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Abstract 

Context awareness is one of the central features of pervasive computing systems. From pervasive computing perspective a 

situation can be defined as external semantic interpretation of context. Situation awareness aims to infer situations out of 

context. Developing situation awareness is a challenging task, which can be significantly hampered by errors during design 

stage. In this article we propose a novel method for verification of fuzzy situation definitions. Fuzzy logic is a powerful 

mechanism for reasoning in pervasive computing systems and verification of situation models is a new method of formally 

ensuring correctness of context awareness and situation awareness. Verification is applied at the design time to check that 

definitions of situations are error-free. Verification approach allows developers to rigorously specify expected relationships 

between situations and then formally check that definitions of situations comply with expected relationships. If an error is 

found, then additional task is to find counterexamples - particular context attribute values, which can cause situation 

awareness inconsistency. Counterexamples provide additional insight into the cause of error and help repairing situation 

definitions. We also discuss a method to formalize requirements, as well as propose and formally prove the novel verification 

algorithm for fuzzy situation models. Last, but not least, we analyze theoretical and practical complexity of the proposed 

solution. 
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1. Introduction 

Context awareness is one of the foundational principles of pervasive computing. Context is the key characteristic 

of every pervasive computing system and, according to predictions [36], by 2015 context will be as influential in 

mobile consumer services, as search engines are influential to the web. 

Situation in pervasive computing can be viewed as a higher level of generalization of context. For example, 

multiple wearable accelerometers on user’s arms and legs produce enough information to detect situations like 

“user walking”, “user running”, “user standing” or “user sitting” (see [5]), in the room the data from noise 

sensors, movement sensors and appliance usage sensors can be generalized into situations “nobody in the room”, 

“one person in the room” or “several people in the room” (see [17]), blood pressure sensory data in mobile 

healthcare can be generalized into situations “hypertension”, “hypotension” and “normal pressure” (see [16]). 

Situation awareness functionality extracts most general relevant information from context and provides it in a 

clear manner to the applications. 

Practically used situation modeling methods include Naïve Bayesian approach [5, 24], fuzzy logic [3, 16], 

belief function theory [17], context spaces [29], neural networks [32], and many more (see [33] for a 

comprehensive survey). Situation models can be either learned from labeled [5, 24] or unlabeled [18, 25, 26] 

data, or designed manually [16, 17] using the expert knowledge of the subject area. Situation reasoning result 

might be a Boolean value (whether the situation occurs or not), probability that the situation is occurring, fuzzy 

level of confidence, etc. 

Design of a situation aware system is a complex and error-prone task. Developing situation definitions 

manually may be hampered by expert errors. Errors in training data, overfits or underfits, as well as choice of an 

unsuitable learning approach can hamper automated learning of situation models. Incorrect situation awareness 

results are transferred to applications, and in turn it leads to improper adaptation actions. For example, if the 

situations “one person in the room” and “two people in the room” are triggered simultaneously, it might be a 

result of sensor error, but it as well might be a result of an improper generalization, i.e. it can happen if the 

sensor readings are not translated into situations correctly. Or, for example, definition mistake might result in 

triggering together situations “user sitting” and “user walking” even if the sensor error has no impact. As another 

example, situation “driving” should imply situation “in the car”, and if for some reliable sensor data it is possible 

to have the “driving” situation, but not “in the car” situation, this points to a definition mistake. Consider also 



one more example: a smart office, where there are two situations of interest associated with each workplace. One 

situation is “conditions acceptable for work”, which means that the workplace environment (light level, noise 

level, etc.) is sufficiently good to continue working at that workplace. The second situation is “light 

malfunctions”, and it is triggered if the light is on, but the level of light is still insufficient to continue: the lamp 

may produce too dim light or be just off. According to their meaning, those situations should not co-occur – by 

definition “light malfunctions” implies insufficiency of light level, while “conditions acceptable” implies that all 

the workspace parameters are sufficient. Triggering both situations means contradictive situation awareness 

result, which might propagate further and lead to erroneous adaptation actions. This scenario will be a 

motivating example throughout the article. This example was inspired by the example from our previous article 

[7], but in this work it is redeveloped for fuzzy situation inference and analyzed by completely different 

approach. 

In order to avoid definition errors, situation models often undergo extensive testing: developers thoroughly 

check that the situation awareness recognize proper situation for certain sensor inputs. Sensor inputs can be from 

real sensors or imitated sensors in simulated environment. However, the capabilities of testing are limited. The 

sensor values, which trigger certain problems, might as well not be considered during the testing. Verification is 

an acknowledged opportunity of reducing the amount of errors in protocols and programs. Usually verification 

ensures that the program has a certain property, like “if a request comes, it will be processed” (see [13] for more 

details on verification of software). In order to prove that a program has certain property, corresponding 

assertion under verification has to be expressed in a formal manner (e.g. as a temporal logic formula). 

Verification procedure then rigorously proves that for the given program the assertion is always true, or finds 

counterexamples – precise description of cases, where assertion fails. In pervasive computing some articles 

proposed methods to verify behavior rules [4, 22] or multi-agent interaction aspects [14, 15]. However, the 

plausibility of situation definition verification is often overlooked. 

Some situation awareness-related articles, including our previous article [7], defined the problem of 

verification of situation models, i.e. detection of errors in the formulas of the situations. This article in 

comparison with [7] proposes novel methods to verify the situations, which are defined using fuzzy logic. 

The paper is structured as follows. Section 2 introduces the background of the work. It provides an overview 

of spatial representation of context, introduces fuzzy situation inference and recaps the concept of verification of 

situation models. Section 2 also contains multiple examples, which emerge into the motivating scenario – a 

running example, which we are going to use throughout the article in order to illustrate the proposed approach. 

Sections 3 proposes and proves step-by-step algorithms, which allow verification and, hence, detection of errors 

in the definitions of fuzzy situations.  Section 4 describes evaluation results and provides complexity analysis of 

the proposed approach. Section 5 provides description of related work and discussion of the achieved results. 

Section 6 proposes future work directions and concludes the paper. 

2. Background 

This section provides the background to the challenges of verifying fuzzy situation models. It starts with 

discussing spatial representation of context, proceeds with fuzzy situation inference and introduces the concept 

of situation verification. The motivating example, which is briefly mentioned in the introduction, is built 

throughout the entire background section. The section is concluded with fully formalized and detailed motivating 

scenario that will be used as an illustration in the rest of the paper. 

2.1. Spatial Representation of Context 

Spatial representation of context emerges from a relatively straightforward idea of collecting all context 

attributes into a single vector of values. Context attributes include relevant sensor readings and the values 

derived from them. For example, in a mobile device with accelerometer and orientation sensor, a vector of 

context values can include readings of accelerometer, readings of orientation sensor, and absolute acceleration 

values, calculated from relative acceleration and orientation. All possible context vectors define 

multidimensional space of possible context. 

Representing context as a vector ensures clarity and allows efficient situation awareness using subspaces in 

multidimensional space [7, 16, 25, 26, 19]. Also it enables context prediction based on extrapolation of context 

trajectory [2, 29]. However, despite seeming simplicity, spatial representation of context contains some 

challenges related to missing sensor readings, non-numeric values, sensor uncertainty and the fact that sensor 

readings arrive at different time and may get outdated. 

The terminology, which we are going to define in this section, is based on terms established in the articles [7, 

16, 29]. Comparing to the background work, in this article the terms are defined in a rigorous manner, in order to 

use them for formal proof and analysis of the verification algorithms. 



An example of multidimensional context space in figure 1 is related to previously mentioned motivating 

scenario. The figure depicts a simple context space for a workspace in a smart office. Current context is 

represented as a point in the multidimensional space. In figure 1 at the workplace there is currently luminance of 

500 Lx, noise level of 30 dB and the light switch is on. Those values can be raw sensor readings, or they can be 

the result of sensor data processing. 

 
Figure 1. Example of Spatial Representation of Context 

A multidimensional space, like in figure 1, is referred to as application space or context space [29].  Axes in 

the multidimensional space of figure 1 are context attributes. Formally context attribute is defined as domain of 

values of interest [29]. Context attributes can as well be non-numeric: weather context attribute can have values 

like “sunny”, “rainy” or “cloudy”, tap valve context attribute can have values “open” and “closed”, any 

appliance can be “On” or “Off”. Some context attributes can have both numeric and non-numeric values. Those 

context attributes are referred to as mixed. For example, air conditioner can be configured to maintain certain 

temperature or it can be just off. Mixed context attributes allow graceful integration of missing context 

information: if some parameter is unknown, then the value for corresponding context attribute can be set to the 

special non-numeric value Undefined [7]. In order to simplify the example, in figure 1 Undefined values are 

omitted and context attributes NoiseLevel and LightLevel are considered to be numeric. 

Context attribute value is a value of context attribute taken at a certain time [7]. Figure 1 shows that at present 

the value of NoiseLevel context attribute is 30 dB, the value of LightLevel context attribute is 500Lx and the 

value of SwitchPosition context attribute is On. In reality context attribute value takes uncertainty into account, 

but the questions of sensor uncertainty are out of scope of this article. Therefore, for the purpose of this article 

context attribute value is viewed just as a value on context attribute axis. 

A point in the multidimensional context space is referred to as a context state [29]. Therefore, a context state 

is a vector of context attribute values. The set of all possible context states will be referred to as St. The fact that 

some entity X is a context state is formally expressed as X   St. Any context state X can be described like 

{c1=x1, c2=x2, … }, where ci is a name of a particular context attribute. For example, the context state in figure 1 

can be denoted as {LightLevel=500, NoiseLevel=30, SwitchPosition=On} or just {500,30,On}, if the order of 

context attributes in a vector is pre-defined. 

2.2. Fuzzy Situations 

Fuzzy logic is extensively used for context awareness and situation awareness purposes [1, 3, 11, 16, 28]. In this 

article we use fuzzy situation format that was proposed in the paper in [16]. Fuzzy situation is a versatile fuzzy 

logic-based situation awareness concept, and the algorithms developed for fuzzy situations can be applied to 

many other situation awareness techniques with minor modifications or no modifications at all. 

Situation in pervasive computing is “external semantic interpretation of sensor data” [33]. From context 

reasoning perspective situation is a formula, which takes context state as an input and produces reasoning result 

as an output [7]. Reasoning result is often a numeric value, representing either probability of the situation 



occurrence or confidence in the fact that the situation is occurring. Also reasoning result can be Boolean, 

representing whether the situation occurs or not. Situations with Boolean reasoning results can be viewed as 

subspaces of the context space. 

Fuzzy situation is a situation of a special format, which is presented in expression (1). The format of fuzzy 

situation was proposed in the paper [16] in order to simplify the design of situations, prevent possible design 

mistakes and ensure readability. 

𝑆𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛(𝑋) = ∑ 𝑤𝑖 ∗ 𝜇𝑖(𝑥𝑖)
𝑁
𝑖=1                                                                                                                 (1) 

The term Situation(X) refers to the result of situation reasoning. This result is referred to as certainty or 

confidence value. Originally certainty was defined as numeric [16]. In this article we augment it with a special 

value UD, which stands for undefined. It allows accounting for missing sensor readings and handling the cases 

when there is not enough information to reason about the situation. 

Input parameter X in expression (1) is a context state. Vector X includes a set of values of relevant context 

attributes. Those values are referred to as xi, where i = 1…N and N is the number of relevant context attributes. 

In formula (1) coefficient wi is the weight of i-th context attribute contribution to the final confidence. All the 

weights sum up to one. The function µi(xi) is a membership function, which defines the contribution of i-th 

context attribute value. Every membership function depends on the value of only one context attribute. The term 

membership function comes directly from fuzzy logic - contribution is determined by the degree of belonging of 

a context attribute value to a specially designed fuzzy set [19]. The most popular shapes of membership 

functions are depicted in the figure 2 [16, 19]. In case if context attribute is non-numeric or mixed, there is a 

fixed value of the membership function associated with every possible non-numeric value. 

 
Figure 2. Popular shapes of a membership function. (a),(d) Step membership function; (b),(e) Triangle 

membership function; (c),(f) Trapezoid membership function. 

For this article we enforce only the following requirements on membership functions: 

1. Membership functions should be continuous in the numeric part of respective context attributes. 

2. Derivatives of membership functions should be piecewise constant. 

Given requirements encompass all functions depicted in figure 2, as well as all polygonal curve shaped 

membership functions. In a very general form we assume that a membership function over a numeric context 

attribute (or over numeric part of a mixed context attribute) is defined according to formula (2). 

µ(𝑥) =

[
 
 
 
 
𝑎1 ∗ 𝑥 + 𝑏1, 𝑥  (−∞, 𝑝(1)]

𝑎2 ∗ 𝑥 + 𝑏2, 𝑥  [𝑝(1), 𝑝(2)]
…

𝑎𝐿 ∗ 𝑥 + 𝑏𝐿 , 𝑥  [𝑝(𝐿 − 1), 𝑝(𝐿)]

𝑎𝐿+1 ∗ 𝑥 + 𝑏𝐿+1, 𝑥  [𝑝(𝐿), +∞)

                                                                                                    (2) 

In formula (2) the points p(1)…p(L) are referred to as breakpoints. The number of breakpoints L usually 

varies from 2 (in step function – figures 2a and 2d) to 4 (in trapezoid – figures 2c and 2f). For particular 

membership function µ𝑖(𝑥)of i-th context attribute  the breakpoints will be referred to as p(i,1)…p(i,Li), where Li 

is the number of breakpoints in the membership function µ𝑖(𝑥). 



Additional requirement for the membership function is continuity. Note that the intervals in formula (2) 

overlap on the boundaries. Compliance with formula (3) ensures that there are no contradictions. It shows that 

different parts of the piecewise linear functions connect at the breakpoints. 

 

{

𝑎1 ∗ 𝑝(1) + 𝑏1 = 𝑎2 ∗ 𝑝(1) + 𝑏2
𝑎2 ∗ 𝑝(2) + 𝑏2 = 𝑎3 ∗ 𝑝(2) + 𝑏3

…
𝑎𝑙 ∗ 𝑝(𝐿) + 𝑏𝐿 = 𝑎𝐿+1 ∗ 𝑝(𝐿) + 𝑏𝐿+1

                                                                                                          (3) 

 

A special case of L=0 is acceptable. In practice it is often a constant membership function with zero value. It 

does not contradict formulas (2) and (3), and it acts as a stub membership function. 

Non-numeric values can be incorporated into membership function by assigning membership function value 

for every non-numeric parameter. An example is depicted in formula (4). 

 

µ(𝑥) = [
…

𝑈𝐷, 𝑥  {𝑈𝑛𝑑𝑒𝑓𝑖𝑛𝑒𝑑}                                                                                                                      (4) 

 

For examples of fuzzy situations, refer to the context space depicted in figure 1. In that context space we can 

define two situations. A first situation under consideration is the situation, reflecting whether the workplace 

conditions are sufficient for normal work. For the purpose of illustration we consider only light level and noise 

level at the workplace. Membership functions of light and noise levels are presented in figure 3 and formalized 

into formula (5). In order to distinguish between membership functions of different situations over the same 

context attribute, the superscript over µ contains abbreviation of the situation name (CA stands for 

ConditionsAcceptable). 

 

 
Figure 3. Membership functions of ConditionsAcceptable situation 
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                                        (5)   

µ     
  (          ) = [

1,              
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Light level and noise level are equally important characteristics at the workplace and, therefore, they are 

assigned the same weight. We define situation ConditionsAcceptable according to expression (6). 

 

                    ( ) =    ∗ µ     
  (          ) +    ∗ µ     

  (          )                             (6) 

 

Another situation under consideration is whether the light is malfunctioning. The problem is detected if lamps 

are on, but still provide insufficient light. For example, the lamps can be too dim due to internal malfunction, or 

they can become unpowered due to wire problems. The contributing parameters are position of light switch and 

light level. Contributions are depicted in figure 4 and formalized into expression (7). Superscript on top of 

membership function distinguishes the situation (LM stands for LightMalfunctions). 

           



 
Figure 4. Membership functions of LightMalfunctions situation 

 

µ     
𝐿 (          ) = [

 ,               
(   − 𝐿𝑖  𝑡𝐿𝑒 𝑒 ) 1  ,            [   ,   ]

1,               
                                           (7)      

µ      
𝐿 (              ) = [

1,                { 𝑛}

 ,                { 𝑓𝑓}
    

 

Final formula of the situation is depicted in expression (8). 

 

                 ( ) =    ∗ µ     
𝐿 (          ) +    ∗ µ      

𝐿 (              )                              (8) 

 

The situations, defined in expressions (5)-(8), will be used throughout this article as running examples.  

Several more definitions are necessary to proceed to verification of situation models. 

Fuzzy situation inference uses certainty threshold to decide whether the situation occurs or not. If the 

certainty reaches the threshold, situation is counted as occurring. If the certainty is below the threshold or the 

certainty is undefined, then occurrence is not claimed. 

Situation algebra was developed in order to reason about relationships between situations [29]. Situation 

algebra procedures resemble Zadeh operators [34]. Details are provided in expression (9). 

 

𝐴 𝐷: (𝐴 & 𝐵)(𝑋)  =  𝑚𝑖𝑛(𝐴(𝑋), 𝐵(𝑋))

 𝑅: (𝐴 | 𝐵)(𝑋)  =  𝑚𝑎𝑥(𝐴(𝑋), 𝐵(𝑋))

  𝑇: (¬𝐴)(𝑋)  =  1 –  𝐴(𝑋)

                                                                                             (9) 

 

If the certainty value of A(X) or B(X) is undefined, then the result of situation algebra operation is undefined 

as well. The notations like (A | B)(X) and A(X) | B(X) are equivalent and just represent different styles. 

Next section uses the definitions from this section and on their basis defines the essentials of verification of 

situation definitions. 

2.3. Verification of Context Models and Motivating Scenario 

Boytsov and Zaslavsky [7] analyzed and formalized possible relationships between situations and utilized them 

for context model verification. One of the main outcomes of the article [7] is that non-temporal situation 

relationships can be expressed as assertions of emptiness for some situation algebra expressions. The 

relationships between situations, as well as the corresponding assertions are presented in formula (10). 

 

Generalization:  𝑋 St, (𝐿𝑒   𝑒𝑛𝑒 𝑎 𝑆𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛& ¬ 𝑜 𝑒 𝑒𝑛𝑒 𝑎 𝑆𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛)(𝑋) ≥ th             

Composition:  𝑋 St, ( 𝑆𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛 & ¬ 𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡1 & ¬ 𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡2…& ¬ 𝑜𝑚𝑝𝑜𝑛𝑒𝑛𝑡 )(𝑋) ≥ th                    (10) 

Dependence:  𝑋 St, (𝑆𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛 & ¬𝐷𝑒𝑝𝑒𝑛𝑑  𝑛)(𝑋)≥ th 

Contradiction:  𝑋 St, (𝑆𝑖𝑡1 & 𝑆𝑖𝑡2)(𝑋) ≥ th                                                                     

The term th in formula (10) denotes certainty threshold. Expressions (10) are assertions of emptiness with 

respect to the threshold. Empty situation algebra expression [7] is an expression that cannot reach certainty 

threshold for any input context state. Therefore, empty expression will never be recognized as occurring. 



In formula (10) generalization means that one situation is less general than the other, e.g. a situation 

InTheLivingRoom is less general then a situation AtHome. Corresponding assertion states that less general 

situation should not occur without more general situation, or, rigorously, for no context state should the certainty 

of having less general situation and not more general situation reach the certainty threshold. Composition means 

that the situation is built from several components. The assertion states that for no context state should the 

situation be recognized without any of its components. For example, situation InTheHouse is composed of 

situations InTheLivingRoom, InTheHall, InTheBathroom, etc. Dependence means that one situation is a 

prerequisite to another (e.g. situation UserWatchingTV depends on situation TVisOn). Contradiction means that 

situations should not occur simultaneously, and the motivating scenario is a good example of it. More 

sophisticated assertions can be verified by using situation algebra expressions as arguments for the formulas 

(10). 

A context state, for which the assertion under verification is false, is referred to as a counterexample. If a 

developer needs to know, whether the assumption is satisfied or not, it is enough to find at least one 

counterexample or prove that there are none. Finding as many counterexamples as possible might provide better 

insight on how to fix the definition error, but in turn searching for more counterexamples might require more 

time and computational resources. 

We demonstrate the approach by applying it to illustrative example. The motivating scenario is built on top of 

the example context and situations, which were defined in earlier sections. The example was inspired by [7], but 

we use different and more advanced concept of a situation, and it results in more realistic situation 

representation. Moreover, different concept of a situation results in entirely different verification algorithm, 

which is proposed and proved in this article. 

Consider the context space, depicted in figure 1. It has three context attributes: numeric attributes NoiseLevel 

and LightLevel and non-numeric context attribute SwitchPosition. The situations LightMalfunctions and 

ConditionsAcceptable, are defined in expressions (6) and (8) respectively. As we mentioned in the introduction, 

the situations ConditionsAcceptable and LightMalfunctions should not co-occur: ConditionsAcceptable implies 

illuminance sufficiency, while LightMalfunctions implies illuminance insufficiency. In terms of situation 

relations (10), ConditionsAcceptable and LightMalfunctions are in a contradiction. The value 0.7 is frequently 

chosen as confidence threshold in practice, and we are going to choose it for the motivating example. As a result, 

assertion (11) should be maintained. 

 𝑋 St,    (𝐿𝑖  𝑡 𝑎 𝑓𝑢𝑛 𝑡𝑖𝑜𝑛  &  𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝐴  𝑒𝑝𝑡𝑎𝑏 𝑒)(𝑋) ≥ 0.7                                                       (11) 

Assertion (11) states that for no context state the confidence level of the situation algebra expression 

ConditionsAcceptable&LightMalfunctions exceeds the threshold, i.e. for no context state the two mentioned 

situations are triggered together. 

This section provided rigorous formalization of the necessary terms and defined a motivating scenario. The 

next section proposes verification algorithm for fuzzy situations and uses verification of assertion (11) as a 

running example. 

3. Verification of Fuzzy Situations 

In this section we propose a method of emptiness check for a situation algebra expression that involves fuzzy 

situations. Section 3.1 describes additional assumptions and notation agreements. Section 3.2 proposes a general 

method to utilize DNF representation of the verified assertion. Section 3.3 describes the method to handle non-

numeric and mixed context attributes. Sections 3.4 and 3.5 propose the method to find subspaces of context 

space, where all the involved situations are linear functions. Section 3.6 proposes a method to find the maximum 

confidence values within those subspaces. Section 3.7 summarizes the verification approach. Every step of 

verification is illustrated in details using the motivating scenario from section 2.3. 

3.1. Additional Assumptions 

In order to simplify further proofs and analysis, we make several additional assumptions. Those assumptions do 

not result in any loss of generality, and can be viewed more as notation agreements. 

Assumption 1. All the mentioned situations are defined over the same set of context attributes. 

This assumption simplifies the proofs without reducing generality of the methods: if needed, additional 

context attributes with zero weight and constant zero membership functions can be introduced into any situation. 

In the motivating scenario we can rewrite the situations in the following manner (expressions (12) and (13)). 

 

 



                    ( ) =    ∗ µ     
 𝐴 (          ) + 

+   ∗ µ
𝑁 𝑖  
 𝐴 (          ) +  ∗ µ      

 𝐴 (𝑆𝑤𝑖𝑡   𝑜 𝑖𝑡𝑖𝑜𝑛)                                              (12) 

µ      
 𝐴 (𝑆𝑤𝑖𝑡   𝑜 𝑖𝑡𝑖𝑜𝑛) = 0 

                 ( ) =    ∗ µ     
𝐿 (          ) + 

+ ∗ µ     
𝐿 (          ) +    ∗ µ      

𝐿 (𝑆𝑤𝑖𝑡   𝑜 𝑖𝑡𝑖𝑜𝑛)                                              (13) 

µ     
𝐿 (          ) =   

Expressions (12) and (13) are equivalent to the definitions (6) and (8) respectively. In expressions (12) and 

(13) both situations, involved in the motivating scenario, are defined over the same set of context attributes: 

LightLevel, NoiseLevel and SwitchPosition. If a context attribute influences at least one involved situation, it is 

added to all the other situations. Note that even if newly added context attribute is Undefined (e.g. due to 

unavailable sensor), the membership function is still zero. 

Assumption 2. Context space has only context attributes, which belong to at least one situation. Only those 

context attributes influence certainty levels, and, therefore, only those context attribute values determine whether 

any given context state is a counterexample or not. 

In the motivating example the only relevant context attributes are LightLevel, NoiseLevel and SwitchPosition. 

Other context attributes do not influence assertion (11) and, therefore, are omitted from context space by this 

assumption. 

Assumption 3. Context attributes within context state are ordered and numbered. It will ensure that when 

referring to i-th element of input context state, the same context attribute is implied for different situations. 

According to assumption 1, for all the situations the list of context attributes is the same. Therefore, choosing 

any arbitrary order will satisfy the assumption. 

In the motivating scenario we define the following order: {LightLevel, NoiseLevel, SwitchPosition}. For 

example, the point from figure 1 is {500,30,On}. Other context attribute values are omitted according to 

assumption 2. 

Further sections propose and prove the verification algorithm, and the derivations imply the assumptions 1-3. 

3.2. Utilizing DNF representation 

Disjunctive normal form (DNF) [30] is a way to represent logical expression as a disjunction of conjunction 

clauses. A generic example of DNF situation algebra expression is presented in formula (14). 

(Sit1(X)&Sit2(X)) | (Sit3(X)&(¬Sit4*(X))) | ((¬Sit5(X))&Sit1(X))                                                                     (14) 

The whole expression (14) is a disjunction, where every disjunct is conjunction of single situations or their 

negations. The disjuncts in expression (14) are Sit1(X)&Sit2(X), Sit3(X)&(¬Sit4*(X)) and (¬Sit5(X))&Sit1(X). 

In formalized situation relations (10) expressions are naturally in DNF format. In the motivating example (11) 

expression is in DNF format as well. If needed, the following properties can assist DNF conversion. Those 

properties straightforwardly follow from formulas (9). 

1. AND and OR are commutative: (A & B)(X) = (B & A)(X), and (A | B)(X) = (B | A)(X). 

2. Distributive property holds for AND over OR: (A & (B | C))(X) = (A&B | A&C)(X). 

3. DeMorgan laws do apply: 

a. ¬ (A | B)(X) =  (¬A & ¬B)(X). 

b. ¬ (A & B)(X) =  (¬A | ¬B)(X). 

Lemma 3.2 shows how DNF representation can be utilized for verification purposes. The main idea is to find 

maximum achievable certainty for each disjunct, and obtain the context state where the maximum certainty is 

achieved. Lemma 3.2 shows that if counterexamples do exist, some of them will be at those context states. 

Lemma 3.2. Any arbitrary DNF situation algebra expression is non-empty w.r.t. to some threshold, if and 

only if the maximum certainty value of at least one DNF disjunct is greater or equal to the threshold. 

Proof. Consider an arbitrary DNF situation algebra expression Expr(X), presented in formula (15). 

Expr(X) = Disj1(X) | Disj2(X) | … | DisjN(X)                                                                                                 (15) 

Every disjunct Disji(X) is a conjunction of single situations or their negations, and for this lemma no further 

details are required. The chosen threshold is denoted as th. 

Part 1. Sufficiency proof. The proof of sufficiency assumes that for at least one disjunct the maximum value 

reaches the threshold th, and derives that the whole expression is non-empty w.r.t. to that threshold. Let for some 

disjunct Disjk(X) the maximum achievable certainty value be d, which is not less than the threshold th. Let’s also 



denote as Xk the context state, at which the maximum certainty value d is achieved by Disjk(X). It can be 

summarized in formula (16). 

Disjk(XK) = d, d ≥ th                                                                                                                                        (16) 

Now let’s find the certainty of the expression Expr(X) at context state XK. The derivation is presented in (17). 

OR situation algebra operation is expanded according to definition (9). 

 

Expr(Xk) = Disj1(Xk) | Disj2(Xk) | … | DisjN(Xk) =  

               = max(Disj1(Xk), Disj2(Xk),…,DisjN(Xk)) =                                                                                        (17) 

               = max(Disj1(Xk), Disj2(Xk),…, DisjK-1(Xk), d, DisjK+1(Xk),…,DisjN(Xk)) ≥ d ≥ th. 

 

Summarizing the derivation (17), at the context state XK the certainty of expression Expr(X) reaches the 

threshold th. Therefore the expression is not empty w.r.t. to the threshold th. It completes the sufficiency proof. 

Part 2. Necessity proof. Necessity proof assumes that expression (15) is non-empty w.r.t. to the given 

threshold th, i.e. there exist some context state X’ such that Expr(X’) ≥ th. The task is to prove that for at least 

one disjunct the maximum confidence value is greater or equal than the threshold th. Initial conditions for 

necessity proof can be summarized in expression (18). 

 𝑋  St, Expr(X’) ≥ th                                                                                                                                  (18) 

For a proof by contradiction assume that the opposite is true – the maximum values of all disjunct are less 

than the threshold th. If this assumption results in a contradiction, it will prove that for some of the disjuncts the 

threshold will be reached. The assumption for proof by contradiction is summarized in expressions (19). 

 

max(Disji(X)) < th, i=1…N                                                                                                                            (19) 

 

Consider the derivation (20). It follows from expressions (18) and (19) and situation algebra definitions (9). 

 

th ≤  Expr(X’) = Disj1(X’) | Disj2(X’) | … | DisjN(X’) =  

                       = max(Disj1(X’), Disj2(X’),…,DisjN(X’)) ≤                                                                              (20) 

 ≤ max(maxx(Disj1(X)), maxx(Disj2(X)),…, maxx(DisjN(X))) < 

 < max(th, th,…, th) = th 

 

Derivation (20) leads to summary th<th, which is a contradiction. It proves that assumption (19) is wrong and 

completes proof by contradiction. Therefore, for at least one disjunct the maximum confidence value should 

reach the threshold. 

Q.E.D.■ 

To summarize lemma 3.2, in order to check DNF situation algebra expression for emptiness it is sufficient to 

find the maximum certainty values of every disjunct separately and compare them against the threshold. If the 

threshold is exceeded for at least one disjunct, then the expression is not empty, and verification has detected an 

error. The context state, where maximum is achieved for that disjunct, is a counterexample. If all the maxima are 

below the threshold, then the situation definitions comply with the assertion under verification. 

Subsequent sections propose and prove a detailed method to find the maximum value of any disjunct. Next 

section discusses the influence of non-numeric context values on the maximization task. 

3.3. Handling Non-numeric Context Attribute Values. 

In section 3.2 we proved that for verification of DNF assertion it is sufficient to find maximum achievable 

certainty of every disjunct. The presence of non-numeric values in non-numeric or mixed context attributes 

poses a challenge to searching for maximum. A plausible solution is to reduce the task to multiple maximization 

tasks with numeric input. 

For example, in the motivating scenario we can view two cases with purely numeric remaining context 

attributes: the case when SwitchPosition=On and the case when SwitchPosition=Off. The final task is to find two 

maximums for two numeric functions. Those functions are presented in expressions (21) (for 

SwitchPosition=On) and (22) (for SwitchPosition=Off). In expressions (21) and (22) the contributions of 

SwitchPosition are replaced by their exact values due to the fact that the value of SwitchPosition context attribute 

is fixed. 

    (   ∗ µ     
 𝐴 (          ) +    ∗ µ     

 𝐴 (          ),    ∗ µ     
𝐿 (          ) +    )                    (21) 



    (   ∗ µ     
 𝐴 (          ) +    ∗ µ     

 𝐴 (          ),    ∗ µ     
𝐿 (          ))                              (22) 

Mixed context attributes can be processed in similar manner. For example, consider a mixed context attribute 

AirConditionerSetting, which can have the values Off  if the conditioner is off, Undefined when the settings are 

unknown (e.g. due to connection problems), or have a numeric value – the temperature set for the air 

conditioner. Three special cases need to be investigated in that case. 

1. AirConditionerSetting=Off 

2. AirConditionerSetting=Undefined 

3. AirConditionerSetting   R 

The general case of the described approach is proposed in operation 3.3. The goal of operation 3.3 is to reduce 

verification involving non-numeric context attributes to multiple verifications involving only numeric context 

attributes. 

Operation 3.3. Consider a situation algebra expression Expr(X). It is asserted that the certainty of Expr(X) 

does not reach the threshold, and in order to test it we need to find the maximum achievable certainty value. 

Among other context attributes, expression Expr(X) is defined over context attribute cL, which can take non-

numeric values a1…aK (and, possibly, numeric values as well). 

Proposition. In order to find maximum certainty of Expr(X), it is sufficient to find maximum certainty for the 

following cases. 

Subtask 1. Find maximum certainty of Expr(X) with the constraint cL= a1. 

Subtask 2. Find maximum certainty of Expr(X) with the constraint cL= a2. 

… 

Subtask K. Find maximum certainty of Expr(X) with the constraint cL= aK. 

Subtask K+1. Find maximum certainty with a condition that cL is numeric (if cL is a mixed context attribute). 

Output. The largest of obtained maximums and the corresponding context state, where it is achieved. 

The resulting expressions under maximization are denoted as Expr(X | cL= ai)  or Expr(X | cL  R). 

In the motivating scenario two resulting constrained optimization tasks are represented by the formulas (21) 

and (22). They respectively correspond to (ConditionsAcceptable&LightMalfunctions)(X|SwitchPosition=On) 

and (ConditionsAcceptable&LightMalfunctions)(X| SwitchPosition=Off). 

Proof. Let the maximum certainty value of Expr(X) be achieved at a context state X’. If in context state X’ the 

value of context attribute cL is equal to ai, then this context state will be found while solving i-th subtask. If in 

context state X’ the value of context attribute cL is numeric, then it will be found while solving (K+1)-th 

subtasks. Therefore, if all the maxima for Expr(X | cL= ai) and Expr(X | cL  R) are found, the global maximum 

can be obtained in a straightforward manner – it is the highest maximum value among the obtained maxima for 

tasks 1…K+1. Moreover, if any maximum for Expr(X | cL= ai) or Expr(X | cL  R) exceeds the threshold, then it 

is already a counterexample. 

Q.E.D.■ 

The main outcome of operation 3.3 is reducing the number of non-numeric parameters. On the first run of the 

operation, one context attribute cL will be eliminated from the subtasks 1...K (just like SwitchPosition was 

eliminated from the input of expression (ConditionsAcceptable & LightMalfunctions)(X)). For the subtask K+1 

the context attribute cL will be reduced to numeric, and still the number of non-numeric inputs will be reduced by 

one. If there are many non-numeric or mixed context attributes involved, operation 3.3 should be applied 

recursively until all of those context attributes are processed. Next iteration is applied to all the subtasks, which 

emerged from previous iteration. After multiple iterations of operation 3.3 the resulting subtasks will contain 

only numeric parameters as inputs. 

It should be specifically noted that after applying operation 3.3 the situations might no longer comply with 

definition (1). For example, in expression (21) the situation LightMalfunctions effectively becomes                       

   ∗ µ     
𝐿 (          ) +    . Weights no longer sum up to 1, and a bias term is introduced. In order to 

proceed with the proof, we need a more general formula of a situation, which stays unaltered after applying 

operation 3.3. After the substitutions like cL= ai, which are part of operation 3.3, the involved situations comply 

with definition (23) instead of definition (1). Membership functions in the definition (23) are compliant with 

formulas (2) and (3). 

  𝑆𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛(𝑋) = ∑ 𝑤𝑖 ∗ 𝜇𝑖(𝑥𝑖)
𝑁
𝑖=1  + 𝑤                                                                                                          (23) 

Fuzzy situations, which comply with the definition (1), do comply with the definition (23) as well. The term 

𝑤  for them is equal to zero. Negated situations also comply with the definition (23), if the situation is defined 

according to expression (1) and negation is defined according to formula (9). For that case 𝑤  is equal to 1 and 

all the coefficients wi change the sign comparing to original, non-negated situation. In definition (23) the 

coefficients wi no longer have to be positive and no longer have to sum up to 1. 



After one iteration of operation 3.3 the involved situations undergo substitution (24). Subscripts denote the 

subtask, and xL denotes the value of expanded context attribute. 

𝑆𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛1(𝑋) = ∑ 𝑤𝑖 ∗ 𝜇𝑖(𝑥𝑖)
𝐿 1
𝑖=1 + 𝑤𝐿 ∗ 𝜇𝐿(𝑎1) + ∑ 𝑤𝑖 ∗ 𝜇𝑖(𝑥𝑖)

𝑁
𝑖=𝐿+1 + 𝑤       

                                …                                                                                                                                   (24) 

𝑆𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛 (𝑋) = ∑ 𝑤𝑖 ∗ 𝜇𝑖(𝑥𝑖)
𝐿 1
𝑖=1 + 𝑤𝐿 ∗ 𝜇𝐿(𝑎 ) + ∑ 𝑤𝑖 ∗ 𝜇𝑖(𝑥𝑖)

𝑁
𝑖=𝐿+1 +𝑤   

𝑆𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛 +1(𝑋) = ∑ 𝑤𝑖 ∗ 𝜇𝑖(𝑥𝑖)
𝑁
𝑖=1 + 𝑤 , where xL  is restricted to numeric values (if possible). 

 

The (K+1)-th situation of formula (24) is directly compliant with definition (23). Let’s prove that other 

situations of (24) remain compliant as well. Consider i-th expression of (24), where i is any integer value 

between 1 and K inclusively. The term 𝑤𝐿 ∗ 𝜇𝐿(𝑎𝑖) is a constant. Let’s define the term 𝑤   as 𝑤 + 𝑤𝐿 ∗ 𝜇𝐿(𝑎𝑖). 
Also let’s redefine the terms in a following manner: 

- 𝑤   = 𝑤  for  j=1..i-1 and 𝑤   = 𝑤 +1 for j= i…N. 

- 𝜇   = 𝜇  for  j=1..i-1 and 𝜇   = 𝜇 +1 for j= i…N. 

With redefined notation, i-th row of formula (24) can be rewritten as expression (25). 

𝑆𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛 (𝑋) = ∑ 𝑤 𝑖 ∗ 𝜇 (𝑥𝑖)
𝑁 1
𝑖=1 + 𝑤                                                                                                      (25) 

Expression (25) is straightforwardly compliant with the definition (23). It proves that situations from formula 

(24) are all compliant with definition (23). To summarize, we have proven that after applying operation 3.3 the 

formulas of individual situations remain compliant with the expression (23). 

In the motivating scenario for the situation LightMalfunctions the term 𝑤  is equal to 0.5 for the case 

SwitchPosition=On and is equal to 0 for the case SwitchPosition=Off. For the situation ConditionsAcceptable the 

term 𝑤  is equal to 0 in both cases. 

The case where w0 is undefined (UD) is a special case. It can appear in some subtasks when considering 

missing sensor values (see formula (4)). In that case the certainty of a situation is undefined. The whole 

conjunction of DNF expression, containing this situation is undefined, and so is the entire DNF expression. 

Whether to count undefined value as a counterexample or not is a matter of developer’s choice, but in any case 

no further calculations are necessary for that subtask. Therefore, the case w0 = UD is trivial and from now and on 

we consider only the cases when w0 is not UD (i.e. numeric), unless explicitly mentioned otherwise. 

To summarize, the propositions, proven in this section, have the following implications for further proofs: 

1. The search for maximum certainty can be performed separately for all possible combinations of non-

numeric values. For mixed context attributes both possible numeric and non-numeric values should be taken into 

account. Operation 3.3 can generate a set of subtasks, which should be solved separately. 

2. Within every subtask the input arguments are numeric only. Also within every subtask the situations, 

involved in the expression under verification, are compliant with definition (23). Compliance with definition (1) 

is not guaranteed. 

The next section describes the search for maximum for every mentioned subtask, with respect to the 

implications summarized above. 

3.4. Subspaces of Linearity – Single Situation. 

The extended definition of fuzzy situation (expression (23)) shows that the situation is a weighted sum of 

membership functions. In turn, expressions (2) and (3) show that membership functions are continuous 

piecewise linear functions, which depend only on a single context attribute. The input context state is numeric – 

otherwise the operation 3.3 should be applied first. 

A membership function of any arbitrary context attribute contains a set of breakpoints, and between those 

breakpoints (as well as before the first breakpoint and after the last one) a membership function linearly depends 

on a single context attribute value. The whole situation formula becomes a linear function if the context state is 

bounded within Cartesian product of intervals between the breakpoints. Consider an illustration from the 

motivating example. 

The situation ConditionsAcceptable can be correctly described both by definitions (26) and (27) for both 

cases SwitchPosition=On and to SwitchPosition=Off. Expressions (26) and (27) emerge from substituting 

expression (5) into expression (6). 

 

 𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝐴  𝑒𝑝𝑡𝑎𝑏 𝑒(𝑋) = [

   ∗ µ     
  (          ),               

1

3  
𝐿𝑖  𝑡𝐿𝑒 𝑒 +    ∗ µ     

  (          ) −
 

 
,            [       ]

   ∗ µ     
  (          ) +    ,               
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 𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛 𝐴  𝑒𝑝𝑡𝑎𝑏 𝑒(𝑋) = [
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1
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  (          ) +
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   ∗ µ     
  (          ),              

      (27) 

 

Expressions (26) and (27) can be merged in order to find the situation formula within various Cartesian 

product of intervals on LightLevel and NoiseLevel axis. The result of the merging, which straightforwardly 

follows from formulas (26) and (27), is presented in table 1. The formulas from table 1 apply to both cases 

SwitchPosition=On and SwitchPosition=Off. 

 
Table 1. ConditionsAccetable – expanded formula. 

Subspace ConditionsAcceptable 
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The intervals in expressions (26) and (27) do overlap and, hence, the subspaces in table 1 do overlap as well. 

However, compliance with conditions (3) ensures continuity and protects from contradictions on the boundaries. 

As table 1 shows, for any context state, which belongs to several Cartesian products of intervals, it does not 

matter which line of table 1 to use for calculations – the resulting confidence value is the same. 

For LightMalfunctions situation the formulas are presented in expressions (28) and (29). They correspond to 

the cases SwitchPosition=On and SwitchPosition=Off respectively. Note that those two cases correspond to 

different subtasks, generated by operation 3.3 (subtasks (21) and (22) respectively). 
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Expressions (28) and (29) are summarized in table 2. 

 
Table 2. LightMalfunctions – expanded formula. 

Subspace 
LightMalfunctions 

(SwitchPosition=On) 

LightMalfunctions 

(SwitchPosition=Off) 
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As follows from table 1, there exists a set of subspaces within the context space, where the situation 

ConditionsAcceptable is linear. Every context state belongs to some subspace of that set (and, possibly, more 

than one subspace). The same conclusion regarding the situation LightMalfunctions follows from table 2, but the 

set of subspaces is different. And, actually, the same conclusion applies to any arbitrary situation – for any 

situation there exists a set of subspaces, which cover the entire context space. Within each of those subspaces the 

situation is linear. Those subspaces are referred to as subspaces of linearity – subspaces where the situation 

formula is a linear function. The proof that subspaces of linearity exist for any situation is presented in lemma 

3.4. 

Lemma 3.4. For any context space and any situation Situation(X) (defined by formula (23)) there exist a set 

of subspaces, with following properties: 

1) Any context state is within some subspace of the set. 

2) The situation is a linear function in any subspace of the set. 

The input to the situation Situation(X) is numeric. Otherwise, operation 3.3 should be applied first. 

Proof.  

An arbitrary situation Situation(X), compliant with the definition (23): 𝑆𝑖𝑡𝑢𝑎𝑡𝑖𝑜𝑛(𝑋) = ∑ 𝑤𝑖 ∗ 𝜇𝑖(𝑥𝑖)
𝑁
𝑖=1  + 

𝑤 . Membership functions are compliant with the definition (2). Let the breakpoints of membership function 

𝜇𝑖(𝑥𝑖) be p(i,1)…p(i,Li), the linear coefficients be a(i,1)..a(i,Li+1) and the bias terms be b(i,1)..b(i,Li+1). Let’s 

denote the intervals in a following manner: the interval (−∞, 𝑝(𝑖, 1)] is denoted as I(i,1), the interval 

[𝑝(𝑖, 1), 𝑝(𝑖, 2)] is denoted as I(i,2) and so on. The last interval of the context attribute, [𝑝(𝐿), +∞) is denoted as 

I(i, Li+1). Formula (30) shows membership function for i-th context attribute. The meaning does not differ from 

formula (3), the only difference is new notation, which will simplify further proofs. 

 

µ𝑖(𝑥𝑖) =

[
 
 
 
 

𝑎(𝑖, 1) ∗ 𝑥𝑖 + 𝑏(𝑖, 1), 𝑥𝑖   (𝑖, 1)

𝑎(𝑖, 2) ∗ 𝑥𝑖 + 𝑏(𝑖, 2), 𝑥𝑖   (𝑖, 2)
…

𝑎(𝑖, 𝐿𝑖) ∗ 𝑥𝑖 + 𝑏(𝑖, 𝐿𝑖), 𝑥𝑖   (𝑖, 𝐿𝑖)

𝑎(𝑖, 𝐿𝑖 + 1) ∗ 𝑥𝑖 + 𝑏(𝑖, 𝐿𝑖 + 1), 𝑥𝑖   (𝑖, 𝐿𝑖 + 1)

                                                                               (30) 

 
Consider the following set of subspaces, defined by expression (31).  

 

𝑥1   (1,  1)   𝑥2   (2,  2)   … ^ 𝑥𝑁   ( ,  𝑁)                                                                                            (31) 

 

In formula (31) every index ki can have any integer value between 1 and Li+1 (for i=1…N). The subspace is 

defined as Cartesian product of intervals over different context attributes. The formula of a situation (32) is 

applicable within any arbitrary subspace. Formula (32) is the result of direct substitution of (30) into the formula 

(23).  
  

Situation(X) = ∑ 𝑤𝑖 ∗ 𝑎(𝑖,  𝑖) ∗ 𝑥𝑖
𝑁
𝑖=1  + 𝑤 +∑ 𝑤𝑖 ∗ 𝑏(𝑖,  𝑖)

𝑁
𝑖=1 ,                                                                       (32) 

𝑥1   (1,  1)   𝑥2   (2,  2)   … ^ 𝑥𝑁   ( ,  𝑁) 
 

The term 𝑤 + ∑ 𝑤𝑖 ∗ 𝑏(𝑖,  𝑖)
𝑁
𝑖=1  is a constant and the coefficients 𝑤𝑖 ∗ 𝑎(𝑖,  𝑖) are linear coefficients for i-th 

context attribute value xi. Therefore, formula (32) depends linearly on all context attribute values xi, and it proves 

proposition 2 of the lemma. Every formula from tables 1 and 2 are, actually, the applications of formula (32) to 

the situations ConditionsAcceptable and LightMalfunctions respectively. 

In order to prove proposition 1, consider arbitrary context state {x1, x2, …, xN}. By the construction, the set of 

intervals I(1,0), I(1,1), …, I(1,L1), I(1, L1+1) covers all possible values of 1
st
 context attribute, from -∞ to +∞. 

Therefore, x1 belongs to one of those intervals. Actually, if the value x1 it is equal to p(1,1), p(1,2), … p(1,L1), 

then x1 can belong to two intervals at once, in that case, we choose arbitrary interval. Let the interval be I(1,k1) 

where k1 can be any value between 1..L1+1.  

The same derivations can be applied to 2
nd

 context attribute. Therefore, the value x2 belongs to the interval 

I(2,k2)  where k2 can be any value between 1 and L2+1. And so on until xN. As a summary, the context state 

belongs to the subspace 𝑥1   (1,  1)   𝑥2   (2,  2)   … ^ 𝑥𝑁   ( ,  𝑁), where every index ki can have any 

integer value between 1 and Li+1 (for i=1…N). So, any arbitrary context attribute belongs to some subspace, 

defined by (31). It proves proposition 1 of the lemma and completes the proof. 

Q.E.D.■ 

To summarize, this section has proven that for any situation there exist a set of subspaces, where the situation 

is a linear function. Next sections extend this solution for the case of conjunction of several situations, and utilize 

it to find the maximum value of a DNF disjunct. 



3.5. Subspaces of Linearity – Conjunction of Situations. 

As section 3.2 shows, in order to verify situations and find a counterexample, we need to find the maximum 

values of every disjunct of the DNF expression under verification. A disjunct in the DNF situation algebra 

formula is a conjunction of situations and their negations, generic example is presented in expression (33) 

Disj(X) = Conj1(X) & Conj2(X) & … & ConjK(X)                                                                                             (33) 

Combined with the situation algebra logic formulas (9), the final value is the minimum value between all the 

conjuncts (expression (34)). 

 𝑋 St, Disj(X) = min(Conj1(X),Conj2(X), …,ConjN(X))                                                                                (34) 

Every conjunct Conji(X) is either a single situation, or a negation of a single situation. As section 3.3 shows, 

in both cases the definition is compliant with formula (23). Therefore, lemma 3.4 can be applied to every 

conjunct, and for every conjunct the context space can be divided into a set of subspaces, where in each subspace 

the conjunct is a linear function. All the conjuncts are linear functions in the intersections of the corresponding 

subspaces. Consider the following example. 

The expression ConditionsAcceptable(X) & LightMalfunctions(X) should be tested for emptiness. As table 1 

and table 2 show, in some subspaces of the context space the situation ConditionsAcceptable(X) and the situation 

LightMalfunctions(X) are linear. All the intersections of the subspaces from tables 1 and 2 are presented in table 

3. The intersections are the same for the cases SwitchPosition=On and SwitchPosition=Off. 

 
Table 3. Subspaces of linearity – ConditionsAcceptable & LightMalfunctions 

Subspace ConditionsAcceptable LightMalfunctions 

(SwitchPosition=On) 

LightMalfunctions 

(SwitchPosition=Off) 

               

              
0.5 1 0.5 

               

           [  ,  ] 
−
1

  
 𝑜𝑖 𝑒𝐿𝑒 𝑒 +
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 1 0.5 
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1

   
𝐿𝑖  𝑡𝐿𝑒 𝑒 +
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 −
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𝐿𝑖  𝑡𝐿𝑒 𝑒 +

 

 
 

              , 
              

1 0.5 0 

               

            [  ,  ] 
−
1

  
 𝑜𝑖 𝑒𝐿𝑒 𝑒 + 2 0.5 0 

               

              
0.5 0.5 0 

 

The most important properties of the subspaces defined in table 3 are following: 

1. Any context state belongs to some subspace of the set. 

2. In every subspace all the situations, mentioned in conjunction ConditionsAcceptable(X) & 

LightMalfunctions(X) are linear. 

The approach can be generalized for any arbitrary conjunction. Consider a generic conjunction, defined 

according to formula (33). Algorithm 3.5 proposes a solution to find the mentioned subspace intersections. 

Algorithm 3.5. Consider a conjunction, defined according to expression (33). The conjuncts Conj1, Conj2, …, 

ConjK each are defined according to formula (35). 

 𝑜𝑛  (𝑋) = ∑ 𝑤𝑖 ∗ 𝜇𝑖, (𝑥𝑖)
𝑁
𝑖=1 + 𝑤 ,                                                                                                       (35) 

The membership function 𝜇𝑖, (𝑥𝑖) is the function for k-th conjunct over i-th context attribute. Let the 

breakpoints be p(i,k,1)…p(i,k,L(i,k)). Variable L(i,k) denotes the number of breakpoints. 

 



Algorithm pseudocode. 

 

// Step 1. Generate breakpoints. 

for i = 1 to N  //For every context attribute 

    p’(i) = new BreakpointList(); //Establish a new list of breakpoints for i-th context attribute 

   for j = 1 to K  //For every situation 

     p’(i).addAll (p(i,k,1…L(i,k)) ); //Add all breakpoints to a resulting list 

   end for //End for every situation 

  p’(i).sort();//Sort the breakpoints in ascending order 

  p’(i).removeDuplicates(); //All breakpoints should be distinct. 

end for //End for every context attribute 

 

//Step 2. Generate the intervals. 

for i = 1 to N //For every context attribute 

   Interval I(i,1) = (-∞, p’(i,1)];//First interval – from negative infinity to the first breakpoint 

   for j = 2 to p’(i).length 

     Interval I(i,j) = [p’(i,j-1), p’(i,j)] //Subsequent intervals – between the breakpoints 

  end for 

  Interval I(i, p’(i).length+1) = [p’(i,L),+∞);//Last interval – from the last breakpoint and further 

end for //End for every context attribute 

 

//Step 3. Generate the subspaces. 

SubspaceList resultingList = new SubspaceList(); 

                                      //Generate new subspace by 

for i1 = 1 to I(1).length // … combining every interval over first context attribute… 

  for i2 = 1 to I(2).length // … with every interval of second context attribute 

     … 

    for iN = 1 to I(N).length // … with every interval of N-th context attribute 

        resultingList.add (new Subspace(I(1,i1), I(2,i2),…, I(N,iN))); //add to the list 

    end for 

     … 

  end for 

end for 

 

return resultingList; 

 

Let us consider an application of the algorithm to the motivating scenario. Breakpoints over the context 

attribute LightLevel are {350,500}, the same for ConditionsAcceptable and LightMalfunctions. In the first step of 

the algorithm the breakpoints are merged into a single list: {350, 500, 350, 500}. The procedure p’(i).sort() sorts 

the breakpoint array and transforms it into {350, 350, 500, 500}. The procedure p’(i).removeDuplicates() 

removes duplicated breakpoints and makes the breakpoint array for LightLevel look like {350, 500}. 

The breakpoints over the context attribute NoiseLevel are {40, 60} for the situation ConditionsAcceptable. For 

LightMalfunctions the set of breakpoints for NoiseLevel is empty. Therefore, the resulting set of breakpoints is 

{40, 60}. Removing duplicated breakpoints and sorting them does not change the array, it still remains {40, 60}. 

Step 2 of the algorithm composes the intervals. For the context attribute LightLevel the intervals are (-∞, 350], 

[350,500] and [500, +∞). For the context attribute NoiseLevel the intervals are (-∞, 40], [40,60] and [60, +∞). 

Step 3 composes the subspaces out of intervals, obtained in the step 2. The generated subspaces are illustrated 

in table 3. Also table 3 shows that all the mentioned situations are linear inside those subspaces. The proof of the 

algorithm shows that for an arbitrary conjunction all the conjuncts are linear inside the subspaces, generated by 

the algorithm 3.5. 

Proof. In order to prove the correctness of the algorithm, it is sufficient to prove that the algorithm complies 

with two properties. 

1. Any context state is inside at least one subspace of the set. 

2. In every subspace all the situations within the conjunction are linear. 

Property 1 can be proven as follows, it slightly resembles the proof of lemma 3.4. Consider an arbitrary 

context state {x1, x2, …, xN}. Consider the value of 1
st
 context attribute x1. By the construction (see step 2), the 

set of intervals I(1,1), …, I(1,I(1).length) covers all possible values of 1
st
 context attribute, from -∞ to +∞. So, x1 

belongs to at least one of those intervals. Let it be the interval I(1,k1). The same logic can be applied to any 

arbitrary context attribute: the context attribute value xi belong to the interval I(i,ki). Therefore, context state {x1, 

x2, …, xN} belongs to the subspace  1   I(1,k1)^  2   I(2,k2)^…^  𝑁   I(1,kN). According to the step 2 of the 



algorithm, that subspace was generated in the nested loops where i1=k1, i2=k2, …, iN=kN. Therefore, an arbitrary 

context state belongs to one of the generated subspaces, Q.E.D. for property 1. 

Property 2 can be proven as follows. According to lemma 3.4, for any situation there exist a set of subspaces, 

where the situation is linear for every subspace in the set. As a consequence, the situation is linear in every 

subspace of that subspace. We need to prove that any subspace, generated by the algorithm, is a subspace of a 

subspace of linearity for any conjunct. Consider the proof of a following hypothesis. 

Hypothesis 3.5.1. Any interval over any context attribute, generated in the step 2 of the algorithm, does not 

contain any breakpoints (except for on the boundaries) of any conjuncts of that context attributes. Consider a 

proof by contradiction. Let there be some generated subspace  1   I(1,k1)^  2   I(2,k2)^…^  𝑁   I(1,kN). Let pi 

be the breakpoint of conjunct Conjt(X) on i-th context attribute. Let pi be inside the interval I(i,ki) and not on its 

boundaries. However, according to the step 2 of the algorithm any breakpoint is a boundary of some interval - 

the breakpoint  𝑖 should have been added as a breakpoint in the step 1 and could not have been removed by 

removeDuplicates() operation (if it is a duplicate, one of the pi points is preserved to become a boundary of the 

interval in the step 2). Therefore, the point  𝑖 should have become a boundary of some interval, let it be the 

interval I(i,m). According to the assumption of proof by contradiction the point  𝑖 belongs to the interval I(i,ki), 

therefore, the intervals I(i,m) and I(i,ki) do overlap. Also according to the assumption of proof by contradiction 

the point  𝑖  is not on the boundary of I(i,ki), therefore the intersection of I(i,m) and I(i,ki) is not restricted to the 

boundary point. However, by the construction in the step 2 of the algorithm, the intervals can intersect only on 

boundary points. It is a contradiction, therefore, such breakpoint  𝑖  does not exist. Q.E.D. for hypothesis 3.5.1. 

Consider a proof of proposition 2 for an arbitrary conjunct Conjt(X) and an arbitrary generated subspace                         

 1   I(1,k1)^  2   I(2,k2)^…^  𝑁   I(1,kN). Consider an arbitrary i-th context attribute and the interval I(i,ki). 

According to the hypothesis 3.5.1, membership function of Conjt(X) over the first context attribute contains no 

breakpoints inside the interval I(i,ki) (except for, possibly, on the boundaries). There can be three cases: 

1. The interval I(i,ki) is situated before the first breakpoint p(i,t,1), including the case when the first 

breakpoint is an upper boundary of the interval I(i,ki). In this case the interval I(i,ki) belongs to the interval                       

(-∞;p(i,t,1)], where Conjt(X) linearly depends on i-th context attribute value according to definitions (23) and 

(2). Therefore, inside the interval I(i,ki) the conjunct Conjt(X) linearly depends on i-th context attribute value. 

2. The interval I(i,ki) is after the last breakpoint, including the case when the last breakpoint is on the lower 

boundary of the interval I(i,ki). If Conjt(X) contains no breakpoints for i-th context attribute, it can be viewed as a 

special case of this point or previous point. In this case the interval I(i,ki) belongs to the interval  [p(i,t,L(i,t)); ∞), 

where Conjt(X) linearly depends on i-th context attribute value. As well as for case 1, inside the interval I(i,ki) 

the conjunct Conjt(X) linearly depends on i-th context attribute value due to definitions (23) and (2). 

3. The interval I(i,ki) is between the breakpoints and, hence, inside the interval [p(i,t,m); p(i,t,m+1)].  But 

inside [p(i,t,m); p(i,t,m+1)] the conjunct Conjt(X) linearly depends on i-th context attribute value, and the same 

applies to the subinterval I(i,ki). 

The remaining options are ruled out by the hypothesis 3.5.1. If the interval does not contain any breakpoint, 

then it is either before the first breakpoint, after the last breakpoint or between the breakpoint. 

Therefore, in the interval I(i,ki) the conjunct Conjt(X) linearly depends on i-th context attribute value. By 

applying the same proof to all conjuncts and all context attributes, we can state that in the subspace                

 1   I(1,k1)^  2   I(2,k2)^…^  𝑁   I(1,kN) all the conjuncts linearly depend on all context attribute values. And it 

can be applied to any subspace, generated by the algorithm. As a summary, for all subspaces generated by the 

algorithm all the conjuncts linearly depend on all context attribute values. It completes the proof of proposition 2 

and, hence, completes the proof of algorithm 3.5. 

Q.E.D.■ 

The next section discusses searching for the maximum point of a conjunction within every subspace, 

generated by the algorithm 3.5. Global maximum can be obtained straightforwardly by comparing the maxima 

within the subspaces, and it completes emptiness test of a DNF situation algebra expression. 

3.6 Constrained Optimization in the Subspace 

Previous section described the algorithm to divide a context space into a set of subspaces with special properties. 

In the subspaces, generated by the algorithm 3.5, all the conjuncts are linear functions. The task of finding a 

maximum of a conjunction inside the subspace can be reduced to the linear programming task. Consider an 

example from motivating scenario, before we proceed to the proof for an arbitrary conjunction. 

In the motivating scenario the conjunction under testing is ConditionsAcceptable(X) & LightMalfunctions(X). 

Context space can be divided into the set of subspaces, where both ConditionsAcceptable(X) and 

LightMalfunctions(X) are linear. The subspaces, as well as linear functions, are presented in table 3. For 

illustration, let’s find maximum value within the subspace (           [       ]) (           [  ,  ]) 
in case when SwitchPosition=On. Expression (36) formalizes the maximization task. 

 



Maximize: min (
1

3  
𝐿𝑖  𝑡𝐿𝑒 𝑒 −

1

  
 𝑜𝑖 𝑒𝐿𝑒 𝑒 +

1

3
 , −

1

3  
𝐿𝑖  𝑡𝐿𝑒 𝑒 +

13

 
) 

w.r.t. constraints: 

                                                                                                                                              (36) 

               

              

              
 

Actually, the task (36) is a piecewise linear programming task [6], which can be reduced to the linear 

programming tasks. Task (36) can be rewritten as task (37) by introducing the artificial intermediate variable 

t=min (
1

3  
𝐿𝑖  𝑡𝐿𝑒 𝑒 −

1

  
 𝑜𝑖 𝑒𝐿𝑒 𝑒 +

1

3
 , −

1

3  
𝐿𝑖  𝑡𝐿𝑒 𝑒 +

13

 
). 

 

Maximize: t 

w.r.t. constraints: 

𝑡   
1

   
𝐿𝑖  𝑡𝐿𝑒 𝑒 −

1

  
 𝑜𝑖 𝑒𝐿𝑒 𝑒 +
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1
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𝐿𝑖  𝑡𝐿𝑒 𝑒 +
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                                                                                                                  (37) 

                   

                 

 

New maximization objective is the result of direct substitution of new variable t. The two uppermost 

constraints directly follow from the definition of t. Task (37) can be further rewritten as task (38). 

 

Maximize: t 

w.r.t. constraints: 

𝑡 −
1

   
𝐿𝑖  𝑡𝐿𝑒 𝑒 +

1

  
 𝑜𝑖 𝑒𝐿𝑒 𝑒   

1

 
 

𝑡 +
1

3  
𝐿𝑖  𝑡𝐿𝑒 𝑒   

13

 
                                                                                                                     (38) 

                   

                 

 

The task (38) is not yet a canonical form of the linear programming task. However, for many linear 

programming solvers the format (38) is already acceptable as an input. For this article we use the implementation 

of interior point method, embedded in the GNU Linear Programming Kit [37], which in turn is embedded in 

GNU Octave [35]. The maximum values, obtained by solving of piecewise linear maximization task for different 

subspaces, generated by algorithm 3.5, and different subtasks, generated by operation 3.3, are presented in table 

4. 

Now the verification of motivating scenario is complete. Rows 4 and 5 of table 4 show that for the values 

LightLevel=425, NoiseLevel=40 and SwitchPosition=On the confidence level for the expression 

ConditionsAcceptable(X) & LightMalfunctions(X) is equal to 0.75. It is above the threshold of 0.7, therefore, for 

the expression the ConditionsAcceptable(X)&LightMalfunctions(X) verification has detected an error. A 

straightforward test can show, that it is really a counterexample: for the context state {425; 40; On} certainty of 

ConditionsAcceptable(X) and certainty of LightMalfunctions(X) will be both 0.75. Both situations will be 

triggered in that case, and it will cause inconsistent situation awareness results. 

Table 4 shows that the counterexample is detected twice (rows 5 and 6). The reason is that the 

counterexample lies on the border of the subspaces. It is quite common case and it does not hamper verification 

in any way.  The found counterexample is not the only counterexample available – within some subspace around 

the counterexample the confidence value of ConditionsAcceptable(X) & LightMalfunctions(X)  is above 0.7. 

  



Table 4. ConditionsAcceptable(X)&LightMalfunctions(X) - Maxima within subspaces. 

№ Subspace 
Maximum 

(t-value) 

Context State 
[LightLevel; 

NoiseLevel] 

1               ,              , SwitchPosition=On 0.5 [350; 40] 

2               ,            [  ,  ], SwitchPosition=On 0.5 [350; 40] 

3               ,              , SwitchPosition=On 0 [350; 60] 

4            [       ],              , SwitchPosition=On 0.75 [425; 40] 

5            [       ],            [  ,  ], SwitchPosition=On 0.75 [425; 40] 

6            [       ],              , SwitchPosition=On 0.5 [500; 60] 

7               ,              , SwitchPosition=On 0.5 [500; 40] 

8               ,            [  ,  ], SwitchPosition=On 0.5 [500; 40] 

9               ,              , SwitchPosition=On 0.5 [500; 60] 

10               ,              , SwitchPosition=Off 0.5 [350; 40] 

11               ,            [  ,  ], SwitchPosition=Off 0.5 [350; 40] 

12               ,              , SwitchPosition=Off 0 [350; 60] 

13            [       ],              , SwitchPosition=Off 0.5 [350; 40] 

14            [       ],            [  ,  ], SwitchPosition=Off 0.5 [350; 40] 

15            [       ],              , SwitchPosition=Off 0.25 [425; 60] 

16               ,              , SwitchPosition=Off 0 [500; 40] 

17               ,            [  ,  ], SwitchPosition=Off 0 [500; 40] 

18               ,              , SwitchPosition=Off 0 [500; 60] 

 

Consider a sequence of steps for any arbitrary conjunction. Let the conjunction be                                 

Conj1(X) &Conj2(X) &…&ConjK(X). Let the subspace be (low1 ≤ x1 ≤ high1) ^(low2 ≤ x2 ≤ high2)^…( lowN ≤ xN ≤ 

highN). Any lower or upper boundary can as well be infinite, in that case inequality sign is not inclusive. The 

subspace is generated by the algorithm 3.5 for the conjunction. Therefore, every conjunct is linear inside the 

subspace. Let’s denote the linear coefficients of an arbitrary l-th conjunct according to formula (39).  

 

Conjl(X) = ∑ 𝑎( , 𝑖) ∗ 𝑥𝑖
𝑁
𝑖=1 + 𝑏( )                                                                                                                (39) 

 

The maximization task looks as follows (formula (40)). 

 

Maximize: min (∑ 𝑎(1, 𝑖) ∗ 𝑥𝑖
𝑁
𝑖=1 + 𝑏(1), 
∑ 𝑎(2, 𝑖) ∗ 𝑥𝑖
𝑁
𝑖=1 + 𝑏(2), 

 … 

∑ 𝑎( , 𝑖) ∗ 𝑥𝑖
𝑁
𝑖=1 + 𝑏( )) 

w.r.t. constraints:                                                                                                                                            (40) 

low1 ≤ x1 ≤ high1 

low2 ≤ x2 ≤ high2  
          … 

lowN ≤ xN ≤ highN 

 

Task (40) is a piecewise linear programming task. Piecewise linear programming task can be reduced to linear 

programming task by introduction of slack variable [6]. The result looks as follows (task (41)). 

 

Maximize: t 

 

w.r.t. constraints: 

t + ∑ (−𝑎(1, 𝑖)) ∗ 𝑥𝑖
𝑁
𝑖=1  ≤ 𝑏(1) 

t + ∑ (−𝑎(2, 𝑖)) ∗ 𝑥𝑖
𝑁
𝑖=1  ≤ 𝑏(2) 

… 

t + ∑ (−𝑎( , 𝑖)) ∗ 𝑥𝑖
𝑁
𝑖=1  ≤ 𝑏( )                                                                                                                      (41) 

low1 ≤ x1 ≤ high1 

low2 ≤ x2 ≤ high2  
          … 

lowN ≤ xN ≤ highN 

Task (41) can be further reduced to the canonical form of linear programming task (see [6]). However, linear 

programming solvers often can work with the task in (41) format already. As a result of solving task (41), the 



variable t will contain the maximum confidence value of the conjunction min (∑ 𝑎(1, 𝑖) ∗ 𝑥𝑖
𝑁
𝑖=1 + 𝑏(1), 

∑ 𝑎(2, 𝑖) ∗ 𝑥𝑖
𝑁
𝑖=1 + 𝑏(2),  …, ∑ 𝑎( , 𝑖) ∗ 𝑥𝑖

𝑁
𝑖=1 + 𝑏( )), which should be tested against the threshold. The 

solution of task (41) in the values x1…xN will also contain a set of context attribute values, for which the 

maximum certainty is achieved. If the maximum certainty exceeds the threshold, this set of values is a 

counterexample. 

This section completes the description and proof of the verification algorithm. Next section summarizes the 

entire verification procedure. 

3.7 Verification Approach – Summary. 

Summarizing the information of sections 3.1-3.6, the final verification procedure looks as follows. 

Input. The property under verification should be represented as emptiness assertion for DNF situation algebra 

expression. The guidelines for composing the expression are presented in section 2.3 and section 3.2. 

Step 1. Use operation 3.3 to define the subtasks for every combination of non-numeric and mixed context 

attributes. 

Step 2. For every subtask and for every disjunct of the DNF expression, find the subspaces where all the 

conjuncts are linear. It can be done using the algorithm 3.5. 

Step 3. For every subtask, for every disjunct of the expression and for every subspace, identified in the step 2, 

define and solve linear programming task to find the maximum certainty. The procedure for defining and solving 

linear programming task is defined in section 3.6. 

Linear programming solution contains maximum certainty value, as well as the context state where the 

maximum is achieved. If the certainty is above the threshold, then the corresponding context state is a 

counterexample. Counterexample is added to the list. If the developer needs just a Boolean answer whether the 

verification found any errors, then verification can stop upon finding the first counterexample. If after all 

iterations of step 3 no counterexamples are found, it means that the context model complies with the assertion, 

and the verification detected no errors. 

Output. The list of counterexamples – context states where the expression under emptiness exceeds the 

threshold. If the list is empty, then verification has found no errors. 

The verification algorithm can be described in a following pseudocode. 

 

Algorithm 3.7. 

 

// Step 1. Define subtasks (use operation 3.3). 

subtasks = defineSubtasks(expression, situations); 

 

//Step 2. For every subtask and for every disjunct of DNF expression, find the subspaces of linearity. 

for i = 1 to expression.getDisjuncts() 

   for j = 1 to subtasks.getCount() 

      //Use algorithm 3.5 to get subspaces of linearity 

      subspaces[i,j] = subtasks[i].getSubspaces(expression.disjunct[j]); 

  end for; // End for every subtask 

end for; // End for every disjunct 

 

//Step 3. For every subspace of linearity – find maximum confidence value. 

for i = 1 to expression.getDisjuncts() 

   for j = 1 to subtasks.getCount() 

        for k = 1 to subspaces[i,j].length //For every subspace  

           //Define linear programming subtask according to guidelines (41) 

           linearProgrammingTask = defineLPTask(subspaces[i,j,k], expression.disjunct[i], subtask[j]); 

           //Solve linear programming task, find maximum confidence value and corresponding context state  

           [value contextState] = solveLinearProgrammingTask(linearProgrammingTask); 

           if (value >= threshold) 

               counterexamples.add(contextState, expression.getConfidence(contextState)); 

           end if 

       end for; // End for every subspace 

   end for; // End for every subtask 

end for; //End for every disjunct 

 

//Output: a list of counterexamples. An empty list means that verification found no errors. 

return counterexamples; 



As for the motivating scenario, the proposed algorithm found a counterexample {LightLevel=425, 

NoiseLevel=40, SwitchPosition=On}, for which both situations have certainty of 0.75. The verification has 

detected an error. 

The next section discusses theoretical and practical complexity of the proposed solution. 

4. Evaluation 

In section 3 we proposed, discussed and proved the sequence of the steps of the verification approach for fuzzy 

situation models in pervasive computing. Complexity of the steps of the verification algorithm consists of 

following components: 

- Generation of possible combinations of non-numeric parameters. 

- Generation of subspaces. 

- Defining and solving linear programming task for every subspace and every combination. 

The verification mechanisms were implemented as an extension over ECSTRA (Enhanced Context Spaces 

Theory-based Reasoning Architecture) situation awareness framework, and all the practical tests were performed 

inside that framework as well. For more details on ECSTRA refer to the paper [9]. 

Next sections discuss the components of complexity in more details. Section 4.1 and 4.2 prove the complexity 

of subspace generation and working with linear programming tasks respectively. Section 4.3 generalizes the 

result for non-numeric and mixed context attributes. Section 4.4 provides the summary and finalizes complexity 

estimation. 

4.1. Complexity Analysis for Generation of Subspaces. 

Algorithm 3.5 is responsible for decomposition of context space into the subspaces. The algorithm is prone to 

multiple ways of enhancement, which we leave for the future work. Here we analyze the complexity of the 

algorithm 3.5 in a way it is presented in section 3.5. The notation is as follows. Consider that algorithm 3.5 has 

an input like expression (33) – a conjunction containing K conjuncts, which are defined over N context 

attributes. Let’s denote the number of breakpoints over i-th context attribute for j-th conjunct as L(i,j). Assume 

that the input is correct and all the conjuncts are defined properly, without duplicate breakpoints. 

Step 1 of the algorithm 3.5 involves merging the breakpoints, sorting them and removing the duplicates. 

Consider the complexity of that operation for an arbitrary context attribute. Let’s denote it as i-th context 

attribute, where i can be any integer from 1 to N. Sorting can be efficiently done, for example, by Quicksort 

algorithm [21] in, effectively, O(T*logT) time, where T is the number of elements in an array. The number of 

elements in array is, actually, the number of breakpoints before removing the duplicates, which is the sum of all 

breakpoints of all the conjuncts. Therefore, the complexity is O((∑ 𝐿(𝑖,  ) 
 =1 )*log(∑ 𝐿(𝑖,  ) 

 =1 )). In the worst 

case Quicksort can reach O(T
2
) time. 

In a sorted array the duplicates can be found in O(∑ 𝐿(𝑖,  ) 
 =1 ) time with a trivial algorithm. So, out of two 

sequential substeps of step 1 of algorithm 3.5, sorting substep has polylogarithmic complexity (quadratic in the 

worst case) and the substep of removing duplicates has linear complexity. The total complexity for a single 

context attribute is, therefore, polylogarithmic O((∑ 𝐿(𝑖,  ) 
 =1 )*log(∑ 𝐿(𝑖,  ) 

 =1 )) in average case or quadratic 

O((∑ 𝐿(𝑖,  ) 
 =1 )

2
) in the worst case. For all context attributes the complexity is illustrated in expression (42). 

 

Average case complexity: O(∑ [ (∑ 𝐿(𝑖,  ) 
 =1 ) ∗    (∑ 𝐿(𝑖,  ) 

 =1 ) ]𝑁
𝑖=1 )                                                        (42) 

Worst case complexity: O(∑ [ (∑ 𝐿(𝑖,  ) 
 =1 )

2
 ]𝑁

𝑖=1 ) 

 

Complexity of the steps 2 and 3 of the algorithm 3.5 depends on the final number of breakpoints. That number 

can be estimated as follows. The total number of breakpoints over i-th context attribute we denote as L(i). By the 

construction of algorithm 3.5, every breakpoint of every conjunct becomes a breakpoint for defining subspaces. 

The operation removeDuplicates() then removes duplicate values, which might appear from different conjuncts, 

and does not change previously mentioned fact – if a breakpoint appeared in a conjunct, it will appear in the final 

set of breakpoints. Therefore, total number of breakpoints cannot be smaller than the number of breakpoints for 

any of the conjuncts, and we can estimate that the total number of breakpoints L(i) ≥ maxj(L(i,j)). The lower 

boundary is achieved in motivating scenario for both context attributes. For context attribute LightLevel there are 

two breakpoints both for ConditionsAcceptable(X) and for LightMalfunctions(X)  (350 Lx and 500 Lx in both 

cases). Therefore, it can’t be less than two breakpoints in final breakpoints set, and those breakpoints are 350 Lx 

and 500 Lx. For the context attribute NoiseLevel the number of breakpoints also reach lower boundary – there 

are zero breakpoints for LightMalfunctions(X) and two for ConditionsAcceptable(X) (30 dB and 60 dB). The 

final number of breakpoints is two – those are 30 dB and 60 dB. 



The largest number of breakpoints will be generated in the case when there are no duplicates (i.e.  

removeDuplicates() does not change anything). In that case the number of breakpoints for i-th context attribute is 

∑ 𝐿(𝑖,  ) 
 =1 . In motivating scenario in some way it happens for the context attribute NoiseLevel (lower and upper 

boundaries are the same for that case). The situation ConditionsAcceptable(X) has two breakpoints over 

NoiseLevel  (30 dB and 50 dB) and the situation LightMalfunctions(X) has zero breakpoints over that context 

attribute. The total number of breakpoints is two. 

To summarize, for i-th context attribute the number of breakpoints can be estimated as expression (43). 

 

maxj(L(i,j)) ≤ L(i) ≤ ∑ 𝐿(𝑖,  ) 
 =1                                                                                                                      (43) 

 

Step 2 of the algorithm 3.5 generates intervals from the breakpoints. Generation of an interval takes constant 

time, so the time complexity is proportional to the number of iterations in the nested loops: O(∑ 𝐿(𝑖)𝑁
𝑖=1 ), where 

according to (43), ∑ 𝐿(𝑖)𝑁
𝑖=1  ≤ ∑ ∑ 𝐿(𝑖,  ) 

 =1
𝑁
𝑖=1 . Therefore, the complexity of step 2 in the worst case is 

O(∑ ∑ 𝐿(𝑖,  ) 
 =1

𝑁
𝑖=1 ), which is of lower order comparing to complexity of step 1 (both average and worst cases of 

expression (42)). The order of total complexity of steps 1 and 2 is determined by complexity of step 1 and is still 

represented by expression (42). 

Step 3 of the algorithm 3.5 generates all the subspaces by calculating Cartesian product of intervals between 

the breakpoints, which were identified in the previous step. Once again, generating the subspace is a constant 

time operation. Therefore, the time complexity is determined by the number of iterations of the nested loops. The 

number of iterations is ∏ (𝐿(𝑖)𝑁
𝑖=1 + 1), which in the worst case is ∏ (1 + ∑ 𝐿(𝑖,  ) 

 =1 )𝑁
𝑖=1  (new summand +1 

appears because the number of intervals is equal to the number of breakpoints plus one). This value is of higher 

order comparing to the total complexity of first two steps, presented in expression (42). The order of this term 

determines total complexity of the algorithm 3.5. To summarize, the time complexity of the algorithm 3.5 is 

presented in expression (44). 

 

Complexity: O(∏ (𝐿(𝑖) + 1)𝑁
𝑖=1 ) = O(S) 

Worst case complexity: O(∏ (1 + ∑ 𝐿(𝑖,  ) 
 =1 )𝑁

𝑖=1 )                                                                                     (44) 

Best case complexity: O(∏ 𝑚𝑎𝑥 (𝐿(𝑖,  )
𝑁
𝑖=1 + 1) 

 

In the expression (44) we denoted ∏ (𝐿(𝑖)𝑁
𝑖=1 + 1) as S, which means the number of subspaces. Actually, the 

number of iterations of the nested loops of step 3 in algorithm 3.5 is the number of generated subspaces. The 

time complexity of the algorithm 3.5 has linear dependency on the number of subspaces, and best and worst 

cases of expression (44) put boundaries on the number of subspaces depending on the number of breakpoints. 

The summary of expression (44) is that running time of the algorithm 3.5 linearly depends on the number of 

subspaces. We practically proved the time complexity of the algorithm using the following testing procedure. 

The testing involved 1000 experiments, where every experiment was conducted as follows. 

1. Generate K random situations, which contain a random subset of N context attributes. K and N are random 

and vary from 1 to 6. Situations follow the definition (23): 𝑆𝑖𝑡(𝑋) = ∑ 𝑤𝑖 ∗ 𝜇𝑖(𝑥𝑖)
𝑁
𝑖=1  + 𝑤 . The weights, the 

bias term and the breakpoints of membership functions are generated randomly in realistic manner. The shape of 

every membership function 𝜇𝑖(𝑥𝑖) is uniformly randomly chosen among the options presented in figure 2. 

2. The generated K situations form a conjunction. Algorithm 3.5 is applied to detect the subspaces of 

linearity. The time, taken by the algorithm 3.5 is an outcome of the experiment. 

We summarized the outcomes of all 1000 experiments in the figure 5 and processed the results using R toolkit 

[38]. The plot in figure 5 was generated by R toolkit as well; minor manual interventions were restricted to 

improving readability of the figure. 

The points in figure 5 exhibit clear linear dependency. The coefficient R
2
 between the time, required to 

generate subspaces, and the number of subspaces is 0.9995, and it practically proves the linearity. These results 

completely confirm our theoretical estimations of the algorithm complexity, summarized in expression (44). 



 
Figure 5.  Time, required to generate subspaces of linearity. 

 

It should be noted that it is enough to generate the breakpoints (step 1) and intervals (step 2) once for all the 

involved context attributes (including mixed). Later the same breakpoints can be used when applying algorithm 

3.5 to another disjunct or another combination of non-numeric values. Subspaces can be also generated only 

once, if there are no mixed context attributes involved (and significantly reused if there are any). However, 

solving linear programming task should be done separately for every subspace and for every combination of 

non-numeric/mixed context attributes anyway, and, as will be proven further, it is the main source of complexity. 

So, those obvious enhancements do not reduce the order of complexity and, therefore, can be omitted from 

complexity analysis. 

In order to reduce memory requirements it is possible to generate the subspaces and for every generated 

subspace right away calculate the maximum value of every disjunct in the DNF expression under test. 

Next section discusses the verification steps after the algorithm 3.5 – defining and solving piecewise linear 

programming tasks. 

4.2. Complexity Analysis of Defining and Solving Linear Programming Task. 

Next step of the verification algorithm involves defining and solving linear programming task for every 

subspace, derived in previous section. Consider complexity analysis for a single subspace, later it will be 

expanded for the case of all subspaces. 

The definition of linear programming task requires constructing the description in the format (41). There are 

2*N inequalities that emerge from subspace definition (expressions like lowi ≤ xi ≤ highi count as two 

inequalities), where N is the number of context attributes. There are also K inequalities (equal to the number of 

conjuncts) that result from transformation of piecewise linear minimization task into linear programming task, 

and each of those inequalities contain N+1 terms (the coefficients for x1…xN and t). The construction of latter 

inequalities is the most computationally heavy operation (order of N*K, opposed to order of N in the previous 

step), and it determines the order of complexity for the whole task construction algorithm. To summarize, 

straightforward construction of linear programming task requires O(N*K) time, and it should be done for every 

subspace. 

The standard form of linear programming task is defined in expression (45) [6]. 

Maximize: C
T
*X 

w.r.t. constraints:                                                                                                                                           (45) 

A*X = b 

X ≥ 0 

In the task (45) C and b are constant vectors and A is a matrix. Conversion of the task from format (41) into 

format (45) requires several steps. The inequalities lowi ≤ xi can be transformed into x’i ≥ 0 by introducing the 

variable x’i = xi - lowi. We also need to introduce new variables for all the other N+K inequalities in order to 

transform them into equalities. The main idea is to transform an inequality ∑𝑎𝑖 ∗ 𝑥𝑖  𝑏 into an equality 
∑𝑎𝑖 ∗ 𝑥𝑖 + 𝑥 = 𝑏, which becomes a part of A*X = b, and inequality x0 ≥ 0, which becomes a part of X ≥ 0 

constraints (see [6] for more details). The newly introduced variables like x0 are referred to as slack variables. 

Some linear programming solvers, including GLPK [37], can handle the transformation automatically. The very 

process of transformation does not add much complexity, but the fact that the number of variables changes can 



be important for complexity analysis. In order to transform task (41) into task (45) N slack variables need to be 

introduced for inequalities like t + ∑ (−𝑎( , 𝑖)) ∗ 𝑥𝑖
𝑁
𝑖=1  ≤ ( ) , and K slack variables need to be introduced for 

inequalities like xi ≤ highi. Together with N initial variables, it makes the total number of variables 2*N + K. 

A linear programming task can be solved by polynomial complexity algorithms. For example, Karmarkar’s 

algorithm [23] estimates the complexity of the method as O(n
3.5

*B), where n is the number of variables (after 

introducing slack variables), and B is the number of bits in the input. Many more polynomial algorithms can 

solve linear programming tasks (see [6, 31] for more information). 

ECSTRA extension, which implements fuzzy situation verification approach, employs GLPK [37] toolkit and 

its implementation of interior point method. According to GPLK reference manual [37], the toolkit uses a 

version of primal-dual interior point methods, implemented according to Mehrotra’s technique [27]. 

In order to estimate practical complexity, we performed a set of 1000 experiments, where every experiment 

was conducted as follows: 

1. K random situations are generated over a random subset of N context attributes. K and N were random 

values uniformly chosen from 1 to 50. Situations are defined according to expression (23):                              

𝑆𝑖𝑡(𝑋) = ∑ 𝑤𝑖 ∗ 𝜇𝑖(𝑥𝑖)
𝑁
𝑖=1  + 𝑤 . The weights and the bias term are generated randomly in a realistic manner. 

The shape of membership functions 𝜇𝑖(𝑥𝑖) is randomly chosen among several options presented in figure 2. The 

breakpoints of membership functions are chosen randomly. 

2. The situations, generated in the step 1, are merged in a conjunction. The subspaces of linearity are obtained 

using the algorithm 3.5. 

3. A single random subspace of linearity is uniformly chosen from the set, obtained in the step 2. 

4. For the subspace, chosen in the step 3, linear programming task was constructed and solved. Solution time 

is the outcome of the experiment. In order to mitigate possible random disturbances, calculations for every 

experiment were conducted 10 times and averaged. 

We summarized the outcomes of the experiment in the figure 6. The plots were created using R toolkit [38]; 

minor manual changes to the plots were restricted to improving the readability. 

The main purpose of the experiment was to find out how well does the linear programming solver algorithm 

scale with the growing size of the task. Figure 6 shows the following results. The plot on figure 6a depicts 

dependency of linear programming solution time on the number of context attributes involved in subspace 

definition. The number of variables in linear programming task is equal to the number of context attributes plus 

one (variable t). The number of variables tends to be close to the upper boundary. When there are multiple 

situations, each defined over a random subset of context attributes, the number of context attributes mentioned at 

least once grows fast. And the subspaces have to account for every context attribute, which is mentioned in at 

least one situation. 

Figure 6b depicts dependency between the number of constraints (i.e. number of rows of matrix A in the 

standard format (45)) and the time to solve linear programming task. The number of constraints is N+K: there 

are K constraints of type t + ∑ (−𝑎( , 𝑖)) ∗ 𝑥𝑖
𝑁
𝑖=1  ≤ 𝑏( ) and N constraints of type xi ≤ highi. Inequalities are later 

transformed into equalities by introduction of slack variables, but  the  number  of  equalities still remains  

N+K.The lower boundaries of the variables constitute X ≥ 0 restriction of task (45), and are not counted. The 

dependency on figures 6a and 6b is not straightforward, but the results of experiments are fully explained by the 

subsequent plots 6c and 6d. 

The plot on figure 6c illustrates the dependency between the number of conjuncts K and the time to solve 

linear programming task. The coefficient R
2
 is equal to 0.9142, and it practically shows linear dependency with 

some variance. However, it turns that the results are better explained by the subsequent plot 6d. 

The Y-axis of plot 6d, as in all plots of figure 6, is the time required to solve linear programming task. The X-

axis of plot 6d is the multiplication of number of conjuncts K and number of involved context attributes N. This 

value corresponds to the size of the input required to define the task. In order to specify the linear programming 

task the following information is required. Each of K inequalities t + ∑ (−𝑎( , 𝑖)) ∗ 𝑥𝑖
𝑁
𝑖=1  ≤ 𝑏( ) contains N+1 

coefficients on the left side and one term b(j). The boundaries of the variables require 2*(N+1) more values 

(infinite boundaries on t are implied in formula (45), but should be supplied explicitly to linear programming 

solver). The maximization objective requires N+1 more values for specification (the function C
T
X to maximize 

is just t, so C = [1 0 0…0]). It makes the number of parameters to specify equal to (N+2)*K+2*(N+1)+(N+1). 

Those parameters are necessary (i.e. no parameter can be deduced from the values of other parameters) and 

sufficient (i.e. they define linear programming task unambiguously). The number of parameters is the value of 

order O(N*K), and N*K is the X-axis of the plot 6d. The coefficient R
2
 is equal to 0.9148, and it practically 

shows even more pronounced linear dependency comparing to the figure 6c. The dependency 6c, can be 

explained by the fact that the number of involved context attributes tend to be close to maximum value (this 

effect was already described when discussing plot 6a), therefore N*K is close (and often equal) to NMAX*K, 

where NMAX is the total number of available context attributes (50 for the conducted experiments). 

 



                                    (a)                                                                        (b) 

       

                                    (c)                                                                        (d) 

       
Figure 6.  Time to solve linear programming task, depending on various factors: (a) Depending on number of 

involved context attributes; (b) Depending on number of inequality constraints;  (c) Depending on number of 

conjuncts; (d) Depending on multiplication of number of conjuncts and number of context attributes. 

 

To summarize, the algorithm for defining linear programming task requires O(N*K) time. The testing has 

shown, that practical complexity of solving linear programming task also have the complexity of order O(N*K). 

Therefore, the total complexity of defining and solving LP task can be estimated as O(N*K). Combining with, 

estimations (43) and (44), the total complexity can be estimated as expression (46). 

 

Complexity: O(S*N*K)                                                                                                                                  (46) 

∏ 𝑚𝑎𝑥 (𝐿(𝑖,  ) + 1)
𝑁
𝑖=1  ≤  S ≤  ∏ (1 + ∑ 𝐿(𝑖,  ) 

 =1 )𝑁
𝑖=1  

 

Expression (46) defines the verification complexity for a single conjunction with K conjuncts, defined over N 

context attributes that result in S subspaces of linearity. Moreover, the complexity estimate (46) implies that the 

verification continues until the maximums for all subspaces are found. This approach is advisable if the goal is to 

collect as many counterexamples as possible. The identified counterexamples help to narrow down and fix one 

or multiple situation modeling problems. However, sometimes the developer might need just yes/no answer – 

whether the verification has detected an error or not. In this case verification can be stopped when the first 

counterexample is detected in some subspace. The detected counterexample provides sufficient information to 

claim verification has found an error, and still even a single counterexample points to what exact situation 

modeling error was detected. As a result, the estimation (46) is precise for the case when all the subspaces are 

processed, and it is an upper boundary for the case when verification continues until the first detected 

counterexample. 



Also it should be noted that expression (46) deals with numeric context attributes only. Next section provides 

more general complexity estimations for the case of non-numeric and mixed context attributes. 

4.3. Accounting for Non-numeric and Mixed Context Attributes. 

Section 3.3 points out that non-numeric context attributes can be handled in a following manner: the task should 

be solved separately for every combination of non-numeric values of all non-numeric context attributes. 

Consider that in addition to all numeric parameters of formula (46) there is a set of Q non-numeric context 

attributes, and each of them can take Rq possible values. In that case the task is solved separately for each of 

∏   
 
 =  combinations of those parameters, and complexity estimation look like formula (47). 

 

Complexity: O( ∗  ∗  ∗ ∏   
 
 =1 )                                                                                                               (47) 

∏ 𝑚𝑎𝑥 (𝐿(𝑖,  ) + 1)
𝑁
𝑖=1  ≤  S ≤  ∏ (1 + ∑ 𝐿(𝑖,  ) 

 =1 )𝑁
𝑖=1  

 

Mixed context attributes can contain both numeric and non-numeric possible values. In the verification 

approach accounting for mixed context attributes slightly differs from accounting for non-numeric context 

attribute: the verification task is solved separately for all possible non-numeric values of the context attribute, 

then it is solved for the case when mixed context attribute is restricted to numeric values. Consider there is a 

single mixed context attribute, which can take RQ+1 non-numeric values, as well as numeric ones. Formula (48) 

illustrates complexity estimates for that case. When the context attribute takes numeric values, it is counted as 

context attribute number N+1. Every j-th conjunct have L(N+1,j) breakpoints over that context attribute. The 

total number of breakpoints over context attribute number N+1, after merging and removing redundant ones, is 

referred to as L(N+1), just like for any other context attribute. 

 

Complexity: O( (RQ+1∗  ∗  ∗  ∗ ∏   
 
 =1 ) + (  ∗ ( + 1) ∗  ∗ ∏   

 
 =1 ))                                            (48) 

∏ 𝑚𝑎𝑥 (𝐿(𝑖,  ) + 1)
𝑁
𝑖=1  ≤  S ≤  ∏ (1 + ∑ 𝐿(𝑖,  ) 

 =1 )𝑁
𝑖=1  

∏ 𝑚𝑎𝑥 (𝐿(𝑖,  ) + 1)
𝑁+1
𝑖=1  ≤  S’ ≤  ∏ (1 + ∑ 𝐿(𝑖,  ) 

 =1 )𝑁+1
𝑖=1  

 

In estimation (48) the terms S’ refers to the number of subspaces where mixed context attribute is restricted to 

numeric values. As derived in section 4.1, the number of subspaces S = ∏ (𝐿(𝑖)𝑁
𝑖=1 + 1). In the similar manner, 

S’ = ∏ (𝐿(𝑖)𝑁+1
𝑖=1 + 1). Therefore, S’ = S*(L(N+1)+1) and, consequently, S’ ≥ S. As a result, for the first 

summand of calculation (48) the it is true that   +1 ∗  ∗  ∗  ∗ ∏   
 
 =1  ≤   +1 ∗   ∗ ( + 1) ∗  ∗ ∏   

 
 =1 . 

Also in (48) for the second summand   ∗ ( + 1) ∗  ∗ ∏   
 
 =1  ≤ RQ+1∗   ∗ ( + 1) ∗  ∗ ∏   

 
 =1 . Therefore, 

the order O((  +1 ∗  ∗  ∗  ∗ ∏   
 
 =1 ) + (  ∗ ( + 1) ∗  ∗ ∏   

 
 =1 )) has the upper bound of        

O(2*RQ+1∗   ∗ ( + 1) ∗  ∗ ∏   
 
 =1 ), which is O(RQ+1∗   ∗ ( + 1) ∗  ∗ ∏   

 +1
 =1 ). Formula (48) can, 

therefore, be transformed into formula (49). 

 

Complexity: O(  ∗  ∗  ∗ ∏   
 +1
 =1 )                                                                                                             (49) 

∏ 𝑚𝑎𝑥 (𝐿(𝑖,  ) + 1)
𝑁+1
𝑖=1  ≤  S’ ≤  ∏ (1 + ∑ 𝐿(𝑖,  ) 

 =1 )𝑁+1
𝑖=1  

 

Note that RQ+1 in formula (49) is under the multiplication. The interesting note about formula (49) is that 

mixed context attribute was accounted twice. First it was accounted as a N+1
st
 numeric context attribute, which 

lead to increased S and N. Second it was accounted as Q+1
st
 non-numeric context attribute, which resulted in 

additional Q+1
st
 term in the multiplication ∏   

 +1
 =1 . The same principle can be applied all involved mixed 

context attributes. As a result, upper bound of complexity can be estimated as formula (50). 

 

Complexity: O( ∗  ∗  ∗ ∏   
 
 =1 )                                                                                                               (50) 

∏ 𝑚𝑎𝑥 (𝐿(𝑖,  ) + 1)
𝑁
𝑖=1  ≤  S ≤  ∏ (1 + ∑ 𝐿(𝑖,  ) 

 =1 )𝑁
𝑖=1  

 

Estimate (50) looks much like formula (47), but the notation has different semantics. In formula (50) N is the 

number of both numeric and mixed context attributes. The same applies to the number of breakpoints L(i,j) – it 

still means the number of breakpoints of j-th conjunct over i-th context attribute, but now the context attribute 

can be mixed as well. Also in formula (50) the number Q refers to the total number of non-numeric and mixed 

context attributes, and the number Rq refers to the number of possible non-numeric values, that q-th context 

attribute can take. All mixed context attributes are intentionally accounted as both numeric and non-numeric 

context attributes. 



Formula (50) is quite pessimistic upper boundary. However, it is correct and easy to work with. Formula (50), 

like estimation (46), is also an upper boundary for complexity in case if verification proceeds until the first 

counterexample. Once a counterexample is found for any combination of non-numeric and mixed context 

attribute, the verification process can stop. 

Formula (50) provides an estimate for a single conjunction. Next section generalizes the estimates for an 

entire DNF expression under verification and concludes the complexity analysis. 

4.4. Complexity Analysis - Summary 

In order to complete the complexity analysis, estimation (50) should be generalized to account for multiple 

disjuncts. The analysis can proceed as follows. Consider that the whole DNF expression under verification 

contains M disjuncts, each of which is a conjunction of Ki terms, defined over Ni context attributes. According to 

the developed verification approach, each conjunct can be verified separately, in sequence or in parallel. Formula 

(50) contains the complexity estimates for every disjunct. The complexity of sequential verification of M 

disjuncts is presented in formula (51). 

 

Complexity: O(∑   ∗   ∗   ∏   , 
  
 =1

 
 =1 )                                                                                                 (51) 

∏ 𝑚𝑎𝑥 (𝐿 (𝑖,  ))
𝑁 
𝑖=1  ≤  Sm ≤  ∏ ∑ 𝐿 (𝑖,  )

  
 =1

𝑁 
𝑖=1  

 

The notation in formula (51) is quite similar to the notation of formula (50). The terms Nm  refers to the 

number of involved numeric and mixed context attributes in m-th disjunct, Km refers to the number of conjuncts 

in m-th disjunct and Sm refers to the number of subspaces in m-th disjunct. The same refers to the number of 

breakpoints: the term 𝐿 (𝑖,  ) refers to the number of breakpoints over i-th numeric or mixed context attribute in 

j-th conjunct of m-th disjunct in the expression under verification. The term Qm refers to the number of non-

numeric and mixed context attributes in m-th disjunct. The value   ,  is the number of non-numeric values, 

which q-th non-numeric or mixed context attribute of m-th disjunct can take. 

It should also be noted that, like formula (50), estimation (51) is an upper boundary of complexity, if the 

verification proceeds until the first detected counterexample. As lemma 3.2 shows, a counterexample for any 

disjunct is a counterexample for entire expression, so if a single counterexample is detected in any disjunct, the 

verification can be stopped. 

In order to preliminary estimate the influence of various parameters on the complexity, consider a simplified 

case where all the disjuncts have similar properties: they have the same number of numeric and mixed context 

attributes N, the same number of conjuncts K, the same number of subspaces S, and the same number of non-

numeric or mixed context attributes Q, each of which can take one of R values. In that case the complexity can 

be estimated as O(M*S*N*K*R
Q
). It points that in average the complexity increases linearly with growing 

number of disjuncts, although in practice it depends a lot on the configuration of every disjunct: how many 

conjuncts are there, how many context attributes are involved and how many subspaces of linearity can be 

generated (which in turn depends on the configuration of breakpoints). The growth of complexity with growing 

N and K heavily depends on the configuration of breakpoints – in addition to their direct linear influence on 

formula (51), they can also influence the number of subspaces. For example, adding one new context attribute of 

interest to one of the situations under consideration will multiply the number of subspaces in that conjunct by the 

number of breakpoints of newly introduced membership functions plus one. However, adding into account a 

context attribute, which is already considered by another situation in a conjunct, might have less severe 

consequences on the total complexity. The dependency on number of non-numeric and mixed context attributes 

is exponential. The dependency on the geometrical average number of values in mixed or non-numeric context 

attribute is polynomial. 

Despite having some exponential dependencies, the approach works well on the tasks of practical size. One of 

the reasons is that the breakpoints overlap relatively often due to the features of situation design (see the 

motivating example). Also complexity requirements are influenced by the fact that verification process should be 

done only once at the design time. The verification algorithms are prone to numerous enhancements and can be 

successfully parallelized, but we leave those enhancements out of scope of current article. 

To summarize, formula (51) is the final estimation of verification complexity, which takes into accounts all 

the aspects of verification process. Next section discusses the related work in the area and provides the 

discussion of the proposed approach. 



5. Discussion and Related Work 

5.1 Formal Verification of Pervasive Computing Systems 

In this article we propose a novel method to verify the context models, based on fuzzy situations. Our previous 

article [7] introduced some basic concepts that we use in this article. In the article [7] we introduced the task of 

situation models verification, formulated it as emptiness test of an arbitrary situation algebra expression, and 

solved the emptiness test task for situation models based on context spaces theory. In this article we significantly 

extend that work and develop verification principles for fuzzy situation models. Fuzzy situations are much more 

versatile and realistic than original context spaces situations, considered in [7]. However, the verification of 

fuzzy situation models is a more complicated task and it requires a completely different emptiness test approach, 

which has nearly nothing in common with the algorithms defined in [7]. That approach to emptiness test of 

situation algebra expressions over fuzzy situations constitutes one of the main contributions of this article. 

Pervasive computing research community is showing increased interest in formal verification. However, our 

article aims to verify the models of situations and their relationships, and the related work aims to verify other 

aspects of pervasive computing, e.g. agent interaction and behavior rules. As a consequence, this leads to 

completely different approaches to specification and verification themselves. Usually verification was a method 

of choice to detect the errors in the behavior specifications of pervasive computing system, while the way 

pervasive system generalizes incoming context information was out of verification scope. 

The paper [22] proposed a novel approach to modeling and verification of pervasive computing systems. The 

authors employed event calculus – an AI formalism [30], which allows reasoning about actions and their 

consequences. Among other uses, in [22] the authors used event calculus for expressing undesired behavior of 

applications, which should be avoided (like “user receives simultaneous audio input from multiple sources”[22]). 

The authors also used assumptions to specify the behavior like “no unauthorized user can enter the room”[22]. In 

the paper [22] verification of whether the undesirable situation might ever happen or whether the assumption 

holds is performed by translating event calculus model into SAT problem, and then applying SAT solvers. The 

main difference of our article and the approach defined in [22] is different aspect under verification. In [22] 

authors aim to verify the behavior of pervasive computing applications, often in terms of activating and 

deactivating devices and handling user requests. Our approach works on lower level – this article proposes a 

method to verify whether the transition from sensor values and low level context to further generalizations (i.e. 

situations) is correct. These generalizations are the basis for behavior of pervasive computing system. In turn, the 

difference in scope determines completely different approach to verification. 

Ambient calculus is designed to specify interaction between multiple agents. The essentials of ambient 

calculus were introduced in the paper [12]. Pervasive systems consist of multiple interacting agents, and some 

researchers considered ambient calculus as a possible description formalism. The article [14] proposes ambient 

calculus-based approach to specify pervasive healthcare system. The subsequent article [15] extended ambient 

calculus, introduced enhancements to previous approach and introduced verification mechanisms. Once again, 

the main difference between this article and the approach proposed in [14, 15] is different aspects under 

verification. Ambient calculus allows specifying spatial and temporal interactions between multiple agents, 

which constitute pervasive computing system. Our article proposes a solution to verify the integrity of a context 

model of a reasoning agent, i.e. whether the agent correctly generalizes context information. 

The paper [4] considered verification of security, safety and usability properties of pervasive computing 

systems. For example, possible assertions can be “If a patient is in danger, assistance should arrive in a given 

time with a probability of 95%”[4] or “No component will take an action that it believes will endanger the 

patient”[4]. The authors formalized the properties of pervasive systems in terms of temporal logic. Temporal 

logic is substantially used in specification and verification of protocols and programs (see [13]), and numerous 

techniques and tools were developed to verify properties expressed in terms of temporal logic. In [4] authors also 

presented an overview of tools, which can be used for verification of temporal logic properties of pervasive 

computing systems. 

The paper [4] considered only adaptation and temporal properties of pervasive computing systems. The paper 

[4] did not specify, how the generalizations like “patient is in danger”[4] (which is effectively a situation) are 

achieved or how to verify whether the system detects this situation correctly. In contrast, this article verifies 

situation models, which are specified and, hence, verified using completely different techniques comparing to 

[4]. 

The paper [10] proposed an approach to verify the action rules of pervasive computing system. The examples 

of rules, which the paper [10] worked with are “If my webcam detects movement then display a pop-up message 

on my screen and display a message on the screen list”[10] or, more complicated example of context-sensitive 

rule, “If the red button is pressed, then if the webcam recently detected movement inform me with synthesized 

speech else send me an e-mail”[10]. The verification was used, for example, for following purposes. 

- Detecting rule redundancy. Redundancy may range from simple repeat to overlap with multiple other rules. 



- Making sure that modalities work well together. For example, if the system reports two events 

simultaneously using speech synthesizers, it can just confuse the user and neither of the reports will be 

understood. 

- Making sure that priorities are handled correctly. High priority messages should be reported first and no 

lower priority message should take over while high priority message is being reported. 

In the paper [10] authors proposed a mechanism to derive temporal logic specification from Promela rules, 

and that specification was used as an input for SPIN [20] model checker. 

It should be noted that the approaches proposed in [4, 10, 22] and the technique presented in this article might 

complement each other well. They don’t overlap in scopes and together they cover verification of both situation 

awareness and acting on perceived situations. 

To summarize, multiple approaches have considered verification as an essential component of pervasive 

computing development. Different articles proposed verification methods for different aspects of pervasive 

computing systems. Different aspects under verification resulted in different required approaches to verification 

and specification. 

6.1 Fuzzy Logic for Context Awareness in Pervasive Computing 

The concept of fuzzy situations, used in this article, was inspired by fuzzy situation inference (FSI) concept 

proposed by Delir et. al. [16]. In [16] the authors proposed a combination of context spaces theory approach to 

context modeling and fuzzy logic-based approach to situation awareness. The paper [16] also introduced an 

extension to account for sensor uncertainty. In [16] the authors applied newly proposed situation awareness 

mechanisms for health reasoning on ECG-capable mobile device. In this article we extend the situation model, 

proposed in [16], in order to account for non-numeric sensor readings and possible sensor unavailability. Fuzzy 

situation concept proposed in [16] is a subset of fuzzy situation models used in this article, so the proposed 

verification techniques can without any modification be applied to non-extended FSI models. 

The paper [16], in turn, extends the context spaces approach, described in [29]. Original context spaces theory 

also features situation algebra based on Zadeh operators, and the situations in original context spaces approach 

are modeled as weighted sum of contributions. However, original context spaces approach uses piecewise 

constant as the contribution function (contribution function is replaced by fuzzy membership function in [16] and 

this article). The verification methods provided in this article are not suitable for original context spaces situation 

models. However, the suitable verification mechanisms were proposed and proved in our previous works [7, 8]. 

Multiple related work examples applied fuzzy control process for context awareness and acting on context 

information. For example, the paper [28] applied fuzzy logic to context aware control of mobile terminals. In the 

paper [11] the authors applied fuzzy control to the adaptation of pervasive services. In the paper [1] authors used 

fuzzy engine to control the actuation of proper services. Fuzzy situations in this article were inspired by fuzzy 

logic techniques, and many aspects of fuzzy context awareness can be represented in terms of fuzzy situations. 

For example, membership functions (figure 2) are widely used membership functions for fuzzy sets [19], and 

therefore membership in fuzzy set is effectively the same as fuzzy situation over a single context attribute. 

Therefore, multiple aspects of fuzzy context awareness can be translated into fuzzy situation terms and then 

verified by the approach proposed in this article. 

To summarize, the context model, presented in this article, in some aspects resemble various classes of 

context awareness mechanisms used in related works. Therefore, verification technique, presented in this article, 

is likely to be applicable to multiple classes of existing context awareness methods with minor adaptation efforts. 

The exact methods of adaptation and required modifications are the subject of future work. 

5. Conclusion and Future Work 

In this article we propose and prove a novel method for formally verifying correctness of fuzzy situation models. 

We extend and enhance the notion of fuzzy situations in order to achieve robust situation awareness and mitigate 

the consequences of unavailable sensor data. In this article we also prove that verification by assertion of 

emptiness is applicable for fuzzy situations. We propose and prove a novel step-by-step approach for emptiness 

test of a situation algebra expression, which is the core of our verification technique. As part of this work we 

implement the verification approach as an extension for ECSTRA [9] context awareness framework, and analyze 

practical efficiency of the proposed method. We analyze complexity of the verification approach and discuss its 

applicability to other context awareness approaches. The proposed methods can impact the design and running of 

pervasive computing systems in a major way due to their potential of detecting pervasive system design 

mistakes, which are not detected by testing, and due to their capabilities of proving that certain kind of error is 

not present in system design. Two major future work directions include: improving the fuzzy situation 

verification method; improving general aspects of situation models verification. Future improvements of the 

proposed approach include the following research directions. 



Efficient ordering of subspaces and combinations. The subspaces of linearity and non-numeric 

combinations, which are more likely to contain counterexamples, should be generated and analyzed first. It will 

significantly reduce the running time for the use cases when verification proceeds until the first counterexample 

is computed. 

Parallelization. Efficient parallelization can significantly improve the performance of verification algorithms, 

since different subtasks of the verification task can be run in parallel. 

Verification in general can be improved in following ways. 

Verification of temporal properties. Current verification approach cannot analyse timing dependencies 

between situations. Improvement of verification techniques to incorporate temporal properties can be of much 

use to pervasive computing area. 

Automated repair. If the verification has detected an error, even with the counterexamples it can be 

complicated to narrow it down and repair the definition mistake. It can be highly beneficial if the repair is 

suggested by the verification algorithm itself. The suggestion for the repair should take into account all the 

properties that should be maintained, not only the one that caused an error. 

Automated situation generation. This future work direction is the continuation of previous task. As an 

input, the developer specifies multiple requirements that situations should comply with. Those can be emptiness 

assertions like described in section 2.3, or expected testing results, like “if the light level is above 500Lx and 

noise is below 30dB, situation ConditionsAcceptable(X) should have certainty1”. The expected output is a list of 

situation specifications. For example, for fuzzy situations it can be a list of involved context attributes, weights 

and membership functions. 
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