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Abstract 

This doctoral thesis consists of a summary and six parts corresponding to six different 
papers. There are two published and three submitted journal papers, and one research 
report. The summary will highlight the main results and emphasize the interrelationships 
between different parts. 

The thesis comprises two main themes: robust broadband beamforming and digital 
filter design. In most of the papers in this thesis these concepts are closely related. Some 
of the results on digital filter design actually concern robust filter design, and one of 
the main contributions of this thesis concerns the possibility of anomalous designs when 
using conventional methods in the FIR filter design of broadband beamformers. 

Part I deals with robustness of broadband adaptive beamformers in the sense that 
there is an uncertainty in the frequency content and spatial location of the desired tar
get signal. The adaptive beamformer should perform well over a region in space and 
frequency. This is achieved by defining the Spatial Filter designed Generalized Sidelobe 
Canceller (SFGSC), and by using an appropriate digital filter design. The novelty of 
the SFGSC method is the implementation of target signal constraints by using a filter 
design approach. With this strategy the constraints are approximated over a given design 
domain, rather than exactly implemented as with the conventional Generalized Sidelobe 
Canceller (GSC). With this new method (in contrast to the GSC) the SFGSC is able to 
handle a continuum of constraints. 

Part I I introduces a quadratic programming formulation of the weighted Chebyshev 
FIR filter design problem for a broadband beamformer in the near-field. This technique 
may be used to design the digital filters of the broadband SFGSC described in Part I . 

Part I I I reveals that the digital filters of a broadband beamformer are incompletely 
specified whenever the beamformer is specified only in space and frequency. Using con
ventional filter design criteria with such incomplete specifications may lead to excessively 
large filter coefficients. Robust weighted least squares and weighted Chebyshev design 
criteria are introduced in order to avoid this anomaly. "Robustness" in this context 
means insensitivity to model imperfections such as sensor element placement errors, am
plifier mismatch, etc. Again, the filters designed are typically components of the SFGSC 
described in Part I . 

Part IV addresses the problem of the non-uniqueness of the Chebyshev approximation 
for two-dimensional linear phase digital FIR filters. It is shown that the unique Cheby
shev approximation having minimum Euclidean filter weight norm can be obtained by 
using a well-conditioned quadratic programming formulation. This is the same quadratic 
program that was used to define one of the robust beamformer designs in Part I I I . 

Part V deals with robust design for one-dimensional non-linear phase FIR filters 
which are incompletely specified. The conventional weighted Chebyshev solution can be 
obtained by using a quadratic programming formulation similar to that given in Part 
I I . A robust weighted Chebyshev design criterion is defined by a modified quadratic 
program, similar to one of the robust design methods given in Part I I I . 

Part V I emphasizes the robustness of adaptive beamformers with respect to channel 
mismatch, sensor positioning, etc. In particular, the paper addresses the difficulty of 
mathematically modeling a beamformer for a small enclosure such as a car compartment. 
A calibrating scheme is proposed which is independent of array geometry and channel 
matching, and which calibrates the adaptive array to the given acoustic environment and 
to the given electronic equipment. Results from real measurements in a car compartment 
are included. An international patent is applied for based on this paper. 
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Preface 

This doctoral thesis deals with two main topics: robust broadband beamforming and digital 
filter design. These two concepts are closely related throughout the thesis. Although 
some papers are concerned with pure filter design, their results were inspired by the 
beamforming problems. In retrospect, I find this reassuring, since beamforming and 
digital filter design have historically developed in parallel. 

The thesis consists of six parts, each part corresponding to a separate paper. Parts 
I , I I , I I I and VT deal with broadband beamformers, whereas Parts IV and V deal with 
pure filter design. Part I considers robustness of broadband beamformers in the sense 
that there is an uncertainty in the frequency content and spatial location of the desired 
target signal. Part I I I emphasizes robustness with respect to model inaccuracies such as 
amplifier mismatch and sensor placement errors. Part VI presents an adaptive beam-
former that is robust with respect to channel mismatch and sensor placement errors in 
the sense that it avoids mathematical modeling. The six parts are: 

I Adaptive Beamforming: Spatial Filter Designed Blocking Matrix. 

I I Weighted Chebyshev Approximation for the Design of Broadband Beamformers 
Using Quadratic Programming. 

I I I Robust Two-Dimensional FIR Filter Design for Broadband Beamformers. 

IV Minimum Norm Design of Two-Dimensional Weighted Chebyshev FIR Filters. 

V Robust Approximation for the Weighted Chebyshev FIR Filter Design Problem. 

V I An "in situ" Calibrated Adaptive Microphone Array 

Part I is published as: 

S. Nordebo, I . Claesson, S. Nordholm, "Adaptive Beamforming: Spatial Filter 
Designed Blocking Matrix", IEEE Journal of Oceanic Engineering, vol. 19, 
no. 4, pp. 583-590, October 1994. 

Part I I is published as: 

S. Nordebo, I . Claesson, S. Nordholm, "Weighted Chebyshev Approximation 
for the Design of Broadband Beamformers Using Quadratic Programming", 
IEEE Signal Processing Letters, vol. 1, no. 7, pp. 103-105, July 1994. 

Part I I I is published as: 

S. Nordebo, "Robust Two-Dimensional FIR Filter Design for Broadband 
Beamformers", Research Report 6/95, ISSN 1103-1581, University College 
of Karlskrona/Ronneby, September 1995. 

Part IV is submitted as: 

S. Nordebo, I . Claesson, "Minimum Norm Design of Two-Dimensional Weighted 
Chebyshev FIR Filters", submitted for publication in IEEE Transactions on 
Circuits and Systems, II: Analog and Digital Signal Processing, March 1995. 
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Part V is submitted as: 

S. Nordebo, I . Claesson, "Robust Approximation for the Weighted Chebyshev 
FIR Filter Design Problem", submitted for publication in IEEE Transactions 
on Circuits and Systems, I: Fundamental Theory and Applications, March 
1995. 

Part V I is submitted as: 

I . Claesson, S. Nordebo, S. Nordholm, M. Dahl, "An "in situ" Calibrated 
Adaptive Microphone Array", submitted for publication in The Journal of 
the Acoustical Society of America, March 1995. 

The topics of the thesis have also been published in research reports [l]-[3], and 
presented at various conferences and workshops [4]-[11]. 

A Swedish patent application based on Part VI has been submitted with application 
number 9402088-0. An international patent application is currently under preparation. 
The patents are applied for by AB Volvo within the framework of the Swedish RTI-
program '91-94. Main sponsors of this program are The Swedish National Board for 
Industrial and Technical Development, AB Volvo, Saab Scania AB, Swedish Telecom and 
The Swedish National Road Administration. 
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Thesis Summary 

This doctoral thesis consists of six interrelated papers. The summary below will highlight 
the main results of each paper and clarify the relationships between them. Each topic 
will also be given a brief introduction and an overview. 

The two main themes in this thesis are robust broadband beamforming and digital 
filter design. In this context, a beamformer refers to a sensor array with associated signal 
processing facilities, and with an ability to discriminate signals in space and frequency. 
The main applications under consideration have been for microphone arrays. Examples 
are handsfree mobile telephones and speech recognition devices, cf. Part VI . The aim in 
these circumstances is to emphasize a speaker in a certain spatial location while at the 
same time suppressing environmental noise. The results, however, may be generalized in 
that they are not restricted to any particular application or frequency range. 

The reader may note that the notation may vary from one summary part to an
other summary part. These changes reflect differences in notation found in the papers 
themselves. Writing papers is an evolutionary process, and one may want to adapt the 
framework during the course of the journey. These variations, however, should cause no 
confusion. Each thesis part (and its corresponding summary below) is self-contained. 

It is assumed that the reader is familiar with elements of linear algebra, since standard 
matrix notations constitute an important framework for most papers in the thesis. As a 
convention, (-) T and (•)•" will denote the transpose and the conjugate transpose operation, 
respectively, and ® will denote the Kronecker product. Unless stated otherwise in the 
text, bold-faced upper-case letters will denote matrices and bold-faced lower-case letters 
will denote vectors. 

Part I-Adaptive Beamforming: Spatial Filter Designed Blocking Mat r ix 

In the thesis Part I , a Spatial Filter designed Generalized Sidelobe Canceller (SFGSC) 
for broadband signals is introduced, see Fig. 1. The SFGSC constitutes an adaptive 
beamforming structure, capable of rejecting broadband interferers, while simultaneously 
applying target signal constraints such that a given desired signal is allowed to propagate 
through the beamformer essentially distortion-free. The aim of thesis Part I is to propose 
a versatile design approach for the SFGSC spatial filters where the spatial-frequency 
resolution of the desired signal is the main design parameter. 

In this context, a spatial filter refers to a fixed, broadband, delay-and-sum beam-
former as depicted in Fig. 2. The term spatial filter will be used, although it refers to 
filters that are generally both spatially and frequency selective. The upper branch g, and 
each column of the blocking matrix B in Fig. 1 consists of spatial filters to be designed. 

The novelty of the SFGSC method of adaptive beamforming is its implementation 
of target signal constraints using a spatial filter design approach where the constraints 
are approximated over a given design domain rather than exactly implemented as with 
the conventional Generalized Sidelobe Canceller (GSC) [12, 13]. It is assumed that the 
leaky LMS algorithm [13] is used in order to prevent approximation errors to imply target 
signal cancellation. This is done by balancing the approximation errors with the leaky 
noise strength inherent with the adaptive algorithm. 

The spatial filtering approach for the GSC was proposed in [14] where a one-dimensio
nal FIR filter design technique was employed to obtain the GSC blocking matrix coef
ficients. The SFGSC described here is an extension to sensor arrays equipped with 
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one FIR filter or tapped delay line for each sensor. In particular, for a far-field, linear 
and equispaced array, the spatial filters can be conveniently interpreted and designed 
as two-dimensional FIR filters using any appropriate two-dimensional FIR filter design 
procedure. 

Other methods exist that may be used to obtain the desired spatial-frequency res
olution for a broadband adaptive beamformer. Typical methods employ linear and/or 
quadratic constraints by exploiting eigenvector expansions [15], or derivatives of the ar
ray power response [16, 17]. However, these methods are reported to be sensitive to the 
choice of array origin. This drawback limits their usefulness, although different methods 
to eliminate the origin dependence have been proposed [18, 19]. 

The major advantage with the SFGSC method of spatial filter design is its straight
forward approach. Furthermore, the technique is not dependent on the choice of array 
origin, since the filter specification, which imposes the constraints, is origin-independent. 

array 
input 

yd 

^ B 

Hi Hi 

: / 
HK HK 

Figure 1: A broadband adaptive generalized sidelobe canceller. Here, g and B corre
sponds to fixed beamformers and Hi,... ,HK are adaptive filters. 

Figure 2: Spatial filter as a fixed, broadband, delay-and-sum beamformer. Each element 
of the sensor array is applied to a FIR filter where T denotes the sampling interval. 

The SFGSC method is described in greater detail below. Consider first the narrow
band GSC with complex signals and complex filter coefficients. Assume that the array 
in Fig. 2 consists of N sensors and L FIR filter taps for each sensor. The output signal 
is then given by y = g H z where g is the NL x 1 array weight vector of complex coeffi
cients, and z is the corresponding array input vector. Denote the array response vector 
[12] by d(r, / ) , where r denotes the spatial position of a single source and / denotes the 



frequency. The beamformer response is then given by G(r , / ) = gHd(r, / ) . 
The narrowband GSC is commonly interpreted as a reformulation of the Linearly 

Constrained Minimum Variance (LCMV) beamformer [12]. These concepts are briefly 
reviewed below. The LCMV beamformer minimizes the output variance subject to a 
finite number of linear constraints and can be stated as 

minimize g^Rg, subject to . . 
A * g = a, W 

where E {\y\2} = g"Rg, R = E {zzH}, A = [dfa, h) • • -d(rj, fj)] is an NL x J 
response matrix and a is a J x 1 vector corresponding to the desired response. The 
solution to (1) can be obtained by using the method of Lagrange multipliers. 

In contrast to the LCMV beamformer, the narrowband GSC performs unconstrained 
optimization. The GSC structure can be obtained by orthogonal decomposition of the 
weight vector g as 

g = go - Bh, (2) 

where go and Bh belong to the range space 71 { A } , and the left null space A ^ j A ^ j of 

the matrix A, respectively. The GSC then minimizes the output variance Æ7 [g-^zj2 

with respect to the vector h. 
Assume that A is of full rank, and that J < NL. The dimension of M j AH j is then 

K = NL — J. The blocking matrix B is designed such that the columns constitute a 
basis for A ^ { A h } and the dimension of B is thus NL x K. 

The narrowband GSC is depicted in Fig. 3 where the output of the blocking matrix 
is x = B^z and the output of the Wiener filter is h^x. The upper beamformer go is 
uniquely determined, since go S 7c { A } , yielding go = A ( A ' H A ) _ 1 a . The Wiener filter 
h is readily obtained by the normal equations E j x ^ ^ z — h ^ x ) ^ j = 0, and is given by 

h = ( B H R B ) - 1 B H R g 0 . 
The essence of the narrowband GSC follows from the orthogonal decomposition above. 

The upper beamformer go implements the constraints and the blocking matrix B nulls 
them out, thus 

A^go = a 
B H A = 0. { 6 ) 

Any signal z that is not consistent with the constraints will be rejected due to the 
Wiener filter h. 

array 
input go <*> 

— 

h"x 
h 

h"x 

Figure 3: The narrowband GSC. Arrows denote vector quantities and straight lines 
denote scalars. 
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The SFGSC is an extension of the narrowband GSC described above, see Fig. 4. It 
is assumed that all signals and filter coefficients are real. Here BI,...,BK are spatial 
filters corresponding to each column of the blocking matrix, hence Bfc(r, / ) = bj[d(r, / ) 
where B = [b? • • • b^ ] . The complex Wiener filter coefficients in the narrowband GSC 
are interchanged for complex frequency functions Hi(f),... ,HK{{) corresponding to real 
impulse responses h\(t),... ,hx(t). 

I 
Figure 4: Broadband adaptive beamformer structure, SFGCS, with leaky noise sources 
associated with the leaky LMS algorithm. Here, G, B\,...,BK are spatial filters and 
H\,... ,HK are adaptive filters. 

The SFGSC is a broadband GSC with an infinite number of target signal constraints 
defined over a region in space and frequency. Since the number of constraints is infinite, 
they cannot be implemented with a finite number of spatial filter taps, NL. In fact, if 
J > NL, then Af { A ^ } equals the zero vector and B would be trivial. The constraints 
must therefore be approximated rather than exactly implemented. This suggests a multi
dimensional spatial filtering approach to the design of the blocking matrix of a broadband 
GSC, the SFGSC. The concept can be stated as 

Multi-dimensional filtering problem 

, , J g T d(r, / ) s; 1 upper beamformer 
an r gion < g T ^ ^ ~ n lower beamformer(s) 

stopband re ion { *=>r<^r' ^ ® upper beamformer 
r gion < g T j j ^ æ 1 lower beamformer (s). 

The input vector to the adaptive filters is given by 

x = B T z + n, (4) 

where rj is a vector containing the leaky noise sources rn associated with the leaky LMS 
algorithm. The leaky noise sources are assumed to be mutually uncorrelated, having equal 
and flat power spectrum R^. Approximation errors with the spatial filters B±,... ,BK may 
result in target signal cancellation. In order to prevent this possibility, the leaky noise 
should dominate the signal vector x in the passband region of the adaptive beamformer. 
However, the leaky noise strength will put a limit to the canceling capabilities of the 
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SFGSC. The performance of the adaptive beamformer will thus depend on the achievable 
suppression of the spatial filters B\,... ,-B/f. 

In order to be more precise regarding the specification of the spatial filters and the 
performance of the adaptive beamformer, it is helpful to study the Wiener filter solution 
associated with the model depicted in Fig. 4. 

The 1 x K Wiener filter vector H is given by the normal equations 

Rt/ dx = H R x x , (5) 

where Rj, dx is a 1 x K vector of cross-power spectrum terms RydXi, and Rxx is a K x K 
matrix of cross-power spectrum terms RXiXj • 

Define the FIR filter response vector by d 0 = [1 e~i2vfT • • • e-i^fiL-i^T w h e r e T 
is the sampling interval, and D 0 = I ® dod^ where I is the N x N identity matrix. 
With one single signal incident on the array having power spectrum Rm, the cross-power 
spectrums in (5) are given by 

Rydx = RmgTådHB + R r i g
T D 0 B (6) 

R x x = RmB
TddHB + RnB

TD0B + RnI, (7) 

where d is the array response vector, Rn is the sensor noise power spectrum assuming 
that the sensors have mutually uncorrelated and equally distributed noise sources, and I 
is the identity matrix. The power spectrum of the adaptive beamformer output signal is 
given by 

Re = R J G I 2 + R n g

T D 0 g - H R X W , (8) 

where R K S i = R ^ x - This expression relates to the model in Fig. 4 with leaky noise 
sources present. Thus, the term R^H^H should be subtracted from (8) if we want to 
describe the situation with adaptive filters. 

The expressions (5)-(8) are valid for each spatial-frequency point (r, / ) for a given 
wave model, and can be used to evaluate the beamformer either numerically or analyti
cally. Analytical evaluation requires a sufficiently simple wave model. A specific example 
with plane waves incident on a linear and equispaced array is considered below. 

A controlled quiescent beamformer response is often wanted [20]. For the SFGSC, 
this can readily be implemented by the condition 

g T D 0 B = 0 (9) 

such that H = 0 when Rm = 0. The quiescent beampattern is then determined by the 
upper beamformer G alone. In addition, the condition (9) will simplify the analytical 
expressions for the output power spectrum. 

It is shown in thesis Part I that the condition (9) is equivalent to a linear constraint 
on the upper beamformer weight vector g, provided that the blocking matrix is designed 
beforehand. The condition of controlled quiescent response is then written 

Cg = 0, (10) 

where C is an r x NL matrix of full rank and where r < K(2L — 1). The constraint 
matrix C is completely determined by the blocking matrix B. The constraint (10) is 
easily included in a least squares design of the upper beamformer weight vector g using 
Lagrange multipliers. 

We will now turn to the specific case of a plane wave incident on a linear and equi
spaced array in a linear, homogeneous and isotropic medium. It is assumed that the 
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wave impinges on the array with an angle 9 relative to broadside. In order to further 
simplify the analytical expressions, a specific structure is imposed on the blocking matrix. 
Accordingly, 

B J = 

( ßl ßL-l Or ••• (F ^ 
o T ßl ••• ßli-x ••• 

(11) 

\ & 0^ ••• ßl ••• ßT

M_J 

where ßm — [ßmo • • • ßm,L-i], and 0 T is a 1 x L vector containing zeros. The number of 
adaptive filters is given by K — N — M + 1. When the array is linear and equispaced, 
and the wave propagation is plane, the beamformer response Bk(f,9) = bj[d(/ , 9) can 
be regarded as a two-dimensional FIR filter. The two-dimensional FIR filter B ( f , 9) = 
Bi(f,6) is given by 

M-1L-1 
B(f,9) = B{QuSh) = £ E ßmie-jnim-in2i (12) 

m=0 1=0 

where 

Q1 = 2 7 r / d — (13) 
c 

n 2 = 2 T T / T . (14) 

Here d denotes the element distance, and c the speed of wave propagation. 
The fcth spatial filter Bfc(/, 9) is given by 

B k ( f , 9) = e - ^ k - ^ T ^ B ( f , 8), (15) 

where Tsp(9) = rfsinö/c is the spatial sampling interval. 
It is shown that with the assumption that the leaky noise dominates over the sensor 

noise, the output power spectrum can be written as 

Rm(/) |g(/ ,g)l 2 

l + K%$\B(f,9)\ 

The expression (16) is a simple relation that can be used to predict the canceling capa
bilities of the adaptive beamformer, and to determine a filter specification for the spatial 
filter B. In the passband region of the SFGSC, the expression yields Rs ~ Rm, provided 
that \B\2 < Rrf/KRm. In the stopband region, we obtain RE æ IG^R^/K, provided that 
Rm ~S> Rq-

The expressions (13) and (14) constitute a mapping from the spatial-frequency do
main to the Fourier plane associated with the two-dimensional FIR filter weights ßmi. A 
rectangular region in the f-9 domain is mapped onto a cut-wedge region in the Q1-Q2 
domain. Any appropriate two-dimensional FIR filter design technique may thus be used 
to design the spatial filter B. 

When the sample depth is L = 1, the spatial filter B reduces to a one-dimensional 
FIR filter: 

M - l 
B ( f , 9) = R(n0 = £ ßme~^m, (17) 

m=0 
where fii = 2n fdsm.9 j c. In this case it is not possible to "decouple" the frequency 
and spatial domains as with the two-dimensional spatial FIR filter above. The following 
procedure is therefore proposed. 
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1. Determine over which frequency band [fi,fu] the array is aimed to operate. 

2. Select an angular interval [&i,0u] over which the array is not allowed to cancel the 
target signal. Normally 8[ = 0, since the look direction is chosen to broadside. 

3. Design a spatial filter sufficiently suppressing the frequency band [flu, flij, where 
flu = 2ir fid sin &t/c and fllu = 27rf ud sin 6u/c. 

4. Put the spatial filter coefficients in the columns of the blocking matrix B, and shift 
them one step per column. 

As mentioned above, the beamformer is assumed to employ the leaky LMS algorithm 
[21], given by 

where hk is the adaptive FIR filter approximation of hi(t),... ,h]c(t). The leakage factor 
7 is given by 7 = 1 — 2ßo2 where cr2 = R^/T. Simulations employing the leaky LMS 
algorithm have been performed in order to verify the validity of the design technique 
described above. 

Part II—Weighted Chebyshev Approximation for the Design of Broadband 
Beamformers Using Quadratic Programming 

In Part I I , a quadratic programming formulation for the minimax near-field design 
of a fixed, broadband, delay-and-sum beamformer is given. In this context, a minimax 
design refers to a weighted Chebyshev approximation criterion. This method may be 
used to design the spatial filters of a broadband SFGSC aimed for the nearfield, cf. Part 
I . 

As pointed out in Part I , a fixed, broadband, delay-and-sum beamformer can be 
interpreted as a two-dimensional FIR filter provided that the array is linear and equis-
paced, and the wave propagation plane. The two-dimensional FIR filter is then given by 
(12), and the mapping from space and frequency to the corresponding two-dimensional 
Fourier plane is given by (13) and (14). In this case, a linear or zero phase response 
can be imposed on the beamformer, and any Chebyshev approximation method for two-
dimensional linear phase FIR filters may be used to design the beamformer [22]-[24], 

With other array geometries and wave fields, there may not even exist a mapping from 
space and frequency to the corresponding two-dimensional Fourier plane. Moreover, it 
will generally not be possible to impose any coefficient-symmetries such that the designed 
beamformer has linear or zero phase response. The approximation must therefore be 
complex. 

A successful and flexible approach to solving the minimax design problem for one- and 
two-dimensional FIR filters is to use a linear programming technique [24, 25]. However, 
the linear programming methods, as well as the exchange algorithms [22, 23], assume that 
the FIR filters have linear phase. Nevertheless, it is possible to use a linear programming 
technique to approximate the complex minimax solution, as in [26]. It is shown in Part 
I I that the exact complex minimax solution can be defined by a quadratic program. 

The quadratic programming formulation of the weighted Chebyshev design problem 
is described in detail below. The transfer function from a spatial point with position 
vector r to the nth weight wn of the broadband beamformer is denoted by dn(r,f). 

«fc = Vd,k - Vk 

hfc+i = 7h* + 2p,ekxk 

(18) 

(19) 
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Let Gd{r, / ) and G(r, / ) be the specified desired response and the actual response of the 
broadband beamformer respectively, defined in space and frequency. The actual response 
is given by G(r, / ) = w T d , where w = [uii • • • VJN]T is a vector of real coefficients and 
d = d(r, / ) = [di(r, / ) • • • djv(r, / ) ] T is the array response vector. 

Define a dense grid of / spatial-frequency points and let Gdi and d j be the functions 
Gd{r, f ) and d(r, / ) evaluated at a particular spatial-frequency point for i = 1 , . . . , I. 
The minimax near field design problem considered here is to find a coefficient vector w 
that solves the weighted Chebyshev approximation problem 

min max vAwTdi — G^L (20) 
w e R A r i e { i , . . . , / } 

where the ViS are positive weights. 
Define the real penalty function 

e f ( w ) = | w T d i - G d l !
2 (21) 

for i = 1,... ,1. Expansion of (21) yields the quadratic form 

£ 2 ( W ) = w T A i W + af w + a i , (22) 

where A* = ataj + ß ß j , az = Refd*}, ft = lm{dl], aj = - 2 • R e j d f Gdi] and 

«i = \Gdi\
2-

A convex quadratic program associated with a general design problem is 

maximize S, subject to .„„. 
vf-£2(w) + hi-S<Cl for * = 1 J [ ' 

where 6 is a real variable and the ViS, h{S and ĉ s are given real, nonnegative constants. 
With all ViS and his chosen as Vi = 1 and hi > 0, the problem is to find a coefficient 

vector w such that a given design specification corresponding to positive upper bounds 
Ci on £ 2(w) is satisfied. The design problem is feasible if the quadratic program above 
results in an optimum S that is nonnegative. 

In order to obtain the weighted Chebyshev approximation, proceed as follows. Let 
all his and c;s be chosen as hi = 1 and Cj = c, where c is an arbitrary constant. For 
every fixed w, let S(w) be the largest S such that vf • £ 2(w) + S < c, or, equivalently, 
Vi • [w T di — Gdi I < Vc — 6 for i = 1 , . . . , I. Then 

max Vi • |w T d i - G d i | = Jc - <5(w). (24) 
i.6{l,...,/} v 

An optimum solution (w 0, <50) to the quadratic program in (23) gives a solution w 0 to 
the minimax problem in (20), since 

min max Vi • |w T d i — GÆ | = min Je — <5(w) = Je — 80. (25) 
w s R " ie{i / } w e R " v 

Note that the left side of (25) is independent of the constant c and so is therefore a solution 
w 0 to the quadratic program above. Note also that the matrix A j = a , a f + ß i ß j is of 
rank 2 or less and is therefore in general not positive definite. Hence, the quadratic form 
in (22) is in general not strictly convex and the solution to (23) not unique. 

A sequential quadratic programming (SQP) method [27] can be used to numerically 
solve the quadratic program in (23). 
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Part III—Robust Two—Dimensional F I R Filter Design for Broadband 
Beamformers 

Part I I I deals with robust design of fixed, broadband, delay-and-sum beamformers. 
Robust design procedures for both the weighted least squares and the weighted Chebyshev 
error design criterion are given. Robust design methods are necessary, because broadband 
beamformers specified in space and frequency generally fail to specify the corresponding 
digital filters completely. A conventional design may therefore become anomalous in 
the sense that the filter coefficients may become excessively large. The proposed robust 
methods avoid this difficulty. 

In this context, robustness refers to sensitivity with respect to model imperfections 
such as sensor element placement errors, channel mismatch, etc. It is straightforward to 
show that a large Euclidean filter weight norm implies high sensitivity to model imper
fections [28]. It is thus desirable to avoid excessively large filter coefficients. 

There are many papers devoted to robust adaptive beamforming. Some recent results 
can be found in [13, 15], [28]-[34]. Their objective has been to develop adaptive schemes, 
robust with respect to array imperfections, which might otherwise result in target signal 
cancellation and/or reduced jammer suppression. 

In [13], it is shown that the narrowband GSC can be hypersensitive to model imper
fections in the sense that very small model disturbances may cause target signal nulling. 
A remedy, the GSC leaky LMS algorithm, is also given in [13]. 

The broadband SFGSC was defined in Part I . This approach relies on the balance 
between the strength of the leaky noise, and the suppression of the spatial filters in 
the lower branch of the GSC. A well-designed SFGSC making use of the leaky LMS 
algorithm will be robust with respect to model inaccuracies. On the other hand, an 
anomalous design of the upper and lower branch of the GSC may result in reduced 
jammer suppression, excessive sensor noise gain and target signal cancellation. A robust 
design of these branches is thus vital. 

We will now elaborate on the main results of Part I I I . The problem of incompletely 
specified digital filters for broadband beamformers becomes clearer when we consider the 
far-field case with a linear and equispaced array. In such cases (as explained in Part I) the 
fixed, broadband, delay-and-sum beamformer can be interpreted as a two-dimensional 
digital FIR filter with impulse response h(k,l). The beamformer response can then be 
written as 

G(f,6) = fffwi.wj) = £ X > ( M ) e - ^ f c - ^ , (26) 
k I 

where 

cji = 2nfdsm8/c (27) 

oü2 = 2nfT, (28) 

and where 8 is the direction of the plane wave front, —7r/2 < 8 < 7r/2, d is the element 
distance, and c is the speed of wave propagation. 

By imposing appropriate symmetry on the coefficients h(k, I), the response H(w\,uj2) 
can be designed to have exact linear phase. To be more specific, assume that the two-
dimensional FIR filter has four-fold symmetry [35], that is h(k,l) = h(—k,l) = h(k,—l), 
so that G(f,8) = G(f,—9). The approximation domain for the two-dimensional FIR 
filter representing the beamformer is given by (27) and (28). For 0 < / < 1/2T and 
0 < 8 < TT/2, this is a triangular region in the CJI-LO2 domain, as in Fig. 5. It is assumed 
here that d/c = T. The two dark shaded regions 1 and 2 in Fig. 5 are cut wedge 
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regions corresponding to passband or stopband regions in the f-0 domain, defined by 
(/c < / < 1/2T, 0 < 6 < 0cl) and ( f c < f < 1/2T, 0c2<0< TT / 2 ) , respectively. 

7 T s i n ö c i 7 r s i n ö C 2 

TT U!\ 

Figure 5: Two-dimensional FIR filter approximation domain corresponding to a far-field, 
linear and equispaced array. 

A filter specification based on only the f-0 domain thus leaves a large region unspec
ified in the u\-W2 Fourier plane. Computer experiments show that for both weighted 
least squares and weighted Chebyshev design criteria the existence of large unspecified 
frequency regions often implies excessively large filter coefficients. 

Specifying a broadband beamformer in only space and frequency may lead to this 
problem. The far-field case with a linear and equispaced array and with an incompletely 
specified two-dimensional FIR filter frequency plane serves as an illustration. With other 
array geometries and wave fields the problem may be even more pronounced. There may 
not exist any mapping whatsoever from space and frequency to the corresponding two-
dimensional Fourier plane (which is therefore likely to be incompletely specified). 

Next, we turn to the proposed robust design criteria which are summarized in an 
itemized form below. When a probabilistic model of the inaccuracies is given, the least 
squares and Chebyshev approximations can be made robust by modifying the corre
sponding inner product and max-norm, respectively, so that the effect of perturbations 
is taken into account. When no probabilistic model is given, the straightforward approach 
is to keep simultaneous control on both the approximation error and the magnitude of 
beamformer weights. 

The notation is as follows. The transfer function from a single source with position 
vector r to the nth weight wn of the broadband beamformer is denoted by dn(r,f). 
Let Gd(r, / ) and G(r, / ) be the specified desired response and the nominal response of 
the broadband beamformer, respectively, defined in space and frequency The nominal 
response is given by G(r,f) = w T d where w = \wi •• •w^]T is the array weight vector 
of real coefficients, d = d(r, / ) = [di(r , / ) • • • dyv(r,/)] T is the nominal array response 
vector which is assumed to be known. 

A dense grid of / spatial-frequency points is defined, and Gdi and dj denotes the 
functions Gd(r, / ) and d(r, / ) evaluated at a particular spatial-frequency point for i = 
1 , . . . , / . 

The perturbed (actual) array response vector is given by dj = d j + Adj , where Ad; 
is modeled as a complex random perturbation vector. In the model, a single outcome of 
the stochastic vector Ad; corresponds to one particular beamformer realization, that is, 
one particular choice of sensors, sensor positions, amplifiers, etc. Below, Re {•} and E {•} 



denote the real and the expectation operations, respectively. 

The weighted least squares (WLS) design criteria are: 

• Ordinary WLS design 
The beamformer weight vector w 0 minimizes the quadratic form 

X > 2 | w r d , - G d i |
2 , (29) 

«=i 

where the u,s are real and positive weights. The solution is given by the normal 
equations 

A w 0 = a, (30) 

where 

A = 5 > ? - R e { d i d ? } (31) 

• Robust WLS design given a probabilistic model 
The robust beamformer weight vector wj, minimizes the quadratic form 

f ^ j l w ^ - G ^ I 2 } , (33) 
i=l 

where the VjS are the same weighting coefficients as in (29). The solution is given 
by the normal equations 

B w j = b, (34) 

where 

B = 

b = 

V ^ . R e j f ^ d i d f } } (35) 

/ 
^ • R s f s f d i G i } } . (36) 

• Robust WLS design without probabilistic model 
The robust beamformer weight vector w r minimizes the quadratic form 

V ^ l w 2 ^ ; - G d i |
2 + Aw r w, (37) 

i=l 

where the v^s are the same weighting coefficients as in (29), and A is a positive 
constant. The solution is given by 

(A + AI)w r = a, (38) 

where A and a are given by (31) and (32), respectively, and I is the identity matrix. 
This is the classical approach of robust beamformer design, cf. [28]. 

• 



The weighted Chebyshev design criteria are: 

• Ordinary weighted Chebyshev design 
The beamformer weight vector w 0 minimizes the max-norm 

max \vi\wTdi - Gdi\ \ , (39) 
ie{i,...,/} 1 1 

where the v,s are real and positive weights. The solution is given by the quadratic 
program 

minimize <52, subject to 
v2-\wTdi-Gdi\

2-S2 < 0 for i = 
(40) 

where 8 is an additional real variable, and 

vf • \wTdi - Gd{\
2 = w T A i W - 2a? w + a* (41) 

At = t f - R e f d i d f } (42) 

a, = ^ • R e { d i G d i } (43) 

Oi = ^ 2 • ICdil2- (44) 

An optimal solution (w 0, 60) to (40) will be referred to as a Chebyshev solution, and 
8o as the optimal Chebyshev deviation. The quadratic programming formulation 
(40) of the Chebyshev approximation problem (39) is given in Part I I in a slightly 
different form. 

• Robust weighted Chebyshev design given a probabilistic model 
The robust beamformer weight vector Wj, minimizes the max-norm 

j g max / } j v i ^ f l w T d i - Gdi|
2}J , (45) 

where the ,̂s are the same weighting coefficients as in (39). The solution is given 
by the quadratic program 

minimize 82, subject to 

D?• E{Iw^di - G d i I 2 } - 6 2 < 0 for i = !,...,! 
(46) 

where 8 is an additional real variable, and 

vf-E{\wTdi-Gdi\
2} = w T B i W - 2b?w + h (47) 

B; = t ; 2 - R e { £ { d i d f } } (48) 

b t = « ? - R e { E { d i G d i } } (49) 

h = v2-\Gdl\
2. (50) 

• Robust weighted Chebyshev design without probabilistic model 
The robust beamformer weight vector w r solves the convex quadratic program 

minimize w T w , subject to 
v2-\v,Tdi-Gdi\

2-a2 < 0 for i = !,...,! 
(51) 
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where the ViS are the same weighting coefficients as in (39), and a is a positive 
constant, a > 80. An alternative formulation for (51) is 

minimize LL • w T w + <52, subject to 
t ; M w T d , - G d i |

2 - 5 2 < 0 for i = l,...,I ( 5 2 ) 

where 8 is an additional real variable, LL is a positive design parameter, and the v,s 
are the same weighting coefficients as in (39). It is shown that for every nonnegative 
fi, there is an a such that (51) and (52) yield the same solution w r . In contrast to 
(51), (52) always has a feasible solution. 

• 

Consider now the special case with a linear and equispaced array for the far-field as 
previously described. With four-fold symmetry, the response can be written 

# ( w i , w 2 ) = g T < ø ( w i , W 2 ) , (53) 

where 

(p(ui,u2) = [l cosui • • -cos(wi(Jf - 1)/2)] T
 <g> [1 cosu;2 • • • G O s ( w ä { £ - 1)/2)] T, (54) 

and where K is the number of sensors, L is the number of FIR filter taps for each 
sensor, and g is a column vector containing the real coefficients g(k, I) corresponding 
to the elements cos(u»ifc) cos(w20 of <j>{u)\,W2)- The desired response Hdi is defined for 
/ frequency points in a cut wedge region of the wi-u>2 domain, as in Fig. 5, and the 
response vectors are the corresponding samples of the response vector ${wi ,W2) . 

The squared filter weight norm ||w|| 2 is given by 

[|w||2 = g T Cg, (55) 

where C is a diagonal matrix where the elements (C)u are either 1, 1/2 or 1/4. 
Since in this case the beamformer is designed with zero phase and the specification 

is real, the quadratic constraints in (40), (51) and (52) can be interchanged for linear 
constraints. 

The weighted Chebyshev design criteria for a far-field, linear and equispaced array are: 

• Ordinary weighted Chebyshev design 
The filter vector g 0 minimizes the max-norm 

max {vil^cpi -Hdi\\, (56) 
l€{l,...,/} 1 > 

where the u j s are real and positive weights. The solution is given by the linear 
program 

{ minimize 6, subject to 
Vi(<pfS-Hdi)-8<0 for i = ..,1 (57) 
-Vi{<pf g - Hdi) - 8 < 0 for i = l,..., I 

where 8 is an additional real variable, cf. [24, 25]. An optimal solution ( g o , i5 0 ) to 
(57) will be referred to as a Chebyshev solution, and 80 as the optimal Chebyshev 
deviation. 
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• Robust weighted Chebyshev design without probabilistic model 
The robust filter vector g r solves the convex quadratic program 

minimize g T Cg, subject to 

Vi{<pfg - Hdi) - a < 0 for i = l,.,.,I (58) 

-Vi(4>fs - Hdi) - a < 0 for i = l , . . . , I 

where the vjs are the same weighting coefficients as in (56), and a is a positive 
constant, a > 60. An alternative formulation for (58) is 

minimize ß • g r C g + S2, subject to 
Vi{4>fS-Hdi)-8<0 for t = l , . . . , I (59) 
-ViltpJ g - Hat) - S < 0 for i = 

where 6 is an additional real variable, ß is a positive design parameter, and the v^s 
are the same weighting coefficients as in (56). It is shown that for every nonnegative 
ß, there is an a such that (58) and (59) yield the same solution g r . In contrast to 
(58), (59) always has a feasible solution. 

• 

The robust least squares designs can be obtained by solving sets of linear equa
tions, and the robust Chebyshev designs by solving quadratic programs. The quadratic 
programs (40), (46), (51) and (52) can be solved by using a sequential quadratic pro
gramming (SQP) method [27]. Since the quadratic programs (58) and (59) have posi
tively definite objective functions and linear constraints, these programs are numerically 
well-conditioned, and can be solved much more efficiently than their counterparts with 
quadratic constraints. 

It is interesting to observe that given the same specification G a and the same set of 
spatial-frequency weights Vi, the beamformer designs corresponding to the weighted least 
squares and the weighted Chebyshev criteria will generally both yield anomalous designs 
when anomalous designs are produced. Upon reflection, however, this is not surprising. 
In fact, it is readily shown that the Chebyshev solution belongs to a multi-dimensional 
ellipse, the center of which is the least squares solution. 

In examining the robustness properties of the beamformer, an important quantity is 
the covariance matrix of the array perturbation vector, given by 

$i = E {(Ad* - E {Adi})(Adi - E { A d i } ) H } . (60) 

It is shown that the perturbation term w T $ ; w is a significant measure of the impact of 
perturbations, especially in the case of phase perturbations only The effect of perturba
tions becomes significant when the perturbation term comes close to, or is in the order of, 
the peak stopband magnitude. It is further shown that the robust methods above, which 
are based on a probabilistic model, explicitly take this perturbation term into account. 

With a given probabilistic model, the expressions (35), (36), (48) and (49) may be 
obtained analytically or numerically in order to solve for the robust design w j . A specific 
probabilistic model is studied in detail. This model consists of a far-field array with 
mutually independent element placement errors, such that the errors have identical and 
circular symmetrical distributions. This model is given as an example where it is possible 
to obtain explicit expressions for (35), (36), (48) and (49), and is also used for the 
simulation experiments included. 
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Fig. 6 illustrates the degeneration of a broadband beamformer designed with the 
weighted Chebyshev error criterion using (57). The figure shows the nominal and the 
perturbed response of a beamformer designed as a spatial "highpass" filter. The example 
comprises a far-field, linear and equispaced array with K = 7 elements and L = 11 
FIR filter taps for each element. The sensor positions are perturbated according to a 
model with uniformly distributed circular coordinates. The maximum deviations from 
the nominal positions are 1% of the distance between elements (perturbation radius). 
If the beamformer in Fig. 6 were used in designing the blocking matrix of a SFGSC as 
described in Part I , severe target signal cancellation would result due to perturbations. 

The examples included in Part I I I demonstrate that by means of a small increase in 
approximation error a beamformer response can be made robust with respect to pertur
bations in sensor positions (perturbations which would otherwise devastate the response). 

2Olog|G(/,0)| [dB] 

Figure 6: Nominal and perturbed beamformer response for a spatial HP-filter. One 
snapshot with a perturbation radius of 1%. Ordinary Chebyshev design: Chebyshev 
deviation 60 = 0.2542, | |w 0 | |

2 = 64382. 

Part IV—Minimum Norm Design of Two—Dimensional Weighted Chebyshev 
F IR Filters 

In Part IV, the problem of non-uniqueness of the Chebyshev approximation for two-
dimensional linear phase digital FIR filters is considered. It is shown that the unique 
Chebyshev solution having minimum Euclidean filter weight norm can be obtained by 
using a well-conditioned quadratic programming formulation. 

There are a number of methods available for the solution of the two-dimensional 
weighted Chebyshev FIR filter design problem, cf. [22]-[24]. However, because the Haar 
condition [22, 23] may not hold due to the two-dimensional nature of the approximating 
functions, the solution is generally non-unique. 

In case of non-uniqueness, some additional constraints must be defined in order to 
make the Chebyshev design unique. The concept of strict approximation [22, 36] was 
defined for this purpose. Basically, the strict approximation is based on the requirement 
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that the maximum deviation should be as small as possible when the Chebyshev deviation 
points are removed. 

The process of strict approximation is, however, quite complicated and may require 
several repetitions. Furthermore, the question of uniqueness of a given Chebyshev solu
tion is rather extensive to investigate. 

A simple and applicable additional constraint which may be chosen is the requirement 
of minimum Euclidean filter weight norm. This requirement leads to a unique weighted 
Chebyshev solution which can be obtained by using a numerically well-conditioned 
quadratic programming formulation. In essence, this is the same quadratic formula
tion, (58) or (59), that was used in Part I I I in order to obtain a robust, broadband, 
delay-and-sum beamformer. 

The details are as follows. The frequency response of a two-dimensional FIR filter 
with real impulse response h(n\,n2) can be written as 

jyfwi.wa) = Y,Y.KniM)e~**n*~****- ( 6 1 ) 

ni 712 

Let Hd(L0i,u>2) denote the specified desired response of the FIR filter frequency function. 
The discussion will be restricted to zero phase FIR filters with four-fold symmetry 

[35] given by 
h(ni,n2) = h(-ni,n2) = h(ni, - n 2 ) . (62) 

This restriction is merely for convenience, and does not imply any loss in generality. All 
results below will be valid for any symmetry condition implying zero or linear phase 
frequency response. 

With four-fold symmetry, the frequency response is given by 

Ni-l N2-l 

H(uii,uj2) = ^2 £ a("i: n2)cos(a' 1n 1)cos(u;2n2), (63) 
ni=0 ri2=0 

where a(0,0) = h(Q,0), a(ni,0) = 2/i(ni,0), a(0,n2) = 2h(0,n2) and o(ni,n 2 ) = 
4h(ni,n2) for n\ > 1 and n2 > 1. With 

4>(WI,ÜJ2) = [1 cos(tJi)---cos(a;i(7v 1 -l))] T ®[l COS(UJ2) • • • COS{LV2{N2 - l ) ) ] T , (64) 

the frequency response can be written as 

H(UI,UJ2) = <bT(u1,ui2)a., (65) 

where N = N\N2 and a is an Af x 1 real coefficient vector containing the elements 
i ( n i , n 2 ) corresponding to the elements cos(wini) cos(w2n2) of cp. 

The squared Euclidean filter weight norm is given by 

Y2Eft2(ni'n2) = a TCa, (66) 
ni 712 

where C is a diagonal matrix determined by the four-fold symmetry defined by (62) so 
that the diagonal elements (C)u are either 1, 1/2 or 1/4, see (63). 

The approximation domain V for the four-fold symmetrical FIR filter is made discrete 
and consists of I frequency points (wu, uj2i) defined on a dense grid on the square [0, n] x 
[0,7r]. Let Hdi = Hd(uiii,u>2i) be the desired response specified on V, and let o\ = 
d>(u>ii,u>2i) be the corresponding characteristic vector [22, 23]. 



X X I I I 

In the weighted Chebyshev approximation problem considered here, cf. [22, 23], the 
optimal coefficient vector a, is chosen to minimize the max-norm 

[ | H - H d | [ = max Vi\cpfa-Hdi\, (67) 
ie{i,...,/} 

where H and Hd are real vectors with elements <pf a and Hdi respectively, and the v^s 
are real and positive frequency weights. The quantity | |H — Hd|| will be referred to as 
the Chebyshev deviation related to H . 

A linear program with the same optimal solutions as the Chebyshev approximation 
in (67) is 

minimize S, subject to 
Vi{tpJa - Hdi) - 6 < 0 for i - 1 , . . . , I (68) 
-Vi(<pJ&- Hdi) - 6 < 0 for i= l,...,I 

where S is an additional real variable, and the u;s are the same weighting coefficients as 
in (67), cf. [24]-[25]. For an optimal solution (a0,<50) to (68), a 0 will be referred to as a 
Chebyshev solution, and S0 = | | H 0 — H<j|| as the optimal Chebyshev deviation. 

The unique Chebyshev solution having minimum Euclidean filter weight norm is 
defined by the quadratic program 

minimize a rCa, subject to 
Vi(<p[a-Hdi)<80 for z = l , . . . , J (69) 
-Vi(d>[a - Hdi) <60 for i = I,,.., I 

where the ViS are the same weighting coefficients as in (68). 
An alternative formulation for the minimum norm Chebyshev solution is 

minimize w • aTCa + 62, subject to 
Vi(cpja-Hdi)-S<0 for i = 1 , . . . , / (70) 
-Vi{<pTa-Hdi)-6<0 for i = l„..,I 

where 8 is an additional real variable, w is a real and positive parameter, and the ViS 
are the same weighting coefficients as in (68). In essence, (69) and (70) are the same 
quadratic formulations as (58) and (59) used in designing a robust, broadband, delay-
and-sum beamformer in Part I I I . 

It is shown that if the positive parameter w is sufficiently small, the solutions to (69) 
and (70) coincide. In order to obtain the unique minimum norm Chebyshev solution 
using (69), the right side of the inequalities must be exactly 50. If the right side of these 
inequalities is less then 80, the quadratic program in (69) has no solution. In contrast, 
the quadratic program in (70) always has a solution, which can be advantageous for 
numerical reasons. 

The quadratic programs (69) and (70) are numerically well-conditioned since they 
have strictly convex objective functions and linear constraints, and can therefore be solved 
by using efficient all-purpose optimization algorithms for quadratic programs [27]. 

The optimization problem in (67) or (68) is in general not unique since the A^-
dimensional linear space of approximating functions H(uu, t02i) = 4>Ja does not generally 
satisfy the Haar condition [22, 23]. This is due to the two-dimensional nature of the basis 
functions for the linear space above. 

The question of uniqueness of a given Chebyshev solution a 0 is rather complicated and 
requires an extensive investigation in order to determine whether the solution is unique or 
not. In particular, one may check the Haar condition, which is a necessary and sufficient 
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condition for uniqueness. This would, however, require an exhaustive calculation of the 
rank of all subcollections of N vectors among all I characteristic vectors. The Haar 
condition is fulfilled if and only if all these (^j^j subcollections are linearly independent. 

The uniqueness investigation is avoided if any of the quadratic programs, (69) and 
(70), are used. However, Part IV also considers the problem of finding a critical point 
set, which is a central concept in the theory of Chebyshev approximations [36]. 

Uniqueness is guaranteed if there is a critical point set C of N + 1 extremal points 
related to the given Chebyshev solution, cf. [22, 23, 36]. An extremal point is a frequency 
point (ujii,üü2i), where the weighted error magnitude attains the Chebyshev deviation. 
A critical point set is a set of p + 1 extremal points such that the origin belongs to the 
convex hull of the corresponding signed and weighted characteristic vectors aiVi(pi, and 
if any point were removed from the set, the origin would not belong to the convex hull of 
the reduced set [22, 23]. Here øj = +1 if cif a - Hdi > 0 and a{ = - 1 if cif a - Hdi < 0. 

A characterization theorem for Chebyshev approximation [36] states that H 0 is a 
Chebyshev solution if and only if the set £ of extremal points contains a critical point 
set C of p + 1 points, where p < N [36]. If p = N, the given Chebyshev solution a 0 is 
unique, and if p < N the solution might be non-unique [22, 23]. 

A procedure to find a critical point set given any Chebyshev solution a, is given in 
Part IV. The procedure is started with the extremal point set £. A sequence of linear 
programs of decreasing size is then solved until a critical point set C is reached. The 
process is described below. 

The extremal point set £ related to an approximation H is [36] 

£ = {(wn,w 2i} I (wy.wa) €2>, vi\cpTa-Hdi\ = \\U-Kd\\). (71) 

The positive and negative points of a subset <S of £ related to an approximation H are 
[36] 

V = {[uu, waO I (V«, UM) G S, m f ø f a - Hdi) = ||H - H d | | } (72) 

Af = {(wii,W2i) |(wii,W2i) eS, Vi(4>?a-Hdi) = -\\ti.-H.d\\y. (73) 

The sets V and Af of <S are said to be isolable [36] if there is a vector a such that 

ViCpfa > 0 (u>ii,u}2i) e V . . 
Vi(pf& < 0 (wij,W2j) € Af. ^ ' 

A subset C of £ is a critical point set related to an approximation H if the positive 
and negative points of C are not isolable, but if any point is excluded from C, the positive 
and negative points of the resulting set are isolable [36]. 

In order to obtain a practically useful criterion in the determination of a critical point 
set, the following theorem can be used. 

Theorem The sets V and Kf of S are not isolable if and only if the linear program 

{ minimize 7, subject to 
-VicpJa - 7 < 0 (wu, U2i) € V (75) 

Vi4>Ja - 7 < 0 W2i) € Af 
has the optimal value 7 0 = 0. 

• 
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The proof of this theorem is given in Part IV. 
Put S = £. A critical point set can now be determined by repeatedly excluding 

the points (tJu,U2i) from S, one by one, and checking whether or not the positive and 
negative points of the reduced set are isolable by using (75). If "f0 = 0, the excluded point 
remains excluded, otherwise the point is adjoined to S again. The process is repeated 
until <S is a critical point set C. 

An example of a non-unique Chebyshev design is included in Part IV in order to 
illustrate a degenerated case where p < N. An 81-tap two-dimensional lowpass FIR 
filter was designed having four-fold symmetry. The passband and stopband regions were 
defined by ellipses on a rectangular grid in the two-dimensional frequency plane. A 
critical point set was found by using (75) and the procedure described above, and the 
unique minimum norm Chebyshev solution was obtained by using the quadratic program 
(70). 

Part V-Robust Approximation for the Weighted Chebyshev F IR Filter 
Design Problem 

Part V deals with robust design for one-dimensional non-linear phase digital FIR 
filters which are incompletely specified. A robust weighted Chebyshev design criterion is 
defined which is essentially the same as one of the robust methods given for broadband 
beamformers in Part I I I . In effect, the present part is the one-dimensional FIR filter 
counterpart to Part I I I . For the design of general multi-dimensional FIR filters, however, 
one could straightforwardly extend the robust design method described below. 

The present part deals with the problem of designing a Chebyshev FIR filter when 
the frequency axis is incompletely specified. As a specific application, an example is 
considered where it is desirable to perform a FIR approximation of an acoustic channel 
over a limited bandwidth. 

When the filter is incompletely specified, both the least squares and the Chebyshev 
design criteria may yield anomalous designs in the sense that the filter weight values may 
become excessively large. Even if this does not affect the desired signals in the specific 
application, degradation may occur due to unforeseen noise amplification. Furthermore, 
in finite word length implementations, large dynamics in filter coefficients is undesirable, 
requiring either long word length or causing large quantization errors. 

There are several methods available for the weighted Chebyshev design of FIR filters 
with arbitrarily specified amplitude and phase, cf. [37]-[44]. However, these methods do 
not take into account the possibility of anomalies in wide "don't care" regions. With the 
proposed robust design method, a small weighted Chebyshev error is traded off against 
small filter weights in an optimal way. This robust design method is described in greater 
detail below. 

Let H(LO) = h rd(cj) denote the frequency function of a one-dimensional FIR filter. 
Here u) is the frequency variable, h = [ho • • • / I A T _ I ] t is a vector of real FIR filter coef
ficients and d(w) = [1 e~]UJ • • • e-^

N-^ul]T is the response vector of the FIR filter. Let 
Hd{u>) denote the specified desired response of the FIR filter frequency function. 

Define a dense grid of / frequency points and let HDI and dj be the functions Hd(u>) 
and d(tu) evaluated at a particular frequency point u; ; , for i = 1 , . . . , / . 

In the weighted Chebyshev approximation problem considered, the optimal FIR filter 
coefficient vector h 0 solves the problem 

min IIH —Hw||= min max Vi\h.Tdi — Hdi\, 
heß« 1 1 " hs-R" i € { W } 

(76) 
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where H and are complex vectors with elements h T d ; and Hdi, respectively, and the 
vis are real and positive frequency weights. 

Define the real penalty function 

e2(h) = \hTdi - Hdi\
2 (77) 

for i = 1 , . . . , I. Expansion of (77) yields the quadratic form 

e2(h) = h r A i h - 2 a f h + aI, (78) 

where A* = Re { d ; d f } , af = Re {d?Hdij and a, = \Hdl\
2. 

A convex quadratic program with the same solution as (76) is 

minimize 6, subject to 
v2 • £ 2(h) - 6 < 0 for i = !,...,/ 

(79) 

where 6 is an additional real variable, and the ViS are the same weighting coefficients as 
in (76). The optimal solution (h 0 , 80) to (79) will be referred to as a Chebyshev solution, 
and Jc% as the optimal Chebyshev error. The quadratic programming formulation (79) 
of the Chebyshev approximation problem (76) is given in Part I I in a slightly different 
form. 

The robust designed FIR filter is obtained by using any of the three formulations: 

• The robust filter weight vector h'0 is defined by the convex quadratic program 

minimize 7, subject to 
7j 2-£ 2(h) + i ü - h T h - 7 < 0 for i = l , . . . , J ( 8 U J 

where 7 is an additional real variable, the u;s are the same weights as in (76), and 
it; is a real and positive design parameter. 

The robust filter weight vector h'0' is defined by the convex quadratic program 

minimize ß + w • h T h , subject to , R . 
vf-e2(h)-ß<0 for i = l , . . . , J [ ' 

where ß is an additional real variable, the ViS are the same weights as in (76), and 
w is the same design parameter as in (80). This is essentially the same formulation 
as (52) in Part I I I . 

The robust filter weight vector h"' is defined by the convex quadratic program 

minimize h T h , subject to . 
^ • £ 2 ( h ) < a for i = l,...,I 

where a is a constant, a > 50, and the vts are the same weights as in (76). This is 
essentially the same formulation as (51) in Part I I I . 

• 
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It is shown that all three formulations have a unique solution, and that they are equivalent 
in the sense that for every w there is an a such that h'0 = h '̂ = h"'. 

The quadratic formulation that should be used depends, of course, on the designer's 
prerequisites. The formulations ( 8 0 ) and ( 8 1 ) can be used without prior knowledge 
of a Chebyshev solution (h0,<5o), but it is difficult to predict the resulting Chebyshev 
error. With ( 8 2 ) on the other hand, the resulting Chebyshev error is chosen as a design 
parameter while it is desirable to know the optimum Chebyshev error \fb\, in advance. 
Another observation is that ( 8 2 ) has no solution if Q < S0, whereas ( 8 0 ) and ( 8 1 ) always 
have a solution. 

With all three formulations, the design parameters w or a are used to trade off a 
small Chebyshev error for a small filter norm ||h|| in order to obtain a robust design. The 
quadratic programs can be solved by using a sequential quadratic programming (SQP) 
method [ 2 7 ] . 

An example is included with the aim of representing the phase response of an acoustic 
channel in a limited frequency band with few FIR filter coefficients. The desired response 
Ha was the complex frequency response of the channel between a loudspeaker and a 
microphone, measured in a car compartment and normalized to unit magnitude. Fig. 7 
illustrates that the conventional Chebyshev design is subjected to degeneration due to 
coefficient quantization, whereas the robust design remains essentially unaffected. 

arg H(w) [°] NOMINAL arg H(u) [°] QUANTIZED 

u/2ir ui/2ir 

Figure 7 : Phase response of nominal and 16 bit quantized 31-tap FIR filters specified by 
the phase response of an acoustic channel for u £ [0.1,0.2] • 2 T (dotted line). Solid line: 
Chebyshev design. Dashed line: robust design. 

Part V I - A n " in situ" Calibrated Adaptive Microphone Array 

Part V I presents a new adaptive microphone array, well-suited for speech enhance
ment in handsfree mobile telephones, as well as for speech enhancement in speech recog
nition devices. This microphone array facilitates a simple built-in calibration to the 
actual environment and the electronic equipment used. 

Methods to increase the signal-to-noise ratio in hands-free operation include spectral 
subtraction [ 4 5 ] - [ 4 7 ] , Wiener filtering and array techniques [ 4 8 ] - [ 5 2 ] . A method based on 
a spatial filtering adaptive microphone array [ 5 3 , 5 4 ] has previously been presented. This 
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array has also been employed for speech enhancement in a speech recognition system for 
voice control of mobile information systems [9]. 

The referenced array techniques, as well as the spatial filtering methods in thesis Parts 
I and I I I , all assume some a priori knowledge about the acoustical field, sensor positioning 
and sensor characteristics. As with thesis Part I I I , Part VI emphasizes the robustness 
of adaptive beamformers with respect to model imperfections such as channel mismatch, 
sensor positioning errors, etc. However, the present part focuses on the difficulty with 
mathematical modeling of a beamformer in a small enclosure such as a car compartment. 

The proposed approach is a result of the following reasoning: Any signal processing 
scheme based on a priori mathematical modeling of the acoustical field, sensor charac
teristics and array geometry etc., is, of course, expected to be effective provided that the 
a priori knowledge is correct. However, due to nearfield considerations and multipath 
propagation, it is a difficult task to obtain a sufficiently accurate model for a small en
closure such as a car compartment. Moreover, even with a satisfactory model, the sensor 
positions, amplifiers, A/D converters etc., must be carefully calibrated in order for the 
signal processing scheme to perform well. 

A "learning" beamformer with reduced inherent theoretical modeling is likely to out
perform an array based on erroneous a priori information. A calibrating scheme is pro
posed which is independent of array geometry and channel matching, and which calibrates 
the adaptive array to the speaker's location, to the actual acoustical environment, and 
to the electronic equipment used. 

The new beamformer employs two sets of input data: the "real" microphone input 
signals used in the "Filtering Upper Beamformer" and the calibration input signals, which 
are recorded beforehand and added to the "real" microphone signals at the input of the 
"Adapting Lower Beamformer", see Fig. 8. The beamformers consist of one FIR filter 
per channel, thereby facilitating simultaneous temporal-spatial filtering. 

The new beamformer works in three different modes: 

• Calibration The calibration is performed "in situ", in the actual acoustical envi
ronment and with the given electronic equipment. No noise is present, the engine 
is turned off, etc. A model speech signal is recorded from a typical speaker po
sition for all channels synchronously and stored into a digital memory, see Fig. 
8. The model speech signal consists of averaged "real" speech or speech colored 
noise. Spatial locations and spectral contents may be weighted by averaging during 
the calibration process. The gathered signals constitutes calibration signals for the 
adaptive beamformer. 

• Adaptation, speaker silent Adaptation is performed in the noisy situation, on 
a highway road etc., when the speaker is silent. The calibration signals are added 
as "speech" to the incoming microphone signals and fed to the "Adapting Lower 
Beamformer", see Fig. 8. The desired signal for the adaptive algorithm is some 
selected combination of the calibrating signals, e.g., one channel. The beamformer 
may be adapted using any suitable adaptive algorithm, e.g., the LMS algorithm. In 
this way, the lower beamformer "listens" for a typical speaker in a typical speaker 
position, while at the same time the environmental noise is suppressed. 

• Filtering, speaker active When the speaker is active, the adaptation is stopped 
by means of a speech detection device. The coefficients in the "Adapting Lower 
Beamformer" are copied and used in the "Filtering Upper Beamformer", see Fig. 
8. The upper beamformer is therefore a fixed beamformer during speech, providing 
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the output of the system. When the speaker becomes silent, the adaptation is 
resumed. 

Figure 8: Adaptive microphone array employing on-site pre-recorded calibration signals. 

This method is based on the fact that the model speech, and the "real" speech come 
from the same position(s) in the same acoustical environment, and that they meet the 
same electronic equipment. The adaptive beamformer will thus be calibrated "in situ" 
to the actual acoustical, electronic and geometrical circumstances. 

The advantages of the proposed method are its simple calibration process and its 
inherent versatility. In particular, speech quality can be traded off against noise sup
pression in a straightforward manner, by varying the memory-signal-to-real-noise ratio 
during adaptation. Furthermore, the beamformer performs fixed filtering during speech, 
which is desirable for most interacting signal processing devices, such as speech coders, 
echo cancellation systems, etc. 

Experiments with the new beamformer have been performed with real data measured 
in a car compartment. A microphone array consisting of six microphones was used. Fig. 
9 shows the results for a noisy situation on a highway road. The figure shows output 
power sequences of approximately 6 seconds, where the speaker is active from 2.0 to 3.9 
seconds. The adaptive scheme evidently works for a one-microphone system, but it is 
clearly outperformed by the six-microphone array. With the six-microphone array, a 
noise suppression of 10 dB was obtained with no significant loss in speech quality. 
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Output power [dB] 

1-mic unadapted 1-mic adapted 6-mic adapted 

Figure 9: A comparison of a single unadapted microphone, a single adapted microphone, 
and an adapted 6-microphone array. Microphones mounted on visor, linear array with 5 
cm spacing, and signal bandwidth 300-3400 Hz (telephone specification). 
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Adaptive Beamforming: Spatial 
Filter Designed Blocking Matrix 

Sven Nordebo, Ingvar Claesson, and Sven Nordholm 

Abstract—Controlling the resolution in adaptive beamformers 
is often crucial. A simple method that works for both narrow
band and broad-band arrays is presented. This method is based 
on the normalized leaky LMS algorithm in conjunction with a 
generalized sidelobe canceller (GSC) structure, where the GSC 
is designed using a spatial filtering approach. In essence, the 
suppression of the spatial filters and the implicit noise of the leaky 
LMS algorithm together determine the adaptive beamformer. 
Analytical expressions are given for the Wiener filters and the 
output spectrum versus frequency and point source location. 
These expressions are employed in the design specification of 
the spatial filters and to obtain conditions for a controlled qui
escent beamformer response. Simulation results are presented to 
illustrate the behavior of the array. 

I . I N T R O D U C T I O N 

BY using adaptive filters behind the array elements in 

delay- and sum-beamformers (see Fig. 1), the resolution 
can be substantially increased [1], [2] and a simultaneous 

cancellation of multiple jammers obtained. Such an increase 

in resolution and capability is often desired, but it might also 

lead to target cancellation caused by inaccuracies in far-field 
approximations or sensor and target locations. 

Careful calibrations can sometimes solve the problem, but 
there are situations, such as with widespread sources, where 

this super-resolution must be constrained in some target area 
[3]. Typical methods are linear and quadratic constraints on 
the beamformer derived from eigenvector expansions [2], [4], 

derivatives of the signal power [5]-[7] , and nulling an area 

of coefficients in the adaptive filters [8]. However, several of 
these methods are reported to be sensitive to the choice of 

array origin [6], [9] since the constraints imposed are origin 
dependent. This drawback limits their usefulness, although 
different methods to eliminate the origin dependence have 

been proposed [6], [9]. 
We propose a method to design the blocking structure in 

a GSC using a spatial filtering technique. This technique 

is not dependent on the choice of array origin since the 
spatial filter specification, which imposes the constraints, is 

origin independent. The idea is straightforward, and several 
filter design methods can be used to calculate the blocking 

structure. The major advantage using this method is the direct 
approach. The desired spatial resolution and the frequency 

interval of interest, together with the built-in noise level of the 
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Fig . 1. A broad-band adaptive generalized sidelobe canceiler. Here, G and 

B are fixed beamformers and Hi — HK are adaptive filters. 

leaky LMS algorithm, directly determine which frequency and 

spatial/angle regions the beamformer conforms to the upper, 

desired branch of the GSC. 

II. MAIN I D E A A N D G E N E R A L S O L U T I O N 

The signals received by the array elements are assumed 

to be stationary uncorrelated point sources mp with spectral 
densities Rm ( f ) . When located in the far field, the signals 
impinge as plane waves. The array consists of N elements 

taking L snapshots. Mutually uncorrelated noise is present at 

the array inputs with spectral density R n ( f ) . An adaptive GSC 
with K adaptive filters is used (see Fig. 1), and it discriminates 

between the target signal and jammer signals only by their 
spatial locations and spectral contents. Hence, the single-input 
signal scenario is highly interesting, in particular with regard 

to the behavior of the beamformer response when this signal 

arrives from different points. 
The array response vector d from a point source to each 

weight is determined by the frequency u> = 27r/ and the time 

delay r to each weight. The delay r is determined by the 

wave propagation velocity c, the snapshot number /, and the 
distance from the source to the corresponding array element 

n. The array response vector is, in general, also dependent on 
each array element characteristic which we omit in the sequel. 

The array response vector is thus given by 

in a reflectionless and isotropic medium. The response vector is 
not dependent on the coordinate system since only the distance 
between the source and the elements enters into the expression. 

The filter function G ( f ) f rom a point to the output of the upper 
beamformer is given by 

G(f) = gHd (2) 

where the vector g contains the weights of the upper 
beamformer. 

0364-9059/94S4.00 © 1994 I E E E 



584 I E E E J O U R N A L O F O C E A N I C E N G I N E E R I N G , V O L . 19, N O . 4, O C T O B E R 1994 

The main objective is to design the upper and lower 

beamformers g and B in order to cancel only unwanted signals. 

We therefore assume that the target signal is located in some 

predetermined region in space and frequency which is to be 

protected. Signals coming from outside this region should be 

cancelled as much as possible. 

Reflecting on how a GSC imposes its linear constraints, 

the task of the upper beamformer is to favor the protected 

region, while the lower beamformers' task is the opposite, to 

stop the target signal from reaching the adaptive filters. A 

simple approach is therefore to specify the upper beamformer 

to assume the value one within the protected area and zero 

outside, and vice versa for the lower beamformer. 

In general, with incoming signals in the near field and 

an arbitrary array configuration, these are two optimization 

problems which can be solved simply by a weighted least 

squares approach, or somewhat more complicated, with a 

quadratic programming or minimax design. However, an array 

origin invariance cannot be expected unless the design speci

fications are origin independent or some structure is imposed 

on the array. 

Once the fixed beamformers g and B are determined, the 

general Wiener solution can be found for the adaptive filters H 

and the output spectral density. When all incoming signals are 

band-limited and sampled correctly, a discrete-time Wiener 

solution can be found and approximated with, for example, 

adaptive FIR filters. 

By employing the orthogonality principle, the Wiener so

lution is obtained by solving a system of K linear equations 

for each frequency: 

Apart from being shifted one sensor per column (L steps), the 

weights in the blocking beamformers are identical. Hence, we 

write 

* * . ( / ) = * ( / ) « « ( / ) . (3) 

I f there is white noise of sufficient strength to dominate over 

the blocking matrix processed signal at the adaptive filter 

inputs, the Wiener solution for the filters wi l l tend towards 

zero and the total array response wi l l be the upper desired 

beamformer. This is the situation inside the protected region 

i f the blocking matrix is designed properly and a leaky LMS 

adaptive algorithm is used with the forgetting factor correctly 

chosen [1]. A leaky algorithm modifies the optimum solution 

as i f there were white noise injected at the adaptive filter 

inputs, although no noise is present. The equivalent strength 

of this leaky noise is denoted R , . 

I I I . 2-D SPATIAL F I L T E R I N G S T R U C T U R E 

We now restrict our interest to an equispaced linear array, 

a single-input signal m = mo in the far field, and a spatial 

filtering structure on the blocking matrix B. The time delay r 

is then a function of the angle of arrival 6 and the sampling 

interval T. By selecting the first element as time reference, 

we obtain r = nTsp + IT, where Tsp is the spatial sampling 

interval given by Tsp{9) = dün(0)/c and d is the sensor 

element spacing. 

The special structure on the blocking matrix B is such 

that each column bk of B consists of an individual blocking 

beamformer for each adaptive filter. Each beamformer is of 

size ML and operates on M sensor signals and L samples. 

Bu = 

( f t 
0" 

\0H ol 

PM-I 

0H \ 

ßZ-J 

(4) 

where ß% = [ ß m 0 • • • ßm, L-I] and 0 h is a 1 X L vector 

containing zeros. The number of adaptive filters is given by 

K = N — M + 1. When the array is linear and the wave 

propagation is plane, the beamformer response B k { f , 9) = 

b^d can be regarded as a two-dimensional spatial filter. The 

two-dimensional spatial filter B ( f , 8) = B i ( / , 8) is given by 

BU, 9) = B(üu n2) = 2Z Y.ß"><e~ 

where 

ft, = 2irfd  
c 

ü 2 = 2TT/T. 

(5) 

(6) 

(7) 

The fcth spatial filter B k ( f , 0) is given by 

Bk(f, 9) = e-
i2nf(k-l)T"(e)BU- 9). (8) 

Zero weights in the adaptive filters when no signals are inci

dent on the array are often desired [10]. This is approximately 

obtained i f a leaky algorithm is used to update the adaptive 

filters, provided the leaky noise dominates. I f the sensor noise 

cannot be neglected, we must impose some constraints on 

the design, e.g., with Lagrangian multipliers. The requirement 

is zero cross correlation of the sensor noise filtered by G 

and Bk, respectively. This can be fulfi l led by, e.g., designing 

the blocking spatial filters Bk as unconstrained and imposing 

linear constraints on the upper beamformer G. We wi l l refer 

to these constraints as quiescent response constraints (see 

Appendix B). 

From the design specification, a variety of 2-D digi

tal FIR filter design procedures may be used to obtain 

the beamformer weights for both the upper and lower 

beamformers (see, e.g., [ 111)- A direct and memory-

saving weighted least squares method is to employ the 

adaptive modeling technique. The method is described in 

[1] for 1-D digital FIR filter synthesis. In the direct design 

method for broad-band beamformers, a large number of 

uncorrelated signals from all directions are assumed to 

be incident on the array, and their spectral densities are 

used as weighting functions. The design specification is 

given for each incident signal using pseudofilters, and the 

beamformer weights are obtained using the minimum mean-

square error criterion. An iterative procedure can be employed 

to modify the weighting functions in order to improve the 

design [12]. 
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Assuming that the injected noise is chosen to dominate over 

the sensor element noise, the Wiener solutions with a single-
input signal are approximately given by (see also Appendix A) 

*«(/, 9)-
RmU)\GU, 

l + K(Rm(f)/Rn(f))\B(f, 9)\* 
Rm(f)\G(f, 

l + K-SNRx(f, 9) 
(9) 

when SNRX(/, 8) is the signal-to-noise ratio at the input of 
the adaptive filters. This is the key expression of the beam 
former. In the protected region, the adaptive beamformer is 

given by j G ( / , B)\ « 1 i f \B{f, 9)\2 < R n ( f ) / K R m ( f ) . 
Thus, in the passband region, R e ( f , 9) X, R m { f , 9). In the 
stopband region, the signal is suppressed by the beamformer 
since \G(f. 9)\ is small and \ B ( f . 9)\ « 1 implies further 
reduction via the canceller. 

A design with quiescent response constraints included is 
shown in Figs. 2 and 3. The lower beamformer is designed as 

the "inverse" of the upper beamformer. The objective in this 
design has been to obtain a rectangular region in frequency 
and direction where no signal cancellation occurs, while fu l l 

adaptivity is allowed outside this region. Fig. 4 shows the 
result for a single target signal when the upper and lower 

beamformers are combined and the adaptive filters are active. 
Here, a target source m(t) with constant spectrum was moved 

between 0° and 30°, and the optimum filters H ( f , 9) and the 
corresponding output spectrum R c ( f , 9) were calculated for 

each position. 

IV. 1-D SPATIAL F I L T E R S O L U T I O N 

A further restriction is now imposed on the fixed beamform

ers g and bk. We force their sample depth to 1, i.e., L= 1, 
and we are back to a more conventional beamformer situation. 

In this case, the spatial filter B ( f . (?) is given by 

B(S, (j) = s ( n 1 ) = X > 

where 

„ , s in ti 
2nfd . 

c 

(10) 

(11) 

(30°, 0 Hz) (0°, 4000 Hz) 

Fig. 4. Total adaptive beamformer behavior for white signal incident from 
different directions. The region / = 1600-3200 Hz and S = 0 - 1 5 ° protected. 
Output spectral density plotted for varying 0 = 0 - 3 0 ° . 

The fcth spatial filter B k ( f , 9) is again obtained as 

Bk(f, 9) = e - j 2 7 ! f { k - 1 ) T ' ^ B ( f : 6). (12) 

Since we now have lost one design dimension, we propose the 

following procedure to obtain a desired beamformer [14], 
1) Determine over which temporal frequency band [fi,fu] 

the array is aimed to operate. 

2) Select an angular interval [8i, 9U] over which the array is 

not allowed to cancel the target signal. Normally, 9i = 0 since 
the look direction is chosen to broadside. 

3) Using the relationship in (11), a spatial filter B is de

signed suppressing the region [Ctj.i, f i i . „ ] sufficiently, where 

_ rising, 
Si l ( — ' ^ T / I 

C 

n l l , = ^ 2 » « . a r / u . & ( i 3 ) 

4) Put the spatial filter coefficients in the columns of the 

blocking matrix B, and shift them one step per column. 
The filter specification above is a conventional digital high-

pass filter specification i f either Ö, or / ; is zero. Such a 

design can easily be fulfilled using equiripple filters [13]. 
The necessary filter stopband suppression is determined via 
the Wiener solution. The design parameters are, in particular, 
the ratio Rm / R v and the number of adaptive filters K. With 

these parameters set and the filter length M chosen, the filter 
coefficients can effectively be found using ParksMcClellan 
optimum FIR filter design. Since one normally wants a perfect 

zero at the spatial frequency zero (no cancellation in the 
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[dB] 

Fig. 5. 1-D spatial filter, length M = 12, cut frequency 0.025-2- corre
sponding to 3° at frequency 3200 Hz, microphone interspace 5 cm. Derivating 
filter [0.5-0.5] included for comparison (dotted). 

IicU.0) \dB] 

7 

Fig. 6. B), 18 elements, 5 cm interspacing, 1-D spatial filter M = 

12, desired mainlobe width 3 ° . Flat spectrum signal m(t) for 1600-3200 Hz, 

and injected noise 35 dB below. 

look direction), a Hilbert filter is appropriate. I f the upper 

beamformer is a conventional summing beamformer, a zero 

quiescent Wiener filter solution is obtained i f J2mZo ßm = 0-
This is automatically fulfi l led by a Hilbert filter. 

When the leaky noise dominates, the design is simple. The 
Wiener solution to this simple situation is given by (see also 
Appendix A) 

g(/, 9) SNRI(/. 9) 

RcU, 6) [dB] 

H k { f , 8) 

and 

B(f.J) l + tf-SNRjfJ, 9) 

R.U, 

(14) 

(15) 
1 + üf • SNR*(/, 9) 

The filter expression explains the behavior of the subfilters. I f 
the signal-to-noise ratio at the adaptive filter inputs 

Rm(f)\B(f, B)\2 

SNR X ( / , 
* , ( / ) 

(16) 

is small, the adaptive filter weights tend to zero. Hence, no 
cancelling is obtained, and the beamformer behaves like the 
upper, summing beamformer. The 3 dB threshold for the 

cancellation capability is SNR X ( / , 9) = 1/K, i.e., \ B ( f , 9)\2 

must suppress the target signal at least K • R m ( f ) / R T I ( f ) over 
the protected interval. 

I f the microphone noises dominate, a more complicated bal
ance wil l result. The spatial filter introduces coupling between 

the microphone noises at the inputs of the adaptive filters. The 
noises become correlated after the blocking matrix, but, by 
using a Rayleigh quotient approach on the Wiener solution, 

it can be shown [14] that all eigenmodes are prevented from 
cancelling i f the spatial filter design fulfills 

^ 2 « d s £ ( 7 ) ( 1 7 ) 

within the stopband of the spatial filter. Here, A m i n denotes 

the minimum eigenvalue of the spatial filter correlation matrix 
BHB, and S N R Z ( / ) denotes the microphone signal-to-noise 
ratio R n i f i / R n i f ) , 

A. Design Example 

In Figs. 6 and 7, the output spectrum R € ( f , 9) is plotted 

versus angle and/or frequency. In Fig. 7, the Griffiths-Jim 
adaptive beamformer [1] is included for comparison. The 

Fig. 7. 9) for / = 3000 Hz, 18 elements with 5 cm interspacing, 

7 adaptive filters, and 12 long spatial filter. Flat spectrum signal m(t) for 
3600-3200 Hz and injected noise 35 dB below. Desired mainlobe width 

1° and 3 ° . The Griffiths-Jim ( G - J ) adaptive beamformer is included for 
comparison. 

target source m(i) was moved between 0° and 14°, and 

the optimum filters H ( f , 9) and the corresponding output 
spectrum R t ( f , 8) were calculated for each position. A higher 

number of adaptive filters enables more suppression, both 
inside and outside the protected region, and can also be used 
for the cancellation of several interferers. The increase in 

cancellation capacity within the protected area is given by 
10 log ( i f ) dB, but causes no problems in this design example 
since 50 dB suppression is safely chosen 15 dB above 35 dB, 

which corresponds to the leaky noise level. 
This 1-D spatial filter designed blocking matrix has also 

been exploited successfully in a real situation [3]. 

V. S I M U L A T I O N S 

In a practical situation, the adaptive filters in the beamformer 
structure are normally adaptive FIR filters. To obtain the finite 

length Wiener solution, we solve the normal equations 

Rh = p (18) 

where R and p are the input- and cross-correlation matrices. 

A. The Adaptive Algorithm 

As we have mentioned above, the beamformer is imple
mented using the leaky LMS algorithm [1], given by 

£fc = Vd,k- Dk 

hk+i = lhk + 2utkxk. 

(19) 

(20) 
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R, [dB] 

Sum. 

\ r Sirnul. \ 

5eamf. 

FIR Wiener \ \ y 

Fig. 8. Power spectrum density P S D Re and R y d : finite length Wiener 
solution evaluated for 3000 Hz and simulation end results (weights adapted, 
frozen, and response calculated). Spectral expressions evaluated for 3000 Hz. 
A* = 12 elements and d — 5 cm, 1 spatial filter with 12 coefficients designed 
to protect / = 0-3200 Hz, and B = 0 - 2 ° . Adaptive filter with 21 coefficients. 

R ' i d B l , 30%Hz 

Fig. 9. i ? e : adapted, frozen, and calculated beamformer response for differ
ent directions. Microphone array with 12 elements and 5 cm interspacing, 1 
spatial filter with 12 coefficients designed to protect / = 0-3200 Hz, and 8 = 

0 - 2 ° . Adaptive filter with 21 coefficients. 

The leakage factor 7 is given by 

7 = 1 - 2UCT2

V (21) 

where a2 is the variance of the "injected" white noise. 
Signals incident from different directions wi l l cause a wide 

spread in the power of the adaptive filter input signals. A 
power normalization of 11 with an estimate of trR is therefore 
vital. This facilitates stability of the algorithm, and at the same 
time, a reasonable excess mean-square error is obtained. 

Figs. 8 and 9 show simulation results with a single source 
using the normalized leaky algorithm described above. Af
ter adaptation from each direction, the filter coefficients are 
frozen, and the spectral density of the output signal of the 
beamformer is calculated and compared with the finite Wiener 
solution. Fig. 10 shows a corresponding learning curve. Good 
resemblance with the theoretical curves is obtained, where the 
input power is significant despite the statistical fluctuations of 

the weights. 

V I . C O N C L U S I O N S 

In this paper, we have described a general method for 
controlling super-resolution in adaptive arrays using a spatial 
filter design for the blocking structure of a generalized sidelobe 
canceller. Expressions were given to explain the behavior of 
the adaptive array, which aids in the design. Simulations verify 
the expected behavior of the array. 

V I I . A P P E N D I X A 

W I E N E R S O L U T I O N S 

The infinite Wiener solution in the general case with no 
restrictions on geometry or causality satisfies the normal 
equations in the frequency domain: 

RydX = HRXX (22) 

where Ryjx is a I x i f vector containing the cross-spectral 
densities RyJXi, B is a 1 x K vector of frequency functions 
Hi, and Rxx is 3 K x K matrix of cross-spectral densities 
R X i X j . For notational convenience, the arguments t, / , and 9 
are omitted in this Appendix. 

Output power [dB] 

Time in sample index 
Fig. 10. Typical learning curve. Incident signal from 7 ° . Array with 12 
elements and 5 cm interspacing, 1 spatial filter with 32 coefficients designed 
to protect / = 0-3200 Hz, and B = 0 2 ° . Adaptive filter with 21 coefficients. 

The upper beamformer output signal yd is given by 

yd = 9H* (23) 

The array weight vector g is divided into N subvectors, 

one per sensor, gt of length L so that g = [flo " ' 9 ^ ' - l ] ^ • 
The array input vector is analogously divided, yielding z = 
[z 0 • • •ZN-i]

T. 
The adaptive filter input vector x is obtained as x = 

BHz+T], where 77 is a vector containing the leaky noise sources 
rjj. The NL x K blocking matrix B is given by 

B=[h-bK} (24) 

where each column bi is also divided into N subvectors bu of 
length L. The input signal to the z'th adaptive filter is 

x, = bfz + rn. (25) 

We define the vector do = [1 e ~ ^ f T • • • e - ^ ^ ' T ] T . 
In the upper beamformer, the source m and noise m are filtered 
by gHd and gj1 <f0, respectively. In the lower beamformers, the 
corresponding frequency functions are bfd and b f t do-
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The cross spectrum RVdXi is 

JV-l 

RydX, = RmgHd(bfd)H + J2 Rng?Mb" do)". (26) 
i=0 

Let D0 be a block diagonal matrix with TV blocks dodg: 

dodg 

fdodo 

0 0 = (27) 

The cross spectrum RydXl is then 

RydX, = Rmg
HddHbl + Rng

HD0bi (28) 

and hence, 

Rydx = Rm9HddHB + Rng
H DQB. (29) 

The spectrum Rx,Xj is given by 

N - l 

RX,X] = Rmbf d(bf d f + 2 Z R X M b " d 0 ) H + Rn6l} 

1=0 

(30) 

Ä*,x, = Rmbfdd11^ + RnbfDobj + Rr,6tj (31) 

and the spectrum matrix R x x is given by 

Rxx = RmB
HddHB + RnB

HD0B + Ä , / . (32) 

Using the matrix inversion lemma, the inverse of R x x is 
rewritten as 

p - i - R - i RmRy1 BHddHBR*1 

Rxx-R* - , , „ J H D D - l D H J < 3 3 ) 

where 

1 + Rmd BR~ B d 

Rv = RnB^ DQB + R„I. (34) 

The Wiener solution H is obtained as H = R-ydXRxX' 
yielding 

H = ^ G f f S D H + ^ H D o B R i x (35) 
1 + Rmd BR~ B d 

where G = <7H<i. 

The output spectral density Re is generally given by 

R, = i ^ l G ! 2 + Rng
HD0g + H R X X H H 

- RydxHH - HRXyd- (36) 

Using the Wiener filter solution RyjX = HRXX, the output 
spectral density jR£ is simplified to 

Re — Rm\G\2 + Rng Dag-HRXyd. (37) 

Assuming linear array, plane waves and applying the con
dition of controlled quiescent response Rng

IiD0B = 0, the 
Wiener solution is simplified to 

H = 
RmGdEBRV

1 

1 + Rmd
BBRZ1BHd 

(38) 

The output spectral density Re is analogously given by 

Rm\G\2 

l + Rmd
HBRZlBHd 

+ Rng
HD0g. (39) 

Since the array is linear and the wave propagation is plane, 
we can write BHd = Bd\, where B is the two-dimensional 
spatial filter, i x = [1 e - j 2 7 r f T " • • - e - ^ f ( K - i ) T , r ^ T _ ^ T ^ 

is the spatial sampling interval. Using frequency functions, we 
rewrite the solution as 

R m G B * d f 1 

l + i ^ l B P d f ü ; 1 ^ 
(40) 

and the output spectral density Re as 

R 

If , in addition, the leaky noise Rv is dominant, i.e., R^ » 
Rn, we write Rv « R^I. Hence, 

g {Rm/Rn)\B\2d^ _ g SNR 

Bl + KiRm/Rn^Bl2 B1 + KSNRX 

(42) 

and 

Ä £ = 
Rm\G\2 

l + K{RmIRn)\B\2 

Rm\G\2 

+ Rng11 D0g 

1 + A" SNRX 

Rn9HD0g (43) 

where SNRX is the signal-to-noise ratio at the input of the 
adaptive filters. I f we consider the 1-D spatial filter solution 
with L = 1, the matrix Do becomes the identity matrix, and 
the sensor noise terms in Rt and RydX above are Rn9Hg and 
RngHB, respectively. 

In each of the different cases above, it is assumed that 
a noise source with strength Rn is present at the input of 
each adaptive filter. This is due to the assumption that the 
leaky LMS algorithm is used in the implementation of the 
beamformer. However, the leaky noise is only present in the 
determination of the Wiener filters H, not in the output spectral 
density Re. 

We can therefore compensate simply by subtracting 
R„HHH from the expressions for Re above i f we want 
to describe the leaky situation since the leaky noise sources 
rn are uncorrelated with all other signals. 
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V I I I . A P P E N D I X B 

C O N T R O L L E D Q U I E S C E N T R E S P O N S E 

In this Appendix, we regard all frequency functions and 
spectra from Appendix A as functions of the normalized 

frequency variable v = f T , assuming that all signals are band-

limited and sampled properly with the sampling rate 1 / T . The 
quiescent response is the response of the beamformer with 

the adaptive weights frozen to the situation when the only 

signals present are sensor noise. A zero quiescent Wiener filter 
solution implies a controlled quiescent response given by (see 
Appendix A) 

Re Äm|G|2 + Rng
HDgg » Rm\G\ (44) 

where G is the response of the upper beamformer. From 

Appendix A, we see that the requirement for a controlled 
quiescent response is zero cross correlation of the sensor noise, 

filtered by the upper and lower beamformer, respectively. 
Assuming that all sensor noise sources are uncorrelated and 

have the same spectral density Rn, from (29), a sufficient 
condition for a controlled quiescent response is 

gHD0B = 0 (45) 

for all u. From (26), with Gj 

same condition is given by 

gfdo and Bu = b"do, the 

i= 1- •K (46) 

for all v. Note that G; and Bu are frequency functions of the 
FIR filters with tap weights <?;(re) and bu{n) corresponding 
to the elements in the vectors gt and bu, respectively. The 
condition above is thus given in the time domain as 

2~2gi{n)*bn{—n) i = l--K (47) 

for all integers n. Here, * denotes discrete-time convolution. 
Since the FIR filters gi(n) and bu(n) both are of length L, 
(47) implies K{2L - 1) linear constraints on the array weight 
vector g, assuming that the blocking matrix B is designed 
unconstrained. 

It is convenient to give a matrix formulation for these 
quiescent response constraints. Let Ao{n) denote a sequence 
of block diagonal matrices, each with TV blocks A(n): 

A{n) 

where 

A(n) 

A0(n) : 

I 8{n) 8{n+l) 

6{n-l) S(n) 

\s(n-L+l) 

A(n) 

(48) 

6{n + L- 1 ) \ 

6{n) I 
(49) 

and 6(n) = 1 for n = 0 and zero otherwise. The quiescent 
response condition according to (47) is now given by 

gHA0(n)bi = 0 i = l--K (50) 

for all integers n, or 

BHA$(n)g = 0 (51) 

for all integers n. Note that the left side of (45) is the discrete-
time Fourier transform of the left side of (51) transposed. 

Since AQ(U) is zero unless \n\ < L — 1, (51) implies K 
linear constraints on g for every n such that \n\ < L — 1. 

These constraints can be collected in a constraint matrix C of 
dimension r x NL where r < K(2L — 1). Thus, any linear 

dependent constraints are assumed to be removed so that C is a 
fu l l rank matrix. The controlled quiescent response condition 

is compactly expressed as 

Cg = 0. (52) 
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Weighted Chebyshev Approximation for 
the Design of Broadband Beamformers 

Using Quadratic Programming 
Sven Nordebo, Ingvar Claesson, and Sven Nordholm 

Abstract—A method to solve a general broadband beamformer 
design problem is formulated as a quadratic program. As a spe
cial case, the minimax near-field design problem of a broadband 
beamformer is solved as a quadratic programming formulation 
of the weighted Chebyshev approximation problem. The method 
can also be applied to the design of multidimensional digital FIR 
filters with an arbitrarily specified amplitude and phase. For 
linear phase multidimensional digital FIR filters, the quadratic 
program becomes a linear program. Examples are given that 
demonstrate the minimax near-field behavior of the beamformers 
designed. 

I . I N T R O D U C T I O N 

THE near-field design of broadband beamformers [1] is 

related to the design of multidimensional digital FIR 

filters with arbitrarily specified amplitude and phase. The 

minimax design of 1-D and 2-D linear phase digital FIR filters 

has been extensively studied [2]-[5] , and a successful and 

flexible approach is to use a linear programming technique 

[4], [6], [7]. The linear programming methods as well as the 

exchange algorithms [2], [3] assume that the FIR filters have 

linear phase. For a broadband beamformer, this can be the case 

if we consider an equispaced linear array and i f the array is 

designed only for the far field. 

I I . T H E M I N I M A X N E A R - F I E L D D E S I G N P R O B L E M 

The transfer function from a spatial point with position 

vector r to the nth weight wn of the broadband beamformer 

is denoted by dn(r, / ) . Let Gd(r, f ) and G(r.f) be the 

specified desired response and the actual response of the 

broadband beamformer, respectively, defined in space and 

frequency. The actual response is given by G ( r , / ) = w T d , 

where w = [wi • • • WK]T is a vector of real coefficients, and 

d = d ( r , / ) = [ d i ( r , / ) • • • d ; v ( r , / ) ] T is the array response 

vector. 

Define a dense grid of I spatial-frequency points, and let 

Gdi and d ; be the functions Gd{v,{) and d ( r , / ) evaluated 

at a particular spatial-frequency point for i = 1 , . . . , J. The 

minimax near-field design problem considered here is to find 

a coefficient vector w that solves the weighted Chebyshev 

Manuscript received January 4, 1994; approved May 11, 1994. 
The associate editor coordinating the review of this letter and approving it 

for publication was Prof. J . M . F . Moura. 
The authors are with the Department of Signal Processing, University of 

Karisrona/Ronneby. Ronneby, Sweden. 
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approximation problem [2] 

min max ^ | w r d i — Gdi\ (1) 
w € R A ' i € { l , . . - , / } 

where the Vi's are positive weights. 

I I I . A Q U A D R A T I C P R O G R A M M I N G 

F O R M U L A T I O N O F A G E N E R A L D E S I G N P R O B L E M 

Define the real penalty function 

£ 2 ( w ) = | w r d , -Gdi\2 (2) 

for i = I , , . . , I. Expansion of (2) yields the quadratic form 

E ? ( W ) = w T A ; W + a f w + a, (3) 

where A ; = a,af + ß i ß j , a; = Re{d ;} , / 3 , = I m { d i } , a f = 

- 2 • R e { d f Gd{] and o ; = \Gdi\
2. 

A convex quadratic program associated with a general 

design problem is 

J maximize 6, subject to , 

\ v f • £?(w) + hi • 8 < a for i = 1 , . . . J V ) 

where 8 is a real variable, and the v^s, /Vs, and Cj's are 

given real constants. 

With all Vi's and hi's chosen as Vi = 1 and hi > 0, the 

problem is to find a coefficient vector w so that a given 

design specification corresponding to positive upper bounds 

c; on e f ( w ) is satisfied. The design problem is feasible i f 

the quadratic program above results in an optimum 8 that is 

nonnegative. 

In order to obtain the weighted Chebyshev approximation, 

proceed as follows. Let all hi's and c;'s be chosen as hi = 1 

and Ci = c. where c is an arbitrary constant. For every fixed 

w , let <5(w) be the largest 8 such that v\ • ef ( w ) + 8 < c or 

equivalently Vi • | w T d j - Gdi | < \fc - 8 for i = Then 

max Vi • l w r d ; - Gdi\ = y/c- <S(w). (5) 
i€{i,...,l} 

A n optimum solution ( w 0 , 80) to the quadratic program in (4) 

gives a solution w „ to the minimax problem in (1) since 

min max Vi • | w T d ; — Gdi\ 
w € H ' v ' '€(! 

= min Je - 8(w) = y c - 80. (6) 
w 6 H " 

Note that the left side of (6) is independent of the constant 

c and so is therefore a solution w 0 to the quadratic program 

1070-9908/94S04.00 © 1994 I E E E 
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2 0 1 o g | G | [dB] 

0 500 1000 1500 2000 2500 3000 350O 4000 

/ [Hz] 

Fig. I . Frequency response of a one-element beamformer. Solid line: min
imax design. Dotted line: least-square design. 

above. Note also that the matrix A i = aiaj + ßißf is of rank 

2 or less and is therefore, in general, not positive definite. 

Hence, the quadratic form in (3) is, in general, not strictly 
convex and the solution to (4) not unique. 

IV. E X A M P L E S O F M I N I M A X D E S I G N 

In the two examples below, a sequential quadratic program

ming (SQP) method [8] was used to give an approximate 

solution to the quadratic program in (4), which was set up to 
solve the weighted Chebyshev approximation problem in (1). 

In the first example, the quadratic programming design was 

applied to a one-element beamformer with a seven-tap FIR 
filter. The passband and stopband frequency intervals were 
/ = 0—1.5 and / = 2.5 — 4 kHz, respectively, and the 

sampling frequency was 8 kHz. The result is shown in Fig. 1. 
The solid line shows a weighted Chebyshev approximation 

over / = 32 frequency points and with passband and stopband 
weights chosen to Vi = 1 and Vi = 10, respectively. The 
resulting design was almost identical to that for the Remes 

exchange algorithm [9]. A least-square design (dotted line) 

has been included for comparison. 
In the second example, the quadratic programming design 

was applied to an equispaced linear array with five elements 
and a seven-tap FIR filter behind each element. The element 

spacing was 5 cm, and the sampling frequency was 8 kHz. 
The beamformer was specified on an x-axis parallel with, and 

1 m in front of, the array. The passband region was defined as 

( |*| < 0.4 m , / = 0.5 - 1.5 kHz.) 

The stopband regions were defined as 

(\x\ < 0 . 4 m, / = 2.5 - 4 kHz) 

(1.5 < \x\ < 2.5 m, / = 0.5 - 1.5 kHz) 

and 

(1.5 < \x\ < 2.5 m, / = 2.5 - 4 kHz.) 

The result of a weighted Chebyshev approximation over 
/ = 204 spatial-frequency points is shown in Fig. 2. The 

grid spacing used was 0.2 m for the x axis and 250 Hz 

T A B L E I 
F I R C O E F F I C I E N T S I N A N E A R - F I E L D C H E B Y S H E V D E S I G N 

0*22-̂ 28 <̂29—̂35 
0.0826 -0 .9488 1.3095 - 0 . 9 4 9 9 0.0835 

0.7666 -2 .3487 3.1577 - 2 . 3 4 7 8 0.7652 

1.2260 -3.5051 4.8366 - 3 . 5 0 3 4 1.2267 

1.2235 -3 .6373 5.2750 - 3 . 6 4 0 4 1.2234 

1.0821 -3 .1415 4.3716 -3 .1391 1.0817 

0.6128 -1 .9969 2.6471 - 1 . 9 9 6 7 0.6127 

0.0290 -0 .6620 0.9083 - 0 . 6 6 3 0 0.0296 

2 0 1 o g | C | [dB] 

500 .3 
Fig. 3. Frequency response of a five-element beamformer. Least-square 
approximation. 

for the / axis. The weights for the second stopband above 

were chosen to Vi = 10. A l l other weights were chosen to 
Vi = 1. Table I shows the resulting filter coefficients. These 
were obtained using the SQP method after 2896 iterations and 

with termination tolerance for the optimum value 60 set to 
0.0001. Fig. 3 shows the frequency response in a least-square 

design. 
The examples demonstrate that the weighted Chebyshev ap

proximation can be used for broadband beamformer design in 
order to emphasize certain frequency-spatial regions. Further, 
a minimax (or equiripple) behavior is obtained for the 2-D 

near-field design as well as for the 1-D design. 

V. S U M M A R Y A N D C O N C L U S I O N 

In this letter, a general broadband beamformer design prob
lem is formulated as a quadratic program. In particular, the 
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minimax near-field design problem of a broadband beam-

former is solved as a quadratic programming formulation of 
the weighted Chebyshev approximation problem. 

In the examples given, numerical results were obtained 

with a standard computer program for optimization using 
a sequential quadratic programming (SQP) method [8]. The 

execution time for fairly small size problems was, however, 
not insignificant. Future work wi l l therefore include investi

gation of optimization algorithms for this particular quadratic 
program, aiming at an efficient method to solve the design 

problem. 
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Abstract 

With conventional least squares or Chebyshev approximation methods in the design 
of a fixed, broadband, delay-and-sum beamformer, the filter weight values may become 
excessively large. 

This anomaly is due to large, unspecified regions of the corresponding two-dimensional 
FIR filter frequency plane. With large filter weight values, the frequency response of the 
resulting beamformer may be severely degraded due to inaccuracies in sensor positions 
and/or sensor frequency response. 

For an adaptive beamformer, such as the Generalized Sidelobe Canceller (GSC), an 
anomalous design of the upper and lower branch may cause reduced jammer suppression, 
and target signal cancellation, respectively. A robust design of these branches is therefore 
vital. 

In this paper, robust design procedures for both the least squares, and the Chebyshev 
error design criterion, are given. The resulting beamformer frequency responses are robust 
with respect to model imperfections in sensor positions, amplitudes and phases. 

When a probabilistic model of the inaccuracies is given, the least squares and Cheby
shev approximations can be made robust by modifying the corresponding inner product 
and max-norm, respectively, so that the effect of perturbations is taken into account. 

When no probabilistic model is given, the straightforward approach is to keep control 
both on the approximation error, and on the magnitudes of the beamformer weights 
simultaneously. A robust weighted Chebyshev design criterion is defined, where a small 
Chebyshev error is traded off against small beamformer weights in an optimal way. 

1 Introduct ion 

The design problem of a fixed, broadband, delay-and-sum beamformer is closely related to 
the design of a multi-dimensional FIR filter [1]. In particular, a sampled sensor array with a 
one-dimensional FIR filter for each sensor can be regarded as a two-dimensional FIR filter, 
the two dimensions being defined by means of the sensor and sample index, respectively. 

An important consideration in conjunction with the beamformer design is, however, the 
robustness of the resulting frequency response with respect to model imperfections such 
as inaccuracies in sensor positions and/or sensor frequency response, including amplifiers, 
A/D converters, etc. A straightforward analysis shows that the mean-square impact of 
perturbations is bounded by a quantity, proportional to the squared Euclidean norm of the 
beamformer weights. The beamformer response will thus be robust with respect to model 
imperfections if this norm is kept low. This fact was established using a somewhat different 
framework in [2], in which we observe that the squared Euclidean norm of the beamformer 
weights is proportional to the output noise power when the sensor input noise is spatially 
and temporally white. 
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With conventional least squares or Chebyshev approximation methods in the design of 
a fixed, broadband, delay-and-sum beamformer, the filter weight values may become exces
sively large. This anomaly is due to large, unspecified regions of the corresponding two-
dimensional FIR filter frequency plane, and is typical when specifying a broadband beam-
former in spatial, and temporal-frequency domains only. With large filter weight values, 
the frequency response of the resulting beamformer may be severely degraded due to model 
imperfections. These considerations raise the need of design criteria which take into account 
the property of robustness in the design of a fixed, broadband, delay-and-sum beamformer. 

A great deal of research has been done on robust adaptive beamforming, a few of the recent 
works are described in [2]-[14]. The objective has been to propose adaptive schemes, robust 
with respect to array imperfections, which otherwise may cause target signal cancellation 
and/or reduced jammer suppression. 

Most methods employ some statistical, or other a priori knowledge about the array im
perfections, which is included in the adaptive optimization algorithms. With some methods, 
see e.g. [3], the impact of perturbations is then taken care of efficiently in the optimization 
procedure. 

The Generalized Sidelobe Canceller (GSC) is a general adaptive beamforming structure, 
originally proposed for linearly constrained adaptive beamforming, as explained in [1]. In [4] 
it is shown that the narrowband GSC can be hypersensitive to model imperfections in the 
sense that very small model disturbances may cause target signal nulling. The remedy, the 
GSC leaky LMS algorithm, is also given in [4]. 

In [15], a Spatial Filter designed Generalized Sidelobe Canceller, SFGSC, for broadband 
signals, is proposed. This approach relies on the balance between the strength of the assumed 
leaky noisy, and the suppression of the spatial filter(s) in the lower branch of the GSC. 
Correctly designed, the SFGSC will be robust with respect to model inaccuracies, due to 
the leaky LMS algorithm. However, an anomalous design of the upper and lower branch of 
the GSC may cause reduced jammer suppression, and target signal cancellation, respectively. 
A robust design of these branches is thus vital. Furthermore, a robust design of the upper 
branch will prevent sensor noise at the output from becoming excessive. 

In this paper, robust design procedures for both the least squares, and the Chebyshev 
error design criterion, are given. The resulting beamformer frequency responses are robust 
with respect to model imperfections in sensor positions, amplitudes and phases. 

When a probabilistic model of the inaccuracies is given, the least squares and Cheby
shev approximations can be made robust by modifying the corresponding inner product and 
max-norm, respectively, so that the effect of perturbations is taken into account. When no 
probabilistic model is given, the straightforward approach is to keep control both on the 
approximation error, and on the magnitudes of the beamformer weights simultaneously. 

There are a number of methods available to solve the Chebyshev approximation problem 
for two-dimensional FIR filters which might be employed to design a broadband beamformer 
[16]-[22]. However, these methods do not take into account the possibility of an anomalous 
design, when large frequency regions are left unspecified, as described above. For this purpose, 
a robust weighted Chebyshev design criterion is defined, where a small Chebyshev error is 
traded off against small beamformer weights in an optimal way. 

Examples are given which demonstrate that with a small increase in approximation error, 
the beamformer response can be made robust with respect to perturbations in sensor positions 
which would otherwise devastate the response. 
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2 T h e I m p a c t of A r r a y Response Perturbat ions 

The impact of array response perturbations on a fixed, broadband, delay-and-sum beam-
former is considered below. It is assumed that a FIR filter is applied to each element of the 
sensor array, and that the filtered sensor signals are being added together to form an output 
signal. 

The transfer function from a single source with position vector r to the nth weight wn of 
the broadband beamformer is denoted by dn(r, / ) . Let Gd(r, / ) and G(r, / ) be the specified 
desired response and the nominal response of the broadband beamformer, respectively, defined 
in space and frequency. The nominal response is given by G(r, / ) = w r d where w = 
[wi • ••VJN]T is the array weight vector of real coefficients, d = d(r, / ) = [di(r, / ) • ••dN(r,f)]T 

is the nominal array response vector which is assumed to be known, and (-) T denotes the 
transpose operation. 

Define a dense grid of I spatial-frequency points, and let Gdi and dj be the functions 
Gd(r, / ) and d(r, / ) evaluated at a particular spatial-frequency point for i = 1 , . . . , I. 

The perturbed (actual) array response vector is given by d; = dj + Ad;, where Ad; 
is modeled as a complex random perturbation vector. In the model, a single outcome of 
the stochastic vector Ad; corresponds to one particular beamformer realization, that is, one 
particular choice of sensors, sensor positions, amplifiers, etc. 

The following relation for the mean-squared array response may be verified by straight
forward calculations 

B { | w r d i | 2 } = | w r d i i 2 + 2Re { w T d i • Ä d ^ w } + w ^ w , (1) 

where E {•} denotes the expected value, Ad; = E {Ad;} , = E { A d j A d f } is the correla

tion matrix of the array response perturbation vector Adj , and {-) H denotes the conjugate 
transpose operation. An upper bound for the mean-square impact of perturbations on the 
beamformer response is thus 

i ? { | w r d j | 2 } - | w r d j | 2 < (2|]d{||||ÄcÜ|| + A m a x (*0 ) l |w | | 2 , (2) 

where || • || denotes the Euclidean norm, and A m a x ( 4 ,

i ) the maximum eigenvalue of the matrix 

Another useful relationship is 

E { | w r d i |
2 } = | W

r d i | 2 + w r $ i w , (3) 

where dj = E { d j } , and $j = E { (Adj - Ad7)(Adj - Ad7) f f } is the covariance matrix of 
the array response perturbation vector Adj . 

We will now restrict the discussion to the case of phase perturbations only. This is done 
merely for simplicity of analytical expressions, and does not imply any limitations in the 
robust design methods described below. A model of the situation is depicted in Fig. 1, 
where Ak denotes the frequency function from the source to the Arth sensor element and A<pk 

the corresponding phase error, nk represents sensor noise, and wjjTdn denotes the frequency 
response of the FIR filter applied to the kth sensor, k = 1 . . . K. 

In this case, the perturbed array response elements can be written dn = dne
jA^'=, and if 

the phase errors are identically distributed, then for each spatial-frequency point 

dj = £ { d j } = C j d j , (4) 
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spatial point r 

nK 

Figure 1: Model of a fixed, broadband, delay-and-sum beamformer with sensor phase per
turbations Acpk and sensor noise nk. 

where 
Ci = E{éf***} (5) 

is a complex constant, independent of element index k. Since |C;| < 1, it follows that 
jw^di l 2 < | w r d i | 2 , and (3) yields 

E { | w T d t |
2 } - I w ^ l 2 < w T # t w < A m a x ($ i ) | |w | | 2 . (6) 

Assume that each sensor signal is supplied to a FIR filter of length L. Define the L x 1 
vector do = [1 e ~ ^ f T - • • e~i2*(L~1'fT]T, where / is the frequency, and T is the sampling 
interval. In this way, the nominal and perturbed array response vectors d and d consist of 
L x 1 blocks 6k and 6k, respectively, one block for each sensor, where 6k = e?^k6k and 
6k = Akda. 

Assuming that the phase perturbations Acfrk are mutually independent and identically 
distributed, then for each spatial-frequency point 

E { d j d f } = |Q | 2 d { df + (1 - \Q\2)A ® dod* (7) 

where A is an KxK diagonal matrix of elements \Ak)
2, and ® denotes the Kronecker product. 

When A is the identity matrix I , the notation Do = I ® dodjf will be used. 
Using (4) and (7), it is concluded that the covariance matrix $i is given by 

«i = E { (Ad; -Äd~)(Ad I - Äd~) H } = (1 - \d\2)A ® dod?. (8) 

The maximum eigenvalue of $j is A m a x ($ i ) = (1 - \Cl\
2)L • maxk\Ak\

2, and an upper bound 
for the mean-square impact of perturbations can be obtained by using (6). 

The quadratic form w T $ j W in (3) will be referred to as the perturbation term, and is 
given by 

w T $ t w = ( 1 - \d\2) J2 V £ d o | 2 , ( 9 ) 
k=l 

where wj, is the vector of FIR filter coefficients applied to the fcth sensor element. 
The expressions (2), (3) and (6) suggest that in order for the beamformer response to 

be robust with respect to inaccuracies in the array response vector, either the perturbation 
term, w ^ i j w , or the filter norm, ||w||, should be kept small. The former approach is more 
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direct, but requires a probabilistic model of the perturbations, which is not required with the 
latter approach. 

In order to keep the perturbation term low, the direct approaches described in section 3 
and 4 below will exploit the error function 

E { |w T d ; - Gdi\
2} = | w T d t - Gdi\

2 + w T $ i W . (10) 

2.1 Perturbations of Sensor Positions for a Far-Field Array 

Consider a plane wave front, incident on a two-dimensional array with arbitrary geometry. 
The propagation medium is assumed to be linear, homogeneous and isotropic. A cartesian 
coordinate system is introduced, in which the wave unit vector is u = (cos 8, sin 6) with 
8 defining the spatial direction of the wave front. The sensor elements are assumed to be 
isotropic, and with constant gain in the frequency band of interest, so that the model Ak = 
e~i2vcalk can be used. Here c is the speed of wave propagation, rk denotes the sensor 
positions and • the ordinary scalar product. In this case, the matrix A defined above, cf. (7), 
is the identity matrix I , and A <g> dodg = Do. 

Assume that the sensor positions are impaired by mutually independent and identically 
distributed random perturbations, Ark = (xk,yk) = (Pk cos(pk, pk sin ip k). and that there are 
no other array response perturbations present. The phase errors are then given by 

f 
AcSfe = -2wJ-u • Ark. (11) 

c 

If the joint probability density function p(x,y) for the cartesian coordinates of A r t has 
circular symmetry, that is, if p{x,y) = g(p), where p = Jx2 + y2 and g(-) is a function of 
one variable, it is straightforward to show that 

C = E = 2K £° pg(p)J0(2*tp)dp, (12) 

where Jo(x) denotes the Bessel function of the first kind, and of order zero, see appendix A. 
I t is observed that C is real, and independent of 8. Thus, the perturbation term 

w T $ 1 w = ( l - | C i |
2 ) w T D 0 w (13) 

is spatially independent. 
A simple and reasonable probabilistic model is that the random radius pk, and the random 

angle ipk, are uniformly distributed in [0, po], and [—n, w], respectively. I t is shown in appendix 
A that the constant Cj is then independent of the wave direction 8, and is given by 

d = E { e - ^ A u - A r , L I T J0(2^p)dp, (14) 
I ) po Jo c 

where fi is the frequency corresponding to the ith spatial-frequency point. 

2.2 Far—Field Equispaced Arrays as Two-Dimensional F I R Filters 

Consider the FIR filter design of a linear, and equispaced delay-and-sum beamformer for the 
far-field. In this case, the beamformer response is conveniently written as the response of a 
two-dimensional FIR filter with impulse response h(k, I), as 

G(f,8) = H[uuu2) = £ 5 > ( M ) e - ^ - ^ , (15) 
£ i 
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where 

uii = 2-Kfdsme/c (16) 

U2 = 27T /T, (17) 

and where 9 is the direction of the plane wave front, — TT/2 < 8 < TT/2, d is the element 
distance, and c is the speed of wave propagation. 

By imposing appropriate symmetry on the coefficients h(k, I), the response H(UJI,U>2) can 
be designed to have exact linear phase. With odd number of sensors K, and odd number of 
FIR filter taps L for each sensor, a four-fold symmetry [23] can be applied 

h{k,l) = h(-k,l) = h{k,-l), (18) 

The phase center is then chosen in the "middle" of the array, and the response has zero phase 
with the symmetries H(LÜI,LJ2) = # ( - ^ 1 , ^ 2 ) = H(UI,—LV2), and G(f,9) = G(f, -9). 

With four-fold symmetry, the beamformer response can be written 

(AT-D /2 ( £ - l ) / 2 

H(LUI,U>2) = 2~2 g(k, I) cos(u>ik)cos(u>2l), (19) 
k=o (=o 

where 5(0,0) = h{0,0), g{k,0) = 2h{k,0), g{0,l) = 2h(0J), and g(k,l) - 4h{k,l) for k > 1 
and I > 1. With 

¥>,(u>i) = [1 c o s ^ i - . - c o s ^ ^ - l ) ^ ) ] 1 , (20) 

(p2{oJ2) = [1 cosw2 - - -cos (w2 (£- l ) /2) ] T , (21) 

the response can be written 
H{Lü1,LÜ2) = gT<p{Lül,LJ2), (22) 

where cf>(u>i,uj2) = (pi(uii) ® 1^2(^2); M = ^y^- • and g is an M x 1 real vector containing 
the coefficients g(k,l) corresponding to the elements cos(cjifc) cos(u20 of <p(uji,ui2). 

The squared filter norm ||w|| 2 is given by 

||w|| 2 = w r w = ^ ^ / l

2 ( f c , Z ) = g T Cg, (23) 
k I 

where C is a diagonal matrix determined by the four-fold symmetry defined by (18), so that 
the diagonal elements (C)u are either 1, 1/2 or 1/4, cf. (19). 

The approximation domain for the two-dimensional FIR filter representing the beam-
former is given by (16) and (17). For 0 < / < 1/2T and 0 < 6 < TT/2, this is a triangular 
region in the u)i-u>2 domain, as in Fig. 2. It is assumed here that d/c = T. The two 
dark shaded regions 1 and 2 in Fig. 2 are cut wedge regions corresponding to passband 
or stopband regions in the f-9 domain, defined by ( f c < f < 1/2T, 0 < 6 < 9ci) and 
(fc< f < 1/2T, ec2 < 9 < TT / 2 ) , respectively. 

A filter specification based on the f-9 domain only thus leaves a large region unspecified 
in the u>i-u>2 Fourier plane. Computer experiments show that large unspecified frequency 
regions often imply large filter norms, ||w||, with both weighted least squares, and weighted 
Chebyshev design criteria. For the present far-field case, this problem can be overcome by 
using eight-fold symmetry [23], where in addition to (18), it is required that h(k, I) = h(l, k), 
so that H(u!i,u>2) = H(uj2,uii). Eight-fold symmetry implies, however, the limitation that 
the number of FIR filter taps for each sensor must equal the number of sensors. In other 
cases, when K L, there is no simple or direct way to extend the specification to the 
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Figure 2: Two-dimensional FIR filter approximation domain corresponding to a far-field, 
linear and equispaced array. 

unshaded region of the uii-u>2 domain in Fig. 2. Furthermore, by specifying the whole u>i-ui2 
frequency domain, the designed beamformer will probably be suboptimal, since it is desirable 
to measure the approximation error in the spatial and temporal-frequency domains only. 

The far-field case with a linear and equispaced array above serves to illustrate the problem 
with an incompletely specified two-dimensional FIR filter frequency plane when specifying a 
broadband beamformer in space and frequency only. With other array geometries and wave 
fields, there may not even exist a mapping from space and frequency to the corresponding 
two-dimensional Fourier plane, which is thus likely to be incompletely specified. 

3 Robus t Weighted Least Squares Design 

In this section, two different methods for robust Weighted Least Squares (WLS) design are 
described. The first method exploits a probabilistic model of the perturbations, and may be 
used whenever such a model exists. The second method, which is the classic approach, is 
an ad hoc method providing satisfactory results without requiring an a priori model. The 
notation defined in section 2 will be used below, unless otherwise is stated. 

With the ordinary WLS-design, the beamformer weight vector w 0 is chosen to minimize 
the quadratic form 

where V is a diagonal matrix containing the real and positive weights v f , and G and G<j are 
1 x J complex vectors with elements w T d j and Gdi, respectively 

The optimal vector w 0 is given by the normal equations 

where D is a matrix with column vectors dj for i = 1 , s o that G = w T D . The "real" 
operation Re{-} above is used since the response is complex, while the filter coefficients are 
real. It is straightforward to verify that (25) defines an inner product on the vector space of 
1 x J complex vectors, equipped with real scalars. 

The normal equations are conveniently written as 

(24) 

(25) 

A w 0 = a, (26) 

7 



where 

A = R e { D V D H } = ^ A i , A j = vf • R e j d j d f } (27) 

/ 

a = R e { D V G f } = 52a i ) a4 = <f - Re { d i G ^ } . (28) 

According to the discussion in the previous section, a beamformer specification often 
implies large unspecified regions of the corresponding two-dimensional FIR filter frequency 
plane, and the ordinary WLS design may therefore become anomalous. 

The least squares solution w 0 becomes anomalous when the matrix A, defined in (27), 
has eigenvalues close to zero, and if the vector a, defined in (28), has projection on the 
corresponding eigenvector directions. The vector w 0 then consists mainly of those eigenvector 
directions, and the magnitude of w 0 becomes excessively large. 

In the first robust WLS-design, the beamformer weight vector w& is chosen to minimize 
the quadratic form 

E { (G - G d )V(G - G d f } = X > 2 £ {\wTdi - Gdl\
2} , (29) 

i = l 

where V and Gd are the same matrices as in (24), and G is a 1 x 7 complex random vector 
with elements w T d j . 

The optimal vector w;, is given by the normal equations 

R e { £ { D V ( D " w 6 - G f ) } } = 0, (30) 

where D is a matrix consisting of the columns dj for i = 1 , . . . s o that G = w r D . It 
is straightforward to verify that (30) defines an inner product on the vector space of 1 X 7 
complex random vectors, equipped with real scalars. 

The normal equations are conveniently written as 

B w t = b, (31) 

where 
; 

B = R e { £ { D V D H } } = ^ B i , B t = vf • Re [E | d ; d f } } (32) 
i=i 

I 
b = R e { £ { D V G f } } = £ b i , b, = vf • Re [E { d ^ } } . (33) 

i=l 

With a given probabilistic model, as with the model in section 2.1, explicit expressions 
for the matrices B j and bj above are readily obtained using (4) and (7), yielding 

B j = C 2 A i + ü 2 ( l - C 2 ) R e { D 0 } (34) 

bj = Cjaj, (35) 

where d is given by (12) or (14). 
In the second robust WLS-design, which is the classic approach for robust beamformer 

design [2], the beamformer weight vector w r is chosen to minimize the quadratic form 

/ 

Y,v2\wTdi-Gdi\
2 + \wTw. (36) 
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This is the Lagrangian for the optimization problem corresponding to (24), with an additional 
quadratic constraint w T w = Co where en is some constant, and A is the Lagrange multiplier. 

The optimal vector w r is given by 

(A + AI)w r = a, (37) 

where I is the identity matrix. 
Mutually uncorrelated and equally distributed noise at the sensor inputs will cause beam-

former output noise with spectral density Ä n w
T D o w , where Rn denotes the sensor noise 

power spectrum. It is observed that (37) is obtained by constraining the output noise power 
when the sensor noise is white. In fact, if Rn. = a\ within the bandwidth [-1/2T, IßT], the 
output noise power is 

rl/2T 0-2 
/ Ä n w

T D 0 w d / = ^ w T w . (38) 
J-X/2T J-

3.1 Examples of Robust WLS-Design 

In the examples below, a spatial lowpass (LP) filter is designed, with K = 7 elements and 
L = 11 FIR filter taps for each element. The array is assumed to be linear and equispaced, 
and the wave propagation plane, as in section 2.1. The element distance d, and sampling 
interval T, are chosen so that d/c = T, were c is the speed of wave propagation. 

The passband region is defined by 0.1 < fT < 0.5 and 0° < \6\ < 9°, and the stopband 
region by 0.1 < fT < 0.5 and 40° < \9\ < 90°. The frequency weighting coefficients for 
both the passband, and the stopband regions are chosen as i>j = 1 for I = 1681 points on a 
rectangular grid in the f-9 domain. 

The desired response is given by Gd(f, 9) = e~i27rfT<-~-sm9+—) -m ^ e p å b a n d region, 
and Gd{fi 9) = 0 in the stopband region. The phase center is thus chosen at a terminal 
element of the sensor array. 

The simulated element perturbations are generated according to the probabilistic model 
given in section 2.1. The phase errors are obtained using (11), where the random radius pk, 
and the random angle ipk, are uniformly distributed in [0,po] and [—7r, 7r], respectively. The 
quantity {pa/d) • 100% is referred to as the perturbation radius. 

Figs. 3 and 4 illustrate how the robust design (37) can be used to significantly reduce 
the filter magnitude ||w||, and hence the sensitivity to perturbations, without significantly-
affecting the nominal beamformer response, as compared with the ordinary WLS design (26). 

Fig. 5 shows the perturbation effect on the ordinary WLS-design for one single angle. 
The effect of perturbations becomes significant when the perturbation term w T $ j W comes 
close to, or is in the order of, the peak stopband magnitude. In view of (3), this is what can 
be expected. 

Fig. 6 shows the spatially independent perturbation terms for the ordinary design using 
(26), and for the two robust design methods using (31) and (37), respectively. The figure 
illustrates that with the same resulting filter norm ||w(,|| = ||w r | |, the design which employs 
the probabilistic model, w;,, is more efficient than w r from the point of view of robustness. 
However, the ad hoc robust design, w r , performs satisfactorily. 

Fig. 7 illustrates for an ordinary and a robust WLS design the relationship between the 
sensor noise amplification term w T Dow, and the perturbation term w r $ j W according to 
(13). The figure illustrates the fact that robustness with respect to inaccuracies in element 
positions, phases etc., is essentially the same as low sensor noise amplification. 
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Figure 3: Nominal and perturbed beamformer response for a spatial LP-filter. One snapshot 
with a perturbation radius of 1%. Ordinary WLS-design: | |w 0 | |

2 = 11052. 

2Olog|G(/,0)| [dB] 
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Figure 4: Nominal and perturbed beamformer response for a spatial LP-filter. One snapshot 
with a perturbation radius of 1%. Robust WLS-design: | |w r | |

2 = 34.5, A = 0.001695. 
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Figure 5: Impact of perturbations on the ordinary WLS-design. Response for —90°. One 
snapshot with a perturbation radius of 1%. Solid line: Nominal response. Dashed line: 
Perturbed response. Dashdotted line: Perturbation term w ^ $ j W 0 . 
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Figure 6: Perturbation term w T $ j W calculated for a perturbation radius of 1%. Solid line: 
Ordinary WLS-design w 0 , | |w 0 | |

2 = 11052. Dashed line: Robust WLS-design wÄ, \\wb\\
2 = 

34.5. Dashdotted line: Robust WLS-design w r , A = 0.001695, | |w r | |
2 = 34.5. 
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Figure 7: Sensor noise amplification term w T Drjw and perturbation term w r $ i w calculated 
for a perturbation radius of 1%. Solid line: Ordinary WLS-design w 0 , | |w 0 | |

2 = 11052. 
Dashed line: Robust WLS-design w r , A = 0.001695, | |w r | |

2 = 34.5. Dashdotted line: The 
factor I — C f . 

4 R o b u s t Weighted Chebyshev Design 

Two different methods for robust weighted Chebyshev design are considered below. The first 
method exploits a probabilistic model of the perturbations, and may be used whenever such 
a model exists. The second method is an ad hoc method, which can give satisfactory results 
with no a priori model. The notation defined in section 2 will be used below, unless otherwise 
is stated. 

With the ordinary weighted Chebyshev design, the beamformer weight vector w 0 is chosen 
to minimize the max-norm 

where G and G^ are complex vectors with elements w T d i and G a, respectively, and the ViS 
are real and positive weights. The quantity [|G - G<z|| will be referred to as the Chebyshev 
deviation related to G. 

Let £j(w) = w r d i — Gdi denote the design error for every spatial-frequency point. Then 
a real penalty function is given by 

G — G,i|| = max 
i€{l,...,/} 

(39) 

» , 2 - N w ) | 2 = ^ > ' '
T d j — Gdi 12 = w T A j W — 2aJ w + o;, (40) 

where 

(41) 

(42) 

(43) 

12 



A quadratic program with the same optimal solutions as in the Chebyshev approximation 
problem in (39) above is 

minimize 62, subject to . . 
vf -\ei(™)\2 -S2 <0 for i = l , . . . , J { U > 

where 6 is an additional real variable, and the ViS are the same weighting coefficients as 
in (39), cf. [22]. The optimal solution (w0,<50) to (44) is in general not unique since the 
constraint functions vf • |e";(w)|2 are generally not strictly convex. For an optimal solution 
(w 0, 60) to (44), w 0 will be referred to as a Chebyshev solution, and S0 = | |G 0 — G^H as the 
optimal Chebyshev deviation. 

There is no simple relation between a least squares and a Chebyshev solution of the 
beamformer design problem. However, in most cases, the Chebyshev design will be anomalous 
when the least squares design is anomalous. The reason for this is easily seen by adding the 
constraints in (44) for the Chebyshev solution w 0 , yielding 

A w 0 - 2a T w 0 + a < of I, (45) 

where A and a are given by (27) and (28), respectively, and a = YLi=iai- The left side of 
(45) represents the same quadratic form as in (24), which is the quadratic form minimized 
by the WLS design. Hence, the Chebyshev solution w 0 belongs to an ./V-dimensional ellipse, 
the center of which is the WLS solution. 

In the first robust weighted Chebyshev design, the beamformer weight vector w;, is chosen 
to minimize the max-norm 

||G - Gd\\b = j c ^ E {|w^di - G Ä |*} J , (46) 

where G and G^ are complex vectors with elements w T d j and Gdi, respectively, and the 
ViS and G^s are the same design parameters as in (39). It is straightforward to verify that 
(46) defines a norm on the vector space of 1 x I complex random vectors, equipped with real 
scalars. The triangle inequality, for example, follows from the triangle inequality for complex 
stochastic variables x and y, given by JE {\x + y\2} < JE {\x\2} + JE{\y\'2}, cf. [24]. 

A real penalty function is given by 

vf • E { h ( w ) | 2 } = vf • E { | w T d i - Gdi\
2} = w T B i W - 2bfw + h, (47) 

where 

Bt = v f - R e { E { d i d f } } (48) 

bj = ^ . R e j ü ^ ä i G ^ } } (49) 

bi = vf-\Gdl\
2. (50) 

A quadratic program with the same optimal solutions as in the Chebyshev approximation 
problem in (46) above is 

minimize S2, subject to . . 
? ;

2 - £ : { l £ i ( w ) | 2 } - ( 5
2 < 0 for i = l,...,I ( 5 1 j 

where 6 is an additional real variable, and the vts are the same weighting coefficients as 
in (46). The optimal solution (wf,,<5f,) to (51) is in general not unique since the constraint 
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functions vf • E {|£i(w)|2} are generally not strictly convex. For an optimal solution (w&, 8b) 
to (51), w;, will be referred to as a robust Chebyshev solution, where 60 = \\G0 - Gd\\b-

If a probabilistic model is given, such as the model in subsection 2.1, explicit expressions 
for the matrices Bj and b j are readily obtained using (4) and (7) yielding (34) and (35) as 
with the WLS design in the previous section. 

In the second robust weighted Chebyshev design, the weight vector w r is defined by the 
following quadratic program 

minimize w T w , subject to ,_„N 
^ • | £ i ( w ) | 2 - a 2 < 0 for i = l,...,I ( ' 

where Q is a positive constant, a > 80, and the v^s are the same weighting coefficients as 
in (39). With a = 80, and since the objective function ||w|| 2 = w T w is strictly convex 
[25], it follows from (52) that there always exists a unique Chebyshev solution to (44), with 
minimum filter norm ||w||. By solving (52) with any a > 80, a unique filter vector w r is 
obtained with the smallest filter norm ||w|| out of all filters w with Chebyshev deviation 
bounded by [jG — Gd|| < a. 

An alternative formulation for the second robust design is 

minimize ß • w T w + S2, subject to ,_„, 
• |£i(w)| 2 - 52 < 0 for i = l,...,I [ M ) 

where 8 is an additional real variable, ß is a positive design parameter, and the WjS are the 
same weighting coefficients as in (39). The optimal solution (wj.,<5') to (53) is unique since 
the function ß • w T w is strictly convex. It is shown in appendix B that with a = 8', (52) 
and (53) have the same optimal solution in the variable w. Thus, the two formulations are 
equivalent in the sense that there is a mapping from the parameter ß to the parameter a so 
that (52) and (53) yield the same result, w r = w£. 

The quadratic program that should be used naturally depends on the designer's prerequi
sites. The formulation (53) always has a solution, and can be used without prior knowledge 
of a Chebyshev solution. However, with (53), it is difficult to predict the resulting Cheby
shev deviation. With (52) on the other hand, the resulting Chebyshev deviation is chosen 
as a design parameter, while it is desirable to know the optimum Chebyshev deviation <50 in 
advance. If a < 80, then (52) has no feasible solution. 

With both formulations (52) and (53), however, the design parameters a and ß are used 
to trade off a small Chebyshev deviation for a small filter norm ||w|| in order to obtain a 
robust design as described in section 2. 

The quadratic programs in (44), (51), (52) and (53) can be solved by using a sequential 
quadratic programming (SQP) method [25]. The gradients of the target functions and the 
quadratic constraints are easily calculated using (40) and (47), and employed in the SQP 
method. 

4.1 Robust Chebyshev Design of a Far-Field Equispaced Array 

The description of the robust design has so far been general in that the response has been 
complex. The discussion therefore applies to near-field designs, and arbitrary phase specifi
cations as well as arbitrary array geometries. In the following, the important special case of 
far-field design of a linear and equispaced array will be considered. In this case, the beam-
former can be designed with exact linear phase. The specification is therefore real, and the 
quadratic constraints in (44), (52), and (53) can be interchanged for linear constraints. This 
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enables the use of optimization algorithms for quadratic programs with linear constraints, 
which are much more efficiently solved than their counterparts with quadratic constraints. 

In the weighted Chebyshev design of a far-field, linear and equispaced array, the optimal 
filter vector g 0 is chosen to minimize the max-norm 

HH-HrfH = . max { t ^ g 3 ^ - Hdi\\, (54) 
te{i,...,//} i > 

where H and Hd are real vectors with elements %Tcpi and Hdi, respectively, and the ViS are 
real and positive weights. The desired response Hdi is defined for / frequency points in a 
cut wedge region of the u)\-u>2 domain as in Fig. 2, and the response vectors cpi are the 
corresponding samples of the response vector <f>(u>i,u>2). The quantity [|H — Hd|| will be 
referred to as the Chebyshev deviation related to H . 

A linear program with the same optimal solutions as in the Chebyshev approximation 
problem in (54) above is 

{ minimize 8, subject to 
Vi(4>fg-Hdi)-6<0 for i = l,...,I (55) 
-Vi(tfi? g - Hdi) - 6 <0 for i = !,...,! 

where 6 is an additional real variable and the v^s are the same weighting coefficients as in (54), 
cf. [19]—[20]. The optimal solution (g 0, S0) to (55) is in general not unique since the linear 
space of approximating functions H = ø f g does not generally satisfy the Haar condition 
[16]. For an optimal solution (g 0 , <50) to (55), g 0 will be referred to as a Chebyshev solution, 
and 80 = | | H 0 — ELj|| as the optimal Chebyshev deviation. 

The filter vector g r in the robust weighted Chebyshev design is defined by the following 
quadratic program 

minimize g T Cg, subject to 
Vi(cpfS-Hdi)-a<0 for i = (56) 
-Vi(<pJg-Hai)-a<0 for i = l,...,I 

where a is a positive constant, a > 80, and the ViS are the same weighting coefficients as 
in (54). With a = 80, and since the objective function ||w|| 2 = g T Cg is strictly convex 
[25], it follows from (56) that there always exists a unique Chebyshev solution to (55), with 
minimum filter norm ||w||. By solving (56) with any a > 80, a unique filter vector g r is 
obtained with the smallest filter norm ||w|| out of all filters g with Chebyshev deviation 
bounded by | |H - H d | | < a. 

An alternative formulation for the robust design is 

minimize \x • g T Cg + 52, subject to 
Vi{cpjg-Hdi)-S<0 for i = l , . . . , / (57) 
-Vi{cfi[g-Hdi)-5<0 for i = l,...,I 

where 8 is an additional real variable, \i is a positive design parameter, and the w,s are the 
same weighting coefficients as in (54). The optimal solution (gj.,6') to (57) is unique since 
the objective function is strictly convex. It is shown in appendix B that with a = 8', (56) 
and (57) have the same optimal solution in the variable g. Thus, the two formulations are 
equivalent in the sense that there is a mapping from the parameter LL to the parameter a, so 
that (56) and (57) yield the same result, g r = g'T. 

With both formulations, (56) and (57), the design parameters a and fj. are used to trade 
off a small Chebyshev deviation for a small filter norm ||w|| in order to obtain a robust design 
as described in section 2. 
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4.2 Examples of Robust Chebyshev Design 

The conditions for the examples below are the same as for the previous WLS-design example 
with the following exceptions: The ordinary weighted Chebyshev design is obtained using 
(55), and the robust designs, using (51) and (56), respectively. 

The designs (55) and (56) are thus zero phase designs. The passband region is then 
defined by 0.1 < fT < 0.5 and 0° < 6 < 9°, and the stopband region by 0.1 < fT < 0.5 and 
40° < 8 < 90°, cf. Fig. 2. The frequency weighting coefficients for both the passband, and 
the stopband regions are chosen as Vi = 1 for I = 861 points on a rectangular grid in the 
f-8 domain. The desired response is given by G d ( f , 8) = 1 in the passband region, and by 
Gdif, 8) = 0 in the stopband region. 

Fig. 8 illustrates that with just a few dBs of increased Chebyshev deviation, the filter 
norm ||w|| will drastically decrease using (56), and the design will be robust with respect to 
array response perturbations, as described in section 2. 

Figs. 9 and 10 illustrate how the robust design (56) can be used to significantly reduce 
the filter magnitude [}w||, and hence the sensitivity to perturbations, without significantly 
affecting the nominal beamformer response, as compared with the ordinary Chebyshev design 
(55). 

Fig. 11 shows the perturbation effect on the ordinary Chebyshev design for one single 
angle. Again, the effect of perturbations becomes significant when the perturbation term 
w T f j W comes close to, or is in the order of, the peak stopband magnitude. 

Fig. 12 shows the spatially independent perturbation terms for the ordinary design using 
(55), and for the two robust design methods using (51) and (56), respectively. As with the 
WLS-design, the figure illustrates that with the same resulting filter norm j|w f tjj = ||w r | |, the 
design which employs the probabilistic model, Wj,, is more efficient than w r from the point 
of view of robustness. However, the ad hoc robust design, w r , performs satisfactorily. 

Fig. 13 illustrates for an ordinary and a robust Chebyshev design the relationship between 
the sensor noise amplification term w T Dow, and the perturbation term w r $ j w according 
to (13). As with the previous WLS-design example, robustness with respect to inaccuracies 
in element positions, phases etc., is essentially the same as low sensor noise amplification. 

201og{||w r||/||w o||} [dB] 

0 1 2 3 4 5 6 7 8 9 

201og{max^|ei|/<5o} [dB] 

Figure 8: Minimum filter norm ||w r | | as a function of maximum weighted error in a robust 
spatial LP-design. Here (w 0 ,6 0 ) corresponds to a Chebyshev solution obtained by solving a 
linear program (upper left corner). 
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20 log [G(/, 0)1 [dB] 

Figure 9: Nominal and perturbed beamformer response for a spatial LP-filter. One snap
shot with a perturbation radius of 1%. Ordinary Chebyshev design: Chebyshev deviation 
| |G 0 - G d | | = 0.0897, I K ! ] 2 = 69800. 

2Olog|G(/,0)| [dB] 

Figure 10: Nominal and perturbed beamformer response for a spatial LP-filter. One snap
shot with a perturbation radius of 1%. Robust Chebyshev design: Chebyshev deviation 
| | G r - G d | | =0.1122, | |w r | |

2 = 124.3. 
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Figure 11: Impact of perturbations on the ordinary Chebyshev design. Response for —90°. 
One snapshot with a perturbation radius of 1%. Solid line: Nominal response. Dashed line: 
Perturbed response. Dashdotted line: Perturbation term wT$jW0. 

101og|wT$iw| [dB] 
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Figure 12: Perturbation term w T f ;w calculated for a perturbation radius of 1%. Solid 
line: Ordinary Chebyshev design w 0 , | |G 0 - G r f | | = 0.0897, | |w 0 | |

2 = 69800. Dashed line: 
Robust Chebyshev design w 6 , [|Gb — Gd|| = 0.1080, | |w 61| 2 = 124.3. Dashdotted line: Robust 
Chebyshev design w r , | |G r - G d | | = 0.1122, |]w r | |

2 = 124.3. 
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Figure 13: Sensor noise amplification term w r D n w and perturbation term w T $ j W calculated 
for a perturbation radius of 1%. Solid line: Ordinary Chebyshev design w 0 , | |G 0 — G,j|| = 
0.0897, | |w 0 | |

2 = 69800. Dashed line: Robust Chebyshev design w r , | |G r - G d | | = 0.1122, 
Hwrll2 = 124.3. Dashdotted line: The factor 1 - Cf. 

5 Robust Spatial Filter Design for the GSC 

The robust design methods described in this paper can be used to design the spatial filters 
of a Generalized Sidelobe Canceller (GSC). The general idea of spatial filter design, and 
use of optimal Wiener solutions for such an adaptive beamformer is described in [15]. The 
adaptive beamformer is depicted in Fig. 14. Here G,Bi,..., B K are the fixed spatial filters 
and H\,..., Hpc are the adaptive filters. It is assumed that the leaky LMS algorithm is used, 
cf. [4], in order to obtain a robust adaptive behavior. 

The "upper" beamformer G is designed in consistency with the desired behavior of the 
GSC considered as a filter in space and frequency. The "lower" beamformers Bk are designed 
to suppress signals in the passband region of the GSC, and to pass jamming signals through to 
the adaptive filters and thereby enable noise cancellation. The jamming signals are assumed 
to originate from the stopband region of the GSC. The Suppression of target signals by 
the lower beamformers is balanced with the leaky noise strength inherent with the adaptive 
algorithm in order to avoid target signal cancellation. 

A robust design of the lower spatial filters Bi,..., BK, will prevent perturbations from 
imposing target signal cancellation in the passband region of a properly designed GSC. Fur
ther, a robust design of the upper beamformer G will prevent sensor noise at the output from 
becoming excessive. Excessive sensor noise at the output decreases canceling capabilities in 
the stopband region of the adaptive beamformer. 

The Wiener filter solution and corresponding expression for the output spectral density 
Re of the GSC are given in [15]. It is assumed that one single signal with spectral density 
Rm, is incident on the array. The expressions are then valid for each spatial-frequency point. 
With one adaptive filter, as in the subsequent examples, the output spectral density is given 

by 

j ^ = J^ |w5d | a + i ^ w j D D W 0 - % ^ - Ä , i j ^ ) (58) 
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Figure 14: Adaptive beamformer structure, GSC, with leaky noise sources associated with 
the leaky LMS algorithm. 

Rydx = Rm W G d d H W B + .RnW^DoWfi 

Rxx = Ä m W j d d H W B + Ä n W ß D o W ß + Rr,. 

where 

(59) 

(60) 

Here w G and w B are the array weight vectors for the upper and lower beamformers, respec
tively, Rn is the power spectrum of the mutually uncorrelated and equally distributed sensor 
noise sources, and R„ is the leaky noise strength. Further, RydX is the cross-power spectrum 
for the upper beamformer output signal yd and the adaptive filter input signal x, and Rxx is 
the power spectrum for x. The matrix Do is defined in section 2, cf. (7), as well as the array 
response vector d. The Wiener filter is given by H = RydX/Rxx-

It is observed that the noise term in (58), Ä n W ^ D o w , as well as the perturbation term, 
w T $ j W , given by (13), are proportional to w T D 0 w . Thus, a robust design of the upper 
beamformer weight vector w G would also prevent output noise from becoming excessive, and 
performance would be improved due to the increased canceling capabilities of the adaptive 
beamformer. 

5.1 Controlled Quiescent Response 

If a controlled quiescent response is desired, cf. [15], this can easily be included with the 
robust WLS-design as described below. With one adaptive filter, the condition of controlled 
quiescent response is given by 

W ^ D O W B = 0 (61) 

so that H = 0 when Rm = 0. As shown in [15], this condition can be written as a linear 
constraint, C B w G = 0, on the upper beamformer, provided that the lower beamformer weight 
vector w B is designed beforehand. Here C B is an r x N matrix of full rank where r < 2L — 1, 
and where C B is completely determined by the given vector w e . By using the method of 
Lagrange multipliers it is observed that under the constraint C B w = 0, the minimization of 
the objective function in (29) yields 

w G = ( I - B - 1 C l ( C B B - 1 C ^ ) - 1 C B ) w G t (62) 

so that (61) is satisfied. Here wGb is obtained with the robust design method using (31), and 
B is given by (32). 
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5.2 Examples of Robust Chebyshev Design for the G S C 

A design example for a broadband GSC is given below. This example illustrates the impor
tance of robust spatial filter design for an adaptive beamformer. 

The upper and lower beamformers w G and w B are designed both as ordinary Chebyshev 
filters using (55), and robust Chebyshev filters using (56). The upper beamformer w G is 
designed according to the example given in section 4.2. 

The lower beamformer, w B , is a spatial highpass (HP) filter, with the same input signals 
as the upper beamformer. The stopband region for the lower beamformer is defined by 0.1 < 
fT < 0.5 and 0° < 9 < 9°, and the passband region by 0.1 < fT < 0.5 and 40° < 9 < 90°, 
cf. Fig. 2. The stopband and passband region frequency weighting coefficients are chosen as 
Vi = 10 and v{ = 1, respectively The same I = 861 points are used on the f-9 grid as for the 
upper beamformer. The desired response is given by Gd{f, 9) = 0 in the stopband region, 
and Gd(f: 8) = 1 in the passband region. 

As with the previous examples, the simulated element perturbations are generated ac
cording to the probabilistic model given in section 2.1, with sensor position errors having 
uniformly distributed circular coordinates. 

Again, Figs. 15 and 16 illustrate how the robust design (56) can be used to significantly 
reduce the filter magnitude ||wB | | , and hence the sensitivity to perturbations, without signifi
cantly affecting the nominal beamformer response, as compared with the ordinary Chebyshev 
design (55). 

Figs. 17 and 18 further illustrate the impact of perturbations on the ordinary, and the 
robust designed lower beamformer w B , respectively. The figures show the perturbation term 
calculated for different levels of inaccuracy, together with the beamformer response in the 
stopband region. The response remains essentially unaffected by perturbations when the 
perturbation term is less than the stopband magnitude. 

Figs. 19 and 20 show the output spectral density of the ordinary designed GSC, according 
to (58), with and without sensor perturbations corresponding to a perturbation radius of 1%, 
respectively. Figs. 21 and 22 show the corresponding results for the robust designed GSC. 
Signal, sensor noise, and leaky noise levels are 0 dB, -60 dB, and -20 dB, respectively, all 
signals having flat spectrum. 

The figures illustrate how the ordinary designed GSC is subject to target signal cancel
lation in the passband region due to perturbations, while the robust designed GSC remains 
unaffected due to the robust designed lower beamformer. Further, the robust designed GSC 
has better canceling capabilities in the stopband region, due to the robust designed upper 
beamformer, which gives less sensor noise at the output. 

6 Summary and Conclusions 

In a fixed, broadband, delay-and-sum beamformer implementation, an important considera
tion is the robustness of the beamformer response with respect to model imperfections such as 
inaccuracies in sensor positions and/or sensor frequency response. A straightforward analysis 
shows that the mean-square impact of perturbations is bounded by a quantity, proportional 
to the squared Euclidean norm of the beamformer weights. The beamformer will thus be 
robust with respect to model imperfections if this norm is kept low. 

When specifying the frequency and angular intervals for a linear and equispaced, broad
band delay-and-sum beamformer for the far-field, only a cut wedge region of the corre
sponding two-dimensional FIR filter frequency plane is specified. A large region is thus left 
unspecified. This is typical also for more general beamformers. 
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2Olog|G(/,0)| [dB] 

Figure 15: Nominal and perturbed beamformer response for a spatial HP-filter. One snap
shot with a perturbation radius of 1%. Ordinary Chebyshev design: Chebyshev deviation 
IIG 0 - G d | | = 0.2542, | |w 0 | |

2 = 64382. 

2Olog|G(/,0)| [dB] 

Figure 16: Nominal and perturbed beamformer response for a spatial HP-filter. One snap
shot with a perturbation radius of 1%. Robust Chebyshev design: Chebyshev deviation 
| | G r - G d | | = 0.2840, | |w r | |

2 = 25.1. 

22 



101ogwT$iW, 201og|G(/,0)| [dB] 

!8.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5 

fT [rad/2^] 

Figure 17: Impact of perturbations on the ordinary Chebyshev design with | |w 0 | |
2 = 64382. 

Solid line: Response for 0°. Dashed line: Perturbation term w^$iW 0 calculated for a per
turbation radius of 1/4, 2/4, 3/4 and 1 %. 
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Figure 18: Impact of perturbations on the robust Chebyshev design with | |w r | |
2 = 25.1. Solid 

line: Response for 0°. Dashed line: Perturbation term wjT$;w r calculated for a perturbation 
radius of 1/4, 2/4, 3/4 and 1 %. 
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10 log 0)1 [dB] 

Figure 19: Output spectral density of adaptive beamformer with the ordinary design of the 
upper and lower spatial filters. Result according to exact, nominal alignment. 

101og|i?£(/,0)| [dB] 

2 0 - i 

Figure 20: Output spectral density of adaptive beamformer with the ordinary design of the 
upper and lower spatial filters. Result according to perturbations with a perturbation radius 
of 1% (one snapshot). 
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Figure 21: Output spectral density of adaptive beamformer with the robust design of the 
upper and lower spatial filters. Result according to exact, nominal alignment. 

10 log 0)| [dB] 

Figure 22: Output spectral density of adaptive beamformer with the robust design of the 
upper and lower spatial filters. Result according to perturbations with a perturbation radius 
of 1% (one snapshot). 
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With conventional least squares or Chebyshev approximation methods in the design of 
a fixed, broadband, delay-and-sum beamformer, the filter weight values may become ex
cessively large. This anomaly is due to large, unspecified regions of the corresponding two-
dimensional FIR filter frequency plane. With large filter weight values, the frequency response 
of the resulting beamformer may be severely degraded due to model imperfections. 

For an adaptive beamformer such as the Generalized Sidelobe Canceller (GSC) an anoma
lous design of the upper and lower branch may cause reduced jammer suppression, and target 
signal cancellation, respectively. A robust design of these branches is thus vital. Furthermore, 
a robust design of the upper branch will prevent sensor noise at the output from becoming 
excessive. 

In this paper, robust design procedures for both the least squares, and the Chebyshev 
error design criterion, are given. The resulting beamformer frequency responses are robust 
with respect to model imperfections in sensor positions, amplitudes and phases. 

When a probabilistic model of the inaccuracies is given, the least squares and Chebyshev 
approximations can be made robust by modifying the corresponding inner product and max-
norm, respectively, so that the effect of perturbations is taken into account. The robust least 
squares design can be obtained by solving a set of linear equations, and the robust Chebyshev 
design, by using a quadratic programming formulation. 

A specific probabilistic model is studied in detail, consisting of a far-field array with 
mutually independent element placement errors, having identical and circular symmetrical 
error distributions. This model is also used for the simulation experiments included. 

When no probabilistic model is given, the straightforward approach is to keep control both 
on the approximation error, and on the magnitudes of the beamformer weights simultaneously. 

A robust weighted Chebyshev design criterion is defined, where a small Chebyshev error is 
traded off against small beamformer weights in an optimal way. The beamformer designed in 
this way has the smallest Euclidean filter norm out of all filters with Chebyshev error bounded 
by a given value. It can be obtained by using a quadratic programming formulation. 

For a far-field, linear and equispaced array, the robust Chebyshev criterion yields a 
quadratic program with a quadratic, positively definite target function and linear constraints. 
In this case, the problem is well-conditioned, it can be solved with efficient, all purpose opti
mization algorithms for quadratic programs, and it always has a unique solution, in contrast 
to the ordinary Chebyshev solution. 

Examples are given which demonstrate that with a small increase in approximation er
ror, the beamformer response can be made robust with respect to perturbations in sensor 
positions, which would otherwise devastate the response. 

Appendix 

A Sensor Perturbations with Circular Symmetry 

Below the expressions (12) and (14) are deduced for the far-field case, where the array, and the 
incident wave are two-dimensional, and the sensor position errors have circular symmetry 
The wave unit vector is given by u = (cos 9, sin 9) in a cartesian coordinate system, with 
9 defining the spatial direction of the wave. The perturbation of an element is given by 
Ar = (ar, y) = (pcos ip, psm ip), where (x, y) and (p,<p) are the cartesian, and the circular 
coordinates, respectively. 

It is now assumed that the joint probability density function p(x,y) for the cartesian 
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coordinates of Ar has circular symmetry, that is 

P(x,y)=g(p), (63) 

where p = Jx1 + y2, and g(-) is a function of one variable. The constant C is then given by 

C= [+°° e-j27"^n ATp(x,y)dxdy= /+°° pg(p) f e ' ^ ^ ^ d ^ d p . (64) 

7 —CO J—OO ->0 J — TT 

The inner integral is over one period of cos tp, and is therefore independent of 9 and can be 
written as 

fW e - ^ ^ f ^ - ^ d i p = r e-^^^fdip = r cos(27r^psin<p)d<p. (65) 

With Jo{x) denoting the Bessel function of the first kind, and of order zero 

1 /'7r 

Jo{x) — 7T~ / cos(a;sm<p)do5, (66) 
2TT J-n 

the constant C is given by 
r°° f 

C = 2TT pg{P)Ja{2iTJ-p)dp, (67) 
Jo c 

which is (12). 
Let p(x, y) and p(p, ip) denote the joint probability density functions for the cartesian and 

the circular coordinates of Ar, respectively The relationship between these densities is 

p(x,y) = -p(p,<p) (68) 
P 

x = pcos(tp) (69) 

y = psin(<p) (70) 

for p > 0 and —IT < ip < IT. 

Assume now that the circular coordinates p and ip of Ar are independent and uniformly 
distributed in the intervals (0,po), and (—TT,IT], respectively, then 

t I * < ' < » • - < * * • (71) 

and 

for (i,?/) ^ (0,0). Hence p{x,y) has circular symmetry. 
For the present case, it is concluded that 

1 fP° f 
C = — / Jo{2TT<-p)dp, (73) 

po Vo c 

which is (14). 
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B Alternative Robust Formulations 

The equivalence of the robust formulations (52) versus (53), and (56) versus (57) in section 
4 are demonstrated below. 

The robust weight vector w r according to (52) is defined by 

minimize w T w , subject to 
vi • | £ i ( w ) | 2 - a 2 < 0 for i = l,...,I 

where a is a positive constant, and the alternative formulation is 

minimize p • w T w -f <52, subject to 
ü f - | £ j ( w ) | 2 - < $ 2 < 0 for i = !,...,! 

(74) 

(75) 

where 8 is an additional real variable, and p is a positive design parameter. The optimal 
solution to (75) is denoted (-w'r,8'). 

The optimal solution to (74) remains unchanged if the target function is multiplied by the 
constant p used in (75). Further, since 8 > 0. and in order to make (75) a convex program, 
we introduce the substitution 7 = 82. 

Using matrix notations, the Kuhn-Tucker conditions [25] for the quadratic program in 
(74) are then given by 

( 2^w + J r A = 0 

[(e2f - a2lT] A = 0 (76) 

A > 0 

where 1 is a I x 1 vector of ones and A is the i" x 1 vector of nonnegative Lagrange multipliers, 
e2 = [v\|£i|2 • • • v2

I\eI\
2)T, Si = w r d j - Gdi and J = [Vi • • • V / ] T is the I x N Jacobian of e2. 

Here, i>2|£i|2 = w r A j W — 2afw + Oj and V j = 2AjW — 2aj. 
The corresponding Kuhn-Tucker conditions for the quadratic program in (75) are 

2pw + J T A = 0 

1 - 1 T A = 0 
[ ( e 2 ) T _ 7 l r ] A = 0 (77) 

A > 0 

and we conclude that with a = 8', the unique optimal solutions to (74) and (75) coincide, 
that is, w r = w(.. 

The robust weight vector g r according to (56) is defined by 

{ minimize g T Cg, subject to 
Vi{4>J g - Hdi) - a•< 0 for i = l,...,I (78) 
-Vi(4»J g - Bm) - a < 0 for £ = 1 , . . . , / 

where a is a positive constant, and the alternative formulation is 

( minimize p • g r C g + 82, subject to 
t s t ø f g - Hd{) - 8 < 0 for i = l,...,I (79) 

-Vi(<pfS - Hdi) - 8 < 0 for i = 
where 8 is an additional real variable, and p, is a positive design parameter. The optimal 
solution to (79) is denoted (g'T,8'). 
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The optimal solution to (78) remains unchanged if the target function is multiplied by 
the constant p used in (79). Using matrix notations, the Kuhn-Tucker conditions for the 
quadratic program in (78) are then given by 

2pCg + 

al1 - e1 - al1 

A = 0 

A = 0 

A > 0 

(80) 

where 1 is a Ix 1 vector of ones and A is the 21x1 vector of nonnegative Lagrange multipliers, 
e = [vi£j_ • • • vIeI]

T, £i = <pjg - Hdi and J = [vifa •VJ(, ] T is the I x M Jacobian of e. 
The corresponding Kuhn-Tucker conditions for the quadratic program in (79) are 

2ßCS + 3T : - J T A = 0 

26 + -1T \ -1T 
A = 0 

eT - 61T - e T - 61T A = 0 

A > 0 

(81) 

and we conclude that with a = 6', the unique optimal solutions to (78) and (79) coincide, 
that is, gr = gr-
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Abstract 

The weighted Chebyshev design of two-dimensional F I R filters is in general not unique 
since the Haar condition is not generally satisfied. However, for a design on a discrete 
frequency domain, the Haar condition might be fulfilled. The question of uniqueness is, 
however, rather extensive to investigate. It is therefore desirable to define some simple 
additional constraints to the Chebyshev design in order to obtain a unique solution. 

The weighted Chebyshev solution of minimum Euclidean norm is always unique, and 
represents a sensible additional constraint since it implies minimum white noise amplifi
cation and less sensitivity to model imperfections for some applications. It is shown that 
this unique Chebyshev solution can always be obtained by using an efficient quadratic 
programming formulation with a strictly convex objective function and linear constraints. 
An example of a non-unique Chebyshev design is discussed in the paper. 

1 Introduction 

A number of methods have been developed for the solution of the two-dimensional weighted 
Chebyshev FIR filter design problem [l]-[7]. The problem is, however, generally non-unique 
since the Haar condition [1, 2] may not hold due to the two-dimensional nature of the 
approximating functions. 

In case of non-uniqueness, some additional constraints must be defined in order to make 
the Chebyshev design unique. The concept of strict approximation [1, 8] was defined for this 
purpose. Basically, the strict approximation is based on the requirement that the maximum 
deviation should be as small as possible when the Chebyshev deviation points are removed. 

The process of strict approximation is, however, quite complicated and may require several 
repetitions. Furthermore, the question of uniqueness of a given Chebyshev solution is rather 
extensive to investigate. 

A simple and applicable choice of additional constraint is the requirement of minimum 
Euclidean FIR filter norm. This requirement leads to a unique weighted Chebyshev solu
tion which can be obtained by using a well-conditioned quadratic programming formulation. 
Further, the minimum norm requirement implies minimum white noise amplification, less 
sensitivity to coefficient quantization errors, and less sensitivity to model imperfections in 
applications such as two-dimensional beamformer design [9]—[11]. 
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2 The Weighted Chebyshev Design Problem 

The frequency response of a two-dimensional FIR filter with real impulse response h(ni, n2) 
can be written as 

jy(wi,w») = h T d = ^ ^ f t e » , , ^ ) « - « » 1 - « , ( i ) 
Til 12 

where h is a vector of FIR filter coefficients h(ni,n2) and d is the response vector of cor
responding complex exponentials e - J w i « i - J w 2 « 2 Let, Hd(u>i,u>2) denote the specified desired 
response of the FIR filter frequency function. 

The discussion will be restricted to zero phase FIR filters with four-fold symmetry [7] 
given by 

fc(nj,na) = &(—rai,1*2) = M n i > - " 2 ) - (2) 

This restriction is merely for convenience, and does not imply any loss in generality. All 
results below will be valid for any symmetry condition implying zero or linear phase frequency 
response. 

With four-fold symmetry, the frequency response is given by 

N1-1N2-1 
£T(wi ,«a)= 12 o(ni,n2)cos(wini)ccs(w2n2), (3) 

m=o ri2=o 

where a(0,0) = /i(0,0), a(ni,0) = 2/i(ni,0), 0(0,712) = 2/1(0,712) and 0(711,712) = 4/1(711,712) 

for n i > 1 and 712 > 1. With ¥>i(wi) = [1 oos(wi) • • -cos(fc>i(iVi — 1))]T and ^2(^2) = 

[1 cos(tJ2) • • • cos(oj2(iv2 — l ) ) ] T i the FIR filter frequency response can be written as 

H(uii,u)2) = epT(uii,uJ2)a, (4) 

where d>(u>i,ui2) = V i ( w i ) ® ^2(^2)) N = A/1./V2 and a is an N x 1 real coefficient vector 
containing the elements 0(711,712) corresponding to the elements cos(u;ini) cos(a;27i2) of <p. 
The symbol ® denotes the Kronecker product. 

For practical purposes, the approximation domain V for the four-fold symmetrical FIR 
filter is made discrete and consists of / frequency points (u>u,ui2i) defined on a dense grid on 
the square [0,7r] X [0,7r]. Let H^i = Hd(u>ii,u>2i) be the desired response specified on T>, and 
let fa = <p(u!ii,ui2i) be the corresponding characteristic vector [1, 2]. 

In the weighted Chebyshev approximation problem considered here, cf. [1, 2], the optimal 
coefficient vector ao is chosen to minimize the max-norm 

| | H - H d | | = max v^cpja - Hdi\, (5) 
i€{l,...,/} 

where H and are real vectors with elements <p[a and Hdi respectively, and the ViS are real 
and positive frequency weights. The quantity ||H — H<j|| will be referred to as the Chebyshev 
deviation related to H . 

A linear program with the same optimal solutions as the Chebyshev approximation in (5) 
is 

( minimize S, subject to 
Vi(d>f a - Hdi) - 6 < 0 for i = l,,..,I (6) 
-Vi{4>Ja-Hdi)-6<0 for i =!,...,! 

where 6 is an additional real variable and the ViS are the same weighting coefficients as in 
(5), cf. [4]-[6]. For an optimal solution (aD,<50) to (6), a,, will be referred to as a Chebyshev 
solution, and 60 = | | H 0 — |j as the optimal Chebyshev deviation. 
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The optimization problem in (5) or (6) is in general not unique since the ^-dimensional 
linear space of approximating functions H(u>ii,u>2i) = <£fa does not generally satisfy the 
Haar condition [1, 2]. This is due to the two-dimensional nature of the basis functions for 
the linear space above. The question of uniqueness of a given Chebyshev solution a<, is 
rather complicated and requires an extensive investigation in order to determine whether the 
solution is unique or not. 

Uniqueness is guaranteed if there is a critical point set C of N + 1 extremal points related 
to the given Chebyshev solution, cf. [1, 2, 8]. An extremal point is a frequency point (u}u,ui2i), 
where the weighted error magnitude attains the Chebyshev deviation. A critical point set is a 
set of p+1 extremal points such that the origin belongs to the convex hull of the corresponding 
signed and weighted characteristic vectors ( J j U j ø j , and if any point were removed from the 
set, the origin would not belong to the convex hull of the reduced set [1, 2]. Here a; = +1 if 
cpja - Hdi > 0 and <7; = - 1 if tpf a - Hdi < 0. 

A characterization theorem for Chebyshev approximation [8] states that H 0 is a Cheby
shev solution if and only if the set £ of extremal points contains a critical point set C of p + 1 
points, where p < N [8]. If p = N, the given Chebyshev solution aD is unique, and if p < N 
the solution might be non-unique [1, 2]. 

Details of how a critical point set can be found is given in appendix A. The question of 
uniqueness could, of course, be determined by directly checking the Haar condition, which 
is a necessary and sufficient condition for uniqueness. This would, however, require an ex
haustive calculation of the rank of all subcollections of N vectors among all I characteristic 
vectors. The Haar condition is fulfilled if and only if all these subcollections are linearly 
independent. 

3 Minimum Norm Chebyshev Solution Obtained by Quadratic 
Programming 

The squared Euclidean norm of the vector of FIR filter coefficients is given by 

||h| | 2 = h T h = ^ ^ ^ 2 ( r 1 1 , n 2 ) = a T C a , (7) 
n i n 2 

where C is a diagonal matrix determined by the four-fold symmetry defined by (2) so that 
the diagonal elements (C)u are either 1, 1/2 or 1/4, see (3). 

Consider the following quadratic program 

( minimize a r Ca, subject to 
Vi(d>Ja-Hdi)<60 for i = l , . . . , J (8) 

- V i O f a - Hdi) <S0 for i = l , . . . , I 
where the ViS are the same weighting coefficients as in (6), and S0 is the optimal Chebyshev 
deviation related to any Chebyshev solution. Since the objective function ||h|| 2 = a T Ca is 
strictly convex [12], it follows from (8) that there always exists a unique Chebyshev solution 
a'0 to (8) with minimum filter norm ||h||. 

The minimum norm Chebyshev solution a!0 to (8) can be obtained by solving the modified 
quadratic program given by 

minimize w • a T Ca + S2, subject to 
Vi(4>Ja-Hdi)-6<0 for i = l,...,I (9) 
-Vi(<f>Ja-Hdi)-6 <Q for i =!,...,/ 
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as shown in appendix B. Here 6 is an additional real variable, w is a real and positive 
parameter, and the ViS are the same weighting coefficients as in (6). The optimal solution 
(a'0', 8") to (9) is unique since the objective function w • a T Ca + 82 is strictly convex [12]. 

It is shown in appendix B that if the positive parameter w is chosen sufficiently small, 
the optimal solution a"0 to (9) coincides with the minimum norm Chebyshev solution a!0 to 
(8). 

The same conclusion applies if a linear term 8 is used instead of the quadratic term 6 
in the objective function of (9). It is, however, advantageous to use the quadratic term 82 

since it makes the objective function strictly convex, which radically improves convergence 
performance for most quadratic programming algorithms. Some quadratic programming 
algorithms may not even work with a positively semi-definite quadratic objective function. 

In order to obtain the minimum norm Chebyshev solution using (8), the right side of 
the inequalities must be exactly 80. If the right side of these inequalities is less then 50, the 
quadratic program in (8) has no solution. In contrast, the quadratic program in (9) always 

has a solution, which can be advantageous for numerical reasons. 
An example of a non-unique Chebyshev design is described below. An 81-tap two-

dimensional lowpass FIR filter was designed. Four-fold symmetry with Ni = N% = 5 was 
used. Fig. 1 shows the passband and stopband regions, defined by ellipses on a rectangular 
grid in the first quadrant with spacing 0.15 x 0.15. This yielded a total of I = 397 frequency 
points. 

I j passband region 

I "don't care" region 

stopband region 

Figure 1: Approximation domain defined by ellipses. The major and minor axes defining the 
passband and stopband regions are (2,1) and (2.5,1.25) respectively. The frequency weighting 
in the passband and stopband regions are Vi = 1 and Vi = 10 respectively 

The resulting weighted Chebyshev design is non-unique. A critical point set was found, 
consisting of p + 1 = 6 points. The FIR filter norm obtained by using the linear program (6) 
and the modified quadratic program (9) was ||h 0 | | = 0.4132, and ||h"|| = 0.4009 respectively. 
The Chebyshev deviation in both cases was 60 = 6" = 0.5885. 

Fig. 2 shows the Chebyshev deviation and the filter norm as obtained with the modified 
quadratic program (9) when the parameter w is varied. This figure illustrates the fact that 
when the parameter w is chosen sufficiently small, the solution to the modified quadratic 
program is consistent with the minimum norm Chebyshev solution. 
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Figure 2: Filter norm ||h"|| and Chebyshev deviation 6" as a function of the parameter w in 
the modified quadratic program. Here (h 0 , S0) corresponds to a Chebyshev solution obtained 
by solving the linear program. 

Figs. 3 and 4 show the frequency response of the FIR filters with optimal Chebyshev devi
ation obtained by using the linear program and the modified quadratic program, respectively. 
The latter corresponds to the unique minimum norm Chebyshev solution. 

4 Summary and Conclusions 

In the design of two-dimensional weighted Chebyshev FIR filters, the solution is generally 
not unique. This is due to the two-dimensional nature of the approximating functions, 
which implies that the Haar condition may not be satisfied. However, for a design on a 
discrete frequency domain, the Haar condition might be fulfilled. The question of uniqueness 
is, however, rather extensive to investigate. It is therefore desirable to define some simple 
additional constraints to the Chebyshev design in order to obtain a unique solution. 

The weighted Chebyshev solution of minimum Euclidean norm is always unique, and 
represents a sensible additional constraint since it implies minimum white noise amplification 
and less sensitivity to model imperfections for some applications. 

A quadratic programming formulation is given for this purpose, and it is shown that 
the formulation can always be made consistent with the unique minimum norm Chebyshev 
solution. The quadratic formulation is well-conditioned since it consists of a strictly convex 
objective function and linear constraints, and since it always has a feasible solution. 

An example of a non-unique Chebyshev design is included in order to demonstrate the 
properties of the proposed quadratic program. 
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201og|Jf o(wi,W2)| [dB] 

Figure 3: Frequency response of an 81-tap 2-D Chebyshev FIR filter with fourfold symmetry, 
and passband and stopband regions defined by ellipses. The Chebyshev FIR filter is obtained 
by solving the linear program. Chebyshev deviation S0 = 0.5885, filter norm ||h 0 | | = 0.4132. 

2 0 I o g r ø w i ) W 2 ) | [dB] 

2 0 - , 

Figure 4: Frequency response of the unique 81-tap minimum norm 2-D Chebyshev FIR 
filter with fourfold symmetry, and passband and stopband regions defined by ellipses. The 
minimum norm Chebyshev FIR filter is obtained by solving the modified quadratic program. 
Chebyshev deviation 6% = 0.5885, filter norm ||h'0'|| = 0.4009. 
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Appendix 

A Determination of a Critical Point Set 

A procedure to find a critical point set given any Chebyshev solution a 0 is described below. 
The procedure is started with the extremal point set £. A sequence of linear programs of 
decreasing size is then solved until a critical point set C is reached. 

The extremal point set £ related to an approximation H is [8] 

£ = {{wu,u>2i) I (wii.wa) e.P, vi\<t>J&-Hdj\= | j H - H d | | } . (10) 

The positive and negative points of a subset S of £ related to an approximation H are [8] 

V = {(wii,w 2 i) I (WU.WM ) SS, uj tøf a - .ff,«) = I f H - H d H } (11) 

N = | ( w i j , w 2 i ) I (w i j , «2 t ) € S, i>i(<£jV— Hdi) = —||H — HrfJlj. (12) 

The sets P and N oi S are said to be isolable [8] if there is a vector a such that 

ViCpfa > 0 K , u 2 i ) e P / 1 3-. 
T j . ø f a < 0 (o>ij,W2i) € TV". 

A subset C of £ is a critical point set related to an approximation H if the positive and 
negative points of C are not isolable, but if any point is excluded from C, the positive and 
negative points of the resulting set are isolable [8]. 

In order to obtain a practically useful criterion in the determination of a critical point 
set, the following theorem will be used. 

Theorem The sets V and N of S are not isolable if and only if the linear program 

( minimize 7, subject to 
- u i < r f a - 7 < 0 (wifcWMjgP (14) 

Vi<pJa - 7 < 0 (LOU, cj 2 i) € N 
has the optimal value 7 0 = 0. 

• 

Proof The optimal value of (14) can be written 

7o = min max l — y ^ f a | (wii.ua) £ V, Vicpfa \ ( m . u a ) 6 A/"} . (15) 

If the sets 7? and A/" of <S are not isolable, then 

max j — D i ø f a | (uu,u!2i) e P, u 2 ø f a [ (uiu, u 2 i ) € A^} > 0 (16) 

for every a and as a consequence, 7 0 = 0. Conversely, if 7 0 = 0, then (16) holds for 
every a and the proof is complete. 

• 

Put <S = £. A critical point set can now be determined by repeatedly excluding the points 
(uu,L02i) from <S, one by one, and checking whether or not the positive and negative points 
of the reduced set are isolable by using (14). If 7 0 = 0, the excluded point remains excluded, 
otherwise the point is adjoined to <S again. The process is repeated until S is a critical point 
set C. 
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B Relation Between the Modified Quadratic Program and 
the Minimum Norm Chebyshev Solution 

If the positive parameter w in the modified quadratic program (9) is chosen sufficiently small, 
the optimal solution a"0 of (9) coincides with the minimum norm Chebyshev solution a!Q of 
(8). In order to show this, the Kuhn-Tucker conditions for the linear program (6) and the 
minimum norm Chebyshev solution a'Q are written as 

= 0 

> 0 (17) 
= 1 T A 

where J T = [ i i i j ^ • • • ± ViL<piL] is the Jacobian of the weighted errors ±Vi(<pfa — Hdi) 
corresponding to the L active constraints related to the minimum norm Chebyshev solution 
a'0 of (8), A is the vector of corresponding nonnegative Lagrange multipliers, and 1 is a vector 
of ones. 

The Kuhn-Tucker conditions in (17) states that the origin belongs to the convex hull of 
the column vectors of 3T, which is written 0 € cvx(J-r). 

The Kuhn-Tucker conditions for the quadratic program (8) and the minimum norm 
Chebyshev solution a'0 are given by 

2C*0 + 3TX' = 0 
A' > 0 ( 1 8 ) 

where J T is the same Jacobian as in (17) and A' is the vector of corresponding nonnegative 
Lagrange multipliers. Since 1 T A ' > 0, the conditions in (18) can be multiplied by the positive 
weight w0 = 260/l

TX' yielding 

[ 2w0Ca^ + J T A" = 0 
\ A" > 0 (19) 
[ 280 = 1TX" 

where 3T is the same Jacobian as in (17), A" = w0\' and S0 is the optimal Chebyshev 
deviation related to any Chebyshev solution. The conditions in (19) are the Kuhn-Tucker 
conditions for (9), which show that (a'0,60) is optimal for (9) when w = w0. 

The Kuhn-Tucker conditions in (19) state that —w0Ca'0/80 e cvx(JT), and since 
0 6 cvx(J T) and cvn(3T) is a convex set, it is concluded that —wCa'0/60 € cvx(J T) for any 
0 < w < w0. The latter statement can be written as 

( 2wCa'0 + 3T\" = 0 
I A" > 0 (20) 
[ 2S0 = 1TX". 

The conditions in (20) are the Kuhn-Tucker conditions for (9), which show that (a'0,S0) is 
optimal for (9) for any 0 < w < w0. 
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Abstract 

In least square and Chebyshev design of FIR filters, the resulting frequency response 
might become large within "don't care"-regions, e.g. transition bands, unless such regions 
are kept sufficiently narrow. This "degeneration" is also expressed as large values of the 
FIR filter coefficients. Even if this does not affect the desired signals in the specific ap
plication, degradation might occur due to unforeseen noise amplification. Furthermore, 
in finite word length implementations, large dynamics in filter coefficients is unwanted, 
requiring either long word length or causing large quantization errors. Coefficient quan
tization degrades the frequency response in all frequency regions. 

A simple procedure is proposed here to avoid unnecessarily large coefficient dynamics 
in the weighted Chebyshev design of FIR filters with arbitrarily specified amplitude and 
phase response. The procedure is based on a modified quadratic programming formulation 
of the weighted Chebyshev approximation problem, taking into account the magnitudes 
of the FIR filter coefficients. The design is robust since "don't care" region behavior can 
be controlled, and always unique, also in multidimensional designs. 

1 Introduction 

The weighted Chebyshev design of one- and two-dimensional linear phase digital FIR filters 
has been extensively studied [1-5], and a successful and flexible approach is to use linear 
programming techniques [3, 6, 7]. The linear programming methods as well as the exchange 
algorithms [1, 2] assume that the FIR filter has linear phase. 

For weighted Chebyshev design of FIR filters with arbitrarily specified amplitude and 
phase, there are other methods available [4, 5, 8-16]. However, these methods do not take 
into account the possibility of anomalies in wide "don't care" regions. 

With large filter coefficients, system performance might be degraded due to noise am
plification. Large coefficients also imply large coefficient dynamics. In finite word length 
implementations, increased coefficient dynamics requires more bits for accurate representa
tion in order to avoid large quantization errors. 

In adaptive active control of sound [17, 18, 19] FIR filters are often used to approximate 
the feedforward channels between loudspeakers and error microphones. The need to normalize 
the adaptive algorithm can be avoided if each feedforward channel is approximated with unit 
magnitude. In this case, the phases of the feedforward channels are vital, and the phase 
approximation errors must be kept smaller than ±90° to ensure convergence [20]. 

It is straightforward to extend the definitions and the robust design method described 
below to the design of general multi-dimensional FIR filters. In this paper, however, only 
one-dimensional design examples are considered. 
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2 The Weighted Chebyshev Design Problem 

Let H(LU) = hTd(ui) denote the frequency function of a one-dimensional FIR filter. Here 
LJ is the frequency variable, h = [ho • • • / i / v - i ] T is a vector of real FIR filter coefficients and 
d{u>) = [1 e~iw • • • e-J(W-i)"]T i s t h e response vector of the FIR filter. Let Hd(uj) denote the 
specified desired response of the FIR filter frequency function. 

Define a dense grid of I frequency points and let Hdi and d; be the functions Hd(cu) and 
d(w) evaluated at a particular frequency point un for i = 1 , . . . , I. 

In the weighted Chebyshev approximation problem considered, cf. [5], the optimal FIR 
filter coefficient vector h 0 solves the problem 

min IIH — Hwll = min max Vj |h T dj — Hdi\, (1) 
heRN heRN i€{l /} 

where H and are complex vectors with elements h T d i and HDI respectively, and the ViS 
are real and positive frequency weights. 

In the one-dimensional case, the optimal solution to (1) is unique since the linear space 
of approximating functions H(u>) = h ^ d ^ ) satisfies the Haar condition [8]. For multi
dimensional FIR filters, however, the Haar condition may not be satisfied implying that the 
Chebyshev solution might be non-unique [1, 2}. 

3 Robust Design Using a Modified Quadratic Program 

The robust design method consists of two steps. First, the weighted Chebyshev design prob
lem is solved using a quadratic programming formulation. Then, by modifying the quadratic 
program, the solution simultaneously takes into account the magnitudes of the FIR filter 
coefficients. The initial solution is used to determine the crucial design parameter of the 
latter. 

The details are as follows. Define the real penalty function 

e2(h) = \hTdi-Hdl\
2 (2) 

for i = 1 , . . . , I. Expansion of (2) yields the quadratic form 

e2(h) = hTAih-2-afh + ai, (3) 

where A j = Re { d ; d f } , af = Re [ d f Hdi} and 04 = \Hdi\
2. 

A convex quadratic program with the same solution as (1) is 

minimize 6, subject to . . . 
v2 -e2{h)-8<0 for i = !,...,/ [ ) 

where 6 is an additional real variable and the v^s are the same weighting coefficients as in (1). 
The optimal solution is denoted by (h 0 , S0) and will be referred to as a Chebyshev solution. 

Let (5(h) be the smallest 6 such that the constraints in (4) are satisfied for every fixed h. 
Then 

6(h) = max t ,
2

£ f ( h ) = | | H - H d | | 2 . (5) 
»e{i,...,i} 

The optimization problem in (4) is thus equivalent to that in (1). 
The modified FIR filter h'0 is defined as the solution to the modified quadratic program 

J minimize 7, subject to . . 
i u 2 -c 2 (h) + u ; - h T h - 7 < 0 for j = l , . . . , J { b> 
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where 7 is an additional real variable, the UjS are the same weights as in (4) and w is a real 
and positive design parameter. The optimal solution (h'0, j0) to this quadratic program is 
unique as shown in the appendix. 

If the design parameter w is chosen properly, the solution to (6) will have a Chebyshev 
error | |H — H<j|| close to the error associated with the solution of (4), and, simultaneously, 
the weight vector power h^h will be controlled. 

Suppose that an upper bound \/S0 + A is chosen for the Chebyshev error | |H — Hd|| asso
ciated with the solution to (6). If w is chosen so that wh„ h 0 = A, the following inequalities 
hold for the optimal solution (h 0 ,S 0 ) to (4) 

vf\hj di - Hdi\
2 + whTh0 < S0 + A, V i (7) 

and for the optimal solution (h'0,70) to (6) 

vf | h f di -Hdi\
2 + wKTK < 7o < S0 + A, Vi. (8) 

Thus, for the solution to (6), \\H0 - Hd\\
2 < S0 + A and the validity of the upper bound is 

hereby established. 
Using (8), the following inequality is obtained 

0 < ||H' 0 - H d | | 2 - 80 < w(hTh0 - h f h ' J , (9) 

and it is concluded that h'0

Th4 < hTh0, with equality if and only if h 0 is optimal also for (6). 
An alternative formulation of the modified quadratic program in (6) is 

minimize ß + w • hTh, subject to 
vf • ef(h) - ß < 0 for i = l,...,I [ ' 

where ß is an additional real variable, the ViS are the same weights as in (4) and w is the 
same design parameter as in (6). The optimal solution is denoted by (h",ß0). I t is shown 
in the appendix that (6) and (10) have the same optimal solution in the variable h, that is 
h '̂ = b4, and that ß0 = 70 - w • h^h^. 

Another useful quadratic program is 

minimize h T h , subject to 
•y 2 -e 2 (h)<a for i=l,...,I ( ' 

where a is a constant, a > S0 and the ViS are the same weights as in (4). Since the target 
function h T h is strictly convex [21], the optimal solution h"' to (11) is unique. With a = S0, 
it follows from (11) that there always exists a unique weighted Chebyshev solution to (4) 
with minimum norm ||h|| = VhTh. This is true regardless whether the FIR filter is one- or 
multi-dimensional. 

I t can also be verified that with a = ß0, (11) has the same optimal solution as (6) and 
(10), that is, h'0 = h" = h'0", see the appendix. This means that the solution h!a to the 
modified quadratic program has the smallest filter norm ||h|| = \ / h T h out of all filters h with 
Chebyshev error bounded by | |H — Hd|| < \[ß~0 where \fß~0 = ||H' 0 — H<z||. 

The quadratic formulation that should be used depends, of course, on the designers pre
requisites. The formulations (6) and (10) can be used without prior knowledge of a Chebyshev 
solution (h 0 , S0) but it is difficult to predict the resulting Chebyshev error. With (11) on the 
other hand, the resulting Chebyshev error is chosen as a design parameter while it is desirable 
to know the optimum Chebyshev error \ /% in advance. With all three formulations however, 
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the design parameters m o r a are used to trade off a small Chebyshev error for a small filter 
norm ||h|| in order to obtain a robust design. 

The quadratic programs in (4), (6), (10) and (11) can be solved by using a sequential 
quadratic programming (SQP) method [21]. The quadratic formulations are here advanta
geous since first and second order derivatives of the objective and the constraint functions are 
readily calculated and employed in the SQP method in order to decrease convergence rate. 

4 Examples of Robust Design 

In the two examples below, the SQP method was used to solve the quadratic programs in (4) 
and (6). 

In the first example, a 25-tap bandpass FIR filter specified with linear phase was designed 
with three different methods; the Remez exchange algorithm which assumes coefficient sym
metry, and the two quadratic programs in (4) and (6), where no symmetry assumptions are 
employed. 

The pass band was defined by ui e [0.25,0.37] • 2TX, Vi = 1 and the stop bands were 
defined by w e [0,0.08] • 2ir, u e [0.4, 0.5] • 2TT and Vi = 30 with a wide transition band in 
u> e [0.08,0.25] • 2TT. The grid spacing on the frequency axis was 0.001 • 2TT, hence the number 
of frequency grid points, I = 303. The result is shown in Fig. 1. 

201og|jr/(w)| [dB] NOMINAL 2 0 1 o g | ü » | [dB] QUANTIZED 
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Figure 1: Magnitude of nominal and 8 bit quantized 25-tap bandpass FIR filters specified with 
linear phase. Solid line: weighted Chebyshev design using Remez and quadratic programming 
(coinciding plots). Dashed line: robust design. 

The resulting weighted Chebyshev design using (4) was almost identical to the Remez ex
change algorithm design [5]. The corresponding Chebyshev error was 0.3856 and the squared 
filter norm h^h was 32.7. 

In the modified design using (6), the upper bound on the Chebyshev error [|H — H<f|| was 
chosen as J60 + A = \/2S0, i.e. A = <50 = 0.1487. The positive weight w was accordingly 
chosen as w = 50/h^"h0. This guaranteed that the stop band magnitude of the robust designed 
FIR filter, using (6), could not exceed the stop band magnitude of the FIR filter designed 
using (4), with more than 3 dB. 

In the example, the result was even better than that implied by the upper bound. With the 
robust design, the Chebyshev error was only 0.3976. The difference in stop band magnitudes 
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for the designs using (4) and (6) was thus less than 0.3 dB. The filter-tap power was only 
h'0

TW0 = 0.4861 for the modified design. With a slight increase in Chebyshev error we have 
gained considerably in filter norm. After quantization to 8 bits, the amplitude response of 
the modified FIR filter remains essentially unaffected while the Chebyshev design is degraded 
severely, which is devastating in the stop bands. 

As a second example we considered the problem of representing the phase response of 
an acoustic channel in a limited frequency band with few FIR filter coefficients. This filter 
design problem demonstrates the versatility of the design method. The filters designed were 
precalculated and used for feedforward channel identification in active control of sound using 
the filtered-X LMS algorithm. 

Since the number of microphones and loudspeakers can be large, it is desirable with 
few FIR filter coefficients and reasonable wordlength in order to reduce complexity. The 
requirement of few coefficients is more easily fulfilled if the filter is specified only on a fraction 
of the frequency axis, demanding a robust design method in order to avoid large dynamics 
in the filter coefficients. 

The desired response H4 was the complex frequency response of the channel between a 
loudspeaker and a microphone, measured in a car compartment. The desired response Hd 

was defined by / = 101 points of u> e [0.1,0.2] • 2TT and normalized to unit magnitude. 
With normalized magnitude of the desired response, the phase error is upper bounded by 

Atp = arcsin([|H — Hd||), provided that ||H — Hd|| < 1 in the resulting design. 
In the example, the number of FIR filter coefficients was chosen to = 31 and all 

frequency weights v; = 1. 
Fig. 2 shows the resulting magnitude response of the FIR filters designed with the Cheby

shev design and the modified design in (4) and (6) respectively. In the modified design, 
w = 0.01. The resulting Chebyshev errors | |H — H<j|| were 0.5759 and 0.6066. Again the 
robust design is insensitive to quantization at a very small increase in Chebyshev error. 

Fig. 3 shows the desired phase response and the phase responses of the resulting FIR filters. 
The filter-tap power h r h for the Chebyshev design and the robust design was 1.4874-1012 and 
0.5736 respectively. The phase response of the robust FIR filter remains essentially unaffected 
while the response of the corresponding Chebyshev design is degraded causing divergence 
for an adaptive algorithm based on these phase values. The degradation is again due to 
large quantization errors in filter coefficients obtained with finite precision when coefficient 
dynamics is large. 

5 Summary and Conclusions 

A modified design method for a Chebyshev design of FIR filters with arbitrarily specified 
amplitude and phase has been presented. The method is described for one—dimensional 
FIR filters but it is straightforward to extend the method to the design of general multi
dimensional FIR filters. The design obtained is robust in the sense that degeneration in 
"don't care" frequency regions is avoided by preventing the filter coefficient values becoming 
excessively large. 

The method is based on a modified quadratic programming formulation of the weighted 
Chebyshev approximation, which takes into account the magnitudes of the FIR filter coeffi
cients. 

The crucial design parameter in the modified quadratic program can be chosen so that the 
resulting Chebyshev error is upper bounded by any value greater than the optimal Chebyshev 
error. 
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Figure 2: Magnitude of nominal and 16 bit quantized 31-tap FIR filters specified by the 
phase response of an acoustic channel for u> € [0.1,0.2] • 2TT. Solid line: Chebyshev design 
using quadratic programming. Dashed line: robust design. 

Numerical results were obtained with a standard computer program for optimization 
using a sequential quadratic programming (SQP) method [21]. The examples show that 
coefficient magnitudes might become excessive and coefficient dynamics dramatically large 
in a conventional weighted Chebyshev design of FIR filters with wide unspecified frequency 
bands. The examples also show that the robust design method proposed can be used in order 
to significantly reduce filter-tap power, while maintaining good accuracy in the approximation 
based on minimizing the Chebyshev error. 

Appendix 

A Alternative Robust Formulations 

The equivalence of the three robust formulations described in section 3 is established below. 
The filter vector h'0 in the modified quadratic program is defined by 

{ minimize 7, subject to , . 

u 2 - c 2 ( h ) + ™ . h T h - 7 < 0 for i = l,...,I { U ) 

where 7 is a real variable and the constants Vi and w are real and positive design parameters. 
The optimal solution to (12) is denoted by (h'0, f0). 

Since the quadratic form /(h) = w • h T h in (12) is strictly convex, the optimal solution 
(h'0,7o) is unique. In order to see this, assume that there are two optimal solutions (Jn.'ol,~f0) 
and (h ' o 2 ,7o) to (12) with ^ h'o2. The constraints in (12) are satisfied for these solutions, 
that is, vf • ef(h'ol) + f(h'ol) < 7o and vf • £2(h'o 2) + /(h'o 2) < 7 o for i = 1 , . . . , I. 

The set of optimal solutions to a convex program is a convex set [21], and we conclude 
that (h„, 7o) = ((1 — t)h'ol + f.h'o2, (1 —1)~]0 + t~j0) where 0 < t < 1, is also an optimal solution 
to (12). Since /(h) is a strictly convex function, the following strict inequalities hold for each 
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Figure 3: Phase response of nominal and 16 bit quantized 31-tap FIR filters specified by 
the phase response of an acoustic channel for u) € [0.1,0.2] • 2TT (dotted line). Solid line: 
Chebyshev design. Dashed line: robust design. 

constraint in (12) 

vf • eKK) + f ( K ) < { ! - * ) • {vf • £?(h'0 l) + f(Ki)) + t • {vf • ef(K2) + f(tio2)) < 7 o . (13) 

This contradicts the optimality of and h'o2, and it is concluded that the optimal solution 
to (12) is unique. 

The second quadratic formulation is given by 

minimize ß + w • h h, subject to 
vf • £ ?(h) - ß < 0 for i = !,...,! 

where ß is a real variable and the constants and w are the same design parameters as in 
(12). The optimal solution to (14) is denoted by (h",ßa). Uniqueness of this solution can be 
shown in a similar way as for (12). 

The third quadratic formulation is given by 

minimize hTh, subject to 
^ • e 2 ( h ) < Q for i = 

where a is a constant and the v^s are the same design parameters as in (12). The optimal 
solution is denoted by h'D". 

The Kuhn-Tucker conditions [21] for the convex quadratic program in (12) are given by 

JT + 2wh-lT)\ = 0 

1 - 1 T A = 0 , , 

e

T + ( ™ h T h - 7 ) l T ) A = 0 { ' 

A > 0 

where 1 is a I x 1 vector of one's and A is the 7x1 vector of nonnegative Lagrange multipliers, 
£ = [vfE\(h) • • • vf£2

r{h)]T and J = [vfVefib.) • • • t ; 2 V £ | ( h ) ] T is the 7 x TV Jacobian of e. Here 
V £ 2 ( h ) is the i V x l gradient vector of £ 2 ( h ) . 
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The corresponding Kuhn-Tucker conditions for the convex quadratic program in (14) are 
given by 

2wh + JTX 
1-1TX 

ST-ßlT)X 

X 

0 

0 

0 

0. 

(17) 

I t is concluded that the above systems of Kuhn-Tucker conditions are simultaneously 
satisfied when h' 0 = h^' and ß0 = -y0 — w • h ^ h ' 0 . 

The optimal solution to (15) remains unchanged if the target function is multiplied by 
the constant w used in (12) and (14). The Kuhn-Tucker conditions for the convex quadratic 
program in (15) are therefore 

2wh + J T ' A = 0 

alT)X = 

A > 

(18) 

and it is concluded that with a = ß0, the unique optimal solutions to all three quadratic 
formulations coincide, that is, h' 0 = h " = h"' . 
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Abstract 

The noisy environment in a car is known to severely affect audibility during 
handsfree operation of mobile telephones. Proposed methods to improve the quality 
of speech signals include spectral subtraction, Wiener filtering and array techniques. 
In this paper, an adaptive microphone array is presented, which facilitates a simple 
built-in calibration to the environment and the electronic equipment used. This 
method is well-suited for speech enhancement in handsfree mobile telephones, as 
well as for speech enhancement in speech recognition devices. 

1 Introduction 

By employing speech generation models and new algorithms more and more a priori 
information about speech signals is utilized in speech recognition and speech coding [1, 2]. 
A fair signal-to-noise ratio is therefore required to ensure that the a priori information 
is correct. This implies a need for noise reduction under adverse conditions, such as 
hands-free operation of telephones in the car compartment or speech recognition in cars. 

Methods to increase the signal-to-noise ratio in hands-free operation include spectral 
subtraction [3, 4, 5], Wiener filtering and array techniques [6]-[10]. We have previously 
presented a method based on a spatial filtering adaptive microphone array [11, 12]. This 
array has also been employed for speech enhancement in a speech recognition system for 
voice control of mobile information systems [13]. 

In these applications it is necessary to consider the near field in a small enclosure. 
This aspect raises problems which are difficult to describe in detail with an a priori 
model. A "learning" beamformer with reduced inherent theoretical modeling representing 
the acoustic field in a car is likely to outperform an array based on erroneous a priori 
information. 

The method described in this paper employs a calibrated adaptive microphone array 
for speech enhancement in cars. The algorithm indirectly calibrates the array for the 
speaker's location, microphone positions and lobe gains, amplifiers and for the acoustic 
environment in the car. The main idea behind this development is to employ calibration 
signals recorded on site [14]. Hence, no a priori information about signal statistics or 
array geometry is needed, unlike with spatial filtering beamformers [11, 12] or pilot signal 
beamformers [15, 16]. 

A feature of vital interest for the speech recognition system is speech distortion. 
The discrepancy between the total transfer function during training and operation of 

"The results described in this paper have been developed as a part of the area Travel & Transport 
Information Services, within the Swedish RTI-program '91-94. Main sponsors of this program are The 
Swedish National Board for Industrial and Technical Development, AB Volvo, Saab Scania AB, Swedish 
Telecom and The Swedish National Road Administration. 
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the speech recognition device must therefore be controlled. This is facilitated by the 
proposed beamformer. 

The adaptive microphone array has been implemented both off-line in a PC envi
ronment, and in real time, on a portable multi-processor TMS 320C25 DSP system. 
Performance evaluation of the beamformer has been carried out in an anechoic chamber, 
as well as in cars. The car data were also used for speech recognition evaluation, as 
described below. 

2 Working Scheme for the Adaptive Beamformer 

The performance of an adaptive array is often sensitive to channel mismatch [17]-[19]. 
This demands a calibration of the microphone array elements, which is a difficult task, 
particularly for broadband arrays. The microphone elements likely to be used for hands-
free operation are of standard quality, with a considerable spread in performance. This 
demands a new type of adaptive beamformer which easily incorporates the calibration 
phase. 

The main idea is to record training sequences from different positions in the vicinity 
of the true speaker position in a real situation, with the actual system, and with no noise 
present. These sequences are gathered into a memory, and are later used as training 
signals in the adaptive phase. This approach gives an inherent calibration signal where it 
is also possible to weigh interesting frequency bands, microphones and spatial points. The 
approach relies neither on array geometry nor element similarities, nor does the approach 
assume individual calibration or matching of amplifiers, or other electronic equipment. 
The system obtained is tailored for the actual situation. 

2.1 Description of the Calibration Phase 

The adaptive beamformer can be calibrated on-site in a car by using either a loudspeaker, 
or by letting the speaker read a representative sequence. The received sequences in each 
microphone channel are gathered into a memory. In this way, the total channels from 
the (loud)speaker to A/D converters are included. 

The noise level during still-standing recording of the target signals is low, yielding 
a high signal-to-noise ratio in the desired signal. If the situation and equipment can 
be regarded as time invariant, the array system then possesses calibration signals, which 
can be combined to form a desired signal for an adaptive system. 

The microphone elements and their positions can be chosen arbitrarily. In order 
to increase spatial robustness towards speaker movements, the target (loud)speaker can 
be moved around in the vicinity of the speaker's normal position and, optionally, with 
varying power during recording. By superimposing the recorded signals from different 
positions, weighted average training signals are obtained. These signals, gathered into 
the memory, are later used as training input signals, and are also combined to form a 
desired signal during adaptation. 

2.2 The Operating Phase 

When the telephone is in use, the memory signals are utilized during the intervals when 
the speaker is silent. The memory signals are combined to a desired signal for the 
adaptive filters, and are also added as "speech" to the incoming microphone signals, 
which otherwise contain environmental noise only. This gives memory speech signals 
plus car noise at the adapting lower beamformer inputs, XU1-XUN, see Fig. 1, as well as 
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a known desired signal, YR, which has been recorded in the same acoustical environment, 
through the same electronic equipment, when no noise was present. 

This is a conventional situation for an adaptive beamformer with array inputs and 
access to a desired signal. All information needed to adapt to the correct FIR filter 
coefficients in the least square sense is available. For this purpose a normalized LMS 
algorithm can be used, which converges within fractions of a second, and behaves very 
robustly. 

The coefficients are continuously copied and used in the filtering upper beamformer 
which produces the output, see Fig. 1. A separate beamformer must be used since the 
training signals corrupt the filter inputs at the lower beamformer. When the speaker 
is active, the adaptation is switched off. This is done to avoid echo-effects when using 
long FIR-filters, and also to provide a more robust system in the sense that the adaptive 
filters are prohibited from adapting on the real speech signal. 

With the adaptive beamformer described above, speech quality can now be traded off 
against noise suppression in a straightforward manner, by varying the memory-signal-
to-real-noise ratio during adaptation. 

Figure 1: Adaptive microphone array employing on-site pre-recorded calibration signals. 
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3 Verification under Ideal Conditions 

Vital features requiring verification are single source suppression, speaker channel sen
sitivity versus speaker movement, number of microphone elements etc. Several types of 
measurements have therefore been made, and a few are presented here. 

3.1 Angular and Frequency Performance 

In order to verify the angular and frequency selectivity, the array was first mounted in 
an anechoic chamber, where loudspeakers emitting speech and noise were moved around 
representing target and noise. The angular resolution was verified by the following pro
cedure: 

1. A speech target training signal from broadside was recorded with no noise present, 
and stored in memory. 

2. With low frequency noise (LF-noise) present at an angle of 15 or 45 degrees, the 
array was adapted and then the weights were fixed. 

3. With fixed weights, the output power with both speaker and noise present was 
recorded and plotted. The target loudspeaker was placed broadside while the noise 
loudspeaker was moved around at different angles. 

By letting the speaker give isolated utterances with silence inbetween, the output power 
enables a quick and convenient evaluation from the power measurement slips. The dy
namic difference in decibels between speech active, the peaks, and background level 
corresponding to passive periods, with car noise only, can be observed for different noise 
directions. It is evident that a single microphone possesses no spatial canceling capabil
ity, see Fig. 2. The experiment was repeated with increasing numbers of microphones in 
the array, and the results indicate that a two-microphone array is sufficient to cancel a 
single broadband noise source under ideal conditions in an anechoic chamber, see Figs. 
3-4. 

Output power [dB] 

10 15 20 25 30 35 40 45 50 55 60 65 70 6>, t 

Figure 2: Output power when a speaker gives several utterances with pauses inbetween. 
Paper speed approximately 0.75 mm/sec so approximately 10 utterances are made from 
each angle. Array adapted with LF-noise coming from 45°, and memory signal from 
broadside. Single microphone used. 

3.2 Comparison with a Summing Beamformer 

A simple method to obtain beamforming is merely to add the different microphone signals. 
A comparison with such a conventional summing microphone array was also performed. 
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Output power [dB] 

10 15 20 25 30 35 40 45 50 55 60 65 70 9, t 

Figure 3: Output power when a speaker gives several utterances with pauses inbetween. 
Paper speed approximately 0.75 mm/sec so approximately 10 utterances are made from 
each angle. Array adapted with LF-noise coming from 15°, and memory signal from 
broadside. Linear 8 microphone array used with 5 cm spacing. 

Output power [dB] 

10 15 20 25 30 35 40 45 50 55 60 65 6,t 

Figure 4: Output power when a speaker gives several utterances with pauses inbetween. 
Paper speed approximately 0.75 mm/sec so approximately 10 utterances are made from 
each angle. Array adapted with LF-noise coming from 15°, and memory signal from 
broadside. Linear 2 microphone array with 5 cm spacing. 

While the summing beamformer is of limited use, a substantial improvement can be ob
served for the adaptive beamformer when at least two microphones are used. This was 
also observed in the car measurements discussed below. In order to better demonstrate 
the difference between a summing beamformer and the adapted beamformer, the follow
ing experiment was performed. After recording the training sequences, the array was 
initiated with summing beamformer coefficients, and after some time the adaptation was 
switched on. A small value was chosen for the LMS step size ß in order to slow down 
the convergence for an aural demonstration. The result is shown in Fig. 5. 

4 Car Measurements 

The performance of the array was also investigated on real car data gathered on a multi
channel DAT. A 6-element linear microphone array was mounted on the visor, and the 
signals were collected simultaneously in all channels with 5 kHz bandwidth, which was 
limited to telephone bandwidth on computer. A loudspeaker was mounted where the 
real speaker is normally situated, although we used the passenger seat for this purpose 
in order to facilitate driving and data gathering simultaneously. 

The results are displayed as short time power of a gathered sequence during 6 seconds, 
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Output power [dB] 
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Figure 5: Slowly adapting 8 element array Operating and training SNR=3 dB. Training 
and operation with LF-noise from 45°, and speech from target point. 

where the speaker is active from 2.0 to 3.9 seconds, and silent before and after this utter
ance. In Figs. 6-8 the dynamic improvement of a conventional 6-microphone summing 
beamformer and adaptive beamformer are shown. The improvement in using a summing 
beamformer is marginal, whereas the adaptive beamformer provides an improvement of 
almost 10 dB. The main effect of using a summing beamformer is that it lowpass fil
ters the speech, since at lower frequencies the incoming speech is partially coherent. A 
summing beamformer can only enhance the target speech if the incoming target wave 
is coherent at all microphones, or if calibrations and compensations are made to obtain 
target coherence. For the enclosed car compartment this is a difficult task, particularly 
for higher frequencies, hence the development of the new structure and scheme presented 
in this paper. 

The adaptive array has a tendency to favor higher frequencies, implying that a high-
pass filter in conjunction with an ordinary summing beamformer could do the job. This 
approach was also tested, and the result is shown in Fig. 9. The same speech sequence 
was evaluated using different highpass filters in conjunction with a summing beamformer 
as well as with the adaptive beamformer. When the speech is highpass filtered with 
cut frequency 500 Hz, the speech is extremely "thin and crisp", and the dynamic im
provement is still unable to compete with the adaptive array. Hence we conclude that 
the spatial ability of an adaptive array is vital, and that a summing beamformer cannot 
exploit the spatial domain effectively 

The adaptive scheme also works for 1-microphone systems, but we are then limited to 
exploiting the temporal domain only. An improvement can be observed, but it is clearly 
outperformed by the 6-microphone array, see Fig. 10. Further, the 1-mic adaptive scheme 
distorts the speech to a larger extent. 

The signals corresponding to Figs. 6-10 are all available for subjective evaluation via 
anonymous f t p from tellus.isb.hk—r.se in folder "in situ". The files are sampled with 
10 kHz and in Matlab 4.1 format for convenient, platform independent evaluation using 
the sound command. 

5 Speech Recognition Improvement 

Within the Swedish RTI-program, which is a part of the European car industry project 
DRIVE I I , speech recognition of commands to an intelligent information system has been 
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Figure 6: Single microphone output. Speaker active from 2.0 s to 3.9 s. Microphone 
mounted on visor, and signal bandwidth 300-3400 Hz (telephone specification). 

tested. The adaptive array was used as a pre-processor to the speech recognition device. 
The speech-recognition device is a speaker-adaptive system using template matching of 
cepstral coefficients [20]. 

The results presented here are based on six speakers, three women and three men 
reading fifty-three different utterances repeated ten times each. However, the last two 
females spoke considerably lower than the other four speakers, making it almost impossi
ble to detect words when using the more distant microphones. The material is evaluated 
with respect to speech recognition, see Figs. 11 and 12. 

The speech material is recorded in a studio and played with a loudspeaker in a car 
driving at 90 km/h. Simultaneous recordings are made in the car with a high quality 
condenser microphone (AKG), a goose—neck microphone (GN) specially designed for 
mobile telephony, and an eight-element array of medium quality condenser microphones. 

The array recordings are processed using two suitable 1-D spatial filter designs (spa
tial 1 and spatial 2), as well as the new calibrating array. One of the array microphones 
(MID), and the sum of the eight (SUM) are included in the diagrams. The array and 
AKG microphones are placed at approximately the same distance (40-50 cm) in front of 
the speaker, while the goose-neck microphone is placed at a distance of less than 10 cm. 

The results should be interpreted with caution since there are large differences be
tween the speakers. In Fig. 11, GN is the most robust microphone, while MID, which is 
the simplest microphone, and AKG, which is the most expensive, perform poorly when 
the speaker signal is weak (speakers 5 and 6). In Fig. 11, spatial 1 and spatial 2 perform 
significantly better than MID and SUM, as expected. The calibrating array performs 
even better. 

The high quality AKG microphone shows the highest detection rate for speaker 1 
through 4 (as expected). The GN microphone is only slightly better than spatial 1 and 
spatial 2 despite the fact that it is mounted very close to the speaker. The calibrating 
array outperforms the spatial filtering approach almost without exception and is equal 
in performance with the GN microphone. 

Further, Fig. 12 shows that the "false alarm rate" is significant for the GN micro
phone due to the commercial mounting causing vibroacoustic disturbances. The other 
microphones are mounted correctly from an acoustic point of view. The calibrated array 
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Figure 7: Summing 6-microphone array output. Speaker active from 2.0 s to 3.9 s. 
Microphones mounted on visor, linear array with 5 cm spacing, and signal bandwidth 
300-3400 Hz (telephone specification). 

again gives very good results here. 

6 Conclusions and Future Work 

A cumbersome part of microphone array implementations is the calibration of the mi
crophones and analog input channels. A self-calibrating array has therefore been de
veloped. A new type of adaptive beamformer has been presented that does not rely 
on any geometric structure, channel matching or other a priori assumptions. A sim
ple recording/calibration phase is employed for this purpose. The beamformer gives a 
good suppression of environmental noise, and also little distortion of the spoken signal. 
Apart from being very robust with respect to channel mismatch, preliminary results in
dicate an improvement in the signal-to-noise ratio, and better recognition performance, 
in comparison with previously developed methods. 

The beamformer structure will be further studied with respect to speech distortion 
and different types of training sequences. The array will also be investigated from a 
theoretical point of view, where aspects such as filter lengths, the number of microphone 
elements, placement, sensitivity in frequency functions, and optimum Wiener solutions 
are considered. 
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Figure 8: Adapted 6-microphone array output. Speaker active from 2.0 s to 3.9 s. 
Microphones mounted on visor, linear array with 5 cm spacing, and signal bandwidth 
300-3400 Hz (telephone specification). 
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Figure 9: Output for gradually increasing highpass filter cut frequency with 6-microphone 
summing array compared to adapted 6-microphone array. 
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Figure 10: Single microphone output power with, and without, adaptation compared to 
adapted 6-microphone array. Microphones mounted on visor, linear array with 5 cm 
spacing, and signal bandwidth 300-3400 Hz (telephone specification). 
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Figure 11: Correctly recognized utterances as percentages. 
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Figure 12: False detections as percentages (false alarms). 
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