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Abstract
This PhD thesis consists of six articles and a concise synopsis that 
generally frame these articles. The theories and methods used are outlined 
and discussed in the synopsis to show their relation. The articles are 
published or accepted for publication (see the list of publications at page 9) 
with the following abstracts: 

I: Limits of functions – how do students handle them?
This paper aims at formulating and analysing the development of 15 
students in their creations of mental representations of limits of functions 
during a basic mathematics course at a Swedish university. Their concept 
images are sought via questionnaires and interviews. How do students 
respond to limits of functions? The data indicate that some students have 
incoherent representations, but they do not recognise it themselves. 

II: Limits of functions: Traces of students’ concept images
Students at a Swedish university were subjects in a study about learning 
limits of functions. The students’ perceptions were investigated in terms of 
traces of concept images through interviews and problem solving. The 
results imply that most students’ foundations were not sufficiently strong 
for them to understand the concept of limit well enough to be able to form 
coherent concept images. The traces of the students’ concept images reveal 
confusion about different features of the limit concept. 

III: Students’ attitudes to mathematics and performance in limits of 
functions
The main aim of this article is to discuss the attitudes to mathematics of 
students taking a basic mathematics course at a Swedish university, and to 
explore possible links between how well such students manage to solve 
tasks about limits of functions and their attitudes. Two groups, each of 
about a hundred students, were investigated using questionnaires, field 
notes and interviews. From the results presented a connection can be 
inferred between students’ attitudes to mathematics and their ability to 
solve limit tasks. Students with positive attitudes perform better in solving 
limit problems. The educational implications of these findings are also 
discussed.

IV: Limits of functions as they developed through time and as students 
learn them today
In this article, the ways first year university students’ develop the concept 
of limits are compared to the historical development of the concept. The 

3



aim is to find out if the students perceive the notion as mathematicians of 
the past did as understandings of the concept evolved. The results imply 
that there are some similarities, for example, the struggle with rigour and 
attainability. Knowledge of such critical areas can be used to improve the 
students’ opportunities of learning limits of functions. Some teaching 
aspects are also discussed. 

V: Limits of functions - students solving tasks  
Students solve problems to learn mathematics. How do they cope with the 
problems and explain their solutions? This study is about students at a 
Swedish university, solving tasks about limits of functions. The students 
are enrolled in their first university course in mathematics. They study 
algebra and calculus for 20 weeks fulltime. There are many possible 
problems for the students to handle including the notion of function, the 
formal definition and limits as unattainable values for functions. Many 
students do not possess enough knowledge about limits to solve and 
explain solutions to non-standard problems. Some students arrive at correct 
answers through erroneous reasoning. 

VI: Limits and infinity: A study of university students’ performance
Students’ work with limits of functions includes the concept of infinity. 
These concepts are complex but necessary for mathematics studies. A study 
of student solutions to limit tasks was conducted to reveal how students 
handled limits of functions and infinity at a Swedish university. As a 
background to the students’ and teachers’ situations we have also analysed 
textbooks and curricula. One result is that many students were unable to 
handle limits correctly. Some students gave correct answers with incorrect 
explanations to tasks. Textbooks used at upper secondary schools do not 
provide much theory or many tasks about limits and infinity so most 
students new to university do not have a developed image of these 
concepts.
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Introduction
Background and Questions 
Learning mathematics is an endeavour requiring a number of abilities, 
which vary for different mathematical topics. How individuals learn 
mathematics can also vary. Some go through hard work followed by a 
period of enlightenment (Hadamard, 1949), whereas others simply endure 
hard work. Mathematics has several characteristic properties, e.g. the use of 
models describing the real world, the compact and unambiguous 
formulations for clear expositions, and the deductive reasoning in proving 
and problem solving. Each property offers its own set of challenges for 
mathematics learners, often including a transition stage, for example, from 
a model to the real world, from everyday language to a mathematical 
expression, or from one step to another in a mathematical proof. Poincaré 
(1983), also identifying a transition, claimed that mathematics strives from 
the particular to the general through, for example, increasingly 
sophisticated deductive reasoning. The essence of mathematics is not easily 
formulated since there are so many qualities defining mathematics. There 
are consequently many different perceptions of mathematics (see, for 
example, Benacerraf & Putnam, 1983). One aspect focused on in this thesis 
is transition, e.g. abstraction and generalisation.
    Mathematics at the university level is formally presented in textbooks 
and at lectures, at a pace that is often higher than students are used to from 
upper secondary school. An initial course in mathematics at Swedish 
universities usually comprises algebra and calculus including the notion of 
limits of functions, which has been proven to be difficult for students to 
learn (Cornu, 1991; Tall, 1991; Tall & Vinner, 1981). Many different 
aspects regarding the notion of limits and the nature of learning that cause 
these difficulties are addressed in this PhD thesis. My own experience, as a 
student and later on as a university mathematics teacher, implied to me that 
learning limits of functions entails time and effort, perhaps to a greater 
extent than other parts of basic calculus. I wanted to understand more about 
how students perceive and learn limits of functions. My overall research 
question became: How do students deal with the concept of limits of 
functions at the basic university level in Sweden? In an attempt to answer 
this vast question, I conducted two studies at a large Swedish university. 
No such study on limits had previously been done in Sweden and it was 
therefore compared mostly to foreign research results. It is important that 
teachers who work with university level mathematics education are aware 
of the learning situation of students and are prepared to meet them at their 
levels in their learning processes, meaning that the pre-knowledge of 
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students is crucial (Ausubel, 1968). The extensive research question has 
been partitioned into the following set of more manageable sub-questions:   

How do students’ perceptions of limits develop during a semester of 
university level mathematics? (Juter, 2003; 2004b; 2005a; 2005c; 
2006a)
How do students’ developments of limits of functions compare to the 
historical development of limits of functions? (Juter, 2006a)  
How do students solve limit tasks? (Juter, 2003; 2004a; 2004b; 
2005c; 2006a; 2006b; Juter & Grevholm, 2004; 2006) 
What is the relationship of the students’ attitudes to mathematics and 
their performance in limits of functions? (Juter, 2005b) 

The first sub-question is closely related to the overall question since the 
concept development of students is measured through their actions and 
responses in problem solving and discussions. The second sub-question has 
had an historical aspect added that is used as a device to compare the 
developments of the students to historical developments. This is not the 
same as saying that individual concept development is equal to historical 
concept development, which is discussed further on. The third sub-question 
is about students’ problem solving and is thus a direct part of the overall 
question. The last sub-question takes on another aspect of the work of 
students as their attitudes are compared to their abilities in solving limit 
tasks.

Theoretical Overview 
The nature of the concept of limits is discussed in this section. A 
description of the learning and concept formation theories used in the study 
follow. The last part deals with terminology where the applications of some 
words in the articles are clarified. 

Limits of Functions 
The limit concept is an important part of the foundations of mathematical 
analysis and not understanding it clearly might lead to problems when 
dealing with concepts such as convergence, continuity and derivatives. The 
limit concept is connected to many other concepts, e.g. infinity, functions 
and infinitesimals. If an individual grasps the concept of limits, the 
connected concepts become easier to work with, but it is difficult for 
students to make sense of the concept. In fact, even many great 
mathematics researchers have found it hard to accurately handle limits 
through time. 
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    The history of limits of functions shows that it was not obvious how a 
definition of limits should be stated or even if limits were useful. Published 
in 1797, Lagrange tried to form a definition of derivatives without limits 
using only algebraic analysis by representing functions with power series 
(Katz, 1998). He realised that his reasoning was not always true, but did 
not consider the false cases important. This method became popular among 
some mathematicians in England at that time. However, Cauchy in France 
did not share their enthusiasm. He started from the beginning and 
emphasised the rigor of the theory. Cauchy’s definition, stated in 1821, 
made it possible for him to deal with continuity analytically rather than 
geometrically, as had been the tradition earlier.  
    Leibniz and Newton both worked with limits about a century before 
Lagrange and Cauchy made their contributions to mathematics. They 
developed theories to solve problems with area and extreme values in 
different notations and forms but with the same core and they are 
considered to be the founders of infinitesimal calculus (Lund, 2002). The 
lack of rigor in their theories made it difficult to use them as bases for 
further development. Newton was, for example, criticised by Berkeley in 
1734 for the flaws in his calculations with fluxions, where he was unable to 
state a proper definition of a limit (Lund, 2002). It was not until 
Weierstrass presented his definition that there was a stringent and clear 
definition of limits (Boyer, 1949). Weierstrass’s definition is often used 
today as follows: A  is called the limit of  as )(xf ax , if for every 0
there exists a 0  such that Axf )(  for every x  in the domain with  

ax0 . This definition is the one referred to in the work presented in 
this thesis. 
    Many mathematicians have worked with limits at different times and 
with different approaches for hundreds of years with obstacles that have 
taken a long time to overcome. This gives us a picture of the nature of the 
concept of limits of functions. According to Tall (1992) it is a concept 
“which signifies a move to a higher plane of mathematical thinking” (page 
11). It is a complicated concept because it can be considered as both an 
infinite process and a rigid entity, depending on the situation. Infinity and 
this duality demands flexibility in the mental representations we use when 
thinking of limits. An inexperienced individual who does not possess 
enough representations or flexibility in the representations cannot 
understand the crucial similarities and differences for handling certain 
situations. In that case, knowing which operations and manipulations are 
allowed and which are not allowed is difficult.
    Controversies surrounding the development of limits through history 
may somehow reappear in the learning of limits at an individual level in 
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modern days and are therefore worthwhile investigating. There are reasons 
to be cautious in comparing ontogenesis (the development of an individual) 
with phylogenesis (the development of mankind). Changes in societies and 
cultural differences influence the results of comparisons, which must be 
acknowledged (Furinghetti & Radford, 2002; Radford, 2000). Rigor and 
the notion of limits developed differently, and different times had different 
traditions and ways of expression. The fact that many years passed before 
Weierstrass rigorously defined limits of functions with symbols does not 
imply that limits were neglectfully treated before. The tradition of using 
words instead of symbols perhaps complicated expositions that 
nevertheless could be completely accurate and rigorous even before 
Newton and Leibniz were alive. My point is not that ontogenesis 
recapitulates phylogenesis. Comparing the different developments of limits 
of functions could however provide interesting results (Juter, 2006a). One 
example is the question of rigor, which Cauchy emphasised and according 
to critics Newton did not. It seems that some students do not believe in the 
importance of knowing the formal definition of limits to understand a basic 
course in calculus (Juter, 2003; 2005a; 2006a). They have an intuitive 
conception that is generally sufficient, which if not working in certain 
situations is not enough to make the students rethink their representations.
    Several researchers have reported on studies regarding students learning 
limits, e.g. Bezuidenhout (2001), Cornu (1991), Milani & Baldino (2002), 
Szydlik (2000), Tall (1993) and Williams (1991). Some of their results are 
presented and discussed, in connection with the results of my study, in the 
articles of this thesis. 

Learning
I have a social constructivistic view of learning in the sense that students 
learn as individuals constructing their own concept knowledge that is 
influenced by their environment. The constructed knowledge has to be 
reconstructed by either the students or the researcher to become observable 
(Morf, 1998) accomplished through solutions to tasks, discussions or other 
ways of expression. My aims of this study led me to choose theories about 
concept formation, from where the students’ learning of limits could be 
described. Learning is measured by the students’ development as seen 
through their responses to various tasks. Several theories suitable for my 
purposes, instead of one theory, have been combined to function as tools in 
the data analysis and presentations. 
    The APOS theory, developed by Dubinsky in co-operation with other 
researchers (Asiala, Brown, Devries, Dubinsky, Mathews & Thomas, 1996; 
Asiala, Dubinsky, Mathews, Morics & Oktac, 1997; Cottrill, Dubinsky, 

14



Nichols, Schwingendorf & Vidakovic, 1996), is a hierarchical model based 
on Piaget’s thoughts of assimilation and accommodation with four stages 
from action to scheme (APOS in Table 1). Sfard (1991) also introduced a 
hierarchical model, somewhat comparable to the APOS model, describing 
the development from perceiving a concept as a process to perceiving it as 
an object, if the concept has this dual property. Both models represent 
mathematical concept formation from a stage where the concept is 
considered a process to a stage where the concept can be seen as an object, 
where the learner can go from one representation to another depending on 
the circumstances he or she is in. Later, Tall (2004) proposed a theory of a 
model involving three worlds of mathematics (Three worlds in Table 1), 
that is similar to the APOS model but less rigid. The models differ in the 
number of stages and their descriptions, though each model describes a 
transition from just perceiving a mathematical concept through actions to 
regarding the concept as an object, which in turn can be connected to other 
concepts or formally abstracted in new situations. 

Table 1. The stages in the models on concept formation. 
        APOS            Three worlds 
       Action   Embodied world

       Process      
   Proceptual world 

       Object      

       Scheme  Formal world 

The action stage of the APOS model, similar to the embodied world in the 
Three worlds model, starts at a stage of perceiving phenomena or objects 
through exploration with actions performed without a clear sense of the 
outcome or the essence of the action. 
    The proceptual world is a synthesis of the second and third stages in the 
APOS model. Procedural actions on mental conceptions from the first 
world become encapsulated through the use of symbols. The term procept
denotes the symbol together with the process and the concept it represents 
and can be used dually as process or object depending on the current 
context (Gray & Tall, 1994).

The formal world is reached when the individual can use formal 
expressions to define mathematical properties and is able to see concepts in 
completely new ways. The last stage of the APOS model concerns the 
linking of a concept to other concepts in a mental net or scheme.  
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    The hierarchical structures are different in the two models. In Tall’s 
three worlds, some concepts are primarily founded in the embodied world, 
whereas developments of other concepts mainly occur in the proceptual 
world. Connections between representations from the different worlds 
enhance the flexibility of the concept’s whole representation, which is 
dynamic as new parts are created and existing parts are recreated from the 
individual’s experiences. The APOS model is not as flexible, since it 
emphasises the importance of proceeding through the levels in the order 
formally mentioned. However, it can still work as a tool to describe the 
students’ concept formation in limits of functions. 
    Not all mathematical concepts can be regarded as an object and a 
process, e.g. a circle or an equivalence class that are both pure objects, 
though in limits this duality is very obvious. Limits can be handled through 
an explorative approach with tables of function values and graphs from the 
beginning and later as symbolically expressed entities. Learning limits of 
functions demands leaping between operational and static perceptions 
(Cottrill et al., 1996). There is a challenge in understanding the termination 

of an infinite procedure as a finite object, such as 1
1

1sin
lim

x

x
x

. The 

theories compared here have a somewhat hierarchical structure, but what is 
important is to reach all significant stages and be able to change between 
the different stages. Only then can an individual fully understand the 
concept if understanding of a mathematical concept is defined as Hiebert 
and Carpenter did (1992), i.e. to be something an individual has achieved 
when he or she can handle the concept as part of a mental network. The 
more connections between the mental representations, the better the 
individual understands the concept (Dreyfus, 1991; Hiebert & Carpenter, 
1992). Each connection or creation of a mental representation can be 
conceived as an act of understanding (Sierpinska, 1990), and the strength 
or depth of this understanding of a concept can be measured in the quantity 
and quality of the acts of understanding for that particular concept.
    The models of learning used in the articles focus more on the APOS 
theory in the earlier stages of the study (Juter, 2005a), followed by Tall’s 
three worlds in the later stages (Juter, 2006a); the theories are described 
further in the articles. Tall’s three worlds (Tall, 2004) were inspired by, 
among others, the APOS model and Sfard’s model (Sfard, 1991). The use 
of these different learning models in the articles has not caused any 
inconsistencies because the foundations and core ideas are very similar. 
Tall’s model perceives a concept as a process and an object at the same 
stage, the proceptual world, with the transition between the perceptions in 
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itself being part of the stage, as opposed to the APOS model where the 
different perceptions are at different stages. I found Tall’s model to be less 
hierarchic and consequently more flexible, and I therefore chose to change 
my theoretical frame in 2004 when I first came in contact with Tall’s three 
worlds of mathematics.
    Theories about concept images and concept definitions (Tall & Vinner, 
1981; Vinner, 1991) complemented the aforementioned theories. A concept
image for a concept is an individual’s total cognitive representation for that 
concept. The concept image comprises all representations from experiences 
linked to the concept, of which there may be several sets of representations 
constructed in different contexts that possibly merge as the individual 
becomes more mathematically mature. I argue that one aspect of being 
mathematically mature is the ability to perform this type of abstraction.  
Multiple representations of the same concept can co-exist if the individual 
is unaware of the fact that they represent the same concept. Possible 
inconsistencies may remain unnoticed if the inconsistent parts are not 
evoked simultaneously. Parts of concept images, concept definitions, are 
the individual’s definitions of the concept, learned by rote or self 
constructed. Tall and Vinner (1981) distinguished personal concept 
definitions from formal concept definitions, with the latter generally being 
the established definition among mathematicians. Concept images are 
created as individuals go through the developments represented by the 
models of concept formation in Table 1. The model in Figure 1 shows how 
part of a concept image can be structured as I consider it. The three types of 
symbols used each represent a concept at the stage of one of Tall’s three 
worlds, as described in the figure. The concepts can be, for instance, 
geometric series, derivatives of polynomials, definitions of derivatives and 
limits of functions, theorems, proofs, and examples of topics of related 
concepts. More links and more representations of concepts exist around the 
formal world representations of concepts. There are also parts that are not 
very well connected to other parts. This situation can occur when 
individuals use rote learning as they try to cope with mathematics. 
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Embodied world 

Proceptual world 

Formal world 

Figure 1. Model of part of a concept image at one time. Each node is a 
representation of a concept at one of the different stages of Tall’s three worlds.

Mental representations can be depicted in terms of topic areas as a 
complement to the levels of abstraction shown in Figure 1. A topic area 
refers to the areas of mathematics with components of a certain topic, e.g. 
‘functions’ or ‘limits’. The components are such nodes as those in Figure
1. The sizes of topic areas vary according to what context they appear in, 
for instance large areas such as ‘functions’, or smaller areas such as 
‘polynomial functions’. The classification in topic areas means sub-topic 
areas at several levels. A component in one topic area can in itself be a 
topic area. Weierstrass’s limit definition belongs to the topic area of ‘limit’, 
as do ‘limits of rational functions’ and the symbols used to express limits. 
The symbols also belong to the topic areas ‘derivatives’ and ‘continuity’. 
Topic areas overlap this way as illustrated in Figure 2.
    If a concept is represented in more than one topic area in a concept 
image and the topic areas the representations belong to are disjoined, then 
inconsistencies may occur in the way aforementioned. Inconsistencies can 
appear within a topic area as well, but they are easier to detect due to the 
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relatedness of the topic. The development of concept images never ends 
and the mental representations generate a dynamical system linked together 
at various levels. 
    An example of a topic area, marked by a wider contour line in Figure 2 
represents the topic area ‘limits’. It comprises a marked oval component 
representing the limit definition, which is also part of the topic areas 
‘derivatives’, TA2, and ‘continuity’, TA3. The black rectangular 
component represents the definition of derivatives. Other classifications in 
topic areas can be done in more or less detail. 

Embodied world 

TA2

TA3

Proceptual world 

Formal world 

Figure 2. Topic areas and components with links in a model of a concept image. 
The marked part is the topic area ‘limits’. TA2 and TA3 represent the topic areas 
‘derivatives’ and ‘continuity’ respectively.

The students’ concept images are expressed in terms of abstraction
(Dubinsky, 1991) and generalisation (Dreyfus, 1991; Tall, 1991).
Abstraction is cognitively more demanding, since it usually involves 
rebuilding mental representations. Generalisation means understanding the 
cores of more than one phenomenon to be equal in existing mental
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constructions. Studying the actual mental networks or representations of a 
concept is not possible, but the students’ performances are determined by 
their capacities (Star, 2000) represented in their minds and we can therefore 
study the effects of their mental representations. I have worked with some 
additional theories in connection with the students’ problem solving 
(Hiebert & Lefevre, 1986; Lithner, 2000; 2003). I consider the students’ 
reasoning when they solve problems and discuss theory as expressions, or 
traces (Juter, 2005c), of their concept images and I found that these theories 
work well together.

Terminology
The meanings of some frequently used words in the articles and this 
synopsis are explained in this section. Other terms used deemed to require 
an explanation are defined as they appear in the articles. 
    The word perceive is described as follows in Collins Cobuild English 
Dictionary (1995): “If you perceive something, you see, notice, or realize it, 
especially when it is not obvious”, with the following example: “They
strangely perceive television as entertainment”.  The description is quite 
broad and I have used the word in this broad sense. The example given in 
the dictionary can be transformed to suit the topic of this thesis, for 
example: Some students perceive limits as the most important topic or a
common perception is that limits are unattainable for functions. 
    The words concept and notion are used synonymously in some of the 
articles. I consider a concept as Novak defines it: “a perceived regularity in 
events or objects, or records of events or objects, designated by a label”
(Novak, 1998, page 36). 
    The word understand is already mentioned in the previous section on 
learning where Hiebert and Carpenter (1992) defined understanding as 
something an individual has achieved when he or she handles a concept as 
a part of a mental network. This definition corresponds well with the 
theories of concept formation, since the definition is stated in the same 
context of mental representations of concepts. Collins Cobuild English 
Dictionary (1995) describes the word understand in a language context: “If
you understand a language, you know what someone is saying when they 
are speaking that language”. Mathematics can be thought of as a language 
where symbols, which are sometimes words, are placed in various 
constellations to communicate different mathematical properties. Hence, to 
understand mathematics is to be aware of the meaning of each of the 
symbols used, and their specific constellation. Compared to Hiebert’s and 
Carpenter’s definition, the awareness of symbols can be seen as nodes in 
the concept image, of which the mental network is a part, and the 
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understanding of different constellations create the links between the 
nodes. The links themselves then build up knowledge of the topic and new 
nodes are created. Figure 3 illustrates an example of five nodes that in a 
certain context combine to create a sixth node. The five nodes with one link 
each represent the word limes, functions, the use of arrows in mathematics, 
the notion of infinity, and variables. Representations of the five nodes 
compose a constellation in the middle node, demanding an awareness of 
each component and their meaning in this specific constellation for it to 
make sense. A new node has then been formed and the individual has a 
better understanding if the links are strong and numerous through related 
parts of the concept image (Dreyfus, 1991; Hiebert & Carpenter, 1992; 
Sierpinska, 1990).

)(xf
y=h(t) 

t
x

a

limes 

f
x
lim

Figure 3. Example of nodes and links in a concept image where the middle node 
has been created from the five outer nodes. 

The Empirical Study 
Two studies were conducted to reveal how students learn limits of 
functions. The methods used in the studies are outlined after a section about 
the overall intentions of the investigations. Methodological remarks 
acknowledging the methods’ limitations and a section about ethics and 
quality follow the descriptions of the studies. The last parts of the section 
describe the analyses performed and some results of the studies. 
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Rationale of the Empirical Study 
The students in the empirical study were enrolled in their first university 
level mathematics course. They had encountered the notion of limits of 
functions at upper secondary school, Swedish “gymnasieskolan”, at least in 
connection with derivatives and integrals (Skolverket, 2005). The treatment 
of limits can be intuitive or peripheral at this level and the students can 
have very different conceptions of limits upon arriving at university. 
Although the concept at university is presented from the beginning, the 
presentation is more formal than students are generally used to. I think this 
stage of mathematics education is vital for their creations of mental 
mathematics representations. Students are forced to work with their mental 
representations to make sense of the strict formulations they encounter in 
the course and to link new knowledge to already existing knowledge. I 
decided to conduct the study at a basic level because the foundations are 
built and established here and they are not easily changed (Smith, diSessa 
& Rochelle, 1993). The study has two parts, referred to as the first study 
and the second study. Different methods were used to triangulate the 
phenomenon of students learning the notion of limits of functions. The 
responses of the students to questionnaires and interviews and their actions 
are regarded as traces from their concept images and are used to assess 
their developments throughout the semester. 

The First Study 
The first study was carried out in a 10-week course covering calculus and 
algebra during the spring of 2002. A total of 143 students were enrolled in 
the study. They filled out three questionnaires, Q1 to Q3, at the times 
indicated along the timeline. Field notes were taken through the 10 weeks 
when limits were taught. Limits were introduced in the course after the first 
questionnaire.

 1           2         5              7                10 
Q1          limits                     Q2                        Q3 

Timeline (weeks) 

The first questionnaire, Q1, was designed to give information about the 
students’ previous education, attitudes to mathematics and their knowledge 
of limits with a few open limit questions before limits were taught in the 
course. The work of Mohammad Yusof and Tall (1994) influenced the 
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design of the attitudinal part. On the subject of limits, two questions were 
asked. The first one was:

In what circumstances have you met limits in your previous 
studies? Give as many examples as you can. 

The second task was: 

Explain thoroughly what the limit at a point x=a of a function 
f(x) means.  

My intention with these questions was to get a picture of how well the 
students knew this concept and what other concepts they connected to it, to 
find out how developed their concept images were. 
    The second questionnaire, Q2, was distributed to the students after they 
had seen the limit definition, proven some theorems and solved some limit 
problems. The first part concerned how the students interpreted their 
learning situation, with a focus on their troubles. They were asked what had 
been hardest to understand, why and what would have made understanding 
easier, as well as what had been the most important part in the analysis 
course so far and what the students thought was the most stimulating part. 
The design of the second part of the questionnaire was partly influenced by 
Tall (1980) and Szydlik (2000). The students were asked to find the limits 
(if they existed) in four problems and to explain what they had done as if 
they were explaining to a person who was just learning about limits. They 
were also asked if the functions in the problems could attain their limit 
values, if they exist, and to explain their claims. The aim of the four 
problems was for the students to show how well they could explain their 
calculations, and how separated functions and limits of functions were in 
their concept images. The last task was for the students to literally explain 
what a formal definition of a limit of a function means and to explain every 
symbol used. They were also asked to draw a picture where all the symbols 
were to be marked, with the aim to find out if they had different ways of 
thinking of limits as in Szydlik’s (2000) results. 
    The students were finally given the third questionnaire, Q3, containing a 
few attitudinal questions followed by three limit problems to solve. The 
first problem was to define a situation of a function without a limit to see 
what the students changed in the definition they were used to from the 
textbook. That definition was stated in the questionnaire. The two 
following problems were accompanied by solutions that were either wrong 
or incomplete, or both wrong and incomplete. Here, I hoped to see if they 
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could handle their knowledge about limits in a non-traditional situation and 
how they handled a given solution, by either accepting it or challenging it 
with arguments of their own.
    Field notes were taken during the lectures (all students together) and in 
the classroom of one of the problem solving groups (20-30 students in each 
group). A grid over the classroom where the students had their problem 
solving sessions was developed, with each student being represented by a 
square in which I noted every comment, question, action or anything else 
important to the mathematical activity. This described fairly well the 
contributions of the students and the group’s teacher to the lessons. The 
field notes from the lectures were not as informative as those from the 
classroom, as there were too many students to use the grid system. The 
field notes from the lectures comprised information about what was taught 
and how it was taught. Students did not take much part in the activities 
during the lectures, but any remarks or questions were noted. The 
information from the field notes was used in the creation of tasks for the 
questionnaires, apart from being descriptions of the students’ environments 
(Juter, 2006a). The tasks were constructed to follow the course and span 
from easy to more demanding. Hence, all tasks were not created before the 
study commenced. Some tasks were developed as the course went along.

The Second Study 
Comprising 112 students, the second study was carried out during the 
autumn of 2002, i.e. the entire 20-week semester divided into two 10-week 
courses. The first course was the same as the first study and the second was 
a continuation course in algebra and calculus. The university offered an 
additional mathematics course that semester for students with biology, 
chemistry or some other non-mathematical main topic of study, so these 
students were not enrolled in the course of the present study, which 
therefore was a smaller group compared to the previous semester. Three 
questionnaires, E1 to E3, were handed out and two sets of interviews, I1 
and I2, were conducted at the times indicated by the timeline. 

1       2              7          10 16                  20 
               E1    limits                E2                       I1                            E3                            I2 

Timeline (weeks) 

    The second study was slightly different from the first study. The attitude 
part was reduced and some of the tasks were altered or removed to make 
the questionnaires sharper for their purposes. The task asking the students 
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to explain what a limit of a function is in the first questionnaire, Q1, was 
replaced by two easy tasks where some limits were to be considered in the 
questionnaire E1. This is because almost nobody in the first study was able 
to provide an answer to that task, possibly due to too vague experiences of 
limits at upper secondary school. The rest of the first questionnaire was left 
as in the first study.
    Parts of Q2 and Q3 were merged to form the second questionnaire, E2. 
The attitude questions were removed along with one of the four limit 
problems from Q2 and the reversed definition task from Q3. The removed 
tasks were not useful mainly because a majority of the students did not 
make any attempt to solve them in the first study. The task where a drawing 
and explanations of the symbols of the definition was expected from the 
students was also removed in the second study, because I wanted to use the 
time I had with the students as effectively as possible and I deemed this 
task to be too time consuming compared to the information it yielded to the 
study.
    The third questionnaire, called E3, was just one task where two fictitious 
students discussed a limit problem. One had a correct approach, the other a 
wrong approach. 

E3:
Two students discuss a problem. They do not agree on the 
solution. The problem discussed is about the following limit. 

0
lim
x 10000

)cos( 2x

The student S1 claims that the limit exists and is zero with the 
following explanation: 

I use the definition for limits and write |f(x) – A| where A is 
the limit. I try A = 0 since I think that is the limit. I get: 

0
10000

)cos( 2x
10000

1  < 
9999

1

This is true for all x except  x = 0, but that can never be the 
case since we then would have zero in the denominator in x ,

so it is true for all x in the domain of f(x) = 

2

10000
)cos( 2x . This 
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means that if we chose  = 
9999

1  for all possible  with          

0 < |x – 0| < , then the definition is met and the limit is zero. 

The student S2 does not agree and claims that if one, for 
example, chose  = 

100000
1  then one can not find a  > 0 with 

|f(x) – A| <   where  0 < |x – 0| <  for all x in the domain, 
that is to say all  x  0. Therefore, the student S2 claims that  

0
lim
x 10000

)cos( 2x   has no limit according to the definition of limits. 

The students in the study were asked to determine who was right and why, 
and to state what was wrong in the incorrect approach. 
    Field notes were taken just as in the first study during the lectures and 
problem solving sessions about limits of functions. 
    Eighteen students were selected for the interviews, based on their 
responses to the first two questionnaires. Their answers were compared and 
sorted into groups with similar responses to the questionnaires. The 
students indicated in the second questionnaire if they were willing to 
participate in interviews. The selection was done based on these factors. If 
one type of answer was more frequent than another, then more students 
were chosen from the larger group to obtain a representative subset of the 
students. This way of choosing a sample depends on the students’ goodwill 
and it could be that some types of answers were not to be represented by an 
interviewed student. However, this was not the case in this study. The 
questionnaire results of the 34 students who had agreed to take part in the 
interviews were rather evenly distributed among the different types of 
responses from the entire group of students. Two interviews were planned 
with each of the eighteen students. One was conducted a few weeks into 
the second course and the other was directly after exams. Three students 
did not go through the second interview; hence, fifteen pairs of interviews 
were done.
    The duration of the first interview was between 30 and 60 minutes, 
depending on the interviewed student. I questioned the responses to the 
questionnaires and I assigned a few more limit tasks for the students to 
solve. The works of Williams (1991) and Tall and Vinner (1981) 
influenced me in the creation of two tasks. The first task comprised six 
statements about limits to respond to (Juter, 2003; 2005c). The second task 
was a limit problem with focus on attainability (Juter, 2005c). Other tasks 
were about the limit definition, e.g. if the students could state the formal 
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definition or recognise it next to an incorrect one (Juter, 2003). The tasks 
were of different character to work as instruments to measure the students’ 
perceptions of limits in different situations.  
    The second interview was about 15-20 minutes long. The main topic of 
the discussions was the limit definition compared to the example with two 
fictitious students arguing about solutions in questionnaire E3. Both 
interviews were directed by a set of questions, with follow up questions 
adjusted to the students’ answers. The interviews were audio recorded and 
later transcribed in preparation for the analysis.

Methodological Remarks 
Many things can be said about the selections and choices in the method 
design. One could ask if the students who were willing to participate in the 
interviews were more positive to mathematics and perhaps even better at it 
than most students. If so, then the problems that are revealed in the study 
probably apply to a larger number of students. The students enrolled in this 
study presumably learned more about limits of functions than if they did 
not participate in the study. This is a problem that cannot be avoided if the 
method involves questionnaires or interviews. Any encounter influences 
the results (Cohen, Manion & Morrison, 2000). Acquiring information 
from the interviews and questionnaires without interacting with the 
students would not be possible. The students’ enrolment in the study may 
have helped them in their learning of limits, since the study did not retract 
from their studies, giving them additional opportunities to work with limits 
of functions through questionnaires and interviews. 
    There are always difficulties to consider when an investigation involving 
people is done. When investigating human minds, it is not possible to 
obtain a complete description or to be sure that what a person says or does 
is what he or she would normally do (Jacobsen, 1993). This is important to 
consider, particularly in interview situations because interviews are parts of 
the developmental portraits of each student and are therefore individual in 
content and extent. Some students are happy to talk and do not feel 
embarrassed or anxious about their performance, whereas others become 
very nervous and do not want to talk about things they are unsure about. 
They may then find it convenient to disguise their true and perhaps 
complex thoughts in a short unrevealing answer. The tasks for the 
interviews were designed to gradually increase in difficulty, to relax the 
students and make them understand that I was interested in their thoughts 
rather than the correct answers to the tasks. Students who understand the 
researcher’s aims know something about him or her that may interfere with 
their interview responses; hence, it is important that the researcher keeps a 
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low profile. There is otherwise a risk that the interviewed student answers 
what he or she believes the researcher wants (Svenning, 1999). This 
drawback is compensated for by the possibilities to rephrase questions or 
ask the students to explain further, which, for example, questionnaires do 
not provide. 
    Questionnaires were used repeatedly in the study to get as many 
responses as possible in a quantitative approach, as a complement to the 
qualitative part of the study. The quantitative data described the whole 
group from which the interviewed students were selected. Many of the 
questions and tasks used in the questionnaires were tested on students from 
other classes before they were used in the study to make them as efficient 
as possible for my purposes. I wanted the questionnaires to give as much 
information as possible, but not to be too time-consuming to the students or 
scare them off. Most questionnaire tasks were structured (Cohen, Manion 
& Morrison, 2000) for me to be able to analyse the large number of 
responses. Some tasks were more open and followed up at the interviews to 
provide additional information. Parts of the study, in both questionnaires 
and interviews, were replicated from foreign studies (Szydlik, 2000; Tall, 
1980; Tall & Vinner, 1981; Williams, 1991), thereby enabling comparisons 
with existing results.

Taking field notes was the third method of data collection. The 
researcher is passive and does not disturb the activity. Data from field notes 
is purely descriptive, as opposed to data from questionnaires and interviews 
created through interference by the researcher. I did not choose a socio 
cultural perspective even though the students’ actions were investigated 
through field notes. The notes were used to describe the environment from 
which the students constructed their individual knowledge. Different kinds 
of data gathering provided more aspects of the students’ learning situation, 
a triangulation that I needed to answer my questions.  
    I have chosen to consider a rather wide question to start from, as 
mentioned in the introduction: How do students deal with the concept of 
limits of functions at the basic university level in Sweden? It has led to 
investigations, amongst others, regarding the individual progress of the 15 
interviewed students during a semester (Juter, 2004b; 2005a; 2005c; 
2006a), their problem solving (Juter, 2004a; 2006b; Juter & Grevholm, 
2004; 2006) where they are considered as a group, high achieving 
compared to low achieving students (Juter, 2005a; 2005c; 2006a), historical 
development compared to individual development (Juter, 2006a), students’ 
attitudes compared to their achievements (Juter, 2005b) and theory linked 
to tasks (Juter, 2004a; 2006b; Juter & Grevholm, 2004; 2006). One might 
argue that each of these sub-investigations could provide a sufficient focus 
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for the outcome to become well contained within one theory, but I have 
chosen several theories to form the foundation from which I strive to make 
a point through my data. My aims through this study were to describe and 
analyse as accurately as possible the students’ learning situations within the 
frame of the course. As there are so many factors influencing the students, I 
decided to use multiple perspectives at the cost of a neat set of results.  

Analysis of Data 
A computer program called NUD*IST (N6, 2003) was used in the process 
of classifying the solutions and responses of the students into different 
categories. Responses to tasks from questionnaires and interviews were 
transcribed and imported to the program. The categories of the limit tasks 
from the questionnaires were created from the students’ responses, and 
NUD*IST worked as a means to handle these categories. Some categories 
were created in advance to answer the questions and some became apparent 
from the data. The categories were adapted as the data was worked through 
until I had a representative set of categories to present the data. The 
interview categories were harder to create. The program had a search 
function that could be used to find keywords such as border. However, the 
students did not always speak in the terms I searched for, so besides the 
computer-based search, I read all transcripts and searched for passages 
fitting the different categories. Once a passage was found, the program was 
used to add the passage to the appropriate category.
    The categories were created to reveal as much as possible about the 
students’ developments of limits of functions through the duration of the 
semester with respect to a number of features of the concept, such as static 
or procedural perceptions, functions’ abilities to attain limit values, 
perceptions of the limit definition and strategies for problem solving in 
various contexts. That broad range of areas demands quite different 
systems of categories to work with; hence, they were designed to 
distinguish the chosen properties. Students’ responses were grouped with 
respect to the properties, and certain patterns became apparent (Strauss & 
Corbin, 1998) that were used to structure the categories. There is a danger 
of too much subjectivity in categorising student responses; therefore, other 
researchers also did parts of the categorisation to make sure that my 
judgements were reasonable.  
    The students’ attitudes were also investigated and different sets of 
categories were used to measure them. The categories for the part inspired 
by Mohammad Yusof and Tall (1994) were decided in advance as the same 
categories Mohammad Yusof and Tall used to make comparisons possible 
(Juter, 2003; 2005b). The categories were arranged in a collection of 
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possible answers from one opinion to the opposite on a Likert scale 
(Cohen, Manion & Morrison, 2000). This gives the location of the 
students’ attitudes with respect to the question posed (Strauss & Corbin, 
1998). The responses became easy to analyse and they were used to 
categorise the students as confident or unconfident in their work with 
mathematics (Juter, 2005b). Some openly formulated attitudinal questions 
were categorised according to the answers given after the answers were 
gathered.
    Examples of tasks and more informative descriptions of the study and 
the tasks can be found in the articles. 

Results
Some results are discussed here with more information about specific 
circumstances being provided in the articles referred to in the text.  
    Most students could solve the routine tasks, but had trouble solving the 
non-routine tasks, requiring them to understand specific features of the 
notion of limits (Juter, 2003; 2004a; 2004b; 2005c; 2006b; Juter & 
Grevholm, 2004; 2006), for example, to decide whether a function can 
attain a limit value, or to determine what the different components in the 
definition represent. Algebra was more problematic than anticipated. 
Students failed in several cases of straightforward problem solving due to 
insufficiently developed algebraic skills. Manipulations with symbols were 
done in a manner implying that the students were unable to understand 
what the symbols represent or what the effects of the operations should be.  
One example of such an algebraic calculation is: 
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The student’s explanation showed that the two equal fractions were omitted 
and then the student overlooked the minus sign. Quite a few students 
carried out this type of calculation (Juter, 2006b) and many failed to 
differentiate surface properties (Lithner, 2003) from vital properties, 
leading the students to select unsuitable solving methods (Juter, 2006b). 

Examples are given in the responses to the task 
1
1lim

2

1 x
x

x
. Several students 

recognised the rational function and tried to divide numerator and 
denominator with what would have been the dominant term if x had tended 
to infinity. They did not consider what x tended to. They went for the 
solution they were used to from working with limits of rational functions, 
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where x tends to infinity, and found it difficult to see other possible 
solution methods. Building on foundations with these kinds of serious 
misrepresentations is hazardous. They affect the creation of new parts of 
the concept image linked to the erroneous part. As is, the notion of limits 
offers many kinds of challenges, and further complications can be too 
much for the students to handle.  
    There was also some confusion of functions with limits of functions, 
which made the students give wrong answers to tasks or correct answers 
with wrong explanations often caused by misconceptions of infinity or the 
limit definition (Juter & Grevholm, 2006). Intuitive representations of the 
concepts, i.e. concepts not developed enough, in the embodied world (Tall, 
2004; 2005) caused some of the misconceptions. The intuitive 
representations interfered with the students’ formal representations of 
limits. The meaning of the quantifiers in the formal limit definition seemed 
to be a mystery for many students throughout the entire semester (Juter, 
2003; 2005a; 2006a). Few were able to state the definition or explain what 
it actually means, which is implying that they solved tasks without using 
the fundamental theory behind them. Can students fully understand the 
notion of limits if they do not understand its formal definition? Perhaps 
they did understand the concept from the problem solving in the course or 
through discussions with peers, but few students could actually connect 
tasks with the definition (Juter, 2005a; 2006a). They had serious problems 
in bridging the gap from intuitive or procedural perceptions to formal and 
static perceptions. Students’ developments need to have reached the 
proceptual world of Tall’s three worlds of mathematics (Tall, 2004) for 
them to be able to perceive limits both as objects and processes, and then 
the formal world to be able to understand, in the aforementioned sense 
(Collins Cobuild English Dictionary, 1995; Hiebert & Carpenter, 1992), 
what the components of the definition correspond to in the task. The 
transition to the third world of mathematics demands an ability of 
abstraction (Dubinsky, 1991). The components of the concept image need 
to be consistent, coherent and sufficiently elaborated, i.e. transparent to the 
student, for abstraction to be able to take place. This transparency means 
that students can switch between perceiving limits operationally and 
perceiving limits as entities (Asiala et al, 1996; Cottrill et al, 1996; Sfard, 
1991; Tall, 2004). Mostly high achievers showed traces of abstraction in 
their work with limits, but there were low achieving students who also 
revealed evidence of some abstraction in their learning processes (Juter, 
2005a; 2006a). There were other differences between high achievers and 
low achievers. High achieving students’ developments of the limit concept 
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resembled the historical development of limits (Juter, 2006a). Low 
achieving students did not display such a distinguished pattern. 
    The students’ concept images were not necessarily coherent or true, 
though the students were not always aware of this. Some students actually 
showed great confidence in their own capability to handle limits, even after 
they had failed to solve problems or explain some theoretical property 
(Juter, 2003; 2005a). Successful routine problem solving can cause such 
reactions since the abilities of students become confirmed by their correct 
answers. One of the previously mentioned results is that many correct 
answers were wrongly justified. This undermines the creation of useful 
concept images and not many students in the study had a concept image of 
limits that allowed them to solve non-routine tasks or explain essential 
features of the definition.
    Limits of functions were considered the most important topic of the 
analysis part of the course, according to most students, and also the most 
difficult topic (Juter, 2005b). The first part probably inspires or encourages 
students to keep working despite their difficulties. There were attitudinal 
differences in the students’ abilities to solve tasks. Students with positive 
attitudes to mathematics performed better than other students in solving 
limit tasks, and students who were skilled limit problem solvers had a 
positive attitude to mathematics.

Several types of gaps have become apparent from the results. There are 
gaps between students’ perceptions of limits as processes and objects, of 
limits as infinite and finite, and limits as intuitive and formal. There are 
gaps between limits at upper secondary school and limits at university. All 
these inconsistencies combined generate a range of possible problems for 
students to learn limits of functions. Most students cannot bridge the gaps 
on their own and it is therefore crucial that as few and as narrow gaps as 
possible exist in the students’ learning environment, i.e. textbooks, lectures, 
tasks and all other contexts in which they encounter limits. Input from the 
surrounding environment needs to be connected to the students’ concept 
images. Development from the students’ levels should be done by 
continuously increasing intricacy to avoid gaps. Students then have a better 
chance to understand mathematics, and particularly limits, with all its 
fundamental characteristics. 
    The field notes revealed almost no interaction between the students and 
lecturer during the lectures. There were more discussion at the problem 
solving sessions, but few students were active in these discussions. 
Students who solved tasks at the blackboard were usually those who were 
active in the discussions. Some of the students who silently and inactively 
participated in the problem solving sessions were among those interviewed, 
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and explained their behaviour differently. One student did not want to go to 
the blackboard because he wanted to see other solution methods, preferably 
the teacher’s. Some students were shy and did not want to speak in front of 
the other students, with the risk of embarrassment. The learning 
environment was consequently not easily adjusted to the students’ 
unexposed levels of understanding. 

Ethical Issues and Scientific Quality 
Ethics (Forskningsetisk policy, 2003) has been an important factor through 
the work presented. Nobody was forced or persuaded to participate in any 
part of the study and all students were informed that participation was not 
obligatory and that they could depart from the study at any time.
    Their identities have been protected with codes in the material. Only I 
have access to the key to the codes. All student names in all available 
documentation are fictitious. 
     I tried to make the participants relaxed and confident with the 
environment where the interviews were conducted. It was important that no 
student felt diminished or anxious due to the situation they were in. They 
had time to talk and think.
    The students received answers to some of the tasks, after their responses 
were collected, if they wanted to have them. The purpose was to make it 
possible for the students to use the tasks in their learning and allow them to 
benefit from the study. 
     The validity (Kilpatrick, 1993; Sierpinska, 1993) of the results relies on 
the many students participating in the study and on the different methods 
used in the data collection. Much of the data in this thesis is visible, making 
it possible for others to understand how I have been working. The methods 
are also described in the thesis for possible reproduction of the study. Tasks 
and questions were tested with other students before being used in the 
study and colleagues did some categorisation to further ensure the validity 
of the study. 
    It is impossible to be completely objective (Kilpatrick, 1993; Sierpinska, 
1993) in a study where interaction with other individuals is the dominant 
source of data. The goal in the processes of collecting and analysing data 
has been to be as open-minded as possible to what the data could reveal. 
Relations were established between myself, as a researcher, and the 
students, especially the participants in the interviews. I had this in mind and 
made an effort to act the same with all the students. 
    Foreign researchers have presented the reactions of students to similar 
types of tasks and theory, as some of the tasks and theories I have used. 
This has given me the possibility to predict (Kilpatrick, 1993; Sierpinska, 
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1993) how the students in my study would respond to my tasks and 
questions, even though some things did not turn out as expected. The 
considerable problems caused by algebra (Juter, 2006b) and the responses 
to the attitudinal tasks (Juter, 2005b) are two such examples. 

Discussion
Contributions to the field of mathematics education are highlighted in this 
section, as are the practical implications for universities and upper 
secondary schools. The section ends with suggestions for further research. 

New Results for the Field 
Several researchers have investigated students learning limits of functions 
(for example Bezuidenhout, 2001; Cornu, 1991; Przenioslo, 2004; Szydlik, 
2000; Tall, 1980; and Williams, 1991). The present study has contributed 
to the existing results in a number of areas, some already mentioned. One 
significant new result is the report on the students’ developments of 
learning limits of functions over a period of time, in this case a semester 
(Juter, 2003; 2005a; 2006a). Learning takes time and it is therefore 
important to follow the students during an extended period when limits are 
taught. Results from this kind of study can place results from other types of 
studies in new, broader perspectives. The students’ developments have 
been compared to the historical development of limits (Juter, 2006a) with 
the aim to find developmental similarities and differences. The historical 
development was used as a tool to measure with rather than something to 
strive for in modern classrooms. One outcome of this comparison was that 
high achieving students were more inclined than low achieving students to 
follow the historical development. I argue that this notable fact is due to 
their abilities to perform abstraction.  
    The students’ attitudes were compared to their achievements in solving 
limit tasks (Juter, 2005b). Attitudes, whether the individual is conscious of 
them or not, affect learning and is hence a factor to consider. Many 
students were unjustifiably confident about their control over the notion of 
limits. Their lack of abilities to solve problems or explain theoretical issues 
in the study did not affect their confidence. This is a serious result that I 
have not seen from other research studies, and its effect is that students do 
not try to adjust their concept images because nothing to adjust is 
perceived.
    The learning situation of Swedish students on the topic of limits of 
functions has not been investigated elsewhere in the context reported in this 
thesis (Juter, 2002; 2003; 2004a; 2004b; 2005a; 2005b; 2005c; 2006a; 
2006b; Juter & Grevholm, 2004; 2006). This study can therefore provide 
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important results to all involved in mathematics teaching and learning. To 
consider additional aspects, the students’ achievements were studied in the 
context of curricula and textbooks (Juter & Grevholm, 2006). The 
mathematics mastered by students when they enter university can make a 
significant difference to the results of their future mathematics studies. 
Hence, the development of curricula and textbooks used at upper secondary 
school was studied to reveal if any major changes had occurred. If several 
small changes, each one individually not significantly impacting the next 
level, are done in an unfortunate manner they can be the growing grounds 
for serious gaps in the transition from upper secondary school to university. 
I have not found any investigation of this kind about limits in Sweden, but 
Bremler (2003) did a licentiate thesis about Swedish mathematics 
textbooks with a focus on the development of derivatives at upper 
secondary school from 1967 to 2002.
    These results strongly impact teaching and learning as illustrated in the 
following section. 

Implications for Teaching and Learning 
It appears as if the students’ concept images of limits are not challenged 
enough in their learning environment today. If the confusion that appeared 
in the present research study can be highlighted, the students then have 
something to start working with. A task that is too difficult might cause a 
student to give up rather than provoke him or her to persevere and work it 
out. If the students have misinterpretations or no interpretations at all, then 
a task requiring understanding in a deeper sense than just knowing what 
algorithms or motions to go through can enlighten the students of the 
deficiencies in their concept images. This awareness will hopefully inspire 
the students to alter or complete their concept images to make sense. This 
is a time-consuming process; without enough time, the students are forced 
to select what they judge to be the most important parts of the course. The 
questionnaires and interviews in my study and in that by Mohammad Yusof 
and Tall (1994) imply that it is probably typical exam problems the 
students work with to have any possibility of passing an exam. One idea is 
to make more room for questions about the nature of, for example, the 
formal definition of limits, since it is so difficult to understand. The 
multifaceted difficulties readily lead to questions about what consequences 
small changes in the formulation have on the meaning of the limit 
definition. Such discussions were rather easy to initiate with the students in 
the interviews, because there were so many aspects to consider. Even if the 
discussions did not make them aware of what effects the changes had on 
the meaning of the definition right then and there, they got a chance to 
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become aware of their own point of view. This type of task can be used to 
start a discussion among a group of students about the critical and typical 
features of a notion. 
    Svege (1997) suggested a humanistic approach to mathematics 
education, e.g. through discussions about various solutions. The students 
can then practise their ability to analyse and evaluate instead of just 
learning rules by rote. Some students actually said that they would benefit 
from the tasks, such as the non-routine tasks of the study, which open up 
for discussion (Juter, 2005a). The students’ problems to connect theory to 
problem solving and other critical issues can be identified and dealt with. 
McLeod (1992) proposed changes in the curriculum to avoid such beliefs 
that mathematical problems should be solved in less than five minutes. If 
students think that a mathematical problem is supposed to be solved 
quickly, then he or she might not be willing to spend an hour or more on 
more extensive problems that can lead to deeper, more enduring, 
knowledge.
    Students create knowledge of mathematical concepts and ideas 
differently, not only from each other, but sometimes also from what is 
presumed by mathematicians (Even & Tirosh, 2002). It is important for 
teachers to know as much as possible about the variety of their students’ 
mathematical conceptions to be able to design a constructive learning 
environment for them. Even and Tirosh mentioned students’ theory 
building and students’ misconceptions and the consequences of these 
factors on learning as parts of the meaning of ‘students’ mathematical 
learning’. The present study, whose results can be used as an example of 
how a group of students work with limits of functions through the duration 
of a semester, deals with such issues.  
    The gaps mentioned in the results section between upper secondary 
school and university, limits as infinite and finite, intuitive and formal, and 
object and process imply too many and too large discontinuities for the 
students to understand the full extent of limits. Students are expected to 
handle limits in the formal world, since textbook and classroom 
presentations are on a formal level, but the students themselves are only 
mature enough to handle limits in the proceptual world. Teachers at upper 
secondary school and university need to be well aware of what is learned at 
the other’s level and how it is taught to be able to prepare upper secondary 
school students for university studies and to consider the pre-knowledge of 
new university students.  

36



Further Research 
A natural continuation of research would be to implement and assess 
changes suggested from the results of this study. Björkqvist (2003) 
mentioned the importance of research on teaching methods in mathematics 
and emphasized the lack of such research in Sweden, especially in large 
heterogeneously composed student groups. Research on methods can 
provide teachers with important insights into teaching strategies to meet the 
learning of students. There is, as we have seen, a need to take action to help 
students make sense of parts of the university mathematics they learn. 
    Lars-Erik Persson, Barbro Grevholm and I recently initiated a new study 
of lecturers’ views regarding the concept of limits of functions and how it 
should be taught as a complement to the present study. Björkqvist (2005) 
argued that research into the influence of teachers is underrepresented and 
needed. The results may illuminate the problem of bridging theory to 
everyday problem solving. 
    I have investigated students’ attitudes to mathematics mainly as a 
complement to the rest of the study (Juter, 2005b). I plan to work further 
with attitudes at some point. If a topic is perceived as difficult, boring or 
useless, then there is a barrier to overcome before the mathematics is even 
considered. These kinds of attitudes can be formed at very early ages, but 
they can also appear very late at the university level, such as one example 
in the second study. A woman in her early-20s, who had studied 
mathematics to become an upper secondary school mathematics teacher, 
took part in the interviews. She told me that she had always loved 
mathematics until she entered university. She did not like the way formality 
dominated over the problem solving, which she had enjoyed at upper 
secondary school, and did not want to take further courses in mathematics. 
I met individuals with quite the opposite experience of university 
mathematics as well. A man about the same age as the woman above spoke 
in almost poetic words about the beauty of mathematics in its rigorous 
appearance. He celebrated the formality, which the woman rejected. It 
would be interesting to find out more about what the students actually think 
about mathematics in general, and limits in particular, and the effects it has 
on their learning. 
    The influence of gender on the learning of limits of functions is not 
investigated in this study because of time constraints. However, the data is 
sorted with the men and women separated, so comparisons are possible in 
future analyses.
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Conclusions
The sub-questions posed in the introduction are addressed in this section, 
followed by some broader conclusions drawn from the work with the sub-
questions combined.  

The developments of the concept of limits of functions by most 
students during a semester did not reach the formal world (Tall, 
2004). The formal limit definition was not integrated in their concept 
images and was therefore not available to the students as a tool in 
their further work with mathematics.
The development of high achieving students resembled the historical 
development of the concept of limits, whereas that of low achieving 
students did not. Students who were unable to formally handle limits 
did not possess rich or strong enough concept images for the students 
to handle the required abstraction levels.
The students readily solved routine tasks, though as soon as the tasks 
became unfamiliar to them, the students became confused about 
what they should do. The limit definition was often the reason for 
errors because it was wrongly interpreted. Connected concepts also 
caused problems in the students’ problem solving, e.g. algebra and 
infinity.
Students with strong self-confidence in mathematics were better 
problem solvers than students with weak self-confidence. On the 
other hand, skilled problem solvers had a stronger self-confidence in 
mathematics than unskilled problem solvers. It is not possible to 
determine if the students’ confidence improves their problem solving 
abilities or if the students’ problem solving abilities improve their 
confidence, only that there is a connection.

The combined results imply that the abilities to perform abstractions of 
many students’ are insufficiently developed for them to reach the required 
level of understanding of limits of functions after a basic course in 
mathematics. One advantage of an investigation over a period of time, such 
as this study, is that the students’ late reactions to the teaching become 
visible. Many students complete basic courses in calculus without ever 
understanding the notion of limits, or even understanding that they do not 
understand limits. Several disconnections in their learning developments 
have been detected in the present study, for example between intuitive and 
formal perceptions, procedural and static perceptions, and the finite and the 
infinite, which all are cognitively demanding to link together. The lack of 
interaction between students and lecturers or teachers may be a reason for 
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the students’ struggles to see connections of various kinds, for example 
between everyday problem solving and the formal definition. Added to the 
disconnections are the students’ inclinations to misjudge their own abilities 
or the accuracies of their mental representations. Students who are 
convinced that their perceptions of limits are coherent and correct do not 
feel any urge to recreate mental representations of the concept. Students 
need to become aware of their misrepresentations to adjust them 
appropriately. For that to happen, they must be in a situation where 
incoherent parts of their concept images are evoked simultaneously and the 
inconsistencies become apparent. Carefully selected problems to work with 
or discuss help students to acquire such awareness. Connectedness and 
continuity are essential features of teaching and learning limits to prevent 
students from failing.  
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Appendix
This appendix comprises the articles as listed in the list of publications on 
page 9. The formats of the articles are in some cases adjusted to agree with 
this presentation. The adjustments are, for example, larger text or altered 
margins.
    There is a co-author to the last article (Juter & Grevholm, 2006). The 
work was divided so that Juter did most of the writing and data collections. 
Grevholm particularly contributed with texts on textbooks and curricula. 
Both authors worked with the overall impression of the article. Juter 
presented the article at the conference. 
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Limits of functions – how do students handle them? 
Kristina Juter 

Kristianstad University College, Sweden 
Email: Kristina.Juter@mna.hkr.se 

This paper aims at formulating and analysing the development of 15 students in 
their creations of mental representations of limits of functions during a basic 
mathematics course at a Swedish university. Their concept images are sought via 
questionnaires and interviews. How do students respond to limits of functions? The 
data indicate that some students have incoherent representations, but they do not 
recognise it themselves.

Introduction 
The notion of limits of functions is an 
important part of calculus. It is the 
foundation of many other important 
concepts. If students do not understand 
what limits are about, how can they 
understand concepts as, for example, 
derivatives and integrals? 
    Students can experience cognitive 
difficulties when they are learning about 
limits of functions, for example 
understanding the formal definition or 
the rules for deciding limit values 
(Cornu, 1991; Szydlik, 2000; Tall & 
Vinner, 1981; Williams, 1991). It can 
be hard for them to grasp the full 
meaning of the compact formulation 
with which they are faced. It is 
important for teachers to know the 
different, and perhaps unexpected, 
results students can get from taking a 
course in calculus. Students in the same 
class can form totally different mental 
representations from the same books 
and lectures. If we know how these 
different representations are formed, 
then we are better equipped to provide a 
rewarding learning environment for the 
students.

    In this paper I will discuss the 
development at the first university level 
of 15 Swedish students’ learning about 
limits. The results are however relevant 
for other countries as well since the 
difficulties encountered by students are 
similar. A browse through some South 
African universities’ course descriptions 
indicates that courses at basic level 
comprise mainly the same topics as the 
Swedish courses do. The questions 
posed in the paper are: How do the 
students’ mental representations of 
limits of functions develop during their 
first semester of mathematics? How do 
the representations change, if they 
change, during this time? Are the 
mental representations of the high 
achieving students different from the 
rest of the students? Answers to these 
questions provide an image of the 
students’ development of the notion of 
limits of functions. 

Theoretical framework 
In this section I present a theoretical 
framework for the results of the study. 
It starts with a discussion about concept 
formation followed by a presentation of 
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results from similar studies from other 
countries.

Concept image 
Tall (1991) states that there are many 
kinds of minds. Different kinds of 
minds are needed in the development of 
mathematics and no one kind of mind is 
always superior to another. One way to 
distinguish these different minds is to 
look at the way the learners are thinking 
of a concept and its formal definition. 
Tall and Vinner (1981) introduce two 
notions called concept image and 
concept definition. The concept image 
is the total cognitive structure 
associated with a concept. It can be a 
visualisation of the concept or 
experiences of it or both. The concept 
image is individual and in different 
contexts the same concept name can 
evoke different concept images. For this 
the term evoked concept image is used 
(Tall & Vinner, 1981). This is not 
automatically all that an individual 
knows about a concept. The concept 
definition is a form of words used by 
the learner to define the concept. The 
concept definition can be learnt by heart 
from a book or it can be a personal re-
construction of a definition to fit in with 
the person’s mental structure. A 
personal concept definition can differ 
from the formal concept definition, 
which is a definition accepted by 
mathematicians in general.
    Vinner (1991) describes a model with 
two “cells”. One contains the 
definitions of a concept and the other 
contains the concept image. If a concept 
definition is memorised without 
meaning, the concept image cell is 
empty. A concept can have several 

concept images that are evoked at 
different times. After some time, two or 
more concept image cells can merge 
when the student understands the 
relation between the representations. 
Time can also have the opposite effect, 
the student hangs on to one concept 
image and forgets about the others or 
only gets access to some images in 
certain situations. When a problem is at 
hand and the aim is to solve it, there 
should be some kind of contact with the 
definition. It can be that the person first 
consults the concept image and then the 
definition to solve the problem, or there 
can be several changes between the 
cells. Another scenario is when only 
one cell is consulted. If it is the image 
cell that is the only one, it might be that 
the person’s everyday life experience is 
misleading. In most cases the problem 
can be solved, but in an unfamiliar 
situation it might not be enough. Then 
the lack of the formality of the 
definition can be the reason for failure.

Abstraction, objects and processes 
Reflective abstraction (Dubinsky, 1991) 
is defined as the construction of mental 
objects and actions upon them. These 
actions become processes by 
interiorisation. The objects are created 
by encapsulation of processes. A 
concept can be thought of both as an 
object and as a process depending on 
the current context (Dubinsky, 1991; 
Sfard, 1991). A scheme is a network of 
processes and objects. The schemas 
overlap and form a large complex web 
in the individual’s mind. According to 
Dubinsky, there are five different ways 
of construction in reflective abstraction, 
two have already been mentioned: 
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Interiorisation: Construction of 
mental processes in order to 
understand a perceived 
phenomenon.  
Coordination: Construction of a 
process by coordination of two 
or more other processes.  
Encapsulation: Construction of 
an object through a process. 
Generalisation: Ability to apply 
an existing schema on a greater 
range of phenomena. 
Reversal: The individual is able 
to think of an existing internal 
process in reverse to construct a 
new process.

Generalisation is not as cognitively hard 
as abstraction since abstraction often 
means that the individual has to make a 
re-construction of the mental 
representation (Dreyfus, 1991). Crucial 
properties of the object at hand must be 
recognised and isolated from the object 
so that the properties are applicable in 
other situations. If visualisation is 
possible it can be a great help. The 
images can make the important 
structures and relations clear in a global 
manner.  When an individual is 
generalising, he or she has a foundation 
of examples and experience from which 
to build. It is an extension of what is 
already there. Abstraction includes the 
possibility for both synthesis and 
generalisation. To synthesise is to create 
a whole from parts. When this is done, 
it often becomes more than its parts 
together. Many small disjoint parts get 
linked together and suddenly more 
things fall into place. This is a 
rewarding feeling and once an 
individual has passed this process, he or 
she can not undo it. Soon all the little 

important pieces of the synthesising 
process are forgotten and the individual 
takes the product for granted, that is, the 
understanding of the notion. 
    There are cognitively different kinds 
of generalisations to do. Tall (1991) 
describes three of them. Expansive
generalisation is when existing mental 
representations are unaltered and the 
new knowledge is attached as a 
complement. Reconstructive
generalisation is when existing mental 
representations have to be changed in 
order to make sense. Disjunctive
generalisation is when the individual is 
rote learning pieces that he or she 
should learn and just adds it to what is 
already in the mind. No integration 
occurs. It becomes impossible to get an 
overview of the notion at hand. 

Learning and understanding 
When a process or an object is 
mentioned we refer to it by a mental 
representation (Dreyfus, 1991). Some 
learners prefer visual thinking and have 
pictures in their mental representations 
while others use symbols or examples 
to be able to think of notions. One 
concept can be represented in more than 
one way and there can even be 
conflicting representations that are 
evoked at different times depending on 
the context. If the representations are 
not contradicting they can merge into 
one when the individual is able to see 
the connections. A coordination or a 
synthesis can be the result. If they are 
incoherent a conflict may arise. The 
more connections between the mental 
representations, the better the individual 
understands the concept. Then he or she 
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can go from one to another depending 
on the demands of the task.
    Knowledge of a concept is, according 
to Dubinsky (1991), the individual’s 
tendency to bring to mind a scheme in 
order to be able to handle, organise or 
make sense of a problem situation. It 
can be hard to keep mathematical 
knowledge apart from mathematical 
construction. In an attempt to do so, we 
can observe individuals solving 
problems. Such observations will not 
explicitly reveal the objects, processes 
and schemas, but can indicate how 
knowledge is created. A part of learning 
is, according to Dubinsky, applying 
reflective abstraction to existing 
schemas to create new ones that provide 
an understanding of the concepts in 
question. Does this imply that learning 
cannot take place until at least very 
simplistic schemas are made? 
Otherwise the result can be that the 
students only know how to solve 
routine tasks and are unaware of the 
actual range of a concept. They can also 
create schemas that are incoherent and 
wrong. Periods of confusion are 
necessary when new knowledge is to be 
implemented with existing knowledge 
and this confusion is a part of the 
learning process (Cornu, 1991). It is the 
confusion that creates a need for order 
and the students start to adjust their 
schema.
    James Hiebert and Thomas P. 
Carpenter (1992) define understanding 
of a mathematical concept to be 
something an individual has achieved 
when he or she can handle the concept 
as a part of a mental network. The 
degree of understanding is decided by 
the strength of the connections in the 

net and of the number of accurate 
connections.
    Vinner (1991) states that to 
understand a concept is not the same as 
to be able to form its definition 
formally, but if a person has a concept 
image he or she can understand the 
concept. In this paper I will regard 
understanding and knowledge of a 
concept as Hiebert and Carpenter 
(1992) and Dubinsky (1991) do. 

The limit concept 
The limit concept causes difficulties in 
teaching and learning (Cornu, 1991). It 
is a complex concept but there is also a 
possible cognitive problem in the 
distinction between the definition and 
the actual concept. Students can 
remember the definition but it does not 
necessarily mean that they understand 
the concept. Vinner (1991) claims that 
mathematical definitions represent the 
conflict between the structure of 
mathematics and attainment of the 
concepts via cognitive processes. 
Mathematics is deduced from axioms 
and definitions. New concepts arise 
from previous ones in a logical manner. 
This is not always the way mathematics 
is created though. In the beginning 
students can meet the notion of limit in 
an informal intuitive way where the 
tasks involve situations where they can 
easily see the outcome. This creates a 
feeling of control and the students think 
they know what the concept is about 
even if they could not solve a more 
demanding task where they would have 
to master the full meaning of the 
definition (Cornu, 1991). One problem 
is the quantifiers “for every” and “there 
exists” in the  –  definition: 
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“For every  > 0 there exists a 
> 0 such that |f(x) – A| <   for 
every x in the domain with  0 < 
|x – a| <  ”

In everyday language the quantifiers 
can have a slightly different meaning 
compared to the ones used in 
mathematics. If the students have such 
conceptual obstacles they can get into 
trouble later on. The conceptions of an 
idea before any teaching occurs are 
called spontaneous conceptions by
Cornu (1991) and they can be hard to 
get rid of even after teaching. One 
reason for this is the fact that when 
students solve problems, they tend to go 
to natural or spontaneous reasoning 
rather than scientific theories. It is as in 
Vinner’s (1991) model with the cells, 
where the individual only refers to the 
image cell. The obstacles start a process 
of re-constructing existing knowledge 
that is based on spontaneous 
conceptions and this can lead to 
misunderstandings. 
    Monaghan (1991) found that the 
students in his study saw the word limit 
as more specific than, for example, 
approaches and other verbs. The 
students had problems with the 
vagueness of some expressions and this 
led to confusion.
    Cornu (1991) talks about four 
epistemological obstacles in the history 
of the limit concept. Two of them are 
the notions of infinitely large and 
infinitely small respectively and the 
question whether the limit is attainable 
or not. There are also metaphysical 
obstacles that students of today struggle 
with, such as the abstractness of the 
limit concept and the feeling of lack of 

rigor caused by the notion of infinity 
(Cornu, 1991; Tall, 1992).
    If the obstacles are located, the 
teaching can be altered accordingly, not 
by excluding the difficult passages but 
by supporting and helping the students 
to overcome them. Tall (1991) 
describes the generic extension 
principle. It is when an individual is in a 
situation where he or she only meets 
examples with a specific property. If no 
counter-examples are present, the mind 
assumes that the property is valid in 
every context even if it is not explicitly 
stated. One example is if students only 
see examples of convergent sequences 
that do not reach their limits, then they 
might assume that convergent 
sequences never do. 
    These results indicate that there are 
several aspects to consider in a learning 
situation about limits. The study in this 
paper is conducted to reveal how 
Swedish students cope with such 
situations.

The study
The students and the course are 
described, followed by the methods and 
instruments used to answer the 
questions: How do the students’ mental 
representations of limits of functions 
develop during their first semester of 
mathematics? How do the 
representations change, if they change, 
during this time? Are the mental 
representations of the high achieving 
students different from the rest of the 
students?

The sample  
112 students participated in the study 
and 29% of them were female. They 
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were aged 19 and up. They were 
enrolled in a first level university course 
in mathematics. The course was divided 
into two sub-courses. Both of them 
dealt with calculus and algebra. The 
courses were given over 20 weeks, full 
time (10 weeks for each course). The 
students had two lectures and two 
sessions for task solving three days per 
week. Each lecture and session lasted 
45 minutes. Thus the total teaching time 
for each course was 90 hours. The 
notion of limits of functions was 
presented in the first course before 
derivatives. It was taught again in the 
second course in different settings such 
as integrals and series. The first course 
had a written examination and the 
second had a written examination 
followed by an oral one. The marks 
awarded were IG for not passing, G for 
passing and VG for passing with a good 
margin. I neither taught the students at 
any stage nor did I know any of them. 

Methods
Different methods were used to collect 
different types of data. The students 
were confronted with tasks in different 
ways at five times during the semester, 
called stage A to stage E. 
    The students got a questionnaire at 
stage A at the beginning of the 
semester. It contained easy tasks about 
limits and some attitudinal queries. The 
scope of these and subsequent tasks is 
described in the instruments section. 
The students were also asked about the 
situations in which they had met the 
concept before they started their 
university studies. The attitudinal data 
is not presented in this paper. 

    After limits had been taught in the 
course, the students got a second 
questionnaire at stage B, with more 
limit tasks at different levels of 
difficulty. The aim was for the students 
to reveal their habits of calculating, 
their ability to explain what they did 
and their attitudes in some areas. The 
students were asked if they were willing 
to participate in two individual 
interviews later that semester. 38 
students agreed to do so. 18 of these 
students were selected for two 
individual interviews each. The 
selection was done with respect to the 
students’ responses to the 
questionnaires so that the sample would 
as much as possible resemble the whole 
group. The gender composition of the 
whole group was also considered in the 
choices.
    The first session of interviews was 
held at the beginning of the second 
course, at stage C. Each interview lasted 
about 45 minutes. The students were 
asked about definitions of limits, both 
the formal one from their textbook and 
their individual ways of defining a limit 
of a function. They also solved limit 
tasks of various types with the purpose 
of revealing their perceptions of limits 
and they commented on their own 
solutions from the questionnaires to 
clarify their written responses where it 
was needed. 
    The students got a third questionnaire 
at the end of the semester, at stage D. It 
contained just one task. Two fictional 
students’ discussion about a problem 
was described. One reasoned incorrectly 
and the other one objected and proposed 
an argument to the objection. The 
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students in the study were asked to 
decide who is right and why.
    A second interview was carried out at 
stage E after the examinations. Each 
interview lasted for about 20 minutes. 
The students commented on the last 
questionnaire and in connection to that, 
the definition was scrutinised again. 
The quantifiers “for every” and “there 
exists” in the  –  definition were 
discussed thoroughly. 15 of the 18 
students were interviewed at this point.
    Field notes were taken during the 
students’ task solving sessions and at 
the lectures when limits were treated to 
give a sense of how the concept was 
presented to the students and how the 
students responded to it. Tasks and 
results from other parts of the study are 
described in more detail in other papers 
(Juter, 2003; Juter, 2004). 

Instruments
At stage A the students solved some 
easy tasks about limits of functions.  

Example 1: f(x) = 
12

2

x
x .

What happens with f(x) if x 
tends to infinity? 

The tasks did not mention limits per 
se, but were designed to explore if 
the students could investigate 
functions with respect to limits. 
    At stage B the tasks were more 
demanding. Some of the tasks were 
influenced by Szydlik (2000) and Tall 
and Vinner (1981). Three tasks had the 
following structure: 

Example 2:

a) Decide the limit: 
1
2lim 3

3

x
x

x
.

b) Explanation. 

c) Can the function f(x) = 
1
2

3

3

x
x

attain the limit value in 2a? 

d) Why? 

Example 2 is what I regard to be a 
routine task. There were also non-
routine tasks. A solution to a task was 
presented to the students. It could be 
incomplete or wrong and the students 
were to make it complete and correct. 
There were two such tasks. 
    At stage C, which was the first set 
of interviews, the students were 
asked to comment on statements very 
similar to those used by Williams 
(1991) in a study about students’ 
models of limits. The statements the 
students commented on are the 
following (translation from Swedish): 

1. A limit value describes how 
a function moves as x tends 
to a certain point. 

2. A limit value is a number or 
a point beyond which a 
function cannot attain 
values.

3. A limit value is a number 
which     y-values of a 
function can get arbitrarily 
close through restrictions on 
the x-values. 

4. A limit value is a number or 
a point which the function 
approaches but never 
reaches. 

5. A limit value is an 
approximation which can be 
as accurate as desired. 

6. A limit value is decided by 
inserting numbers closer and 
closer to a given number 
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until the limit value is 
reached.  

The reason for having these statements 
was to get to know the students’ 
perceptions about the ability of 
functions to attain limit values and other 
characteristics of limits. The students 
were given the statements to have 
something to compare to their own 
thoughts. There were other tasks 
designed to make the students consider 
the formal definition to clarify what it 
really says and tasks about attainability, 
for example: 

Example 3: Is it the same thing to say 
“For every  > 0 there exists an  > 0 
such that |f(x) - A| <  for every x in the 
domain with 0 < |x – a| < ” as “For 
every  > 0 there exists a  > 0 such that 
|f(x) - A| <   for every x in the domain 
with 0 < |x – a| < ”? What is the 
difference if any?
    As indicated before, at stage D the 
students got a task with a description of 
two students arguing over a solution to 
a task. The problem argued about was 

whether the limit value   
0

lim
x 10000

)cos( 2x

exists or not. The task for the students 
in the study was to decide which 
argument, if any, was correct and to 
explain what was wrong in the 
erroneous argumentation.
    At stage E, the second interview, the 
students’ written responses to the task at 
stage D were discussed. Example 3 was 
also brought up again in connection 
with the task at stage D. 

Results
Four of the 15 students’ responses are 
described at the five stages A, B, C, D 
and E above. The descriptions are 

summaries of fuller ones. Martin, 
Tommy and Frank had similar 
responses, Filip, Leo and Dan had 
similar responses, Louise, Mikael, 
Dennis and Oliver had similar responses 
and Julia and Emma had similar 
responses. One student’s description 
from each group of similar responses is 
presented in Table 1. The number in 
brackets after each name in the table 
indicates the number of students with 
similar responses. Anna, John and 
David had responses which did not 
match any of the above. Pseudonyms 
have been used to retain student 
anonymity. The digits at stage C 
indicate the students’ preferred choices 
from the six statements. The bold and 
larger digits are the students’ choices of 
statements most similar to their own 
perceptions of limits. The first points at 
stage E are the students’ explanations of 
what a limit is and the last points are 
about Example 3 where the students 
explain the difference between the 
correct and incorrect definition 
connected to the task from stage D. 
Table 2 presents the students’ marks. 
The first letter or letters is the mark for 
the first course and the second is the 
mark for the second course. The 
numbers after the marks are the 
numbers of times the students needed to 
take the examination to pass. 
    The students’ connections of limits to 
other concepts are dominated by 
derivatives and various applications in 
areas other than mathematics at the 
beginning of the course. In the middle 
the connections concern derivatives and 
functions and at the end Taylor 
expansions, integrals and series.
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T

Table 1. Students’ developments through the course. 

Time Tommy (3) Leo (3) Mikael (4) Julia (2)
A -Links to derivatives 

-Solves easy tasks 
well

-Links to nutrition, 
physics and biology 
-Solves easy tasks 
well

-Links to prior 
studies, problem 
solving, physics 
-Unable to solve 
easy tasks 

-Links to prior 
studies
-Solves easy tasks 
well

B -Limits are 
attainable in 
problem solving 
-Cannot state a 
definition
-Solves routine 
tasks and explains   

-Limits not 
attainable in 
problem solving 
-Cannot state a 
definition
-Solves routine 
tasks and explains  

-Limits are not 
attainable in problem 
solving
-Cannot state a 
definition
-Solves tasks and 
explains well 

-Limits are attainable 
in problem solving 
-Can state a 
definition
-Solves tasks and 
explains fairly well 

C -Limits are 
attainable in 
problem solving 
-Limits are not 
attainable in theory 
-A limit of a function 
is how the limit 
stands with respect 
to another function, 
no motion 
-3, 4, 5, 6
-Cannot state or 
identify the 
definition
-Not a real limit if 
attainable by 
function
-Problems in 
solving tasks  
-Links to derivatives 
and curves 
-Claims to master 
the notion of limits 

-Limits are not 
attainable in 
problem solving 
(hesitates)
-Limits are not 
attainable in theory 
-Thinks of limits in 
pictures
-3, 4
-Cannot state or 
identify the 
definition
-Solves tasks well 
-Links to derivatives 
and number 
sequences
-Claims to master 
the notion of limits 
fairly well 

-Limits are attainable 
in problem solving 
-Limits are not 
attainable in theory 
-Thinks logically 
rather than explicitly 
defining
-2, 3, 4, 5
-Cannot state but 
can identify the 
definition after 
investigation 
-Problems in solving 
tasks
-Links to prior 
studies and graphs 
-Claims to master 
the notion of limits in 
problem solving but 
not the definition  

-Limits are attainable 
in problem solving 
-Limits are attainable 
in theory 
-It comes closer and 
closer to A as x 
comes closer and 
closer to a 
-1, 3, 5 
-Cannot state but 
can identify the 
definition
(claims that both def 
in ex 3 state the 
same,  and  come 
in pairs) 
-Solves tasks well 
-Links to derivatives, 
graphs and number 
sequences
-Claims to master 
the notion of limits 

D -Identifies the error -Identifies the error, 
makes other error 

-Identifies the error, 
makes other error 

-Identifies the error 

E -A limit is a point to 
tend to but never to 
reach, motion 
-Links to integrals 
-Cannot identify the 
definition
-Does not 
understand the 
quantifiers’ roles 

-A function tends to 
a value as the 
variable controlling 
the function 
changes, it never 
reaches the limit 
-No links 
-Cannot identify the 
definition
-Does not 
understand the 
quantifiers’ roles

-If the x-value tends 
to a value then the 
function tends to a 
value connected to 
the x-value 
-Links to Taylor 
expansions, series 
and number 
sequences
-Can identify the 
definition
-Can explain the 
difference between 
the definitions in ex 
3

-If the function goes 
closer and closer to 
a number as x goes 
closer and closer to 
a value 
-Links to continuity 
-Can identify the 
definition after 
investigation 
-Can explain the 
difference between 
the definitions in ex 
3 fairly well
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The results reflect the content of the 
course quite well. 

Table 1 indicates that Tommy is able 
to solve routine tasks but not non-
routine tasks at stage B. By this I mean 
that he solved all the routine tasks 
correctly but did not present any correct 
solutions to the non-routine tasks. Most 
students were able to handle the easy 
tasks at stage A at least partially. At 
stage B, where the students got the non-
routine tasks, there was a clearer 
distinction between high achievers and 
the rest of the students. At stage C, 
there is no longer a clear distinction. 
The two women with highest marks 
managed the problems while the two 
men with highest marks did not. The 
low achievers did not show such a 
gender distribution and it is probably 
just a coincident that the high achievers 
did. There is overall a higher rate of 
correctly solved problems of all kinds 
among the high achievers as could be 
expected.
    The students had a hard time 
formulating a definition of a limit of a 
function depending on x as x tends to a 
number at stage B. Only Julia managed 
to do this in a meaningful manner. Most 
of the other students just reformulated 

the words in the task to something that 
did not say much. 
    The six statements at stage C 
revealed that among students with 
marks G and IG the most frequently 
selected statement as most similar to 
their own perception was number four, 
which says that limits are never 
attained. Statement three was the most 
frequently selected statement among the 
other students. Statement three was not 
selected as most similar to their own 
perception by any of the students with 
marks G and IG. The students seem 
confused about functions’ abilities to 
attain limit values. Most students’ 
concept images are incoherent at this 
point. Theoretical situations are treated 
differently from problem solving 
situations.

Table 2. Students’ marks 

Name Mark Name Mark
Filip G2/IG Dan VG1/G1
Martin G1/G2 Mikael VG1/G1
Tommy G1/G2 David G1/VG1
Anna G1/G2 Julia VG1/VG1
John G1/G1 Dennis VG1/VG1
Frank G1/G1 Emma VG1/VG1
Louise G1/G1 Oliver VG1/VG1
Leo VG1/G1

    Despite their lack of capability to 
state a definition that describes the limit 
of a function, many of the students still 
felt as if they had control over the 
concept. Three of the students, all 
without the mark VG, thought that they 
did not have control over the concept of 
limits at stage C. The other students 
were rather certain that they had control 
over the concept, despite the fact that 
almost none of them could formulate or 
in some cases even recognise the 
definition. Only Emma is able to 
formulate the formal definition. From 
the seven students with marks G or IG it 
was only Anna who recognised the 
correct definition in Example 3. Among 
the eight others there were five who 
recognised the correct definition, but 
among them, Emma and Julia stated 
that they both said the same thing. Dan, 
who could not recognise the definition, 
thought so too.
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    David had also indicated that the two 
definitions in Example 3 meant the 
same thing at stage E, but now both 
Julia and Emma were able to explain 
the difference of the definitions and 
thereby also the meaning of the 
quantifiers. Emma explained her 
solution to Example 3 like this: 

“…in the real definition, 
depends on .”
“…it is the independent variable 
which so to speak forces the 
function value in and not the 
other way around.”

Many students did not show such 
security in their explanations. The 
quantifiers were still a mystery to them. 
Dan reasoned about Example 3 like this: 

“…in most cases I think you had 
been able to do it this way too, it 
does not seem totally 
unreasonable.” [About the 
wrong definition]  
“…you can go the other way, 
but you have to in a way check 
as you go along.”  [Check if it is 
possible to make  arbitrarily 
small for the  chosen in the 
wrong definition] 

Students with marks G or IG had 
trouble understanding the difference 
between the two definitions through the 
course. It was not easy for them to see 
connections between the formal 
definition and the example with the 
fictitious students arguing. Most 
students with higher marks were, after 
some thinking, able to tell the difference 
at stage E. They showed a better 
understanding (Dubinsky, 1991; Hiebert 
& Carpenter, 1992) in that they could 
explain the roles of the different 

components used in the definitions in 
connection to each other.  
    The question whether limits are 
attainable seems to be confusing, as 
other researchers have also established 
(Cornu, 1991; Williams, 1991). Most of 
the students’ responses to questions and 
tasks about attainability presented in 
this paper are incoherent. This study 
shows that the students interpret the 
definition as stating that the limits can 
not be reached by the function. When 
they solved problems on the other hand, 
they could see that limits sometimes are 
attainable for functions. 

Discussion
The three questions posed by this study 
are here answered with the results and 
theoretical framework presented. The 
students’ developments are discussed, 
followed by the changes in their 
concept images. The question whether 
high achievers’ results differ from low 
or average achievers’ results is 
discussed along with the two first 
questions.

The students’ developments
The students seem to be very pragmatic 
when they learn about limits. They 
focus on the problem solving and not so 
much on the theory, with the result that 
the theory is somewhat vaguely 
represented in their minds. Yet they are 
almost all confident about their ability 
to grasp the concept. This lack of 
awareness can perhaps be made explicit 
for them if the students are put in 
challenging and explorative situations 
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more often.1 It is impossible to know 
what the students are actually thinking 
(Asiala et al., 1996). All I can do is to 
see what they can accomplish and what 
they say and do. After reading results 
from other studies (Cornu, 1991; 
Monaghan, 1991; Tall, 1991; Tall, 
1992; Vinner, 1991) I was prepared to 
see students having difficulties, not 
least with the definition, but I did not 
expect to see so much confusion 
through the course. 
    Looking at the students as a group 
there is a positive development in their 
achievements. They get better at 
problem solving and understanding the 
theory, but some of them do not get as 
far as to fully synthesise (Dreyfus, 
1991) the concept during the course. 
Parts of the concept and its applications 
are known, but not enough for it to 
become an entity. 
    Many students could briefly explain 
what a limit is, but when it came to 
explaining the partial transposition of 
and in Example 3 there were serious 
problems in most cases. Some students 
claimed that the transposition did not 
make any difference since the  and 

come in pairs. This view is 
independent of the students’ marks. It is 
hard for them to understand the role of 
the quantifiers as Cornu (1991) also 
found. Dan, for example, does not take 
the words “for every” into account 
when he says that you can check if there 
is an  which can be made arbitrarily 
small for every choice of  in the wrong 
definition.

                                                     
1 Some students actually told me that tasks like the non-routine tasks 
in the study would be good to have in the course to stimulate 
discussion.  

    The students do not seem to focus on 
theory in the first place since so few can 
explain what the definition says 
throughout the semester. Many have a 
split concept image which is 
particularly obvious in the attainability 
question. The incoherence in the limits’ 
attainability shows that the 
representation of the definition is not 
evoked in the problem situation (Tall & 
Vinner, 1981; Vinner, 1991). A reason 
for this can be that since the students 
thought that there is no point in dealing 
with limits if the limits are attainable, 
they did not consider them to be limits 
if they were. It can be a case of the 
generic extension principle (Tall, 1991). 
The functions in most of the examples 
the students meet do not attain their 
limits.  
    Many of the students think that the 
definition says that functions can not 
attain limit values. There is a big 
difference in how high achievers 
perceive this part of the definition from 
how low and average achievers do. The 
results from the six statements in the 
instruments section show that the latter 
group of students is more likely to 
perceive limits as unattainable.  
    Cottrill, et al. (1996) argue that the 
problem of learning limits can be 
dependent on difficulties in creating 
mental schemas rather than the formal 
definition. The results of this study 
rather imply that the students have 
problems creating mental schemas 
because of the formal definition. 

Changes
The representations that the students 
form change through the duration of the 
course. Some changes are rearranging 
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entire parts of the concept image. Some 
changes involve just smaller 
modifications of, or attachments to, the 
concept images. Then there are parts 
that even though they can be wrong, are 
left unaltered. In some cases the 
students do not give up their first 
representations so readily. One example 
is the students who think that limits are 
unattainable for functions and stick by 
this apprehension through the entire 
course despite counter examples. 
Williams (1991) mentions one possible 
reason for this. Suppose a student is in a 
situation where his or her experience so 
far has been consistent with the theory 
as he or she perceives it. Then the 
student encounters an example or 
something else that does not fit in with 
the theory. Then, instead of adjusting 
his or her interpretation of the theory, 
the student might just regard the 
example as a minor exception.
    It can be hard to change a part of a 
mental representation. It can affect the 
rest of the representation in a way that 
requires a further modification. This can 
be a reason for leaving parts as they are 
even if the individual is aware of the 
error. But changes did come to pass in 
the study. Tommy for example stated at 
stage C that there is no motion in limits. 
At stage E he had changed his mind and 
altered his concept image. He had also 
gone from perceiving a limit as a 
comparison between functions to an 
unreachable point. John had also 
changed his concept image. He went 
from focusing on the distance between 
the function and the limit to seeing the 
limit as a border. Those changes need 
not make any difference in the rest of 
the students’ mental representations 

since they all can be true. But they alter 
the way the concept is thought of. 
Perhaps the mental representations are 
not changed, but have stimuli that evoke 
different parts of the concept image 
(Tall & Vinner, 1981). 
    Despite the problems, most students 
still had a sense of control over the 
concept of limits. The sense of control 
probably comes from successful 
problem solving in the course (Cornu, 
1991). The students can have a concept 
image that works in the situations they 
have been in so far. When they are put 
in a different kind of situation their 
concept images can be altered. As long 
as the students’ concept images are 
challenged in some way, they will still 
have the opportunity to alter, refine and 
expand them. If they had a good 
concept definition compatible with the 
formal definition, the adjustments 
would probably be successful (Vinner, 
1991). Anna is one example of this. At 
stage C she was solving a problem 
where she had a graph of a function and 
she had to decide a limit value at a 
discontinuous point. Right and left limit 
values were both three but the functions 
value at the point of discontinuity was 
two. Anna correctly stated the right and 
left limit values, but hesitated when she 
had to give the total limit value. She 
first said two but was uncomfortable 
with it since she felt as if she had 
contradicted herself. Her concept image 
and concept definition were in conflict 
with each other. Anna’s concept 
definition, saying that functions never 
reach their limits, made her say that the 
right and left limits are three. Her 
concept image, saying that the functions 
value at the point should be the limit 
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value if it is attainable, made her want 
to say it is two. After a while she got to 
look at the formal definition and then 
she was able to correctly solve all parts 
of the task. 

The material presented here has been 
further analysed and more results have 
been published (Juter, 2003; Juter, 
2004). Among the results is the impact 
of algebra on the students’ learning of 
limits. The more we know about the 
students’ abilities and perceptions, the 
better we can do our jobs as 
mathematics teachers. 
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The main aim of this article is to discuss the attitudes to mathematics of
students taking a basic mathematics course at a Swedish university, and to
explore possible links between how well such students manage to solve tasks
about limits of functions and their attitudes. Two groups, each of about a
hundred students, were investigated using questionnaires, field notes and
interviews. From the results presented a connection can be inferred between
students’ attitudes to mathematics and their ability to solve limit tasks.
Students with positive attitudes perform better in solving limit problems. The
educational implications of these findings are also discussed.

Introduction
When students learn a new mathematical concept or learn something further
about an already known concept, they have to draw on parts of what they
have already learnt or perhaps draw on related concepts. It is not only the
mathematics per se that is recalled but also feelings and attitudes attached to
the concept. The students’ mathematical beliefs serve as a filter that
influences mathematical thoughts and actions (Pehkonen, 2001). Thus in a
learning situation students have to grapple not only with the new
mathematics, but also with their own experiences, confidence, common
sense and prior learning. Limits of functions are for many students difficult
to understand because of the nature of the concept. Students often confuse
limit values with function values, the notion of infinity is sometimes not
understood correctly, the limit definition is difficult to understand and there
is a possible confusion between limits as processes and as static objects
(Cornu, 1991; Davis & Vinner, 1986; Tall, 1980, 2001; Vinner, 1991). The
multitude of challenges in learning about limits affect students in a number
of possible ways, the most obvious one being that students who manage to
overcome such barriers reinforce their positive attitudes and vice versa. But
there are other possible scenarios, for example where students’ perseverance
drives them to work despite the influence of negative attitudes and prior
failure or where students have positive attitudes to mathematics and still do
not manage to learn about limits of functions because of other factors. 

The purpose of this article is to identify students’ attitudes to
mathematics in general and to limits in particular as they progressed through
a basic mathematics course, and to compare these attitudes to the students’
abilities to solve limit tasks. The following questions will be addressed:

Students’ Attitudes to Mathematics and
Performance in Limits of Functions

Kristina Juter
Kristianstad University College, Sweden



Juter

• What are the students’ attitudes to mathematics?
• What are the relations between these attitudes and the learning of

limits of functions? 

Two studies about students’ development of the concept of limits of
functions were conducted in 2002 (Juter, 2003). I wanted to determine the
students’ attitudes to mathematics first and then see how their conceptions of
limits developed over a semester. The studies were conducted at a Swedish
university. No such study has previously been conducted in Sweden.

Theoretical background

Attitudes and beliefs
Beliefs, attitudes and other related words are often used synonymously in
the field of mathematics education (Leder & Forgasz, 2002). Some
researchers’ choices and definitions of such words are presented below to
exemplify their diverse use. Leder and Forgasz argued that meaningful
research can still be done without a single, universally accepted definition.

McLeod (1992) speaks of stability in students’ affective responses. Beliefs
and attitudes are often considered to be relatively stable while emotions
change more readily. He distinguished between beliefs, attitudes and
emotions. Beliefs are described as the ways in which the students perceive
mathematics or their own ability. One example is that “mathematics is about
solving problems”. Attitudes are, for example, dislikes of specific types of
tasks. Emotions include the anxiety experienced in working through a proof. 

Mohammad Yusof and Tall (1994,1996) used “attitude” for all three
words given by McLeod in their investigation of students’ attitudes before
and after a university course with an emphasis on cooperative problem
solving and reflection on the thoughts of the problem solving process. The
students, aged 18 to 21 years, were enrolled in different courses and
constituted a mixture of third to fifth year undergraduates. They were asked
to complete a two-part attitudinal questionnaire before and after the course
and also after completing a traditional course in mathematics. The first part
of the questionnaire dealt with attitudes to mathematics and the other with
attitudes to problem solving. Mohammad Yusof and Tall reported that the
students’ attitudes were different before and after they had completed the
more innovative course, but almost the same attitudes were displayed at the
time of the first questionnaire and after the traditional course. These results
suggest that students’ attitudes are directly dependent on input from the
surrounding environment, but any changes produced do not necessarily
remain after the input causing the changes has stopped. However, the results
in Mohammad Yusof and Tall’s study may have been affected by the fact that
the students were asked to respond to the same statements three times. 

Students’ attitudes that mathematics merely requires facts and
procedures to be remembered emerged from the work of Mohammad Yusof
and Tall (1994, 1996) as well as from Svege’s (1997) study about students’
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beliefs, attitudes, and emotions concerning mathematics. Novak (1998),
influenced by Ausubel, postulated a model of learning styles ranging from
rote learning where there are no relations to existing knowledge, to
meaningful learning where new knowledge is intentionally integrated in
cognitive structures. Ausubel (2000) describes meaningful learning as “new
symbolically expressed ideas (the learning task) […] related in a non arbitrary,
and non verbatim fashion, to what the learner already knows” (p. 67).
Students who rely on rote learning in learning mathematics are typically more
anxious about mathematical work than other students (Entwistle, 1998).
Anxiety lowers the students’ self confidence and the whole experience
becomes unpleasant. Students who use rote learning are more likely to see the
parts of mathematics they have learned as disjoint units of methods or rules,
with the result that they can not see connections between different concepts
or underlying crucial properties. Their mathematical understanding becomes
weak and incomplete and it takes a lot of effort to sustain their mathematics
studies as the pressure to remember rules, methods, theorems, and definitions
mounts. Such a dysfunctional pattern is difficult to reverse since the students’
foundational mathematical knowledge has gaps, which have to be filled, at
least partially. If the gaps remain, there is, in some areas, nothing in the
students’ mental representations to which new knowledge can be connected.
In such a case the new knowledge has no meaning for the students. They
develop no sense of what is true and what is not.

An investigation (Szydlik, 2000) on students’ beliefs and conceptual
understanding revealed a connection between students’ beliefs about how
mathematical truth is established and the understanding of limits. Students
who preferred authorities such as lecturers and textbooks to establish
mathematical truth held inadequate definitions and misconceptions of limits
to a higher degree than students who relied on intuition, logic and empirical
evidence.

McLeod (1992) pointed to two different developments of attitudes. One
comes from repeated emotional reactions to mathematics that become
automatic, such as certain attitudes to a specific mathematical activity. The
intensity of the emotional reaction will be weaker each time the situation
occurs. The student’s reaction is triggered by the situation rather than by
actual emotions. The second development comes from assigning an existing
attitude to a new, similar situation. A positive attitude to proofs in analysis
can, for example, spread to a positive attitude to proofs in algebra. Attitudes
and achievement have a relation that is complex and can not be described as
one depending on the other (McLeod, 1992). Attitudes and confidence
depend, on the other hand, strongly upon one another. Attitudes to
mathematics indicate whether a student is confident working with
mathematics. The confidence emerges from various personal experiences,
derived from emotions, accomplishment, social settings and all other inner
and outer stimuli. Therefore, it is important that all students experience
success in their mathematics education. Students’ own knowledge, or their
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perceptions of their own knowledge, is hence an important factor in
attitudinal discussions.

The nature of knowledge as objective and subjective is discussed in
Pehkonen (2001). Objective knowledge is the generally accepted structure
within the mathematics community, while subjective knowledge is
individual and based on personal experience and attainment. These types of
knowledge are linked together and influence each other. Students taking a
course in analysis simultaneously develop their mathematics and their
attitudes towards the subject. Their subjective knowledge, affected by their
attitudes, can influence the development in mathematics either in a positive
way or in a negative way. If students think mathematics is all about formulas
and counting, then it can be difficult for them to solve problems later on.
Pehkonen compared systems of knowledge with systems of beliefs.
Knowledge is often structured in a logical manner while beliefs have a
tendency to occur in a quasi logical structure. This means that individuals
use their own axioms and logic rules. These are not always the same as those
used by mathematicians. Belief systems have two other distinctive features
beside quasi logic. One is the psychological importance, which is the strength
of the beliefs. The other feature is the beliefs’ cluster structure, which means
that the beliefs are gathered in clusters that do not have to be linked together
directly. The structures of knowledge and beliefs, however, are linked
together in mental representations.

Mental representations and understanding
A concept image is the total cognitive representation of a notion that an
individual has in his or her mind (Tall & Vinner, 1981). A concept can be
represented in more than one way and there can even be conflicting
representations that are evoked at different times, depending on the context.
If the representations are not contradictory they can merge into one when the
individual is able to see the connections (Dreyfus, 1991). If they are
incoherent in any aspect, a conflict may arise. The incoherence can, for
example, relate to interpretations of rules or perceptions of definitions in
different contexts. 

Mathematical representations can be compared to webs of mathematical
concepts with connections between them (Novak, 1998). Attitudes influence
the constructions of mental networks. If a specific concept is stimulating for a
student, he or she is more likely to devote time and effort to work with it and
compare it to other concepts. Then more and stronger links are made and that
part of the concept image is more likely to make sense to the student. Even if
not everything about the concept is clear, the time spent on working and
trying to make sense of it strengthens the concept image. The influence
goes in the opposite direction too, as constructions influence attitudes. The
construction of the cognitive representations involves pattern recognition,
categorisation and association (Hannula, 2002) and students’ attitudes are
dependent on how well they think they manage to come through the
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cognitive processes. The attitudes are also dependent on emotions, to a
greater degree than on cognition (Hannula, 2002). Attitudes are hence an
important factor in students’ constructions of mental representations.

Hiebert and Carpenter (1992) define understanding of a mathematical
concept to be something an individual has achieved when he or she can
handle the concept as a part of a mental network, which is similar to Novak’s
(1998) and Ausubel’s (2000) descriptions of meaningful learning. The more
connections there are between mental representations, the better the
individual understands the concept (Dreyfus, 1991; Hiebert & Carpenter,
1992). If a concept is complicated in its nature, the connections become
harder to make.

The dual nature of limits of functions
There is an ambiguity in the way the concept of limits can be perceived. One
can focus on the process of approaching the limit and hence consider it a
never ending procedure. But one can also think of the limit as a static entity,
or object, to which functions can be compared. Sfard (1991) and Cottrill et al.
(1996) have described theories of object formation from processes. A notion
is first regarded as a process and when the characteristics of the notion
become clear the notion can be seen as an object upon which other processes
can be applied. These objects and processes form mental schemas to
represent the concept and connections to it. Such schemas constitute
individuals’ concept images. Cottrill et al. (1996) concluded that the formal
concept of a limit is an intricate dynamical schema and not a static one. It is
important to have a strong dynamical conception of the notion before it is
possible to embrace fully a more formal interpretation where the limit is seen
as an object. In the development of refining the schema of limits there are
leaps between seeing a limit as a process and as an object.

Limits are taught at upper secondary school in Sweden, but only in an
informal intuitive manner with the focus on limits as processes. Therefore,
the students have some conceptions of limits when they come to university.
These conceptions can be difficult to change since they have been sufficient
until the students started at the university. Hence these students do not feel
a need to learn the formal definition (Williams, 1991) or to work further to
understand the dual nature described above. Tsamir and Tirosh (2002)
described intuitive beliefs as enduring self evident cognition forms. The
strong feelings of certainty can cause a false sense of understanding.

The study
The questions explored in this study, as already indicated in the introduction,
are:

• What are the students’ attitudes to mathematics?
• What are the relations between these attitudes and the learning

of limits of functions?
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The methods and instruments used in the study were both quantitative
and qualitative, but the data presented in this article are mainly quantitative
to give a clearer picture of possible patterns in the students’ responses to the
questions and tasks. In the data collection, students were variously
considered as a group, and as individuals, to elicit as much information as
possible about their attitudes to mathematics and knowledge of limits of
functions. Details of the sample, methods and instruments are presented and
discussed in this section.

The sample
The study was conducted in two stages with two different groups. The first
group comprised 143 students who took part in the first part of the study in
the spring semester of 2002. The following semester, autumn of 2002, 112
students participated in the second part of the study. About one third of the
students were women, 36% in the first part and 29% in the second. All
students were enrolled in a 20-week, full-time, basic level mathematics
course covering algebra and analysis. Each group of students was taught by
different teachers, one in algebra and one in analysis. The lectures were held
three days per week with two lectures per day to the whole group. After the
lectures, the students were separated into smaller groups for a teacher led
problem solving session. I was not teaching any of the students and I did not
know any of them.

The groups were slightly differently composed as the spring group had
a larger number of students whose main interests were in biology, chemistry
or some other non-mathematical topic. Students who study mathematics
because their non-mathematical main interests require it are not likely to
have attitudes as positive to mathematics as students with mathematics as
their main topic of study. The differences in composition of the groups
affected the study as we will see later in this article.

Methods and data analysis
The data were collected at three stages – stage A, stage B, and stage C – with
each group of students. There were 132 students in the spring study and 99
students in the autumn study who responded to a questionnaire at stage A
in the second week of the course. The questionnaire was designed to
determine the students’ attitudes to mathematics through seven attitudinal
statements, and their knowledge about limits from upper secondary school
through some easy limit tasks. Only the attitudinal part is described in this
article to show the students’ attitudes before limits were taught. The
instruments used are discussed more fully in the next section. The students’
responses were sorted, with data from the two groups kept separate. The
students were individually categorised with respect to their responses to the
attitudinal part of the questionnaire. The last four of the seven statements
(see the instruments section) were used to categorise the students as
“confident” or “unconfident”. A typical “confident” student agreed with
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statements 5 and 7 and disagreed with statements 4 and 6. An “unconfident”
student responded in the opposite way. Categorisation patterns were defined
by at least three out of four consistent responses to these four statements.
Students with some neutral responses to some of the statements but
otherwise following one of the categorisation patterns were added to the
relevant category. The aim with the categorisation was to be able to compare
confident students’ abilities to solve limit tasks with unconfident students’
abilities to solve limit tasks. This categorisation of students does not take
different degrees of confidence into account but, as will be shown further on,
a majority of the students could be categorised by this method. Limits were
introduced to the students between stage A and stage B. 

At stage B, in the fifth week of the course, 106 of the students in the
spring study responded to a second questionnaire with limit tasks and
attitudinal questions. The attitudinal part, as described in the instruments
section, included four open questions about what the students found most
interesting, stimulating and difficult in the course. From the answers to these
four questions, the most commonly mentioned concepts were listed to show
which concepts the students thought of in the given contexts. The
instruments used in the two groups were not identical. One reason for this
was that some tasks were trialled in the spring study. The students in the
autumn course were not asked the four questions because of time
constraints. This was the only difference in the instruments used in the study
described in this article. However, the responses to the four items are
relevant for the questions posed in this article; hence they are included in
the data. 

The students in both groups responded to a questionnaire at stage C in
the seventh week of the course. The questionnaire comprised two tasks
about limits with given solutions, which are described in the instruments
section. Solutions were given by 87 students from the spring study and 78
students from the autumn study. The tasks are called Task 1 and Task 2 in a
later section of the article. The students’ solutions to the tasks were
transcribed and put into a computer program for categorisation. In this
article I will only use the categories representing complete and correct
solutions to measure the students’ abilities to solve limit tasks. Examples of
student solutions and expected solutions are provided in later sections.

The number of students in the groups and the methods used at the three
stages are summarised in Table 1.
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Field notes were taken for both groups to shed some light on the students’
activities during lectures and in the classroom where tasks were solved.
Students were together for the lectures but were divided into smaller groups
with 20 to 30 students for the task solving sessions. I followed one such
group and almost all the lectures, as an observer, when they were dealing
with limits. The field notes were organised so that each student was
represented by a square in a grid representing the classroom at the group
sessions, and all actions such as asking questions, solving tasks at the black
board or commenting on something were written down to give a picture of
the activities during each lesson. The students were less active during the
lectures and there were too many students to consider them individually.
Therefore, the data collection at the lectures consisted of notes of what the
lecturer presented and questions and comments from the students.

Fifteen of the students in the autumn study were interviewed on two
different occasions to capture as many individual experiences as possible
(Juter, 2003). The results of the interviews are not presented in this article.

Instruments
The students responded to a questionnaire in the beginning of the semesters,
at stage A. The following statements, based on Mohammad Yusof and Tall
(1994), were part of the questionnaire. 

1. Mathematics is a collection of facts and processes to be
remembered.

2. Mathematics is about solving problems.

3. Mathematics is about coming up with new ideas.

4. I learn mathematics through rote learning.

5. I usually understand a mathematical idea quickly.

6. I have to work very hard to understand mathematics.

7. I can connect mathematical ideas that I have learned.
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Table 1
Number of students enrolled, instruments used and time at each stage

Spring group Autumn group Instruments Time

Stage A 132 99 Attitudinal tasks Second week

Stage B 106 – Attitudinal tasks Fifth week

Stage C 87 78 Limit tasks Seventh week



Students’ Attitudes to Mathematics and Performance in Limits of Functions

The students had five possible responses for each given proposition. They
indicated with:

• Y if they agreed strongly, 
• y if they agreed, 
• – if they neither agreed nor disagreed, 
• n if they disagreed, and 
• N if they strongly disagreed. 

The questionnaires also contained questions about limits of functions.
The students in the spring course were asked the following questions at

stage B:
1. What has been the most important thing you have learned in the

analysis part of the course to date?
2. What has most stimulated you in the analysis part of the course

to date?
3. What has been hardest to understand?
4. Write what you still do not understand.

The questions were designed to allow the students to express their
priorities and experiences of mathematics in general. The overall purpose
was to see how the students mentioned limits of functions among other
mathematical concepts. 

The questionnaire at stage C contained tasks about limits of functions for
the students to solve. The questionnaire comprised tasks with presented
solutions and tasks without solutions. The solutions were given to challenge
the students to react, i.e., either to agree or to come up with alternative
solutions. If a task was too difficult at first sight and there was no pressure to
produce a solution, the students could leave it unsolved. But an attempt at a
solution or a whole solution might stimulate some sort of response from the
students. The two following tasks with solutions were given to both groups.

Task 1: Problem: Decide the following limit value:

Solution:

Adjustments (What will change or be completed and why).

Task 2: Problem: Decide the following limit value:

Solution: xsin . We know that 0 when x and

when x . The limit value               = 1 implies that

when x .

Adjustments (What will change or be completed and why).
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Table 2
Percentage responses to the attitudinal questions: Spring study 2002 and
Autumn study 2002.

Statement Y y – n N

In Task 1 the students were expected to calculate left and right limit
values and to see that they are not the same. The given solution to Task 2 does
not compensate for the constant 2 and the students were expected to rewrite

the function, . 2, and then use the standard limit value

in the given solution.

Results

The attitudinal statements at stage A
The statements from the questionnaires and the results of the students’
responses are presented in Table 2. The numbers do not add up to 100%,
because not all the students responded to all the statements.

sin 2
x

1
x

)(
=

sin 2
x

2
x

)(

1. Mathematics is a collection of facts Spring 10 43 15 21 10
and processes to be remembered. Autumn 3 34 16 28 16

2. Mathematics is about solving Spring 57 40 1.5 1.5 0
problems. Autumn 45 42 7 2 2

3. Mathematics is about coming up Spring 17 39 27 15 1.5
with new ideas. Autumn 17 45 26 6 3

4. I learn mathematics through rote Spring 3.1 21 16 37 21
learning. Autumn 0 19 15 46 18

5. I usually understand a mathematical Spring 10 30 27 28 3.8
idea quickly. Autumn 6 39 23 24 4

6. I have to work very hard to Spring 10 35 18 27 9
understand mathematics. Autumn 10 25 29 23 11

7. I can connect mathematical ideas Spring 14 50 25 10 0.8
that I have learned. Autumn 10 62 22 5 0
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The two groups of students had very similar responses to the questionnaire,
though there are small variations. A larger proportion of the students in the
spring study agreed with statements 1, 2, 4 and 6 than of the students in the
autumn study. A larger proportion of the students in the autumn study
agreed with statements 3, 5 and 7. According to these numbers, the students
in the autumn study were slightly more confident about their own abilities
in mathematics, which is not surprising since a number of students in the
spring group did not have mathematics as their main field of study. 

About 45% of the students considered mathematics to be facts and
processes to be remembered, as in the studies by Mohammad Yusof and Tall
(1994) and Svege (1997). More than 90% of the students thought that
mathematics was about solving problems and 60% of them agreed with the
statement that mathematics is about coming up with new ideas (27% of the
students were neutral on this statement). Around 60% of the students stated
that they do not learn mathematics through rote learning but over 20%
claimed to do so and 15% were neutral. In contrast to the results of this study,
75% of the students in Mohammad Yusof and Tall’s (1994) study claimed to
learn by rote.

There were nearly as many students who claimed to understand a
mathematical idea quickly (statement 5) as there were in agreement with the
opposite statement. The same goes for the number of students who had to
work hard to understand mathematics (statement 6). Most students stated
that they could connect mathematical ideas that they have learned
(statement 7). 

The four questions at stage B
The questions were answered by 106 students, and the most frequently
mentioned concepts are listed in Table 3.
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Table 3
Students’ responses to the four questions in the spring group. Number and (%).

Concepts
1. Most

important
2. Most

stimulating
3. Hardest to
understand

4. Still do not
understand

Limits 25 (24) 8 (8) 58 (55) 35 (33)
Trigonometry 18 (17) 14 (13) 13 (12) 5 (5)
Derivatives 5 (5) 1 (1) 2 (2) 1 (1)
Functions 4 (4) 2 (2) 7 (7) 4 (4)
Proofs 7 (7) 4 (4) 11 (10) 5 (5)
Diophantic equations – 8 (8) 2 (2) 3 (3)
Complex numbers 4 (4) 4 (4) 1 (1) 2 (2)
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The data presented in Table 3 indicate the students’ perceptions of the
mathematics in the course. Limits are considered to be the most important
and hardest to understand but not the most stimulating by this group of
students. The last two concepts in the table were taught in the algebra part
of the course and not in the analysis part, but the students mentioned them
here anyway. 

Task 1 and Task 2 at stage C
Table 4 displays the percentages of the students in each group who were able
to solve the tasks completely and correctly. There were 87 students in the
spring group and 78 in the autumn group involved in this part of the study.
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Table 4
Percentage of the students solving the tasks completely and correctly.

Spring group Autumn group

Task 1 21 36

Task 2 11 21

As expected, the students in the autumn study show better results in solving
these two tasks.

One common error, which 17% of the spring group and 15% of the
autumn group made, was to use a method which works for rational
functions when x tends to infinity but not when x tends to one as in Task 1.
An example of a student solution of this type is the following:

The limit process is taken in two steps where the problem with different left
and right limit values is ignored.

As is indicated by the data in Table 4, Task 2 was more difficult for the
students to solve. The most commonly used method was to reason in terms
of infinity, often locally, which means that the students did not regard the
features of the whole function as x tends to infinity. For example:

and the expression         .

x 2 + x
x 2 – 1

1 + 1
1 – 1

= ➔ ➔ ∞

0 when x so the denominator has to go

x 2 1 + 1
x
1
x 2

)(
x 2 (1 – )

1
x ➔ ➔ ∞

➔ ∞

➔ ∞
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The results so far have focussed on the groups as such and not on the
students as individuals. It is interesting to see how students strongly
confident in their own capability coped with the tasks compared to students
with weak self-confidence. The categorisation described in the method
section gave the result that 61 (47%) students from the spring study and 54
(55%) students from the autumn study were categorised as “confident” and
28 (21%) students from the spring study and 16 (16%) students from the
autumn study were categorised as “unconfident”. This shows again that the
autumn students were more confident. Not all students solved the tasks.
There were 35 from the 61 “confident” spring students, 17 from the 28
“unconfident” spring students, 36 from the 54 “confident” autumn students
and 9 from the 16 “unconfident” autumn students who did. Table 5 shows
the results of the students’ success at solving the tasks with respect to their
overall confidence in mathematics.
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Table 5
Number and (%) of correct solutions to Task 1 and Task 2 by students who
responded to both statements and tasks.

Task
Confident:

Spring
Unconfident:

Spring
Confident:
Autumn

Unconfident:
Autumn

Task 1 5 (14) 2 (12) 13 (36) 2 (22)
Task 2 6 (17) 1 (6) 9 (25) 0 (0)
Total number of students 35 17 36 9

The “confident” students in the autumn study had a higher rate of correct
answers than did the “confident” students in the spring study. The results of
the “unconfident” students’ task solving are not very clear, which may be
explained by having too few students in these categories. 

The field notes
The field notes revealed that the students were not very active during
lectures or in class. There were not many questions or remarks from the
students during the lectures that I observed. The task solving lessons were
planned for the students to solve problems at the blackboard, with a teacher
helping if necessary, but the students’ unwillingness to do that often left the
teacher solving the students’ problems. 

In the autumn study the teacher at the task solving sessions asked the
students about the limit tasks. The first question to the students was whether
they found the limit value tasks harder than the other tasks. The answer from
the class was yes. They said that they had not met epsilons and deltas before
and this was hard for them to understand. The second time was two days
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later when the teacher asked if the students found a specific kind of task
harder than tasks that involved only calculation. The students said that they
did and that they preferred to use standard limit values. The specific task

was a function,  , that was supposed to be proved, with the limit value

definition, to be continuous at x = 2. Not all students participated in the
discussion.

Discussion
The results from the previous section, together with the theoretical
background, are used to address the research questions: What are the
students’ attitudes to mathematics? What are the relations between these
attitudes and the learning of limits of functions? The questions are discussed
under three headings relating to students’ abilities to solve limit problems,
understanding of the limit concept, and attitudinal changes. Educational
implications are linked to the discussion under each heading.

Students’ abilities to solve problems
The results of this study suggest that there is a connection between students’
positive or confident attitudes to mathematics and their ability to solve limit
tasks successfully. Which one depends on the other is not possible to tell
from this study and perhaps not at all (McLeod, 1992). The results from the
groups presented in Table 4, as well as from the students as individuals in
Table 5, imply that students with positive confidence perform better in
solving problems about limits of functions, or that students who are capable
of solving problems have a positive attitude to mathematics. Mohammad
Yusof and Tall (1994, 1996) also reported that students participating in a
course with an emphasis on problem solving processes showed more
positive attitudes to mathematics and problem solving. Thus when teaching
limits of functions in particular, it seems important to ensure that the
students’ learning environment offers varied opportunities for discussion
and problem solving. In that way students can consolidate their current
knowledge and be stretched to enhance their skills. There are several
students who claimed that they had to work very hard to understand
mathematics (statement 6 in Table 2), and that they did not understand a
mathematical idea quickly (statement 5). Examples of this were found in the
field notes. One student had solved a task at the blackboard during a
problem solving session. He used the limit definition. When he was finished,
he asked the teacher: “What have I proved?”. Other students in the group
agreed with him and they thought it was hard to know when something was
proved with the limit definition. So although the students worked with the
suggested tasks, they did not always understand how they used the
mathematics. On the other hand, there were almost no students who stated
that they could not connect mathematical ideas they had learned (statement

x + 7
x – 3
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7). The responses to these three statements (statements 5, 6 and 7) are both
encouraging and dispiriting. The result of the first two of them suggests that
if students have time to spend on mathematics, then they can learn it. But the
third statement (statement 7) can also be true. If an individual does not have
the time or inclination to work, then there can not be a successful connection
between the new and the existing mathematical parts in the concept image
(Tall & Vinner, 1981). Perhaps students do not see the new parts as learned if
they are not fully integrated with the mental networks of mathematics.

Aspects of understanding
The fact that so many students in the present study, as well as in Mohammad
Yusof and Tall’s (1994) and Svege’s (1997) studies, see mathematics as
something to be remembered indicates that understanding is not the goal of
the students’ learning processes or perhaps of the teaching. This is
emphasised by the statement that mathematics is about solving problems. It
seems that the students’ efforts are focused on the problems and solution
methods rather than on the theory. This situation is an example of
Pehkonen’s (2001) description of the influence of beliefs on the learning of
mathematics, where the students’ subjective knowledge interferes with their
objective knowledge. But the students’ ideas of what constitutes a
mathematical problem are not clear. It can be any task or something that is
not trivial for the students to solve (Schoenfeld, 1992). If students think that
mathematical problems are not only to find solutions to tasks, but also to
justify conjectures or to understand proofs, then I would not say that the
theory part is neglected. The field notes show that most students did not
want to solve problems in class. Apart from the tasks being too difficult for
the students, there can be other reasons for this, for example doubt about
their own mathematical ability or shyness. These problem solving sessions
also affect students’ attitudes. Confident and successful students who solve
tasks in front of the class strengthen their positive attitudes, while inactive
students with low mathematical self-confidence do not get, or take, the
opportunity to feel success through interactions with peers. 

The responses to statement 3 (Table 2) stand in contrast to a shallow view
of mathematics, as quite a few students thought that mathematics was about
coming up with new ideas. If students only work with standard tasks and do
not consider the underlying theory, then they will probably find it hard to
discover new things. There is a better chance for them to get new ideas if they
are bold and explore the features of the processes and objects on which they
are working rather than just rely on texts and lecturers’ words. Szydlik (2000)
claimed bold students are more likely to have accurate conceptions of limits
of functions. The students are certainly aware that they should be prepared
to explore new approaches and perhaps want to work in that way, but
understanding often takes time, and time has a tendency to run out. A
strategic selection of what to study can favour routine-tasks and rote
learning (Mohammad Yusof & Tall, 1994). Courses are often assessed with
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similar tasks, so the choice to skip theory is not surprising. Theorems and
proofs can be learned by heart as well; in this way it might seem as if a
student has understood a concept even if that is not the case. About 60% of
the students in this study claimed not to learn by rote, which implies that
there is a rather large number of students who do. 

If a student is learning limits of functions by rote, what are the specific
features that he or she will remember? Many students find limits of functions
to be difficult to understand as we have shown before. Selecting the
appropriate method to use when dealing with limits is often not trivial. The
formalistic formulation of the definition, and for many students the new way
of thinking, compound the difficulties. If students are unable to see and
understand the concept’s critical features, then they do not know what to
learn by heart. They see that several methods are present in textbooks and at
lectures and feel pressured to make sense of them all, which possibly adds to
their anxiety (Entwistle, 1998). There are methods that are systematically
used, which students learn and remember, for example to use the dominant
term when they work with rational functions where the independent
variable tends to infinity. The students in the autumn study had learned that
method for rational functions and then they got a rational function where the
independent variable tended to one. Many of the students started to divide
by the dominant term, which is the term that would have dominated if
x tended to infinity, even though it did not help them to solve the problem.
They had simply recognised a rational function as a surface property,
and they did not remember why they used the method with the dominant
term. This illustrates the danger of learning a method without fully
understanding it.

Attitudinal changes
The notion of limits of functions is such that it takes time and effort for most
students to understand fully the meaning of the concise formalised
definition and to integrate it with their existing mental representations
(Cornu, 1991; Davis & Vinner, 1986; Juter, 2003, 2004; Szydlik, 2000; Tall &
Vinner, 1981; Williams, 1991). Students have to devote a lot of energy and, if
they are excited and curious about the subject, there is something that drives
them to make sense of what they work with. If their first experiences with
limits are positive, then the attitudinal development triggered by emotional
reactions (McLeod, 1992) has a chance to grow strong (Pehkonen, 2001) and
be sustained during the demanding nature of the learning process. One
outcome of Mohammad Yusof and Tall’s (1994, 1996) study was that even
though attitudinal changes did occur, the attitudes tended to change back
again after some time. The information summarised in Table 3 indicates that
limits of functions are considered to be important, but very hard to
understand, so these attitudes have a strong psychological importance
(Pehkonen, 2001). Hence there has to be strong positive experiences for the
students to change such attitudes and maintain the changes.
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Intuitive beliefs (Tsamir & Tirosh, 2002) that are inconsistent with the
formal concept definition are possible causes for misplaced high self-
confidence. Intuitive beliefs need to be challenged to bring students to
understand that there is much more about limits to investigate and make
sense of. This in turn can get the students to lose their confidence, not only
about limits but about their total ability to work with mathematics. This is,
however, a necessary risk to be taken if students are to get a chance to create
true and rich concept images (Tall & Vinner, 1981), and to understand their
meaning (Dreyfus, 1991; Hiebert & Carpenter, 1992). As I see it, the teacher’s
role involves giving a balanced challenge so that students experience the
need to modify their concept images intertwined with moments of success in
order to maintain or develop positive attitudes towards mathematics. 

This study traced students’ attitudes and abilities measured at
separate, distinct times. This approach may prevent changes that take place
between periods of data collection being detected. If students successfully
construct their cognitive representations over a period of time, then their
attitudes to mathematics are likely to become more positive (Hannula,
2002). When they strike a problem, the positive attitudes become less
positive, or more negative. There can then be several sets of attitudinal
clusters or clusters of beliefs (Pehkonen, 2001) which are connected to the
different contexts in which they were created. The clusters can be disjoint
and, depending on the input from questions or elsewhere, the students
evoke different clusters; this might confound the findings in the data
collected. Therefore, it is important to keep in mind the different stages of
the course when the data were collected. The data presented in Table 2
were gathered before the students had worked with limits in the course.
The rest of the results presented are from the time after limits of functions
had been presented and many of the students struggled to integrate this
new material with what they already knew.

The students’ attitudes described in this article are what lecturers and
teachers have to consider in their classrooms. The students have developed
these attitudes through many years of schooling and they are not easily
changed over a semester. Most changes do not occur without effort.
Therefore, for changes to occur, explicit attempts must be made by the
teacher and the student. 

Conclusions
To answer the first of the research questions (What are the students’ attitudes
to mathematics?), a majority of the students considered mathematics to be
facts and processes to remember and mathematics to be about solving
problems but also about coming up with new ideas. Most students claimed
not to learn by rote. The majority of the students stated that they could
synthesise mathematical ideas that they had learned, but many students had
to work very hard to understand mathematics. Limits of functions were
regarded to be most important in the analysis course, but also most difficult
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to understand. This implies that most students in the study had to work hard
to integrate the new knowledge to existing concept images. The fact that they
thought limits were important probably encouraged them not to give up
their attempts to learn limits. 

To address the second question (What are the relations between these
attitudes and the learning of limits of functions?), the results of the study
show that confident students perform better in solving limit problems than
unconfident students do. The students’ attitudes were contradictory at some
points. Students who claimed to be able to connect mathematical ideas they
have learned, but who regard mathematics to be facts and processes to
remember can have a meaningful learning approach if they see remembering
as a synonym for learning. If they have a rote learning strategy instead, the
connections to other mathematical ideas are likely to be weak and based on
first sight similarities as exemplified in this study.

The results from the present study provide teachers with evidence of
students’ efforts to learn limits, and of their attitudes to mathematics. The
relationship between attitudes and achievement in solving limit problems
implies that time should be spent on enhancing positive attitudes. Since so
many (55%) of the students in the spring study found limits to be the hardest
part of the analysis course to understand, there is reason to work through
limits thoroughly and use various problems at different levels to help
students understand the concept’s features, and hence to be able to make
strong and meaningful mental connections to other concepts. 
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Article IV





Limits of Functions as They Developed Through Time and as 
Students Learn Them Today 

Kristina Juter 
Kristianstad University College, Sweden 

In this article, the ways in which first year university students’ develop 
the concept of limits are compared to the historical development of the 
concept. The aim is to find out if the students perceive the notion as 
mathematicians of the past did as understandings of the concept evolved. 
The results imply that there are some similarities, for example, the 
struggle with rigour and attainability. Knowledge of such critical areas 
can be used to improve the students’ opportunities of learning limits of 
functions. Some teaching aspects are also discussed. 

Introduction 
Limits of functions have developed over many centuries to reach the 
current level of stringency (Katz, 1998). Mathematicians have struggled 
with the concept for various reasons. Some of the reasons are mentioned 
here to indicate the development of limits of functions through time. The 
historical development of limits shows some crucial points, for example the 
issue of rigour, which students also need to address as they learn 
mathematics. A comparison of students’ conceptual developments with the 
historical development can have many theoretical and methodological 
complications as history and psychology are two different domains 
(Furinghetti & Radford, 2002). The meaning of mathematics has changed 
over the years and it has also meant different things in different cultures 
(Grugnetti & Rogers, 2000), which further complicates comparisons. A 
comparison can, despite the possible complications, be useful and 
informative, for instance in finding critical learning passages. The historical 
development can also, as Bartolini Bussi and Sierpinska (2000) and 
Grugnetti and Rogers (2000) argued, inspire students to learn mathematics. 
        Today students learn limits of functions at upper secondary schools 
and universities. They, too, have some obstacles to overcome. The 
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definition causes problems, the concept of infinity makes limits unclear, 
and there are other potential obstacles when learning limits of functions 
(Cornu, 1991; Davis & Vinner, 1986; Juter, 2003; Tall, 1980; Tall, 2001; 
Vinner, 1991). Different universities and schools, both nationally and 
internationally, teach limits in different ways. The sample of this article 
comprises students from a Swedish university. They are taught the formal 

 -  definition in their first calculus course. Some of the students have 
already seen the definition at upper secondary school and all of them are 
supposed to have had an intuitive introduction at upper secondary school. 
        The aim of this article is to compare, with proper caution, the 
historical development of limits of functions with the way 15 Swedish 
university students learned this topic. The questions investigated are: What 
similarities do the students’ developments have with the historical 
development? How, historically, has rigour of limits been handled, and 
how do the students cope with rigour now? The article concludes with a 
consideration of some teaching and learning issues.  

Limits, Evanescent Quantities and Other Elusive Concepts 
The use of limits of functions did not require a strict formal definition, in 
our modern sense, from the start. Initially, an implicit treatment was 
considered sufficient. One example from about four centuries before Christ 

was given by Hippocrates of Chios who proved that 2
2

2
1

2

1

d
d

A
A  where 

 and are areas and diameters of two circles (Edwards, 1979). 
According to Edwards, Hippocrates probably inscribed regular polygons 
and let the number of sides tend to infinity to fill the circles, or exhaust 
them. In this limit process he presumably regarded infinitesimals as 
something to discard as zero, even though he did not have a strict enough 
limit concept to describe the infinitesimals. This type of geometrical use of 
limits was not causing problems with the implicit notion of limits. 
Archimedes worked with foundations of calculus but he did not introduce 
limits because of his fear of the infinite (Edwards, 1979). Instead he used a 
method similar to Hippocrates’s, for example, filling a sphere with a 
sufficient number of pyramids with the sphere’s radius as height (Thiele, 
2003). This way of proving geometrical properties was the beginning of 
indivisibles. In the 17

121 ,, dAA 2d

th century Cavalieri was also reluctant to use limits 
(Edwards, 1979). He thought that rigor was a philosophical matter. 
Cavalieri introduced the concept of indivisibles in 1635 (van Maanen, 
2003), but he did not explain what he meant by indivisibles (Boyer, 1949). 
He used infinitesimal volumes or areas, and called them indivisibles, to 
show that two geometrical objects have the same size. He hid the limit 
concept in his computations and did not address it (Edwards, 1979).

2



        Fermat, like Hippocrates, regarded infinitesimals as zero in his work 
with maximum and minimum problems (Edwards, 1979). He first created a 
pseudo equality where he added an e so that f(x+e)  f(x). Then he divided 
by e and finally discarded e. He used, for example, 
so he got the pseudo equality and calculations:
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2

2
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Fermat provided only partial explanations for the logic of his method so 
researchers of today are not certain of his intentions. The missing 
explanations could have been expressed elsewhere and this is an example 
of the problems of describing a historical development. 
        Leibniz and Newton worked with the foundations of calculus in 
different ways during twenty years from about 1660 (Guicciardini, 2003). 
Neither of them worked with functions. Instead they both used an intuitive 
geometric continuum to develop limits. Both men thought that 
infinitesimals did not actually exist but used them as symbols in proofs. 
They regarded infinitesimals as quantities as they were tending to zero. 
Despite these similarities in their work, there were some differences in their 
approaches to limits. Leibniz had no problem to accept infinitesimals even 
though he regarded them as not really existing. He thought of limits as the 
foundations of calculus and settled with the belief that limits made the 
creation of calculus theoretically possible (Guicciardini, 2003). He defined 
limits as follows: “If any continuous transition is proposed terminating in a 
certain limit, then it is possible to form a general reasoning, which covers 
also the final limit” (Katz, 1998, p. 708). Newton worked with limits of 
ratios of geometrical quantities. He explicitly created a theory of limits in 
which he tried to discard infinitesimals (Guicciardini, 2003). He stated the 
following definition in his Principia: “Quantities and the ratios of 
quantities, which in any finite time converge continually to equality, and 
before the end of that time approach nearer to each other than by any given 
difference, become ultimately equal” (Edwards, 1979, p. 225). Newton 
used infinitesimals in Principia in a way that was misunderstood by other 
mathematicians. He used the words prime and ultimate ratio and 
evanescent quantity in his presentation without defining what he meant by 
them, causing confusion for other mathematicians (Boyer, 1949). Leibniz’s 
presentations also caused confusion and mathematicians after him 
interpreted differentials as infinitesimals or as zero.  
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        In the 18th century, Berkeley came with criticism of earlier 
presentations of the calculus in an essay in 1734 called The analyst 
(Edwards, 1979; Katz, 1998). His criticism was aimed at Halley who was a 
disciple of Newton. Berkeley compared the foundations of mathematics 
with religious foundations. Berkeley thought that mathematicians using 
Leibniz’s or Newton’s methods did not themselves understand what they 
were doing and that they based their work on vague concepts and 
incompatible logic. Berkeley criticized the use of infinitesimals as zero 
sometimes and as something small sometimes, similarly to Fermat’s 
aforementioned method.  
        A few years later, James Jurin and Benjamin Robins argued whether 
variables reach their limits or not (Boyer, 1949). Jurin thought that some 
variables could reach their limits and he accused Robins of having 
misunderstood Newton. In Robins’s definition of limits the variable does 
not reach its limit. He used a regular polygon inscribed in a circle with the 
circle as its limit to illustrate his reasoning. Arithmetical and geometrical 
conceptions of limits became mixed up and caused confusion. Such 
confusion was also connected to Newton’s and Leibniz’s reasoning and it 
remained a problem for about a hundred years. 
        Cauchy emphasised rigor in his presentation of calculus and his was 
the first to present a fairly clear limit definition: “When the successively 
attributed values of one variable indefinitely approach a fixed value in such 
a way that they finally differ from it by as little as desired, then that fixed 
value is called the limit of all the others” (Belhoste, 1991, p. 66). The new 
definition enabled him to strengthen the rigor of infinitesimals (Edwards, 
1979) and avoid the infinitely small fixed numbers used by earlier 
mathematicians such as Newton. Cauchy defined an infinitesimal to be a 
variable with limit value zero. Cauchy’s formulations lacked a clear 
definition of the concept of number, which made his formulations 
somewhat vague, with the concepts of number and limit depending on each 
other (Boyer, 1949). 
        Up to now, the limit concept had been treated as a process in a 
continuous motion. Weierstrass perceived limits as static entities instead. 
His exposition was non-geometrical and founded on real numbers (Boyer, 
1949). His definition of irrational numbers was independent of limits, so he 
did not rely on circular reasoning as Cauchy did. Weierstrass’s definition is 
the one we often use today with  and : A  is called the limit of  as )(xf

ax , if for every 0  there exists a 0  such that Axf )(  for 
every x  in the domain with ax0 .
        To summarise the historical development of limits, it began with an 
informal geometrical approach and computations were more important than 
rigour. Then the lack of rigour caused ambiguities in mathematicians’ 
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perceptions of the concept, as they progressed in their use of limits, forcing 
them to work further with their expositions of limits. Issues like 
attainability and perceptions of the definition were not settled until 
centuries had passed.
        Many other mathematicians have contributed to the development of 
limits through textbooks, letters, and articles. The highlights given here 
capture some important views over time. A historical overview of a 
concept can not be seen as a linear development as there are many factors 
causing us to interpret historical documents differently. Our socio-cultural 
conceptions of modern time and of ancient times and our frameworks 
influence the way we perceive concepts (Radford, 1997). There are 
problems in comparing ontogenesis with phylogenesis for many reasons. 
Societies change and cultural differences bias the results of comparisons, 
which has to be recognised (Furinghetti & Radford, 2002; Radford, 2000). 
The purpose of this article is not to argue that ontogenesis recapitulates 
phylogenesis, but to compare the different developments of limits of 
functions. Historical documents are not always complete, making us draw 
our own conclusions of what aims and thoughts mathematicians had. The 
examples given here imply that we can not parallel ontogenesis and 
phylogenesis without caution. In the present article, important views of the 
phylogenic evolution of limits are compared to students’ developments of 
the concept within a theoretical frame, which is outlined in the next section. 

Three Worlds of Mathematics Compared to History 
A concept image is the total cognitive representation of a concept that an 
individual has in his or her mind (Tall & Vinner, 1981). It might be 
partially evoked and different parts can be active in different situations 
leading to possible inconsistencies. An individual’s concept image might 
differ from the formal concept definition or the concept image in itself can 
be confusing or incoherent. Mental representations of concepts are created 
at different levels. 
        Tall (2004) has introduced three worlds of mathematics to distinguish 
different modes of mathematical thinking, with the purpose to “gain an 
overview of the full range of mathematical cognitive development” (Tall, 
2004, p. 287). The theory of the three worlds emphasizes the construction 
of mental representations of concepts and has emerged from several 
theories on concept development, such as Sfard’s (1991) work on 
encapsulation of processes to objects and Piaget’s abstraction theories 
(Tall, 2004). The three worlds are somewhat hierarchical in the sense that 
there is a development from just perceiving a concept through actions to 
formal comprehension of the concept. The first world is called the 
conceptual-embodied world and here individuals use their physical 
perceptions of the real world to perform mental experiments to build 
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mental conceptions of mathematical concepts. The mental experiments can 
be children’s categorisations of real-world objects, such as an odd number 
of items or, later, students’ explorations of intuitive perceptions of limits of 
functions. The second world is called the proceptual-symbolic world. Here 
individuals start with procedural actions on mental conceptions from the 
first world, as counting, which by using symbols become encapsulated as 
concepts. The symbols represent both processes and concepts, for example 
counting and number or addition and sum. The symbols, together with the 
processes and the concepts, are called procepts (Gray & Tall, 1994) and are 
used dually as processes and concepts depending on the context. The third 
world is called the formal-axiomatic world and here properties are 
expressed with formal definitions as axioms. There is a change from the 
second world with connections between objects and processes to axiomatic 
theories comprising formal proofs and deductions. Individuals go between 
the worlds as their needs and experiences change and mental 
representations of concepts are formed and altered. Students who are 
unable to encapsulate processes as objects or take the step from procepts to 
a strictly formalistic exposition can use rote learning as a substitute. Rote 
learning can be sufficient for routine situations but if the students are 
unable to create manageable mental entities, they will encounter even 
bigger problems learning new things. Students’ mathematical development 
can be observed in the context of these three worlds, as can the 
development of mathematical concepts. 
        If we consider the development of limits as it started in a geometrical 
intuitive manner, then through symbolic manipulations to strictly formal 
representations, we can see that the phases are those of Tall’s (2004) three 
worlds. In the beginning of the existence of limits they were pragmatically 
used and not explicitly stated. Hippocrates’s and Archimedes’s (Edwards, 
1979) methods of exhaustion, which came before the concept was strictly 
established, can be seen as mental experiments in the first world of 
mathematics, the embodied world. Geometrical situations resulted in a need 
for limits and they were successively starting to take form. Later Fermat, 
Newton, and Leibniz, to mention some, used calculations with symbols 
(Edwards, 1979; Guicciardini, 2003) when they dealt with limits. They had 
not yet a formal theory of limits to use, but they manipulated limits with the 
aid of symbols and words. The development at this stage had entered the 
second world of mathematics, the proceptual world. This phase altering 
between the two first worlds continued until Weierstrass came up with his 
theory of limits (Boyer, 1949) and extended the development of limits to 
the formal world of mathematics. The comparison of history and the three 
worlds is very rough, but it gives a picture of the development, which can 
be valuable in teaching limits. 
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Limits as They are Taught in Modern Time 
Students learn differently and hence there is not one teaching strategy 
superior to all others. Different countries and universities use different 
approaches to teach limits. In at least one Australian university, which I 
visited recently, students are not taught the formal definition until their 
second year of mathematics (School of Mathematics, 2004).  In their first 
year they are intuitively introduced to the concept through examples, as 
opposed to the students in the present study who were taught Weierstrass’s 
formal definition in their first semester.  There are advantages as well as 
drawbacks with both ways to introduce limits of functions, as argued 
further on.
        Sierpinska (1994) described a lesson from a study where a teacher 
introduced limits to a class. The teacher used three different forms of 
explanations: natural language, geometric representation, and examples. 
Despite the varying presentation there was not much evidence of the 
students understanding limits. All examples used in the lesson were of 
convergent sequences, so the students had nothing with which to compare 
the convergent sequences. Sierpinska argued that there are ambiguities in 
the use of the term limit. The definition can be formulated in different 
ways, for example, with absolute values or in terms of neighbourhoods, but 
limits are often taught in general terms with the aim that the students’ 
representations of the concept will mature during further studies in 
mathematics. 
        Sierpinska also explored the use of metaphors in students’ 
mathematical learning. She claimed that understanding on the basis of a 
new metaphor causes reorganisation in the mental representations creating 
a ground for concept formation. The language of limits (e.g. tend to) has 
traces of metaphors used by mathematicians such as Newton.   
        Stergiou and Patronis (2002) investigated how students learn rate of 
convergence. The students solved limit tasks that converge to zero as an 
introduction to infinitesimals. Some students perceived a mathematical 
subject, for example a finite number of terms representing a sequence, to be 
a given fact rather than to develop a meaningful mental representation of it. 
The students had problems separating a convergent sequence from a 
continuous function. Some of them reformulated problems posed in terms 
of sequences into terms of functions. Stergiou and Patronis claimed that the 
students’ problems of separating the concepts could be worse if the 
teaching of limits of sequences is left for the teaching of limits of functions. 
Todorov (2001) criticised the method of teaching limits with calculators 
and the -  definition and argued that the theory is more accessible to 
students if taught in terms of infinitesimals. One reason is that the number 
of quantifiers in the formulation with infinitesimals is smaller than in the 

-  formulation. The quantifiers are problematic for students to 
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understand (Cornu, 1991; Juter, 2003) but a substitute is not necessarily 
easier for them. Todorov claimed that another advantage of the 
infinitesimal approach is that the students do not need to guess the limit and 
then prove that it is a limit, as they have to if they use the -  definition. 
The proof of existence and the calculation of the limit are done at the same 
time. The students will do more calculations and less proving. The method 
is similar to the Leibniz-Euler infinitesimal method (Todorov, 2001).  
        Another method was used in a teaching experiment carried out in a 
numerical analysis course at another Australian university (Furina, 1994). 
Five students participated in a four week study, in which the students 
solved limit problems during 40 minutes once a week. The students used 
spreadsheets to solve the tasks individually for 20 minutes and then they 
discussed the tasks together. Furina concluded that there were students who 
neglected terms tending to zero and that they had an algebraic approach to 
limits, leaving them without a developed understanding of limits, thus 
making them unable to solve more demanding tasks. 
        The developments of 15 Swedish students are presented and analysed 
with respect to the historical development of limits and the way limits are 
introduced to the students.

The Study 
The students and the course are described in this part of the article, along 
with the methods and instruments used to collect data. 

The Sample and the Course
There were 112 students participating in the study, of these, 29% were 
female. The students were aged 19 and up. They were enrolled in a first 
level university course in mathematics. The course was divided into two 
sub-courses. Both of them dealt with calculus and algebra. The courses 
were given over 20 weeks full time (10 weeks for each course). The 
students had two lectures and two sessions for task solving three days per 
week. Each lecture and session lasted 45 minutes. Thus the total teaching 
time for each course was 90 hours.
        The notion of limits of functions was presented in the first course 
before derivatives. The lectures and sessions dealing with limits are 
outlined here to describe the students’ first encounter with limits of 
functions at university level.  On the first lecture on limits, the lecturer 
followed the textbook presenting formal definitions and theorems on 
indefinite and definite limits of functions and limits of monotonic functions 
as x tends to infinity (for functions depending on x). The textbook has an 
intuitive approach in the initial pages of the book, but the exposition 
becomes strictly formal after that. On the following task solving session, 
the students in the group were reluctant to go up to the black board to solve 
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tasks, and the teacher ended up solving seven of ten tasks for that session. 
Students tried to solve three of the seven tasks before the teacher solved 
them. The students said that absolute values confused them and that was 
also one of the problems with the tasks.  
        The second lecture dealt with standard limit values and some proofs 
were rapidly presented (some comments on the speed were whispered 
among the students). The number e was introduced and so were -
definitions as x tends to a number. Continuity was then presented with 
some following theorems. Parts of the proofs were omitted. The lecturer 
kept on following the textbook to help the students follow his reasoning. 
The second task solving session was very similar to the first where the 
teacher solved most of the tasks. The triangle inequality was discussed. A 
question of whether a function can have several limits was posed and 
answered.
        In the third lecture the lecturer continued to prove theorems from last 
lecture. Trigonometric formulas were repeated from lectures before limits 
were taught. Some theorems were made plausible through pictures. 
Derivatives were introduced. The lecturer said that derivatives and integrals 
were what the course is all about. On the following task solving session, 
there were many questions from the students about theorems and 
definitions and how to use the theories they had met. Continuity and 
monotonic functions were particularly discussed. The rest of the session 
was about derivatives.
        The following lectures and sessions dealt with derivatives and 
integrals. Limits were taught again in the second course in different settings 
such as integrals and series. The first course had a written exam and the 
second had a written exam followed by an oral one. The marks awarded 
were IG for not passing, G for passing and VG for passing with a good 
margin. I was neither teaching the students at any stage nor did I know any 
of them. 

Methods
Different methods were used to collect different types of data, such as 
students’ solutions to limit tasks and responses to attitudinal queries. The 
sets of data were collected at different stages in the students’ developments. 
The instruments used were designed to take those differences into account. 
The limit tasks were of increasing difficulty and the attitudinal part was 
mainly in the beginning of the semester. The students were confronted with 
tasks at five times during the semester, called stage A to stage E.
        The students got a questionnaire at stage A in the beginning of the 
semester. It contained easy tasks about limits and some attitudinal queries. 
The scope of these and subsequent tasks is described in the instruments 
section. The students were also asked about the situations in which they 
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had met the concept before they started their university studies. The 
attitudinal data are not presented in this article. 
        After limits had been taught in the first course, as described in the 
former section, the students received a second questionnaire at stage B, 
with more limit tasks at different levels of difficulty. The aim was for the 
students to reveal their habits of calculating, their ability to explain what 
they did, and their attitudes in some areas. The students were asked if they 
were willing to participate in two individual interviews later that semester. 
Thirty-eight students agreed to do so; of these, 18 students were selected 
for two individual interviews each. The selection was done with respect to 
the students’ responses to the questionnaires so that the sample would as 
much as possible resemble the whole group. The gender composition of the 
whole group was also considered in the choices. 
        The first session of interviews was held in the beginning of the second 
course, at stage C. Each interview lasted about 45 minutes. The students 
were asked about definitions of limits, both the formal one from their 
textbook and their individual ways to define a limit of a function. They also 
solved limit tasks of various types with the purpose to reveal their 
perceptions of limits and commented on their own solutions from the 
questionnaires to clarify their written responses where it was needed. 
        The students received a third questionnaire at the end of the semester, 
at stage D. It contained just one task. Two fictional students’ discussion 
about a problem was described. One reasoned incorrectly and the other one 
objected and proposed an argument to the objection. The students in the 
study were asked to decide who was correct and why.
        A second interview was carried through at stage E after the exams. 
Each interview lasted for about 20 minutes. Of the 18 students, 15 were 
interviewed at this point. The remaining three students were unable to 
participate for various reasons. The students commented on the last 
questionnaire and, linked to that, the definition was scrutinized again. The 
quantifiers for every and there exists in the  -  definition were discussed 
thoroughly.
        Field notes were taken during the students’ task solving sessions and 
at the lectures when limits were treated to give a sense of how the concept 
was presented to the students and how the students responded to it. Tasks 
and results from other parts of the study are described in more detail in 
other articles (Juter, 2003; 2004; 2005a; 2005b). 

Instruments
At stage A the students solved some easy tasks about limits of functions.  

Example 1: f(x) = 
12

2

x
x . What happens with f(x) if x tends to infinity? 
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The tasks did not mention limits per se, but were designed as a means to 
explore if the students could investigate functions with respect to limits. 
        At stage B the tasks were more demanding. Some of the tasks were 
influenced by Szydlik (2000) and Tall and Vinner (1981). Three tasks had 
the following structure: 

Example 2: a) Decide the limit: 
1
2lim 3

3

x
x

x
.

     b) Explanation. 

    c) Can the function f(x) = 
1
2

3

3

x
x  attain the limit value in 2a? 

                   d) Why? 

Example 2 is what I regard to be a routine task. There were also non-
routine tasks. A solution to a task was presented to the students. It could be 
incomplete or wrong and the students were to make it complete and correct. 
There were two such tasks. The students were also asked to formulate a 
definition of a limit, not necessarily the one in their textbooks. 
        At stage C, which was the first set of interviews, the students were 
asked to comment on statements very similar to those used by Williams 
(1991) in a study about students’ models of limits. The statements the 
students commented on are the following (translation from Swedish): 

1. A limit value describes how a function moves as x tends to a 
certain point. 

2. A limit value is a number or a point beyond which a function can 
not attain values.

3. A limit value is a number which y-values of a function can get 
arbitrarily close to through restrictions on the x-values.

4. A limit value is a number or a point which the function approaches 
but never reaches. 

5. A limit value is an approximation, which can be as accurate as 
desired.

6. A limit value is decided by inserting numbers closer and closer to 
a given number until the limit value is reached.  

The reason for having these statements was to get to know the students’ 
perceptions about the ability of functions to attain limit values and other 
characteristics of limits. The students were given the statements to have 
something to compare with their own thoughts. There were other tasks 
designed to make the students consider the formal definition to clarify what 
it really says, and tasks about attainability, for example: 
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Example 3: Is it the same thing to say ”For every  > 0 there exists an  > 0 
such that |f(x) - A| <  for every x in the domain with 0 < |x – a| < ” as ”For 
every  > 0 there exists a  > 0 such that |f(x) - A| <   for every x in the 
domain with 0 < |x – a| < ”? What is the difference if any?  

        As indicated before, at stage D the students got a task with a 
description of two students arguing over a solution to a task. The problem 

was to determine whether the limit value   
0

lim
x 10000

)cos( 2x  exists or not. The 

task for the students in the study was to decide which argument, if any, was 
correct and to explain what was wrong in the erroneous argumentation.  
        At stage E, the second interview, the students’ written responses to the 
task at stage D were discussed. Example 3 was also brought up again in 
connection with the task at stage D. 

Results of the Study 
The 15 students’ representations are described at the five stages A, B, C, D 
and E previously discussed. The descriptions are summaries of fuller ones. 
Martin, Tommy and Frank had similar representations with procedural 
approaches to limits and problems with theory through the five stages. 
Filip’s, Leo’s and Dan’s representations were alike as they thought of 
limits procedural as well, but these students were better at solving tasks 
than the first group. Louise, Mikael, Dennis and Oliver all had 
representations with a clear progression in their theoretical understanding, 
from problems at the start to awareness at the end. Julia and Emma had 
comparable representations as they were able to solve tasks through all 
stages and had a clear progression in their theoretical development. The last 
row in Table 1 presents the students’ marks. The first letter or letters is the 
mark at the first course and the second is the mark at the second course. 
The numbers after the marks are the numbers of times the student needed to 
take the exam to pass, for example, G2 means that the student was awarded 
the mark G after failing the first exam and passing the second. Pseudonym 
names have been used to retain student anonymity. The digits at stage C 
indicate the students’ preferred choices from the six statements. The bold 
and larger digits are the students’ choices of statements most similar to 
their own perceptions of limits. Some students managed to solve tasks or 
explain “fairly well” as indicated in Table 1. “Fairly well” means that they 
made minor mistakes in their solutions or explanations. 
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Table 1. Students’ Developments Through the Course
Stage Filip Martin Tommy Anna 

A -Links to 
derivatives, integrals 
and limes 
-Solves easy tasks 
fairly well 

-Links to process 
technology 
-Solves easy tasks 
well

-Links to derivatives 
-Solves easy tasks 
well

-Links to physics and 
limes
-Solves easy tasks well

B -Limits are 
attainable in 
problem solving 
-Can not state a 
definition
-Solves tasks and 
explains fairly well 

-Limits are attainable 
in problem solving 
-Can not state a 
definition
-Solves routine tasks 
and explains   

-Limits are attainable 
in problem solving 
-Can not state a 
definition
-Solves routine tasks 
and explains   

-Limits are attainable 
in problem solving 
-Can not state a 
definition
-Solves routine tasks 
and explains   

C -Limits are 
attainable in 
problem solving 
-Unclear if limits 
are attainable in 
theory 
-Functions tend to 
but never reaches a 
value
-3, 4
-Can not state or 
identify the 
definition
-Solves tasks fairly 
well
-Links to 
derivatives, integrals 
and graphs
-Claims not to 
master the notion of 
limits 

-Limits are attainable 
in problem solving 
-Limits are not 
attainable in theory 
-Does not describe 
limit 
-1, 4 
-Can not state or 
identify the definition 
-Not a real limit if 
attainable by function 
-Problems to solve 
tasks
-Links to chemistry 
-Claims hesitantly to 
master the notion of 
limits 

-Limits are attainable 
in problem solving 
-Limits are not 
attainable in theory 
-A limit of a function 
is how the limit stands 
with respect to 
another function, no 
motion 
-3, 4, 5, 6  
-Can not state or 
identify the definition 
-Not a real limit if 
attainable by function 
-Problems to solve 
tasks -Links to 
derivatives and curves
-Claims to master the 
notion of limits 

-Limits are attainable 
in problem solving 
-Limits are not 
attainable in theory 
-Has no own 
description
-1, 3, 4 
-Can not state but can 
identify the definition 
-Problems to solve 
tasks
-Links to functions, 
curves and number 
series
-Claims not to master 
the notion of limits 

D -Identifies the error -Unclear -Identifies the error -Wrong answer 
E -Functions tend to 

but never reaches a 
value
-Links to series, 
derivatives,
supremum and 
infimum 
-Can not identify the 
definition
-Unclear if he 
understands the 
quantifiers’ roles 

-Functions tend to but 
do not attain a value 
-Links to sums and 
integrals
-Unclear if he can 
identify the definition 
-Unclear if he 
understands the 
quantifiers’ roles 

-A limit is a point to 
tend to but never to 
reach, motion 
-Links to integrals 
-Can not identify the 
definition
-Does not understand 
the quantifiers’ roles 

-No description from 
the interview 
-Links to series and 
integrals
-Can identify the 
definition
-Unclear if she 
understands the 
quantifiers’ roles 

Mark G2/IG G1/G2 G1/G2 G1/G2
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Stage John Frank Louise Leo
A -Links to diet and 

athletics
-Unable to solve 
easy tasks 

-No links 
-Unable to solve easy 
tasks

-Links to prior studies 
-Solves easy tasks 
fairly well 

-Links to nutrition, 
physics and biology 
-Solves easy tasks well

B -Limits are 
attainable in 
problem solving 
-Can not state a 
definition
-Solves tasks and 
explains fairly well
-Sees infinitesimals 
as zero

-Limits not attainable 
in problem solving 
-Can not state a 
definition
-Problems to solve 
tasks
- Sees infinitesimals 
as zero 

-Unclear if limits are 
attainable in problem 
solving
-Can not state a 
definition
-Solves tasks and 
explains fairly well
- Sees infinitesimals 
as zero 

-Limits not attainable 
in problem solving 
-Can not state a 
definition
-Solves routine tasks 
and explains   

C -Limits are 
attainable in 
problem solving 
(hesitates)
-Unclear if limits are 
attainable in theory 
-The function comes 
so close that the 
distance is neglected  
-2, 3, 4, 6 
-Can not state or 
identify the 
definition
-No point if the limit 
is attainable 
-Problems to solve 
tasks
-Links to derivatives 
and number 
sequences
-Claims to master 
the notion of limits 

-Limits are attainable 
in problem solving 
-Limits are not 
attainable in theory 
-Has no own 
description
-1, 4
-Can not state or 
identify the definition 
-Solves tasks well 
-Links to derivatives 
and graphs
-Claims to master the 
notion of limits  

-Unclear if limits are 
attainable in problem 
solving
-Unclear if limits are 
attainable in theory 
-Has no own 
description
-2, 3, 4, 6 
-Can not state or 
identify the definition 
-Problems to solve 
tasks -Links to 
derivatives and curves 
-Claims not to master 
the notion of limits 

-Limits are not 
attainable in problem 
solving (hesitates) 
-Limits are not 
attainable in theory 
-Thinks of limits in 
pictures
-3, 4
-Can not state or 
identify the definition 
-Solves tasks well 
-Links to derivatives 
and number sequences 
-Claims to master the 
notion of limits fairly 
well

D -Identifies the error 
at stage E 

-Unclear -Identifies the error -Identifies the error, 
makes other error 

E -A limit is an upper 
or lower bound 
which a function 
approaches
-Links to integrals, 
series, derivatives 
and convergence 
-Can identify the 
definition
-Does not 
understand the 
quantifiers’ roles  
-Understands
infinitesimals

-Where the function 
goes as it tends to a 
certain value 
-Links to Taylor 
expansions
-Can not identify the 
definition
-Does not understand 
the quantifiers’ roles 

-Limit is what a 
function tends to as x
tends to infinity 
-Links to Taylor’s 
formula 
-Can identify the 
definition
-Can explain the 
difference between 
the definitions in ex 3 
fairly well   

-A function tends to a 
value as the variable 
controlling the 
function changes, it 
never reaches the limit 
-No links 
-Can not identify the 
definition
-Does not understand 
the quantifiers’ roles  

Mark G1/G1 G1/G1 G1/G1 VG1/G1
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Stage Dan Mikael David Julia
A -Links to derivatives 

-Solves easy tasks 
fairly well 

-Links to prior 
studies, problem 
solving, physics 
-Unable to solve easy 
tasks

-Links to derivatives 
-Solves easy tasks 
well

-Links to prior studies 
-Solves easy tasks well

B -Limits are 
attainable in 
problem solving 
-Can not state a 
definition
-Solves tasks and 
explains well 

-Limits are not 
attainable in problem 
solving
-Can not state a 
definition
-Solves tasks and 
explains well 

-Limits are attainable 
in problem solving 
-Can not state a 
definition
-Problems to solve 
tasks

-Limits are attainable 
in problem solving 
-Can state a definition 
-Solves tasks and 
explains fairly well 

C -Limits are 
attainable in 
problem solving 
-Limits are not 
attainable in theory 
-The variation 
between the 
difference get 
smaller and smaller 
or smaller than a 
small number 
-3, 4 
-Can not state or 
identify the 
definition (claims 
that both def in ex 3 
state the same,  and 
 come in pairs) 

-No point if the limit 
is attainable 
-Solves tasks well 
-Links to 
derivatives, integrals 
and curves 
-Claims to master 
the notion of limits 

-Limits are attainable 
in problem solving 
-Limits are not 
attainable in theory 
-Thinks logically 
rather than explicitly 
define
-2, 3, 4, 5  
-Can not state but can 
identify the definition 
after investigation 
-Problems to solve 
tasks
-Links to prior studies 
and graphs 
-Claims to master the 
notion of limits in 
problem solving but 
not the definition  

-Limits are attainable 
in problem solving 
-Limits are not 
attainable in theory 
-There is always a 
so that x – a < 
-3, 4
-Can not state but can 
identify the definition 
-Solves tasks well 
-Links to number 
sequences and 
functions
-Claims to master the 
notion of limits 

-Limits are attainable 
in problem solving 
-Limits are attainable 
in theory 
-It comes closer and 
closer to A as x comes 
closer and closer to a 
-1, 3, 5 
-Can not state but can 
identify the definition 
(claims that both def in 
ex 3 state the same, 
and  come in pairs) 
-Solves tasks well 
-Links to derivatives, 
graphs and number 
sequences
-Claims to master the 
notion of limits 

D -Identifies the error -Identifies the error, 
makes other error 

-Identifies the error -Identifies the error 

E -A limit is a number 
which the function 
will not reach 
-Links to series and 
integrals
-Can identify the 
definition
-Does not 
understand the 
quantifiers’ roles  

-If the x-value tends 
to a value then the 
function tends to a 
value connected to the 
x-value
-Links to Taylor 
expansions, series and 
number sequences 
-Can identify the 
definition
-Can explain the 
difference between 
the definitions in ex 3 

-Eventually it will be 
in a certain area, does 
not reach the limit 
-Links to number 
sequences and series 
-Can identify the 
definition (claims that 
both def in ex 3 state 
the same) 
-Unclear if he 
understands the 
quantifiers’ roles  

-If the function goes 
closer and closer a 
number as x goes 
closer and closer to a 
value
-Links to continuity 
-Can identify the 
definition after 
investigation
-Can explain the 
difference between the 
definitions in ex 3 
fairly well   

Mark VG1/G1 VG1/G1 G1/VG1 VG1/VG1
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Stage Dennis Emma Oliver
A -Links to integrals 

-Solves easy tasks 
well

-Links to derivatives 
-Solves easy tasks 
well

-Links to statistics and 
economics 
-Solves easy tasks 
well

B -Limits are 
attainable in 
problem solving 
-Can not state a 
definition
-Solves tasks and 
explains well 

-Limits are attainable 
in problem solving 
-Can not state a 
definition
-Solves tasks and 
explains well 

-Limits are attainable 
in problem solving 
-Can not state a 
definition
-Problems to solve 
tasks

C -Limits are 
attainable in 
problem solving 
-Limits are 
attainable in theory  
-The function value 
in the function of a 
-2, 3, 5 
-Can not state but 
can identify the 
definition after 
investigation
-Problems to solve 
tasks
-Links to derivatives 
and functions 
-Claims to master 
the notion of limits 

-Limits are attainable 
in problem solving 
-Unclear if limits are 
attainable in theory 
-When x comes close 
enough to a value the 
two lines will 
practically emerge 
-2, 3, 4 
-Can state the 
definition (claims that 
both def in ex 3 state 
the same) 
-No point if the limit 
is attainable except 
with continuity 
-Solves tasks well 
-Links to extreme 
values and functions 
-Unsure about her 
own ability to master 
the notion of limits 

-Limits are attainable 
in problem solving 
-Limits are not 
attainable in theory 
-A limit is something 
you tend to 
-3, 4, 6
-Can not state or 
identify the definition 
-No point if the limit 
is attainable 
-Problems to solve 
tasks -Links to 
number sequences 
and series 
-Claims not to master 
the notion of limits 
fairly well 

D -Identifies the error -Identifies the error -Identifies the error 
E -You can get a value 

which it tends to all 
the time when it 
tends to a point 
-Links to series and 
integrals
-Can identify the 
definition
-Can explain the 
difference between 
the definitions in ex 
3

-The function tends to 
the limit as x tends to 
a
-Limits are attainable 
in some cases and not 
in others 
-Links to Taylor 
extensions and 
number sequences 
-Can identify the 
definition
-Can explain the 
difference between 
the definitions in ex 3 

-As you tend to an 
unidentified point you 
get a limit which is 
unattainable
-Links to Taylor 
extensions,
derivatives and 
extreme values 
-Can identify the 
definition
-Can explain the 
difference between 
the definitions in ex 3 
fairly well   

Mark VG1/VG1 VG1/VG1 VG1/VG1
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There are many different ways the students perceived limits of functions. 
Many students changed their views between the different stages. Some 
changes show progression in the learning development following the 
historical development, for example Julia. At stage A she linked limits to 
her prior studies at upper secondary school, so she had a concept image 
which she used to successfully solve the easy tasks. Her approach to the 
tasks at stage B implies an intuitive perception of limits as the following 
solution to Example 2c, d reveals: “No“, “You can not insert x = infinity”. 
She had a similar explanation for the following task, but she was able to 
solve a task that required algebra and the ability to view limits as an entity. 
The task was presented to the students with an erroneous solution: “ 

Problem: Decide the following limit value: 
x

x
x

2sinlim .  Solution: 

x

x
x

x
1

2sin
2sin . We know that 02

x
 when x  and 01

x
 when  

x . The limit value 1sinlim
0 x

x
x

 implies that 1
1

2sin

x

x   when x .

Adjustments (What will change or be completed and why)”. Julia’s 

solution was: “ 2
2

2sin2
2sin

x

x
x

x “.

Julia displayed a concept image comprising both intuitive reasoning 
and a perception of limits as objects, which indicates that she had reached 
Tall’s second world, at least partially. At stage C she had problems with the 
formalism of the definition as she regarded both definitions in Example 3 to 
be equal. She explained: “Yes, I feel as if it is the same thing” … “ So it is, 
so to say, two corresponding to the number’s x-value and y-value …” 
[Interviewer: “… as pairs so to say?”], Julia: “Yes”. At stage E she was 
able to explain why the definitions did not say the same thing, so she 
understood the formal exposition.
        Other changes did not follow the historical development. Tommy, for 
example, said at stage C that a limit of a function is how the limit compares 
to another function and that there is no motion. At stage E he had a 
completely different description where he said that a limit is a point to tend 
to but never to reach and that there is motion. He was unable to state or 
even recognise the limit definition through the entire course, but he could 
solve easy tasks. The tasks at stage C were too hard for him. His concept 
image revealed inconsistencies regarding functions’ abilities to attain limit 
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values without improvement. Tommy’s development had not followed the 
historical development, as he seemed to float between the two first worlds, 
never entering the third. Development occurred at various stages and in 
different parts of the concept images. John, Frank and Louise, for example, 
regarded infinitesimals as zero at stage B, but at the last stage John knew 
how to deal with infinitesimals. The aim of the study was not explicitly to 
investigate infinitesimals but in their work with limits, these students 
revealed how they perceived infinitesimals. 
        Many of the students appeared to have problems with theory. Martin, 
Tommy and Frank all had difficulties handling theory through the semester. 
They had trouble with task solving at different stages as well. Filip, Leo 
and Dan also showed difficulties with theory, but they were able to solve 
the tasks in the study. Louise, Mikael, Dennis and Oliver had theoretical 
problems in the start and middle of the semester, but they could correctly 
answer all the theoretical questions at the last stage. Julia and Emma 
managed both theory and task solving well through the whole semester 
with only some theoretical issues. The students’ grades are, if roughly 
regarded, increasing through this description of their accomplishments.  
        It was hard for the students to solve one of the tasks where they were 
asked to formulate a definition for the limit of a function depending on x as 
x tends to a number. At stage B it was only Julia who could do this in a 
meaningful manner. Most of the other students just rearranged the words 
used to formulate the task and created a meaningless text. At stage C it was 
only Emma who was able to formulate the formal definition. From the 
seven students with marks G or IG it was only Anna who recognised the 
definition in Example 3. Five of the remaining eight students recognised 
the definition, but Julia and Emma thought that both definitions in Example 
3 state the same thing. Dan, who could not recognise the definition, also 
thought so. At stage E, Julia and Emma could explain the difference 
between the correctly and the wrongly formulated definitions and they 
could hence understand the quantifiers’ roles, but now David thought that 
the definitions say the same thing. The quantifiers were hard for the 
students with marks G and IG to understand through the whole semester, 
while most students with higher marks were able to explain the meaning of 
the words at stage E. 
        The six statements were brought up at stage C. Statement four, but not 
statement three, was selected most frequently among students with marks G 
or IG to be the statement most similar to their own perception of limits of 
functions. Statement three was the most common choice among students 
with higher marks. The statement most students in Williams’s (1991) study 
selected as best was statement four (36%) followed by statement one (30%) 
and statement three (19%). Statement four states that functions’ limits are 
never reached, while statement three says that a function’s y values can 
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come arbitrarily close to the limit value. There was great confusion about 
functions’ abilities to attain limit values. Many students treated limits as 
attainable when they solved tasks but unattainable in theoretical 
discussions.
        Three students, all without the mark VG, claimed that they did not 
have control over the notion of limits. The rest of the students were fairly 
certain about their control over the notion at stage C, despite the fact that 
almost none of them could formulate and, in some cases, even recognise 
the definition of limits of functions. 
        To summarise the students’ developments, they started with a 
computational approach and some, mostly low achievers, kept this 
approach for the duration of the semester, while others, mostly high-
achievers, got better at describing the theoretical parts of limits during the 
semester. Almost all students had ambiguous views about attainability at 
some point. 

Discussion  
The students’ developments have been compared to the historical 
development of limits, which in turn was compared to Tall’s (2004) worlds 
of mathematics in the theory section of this article. The results from the 
present study are discussed with respect to results from other studies, as are 
implications for teaching. 

Students’ Developments Through the Semester 
Many students in this study were able to solve easy tasks about limits, even 
though they were unable to explain the meaning of the definition. Many of 
the low or average achieving students did not progress very far in their 
learning of limits, despite the lecturer’s efforts with, for example, graphical 
“proofs” and following the textbook’s exposition. Both theory and problem 
solving were unclear to them. The implementation of the concept does not 
seem to have been successful even though many of the students felt 
confident about their control over the concept. One reason for the 
unsuccessful implementations could be that they learned limits as facts like 
the students in Stergiou’s and Patronis’s (2002) study did. Then it becomes 
impossible to explore the features of the concept. Such mental 
representations are rigid and shallow. Some of the students in Furina’s 
(1994) study had an algebraic perception of limits and they ended up with 
similar problems of poor concept images. Many students in the present 
study also had an algebraic approach to limits, where they used known 
procedures to calculate problems even if the chosen procedures were 
unsuitable for the problem at hand. The security of known methods seems 
to be dominating the uncertainty of exploring new features of the concept. 
If the concept images are too poor, there is not enough to explore. 
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        High-achieving students obviously came further along in their 
developments. Students like Louise (average grades), Mikael, Dennis, and 
Oliver all had some theoretical problems in the beginning of the course, but 
they had overcome them at the end of the course. These students paralleled 
the historical development of the concept in the sense that they were able to 
solve tasks in the beginning before they could explain the theory, but with 
time the theory became clear to them. Limits were first treated in problem 
solving situations historically. With time through many mathematicians’ 
efforts, the theory became clear. One big difference is how much time was 
needed, and even though the students did not have to invent the 
mathematics, they still needed time to digest it. The fact that students have 
access to the theory can tempt them to learn difficult parts by rote (Tall, 
2004), which was impossible for mathematicians inventing mathematics. 
        The definition of limits, as one example of difficult parts, remained a 
problem through the semester for many of the students. The definitions by 
Leibniz (Katz, 1998), Newton (Edwards, 1979) and Cauchy (Belhoste, 
1991) show just how hard it is to formulate a concise definition that is easy 
to understand. The three formulations are very different from each other, 
but they were all stated to describe the same thing. Leibniz’s and Newton’s 
formulations are quite vague and the criticism Berkeley had about 
mathematicians using their methods (Edwards, 1979), seems to capture the 
difficulties experienced by some of the students in this study as well. The 
students with problems explaining the limit definition appear to be mainly 
at the stage of Newton and Leibniz with a sense of what they do, but 
lacking the means to strictly formulate and explain the concept of limits. 
There is hence no evidence that the students had reached Tall’s (2004) third 
world of mathematics. The four students with the highest marks could 
explain the quantifiers’ roles in the definition with its formal exposition, so 
they seem to have reached the third world.

Rigour Then and Now 
The meanings of the quantifiers in the definition were hard for the students 
to understand, as Table 1 indicates. Almost only the high-achieving 
students managed to explain the quantifiers’ roles in the definition at the 
end of the course. Their conceptions of limits had matured during the 
second course, in the way Sierpinska (1994) argued teachers hope for. The 
other students did not come so far as to understand the definition with its 
quantifiers. This implies that the students are not ready to embrace the 
complexity of the concept in their first course. 
        It took many years for the historical development of rigor in the 
formulation of limits to reach the current level and there were controversies 
during that time. The need for rigor became very clear from controversies 
such as Jurin’s and Robins’s dispute about whether limits can be reached or 
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not (Boyer, 1949). Students today have the same problem even though they 
have access to unambiguous definitions of limits. The rigor of the 
definition is hence not implemented in the students’ concept images (Tall 
& Vinner, 1981). It is important that students get examples that they can 
not solve without the sharpness of a strict definition, otherwise they see no 
reason to learn a strict definition. The task at stage D require an 
understanding of the limit definition, and as Table 1 indicates, a majority of 
the students could identify the error but not explain why it is wrong. At 
stage E, when asked to explain, only six students managed to do so. 
Students need to evaluate their perceptions repeatedly during mathematics 
education to adjust their mental representations. Tasks, discussions, and 
other stimulating activities help them to find critical parts of their concept 
images.

Teaching Limits of Functions
Whether the students are taught limits through the formal definition or 
through infinitesimals (Todorov, 2001), there are still complex issues to 
deal with. Mathematicians worked with infinitesimals a long time before 
the concept of limits was formally stated by Weierstrass. There was a need 
for an unambiguous theory about limits to avoid the problems of 
misunderstanding that occurred in the past. This implies, despite the 
different conditions for mathematicians before Weierstrass and students 
today, that infinitesimals are not trivial to understand and that there is a 
danger of going back to this way of teaching the topic. One problem that 
has been hard to overcome historically is if, and when, infinitesimals can 
be discarded as zero. The study presented in this article did not explicitly 
investigate this issue, but the problem came up in some student responses 
anyway. Furina’s (1994) study addressed this issue and the students in her 
study regarded infinitesimals as zero like Fermat (Edwards, 1979) and 
other mathematicians did. Parts of mathematics at higher levels are often 
formulated in terms of the -  definition, and students who are taking 
those courses need to have an accurate mental representation of limits in 
terms of  and  to be able to understand other concepts. If they first learn 
limits with the infinitesimal method, they would probably have a hard time 
to learn another way of perceiving limits. The benefits, as described by 
Todorov (2001), of fever quantifiers are then lost. If limits are taught 
metaphorically or intuitively (Sierpinska, 1994), they can be thought of as 
infinitesimals in cases like those in the study by Stergiou and Patronis 
(2002). The infinitesimals are then examples and not the foundation of the 
work with limits. Historical examples have helped students learn other 
mathematical concepts, for example linear dependence and independence 
(Radford, 2000) and algebra (Katz, Dorier, Bekken & Sierpinska, 2000). 
McGinn and Boote (2003) emphasized the importance for students to work 
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with different types of tasks to practice both routine skills and problem 
solving abilities in mathematics, and they argued that mathematics history 
provides a range of different kinds of problems suitable for such practice. 
Students learning limits can be helped to overcome the shift to abstract 
thinking if they work with historical problems. Abstract thinking is 
essential for students to understand how the definition can be used to solve 
non-routine problems such as the problem posed to them at stage D, or to 
understand why the definition does not state that limits are unattainable for 
functions. Such work requires historically competent teachers who are 
attentive to the students’ potential cognitive obstacles, both historical 
obstacles and obstacles that are specific for their current students (Katz et. 
al., 2000).
         An Australian way of teaching limits intuitively in the first year 
(School of Mathematics, 2004) differs from the Swedish way of teaching 
limits with the formal theory stated in the first year. The outcome, however, 
of the study of the Swedish students shows that even though the students 
have access to the formal theory, many of the students do not seem to use 
it. The Australian students did not get to see the -  definition until their 
second year of mathematics. By then they had been working with limits 
and created an intuitive sense of the notion. One danger is that their 
everyday experiences disturb their perceptions of limits. Erroneous 
representations can become strongly implemented and after some time very 
hard to change (Cornu, 1991). The apparent benefit of waiting with the 
formal definition is that the students get time to get accustomed to the 
notion of limits, which the results of this study implies they need. The 
dangers of introducing limits informally might be worth facing to make the 
learning easier for the students. The price to pay for this more gentle 
introduction is that teachers have to be more aware of the kinds of 
problems the students can face later as they learn the formal definition, for 
example the influence of everyday perceptions and language (Sierpinska, 
1994).

Conclusions 
The historical progression through the three worlds of mathematics (Tall, 
2004) only seems to match the high-achieving students’ progressions. 
Among the other students there are not always progressions and the third 
world seems to be out of reach for some of them. Historically, clear and 
stringent formulations helped mathematicians to agree what the limit 
concept should be and high-achieving students might manage to handle 
such formality, but most students need guidance grounded in their prior 
experiences to be able to understand limits. The average student is in the 
first world of mathematics with an intuitive perception of the limit concept 
when he or she starts at university level, because that is how it is taught at 

22



upper secondary schools in Sweden. The formalistic presentations of limits 
at lectures and in textbooks appear to be too far away from the students’ 
previous experiences causing the problems to integrate their new 
knowledge with existing knowledge. The definition, as it was taught in the 
course, was not encapsulated in most students’ concept images, with the 
result that they did not use it properly in problem solving. Students’ false 
sense of security, founded on success in routine problem solving, needs to 
be challenged. Tasks based on original texts can be used to help students to 
understand different ways to perceive limits, and also to make them explore 
limits in various historical formulations.  
        There continues to be ambiguities in teaching limits of functions in 
different countries as the examples given indicate. Different teaching 
strategies come with different problems and there are no shortcuts. Students 
need to become aware of their own perceptions of limits in different 
contexts to be able to develop as accurate concept images as possible. 
Teachers can help them with explorative tasks, which expose the need for 
rigour as well as help students to understand all the different facets of limits 
of functions. 
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Limits of functions -

Students solving tasks 

Kristina Juter 
Kristianstad University College Sweden 

Abstract
Students solve problems to learn mathematics. How do they cope with the 
problems and explain their solutions? This study is about students at a Swedish 
University, solving tasks about limits of functions. The students are enrolled in 
their first University course in mathematics. They study algebra and calculus for 
20 weeks full time. There are many possible problems for the students to handle, 
including the notion of function, the formal definition and limits as unattainable 
values for functions. Many students do not possess enough knowledge about 
limits to solve and explain solutions to non-standard problems. Some students 
arrive at correct answers through erroneous reasoning. 

Introduction
This study was conducted to reveal how students at University level justify their 
solutions to tasks with various degrees of difficulty. The study is part of a larger 
study of students’ concept formation of limits. The mathematical area is limits 
of functions. The study was carried out at a Swedish University at the first level 
of mathematics. The results are, however, applicable to other countries as well 
since students meet similar challenges in their learning of limits. I have, in 
discussions with some Australian mathematics teachers at University level, 
found out that the topics taught in basic mathematics courses in Australia are 
similar to Swedish courses. Two groups of students taking the same course in 
successive semesters have been solving tasks. Their solutions are categorised 
here and analysed to create a picture of how students reason about limits. 

Background and questions 
When students take a course in analysis, they solve a vast number of tasks. They 
can check if they got correct answers and then continue to work with their 
problems. But what can be said if some of the solutions are correct for the wrong 
reasons? Or wrong by accident despite a thorough attempt? This could lead to 
serious errors in the students’ mental representations of the concept at hand. For 
a mathematics teacher, to be able to assist his or her students, it is essential to be 
aware of the different ways students justify their claims. In this study I address 
the following questions:

How do students solve problems with limits? 
How do they explain their solutions? 
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Theoretical background 
About problem solving in general 
Mathematics is often expressed with symbols operated by certain rules. The 
rules have to be known to an individual engaged in mathematical activity and 
they can be memorised. This is not enough if he or she wants to understand 
mathematics though. Instead of only memorising formulas and procedures, the 
individual needs to have an exploring attitude to problem solving (Schoenfeld, 
1992). Pólya (1945) describes a way to go about it in terms of decomposing and 
recombining. The problem is at first considered as a whole, then details are 
examined to give more information for the solution process. The details are 
combined in different ways and this may give a new perspective to the problem 
as a whole. 

Students learn new and improved methods for problem solving as they take 
courses in mathematics. This means that they eventually can have quite a few 
methods to choose from, both new and old ones. When an individual encounters 
a problem he or she might not fetch the optimum solution method from the mind 
(Davis & Vinner, 1986; Pólya, 1945). This is not the same as saying that the 
student cannot solve the problem in a better way. We cannot know what 
strategies are available in an individual’s mind, but we can see the chosen 
method. The students’ actions are shaped by their abilities (Star, 2000). 
Whatever effective and numerous methods a person has in his or her mind, if 
they are unreachable at the time they are needed, they are of no use. 

A concept image is the total cognitive representation of a notion that an 
individual has in his or her mind (Tall & Vinner, 1981). It might be partially 
evoked and different parts can be active in different situations leading to 
possible inconsistencies. An individual’s concept image might differ from the 
formal concept definition or the concept image in itself can be confusing or 
incoherent. It may be that an individual is convinced that limits are upper or 
lower bounds, impossible for the function to pass or even to reach (Cornu, 
1991). Then his or her concept image is incompatible with the formal concept 
definition. Such confusion on a critical issue may provoke the individual to try 
to understand how it should actually be, but there is also the danger of giving up 
because of the obstacle. 

Lithner (2000; 2003) describes, influenced by Pólya, different types of reasoning 
in problem solving. He states plausible reasoning (PR) to be if the 
argumentation in the reasoning structure: 
(i)  is founded on intrinsic mathematical properties of the components 

involved in the reasoning, and 
(ii)  is meant to guide towards what probably is the truth, without necessarily 

having to be complete or correct.
(Lithner, 2003, page 33) 
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Established experience (EE) is at hand when the argumentation: 
(i) is founded on notions and procedures established on the basis of the  

individual’s previous experiences from the learning environment, and 
(ii) is meant to guide towards what probably is the truth, without necessarily 

having to be complete or correct. 
(Lithner, 2003, page 34). 
Identification of similarities (IS) occurs when the reasoning satisfies the two 
conditions:
(i) The strategy choice is founded on identifying similar surface properties 

in an example, theorem, rule, or some other situation described earlier in 
the text. 

(ii) The strategy implementation is carried through by mimicking the 
procedure from the identified situation.

(Lithner, 2003, page 35). 

Lithner’s study showed that almost all the time the students in his study spent on 
mathematics at home was devoted to exercises and IS was the preferred way to 
reason. The students compared the problems with solutions in the textbook to 
the problems they should solve and used the strategy from the textbook. One 
problem for the students was to identify the essential surface properties in order 
to select the correct procedure for the solution. This way of reasoning has a 
weak foundation since it is based on memory and not understanding. It is easy to 
make mistakes. The students did not display much reflection on intrinsic 
properties or awareness of relations in the study. The author suggests that one 
reason for this can be that the students are not worried about their inadequate 
insight into the critical features and therefore do not regard them as useful. This 
kind of judgement of their own capability has occurred among the students in 
the study presented in this paper as well (Juter, 2003). Many of the students 
were unable to solve non-routine tasks or explain given solutions about limits of 
functions but they thought they had control over the notion of limits anyway. 
This sense of control can come from successful problem solving (Cornu, 1991) 
and the difficulties with a few non-routine problems do not change that feeling. 

Hiebert and Lefevre (1986) present a different perspective. They speak of 
conceptual and procedural knowledge. Conceptual knowledge has an emphasis 
on relations. The items of a notion are connected through relations and together 
they form a mental web. A part of conceptual knowledge cannot be thought of 
as a disjointed piece of information. Conceptual knowledge develops via 
construction of relations between items. The items can be other relations or 
concepts where the connection can be between two (or more) items that are 
existing already in the mind or between a new and an existing item. When this 
connection is created, the result often becomes more than its parts jointly 
(Dreyfus, 1991). Parts with no prior relations become connected and suddenly 
more things fit together. Hiebert and Lefevre (1986) present two levels at which 
relationships between items of mathematical knowledge can be created. At the 
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primary level, the connections are of the same or lower degree of abstractness 
than the items that are connected. At the reflective level, the relations are at a 
higher level than the connected items. At this level, the relationships are often 
based on identification of similar crucial features in seemingly different items. A 
relation can be at more than one level. Procedural knowledge is divided in two 
parts (Hiebert & Lefevre, 1986). One is knowledge of the formal language of 
mathematics, i.e. the symbols and words we use to represent the mathematics. 
Knowing this is not the same as knowing what the mathematics described 
actually means. It is just the accepted forms that are known. The other part 
consists of the algorithms used for solving tasks. Characteristics of these 
algorithms are their step-by-step descriptions which are similar to an assembly 
description for a shelf. There are no relational needs except that one instruction 
follows the former one. 

Mathematical knowledge needs links between conceptual and procedural 
knowledge and both of them are essential for students to be able to perform 
mathematics satisfactorily as I see it. Otherwise, the result might be that they are 
able to produce an answer to a task but not to understand what they have done. 
On the other hand students can have an accurate intuition for the mathematics, 
but be unable to make the necessary calculations. Such links can make it easier 
to remember algorithms and when to use each of them. If there is a connection 
between an algorithm and the explanation to it, it is a big help for the students 
when they are solving problems. Links to the underlying meaning of the 
symbols are also important for an individual to be able to understand what is 
actually going on. Then it might be possible to rephrase the task in an easier way 
and to use a preferred algorithm rather than a perhaps harder one tied to the 
initial formulation of the task. Connections from conceptual to procedural 
knowledge in the use of symbols make the thinking smoother, according to 
Hiebert and Lefevre (1986). With a compact symbolic representation it is easier 
to manipulate objects and processes and detect their features. In this way, new 
knowledge can be formed. Powerful procedures create more space for other 
thoughts necessary for completion of the task. 

Mathematical thinking in a problem solving situation is a dynamic process and 
the relations between items of conceptual and procedural knowledge are 
therefore vital (Silver, 1986). It is very rare that a person only shows evidence of 
one sort of knowledge. Problem solving is an action involving different kinds of 
knowledge. Non-standard tasks, but also easier tasks, can reveal relations 
between the different knowledge types. The former types generally require 
understanding or interpretation of some kind and thereby the interplay becomes 
more visible. 

School mathematics has a tradition of focusing on manipulation of symbols 
rather than on understanding what the symbols represent (Davis, 1986). Davis 
suggests that experience of the mathematical area should come before the 
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symbols for it are introduced. Then the meaning of the symbols will be familiar 
from the start and this will perhaps make problem solving less demanding. 

I consider the students’ reasoning and problem solving to be expressions of their 
concept images (Tall & Vinner, 1981). 

About problems related to limits 
Infinity is a notion that can cause trouble. It is something for which an 
individual has one or several intuitive representations (Tall, 1980). If there are 
multiple, different representations evoked simultaneously, the result might be 
erroneous. When dealing with limits of functions one has no specific method or 
algorithm as one has for diofantic equations for example. The limit process 
appears potentially infinite and students can get the impression that there is no 
end to it (Tall, 2001). It can be hard for them to work with items that are 
confusing in identity. Is it an object or a process? 

A common error in students’ concept interpretations of limits of functions is that 
functions do not attain their limit values (Cornu, 1991; Tall, 1993; Tall, 2001; 
Szydlik, 2000). There is also a possible mix-up of f(a) and  (Davis & 
Vinner, 1986). These two flaws combined can totally block students in their 
struggle with tasks that could easily be solved with an equation for instance. 

)(lim xf
ax

When students meet the concept of limits at Universities for the first time they 
have already been working with functions and their graphs. The goals in the 
curriculum for upper secondary school in Sweden do not mention limits 
explicitly, but the students are expected to learn about derivatives and integrals 
(Skolverket, 2003). This implies that limits of functions are discussed in some 
form. The students at universities therefore have an existing concept image of 
limits of functions that has been satisfactory in the contexts they have worked in 
so far. Hence there is no need to learn the formal limit concept to be able to 
analyse functions (Williams, 1991). The students have to experience the need 
for further sophistication in their mathematical development to adjust their 
perhaps blunt existing mental representation of limits. Szydlik’s (2000) data 
implies that there is a connection between the understanding of limits and 
functions and infinitesimals. Students who used infinitesimal language in their 
descriptions of limits did not show evidence of increasing alternate conceptions 
of limits. Their ability to solve problems about limits was not diminished either. 
Infinitesimals can on the other hand have the opposite effect too. Milani and 
Baldino (2002) found cases where students had trouble with their concept 
images of infinitesimals and limits. Images and definitions of limits were 
different but this was not the case for infinitesimals. The authors ask the 
question whether students perceive definitions as useful for their mathematical 
activities.
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The definition of the limit concept often causes difficulties for students (Cornu, 
1991; Juter, 2003; Vinner, 1991). The students’ concept definitions are not 
always compatible with the formal concept definition and that can cause an 
incoherent concept image with different rules for different situations. If a 
problem is stated in a manner that is not specifically represented in the students’ 
concept images, there can be more than one representation evoked in the effort 
to solve the problem. This can make the students confused and unable to 
proceed.

There are many things that can disturb the solving process. The goal of this 
study is to find out more about the students’ solution strategies when solving 
problems involving limits of functions and the justifications of their choices. 

The study and the students 
The students in this study were enrolled in a 20 week, full time course in 
mathematics. They were learning analysis and algebra at basic University level. 
In the Spring Semester of 2002, 111 students solved Task 1 to Task 3 described 
below. They had treated limits of functions in the course and it was nothing new 
for them. Eleven days later they were given Task 4 and Task 5. There were 87 
students who participated in that session. The last set of tasks provided solutions 
that could be wrong or incomplete. This was stated on the sheet with the tasks 
and the students were to give a complete and correct solution to each task. A
new group of 78 students tackled the same tasks the following Semester 
(Autumn of 2002). They were all given the five tasks at the same time, after the 
notion of limits of functions had been dealt with. The group was smaller than the 
previous Semester and one reason is that the students who had biology or 
chemistry as a main topic were offered another course more suitable for them 
but this was not an option for the students in the Spring Study. In both cases, the 
tasks formed part of three questionnaires along with questions about limits and 
attitudes towards mathematics in general. Two interviews with each of 15 of the 
students were conducted in the Autumn Study (Juter, 2003). The first three tasks 
in this presentation were slightly altered in the Second Study since many of the 
students misinterpreted or did not understand what the tasks were about. The 
change was from “Can the function f(x) = 32x  attain the limit value?” to “Can 
the function f(x) =  attain the limit value in 1a?” with respective functions 
in Task 1 to Task 3 below.

32x

Method
The tasks were constructed to focus on different aspects of the limit concept. 
The degree of difficulty varied to identify the level the students could handle. I 
explained what I wanted the students to do at each session they responded to the 
questionnaires to make sure that it was clear to them. 

The collected data has been rewritten and categorised with the aid of the 
computer program NUD*IST (N6, 2003). The categories were decided from the 
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raw material. I did not create them in advance, other than that the right and 
wrong answers made different categories. There were subcategories in each of 
them based, on the students’ justifications of their responses. They were chosen 
from the different reasons the students used for their solutions. This process led 
to a number of categories. Categories with similar types of reasoning were 
merged together to make the presentation more accessible. Some solutions are in 
more than one category since some students gave more than one solution or 
solutions that fitted more than one category for other reasons. This way to work 
with the data gave different types of category systems for the different tasks. 

Empirical data 
Examples of typical student answers are provided in a table after each task. The 
tables also include the number of students from each semester in each category. 
The numbers within brackets are percentages of participating students in each 
class. (R) indicates that the answer is right and (W) denotes a wrong answer. 

Task 1: a) Decide the limit: )32(lim
3

x
x

.
 b) Explanation. 
 c) Can the function f(x) = 32x  attain the limit value in 1a? 
 d) Why? 

Table 1(i).  Typical student answers in the categories for Task 1a – b.
Number of students (%). 

Category 1a 1b Spring
2002

Autumn
2002

Tends to (R) 9 x tends to 3 2x+3 becomes close to 9 39 (35) 33 (42) 
Replace x by 3 (R) 9 2*3+3=9 37 (33) 19 (24) 
Mixed (R) 9 x tends to 3 and 2*3+3=9 9 (8.1) 9 (12) 
Theory (R) 9 Continuous function that attains the 

function value in the point 3 
7 (6.3) 3 (3.8) 

No explanation (R) 9 - 9 (8.1) 8 (10) 
Wrong or empty The answer is either wrong or missing 12 (11) 16 (21) 

Table 1 (ii). Typical student answers in the categories for Task 1c – d. 
Number of students (%). 

Category 1c 1d Spring
2002

Autumn
2002

Theory (R) Yes The function is continuous in the 
point

22 (20) 23 (29) 

Replace x by 3 (R) Yes 2x+3=9 for x=3 22 (20) 21 (27) 
No explanation (R) Yes - 15 (14) 8 (10) 
Limits not attainable 
(W) 

No A function does not attain the limit 
value, it only comes very close, it is 
in the definition 

9 (8.1) 10 (13) 

No reason (W) No - 3 (2.7) 3 (3.8) 
Empty or 
misinterpretation 

The answer has no connection to the 
question or is missing 

40 (36) 16 (21) 
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Task 2: a) Decide the limit: 
1
2lim 3

3

x
x

x
.

 b) Explanation. 

 c) Can the function f(x) = 
1
2

3

3

x
x  attain the limit value in 2a? 

 d) Why? 

Table 2 (i). Typical student answers in the categories for Task 2a – b.
Number of students (%). 

Category 2a 2b Spring
2002

Autumn
2002

Exclude –2 & 1 (R) 1 The  terms dominate, -2 and 
1 insignificant as 

3x
x

53 (48) 32 (41) 

Algebra (R) 1 Divide with ,3x

1
11

21

1

2

3

3

33

3

33

3

x

x

xx
x

xx
x

17 (15) 28 (36) 

No explanation (R) 1 - 6 (5.4) 4 (5.1) 
Algebra (W) -2 3x  cancel out since it is the 

same number 
17 (15) 12 (15) 

Infinity reason (W) Does
not
exist

divided by infinity 11 (10) 0 (0) 

Empty or 
misinterpretation 

The answer has no connection 
to the question or is missing 

10 (9) 9 (12) 

Table 2 (ii). Typical student answers in the categories for Task 2c – d.
Number of students (%). 

Category 2c 2d Spring
2002

Autumn
2002

12 33 xx  (R) No 23x  can never be equal to 
 for the same value on x13x

7 (6.3) 17 (22) 

-2 & 1 (R) No terms –2 and 1 will always 
remain 

7 (6.3) 5 (6.4) 

No explanation (R) No - 18 (16) 8 (10) 
Infinity reason (W) No Since x never attains the value 16 (14) 21 (27) 
Theory (W) No The function tends to the limit 

value, it does not attain it 
7 (6.3) 6 (7.7) 

No reason (W) Yes - 15 (14) 7 (9.0) 
Empty or 
misinterpretation 

The answer has no connection to 
the question or is missing 

42 (38) 17 (22) 
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Task 3: a) Decide the limit: xx

x
2

lim
5

.

 b) Explanation. 

 c) Can the function f(x) = x

x
2

5

 attain the limit value in 3a? 

 d) Why? 

Table 3 (i). Typical student answers in the categories for Task 3a – b.
Number of students (%). 

Category 3a 3b Spring
2002

Autumn
2002

Exp. dominant (R) 0 x2  grows faster than 5x 80 (72) 64 (82) 
No explanation (R) 0 - 6 (5.4) 3 (3.8) 
Infinity or no limit (W) 5x  is larger than  when x is 

large
x2 11 (10) 7 (9.0) 

Empty or 
misinterpretation 

The answer has no connection to 
the question or is missing 

17 (15) 4 (5.1) 

Table 3 (ii). Typical student answers in the categories for Task 3c – d.
Number of students (%). 

Category 3c 3d Spring
2002

Autumn
2002

x=0 (R) Yes For x=0  f(0) = 
1
0  = 0 15 (14) 16 (21) 

No explanation (R) Yes - 5 (5) 6 (7.7) 
Does not reach limit (W) No We can only get infinitely close 14 (13) 16 (21) 

05x  or 
0
0  (W) No Then the numerator has to be 

zero and it never is 
22 (20) 12 (15) 

Right for wrong reason 
(W) 

Yes Because the denominator 
attains a much larger number 
for large x

5 (5) 16 (21) 

Empty or 
misinterpretation 

The answer has no connection 
to the question or is missing 

47 (42) 12 (15) 

Task 4: Problem: Decide the following limit value: 
1

lim 2

2

1 x
xx

x
.

 The students were given the following:

Solution:
1)1)(1(

)1(
12

2

x
x

xx
xx

x
xx  when .1x

 The task was for the students to decide the proper adjustments to make 
the solution correct: 

 Adjustments (What changes or complements are needed and why): 
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Table 4. Typical student answers in the categories for Task 4.
Number of students (%). 

Category 4 Spring
2002

Autumn
2002

Both sides (R) 1x  from minus or plus 18 (21) 28 (36) 
One side (R) Incomplete As  the denominator becomes 

negative
1x 10 (11) 5 (6.4) 

Dominant factor (W) 

11
11

11

11

2
2

2

x
x

x
x

15 (17) 12 (15) 

Reasoning (W) x tends to 1 hence it can not be infinite 14 (16) 18 (23) 
No change (W) It is entirely correct!! 8 (9.2) 4 (5.1) 
Empty or unclear The answer is missing or does not make 

any sense 
24 (28) 17 (22) 

Task 5: Problem: Decide the following limit value: 
x

x
x

2sinlim .

 The students were given the following:

 Solution:

x

x
x

x
1

2sin
2sin . We know that 02

x
 when x  and 

01
x

 when x .

 The limit value 1sinlim
0 x

x
x

 implies that  1
1

2sin

x

x  when x .

 The task was for the students to decide the proper adjustments to make 
the solution correct: 

 Adjustments (What changes or complements are needed and why): 
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Table 5. Typical student answers in the categories for Task 5.
Number of students (%). 

Category 5 Spring
2002

Autumn
2002

All right (R) 

22
2

2sin

1

2sin

x

x

x

x
10 (11) 17 (22) 

Part right (R) 
Incomplete x

2  is not the same thing as 
x
1  therefore you 

can not use limit values on limit values 

9 (10) 11 (14) 

Reasoning (W) 01
x

 when x so the denominator has 

to go  and the expression0

31 (36) 18 (23) 

No change (W) Nothing 4 (4.6) 1 (1.3) 
Empty or unclear The answer is missing or does not make any 

sense
33 (38) 32 (41) 

Analysis
The students’ solutions to Task 1a-b are mainly correct. The correct solutions 
were divided into categories, with most responses falling into two categories. 
The second category explicitly suggests that the limit value is attainable and a 
large proportion of the students have chosen this way to solve the task. An even 
larger number of the students solved the task in words of approaching the limit 
value. The idea that limits are not attainable comes again in Task 1c-d where 
students use this as an argument for the function not to attain the value 9. It is a 
documented fact that some students have this misinterpretation of the limit value 
definition (Cornu, 1991; Tall, 1991). Some students do not separate the part with 
the limit value from the part with the function, that is they mix up f(a) and  

 as Davis and Vinner (1986) describe. If the students have the conviction 
that limits are unattainable, there might be problems analysing the function. This 
is something that follows through Task 1 to Task 3. A large part of the students 
did not answer or answered Task 1c-d in a way that did not make any sense. 
Some wrote that it depends on what x tends to and this is the reason for the 
additional words in the formulation of the task in the Autumn of 2002. The 
result of the change is that this category contained a smaller number of students 
the Second Semester. This applies for all the c-d questions. 

)(lim xf
ax

Task 2 is harder for the students to handle and one serious problem is algebra. 
There are several students who think that  in the numerator and the 
denominator are cancelling out in a way that erases the terms and leaves only the 
constants or that  can be replaced by 1 with a similar reasoning. There are 
more students in the Autumn Study using algebra in a correct manner to solve 
the task than in the Spring Study. The majority of the students are unable to 
solve Task 2c-d. One problem is attainability as discussed above. Only some 

3x

3x
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students regard this problem as an equation to solve and this is obvious in Task
3c-d as well. 22% of the students in the Autumn Study solved Task 2c-d with an 
equation in a correct way whereas the corresponding figure in the Spring Study 
is 6.3. Eight students from each Semester abused the equal sign and wrote 

3

3

3

3

1
2

x
x

x
x  in their explanations in Task 2b. Their results are in the column 

“Exclude –2 & 1 (R)”. 

Task 3a-b is a standard limit value that is well known to the students apart from 
about 10% who got it backwards (“Infinity or no limit (W)”). There are fewer 
categories for this task since over 70% of all the students used the standard limit 
value reasoning. The problems come in Task 3c-d where the mix up of limits 
and functions is clear. Students claim that x is never zero since x tends to 
infinity, but this has nothing to do with the functions ability to attain the value 0. 
Algebra is a problem for some students here too. Some believe that , for 
example. 

020

Task 4 offers a challenge for many students. Forty-six of the 165 students were 
able to solve the task completely. One mistake many made was to use the 
dominant factor and divide, but that is not solving the problem with left and 
right limit value. This method is often used when x tends to infinity and the 
students seem to just go through the motions without considering the 
characteristics of the task they are involved with. 

Task 5 is apparently the most demanding one since only 27 of all the students 
managed to solve it properly. The 20 students in the “Part right (R) Incomplete” 
category were also correct but they did not give the limit value, they only 
pointed at the inaccuracy so they might or might not be able to carry out the 
calculations. The majority of the students either left the task unsolved or 
reasoned incorrectly. 

Discussion
The tables show that the students’ explanations of choices of solutions vary. 
They are good at finding limits in the first three tasks. The problems seem to 
come when the tasks are a bit different from what the students are used to. A 
task can be a problem for one student but just routine for another (Björkqvist, 
2001; Grevholm, 1991) and this obviously leads to different outcomes for the 
students. Part c and d are not mathematically more demanding than the other 
parts of Task 1 to Task 3 but there is something that troubles the students in 
them. The outcome might have been different if the parts were not presented 
together. The students were working in the context of limits when they were 
asked to examine the functions for attainability. The effect was that the 
functions were only considered locally in some cases and the misconception that 
limits are unattainable (Cornu, 1991; Tall, 1993; Szydlik, 2000) made some 
students claim that the function could not attain the value even if it obviously 
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could (Task 1 and Task 3). There were also other types of confusion. One 
student from the Study in the Autumn of 2002 answered Task 1 like this: 

1a: 9
1b: If  the result becomes 9, the function will never attain that.  )3(x
1c: Yes. 
1d: If you let .3x

The confusion of functions with limits of functions is a problem that indicates a 
lack of relations between the concepts. If the students were more confident 
about the roles and possibilities of the notions they would have a better chance 
to solve problems correctly. An insufficient mathematical base to work from can 
cause constraints on the individual, in that he or she is not sure what operations 
are allowed and how to carry them out. This uncertainty can be the reason for 
the many empty answers. 

Infinity is obviously an element that can cause confusion (Tall, 1980). All tasks 
revealed problems with infinity in different degrees. One thing that is connected 
with infinity is the notion of local limits in a wider context. Table 5 indicates 
this by the categories “Reasoning (W)” and “No change (W)”. Many students 
are reasoning about the local limits for the functions 

x
2  and 

x
1  separately or 

dissect the given function in other ways and locally consider limits. The students 
follow part of Pólya’s (1945) model with decomposing and recombining, but the 
recombining to check at the whole again is overlooked. The students’ reasoning 
hints an attempt for plausible reasoning or established experience (Lithner, 
2003), but there appears to be a lack of parts in the mental web that represents 
this fraction of the concept image (Tall & Vinner, 1981) since they do not have 
access to the essential information about the properties of the limit process and 
functions. The development of conceptual knowledge (Hiebert & Lefevre, 1986) 
has not had a satisfactorily progress. 

Table 4 shows an example of identification of similarities (Lithner, 2003) as the 
students in the category “Dominant factor (W)” use a solving technique that is 
usually effective on rational functions as x tends to infinity. Here the students 
recognise the rational function but they do not consider what x tends to. The 
resemblances at first sight are not the same on all crucial points and the chosen 
method is not working any better than the given solution. This task requires 
reasoning rather than an algorithm. 

The choices of methods seem to be triggered by first sight resemblances in other 
cases too. There are comparisons with standard limit values. Sometimes the 
method is working, as it did for most students’ solutions to Task 3a-b. Other 
times it does not work, as for some suggested solutions to Task 5. The students 
do not appear to have a global view of the important characteristics of the 
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mathematics at hand. The effect of this can be that critical features are 
overlooked and the solution is beyond the possibility to reach for the students. 

Table 2(ii) and Table 3(ii) show examples of solutions with correct answer and 
wrong explanation. The students from the Autumn Study do this to a higher 
extent than the other students which can be due to various reasons since the two 
groups learn mathematics under different circumstances. This is something that 
students must be confronted with to be able to repair. The textbook only gives 
the answer and not a full solution to the tasks so the first confrontation is in the 
worst scenario at the exam. If the students have used the wrong arguments for a 
long time, an adjustment can be hard to make. The students represented in Table
2(ii) who have answered correctly with no explanation can also belong to the 
category of students with correct answer for the wrong reasons since we do not 
know why they answered the way they did. 

Algebra is the reason for a number of mistakes. Many of the algebraic errors are 
serious. Table 2 (i) shows the existence of some of them, but there are similar 
errors in other places too. Some examples are: 
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These examples expose a lack of knowledge in basic calculation rules that 
should not exist at University level. Investigations at upper secondary school 
and among student teachers in mathematics show that students find it hard to 
work with algebra and similar mistakes as those in this study are common 
(Grevholm, 2003; Olteanu, Grevholm & Ottosson, 2003). If the solution process 
is hindered by such matters, there is much for the students to work with to 
improve their concept images. The students have to be aware of the problems 
before they feel a need to alter anything and if the errors are not discovered 
nothing will happen.

Conclusion
I have shown students’ different types of solutions to tasks about limits of 
functions and how they are explained. A variety of solutions of different 
accuracy appeared in the study. I did not expect to see so much confusion about 
functions and limits of functions or the problems caused by algebra. These are 
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examples of problems related to what is allowed and what is not. The large 
number of correct solutions based on wrong facts is also a serious problem that 
shows that, for many students, connections between concepts are wrong or not 
there at all. Perhaps students need to experience a larger variety of problems to 
understand the rules and properties of mathematics better. Problems that demand 
thought and provoke the students’ concept images give opportunities for the 
students to make appropriate adjustments. Then they would probably get to 
know vital intrinsic properties for notions at a deeper level as well. Large groups 
of students and time shortage make this kind of extra effort to help students very 
hard to carry out, but students should be able to see the core of the mathematics 
they work with and to recognise its characteristic features. These abilities can be 
developed if teachers can provide an environment that inspires the students to 
discuss mathematical issues. 

Despite all errors and misunderstandings that have been documented here, there 
are skilful problem solvers among the students and that is something we must 
not forget. One goal of our teaching is to make able problem solvers of as many 
students as possible. We need not only to know how the mathematically weak 
students reason but also how the mathematically developed students do it.
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Article VII





LIMITS AND INFINITY - A STUDY OF UNIVERSITY STUDENTS’ 
PERFORMANCE

Kristina Juter              Barbro Grevholm 

Kristianstad University College, Sweden         Agder University College, Norway 

Students’ work with limits of functions includes the concept of infinity. These 
concepts are complex but necessary for mathematics studies. A study of student 
solutions to limit tasks was conducted to reveal how students handled limits of 
functions and infinity at a Swedish university. As a background to the students’ and 
teachers’ situations we have also analysed textbooks and curricula. One result is that 
many students were unable to handle limits correctly. Some students gave correct 
answers with incorrect explanations to tasks. Textbooks used at upper secondary 
schools do not provide much theory or many tasks about limits and infinity so most 
students new to university do not have a developed image of these concepts.

BACKGROUND AND QUESTIONS 
Students at universities taking courses in analysis are supposed to solve a 
considerable number of tasks. The students presented in this article were suggested 
about 30 to 40 tasks per week to solve. Students can check in their textbook if they 
get correct answers and then continue to work with their problems. An important 
question is: What if some of the solutions are correct for the wrong reasons? In this 
article we discuss some of the results from an investigation into students learning 
limits of functions at university level (Juter, 2003). The main aim of the whole study 
was to learn more about the development of the students’ conceptions of limits of 
functions. No such study had been done in Sweden before, but there are researchers 
in other countries (e.g. Cornu, 1991; Davis, & Vinner, 1986; Milani, & Baldino, 
2002; Szydlik, 2000; Tall, 1980; Tall, & Vinner, 1981; Williams, 1991) who have 
investigated students’ learning of limits. It appears as if the concept of limit is so 
complicated for students to handle that some of them develop an incoherent 
interpretation of it. Infinity is also a concept that causes difficulties for many students 
when they solve problems about limits of functions (Tall, 2001; Tirosh, 1991).
The research question posed in this article is the following: How do students explain 
their solutions to limit tasks in relation to their use of infinity? Limits and infinity in 
curricula and textbooks are discussed in connection to the students’ achievements.  

THEORETICAL FRAMEWORK 
A concept image is the total cognitive representation of a notion that an individual 
has in his or her mind (Tall, & Vinner, 1981). A concept image is similar to a 
schema, which is a commonly used word for a mental representation (e.g. Cottrill, 
Dubinsky, Nichols, Schwingendorf, & Vidakovic, 1996; Juter, 2005a). The concept 
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image might be partially evoked and different parts can be active in different 
situations leading to possible inconsistencies. An individual’s concept image might 
differ from the formal concept definition or the concept image in itself can be 
confusing or incoherent. The students in the study presented here are placed in 
problem solving situations designed to reveal how their concept images of limits 
develop during a semester of mathematics studies. The students’ solutions and 
explanations of their solutions are considered to be expressions of their concept 
images.
The concept of infinity can cause difficulties. It is a notion about which an individual 
may have one or several intuitive representations (Tall, 1980). If there are multiple 
different representations evoked simultaneously the individual might be confused. 
When dealing with limits of functions one has no specific method or algorithm as one 
has for diophantic equations for example. The limit process appears potentially 
infinite and students can get the impression that there is no end to it (Tall, 2001). It 
can be difficult for them to work with items that are confusing in identity. Is it an 
object or a process? Infinity is not dealt with in a systematic manner in school 
(Skolverket, 2005) so the students have their own constructions of the concept. If 
defective or limited constructions are not challenged until the students need them, 
they may have a long time to become established in the students’ minds.  
Tirosh (1991) discussed different types of infinities. Conflicting properties can result 
in a variety of intuitive meanings and previous experience can cause conflict with 
formal theory. Limits are frequently connected to measuring infinity, which comes 
from situations where, for example, a line segment of length L contains half as many 
infinitesimally small points as a line segment of length 2L, since limits often are in a 
context where something becomes larger or smaller (Tall, 1992). This stands in 
contrast to cardinal infinity in Cantor’s sense, which, for example, results in the fact 
that the number of rational numbers and the number of even numbers are the same. 
Intuitions of cardinal infinity are resistant to development and regular mathematical 
training, and sensitive to the context in which a problem is posed (Tirosh, 1991). 
These statements point to the importance of an explicit discussion of infinity at 
universities and schools and the careful choices of tasks.  
A common obstacle in students’ understanding of limits of functions is that they 
think that functions can not attain their limits (Cornu, 1991; Juter, 2005a; Tall, 1993; 
Tall, 2001; Szydlik, 2000). There is also a possible mix-up of  and 

(Davis, & Vinner, 1986). These two flaws combined can block students in their 
struggle with tasks that could easily be solved with an equation for instance.

)(af )(lim xf
ax

The theoretical framework is presented in greater detail in an exposition of the whole 
study (Juter, 2003). 
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EDUCATIONAL CONTEXTS OF STUDENTS AND TEACHERS 
Students’ and teachers’ understanding are products of curricula from earlier years. 
Teachers are fostered by these documents and they pass on traditions to textbooks 
and students. It is therefore important to consider students’ achievements in the 
context of curricula and textbooks. Even if there is a new curriculum, it can take 
some time to implement it in the classrooms. The intended curriculum, expressed in 
formal documents, might differ from the implemented curriculum, expressed in, for 
example, textbooks. There is also a third factor, the achieved curriculum, which is 
what the students actually manage to accomplish (Valverde, Bianchi, Wolfe, 
Schmidt, & Houang, 2002). In this article we place our study about students’ 
accomplishments in a broader educational context of textbooks and curricula. 
Limits in the curricula 
The curriculum of today for upper secondary school mathematics in Sweden states 
that the concept of limit shall be introduced in an informal way and with the purpose 
of enabling the pupil to handle derivatives. Limits are not mentioned per se, but 
required for the concepts that are mentioned, as illustrated by the following passage 
from the curriculum (Skolverket, 2005, http://www3.skolverket.se/ki03/front.aspx?
sprak=SV&ar=0506&infotyp=8&skolform=21&id=MA&extraId=)

Matematik C builds on Matematik B within arithmetic, algebra and functions. It also 
comprises differential calculus. In the course, problems concerning optimisation, changes 
and extreme values are treated. (Authors’ translation) 

The history behind this treatment is interesting. In the curriculum from 1965 
(Läroplan för gymnasiet, 1969, p. 266) it is stated: 

Limits: Limits, when x tends to infinity, minus infinity and to a, shall be given a correct 
definition. As an illustration functions will be drawn in a coordinate system or in set 
diagrams, whereby the concept neigbourhood can be used. Further, examples shall be 
given of functions without limit and functions with no finite limit. In some case a 
calculation of an omega to a given epsilon shall be done such that for x  it follows 
that f x b ..Rules for limits shall be presented for the sum, product and quotient 

of limits…(Authors’ translation) 

This plan was a consequence of the new math movement and changes followed 
quickly. The psychological reactions from students and teachers convinced 
curriculum developers that the plan was not realistic. 
A revision came already five years later in Lgy70 (Skolöverstyrelsen, 1971). Then 
there is a division between central topics and less central topics in the curriculum. 
Under “Central Topics” it says (Skolöverstyrelsen, p. 105, authors’ translation) 
“Limits and continuity intuitively with support from drawings.” As “Less Central 
Topics” is taken “Formal definitions of limit and continuity.” But there was a time 
when students at the age of 17 were supposed to learn about limits in a formal way 
based on a definition involving epsilon and omega and formal proofs. Students in the 
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present study show examples of how problematic the learning of the limit concept 
can be at university level. The study illustrates that there is a need to consider 
carefully how to treat the concept of limit in the teaching of mathematics at different 
levels of schooling. 
In 1981 a new supplement for the curriculum in mathematics for a natural science 
programme was agreed on (Skolöverstyrelsen, 1981). In this text the concept of 
infinity was not mentioned, and the concept of limit was also not mentioned per se. It 
was implicitly presented through examples both in the definition of the derivative of 
a function and of convergence of series. “Stringent treatment of convergence is not 
required” (Skolöverstyrelsen, p. 38, authors’ translation). The example given was 

2
lim

0 3
cos1
x

x
x . Thus students are expected to work with the limit concept despite the fact 

that no information or instruction is given in the curriculum that the concept is 
supposed to be introduced to them. A consequence of this lack of transparency of the 
curriculum constructors’ intentions could be that the teachers go on teaching as they 
did before the new curriculum came. Or it could be that the teachers are not enough 
aware of how to work with limits and do not pay enough attention to the concept. 
Limits and infinity in textbooks 
Limits of functions are introduced at upper secondary school before the students 
work with derivatives. The two textbooks (Björup, Körner, Oscarsson, Sandhall, & 
Selander, 1995; Björk, & Brolin, 2000) investigated are commonly used at upper 
secondary schools in Sweden. They both present the theory of limits of functions 
very briefly as an introduction to derivatives. One has a definition stated informally, 
but the other one does not even have a description of limits. The tasks in the 
textbooks were designed to develop the students’ ability to calculate derivatives and 
all examples and tasks with limits are intended to prepare students to meet the 
definition of the derivative with x or h tending to zero.
Both textbooks present the infinity symbol in examples, but none of the books have a 
discussion or tasks dealing with different properties of infinity.   
In an earlier textbook for upper secondary school (Nyman, Emanuelsson, Bergman, 
& Bergström, 1980) the concept of limit is introduced as early as page five in 
connection with the definition of the derivative of a function. The differential 
quotient for a tangent is constructed, 

ax
afxf )()( , and the text says (Nyman et al., p. 

5):
We now let B tend to A, that is x tend to a. If the quotient above has a limit, that is tends 
to a specific value, it is the slope of the tangent. The limit of the quotient is called the 
derivative of the function f(x) in the point a. (Authors’ translation) 

The same textbook starts to explain limits of functions about 65 pages later by 
looking at a sequence of examples that are increasingly complicated. The concept of 
infinity is introduced without any explanation at all. Additionally, so are non-finite 
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limits. Thus there is a long tradition in school mathematics of introducing 
complicated concepts without really discussing them or even mentioning or 
illustrating their meaning or definition.  
Limits are reintroduced at university level. The textbook used in the course studied 
(Hellström, Morander, & Tengstrand, 1991) introduces the concept of infinity briefly 
with some warnings about treating infinity without caution, and one of Zenon’s 
paradoxes at the beginning of the chapter about limits. The texts about limits are 
rigorously stated with definitions and theorems. The examples show the reader how 
to use the definition of limits to solve problems and how to carry through different 
methods of solution. There are a few explorative examples. The exercises are of the 
same character as the examples.  

RATIONALE AND DESIGN OF THE STUDY 
The empirical study reported here was divided into two parts. The first part was 
conducted in a spring semester and the second part the following semester, that is, the 
autumn semester of the following academic year. The students in both parts were 
learning analysis and algebra at basic university level. Different methods were used 
to collect data to address the question stated in the introduction: How do students 
explain their solutions to limit tasks in relation to their use of infinity? Apart from 
analyzing curricula and textbooks, as aforementioned, questionnaires were used to 
document students’ competencies and explanations. The use of questionnaires gives 
an opportunity to gather more data than, for example, interviews, which were 
conducted in other parts of the study. One drawback of using questionnaires is that 
students can not be asked to further elaborate their answers, but in this part of the 
study, the students are regarded as a group and there is hence a value in many student 
responses that may reveal patterns of strategies and explanations. 
In the spring semester 111 students solved five tasks about limits. Each of the first 
three tasks had four parts for the students to respond to, for example:  
Task 1: a) Determine the limit: )32(lim

3
x

x
. b) Explanation. 

 c) Can the function 32)( xxf  attain the limit in 1a? d) Why? 

The students had met limits of functions in their course and hence this was nothing 
new for them. Eleven days later they were given two additional tasks. 87 students 
participated in this second session. The last two tasks provided solutions that could be 
wrong or incomplete. This was stated on the sheet with the tasks and the students 
were asked to give a complete and correct solution for each task. The tasks were 
selected to show students’ responses at different levels of difficulty. The three first 
tasks were very similar to some tasks in the students’ textbook, while the following 
two tasks were presented in an unfamiliar manner, but with content that was not too 
dissimilar from some tasks in their textbook. These types of tasks were not common 
in the textbooks for upper secondary school, which were studied. 
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A new group of students were given the same tasks the following autumn semester. 
They were given all the five tasks at the same time, after the notion of limits of 
functions had been dealt with in their course. The difference in treatment was for 
practical reasons. 78 students took part in that study.  
In both cases the tasks were part of three questionnaires with questions about limits 
and attitudes towards mathematics. Two interviews with each of 15 of the students 
were conducted in the autumn study (Juter, 2003; Juter, 2005a). 
The tasks were constructed to focus on different aspects of the limit concept. The 
difficulty varied in order to identify the level the students could handle. The students 
were instructed both orally and in writing at each session when they responded to the 
questionnaires to make sure that it was clear to them. 
The data collected have been rewritten and then categorised with the aid of a 
computer program, NUD*IST. The categories were decided from the raw interview 
and questionnaire material. They were not created in detail in advance other than that 
the right and wrong answers made different categories. There were sub-categories in 
each of them based on the students’ justifications of their responses. The sub-
categories were roughly determined before the data was collected. Then they were 
finally determined from the different reasons the students used in their solutions. This 
process led to a number of categories. Categories with similar types of reasoning 
were merged together to make the presentation more accessible (Juter, 2003; Juter 
2004). This way to work with the data gave different types of category systems for 
the different tasks. The category systems were flexible so that new categories 
emerging from the data could be implemented if they were relevant to the study. The 
work with the categories is similar to the methods of grounded theory (Glaser, & 
Strauss, 1967) where categories evolve from data. It does not stand in conflict with 
the theories of concept formations presented in the theory section since the aim is to 
get as much information about how the students learn as possible.  

SAMPLE OF DATA AND RESULTS 
Examples and student responses are presented in this section to show some results 
from the study. The selection of tasks was particularly done to bring forward cases 
where students reasoned about infinity. The results of the first two parts of Tasks 2
and 3 are briefly presented and the last two parts of the tasks are presented in greater 
detail. The results of Task 5 are also presented in detail. 

Task 2: a) Determine the limit: 
1
2lim 3

3

x
x

x
.  b) Explanation. 

 c) Can the function )(xf
1
2

3

3

x
x  attain the limit in 2a? d) Why? 

Most students were able to correctly solve Task 2a-b. A majority of the students 
recognized the dominant term and disregarded the constants. Algebra was also used 
to explicitly calculate the limit. 15 % of the students were unable to handle the 
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algebra required for such calculations, i.e. divide numerator and denominator with the 
dominant term. Grevholm (2003) confirmed that university students often have 
inadequate algebraic knowledge to be able to work with mathematics at this level. 
The results of Task 2c-d are displayed in Table 1. (R) and (W) denote right and 
wrong answers respectively. 

Table 1. Typical student answers to tasks 2c - d. Number of students (% of the group) 
Category 2c 2d Spring  Autumn 

12 33 xx  (R) No 23x  can never be equal to 
 for the same value on x13x

7 (6.3) 17 (22) 

-2 & 1 (R) No terms –2 and 1 will always 
remain 

7 (6.3) 5 (6.4) 

No explanation (R) No - 18 (16) 8 (10) 
Infinity reason (W) No Since x never attains the value 16 (14) 21 (27) 

Theory (W) No The function tends to the limit, 
it does not attain it 

7 (6.3) 6 (7.7) 

No reason (W) Yes - 15 (14) 7 (9.0) 
Empty or 
misinterpretation 

The answer has no connection 
to the question or is missing 

42 (38) 17 (22) 

There are five categories for the answer “No”, which is the correct answer, but the 
categories labelled “Infinity reason” and “Theory” are marked “W” for wrong. The 
explanations in these categories do not correctly justify why the function can not 
attain the limit in the task. Some explanations in the “Infinity reason” category are 
difficult to label as right or wrong, for instance the example given in the table. The 
student’s explanation is that x never can be equal to infinity and there is a 
philosophical dimension to the reasoning. The explanation relies on the fact that 
infinity is unreachable and a termination of the limit process is therefore impossible, 
but then there would be no functions able to attain their limits in similar situations. 
Table 1 shows that about one quarter of the students gave a correct answer based on 
incorrect reasoning. The limit definition and infinity caused many of the errors here. 
None of the students who answered “Yes” provided an explanation to their answer. 
The third task was the following:

Task 3: a) Determine the limit: xx

x
2

lim
5

.  b) Explanation. 

 c) Can the function )(xf x

x
2

5

 attain the limit in 3a? d) Why? 

7



Almost all students managed to calculate the limit in Task 3a and to explain their 
answer with a standard limit in Task 3b. There was a greater variety in the students’ 
answers to Tasks 3c and 3d as shown in Table 2 below. (R) and (W) denote right and 
wrong answers respectively. 

Table 2. Typical student answers to tasks 3c - d. Number of students (% of the group) 
Category 3c 3d Spring Autumn  
x = 0 (R) Yes For x = 0  f(0) = 

1
0  = 0 15 (14) 16 (21) 

No explanation (R) Yes - 5 (5) 6 (7.7) 
Does not reach 
limit (W) 

No We can only get infinitely 
close.

14 (13) 16 (21) 

05x  or 
0
0  (W) No Then the numerator has to be 

zero and it never is. 
22 (20) 12 (15) 

Right for wrong 
reason (W) 

Yes Because the denominator 
attains a much larger number 
for large x.

5 (5) 16 (21) 

Empty or 
misinterpretation 

The answer has no connection 
to the question or is missing. 

47 (42) 12 (15) 

Less than twenty percent of the students delivered a correct answer with a correct 
explanation even though the task is of standard type and the function is well known 
to the students.
A large proportion of the students was unable to correctly decide if the function could 
attain the limit. The third category includes responses that reveal the confusion of 
limits of functions with functions as described by Davis and Vinner (1986). The 
function’s ability to attain the value zero is influenced by the context of limits and the 
properties of limits as the students perceive them. This confusion is apparent in other 
parts of the results from the study as well (Juter, 2003; Juter, 2005a) where students 
often think that the limit definition states that limits are unattainable for functions. 
The fifth category includes students who demonstrate problems in dealing with 
infinity. The students in this category had the correct answer but did not offer a 
correct justification for it. The student who gave the example in Table 2 (“Yes”, 
“Because the denominator attains a much larger number for large x”) drew his or her 
conclusions too far in the reasoning about infinity and stated that the function 
eventually reaches the value zero as x tends to infinity. It is again a philosophical 
matter of what happens at infinity. Such an interpretation of infinity is the opposite of 
the example in the fourth category in Table 1 where the student claimed that x could 
not reach infinity.  
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The fifth task was stated as a problem with a given solution: 

Task 5: Problem: Determine the following limit: 
x

x
x

2sinlim .

The students were given the following solution: 

Solution:

x

x
x

x
1

2sin
2sin . We know that 02

x
 when x  and 01

x

              when x . The limit 1sinlim
0 x

x
x

 implies that  1
1

2sin

x

x

              when x .
Then the students were asked to make the solution correct and complete. 
Table 3 shows the categories for the students’ explanations. (R) and (W) denote right 
and wrong answers respectively. 

Table 3. Typical student answers to task 5. Number of students (% of the group) 
Category 5 Spring  Autumn 
All right (R) 

22
2

2sin

1

2sin

x

x

x

x
10 (11) 17 (22) 

Part right (R) 
Incomplete x

2  is not the same thing as 
x
1  therefore 

you can not use limits on limits 

9 (10) 11 (14) 

Reasoning (W) 01
x

 when x so the denominator 

has to go  and the expression0

31 (36) 18 (23) 

No change (W) Nothing 4 (4.6) 1 (1.3) 
Empty or unclear The answer is missing or does not 

make any sense 
33 (38) 32 (41) 

Not many students gave a complete and correct solution to this task. Ten from the 
spring study and seventeen from the autumn study did. Nine respectively eleven 
students pointed to the error in the given solution but did not give an alternative one. 
Several students were reasoning about infinity in an incorrect manner as exemplified 
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by the student answer given in the third category in Table 3. Such answers illustrate 
how some of the students calculated limits locally and did not consider the function 
as an entity. Student answers in the category labelled “No change” also showed 
evidence of this local view on limits. The difference is that in the latter case, the 
solution was given and in the former the students made the solutions themselves.  

DISCUSSION  
A large number of the students solved the tasks in words of approaching the limit. 
The idea that limits are not attainable is revealed in quite a few parts of the data. 
Some students used this as an argument for functions not to attain limits in parts c
and d of the tasks. There is well-documented evidence that some students have this 
misinterpretation of the limit definition (Cornu, 1991; Tall, 1991). Some students did 
not separate the part with the limit from the part with the function, that is, they mixed 
up  and  as Davis and Vinner (1986) described. If students believe that 

limits are unattainable, there might be problems for them to analyse functions.  
)(af )(lim xf

ax

Infinity, as treated in the fifth category in Table 2, does not seem to be explicitly 
handled at upper secondary school or at universities, judged from the textbooks 
studied. Students are influence by their personal conceptions of infinity when they 
solve problems which can lead to conflicts (Tirosh, 1991). If the students do not have 
any prior experience of discussing or even thinking of different features of infinity 
they will not have the ability to correctly analyse limits. All tables show problems 
with infinity. Table 1 (category “No reason”) and Table 2 (category “Right for wrong 
reason”) have categories where the solutions suggest that limits are attainable for 
very large values of x or if x is equal to infinity. In the first case, this is not explicitly 
stated and the students could be guessing. When the constants are disregarded in the 
first part of the task there is a possibility that the students keep the constants away in 
their reasoning and therefore claim that the function can attain the limit. It can also be 
that the constants are regarded to be embedded into infinity and hence not considered 
anymore. The absence of explanations makes it impossible to know exactly why the 
students answered “Yes”. 
More than one quarter of the solutions were correct with an inaccurate explanation in 
Task 2, and more than every tenth of the solutions to Task 3 were correct with an 
inaccurate explanation. Many of the explanations are wrong based on an inadequate 
conception of infinity, or perhaps an inability to express a correct conception. 
Experiences of success with incorrect rationale give a false sense of security about 
the accuracy of the concept image, and our hypothesis is that it can be avoided with 
an explicit treatment instead of, as suggested in curricula and textbooks, an intuitive 
approach.
The fact that textbooks do not deal with infinity in a thorough and explicit manner 
can give students and teachers the impression that it is sufficient for students to work 
with their possibly vague conceptions from childhood and school. The results 
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presented in this article do not support such impressions. There is a need for students 
to explicitly learn limits of functions and infinity to prevent erroneous reasoning, as 
has been exemplified in the present study. This is not the first occurrence of such 
reports on students’ learning difficulties at universities. Högskoleverket (2005) in 
Sweden recently issued a warning about students’ lack of interest in mathematics and 
about their insufficient pre-knowledge in mathematics. The suggested solution is to 
have a better cooperation between upper secondary schools and universities. The 
transitions to the formality of the subject treatment at universities can then be less 
dramatic. In their conclusion they point to the fact that the problems discussed are not 
new and that long-term and systematic interventions are missing. It is necessary now 
to make sustainable initiatives and changes (Högskoleverket, 2005, p. 65). We claim 
that if this is a serious commitment it would be valuable to take into consideration 
results from studies such as this on learning limits. 

CONCLUSIONS
Students expose a variety of ways of explaining their solutions to limit problems. 
Students with adequate reasoning in their explanations are not nearly as many as 
those who make mistakes, often caused by students’ conceptions of infinity, solving 
these fairly easy tasks. A result such as this can not be accepted as sufficient. One 
conclusion is that complex concepts such as infinity and limits should be introduced 
and handled more carefully by teachers and textbook authors at both school and 
university level. A way to continue the work could be to implement and evaluate 
some intervention programme in order to construct alternative learning trajectories 
for students. 
Teachers at universities must be aware of how students have created their early 
conceptions of limits and infinity, and try to offer opportunities to develop these, 
often limited and insufficiently matured, conceptions to more meaningful concepts. 
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