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ABSTRACT

In hydropower systems, it is essential to avoid catastrophic failures that lead
to human and economic losses. Unfortunately, a hydropower rotor can behave
abnormally since several nonlinear effects occur during start-up, shut-downs or
when running at nominal speed. Weak nonlinear interaction in the bearings,
electromagnetic interaction between the generator and rotor or fluid-structure
interaction in turbines are typical nonlinear effects that may appear. Moreover,
strong nonlinearities can also occur due to blade contacts and assembly errors.
These types of nonlinearities can be dangerous in case of bad design of the
rotor, and it could even lead to catastrophes in the worst case. In this thesis,
simple models are used to describe the different types of nonlinearities, with
focus on blade rubbing, bearings and electromagnetic interaction. These inter-
actions are usually investigated on Jeffcott rotors or rigid rotors to reduce the
dimension of the design space to a few important parameters only. The dy-
namics of the system are evaluated by using common tools such as Poincare
sections, bifurcation diagrams, Maximum Lyapunov Exponent (MLE), Lya-
punov spectrum and waterfall plots of the Fast Fourier Transform (FFT). The
numerical results have been compared with experimental results to ensure that
these models are satisfying in our range of study. Once these simple models
have been verified, they can be used to simulate the full hydropower rotor by
including all interaction types. A focus is made on the numerical methods to
employ and reduction methods to gain computation time, as well as to know
under which circumstances the nonlinear interactions have to be included in
comparison with the linear analysis. As a result, this work intends to provide
guidelines about the models to use to perform dynamic simulations on full-
scale turbines and to know when a linear model can be sufficient to evaluate a
machine at design stage or when changing any mechanical component in the
hydropower rotor.
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ciation goes to Dr. Maxime Dédé Noël with who I spend most of the time
in fika breaks or during lunch at the ”Artist table” speaking about interesting
subjects from time to time, but mainly about random facts or football. I also
have to thank my friend Dima(ria) with who I spent a lot of good time these
last years, even though he tried to cheat by changing the rules of the ”Chicago”
game every time we played it. I would also like to thank Daria and Anna that
could support my presence, Gabi , Martin M., Shaleish, Blai, Lasse, Håkan, Mr
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Nomenclature

Symbol Units Description

ω rad/s forcing frequency/ rotating frequency
x,y m displacements
t s time
ωn rad/s natural frequency
m kg mass
c N.s/m damping
k N/m stiffness
ζ - damping ratio
q - state-space vector
λn - Lyapunov exponent
δ m clearance
kc N/m contact stiffness
µ -/(N.s)/m2 friction coefficient/dynamic viscosity
φ rad angular displacement
W kg.m2/s2 work
L m blade length/generator length
ρ kg/m3 density
v̄ m/s velocity vector
ḡ m/s2 gravity
p N/m2 pressure
h m oil-film thickness
R m bearing radius/generator radius
Cb m bearing clearance
Cp m pad clearance
θp rad pad angle
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ξ ,η m displacements
γ rad angular displacement
T kg.m2/s2 kinetic energy
I kg.m2 moment of inertia
M kg mass matrix
K N/m stiffness matrix
C N.s/m damping matrix
G kg.m2 gyroscopic matrix
e m unbalance eccentricity/static eccentricity
B kg/(s2.A) air-gap flux density
δ0 m air gap clearance
µ0 N.A−2 permeability
km N/m magnetic stiffness
p - pair of poles
Ss A/m2 stator current density
e - normalized eccentricity
σ N/m2 stress
Λ N.A−2m−1 air-gap permeance
M f At Magneto-Motive Force
ϖ rad/s supply angular frequency
ρd m dynamics eccentricity
Funb N unbalance forces
Fnl N nonlinear forces
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CHAPTER 1

Introduction

”Water is the driving force of all nature” Leonardo da Vinci

1.1 Overview of hydropower systems

Hydroelectric power plants supply approximately 20 % of the world’s elec-
tricity, which is the most important renewable energy in today’s industry. In
Sweden, the hydropower energy production reaches more than 50 % of the to-
tal production in the 21st century. Recently, the energy mix in Sweden has
given more importance to the wind power and other types of renewable ener-
gies as seen in Table 1.1. One of the main goal is for instance to reach 30 TWh
of wind power production by the year 2020. By doing so, Svenska kraftnät
predicts in their report in 2015 [1] that an increase of 30 TWh (corresponding
to 12 000 MW of installed power) would result in a need of 4300-5000 MW
increase of regulating power.

Since regulating is not allowed using nuclear power and that wind power

Table 1.1: Sweden’s electrical power production from 2011 to 2015 [1]

Power type 2011 2012 2013 2014 2015
Hydropower [TWh] 66 78 61 64 74
Nuclear power [TWh] 58 61 64 62 54
Thermal/Condensing power [TWh] 13 14 15 13 14
Wind power [TWh] 6.1 7.2 9.8 11.5 16.6

7



8 INTRODUCTION

availability is strongly dependent on the wind conditions, hydropower is a great
source for regulating variations and maintaining the balance in the grid. As a
result, the balancing in hydropower plants is done as a frequency control where
the production is increased or decreased by changing the amount of water pass-
ing through it, but also as a slow balancing due to uneven production or if other
power sources drop out. From a mechanical point of view, it means that the old
design of the turbine will have to support the demands of more frequent starts
and stops due to this increase of regulating power, so that it might affect the
lifetime of mechanical components in the turbine. As a result, it is important
for the owner of hydroelectric power plants to identify which upgrades are nec-
essary to increase the life expectancy of the hydropower rotor at reduced cost,
knowing that the dimensions of these turbines can rarely be modified.

Figure 1.1: Overview of a hydro-electric power plant [2]

A hydroelectric power unit converts potential energy of water stored in a
reservoir into mechanical energy by spinning the turbine, which activates a gen-
erator to produce electricity. An overview of a hydropower plant is shown in
Fig. (1.1). The current studies on hydropower plants conducted by the Swedish
Hydropower Center (SVC in Swedish) deal with various aspects, such as Hy-
drology, Geotechnics, Hydraulic Design and Structural Engineering, which
forms the Hydraulic Engineering division, as well as the Electro-Mechanics,
Fluid Mechanics, Machine Elements and Rotor-Dynamics which forms the
Hydro-Turbines and Generators division. The current thesis is developed within
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the Rotor-Dynamics group, which implies that the research is focused on the
turbine shaft and generator only. The hydraulic turbine is usually split in dis-
tinct parts such as the runner, the generator, the shaft and the bearings, as shown
in Fig. (1.2) for a Kaplan turbine.

runner
inlet flow shaft

generator bearing

Figure 1.2: Example of a Kaplan turbine layout [3]

The runner is a mechanical part that is usually studied with help of Compu-
tational Fluid Dynamics due to the interaction of water with the blades, where
the main focus is to increase efficiency as function of the inlet flow or blade an-
gle. The bearings are mechanical elements that help to support the shaft both
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vertically and laterally by means of different bearing types. The evaluation of
bearing components is performed using tribology, whose main concern is to re-
duce friction losses by changing the material of the bearing or the lubricant in
accordance with specific norms and new regulations. The generator is the me-
chanical part that helps to convert the mechanical energy into electrical energy.
The usual focus of electro-mechanical engineering is to evaluate the interaction
between the generator and the grid and focus their research on how transients
and other types of network disturbances can affect the generator. Finally, the
shaft is the mechanical element that connects the runner, the generator and the
bearings together. From a rotordynamical perspective, the interaction between
the shaft and the other mechanical components is usually described as external
forces that are integrated in the model in order to perform mechanical analysis
of the shaft vibration. As a result, rotordynamics in hydropower machines is
a multidisciplinary subject that needs the knowledge of different engineering
fields to perform proper numerical and experimental analyses.

1.2 Rotordynamics overview

Rotordynamics is an area that has been studied for more than a century. It
is normally considered to be a separate area within the structural dynamics
due to the rotating specificity. Industrial applications are numerous (compres-
sors, pumps, turbines, generators,...) and applied in several fields such as wind
power, nuclear power or aircraft industry. It covers many technical aspects -
including electromechanics, fluid-structure interaction, tribology- which makes
rotordynamics a multidisciplinary science as described earlier. From a techni-
cal point of view, the first objective is to verify the properties of the machine to
avoid resonance with the first eigenfrequencies of the linear system. The tools
commonly used are the Campbell diagram (for damped natural frequency and
damping ratios) or transfer functions. This evaluation is usually performed at
a design stage to verify the structural properties of the system. Rotordynamics
is also a science of troubleshooting. During operation, it is common to have
a sudden increase of displacements and vibrations. When this problem occurs,
the experimental records of displacements and/or accelerations can help find
the problem and develop new and more accurate models which can explain
high vibrations. These models can then be implemented at the design stage for
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new machines.
At first, the study of rotordynamics focused on simplified models. Rankine

used Newton’s second law in the rotating coordinate system and found out that
a rotating machine could not operate above the first critical speed [4]. Fortu-
nately, Jeffcott found out in 1919 [5] that it is possible to operate a machine
over-critically. This model, which supposes that the disk is situated in the
middle of the shaft, has been improved by Stodola [6] and Green [7] who con-
sidered the influence of the gyroscopic effect on a four degree of freedom
overhung rotor. Even though these models are simplified, they are still of use
to understand the fundamentals of rotordynamics when incorporating fluid or
electromechanical interactions in the system. In the 70’s, the use of Finite Ele-
ment Method allowed to create more complex systems with detailed geometry
of the rotors. Booker et al. [8] were amongst the first to use FEM in the area
of rotordynamics. The improvement of technology had the beneficial effect of
performing complex calculations in a reasonable time. However, even nowa-
days, scientists can choose to develop simple models to extract the fundamental
properties of specific phenomena, for instance oil-whip, self-excitation due to
cracks in rotors, nonlinear analysis of ball-bearings, analytical expressions for
the pressure distribution in the bearings just to list a few examples. The choice
of a full model or simplified one will be conditioned by the type of analysis
wanted, i.e. if the main idea is to analyse the vibration properties of a rotor for
a large design parameter space, or if the goal is to investigate a specific case of
a machine with real on-site conditions.

1.3 Research objective

Hydropower rotors embrace a combination of several fields since the system
is composed of bladed rotors, supported on several bearings, with a generator
and in contact with a water flow. When calculating the dynamical properties
of this type of system, equations are often linearised under many assumptions.
In reality, several nonlinear effects can affect the behaviour of a rotor, leading
to catastrophes if the machine is badly designed. As a result, each nonlinear
effect has to be studied independently to find out under which conditions the
system will be safe to operate. As many types of nonlinearities can be studied,
the thesis will be restricted to nonlinearities that have been applied or could be
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applied to hydropower rotors or vertical rotors in general. These restrictions
will allow to evaluate more accurately the following nonlinearities: rubbing
between cylinders, blade contact, Unbalance Magnetic Pull and bearing mod-
elling.

As non-linearities are the main topic, common methods, definitions and ref-
erences will be given through the thesis. The main results are described with
common nonlinear tools such as phase portraits, Poincare sections, bifurcation
diagrams, Lyapunov exponents or stability of the system. However, these tools
are efficient when analysing systems with a few degrees of freedom together
with usually one type of nonlinearity. But how can all these nonlinear effects
be included in one model and extract properly the results from this study? In-
deed, when increasing the number of nonlinearities, we increase at the same
time the number of parameters in the design space significantly. As nonlinear
systems have a strong dependency to any parameter, it becomes harder to visu-
alize the system dynamics in a proper way in the whole design space. Hence it
is of interest to reduce the dimension of parameter space, and assuming a cer-
tain value for other parameters as the change of behaviour can be known from
previous studies. It becomes even more important to make assumptions when
analysing several nonlinear effects using a Finite Element model. To check
if the models are well derived, it will be of primary importance to verify ex-
perimentally the behaviour obtained numerically. Because of the sensitivity of
systems to the different parameters, it is possible that the experimental results
differ from numerical expectations. In this case, the models derived will have
to be updated to take in account the new behaviour. As a result, the aim of this
thesis is to evaluate the design of hydropower turbines using simplified mod-
elling, since it permits to investigate the dynamics of a system in a faster way
and over larger parameter ranges. However, simplified modelling take in ac-
count several assumptions that might not be realistic when comparing with real
turbines. Hence, the results should be analysed carefully, meaning that there is
some limitation of the models. One of the main goal is to specify when a model
is appropriate to use for vertical machines, and to quantitatively explain when
a linear analysis will be sufficient to properly describe a hydropower turbine.
If not, the author will propose a method to perform nonlinear rotordynamics
analysis.
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1.4 Paper scopes

Scope of Paper A

Nonlinear vibrations of a misaligned bladed Jeffcott rotor: In the begin-
ning of the PhD studies, we found that a rotor with rigid blades and flexible
blades induce the same dynamics characteristics on the vibration of a rotor. As
a result, one can suppose that bladed rotors have a similar global behaviour
independently of the complexity of the contact model. The initial idea is thus
to verify if the dynamic specificities of a misaligned bladed rotor can be found
experimentally. A rig is designed to perform these experiments over a large
speed range. Due to the experimental risks, the speed range is lowered as much
as possible and the blades have a small thickness. It was found that typical
properties at 1/3 and 2/3 of the eigenfrequency can be observed as well as an
alternance of periodic and chaotic motions. However, differences between nu-
merical simulations and experiments occur in the second periodic range due
to the inaccuracy of parameters and/or by disregarding the unbalance forces.
These differences are even greater in the case of very thin blades.

Scope of Paper B

Dynamics of a misaligned Kaplan turbine with blade-to-stator contacts:
Even though the Jeffcott rotor is a good model to evaluate the properties of
simple systems, general results can differ when applied to real machines. The
goal of this article is to check if the inherent system properties are still observ-
able for a hydropower rotor with complex geometry and more blades. Similarly
to Paper A, the bifurcation diagram will give an insight of dynamical proper-
ties by comparing it to the 3-bladed model. Since a hydropower rotor is running
at fixed speed, it is also of interest to verify the properties at nominal speed to
identify the risk of damage. A parametric study is performed as function of un-
balance (which was not included in the previous models), damping or friction
since they cannot be quantified accurately during operation.
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Scope of Paper C

Evaluation of Campbell diagrams for vertical hydropower machines sup-
ported by Tilting Pad Journal Bearings: The main particularity of hydropower
turbines is that they are set vertically. Hence the calculations of bearings co-
efficients around a static equilibrium position is not possible anymore. This
paper aims to show that the calculation of the Campbell diagram as it is nor-
mally done for any rotor does not give appropriate results when comparing
with a simplified nonlinear modelling of the bearings. The methodology to
compare the linear and nonlinear case is explained for one unbalance case only
(corresponding to the unbalance grade G6.3), but can be evaluated for a wider
load range following the calculation description. It should be specified that
the Campbell diagram would be more relevant to display as function of the
unbalance load and not the rotating speed as it is normally done in horizontal
machines.

Scope of Paper D

Numerical evaluation of multilobe bearings using the spectral method: The
focus of this article is to use a faster method to perform calculations of verti-
cal bearings using the Spectral Method. Even though this method has been
widely used in fluid dynamics, it has rarely been used to calculate the pressure
distribution in the bearings. A comparison between Finite Difference Method,
Finite Element Method and the Spectral Method is performed in terms of con-
vergence and simulation time. The study is performed on multilobe bearings
which have a geometry similar to tilting pad journal bearing and similar proper-
ties for vertical machines due to variation of load-on-pad and load-between-pad
configurations. Some dynamic simulations are also performed for a rigid rotor
case. This method can be used if the assumptions of the simplified nonlinear
bearing from Paper C do not hold anymore.

Scope of Paper E

Influence of the tangential UMP force on the dynamics of a hydropower
generator with mixed eccentricities: The electromagnetic interaction between
the stator and the rotor is usually simulated as a negative stiffness in hydropower
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machines. However, this is true for a pure static or dynamic eccentricity, but it
does not hold when the rotor experiences a combination of static and dynamic
eccentricity. By using a model of rigid rotor supported by flexible bearings,
the influence of the radial and tangential UMP force is investigated as function
of different mixed-eccentricity combinations and different values of the design
parameters. The aim is to find when the tangential UMP force should be taken
into consideration, or if disregarding it will have an influence on the vibration
type, displacements and frequency content of the response.
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CHAPTER 2

Nonlinear dynamics of simple
systems

”Chaos was the law of nature; Order was the dream of man.” Henry Adams

2.1 Introduction

Studying nonlinearities in a real hydropower turbine or any machine in general
can be a tedious work. Since the understanding of one nonlinearity can un-
veil numerous types of motion, it is primordial to study the nonlinearity alone
before combining with an other type of nonlinearity. Secondly, the study of
a real system is laborious as the CPU time extends due to matrix operations
and the use of smaller time-steps. Moreover, the design parameters and results
in a commercial software are harder to control than for an in-house code. As
a result, development of simplified nonlinear models is of interest to reduce
simulation time and to try to understand in a better way the nonlinearity itself.
Hence this chapter will give a brief overview of methods to use to study simple
nonlinear systems.

2.2 Generalities on nonlinear systems

This section focuses on methods applicable to damped and non-autonomous
systems (or forced dissipative systems).

17



18 NONLINEAR DYNAMICS OF SIMPLE SYSTEMS

2.2.1 Nonlinear resonances

For a linear system with a forcing frequency ω , the response will always os-
cillate with a frequency ω as well. On the contrary, for a nonlinear system,
the frequency component of the vibration will not always be equal to the fre-
quency of the external force. Instead, different types of resonance can occur,
such as the subharmonic resonance, superharmonic resonance or combina-
tion resonance for multi-degrees of freedom systems. In the subharmonic res-
onance, the frequency output is equal to a fraction of the forcing frequency, i.e
ωn =±ω/m, while the output frequency is a multiple of the forcing frequency
for superharmonic resonance (ωn = ±mω). By knowing the frequency con-
tent of the response from ”numerical experiments”, analytical methods can be
used to investigate under which conditions these different types of vibrations
hold. In Fig. (2.1), various types of motions are observed when changing the
damping and forcing amplitude for a Duffing oscillator [9]. This well-known
example is often used to reveal that a large variety of dynamic motions can
occur in nonlinear simple systems. The Duffing oscillator is also a typical ex-
ample to demonstrate the presence of jump phenomena in nonlinear systems.

2.2.2 Non-dimensionalisation of the equations of motion

Even with a simplified model, the number of parameters that influence the type
of motion can still be too high. To reduce the dimension of the parameter space,
the equations of motion are non-dimensionalised. For instance, if we take the
equation of motion of the forced Duffing oscillator [10]

mẍ+ cẋ+ kx+αx3 = f0 sin(ωt) (2.1)

and by introducing the parameters ωn =
√

k/m, ω̂ = ω/ωn, ζ = c/(2mωn),
t̂ = ωnt, and since dt̂ = ωndt, the equation reduces to

x′′+2ζ x′+ x+
α

k
x3 =

f0

k
sin(ω̂ t̂) (2.2)

where the symbol ′ denotes differentiation with t̂. The new parameters h =√
k/α , x̂ = x/h and f̂ = f0/(kh) help to reduce the equation to its final form

x̂′′+2ζ x̂′+ x̂+ x̂3 = f̂ sin(ω̂ t̂) (2.3)
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Figure 2.1: Behaviour of the duffing oscillator as function of the amplitude of the forcing frequency
and damping. I, II, III,... denotes regions with periodic attractors, while m/n shows subharmonic or
ultra-subharmonic regions. Chaotic attractors appear in the hatched region. Adapted from Moon [9]

Using these transformations, the number of design parameters has been re-
duced from (m,c,k,α , f0,ω) to (ζ , f̂ ,ω̂). The design space has been divided by
2 in this case. In contact problems like the impact oscillator, further non-
dimensionalisation can be performed such as normalising the displacement
with the clearance (gap between the rotor and the casing) [11]. The non-
dimensionalisation process has been used in Paper A for blade rubbing and
Paper E concerning electromagnetic interaction, but it could also have been
used in Paper D when solving Reynolds equation.

2.2.3 Analytical and numerical solving

In nonlinear dynamics, the equations of motion are usually solved using a state-
space approach in the form
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q̇ = f(q, t) (2.4)

where q is the displacement and velocity vector [x ẋ]T . Writing the equation
in this form allows to theoretically study the stability of equilibrium points af-
ter linearization. Moreover, analytical methods such as the Harmonic Balance
Method, the Ritz averaging technique as well as perturbation and iteration
techniques [12] can be used. If no closed-form solution is available, a numer-
ical procedure can be used to solve the equation. The advantage of numerical
studies is to unveil phenomena that can not be found analytically. When written
in the state-space form, the equations are mostly solved using the Runge-Kutta
methods. Depending on the type of problem, a constant or adaptive time step
can be used. In the case of contact problems, a rule of thumb is to have a suffi-
cient number of points to represent the contact force. If the contact stiffness is
increased, the time-step has to be reduced.

2.3 Tools for nonlinear dynamics analysis

Several types of tools can be used to identify the type of motion in nonlinear
dynamical systems. A short description of selected numerical tools is available
in this section.

2.3.1 Poincare sections and bifurcation diagrams

The first tool to visualize nonlinear dynamics is to plot the trajectory in the state
space as shown in Fig. (2.2), commonly called the phase portrait. When sys-
tems have a dimension superior to 3 in the state space, the trajectory is projected
on a subspace to be able to visualize the system dynamics. Three main dynamic
types can be observed. The first one is a periodic motion, where the trajectory
closes on itself. The two other motion types are called quasi-periodic motions
and chaotic motions. As the distinction between the quasiperiodic and chaotic
motion can be difficult, a better tool called the Poincare section has to be used.
The Poincare map is defined for a harmonically forced system as follows:

Σ = {q|tk = k
2π +φ

ω
} (2.5)
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Figure 2.2: Phase plots of the bladed rotor at different speeds
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Figure 2.3: Phase plot and associated Poincare section (left side) and Fourier transform of the x-
displacement (right side)

where q is the state space vector, φ the phase and tk the discrete Poincaré
time-steps. It means that the state space values are recorded at fixed intervals,
or as commonly said, a stroboscopic picture of the state space is taken at a
period equal to the one of the forcing frequency.
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Figure 2.4: Example of bifurcation diagram for
the impact oscillator

The Poincaré map reduces the state
space dimension by 1 by creating a dis-
crete map. For a N-periodic system,
the Poincare map is represented with
N dots in the state space, while one
gets a closed ring for a quasi-periodic
motion. For chaotic motions, strange
shapes (called strange attractors) can
be obtained for the Poincare maps (see
example in Fig. (2.3)). To obtain the
behaviour of a system as function of
a specific parameter, the Poincare sec-
tions can be retrieved for this parameter
range and plot together to form a bifurcation diagram. When performing this
simulation, it is important to keep the final value of the state space vector for
one simulation and use it as an initial condition for the following simulation so
that the attractor is followed through the whole simulation. However, unlike the
Poincare maps, it is not obvious to see the difference between a quasi-periodic
and chaotic motion in the bifurcation diagram. As a result, it is recommended
to correlate the bifurcation diagram with the Lyapunov exponents that charac-
terize the motion of a system. Fig. (2.4) shows a typical bifurcation diagram
as function of the forcing frequency for an impact oscillator [13, 14].

2.3.2 The Lyapunov exponents

The Lyapunov exponents calculation is a tool that helps measuring the expo-
nential rates of convergence or divergence or nearby trajectories. It allows to
characterize the type of motion of the system, i.e. periodicity, quasi-periodicity
or chaotic motion. It is either possible to calculate the whole spectrum of eigen-
values as in Fig. (2.5) or only the Maximum Lyapunov Exponent.

Lyapunov spectrum: The Lyapunov spectrum λn allows to specify accurately
the type of motion. Table 2.1 resumes the general properties for dissipative
systems of N dimensions:

It is interesting to note that, because of t being a state-space variable in
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forced systems, the Lyapunov exponent associated with this variable is λ1 = 0,
which means there is no fixed point for forced systems. For smooth dynamical
systems, the calculation of the spectrum is done by integrating the variational
equation [15]

ẋ = f(x(t)) (2.6)

δ ẋ = F(t)δ (x(t)) (2.7)

where F(t) is the Jacobian matrix of f. When performing calculations, a
numerical problem occurs due to the divergence of the trajectory. As a result,
Gram-Schmidt Reorthonormalisation (GSR) is performed to keep the trajec-
tory bounded. This method can only be applied for smooth dynamical systems
as the calculation of the Jacobian matrix is explicit, which is not directly the
case for impact systems. However, a standard algorithm can be used to find the
whole Lyapunov spectrum without using the Jacobian matrix. It is based on
the evolution of a N-dimensional sphere into an ellipsoid having N principal
axes. The algorithm stands as follows [16]

1. Given an initial time t0, choose a perturbation ε and a threshold value
ε0 and calculate the initial value of the trajectory x(t0). Create a set of
orthonormal vectors ui(t0). Initialize the Lyapunov exponents to λi(t0) =
0

2. Go to time step t0 +∆t

3. Evolve the trajectory x(t) to obtain x(t0 +∆t)

4. For i = 1, . . . ,N, initialize the perturbed trajectory x̄i(t0) = x(t0)+ εui(t0)
and calculate the perturbed trajectory x̄i(t0 +∆t)

5. Calculate the difference between each perturbed trajectory and the refer-
ence trajectory wi(t0 +∆t) = x̄i(t0 +∆t)− x(t0 +∆t). Apply the Gram-
Schmidt Orthogonalization to this new base of vectors and obtain a new
base vi(t0 +∆t)

6. For i = 1, . . . ,N, calculate the i-th Lyapunov exponent as λi(t0 +∆t) =
1
∆t ln(‖vi(t0+∆t)‖

ε
). Normalise vi(t0 +∆t) and set the new orthonormal base

ui(t0 +∆t) = vi(t0 +∆t)/‖vi(t0 +∆t)‖
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7. Return to step 2 with t0← t0 +∆t until convergence of the Lyapunov ex-
ponent verified by |λi(t0 +∆t)−λi(t0)|< ε for all i

Type of motion Eigenvalues
fixed point ∀ i λi < 0

periodic motion λ1 = 0 λi < 0, i ∈ [2,N]
torus λ1 = λ2 = 0 λi < 0, i ∈ [3,N]

strange attractor λ1 > 0 or more

Table 2.1: Characterization of motion types as function of the Lyapunov exponents
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Figure 2.5: Lyapunov spectrum for the bladed Jef-
fcott rotor

For non-smooth dynamical sys-
tems such as systems with impacts or
dry friction, the calculation of the Lya-
punov becomes more tricky and in-
volves transition conditions at the in-
stant of discontinuities t = tk given
by an indicator function h(x(t−k )) = 0.
The transition condition is given by
x(t+k ) = g(x(t−k )) where the g function
has to be found. Instead of calculating
the spectrum from equations (2.6) and
(2.7), the following equations have to
be used:

t0 6 t < tk, δ ẋ = F1(t)δx (2.8)

F1(t) =
∂ f1(x)
∂xT

∣∣∣
x=x(t)

(2.9)

and

tk < t, δ ẋ = F2(t)δx, δx(tk) = δx+ (2.10)

F2(t) =
∂ f2(x)
∂xT

∣∣∣
x=x(t)

(2.11)
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More details for the transition functions are given in [15]. Although the
method is well detailed theoretically, it becomes harder to get the Jacobian of
the functions described as well as the time of discontinuities in highly nonlinear
systems. As a result, the estimation of the Lyapunov spectrum can become
impossible for complex systems.

Ω

K

Figure 2.6: Lyapunov exponent for the circle map as function of the coupling strength K and the driving
frequency Ω. This map shows the phenomena of mode-locking in the dark blue regions

Maximum Lyapunov exponent: As the periodic or chaotic behaviour of a sys-
tem is determined by only one of the exponent, it can be more interesting to
calculate only the Maximum Lyapunov Exponent (MLE) to gain computer
time in simulations without losing too much information about the type of mo-
tion. Fig. (2.6) displays an example of visualization of the MLE as function of
the driving frequency Ω and the coupling strength K for the well-know circle
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map [17]. This example shows that mode-locking regions can be found for
rational values of the driving frequency. As a result, this tool is useful to obtain
the global view of the system. However, even if the simulation is quite simple
for maps, it becomes tedious in the case of impact systems.

2.3.3 Fast Fourier Transform

The Fast Fourier Transform is a discrete Fourier transform algorithm that
converts a signal from the time domain to the frequency domain (and reversely).
It is used widely since it allows to evaluate the frequency content of a signal
easily, while giving significant information about the type of motion of the
systems depending of the different frequencies appearing in the spectrum. It
can help visualizing which type of resonance occurs between a subharmonic,
superharmonic and combination resonance, or to see if the motion is periodic,
quasiperiodic or chaotic in case the Maximum Lyapunov Exponent is not avail-
able. When several FFTs are gathered together in a 3-dimensional graph as
function of another parameter (usually rotating speed for rotating systems), a
waterfall diagram is obtained.



CHAPTER 3

Blade rubbing and contacts

”If you want to find the secrets of the universe, think in terms of energy,
frequency and vibration.” Nikola Tesla

3.1 Introduction

Contacts and rubbing in machinery belongs to the category of strong nonlin-
earities due to the intermittent change of stiffness when the rotor amplitude
exceeds either the clearance at the bearing position or the clearance of the tur-
bine casing at the runner position. Contact problems are usually synonym of
large vibrations associated with high impact forces, but it can also help to re-
duce vibrations when used in a proper way. In hydropower machines, it is not
uncommon to observe effects of blade rubbing in the turbine casing as observed
in Fig. (3.1). One of the main reasons is due to the small clearance between the
blade and the casing in order to increase efficiency. Typically, the clearance is
around 1/1000 of the runner diameter, i.e between 0.5 and 5 mm for a typical
Kaplan turbine. The behaviour of this type of systems is hard to guess since an
analytical work becomes tedious even for a few degrees of freedom systems.
As a result, this chapter will introduce simple modelling of blade rubbing in ro-
tating machinery and correlate the overall dynamics of the rotor with different
modelling types.

27
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Figure 3.1: Observation of rubbing marks between the blade and the casing of the Kaplan turbine in
Forsmo

3.2 Contact modelling

3.2.1 Cylinder to cylinder rubbing

A non-exhausting list of models can be used to describe the contact between
the rotor and the stationary parts. The choice of contact type will depend on
the focus of the study. Since our main focus is to evaluate the vibration of the
rotor induced by contacts over large parameter ranges, it is recommended to
use a model that reduces the number of control parameters. Fig. (3.2) shows
different types of modelling that can be used:

• The stator is a rigid massless ring attached to a spring (case (a)). This
stiffness is used as the contact stiffness in the penalty method.

• The stator is a flexible ring with mass attached to springs (case (b)). The
vibration of the stator has to be taken into account.

• The stator is fixed, and the contact is modelled with restoring velocities
(case (c)).

Example 1 - Contacts in the runner of a Kaplan turbine

Cylinder-to-cylinder rubbing is mainly used as a contact modelling between
the shaft and the bearing due to their geometry. However, a similar model can
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v+

(a) (b)

(c)

Figure 3.2: Simple modelling of contacts in rotating machinery. (a) massless ring (b) ring with mass (c)
impacting model against rigid casing. Adapted from Yamamoto and Ishida [11]

be used for hydropower machines when the angle of the Kaplan blades is close
to 0◦, making the contact similar to cylinder rubbing and equivalent to case (a)
in Fig. (3.2). The contact forces are described with the following equations
using the penalty method and Coulomb friction modelling


f c
x =−kc(1−

δ√
x2 + y2

)(x−µysgn(vc))

f c
y =−kc(1−

δ√
x2 + y2

)(y+µxsgn(vc))

(3.1)

where the contact velocity is
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vc =
xẏ− yẋ√

x2 + y2
+RΩ (3.2)
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Figure 3.3: Bifurcation diagram of the rubbing model used in [18]

The contact forces using this model have been evaluated as function of the
magnitude of the non-symmetrical flow around the turbine and damping in the
unit. The order of magnitude of the impact forces is always similar, and it
can lead to a risk of damage. A bifurcation diagram of this hydropower unit
is presented in Fig. (3.3) as function of the normalized speed. The numerical
simulation has been performed using Newmark integration. The similitude of
the motions can be compared with [18].

3.2.2 Blade rubbing

Similarly to cylindrical contacts, various choices of modelling can be used to
investigate the nonlinear vibrations induced by blade rubbing, depending on the
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model studied. Here are some examples of the modelling used from different
articles:

• The blades are rigid and rub against a rigid ring attached to springs. This
model can be used for hydropower turbines since the blades are very stiff
due to their dimensions and material properties. However, the complexity
of the blade geometry is not taken into account in the modelling.

• The blades are modelled as rigid beams attached to torsional springs at
the base of the shaft. It can be used to evaluate contacts in turbomachines,
but this model is restricted to bending vibration of the beam only.

• The blades are flexible and massless while the ring is rigid and fixed. This
model is used to evaluate the contacts experimentally, since rigid blades
would induce higher contact forces. As a result, the beam is considered as
a pure nonlinear stiffness model, and the assumption of Coulomb friction
helps to numerically integrate the force-displacements relation.

In all these models, the clearance is always assumed to be small so that the
contact forces geometrically point towards the center of the ring.

Example 2- Jeffcott rotor with rigid beams attached with torsional springs

The equations of motion of a Jeffcott rotor on which the beams with torsional
springs are attached, can be found by writing the kinetic and potential energy
of the system and applying the Lagrange equations. As a result, one can found
that the equations of motion for free vibration are written in the matrix form as:
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M+nm 0 −mLsin(θ1) −mLsin(θ2) · · · −mLsin(θn)
0 M+nm mLcos(θ1) mLcos(θ2) · · · mLcos(θn)

−mLsin(θ1) mLcos(θ1) mL2 0 0 0
−mLsin(θ2) mLcos(θ2) 0 mL2 0 0

...
... 0 0

. . . 0
−mLsin(θn) mLcos(θn) 0 0 0 mL2





ẍ
ÿ
φ̈1
φ̈2
...

φ̈n



−2mΩL



0 0 −cos(θ1) −cos(θ2) · · · −cos(θn)
0 0 −sin(θ1) −sin(θ2) · · · −sin(θn)
0 0 0 0 0 0
0 0 0 0 0 0

0 0 0 0
. . . 0

0 0 0 0 0 0





ẋ
ẏ
φ̇1
φ̇2
...

φ̇n



+mLΩ
2



0 0 sin(θ1) sin(θ2) · · · sin(θn)
0 0 −cos(θ1) −cos(θ2) · · · −cos(θn)
0 0 0 0 0 0
0 0 0 0 0 0

0 0 0 0
. . . 0

0 0 0 0 0 0





x
y
φ1
φ2
...

φn



+



c 0 0 0 · · · 0
0 c 0 0 · · · 0
0 0 L2cp 0 0 0
0 0 0 L2cp 0 0

0 0 0 0
. . . 0

0 0 0 0 0 L2cp





ẋ
ẏ
φ̇1
φ̇2
...

φ̇n



+



k 0 0 0 · · · 0
0 k 0 0 · · · 0
0 0 kp +mΩ2R 0 0 0
0 0 0 kp +mΩ2R 0 0

0 0 0 0
. . . 0

0 0 0 0 0 kp +mΩ2R





x
y
φ1
φ2
...

φn


=



0
0
0
0
...
0


(3.3)

When the length from the center of the rotor to the tip of the beam exceeds
the casing radius, external contact forces will be applied on the right side of
Eq. 3.3. By assuming that the magnitude of the contact force F is known, the
principle of virtual work gives:

δW = FT .δrk (3.4)

where

rk =

[
1
0

]
δx+

[
0
1

]
δy+

[
−Lsin(θk +φk)

Lcos(θk +φk)

]
δφk (3.5)
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(a) (b)

(c)

Figure 3.4: Simple modelling of blade rubbing. (a) massless ring (b) ring with mass (c) impacting model
against rigid casing

and

FT =

[
−F cos(θk)

−F sin(θk)

]
(3.6)

As as result, one have

δW =−F cos(θk)δx−F cos(θk)δy+FLsin(φk)δφk (3.7)

where the force F is defined by F = kc(‖rk‖− Rc) and can be found in
Paper B. Of course, for this system, the dimension of the design parameter
becomes larger since the vibration of the beam is taken into account, as well
as the number of degrees of freedom of the system. If the mass of the blade
is neglected and the torsional springs are assumed to have an infinite stiffness
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(kp→ ∞), the model becomes exactly the same as for pure rigid blades only.
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Figure 3.5: Bifurcation diagram of a rotor with torsional pendulums contacting the casing as function
of the rotating speed

3.3 Improved modelling

As mentioned previously, the models used in this thesis are simplified, and
numerous improvements can be done to enhance their quality. Here is a list
of suggestions to be included in the model depending on the accuracy needed
in the results. One can also refer to the following references [19–30] to add
improvements to the current models.

3.3.1 Friction

The dynamic coefficient of friction was assumed to be constant regardless of
the sliding velocity. It is not true in practice since several studies have indicated
that the dynamic friction is dependent on the sliding velocity as mentioned in
Wang and Shieh [31]. A better model would be to include a variable friction
value as function of the relative velocity between the blade and the casing.
For instance, the friction could be evaluated using the following equation as
proposed in the same article:
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µ = a+bexp(−dvc) (3.8)

where a, b and d are constant and vc represents the velocity of the tip of
the blade. The values of a, b and d would depend on the condition of friction
surface, and can be determined only by performing experiments. This formula
shows that the dynamic friction will decrease to an asymptotic value when the
blade velocity increases. As a result, the model of constant friction is relevant
when the rotating speed of the rotor is high enough, but it would not be accurate
for lower rotating speeds.

3.3.2 Beam vibration

In our model, the beam vibration has been disregarded in the nonlinear stiff-
ness model of the blade, both for convenience and because the study is focused
on the vibration of the rotor induced by multiple impacts. However, the beam
should vibrate after contacting the casing, especially in the flexible case. Sev-
eral choices are available depending on the wanted accuracy. As seen in Fig.
(3.4), a model of bladed pendulum attached to torsional springs is an inter-
esting choice since it can simulate the first mode of vibration by tuning the
torsional stiffness and mass in order to obtain the first bending frequency of the
blade. Another possibility would be to describe the beam using FEM taking
into account axial, chordwise and flapwise deformations. Details about obtain-
ing stiffness and mass matrices for rotating beams can be found in [32].

3.3.3 Casing dynamics

The vibration of the casing when contacts occur has been disregarded in all
models used in the articles. However, depending on the stiffness and the mass
of the casing, its vibration can be included in the model by adding two equa-
tions of motion in the system equation [33]. Even though these two equations
will describe the free vibration of the casing after impacts, there will be a cou-
pling since the contacts may occur at different positions due to the displace-
ments of the casing as function of the time. As a result, contacts that occur
in the case of a fixed ring might not happen due to its displacement and may
change the vibrational properties of the whole system. It could be interesting to
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include the dynamics of the casing in the future, but it should remembered that
the design space of the system will increase, making the numerical simulations
more complicated.

Figure 3.6: Representation of the Maximum Lyapunov Exponent as function of the rotational speed and
stiffness ratio. The black region shows chaotic motion, the white region represents periodic motion

3.4 Additional test results

It was observed that the general behaviour of the system is always present as
long as the contact stiffness is large compared with the shaft stiffness (in the
case of rigid bearings). Fig. (3.6) represents the behaviour of a 2-Dof system
using the same contact model as in Paper B. It can be observed that the gen-
eral motion is similar for a high contact stiffness by calculating the Maximum
Lyapunov Exponent. Indeed, when the stiffness ratio kshaft/kc → ∞, chaotic
regions tend to appear at 1/9, 2/9, 1/6, 1/3 and 2/3 of the natural frequency.

When performing experiments with the blade rubbing, it was also observed
that a loss of material occurred when performing the bifurcation diagram. As
a result, the blade length can be modified when running the experimental dia-
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Figure 3.7: Bifurcation diagrams of the 3 blades rotor with one blade having a different length than the
two others

gram. Hence it changes the properties of the system and can affect the results.
Moreover, the manual setting of the blades can also introduce some length dif-
ference between each other. In this example, only one blade length has been
modified to investigate the change of global behaviour. The case number 1
to 5 corresponds to the lengths 0 (no blade), 0.035, 0.037, 0.039 and 0.041
(longer blade) respectively. The bifurcation diagrams on Fig. (3.7) show that
the global behaviour is similar for the longer blade with the same regions found
in Paper A. Even though the chaotic region 4 is always visible independently
of the length, the first chaotic region 2 already starts to disappear for a slightly
shorter blade. If the rotor experiences a blade loss when running in region 2 ,
the motion will change from a chaotic motion to a periodic motion.
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CHAPTER 4

Bearing modelling for vertical
machines

”If you can not measure it, you can not improve it.” Sir William Thomson

4.1 Introduction

Bearings constitute an important part of a rotordynamic modelling. They rely
on the speed of the shaft and external loading conditions to pressurize the fluid
and support the shaft. It is important to properly design the bearing so that
the loads are not too high and the damping of the system is not too low when
approaching the natural frequencies of the system. However, there is a partic-
ularity for hydropower turbines: since they are set vertically, there is no static
load acting on the bearing which does not allow to calculate the stiffness and
damping coefficients around a static equilibrium position as it is normally done
for horizontal machines. This chapter focuses on the numerical methods used
to simulate vertical machines, either by simulating the Reynolds equation at
each time-step, or by using a simplified modelling that takes into account the
change of dynamic loading during operation.

4.2 Full bearing model

4.2.1 Bearing overview

39
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Figure 4.1: Tilting-pad journal bearing used in
Älvkarleby test rig with 4 pads

Most of the bearings used in verti-
cal machines are bearings composed
of segments such as multilobe bear-
ings or tilting-pad journal bearings
(TPJB). A tilting-pad bearing can be
seen as a general case of multilobe
bearing where segments can rotate
around a pivot point as seen in Fig.
(4.1). Due to this rotation, the pads
of the bearing follow the motion of the
shaft and decrease the cross-coupling
forces that are present in a fixed lobe
geometry. For this type of bearings, the
control of static and dynamic charateristics can be done by modifying the pivot
offset, the bearing preload, and the external loading condition as the load can
be directed on a pad (referred as LOP) or between the pad (LBP). However,
for vertical machines, the load condition will change alternatively from LOP to
LBP due to the pure unbalance load to which is subjected the turbine.

4.2.2 Reynold’s equation

To include the fluid forces from the bearings, the Reynolds equation 4.2 is
derived from the Navier-Stokes equation 4.1 and solved either analytically or
numerically depending on the model complexity

ρ

[
∂ v̄
∂ t

+( ¯̄
∇v̄) · v̄

]
= ρ ḡ− ∇̄p+µ∆̄v̄ (4.1)

The assumptions to obtain the Reynolds equation (used in full-film lubri-
cation) are summarized as followed [34]

• the fluid is Newtonian

• the inertia and body forces can be neglected (viscous forces dominate
them)

• the pressure gradient across the film thickness can be neglected

• the flow is laminar
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• the curvature effects are neglected

• there is no slip between the fluid and the solid surface

After using these assumptions, the Reynolds equation for a bearing is given
by

∂

∂x

(
h3 ∂ p

∂x

)
+

∂

∂ z

(
h3 ∂ p

∂ z

)
= 6µ(RΩ)

∂h
∂x︸ ︷︷ ︸

sliding velocity term

+ 12µ
∂h
∂ t︸ ︷︷ ︸

squeeze-film term

(4.2)

with x = RΘ and h = h(Θ) if there is no misaligment in the axial direction.
The boundary conditions for the pressure are the periodicity in the circumferen-
tial direction p(Θ,z, t)= p(Θ+2π,z, t) and the pressure equals the atmospheric
pressure at axial ends p(Θ,−L/2, t) = p(Θ,L/2, t) = Pa. Moreover, the pres-
sure in the domain must be greater than the cavitation pressure. In practice, this
pressure is taken equal to the ambient pressure Pa. The forces applied to the
rotor are then integrated numerically from the pressure distribution using the
Simpson integration or analytically using approximations about long or short
bearing theory when possible[

Fx
Fy

]
=
∫ L/2

−L/2

∫ 2π

0
p(Θ,z, t)

[
cos(Θ)

sin(Θ)

]
RdΘdz (4.3)

4.2.3 Numerical methods

The choice of using an approximate numerical method is always of interest to
perform faster simulations together with a reasonable accuracy. The choice of
one method or the other will depend of the purpose of the study. The Finite
Difference Method (FDM) has been used widely to solve the bearing pres-
sure distribution due to its simplicity. However, it requires a long simulation
time due to the iteration process involved to achieve an accurate pressure dis-
tribution. Paper D discusses under which conditions the Finite Difference
Method, the Finite Element Method (FEM) or the Pseudo-Spectral Method
(PSM) is more appropriate. To summarize this paper, FDM will be used for
small eccentricities, PSM for any eccentricity for a simple geometry and FEM
for a complex bearing geometry.
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Figure 4.2: Example of 3D pressure distribution of a three-lobe bearing with Gumbel’s boundary con-
dition. The pressure distribution is then numerically integrated to obtain the bearing forces in the x and
y directions

In rotordynamics, it is sometimes preferred to use the rotordynamic coeffi-
cients of the bearings since it allows to calculate the dynamic properties of the
rotor in terms of frequencies and damping ratios. When the rotor rotates with a
small motion around a static equilibrium position, the linearized dynamic coef-
ficient of the bearings can be derived instead of applying the bearing forces as
external forces during the dynamic simulation. In order to find these linearized
coefficients, a perturbation in displacements and velocities should be applied
to the static position, and the pressure should be integrated once again to ob-
tained the perturbed force1. As a result, the stiffness and damping coefficients
are given by:



−kxx =
∂Fx

∂x
' ∆Fx

∆x
=

Fx(x+∆x,y,0,0)−Fx(x,y,0,0)
∆x

−kyx =
∂Fy

∂x
'

∆Fy

∆x
=

Fy(x+∆x,y,0,0)−Fy(x,y,0,0)
∆x

−kxy =
∂Fx

∂y
' ∆Fx

∆y
=

Fx(x,y+∆y,0,0)−Fx(x,y,0,0)
∆y

−kyy =
∂Fy

∂y
'

∆Fy

∆y
=

Fx(x,y+∆y,0,0)−Fy(x,y,0,0)
∆y

(4.4)

1Alternatively, a perturbation procedure on the film-thickness can be used to derived the dynamic coefficients
[35].
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−cxx =
∂Fx

∂x
' ∆Fx

∆x
=

Fx(x,y,∆ẋ,0)−Fx(x,y,0,0)
∆ẋ

−cyx =
∂Fy

∂x
'

∆Fy

∆x
=

Fy(x,y,∆ẋ,0)−Fy(x,y,0,0)
∆ẋ

−cxy =
∂Fx

∂y
' ∆Fx

∆y
=

Fx(x,y,0,∆ẏ)−Fx(x,y,0,0)
∆ẏ

−cyy =
∂Fy

∂y
'

∆Fy

∆y
=

Fx(x,y,0,∆ẏ)−Fy(x,y,0,0)
∆ẏ

(4.5)

where ∆x, ∆y, ∆ẋ and ∆ẏ are small perturbations in displacement and veloc-
ities in the x and y direction. These 8 coefficients can then be used to model
the bearings and connect them to the rotor shaft in the numerical simulation. It
should be emphasized that the coefficients should be used for small amplitudes
of the rotor orbit. In case of large amplitudes, the dynamic calculation is done
by applying the bearing forces as external forces, while the linear model would
not be valid anymore.
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Figure 4.3: Example of variation of stiffness in the principal direction as function of the load angle for
a 4-pad multilobe bearing with an eccentricity of 50 %
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4.3 Simplified bearing

4.3.1 Model description

Instead of using the full Reynolds equation at each time-step, it can be advan-
tageous to use a simplified model that takes into account the variation of load
between the pads and on the pads. The simplified model supposes that the stiff-
ness and damping coefficients have a sinusoidal variation between the load on
pad and load between pad for a fixed eccentricity as it is explained in Eq. (1)
and (2) in Paper C. This property can be observed on Fig. (4.3) as well. If
the eccentricity varies, the stiffness and damping coefficients are preliminar-
ily fitted with polynomial functions as function of the eccentricity, meaning
that the user should have a commercial code or in-house code that allows to
calculate the linearised coefficients beforehand. Since the bearing coefficients
are calculated in a coordinate system following the load direction, a coordinate
transformation should be performed at each time-step. The advantage of this
modelling is to perform faster simulations, which is more relevant for tilting-
pad bearings as one avoids to take in account the movement of the pads during
the dynamic simulation. One of the important assumption in the modelling is
the use of the linearised coefficients at each-time step, meaning that the system
is considered quasi-static since the dynamic position is considered as a static
equilibrium position. This way of proceeding can only be valid for low speed
machines, but it would not be relevant to use for high speed rotating machines.
Another drawback to this model is the need to perform a new calculation of
linearized coefficients each time a design parameter is changed in the bearing.
It is not practical since all the fitting coefficients for polynomial functions have
to be modified before performing a new simulation. As a result, it can be ad-
vantageous to sometimes solve the full Reynolds equation when evaluating the
dynamical properties for different viscosities or bearing clearance values. But
when the geometry of the bearing is already defined and fixed, the simplified
modelling becomes more relevant.

4.3.2 Experimental verification

Since several assumptions have been used in the simplified modelling, experi-
ments on a rotor supported by tilting-pad journal bearings shown in Fig. (4.5)
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Figure 4.4: Simulations of the rigid rotor supported by tilting pad journal bearings. On the left: orbit
at the top bearing position. On the right: bearing forces at the top bearing. The black curve represents
the numerical simulation, the grey curve corresponds to the experimental results

have been performed at Vattenfall Research AB in Alvkarleby to confirm the
numerical investigation. The rotor is considered rigid and supported by 4-pads
bearings at each end, while the rotor is supported axially thanks to a stinger
attached at the top part of the machine. Displacement gages are set at the bot-
tom and top bearing positions (4 gages for each bearing, displaced 90 degrees
from each other), while strain gages are set on the bearing brackets in order to
indirectly measure the bearing forces at both ends. The rotor is also surrounded
by a steel structure and fixed plexi-glass armatures for security reasons when in
operation. The tests showed a good correlation between numerical simulations
and experimental results in terms of orbits plots and bearing forces for differ-
ent speeds. Fig. (4.4) shows a comparison between the simplified numerical
model and experimental rig for a rotating speed of 2900 RPM. More details
about these experiments can be found in [36] and [37].

4.3.3 Numerical improvement

In Paper D, Reynolds equation has been solved using a multilobe bearing.
Even though the geometry is similar to a TPJB, some differences occur in the
treatment of the numerical analysis due to the movement of the pads. As seen
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Figure 4.5: Alvkarleby test rig used to verify the simplified nonlinear model for tilting pad journal bear-
ings. The displacements are measured at the bearing positions, while the bearing forces are calculated
by means of strain gages on the bearing bracket

in Fig. (4.6), the dynamics of the pad can be included by adding the radial and
tangential flexibility of the pivot point as well as the inertia of the pad. Hence
there is three degrees of freedom to determine the position of the pad. As a
result, the fluid film thickness will depend on the position of the pads and is
given by
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h(k) =Cp + xcos(θ)+ ysin(θ)

+(ξ (k)− (Cp−Cb))cos(θ −Θp)+(η(k)−Rγ
(k))sin(θ −Θp) (4.6)

ξ

η

γ
Pad

Pivot

Figure 4.6: Geometry of a tilting pad with flexible
pivot point

meaning that the position of the pad
has to be calculated at each dynami-
cal time-step, adding 3 DOFs by pad
(for this specific model). The dynamic
equation of the pad can be found by
writing its kinetic energy

Tpad =
1
2

IGγ̇
2 +

1
2

mp(v2
ξ
+ v2

η) (4.7)

with IG is the pad inertia, and vξ and
vη are the velocity components of the
pad in the radial and transverse direc-
tions respectively. The stiffness coeffi-
cients of the pivot point will depend on
its geometry and type, i.e. if it is a spherical pivot, rocker pivot or flexural
web pivot point. The derivation of the mass matrix coefficients and stiffness
coefficients can be found in [38, 39]. The equations of motion of one pad are
written as follows:

[
M(k)

pad

] γ̈(k)

ξ̈ (k)

η̈(k)

=−
[
K(k)

pivot

]γ(k)

ξ (k)

η(k)



+

M (k)(x,y, ẋ, ẏ,γ(1),ξ (1),η(1), ...,γ(n),ξ (n),η(n))

f (k)
ξ

(x,y, ẋ, ẏ,γ(1),ξ (1),η(1), ...,γ(n),ξ (n),η(n))

f (k)η (x,y, ẋ, ẏ,γ(1),ξ (1),η(1), ...,γ(n),ξ (n),η(n))

 (4.8)

where M(k)
pad is the mass matrix of the k-th pad, K(k)

pivot the pivot stiffness

matrix of the k-th pad, f (k)
ξ

and f (k)η are the fluid film forces acting on the pad,
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and M is the fluid induced moment on the pad. To perform the numerical
simulation of a rigid rotor supported by tilting-pad journal, Eq. 4.8 should be
coupled with the rotor motion as it is done in Paper D, i.e.

mẍ = meΩ
2 cos(Ωt)+Fx(x,y, ẋ, ẏ,γ(1),ξ (1),η(1), ...,γ(n),ξ (n),η(n))

mÿ = meΩ
2 sin(Ωt)+Fy(x,y, ẋ, ẏ,γ(1),ξ (1),η(1), ...,γ(n),ξ (n),η(n))

(4.9)

To summarize, the process to solve the rotor-dynamical equations will be
similar to the multilobe bearings, excepted that the pad movements have to be
taken into account in each time-step, so that the simulation time will be com-
putationally more expensive. Any numerical method can be used as explained
in Paper D. The choice of FDM, FEM or PSM will still mainly depend on the
eccentricity magnitude, the number of pads in the system and other geometri-
cal details of the bearing. More advanced model including the flexibility of the
pad or variation of temperature in the bearing can be used for greater accuracy
of the physical modelling. For more information about multilobe bearings and
tilting-pad bearing description applications to vertical rotors, one can refer to
the following references [40–45].



CHAPTER 5

Generator-Stator interaction

”We will make electricity so cheap that only the rich will burn candles.”
Thomas Edison

5.1 Introduction

In hydropower machines, there is an interaction between the rotor and the stator
due to electromagnetic interactions at the generator. These electromagnetic
forces are created since it exists an asymmetry in the air-gap. Since these forces
also have a destabilizing effect, it is important to take them into account in the
rotordynamical simulations to ensure that the machine is safe to operate. This
chapter will give an introduction to the simple modelling that can be used to
include this electromagnetic interaction in hydropower turbines. As for the
blade rubbing and the nonlinear bearings, the model which should be chosen in
the next pages will mainly depend on the type of analysis or accuracy needed.

5.2 Generator description

An overview of a hydropower generator is displayed in Fig. (5.3). In large syn-
chronous machines, it is the field winding which will create the magnetic flux
that will allow the generation of the generator voltage. Each of the salient pole
has its own field winding which is bolted on the rotor. Around every second
pole, the field winding has a reverse direction so that the flux alternate between
positive and negative (alternatively north and south). In order to produce a sta-
tionary field, the rotor field winding has to be powered by a DC current created

49
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by the exciter placed above the generator. If these are switched off, the turbine
will be able to spin without generating any electricity.

Stator

Pole shoe Damper bar

Air gap

Field winding

Rotor

Figure 5.1: Overview of a 6 pole generator, with the positioning of the damper bars, field windings and
pole shoes. Adapted from [46]

Embedded in the head of the salient poles, there is an additional winding
made of copper bars which are called damper winding. These windings help
to damp out the oscillations of the rotor around synchronous speed, being the
reason to be named damper or amortisseurs windings.

5.3 Unbalance Magnetic Pull

This section will describe shortly the different types of simplified models which
can be used to simulate the Unbalance Magnetic Pull in the generator. The
reader can check the cited references for more details about these methods.
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5.3.1 Linear stiffness model
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Figure 5.2: Linear versus nonlinear force de-
scription of the Unbalance Magnetic Pull

When it comes to simulate the effect
of Unbalance Magnetic Pull, it is com-
monly integrated in the structural part
of the rotor as a negative stiffness. This
property comes from the integration of
the magnetic flux density B to obtain
the forces that should be applied to the
rotor following the description of [47].
For an ideal circular generator and a
displacement of the rotor in the x direc-
tion only (y=0), the following integral
can be solved analytically to give

fump =
Lu0δ 2

0 B2
0

2µ0

∫ 2π

0

cos(θ)
δ0− xcos(θ)

dθ = km
x

(1− (x/δ0)2)3/2 (5.1)

A similar expression can be found by integrating the Maxwell stress as
shown in [48], where the force is function of the stator linear current density Ss
and the number of pairs of poles p as follows

fump =
µ0

2
S2

s
p2

R3Lπ

δ 2
0

e
(1− e2)3/2 (5.2)

where e is the normalized eccentricity. By plotting the nonlinear force as
function of the eccentricity in Fig. (5.2), one can observe that the linear mod-
elling as a negative stiffness is valid until an eccentricity of 20 %, and still
reasonable until 25 %. As a result, the simplification of linear stiffness is ap-
propriate for low eccentricities.

5.3.2 Air-gap/Permeance model

In simple models, the air gap flux density B is usually described as a function
of the Magneto-Motive force (MMF) caused by the field windings and the
permeance Λ of the generator (inverse of the air-gap). In a machine with
numerous poles, the size and direction of UMP is mainly determined by the



52 GENERATOR-STATOR INTERACTION

air-gap length, so that the MMF is considered constant. In a machine with
static eccentricity, the radial and tangential magnetic stresses are given by


σn =

B2
n(θ)−B2

t (θ)

2µ0

σt =
Bn(θ)Bt(θ)

µ0

(5.3)

where the subscripts n and t correspond to the normal and tangential compo-
nents respectively. It is also assumed that the tangential flux is relatively small
compared with the radial one, so that

σn =
B2

n(θ)

2µ0
(5.4)

The normal flux Bn can also be written as the product between the air-gap
permeance and the MMF, i.e.

Bn(θ) = ΛM f =
µ0

δ0

M f

1− ε cos(θ)
(5.5)

By inserting this expression in Eq. 5.4, we obtain:

σn =
µ0M2

f

2δ 2
0

1
(1− ε cos(θ))2 (5.6)

Finally, the stress can be integrated over the rotor area to obtain the UMP
forces that will be applied to the rotor


Fx =

∫ 2π

0
σRLcos(θ)dθ

Fy =
∫ 2π

0
σRLsin(θ)dθ

(5.7)

where R is the radius of the rotor and L is the length of the rotor. If the
function M f and the eccentricity are known, the UMP for a generator can be
calculated following these equations. In general, the fundamental magnetomo-
tive force is expressed using [49]



5.3. UNBALANCE MAGNETIC PULL 53

M f = Fc cos(ϖt− pθ) (5.8)

where p is the number of pair of poles, ϖ the supply angular frequency
(ϖ = 2π50 rad/s) and Fc is the amplitude of MMF.

5.3.3 Fourier expansion method
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e

δ(θ,α)

α

Figure 5.3: Geometrical description of the air-gap with rotor
eccentricity e

In the case of a rotor sub-
jected to pure dynamic eccen-
tricity, it is possible to evalu-
ate the electromagnetic forces
analytically. In this configu-
ration, the air-gap can be ap-
proximated as:

δ (θ , t) = δ0− ecos(θ −α)

(5.9)
where δ0 is the average

air-gap length, e the eccen-
tricity of the rotor, α the ec-
centricity angle, and θ the po-
sition. This air-gap function
can be found in a similar way
as it is done for the oil-film
thickness in a plain bearing.

The air-gap permeance can then be expanded using Fourier series in the fol-
lowing manner:

Λ(θ) =
µ0

δ (θ)
=

µ0

δ0− ecos(θ −α)
=

∞

∑
k=0

Λk cos(k(θ −α)) (5.10)

where the Fourier coefficients are given by
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Λ0 =

µ0

δ0

1√
1− ε2

Λk = 2
µ0

δ0

1√
1− ε2

(1−
√

1− ε2

ε

)k
(5.11)

For hydropower generator, the number of pair of poles is usually large,
meaning that for p > 3 and under no-load condition, the UMP forces can be
expressed as[

Fx,UMP
Fy,UMP

]
=

πRLk2
j I

2
j

4µ0
(2Λ0Λ1 +Λ1Λ2 +Λ2Λ3)

[
cosα

sinα

]
(5.12)

where R is the rotor radius, L the rotor length, µ0 the air permeance, I j the
excitation current and k j the coefficient of fundamental magnetomotive force.
More details about the calculation of UMP forces using this method can be
found in the references [50–52].

5.4 Mixed eccentricities

5.4.1 Description

The concept of eccentricity is fundamental to calculate the UMP for electrical
machines. Three different cases of eccentricities are usually described. The
first case is the static eccentricity depicted in Fig. (5.4a), where the rotor is
displaced from the geometric center of the stator by a distance xs. This eccen-
tricity type is encountered when the rotor shaft is misaligned with regard to the
bearings supporting the generator or to assembly errors. The second eccentric-
ity type is the dynamic eccentricity as seen in Fig. (5.4b). In rotating machines,
the rotor wobbles around a static position due to unbalance forces. This results
in the creation of an orbit in x and y which does not have to be circular. The last
type of eccentricity is the mixed eccentricity case in Fig. (5.4c). As its name
reveals, it is a combination of static eccentricity together with dynamic eccen-
tricity. Due to the size of hydropower rotors, both eccentricities will appear
since assembly errors will always present as well as residual unbalance.
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5.4.2 Examples of mixed models
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(c)
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Figure 5.4: Geometrical description of the different of eccen-
tricities. (a) static eccentricity (b) dynamic eccentricity (c)
mixed eccentricity

The previous models do not
take into account the combi-
nation of static and dynamic
eccentricity described in Pa-
per E. Instead, the air-gap
length can be described sim-
ilarly as Eq. 5.9 by adding
the orbit of the rotor as sug-
gested in [53]. The calcu-
lation can thus be performed
numerically using section 5.3.
However, this model assumes
that the rotor has a circular or-
bit, which is sometimes not
the case when the rotor is sup-
ported by journal bearings.
As a result, the air-gap length
can be updated by taking into
account the position of the ro-
tor as explained in [54, 55],
i.e.

δ (θ , t) = δ0− ecos(α)−ρd cos(θ −α) (5.13)

where e is the static eccentricity and ρd the dynamic eccentricity. The air-
gap permeance model that takes into account the vibration of the rotor is thus
appropriate to evaluate the various dynamic behaviour of the rotor under dif-
ferent values of mixed eccentricity ratios. The main drawbacks are that the
geometry is simplified, and that only the radial Unbalance Magnetic Pull force
is included in the model.

5.4.3 Whirling dependency model

To take in account the effect of the tangential UMP, a model based on fitting
functions of the forces as function of the whirling frequency has been devel-
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oped first on a Jeffcott rotor in [56], and comparisons have also been made for
a few cases of static-to-dynamic eccentricities between the simplified model
and a full FEM model in [57]. As a result, this model has been used in Paper
E to investigate the influence of tangential UMP on the vibration of the rotor
due to its simplicity. However, it still need FEM calculations of the generator
UMP forces beforehand to perform the dynamic simulations, but it is easy of
use once these curves are obtained.



CHAPTER 6

Applications to real turbines

”Everything should be made as simple as possible, but not simpler. ” Albert
Einstein

6.1 Introduction

In all previous chapters, the different modelling types have been tested on Jeff-
cott or midspan rotors to evaluate the dynamics induced by nonlinearities over
a larger parameter range, but the structural model does not reflects the real-
ity. Instead, the hydropower turbine is a more complicated machine that takes
into account the nonlinearity in the bearings, the electromagnetic interaction,
the fluid force interaction or even contact problems all at the same time. As a
result, the way to study this type of machine should be different from the one
proposed with the Jeffcott rotor due to the increase of degrees of freedom in
the system as well as the combination of all external forces. This chapter will
describe how rotordynamic calculations can be performed for an entire ma-
chine and investigate how the dynamics of such a complicated machine can be
performed in a practical way. A summary of the different types of rotordynam-
ical simulations that can be done will be explained, with the hypotheses and
limitations induced by the models used in the previous chapters.
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6.2 Numerical description

In rotordynamics, a rotor model is usually composed from 10 to 1000 nodes.
The shaft elements are described with beam elements due to symmetry. At
each node, the degrees of freedom associated are x, y, θx and θy. The equation
of motion for a rotor system when running at constant speed ϕ̇ = Ω is given by

Mẍ+(C+ΩG)ẋ+Kx = Funb+Fnl (6.1)
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Figure 6.1: Overview of the finite element mod-
elling of a rotordynamical simulation for a Ka-
plan turbine. Courtesy of Samuel Cupillard (Hy-
droQuebec)

where M is the mass matrix, C the
damping matrix, K the stiffness matrix
and G the gyroscopic matrix. Funb rep-
resents the unbalance forces, while Fnl

includes all the nonlinear forces such as
electromagnetic forces, contact forces
and nonlinear bearing forces. If the
bearing coefficients are linearized, they
will be included in the damping and
stiffness matrices. The equation of mo-
tion can be solved numerically after the
assembly process.

6.2.1 Reduction models

To perform faster simulations, the
number of degrees of freedom is re-
duced by using a reduction method.
The most common methods are the

Guyan reduction, the Dynamic reduction, the Improved Reduction System
(possible with iteration) and the System Equivalent Reduction Expansion
Process. In our case, we use the Improved Reduction System (IRS) method.
We will usually keep the nodes corresponding to the bearing positions and the
positions of external forces as master nodes, while the rest is considered as
slave nodes. The important feature − before performing nonlinear simulation
− is to verify that the properties of the system in terms of damped natural fre-
quencies and damping ratios of the lower modes are still realistic. Fig. 3 in Pa-
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per B shows the Campbell diagram for both the full model and reduced model
for Porjus U9. A good agreement between the damped natural frequencies and
damping ratios can be observed.

6.2.2 Numerical schemes and specificities

To solve numerically the equations of motion, different types of numerical
schemes can be used depending on the type of problem, more specifically the
number of degree of freedom, the type of nonlinearity, the effective time and
the computation time. In contact problems within nonlinear-rotordynamics, a
compromise has to be found. To ensure that the transient part vanishes to obtain
only the steady state solution, the simulation time has to be long enough (typ-
ically more than 100 to 1000 periods depending on the damping properties).
The numerical scheme has to be stable without having a too small time-step.
For simple systems with 2 to 10 degrees of freedom, the Cental Difference
Method (CDM) and 4th-order Runge Kutta method (RK4) can be an advan-
tage as time steps do not need to be too small since the highest frequency is low.
This type of algorithm is suitable for long time simulation due to conservation
properties. Even though Runge-Kutta is computationally more expensive, it
can be more effective as the time-step can be adjusted during the impact and
increased during ”free flight”. The Newmark method is unconditionally sta-
ble, but only for linear dynamics. When the external force function is nonlinear,
the Newton-Raphson method might be used to solve the equation of motion.
If the Newmark method is very suitable for FEM, it can start to show instabil-
ity when used for long simulations due to error accumulation. The choice of
the numerical scheme is only done after some tests have been performed and a
comparison is always checked to verify the veracity of the results.

6.2.3 Simulation types

The different simulation types will depend on the results wanted by the user, for
instance the frequencies of the system or the full simulation of a start-up of a
machine. To calculate the vibrational properties of the system, a simple Eigen-
value Analysis is performed to obtained the eigenfrequencies and damping
ratios of the machine. This analysis can be done when the mass, stiffness and
damping matrices are constant. If the structural matrices are time-dependent,
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an eigenvalue analysis is not possible anymore and other practical methods
should be used to find resonance frequencies1. To investigate the response of
the system, steady-state simulation can be performed for different forcing fre-
quencies and maximum displacement or acceleration are plotted as function of
the forcing frequencies to obtain a response curve similar to a transfer func-
tion. Alternatively, this curve can be found using a sweep-sine simulation as
performed in Paper C. It has the advantage of performing a fast simulation
when compared with solving the steady-state response for numerous frequen-
cies, but the rate of the sweep-sine may change the response curve. Moreover,
it may not be perfectly appropriate for rotating systems since the backward and
forward frequencies are close to each other. However, the two cases should
have similar maximum displacement curves as long as the sweeping rate of the
frequency range is low. The transient simulation is another type of evalua-
tion which is important to perform for rotordynamical analyses. It concerns the
start-up and shut-downs of a machine and take into account the acceleration of
the rotor so that ϕ̈ = λ where λ is a constant. In comparison with Eq. 6.1,
some extra terms appear in Eq. 6.2 for the unbalance forces as well as in the
stiffness matrix where the term ϕ̈G should be added

Mẍ+(C+ ϕ̇G)ẋ+(K+ ϕ̈G)x = ϕ̇
2R1(ϕ)

+ ϕ̈R2(ϕ)+R3(x, ẋ,ϕ, ϕ̇, ϕ̈, t) (6.2)

If ϕ̈ = 0, meaning that the rotor is running at constant speed, we return to
the case of Eq. 6.1.

6.3 Modelling of forces/structural elements

6.3.1 Unbalance forces

In rotating machines, the unbalance forces are always present as long as the
center of mass does not coincide with the geometric center of the rotor. In
practice, these force always exist since the rotor cannot be perfectly balanced.

1The term eigenfrequencies is only used for linear systems, while the term resonance frequencies is more
appropriate for nonlinear systems
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For vertical machines, the unbalance loads are even more important as their
magnitude will influence the bearing coefficients in comparison to horizontal
machines. Indeed, in horizontal rotors, the static load due to gravity is usually
greater than the unbalance load so that the bearing are constant since they are
calculated around a static equilibrium position. As the rotating speed is usually
known for hydropower machines (it depends on the supply frequency and the
number of poles of the generator), it would be more appropriate to evaluate the
Campbell diagram or eigen-frequencies of the system as function of the mag-
nitude of the unbalance load instead of the speed as it is normally done. There
is several ways to include an appropriate value of unbalance forces. The first
choice is to perform on-site balancing experiments to find the residual unbal-
ance and position where to apply it. This has the advantage of having the real
on-site value of unbalance force which can be used in further calculations. The
second choice is to follow the guidelines from the ISO regulations which spec-
ify the unbalance grade for different types of machines. In Sweden, the unbal-
ance grade is G6.3 as specified in Paper C, which corresponds to the maximum
allowable load for a hydropower turbine. Unfortunately, the position at which
the unbalance load should be applied is not specified and should be assessed by
the user. It is common to set them at the generator and runner positions (Paper
B and Paper C) as they are the largest moving parts of the machine in oper-
ation, but the phase of the each of the unbalance load has to be picked by the
user as well. One of the main reason the Campbell diagram should be function
of the unbalance load is the fact that they condition the dynamic behaviour of
the rotor due to the relation between unbalance load/bearing load and bearing
coefficients.

6.3.2 Fluid forces

The pressure induced by the incoming water on the blades of the turbine will
create a resulting force due to the asymmetry of the flow of the turbine. Even
though this force has not been taken into consideration in any of the model, it
should be included for more realistic simulation of the whole turbine. Most of
the time, this force is modelled as a constant force in a specific direction where
the magnitude is given by
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fr =
8πP

300ΩD
(6.3)

where P is the rated power, Ω is the rotating speed on the turbine, and D
is the runner diameter. This relationship has been identified from statistical
measurements in the Russian power industry on Francis turbines. This equation
can be used as rule of thumb for static loads in the runner, but more knowledge
on realistic physical models would be of interest to evaluate properly the static
load induced by fluid interaction. Another problem that comes from fluid-
structure interaction is the added mass and damping that should be included at
the runner when in operation [58]. The values of these added parameters is still
in research today, which is the reason why several values of damping have been
investigated in Paper B. If there is no insight about damping, the case with no
damping correspond to the worst case scenario and can be used as an initial
design stage of the turbine.

6.3.3 Bearing forces

As stated in Chapter 4, the bearing forces can be included in the model by inte-
grating the pressure distribution over the bearing area at each-time step of the
simulation. This is the safest way to proceed as no hypothesis is used (excepted
for Reynold’s equation), which means that this numerical method can be used
for static load only, combination of static load and unbalances with various
magnitude ratios, static misalignment or angular misalignment. The model de-
scribed in Paper C is advantageous in the sense that using stiffness and damp-
ing coefficients as function of load angle and eccentricity is convenient once
the polynomial fit has been performed, resulting in faster simulations. More-
over, due to the periodic variation of the bearing coefficients, it is possible to
evaluate the stability of the machine and the eigenfrequencies by using Floquet
theory or Hill’s infinite determinant.

6.3.4 Electromagnetic forces

As specified in Chapter 5, different types of model can be investigated to eval-
uate the influence of UMP on a rotor. The first model to take into consideration
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is the negative-stiffness model since it will allow to perform an eigenvalue anal-
ysis of the rotor. The inclusion of UMP as a stiffness will reduce the frequency
of vibration of the first mode and should be verified so that the rotating speed is
still far away from the first eigenfrequency. To evaluate the dynamic properties
of simply supported generator, the air-gap permeance model is also practical as
it allows to obtain analytical expressions of the forces as long as the air-gap can
be expressed as a Fourier series. If it is not the case, this model can still be used
by integrating the forces numerically. The drawback of this method is the dis-
regarding of the tangential UMP force induced by dampers bars, which is the
reason why the model in Paper E has been adopted for hydropower generators.

6.3.5 Contact forces

The contact models is a very specific case of nonlinear interaction, but it will
normally not be used in normal operation of the turbine. Instead, it will be used
to design the machine at an initial stage or to avoid severe vibrations in case of
contacts. The other advantage is to identify contacts with on-site monitoring
by looking at the frequency content of the response. However, the presence of
certain harmonics in the signal could indicate that contacts occur, but it is also
possible that another fault has the same frequency signature. If the user wishes
to simulate contacts in hydropower machines, the model in paper B would
be more appropriate as the blades are considered rigid. If the user wishes to
investigate the contact forces with the perfect geometry of the turbine under
specific operating conditions, it would be more suitable to use a FEM software
dedicated to nonlinear dynamics and contacts such as LS-Dyna or similar.

6.3.6 Other interconnections

Some other types of interconnections should be included when performing the
entire analysis of a hydropower machine, but that have not been taken into
account in the current thesis.

Bearing bracket

One of the important part of the structure is the bearing brackets, which are
used at the lower and upper generator guide bearings to transfer the radial
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(a)

(b) (c)

elastic ring

flexible connection

Figure 6.2: (a) H-shaped bracket at the upper guide bearing of a medium size unit (b) Nonlinear viscous
damper used in Forsmo (c) Simple model of flexible connections between the rotor and the elastic ring
at the generator

forces from the rotor to the surrounding concrete structure. The design of this
bearing bracket will depend mainly on the size of the unit. For instance, it will
have a H-shape as in Fig. (6.2a) for medium sized units or a concentric shape
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(similar to a spoke wheel) for larger units. From a numerical point of view,
the equivalent stiffness and damping properties can be calculated and added to
the bearing properties in the appropriate way. Alternatively, the real geometry
can be described by using FEM elements such as frames and beams. Once the
stiffness and damping matrices of the bearing bracket are assembled, they are
connected to the bearings in the equations of motion.

Visco-elastic support

In case of high vibration levels of the rotor, the visco-elastic supports from Fig.
(6.2b) can help reducing the displacements in the lower vibration modes. Since
there is little free space in the design of the turbine, the dampers are usually
placed between the bearing bracket and the supporting concrete structure. The
visco-elastic supports have a nonlinear dependency as function of the velocity.
Compared with a linear damper, the damping force is high for low velocities,
which allows to damp out the vibrations in an efficient manner. When perform-
ing the numerical simulation, the nonlinear damping force will be added in the
right side of Eq. 6.1 at the appropriate nodal position.

Flexible ring

By looking more carefully to a generator, it is possible that connections are used
between the central part of the rotor and the poles as seen in Fig. (6.2c). Their
aim is to counterbalance the thermal expansion of the generator by reducing
stresses. As a result, these small connections are usually flexible, which might
affect the dynamical interaction between the generator and the stator.

6.4 Modelling summary

In this section, a summary of the type of modelling that can be used depending
on the different assumptions is given. This information is given as rule-of-
thumb in Table 6.1, so that the reader has to be careful when applying these
assumptions.
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Table 6.1: Models used to simulate hydropower forces

Force type/Connection Modelling type Conditions/Limits
Bearings linear stiffness/damping small eccentricity (≤ 0.3)

similar LOP and LBP stiffness
constant force� unb. force

simplified nonlinear model eccentricity between 0.3 and 0.8
3 < number of pads < 8
large unbalance load
low rotating speed

full Reynolds equation high eccentricity
high rotating speed
thermal effects
flexible pads

Unbalance Magnetic Pull negative stiffness pure static or dynamic eccentricity
eccentricity < 25%
no saturation effects

air-gap permeance model any eccentricity/mixed eccentricities
simple geometry
no tangential UMP

whirling ratio fitting curves mixed eccentricities
low eccentricity < 25%
inclusion of damper bars

Blade rubbing rigid-blade model high stiffness blade
simple geometry
bending vibration

nonlinear stiffness model massless beam
Coulomb friction
small clearance

Full FEM model (LS-Dyna) interest in high vibration modes
blade detailed geometry
accuracy in contact forces



CHAPTER 7

Conclusion/Future work

”This report, by its very length, defends itself against the risk of being read.”
Winston Churchill

7.1 Comprehensive summary

The focus of the thesis is to develop simplified models of the different parts
of hydropower turbines to be able to evaluate the dynamics of the system as
function of different parameters. The various types of fields that embrace hy-
dropower rotordynamics is shown in the map in Fig. (7.1). The choice of the
models will mainly depend on the type of simulation wanted as well as the de-
sign stage of the machine. The first simulation to perform will be an eigenvalue
analysis, which can be done if the system is considered linear. This analysis
can be performed under certain assumptions, i.e. under a linear approximation
of the bearings, meaning that it operates around a static equilibrium position or
if the rotating stiffness has a similar value in both directions. This will usually
be the case in normal operation conditions with low unbalance forces or a high
number of pads in the bearings. The effect of the UMP also has to be included
as a negative stiffness if the dynamic eccentricity is dominant. In these condi-
tions, the user can find the eigenfrequencies and damping ratios of the system,
and design the machine to have enough damping (approximately around 15
%) and/or have the natural frequencies of the system larger than the operating
speed and runaway speed to run safely undercritically. Due to the uncertainties
of residual unbalance, it is recommended to perform the evaluation of the rotor
as function of different values of the bearing loads since the rotating speed of

67
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the machine is known due to the number of poles of the generator and the grid
frequency. These simulations should be performed at first stage in the case of
changing the lubricant in the bearings due to new regulations regarding oil-free
turbines or environmental friendly lubricants.

Hydropower
rotordynamics

Contacts
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Shaft
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Figure 7.1: Fields of study associated with hydropower rotordynamics

When the unbalance loads and other external forces become larger, the lin-
ear models do not apply anymore. First of all, the bearing coefficients will have
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a periodic variation since the rotor will wobble around the geometric center and
the influence of the load-on-pad and load-between-pad will be more impor-
tant. Moreover, the Unbalance Magnetic Pull cannot be modelled as a negative
spring if there is a combination of eccentricities or if the shape deviation of the
rotor and stator are taken into account. In that case, a nonlinear modelling has
to be used to take in account the variation of whirling ratio and eccentricity. A
second part of the design of the machine can be done by simulating the rotor
with simplified nonlinear models at a constant speed or for run-ups and shut
downs. The resonance frequencies are found by using sweep-sine functions
or alternative methods. The responses of the sweep sine curves can be gath-
ered for different operating conditions (speed, unbalance load, runner force,...)
to form a diagram similar to a Campbell diagram or Waterfall diagrams that
could help identify if subharmonic, superharmonic resonances or other types
of resonance occur that cannot be detected with the linear modelling.

Figure 7.2: Example of a Finite Element discretization of a bladed rotor that could be used in future
studies

When the rotor behaves abnormally due to increased wear in the bearing,
strong unbalance forces or other force types that were not expected, it can result
in contacts between the rotor and the stator. The models used in the thesis do
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not describe perfectly the geometry of a Kaplan blade when in contact with
the turbine chamber. However, the results obtained are general and can be of
help to identify the type of fault in on-site monitoring by looking at the FFT
signature of the displacements or accelerations signals. By investigating the
global behaviour as function of the rotating speed, it was observed that some
regions are safer to run when having contacts that are dependent of the number
of blades, damping ratios or rotating speed. As a result, when a runner is being
replaced in a Kaplan turbine, the number of blades could be changed in relation
with the speed and natural frequencies of the system to ensure to operate in a
less dangerous region even if contacts appear. Hence the simplified model with
contacts can be used to improve the design stage of a turbine (or any other type
of bladed turbine) by choosing appropriate parameters.

7.2 Suggestions for future work

The models used in the current thesis can be improved, but it would need pow-
erful computer resources in some cases if full FEM models are included. Below
is a list of suggested work for future studies related to the current articles:

• A full FEM model can be used to evaluate the contacts between the blades
and the casing. It could include the beam vibration and different friction
models. It is possible to use either a simple geometry as depicted in Fig.
(7.2) or to use the full geometry of a Kaplan turbine. To reach steady-
state for these types of models, it would require powerful computational
resources. As a result, it is suggested to perform simulations for a few
speeds only and verify if the different regions can be found with more
advanced models

• Perform experiments with a more advanced rig and compare the results
at a few speeds only with the advanced models. The number of blades,
damping and unbalance forces can be changed to investigate their influ-
ence on the global dynamics of the system

• The simulation performed in Paper C could be extended to different un-
balance loads in order to obtain a complete overview of the nonlinear
vibration and to compare it with the Campbell diagram with the linear
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assumptions. In these cases, the stiffness and damping simplified are im-
portant to use as they can allow to gain computational time in comparison
with solving Reynolds equation at each time-step

• Perform simulations of the full hydropower rotor by including the non-
linear bearing forces, the UMP forces and runner forces obtained from
CFD calculations. The bearings brackets and other structural elements
can be included in the simulation as well. As a result, the load transmit-
ted from the turbine to the concrete surrounding structure can be assessed
accurately and coupled simulations between rotordynamics and structural
dynamics can be performed in a better way

• A coupling between the rotordynamic simulation and the calculation of
radial and tangential UMP force using FEM can be performed for mixed
eccentricities. The results could be compared with the simplified model
with fitting functions used in Paper E. However, this simulation can be
time consuming since the UMP force has to be calculated at each discrete
time-step using FEM

• Evaluate the limitation of nonlinear simplified modelling for the tilting-
pad bearings and multilobe bearings to understand under which conditions
the modelling is valid

Even though improvements can be done in numerical work, it will be inter-
esting to verify the accuracy of the full model by comparing the numerical sim-
ulations to real on-site measurements. At the Porjus center on the Lule river, ex-
perimental work has been carried out in the recent years, but the focus has been
made on fluid mechanics. There is also experimental results that have been
recorded in Forsmo which have been compared with numerical work that can
be used for approving the models. However, it would be necessary to prepare
an exact procedure for performing experiments to obtain the displacements,
accelerations and forces at different positions on hydropower rotors under dif-
ferent phases (start-up, running at nominal speed, during magnetization,...). It
is only by comparing the numerical work to experimental studies that the dif-
ferent numerical models can be fully validated.
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Abstract This paper describes the numerical and
experimental investigation of the nonlinear vibration of
a bladed Jeffcott rotor. The nonlinearity in the system is
due to discontinuities caused by multiple contacts with
an outer ring as well as the nonlinear deformation of the
massless blades. Contacts occur since the rotor shaft is
initially misaligned by displacing the outer ring in one
direction. The aim of the paper is to develop a simple
model of bladed rotor and verify whether the global
dynamics of the numerical simulations can be observed
experimentally. The experimental rig and data acqui-
sition are presented in detail together with the exper-
imental procedures. The results between the numeri-
cal simulation and experiments are compared in terms
of bifurcation diagrams and waterfall plots. An over-
all correlation is observed between the numerical and
experimental study in the case of stiff blades, with dif-
ferences mainly in localized frequency ranges due to
parameter variation.
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List of symbols

Roman symbols

b Width of the blade
c Viscous damping of the rotor
E Young’s modulus
F Contact force amplitude
F∗ Follower force
Fxk Force projection in the x direction
Fyk Force projection in the y direction
h Height of the blade
I Area moment of inertia
ks Stiffness of the rotor
L Blade length
Ls Shaft length
m Mass of the rotor
nblade Number of blades
R Stator radius
Rc Radius of bladed cylinder
Rm Radius of measurement cylinder
Rs Shaft radius
t Time
tc Thickness of bladed cylinder
tm Thickness of measurement cylinder
vck Contact velocity of the blade
w Transversal displacement of the blade
x Displacement in x direction
y Displacement in y direction
y0 Rotor misalignment
z Axial displacement
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Bold symbols

Fn Normal contact force
Ft Tangential contact force
i Unit vector in x direction
j Unit vector in y direction
rk Position of the blade tip

Greek symbols

α Phase difference
� Transversal deformation of the blade
δ Axial deformation of the blade
δc Clearance
μ Friction coefficient
Ω Normalized speed
ω Angular velocity
ωn Natural frequency of the rotor
� Contact position angle
θp Poincaré phase
ε Coordinate of the blade
ϕk Phase angle of k-th blade
ζ Damping ratio

1 Introduction

Rotor-to-stator rubbing is a malfunction that can occur
in rotordynamics due to small clearances of the system.
The main property of this interaction is an intermit-
tent stiffness change since multiple contacts occur dur-
ing operation. It is known that very complex dynamic
behaviour can occur in the case of non-smooth nonlin-
earities. It can even lead to a high level of vibrations or
machine failure in the worst-case scenario. As a result,
it is necessary to model and verify experimentally the
different types of dynamics that can appear in rotating
machinery.

In rotating systems, most of the rotor-to-stator rub-
bing has been studied by assuming cylinder-to-cylinder
rubbing. The experimental validation of numerical sim-
ulations has usually been observed on simple mathe-
matical models. Karpenko et al. [1–3] found a positive
correlation between analytical, numerical and exper-
imental bifurcation diagrams of a Jeffcott rotor with
a preloaded snubber ring. Gonsalves et al. [4] devel-
oped a model of discontinuous Jeffcott rotor subjected
to mass-unbalance forces. As a preliminary study, they
found that the orbit plots and waterfall diagrams of

the experimental rig and numerical simulations were
similar. Chu and Lu [5] observed experimentally dif-
ferent types of motion for a rotor-to-stator full rub in
single and multi-discs rotors. Qin et al. [6] investigated
the contact of an overhung rotor as function of rotat-
ing speed, unbalance and external damping using the
transfer matrix method. Behzad et al. [7] developed a
model of rigid rotor contacting a discretized stator using
the Lagrange multiplier technique to solve the con-
straint equation during contact. Roques et al. [8] also
investigated rubbing caused by accidental unbalance
using a Lagrange multiplier approach and prediction-
correction marching procedure. In general, the exper-
imental study confirms the numerical simulation for
simple models, but a comparison of bifurcation dia-
grams is rarely performed in order to obtain the whole
system’s behaviour.

Contrary to cylinder-to-cylinder rubbing, fewer stud-
ies have been performed in the case of the blade tip–rub
interaction. Padovan and Choy [9] developed a blade-
to-stator contact model with large linear kinematics
where they investigated the influence of several para-
meters such as friction, blade stiffness and unbalance.
When the blade tip exceeds the clearance, Sinha [10]
modelled a radial force by applying a summation of
compressive buckling loads for a simple beam column.
In this case, the transient response of a decelerating
rotor is calculated and rubbing occurs momentarily
when going through resonance. This study gives an
upper bound of the order of the magnitude of impact
loads. Legrand et al. [11] also provided complete finite
element model that describes contacts between the
blades and casing due to modal interaction of each
structure combined with small clearances. Legrand et
al. [12] developed another model with three dimen-
sional kinematics of the contact phenomenon by using
the Lagrange multiplier and B-splines of the contact
surface. Jacquet-Richardet et al. [13] gave a review of
these models and results which synthesize blade tip–
rub interaction and rotor-to-stator contacts. Chen [14]
evaluated the blade-casing rubbing fault by studying
the effects of the number of blades on the casing sig-
nal’s characteristics. The results can be used to detect
faults when blade contacts occur in rotating machines.

In general, these models can be used to analyse
a rotor system with a fixed set of parameters due to
the complex modelling, but it lacks the information of
global dynamics that can occur in bladed rotors. It also
misses the experimental verification of these numeri-
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cal models. Nonetheless, a rubbing Jeffcott rotor with
three blades has been developed by Aidanpää and Lind-
kvist [15]. In this model, the elastic and massless blades
enter in contact with an outer ring due to an initial
misalignment of the rotor. It was shown that complex
dynamics can occur below the natural frequency at inte-
ger fractions of ωn/3. Thiery and Aidanpää [16] devel-
oped a simpler model with rigid blades contacting a
massless ring. They showed that the same characteris-
tics occur with only differences in localized frequency
ranges. This paper describes in details the nonlinear
beam contact model and verifies experimentally the
global properties of a simple bladed rotor found numer-
ically. The experimental data have been collected using
Labview which allows to create the FFT spectra, time
series, orbit plots, Poincaré sections, and most impor-
tantly waterfall plots and bifurcation diagrams that are
compared with the numerical simulations.

2 Model description

2.1 Simplified Jeffcott rotor

The model of the bladed Jeffcott rotor is given in
Fig. 1a, b. The mass of the rotor is m with external
damping c and stiffness ks for the shaft. The three
massless blades are equally spaced and of length L ,
Young’s modulus E and area moment of inertia I . The
blades rotate in a fixed rigid ring of radius R, while the
rotor has an angular velocity ω. When the blades enter
in contact with the outer ring, the contact forces are
described by a force F normal to the circle delimited
by the ring, and a tangential force μF at the contact
point where μ is a friction coefficient (Coulomb fric-
tion). The blades are supposed to remain elastic during
contact and do not enter plasticity. The choice of using
a Jeffcott rotor with massless blades is determined by
different reasons. First of all, the usefulness of the Jef-
fcott model is to decrease the number of degrees of
the system to the minimum possible without losing the
fundamental properties of a rotor. Hence, it allows to
perform fast simulations and to scale the equations of
motion with regard to the fundamental mode of vibra-
tion. Secondly, the main advantage of using massless
blades is to avoid the influence of parametric excita-
tion induced by rotating beams in order to focus on the
nonlinear vibrations induced by the multiples contacts
of the nonlinear spring modelling of the beam.

2.2 Contact forces model

The contact forces during blade impacts will be derived
in the fixed coordinate system (O,i,j). A contact occurs
for the kth blade when ‖rk‖ = R due to the geometrical
limitation from the stator. The position of the tip of the
blade is given by:

rk = (x + (L − δ) cos(ϕk) + � sin(ϕk))i

+(y + y0 + (L − δ) sin(ϕk) − � cos(ϕk))j (1)

where � and δ are the transversal and axial deformation
necessary to keep the blades within the stator, y0 is the
initial misalignment of the rotor, and ϕk = ωt+2π(k−
1)/nblade is the phase of the kth blade where nblade is
the number of blades in the system. The deformation
of the cantilever blade is given by the nonlinear beam
theory as follows

w′′(ε) = F

E I
(1+w′(ε)2)3/2((�−w(ε))+μ(L−ε−δ))

(2)

where the symbol ′ denotes differentiation with respect
to ε, with the beam being clamped at one side (ε = 0),
and subjected to F andμF at the free end (ε = L−δ). A
detailed description of the impact formulation is given
in Fig. 1c. The process used to find the contact forces
can be described as follows:

– Step 0: For a fixed set of parameters of the blade,
the nonlinear beam equation Eq. (2) is integrated
numerically. The displacements δ and � can be
described as a function of F , i.e δ = g1(F) and
� = g2(F). An example of these two numerical
functions can be seen in Fig. 2. They also depend
on the blade geometry and material properties, so
that these functions should be re-calculated when
changing the blade dimensions.

– Step 1: For the rotating bladed system, the contact
condition of the k-th blade is found when‖rk‖ = R.
This creates a force F initialized to a small, but
strictly positive value.

– Step 2: From the initial value of F, the displacements
δ and � can be found by interpolating the function
g1(F) and g2(F) using Fig. 2.

– Step 3: The norm of the position of the blade tip
‖rk(δ,�)‖ is calculated using Eq. (1) to verify
whether the beam length geometrically fits the out-
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Fig. 1 a Jeffcott rotor. b
Top view of the bladed
model. c Blade impact
geometry
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Fig. 2 Representation of the axial displacement δ and transversal
displacement � as function of the force F

side ring (Fig. 1c) using the couple of displacements
(δ,�) found in Step 2.
If ‖rk(δ,�)‖ > R, the force is updated with
F ← F + dF where dF is a small increment and
we return to Step 2 using this new force F .

– Final step: The process is iterated until ‖rk(δ,�)‖
= R. When this condition is achieved, the latest
increment of the force F will be used in the calcu-
lation of the normal and tangential force applied to
the Jeffcott rotor.

In our model, we assume that the angle α = ϕk −�

is small so that the normal force points towards O
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(see “Appendix”). As a result, one can write the nor-
mal force Fn = F n with n as a normal unit vector
pointing outwards from the centre of the ring. n can
be written n = rk/‖rk‖ in the fixed coordinate sys-
tem. The tangential force is a Coulomb frictional force
Ft = −μ sgn(vck )F twhere t is the tangential unit vec-
tor at the contact point obtained from a rotation of angle
+π/2 of n. The tangential contact velocity is obtained
from vck = ṙ · t. The resulting forces for the kth blade
in the x and y direction are derived by projecting the
normal and tangential forces on i and j, respectively,
i.e.{

Fxk = (Fk
n + Fk

t ) · i = F n · i − μ sgn(vck )F t · i
Fyk = (Fk

n + Fk
t ) · j = F n · j − μ sgn(vck )F t · j

(3)

where F corresponds to the last iteration performed
which satisfies ‖rk(δ,�)‖ = R as described in the
iteration process. For a total number of blades nblade,
and assuming that several blades can enter in contact
at the same time, the equation of motion can be written⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

ẍ + 2ζωn ẋ + ω2
nx = − 1

m

nblade∑
k=1

Fxk

ÿ + 2ζωn ẏ + ω2
n y = − 1

m

nblade∑
k=1

Fyk

(4)

where ωn = √
k/m is the natural frequency of the rotor

and ζ = c/(2
√
km) the damping ratio. During free

flight motion, the forces Fxk and Fyk are set to 0. Equa-
tion (4) is then normalized with regard to the bending
mode of vibration of the Jeffcott rotor and ready to be
numerically solved.

2.3 Simulation methods and general results

Equation (4) is written in the state-space form and
solved using a fourth-order Runge–Kutta integration
with adaptive time step in-house code implemented in
Fortran. For bifurcation diagrams, 100 Poincaré sec-
tions were collected after simulating 200 periods for
a given normalized frequency Ω = ω/ωn . In this
model, the state-space dimension is 5 (R4×S) with dis-
placements x and y, velocities ẋ and ẏ, and the phase
ϕ = Ωt . The Poincaré sections are retrieved at a con-
stant phase θp = 2π in the state space. To plot the bifur-
cation diagrams, 1000 steps are used for the normalized
frequency range. The final state vector of a simulation at

a given frequency is used as the initial condition for the
following one in order to find stable solutions over the
whole studied range. When the parameters are not spec-
ified, the following values have been used by default:
R = 0.11, L = 0.1, δc = 0.01,m = 1, ωn = 10, ζ =
0.1, μ = 0.1, E = 206 × 109, I = 0.01 × 0.0013/12
and y0 = 0.01001. The bifurcation diagram in Fig. 3
shows four dominant regions. A periodic region 1©
appears until 1/3 of the natural frequency. Since the
displacements are low in this region, the first zoom view
allows to distinguish different types of motion depend-
ing on the rotor speed. From Ω � 1/3, the periodic
region continues with an increase in forces and dis-
placements until it reaches a chaotic region 2© with
intermittent periodic motions inside. Another periodic
region 3© appears leading to chaotic region 4© by a
period-doubling bifurcation at exactly 2/3 of the nat-
ural frequency. The second zoom view helps to identify
the period doubling in Fig. 3. A small parameter vari-
ation can locally change the behaviour in any of the
region 1©– 4©, but the global dynamics remain similar.
A numerical simulation shown in Fig. 4a performed for
the model developed by [16] with rigid blades impact-
ing a massless ring shows that the system behaves sim-
ilarly for a damping value ζ ≤ 0.15. However, a low
damping can increase region 2© and shorten region 3©.
It can also reveal small chaotic areas in region 1©. On
the contrary, a high damping value tends to attenuate
chaotic regions 2© and 4©until they disappear for higher
damping ratios. In Fig. 4b, it is observed that the fric-
tion coefficient only locally influences the dynamics
of the system with an appearance of chaotic motion in
region 1© for 0.01 ≤ μ ≤ 0.2, but the global dynam-
ics properties stay unchanged. From an experimental
point of view, unbalance is always present in the rotor
even if well-balanced. As a result, additional numeri-
cal simulations are performed by taking into account
both the misalignment and unbalance forces. The mag-
nitude is increased according to the following values
me = [0; 1 · 10−6; 1 · 10−5; 5 · 10−5; 1 · 10−4]kg m
corresponding respectively to the cases 1–5 in Fig. 4c.
It can be observed that the four regions are still visi-
ble for a small unbalance. When the unbalance force
is increased, the trigger property at 2/3 of the normal-
ized frequency starts to disappear. A new chaotic region
is created in region 3©, until an entire chaotic region
is formed and composed of the three regions 2©, 3©
and 4©. However, the trigger property at 1/3 is always
present independently of the unbalance force. A sum-
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Fig. 3 Bifurcation diagram
of the bladed Jeffcott rotor
with nonlinear beam
deformation with
R = 0.11, L = 0.1, δc =
0.01,m = 1, ωn = 10, ζ =
0.1, μ = 0.1, E = 206 ×
109, I = 0.01 × 0.0013/12
and y0 = 0.01001
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mary of the influence of these parameters on the global
behaviour of the rotor is available in Table 1. Since the
numerical modelling gives dynamic similarities inde-
pendently of several parameters, it is of interest to verify
whether these inherent properties—such as the thresh-
old values at 1/3 and 2/3 of the normalized frequency
and the different regions—can be found experimen-
tally.

3 Experimental set-up

3.1 Set-up overview

The experimental rig set-up shown in Fig. 5 is com-
posed of a vertical Jeffcott rotor on which a cylinder
with three blades is attached. The rotor is supported at
both ends on seven-ball bearings manufactured by SKF
with reference number 619/8-2RS1. The electric rotor

is taken from the Bently Nevada Rotor Kit Model RK
4 equipment, as well as the proximity probes 3300 XL
NsV and the asset condition monitoring. The output
voltages are read in a NI 9205 Analog Input Module
designed by National Instruments connected to a Lab-
view Data Acquisition System. Four proximity probes
are installed on the set-up: the first one is used as a
speed controller, the second as a key phaser, and the
last two are used to record the x and y displacements of
the rotor. These displacements measurements are taken
at the base of the rotor where an additional cylinder has
been placed to avoid the probes interacting with each
other. The influence of this cylinder is negligible in
terms of dynamical modifications of the system. This
cylinder is placed 13 cm above the lower bearing to
capture the whole range of displacement at once for
the bifurcation diagram. An imposed displacement of
1 mm at the middle of the rotor produces a displace-
ment of 0.45 mm at the measurement cylinder. As a
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Fig. 4 Three dimensional bifurcation diagram: a as
function of rotating speed and damping ratio ξ =
[0.05; 0.075; 0.10; 0.125; 0.15; 0.175], b as function of rotating
speed and friction μ = [0.01; 0.05; 0.09; 0.13; 0.17; 0.21],
c as function of rotating speed and unbalance me =
[0; 1 × 10−6; 1 × 10−5; 5 × 10−5; 1 × 10−4]kg m

result, the displacement can be scaled approximately
by a factor of 2.2 between the bladed cylinder and the
measurement cylinder.

3.2 Parameters insight

As seen in the description, the experimental rotor dif-
fers slightly from the numerical model due to assem-
bly and manufacturing reasons, such as the insertion of
blades and measurement improvements. The notation
is the same as the numerical model, with extra parame-
ters given in Fig. 5. The following parameters have been
used in this study: R = 62.5 mm, L = 40 mm, b =
12.7 mm, h = 0.5 mm, Rc = 20 mm, tc = 30 mm,

Rm = 10 mm, tm = 20 mm, Ls = 650 mm, Rs =
8 mm. The misalignment y0 is introduced by offsetting
the stator with side screws until a slight contact with the
blade occurs. The blades are inserted in their respec-
tive notches in the cylinder that allows for changing
the blade length and clearance. The three blades are
adjusted by hand until all of them have the same con-
tact on the left side of the outer ring in Fig. 6. The rotor
has to be properly balanced so that the unbalance force
generated by the midspan rotor is reasonable to keep
the blades in contact with the ring during the entire
experiment. The bending frequency and damping ratio
associated with the first mode are found by processing
the free vibration response. The first natural is equal
to f1 � 30.23 Hz = 1814 RPM with a damping ratio
ζ � 0.052. The friction coefficient is assumed to be

Table 1 Influence of different parameters on the dynamics of the rotor

Symbol Item Value Observation

ζ Damping ratio ↗ Global stabilizing effect

↗ Attenuates chaotic regions 2© and 4©
μ Friction coefficient ↘ Locally change region 1© → small chaotic region appearance

no change of global properties

δc Clearance ↗ Attenuates chaotic motions

h Blade thickness ↘ Chaotic region 2© and 4© disappear

(stiffness modification) Increase of displacement at 1/3 and 2/3 still present

y0 Misalignment ↗ No change of global properties

me Unbalance magnitude ↗ Appearance of chaotic motion in region 3©
Loss of trigger property at 2/3
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Fig. 5 Drawing of the experimental set up

μ ≤ 0.2. Only approximate ranges of these parameters
are necessary to ensure the global dynamic properties
of the numerical model.

Initially, a thickness of 1 mm was chosen to conduct
the experiments, but a thick blade would cause high
contact forces that could result in the failure of the rotor
or the blade due to high stresses. Since the operation is
hazardous, it was decided to decrease the blade thick-
ness. Under a value of 0.4 mm, the contact between the
blades and the casing would be too smooth, resulting
in a disappearance of the chaotic regions. Moreover,
in the flexible blade configuration, the overall dynami-

cal properties are more influenced by parameters such
as clearance, damping and initial contact condition.
As a result, the blade thickness was set to 0.5 mm to
reduce the risks of failure during operation, with the
advantage of obtaining the specific dynamics of bladed
rotors. In this configuration, neither the clearance nor
the initial eccentricity plays a major role in the gen-
eral behaviour of the system. The axial and transversal
force-displacement curves for these particular blades
are shown in Fig. 2. From a practical point of view, the
sharp corners of the blades have been rounded to avoid
them from being stuck in the outer casing.
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Initial area of rubbing Outer ring Bladed cylinder

Side screws for misalignment Measurement position

Fig. 6 Topview of the experimental bladed rotor. The side screws
allow to displace the outer ring in order to obtain a slight con-
tact area between the blade and the casing on the left side. One
screw revolution corresponds to a displacement of 1/10th of a
millimetre

4 Experimental results

To keep the experimental study close to the numeri-
cal simulation, the bifurcation diagram was recorded
by increasing the rotor speed step by step. The record-
ing process of the displacements has been performed
for several rotational speeds within the range [250–
1500] RPM by small increments when possible. At
each speed, after the transient response dies out, 20 s of
recording has been processed corresponding to a min-
imum of 82 Poincaré sections for the lower speed and
465 for the higher speed. As the rotating speed was not
perfectly constant through the simulation due to the
blade contacts, the speed was averaged with help of the
keyphasor record. The rotating speed can vary between
±3.09 RPM for the lower case and until ±166.7 RPM
for the upper case, which is not ideal when assuming a
constant speed for numerical simulations. Moreover, in
some regions, the impacts are more severe. This might
cause wear on both the blades and the inner section of
the outer ring. These effects might have a significant
influence on the friction coefficient.

The first region of periodic motion appears for Ω ∈
[0.137 − 0.333] in Fig. 7b, c with an appearance of
chaotic motion for a low speed at Ω = 0.181. The
transition from 1© to 2© at 1/3 of the natural frequency
can be observed as suggested in the numerical simu-
lation, even if it enters the chaotic region as a lower
speed than expected. The transition between Fig. 7c at
Ω = 0.34 and Ω = 0.35 in Fig. 7d also occurs instan-
taneously rather than with a gradual increase in ampli-

tude. After the periodic motion, a region of chaotic
motion is observed for Ω ∈ [0.35 − 0.55]. The max-
imum displacement is greater at the beginning of the
region and tends to decrease afterwards. The region 3©
starts with a periodic motion, but suddenly jumps to
an unexpected region of chaotic motion in the range
[0.55–0.58] as seen in Fig. 8a until a periodic region
takes over for Ω = 0.72 in Fig. 8b. A last region of
chaotic motion is observed for Ω ∈ [0.65 − 0.80] cor-
responding to the region 4© starting around 2/3 of the
natural frequency as predicted. There is also a very
abrupt increase in displacement for this second transi-
tion from Fig. 8c to d, and it continues to grow with the
rotation speed. It can be observed that for Ω = 0.72,
the displacement becomes too high and cannot be mea-
sured because the measurement cylinder is too close to
the probes. Hence, the experimental study was stopped
at a speed Ω = 0.80 due to the saturated signals. Since
the contacts forces in region 4© are high, the tip of the
blades can lose a lot of material. After performing the
bifurcation diagram, we observed that the initial con-
tact was −0.1 mm which confirms the material loss.
Since the clearance has increased during the experi-
mental procedure, the displacement in Fig. 10a2 has
not been normalized with the clearance as for Fig. 10a1.
The types of transition found numerically—such as the
period doubling at 2/3 of the natural frequency—are
impossible to identify since they occur on short range.
The comparison of the system dynamics in terms of
orbit plots and Poincaré sections is not relevant as a dif-
ference in any of the parameters such as unbalance and
material loss can give a different behaviour in a local-
ized range. However, a display of the orbits is available
in Fig. 9 corresponding to the numerical simulation in
each of the four regions with the experimental blades
dimensions. One can distinguish two periodic orbits at
Ω = 0.304 and Ω = 0.605 and two chaotic orbits at
Ω = 0.4 and Ω = 0.74 similarly to Figs. 7 and 8.

In order to compare the waterfall plots and bifurca-
tion diagrams of the numerical simulation and experi-
mental test, an additional numerical simulation is per-
formed corresponding to the experimental conditions.
The following parameters have been used: δ = 0.35
mm, ζ = 5.0 %, with an initial contact y0 � 0.01 mm.
The bifurcation diagrams and waterfall plots of the
experimental rotor are given in Fig. 10a2–b2. The rotat-
ing speed is normalized with the first experimental
bending frequency ω1 = 1814 RPM. As the Poincaré
sections look unclear, the maximum displacement is
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Fig. 7 On the left side: plot of the x displacement as function
of the time. In the middle: plot of the orbit motion where the
Poincaré sections are specified with red dots. On the right side:
Fast Fourier Transform of the displacement signal in the x direc-

tion. The different cases correspond to the following normalized
rotating speeds: a Ω = 0.187, b Ω = 0.304, c Ω = 0.335, d
Ω = 0.347

shown to get a better indication of the type of motion
and to compare the results with numerical diagrams.
The numerical bifurcation diagram of the 0.5 mm blade
in Fig. 10a displays dynamics which are similar to
Fig. 3. The properties at 1/3 and 2/3 are visible as well

as the four dominant regions. The comparison of the
numerical waterfall plot in Fig. 10b1 and the exper-
imental waterfall plot in Fig. 10b2 gives similarities
for the global vibration properties. The appearance of
a chaotic motion in region 3© can be due to unbalance
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Fig. 8 On the left side: plot of the x displacement as function
of the time. In the middle: plot of the orbit motion where the
Poincaré sections are specified with red dots. On the right side:
Fast Fourier Transform of the displacement signal in the x direc-

tion. The different cases correspond to the following normalized
rotating speeds: a Ω = 0.567, b Ω = 0.605, c Ω = 0.653,
d Ω = 0.669

forces as it is shown in Fig. 4c. In Fig. 10b1, the 1× line
refers to the synchronous line excitation since the main
peak in the FFT is equal to the rotating speed. Simi-
larly, the 3× line represents the 3 · Ω excitation line.

The appearance of a high peak when entering region 2©
along the 3× line is visible in both cases. Moreover, the
broadband excitation in the chaotic region 2© is centred
between the 1× line and 2× line. The main difference
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Fig. 9 Plot of the numerical
orbits with experimental
blades dimensions at
Ω = 0.304,Ω = 0.4,

Ω = 0.605,Ω = 0.74
corresponding to the four
different regions
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lies in the appearance of the 1× excitation line in the
experimental diagram due to unbalance forces, but the
two chaotic and periodic regions are clearly visible.
To reproduce the experiment with the same conditions,
new blades need to be used since the clearance has been
increased by the material loss. The results usually show
a similar behaviour (same order of magnitude for the
maximum displacement curve), but the second periodic
region is narrow compared with Fig. 10a1. As a general
conclusion—for the same experimental conditions—
we could observe regions 1©, 2© and 4© in most cases
as well as the trigger property at 1/3 and 2/3 of the
natural frequency of the system. The main differences
occur in region 3© where the periodicity range changes
from one experimental test to another. This difference
may be due to the accuracy of the setting of the blades,
the initial misalignment or even to a greater material
loss during operation.

5 Conclusion

The aim of this paper was to correlate the global behav-
iour of a simple bladed rotor both numerically and
experimentally. The nonlinearity of the system is due
to the blades making multiple contacts with the outer
ring as well as the nonlinear deformation of the blade
itself. The results presented in this paper are mainly

applicable to rotors that run undercritically, i.e. with
a rotating speed lower than the frequency of the fun-
damental mode of vibration. It is typically the case of
hydropower rotors which have a low operating speed
[17,18]. Despite the differences between the numerical
and experimental case, the sudden jump from periodic
to chaotic motion at 1/3 and 2/3 of the natural frequency
was observable in both cases. The regions 1©, 2© and
4© can be distinguished on the experimental study, but

the periodic region 3© gives way to a chaotic motion
which indicates that unbalance can mostly influence
the dynamics of this region without affecting the oth-
ers. Even if the unbalance force is not desired to evalu-
ate the properties of initially misaligned rotors, it helps
to keep contact between the blades and the stator by
compensating for the clearance increase due to material
loss. Even though the model does not fully describe the
blade contact problem due to disregarding the effect of
the beam vibration, the parametric excitation induced
by the rotating mass or the change of dynamic fric-
tion during contact, the simplified model used here still
allows to obtain the periodic and chaotic motions with
the same FFT signature for the studied speed range. The
numerical and experimental waterfall diagrams show
that the blade-rubbing response has a specific FFT sig-
nal with a broadband excitation close to the natural
frequency of the rotor for the second chaotic region,
while the beginning of the first chaotic can be observed
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Fig. 10 (a1) Numerical bifurcation diagram with experimen-
tal conditions. The (–) line represents the maximum displace-
ment curve. (b1) Numerical waterfall with experimental condi-

tions, (a2) Experimental bifurcation diagram. The (−�−) line
represents the maximum displacement curve, (b2) Experimental
waterfall diagram
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Fig. 11 Geometry of a blade submitted to a follower Force F∗

by the presence of a large peak at a frequency equal to
three times the rotating speed. This result is primordial
as it can help to diagnose blade rubbing in on-site con-
dition monitoring and to stop the rotor before extreme
vibrations occur. Moreover, the identification of peri-
odic regions can be useful when designing new rotors
by choosing an appropriate operating speed in order to
avoid severe contacts.

It should be noted that the present study is more
relevant for thick blades. Weak blades—in compari-
son with the rotor stiffness—tend to change the global
inherent properties with the disappearance of the first
chaotic region and second chaotic region, but keep the
increase in displacement at 1/3 and 2/3 of ωn . For
thin blades, initial parameters such as clearance and
initial contact also have a great influence on the sys-
tem dynamics. Several other simplifications can modify
the results between the mathematical and experimental
model. First of all, the gyroscopic effects and influence
of the measurement cylinder are discarded in the math-
ematical model. Secondly, the blades were assumed to
deform elastically through the entire process. More-
over, the vibration of the beam after contact with the
casing was not included in the model with the mass-
less assumption, but it would result in a more com-
plicated modelling and longer computational simula-
tions. Thirdly, the wear of the blades and inner part
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of the outer ring were disregarded. However, the fric-
tion coefficient does not play a major role in terms
of global behaviour of the rotor. Finally, the material
loss at the blade tip increases continuously throughout
the experimental procedure which was not modelled
numerically. However, since this study is focused on the
global behaviour of the system over a wide speed range,
no specific comparison was performed between orbit
plots and Poincaré sections between the numerical and
experimental study. This could be done by improving
blade contact modelling as suggested or by using Finite
Element models described in the references, and to ver-
ify experimentally the model for only a few speeds
since parameters can vary when performing bifurca-
tion diagrams. Additional tests can be performed since
the same behaviour of global vibrational behaviour can
be found numerically for 5, 10 or 50 blades by scaling
the rotational speed with the number of blades [19]. An
experimental study on a rotor with more blades could
be of interest to verify whether the properties found
for a three-bladed rotor can be applied to any type of
bladed rotor system.
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Appendix: Proof of assumption of loads in constant
direction

A beam is deformed axially by δ and laterally by � due
to a force F∗. The beam is subjected to the follower
force F∗ during the whole deformation. However, the
analyses of the deformations δ and � are performed by
assuming a non-rotating force. Therefore, it is essential
to show that we can assume F to be a non-rotating
force. The beam in Fig. 11 is displaced axially by z and
compressed axially by δ due to a force F∗. The force
F∗ will also cause a transversal displacement.

Using geometrical relations, the angle of rotation α

between F∗ and F is given by:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

cos(α) = 1√
1 +

( �

z + L − δ

)2

sin(α) = �√
1 +

( �

z + L − δ

)2

(5)

With the assumption � << (z + L − δ), we get
cos(α) ≈ 1 and sin(α) ≈ 0. Hence, as long as
� is much smaller than the length of the beam L ,
one can assume that the rotation of the contact force
can be neglected. As an example, in the experimen-
tal section, we used a blade of length L = 40 mm,
height h = 0.5 mm and thickness b = 12.7 mm. The
lateral displacement is about 0.001 mm at maximum
amplitude of 0.008 m. The numerical application gives
sin(α) = 7.8 ∗ 10−3 and cos(α) = 0.98 for the largest
displacements.
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a b s t r a c t

Rotor-to-stator contacts can occur in hydropower systems due to mechanical and electrical misalign-
ment as well as high unbalance forces. It can result in high impact forces and damages in case of
malfunction of the machine. As a result, a real hydropower rotor is studied to evaluate the different types
of dynamic motion due to multiple impacts when it is initially misaligned. In this paper, the simplicity of
its blade rubbing modelling allows us to evaluate in a fast and efficient way the dynamics of this system
as a function of several design parameters. It is observed that the global dynamics of the system are
similar to simple bladed Jeffcott rotors when scaled with the number of blades. Since the rotor runs at its
operating point, the contact forces are also evaluated at nominal speed. A parametric study – as a
function of contact stiffness and damping – is performed and results are given in terms of Poincaré
sections, bifurcation diagrams and maximum displacements at steady state. These simulations are used
to determine if the system is safe to operate. It can be used to design hydropower rotors by choosing the
operating speed in a suitable range, or to analyse if the machine can be stopped before a catastrophe
occurs.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Rubbing in rotating machines is known to produce high impact
forces and can lead to catastrophic failures in the worst case
scenario. In recent years, studies have been more focused on
blade-to-stator contacts. The severity of these kinds of system is
due to the intermittent contacts between the blades and the
casing. Due to the modelling complexity of contact systems, it
becomes tedious to find analytical solutions for blade rubbing
problems, and the first expectations of the system's behavior can
be discredited by numerical simulations.

Rotor to stator contacts have usually been studied assuming
cylinder to cylinder contact. Simple models have been developed
and analyzed extensively. For instance, Karpenko et al. developed a
model of Jeffcott rotor with preloaded snubber ring. The experi-
mental model validates the results found numerically [1,2]. Popprath
and Ecker [3] studied the behavior of a suspended rotor contacting a
dynamic stator as a function of the normalized speed and mass ratio.
Gonsalves et al. [4] developed a model of discontinuous Jeffcott rotor
subjected to mass-unbalance forces and found a good agreement
between numerical simulations and experimental tests. Qin et al. [5]
investigated the contact of an overhung rotor as function of rotating
speed, unbalance and external damping using the transfer matrix

method. Most of these models are simplified but they can be
evaluated as function of several parameters. However, Behzad et al.
[6] have developed a model of rigid rotor contacting a discretized
stator using the Lagrange multiplier technique to solve the constraint
equation during contact. In a similar way, Ma et al. [7] evaluated the
rubbing between an elastic rod and a disk using the augmented
Lagrangian method. They showed that the contact stiffness and gap
have a strong influence on collision rebounds. Blade–tip rub interac-
tion usually concerns detailed models studied for a fixed set of
parameters. Padovan and Choy [8] developed a blade to stator
contact model with large linear kinematics. They investigated the
influence of several parameters such as unbalance, friction and blade
stiffness. Sinha [9] studied the transient response of a decelerating
rotor where blade rubbing occurs close to resonance. Roques et al.
[10] also investigated blade rubbing caused by accidental imbalance
using a Lagrange multiplier approach and prediction–correction
marching procedure. Using a complex model, Legrand et al. [11]
evaluated contacts due to modal interaction and small clearances.
They also developed a three-dimensional model of the contact
phenomena using the Lagrange multiplier and B-splines of the
contact surface. More details of rotor-stator interaction can be found
in Jacquet-Richardet et al. [12].

In most of these articles, the contact modelling has been
performed using a detailed finite element formulation in the case
of blade contacts. It is of interest to use these models to obtain
reliable contact forces during rubbing. However, the drawback of
highly accurate models is the simulation time. It does not allow in

Contents lists available at ScienceDirect

journal homepage: www.elsevier.com/locate/ijmecsci

International Journal of Mechanical Sciences

http://dx.doi.org/10.1016/j.ijmecsci.2015.05.023
0020-7403/& 2015 Elsevier Ltd. All rights reserved.

n Corresponding author.
E-mail address: florian.thiery@ltu.se (F. Thiery).

International Journal of Mechanical Sciences 99 (2015) 251–261



a reasonable computational time to evaluate the global properties
of the system as a function of one or several design parameters. In
this paper, the dynamics of rubbing is simplified and modeled as
an unilateral contact between rigid blades and a flexible casing. In
our case, the blade contact interaction is investigated in a 10 MW
Kaplan turbine. Since the clearance is small in this type of machine
– around 0.1% of the hub diameter – contact might occur between
the runner blades and the turbine chamber due to high unbalance
forces and fluid forces. A previous study on a general hydropower
machine has been performed by Gustavsson and Aidanpää [13]. It
was assumed that the angle of the blades was set to 01, making the
contact similar to cylinder-to-cylinder rubbing. In our model, it is
assumed that contact of all blades can occur during operation. A
first study is performed to verify the global dynamic properties
when the rotor is initially misaligned and compare the results with
simplified Jeffcott models [14,15]. Then a complementary study of
the contact model is performed at operating speed as function of
the contact stiffness and damping induced by fluid–structure
interaction.

2. Model description

2.1. Overview of the system

The model of the 10 MW Kaplan turbine is composed of 46 nodes
and described by Timoshenko beam elements with shear, rotary
inertia, gyroscopic effects and consistent mass matrix. The rotor is
hollow with an inner diameter of 0.15 m. The three bearing positions
are shown in Fig. 1(a), with the first one for the upper guide bearing
at node 6, the second one for the lower guide bearing at node 16, and
the third one at node 41 for the turbine guide bearing (from top to

bottom). The stiffness and damping properties of the bearings are
constant (no rotational speed dependency) and anisotropic. Addi-
tional masses and inertia are set at node 1 for the exciter, 11 for the
generator and 46 for the runner. These values are shown in Table 1.
The Unbalance Magnetic Pull (UMP) between the rotor and the
generator is modeled as a constant negative stiffness kUMP.

2.2. Contact model

In this simplified model, the 6 Kaplan blades in Fig. 1(a–c) are
considered to be extremely stiff due their thickness and material
properties. On the runner, pivots allow us to change the angle β of
the blades as seen in Fig. 1(b). When β¼ 01, the contact model can
be assimilated to cylinder rubbing [13]. On the contrary, our study
focuses on the extreme case where the blades are open as much as
possible. Two main assumptions have been adopted when deriving
the equations of motion that are specific to hydropower machines.
First of all, the blades are assumed to be rigid in comparisonwith the
draft tube that defines the surrounding structure. Moreover, their
mass is neglected when compared with the runner total mass. As a
result, the study will focus on the dynamics of the system due to
unilateral contacts only since stiffening effects for the blades will not
have any influence, especially when the rotor runs at low speed. In
addition, their will be no parametric excitation induced by the
blades rotation. Hence this unilateral contact model cannot be
applied to machines such as gas turbines or steam turbines and is
more specific to hydropower rotors (or similar machines) having a
low operating speed.

The contact forces during blade impacts are derived in the fixed
coordinate system in Fig. 2 ðO; i; jÞ. The rotor is initially misaligned
in the y direction with an eccentricity y0. When a contact occur for
the kth blade, a restoring force FðkÞn is applied to the rotor where

Nomenclature

Roman Symbols

cij damping coefficients
cr runner damping
E Young's modulus
e unbalance eccentricity
fmax maximum force
fs standard alternating-current
Jd; Jp moment of inertia
kUMP magnetic pull stiffness
kc contact stiffness
kij stiffness coefficients
L blade length
m added mass
p pair of poles
R casing radius
R0 cylinder radius
rmax maximum amplitude
vck contact velocity
x displacement in x-direction
y displacement in y-direction
y0 misalignment

Bold symbols

C damping matrix
Fn; Ft contact forces
fcontact contact forces

funb unbalance forces
G gyroscopic matrix
i; j unit vectors in fixed coordinate system
K stiffness matrix
M mass matrix
n; t unit vectors in rotating coordinate system
r blade tip position vector
T; S transformation matrix

Greek symbols

β blade angle
δ clearance
Ωnom Nominal speed
μ friction coefficient
ν Poisson's ratio
ω;Ω rotating speed
ρ density
θp Poincare phase
φk blade phase
ζ damping ratio

Subscripts

IRS Improved Reduction System
m master node
s slave node
UMP Unbalance Magnetic Pull
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Fig. 1. (a) Finite element model of the Porjus U9 turbine, (b) view of the runner node – side view, (c) view of the runner node – upper view.

Table 1
Default properties of the Kaplan turbine and contact parameters

Symbol Item Runner Rotor Exciter

m Mass (kg) 2600 11,900 600
Jd Diametrical moment of inertia (kg m2) 230 6641 37
Jp Polar moment of inertia (kg m2) 310 9121 74

Turbine guide bearing Lower guide bearing Upper guide bearing
kxx, kyy Bearing stiffness (N=m) 5:53� 108, 3:85� 108 6:19� 108, 4:86� 108 7:96� 108, 7:11� 108

kxy, kyx Bearing stiffness (N=m) 8:89� 105, �7:13� 105 �1:17� 105, 1:77� 106 �2:88� 106, 2:80� 106

cxx, cyy Bearing damping (N s=m) 6:62� 106, 4:97� 106 7:36� 106, 6:11� 106 8:90� 106, 8:15� 106

cxy, cyx Bearing damping (N s=m) 9:84� 103, �1:79� 104 2:07� 104, �1:22� 104 1:50� 104, �1:89� 104

kUMP Magnetic stiffness (N=m) X �64� 106 �12:8� 106

E Young's modulus (N=m2) 2:1� 1011

ν Poisson's ratio 0.3
ρ Density (kg=m3) 7810
kc Contact stiffness (N=m) 1� 1010

L Blade length 0.52
R0 Runner radius (m) 0.255
R Casing radius (m) 0.7766
δ Clearance (m) 1:55� 10�3

μ Friction coefficient 0.1
y0 Misalignment (m) 1:0001nδ
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FðkÞn ¼ �kcΔrðkÞnðkÞ with nðkÞ ¼ rðkÞ=JrðkÞ J , ΔrðkÞ ¼ JrðkÞ J�R and
where the position of the tip of the blade is given by

rðkÞ ¼ ðxþðR0þLÞ cos ðφðkÞÞÞiþðyþy0þðR0þLÞ sin ðφðkÞÞÞj ð1Þ
where φðkÞ ¼ωtþ2ðk�1Þπ=nblade represents the phase of the

blade. The normal force can be re-written FðkÞn ¼ �kcð1�R=JrðkÞ J ÞrðkÞ
with rðkÞ given in Eq. (1). The tangential force is a Coulomb frictional
force FðkÞt ¼ �μsgnðvðkÞc ÞJFðkÞn JtðkÞ where tðkÞ is the tangential unit
vector at the contact point, obtained from a rotation of angle π=2 of
vector nðkÞ. Thus tðkÞ can be written

tðkÞ ¼ �½ðyþy0þðR0þLÞ sin ðφðkÞÞÞiþðxþðR0þLÞ cos ðφðkÞÞÞj�=JrðkÞ J
ð2Þ

The tangential contact velocity is obtained by using vðkÞc ¼ _r ðkÞ�tðkÞ.
The resulting forces in the x and the y direction are derived by
projecting the normal and tangential forces on i and j respectively, i.e.
F ðkÞx ¼ ðFðkÞn þFðkÞt Þ�i and F ðkÞy ¼ ðFðkÞn þFðkÞt Þ�j. As a result, the contact
forces for the kth blade given in the fixed reference system are given
by

F ðkÞx ¼ �kcð1�
Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðxþðR0þLÞ cos ðφðkÞÞ2þðyþy0þðR0þLÞ sin ðφðkÞÞÞ2
q

� ½ðxþðR0þLÞ cos ðφðkÞÞÞ�μðyþy0þðR0þLÞ sin ðφðkÞÞÞsgnðvðkÞc Þ�

F ðkÞy ¼ �kcð1�
Rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðxþðR0þLÞ cos ðφðkÞÞÞ2þðyþy0þðR0þLÞ sin ðφðkÞÞÞ2
q

� ½ðyþy0þðR0þLÞ sin ðφðkÞÞÞþμðxþðR0þLÞ cos ðφðkÞÞÞsgnðvðkÞc Þ�
ð3Þ

where the contact velocity vðkÞc is given by

Several scenarios can be observed depending on the geome-
trical position of the blades: (i) no contact occurs and the contact
force is equal to zero, (ii) single blade contact, (iii) multiple blade
contact with summation of contact forces at each blade position.

2.3. Model reduction

To perform faster analyses without significantly altering the
properties of the system at lower modes, the standard Improved
Reduction System (IRS) method has been applied to our rotor. In
usual reduction methods such as static reduction [16], the struc-
tural matrices, force and displacement vectors are reordered as a
function of the retained nodes (master nodes) and discarded
nodes (slave nodes) as follows:

Mmm Mms

Msm Mss

" #
€xm

€xs

 !
þ

Kmm Kms

Ksm Kss

" #
xm

xs

 !
¼ fm

0

� �
ð5Þ

By neglecting the inertia terms and expressing the slave
coordinates as a function of the master coordinates, the mass
and stiffness matrices can be reduced using MR ¼ TT

sMTs and
KR ¼ TT

sKTs where the transformation matrix is

Ts ¼
I

�K�1
ss Ksm

" #
ð6Þ

Since the inertia terms are neglected in the reduction process,
the frequency response functions are only exact at zero frequency.
For a higher excitation frequency, the inertia terms become more

significant and the reduction cannot apply. The IRS method is an
improvement of the static reduction where the inertia terms are
included as pseudo-static forces [17]. This modification results in a
better match of the low frequencies of the full system than the
static reduction, but the stiffness matrix becomes stiffer. In this
case, the transformation matrix is given by

TIRS ¼ TsþSMTsM�1
R KR ð7Þ

with Ts being the transformation matrix from static reduction
and

S¼
0 0
0 K�1

ss

" #
ð8Þ

In general, the reduction is derived from the mass and stiffness
matrices only, but the same transformation also applies to the
gyroscopic and damping matrices according to [18]. The reduced
matrices are finally MIRS ¼ TT

IRSMTIRS, KIRS ¼ TT
IRSKTIRS, CIRS ¼ TT

IRSCTIRS

and GIRS ¼ TT
IRSGTIRS. It can be noted that this reduction can be

improved by extending it to an iterative scheme if the results are
not satisfying. In our case, the system has been reduced from 46 to
6 nodes, corresponding to 24 degrees of freedom. In Fig. 1(a), these
nodes correspond to the exciter ①, generator ③, runner ⑥ and the
three bearing positions (②, ④ and ⑤). These nodes have been kept
since the occurrence of nonlinearities in hydropower systems would
appear at these positions due to the Unbalance Magnetic Pull at
generator and exciter, nonlinearities in the tilting-pads and combi-
bearings, fluid–structure interaction at the runner and impacts at the
runner as well. In our case, the first iteration gives acceptable results
for the damped natural frequencies and damping ratios since only
the lower modes of vibration are of interest. The Campbell diagram of
the full system and the reduced system is shown in Fig. 3. It shows

that the first lower 4 modes are similar in terms of modal properties
for both models. The corresponding mode shapes of the full model

vðkÞc ¼ �ðyþy0þðR0þLÞ sin ðφðkÞÞÞð _x�ðR0þLÞω sin ðφðkÞÞÞ�ðxþðR0þLÞ cos ðφðkÞÞÞð _yþðR0þLÞω cos ðφðkÞÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxþðR0þLÞ cos ðωtÞÞ2þðyþy0þðR0þLÞ sin ðφðkÞÞÞ2

q ð4Þ
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Fig. 2. Description of the contact model between the rotor blade and the casing.
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are displayed in Fig. 4 for a rotating speed of 600 RPM. The first two
modes correspond to a runner mode, while the two others are
related to the exciter position .

3. Analysis overview

3.1. Rotor and contact properties

In this section, two different types of analysis are performed.
The first case corresponds to contacts due to pure misalignment
over a large speed range. This is a preliminary step to investigate
the global properties of the rotor. The second contact case is due to
static misalignment and dynamic eccentricity. This simulation is
performed only at nominal speed Ωnom ¼ f sn60=p where
f s ¼ 50 Hz is the standard alternating-current in Europe and p¼5
is the number of pair of poles of the generator.

3.1.1. Case of misaligned rotor without magnetic pull
The rotor is only subjected to an initial misalignment as described

in Section 2.2. The objective of this case is to determine the global
properties of the contact over a large speed range. It is also of interest
to verify if the behavior is reasonable when compared with previous
studies since the model geometry is more complex. Concerning the
tilting pads bearings, the stiffness and damping properties are
calculated at the nominal speed Ωnom ¼ 600 RPM for a bearing load
of 20 kN and a peg stiffness of 1:5� 109 N=m. These coefficients have
been used at all speeds. The magnetic stiffness of the generator and

exciter are set to 0. The initial misalignment is set to 1:0001nδ to
obtain a slight contact with the casing.

3.1.2. Case of contact with unbalance and static force
The rotor is rotating at its nominal speed Ωnom ¼ 600 RPM. The

rotor is not misaligned (y0 ¼ 0), but a constant force of 100 kN
applied in the x-direction creates a static displacement which
corresponds to approximately 70% of the total clearance. Unba-
lance forces are set at the generator and runner positions, both in
phase. The magnitude of the force is controlled with the eccen-
tricity e. The rotor will enter in contact with the casing due to the
increase of unbalance forces. The magnetic stiffness's are included
since the rotor simulation corresponds to its operational speed.
The numerical simulations are performed for different set of
parameters (default values are given in Table 1). Three major
parameters cannot be assessed perfectly. The first one is the
damping value, which is usually underestimated since the fluid–
structure interaction, structural damping and other types of
dissipative effects are not known in details. In our case, the
damping ratio associated with the first mode is ζ1C5%. This first
mode is related to a greater displacement of the turbine. As a
result, a damping coefficient is included at the turbine node to
model fluid–structure interaction. It will increase the damping
ratio of the first mode to approximately 10, 15 and 20%. The second
parameter which can fluctuate is the kinetic friction coefficient
during contact. Due to water interaction, this coefficient can vary
within a large range. In our case, we will choose the following
values μ¼ ½0:05;0:1;0:2�. The last unknown is the contact stiffness
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Fig. 3. Campbell diagram of the full model (full line) and reduced model (dotted line) with default parameters. (a) Damped natural frequency and (b) damping ratio.
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Fig. 5. Displacement plot, phase plot and Poincare section of the reduced model for different frequencies: (a) f¼6.5 Hz, (b) f¼6.757 Hz, (c) f¼9.5792 Hz, and (d) f¼10 Hz.
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of the casing. The casing is considered to be stiffer than the shaft
with a stiffness kc equal to ½109;1011;1012� N=m to evaluate the
different types of motion possible.

3.2. Simulation method

The equations of motion of a general rotor can be written in the
following way:

M €xþðCþΩGÞ _xþKx¼ funbþfcontactþfconstant ð9Þ
where M is the consistent mass matrix, C the damping matrix

containing only the damping properties of the bearings, G the
gyroscopic matrix and K the stiffness matrix. The formulation of
these matrices follows the description of [19]. The term funb represent
the unbalance forces, fcontact corresponds to the nonlinear impact
forces when contacts occur, and fconstant is the static force. In the case
described in Section 3.1.1, the rotor is subjected to fcontact only while
funb and fconstant are set to 0. On the contrary, the case in Section 3.1.2
takes in account all external forces described in Eq. (9). The equation
of motion is then reduced using the method described in Section 2.3.
Hence the equation of motion can be re-written

MIRS €xmþðCIRSþΩGIRSÞ _xmþKIRSxm ¼ fm;unbþfm;contactþfm;constant

ð10Þ
In Eq. (10), the displacement vector xm correspond to the 6 master

nodes with the degrees of freedom fx; y;θ;ψ gT corresponding to two
radial displacements and two angular rotations at each node. As a
result, the reduced model has 24 degrees of freedom in total. The
unbalance forces are applied at nodes 3 and 6 with an amplitude
meΩ2 cos ðΩtÞ in the x-direction and meΩ2 sin ðΩtÞ in the y-direc-
tion. The mass m corresponds to the respective added mass from
Table 1 at the generator and runner, the eccentricity e varies within
the range ½1�10��3 m, whileΩ is the constant running speed of the
rotor. The contact forces are applied at node 6 in the x and y
directions following Eq. (3). Eq. (10) is solved using the Central
Difference Method described in Bathe [20]. This integration proce-
dure is an explicit integration method of order 2 and conditionally
stable for the linear case only. To verify the convergence of the
nonlinear equation, Eq. (10) has preliminary been re-written in the
state-space formulation as follows:

q ̇¼
0 I

�M�1K �M�1ðΩGþCÞ

" #
qþ

0
�M�1 funbþfcontactþfconstantð Þ

" #

ð11Þ
where qT ¼ ½xT _xT � is the state-space vector and I the identity

matrix (subscripts have been intentionally omitted for clarity).
Eq. (11) was solved in Matlab using the 4th order Runge–Kutta–
Fehlberg (RKF) method with adaptive time-step. The relative error
tolerance has been set to 1:10�4. Since the time step is adaptive, it
is important to set a default maximum step-size since a too large
Δt will not allow us to detect the contact condition. Due to the
long simulation time to perform bifurcation diagrams with the
RKF method, it was decided to implement the Central Difference
Method with constant time-step and compare the results for
different motion types. After obtaining satisfying results for both
methods, the time-step has been fixed to the period 2π=Ω divided
by 5000 for the default case. This time-step also has to satisfy the
stability criteria ΔtoTn=π where Tn is the period associated with
the highest frequency f n ¼ 687:84 Hz (forward mode) calculated at
a rotating speed Ω¼ 660 RPM after reducing the model with the
IRS method. If the contact stiffness is increased, the number of
iteration per periods is increased as well to ensure a good
discretization of the contact forces. For each simulation, the
maximum radial displacement rmax ¼maxð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2þy2

p
Þ at steady

state for the runner is retained. The results are visualized using

orbit and phase plots together with Poincaré sections composed of
10,000 sections when the simulation performed for one parameter
value only. For bifurcation diagrams, only 100 Poincaré sections
were collected after simulating 200 periods for a given speed Ω.
The Poincaré sections are retrieved at a constant phase θp ¼ 2π in
the state space. To plot the bifurcation diagrams, 500 steps are
used for the frequency range. The final state vector of a simulation
at a given frequency is used as the initial condition for the
following simulation to find stable solutions over the whole
studied range. A Fast Fourier Transform (FFT) of the steady state
response is performed at each speed to obtain three-dimensional
waterfall plots. It will give complementary information about the
dynamical properties of the system.

4. Results

4.1. General properties of the misaligned rotor

The bifurcation diagram of the system as a function of the
frequency in the range 3 to 11 Hz is shown Fig. 6 together with the
maximum radial displacement at the runner node. In Fig. 6, the
frequency range is normalized for comparison purposes, but it can
be read together with Fig. 7 to obtain the actual frequency range.
Two apparent chaotic regions ② and ④ are visible in the range
4.62–7.10 Hz and 8.5–11 Hz. At 6.5 Hz in region ②, a chaotic
motion with a succession of bursts is displayed in Fig. 5(a). The
chaotic attractor is well defined in this case. On the contrary, the
attractor shown in Fig. 5(d) – corresponding to a frequency of
10 Hz in region ④ – looks fuzzy and less defined. Two period-1
regions ① and ③ are visible between these chaotic regions. A
typical example of this period-1 is shown in Fig. 5(b). More
periodic motions can be found in the bifurcation diagram, but
they only appear at single speeds and not over extended ranges.
Fig. 5(c) shows another example of periodic motion at 9.579 Hz
where the blades enter in contact on both sides of the casing. This
type of periodic region within the chaotic region ④ are hardly
visible and need a high zoom-in to be displayed in the bifurcation
diagram. It can be observed that the maximum radial displace-
ment is high in the chaotic region and even higher at the end of
these regions, while periodic regions are associated with a lower
displacement. The displacement curve can even help visualizing
the periodic motions within the chaotic regions of the bifurcation
diagram. Previous work about 3 blades Jeffcott rotor [21,14]
showed that chaotic motion start to appear at 1/3 and 2/3 of the
normalized frequency. As a result, our frequency scale can be
normalized with the first damped natural frequency f 1 ¼ 25:6 Hz
at zero speed (mode associated with the turbine) and rescale with
a factor 6/3 corresponding to the ratio of the number of blades in
this study and the number of blades of [21]. The new scale is
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Fig. 6. Bifurcation diagram of the reduced model of the Porjus rotor as a function of
the frequency. Solid line represents the maximum amplitude at steady state.
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within the range 0.23–0.86 in normalized frequency as already
displayed in Fig. 6. With this new scale, the rise of maximum
displacement and forces appears at 1/3 and 2/3 of the normalized
frequency. The overall behavior is similar when compared with
[21,14] in terms of global properties of bladed rotors.

The Fast Fourier Transform of the x-displacement of the runner
node for 50 different speeds within the same range are gathered
and displayed in a 3-dimensional diagram in Fig. 7. The periodic
regions ① and ③ can be seen with the appearance of a small
synchronous peak alone that confirms the period-1 motion. On the
contrary, chaotic regions ② and ④ are recognizable with their
large broadband excitation. However, the broadband excitation of
the first chaotic motion follows the synchronous speed. For the
second chaotic region, the excitation stop following the synchro-
nous excitation and get centered around the first damped natural
frequency of the rotor.

4.2. Parametric study at nominal speed

In this section, the major differences is the inclusion of unbalance
force and constant force in the x-direction. The rotor is not in “free
flight” motion after contacts due to these forces. Hence the contacts
are likely to occur on the right position of the stator. From the previous
section and Fig. 5(d), we can see that the contact properties at nominal
speed are not the safest. A bifurcation diagram is built as a function of
the unbalance eccentricity for a frequency f¼10 Hz. The simulation
shown in Figs. 8 and 9 corresponds to the default parameters. This set
of parameters is used as a comparison tool in the rest of the study. The
bifurcation diagram shows a first periodic region I since there is no
contact and the rotor responds linearly to the unbalance excitation.
After the occurrence of the contact for a displacement in the x
direction equal to the clearance, the periodic region continues shortly
until the appearance of a chaotic region II in the range
1:46�1:9½ � � 10�3 m. This region leads to a long periodic region III
that starts with a period 2 as seen in Fig. 9 and continues with a
period-1 (in Fig. 9c) until the value of 6:4� 10�3 m is reached. The
periodic region leads to another chaotic region IV that goes until
10� 10�3 m. Even if not shown here, this chaotic region is broader
and continues until 50� 10�3 m. From this diagram, we can observe
that the maximum displacement (or force) associated with chaotic
regions are greater than periodic regions. This general result was also
observable in Fig. 6.

The bifurcation diagrams for different contact stiffness values are
shown from Fig. 10(a)–(c). The bifurcation diagram for kc ¼ 109 N=m
shows a global behavior that is different from the default case. The
first chaotic region II totally disappears and the second chaotic region
occurs for a larger eccentricity. The appearance of a period-2 quasi-
periodic motion is visible around 4� 10�3 m. Periodic motions
predominates mostly in this diagram and comparison are hard to
perform in this case. On the contrary, the bifurcation diagrams for the

stiffer cases kc ¼ 1011 N=m and kc ¼ 1012 N=m shows a similar
behavior on the global scale. All the regions are clearly visible. The
main difference is the presence of a new chaotic region in II at the
bifurcation point, which extends with an increasing contact stiffness.
Similarly, the second chaotic region increases with a higher stiffness.
As a result, the behavior of the system becomes independent as long
as the contact stiffness is high enough.

The bifurcation diagrams for different damping values cr are
shown in Fig. 10(d)-(f). The default case corresponds to a zero
damping value at the runner. At first view, the damping value has
a stabilizing effect on the system. For a damping ratio of 10%, the
chaotic region II is reduced and the amplitude of the displacements is
smaller in the chaotic region IV. The presence of intermittent periodic
region is also accentuated. For a damping ratio of 15%, region II has
changed into periodic motion, while region IV has diminished
significantly. It even disappears for ζ1 ¼ 20%, leading to a periodic
region for the whole eccentricity range. However, the magnitude of
the maximum displacement in all cases is similar in all the regions.
Further simulations have been performed for a friction coefficient
μ¼ 0:05 and μ¼ 0:2. The results are not shown in this study since in
only influences locally the system at the beginning of region IV, but
the global properties are conserved and no major difference occurs.

5. Conclusion

The global dynamics of a 10 MW turbine has been evaluated in
this paper. The rotor was modeled using the Finite Element
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Fig. 8. Bifurcation diagram of the reduced model as a function of eccentricity for
the default parameters. Solid line represents the maximum amplitude at
steady state.

Fig. 7. Waterfall plot of the reduced model with initial misalignment.
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Method with beam elements while the contact between the rotor
and casing was modeled with rigid blades. The combination of the
simple modelling together with the IRS reduction method allows
us to evaluate the global dynamics of the rotor in a efficient way.
The following key results can be summarized:

� By scaling the rotating speed with the first natural frequency
(turbine mode) and the number of blades, the global dynamics
of the system is similar to the simple model described in
[21,15].

� Periodic regions are always associated with smaller displace-
ments than chaotic regions in this case.

� The global behavior at nominal speed shows the same char-
acteristic regions for a high contact stiffness. For a low contact
stiffness – of the order of the shaft stiffness – the model
behaves differently.

� Increasing damping has a stabilizing effect on the system
behavior. However, it does not change the magnitude of the
maximum displacement.

As a result, this study indicates that dynamics of real bladed
systems can be analyzed using a simplified contact model as long
as assumptions are valid. The global behavior of this complex
system is similar to the results obtained with simple systems. This
contact model can be used as a general tool to study the dynamic
of the rotor as function of unknown parameters. For instance, the
design of the machine can be evaluated at first as function of
rotating speed and misalignment only to investigate in which type
of region the rotor operates. Since hydropower rotors usually run
undercritically, the behavior of the system can be assessed by
knowing the number of blades and scaling the result with the first
mode of vibration. Once the global behavior is obtained over a
large speed range, a dynamic evaluation can be performed at
nominal speed with normal operating conditions. As a first try, the
worst case scenario can be investigated by assuming a high
contact stiffness and no damping induced by fluid–structure
interaction. As an increase in the damping ratio attenuates chaotic
regions and friction does not influence the global behavior, it is
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recommended to use the worst case scenario to design or verify
the dangerousness of the turbine depending on the initial mis-
alignment, unbalance forces determined from balance quality
grades and radial forces in the runner. To obtain more accurate
results, these unknown parameters can be updated. For instance,
the evaluation of the contact stiffness can be performed using a
finite element program or scaled with experimental results. More-
over, some flexibility can be induced by the attachment of the
blades to the runner and is not taken in account here. The casing
dynamics can be also included following the description of [3] for
a more realistic casing. However, the drawback of using more
sophisticated models results in a longer computational time.
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Abstract
In vertically oriented machines with tilting-pad journal bearings, there is no static load that allow to
calculate the bearing properties around a determined static position. As a result, most of simulations
are performed by solving Reynolds equation at each time-step which can result in long computational
time. To avoid this concern, a simplified model is used that takes in account the variation of unbalance
load depending on the pad configuration. This nonlinear model is used to simulate the dynamics of
a hydropower turbine and compared with the Campbell diagram calculations used from hydropower
industry standards. A comparison between the linear and nonlinear model is performed to evaluate how
accurate the linear model is and until which limits it can be relevant. In case of qualitative discrepancies in
the results in terms of natural frequencies and damping ratios, an improvement of the Campbell diagram
calculation is proposed to obtain a more accurate linear model.
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INTRODUCTION
In usual horizontal turbomachines, the dynamical prop-
erties of the system are calculated around the static
load due to dead weight. On the contrary, for vertical
machines such as pumps and hydropower turbines, the
rotor is subjected to rotating unbalance loads that do
not allow to calculate constant stiffness and damping
coefficients for fixed operating conditions. Instead, the
bearing forces depend on the relative displacements and
velocities between the shaft and housing. As a result,
the Reynolds equation is usually solved at each time step
and the Campbell diagram is not available anymore due
to the nonlinear equations of motion [1–5]. The main
problem of solving Reynolds equation at each time-step
resides in the long computational time especially when
performing a design study as function of several design
parameters and/or different unbalance loads. As a result,
it is convenient to simplify the bearing modeling with-
out losing the mechanical properties of the system and
perform nonlinear simulations using the simpler model.

However, from an industrial point of view, it is
desirable - as a first step - to obtain the Campbell diagram
to evaluate critical designs for hydropower rotors. As a
result, a first evaluation can be performed by assuming the
bearing loads to be constant at each bearing position as
it is usually done for horizontal machines. A comparison

(a) (b)

Figure 1. Tilting pad bearing configuration: (a)
Load-Between-Pad (b) Load-On-Pad

with the frequency content of the sweep sine for the
nonlinear equation of motion is performed to investigate
to which extent is this assumption valid. The nonlinear
model used in this paper is simplified by assuming a
harmonic variation of the bearing coefficients as function
of the number of pads that takes in account the variation of
stiffness and damping between the Load-On-Pad (LOP)
and Load-Between-Pad (LBP) configuration (see Fig
.1) If the comparison between the linear and nonlinear
is unsatisfactory, a strategy to upgrade the Campbell
diagram should be determined to evaluate in a correct
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NOMENCLATURE
Roman Symbols
ak coefficients of bearing polynoms
ci j bearing damping coefficient
e unbalance eccentricity
f0 start frequency sweep sine
fasyn asynchronous force
funb unbalance force
fe end frequency sweep sine
Jd diametrical moment of inertia
Jp polar moment of inertia
kUMP magnetic pull stiffness
ki j bearing stiffness coefficient
m disk mass
Npads number of tilting pads
q state space vector
t f total simulation time
x, y displacement in fixed coordinate system
Bold symbols
Cbear bearing damping matrix
C damping matrix

G gyroscopic matrix
I identity matrix
Kbear bearing stiffness matrix
K stiffness matrix
M mass matrix
T transformation matrix
Greek Symbols
Ω rotating speed
Ωnom nominal speed
ε eccentricity
ϕ load angle
ξ, η displacement in rotating coordinate system
Acronym
G balancing grade
LBP load-between-pad
LGB lower guide bearing
LOP load-on-pad
TGB turbine guide bearing
UGB upper guide bearing
UMP unbalance magnetic pull

way the natural frequencies and damping ratios of the
system.

1. METHODS

1.1 Model
1.1.1 Rotor description
The model of the vertical hydropower unit used in this
paper is a typical 45MW Kaplan turbine [6] as seen
in Fig.2. The rotor is supported by three tilting pad
journal bearings at the upper guide bearing (UGB), the
lower guide bearing (LGB) and the turbine guide bearing
(TGB). The shaft is described using Timoshenko beam
elements, while additional mass and inertia properties
are added at the exciter, generator and runner position.
The Unbalance Magnetic Pull is simulated as a constant
negative stiffness at the generator and exciter position.
The values of these parameters are summarized in Table
2. The rotor is at first described using 15 nodes, but it is
reduced to 6 nodes using the Improved Reduction System
method [7]. The 6 master nodes kept for the simulation
are the three bearing positions as well as the exciter, the
generator and runner position.

1.1.2 Bearings modeling

The generator is set vertically and supported by tilting pad
journal bearings (TPJB) that are attached to rigid bearing
brackets on each side. The bearings will be considered
to have a nonlinear behavior. Since the rotor is vertical,
there is no static load caused by the dead weight that
allows the calculation of bearing coefficients. In fact,
the stiffness and bearing properties of the system will
depend on the load direction. These coefficients will be
determined as function of the Load on Pad (LOP) or Load
between Pad (LBP) (Fig.1), load angle ϕ and eccentricity
ε. The tilting pad bearings are oriented in a way that
the between-pad area is aligned with the y-direction in
all three positions in Fig. 2. The calculation of bearing
coefficients follows the procedure of [8]. Using the
parameters in Table 2, a commercial software [9] is
used to calculate the bearings for both LOP and LBP as
function of the eccentricity. These coefficients can be
approximated using eccentricity dependent polynomial
functions. For instance, the stiffness coefficient in ξ-
direction is kLOP

ξ = a0+a1ε+a2ε2+a3ε3+a4ε4 where ε
is the eccentricity. The stiffness and damping coefficients
in the rotating system are then assumed to be a harmonic
relation of the LOP, LBP and load angle ϕ as follows:
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UGB

LGB

TGB

Exciter
position

Generator
 position

Runner
position

x

Y

Figure 2. Model of a 45 MW hydropower turbine. The
generator and runner are not graphically shown, but
mass and inertias are set in the model in agreement with
their geometry

ki j =
Ω

Ωnom

( kLOP
i j + kLBP

i j

2
+

kLOP
i j − kLBP

i j

2
cos(Npadsϕ)

)
(1)

ci j =
cLOP
i j + cLBPi j

2
+

cLOP
i j − cLBPi j

2
cos(Npadsϕ) (2)

where i, j = ξ, η.The stiffness coefficients are scaled
with the nominal speed used for their calculation, whereas
the damping coefficents are constant as function of the
rotating speed. Fig.3 shows a representation of direct
stiffness and damping as function of eccentricity, calcu-
lated at the nominal speed of 166.7 RPM. In this model,

the cross-coupling terms are disregarded due to their
small values. Moreover, the mass parameters of the fluid
are also neglected due to small forces. Since the bearing
properties are given in the rotating ξη-plane following the
unbalance load, they have to be transformed to the fixed
coordinate system using the following transformation
matrix

T =
(
cos(ϕ) sin(ϕ)
− sin(ϕ) cos(ϕ)

)
(3)

where ϕ = arctan(y/x)+ nπ is the eccentricity angle
at the corresponding bearing position. As a result, the
bearing matrices are transformed at each time step using
Kbear = T>KrotT and Cbear = T>CrotT. The parameters
for each bearing position are given in Table 1 to obtain
the bearing stiffness and damping using Eq. 2.
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Figure 3. Direct stiffness of the bearing in the local
coordinate system rotating with the load. (4) represents
the Load-Between-Pad stiffness and (◦) is the
Load-On-Pad stiffness
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Table 1. Bearing coefficients

Bearing Properties Value Coefficient a0 a1 a2 a3 a4
Position Upper Guide kLOP

ξ 0.1 × 109 −0.5082 × 107 0.8322 × 106 −0.2702 × 105 0.2939 × 103
Clearance 0.2 × 10−3 kLBPξ 0.5 × 108 −0.2303 × 107 0.7955 × 106 −0.2546 × 105 0.2492 × 103
Number pads 6 kLOP

η 0.12 × 109 0.4806 × 105 0.4032 × 105 −0.8151 × 103 0.9483 × 101
Speed 166.67 RPM kLBPη 0.9 × 108 0.9406 × 106 0.18502 × 106 −0.6631 × 104 0.7361 × 102

cLOP
ξ 0.55 × 107 −0.4202 × 105 0.1995 × 105 −0.69 × 103 0.8121 × 101

cLBPξ 0.6 × 107 −0.2151 × 106 0.2896 × 105 −0.8074 × 103 0.7667 × 101
cLOP
η 0.69 × 107 −0.1545 × 105 0.2070 × 104 −0.3166 × 102 0.3246 × 100

cLBPη 0.6 × 107 0.1455 × 105 0.6282 × 104 −0.2002 × 103 0.2250 × 101
Position Lower Guide kLOP

ξ 0.83 × 109 −0.804 × 108 0.786 × 107 −0.2150 × 106 0.196 × 104
Clearance 0.175 × 10−3 kLBPξ 0.6 × 109 −0.6689 × 108 0.871 × 107 −0.2468 × 106 0.2207 × 104
Number pads 24 kLOP

η 0.75 × 109 −0.486 × 107 0.305 × 106 −0.477 × 104 0.545 × 102
Speed 166.67 RPM kLBPη 0.67 × 109 0.446 × 107 0.269 × 106 −0.954 × 104 0.112 × 103

cLOP
ξ 0.19 × 108 −0.114 × 107 0.127 × 106 −0.387 × 104 0.40 × 102

cLBPξ 0.20 × 107 −0.6407 × 106 0.1727 × 106 −0.5473 × 104 0.5271 × 102
cLOP
η 0.17 × 108 −0.961 × 105 0.60 × 104 −0.943 × 102 0.109 × 101

cLBPη 0.14 × 108 0.221 × 106 0.223 × 104 /0.181 × 103 0.248 × 101
Position Turbine Guide kLOP

ξ 0.3 × 109 −0.161 × 108 0.249 × 107 −0.7955 × 105 0.8579 × 103
Clearance 0.175 × 10−3 kLBPξ 0.34 × 109 −0.1275 × 108 0.1751 × 107 −0.5343 × 105 0.5858 × 103
Number pads 8 kLOP

η 0.3 × 109 0.506 × 107 0.1547 × 105 −0.2881 × 104 0.5237 × 102
Speed 166.67 RPM kLBPη 0.31 × 109 0.301 × 107 0.219 × 106 −0.955 × 104 0.135 × 103

cLOP
ξ 0.15 × 108 −0.5099 × 106 0.6172 × 105 −0.1796 × 104 0.1923 × 102

cLBPξ 0.12 × 108 0.9974 × 105 0.2266 × 105 −0.8552 × 103 0.1122 × 102
cLOP
η 0.15 × 108 −0.607 × 105 0.783 × 104 −0.169 × 103 0.178 × 101

cLBPη 0.14 × 108 0.522 × 105 0.621 × 104 −0.219 × 103 0.312 × 101

1.1.3 Unbalance loads configuration

(a) (b) (c)

funb,1

funb,2

Figure 4. Bearing configuration for different
hydropower machines (a) UGB, LGB, and TGB (b)
UGB and TGB (c) LGB and TGB

To perform rotordynamical simulations, international

standards from hydropower industry have to be estimated
regarding unbalance and eccentricities. First of all,
the ISO 1940-1 [10] standard gives recommendation
concerning the maximum allowed unbalance force which
is dependent on the rotating mass, rotationnal speed and
balancing grade. The balancing grade for hydropower
rotors is G6.3, meaning that eΩ = 6.3 mm/s. The
maximum allowed unbalance force is thus defined as

funb = m × (eΩ) ×Ω = m × (
6.3
1000

) ×Ω (4)

where m represents the mass from Table 2 at the cor-
responding position. According to Fig. 4, the unbalance
loads are reasonably assumed to be set at the generator
and runner position. The distribution of the unbalance
forces depend on the bearing layout in the machine. In
our case, the configuration corresponds to Fig. 4(a) with
a 3 bearings unit. By assuming the rotor to be rigid
in comparison with the bearing stiffness, the unbalance
load from the generator will be distributed between the
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two generator bearings, while the entire unbalance load
from the runner will be on the turbine bearing.

1.2 Simulation procedure
1.2.1 Linear case - Campbell diagram
For calculation of the Campbell diagram, several as-
sumptions have to be made. First of all, the stiffness
and damping properties are calculated with the LOP
configuration. Secondly, the load is considered static
- similarly to horizontal machines - so that the bearing
properties are fixed in the global coordinate system. Fi-
nally, the unbalance load is assumed to be defined by
Eq. 4 at the generator and runner position. By knowing
the unbalance positions, the bearing configuration and
assuming the rotor to be rigid, the calculation of the
stiffness and damping coefficients can be performed for
each bearing by increasing the speed (and simultaneously
the unbalance load) as the bearing load is known. In
order to investigate more deeply the structural properties
of the turbine, another evaluation of the Campbell dia-
gram is performed at the operational speed as function
of the bearing load. Since there is always uncertainties
regarding the unbalance load, this diagram should help
understand the global behavour of the machine.

1.2.2 Nonlinear case - sweep sine
In this section, the full nonlinear modeling is used to
investigate the vibration properties of the system. The
stiffness and damping properties are calculated for each
bearing using Eq. 2 and Table 1 at each time step as
function of load angle, eccentricity and speed using the
following equation of motion in state space formulation:

q̇ =
[

0 I
−M−1K −M−1(ΩG + C)

]
q

+

[
0

−M−1(funb + fasyn)

]
(5)

where M is the consistent mass matrix, C the damp-
ing matrix containing only the damping properties of the
bearings,G the gyroscopic matrix andK the stiffness ma-
trix which is updated at each time-step due to variation of
eccentricity and load angle. Eq.(5) is solved using the 4th
order Runge-Kutta-Fehlberg (RKF) method with adap-
tive time-step. The unbalance is assumed the same as for
the calculation of the Campbell diagram. To investigate
the vibration response of the system, another simulation
is performed where an additional asynchronous force is
added at the runner position with a linear sweep-sine

excitation of the form

fasyn = 0.01 funb cos(2π f0t + 2π
fe − f0

t f
t2) (6)

The magnitude of the force is 1% of the unbalance
load in order to keep the same bearing properties. f0
and fe represents respectively the starting and ending
frequency of the sweep sine, and t f is the total simula-
tion time. To obtain the resonance frequencies from the
nonlinear case, the response signal with unbalance force
only is subtracted to the response signal with unbalance
and sweep sine forces. Moreover, a forward and a back-
ward sweep sine simulations are performed to distinguish
between the forward and backward modes as they are
close to each another for this particular turbine.

2. RESULTS AND DISCUSSION
2.1 Linear analysis
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Figure 5. Damped natural frequency and damping
ratios of the first six modes of vibration as function of
the rotating speed
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Table 2. Mechanical properties of the Forsmo turbine

Symbol Item Runner Rotor Exciter
m mass [kg] 65170 197200 2800
Jd diametrical moment of inertia [kg.m2] 60055 566500 0
Jp polar moment of inertia [kg.m2] 104800 1133000 0

Turbine guide bearing Lower guide bearing Upper guide bearing
kUMP Magnetic stiffness [N/m] X −310 × 106 −7.6 × 106
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Figure 6. Damped natural frequency and damping
ratios of the first six modes of vibration as function of
the bearing load at the speed of 166.67 RPM

The Campbell diagram as function of the rotating
speed and an eccentricity e = 0.63 × 10−3m at the
generator and runner position is displayed in Fig.5. First
of all, it should be noted that the modes of vibration
with more than 90 % damping ratio are disregarded. It
can be observed that the damped natural frequencies
of the system are close to each other, and the damping
ratios of the system are high especially for the third mode
of vibration. The values of damped natural frequency
and damping ratios are given in Table 3 for comparison

Table 3. Modal properties of the turbine at Ω = 166.67
RPM

Mode Damped natural Damping
of vibration frequency [Hz] ratio [%]
Mode 1 6.15 30.22
Mode 2 6.89 26.27
Mode 3 9.84 18.26
Mode 4 10.30 18.70
Mode 5 11.89 54.78
Mode 6 12.58 45.69

purposes with the nonlinear case. Fig. 6 shows the
Campbell diagram as function of the bearing load for a
speed of 166.67 RPM by assuming that the load is equal
in all the bearings. The variation of bearing load slightly
influences the first mode of vibration of the entire range
and the third mode of vibration for a bearing load ≤ 15
kN. The secondmode of vibration stay constant compared
with the two other modes have increasing frequencies.
Additional information concerning themodes of vibration
is available in Fig. 7. It can be observed that mode 1-2
and 5-6 correspond to a generator mode while mode 3-4
is related with the runner displacement.

2.2 Nonlinear analysis
The maximum displacement at the runner is displayed
as function of the instantaneous frequency in Fig. 8
with the asynchronous excitation at the runner position
as well. The black curve represents the response under
a forward excitation, while the red curve represents
backward excitation. It should be noted that the forward
and backward property is specific to a node position and
can be different in another node position. The response
shows higher vibrations at 10.42 Hz and 10.89 Hz and
lower vibrations around 9.15 Hz and 9.39 Hz.

Fig. 9 shows the response at the runner position
with an asynchronous force at the generator position.
Similarly, higher vibrations appear at 9.31 Hz and 10.37
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Figure 7. Modes of vibration of the Forsmo turbine. The bearing positions are shown in mode 6 and are the same
for the other modes
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Hz (backward) as well as 9.50 Hz and 10.80 Hz (forward).
In the Campbell diagram displayed in Fig. 5, the 6
modes of vibration should be observed as they cross the
asynchronous line. However, only 4 peaks are visible
in the sweep sine excitation responses. It is reasonable
to assume that mode 3 and 4 correspond to the 3rd and
4th peak response since they have the higher amplitude
(lower damping ratios), close frequencies (< 10 % error)
and the runner displacement is greater as compared

with other nodal positions which correlates the mode of
vibration shown in Fig. 7. Concerning the 1st and 2nd
peak response, it can also be assumed that it corresponds
to mode 1 and mode 2 even as the damping ratios are
greater than mode 3 and 4. However, the Campbell
diagram predicts damped natural frequencies of 6.15
Hz and 6.89 Hz that are far away from the nonlinear
simulation. Another major difference with the linear
case is the absence of vibration for mode 5 and 6 in the
studied range. However, this may be due to the high
damping ratios of the corresponding modes that suppress
the vibrations.

CONCLUSION
The nonlinear simulation of a hydropower turbine has
been performed in this article. The model used here has
some advantages since it allows to perform fast simu-
lations by using simplified bearing calculations based
on the assumption of harmonic stiffness and damping
due to variation between LOP and LBP configuration
specific to vertical machines. Due to the variation of
stiffness during operation, the Campbell diagram cal-
culated in hydropower industry may not be accurate as
several assumptions are done in order to calculate the
eigenfrequencies and damping ratios. For instance, it
was shown that the assumption of constant stiffness with
LOP configuration allowed to calculate accurately the
3rd and 4th mode of vibration, but it underestimated the
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position under a sweep sine excitation at the generator
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first two natural frequencies of the system. One of the
main problem when calculating the modal properties is
the assumption of equivalent load at each bearing. Even
though it is true for this bearing configuration and by
assuming a rigid rotor, it becomes unclear to know what
is the bearing load distribution when the rotating speed
is increased. One of a solution to improve the Campbell
diagram is to perform the nonlinear simulation at all
speeds and retrieve the average bearing load at steady
state in order to use it back to calculate a more accurate
Campbell diagram. However, this method is not practical
since it involves a great number of simulations, but it
would be a better solution to improve accuracy in the
linear study. Another suggestion would be to use Floquet
theory as long as the variation of stiffness and damping
is periodic at steady-state.

ACKNOWLEDGMENTS
The research presented was carried out as a part of
"Swedish Hydropower Centre - SVC". SVC has been
established by the Swedish Energy Agency, Elforsk and
Svenska Kraftnät together with Luleå University of Tech-
nology, The Royal Institute of Technology, Chalmers Uni-
versity of Technology andUppsalaUniversity. www.svc.nu.

REFERENCES
[1] Maurice F White, Erik Torbergsen, and Victor A

Lumpkin. Rotordynamic analysis of a vertical
pump with tilting-pad journal bearings. Wear,
207(1–2):128 – 136, 1997.

[2] Li-Feng Ma and Xin-Zhi Zhang. Numerical simula-
tion of nonlinear oil film forces of tilting-pad guide
bearing in large hydro-unit. International Journal
of Rotating Machinery, 6(5):345–353, 2000.

[3] Zhang Y.b Ji L.a Wu Y.c Yu Y.a Yu L.d Lü, Y.a.
Analysis of nonlinear dynamic behaviors of rotor
system supported by tilting-pad journal bearings.
Zhendong Ceshi Yu Zhenduan/Journal of Vibration,
Measurement and Diagnosis, 30(5):539–543, 2010.

[4] R. Cardinali, R. Nordmann, and A. Sperber. Me-
chanical Systems and Signal Processing, 7(1):29 –
44, 1993.

[5] Matthew Cha and Sergei Glavatskih. Nonlinear
dynamic behaviour of vertical and horizontal rotors
in compliant liner tilting pad journal bearings: Some
design considerations. Tribology International, 82,
Part A:142 – 152, 2015.

[6] Erik Synnegård, Rolf K. Gustavsson, and Jan-Olov
Aidanpää. Modeling of visco-elastic supports for
hydropower applications, volume XVIII of Mech-
anisms and Machine Science, pages 2189–2197.
Springer, 2015.

[7] F. Thiery, R. Gustavsson, and J.O. Aidanpaa. Dy-
namics of a misaligned kaplan turbine with blade-to-
stator contacts. International Journal of Mechanical
Sciences, 99:251–261, 2015.

[8] Mattias Nässelqvist, Rolf Gustavsson, and Jan-Olov
Aidanpää. Experimental and numerical simulation
of unbalance response in vertical test rig with tilting-
pad bearings. International Journal of Rotating
Machinery, 2014:10, 2014.

[9] Rotordynamics and Seal Research. Rappid.

[10] Swedish Standards Institute. Ss-iso 1940-1 : Me-
chanical vibration - balance quality requirements for
rotors in a constant (rigid) state - part 1: Specifica-
tion and verification of balance tolerances. Technical
report, ed. Stockholm: SIS Forlag AB, 2003.



PAPER D

Numerical evaluation of multilobe
bearings using the spectral method

Authors:
Florian Thiery, Sudhakar Gantasala and Jan-Olov Aidanpää

To be submitted.

123



124



Numerical evaluation of multilobe bearings using the spectral method

F.Thiery∗, S.Gantasala, J.-O.Aidanpää
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Abstract

Hydropower rotors and pumps have the specifity to be oriented vertically, meaning that the bearing forces have to be
evaluated at each time-step depending on the position of the rotor for dynamical analyses. If the bearings forces cannot
be evaluated analytically, a suitable numerical method should be used to calculate the pressure distribution over the
bearing domain. This process can be computationally expensive as it should be performed for each discrete time-step.
As a result, a comparison between the Spectral Method , the Finite Difference Method and the Finite Element method
is performed to investigate which method is more adapted to dynamical analysis of the bearing. It is observed that
the Spectral Method has the advantage of having a reasonable simulation time for any eccentricity magnitude with a
moderate number of interpolation points. However, this method should be restricted to simple bearings models such
as plain bearings or multilobe bearings due to the advantage of finding a global numerical solution directly on the
entire bearing domain.

Keywords: Rotordynamics, Hydropower, Multilobe, Bearing, Convergence

1. Introduction

In horizontal turbomachines, the stiffness and damping properties of the bearings are calculated
around a stationary position due to dead weight. On the contrary, vertical machines such as pumps
and water turbines do not operate around a static position but wobbles around the geometric center
of the bearing due to unbalance forces. As a result, the forces on the bearings have to be calculated
by solving the Reynolds equation at each time-step. Since rotordynamical simulations are usually
performed for more than a hundred revolutions to reach steady-state or for transient simulations,
there is a need to reduce the computational time in order to evaluate the system dynamics as
function of design parameters such as unbalance load, oil viscosity or bearing type.

Reynolds equation can be solved using different numerical methods. The oldest and most
common way is to use the Finite Difference Method (FDM). Cardinali et al.[1] used this method
in a 160 MW Francis type hydro-unit to describe the nonlinear force model of tilting-pad bearing
models. Another way to solve the Reynolds equation is to use the Finite Element Method (FEM).
Ma and Zhang[2] adopted this method to evaluate the nonlinear oil film forces of the tilting-pad
guide bearing in order to simulate the dynamics of a hydro-unit supported by a generator and a
turbine guide bearing. The main concern with FDM and FEM is the computational cost required
to obtain accurate results. An alternative choice to this two methods is the Spectral Method[3, 4].
The spectral method is widely used in fluid dynamics, but its use to solve Reynolds equation
in bearings has been limited [5]. Fundamentally, the FEM and spectral method are based on
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Nomenclature

Roman Symbols
û(x) approximate solution diff. equation
L,B linear operators
Cb bearing clearance
Cp pad clearance
e unbalance eccentricity
ex,ey journal position
Fx,Fy bearing forces
h oil film thickness
M element number in axial direction
m rotor mass
mp preload factor
N element number in circumferential direction
Nlobes Number of lobes
p pressure
Pa atmospheric pressure
R journal radius
Rb bearing radius
RN residual function

Rp pad radius
Tθ,Tz Chebychev polynomials
u(x) solution diff. equation
w(x) weight function
z axial coordinate
Bold symbols
D,Dθ,Dz differentiation matrices
I identity matrix
Greek Symbols
α offset
δ jl Kronecker symbol
µ dynamic viscosity
Ω rotating speed
φk(x) polynomials functions
θ circumferential coordinate
θ0 leading edge angle
θc centerline angle
θp arc angle

the same assumption: the solution of the differential equation is approximated by a set of trial
functions satisfying the boundary conditions, and the residuals are minimized to obtain a solution.
In the FEM case, the domain is split in smaller elements where the solution is approximated by
local low order trial functions. On the contrary, the spectral method uses global higher order trial
functions to approximate the solution over the entire computational domain. The advantage of
using the spectral method is the high accuracy of the solution due to the choice of global basis
functions. However, it is more suitable in the case where the geometry of the domain is simple
when compared with FEM.

In this study, multilobe bearings with 3 or 4 lobes will be investigated since they are of common
use in vertical machines. Transient simulations using multilobe bearings with different numerical
schemes on rigid rotors have been widely investigated in the 80s [6, 7, 8], but not by using the
Spectral Method. As a result, a comparison of the convergence of the Finite Difference Method,
Finite Element Method and Spectral method is performed with different mesh sizes . A focus will
be made on the required computational time to perform one calculation of the fluid-film forces.
Moreover, an application to a dynamic problem of a vertical machine will be shortly investigated.
The numerical method used in this paper can then be extended to other bearings types such as arc
bearings or tilting pad journal bearings.

2. Model Description

2.1. Bearing modelling

The bearing used in this study is a three-lobe bearing with grooves. The geometry of the bearing
is available in Fig. 1 with the corresponding parameters in Table 1. The fluid-film pressure in the
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bearing is found from the solution of the Reynolds equation:
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Figure 1: Description of the multilobe bearing

1
R2

∂

∂θ

(
h3∂p
∂θ

)
+
∂

∂z

(
h3∂p
∂z

)
= 6µΩ

∂h
∂θ

+ 12µ
∂h
∂t

(1)

where θ represents the circumferential coordinate and z the axial coordinate. The oil film-
thickness h of the multilobe bearing can be derived from geometrical relationships in Fig. 1.
Using Lund’s convention, it can be found that

h(θ) = Cp + ex cos(θ) + ey sin(θ) − (Cp −Cb) cos(θ − θ0 − αθp) (2)
where Cp = Rp − R j is the pad clearance, Cb = Rb − R j the bearing clearance, ex and ey the

positions of the journal bearing center O j in the X and Y direction respectively, θ0 the starting
angle of the lobe and θp the arc angle. The lobe is positioned so that the minimum clearance
occurs at the angle θc, meaning that the offset is defined by α = (θc − θ0)/θp. The film-thickness is
not dependent on z since there is no misalignment in the model. Eq. 1 is integrated numerically to
obtain the pressure distribution on each lobe. In this study, the Gumbel boundary condition is used,
where the negative pressures are replaced by the atmospheric pressure. Moreover, the pressure at
the leading edge and trailing edge of each lobe should also be equal to the atmospheric pressure
as well as the pressure at each end of the bearing in the axial coordinate z, i.e.
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{ ∀z p(θ0, z) = p(θ0 + θp, z) = 0
∀θ p(θ,−L/2) = p(θ,+L/2) = 0

(3)

By integrating along the circumferential and axial directions, the forces can be found in the
fixed coordinate system using



Fx =

Nlobes∑

k=1

∫ θk
p

θk
0

∫ L/2

−L/2
p(θ, z)R cos(θ)dθdz

Fy =

Nlobes∑

k=1

∫ θk
p

θk
0

∫ L/2

−L/2
p(θ, z)R sin(θ)dθdz

(4)

2.2. Numerical methods

In this section, a short description of the three numerical methods used to solve the pressure
distribution is available, with more details given for the Spectral Method since it is the numerical
scheme of interest.

2.2.1. Finite Difference Method

One of the simplest method to solve the Reynolds equation is the Finite Difference method,
which is based on a finite difference approximation of the derivatives. By applying it to Eq. 1, we
obtain the following discrete form

1
R2

[h3
i+1/2, j(pi+1, j − pi, j) − h3

i−1/2, j(pi, j − pi−1, j)

∆Θ2

]
+
[h3

i, j+1/2(pi, j+1 − pi, j) − h3
i, j−1/2(pi, j − pi, j−1)

∆Z2

]
= fi

(5)

The pressure can be found

epi, j = api+1, j + bpi−1, j + cpi, j+1 + dpi, j−1 − fi (6)

where



a = 1/(R∆Θ)2
[
0.5(hi+1, j + hi, j)

]3

b = 1/(R∆Θ)2
[
0.5(hi−1, j + hi, j)

]3

c = 1/(∆Z)2
[
0.5(hi, j+1 + hi, j)

]3

d = 1/(∆Z)2
[
0.5(hi, j−1 + hi, j)

]3

(7)

with e = a + b + c + d, and
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fi = 6µΩ[−ex sin(i∆Θ)+eycos(i∆Θ)+ (Cp−Cp) sin(i∆Θ−θc)]+12µ[ėxcos(i∆Θ)+ ėysin(i∆Θ)]
(8)

represents the source term on the right side of Reynolds equation. Since there is no misalign-
ment in the axial direction, one can notice that hi, j+1 = hi, j = hi, j−1. The pressure distribution is
solved using the Gauss Seidel iterative scheme:

pk+1
i, j = (1 − α)pk

i, j + α(api+1, j + bpi−1, j + cpi, j+1 + dpi, j−1)/e (9)

where α is the over-relaxation coefficient. In this case, the optimum value of the over-relaxation
coefficient follows the description of Singhal[9], where its value is function of the number of mesh
points in the axial and circumferential directions as well as the radius to length ratio



α = 2
( √

1 − (1 − µ2)
µ2

)

µ = 1 − π
2

2
4 + (πD/L)2

N2 + (MπD/L)2

(10)

The pressure distribution is iterated until a convergence condition is reached
∑∑

‖ pk+1
i, j − pk

i, j‖
/∑∑

pk+1
i, j ≤ ε (11)

The integration of the pressure distribution to find the bearing forces is done using the Simpson
numerical integration.

2.2.2. Finite Element Method

In the Finite Element Method, the main concept is to split the domain in small elements where
the solution is approximated by local low order trial functions. Some details about this method
can be found in [10, 11]. In our case, the fluid domain is discretized with 9-nodes qualidrateral
elements to obtain the global matrices coressponding to the pressure fluidity component Kp, the
shear fluidity component KUx and the squeeze component Kḣ. The isoparametric formulation is
used to obtain the stiffness matrix for each element. Due to the symmetry of the bearing along
its length, only half of the bearing is considered as the computational domain. The pressure
distribution is then obtained by solving the following equation:

Kp{p} =
(
KUx{Ux} + Kḣ{ḣ}

)
(12)

2.2.3. Pseudo-spectral method

The idea of the spectral method is to assume the solution as a a linear combination of orthogonal
polynomials. The differential equation can be written in a simplified way

Lu(x) = s(x) for x ∈ V (13)

with the boundary coundition Bu(y) = 0 for y ∈ ∂V , where L and B are differential operators.
This boundary condition justifies the use of the spectral method to bearings since the atmospheric
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Figure 2: Example of mesh grids and associated nodes for the different numerical methods(a) Grid for the Finite Difference Method (b) Mesh for
the Finite Element Method with 9-node quadrilateral elements (c) Grid for the Spectral Method with Gauss-Lobatto points

pressure is usally assumed Pa ≈ 0 on all the edges in comparison with the pressure magnitude
within the computational domain. The solution is written in terms of orthogonal polynomials as

u(x) ≈ û(x) =

N∑

k=0

ukφk(x) (14)

where φk(x) can be either Fourier functions or Chebychev polynomials. The residual is obtained
by substitution of Eq. 14 in Eq. 13 and is given by

RN(x) = Lû(x) − s(x) (15)

The solution of the differential equation will be a function û(x) which should satisfy the bound-
ary conditions and make the residual as small as possible. The main method used to identify
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the solution with minimum residual is the weighted residuals method. In this method, the inner
product of the residual and the weight function are made equal to zero, i.e.

〈RN(x),w(x)〉 =

∫
(Lû(x) − s(x))w(x)dx = 0 (16)

⇔
∫
Lû(x)w(x)dx =

∫
s(x)w(x)dx (17)

The collocation method is implemented where the residual is made equal to zero at specific
points xn. In the pseudo-spectral method, the weight functions are chosen as Dirac delta functions
at the specific points, i.e. w(x) = δ(x − xn). Eq. 17 finally becomes

N∑

k=0

∫
L(ukφk(x))δ(x − xn)dx =

∫
s(x)δ(x − xn)dx (18)

⇔
N∑

k=0

L(φk(xn))uk = s(xn) (19)

Since there is N unknowns in the function û(x), we get N algebric equations corresponding to
N weight functions at the specified points {x1, x2, ..., xn}. Eq. 19 is usually written in the form

Du = s (20)
where D is referred as the differentiation matrix. Since the bearing geometry is split in several

lobes, the periodicity in the circumferential direction is lost. As a result, the Chebychev spectral
method is used for both the circumferential and axial direction. In this method, the points are not
equally spaced but defined by the Gauss-Lobato points xi = cos(πi/N) to avoid oscillation at the
edge due to Runge’s phenomenon. The derivation of the differential matrix for the Chebychev
spectral method can be found in [4]. As the Chebychev polynomials are used both in the circum-
ferential and axial directions, the pressure is approximated with N + 1 and M + 1 non-uniformly
spaced grid points as

p(θ, z) =

N∑

n=0

M∑

m=0

pnmTn(θ)Tm(z) (21)

Reynolds equation 1 can be written in a tensor form by substitution of the differential matrices
as follows

(Dθ ⊗ IM+1)(A ⊗ IM+1)(Dθ ⊗ IM+1) + (IN+1 ⊗ Dz)(B ⊗ IM+1)(IN+1 ⊗ Dz){p} = { f } (22)

where IM+1 and IN+1 are the identity matrices of size M + 1 and N + 1 respectively, and



A jl =
( h3

R2

)
θ=θ j

δ jl

B jl =
(16h3

L2

)
θ=θ j

δ jl

(23)
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Table 1: Geometric properties of the multilobe bearing

Symbol Item Value Unit
µ dynamic viscosity 0.89 · 10−4 Pa.s
R journal radius 1.905 · 10−2 m
L bearing width 3.81 · 10−2 m
α offset 0.6 -
Cb bearing clearance 1.676 · 10−4 m
mp preload factor 0.476 -
θp lobe angle 110 ◦
Nlobes Number of lobes 3 -

2.3. Simulation procedure

2.3.1. Comparison study

To study the accuracy of the Spectral Method, the forces resulting from the pressure distribu-
tion will be compared with the Finite Element Method with quadrilateral elements and the Finite
Difference method. The comparison is done for several mesh sizes, and the evaluation of the
convergence is performed as well as the simulation time depending on the mesh size.

2.3.2. Dynamic analysis

A dynamic analysis of an unbalanced rigid rotor set in the vertical position is also performed.
The model is very simplified since it corresponds to a rigid point mass moving in a bearing.
However, this type of model is often use to evaluated the nonlinear dynamic behaviour of rotors
induced by the bearings using an analytical or numerical method [12, 13]. Fundamentally, the way
to include the bearing forces in a rigid rotor and a full turbine is similar, the only difference being
that the rotor elastic equations have to be coupled with the Reynolds equation in the full rotor case
[14, 15].

3. Analysis of results

3.1. Numerical comparison

The parameters of the bearings used for simulating Reynolds equation are given in Table 1. The
eccentricities at which the calculation are performed corresponds to a percentage of the bearing
clearance Cb. For instance, for an eccentricity of 0.1 at an angle of 45 ◦, one has the following
displacements ex = 0.1Cb cos(π/4), ey = 0.1Cb cos(π/4), while the velocities are fixed with the
following values ėx = 0.1Ωex and ėy = 0.1Ωey. The convergence of the three numerical schemes
is verified for different eccentricities ε = [0.1; 0.3; 0.5; 0.7; 0.9] at the same attitude angle. The
mesh sizes are specified by N×M, where N is the number if nodes in the circumferential direction
and M the number of nodes in the axial direction. The average simulation time is also given for
one mesh size, which will of course depend on the capacities of the computer. In our case, we use
a computer equipped with an Intel Core i72620M processor with a frequency of 2.70 GHz, while
the simulations are performed using the Matlab R2015b software.

The simulation for FDM in Table 2 shows that the convergence is reached for a low number
of nodes (18 × 12) for an eccentricity of 0.1 corresponding to computational time of 0.0286. For
the FEM in Table 3, the convergence is even reached for a lower number of elements for the
same eccentricity of 0.1, but the simulation time is 5 times greater than FDM. Concerning the
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Table 2: Comparison of fluid film forces for different eccentricities and mesh sizes using the Finite Difference Method

FDM Mesh size
Journal position 8 × 6 12 × 5 18 × 12 24 × 15 36 × 20
Eccentricity Attitude angle Fx (N) Fy (N) Fx (N) Fy (N) Fx (N) Fy (N) Fx (N) Fy (N) Fx (N) Fy (N)
0.1 45 ◦ -1.39 -8.97 -1.54 -8.77 -1.57 -9.40 -1.57 -9.44 -1.57 -9.49
0.3 45 ◦ -1.12 -32.1 -1.17 .31.4 -1.22 -33.4 -1.22 -33.6 -1.24 -33.8
0.5 45 ◦ 11.1 -75.1 10.6 -73.7 11.2 -78.9 11.3 -79.4 11.4 -79.8
0.7 45 ◦ 64.5 -193 63.0 -191 67.6 -206.5 68.0 -208.1 68.3 -209.1
0.9 45 ◦ 526.7 -930 535.9 -959.1 607.0 -1079.6 616.1 -1097 626.2 -1113
Average time [s] 0.0093 0.0095 0.0286 0.0470 0.1132

PSM in Table 4, it shows that the convergence is also attained for a mesh size of 18 × 12, for a
corresponding time of 0.040 which is still slower than the FDM. However, when the eccentricity
is increased, the FDM takes a longer time to converge and needs a large increase of number to
reach. As observed for the 36×20 mesh size, the convergence is not still reached as the final force
in the x-direction 626.2 N instead of a value of 635 N for the FEM and PSM.

Table 3: Comparison of fluid film forces for different eccentricities and mesh sizes using the Finite Element Method

FEM Quad. elements Mesh size
Journal position 8 × 6 12 × 5 18 × 12 25 × 15 36 × 20
Eccentricity Attitude angle Fx (N) Fy (N) Fx (N) Fy (N) Fx (N) Fy (N) Fx (N) Fy (N) Fx (N) Fy (N)
0.1 45 ◦ -1.58 -9.51 -1.56 -9.48 -1.57 -9.52 -1.57 -9.52 -1.57 -9.53
0.3 45 ◦ -1.24 -33.8 -1.24 -33.8 -1.23 -33.9 -1.24 -33.9 -1.24 -33.9
0.5 45 ◦ 11.5 -79.9 11.4 -79.9 11.4 -80.2 11.4 -80.2 11.4 -80.2
0.7 45 ◦ 69.0 -210.1 68.6 -209.9 69.0 -210.8 69.0 -210.8 69.0 -210.9
0.9 45 ◦ 627.7 -1116 630.0 -1119 635.2 -1126 635.5 -1127.5 635.7 -1128.0
Average time [s] 0.129 0.161 0.560 0.952 1.985

As seen in Table 3, the FEM results show that the convergence of the force is obtained even for a
low mesh size. Indeed, for a 8×6 size, the force in the x-direction is 69 N for an eccentricity of 0.7.
An appropriate size mesh for one lobe using the FEM is 18 × 12 for any eccentricity. However,
the simulation time is around 0.56s for this particular size, so that the total computational time
for a dynamic analysis will be too long since the forces should be calculated at each time-step.
Concerning the PSM, convergence is not achieved for a low number of interpolation points, but the
convergence is increased in a fast way by adding a few interpolations points. The main advantage
is that the simulation time of 0.0286s is reasonable at all eccentricities for a mesh size of 18 × 12.

As a result, the Finite Difference Method is more appropriate for low eccentricities due to the
fast calculation speed, but it cannot be used for large eccentricities as the number of nodes have
to be large to fully represent the pressure distribution, resulting in an increase of simulation time.
The Finite Element method achieves a good convergence even for a low number of elements,
but the simulation time is substantially larger than for the FDM due to the assembly process.
However, the FEM should be more suitable when the geometry of the bearing is more complex
in comparison with the FDM. For the Pseudo-Spectral Method, the convergence is not acceptable
for a low number of elements, but the accuracy increases rapidly with regard to the number of
interpolation points, so that a good compromise can be found between speed and accuracy for
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Table 4: Comparison of fluid film forces for different eccentricities and mesh sizes for the Pseudo-Spectral Method

Pseudo-spectral Mesh size
Journal position 8 × 6 12 × 5 18 × 12 25 × 15 36 × 20
Eccentricity Attitude angle Fx (N) Fy (N) Fx (N) Fy (N) Fx (N) Fy (N) Fx (N) Fy (N) Fx (N) Fy (N)
0.1 45 ◦ -1.53 -9.39 -1.49 -9.35 -1.56 -9.49 -1.56 -9.50 -1.57 -9.51
0.3 45 ◦ -1.20 -33.45 -1.08 -33.42 -1.20 -33.8 -1.22 -33.84 -1.22 -33.9
0.5 45 ◦ 10.9 -78.9 11.5 -79.4 11.4 -80.0 11.4 -80.1 11.4 -80.1
0.7 45 ◦ 60.9 -199.0 68.5 -209.0 68.9 -210.5 68.9 -210 68.9 -210.6
0.9 45 ◦ 293.4 -660.8 584.7 -1035 635.0 -1125 635.3 -1126 635.2 -1126
Average time [s] 0.0120 0.0125 0.040 0.106 0.530

all eccentricities using this method. Since the concept of PSM is to find a global solution on one
single domain, it is more efficient to use on bearings with simple geometries such as plain bearings
or multilobe bearings. When a bearing is split in numerous lobes, recess domains and pressurized
sections, the use of PSM is not relevant any longer as it loses the fundamental property of finding
the solution on the entire computational domain. In that case, the use of FEM is more appropriate
instead.

3.2. Dynamic application

The equation of motion of a rigid rotor supported by fluid bearings is simply given by


mẍ = Fx(x, y, ẋ, ẏ) + meΩ2 cos(Ωt)

mÿ = Fy(x, y, ẋ, ẏ) + meΩ2 sin(Ωt)
(24)

where m is the rotor mass, e is the eccentricity, i.e. the distance between the center of mass
and the geometric center of the rotor, Ω is the rotating speed, and Fx and Fy are the bearing forces
calculated with Eq. 1 using the spectral method. If the rotor is set horizontally, the static weight
−mg of the rotor should be included on the right hand side of the second equation in Eq. 24.
For this dynamic case, the equation of motion is then written in the state-space form and solved
using a 5th order Runge-Kutta integration with adaptive time-step solver. Fig. 3 displays the orbit
simulation at different speeds and eccentricities for the bearing described in Table. 1. Fig. 3 (a)
and (b) show the the first 20 periods of simulation for a speed of 7000 RPM with an unbalance
eccentricity of 0.2 and 0.8 respectively. Fig. 3(a) displays a transient behaviour with a period
two motion similarly to [16] for the same parameters, while Fig. 3(b) shows a typical triangular-
shaped orbit due to the variation of stiffness depending on the position of the rotor with regard
to the 3 lobes. Fig. 3(c) shows also the orbit plots of the rotor for an unbalance eccentricity
e = [0.2; 0.4; 0.6; 0.8; 1], but at a speed of 2000 RPM. Even for that case, the nonlinear response
is similar to Fig. 3(b) but with a smaller amplitude since the unbalance load is scaled with the
square of the speed as seen in the Eq. 24. For the smallest eccentricity e = 0.2, the orbit is
reasonably circular since the difference of stiffness on the lobe and between the lobe is small
for small eccentricities. By increasing the ecentricity, the orbit shape becomes more triangular,
but the maximum displacement is not proportionnal to the increase of unbalance eccenctrcity due
to the stiffening of the bearing. Fig. 3(d) shows the orbit response for the same conditions as
Fig. 3(c) excepted that the weight of the rotor is taken into consideration, meaning that the rotor
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Figure 3: Orbit plots of the rigid rotor for dynamic simulations: (a) Vertical rotor at Ω = 7000 RPM and e = 0.2 (b) Vertical rotor at Ω = 7000 RPM
and e = 0.8 (c) Vertical rotor at Ω = 2000 RPM and e = [0.2; 0.4; 0.6; 0.8; 1] (d) Horizontal rotor at Ω = 2000 RPM and e = [0.2; 0.4; 0.6; 0.8; 1]

rotates around a static equilibrium position when compared with the vertical case. Fig. 4 displays
a similar simulation, but with a four multilobe bearing with a lobe angle of 72◦, with the other
bearing parameters kept the same. The simulation shown in Fig. 4(a) is performed for 200 periods,
while plotting the steady-state response after 100 periods. It shows a typical quasiperiodic motion
that can be observed for some parameter value combination. The orbit in Fig. 4(b) has the same
type of behaviour as for Fig. 3(b) due to the variation of load along the bearing, but with a square
shape due to the presence of four lobes instead of three.

4. Conclusion

The aim of this paper was to investigate numerical methods for solving the Reynolds equation
in journal bearings. By using the geometry of a multilobe bearing, it is observed that the choice
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Figure 4: Orbit plots of the rigid rotor with 4 lobes bearings: (a) Vertical rotor at Ω = 7000 RPM and e = 0.2 (b) Vertical rotor at Ω = 7000 RPM
and e = 0.8

of a specific numerical method should be done with regard to the geometry of the bearing, the
eccentricity and the computational time. For instance, the Finite Difference Method is appropriate
for small eccentricities since the CPU time is faster than the other methods due to a reasonable
number of elements to reach convergence. However, the accuracy of this method decreases when
the eccentricity becomes larger. On the contrary, the Finite Element Method has a good conver-
gence for a low number of elements at any eccentricity, but the drawback is the simulation time
which is expensive due to the assembly process. However, this method is more suitable for com-
plex bearing geometry. The Pseudo-Spectral Method also has the advantage of having a good
convergence for a moderate number of elements at all eccentricities, with a simulation about 10
times faster than FEM. This method is suitable for simple journal geometries with a few number
of lobes, which is frequently the case for vertical machines. Hence the dynamic simulations of
vertical machines can be performed in a faster and more efficient manner by applying the PSM to
calculate the bearing forces at each-time step. It can help to evaluate the dynamic of vertical rotors
by investigating different bearing parameters design or types such as tilting-pad journal bearings
and sectioned bearings in general.
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Abstract

In hydropower machines, electromagnetic forces are created at the generator due to the asymmetry in the air gap. Even though
the modelling of this interaction as a negative stiffness is usually sufficient for pure dynamic eccentricities, it may be not adapted
for mixed-eccentricity conditions. In this paper, a simplified model of Unbalance Magnetic Pull is applied to a midspan rotor. A
comparison of the vibration of the rotor is performed for different values of the design parameters as well as different combination
of eccentricities. Due to the variation of whirling ratio caused by mixed eccentricity, the tangential force will not be equal to zero
any longer since the pole pointing to the smallest air-gap varies. As a result, the influence of the tangential force is investigated
and the results are compared with the radial UMP force only and the negative linear stiffness case. It is observed that the dynamics
induced by the radial UMP under mixed condition can vary from periodic to quasiperiodic motions, while the tangential force has
a stabilising effect by forcing synchrounous operation. Even though the types of motion can differ in specific rotating speed ranges,
the radial displacements are generally of the same order independently of the static-to-dynamic eccentricity.

Keywords: Rotordynamics, Hydropower, Generator, UMP

1. Introduction

In hydropower machines, the rotor is often sub-
jected to mechanical misalignment and high unbal-
ance loads. Due to these mechanical faults, an elec-
tromagnetic force is created since it always exists an
asymmetry between the rotor and the stator. The
force generated by this asymmetry in the air-gap is
called the Unbalance Magnetic Pull (UMP). The UMP
has for main effect to increase the rotor to stator ec-
centricity, which makes the rotor move away from
the static position, and can induce malfunctions such
as rubbing and consequently bearing failures.

The rotor-stator eccentricity can be categorized
in three cases such as the static eccentricity, the dy-
namic eccentricity and the mixed eccentricity. Static
eccentricity can be caused for example by a misalign-
ment of the rotor shaft with respect to the support
bearings of the generator. On the contrary, the dy-
namic eccentricity is induced by unbalance forces
which makes the shaft whirl around its equilibrium
position. As a result, the static eccentricity will pro-
duce a UMP which will act in a fixed direction, while

∗Corresponding author
Email address: florian.thiery@ltu.se (F.Thiery)

the dynamic eccentricity will cause a rotating UMP
due to the variation in space of the air-gap length.
The mixed eccentricity is usually referred as the com-
bination of static and dynamic eccentricity. Several
authors have taken in consideration the mixed eccen-
tricity condition. For instance, Nandi and Neogy[1]
evaluated analytically the performance of a three-phase
induction motor under mixed conditions. Faiz et al.
investigated the fault diagnosis of an induction motor
under mixed conditions including static eccentricity
and broken rotor bars using the finite element method
[2]. Joksimovic examined separately the static and
dynamic eccentricity case for the dynamic simula-
tion of a cage induction machine [3]. Xi and Li eval-
uated the influence of the radial UMP on the vibra-
tion of a hydro-turbine generator using a simple an-
alytical method [4]. Yang et al.[5] investigated the
instability of large induction motor rotor where the
air-gap length is described as function of static and
dynamic eccentricity with approximation of circular
orbit for the geometric center of the rotor. Pennacchi
and Frosini[6] used the actual distribution of the air-
gap length by taking in account the effect of the rotor
orbit.

In earlier analyses, only the radial UMP force was

Preprint submitted to Elsevier October 7, 2016



Nomenclature

Roman Symbols
ω̄ normalized rotating speed
ē normalized eccentricity
k̄r normalized radial stiffness
k̄t normalized tangential stiffness
t̄ normalized time
x̄, ȳ normalized displacements
A shaft area
am mean air gap
c damping coefficient
E Young’s modulus
e eccentricity
FUMP

r radial UMP force
FUMP

t tangential UMP force
FUMP

x UMP force in x-direction
FUMP

y UMP force in y-direction
I area moment of inertia
k stiffness coeffiicient

kb bearing stiffness
KUMP

r radial UMP stiffness
KUMP

t tangential UMP stiffness
L shaft length
m rotor mass
pnr, qnr radial UMP force fitting coefficients
pnt, qnt tangential UMP force fitting coefficients
t time
x displacement in x-direction
xs static eccentricity
y displacement in y-direction
Greek Symbols
θ̇ whirling frequency
ω rotating speed
ωn natural frequency
ωr whirling ratio
ρ rotating speed

taken in consideration [7, 8]. In more recent work,
both the radial and tangential UMP forces have been
considered. The tangential force arises due to the
damper windings which are usually found on syn-
chronous machines. Several papers have dealt with
the study of UMP in electrical machines, but the com-
bination of the UMP together with the vibration of
the mechanical system is rarely performed, especially
in the case of mixed eccentricities. For instance, Guo
et al.[9] evaluated the effect of eccentricity magni-
tude on the vibration of the rotor by expressing the
air-gap permeance as a Fourier series. Using a sim-
ilar model, Wu et al. evaluated the stability of the
rotor by transforming the equations of motion in the
rotating coordinates system [10]. Gustavsson and
Aidanpää[11] included the radial UMP component
by integrating the Maxwell stress over the rotor rim
length by taking in account the inclination of the ro-
tor. Calleecharan and Aidanpää[12] evaluated the
dynamics of a Jeffcott rotor submitted to both radial
and tangential UMP components under asynchronous
forcing conditions. Lundström et al. investigated the
influence of the tangential magnetic pull on the sta-
bility of the generator [13].

The purpose of this article is to evaluate the dy-
namics of a hydropower generator under mixed ec-
centricities condition and investigate the influence of
the tangential force on the rotor vibration. Since it

would be computationally to expensive to combine
a finite element discretization of the model to calcu-
late the electromagnetic forces at each time-step (as
function of rotor displacement), a simplified model
similar to [12] will be used. As the pure dynamic ec-
centricity induces a rotating force that pulls the rotor
out from the stator center, the simplest approxima-
tion possible is to model the UMP effect as a constant
negative radial stiffness. This model will be used as
a comparison point with the full nonlinear model of
the radial and tangential forces.

2. Model Description

The rotor used in this study to evaluate the effect
of the Unbalance Magnetic Pull is adapted from the
generator dimensions of a 10 MW Kaplan turbine.
To model the generator, a midspan rotor is used on
which are attached bearings at each end (Fig. 1).
Generally, the generator is supported on both sides
by tilting pad journal bearings. They are assumed to
have an isotropic stiffness kb in the x and y direction,
even though their modelling could be improved. The
dimensions and characteristics of the Porjus U9 gen-
erator are available in Table 1.

2.1. Electromagnetic interaction
The calculation of the radial and tangential forces

were done in an in-house finite element code. The
2



Table 1: Default properties of Porjus U9 generator

Parameter Symbol Value Unit
Rotor mass m 17186 kg
Mean air gap am 0.015 m
Rotating speed Ω 600 RPM
Young’s modulus E 210 GPa
Area moment of inertia I 8.76 × 10−3 m4

Shaft length L 4.2 m
Shaft area A 0.3318 m2

Density ρ 7810 kg/m3

Bearing stiffness kb 7 × 108 N/m

Figure 1: Simple modelling of the generator of a hydropower machine by a
midspan rotor attached to springs on each end

geometry was taken from the manufacturer’s con-
struction input. The material properties were taken
from the respective manufacturers materials product
data sheet.

The solution was obtained using a time stepped
method with a sliding mesh in the airgap. The di-
vision in the airgap matched the time step and the
rotational speed of the rotor, each electrical period
was simulated in 120 steps, while the mesh contained
87654 elements. The time dependent unsymmetric
airgap was simulated using a validated method de-
scribed earlier [14], where the damper bar reaction
had to be converged before the forces could be ex-
tracted. The airgap flux density was used to calculate

the Maxwell stress tensor that was integrated accord-
ingly to give the tangential and radial forces for the
corresponding eccentricity and whirl.

2.2. Rotordynamic modelling

The radial and tangential UPM forces calculated
using the Finite Element method that takes in ac-
count the real geometry of the generator can be ob-
served in Fig. 2. These simulations have been per-
formed for a mean air-gap am = 15 mm and an eccen-
tricity of 20 %. To perform faster simulations and in-
clude these forces conveniently, the numerical points
from FEM are fitted with rational functions with re-
gard to the whirling ratio. The expressions for the
radial and tangential force can be described as fol-
lows:



FUMP
r =

p1rω
3
r + p2rω

2
r + p3rωr + p4r

q1rω
2
r + q2rω

2
r + q3r

FUMP
t =

p1tω
2
r + p2tωr + p3t

q1tω
2
r + q2tωr + q3t

(1)

In Eq. 1, the whirl ratio corresponds to the deriva-
tive of the whirl angle θ divided by the rotating speed
ω. From Fig. 3, the whirling speed is given by
θ = arctan(y/(x + xs)) + nπ, which leads to a whirling
ratio

ωr =
θ̇

ω
=

1
ω

(x + xs)ẏ − yẋ
((x + xs)2 + y2)

(2)

In Fig. 3, the stator center position is represented
by O (+), while the rotor is displaced by a distance
xs in the x-direction which represents the static mis-
alignment. The rotor will be whirling around its static
position denoted by S (×) following the orbit motion
(which does not have to be circular). A pure static
eccentricity corresponds to the case where xs , 0,
while x(t) = y(t) = 0. In this particular case, the
whirling ratio will always be equal to zero. On the
contrary, a pure dynamic eccentricity will correspond
the the case xs = 0 but with x(t) , 0 and y(t) , 0.
The whirling ratio will be always equal to 1 in this
configuration. The general case of mixed eccentric-
ity is a combination of static and dynamic eccentric-
ity. Since the equations of motion are written in the
fixed coordinate system (O, i, j) , the radial and tan-
gential UMP force are projected on the correspond-
ing axes following the description
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FUMP

x = FUMP
r cos(θ) − FUMP

t sin(θ)

FUMP
y = FUMP

r sin(θ) + FUMP
t cos(θ)

(3)

2.3. Normalized equations of motion

The model of a Jeffcott rotor is used to simulate
the influence of UMP with mixed eccentricities. The
static eccentricity is due to initial misalignment of
the stator, while the dynamic eccentricity is the result
of unbalances forces. The equation of motion of the
system is


mẍ + cẋ + kx = meω2 cos(ωt) + FUMP

x

mẍ + cẋ + kx = meω2 sin(ωt) + FUMP
y

(4)

It should be specified that the UMP forces have
been calculated for an eccentricity of 20 % in the

FEM software. As a result, the forces can be scaled
linearly

FUMP
r = FUMP

r,20% ×
ε

20%
(5)

where ε =
√

(x + xs)2 + y2/am is the eccentricity
and FUMP

r,20% represents the radial curve in Fig. 2 for
20% eccentricity. The same calculation applies to
the tangential force FUMP

r . Using the the geometrical
relation from Fig. 3



cos(θ) =
x + xs√

(x + xs)2 + y2

sin(θ) =
y√

(x + xs)2 + y2

(6)

combined with Eq. 3, Eq. 4 and Eq. 5 , the equa-
tion of motion can be re-written in the following way



mẍ + cẋ + kx = meω2 cos(ωt) +
Fr(θ̇/ω)

am ∗ 20%
(x + xs) − Ft(θ̇/ω)

am ∗ 20%
y

mÿ + cẏ + ky = meω2 sin(ωt) +
Fr(θ̇/ω)

am ∗ 20%
y +

Ft(θ̇/ω)
am ∗ 20%

(x + xs)
(7)

The equation are also written in a non-dimension
using the following scales t̄ = ωnt,ωn =

√
k/m,ζ =

c/(2
√

km), ω̄ = ω/ωn, d(·)/dt = ωnd(·)/dt̄, x̄ =

x/am, x̄s = xs/am, ȳ = y/am, ē = e/am, KUMP
r =

Fr(θ̇/ω)/(am ∗ 20%), KUMP
t = Ft(θ̇/ω)/(am ∗ 20%),

k̄r = KUMP
r /k and k̄t = KUMP

t /k. The symbol ′ denotes
differentiation with regard to t̄. As a result. one ob-
tain the equation


x̄′′ + 2ζ x̄′ + x̄ = ēω̄2 cos(ω̄t̄) + k̄r(x̄ + x̄s) − k̄tȳ

ȳ′′ + 2ζȳ′ + ȳ = ēω̄2 sin(ω̄t̄) + k̄rȳ + k̄t(x̄ + x̄s)
(8)

The parameter space (or design space) is reduced
to the normalized rotating speed ω̄, damping ratio ζ,
normalized eccentricity ē, normalized static eccen-
tricity x̄s and total rotor stiffness k

2.4. Simulation procedure

The equations of motion are written using the state
space formulation. The size of the state-space di-
mension is 5 (R4 × S) with displacements x̄ and ȳ,
velocities ˙̄x and ˙̄y as well as phase ϕ = ω̄t̄. The equa-

tion are then solved solved using the Runge-Kutta-
Felhberg method with adaptive time-stepping proce-
dure in Fortran. To obtain the bifurcation diagrams,
100 Poincaré sections are collected after simulating
100 periods to ensure that the transient solution dies
out. 2000 steps are used for the frequency range for
one bifurcation diagram, while the final state vector
of a simulation is used as an initial condition for the
next frequency to find stable solutions. The study of
the system is performed for different values of design
parameters, i.e. the bearing stiffness, the rotating
speed, the damping ratio, the static eccentricity and
the dynamic eccentricity, while the other parameters
are kept constant. The rotor will run undercritically
(ω̄ < 1) since the nominal speed for hydropower ma-
chines is usually lower than the first damped natural
frequency of the first mode of vibration. Since the
scaling of Eq. 5 is only valid for eccentricities less
than 30 %, we have to ensure that the maximum dis-
placement do no exceed this amplitude. For higher
eccentricities, the saturation effects will have an ef-
fect on the UMP curves calculation which will not
allow us to use this linear assumption since it does

5



Figure 5: Bifurcation diagrams as function of rotating speed for case 1a (in
blue), 1b (in black) and 1c (in red)

not hold any longer [15].

3. Analysis of results

In this section, the .̄ symbol will not be used for
the normalized parameters in order to simplify the
notation. The parameters used in each simulation
case are defined in Table 2.

Figure 6: Bifurcation diagrams as function of rotating speed for case 2a (in
blue), 2b (in black) and 2c (in red)

Table 2: Simulations case

Case Lin. stiffness Rad. UMP Tan.UMP Static ecc. Dynamic ecc. Rotor stiff. Rot. Speed Damping
1 a X x x
1 b x X x 0.0005 0.07 7 · 108 0.2 - 0.6 0.05
1 c x X X
2 a X x x
2 b x X x 0.0005 0.07 7 · 107 0.2 - 0.6 0.05
2 c x X X
3 a X x x
3 b x X x 0.005 0.07 7 · 108 0.2 - 0.6 0.05
3 c x X X
4 a X x x
4 b x X x 0.02 0.7 7 · 108 0.2 - 0.6 0.05
4 c x X X
5 a X x x
5 b x X x 0.0005 − 0.05 0.7 7 · 108 0.26 0.05
5 c x X X
6 a X x x
6 b x X x 0.0005 − 0.05 0.7 7 · 108 0.26 0.10
6 c x X X

6
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Figure 4: Steady-state simulation for the case 1 in Table 2 for ω = 0.312 (a) Linear stiffness (b) Radial UMP (c) Radial + Tangential UMP (d) whirl ratio for the
three cases. The blue line corresponds to linear stiffness, the red line with radial UMP only, the black line with radial and tangential UMP

Figure 7: Bifurcation diagrams as function of rotating speed for case 3a (in
blue), 3b (in black) and 3c (in red)

3.1. Simulation preview

The simulation shown in Fig. 4(a-c) displays the
three phase plots for case (1a) to (1c). It can be ob-
served that the motion is periodic and of similar am-
plitude for the linear case and for the case with tan-
gential UMP, while the motion is quasi-periodic for
the radial UMP case. In Fig. 4d, the whirling ra-
tio calculated from Eq. 2 is displayed for the three
different cases. When the UMP as a linear negative
spring, the whirl ratio should be close to 1 as the ma-
chine should work synchronously. On the contrary,
the nonlinear radial force will tend to have a wider
variation of whirling ratio induced by the combina-
tion of static and dynamic eccentricity . When in-
cluding the tangential UMP force, the rotor is forced
again to run synchronously since the tangential UMP
force is defined to be in the negative direction for a
whirling ratio greater than 1. As a result, the study
is focused on the comparison of the three modelling
types and to investigate under which limit the linear
model of Unbalance Magnetic Pull can be used.

7



Figure 8: Bifurcation diagrams as function of rotating speed for case 4a (in
blue), 4b (in black) and 4c (in red)

3.2. Qualitative analysis

The first part of the analysis deals with the eval-
uation of the bifurcation diagrams for fixed static-
to-dynamic ratios, but with rotating speed as a vari-
able parameter. These tests correspond to case 1
to 4 , with the corresponding bifurcations diagrams
from Fig. 5 to Fig. 8. Fig. 5 displays the bifurca-
tion diagram of case 1 as function of the rotating
speed for a rotor stiffness k = 7 · 108N/m. It is ob-
served that richer dynamics (alternance of periodic
and quasiperiodic solutions) appear in the low fre-
quency range for the radial case only, and starts to
reach a period-1 solution for ω > 0.4. On the other
hand, the tangential case only shows a period-1 solu-
tion similarly to the linear model, with a slight differ-
ence in magnitude. On Fig. 6, the same simulation is
performed for a lower rotor stiffness k = 7 · 107N/m.
The type of motion for the radial case is even more
complex than Fig. 5, since the entire speed range is
composed with an alternance of quasiperiodic, peri-
odic and chaotic motions. Moreover, the variation of
amplitude is greater when compared with case 1 .
As for case 1 , the tangential force has a stabiliz-
ing effect on the vibration of the rotor by making

Figure 9: Bifurcation diagram as function of static eccentricity for case 5a and case 5b. The maximum radial displacement are shown in the third graph. The blue
dots correspond to linear stiffness, the black dots to radial UMP only, the red dots to radial and tangential UMP
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it work synchronously over the whole range. The
amplitude is equal to the linear case for ω < 0.45
but decreases afterwards. Fig. 7 shows the simu-
lation for the same conditions as case 1 , excepted
that the static eccentricity is ten times greater. For
the 3 different cases, the solution is periodic through
the whole speed range. Even though the amplitude
of the linear modelling is of the same order as the
nonlinear case, it cannot capture the influence of the
static eccentricity since it assumes that the rotor ro-
tates synchronously, which is not true when the static
eccentricity increases. When increasing the dynamic
eccentricity by 10 (in comparison with case 3 ), Fig.
8 enhance the idea that the the tangential force has
a stabilizing effect on the orbit motion for low dy-
namic eccentricities. However, it can be observed
that a higher vibration response appear with the tan-
gential force at a frequency ω ' 0.47 for both cases
3 and 4 but not for case 1 and 2 .

The second part of the analysis deals with the eval-
uation of the bifurcation diagrams at fixed speed, but
with the static eccentricity as a changing parameter.
The bifurcation of case 5 corresponding to a rotat-
ing speed ω = 0.26 is shown on Fig. 9a. In this con-

figuration, we can observe different types of motion
depending on the value of static eccentricity. Sev-
eral periodic solutions are visible, such as a period-3
at xs = 0.004, a period-4 at xs = 0.008, and a pe-
riod -8 at xs = 0.017. Between these periodic re-
gions appear quasi-periodic motions with short in-
terruptions due to frequency-locked states. These re-
gions are not visible anymore in the tangential case
in Fig. 9b due to the stabilizing effect of the tangen-
tial force. In Fig. 10a, where the damping value is
increased to 10% (corresponding to case 6 ), most
of the quasi-periodic regions disappear leading to a
unique periodic motion, excepted for a static eccen-
tricity within the range 0.003 − 0.0149]. The bifur-
cation diagram with tangential for the 5% and 10%
damping case are close in terms of motion and am-
plitude, with only a difference in the range [0.012-
0.023] where the multi-periodic motions are turned
into period-1 motion only. As observed in Fig. 9c
and Fig. 10c, the maximum displacement are of the
same order for the three cases, but the difference in-
creases when the static eccentricity increase has the
linear case is not valid any longer in this case. How-
ever, the difference of magnitude does not reach more

Figure 10: Bifurcation diagram as function of static eccentricity for case 6a and case 6b. The maximum radial displacement are shown in the third graph. The blue
dots correspond to linear stiffness, the black dots to radial UMP only, the red dots to radial and tangential UMP
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than 12.5 % between the linear case and the nonlin-
ear modelling.

4. Conclusion

The aim of this paper was to investigate the in-
fluence of the tangential force by using fitting func-
tions of the UMP forces as function of the whirling
ratio. Recently, the study of mixed eccentricities has
be performed by describing the air-gap as function
of the static and dynamic eccentricity and integrate
the Maxwell stress tensor to obtain UMP forces at
each time step depending on the position of the ro-
tor [16]. However, this type of model does not take
in account the real geometry of the generator and ig-
nore the dampers bars that are found in hydropower
rotors, meaning that the tangential forces are being
disregarded. As a result, the model used take in ac-
count both mixed eccentricities and inclusion of tan-
gential forces. The model is practical to use since
the UMP forces are calculated from fitting functions
and are conveniently coupled to the rotor-dynamic
equations. It is observed that the tangential force
cannot be disregarded if the aim is to evaluate the
different types of dynamic motion induced. Indeed,
the rotor has a periodic solution when the tangential
force is included as it makes the generator run syn-
chronously, while more variations can be observed
when only the radial force is taken into account. How-
ever, when speaking in terms of displacements, the
3 different models show a similar magnitude in any
case of mixed eccentricity. The maximum difference
in displacement is around 10 % for the worst case
scenario. As a result, the negative stiffness modelling
would be sufficient especially if the static or dynamic
eccentricity is large when compared with each other.
To ensure that the simplified whirling model is ap-
propriate for different mixed-eccentricity values and
speeds, one should evaluate the dynamics of a rotor
by coupling to a FEM-code that would integrate the
Maxwell stress tensor by updating the position of the
rotor at each time-step.
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