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Abstract

We study the problem of computing the k maximum sum subarrays.
Given an array of real numbers 〈x1, x2, · · · , xn〉 and an integer k, 1 ≤ k ≤
1

2
n(n − 1), the problem involves finding the k largest values of

j
∑

ℓ=i

xℓ for

1 ≤ i ≤ j ≤ n. The problem for fixed k = 1, also known as the maximum
sum subsequence problem, has received much attention in the literature

and is linear-time solvable. In this paper, we develop an O
(

n
√

k
)

-time

algorithm for the k maximum sum subarrays problem.
Moreover, for two-dimensional version of the problem, which computes

the k largest sums over all rectangular subregions of an m × n array of
real numbers, we show that it can be solved in O(min{m2n

√
k, m2n2})

time in the worst case.

1 Introduction

One frequently used pedagogical example of optimizing computer programs for
speed is the maximum sum subsequence problem [Wei95]. Given a sequence of
real numbers 〈x1, x2, · · · , xn〉, the objective is to find a subsequence of consecu-
tive elements with the maximum sum among all such subsequences 〈xi, · · · , xj〉
for 1 ≤ i ≤ j ≤ n. This problem is a special one-dimensional version of the max-
imum sum subarray problem that serves as a maximum likelihood estimator for
some patterns when processing digital pictures [Ben85a, Gre78]. For the latter
problem, a two-dimensional array of real numbers is given, and the task is to find
a rectangular subarray with the largest possible sum among all such subarrays.
The problem arises in data mining and graphics as well [AIS93, FMMT96].

The maximum sum subsequence problem has a linear time sequential so-
lution [Ben85b, Gri82]. For an m × n arrays of real numbers, the maximum
subarray problem can be solved in Θ

(

m2n
)

time (assuming that m ≤ n)
[Ben85b, Gri82, Smi87]. By reducing the problem to graph distance matrix
multiplications, Tamaki and Tokuyama [TTT98] present the first sub-cubic time
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algorithm for the maximum sum subarray problem. Following the same strat-

egy, Takaoka [Tak02] gives a modified algorithm with Θ
(

m2n
√

log log m
log m

)

worst-

case running time. In the context of parallel computations, optimal speed-up
algorithms on different models of parallel computations have been developed
[Smi87, AG91, PD95, QA99].

A natural extension of the above problems is to compute the k largest sums
over all possible subarrays. As mentioned above, the maximum sum subsequence
problem can be solved in O(n) time [Ben85b, Gri82]. Closer inspection reveals
that a similar approach (by scanning the input array and updating the maximum
sum subsequence encountered so far) seemingly will not work for out generalized
problem (since the number of candidate subsequences becomes Θ(n2)). In this
paper, we will present simple and efficient algorithms to solve these problems.

In the next section, the computational problems to be solved are defined and
an efficient algorithm for solving the 1-dimension k maximum sum subarrays
problem is developed in Section 3. Extending our approach to higher dimensions
are presented in Section 4. Section 5 concludes the paper with some open
problems.

2 Problem Settings and Main Results

Given an array X of real numbers 〈x1, x2, · · · , xn〉 and an integer k, 1 ≤ k ≤
1
2
n(n − 1), the 1-dimension k maximum sum subarrays problem is to compute

the k largest values of
j

∑

ℓ=i

xℓ for 1 ≤ i ≤ j ≤ n. This problem becomes trivial

if k = Θ(n2): An optimal algorithm for the problem runs in Θ(n2) time in the

worst case by first computing all possible sums
j

∑

ℓ=i

xℓ (1 ≤ i ≤ j ≤ n) and then

selecting the k largest sums. We propose an algorithm running in O
(

n
√

k
)

time in the worst case in Section 3.
The 2-dimensional k maximum sum subarrays problem is defined as fol-

lows. Given an array X = [xi,j ]1≤i≤m,1≤j≤n
of real numbers, find the k

largest values of
q
∑

i=p

s
∑

j=r

xi,j for 1 ≤ p ≤ q ≤ m and 1 ≤ r ≤ s ≤ n, where

1 ≤ k ≤ 1
4
m(m− 1)n(n− 1). Assume without loss of generality that m ≤ n. A

straightforward algorithm would cost O
(

m2n2
)

via an enumeration of all pos-
sible sums. We will show how to reduce the time complexity for this problem
to O(min{m2n

√
k, m2n2}) in the worst case in Section 4. A straightforward ex-

tension to higher dimensions takes O
(

min{n2d−1
√

k, n2d−1k}
)

time for a given

d-dimension array with size n in each dimension.
In processing our algorithms for the above problems, we need to perform

the selection and the search operation in the Cartesian Sum A + B of an array
A = 〈a1, a2, · · · , am〉 and an array B = 〈b1, b2, · · · , bn〉 of real numbers, where
A + B is the set {ai + bj |1 ≤ i ≤ m and 1 ≤ j ≤ n}; optimal algorithms have
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been developed for those problems [FJ82, FJ84].
Throughout the paper we assume that either the input array is already

resident in internal memory, or each number can be computed as needed in
constant time. All logarithms are to the base 2.

3 One-Dimensional Case

In this section, we show how to solve the one-dimensional problem in O(n
√

k)
time in the worst case. We will present a simple and fast divide-and-conquer
algorithm.

Obviously, if the input array is divided into two blocks of consecutive ele-
ments, all the k largest range sums must be entirely located in the left block,
in the right block, or cross the border between the left and the right block. By
crossing the border we mean that the left endpoint of the subarray is located in
the left block and the right endpoint in the right block.

In order to efficiently find the range sums crossing the middle border, we
will precompute all the suffix sums S of the left block and all the prefix sums
P of the right block. After that, all the range sums crossing the border is now
an element in the Cartesian sum of S + P . The k largest elements in S +P can
be found fast if we first sort the sets S and P . In fact, our algorithm produces
not only the k maximum subarray sums, but also the k largest prefix sums, the
k largest suffix sums (in sorted order), and the sum of a given array. That is,
our algorithm solves the following problem:

maxSum(X, k):
Input: An array X of n reals and an integer k, 1 ≤ k ≤ 1

2
n(n− 1).

Output: KX : the set of the k largest range sums of X
PX : the set of the min{k, n} largest prefix sums of X
SX : the set of the min{k, n} largest suffix sums of X
w(X): the sum of X

Observe that if k = Θ(n2), the above problem can be solved by first com-
puting all the possible range sums of X and then select the k largest ones. This
can be done in Θ(n2) time in the worst case. Similarly, w(X), PX and SX can
be computed in O(n log n) = O(n2) time. Therefore, we have

Lemma 1 The maxSum(X, k) problem, when k = Θ(n2) can be solved in O(n2)
time in the worst case.

To speed up our divide-and-conquer algorithm, the recursion stops when the

size of the underlying block drops below Θ
(√

k
)

. In that case, our algorithm

applies the method from the above lemma to that block.

Algorithm: AlgoMaxSum(X, k)
Input: An array X of n real numbers and an integer k, 1 ≤ k ≤ 1

2
n(n−1)

Output: (KX , PX , SX , w(X))
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1. If k = Θ(n2) then compute (B, P, S, w) according to Lemma 1 and exit.

2. Divide X into two blocks of equal size: L = X [1..1/2] and R = X [1/2 +
1..n].

3. Recursively solve the problem maxSum on L and R, respectively, and let

• (KL, PL, SL, w(L))← AlgoMaxSum(L, k),

• (KR, PR, SR, w(R))← AlgoMaxSum(R, k).

4. Find the set, C, of all the largest elements in SL + PR.

5. Select the k largest elements in KL ∪ C ∪KR resulting in the set KX .

6. Assign the k largest elements in PL ∪ (PR + {wL}) to PX .

7. Assign the k largest elements in (SL + {wR}) ∪ SR to SX .

8. Compute w(X) = w(L) + w(R).

The correctness of the algorithm follows directly from the above description.
We will analyze the time complexity step by step. Let T (n, k) be the worst-
case running time of the algorithm AlgoMaxSum(X, k). Step 2 takes O(1) time
and Step 3 requires 2T (n/2, k) time. Step 4 can be done by first finding the
kth largest element, x, in SL + PR and then searching for all the elements in
SL + PR that are larger than x. Here we may assume without loss of generality
that all the elements in SL + PR are distinct. Notice that both SL and PR are
sorted. Thus, x can be found in Θ(k) time [FJ82] and the search problem above
can be solved in Θ(k) time as well [FJ84]. Step 5 takes Θ(k) time using any
standard linear time selection algorithm. One way to implement Step 6 is to
first merge PL and PR + {wL} and then choose the k largest elements in the
resulting sorted set, which can be done in Θ(k) time. Similarly, Step 7 runs in
Θ(k) time. The last step needs only constant time. To sum up, we have the
following recurrence

T (n, k) =

{

2T
(

n
2
, k

)

+ O(k) , if k = o(n2)

O(n2) , if k = Θ(n2)
.

Hence, T (n, k) = 2iT
(

n
2i , k

)

+ O
(

∑i−1

j=0 k2j
)

. Letting (n/2i)2 = k results in

2i = n/
√

k. Hence, T (n, k) =
(

n/
√

k
)

T
(√

k, k
)

+ O(n
√

k) =
(

n/
√

k
)

O(k) +

O(n
√

k) =O(n
√

k).

Theorem 1 The maxSum(X, k) problem can be solved in O(n
√

k) time in the
worst case.

In the next section, we will show how to solve the high-dimensional problems
incrementally by using our fast 1-dimensional algorithm.
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4 Higher Dimensional Cases

We first study the two-dimensional version of the problem; that is, to find
all the orthogonal continous subregions that has a sum at least as large as
the kth largest sum among all continuous subarrays of a given two-dimensional
array. The following algorithm simply reduces the demension parameter in the
problem. Actually, for a given array X = [xi,j ]1≤i≤m,1≤j≤n

of real numbers,

we transform the problem into Θ(m2) one-dimensional problems, and the later
problems are solved using our one-dimensional algorithm AlgoMaxSum.

Algorithm: AlgoMaxSum2D(X, k)
Input: A two-dimensional array X = [xi,j ]1≤i≤m,1≤j≤n of real numbers

and an integer k, 1 ≤ k ≤ 1
4
m(m− 1)n(n− 1)

Output: The set KX of the k largest sums among all possible sums
∑j2

i1=j1

∑j4
i2=j3

xi1,i2 for 1 ≤ j1 ≤ j2 ≤ m, 1 ≤ j3 ≤ j4 ≤ n

1. Compute a new array, Y = [yi,j ] of order m× n, where yi,j =
∑j

l=1 xi,l.

2. For each i and j, 1 ≤ i ≤ j ≤ m,

(a) Create an array Ai,j =< a1, · · · , an > such that al = yj,l − yi−1,l for
l = 1, 2, · · · , n.

(b) Compute KAi,j
from AlgoMaxSum(Ai,j, k)

3. Let KX be the k largest elements in the union of KAi,j
for 1 ≤ i ≤ j ≤ m.

Clearly, this algorithm computes the k largest range sums. Notice that
Step 1 actually computes the prefix sums for each column of X ; which can be
done in Θ(mn) time. Step 2 requires Θ(n

√
k) operations for every fixed i and

j from Theorem 1. Since the total number of index combinations is Θ(m2),
the time complexity of this step is thus Θ(m2n

√
k). Note that the size of

the union of KAi,j
, 1 ≤ i ≤ j ≤ m, is Θ(m2k). Hence, the selection (Step

3) requires Θ(m2k) time in such a set. Therefore, the algorithm AlgoMaxSum2D

takes O(m2n
√

k+m2k) time. If k = o(n2), then m2n
√

k+m2k = O(m2n
√

k). If
k = Ω(n2), however, we can run a straightforward algorithm that enumerates all
possible range sums which costs O(m2n2), instead of AlgoMaxSum2D. Therefore,
we have

Theorem 2 Given a two-dimensional array, X, of order m×n and an integer,
k, 1 ≤ k ≤ Θ(m2n2), the k maximim sum subarrays problem can be computed
in O(min{m2n

√
k, m2n2}) in the worst case.

It is possible to extend our approach to the d-dimensional version of the
maximum sum subarrays problem. Given a d-dimensional array of real num-

bers, with size n in each dimension, we can enumerate all the possible
(

n
2

)d−1

problems of the (d − 1)-dimensional version. This will give a total cost of

O
(

(

n
2

)d−1
n
√

k +
(

n
2

)d−1
k
)

= O
(

n2d−1
√

k + n2d−2k
)

from Theorem 1. Of
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cource, if k = Ω(n2), we may just run a straightforward algorithm, similar
to that for the two-dimensional case. Thus,

Theorem 3 The k maximum sum subarrays of a d-dimensional array of order

n1 × n2 × · · · × nd can be found in O
(

(n1 × n2 × · · · × nd−1)
2nd min{

√
k, nd}

)

time in the worst case.

5 Conclusions

We have addressed the problem of computing k maximum sum subarrays and
proposed efficient algorithms. Observe that for the two-dimensional case, we
can achieve an upper bound of O(n3 log n + n2k log n) by applying the recur-
sive strategy presented in [Tak02, TTT98] for the maximum subarray problem
(namely, k = 1). Notice that an obvious lower bound for the problem investi-
gated is Ω(mn). It is an interesting problem to reduce this gap.
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