deflection by design cods to modeling for NSC-RC beams 

Cracking and Ultimate Moments 

Comparison of the ultimate moment and cracking moment for steel and FRP-reinforced 

concrete beams with the values proposed by ACI 440-H is presented in Table 6.12. The study 

shows that the modeling results for cracking moment with a reasonable approximation is the 

same as the results of the ACI 440-H design code. For ultimate moments the results from ACI 

440-H are about 420% greater than the modeling results, which is acceptable. Fig. 6.17 shows 

that the predicted Mcr with ACI 440-H is highly precise in comparison with the modeling 

results while predicted Mu is not very close to modeling results. 

Table 6.12: Comparing cracking moment for NSC-RC beams with FE modeling results and ACI 440-H 

 
Cracking Moment Mcr [kNm] Ultimate Moment Mu [kNm] 

Beam Modeling ACI 440-H Mcr(ACI)/Mcr(Model)  Modeling ACI 440-H Mu(ACI)/Mu(Model)  

CFRP-N4 12.3 12.18 0.99 54 60 1.11 

CFRP-N6 12.4 12.20 0.99 70 73 1.04 

CFRP-N8 12.4 12.21 0.99 76 81 1.07 

GFRP-N4 12.3 12.16 0.99 36 39 1.08 

GFRP-N6 12.4 12.16 0.98 43 52 1.21 

GFRP-N8 12.5 12.17 0.97 53 58 1.09 

AFRP-N4 12.2 12.16 1.00 39 46 1.18 

AFRP-N6 12.8 12.17 0.95 48 54 1.13 

AFRP-N8 12.6 12.17 0.97 57 61 1.07 

STEEL-N4 12.8 12.21 0.95 40 35 0.88 

STEEL-N6 12.9 12.39 0.96 56 51 0.91 
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Figure 6.17: Ratios of cracking and ultimate moments by design cods to modeling for NSC-RC beams 

 

Strain in Reinforcement 

As shown in Table 6.13, ACI 440-H overestimates reinforcement strain for rather all cases, but 

the differences are small and rational. Also, closest predicted bar strain belongs to beam 

GFRP-N4 which has balanced reinforcement ratio and rupture of bars happens simultaneous 

with concrete crushing. Fig. 6.18 shows the scatter graph of proportions of predicted bar 

strains at failure by ACI 440-H to the modeling results. As can be seen, while ACI 440-H has 

overestimated the strain for AFRP-RC and GFRP-RC beams, for CFRP-RC beams it shows 

good agreement with the results from modeling, especially for f≤2. 

Table 6.13: Strain at failure in reinforcements for modeling and ACI 440-H 

 
Reinforcement Strain at Failure [με] 

Beam Modeling ACI 440-H εfu(ACI)/εfu(Model)  

CFRP-N4 10306 10559 1.02 

CFRP-N6 8659 8351 0.96 

CFRP-N8 6603 7041 1.07 

GFRP-N4 17611 17511 0.99 

GFRP-N6 12075 14009 1.16 

GFRP-N8 11408 11926 1.05 

AFRP-N4 13931 16375 1.18 

AFRP-N6 12002 13083 1.09 

AFRP-N8 11674 11126 0.95 

STEEL-N4 15842 Yielded - 

STEEL-N6 14978 Yielded - 
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Figure 6.18: Ratios of predicted bar strain by ACI 440-H to modeling results for NSC-RC beams 

6.4  Results of HSC Beams 

As mentioned in the previous part, the failure of STEEL-RC beams with normal strength 

concrete was yielding and finally ruptures of the steel bars and the failure of all FRP-RC 

beams with normal strength concrete was due to concrete crushing. Concrete crushing caused 

that FRP bars cannot appropriately use their high tensile strength and so, with improving 

concrete quality, FRP-RC beams with the same reinforcement area as previous cases can show 

much higher flexural capacity. In this part, the results from modeling based on high strength 

concrete are presented. It should be noted, because of the increasing concrete compressive 

strength, FRP-RC models which have four tensile reinforcement bars are eliminated due to the 

under reinforced condition. 

6.4.1 Moment-Deflection 

Ultimate moment and deflection for beams modeled with high strength concrete are presented 

in Table 6.14. As can be seen, the results are similar to that of the previous case with normal 

strength concrete, the greatest moment capacity is obtained for CFRP-RC beams. 

Table 6.14: Modeling results of ultimate moment and deflection of different HSC-RC beams  

 

Area Mu (kNm) ∆u (m) 

CFRP-H6 426 102 0.057 

CFRP-H8 568 115 0.050 

GFRP-H6 426 57 0.059 

GFRP-H8 568 70 0.060 

AFRP-H6 426 66 0.069 

AFRP-H8 568 80 0.063 

STEEL-H4 401 48 0.065 

STEEL-H6 602 63 0.059 
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CFRP-RC Beams 

Fig. 6.19 shows the moment-deflection curves of CFRP-H6 and CFRP-H8 in comparison with 

STEEL-H4 and STEEL-H6, respectively. CFRP-H6 and CFRP-H8 with 102 and 115 kNm 

have considerably greater moment capacity than STEEL-H4 and STEEL-H6 with 48 and 63 

kNm, respectively. So, the moment capacity of CFRP-H6 is 2.5 times and CFRP-H8 is a little 

less than 2 times that of their equivalent STEEL-RC beams. 

 

Figure 6.19: Moment-deflection curves of CFRP-RC and STEEL-RC beams with HSC 

GFRP-RC Beams 

Moment-deflection curves for GRP-RC beams are presented in Fig. 6.20. As can be seen, both 

GFRP-H6 and GFRP-H8 exhibit more moment capacity than STEEL-H4 and STEEL-H6, 

respectively. Comparing Fig 6.20 with Fig. 6.4 clarify the higher effect of improving the 

concrete quality in FRP-RC beams in comparison with STEEL-RC beams.  

As mentioned before, GFRP-RC beams with normal strength concrete material have almost 

the same moment capacity as their equivalent STEEL-RC beams while the moment-deflection 

curves of GFRP-RC beams with the high strength concrete material shows higher flexural 

capacity than STEEL-RC beams with high strength concrete material. According to the 

results, the beam GFRP-N8 shows 5% less flexural capacity than its equivalent STEEL-RC 

beam but with improving the quality of the concrete material, this beam shows about 10% 

more ultimate moment than its equivalent STEEL-RC beam. Also, beam GFRP-H6 before 

reaching its ultimate concrete compressive strain fails due to rupture of the FRP bars while 

beam GFRP-H8 reaches its ultimate compressive strain and fails due to concrete crushing. So, 

as the graphs illustrate, GFRP-H8 have slightly more deflection at failure than GFRP-H6. 
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Figure 6.20: Moment-deflection curves of GFRP-RC and STEEL-RC beams with HSC 

AFRP-RC Beams 

Fig. 6.21 presents moment-deflection curves for AFRP-RC and STEEL-RC beams modeled 

with high strength concrete. AFRP-H8 with about 80 kNm and AFRP-H6 with about 66 kNm 

have greater ultimate moment than STEEL-H6 which has an ultimate moment about 63 kNm 

and STEEL-H4 with about 48 kNm, respectively. Also, the graphs show that AFRP-H8 has 

the same deflection at failure as STEEL-H6 while AFRP-H6 exhibits more deflection at failure 

than STEEL-H4.  

 
Figure 6.21: Moment-deflection curves of AFRP-RC and STEEL-RC beams with HSC 
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Comparison of Different FRP Types 

Fig 6.22 presents moment-deflection curves for different types of reinforcement which have 

modeled with high strength concrete. As the graphs show, all FRP-RC beams with high 

strength concrete can carry greater ultimate moment than its equivalent STEEL-RC beams 

with HSC.  

  

Figure 6.22: Moment-deflection curves of beams FRP-H6 & H8 in comparison with STEEL-H4 & H6 

The highest flexural capacity is shown for the CFRP-RC beams with 115 kNm and 102 kNm 

for CFRP-H8 and CFRP-H6, respectively. Also, AFRP-H6 with about 69 mm has the largest 

ultimate deflection. 

6.4.2 Strain at Reinforcement and Concrete 

Table 6.15 presents the mid-span strain in the tensile reinforcement and the outer concrete 

compressive fiber. As can be seen from the table the mode of failure for all FRP-RC beams is 

concrete crushing except for GFRP-H6, which collapses due to rupture of FRP bars and 

consequently concrete crushing. Also, both steel-RC beams collapse due to yielding and finally 

rupture of steel bars. 

Table 6.15: Mid span strain in concrete and reinforcement for HSC-RC beams  

 
Bar Strain at Failure [με] Concrete Strain at Failure [με] 

 
 Beam Model Ultimate εfu(model)/εfu(Ult)  Model Ultimate εc(model)/εc(Ult)  Mode of failure 

CFRP-H6 12374 13210 0.94 3371 3000 1.12 Concrete Crushing 

CFRP-H8 9789 13210 0.74 3254 3000 1.08 Concrete Crushing 

GFRP-H6 18041 17978 1.01 3294 3000 1.10 Rupture+Crushing 

GFRP-H8 15436 17978 0.86 3188 3000 1.06 Concrete Crushing 

AFRP-H6 16532 34615 0.48 3229 3000 1.08 Concrete Crushing 

AFRP-H8 14461 34615 0.42 3159 3000 1.05 Concrete Crushing 

STEEL-H4 53648 2100 25.55 3481 3000 1.16 Steel Yielding 

STEEL-H6 43143 2100 20.54 3388 3000 1.13 Steel Yielding 
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Also as it can be seen from this table, the lowest ratio of bar strain to the ultimate tensile 

strain of reinforcements belongs to AFRP-RC beams. For these beams, while concrete has been 

crushed, reinforcements have reached less than half of their ultimate strain which is due to the 

high ultimate tensile strain of AFRP bars.  

Moment vs. mid-span strain curves of CFRP-RC, GFRP-RC and AFRP-RC beams with high 

strength concrete are presented in Figs. 6.23, 6.24 and 6.25, respectively. 

 

 

Figure 6.23: Moment-mid span strain curves of high strength concrete and CFRP bars 

 

Figure 6.24: Moment-mid span strain curves of high strength concrete and GFRP bars 
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Figure 6.25: Moment-mid span strain curves of high strength concrete and AFRP bars 

6.4.3 Deformability Factor 

Table 6.16 presents the deformability factor for FRP-RC beams with high strength concrete. 

For all the beams, the recommendation of CSA S6-10 has been satisfied. Also, AFRP-RC 

beams have shown a greater deformability factor in comparison with other beams while in 

cases with normal strength concrete GFRP-RC beams have higher deformability factor. 

Table 6.16: Deformability Factor for different HSC-RC beams  

 
DF 

CFRP-H6 11.4 

CFRP-H8 9.7 

GFRP-H6 11.1 

GFRP-H8 12.8 

AFRP-H6 11.9 

AFRP-H8 14.7 

6.4.4 Results of Design Codes 

In this part the results of modeling have been compared with the available design codes, ACI 

440-H for FRP-RC beams and ACI 318 for STEEL-RC beams. 

STEEL-RC Beams 

Comparison between moment-deflection curves from modeling and calculations based on ACI 

318 for STEEL-H4 and STEEL-H6 are shown in Fig. 6.26. For both steel models the graphs 
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according to modeling and ACI 318 results show good correspondence but only to the level 

when yielding is initiated. 

 

Figure 6.26: Moment deflection curve for STEEL-H4 & H6 according to modeling and ACI 318 

CFRP-RC Beams 

As shown in Fig. 6.27, the same as CFRP-RC beams with normal strength concrete, for 

CFRP-RC beams with high strength concrete the results of ACI 440-H and modeling are well 

fitted until cracking moment and with increasing the moment ACI 440-H underestimates 

deflections for both CFRP-H6 and CFRP-H8. 

 

Figure 6.27: Moment deflection curve of CFRP-H6 & H8 according for modeling and ACI 440-H 
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GFRP-RC Beams 

Moment-deflection curves of GFRP-RC beams according to ACI 440-H and FEM results, are 

shown in Fig 6.28. As can be seen from this figure, the prediction of the deflection by ACI 440-

H is very close to the modeling results until the cracking moment while after cracking moment, 

ACI 440-H underestimates the deflections. Also, with increasing reinforcement ratio, the 

difference between modeling result and prediction of ACI 440-H for ultimate deflection has 

been decreased. However, the curves show an overestimation of the flexural capacity for the 

GFRP-RC beams as given by ACI 440-H compared with the modeling results. 

 

Figure 6.28: Moment deflection curve for GFRP-H6 & H8 according to modeling and ACI 440-H 

 

AFRP-RC Beams 

As shown in Fig. 6.29 for AFRP-RC beams, ACI 440-H underestimates deflection after the 

cracking moment. For both cases, ACI 440-H predicts higher moment capacity and less 

deflection at failure than indicated by the results of FE modeling. 
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Figure 6.29: Moment deflection curve for AFRP-H6 & H8 according to modeling and ACI 440-H 

Cracking and Ultimate Moment 

Table 6.17 presents the results from modeling and ACI 440-H for cracking and ultimate 

moment. Also, the ratios between results from prediction of ACI guidelines to the modeling 

results are presented in this table. For the cracking moment, the differences between results 

from design code and modeling are negligible where the ACI 440-H predicted slightly lower 

results. For the ultimate moment, prediction of ACI 440-H is somewhat higher than modeling 

results. Also, a comparison between Table 6.17 and Table 6.12 shows that generally the 

differences between predictions from ACI 440-H and the results of modeling, for both NSC and 

HSC RC beams, are negligible. In addition, for STEEL-RC beams ACI 318 presents more 

accurate results for beams with normal strength concrete material than beams with high 

strength concrete material. 

Table 6.17: 

 
Cracking Moment Mcr [kNm] Ultimate Moment Mu [kNm] 

Beam Modeling ACI Mcr(ACI)/Mcr(Model)  Modeling ACI  Mu(ACI)/Mu(Model)  

CFRP-H6 19.3 18.11 0.94 102 107 1.05 

CFRP-H8 19.7 18.13 0.92 115 117 1.02 

GFRP-H6 19.9 18.07 0.91 57 60 1.05 

GFRP-H8 20.0 18.15 0.90 70 80 1.14 

AFRP-H6 18.4 18.08 0.98 66 75 1.14 

AFRP-H8 19.5 18.08 0.93 80 85 1.06 

STEEL-H4 19.1 18.16 0.95 48 37 0.77 

STEEL-H6 19.8 18.20 0.92 63 57 0.90 
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Deflection at Service 

Fig 6.30 shows the proportion of predicted deflections by ACI 440-H to the modeling results of 

FRP-RC beams with high strength concrete material. Two points with 30% and 67% of 

ultimate moment, Mu, are considered for studying the deflection at service stage. As can be 

seen from figure, except for GFRP-H6 which has balanced reinforced condition, predicted 

deflection by ACI 440-H at 0.3Mu is about 112% higher than modeling results. Also, at higher 

moment, 0.67Mu, ACI 440-H underestimates deflections for all the beams. 

 

Figure 6.30:  
 

Deflection at Failure 

Fig. 6.31 shows the ratios of FE modeling and design code prediction of deflection at failure. As 

the figure exhibits, there is 520% difference between the results from modeling and ACI 440-

H. Also as shown in Fig. 6.31, for all cases ACI 440-H slightly underestimates the ultimate 

deflection in comparison with modeling results. 

 

Figure 6.31:  
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Strain in Reinforcement 

As can be seen from Table 6.18, the prediction from ACI 440-H for tensile strain in 

reinforcements are in good agreement with their corresponding modeling results. Also, a 

comparison between Table 6.18 and Table 6.13 shows that while for CFRP-RC and AFRP-RC 

beams the results of the predicted and modeling strain at failure for high strength concrete 

converge more than that for the normal strength concrete, the proportion of design codes and 

modeling results for strain for GFRP-RC beams in NSC and HSC cases are similar. 

Table 6.18: strain in HSC-RC beams according to modeling and ACI 440-H 

 
Reinforcement Strain at Failure [με] 

Beam Modeling ACI 440-H εfu (ACI) / εfu (Model)  

CFRP-H6 12374 11417 0.92 

CFRP-H8 9789 9711 0.99 

GFRP-H6 18041 18752 1.04 

GFRP-H8 15436 16055 1.04 

AFRP-H6 16346 17555 1.07 

AFRP-H8 14461 15019 1.04 

STEEL-H4 53648 Yielded - 

STEEL-H6 43143 Yielded - 

 

6.4.5 Comparison of Results of NSC and HSC Beams 

As mentioned before, the compressive strength of the concrete has been increased from 40.4 

MPa to 91.3 MPa, which is more than two times. Also, the modulus of elasticity has been 

increased from 31.9 GPa to 42.9 GPa. In this section the results from FE modeling for normal 

strength concrete and high strength concrete have been compared. 

Cracking Moment 

Tables 6.19 presents the cracking moment of RC beams with respect to their concrete quality. 

As can be seen, for all beams with increasing compressive strength and modulus of elasticity, as 

it was expected, the cracking moment have been increased 4461%. 

Table 6.19: Comparison of cracking moments of normal strength and high strength concrete beams 

 
 
 

Cracking Moment (kNm) 

 
NSC HSC HSC/NSC 

STEEL-4 12.8 19.1 1.49 

STEEL-6 12.9 19.8 1.54 

CFRP-6 12.4 19.3 1.56 

CFRP-8 12.4 19.7 1.59 

GFRP-6 12.4 19.9 1.61 

GFRP-8 12.5 20.0 1.60 

AFRP-6 12.8 18.4 1.44 
 AFRP-8 12.6 19.5 1.55 
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Moment at Failure 

Table 6.20 shows the failure modes and proportion of ultimate moment of HSC to NSC beams. 

As it is shown in the table, improving the concrete quality have a higher effect on the flexural 

capacity of the CFRP-RC beams than for other kinds of RC beams. In addition, the lowest 

increase is for the STEEL-RC beams with 20% and 13% increase in moment capacity. This can 

be related to the lack of sufficient steel bars which leads to steel yielding as a mode of failure 

and improving concrete quality for the STEEL-RC beams can therefore not be as effective as 

for FRP-RC beams. Table 6.20 also shows that, except for GFRP-H6 which fails due to 

rupture of the GFRP bar, all other FRP-RC beams in both the NSC and HSC cases have failed 

due to concrete crushing. 

Table 6.20: 

 

 
Moment at Failure (kNm) Failure Mode 

 
NSC HSC HSC/NSC NSC HSC 

STEEL-4 40 48 1.20 Steel Yielding Steel Yielding 

STEEL-6 56 63 1.13 Steel Yielding Steel Yielding 

CFRP-6 70 102 1.46 Concrete Crushing Concrete Crushing 

CFRP-8 76 115 1.51 Concrete Crushing Concrete Crushing 

GFRP-6 43 57 1.33 Concrete Crushing Rupture+Crushing 

GFRP-8 53 70 1.32 Concrete Crushing Concrete Crushing 

AFRP-6 48 66 1.38 Concrete Crushing Concrete Crushing 

AFRP-8 57 80 1.40 Concrete Crushing Concrete Crushing 

 

Deflection at Failure 

Table 6.21 shows the proportion of deflection at failure for HSC and NSC beams. All the HSC 

beams exhibit greater deflection at failure in comparison with the NSC beams. With improving 

the quality of concrete CFRP-RC beams show the greatest increase in ultimate deflection in 

comparison with the other high strength reinforced concrete beams. 

Table 6.21: Comparison of ultimate deflection in HSC-RC beams with NSC-RC beams 

 
Ultimate Deflection at Failure (mm) 

 
NSC HSC HSC/NSC 

CFRP-6 0.041 0.057 1.39 

GFRP-6 0.050 0.059 1.18 

AFRP-6 0.052 0.069 1.33 

CFRP-8 0.035 0.050 1.43 

GFRP-8 0.051 0.060 1.18 

AFRP-8 0.048 0.063 1.31 

 

 

Comparing failure mode and ultimate moment of normal strength and high strength 

concrete beams 
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Reinforcement Strain at Failure 

As it is illustrated in Table 6.22, the strain of bars at failure in STEEL-RC beams with high 

strength concrete is significantly greater than in beams with normal strength concrete. There is 

about 2351% increase in bar strain at failure for FRP-RC beams with high strength concrete 

in comparison with NSC beams. Also, the greatest increase is observed in CFRP-H6 with 

about 51% growth in reinforcement strain. It means improving the concrete quality caused to 

use higher tensile capacity of FRP bars. 

Table 6.22: Comparison of bars strain at failure in HSC-RC beams with NSC-RC beams 

 
Bar Strain at Failure (με) 

 
NSC HSC HSC/NSC 

STEEL-4 18732 53648 2.86 

CFRP-6 8210 12374 1.51 

GFRP-6 12075 16180 1.34 

AFRP-6 12002 16346 1.36 

STEEL-6 17005 43143 2.54 

CFRP-8 7943 9789 1.23 

GFRP-8 11407 15436 1.35 

AFRP-8 11673 14461 1.24 
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7  
 
Conclusions and Future Research 

7.1  Conclusions 

 

According to the results of this study, it can be concluded that CFRP-bars are the best kinds 

of FRP bars and reinforced concrete beams with CFRP show the highest flexural capacity in 

comparison with steel-RC, GFRP-RC and AFRP-RC beams. AFRP bars have larger moment 

capacity than steel-RC and GFRP-RC beams. They have very low elastic modulus with very 

high strain and are an acceptable alternative for application in pre-stressed concrete structures. 

GFRP bars are the cheapest FRP type and considering that GFRP-RC beams show almost the 

same ultimate moment as steel-RC beams, they can be a good substitute for steel bars in 

structures exposure to corrosive environments. Also, in cases that the failure mode of beams is 

concrete crushing, improving concrete quality without increasing reinforcement area can 

significantly increase the flexural capacity of FRP-RC beams. In fact, with normal strength 

concrete the high tensile strength of FRP bars cannot be used appropriately. So, according to 

the results of the study, usage of FRP bars in beams with high strength concrete is 

recommended. However, It should be noted that there is too large displacements and cracks in 

serviceability limit state of FRP-RC beams. 

Results show that depends on the type of FRP bar and concrete material, increasing 

reinforcement ratio is not always useful, e.g. with increasing reinforcement ratio more than 2fb 

in CFRP-RC beams with normal strength concrete, the efficiency of extra reinforcement would 

be decreased because the failure mode is concrete crushing and increasing reinforcement ratio 

cannot significantly increase the flexural capacity of the beam. 

Also, as it can be seen from the aforementioned results, increasing the reinforcement ratio of 

FRP bars up to 2fb in beams with normal strength concrete is more effective in increasing 

moment capacity of CFRP bars than GFRP and AFRP bars. Increase more than 2fb is less 

effective in increasing moment capacity and more effective in decreasing deflection of CFRP 

bars than GFRP and AFRP bars. CFRP bars have the greatest decrease in deflection with 

increasing reinforcement area. 

In addition, results show there is a large difference in stiffness directly after cracking, i.e. higher 

deformations in the serviceability state is to be expected for FRP-RC beams which is not 

Chapter 
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desirable. The lower modulus of elasticity leads to wider cracks which caused to reduction of 

aggregate locking and smaller depth to neutral axis based on cracked-elastic behavior which 

caused to less transfer of shear across compression zone. 

Another point which should be considered is large cracking plateau in strain graphs of beams 

reinforced with FRP bars in comparison with beams reinforced with steel bars. As shown in 

moment-midspan strain curves of reinforcements, after cracking, during unloading in a very 

short period of time there is a high increase in FRP reinforcement strain, especially in beams 

with lower reinforcement ratio and lower modulus of elasticity, while for concrete strain is not 

increased too much. After loading, graphs of FRP reinforcement strain show again a reasonable 

inclination. 

With substituting high strength concrete, Fc=91.3 MPa and Ec= 42.9 GPa, instead of normal 

strength concrete, Fc=40.4 MPa and Ec=31.9 GPa, the flexural capacity and ultimate 

deflection of all FRP-RC beams significantly increase but ultimate moment of CFRP-RC 

beams increase more than GFRP-RC and AFRP-RC beams. Also, GFRP-RC beams which 

with normal strength concrete have the same moment capacity as STEEL-RC beams with 

equal reinforcement area, with high strength concrete exhibit rather significant improvement 

in their flexural behavior and carry more moment at failure than STEEL-RC beams. 

Until cracking moment the ACI 440-H results of moment-deflection curve is fitted with 

modeling results for 3 groups of FRP bars and after that it underestimates the deflection. CSA 

S806-02 has predicted more moment and deflection at failure for FRP-RC beams with smaller 

reinforcement ratio in comparison with modeling results and with increasing reinforcement 

area its results are more fitted with FEM results. At service stage ACI 440-H has appropriately 

predicted service deflection of FRP-RC beams at low moments but with increasing moment at 

service stage CSA S806-02 and ISIS Canada model have closer results to modeling results than 

ACI 440-H predictions. It seems at lower loads and smaller reinforcement ratios ACI 440-H 

and ISIS model has reasonably predicted the deflection but at higher loads and larger 

reinforcement ratios CSA S806-02 is best fitted with modeling results. However, according to 

results, predictions of available design codes for flexural behavior of FRP bars, are not precise 

enough and they require to be revised. Also, perhaps it is necessary to have separate formulas 

for accurate calculation of deflection for different kinds of FRP bars due to their different 

structural properties and behavior, especially high differences in the amount of elastic 

modulus, Ef. 

7.2  Future Research 

Further research in subjects related to the FRP RC structures is necessary to be performed, 

such as: FRPs fire resistance, FRPs long-term performance, etc. However, the most interesting 

and maybe the more effective part of them is improving ductility of FRP RC beams with 

adding some steel bars companion with FRP bars to make a Hybrid FRP RC beam. Another 

interesting point can be studying about replacing some ductile material, such as Shape 

Memory Alloy (SMA) bars in plastic hinges of FRP-RC beams, especially in the seismic 

regions to increase the ductility and energy dissipation of the structure. Numerical study about 

other failure modes of FRP-RC structures, such as shear failure and bond failure are suggested. 

Also, to complete and modify present rules and regulations more extensive and precise 

experimental studies in different aspects of structural application of FRP bars is required.
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A  
 
Comparison of results of modeling and 
experiment 

As it mentioned in Section 5.3.1, the comparison of results of modeling and experiment are 

presented in the following parts. 

A.1 Moment-deflection graphs 

In this part, the modeling results of moment vs. mid-span deflection graphs of normal strength 

concrete beams reinforced with the CFRP and steel bars are compared with the results of 

corresponding beams in the experiment. 

 

Figure A.1: Moment vs. mid-span deflection graphs of beam Steel-N4 from modeling and experiment 
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Figure A.2: Moment vs. mid-span deflection graphs of beam Steel-N6 from modeling and experiment 

 

 

 

 

Figure A.3: Moment vs. mid-span deflection graphs of beam CFRP-N4 from modeling and experiment
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Figure A.4: Moment vs. mid-span deflection graphs of beam CFRP-N6 from modeling and experiment 

 

 

 

 

Figure A.5: Moment vs. mid-span deflection graphs of beam CFRP-N8 from modeling and experiment 
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A.2 Bar strain and Concrete strain 

In the following, the modeling results of the bar strain and concrete strain for normal strength 

concrete beams reinforced with the CFRP and steel bars are compared with the results of 

corresponding beams in the experiment. 

Table A.1: Comparison of modeling and experimental results of strain in concrete and reinforcements  

 
Concrete Strain at Failure [με] Bar Strain at Failure [με] 

Beam Modeling Experiment εu (Exp)/εu (Model)  Modeling Experiment εu (Exp)/εu (Model)  

CFRP-N4 3339 3108 0.93 10306 14163 1.37 

CFRP-N6 3734 3424 0.92 8659 8764 1.01 

CFRP-N8 3677 3702 1.01 6603 7760 1.18 

Steel-N4 3720 3584 0.96 15842 14000 0.88 

Steel-N6 3569 3311 0.93 14978 14175 0.95 

 

As it is shown in Table A.1, the results of concrete and bar strain from modeling are in good 

agreement with the results of the experiment.  

A.3 Cracking and Ultimate moment 

In this section, the comparisons between the results of cracking and ultimate moment of 

modeling and experimental study are presented in Table A.2. 

As it can be seen from this table, modeling results of the CFRP-RC beams show somewhat the 

same cracking moment as the experimental results and since there are no experimental results 

for cracking moment of the steel-RC beams, the comparisons of these beams are not possible to 

perform.  

Table A.2: Comparison of cracking moment and moment at failure of modeling and experimental results 

 
Cracking Moment Mcr [kNm] Ultimate Moment Mu [kNm] 

Beam Modeling Experiment Mcr(Exp)/Mcr(Model)  Modeling Experiment Mu(Exp)/Mu(Model)  

CFRP-N4 12.3 11.6 0.94 54 71 1.32 

CFRP-N6 12.4 11.8 0.95 70 83 1.18 

CFRP-N8 12.4 11.3 0.91 76 90 1.18 

Steel-N4 12.8 - - 40 41 1.01 

Steel-N6 13.0 - - 56 51 0.92 

 

In addition, regardless of CFRP-N4, the modeling results of moment at failure for all the 

beams have 1% to 18% differences with the experimental results.  
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According to the aforementioned comparisons of the results of modeling and experiment, it can 

be concluded that the modeling of the reinforced concrete beams in this study has the required 

accuracy and precision and the small differences of these comparisons are reasonable.




