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Abstract 

This licentiate thesis is devoted to shape measurements using two different 
optical methods. The first one is a classical triangulation method, which 
uses projected fringes. The second one is a new interferometric method, 
which uses wavelength scanning. Both are whole field measuring methods. 
The main goal of the project has been to analyse the performance of an 
analysis scheme for absolute shape measurements called temporal phase 
unwrapping. This method permits the user to determine the absolute 
distance from the detector (usually a CCD-detector) to the object. 

A generalised version of the temporal phase unwrapping scheme is called 
reduced temporal phase unwrapping. The scheme uses an arbitrary number 
of fringe maps with varied fringe pitch, to calculate phase (shape). A 
thorough investigation is made of the performance of this algorithm. A 
single channel and a multi channel approach are considered. Expressions 
are found that relates the physical quantities to phase errors. In these 
simulations the single channel approach was found to be the most robust 
one. Expressions that relate the measurement accuracy and the unwrapping 
reliability, respectively, to the reduction of the fringe sequence were also 
found. As expected the measurement accuracy is not affected by a shorter 
fringe sequence while a significant reduction in the unwrapping reliability 
is found, as compared to the complete negative exponential sequence. 

The strength of reduced temporal phase unwrapping is demonstrated 
experimentally, in a projected fringe three-channel system. Instead of 
letting each channel carry phase-stepped images each channel can carry 
images with a change in fringe pitch. This significantly reduces noise, but 
at least three images needs to be acquired. 

It is also shown that the temporal phase unwrapping analysis scheme can 
be used to evaluate experimental data from wavelength scanning 
interferometry. Two unwrapping strategies are considered: fitting to a 
reversed exponential sequence and complex Fourier-transform ranging. 
The achievable accuracy for both methods ultimately depends on the tuning 
width AXmax, the speckle correlation, and random noise in the optical setup. 

Keywords: optical metrology, absolute shape measurement, temporal 
phase unwrapping, wavelength scanning interferometry, active 
triangulation, projected fringes, multichannel systems 
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Thesis 

The thesis consists of two parts. The first part is an introduction to optical 
shape metrology and an analysis scheme called temporal phase 
unwrapping. Here, I try to give the reader necessary information in order to 
be able to understand the questions posed, and hopefully answered in the 
second part. The second part consists of the following three appended 
papers: 

A. L. Kinell, M.  Sjödahl,  "Robustness of reduced temporal phase 
unwrapping in the measurement of shape", Submitted to Appl. Opt.  

B. L. Kinell, "Multichannel method for absolute shape measurement", To 
be submitted.  

C. L. Paulsson*, M.  Sjödahl,  J.  Kato and I. Yamaguchi, "Temporal phase 
unwrapping applied to wavelength-scanning interferometry", AppL Opt. 
39, 3285-3288 (2000). 

*) My family name before marriage in July 2000 was Paulsson. 
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1 Introduction 

The division of experimental mechanics at  Luleå  University of Technology 
is specialised in optical methods to measure mechanical and acoustical 
properties like shape, deformation, strain, and wave propagation. This 
thesis is devoted to optical non-contact absolute 3-D shape measuring 
systems. This includes both theory and experimental work. The core of the 
research is the analysis of a scheme called temporal phase unwrapping. As 
will be illustrated in the following pages this scheme is particularly suited 
for shape evaluation. The aim of this thesis is therefore the development of 
shape measuring methods using this temporal phase unwrapping analysis 
scheme. The scheme is characterised by absolute phase (shape, distance) 
measuring and non-pixel integration when calculating phase. 

Optical metrology is an important tool in experimental mechanics with 
interests from both research and industry. Using light as carrier of 
information permits non-contact measuring of a numerous of mechanical 
important parameters such as strain, stress, shape, sound field etc. There are 
optical measuring techniques for each one of these. Examples of such 
techniques are for instance interferometry, moiré, projected fringes and 
speckle metrology. Some are more, other less, well suited for measuring 
the property of interest in a special situation. An overview of methods is 
given in Gåsvik's1  introductory book on optical metrology. The research 
field of optical metrology involves both development of new measuring 
techniques and investigations of parameters affecting the performance of 
the measuring method. The precision in a measurement can often be 
significantly increased by knowledge of the key parameters controlling it. 
In almost all applications however, the measurements are limited for 
various reasons. It might be limitations in measuring time, available 
hardware, detector resolution, environments or other factors. In such 
situations it is even more important to have prior knowledge about the key 
parameters controlling the precision, letting an over all optimisation be 
done for the specific application. 

Measuring shape is something that not only concerns the actual measuring 
operation. An illustration of this is the garlic in figure 1. The garlic is 
measured from eight different views and co-ordinate transformed into a 
global co-ordinate system. The data obtained from the different views are 
then patched together via data smoothing and compression. What is seen in 
the image is actually only about 1%0 of the measured data. Another way to 
illustrate this is with the formation of an informal group for shape 
measurement, which our Division is initiators of. This group consist of 
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researchers from the divisions: Experimental Mechanics, Mathematics, 
Computer Aided Design, Robotics, Manufacturing Engineering, and 
Industrial Design. All of them have interests in geometrical shape from 
different perspectives. The research work presented in the appended papers 
is however limited to the measuring methods and extraction of shape. 

Figure 1. The shape of a garlic measured with projected fringes. 
Results from eight different views are reduced, transformed and 
patched together. 

Digital cameras are frequently used in modern optical measuring methods 
to record images. By making maximum use of the detector, the 
performance of an optical measuring system can be significantly increased. 
Our approach is to make maximum use of the detector through an 
understanding of its physical limitations in combination with efficient data 
handling. 

2 Optical shape measuring methods 

One important aspect when measuring shape (that concerns most optical 
measuring techniques) is what kind of surface the object has. If, for 
instance the surface is perfectly black all light is absorbed. Or, if the 
surface is specular then all light is reflected. What a camera looking at such 
a surface records is then not the surface but a mirror image of something 
else. Optical shape measuring methods are therefore, with some exceptions, 
limited to measure diffusely reflecting surfaces. Often it is possible to paint 
or in some other way coat the surface before it is measured. 

2 
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There are several optical measuring methods. An overview of available 
methods is given in ref. [2] and [3]. Mainly three measuring techniques: 
triangulation, interferometry and time-of-flight are used to measure shape. 
They all have specific advantages and disadvantages in aspects of accuracy, 
resolution and reliability. 

Optical triangulation can be either passive or active. A passive system uses 
a stereoscopic imaging by two cameras in different viewing directions. The 
difference in perspective from the two cameras is then transformed into 
shape. Increased accuracy can be achieved in an active triangulation 
system. Then a projection unit replaces one of the cameras. In this case it is 
rather a movement of projected patterns, due to different perspective of the 
illuminating and imaging direction, that are studied and transformed into 
shape. This is the method used in paper A and  B.  It will be further 
described in the section Projected fringes. The projection and imaging 
direction is angular separated contrary to interferometry in which 
projection and acquisition is made along the same optical axis. 

The second technique is interferometry. Here the difference in optical path 
length is found by adding a reference beam to an object beam is used to 
measure shape. The light source can be either a laser or a white light 
source. Accuracy is often being a fraction of the wavelength of light. It is in 
general a point measuring technique requiring a scanning procedure to 
acquire a whole image. A new method, wavelength-scanning 
interferometry, makes use of a wavelength tuneable laser to scan through 
wavelengths instead. The method is described in the section Wavelength-
scanning intetferometry (WSI) and used in paper  C.  

It is also possible to measure shape by the time-of-flight concept. This 
method is based on the measurement of the time of flight of a short light 
pulse. Accuracy is strongly hardware dependent since the hardware 
controls how short pulses that can be sent, received and resolved. This 
method will not be dealt with in this thesis. 

2.1 Projected fringes 

Projected fringes is an off axis optical measuring method. In figure 2 the 
principle of projected fringes is shown. A projector projects a fringe pattern 
onto an object. The surface of the object is imaged by a camera at a 
position differing from that of the projector. This is the principle of 
triangulation. The illuminating and observing directions are angular 
separated. Due to the object shape the reflected fringe pattern of a regular 
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pattern seems distorted when viewed by the camera. The magnitude of 
distortion is related to the shape of the object. By projecting, and acquiring, 
a sequence of fringe patterns it is possible to extract the shape of an object. 
It is actually possible to determine the absolute distance to the surface for 
each pixel, of the camera detector, individually from any other pixel. 

Figure 2. Basic set-up for measuring shape with projected 
fringes. 

In principle any projection unit can be used. There is however an advantage 
in using an electronic video projector. A video projector contains a spatial 
light modulator (SLM) that can be addressed by a computer. This is 
something very useful when using projected patterns, letting each pixel be 
given an exact intensity value defined by the computer. A fringe pattern has 
a continuous variation in intensity. An often used strategy to extract shape 
(phase) is by applying phase shifting. It is important then to phase step, or 
move, the fringe pattern in a controlled way. When applying temporal 
phase unwrapping also fringe density (fringe pitch, wavelength or distance 
between fringes) is varied. This is easy to do in a controlled way using a 
video projector. 

Increasing the angle between illuminating and imaging directions increases 
accuracy, but increases also the degree of shadowing and hidden structures. 
Since the method uses a conventional, of the shelf, colour video projector 
and a CCD camera the measuring equipment is not very expensive. It will 
also be shown in this thesis that it is possible to code fringes in colour and 
calculate shape in near real time. 

The size of objects that can be measured is limited upwards by the size of 
the projected area. This is derived from the power of the projector lamp, 
efficiency of the SLM and by the optical system in the projector, to about 
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2-10 m3. When using white the best achievable accuracy is about 1-10 gm, 
but depends on the field of view, detector resolution and the optical 
system.' For the same reason the minimum measuring volume is limited to 
about 1 cm3. Using a laser source would decrease the minimum measuring 
volume but then it might be better to use an interferometric method as in 
the next section. The projected fringes method doesn't require air damped 
optical tables that interferometric methods often do. 

2.2 Wavelength-scanning interferometry (WSI) 

Figure 3. Wavelength scanning interferometry set-up for shape 
measurement. To the left is the principle of the somewhat 
complicated optical set-up, to the right. 

A basic setup of wavelength scanning interferometer is shown in Figure 3. 
The principle is based on a tuneable laser and a Michelson interferometer. 
A laser beam is divided to two parts by a beam  splitter,  1-1M in the figure. 
The object reflects one beam. A reference mirror, the PZT in the figure, 
reflects the other beam. Light reflected from the object and reference 
mirror are combined together and registered by a CCD camera. The 
difference in how far the object light and reference light has travelled will 
result in a formation of fringes, an interference pattern, in the registered 
image. The fringes therefore say something about the shape of the object. 
The shape is then calculated using a number of images. Between two 
successive images the wavelength of the laser is changed stepwise. 

Wavelength scanning interferometry is a recently developed whole field 
measuring technique.5-11  This is also the method used in paper  C.  The 
scanning range, AÄ, gives the accuracy of the method but is in general a 
fraction of the wavelength:7'9. Wavelength scanning is a procedure that 
today takes time and the tuning might not be linear for more than a small 
tuning range. The method also requires a stabile environment, such as use 
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of optical tables. The potential of the method depends on the development 
of wavelength tuneable lasers, but given this it is a promising method for 
the future. 

3 Shape extraction 

3.1 Detectors - limiting devices 

Most modern optical measuring techniques today make use of electronic 
cameras like CCD-cameras for image acquisition. Somehow the 
performance of the detectors play a central role to the performance of the 
total measuring system. Detector resolution, colour depth and electronic 
noise in the detector play an important role in the performance of 
measuring systems. One key factor to achieve an overall high performance 
of a measuring system is therefore to know the physical properties and 
optimise the use of the detector. 

PIxel I Mad 	 Pael I 

Figure 4. The fringe map to the left is a continuos variation of 
intensity. To the right one row of the fringe map is plotted 
illustrating this. 

Looking at the fringes in figure 4 it is seen that the intensity of these is 
described by a continuous sinusoidal equation. The intensity of pixel no. 50 
is the same as the intensity of pixel 100 and 150. The intensity of a fringe 
map will only be able to adopt a discrete value that is limited by the colour 
dept of the detector. In for example a detector with 8-bit depth the intensity 
is a discreet value in between 0 and 255. Let's for a moment assume that 
accuracy only is limited by the detector, the measuring volume is fixed and 
that no noise is involved. If only one fringe covers the detector then the 
accuracy in a measurement will in principle never be better then 1/256 of 
the range of the measured variable. Using several fringes on the other hand 
permits an increase in accuracy, to the number of fringes times 1/256 of the 
range of the measured variable. The achievable accuracy will in this case 
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also depend on how many fringes that can be resolved by the detector, 
which in principle is one half of the detector resolution. An increase in 
colour dept and resolution of the detector will then increase accuracy. 

Reasoning like this assumes that the number of fringes can be chosen, that 
no noise is involved in the measurement and that the accuracy only is 
restricted by the physical property of the detector. In reality it is not this 
simple. In optical shape metrology, typically, light is guided, from an 
illuminating light source, via a lens system and reflected at the surface of 
the measured object via an optical system to the detector. In all these stages 
additional errors are introduced. 

3.2 Fringe analysis 

In almost every optical measuring method fringes are formed. These 
fringes are carriers of information of the property studied, such as stress, 
deformation or shape. Let for a moment look at equation (1) that expresses 
the intensity variation of these fringes (see figure 4) 

I  , (x, y)= A(x, y)+ B(x, Acos(c1)(x, y)-F as ). 	 (1)  

I, A,  B  and 0 are all functions of the spatial coordinates  x  and  y.  I is the 
registered intensity of the detector, A being the mean intensity of the 
interferogram,  B  the amplitude of the intensity variation and (l) being the 
phase. A method often applied when dealing with these fringes is phase 
shifting. The method makes use of several, at least three, images where the 
phase (phase being a function of studied property) between the images are 
changed  (aj  is changed). When registered by a camera it is seen as that the 
fringes are moved, or phase shifted, between the images. This is equal to a 
change in oci. The phase in each pixel when using  N  phase shifted images, 
with a phase shift of a, = 2/4/ —1)/N , =1, 2, 3, ...,  N  and  N  3, is then 

N 
E 	, sin(271i I  NA  

(1) = tan -1  (2) 
, cos(27n/N)]  

When using three and four phase shifted images (2) is reduced to the phase 
functions used in figure 9 and figure 5 respectively. Note that the phase 
function in (2) only is defined within -±Tc. The method makes it possible to 
calculate phase within the fringes but leaving a 2n-ambiguity between the 
fringes. To reconstruct the total phase these 27r-ambiguities has to be dealt 
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with. Several schemes has been developed for this purpose, all following a 
strategy called spatial phase unwrapping which is playing an important role 
in optical metrology. 

The process of spatial phase unwrapping is to add or subtract 2n whenever 
a 21t-phase jump occurs by walking around the image. Looking at figure 5 
it is seen that the intensity varies from black to white (phase varies from -7C 

CO 7c). Then a rapid change in colour is seen back to black. A 2n-phase jump 
has occurred. By knowledge of the gradient (slope) of the phase it is 
possible to say that the phase should be added with 2n. If, on the other 
hand, the colour would change from white to black before a phase jump a 
2n should be subtracted. By walking spatially through the image the total 
phase can be reconstructed, or unwrapped.  

I l  14 

Figure 5. The wrapped phase map, down to the left, is calculated 
from four 7r/2-phase shifted images using the arctangent function. 
As seen to the right phase is calculated within each one of the 
fringes, but leaving 27r-phase jumps between the fringes. 

A drawback of spatial phase unwrapping is that it only results in a relative 
phase since the phase in one pixel is related to the phase of the 
neighbouring pixels. Another disadvantage is problems of dealing with 
discontinuities of the measured property. In shape measurement it might be 
two separated objects. Look for example in figure 6. The wrapped phase 
(left) of the measured object (right) is not easy to unwrap by walking 
horizontally in the left image. Another way to put it is that spatial phase 
unwrapping often can cope with smooth surfaces while it may fail when 
dealing with surfaces with a strong gradients, such as sharp edges. 

8 
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x [mmi 	10 	0 

Figure 6. To the left is the wrapped phase of the object to the 
right shown. A spatial unwrapping of this objet is not possible." 

Huntley and Saldner" presented a new strategy called temporal phase 
unwrapping. This strategy combines phase shifting with a change in fringe 
pitch (change in wavelength or distance between fringes) and will be dealt 
with in the next section. The strength of the method is that problem with 
phase discontinuities never occurs and that it results in an absolute phase 
measurement (in shape measurement a distance from the object to the 
camera). An overview of available methods is summarised in ref. [14]. 

3.3 Temporal Phase Unwrapping (TPUW) 

The method was originally developed to measure deformation". It was soon 
found suitable for shape measurement using projected fringes and a 
programmable spatial light modulator (SLM)'-'7. The idea of temporal 
phase unwrapping is to use a sequence of fringe maps with a small change 
in fringe pitch or distance between the fringes. See figure 7. As before, 
wrapped phase maps will always lye within ±7C with a 27c-phase jump 
between the fringes. The problem is to add a sufficiently large number of 
27t to reconstruct the whole shape.  

Figure 7. Sequence of fringe maps with a linear change in fringe 
pitch. The sequence is one to eight fringes from left to right. 

9 
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In the first scheme developed, a linear sequence of fringes was used, t = 1, 
2, 3, 4, ..., s fringes1316'12 . The number of fringes was increased by one 
between two successive wrapped phase maps. The difference between two 
successive wrapped phase maps will then never be more than 2it (exactly 
one phase-jump). The unwrapping process (the process of adding a 
sufficiently number of 27t) is then only a process of summing up the phase 
differences. Wherever there is a difference larger then ±7C a 2n is added or 
subtracted. Another scheme using the same sequence of fringes was 
developed. This method uses the robust fast-Fourier-transform to unwrap 
the phase. This is also the preferably method to achieve an overall high 
reliability and is used in paper  C.  

Figure 8. A sequence of wrapped phase maps with an 
exponential change in fringe pitch. In this figure the absolute 
phase is calculated along a pixel (Px,  Py)  of the four wrapped 
phase maps. The sequence is 1, 2, 4, 8 fringes in the wrapped 
phase. 

It is possible to reduce the number of fringe maps by noticing a linear 
relationship between phase and the number of projected fringes. Zhao et al" 
showed that in principle only two fringe densities are needed. Huntley and 
Saldner'' also used this linear relationship. They used an exponential 
sequence of t = 1, 2, 4, 8, ..., s fringes. When only one fringe is projected 
the wrapped phase map contains one phase jump, see figure 8. When 
projecting two fringes the wrapped phase map now contains exactly two 
phase jumps. Increasing the number of fringes, following the same 
sequence, will then result in exactly one phase jump between two 
successive wrapped phase maps, when looking at each part of the first 
wrapped fringe map, individually. The process now becomes similar to the 
first scheme in summing up wrapped phase maps, taking in to account that 
the wrapped phase difference now can be a large integral value of 2n. An 
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increase in accuracy could then be found by doing the unwrapping the 
other way around, now following the sequence t = s, s-1, s-2, s-4, 	s/2, 
where s is the maximum number of projected fringes. This method is 
further developed in paper A so that an arbitrary number of fringe densities 
can be used. But, how is reliability affected by decreasing the number of 
sampled images compared to the fast-Fourier method, which uses an even 
sampling of images? 

3.4 Multichannel systems 

To reduce the measurement time the most effective thing is to minimise the 
number of acquired images. Using phase shifting requires at least three 
images in order to calculate the wrapped phase map. There are methods 
possible to use where all except one image is synthetically created in the 
computer and the wrapped phase can be calculated through a spatial 
Fourier analysis, filtering out the phase.''' There are also other similar 
methods, using a synthetic wavelength approach. A problem with all of 
these are however a spatial dependence. This is actually a result of using 
the principle of optical active measuring methods. For instance the 
background light must in some way be taken into account, which requires 
an extra image in calculating the phase. 

One of the strengths with temporal phase unwrapping is its ability to 
calculate phase (shape, distance) of each pixel individually. This permits an 
implementation of a pipeline processor where calculation of each pixel is 
executed on the detector, speeding up the process significantly.' 
Furthermore errors from neighbouring pixels don't influence the 
calculation of others. Hence errors become isolated in the image. 

Suitable methods when using temporal phase unwrapping is therefore those 
where the phase mathematically can be calculated in each pixel. This 
includes at least three phase-shifted images for each wrapped phase map. 
Using the reduced temporal phase unwrapping scheme at least two 
wrapped phase maps are required in a projected fringe measuring kind of 
set-up. This means that at least six images are required to fulfil the 
mathematical assumption in calculating the absolute phase. 

One approach to minimise the number of acquired images is to use 
different parts of the wavelength spectra. There is no limit of how many 
parts the spectra can be divided into. But, a natural way of doing this is 
when using conventional colour cameras and projectors. Each one of the 
red, green and blue channel can then carry one fringe map. Letting each 
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one of the channels carry one of the phase-stepped images minimises the 
number of acquired images to two, as in figure 9. In ref. [20-25] shape is 
actually measured using a multichannel approach and one single image. 

13-I I 

Figure 9. The principle of a colour coded measuring system 
using temporal phase unwrapping with two fringe densities. Two 
colour fringe maps are projected sequentially to an object, seen 
in the  botton  of the figure. The registered intensity of these two 
images is divided to the red, green and blue channel. From each 
one of these images the wrapped phase is calculated, using the 
three phase stepped images, on the three channels. The absolute 
phase, seen in the upper middle part of the figure, is then 
calculated from the two wrapped phase maps. 

Measuring a white object with this approach might not cause any problem. 
But, what happens when the object is coloured red? Are there other 
solutions in arranging the fringe maps that might give better results, when 
thinking of using the temporal phase unwrapping concept? In paper  B  we 
show that it might be better to arrange the fringe maps so that the red, green 
and blue channel carry fringe maps with varied fringe density. The basic 
principle of how to calculate phase is shown in figure 10 

12 
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Figure 10. The basic idea of combining the reduced temporal 
phase unwrapping with the multichannel method. Three images 
need to be acquired: I,, I, and I,. In each pixel the phase is 
calculated from three wrapped phase maps. 

3.5 	Post processing of data 

Post processing of data is a large and important stage of all shape 
measuring techniques. It is also a large research area. A large part of post 
processing is data smoothing, data compression and merging result from 
different views together. 

When measuring shape one wants to have continuo surfaces and not 
discrete points. In this stage of the data processing the advantage with 
parallel processing of each single pixel can not be used. Except for the 
large number of data this is not a problem when dealing with smooth 
surfaces. But the strength with temporal phase unwrapping is its ability to 
measure objects with complicated surfaces. However, complex surfaces are 
difficult to handle mathematically. There is simply no satisfying way of 
treating discontinuous surfaces. But, on the other hand when measuring 
several objects in one measurement the result asked for is not one continuo 
equation. What instead is attractive is to be able to separate the surfaces 
belonging to each one of the objects, respectively. Actually this is often 
what is wanted also when dealing with only one object. In this case it is 
rather one object that should be divided to a number of surfaces. One might 
think of a cube with top, bottom and four sides. Each surface then becomes 
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smooth and can be described by one or several mathematical functions. The 
problem then however, is to find where one surface becomes another. 

By using temporal phase unwrapping each pixel is calculated 
independently of the others. Errors therefore become isolated in the image. 
Parallel processing can also increase the speed of the calculation 
significantly. A disadvantage, which is also an advantage, when using 
temporal phase unwrapping, is the large number of images acquired. It is a 
disadvantage when time is a limiting factor such as when measuring in real 
time. On the other hand it permits an ability to define some statistical 
measurements including modulation and the stages of unwrapping. For 
each phase value it is therefore also possible to specify how likely it is that 
the phase value is correct. This benefit also makes it possible to define how 
likely it is that one data point belongs to a surface. 

When dealing with data from different views a coordinate transformation 
has to be done in order to get all data in a global system. This can be done 
by a recursively coordinate transformation that stops when an overlapping 
surface from one view fits the surface from the other. The result is a time 
consuming procedure and decreased accuracy. Since temporal phase 
unwrapping gives high accuracy measurements it is probably best to first fit 
the data to analytical functions, by separating surfaces, and thereafter 
perform the co-ordinate transformation. The accuracy will in this case be 
sustained. Besides, the data reduction will already have been done before 
the transformation is performed, increasing processing speed. 

4 Applications 

Applications of the methods in this thesis to measure shape can so far be 
divided into six categories: 

V' non-destructive testing 
17 control of shape in the production line 
,( robot vision 
‘7  reversed engineering 
s7  protease making 
N7  maintenance 

The preferable use in robot vision is far out on the robot arm guiding the 
arm with high precision the last step towards an object. 
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In reversed engineering it can be used to make a drawing of an existing 
object. In the construction process, a master of the object is often produced 
in for instance clay or wax. Once the designers are pleased with it, the 
objective is to digitise its shape and build up a database. The engineers can 
then use the data to make  FEM  calculations or drawings. The data can also 
be used to do CAM preparations and make a copy of the object. 

Another field is wherever an individual fitting is essential. For instance 
making proteases, where the protease has to be individually fitted to the 
carrier of the protease. An example from the dental field can be to measure 
the shape of a tooth, in the mouth of a patient, see figure 11. It is then 
possible to instantly produce a filling of the tooth. This is important step 
when adopting new materials, like ceramics. 

Figure 11. Teeth measured by the projected fringe system. 

But, the greatest potential of optical shape measuring is perhaps within 
maintenance. The great flexibility of optical techniques makes it possible to 
inspect anything from large area objects to small hidden objects through the 
use of endoscopic techniques. Keeping control whether the object has been 
subjected to wear, corrosion, or in some other way influenced up to a level 
where it has to be replaced. Moreover, since the information is handled in 
digitised form, it may easily be linked to an expert system. 
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5 Future work 

• Find new and better ways to calibrate optical measuring systems. 

• Improve the post processing of the data obtained. 

• Explore more in detail about the wavelength scanning interferometry 
methods. This is definitely an interesting measuring technique and is 
probably a future way to proceed. 

6 Summary and conclusions of appended papers 

Shape measuring has been treated theoretically and experimentally using 
two optical measuring methods: projected fringes and wavelength scanning 
interferometry. The analysis scheme used calculating absolute phase 
(shape) are either reduced temporal phase unwrapping (when measuring 
time is limited) or the Fourier method (when reliability should remain 
high). In table 1 below, the appended papers are listed according to their 
content, followed by a short summary of each paper. 

Table 1. Appended papers 

Paper 
Projected fringes * * 
Wavelength scanning 
interferometry 

* 

Reduced temporal phase 
unwrapping 
Fourier method * 
Single channel method 
Multi channel method * * 
Measurements * 
Numerical simulations * 

Paper A: Robustness of reduced temporal phase unwrapping in the 
measurement of shape 

By: Lars  Kinell  and  Mikael Sjödahl  
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Summary: In this paper we introduce a generalisation of the negative 
sequence used in temporal phase unwrapping when applied to shape 
measurement. The generalisation is such that a scaling factor is introduced. 
It makes it possible to use a fringe sequence of shorter length, and hence 
reduce the number of images that have to be acquired. A thorough 
investigation is made of the performance of this algorithm, called reduced 
temporal phase unwrapping. Two different approaches are considered; A 
single channel approach where all the necessary images are acquired 
sequentially in time, and a multi channel approach where the three channels 
of a colour CCD camera are used to carry the phase stepped images for 
each fringe density in parallel. How the accuracy and reliability of these 
two approaches are influenced by phase noise, using the reduced temporal 
phase unwrapping scheme, are investigated by numerical simulations. The 
simulations are based on a physical model where the speckle contrast, 
fringe modulation, and random noise are considered as sources of phase 
errors. 

Conclusions: Expressions are found that relates the physical quantities to 
phase errors for the single channel and the multichannel approaches, 
respectively. In these simulations the single channel approach was found to 
be the most robust. Expressions that relate the measurement accuracy and 
the unwrapping reliability, respectively with the reduction of the fringe 
sequence were also found. As expected the measurement accuracy is not 
affected by a shorter fringe sequence while a significant reduction in the 
unwrapping reliability is found, as compared to the complete negative 
exponential sequence. 

Paper  B:  Multichannel method for absolute shape measurement 

By: Lars Kinell 

Summary: Measurement of absolute shape using an optical triangulation 
system is performed using a colour video projector and a CCD-camera to 
record images. The three different channels blue, green and red carry fringe 
maps with varying fringe pitch. Shape is successfully measured of 
generally coloured and complex shaped objects using the reduced temporal 
phase unwrapping analysis scheme in combination with the multichannel 
method. 

Conclusions: It has been showed that it is possible to measure absolute 
shape of arbitrary coloured objects with only three acquired images using 
the multichannel method. Each channel carries fringe maps with varied 
fringe pitch. The reliability of the multichannel method is, as expected, 
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It is therefore essential to use good quality cameras with a high signal to 
noise ratio. When this is possible the method will be a good choice for near 
real time measurement. A disadvantage in a real time measuring system is 
that at least three images need to be acquired. 

Paper  C:  Temporal phase unwrapping applied to wavelength-scanning 
interferometry 

By: Lars Paulsson (Kinell),  Mikael  Sjödahl,  Jun-ichi Kato and Ichirou 
Yamaguchi 

Summary: We demonstrate the use of temporal phase unwrapping in 
combination with wavelength-scanning interferometry. Two unwrapping 
strategies are considered: fitting to a reversed exponential sequence and 
complex Fourier-transform ranging. Measurement of a 10-µm step by use 
of an external-cavity laser diode is discussed. 

Conclusions: Temporal phase unwrapping is successfully used to calculate 
shape with wavelength-scanning interferometry. The achievable accuracy 
for both methods ultimately depends on the tuning width AX,max, the speckle 
correlation, and random noise in the optical setup. For a mirror surface the 
coherence in the light remains high over the whole tuning width and 
measurement depth, and only small changes in the result, which are due to 
positioning, are expected. Inasmuch as speckle decorrelation inevitable will 
be introduced to some extent measuring a rough surface, a high sampling 
rate (AÄ) should be used. Because the idea with the reversed exponential 
method is to make uneven sampling possible, phase errors will be 
introduced to a greater extent than with the Fourier method. 
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Robustness of reduced temporal phase unwrapping 
in the measurement of shape 
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Abstract 

In this paper we introduce a generalisation of the negative exponential sequence 
used in temporal phase unwrapping when applied to shape measurement. The gen-
eralisation is such that a scaling factor is introduced that makes it possible to use a 
fringe sequence of shorter length, and hence reduce the number of images that have to 
be acquired. A thorough investigation is made of the performance of this algorithm, 
called reduced temporal phase unwrapping. Two different approaches are considered; 
A single channel approach where all the necessary images are acquired sequentially in 
time, and a multi channel approach where the three channels of a colour CCD camera 
are used to carry the phase stepped images for each fringe density in parallel. How the 
accuracy and reliability of these two approaches are influenced by phase noise using 
the reduced temporal phase unwrapping scheme are investigated by numerical simu-
lations. The simulations are based on a physical model where the speckle contrast, 
the fringe modulation, and random noise are considered the sources of phase errors. 
Expressions are found that relates the physical quantities to phase errors for the single 
channel and the multichannel approaches, respecively. In these simulations the single 
channel approach was found to be the most robust. Expressions that relate the mea-
surement accuracy and the unwrapping reliability, respectively, with the reduction of 
the fringe sequence were also found. As expected the measurement accuracy is not 
affected by a shorter fringe sequence while a significant reduction in the unwrapping 
reliability is found, as compared to the complete negative exponential sequence. 

1 Introduction 

Temporal phase unwrapping is a technique that follows the temporal evolution of the phase 
in an arbitrary number of detector elements [1]. Provided the sampling rate is high enough 
so that the phase change is within  ±ir  between two consecutive recordings the total phase 
change is recorded. The total phase change is related to the physical quantity of interest 
from calibration. The advantages compared to the traditional spatial phase unwrapping are 
twofold. Firstly, the phase is evaluated in every detector element independently from one 
another. Hence phase errors become isolated in the image and does not influence the result 
of its neighbours. Secondly, the total phase is measured as opposed to the relative phase 
map obtained from spatial phase unwrapping. Temporal phase unwrapping has found its 
most refined application in shape measurement [2, 3, 4, 5, 61. A programmable spatial 
light modulator (SLM) and a CCD camera are set up in an optical triangulation system. 
A set of fringes with varying but known fringe spacing and phase shifts are projected onto 
the object. Since the total number of fringes in the measurement volume can be exactly 
controlled by the SLM it is known that the phase in any pixel will increase linearly with 
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the number of projected fringes. Therefore sub-Nyquist sampling of the phase evolution 
is possible. In principal four different unwrapping schemes have been developed. These 
are; linear sequence, positive exponential sequence, negative exponential sequence, and the 
Fourier transform method [6]. The first three methods can also be further improved by 
least-squares fitting. The two exponential sequences make use of the linear relation between 
the phase and the number of projected fringes reducing the total number of acquired images 
while both the linear sequence and the Fourier transform method use an evenly sampled 
sequence. 

Three quantities are of general interest in a real shape measurement system; the ran-
dorn  error of the method, the reliability of the method, and the total number of acquired 
images (the measurement time). A rule of thumb is that the accuracy of temporal phase 
unwrapping depends on the maximum number of projected fringes, while the total number 
of acquired images governs the reliability. Two schemes were previously found to be opti-
mal. If the application is not restricted by acquisition time, the Fourier transform method 
should be used because of its superior reliability. On the other hand, the fitted negative 
exponential sequence was found to have the best performance if time is a limiting factor 
[2]. Hence the fitted negative exponential sequence was the choice in the real-time shape 
system developed by Coggrave and Huntley [6]. In some applications the measurement 
time needs to be shortened even further. Because of the linear relation between phase and 
fringe density, in principle, only two fringe densities needs to be projected as shown by 
Zhao et. al. [7]. However, two fringe densities may not give a reliable result and therefore 
something in between the negative exponential and the Zhao algorithm should be used. 
Another solution presented by Huang et. al. [8], is to make use of a colour SLM for pro-
jection and a colour CCD for acquisition where each of the three channels carries one of 
the phase stepped images, respectively. Combined with temporal phase unwrapping this 
gives a reduction of the measurement time by a factor of three or four depending on phase 
algorithm. 

The purpose of this paper is to generalise the formulation of the negative exponential 
sequence so that an arbitrary fringe sequence may be used. The dependence on the ac-
curacy and reliability of this so called reduced temporal phase unwrapping algorithm on 
fringe sequence are simulated using a rigorous physical model. Dorsch et. al. [9] has pre-
viously shown that all triangulation techniques ultimately are restricted by the recorded 
speckle contrast. Of importance are also the reflected fringe modulation and the random 
noise in the projector and CCD camera. Two different solutions are considered: the se-
quential phase step method using the three-bucket and the four-bucket algorithm, and the 
multichannel method, described by Huang et. al. [8], using the three-bucket algorithm. In 
section 2 the formulation of the negative exponential algorithm is generalised so that an 
arbitrary number of images may be used. The physical model used in the simulations is 
described in section 3, while the obtained results are presented and discussed in section 4, 
followed by some concluding remarks in section 5. 

2 Reduced temporal phase unwrapping 

The basic idea of temporal phase unwrapping is shown in Fig. 1. If in each pixel the 
incremental phase change Ae(i,  i  + 1) is recorded as the total number of fringes over the 
image increase from zero to s in steps of unity, then the total phase e(s) is obtained as a 
summation of the incremental phase changes. Only increasing the number of fringes by one 
between each recording guarantees that no 27r phase jumps are introduced. In practise it is 
the parameter w, that specifies the rate of the phase change (i.e. the inclination of the line 
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Figure 1: The basic idea of temporal phase unwrapping. The constant increase in phase 
in a given pixel as a function of the number of projected fringes is shown as a straight line. 
Marked with circles are the evenly sampled version where no phase jumps larger than 27r 
are introduced, while the filled circles correspond to the negative exponential sequence. 

in Fig. 1), that is of most general interest. This parameter is obtained as w = ssor 
from a least squares fit of all the incremental phase values in Fig. (1) [2]. However, Huntley 
and Saldner [2] have shown that not all of the fringe densities are needed to unwrap e(s) 
uniquely. It is, for example, only necessary to use the fringe densities that correspond to 
the filled circles in Fig. (1). This corresponds to a sequence where the number of fringes are 
reduced from s by t' = 2v where v ---- 0,1,2, ... , log2  s. Hence the fringe densities follow a 
negative exponential sequence. It has previously been shown that the negative exponential 
sequence in combination with least squares fitting is the optimum choice when recording 
time and accuracy are designing parameters. The reason is that most of the phase values 
are clustered far from the origin which makes the line fitting less sensitive to noise. 

The exponential sequence relies on the fact that there is a linear relation between 
phase and number of fringes, hence that w is a constant. It should therefore be possible to 
decrease the number of images even further and still end up with a correct estimate of w. 
Introducing the vector 

t  = [2k-1
, 
	

, 
	 (1) 

where  k  belongs to the sequence [1,2,... ,  g]  and  g  < log2  s, it is possible to generalise the 
formulation of the negative exponential sequence as 

Aett[s — t(i), s — t(i +1)] = U {[s — t(i), s — t(i 	1)], 3,4.„[8,8 — 	, 	(2) 

Aeu[s, s — t(i + 1)] = Aeu[s, s — t(i)] + Aeu[s — t(i), — 	+ 1)], 	(3) 

where the subscript u relates to an unwrapped phase change and the subscript w relates to 
the wrapped phase change between two arbitrary fringe densities which may be calculated 
in one step [10]. The sequence tin Eq. (1) is in general arbitrary, as long as it starts with 1 
and ends with a s. The reason of the specific choice as given by Eq. (1) is that it becomes 
identical to the negative exponential sequence presented by Huntley and Saldner [2], if the 
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Cil = 
s2 ± 	s[s 	t(i)]2 

seu(s) + Erin' - t(i)le[s - t(i)] 
(6) 

equality below Eq. (1) is fulfilled. The operator 

U 	4)21 = 	- 271-NINT 
L 
	

27r
T4)2] 
	

(4) 

is the unwrapping operator, where NINT means rounding to the nearest integer, that 
adds a sufficient number of 27r to the wrapped phase value. The scaling value 

t(i + 1) — t(i) 
T — 

	

	 ( 5) t(i) 

compensates for the reduced sequence. If  g  = log2  s, T will always be unity and the 
algorithm becomes identical to the negative exponential sequence [2]. All other values of  
g  result in a T larger than unity. The least squares estimator for this generalised version 
of the reversed exponential algortihm is given by 

where in is the number of elements in vector t. This means that at minimum only two 
fringe frequencies need to be used decreasing both acquisition and computation time. But, 
however, loosing up the need to follow the complete negative exponential sequence also 
releases the ±27r range restriction in the final unwrapping stage which will result in a less 
reliable algorithm. In the next section a rigorous physical model is used to evaluate the 
robustness of the reduced temporal phase unwrapping algorithm for situations likely to 
appear in reality. 

3 Physical model and simulations 

Figure 2: A basic triangulation set-up for the measurement of shape. A fringe pattern 
is modulated by a video projector and projected onto the diffusely reflecting object. The 
irradiance of the projected pattern is acquired by a video camera positioned at an angle 
from the projector. 

Consider the idealised optical triangulation system shown in Fig. 2. Light is modulated 
by the SLM and is projected onto the diffusely reflecting surface. The scattered light from 
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the surface is imaged by the optical system and forms an image on the CCD where it is 
registered. As shown by Dorsch et. al.[9] the random error in the registered image will 
ultimately depend on the coherence properties of the wavefront falling onto the detector, i.e 
on the speckle contrast. The registered speckle contrast depends on many parameters such 
as; the extension and bandwidth of the light source, angle of illumination and observation 
relative to the surface normal, and the imaging f-number [11, 12]. However, changes in 
these parameters result in a change in speckle contrast which is the parameter that will 
influence the accuracy. Other parameters of interest are the fringe modulation in the 
reflected light and noise in the projector and detector. The physical model is expressed as 

= innod(i)Is(i) + 2R(i)c(i), 	 (7) 

where 
Imo (j) -= 1+ M COS[WtX a(i)], 	 (8) 

is the intensity variation of the j'th projected fringe pattern. In Eq. (8) M  E  [0; 1] 

is the fringe modulation, oi(j) is the phase shift,  x  is a spatial coordinate, and Wt the 
fringe frequency. Turning back to Eq. (7) there are two parts that introduce noise. The 
expression 

ceil(N) 

Is(j)= 1 E k lali2  , 
N j=1 

(9) 

where 

k  = 
{  N  — f loor  (N)  if  i  = ceil(N) 

1 	 otherwise 

describes the random fluctuation in the field because of coherence effects. A number of  
N  = 1/C2  independent speckle patterns, where  C  is the speckle contrast, are added on 
an intensity basis [9, 121. a is the complex amplitude of each independent speckle pattern 
where R(a), Zr(a)  E  N(0, 1), and the normal distribution generator in  Matlab  have been 
used. In this paper we will assume the speckle size to be the same as the pixel size. That 
way the complex amplitude in each pixel will be statistically independent of the complex 
amplitudes in all other pixels and no speckle averaging will take place. In Eq. (9), the 
ceil operator rounds towards +oo and the floor operator towards —oo. The last part 
in Eq. (7) models the combined white noise that appears in the projector and detector, 
respectively. Here e(j)  E  N(0,1), and R(j) expresses the standard deviation of the white 
noise. R(j) = 1 corresponds to a signal-to-noise ratio of unity. The factor 2 in Eq. (7) is 
to compensate that the expected value of lal2  is 2. 

Two different situations will be considered in the simulation;  (i)  The single channel 
approach with a black-and-white projector and camera using the four- and three-frame 
algorithms to evaluate the phase. In this case all images have to be recorded sequentially 
in time by changing the writing to the SLM. We will assume the light source to be globally 
stable throughout a measurement and that the projected fringe densities are far beyond the 
resolution limit of the detector. Then the random speckle pattern, Is , given by Eq. (9) will 
be approximately identical for all acquired images for a given speckle contrast while the 
white noise will differ randomly between the images. (ii) The three channel approach with 
a colour projector and camera as described by Chiang et. al. [8]. The three phase stepped 
images that are needed to calculate the phase for a specific fringe density are coded in colour 
(say red for phase step —7r/3, green for phase step 0, and blue for phase step 7r/3). The 
number of sequential images necassary is therefore reduced by a factor of 3 compared to 
the single channel approach also using the three phase algorithm. However, since different 
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parts of the spectrum are used for the different channels the summation of speckle fields 
described by Eq. (9) has to come from different complex amplitude distributions for each 
channel, respectively. In addition the modulation and speckle contrast may differ between 
the channels because of variations in reflectivity between the colours and differences in the 
spectral bands. In this investigation, however, we will assume the depending variables to 
be the same in all channels since otherwise systematic errors are introduced in the phase 
calculation. 

Table 1: Fr'nge sequencies used in the simulations 
s m 
2 2 
4 2 3 
8 2 3 4 
16 2 3 4 5 
32 2 3 4 5 6 
64 2 3 4 5 6 7 

The fringe sequencies that are tested are shown in Table 1, where s is the maximum 
number of projected fringes and m is the length of the vector t given by Eq. (1). The 
algorithms were coded in  Matlab  to run on a PC and in all cases a grid of 201  x  51 pixels 
was used to investigate the response. The phase was varied linearly in each row going 
from  -er  to en-, giving an inclined phase plane where t' is the momentary number of 
projected fringes. The depending variables were varied between the limits of their domain 
as given by Table 2, giving a total of 258 million samples, and 38 million samples for the 
single channel, and three-channel approach, respectively. In Table 2, Channels refers to 
the single channel and multi channel approaches, respectively, M is the fringe modulation,  
C  the speckle contrast, and  R  expresses the standard deviation of the white noise. 

Table 2: Parameter settings used in the simulations 
Channels M  C R  

0.1 0.1 0.002 
0.2 0.2 0.005 
0.3 0.3 0.010 
0.4 0.4 0.020 

1 0.5 0.5 0.030 
0.6 0.6 0.040 
0.7 0.7 0.060 
0.8 0.8 0.080 
0.9 0.9 0.100 
1.0 1.0 0.200 

0.400 
0.6 0.03 0.0000 
0.7 0.05 0.0001 

3 0.8 0.08 0.00025 
0.9 0.10 0.0005 
1.0 0.15 0.0010 

0.0025 
0.0050 
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The results from the simulation are the unwrapping success rate, S.R., where a phase 
is accepted if it is within ±7r from the correct phase at all unwrapping stages; the standard 
deviation, s„, of w without line fitting; and the standard deviation,  sf ,  of w with line 
fitting. The standard deviations are only calculated from the results that are considered 
correct. The fundamental parameter for both the reliability and the accuracy is, however, 
the overall random fluctuation, se, of the phase in the recording. In the next section the 
results from the simulation will be presented and put into perspective. 

4 Results and discussion 

Several interesting observations emerge from the results of the simulations in section 3. 
Starting with the random phase error a relation explaining 99 % of the phase variation is 
for the single channel approach given by 

le) 	 (10) 

where al  = 1.05 and a2  = 0.82 when using the three-frame algorithm, and al  =- 0.92 and 
a2  = 0.71 for the four-frame algorithm. Note in particular that no main effects are present 
in expression (10). Instead it is the combined effect of white noise and the speckle contrast 
and fringe modulation, respectively, that is the origin of measurement errors. Therefore 
a low noise CCD camera and SLM is essential for good results. If we for a moment 
forget the dependence of  C,  then expression (10) may be rewritten as se -= a2ISNR, 
SNR =  MIR  being the signal-to-noise ratio. This is the same relation between the 
random phase error and the signal-to-noise ratio as given by Brophy [13] if we introduce 
the identities 0.71 	1A/U for the four-frame algorithm and 0.82 1 for the three-frame 
algorithm. The speckle contrast, however, has a strong effect on the random phase error 
at high values of the fringe modulation. Laser illumination, which gives a speckle contrast 
of unity, should therefore be avoided. Instead a projector with as broad spectral width as 
possible and a wide exit pupil is expected to give lower random phase errors and should be 
used if possible. Expression (10) provides a useful relation for investigating the origin of 
errors in an actual shape system using one single channel. The corresponding expression, 
explaining 99 % of the phase variation in the three channel approach is given by 

0.76 
se = C (0.15 + —) + R (6.91R ± 0.24— — 3.31C) . 

Compared to expression (10) we now have a direct dependence of the speckle contrast  C,  
which appears even in the absense of additive white noise. The reason is that different 
speckle patterns appear in each channel so that the recorded amplitude in a specific pixel 
will vary randomly between the channels. It is, therefore, even more important to use as 
low speckle contrast as possible (three different laser channels should be avoided). One 
problem is that at maximum only one third of the available spectrum can be used in each 
channel, respectively. In addition systematic errors may be introduced because of different 
reflectivities for different spectral bands. One way around the direct dependence of the 
speckle contrast in the three channel approach is to use the different channels to code fringe 
frequency rather than phase. Then the expression for the phase noise would be given on 
the same form as expression (10), and no systematic errors would be introduced because 
of different reflectivities of the spectral bands. A minimum of three sequential images then 
have to be recorded. Expressions relating the random phase errors with the measurement 
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errors sw  and  s f  for co was derived by Huntley and Saldner [2]. For the complete reversed 
exponential method the measurement errors are expected to scale as 

for the unfitted case and as 

Sob 
8. = — 

S 

S4,  
Sf  = s-Vlog2  s 

(12)  

(13)  

0.1 	 0. 
5„, 

Figure 3: Random errors for the fitted,  s f ,  and unfitted, sw, versions of the reduced 
temporal phase unwrapping algorithm, respectively, as a function of phase noise. Full and 
broken lines are the relations given by Eqs. (13) and (12), respectively, representing fringe 
sequences with s = 64 and ,s = 16, respectively. 

for the fitted case, where s is the maximum number of projected fringes. If, for exam-
ple, s = 64 then about 2.5 times lower random errors are expected when introducing line 
fitting. Figure 3 shows a comparison between these two expressions and the results from 
the simulation for the cases when s = 64 and s = 16. Both full and reduced sequencies are 
included. The results indicated by an "o" comes from the unfitted results and the ones indi-
cated by a  "x"  from the fitted results. In Figure 3 we see that the simulated results coincide 
well with the expressions given by Huntley and Saldner, also for the reduced sequences. 
No significant reduction in accuracy is therefore expected because of the reduction in the 
fringe sequence and Eqs. (12) and (13) may be used in combination with Eqs. (10) and 
(11) as an estimator of the expected accuracy in a real measurement. 

We next turn to the unwrapping reliability of the different fringe sequencies. As previ-
ously stated a measure was considered successful if it at all stages was within ±7r from the 
correct phase value. The critical part is the unwrapping operator given by Eq. (4), where 
the correct number of 2T should be added or subtracted from the wrapped phase value. If 
the phase noise in (D i  and 4.2  is high then obviously the possibility of unwrapping errors is 
also high. The reliability is therefore linked to the phase errors described by expressions 
(10) and (11). In practise, unwrapping errors start at the boarder of the image where (..7 
is close to ±T while in the centre of the image where  b., 	0 unwrapping errors seldom 
occur, even for large phase noise. The actual unwrapping reliability therefore varies with 
the phase value. An analytical expression for the expected success rate for a given phase 
value is for the complete sequence given in ref. [2]. In this investigation we are looking 
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for an expression that roughly relates the expected success rate with the phase errors and 
the factor T (see Eq. (5)) over the whole phase plane, to be used for design purposes. 
Figure 4 shows the obtained success rate, S.R., in all the simulations as a function of the 
phase noise. It is seen that the success rate drops with increased T, as given by Eq. (5), 
as expected. It is also seen that the success rate does not drop to zero but is biased by 
results that fall within the limits by pure chance. However, for a given T the decrease in 
success rate seems to have a Gaussian like shape. As a matter of fact the relation 

8 3 T2.1.1 
S.R. = exp 	4'

4 

gives a reasonably good description of the variation in Figure 4, at least for high success 
rates. There are many uses of relation (14). For instance a threshold, 

Seg(S.R.,T) =  
41n  S.R 

T 2.1  
(15) 

can be calculated that defines the maximum allowed phase fluctuation for a given fringe 
sequence if the success rate should be above a given limit. In combination with Eqs. (10) 
and (11), Seg(S.R.,T) provides useful information when designing an actual system. 

Figure 4: Success rate, S.R., as a function of the phase noise for different values of the 
scaling factor T. Discrete symbols are the results from the simulations and the full lines 
comes from the expression in Eq. (14) for different values of T, respectively. 

5 Conclusions 

A generalisation of temporal phase unwrapping, called reduced temporal phase unwrap-
ping, for shape measurement in an optical triangulation configuration have been formu-
lated. The strength of reduced temporal phase unwrapping is the ability to use an arbitrary 
number of images minimising acquisition and calculation time depending on hardware con-
figuration, while retaining a high measurement accuracy.The main difference between re-
duced temporal phase unwrapping and earlier formulations of temporal phase unwrapping 
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is that a scaling factor T = [t(i ± 1) + t(i)]/t(i), where t is the vector of fringe sequen-
cies that are projected, needs to be introduced. The values in t are arbitrary as long 
as the difference between at least two successive images is unity. For the special case of 
the complete reversed exponential sequence T becomess unity for all unwrapping stages. 
The susceptibility of reduced temporal phase unwrapping to random noise, coherence in 
the light used, and reduction in the fringe modulation have been tested in a number of 
simulations. Two situations were considered; A single channel approach where all the nec-
essary images are projected sequentially and where the phase evaluation is obtained using 
four and three phase shifted images, respectively, and a three channel approach where the 
phase shifted images at each fringe density are coded in colour. For the single channel 
approach, the random phase noise, se, was found to depend on the combined effect of 
random noise with the speckle contrast and fringe modulation respectively. At high fringe 
modulations the phase errors are dominated by the speckle contrast. The expression for 
the phase noise in the three-channel approach becomes more complicated. For instance a 
direct dependence of the speckle contrast is introduced. The reason is that structurally 
different speckle patterns will appear in the different channels which will cause a random 
jitter in the registered intensity and cause errors. A better use of the different channels 
would therefore have been to code fringe frequency rather than phase shift in colour. The 
dependence on speckle contrast indicates that it, as expected, is more favorable to use a 
low coherence source in place of a laser. The unwrapping success rate of the algorithms 
follows the expression exp{-4T2-1/4}. The algorithm therefore becomes more reliable 
the more images are used. However, if se can be made small, reduced temporal phase 
unwrapping provides a significant reduction in measurement time and provides a useful 
tool for almost real-time measurements of general shaped objects. 

This research was supported by Volvo Research Foundation. 
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Abstract 

Measurement of absolute shape using an optical triangulation system is 
performed using a colour video projector and a CCD-camera to record 
images. The three different channels blue, green and red carry fringe maps 
with varying fringe pitch. Shape is successfully measured of generally 
coloured and complex shaped objects using the reduced temporal phase 
unwrapping analysis scheme in combination with the multichannel method. 

1. Introduction 

In shape measurement with projected fringes phase stepping is generally applied. Traditionally phase 
stepped images are projected and acquired sequentially in time. A method that decreases the 
measurement time is the multichannel approach [1,2]. Phase stepped images are carried by the red, 
green and blue channel of a colour video based measuring system. The method is successfully used for 
real time shape measurements acquiring only one image to calculate the relative phase of white 
objects.[1] Temporal phase unwrapping is now a well-established technique to retrieve the absolute 
phase.[3-10] The method was first developed to measure deformation.[3] It is also suited for absolute 
shape measurement combined with projected fringes.[4-9] The method makes use of a sequence of, at 
least two, fringe maps with varied fringe pitch. Several analysis schemes have been developed 
[3,4,8,10]. Recently the reduced temporal phase unwrapping was introduced.[4] Here, an arbitrary 
number of at least two fringe densities are used. The robustness of this scheme was thoroughly 
investigated for both a single channel and a 3-channel approach, letting each channel separately carry 
the phase stepped images in the 3-channel method. It was found that random phase errors occur to a 
much higher degree with the 3-channel approach than with the single channel approach. Huang et al 
[1] also used the projected fringe method and found that only a few percent of the data points actually 
gave relevant results and that the method only could be used with white objects. It is therefore 
important to keep the phase stepped images on the same channel or spectral band. This is possible with 
temporal phase unwrapping approach. It was therefore suggested that the fringe maps should be 
arranged the other way around, letting the channels carry images with different fringe pitch. The 
wrapped phase is then calculated from phase stepped images registered at the same channel. The phase 
noise would then be significantly reduced. Theoretically it would also be possible to measure arbitrary 
coloured objects as long as the visibility in each channel is high enough. 

The purpose of this paper is to demonstrate the principle of reduced temporal phase unwrapping 
scheme in combination with the multichannel approach. By arranging fringe maps, so that the 
channels carry fringe maps with different fringe pitch, it is tested if it is possible to measure the shape 
of generally coloured objects. Another purpose is to experimentally validate the results obtained by 
simulations and presented in ref. [4]. Measurements of absolute shape using projected fringes are 
considered experimentally using a colour video projector for projection and a 1-CCD camera for 
acquisition of images using red, green and blue filters. The different channels carry fringe maps with 
varied fringe pitches. 



2. Principle 

Figure I. The setup to measure the shape of an object within the measurement volume. A colour video 
projector, with 3 LCD's, is used for projection and a CCD camera for acquisition of images. 

Projected fringes is basically a whole field measuring method, see figure 1. It makes use of the 
principle of active triangulation. Light is modulated and projected onto a diffusely reflecting object. A 
camera images the light reflected by the object. Absolute phase can be measured by projecting, and 
acquiring, a sequence of fringe maps where the fringe pitch is varied. 

Huntley and Saldner [5] showed that when measurement time is the limiting factor the negative 
exponential sequence is the preferred analysis scheme. This technique also keeps the accuracy at a 
high level. In figure 2 the principle of the negative exponential model, for a specific pixel, is shown. 
Fringe densities used with this sequence are marked with circles. The maximum number of fringes 
used is s=16. The phase calculations starts with introducing a vector t = 12 (k-1)  sj  where  k  belongs to 

the sequence [1, 2, ... ,  g]  and  g  = log, (s) . Generally the unwrapping is carried out with the wrapped 

phase change, 4c1)„ , rather then with wrapped phase. How to calculate AO „ is showed by Burke et al 

[11] for a general phase shifting algorithm. The wrapped phase changes, between successive fringe 
densities, is unwrapped recursively using, 

(s - t(i), s - t(i +1))= 	 - t(i + 1)), 3,e)„ (s, s - 	 (1) 

and 

Acp„(s,s-t(i + 1)) = 3,4)„ (s, s - t(i))+ 	„ (s - t(i), s - t(z +1)) • 
	 (2) 

Kinell and  Sjödahl,  ref. [4], showed that by introducing a scaling value, T = (t(i + 1)- t(i))It(i) , the 

number of fringe maps could be reduced even further. The unwrapping starts at 
.6s13„ (s, s - 1) = AcID „ (s, s -1), now letting  g  log2  (s) for the reduced temporal phase unwrapping 

scheme. The unwrapping operator used in (1) and (2) is then 

(1{c13  1 (I)  2}= 	- 27r/VINT[ cP'  -T(I)  2 • 	 (3) 
271- 



This means that an arbitrary number, of at least two, fringe densities can be used in a sequence. See for 
example the filled circles in figure 2 where the sequence of fringes is 14, 15 and 16. The accuracy of 
the method is increased by a least square fit of the data to a line through origo.[4] 

Using the reduced temporal phase unwrapping the number of acquired images reduce to six, at 
minimum, with the three bucket algorithm. Combining the reduced temporal phase unwrapping with 
the multichannel method reduces the number of acquired images even further. But the phase stepped 
images has to be on the same channel. Therefore at least three images need to be acquired. This is 
illustrated in figure 4 where the red  (R),  green  (G)  and blue  (B)  channels carry fringe maps with 4, 3 
and 2 fringes, respectively. The three acquired images II, I2  and 13  therefore carry three phase stepped 
images for each channel. 

_20 

10 

Numbe of projcacdfs 

Figure 2. The basic principle of temporal 
phase unwrapping. The constant increase in 
phase in a given pixel as a function of the 
number projected fringes is shown as a 
straight line. Marked with circles is the 
negative exponential sequence with 8, 12,14, 
15 and 16 fringes. Filled circles correspond to 
the reduced temporal phase unwrapping 
sequence with three fringe densities. 

Figure 3. The basic idea of combining the 
reduced temporal phase unwrapping with the 
multichannel method. Three images need to be 
acquired: 13, 12  and 13. In each pixel the phase 
is calculated from three wrapped phase maps. 

3. Experiments 

In this experiment we use a digital colour video projector, Sharp XG-NV3XE with three LCD's, for 
fringe projection. The projector has an on screen brightness of 800 ANSI lumen, a contrast ratio of 
200:1 and a XGA resolution (1024x768). The projector was connected to a lap top computer to enable 
projection of colour encoded fringe patterns. For image capture a black and white 1-CCD camera, 
Sony SSC-M350CE, with a resolution of 500x582 pixels is used. The camera is connected to a PC via 
a frame grabber. The resolution is interpreted to be 512x512 by the frame grabber. 

In the experiment both a single channel, for evaluation, and a multichannel approach is used. In the 3-
channel measurement, nine or twelve images, depending on phase algorithm were stored for each one 
of the objects. A colour encoded fringe pattern whose RGB components comprise fringe patterns with 
varied fringe pitch is created on the screen of the computer and projected. The red channel carries 
images with 14 fringes, the green channel 15 fringes and the blue channel 16 fringes. In each stored 



image only one colour is filtered out by placing a red, green and blue filter, respectively, in front of the 
camera. The phase was calculated using equation (1)-(3) for the three and four bucket algorithm, 
respectively. For evaluation of the multichannel approach, a single channel approach using the 
complete negative exponential sequence was used with the three and four bucket algorithm. In both 
cases the maximum number of fringes was s=16. This means that a total of twenty images were 
sampled in the single channel approach and that the accuracy in both approaches should be about the 
same. 

The object being measured is a 200x200-millimetre plate with two 6-millimetre grooves. See figure 5. 
The four surfaces are painted in white, red, green and blue colours, respectively. Viewed by the 
camera the object seems to be composed by four stripes, oriented perpendicularly to the projected 
fringes. A colour image composed of three fringe patterns, with varied fringe pitch, is created on the 
screen of a computer and transferred to the projector. The video projector then projects this image onto 
the object. The field of view of the camera covers the whole projected fringe pattern. Each one of the 
red, green and blue channels is filtered out by placing a red, green, and blue filter, respectively, in 
front of the camera. Filters are chosen so that no coupling occur between channels, which usually is 
the situation [1]. This is checked, by projecting an image, composed of three coloured patterns, onto a 
white plate. If there are coupling effects between channels a fringe pattern on one of the channels will 
get distorted. The filters are chosen so that no distortion can be visually discovered. The width of the 
used wavelength spectra therefore might be smaller than what is optimal. Since one stripe of the object 
surfaces is painted white the intensity variation, of a projected fringe pattern, along that surface is 
studied. The camera is then adjusted for each one of the channels to maximise the operating intensity 
range, without overexposing it. The adjustment is done for the red, green and blue channel 
individually. This is the same approach as when using a 3-CCD camera. The camera settings are 
changed between acquired images with varying fringe pitch but never between phase stepped images. 

(mm) 
Red 
	

Blue 

Figure 4. Profile of the measured object. Surfaces pointing towards the camera are coloured in 
white, red, green and blue, from left to right. The size of the plate is 200x200 mm with steps of 6 mm 
height. 

4. Results and discussion 

For the multichannel approach to work properly there is lower modulation limit of all three channels. 
Reduced temporal phase unwrapping only requires unwrapping along two fringe densities to give 
satisfying results. But when using red, green and blue colours, ideally, only one channel might achieve 
a modulation high enough. In these measurements this is not the situation. The average modulation 
never is higher than 0.5 and never lower than 0.2 for any surface/channel combination. The standard 
deviation of these values is never higher than 0.02. The average modulation, in each combination of 
painted surfaces and channels, is of about the same magnitude. 

Measurement results of the profile in figure 5 are plotted in figure 7. This figure gives a qualitatively 
good apprehension of the difference in results between the single and multichannel approach, when 
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thinking of standard deviation. In all four surfaces both approaches provides useful results. The 
standard deviation of multichannel method is higher than for the single channel method. Both methods 
proves to give results with lower standard deviation when measuring a white surface than when 
measuring another colour. There is no difference in results using three or four phase shifted images.  

Figure 5. Profiles of the measured plate. The surfaces are painted white, red, green and blue from the 
left to the right. The upper part of the figure shows the result when the three bucket algorithm and the 
single and multichannel approach, respectively, is used. The lower part shows the four bucket 
algorithm. In both parts of the figure it is seen that the profiles are much noisier with the multichannel 
approach than with the single channel approach. For clarity the profiles are separated vertically, with 
the multichannel method over the single channel method. 

As seen in figure 7 there is a difference in standard deviation of the white and surfaces painted in 
colours, independently of method. Still, there is no major difference in modulation. Measuring objects 
not neutrally coloured decreases the speclde contrast. Phase noise is therefore increased. This effect is 
visible between the different coloured surfaces and between the two methods. 

Phase noise, du to decreased speckle contrast, also affects the reliability. In table 1 the percentage of 
unwrapping errors is shown for different surfaces, methods and phase algorithm. Almost no 
unwrapping errors occur when measuring a white surface, independently of method and phase 
algorithm. When the speckle contrast is decreased measuring the red, green and blue surfaces the 
number of unwrapping errors is increased. It is seen that the four phase algorithm is less sensitive to 
phase errors than the three bucket algorithm. Unwrapping errors occur to a higher degree for the single 
channel method than for the single channel approach. These results are expected. What is interesting is 
that the percentage of unwrapping errors never is higher than 10 percent and that it is possible to 
measure multi coloured objects. 

Table 1. Unwrapping error percentage. 

Algorithm, approach White Red Green Blue 
3-bucket, 1-channel 0.00 0.01 0.15 0.36 
4- bucket, 1-channel 0.00 0.00 0.07 0.09 
3-bucket, 3-channel 0.01 7.18 7.88 10.83 
4-bucket, 3-channel 0.01 2.72 3.63 6.41 



The error limit used for the values used in table 1 is determined by plotting columns of data for the 
single and multichannel method, respectively. A difference in results of unwrapped phase, between the 
single and multichannel method, larger than the error limit is denoted as an unwrapping error. The 
difference in reliability between the single and multichannel approach is shown in figure 8. The left 
picture shows the object measured with the single channel method and to the right is the plane 
measured with the multichannel method. 
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Figure 6. The shape of the measured plate containing two grooves. The plate is coloured in white, red, 
green and blue colours, in each one of the surfaces, from left to right. In the left figure the shape is 
calculated with the single channel approach using the three bucket algorithm and the sequence of 14, 
15 and s=16 fringes. To the right the shape is calculated using the multichannel approach, with the 
same fringe sequence and phase algorithm, as before. For the white surface almost no information is 
lost. With the red, green and blue coloured surfaces it is seen that a lot of the information is lost 

When measurement time is limited there is a disagreement between accuracy and reliability, using the 
same number of acquired images. Increasing the maximum number of fringes increases accuracy but 
decreases reliability, within limits. In a multichannel use this is even more significant since only a part 
of the wavelength spectra can be used for each channel. Reliability can be increased by using four or 
five phase shifted images instead of three. But, then the number of acquired images increases, which is 
not desirable. Therefore it is important to use cameras with a high signal to noise ratio. Another 
important factor is the projector that should give an even illumination over a large spectral interval, 
which in general isn't the case. 

5. Conclusion 

It has been showed that it is possible to measure absolute shape of arbitrary coloured objects with only 
three acquired images using the multichannel method. Each channel carries fringe maps with varied 
fringe pitch. The reliability of the multichannel method is, as expected, lower compared to that of the 
single channel method. The reason for this is that only one third of the wavelength spectra can be used 
for each channel. It is therefore essential to use good quality cameras with a high signal to noise ratio. 
When this is possible the method will be a good choice for near real time measurement. A 
disadvantage in a real time measuring system is that at least three images need to be acquired. 
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Temporal phase unwrapping applied to 
wavelength-scanning interferometry 

Lars Paulsson,  Mikael  Sjödahl,  Jun-ichi Kato, and lchirou Yamaguchi 

We demonstrate the use of temporal phase unwrapping in combination with wavelength-scanning 
interferometry. Two unwrapping strategies are considered: fitting to a reversed exponential sequence 
and complex Fourier-transform ranging. Measurement of a 10-µm step by use of an external-cavity 
laser diode is discussed.  C)  2000 Optical Society of America 
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1. Introduction 

Because of improvements in wavelength-tunable la-
sers, wavelength-scanning interferometry has be-
come popular during the past several years for 
measurement of surface shape.'-5  The great inter-
est in wavelength-scanning interferometry arises 
from its ability to measure the shape of diffusely 
reflecting and steplike objects with interferometric 
accuracy without the necessity for mechanical mo-
tion. Such information has generally been analyzed 
by use of either a Fourier transform1,6  or zero-
crossing counting.2  The main problem with these 
two techniques is that the region close to the refer-
ence mirror conjugate, and often also the focus plane, 
becomes unusable. Therefore, phase stepping has 
recently been applied to wavelength-scanning inter-
ferometry.6  With phase stepping, the evolution of 
the phase can be followed as a function of wavelength 
change, and the object distance to the reference mir-
ror conjugate can be determined uniquely. A class 
of unwrapping strategies known as temporal phase 
unwrapping has been developed for analysis of such 
kinds of data. -'° Their performance in the mea-
surement of shape by use of a sequence of projected 
fringes has also been examined in detail.9  From 
that investigation two algorithms were found to be 
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better than another in the sense that they either 
minimize the number of frames needed while keeping 
the accuracy high or have superior reliability. In 
this paper we transfer these two algorithms to the 
analysis of wavelength-scanning interferometry 
data. A background on both wavelength-scanning 
interferometry and temporal phase unwrapping is 
given in Section 2, and their implementation is de-
scribed in Section 3, as is an experiment. The paper 
ends with some concluding remarks. 

2. Background of Wavelength-Scanning Interferometry 
and Temporal Phase Unwrapping 

The basic setup of a wavelength scanning interferom-
eter is shown in Fig. 1. A beam from a tunable laser 
is collimated and divided into the two arms of a Mich-
elson interferometer that has a reference mirror and 
an object. The reflected light from the two arms is 
combined and imaged by a telecentric system onto a 
CCD detector. A continuous change in the laser 
wavelength results in a variation in intensity in each 
pixel, given essentially by4  

/(x, y; k)  = 	1,(X,  y; k)  

+ 2[I5(k)I0(x,  y;  k))112  cos[2kh(x,  y)  + a], 
(1) 

where /R(k) and 10(x,  y; k)  denote the intensities of the 
reference and the object beams, respectively, on the 
detector plane as a function of wave number  k,  h(x,  y)  
denotes the surface height from the reference plane 
conjugate, and a is a possible phase step to be deliv-
ered to the piezoelectric transducer (PZT) mirror. 
Period  P  (a revolution of 21T) of the intensity signal is 
related to the surface height as  

P = 2Akh(x, y), 	 (2) 
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Fig. 1. Basic setup of a wavelength-scanning interferometer for 
surface profilometer: H1\1, half mirror; pL1, 2, polarizers. 

where  Ak  = 271-AX/X2  is given by a small change in 
wavelength, AX, from the central wavelength  X.  
Measurement of  P  and knowledge of  Ak  give, in prin-
ciple, the surface height.  P  is usually measured by 
use of the Fourier transforml,s or by zero-crossing 
analysis.2  Two parameters, AX and Ak 	have 
proved critical for the performance of the interferom-
eter.3,4  AX denotes the wavelength-sampling res-
olution (the minimum wavelength shift provided by 
the laser) and defines the maximum measurement 
depth, given a sufficiently large focal depth of the 
imaging system. AX, denotes the maximum tun-
ing range of the laser and gives the measurement 
resolution. Because of the coherence properties of 
the scattered light, the wavelength-scanning inter-
ferometer performs best in a region close to the focus 
plane, i.e., where h(x,  y)  ---- 0.3  In this region the 
Fourier-transform method will fail because the side-
lobes do not become separated from the central lobe. 
Moreover, the zero-crossing method will also fail be-
cause too few zero crossings are registered. Re-
cently Kato and Yamaguchi6  introduced phase 
stepping into wavelength-scanning interferometry. 
In their method one monitors the evolution of the 
phase, ,O(x,  y;  AX) [the fluctuating part of Eq. (1)], in 
each pixel as a function of wavelength change by first 
adding the incremental phase changes All(x,  y;  
AXmiu). As the phase is a linear function of wave-
length change, the phase evolution is fitted to a linear 
polynomial in the least-squares sense. The shape of 
the object, h(x,  y),  is finally given by the inclination 

= all/aAX. of this fitted line through the relation 

h(x,  y)  =
w): 

(3) 
4,Tr 

in each pixel and where  X  again is the central wave-
length. 

During the past six years the concept of temporal 
phase unwrapping has been developed by Saldner 
and Huntley7-9  and Huntley and Coggrave.10  The 
main application has been within another area of 
shape measurement, namely, projected fringes. The 
basic idea with their method is to project a sequence 
of phase-stepped images onto the object with differ- 

ent  fringe pitches by use of a programable video pro-
jector. By choosing a sufficient set of images to 
project, one can follow the evolution of the phase in 
each pixel uniquely to obtain information that gives 
the object shape even for discontinuous objects from 
calibration. Five different kinds of temporal phase 
unwrapping algorithm have emerged '°: basic 
(method A), fitting to a linear sequence (method  B),  
fitting to an exponential sequence (method  C),  fitting 
to a reversed exponential sequence (method  D),  and 
complex Fourier-transform ranging (method  E).  Of 
these methods, method  E  has proved optimum when 
accuracy and reliability are of main concern. 
Method  D  has proved superior when accuracy and 
processing speed are most important. The method 
presented by Kato and Yamaguchis can be shown to 
belong to the second group (method  B).  Hence the 
performance of the wavelength-scanning interferom-
eter is expected to improve with a change of the un-
wrapping strategy. We only briefly describe the 
implementation. 

3. Implementation of Temporal Phase Unwrapping and 
Results 

For temporal phase unwrapping to work properly, 
the phase change between two successive images 
must vary between -±Tr. This condition limits the 
measurement volume along the optical axis to ±-kna„, 
where 

x2  
hm  = 

4AXmin  

is the maximum allowed deviation from the reference 
plane conjugate and AX 	is the wavelength- 
sampling resolution. Equation (4) equals the 
Nyquist sampling criterion obtained from Eq. (2). 
The phase changes AS2,(i,  j)  introduced by a change 
in wavelength between t =  i  and t =  j  are calculated 
directly from the two sets of phase-stepped intensity 
values" within the range [—IT, -rd (the subscript w 
denotes a wrapped phase value). If the wavelength 
change does not exceed A). between any two suc-
cessive images, then adding up the incremental 
phase changes will certainly give the total phase 
change over the scan region AXmax. 

A. Reversed Exponential Algorithm 
However, because we know that the phase is a linear 
function of the wavelength, only the sequence of 
phase changes [Aflu,(X.,,  Xe  — AXmin), AR„,(X,. — 
t'AXmin,  X,  —  2t'AX • )] for t' = 1, 2, 4, . . . , s/2, where  
X,  is the longest wavelength in the sequence and s = 
AX,,,ax/AXmm  (assumed to belong to the sequence 2", 
where  n  is a positive integer) are needed to unwrap 
the total phase change over the scanning region.9  
The unwrapping is given by the recursive formulas 

AnA - t'AXmi„, X, — 2t'AX„„„) = U[10,,(X, — t'AXm,n, 

X, — 2t'AXm„,), R,(X,, X, — t'AXm,,,)], (5) 

(4) 
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Fig. 2. Results from  n  the measurement of a 10-ilm  step on a spec-
ular object by (a) method  D  with a tuning range of 5.4 tun and  (b)  
method  E  with a tuning range of 6.2 run. Every eighth point in 
the  x  and  y  directions is shown. The field of view was 7.2 mm  X  
7.2 ram. 

Ifl,(Ä„  X.  — 2t'AX,010) 

= AXe  — 	— 2t'AX.„„„) 

+ A11„(X„  X,  — t'AX.„„) (6) 

for t' = 1, 2, 4, . . , s/2. 	,a2] represents the 
unwrapping operator, which subtracts an integral 
multiple of 27r from Ill  such that Ill  — 112  lies in the 
range —7r to 77, i.e., 

tab fl,] = fl1  — 27rN/NT(ni n2) 
\ 27r  J 	

(7) 

where NINT(. .) denotes rounding to the nearest 
integer. Taking X0  =  X,  — AX,mar  as the origin and 
fitting a straight line through the unwrapped phase 
values in a least-squares sense, we obtain the surface 
height h(x,  y)  from Eq. (3). The procedure described 
is identical to method  D  in Ref. 9, with the small 
adjustment that the origin is taken to be at the short-
est wavelength rather than at zero projected fringes. 
Although the accuracy is reported to be slightly im-
proved with this method than for fitting to a linear 
sequence, the greatest improvement is a reduction in 
the number of necessary images from n(s + 1) to 
n(log2  s + 2), where  n  is the number of phase steps. 
As an example, the measurement of a 10-um step on 
a mirror surface is shown in Fig. 2(a). The experi-
mental setup is the same as in Fig. 1; the telecentric 
imaging system is setup by two achromats with a 

focal length of 100 min each, giving a constant mag-
nification of unity. An external-cavity laser diode  
ILD  (SDL TC-40), Fig. 1] was used to scan the wave-
length from 779.0 to 772.6  nm  in 0.2-nm  steps. We 
acquired four phase-stepped images (in steps of 7r/2) 
at each wavelength with which to calculate the nec-
essary phase differences. The step height was 7.4 
p.m, and the standard deviation in the upper and 
lower parts was 0.30 and 0.27 um, respectively. The 
result, shown in Fig. 2(a), was obtained from a total 
of 28 images. This is a significant reduction from 
the 132 images used in the linear sequence for the 
same scanning width.  

B.  Complex Fourier-Transform Algorithm 

When minimum measurement time is not a priority 
but reliability and accuracy are, method  Eis  expected 
to be most useful. From the phase-stepped images 
at each wavelength a complex value, z(x,  y; k)  =--
9t[z(x ,  y; k)]  +  i  Zslz(x,  y; k)],  represented graphically 
by a phasor in the complex plane," can be con-
structed. The real and imaginary parts of z(x,  y; k)  
are simply the real and imaginary parts of the com-
plex number from which phase is calculated by the 
usual arc-tangent formula. In the case of a four-
bucket algorithm, 9t[z] = 10  — l,,, and Zsiz] /3„/2 
4/2, where the variables have been omitted for sim-
plicity, / is given by Eq. (1), and the subscript denotes 
the phase step a. Scanning through the different 
wavelengths, we obtain a vector of complex values for 
each pixel. Taking the Fourier transform of this set 
of values, we obtain a peak whose location  K  (ex-
pressed in pixels) is related to the distance from the 
mirror conjugate plane through Eq. (3), where 

27rK 
— 

sziXm. 
	 (8) 

and s is the number of wavelengths used. Perform-
ing this operation on every pixel gives the object 
shape. Unlike in the Fourier-transform method in-
troduced by Takeda and Yamamoto, here information 
about the phase of the registered signal is introduced. 
The importance of the phase information is that the 
central and mirror lobes that always appear when 
intensity data are Fourier transformed vanish, leav-
ing only a single lobe. The object can therefore be 
placed in its optimum position, the focus plane. Fig-
ure 2(b) shows the result of using method  E  on the 
total set of images acquired in the experiment for Fig. 
2(a) (apart from the four images at 779.0 run). The 
step height was 7.5 p.m, and the standard deviation 
in the upper and lower parts was 0.17 and 0.51 p.m, 
respectively. 

4. Discussion and Conclusions 

An analysis of wavelength-scanning interferometry 
data with two algorithms from temporal phase un-
wrapping has been presented. A 10-p.m step on a 
mirror surface was measured to be 7.4 um when it 
was analyzed by the reversed exponential method 
and 7.5 p.m by the complex Fourier transform 
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method. Both methods gave approximately the 
same result, although it differed from the expected 
result by 2.5 p.m. The reason for this discrepancy is 
not clear to the authors, but it might be that the step 
in reality was smaller than stated. Although the 
two approaches give results of comparable accuracy, 
they are significantly different and stress different 
aspects of temporal phase unwrapping. The method 
of fitting to a reversed exponential sequence mini-
mizes the number of images that have to be acquired 
while keeping the measurement accuracy high. 
This is the preferred choice when measurement 
speed is a priority and the random phase errors are 
expected to be low. The complex Fourier-transform 
ranging method makes use of an evenly sampled se-
quence and maximizes the measurement reliability. 
It is also expected to provide somewhat higher accu-
racy. However, as shown in Fig. 2(b), there is a big 
difference in the accuracies for the upper and lower 
parts of the step. The reason is that the random 
errors associated with the imaginary part of the spec-
trum increase with the distance to the origin. As 
described by Huntley and Saldner,9  these errors are 
eliminated if the complex time sequence is multiplied 
by a phase term before the Fourier transformation is 
performed. This phase term moves the peak to the 
origin, canceling the errors. In the research re-
ported in this paper, though, we kept the original 
results for demonstrative purposes. In the reversed 
exponential method such effects are never intro-
duced, and as a result the two planes in Fig. 2(a) have 
approximately the same random error. 

The achievable accuracy for both methods will ul-
timately depend on the tuning width åX,, the 
speckle correlation, and random noise in the optical 
setup. For a mirror surface the coherence in the 
light remains high over the whole tuning width and 
measurement depth [defined by Eq. (4)], and only 
small changes in the results, which are due to posi-
tioning, are expected. For a diffuse surface, how-
ever, speckle decorrelation will cause problems. 
Yamaguchi et al. have showed that speckle decorre-
lation is introduced as an exponential decay as a 
result of the square of a change in wave number, 6.1z, 
multiplied by the square of the surface roughness and 
as a speckle motion perpendicular to the detector 
plane at a pace determined by the distance to the 
focus plane. For diffuse surfaces it is therefore es-
sential that the object be placed as close to the focus 
plane as possible. Inasmuch as speckle decorrela-
tion inevitably will be introduced to some extent  

when one is measuring a rough surface, a high sam-
pling rate (a small ziX • ) should be used. Because 
the idea with the reversed exponential method is 
to make uneven sampling possible, phase errors will 
be introduced to a greater extent than with the Fou-
rier method. Furthermore, the Fourier-transform 
method has also proved more robust to phase errors 
and is the preferred choice in a general measurement 
situation. 

The research of L. Paulsson and M.  Sjödahl  has 
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