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Abstract

We consider the issue of constructing a digital model of a physical
surface. An overview of fundamental methods is given. The methods
use measurements of points on the surface in order to compute a math-
ematical surface representation that approximates the physical surface.
Different surface representations are presented and algorithms that fit
such representations to the measurements are outlined. We identify
some of the difficulties and pointers to the literature in the field are
given.
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1 Introduction

To find a mathematical description of the shape of a physical surface is the
aim of a growing research area called surface reconstruction. It is the main
part of reverse engeneering which aims at transforming real parts into en-
geneering models and concepts. During the last decade reverse engeneering
and surface reconstruction have received an increasing attention. This is
mainly because of the availability of new affordable optical tools for non-
contact measuring of shapes. By using these new tools it is possible to
acquire dense discrete data from the surface with high speed and good ac-
curacy.

To achieve a mathematical description of a physical surface is of great
interest in many applications. For example, when a clay model is copied into
production by CAM-technique or when looking for damage on mechanical
parts. The mathematical model is also often easier and cheaper to modify
and analyse than the physical surface itself.

A typical surface reconstruction application consists of the following
steps:

Data acquisition: Measurement of 3D coordinates for points on the sur-
face, e.g., by using a non-contact optical measuring device. Such
devices are often called range cameras because they produce range
images, i.e., images that contain information about the distances to
a surface. This should be compared to a conventional cameras that
produce images with information about the light intensity on the sur-
face. The range cameras usually need to operate from several different
views in order to achieve data from the whole surface. Each range
image normally contains a structure of the data that can be utilised
when processing the data.

Registering and integration: If multiple views are used during the ac-
quisition of data, a registering process is performed in order to find
the transformations that connect the different range images. When
the transformations are known they are used to put the data from
the different views into one unified representation expressed in one
common coordinate system. The latter process is called integration of
range images.

Surface fitting: The aim of the surface fitting step is to construct a concise
and accurate approximation of the physical surface. Usually it includes
to determine the topology of the surface, if not known a priori, and to
fit a surface with this topology. There is a trade of between accuracy
and conciseness. The fitting-methods that are used, typically try to
minimise a function that capture this trade of. The fitting process
can be done within the integration process when the different range
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images are merged together, or it can be done on scattered data, i.e.,
an unorganised set of 3D points. Dealing with surfaces composed
from several physical objects or from one object with natural boarder
lines between different parts of the object, a segmentation process
is often performed. The surface is then decomposed into different
parts that correspond to the different segments in the surface. This
is of particular interest when an object with known shape should be
identified.

In this paper we review some of the methods that are used for regis-
tering, integration, and surface fitting. Other relevant reviews are Bolle et
al. [9] and Várady [71]. Bolle et al. consider some explicit and implicit
surface reconstruction methods with respect to view point invariance, com-
putational efficiency, and sensitivity to obscuration. Várady give a nice
review of the whole reverse engineering process. There exist several theses
on the subject that do not only contain novel research result but also nice
surveys and introductions to the topic. For example: Hoppe [35] treats the
problem of constructing a piecewise smooth surface from an unorganised
set of points, and Curless [16] considers the acquisition process and how to
integrate different range images using a volumetric approach to find a level
set surface.

How to deal with range images in a wide spectrum of applications was
discussed in a workshop documented in [40]. The section about geometric
signal processing, in particular, is of great interest for surface reconstruction.

Our problem, stated in mathematical terms, is to find a surface S that
approximates the physical surface P by using a set {pi = (xi, yi, zi)}

n
i=1 of

noisy 3D coordinates of points sampled from the surface P. We will con-
centrate on methods which use no (or very little) a priori information about
P and therefore they have to rely completely on the sampled set of points.
The main differences between the methods are the different conditions that
are put on S and the different representations of S that are chosen.

The outline of the paper is as follows. After this introduction we review
some of the most used algorithms for registration and integration. A short
description of some basic surface representations is presented in section 3,
followed in section 4 by an outlook over possible algorithms for the fitting
process. The paper ends with a short discussion and some subjective remarks
about the surface reconstruction subject.

The paper is not a complete review over existing algorithms and meth-
ods. The aim is instead to give an introduction to the subject and to point
out some of the most important aspects about it. It is our hope that the
paper together with the references will serve as a good starting point for
people with new interest in the area of surface reconstruction.
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2 Registration and Integration

To be able to transform data from different views into one common coordi-
nate system, the first task is to find the transformations to be used. In the
simpliest case this can be handled by mechanicly measuring how the set up
is changed between the different views. For example, the surface to be mea-
sured may be put into different positions by using a turntable with known
rotation characteristics. Usually such mechanical methods are not accurate
enough and there is need for improvements. If at least three markers can be
seen from each view, their positions can be used to find the transformations,
see, e.g., [13]. When such points are not available one have to purely rely on
samples from the surface itself. A popular method is the Iterative Closest
Point method (ICP) [5] which is shortly described below.

Assume that there exist a surface representation U of the data from

one view, e.g., a triangular mesh, and points v
(0)
i , i = 1 . . . , k, from an

overlapping area on the second view. Assume also that a rotation matrix R
and a translation vector t that represent an estimate of the transformation
between the views, is known. The ICP-method improves the transformation
between the views using the following algorithm:

Algorithm 2.1 (ICP-algorithm)

j = 1

v
(1)
i = Rv

(0)
i + t, i = 1 . . . , k

repeat

find the point u
(j)
i on U that is closest to v

(j)
i , i = 1 . . . k

find R(j) and t(j) that minimise
∑k

i=1 ‖R
(j)v

(j)
i + t(j) − u

(j)
i ‖2

v
(j+1)
i = R(j)v

(j)
i + t(j), i = 1 . . . , k

R = R(j)R (updating of the rotation matrix)

t = R(j)t+ t(j) (updating of the translation vector)
j = j + 1

until convergence

In practise one usually do not know which points on the second view that
corresponds to an overlapping area. In this case all points from the second
view are considered, but only those with a distance to U that is less than a
given tolerance are considered in the minimisation problem. The initial esti-
mates of the transformation are usually found by using a mechanical devise,
but other approaches, e.g., the use of genetic algorithms [11] have started
to appear as interesting alternatives. Examples of different modifications
of the ICP-algorithm can be found in [7, 22, 70] and a survey of different
methods is given in [10].

The minimisation problem

min
R,t

k
∑

i=1

‖Rvi + t− ui‖
2 (2.1)
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appearing in the ICP-algorithm (we have here dropped the iteration index) is
often called the rigid body movement problem. It is an constrained problem
since the unknown matrix R should be an rotation matrix, i.e., it should
satisfy RTR = RRT = I3,det(R) = +1. The problem can be efficiently
solved using the singular value decomposition of a certain 3 × 3 matrix, see
e.g., [2, 32, 41, 66, 67].

When the different range images have been registered there are two main
choices on how to put them together.

1. Use the transformations directly on the 3-D coordinates of the points
on the different views in order to get a set of scattered data, i.e., a cloud
of unorganised points, all given in one common coordinate system.
Then fit a surface to scattered data corresponding to a surface with
unknown topology.

2. Use the structure in the registered range images when merging them.
This can be done by fitting a surface to each range image and then
merging the surfaces together. But it is also possible to use the struc-
ture in the range images when fitting one common surface to all the
images.

The advantages with the first choice is that it is no need of merging dif-
ferent surfaces together and it is possible to apply the methods to data that
have no structure. We can also smooth all kinds of errors, e.g., measurement
errors and registering errors, during the fitting process. The drawbacks are
that the fitting process have to start with an estimation of the unknown
topology and since the structure in the range images are not utilised the
methods need a lot of computing power (time). Usually this limits the
amount of data that can be handled. Hoppe et al. [37, 38] use the first
approach and fit a triangular mesh to a set of scattered data using the
marching cube method [8, 47] to determine a level set to a signed distance
function. The method can model sharp features and surfaces of unknown
topology but a considerable amount of time is used in order to determine
the geometry of the surface and to compute the signed distance function.

The second approach makes it possible to use the structure and the
topology information present at each range image to enable faster fitting
methods and easier treatment of measurement errors and outliers. When
surfaces are fitted to each range image these surfaces can also be used to
simplify the registering process. The main drawback is that we may end up
with surfaces that do not exactly line up to each other after they have been
transformed into the common coordinate system. Hence there is need for
some merging algorithms that also deals with the registering errors. This
drawback is not present when all views are used to fit a single common
surface. This second approach with surface fitting to each range image are
used in [33, 60, 68, 70]. In those papers different strategies for merging
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triangular meshes are proposed. Hilton et al. [34] present a comparative
analysis of some integration algorithms and they also propose an additional
algorithm based on continuous implicit surface representation. Curless and
Levoy [16, 17] and Pulli et al. [57] among others, present volumetric methods
that do not only integrate range images but also fill holes where data is
missing.

The integration of range images is often performed simultaneously as the
fitting process. More details about integration algorithms will therefore be
presented together with the fitting algorithms in in section 4.

3 Surface representations

Mathematicly a surface is a 2D manifold in IR3 [52]. Loosely speaking we
can say that a surface is the image of a regular one-to-one mapping from IR2

to IR3. In surface reconstruction application it is more convenient to talk
about a surface as a connected 2-D subspace in IR3. That means that we
also include nonsmooth subspaces such as the boarder of a cube.

The goal of surface reconstruction is to get a digital description of the
surface that is accurate, i.e., approximates the physical surface well, and
concise. The surface descriptions can be an explicit function, e.g., z =
f(x, y), implicit, i.e., f(x, y, z) = 0, parameterised, i.e., x = f1(u, v), y =
f2(u, v), z = f3(u, v), or given by a set of connected patches (flat or curved),
e.g., a triangular mesh. They have all different smoothness properties and
different ability to describe disparate topologies.

When choosing a surface representation for a certain surface reconstruc-
tion application it is a great advantage if one have information about the
properties of the physical surface. The choice do also depend on how the re-
constructed surface should be used. If it should be put into a CAD-program
for further design and modifications, one should strive to use a representation
that is compatible with the actual CAD-program, e.g., a NURBS-surface,
see below. For displaying on a computer it should be compatible with the
graphical rendering function that is used. A discussion about different curve
and surface representation and their relative advantages and disadvantages
for practical purpose in cad-based applications are given by Pratt [54]. Be-
low we shortly describe some of the, in surface reconstruction, most common
representations and classifications of surfaces.

Grid: This is a discrete version of an explicit surface. Given a 2D grid (often
rectangular) in the x, y-plane one associates a value zi,j to each grid
point (xi, yj). It is of course possible to also have a grid in other coor-
dinate systems, e.g., ri,j = r(φi, ψj) in spherical coordinates. Grids are
relatively easy to compute but since they are discrete one have to use
some kind of interpolation technique to obtain points on the surface
between the grid points. In order to model small details one has to use
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a dense grid with poor conciseness or to use some kind of hierarchical
grids. Grids are often used as an intermediate representation when
constructing more complex representations.

Triangular mesh: A flat triangular mesh consists of the 3D coordinates of
a set of points on the surface, and a structure that describes how these
points are connected in triangles. The mesh represents a continuous
but nonsmooth surface. The density of triangles in different areas
on the surface can be varied on order to achieve god approximations
of the physical surface in areas with fine details or high curvature
without loosing too much of its conciseness. Triangular meshes are a
popular representation of surfaces with complex, and a priori unknown,
topology. The simplicity of flat triangular meshes arises from the fact
that three points in 3-D are intersected by an unique plane, provided
that the points do not lie on a straight line.

Subdivision surface: A mesh can be accompanied with rules on how to
subdivide it into a finer mesh. By applying these rules, recursively,
infinitely many times, one ends up with a surface with a higher de-
gree of smoothness than the original mesh. The degree of smoothness
depends on the subdivision rules. The representation consists of an
original mesh and the rules. It is well suited to represent smooth
(or piecewise smooth) surfaces with complex geometries and topology.
The drawback is that points on the surfaces are not given explicitly.

Explicit function surface: An explicit function surface is the graph of a
function z = f(x, y). To fit such surfaces is relatively simple. Un-
fortunately only a few physical surfaces can be modeled as function
surfaces. That is because for most surfaces there is at least one point
(xi, yj) to which two or more z-values are associated. By change of
variable it is sometimes possible to transform a parametrised surface
(see below) into a function surface. For example, a sphere can not
be represented by a function surface using Cartesian coordinates, but
using spherical coordinates the radius can be treated as a function of
the angles.

Implicit surface: An implicit surface is the level set of a function f(x, y, z).
Usually the function is defined such as the wanted surface equals the
zero set of the function, i.e., S = {(x, y, z)|f(x, y, z) = 0}. Popular
choices of implicit surface representations for surface reconstruction
are superquadrics, see e.g., [45] or its extension into hyperquadrics
and hybrid hyperquadrics [15]. A superquadric (in canonical position)
is defined by the equation

((x/a1)
2

a4 + (y/a2)
2

a4 )
a4

a5 + (z/a3)
2

a5 − 1 = 0, (3.2)
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where the parameters a1, . . . , a3 determine the size of the object and
a4, a5 determine the roundness.

Implicit surfaces, are often used in volumetric methods for constructing
triangulations. In those applications the function f(x, y, z) is chosen
as a signed distance function, see, e.g., [17, 37]. The class of implicit
surfaces is much larger that the class of parametric surfaces since all
parametric surfaces can be transformed into implicit form but not vice
versa [63].

Parametric surface: A parametric surface is the collection of points (x, y, z)
that can be written as

x = f1(u, v), y = f2(u, v), z = f3(u, v), (3.3)

where, (u, v) are the parameters of the surface. A trivial parametri-
sation is x = u, y = v, z = f(u, v) which is an explicit function sur-
face. By chosing other parametrisations more complex surfaces can
be represented. The parametric approach can be used when fitting a
parametric B-spline (see below), but other parametric alternatives are
also possible.

Parametric surfaces have a number of good properties but in fitting
problems it can be hard to find a suitable parametrisation. They are
used, in varying forms, by most of the modern CAD/CAM systems.

Tensor product B-spline surface: Spline curves are piecewise polyno-
mials where the change of polynomials occurs at knot points. Only
the highest derivative is allowed to be discontinuous at the knots.
All lower derivatives are continuous everywhere except at coincident
knots. A B-spline curve of degree k, with the knot sequence Λ =
{λ−k, . . . , λg+k+1}, is a linear combination of univariate B-spline base
functions Ni,k defined recursively as

Ni,0(u) =

{

1 λi ≤ u ≤ λi+1

0 otherwise
(3.4)

Ni,l+1(u) =
u− λi

λi+l − λi

Ni,l(u) +
λi+l+1 − u

λi+l+1 − λi+1
Ni+1,l(u). (3.5)

A parametric tensor product B-spline surface S(u, v) ∈ IR3 of degrees
(k, q) is defined analogous as

S(u, v) =
g

∑

i=−k

h
∑

j=−q

ai,j Ni,k(u)Mj,q(v), (3.6)
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where the coefficients ai,j ∈ IR3 are called control points, Ni,k(u)
and Mj,q(v) are univariate B-spline bases of degree q and q defined
as above for the knot sequences Λ = {λ−k, . . . , λg+k+1} and Γ =
{γ−q, . . . , γh+q+1} repectively.

The base functions have local support, i.e., Ni,k(u) = 0 if u is outside
the interval [ui, ui+k+1). That implies that both the determination
of the control points and evaluation of points on the B-spline surface
becomes efficient. It also makes it possible to vary the amount of
details that can be modelled by changing the number of knots in a
certain area. B-spline surfaces is suitable for design purposes. That
follows since the surface is completely determined by its control points
ai,j. By moving a control point, the surface changes in a predictable
manner. The local support property implies that the movement of a
control point only affects the surface locally.

The main difficulties in fitting applications is to find a suitable parametri-
sation and to automaticly choose the number of knots and their posi-
tions. In most application the degrees (d, q) are chosen to be less or
equal to three.

If we consider the interval 0 ≤ u ≤ 1, 0 ≤ v ≤ 1 (this is no restriction
since it can easily be scaled to arbitrary interval) and take g = h = 0,
and the knot sequences as Λ = {0, . . . 0, 1, . . . 1},Γ = {0, . . . 0, 1, . . . 1},
then the B-spline surface becomes a Bezier surface. That follows from
the fact that the tensor product Ni,k(u)Mj,q(v) become a tensor prod-
uct of Bernstein bases Bi,k(u)Bj,q(v) defined as

Bi,k(u) =
k!

i!(k − i)!
ui(1 − u)k−i.

Thus, the class of Bezier surfaces, which have been very popular in
earlier CAD/CAM systems, is included in the class of B-spline sur-
faces.

The literature on splines i vast, see the bibliography by Schumaker
and de Boor [62]. For example, de Boor [18] and Schumaker [61] give
a throughout treatment of the basic properties, Dierckx [19] considers
the issue about how to use splines in fitting applications, and Farin
[24] uses splines for design purposes.

In the literature there exist a number of extensions and modifications
to the standard spline concept. One is the consept of triangular splines
which we shortly consider in sec 4.8. Among the other extensions are
box splines, trigonometric splines, beta splines, splines under tension,
and spherical splines. Although some of them are of interest for sur-
face reconstruction, they are not today in the mainstream of surface
reconstruction methods. Therefore they are not considered further in
this paper.
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Nurbs surface: A drawback with B-spline curves and surfaces is that conic
sections can not be exactly represented. In order to have an uniform
representation of free form surfaces as well as conic sections, many of
the modern CAD/CAM systems have incorporated the use of NURBS
(Non Uniform Rational B-Splines). A nurbs-surface is defined as

S(u, v) =

∑g
i=−k

∑h
j=−q Ni,k(u)Mj,q(v)ai,jwi,j

∑g
i=−k

∑h
j=−q Ni,k(u)Mj,q(v)wi,j

. (3.7)

The additional degrees of freedom, compared to B-spline surfaces, is
represented by the weights wi,j . If these weights are treated as un-
knowns together with the control points in a fitting application, then
the resulting problem becomes nonlinear. Therefore it is common in
fitting procedures to set all the weights equal to one. The consequences
of this choice is that the denominator in (3.7) becomes equal to one and
we get exactly the same fitting problem as in the non-rational case.
Hence, to utilise the extra degrees of freedom that nurbs provides,
compared to non rational B-splines, we have to deal with a nonlinear
problem during the fitting process.

Most of the basic properties and algorithms about nurbs is nicely pre-
sented by Piegl and Tiller [53].

An extension of nurbs is dynamic nurbs (D-NURBS) which is a curve
or surface that varies with the time by letting the weights wi depend
on the time.

Curved patches Compared to the flat triangular mesh we get a more
general representation if we allow curved patches with three or more
sides. Most popular are the quadrilaterals which are used in tensor
product surfaces and curved triangles, e.g., triangular Bézier patches,
[24, 30, 58]. By incorporating constraints when stiching the different
patches together it is possible to represent smooth surfaces of arbitrary
topology.

In addition to the representations listed above, there are a number of
extensions and modifications. Several of them use the same principle as
the tensor product B-spline surface, i.e., expressing the surface as a linear
combination of tensor products of base functions. The difference is the
choice of base functions. Some examples are trigonometric functions and
Chebyshev polynomials.

Representations and methods based on multi resolution analysis (MRA)
and wavelets have been very successful in the area of image analysis and
signal processing. The basic properties, such as the possibility to efficiently
represent local details and the availability of efficient algorithms, are at-
tractive also for surface reconstruction. MRA have resently started to be
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more common in surface reconstruction applications, and many promising
approaches exist. A method that applies MRA to subdivision of meshes is
presented in the thesis by Lounsbery [48] which also includes references to
other applications of MRA for surface reconstruction. The connection be-
tween B-splines and wavelets is well known, see e.g., [14] and translations and
dilations of the B-spline functions have been used to form a spline wavelet
[4]. Also the concept of hierarchical splines [25, 42] looks as a promising
alternative to incorporate MRA into the field of surface reconstruction. A
source for information about MRA and surface fitting is the proceeding [44].

The different surface representations discussed above have different de-
gree of smoothness. The smoothness is determined by the continuity of the
derivatives and a low order requirement is that the surface itself is contin-
uous but nonsmooth (includes sharp edges and/or corners). If one want a
surface that is visible smooth a popular choice is to require the surface to
be first order geometric continuous, G1. This means that the tangent plane
should vary continuously on the surface [58]. This is a weeker condition than
the parametric, C1, condition but satisfactory for most applications.

It should be noted that if the surface to reconstruct is the border of a
solid, then it is required that the surface is closed. Implicit surfaces have this
property but parametric surfaces do not unless they use functions that are
periodic with respect to the parameters. Surfaces represented by meshes,
e.g., triangular meshes, become closed only if the closeness condition is ex-
plicitly considered during the construction of the mesh.

4 Fitting algorithms

The methods for fitting a surface to a set of discrete data are divided into
interpolation methods and approximation methods. The interpolation meth-
ods construct surfaces that exactly pass through the data points while the
approximation methods only require the surface to be close to the data
points. Since the data in surface reconstruction applications usually contain
some noise the approximation methods are the appropriate choice. In this
section we therefore present some common methods and algorithms that use
approximation for fitting the representations listed in the previous section
to the measured points. The algorithms are only roughly outlined and the
reader is pointed to the references for further details. First of all we need
some general discussion about accuracy and conciseness.

4.1 Accuracy, conciseness and statistical considerations

In order to fit an accurate and concise surface representation we need some
kind of measure of the accuracy and of the conciseness. The conciseness can
be measured by the number of bytes that is needed to store the representa-
tion of the fitted surface. For a triangular mesh this is directly proportional
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to the number of triangles that are used. For a B-spline surface it is deter-
mined by the order (degree +1) of the spline and the number of knots that
are used. Concise representations do not only save memory, they also per-
mit faster postprocessing of the surface, such as rendering, differentiation,
computation of intersections, etc.

The accuracy of the fitted surface determines the closeness between the
physical surface P and the fitted surface S. Since the surface P is known only
by some noisy samples pi, i = 1, . . . , n, the accuracy is measured by using
some assumptions about their noise. For example, we may assume that
the samples include additive gaussian noise which is uncorrelated between
different samples. That is,

pi = p̃i + ǫi, i = 1, . . . , n,

where pi is a sample, p̃i is an unknown point on the surface P, and ǫi is
a gaussian error vector with zero mean and with covariance matrix Ci =
E(ǫiǫ

T
i ). With those assumptions the maximum likelihood estimates, si, i =

1 . . . , n, of the points on the surface is obtained from the generalised least
squares problem

min
s1,...,sn∈S

n
∑

i=1

(si − pi)
TC−1

i (si − pi). (4.8)

If the errors in the different directions are uncorrelated, the covariance ma-
trices {Ci}

n
i=1 are diagonal and the generalised least squares problem turns

into a simplier weighted problem. A common case is when the covariances
are assumed to satisfy Ci = σi I, i = 1, . . . , n, i.e., the accuracy of the mea-
surements are assumed to be equal in all directions but varying between
different points. In those cases, solving (4.8) means that we minimise the
square sum of orthogonal distances between the samples and the fitted sur-
face. Curless [16] shows, under some assumptions about the errors in the
samples, how the solution to the weighted least square problem can be ob-
tained as a level set surface of a weighted sum of signed distances.

A slightly different statistical approach is used by Whitaker [76] who
applies a maximum a posteriori (MAP) estimation. For this he uses the
Bayes rule to express the a posteriori probability as

P (P|p1, . . . , pn) =
P (p1, . . . , pn|P)P (P)

P (p1, . . . , pn)
. (4.9)

The estimation S of the surface P is achieved by minimising the negative
logarithm of this probability. That is

S = arg min
P

n
∑

i=1

− log (P (pi|P)) − log P (P). (4.10)
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This structure with one term concerning the fitness of data and one term
concerning the prior information about the surface (independent of the sam-
ples) is typical for MAP reconstructions. The term about the prior can be
regarded as a regularisation term and can be compared the term controlling
the smoothness when computing a smoothing spline [74]. Whitaker solves
problem (4.10) using a deformable level set surface based on voxels.

The assumption about gaussian errors implies that the optimisations
problem to be solved becomes fairly easy. However, in many applications
the covariance matrices are not known a priori and it may be a nontrivial
task to obtain god estimates of them. Even worse is that it is common with
measurement errors including non gaussian noise. That may be caused by
reflections, not perfectly calibrated range cameras and others. In presense
of outliers the least squares estimates can be very biased and more robust
criterias, e.g., L1 or the Huber criteria, should be used, see e.g., [39]. Unfor-
tunately, the algorithms that solve the optimisation problems arising from
such criteria become more complex and more time consuming compared to
the algorithms that solve the corresponding least squares problems. Since
the least squares criteria are most common we will focus on this when we
later on fit different kind on surface representations. It is important however
to note that more robust criterias could be used in all those cases.

The sum in (4.8) implicitly shows the trade of between conciseness and
accuracy. By increasing the conciseness of the surface S, the dimension
of the minimisation space decreases and the minimal value of the sum in-
creases. Hence better conciseness implies less accuracy. An example on how
to explicitly deal with the trade of is given in [38] where a triangular mesh
is fitted by minimising

n
∑

i=1

‖si − pi‖
2 + cm+ κ

∑

i,j

‖vi − vj‖
2, (4.11)

where vj , j = 1, . . . ,m are m vertices in the mesh and c and κ are predefined
constants. The first term is about the accuracy and the second term penalise
inconcise meshes. The third term is use to regularise the mesh in areas with
no (or very few) samples. A large value on c gives a concise mesh with
poor accuracy, while a small value on c implies an inconcise but accurate
mesh. The importance of conciseness compared to accuracy is dependent on
the particular application and how the surface should be used. One rule of
thumb however is that one should not strive for an accuracy that is better
than the noise level and the density in the samples permit. When over fitting
occurs the surface S approximates the measured points including the noise
and not only the physical surface P.
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4.2 Fitting a grid

Assume that we want to fit a grid with nodes (xi, yj, zi,j), where the points
(xi, yj) are the nodes of a 2D rectangular grid. Almost all existing algorithms
computes the values of zi,j by some weighted average of the z-values of the
measured points whose projection onto the x, y-plane is in the neighbour-
hood of (xi, yj). The weights do normally depend on the distance between
the projection and the grid point (xi, yj). The algorithms differ by how the
neigbourhood is defined and how the averaging is performed. It is common
to distinguish between local methods and global methods, see e.g. [1]. The
local methods, which use only a small neigbourhood are most common. The
conciseness of the representation does only depend on the density of the grid.
The density does also have the most influence on the accuracy, but also the
choice of averaging method affects it. Some gridding methods are discussed
in [75]

4.3 Fitting a triangular mesh

When fitting a triangular mesh there are two main approaches.

1. Construct a dense mesh that fulfill a condition about the accuracy,
then repetly simplify the mesh such that we end up with a coarse
mesh that still satisfies the accuracy threshold.

2. Start with a coarse mesh and adaptively subdivide it into denser
meshes until a threshold about the accuracy is reached.

Construction of a dense triangular mesh
Turk and Levoy [70] present a polygonal method that fits a triangular mesh
to each range image. The different meshes are then zippered together into
one triangular mesh and overlapping areas are eroded. Their method utilises
the structure in each range image but can have bad behaviour in areas of high
curvature. Oblons̆ek and Guid [51] present a method based on an adaption
of the 2D Delaunay triangulation. Their methods deals with scattered points
and can also extract sharp edges and corners.

Different from the polygonal methods are the volumetric methods that
have been used exhaustively for surface reconstruction. They are also appli-
cable on unorganised sets of points. In a volumetric methods the 3D area
of interest is diveded into voxels, i.e., 3D boxes. Each voxel contain eight
vertices and by evaluating a field function at those vertices it is possible
to extract a level surface of the field function, for example, by a marching
cube algorithm [47]. The field function is often chosen as a signed distance
function.

Hoppe et.al. [37] evaluate the signed distance function using projections
onto approximated tangent planes. Since their algorithm handles sets of
unorganised points it must also determine the sign of the distance, i.e.,
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decide which of the two possible directions for a normal that should be
used for each plane. This implies that a vertex of a voxel is decided to be
”outside” or ”inside” the boarder of a solid.

Curless and Levoy [17] use a similar approach on each range image, and
for each voxel they combine the different range images into one weighted
signed distance function. Using the values of the distance function at the
voxel vertices the marching cube algorithm approximates the zero set of the
distance function by a set of connected triangles. This s done by computing
the intersection between the zero set and the voxel edges by linear interpo-
lation. Häusler and Karbacher [33] claims that the algorithm by Hoppe et.al
can handle unorganised data at a price of being applicable only on sets with
a few 10 000 of points, while the algorithm by Curless and Levoy is able to
handle sets with millions of points because it utilises the structure in the
different range images. Implementations of voxel-based algorithms can me
much more time efficient if the data structures are chosen with care and if
the structure in the problem is utilised, see e.g., [59].

A simplier and attractive method is proposed by Pulli et.al. [57]. The
voxels in the volumetric grid is for each range image classified to be either
outside, inside or on the surface by using geometric properties about the
viewing angle. The algorithm recursively subdivides each voxel that are
classified to be on the the surface into eight smaller voxels and the process
is stored in an octree data structure. By some simple rules the classifications
of the voxels from the different range images are combined into one common
classification. The rules enable that outliers are easily removed. When the
predefined level of refinment are reached a triangular mesh is constructed
from the sides of the voxels.

Simplifications of a triangular mesh
The accuracy of the triangulations constructed by the volumetric meth-
ods, described above, depends on the density of the volumetric grid. It is
therefore common that one ends up with a very dense and inconcise repre-
sentation. In order to construct a more concise triangulation there exist a
number of mesh optimisation techniques that try to decrease the number
triangles in areas where the surface is relatively flat. Véron and Léon [72]
use a method that removes triangles by considering some error zones in the
original nodes. Their method is iterative and in each iteration the simpli-
fied mesh is required to intersect each of the error zones corresponding to
the nodes of the previous iteration. A mechanism for transferring the error
zones from one iteration to the next is used. The method is static in the
sense that the simplified mesh only contains nodes from the original mesh,
thus there is no movement of the nodes involved.

Hoppe et.al. [38] use a method for minimising (4.11). Their method con-
sider two different optimisation problems. One continuous problem dealing
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with the positioning of the nodes and one discrete problem dealing with the
the number of nodes to use and their connectivity. In each iteration of their
optimisation algorithm a new discrete setting is chosen and the continuous
problem is solved. In order to limit the number of different discrete setting
to try, they use some heuristics to decide which discrete changeses that are
most likely to give a decrease in (4.11). The continuous problem, occurring
in each iteration, is to find the node positions that minimises the first and
third term in (4.11). Using the barycentric coordinates of the projections of
the measured points onto the triangles the problem is formulated as a sparse
linear least squares problem. An approximative solution to this problem is
obtained after a few iterations by the conjugated gradient algorithm [26].

Adaptive mesh construction
One drawback with the methods using the first approach is that one spend
a lot of time computing triangular faces that will be removed or changed
during the mesh-simplification phase. Hence, the second approach may be
more attractive in applications with a lot of flat regions and dense sets of
samples. Some examples of methods using the second approach are shortly
introduced below.

Shekhar et.al., [65] propose an enhanced marching cube algorithm. The
main features are that voxels corresponding to flat areas of the surfaces are
adaptively merged and that the number of visited voxels are decreased by
using a surface tracking method. Hence they claim that their algorithm is
very efficient and does not create unnecessary triangles.

Tanaka and Kishino [69] present a parallel algorithm that computes an
triangulation of a function surface. The method adaptively refines a 2D
mesh in the xy-plane using approximated curvature information. Imple-
mentation details that are important for achieving short execution times,
are also presented.

Triangulations methods with varying resolution may end up with a mesh
that contains cracks at the border between two different mesh sizes. Both
methods mention above, consider this problem and construct continuous
surfaces.

4.4 Fitting of subdivision surfaces

Catmull and Clark [12] show that a parametric bicubic B-spline surface can
be regarded as the limit of an infinite process of subdivisions of an original
quadrilateral mesh. This technique has later been modified to subdivision
schemes that works on triangular meshes as well. Subdivision schemes have
been analysed, using the eigenvalues of the matrix corresponding to the
subdivision rules, and shown to produce tangent continuous surfaces, see
e.g., [3, 21]. Recently schemes with higher order smoothness also start to
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appear, see e.g. [55]. Not all physical surfaces are smooth however, and
Hoppe et.al. [36] modified the triangular subdivision scheme of Loop [46]
such that also sharp edges could be modeled.

Subdivision surfaces are well suited for modeling surfaces with complex
topologies. Since the points on a subdivision surface are defined by an
indefinite process it is not straight forward to use such representations i
fitting applications. Hoppe et.al. [36] considered also the fitting problem,
using approach similar to the one in [38] (see simplifications of a triangular
mesh, above). Because of the subdivision representation of the fitted surface
S, it is not possible to project a sample point onto the surface in order to
measure the distances appearing in the first term in (4.11). Their solution
is to project the samples onto a linear approximation of S obtained by
applying a few subdivisions of the original mesh and then putting all the
vertices of the new mesh into their limits positions. The latter issue is
performed using the fact that it is possible to express the limit position of
a vertex by utilising the eigenvector structure of the matrix corresponding
to the subdivision rules.

4.5 Fitting of explicit function surfaces

Let fa(x, y) be a model function that represent the function surface as z =
fa(x, y). The function depends on some unknown shape parameters a ∈
IRm that should be determined such that fa(xi, yi) ≈ zi, i = 1, . . . , n. The
model function can in some cases be very specific if the geometry of the
physical surface is known a priori. In most cases however a general model
function is used, e.g., a tensor product B-spline (see section 4.8.) The criteria
corresponding to (4.8) for determining the parameter a becomes

min
a

n
∑

i=1

1

σ2
i

(fa(xi, yi) − zi)
2, (4.12)

where σ2
i is the covariance of the error for the i:th sample. It should be noted

that this setting assumes that the error in the samples only occur in the z-
direction. This can be a valid assumption if z corresponds to the distance
measured by the range cameras and the error in the distance measurements
can be assumed to be much larger than the localisation error in the x, y-
plane. If the errors in the samples occur in all directions it is better to use
methods for parametric surfaces.

If the model function depends linearly on the parameters a the least
squares problem (4.12) is linear, otherwise it is nonlinear. A nice survey of
methods for solving least squares problems, linear as well as nonlinear, is
given by Björck [6]. Methods for nonlinear problems are iterative and are
more expensive than methods for linear problems. Hence, model function
that yields linear problems are more common. By considering only such
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model functions a lot of parameters, i.e., large value on m, may be needed
in order to achieve an accurate approximation.

A different approach to perform explicit surface fitting is to use varia-
tional formulations, see, e.g., [9] and pp. 144 in [19]. An example of such
formulation is the approximating thin plate spline function f(x, y) defined
as the function that minimises

1

n2

n
∑

i=1

(f(xi, yi) − zi)
2 + λ

∫ ∫

IR2
f2

xx + 2f2
xy + f2

yy dx dy, (4.13)

where λ is a chosen smoothing parameter, and fxx, fxy, fyy are the second
order derivatives of f . The the minimiser of (4.13) can explicitly be written
as

f(x, y) =
1

8π

n
∑

i=1

ai r
2
i (x, y) log(ri(x, y)) + an+1 + an+2x+ an+3y, (4.14)

where ri(x, y) = ‖(x, y) − (xi, yi)‖ and the coefficients ai, i = 1, . . . , n + 3
are computed as the solution to a dense linear system, see [19] for details.
Since we have n+ 3 coefficients to determine, the fitted surface is inconcise
and expensive to compute. Hence, for large sets of data this approach is not
attractive.

4.6 Fitting of parametric surfaces

A parametric surface is defined by (3.3), where the model functions f1, f2,
and f3 also depend on some unknown shape parameters a ∈ IRm. Corre-
sponding to (4.8) the surface that minimises the square sum of orthogonal
distances to the samples can be found by determining the shape parameters
a ∈ IRm and local parameters (ui, vi), i = 1, . . . , n, that solve

min
n

∑

i=1

‖(f1(ui, vi), f2(ui, vi), f3(ui, yi))
T − pi‖

2. (4.15)

It is possible to add weights to this formulation. The weights can be chosen
to take care of different accuracy of different sample points, but also to
handle problems where the accuracy vary in different directions [28].

For curved surfaces, the problem (4.15) is nonlinear also if the model
functions depends linearly on a. Further more, there are m+2n parameters
to determine. Hence, this approach usually becomes too expensive in sur-
face reconstruction applications, where large, or very large values of n are
common. If we do not require that the closeness of the fit should be mea-
sured using the orthogonal distances between the surface and the samples,
it is possible to remove the local parameters (ui, vi), i = 1, . . . , n from the
minimisation process and treat them as known constants. When the model
functions are chosen to depend linearly on the shape parameters a we end
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up with a linear least squares problem with n equations and m unknowns.
(This is the case when using tensor product B-splines with a as the unknown
control points, see section 4.8.)

The reduction from m+ 2n unknowns down to n unknowns has a price
that the values on the 2n constants (ui, vi), i = 1, . . . , n must be determined
before the minimisation process starts. That is, for each sample pi we must
assign a pair of local parameters (ui, vi). We shortly consider this nontrivial
problem below.

Parametrisation of sample points
In the case of surface fitting to a grid of surface points there exist three com-
monly used methods [49]. Assume that the samples can be structured into
pi,j, i = 1, . . . , nu, j = 1, . . . , nv, nunv = n (we omit the exact definition of
the structure, see [49] for some guiding illustrations). Local parameters can
then be computed as

ui,j =

∑i−1
k=1 ‖pk+1,j − pk,j‖

e

∑nu−1
k=1 ‖pk+1,j − pk,j‖e

, i = 2, . . . , nu, j = 1, . . . , nv, u1,j = 0,

vi,j =

∑j−1
k=1 ‖pi,k+1 − pi,k‖

e

∑nv−1
k=1 ‖pi,k+1 − pi,k‖e

, i = 1, . . . , nu, j = 2, . . . , nv, ui,1 = 0,

where 0.0 ≤ e ≤ 1.0. The values 0, 0.5, and 1 on e correspond to uniform
parametrisation, centripetal parametrisation, and cumulative chord length
parametrisation, respectively. The fitting problem, corresponding to (4.15),
in this gridded setting becomes

min
nu
∑

i=1

nv
∑

i=1

‖(f1(ui,j , vi,j), f2(ui,j , vi,j), f3(ui,j , yi,j))
T − pi,j‖

2. (4.16)

In surface reconstruction applications the samples are often scattered
and the methods mentioned above are not applicable. Ma and Kruth [49]
propose a method that computes the parametrisation by projecting the sam-
ples onto a parametric base surface that is a rough approximation of the
surface to be fitted. The values on the base surface’s local parameters of
the projected samples are then used as the parameter values in the fitting
process. This method can of course be iterated by using the fitted surface
as the base surface in the next iteration. The creation of the initial base
surface is critical. It is performed using some curves that approximately
belongs to the surface. For example, the base surface can be a Coon surface
constructed from some boundary curves [24]. For complex surfaces several
curves are needed and they can be fitted to the samples using a parametri-
sation method similar to the ones mentioned above. Ma and Kruth claims
that their method does not only makes it possible to handle non structured
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samples, but also gives better results for many problems with structured
samples.

Ideas similar to the one by Ma and Kruth are used by Guo [29] who
computes the local parameters corresponding to a B-spline surface using a
triangular mesh as a base surface. Since a triangular mesh is not a paramet-
ric surface they also need a mapping from a mesh to a parametric surface
of the same topology. Guo solves this latter problem with a technique by
Grimm and Hughes [27] that constructs a manifold from a polyhedral mesh.

4.7 Fitting of implicit surfaces

An implicit surface is defined as the zero set to a function fa(p), where
p = (x, y, z), and a ∈ IRm are some shape parameters. The fitting problem
can correspondingly to (4.8), be formulated as

min
∑n

i=1(si − pi)
TC−1

i (si − pi),
s.t. fa(si) = 0, i = 1, . . . , n,

(4.17)

where the minimisation is over the shape parameters a ∈ IRm, and the sur-
face points s1, . . . , sn ∈ IR3. Gulliksson and Söderkvist [28] present a method
that solves this nonlinear constrained problem in the case where the covari-
ance matrices are diagonal. They also compare fitting of parametric surfaces
to fitting of implicit surfaces in the cases where the surface can be described
both parametricly and implicitly. Although the algorithms for the implicit
formulation are bit more complicated than for the parametric formulation,
the iteration procedure has asymptoticly the same rate of convergence as the
corresponding iteration for the unconstrained parametrised problem. Some
advantages for the implicit formulation are that it is more easily to find
initial values on the unknowns and that unnecessary singularities, that can
occur in the parametrised formulation, are avoided. The number of un-
known is m+ 3n but since we also have n constraints the dimension of the
minimisation space is m + 2n, i.e., the same as in the parametric setting.
This should however be compared to the only m values (a ∈ IRm) that are
needed in order to represent the shape of the surface.

Problem (4.17) have nice geometrical and statistical properties, see the
discussion below (4.8). But since we are forced to used methods for con-
strained optimisation and the fact that the number of unknowns can be huge
in surface reconstruction problems, simplier but geometrically less satisfy-
ing criterias, are common. In the review by Bolle and Vemuri [9] several
criterias and methods for implicit surface fitting are discussed. A popular
choice is to solve the problem

min
a∈IRm

n
∑

i=1

fa(pi)
2, (4.18)

which gives a fitted surface with several drawbacks as discussed in [9].
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With no a priori information about the physical surface, the model func-
tion fa are usually chosen as superquadrics, (3.2) or extensions of them.
By allowing many shape parameters, complex surfaces can be modelled and
also nonsmooth surfaces can be approximated with good accuracy. See for
example Leonardis et.al [45] for how to use superquadrics for recovering
part-models from range data, and Cohen and Cohen [15] who use a hybrid
hyperquadric model that describes global as well as local properties by one
single implicit equation.

4.8 Fitting of Spline surfaces

Splines have been frequently used for modeling curves and surfaces. We will
here outline only the basic ideas, but many extensions and modifications of
these have been developed in order to adapt to a particular application.

Tensor Product B-splines
When fitting an explicit function surface using a tensor product B-spline
one usually tries to minimise

δ =
n

∑

l=1



zl −
g

∑

i=−k

h
∑

j=−q

ai,j Ni,k(xl)Mj,q(yl)





2

, (4.19)

where Ni,k(x) and Mj,q(y) are univariate B-spline bases of degree k and q
respectively, defined in (3.4, 3.5). Of course it is possible to also use weights
as described above, but we omit them here for the reason of simplicity. If
the number of knots and their position are fixed, and only the control points
{{ai,j}

n
i=1}

m
j=1 ∈ IR are considered during the minimisation of (4.19), we end

up with a sparse linear least squares problem. If also the knots are considered
as unknowns the problem becomes a nonlinear problems which can proved
to have many stationary points. In most application the optimal positions
of the knots are not needed, ”god” positions are satisfactory. Therefore the
knot placement problems are usually solved using some heuristic, but in
practise well working, methods.

In order to control the trade of between smoothness and fidelity to the
samples one can use a smoothing spline. That is a spline that minimises

δ + λη,

where η is a smoothing norm that measures the smoothness of the splines,e.g.,
a square sum of the discontinuity jumps of the highest derivatives at the
knots, and λ is a given smoothing parameter. The value to use on λ de-
pends on the accuracy of the samples. Several algorithms that automaticly
computes a suitable values exist but many are computational expensive. A
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large value on λ implies that we get a smooth solution, while a small value
yields a spline surface that are close to all the samples.

When considering parametric tensor product B-splines as in (3.6) the
fitting problem can be considered as three separate problems, one in each di-
mension. With fixed knots each component of the control points
{{ai,j}

n
i=1}

m
j=1 ∈ IR3 can be computed by solving a linear least squares prob-

lems. The coefficient matrix is the same in all three problems and only
the right hand side vector differ. Hence, the three problems can be solved
efficiently.

If the data are structured in a grid the fitting of a tensor product B-spline
surface can be performed more efficiently than for scattered data. That is
because the surface fitting problem separates into several curve fitting prob-
lems with fewer unknowns. For large set of scattered data it may therefore
be advantageous to grid the data before the spline fitting method is applied.

A problem with scattered data is also that the arising matrices often
becomes singular or ill-conditioned in cases where the knots are not selected
accordant to a varying density of samples. This can be avoided using care-
ful knot selection algorithms that may end up with curved knotlines. These
algorithms are however hard to automise and often require assistance from
the user.

Triangular splines
For complex geometries or for surfaces with the varying amounts of details,
a tensor product approach with adaptive refinement of the knot-net may
end up with a dense representation over the hole area of interest. Hence,
the conciseness of the representation is poor. An alternative is to define
splines on triangles which simplifies locally refinement. Unfortunately the
apparatus around triangular splines is more complex than for tensor product
splines. Examples of some approaches are described in [19, 20, 64].

Nurbs
The techniques mention above for non-rational splines are also valid for the
rational case with one important difference. A rational spline have more
freedom and can model slightly more complex surfaces than the correspond-
ing non-rational spline. This comes at a price of introducing new unknown
weights that have to be determined by some nonlinear technique. Hence in
most, application only non-rational splines are fitted for the sake of efficiency
and simplicity.

Examples of nurbs fitting are presented by Han and Medioni [31] who
fit triangular nurbs to scattered data and by Kruth and Kerstens who fit
tensor product nurbs under boundary conditions. Such conditions can be
used for connecting different nurb patches (see below).
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4.9 Fitting curved patches

By allowing the patches to be nonlinear it is possible to accurately represent
curved surfaces with less number of patches compared to the case when only
linear patches are used. Careful merging of different patches enables smooth
representations. A classical example of curved patches are the Bézier patches
[24], triangular or quadrangular.

In order to be compatible with modern CAD/CAM systems represen-
tation based on tensor product B-splines (or tensor product nurbs) patches
have been considered, see e.g., [23, 43, 50, 73]. Different strategies for as-
suring G1 continuity are used.

A single parametric tensor product B-spline patch can model compli-
cated geometries by using a lot of knots. But since the parametrisation
(u, v) is the same within the patch there is still serious limitations in which
classes of surfaces that can be represented. By using several patches with
different parametrisations those limitations are removed and surfaces of ar-
bitrary topology can be modeled. This of course has a price of more complex
models which are more expensive to compute.

5 Discussion and concluding remarks

In this section we make some concluding remarks about the different meth-
ods considered in the previous sections. The experiences gain by those who
have contributed within this field are summerised in a subjective spirit.

Most people working within this field have a background and interest in
either computer vision, mechanical engeneering, or robotics. The literature
from the field of computer vision is vast, see [56], but the amount of work
from the other two areas of interest is also impressive. The people from
the computer vision area have their main focus on how to render a surface
on the screen. The people with interest in mechanical engeneering often
want to put their surface model into a CAD/CAM or FEM environment.
And people working in the field of robotics usually want to identify some
particular objects from the range images. It is important to know this
background when judging different approaches against each other.

The most important issues when chosing a surface reconstruction method
are listed below:

Prior knowledge of the physical surface As much information as pos-
sible about the physical surface should be used. Although general algo-
rithms for arbitrary surfaces exist, we gain a lot by using a method that
use prior information about the surface. For example, to fit a smooth
explicit function surface we do not gain anything by using algorithms
that computes triangulation of surfaces of arbitrary topologies as an
initial step.
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Usage of the fitted surface How should the reconstructed surface be used
? Do we want it to be differentable ? Should it be visualised on a
computer screen and/or should postprocessing of the representation
be performed ?

Speed and accuracy What kind of accuracy do we need, and how long
can we wait for the reconstructed surface to be computed ? There is
always a trade of between these two issues.

Measuring devices What kind of measuring devices and procedures are
available. What density and accuracy of the samples do we have ? Is
it possible to utilise any structure in the measured data ?

Possibilities to interaction Do we want the surface reconstruction to be
fully automatic or is it possible to put some user interaction into the
process ? It is much easier to construct methods that use intelligent
knowledge from a human in critical decisions than to build this intel-
ligence into a fully automatic system. User interaction is often costly
and time consuming, hence an automatic system is preferred in most
situations.

In cases where a nonsmooth surface representation is satisfactory, a tri-
angulation method is the obvious choice. That is because a triangular mesh
is easily adapted to different geometries and there is a god knowledge about
how to create such meshes. The structure in the range images should be
utilised in order to speed up the process. This is most important when sev-
eral views are used. Implementation details such as data structures etc. are
also of great importance for the speed of the triangulation process.

If a smooth surface is required the spline model is a natural alternative.
A tensor product B-spline surface can be used in most cases but if we have
a complex geometry of a surface with varying levels of details a triangular
spline may be more appropriate. It is often possible to transform the problem
into a problem with easier structure, e.g., from a parametric fitting problem
to a problem of fitting an explicit function surface, and one should therefore
carefully study a particular problem before choosing the fitting method.

For geometries that requires parametric representations, we have to as-
sign appropriate parameter values to the samples. This is a hard problem
and it feels like there is still some potential for improvements of the existing
methods.

A general purpose method for reconstructing surfaces with arbitrary
unknown topology may start by computing an initial triangular mesh. The
mesh estimates the topology and geometry of the surface and during the
triangulation process ouliers can be sorted out by using information from
different views. If a smooth representation is wanted we fit a spline model to
the data using the triangular mesh as a resource for finding a parametrisation
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of the samples. A triangular spline model may be the choice, but if a tensor
product surface is wanted, a number of B-spline tensor product patches are
put together with appropriate smoothness conditions at the boundaries.

This method is general but it will be very costly, and therefore simplier
methods should be used when possible.

The multi resolution analysis approach and its coupling to wavelets looks
as a promising alternative. This introductory overview have not considered
such methods in details and it is therefore need for further investigations of
this interesting area.

Availability of software
Commercial system for surface reconstruction do exists but are not yet im-
pressive with respect to general purpose usage. However, the progress in the
area is fast and it is possible that the situation has improved dramaticly in
a near future. Different research teams have developed software for differ-
ent approaches but these are in most cases not publicly available. Software
libraries for basic computational task in areas such as linear algebra, opti-
misation, and basic spline fitting, exist and should be used when developing
new systems.
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[28] M. Gulliksson and I. Söderkvist. Surface Fitting and Parameter Estima-
tion with Nonlinear Least Squares. Optimization Methods and Software,
5:247–269, 1995.

[29] B. Guo. Surface Reconstruction: From Points to Splines. Computer
Aided Design, 29:269–277, 1997.

[30] W.S. Hall and T.T. Hibbs. Continous, Quadrilateral, and Triangular
Surface Patches. In C.F.M. Creasy and C. Craggs, editors, Applied Sur-
face Modelling, pages 130–138. Ellis Horwood Limited, London, 1990.

[31] S. Han and G. Medioni. Triangular NURBS Surface Modeling of Scat-
tered Data. IEEE Visulaisation 96, San Fransisco, 1996.

[32] R.J. Hanson and M.J. Norris. Analysis of Measurements Based on the
Singular Value Decomposition. SIAM J. Sci. Stat. Comput., 2:363–373,
1981.

27
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