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Abstract

This paper deals with arrival time estimation of a narrow-band signal disturbed by white gaus-
sian noise. In order to estimate the distance between a transmitting source and a reflecting
target an estimator, based on the criterion of minimum mean square error (MMSE), is investi-
gated. The MMSE-estimator is implemented in an experimental ultrasound pulse-echo system,
and results of comparative simulations between the MAP-estimator and the MMSE-estimator
are given. The results are compared to the theoretical Weiss-Weinstein lower bound. As ex-
pected, the MMSE-estimator has smaller mean square error than the MAP-estimator. For high
SNRs, however, the mean square error obtained by the MAP-estimator manages to approach
that of the MMSE-estimator. Other differences between the two estimators are revealed in
additional experiments in which the range estimates are used to generate 3-dimensional surface
pictures.



  

Chapter 1

Introduction

In various medical as well as seismic applications, man-made acoustic pulse-echo systems can
be of great value. Many of these applications require the time interval between the transmission
of a sound pulse and the reception of the corresponding echo to be estimated accurately.

A well-known method for the estimation of arrival time is the correlation method [1, 2, 3].
If the received echo is disturbed by white gaussian noise, the correlation method turns out to
be a Maximum a Posteriori (MAP) estimator [4].

In many applications a strong sinusoidal component is present in the transmitted signal, and,
since this sinusoid will also turn up in the correlator output, the MAP-estimator will encounter
problems in selecting the peak corresponding to the time delay. The effect of a strong spectral
peak in the signal on the estimator performance has been recognized and examined in e.g. [5, 6].
Although this peak ambiguity problem is rather an intrinsic feature of non-linear estimation
than a property of the MAP-estimator, the question arises whether other estimation methods
could better cope with this. In [7], this problem is treated by using an estimation method
based on the criterion of minimum mean square error (MMSE). Although the presented results
were promising, to our knowledge not much attention has been paid to the MMSE-estimation
method since [8, 9, 10].

In this paper the MMSE-estimator of arrival time is reconsidered. A thorough derivation of
the MMSE-estimator of the arrival time of a deterministic signal disturbed by zero mean, white
gaussian noise is given and implementation problems are solved in chapter 2. In chapter 3
the Cramér-Rao and the Weiss-Weinstein lower bounds on the mean square error of arrival
time estimates are summarized. In chapter 4 an implementation of an ultrasound system is
described. In order to compare the MAP- and the MMSE-estimators, results from Monte Carlo
simulations are presented and compared with the Weiss-Weinstein lower bound. Moreover, 3-
dimensional ultrasonic pictures generated using the arrival time estimators are shown.
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Chapter 2

Analysis

The received signal r(·) is mathematically modelled by

r(k) = s(k − θ) + n(k), k = 0, . . . , N − 1 (2.1)

where s(·) is the transmitted signal, n(·) is the disturbing noise and θ is the time delay to be
estimated.

Assume that s(·) is a known, bandlimited signal and that n(·) is a realization of a stationary,
zero mean, white gaussian random process with variance σ2. Furthermore, assume that the time
delay θ is the value taken by a continuously valued stochastic variable Θ with a known a priori
probability density function, fΘ(θ), having finite support and the variance σ2

θ .
From (2.1) it follows that r(k) is the value taken by a stochastic variable R(k), for every k.

In the following R denotes the N -dimensional stochastic variable [R(0), R(1), . . . , R(N − 1)],
while r is the value taken by this variable.

A measure of an estimators performance is E[|Θ− θ̂(R)|2], where θ̂(R) is an estimator of θ.
The function θ̂(r) minimizing this quantity, and henceforth referred to as the MMSE-estimator
of θ, is obtained by calculating [4]

θ̂MMSE(r) = E[Θ|R = r]. (2.2)

In the following an expression for this expectation is derived, cf. [7] where a slightly dif-
ferent derivation is given. Since we deal with zero mean white gaussian noise, the conditional
probability density function of R(k) given Θ = θ will be gaussian too, with mean value s(k−θ)
and variance σ2. Hence, for the conditional probability density function pR|Θ(r|θ),

pR|Θ(r|θ) = (
√

2πσ2)−Ne−
1

2σ2

∑
(r(k)−s(k−θ))2

, (2.3)

where the sum is taken over all sample values (k = 0, . . . , N − 1). Expanding the square, using
Baye’s rule and expression (2.3), it follows that the conditional probability density function
fΘ|R(θ|r) is

fΘ|R(θ|r) =
1

K
· fΘ(θ)e

1
σ2C(θ) (2.4)

where

C(θ) =
N−1∑
k=0

r(k)s(k − θ) +
1

2
ε(θ), (2.5)
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K is a normalizing constant and ε(θ) is a function of θ which can only assume very small values∗.
The last expression is approximately the correlator output. The value of θ corresponding to
the maximum of (2.4) provides the MAP-estimate of the time delay [4]. Using expression (2.4),
(2.2) becomes

θ̂MMSE =
∫
θfΘ|R(θ|r)dθ

=
1

K

∫
θfΘ(θ)e

1
σ2C(θ)dθ. (2.6)

Since
∫
fΘ|R(θ|r)dθ = 1, the constant K becomes K =

∫
e

1
σ2C(θ)fΘ(θ)dθ, and (2.6) can now be

written as

θ̂MMSE =

∫
θe

1
σ2C(θ)fΘ(θ)dθ∫

e
1
σ2C(θ)fΘ(θ)dθ

. (2.7)

This expression is the basic appearance of the MMSE-estimator of arrival time. Implementing
this form of the estimator may require the hardware to be able to deal with large numbers.
In particular when the noise variance σ2 is small, the exponent in (2.7) may be too large for
accurate estimates to be calculated. For most SNRs, the value of 1

σ2C(θ) can still be handled.
In order to address this numerical problem, (2.7) can be rewritten as

θ̂MMSE =

∫
θe

1
σ2 [C(θ)−p]fΘ(θ)dθ∫

e
1
σ2 [C(θ)−p]fΘ(θ)dθ

, (2.8)

where p = max
θ
{C(θ)} −M0σ

2, and where M0 is chosen to match the hardware capabilities.

Notice that the estimation can be interpreted as a weighted average of the exponential
function values. Notice further that the variance of the corrupting noise must be known or
estimated before applying expression (2.7). It is therefore convenient to make a distinction
between the true noise variance σ2 and the variance used to design the MMSE-estimator, σ2

D.
The influence of the choice of σ2

D on the performance of the MMSE-estimator will be discussed
in chapter 4.

∗ It is presupposed that θ and N can only assume values where ε(θ) =
∑

k 6∈[0,N−1]

s2(k − θ) ≈ 0. That is, the

signal energy outside the observation interval, ε(θ), is approximately zero, or equivalently, for all θ almost the
whole signal energy is inside the observation interval.
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Chapter 3

Error Bounds

An experimental comparison of the estimation error of the MMSE- and the MAP-estimators
provides insight in the relative performance of the two methods. However, some additional
insight in the estimator performance can be gained by comparing the experimental mean square
estimation error σ2

θ̂
to theoretical bounds as the Cramér-Rao Lower Bound (CRLB) or the

Weiss-Weinstein Lower Bound (WWLB).
Define the signal to noise ratio (SNR) as

SNR =
E

σ2
, E =

∫
s2(t)dt =

∫
|S(f)|2df, (3.1)

where S(f) is the fourier transform of the signal s(·) and E is the signal energy. Provided that
certain regularity conditions are fulfilled, the CRLB can be written as [4, 11]

σ2
θ̂
≥ 1

4π2f̄ 2SNR + A/σ2
, (3.2)

where A is a constant depending on the shape of fΘ(θ) but independent of σ2
θ and E{θ}, (f̄ 2)1/2

denotes the Gabor-bandwidth (or the rms-bandwidth) of the signal s(·) and is defined as

f̄ 2 =

∫
f 2|S(f)|2df∫ |S(f)|2df . (3.3)

The CRLB does not take into account the well-known threshold effect of time delay estima-
tors, emphatically present in narrowband systems [12, 13, 14]. For SNR-values below a certain
threshold the mean square error increases rapidly as the SNR decreases. When the bandwidth
of the transmitted signal becomes narrower, this property becomes more pronounced. The
SNR-region where the mean square error exceeds the CRLB, mainly due to the peak ambiguity
error, is known as the peak ambiguous region. Several bounds incorporating this feature have
been developed [14, 15, 16, 17, 18]. In chapter 4 the simulation results will be compared with
the WWLB presented in [17, 18]. This bound applies explicitly to deterministic signals, it is
easy to calculate, and assumes a uniform a priori distribution of Θ.

By assuming that Θ is uniformly distributed between 0 and D the WWLB can be written
as [18]

σ2
θ̂
≥ max

0≤h≤D
J(h), (3.4)
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where

J(h) =



1
2h

2(1− h
D )2e−

SNR
2 [1−ρ(h)]

1− h
D−(1−2h

D )e−
SNR

4 [1−ρ(2h)]
, 0 ≤ h < D

2

1
2
h2(1− h

D
)e−

SNR
2

[1−ρ(h)] , D
2
≤ h < D

(3.5)

and where ρ(·) denotes the normalized autocorrelation function of the transmitted signal s(·).
The WWLB provides a tight lower bound on time delay estimates for a wide range of signal

to noise ratios [18]. The WWLB takes into account the phenomenon of peak ambiguity. Notice
that, except for the SNR, the WWLB only depends on the values of the signal autocorrelation
function and on the a priori interval length.
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Chapter 4

Simulations & Experiments

This chapter provides performance results obtained by simulations and by using the experimen-
tal ultrasonic system described in detail in [19]. The system characteristics answer to those of a
narrowband system, thus yielding the problem of detecting the correct peak of the correlation
function at low SNRs.

An air-adapted focused ultrasonic transducer, designed by Persson for the purpose of the
investigation presented in [19], with a centre frequency of 1 MHz and a focal distance of 45 mm
is used for the transmission of a short ultrasound pulse and for the reception of the reflected
echo. The echoes received are sampled with a sampling frequency of 10 MHz. Figure 4.1 shows a
particular ultrasound echo from a surface perpendicular to the transducer. A sample conditional
probability density function of Θ given R = r is shown in figure 4.2. In the experiments the
time delay Θ is assumed to have a uniform a priori distribution over the interval [0, D]. The
MMSE-estimator can be calculated by (2.8) with the integrals taken over the a priori interval
of Θ, thus accounting for the probability density function fΘ(θ). The MMSE-estimator is
approximated by

θ̂MMSE =

D/Ts∑
k=0

Tske
1

σ2
D

[C(Tsk)−p]

D/Ts∑
k=0

e
1

σ2
D

[C(Tsk)−p]
, (4.1)

with Ts as a step length and σ2
D, the design variance, as described in chapter 2. In order to

speed up the calculation of the θ̂MMSE, consider the function

Z(x) =


0 , e

1

σ2
D

[C(x)−p]
< M1

e
1

σ2
D

[C(x)−p]
, e

1

σ2
D

[C(x)−p]
≥M1.

(4.2)

The delay estimate is now calculated by replacing the exponential terms in (4.1) by the function
Z(Tsk). The value of M1 is chosen to take only the significant terms in the sums of (4.1)
into account. The exponential expression in (4.2) is evaluated considerably faster by choosing
M2 = p+ σ2

D logM1 and comparing the correlator output with M2.
In the simulations a Monte Carlo technique is used to estimate the mean square error for

a range of noise levels. The a priori density of Θ is chosen to be uniform between 0 and 255
samples, the parameter M1 = 0 and the step length Ts = 1

55
. In these simulations the echo

from a point on the surface of a piece of perspex is chosen to be the transmitted signal s(·)
in (2.1), shown in figure 4.1. This signal is then randomly shifted in time with an artificial
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Figure 4.1: Received sample ultrasound echo from the ultrasonic system used.
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Figure 4.2: Sample density function for SNR = 10 dB.
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Figure 4.3: The sample mean square error of θ̂ plotted versus SNR, based on 10,000 simulations,
together with the lower bounds presented in chapter 3.

delay according to the a priori density of Θ, and subsequently disturbed by zero mean, white
gaussian noise in order to obtain a specific SNR-level. The MMSE-estimator is adapted to each
particular noise level by adjusting the value of σ2

D, i.e. σ2
D = σ2.

Figure 4.3 shows the results of the simulations as well as the WWLB. The right hand side
of (3.2) assuming that fΘ(θ) is such that A is finite and σ2

θ is infinite is also shown in the
figure, i.e. the CRLB with no a priori information about Θ. As expected, the MMSE-estimator
shows a smaller mean square error than the MAP-estimator over the entire range of SNRs.
For high SNRs the mean square error of the MAP- estimator converges to the results of the
implemented MMSE- estimator, since only the peak value of the correlator output (2.5) remains
in the calculation of the MMSE-estimate after the modifications given in (4.1)–(4.2).

In the case of an extremely high noise level the received signal cannot be recovered anymore
and the MMSE-estimate is set to the a priori mean delay. The threshold effect, appearing at
moderate SNR can be observed readily. An examination of the correlator output for different
SNRs shows that the signal under consideration causes two regions of peak ambiguity. For
SNRs between approximately 15 dB and 25 dB, the ambiguity error is caused only by the two
peaks adjacent to the peak corresponding to the true arrival time. Below approximately 15
dB SNR other peaks become ambiguous as well, and a second threshold occurs. The Weiss-
Weinstein lower bound readily predicts this behaviour. Notice that in [18] a similar stepwise
curve is derived for a trapezoidal pulse.

In order to gain insight in the practical differences between the MMSE- and MAP-estimators
experiments have been carried out using the above mentioned equipment and the MMSE-
estimator of (4.1) and by using (4.2). The observation interval is sufficiently long to contain
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the received signal∗, and the a priori density of Θ is chosen to be uniform between 0 and 255
samples, which corresponds to a distance span of approximately 4 mm.

The ultrasound system is used to generate a relief picture of a surface structure by estimating
the arrival time of echoes from different surface points. In figure 4.4 –4.7 surface pictures of
a Swedish five-crown coin are shown, obtained by the MMSE arrival time estimator for four
different values of σ2

D in (4.1). Figure 4.8 shows the corresponding picture obtained with the
MAP-estimator. Each picture is obtained by scanning the coin surface in 100 by 100 points
with a distance of 0.3 mm between adjacent points. The sampling frequency is 10 MHz and
the value of σ2

D in (4.1) is kept constant for all surface points.
The interpretation of the experimental results is a difficult problem. Still some valuable

observations can be made and typical effects can be observed:

1. For small design variances, σ2
D, the resolution of the surface picture approaches that of

the picture produced by the MAP-estimator. In accordance with the simulations when
the true noise variance is low figure 4.4 and figure 4.8 are almost identical.

2. For σ2
D large, the generated surface picture is smoothed by the estimator. The estimator

assumes a high noise level, while the received echoes are hardly disturbed by noise. Arrival
times corresponding to neighbouring peaks of the correlator output will be considered as
having a relatively high a posteriori probability of occurrence.

3. Deformations of the pulse shape turn out to be an important feature. Although a high
axial resolution can be obtained, some limitations of the model under consideration are
visible. The deformations of the pulseshape and a reduced amount of energy are often
found in reflections from regions on the coin where the coin does not have a plane and
perpendicular surface. Such surfaces are e.g. slopes, edges and unevennesses, and the
effects of this can be observed e.g. in fig 4.7 as the deep grooves. The model in (2.1)
seems to lose its validity. By interpreting the change of the signal shape as coloured noise
in (2.1), choosing a larger design variance σ2

D may be motivated.

4. Although figure 4.7 seems to be a bad reproduction of the real coin, there are details of
the coin that are visible only in this figure. The small dents marked by arrows are not
visible on the other generated surfaces, whereas they exist on the true coin surface.

With respect to the fourth item, it is emphasized that special caution is required when evalu-
ating the estimators used to generate figure 4.4–4.8.

∗See footnote * on page 3
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Figure 4.4: 3D-structure of a coin surface using the MMSE-estimator with σ2
D = 228 [mV]2

Figure 4.5: 3D-structure of a coin surface using the MMSE-estimator with σ2
D = 6870 [mV]2
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Figure 4.6: 3D-structure of a coin surface using the MMSE-estimator with σ2
D = 68700 [mV]2
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Figure 4.7: 3D-structure of a coin surface using the MMSE-estimator with σ2
D = 687000 [mV]2
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Figure 4.8: 3D-structure of a coin surface using the MAP-estimator.
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Chapter 5

Discussion

This paper deals with arrival time estimation of a narrow-band signal disturbed by white
gaussian noise. An estimation method, based on the minimum mean square error criterion, has
been examined. Numerical problems with the need of large dynamics in the calculations that
showed up have been solved leading to an attractive form of the estimator.

Simulations show that the MMSE-estimator yields, as expected, a smaller mean square
error than the MAP-estimator for a wide range of SNRs. For high SNRs the MMSE-estimates
and the MAP-estimates coincide. Below a critical SNR the MMSE-estimator addresses the
peak ambiguity problem by taking into account information contained in adjacent peaks of
the correlator output. This is done by averaging over all important correlation peaks which
smooths the estimate, thus reducing the peak ambiguity error.

Since the MMSE-estimates and the MAP-estimates almost coincide for high SNRs and the
MMSE-estimator deals with the peak ambiguity problem of time delay estimation in situations
where the signal to noise ratio does not exceed the threshold SNR, the MMSE-estimator is an
attractive alternative to the MAP-estimator. Since the threshold SNR increases as the signal
bandwidth decreases, the MMSE-estimator can be of great value in applications dealing with
narrow-band systems. Moreover the MMSE-estimator can be used to develop different estima-
tors without knowing the true noise variance. Experiments show that the MMSE-estimator
designed for different noise levels can be valuable depending on the particular application re-
quirements.
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