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ABSTRACT 

The main objective of this thesis has been to further develop a math
ematical basis for Constitutive Drivers in soil plasticity. A Constitutive 
Driver can be defined as a computer program, containing a number of 
selected constitutive models in which different laboratory and field tests 
can be simulated and model parameters optimised. 

Mixed tangential relations between control and response variables for 
both drained and undrained behaviour of soils have been utilised as the 
mathematical base in which the constitutive models are implemented. 
The control variables can be chosen as an optional mixture of stress and 
strain components and the response variables become their correspond
ing energy conjugates. 

Within the research project, a drift correction method for explicit integ
ration of mixed tangential relations under drained as well as undrained 
behaviour has been formulated and an optimisation routine has been 
proposed for the identification of model parameters on the basis of 
different soil tests. Further, a general and user-friendly Constitutive 
Driver, in the form of a PC-program, has been developed as a pilot 
study of the mathematical concept. In addition, the effects of end 
restraint and axial strain rate in conventional triaxial testing have been 
analysed by finite element simulations of the testing procedure. This 
study pointed out the advantages of taking boundary effects into 
consideration when triaxial tests are evaluated, e.g. by also including 
optimisation at the sample level in Constitutive Drivers in the future. 

From experience of using the Constitutive Driver developed, it can be 
concluded that the mathematical foundations, i.e. the mixed tangential 
relations, the drift correction method and the optimisation routine, 
perform as intended and that the structure of the program has a good 
disposition. 

A Constitutive Driver can be used for practical, research and educa
tional purposes. An important example of practical application, e.g. 
when using the finite element method, is to choose a constitutive model 
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suitable for the soil and the problem under consideration as well as to 
assign proper values to the parameters included in this model. In 
research, a number of different applications exist, e.g. to evaluate the 
performance of already established as well as new constitutive models, 
to compare the responses of different models and to carry out sensitiv
ity analyses of model parameters and of the number of integration steps 
etc. The Constitutive Driver has also proved to be a useful pedagogic 
tool, in the process of understanding the behaviour of different models. 

To sum up, so many important apphcations for Constitutive Drivers are 
believed to exist that it would be beneficial if such programs were easily 
accessible as a supplement to commercial programs. 
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SAMMANFATTNING 

Huvudsyftet med denna avhandling har varit att vidareutveckla en 
matematisk grund för konstitutiva drivenheter inom området plastici-
tetsteori för jord. Med en konstitutiv drivenhet avses här en datorrutin 
som innehåller ett antal utvalda konstitutiva modeller jämte integra
tionsmetoder och med vilken olika laboratorieförsök och fältförsök kan 
simuleras numeriskt och modellparametrar bestämmas genom opti
mering. 

De konstitutiva ekvationer som utgör den matematiska basen i driv-
enheten, och i vilka materialmodellerna implementeras, har formulerats 
som inkrementella tangentsamband under blandad styrning för 
simulering av jords såväl dränerade som odränerade beteende. Blandad 
styrning innebär att kontrollvariablerna kan väljas som en blandning av 
spännings- och töjningskomponenter. De mot kontrollvariablerna asso
cierade spärurmgama/töjningarna bHr då simuleringens responsvariab
ler. 

Inom forskningsprojektet har en metod för korrigering av spännings
punktens avdrift från flytytan v id explicit integrering och blandad 
styrning utvecklats för såväl dränerat som odränerat tillstånd. Vidare 
har en optimermgsrutin för identifiering av modellparametrar utgående 
från resultat från olika experimentella försök utarbetats. För kontroll av 
det matematiska konceptet har en generell och användarvänlig konsti
tutiv drivenhet utvecklats, i form av ett PC-program. 

Slutligen har effekterna av ändytefriktion och axiell töjningshastighet 
vid konventionella triaxialförsök analyserats genom numerisk simu
lering av försöksförfarandet med finita elementmetoden. Studien visar 
på att randeffekter bör beaktas v id utvärdering av triaxialförsök, t ex 
genom att utnyttja optimering också på nivån för randvärdesproblemet. 

Av den vid tillämpningen av den konstitutiva drivenheten vunna 
erfarenheten kan man dra slutsatsen att den matematiska basen, dvs det 
blandade tangentsambandet, korrektionsmetoden för avdrift och opti-
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mermgsrutinen, fungerar som avsett samt att programmet har en bra 
struktur. 

En konstitutiv drivenhet kan utnyttjas i forskning och undervåning 
men har också praktisk tiUämpning. Inom forskningen existerar ett 
flertal olika tiJUämpningar, såsom utvärdering och jämförelse av upp
förandet hos etablerade Hksom nyutvecklade konstitutiva modeller 
samt känsHghetsanalys av modellparametrar, antal integrationssteg etc. 
Den konstitutiva drivenheten har även visat sig vara ett användbart 
pedagogiskt verktyg för att lättare kunna förstå oHka jordmodeUers 
beteende. Ett viktigt exempel på praktisk tiUämpning, i samband med 
användning av finita elementmetoden för lösning av ett geotekniskt 
problem, är som hjälpmedel för valet av lämplig konstitutiv modeU för 
ifrågavarande jordmaterial och problem Hksom för bestärrvningen av 
rirnHga värden på de i materialmodeUen ingående parametrarna. 

Eftersom så många viktiga tillämpningar existerar för konstitutiva 
drivenheter vore det fördelaktigt om sådana program också vore lätt
åtkomliga i form av komplementprogram tül kommersieU program
vara. 
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1 INTRODUCTION 

In recent years, numerical methods have been used to an increasing 
degree for solving more complicated problems in geotechnical engin
eering. A wide range of problems have been analysed by the finite 
element method (FEM), the finite difference method (FDM) and, more 
recently, by the boundary element method (BEM) as well as the coupled 
FEM/BEM. Progresses in this field have made it possible to analyse 
new and more compUcated geotechnical problems that previously were 
difficult to handle with the more traditional methods, but also many 
common geotechnical problems might now be approached in a physic-
aUy more correct fashion, if only the practising engineer has the wül 
and the knowledge and if he considers it to be economicaUy justifiable. 

An essential part of such a numerical method of solution is the constitu
tive relation between stresses and strains. A large number of constitu
tive soil models have been proposed throughout the years. There seems 
to be a need for quite many models since the stress/strain response 
varies considerably for various soil types and, so far, no "universal 
model", which is able to simulate all these variations, has been pre
sented. Therefore, a couple of soü models are normally implemented in 
commercial programs, aimed at geotechnical problems, to allow for 
simulations of different soil types under various loading conditions. 

This means that a user has to choose a pertinent constitutive model for 
his problem and thus to determine its parameter values before a 
boundary value problem can be numerically analysed. This choice 
could be very crucial for the result of the computation. 

1.1 Objectives of the research 

The main topic of this thesis has been to further develop a mathematical 
basis for Constitutive Drivers in soil plasticity. A Constitutive Driver is 
here understood as a computer program, containing a number of 
selected constitutive models, by which different laboratory and field 
tests can be simulated and model parameters optimised. As a püot 
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study of the mathematical concept proposed, a Constitutive Driver for 
soils, in the form of a PC-program, has been developed. 

Such a Constitutive Driver can be used in research and design work as 
well as for educational purposes. An important example of practical 
apphcation is the choice of a suitable constitutive model and the 
determination of proper parameter values when solving a geotechnical 
boundary value problem by e.g. the finite element method. In research, 
the range of apphcation of already estabhshed as well as of newly 
developed constitutive models can be explored and in education a 
Constitutive Driver can be useful in the process of understanding the 
behaviour of different soil models. 

A l l these apphcations, directly or indirectly, facilitates an efficient use of 
numerical methods for solving boundary value problems in geo
technical engineering. Therefore, it should be advantageous if Con
stitutive Drivers were implemented as complementary programs in 
commercial software. A n idea, that has been substantiated in this thesis 
by presenting and demonstrating a mathematical basis for Constitutive 
Drivers as well as a proposal of a structure of such programs. 

1.2 Layout of the thesis 

This thesis consists of the following papers: 

Paper A Mattsson, H. , Axelsson, K. & Klisinski, M . (1999), 
On a Constitutive Driver as a useful tool in soil plasticity. 
Accepted for publication in Advances in Engineering 
Software. 

Paper B Mattsson, H . , Axelsson, K. & Klisinski, M . (1997), 
A method to correct yield surface drift in soil plasticity 
under mixed control and exphcit integration. 
Int. j. numer. anal, methods geomech., 21,175-197. 
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Paper C Mattsson, H., Klisinski, M . & Axelsson, K. (1998), 
Optimisation routine for identification of model 
parameters in soil plasticity. Submitted to Int. j. numer, 
anal, methods geomech. 

Paper D Sheng, D., Westerberg, B., Mattsson, H. & Axelsson, K. 
(1997), Effects of end restraint and strain rate in triaxial 
tests. Computers and Geotechnics, 21,163-182. 

Paper A discusses the Constitutive Driver developed. This paper gives a 
survey of the project and can be regarded as an introduction to the 
other papers. Papers B and C give a detailed description of the 
proposed mathematical basis. Paper D discusses the influence of 
inhomogeneities caused by end restraint and insufficient drainage 
during conventional triaxial compression tests. Each paper can be 
considered as a self-contained chapter of the thesis and should be read 
in the order they appear. In Section 2 of this introduction, a brief review 
of each of the papers is given whereas findings regarded as scientifically 
new have been especially pointed out. In Section 3, some ideas for 
future research are presented. 

In addition to the journal papers, two papers have been published in 
conference proceedings within the project: 

• Mattsson, H . & Axelsson, K. (1996), Konstitutiv drivenhet för 
simulering av jordars beteende (Constitutive Driver for 
simulation of soil behaviour). In Proc. XII Nordic Geotechnical 
Conference, Reykjavik, June 1996 (Edited by S. Erlingsson & 
H . Sigursteinsson). Icelandic Geotechnical Society, Reykjavik, 
pp. 49-59. (In Swedish). 

• Sheng, D., Westerberg, B., Mattsson, H . & Axelsson, K. (1997), 
Numerical analysis of stress-strain inhomogeneities in a triaxial 
test specimen. In Proc. 14th Int. Conf. on Soil Mechanics and 
Foundation Eng. (XLVICSMFE), Hamburg, 6-12 Sept. 1997. 
Balkema, Rotterdam, pp. 403-407. 
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These papers are, however, not included in the thesis, since they contain 
material that to a large extent also can be found in the journal papers A 
toD. 

2 APPLIED METHODS AND OBTAINED RESULTS 

In the thesis, a mathematical basis for Constitutive Drivers in soil 
plasticity has been further developed, based on the mixed tangential 
relations for both drained and undrained behaviour, proposed by 
Runesson et al. (1992). This paper has in its turn been founded on the 
results presented by Klisinski et al. (1992). The concept of mixed control, 
which is central in this thesis, imphes that the control variables of a 
simulation can be chosen as an optional mixture of stress and strain 
components, with the special cases of pure stress control and pure strain 
control. The response variables become the corresponding energy 
conjugates of the control variables. 

The contributions in this thesis to a further development of the 
mathematical basis of Constitutive Drivers comprise: a drift correction 
method for exphcit integration of the mixed tangential relations under 
drained as well as undrained soil response (Paper B) and an 
optimisation routine for the identification of model parameters in soil 
plasticity on the basis of different soil tests (Paper C). By utilising the 
Constitutive Driver developed (Paper A), the performance of the mixed 
tangential relations, the drift correction method and the optimisation 
routine has been properly evaluated, as discussed in Papers A-C. 

In the Constitutive Driver developed, only principal stress components 
and/or principal strain components are utilised as control variables in 
simulations of e.g. soil tests. Hence, it is implicitly assumed that no 
rotation of these principal directions take place during the test and that 
homogeneous stress /strain conditions exist throughout the specimen 
which is beheved to be consistent with the assumptions in experimental 
practise. Since, in reality, the stress and strain fields do vary within a 
specimen, due to boundary effects of different significance, a prelim
inary study of the need for optimisation at the sample level (Section 3.1) 
was examined by investigating the effects of end restraint and strain 
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rate in conventional triaxial testing, Paper D. In this way, Paper D is 
connected to Papers A-C. 

Among previous contributions dealing with the mixed control concept, 
especially the works by Alawaji (1990), Alawaji et al. (1991) and Alawaji 
et al. (1992) should be mentioned. In these papers, the main focus is 
turned towards an alternative technique to incorporate mixed control in 
soil plasticity, based on a completely strain-driven core algorithm where 
the unknown response strain variables are detenriined via an iterative 
procedure satisfying equihbrium with the prescribed stress components 
as well as the ^compressibility constraint in the case of undrained 
behaviour. In addition, this technique, utilising implicit integration, was 
compared to the method of mixed tangential relations, utilising explicit 
integration, for undrained conditions. Based on the results, the mixed 
tangential relation approach is believed to be the most cost efficient 
method to use for Constitutive Drivers. Another mteresting paper in 
this field is the study by Mroz and Rodzik (1995) where the possibility 
to control the deformation process by plastic strain is described. 

2.1 The Constitutive Driver (Paper A) 

In the Constitutive Driver developed, four soil models based on the 
flow theory of plasticity have, so far, been incorporated. These are a 
Generalised Cam Clay model (Alawaji et al, 1992), an Anisotropic Cam 
Clay model (Runesson and Axelsson, 1977 and Yu, 1993), a modified 
version of the Drucker-Gibson-Henkel model (Drucker et al, 1957 and 
Axelsson, 1995) and the Nova-Wood model (Nova and Wood, 1979). 
The well-known Modified Cam Clay model, Roscoe and Burland (1968), 
can be obtained as a special case of either the Generalised or the 
Anisotropic Cam Clay model. 

The Constitutive Driver consists of two separate and independent 
moduli: a constitutive simulation part and an optimisation part. The 
simulation part is used for constitutive simulations only. A user can 
choose to simulate up to three numerical tests at the same time. A 
simulation can be performed using any of the four soil models, an 
optional set of model parameters and initial state parameters, an 
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optional type of constitutive control (under drained or undrained 
conditions), and an optional number of integration steps etc. Further, 
each numerical test could contain loading and unloading paths between 
several different states utilising different types of constitutive control. 

In the optimisation part, results from simulations are compared with 
results from experimental tests on which basis a parameter optimisation 
is performed. It is possible to simultaneously optimise against several 
experimental tests performed on the same soil. Parameters of the 
selected model play the role of optimisation variables. 

A lot of effort has been spent on creating a general and user-friendly 
software that can be used for practical, research and educational 
purposes. Therefore, the program is provided with extensive graphics 
for organising input data governing the course of computations as well 
as representing output data in the form of different plots. 

Even if a number of programs of a similar type as this do exist, it is 
reasonable to presume that this particular Constitutive Driver is unique 
since it is founded on a recently proposed mathematical basis. 

2.2 The dr i f t correction method (Paper B) 

To numerically integrate the mixed tangential relations, in the 
Constitutive Driver, the exphcit integration algorithm Forward Etiler, 
see e.g. Crisfield (1991), has been chosen, foremost owing to its 
simplicity. When the yield surface, in such an explicit integration 
algorithm, is updated according to the hardening law at the end of an 
elasto-plastic increment of loading, the stress point corresponding to the 
predicted stress state might not be situated on the current yield surface. 
This type of numerical problem is called yield surface drift, and could 
give rise to a cumulative discrepancy that, in the worst case, can totally 
destroy a solution. 

Several methods to correct for yield surface drift have been described in 
the literature, see e.g. Potts and Gens (1985). These methods are, 
however, formulated for a constitutive relationship in strain-driven 
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format which is the predominant form since it is used in displacement-
based finite element codes. So, to the mixed tangential relations utilised 
here, these methods cannot be directly apphed. Therefore, a drift 
correction method for explicit integration of mixed tangential relations 
in soil plasticity, under drained as well as undrained behaviour, has 
been formulated. The method is based on the presumptions that the 
control variables cannot be changed (only response variables and 
hardening parameters can be altered) and that any change in stress wül 
cause an associated change in elastic strains, given by the elastic 
constitutive relation. 

In addition, different possibilities of implementing this drift correction 
method into a computer code have been examined and some numerical 
examples have been analysed. It was concluded that the proposed drift 
correction method, for a quite marginal additional computational cost, 
was able to successfuUy correct for the yield surface drift giving results 
in close agreement to those obtained with a very large number of integ
ration steps. 

2.3 The optimisation routine (Paper C) 

The optimisation routine was developed for the specific purpose of 
identifying model parameters in soil plasticity on the basis of different 
soU tests. The mathematical strategy of the optimisation routine is 
essentially a modified and extended version of the work by Klisinski 
(1988). 

The mathematical procedure of optimisation basically consists of two 
parts, the formulation of an objective function measuring the difference 
between theoretical and experimental results and the selection of an 
optimisation strategy enabling the search for the minimum of this 
function. Some alternative expressions for the objective function, 
capturing the overall soil behaviour, are proposed. Two different search 
strategies are included, one based on Rosenbrock's method 
(Rosenbrock, 1960) and the other based on the Simplex method by 
Neider and Mead (1965), both belonging to the category of Direct 
Search Methods. Both the Rosenbrock and the Simplex method have 
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been modified to make the search strategies as efficient and user-
friendly as possible for the type of optimisation problem addressed 

here. 

There are a lot of improvements in the mathematics, introduced in 
Paper C, compared to the work by Klisinski (1988), some of the more 
significant are: 

• the pore pressure has been included in the computation of the 

norm 

• an individual norm based on relative deviations is introduced 

• a method to associate the step lengths with the new search 
directions in Rosenbrock's method is proposed 

• a new strategy to design the starting simplex, in the Simplex 
method, has been worked out. 

In addition, an extensive evaluation of suitable values of the parameters 
for step adjustment in Rosenbrock's method as weh as the reflection, 
expansion and contraction coefficients in the Simplex method has been 
performed. 

The performance of the optimisation routine was evaluated against both 
simulated experimental results as well as performed triaxial tests in the 
Constitutive Driver. From these examples, it was concluded that the 
optimisation routine is able to locate a minimum with a good accuracy, 
fast enough to be a very useful tool for identification of model para
meters in soil plasticity. 

2.4 Boundary effects in conventional triaxial tests (Paper D) 

In triaxial testing, the soil specimen is normally assumed to deform uni
formly during the test and the information obtained is interpreted as a 
true constitutive material response of a single soil element. However, 
this is not always the case as the triaxial specimen, at least for large 
strains, might deform into e.g. a barrel shape. Non-uniform stress and 
strain fields within the specimen can be caused e.g. by boundary effects 

8 



such as end restraint, insufficient drainage, membrane effects and self 
weight. 

The influence of end restraint in conventional drained and undrained 
triaxial compression tests has been examined, as well as the influence of 
the axial strain rate in conventional drained triaxial compression tests. 
The evaluation was performed by coupled hydro-mechanical finite 
element simulations of the triaxial specimen during the testing proced
ure, utilising the commercial program ABAQUS in Reference 1. The soil 
mass represented a slightly overconsohdated Swedish clay and was 
simulated by the Modified Cam Clay model, Roscoe and Burland 
(1968). 

It was concluded that both end restraint and insufficient drainage 
would have a large influence on the triaxial test result. However, these 
effects became more pronounced with an increasing axial strain. Hence, 
the conventional way of measuring stresses and strains in global terms 
does not necessarily reflect the true material behaviour, so alternative 
positions for stress/strain representation and methods to interpret the 
global axial stress were discussed. Further, from the numerical tests, it 
was noticed that certain global stress paths, that were mainly caused by 
boundary effects, were similar to experimentally observed stress paths. 
Therefore, one should be very cautious in developing soil models to 
mimic all features experimentally observed, as some would be caused 
by the test procedure and not representing the true material behaviour. 
Here, optimisation at the sample level, addressed below in Section 3.1, 
could be a way to take boundary effects into consideration when con
stitutive models are compared with experimental tests. 

3 IDEAS FOR FUTURE RESEARCH 

A continuation of this research project could be focused on three main 
issues: 1) the development of a mathematical basis for optimisation of 
model parameters at the sample level; 2) the evaluation of boundary 
effects as well as of developed locahsed deformation in laboratory tests 
and certain field tests and 3) a further development of the mathematical 
basis for Constitutive Drivers enabling implementation of other types of 
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constitutive models. The work should still be accomplished wi th soil 

plasticity in the main focus. 

3.1 Optimisation at the sample level 

In a study at the sample level, an experimental test is to be simulated as 
a boundary value problem with the specimen discretised into e.g. finite 
elements and wi th a chosen soil model. The set of constitutive para
meters giving the best possible fit with respect to the actual test results 
is then determined by optimisation. The main advantage of optimising 
at the sample level is that it then becomes theoretically possible to 
mathematically consider issues hke boundary effects and locahsed 
deformation, so far neglected when interpreting test results at the 
constitutive level. 

A routine for optimisation at the constitutive level (as in the thesis) 
would still be of importance, as optimisation at the sample level could 
be expected to be computationaUy quite expensive. Therefore, it should 
be advantageous to optimise at the constitutive level in a first step 
before the optimisation at the sample level takes its start. The main 
parts of such an extended Constitutive Driver and its applications is 
outlined in Figure 3.1. 

With a Constitutive Driver also optimising at the sample level, more 
realistic constitutive models, and values of model parameters, should be 
obtained for solving boundary value problems in geotechnical en
gineering. In addition, the influence of boundary effects and localised 
deformation on the response can be evaluated to avoid that constitutive 
models are developed to simulate a behaviour that is not a true 
constitutive material response but rather a result of e.g. boundary 
effects and localised deformation. Such an approach might also cast 
some hght upon the question whether softening material behaviour, as 
observed in soU tests, is a true material response or if it rather (at least 
partly) is due to boundary effects and/or localised deformation, and to 
which extend this issue depends on the type of loading applied, see e.g. 
Lo et al. (1994). 
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SIMULATION PART 

— Leam the behaviour of the 
available models 

— Compare responses from 
different models 

— Perform sensitivity analyses 

OPTIMISATION PART 

I. Optimisation at the constitutive level 

II . Optimisation at the sample level 

— Choice of a suitable model 
— Identification of model parameters 
— Evaluation of models 
— Evaluation of the influence of boundary 

effects and localised deformation on 
the response 

Fig. 3.1 Main parts of an extended Constitutive Driver 

3.2 Evaluation of boundary effects and localised deformation 

To be able to perform optimisation at the sample level, significant 
boundary effects and their intervals of variation must be known. It is 
logical to assume that different testing equipments of the same type, as 
well as different types of tests performed on one and the same device, 
might generate different boundary effects of various magnitudes. Thus, 
the computer code should be as general as possible with respect to the 
type of boundary effect that could occur and their actual magnitudes 
should be treated as user-specified input parameters to the program. 

Presently, the conventional triaxial test is the most widely used proced
ure for determining general stress-strain properties of soils and the 
boundary effects in this type of test is quite well-known, see Paper D, 
Sheng et al. (1997) and Westerberg et al. (1997). However, it is important 
to systematically examine boundary effects and their influence on the 
response also for other types of tests, e.g. true triaxial tests, oedometer 
tests, unconfined compression tests and field tests like pressuremeter 

tests, cone penetration tests etc. 
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Further, the possible development of locahsed deformation in test 
specimens, for different types of tests and for different testing 
equipments, must also be studied in order to be able to perform a 
successful simulation at the sample level. The mathematical description 
of the localisation phenomenon is at present an intensive research area, 
to which our research group, and collaborating groups, have con
tributed, see e.g. Khsinski et al. (1991), Tano (1997), Tano et al. (1998), 
Larsson and Axelsson (1994), Larsson et al. (1994), Larsson et al. (1996). 

The best way of implementing localisation at the sample level and the 
need for further mathematical developments, e.g. a three-dimensional 
element formulation where the pore pressure is included, must be 
analysed closer. 

3.3 Constitutive models 

The mixed tangential relations, Runesson et al. (1992), are designed for a 
wide class of soil models based on the flow theory of plasticity. 
Unfortunately, these mixed tangential relations do not apply to all soil 
models proposed in the literature. 

The objective is then to further develop the mathematical basis so other 
types of constitutive models could be implemented. For example, multi-
surface plasticity models, where more than one yield surface can be 
activated at the same time, cannot be successfully implemented in the 
present form of the mixed tangential relations. Double hardening 
models, formulated by e.g. Lade (1977) and Vermeer (1982), is an, in soil 
mechanics, important example of multi-surface plasticity models. An 
extension of the mixed control concept to multi-surface plasticity has 
been proposed by Klisinski (1998). However, these relations can only be 
used under drained conditions. So, as a first attempt, ^compressibility 
due to undrained conditions, a drift correction method and a general 
method to consider the influence from all the yield surfaces which 
become active during an explicit integration step have to be included in 
the multi-surface plasticity formulation. 
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ABSTRACT 

A mathematical basis for the development of Constitutive Drivers in soil 
plasticity has recently been proposed by the authors. A Constitutive Driver is 
here understood as a computer program, containing a number of selected 
constitutive models, in which different laboratory and field tests can be 
simulated and model parameters optimised. As a pilot study of the 
mathematical concept, a Constitutive Driver for soils, in the form of a PC-
program, has been developed. The paper discusses this particular program, i.e. 
its structure, the mathematical basis, included soil models and some application 
examples, to give an idea of how a general and user-friendly Constitutive 
Driver can be designed. Such a program can be used for practical, research and 
educational purposes. In fact, it is believed that so many important applications 
for Constitutive Drivers exist that it would be beneficial if such programs were 
easily accessible as complementary programs in commercial software. 

1 INTRODUCTION 

In recent years, numerical methods have been used to an increasing 
degree for solving more complicated problems in geotechnical 
engineering. A wide range of problems have been analysed with the 
finite element method (FEM), the finite difference method (FDM) and 
more recently the boundary element method (BEM) as well as the 
coupled FEM /BEM. In the apphcation of these methods a constitutive 
relation between stresses and strains is a very essential part. Since the 
stress/strain response varies considerably for various soil types and 
even for different types of loading of the same soil, a large number of 
constitutive soil models have been proposed throughout the years. So 
far, no "universal model" that can simulate all these variations has been 
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presented. Therefore, several models are normally implemented in 
commercial programs to allow for simulations of different soil types 
under various conditions. 

If a user would like to obtain relevant results from a practical analysis, it 
is obviously of great importance to choose a constitutive model suitable 
for the soil and the problem under consideration as well as to assign 
proper values to the parameters included in this model. Normally, 
laboratory tests and/or field tests of the related soil are needed as a 
basis for this evaluation. To facilitate the choice of a model and in an 
organised way determine the parameter values based on all performed 
tests a Constitutive Driver can be utilised, i.e. a computer program 
containing a library of models where the tests can be simulated on the 
constitutive level and where parameter optimisation can be performed. 
Such a Constitutive Driver is also useful in the process of exploring the 
range of application of already estabhshed as well as new constitutive 
models. Although there is still a need for new soil models, it seems that 
more emphasis should be put on exploring the behaviour of existing 
models. It is not imusual that models proposed in the literature have 
been verified against only a few laboratory tests (if any) and mostly 
against such tests that are performed under ordinary types of 
load/displacement control. This cannot be considered as sufficient and 
a general Constitutive Driver would be of great help to verify and 
improve the existing constitutive models. 

As has been described, there are several important apphcations for a 
Constitutive Driver. The authors have been working, for a number of 
years, with the formulation of a mathematical concept1^3 for Con
stitutive Drivers that are general, but simple and thereby suited for 
many potential users. The main idea was that the concept could be used 
for constmcting Constitutive Drivers as a supplement to commercial 
programs with their constitutive models, as well as for researchers 
verifying and developing such models. 
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A Constitutive Driver/ based on this concept, in the form of a PC-
program, has been developed by the Soil Mechanics group at the 
Department of Civil and Mining Engineering, Luleå University of 
Technology. Both the mathematical basis and the structure of this 
program wi l l be discussed in this paper as an example of how a user-
friendly Constitutive Driver can be designed. 

2 STRUCTURE OF THE CONSTITUTIVE DRIVER 

In the Constitutive Driver developed, experimental tests can be 
simulated with a chosen model and the set of constitutive parameters 
giving the best possible f i t against different soil tests can be determined 
by optimisation. A lot of effort has been spent on creating a general and 
user-friendly software that can be used for practical, research and 
educational purposes. 

The program currently contains four soil models based on the flow 
theory of plasticity: a Generalised Cam Clay model, an Anisotropic Cam 
Clay model, a modified version of the Drucker-Gibson-Henkel model 
and the Nova-Wood model. These models wi l l be briefly described in 
Section 4 of this paper. The constitutive equations, on which the 
program is based, are formulated as incremental tangential relations 
under mixed control both for drained and undrained behaviour, see 
Runesson et aV These relations are very central for the mathematical 
concept and wi l l be discussed further in Section 3.1. Mixed control 
imphes that the control variables of the simulation can be chosen as an 
optional mixture of stress and strain components, with the special cases 
of pure stress control and pure strain control. In the Constitutive Driver, 
the choice of control variables is restricted to principal stress com
ponents and/or principal strain components, i.e. no shear components 
are included. This means that only such laboratory or field tests that 
progress under the described type of control can be simulated in the 
Constitutive Driver. This is the case for many types of tests, e.g. 
conventional triaxial tests, true triaxial tests and oedometer tests, as 
long as the stress and strain states are assumed to be homogenous. The 
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notation used, in the paper, for common soil plasticity quantities is 

given in Appendix I . 

Inside the program, the user can choose between two separate and 
independent moduli: a constitutive simulation part and an optimisation 
part, as shown in Fig. 1. Both parts offer the user a number of important 
applications. The simulation part is used for constitutive simulations 
only. In the optimisation part, results from simulations are compared 
with results from experimental tests on which basis parameter 
optimisation is performed. 

CONSTITUTIVE DRIVER 

SIMULATION PART 

— Learn the behaviour of the 

available models 

— Compare the responses of 

different models 

— Perform sensitivity analyses 

OPTIMISATION PART 

— Choice of a suitable model 

— Identification of model 

parameters 

— Evaluation of models 

Fig. 1. Main parts of the Constitutive Driver 

Detailed flowcharts of the program can be found in Fig. 2 for the 
simulation part and in Figs. 3a and 3b for the optimisation part. The 
flowcharts begin in the grey shaded boxes in Fig. 2 and Fig. 3a 
respectively. Each rectangular box represents the event that takes place 
on the computer screen, i.e. the input required or the output displayed. 
In addition, some examples of program apphcation are presented in 

Section 5. 
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In the simulation part, Fig. 2, the user can choose to simulate up to three 
numerical tests at the same time. The simulations can be performed 
with different models, different sets of model parameters and initial 
state parameters, different types of constitutive control (under drained 
or undrained conditions), different number of integration steps etc. 
Further, each numerical test can consist of loading/unloading paths 
between several different states utilising different types of constitutive 
control. This can be used for simulating non-monotonic paths such as 
consolidation and loading/unloading phases as well as different types 
of cyclic loading etc. When the computations are completed, the results 
can be displayed together in graphs chosen according to the plotting 
alternatives. 

A particularly interesting plotting alternative, in connection wi th the 
simulation of a single test, is the yield surface plot. Here, the change of 
the yield locus in the p'^-plane or of the yield surface in the principal 
effective stress space due to hardening and/or softening can be 
followed during the course of loading. In the principal stress space, it is 
possible to rotate the principal stress axes enabling observations of the 
yield surface from different viewpoints. 

As long as the user does not choose to terminate the program, the 
screen with plotting alternatives wil l return and new graphs can be 
displayed. It is also possible to print out the screen picture (where 
several types of printers are supported) or save it in a file. 

In the optimisation part, Figs. 3a and 3b, a simultaneous optimisation 
against several experimental tests performed on the same soil can be 
accomplished. Parameters of the selected model play the role of 
optimisation variables. The input, necessary to define the optimisation 
problem, can be manually entered or read from a data base, that has 
been previously created in the program. It is possible both to define 
additional tests to the data base and to delete existing tests f rom the 
data base. To get an idea of the agreement before the actual 
optimisation starts, theoretical simulations with the initial set of 
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parameters can be compared to experimental results in a plotting 
facility. Here, the model parameters can also be manually changed. 

The next step is to prescribe in which way the optimisation should be 
carried out. MathematicaUy, for the optimisation, an objective function 
and a search strategy are needed. The user can choose between some 
alternative expressions for the objective function and two different 
search strategies: the Rosenbrock method and the Simplex method. A 
brief description of the mathematical background of the optimisation 
part can be found in Section 3.3 and a more thorough description can be 
found in Mattsson et al.3 Lhuing the optimisation, an information 
window displaying the progress is shown. When the optimisation is 
finished, optimised theoretical simulations can be compared to the 
experimental results in a plotting facihty. I f a sufficient agreement has 
not been reached, a new redefined optimisation can be started from this 
stage without leaving the program. It is also possible to go back from 
this stage to the general window for data base manipulations in Fig. 3a. 

Notice, that the optimisation part has been structured with the intention 
to make it as easy as possible for the user to locate the global minimum 
of the optimisation problem. This cannot be done automatically, 
because known mathematical methods are, in general, able to locate a 
local minimum only. 
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Choose fhc number- of 
numerical tcsls (hat will be 
simulated at the same time 

(max, 3 testø) 

For 1 to number of tests 
do repeat 

i f 
G E N E R A L INPUT WINDOW 

- Name of input file for load 
control and integration 

- Name of output file for 
stress/strain results 

- Choice of constitutive 
model 

- Choice of integration 
method 

- Choose if model parameters 
and initial conditions should 
be input or if default 
values should be used 

Give parameter values 
of the chosen model 

Give initial conditions 
for the start of Integration 

P L O T T I N G A L T E R N A T I V E S 

- Single plots with ordinary 
stress/strain invariants 
and state parameters, <1> 

- Summary graphs, <2> 

- Yield surface plots, <3> 
(for the alternative 1 test) 

Plot another graph, <1> 

Print the last graph, <2> 

Exit the program, <3> 

Yield surface plot In the: 

- p'q - plane, <T> 
- principal stress space, <P> 

Give the proper rotation of the 
effective principal stress axis 

or use the default rotation 

1 i 

/ & < 2 > i s \ 
\ c h o s e n 

The graph is printed out on the 
preselected printer or the 
output is directed to a file 

Fig. 2. Basic structure of the constitutive simulation part 
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Choose Ihe type of Input! 

- Manual input <1> 
- Dala base input, <2> 

If the input should be saved in a data base, 
give the name of that data base 

Choose the constitutive model 

Give the initial set of model parameters 

Give the number of experimental tests that 
will be involved in this optimisation 

For 1 to number of tests 
do repeat 

G E N E R A L INPUT WINDOW 

- Name of input file containing the 
experimental results 

- Name of Input file for load control and 

Integration in the model prediction 

- Name of output file for stress/strain 
results from the model prediction 

- Choice of integration method 

Give the initial conditions 
for the start of integration 

^S™ <2>is s S > 

^ N c h o s e n / 

Give the name of the data base 

G E N E R A L WINDOW FOR 
DATA BASE MANIPULATIONS 

- Incorporate additional tests to 

the data base 

- Delete tests from the data base 

- Continue the program 

- Exit the program 

- Compare theoretical simulations 
with experimental results, <1> 

- Go to the optimisation part, <2> 

continues in Fig. 3b 

" = =1 

model parameters 
are changed 

Choose which one of the defined 
tests that should be plotted 

P L O T T I N G A L T E R N A T I V E S 

- Single plots with ordinary 
stress/strain invariants 
and state parameters, <1> 

- Summary graphs, <2> 

The graph is printed out on the 
preselected printer or the 
output Is directed to a file 

Plot another graph, <1> 

Print the last graph, <2> 

Plot another test, <3> 

Change the model parameters, <4> 

Go to the optimisation part, <5> 

Exit the program, <6> 

_•<$>-

Fig. 3a. Basic structure of the optimisation part 
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From Fig. 3 a 

If manual input was chosen, or no bound 
constraints have been defined in the data 
base for the present choice of model 
parameters, then: 

- Define lower and upper bounds on the 
model parameters and specify the 
parameters that should be looked 
(if a data base exists, this information 

is saved there) 

Define the norm: 

- Choose the norm for the individual tests 

- Choose the final norm (the objective 

function) 

Define the optimisation strategy: 

- Choose the search method 

- Give the parameters needed in order 

to terminate the search 

- Initiate the search 

To data base 
manipulations 
in Fig. 3a 

Start the optimisation, <1> 

Redefine the optimisation, <2> 
I f <1> i s N 

.chosen > 

An information window displaying the 

progress during optimisation is shown 

Options: 

- Redefine the bound constraints and the 
locking of the model parameters 

- Redefine the norm 

- Redefine the optimisation strategy 

- Exit this window 

G E N E R A L OPTION WINDOW 

- Redefine the optimisation, <I> 

- Compare theoretical simulations 
with experimental results, <2> 

- Go back to data base manipulations, <3> 
(an option only if a data base exists) 

- Exit the program, <4> 

Ufa data base exists) 

Should the present model parameters, 

their bound constraints and the 

prescribed locking be saved in the 

data base? 

Answer <Y> or <N> 

Choose which one of the defined 
tests that should be plotted 

P L O T T I N G A L T E R N A T I V E S 

- Single plots with ordinary 
stress/strain invariants 
and state parameters, <1> 

- Summary graphs, <2> -4> 

-<S>«-

The graph is printed out on the 
preselected printer or the 
output is directed to a file 

Plot another graph, <1> 

Print the last graph, <2> 

Plot another test, <3> 

Go to the general 

option window, <4> 

Exit the program, <5> 

Fig. 3b. Basic structure of the optimisation part 
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3 THE MATHEMATICAL BASIS 

Two alternative techniques to incorporate mixed control in soil 
plasticity have been presented in the hterature: mixed tangential 
relations between control and response variables, Runesson et al.,1 and a 
method based on a completely strain-driven core algorithm where the 
unknown response strain variables are determined via an iterative 
procedure satisfying equihbrium with the prescribed stress components 
as well as the ^compressibility constraint in the case of undrained 
behaviour, Alawaji et al.5 

The mixed tangential relation approach has been utilised in the current 
program since this method is beheved to be the most cost efficient for 
the present application, see e.g. Alawaji et al!" 

3.1 Tangent relationship under mixed control 

The mixed tangential relations1 are designed for a wide class of soil 
models based on the flow theory of plasticity. A large part of the soil 
models that are common in commercial programs, e.g. FEM, is of this 
type and can by that be implemented in the form of mixed tangential 
relations. 

The formulation is based on the three fundamental components: a yield 
function, a flow rule and a hardening rule. The tangential relations are 
established between control variables which are prescribed (at a certain 
instant) and used as input to the constitutive relation and response 
variables which are obtained as an output from this relation. The 
tangent matrix is in general state-dependent, so the tangential relations 
have to be integrated numerically. The control variables can be chosen 
as an optional mixture of stress and strain components and the response 
variables become their corresponding energy conjugates. The yield 
surface is represented in the effective stress space, even though other 
choices of state variables (stress, strain or mixed space) are possible.7 

Loading/unloading criteria are properly expressed in terms of the 
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chosen control variables which also affect the condition for a unique 
response. 

In the formulation, a distinction is made between drained and 
undrained behaviour. The pore pressure is constant in drained 
behaviour while it is treated as a response variable in undrained 
behaviour. The undrained condition is defined by one additional 
equation, the incompressibility constraint (frequently used for saturated 
soils) stating that no volumetric change can occur under an undrained 
test. This entails that pure strain control is not possible for undrained 
behaviour, because it would overconstrain the strain field. Total stresses 
(and not effective stresses) represent known quantities for undrained 
behaviour. The tangential relation for drained behaviour can be 
formulated with either total or effective stresses. 

To obtain a uniform and compact formulation, the increments of total 
stresses s and strains £ associated with the coordinate system of the 
test, have to be decomposed and rearranged in energy conjugate 
portions into subvectors 

in such a way that s., and s 2 represent increments of the control 
parameters and t x and s2 increments of the response parameters. 
Other vectors and matrices are decomposed in the same way. The 
quantities can anytime be transformed back to the physical coordinate 
system. 

A detailed derivation of the mixed tangential relationship could be 
found in Reference 1 or 2, and is therefore omitted here. Only the 
resulting equations are presented below, to give an idea of the 
mathematical structure. 
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The mixed tangential relationship for drained conditions can be written 

(2) 
V E 1 2" 

A . _ E 21 A . 

where a represents increments of effective stresses (equal to s in this 
case). The tangent matrix under plastic loading becomes 

E 1 2 ~ E e  
c i i E e 

^12 
1 E e  

c i i E e 

^12 H  
En _ E i 

_ 21 

T 
2 

- T (3) 

which is reduced to 

"En E^" E e E e 

En F E e 

. 21 
F e (4) 

in the elastic range. The introduced quantities are: the drained elastic 
tangential matrix E e , the drained generalised plastic modulus K, the 
transformed gradients of the yield function n and the transformed flow 
vectors rh . 

In a similar way the mixed tangential relationship for undrained 
conditions can be written 

(5) 
E un F 

c u l 2 

> 2 _ _Eu21 Eu22_ A . 

where the tangent matrix and the pore pressure increment ü under 
plastic loading have the form 

E u i i E u l 2 

E u 2 i E u 2 2 E e 

E e 

E e 
+ -

JC 

- T 

_ m u 2 n u l T 

(6) 
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u = c 
f - 1 ^ 

S l + C 2 

which are reduced to 

E un E u l 2 
F e F e 

E u l l E u l 2 
F e F e 

ii = c I (5 1

T s 1 +5 2

T e 2 ) 

(7) 

in the elastic range. Here, the introduced quantities are: the undrained 
elastic tangential matrix E*, the undrained generalised plastic modulus 
Ku, the undrained gradients n u , the undrained plastic flow directions 
m H , the adjusted Kronecker delta 5, the elastic complementary energy 
norm Cj and the volumetric portion of mt, denoted mlv. 

It can be shown that the drained generalised plastic modulus K > 0 as 
well as the undrained generalised plastic modulus Ku > 0 provide the 
criteria for a unique response (by giving unambiguous loading criteria) 
and should, therefore, be computed as a part of the scheme. The choice 
of control variables has a major influence on the uniqueness of the 
stress/strain behaviour.1'7 For example, for drained behaviour under 
pure stress control, the material must be strictly hardening. If the 
uniqueness criteria are not fulfilled during the integration in the 
Constitutive Driver, an error message is displayed and the program is 
terminated. 

The tangential relations could be used in a completely general stress 
and strain space. In the Constitutive Driver, the usage is restricted to a 
principal stress and strain space. This restriction is believed to be 
consistent with experimental practise, when most of the soil tests are 
interpreted like they were carried out in a principal space under 
homogeneous conditions. Such a restriction also makes the computer 
programming easier, reduces the computing time, gives a simpler user-
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interface etc. If shear components have to be taken into consideration, 
this could be done on the sample level as discussed in Section 6. 

The mixed tangential relations described here do not apply to multi-
surface plasticity models where more than one yield surface can be 
loaded at the same time. An extension of the mixed control concept to 
multi-surface plasticity has been presented by Klisinski.8 However, 
^compressibility due to undrained conditions is not (yet) included. It 
was e.g. found that uniqueness of the response depends on the 
properties of a matrix and not solely the sign of a scalar. 

3.2 Integration algorithm 

To numerically integrate the mixed tangential relations in eqns (2) and 
(5), the explicit integration algorithm Forward Euler (FE), see e.g. 
Crisfield,9 has been chosen, foremost because of its simplicity. 

In an integration step with Forward Euler, the tangential matrix is 
established for the known state at the beginning of the step. This matrix 
is assumed to be constant during the integration step, and the mixed 
tangential relationship is used to compute the response increments from 
the known increments of control. Thereafter, the stress and strain fields 
are updated and the hardening parameters are changed according to 
the hardening law. A new integration step can then begin. 

It is seen, that it is quite straightforward to adopt the Forward Euler 
integration scheme. Obviously, the use of stepwise constant tangent 
matrices yields better accuracy the smaller the integration increments 
are. If sufficiently small integration increments are used in Forward 
Euler, the method is in general stable and gives proper results. In a 
Constitutive Driver, small integration increments, and thus a large 
number of steps, can often be afforded. However, sometimes, in the case 
of hmited computer capacity or available computer time (e.g. in 
optimisation), when the number of integration steps must be limited, 
serious numerical problems might appear. In the Constitutive Driver 
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described here, special methods and routines to handle these problems 

are included, Fig. 4. 

One type of numerical problem might arise due to the sharp distinction 
and the pronounced difference between the stress/strain responses in 
the elastic and the plastic region. If an incremental stress vector, 
originating from an integration step starting in the elastic region, 
crosses the yield surface, no hardening or softening, associated with the 
plastic state, wi l l take place leading to a mathematically inadmissible 
stress state. The risk for significant errors increases when large 
integration steps are applied. 

In the Constitutive Driver, the stress point where the incremental stress 
vector crosses the yield surface is computed, point B in Fig. 4. This 
intersection point, where thus the yield criterion F ( C B , K B ) = 0 is 
satisfied, can be searched for by iterations with e.g. the Bisection 
method or the Regula Falsi method, where the search interval on the 
linear segment A to C in Fig. 4 is gradually reduced, still including the 
point B, by identifying the sign of the yield function (F(a, K B ) < 0 in the 
elastic region and F(o, K B ) > 0 outside the yield surface). A scalar 
0 < 77 < 1 , where point A is associated with 77 = 0 and point C with 
77 = 1 , keeps the control of the end points of the interval. The iterative 
procedure is repeated until a sufficient accuracy has been obtained or 
the process stops after a maximum number of iterations. Thereafter, the 
integration step crossing the yield surface is divided into a pure elastic 
part and an elastic-plastic part 

M (8) 

and each part is computed separately. 

Another type of numerical problem follows from the yield surface drift 
in plastic loading which primarily arises from the use of the rate 
consistency condition when estabhshing the tangential constitutive 
matrix. Consider a step of plastic loading, case D-E in Fig. 4, in which 

( 1 - t ? b ) 
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the stress point D is assumed to be situated on the yield surface, 
F(a,KD) = 0 at the start. A t the end of the integration step, where the 

increments of the control variables are known and the increments of the 
response variables have been calculated, the stress and strain fields are 
updated. Further, the yield surface is updated to a new position 
F(o, K E ) = 0 according to the hardening law. Then, the stress point E, 

corresponding to the predicted stress state, might not be situated on the 
current yield surface, i.e. F (O~ E ,K E ) * 0 as illustrated in Fig. 4 , and a so-
called yield surface drift has taken place. This drift can give rise to a 
cumulative discrepancy that, in the worst case, can totally destroy a 
solution. Therefore, a drift correction method (DCM) for explicit in
tegration of mixed tangential relations in soil plasticity under drained 
as well as undrained behaviour has been formulated and utilised as a 
user-alternative in the Constitutive Driver, see Mattsson et al.2 It was 
concluded that the proposed drift correction method, for quite marginal 
additional computational cost, was able to successfully, correct for the 
yield surface drift giving results in close agreement to those obtained 
with a very large number of integration steps. 

Fig. 4. Numerical problems associated with exphcit integration 
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3.3 Optimisation routine 

In this section, the mathematical aspects of the optimisation routine in 
the Constitutive Driver wi l l be discussed. This optimisation routine has 
been especially developed for the identification of model parameters in 
soil plasticity on the basis of different soil tests, see Mattsson et al.3 

The mathematical procedure of optimisation basically consists of two 
parts, the formulation of an objective function measuring the difference 
between theoretical and experimental results and the selection of an 
optimisation strategy enabling the search for the minimum of this 
function. Some alternative expressions for the objective function, 
capturing the overaU soil behaviour, can be selected in the program. 
Two different search strategies are included, one based on Rosenbrock's 
method10 and the other based on the Simplex method by Neider and 
Mead,11 both belonging to the category of Direct Search Methods. 

For this type of optimisation problem, the optimisation variables are 
represented by parameters of the constitutive model chosen. In general, 
more rehable model parameters can be obtained if many (qualitatively 
different) experimental tests form a basis for the optimisation. For each 
test, the difference between the experimental result and the theoretical 
prediction is measured by a norm value, referred to as an individual 
norm. The individual norms of the tests form an objective function 
F(x). The optimisation problem involves the minimisation of this 

objective function 

F(x) -» min (9) 

where x is a vector containing the optimisation variables. Bound 
constraints are introduced on the optimisation variables 

x< < x < x u (10) 

where x, and x u are, respectively, the lower and upper bounds of x. 
The solution of the optimisation problem is a vector x 0 which for any 
xt < x < x u satisfies the condition 
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F(x 0 )<F(x) (11) 

of a global nunimum. However, most optimisation routines are only-
capable of searching for a local minimum. This is also true for the Direct 
Search Methods discussed here. In the general case, there is no way to 
check if the local minimum obtained also is the global one. A possibility 
to handle the problem is to start the search from different initial 
positions and, if the local minima become the same, it is most probably 
also the global minimum. 

As a first step, in the formulation of an objective function, an expression 
for the individual norm has to be established. The individual norm is 
based on Euclidean measures between discrete points, composed by the 
experimental and the theoretical result, in a seven-dimensional space 
spanned by normalised versions of the principal total stresses s1, s2 and 
s3, the principal strains e1, &, and £3 as well as the pore pressure u, i.e. 

d = T r i l - r - r f ( e r )2 - «-)a 

s 0 '=1 fc0 1 = 1 0 

1/2 

(12) 

where the scaling factors s0, e0 and u0 are necessary for the 
comparison of stresses and strains. The scaling factors are chosen as the 
maximum absolute value of all the total stresses, strains and pore 
pressures respectively in the discrete points involved in the 
computation of the individual norm. 

The minimum distance d^, between experimental points and the 
prediction curve, for each experimental point included in the test, is 
searched for. An economical way to compute dmin is to search for the 
closest Euclidean distance in eqn (12) in one direction, according to Fig. 
5a. The search proceeds until the closest distance, dk • < dki_1 and 
dki < d k t M , is located. Then the distance dTOJ) to an even closer position is 
searched for on either side of the prediction point i, Fig. 5b, by 
analysing the two triangles. 
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When the minimum distances for all the experimental points are 
computed, an absolute individual norm is obtained as 

Eabs = W-n + 1 ,i=1 

.dL-, +dt 

' mm t 
(13) 

where w is a weight factor, n is the number of experimental points (the 
first not counted), d'min is the minimum distance for the experimental 
p o i n t a n d dt denotes the distance between the termination points. In 
addition to the absolute norm (13), another individual norm based on 
relative deviations is utilised in the optimisation routine. 

k+1 

i-1 

Fig. 5. The search algorithm for the closest distances 

The next step is to formulate a final norm, an objective function, based 
on the individual norms computed for each experimental test included 
in the optimisation. Two different final norms are included in the 
program as a user-option for the objective function. These are the 
maximum norm and the combined norm, i.e. 
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¥ m a x = K E ' ^ Fcomb^n-Frnax+J, & (14) 

where m is the number of experimental tests involved in the 
optimisation and Ee the individual norm value for test no. I. 

Both the Rosenbrock and the Simplex method have been modified to 
make the search strategies as efficient and user-friendly as possible for 
the type of optimisation problem addressed here. The search strategies 
work differently, so a user can switch to the alternative method if the 
first turns out to be ineffective (e.g. a local minimum is approached) for 
some reason during the search. In both methods, an initial set of model 
parameters and their bound constraints have to be prescribed before the 
actual optimisation can start. It is possible for the user to lock an 
optional number of these parameters, i.e. the initially prescribed values 
of the locked parameters are used in the model during the whole 
optimisation. The rest of the model parameters then serve as optimi
sation variables. 

Optimisation examples against both simulated experimental results as 
well as performed triaxial tests are presented in Reference 3. From these 
examples, it has been concluded that the optimisation routine is able to 
locate a minimum with a good accuracy, fast enough to be a very useful 
tool for identification of model parameters in soil plasticity. 

4 SOIL MODELS 

Four soil models have, so far, been included in the Constitutive Driver. 
These are a Generalised Cam Clay model, an Anisotropic Cam Clay 
model, a modified version of the Drucker-Gibson-Henkel model and the 
Nova-Wood model. A brief description of these models is presented 
below. 
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4.1 Generalised Cam Clay 

In the 1960s, the original Cam Clay model, Roscoe and Schofield,12 and 
the Modified Cam Clay model, Roscoe and Burland,13 were formulated 
within the critical state concept and became the basis for the modern 
soil mechanics. A variety of generalisations of these models can be 
found in the literature. The Generahsed Cam Clay model in the 
program is based on the Modified Cam Clay model and is here 
implemented according to Alawaji et al.5 

Like the Modified Cam Clay model, the Generahsed Cam Clay model 
has an elliptical yield locus in a p'q stress plane, see Fig. 6. The model 
has been generalised with respect to the yield function, the flow rule 
and the hardening rule. The yield function is, in addition to the stress 
invariants p' and q, made a function of the third deviatoric stress 
invariant (or the Lode angle) with an expression proposed by Willam 
and Warnke.14 A n influence of the third deviatoric stress invariant, 
implies that the shape of the yield locus in a deviatoric view of the 
principal effective stress space deviates from the circular one. This can 
e.g. be used to consider the frequently observed difference in strength 
between conventional triaxial compression and extension tests. In the 
subcritical region (wet side), an associated flow rule is assumed. Non-
associated flow is allowed for in the supercritical region (dry side). A 
non-associated flow rule is usually more appropriate in the supercritical 
region, since the plastic dilatancy, obtained in this region with an 
associated flow rule, often becomes larger than what is experimentally 
observed. In contrast to the Modified Cam Clay model, the hardening 
function of the Generalised Cam Clay model is depending not only on 
the plastic volumetric strain but also on the plastic deviatoric strain, i.e. 
combined hardening is adopted. 

Seven parameters are included in the Generalised Cam Clay model. 
Because of its flexibility, the Generahsed Cam Clay model should be 
applicable to model the behaviour of both fine-grained and coarse
grained soils. The Modified Cam Clay model can be obtained as a 
special case of the Generalised Cam Clay model, by giving specific 
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values to some of the parameters. A thorough description of the 
Modified Cam Clay model can e.g. be found in the book by Muir 

Wood.1 5 

critical state line 

P'c P' 

Fig. 6. Yield locus in the p'q -plane for the Generalised Cam Clay model 

4.2 Anisotropic Cam Clay 

In the Anisotropic Cam Clay model, also based on the Modified Cam 
Clay model, an ordinary type of initial anisotropy of the soil material, a 
so-called K0 -anisotropy, is considered. This is a common state for e.g. 
natural clays, that for a long period of time have been exposed to an 
anisotropic stress state ch - K0cv where the coefficient of earth pressure 
at rest K0 expresses the ratio between the horizontal effective stress ah 

and the vertical effective stress av. The stress state in the horizontal 
plane is regarded as isotropic, i.e. a2 = a3 = ah. In this model, K0 is 
considered at the state of normal consolidation. 

The principal directions of stress and strain in the Constitutive Driver 
have to coincide with these vertical and horizontal directions, in such a 
way that the first principal direction coincides with the vertical 
direction which imphes that the other two principal directions are 
located in the horizontal plane. With the principal stresses cr, = av and 
<72 = o"3 = ah, particular forms of the invariants p' and q can be written 

as 
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Oi +2(7, ,„ 
P = 3 - <7 = 0 i - 0 3 (15) 

In this p'<j -plane, the initial K 0 -anisotropy is represented by the fc°-line 

q = k°p' (16) 

where 

» • • ^ ( 1 7 > 

A n anisotropic yield criterion, Runesson and Axelsson,16 is here 
obtained by translating all the stress points on the elliptical yield locus 
of the Modified Cam Clay model, centred on the p'-axis, vertically in the 
p'q -plane, where the k°-lme is included, in such a way that the original 
symmetry line along the p'-axis wi l l coincide with the k° -line, see Fig. 7. 
The corresponding yield surface in the principal effective stress space is 
as a first step formed by rotational symmetry in deviatoric views along 
the A:0-line. In the Anisotropic Cam Clay model, it is also possible to 
specify a cohesion intercept, q(p' = 0) * 0, on the failure line, see Fig. 7. 

Natural clays often display a marked stratification of the sediments. 
This leads e.g. to different yield and failure conditions depending on in 
which deviatoric direction the soil is loaded. Such a deviatoric 
anisotropy can be accounted for in the Anisotropic Cam Clay model, for 
the special case of transversal isotropy, by distorting the yield locus in 
deviatoric views of the principal effective stress space. 

There is certain evidence that the initial anisotropy of a natural clay 
sample becomes less and less pronounced when the soil is sheared to 
failure. This imphes that the plastic hardening/softening process wi l l 
influence the anisotropy. Stress-induced anisotropy can be accounted 
for in the model with a rotational hardening law, Yu, 1 7 by letting the 
parameter k° become a function of the plastic deviatoric strain and act 
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as a harderting/softening parameter. As plastic deviatoric strain is 
produced, the fc°-line together with the yield locus in the p'q -plane in 
Fig. 7 wi l l gradually rotate against the p'-axis. The limit state of the 
rotation corresponds to k° = 0 (K 0 = 1), i.e. the yield locus is centred on 
the p'-axis and coincides with the yield locus of the Modified Cam Clay 
model. 

In other respects, the Anisotropic Cam Clay model contains an 
associated flow rule, a volumetric hardening law and a non-linear 
isotropic elastic law, i.e. analogous to the Modified Cam Clay model. 

Eight parameters are included in the Anisotropic Cam Clay model. Also 
from this model, the Modified Cam Clay model can be obtained as a 
special case. The Anisotropic Cam Clay model can be expected to be 
suitable to simulate the behaviour of clays, foremost natural 
undisturbed clays. In addition, the model has proved to be successful in 
simulating the behaviour of sulphide soils from the coastal regions of 
northern Sweden, see Yu. 1 7 

failure line 

Fig. 7. Yield locus in a p'q -plane for the Anisotropic Cam Clay model 
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4.3 Drucker-Gibson-Henkel's cone-cap model 

The Drucker-Gibson-Henkel model is a two-surface model where the 
yield surface consists of a fixed cone which open end is closed by a 
moving cap in the direction of the stress space diagonal. The model that 
has been implemented in the program is based on the model proposed 
by Drucker et al.is with the simple modification that the spherical cap 
they used to close a Drucker-Prager yield cone has been generalised to a 
half-ellipsoid, see Axelsson.19 In Fig. 8, the yield locus is illustrated in 
the p'q -plane. 

A 

fixed cone moving cap 

p' 

Fig. 8. Yield locus in the p'q -plane for the Drucker-Gibson-Henkel 
model 

The cone-cap model can be regarded as a simplification of the Modified 
Cam Clay model in the meaning that the softening material behaviour 
in the supercritical region (when the stress point is situated on the yield 
cone) is not simulated, instead the material directly goes to failure on 
the fixed cone. In the subcritical region (when the stress point is situated 
on the yield cap) the model behaves like the Modified Cam Clay model 
where the half-ellipsoid, with an associated flow rule and a volumetric 
hardening law, is allowed to expand during the hardening process. As 
soon as a stress point reaches the fixed cone f rom an elastic state, failure 
is simulated by moving the ellipsoid so its vertex, symbolising critical 
state, coincides with the position of the stress point on the cone.19 By 
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subsequently letting the ellipsoid controlling the additional plastic 
strains, failure in the meaning of critical state is obtained. 

The cone-cap model discussed here is comperatively simple and 
includes only six parameters. The model is not limited to any particular 
soil type, but at the same time one should not expect it to capture the 
more specific behaviour of different soils. Nevertheless, it is of interest 
since models of this type are common in commercial software. 

4.4 Nova-Wood's cone-cap model 

In the cone-cap model proposed by Nova and Wood,2 0 both the cone 
and the cap are movable. This implies that stress points laying on the 
yield cone can also give a hardening/softening material behaviour, in 
contrast to the Drucker-Gibson-Henkel model where the cone is fixed 
and represents a failure condition. In the p'q -plane, see Fig. 9, a line 
with the inclination r\c is providing a limit between the yield cone and 
the yield cap, respectively. On the yield cap (qlp'<T\C), an associated 
flow rule is applied and on the yield cone (q/p'>r}c) a non-associated 
flow rule, based on a separate plastic potential function, is utihsed. In 
the Nova-Wood model, combined harderting is included, i.e. both the 
plastic volumetric strain and the plastic deviatoric strain influence the 
change of the yield surface during the hardening process. The yield 
surface in the principal effective stress space is formed by rotating the 
yield locus in the p'q -plane, Fig. 9, about the p'-axis which gives a yield 
function that is independent of the third deviatoric stress invariant. This 
is a generalisation of the original Nova-Wood model20 where the 
description was restricted to compression in the triaxial plane 
01 > C2 = 0~3 . 

The Nova-Wood cone-cap model is a typical model for frictional soils 
where the expressions for the yield function and the potential function 
are derived from experimental tests on sand. It is well-known that 
frictional soils frequently display non-associated flow, especially in the 
supercritical region, and that the plastic deviatoric strain seems to have 
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a larger influence on the hardening process for a frictional soil than for a 
clay. Seven parameters are included in the model. 

Fig. 9. Yield locus in the p'q -plane for the Nova-Wood model 

5 APPLICATION EXAMPLES 

The Constitutive Driver, discussed above, can be used in many different 
ways. In this section, some ordinary examples are presented. Additional 
and more advanced examples are demonstrated in Mattsson et al.23 

5.1 Constitutive simulation part 

The simulation part of the program is here demonstrated by 
considering an example in which three conventional triaxial tests are 
simulated at the same time, Table 1. For simplicity, the simulations are 
performed with the well-known Modified Cam Clay model, here 
obtained as a special case of the Generalised Cam Clay model described 
in Section 4.1. The parameter values, designed to emulate the behaviour 
of a clay, are mainly chosen from Muir Wood. 1 5 The state parameter p'c 

(in Table 1) stands for the isotropic effective mean stress at the tip of the 
yield locus (that is the hardening parameter of the model, cf. Fig. 6) and 
the state parameter v for the specific volume, respectively. 

critical state line 
q 

p' 

27 



H. Mattsson et al. 

In the simulation of a conventional triaxial test, the axial and the radial 
directions of the cylindrical specimen are assumed to be the principal 
axes of stresses and strains, and the axial strain (e a = e 1) as well as the 
radial stress (s r = s2 = s 3) are used as control variables in the simulation. 
Thus, the conventional triaxial test is a case in which mixed control is 
applied. Tests no. 1 and 2 are both examples of conventional drained 
triaxial compression tests: test no. 1 on a normally consolidated soil and 
test no. 2 on a heavily overconsolidated soil. Test no. 3 is a conventional 
undrained triaxial compression test on a normally consolidated soil. 
Note that the shear phase starts at the same isotropic effective stress 
state in all the tests. 

Table 1. Loading programs with the Modified Cam Clay model. 
(Model parameters chosen: K =0.06, v '=0.3, A =0.19,M=0.9, 
N=2.88. For definition of symbols used, see e.g. Reference 15.) 

Test Drained Initial conditions End conditions of control parameters 

[0]or 
undrained Pc s, *2 s3 u V s, s2 s3 £, e, e, 

[1] (kPa) (kPa) (kPa) (kPa) (kPa) (kPa) (kPa) (kPa) (%) (%) (%) 

1 0 100 100 100 100 0 2.005 — 100 100 30 — — 

2 0 400 100 100 100 0 1.825 — 100 100 30 — — 

3 1 100 100 100 100 0 2.005 — 100 100 15 — — 

When the numerical integration of the three tests is completed, a screen 
window with different plotting alternatives is shown, Fig. 10. From this, 
different stress and strain invariants as well as state parameters, defined 
by the alternatives A to P, can be selected and plotted against each 
other. For definition of quantities see Appendix I . In addition, three 
different types of summary graphs, containing standard plots, can be 
chosen by the alternatives Q to S. 
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In Fig. 11 the summary graph 2 (alternative R) is shown for the 
simulated tests. Four graphs are presented in this window, i.e. 
(clockwise) shear curves in the qe -plane, stress paths in the p'q -plane, 
compression curves in the p'v -plane and contraction curves in the ver
plane. To distinguish the curves obtained from the different tests, the 
numbers 1), 2) and 3) have been incorporated in this "black and white" 
reproduction of the real screen window in colour. The axes representing 
stresses have the unit kiloPascal (kPa). 

Some well-known properties of the Modified Cam Clay model can be 
recognised in Fig. 11. For the drained tests, no. 1 and 2, the stress paths 
in the p'q -plane are governed by the relation A q / Ap' = 3. These 
drained tests approach the same critical state combination in the stress 
plane p'q and in the compression plane p'v, respectively, i.e. the 
ultimate condition in which plastic shearing could continue ^definitely 
without any changes in either volume or effective stresses. In the 
normally consolidated test, no. 1, the soil experiences volumetric 
contraction and plastic hardening during shearing. The overcon
solidated soil in test no. 2 initially experiences an entirely elastic 
response followed by volumetric dilatation and plastic softening. In the 
undrained test, no. 3, it is the total stress path in the p q -plane which is 
governed by the relation A q / A p = 3. The effective stress path is linked 
to the total stress path by the effective stress principle. To satisfy the 
^compressibility constraint, the plastic volumetric strain (contraction) 
is balanced by an elastic volumetric strain (expansion). Then, the stress 
path in the p'q -plane turns to the left and finally reaches critical state. 
At the same time, the soil hardens plastically and the pore pressure 
increases. Furthermore, it can be seen that the strength in the undrained 
test is much lower than in the drained tests. 

When only one test is simulated in this part of the Constitutive Driver, 
the alternative S (summary graphs 3) in Fig. 10 is exchanged for another 
alternative, called yield surface plot. In this alternative, the motion of 
the yield locus in the p'q -plane or of the yield surface in the principal 
effective stress space due to hardening and/or softening can be 
followed during the course of integration. For test 3 in Table 1, screen 

29 



H. Mattsson et al. 

pictures from the final states of the yield locus and the yield surface are 
shown in Figures 12 and 13, respectively. The view in Fig. 13 represents 
the default rotation, but it is also possible to prescribe an optional 
rotation of the principal axes to observe the motion of the yield surface 
and the position of the stress point from different directions. 

This part of the program, and the alternative yield surface plot in 
particular, has shown to be very useful in the process of understanding 
the behaviour of different models, especiaUy for non-conventional tests 
simulated with complicated models, when it is not always easy to 
foresee the response solely from the mathematical description. 

WHAT WOULD YOU LIKE TO FLOT ? ( F i r s t choose x-data a r r a y ) 

E f f e c t i v e nean S t r e s s A 

Deuiator ic S t r e s s B 

E f f e c t i u e S t r e s s in 1 - d i r e c t i o n . . . . C 

E f f e c t i v e S t r e s s in Z - d i r e c t i o n . . . . D 

E f f e c t i u e S t r e s s in 3 - d i r e c t i o n . . . . E 

Volumetric S t r a i n F 

D i s t o r t i o n a l S t r a i n G 

S t r a i n in 1 -d irec t ion H 

S t r a i n in Z - d i r e c t i o n I 

S t r a i n in 3 - d i r e c t i o n J 

S p e c i f i c vo lume. . . K 

Total Mean S t r e s s  

Total S t r e s s in 1 - d i r e c t i o n . 

Total S t r e s s in Z - d i r e c t i o n . 

Tota l S t r e s s in 3 - d i r e c t i o n . 

Fore pressure  

Summary Graphs 1 

Summary Graphs Z  

Summary Graphs 3 

x-data : 

Fig. 10. Plotting alternatives 
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HODEX: G E N E R A L I S E D CXH C U T I N T . MET : FOR5ÄRD E U X E R 
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12. Yield locus plot and stress path in the p'q -plane for test no. 

31 



H. Mattsson et al 

KODEX: G E N E R A L I Z E D CAM C L A Y I S T . H E T : FORSARD E U L E R 

Fig. 13. Yield surface plot in the principal stress space for test no. 3 

5.2 Optimisation part 

As an example of how to utilise the optimisation part of the 
Constitutive Driver, results from optimisations against a conventional 
undrained triaxial compression test on an isotropically normally 
consolidated soil wi l l be presented and discussed. 

The laboratory experiment has been performed on a sulphide rich silty 
clay, stabilised in laboratory with Air Blast Furnace Slag and Portland 
Cement, Table 2. This particular soil sample origins from Sunderbyn 
outside Luleå, Sweden. Sulphide soils are, however, common in all the 
coastal regions of northern Sweden and are often regarded as a soil type 
giving geotechnical problems such as large settlements and low 
stability. The possibilities to artificially increase the strength by adding 
different stabilising agents have been exanriined by Macsik et al.,21 the 
study from which the experimental results have been supplied. 
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Table 2. Soil sample data 

Bulk density Water content Degree of 
saturation 

Amount of 
additives 

Mixture Curing time 

(Mg/m 3 ) (%) (%) (weight-% of 
DS soil) 

(weight-%) (days) 

1.56 70 -100 14 FS50/PC50 * 40 

* FS = Air Blast Furnace Slag (< 4 mm grains), PC = Portland Cement 

Optimisations have been performed with two of the models included in 
the program: the Generalised Cam Clay model and the Nova-Wood 
model, described in Sections 4.1 and 4.4 respectively. Both these models 
were considered to have good prospects to predict the experimental 
response. In the Generalised Cam Clay model, seven parameters are 
included i.e. 

K' the slope of the unloading-reloading line in the ep - Ln p' 
plane, where ep is the volumetric strain and p' the effective 
mean stress 

v ' Poisson's ratio 

X ' the slope of the isotropic compression line in the ep-\np' 
plane 

D deviatoric hardening parameter 

M the slope of the critical state cone 

N parameter for a non-associated flow rule 

er parameter for the yield surface dependence on the third 
deviatoric stress invariant 

The value of the parameter er has no influence on the result from a 
prediction of a conventional triaxial compression test, and is therefore 
not included in the optimisation. The parameters K*, v ' , X *, D and M 
are also included in the Nova-Wood model, together with two 
additional parameters: m that characterises the yield function and a 

dilatancy parameter fl. 
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The experimental test was carried out wi th a constant strain rate of 
1 %/h in the axial direction and, hence, a linear variation of the axial 
strain was assumed in the predictions. In the optimisations, an absolute 
individual norm, eqn (13) with w=1.0, was utilised as the objective 
function. 

For both the models, the best agreement, between the experiment and 
the numerical predictions obtained by optimisation, is presented by 
screen pictures from the plotting facility in the program, Figs 14-17. The 
plotting alternatives are common for both parts of the program, and the 
alternatives chosen for this presentation are the Summary graphs 1 as 
well as the graph with pore pressure versus strain in the axial direction 
(1-direction), i.e. alternatives Q and H-P in Fig 10. The axes representing 
stresses in Figs 14-17 have the unit kiloPascal (kPa). In addition, the 
optimal set of parameters and the associated value of the objective 
function are presented in Table 3 for the Generalised Cam Clay model 
and in Table 4 for the Nova-Wood model. 

The plots as well as the values of the objective function show a good 
agreement with the experimental results for both the models. However, 
a slightly better agreement is obtained for the Nova-Wood model 
compared to the Generalised Cam Clay model. The parameters that are 
common for the models in Tables 3 and 4 received optimal values with 
a magnitude quite close to each other, which further indicate that the 
models are able to predict this particular experimental test. On the other 
hand, it is important to remind that a good agreement with respect to a 
single test is not enough to evaluate a model, but it is a promising start. 
Further, both these models are historically founded mostly on data from 
conventional triaxial tests and it is not certain that an agreement as 
good as in this example could be obtained for more complex 
stress/strain paths on the same soil. 

It is mteresting to see how the stabilising agents have influenced the 
sulphide soil. Yu 1 7 performed several undrained triaxial compression 
tests on isotropically normally consolidated undisturbed sulphide soil 
samples without stabilising agents, taken from the same area as the soil 
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in this example. Some parameter values from these tests: K" =0.0093, 
X" =0.104 and M=1.77, evaluated from a similar stress range as in the 
example in Figs 14-17, can be compared to the values in Tables 3 and 4. 
Not surprisingly, such a comparison shows a stiffer response and a 
higher strength for the stabilised soil. Furthermore, the tests by Yu 1 7 

reached critical state without displaying the hook observed in Figs 14 
and 16 when the stress path in the p'q -plane turns to the right. This 
characteristic hook has frequently been observed in tests on silts17 and 
sands20 and is here modelled by combined hardening, D * 0. The hook 
is important, since it indicates that a more ductile behaviour precedes 
failure of the stabilised soil. 

Table 3. The optimal set of parameters - Generalised Cam Clay 

Optimisation variables 

eqn (13) " 

(%) K' V A" D M N 

1.21 0.0046 0.3364 0.0311 0.1319 1.9950 1.9950 

Table 4. The optimal set of parameters - Nova-Wood's model 

F 
max 

Optimisation variables 

eqn (13) 

(%) K* v' X' D M m 

1.14 0.0053 0.2958 0.0174 0.0721 1.9969 1.9964 1.0000 
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MODEL G E N E R A L I Z E D CAB C L A Y I N T . B E T : FORBARD E U L E R • DCS 
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Fig. 14. The Generalised Cam Clay model — Summary graphs 1 

HÖDEL: G E N E R A L I Z E D CAB C L A Y I N T . H E T : FORWARD E U L E R • DCH 
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HÖDEL: NOVA-WOOD HÖDEL I S T . H E T : FORWARD EDLER • DCH 
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Fig. 16. The Nova-Wood model — Summary graphs 1 
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6 CONCLUDING REMARKS 

A Constitutive Driver for soil plasticity models has been presented. 
From experience of using this program, it can be concluded that the 
mathematical foundations, i.e. the mixed tangential relations, the drift 
correction method and the optimisation routine, perform as intended. 
In addition, the program is user-friendly and allows for a number of 
important apphcations in both research and education, so there are 
many reasons to be satisfied also with its structure. 

A limitation of the program is that only principal stress components 
and/or principal strain components are utilised as control variables in 
simulations. Thus, the principal directions and their associated 
components of control must be defined before simulations can be 
performed. Further, it is implicitly assumed that there are no rotation of 
these principal directions during the test and that homogeneous 
stress /strain conditions exist throughout the specimen. A l l these are 
common presumptions in e.g. conventional triaxial tests, true triaxial 
tests and oedometer tests. However, this is never completely true since 
boundary effects of different significance always exist and influence the 
result, see e.g. Sheng et al.22,23 and Westerberg et al.24 In addition, during 
testing, shear bands might develop in the test specimen which also 
contribute to a non-homogeneous stress and strain field. 

If the optimisation part of a Constitutive Driver also contained 
optimisation at the sample level, where the experimental tests were 
simulated as boundary value problems (with e.g. FEM), it would be 
possible to mathematically consider both boundary effects and localised 
deformations. A routine for optimisation at the constitutive level (as in 
the program described here) would still be important, because 
optimisation at the sample level can be expected to be quite 
computationally expensive. It is, therefore, advantageous to optimise as 
much as possible at the constitutive level before an optimisation at the 
sample level starts. 
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It is clear that there exist a wide field of applications, practical, research 
and educational, for programs like this. The authors hope, that, in the 
future, Constitutive Drivers wi l l be common as complementary pro
grams in commercial FEM, FDM, FEM/BEM and BEM software. A 
mathematical basis for soil models is described here, but it should not 
be difficult to develop Constitutive Drivers for other materials as well. 
If Constitutive Drivers become easily accessible in commercial software, 
the prospect to obtain rehable results from boundary value problems 
increases when the constitutive model as well as the included 
parameters are properly chosen. The knowledge about the included 
models applicability to different conditions wi l l also be built up with 
time. Such a program can be designed in such a way that researchers 
could easily implement their own models by providing the model 
specific subroutines. 

Constitutive Drivers included in commercial software, would, indeed, 
be an important step to facilitate the numerical modeUing process 
which, hopefully, also can induce new users to perceive the benefits of 
using advanced computational tools. 
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APPENDIX I . NOTATION 

S j , s2, s3 = principal total stresses 

ax, a2, a3 = principal effective stresses 

u = pore pressure 

e i ' ez' £ 3 = principal strains 

p = total mean stress = (s, + s2 + s3 )/3 

p' - effective mean stress = (o, + o2 + 0"3 )/3 

q = deviatoric stress = 
f O j - C2f + (CT2 - <73)

Z + f f f j - <73)
2 K 1/2 

ep = volumetric strain = £, + e2 + e3 

2 i/z 1 / 2 

eq = distortional strain = —— ((e1-e2)
2 +(e2-e3)

2 +(e1-e3)
z) 

v = specific volume = 1+e, (e = void ratio) 

F(O,K) = yield function (where a is a vector of effective stresses and K is 

a vector containing hardening/softening parameters) 

Stresses and strains are taken to be positive in compression. 
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A METHOD TO CORRECT YIELD SURFACE DRIFT IN SOIL 
PLASTICITY UNDER MIXED CONTROL AND EXPLICIT 

INTEGRATION 
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SUMMARY 

When applying an explicit integration algorithm in e.g. soil plasticity, the predicted stress point at the end of 
an elastoplastic increment of loading might not be situated on the updated current yield surface. This 
so-called yield surface drift could generally be held under control by using small integration steps. Another 
possibility, when circumstances might demand larger steps, is to adopt a drift correction method. In this 
paper, a drift correction method for mixed control in soil plasticity, under drained as well as undrained 
conditions, is proposed. By simulating triaxial tests in a Constitutive Driver, the capability and eflSciency of 
this correction method, under different choices of implementation, have been analysed. It was concluded 
that the proposed drift correction method, for quite marginal additional computational cost, was able to 
correct successfully for yield surface drift giving results in close agreement to those obtained with a very large 
number of integration steps. © 1997 by John Wiley & Sons, Ltd. 

Int. j . numer. anal, methods geomech., vol. 21, 175-197 (1997) 
(No. of Figures: 7 No. of Tables: 2 No. of Refs: 8) 

Key words: soil plasticity; driff correction; mixed control; explicit integration 

I N T R O D U C T I O N 

Various methods for integration of constitutive relations in computational plasticity have been 
proposed in the literature. A brief review of such methods can be found in e.g. Reference 1. A basic 
classification of these methods into explicit and implicit categories can be done. Most of the 
implicit methods satisfy the incremental consistency condition, i.e. that the resulting stresses in 
plastic loading satisfy the yield criterion. This is generally not the case for explicit integration 
methods, based on a tangent formulation of the constitutive relations. When the yield surface, in 
such an explicit integration algorithm, is updated according to the hardening law at the end of an 
elastoplastic increment of loading the stress point corresponding to the predicted stress state does 
not have to be situated on the current yield surface. This so-called yield surface drift, can give rise 
to a cumulative discrepancy. The discrepancy can be decreased by the use of smaller loading 
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increments but not completely avoided. In this paper a method to correct for yield surface drift 
after each increment of loading, for explicit integration algorithms, is proposed. 

Several methods to correct for yield surface drift have been described in the literature, see e.g. 
the paper by Potts and Gens 2 in which five different drift correction methods are examined and 
compared. All these methods are formulated for a constitutive relationship in strain-driven 
format and describe different ways of correcting the stresses back to the yield surface. The 
strain-driven form of constitutive relations is predominant because it is the form used in 
displacement-based finite element codes. The drift correction methods discussed by Potts and 
Gens cannot, however, be applied to constitutive relations formulated in mixed control (control 
variables in stress and/or strain components) e.g. arising in soil plasticity for the calibration of 
model parameters at the constitutive level on the basis of conventional triaxial tests where the 
radial (confining) stress and the vertical strain are used as control variables. Again, other soil tests, 
e.g. the cubical cell test, corresponds to pure stress control. For simulating tests of these types, 
a drift correction method formulated for a general choice of control variables (stress, strain or 
mixed control) is needed when the corresponding constitutive equations are to be integrated 
explicitly. To the authors' knowledge, such a method has still not been proposed. In this paper, 
a drift correction method for constitutive relations in soil plasticity under mixed control and 
under drained and undrained behaviour will be formulated. The method is based on the 
presumptions that the control variables cannot be changed (only response variables and harden
ing parameters can be altered) and that any change in stress will cause an associated change in 
elastic strains, given by the elastic constitutive relation. It is the same approach as in the 'correct' 
projecting back method described by Potts and Gens. 2 The proposed drift correction method has 
been implemented in a Constitutive Driver containing different soil models. The main purpose of 
this Constitutive Driver, which thus is based on mixed tangent relationship and the explicit 
Forward Euler integration algorithm, is to be used for calibration of model parameters at the 
constitutive level. For this approach the specimen in conventional and true triaxial apparatus 
is viewed as idealized in the meaning that the stress and strain state are assumed to be 
homogeneous. 

It is assumed that the yield surface to be considered is represented in the effective stress space, 
even though other choices of state variables (stress, strain or mixed space) are possible.3 Further, 
in the formulation below, a distinction has been made between drained and undrained behav
iours. In undrained behaviour the pore pressure is treated as a response variable while it takes 
a constant value in drained behaviour. The undrained condition is defined by one additional 
equation, the incompressibility constraint (frequently used for saturated soils) stating that no 
change in volume can occur under an undrained test. 

The symbols and the formulation of the mixed tangent relationship under drained and 
undrained behaviour follows the paper by Runesson et al* That paper is highly recommended for 
additional information. The main application for such mixed tangent relations would be at the 
constitutive level together with an explicit integration algorithm; however it is possible that such 
relations could be incorporated in a finite element method in the future, e.g. for plane stress 
conditions, and then the presented drift correction method should be of interest even there. More 
research in that area would be of great value. 

Matrix notation will be used throughout the paper. Stresses and strains are taken to be positive 
in compression. Further, a superimposed dot on the variables indicates a derivative with respect 
to a time-like evolution parameter (a rate), and could here be interpreted as an increment since 
plasticity is rate-independent. 

© 1997 by John Wiley & Sons, Ltd. Int. j . numer. anal, methods geomech., Vol. 21, 175-197 (1997) 
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2. BASIC E Q U A T I O N S I N S O I L P L A S T I C I T Y 

In soil mechanics the effective stress principle expresses the relation between the effective stress or, 
the total stress s and the pore pressure u as 

a = s — wS (1) 

where 8 is the Kronecker delta, here represented by a vector. It is assumed that all admissible 
stress states in the effective stress space are defined by the set B, 

B = { ø | F ( f f , K ) < 0 } (2) 

where the yield function F(O,K) in the usual way represents a limit between elastic states 
F(O,K) < 0 and plastic states F(O,K) = 0. The column vector K contains hardening/softening 
parameters. The total strain increment vector i is divided into the two components, 

é = £ e + É p (3) 

where e e is the elastic strain increment vector and é p is the plastic strain increment vector. The 
direction of the plastic strain increments is governed by the flow rule 

£ p = i m (4) 

where the vector m is commonly defined by the partial derivatives of a plastic potential function 
G(<T,K) with respect to the stress components and X > 0 is a scalar multiplier. For a majority of 
elastoplastic models the evolution rule for K can be expressed in the form 

k = h(Ep) = /th(m) (5) 

where the vector h contains state-dependent, first-order homogenous functions of the plastic 
strain increments. The consistency condition for a yield surface represented in the effective stress 
space becomes, with the notation n = dF/da, 

F = n?i + (^Jk^0 (6) 

Utilizing equation (5) this condition takes the form 

F = nTo> - Hi < 0 (7) 

where H is the generahzed plastic modulus under stress control, 

H = - ( £ f h ( m ) ® 

The plastic loading criteria, when F = 0, can be summarized as 

i > 0, F = 0, plastic loading (P) 

X = 0, F = 0, neutral loading (N) (9) 

X = 0, F < 0, elastic unloading (E) 

© 1997 by John Wiley & Sons, Ltd. Int. j . numer. anal, methods geomech., Vol. 21, 175-197 (1997) 
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or with (7) 

W £ ) n T d > 0 (P) 

nTw = 0 (N) (10) 

nTö- < 0 (E) 

It is important to observe that H > 0 for an unambiguous loading criterion under the stress 
control. 

The elastic tangential relationship between increments of stresses and increments of strains, is 
usually expressed either in stiffness form 

<T = D E £ E (11) 

or in compliance form 

£ e = C e B (12) 

The appropriate elastic tangent relationship between the chosen control and response variables is 
essential for the present formulation. If a and E are decomposed into the energy conjugate 
portions CI,<T2 and £ I ,E 2 , respectively, i.e. 

«-[::} -[:;] 
the elastic tangential relationship can be written in the form of the partitioned matrices 

[ * l ] " [ ( D ? " ) T DL2][*i} [*;M(ct)T
 c i j l l ] ( 1 4 ) 

We can now, for instance, assume that at and E 2 are control variables, whereas Ex and o2 are the 
associated response variables and partially invert equations (14) to obtain the mixed tangential 
elastic relationship 

KH5: Sft ] 
where 

— C ' l — Ci2 

E'2 — C J 2 ( C 2 2 ) 

E f i = - ( E 1 2 ) T 

E | 2 = ( c i 2 ) - 1 = 

(16) 

Relationships for other assumptions of control and response variables can easily be obtained by 
changing appropriate rows and columns in the tangential matrices. 

The incompressibility constraint used for undrained behaviour is 

£ v = 8 t E = 0 (17) 

where Ev is the volumetric strain. 
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3. T A N G E N T R E L A T I O N S H I P U N D E R M I X E D C O N T R O L 

3.1. Drained conditions 

Under drained conditions the pore pressure u is constant and s becomes equal to c which leads 
to the same formulation of the tangential relationship for either total stresses or effective stresses. 
When S i = at and e2 are chosen as the control variables the consistency condition (7) can be 
decomposed as 

F = n j * ! + njö>2 - H i s$ 0 (18) 

In order to formulate this condition only in the control variables, it is necessary to express <s2 in 
terms of these control variables via the mixed tangential elastic relationship (15). The consistency 
condition then becomes 

F = 4>-K1^0 (19) 

where <j> is the loading function 

<t> = nJo>! + n j é 2 (20) 

and K is the generalized plastic modulus under mixed control 

K = H + n j E I 2 m 2 (21) 

The 'transformed' gradients of F are denned as 

fii = n x - E 1 2 n 2 , n 2 = E 2 2 n 2 (22) 

The loading criteria (9) now become 

i = (l)<t>>o(J>) 

<£ = 0 ( N ) (23) 

<f> < 0 (E) 

where K > 0 for an unambiguous criterion. We have now enough background to solve for the 
plastic multiplier and formulate the mixed tangent relationship 

[::]=£; att] 
If the 'transformed' flow vectors riix and m 2 are defined in a similar way as the 'transformed' 
gradients in equation (22), i.e. 

ni! = ni! — E i 2 m 2 , m 2 = E | 2 m 2 (25) 

the mixed tangent matrix under plastic loading can be written 

|~Eu E i a l T E ? ! E i a l j T m ^ T « M J 1 ^ 

1_E2 1 E 2 2 J [.Eli. E | 2 J K\_—m2n[ — i h 2 n 2 J 

which is reduced to 

[E n E i 2 l _ r E i ! E i 2 T j 

E 2 i E 2 2 J | _ E 2 i E 2 2 J 

under elastic unloading. 
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3.2. Undrained conditions 

Again sx and E 2 are chosen as control variables, which leaves u, zt and s2 as response variables. 
The incompressibility condition (17) is now decomposed into the form 

é v = bji, + 5 j é 2 = 0 (28) 

By use of the effective stress principle and the flow rule, 

[:]-ßMi]- GM:] 
together with the elastic tangent relationship (15), the incompressibility condition (28) is rewritten 
as 

ky = lUi + 5Js 2 - Ci 1 ti + hhly = 0 (30) 

where the following convenient substitutions have been done 

* i = E u 8 i , 8 2 = 8 2 - E 2 1 8 1 (31) 

m l v = 8 lm! (32) 

c, = l/&jE'nSt (33) 

Here 8\ and 8 2 are the adjusted Kronecker deltas and m l v and c x are scalar variables. From 
eqn (30) we can solve for the pore pressure increment 

ü = c i (8 ls ! + 5 j é 2 + i m l v ) (34) 

Inserting eqn (34) into the effective stress principle (29) gives 

* i = D u E J n S i - C j S i S j é s - i d m i v 8 i (35) 

where E J n is 

B S i i - E J i - C i l i S ? (36) 

In order to use the same formulation of the consistency condition as in equation (18) it is 
necessary to express o>2 in terms of the control variables via the mixed elastic tangential 
relationship (15). After a few manipulations the expression 

F = n f o + n j * 2 - HX = </>u - Kal < 0 (37) 

is obtained, where is the undrained loading function 

4>u = nTDfiESnS! + (n2 - C ! n l v 8 2 ) T E 2 = + n T

2 é 2 (38) 

and Ku is the undrained generalized plastic modulus under mixed control 

Ku = H + n l E I 2 m 2 + c , m l v H l v = K + C i m l v n l v (39) 

The introduced substitutions are 

"iv = »TD! (40) 

n u i = n t - d « I Ä , n u 2 = n 2 - c t n l v 8 2 (41) 
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where nu is a scalar and n u l and n u 2 are the undrained gradients. The loading criteria (9) now take 
the form 

å = ( £ ) * u > o ( p ) 

<f>u = 0 (N) (42) 

<t>* < 0 (E) 

where Ku > 0 for an unambiguous criterion. We can now solve for the plastic multiplier and 
formulate the mixed tangent relationship 

If the undrained plastic flow directions m u l and m u 2 are defined in a similar way as in equation 
(41), i.e. 

rh u l = ihi - c x w l v Ö ! , m u 2 = rh 2 - c 1 m l v 8 2 (44) 

the mixed tangent matrix under plastic loading can be written 

E„ii E u l 2 | _ | E u n E u i 2 | + J _ m u lfiui i h u l n
T

2 "j 

_ E u 2 i E u 2 2 J L ^ u 2 i E J 2 2 J K u [_—mu2n
Ti — m u 2 n T

2 J 

In addition to E J n in equation (36) the undrained elastic moduli become 

E S i 2 = E J 2 — CiSi&l 

K21 = - ( E u

e

1 2 ) T = E J , + C l 8 2 8 ? (46) 

E J 2 2 = E | 2 + C ! 8 2 8 2 

If X is inserted into equation (34) the expression for the pore pressure increment ti when <f>u>0 
becomes 

ti = Ci ^8\ + -j^-OTivfi,,!^ Si + Ci ^82 + ^- mi v n u 2 j E 2 (47) 

In the case of elastic loading, the mixed tangent matrix and the expression for ti will be 

[Euii E t t l 2 j _ f E S u E J i 2 j 

E„ 2 i E u 2 2 J L ^ " 2 i E J 2 2 J  
_ _ (48) 

ti = c^SiSi + 8 2 é 2 ) 

4. T H E D R I F T C O R R E C T I O N M E T H O D 

In order to integrate numerically the derived constitutive tangential relationship under mixed 
control, equation (24) for drained behaviour or equation (43) for undrained behaviour, a constant 
tangential matrix has to be assumed for each small integration or iteration step. Considering 
explicit methods of integration, the evaluation of this tangential matrix might differ between 
different algorithms. These methods have in common that the stress point corresponding to 
the predicted stress state, at the end of an integration step in plastic loading, might not be situated 
on the yield surface updated according to the hardening law. In Figure 1 this yield surface drift is 
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A B 
q 

F(ai%)=0 

\ 

P' 
Figure 1. Sketch indicating yield surface drift 

illustrated. The state of stress is here represented by the invariants p' = / , /3 and q = (3J2)
112, 

where Ix is the first invariant of the effective stress tensor and Jz is the second invariant of the 
deviatoric stress tensor. Consider a step of plastic loading, at the start of which the stress point 
A is assumed to be situated on the yield surface F(<T,KA) = 0. At the end of the integration step, 
where the increments of the control variables are known and the increments of the response 
variables have been calculated, the stress and strain fields are updated. Further, the yield surface 
is updated to a new position F(a, K B ) = 0 according to the hardening law. Now, assume that the 
stress point B, corresponding to the updated stress state, is not situated on the updated yield 
surface, i.e. F(<TB,KB) # 0 and a so-called yield surface drift has taken place. 

In an attempt to correct for such a yield surface drift, two basic presumptions are made: 

(i) The control variables are not allowed to be changed, i.e. only the response variables and the 
hardening parameters can be adjusted. 

(ii) Any change in effective stress will cause an associated change in the elastic strains, given by 
the elastic constitutive relation. 

This implies that for the components of the total strain vector that are chosen as control 
variables, the correction process must be such that any change in the elastic strains is balanced by 
an equal and opposite change in the plastic strains, i.e. 

When the corrections of the response variables and the hardening parameters have been 
determined, stresses, strains and hardening parameters in the state B are updated to a state C: 

AE 2 = AE! + AE? = 0 

AE| = - A E P 

(49) 

s c = s B + As 

uc = uB + AM 

Oc = <*B + A<F 

£c = «B + Ac 

Kc = K B + AK 

(50) 

in which F(o c , Kc) * 0- Corrections in equation (50) are denoted by the symbol A. 
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4.1. Drained conditions 

Let the corrections of the effective stress and strain be denoted by Aa and Ae, respectively. The 
mixed tangential elastic relationship, equation (15), can then be used to obtain 

[AJ = [ E 2 1 ESJ[AE$] ( 5 1 ) 

Because the control variables are not allowed to be changed, the constraints 

A « ! = 0 , AE! = - A E ? (52) 

hold and equation (51) can be rewritten as 

Ae\ = - E ? 2 A E P 

ACT, = - E | 2 A E ? 
(53) 

»2 t f 2 2 i i t 2 

Further, it is assumed that the plastic strain corrections are proportional to the gradient of the 
plastic potential which gives 

KM:] (54) 

and an expression for the corrections of the response in equation (51) can be obtained as 

AE' = — a E i 2 m 2 

c (55) 
Ao 2 = — a E 2 2 m 2 = —am 2 

where the constant a is the only unknown and where m contains the transformed gradients of the 
potential function, see equation (25). When the plastic strains are corrected, also the hardening 
parameters K are corrected according to the evolution rule: 

AK = h(AEp) = ah(m) (56) 

The attempt here is to correct for yield surface drift and the corrected stress state should then 
satisfy the yield criterion 

F(<r1B,<r2B + Aff 2 ,K B + AK) = 0 (57) 

In order to do so, a Taylor series expansion neglecting terms in a 2 and higher gives 

F(<TB,KB)  

" n j m 2 - (8F/dK)Th(m) 1 ' 

or with (8) and (21) 

« B % 5 ) (59) 
K. 

where K is thus the generalized plastic modulus under mixed control. 
To calculate a (and later the corrections), the gradients dF/da, dG/da, dF/d\i, the hardening 

functions h(m) and the elastic parameters in the elastic tangent matrix are required. Note that 
if a non-linear elastic response is assumed, the elastic tangent matrix becomes state dependent. 
Further, the functions h(m) could contain additional state parameters in addition to the vector 
m. The required quantities should, from a strictly mathematical point of view, be evaluated at 
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the point B, but intuitively it feels like values at the beginning or end of the step or somewhere 
in between could be used if the integration increments are 'small' and the yield and potential 
functions are 'smooth enough', i.e. no rapid changes of the curvature of the corresponding 
surfaces occurs. 

When a is calculated, the corrections of the response variables and of the hardening parameters 
are determined from equations (54)-(56): 

[£J-"[-A,} A K = a h ( m ) ( 6 0 ) 

and a new, corrected, stress and strain field can be obtained according to equation (50). 
Because higher-order terms have been neglected in the Taylor expansion, the corrected stresses 

and hardening parameters might not exactly satisfy the yield criterion F(a, K) = 0. If a single 
correction is not regarded to be sufficiently accurate, the correction procedure can be repeated 
until the stress state satisfies the yield criterion within a chosen tolerance (or the iteration stops 
after a maximum number of iterations, in case of slow or bad convergence). Such an iterative 
correction procedure could be formulated where the quantities dF/de, dG/da, ÖF/BK, h(m) and the 
elastic parameters are updated after each iteration or where the first choice of the quantities are 
used for all iterations. Obviously, there are many different ways to implement the drift correction 
method in a computer code. These possibilities will be examined closer below. 

4.1.1. Special cases. The special cases of stress control and strain control, respectively, 
directly follows from the mixed control by the identifications Ac?! = Aff(A£! = Ac) and 
Ae 2 = Ae(Ac 2 = ACT). 

In the case of stress control under drained conditions, the components in or are treated as 
control variables and the correction constraint becomes Aa = 0 and Ae e = 0 follows from the 
basic presumptions. However, A c p # 0 and the hardening parameters can be corrected in an 
attempt to satisfy the yield criterion F(a, K) = 0. Equation (58) will be reduced to 

F(q B ,K B ) = F(OB,KB) 

- ( ^ K ) T h ( m ) H 
a < a r / M T u , „ \ 5 ( 6 1 ) 

where H is the generalized plastic modulus under stress control. The corrections become 

Ac = am, AK = ah(m) (62) 

In the case of strain control under drained conditions, the components in c are treated as 
control variables and the correction constraint becomes Ae = 0 which implies that Ae e = - Ac p 

from the basic presumptions. Equations (58) becomes 

F(f f B ,K B ) 

H~+n T D 7 in ( 6 3 ) 

and the corrections 

Ao = -<xDem, AK = och(m) (64) 

Not surprisingly, this is the same result as Potts and Gens 2 referred to as the 'correct' projecting 
back method. 
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4.2. Undrained conditions 

Under undrained conditions the part Si of the total stress and E 2 of the total strain are chosen 
as control variables. Similar to the drained conditions, corrections are denoted by the symbol A. 
The control variables are not allowed to be changed during the correction implying the 
constraints 

Asi = 0, As! = - A E p (65) 

The corrections of the effective stresses, the total stresses and the pore pressure are related by the 
effective stress equation 

With equations (65) and (66), the mixed tangential elastic relationship, equation (51), can be 
rewritten as 

AE; = - A u 8 \ - E ; 2 A E P 

(67) 
Aor2 = - A w E l i ö i - E | 2 AE? 

where 8 is the adjusted Kronecker delta, see equation (31). The plastic strain corrections are 
assumed to be proportional to the gradient of the plastic potential 

| _AEIJ [_m2J 
(68) 

where a is treated as a constant. Equations (67) and (68) now give 

AE? = —AMSI — a E T 2 m 2 

(69) 
A<r2 = — A u E ! ^ ! — am 2 

where m contains the 'transformed' gradients of the potential function, see equation (25). An 
expression for the pore pressure correction Au can be achieved from the incompressibility 
constraint Ae, = 8 t AE = 0 which, after a few manipulations, takes the form 

Au = (xc1mu (70) 

where cx is defined by equation (33) and m l v by equation (32). Now the equations (66), (69) and 
(70) can be used to obtain an expression for the effective stress corrections 

A « ! = —acim l v8i 
( 7 1 ) 

Aor2 = — a (c ,m l v 8 2 + rh u 2 ) 

where the only unknown is the constant a. Here ih u contains the undrained plastic flow directions, 
see equation (44). Due to the changes of the plastic strain, the hardening parameters K are 
corrected as 

AK = ah(m) (72) 

The corrected effective stress state should satisfy the yield criterion, i.e. 

F(<r1B + Aw,, <r2B + A<r2, K B + AK) = 0 (73) 
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A Taylor series expansion neglecting terms in a 2 and higher gives 

a = F ( C B , K B ) , 7 4 s 

nJcifKivSi + al(c1mly&2 + m U 2 ) — (dF/(5K)Th(m) 

or with the undrained generalized plastic modulus under mixed control, Kv, according to 
equation (39) 

k = £ % K B ) (75) 

The discussion above concerning different ways of implementing the drift correction method 
in the case of drained conditions does also hold for undrained conditions. When a has been 
determined the corrections of the response variables and the hardening parameters are 
computed as 

(76) 

AM = acim lv 

A 04 - — AM&! 

Ats2 = —AM82 — amU2 

As 2 = - a i h u 2 

Ati = —AM8\ + aihi = am ui 

AK = ah(m) 

whereafter the stress and strain fields are updated according to equation (50). 

4.2.1. Special cases. In the case of stress control under undrained conditions, the total stress 
components in s are treated as control variables and the correction constraint becomes As = 0. 
The special case of total stress control follows from the identification As^ = AsfAsi = AE). 
Equation (74) becomes 

, = (77) 

where H is the generalized plastic modulus under effective stress control and 

c = 1/5 TC'8 

n\ = 8Tn, m, = ö T m 

The corrections will be 

Au = oxniy, Aa = —Au8, AE = - A u C c 5 + am, AK = ah(m) (79) 

Complete strain control is not possible for undrained behaviour. This is easy to realize because 
the incompressibility condition £\, = 0 will be overconstrained if not at least one normal strain 
component is left as a response variable. 

(78) 

5. A S T U D Y O F S O M E I M P L E M E N T A T I O N POSSIBILITIES 

In the Constitutive Driver used for this investigation, the drift correction method described above 
has been incorporated in the forward Euler explicit integration algorithm. The quantities dF/do, 
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dG/do, ÖF/ÖK, h(m) and the elastic parameters needed in the drift correction method could be 
computed for the state either at point A or point B (see Figure 1) or for some intermediate point 
corresponding to a weighted average of the values at points A and B. However, it is not 
reasonable to analyse all these possibilities, so we will here concentrate on three different cases. 
The basic strategy for an integration step in plastic loading (when the Forward Euler integration 
algorithm is used together with the proposed drift correction method) for the different cases is as 
follows: 

Case A: The tangential matrix is established at point A, the response variables are computed, 
the stress and strain fields are updated and the hardening parameters are updated according to 
the hardening law. Thereafter, the generalized plastic modulus, K or Ku, and the quantities dF/do, 
dG/do, and the elastic parameters already computed at point A are used in the drift correction 
method and the stress and strain fields and the hardening parameters are corrected for drift. The 
additional state dependence in the function h(m) is however computed at point B for the 
corrections of the hardening parameters. 

Case B: The quantities dF/do, dG/do, dF/dw, h(m) and the elastic tangent matrix are com
puted at point B. From that the generalized plastic modulus, K or Ka, is calculated. Now these 
values are used in the drift correction method to correct the stress and strain fields and the 
hardening parameters. The values of dF/do, dG/do, dF/da, K or Ku and the elastic tangent 
matrix previously computed at point B are now used to establish the tangential matrix. The 
response variables are computed and the stress field, strain field and hardening parameters 
are updated. 

Case AB: The tangential matrix is established at point A, the response variables are computed, 
the stress and strain fields are updated and the hardening parameters are updated according to 
the hardening law. After that all the parameters needed in the drift correction method are 
computed at point B and corrections are performed. 

It can be seen that the main difference between the cases A and B is only a matter when the 
corrections are peformed. In case A the corrections are made at the end of the current integration 
step and in case B at the beginning of the following step. The computer time needed for the 
computations will be equal for the cases A and B but for the case AB additional time is needed to 
compute the quantities dF/do, dG/do, dF/da, h(m) and the elastic tangential matrix at point 
B before performing the corrections. 

In order to investigate the impact of drift correction in the three different cases discussed, 
results for computations with comparatively few integration steps when adopting drift 
correction is compared with an 'exact' solution utilizing a very large number of integration 
steps. Computations both with single correction and with repeated corrections are 
examined. 

To be able to compare the results from these computations, a norm is chosen based on 
the average value of the closest discrete Euclidean distances, in a seven-dimensional space 
spanned by the principal total stresses, the principal strains and the pore pressure, between 
state values at each of the points corresponding to the computation with drift correction and 
the values corresponding to an 'exact' solution. The Euclidean distance between two such 
points is 

d = 
"1 3 1 3 1 1 1 / 2 

- 5 I ( s f c m - sfM C ' ) 2 + -j X (efcm - £" a c ' ) 2 + - 2 ( " d c m - " e " c ' ) 2 ( 8 ° ) 
. S 0 i = l £ o i = l "o 
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where s0, £o and u 0 are scaling factors necessary for the comparison of stresses and strains. The 
scaling factors are chosen as the maximum absolute value of all the total stresses, strains and pore 
pressures, respectively, in the discrete points involved in the computations 

s0 = max(|s1|,|s2|,|s3|) 

£ 0 = max( |£ 1 | , |£ 2 | , | e 3 | ) (81) 

u0 = max|w| 

giving the inequalities 

So So So 

- U ^ . ^ l (82) 
So SQ SQ 

u 

« 0 

Since only discrete points are known in reality for both the computations to be compared, the 
distance is measured between such points and the closest distance is computed as the height of 
a triangle. The final norm will be 

E k + 1 

i r k i 
(83) 

where k is the number of points in the computation with the drift correction method and dt is the 
Euclidean distance between the termination points, which do achieve extra attention in this 
way. More information about norms of this kind can be found in, for example, Reference 5 or 
Reference 6. 

In the following, the proposed drift correction method is demonstrated for the above discussed 
cases A, B and AB. By using the Constitutive Driver and, for simplicity, applying the modified 
Cam Clay model, see Reference 7, ten loading programs have been investigated, see Table I. The 
state parameters p'c and v (in Table I) stands for the isotropic effective mean stress (that is the 
hardening parameter) and the specific volume, respectively. The tests 1-6 (in Table I) are 
numerical simulations of conventional triaxial compression tests while the tests 7-10 are numer
ical simulations of tests that only can be performed in a true triaxial apparatus. In the tests, 
a hnear variation of the control parameters between the initial and final values is assumed. 

Each of the ten loading programs was performed with single correction and with repeated 
corrections for the implementation cases A, B and AB. Computations without using drift 
correction were also performed for the loading programs. For all the alternatives the norm in 
equation (83) was computed, see Table II . The 'exact' solution that is included in the norm was 
carried out with 100,000 integration steps without drift correction. All loading programs were 
performed with 30 as well as 100 integration steps. To compensate for the additional computation 
time needed in single correction for the case AB compared to the cases A and B, computations 
with 26 and 85 integration steps were also performed for the case AB, with the motivation that the 
computation time for this case then will be approximately the same as for cases A and 
B (Time A B » TimeA o r B/0-85). The repeated corrections were carried out where the quantities 

© 1997 by John Wiley & Sons, Ltd. Int j . numer. anal, methods geomech. Vol. 21, 175-197 (1997) 



A M E T H O D T O C O R R E C T Y I E L D S U R F A C E D R I F T I N S O I L P L A S T I C I T Y 189 

Table I. Loading programs with the modified Cam Clay model. (Model parameters chosen: k = 005, 
v' = 0-3, k = 0-2, M = 1-0, N = 2-9. For definition of symbols used, see e.g. Reference 8.) 

Test Drained Initial Conditions End conditions of control parameters 
[0] or  

undrained p'c s t s 2 s3 u v s1 s2 s3 Ei e2 s 3 

[1] (kPa) (kPa) (kPa) (kPa) (kPa) (kPa) (kPa) (kPa) (%) (%) (%) 

1 0 100 100 100 100 0 1-98 100 100 30 
2 1 100 100 100 100 0 1-98 — 100 100 10 — — 
3 0 125 100 100 100 0 1-945 — 100 100 30 — — 
4 1 125 100 100 100 0 1-945 — 100 100 10 — — 
5 0 500 100 100 100 0 1-738 — 100 100 30 — — 
6 1 500 100 100 100 0 1-738 — 100 100 10 — — 
7 0 100 100 100 100 0 1-98 — — — 8 -4 4 
8 0 100 100 100 100 0 1-98 180 140 125 — — — 
9 1 100 100 100 100 0 1-98 125 75 — — — 0 

10 1 100 100 100 100 0 1-98 160 130 120 — — — 

Table II. Norm values in % 

Test Int. steps Without 
DCM 

Case A 

Single correction 

Case B Case AB Case AB 
int. steps 

xO-85 

Repeated corrections until 
F(<T,K)«J1-0E-10 

Case A Case B Case AB 

1 30 2-7051 1-5353 0-9299 0-9836 1-1217 1-3069 0-9385 0-9956 
100 0-6548 0-3382 0-3056 0-3129 0-3668 0-3329 0-3057 0-3130 

2 30 5-5007 1-4027 1-3803 11600 1-3106 1-4020 1-3807 11618 
100 1-5420 0-4029 0-3982 0-3820 0-4465 0-4028 0-3982 0-3820 

3 30 1-0047 0-5833 0-5831 0-5763 0-6612 05823 0-5831 0-5764 
100 0-2889 01692 01686 01686 0-1996 01692 0-1686 01686 

4 30 1-6944 10418 1-0283 10150 1-1480 1-0414 10284 10151 
100 0-4907 0-3098 0-3086 0-3076 0-3641 0-3098 0-3086 0-3076 

5 30 0-3799 0-4406 0-4390 0-4406 0-4094 0-4407 0-4390 0-4406 
100 0-0907 01057 01056 0-1056 01246 01057 01056 0-1056 

6 30 0-3692 0-8487 0-7862 0-8291 0-8660 0-8501 0-7862 0-8291 
100 0-0738 0-2002 01942 01984 0-2207 0-2002 01942 0-1984 

7 30 0-6171 0-7576 0-7428 0-7339 0-8494 0-7563 0-7429 0-7342 
100 0-1670 0-2185 0-2162 0-2167 0-2552 0-2185 0-2162 0-2167 

8 30 0-6037 0-6577 0-6465 0-6453 0-7498 0-6574 0-6465 0-6453 
100 01769 01948 01936 01935 0-2190 01948 0-1936 01935 

9 30 1-0225 0-4322 0-3965 0-4051 0-4729 0-4329 0-3965 0-4051 
100 0-2672 01221 01143 01198 01399 0-1221 01143 01198 

10 30 0-3027 0-2258 0-2197 0-2111 0-2465 0-2258 0-2197 0-2111 
100 00748 00619 0-0608 00606 0-0713 00619 00608 00606 
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described in the cases A, B and AB, respectively, were fixed for the entire iteration. The 
corrections proceeded until F(OT,K) < 1-0 x 10" 1 0. 

The total error obtained in an explicit integration algorithm, here forward Euler, could be 
decomposed into an error caused by the use of gradually constant tangent matrices and an 
error caused by the yield surface drift which primarily arises from the use of the first-order 
consistency condition. These errors, however, are linked together since the consistency condi
tion is used to establish the tangential matrix. Further, both types of error will decrease with 
an increasing number of integration steps. The drift correction method is able to reduce 
(or eliminate) only the errors arising from the yield surface drift. This correction will, in turn, 
have an influence on the subsequent tangential matrices and thus indirectly on the other 
type of error. This leads to the conclusion that we cannot generally expect that a computa
tion in which drift correction is used is closer to the 'exact' solution than a computation 
without use of drift correction. This is noticed in tests 5-8 where the norm values are slightly 
smaller for computations where no drift correction is used in comparison to computations 
utilizing drift correction. However, these small differences might be of little practical import
ance. For tests 1-4 and tests 9-10 the norm values for computations with the drift correc
tion method are smaller compared to calculations without use of drift correction. Especially 
for the tests 1 and 2, where much drift is produced when the drift correction method is 
not applied, a considerable improvement is achieved when applying the drift correction 
method. 

If the implementation types A, B and AB of the drift correction method are compared (for the 
same computer effort in single correction), it is seen that these give rise to quite small differences in 
predictions. This is true for all tests except for the test 1 (with 30 integration steps) where 
a somewhat larger norm value for the case A is obtained. However, the implementation case 
B yields the smallest norm values for all tests, except for the tests 2 and 5 (with 30 integration 
steps). The reason why the case B gives somewhat better results than the cases A and AB (when 
the same computer effort is compared) is most likely that the values of dF/do, dG/do, dF/dK, K or 
Ku and the elastic tangent matrix in this case are established in a state somewhere inside the 
integration step which will lead to a faster convergence to the exact solution. If that is a correct 
assumption, the case B can only be expected to give better results for radial loading mainly, 
corresponding to the loading programs in Table I. The small difference between the norm values 
when repeated corrections are compared to single correction indicates that the additional 
computer effort needed in the procedure of repeated corrections will be of more economical use 
in more integration steps together with single correction, at least for the type of loading 
programs in Table I. It should be pointed out that Potts and Gens 2 performed analyses of drift 
correction only in strain control (see equations (63) and (64)) where the quantities dF/do, dG/do 
and dF/dK were evaluated at both the beginning and the end of the step in a repeated correction 
procedure, for a boundary value problem using a form of the modified Cam Clay model, and 
came to the conclusion that it makes little difference to the predictions where the quantities 
were evaluated. 

6. N U M E R I C A L E X A M P L E S 

To get a better picture of how the proposed drift correction method behaves, tests 1 and 2 in 
Table I will now be examined in more detail. In addition, a third non-conventional test will 
be simulated by the Constitutive Driver using the same soil model and model parameters as in 
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Table I. In all examples the implementation case B with single correction has been used for the 
drift correction method. The results are shown in plots with the invariants 

p> = + ff2 + <73)/3 

/((Ji - <72)
2 + (<X2 - ff3)

2 + (ff! - <73)
2 

2 

Ep = £1 + £ 2 + £ 3 

21/2 

£, 3~ ((£i - e2)
2 + (£ 2 - e 3 )

2 + (£, - £ 3 ) 2 ) 1 / 2 

where ax, a2 and er3 are the principal effective stresses and £1, £ 2 and £ 3 are the principal strains. 
For the simulations with only few integration steps, plots of the absolute value of the modified 
Cam Clay yield function 

F{<S,K) = q2 + M2(p'2-p'p'c) (85) 

against the number of integration steps are also shown. The value of |F(<T,K)| is saved after the 
correction, in case B, when the drift correction method is used and in the corresponding place in 
the algorithm when no drift correction is used. 

6.1. Example 1 

In this example the test 1 in Table I, a simulation of a conventional drained triaxial compression 
test on a normally consolidated clay, is examined in further detail. In Figure 2 the responses in 
q: £ 4-, £ p : eq-, q: v'- and ep: p'-planes are shown for an 'exact' computation (with 100,000 integra
tion increments) and for computations with 30 integration increments with and without use of the 
drift correction method. The plot of |F(<r, K)| against the number of integration steps is presented 
in Figure 3. It is seen that serious drift from the yield surface occurs when the drift correction 
method is not used. However, when using this method, the final corrected solution is seen to be 
very close to the 'exact' solution. Without drift correction the computation leads to e.g. an 
overestimated shear strength (see Figure 2). From Figure 3 it is seen that most of the drift takes 
place during the first integration step whereafter the rate of produced drift gradually decreases. 
The reason for this is that the gradient dF/dq initially is equal to zero (when q = 0) for normally 
consolidated Cam Clay, but as soon as the loading proceeds this gradient obtains a non-zero 
value since the stress path in a conventional drained triaxial compression test is governed by the 
relation Aq/Ap' = 3. 

6.2. Example 2 

In this example the test 2 in Table I is further examined. Figures 4 and 5 show some results from 
this simulation of a conventional undrained triaxial compression test on a normally consolidated 
clay. Similar to the previous example, serious drift is obtained when the drift correction method is 
not used. However, this method is able to improve the solution so that it almost corresponds 
to the 'exact' solution. It is seen that the stress path in the g:p'-plane in the beginning of the 
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Figure 2. A simulation of a conventional drained triaxial compression test on a normally consolidated clay with the 
modified Cam Clay model 

deviatoric loading moves vertically upwards at constant p'. This is due to the fact that the first 
integration step in the forward Euler algorithm is treated as neutral loading (d>u = 0, in equation 
(38)) when isotropic elastic behaviour is simulated in the model, which here is the case. For 
neutral loading, the deformation is assumed to be purely elastic. This leads to a serious drift from 
the yield surface already in the first integration step. If the drift correction method is not used, 
this initially produced drift leads to an overestimation of the undrained shear strength 
(Figure 4). Stabihty problems of this type will appear for neutral loading (or loadings close to 
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Figure 3. Yield function values under the integrations with 30 integration steps in Figure 2 

neutral loading) in explicit integration algorithms because of the convex form of the yield surface. 
For this kind of numerical instability, very small integration increments are thus needed to avoid 
the problem if no drift correction method is used. Because most of the instability appears just for 
integration steps close to neutral loading (the first in this case, see Figure 5), smaller integration 
increments cannot be considered as an economical way of treating this kind of problem. 

6.3. Example 3 

In Examples 1 and 2 conventional triaxial tests have been simulated corresponding to radial 
loading paths in the stress space. For these two cases of simple loading some serious drift was 
detected, which caused e.g. an overestimation of the shear strength. However, the correct 
qualitative response of the simulated tests was preserved. In this example a test involving 
non-radial loading of a normally consolidated soil sample is simulated leading to a drift which 
gives rise to a qualitatively incorrect solution. The test is performed with a cyclic plastic loading 
close to neutral loading under drained conditions with strain control in two principal directions 
and stress control in the third principal direction. The integration is executed with a linear 
division of the control parameters between the states x" to x n + 1 and x"+1 to x B + 2 according to 
the recursive algorithm 

£?+1 = £i+0-02, £ 2

+ 1 = £ 2 - 0 - 0 1 , a%+l = a\ 

e r 2 = £ ? + 1 , e r 2 = £ 2 + 1 + 0 - 0 2 , ol+2 = al+1 ( 8 6 ) 
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Figure 4. A simulation of a conventional undrained triaxial compression test on a normally consolidated clay with the 
modified Cam Clay model 

which is repeated until n = 34, with the starting values £? = £° = 0 and 0-3 = 100. Some results 
from this simulated test are shown in Figures 6 and 7. It is seen from Figure 7 that the drift, 
represented by the quantity |F(O\K)|, is continuously increasing when the drift correction method 
is not used while it is held under control when the drift is corrected. Even here, the computation 
with drift correction almost corresponds to the 'exact' solution, as the responses nearly coincide in 
Figure 6. This example could also serve as a warning of how easily loading in different directions 
can destroy a calculation if the stress point is allowed to drift from the yield surface. 

© 1997 by John Wiley & Sons, Ltd. Int. j . numer. anal, methods geomech. Vol. 21, 175-197 (1997) 



A M E T H O D T O C O R R E C T Y I E L D S U R F A C E D R I F T I N S O I L P L A S T I C I T Y 195 

10000.00 r 

1000.00 

Y 1 oo-oo 

LT 
— 10.00 

1.00 

0.10 

0.01 h 

No correction 

Drift correction 

J i I L 
2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 

Integration step 

Figure 5. Yield function values under the integrations with 30 integration steps in Figure 4 

7. C O N C L U D I N G R E M A R K S 

A drift correction method for explicit integration algorithms, formulated for constitutive tangen
tial relations under mixed control, is presented. It is shown by examples that the yield surface drift 
severely could damage the numerical predictions while the drift correction method proposed is 
able to correct for the drift leading to accurate results for a small additional computational cost. 

It should be emphasized that the use of small integration increments indeed is the main route of 
assuring good accuracy when applying explicit integration algorithms in plasticity. However, in the 
case of hmited computer capacity or available computer time, when thus a very high number of 
integration steps cannot be applied, a drift correction method considerably improves the results. 

In this paper, the tangential constitutive relations, on which the drift correction method is based, 
have been utilized in a Constitutive Driver for calibration of model parameters at the constitutive 
level. In such a Driver, small integration increments can be afforded and an explicit integration 
algorithm, e.g. forward Euler, becomes a competitive alternative to implicit algorithms, foremost 
because of its simplicity. However, even in a Constitutive Driver a drift correction method might be 
of importance. This is, for example, the case when an optimization program for identification of 
constitutive parameters is included in the Driver, see e.g. Reference 5. Here substantial computer 
effort might be needed and then the integration increments cannot be allowed to be 'too small'. 

It is quite straightforward to programme the mathematics described in this paper and to adapt 
the formulations to a particular constitutive model. If the drift correction method is implemented 
as a single correction procedure (no iterations) and the values of dF/do, dG/do, dF/dK, h(m) as well 
as of the elastic parameters, calculated in the integration algorithm, are used to establish both the 
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Figure 6. An example of plastic loading in different directions under drained conditions with the modified Cam Clay 
model 

tangential matrix and the corrections, the additional computer time caused by the drift correction 
method will be very limited. For such an implementation the drift correction method is also very 
easy to incorporate in existing codes since most of the parameters needed already must have been 
determined to establish the mixed tangential relationship. In particular, K in equation (21) or 
Ku in equation (39) is calculated as a part of the scheme and states the uniqueness of the response. 
In fact, the simplest form of the drift correction method described above is so inexpensive that it is 
difficult to find any argument not to use at least that simple form in numerical predictions. 
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Figure 7. Yield function values under the integrations with 170 integration steps in Figure 6 
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ABSTRACT 

The paper presents an optimisation routine especially developed for the 
identification of model parameters in soil plasticity on the basis of different soil 
tests. Main focus is put on the mathematical aspects and the experience from 
application of this optimisation routine. Mathematically, for the optimisation, 
an objective function and a search strategy are needed. Some alternative 
expressions for the objective function are formulated. They capture the overall 
soil behaviour and can be used in a simultaneous optimisation against several 
laboratory tests. Two different search strategies, Rosenbrock's method and the 
Simplex method, both belonging to the category of Direct Search Methods, are 
utilised in the routine. Direct Search Methods have generally proved to be 
reliable and their relative simplicity make them quite easy to program into 
workable codes. The Rosenbrock and Simplex methods are modified to make the 
search strategies as efficient and user-friendly as possible for the type of 
optimisation problem addressed here. Since these search strategies are of a 
heuristic nature, which makes it difficult (or even impossible) to analyse their 
performance in a theoretical way, representative optimisation examples against 
both simulated experimental results as well as performed triaxial tests are 
presented to show the efficiency of the optimisation routine. From these 
examples, it has been concluded that the optimisation routine is able to locate a 
minimum with a good accuracy, fast enough to be a very useful tool for 
identification of model parameters in soil plasticity. 

1 INTRODUCTION 

Important issues in soil modelling are not only the proper choice of a 
constitutive model but also the identification of parameters of the 
chosen model. An organised way to determine model parameters is to 

' Ph.D Student 
f Professor of Civil Engineering 



H. Mattsson et al. 

utilise an optimisation routine and base the identification on a number 
of available and appropriate laboratory tests. Since high-speed digital 
computers made implementation possible, a large number of different 
optimisation methods have been proposed, see e.g. De Natale.1  

However, the performance of these optimisation methods is highly 
dependent on the type of problem to which they are applied and most 
methods seem to have been investigated for a limited number of test 
functions only, often such that are difficult to mmimise in a 
mathematical sense. There is, in fact, a lack of papers discussing 
experiences with different optimisation strategies in the field of soil 
plasticity. 

In this paper, the mathematical aspects and the experience of an optimi
sation routine, developed for the specific purpose of identification of 
model parameters in soil plasticity, are focused on. The optimisation 
routine is included as a part of a Constitutive Driver containing a 
library of constitutive soil models based on the flow theory of plasticity, 
Mattsson and Axelsson.2 The constitutive equations that form the 
mathematical basis in this Constitutive Driver are formulated as 
incremental tangential relations under mixed control both for drained 
and undrained behaviour, see Runesson et al.3 and Mattsson et al? In the 
Constitutive Driver, the choice of control variables is restricted to 
principal stress components and/or principal strain components, i.e. no 
shear components are included. This implies that only such laboratory 
or field tests progressing under the described type of control can be 
simulated in the Constitutive Driver. This is the case for both conven
tional triaxial tests and true triaxial tests, when the stress and strain 
state are assumed to be homogeneous, i.e. no boundary effects are taken 
into account. 

The mathematical procedure of optimisation basically consists of two 
parts, the formulation of an objective function measuring the difference 
between theoretical and experimental results and the selection of an 
optimisation strategy enabling the search for the minimum of this 
function. The mathematical strategy of the optimisation routine applied 
here is essentially a modified and extended version of the work by 
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BGisinski.5 Some alternative expressions for the objective function are 
proposed. These are particularly appropriate in connection with the 
mixed control concept and simultaneous optimisation against several 
laboratory tests. Two different search strategies, one based on 
Rosenbrock's method6 and the other based on the Simplex method by 
Neider and Mead7, are included in the optimisation routine. Both 
methods belong to the category of Direct Search Methods, and have 
been chosen because only objective function values are needed to 
perform the search, a fact leading to both generality and simplicity. 

2 MATHEMATICAL PROCEDURE 

In the optimisation problem discussed here, parameters of the selected 
constitutive model play the role of optimisation variables. Up to now, 
the progress in the field of constitutive soil modelling has not reached 
the point where it could be presumed that a selected constitutive model, 
with the same set of model parameters, is able to qualitatively describe 
all different stress/strain paths obtained in laboratory experiments on a 
certain soil, i.e. the values of the evaluated model parameters might, to 
some extent, be dependent on the type of laboratory experiment 
performed. A n obvious way to handle this problem is to evaluate model 
parameters f rom laboratory tests with similar stress/strain paths as in 
the boundary value problem under inspection. This is not always 
possible in practise, because of the problem to anticipate the 
stress/strain paths in advance, before e.g. a FEM-simulation has been 
performed, and the fact that it is only a small portion of all "possible" 
stress/strain paths that can be simulated in laboratory. However, quite 
generally, it seems to be advantageous to let many (qualitatively 
different) laboratory experiments form a basis for the optimisation, and 
in that way obtain more reliable model parameters. 

In the optimisation process, the difference between the experimental 
result and the theoretical prediction for each laboratory test is measured 
by a norm value, here referred to as the individual norm. The 
individual norms of the tests form an objective function F(x) which 
then gives a scalar measure of the error between the experimented 
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observations and the model predictions. From mathematical point of 
view, the optimisation problem involves the nünimisation of the 

objective function 

F(x) -> min (1) 

where x is a vector containing the optimisation variables (here model 
parameters) with the bound constraints 

x ^ x ^ x , , (2) 

where x, and xu are, respectively, the lower and upper bounds of x. 
These bounds are introduced in order to prevent evaluation of the 
objective function for unreasonable states during the search iteration. In 
addition, as shown below, these bounds wi l l simplify the user-described 
input to the search algorithms. 

The solution of the optimisation problem is a vector x 0 which for any 
xe < x < xu satisfies the condition 

f ( x 0 ) < F ( x ) (3) 

of a global minimum. However, most optimisation routines are only 
capable of searching for a local minimum. This is also true for the Direct 
Search Methods discussed here. In the general case, there is no way to 
check if the local minimum obtained is also the global one. A possibility 
to handle the problem is to start the search from different initial 
positions and, if the local minima become the same, it is most probably 
also the global rninimum. 

3 THE OBJECTIVE FUNCTION 

In the formulation of an objective function, it is essential to include the 
stress/strain behaviour at every point in each test involved in the 
optimisation. By that, the overall behaviour of the soil is captured. 
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As a first step, an expression for the individual norm has to be 
established. To obtain a general formulation of the individual norm, it is 
favourable to make it independent of the type of constitutive control 
(stress control, strain control or mixed control) and only let it be a 
function of independent variables. In optimisation problems of soil 
plasticity such independent variables are in a natural way represented 
by the principal total stresses s t, s2 and s3, the principal strains ex, e, 
and £3 as well as the pore pressure u. Since these variables are known 
only in discrete points, both for the experimental result and the 
computed theoretical result, the individual norm wi l l be based on 
Euclidean measures between such points. The Euclidean distance 
between an experimental point and a theoretical point is 

d = 
i=l £Q <=1 

1/2 
(4) 

where s0, e0 and u0 are scaling factors necessary for the comparison of 
stresses and strains. The scaling factors are chosen as the maximum 
absolute value of all the total stresses, strains and pore pressures 
respectively in the discrete points involved in the computation of the 
individual norm 

s0 =max(|s3|, \s2\, \s3\) 

£0 = max(|£j|, |s2|, |£3|) (5) 

u0 = max |w| 

giving the inequalities 

$0 SQ 

_ ! < & S., f l £ ! ( 6 ) 

&o ^0 

- 1 < ± < 1 
Un 

5 



H. Mattsson et al 

However, under drained conditions, the pore pressure u is constant and 
its contribution can be removed from equation (4). Observe that, for 
tests where not all the experimental components in equation (4) are 
determined, the space has to be reduced to the space composed by the 

known quantities. 

The minimum distance dmin, between experimental points and the 
prediction curve, for each experimental point included in the test, is 
searched for. It is important to observe that there is no need to compute 

for the first experimental point, since the same initial conditions in 
stresses, strains and state parameters as in the experiment should be 
prescribed for the prediction to achieve any meaning with the 
comparison. Consequently, dmin for the first experimental point could be 
set to zero. An economical way to compute dmin is to search for the 
closest Euclidean distance in equation (4) in one direction, according to 
Figure 1. The search proceeds until the closest distance, dki < dki_x and 
dk; < dk i+1, is located. Then the distance dminto an even closer position is 
searched for on either side of the prediction point i (the linear segments 
joining predictions i-1 to i and i to i+2), see the example in Figure 2. In 
the evaluation of d^, two triangles have to be analysed. A closer 
distance than dki might exist in both the triangles, in only one of the 
triangles or in none of the triangles. The angle a on each side of the 
prediction point i in Figure 2 determines the side on which it is 
necessary to search for a closer distance. In a triangle where the angle a 
is acute, a closer distance than dk i can be calculated as the height of a 
triangle but if the angle a is obtuse no closer distance exists. The closest 
distance found by analysing the triangles is set to dmin. Notice that the 
search for the next nunimum distance to the experimental point k+1 in 
Figure 1 starts from the prediction point i+2, i.e. only the remaining part 
of the theoretical curve is used for the subsequent experimental points. 
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A requirement for this strategy to work is that the theoretical result has 
a higher resolution than the experimental result. This should not cause 
problems since the prediction curve can be computed wi th any required 
resolution. Further, the strategy is designed for monotonic loading 
paths mainly (which are predominant in triaxial testing). To use this 
approach for cyclic loading, it would be necessary to divide both 
experimental and theoretical results into adequate segments and 
measure the norm for each of them separately. However, for e.g. 
softening material behaviour (just at the start of softening), it has been 
noticed that the distance d does not always decrease in the beginning of 
the search for the closest distance. A programmer should pay attention 
to singular situations like this, by e.g. forcing the distance to decrease 
before it reaches a minimum. 

When the minimum distances for all the experimental points are 
computed, an absolute individual norm (for a single test) is obtained as 

, ; = 1 

t mm t (7) 

where zv is a weight factor, n is the number of experimental points (the 
first not counted), d'min is the minimum distance for the experimental 
p o i n t a n d dt denotes the distance according to equation (4) between 
the termination points. The weight factor w is introduced to make it 
possible to characterise the relative importance of all the tests. In most 
experimental tests, where a constitutive relation is examined, the end 
state of the test is considered to be specially important (it could e.g. 
represent a failure state). This is the reason for utilising the teraünation 
distance dt in equation (7). Obviously, the individual norm formulation 
leads to higher accuracy when more discrete points are included in the 
computation. 

In addition to the absolute norm (7), another individual norm based on 
relative deviations between experimental results and the prediction 
curve is proposed below. The expression in equation (7) is slightly 
modified to 
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Erel=iv-
n + 1 J5 D ; D" 

(8) 

where D' and D" are determined from the alternatives 

If 

If 

^present 

present 

\ ^ max 
<ß 

D'=D present 

D> =D ß 
max H 

(9) 

where 0 < ß < 1 is a user-specified constant, is the Euclidean 
distance for the present experimental point; from an origin 

D present 

- | l /2 

»0 '=1 c 0 '=1 

(10) 

and is the maximum Euclidean distance found from an origin for 
all experimental points included in the computation 

Dmax = max(Dpresent) (11) 

A well known drawback with a relative norm is that small absolute 
deviations at low magnitude points can produce extremely large 
contributions to the computed norm. An extreme case arises if the 
denominator D in equation (8) approaches zero which means that the 
relative norm E r d approaches infinity. To avoid this drawback, the 
alternatives in equation (9) are introduced together with the user-
specified constant ß, in which a non-zero value of ß controls the 
smallest possible magnitude on the denominator D. 

Both the absolute norm and the relative norm have merits what 
concerns the interpretation of errors. The choice of norm must be based 
on what the user would like to attain with the analysis in question. 
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Therefore, the computer code in the optimisation program is designed 
to permit the user to choose the type of the individual norm. 

The next step is to formulate a final norm, an objective function, based 
on the individual norms computed for each experimental test included 
in the optimisation. In e.g. a finite element simulation, it is desired that 
the constitutive model should describe the material behaviour with the 
highest possible accuracy within the entire stress/strain region of 
interest, here represented by the experimental tests included in the 
optimisation. From this point of view, it seems to be favourable to let 
the test that currently has the highest individual norm (the worst 
agreement in prediction) determine the optimisation schedule. 
Mathematically, such a maximum norm is formulated as 

F ^ = max El (12) 
l<i<m v ; 

where m is the number of experimental tests involved in the 
optimisation and El the norm value for test no. i computed from eqns 
(7) or (8). However, a deficiency in the formulation of the maximum 
norm exists. Sometimes the predicted result of the test that provides the 
maximum norm value, and thereby guides the search, is not sensitive 
with respect to some of the parameters included in the constitutive 
model. In such a case, the insensitive parameters do not affect the 
maximum norm value and could, therefore, attain almost any values 
inside the bound constraints both during the search and when the 
search is finished. This information could mislead the user and, further, 
the use of the maximum norm is not particularly appropriate if these 
insensitive parameters affect other individual norms included in the 
optimisation. Therefore, a combined norm is formulated 

m 

f - * = « - F « + X E l (13) 
i-\ 

with the same notations as in equation (12). In the above norm, the 
worst test is still the most important one, but this norm also includes the 
other individual norms and, when the maximum norm does not change, 
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this one is still able to show improvements. Anyway, because of the 
different characteristics between the maximum norm and the combined 
norm, both norms are included in the developed optimisation program 
as a user-option for the objective function. 

4 THE SEARCH STRATEGY 

In the optirrdsation program developed, the user can choose between 
two different search strategies, one based on Rosenbrock's method6 and 
the other on the Simplex method by Neider and Mead.7 Both these 
methods belong to the category of Direct Search Methods in which the 
search strategy is based only on values of the objective function itself. 
Alternatively, so called gradient methods could have been used in 
which also derivatives of the objective function are utilised. Although 
gradient methods are commonly regarded as more efficient, the 
objective function, which is complex and which behaviour is generally 
unknown, might not always be differentiable and possess continuous 
derivatives. Hence, to avoid problems and achieve generality, only 
Direct Search Methods have been considered here. 

The Rosenbrock method was chosen since one of the authors have had 
good experiences of that, Klisinski.5 In addition, the Simplex method 
was applied because it has manifested itself as one of the more powerful 
Direct Search Methods presented in the literature, see e.g. Reference 1, 7 
and 8. The efficiency of different search strategies is depending on the 
type of optimisation problem, the number of optimisation variables and 
their starting values etc., see e.g. Box.8 Different search strategies can 
also approach different local minima for one and the same problem. 
Hence, two different search methods have been included in the 
optimisation program giving the user an option to switch to the 
alternative method if the first turns out to be ineffective for some reason 
during the search. 

In both the Rosenbrock method and the Simplex method, an initial set 
of model parameters and their bound constraints have to be prescribed 
before the actual optimisation can start. It is possible for the user to lock 

11 



H. Mattsson et al. 

an optional number of these parameters, i.e. the initially prescribed 
values of the locked parameters are used in the model during the whole 
optimisation. The rest of the model parameters then serve as 
optimisation variables. There are different applications for the locking 
of parameters in practical optimisation. The problem can e.g. be divided 
into parts, where, for instance, the elastic parameters are determined on 
the basis of experiments carried out in the elastic region. Thereafter, 
these elastic parameters are locked and the rest of the model parameters 
are determined from experiments progressing into the plastic region. 
With such a strategy (or a similar) a lot of computation time can be 
saved. 

Further, in both methods, it has turned out to be advantageous to 
normalise all the optimisation variables x', for; '=l , . . . , n, to the interval 
(0,1) during the search. This is performed with a linear transformation 

x ; _ r ; 
x'=- l j (14) 

where x' stands for the normalised optimisation variable number j and 
x{ and x'u are its lower and upper bounds according to equation (2). 
Inversely, the transformation back to the optimisation variables is given 
by 

xi=x'(xl-x{)+x{ (15) 

4.1 Rosenbrock's method 

In the Rosenbrock method, a set of n mutually orthonormal search 
direction vectors % v \ v . . . , are defined, together with n associated 
step lengths 5,, <52...., 8n. Each of the vectors has the dimension n x 1 . 
The number of search direction vectors and their dimension are 
determined by the number of optimisation variables (the number of 
nonlocked model parameters in this case). In the optimisation code, the 
co-ordinate directions are used as an initial choice of search direction 

vectors, i.e. 
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ft: ^2 4s - Q = 

" 1 0 0 
0 1 0 
0 0 1 

o 6 o 

0" 
0 
0 (16) 

Initially, all the step lengths are given the value of a user-specified 
initial step value e, where 0 < e < 1. Notice that the introduction of 
boundaries on the optimisation variables and the normalisation in 
equation (14) makes it possible to prescribe only one initial step value 
common for all step lengths. 

Starting from the initial set of model parameters with an initial step 
value, the search in the optimisation program proceeds according to the 
following scheme: 

2. Compute the objective function F(x), in eqn (12) or (13), for the 
initial set of model parameters and assign Fmin: = F(x), where := 
means "substitute the left side by the right". 

2. Compute x according to equation (14). 

3. For each i from 1 to n repeat steps 3.2,3.2 and 3.3. 

3.1. Take a step in direction i, x: = x + 

3.2.2. If x' < 0 o r ? > l for any/=1,..., n then the bound 
constraints in equation (2) are violated and the 
search in this direction is considered as a failure, 
then 

(a) restore x: = x - <5£ i 

(b) contract and reverse the step length 5t: = 

where 0 < ß < 1 

(c) go to the next search direction in the loop if 
i<n (step 3.2), else go to the end of the loop 
(step 4) 

3.2. Transform x back to the optimisation variables according 
to equation (15), and save the result in a backup vector y. 
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3.3. Compute F(y) 

3.3.2. If F(yj < Fmin then the search in this direction is 
successful and the new point is accepted 

(a) x : = y 

(b) Fmin:=F{y) 

(c) the successful step is saved in an associated 
vector component cf,:= di + <5; 

(d) the step length is expanded to 5{: = where 
a > l 

3.3.2. Else, if F(y) > Fmin the search in this direction is a 
failure and 

(a) x: = x - Sfej is restored 

(b) the step length is contracted and reversed to 
di^-ßdi where 0 < j ß < l 

4. If a success followed by a failure has been recorded at some time 
during the iteration for every direction, then 

(a) define a new set of orthonormal search direction vectors 
and reset the vector d 

(b) sort the step length vector 8 according to absolute size of 
its present components, equations (19)-(21) 

(c) continue from step 3. 

Else, continue from step 3. 

The basic strategy in Rosenbrock's method is to gradually search for 
improvement of the objective function in all search directions, and, 
when the search is successful, an increase in the step length in the 
particular direction is produced. If the search is unsuccessful, the 
algorithm wil l search in the opposite direction using smaller step length 
during the following loop. This procedure is repeated until the search is 
considered to be ineffective, when a success followed by a failure has 
been recorded at some time during the iteration for every direction (the 
same criterion as Rosenbrock6 originally suggested). Then, a new set of 
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search directions is defined and the search starts again with these new 
directions and new step lengths. 

To obtain new search directions I,1, step 4 (a) in the scheme above, a 
matrix A is established 

A = [A 3 A 2 A 3 ••• A„] (17) 

where the subvectors 

A2 = d&+d£>+~ +dn%°„ 
A 3 = d£°3+- +d£°n (18) 

are defined from the siimmation of all the successful steps dt in the 

direction %°( (step 3.3.2 (c) above) and the present search directions £ / . 

Then the modified Gram-Schmidt algorithm (see e.g. Reference 9) is 

used to generate a new orthonormal sequence 
fc %\ %\ - Si] of 

search direction vectors out from the linearly independent sequence 

[Aj A 2 A 3 ••• A„]. This orthonormalisation results in a sequence 

of vectors where %\ lies along the direction of fastest advance, £ 2 along 

the best direction which can be found normal to c\\, and so on. 

The reason for utilising the modified Gram-Schmidt algorithm instead 
for the classical Gram-Schmidt process, suggested by Rosenbrock6, is 
that the former has shown to posses superior numerical properties, see 
Rice.10 Further, based on the conclusions in the paper by Rice, a 
reinforcement of the vectors Z,1 is used in the optimisation program, i.e. 
one repeated application of the modified Gram-Schmidt algorithm. 
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A problem, not discussed by Rosenbrock6, is how to associate the step 
lengths 8 with the new search directions. The absolute magnitude of 
the present step lengths in the computation stage, after the definition of 
new search directions, reflects the progress of optimisation, but the 
association between 8{ and ^ no longer exists. In the program (step 4 
(b) above) this problem has been tackled by taking the absolute value of 
all the elements in the present step length vector 8° 

8°:=\8°\ i = l n (19) 

and sorting them in decreasing order into a new step length vector 

8 1 =[«5 I 8\ 8\ - 81] (20) 

where thus 

S j > ( 5 2 > < 5 3 > - >8l>0 (21) 

Hereby 8\, which has the largest value, wi l l be associated with the 
direction of "fastest advance" and 8\, with the second highest 
value, wi l l be associated with £ 2 , the second most promising direction, 
and so on. It was observed during the development of the optimisation 
program that this sorting strategy considerably improves the efficiency 
of the algorithm compared to the alternative of just keeping the step 
lengths 8° from the previous loop. 

Rosenbrock6 performed a set of computations, on a mathematical 
function of two variables, in order to determine the best combination of 
values of the step adjustment parameters a (in step 3.3.1.d) and ß (in 
step 3.1.1b and 3.3.2.V) and arrived at the values a = 3 and ß = 0.5 . 
However, it could be expected that the optimal combination of a and 
ß is highly dependent on the type of problem to which the algorithm is 
applied. Therefore, the values of a and ß utilised in the current 
optimisation routine were evaluated from an optimisation problem 
representative for the type of optimisation discussed in this paper, see 
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Appendix A. From this study, it was concluded that the optimal 
combination for an efficient algorithm was a = 1.9 and ß = 0.8. 

The initial step value, 0 < e < 1, is a parameter that affects the efficiency 
of the algorithm, which is shown in Appendix A. Because the best 
choice of e could be expected to greatly depend on the optirnisation 
problem under inspection, even for the type of optimisation discussed 
here, it was considered to be favourable to treat e as a user-specified 
input parameter. It is also possible, for different initial step values, to 
direct the search towards different local minima (if such do exist). This 
is another reason to let e be a user-specified input parameter. However, 
from the experience wi th the algorithm, it seems to be favourable to 
choose the initial step value from the lower portions of the interval 
0 < e < 1 as a first attempt, but not "to close" to the lower boundary. For 
the optimisations with the optimal combination a = 1.9 and ß = 0.8, in 
Appendix A, it seems that the best results are_ obtained for 
0.2<e<0.45. 

In order to terminate Rosenbrock's search algorithm, three different 
conditions are proposed. These are the maximum number of objective 
function computations (the first computation in step 2 not counted), the 
maximum number of unsuccessful objective function computations and 
a criterion for sufficient optimisation accuracy. The first condition limits 
the execution time for the search since it mainly depends on the number 
of objective function computations. The second condition terminates the 
search when it seems to be ineffective, e.g. when a minimum or a point 
close to it has been reached. In the third condition, the search is ter
minated when the absolute value of all the step lengths \8j\ for z=l,..., n 
is less than the prescribed accuracy after one finished loop (step 3) in the 
algorithm. A l l these termination conditions are prescribed by the user 
before the search starts and the one that is first reached terminates the 
search. 
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4.2 The Simplex method 

In the Simplex method, the search for the mirLimum of the objective 
function proceeds by comparing the magnitude of objective function 
values at the vertices of a geometric figure (named a simplex) in an 
Euclidean space spanned by the normalised optimisation variables 
(eqn. 14). For a problem with n optimisation variables, the simplex is 
composed by n+1 points. The simplex geometrically corresponds to a 
line for n= l , a triangle for n=2 and a tetrahedron for n=3. By 
successively exchanging the point with the highest objective function 
value for a new improved point, the simplex wi l l move in the space in 
the direction of a mirümum. In the version by Neider and Mead7, 
utilised in the optimisation program, the simplex also rescales itself 
during the search according to the local geometry of the objective 
function. This is accomplished by the three operations named reflection, 
expansion and contraction, as illustrated in Figure 3 for a problem wi th 
two variables. These operations are mathematically defined in the 
algorithm presented below. 

Reflection Expansion Contraction 

Fig. 3. Reflection, expansion and contraction moves on an n=2 simplex 
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During the development of the optimisation routine, it turned out that 
the efficiency of the Simplex method was highly influenced by the 
design of the starting simplex. A new strategy has been worked out 
based on the regular simplex of unit edge proposed by Spendley et al.u 

It was believed to be favourable to let the user prescribe the size of the 
starting simplex and thus, to some extent, make it possible to reach 
different local minima (if such exist) from the same initial set of model 
parameters. To facilitate the prescription of a large starting simplex, the 
orientation of the simplex has been made a function of the location in 
the space of the initial set of normalised optimisation variables xMt. The 
strategy is shown in Figure 4 for an n=2 simplex. 

The initial guess x f m f is always included as a point in the starting 
simplex. The additional points in the simplex, relative to the initial 
guess xm, are mathematically constructed by premultiplying the nxn 

design matrix 
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v q i 
q p q 
q i v 

q q q 

(22) 

where 

and 

P = ̂ [ ( n - l ) + JnTl] (23) 

(24) 

with a user-defined scalar O < e < 1, expressing the Euclidean distances 
between the vertices of the simplex and an n x n diagonal matrix 

« 1 1 0 0 
0 « 2 2 0 
0 0 « 3 3 

0 0 0 

0 
0 
0 (25) 

that defines the orientation of the simplex by the identification process 

for 7=1,...,n do 

5 then 

(26) 

if 0 < < 0.5 then 

ag:=l 

else if 0.5 < x(nit < 1 then 

end if 
end 
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where x]nit for j=l,...,n are the components of x ^ . The columns of the 
resulting matrix D s t o r t = e ld D m give then the contributions relative to 
the initial guess xMt and thus defines the starting simplex. However, if 
any of the points ends up outside the space defined by the normalised 
optimisation variables, the program uses the largest possible regular 
simplex as the starting simplex (as indicated in Figure 4). 

With the starting simplex defined, the search in the optimisation 
program proceeds according to the following scheme: 

1. Let X; for i=0,.. .,n define the vertices of the starting simplex, 
represented as points in the normalised space. Compute the 
objective function value associated with each vertex F^x^x, )) by 
first transforming each component in the vector x, back to their 
physical counterpart x ; , according to equation (15). 

2. Carry out the search by repeating steps 2.1 to 2.5 until any 
termination condition is reached. 

2.1. From the objective function values at each vertex of the 
current simplex, F{ for i=0,...,n, determine the suffixes h 
and £ that are associated wi th the maximum function 
value F. - max(F ;) and the minimum function value 

Fe = min(F f) respectively. 

2.2. Compute the centroid c of all the points x, except the 

1 " _ 
point corresponding to the suffix h, as c = — ̂  x, . 

2.3. Make a reflection move x r = c + y (c - xh), where y > 0 is 
the reflection coefficient. I f any component in the vector x r 

ends up outside the bound constraints, substitute that 
component with the value of the exceeded bound, i.e. if 
xj. < 0 set x\ =0 or if x{ > 1 set x\ = 1. 

2.4. Compute the objective function value for the reflected 
point, F r (x r (x r )) . 
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Select the proper case out from the three possible cases, 
described in step 2.5.2,2.5.2 and 2.5.3. 

2.5.2. If Fr < Ft then x r is a new best point and the 
direction of the reflection is examined further by an 
expansion move xe = c + £ (x r - c j , where £ > 1 is 
the expansion coefficient. Followed by a check of 
the bound constraints, if x[ < 0 set x{ = 0 or if 
x[ > 1 set x[ = 1 , and a computation of the 
associated objective function value Fe[xe(xe)). 

(a) If Fe<Fr, the expansion is successful and the 
exchange xh:=xe and Fh:=Fe is performed. 

(b) Otherwise, if Fe>Fr, the expansion is 
unsuccessful and the exchange xh:=xr and 
Fh:=Fr is performed. 

2.5.2. If Fr < F; for some z '=0 , . . . ,n except i=h, the reflection 
led to an improved simplex and the exchange 
xh:=xr and Fh:=Fr is performed. 

2.5.3. If Fr > F, for all z=0 , . . . ,n except z'=/z, the reflection 
resulted in a new worst point and a contraction 
move x c = c + 7] \xh - c j if FA < Fr or 
x c = c + 77 (x r - cj if Fft > Fr is performed. Here, the 
factor 0 < 7] < 1 stands for the contraction 
coefficient. This is followed by a computation of the 
associated value of the objective function Fc[xc(xc)). 

(a) If now Fc < minJFj,, Fr j , the contraction is 
considered to be successful and the exchange 
xh:=xc and Fh:=Fc is performed. 

(b) Else, if Fc > min(F f t, Fr), a comprehensive 
contraction is carried out by replacing all the 
points X; z=0 , . . . ,n except the best xi=l by 
(x ; + X; j / 2 and recompute their associated 
objective function values Ff (xf (x,-)j. 
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To terminate the search in the Simplex method, two different conditions 

are used: the maximum number of computations of the objective 
function (also utilised in the Rosenbrock algorithm) and a criterion, 
adopted by Neider and Mead7, that terminates the search when the 

standard deviation of the objective function values at each vertex of the 
current simplex falls below a pre-set value e, that is, 

v'-° n 

<£ (27) 

where 

F = - ^ £ f ; (28) 
n +1 i=o 

is the average function value. The point associated with the smallest 
objective function value, at the time when the search is terminated, is 
used as the solution of the optimisation problem. 

Before the Simplex method can be applied for practical optimisation, 
the values of the reflection coefficient 7 (in step 2.3), the expansion 
coefficient £ (in step 2.5.2) and the contraction coefficient 77 (in step 
2.5.3) have to be assigned. As a conclusion of their testing, Neider and 
Mead7 suggested the values 7 = 1 , £ =2 and 77 =0.5. Other "optimal 
combinations" have been reported in the literature, see e.g. Parkinson 
and Hutchinson12 in which the combination 7=2, £=2.5 and ?7=0.25 
showed to be somewhat superior for their testing program compared to 
the combination by Neider and Mead.7 To obtain a combination of 

values representative for the type of optimisation discussed here, an 
evaluation of the coefficients was performed based on the same 
optimisation problem as in Appendix A. From this study, presented in 

Appendix B, it was concluded that the values 7 = 1 , £ =2 and 77 =0.6 was 
optimal and should be used in the optimisation program. 
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It is seen from Appendix B that the user-defined size 0 < e < 1 of the 
starting simplex do affect the efficiency of the algorithm. The best choice 
of e could be expected to greatly depend on the optimisation problem 
under inspection, but it has been observed that a choice of e to close to 
the lower boundary should generally be avoided, at least as a first 
attempt. For the optimisations with the optimal combination y = 1 , £ = 2 
and 77 =0.6, in Appendix B, almost all values of e greater than 0 .12 gave 
good results. 

5 OPTIMISATION EXAMPLES 

The practical outcome of an optimisation clearly depends on the ability 
of the chosen model to predict the real soil behaviour. If the chosen 
model is not able to predict the soil behaviour "sufficiently accurate", 
there is no meaning to carry out or continue the optimisation. With that 
in mind, it is obviously important that a user has reasonable knowledge 
about the range of application of the available models. 

In this paper, it is the numerical capacity of the optimisation routine 
that is essential to examine. To accomplish this in a proper way, an 
optimisation problem is constructed, Section 5.2, where the uncertainty 
of the prediction ability of the chosen model is removed from the 
problem by using constitutive simulations with an in advance known 
set of model parameters as simulated experimental result. The actual 
optimisation problem is then created by choosing a different set of 
model parameters as a starting-point for the optimisation. Thereby, i t is 
no doubt about that the model is able to simulate the "experimental 
result" and the proper minimum is known in advance. In addition, 
optimisation examples against real triaxial tests are shown and 
discussed in Section 5.2. 

5.1 Optimisation against simulated experimental result 

The constitutive model chosen for this example is the Generalised Cam 
Clay model, described in Alawaji et al.13 The model is based on the 
classical Modified Cam Clay concept (see e.g. Muir Wood14) and 
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generalised with respect to the yield function, the flow rule and the 
hardening rule. Seven parameters are included in the model, i.e. 

K * the slope of the unloading-reloading line in the ep - In p' 
plane, where ep is the volumetric strain and p' the effective 
mean stress 

v ' Poisson's ratio 

X * the slope of the isotropic compression line in the ep-lnp' 
plane 

D deviatoric hardening parameter 

M the slope of the critical state cone 

N parameter for a non-associated flow rule 

er parameter for the yield surface dependence on the third 
deviatoric stress invariant 

To obtain a real challenge for the numerical process in the optimisation 
routine developed, a large problem with ten different types of tests is 
constructed as a basis for the optimisation, Table I . The isotropic 
effective mean stress p'c (in Table I) is the hardening parameter which 
represents the reference size of the yield surface. Tests 1-6 describe 
conventional triaxial tests while tests 7-10 describe experiments that can 
only be performed in a true triaxial apparatus. In the tests, a linear 
variation of the control parameters between the initial and final values 
is assumed. 
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Table I . Loading programs 

Test Drained Initial conditions End conditions of control parameters 

[0]or  
undrained v\ s, s2 s3 u s, s2 s3 Sj ^ e3 

[1] (kPa) (kPa) (kPa) (kPa) (kPa) (kPa) (kPa) (kPa) (%) (%) (%) 

1 0 50 50 50 50 0 — 50 50 10 — — 

2 1 50 50 50 50 0 — 50 50 5 — — 

3 0 75 50 50 50 0 — 50 50 -10 — — 

4 1 75 50 50 50 0 — 50 50 -5 — — 

5 0 250 50 50 50 0 — 50 50 10 — — 

6 1 250 50 50 50 0 — 50 50 5 — — 

7 0 50 50 50 50 0 — — — 8 -4 4 

8 0 50 50 50 50 0 130 90 75 — — — 

9 1 50 50 50 50 0 75 25 — — 0 

10 1 50 50 50 50 0 110 80 70 — —- — 

In the example, the "experimental result" is obtained by simulating the 
tests in Table I with the parameters TC*=0.02, v'=0.3, X * =0.2, D=1.5, 
M=1.2, N=0.8 and er=0.65. These parameters wi l l then give the in 
advance known solution of the problem (the global minimum). The 
parameter values are mainly chosen from Alawaji et al.13 Further, the 
problem is designed in such a way that the elastic parameters K' =0.02 
and v ' =0.3 are locked, whereas the rest of the parameters X *, D, M , N 
and er serve as optimisation variables. As a starting-point for the 
optimisation, an initial set of optimisation variables X * =0.1, D=0.5, 

M=1.0, N=1.0 and er=0.9 is chosen. Reasonable lower and upper 
bounds are chosen as 0.05<Å*<0.4, 0.1<D<2.0, 0.8<M<1.4, 
0.1<N<1.4 and 0.5<e r<1.0. Notice, that the loading programs in 
Table I are so constructed that each optimisation variable wi l l have an 
influence on the result from at least one prediction. The integration of 

the tests in Table I are performed with the explicit Forward Euler 
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integration algorithm containing a method to correct for the yield 
surface drift. 4 In both the computation of the "experimental result" and 
in theoretical predictions during the optimisation, the integration is 
carried out with 200 integration steps for each test. Since the 
computation of the individual norm requires higher resolution for the 
theoretical result than that of the experimental result, every f if th point 
obtained in the computation of the "experimental result" is saved for 
individual norm computations. This means that altogether a resolution 
of 40 discrete points for the "experimental result" and 200 discrete 
points for the theoretical result are involved in computations of the 
individual norm. 

The optimisation problem chosen has been used for the evaluation of 
the step adjustment parameters in Rosenbrock's method, Appendix A, 
as well as of the reflection, expansion and contraction coefficients in the 
Simplex method, Appendix B. In these optimisations,, the combined 
norm (eqn. 13) has been utilised as the objective function with the 
absolute norm (eqn. 7) without weighting (IÜ, =1.0 for test i = l , . . . , 10) of 
the individual tests. The statistical data from the cases in Table A l and 
in Table B3 respectively, representing optimisations with the parameter 
values that were finally chosen, are shown in Table I I for comparison. 
The symbol F™ stands for the smallest value of the objective function, 
obtained after 200 computations of the objective function in the search 
algorithms. As a basis for the statistical data, 100 optimisations for 
Rosenbrock's method and 400 optimisations for the Simplex method 
were performed. The initial step length for Rosenbrock's method and 
the size of the initial simplex for the Simplex method, both denoted as e, 
were randomly generated between 0 < e < 1 for each new optimisation. 
In all other aspects, the optimisations, in Table I I , were performed 
under the same conditions for each search strategy respectively. 
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Table I I . Comparison of search strategies 

Search strategy Statistical data for F£ (%) 

Average value Std. deviation Min. value Max. value 

Rosenbrock's method 39.6 30.2 1.34 96.6 

The Simplex method 3.7 8.9 0.031 88.2 

The statistical data in Table I I show that the choice of e-value, for both 
the search strategies, influences the optimisation result. This was, 
however, the main reason for treating e as a user-specified input 
parameter. To get an idea of the average improvements that could be 
expected with a randomly chosen e-value, after 200 computations of the 
objective function, the average value of can be compared to the 
objective function value for the initial set of model parameters, that is 
341.5%. It can thus be concluded that it is reasonable to expect 
considerable improvements, independent of the chosen e-value, for both 
the search strategies in this example. However, a faster convergence in 
average towards the minimum was obtained for the Simplex method 
compared to the Rosenbrock method. 

So far, only values of the objective function have been studied. This is a 
scalar which sometimes can be difficult to interpret if its value at the 
same time is not put in relation to the current set of optimisation 
variables, to the individual norms and to actual stress-strain plots. In 
the following, a closer look will be taken on the optimisations in Table 
n , leading to the minimum values of F™. This study is presented in 
Table III-IV and Figure 5 for Rosenbrock's method and in Table V-VI 
and Figure 6 for the Simplex method. In addition, for the optimisations 
that led to maximum values of Fi°°, a discussion wi l l be carried out 
around the circumstances that caused those higher values. 
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Table I I I . The Rosenbrock method — Optimisation variables 

Number of F m i l Optimisation variables 

computations (%) 
r D M N 

0 (initial) 341.519 0.1 0.5 1.0 1.0 0.9 

25 91.6668 0.252332 1.97051 1.10696 0.460391 0.663989 

50 69.2279 0.206637 1.52940 1.15429 0.782443 0.643529 

75 18.6460 0.206637 1.54665 1.21397 0.834621 0.652103 

100 9.20714 0.202932 1.55376 1.18986 0.815918 0.649030 

150 3.74938 0.202932 1.53056 1.19962 0.799397 0.649203 

200 1.34061 0.201023 1.51477 1.19938 0.801974 0.649998 

300 0.0881827 0.200018 1.50008 1.19992 0.800329 0.650025 

400 0.0332130 0.200023 1.50028 1.20001 0.800326 0.649992 

500 0.0126827 0.199992 1.49990 1.20001 0.800193 0.649998 

1000 0.000355206 0.200000 1.50000 1.20000 0.800005 0.650000 
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Table IV. The Rosenbrock method — Individual norms 

Number of Absolute individual norm values for each test in % 

computations 
Testl Test 2 Test 3 Test 4 Test 5 Test 6 Test 7 Test 8 Test 9 Test 10 

0 (initial) 9.708 8.103 3.489 8.869 13.75 13.04 11.00 22.95 13.40 7.710 

25 4.008 3.301 2.813 2.863 2.564 3.044 4.988 3.464 2.611 

50 1.571 1.675 2.872 iZS l 1.932 2.014 1.080 2.498 1.448 1.872 

75 0.6645 0.4805 0.7526 1.141 0.4869 0.4603 0.7952 1.174 0.4594 0.4878 

100 0.2429 0.3414 0.3039 0.5547 0.2854 0.4976 0.3102 0.4026 0.4229 0.2983 

150 0.1746 0.1416E-01 0.3454E-01 0.8468E-01 0.4679E-01 0.8888E-02 0.1390 0,2839 0.6822E-01 0.5549E-01 

200 0.3511E-01 0.1981E-01 0.3907E-01 Q.9530E-01 0.2605E-01 0.2849E-01 0.1392E-01 0.6171E-01 0.5471 E-01 0.1339E-01 

300 0.3154E-02 0.3074E-02 0.2736E-02 0.3556E-02 0.4585E-02 ÜJ361E-Q2 0.2615E-02 0.3443E-02 0.3650E-02 0.2394E-02 

400 0.1257E-02 0.4790E-03 0.1068E-02 0.2094E-02 0.1238E-02 0.1307E-02 0.7601E-03 0.1967E-02 0.1764E-02 0.3344E-03 

500 0.4375E-03 0.3597E-03 0.5713E-03 0.3989E-03 0.7220E-03 0.7864E-03 0.2672E-03 0.6016E-03 0.4235E-03 0.2506E-03 

1000 0.7061E-05 0.4590E-05 0.1587E-04 0.1236E-04 0.2218E-04 0.2285E-04 0.6014E-05 0.1524E-04 0.1398E-04 0.6581E-05 
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Distortional strain, sq [%] 
0 1 2 3 4 5 
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Number of objective function computations 

initial guess 25 comput. 50 comput. 

100 comput. 200 comput. correct solution 

Fig. 5. The Rosenbrock method — Progresses during optimisation for 
test 4 in Table IV 
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Table V. The Simplex method — Optimisation variables 

Number of Fmin Optimisation variables 

computations (%) 
r D M N 

0 (initial) 341.519 0.1 0.5 1.0 1.0 0.9 

25 80.6335 0.169515 1.33049 1.17982 0.998580 0.679243 

50 34.9594 0.195925 1.56445 1.19343 0.889186 0.637467 

75 9.78201 0.199244 1.52354 1.19214 0.811559 0.647814 

100 3.36355 0.199189 1.47976 1.20126 0.802552 0.651369 

150 0.276822 0.200036 1.49951 1.20013 0.799252 0.650080 

200 0.0311695 0.199990 1.50001 1.19999 0.799952 0.649999 

300 0.00415978 0.199998 1.49999 1.20000 0.799939 0.650001 

400 0.00410203 0.199998 1.49999 1.20000 0.799940 0.650001 

500 0.00410203 0.199998 1.49999 1.20000 0.799940 0.650001 

1000 0.00410203 0.199998 1.49999 1.20000 0.799940 0.650001 
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Table V I . The Simplex method — Individual norms 

Number of Absolute individual norm values for each test in % 

computations 
Test 1 Test 2 Test 3 Test 4 Test 5 Test 6 Test 7 Test 8 Test 9 Test 10 

0 (initial) 9.708 8.103 3.489 8.869 13.75 13.04 11.00 Uåå 13.40 7.710 

25 2.984 0.9747 2.168 4.845 1.339 1.895 3.595 5.404 1.623 1.770 

50 0.9394 0.3993 0.7064 1.644 0.4262 0.6672 1.741 1.933 2̂ 242 0.6631 

75 0.2940 0.2714 0.2953 0.5469 0.2014 0.3830 0.5386 0.5841 0.5629 0.2634 

100 0.3719E-01 0.4656E-01 0.5993E-01 0.1911 0.5493E-01 0.2807E-01 0.1402 0.1478 0.2341 0.8223E-01 

150 0.8011E-02 0.4988E-02 0.7297E-02 0.1436E-01 0.4704E-02 0.9107E-02 0.1494E-01 0.1624E-01 0.1740E-01 0.5814E-02 

200 0.1378E-02 0.4444E-03 0.4970E-03 0.1572E-02 0.3462E-03 0.2217E-03 0.2023E-02 0.2102F.-02 0.1319E-02 0.2518E-03 

300 0.1561E-03 0.1145E-03 0.1790E-03 0.2389E-03 0.2138E-03 0.2372E-03 0.1562E-03 0.2195E-03 0.1779E-03 0.7757E-04 

400 0.1627E-03 0.1222E-03 0.1757E-03 0.2311E-03 0.2130E-03 0.2314E-03 0.1622E-03 0.2252E-03 0.1845E-03 0.8026E-04 

500 0.1627E-03 0.1222E-03 0.1757E-03 0.2311E-03 0.2130E-03 0.2314E-03 0.1622E-03 0.2252E-03 0.1845E-03 0.8026E-04 

1000 0.1627E-03 0.1222E-03 0.1757E-03 0.2311E-03 0.2130E-03 0.2314E-03 0.1622E-03 0.2252E-03 0.1845E-03 0.8026E-04 
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Fig. 6. The Simplex method — Progresses during optimisation for test 8 

in Table V I 
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In Table HI and Table V, the changes of the optimisation variables 
during the course of optimisation can be followed. These results were 
obtained with the initial step length e=0.680 for Rosenbrock's method 
and the size of the initial simplex e=0.303 for the Simplex method. For 
Rosenbrock's method, Table II I , gradual improvements are obtained 
during the whole course of optimisation and after 1000 computations of 
the objective function, the global minimum is reached almost to the last 
decimal presented for the optimisation variables. For the Simplex 
method, Table V, a local minimum is reached after 400 computations of 
the objective function. This local minimum is, however, located so close 
to the global minimum that the error has no practical meaning. Before 
this local minimum was reached, the Simplex method turned out to be 
more efficient than the Rosenbrock method. The fact that the global 
minimum is found with such a good precision with Rosenbrock's 
method (and almost with the Simplex method) proofs that the 
mathematical strategy for the computation of the individual norm 
works remarkably good. It should be noticed that the large number of 
computations of the objective function was performed to get an idea of 
the possible precision. From the practical point of view, the op
timisations could have been stopped, with a sufficient accuracy, much 
earlier. 

To show how much the predictions of the individual tests deviate from 
their associated "experimental result" during the course of optimi
sation, values of the absolute individual norm for each test are given in 
Table IV and Table V I . In these tables, the test that currently has the 
largest individual norm value F ^ , in eqn. (13), and thus is the most 
important for the optimisation schedule, has been underlined twice. It is 
seen, in both tables, that different tests represent F ^ during the process 
of optimisation. Further, a comparison between Table IV and Table VI 
displays a different F ^ representation between the search strategies. 
This is an evidence for the fact that the search strategies work differ
ently, which means that they not necessarily need to approach the same 
local minimum (if such exist). This is a fact that clearly motivates the use 
of more than one search strategy in an optimisation program. 
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In Figure 5 and Figure 6, progresses during the course of optimisation 
are visualised, for one test for each search strategy, in plots with the 
invariants 

p' = (cr3 +o2 + cr 3 ) /3 

1 = 
{o1-a2f + ( G 2 - O - 3 ) 2 +(O- 1 - 0 - 3 ) 

2 x l / 2 

(29) 

ep=e1+e2+e3 

>l /2 

- ( ( e 3 - s 2 f +(e 2 - e 3 ) 2 +(£ 2 - e 3 )
2 ) 

1/2 

where olf az and o3 are the principal effective stresses and 
£ j , £ 2 and £ 3 are the principal strains. Test no. 4, which obtained the 
largest individual norm value F ^ most times during the optimisation 
with Rosenbrock's method in Table IV, has been chosen for the plots in 
Figure 5. In a similar way, test no. 8 in the optimisation with the 
Simplex method in Table VI , has been chosen for Figure 6. Test no. 4 
describes a conventional undrained triaxial extension test on a lightly 
overconsolidated soil and test no. 8, a drained stress controlled true 
triaxial test on a normally consolidated soil. With the initial guess as a 
starting-point, it is seen in Figure 5 and Figure 6 that gradual 
improvements towards the correct solution are obtained during the 
optimisations. As can be seen in Figure 5, the response seems to 
coincide with the correct solution after 200 computations of the 
objective function while, in Figure 6, the response almost coincide with 
the correct solution already after 100 computations of the objective 
function. 

Both the optimisations in Table I I , leading to maximum values of F™, 
approached a local minimum which then was the reason for the poor 
result. Obviously, independent of the running time of an optimisation, 
after a local minimum has been reached, the result wi l l not be 
improved. For these optimisations, the initial step length used in the 
Rosenbrock method was e=0.909 and the size of the initial simplex used 
in the Simplex method was e=0.0197. In Rosenbrock's method, the local 
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minimum Fmin=96.6% was reached after 177 computations of the 
objective function. In the Simplex method, it was possible to obtain a 
slight improvement after the 200 computations of the objective function 
in Table I I and the local nrinimum Fm i n=69.1% was reached after 456 
computations of the objective function. 

Based on the observations discussed in this section, it can be concluded 
that the numerical performance of the optimisation routine presented is 
good enough for finding a global rninimum with a much greater 
precision than is normally required in practise, if the optimisation just 
continues a sufficiently long time and no local minimum is reached 
during the process. If there is reason to suspect that a local minimum 
has been reached, as a first attempt it is easy to try to restart the 
optimisation with a new e-value and/or different search strategy. 

It is also desirable that an optimisation program should be fast, in order 
to limit the computational costs. Here, the constitutive simulations 
involved in the computation of the objective function require most of 
the computation time. Therefore, a certain number of objective function 
computations demands approximately the same time for both the 
search strategies. For the large optimisation problem analysed here, it 
takes in average 4.1 seconds between each objective function 
computation, when the problem runs on a PC with a 166 MHz pentium 
processor and 64 Mb RAM. This information might give an idea of how 
fast the presented optimisation routine is. 

5.2 Optimisation against performed triaxial tests 

In this section, the application of the optimisation program to 
performed laboratory tests is demonstrated. The tests used are three 
true triaxial tests reported by Wood and Wroth. 1 5 These tests were 
performed in order to study the validity of some of the assumptions 
made in interpreting the results from undrained pressuremeter 
expansion tests. Hence, the same strain path was applied to the soil 
specimen in the true triaxial apparatus as is believed to be followed by 
the elements of soil around a pressuremeter. The laboratory tests were 
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performed on a slurry of Spestone kaolin clay and water, laboratory 
prepared to different overconsolidation ratios. 

In the tests by Wood and Wroth1 5, the stress/strain history of typical soil 
deposits were initially obtained in the true triaxial apparatus. In Table 
VII , the states for these histories of one-dimensional consolidation and 
unloading (no lateral displacement) are prescribed for the three tests K2, 
K3 and K4. The stresses a, and p' are the maximum effective stress 

x rriax * m a x 

in the vertical direction (1-direction of the apparatus) and the maximum 
effective mean stress reached in one-dimensional consolidation, 
respectively, whereas errand p'0 are the values of the corresponding 
stresses after unloading. It should be noticed that the values of K0 in 
Table VII , the ratio between the horizontal and the vertical effective 
stress, are presented at the state of normal consohdation, i.e. after the 
one-dimensional consolidation phase. In Table VI I , it is then seen that 
tests K2 and K3 represent an overconsohdated soil (where test no. K3 
has a higher overconsohdation ratio than test no. K2) while test no. K4 
represents a normally consolidated soil. 

Table V I I . State after the one-dimensional consolidation and unloading 
phase 

Test Specific 1 max r max P'max/Po K T 

number volume (kPa) (kPa) 
K2 2.280 483 2.50 380 2.10 0.68 

K3 2.165 934 5.46 774 4.31 0.75 

K4 2.299 351 1.00 282 1.00 0.71 

In an undrained pressuremeter expansion test, it is normally presumed 
that the soil is deformed in plane strain wi th the vertical direction as the 
direction in which no strain occur. Further, the soil is compressed in the 
radial direction, and to fulf i l the incompressibility constraint a 
balancing circumferential extension has to be presumed. If pore 
pressures are measured during an undrained pressuremeter expansion 
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test the effective stresses can be deduced out from the interpreted total 
stresses. By applying the deformation mode 

£2 = - £ 3 , £j = 0, £2 > 0 (30) 

to the cubical sample in a true triaxial apparatus under drained 
conditions, the effective stresses measured could be compared to the 
effective stresses obtained from the pressuremeter test. Thereby, 
conclusions about the validity of the assumptions made for interpreting 
the pressuremeter results could be drawn. In the paper by Wood and 
Wroth 1 5, the samples K2, K3 and K4 were sheared to failure with the 
strain rates el, £ 2 , £ 3 = 0 , 0.25, -0.25 % / h according to the deforma
tion mode in equation (30). The suffixes used refer to the fixed axes of 
the true triaxial apparatus. The strain rates were reversed a few times 
during these laboratory tests, but it is only results f rom this first 
shearing to failure that wi l l be used here as a basis for optimisation. 

Two different constitutive models were chosen for the optimisations: 
the well-known Modified Cam Clay model (MCC) and the Anisotropic 
Cam Clay model (ACC) described by Runesson and Axelsson16 and Yu. 1 7 

In a discussion about models that could be suitable for prediction of this 
kind of tests, carried out by Wood in Reference 18, it was expected that 
a model like MCC would not be particularly successful and a model like 
ACC was suggested to be more appropriate. The Anisotropic Cam Clay 
model is based on the Modified Cam Clay concept but the K0

N C-line in 
the effective stress space is used as a symmetry line for the yield surface 
in contrast to the Modified Cam Clay model where the yield surface is 
centred on the stress space diagonal. In addition, in the ACC model, the 
destruction of the initial K0-anisotropy can be modelled wi th a rotational 
hardening/softening law and deviatoric anisotropy can be simulated by 
distorting the yield locus in the deviatoric plane. Seven parameters are 
included in the ACC model, i.e. 

K the slope of the unloading-reloading line in the v - In p' 
plane, where v is the specific volume and p' the effective 
mean stress 
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v ' Poisson's ratio 

X the slope of the K0- compression line in the v - In v' plane 

C parameter for rotational hardening/softening 

Mf the slope of the failure line in a / / - q plane 

k the intercept of the failure line 

a parameter for deviatoric anisotropy 

The parameters K , v ' and X are utilised also in the MCC model, 
together with the slope of the critical state line (M). 

Individual optimisations (one test at a time) and simultaneous optimi
sations (all tests at the same time) have been performed against the tests 
K2, K3 and K4, with both the Anisotropic Cam Clay and the Modified 
Cam Clay model. A l l parameters in the models wi l l have an influence 
on the predicted results for these tests. Experimentally,-it is difficult to 
exactly follow the intended deformation mode. Therefore, a linear 
variation of the principal strains, between the discrete states obtained in 
the triaxial tests, have been assumed in the constitutive simulations. The 
best agreements between experiments and predictions obtained by 
optimisation are shown by plots in q -e , q - v' and K -planes, in 
Figure 7 for the individual optimisations and in Figure 8 for the 
simultaneous optimisations. The optimal set of model parameters and 
the value of the maximum norm ( F ^ in eqn (12) utilising Eabs in eqn (7) 
with w=l.Q) corresponding to these optimisations are shown in Table 
VIE for the ACC model and in Table IX for the MCC model. 

The curve plots in Figures 7 and 8 as well as a comparison of the 
maximum norm values in Tables VIII and IX are everywhere showing a 
better agreement to the laboratory tests for the ACC model than for the 
MCC model. For the ACC model, a "reasonably good" agreement have 
been achieved in all optimisations. With the MCC model, the agreement 
can be said to be "reasonably good" only for the individual 
optimisation against test no. K4. This is however to be expected, since 
the MCC model is historically founded mostly on data from conven
tional triaxial tests on samples without pronounced K0-anisotropy. It 
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should be remembered that, even if the model is not able to predict the 
soil behaviour properly, the optimisation process tries to find the best 
possible agreement and sometimes, as a consequence, delivers strange 
parameter values. As could be expected, better agreement was obtained 
for the individual optimisations compared to the simultaneous optimi
sations. But for the ACC model, it is promising to see that a reasonable 
agreement has been obtained also in the simultaneous optimisation. In 
the simultaneous optimisations the combined norm in equation (13) 
together wi th the absolute norm (without weighting) in equation (7) 
have been used. However, maximum norm values are presented in 
Tables VIII and IX to facilitate comparisons with norm values of the 
individual optimisations. The set of norm values obtained for the 
simultaneous optimisations in Table V m and Table IX, respectively, 
were F^ = 422 %, E% = 5.82 %, E% = 7.55 %, E £ = 6.13 % and 

= 949 %, E% = 16.2 %, E™ = 144 %, E™ = 15.8 %. It is seen that the 
values of F ^ presented for the simultaneous optimisations in Table 
VIII and Table IX were obtained for test no. K3 and test no. K2 
respectively. For both the models, the individual optimisation against 
test no. K4 gave the best result while the optimisation against test no. 
K3 gave the worst result. It seems that both the applied models have 
more difficulties in predicting this kind of tests for higher over-
consolidation ratios. 

Comparisons between the values of the optimal set of parameters, 
obtained in the different optimisations, show that they vary rather 
much. For the individual optimisations, this variation clearly appears, 
anyway the prediction curves (at least for the ACC model) are located 
quite close to the experimental curves. This could be explained by a co
operation of the parameters, i.e. there exist more than one set of 
parameters that gives good agreement, but it could also indicate 
shortcomings of the model. In the ACC model, some co-operation 
between the parameters could be expected, e.g. between M f and fc. An 
unexpected result, most likely caused by co-operation between the 
parameters, was that the parameters X and a in the simultaneous 
optimisation wi th the ACC model did not end up in-between the lowest 
and the highest values obtained in the individual optimisations. 
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Further, the soil wi l l probably not obey the non-linear isotropic elastic 
law used in the models, so the elastic parameters JC and v ' are loosing 
their physical interpretation and wil l be acting more like curve fitting 
parameters. The parameter variation observed, reveals the danger in 
believing that parameters evaluated from a certain test can successfully 
be used for other stress/strain paths, in e.g. the finite element method. 
As long as constitutive models for soils are not "perfect", parameters 
might be evaluated from many qualitatively different types of tests, e.g. 
by an optimisation program utilising simultaneous optimisation of all 
available tests. 

Table V I I I . The optimal set of parameters - Anisotropic Cam Clay 

Optimisation Optimisation variables 

against test eqn (12) 

(%) 
K v ' X C M! - k a 

K2 3.99 0.164 0.0813 0.400 38.5 0.510 9.97 1.00 

K3 6.90 0.0184 0.391 0.183 15.2 0.442 16.6 0.649 

K4 3.81 0.0598 0.00264 0.185 22.5 0.640 0.0713 0.950 

K2, K3, K4 7.55 0.0420 0.265 0.101 27.9 0.590 8.27 0.585 

Table IX. The optimal set of parameters - Modified Cam Clay 

Optimisation F^ Optimisation variables 

against test eqn (12) 

(%) v' X M 

K2 8.22 0.400 0.132 0.800 0.231 

K3 9.55 0.0510 0.216 0.0814 0.618 

K4 4.97 0.0175 0.467 0.589 0.594 

K2,K3,K4 16.2 0.0480 0.396 0.104 0.626 
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(c) 

- e x p e r i m e n t - - - - - prediction ACC — — prediction MCC 

Fig. 7. Optimisation against individual tests: (a) test K2; (b) test K3; 
(c) test K4 
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^ \%] P' lkPa> 

(c) 

experiment — — prediction ACC — — prediction MCC 

Fig. 8. Simultaneous optimisation against the tests K2, K3 and K4: 
(a) test K2; (b) test K3; (c) test K4 
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6 CONCLUDING REMARKS 

An efficient and user-friendly optimisation routine, of the type 
presented here, should be a necessary tool for both researchers and 
practising engineers dealing with advanced soil mechanics, especially 
when the constitutive models tend to be more complicated as the 
knowledge about soil behaviour increases. Such a program could be 
used for the evaluation of established as well as new constitutive 
models, but the widest area of application is in the process of choosing 
adequate constitutive models and the determination of their parameter 
values for the apphcation to geotechnical problems using numerical 
methods of solution, e.g. FEM, FEM/BEM or FDM. The need for an 
optimisation routine in connection to such programs becomes obvious, 
since several alternative constitutive models normally are implemented 
to meet the requirement of simulating different types of soil. Further, 
with some smaller modifications the proposed optimisation routine 
could be used for other materials than soil. 

In addition to parameter optimisation at the constitutive level (as in a 
Constitutive Driver), the proposed optimisation routine could also be 
used for optimisation at the entire sample level where tests are 
simulated as boundary value problems, with e.g. the finite element 
method. Then, it is no longer necessary to neglect boundary effects that 
can have substantial influences on the obtained result, see e.g. Sheng et 
al.19 where effects of end restraint and strain rate in triaxial testing is 
discussed. However, optimisation at the sample level can be expected to 
be quite computationally expensive. It is, therefore, advantageous to 
optimise as much as possible at the constitutive level before an 
optimisation at the sample level starts. 

This paper is focused on the mathematical aspects of the optimisation 
routine. However, if an optimisation program should be practically 
useful, a lot of effort must be spend on creating a user-friendly software. 
In the optimisation program discussed here a pre-processor and a post
processor are included. The input necessary to define the optimisation 
problem are given in the pre-processor and could also be saved in a 
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data base. The data base could then, in a later run, be read directly into 
the program. It is possible both to define additional tests to the data 
base and delete existing tests from the data base, inside the program. In 
the post-processor, it is possible to graphically interpret the agreement 
between experimental and predicted result in curve plots with different 
stress-strain invariants and state parameters. If a sufficient agreement 
has not been reached, a new optimisation could be started from this 
stage without leaving the program. The restart could be performed with 
another search strategy, different e-value, a new set of optimisation 
variables, new initial starting point, new lower and upper bounds, 
different objective function, different termination conditions etc. A l l this 
is essential to make it easier for the user to locate the global minimum. 
On the other hand, it is important to remind that even the best 
optimisation program cannot overcome the shortcomings of a model 
and replace the engineering experience. 

Even though the "best" optimisation algorithm for the present 
apphcation can only be determined by comparative testing of available 
methods, it has been found in the present study that the proposed 
optimisation routine is general, easy to program and works well for 
optimisation of model parameters in soil plasticity. 
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APPENDIX A 

Evaluation of the step adjustment parameters a and ß in Rosenbrock's method 

The objective of this appendix is to find the most effective combination 
of values of the step adjustment parameters a and ß, for use in the 
version of Rosenbrock's search algorithm implemented in the 
optimisation program. In this context, an efficient algorithm is defined 
as an algorithm that advances as much as possible towards a minimum 
during a given computation time. The optimisation problem defined 
above in Section 5.1, was regarded as a representative problem for the 
type of optimisation discussed in this paper and was therefore chosen 
as the "evaluation example" for this analysis. 
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The interval of interest for the contraction parameter, 0 < ß < 1, directly 
follows from the algorithm in Section 4.1 and it was considered to be 
sufficient to examine the expansion parameter inside the interval 
1 < a < 5. The main idea was to perform repeated optimisations on the 
"evaluation example" where the initial step value 0 < e < 1, the 
expansion parameter a and the contraction parameter ß were given 
randomly generated values inside their intervals according to certain 
patterns for each new optimisation, in order to (out from the obtained 
result) cortfine the study to smaller intervals until a and ß could be 
fixed. 

As a first step a set of optimisations were performed where both e and ß 
were randomly generated for each new optimisation while a was 
randomly generated gradually at intervals of 25 optimisations and kept 
constant in-between. The obtained result is shown in Figure A l where, 
for each optimisation, the smallest objective function value Fmin, after 
200 computations of the objective function in step 3.3 in the algorithm, 
has been plotted against the contraction parameter ß. I t is seen that, 
independent of the value of a, a limited interval approximately between 
0.6 < ß < 0.9 exists where the values of the objective function F™ in 
general are smaller and less spread than in adjacent areas. Further, this 
interval could be subdivided into two subintervals, 0.6 < ß < 0.8 and 
0.8 < ß < 0.9. If these subintervals are compared to each other, it is seen 
that the values of F™ are more widely spread in the first subinterval 
where both the largest and smallest values of F*™ are found. It was 
decided to fix the contraction parameter to the intermediate point 
y3 = 0.8, where the scattering starts to decrease at the same time as the 
values of F™ are comparatively low. 
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Fig. A l . Objective function value vs contraction parameter ß 

To evaluate the influence of a, 400 optimisations were performed with 
the value of ß fixed to 0.8 and the values of 0 < e < 1 and 1 < a < 5 
randomly generated inside their respective intervals for each new 
optimisation. For these optimisations, the smallest value of the objective 
function Fmin, after 200 computations of the objective function in step 3.3 
in the algorithm, is plotted against the expansion parameter a in Figure 
A2. I t is seen that the result is quite scattered, but almost every 
optimisation resulted in a value of F™ below 100 %. This is another 
evidence that the fixation of ß to 0.8 improves the behaviour of the 
algorithm. A clear tendency for the smallest obtained values of F °̂° to 
increase with higher values of a, for a>1.3, is however shown in 
Figure A2. The interval 1.3 < a <2.0 was considered to be the one of 
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most interest. This interval, where both small values of and 
relatively less scattering was obtained, was closer analysed and the 
result is shown in Table A l where the average value, the standard 
deviation, the minimum and the maximum obtained values of F™ 
computed out from 100 optimisations for each case of a are presented. 
Because both the smallest average value and the smallest standard 
deviation were obtained for the case a = 1.9, it was decided to fix a to 
1.9. 
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Fig. A2. Objective function value vs expansion parameter a 
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Table A l . A closer analysis of F™ in the interval 1.3 < a < 2.0 with 

j8 = 0.8 

Case a=1.3 £»=1.4 a=1.5 o=1.6 a=l.7 ct=1.8 a=1.9 a=2.0 

Average value 47.5 42.2 41.5 41.8 44.4 42.0 39.6 42.9 

( % ) 
mm ^ ' 

Std. deviation 37.4 34.4 35.9 34.4 32.0 31.7 30.2 36.2 

<%) 
Min. value 1.35 0.87 0.59 2.01 1.95 0.54 1.34 2.44 
KS ( % ) 

mm > » 

Max. value 150.5 125.1 138.3 141.8 126.0 95.6 96.6 168.6 

FZ (%) 

APPENDIX B 

Evaluation of the reflection, expansion and contraction coefficients in the 
Simplex method 

In this appendix, the most effective combination of the reflection, 
expansion and contraction coefficients is searched for. The study is 
carried out in a similar way as in Appendix A, with the optimisation 
problem defined in Section 5.1 as the "evaluation example". Suitable 
intervals to search within was considered to be 0 < y < 2 for the 
reflection coefficient, 1 < £ < 5 for the expansion coefficient and 
0 < J] < 1 for the contraction coefficient. 

In a first attempt, 300 optimisations were performed in which the values 
of the coefficients y, £ and rj were randomly generated inside their 
respective interval for each new optimisation. Additionally the scalar 
0 < e < 1, defining the size of the starting simplex, was also randomly 
generated inside its interval for each new optimisation. In the foUowing 
analysis , as a first step, it turned out to be favourable to try to fix the 
reflection coefficient. For each optimisation, the smallest obtained value 
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of the objective function after 200 computations* of the objective 
function in the algorithm was plotted against the reflection coefficient in 
Figure BI . It is seen that the smallest and least spread values of F™ 
were obtained in the interval 0.6 < y < 1.4, which motivated a closer 
analysis inside this interval. Based on 200 optimisations for each fixed 
value of the reflection coefficient, y =0.6, 0.8, 1.0,1.2 and 1.4, wi th the 
other quantities £, T) and e randomly generated as before, the average 
value, the standard deviation, the minimum value and the maximum 
value of are shown in Table BI . Since the smallest average value 
were obtained for y = 1.0 as well as the second best standard deviation 
43.3% (next to 41.9% for y = 1.2), it was decided to fix the reflection 
coefficient to y = 1.0. 
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Fig. B I . Objective function value vs reflection coefficient y 

To be able to directly compare with results from Rosenbrock's algorithm, the first 
objective function computation is however not counted. 
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Table B l . A closer analysis of F™ in the interval 0.6 < 7 < 1.4 

Case 7=0.6 7=0.8 pl.O 7=1.2 7=1.4 

Average value 

C (%) 

58.1 27.7 25.4 32.3 37.7 

Std. deviation 

C (%) 

65.4 52.1 43.3 41.9 47.4 

Min. value 

KS ( % ) 
77IOT v ' 

0.17 0.008 0.015 0.27 0.37 

Max. value 

KS (%) 

334.1 299.2 215.2 226.3 257.0 

As a next step, additional optimisations were performed with 7 fixed 
to l n and £, T and e randomly generated inside their intervals until a 
base of 500 optimisations were obtained. It appeared to be favourable to 
try to restrict the interval for the contraction coefficient. In Figure B2, 
the values F2™ of the objective function are plotted versus their 
corresponding contraction coefficients for these optimisations. The 
interval 0.3 < 77 < 0.8 of the contraction coefficient was regarded to be of 
most interest and was investigated further by fixing the contraction 
coefficient stepwise to 77 = 0.3, 0.4, 0.5, 0.6, 0.7, and 0.8 and performing 
300 optimisations for each value of 77, with £ and e randomly 
generated as before. Statistical data from this analysis are presented in 
Table B2. Both the smallest average value and the smallest standard 
deviation were obtained for 77 = 0.6 and thus it was natural to fix the 
contraction coefficient to 77 = 0.6. 
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Table B 2 . A closer analysis of F™ in the interval 0.3 < 77 < 0.8 

Case 77=0.3 77=0.4 77=0.5 r/=0.6 rj=0.7 77=0.8 

Average value 

(%) 

13.0 10.8 7.5 7.0 10.5 13.7 

Std. deviation 

F™ (%) 

26.2 29.3 26.3 15.8 31.1 24.5 

Min. value 

F £ (%) 

0.025 0.006 0.010 0.067 0.41 2.16 

Max. value 

pr (%) 
265.8 267.1 258.5 150.2 232.6 257.6 
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In a final step, the expansion coefficient £ was evaluated. As a first 
attempt, the 300 optimisations with 7 =1.0 and 77=0.6, examined in 
Table B2, were used in a plot of F2™ versus £ > s e e Figure B3. For £>3.0, 
there is a tendency for F™ to slightly increase with increasing £ . The 
interval 1.0<£<3.0 was closer examined by fixing the expansion 
coefficient in steps to £ =1-25,1.5, 1.75, 2.0, 2.5 and 3.0 and performing 
400 optimisations for each value of £ , with e randomly generated as 
before. In Table B3, statistical data from this analysis are presented. For 
£=2.0, the second smallest average value (3.7% compared to 3.5% for 
£=1.5) and the smallest standard deviation were obtained. Thus, i t was 
decided to fix the expansion coefficient to £ =2.0. 
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Fig. B3. Objective function value vs expansion coefficient £ 
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Table B3. A closer analysis of F2™ in the interval 1.0 < £ < 3.0 

Case £=1.25 £=1.5 £=1.75 £=2.0 £=2.5 £=3.0 

Average value 4.5 3.5 4.6 3.7 6.3 4.9 

f r (%) 
Std. deviation 12.5 10.7 20.6 8.9 22.6 15.7 

F r (%) 
Min. value 0.086 0.032 0.036 0.031 0.051 0.068 

F r ( % ) 
mm > * 

Max. value 199.8 108.2 246.5 88.2 204.6 220.4 

F r (%) 

It has been noticed that for this evaluation example, the values of the 
reflection and the contraction coefficients have a much larger influence 
on the efficiency of the algorithm than the value of the expansion 
coefficient. A similar observation has also been made by Parkinson and 
Hutchinson.12 
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ABSTRACT 

Inhomogeneities caused by end restraint and insufficient drainage during 
conventional compression triaxial tests are analysed by a numerical 
method. A finite element model is presented to simulate the testing proce
dure. The soil-platen interaction is represented by contact elements which 
allow frictional sliding between contacting nodes. The soil mass is repre
sented by the modified Cam clay model. Coupled hydro-mechanical analyses 
are carried out in order to simulate both drained and undrained tests. The 
distributions of stresses and strains in the specimen for different end condi
tions are compared with the ideal case where no end restraint exists, in 
order to find representative measuring positions in the sample. Different 
rates of axial strain are tested in order to study the inhomogeneities caused 
by insufficient drainage during drained tests. Simulated results show that 
both end restraint and insufficient drainage can cause the barrel-shape 
deformation of the specimen. Stress-strain and strength properties based on 
global measurements are not a good representation of the true material 
behaviour of one single soil element at constitutive level. © 1997 Elsevier 
Science Ltd. 

INTRODUCTION 

There is no doubt that the triaxial compression test is presently the most 
widely used procedure for determining strength and stress-strain properties 
of soils. In such a test, a cylindrical soil specimen is subjected to an axial 
compression stress cra and a radial pressure stress aT. The soil specimen is 
assumed to deform uniformly during the test so that the information 
obtained from the test represents the true material behaviour of a single soil 
element. In addition, it is assumed that the axial stress <ra represents one of 
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the three principal stresses and the radial stress aT represents the other two 
equal principal stresses. The axial strain, which is assumed to be one of the 
principal strains, is usually determined based on the measured axial displace
ment. The radial strain can be either determined according to the radial dis
placement which is difficult to measure, or more simply calculated from the 
measured volume change and axial displacement based on the assumption of 
uniform deformation. It is thus very clear that the uniformity of stress and 
strain in the specimen is an essential part for the triaxial test concept. 

However, it is not often the case that a triaxial specimen deforms uniformly 
during the test. Non-uniformity can be caused by, e.g. end restraint, insuffi
cient drainage, membrane effects and self weight. The question arises: how 
much effect does such non-uniformity have on the strength and stress-strain 
properties determined from a triaxial test? Different researchers have reached 
different conclusions and a general review of the matter can be found in Lee [1]. 
Here only a few important conclusions are outlined. According to Lee [1], 
Taylor concluded in the early 1940s that reliable results could be obtained 
with soil specimens having regular ends provided their length / to diameter d 
ratio l/d was in the range 1.5-3.0. Bishop and Green [2] showed, by com
paring lubricated and non-lubricated ends, that the end friction had little 
influence on the measured internal friction angle of sand samples. According 
to the experimental work by Lee [1], the end restraint could have a significant 
influence on the undrained shear strength of sand, but just slight effects on 
the drained strength and on the internal friction angle. The undrained 
strength of a dense sand tested with lubricated ends was about 20% greater 
than that with regular ends. Lee attributed this difference to the different 
changes of pore pressures at failure. Saada and Townsend [3] summarized 
theoretical elastic solutions of stress distributions at end platens, and found 
that the vertical stress at the ends of a specimen decreases from a very high 
concentration at the edge to a lower value at the centre, and that there are no 
unique patterns for the distributions of radial, circumferential and shear 
stresses at the ends. Recent work by Shanz and Gussman [4] indicates that 
the shear strength of an idealised linear-elastic-perfect-plastic triaxial speci
men increases with increasing end restraint and is not significantly influenced 
by sample geometry. Airey [5] studied the effects of different end and 
drainage conditions in triaxial tests by finite element simulation using the 
modified Cam clay model. However, the interfaces between the specimen, the 
rubber layer and the end platens are not effectively simulated, instead con
tinuous displacements are assumed across these interfaces. Isotropically 
consolidated undrained tests were simulated and the emphasis was put on 
the consolidation phase. Airey [5] concluded that significant inhomogeneities 
could occur during isotropic consolidation but their effects on the undrained 
stress-strain response were small. 
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The non-uniformity in isotropically normally consolidated clay specimens 
caused by insufficient drainage in drained tests was studied numerically by 
Carter [6]. He showed that marked non-uniformity could occur, depending 
on the relationship between the rate of axial strain, the clay's permeability 
and the drainage conditions at boundaries. It was also shown that the 
strength of the clay decreases as the rate of axial strain increases. 

In this paper, we will focus our attention on the stress-strain inhomo
geneities in a triaxial specimen caused by end restraint in both drained and 
undrained tests and by insufficient drainage in drained tests. The simulated 
soil specimen refers to a slightly overconsolidated Swedish clay which, 
according to Lee [1], should show little effect of end restraint in undrained 
tests. The problem will be studied by means of numerical simulation using 
the commercial program ABAQUS [7]. 

FINITE ELEMENT MODEL 

Constitutive model of the soil 

To simulate the soil behaviour in a triaxial test, a realistic constitutive model 
for the soil is needed. Such a model should account for the important fea
tures of soil behaviour. During recent years the modified Cam clay model 
has been considered to be a simple and representative one for cohesive soils. 
The model is described by an elliptic yield function in the p'-q (mean effective 
stress-deviator stress) plane, an associated flow rule to define the plastic 
strain rate, a critical state where unrestricted, purely deviatoric, plastic flow 
of the soil skeleton occurs under constant effective stresses, and a strain 
hardening theory that determines the size of the yield surface according to 
the plastic volumetric strain. Detailed description of the modified Cam clay 
model can be found elsewhere, e.g. Roscoe and Burland [8] and Muir Wood [9]. 

Since a soil is a multi-phase medium, deformation of the soil is often 
accompanied by development of excess pore pressure. The pore pressure 
change is governed by the continuity equation which is coupled to the equi
librium equation through the rate of pore volume change and the effective 
stress theory. This is also the theoretical base of soil consolidation. The the
ory of coupled Biot-type consolidation can be found in Small et al. [10]. 

Soil-platen interaction 

The end platens of a triaxial apparatus can be treated as rigid bodies and the 
soil specimen as a deformable body. In a finite element model, the nodes at 
the top and bottom surfaces of the specimen are in contact with the rigid 



166 D. Sheng et al. 

platen surfaces and special contact elements are introduced between the 
deformable surface and the rigid surface. Between two contacting nodes 
frictional sliding of a finite amplitude is allowed and any positive pressure 
can be transmitted. At each integration step these elements construct mea
sures of relative shear slidmg. These kinematic measures are then used to 
introduce surface interaction theories (Sheng et al. [11]). 

Three different conditions of soil-platen contact are considered: 

(1) Perfectly smooth contact (SC), i.e. no friction between the specimen 
and the end platens. 

(2) Frictional contact (FC), with a soil-platen friction angle of 20°. 
(3) Completely rough contact (RC), no sliding at contacting surfaces is 

allowed. 

The contact of the first type represents enlarged lubricated end platens, the 
second type enlarged rough end platens, and the third type rough or smooth 
end platens which have the same diameter as the specimen and are sealed 
together with the specimen by a rubber membrane. 

Test conditions and material parameters 

In order to focus attention on the causes and effects of non-uniformities in 
triaxial specimens, it was decided to reduce the number of other variables as 
much as possible. Parameters such as the soil properties, the length to dia
meter ratio of the specimen, the type of element, the initial stresses, the con
solidation pressure and the final value of the global axial strain, are kept 
constant. In addition, full saturation of the specimen is assumed. The con
solidation phase is not considered in this study. 

The radial x-y plane of a triaxial specimen, 0.025 m in radius and 0.1 m in 
height, is discretized into 100 8-node axi-symmetric bi-quadratic elements 
with pore pressure as the third degree of freedom at corner nodes (Fig. 1). The 
y-axis is the one of symmetry. The top boundary is in contact with a rigid 
surface which is only allowed to have vertical movement, while the bottom 
boundary is in contact with a fixed rigid surface. In a drained test, the top 
and bottom of the specimen are drained boundaries. The right (circumfer
ential) boundary is subjected to a constant cell pressure of 100 kPa which is 
equal to the initial stress or isotropic consolidation pressure. The triaxial 
compression is conducted by controlling the rate and the total value of ver
tical movement of the top rigid surface. In the case where the effects of end 
restraint are of interest, a total vertical movement of 0.05 m is carried out 
during 100 days (8.64 x 106s). This corresponds to an axial strain of 50% 
(compressive positive) and a strain rate of 5.79 x 10~8 s _ 1. Choosing such a 
large axial strain is motivated by the interest in the soil behaviour at the 
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} contacting nodes 
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Fig. 1. Finite element representation of the triaxial specimen. 

critical state. In the case when the effects of the strain rate are of interest, the 
same amount of vertical movement is carried out during different time peri
ods, representing different axial strain rates. 

The simulated soil is the Norrköping clay (Westerberg [12]) with properties 
as follows: the initial void ratio e = 2.5, the slope of the critical state line 
M=1.2 in a p'-q diagram (corresponding to an internal friction angle 
4>' - 30°), the slope of the normal compression line in a lnp'-£ p diagram 
Ä = 0.2 (ep: volumetric strain), the slope of the unloading and reloading line 
in a lnp'-fp diagram K — 0.02, Poisson's ratio /x — 0.36, the initial precon
solidation pressure p'0 = 120kPa (slightly overconsolidated clay) and the 
permeability k = 2 x 10 - 9 m s_ 1. 

Global measures of stress and strain 

Local stress paths and stress-strain curves will be studied at certain points 
within the specimen, e.g. the centre point O, the surface point A at the mid
dle height and point B at the 33/40 height (Fig. 1). In addition, global mea
sures of stresses and strains, comparable with laboratory measurements, will 
be used in this paper. The global axial stress o-a is either the axial stress 
applied to the specimen which is the axial force acting on the top platen 
divided by the current contact area between the platen and the specimen, or 
the equivalent global axial stress which is the axial force acting on the top 
platen divided by the current cross-sectional area of the volumetrically 
equivalent right cylinder. In this paper the former is referred to as the 
Applied Global Stress Measure (AGSM) and the latter as the Equivalent 
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Global Stress Measure (EGSM). Both the AGSM and the EGSM are used in 
practice in triaxial testing apparatuses, but the EGSM is more common. In 
addition, a theoretical global axial stress defined as the axial force acting on 
the top platen divided by the current cross-sectional area at point C (Fig. 1) 
for frictional contact or at point D for rough contact, referred to as the 
Representative Global Stress Measure (RGSM), will be used for comparison 
in this paper. The reason for constructing such a global stress measure will 
be given later. The global radial stress crr is equal to the applied cell pressure, 
as it is usually defined in laboratory testing. The global deviator stress q is 
the difference between the global axial stress cra and the global radial stress 
crr. The global mean stress p is equal to (o-a + 2crr)/3. The global pore pres
sure u in drained tests is always assumed to be zero, even if the local u is not 
zero in the cases of insufficient drainage. In undrained tests the local u is 
uniform within the specimen and the global u takes the value of the local u. 
The global axial strain ea is equal to the vertical movement of the top platen, 
divided by the initial height of the specimen. The global radial strain er is the 
average radial displacement divided by the initial radius of the specimen 
cylinder. The average radial displacement is the difference in radii of the 
initial cross-sectional area and the current cross-sectional area of the volu
metrically equivalent right cylinder. 

NUMERICAL RESULTS AND DISCUSSION 

Effects of end restraint in drained tests 

End restraint or end friction acts as an additional confinement at the ends of 
a specimen, preventing the soil from moving outwards freely and inducing 
shear stress. The distribution of the induced shear stress xxy within the 
specimen in the drained tests is shown in Fig. 2 for three end conditions at 
three global axial strains. For the ideal case with perfectly smooth contact, 
Fig. 2(a),(d) and (g), no shear stress develops in the x-y plane, which means 
that the axial and radial stresses are indeed the principal stresses. In the cases 
of frictional and rough contact, shear stresses develop from the end edges 
into the specimen in an X-shape and increases with increasing axial strain. 
This X-shape concentration of shear stress can cause localization of shear 
deformation and eventually result in formation of shear bands (Lade [13]). 
At large strains significant shear stress xxy also develops along the lateral 
surface of the specimen. The soil specimen deforms in pronounced barrel 
shapes, Fig. 2(h) and (i). More restrained ends lead to a higher shear stress 
at the end edges and more concentrated displacement in the centre of the 
specimen, Fig. 2(e) and (h) compared with Fig. 2(f) and (i), respectively. 
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The occurrence of the shear stress xxy inevitably causes non-uniform axial 
and radial stresses within the specimen, which is demonstrated in Figs 3 and 4. 
The maximum values of effective axial and radial stresses take place at the 
end edges and the minimum near the 1/2 height of the lateral surface of the 

a)SC.£a=Kr% 

d) SC. £,=25? 

max 
t 

. N-5.7 kPa 

• 0 

b)FC. £..=10% 

meg-••? -2> 

0 0 

23 

:) FC. £.,=25% 

-101 kPa 

c>RC.e,*tO? 

155 
f) RC. e,=25% 

-130 

s) SC. £,=50% 

•30 

ft) FC. £2=50<? 

BS» 

g .£290 
i)RC. £..=50% 

Fig. 2. Distribution of shear stress xxy (kPa) in specimens for drained tests. (The shear stress is 
symmetric in the value but differs in sign against the middle plane.) 
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specimen. The ratio between the maximum and minimum effective axial 
stress varies from 1.05 for frictional contact at sa = 10% to 8.0 for rough 
contact at ea = 50%. The ratio between the maximum and the minimum 
effective radial stress varies from 1.05 for frictional contact at sa = 10% to 

max=271 i røax=431 t 

g) SC. £a=50% h} FC, s,=509i i) RC, sa=50% 

Fig. 3. Distribution of effective axial stress o'^ (kPa) in specimens for drained tests. 
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16.7 for rough contact at e a = 50%. In the centre of the specimen, where xxy 

is zero and the principal stresses are orientated in the axial and radial direc
tions, the actual effective axial and radial stresses at the end of the tests are, 
however, higher than those in the ideal case, Figs 3(h) and (i) and 4(h) and (i) 

a) SC, e3=10% b)FC,£a=10% c)RC,e3=10% 

g)SC,£J=50% h)FC,£ a=50% s)RC,£a=50% 

Fig. 4. Distribution of effective radial stress a[ (kPa) in specimens for drained tests. 



172 D. Sheng et al. 

compared with Figs 3(g) and 4(g), respectively. At axial strain levels lower than 
10%, the non-uniformities in the stresses are not pronounced, Figs 2(a)-(c), 
3(a)-(c), 4(a)-(c). 

Compared to the stresses, the axial and radial strains display more pro
nounced non-uniformities at low strain levels for frictional and rough contact 
(Figs 5 and 6). It can be noted that the centre of the specimen experiences 
both the largest axial compression and the largest radial extension, much 
larger than the global axial and radial strain, respectively. Due to the con
finement, the ends of the specimen have the smallest axial compression and 

9.09, 

d) RC. 10%, eysIOfc e> RC. £,=25%, £,.=25% f) RC, £^=50%. &a=50% 

Fig. 5. Local axial strain in specimens for drained tests (ea: global axial strain, e;a: axial strain 
for the ideal case SC). 
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the smallest radial extension. Another observation is that the global radial 
extension, calculated based on the volumetrically equivalent right cylinder 
for frictional and rough contact at the end of tests, is smaller than the uni
form radial extension for the ideal case of smooth contact, Fig. 6(c) and (f). 
This actually means that the stress non-uniformities due to end restraint have 
caused larger volume changes or higher degrees of consolidation, which is 
consistent with the effect of end restraint as an additional confinement. 

The stress paths for the drained tests are shown in Fig. 7. The local stress 
paths at point B (Fig. 1) reach the same critical state position, independent of 

-2.62 • ~ 

-6.6%— *~  

-3.21% 

Jt 
f. 

% 
-6.6%-

-68? 

-17%-

• :9% 

a)FC,£-=-3%,£3=-3.1% b)FC.£r=-12%.fcI=-12% c) FC, £y=-23%. &.=-37% 

0 . 1 6 — - _ — 

Fig. 6. Local radial strain in specimen for drained tests (eT: global radial strain, £j r: radial 
strain for the ideal case SC). 
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end conditions. The stress path at point O first follows the same drained path 
to the critical state line (CSL) and then moves up, i.e. hardens, along the 
CSL. This is presumably because this point reaches the CSL earlier than the 
other points in the specimen, but unrestricted, pure deviatoric plastic defor
mation at this point is not possible until the surrounding points have reached 
the CSL. 

400 
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3 . 200 

100 

0 

1 ' 1 1 I ' 1 

FC, point 0 

FC, point B 

-
o FC, AGSM 

A FC, EGSM 

- •• RC, AGSM 

RC, EGSM 

-
SC, uniform 

FC, RGSM 

RC, RGSM 

-

^ . 1 J* 1 1 1 

50 100 150 200 250 300 

p', kPa 

Fig. 7. Stress paths in p'-q plane for drained tests. 

400 i > 1 i 1 • 1 ' 1 ' 1 -
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In Fig. 7, the global stress paths based on the AGSM and the EGSM with 
end restraint do not end at the CSL. This is because the global stresses and 
strains are not only affected by the constitutive law of the material, but also 
affected by the deformation pattern of the triaxial specimen. In Fig. 8, it can 
be noted that the drained shear strength is overestimated in the case of 
AGSM and underestimated in the case of EGSM. The overestimation for the 
AGSM and the underestimation for EGSM increase with increasing axial 
strain. Realizing the difference between the definitions of AGSM and the 
EGSM, i.e. different cross-sectional areas used in calculating the global axial 
stress, we can presume that an intermediate area, larger than the area of 
contact but smaller than the area of volumetrically equivalent right cylinder, 
should result in a better representation of the global axial stress. By testing 
cross-sectional areas at different heights of the specimen, we find that the 
global axial stress calculated as the axial force acting on the top platen divi
ded by the current cross-sectional area at point C for the case of FC and at D 
for the case of RC, gives the best representation of the ideal stress path and 
the ideal stress-strain curve. This global stress measure is referred to as the 
RGSM. 

Effects of end restraint in undrained tests 

In the simulated undrained tests with end restraint, the specimen deforms in 
similar patterns as in the drained tests but lower maximum shear stresses xxy 

are observed (Fig. 9). The non-uniformities in the axial and radial stresses 
(not shown in the paper) are also similar to those in the drained tests but less 
pronounced. The pore pressure is uniform in the specimen for all three types 
of end conditions. 

t x v max=20kPa max=100kPa 

uniform -20kPa -100 kPa 

a) SC, £E=5G% b) FC. £a=50% c) RC. £,=50% 

Fig. 9. Distribution of shear stress zxy in specimens at the end of undrained tests. (The shear 
stress is svmmetric in the value but differs in sign against the middle plane.) 
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The total volume change in an undrained test is zero. However local 
volume changes will not be zero if the specimen does not deform uniformly. 
With end restraint, some parts of the specimen are expected to compress 
whereas some parts have to swell in order to keep the total volume constant. 
This is verified in Fig. 10, where contours of local volumetric strains are 
plotted. In the cases of frictional and rough contact, Fig. 10(b) and (c), 
volume decreases near the end edges and around the centre (area marked 
with C), but increases in the outer area of the middle part (area marked 
with E). 

max=0.004 max=0.036 

-.=0 
E 5 

a) SC. £. =50% b) FC, £,=50% c) RC.£.=50% 

Fig. 10. Local volumetric strain ep within specimens for undrained tests (C: volume decrease, 
E: volume increase, N: no volume change). 

20 40 60 80 100 120 

p\ kPa 

Fig. 11. Stress paths in p'-q plane for undrained tests. 
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Fig. 12. Deviator stress vs axial strain for undrained tests. 

In Fig. 11, the stress paths at point O and point A, after having reached 
the CSL, undergo, respectively, hardening and softening along the CSL, for 
the cases of frictional contact and rough contact (not shown in the diagram). 
This is due to the non-uniform volume changes caused by the boundary 
conditions. In a saturated soil, a volume decrease means increases in effective 
stresses such as at point O, and a volume increase means decreases in effec
tive stresses such as at point A. The stress path at point B stays stationary 
after having reached the CSL because the point lies just on the boundary 
where no volume change takes place. 

The global stress paths based on the AGSM and the EGSM first reach the 
same point on the CSL and then move respectively over and down from the 
CSL (Fig. 11), as i f the soil were deviatorically hardening and softening, 
leading to overestimation and underestimation of the undrained shear 
strength (Fig. 12). Once again we must bear in mind that such a global stress 
path is not a true material behaviour, but caused by non-uniform deforma
tion of the specimen. Therefore we should be very cautious in interpreting 
similar experimental observations. The theoretical global stress path and 
global stress-strain curve based on the RGSM are in relatively good agree
ment with those for the ideal case, i.e. with smooth contact at the ends. 

Effects of strain rate during drained tests 

To effectively study the non-uniformities caused by insufficient drainage in 
drained tests, we eliminate the effects of end restraint here, by assuming 
perfectly smooth contact between the specimen and the end platens. All 
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parameters and test conditions are kept the same as described in the subsection 
Test conditions and material parameters, except that the same amount of 
axial strain is reached within different time periods, corresponding to differ
ent strain rates s. 

In Fig. 13, it can be observed that the specimen deforms uniformly with 
s = 5.79 x 10 _ 8 (s _ 1 ) , whereas in the case s = 5.79 x 10 - 5 (s - 1 ) the specimen 
deforms in a barrel shape as with end restraint. This barrel-shape deformation 

u=0  

£,=0.5 £»=0.32 «,=0.5 

a)&=5.?9-i<r8(s-') b)e=5.79-10'5(s"!) c)e=5.79-i0'5 (s-1) 

Fig. 13. Effects of strain rate on deformation of the specimen and pore pressure distributions 
in drained tests. 

0 50 100 150 200 

p ' . kPa 

Fig. 14. Effects of strain rate s on stress paths in drained tests. 
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Fig. 15. Effects of strain rate é on stress-strain curves in drained tests. 

under a high strain rate is due to the non-uniform distribution of the pore 
pressure within the specimen, i.e. drained near the ends but partially drained 
in the middle part. The soil in the middle part of the specimen is weaker and 
experiences less volume change. Therefore a larger radial extension is expec
ted to take place in the middle part than near the ends where the soil conso
lidates. It is also observed that the excess pore pressure in the middle part of 
the specimen dissipates from outside to inside as the test continues. At the 
end of the test, the specimen behaves as if drained at all surfaces, Fig. 13(c). 
The initial undrained behaviour under high strain rates is also shown in the 
stress path diagram (Fig. 14). The stress path at point B behaves initially 
undrained, then drained with increasing effective stresses in both axial and 
radial directions, and finally ends at almost the same critical state position as 
in the completely drained case. At point O, the stress path first follows the 
undrained path and approaches the critical state line, thereafter runs along 
the CSL due to pore pressure dissipation and local yielding as in Fig. 7. The 
global stress paths or the stress-strain curves under the high strain rates are 
not in agreement with the actual local stress paths or stress-strain curves 
within the specimen (Figs 14 and 15). 

CONCLUSIONS 

In this paper, numerical analyses of non-uniformities in a triaxial specimen 
caused by end restraint and insufficient drainage have been carried out. It has 
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been shown that both end restraint in drained and undrained tests and 
insufficient drainage in drained tests can cause non-uniform barrel-shape 
deformation of the specimen at large strains. The non-uniformities in stresses 
and strains increase with increasing strain. The effects of such non-unifor
mities on stress-strain and strength properties of the soil depend on how and 
at what strain level these parameters are measured or estimated in triaxial 
tests. The conventional way of measuring stresses and strains in global terms 
does not necessarily lead to the true material behaviour of one single soil 
element. The stress state at the centre of the specimen is also affected by the 
non-uniformities. According to this study the best representation position 
for the stress path and the stress-strain curve is located at the 7/40 or 33/40 
height at the circumference of the specimen. The use of the global axial stress 
calculated based on the cross-section area at the 1/8 or 7/8 height for the 
friction-contact ends and at the 1/10 or 9/10 height for the rough-contact 
ends also leads to relatively good representation of the true stress path and 
stress-strain curve. 

It has also been observed that the critical state, where pure deviatoric 
plastic deformation occurs under constant effective stresses, will not be pos
sible for certain positions within a non-uniformly deformed specimen. A 
stress path along, but not exactly on, the critical state line (CSL) may take 
place under the following circumstances: 

(1) In a drained test with a high strain rate, the soil at the centre of the 
specimen may first reach its undrained strength and then harden along 
the CSL due to pore pressure dissipation. 

(2) In an undrained test with end restraint, non-uniform local volume 
changes cause increases and decreases in effective stresses which may 
lead to hardening and softening along the CSL. 

(3) More generally in a non-uniformly deformed specimen, hardening 
along the CSL may occur at the positions where the stress path has 
reached the CSL earlier than the other parts of the specimen. 

In addition, it has been noticed that a global stress path may, after having 
reached the CSL, continue moving over or down from the CSL as if the soil 
were deviatorically hardening or softening. Experimental observations of 
similar stress paths can be found in the literature. According to this study, 
such a stress path may be caused by non-uniform deformation of the speci
men, but is not a true material behaviour, e.g. deviatoric hardening, of one 
single soil element at constitutive level. Therefore we should be very cautious 
in developing new soil models to simulate such an experimental observation, 
unless we are sure it is a true material behaviour. 

Another implication from this study is that boundary effects should be 
accounted for in calibration of parameters in constitutive models. The 



End restraint and strain rate 181 

conventional calibration method based on optimization at the constitutive 
level does not, however, take into consideration those boundary effects. On 
the other hand, optimization at the finite element level, where the test is 
viewed as a boundary value problem, should result in a better estimation of 
model parameters, though this is computationally more expensive (Macari-
Pasqualino et al. [14]). 

Although the results obtained from this study pertain to only one clay and 

to one constitutive model, the observations are not obviously soil specific 
and thus should apply to soils of other types. 
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