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Abstract 

Pervasive computing is a paradigm that focuses on availability and non-intrusive integration of computing services into everyday 

life. Context awareness is the basic principle of pervasive computing. The important part of high-level context awareness is 

situation awareness – the ability to detect and reason about the real-life situations. The specifications of situations are often 

carried out manually by the experts. Therefore, the specification errors can be introduced. The specification errors cause the 

situation reasoning problems and context model inconsistency. In this article we propose and analyze the approach for formal 

verification of the situation definitions. Our solution uses as an input the situation specification in terms of low-level context 

features and the properties under verification, and then either formally proves that the specifications do comply with the expected 

property, or provide all possible counterexamples – the context conditions that will lead to situation awareness inconsistency. 

Evaluation and the complexity analysis of the proposed approach are also discussed.  

 

Keywords: context awareness;  situation awareness; cotnext spaces theory; situation algebra; verification.  

1. Introduction 

Pervasive computing paradigm aims to integrate computing services gracefully into everyday life, and make them 

available everywhere and at any time. Partial implementations of this approach are, for example, ambient 

intelligence systems (like smart homes or smart offices), PDAs, social networks. One of the foundational features of 

pervasive computing is context awareness. Context awareness can be further enhanced by the concept of situation 

awareness – generalization of the context information into real-life situations. 

Manually-defined specifications of situations are usually clear to understand and easy to reason about. However, 

the creation of situation specifications is a resource and effort consuming work. One of the main problems of manual 

definition is the possibility to introduce the situation specification error. The specification errors can result in 

inadequate situation reasoning and internal contradictions in context reasoning results. The theoretical solution and 

practical implementation presented in this article allows to formally verify the specification of the situations using 

the expected situation relationships, and, if the verification detected an error, derive the counterexample – show the 

exact context properties that will result in inadequate situation awareness results. The relationships under 

verification can be, for example, contradiction (e.g. verify that by specification the situation Driving cannot co-occur 

with the situation Walking), generalization (e.g. verify that by specification the situation InTheLivingRoom implies 

the situation AtHome), composition (e.g. verify that by specification the situation InTheCar consist of OnBackSeat 

and OnFrontSeat), etc. A detailed description of possible properties under test is formulated in section 3.1 and the 

illustrative example is provided in section 3.2. 

The work is structured as follows. Section 2 addresses the basics of context spaces theory, the background theory 

of this work, and introduces some additional definitions that will be used throughout the article. Section 3 introduces 

the challenge of formal situation verification and proposes the general approach to solve the problem. Section 4 

proposes and analyzes improved situation representations for context spaces theory. Later they will be used as a 

basis for the verification algorithms. Section 5 provides the verification approach and proves the necessary 

algorithms. Section 6 addresses the theoretical complexity analysis and practical evaluation of the proposed 



  

 

approaches. Section 7 provides the discussion and the related work. Section 8 provides summary, further work 

directions and concludes the paper. 

2. The Theory of Context Spaces 

2.1. Basic Concepts 

The context spaces theory uses spatial metaphors to achieve insightful and clear situation awareness. The basic 

approaches of context spaces theory are described in [18]. In this section we provide the definitions and concepts, 

slightly redeveloped and enhanced to provide more solid basis for the verification techniques. 

A context attribute [18] is a domain of values of interest. For example, in smart home environment air 

temperature, energy consumption, light level, etc. can be taken as context attributes. Original CST approach, defined 

in [18], distinguished numerical context attributes (e.g. noise level, air humidity, illuminance level, water 

temperature) and non numerical context attributes (e.g. on/off switch position, door open/closed). In this work we 

also introduce mixed context attributes that potentially can have both numerical and non-numerical values at 

different time (e.g. air conditioner setup – particular temperature or the value “Off”). As we will show in this 

section, only slight extensions are required in order to incorporate mixed context attributes into the context spaces 

concept. The concept of mixed context attributes will also allow us to incorporate the case when context attribute is 

missing (for example, due to sensor unavailability). It requires just adding undefined as a possible context attribute 

value. Afterwards this extension will allow us to reason about situations in a unified manner, and not introduce 

special cases for missing context attributes. 

A context attribute can be metaphorically viewed as an axis in a multidimensional space. In this work a certain 

value of context attribute, taken with respect to uncertainty, is referred to as context attribute value. In the simplest 

case context attribute value is a particular point on the context attribute axis. Other options, which take possible 

uncertainty into account, are out of scope of this work. So, in this work context attribute value means particular 

context attribute value, unless it is explicitly mentioned otherwise. It should be noted, that particular context 

attribute value just means the single value, numeric or non-numeric, without any attached estimations of uncertainty. 

It does not imply precisely correct measurements of the underlying characteristic. It also should be noted, that the 

undefined context attribute value is also a particular non-numeric context attribute value. 

Situation reasoning will require testing, whether the context attribute value is within some interval. To determine 

it efficiently, we need to generalize the concept of interval to cover the case of non-numerical and mixed context 

attributes. Generalized interval over some context attribute ca can be defined in one of the following ways: 

1. If ca is numerical or mixed, the interval is just a numerical interval. Borders can be included or excluded 

arbitrary.  The possible formats are: [a;b], (a;b), [a;b) or (a;b], where a,b  R,and a≤ b. 

2. If ca is non-numerical or mixed, there are 2 possible formats for a generalized interval. 

2a. Generalized interval contains a set of possible values: {a1, a2, …, aN}, where ai are non-numerical context 

attribute values. If the context state has one of those values, it falls within the interval. It should be specifically 

noted, that checking for undefined context attribute also falls under that category. 

2b. Generalized interval contains a set of prohibited values: ¬{a1, a2, …, aN} are non-numerical context 

attribute values. If the context state is not of any one of the values a1, a2, …, aN, it falls within the interval. 

From now and on, when referring to the interval over context attribute axis, the generalized concept of interval 

will be implied. 

The concept of overlapping can be generalized for context state intervals in a straightforward manner: two 

generalized intervals overlap, if there exists a particular context attribute value that belongs to both of the intervals.  

The multidimensional space, which comprises multiple context attributes as its axes, is referred to as application 

space or context space [18]. 

The entire vector of relevant context attribute values at certain time is referred to as context state [18]. In spatial 

representation, the context state can be viewed as a point in multidimensional context space. The uncertainty of 

context attribute values makes the context state point imprecise to a certain extent. However, the questions of 

uncertainty are out of scope of this work, so here context state implies particular context state that consists of 



   

 

particular context attribute values. 

The concept of situation space is developed in order to generalize context information and provide higher-level 

reasoning. Situation spaces are designed to formalize real-life situations and allow reasoning upon real-life situation 

using the sensory data. The situation space in original CST situation definition can be identified as follows [18]: 
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In formula (1) S(X) is a confidence level of situation S at certain state X. Context state X includes a set of context 

attribute values xi that are relevant for situation S.  The coefficients wi represent the weight of i-th context attribute 

contribution to the total confidence of situation S. The number of relevant context attributes is N, and contrS,i(xi) is a 

function that measures the contribution of i-th context attribute into situation S.  

Usually contribution function resembles a step function over a certain context attribute. Formula (2) shows the 

contribution function format (the original [18] definition was redeveloped in order to incorporate extended context 

attribute notions). 
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In formula (2) Ii,j are various generalized intervals over i-th context attribute (possibly, including the test for 

missing context attribute). The intervals within one context attribute should not overlap. Also the intervals Ii,1…Ii,m 

should cover entire i-th context attribute, i.e. any possible context attribute value x should belong to some interval 

from Ii,1…Ii,m set. The contribution levels ai are usually within [0;1] range. Contribution level ai can as well be set to 

UD (undefined) for some intervals. Usually undefined contribution corresponds to missing context state. The 

presence of any undefined contribution makes the entire situation confidence value undefined. 

In order to achieve binary situation reasoning results, the threshold is often applied on top of confidence level. A 

situation with binary reasoning results is presented in formula (3). 

 

      
                                

   

               
                                                                                         (3) 

 

In formula (3) the confidence function is defined according to formula (2). Usually, there is a single threshold 

used for any situation within the same application space. If only Boolean values are acceptable as a reasoning result, 

undefined confidence level of a situation is usually taken as non-occurrence (which is implied by formula (3)). 

Otherwise, undefined confidence level usually results in undefined reasoning result. 

In order to detect the confidence values of various situation relationships, original CST is supplied with situation 

algebra concept. Operations, that constitute the basis of situation algebra, are presented in formula (4). The 

definitions comply with Zadeh operators [23]. 
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Arbitrary situation algebra expression can be evaluated, using operations (4) as a basis. If any situation, provided 



  

 

as an argument for AND, OR or NOT operation, is undefined for context state X, the whole situation algebra 

expression is also undefined. 

The situation awareness concepts, provided in context spaces, have numerous benefits, including: 

1. Integrated approach. CST contains the methods that lead reasoning process from raw sensory data up to the 

situation confidence interpretation. 

2. Uncertainty integration. The situation reasoning can handle the imprecision and even the possible 

unavailability of sensor data. 

3. Unified representation. Different situations might have different semantics. Situations can represent certain 

location, certain condition, certain activity, etc. Context spaces theory allows defining and reasoning about 

situations in a unified manner. 

4. Clarity. Situations are human readable and can be easily composed manually by human expert. 

However, CST situation awareness concept contains the limitations as well. In the following section we are going 

to identify the shortcomings of original CST situation awareness and propose the extensions that provide the 

capabilities for more advanced situation reasoning. 

2.2. Additional Definitions 

In order to proceed further, we need to propose several more definitions and formally present the entities we are 

going to work with. This will be used in subsequent sections to prove the necessary properties of situation spaces, as 

well as to prove the correctness of the algorithms. 

Let C be the set of all possible confidence values that can be returned by situation space after reasoning. The 

formal definition of the set C is presented on formula (5). 

 

C  RU{UD}                                                                                                                                      (5) 

 

Confidence value is a real value that numerically represents the confidence in the fact that a situation is 

occurring. In formula (5) UD (undefined) is a special value that shows that confidence of the situation cannot be 

calculated. Usually confidence level, if defined, falls within the range [0;1], but in this work we will not restrict 

those boundaries. 

Two confidence values c1 Cand c2  C are equal if and only if they either both have the same numeric value, or 

they are both undefined. Inequalities are considered only for numeric confidence values. Any inequality between 

confidence values holds false, if there is UD on either side of it. 

Let the set of all possible context states be St. Therefore, the expressions like X   St just mean that X is a 

context state. 

An arbitrary function f, that takes context state as an input and outputs a confidence level, will be referred to as a 

situation. Situation can be formally defined as f: St C . The work of Ye et. al. [22] defines a situation as «external 

semantic interpretation of sensor data»[22], where the interpretation means «situation assigns meaning to sensor 

data»[22] and external means «from the perspective of applications, rather than from sensors»[22]. Our general 

concept of situation can be viewed as an application of that definition to CST context model – the situation 

interprets low-level context information in a meaningful manner, and the rules of interpretation are given externally 

(by the expert) from an application perspective. 

If for two situations f1 and f2 the expression (6) holds true (i.e. if for any context state X situations f1(X) and f2(X) 

produce the same output confidence value), we consider that situation f1 is a representation of f2 (or, symmetrically, 

f2 is a representation of f1). Situations f1 and f2 are considered to be different representations of the same situation.  

 

   St                                                                                                                                             (6) 

 

Obviously, any situation is a representation of itself (it directly follows from the definition). 

To summarize, the term situation is used for any function that takes context state and produces confidence level 



   

 

as the output. The terms situation space or a CST situation are used for the situations that can be represented in 

terms of CST definitions. It means that the situation algebra expression can be called a situation, but it is not 

necessarily a situation space. 

In order to supply CST with verification capabilities, we also need to introduce the definition of an empty 

situation. Situation S is empty with respect to threshold f if and only if there exist no context state, for which the 

confidence level of situation S reaches f.  Formally the definition is represented in formula (7). 

 

S is empty w.r.t. f       St,                                                                                                          (7) 

 

For example, the situation (AtHome & ¬AtHome)(X) should be empty w.r.t. any threshold greater than 0.5. The 

concept of an empty situation will be of much practical value for the task of situation relations verification that will 

be introduced in the next section. 

3. Situation Relations Verification in CST 

3.1. Formal Verification by Emptiness Check 

In this section we will justify the need for situation definition verification in context spaces theory, identify the 

challenges of that task and propose the general solution direction. 

The methods to identify the situation can be classified in two groups [22]: learning-based approaches (definition 

by the set of examples, using supervised or unsupervised learning) and specification-based approaches (manual 

definition by an expert). Specification-based approaches do not require any training data beforehand and they often 

feature clearer situation representation and easier reasoning. On the other hand, learning-based approaches do not 

require preliminary manual situation definition (and therefore avoid most definition errors) and can automatically 

identify the possible situations of interest that were not taken into account manually. 

Context spaces theory follows specification-based approach, while learning-based extensions are the subject of 

future work. Situations in context spaces theory are defined manually, and the concept of situation space is 

optimized to make situations human-readable and easy to compose. Still the process of situation composition is 

prone to errors, and it will be highly beneficial if the user could formally verify, whether the defined situations and 

situation relations conform to certain properties.  

The work of Ye et. al. [22] identified multiple possible relationships between situations. Here we analyze the 

application of those relations to CST situation spaces. The temporal properties are out of scope of this work, so any 

relationships that involve timing or sequence of occurrence are intentionally left out. 

1. Generalization. The occurrence of less general situation implies the occurrence of more general situation. 

For example, the situation Driving implies the situation InTheCar, which is more general. 

In context spaces theory the generalization relations can be defined in a  following manner (expression (8)). 

 

   St                                                                                                      (8) 

 

Using the situation algebra definitions (4) as a basis, the expression (8) can be rewritten as expression (9), and 

then converted to the expression (10). 
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The expression (11) means that the situation                                                    
should never occur, i.e. that the situation                                                    should be 

empty.  The exact definition of empty situation is provided in expression (7) in section 2.2. 



  

 

So, the task of verifying the generalization relationships was reduced to the task of checking the emptiness for a 

situation algebra expression. 

2. Composition. Some situations can be decomposed into sub-situations. For example, the situation AtHome 

can be decomposed into the situation InTheLivingRoom, InTheKitchen, InTheBathroom etc. For the context spaces 

theory it might be formalized either as expression (11) or as expression (12). 
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The expression (12) implies that all particular sub-cases of situation ComposedSituation do belong to at least one 

of the components, while the expression (11) does not have that assumption. 

The expressions (11) and (12) can be rewritten as the expressions (13) and (14) respectively: 
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Both expressions (13) and (14) can be viewed as an emptiness check task. It means that the task of verifying 

composition relationships can also be represented as a task of emptiness check. 

3. Dependence. «A situation depends on another situation if the occurrence of the former situation is 

determined by the occurrence of the latter situation» [22]. In terms of context spaces theory it can be presented in 

the form of the expression (15). 

 

   St                                                                                                                                        (15) 

 

Expression (15) can be rewritten as expression (16), which in turn can be viewed as an emptiness check task. 

 

   St                                                                                                                                         (16) 

 

So, the task of verifying the dependence can be represented as the task of situation emptiness check as well. 

4. Contradiction. Contradicting situations cannot occur at the same time. For example, Running should not 

co-occur with Sitting. The contradiction relation for two generic situations is presented in the expression (17). The 

contradiction relations between multiple situations can be viewed as multiple contradictions between every pair of 

situations (every involved situation contradicts every other). 

 

   St                                                                                                                                             (17) 

 

Expression (17) shows that the test for contradiction can also be viewed as emptiness check. 

It should be noted that the same kinds of relationships can apply not only to the single situations, but to the 

situation expressions as well. For example, the relationship (InTheCar & Moving)<=>(Driving | CarPassenger) can 

be viewed as slightly more complicated case of composition relationship: the joint situation (InTheCar & Moving) is 

composed of sub-situations Driving and CarPassenger. 



   

 

To summarize, if the expected relationship is represented as a situation algebra expression that should never hold 

true, then it is ready to be an input for the verification process (which, as we will show further, has emptiness check 

as its essential part). If the property under verification is represented as a situation algebra expression that should 

always hold true, then it can be converted to another format using the relationship (18). 

 

   St, Expression (X)      <=>          St, ¬(Expression (X))                                                                        (18) 

 

As a result, the analysis of possible situation relations, presented in this section, implies an important conclusion: 

formal verification of situation relationships can be viewed as an emptiness check of a situation algebra 

expression. If the task of emptiness check is solved for any arbitrary situation algebra expression, it will allow to 

derive a solution for the verification task in a static case (i.e. in the case that does not involve time or sequence). 

3.2. Motivating Example 

In order to demonstrate the functionality of the approach, we created an illustrative example. Consider a smart 

office that can evaluate the conditions at the workplace. The smart office employs the theory of context spaces and 

its situation awareness capabilities. Consider an application space associated with any arbitrary workplace. In that 

application space the situations are triggered if the confidence level reaches 0.7. The choice of the threshold was 

governed just by the common sense. There are three context attributes that are of particular interest for our example: 

sensor measurement for light level (numerical), sensor measurement for noise level (numerical) and sensed light 

level switch (non-numeric On/Off). For the purpose of simplicity we do not take into account possible sensor 

uncertainty or sensor unreliability. 

Consider the CST situation ConditionsAcceptable(X). The situation represents the fact that the light and noise 

levels at the workplace are acceptable. The situation ConditionsAcceptable(X) is presented in the expression (19). 

We consider that the noise level and the luminance are of equal importance for the workplace conditions, so both 

weights are assigned at 0.5.  
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Consider also the situation LightMalfunctions(X), which is presented in the expression (20). The light 

malfunction is detected, if the light switch is on, but still there is insufficient light at the workplace. The contribution 

of the light level is inversed comparing to the expression (19), because now the impact means unacceptability of the 

light level, not its acceptability (somewhat equivalent to the NOT operation from formula (4)). The contribution of 

the light switch position is straightforward – it has full impact if it is on, and if it is off it has no impact on the 

LightMalfunctions(X) situation. 
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As for the weights for the expression (20), the weight for the light level should not reach 0.7: otherwise with the 

luminance of lower than 350 lx the lamp will be counted as malfunctioning, but it could just be turned off. Both the 

position of the switch and the insufficiency of the light are important in order to detect, so equal weights are chosen. 

So, LightMalfunctions(X) implies that the light level is insufficient to resume the work. In turn, light level 

insufficiency means that the conditions at the workplace are not acceptable. So, if the situation spaces are defined 

correctly, LightMalfunctions(X) and ConditionsAcceptable(X) should not co-occur. There is a contradiction 

relationships between those situations. The formalization of that relation is presented in the expression (21). 

 

   St                                                                                                                    (21) 

 

According to the application space definition, the threshold of 0.7 is used to identify the occurrence, so in the 

expression (21) the situation is considered to be occurring if its confidence level reaches 0.7. The aim is to verify the 

relations between LightMalfunctions(X) and ConditionsAcceptable(X) and, therefore, check for emptiness the 

situation                                              with respect to threshold 0.7. 

In the next section we are going to discuss the solution approach for the emptiness check problem. This example 

will be used as an illustration throughout the article. 

4. Orthotope-based Situation Representation 

In section 3.1 we derived a conclusion, that in order to verify the situation relationships, we need to develop an 

efficient algorithm to check the emptiness of an arbitrary situation algebra expression. However, direct application 

of situation algebra (formula (4)) allows reasoning only about the confidence level for particular context state.  It 

does not allow checking, whether certain condition holds for every possible context state. 

As a solution approach we chose to enhance situation representation for context spaces theory with a new 

situation format that will be able to represent any particular situation algebra expression as a situation and have a 

tractable algorithm for emptiness test. Therefore, we introduced the following new situation space type – orthotope-

based situation space. 

Orthotope-based situation space is a situation that can be defined according to formula (22). 
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In formula (22) Ii,j represents the j-th generalized interval over i-th context state. For i-th involved context 

attribute there are in total ri non-overlapping intervals (numbered from Ii,1 to Ii,ri), which cover the entire range of 

possible context attribute values. The number of context attributes, involved in a situation is referred to as N. The 

total number of the involved orthotopes (rows in formula (22)) is referred to as      
 
i= . The total number of 

involved intervals is referred to as  = 
i= 

 

  . The symbol ^ refers to the conjunction (the symbol was chosen in order 

to avoid the confusion with situation algebra AND). 

Every row inside the formula (22) defines a condition as the Cartesian product of multiple generalized intervals 

over N context attributes, i.e. an orthotope [6] in application space. Therefore, every row of the formula (22) is 



   

 

referred to as an orthotope, and the situation itself is referred to as an orthotope-based situation space. 

For example, the situation LightMalfunctions(X) from the scenario in section 3.2 can be rewritten in the following 

format (expression (23)). The details of how LightMalfunctions(X) was converted to another format are presented in 

section 5.1. 
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For the situation LightMalfunctions from the example scenario (section 3.2), the number of involved context 

attributes is N=2 (LightLevel and SwitchPosition). Let LightLevel and SwitchPositions be the context attributes 

number 1 and 2 respectively. Therefore, the number of intervals for context attributes, r1 = 3 (LightLevel<350; 

LightLevel   [   ;   ) and LightLevel    ) and r2 = 2 (                    and                     ). The 

number of orthotopes is L=6 and the total number of intervals is R=5. 

In subsequent sections we are going to prove several important properties of the orthotope-based situation space. 

In order to do that, we need to prove additional lemmas. 

Lemma 4.1. Any particular context state belongs to some orthotope of the orthotope-based situation space. 

Proof. Consider an arbitrary orthotope-based situation space S(X), defined over context attribute CA1…CAN. For 

context attribute CAi the sets of intervals is               . Consider an arbitrary particular context state X. 

Consider the context attribute CAi from the set CA1…CAN  Let’s define the value for context attribute CAi within 

context state X as xi. the value xi can as well be undefined. By definition the set of intervals                cover all 

possible set of context attribute values, i.e. any particular context attribute value belongs to some interval of that set. 

It applies to xi as well. Let’s define the interval xi belongs to as        . 

To summarize:                                        . By definition of orthotope-based situation 

space, all the combinations of intervals for different context attributes have the corresponding orthotope in the 

situation (formula (10)).  It applies as well to                                        . And that is the 

orthotope that context state X belongs to. 

So for any arbitrary orthotope-based situation space and for any arbitrary particular context state X it was proven 

that it belongs to some orthotope of the orthotope-based situation space. 

Q.E.D.■ 

In the next section we are going to prove several important features of an orthotope-based situation space, and 

then derive the verification algorithm. 

5. Orthotope-based Situation Spaces for Situation Relations Verification. 

In this section we are going to prove the following properties of orthotope-based situation spaces: 

1. Any original CST situation space can be represented by an orthotope-based situation space. 

Section 5.1 provides and proves the conversion algorithm from original CST situation space to an orthotope-

based situation space. The practical evaluation of the algorithm is provided in the section 6.2. 

2. Orthotope-based situation spaces are closed under any situation algebra expression. 

This statement means that any situation algebra expressions over orthotope-based situation spaces can be 

represented as an orthotope-based situation space. Section 5.2 contains the proof for that statement. Section 5.2 also 

contains the algorithm to derive the representation of the expression. Statements 1 and 2 combined imply that any 

situation algebra expression over original CST situations has an orthotope-based representation (that statement is 

also proven in section 5.2). 

3. The emptiness check for an orthotope-based situation space can be performed at O(L). 

The number of orthotopes in the orthotope-based situation space is represented by L in compliance with the 



  

 

definition (section 4). The complexity O(L) means that the testing can be done at the order of number of orthotopes. 

Section 5.3 will propose and prove the emptiness check algorithm. The complexity of that algorithm is evaluated in 

the section 6.4. 

4. The emptiness check algorithm for orthotope-based situation space can find all the context states, 

where the situation is not empty. 

The section 5.3 will address the questions of counterexamples, and prove that statement. The algorithm for 

counterexample search will be presented in the section 5.3 as well. 

The section 5.4 summarizes the results of sections 5.1-5.3 and presents the proposed integrated verification 

approach. 

5.1. Conversion to an Orthotope-based Situation Space 

The conversion from original CST situation space to orthotope-based situation space can be performed in a 

manner, described in the algorithm 5.1. In order to provide clear explanation of the algorithm, we need to prove a 

lemma. 

Lemma 5.1. Premise. Consider an arbitrary original CST situation space sit(X), defined over N context attributes 

CA1…CAN according to the formula (24). 
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In formula (24) the weights of context attribute CAi is referred to as wi. Within the arbitrary context state X the 

value of context attribute CAi is referred to as xi. The number of involved intervals over context attribute CAi is r(i). 

According to the definition of original CST situation space (section 2.1), the intervals over every involved context 

attribute cover every entire set of possible values of that context attribute, and do not overlap between each other. It 

means, any particular value xi of context attribute CAi (i=1..n) does belong to one and only one interval in the set 

I i, )…I I,r i))  Any contribution value a(i,j) can as well be undefined. If the contribution is undefined, then any sum 

involving that contribution will result in undefined confidence level. 

Consider also a situation space orthotope(X) that can be designed in a following manner (expression (25)). In 

expression (25) if the sum on any of the rows contains at least one undefined summand then the whole sum is 

undefined as well for that row. 
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Actually, the orthotopes of situation (25) are obtained using brute-force iteration through every possible Cartesian 



   

 

product of intervals, mentioned in situation (24).  

Lemma statements: 1) orthotope(X) is an orthotope-based situation space. 

           2) orthotope(X) and sit(X) represent the same situation. 

Proof: 

We can prove the statement 1 as follows. Formula (25) is compliant with the definition formula (22)  -  every i-th 

context attribute is divided into the set of intervals I i, )…I I,r i)), and by construction the situation space 

orthotope(X) assigns the confidence level to every combination of those intervals. Every set of intervals 

I i, )…I i,r(i)) (i=1..N) over context attribute CAi covers the entire set of possible context attribute values and does 

not overlap within each other – both those facts are the part of the definition of original CST situation space Sit(X). 

All those facts combined make the definition of orthotope(X) fully compliant with the definition of an orthotope-

based situation space provided in the section 4. It means, that orthotope(X) is an orthotope-based situation space. 

Q.E.D. for statement 1. 

Statement 2 can be proven as follows. By definition the situation orthotope(X) is a representation of situation 

sit(X), if for any arbitrary particular context state X the confidence levels of the situation spaces sit(X) and 

orthotope(X) are equal. 

Consider a random particular context state X. Consider an arbitrary context attribute CAi from the set 

CA1…CAN. The value of context attribute CAi in the context state X is referred to as xi. According to the definition 

of sit(X), the set of intervals, I i, )…I i,.r(i)) covers the entire context attribute CAi and do not overlap, i.e. any 

particular context attribute value belongs to one and only one of the intervals. So, xi belongs to one of the intervals 

I i, )…I i,.r(i)). That interval will be referred as I(i,pi). 

So, xi   I(i,pi) and that applies to any context attribute CAi within the set of CA1…CAN. The results for all the 

involved context attributes are summarized in the expression (26). 

 

                                                                                                                     (26) 

 

The expression (26) identifies one of the orthotopes in orthotope(X) according to the expression (25). In 

particular, it is the orthotope where k1=p1, k2=p2,…,kN=pN. So, according to the expression (25) the confidence value 

of orthotope(X) at state X is                         
 
   . 

The context attribute value xi belongs to the interval I(i,pi), and therefore according to the expression (24) the 

contribution of the context attribute CAi is         (i=1..N). The total confidence level for sit(X) is a weighted sum 

of contributions, so according to the formula (24) sit               
 
   . 

To summarize,                         
 
          . If any of the a(i,pi) is undefined, then the 

confidence level will be undefined for both of the situations, and the results will remain equal.. 

As a result, for an arbitrary context state X the reasoning result of orthotope(X) is the same as reasoning result of 

sit(X). It means that orthotope(X) and sit(X) represent the same situation. 

Q.E.D. statement 2. ■ 

The situation sit(X) is an arbitrary original CST situation, and for any sit(X) the orthotope-based representation 

orthotope(X) can be composed. Therefore, lemma 5.1 directly implies that for any original CST situation space there 

exists an orthotope-based representation. 

Lemma 5.1 also shows and proves the equivalent representation of an arbitrary original CST situation space in an 

orthotope-based format. Therefore, any algorithm that takes a situation like expression (24) (and that can be any 

original CST situation) as an input and provides a situation like expression (25) as an output, is a correct algorithm: 

it takes arbitrary original CST situation space as an input and returns orthotope-based (proven by lemma 5.1. 

statement 1) representation of the same situation (proven by lemma 5.1. statement 2) as an output, and that is what 

we expect from a conversion algorithm. 

For example, orthotope-based situation can be built by composing orthotope after orthotope (i.e. row after row in 

formula (25)) using the algorithm 5.1. 

Algorithm 5.1. Input. Any arbitrary original CST situation sit(X), defined according to the formula (24). 

Algorithm pseudocode: 



  

 

//Consitruction the situation from formula (25) row by row (i.e. orthotope  by orthotope) 

SituationSpace orthotope = new SituationSpace(); //Creating new situation space 

for every combination k1,k2,…,kN where k1 = 1..r(1), k2 = 1..r(2),...,kN=1..r(N) 

  OrthotopeDescription oDescription = new OrthotopeDescription();//Start constructing the new orthotope 

  ConfidenceLevel confidence = 0; 

    //Creating the orthotope and confidence – one context attribute after another 

    for j=1..N 

       orthotopeDescription.addContextAttributeInterval(CAj, I(j,kj)); 

      confidence += wj*a(j,kj); 

   end for 

  orthotope.addOrthotope(oDescription, confidence ); 

end for 

Output. Situation orthotope(X). 

The complexity of the algorithm 5.1 is evaluated in section 6. 

Consider an example of the algorithm 5.1, applied to the situation LightMalfunctions(X)  (expression (20)) from 

the sample scenario presented in section 3.2. There are 3 involved intervals for the light level (LightLevel<350; 

LightLevel   [   ;   ) and LightLevel    ) and 2 involved intervals for the switch position (               
     and                     ). The possible combinations of intervals and the corresponding confidence levels 

are provided in the expression (27). 

 

 LightLevel<                                              
 LightLevel      ,                                                     
                                                         (27) 
 LightLevel<                                            
 LightLevel      ,                                                    
                                                                    

 

The result of the transformation of the situation LightMalfunctions(X) is presented in the expression (23). Using 

the similar methods, the situation ConditionAcceptable(X) can be represented in an orthotope-based situation format 

in a manner described in expression (28). 

 

                        

 
 
 
 
 
 
 
 
 
 
 
 
 
 

                                    

                                          

                                          

                                  

                                           

                                               

                                               

                                           

                                  

                                          

                                          

                                    

                            (28) 

 

In the next section we are going to prove that any arbitrary situation algebra expression over the orthotope-based 

situation spaces can be represented as an orthotope-based situation space. The orthotope-based situations 

LightMalfunction(X) (expression (23)) and ConditionsAcceptable(X) (expression (28)) will be used for illustration 

purposes. 



   

 

5.2. Closure under Situation Algebra 

In order to derive the expected conclusion about the closure under situation algebra, several additional lemmas 

are required. Lemma 5.2.1 provides the method to preprocess the involved situations properly. Lemma 5.2.2 

facilitates the new situation composition. Lemma 5.2.3 provides the sufficient conditions for the closure under an 

operation for orthotope-based situation spaces. Lemma 5.2.4 proves the closure under any situation algebra 

expression (with certain requirements for the situation algebra basis), and concludes the closure proof. The 

algorithm 5.2 for deriving the orthotope-based situation representation of an arbitrary situation algebra expression 

emerges as a result of the proof. 

Lemma 5.2.1. Premise.  

Consider a function a(l1,l2,…,lN), that accepts N integer arguments and returns a confidence level. Any input 

argument li can have a value within the range [1;ri]. 

Consider an arbitrary set of context attributes CA1...CAN+1. For every context attribute CAi there is a set of 

intervals  Ii,1…Ii, ri defined. Those intervals cover the entire set of possible values for context attribute CAi and do 

not overlap with each other. 

Consider situation A(X), defined by formula (29) over the context attributes CA1…CAN. 

 

     

 
 
 
 
 
 
 
 

                                           

                                           
 

                                           

                                         
 

                                                  

                                                           (29) 

 

Consider the situation B(X), defined according to formula (30) over the context attributes CA1…CAN+1 

 

     

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

                                                         

                                                         
 

                                                         

                                                       
 

                                                              

                                                       
 

                                                              

                                                       
 

                                                                
 

                       (30) 

 

So, situation B is defined over context attributes CA1…CAN+1. The context attributes CA1…CAN are divided into 

the same intervals, as for situation A. The entire set of possible values for context attribute CAN+1 is decomposed 

into intervals IN+1,1…          
. As follows from formula (30) the confidence level of B does not depend on the 

CAN+1 context attribute value. 

Lemma statements: 1) A(X) and B(X) are different representations of the same situation. 

  2) Both A(X) and B(X) are orthotope-based situation spaces. 



  

 

Before the proof starts, consider some clarifications. Lemma 5.2.1 allows to derive more concise representations 

of the situations (use A(X) instead of B(X)), and to get rid of the context attributes that do not influence the 

confidence level. This transformation can reduce the efforts for situation reasoning. 

For example, if by some calculations, the user finds out that the situation NoiseLevelOK(X) can be represented by 

formula (31) then the same situation NoiseLevelOK(X) can be represented in a simpler manner, by the expression 

(32) (for the purpose of simplicity, undefined context attributes are not considered in the example). 
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                                                                                              (32) 

 

Lemma 5.2.1 can also be used in another direction and introduce new context attributes into consideration, 

without altering the situation itself (use B(X) instead of A(X)). That transformation does not add any information, 

and might seem unnecessary complication at the first glance. However, the possibility of that transformation means 

that when working with a set of orthotope-based situation spaces, we can treat them as if they were all defined over 

the same set of context attributes. It will allow simplifying intermediate steps when proving subsequent lemmas. 

Whichever way the transformation proceeds, the statement 2 allows stating that the transformation result is an 

orthotope-based situation space. 

Proof. Let’s start with statement 2  

The definition of A(X) and B(X) is compliant with the formula (22). By definitions of A(X) and B(X) the set of 

intervals for every involved context attribute covers the entire possible set of context attribute values, and the 

intervals do not overlap with each other. According to the definitions in expressions (29) and (30) the corresponding 

confidence level is defined for every combination of intervals. Taken together, those facts imply that both A(X) and 

B(X) entirely comply with the definition provided in section 4, and therefore both A(X) and B(X) are orthotope-based 

situation spaces. Q.E.D. for statement 2. 

Consider the proof for statement 1. The situations A(X) and B(X) are the representations of the same situation if 

and only if for any arbitrary particular context state X the confidence levels of A(X) and B(X) are equal. 

Consider an arbitrary particular context state X. For any context state CAi   i= …N+ ) context state X has 

particular context attribute value xi (if the value for context state CAi is missing from context state X, it will result 

just in having undefined as a value for xi, which is the special case of particular context attribute value). 

By definition of lemma the set of intervals            covers the entire range of possible values of context attribute 

CAi  i= …N+1). Also by definition the intervals            do not overlap. It means that context attribute value xi 

belongs to one of those intervals. Let’s refer to the number of that interval as ki (and thus the interval itself is Ii,ki). 

Summarizing those facts for all the involved context attributes, allows deriving the confidence level A(X) using the 

formula (29) directly. Expression (33) presents the confidence value calculation. 

 

 

        

         
        

                                                                                                                         (33) 



   

 

 

However, context states CA1…CAN in the situation B(X) are divided using the same intervals as for the situation 

A(X) and those intervals are assigned the same numbers. It allows, in turn, calculating confidence value using the 

formula (30). The calculation process is presented in expression (34).  

 

 

        

         
        

               
 
 

 
 

                                                                                                            (34) 

 

 

Expressions (33) and (34) imply that                        . 
So, for any arbitrary context state X, the confidence level B(X) is equal to the confidence level of A(X), and by 

definition it means that A(X) and B(X) represent the same situation. Q.E.D. for statement 1.■ 

Lemma 5.2.1 was derived in order to facilitate further proofs. However, the results of lemma 5.2.1 can be used 

separately in order to detect the unimportant context attributes and remove them from consideration without 

changing the situation itself. 

Lemma 5.2.2 is an auxiliary lemma that proves some features of multiple interval intersections. Those features 

are used in subsequent proofs. 

Lemma 5.2.2. Premise. 

Consider an arbitrary context attribute CA. 

Consider K sets of intervals (see expression (35)). 

 
                              

                               
                              

                                                                                                                  (35)                                                                                             

 

Every set of intervals                         (i=1..K) covers the entire set of possible context attribute values of 

CA, i.e. any particular value x of context attribute CA belongs to some interval of set Seti. Intervals within one set do 

not overlap with each other. 

Consider a new set of intervals SetNew. It is defined according to formula (36): 

 

                                                         .                                                (36) 

 

Consider also the set of intervals SetNew2. The set SetNew2 is derived from the set SetNew by removing all the 

empty intervals. 

Lemma statements: 

1) SetNew covers all possible values of context attribute CA, i.e. every possible particular value x of context 

attribute CA belongs to at least one of the intervals. 

2) The intervals within SetNew do not overlap, i.e. any particular value x of context attribute CA belongs to at 

most one interval. 

Statements 1 and 2 together imply that the intervals from SetNew can be used for an orthotope-based situation 

space. 

3) Statements 1 and 2, as well as their implication, hold true for SetNew2 as well. 

Proof: 

Consider an arbitrary particular value x of context attribute CA. 

By definition of the set Seti  (i=1..K) its intervals cover the entire sent of possible context attribute values and do 

not overlap, so the context attribute value x belongs to one interval of that set: either I i, ), or I i,2), …, or I i,ri). 



  

 

Let’s refer to that interval as I(i,pi). 

Taking all the set together, context attribute value x belongs to all of those intervals I(1,p1), I(2,p2),…, I K,pK) 

(every pi is in range [1;ri]). And the value that belongs to several intervals at once, belongs to the intersection of 

those intervals. 

So,                             . But by definition of SetNew the interval                    
        belongs to that set (it is the case when l1=p1, l2=p2, etc.). It proves that x belongs to one of the intervals for 

SetNew. So, any arbitrary particular context state x belongs to some interval of the set SetNew and it means that the 

set SetNew covers the entire set of possible values for context state CA.  Q.E.D. for statement 1. 

Consider arbitrary particular context attribute value x. That context attribute value belongs to some interval of 

SetNew according to statement 1:                              . Let’s prove statement 2 by contradiction  
Consider that there is another interval within the set SetNew and context attribute value x belong to that interval as 

well. Let it be the interval                           , and for at least one index mj ≠ pj. However, if the 

context state x belongs to the intersection of intervals                           , it means that it belongs 

to any interval in that intersection (by definition, belonging to intersection means belonging to all the intervals). In 

particular, it means that          . But according to our pervious definitions          . By definition the 

intervals within the set Setj do not intersect with each other, it means that if mj ≠ pj, than the intersection of         

and         is empty, i.e. there is no particular context attribute value that belongs to both of those intervals. 

However, the context attribute value x belongs to both of those intervals. It is a contradiction. The contradiction 

shows that the assumption was wrong, and x belongs to at most one of the intervals within the set SetNew. So, there 

is no context state that belongs to 2 or more intervals of SetNew, and it means that the intervals of that set are non-

overlapping. Q.E.D for statement 2. 

Let’s proceed to the implication  The set SetNew decomposes the context attribute CA to the set of non-

overlapping intervals (statement 2), that cover the entire set of possible context state values (statement 1). It is 

enough for compliance with the requirements for interval set of an orthotope-based situation space definition (see 

the definition in section 4). 

It should be noted that many intervals of SetNew are likely to be empty. For an orthotope-based situation space it 

will just result in unreachable and therefore useless orthotopes, but the definition will still be consistent. However, 

the unreachable orthotopes will result in the waste of memory and the waste of processing time, and therefore 

unreachable orthotopes should be removed from the consideration, if possible. 

Consider the proof for statement 3. Statement 3 contains 2 sub-statements: 

Sub-statement 3.1. The statement 1 still holds true for the set SetNew2, which consists of all non-empty intervals 

of the set SetNew. Let’s prove it by contradiction  It is already proven that statement 1 is true for SetNew. Assume 

that several empty intervals were removed, and after that the statement 1 is no longer true. It means that there exists 

particular context attribute value x that does not belong to any of the remaining intervals. However, before the 

intervals were removed from the SetNew, that context state did belong to some interval in that set (according to 

already proven statement 1). It implies that the context attribute value x did belong to one of the removed intervals. 

But the removed intervals are empty by definition of SetNew2, and no context state belongs to them. It is a 

contradiction. That means, the assumption is wrong and the intervals for SetNew2 cover the entire set of possible 

context attribute values. Q.E.D for sub-statement 3.1. 

Sub-statement 3.2. The proof of statement 2 for the set SetNew2 can be done in exactly the same manner as for 

SetNew. The fact that some intervals were removed from the set will not change anything in the proof. Sub-

statement 3.2. is proven. 

The proven sub-statements 3.1 and 3.2 show that the set SetNew2 is suitable for orthotope-based situation space 

for exactly the same reasons as SetNew. And it proves the implication from statement 3. 

So, all three statements and their implications are proven. The proof is complete. 

Lemma 5.2.2 is proven.■ 

The results of lemma 5.2.2 facilitate the proof of lemma 5.2.3. Lemma 5.2.3 is probably the most important 

lemma in the section 5. Orthotope-based situation spaces are closed under specific kinds of operations, and lemma 

5.2.3 proposes the sufficient conditions for the operation, in order for an orthotope-based situation space to be closed 



   

 

under it. Later it can be relatively easily proven that any kind of situation algebra expressions over different kinds of 

basis functions do comply with that sufficient condition. 

Lemma 5.2.3. Premise: Consider the function presented in formula (37). 

 

func: C K   C ,                                                                                         (37) 
 

As presented in formula (37), the function func takes K arguments of confidence value type. The returned value 

is of a confidence type as well. 

Consider a set of K arbitrary orthotope-based situation spaces: Sit1(X), Sit2(X), …, SitK(X)  GS 

Consider a situation op(X) defined in formula (38). 

 

   St                                                                                      (38) 

 

Lemma statement: For op(X) there exists an orthotope-based situation representation. 

Proof.  

Let’s introduce a set of context attributes CA1...CAN. An arbitrary context attribute is added to that set, if it is 

mentioned in at least one of the situations Sit1, Sit2, …,  itK. According to lemma 5.2.1 without the loss of generality 

we can consider that every situation space from Sit1, Sit2, …,  itK set is defined over CA1...CAN. If situation space 

Siti does not involve some context attribute CAj, that context attribute can be added into consideration using the 

transformation rules from lemma 5.2.1. Also according to lemma 5.2.1 after the transformation all the situations Sit1, 

Sit2, …,  itK will still retain the orthotope-based situation space format. 

We are going to prove lemma 5.2.3 by construction, i.e. by showing and proving the algorithm that will derive 

orthotope-based representation of op(X). 

Let’s introduce new situation space orthotope(X) in a following manner. The situation space orthotope(X) will be 

defined over context attributes CA1…CAN. At first, for the situation space orthotope(X) let’s introduce sets of 

intervals over the context attributes. 

Consider the method to derive the set of intervals for arbitrary context attribute CAi from the list of CA1…CAN. 

For any context attribute from that list the procedure is the same. Let’s refer to the number of intervals that situation 

Sitj(X) has over the context state CAi as r(i,j) and refer to the intervals themselves as I i,j, ) …I i,j,r i,j))  That 

means, different situation spaces have the following intervals over context attribute CAi (see expression (39)). 

 
                                         

                                         
 

                                         

                                                                                              (39) 

 

Every set of intervals (i.e. every row of expression (39)) is an entire interval set of an orthotope-based situation 

space for a certain context attribute. So, every set is compliant with the definition of an orthotope-based situation 

space, and that means that any set of intervals from expression (39) covers the entire set of possible context state 

attributes, and does not have the overlaps. It means that lemma 5.2.2 is applicable. Let’s construct the set of 

intervals, according to the lemma 5.2.2. The result is the expression (40). 

 

                                                                                                 (40) 

 

According to the lemma 5.2.2, the constructed set will divide the entire context attribute CAi into the set of non-

overlapping intervals. Let’s consider only non-empty intervals from that set. According to lemma 5.2.2 statement 3 

the set of intervals will still divide the entire context attribute CAi into the set of non-overlapping intervals. Let the 

remaining number of intervals be      , and let’s refer to those remaining intervals as                ,…,            . 

It should be noted that               
    – in a special case there will be no empty intersections, and the 



  

 

number of resulting intervals will be         
    (all possible combinations), in other cases some intervals will be 

removed if they are empty. 

So, applying the procedure from lemma 5.2.2 will allow dividing the set of all possible context attribute values of 

every involved context attribute to the set of non-overlapping intervals. Applying the same procedure for every 

context attribute CA1..CAN will construct N sets of intervals over N context attributes. Each of those sets will be 

suitable for an orthotope-based situation space (according to the implication of statement 3 from lemma 5.2.2). So, 

taken together they will construct the structure of orthotopes for an orthotope-based situation space orthotope(X). 

Before advancing further, we need to derive a sub-statement 5.2.3.1. 

Sub-statement 5.2.3.1.: every orthotope of the orthotope(X) is reachable, i.e. for every orthotope there exists a 

particular context state that belongs to it. The proof is following. If the orthotope consists of non-empty intervals for 

all involved context attributes, then the orthotope is reachable - context state can be composed by taking arbitrary 

particular context attribute value within the interval (and taking the particular value within the interval is possible, as 

the intervals are non-empty, i.e. there exist a value or values that belong to the interval). It means that if the 

orthotope is completely unreachable, that orthotope contains at least one empty interval for a context attribute. 

However, there are no empty intervals involved for any context attribute in orthotope(X) – they all were removed 

according to the rules provided in statement 3 of lemma 5.2.2. It means that all the orthotopes of orthotope(X) are 

reachable. Q.E.D. for sub-statement 5.2.3.1. 

In order to complete the definition of orthotope(X), for every orthotope in the situation the confidence level 

should be defined. Let’s do it in a following manner: for every orthotope take an arbitrary particular context state 

that belongs to it. At least one such state does exist according to the sub-statement 5.2.3.1, so it is possible to do so. 

Let it be the context state X’. Then the confidence level of that orthotope should be defined as        
                         . 

As a result, we defined an orthotope-based situation space orthotope(X) in a specific manner  Now let’s prove 

that orthotope(X) and op(X) are different representations of the same situation. If they are, that will complete the 

proof. 

By definition two situations are the representations of each other if for any arbitrary particular context state X the 

confidence levels of those situations are equal. 

Consider an arbitrary context state Y. By definition, the confidence level of situation space op(X) can be 

calculated according to formula (38). Expression (41) provides the confidence for this case. 

 

op(Y) =                                                                                                                                            (41) 

 

Context state Y falls into some orthotope of orthotope-based situation space orthotope(X) according to lemma 4.1 

(see section 4). When assigning the confidence value to that orthotope, we used an arbitrary context state within that 

orthotope. Let it be state Y’. It means that the confidence level is following (expression (42)). 

 

orthotope(Y) =                                                                                                                                 (42) 

 

Consider any arbitrary situation Siti(X) from the list Sit1(X)…SitK(X). By definition the situation Siti(X) is an 

orthotope-based situation space, that means according to the lemma 4.1 context state Y belongs to some orthotope of 

it. Let’s refer to that orthotope as:                                           (the intervals I(a,b,c) are 

numbered in the same manner as in the expression (39), first index refers to the context attribute, second index refers 

to the situation in the set, third index refers to particular interval). The same method applies to the context state Y’  

It belongs to some orthotope of the orthotope-based situation space Siti(X), and let’s refer to that orthotope as 

                                               . 

Sub-statement 5.2.3.2: Context states Y and Y’ belong to the same orthotope of all the situations 

Sit1(X)…SitK(X)  Let’s prove it by contradiction  Let the orthotopes for Y and Y’ be different for some situation 

Siti(X) from that list. The orthotopes are different, i.e. for at least one context attribute CAj              ,      

           and       . By definition of orthotope-based situation space, the intervals           and            do 



   

 

not overlap. 

Now consider the intervals, that situation space orthotope(X) has over context attribute CAj. Consider the formula 

(40) that shows how those intervals were constructed. Context state attribute yj belong to some of those intervals, 

let’s refer to it as                                . For the context state attribute y’j let’s refer to thatinterval  

                                  . 

Sub-statement 5.2.3.3. Consider the interval                                , described in previous 

paragraph. Assertion to prove: the interval          , defined above, and the interval           is the same interval, 

i.e. pj = lj. 

Proof. Let’s prove it by contradiction. Consider the opposite, i.e. intervals           and           are different. 

However, the common first index j shows that they are both over the same context attribute, and commons second 

index i shows that they are both from the orthotope-based situation space Siti(X). And, by definition of orthotope-

based situation space, within an orthotope-based situation space the intervals over the same context attribute do not 

overlap. That means,           and           do not overlap, and no particular context attribute value can belong to 

both of those intervals           and          . However, the context attribute value yj belongs to the intersection 

                               , i.e. belongs to every interval in that intersection including          . And 

              by definition of that interval. So, yj belongs to both of the intervals, and therefore they cannot be non-

overlapping. It is a contradiction. It means that initial assumption was wrong, and           and           are the 

same interval. 

Q.E.D. for sub-statement 5.2.3.3. 

For the same reasons the intervals            and            are the same. In order to derive that fact, the proof of 

sub-statement 5.2.3.3 can be applied to context attribute value y’j and the intervals            and           .  

Consider the expression (43). It shows the intervals of situation space orthotope(X) over context attribute CAj, 

that include yj and y’j. The intervals           and           , are replaced with the equivalents           and 

           respectively. 

 

                                                                          

                                                                                 
         (43) 

 

The expression (43) shows that one of the intersections contain          , and another intersection contains 

          . And, as it was already derived, the intervals           and            do not overlap (see sub-statement 

5.2.3.2, paragraph 1).  

It means that the intersections from expression (43) do not overlap: there is no particular context attribute value 

that belongs to both of those intersections, because every particular context attribute value, that belongs to both of 

those intersections, should belong to every single interval of both of the intersections, including           and 

           simultaneously, and there is no particular context attribute value, that belongs to both intervals           

and           . 

As follow from the previous paragraph, y and y’ belong to non-overlapping intervals of orthotope(X) along the 

context state CAj.  o, the context states Y and Y’ cannot be in the single orthotope for situation space orthotope(X) 

– according to formula (22), in order to be in the same orthotope they have to belong to the same intervals for every 

context attribute, and for at least for CAj it is not true. However, the context states Y and Y’ by their definition 

(expression (42)) do belong to the same orthotope of orthotope(X). It is a contradiction, and it means that the 

assumption was wrong, and context state Y and Y’ do belong to the same orthotope of any situation Siti(X) from the 

list Sit1(X)…SitK(X). It completes proof by contradiction. Q.E.D. for sub-statement 5.2.3.2. 

As follows from sub-statement 5.2.3.2, for any situation space Siti(X) the context states Y and Y’ belong to the 

same orthotope of the orthotope(X). And according to the formula (22), the confidence level is the same within the 

orthotope in the situation  Let’s refer to it as Ci. It means that                     for any i=1..K. 

Summarizing the implications above, the confidence levels of op(Y) and orthotope(Y) can be rewritten according 



  

 

to the expression (44): 

 

                                              

                                                       
                                                      (44) 

 

According to expression (44), for any arbitrary context state Y the confidence levels of op(Y) and orthotope(Y) 

are equal. And by definition it implies that the situation orthotope(X) is a representation of op(X). 

To summarize, for every arbitrary situation op(X), defined according to the conditions of the lemma 5.3, there 

exists a representation of that situation in the form of orthotope-based situation space. Q.E.D.  for lemma 5.2.3■ 

Lemma 5.2.3 implies sufficient conditions for the closure of orthotope-based situation spaces under a certain 

operation. In order to complete the proof, we need to show that any arbitrary situation algebra expression is 

compliant with those sufficient conditions.  

Lemma 5.2.4.  Premise: Consider an arbitrary situation algebra expression that involves K arbitrary situation 

spaces. 

The situation algebra under consideration relies on N basis functions b1…bN, and those basis functions can be 

represented as follows (expression (45)). 

 

   St                                                  ;  f1: C 
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1   C 

   St                                                  ;  f2: C 
r

2   C                                  (45) 

… 

   St                                                 ;  fN: C 
r

N   C 

 

So, according to expression (45) every i-th basis function takes ri situations as an input, and returns a situation as 

an output. It should be noted that situation (see definition in section 2.2) is merely a function that takes context state 

as an input and provides a confidence level as an output. For a situation, which can be represented in CST format, 

the term situation space is reserved. The functions fi , as follows from expressions (45), take ri confidence levels as 

an input and provide a confidence level as an output. The functions fi does not depend on the context state itself. 

Lemma statement. Any arbitrary situation algebra expression over orthotope based situation spaces can be 

represented as an orthotope-based situation space, if for that situation algebra there exists a basis compliant with the 

definition (45). 

Before the proof starts, consider an illustration. Consider the function AND from formula (4). It is compliant with 

the requirements for a basis function, presented expression (45): by definition for any context state X the confidence 

of situation (A & B)(X)  is the minimum of the confidence levels A(X) and B(X). It can be formalized as expression 

(46): 

 

    St                                                                                                                                (46) 

 

For the function AND the count of involved situations is r=2. The function f for it is f(a,b) = min(a,b) (minimum 

of confidence levels, or undefined if any of the confidence levels is undefined). Therefore, function AND with the 

definition presented in formula (45) can be one of the basis functions without breaking the compliance with the 

definition (45). 

Reasoning in the same manner, we can prove that NOT function (formula (4)) is also compliant with the 

definition (45): for NOT situation algebra function r=1 and f(a)=1-a (or undefined if the input is undefined). Taken 

together, functions AND and NOT constitute AND-NOT basis, and it means that for the situation algebra definitions 

presented in formula (4) the basis is compliant with the definition (45), and therefore any situation algebra 

expression over orthotope-based situation spaces (original CST situation spaces also have orthotope-based 



   

 

representations according to lemma 5.1) is compliant with the conditions of lemma 5.2.4. 

Proof. In order to proceed further, we need to prove a sub-statement. 

Sub-statement 5.2.4.1. Consider an arbitrary situation algebra expression Expression(X), defined over some 

situations Sit1(X)…SitK(X). The situations Sit1(X)…SitK(X) can be arbitrary, it is not required for them to be situation 

spaces of any kind. The basis of situation algebra is compliant with requirement (45). 

Assertion to prove (sub-statement 5.2.4.1): For any context state X the expression Expression(X) can be 

viewed as a function of the confidence levels Sit1(X)…SitK(X). It can be formalized as expression (47). 

 

       C K   C ; s.t.    St                                                                       (47) 

 

Proof (sub-statement 5.2.4.1). According to the given information the functions b1…bN constitute a basis of 

situation algebra, i.e. any situation algebra expression can be represented as a recursive superposition of those basis 

functions. We are going to prove the sub-statement by mathematical induction over the recursion depth. This depth 

will be referred to as n. 

Induction basis. The depth n=0 means a degenerate situation algebra expression that consists of just an input 

situation itself, and does not require any basis functions:              =       . Therefore,               
       fits the requirements (47), and the fact that we found the function proves its existence. Q.E.D. for induction 

basis. 

Induction step. Consider that the functions exist for the situation algebra expressions that can be calculated by 

applying basis function recursively, if the recursion depth is not more than n-1. Let’s prove that the function exists 

for the expressions that require n depth of recursion. 

Consider an arbitrary situation algebra expression Expression(X), defined over situations Sit1(X)…SitK(X), and the 

situation Expression(X) can be calculated using basis functions recursively with the depth not more than n. During 

the calculations, some basis function from the set b1…bN is going to be calculated last, let’s refer to that function as 

bi. In this case, using the conditions (45), the expression Expression(X) can be represented as follows (formula (48)). 

 

   St                              
                          

                                       (48) 

 

The sub-expressions Gj(X) are later going to be calculated recursively using the basis functions. 

The depth of recursion for expression Expression(X) exceeds by one the maximum depth of recursion, required to 

calculate any Gj(X) (calculation of bi on top of entire Gj(X) recursive calculations). And by definition the depth of 

Expression(X) is not greater than n. It means that for the situations  Gj(X) recursion depth is not more than n-1 (if n-

1=0, it means that Gj(X) are just the input situations). Therefore, according to induction assumption, for any 

situation Gj(X) there exist a function, compliant with properties (47). Let’s refer to it as funcj(Sit1(X), 

Sit2(X),…,SitK(X)). Without the loss of generality, we can consider that funcj(…) is defined over all the situation 

spaces Sit1(X), Sit2(X),…,SitK(X) (if any of those do not influence the funcj(…) output, it does not break the proof). 

Therefore, the expression (48) can be rewritten as expression (49). 
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Consider a definition of function func(          ), that takes K confidence levels as an input and produces 

confidence level as an output (expression (50)). 

 

      C K   C ;                                                                                    (50) 

 

Using the definition (50), the expression (49) can be rewritten as expression (51): 
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Expression (51) directly shows that the function func(          ) fits the requirements (47). And the fact that 

we found the function proves its existence. 

Q.E.D. for induction step, and that completes the proof of sub-statement 5.2.4.1. 

Now let’s return to the proof of the main part of lemma 5.2.4. 

Consider an arbitrary situation algebra expression Expression(X), defined over some orthotope-based situations 

Sit1(X)…SitK(X). The basis of situation algebra is compliant with the properties (45). 

Consider several already proven statements: 

1) By definition there exists a set of K orthotope-based situation spaces Sit1(X)…SitK(X). 

2) According to the sub-statement 5.2.4.1, there exists a function       C K   C, so that 

   St                                               

The statements 1 and 2, taken together, constitute the conditions of lemma 5.2.3, where               stands 

for op(X). Therefore, according to lemma 5.2.3 the situation                has an orthotope-based representation.  

Q.E.D. for lemma 5.2.4■ 

Lemma 5.2.4 shows that the orthotope-based situation space is closed under any situation algebra expression, if 

the basis functions of the situation algebra are compliant with expression (45). For example, all the situation algebra 

methods from formula (4) are compliant with those conditions. See expressions (52). 

 

AND: (Sit1&Sit2(X)) = f(Sit1(X), Sit2(X))), where  f(a,b) = min(a,b) (or UD if either a or b is UD). 

OR: (Sit1|Sit2)(X) = f(Sit1(X),  Sit2(X))), where  f(a,b) = max(a,b) (or UD if either a or b is UD).                 (52) 

NOT: (¬Sit)(X) = f(Sit(X)), where f(a) = 1-a (or UD if a is UD). 

 

Lemma 5.2.4 also implies the closure, if instead of Zadeh operators [23] from formula (4) the user chooses the 

functions like expressions (53), or expressions (54), etc. 

 

AND: (Sit1&Sit2(X)) = f(Sit1(X), Sit2(X))), where  f(a,b) = min(0;a+b-1) (or UD if either a or b is UD). 

OR: (Sit1|Sit2)(X) = f(Sit1(X), Sit2(X))), where  f(a,b) = max(1;a+b) (or UD if either a or b is UD).           (53) 

NOT: (¬Sit)(X) = f(Sit(X)), where f(a) = 1-a (or UD if a is UD). 

 

AND: (Sit1&Sit2(X)) = f(Sit1(X),(Sit2(X))), where  f(a,b) = a*b  (or UD if either a or b is UD). 

OR: (Sit1|Sit2)(X) = f(Sit1(X), Sit2(X))), where  f(a,b) = a+b-a*b (or UD if either a or b is UD).                 (54) 

NOT: (¬Sit)(X) = f(Sit(X)), where f(a) = 1-a (or UD if a is UD). 

 

Lemma 5.2.4 proves the existence of orthotope-based situation representation. However, in order to derive the 

verification result, that orthotope-based situation representation needs to undergo an emptiness check. And in order 

to do this, the orthotope-based situation representation needs to be derived explicitly. Consider the algorithm 5.2, 

that originates in the proofs of lemma 5.2.3. 

Algorithm 5.2. Input. A set of orthotope-based input situations Sit1(X)…SitK(X) and a situation Expression(X), 

that complies with the property (55). 

 

   St                                                                                                                (55) 

 

It should be specially noted that the knowledge of function func(…) is not required, the condition is just that it 

exists. The situation Expression(X) can as well be a blackbox. 

For example, the situation Expression(X) can be a situation algebra expression, calculated directly using the 

superposition of formulas (4). In that case, compliance with the property (55) is ensured by the sub-statement 5.2.4.1 

of lemma 5.2.4. 

Expected output: orthotope-based representation of Expression(X). 



   

 

Algorithm steps. For better understandability, the algorithm is presented as a set of steps. 

Step 1. Construct a set of involved context attributes CA1…CAN. The context attribute is added to the set, of it 

is involved in at least one of the situations Sit1(X)…SitK(X). 

Step 2. For every situation Siti(X) within Sit1(X)…SitK(X) and for every context attribute CAj within 

CA1…CAN do step 2.1. 

Step 2.1. If the situation Siti(X) does not involve context attribute CAj, add it into consideration in 

compliance with lemma 5.2.1. For numeric context attribute the interval     (-∞,+∞) can be added to the 

description of every orthotope. For non-numeric context attribute the interval     ¬{} (the list of non-

included non-numeric values is empty, i.e. all non-numeric values are included) can be added to the 

description of every orthotope, or it can be the interval that contains all possible non-numeric values 

explicitly. The number of orthotopes will not be increased in those cases. For mixed context attributes, 

those methods should be combined, and thus the number of the orthotopes will double. Let’s refer to the 

count of intervals that the situation Siti(X) has over context state CAj as r(i,j) and to the intervals themselves 

as I i,j, )… I(i,j,r(i,j)). 

Step 3. Create an orthotope-based situation space orthotope(X) over the context attributes CA1…CAN. 
Step 4. For every context attribute CAj within CA1…CAN do step 4.1. 

Step 4.1. For any combination of intervals I(i,1,p1), I(i,2,p2), …, I i,K,pk),  where p1 = 1..r(i,1), p2 = 

   r i,2), …, pK = 1..r(i,K) do the steps 4.1.1.-4.1.2. 

Step 4.1.1. Calculate an interval I(i,1,p1)∩I i,2,p2) ∩ …∩ I i,K,pk). 

Step 4.1.2. If it is not empty, add it to orthotope(X) as a part of decomposition of CAj. 

Step 5. For every orthotope of orthotope(X) do steps 5.1.- 5.3. 

 Step 5.1. Generate a random context state X’ within the considered orthotope. 

 Step 5.2. Calculate the confidence level Expression(X’). 

Step 5.3. Assign confidence value Expression(X’) to the orthotope under consideration. 

Output. Situation orthotope(X) 

Correctness proof. The correctness of the algorithm is implied by lemma 5.2.3. The algorithm 5.2 represents in 

details the steps of lemma 5.2.3 to construct the orthotope-based representation orthotope(X) out of the situation 

space op(X) (here – Expression(X)). And the equivalence of orthotope(X) and op(X) is proven as a part of  lemma 

5.2.3. Q.E.D. 

The complexity of the algorithm 5.2 is evaluated in section 6. Consider an illustration of the algorithm 5.2. Refer 

to the sample scenario, presented in section 3.2.  In that scenario we need to verify whether the situation 

LightMalfunctions(X) (definition (20)) and ConditionsAcceptable(X) (definition (19)) are in a contradiction. The 

contradiction verification implies checking that the expression (LightMalfunctions & ConditionsAcceptable)(X) is 

empty. 

Having the orthotope-based representations for the involved situations  formulas  2 ) and  28)), let’s derive the 

situation (LightMalfunctions & ConditionsAcceptable)(X) in an orthotope-based format, using the algorithm 5.2. 

Each step of the algorithm is addressed briefly. 

Step 1. The involved context attributes are CA1=LightLevel, CA2= NoiseLevel and CA3=SwitchPosition. 

Step 2. Adding the interval NoiseLevel  (-∞,+∞) to LightMalfunctions(X) and SwitchPosition   {On,Off}  to 

ConditionsAcceptable(X). The results (in a concise manner) are presented in the expression (56). 
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Step 3. Creating orthotope(X) over context attributes are CA1=LightLevel, CA2= NoiseLevel and 

CA3=SwitchPosition. 

Step 4. The possible combinations of intervals over the context attributes are following (expression (57), the 

empty intervals are already removed): 

 

LightLevel: I(1,1) –               ; I(1,2) –                     ; I(1,3) –                

NoiseLevel: I(2,1) – Noise        ; I(2,2) – Noise             ; ; I(2,3) – Noise             ; 
 I(2,4) – Noise                           (57) 

SwitchPosition: I(3,1) – SwitchPosition      ; I(3,2) - SwitchPosition        
 

Therefore, the context attributes of orthotope(X) are decomposed into intervals, presented in expression (57). The 

situation orthotope(X) will consist of 24 orthotopes – every orthotope will correspond to a combination of one 

interval over LightLevel, one interval over NoiseLevel and one interval over SwitchPosition. 

Step 5. Let’s illustrate the step   on one of the orthotopes. The remaining orthotopes are processed in a similar 

manner. Consider the orthotope:                     ; Noise        ; SwitchPosition       . 
Step 5.1.  Generate random context state inside the orthotope. Let it be: X’ = {                

Noise        ; SwitchPosition=      }. 

Step 5.2. Calculate the confidence value of the expression at the generated context state X’  The calculation 

process is presented in the expression (58). 

 

(LightMalfunctions & ConditionsAcceptable)(X’) =  

                = min(LightMalfunctions(X’); ConditionsAcceptable(X’)) = min (0.25; 0.75) = 0.25                     (58) 

 

Step 5.3. Assign the obtained confidence value to the orthotope under consideration. It means, one of the 

rows of orthotope(X) definition will be following (expression (59)). 

 

0.25;                     ; Noise        ; SwitchPosition                                                 (59) 

 

The orthotope-based representation of (LightMalfunctions & ConditionsAcceptable)(X) emerges as the results of 

the algorithm 5.2. We will need that situation to illustrate emptiness check, so we present the complete result of the 

algorithm in the expression (60).  



   

 

                    
                        

  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

                                                              

                                                                    

                                                                    

                                                            

                                                                     

                                                                         

                                                                         

                                                                     

                                                              

                                                                   

                                                                   

                                                              

                                                               

                                                                     

                                                                     

                                                             

                                                                      

                                                                           

                                                                           

                                                                      

                                                             

                                                                  

                                                                  

                                                             

            (60) 

 

5.3. Emptiness Check for an Orthotope-based Situation Space 

As proposed in section 3.1, the verification of situation relationship can be viewed as an emptiness check of a 

certain situation algebra expression. Any situation algebra expression over original CST situation spaces can be 

represented as an orthotope-based situation space in two steps. At first, the involved situations should be represented 

in an orthotope-based situation space format using the algorithm 5.1. Then the orthotope-based representation of the 

situation algebra expression can be derived using the algorithm 5.2. After that, when the orthotope-based 

representation of situation algebra expression is obtained, it requires only emptiness check of that situation space in 

order to complete the verification. 

Emptiness of the orthotope-based situation space can be tested using the algorithm 5.3. 

Algorithm 5.3. Input. 

1) Orthotope-based situation space S(X), that is defined over the context attributes CA1…CAN according to 

the definition (22). 

2) Threshold th. The emptiness is checked with respect to that threshold (see definition (8)). 

3) The flag searchAllCounterexamples. The algorithm can either perform an extensive search and find all 

possible counterexamples, or just derive yes/no answer. 

Expected output: The set of counterexamples, i.e. the definitions of context states, where the situation is counted 

as occurring. All possible counterexample should be in the counterexample set. 

Algorithm pseudocode. Some lines are labeled for later reference. 

CounterexampleSet cs = new CounterexampleSet(); //Initializing the empty set 

for every Ci from  S.orthotopes() //For every orthotope, L orthotopes in total 

L1:    if (Ci.confidence() >= th) then //If the orthotope has the confidence over the threshold 

           cs.add(Ci.orthotopeDescription());//Add the definition of orthotope to the counterexamples 

  L2: if (!searchAllCounterexamples)  then return cs; //Return cs, if only yes/no answer is needed. 

    end if 

end for 



  

 

return cs; 

Output. Counterexample set cs, that contains the definitions of all the orthotopes, which have the confidence 

value over the threshold. 

Correctness proof. 

The correctness proof consists of 2 asserted statements: 

Statement 1. The algorithm cannot take a wrong value in the counterexample set. 

Statement 2. The algorithm cannot skip the counterexample, if searchAllCounterexamples is on. 

Proof of statement 1. Let’s prove it by contradiction  Consider that there exists a context state X, for which the 

confidence value S(X) is lower than threshold, but the value itself does belong to the counterexample set. 

According to lemma 4.1 the context state X belongs to some single orthotope  Let’s refer to it as the orthotope Ci. 

By definition of the algorithm, the counterexample set is the set of orthotopes of S(X). It means, that in order for 

context state X to belong to counterexample set, the whole orthotope that contains it should belong to 

counterexample set. And the only set that contains X is the set Ci, so it should be in the counterexample set. 

According to formula (22) the confidence level at context state X is equal to the confidence level associated with 

the orthotope Ci. By definition of the algorithm, if the orthotope confidence is lower than threshold, it is not added to 

the counterexample set: it will either fail the condition at label (L1), or the return will be triggered earlier at label 

(L2). But in either case the orthotope Ci should not have been added to the counterexample set. 

As a summary, the orthotope Ci should and should not be in the counterexample set at the same time. It is a 

contradiction. So, initial assumption was wrong, and there is no context state X, that belongs to the counterexample 

set, but has the confidence value S(X) below the threshold. Q.E.D. for statement 1. 

Proof of statement 2. Statement 2 applies only to the case when searchAllCounterexamples=true, so the 

condition at label (L2) is always false. Let’s take an arbitrary counterexample and prove that it will belong to the 

counterexample set. Consider an arbitrary context state X, for which the S(X) reaches the threshold: S(X)≥th. 

According to lemma 4.1 the context state X belongs to some orthotope of the S(X)  Let’s refer to that orthotope as 

Ci. According to the definition (22), the confidence level at state X is the confidence level, associated with the 

corresponding orthotope. It implies that S(X) = Ci.confidence, which in turn means that Ci.confidence ≥th. 

However, if searchAllCounterexamples=true  than the algorithm will parse through all the orthotopes. Without 

triggering the condition at label (L2), the loop cannot end before iterating through all the orthotopes. Consider the 

iteration of the loop, that concerns the orthotope Ci. As it was already proven, Ci.confidence ≥th. It means, condition 

at label (L1) will be triggered, and as a result the whole orthotope will be added to the counterexample set. 

As a result, the orthotope Ci is a sub-state of the counterexample set. The context state X belongs to the sub-state 

Ci of the counterexample set, and therefore to the counterexample set as well. 

So, if searchAllCounterexamples is on, than any arbitrary context state X, for which S(X)≥th, will belong to the 

counterexample set. Q.E.D. for statement 2. ■ 

Consider an example of the algorithm 5.3 applied to the example scenario from section 3.2. The situation of 

LightMalfunctions(X) should be contradictory with ConditionsAcceptable(X), and therefore the situation of 

(LightMalfunctions & ConditionsAcceptable)(X) should be empty w.r.t. to the chosen threshold 0.7. Using the 

algorithm 5.2, the situation (LightMalfunctions & ConditionsAcceptable)(X) was represented as an orthotope-based 

situation space in expression (60). 

The algorithm  5.3 iterates the situation orthotope by orthotope (i.e. row by row in formula (22)), and adds 

orthotope description to the counterexample set, if the orthotope confidence level reaches the threshold. As follows 

from formula (60), the only orthotope where the confidence level reaches the threshold 0.7 is the orthotope 

                                                      . It is a counterexample. 

The verification of the example scenario is complete. The results of the verification process are following: 

1. The specification does not comply with the expected relationship. The situations LightMalfunctions(X) and 

ConditionsAcceptable(X)  do not have contradiction relationship over the entire application space. 

2. For any particular context state within the orthotope                                     

                    the contradiction relationship between LightMalfunctions(X) and 

ConditionsAcceptable(X) will be broken. 



   

 

3. For any other context state, the contradiction relationship will hold true. 

In the next section we are going to summarize the approach and propose the method for the verification of an 

arbitrary situation relationship. 

5.4. Verification of Situation Specifications 

According to the set of algorithms and lemmas, provided in the sections 5.1-5.3, the formal verification of an 

arbitrary situation relation can be performed as follows: 

1. Represent the property under verification as a situation algebra expression that should be tested for 

emptiness. The guidelines for deriving the representations are given in section 3. 

2. Convert the involved situations to orthotope-based situation spaces using the algorithm 5.1. 

3. Using the situation algebra expression under test and the converted input situations, derive the orthotope-

based representation of the expression using the algorithm 5.2. 

4. Test orthotope-based representation for emptiness using the algorithm 5.3 and obtain the counterexamples, if 

needed. 

The theoretical complexity analysis and the evaluation of the verification approach is provided in section 6.  

6. Evaluation 

This section describes the theoretical complexity analysis and practical evaluation of the context model 

verification. Section 6.1 describes the prototype application. The verification approach consists of three algorithms 

5.1-5.3, respectively the conversion of situation format, retrieving the orthotope-based representation of the 

expression and emptiness test. Those algorithms will be addressed in sub-sesctions 6.2-6.4. The summary will be 

provided in the section 6.5. 

6.1. ECSTRA framework 

In order to evaluate the practical efficiency of the proposed solutions, we developed ECSTRA (Enhanced Context 

Space Theory-based Reasoning Architecture) – a framework and prototype for distributed context inference, context 

processing and situation awareness. ECSTRA is available on request according to the conditions of 3-clause BSD 

license. The architecture of the solution is presented on figure 1. 

ECSTRA consists of following blocks: 

 Sensors directly obtain environment characteristics. The sensors can utilize non-ECSTRA related software, if 

the data format compliance with the gateway is ensured. 

 Gateways process the information obtained through sensor networks, translate it to the format of context 

attribute and publish it to the special service. Sensor uncertainty estimations can be either provided by sensors 

themselves or calculated by the gateway. 

 Publish/subscribe service allows all the providers of context attributes, like gateways, to publish their data 

and allows consumers of context attribute, like reasoning agents, to subscribe and to receive relevant context 

attribute updates. ECSTRA uses Avis open source implementation [26] of Elvin publish/subscribe protocol [25]. 

 Reasoning agents perform situation inference. Reasoning agent consists of context collector and application 

space. Sharing reasoning process between several reasoning agents can help to represent reasoning task as a set of 

smaller subtasks, which can be executed in parallel. Usually every reasoning agent is interested in certain subset of 

context attributes. 



  

 

 

Fig. 1. The architecture of ECSTRA framework 

 Context collector is responsible for retrieving the necessary context data, collecting them to a single context 

state and passing that context state to application space when necessary. Context collector is also responsible for re-

estimating the uncertainty when context data are getting outdated. It is possible to create a hierarchy of context 

collectors or maintain context collectors shared by several application spaces. 

 Application space component is an original application space of the context spaces theory. Application space 

is responsible for reasoning process and situation algebra syntax and semantics. Application space receives current 

context state from context collector and reasoning requests from external clients. 

 Situation space component is a situation spaces within the application space. Situation reasoning result can be 

either Boolean value or [0;1] real-valued confidence level (according to the principles provided in section 2). 

 External clients send reasoning requests to the application space and receive reasoning results in return. 

Reasoning request usually has the format of situation algebra expression. Clients can also receive notification from 

reasoning agents that the context state has changed. 

In this work we use ECSTRA for practical evaluation of the verification approach, presented in section 5. The 

verification mechanism and the random situation generator were developed as an extension for ECSTRA. The 

evaluation results of the verification algorithm are described in sections 6.2-6.5.  

6.2. The Conversion of Situation Format 

After the expression under verification is finalized, the first step in the verification process itself is the conversion 

of the involved situations into the orthotope-based format using the algorithm 5.1. 

We performed theoretical and practical evaluation of the algorithm 5.1. The experiment was carried out as 

follows: 50000 original CST situations were generated randomly. For each situation the number of involved context 

attributes was generated uniformly then each context attribute was decomposed into the set of intervals, which was 

also generated uniformly. Then each of the situations was converted into the orthotope-based format. The practical 

complexity in terms of different operations was calculated using the counters. We used R [24] statistical package for 

data processing. The experimental results are presented in the figure 2 and analyzed in table 1. 

 



   

 

          

             

 

Fig. 2. The complexity of the algorithm 5.1 in terms of operations: (a) Additions; (b) Multiplications; (c) Comparisons;                                           

(d) Assignments; (e) Divisions 



  

 

Table 1 contains the explanation and theoretical analysis of the results, presented in figure 2. For every involved 

operation the table 1 contains the order of the operation, practical R
2
 and theoretical evaluations. The coefficient R

2
 

is calculated from the experimental data using R [24] statistical package. The data used for constructing figure 2 and 

for calculating R
2
 are the same. R

2
 coefficient practically proves the theoretically expected order of operations by 

showing the fit between the expected order and the number of operations of certain kind. In compliance with the 

definition of orthotope-based situation space (section 4), N stands for the number of involved context attributes and 

L stands for the number of the orthotopes in resulting orthotope-based situation space. 

Table 1. The Complexity  of the Algorithm 5.1 

Operation Order R2 Explanation 

Additions O(N*L) 0.9999 The resulting situation space is composed in compliance with expression (25). The situation space in 

expression (25) contains L orthotopes. For every orthotope the calculation of the confidence value 

contains a sum with N summands. Also the algorithm contains numerous auxiliary additions, related 

to various loops. 

Multiplications O(N*L) 1 As it was pointed before , the expression (25) contains L orhtotopes and each orthotope contains a 

sum with N summands. Every summand involves  one multiplication, and it makes the complexity 

O(N*L). 

Divisions O(N) 1 The division operations is used to normalize the weights of the basic situation spaces (make them 

sum up to 1) before the conversion starts. There are N weights, and each of the weights is divided by 

the sum of other weights. 

Assignments O(N*L) 0.9999 The main portion of assignments appears as the part the orthotope description creation. For each of 

the L orthotopes the description is composed of  N intervals, and that results in O(N*L) order. 

Comparisons O(N*L) 0.9997 Although the comparisons are not explicitly present in the algorithm 5.1, they are involved in the 

loops. Each iteration of the loop contains a comparison in order to test for the exit condition. The 

most comparison-heavy part, which explains the order, is the calculation of the confidence levels. 

For each of the L orthotopes there is a nested loop, which calculates the weighted sum of N 

contributions. It makes the number of comparisons O(N*L). 

 

To summarize, the complexity of the algorithm is O(N*L) – the order of count of orthotopes multiplied by the 

number of involved context attributes. We consider fast conversion algorithms as the part of the future work. 

6.3. Orthotope-based Representation of Expression 

As section 6.2 shows, the involved situations can each be converted to the orthotope representation at the order of 

O(N*L), where N is the number of involved context attributes, and L is the number of the orthotopes. After all the 

situations are converted into the orthotope-based situation spaces, the resulting situation can be derived using the 

algorithm 5.2. 

Algorithm 5.2 takes as an input all the involved situations, as well as the situation op(X) = func(Sit1(X), Sit2(X), 

…, SitK (X)), that can as well be a blackbox. For evaluation purposes we estimated the complexity for the operations 

AND, OR and NOT, defined in compliance with the formulas (4). The experiment was carried out in a similar 

manner comparing with the section 6.2. Basic situation spaces were randomly generated in a manner, similar to the 

experiment in section 6.2 (50 000 situation for NOT, 10 000 situation pairs for AND and OR). The conversion of the 

situations into orthotope-based situation spaces was evaluated in section 6.2, and therefore the operations for the 

conversion are out of consideration of this section. Then the converted situations (or a single situation in case of 

NOT) were used as an input for the algorithm 5.2. The results of the experiment are presented in the figures 3 (for 

AND function), figure 4 (for OR functions) and figure 5 (for NOT function). The theoretical complexity calculations 

and their connection to the practical results is discussed in table 2, which is designed similarly comparing to table 1. 

There are three coefficients R
2
 provided – one for each of for the experiments (using  AND, OR and NOT functions 

respectively). 



   

 

         

              

 

Fig. 3. The complexity of the algorithm 5.2 for AND operation  in terms of operations: (a) Additions; (b) Assignments;                                           

(c) Comparisons; (d) Expression calls (e) Context state generation 



  

 

     

            

 

Fig. 4. The complexity of the algorithm 5.2 for OR operation  in terms of operations: (a) Additions; (b) Assignments;                                           

(c) Comparisons; (d) Expression calls (e) Context state generation 



   

 

               

                

 

Fig. 5. The complexity of the algorithm 5.2 for NOT operation  in terms of operations: (a) Additions; (b) Assignments;                                           

(c) Comparisons; (d) Expression calls (e) Context state generation 



  

 

Table 2. The Complexity  of the Algorithm 5.2 

Operation Order R2 Explanation 

Additions O(N*L) AND: 0.9994 

OR: 0.9994 

NOT: 0.9979 

The main sources of additions are the nested loops, which use the additions to increase the 

counters. The calculation of confidence levels involves the context state generation. In order to 

generate the context state, for each of the L orthotopes N context attribute values need to be 

generated. The nested loop gives N*L additions for the counters, and that results in O(N*L) 

order. 

Assignments O(N*L) AND: 0.9995 

OR: 0.9995 

NOT: 0.9987 

As well as for the addition operation, the part of the algorithm, which determines the order of 

assignments, is generation of context state. The nested loop for context state generation adds 

O(N*L) assignments to the total algorithm complexity. 

Comparisons O(N*L) AND: 0.9994 

OR: 0.9994 

NOT: 0.9982 

The most comparison-heavy part of the algorithm is the nested loop for generating the test 

context state. It results in the order O(N*L). 

Expression 

calls 

O(L) 1 (in all 

cases) 

In algorithm 5.2 the confidence level of the situation op(X) is calculated exactly once for every 

orthotope, in order to determine the confidence value. 

Random value 

generation 

O(N*L) 1 (in all 

cases) 

Random value generation is performed N times for each of the L orthotopes, in order to 

generate N-valued context state and use it as an input for the expression calculation. .It should 

be noted that the counters in the figures 3e, 4e and 5e shows the number of generated context 

states, and each of those consist of N context attribute values. 

 

To summarize, the theoretical complexity of the representation algorithm is O(N*L) and, according to figure 3-5 

and R
2
 coefficient in table 2, the practical evaluation is absolutely compliant with theoretical results. 

It might seem counterintuitive that there is no dependency on the number of involved situations  let’s refer to that 

number as K, in compliance with section 5.2). However, that number is implicitly contained in various 

characteristics and heavily influences the total complexity of the algorithm. The number of involved situations K 

and the structure of those situations do influence the decomposition of context attributes into resulting intervals. In 

turn, that decomposition determines the number of resulting orthotopes, and therefore has a determining influence 

on the total complexity of the algorithm. The number of situations also can influence the complexity of the 

expression call. The influence of number of involved situations will also be addressed as the part of the final 

complexity evaluation in section 6.5. 

6.4. Emptiness Test 

After the orthotope-based representation of the situation space is obtained using the algorithm 5.1, it should be 

tested for emptiness using the algorithm 5.3. The experiment was carried out in a similar manner comparing to the 

experiment for conversion test in section 6.2. The results of the evaluation of algorithm 5.3 are presented in the table 

3 and figure 6. In figure 6 the parts (a),(c) and (e)  present the case  where all the counterexamples had to be 

explicitly computed (searchAllCounterexamples=true in algorithm 5.3). The parts (b), (d) and (f) of the figure 6 

represent the case when the algorithm stops after finding a single counterexample (searchAllCounterexamples=false 

in algorithm 5.3). It should be noted that the cases searchAllCounterexamples=true and 

searchAllCounterexamples=false had different sets of generated situations. As expected, the practical complexity in 

the case searchAllCounterexamples=false varies between a single loop iteration as the lower bound and the 

complexity of searchAllCounterexamples=true as the upper bound. The table 3 refers both to the case 

searchAllCounterexamples=true and to the upper bound of the case searchAllCounterexamples=false. 

 

 



   

 

                     

           

                               

Fig. 6. The complexity of the algorithm 5.3 in terms of different operations. searchAllCounterexamples=true: (a) Additions; (c) Assignments;                                           

(e) Comparisons; searchAllCounterexamples=false: (b) Additions; (d) Assignments; (f) Comparisons; 

 



  

 

Table 3. The Complexity  of the Algorithm 5.3 

Operation Order R2 Explanation 

Comparisons  O(L) 1 In the algorithm 5.3 The main loop contains L iterations. In every iteration of the main loop the 

confidence level is tested against the threshold, and also the loop condition is tested against the 

exit condition. It makes the number of comparison operations at the order of O(L). 

Additions O(L) 1 Additions are used within the main loop, in order to increase the loop counter, once per iteration.  

Assignments O(L) 1 The assignments are used as the part of the main loop in order to increase the loop counter. The 

discrepancy between the estimated order O(L) and figures 6c and 6d  is because the assignment 

counter is used for excessive assignments, that are not associated with additions, multiplications 

and divisions. 

 

The analysis of emptiness check algorithm, presented in table 3, shows O(L) complexity. This estimation is true 

for both the case searchAllCounterexamples=true, and as an upper border for the case 

searchAllCounterexamples=false. This result finalizes the complexity evaluation of various sub-algorithms of the 

verification process. Section 6.5 summarizes the evaluation and derives the total complexity of the verification 

process. 

6.5. Verification of  Situation Definitions – Total Complexity 

The complexity of the verification approach consists of the complexity of its steps. Consider the steps of the 

verification approach, presented in the section 5.4. Step 1 is the preliminary manual step, while the complexity of 

the steps 2-4 is evaluated in the sections 6.2-6.4. Combination of the results, provided in section 6.2-6.4, allows us to 

derive the following reasoning complexity (formula (61)). 

 

O(      
 
     +  NresLres + Lres)             (61) 

 

In formula (61) Ni and Li (i=1..K) stand for the number of orthotopes and number of context attributes for the i-th 

situation involved in the situation algebra expression. The number of orthotopes and the number of involved context 

attributes for the resulting situation is referred to as Lres and Nres respectively. 

If the situation is converted from original CST representation into the orthotope-based representation, then the 

number of the orthotopes in the converted situation is equal to the number of combinations of intervals (see the 

expressions (24) and (25) and algorithm 5.1 for the proof). It allows expressing the formula (61) as the formula (62). 

 

O(             
  
     

     +  NresLres + Lres)            (62) 

 

In formula (62) the term        refers to the number of intervals for the i-th situation over j-th context attribute 

(within the situation). Formula (62) provides the final result of the complexity estimation. The formula (63) is used 

just for illustration purposes, in order to provide rough estimation of the total complexity order. Expression (63) is 

derived from formula (62) using the assumptions that the number of context attributes is the same for every involved 

situation (we refer to it as N), and the number of intervals over any context attribute is the same for any of the 

involved situations: Ni = Navg, r(i,j) = r, i= …K, j= …Ni) We also assumed that the number of intervals is the same 

for every context attribute in the resulting situation, and refer to that number as rres. 

 

O(            
      +  Nres *     

     +      
    )           (63) 

 

The algorithm is supposed to work offline, and it makes the complexity requirements milder. However, the 

formula (63) very roughly shows that the worst case rate of growth of the straightforward verification can be 

roughly counted as K*Navg*exp(Navg) + (Nres+1)*exp(Nres) function of the involved context attributes and the number 



   

 

of involved situations. The complexity still remains tractable for the realistic situations (which are usually defined 

over small number of context attributes), but still fast verification algorithms are considered to be the high priority 

item of the future work. 

In this section we theoretically calculated the complexity of the verification process and tested it practically. 

Formula (62) contains the final result of the verification complexity calculation, and it finalizes the complexity 

evaluation of the algorithm. 

7. Discussion and Related Work 

7.1. Formal Verification in Pervasive Computing 

The techniques of formal verification have received some attention of the pervasive computing research 

community, and various aspects of pervasive computing systems were enhanced with applicable verification 

methods.  

In the work [5] authors proposed the ambient logic – a specially designed calculus that can describe multiple 

moving and interacting entities. That approach was improved and extended in subsequent works. For example, the 

work [7] used ambient logic techniques to specify pervasive healthcare applications. The work [8] proposed the 

extensions of ambient calculus and ambient logic. The main difference between ambient logic-based approaches and 

our work is that the specification aspects under verification are different. Ambient logic based approaches view the 

pervasive systems as the set of interacting agents, and thus aim to verify the spatial and temporal interactions 

between devices, processes and services. In contrast, our work provides a solution to verify the integrity of the 

model of the context – an underlying formal representation of the environment. 

In the work [13] authors provided the methods to verify and specify pervasive computing systems. The approach 

proposed in [13] is based on the event calculus formalism. Event calculus allows to represent the behavior of the 

system and the assumptions about the behavior, and then formally verify, whether the behavior matches the 

assumption. The article [13] addresses the interaction of pervasive computing system with external environment. In 

contrast, our method allows the verification of system’s understanding of internal and external environment, and that 

understanding is the root cause of system behavior.  Therefore, our approach allows deeper insight into the context 

awareness and situation awareness, its problems and risks. 

To summarize, different research approaches focus on specifying and verifying different aspects of pervasive 

computing systems. The difference in the targets for verification implies the use of different specification and 

verification mechanisms. While the related work did address the verification of internal communications [5, 7, 8] 

and user interactions [13] in pervasive computing systems, to the best of our knowledge our article is the first to 

address the verification of the integrity, consistency, non-contradiction and adequacy of the context model – the 

system’s understanding of internal and external environment. 

7.2. Modeling the Situation 

Various formats of situation specifications have received considerable amount of attention from the pervasive 

computing research community. Several methods of situation specifications were either derived from the context 

spaces theory itself, or have some degree of similarity with context spaces theory situation awareness approaches. 

The work [10] proposes improved situation specifications for context spaces approach. Instead of step functions, 

the authors suggest to use standard fuzzy logic based contribution functions (like step function). This approach leads 

to more natural and flexible situation specifications. However, the use of step functions as contribution functions 

also have some benefits. .For example, the verification method proposed in this article heavily relies on the fact that 

contribution function is a step function, and therefore the confidence levels remain constant within certain 

orthotopes. 

The papers [4, 14, 15, 20] use naïve Bayesian approach to define the situations and activities. Naïve Bayesian 

approach assumes the independence of various context features, having the situation occurrence/non occurrence as a 

fact. It can be viewed as somewhat similar to the approach of context spaces theory, where the situation has 



  

 

independent contributions from various context attributes. In both cases the independence assumption ensures 

memory efficient and computationally tractable situation specifications, but in turn can lead to limited flexibility. 

The main difference in our approach to situation specification and the Bayesian approach is the difference in 

semantics. The Bayesian approach is purely probabilistic – it assumes that in underlying real world the situation is 

either occurring or not, and provides the method to evaluate the probability of occurrence. Context spaces theory, in 

contrast, uses fuzzy logic semantics, where the situation can occur with some confidence level, and it does not mean 

probability. For example, if the noise level is 50 dB, the confidence level of situation Noisy can be evaluated as 0.7, 

but stating that it is noisy with probability 70% is semantically wrong. Another serious difference is that context 

spaces theory features specification-based approach, where the situations are defined manually, while the naïve 

Bayesian approach is better suited for learning the situation. 

The work [3] proposed the advanced situation awareness framework that leads the context reasoning from the 

low-level situation representation to properly acting on the situation awareness results. On the lowest levels the 

situation was inferred as the conjunction of various context features (see formula (64), quoted from [3]). 

 

                                                      
                                                      (64) 

 

The approach [3] to situation definition is somewhat close to the approach of context spaces theory, because it 

uses the contribution from multiple context features. However, context spaces theory allows to work with 

confidence levels and to represent the unequal importance of different context features for the situation. 

7.3. Specification of Situation Relationships 

The verification approach presented in this paper uses the expected situation relationship as the part of the input 

information. Those relationships can obtained using the common sense, but there are multiple solutions to facilitate 

that process. Different approaches to situation awareness focus on the relationships between different situations 

rather than on inferring the situations from raw low-level context data.  Those approaches can be viewed as the 

source of the properties for the verification. They rely on some low-level inference of the atomic facts, events and 

situations, but on top of that they provide powerful tools to assert and facilitate the verification of various 

relationships between the situations. 

The works [9, 11, 21] proposed to use the ontologies to reason about the situations. Ontologies provide the 

powerful tools to represent and reason about the relationships between different entities, facts, events and situations. 

Still many ontologies for representing the context work on the high-level context awareness level and consider the 

inference of low-level facts as being out of scope of the work. Therefore, ontology-based solutions require the low-

level inference model, and that model should be consistent with the ontology itself. The consistency of the low-level 

model and the ontology can be verified using the methods presented in this paper. 

The work [19] used the predicate logic to define the events and situations. Moreover, the predicate logic was used 

to define the relationships between situations, such as mutual contradiction. However, those relationships were used 

not for the verification, but mainly for dealing with context uncertainties. 

The works [2, 12] proposed the solutions based on temporal logic. Logic-based expressions often can be the 

property under verification. However, working with the temporal logic is the part of future work. Neither the context 

spaces theory model, nor the situation algebra do not involve any timing or sequential dependencies. Sequential and 

timing dependencies can be analyzed using the concept of the trajectory in the application space, but this is one of 

the points of the future work and so far it is out of scope of this article. 

 

7.4. Geometrical Metaphors for Context Awareness 

Our work uses geometrical metaphors in order to represent the context and reason about the situations. The idea 

of collecting the entire set of low-level data into the single vector is straightforward.  That vector can be viewed as a 

point in a multidimensional space. However, many context reasoning approaches immediately advance further to 

higher level context awareness, and do not take the full advantage of spatial representation. 



   

 

The work [1] modeled the context as a multidimensional space, the current conditions of the context as the point 

in the space, and utilized this representation for context prediction. The authors predicted the context using the 

extrapolation of context trajectory in the multidimensional space. However, that work did not provide any concept 

of the situation and did not generalize the context data in any manner. The generalization in terms of situations 

provides the mechanism to infer the essential information from the context and to reason using the most important 

information in the first place (and thus avoid overfits). 

The work [16] utilized the geometrical metaphors and viewed context as a vector in a multidimensional space of 

context features. The clusters in the space of context features were considered to be the possible situations of 

interest. That solution allowed learning the situations and then manually labeling them in a meaningful manner. Also 

that approach provided the solid background for context prediction. However, clustering methods usually result in 

situation definition being a blackbox and the situations to be human-unreadable. Learning-based and specification-

based approaches to situation definition can be combined within one system.  Automated situation detection for 

context spaces theory is a subject of future work. 

 

8. Conclusion and Future Work 

In this work we developed and evaluated the solution for formal verification of the context model. Using the 

situation definitions in terms of low-level context features, and the expected situation relationships as an input, the 

solution can either formally prove the compliance between the property and the definitions, or identify all the 

possible context states, that will result in the inconsistent in contradictory context model. 

We consider following directions of the future work: 

 Fast verification algorithms. The verification algorithm has roughly exponential dependency on the 

number of involved context attributes. Verification process will highly benefit from the algorithms optimization in 

the cases where situations have large amount of involved context attributes, and in the cases where relationships 

involve multiple heterogeneous situations, the complexity of the algorithm can grow very fast.  

 Verification of dynamic situation properties. In current version of the verification approach, the solution 

allows to verify only the static situation relations, i.e. the situation relationships that do not involve time. The 

properties that involve sequence or time  like “After situation InTheBathroom there should be situation 

InTheCorridor” or like “If the situation is PhoneCall, it means that there was a situation PhoneRings or Dialing 

before”) are out of scope of the verification process. The ability to incorporate the temporal relationships into the 

model allows significantly improving the verification capabilities. 

 Automated situation fix. The current version of the verification approach verifies that there is a 

specification error and describes the context attributes that can lead to the context model inconsistency. However, 

the counterexamples only give the clue about how the specification error can be fixed. If the verification algorithm 

could provide suggestions for the situation specification fix on its own, it can facilitate the work of the expert. 

 Combining verification and uncertainty. Most of the proofs in this article assume that the context state is 

an exact point in multidimensional space, and the specifications of the uncertainty are not provided. For different 

ways of uncertainty representation there should be either a proof that the verification approach is still applicable, or 

the amended verification algorithm. 

 Context quality evaluation. The expected relationships between situations can be viewed from different 

perspective  For example, from the situation “ unnyDay & BlindsOpen” it can practically follow “LightLevelOK”, 

but it is not implied by the model directly. These relationships can be asserted into the context model, and be used to 

verify the consistency of the context state. For example, if the situations SunnyDay(X) & BlindsOpen(X) & 

¬LightLevelOk(X) holds true, it might mean a problem with either of the sensors, that is involved in that situation. 

The algorithm that can identify the inconsistency and propose the solution to fix the context model can improve the 

run-time context awareness reliability and efficiency. 



  

 

 Learning the situations. Context spaces theory features the specification-based approach to the situation 

awareness. The ability to detect the possible presence of situation of interest, and suggest the specification of that 

situation can significantly facilitate the work of the expert and improve the context model. 
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